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ieu sdu thém toan hoc phé thong

- A

Tim h
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Nghé An

ach gido khoa hinh hoc 16p 10 hién luu hanh khéng trinh bay

cdc vén dé trén, con sach bai tap hinh hoc 16p 10 thi gidi thiéu
phan "hang di€m didu hda" mot cach so sai va bé qua phin "chim
diéu hoda". Diéu dé gay cho hoc sinh nhiéu khé khan trong viéc
giadi cdc bai toan hinh hoc so cdp. Trong bai nay, téi xin trinh
bay mot cdch cd hé théng hon vé hai vdn dé nay.

Dinh nghia 1 : Cdc diém nam trén mot dudng thing duge goi la
mot hang diém.

Chi y : Néu ba diﬁm A, B, C ndm trén mot duang_.thang, thi tén
tai s6 thuc A sao cho CA = 1 CB (vi hai véctg CA va CB cong tuyén).
Khi dd ta sé ki hiéu mot cach hinh thie CA / CB = A, va ndi rAng di€m
C chia AB theo tis6 1.

Néu A va B cd toa do (trén truc qua A, B) la a va b, thi toa dé ¢
duge tinh bang cong thice = (@ —4b) /(1 — 1)

_, Dinh nghia 2: Cho hangdiém A, B, I, J. Khi d6 gia tri biéu thic

IA JA
—s : = dugc goi la # sé kép cua bén didm d6 (theo thit tu) va dude

IB JB
ki hiéu la (ABI.J).

Dinh nghia 3: Hangdiém A, B, I, J dugc goi la hang diém diéu
hoa néu (ABLJ) = -1

Bai tap 1 : Cho (ABLJ) = -1. Ching minh (IJAB) = 1.

Thidu 1: Cho héng di€m diéu hda ABLJ va O la trung d:em clia
AB. Ching minh OI , O = 0A? .

Giai : Chon truc toa d¢ 1a gia ciia hang diém A, B, I, J (tdc 1a duong
thang di qua céc diém dy), a, b, m, n la cdc toaddcia A, B, I, J

Theo gia thiét : (ABLJ) = -1 suy ra : _
(@ =m)/(b —m) = —(a —n)/(b —n)<=2(@b+mn) = (a+b)(m+n). (1)

_Chon géc toa do l1a O, trung di€m cta AB thi ¢ + & = 0,
|OA| |al , I(JII |m] , IUJI |n| nén tit (1) suy ra diéu phai
ching minh.

Ding két qua (1), ban hay chiing minh

Bai tap 2 : Cho hang difm ABILJ. Goi O va O’ la cdc trung diém
cia AB va IJ. Ching minh ring ABIJ 1a hang diém diéu hoa khi va
chi khi mét trong céc diéu kién sau day duoc théa man :

1 1

2
1) = + == = — (Hé thic Décac)
IA !B IJ

2) 0I.0J = OA? (Hé thiic Niuton)

8) AB? + ]2 = 40’02 (Heé thic Macloranh)

Dinh nghia 4 : Cdc dudng thing cung di qua mot diém S duge
goi la chiem duong thdng. Khi dé S la tdm cia chim.

Bai tap 3 : Cho chiim dudng thing S (a, b, ¢, d). Khi dé hai diéu
kién sau day la tuong duong :

1) Duting thdng bat ki cdt a, b, ¢, d theo mot hang diém didu hoa.

2) Dutng théang bat ki song song véi mét trong ban dwdng a, b, c,
d bi ba duting con lai chan thanh hai doan bing nhau.

(D€ ching minh bai tap nay, ban cd thé dung dinh i Talét).

Dinh nghia 5 : Chum dudng thing S (a, b, ¢, d} ¢6 cdc tinh .

chdt & bai tap 3 dugc goi 1a chim diéu hoa va ki hidu 1a

S(a,b,c,d)=— (Tié p theo trang §)
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Bai T1/210 : Tim x, y € Z sao cho
83 = 3 + 997

Lasi gidi Cdch 1 (cha Dang Thi Hong Minh,
9T, Nang Khiéu, Ha Tinh.)

83 =3 +997 (1)

T y € Z = F+997>0. T (1) =
Bx?>0=>xEN"*

Tidosuyray € N.

-Neuy 22=>3=0(mod 9) ;997 =T
(mod 9)

(1) = 83 = (2x)? = 7 (mod 9)

Diéu nay mau thudn vi véi n € N thin® =
0,1, 8 (mod 9)

-Néuy = 1=> 8> = 1.000=x = 5 (thoa méan)

~-Néuy=0= 83=998=x & N (loai)

Vay cd duy nh4t mot bd x, y théa mén (1) la

(x, y) = (5, 1)

Céach 2 (cua Mai Thanh Binh, 8M, Mari
Quyri, Ha Noi)

Ta c6 8x3 = 3 + 997 = 0 (mod 8)

= 3 =3 (mod 8) = y lé.

Daty =2k +1= &3 =3%*1+997

=82 = 3(9 — 1) + 1000

= (20)3 —10% = 3(9 - 1).

*Xétk >0

(1) = (2x) = 10% = 0 (mod 3)

= 2x = 10 (mod 3)

= 422 — 40x + 100 = (2x — 10)? = 0 (mod 3)

= 4x? + 20x + 100 = 0 (mod 3)

= (2¢) — 10° = 0 (mod 9)

Nhung (9 —1) 7 3. Mau thuin

*Xétk =0t (1)=>2x=10=x =5

Vay ta cd cap nghiém (x, y) = (5, 1)

Nhan xét. Rdt nhidu ban giai diung bai nay.
Sau day 1a cdc ban cd 15 giai t6t : Pham Hiiu
Luu, 9T, Nang Khiéu Gia Luong ; Nguyén
Ngoc Pong, 9, Nang Khiéu, Thuan Thanh, Ha
Béc. Lé Tién Dat, 9, Chuyén Van-Todn,
Thudng Tin, Ha Tay. Nguyén Anh Ding, 9H,
Trung Vuong ; Nguyén Thu Hang, 9A,,
Giang Vb6 ; Nguyén Si Phong, 9A, Chuyén
Ngit, Ha Noi, Phing Ditc Tudn, INK, Thanh

(1)

2

Ha, Nam Thanh, Hai Hung. Dé Diéu Ngoc,
Nguyén Hong Dung, 8T, Trdan Dang Ninh,
Nam Dinh, Nam Ha. Triin Qui Ban, 6T, Nang
Khiéu, Thai Thuy, Thai Binh, Lé Minh Thanh,
Lé Dinh Duy, 9T, Lam Son, Thanh Hoa. Pham
Xuan Thanh, 8D, Nang Khigu Thanh phé, Truong
Ngoc Tuyén, 9T, Nang Khiéu Nga Son ; Lé

© Xuan Trung 8T, Nang Khiéu, Triéu San, Thanh

Hda, Trian Nam Ding, 9CT, Phan Boi Chéu,

Vinh, Nghé An, Trinh Kim Chi, 9T, Nang

Khigu, Ha Tinh, Truong Vinh Lan, 9CT, Xuan

Ninh, Nguyén Ngoc Linh, 9,, Dong Mi, Déng

Héi, Quang Binh, Lé Quang Nam, 9T, Huynh

Minh Son, 7T, Chuyén Dic Phé, Quang Ngai.
TO NGUYEN

Bai T2/210 : Ba s6 thuc x, v, z déi mét
khdec nhau théa man diéu kién

(y—2) V1= +Hz—x) Y127 +Hax—) Y1=5=0
Ching minh rang
1 =31 -1 —2%) = (1 —5=)®
Loi giai : (cia cic ban Dao Trong Thé 9T
PTNK Ha Tinh, Nguyén Ngoc Linh PTCS
Dong Mi Déng Héi, Lé Huy Binh 9T Ha Tinh
Phitng Thanh Ting 9CT Thai Binh, Ddng
Ngoe Minh 16p 9 Todan Hai Hung)
Ta dé dang chiing minh dude : Néu
a+b+e=0thia®+b3+c* = 3abe
Dat a = (y—=2) Vi3, b= (Zi=%) V1 -3
vic={(x—¥)
=22 - +(z-xP (1 -y)+
+ -y -2
= 3@y —2) - VI 1) (12)
Bién déi vé& trai ta duoc vé trai bang :
3(1 —xyz)(x — y)(y —2){z —x).
Vi x, y, z 1a ba 86 khac nhau nén tit do
suy ra
1 ~xyz = V(I —)1 —yI(1 —2%)
hay (1 —xy2)* = (1 —2%)(1 -»*)(1 - 2%)
Nhan xét. Tdt cA cac ban tham gia giai
bai nay déu lam dung va theo cdch nhu trén

1 -2° ta co

DANG HUNG THANG
Bai T3/210.
a, b, ¢ la ba 36 tity y thude doan [0, 1].
Chitng minh réng
a2+b2+c2<1+a2b+b2c +cta
2) 2(a3 + b3 +c?) — (@%b +b%c +c?a) <3
a b C

R R, e

3)
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Loi giai : .
1) Ta cd a(l —b) = a? (1 —b)
b(l —¢) =b%(1 —¢)
c2(l —a) = ¢(l —a)
Suy ra
(@ +b% +c?) —(a?b +b%c +cla) <
< a(l —b) +b(1 —¢) +¢(1 —a)

= (a +b +c) — (ab +be¢ +ca). (1)
Mat khac vi

(1 —a)(1-56)(1-c)+abc=0—

1= (a+b+c)—(ab +bc +ca). (2)

So sanh (1) va (2) ta cd dpem.

D&u bang xay ra khi va chi khi ¢ (1) va (2)
dong thoi cd ddu bang. DAu bang & (2) «<>mot
s6 bang 0, moét s6 bang 1

Néua = 0, &b = 1 thi dé (1) xay ra ddu bing
tacde =1 hoace =0

Néua = 0, ¢ = 1 thi ddu bang & (1) luén
x4y ra voi moi b,

Vay ddu bang xay ra khi va chi khia = 0

¢ =1, b tuy y. Hoan vi vong quanh ta c6 :

D4u bdng xay ra khi va chi khi

a=0,¢c=1>btayy;b=20a=1,
¢ tuy y hodicc = 0, b = 1, a tuy ¥.
2) Ta ca
(1 =a?)(1 =b)+(1 3(1 —c) +
+(1=-c)(l=-a)=0 (3)

—=3 + a% + b% + cla =
za +b2+c¢? +a +b +e =
= 2(a® + 63 +¢3) (dpem) (4)
Ddu bang x4y ra khi va chi khi co ddu bang
& (3) va (4). Dau bang & (3) «=cd hai s6 bang
1 chdng han @ = b = I khi dd d&u bing & (4)
khi ¢* = ¢ +»¢ = 0 hoac 1.
Vay ddu bing <> ca ba s6 bing 1 hoac hai
86 bang 1 sé con lai bang 0
3) Khéng mit téng quat ta gia sit
azbz=e
a 5 b i ¢
be+1l ca+l1 agb+1
= a+b < 2 déu = khi va chi khi
a=b=1,
Néuec >0tacé(l-alfl-¢c)=0—
I+acza+e

b i b b
a+1 ca+c€=b+c

Néu ¢ = 0 thi

Khi do
¢

c ¢ e
= =
b+l a-+bdb  b+e

Tu
dng ty =

Mat khac

a
o <a=l.
Suy ra

a b o
be +1 +ca+l-+ab+1 ;i

a b c
be+1 Tca+1 Tab+1

Diu bang xdy ra <> mét s6 bang 0 va hai
s0 kia bang 1. :

Nhén xét : 1. Rat déng cac ban tham gia
gidi bai toan nay. Cac ban déu ching minh
ding nhung khong cd ban nao néu duge chinh
xdc tit ca cae trudng hop co ddu bang xay ra
(Dac biét & cau 1)

2. Mét s6 ban maéc sai ldm khi cho rang vai
tro cua a, b, ¢ 1a binh dang nén cé thé gia thiét
a < b < ¢. Thuc ra vai trd cia ching chi binh
ding trong cdu 3

3. Mét s6 ban c6 18i giai tuong déi hoan
chinh 14 : Pham Van Thanh, 9T, Lam Son
Thanh Hda, Nguyén Anh Hoa, 9, Trin Dang
Ninh, Nam Ha, Nguyén Khuyén Lan, 8D,
Nang khi&u Thanh Hoa, Tran Nam Ding, 9C,
Phan B6i Chau, Nghé An, Lé Xudan Trung, 8,
Nang khiéu Triéu Son, Thanh Hga.

DANG HUNG THANG

1-+b+c_
&t+ec

2

Tdém lai <2

Bai T4/210 :

Cho dudng tron noi tiép tam giic ABC, tiép
xtic v6i cgnh AB tai diém D. Chitng minh rang
diéu kién can va dii dé tam gide ABC vuong
tgi Cla: CA CB = 2. DA DB.

Lai giai

Goi E, F ldn lugt 1a tiép diém cta (0) véi
cdc canh BC, AC,

bat BC = a, AC = b, AB = cva 2p la
chu vi tam gidc. Do BD = BE, CF = CE
nén AD +AF = 2p - 2a. Suyra AD =p — a

Tuong tw BD = p - b,

Ta ¢ : CA. CB = 2DA. DB
=ab=2(p-a)(p-b)
=2ab = (2p —2a)(2p - 2b)
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e=2ab = (b +c —a)(a +c —b)

==2ab = ¢ — (a —b)?

el = a? +b2

<> AABC vuong tai C.

Nhan xét :

Giai tdt bai nay gém cd cac ban : Nguyén
Lé Lyc 9A, Thi trdn Pam Doi, Minh Hai ;
Nguyén Phu Khanh truong Lé Dai Dudng, Tan
Tru, Long An ; Vi Die Phi, 9T Nguyén Du,
Go Vdp, Ta Huynh Duy Nguyén 9* truong
Colette, Q3, TP Hé Chi Minh ; Tran Phi Hing,
8T, truong Béi duding Gido duc Bién Hoa, Dong
Nai ; Nguyén Trung Kién, 9A PTCS thi trén
Ayunpa, Gia Lai ; Nguyén Thi Nhu Quynh,
9T, Lé Phi Thanh, 8T Chuyén Lé Khiét,
Quang Ngai ; Lé Ty Nhién, 9A THCS Nguyén
Van Tréi, Dién Ban, Quang Nam - Da Nang ;
Ngé Tién Diing, 9B Tran Cao Van, Quy Nhon,
Binh Dinh ; Pinh Trung Hoang 9APTTH FPhu
Bai, Thita Thién — Hué€ ; Nguyén Ngoc Linh
9, Déng Mi, Déng Hoi, Quang Binh ; Duong
Thu Phuong 9TNK Ha Tinh ; Tran Nam Ding
9CT Phan Boi Chau, Nghé An ; Lé Minh
Thanh, Vi Thi Lan Huong, Hoang Van Hing,
Lé Dinh Duy 9T Lam Son, Mai Thinh Hiép,
9B THCS Nga Hai, Nga Son, Nguyén Khuyén
Lan 8D truong Nang khi€u Thanh Hoa, Tran
Anh Tudn 9B Xuan Ngoc, Xuan Thuy, Nguyén
Ngoc Hung 8T NK Y Yén, Nguyén Anh Hoa
9T, Nguyén Hong Dung, Hoang Manh Quang,
Tran Tudn Cuong, 8T, Tran Dang Ninh, Nam
Dinh, Nam Ha ; Poan Minh Ditc 8D Chuyén
Quynh Phu, Thai Binh ; Nguyén Ngoc Déng,
Nguyén Dang Thang 9NK Thuan Thanh, Ha
Béac ; Phing Ditc Tudn, 9CT NK Thanh Ha,
Nam Thanh, Hai Hung ; Pham Thu Huong
8A,, THCS Héng Bang, Hai Phong ; Nguyén
Minh Phuong 9A PTTH Viét Tri, Vinh Pha ;
Nguyén Quang Thang, 9C Hai Béi, Dong Anh,
Phan Linh 9APTCNN, Ngo Van Sang 9A Chu
Van An, Pham Huy Ting 9A B& Van Dan,
Nguyén Tién Ding 9A,, Giang Vo, Bui Viét
Ha 9C Gia Lam A, Tran Thu Hién, Nguyén
Tuong Minh, Nguyén Anh Hoan, Nguyén
Héng Ha 9H, Nguyén Quang Huy 8H PTCS
Trung Vuong, Mai Thanh Binh, Tran Trung
Tién 8M Mari Quyri, Ha Nai.

VU KIM THUY

Bai T5/210. Trén hai duong thang a va b
cdt nhau d diém C ¢é hai dong tit (chang han,
hai bo hanh) chuyén déng thang déu nhung
véi van téc khdac nhau : A eé van tée v, trén
a va B cé van téc v, trén bu # t5). Biét rang
A véa B khéng gap nhau 6 C. Ching minh rang

4

.d bdt cif thoi diém nao, dudng tron ngoai tiép
tam gidgc ABC luén ludn di qua mdt diém co
dinh O nao dé, khdac C.

(b) 0O

Goi A va B 1a hai vi tri x4c dinh nao dd caa
hai déng tit ; chang han, d6 1a hai vi tri xuas
phat, ing vai thoi diéfm ¢, = 0, A, va B, 1a
hai vi tri tudng dng cia A va B & thoi diém
t = t,. Thé thi ta c6 s Bt T datsd %
t = ¢,. Thé thi ta ed : —— = = —

! AA - wgft =t Uy
(khong doi)

Goi O la giao diém thid hai clia hai dutng
trén v(ABC) va v (A,B,C), (x. Hinh vé bén) ;
dé dang ching minh rang :

AOAA, - &9—3_1?1. TE_EIP suy ra :

A OB, = AOB= ACB=¢
PRigam St L
0A, OA AA " vy

— = —  —3
(OA, OB) = (CA,CB) = ¢ (khéngddi) (1)

OB Y2 L}
oY Lo L'_| (khéng doi) (2)

Suy ra O cd dinh vi, theo (1) va (2) O 1a mét
trong hai giao diém O va O’ cia hai duting tron
xac dinh : duding tron vfABC) va duting tron
Apbloniit (@), quy tich nhitng di€m M sao cho
MB., .2
MA "~
— (CA, CB) = p thi (O'A,0'B)=—(0A,0B) = -
va do dd, giao diém thi hai O’ cla hai duding
tron trén khong thoa man (1)]

Ta duoe d.p.c.m.

Nhén xét : 1) S6 ban tham gia giai bai
todn nay khéng nhiéu. Diéu dd ¢é [é phan anh
su ling tang cia nhiéu ban vé phuong phap
giai bai toan ki€u nay : chung minh sy ton tai
ctia mot hinh (trong bai toan nay, hinh & day
12 mot diém) thoa man mot sd tinh chit dac
trung nao dé. D€ ching minh dudng tron
(ABC) luén luon di qua mot diém ¢d dinh,
trong dé A va B la hai phan tif chuyén dong,
ta phai c6 dinh hda hai vi tri nao dé cia A va
B va xét hai vi tri tuong dng bat ki A, B, cia
A va B. Sau dé ching minh ring giao diém

tiic 1a :

— =
[Chu y rdng néu (0A 0OB)=
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thi hai O ctia hai dugng tron (ABC) va (A B, C)
la di€m cd dinh bang cdch chi ra cdc tinh chat
déc trung clia nd ma ta cd thé dung dugce (tuy
nhién khong nhéit thiét phai chi ra cdch dung
cu thé diem O da).

2) Mot sd ban chi ra rang viéc ching minh
cac duong tron (ABC) di qua mét diém c6 dinh
quy vé viéc chiing minh tim cdc dudng trom
nay thang hang trén mot duong thing A cd
dinh nao dé va do dd, diém O phai tim dé&i
xung voi C qua A ; tuy nhién lai chiitng minh
qua phuc tap, dai dong ma vén thiéu chat che.

3) Cdc ban sau day cc lui giai tét : Ddang
Anh Tudn 9T, PTNK Tran Phu, Dang Thi Hdi
Ha, 9T, Chu Van An céip II, Dang Anh Tudn,
8T, Chu Van An, Nguyén Ba Diing, 9T, Chu
Van An (Hai Phong) ; Nguyén Anh Hoa, 9T,
Tran Dang Ninh (Nam Dinh) ; Nguyén Tudn
Minh 9T, Phiing Thanh Ting, 9T (thi xa Thai
Binh) ; Pham Anh Tudn, 9T, Lam Son, Luu
Van Thinh 9T Thiéu Yén (Thanh Hda). Dac
biét, ban Dang Anh Tuén 16p 9T, PTTH nang
khiéu Tran Pha (Haii Phong) dua ra loi giai
ngan gon (tuy chua bi&t sit dung khai niém
goc co hudng gitta hai dudng thang), déng thui
chi ra thém rdng di€m c6 dinh O cin tim la

v

tam ciia phép vi tu - quay, ti s6 k = U—z, gde

— 1
quay ACB (chinhxdcla (CA, CB) = p) bién duing
thing a thanh dutng thing b (trong dd bién
di€m A thanh diém B). Via, b, (CA, CB) = ¢,

u

k= b_z cd dinh nén tim O cia phép vi tu quay

1
dd c6 dinh,

NGUYEN DANG PHAT

Bai T6/210. Tinh téng
o 2ktlgogok
el Bt~

Loi giai (cia da s6 cde ban).
Goi tdng cdn tinh 1a S. Khi dg

o 2ktlaggok

3 =k=l 1 — cos2k ™1
o 2*(cos2k + 1) g5
:;;::[ ( P L AR TS cosEk“) :
_ o T leosZF 4 1) it
: -,;::I ( 1-2c0s226+1 1 —coa.?.“+1) <.
& 2% 26+
=k=] ( 1 — cos2¥ _‘l_—cosZ""H) iy
2 o+l

=~ 1-cos2 1 — cogont+l’

Nhan xét. Cac ban gii loi giai dén déu co
chung mét each giai dua trén viéc phan tich
cac 86 hang cia S thanh hiéu cda hai s6 hang
lién ti€p ciia mot day. Cac ban sau day cd loi
giai dung va ngan gon : Dgng Nhdt Danh,
Nguyén Qude Todn, (LVC, Tuy Hoa, Phi Yén),
Nguyén Thanh Ti (DDT, Quang Binh), Cao
Thé Anh, Nguyén Thi Hdi Yén, Doan Quang
Vinh (QH Hué), Lé Huy Khanh, Lé Vin An,
Duong Van Yén, Lé Quang Huéng (PBC, Nghé
An), Lé Huy, Ly Hoang (Dong Ha, Quang Tri),
Nguyén Tién Ding, Nguyén Hoéng Nhan,
Huynh Ki Anh (Lé Quy Don, Quang Nam -
Da Néng), Nguyén Quang Hdi (Hung Vuong,
Vinh Phi), Lé Tu Thién (Nguyén Duy Hiéu,
Quang Nam - Da Ning), Trinh Péng Son
(Vinh Bao, Hai Phong), Tran Ditc Quyen,
Trinh Thé Huynh (Lé Héng Phong, Nam Ha),
Truong Thudn (Phan Ngoc Hién, Ca Mau,
Minh Hai), Tir Minh Hdi (11CT, Buén Ma
Thuot, Ddc Lac), Pham Tudn Anh (10A CT,
DHSP Vinh), Vi Chung (12A CT, Nguyén
Hué, Ha Tay), Dwong Dite Huynh (11 Héng
Quang, Hai Hung), Lé Céng Son (12 Viét Dic,
Ha N6i), Nguyén Quang Nghia, Tran Nguyén
Ngoc (CT DHTH Ha Néi), Vii Trong Hieéu,
Ngoé Dite Duy, Ha Duy Hung (Trin Phu, Hai
Phong), Nguyén Tudn Hdi, Binh Trung Héng
(Marie Curie, Ha Noi), Tran Truong Thiy (11
Minh Khai, Ditc Tho, Ha Tinh), Poan Vinh Kha
(11 Nguyén Hué, Phu Yén), Pé Anh Tuén (12
Ubng Bi, Quing Ninh), Pham Huy Ting (9A,
B& Van Dan, Ha Néi), Lé Anh Vi (QH Hué),
Nguyén Vi Hung (11 CNN, DHSPNN, Ha
N6i), Hoang Van Déng, Nhit Quy Tho, Pham
Lé Phuong, Lé Minh Hiéu, Dinh Thi Nhung;
Lé Viét Hdi, Sao Dé (Lam Son, Thanh Hda),
Nguyén Minh Hoang (L& Quy Dén, Nha Trang),
Dgng Ditc Hgnh (Hung Vuong, Vinh Phu),
Nguyén Ky Quéec (Nguyén Trai, Phan Rang),
Nguyén Ba Chung (Nga Son, Thanh Hda).

NGUYEN VAN MAU

Bai T7/210 : Cho day s6 {u,} °_, théa man
digu kién :

O<u, < 1vt‘1un+1{1-un:|}-1—

vdi moi
4 o

n=123,..Timlimu,
N

Loi giai : Vai méin = 1, 2, 3... 4p dung bt
dang thic Cési cho 2 s6 duong 1 - u, vau

ta duge :
1
Upy T (1 —1,) 2 2Wu, (T -u,) >2 g=1
Yn eN*
=U,y>u, VneN"

n+1
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= day {u,} la day tang. Hdn nita, theo gia
thiét, {u, } la day bi chan. Suy ra, t6n tai limu .

n=—=
Dat limu, = u. Ti gia thiét
]
1
U (1-u) >4 Yn € N* ta cd
: : 1
lim 2z, (1 = limz,)) = 2, hay
H—=0 n—wod
= 14:; ilsg < Qe = 1
u(]—u}_-z (u 2)1._ B=g.
eall % 1
Vay limu, =3

i

Nhan xét : Cd rat nhiéu ban, tit khap moi
mién ciia dit nude, gl 1oi giai cda bai toan.
Trong d6 chi cd : 3 ban (hai ban & trudng
chuyén Phan Béi chau, Nghé An va 1 ban d
TH chuyén Nguyén Binh Khiém, Vinh Long)
cho 13 giai sai do chua hiéu dung vé gidi han
ctia day s6 va do ngd nhan trong cc danh gia ;
mot ban (& trudng Dao Duy Tu, Quang Binh)
cho 15 giai khéng day di, do quén khéng ching
minh sy ton tai cta limu,. T4t ca cac ban con

Fl—w0
lai déu cd 1oi giai nhu hoac tuong tu loi giai
di trinh bay & trén
NGUYEN KHAC MINH

Bai T8/210. Gid si c6 mét duong tron duge
chia thanh 35 cung bang nhau bdi 35 diém.
Ngudi ta to tdt cd cac diém do boi hai mau
sao cho méi diém chi duoc t6 bang mot miiu.
Chitng minh réng ton tai 5 diém cung mau
va la ede dinh cia hai tam gide can cé chung
dung maot dinh.

Laii giai. Ta ching minh bang phan ching.
Gia sit khong cé 5 diém nao cung mau la eac
dinh ctia hai tam gidc cdn ed chung ding mot
dinh (1). Goi hai mau dem t6 la xanh va dé va
gia st ¢6 N di€m xanh, ta cé (35-N) di€m do
v s6 day X-D(*) 1a N(35-N) (2). Goi m6i truc
ndi tAm dudng tron véi mbi di€m xanh la true
xanh, véi mdi diém dé la truc dé. Do (1) nén
#ng voi tryc xanh d cd nhiéu nhit moét day
X~X nhan d lam truc déi xiing. Nhu vy, con
lai (N-3) diém xanh déu c6 di€m dbi xing qua
d 1a difm do, va cd it nhit (N-3) day X-D
nhén d lam truc d6i xdng. Do 35 lé nén mbi
day déu cd mot truc déi xing hodc xanh hoac
dd duy nhét, do dd dng véi N truc xanh cd
N(N-3) diy X - D nhén truc xanh lam truc
d6i xing. Tuong tu, s6 day X-D nhan truc dé
lam truc d&i xing la (35-N) (35-N-3). Két
hop véi (2), ta 6 N(N-3) + (35-N) (32-N) =
< N(35-N) hay 3N* - 105N + 35. 32 < 0 (3).

‘Do hé s6 cia N duong va A < 0 nén tam thice

& v& trai cta (3) ludn duong hay (3) khong xay
ra. Vay (1) khéong xdy ra va ta cé dpem.
Nhan xét. Cé it ban gii bai giai trong dé 9
bai giai diung, phén l6n khong diing phan chiing
nén 13i giai dai dong. Ban doc cd thé van dung
151 giai trén dé md rong bai toan cho (2n+1)
diém chia dudng tron, (2k+1) di€m cung mau
1a cdc dinh ctia £ tam gidc can véi 1 dinh chung
2n +5
7 |

duy nhét sao cho k = [

DANG VIEN

Bai T9/210. Che hai duong tron (O ; Rlva
(0’ ; R’) véi R > R’ cat nhau tqgi hai diém A
vi B. Hai tiép tuyén chung ngoai MM’ va NN’
(M, N € (0); M’, N’ € (0’)). Day MN cat 00’
g C; day M’'N’ cdt 00’ d D. Chitng minh tu
giac ACBD la hinh thoi.

oM R ON

Luoi giai. Ta cd oM - R =N tir cac

tiép tuyén MM’

NN’ ta lai co

OM || O°M’;

ON_J/ O'N’_nén

MON = M'O'N".

Suy ra

AMOM' —~ ANO'N’

(tr.h.2), va ta co

Ahges Mgy = (8. b

Do d6, CMM'+ MM'D = _

= (90°'— M) +(90° + M’} = 180° va

MN // M'N"’ ; hay MM’N’N la hinh thang. Goi
I, K la cac giao diém cia dudng thing AB
tuong wdng v6i MM, NN, ta cd
IM? = JA . IB = IM’? (tinh chdt cua ti€p tuyén
va cat tuyén ké ti I), nén IM = IM’' hay [ la
trung diém cia MM’ (1). Tuong tu, K l1a trung
diém ctia NN, suy ra IK la dutng trung binh
cua hinh thang MM'N'N. Vay IK [/ MN (2).
Goi H la giao diém cua IK véi CD, tu (1) va
(2), ta cd H la trung di€m cta CD. Hon nita
H la trung diém cha AB (tinh chét cta day
chung va dudng ndi tAm (3)), nén ACBD la
hinh binh hanh. Ti (3), talai c6 AB L CD nén
ACBD la hinh thoi.

Nhan xét. Cd 167 bai giai, tat ca déu giai
diing. Mot s6 bai trinh bdy dai dong, s6 bai
khac trinh bdy qud vén tdt. Cac ban sau day
G 13i giai tot : Phan Manh Ha (10 C, PTTH
Phé8 Yén — Bac Thai), Phan Duy Hing (11 CT,
Dao Duy Tt - Quang Binh), Mai Thanh Binh
(8M - Marie Curie) Ha Noi

DANG VIEN

(+)X~D, X-X, D-Pa cic ki higu tudng ing cia cic day cung -
cé mt diu xanh mdt diu d6, hai ddu xanh, hai dau dd.
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Bai T10/210. Cho hinh lang tru tu gidc
ABCDA B C,D,. M6t mat phang (a) thay déi
song song vdi hai day lang tru, cat ede doan
thang AB,, BCP CD,va DA, lan lugt ¢ cac
diém M, N, P va Q. Hdy xdc dinh vi tri cia
mdt phang («) sao cho tif giac MNP@ c6 dién
tich nho nhat.

Loi giai (eta Lé
Minh Hiéu, 16p
11T, Lam Son,

Thanh Hdga)

Gia st (a) cat
cac canh bén
AA, BB, CC,va
DD, 6 A, B, C'vaD’

{(xem hinh vé bén),
thé thi ta cd :
A4 BH .. CC. DI
. AA, BB, CC, DD,

3

AA 4 s b :
Dat A4, = *Uves(ABCD) =S ; thé thi :

1
s(A'B'C’D’) = 8§
Theo dinh i Ta-1ét ta cd :
A'M AM AA’
A'B' T AB,  AA|
AQ AlQ AIA'
AT ApT AN
Do d6 ta dudgce ;
SAMQ) AM A'Q
sABD) Ap xp -1

= s(A’MQ) = x(1 —2)s(A’B'D’) ; (1)
Ching minh tuong tu, ta cd :
s(B'MN) = x(1 —x)s(B'A’'C") ; (2)
s(C'NP) = x(1 —x)s(C'B'D’) ; (3)
S(D’PQ) = x(1 —x)s(D'C'AY) ; (4)
Tit (1), (2), (3) va (4), ta dugc :
s(MNPQ) = s(A'B'C’'D’) — s(A'MQ) —

— s(B'MN) — 5(C’'NP) — s(D’PQ)
= S —x(1 —~x)[s(A’B'D’) +s(BA'C’) +
+5(C'B'D") +s(D'C'A")]

. 3—21(1 ~x)S = (1 — 2x + 22

—S[ +2(x—%)2] 3%

Vay s(MNP@Q) dat min héngg- e = % hay

A’ la trung di€m cia AA,, ciing tic la mat
phing (a) song song cdach d]éu hai ddy ctia lang
truc ti gidc da cho.

_I;

B

Nhén xét : C6 nhiéu ban tham gia giai bai
todn nay, tdt cd déu cho lai gidi ding. Tuy
nhién, nhin chung loi giai cha cde ban con
rudim ra, khong gon. Loi giai néu trén diy cia
ban Lé Minh Hidu ngin gon va chat ché hon
ca ; trinh bay sang sta, mach lac (k& ca viée
ki hiéu cdc dai lugng cdn dén trong viéc trinh
bay loi giai bai toan),

NGUYEN DANG PHAT

Bai L1/210

- Véi nhitng van téc khéng doi, anh X di

theo duéng tam gidc kin ABCA, chi Y di theo
dusng tam gide kin
BCDB, véi AB |/ CD
va AB = = %BC,
- Lic t, anh X ra di
tit A vachi Y ra di tis
B. Lict,anh X di qua
B va chi Y di qua C.
Khodng cdch ngan
nhdt gita 2 nguol
trong khodng thoi
gian (& - &) nay la
860m.

1) Luc ty anh X di qua C thi chi Y di qua
D. Tinh khodng cach ngan nhét giita 2 nguoi
trong khodng thoi gian (i3 — t,) nay.

2) Tinh khodng cach ngén nhdt giita 2
nguoi khi anh X di nét doan CA va chi Y di
nét doan DB,

Hudng dén gidi. Dya vao diéu kién dé bai
(xét trong khoang thoi gian (t; — ¢,) suy ra
BC _'x_AB 4
€ v, BC 3
trinh dlen ra trong khoang thoi gian (t; - ta,)
déng dang vii qua trinh xay ra trong l-;.hoéng thisi

Tit dd, nhdn xét rang qua

3
gian (¢, - ¢,) theo ti s8 ) {gia tri van toc van nhu

nhau). Goi khodng ciach ngin nhit giita hai
ngudi trong khoang thoi gian (£; - £,) 1a
Inin 3 3

inin t8 €6 geo = 7 =l = 960 . 3 = 720m

AB BC
Xét 2 tam glacABC' va BCD cd BC-CD’

AB_C.__ BC'_D.__‘ 1V —=2 tam gidic déng dang

— DBC = CAB — CEB = 1v
C'E — — A_B u,’(
—'ﬁ—fgCBD=thCA-B—é oy

— Hai anh chi sé gap nhau tai E — khoang
cdch ngén nhit trong qua trinh dé I’ , =0

Nhén xét : Nhiéu em da giai ding bang
nhiéu cédch khac nhau dua vao cdc tinh chit
hinh hoe. Sau day 1a cdc em cé oi giai ding

7
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" va gon Nguyén Trong Nghia, PTTH Viét Tri,

Vinh Phii ; Nguyén Quang Tudng 10L, Phan
Boi Chéau, Vinh (Nghé An) ; Vi@ Thi Lan
Huong, 9T, PTTH Lam Son, Thanh Hda,
Nguyén Hitu Hdi, 12A Hoai Nhon II, Binh
Dinh ; Nguyén Thi Hoai Thu, 8CL, PTCS
Tran Phu, Hai Phong Nguyén Tudn Anh Vi
10A, PTTH Béc Thu Tri, Vi Thu, Thai Binh ;
Huynh Minh Son, TT, Trutng chuyén Dic
Phé, Quang Ngii ; Pang Thu Huong, Vinh
Lai, Vinh Tuy, Cdm Binh, Hai Hung.

Bai L2/210

Cé cde thanh dién trd bang nhau duec lap
thanh cde canh cia cde hinh nhit hinh ve :

) ¢ 5 5 :
37 s

i i ; :

i D ""K ':_D_ 1 {
A BN iy B S AN S D

H.1do 4 thanh tao thanh ; H.2 do 6 thanh tqgo
thanh ; H.3 do 8 thanh tao tharh ; H.4 do 12
thanh tao thanh

Gid stz lay ngudn dién U = 6V néi vao hai
diém A, B cua H.1 thi nguoi ta do duge dong
dién do nguén phdt ra la 2A

Hoi nguodn dién trén sé phat dong la bao
nhiéw khi néi hai cuc ciia né vio cdc diém A,
B ciia cde hinh con lagi ?

Ghi chii. Cau hoi nay cd thé md rong cho
t&t ca cde cap diém con lai tit H.1 dén H.4.

Hudng déin giai Trude hét tinh dién trd

mot thanh can o vao H.1
- Lk 3 Py Sakabal®
(Rm =z ua R, = 1 r) . Bau do vdi tung

trudng hgp cu thé vé lai so d6 mach dién (dua
vao tinh déi xiing clia mach va ap dung cong

U :
thic I = —— suy ra két qua muén tim
o
Ké& qua sé6 1a : r = 40 ; I, =34;

45 18

L=154: =74

7

Nhan xét. Cac em cd loi giai ding va gon :

Nguyén Thanh Nam, 9T, TH chuyén
Nguyén Binh Khiém, Vinh Long ; Dang Qudc
Khanh, 9A PTDL Luong Thé& Vinh Ha Néi ;
Dao Ditc Anh, 10A, PTTH Viét Tri Vinh Pha ;
Nguyén Phu Vinh 11A, Lé Quy Don, Tan An,
Long An ; Nguyén Dinh Khéi Khoa 11H,
PTTH Lé Trung Kién, Tuy Hoa, Phu Yén ;
Luong Nghia Hiép 11CL, Quéc hoc, Thia
Thién Hué ; Pau Thiy Mai, 10CL, Trudng
chuyén Phan Béi Chau, Vinh, Nghé An
MT

HANG DIEM DIEU HOA ...

(Ti€p theo rang 1)

Thi du 2 : Cho chum diéu hoa S(a, b, ¢, d)
e6 ¢ L . Khi dd ¢, d 1a phan gidc cta cac goc
tao bdi a va b (k€ ca gdc tin).

Giai : Tit mot diém 7 trén C ké duing thang
song song vii d, cat a, b tai M va N. Khi dd M1
= IN (vi S(a, b, ¢, d) = -1) vd ST 1 MN (vi
¢ L d) nén ASMN céan tai S = ST la phan giac
trong cia ASMN. T dd suy ra diéu phai ching
minh.

Bai tap 4 : Phat bi€u va ching minh cac
ménh dé dao cta thi du 2.

Véi cdc k&t qua da trinh bay trén, mdi cdc
ban giai cac bai tap sau :

Bai téap 5 : Cho tam gidc ABC, AD va AE
14 phan giac trong va phan gidc ngoai clia tam
gide d6. Ching minh (AB, AC, AD, AE) la chum
diéu hoa.

Bai tap 6 : Cho goec xOy va mot diém M co
dinh trén phan gidc cia gde dé. Dudng thang
quay quanh M cat Ox va Oy tai A va B. Ching

: 1 1
minh OA et OB
(dung hé thie Dé Cac).

Bai tap 7 : Tu mot di€m S ngoai dudng
tron (Q), ban kinh R ta vé hai tiép tuyén ST,
ST’ va cat tuyén SAB tdi dudng tron. Dudng
thang ké tt A, L OT cat TT' va TB tai C va
D. Ching minh AC = CD (tap chi T.H va T.T,
sd 194, thang 8-1993).

Bai tép 8 : Cho tam gide ABC (AB < AC),
AD la phan giac trong va AM la trung tuyén
tam gidac do. Ching minh :

nhdn moét gia tri khéng dai

{Dé thi tuyén vao Dai hoc, nam 1987 cho cac
truding mién Bac).

Bai tap 9 : Cho duong trom (0), dudng kinh
AB, M vi N 1a trung di€m ctia AQ va BO va §
la moét diédm trén dudng tron. SO, SM, SN cat
(0)tai P, @ va T. PQ cit AB tai H. Ching minh
HT la tiép tuyén cua dudimng tron (0).

(Cac bai tap 8 va 9, hay s dung hé thic
Niuton d& giai).

Bai tap 10 : Cho hinh chdp SABCD, day
ABCD la hinh binh hanh. M6t mat phang (P)
cit SA, SB, SC, SD theo thd tutai K, L, M, N

2enSA LSEH SB 8D

Chiing mmhﬁ{ + S = SL tsn
(Dé 57, Vb, bo "Dé thi tuyén sinh, 1993)

https://tieulun.hopto.org

T



.-",l"ﬂ_h -

R

https:/‘www.facebook.com/letrungkienmath

hitps://sites. eoogle.com/site/letrungkienmath

Ean hiy quan sit ban

phim cia mdt may tinh bd L.
€6 1hé hinh dung, cic chil |

sd ctia ban phim duge sip xép

trong mét hinh vudng giim ba
dong, ba cdt, hai dudng chéo.

ERE

Nu diivdi ciic ma phuong

cia ngudi Trung Hoa va nguai
An Do, téng cac sd trén cing

CIEIG

NGU‘I’EN VAN VINH

TP Hs Chi Minh

1) T4t ca céc s tao bdi ba chil s6 & trén cing mot dong,

mit cot, mdt dudng chéo d&u chia hél cho 3.

123 = 341 | 456 = 3.152 | 258 = 386 159 = 3.53
321 = 3.107 [ 654 =3.218 | 852 = 3.284 | 951 = 3.317
147 =349 | 789 = 3263 | 369 =3.123 | 357 = 3.119 |
741 = 3.247 | 987 = 3.329 | 963 = 3.32] | 753 = 3.251

mot ding, thng cdc 88 trén
cung mot edt, thng cie 4 (rén
cing mét dudng chéo 1a biing nhau thi ma phudng trén bin
phim cta mdy tinh lai ¢é nhilng tinh chit ki la sau day : -

il

2) Tkt ca cac sd tan bdi ba chil sé vidt A cic dinh cia tam
gidc : motdinh la mot trong bdn dinh hinh vuding, hai dinh con
lai 1a trung di¢m cic canh hinh vudng d2u chia hét cho 3.

T
3.116 | 726 = 3.242 | 924 = 3.308
3.128 | 762 = 3.254 | 942 = 3.314

168 = 3.56 | 348
186 = 3.62 | 384

Néu ban sdp x¢p cdc thidng s6 nhan dude trong 16 phép
chia trén diy (58 chia 12 3) theo thit (d uit s6 nho dén sé 1dn,
roi 1y hiéu cia tdt ca cic cip hai s6 ding k& nhau thi cac
k€t qua cich d&u hai s6 dauvi cudi 14 gidng nhau.

4) Néu i ma phucng ba dong, ba ¢bt trén day, ban tich
ra 14t ca 10 ma phucng hai dong, hai ¢t nhu say’

79'3‘8|8‘}455

1
(T |
1 3 4 5 L 0 1 2 253

L

Vil l
%] [&] @) [=] (=] ]
[6 ][54 | 12 (114 12 6 |

Néu ban Iy 16 két qua & 1 va 8 k€l qua & 2 sdp xép lai
theo thi 1y (U 86 nhé dén s6 16n va tim higu cia 131 ¢ cic
cip hai s6 ding lién nhau thi cic két qui cich d&u hai sa
dau v cudi clng gidng nhau.

Dy s6 tron lan la :

41, 49, 53, 56, 62, 86, 107, 116, 119, 123, 128, 152, 218,
242, 247, 251, 254, 263, 284, 308, 314, 317, 321, 329,

Day hidu cdc cip s6 1a : ¥
8,4,3,6,24,21, 9,3, 4,5, 24,66, 24,5,4,3,9,21,24,6,3, 4,8

3) X¢t cdc phan sd co L sd |4 cic 6 tao bai ba chil s3
trén cing mat dong, mdt e, mdt dudng chéo con miu s6
la 11 ban s thdy -

-

123 321
Dong 1 : === = 11(18) 7 = 29418)

450 654

Dong 2: —= = 41,(45) T = 59445)
789 987

Déng 3 : i T1(72) i 89,(72)
147 741

cét | ok 13,(36) ST 67 (36)
258 852

cot 2 T = 23,45) T T7,(43)
369 963

et 3~ = 33,(54) T = 87(54)
159 951

g chéo 1 rorgi 14,(45) il 86,(45)
357 753

Puimg chéo 2 G 32,(45) T 68,(45)

llon nia, trong sd 16 phan s3 trén ddy, phin sé ndo cd
chiil 8 hang chuc clia 10 $6 ma bing 5 thi'chu ki tuin hoan
ctia phin sg dtu Ia 45. Nhiing chu ki con lai 1ap thanh cdp

58 cong - 18, 36, 54, 72

| | e
T8'89?946:

1 2 2 3 ¢ & 1 3

moi mot trong 10 ma phudng hai dong, hai ¢t néy lai cé tinh
chit ding chuay. Ching han xét ma phudng thit nhar.

Néu viél 1l ca cdc $6 1ao thinh bdi 4 chil 8 theo chitu
thudn hofc chitu nguge kim déng hd ban s thiy ching co
cdc tinh chit diu 13 boi sd cla 11

1397 = 11.127| 3179 = 11.289 | 7139 = 11.649 | 9317 = 11.847 |
1793 = 11.163 | 3971 = 11.361 | 7931 = 11.721 | 9713 = 11883

. Ban sip x€p 8 thuong 56 nhan dudc theo thil ty il nho
Li lon va [y hidu coa it cé cde ciip hai sd ding lién nhau -

127

fsa ' 3 |

Bay gid tu tdm s6 : 1397, 1793, 3179, 3971, T139,.7931,
9317, 9713 ban Iy ra hai s bal ki va viét ching lién nhau (bén
triii hoiic bén phai) cﬂn%nhan dige mot sﬁghm § chil s8 chia
hét cho 11. Ching han [3y tiy ¥ ra hai s8 1397 vA 3971, khi do
ban s&cd :

13973971 = 11 x 1270361 ; 39711397 = 11 x 3610127

Cac s trong ¢ g‘aa phudng con lai
cling ca cic tinh chi} wong .

J) Ban hay xét 1ong cua cic tich :

1.3.9+ 348+ 7.2.6 = 225

357+ 168+ 924 =225

Nhu VQ{': | 2 T 3

L59+ 348+ 726 =357+ 168+ 924

Ban thd phat hién 1idp céc tinh chat ki '
la ¢iia ma phirong da cho. Ban sé hidu ducc c

hin ndo digu nhan xét sau diy cla nhi todn hoe ndi tién

.Euler : "Nhilng tinh chilt cia cdc s6 ma ngay nay con ngudi
biét duge, da dude khiam phd bing sy quan sit. R4t nhiéu tinh
chdt binh thudng nhung con chua chipg minh duoc, va ehi co
su quan sit mdi gLup con ngudi thiu hiéu cac tinh chit do. Bing
quan sit, con ngudi co thé nudi dudng nhing niém hi vong 60
lag, thau hiu cic sy kién, di tdi nkiling khim pha mdi mé.
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L T BT

PE RA KI NAY
Cac lap THCS

Bai T1/214 : Vii mbi sd tu nhién n 1dn hon
1 sao cho 2" — 2 chia hét cho n, hay tim UCLN
el A ok
( 22 71-2,% 1) v KIM THUY
Ha Noi
Bai T2/214 : ChoV3 langhiém ctia phuong trinh
x}+ax+bx+c=01(a b cEQ)
Tim cdc nghiém con lai. ;
NGUYEN DUC TAN
TP H6 Chi Minh
Bai T3/214 : Trén mat phing cho 5 diém A,
B, C, D, E sao cho khong cc ba di€m nao thang
hang. Ngudi ta néi tat ca cac doan thang cc hai
ddu 1a hai trong cac di€m dd réi td cac doan
thang nay hodc xanh, hoac vang, hoac do, mot
cach %ni goa. Chiing minh ré.n% ludn luén thu
duoc it nhat mot ti gide (161, 1om hoac khﬁngzddn)
vdi s méu cia cdc canh khéng vudt qua 2.
3 DANG K¥ PHONG
Ha Noi
Bai T4/214 : Cho tam gidc ABC ndi tiép
(0), trong do B, C cd dinh. la tia phan gidc
trong cua E{ic A. M ; N theo thi tu la hinh
chiéu cia B ; C lén Ax. Tim quy tich trung
diém I ctia MN.
oy HO QUANG VINH
Neghé An
Bai T5/214 : Cho AABC cd cdc géc déu nho
hon 120°. Hay dung di€m M trong tam gidc
théa man :

3 MA.BC = MB.AC = MC.AB
NGUYEN KHANH NGUYEN
Hdi Phong

Cac lop THCB
Bai T6/214 : Ching T{linh rdng :
ﬂ -
(x—y)2 — (x+y)) < 21”(_1-!-}') u\rm R -k
NGUYLEN PHU LOC
Cin The

Bai T7/214 : Tén tai hay khong tén tai ham
s flx) xdc dinh va lién tuc trong (~ee ; +e0) va
thoa man cac didu kién sau

a) f(1995) < f(1996)

b) fif(x)) = 1995*V¥x € R

DAO TRUONG GIANG
Finh Phii
Bai T8/214 : Cho day { x,} dugc xdc dinh
o 154 =

b01x2=1;1n+1=—\r? 1 1 =

a) Chiing minh rdng t6n tai limx, va tim
gidi han dd. n—mwm

b) Ching minh rdng cd duy nhit s6 A ma

X

sao cho L = lim —-n; 14 s hitu han khac khéng.

Hay biéu thi L theo gia tri clia A,

PHAM NGOC QUANG
10 Thanh Hda

Bai T9/214 : Trorg mat phing, trén hai
dutng tron dé chouv (O}, R|) va ufoz , Ry)co
hai d@nﬁltfr chuyén dong déu theo cung mot
chiéu (chang han, ngugc chiéu kim déng hé) :
M, trén (v,) va M, trén (v;) . Ching xuat phat
lan lugt tit hai di€ém A, va A; cho trude trén
(v}) va (v;) sao cho 0; A; 7+ 0, A; va sau mot
vong, lai trd vé A va A, ciing m6t luc.

Chiing minh réing trong mat phing, néi chun
khéng ton tai mot diém P cd dinh luon ludn cac
déu hai dong tir M| va M, & moi thoi diém; tru
hai truting hop dac biét ma ta sé xde dinh.

NGUYEN DANG PHAT
Ha Noi.

Bai T10/214 : Cho td dién ABCD vdi do
dai cac dutng cao h,,h,, R ,hy, ban kinh
hinh cdu noi tiép r. Goi dé dai doan ndi dinh
td dién vdi trong tim mat d6i dién la
mgy , my , m, , n,.Goi trong tam, tdm hinh céu
noi tiép ti dién la G, I. Ching minh rang

?’?I.a mb m‘. md GI

b o e e B e e

boie, S0 B kgl 0
DAM VAN NHI

Thét Binh

Cac dé Vit i

Bai L.1/214 : Hé vat duge b6 tri nhu hinh vé :
m, dugc treo bang day manh khéng dan, day
dugc vat qua rong roc cé dinh gan trén m, , ddu
kia ctia day gin véi m, . Budngd tay khoi nz; thi
hé viat chuyén
dong lam cho day
treo m, biléch 30°
so - v4i phuong
thing dung. Cho
my = 0,2 kg ;
my=0,4kg. Bo
qua ma sat. Tinh
- Khéi lugng m | ?

- Gia téc cac vat ?

PHAM HUNG QUYET
Ha Nai
Bai L2/214 : Diém sél;EhS & trén truc chinh
ciia guong ciu 16m G, ban kinh R = 6em, cich dinh
guong 3%cm. Dat thiu kinh hoi tu L, tiéu cu
f; = 6cm déng truc, trong khoang gilia S va G.

| i
f
| I "

1. Tim céc v trf cta thdu kinh L, d& anh cia
S5 qéla hé thau kinh, guclngélai trung véi S.

. Thay th&u kinh L, bang thiu kinh héi tu
L, tiéu cu f; ta thiy chll e6 1 vi tri cia L, cho
dnh ciia S qua hé thiu kinh, guong lai trung
véi S. Xdc dinh f;, va vi tridat L, .

DO VAN TOAN
Nghé An
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For Lower Secondary Schools
T1/214. For every natural number n > 1
such that 2" —2 is divisible by n, find the
greatest common divisor of (22n_|-2, 21

T2/214. Suppose that V3 is a root of the

equation
B +axt+bx+ec=0(a b cEQ);
find the other roots.

T3/214. Let be given five points in a plane,
no three of them are collinear. Colour blue,
yellow or red at random all segments with
these points as extremities. Prove that we
obtain at least a quadrilateral (convex,
concave or no—simple) such that four sides of .
which are coloured by at most two colours.

T4/214. A triangle ABC with fixed B, C is
inscribed in a given circle (0). Let Ax be the
inbisector of angle A and M and N be
respectively the projections of B and C on Ax.
Find the locus of the midpoint I of MN.

T5/214. Let ABC be a triangle, every angle
of which is less than 120°. Construct a point
M in the interior of the triangle satisfying :

MABC = MBAC = MC AB.

For Upper Secondary Schools.

T6/214. Prove that :
1%

T7/214. Does there exist a function ffx),
defined and continuous on (-, +=), satisfying
the conditions :

a) f(1985) < f(1996), !

b) fifix)) = 1995 * for allx e R ?

T8/214. The sequence {x”} is defined by :

—\,15 'Jl m'.il—x;{,.

a) Prove that there exists lim x, and find

B o=

=1, %, =

this limit.
b) Prove that there exists a unique number

" xH.
A such that L = lim e is a finite number

distinct from 0. Ex"[:u_l"’e:s L in terms of A.

T9/214. In plane, on two given circles

v, (0, RI) U4(0,, Rz} move uniformly two
mobiles in the same direction (for example,
counterclockwise) : M on (v,) and M, on (v,)
They start from two glven pomtA on Evl}and
A2 on [”2} so that O A is not para'lle] to O,A
and after a round, t{’ley return to A; and A, at
thesame time, vaethat in general, there Des
not exist a fixed point P equidistant from M,
and M, at any moment, except two cases which
must ﬁe determined.

T10/214. Let ABCD be a tetrahedron with
altitudes & , A, .‘1(,, hy ; the radius of the
inscribed sphme is r ; the lengths of the
segments joining each vertex with the center
of gravity of the opposite face are m_, m, mg

. Let G and I be respectively the’ center of
grawty and the center of the inscribed sphere

of the tetrahedron. Prove that :

(x =) [:2 i (I Tyl ZIH(W} m, My m, my GI
forx >y > 0. s e T e e
C:)If"u. ’{TV\I’\
cai cach dav va hoc toan
VAL Y NH ) TRONG MOT BAIHOC G SACH DA

QEhucmg I muc §6 dai s6 7 phin 1 la luat
gian ude voi noi dung nhu sau, Cd dang thiic
a+c=b+e, taco thé xda ¢ d hai v& dé duac

= b. Tdc gid ching minh tinh chét nay
bang cach cong —c vao hai vé cua dang thuc
a +¢ = b +e¢ nhung suy cho ciing cong vao,
xda di l1a mot. Nhu vay & day co phai chang ta
dung luat gian ude chung minh Luét gidn uée ?
Co 18 ta nén thita nhan tinh chdt nay 1a hay
han.

Tiép dén muc §7 Phuong trinh a +x = b
fa, b € Z) cd moét nghiém trong Zlax =-a+ b.
Tac gia dd ching minh nhu sau : That vay,
ta cd

a+(-at+b)=flat+(—al]+h =0+b =5

R6 rang & day ta mdi thit lai hay ching to
-a + b 1a mét nghiém cia phuong trinh ma
chua lam r6 "cd mot" vi vay ta nén trinh bay
r6 hon 1a edng —a vao hai vé@ cua ding thiic
at+x =>btacd

g (et =—a it b

—at+al+x =—-a+b

x = —a + b dén day ta mdi da két luan
phuong trinh @ +x = b luén ed mét nghiém
duy nhit lax = —a +b.

NGUYEN DUC TAN
TP. H& Chi Minh
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DANG HUNG THANG

ggién nay phong trao thi Olimpic Todn cia G két qua va thu hang cua 10 thi sinh
hoc sinh trung hoc da phat trién manh trén  dat diém cao nhdt va kem theo bai thi cha
thé gioi. Ngoai cudc thi Olimpic Toan Quée t&€  spi sinh ditng thit 1, thi 3 va thi 7 vé nudc
truyén théng hang nam ma ching ta da quen
biét va tham gia ti nam 1974, moét s6 khu vue
trén thé gigi da t8 chic cde cudc thi Olimpic ' 4) Nuéc dang cai sé diéu phdi cic két qua
Toan khu vue. Trong bai nay ching t6i mudn {3 cac nude va xde dinh giai theo cdc nguyén
giéi thidu véi cdc ban cudc thi Olimpic Toan
khu vuc chau A - Thai Binh Dudng goi tit la
APMO (Asian Pacific Mathematical Olympiad) i) Téng =6 huy chuong khong vudt qua

dang cai.

tAc sau day :

Cudc thi APMO duge to chic hang nam, [”’I_Tl} (& dd n 1a t8ng 6 thi sinh)
bt dau tit nam 1989 dén nay la lan thi 6, Lén -

diu cd 4 nude tham du (Oxtraylia, Canada,
Hoéng Kong, Singapo) nay dé cd 13 nudc tham
du (Gxtr&ylia, Canada, Hong Koéng, Mehico,
Niu Zilan, Philippin, Colombia, Indonéxia,
Malaisia, Dai Loan, Thai Lan, Han Quéc,
Singapo). Viét Nam ciing dugc mai tham d¢  m = di€m trungbinh va6 = doléch tiéu chuin.
nhung chua nhan l&i. Cu thé goi x, ]a di€m ctba thi sinh, thi i thi

ii) Diém dat huy chuong vang =2 m + 6.

Diém dat huy chudng bac = m + g. biém-

dat huy chuong déng =m — %. Trong do

Day 1a cude thi khu vuc 16n nhit trén thé e
gigi va ed nhiéu diém dang chu y trong cach f-—zl 5 n
td chdc va xép giai. Sau day 1a mot vai diem m = ——— v o= E (x; — m%h

chinh trong diéu 1é cta cude thi APMO. n=l

1) Hang nam vao ngay 14/1 nudc dang cai iii) Déi véi mdi moét nude s6 huy chuang
gti cho cde nudc tham gia dé thi, 10i gidi va vang < 1, s8 huy chuong vang + huy chuong
dap an. Dé thi gém 5 bai todn, mbi bai dugc 7  bac < 3 va téng s6 huy chuong (vang, bac,
di€m va thoi gian lam bai 13 4 gio. Cac bai  déng) < 7.
toan nay dudce chon trong s6 cdc bai todn ma

cac nude tham gia duge yéu cau gui dén. Quy dinh nay nham tao ra mét sy can bang

] . tugng doi gitta cdc nudc.
2) Vao tudn thit hai ctia thang 3 méi nude

tham gia t8 chic ki thi APMO ngay tai nudc Ngoai ra nuée dang cai cd quyén ty dat ra
minh. S6 lugng thi sinh tham gia la do méi  moi s6 tiéu chudn dé€ trao gidi khuyén khich
nude quy dink (khong c6 mot han ché nao) (Tiéu chudn nay cd thé thay doi tiing nam tuy

3) Méi nuéc t6 chic ch&m bai cia thisinh  tinh hinh). Chéng han trao cho thi sinh giai
niudic minh theo ddap 4n quy dinh, Sau dé (cham duge tron ven it nhit mot bai hoac ed it nhét
nhat 1a ngay 1/4). hai bai dat diém b hoac 6.
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Két qua cude thi duge théng bdo dén cac
nudc vao cudi thang 4.

Dé& minh hoa, dudi day 1a dé thi va két qua
cua cude thi APMO ldn thi 4 (1992).

Cdu 1 : Cho tam giac voi ba eanh g, b, c.
Goi s 14 nia chu vi. Dung tam giac madi vai
canh la s - a, s — b, s — ¢. Qua trinh nay lap
lai cho dén khi nao khéng dung dugc tam giac
mdi nita. Vai tam gide ban ddu nhu thé& nao
thi qud trinh nay cd thé kéo dai vé han ?

Cdu 2 : Cho vong tron C tAm O ban kinh
r. Goi C|, C, 1a hai vong tron tim 0,, O, ban
kinh r|, r, tuong ing sao cho méi vong tron
C; tiép xuc trong véi Ctai A, (i = 1, 2) va s
C, tiép xdc ngoai voi nhau tai A.

Ching minh rang ba duting thing OA, 0,A,
va 0,4, dong quy.

Cdu 3 : Cho n la s6 nguyén duong n > 3.
Chon ra 3 sd tit tap hop {2, 3,..., n}. Tit ba s6
nay ta st dung ddu nhan, ddu céng va ddu
ngodc d€ lap ra cac bi€u thic trong dd méi s6
chi ¢d mat mét lan trong bi€u thie.

a) Ching minh ridng néu ta chon 3 s§ ldn
hon % thi gid tri clia cdc bi€u thic lap ra déu
khdc nhau.

b) Gia st p 1a s6 nguyén t6 < Vn.

Ching minh ring sé cach chon 3 s6 sao cho
s6 nhé nhéit 1a p va gid tri cia céc biéu thice
khong phai tdt ca khac nhau chinh bang s6
cdc udc dudng ctap — 1.

Cau 4. Xdc dinh tdt ca cic cap (h, s) cdc s6
: Néu vé A
dudng thing nim ngang va s dudng thing
khde thoa man diéu kién :

nguyén duong co tinh chit sau

i) Chung khéng nAm ngang

ii) Khong co hai duong nao song song

iii) Khong co ba duding nao trong s6 i + s
dudng déng quy thi s6 cdc mién tao bdi h + s
dutimg nay la 1992

Cau 5. Tim mét day dai nhat gém cac s6
nguyén khdc khong sao cho téng etia 7 56 lién

ti€p bt ki la duong va tng cta 11 s6 lién tiép
bat ki la 4m.
Két qua cude thi duge cho & bang sau.

& LR, A
| | o o . ;
Misdi _.]u..|_f_ I.I(. | HE | ij( Khuyén
sO digm | wvang | bac dbng | khich
; — 34 = |
Oxtraylia 3 & B R 2 & | B I
| Canada 218 | l i | 3 |
SNSRI N e e 3 |
|Coltmbia | 162 | 1 2 2 &
! SR e — —{
!]Ii‘mg Kong 262 ‘ 1 2 4 3 i
e TG R B ow e
Indanéxia 62 - 3 !
Mehico 62 - = | - 3
| Miu Zilan | L] - 1 4
Philippin ! 156 | 2 L
" ; o :
i[];n Loan | 288 2 4 3
Han Quée | 215 | | 2 kS 3
[ Singapo 211 1 2 4 L
AR = ; ! .
Ihii Lan 133 1 = I 5

Nhéan xét : Hai dac diém ndi bat cia cude
thi APMO 1a :

— Cude thi duge thiét k& d€ vita mang tinh
chat thi quée gia (thuc chat 1a hoc sinh ting
nudc thi ddu véi nhau) vita ddm bao mét tiéu
chuin quéc t& dé so sanh. :

Chi phi cho cuée thi & mite rat khiém tén.

Theo y kién clia nguoi viét bai nay, Viét
Nam nuée ddu tién trong khu vue chau A -
Thai Binh Duong tham gia IMO - rit nén
tham gia vao cude thi APMO. Day la mét co
héi t6t d& nén gido duc Toan hoe phd thang
cua ta hoa nhap vdi nén gidao duc cda cde nude
trong ving, bé trg thém cho chiing ta trong
viéc thanh lap déi tuyén thi Todn qudc té vao
thang 7. Thém vao d6 cudc thi lai khong doi
hoi nude tham gia phai chi phi 16n vé mat tai
chinh. Néu Vu Giao duc phd théng da ban qud
nhiéu viée, thi nén chang H6i Toan hoc Viét
Nam sé ding ra t3 chic d& cdc ban hoc sinh
gidi Toan clia ca nude ed mét dip thi sic minh
trong moét cude thi quéc t€ cd chit lugng cao
t6 chic quy et nhu APMO.
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Mon thi :

Cau I 1) Khao sat sy bién thién va vé do
x? —x +1

thi ctia ham s6 y = =
e &
2

x
cosx > 1 ——

2) Ching minh : 5

vadi moi
X = 0
3) Tim gia tri nho nhét ciia ham s6 :
=|x-1| +|x—-2| +|x—a], vl a la
tham sd.
Cau II 1) Giai bat phuong trinh :

JLX

—_— = 0,
V4 —x? —x
2) Giai va bién luan hé phuong trinh :
X i
{2 it vai a la tham sé.
x+2y=a

Cau 111 1) Cho phuong trinh

sin® + cos"c = a.sin2x.

a) Tim nghiém khia =1 ;

b) Tim a dé phudng trinh c¢d nghiém.

2) Ching minh rang mot tam giac la déu
néu ba canh a, b, ¢ va ban kinh duding tron néi
tiép r thoa man a? + b2 +c* = 36r%.

Cau IV Thi sinh chi lam mét trong hai
phdn A, B sau day :

Phian A 1) Tinh thé tich ctia hinh xuyén
tao nén do quay hinh tron

x2,+ (y —2)* = 1 quanh truc Ox.

2) Viét phuong trinh chinh téc clia dudng
thang qua diém M(1 ; 5; 0) va cit ca hai dutng
thang :
2x mimim L= 0
x+y—4=0 '

35 £ it )
y—z—-2=0"

Phin B Cho hinh chép SABCD, B va D
ludn nhin AC dudi mot gée vudng ; SA = a va
SA vuéng goc vai day ABCD. Mat phang @
qua A, vuéng goc voi S8C va cat 8B, SC, 8§D
il 9

1) Ching minh rang ti gidc AB’C’D’ noi
tiép duge trong mot dudng tron.

@)

(d,)

14

Toan (thoi gmn 1am bai :

IHOS

180 phiit)

2) Cho AC = b, AB = AD = z (x thay d8i).

a) Tim dién tich cua td gide AB’C’D’ theo
o e

b) Tim x dé tit gidc AB'C’D’ 1a hinh vuong.

DAP AN
Cau I (3 diém)
1) (1,5 diém)-a) (0,5) Ham xae dinh v&i moi
x khdc £ 1.
s x2—dx +1
e
b) (0,5)

=0khiz=21V3.

23 |

X !

b TSt T —y 1.0LEH

: +oe CD +eo 1
1 L e S

Yep =22 -V3) = —% :

|3

Yrp= J"(Q 1 ﬁ) ==

.-I' g

—

E-Uj e

,\\ 2+V3 )

c) (Tiém can va dé thi 0,5). Tiém cén ding
i ol [
Tiém can ngang y = 1.

\‘-.'“Ilfa

2) (0,75 diém) x # 0, cosx > 1 —% -

2

f(x) = cosx = 1 +E-:2‘ >

Fx)=x —Bing; £ (x) = 1 = coax > 0, khi
x € (0, n/2), nén f{x) tang va fi(x) = f(0) = 0
Con véi x = n/2 thi f(x) = %—stm: > 0.
Vay f'(x) > 0 vai moix > 0. Do f’(x) 1¢é nén
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f(x) <0, ¥x < 0, suy ra véli moi x = 0 ed
flx) > f(0) = 0.

3) (0,75 di€m) Xét ham
y=lx-m| +|x-n| +|x-p|, (véim, n,p
la ba s6 thyc ma m < n < p). Tacd

mtn+p-—3xnéfux<m,
ntp—m—xnéum=Ex<pn,
p—m-—n+xnéuns<sx<p,

3t —m —n-—pnéup <x

nhé nhdt tai n;

y=

Vay y dat gia tri
Yoy =P —M.

Ap dung vao ham da cho, ta od :

Néua < 1, thiy,,=y1)=2—a;

Néul ae<2thiy, =xe)=1;

Néu 2 < q, thiy,,

Cau II (2 diédm)

1) (1 diém) diéu kien

2<x<2vax= V2.

Tt thie bang 0 khi x = -1 va déng bién,
nén ti thie déi ddu tit Am sang duang. Miu
thie cd nghiém x = V2 va déi dau ti duong
sang am. Ta cd bang diu sau :

=y(2)=a -1

X | -2 =1 2 2
i |
TX
ch+2t+3J -3 0 + +
4-xt-x _' % + 1] -
Vi (rii l - ] + || -

Nghiém cia bdt phuongtrinh la -1 < x < V2.
2) (1 di€m) thay 2y = a - x vao phuong
trinh dau dude '
2 +297F = Je(292 —2x 422 =,
A = 142" = 0 =g < -2 khi dd
1+VI—4.2¢

ax e el el AT
o 2

duong, nén phuong trinh ¢d nghiém la

x =logy(1+¥1—4.29) -],
1 k.
Y= E(a-!—l —log,(1 +V¥1 -4.29)) =

cd hai (nghiém) déu

1 =d ks
= 5llogy(1 ~V1-427) -1]
x, = logy(1 —V1 —4.2%) —
1
¥, = 5 llogy(1 +V1 =4.27) - 1]

Néu a > -2, thi hé v nghiém.

https://sites. eoogle. com/site/letrungkienmath

Cau III (2 diem)
1) (1 diém)
a) (0,25 di€m) sin® + cos® = 1 - 3sinZx x

3
X coslx = 1 — 7 sin? 2x, phuang trinh dua vé

3t> +4dat - 4 = 0 véi ¢ = sin2x (1).
(0,25diém) Khia = 1cdt'=2/3vasr= -2 (loai}.

o B
x= ¢ L}) arcsin% +-fk§—. k€ Z)
b) (0,5 di€m) D& phuong trinh da cho cd
nghiém thi (1) phai ¢ nghiém thuse [-1, 1].
Dat f(t) = 3t>+ 4dat - 4. Diéu trén x4y ra khi
f1)>0
Hi=1) =0

o= | -5 <1

fi=-1) . f{1) = 0 (2) hoac (3)

1
(2)=(-1-4a) (-1+4a) < 0=]a| = 15
con (3) vo nghidm

2) (1 diém) a? + 2 + ¢2 =
L sl sl oo 0t
=§(a~+bj+§(b*+c}+§(f; +a<) =
=z ab + bec + ca.
52

Mat khac 36r2 = 36 . — =
p?

hde B
—2P(P a)p —b)(p —c) =

I

9
atb+c P -a)p-b)p-c) =

9 Wi s

a¥bTc 2@ —a)p ~b) X

2V =8)p o) .2V —o)p —a) <
9

= -a—_'_b_'_c(.?p—-a—b){.?p—b—c)(2p—c—a) =

. 9abe
Ta+b+te’

x

9abe
Vay ta cd ab + be + Co
Ay C C O = 7 S et

a
a(b —c)? +b(c —a)? +c(a —b)% < 0.
Dodda=06=c.
Cau IV (3 difm).
Phin A 1) (1,5 diém)

1
V=a [(QHI1=T)2 - 2V1=Z)2)dx =
5 |

1 "2
= 167 [ V1 =27 dx = 167 [ cos’tdt = 4x2,
0 0
2) (1,5 di€m) Mat phang (P) chia (d,) co
dang A(2x -z -1)+Blx+y-4) = 0.

{Xem ti€p rrang bia 3)

15
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MOT TiNH CHAT BEP CUA DA GIAC DEU

Céc ban tré than mén ! Chac cdc ban da
titng gap bai toan khd sau :

Cho tam gidc déu ABC canh a ndi tiép
duding tron tam O ban kinh R. M 1a mét di€m
tiy ¥ thude dudng tron. Ching minh rang :

MA? + MB? + MC? = 2a%(*)

Chitng minh : (Xem hinh 1)

A

Hinh 1

T gisc ABMC 1a mot tit gidc noi tiép. Ap
dung dinh li Ptalémé ta c6 : MA. BC = MBAC +
+MCAB=MA a = (MB+MC) a=MA=
= MB2+MC = MA? = MB* +MC?+2MB MC.
Vay
MA2+MB2+MC? = 2(MB2+MC?*+MB.MC) (1).

——

ABMC la tam gide c6 BMC = 120° nén ta
cd hé thie :

MB? + MC? + MB .MC = BC? =a? (2)

Tir (1) va (2) = MA2+MB2+MC?=2a? (dpem).

Két qua (¥) la mot két qua hay va dep, do
a = RV3, ta con cd thé viét (*) dudi dang :
MA? + MB? + MC? = 6R? (**), Liéu két qua (**)
¢6 thé md rong cho da gide déu duge khong ?

Ta thi kiém tra v6i hinh vuong A A,A A,
noi tiép dudng tron tam O bin kinh R (xem
hinh 2). Do AMA; = 1v = MA? + MAj =
= A AL = 4R?

Tuong tu MA3 + MA? = A,AZ = 4R?

Vay MA? + MA3 + MA + MAj = 8R?

Nhu vay tong MA} +MAZ + MAS + MA]
cing la mot hing sé khong phu thude vi tri
didm M trén (O ; R).

K&t qua nay khich lé ta tin tudng rang (**)
cling ding cho da gidc déu tdng quat. Hon nia
phép ching minh cho hinh vuéng hoan toan

16

V7 QUOC LUONG

¢6 th& ap dung cho da giac déu ed s canh chin
2n. That vay : xét da gidac déu A|A, ... A, ndi
tiép (O ; R). Do cdc cap dinh d6i dién
A;, A, ., chinh la dudng kinh cta dudng tron

(O, R) nén V M € (0 ; R) ta cd
MA? +MA?, = AA?,, = (2R} = 4R? =
n

S MA2=n.4R?=4nR? =k

i=1

e
il

A, / R _:\ \_
ol \
f SR )

™~

l".I \'\__

\ ¢

\-\

A N

Hinh 2
Phan tich ki hon nita ta thiy, cing khong
céin M phai nam trén (O, R) machi cAin M nam
trén mot dudng tron (O ; r) thi ta cling c6 két
2n
qua Z MA? 1a mot hang s6. That vay : xét da
=1
gidc déu A A,... A no6i tiép (O ; R). M la mot
diém tuy ¥ thudc (O ; r}). Ta ed (xem hinh 3) :

AA?
MA? + MA?, = 2MO? + "g;”" =
2
= 2n? +£22ﬂ = 2(r2 + R?)

https://tieulun.hopto.org
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Do dd :
21
z MA? =n . 2(r2 + RY) = 2n(r2 + RY)
=1
Tu két qua trén, ta cd thé chuyén sang
chitng minh dude cho da gidac déu 6 s8 canh
tuy ¥y nhd mét phép dung hinh khéo léo sau :
xét da giacdéun canh B|\B, . . . B, ndi tiép (O; R’).
Dung da gidc déu 2n canh A|A, ... A, nhan

B ,B,. ..B, la cic trung diém cda canh :
Ay, Ay, . Ay, Ay

Goi OA, = R
VEA Ay =Bl . =il o Ry =

YM € (O ; r) ta cd chang han d&i vai dinh
B,, (xem hinh 3) : MA? + MAZ, | =

5 Ap'A;:-l-J = : = 5 n.a?
= 2MB}+ —— = > MA? =23 MBZ + 5
i=] =l
M ’; (]i-"
= 2n(rl+R) =2, 2 MB;, +T Dé thay
=] i
;] I::'r: L il
[Bu.-"l.l = —4 = K- —=HR'-
H

= 2n(r: +R?) = 2. MB} +2n(R2 - R'2)

mo=1

= Z MB;, = n(r® + R’Y) (R’ 1a ban kinh vang
m= |

tron ngoai ti€p BB, ... B,).

Viy ta cd két qua (**) dude téng quat thanh :
Dinh ly : Cho da giac déu A4, .. A nobi
tiép dutng tron (O ; R) M 1a mét diém tuy y
thude dudng tron tam O ban kinh r. Ta lusn
H
¢6 > MA? 1a mot hing s6 khong phu thuoc vi
i=1
tri cia M va hing sé dd la : &k = n(R? +r?)
i
> MA? =k = n(R? +r?)
=1
Cac ban thdy ddy. Tt mot bai todn hay ban
dau, bang tinh thin manh dan dao sau suy
nghi, ta thu duge cac két qua dep biét bao.
Céc ban ¢6 thé manh dan téng qudt hon
nita : Tinh chdt (**) ed phai chi ¢6 d da gisc
déu khong, hay con nhitng da giac khong déu
méa vAn ¢d tinh chat (**) ?

Xin quay trd lai van dé dd trong mot bai
bdo khic.

Bay git cac ban hay ap dung dinh 1y trén
dé giai quyét hai bai todn sau :

1) Cho tam gidc déu ABC nai ti€p (O ; R). M
la mot diém tuy ¥ thude (O ; R). Ching minh
rang : MA* + MB* + MC* 1a mét hang s6.

2} Cho da giac déu A A, .. A, Tim diém

"
M sao cho : z MA? |a nhé nhit.

1=

DE THI TUYEN SINH....
(& p thee trang 15)

Dé (P) chia M(1 ; 5: 0) thi A + 28 = 0.
Vay (P) chita M va (d|) cé phuang trinh (P) :
dx —y — 2z +2 = 0. Giao cta (P} véi (d.) la
Sc-y—2:4+2=0 )
x+y—-2=0
y—z-2=0

Giao di¢m do la N(0 ; 2 ; 0). Phuong trinh
dudng thang MN la phuong trinh dugng thang

Fi=]l N

S - L] ]

1 3

Phin B Hinh vé 0,25 diém.

(3 digm)

1) (1 di€m} a) (0,75 diém) @ L SC nén
SC 1L AB’ (1). Theo gia thiét BC 1 AB,
SA L BC= BC 1 (SAB) = BC 1 AB’(2).
Tir (1), (2) suy ra AB’ L (SBC). Vay AB’ L B'C".

b} (0,25 di€¢m) tuong tuy ta e ADYC’ = 1v. B’
va D’ nhin AC” dudi mét goe vudng nén ti gide
AB'C'D’ ndi tiép dude trong mét duding tron.

2) (1,75 diem) a) (1 digm) Dién tich
AB'CD’khiAB=AD=x1a 8§ = AB’ B'C",

nghiém cia hé

phai tim : «

AR w—  gpra  BE -
aZ+xf ' a2 +b?
e 3 Vb7 — 22
B'C’ = VAC?—AB7. 5= "%\ .
: VaZ+57 (a2 +x2)

b} (0,75 didm) Tu gidc AB'C'D’ 1a hinh
vudng khi AB’ = B'C’, tic la
ax @ bt —x?
VaZ+x2 Va2 +b6% Vo 22
=x\Va’ + bl = g {bI —x7
x = abN2a? + 67,
g

-_—

BUI QUANG TRUONG
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6ngCai

-l ; 2
%10 A . & 3
-'\; . 1 HI ,. sl 5 %, %‘;_’ '__[\,;1:_;

JAaiPhong

Bai toin tuong HOI
duong vai

T dé6 ta thiy A ——hwli
ngay :

H=18zF=2, s
% T=T(1) : TUAT

Vi [ x [ tin cung
13 Tnén Tchicothé 13 4.6.9. .

(Ta loai cde truomg hop [ =5 va
I=6.Vikhidali=T)

-NeuT=4=[1=2hcac /=8
()=0C=0

+Khi/=2thi U=2=1I(loai)

+ Khi I =8 thi 108 x 48 cé 5 chd
s (loai) _

NéuT=6=I=4va(l)=>0=0

Khi dé U =6 = T (loai)

-NEuT=9= =3 hoac/=Tva
M=0=0

+KhifJ=3thi/=5vad=7

+ Khi /=7 thi 107 x 97 ¢ 5 chi
6 (loat)

Wiy ta thay nhusau: H=1. 0 =0.
I=3.T=9U=5va4d=7 Tadugc
con tinh ding -

9579 : 103 =93,

BINTI PHUONG

D bick vugen Vet

I

Nhin dip 20 nam giai phong mién : :
Nam va 50 nam ngay thanh lap nuée. /¢ (& .'ﬂ-?u? ¢ Lang Yom, 3 : Thii Nguyin, & Biiv "f.'-m??'. 5o oW
méi cdc ban hiy tham gia chuyé’n du ;f'rrrbg;ﬂ; g éiu!d'-;h:.'é?. fr: I‘rﬁ!’;{n’. A Her -.ﬂm: 8. .flm' Chiier, .:-’.f 3
ek st VT iy e e B B s AN B SRS S

: : e T SR Bink, 15: Thenh Hea, 16: Ding Ha, 17: Dudng Tie, 15: Hed oobn, 19 2
CILIGTJg fjl sag Ch"o I‘!'I:DI d? ﬂ-:]- dia ?O ten .':ﬂ@rrymr. 20 -‘3«;’ e, 21 ¢ rﬂ:’éﬂ‘- A Ao, :3.! Near -_:’v‘:*-'n!?. 23 : e
hoac ddnh sd trén ban 510 déu chi duoc  Fy s 2 Bean Hoa, 25 : Mg The 26 : S0 Tring, 27 Tink .(f.'w(rg,-. 25 - A
di qua mat lan. Ciic diém dudng ho cit Wi 29 : Chan Do, 30 : Rach Gid, 37 Bue Phder, 32 : N Catn.
nhau khac cd thé qua nhiéu ldn. Nio y
méi cdc ban 1én dudng ! Nhe dimg b VU KIM THUY
sét dé thy nao.

INSS : 0866 - 8035 Sip chi tai Trung tdm Vi tinh va Gia : 20004
Chi sd : 12884 In tai Xuong ch& ban in Nha xuit ban Gido duc ILai nghin ding
Mi s& : 8BT16MS5 In xong va gui luu chiéu thing 4/1995
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