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Danh cho cdc ban Trung hoc co so

TU MOT BAI TOAN DON GIAN
VE HINH VUONG

Néu biét each suy nghi thi tir mot bai toan
don gian, ching ta ¢ the dat ra nhiéu bai toan
kha phong phi. Xin 14y thi du tif bai toan kha
don gian sau day.

PHAM THANH LUAN
TP Hé Chi Minh

Cach 2 - Dung CC, // HF (C, trén AD) va
DD, // EG (D, trén AB), A ADlD = ﬂDClc
(hinh 2}

Hinh I

Bai toan 1 - Cho hinh vuéng ABCD. Ldy
maot diém M bat ki trong hinh vuéng do. Duong
thang d; qua M cat AB tei E, cat CD tai G,
duimg thang d, qua M vudng goc vdi d; cat
BC tai F, cat AD tai H. Chung minh rang
EG = FH.

Bai toan cd nhiéu cach giai. Sau day la y
chinh cia 2 each

Ciach1-HaES L CDva FT 1 AD.
AESG = AFTH (cgc) (hinh 1)

Hinh 2

4.

Hinh 3

Xét bai todn vai mot s6 vi fri ddce bidt cia
diém M.
1) Khi M = O (tam hinh vudng), ta cd :

Bai toan 2 - Cho hinh vudéng ABCD. Hai
duong thang d, va d, qua tam O cita hinh
vudng va vudng goc vdi nhaw, ¢dt cae canh
hinh vuéng tai cde diém tuong ing E, G, F,
H thinh 3). Chitng minh réang :

al SIAECH) = S(EBFO) = S(FCGQO) =

1
SOGDH) = 4 SfABCD)

b EFGH la hinh vuéng.

s

Hinh 4

Hinh 5

Hinh 6
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2)Néu M = I, trung diém cta BC, va dutng
thing d, qua Athi F = Tva H = A Ta dat
duge bai toan 3 :

Bai todan 3 - Duyng hinh vuong ABCD biét
dinh A va trung diém M cita BC.

Goi y gidi : Qua M dungd, L AM. Trén d,
dung ME = MG = AM/2. Ha MB 1L AE.
(hinh 4)

3) Néu M la mot diédm bat ki J trén canh
BC va dudng thang d, qua A thi F = J va
H = A = E. Ta dat dugc cdc bai toan 4 va &.

Bai todn 4 — Cho hinh vuéng ABCD va
diém M bdt ki thuée canh BC (khae B va C,
Goi N la giao etia hai duong thang AM va CD.
Chiung minh rang :

1 1 1
T 3 g8 e

AB- AM*

Goi y gidi - Qua A dungd; L AN, cat CD
tai G. Ap dung hé thic trong tam gidc vuong
AGN. (hinh 5)

Bai toan 5 - Cho hinh vuéng ABCD co
cqnh bang a. Qua A dung hai tia Ax, By sao
cho xAy = 45", hai tia Ax va Ay cat BC va AD
lan luot tai N va E,

a) Chitng minh rdng tam giqgc AHE 6 dé
dai duing cao xudt phat tic A khong déi.

b) Xde dinh vi tri cta N va E dé S(ANE)
li cile téu. .

Gai y gidi - Coi Axla d,, dungd, L Ax, cat
CD tai P. Suy ra AP = AN va AAPE = AANE
(hinh 6).

Sau day la mot =6 bai toan tuong tu, dudge
dat ra tit bai todan 1.

Bai todn 6 — Dyng hinh vuéng ABCD biét
4 diém nédm trén 4 carh cia hinh vudng.

Gai v gidi - Qua I dung Ix // LJ, trén Ix 13y
doan IK' = LJ. Qua Jdung JC 1 KK'. (hinh T)

Hinh 7

[ ]

Bai toan 7 - Dung hinh vuéng ABCD biét
dinh A va hai diém M, N trén BC va CD.

Bai toan 8 Cho hinh vuéng ABCD, trén
canh BA va CB dat BP = B). Ho BH 1| CP,
Chiing minh rang DH 1L HQ.

Goi y gidi - Kéo dai BH cAt AD tai I, suy
ra duge 1B = CP tit d6 cd Al = BQ va IQCD
12 hinh chit nhat. Nam dinh [, H, Q, C, D cing
nam trén mot dudng tron (hinh 8).

Bai todan 9 - Cho hinh vuong ABCD. Ldy
M bdt ki trén CD. Duang tron duong kinh AM
vaduong tron duing kinh CD cat nhau d diém
thit hai N. DN kéo dai cat BC tai P. Ching
minh rdng : PM 1 AC.

Goi y gidi - Goi Q la giao digm cua AB va
duong tron dudng kinh AM. Suy ra duge Q.
N, C thang hang, tit do ching minh dudge
QB = PC = MC. (hinh 9).

Bai toan 10 - Cho hinh vudng ABCD. |
la mot diém bat ki thuée BC. Ha BM 1 Al
BM cat CD tai G. Dung CC, /| AI (C, trén AD),
DD, | BG (D; trén AB). Xac dinh vi tri cia I
dé MNPQ la hunh vuong.

Bai toan 11 - Cho ABCD la hinh vudng
canh a, tia Ax bdt ki nam trong goec vuong
BAD. Duong phan giae étia gée BAx cat BC
tai M, duong phan giac cia goc DAx cat CD
tat N. Goi E la giao diém ciia Ax va MN. Tim
guy tich cia diém E.

Bai todn 12 - Choe hink vuéng ABCD co
canh bang a. Trén AB, AD lay hai diem M, N
sao cho tam giac AMN co chu vi bang 2a.
Chiing minh rang CMN = 45",

Bai todan 13 - Cho M, N la trung diém clia
cdc canh AB va BC cua hinh vudng ABCD.
ND va CM cit nhau d P. Ching minh rang
PA = AB.

Bé nghi ban doc tim 131 gial cua cdc bai
todn trén, lidn hé vai bai toan 1.

A g g
s ! .” h "\\ t
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N L
.'\. o ...'\
\ 2 3 F
\
; :\.‘\’_""
Rt Y
0 A £
Hinh 9
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Bai T1/208 : Cho cdc so ngutyén a, b, ¢ thoa

mdn a° = b + 1. Xét ddy sé {”m n = duoc xac
dinh bdi :u, =0, u, ;= ai, +\ibu; + ef
Vn € N. Chitng minh rang day { u,) la day
cdc 56 nguyen.

Loi giai : Cach 1 (cua Pham Huy Tung,
gA THCS Bé Van Dan, Ha Néi ; Nguyén Ba
Himng, Nguyén Ngoc Tan, Ngé Diuc Thanh -
10CT DHTH Ha Nai ; Lé Viét Hdi, Trinh Van
Khéi, Duong Thanh Liém - 10T Lam Son,

' Thanh Hoa ; Hoang Xuan Bdch, CT DHSP
Vinh va Phan Anh Diing, 11T Phan B6i Chau,
Nghé An) :

Titu, = au +VbuZ_| + c* Vn EN* =

= by  +e¢“Vn N’

= ci¥YneN*

(via? =b+1) = (au, - u, )? = bul +cf

n—1
2_¢ P
u; —2au _u tafug

P v R )
= (a“—bu; 2au,, _u, t u;_,

¥n € N*. Dodo, Vn € N" taco 1 u | = au,
o TR B A
Viu,=0€Z u, =au, +Vou +c = ||

€Z néntu(l)suyrau, € Z,¥n € N (Dpem).

Cdch 2 (cua Tran Thi Ngoc Hdi, 9T Lé
Khiét Quang Ngai ; Pham Anh Tudn, 9T Lam
Son, Thanh Hoa ; Lé Thai Nhan, 11T Nguyén
Binh Khiém Vinh Long ; Tran Thién Anh,
10CT DHTH TPHCM ; Nguyén Van Hoang,
12A Quéc hoe Quy Nhon Binh Dinh ; Lé Anh
Vi, 11CT Quée hoc Hué€ ; Lé Anh Khoa, 11A,
Lé Quy Don, Da Nang ; Nguyén Hoang Cong,
11T Lé Khiét, Quang Ngai ; Hé Van Thdo,
Nguyén Xuan Thang - PTTH Dong Ha, Quang
Tri ; Neuyén Anh Ding, Nguyén Xuan Tuong
— CT DHSP Vinh ; Pham Manh Quang, Trinh
Hitir Trung — Lam Son, Thanh Hdéa) ; Vii Dic
Sen, Dinh Van Tam - PT Ludng Van Tuy,
Ninh Binh ; Nguyén Vi Hung, 11D DHSPNN
Ha Noi ; Vuwong Vii Thang, 10CT DHTH Ha
Noi ;: Vii Huy Phuong, 11T PTNK Hai Hung ;
Nguyén Viét Linh, 11CT Tran Phia Hai
Phong ; vA mot s6 ban khdce)

Tit cac gia thist cia bai toan dé thdy :
— Za.u”ﬂ Uy +uﬁ+| —ct = 0VRENI(2)

—el=0¥n &N (3)

=
[T,

N 2
vau; —2au, e, Y,

Liy (2) trit (3), v€ theo vé, ta duge :
g u W, 5+ up = 21::..;:.”“) = 0¥vn € N.
Suyra,¥Yn € Ntacd:néuu €Zvau €Z
thix e Z. (%)

2

Viu,=0€Zvau, = le] € Z nén tit (*) suy ra
u, € Z¥n € N (Dpem).

Nhén xét : 1. Toa soan nhan dudge 1i giai
ctia 105 ban, trong dé cd 40 ban cho 181 giai
sai. Nhiéu ban da cho 18i giai sai vi méac phai
mot trong hai suy luan sai 14m sau :

a = 0Vn
b, = 0Y¥n

ii) Tit (2) va (3) = u, vAu_, , 14 hai nghiém
ciia phuong trinh (8n x) :x? - 2au x +u? - ¢
=0(4) =u,,+u, =2au,, (theo dinh 11
Viet). (5)

(Xin luu ¥ cae ban : Chi cd (5) khi « , va
. 14 tét ca hai nghiém cia phuong trinh (4) !
NGi khac di : chi c6 (5) khi tap hop (i, 5, u,}
la tap nghiém cia pt (4) !).

2, C6 thé ching minh duge rang : Néu
a<O0thiuz _ ,=u VYnE€N;connéua >0
thiu,, ,+u, = 2au Vn € N._

NGUYEN KHAC MINH

Bai T2/208 : Cho ba s6 duong x, y, z thia
man

i a .bn=0v;;.={

n

x+y+z=axyz
Chiing minh rang

VA +AT+2) -1 F7 -VIF2

; s
V(L #5158 ~ 1 g% =il 437
A ZX
VL a0l + 75 —¥1 +at —y1 4y
xy

= 0.
Lisi gidi :
Cdch 1 (Ciua ban Nguyén Viét Cuong 8H,
Nga Son, Thanh Hda)
Datx = —,y = b = -}—. Bai toan quy
e e Sl RN A L.
vé chiing minh dang thice

VT F2O) +30) + V(1 350 +25) +
VOIS x) = &) +y WPl +
(v, +z2 NI F22 +(z, +x, WT +52

Fa
néu Xy, +¥ 2z, 2 xi= s

That vay :
T#as=xy ity z ¥ex +ai= (x[:'+y“JL1:” +z.)

Tuong tue 1 +32 = (x, +y )z, +y.)
ol W g )
VA +)I +57) = (&, +y, NG, +2,)E, +7,)
= R ‘yu)fl_+_zg. Tudang  tu
VA +yDA +2) = (o, +2, V1 +x

2&:"‘{20 Vay

LS
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VA F2(1+2) = (2, +y N1 +5;

Cong lai ta cd diéu phai ching minh.

Cach 2 (ctia da s6 cdc ban) :

Dat x = tga, y = tgf ; z = tgy trong do «,
p.ye (o0, %\, _Tit diéu kién tga +tgh + tgy =

tger tgf tgy suy ra a + 3 +y = x. T do thay
vao va si dung bién déi lugng gidc don gian
ta din dén vé trai la [(sine + sinfd + siny) -
sinfa + 8) = sin(f + ) - sinly + a))/sina sinf
siny = 0Odo diéu kibna +fi +y = n

Nhan xét :

Hoan nghénh nhiéu ban 16p 9 nhu cac ban
Biti Thi Phitong Nga (Lap 9 Lé Khiét, Quing
Ngii), Giap Dang Khoa (9A Tan Yén, Ha Bac),
Nguyén Anh Tudn (9T Phan Bai Chau),
Nguyén Thanh Ha (9A Hoa Binh), ... da giai
dung bai nay ma khong ding phép dat lugng
giac nhu y do cua tac gia bai toan. Loi giai cla
ban Cuong & trén 1a rdt hay, vita so cdp via
ngan gon.

2) Mét vai ban méc sai lam trong suy luin
khi cho riang : "Vi tgA + tgB + tgC = tgA tgB
teC néu A, B, C la ba gde cua tam giac nen
phai cé x = tgA, y = tgB, z = tgC."

DANG HUNG THANG

Bai T3/208. Chiung minh rang tam giac
ABC déu khi va ehi khi :

1 1 1 1

+ -

2 & L]
sin-B

e
2sin 9 sin 2 sin 3

Lai giai (dua theo Vit Minh Giang - 11B,

- PTTH Bim Son - Thanh Hoa). Nhan ca hai

sin-A

Ve vai sind sinB sinC, duoc
sinBsinC  sinCsinA  sinAsinB
T sinA sinB sinC
iy A B C 1
= 4¢os —cos—cos— (1)
£E:] 2 CcOs 2 = 2
: g B 2
Ma 4cos 5 Ccos 5 L.U:-:E =
Iy A+RB A-B, (o34
=2 (cos—H— + cos 5 ‘, cos 5 =
L (s A—8 — L
= Esmgms-z— + 2c08 - 3 cos ;=

= sinC + sinA + sinB (2)

Vay, vé& trai caa (1) bang vé phai cua (2).
Ap dung dinh li ham s6 sin, ta cé dang thic
tuong dudng :

bo. cd . sad :

— +—4+—=a+b+ec

a b C
=2(b2e2 + c2a? +a’h?) = 2a%be +2b%ca +2c“ab.
es(ab - be)? + (be = ca)? + (ca - ab)? = 0.
eq = b = ¢ =AABC déu. Va, ta cd dpem.

Nhan xét Co 129 bai giai gii vé toa soan,
tAt ca déu giai dung. Lai gial tét gém co : Vi
Minh Giang (11B, - PTTH Bim San - Thanh
Hdéa), Pinh Trung Hang (11M Marie - Curie
Ha Noi), Pham Dink Truong (11CT PTTHNK
Tran Pha - Hai Phong), Thanh Huong
(11PTTH Luong Van Tuy - Ninh Binh),
Nguyén Phi Qudng (10CT DHTH - Ha Nai),
Tit Minh Hdi (11CT PTTH Ban Mé Thudt,
Déc Lac).

DANG VIEN

Bai T4/208. Cho nam diém phan biét A,
B, C, D, E va mot duong thang d cing nam
trgng mot m@g phang. Goj O Ig diém sao cho
OA+ 0B+ 0C+0D +OE = 0ftitc O la trong
tam ctia hé diém { A, B, C, D, E} va A", B’,
C’, D', E’, O lin lugt la hinh chiéu fvudng
goc) trén d ciia cac diém A, B, C, D, E va O.
Chiing minh rang :

— 1 — — — — i
o= 5 (AA’ + BB + CC’ + DD’ + EE")

Loi gidi (Dua theo Virong Vi Thang, 10A
chuyén toan DHTH Ha Noi va mot s6 ban
khac).

Ta giai bai toan téng quat cho truong hop
n diém phan biét {4, A,, .., A } co trong tam
la O, nghia la :

L — —
Yo =10 1
=1
Qua O dung duong thang A vubéng gdc vdi
d (3 0") va goi A, 1a hinh chifu vuong gdc trén

deta A (i= 1,2 ., n)

[ "

— —
s = 0A,
Pat : | =i

l?: S O’_fd.’i Sy b ¢ rﬁl&; :
:

— — i —_— i
Vi Ojiz O'A, +0A (i =1,2, ..,n) nén :
s=¢6 +s trong dd s’ c¢d phuong ecda o, con
s, cg E})}U{Inﬂ, clg - Yol d. Do do
s=0e>s5 = 0ie>s =0), nghiala: 3

¥ (4)
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H i 1. n o oo
(1) Y 0A,=0;e> 0'A; = 0; (2)
o% s

Lai vi OA, = 00’ + O'A; + AA, =
— T —
= O0’A; +00’ —AA, nén :

H

s n - n st —
0A, =Y 0'A + (00 —AA) =
' i=1 i=]

=1

#i
= n00’ -3 AA,
i=1

— = .
Tit (1) va (2) ta duge : nOO” = > AA =0,
i=1

hay la :

_}’ 1 n __}- :
00 =;§A,-A,. ; (3

Do la d.p.c.m.

Nhéan xét : 1 - C6 103 ban tham gia giai
bai toan nay.

2 - Ban Thang va nhiéu ban khéc con cd
nhan xét sau day : Két qua ciia bai toan khéng
thay dai khi ta thay hinh chiéu vuéng goc bai
hinh chiéu song song hoac thay hé diém {4,
A, .., A } trong mat phang bdi hé diém trong
khong glan, déng thoi dudng thang d thay bai
mat phang 4.

3 — Cé mot s6 ban giai bai todn trén bang
phuong phip toa d6 ; tuy nhién, thuc chit ciing
la phuong phdp chiéu vécto nhu da néu & trén.
Nhiéu ban st dung phuong phap chitng minh
quy nap, nhung trinh bay khong sdng sta.

4 - Y tudng co ban trong ching minh heé
thite (3) 1a thiét 1ap hé thic (2). Cd nhiéu cach
ching minh (2). Ngoai cach néu trén, d€ ching
minh (2) eo mét s6 ban sit dung dén tich vo

i
—
hudng : ching minh ring :{Z O'A}) = 0 (Vo]

i S —;-:I
tudosuyras’ = E O’A; = 0. Hai ban Nguyén

I
Ngoc Tan, 10CT DHTH Ha Noi va Lé Anh
Tudn 10A CT DHSP Vinh da si dung phép
d6i xiing qua dudng thing d dé chiing minh
(2) cing kha gon.
NGUYEN DANG PHAT
Bai T5/208. Goi R la ban kinh mat ciu
ngoai tiép, m,, my, m_, m,la d¢ dai cde trong
tuyén xudt phdt lan luot tic cac dinh A, B, C,
D ectia mét tik dien ABCD. Ching minh bét
dang thite :

3
R = ﬁ(m" +my, +m,.+my)

khi nao thi xdy ra déng thitc ?

Lai giai. Goi O, G 14n lugt 1a tam mat cdu
ngoai ti€p va trong tam ti dién ABCD, ta cd :
B 2 2 2 g

2 MRS e O cE U 005 3 008 =
(0G,+ GA)* +(0G+GB)? +(0G +GC)2 + _

HOG+ GD)* = 40G+ 20G(GA+ GB+ GC+ GD)

+ GA? + GB* + GC? + GD?,
9
= 40G? + Sp(mi+mj+ml+m3). Ma
3 s ] 1 a
m2 +m? +m2+ms= z{ma tmy, tm, +m,)-
{(Bu—nhia-kop-xki) Do do :

9
4R? = o1 Mo tmy, +m + m,)?

3
hay R = -l—ﬁ(ma +m, +m, +my).

Goi I, J 14 cac trung diém tuong vng cia
AB, CD, ta ¢6 G la trung diém cia I.J. Néu G
= 0 thi tit cdc A can GAB, GCD, ta cé GI 1
AB ; GJ L CD, nén cdc A vudng GIA, GIB,
GIC, GID bang nhau, suy ra AB = CD. Tuong
tu, ta cing co BC = DA ; CA = BD. Vay, ti
dién ABCD gan déu. Déo lai, néu ti dién ABCD
gin déu thi G = 0. Va, ding thic x4y ra khi
va chi khi td dién ABCD géan déu.

Nhan xét. Trit mot vai ban thu hep pham
vi xdy ra dang thuc vai t dién déu, con thi
cdc ban déu gidi diing. Lii gii t6t gém co : Vi
Diie Son (11T - Luong Van Tuy, Ninh Binh),
Pham Dinh Truong (11A, PTNK Tran Phu
Hai Phong), Phan Duy Hing (11CT Dao Duy
T - Dong Héi - Quang Binh). =

DANG VIEN

Bai T6/208. Tim s6 ¢6 3 chit s6 chia hét
cho 9 sao cho thitong s6 trong phép chia s6 6y
cho 9 bang tong binh phitong cde chit 6 ciia
S0 dy.

Lai giai : theo Nguyén Dang Thang, 9NK,
Thuédn Thanh, Ha Bac.

Goi s0 phai ttmlaabc (0 <a <.9,0 < b, ¢ < 9),
Theo déu bai ta o6 abe = 9(a? + b2 +c?) (1)

hay 9(11a+b) +(a+b +c) = 9(a2+5b2 +¢2) (2)
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Viabci 9nénsuyraa+b+ci 9

Vaya+b+e =09, 18,27

1. Néua+ b+c=2Tsuyraa=b=c =9
Ta thiy ngay (1) khong duge théa méan

2.Néua+b+c=18taci:c =18 —(a+b)

(2)= lla+b+2 = a? + b2 +c% (3)

Thay ¢ vao (3) ta cd

(3)=>a+b=2(a*+b*+ab-23c - 18b +
161) (4) Vay e + b 1a s6 chan ti dod suy ra ¢
cing la s6 chan. Dit ¢ = 2n, n € N, thay gia
tri nay ciac va b = 18 — (a +¢) vao (4) ta cd
phuong trinh bae hai d6i véi a

a? - (23 - 2n)a + (4n? - 36n + 1562) = 0

suyra A =-12(n’-4n+4)-31<0

Phuong trinh v nghiém. Nghia la khong
tén tai abe

3. Néua+b+c=9=c=9-{(a+0b)

(2)=1la+b+1 =a?+b>+c*(5)

Thay ¢ vao (5) ta cd

(5) =a+b = 2(a?+b%+ab - 14a — %) (6)

Vay a + b la 6 chin, suy ra ¢ la s6 1é. Dat
c=2m+1,m EN,suyraa+b=8-2n=
E=8—-Fm-n

Thay cac gia tri cla ¢ va b vao (5) ta cd
phuong trinh bac 2 déi véia : a* +(2m - 13)a
+{dm2-13m +28) = 0 (7)

= A = (2m - 13)? - 4(4m? - 13m +28) =
57 - 12m?
Phuong trinh (7) cd nghiém khi va chi khi
A>0 3

57-12m2 =2 0=5>m?=m =0, 1, 2

Mat khac vi phuong trinh (7) doi héi cd
nghiém nguyén nén cdn la A phai 1a s6 chinh
phuong. Ta thdy chi cé gia tri m = 2 mdi cho
ta A = 57 — 48 = 9 1a s6 chinh phuong.

D+3

Néu m =2thia=T==-a= 6 hoaca = 3

Néua = 6thidoc = 5= 56 = -2 (loai)

Néua =3thidoe=5=b=1
 Vay trong truong hgp nay sé phai tim la
abe = 3156

i

Vay s6 phai tim théa man yéu cdu cla dau_
bai todn 1a 315. Thit lai ta thiy 315 = 9(3% +

{350

Nhan xét : Rit nhiéu ban giai duge bai
nay. Céc ban sau day cd 1oi giai tét : Nguyén
Ngoc Pong, Nguyén Dang Minh, 9NK, Thuan
Thanh, Ha Béac ; Pham Huy Tung, 9A, BE Van
Dan, Ha No¢i ; Poan Minh Ditc, 8D, chuyén
Quynh Phu, Thai Binh ; Vién Ngoc Quang,
Pham Anh Tudn, 9T, Lam Son, Thanh Hoa ;
Nguyén Trung Thanh, 9T, Nang khi€u, Ha
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Tinh ; Lé Quang Ndam, 9CT, Diic Phé ; Luong
Lé Tu, Nguyén Hiu Hoi A, Tran Thi Ngoc
Hdi, 9T, chuyén Lé Khit, Quang Ngai.

TG NGUYEN

Bai T7/208. Cho a;, a,, .., a, la cdc s
duong Ié, tdt cd déu khong co ude nguyén td
ldn hon 5. Chiing minh rang

1 1 il 15
—+—+ . t— <=
a, a, a,- 8

Léri giai : Dé ra thigu diéu kién : "Cac sd
a,, ..., a_ 1a phan biét". Néu thi€u diéu kién
nay dé t?uiy bai todn khéng ding ching han
ldy @, = a, = 1. Tuy nhién da 86 cdc ban gii
151 giai da phat hién ra diéu thidu sét nay. Rat
hoan nghénh cac ban,

Sau day la loi gial cia cac ban Tran Thi
Ngoe Hdi (9T Quang Ngai) Bui Thi Phuong
Uyén (9 Quang Ngai), La Vinh Quang (9 NK
Ninh Binh), Phan Hoang Viét (12A Quéce hoc
Quy Nhon), Nguyén Bich Hang (10 DHSP Ha
Noi), Ngé6 Ngoe Déng (9 Thuan Thanh, Ha
Bac), Vi Puc Son (11 Luong Van Tuy, Ninh
Binh), ... Theo gia thiét véi méi i ta cé

ﬂf]- = 3% Sﬁl

trong dd ¢; € N, 8, € N va cap (a;, ) #
(cxj, [J'j} néui # j

Goi m = max { ;, £}/, thi

1 1 1 1
—+...+—<:(1+—-+._.+—)
1 a, 3 3m
1_{_14_ +] 3 E 15
(1+5+- 5m)‘:2‘4‘8
1_am+l 1
(vil+a+..+am= voi
1 —a 1=

0<a<l)

Nhén xét : Cé mdt =6 ban cd 10i giai sai
khi cho ring @; 14 nhitng s6 co dang 3k 5t

DANG HUNG THANG

Bai T8/208 : Chiing minh rdng, néu r va
g la hai 86 thue cho trude thda_ man diéu kién
82 + 71’ > 0 thi phuong trinh ©* +3rx —25 = 0
cd nghiém s6 thuc duy nhdt la :

3 e
1= Vi +VZ TR + Vs —NZFB (¥
Hay dap dung két qud dé dé gidi cac phitong
trinh > +x+1=0va 20 — 152 -1 =0,

L.T.8. : Do so sudt nén trong Dé bai dd in
nham mot ddu "+ 6 (*) thanh ddu "-". Hau
hét cac ban giti 1oi gidi t6i T.S. dd chi ra thiéu
56t noi trén v da sita lai cho ditng. T.S. thanh
that xin 16i va chan thanh edm on cdc ban.

https://tieulun.hopto.org



https:/‘www. faceboolk. com/letrungkienmath

https://sites. google.com/site/letrungkienmath

Lai giai (cia nhiéu ban) :

3
e Dita= Vs +VsZ+r° va

3 a
b= Vs —VsZ +7r° tacda® +b> = 2svaab=-r
Viét lai phudng trinh d& cho dudi dang :
x3 —3abx — (a®> +b3) =0
—(a +b)® —3ablx —(a +b)] =0

fx — (a +b)][x2 + (@ +b)x +a’ —ab +b%] =0

x=a+b
e 3

¥ +(@+bx+aZ—ab+b2=0 (1)

huong trinh (1) cd
A=(a +b)? —4(a? —ab +b%) = —3(a -b)2 < 0

(@ = b do 82 +r3 > 0) nén nd vé6 nghiém.
Tit d6 suy ra phudng trinh dé cho ¢é duy nhit
nghiém :

L e e 3\X5+'d52+r~: + VS—\'32+;

e Co:x?+x+1=0(2) < .
1 1
3 - e -_—) = 1
x +.3.3:c 2.( 2)—0-V1
Al 1 31
fg)'_y(—g)z—ﬁ}ﬂ nén, theo trén,

phlrclng trinh (2) cd duy nhAt nghlém

e Vix = 0 khong phai lﬁ nghiém cua
phuong trinh 20x* — 152 — 1 = 0 (3) nén (3)

ik 1
=(;)+8.5.--2.10=0 (4 Dat ¢ = —

x X
tit (4) 6 phuong trinh :

2+3.5.t—-2.10=0 (5

Vil F 5 = 296 — 15° =~ O mbn pt (6),
theo trén, cd duy nhit nghiém :
t={10+15+ Y1015 = {25 - 5.

Tit dé suy ra, pt (3) ¢d duy nhat nghiém :
% 1 2 5+5 {6 + 25

et PTEOE 20

Nhan xét : 1. Cg rit it cdce ban hoc sinh
béc THCS gii loi giai cho bai toan.

2. Phén 16n cac ban gii 15i gidi da dung
phuong phap khio sat ham =6 dé€ ching minh
tinh duy nhdt nghiém ecta phuong trinh
23 +38rx—2s = 0. (6)

3. Mot s6 ban cho 14i giai khéng hoan chinh
do khong chitng minh ho#c ching minh sai
tinh duy nhdt nghiém cua pt (6). Mot s5 ban
khac "quén" khong giai phdn hai cta bai todn,

4. Cac ban cd 1ai giai t6t (chi tinh trong s6
cdc ban la hoc sinh bac THCS) : Nguyén Lé

Lige, 9A1 Dam Dai - Minh Hai ; Lé Quang
Nédm, 9CT Duc Phé - Quang Ngii ; Pham Huy
Tung, 9A Bé Van Dan, Ha Noi va Nguyén Ngoc
Péng, ONK Thuin Thanh, Ha Béc.
NGUYEN KHAC MINH

Bai T9/208 : Cho tam giae ABC, vé cac
phan gidc trong AA,, BB, CC|. Gid st AA,
cdt B,C, tai K, BB, cat C}A, tai E, CC, cdt
AB, tai F. Ching minh ring néu AK = BE
= CF thi ABC la tam gidc déu.

L& giai : Theo tinh chat du’ﬂng phan giac

ta dé dang cd :
ac ac . ~ -

BAl=m . BCl=a+b Ti comg thic

tinh duding phan giac
B
b Zaccosi
AR k)

B
2BC, . BA, . cos o

2 2ac B
e T B S e
2be A
Tuong tu AK = —————
e 2a +b +c>‘m5§
: i 2ac 2be
NG milgith a+2b +c>2a+b +¢

2

Tuong tu néu & > a thi AK > BE

Ma AK = BE nén b = a.

Tudng tu EB = CF nén a = c.

Suy ra AABC déu.

Nhan xét : Giai tdt bai nay gém cd cac
ban :

Lé Céng Son 12A,, PTTH Viét Dic, Lé
Tudn Anh 10B, DHTH, Nguyén Vii Hung 11D
PTTH chuyén DHSPNN Phan Linh 9A
PTCNN, Pham Huy Tiing, 9A THCS B& Van
Dan (Héx Noi), Pham Quang Minh 12T PTTH
Ha Long (Quang Ninh), Lé Van Manh 11CT
Chuyén Hoang Van Thy (Hoa Binh), Nguyén
Chi Diing 8B Chuyén Viét Tri (Vinh Pha), Ha
Thu Thao 10CT PTNK (Hai Hung), Pao Ly,

A A B A
va A ::-Btfrccos—}cos-i. Viay BE > AK

7
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12A PTTH Chuyén, Poan Minh Dic 8D
Chuyén - Quynh Phu (Thai Binh), Trinh Thé

- Huynh 11A, PTTH Lé Hong Phong, Nam Dinh

(Nam Ha), Nguyén Viét Kién 12A - PTTH Nga
Son I1, Pham Manh Quang, 11T, Pham Anh
Tudn 9T PTTH Lam Son (Thanh Hda), Pham
Hong Linh 10T Phan Boi Chau (Nghé An),
Duong Thu Phuong, Tran Tién Giang, Mai
Ting Long 9T NK (Ha Tinh), Phan Duy Hing,
11CT Dao Duy Tit, Déng Hdi (Quang Binh),
Nguyén Quynh 12T Chuyén (Quang Tri),
Nguyén Hoang Céng 11T, Hs Tiz Va 8T
Chuyén Lé Khiét (Quang Ngai), Nguyén Minh
Tho, Phan Hoang Viét 12A Quéc hoc Quy
Nhon (Binh Dinh), Nguyén Ky Qudc 12A3
PTTH Nguyén Trai, Phan Rang - Thap Cham
(Ninh Thuan), Ngé Dang Ha An 12A PTTH
Lé Quy Dén {Long An), Lé Thai Nhan 11T
Chuyén Nguyén Binh Khiém (Vinh Long)
VKT

Bai T10/208. Cho tam gidac ABC khéng
vuéng c6 do dai cde canh BC = a, CA = b va
AB = c. Tim trong mdt phdng clia tam gidc
mot diém M sao cho cdc khodng cach x, y va
z tit M lan luot dén cac duong thang chita cdc
canh BC, CA va AB ti 1¢ vai do diai cde eanh
dé:x:y:z=a:b:c

Hay chi ré vi tri hinh hoc ciia nhitng diém
tim duge va tink khodng cdch tit nhitng diém
dé dén cac eanh cita tam gidac da cho.

Lai giai. a) Trudce hét, bang cdch si dung
dinh li Ta-lét, ching ta dé dang thiét lap
(ching minh) dude cdc ménh dé sau day :

(1) Quy tich nhing diém ma ti s6 khoang
cdch dén hai canh ctia mot géc xOy bang k cho
trude 12 mot tia Oz nAm trong gdc dé (Oz sé
14 tia phan giac khi k& = 1).

(2) Quy tich nhitng di€ém ma ti s6 khoang
cdch dén hai dudng thing cat nhau x'Ox, y Oy
(hodc song song) bang k cho trudc 1a hai dudng
thing di qua O (hoac hai dudng thang song
song véi hai dudng thdng song song da' cho).
f) Bay git 4p dung ménh dé thi hai d trén vao
bai toan cua ta, ta ching minh dudc rang
(Phan tich) :

- Quy tich nhitng diém ma ti s6 khoang
cach dén hai dudng thang AB va AC bang
ky = f; (AB = ¢, CA = b) la hai dudng thing
di quaA_: AX va AX’; trong dd AX nam trong
gdc BAC va géc déi dinh véi nd, cdn AX” la
tiép tuyén tai A ciia dudng tron ngoai tiép tam
giac ABC. :

- Ciing vay, qui tich nhiing di€ém ma ti s6
khodng cdch dén hai dudng thang BC va BA

bing &, = - Ia hai duong thing di qua B ; BY

8
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va BY’ ; trong d6 BY nam trong goc f‘ﬁﬁ vi
gde dai dinh voi nd, con BY’ la tiép tuyén tai
B cua dugng tron ABC,

- Quy tich nhitng diém ma ti s6 khoang
cach dén hai dudng thang CA va CB bang

b
k, = — la hai dudng thang di qua C : CZ va
b a T
CZ’, trong dé CZ nim trong goc ACB va gde
déi dinh vai nd, con CZ’ 1a tiép tuyén tai C cla
dutng tron ABC (xem hinh vé).

Tit d6 suy ra : Diém phai tim 1a giao diém
clia mot trong hai dudng thang AX, AX’ vai
mét trong hai duting thing BY, BY” (hoac vai
mot trong hai dudng thang CZ, CZ’). (Qui tich
duong giao)

- Dé ¥ rang cdc bo ba duong thang AX, BY,
CZ : AX BY’, CZ'; BY, CZ', AX’va CZ, AX,,
BY’ 1a nhiing bd ba dudng thang dong quy ;
goi tén cdc diém déng quy dd lan luot la
M, = (AX) N (BY) € (CZ), M, = (BY) N (CZ"),
M, = (CZ’) N (AX) va M, = (AX") N (BY™).
Két qua (vi tam gidgc ABC khong vubng) ta tim
duge tdt ca 4 diém : M, , M, , M, va My nhuda
chi ra & trén thoa man didu kién doi hoi cia
hai toan.

‘Ngoai ra, ta c6 cic nhan xét them sau day :

19) Cac diém M, , M, , M, la giao diém ctla
cae tiép tuyén tai cac dinh A, B, C véi dudng
tron ngoai tiép tam gidc ABC va diém M, la
diém déng quy cua ba dudng déi trung cia
AABC.

29 GoiA; , B;va C.la hinh chi&u cha M, trén
céc dudng thing BC, CA va AB thi MBAC,
]a mot hinh binh hanh véii = 1,2, 3con M,
la trong tam cla tam giac A B .C_ (i = 0)

¢) Cudi ciing, dé dang tinh dugc cac khoang
cach tit cac diém M, , M, M,va M, dén cac
canh cha tam gidc ABC.

Véi diém M, ta cd :

https://tieulun.hopto.org
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ox +by +ez 25

S T ER

2a8
3o ave 5
268
T a2 +b2 +¢2
2e8
(trong dé S la dién tich tam giac ABC)
Vai diém M,

Do dd, v6i didm M, :

g =

ta cd

A Ty ey e —ax)
IR TR + (62 +c2 —a?) i
28
T S T
(b2 + 2 —a?)
A + (b2 + ¢ —a?)
T P i o
5" ]1“_ + (b2 +¢% —a?)
g MRl
_i(h + p& — g%}

Déu + hay - tiy theo gdc A nho hay ti

Tuong tu, ta duge cdc diém M2 va M3,

b24et+az0, e2+at-b220, atTbi—c20
vi AABC khong vuéng.

Nhan xét : 1. Bai todn nay tuy don gian
nhung it ban cd 16i giai hoan chinh. Khéng
cd ban nao chi ra dude chinh xac vi tri hinh
hoc ciia nhitng diém phai tim bang phudng
phap dung hinh hoc nhu da chi ra, trit ban
Lé Huy Khanh.

2. Trong viéc tinh cdc khoang cach ti cdc
di€m M, dén cac canh cha tam giac ABC mot
56 ban da tinh kha gon nht nhan xét :

S(ABC) = [ s(M,CA) + s(M ,AB) — s(MBC)/

NGUYEN DANG PHAT

Bai L1/208. Mdét vat chuyén dong cham
dan déu ; xét 3 doan dudong lién tiép bang nhau
trude khi ditng lai thi doan d giita né di trong
1s. Tim thoi gian vat di 3 dogn duong bang
nhau k€ trén.

Huéng din. Ap dung véi cong thic vé
chuyén dong cham din déu. Goi v, v,, v5 l1a
vin tdc cua vat ¢ ddu doan dudng thi nhdt,
ddu doan dudng thi hai va dau doan duﬁng
thi ba : —vi = 6as; —v2 = 4as; —vj = 2as va

X N
— = 1. Ti dd suy ra

(f§+1)va t, =(V3 —V2)(V2 +1)

ﬁ
Lad
I

a? +b2 +¢2

vat =t +¢t,+t; = (V3 +V6)

Ciing co th& dua vao dé thi van tdc — thoi
gian dé giai.

Nhan xét. Cac em sau day co 1ai giai tot :
Nguyén Vii Quang, 111, PTTH Dao Duy T,
Quang Binh ; Nguyén Hong Nhan, 10A4,
PTTH Lé Quy Don, Quang Nam - Da Nang ;
Doan Dinh Trung, 10L, PTTH Amsterdam -
Hanoi ; Té Huy Cuéng, 11A1, PTTH Chuyén
Thai Binh ; Nguyén Thai, 10T, Phan Béi
Chau, Vinh (Nghe An) ; Nguyé’n Dite Tudn
Vinh, 10CL, PTTH Ban Mé Thuét, Dic Lic ;
Ha Huy Himg 10ACT, DHSP Vinh, Nghé An ;
Nguyén Thanh Hong, 11A3, PTTH Lé Héng
Phong, Nam Binh (Nam Ha) ; Nguyén Héng
Minh, B_10ACL Dai hoc Téng hop Ha Nai ;
Vb Thanh Ting, 10CT, PTTH Quéec Hoe Hue.

0K

Bai L2/208. Trén vé cia mot quat dién co
cdc ki hiéu ~110V.60W.50Hz. Khi ndi hai déu
day cia quat vae 2 euc ciia chiée pin cé sudt
dién dong 1,5V va dién trd trong nho khéng
dang ké thi cuong dé dong dién chay qua d
quat la 0,025A,

1. Tim dién trd R, va hé s6 cong sudt dinh
miuic cua quat dién.

2. Muon ditng quat dién trén d 6 dién xoay
chiéuy 220V - 50Hz nguol ta mac noéi tiép cho
no6 mot tu dién. Tim dién dung thich hop ctia
t dién.

E
Hudng dén giai. 1) R =S 602
P PR
R =rcosp = —=— S
o g UZcosp
VPR, 6
e e B e
Pt s el
Rr’)
2)7Z = =110 —
cosp
—=Z;, =VZT - RZ = 10Y85 (Q)
b Pd'm 1(A) ;
x Ur.lm cosp g :
|U = U(‘| = '.IU;z U";Zf = 80y7 —
|Z, - Zl - B0VT (@),
ViZz, = 10V85 < 80y7. (©)
1
—=Z.—Z = BNT —=C = = 10,48uF

C
Nhian xét. Cac em sau day cd 161 giai dung
va tot : Pgo Ly, 12A, PTTH Chuyén Thai
Binh ; Phan Hoang Viét, 12A, Qutc hoc Quy
thsn, Binh Dinh ; Vii Ngoe Thang, 12 Hda,
PTTH Ha N&i - Amsterdam.

QK.
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Céc 16p THCS

Bai T1/212 : Tim s6 xyz biét rang
iz =@ +y +2)"" (véin € N)

NGUYEN bUC TAN

TP HO CHI MINH

" Bai T2/212 : Tim tét ca s6 thuc a, b, ¢ d&
|ax +by +ez| +|bx +cy +az| +|ex +ay +bz|
= lx| +|y| +|z| 1a ding thicdingVx, 5,z ER
DANG VAN HANG, HAI HUNG
Bai T3/212 : Giai va bién luan phudng
trinh sau theo tham sé a :
P -3t +3@+1lx—(a+1)?=0
DANG HUNG THANG, HA NOI
Bai T4/212 : Hinh vuéng ABCD e¢d canh
don vi. Trén canh AB va AD chon hai diém M
va N sao cho chu vi tam gide AMN bang 2.
Ching minh rang hai tia CM va CN chia dudng
chéo BD thanh ba doan thing ma d¢ dai ba
doan nay l4p nén tam giac vudng cd dién tich
khéng 16n hon 1/(2 +V2)?
NGUYEN LE DOUNG, TP, HO CHI MINH
Bai T5/212 : Trong mat phdng cho hai
hinh binh hanh ABCD va A’B’C’'D cdé dinh D
chung. Ching minh rdng : Hai tam giac AB’C
va A’BC’ c6 trong tim trung nhau ;
NGUYEN DANG PHAT, HA NOI

Cé4c l6p THCB

Bai T6/212 : Ching minh riang, tén tai cde
sé nguyén duong x, y, z thda man dang thic
¥+ = 2’ trong dd p 12 mot s6 nguyén t6 1é

TA HONG QUANG, HA NOI

Bai T7/212 : Ching minh hé phuong

trinh :
x? -_-;;,;3 +y2 +y+a
y=22+z22+z+a(a € R)
Z=x2+xt+tx+ta
co mot nghiém duy nhéat
NGUYEN DUC HUY, LONG AN
Bai T8/212 : Cho day sé a, dude xéc dinh
Errt
bdia, =1vae =1+n {T} vl moi
n=2

Chitng minh rang :

a, =1 +2(n —20&") v6i moin = 1. (*) (&
day [a] 1a phan nguyén ciaa va {a} = a - [a]
la phan phéan cla a.)

TRAN VAN VUONG, HA NOI

10

DE RA KI NAY

Bai T9/212 : Cacdiém A, , B, , C,, D, tuong

1ing la trong tdm cla cac mat BCD, CDA, DAB,
ABC cua ti dién ABCD. Goi A, B,,C,, D,

tuong iing la cac difém déi xing cta cdce dinh
A, B, C, D cta ti dién qua mot difm O cho
trude trong khéng gian. Chiing ‘minh ring cac
duong thing A A, ,B,B,,C,C,,D, D, déng

quy.
LUU XUAN TINH, THANH HOA
Bai T10/212 : Cho tam giac ABC can & A.

Trén AB lay 1 diém D va trén BC ta lay mot
diém E sao cho hinh chiéu ctia DE 1én BC bang

1
3 BC. Chiing minh rang : dudng vuong goc vdi

DE tai E ludn di qua mot di€m e6 dinh.
HO QUANG VINH, NGHE AN
Cdc dé Vat i
Bai L1/212 :

Mot bang chuyén
nghiéng mot gdce so

voi phuong ngang, MEEG A
dang chuyén dong W ___L__-wf_,\'\
v, xubng dudi. Mot /ﬁ"‘f::—"""' AL ))
hon gach nam trén ( 7 \I\I @_:,{—-’f

bang chuyén vwva'\_ / e
dude giit yén bang TR
mot sgi day bude cd
dinh & ddu trén. Ngudi ta cat dit day. Tinh
cong cua luc ma sat tac dung 1én hon gach cho
dén thoi di€ém hon gach dat duge van téc V,
cla bang chuyén.

Cho hé sd6 ma sat gita vién gach va bang
chuyén la u, khéi lugng cha vién gach la m.

TO GIANG, HA NOI

Bai L2/212:V6i  — ]| e
mach dién vé bén, 80
chl cia Von k& la
30V khi ngat K, mé,

la 27V khi chi déng J' i
ngat K,, 1a 24V khi r‘fz Rs
chi dong 2 ngit ' b e

K K, ,la 18V khi /x,

déng % R X _L[l_'r—j
Biét khi dongK K,K,,biéntrd R, = 4,80 va
ngudn dién phat cong suit 270W.
1) Tinh E, r va gia tri moi dién trd ngoai,
2) Nhich con chay C & R, sang phai hay
sang trdi dé cong suit mach ngoai giam ?
TRAN VAN MINH, HA NOT
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PROBLEMS IN THIS ISSUE

For lower secondary schools

T1/212. Find the number ﬁ such that

Yzyz = @ +y + ¥

(n is a natural number).

T2/212. Find all real numbers a, b, ¢ so that
| ax + by +cz| + | bx +cy +az| + | ex + ay + bz|
= |x| + |yl +1z
holds for every x, v,z € R.

T3/212. Solve the equation

x> -3x*+3a+x-(a+1)2 =0,
where a is a parameter,

T4/212 The square ABCD has unit sides.
M and N are two points respectively on the
sides AB and AD so that the perimeter of
triangle AMN is equal to 2. Prove that the
lengths of the three segments obtained by
cutting the diagonal BD by the semi. lines
CM and CN are those of a right triangle with

area not greater than ——— .
rea not greater than (2 s “’E]i

T5/212. In the plane let be given two
parallelograms ABCD, A'B'C'D having a
common vertex D. Prove that the two triangles
AB’C and A’'BC’ have common center of

gravity.

For upper secondary schools

T6/212. Prove that there exist positive
integers x, y, z satisfying
S g e

where p is an odd prime.

T7/212. Prove that the system of equations
x? =y3+y2+y+a

vV =2z+z¢+z+a

Z2=x*+x+x+a

has unique solution.

T8/212. The sequence a_ is defined by
a, =1

1 + ARy
=il —}foreve nz=1
#n { n J = 3
Prove that
a6 =

1 + 2(n — 29%1) for every n = 1
(where [a] is the integral part of a, and {a} =
a — [a]).

T9212. A ,B_,C_, D o are respectively the
centers of gravity of the sides BCD, CDA, DAB,
ABC of a tetrahedron ABCD. Let A, B, Gy,
D, be respectively the points symme%ric of z’lh,
B, C, D through a given point O in space. Prove
that the lines A A, B B, C.Cp,, DD, are
concurrent.

T10/212. Let be given an isosceles triangle
with base BC. Take a point D on AB and a
point E on BC so that the projection of DE on

1
BC is equal to 3 BC. Prove that the line

perpendicular to DE at E passes through a
fixed point.

PE THI HOC SINH GIOI MON TOAN LOP 9 CUA HAI PHONG

Vong 1 : 28/12/1993
(Thoi gian lam bai : 150 phiit,
khéng ké chép dé)
Bai 1. Cho s6 M = ab. Hay tim s n lén
nhét dé cd dang thic
: M = (a+mn) (b+n)
Bai 2. Gii hé phuong trinh
(@ = Wy + (v = IWx = V2uy
wWy—-1 +ywx—-1 = ay
Bai 3. Cho |x| < 1valy| < 1.
Chiing minh ring
1 1 % 2
1—x? 1 -y%
Bai 4. Cho hinh thang ABCD (BC // AD va
BC < AD). Kéo dai AC (vé phia C) va trén
phén keéo dai dd 14y diém P tuy y. Goi Kva I,
la trung di€m cia céc canh tuong ing BC va
AD. PK cét AB tai M, con PL cat CD tai N.
Chiing minh MN // AD.

l—x_y

Vong 2 : 28/12/1993
(Thoi gian lam bai : 150 phit,
khong ké chép dé)

_ Bai 1. Ching minh ring phuong trinh
x* -y = 1993 khong cd nghiém s nguyeén.
Bai 2. Giai bat phuong trinh

2 e St —x+§ > 10

Bai 3. Cho hai duding tron & ngoai nhau,
chiing cung ti€p xic vdi hai canh cua gdc
vudng co dinh la A, Mét tiép tuyén chung
trong cua hai duding tréon cit hai canh cia
goc vubng A tai B va C. Tinh dién tich tam
gidac ABC, biét rdng hai duting tron trén cg
ban kinh R, va R,

Bai 4. Chox > 0 va x* + 2 + 23 = 1.
Chiing minh ring

iRy
V1 —x? V1 -2

2 2

V1 -27
NGUYEN DE

= 2
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PHUONG PHAP

Trong todn hoc khi md rong mét khai niém
nao dd thi déng thai vai su md rong dd ta cd
mot phuong phdp méi, mét cong cu mai dé
giai edc bai toan.

Trong hinh hoc thi vecto 1a mét vi du. Khi
md rong khai niém "doan thing" (v6 huédng)
sang vectd — doan thang cd huéng - ta cd mot
phuong phap mdi : Phuong phdp vecto. Nho
cd phuong phdp nay cdc bai toan nhu song
song, vudng goc, thang hang, déng quy v.v...
noi chung duge giai mot cach dé dang hon.

Tu tudng chi dao eda phudng phap vecta
14 : Hay xem xét cdc doan thang khong chi vai
su khac nhau vé dé dai (mé dun) ma cai vé su
khde nhau giita phuong (hoac hudng) cla
chung tiic 1a gdc lam thanh bdi cdc doan thing
do. Mét hinh nao dd trong khong gian hai chiéu
sé dudc xac dinh bdi mot hé gém hai vecto
u,U# ﬁ'khﬁng cung phuung, cung phat xuit
tu mét diém O nao dod goi la gbe, Ta goi he
nay la hé co s va ki hiéu Ia 0, u, u,v). Trong
khﬁngj’lan_l;ua chiéu thi hé co 56 gém ba vectd
u, v, w = 0khong déng phan_g cung phat xuat
tir g,oc O va ki hiéu la (O, o', v, w). Truong
hop dac biét cua cac hé trén chmh ]:?1 cdc hé
truc chudn thong thuong DE lam ré cdc ¥
tudng nay ta hay xét cac vi du.

Vi'du 1 : Ching minh riang trong moi tam
giac ABC ta co :

3
cosA + cosB +cosC < § (1)

Giai : Quan
sat bat dang A
thie (1) ta thay
no khong phu é‘
thude do dai '
ma chi phu
thudée gdec tic
phudng cua cdc
canh. Do dd
tréen AB, BC,
ATy gt oy P o
cac vectg don vi ie), ez, ey {xem hmh 1). Gée

lam Lhanibﬂ (B, 2) = 77 = B (e eq)_-;
=x —C(ey,e) =a—A v&|91|—|ez| |eql =1
0 khai

Loy

%
bos
B

Wi

- — — —
. Tu bat dang thic (e, +e, +e;)* =
trién ra ta cd :

12

PHAM BAO
Ha Noi
— o 5 —
12 +12+12 +2(e;.e, e, . e, te,e) =0
tha-Y_;.l ez = cos{;rr B) = —0sB ;
(e, . e4) = —cosC; {ep,‘ el) = —cosA

Ta co cosA + cosB + cosC <

—_— == — i

Déau "=" xay ra khi (e, +e, +e,) = 0 khi dd
tam gidac ABC dong dang vdi tam gidc cd cac
canh 14 cdce vectd don vi nén nd la tam giac déu.

Vi du 2 : Cho tam gide ABC tit mot diém
P trén canh BC ké PN // AB cat AC tai N ; PM
/{ AC cat AB tai M. Xac dinh vi tri cta P 280
cho MN c6 do dai ngian nhdt.

Giai : Lay (A ,fﬁ : IC} lam hé vecto co sd.
Dat @ =x
g b
| PC] o
E'BCT—I xvdil<x <1
ABPL_ 1AMl pel mal
| BC| |AC| |BC| |BA|

ta co A‘fi_ xﬂ(" AM'_: (1 —r}AB_}
MN = AN -AM =xAC — (1 —x) AB
— — —

= %(AC + AB) + BA

thay AC +AB = AD clm:mg chéo cia hinh
bigh hanh _ACDB) va xAD=AQ thi
MN = BA + AQ = AQ td giac MB@N lai la
hinh binh hanh
{(xem hinh 2).
Dé MN ngin
nhédt thi B@
phai ngin nhat
tiic BQ L AD.
Ti dd suy ra
cach dung
diém P. Dé
thay dudge néu
tam gisgc ABC
vuong tai A thi
VER B

Vi du 3 :
Day ciia hinh hop ding ABCDA B, C, D, la
hinh vuéng ABCD. Xdc dinh gde 16n nhéat lam
bdi dudng thing BD, va mat phang BDC, .

s —_— =3
Giai : Hé ca so (C,CB,CD,CC)) la hé
truc chuin.
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Dat |CB| = |CD| =a |CC,| =b

Dé thiy BD, = (—a, a, b)

Mat phing g
BC,D la mat n"\
phing  chan \:\ o/ J’_J, Ay

trén ba truc toa ,,
dé nén co 4\,9

. 4>
phuong trinh \,.-
NERW
g N o ‘J
II "-.

la
a2
b A A

| I\\\ |

|
|
|
i

vectd phdp ©cha mat phidng la
=% T N

n= q e BJ Goi « la gde lam bai BD va
mat ph'mg BC, D thi
; e 1
sina = cos| BDl sni= e — 3 7 =
'JQ(]'."-FEJ" V G
gt
& . a*  b*
V el e it (e 5
Ve | a=/
a’ b : ;
ma — + =2 nén sine 1on nhit khi
£ g=
at b . ! 1 _
—+— = 2 tdca = b v sing = = khi dd hinh
b2 @t 3

hap la hinh lap phuong va goe « xde dinh nhu
& hinh 3.

Qua cdc vi du trén ta da thdy cach van dung
"phudng va do dai" trong phuong phép vecto,
Tuy nhién dé& thay duoge phuong hudng van
dung va loi giai duge ngan gon cdn chi ¥ dén
nhing bai toan co ban sau day (vi khuon kho
bai bao ¢6 han ki nay chi xin néu bai toan thi
nhAat).

Bai todn I : "Phan tich mét vectd theo cie
vectd oo sd".

1. Trong khéng gian hai chiéu cho hé co sd
(O, 0A . OB) Chiing minh ring vai moi diém
C thude duting thing AB ta cd

— = —
OC=a.0A+5.0B
viat+f=1vaa, fER (I)

2._JTrong khong gian ba chiéu cho hé
(0,04, 0B, 0OC) Chiing minh ridng vii moi
di¢m D thudc mat phang ABC ta co

—tp — — —
OD=a OA+ . 0B+y.0C
viia+f8+y =1vaa, f,y €R. (1)

; : AC :
Ching minh : 1. Pat =— =x (x € R) ta co

— — — — —
AC =xAB OC= OA +AC = OA +x AB =
OA+x(DB DA]
=(l-%)OA+x OB.

Cho X =al-x=/ptacd diéu cin ching
minh xem hinh

Can chu y rémg vai moi di€ém € nhat dinh
trén AB thi cd mot s6 x duy nhat do dd cap
(ct, #) 1a duy nhit.

—2. Tuong tu_ghu trugng hop_L : higu dién
OFE theo OB, OC va OD theo OA, OF (xem
hinh 4b} ta cd diéu can ching minh

Chu y : Mot hé qua rat thudng gap ena (1)
la : Trong khéng gian cho 2 doan thing AB va
CD néu 2 diém : M trén AB. N trén CD ciung

AM N
chia AB va CD theo ti s E_ = (“D x thi
MN = (1 —x) AC +x BD (1),

Dé chiing minh (I') chi can Jay mgt digém
O tuy y lam géc ; phan tich MN = ON - OM
roi van dung nhu truong hop 1.

Sau day 1a mét s6 vi du ap dung.
_.Vi_du 4,: Trong, mat_phang cho 3 vecto
OA,0B,0C 6 OA+0OB+0C=0 . Mot
duang thang d cit OA, OB va OC kéo dai tai
A’, B', C’. Ching minh hé thie :

R B ¥ 2 ke T

on’
?—ié-._i:DA.t O =M OF =i
oc

50 =P (m,n, p €R) Taco

e - — — iy i
OA’=mOA; QB =n0B;0C =p OC
theo (I) ta ed OC" = a OA’ + 8 OB’ véi

a+f =1
e — —
_hay pOC =am OA +pn OB thay
OC=-0A-0B
il L — —
P(-OA-0OB)=am OA+fn OB = p =
—am = —fin

|

Il
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P ) P A

m’ n ."!‘r"\\\ ://
vﬁp : I. “,(_—
o ; = E =1« rﬂn’.:"{-ﬁ ¢

/ ook g
l + ._1_ i =0 b 5:_{__../3 e \\\
p m n F 4 »-",’J-f H"*-x\_}
do dd g & , 7 Vs
oA OB OC = '
X oOF DU
Vi du 5 : Cho hinh chép SABCD. Day

ABCD la hinh binh hanh. Mat mat phang (P)
cat SA, SB, SC, SD theo thd tu tai K, L, M,
G vl lpdn JE\ESe 6B | 8D
N. Ching minh rang : sk Fsm=sL TsN
(Dé tuyén sinh vao dai hoc 56 57 cAu Vb).
Giai : Lay hé cosd 1a (S, SA SB SD)
DatSA—rz SB—b SD‘“C
SK_ SL_ SM_
yBA Ty EAGL, BE L
SK=xag SL=yb
— —3 —>
SM==z8C SN=t¢.c

Thea (II‘I ta cn ;
SM-—(*SK+,BSL +}?SNvma+ﬁ+/— 1

hay 2. §C =g +4yb +vtc.
nhung SC =56 +¢ —a nén

—

—
zlb+te—a)=axa +ﬁyb+yzc--:

e 3 LS
ax——z,ﬁy—z,,-’t-—zmx—Fx,,r—y,_;—t
2 e e

m;‘u.t+ﬁ+}4=—;+}+;=1=r
E e 1) gl
=R e T

SA+‘SC SB  SD .
WSk "SMTSL SN’

Vi du 6 Cho hinh lap phudng
ABCDA’B’C’D’ canh a. M thudc doan AD" ; N
thuéc doan BD v6i AM = DN = «x
(0<x<aV2):

14

1) Chiing minh rang vdi x = —— thi doan

3

MN ngian nhit 5 Foll

2y KM e |
ngin nhéit hay 27\~ : e
ching minh g, T i
MN la dudng 44)‘?,:\\ e |~
vudng goc AT Vad
chung cua AD' o W i -
va DB, Dong AN s
thoi MN fAC. FN) ¥ —7%

3) Ching A

minh rang khi
x thay d&i thi MN // mat phang (A’'BCD’)

(Dé thi tuyén sinh vao dai hoc s6 42 cau
IVb). R A 8

Giai : Hé co 56 (D, DA, DC,DD"). Hé la
truc chuin.

— —
Dat DA=a;DC=b ;DD =¢
= — —

|DA|] = |DC| = |DD’| =a
— e — — —
ag.b=b.i=c.=10
aZ=58%=c*=a*.

ADJ_—_Tzk 0=k =
o) TacoAD DD’ _)DA-c_)-—:.
DB—H+C AD——_Q o
BD' = DD’ -DB =c¢ —(a +0) .

Theo (I') ta c6 MN il —}ejAD +ﬁeDB
ixem hinh 7) hay ol
MN = (1 -k,){—tﬁ+k(a e
m-(zfa—lja +hb—Fke.

MN? = [(2k — )2 + A2 + R3a? = (612 — 4k + 1)a?

MN ngin nhit khi 6%2 — 4k + 1 nho nhAt,

e gl ke e S
SRCE T ayees T 4
DR ki, M = 1 (e B,
— e ] - —- —= — — 1 o 3
MN.AD'=§[ —(a +e)l(e —a}:;o;(a“—af}
] - = = = — 1 -
MN DB_E[ o Fellia t }:g(-a*—l—a-}:{)
vay MN la dudng 1 chung cia AD' va BD.
_.Mat khdc _, e
A =Dl DA’—b—Lﬂ +c} 3 MN , do dd
MN ([l A’C.

[} A b “
_.3) Thay AD = BC vap
MN = (1 —k)AD ik 'B =
MN=(1-k)BC+Ek. D’B
_, Hé thyc nay ching to MN déng phang vii
B(, va D’B tdc MN // mat phang (A’BCD ")
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Tim hiéu sau thém todn phé théng

TUMOT BAT DANG THUC TiCH PHAN...

Tich phan va nguyén ham la mot phan mai
cia chuang trinh CCGD. Vi thé d& gidp thém
cac ban phan nao khi hoe van dé nay, téi xin
trinh bay nhiing tim toi cda tdi khi con hoc
phd thong tit mot bai todn tuyén sinh.

Trude hét toi néu lai mot sé kign thie cdn
st dung.

1. Dinh nghia tich phan (sach giai tich 12)

2. Néu f va ¢ 12 2 ham lién tuc, xac dinh
trén [a, b] vAa fix) = iplx)
h h
f fix)ydx < f w(x) dx (1)

3. Néu f 1a ham lién tue, xac dinh trén
[a, bl vam = flx) = M thi :

h

mib —a) = _ff[.r) dx < M(b —a) (2)

{Ban doc tu ching minh 2 tinh chat nay)
Ta xét bai todn sau :
Bai toan : Chiing minh rang néu fvap la
2 ham lién tue, xde dinh trén [a, 6] thi :
h h h

_]j“'ﬂdx f(p (x) dx = (ff(x}qa(x}dx):f_l%}

+£au Va - De- 106 - Dé thi tuyén sinh)

Viéc chiing minh bat ding thic nay khong
khd, cai xuat phat ctia bat ding thic nay la
mot bit dang thiic dai s6 : Bunhiacopxki.

Cho 2n s0 a;, b; (i = 1,n), ta 6 :

{faf+at #i +ﬂ‘){b‘+b B B
(@b, +ab,+..+ab,) (

Dau bang xay ra khi :
a '.bl =a,:b,=.=a,:b,

Trong doan [a, &] chia lam n doan nho bang
nhau bdn cac diém chia
a=x,<x <.<x,_, <x,=b va chon
*_EI:: x] (i=1,n) tacg :

R ;
Ax, =x; —x; _ | = (viii = 1,n). Khidg:
n

b

ff (x) dx = lim ZJ“'(&;)

u—*wa—l

=1

—a

f @2(x) dx = lim

oo f =]

NGO THANH LONG
Ha Néi

va J' fx)pix) dx = lim E FENP(E; u——

n— o= |

Vi thP (3) trd thanh

L

lim Z flf., ) R K E iP

=] n—mf=|
n

by

lim 2 fE) . pE) ~—J‘(5}

I'_");f_]
 Tit (4) néu thay a, = f(£;), b, = p(£,) ta cd :
’ 2
S o). 3 ) > Ef(f wiE| ©
| =1

Tit () ia dé dang ed ngay (51 Déu bang
xay ra khi :

FE)  @(E) = &)  p(Ey) == fiE,) : p(&,)
hay fix) = ep(x) (c = hang s6).

Vay bai toan duge ching minh.

Bay gig tir bai todn ban dau, néu thém gi-i
thiét : f, ¢ : [a, 5] —=[0, 1] Ehl fz(.r) f{‘t]

p%(x) < p(x), nén ta ed ffz{x dx = fﬂx
i a
h h

va [ p2(x) dx < [ p(x) dx. Vi thé ta c6 ngay :
a o
Bai toan 1 : Ching minh ring néu fva ¢
la 2 ham lisn tuc trén [a, 6] va
f:la, 6] —=[0, 11 véa ¢ : [a, b1 —[0, 1] thi

i
T

h
J fwyde. [ pxy dx > (Jreop() de)” (7

7 e
Va

Bai toan 2 : Chofvapla 2 ham lién tuc
trén [0, 1] va : F: [0, 1] = [0, 1], ¢ : [0, 1] —
[0, 1]. Ching minh rang :

1 2
J @ de. [ p@x)de = | [ fxpe) de| (8)
i 1 L]

{Cau Va. Dé 102 - D& thi tuyén sinh)
Tit bt ding thie Bunhiacopxki md réng :

15
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Cho m day s6 : a, b, ,f; (i = L,n) khong
am, ta cd :

{ (@] +af +.+aP)BT +65 +.+5)) ..
P+ 2 (@b f Fagd, o fy +
+ab, .. )" (D)

ta cling cd bat dang thuc tich phan tuong
ing md rong :

Bai toan 3 : Chof. g, ..., i lam ham =0 lién
tuc trén [a, b] va_:
f:la,bJ—=R*,p :la,b] =R" ,,h:[a,b] =R™.
Ching minh rang :

h h f

_J-f”(:c} dx . fcp“'(x) g f h''(x) dx =

il o o
]

i
[If(_x} ip(x) fi(x) dx
il

Bai toan 4 : Chof, o, ..
tuc trén [0, 1] va :

10 11 =10, M o : 10, 1] 10, 1], ..,
B [0, 11 —=[0.1]. Chuing minh rang :

I | 1
_]-f(x) dir. f p() dx .. [ h(x)dx =
0 i

(100

., i lam ham =0 lién

s M

1
[ fop(x) ... h(x)ydx| (11)
0

Nhitng bai toan trén déu cd nguén goc tu
bat dang thdic Bunhiacopxki, bay gio tiu mot
dang thie khac nhu Chébusep ta s6 tim cac
bai toan tuong tu. Bit dang thic Chébusep

phat bigu :
a <a,<..<q,
T D Rl
Cho 2n day =6 : b, <by <. <b,

(don diéu cung chiéu)
a, +a, +ta, b +b,+.+b,

thi : ! =
n S

a:lbl +a2b2 +..+ anbn

(12)
n

Né&u ta thay : a; = f(§,) va b, = (&) (vdi
i=1,n) tacd :

¥

] I 1 n 1 H
C3AE) - Dy < DAE) - pE) (13)
i=1 =1 b=l

b—g e Bt o
iy 25 1) 22 S )

i=1

- b
< b-a) D AE) - pEy

=1

16

Lay gidi han khi n — 0 ta co :

] h h
[ fxydx . [ px)dx < (b—a) [ fix) p(x) dx (13)
Vay ta cd :

Bai toan 5 : Cho fva p la 2 ham lién tuc,
xac dinh, eung tinh don diéu trén [a, b]. Ching
minh rang :

il b b
If(_x'} dx . J- plxydy = (b —a) ff{n:j i) dx

T bai toan 5 wa (2) ta c¢d néu

[

m, < fixy=m,b —a) < fff.r) ax.

Nén ta co

Bai toan 6 : Cho f va i 1a 2 ham lién tue,
x4dc dinh va cung tinh don diéu trén [a, b]. thoa
mén :m; € fix) va 5 < p(x)

Ching minh rang :

b i
al my . _J-g::r{x} dx = ff(xj plx) dx (14}
a a
b b
b} m, _,rf(xj dx = ff(_x] plx) dx (15)
i i

Tudong tu ti bai todn 5 ta ed bai toan nhu
sau :

Bai toan 7 : Cho f va p la 2 ham so lién
tue, xde dinh, cung tinh don diéu trén [0 ,1].
Ching minh rang :

1 | 1

fff:r.) dx . f ip(x) dx = f flx)p(x) dx (16)

0 i 0 :

Néu f, ¢ @ [0,1] — [0,1] thi
1 | ]

|
ff[';r) dx = ffz[x) dx va f plx)dx = f (,r‘:{x}

11 1] 0 il

nén ta co :

Bai todan 8 : Cho f va ¢ 1a 2 ham s6 lién
tuc, cung tinh don diéu trén [0, 1] va f: [0, 1]
—=[0, 11, p : [0, 1] =0, 1]. Ching minh rang :

1 1 1

J R dx. [ px)dx < ff'{:t) ip(x) dx (17)

0 0 0

O bai toan 5 va 8 néu £ va p 1a 2 ham trai
tinh don diéu thi dau bat dang thic ddi chiéu.

Bang phuang phap do ta eo thé tim dudge
nhiéu bdt dang thie tich phan khae tir bat
dang thic dai s§. Rat mong cdc ban tiép tue
tim kiém. Chtic cdc ban thanh cong!
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Dong quy va khong dong quy

Ban co nhan thdy rang toan hoc tién lén
theo con duding md rong tu nhiing truong hop
dac biét ra thanh nhiing trudng hop téng quat :
tit cong thuc lugng gidc trong tam giac vudng
dén cac cong thic lugng gidc trong tam gidc
thugng, tit s6 hitu ti dén s6 thue, tit hinh hoe
Oclit dén hinh hoc phi Oclit {ma hinh hoe Oclit
chi 1a mét trudng hop dac biét). Va ban cd chi
¥ rang gitta cai "chung" va cai "riéng" viia c6
mat trai ngude nhau (tam gide vuong khac
tam gidc thuong) vita cd mat théng nhat vai
nhau (tam giac vudng cing la mot tam giac,
chi dac biét & ché cé mét gde bang 907). Nhiing
su chd ¥ nhu viy cd thé didn ban dén phat
minh ra cai "mdi" ddy. Trong bai nay, ta hay
thi md rong tinh chit "déng quy” cia ba dudng
thang nao dé xudt phat tit ba dinh cta mét
tam gidc. Md réng nhu thé nao nhi ? Cd 1é cac
ban di quéa quen vai cdch nghi rang "déng quy”
va "khong déng quy"” la trai ngude nhau, nén
cdm thdy kho khan chang ? Nao, bay git ban
hay thi nghi vé phia "théng nhit" xem =sao.
Cing khong kho gi lam ma khéng thdy rang
ba dutng déng quy tao nén mdt tam gidac co
mot dién tich S. Thé thi thiy ngay ring "déng
quy” la trugng hop dac biét ciua "khong déng
quy" khi § = 0 (8 = o khi hai trong ba dugng
song song vdi nhau va duting thi ba cat chung).
Nhung cdch xem xét trén day khong phai la
cach duy nhit. Chang han, trén hinh 1, ta hay
xét ba dutng AD, BE, CF khong cat nhau va
tao nén tam gidac LMN. Truong hop "dong quy”
sé la truong hop dac biét cla trudng hop trén

kh'E—@(l) tdc 1a M tri i N. Dé
I?Fm_NE , tie la trung vol N. Dé

dac trung trubhg'hqp "dong quy" bing mot so,
= 1 (2)

ta co thé viét 3D ND

Nhu vay, =6
P MA

~MD ND

chi cho ta biét ha
dudng AD, BE,
CF cd dong quy
(¢ = 1) hay
khong (& # 1).
bén day, yéu cau
chat ché vé mat
toan hoc bude ta
phai dat cadu hoi :
"Néu ta  xeét
nhitng ti s6 kép

NGUYEN CANH TOAN
Ha Noi

(goi 1a kép vi dd 1a ti s6 cla hai ti s6) tuong
tu trén BE, CF thi ta cd con duge cung mot
s0 k dd hay lai la nhiing s6 [, m khac &£ nhung
khi £ = 1 thi cing ¢6 I = m = 1. Vay ta phai
tinh % theo cdce ti s6 xdc dinh cac diém D, E,

F:ﬁ=P»‘ﬁ=q’ﬁ§ = r, r6i hodn vi vong
quanh cac cum chit ABC, DEF, LMN, pgr dé&
NE rﬁ

cd cac t s6 kép I= NE'TE V2
—m'@TﬁAC a D, ta ha cdc dug
m =4y , €, va D, ta ha cac dudng

vudng goc AA’, CC'va DD’ xuéng duding thang
BE. Tacg :
NA AX AX TUC FEA CB

e
P e e ol B2 |, 10
qg DB 7' p pgq
Bang cach tinh tuong tu, ta ed

Wi
m_( pr

MA NA
Vay WD ND = P V& sau khong thay

déi. Khi thuc hién hodn vi vong quanh p, g, r.
Vayqualak =1 =m = —pgr.

Ta sé goi s6 nay la k va cd thé phat biéu :

Binh nghia. Ba duong thing AD, BE, CF
xudt phat tic ba dinh A, B, C ctia mét tam gidc
sé goi la k - cat nhau khi chiing eat cac canh
doi dién 6 eac diém D, E, F sao cho
DB EC FA
DC EA FB- M

Nhu vay "déng quy" chi 1a truédng hop dac
biét cia K - cat nhau khi # = 1. Khi nay, theo
dinh nghia trén, ta co ngay dinh li Xéva (Céva).
Néu dap dung dinh i Mélénauyt (Ménélaiis) thi
ta lai gdi luon duge ca vao trong khai niem "K
- cat nhau" truong hop D, E, F thang hang
(lue dé & = -1).

Cd khai niém "k - cat nhau" mé rong khai
niém "dong quy”’, ta hay md rong dinh li quen
biét sau day :

Binhli 1. Trong mét tam giace, néu ba duong
thang lan litgt xudt phat tic ba dinh ma dong
quy thi ba duong déi phan cia ching (hai
duong doi phan la hai duong déi xing vai
nhau qua phan giae ciia goc tao bdi hai canh
dong quy vdi chiing tai cing mot dinh) ciing
dong quy.
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{Ban nao chua
higt dinh 1i 1 thi cd
chép nhin va t&t hon

nia, ty ching minh

1y).

Dé md rong dinh
i nay. ta hiy xét
ducng ddi phin AD'
clia Al (h. 2). Goilla
chin dudng phin gide,
ta ot cic gac (dinh
huiding) =, § nhu o h.2
vi Al la phiin gidc chung cla cc goc BAC via DAD'. Ta co

1
—AB . ADsin{ —)

)] AB sinz
iy ol AC sirg
E/!C.Aﬂsinﬁ
IAH ADrsi
pg FEADTCP 5 ag
P = T 1 T AC sine
ALY ACsinx
ABY\
Wiy : pp’ = ac! Hodn vi vong quanh. ta cd :
rH(_.' Fd
fief | BA
feal® (AB.BC.CA|"

? Ldoda: (pgri(ptg'r) = Im
hay &k’ n

diatk'=—-p'g’r.

Ta oo dinh I :
Binh li 2. Trang mét tam gide, néu ba duémg thidng Fin
e xudt phdt tir ba dink ma k — cdt nhau thi cdc déi phin

ctia ching s€ k' — cdt nhaw vai k' = E

https://sites. eoogle. com/site/letrungkienmath

Dinh li 1 & trudng hop diic biét cla dinh 1i 2 khi k = 1
Néuk = —1 thi k' = =1, nén ta cd thém dinh I,

Binh i 3. Trong mdt tam gidc, néu ba dedng thdng lan
heert xudt phdt or ba dink, ma cd cdc chidn (nke 1a glao didm
vl dieimg thing chita canh déi dién) thdng hdng thi cde dai
phén ciia chiing cing cd ede chan thing hing

Ré rang 1a ta ¢4 co nhitng phat minh nho vdi vin kign
thiic phd théng Co dude phit mink nay la nhd ta da bid
nhin hai khai niém "déng quy” va "khdng ddng quy” von dude
coi nhu méau thufin (trai nguac) vdi nhau theo miot cich mdi
giiip théing nhét ching lui vdi nhau (cd hai déu trd thanh "k -
ciit nhau"). Cich suy nghi kiéu nhu véy nim trong cii ma
nglioi ta goi la "t duy bién chilng”. Nhu vay, cong diu & day
thude vé "t duy bign chitng”. Né gitip chiing ta nghi vén ring
ca mat dinh i md rong dinh li 1, md dudng cho chiing ta tim
toi. D& tim toi, chiing ta ¢4 ding suy dién logic v cudi cling
tim dude dinh i 2. Vay, & day. it duy logic dang vai tro "thita
hanh" dé gidi quyét nghi vin khoa hoc nai trén, Trong khi
gidi quyét, ta da diing mat thi thudt 14 thay thé vige so sinh

MA N4

MDY WD
vige nghiénctiu ti s K clha chung, Kiéu tu duy ditng thi thudt
niy 6 thé goi 14 "1 duy ki thuit” vi nd giding vai 1 duy cia
ngudi ché tao ra edng 10 dé chi viée nhin vao s ghi trén céng
Li 1i bidt ludng dién tiéu thy, N vay, trong bai bao nay, t
duy sang tao todn hoc 1a mt su lc::ng hop hisi hoa cla ba loai
tu duy : hién chilng {gitip phat hi¢én vin dé). Iagic (giup gidi
guyét vin dé). ki thuat (lam dé dang viée gidi quyét viin dé),
Mat dip khic ta s€ thay thém vai 1o cla cac td duy thudt
todn, t duy quan li. (o duy kinh (€ trong sing 1ao todn hoc.
Vi et duy hinh wiong cing rAl cin. Néu chi vii déu 1am
nhilng bii todn kha thi chia dn dé rén luyén (o duy sing tao
todin hoc vi lam xong moL bai 1odn kho réi, néu khong o6 ai
(thiy hay sich) ra thém cho chiing ta nhiing bai toan khic thi
ta "thit nghigp”. Trong bai nay. ta g ra 18y bai todn %8t mdi
quan he gida k va k' va sau khi lam xong bai todn do, 1a phat
minh ra dinh i 3. Noi "phat minh" ciing khong o gi qua dang
vi ban cing kho tim & ddu ra dinh 1i do.

hai 1 86 === vi1 == %eimn chiing co bing nhiu hay khang bing

b A’ b
Giai ddap bai LAM THE NAO
Gia sU cUa s8 hinh vudng trén tudng |a ABCD.
Goi M. N, P, Q I&n lugt |4 c4c trung diém cua AB, BC,

CD, DA. Ta_thay cia s8 hinh vudng thu hep MNPQ thoa
man yéu clu cla dé ra (xem hinh v&)

1
Smnra = 3 Saeco ; cao MP = im, ngang NG = m.

A M 8
0 N

| \ /

l.__ _.%z'_ e BINH PHUONG
D
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