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NGUYEN VAN VINH

Trong cdc ki thi hoc sinh gidi, thi vao cac
16p chuyén todn thudng cd cdc bai toan ching
minh mot s6 nao dd 14 =6 nguyén, hoac la s6
vo ti. Bai viét nay xin gidi thiéu véi cdc ban
mot ing dung cia da thic d€ giai cdc bai toan
loai nay.

Trong chuong trinh béi dudng hoc sinh gioi, .

cdc ban dd biét dinh li sau day va cac hé qua
vé da thic.

Dinh Ii : Néu phn s6 t6i gidn | 2 pass

nguyén, g la s8 tu nhién khac 0) 14 nghlém cua
da thic viii hé £l nguyén
et L L +..+ax + a, (e khic0)(1)

thi p 14 udc s6 cia e, va g la uée sé claa

Hé qua 1. Moi nghiém nguyén cia da thiic
(1) déu la udc s6 cha hé s6 tu do a .

Hé qua 2. Moi nghiém hitu ti cia da thic
v6i hé s6 nguyén « +a, 71+ .. +ax +a,
déu 1a s6 nguyeén.

Dua vao dinh li va cic hé qua nay, cd thé
rit ra quy tac sau day dé ching minh mot s6
@ cho trude 1a mot s6 vo ti (hay 1la mot s6 hitu
ti)

Bude 1 : Lap mot da thic vdi hé s6 nguyeén
co mot nghiém x = a,

Bude 2 : Chiing minh réng hoac 1a da thic
vita tim duge khéng ed nghiém nguyén, hoac
|a trong s& t4t ca cdc nghiém nguyén cd thé cd
etia da thiie, khong c6 nghiém nao bang a.

Duéi day la mot s6 bai toan vin dung.

4 1
Bai 1. Datx = 'J —

R

Chitng minh rang v0i moi a =

Ba—1
3

1
E thi x 1a

mot s6 tu nhién (Thi vaoe lép 10 chuyén Todn
TP H6 Chi Minh 1982).

Giai. =20+ -2ax

(TP Hb Chi Minh)

x* + (22 — 1)x — 2a = 0, nhu véy x chinh la
nghiém cia da thic x> + (2a — 1)x — 2a (1)

Ta cd 23 + (2a—1)x —2a = (x—l)(xzﬂ-i-Za,)
%6t da thic bac hai x2 +x +2a c6 A = 1 -

- EKhia= BT’Ihccxa- 'q’ \J =]

-Khla::v Ta cd 1 - 8a 4m nén da thic

8?
(1) e nghiém thue duy nhatx = 1.

1 d
= gtaco”x= 1 14 86 tu nhién

Bai 2. Ching minh rfing s0

Viay vdi moin

125

3

x= V 3+1’ 9+—-
la mét s6 hitu ti.

(Thi hoe sinh gioi TP H6 Chi Minh vong 1
- 1985)

Giai.

Xétx3 = 6 - 5x, hayx> +5x -6 =0

Suy ra x 1a nghiém ctia da thiic x> + 5 — 6 (2)

Tacéx® +5x —6 = (x — 1)(x? +x +6) Vida
thic bac hai 2 + x + 6 khong cd nghiém nén
x = 1 la nghiém thue duy nhit cda da thiie (2)

Két luan : x = 1 1a mot s6 hitu ti.

Bai 3. Ching minh rang sé a = W2 +34
la s6 vo ti.

Giai.

Xét = 6 +3%W8 (32 +34),

—6a—-6=20

Suy ra a la nghiém cta da thic

—6x — 6 (3)

S6 a khong phai 1 s6 hitu ti, vi gia sd nguoe
lai @ 1a s6 hitu ti thi theo hé qua 2, a phai 14 s6
nguyén. DEthdy 2 < W2 +3V4 < 4, ticla2
< a < 4. Suy raa = 3. Nhung 3 lai khong phai
la nghiém cua da thite (3). Vb 1.

Diéu vo li chitng t6 W2 + 34 1a 6 vo ti.

hay
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Bai 4. Ching minh ring s6 ¢ = V2 + V3 la Cong ting v€ hai bit ding thie, ta cd :

s6 vo t. 7 < W23 + 3123 < 8
Giai. Gia st nguoc lai c 1a iﬁ L Gitia hai s8 tu nhién 7 va 8 khong cd =06 tu
=9 nhién nao, theo ménh dé trén ta suy ra a la s6

¢2 =5 =26 Suyrayé = 3 la mét sd

hiu 1, Y h g !11 e Bai 8. Trong cac da thiie sau day, xdc dinh

€ Rl SAB Rkt Hcvn § xem nghiém nho nhét cla ching la s6 hitu ti,
Bai 5. Ching minh rang s6 b = W2 +3/3  haylasé voti?

la mét s6 vo ti. a) P(x) = 2% + 225 — 2x% +x3 + 522 — 6 — 1
Giai. Gia sit nguge lai b 1a mot s6 hitu ti. b)Q(x) = x7— 264 25— x4 — 53— 6x2— 6 +1

Xét 6% =5+3W6 (N2 +N3), do d6  Gyai a) Nghiem hitu ti cda da thic P(x)

v ti.

b? —5 &u c6 thi chi ¢6 thé 1a 1 hodc ~1. Nhan tha
b3=5+3W6 b S = ]a mot D€u cd thi chi co a 1 hodc -1. Nhan thay
VB N = e 0, do d cd thé phan tich
s6 hitu ti. Vo Ii P@) = (x— )% + 8 +23 + 202 + Tx + 1)
. 3 - - b 3 3 -
Diéu volido ching 35 = W2 + N3 5 o5 5403492 470 +1 o6 bac ~'

moét s6 vo ti. Qua cdc bai toan trén day, ta co

1é nén phai ed it nhat 1a mot i@ . M3
thé di t6i ménh dé téng quat sau day. P it nhit la mot nghiém thyc. Mat

khdc : tit ca cdc hé s chia da thic bac 18 déu

Néu a va b la cac s6 tu nhién thi 80 duong, do dé nghiém thuc cta da thic phai la
¢ = Wa + b hoicla mot s6 ty nhién, hoac  s6 am, tifc 1a nhd hon 1. Tit d6 o6 thé két luan
la mot s6 vo ti. That vay : dé dang ki€m tra nghiém nho nhat cia da thie Pix) 1a s6 vo ti,

dude ring s6 ¢ = *a + Wb 124 mot nghiém 15T e

cia da thidc wvoi hé s6 nguyén. :

(x® —a —b)3 — 27abx? Q(x) = (x+1)(x0—37 +5x* —6x>+x? —Tx+1)
Theo hé qua 2 : néu da thic nay cd nghiém Da thic x® —3x5 +5x% — 63 +x2 —Tx + 1

hitu ti thi nghiém d6 phai la s6 nguyén. Do dé  khéng cd nghiém hitu ti. Mat khac, dé thay néu
néu nghiém ¢ = 3Wa + 3Vb khéong phai las6 da thic bac chin nay c6 nghiém thuc thi
nguyén thi ¢ phai la s6 vo ti. nghiém dd phai duong. Vay cd thé di tai ket

Trong bai hoc "S6 vo ti — 56 thuc* (Dai s8 9 lyan : nghiém nhdé nhéit cha da thic 1a s6 hitu

- 1994), céic ban da bist cacs5 V2, V6, N31la

cac s6 vo ti. Dudi day chiing ta sé ching minh Bai 9. Hay lap mét da thiie véi hé s6 nguyén
bai toan téng quat - ed mét nghiem lae = V2 + 8.

Bai 6. Néu a 12 moét s6 tu nhién va n la s6 Giai. Xét a2=5+26, do dé
tu nhién, n = 2 thi :‘ﬁ hoac 12 mét s6 nguyén (@2 —5)2=24 hay : a*—10a2+1 =0 Nhu
hoac 1a mot s6 vo ti. viay a=V2 +V3 la nghiém cia da thic

Giai. Gia stt "Va khong phai la s6 nguyén. x* —10x% + 1.
Dé thdy ¢ = "™Ja la mot nghiém cia da thic Bh O e e R e O

vdi hé s6 nguyén x" — a. Da thic nay néucd ¢ =37 +5V2 +37 —5V2 1a 6 vo ti hay 1a
nghiém hitu ti thi nghiém do phai la s6 nguyén. 5 hitu ti.

Nhung theo gia stt"a khong phai la s6 nguyén,
do dd "Va phai la s6 vo ti.
Bai 7. Ching minh ring =6
a =323 + 3123 la mot s6 vo ti.

Giai. Ta, c6 ¢*=14~-3 do do
¢ +38c —14 = 0. Suy ra ¢ 1a nghiém cua da
thuc vdi hé s6 nguyén.

! A 5
Giai : Ban dé dang ki€m tra duge iy e AR Npst i
5 P(x) = (x = 2)(x* +2x + 7) trong dd da thic
5 E w23 < 3 x% + 2x + 7 khéng cd nghiém thuc. Diéu nay cd
nghia x = 2 la nghiém thue duy nhéit cia Pix).
g = 128 = & Két luan : ¢ la s6 hitu ti ?
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Bai
Wayz = (x +y +2)* vdi (n € N

T1/212. Tim s6 xyz biét réng

Loi giai : (caa Tran Thi Ngoc Hdi, 9T,
Chuyén Lé Khiét, Quang Ngéi).

Giastin=1Vixzlnénnéuy=2z=20
thi %iyz = 100 & N. Trong khi dd
(x+y+2¥ €N Voli!

nfuy+z=1lthix+y+z=2,suyra
(xty+2) ¥ = 24 = 16 > 10 = 1000 > Vyz.

Vayn = 0. Taco Xyz = (x +y +2)> (1)

Mat khac ta cd 64 < Xxyz < 1000 hay

4<x+y+z<10(2)

Ta lai o6 : néu a € N thi a® chia cho 9 cd s6
dula0, 1, 8 Vay (x +y + 2)* chia cho 9 cd s6
dula g, 1, 8

Tit (1) suy ra xyz chia 9 cd s6du1a 0, 1, 8
hay x +y +2z chia 9 ed s6 du 12 0, 1, 8 (3)

T (2) va (3)suyrax +y +z = 8 hoac 9.

*xt+y+z=8= (x+y+2)° =8=512=
(5 F1 421

*xt+y+z=9=(x+y+2°'=91=729%
(7+2+9)3 Vay 5yz = 512

Nhan xét. Cd rdt nhiéu ban giai ding bai
nay. Cac ban sau diy cing cd loi giai tot :
Nguyén Thi Thiy, 8T, NK Thuan Thanh, Ha
Bée ; Lé Tién Pat, Chuyén V-T, Thudng Tin,
Ha Tay ; Tran Ngoc Thanh, Pham Quéc
Chinh, 9T, NK Bim Som, Thanh Hoa ; Ha Van
Théanh, 10 Li, Phan Boi Chau, Nghé An ; Trin
Hoai Thuong, 9, NK Ha Tinh ; Truong Vinh
Lan, 9CT, Xuan Ninh ; Nguyén Viét Thanh ;
8C, Loc Ninh ; Trén Dite Thugn, 9/1, Nam Li,
Quang Binh ; Nguyén Dic Linh, 8, NK Vinh
Linh, Quang Tri ; Vii Dute Pha, 9T, Nguyén Du;
Nguyén Tdan Thién, 9A,, Truong Cong Dinh,
TP Hé Chi Minh.

TO NGUYEN

Bai T2/212. Tim tdt cd so thuc a, b, ¢ dé
|ax +by +cz| +|bx +cy +az| +
+|ex +ay +bz| = |x| + |yl + 2| lading thic
diing ¥x, y, z € R

Lasi gidi : Diéu kién cén : do ding thic ding
vi moi x, ¥, z € R nén vai cde gia tri (151 ;
e 00y (1;-1;0)cha(x;y;z),tacd
hé phuong trinh :

la +b+e=1 (1)
la| +1b6] +]e] =1 (2)
la —b] +]b—¢| +|lc—al =2 (3)

Tit (1) va (2), ta co a, b, ¢ cing diu hoac
bang 0, nghialaab = 0;bc =2 0; ca = 0 (4).
o (2) v (3), két hap vdi
|lx =yl < |x| +]|yl,tacs:

2lal +2|b] +2|lel =la—-b] +|b—c| +

+|e —al < 2|al +2|58] +2|¢|.

Suy ra cdc ddu bang phai xdy ra, hay :

ab = 0;bc < 0;ca < 0(5). Tt (4) va (5),
ta cd : ab = be = ca = 0 hay hai trong ba s6 a,
b, ¢ phai bang 0. Két hop vai (1), ta cd s6 con
lai phai bang * 1.

Diéu kién du : thay cac gid tri (1 ;0; 0),
(0; £1;0), (0,0, £1) chobd ba{a ;b ¢) vao
ding thiic dang xét, ta duge cac dang thic ding
vai moi x, y, z € R. Vay, do la cac gia tri cén
tim cua (@ ; b ; e).

Nhan xét. Cac bai déu giai ding, tuy nhién
con nhiéu bai giai chua gon, mot vai bai quén
néu diéu kién du. Lai giai tdt gém co : Vii Trung
Bon (Quynh Hoa, Quynh Phu, Thai Binh),
Nguyén Thanh Hoai (9T, PTTH Lam Son,
Thanh Hda), Pham Thanh Van (TH, PTCS
chuyén Hai Phong), Lé Quang Ndm (9 Todn,
Bue Pha, Quang Ngai)

DANG VIEN

Bai T3/212. Gidi va bién ludn phuong trinh
sau theo tham s6 a

B -8 +3@+)x—(a+1)?=0

Loi giai : (Cha cdc ban Dé Minh Hoang 97T,
Bim Son, Thanh Héa, Nguyén Thanh Nga, 9T,
Tran Dang Ninh, Nam Dinh, Trin Lé Nam 9T
Lé Khist, Quang Ngii, Nguyén Viét Ding, 9T,
Phan Boi Chau, Nghé An.

Xét a # -1. Nhén hai vé vdi (@ + 1) ta dude

(a+1)x3 — 3x2(a+1) + 3x(a+1)* — (a+1)* =0
el +x-—a—-1)>=0

>y

a=a+1—x

—x(l+Na)y=a+1

a+1 4
- A e
WNa +1

Véi a = -1 phudng trinh trd thanh
P -32=0—>x=0x=3

Nhan xét : Cac ban Luong Hitu Thudn, 7,
Nghia Hanh, Quang Ngii, Truong Vinh Lan,
9 Tbéan, Quang Ninh, Quang Binh, P6 Hong
Son, 9T, Lam Sdn, Thanh Hoa ciing ed loi giai
t6t. Mot s6 ban sit dung két qua cia bai T8/208
hoac dung phuong phap giai phuong trinh béac
ba téng quat cing cho két qua ding nhung

X
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cdach lam nay dai va khong phi hgp vdi yéu ciu
cho cac lap PTCS.
DANG HUNG THANG

Bai T4/212. Hinh vuéng ABCD c6 canh
don vi. Trén canh AB va AD chon hai diém M,
N sao cho chu vi tam gide AMN béang 2. Chiing
minh rédng hai tia CM, CN chia duéng chéo
BD thanh ba doan thing ma dé dai ba doan
nay lap nén tam gidc vuong co dién tich khong

lon hon -

1
Loi giai : Xét phép quay R theo chiéu
kim déng ho, tacd : B—D ; A vudéng CBM —
A vuéng CDM’, nén A, D, M’ thang hang va

BM = DM’; CM = CM’. Ta c6 : NM’ = ND +
DM’ = ND +BM = AD + AB - (AN + AM) =
2 - (2 - MN) = MN. Két hop v6i CM’ = CM,

A N I M

F
H
M
B C

ta cd CN la trung truc cia MM, hay M, M’ d6i
xting vdi nhau qua CN. Lay diém H trén tia
NM sao cho NH = N, ta cg H ddi xiing vdi
D qua CN (1) nén CHM = CDM’ = 90° Mat
khdc, MH = MN-NH = NM'-NB = DM’ =
BM nén hai tam giac vuong BMC, HCM bing
nhau (trh.2, A vudng). Suy ra H déi xing vai
B qua CM (2). Tix (1} va (2), ta cd : EAF =
EHC+ CHF = EBC + CDF = 45" + 45° =
90°. Vay A EHF vubng tai H. Tit (1), (2) ta lai
cd FH = FD ; EH = EB, va phan ddu cia bai
todn di duge chiing minh. Dat x = HF ; y =

1
HE ; S la dién tich A HEF, tacd S = = xy. Do

2
déd x + y ‘= Nwy=2028 wva
Va2 +y% = 2xy = 228, Suy ra

x+y+Vxf +37 = 2(1 +V2)VS. Ma v& trai
= 1
bing V2 vi bang BD, nén VS < CETp) hay

1
S ra dpcm.

< @ Vo) suy p

Nhan xét. Lai giai tot gom co : Mai Thanh
Binh (8M, Marie Curie, Ha Néi), Hoang Manh
Cuong (94, PTCS Déng Mi - Déng Héi, Quang
Binh), Nguyén Anh Tudn (9T, Phan Bai Chau,
Nghé An). Vi Trung Bon (9A, Quinh Hoa,
Quynh Phu, Thai Binh).

DANG VIEN

Bai T5/212. Trong mdt phéang cho hai hinh
binh hanh ABCD va A'B’C’D’ ¢6 dinh D chung.
Chitng minh réng hai tam gide AB’C va A'BC’
¢6 cing trong tam.

Léi giai. Goi M va N l4n lugt 1a trung didm
cha cdc doan thang DB’ va DB, va G = BM N

B’N (néu D khéng thude duoing thang BB’). Dé
thiy riang BM la dudng trung tuyén chung ciia
haitam gidc DBB’, A'BC’ va B'N la trung tuyén
chung cta hai tam giac DBB’, AB’C. Vi vay hai
tam giac AB'C va A'BC’ co cung trong tam G
vai tam gidc DBB’

fa

Trugng hop D € (BB’) thi hai dudng thing
BM va B'N trung nhau nhung ta cing dé dang
ching minh duge rang cac di€ém G, chia trong
doan MB va G, chia trong doan NB theo ciing

1
ti s6 5 trang nhau, vadods G, = G, = G chinh

la trong tam ctia hai tam giac AB’C va A'BC”,

Nhéan xét. 1) Co rdt nhiéu ban tham gia
gidi bai toin trén nhung it dat diém t&i da.
Phan déng cac ban lap luan thi€u chat ché vi
quén khong xét trudng hop D thudc duimg
thang BB’

2) Mot s0 ban sit dung phuong phap vectg,

l6i giai kha gon bang cach c}rung minh rdng :
AA' + BB g ("C’ = {}
Mat khac, lai cg :
— — — —
AA + BB +CC' = 366G’

trong dé G va G’ lan lugt 14 trong taAm cua céc
tam giac AB'C va ABC’, Tu dd suy ra G’ = G.

3) Cac ban sau day cd 13 giai tét : Mai Thinh
Hiép, 9B, Nga Hai, Nga Son, Thanh Hda,
Hoang Manh Ctmng} 91, Déng Mi, Péng Hai,
Quang Bmh Nguyén Anh Tudn, 9’I‘ Phan BDI
Chéau, Nghé An, Doan Minh Ditc 8D chuyén
Quynh Phu, Thai Binh, Trén Thj Ngoc Hai, 9T,
Lé Khiét, Quang Ngii, Luong Hitu Thuan, 7T
Nghia Hanh, Quang Ngii, Ngé Dic Khanh,
10A, 12 Thiy, Quang Binh, Truong Thuan,
11A, Ca Mau, Minh Hai, Trdn Qu& Lam, 11T,
bao Duy Tit, Qu:-_’mg Bmh Nguyén Lé Ll.m 9A
Didm Doi, Minh Hai, T'rﬁn Déc Anh, 9T, Nang
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khigu Ha Tinh, Vi Thanh Tuug, 8T, Dong 3. Do khéong hiéu rdng, s6 nguyén to lé p
Hung, Thai Binh, Nguyén Hitu Cudng, 10T, trong bai ra la s6 cho trude, nén khong it ban
DHSP Ha Noi 1, Tran Lé Nam, 9T, L& Khiét, da cho l&i gidi sai.
Quang Ngai, Nguyén Thé Vi, 28, Dong Son, NGUYEN KHAC MINH
Thanh Hda, Ta Thién Toan, 11B. Tran Nguyén
Han, Hai Phong.

NGUYEN DANG PHAT Bai T7/212. Chiing minh hé phuong trinh
=y +y+y+a

Bai T6/212 : Chung minh ra: g, ton tai cac Oyl e

1) ‘n dion z thoa man dang thile :
iy % f;, : o - Z=x+x’+x+a

trong doé p la mét s6 nguyén ‘o lé. ic’:dmdtng.’;tg:!;iuyi::h&tM b Ho 1T

Lai giai (cua Nguyén Anh Hoa - 9T Tran b e o e s o I
Dfmg Ninh, Nam Dmh iNgUJ'(?-’ ;‘\-Tgl‘;](.‘ ffil'.{?l-g, Ngu:,ren Binh Khlém.‘ Vinh IJC_I'IIE) Xét ham
D6 Quang Tho, Trinh Hitu Tru» = - 10T Lam  f(t) = Pl i tacd Fy=3+2t+1 = 0
Son, Thanh Héa ; Duong Van Yo - 10T Phan  do do f(¢) 1a ham déng bién. Hé phudng trinh
Boi Chau, Nghé An ; Tran Ngrvén Ngoc va  co dang

Ngo Dite Thanh - A 10T CT D1 TH Ha Noi) : T
Ta ching minh Bai ‘toan tong giat sau : "Cho i )
n € N* va s0 nguyén té p théa 1man didu kién Ne=T1z)
nip. Chitng minh rang, tén tai « ic 86 nguyén 22 = fix)
duong x,,x,, ..., X,, X, théa ma:: dang thic : Khong giam téng quit gia sit x 16n nhat

alxzy=zz—=fix) = fiyl = flz)

itaht.. txa=x
—222x22y  Nuz=0thix=zy=220

n+l'

Thatvay,chonx, =x, =..=x, =n,  tacd: :
5 s " 1 2 : Pl 3 2 7 2 2 2 ek
o —ax-zycz ozt —sxs =y =z —fix) = fiy) =
bl -!-x‘é: +..txXh=n. (nFyr = =fizi—=x =y = 2.
e Neuas0-s0zxzy=zz—
= nr_,r:—-]}nf +1(1) = "
; i / eyl -l =y =z =
VinTp vap nguyénténénni ' = 1 (modp) i
{theo Dinh 11 nho “eecma) =

Néux > 0>z Khidéy2 = flz) < fi0) = a
—a > 0. Laied 22 = fix) > f(0) = a —

z < —Ya = y2 = flzz < f(—Va)

(p — w71 +1 = 0 (modp) = ton tai k € N*
saocho (p - 1)n 1 + 1 = kp. Bai thé tit (1) ta

Il

thdy, khi chon x,,, =n* thitac con+1s8 _ —Yaa -1)2 < 0 vo li.
nguyén duUnng Loy vy L Xy = n* théa man Vay khong xdy rax > 0 > z.
yéu cau cia dé bai. bxzzzy—z:2y*2a?

Dac biét, cho n = 2 va p la s0 nguyén to 1é, Tuong td nhu trén néu y = 0 hayx < 0
tif bai toan tdng quat ta cd Bai toin da ra. tasuyrax =y = 2.

Nhan xét : 1. Mot s6 ban che rang két qua Néux >0>y—xi=flyl<fi0=a
ctia Bai todn tdng quit néu trén vn khong thay zl = = fix) > fi0) = a. Né’u z > Va thix = 2z
doi khi thay diéu kién 'n € N*, p la nguyén td > Jg »x? 222 ==yl =22 »x =y =12
vanIp"boidiéukien"'n, p EN* 1afn,p)=1"! traivéix >0 >y

2. Ngoai cac ban di néu tén ¢ (rén, cdac ban Néu z < —Va i luan nhu a) ta din dén

sau day cing cd loi giai tét : N2d Die Duy, mau thuin.

Pham Dinh Truomg (11 CT, Trin Phu, Hai Vay hé c6 nghiém duy nhitx =y = z = ¢,
Phong) ; Tran Tién Diing (107 Amsterdam, U d6 1 nghiém duy nhdt cia phiong S
Ha Noi) ; Nguyén Ba Hiung, Lé “udn Anh (10 3 4 2% ¢ 4+ — 0.

CT, DHTH Ha Noi) ; Pham Anh Tudn, D6

Hong Son, Nhit Qui Tho, Pham Minh Tudn, 3 x ! 3 ¢
Ph.(.rfa Manh Quang, Lé Minh Fiéu (9T, 11T, Nhan xét : Cac ban Pham Dinh Truong
Lam Son, Thanh Héa) ; Nguyér Hong Chung lqu HéimI’h-:fng,_Ngu}:gn Hﬁ‘zﬂg sCong 11;1‘
(10T, Phan Béi Chau, Nghé An' ; Lé Quang uangNgai, Ti Mink Hai, 11 Dac Lac, Nguyén
Ndm (9T, Dic Phd, Quang Ngai) : Nguyén Thi ~Thanh Ting, 11T, Dong Thap, Pham Quéc
HGi Yén, Lé Anh Vi (11 CT, Quie hoc Hué) ; Chinh, 9T Thanh Heéa e 15i giai t6t. Rét nhiéu
Vi Dite Phii (9T, Nguyén Du, Go Vép, TP harf mac sai lé:.rn lfhl cho rang""khong mat tong
HCM) va Nguyén Lé Luc (9A,, Dim Doi, Minh ~ quat cd thé gid siix > y > z

Hai). ' DANG HUNG THANG
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Bai T8/212. Cho day sé a, dugc xde dinh
boia, = 1va
; 1 +an“-]
e [
Chitng minhh rang
a,=1+2 (n—-209"1) véi moi n > 1.
{G day [a] la phan nguyén cia a va {a} =
a — [a] la phin phan cua al.

Loi giai. (cua tdt ca cac ban)

} vol mot i = 2(1)

Ta co :
1 +a,_, 1 +ta,_, 1 ta,_,
< <[+
n n n d
hay
1 +an—L 1 +ﬂ'_u--1
n|— J €l+a,_<n|— +n
n H 1
Suy ra:
1+a _

lﬁan=2+an_1~n[

Yn = 2.
Ta chiing minh bang phuong phip quy nap.

Khin =1,tacd:

=l
7] <n+1
n

143 (n, —2["*%3”]) =1 = a, nén (1) ding
vdin = 1.
Gia st (1) ding véin = &, tiic la :

a = 1+2 (h—20%41). Pat p = [log,k]
thia, = 1+2(k - 2P) va

pﬁlﬂgzk*-’.p-i—]::‘zpﬁ};_czm-ll

Via, < k nén can xét hai truong hop.
Trusng hop 1 : a, < k.
Khi do
g, =142(—2P) <k —2P € h < h+1 < 2P*!
=p <log,(k+1)<p+l=
=p = [lngz(k + 1)] a, < k=

1+a,
:;-0q1+ak<.&+1==.[k+1]=0

Do vay
1+a,
ak+l=2+ak—(k+l)[ e ] =2+a
=2+1+2(k-2P)=1+2(k+1-2P) =
Z(k + 1 + 2llog,(k +1)] )
Trudng hop 2 :
a =k

Khi d¢
=1+20;-20) =k=k+1 =201
p+1 = [log,(k + )].

1+“k
Vaya,,, =2+a - (k+1) [E—lJ =
1+k
g Gk by

= 2+ak—(k+l} =2+1+2(k - 2P) - 2P+]
=1+2(k+1-2r1
= 1+2(k+1 ~2lonk+D])

Bai todn dude ching minh.

Nhan xét : Cac ban sau day cd 1oi giai tét :

Ngo Dite Thanh, Nguyén Ba Hing, Trin
Nguyén Ngoc (A DHTHHN), Dang Thanh Ha
(11A CT DHSPHN1), Lé Butc (9° Ngo Si Lién,
Ha Noi), Lé Van Manh (11CT Hoa Binh), Pham
Thy Hing (11A Chuyén Thai Binh), Pao Xuan
Vinh, Nguyén Thi Hdi Yén, Cao Thé Anh, Lé
Anh Vi (QH Hué), Ton That Thang (11A LP
Quy D6n, Da Nang), Nguyén Lé Luc (94,
Doai, Mmh Hai), Nguyén Hong C‘hung (ll}T
Phan Boi Chau, Nghé An), Lé Quang Ndam (9,
chuyén Phic Ph6, Quang Ngai), Cao Quyét Hiép
(9T Nang khidu, Hoang Hoéa, Thanh Hda), Nhi
Quy Tho, Sao Do, Nguyén Ngoc Hung, Trinh
Hitu Trung, Lé Minh Hiéu, Pham Minh Tudn,
(Lam Son, Thanh Hda), Nguyén Trong Hoa
(Phan Dang Luu), Pham Dinh Truong, Ngo
Bite Duy (Tran Phu, Hai Phong)

NGUYEN VAN MAU

Bai T9/212. Cac diém A, B,. C,, D, tuong
ung la trong tam cac mat BCD, CDA., DAB ABC
cua ti dién ABCD, Goi AP Bl,, C;, D, tuong ting
li cae diém d6i xing ctia edce dznh A B CED
cia {1 dién qua mot diém O che truce trong
khong gian. Ching minh rang cde duong rhdng
AA, BB, C,C,vaD.D,dbéng quy.

Lari giai. Goi G 1a trong tAm td dién ABCD
va (' doi xfmg vdi O qua G ; thé thi, theo gia
thiét ta cd cdc hé thic - sau

(i) 200’ = 4OG OA a DB +0C + 0D

= OA +30A, = OB +308B,
=0C +30C, = 0D + 301),,

hay la :
(ii) 200° = —0A, +30A, = OB, +30B, =

= -0C, +30E” = — 0D, +30D,

Cdc hé thie (ii) nay chiing to ring cde dudng
thang A A, B,B,,C,C, va D D, dong quy &
diém O’, chia ngoai cdc doan thing tuong ting
theo ti 55 1/3 :

OA, OB,

oK 05

o'c,
T,

0D,
0D,

1

o =
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NGi khdc di la, td dién A_B_C_D,, 1a binh vi

ty ctia ti dién A B,C,D, trong phep vi tu | ER
tam O, ti 86 3 trong dd 0" d6i xing vai O qua

trong tAm G cha td dién ABCD.

Nhan xét. 1) Co nhiéu ban tham gia giai
bai todn nay ; tuy nhién phdn déng cac ban
khong sit dung phuong phép vécto hoac khéng
stt dung d6 dai dai s6 nén nhin chung lap luan
thigu chat ché. Cing rit ding tiéc, cd mot ban
stt dung véctd nhung ching minh sai : Ly

— 1
diém A, xdc dinh bdi 0G = 3 OA, 16i chiing
minh A_A, = A /A, tit d két lugn A A, di qua
diém A,. Diéu nay ding, nhung tu do khong
thé két luan B _B,, C C, va D D, déu di qua
A,, bang suy luan tuong tu LIBELE )

29) Ciing co thé st dung phuong phip bién
hinh dé giai bai toan trén. That vay, phép di xing
tam O chinh 14 phép vi tu V1, tam O, ti s6 -1.
Xét phép déng dang Z la tich ciia phép doi xing,

tam O va phép vi tu V(}!’“ tam G, ti s6 — 3

Z = V318 V-1
L6 =g

R6 rang la phép dong dang Z nay bién tu
dién A B,C,D, thanh td dién A B,C.D, va 2

la mot phép vi tu, ti s6 & = (-1) X
1 1 -y ? )
e Ej =3 Do dé cac duong thang

AA,B,B,CLC, va D, D, déng quy ¢ tam vi
ty 0.
NGUYEN DANG PHAT

Bai T10/212 : Cho tam gide ABC can d A.
Trén AB ldy mét diém D va trén BC ta lay mot
diém E sao cho hinh chiéu cita DE lén BC bang
% BC. Chiing minh rdng duong vuong goc vol
DE tai E ludn luén di qua mét diém co dinh.

Loi giai : (Mai | MA
Diic Khoa, 12A, Ba ’
Dinh, Nga Son,

Thanh Hoa)
Goi M, H lan lugt

12 hinh chiéu vudng D

gdc cua D va A trén
BC, goi giao dim \R \
cuadudngthingqua ® v i 7,;: C
E vubng gdc véi DE N

va duong thing AH la N. Ta cod
BH = ME = 1/2 BC=BM = HE

__Mat khac HNE = MED (cung phu véi
HEN)

Do d6 A HNE «~ A MED (trudng hop dong

dang ciia A vudng).

https://sites. eoogle. com/site/letrungkienmath

HN HE 2HN HE BM _BH

=ME DM~ BC DM DM HA
BH . BC
=HN.= Sloga

Viay N la diém c6 dinh va ta co dpem.

Nhéan xét

1. Bai nay dugc cac ban gial bang nhiéu
cach. So dong giai rat dai.

2. Cac ban sau day giai dung va ngin gon :
Vit Ngoc Duong, 8 toan cdp II nang khiéu Thai
Nguyén, Bac Thai ; Lé Van Manh 11CT PTTH
Chuyén Hoang Van Thu, Hoa Binh ; Ngo Van
Sang, 9A THCS Chu Van An, Lé Due, 9A,
THCS Ngb Sy Lién, Mai Thanh Binh, Tran
Anh Son, Nguyén Trung Ti, D3 Pite Hanh 8M,
Mari Quyri, Lé Thanh Nam 9A, B& Van Dan,
Tran Bang 9H Trung Vuong, Tran Hai Son,
10A PHTH, Nguyén Duy Tung, 10A1 THCB
Hoan Kién, Tran Mink Ank, 10T1 Ha Noi -
Amsterdam, Vi Thanh Trung, PTTH Nguyén
Trai, Nguyén Sy Phong, Phan Linh, 9A, PT
chuyén NN, Dgng Thanh Ha 11A CT
DHSPHNI, V6 Quinh Anh, 9CT, Nghia Tan,
Nguyén Chi Vicong, 10A PTTH Lién Ha, Dong
Anh, Ha Noi ; Nguyén Xudan Hao, 12A PTTH
Ngo Quyén, Nguyén Anh Hoa, Dang Viét
Cuong, Nguyén Thanh Nga 9T, Nguyén Hong
Dung, 8T, Tran Dang Ninh, Tran Ditc Quyén
10A1, Lé Héng Phong, Pham Thanh Hai 10A1,
PTTH Ha Nam, Nam Ha ; Tran Hoang Viét,
11A PTTH Chi Linh, Hai hung ; Truong Trong
Khanh 10CT, Vinh Lac, Vinh Phi ; Pham Dinh
Truong, Ngé Dite Duy 11CT, PTNK Tran Phu,
Hai Phong ; Phiing Thanh Tiung 9CT TX Thai
Binh, Tu Thi Bich Hanh 10A PTTH Nguyén
Hué, Ha Tay ; D6 Hong Son, Tran Ngoc Thanh,
Nguyén Thanh Hoai, 9T, Lam Son, Thanh
Hoa ; Nguyén Anh Ding 11A DHSP Vinh,
Nghé An ; Nguyén Anh Tudn B, Trén Tién
Giang, 9T NK Ha Tinh ; Hoang manh Cuong,
91 CII Déng My, Quang Binh ; Nguyén Diic
Link, 8 NK Vinh Linh, Quang Tri ; Lé Minh
Truong, Cao Thé Anh, 10CT Qudc hoc Hué ;
Ton That Thang, 11A1 PTTH Lé Quy Don,
Quang Nam - Da Nang ; Trin Lé Nam, 9T, Lé
Khi#t, Quang Ngai ; T Minh Hdi ; 11CT
PTTH Budn Ma Thuét, Dac Lac , Pam Khdnh
Hoa, 10T Luong Van Chanh, Phi Yén ; Nguyén
Thanh Trung, 11T PTTH Chuyén Binh
Thuén ; Nguyén Nhat Nam, 11A, Ving Tau,
Ba Ria - Ving Tau, Nguyén Hoang Léc, 10CT
Lé Héng Phong, Vit Dite Phii, 9T Nguyén Du,
Go Vap, TP H6 Chi Minh ; Luu Bdo Linh, 11/1,
Truong Dinh, Gb Céng, Tién Giang ; Nguyén
Tén Anh Khoa, 10T Chuyén Nguyén Binh
Khiém, Vinh Long ; Nguyén Thanh Tung, 11T
PTTH SaDéc, Déng Thap ; Truong Thudn,
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11A, Lé Chi Nguyén, 10A, Chuyén Phan Ngoc
Hién, Ca Mau ; Nguyén Lé Luc 9A1 THCS
Pam Dei, Minh Hai.

VI KIM THUTY.

Bai L1/212

Mgt bang chuyén nghiéng mét géc a so vdi
phuong ngang, dang chuyén déng v, xudng dudi,
Mgt hon gach nam trén bang chuyén va dugce giit
yén bang mdét soi day bude cd dinh d dau trén
(hinh vé). Ngudi ta cdt dut day. Tinh cong ciia
luc ma sdt tae dung lén hon gach cho dén thot
diém hon gach dat dugc vgn toc v, cia bang
chuyén. Cho hé sd ma sdt giita vién gach va bang
chuyén la u, khoi luong ctia vién gach la m

Hudng dén giai

Ta hay xét chuy€n dong cua vién gach trong
hé quy chiu gén vdi mat dit. Trong hé quy
chiéu nay vjén gach chiu tdc dung cia ba luc :
trong luc P, phan lyc N ctua bang chuyén va
luc ma sdt trugt F, . Hop luc cua ching sé

ms”
truyen gia tdc cho vién gach lam tang van tée
clia nd tit 0 dén v, (hinh vé). Ap dung dinh li

dong nang N

1
—mgh + F,s = 3 mu?2

mu?

1

- mgssina + umgeosa =

2
o

2g(sina + pcosa)
umgeosa . v:

v

Suyra$S =

A, =F .8

ms 2t T 2g(sine + pcosa)
muv? u
A-':ms =2 ¥ iga

Nhan xét. Cac em c6 15i giai tét : T6 Huy
Cuong, 11A1, PTTH chuyén Thai Binh ; Mai
Thé Hing 11CT Dao Duy T, Quang Binh, Dao
Li 12A PTTH chuyén Thai Binh ; Luong Vin
Thuong, 10L, PTTH chuyén Nghé An ; Nguyén
Héng Mink, Bol0A, PTCL, DHTH Ha Nai.

OK.

Bai L2/212
bem, o6 ohy ciia von k10 |—©@——
la 30Vnhungiat K, md, . ]
la 27V khi chi déng %/ & '
ngat K, la 2.4V khi chi
dong 2 ngat K\K,, la
18V khi ding cd R
K\K,K, Bict khi dong K K,K, bién trd
3 = 4,8Qua ngudn dién phat cong sudt 270W,

1) Tfnh E. ruva gia tri moi dién trd ngoai

2) Nhich con chay C é R; sang phdi hay
sang trai dé cong sudt mach ngoai giam.

Lai giai. Khi dong K K K, ¢é dong chinh

qua ngudn
E i8 18 18 18 18
e s T W S R B
Sl Ak e R

Khi chi ding KK, dong chinh qua nguén

g 24 24 24 24
I—E!, r—R—I.+E;-+R—2(2)

Khi chi ding K| dong chinh qua nguén

: E 27 27 27
I—r ;_——R—r+ﬁ-l'(3)

Khi K| md. dong chinh qua nguén

_E 30 30 /
g r MR:(}
: ; E
Tit d6 4’ — 3r* = — =15—=E = 15r
E 216
or" — 8 = — = Z=—_ SR, = 1440
" R2 2 g
o
10rw91_—;=R—1—- = G
Ta cé6 P =EP”=E(E“E) =270 —
Ui r
= 36Q

Tudér = 24Q va R, = 12Q
Vi khi K KK, dong c6 R, = 4,82 va

E
U, = 18V = 3 hén mach ngoai dat cong suit

cyc dai. Vay cho con chay C sang trdi hay sang
phdi, cong suat mach ngoai déu giam.

Nhan xét. Cac em cd 13i giai t6t : Nguyén
Pic Phuong, 10L, PTTH Ha Noi -
Amsterdam ; Tir Minh Hdi, 11CT, PTTH Buén
Ma Thuét, Daklak ; Hoang Thanh Ngoc, 11CL,
PTTH Luong Van Tuy, Ninh Binh ; Lizu Bdo
Linh, 11/1, PTTH Truong Dinh, Go Cong, Tién
Giang ; Mai Thé Hiing 11CT Dao Duy Ti,
Quang Binh.

MT

i
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MGT SO DANG KHAC CUA BAI TOAN "on Busm".

Chac nhiéu ban tré yéu toan da duge lam
quen vdi bai toan "Con budm". Trong bai viét
nay téi muén dude trao d8i bang nhiing lap
luan hop Iy ta cd thé di dén mot két qua manh
hon két qua cta bai todn "Con buém"

Trude hét ta xudt phat ti bai toan "Con
buom”

Bai toan 1. (Bai todn con budm).

Cho mot duong tron tam O va dday cung
MN ; Goi I la trung
diém cita day cung
do. Qua I ta ké hai day
cung khac la AB va
CD. Noi AD va BC hai
day cung nay lan luwot
edt MN tai Pva @

Chiing minh IP =
1qQ.

Giai.

TiOtahaOK 1 CBvaOL L AD NoiOP
va 0Q.

Dé& thay ti_gidc OIQK ndi tiép duge duong
tron, vi vay 10Q = IKQ (1)

Tuong tu, OIRL cing la td gidc noi tiép, vi
vay : JOP = ILP(2)

Nhung ta lai cd A CIB « A AIO va tu
OK L CBva OL 1 AD cho nén K va L lan
lugt 14 trung diém ena cac day cung CBya AD
chonén A CIK «~ A AIL = IKQ = ILP (3)

Tit (1), (2) ya(3) taco QOI = POIhay Of
la phan gide QOP ma OI 1 PQ cho nén IP =
0@ (d.p.c.m) hinh - 1.

Thi co thé phait bidu dudi dang bai toan sau

"Cho tit giae ADBC noi tiép dudng tron tAm
O ; goi I 1a giao diém hai dudng chéo CD va
AR, MN la mét dusng thing vudng goe vai OF
tail ; Pva @ ldn lugt 1a giao diém cua hai canh
déi dien CB va DD vai MN. Ching minh
IP = Iq".

Céc ban chii ¥ ndi dung bai todn trén so vdi
bai toan 1 khéng cd gi thay déi.

Nhung tédi nghi ta cd thé d6i vai tro hai
dudng chéo thanh hai canh d6i dién cdn hai
canh déi dién thanh hai duong chéo - Thi cd
bai toan sau.

Bai todn 2 :

Cho tit gigc ABCD noi tiép dudng tron tam
0 ; goi I la giao diém ciia hai canh déi dién
AD va BC kéo dai (diéu kién AB = CB) qua I
ta dung dudong thang d vuéng goc véi OI ;

PHAN NAM HUNG
(Qudng Ngdi)

duong thing nay cat hai duong chéo AC va BD

kéo dai tai M va N.
Chitng minh IM = IN

N I M

b, !

e

Giai :

Néi OM v6i ON ; Ta O ha OH L BD va
OK 1 AC xét ti giac JHON cd I va H cung
nhin ON vdi mét goc yudéng cha nén ti giac do
ndi ti€p vay taed : THN = ION (1)

Tugng tu ta cing co td gidec IKOM ndi tiép
= JKM = IOM (2)
~ Talaicd A IBD va A IAC ed goc I chung va
B = A (gdéc nobi tiép cung chan cung DC) cho
nén A IBD -~ A TAC ma OH 1 BD va
OK 1 AC = H va K la trung di€m cuia cdic
canh BD va AC cho nén A IHD «~ A JKC =
IHN = IKM (3)

Bt (1) ; (2) va (3) = ION = IOM ma
OI L MN=IM = IN (d.p.c.m)

Néu trong bai toan 2 toi thay hai dudng chéo
BD va AC bdi hai canh déi dién con lai la : DC
va AB tdi cd bai todn 3.

Bai todn 3.

Cho tit giac ABCD néi tiép dudng tron tam
O ; goi I la giao diém hai canh ddi dién AD va
BC kéo dai ; qua I, dung duong thang d vuéng
goc voi O ; Canh DC va AB keo dai lan luot
cat o tar M va N.

Chiing minh IM = IN

xem tiep trang 15)
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" s
PE RA KI NAY
CAC LOP THCS

Bai T1/216 : Tim 6 chi sb tan cung cua
s§ 54!

DANG HUNG THANG
{(Ha Noi)
Bai T2/216 : Giai phuong trinh
x+22+@x+3° +@x+4)=2
THOT NGOC ANH
{Chadeg Nydi)

Bai T3/216 : Ching minh bit dang thic
WNT—aZ +HT -6 +WIl +a <38
vai |lal < 1
NGUYEN DI
(1di Phewg)

Bai T4/216 : Cho hai tam giic ABC va
AB'C’ trong dd B = B, A + A’ = 180°.
Chtng minh rang

(@ + b)a — &) = ec’

(a
B = CA, ¢

= A'B'véia’ > b')
NGUYEN BUC TAN
(TP HG Chi Mink)

Bai T5/216 : Goi (O, R), (I, R,) 1an luot 1a
duding tron ngoai ti€p va dudng tron bang tiép
gic A cia A ABC. Ching minh rang

A IR IE=aR IR
LE QUOC HAN
(Nghé An)

CAC LOP THCB
Bai T6/216 : Cho p 12 mét s6 nguyén to.
Ching minh riang s6 5 — 2 khong thé biéu
dién dudi dang a™ trong dé a va m 14 cdc s6 tu
nhién vam > 1.

TRAN DUY HINH
{Binh Bink)

Bai T7/216 : Tim s6 thue & 1on nhat sao cho :
k

93T

véi moi a, b, ¢ = 0 thoéa méan diéu kiéna +b +

=l

a3 + b3 + & + kabe =

NGUYEN MINH bUIC
(Ha Noi)

Bai T8/216 : cho day s6 (x,) thdéa mén
2= 1va + D, — %) > 1+x,

BC,b=CA,¢c=AB,a = BC,

10

=

¥Yn = I (n € N) Ching minh rang day so (x )
khéng bi chan.
TRAN XUAN DANCG
{Nam Ha)

Bai T9/216 : Gia st M 1a mét diém bat ki
nam trong mot td dién gin déu ABCD. Ha
MMl, MM.,, MM, va MM, lin lugt vudng goc
véi tdc mat (BCD), (CDA), (DAB) va (ABC).
Goi r va £14n lugt 1a ban kinh mat cdu noi tiép
va ban kinh dugng tron ngoai ti€p moi mat cia
td dién ABCD. Chiing minh rang :

a) MM + MM3 + MM35 + MM3 =

= 4p?cosA . cosB . cosC
ro N
e £ i
G
HO QUANG VINH
(Nphé Anj
Bai T10/216 : Gia st P la mot diém tay y
nim trong A ABC vaa, §, y 14 dé1dn cdc gdc
cia AABC. Kihiéu R, , R, , Ryla khodng cach
tit diém P t6i cac dinh var , r,, r;1a khodng
cach tit P tai cac canh cia A ABC. Ching minh
bit ding thic :
R? .sin’e + R3 <

.sin?fl + R%.sin*y <
& B0 +F
Khi nao dat duge ddu ding thic.
HOANG DUC TAN
(Ha Nai

CAC DE VAT LI

Bai L.1/216 : Cho mach dién nhu hinh vé
e = 10V, r, =0,e =5V, r, = % . Bo
gua gia tri dién trd cta day néi, khda K va Ampe
ké. Khi K déng A, chi 0,5A.

1) Xac dinh s6 chi cia A, khi K dong

2) Xac dinh
s6 chi cia A ! va
A, khi K ma.

Biét ring R ik
va R, cG gia tri
nguyén dudng,
Hai Ampe k& A,
va Az co gid tr
dién trd nhu
nhau

LAI THE HIFEN
(Thedi Binh)

Bai L2/216 : Stic can clia khong khi ti l&
véi van téc clia mét vat theo hé sd k. Mot vat
roi tit do cao h xudng mat thai gian la ¢t . Ngudi
ta nhan thay cing vat &y nhung dugc ném lén
d6 cao h véi van téc v thi cling mét thoi gian
lat . Ching minh rang ¢, vav_lién hé v6i nhau
khf?ng phu thude vao A. '

NGUYEN LE DONG
(TP H5 Chi Minh)
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PROBLEMS IN THIS ISSUE

FOR LOWER SECONDARY SCHOOLS.

T1/216. Find the last six digits of the
number 5.
T2/2186. Solve the equation
(x+2)°+@x+3y +x+4)" =2

for |a| < 1.
T4/216. Let be given two triangles ABC and

AB'C’ such that B =B, A + A = 180"
Prove that
@a+b)la’'—-b) =cc’

(a =BC,b=CA c=AB a'=BC,b =
C’A’, ¢’ = A'B’ ; suppose that a’ > b7).

T5/216. Let (O, R) and (I, R) be
respectively the circumcircle and the excircle
(in angle A) of the triangle ABC. Prove that

IAIBIC = 4R R

FOR UPPER SECONDARY SCHOOLS.
T6/216. Prove that for every prime p, the

number 5P — 2P can not be represented as a',
where @ and m are natural numbers, m > 1.

T7/216. Find the greatest real number &

such that
a® + b6 + ¢ + kabe = rl— +i
; SR

for every a, b, ¢ = 0 satisfyinga +b +c¢ = L.

T8/216. Let be given a sequence (x ) such
thatx, = land (n + D)(x_ , -x) = 1+x,Vn
= 1 (n € N). Prove that the sequence (x ) is
not bounded.

T9/216. Let M be an arbitrary point inside
an equifaced tetrahedron ABCD and let
M,, M, M M,be the orthogonal projections
of M respectively on the faces (BCD), (CDA),
(DARB), (ABC). Let r denote the radius of the
inscribed sphere of ABCD and p denote the
radius of the circumcirele of a face of ABCD.
Prove that :

a) MM? + MM3 + MM + MM} =

= 4,02cosAcoch056';
N G
Jo $ 4 o

T10/2186. Let P be an arbitrary point inside
the triangle ABC and «, §, y be the measures
of the angles of this triangle. Let R, R,, R,

be the distances from P to the vertices and
rp Ty T3 be the distances from P to the sides

of ABC. Prove the relation :
Rijsin’a + Rjsin’ + Risiny <
< 3(2 + 7% + 1))

When does equality occur ?
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Ban cé biét.

Ki sO Hi Lap o

Ching ta da biét cd mot s6 cdc hé ki s6 duge
viét theo cong cac gia tri cac ki s6 cd mat trong
$6 dd. Quen thudc nhdt la hé ki s6 La Ma. O
day, xin gidi thidu véi cdc ban hai hé ki s6 nia
duge vidt cung theo phuong phép trén,

Heé Attic cua ki s6 duge st dung trong thai
Hi Lap c8. Cac s6 1, 2, 3, 4 dugc ki hiéu bdi cac
vach ding I, I1, II1, ITI1. S6 5 duge ki higu la T’
{chif cai ddu cha tir ¢d pente — nam doc la pi) ;
Ciacsé 6,7, 8 9duge vist 1a T I, T II, I III,
T IIII. S6 10 duge viét 1a A (cht cai dau cda
deca — mudi). Cde s6 100, 1000, 10 000 duge
ki higu la H, X, M cac chit dau cua cac tén goi
s0 tuong ing. Cac 26 50, 500 va 5000 dude cho
béi t8 hgp cac kis6 5-10,5-100va 5 - 1000 :
E, R, F.Cacs6 con lai trong pham vi 10 000
duge viét dudi dang eong gia tri. Vidu :

HHH ET II = 357, XXHH F III = 2 254,

HHHF A A A ATIL = 393,

FPXXXPHHA A = 8720, ...

Trong thé& ki thi III trude cong nguyén, hé
ki 56 Attic da cung cép cdch viét s6 duge goi la
hé Ionian. Céc 88 tit 1 dén 9 duge ki higu bai
chin chit ddu cta chit cai Hi Lap :

a=1,=2,y=34=4=5, ¢c=86,
E=T,n7=28 8 =9 Cacsbti 10 dén 90 dugc
ki hiéu bang chin chit tiép theo :

T=10, k= 20,4 =30, u = 40, ¥
E=60,0 =170, 7 = 80, <= 90,

Cac s6 100 dén 900 la chin chit cudi cung :

P =100, 6 = 200, T = 300, = 400, p = 500,
¥ = 600, ¥ = 700, w = 800, 3 = 900

Cac s6 hang nghin, hang chuc nghin dugde
ki higu nhu trén, nhung thém vao ding trude
ddu phdy hodc mot s6 doe. Vidu :

l& = 5000, | = 800 000,...

Ngudi ta dung mét vach ngang dat trén cac

ki 6 d& phan biét véi chit viét, Vi du :
78 = 12, ue = 45, way = 883

Trong thoi dé, cac loai ki 56 trén duge dung
riat nhiéu noi nhu Arabs, Jews va nhiéu dan
toec khdc & ving Can Déng. Chang ai cd thé
biét nd xuit xd tu dau.

NGUYEN CAO THANG

(TP Hb Chi Mink).
Suu tdm

= 50,

?
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PINH LI PTOLEME TONG QUAT

Dinh li Ptolémé 1a dinh Ii ndi tiéng trong hinh hoe phing

Binh li 1 (Ptélémé) : Cho AABC ndi tiép dudng trom (7).
M 14 mot diém thude cung BC (khing chua A). Khi dd -

ABMC + CAMB = BC.MA

Nuissi ta d4 tdng quit héa dinh i 1 thanh bt ding thilc
Moléme. Trong bii Mo nay 101 xin gidi thiéu mat hudng tong
quat hia khic cla no.

Hiy cu xem dinh §i 1 }i dinh I Ptolémeé cho tam gidc (ndi
liu'p) Viy co hay khf:ng mdt dinh li Ptolémé cho da gifc ndi
1dp. 136 gidi quydt viin dé nay, trude hét hiy bilt diu tt mat
trddng hdp don gidn ma ta co thé xem né Ia dinh 1i Ptolémé
cho da gisie déu (ndi tiép) vdi s6 canh 1é.

Binh 1i 2 : Cho da gide déu 4 A4, . Ay, ndi ticp dudng
iron () M 13 mot diém thuge cung A Azn (khong chia

i =)

Khi do :
ML AL
NEk=n l=k=n

Chirng minh : Vdi moi/ = 0§, .., 20 ta o (01

R = OA = (:")M+M‘I}‘ Al
< OM* + MAT +2m{ MA, : /
(
= R +1L]‘+2l‘)w MA .
Sy r.:.'f!"+”f}’n’ HM =10
— H-T
= MA +20M . —— =10 Ao
; r1' .‘\'&lrl /
Slnj. it Z .ﬂuf.flu: —2' t"fA: -k —1 M
4EkEn 1&Ek&n
MA M
+20M . EE "MAH‘ -y #] =
E<n X  Takan ikl

NE gid thidt A A, oA, T da gide dBu ndi tigp dudng

tran (0X) 1a oo :
s

—
v IMA:E xS MA, 4 _.:_}.(‘)
e RN
.,5_{5:,.,‘”/’3& li;kiinJMAJk_l
-
Viy: D MAy =9 MA, _ =0
Il=k=n I=k=n
=Y Mdy =Y, MAy —,
l=k=n l1€k=n

Dinh li 2 di duge ching minh. Trong phép chitng minh
trén ta thily diing thic (=) dong vai tro quy€l dinh. Nhin xét
nay gl cho ta I1ll(‘lng phat bidu v chilng minh mét dinh li tn‘_‘sng
quat han,

Binh Ii 3 (Ptélémé tdng quit) : Trong miit phing dinh
hudng cho da gidge A A, A, ndi tiép dudng tron (Q). M 1a
mot diém thude cung A Al'n (khong chia A ; ...; A5, = ).

Khi dd6 : =04, ., 04 +
v 3 fr S 0nnes00)

+rg[l(mzk,mnﬂ) WA&

Ltg (0A2k_3, 04y, _.1)] +
1=k=

+ig [:{(U"‘n—r 0"'21:+13'1 }M"zk—l

NGUYEN MINH HA
(Hdi Phong)

Trong do :A'_I ;AI‘I‘] + A _23/1!“_ 1
Ap+1=A4, Ay 4, =4,

Trong dinh 1i trén eling nhu trong cic dinh 1 nép theo. ki
hi¢u (O, Ov) chi gac dinh huong gida hai ta Ov oy

Dé L‘hl.!llb, minh dinh 1i 3, trade hét t phat bidu v ching
minh b d& sau ;

‘B‘c‘r d@é 4 (Dinh 1i "Con nhim”) : Trong miit phing dinp
hudng cho da giic A, A, .. vi hé véctd don v : L

Xic dinh nhu s

A A
gl e i 5 s L O
i dd ) e
TrongdoA, 4, =4 ;R la phép quay véctd poc quay —90
Khi do : Z AA e

Chirng minh :

-

Taco(h2) Y, AA, 4,

t=i%p
_t]':l r1/1

_2,1 1,4, R 'f!A ,
I1Zi&n 3 i
3 : P K
L CERE
= R ad 7o)
l=ign e el 5

|
R A4 )
1<isn

=R~ A =Y @ =0

He qlla'l § ¢ Trong mit phing dinh hudng cho i gide
1y Ay ndi 1iEp dudng iron () sao cho € nim rong
]A, A . Khido :

I 4 .
{ —(Of{k_l, ()Akj} +;,:,-[-2-n_af1k, OA 1] | 04,
15is o
Trong di A = A

gt

Chirng minh : Vidi mé
k=1,2, .., ndyng cic dudng
thiing d,_ tiép xic vai () tai
A, (h3). Dit
B =d Nd ., day
dy 41 =dy).

Xét da giic B, B, .. B
Gia su R [a bin kinh cia ().
Ta thiy :

BB, = R{:g[%(()dk_l, OAK)J + Ig[%{()Ak. OAap) }

(Oday: B, 4, =B)

{
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- Ap_)dung b(i.di‘ -4 cho da giic B, B,..B vai hé véctd
{)Al ;0A,; ... ; OA_ dé dang nhin dudce hé qua 5.

Nho hé¢ qui 5 va phucng
phip ching minh dinh Ii 1, ta dé
ding chiing minh dugc dinh li 3.
Vige thyc hién chi tiét xin danh
cho ban doc.

Prinh 1i 3 6 ding 13 sd Lf'mg
quit etia dinh 1i 1 hay khing 7 Ta
hay kiém tra digu do. (h.4)

Theo diph 1 3 ta o6 :

A

M
l ig[ % (O, cm}} + zg[ % (0A, ocr}] } MC
J, MEB

- { i [%{GA, UC}} + oy hl (OB, r_mﬂ ].MA

+ ; I [ l— (OB, r_JAﬂ + !g[ i (oc. 03)}

C+B C+B

A+C
) w

MO + | .
2 ) kr"‘

= [z + 1z + 1

A +C B+A4

P
.

e

[ e
\ Y -

J MA

Tt dé dé ding suy ra :
stnC MC + 5inB MB = sind MA

> AR . MC+CA . ME = BC . MA

N.'u!- vy, muc tiéu ban diu cia ta da dude thye higén. Toy
nhién dé cho hoan chinh vin d& dang xét, xin gidi thiéu mot
dinh 1i nila. N6 13 sy tudng 1d cda dinh 11 3 cho tl'u{mg hdp da
giic noi tiép vodi s6 canh chin.

Binh Ii 6 : Trén mit phing dinh hudng cho da gidc
A, ndi 1idp duong tron (O). M 1a min dié¢m thudc
i (khéing ehita A4y . .. A, — ). Khi do -

_|{1 1o
cung A, A,

et
i i 1 :
{ :.,\,[ 30451, 04| +1g [ o4, UA_,}J ].MA“ +

%

ls=k=n

1
+1g [ 7 (O Oy 4 1}] ], MAy, +

1::; [% (hl e rmzk)] +

+{ [%((mh 0 Oy =] +
1
+fg [3 (OA5, .04 |)] }‘”Ain =i
_l l i =
:{n,[ 1043, f?ff;}] + fg{ 704y, 04y ]L-"‘M]
>
_“5 k=sn—

1 ;
+1g [Z{OAEI: — Ay i)]}MA-!k"' 3t

l{:,s: [%(CMH__“GA&_J} +

= { rg[%(f_)/{ 04 3}} + :g[:i-(()z‘!z"_l. cml,)} MA,

Dé ban doc hidu r# ¥ nghia ctia dinh Ii nay xin phat bidu mot
hé qua don gidn nhit cua né

He¢ qua 7 : Cho hinh vudng ABCD nji ti€p dudng tron
(). M la mot diem thude cung AD (khong chia B, C). Khi
a6 :

MA —MD = ({Z +1) (MB - MC)

Trude khi kél thiic xin néu mét ciu hoi. Ligu ¢é hay khong
cie it diing thile Ptolémé tong quit ma cie dinh 1i 3 vi 6 chi
la trudng hap dang thilc eda ching. Mong ban doc ciing quan
tam suy nght vé vin d& nay.

13

( Ong kinh cai cach day va huoc t'mm)

Hoéi ém sau bai bdo

"WOI CONG BANG KIEN"

LTS : Toa soan Tap chi Todn hoc va Tudi
tré c6 nhdan duoe thu cita cde téc gid Ngé
Thiic Lanh, Vi Tudn, Ngé Xudan Son trd loi
cde ¥ kién dd néu trong bat bdo noi trén. Bap
ting quyén duoc théng tin nhiéu chidu cia
ban doc va thé theo yéu ciéu cua ba tdc gid
not trén, diedi day chiing t6i xin dang nguyén
van bie thu do.

Gidi dap thic mie

Trong a6 bao 213 thang 3/1995 ctia tap chi
Toan hoc va tudi tré ban Dao Trudng Giang
(Tac gia bai "Voi ciing bang kién") néu thac mac
vé cach chitng minh tinh chat

[ afxydx = a [ flxydx (@ = 0) (1)

trong sach gido khoa Giai tich 12 cta nhdm tdc
gia DHSPHN1 (Ngé Thiic Lanh, Vi Tudn, Ngo
Xuan Son).

Xin giai dap thic mac nhu sau :

Cach ching minh trong SGK la hoan toan
ding. Co thé giai thich v6 thém nhu sau, do
dao ham hai vé& ctia (1) bing nhau va bang afix)
nén :

1) V& trdi cia (1), theo dinh nghia, 1a ho #dt
cd cac nguyén ham cia ham sé afix).

2) Né&u goi F(x) 1a mot nguyén ham cta fix)
(tie F'(x) = fix)) thi :

a [ fydx = alF(x) +Cl = aF(x) + aC
(C la hang s6 tuy ¥)

Vi aF(x) 12 mot nguyén ham cua affx) va aC
la hing s6 tuy y (do @ # 0) nén hién nhién
aF(x) + aC, tite vé phdi ciia (1), ciing la ho tét
cd ede nguyén ham ctia ham s6 afix) (D.p.cm).

Ha NOi ngdy 27 — 4 — J995
CAC TAC GIA.
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KE CHUYEN CAC NHA TOAN HOC

PYTHAGORE (

TAGO)

A A A N A A AL B A PN

PI

e B A NN TR P Lt

Reveery LT T A
LEEPRLREEERTERERTRERE

Pythagore (khodng 580-500 trude CN)
ngudi Hy lap sinh & ddo Samos, mot trung tdm
thuong mai va van hda bdy gio, & trong bién
Egée. Tuong truyén ldc trai tré dng ting di
chu du thién ha d€ hoc hoi cac nén van minh :
sang Ai Cap hoe céc tu si 22 nam, di ti€p sang
Babylone, & lai day 12 nam, 6 thé con da sang
cAd An D6. Tudi ngoai 50 dng méi trd vé chau
Au dinh cu & Crotone, mot hai cAng va trung
tim van hda, thudce dia La Ma, & tAn cing mién
Nam Italia. Tai ddy ong md trutng day Triét
hoe, Thin hoc, Dao ddce hoe, Todn hoe. Trugng
tén tai 30 nam. Vao th#i cudi, do vi nhitng bién
déng chinh tri, xa hoi cua phong trac quin
ching doi dan chi & Crotone, truing ldnh sang
cac thi tran Tarente, Metapont d gin do. Khi
trusng doi dén Metapont thi ciing via lic cao
triao khéi nghia né ra & day. Trong mot dém
bién déng trudng bi dét chay, cu gia Pythagore
ngoai 80 tudi chét trong dam lia. Cac mon dé
clia trudng vé sau tdn man sang Hy Lap, md
cac truong day cht y&u vé sé hoc, hinh hoc, tao
nén mon phai Pythagore. Ho d€ lai cho ddi sau
nhiing thuyét gidng cua Pythagore, nhu trong
cde trude tdc cua Aristotele, Platon, ... Con
Pythagore hinh nhu khong dé lai trude téac gi.

Vé toan, Pythagore nghién ciiu 86 hoc, Hinh
hoe, Thién van hoc. Ong 1a mot trong nhitng
nha ddu tién chu truong rang Trai DAt 1a mot
qua cdu, ddng & trung tAm vi tru. Mat Troi,
Mat Trang, edc vi sao thi quay quanh Trai DAt,
song Mat Trai, Mat Trang va mot s6 hanh tinh
mbi cdi cd su di chuyén riéng, khac véi su di
chuyén etia cac vi sao hang ngay quay quanh
Trai Dat.

Vi Pythagore day cong hoe héi doi trude cho
nén mot s6 k&t qud, mia vé sau cho la cha
Pythagore, ki thue da cd tit trude. Nhu dinh li
Pythagore trong tam gide vudng
a? = b? +¢? da dugc biét ti Ai Cap, Babylone,
Hy Lap, Trung Qude, con ti s6 lat cat vang r
= 0,6180339887... thi cd tit Babylone.

Pythagore lin ddu tién chi ra rang téng cdc
goc trong clia tam gidc thi bing 180°, rang mat
phing cé thé phu kin bing nhitng hinh tam

e

S

ek

14

gide déu, lat ké vii nhing hinh vuéng va hinh
luc gide déu, cac hinh Ay déu c¢d canh bang nhau
(xem hinh).

Ong da dung phuong phdp hinh hoc dé
ching minh rang tong cac s8 lé lién tiép thi
bing mot s6 chinh phuong (1 +3 =4,1+3+
5 =09, ...}, hiéu cua cac binh phudng cuaa hai so
nguyén lién tiép thi bang mat s6 1é (22 - 12 =
3,32 - 22 = 5, ...). Ong con nghién ctu vé cac
da dién déu trong khéng gian ba chiéu, nhw tid
dién déu, luc dién déu (khai lap phuong), bat
dién déu, vé cdc ti s6, cdc cip s0.

Cdng hién dac sac nhat cia Pythagore vé
todn hoc la da phat hién va tran tré cudc khung
hoang thi nhdt cia todn hoc. Pythagore cd
quan niém siéu hinh vé cac s8. Nhu mot nha
tién tri co thian cAm Pythagore thuyét giang
cho cdc mén dé rang cdc 36 14 nguyén i va coi
ngudn clia moi vit (le principe et la source de
toutes choses). Tu cac s5 tu nhién 1, 2, 3, ..

ong di dén cdc s6 hitu i J;i , (p, ¢ 14 cde 86 tu

nhién} va khang dinh ridng vdi cic s6 hitu ti ta
co thé biéu dién moi 6. Thé nhung khi tinh
V2 ong thdy té ra nd khong thé biéu dién bing
mot s hitu ti nao | Viy cdc 56 cia éng khong
biéu dién duge chiéu dai dutng chéo ciua mat
hinh vuéng cd canh bing don vi, thé thi lam
sao ma ching lai cd thé la nguyén I va coi
ngudn cta moi vit ?! Pythagore béi rdi, ma
khong vuot néi didu bé tic nay. Ong cam thdy
nhuc nha vi gido li ciia minh pha san tham hai.
Cudi eung 6ng va cac modn dé quyét dinh se
gidu kin, khong dé 16 diéu khing hoang dd.
Sau khi 6ng mit, mot mon dé la Hippas, mac
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ddu khong dude su thoa thuin cia hdi déng - Chi thich — Cho doan thang AB. Diém (duy
mon, da dua thém nhitng diéu méi vaobaigiang nhét) D € AB goi la lat cat vang cua AB néu
ctia Pythagore va dem trinh bay cho ngudi 7 : AD DB
khae. 3{7(3’ siu Hippas chét trong mot vu dam nd chia doan AB theo ti 86 r = AR A
tau bién. Cac mon dé dat ra ciu chuyén Hippas

bi chét vi d4 tiét 16 diéu bi 4n. Hon 100 nam A D B

sau nha toan hoc Eudoxe (khodng 408-355 : , za

trudec CN) gidi dude cude khiing hoang thid nhat

ctia todan hoc bang mét li thuyét s6 vo ti, tuong y

tu nhu li thuyét hién dai ctia nha toan hoc Dite Dé dang tinh dugc

Richard Dedekind (1831-1916) & cudi thé ki V5 -1
XX, re e 0,6180339887 ...

Mot cdng hién quan trong khdc cua  \u ¢4 cho ring cdc hinh chit nhat co ti
Pythagore vé phuong phap luan la ong da dé o }ia) 1anoy/ichiéu dai) bang r 1a hai hoa
ra phuong phap ching minh. Trudc éng nguoi
ta khong nhén ré ring chitng minh moét vin
dé toan hoc la phai di tit gia dinh. Pythagore
la ngudi chau Au ddu tién chi truong rang Trong li thuyét téi vu hoa lat cit vang duce
trong Hinh hoc cdn phai dat ra cac gia dinh  dunglam m6t phuang phéap hitu hiéu dé do tim
ban dédu, goi la tién dé. Tir dé lap luan ching diém cuc ti€u cia mot ham fix) don cach trén
minh duge tién hanh bang cich dp dung cho mot doan AB, khi diém cyc tiéu nay khéng thé
cdc tién dé mot phép li luan suy dién chat ché tim bang phuong phép tinh dao ham. (Ham
dé di dén két luan. don cach (unimodal) 1a ham chi cd mot diém

cuc tiéu — hay mot diém cuc dai, trén AB).

nhét. Vi vay cic khung cita s6, tdm pannd, canh
ctta ti... thudng hay ldy theo ti s6 r.

HUU LIEN
{Ha Nar)
Mot 56 dang khac ... Goi M, N l4n lugt 1a giao diém cta AC va
(tiép theo trang 8) BD vdi d va P, @ lan lugt la giao diém cua AD

- - va BC v6i d Khi dd Ta cd : I 1a trung diém cia
N6i OM va ON ; Tt Oha OH L DCtacd MmN va PQ .

tﬁai : IﬂHM& {;lf' s ade Eeinipttie No tdng quat hon bai toan 1 14 d ¢ thé
e : ; 2 khéng cat duting tron (0) va néu d cit (0) thi

Tt OhaOK L ABtaclngcd tdgidacIOKN ¢4 13 bai toan 1.
nil Fp dudedunp B O = TR e Néu ta dac biét héa A = B thi khi d6 cat tuyén

Ta cing chu y A IDC ~ A IBA va H va K JAB suy bién vé tiép tuyén ta cd bai todn sau,
12 cdc trung diém ctia DC yva AD cho nén A

e i Bai toan 5. Cho dudng tron tdm O, d la
o et g‘f”‘ = ARA = FHC W ubiiduing thhng f ngoai dubme trdn (0), T
el . —— —~  OhaOI L d,Qual také ti€p tuyén TA va c4t
T (1), (2) va (3) = IOM = ION ma  tyysn ICD ; goi M, N 1an luot 1 giao didm cua
OI L MN=IM = IN (d.p.cm) d véi cac duding thang AD va DC. Ching minh
Luw v ; & bai toan 3 ¢d thé xdy ra. DC [/AB IM = IN
lic dd cae ban cd the xem hai di€m M, N ¢ xa Duong nhién néu ICD suy bién vé 1a tiép
vo tan vé hai phia. (vi DC /| AB [/ d) nhu vAy  tyyan IC thi ban cd ngay AC // d 1a mot diéu
thi I 1a trung diém clia MN van ding. ma ta da bit.
Tit b todn (1} (2) (3) Ta rit ra bai ton Dac biét & bai toan 5 néu ICD 1a dussng kinh
téng q-uét 2 ban thu dugc bai todn 6 :
Bai todn 4 : Bai toén 6 : Cho duting tron (0) duing

Cho dudng tron tam O ; d la mot dudng  thang khéng cat (0) dudng kinh DC L d tai
thing bat ky (khong phai la tiép tuyén cia O) I, qua I dung tiép tuyén IA t&i dudng tron ;
goi I'la chan dudng vudng goc ha tu tam O t6i  day cung DA cat d tai M khi do ta cd IA = IM.
d. Qua I ta ké hai cat tuyén IAB va ICD t6i  Baj to4n 5 va bai todn 6 xin danh lai dé cac

dudng tron. ban kiém tra.
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DE VA DAP AN THI TUYEN SINH LOP 10 CHUYEN
TOAN - TIN HOC DHTH TP HO CHi MINH 1994

(VONG 1 - NGAY 30/7/1994)

Bai 1. Sdu doi béng A, B, C, D, Eva F tham
du mét gidi vé dich. Dudi day la nam khdng
dinh khac nhau vé hai doi cé6 mat trong tran
chung két :a) Ava C b)Vva E c¢)BuvakF
diAva F el Ava D,

Biét rang c6 bon khang dinh dung mét nia
va moét khang dinh sai hoan toan. Hay cho biét
hai doi nao duoe thi ddu trong trgn chung két.

Loi giai : N&u doi A khong lot vao chung
két thi trong ba khang dinh a), d), e) phai cd
it nhat hai khang dinh la ding mot nia vay
do6i lot vao chung két phai 1a hai trong ba doi
C, Fva D. Suy ra hai doi B va E khéng lot vao
chung két, tiic 1a khang dinh b) 1a sai, con bén
khang dinh con lai ding mét nita. Nhung khi
do ca C, D va F déu phai cung lot vao chung
két : Vo ly !

Viy chi cd thé A 1a mét trong hai déi cé mat
d tran chung két. Khi dé C, D va F khong lot vao
chung két. Ma B ciing khong thé vao chung két
{(khi dé khéng cé khing dinh nao 1 hoan toan
sai ca). Suy ra chi cd thé E lot vao chung két.

Tom lai hai doi A va E da gap nhau & tran
chung két.

Bai 2.

a) Trén bdng 6 viét 1994 s6: 1, 2, ..., 1994.
Cho phép x6a hai s6 bdt ky trong nhitng sé trén
bdng va viét thém mot s6 bang téng cia hai s6
do (Nhu vay sau méi lan xéa thi sé ede s6 ditoe
viét trén bdng gidm di 1).

Chitng minh sau 1993 lin xéa, trén bdng
sé con lai 1 86 lé

b} Néu thay s6 1994 trong ciu a) bang s6
2000 thi sau 1999 lan xéa trén bang sé con lai
1 56 chan hay so lé ?

Lai giai :

Vdi méi 1an xca hai s6 a, b cd thé xay ra ba
kha nang : hoac a, b ciing chan hay ciing 1é thi
sau khi xéa ching di va thém vao téng o + b
14 s6 chin, ta thiy tdng s0 cac s6 1é trén bang
hoic khong thay déi, hoac giam di 2. Con néu
a, b khdc tinh chin 1é thi téng a + b la 1é dé
téng s6 1é ciing khong thay déi. Tom lai, tong
s6 s0 16 sau mébi 14n xda va viét sé khong thay
ddi hodc giam di 2, ma s6 56 1é ban ddu la 1994 :
2 = 997, nén sau khi xda di 1993 lan sé con
lai ding mét s0 18,

Vi li luan tuong tu, ta thay vai 2000 s6 thi
sau 1999 ldn xda sé con lai ding mét sd chan.

Bai 3. Tim tdt cd cde edp s6 tu nhién (x, v
sao cho y + I chia hét cho x va x + 1 chia hét
cho y. _

Lai giai : Tl diéu kién cla bai todn suy ra
x+lz=yvay+tlzx Kéthoplaitacox -1
< y < x + 1, nghia 13 y chi c6 thé€ la mét trong
basdix-1% x+1.

*Néuy =x-1thiyvialaudcciax -1
vita 1a vdc ctia x + 1 nén sé la udc cta (x + 1)
-{x-1)=2 nghialay = 1 hayy = 2. Néuy
= thixa=v3 1 =2 Nedy=—2thir=y+
1=3Cahaicapstlx =2, y=1)va(x = 3,
y = 2) déu thoa diéu kién bai todn,

* Néu y = x thi y vita 13 udc cia x via la
udcciax+1nénchicéthé lay =1 va khido
x =1.Capso (x = 1, ¥y = 1) hi€n nhién thoa
diéu kién.

*Néuy=x+1thix =y - 1. Do tinh déi
xiing cta hai s6 x vA v nén ta cling tim ra cac
capsd tuongingla (x = 1,y = 2) va (x = 2,
b

T6m lai ¢d 5 eap s6 ty nhién théa méan diéu
kién bai toan la

(1, 1)(1, 2)(2, 1)(2, 3)(3, 2)

Bai 4.

a)Choa <b <c <dladsothuc ftiy y. Vai
cde gid tri thiue nao cua x thi biéu thiie

fic)=fx—af +[x=b] +[x=-c] +|x-df

nhan gia tri nho nhat,

b) Hiy phdt biéu va gidi bai toan téng quat
udi n 80 thite.

Lai giai : Trén dudng thing s6 ta dinh ddu
cicdiém A, B, C, Ding véicacséa < b < ¢
< d. Diém M ki hiéu cho gia tri x. Co thé xay
ra cac trudgng hop sau :

1) x < a khi dé

fix) = MA +MB + MC + MD = MA + 34AB
+2BC + CD

Suy ra trén khodng nay, gia tri nho nhat
dat dude khi M = A va bang 3AB + 2BC +CD.

2)e < x < b khido

fix) = AM + MB + MC + MD = AB + 2MB
+2BC + CD

Suy ra trén khoang nay, gia tri nho nhat
dat ducge khi M = B va bing AB + 2BC + CD.
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3 b < x < ¢ khidd

flx) = AM + BM + MC + MD = AB + 2BC
+ CD = const

4) ¢ < x < d khi do

fix) = AM + BM + MC + DM = AB + 2BC
+CD + 2CM.

Suy ra trén khoang nay, gia tri nhd nhit
dat duge khi M = C va bang AB + 2BC + CD,

5) d = x khi d¢

filx) = AM+BM + CM + DM = AB + 2BC
+3CD + DM

Suy ra trén khoang nay, gia tri nhd nhit
dat duge khi M = B va bang AB + 2BC + CD.

So sanh cdc truong hop trén, ta thay fix)
dat gia tri nho nhat 1a AB +2BC+CD = b -
a+2c-b)+d—-cl=d+c—-b-akhimab

=X =

Bai toan téng quat cho n 6 thue duge phat
biéu nhu sau :

Chonsdthuca, <a,<..<a, Xeét biéu thitc

faw= =l vle-wl +..+|e—a ]

Tim cde 56 thuc x dé fix) nhan gid tri nho
nhdt.

Ta xét cac trudbng hopn = 2k van = 2k - 1.
Voin = 2k thi
‘ |z —a;| + |z—ayl =lag~a;)

lx —ay| +lx—ay | = (ay_, —a,)

lx —ay| +1x =gyl = (g4 —ap)

Lay téng cac bat dang thuc trén ta cd

fix) = E”:n :'_nlk-- Fop F o) - (@, +a, +
.. +a,) Dau bang xdy ra khi va chi khie, < x
€ B

Tuongtu vain = 2k - 1
| x —r1.|| + |x —~r1:k_||
|| [ i
lx =g | +lx—a. | = (@ —ay)

|lx—a,| 20

Liy téng cac bit ding thuie trén ta eo

fix) =@y tay ,+..+a,. ) - (a +a,
+..ta )

D&u bang xay ra khi va chi khix = a.

Bai 5. Cho tam gidc ABC ¢6 hai dudng phan
giac trong BD va CE cat nhau tai I. Biét ring
ID = IE, chiing minh rang hode tam giac ABC
can tai A hodgc goc BAC = 60°.

Lui giai : N6i A la duong phan gidc cua
goc A. Khi do hai tam gidc JEA va IDA cd céap

hitps://sites.eoogle.com/site/letrunglkienmath

canh - canh - gdc bang nhau. Co thé xay ra
hai truéng hop :

a) Hai tam gidc nay bang nhau : khi dd hai
tam gidc ABD va ACE ciing bing nhau (truding
hgp goc — canh - goc) suy ra AB = AC, tam
gidc ABC caAn ¢ A,

b) Hai tam gidc
nay khong bang nhau,
tam giac ABC khong
can d A : khi do gia st
gic C>8 Ta lay
diém E’ trén AB sao
cho IE’ = IE = ID.

Khi do hai tam gide o

IE'A va IDA bang

Ilhﬂ_ll. Csig,gn’_g BEI T —
IE'A = IDA, suyra BIE = BAC, Dodg [BC
+ [CB = BAC,suyra ABC+ ACB+ BAC =
3 BAC = 180°. Vay goc BAC = 60V,

=

(VONG 2 - NGAY 31.7.1994)

Bai 1. Giai hé phuang trinh

2x2 —xy + 3y2 = 13 (1)
x2 +4xy —2¥2 = —6(2)

Bai 2. Cho tam giac ABC vudng ¢ A, cd O,
I'lan lugt 1a tam cac dudng tron ngoai tiép, noi
tiép. Pat BC = a, CA = b, AB = c.

a) Tinh cac do dai 710, IB theo a, b, c.

b) Biét rang tam gidac /0B vuéng 6 I, chiing
minh :

AB:AC:BC=3:4:5

Bai 3 : Ching minh rang khong ton tai mot
day tang thuc su cae s6 nguyén = 0

a,, a,, 4, ... 320 cho voi moi s0 tu nhién n,
mtacé:a  =a, ta

Bai 4 : Ching minh rang ton tai duy nhat
hai s6 nguyén duong x va y thoa man cae tinh
chit sau :

m

i) x va y déu co hai chir s6.

ity x =2y

iii) Mot chit 6 cla ¥ thi bang téng, con chii
g0 kia bang tri tuyét dai ctia hiéu hai chit s6
cua x,

Bai 5 : Mot tam gidac déu dude chia thanh
mot 86 htu han cae tam gide con. Chiing minh
rang sé co mot tam gidc con ¢6 cd ba gdc nho
hon hay bang 120°.

HOANG LE MINH
(TP Ha Chi Minh)
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Giai ddp bai :

DU LICH XUYEN VIET

Nhiéu ban da gui 16i gidi va dasé1a ding.
5S¢ dong cic ban chon diémxudt phit 1a Méng
Cai, Cao Biing hojic Nam Cin. Ngoai ra |a
cde d6 thj Lang Son, Bic Giang, Thai
Nguyén, Viet Tri, Yén Bai, Hai Dudng, Hai
Phong, Nam Dinh... Ban Ta Qudc Hung, 18p
6, truding Phan Chu Trinh, Butn Ma Thudt
lai bét ddu ti Thanh Héa, Hai ban Tran Duy
Hing, Trin Vié: Dang, 11B PTTH Lé Thay,
Quing Binh tim dugc § diém xufl phat.

Ciic ban o6 10i giai gii vé sdm va ding
li Nguyén Thi Thiy Vinh 10A PTTH Da
Phuc, Ngrovén Xudn Trudmg, Tién Dudc, Sée
Son, Pham Ha Seen, Phan Thanh Timg TCT,
Lé Thi Bich Hanh, 6CT, Nghia Tan, Ha N,
B Dy Hing, 9A. To Hi¢u, Hai Phong,
Nguyén Lé Dung. 8T NK Ha Bac, Lé Hdi Yén
9T, chuyén Thanh Son. Vinh Phi, Nguyén
Thi Thilm 9B, chuyén Ung Hoa, Ha Tay, Bai
Thé Ding, PTTH Van Giang, Lé Bal Nguvén,
11A PTTH Van Lam, Hai Hung. L& Thanh
Cang, 6T, Pham Huy Quang, Dong Hung,
Thai Binh, Hd Thanh Tudn, Vi Trin Cuong,
7T, Trin Dang Ninh, Nam Ha, 8 Thi Tuw
9C Vinh Phuie, Vinh Loc, Thanh Haa, Bink
Lim Tevi, Hodng Dinh Thi, Ta Kiéu Hung
9CT NK Vinh, Nguvén Hien An. 9A. Quinh
Lién, Quynh Luu, Nguyén Tai Thu, ea, NK
Yén Thanh. Nghé An, Tran Thanh Tii, 10CT
Dio Duy Tu. Quing Binh, Nguvén Pham
Phueerng Thdo, 91 Nguyén Tri Phudng, Hué,
Phan Thi Thiiy Hanh, 10A1 Trin Qude Tudn,

Quéng Ngai, Phan Nkt Huy 11A0 PTTH

Thét Nt Cin Tha, Nguyén Thi My Ngoc ™
10A1 PTTH Lé Quy Don, Long An. Rt hoan Di&n sé vao tam giac
nghénh ban Nguyén Thi Xudn Niwong 1op 7 Cho mdi hinh tam gidc, c6 9 & tam gidc con P
Vin trudng Chuyén Diic Phd, Quing Ngai | nhu hinh v&. Ban hiy dién cac s8 wl 1 dén 9 R
di tim dudc 2 cich di ding, vao mdi 6 tam gide con sao cho tong cic sd A N
2 2 i e o thudc cic & doc theo mdi canh cla tam gide (5 7 \ 5
. Sau ’dld}- 1a mr'mrw(‘.h giai xuat phat s6) déu bing nhau. ,H__}\‘
Ming Céi v két thiic |2 Nim Céin. Co bao nhiéu cach dién s6 nh vay 7 L% N
VU KIM THUY VI HOANG THAI
\ S
ISSN : 0866 - B035. Sap chit tai Trung tam Vi tinh va Gia : 2000d
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