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ot trong cdc phuong phap thudng duge su

dung d€ tim kiém 18i giai cia mot bai todn
la thay dé&i cach phat bi€u bai toan, thay dé&i
cach bidu thi cdc mdi lién quan giita cac dit
kién cta bai toan. D6 cing 14 mét cach thay
thé bai toan da cho bang mot bai todn tuong
duong voi nd, nhung don gian hon hoac quen
" thude vdi ta hon.

Sau day 14 mét =6 vi du minh hoa,

Vi du 1. Chitng minh ring néu tit s6 hodc
mdu 36 ctia phdan sé
a’+2a +15
a’ —10a =3
chia hét cho 6 thi phan s6 A rit gon duge cho 6.

A=

— Danh cho cac ban Trung hoc co s6 —— SRR

Bk 8 A0 Hisk Bing Tobd S g =

Ching minh tuong tu ta co
Bbnt+2,3n+1) =

Vi du 3. Tim tdt cd cdac s6é x théa mdn
[x-5] < [x+3]

Theo ¥y nghia hinh hoc cta gia tri tuyét ddi
ciia mot 8 a, ta d | x — 5| 1a khoang cach giita
diém x va didm 5 trén truc s8. 86 |x + 3| =
= |x - (-3)| la khoang cach gitta diém x va
diém -3. Vi vay cd thé phat biéu lai bai toan
nhu sau : Tim tdt cd cde diém ciia truc s6 gan
diém 5 hon diém -3.

{5n+2': d [10n+4: d

THAY BOI CACH PHAT BlEU BAI TOAN|
’NIOT THU THUAT TiMm KIEM LOI GIAI

NGUYEN VAN VINH

Cd thé phat biéu lai bai todn nhu sau : Néu
tir 36 (hode mdéu s6) cita phan s A chia hét
cho 6 thi mau sé (tu s6) eing chia hét cho 6.

St dung tinh chat : Néua+b: 6vaai 6
thib: 6
Néua-b: 6van: 6thib: 6

Ta bi€u dién (@*> +2a +15) - (@ - 10a - 3) =
= 6(2a + 3) thi suy ra dudc cach ching minh.

Vi du 2. Chiing minh rdng véi moi s tu
nhién n khdae 0, phan sd

on +2
@n +1)(Bn + 1)
la phan s6 61 gidn
Chung ta ph&at bi€u lai bai todn : Ching
minh rang vdi moi s6 ti nhién n khac 0, ude

sé chung lén nhdt ciia cdc s6 5n + 2 va
(2n+ 1) (3n + 1) bdng 1.

e —

Muén vay chi cdn ching minh
(bn+2,2n+1)=1va (bn+2,3n +1) =
That vay : gia sit (bn +2, 2n + 1) = d, suy ra

Nhén thdy trung diém cua cac di€m 5 va
-3 1a diém 1, vayx > 1.
Két luian : Vi moi x > 1 ta déu co
|x-5] < |x+3].
Vi du 4. Tim tdt cd cde nghiém ciza phuong
trinh
|z 2t e 7= 8
Lap ludn tuong tu bai 3, cd thé phat bigu
lai bai todn nhu sau : Tim {4t cd cdc diém cia

truc 86 ma tong cdc khodng cdch tic diém dé
tdi ede diu ctia dogn thang [-T, 2] bing 9.

Nhan thdy dé dai cia doan thang [-7, 2]
bang 9 vi vay moi diém ctia doan thang [-7, 2]
déu thod man.

K&t luan moi x théa man : -7 < x < 2
déu la nghiém cia phudng trinh

|- gl ettt 7 =0

Vi du 5. Ching minh rang phuong trinh

i) i
=2 +;‘; +; = 1 khong co nghiém x, y nguyén
duong.
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Bai todn nay co thé duge phat bigu lai nhu
sau : Chitng minh rang voi mei cdp sé nguyén
duong (x, y), biéu thic

1l
A=—+—+
xy

i
x<

nho hon 1)

Khix =lvay=1tacdA=3>1

1
— déu khae 1 (16n hon hoac
7

e !
Klﬁx:lvéyzZtacciA=1+§+1>l

] ey 18]
Khix =2vay=1ltaccA=1+5+7>1

2 4
Khix=2vay=2ta ’A—i+-1--+£-—.:l
ix=2vay= el ooty

Khix >2vay > 2tacd:
1 1 1.1 B

1 1 1
Két luan : Phuong trinh = +—+= =1
ke

khong cd nghiém nguyén duong.
Vi du 6. Gidi hé phuong trinh
-y +1P+y=10
fo=y+ 1P +x =11
Vdi nhan xét 1a néu (x, y) 12 nghiém cua hé
phuong trinh thi giita x va y ta con cd su lién
hé méilax -y = 1, do dd, viéc giai hé phuong
trinh da cho tuong duong vdi viéc giai hé
phuong trinh
h1+1ﬂ+y=]0
| +1P +x=11

Ta nhan dudc nghiém x = 3 vay = 2.
Vi du 7. Ching minh rdng véi moi sé
duong a, b, ¢ ta ¢o
1 1 1 3
a+th b+e ath+e

cta

Néu quy déng méu s6 hodc ap dung bt
dang thitc Cosi ta déu dan tai chd bé tac.

Né&u thay déi cach xem xét bai toan :

1 g
a+b b+e ec+a
1 Moo %
2 kD% e. btdta | ctatd

ta nhan théy chi cdn ching minh

2

1 1 o | 1 i
a+b}a+b+c;§+—c}b+c+a;
1 1
EE}EME*PB

Nhung céc bit ding thitc cudi cung dé dang
nhan duge vi '

a+b+ée>atb
at+tb+ec>cta.
Vi du 8. Tim tGp hop tdt cd cac diém P
nam bén trong tam gidc ABC sao cho :
Sapc t Sapc = Sars (1)

at+b+e> b+,

Bai toan nay khong dé. Nhung cd thé lam
cho d& hon bang cdch phat biéu lai, vai chu
y.la:

Sarc tScpr +Sppa = Sarc
do do (1) ‘*_-5'5;\!){- + SBPC + S(\F’B e 28.—\PR

=8,pc = 25 ,4pp
Ta cd bai toan : Tim tap hop tdt cd ede diém
P nam bén trong tam giac ABC sao cho

1

= =S

Sare = 3

ABC

Lai chi ¥ ring cdc tam gidac APB va ABC

1

¢6 chung day AB dodd néu S, 5 = 3 S

'AB(" thi

khoang cach tit diém P tdi AB bang mét nia
khoang cach tit diém C tai AB. Nhu vay ta ¢
thé ph4t biéu lai bai toan mot ldn nita.

Tim tap hop tdt cd cac diém P ndm bén
trong tam gidc ABC sao cho khodng cich
tic P téi AB bang moét nita khodng edch ti
C t6i AB.

Dé dang thay rang tap hop cdc diém P la
dudng trung binh DE véi D la trung diém cia
AC, E la trung diém cta BC (loai ra cic diém
D va E).

Tit d6 ta suy ra dugc két qua cia bai todn 8.

https://tieulun.hopto.org



hitps: /" www. facebook. com/letrungkienmath

hitps://sites.eoogle.com/site/letrunglkienmath

Bai T1/203. Cho n sd thue @y, Ay -y By
thude doan (-1, 1] sao cho
a?+a§+...+aﬂ=0
. ; n
Ching minh rang a, +a, +.. +a, < 3

Lai giai (cta da s6 céc ban) :

1,2
Tacd 4¢3 —-3a+1 =4(a+1}(a _E) =0(%

Va € [-1, 1]
4a{ —3a;, +120
4a3 ~B3a, +1 20

Vay

4a} —3a,+12 0
Cong cac vé tuong dng, sé co :

:! 3 30
4a +al +.. ..+ a)
-3, ta,+...+aq)+tn=0

n
3

Nhan xét. Da sé cédc ban déu cd loi giai
ding theo cdch trén. M6t s6 ban con slt dung
ludng giac dé ching minh. '

hay a;+a,+...+ea, <

Tit nhéan xét (*) ﬂﬂng vii moia = -1, cdc
ban Nguyén Duy Tudn (9 nang khidu Lang
Giang, Ha Bac) Luw Van Thinh (9T Thiéu Yén,
Thanh Héa), Banh Xudn Quang (TH Trung
Vuong, Ha Noi), da dé nghi giam nhe gia thiét
bang cach thay bang diéu kién a, a,, .., a, = -1

NGUYEN VAN MAU

Bai T2/203. Phan tich da thic x* + 98x7 + 1
thanh nhan t.

Lai giai : Cach 1 : cua Tran Thi Ngoe Hdi,
8T, Trudng Chuyén Lé Khist, Quang Ngai :
va Cao Trin Kién, 8H, Trung Vuang, Ha Néi.

x®+ 98+ 1 =28+ 640+ 1+ 162°+
+ 16x2 + 224 - 162° + 32x% - 1622

ot Hld TPy R
(xt — A3+ 8l 4 4r + 1) %
Wt +4xd 4+ 82 -4¢+1)

Cdch 2 : cha Vién Ngoc Quang, 8E, Ba
Dinh, Thanh Hoa Vi Tédt Thang, 9CT, Nghia
Tan, Tu Liém, Ha Noi va Tran Hitu Nhon 9T,
chuyén Nguyén Binh Khiém, Vinh Long.

IK + g&ft; + ]_ —
(x* +49 +20V6)(x? +49 —20V6)
It + (V2 +V3)40* + (V2 —V3)4)

A'.p dung cong thic at + bt =
= (a*+b%)2 —2a%b? ta cd :

Okt o F =

lf + (V2 +V3)Hlt + (V2 - V3)h)]

[x2 +V2(V2 +V3)x + (V2 +V3)?] x
x [x2 —V2(V2Z +V3)x + (V2 +V3)?] x
x [ +VZ(V2 —V8)x + (V2 —V3)2] x
x [x2 —VZ(V2Z —V3)x + (V2 —V3)?]

Vay :

2+ 984 + 1= +(2+V6u +

+ (5 4+ 2V6)I[(x2 — (2 +V6)x+(5 + 2{6)] %

x [x2 4+ (2 -V6)u + (5 —2V6)]

X [x2 — (2 —V6)x + (5— 2V6)]

Nhan xét : Lam theo cdch 1 v4i trinh dé
lép 8 con cd cdc ban : Nguyén Ba Hing, 9H,
Trung Vuong ; Nguyén Phu Binh, 9A, B& Van
Dan, Dong Da, Ha Néi ; Tran Nguyén Hong,
9T, Truong NK Vinh ; Lé Sy Ding, 94, Quy
Hop ; Pham Tudn Anh 9CT, Phan B6i Chau,
Nghé An ; Trinh Hodai Nam, 9T, Trudng
chuyén Nguyén Binh Khiém, Vinh Long ;
Pham Thai Ha, 9T, Pham Huy Quang, Déng
Hung, Thai Binh.

Lam theo cach 2 vai kién thidc ldp 9 con
co : Bl Queng Minh Giang Vo II, Ha Noi ;
Lé Phudc Danh, 9 Nguyén Tri Phuong, Thia
Thién Hué ; Hé Si Thudn, NKBD, Vinh Linh,
Quang Tri ; Bii Thi Phuong Uyén, Trin Lé
Nam, 8T, Chuyén Lé Khiét, Quang Ngai.

; TG NGUYEN

Bai T3/203. Cho doagn thang AB, diém C
nam gifta A, B va tia Cx vudng goc vdi AB.
Trén tia Cx ldy hai diém D, E sao cho
aE A
CB CD
ADC cat duong tron ngoai tiép ABEC tai
H(H = C).

Chitng minh rdng HC ludn luén di qua mot

diém ed dinh khi C chuyén déng trén doan
thdng AB.

= V3 . Puong tron ngoai tiép A
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Bai toan con diing khong khi thay V3 bdi
m cho trude (m > 0)
Loi gidi: ACD = ECB = 90°
ca_cp
R R

= ACAD -~ ACEB
—— ——
= ADC = EBC

Ma ADC = AHC nén EBC = AHC
—— T e
Ta 6 AHE = AHC + CHE = 180° (Vi
T T —
CHE + EBC) = 180%)
Tit do, A, H, E thing hang.

Kéo dai AD cat EB tai K.
3 T — ——
Dé thiy KAB+ KBA = 90° nén AKB = 90"
hay AK L EB. Mat khac EC L AB nén D la
truc tam AEAB.

i
Vay BD L AE.Ma DH 1 AE (Do AHD = 9{°)
Tit d6 B, D, H thang hang.
Suy ra H chuyén dong trén dudng tron
duting kinh AB cd dinh.
—— T -
Mat khac AHC = ADC ma ADC = 60°

(mr?:gﬁv,%:ﬁ)

nén HC di qua diém I cia cung AB {khong
9

] PR e )
chia H) sac chosd Al = 3 AB.
Ré rang I ¢6 dinh.
Bai toan vén diung khi thay V3 bai m cho
trude (m > 0). That vay : ADC = « (khong déi)
= XP}E = a = sd Al = sd 2a = I c6 dinh.
Nhéan xét. Giai t6t bai nay cd cdc ban :
Tran Pinh Tri, 9A1 PTTH Chuyén Phong
Chau, Vinh Phi ; Hoang Anh Tudn 9B
Chuyén Van Toan Ung Hoa, Ha Tay ; Nguyén
Phii Bink 9A THCS B€& Van Dan, Biui Quang

4

Minh THCS Giang V6 II, Nguyén Kiéu Cuong
9M Mari Quyri, Nguyén Ba Hing 9H, Cao
Tran Kién 8H Trung Vuong, Ha Noi ; Nguyén
Thi Diéu Tién 9 chuyén NK Y Yén, Nam Ha ;
Pham Thi Thanh Véan, 6H THCS Minh Khai,
Hai Phong ; Pham Tudn Anh 9CT Phan Boi
Chau, Nghé An, Tran Lé Nam 8T Chuyén Lé
Khigt, Quang Ngai ; Hoang Viét Ngit, 173 QL
phutng Tan Tién, Bién Hoa, Déng Nai.

VU KIM THUY
Bai T4/203. Gid: bat phuong trinh

Lr6x+7<Vx+5

Lai giai : (Cua cac ban Dang Dai Tho,
10A Lé Thuy, Quang Binh, Tran Hoai Viét,
10A PTTH Chi Linh Hai Hung, Vii Diic Son
10CT Ninh Binh)

Diéu kienx = -5. Datt =Vx +5 = 0taco

~ bat phudng trinh tuong ducng vai

(x +5)2 —4(x +5) —Vx +5 +2< 0
=t -42-t+2<0

VG +1 5 -1
= (t-2)(t + 1) ( t+ —2-——) (z— -{_2—) <0
Dot = 0 nén
V5,1 t<2
2 =
7+V5
Tﬁddtadtﬂ:}c—{— 2‘1_ < x< =1

Nhin xét : Gan 200 ban giti loi gidi bai
toan nay hdu hét ; déu lam ding, trit 5 ban co
déap sb sai.

DANG HUNG THANG

Bai T5/203. Cdc da thite Pix) va @(x) nhan
cdc gid tri nguyén tai eung cdc diém (nghia la
P(x) € Z <Q(x) € Z). Ching minh rdng hogc
Pix) - Q(x) = const hoge Plx) + Q(x) = const

Lo giai : (cua ban Dinh Thanh Trung A,
10DHTH, Vi Vian Diép 11A Lé Hong Phong,
Nam Ha, Nguyén Viét Kién 11A Thanh Hoa).
Néu P(x) va @fx) 1a hang s6 thi khang dinh la
diing. Gia sit P(x) va @(x) khéng la hang so!
Né&u cdn nhan Pfx) hodc @x) véi -1 ta cd thé
gia sit hé s6 cao nhét clia P va @ la duong. Khi
d6 tén tai khoang [N, +e] d€ Plx) va Qx) 1a
thuc st tang trén dé. Tén tai x| > N sao cho
Px))=a €ZvaAQ(x) = b € Z. Do Px) lién
tuc nén tén tai day tang {x } n = 0 sao cho
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P(x ) =a+n (n = 0). Ta sé ching minh ring
khi dé @(x) = b +n. Ching minh bang quy
nap véi n = 0. Hién nhién ding. Gia st khang
dinh ding véin. Vix_, , >x nénQx ) > Qx )

Dods Qx ) =b+mvéim >n

n+ 1

Néum = n + 1 thi khing dinh duge ching
minh. Néum >n+ 1tacé Qx,) <b+n+ 1<
< @x_, ). Do tinh lién tuc cta € tdn tai
LS. M S S e T e

n n+ 1

Vi P don diéu nén P(x,)<P(x’,)<P(x,.,) =
atn<P@x, )<a+n+1 (*)

Vi @rx ',) nguyén nén theo gia thigt Plx’ )
nguyén. Diéu nay mau thudn véi (*). Vay

Q(x,)=b+n Suy ra Px,) — @) =
= a — b = R¥Yn=0suyraPlx-Qx =
= const ¥x

Nhan xét : Mac du bai toan nay khong khd
nhung Toa soan nhan duge it bai giai gui dén.
Cac bai giai nay déu lam ding tuy chua gon,

DANG HUNG THANG
Bai T6/203. Tim gid tri nhé nhdt cia
héam s6

flx

trong do x, ¥ nhdn gia tri nguyén va khong
dong thai bang 0.

9 o= [Tt 4 18w — Ty

Ldi gidi : Ki hieu CP 1a tap cdc sé chinh
phuong.

O, e, ) S gix g =
= Tx? + 13xy — Ty? = 0. Coi glx, y) la tam
thite bac 2 déi vai x, cé A = 365y%. Do 365 & CP
nen AECPYyeEZ, y=0=gxy = 0VYx,
yeEZ y=0 Magix, 0) = 0 <=x =0, nén
gfx, yhat 0N, v & Z, x> + y° # 0. Do dg
flx,¥) = 0V x, y € Z,x* + y* # 0. Suy ra, véi
a = f(x, , y,) 14 gia tri cdn tim thi « € N”.

® Né&u a chin thi phaiedsx, , y, chén. Khi

x.,r ’ yu \ (v A

X, Yo
do-i-,EEZ\réf(g,E-/} = E-:a,tra.t

vii dinh nghia clia a. Nhu vay, a 1a 36 1é. Dé thiy
f(1,2) =5.8uyraa < 5. Vaya € {1, 3, 5}.

e Néua =1thigkx, ,y)= 1<
7xl + 13xy, — Ty2 F1=0=A=365y2t &

28 € CP (*). Mat khdc, c6 365y + 28 # £ 3

(mod5) mau thudn véi (*) (do b7 # £ 3 (modb)
Yhel

e Néua =3thiflx, ,y,) =
T |(‘rr) = yl’)}z +¢yr2J + (Bx:‘: i 1,:“0}'” = QJJ%)l =
=0 (mod3) = (x, — y,)° +y, =0 (mod3)

=X —N =)y = 0(mod3)=x, = y, = 0
(mod3)

= flx, , ¥,) = 0 (mod9), mau thuin vdi
flx, , »,)=3
Viya = min flx, ) = 5
nyeZ
x> + 3y =0

Nhan xét : Cac ban co o1 giai tugng doi
tot : Nguyén Phi Binh (9A PTCS B& Van Dan,
Ha Nai) ; Vién Ngoe Quang (8E PTCS Ba
Dinh, Thanh Héa) ; Lé Van An (9T Truong
Phan Béi Chau, Nghé An) ; Trdn Lé Nam, Lé
Quang Nam (8T Truong Lé Khiét va trudng
Dic Phé, Quang Ngai) ; Dinh Thanh Trung
(A,10 DHTH Ha Nbi) ; Nguyén Céng Hiéu
(11A PTTH Nguyén Du, Thanh Oai, Ha Tay) ;
Nguyén Duy Hing, Vii Minh Phuong, Nguyén
Viét Kién (¥0 truéng PTTH Lam Son, 12B
PTTH Ba Dinh, 11APTTH Nga Son II, Thanh
Hoa) ; Lé Anh Tudn (10 trutng PTTH NK Ha
Tinh) ; Dang Dai Tho (10A PTTH Lé Thiy,
Quang Binh) ; Dao Thi Thién Huong, Vo Hong
Son (10 trugmg PTTH Dong Ha, Quang Tri) ;
Nguyén Thi Hdi Yén (10T Qude Hoc Hué).
Mai Quang Tri (10A Quéc hoec Quy Nhon, Binh
Dinh) ; Nguyén Nhat Nam (10A Truong Ving
Tau, Ba Ria — Ving Tau) ; Thai Minh Hoang
(10T, PTTH Nguyén Binh Khiém, Vinh Long).

NGUYEN KHAC MINT

Bai T7/203. Xac dinh tdat cd cdc ham so
f: R\ [ 1] — R thoa madn diéu kién :

f_(dx—Z-

= I —
I+1} g R
Lai giai (Dinh Thanh Trung A 10 DHTH
Ha Noi, Vit Thanh Long 11CT Hai Hung).

(*)

Xét nghiém cua phuong trinh

=3 =1
£ =x41rxl—3x+2=()¢=$% 3
o | X

Vaytaix = 1 vax = 2 thiflx) =0

https://tieulun.hopto.org



https:/rwww. faceboolk. com/letrungkienmath

https://sites. google.com/site/letrungkienmath

bat
25 =i 2
==t Rild )
thi 4.1:—2_2+ 1 e 1
2
khi do (*) e dang :
; 1 7
B =
e - IJ RN )
2
P & £A i e n
Hay g ( 2 f] = 2g(t) voigit) = { |' 94 td:]/‘l
P e
= *%
k=) ( prg)ait™
Dat g [0 ST
R ]Et!'“ﬂa-:2 hit) , t # 0
Khi dg
3 ,
(**Jﬁ‘h(gf) =ht)¥t=0
=ik
fity=g (x—___z) i) =02} =0
Vay : [0 s

5 = | E
&) e85 ht) | ¢ 0
Trong d6 A(¢) Ia ham tudn hoan nhén tinh

chu ki E

Nhén xét. Co rat it ban cd 18 giai ding.
Da s8 chi nhan duge nghiém fix) = 0 V.

NGUYEN VAN MAU

Bai T8/203. Cho mét bang hinh vuéng gom
co 1994 x 1994 6 vudng bang nhaw. Trong méi
6 vudng ta viét mét s6 nguyén khong am ticy y
théa man diéu kién : Néu mét é nao do digc
viét s6 0 thi tong ciia tdt cd cde s6 viét 6 dong
vi cot chita 6 dé kRhong nho hon 1994,

Tim gid tri nhé nhdt cia tong céc s6 duoe
vict frong bdng.

Lai giai (theo phudng phap caa Nguyén
Nhat Nam, truong Ving Tau, Ba Ria - Viing
Tau ; Mai Nam Long, 12A PTTH s6 1 Quang
Trach, Quang Binh ; Pham Lé Son, 10 trudgng
PTTH Lam Son, Thanh Hda) : Ta giai Bai
toan tong quat — la bai nhan dude ti bai di ra
bang cdch thay 1994 bdin (n = 2, n € N). Véi
méi i = I, n ki hiéu g; 14 téng tdt ca cdc s6

duge viét  dong thu i (k€ ti trén xudng dudi).

6

Vai moéi j = 1, n ki hidu b; la tong tdt ca cac
s0 duge viet & cot thi j (k€ ti trai qua phai).
T gia thiét cha bai todn suy ra a;, + bj =n

Vi jeEdl 2. ..ok Dodd:

H f

dle a; +'o3° 2 n’ (1
Dé thdy, méi s6 dugc viét trong bang xuat
hién trong téng T ding 2n lan. Vi vay, néu ki
hiéu S la tdng tdt ca cdc sd duge viét trong
bang thi T = 2n . 8. Két hop vdi (1) suy ra
fot o L n? + 14

Sz rE Va do S nguyén nén S = [—;—-J
Mat khac, chia bang da cho thanh 4 bang con
A, B, C, D nhu hinh 1a néu n chin, nhu hinh
lbnéunlé (n = 2), réi viét vao mdi 6 cia bang
A va bang C mot =6 1, va viét vao mdi 6 cia
bang B va bang D mat sa 0. Dé thay, cach viet
80 ndi trén thoa man cdac diéu kién cia bai

ik S ikip AP n + 1
L1 | :
04n va cd | 2 :I
2
= e ) o :
Vay S, = [ 2 } Vai n = 1994, cd
Sin = 1994 x 997
s 0
7 - __1;__- —
3 i ,
S L ‘ L J
I
Lo oy el
i | S
___'_-.f:-. ::;: = 'T.-'—'.f g

Nhan xét : 1. Trong tong 56 22 ban gii 1o
giai cho bai toan, ¢d tdi 13 ban, hoac do khong doc
ki dé bai hoac do y&u Van, da higu sai dé bai.

2. Ban Nhat Nam dia giai ding Bai todn
tong quat trong trugng hop n chan. Bing mot
phuong phap khac voi phugng phap cia loi
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giai trén, ban Lé Anh Va (10CT, Quéc hoc
n + 1

2
tiéc ban da ching minh sai su ton tai cia
ddu "=" trong trudng hap n 1é.

3. C6 hai ban (mét d PTTH Luong Van Tuy,
Ninh Binh, va mét & Quéc hoe Quy Nhon - Binh
Dinh) cho l&i giai sai tuy co két qua ding. Mot
ban khac (& PTTH Budén Ma Thudt) dd mac

moét sai lAm co ban, khi ban voi va két luan
2

Hué&) da chi ra duge S = { ], song rit

min

trong lic mdi chi ching minh

1994°
duge § = -

Lk

4. Ngoai cic ban da néu tén & phan dau
ctia 161 gidi, cac ban sau ciing cd 10i giai tot :
Dinh Thanh Trung (A 10 DHTH Ha Noéi),
Pham Dinh Truing (10CT PTTH Trin Pha,
Hai Phong) va Lé Anh Vi,

NGUYEN KHAC M [-Ni]

Bai T9/203. Trén mat phang cho diém I co
dinh, ba duimg tron (0, ; R,J, (0, ; Ry, (0;; R,)
ciing qua I ; ngoai ra che diém A, B, C theo
thit tu la giao diém thii hai cta (05) véi (04) ;
(04 véi (0] ; (0,) v6i (0,). Biét rang I ndm &
bén trong tam gige ABC. Mot duong thang MN
tiép xtic voi (O ), (0,) lan lugt tai M va N va
khéng cat (0,) ; tuong tu, duong thang PQ tiép

xtie vdi (0,), (04) va duang thang EF tiép xiic

vii (0,), (0,). Gid sit cae duang tron (0, (0,
va Oy thay déi sao cho R-; + R:; +R3 =< 3,

a) Hay tinh ban kinh ciia cde dudng tron va
khodng cach tam cac duong tron sao cho téng :

S =Symy T Sypp + Saprplon nhat.

bl Chitng minh ring khi S dat dicge gia bri
lgn nhat thi dién tich lue gidge 16i MNPQEF
ciing dat duge gia tri ldn nhdt ciia no.

L gidi. a) Goi x, y, z 1dn luot 12 ban kinh
cdc dubng tron ngoal tiép AIPQ, AIEF, AIMN.
Theo dinh li ham sd sin thi :

MI
= 28
sin MNT
NI NI
e R e
sin NPI 2 sin MNI
i MNT = 2ed NT = NPT). Sty maz = o R
(vi MN T = Suymz = . R,
m =3 & NI =
Tugng tu ta cing cé z = i R, do do

.

= = R; : R_?- Ciang véy, x? = R.?R.‘I';
y? = R,R, Ngoai ra, ta da bist

3F ENE] N3

Sapo <3 i Sur < —7 0 1Samv S 17

33 : 3\’_

nén Ss.—i_ et s B %
B it

X (R,Ry; + RRR, + R\R)) = pETE oy

x4y ra khi va chi khi cac ddu "=" thanh phin
xdy ra, hay cac tam giac IPQ, IMN, IEF déu,

=RI=Ri= =1.V£§13:R;=R_,=_R_T=l.
0,0, = 0,0; = 0,0, = V3.

R
Vi

— s

COICLJ

!

o

) Sunporr =St Sawpt Sarpe™ Sarrm =
93 33 > A W3
= T - o T (R‘!' e RE e Rg:} = ‘—‘é
D&u "=" x4y ra khi va chi khi xdy ra ddu "="
& cau a), tir dd ta ed dpem.
Nhan xét : Loi giai tot roi vao mot bai giai
khong cd dia chi
DANG VIEN

Bai T10/203. Gid su tit dién ABCD co taf
cd cdc canh tiép xiic vol mét mat cau nao do.
Goi cdac tiép diém ciia mat ciu voi cac canh
AB: AC; AD; CD; DB ; BC theo thi tit la M,
N, P, @ R, S. Chung minh rang M@, NR, PS
déng quy.

Lai giai : Theo gia thiét AM, BS, CQ, DFP
lan hugt bing PA, MB, SC, @D va cac diem M,
N, P, @ R, S déu ndm trén cic canh cda tu

g Lo AM BS ce DP Ty
ién nén : B ' SC QD -

Suy ra bén diém M, P, @, S nam trén mot mat
phang (dinh Ii Ménélauyt md réng cho khong
gian). Hon nita, xét nhi dién canh AD chang
h& s6 do cia nd nhd hon 180" nén
MP@Q < 180¢, cae gdc con lai cua td gidc
phang MPQS cing déu < 1809, va td gidc
MPQS 16i, hay hai dutimg chéo M@, PS cit
nhau tai 1 diém goi la I. Ching minh tuong
tu ta ¢ M@, PS, NR doi mot cat nhau. Ma

T
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ching khong déng phang nén ching déng quy
tai I, dpem.

Nhan xét. Co 22 ban giai bai nay. Loi giai
tot thudc vé : Nguyén Tudn Hdi 11M Marie
Curie, Dinh Thanh Trung A, 10 DPHTH Ha
Noi, Nguyén Thi Yén 10 CT PTTH Quéc hoc
Hué&, Mai Quang Tri (10A, Quéc hoc Quy
Nhon, Binh Dinh, V6 Hoang Trung 11A,
PTTH Chuyén Tra Vinh.

DANG VIEN

Bai L1/203. Vat M khoi luong 1kg duoce giit
trén mdt AB bang mot soi ddy, mat AB nghiéng
30". Mat AB quay quanh truc thang diing AH
vdi van téc géc khong déi w = 10 rad/s, day bi
gian ra va cé chiéu dai 0.2m, lic nay M vén
nam trén AB. Ma sat giita M va AB khong dang
ké. Tim lic cang ctia day treo va luc ép ciia M
lén AB.

Lai giadi. Vat M chiu tdc dung cia céce luc :
trong luc P = mg ; luc cang cta day T ; phan
luc @ cta mat AB. Chiéu hgp luc lén phucmg
thang ding Oy va phuong nim ngang Ox va
dua vao diéu kién F =0vaF, = me R (R la
khodng cich tit M dén truc quay), suy ra @ = 0
va T = 20N,

Nhan xét : Co 37 em gii bai, trong dd co
24 bai giai ding.

0K

Bai L2/203. Mac hai von ké'V|, V, ndi tiép
nhau vao hai cyc ciia nguon daén mot chiéu
thi kim cua vén ké Vi chi 6V, kim vén hé V2
chi 4V. Khi chi mdc uan ké V| vao hai cyc ciia
nguén dién trén thi kim ctia né chi 9V

al Tim sudt dién déng ciia nguon dién

b) Khi chi mdc von ké V, vao hai cuc cia
ngubn dién trén thi kim ciia né chi mdy vén.

Qua két qud tinh todn hday néu y nghia (ung
dung) thue t€ ciia bai toan trén.

Lai giai : Goi : R; , R, la dién trd cia
V, va V,, E, r la sudt dién dong va dién trd
trong ciia ngudn dién.

- Khi mac V; R V, néi tiép nhau vao hai

E— (U, +U,)
cye  cda ngubn ta ed  ———— R
u U
o (v U, , U,laséchiciaV, , V,

| 2
- Khi mac mot trong 2 von ké vao nguén :
E-U r
TR i (4?.1 véi U la sé chi von ké va
R 1a dién trd von ke do.
a)VoiR = R, U = 9V. Tt (1) va (2) suy ra

B = (U, + Uy Wil
v, A
U_,U Dot

S e e

b) Vai R = R,, tit (1} va (2) ta co

E—[U!*i'-U:,:} A

—U._.._...__. e _U— hay

i EU:_= 13- 4 G
"E-U, 12-6

Vay s6 chi von ké V, 1a 8V,

Ung dung : Bang phuong phap nay ta cd
thé do chinh x4c sudt dién dong cia mot ngudn
dién bang hai von ké theo cong thic

u,u
.= 45
U, , U, la s6 chi cia hai von k& khi ching
dudc méac ndi ti€p vao hai cue ctia nguén, va
U la s6 chi cia mét vén k¢ trude day da chi
U, bay git duge mac riéng vao nguén,

Nhéan xét. Co 43 em da gii bai giai, trong
dé 41 em da co dap s6 dung. Co 7 em cd loi
giai tét : Triong Ham Yeng, 11A, PTTH Li
Tu Trong, Ca&n Tho, Pham Anh Dung, gLT,
PT Nang khiéu Hai Hung ; Lé Thanh Minh,
91, Nguyén Tri Phuong, Hué ; Nguyén Hitu
Hdai 11A PTTH Hoai Nhon 2, Binh Dinh ;
Nguyén Dinh Thinh, 9 chuyén Li, PT nang
khiéu Vinh, Nghé An ; Lé Lwong Tudn, 9
chuyén toan, PT Nang khiéu Déng Son, Thanh
Hda ; Nguyén Dite Phuong 9H PTCS Trung
Vuong, Ha Noi. Lai giai d trén 1a eta em
Truong Ham Yéng.

E = trong do

M.T.
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KET QUA CUOQC THI GIAI TOAN
TREN TAP CHiTOANHOQC VA TUOl TRE

NAM 1993

Cuoc thi thudng Ki gidi Toan trén tap chi Todn hoe va
tudi trd nam 1993 da dude dong dio che ban hoc sinh tham
gia. Céc dia phudng co nhiu ban hudng tng cude thi fa :
Vinh Phu. Ha Noi. Ha Tay, Hai Hung, Thai Binh, Nam Ha,
Thaph Héa, Nghé An, Quing Binh, Quang iri, Thita
Thién — Hué, Quing Nam — Di Ning. Binh Dinh. Khinh
Hia, Dic Lic, Thanh phdé Ho Chi Minh, Vinh Long,
Can Thd, Minh Hai...

Nhin chung cic tinh & mién nii phia Bic va dong bing
somg Ctiu Long con it gti bai du thi. Rt o thé nhidu ban
wiln gidi bai song khong giti v toa soan.

Thiing lai cia cude thi I da day 1én duce mdt phong trao
hoe Lodn 6L S nhigu dja phuong. Nhiéu ban da gici wdn hon
qua mot nim giai bai trén tap chi.

Cic ban khong dat gidi chic ciing co duge nhilng niém
vui khi gidi dude nhigu bai todn kKhé,

Bén canh cude thi gidi Todn cém co cude thi mini gidi
cic bai Vau 1.

Sau diy i danh sich cic ban tring giai ;

A - GIAI TOAN
e Lop 12

Gidi mhit : Phang Son Ldm, 12 Phan Bai Chiu, Nghe An
Giai nhi : Nguyén Thanh Hdi, 12 Dao Duy Ti, Quing Binh
Hoang Thi Tuyét, 12 Lam Son, Thanh Hoa
Gidi ba : 76 Huy Quinh, 12 Chuyén Thii Binh
Nguvén Hdi Ha, 12 Chuyén DHSP Vinh,
Ha Thanh Hds, 12 Lam Sdn, Thanh Hoa
Giai khuyén khich :
Nguvén Thanh Binh, 12 chuyén Théii Binh
Nguvén Viér Todn, 12 Lam Son, Thanh Hoéa
Trneong Bd Tu, 12 chuyén DHSP Vinh
Nguyén Minh Phuwong 12 Nguyén Hué, Ha Tay.
Nguvén Lé Minh, 12 Lam Sdn. Thanh Héa
Nguvén Vi€t Trung, 12 Lam Sdn. Thanh Hoa
Vit Qude Anh, 12 Dao Duy Tir. Quing Binh
Bii Dink Tién, 12 chuyén Quang Ngai
Binkh Quang Crecmg 1218 Oy Dén. Quang Nam - Da Ning
Criang Kige Qudc, 12 Nguvén Thudng Hign, TP Lo Chi Minh
e Lap 11
Gidi nhat : Nyuyén Tudn Hdi, 11, MariQuyri, Ha Noi.
Pham Bdo Son, 11 DHTH Ha Noi.
Giai nhi : Ngevén Tién Diang 11, DHSP Ha Nai |
Nguyén The Phueong 11, DHSP Ha Ni 1
Lé Nguyén Chde 11, Lam Son, Thanh Hoa

Gidi ba : Cao Van Hank 11, Lam Son, Thanh Hoa
Vit Vin Biép, 11. Lé Hong Phong. Nam Ha

Giai khuyén khich :
Nguyén Tién Quinh, 11, DHSP Ha N 1
Do Dao Ly, 11 chuyén Thii Binh
Nguyén Van Son, 11 Quée hoe Hué, Thita Thién - Hué
Phan Hedng Fiég, 11 Quiic hee Quy NMhan, Binh Dinh.
Ngnven Xudn Hing, 11 chuyén Budn Mé Thudt

e Ldp 10
Gidi nhit : Neuyén Thdi Ha, 10 DHTH Ha Noi
Gial mhi : Phan 1.¢ Son, 10 Lam Sdn, Thanh Hoa
Gidi ba ¢ Pham Manh Quang 10 Lam Scn, Thanh Hoa
Neuvén Qude Tudn, 10 Lé Hong Phong, Nam Ha
Nguyén Thi Hdi Yén, 10 chuyén Quang Tri
Gidi khuy&n khich :
Nguyén Hing Tdm, 10 Hing Vuong, Vinh Phu
Lé Anh Vi 10 Quéc hoc Hué, Thua Thién - Hué

e Lip 9

Gidi nhit : Tran Minh Anh, 9 Trung Viadng, Ha Nai
Nguyén Ank Tih, 9 Tring Vdong, Ha Noi
Trin Nguyén Ngoc, 9 Can tha, Ha Tay.
Gihi nhi : Phan Ngoc Lan, 9 Viét Tri, Vinh Phu
Nguyén Thiic Duweng, 9 Trung Vudng, Ha NGi
Nguyén Bé Heng 9 Trang Vidng, Ha Noi
Mai Quang Tvf, 9 Quang Trung, Tay Son, Binh Dinh
Gidi ba : Bai Quang Minh, 9 Gidng V6 1T, Hi Noi
Nguyén Mink Qudc, 9 Hoai An. Binh Dinh.
Trieong Thude, 9 Phan Ngoc Hién, Minh Hai
Lé Nam Hdi, 9 Doan Thj Diém. Cin Tho.
Gidi khuy&n khich
Tran Puc Quyén, 9 Trin Ding Ninh, Nam Ha
Nguyén Vin Nam, 9 Trin Ding Ninh, Nam Ha
Trién Béng Hoa, 9 Can Thd, Ha Tay
Neuvén Trung Ditng @ 1.6 Quy Don. Ba Rja - Viing Tiu

eLip8
Gidi nhilt : Nguvén Long 8 Trung Viong. Ha Noi
Gidi nhi : Pharmt Huy Tring. & BE Viin Din, Ha Nai

Giai ba : Dogn Trung Ting 8 Nghia Tan, Tu Liém. Ha Noi.
Nguyén Lé Lyrc, 8 Dam Doi, Minh Hai

B - GIAI VAT LI

Gifi nhit : Nguyén Hong Thing. 12 CAq. Bai Thi Xuan, TP
H& Chi Minh.

Gidi ba : Phing Minh Hodng, 121 Ha Noi - Amsterdam
Vit Thi Bich Ha, 11 chuyén Thai Binh
Neguvén Quimb Nam. 10 Mari Quyri. Ha Noi
Trueerng Ham Yéng, PTTH 1y Ty Trong. Can Tha
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PE RA KI NAY
Csdc lap THCS
Bai T1/207. Tim tat ca cdc =6 hitu tl x d&
s6m = VxZ + 19 + 93 1a s6 hitu ti.
NGUYEN KHANH NGUYFEN
Bai T2/207. Ton tai hay khong sé tyr nhién
n théa méan : n2 4+ 2" chia hé&t cho 1994
TA HONG QUANG
Bai T3,’2§}7. Chiing minh rang da thic
x3

v x
P(x) = 5 + Y - 15 nhan gia tri nguyén

khi x 1a 86 nguyén.

-

DANG HUNG THANG

Bai T4/207. Cho hinh binh hanh ABCD.
Qua A vé dudng thing sao cho cat duding chéo
BD d P va cat DC, BC lan lugt 6 M, N.

AP AP
:I T e H i —— 3
1) Ching minh 7T + AN
2) C6 hay khéng hé thie (*) khi dudng thing
vé qua A cat tia CD, CB, DB lan lugt 6 M, N, P.?

NGUYEN DE

1.(*)

Bai T5/207. Cho tam giac ABC vudng can
dinh A. Ldy diém M tuy y trén canh AC, ké
tia Ax vuéng goe vdi BM. Goi H 1a giao diém
cia Ax v8i BC va K la diém déi xing vdi C
qua H, ké tia Ky vudng goc vc’ti_ﬁﬂ_{l goilla
giao di€m cua Ky vdi AB. Tinh AIM.

NGUYEN DUC TAN
Céac l6p THCRB
Bai T6/207

1 2
E’ ‘1:1 1 =J.’” +‘rrl'

Day fx_} cho bai X, =
Tim phdn nguyén clia s :
1 1
A= i e s #
A i X Al Xyggy + 1
TO HAI

A
i b

Bai T7/207 ;
Giai phuong trinh
. 928 + 84x® + 126x* + 36x2 + 1 4§
x4+ 36" + 126t + B4x2 + 9
9a” + 84a" + 126a* + 36a + 1
a® +36a° + 1262 + 84a’ + 9 :
TRAN HANH

10

Bai T8/207
Ching minh ring :
1 1 1
=5 e 5
1 + cos2x 1 + cosdx 1 — cosbx
vdi moi x 1am cho v& trai cd nghia.
TRAN DUY HINH

Bai T9/207. Cho tam gidc ABC. Ki hiéu
L, . 1, . 1. 1adodai cdc dudng phan giac trong

fr B

2

cla cac goc A, B, €, R, r 1&2 ban kinh cae duong

tron ngoai ti€ép va noi tiép tam gidac. Ching
i gl 3 1 ' 1 i 1

minh ring = < 7 s b

a
TRAN XUAN DANG
Bai T10/207. Gid s r va R 14n luot 14 ban
kinh cdc mat ciu ndi tiép v ngoai tiép mét
td dién ed thé tich V. Chiing minh rang
8rR? = 3/3V.
Khi nao thi dat duge ding thic.
DUONG QU OC VI ET

Cac dé Vat li

Bai L.1/207. Trén dudng cd 4 xe chay : xe
ot (1), xe métd (2), xe may (3) va xe dap (4).
Bon xe cliing bat dau chay thing déu vai van
toe rieng. Xe (1) dudi kip xe (3) (chuyén déng
cung chiéu) sau 12 gia chay, gap xe (4) (chuyén
dong ngude chiéu) sau 16 gig chay, Con xe (2)
gap xe (3) sau 17 gity chay, dudi kip xe (4} sau
18 gid chay.

Hai xe (4) gap xe (3) khi nao ?

TO GIANG

Bai L2/207. Cho mach dién vé bén, vai ngudn
(E, r) cd hig¢u suat H = 0,9, nguén (E . C,) eo
hiéu suét 0,8, ngon dén R, khong sing.

Cramebe g g
i ,f,;“‘ijm z g Zr2af

Tl
L

1) Tinh rva cd
2) I, bang may lan I ?
3) E_ bang midy lan E ?
4) Cong sudt P2 clia den (2) va P3 eha den (3)
bing mdy ldn P cda dén (1) ? ;
TRAN VAN MINII
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PROBLEMS IN THIS ISSUE

For Lower Secondary Schools

T1/207 : Find all rational numbers x such
that @WT@J is rational.
NGUYEN KHANH NGUYEN
T2/207 : Does there exist a natural number
n such that n? + 2" is divisible by 1994 ?
' TA HONG QUANG
T3/207 : Show that the polynomial
gt

Pf + .
B 15

whenever x is an integer

takes integral value

DANG HUNG THANG

T4/207 : Aline passing through the vertex
A of a parallelogram ABCD intersects the
diagonal BD and the lines DC, BC at P, and
M , N, respectively.
1) Prove that
D
AM =~ AN
2) Does hold the equality (*} if the line

from A intersects the rays CD, CB and DB at
M, N and P, respectively ?

AP

(*)

MGUYEN DE
T5/207 : Given an isosceles triangle ABC
with right angle A. M is an arbitrary point on
AC. The ray Ax, orthogonal to BM, cuts the
line BC at H. Let K be the point symmetric to
C with respect to H. The ray Ky orthogonal to

BM, cuts the line AB at I. Calculate AIM.

NGUYEN DUC TAN

For Upper Secondary Schools

T6/207 : The sequence {x | is given by

% = ;— Xy =2 tx,m=12.)
Determine the entire part of the number : i
§ SR s il i
Xkl x 3 Xijogy + ¥

TO HAI
T7/207 : Solve the equation

x5 + B4x0 + 1260 + 36x° + 1
@38 ¥ 36x0 + 12607 + 842 + 9
9a® + 84al + 126a% +36a2 +1
a® + 360 + 1260 + 8402 +9
TRAN HANH

RrakEy

T8/207 : Prove that
s e b ek
1 +cos2x 1 + cosdx 1 —cosbx

provided that the left side is defined.

TRAN DUY HINH
T9/207 : Given a triangle ABC. Prove that
2 1 1 s 1 1

> 2

7 i

+ = P .
d ‘eb 3n: £
where [, [, [ are the Jengths of the inbisectors,
r and R are the radii of inscribed and
circumscribed cireles of ABC.
TRAN XUAN DANG

T10/207 : Let r and R be the radii of
inscribed and circumscribed spheres of a
tetrahedron with volume V.

Prove that 8rRZ = 3V3V.

DUONG QUOC VIET

(3om ot bi .
Ban co biét ;

'MAY TiNH
"NGON XOE NGON CcUP"

i I

Kh; con vudn ngudi ddu tién ding thang trén |

hai chan sau, i phong hai chan trude, bién |
1

1 Ay, 1 Ir"

=

i
1

AN THANH QUANG |

| n6 thanh hai ciing la ltc "chédt xam” cd |
| mot bude :“m” vot méi vé chat lugng. l
Hai tay khong chi la cong cu 'an L.nr,; ma
con la cong cu thong tin, giao tig} ”’1 i 1!
mL'_-.t n.aj Unl’* thé sd bac nhfit, do "Trdi” cl |
v cac kigu xoe, cup T

dun o da> btc u }~1e1f1 qn

Cac com, 30

i con ngudi da lam phep
S 16n hon 5, bé hon 10,

nhan hai 86, ma méi s

nhu sau
Vi du nhan 7 vai ’:'.P : [
! * 7 — b = 2, trude hét xde 2 ngdn d ban tay|
% trai ra
{ *8 -5 =4, xde4 ngon d ban tay phai ra
* 2 ngdén xoée ra + 4 ngdn xbe ra = b ngon
xbe ra.

* Ban tay trai con 3 ngon Lup ban tay phai

con 1 ngdn cup, vay 3 x 1 =
Kétqua 7.9 = 63.

Mot s6 nong dan & Chau Au vin con lam
phép nhan kigu nay.

Bang cach nay ban 1&m phép nhan 8.6 thi xem !
Co 56 toan hoc ctia phép nhan kiéu nay 1a gi ?

Mot goi ¥
ab = [(a=5 +(b-5)] 10+(10-a) (10 - b).

i -
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I. Dé thi :
Ngay thi thi nhdt (02-3-1994)
Bai 1 : Giai hé phuong trinh :
D+ -3 +In@@-x+1) =y
¥ +8% -3 +In(y? -y +1) =z
224+ 32 -3+In@z2 —z+1) =x
Bai 2 : Xét tam giac ABC. Goi A’ ]a di€ém
doi xidng vdi A qua dudng thang BC ; B' la
diém d&i xing véi B qua dudng thing CA ;
C’ la di€m d6i xting voi C qua dudng thang
AB. Hiy tim diéu kién cdn va di vé dang
cia tam gidac ABC dé tam gidc A’B’C’ ]a tam
giac déu.

Bai 3 : Cho 86 thuc a thude khoang (0 ; 1),
Xét day s6 {x,] * n = 0 duge xac dinh bdi :

.I“‘:G

f

o
X = = arccos L | <+
- 2 f 131 1 A

n :
—) arcsing, _,
T =1 23
Ching minhrangday{ x,} * n = 0cd gidi han
hitu han khi n dan téi «. Hay tim gidi han do.
Ngay thi thit hai (03 - 3 - 1994)
Bai 4 :
A,A A, . A, (n = 3) ngudi ta dit n vién bi.

Tai dinh A, ecta da gidge 16i

Thite hién viée chuyén ché cde vién bi theo
cdch sau : méi lan ldy mot vien bi 6 A, réi dat
no vao mot dinh ké A, va déng thoi 14y mot
vién bi & A roi dat nd vao mot dinh ké AJ-?
voii, j € {0,1,2, .., n) (c thé i = j).

Hay tim tét ca cdc gid tri clia n sao cho sau
mot s0 hitu han ldn thuc hién viée chuyé&n bi
ndi trén mot cach thich hop thi & méi dinh
A; A, .. A, déu cd mot vién bi.

Bai 5 : Cho mat cdu (€) tam O ban kinh R
(R > 0). Cho hai mat phing (P), (@) vudng
goc vdi nhau, cling di qua tam O va cat mat

12

~Huong dan gidi cac bai toan thi chon
hoc sinh gidi toan PTTH qudc gia (bang A)
"NAM HOC 1993 - 1994

NGUYEN VIET HAI - NGUYEN KHAC MINH —

cdu (&) ldn lugt theo cac dudng tron
() Tk

Tim quy tich truc tam eta cde td dign truc
tam ABCD ma tam gide BCD ndi tiép dudng
tron (Tp) va dinh A nam trén duong tron (T,,) |

(Tt dién truc tdm la td dién cd bén duong
cao déng quy tai mét di€m goi 14 true tAm cia
tu dién).

Bai 6 : Héi cd ton tai hay khong ede da thic
P(x), Qx), T(x) thoa man dong thdi cac diéu
kién sau : .

1. T&t cA cdc hé s6 caa Plx), @fx) va Tix)
déu la cdc s6 nguyén dudgng.

2. T(x) = (x2 — 3x + 3)
a2, x 1
] " i piticpicork 13) @@).

I1. Hudng dan giai :
Bai 1 : Diéu kién cd nghia : x, v, z € R.

Xét ham fix) =2 +3 -3 +In(Z ¢ +1)
trén R. Viét lai hé dudi dang -

flx) = ¥ flx) = ¥

fy) =z = {fly) = z (I
flz) = x fififix))) = x (1)

6 - £t —'3f2+§£-2—;+2>0
GifiDaE 2 -t +1

YiE R=ft t trén R,

Tit dd dé dang chiing minh dudgc :
(1) =flx) = xe=x + 2x — 3 +

+In@x2 —x.+ 1) =0 (2).
Xét ham g(x) = x> +2x =3 +In(x2 —x + 1)
, 22 + 1
en Gl ol e s
2 -—x+1

Vxe R=gfx)t trén R. Ma g(i} = 0, nén
suy ra : (2) <=x = 1, va do viy :
Desx=y=z=1

Bai 2 : Dat AB = ¢, BC = a, CA = b. Ki

hiéu BAC, ACB, CBA lin lugt bdi A, C, B.

https://tieulun.hopto.org
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Ki hiéu \DX 0Y) la goc cd hudng tao bﬁl

tia OX va tia OY. Cé : BC’ = B/C =
CA’'=AC'=b;AB'=AB=c; vﬁ(AB AC’}“
=,_3‘{ACAB) (BC "BA") = B(BABC)
(CB,CA') = 3 {CA CE)XC By ra.
cos BPAC’ = cos3A ; cos C’BA’ = cos3B g
cos A’'BC’ = cos3C.

Ap dung dinh li ham s6 cosin cho CA'B’ ta

dudc :
A'B? = g2 + b2 — 2abcos3C

¢? + 2abeosC — 2abcosdC
= ¢2 + BabcosC .sin?C =

2

ad i b 2
= — (R? + a® + b — c?) (8)

Rt_

(R la ban kinh dusng tron ngoai tiép A ABC).

2
Tuong tu, c6 : B'C'? = %3 (R2+b2+c2—a?) ;

C’A’2=;—Z(R2+c1+a3--a‘~‘). Tit dé : A A’B’C’ déu
ea(R24 b2+ ¢2 - a?) = bR+ 2+ a® b?) =
= CZ{RE + g2 +.b2 V2 cz) .:’
[@ - 6% (B2 + & - a? - b))
|(B% — %) (% + a? - b2 — ) = 0

A ABC déu

e |AABC can cd gée & dinh biang 30°
A ABC can c6 géc & dinh bing 150°

Chii y : CD thé thu dugc (3) ti -:ac hé thuc
AB? = (AB’) AB’ AB + BB + A'A
va (BB’ A’A) = ((Eft CB)

Bai 3 : Viét lai cong thic xdc dinh day dudi
dang :

Il
(=]

4
e Al ﬂ.PCCOSEIn_l (4)

L2}
by

Tir do dé thdyx, € (0,1) VR EN
Vi mbin € N dat ¢, =

ﬂ.]"‘CCOSI” 2 cd
(0= —) ¥ n € N. Hon nita, tit (4) cd :
4
cost,'= 1 — = t2_,==t, = 2arcsin (gtn_l) ;
Xét ham f(t) = 2arcsin (1'%- ..t) font
ch T
trén [0, 2] oo
t 0 £ /2
v oo ol g o2
- _ Ty
o110~ ) flml2)

Mafo) = f (5) =
Vte [0, %] va fit)

O nén suy ra fit) < 0

il

Vet =0, ¢ =-g-:5>

THRAGICE S S E e e e S s oV =
day {t,} don di¢u giam va bj chan dudi bai 0
=3lim ¢, 3 lim x, .

iR n—+m|

; i g

Pat i111_1:1%4?” = gfocd 0 =g = g va

= 2arcsin ( L{rz ] a) . Két hop vdi (5) suy ra
a = 0, va do dd lim x, = L

n=rw
Bai4:Déthdyn = 2k (k € N*, k = 2) thoa

mén yéu ciu cua dé bai.

e Xétn = 2k + 1, k € N*. Té cac dinh
A, Ay, . Ay bdihai mau X, D sao cho
A duqc td bdi mau D v8i mbii = 0, 1, 2, ...
2k + 1 dinh A, c6 mau khéc v6i mau cia dinh
ké voi nd. Nhan thay : Trong méi ldn chuyén
bi, m&i bi déu duge chuyén tit dinh cé mau
nay sang dinh c6 mau kia. Do vay, sau moi
l4n chuyén bi, tong s8 bi c¢d tai tdt ca cac
dinh dude t6 bdi mau X khong thay ddi tinh
chdn, 18, Suy ra, cé thé x&p duoc vao moi
dinhAl Ay Ay . motbichikhik+1=0
(mod2), hay n = 3 (mod4).

Ngugc lai, vin = 4m + 3, m € N, thuc
hién viéc chuyén bi, chdng han, theo phuong
an :

+Lan luot, véiméil = 1,2m + 1dbudc
thit | ta lam nhu sau : Ly 2 bi § A r6i chuyén
chiing tudin ty qua cacdinh A, | A, ... téi dinh
A, thi dimng lai. Sau budce thif 2m +1, tai dinh
A, sé cd | bi, tai mbi dmhAz, i e

4rn =3
déu co 2 bi, cdon tai cdac dinh
Ay, . . I déu khoéng cd bi. Tiép theo :

+ Lan lugt, véi méi [ = 1,m ,m + .+ 16 buée
thd / ta lam nhu sau : Lay 1 bi 8 A, chuyén

sangA, _ vadongthoilaylbidgA, _, chuyén
sang Ay _; (Quy udc coi A, 1a A, ). Sau
bude thd m + 1, tai difm
A A s A 5o 8800 10

e Tdm lai, tdt ca cac gisi.tri n = 3 cdn tim
lan # 1 (mod4)

Bai 5 : Goi M, N la hai giao diém cia
(Tp) va (Ty). Goi H, la hinh chiéu vuéng goc
cua A trén (P).

mdi
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e Trudc hét, hay ching minh : H l& trfue
tam ciia tir dién ABCD théa mdn dé bai =H la

trung diém ctia AH,, ,

vii A € (Tp) \IM, N} (*

e Tit dd : Quy tich cdn tim chinh 14 quy
tich trung diém H cia AH_ khi A chay trén

(Ty) \{M, N}.

Trong (@), xét hé truc toa dé truc chuin
Oxy, ta co truc hoanh nam trén dudng thang
MN. Trong hé truc Oxy dudng tron (Ty) cd
phuong trinh : 2% + y¢ = R? (6). Goi (x, y) 12
toa d6 cia A. Khi do H (x’, ¥ 14 trung diém

1
cia AH khivachikhix’=xvay = 5 Bai

vy, tu (6) suy ra : H (x, ¥') 1a trung diém ctia
AH,, , v6i A € (Tg) \ {M, N}, khi va chi khi

x2H4y2=R2 va y' = 0. Vay :

Quy tich can tim la (E) \ {M, N}, véi (E) la
elip, vé trong (@), tdm O, true ldn 14 MN va

! . R
cdc ban truc la R, 3

Cha y : Co thé chiing minh (*) theo nhiéu

cach.

Bai 6 : Viét lai dang thic cia dé bai dudi

dang :
607(x) = 60(x2 — 3x + 8) P(x) =

= (32 — 4x + 5) Q(x) (M

Do cdc da thic 60(x? — 3x + 3) va
(3x? — 4x + 5) vo nghiém nén ching nguyén
t6 cung nhau. Vi vay, tit (7) suy ra : Ton tai
Pix), Q(x), Tix) théa mdn cac didu kién cta dé
bai = Toén tai da thic Six} saxo cho
(3x? — 4x + 5) S(x), 60(x* - 3x + 3) S(x)
va (3 — 4x + 5) (x2 — 3x + 3) S(x)déula

cae da thite voi hé s6 nguyén duong.
e Xét da thiic (x + 1)" .

1. Chon n sao cho P|(x) = (3x?—4x+5)(x+1)"
la da thic vdi hé s6 nguyén ducng Cd :

Pida) = dallraad (A0 = Ap" F 14
g
_|_2 {30};{4 __4(:&:” +5C};—l)x?r--k+l A
k=1
+(5Ct71 —dyr + 5

+Dé thay 3C] — 4 va 5C" ! — 4 nguyén

dudng ¥ n = 2.

14
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+Hé s6 clia x" ! nguyén duongV & = 1, n—1
khi va chi‘khi : 3C%+1 =~ 4C% J5€% =1 »40
Yk=1.n-1
= 12k —2(5n — 1)k + 3n: —n — 4 > 0
YeE=1,n—-1(8

Diéu kién di dé co (8) 1a :

A, = 11n% = 2n — 49 > 0(9).Déthdy,cd (9)
Ynzi

Nhu vay, ¥ n = 3 thi P (x) la da thiic vai
hé s6 nguyén dudng.

2. Bing cach tuong tu sé cd : V n = 15 thi
Q,(x) = (a* — 3 + 3). (x + 1)" 1a da thic
vai hé s6 nguyén duong.

3. Tl céde két qua cda 1) va 2) suy ra

S(x) = (x + 1)!® théa méan cac diéu kién da
dat ra 4 trén.

e Viy, cdu tra loi cia bai todn 1a cd, va
cdc da thiic Pix), @fx), T(x) ; ching han la :

P(x) = (322 — 4x + 5)(x + 1)!8
Qx) = 60(x* — 3x + 3)(x + 1)18
T(x)y = (x2 = 3x + 3)(3x% — 4x + 5)(x + 1)!¥

i

Chit y : Bai toan con co thé duge giai mot
cach "du kich" nhu sau : Xudt phat tit Nhan
xét :

(x2 =3+ 3)@a* +3x + 3)(x* + 3% + 9) =
=x% + 94 +'81

(3% — 4x + 5) (3% + 4x + 5) =

9t + 1422 + 25

cd thé thdy cdc da thdc Prx), Qfx), . Tfx) sau
thoa man cde diéu kién cta bai ra :

P(x) = (x* +8x +3) (x* + 3 +9)x

X (9 + 14x? + 25). R(x)
Q(x) = 60(3x2 +4x + 5)(x® + N +81) R(x)
T(x) = (x% + 9x? + 81) (9t +14x2 + 25).R(x)

Vai: Rx) = 2!+ x1 + 2% + 45 +

il

+x’ +a® +a +xd 3+l +x + 1
ITI. Nhan xét : |

Theo ching téi, cac bai toan thi ndm nay
mang "mau sdc chuyén” it hon so véi cdc bai
todn thi clia nhitng nam trudc. De dat dugc

(Xem tiép bia 3)

https://tieulun.hopto.org



https://www. facebook. com/letrungkienmath hitps://sites. google.com/site/letrungikienmath

Trong tam gidc cé mot bai toan kinh dién :

B toan 1 : Cho tam giée ABC. Hay tim trén mdt phang tam gidc
diém M sao cho téng (MA + MB + MC) nhé nhét.

Bai todn 1 da dugc nha todn hoc Toricelli giai va két qua cu thé nhu
sau: Néumax {4 ; B ; €] < 1207 thi tdng (MA +MB +MC) nhé nhat
khi BMC = CMA = AMB = 12(0¢

NéuA > 120° thi téng (MA + MB + MC) nhé nhét khi M trung A

N&u B = 120° thi téng (MA + MB + MC) nho nhét khi M tring B

Néu & > 120° thi téng (MA + MB + MC) nhé nhat khi M tring C

Bai todn 1 cd sy md rong tdt yéu

Bui togn 2 : Cho tam gide ABC va ba s6 duong x, y, z. Hay tim trén mat
phéng tam gidc diém M sao cho tong (xMA + + yMB + zMC) nhé nhat.

Bai toan 2 da duge dé cap trong mot vai tai lidu

Tuy nhién, chua cg tai liéu nao cho mot 15i giai tuong minh. Bai bao
nay xin gidi thidu mot 1oi gidi nhu vay. Trude hét xin phat biéu khong
ching minh bd dé sau.

Bé dé : Cho tam giac ABC. M 1a mot diém trong khéng gian. Khi do :
1. Néu M khong thuée dudng trdn ngoai tiép tam gidc ABC thi ba so
BC.MA : CA.MB, AB.MC la d6 dai ba canh clla mot tam gidc nao do

2. Néu M thude dudng tron ngoai tiép tam giac ABC thi trong ba s6
BC.MA ; CAMB ; AB.MC cd mét s6 bang tdng hai s6 cbn lai. Cu thé la .

a) Néu M thuoe cung BC (khong chifa A) thi : BC.MA = CAMB+ABMC

b) Néu M thubc cung CA (khéng chda B) thi :

CAMB = ABMC + BC.MA
¢) N&u M thudc cung AB (khong chia C) thi :

AB.MC = BCMA + CAMRB
B3 dé trén 1a su phat biéu chi tiét bit dang thic ndi tiéng Ptoléme.
Trd lai viéc giai bai toan 2 : :

Yokiz =%
A - Truonghdp |z + x < yChénghan:y+z s x

x +y =z
Ta cd : xMA + yMB + zMC = (y +2z)MA + yMB +:zMC =

= y(MA + MB) +z2(MA + MC) = yAB + zAC

Déng thic x4y ra =M trung A,

Vay : (xMA + yMB + zMC) nhé nhét khi M tring A va gid tri nho
nhét dd bang : yAB +zAC,

x

NGUYEN MINH HA

ORICELLI

QUACUAT

Tim hiéu sau thém toan hoc phd théng

G MOTKET

gy g o8
B - Trugng hop yz +x > y
ety
Khi d6 tén tai A A’B’C’ théa mén diéu kién : B'C = x’; C'A" =y,

A'B"= 2z (h.1}
LNeumax{A 44 ; B+B;C+C} <18
Vé phia ngoai A ABC ta dyng
A A, BC déng dang voi AA’B’C’ (h.2) Goi I 1a giao (khac A)) cia

dudng thang AA, véi dudng trom & i it s

ngoai tiép A A, BC.

Vi A+A'< 180° = A < 180°—4’ =
= BAC < 180 — BA, C = A khong
thude hinh tron ngoai tiép A A, BC
= I thudce doan thing AA; (1)

A

q

MO RON
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‘4- :

B + B < 180 ABA; < 1807
-‘Ji d {ft . o~ = —

|Cl ek a2 1809 ACA; < 18(°
= [ thudc cung BC (khong chita A ) cia dusng
tron ngoai.tiép A A, BC (2)

Tt (1) va (2) ta thdy : I déng thoi thuec
doan AA, va cung BC (khong chia A)) cia

dudng tron ngoai ti€p A A, BC.

Hon thé& ban doc cd thé thdy : I thudc

A ABC va :
BIC = 180° - 2’
CIA = 180 - B
AIB = 180° - C
Lay diém M bat ki ta cd :

xMA +yMB + z:MC =
= B'C'MA + C’A"MB + A’'B’MC

ﬂB’C'M4+£-CAM +B -
=B'C'MA + 52 MB + = A BMC

CA,.MB + A B.MC

BC
ﬂpdungbﬁdé’chﬂﬁAlﬂcvédiéthacd:

MA, BC

xMA +yMB +zMC = B'C’ ( MA "'"_Eé"c_)

= B'C'(MA+MA)) > B'C’ . AA, =x.AA,

= ' B> (MA +

Dang thitc xdy ra <M déng thi thude doan -

AA, va cung BC (khéng chia A)) cia dudng
tron ngoai tiép A A; BC
BMC = 180 — 4'
MtringI | CMA = 180° — B’ (%)
AMB = 180° - C
Vay : (xMA + yMB + zMC) nhé nhit khi M
théa méan (*) va gia tri nhé nhét dd bang : xAA|
II. Néu max { A+4’, B+B’ ; C+C'} = 1807
Chinghan : 4 + A4’ = 180°.
Tuong tu nhu trudng hop 7 véi chi y réng :
A chinh la giao cia doan AA, v6i cung BC

16
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(khéng chia A} clia duting tron ngoai tiép
ﬂAlBC, ta thdy : (xMA + yMB + zMC) nho
nhit khi M tring A va gia tri nhé nhat dd
bang : xAA, = yAB + zAC. . '
I11. Néu max {;g+§’;§+§’ i 8+E"} >180.
Chang han : 4 + 4’ > 18(°
Qua A ké cac duong thangyy’'; zz’ sao cho :
B thudc tia Ay ; C thudc tia Az, Lay diém M
bat ki. < oy
1) Néu M nam trong gdc yAz(h.3)
Vi:4 + 4" > 180 nén ta dung dude cdc
tia Ay, , Az, théa méan diéu kién :
—— -~
(7,42, + 4’ = 180°
'l a - = e
Céctia Ay, , Az, nam trong gde yAz (h.3)
S i
M nam trong géc y; Az,

S HA
Trén Ay, ; Az, 14n lugt &y cde di€ém B, ; C,
sao cho : AB, = AB ; AC, = AC

Ap dung trudng hop 11 cho AAB C,taco:
xMA + yMB, + zMC, = yAB, + zAC,
= xMA + yMB, + zMC, = yAB + zAC
ViA ABB, cin tai A nén :
MB = MB,

Tuong tu nhu vay :
MC > MC,

Suy ra :xMA +yMB +2MC = yABR +z2AC (3)
2. Néu M nam trong gdc zAy (h.4)

Vid+4 > 18(” nén ta dung dugc tia
Ay, nam trong goe yAz théa man diéu kién

YAz + A4 = 180° (h4). Trén Ay, ldy
diém B, sao cho : AB, = AB.
Ap dung trudmg hop 11 cho AAB,€ taco :
- XMA + yMB, + zMC = yAB, + zAC
= aMA + yMB, + zMC = yAB + zAC

https://tieulun.hopto.org
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Vi A ABB| céan tai A nén : MB = MB,

Suy ra : xMA +yMB +2zMC = yAB +:zAC  {4)

3) Néu M nam trong gic v'Az’ (h.5)

Trén Ay’ ; Az’ ldy cac diém B’, €' sao cho :
AB' = AB ; AC’ = AC. Ap dung truéng hap 1
cho A AB'C’ ta cd :

tMA + yMB’ + :MC’ = yAB' + zAC’

= xMA + yMB' + zMC' = yAB + 2AC

Vi A ABB’ cin tai A nén :

MB = MB’

Tudng tu nhu vay : MC = MC’
Suy ra
xMA + yMB + zMC = yAB +2AC  (5)
4) Néu M nam trong gde z'Ay : Tuong tu
nhu trudng hgp 2 ta ed

xMA +yMB + z:MC = yAB +zAC  (8)

T (3) ; (4) ; (5) ; (6) tacd :

xMA + yMB +:z:MC = yAB +zACY M

Déng thic x4y ra <M trung A

Vay : (xMA +yMB +2zMC) nho nhét khi M trung
A va gia tri nho nhit dd bang : yAB +zAC

Két lugn :

A = Né&u x, v, z khong phai la d6 dai ba canh
cua mot tam gidc nao do :

1) ¥y +2z < x thi (xMA + yMB + zMCJ nho
nhit khi M traing A

2) z+x < y thi (xMA + yMB + zMC) nho
nhat khi M tring B

3)x +vy < z thi (xMA + yMB + zMCJ nho
nhdt khi M trang C

B - Né&u x, v, z 14 dé dai ba canh cia mot
tam gidc nao do.

Ta ki higu tam gidac d6laA’B'C (B'C" = x;
CA' =y AB =2 . . .

1) Max{A4 +A4,B+B,C+C]} < 1807 thi
(XMA + yMB + zMC) nho nhit khi :

[ BMC = 180° — &'
| EMA = 180" — B
AMB = 180° — C

2)4 + A’ = 1807 thi ®MA +yMB +2MC)
nho nhéat khi M trung A

3)B + B = 18(° thi ®MA + yMB +zMC)
nhé nhat khi M trung B

4)C + C = 180° thi (xMA +yMB +:zMC}
nhé nhit khi M tring C

Dé két thuc xin néu mat vai bai tap ap dung

Bai tap 1 - Cho A ABC. Hay tim trén
mat phing tam gidac difm M sao cho :

; 1
(MA + ‘-'25 MB + 5 MC) nh nhat
Bai tap 2 : Cho A ABC. Hay tim trén
mat phang tam gide diém M sao cho :
(BC.MA + CA.MB + AB.MC) nho nhit
Bai tap 3. Cho A ABC. m ; m,, ; m_ theo thi

tu la do dai cac trung tuyén xudt phat ti A ;
B, C. Hay tim trén mat phing tam gidc die¢m M
sao cho (m MA +m, MB +m_MC) nhé nhit.

NG DAN GIAI ..
(tiép theo trang 14

diém tit trung binh trd 1én chi ddi héi cdc thi
sinh nam ving cac kién thic cg ban va biét
cach van dung ching vdi muc dé linh hoat
tuong duong véi muc cdn cd dé giai dude cac
bai todn "*" trong cac SGK phd thong hién nay.
Tuy viy, nhin chung, tinh hinh lam bai cua
cac thi sinh khong dudge kha quan nhu mong
doi. Xin néu ra day mot s6 con s6 thong ke dé
ban doc tham khao :

e —————

0 day : ¢, - Ti 1é thi sinh dat diém téi da
va x4dp xi toi da.

¢, - Tilé thi sinh dat dudi mot nita s6 diém
téi da.

t, - Tilé thi sinh duge tit 0 dén 1 di¢m.
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CHIA BANH

Cé mét cai banh trung thu rat lon, co kich
thutc 8dm x 8 dm, nhung vi so ¥ lic lam

Giai dap bai :

Ai cao ai thap ?

Goi A 1a hoe sinh dugc chon trong 14n chon
thi nhét va B 1a hoc sinh duoc chon trong 14n

1dm

chon thi hai. Goi C 1a hoc sinh ding cing P
hang doc voi A vaA cung hang ngang voi B. !
(Xem hinh ve) T RIS

Vi A la hoe sinh A % e
cao nhéAt trong banh ngubi lam banh da dat cdc qua tring
hang doc ctia minh [ lam nhén banh ¢ vi tri sai s6t nhu hinh trén.
nén A cao hon C : Hay tim céch chia banh ra thanh nhimg phén

h(A) = R(C) (1). Vi
B la hoc sinh thap
nhat trong hang S
ngang cua minh NGUYEN BUC TAN
nén B thap hon C:

h(C) = h(B) (2) (voi k() 1a ki hitu chiéu cao

s béng nhau sao cho mbi phian phai cé nhan la
8 B mét qua trimg.

cta hoc sinh). Tir (1) va (2) ta b6 h(A) = h(B) Lo @A L Lo = =i
Nghia la hoc sinh duoe chon ldn ddu khéng o dal:_tu;,thdng - n‘am O gla
thap hon hoc sinh duoc chon ldn thi hai. moi so THVTT la _1,5"0&
Trong truong hop ddu "=" xay ra & ci hai TOAN HOQC VA TUOI TRE.

bit déng thuc (1) va (2) thi A cao bang B.
BINH PHUONG
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