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TOAN HOC VA TUOI TRE
MATHEMATICS AND YOUTH

MLUIC LUC

Trang
e Phan Dic Chinh, Dang Hung Thang
Ki thi Olimpic Todn qudc té& ldn thi 35 i
e Dinh cho cdc ban Trung hoc co so Téng bién tdp :
For Lower Secondary School Level Friends NGUYEN CANH TOAN
Nguyén Puc Tan — Mot s6 bai todn ching minh P il i e
bit dang thic bang phuong phap hinh hoc 2 N(_O'E:} % ___p ’
e Gidi bai ki triedc HOANG CHUNG
Solutions of problems in previous issue
Céc bai ctia s6 202 4
® Dé ra ki nay HOI DONG BIEN TAP :

Problems in this issue

Cac baij ti T1/206 dén T10/206, L1/206, L2/206 10 Npwls Cisk Ton, Hekog

e Tim hiéu siu thém todn hoc phé thong Chiing, Ngo Dat Tu, Lé Khic
Further study of school Maths Bao, Nguyén Huy Doan
Phan Huy Khai = Mot vai tinh chit cac nghiém Nguyén Viévt Hai Di;1h Quang
ctia mot phuong trinh bac cao 12 i—Ia’loyNguvén ‘(uén e e

o Lich sic Todn hoc Huy Khai, Vii Thanh Khiét, Lé
titainiy of JACIERRNES & Hai Khoi, Nguyén Van Mau,
Ngo Viét Trung — Dinh li Pitago trong cac nén Hodng L& Minh. Niguyln Khac
vaR ot el s = Minh, Trdn Van Nhung,

® Budgc diu tim hié'u todn hoc hién dui Nguyén Dang Phit, Phan
Your first steps in Modern Mathematics Thanh Quang, Ta Héng
Nguyén Tién Ding - Bai todan con lac da 16 Quéng, Dang }'Ii:ng 'T'lhﬁng Vi

® Gidi tri todn hoc Duong Thuy, Trdn Thanh
Fun with Mathematics Trai, Lé Ba& Khanh Trinh, Ngo
Binh phuong - Gidi dap bai Thay cht bang s6 Viét Trung, Dang Quan Vién.
Nguyén Hitu Du — Chay nhu thé nao Bia 4 ' o

o Két qua ctia doan hoc sinh Viét Nam
tai cude thi Tin hoe qude t&€ ldn thd sau

Tru sd toa soan ;
81 Tridn Hung Dao, Ha Noi DT: 260786 Bién tap va tri su : vU K:IM '[‘_I:IUY
231 Nguyén Van Cir. TP H_ﬁlChi Minh DT: 356111 Trirnh bay : DOAN HONG
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uéc thi Toan qudc t&€ ldn thi 35 duge t8

chitc tai Hong Kéng tit ngav 8 dén 20 thang
7 nam 1994 — Tham du cudc thi ldn nay co
385 hoc sinh cta 69 nude (méi nude duge ci
mot d6i nhiéu nhét 14 6 hoc sinh). Ngoai ra
con cd mot s6 khd dong quan sdt vién chaa 22
nude, trong dé cd Srilanca, Malaisia, Brunay
va Papua Niu Ghiné 1a 4 nudc khéng cd hoc
sinh dy thi ma chi gii quan sit vién. Doan
Viét Nam gom 6 hoc sinh : Dao Hdi Long,
Trian Ngoc Nam, To Dong Vi, Nguyén Quy
Tudn, Nguyén Chu Gia Vuong (DHTH Ha
Noi) va Nguyén Duy Lan (DHSP Ha Noi). Hai
ban Long va Vi 1a hoc sinh 16p 11, s con lai
la 16p 12.

Theo diéu 1& clia cude thi IMO téng s6 thi
sinh duge giai khong duge vugt qua mot nia
0 thi sinh tham du. $6 giai nhat (huy chuong
vang), giai nhi (huy chuong bac) va gidi ba
(huy chudng déng) sé xdp xitile1:2: 3.

Cudc thi dién ra trong hai ngay 13 va 14/7 -

nam 1994, Méi ngay hoc sinh phai giai 3 bai
toan trong 4 tiéng rudi. Diém t6i da cia mdi
bai la 7.

Can ci vao két qua ki thi, Ban Giam khao

da quyét dinh trao :

= 30 huy chuong Vang cho cdc thi sinh dat
tir 40 dén 42 diém.

- 64 huy chuong Bac cho cic thi sinh dat
ti 30 dén 39 didm.

= 98 huy chugng Déng cho cac thi sinh dat
tit 19 dén 29 diem.

Ki THI OLIMPIC TOAN QUOC TE

(IMO) LAN THU 35

e

PHAN BUC CHINH - DANG HUNG THANG

Ban T4 chie khong xét giai déng déi. Tuy
nhién khi xép thi tu (khéng chinh thic) cia
cac doi ed du 6 hoe sinh thi doi Viét Nam xép
thit 6 sau Hoa Ki, Nga, Trung Qudc, Bungari
va Hunggari. Doan Hoa Ki da lap mét thanh
tich "giat gan" : Ca 6 hoe sinh cia doéi déu dat
diém tuyét dbi 42,

Cude thi IMO l4n nay duge t8 chide rat chu
ddo. Nhidu cuée di choi, tham quan, du lich ...
rdt hdp din bd ich duge t8 chic cho cde thi
sinh ngoai thai gian thi. Cdc em hoe sinh Viét
Nam, mic dit vén ngoai nglt chua nhiéu da cé
ging két ban, trao ddi cac dé toan, cdc tang
phdm luu niém vdi hoc sinh ciia cde nude khac.
Cuodc thi da thanh cong tot dep, dat duge muc
dich dé ra la : phat hién, khuyén khich cac tai
nang todn hoc tré d tit ca cic nude, tang cudng
tinh hitu nghi sy hi€u biét ldn nhau giita cdc
thay gido va hoe sinh va tao co héi trao dai
kinh nghiém vé gido duc Todn hoc gilta cdc
nudc trén thé gidi.

Duai day 1a 6 dé thi.

Bai 1. Gia st m, n 1a hal s6 nguyén dudng
va a,,a,...a, la nhitng phan ti khac nhau
cia tap {1, 2, .., n}. Gia thig&t rang hé
@ +a; <nvéii,jnaods,1<sisjs m thi tén

ta_lik,lsksnzsauchaa{.nkaj:ak.

Chiing to rang

g ta; *... *a, npni+i

m : 2

(Xem tiép bia 3)

Két qua cta doan Viét Nam trong ki thi nay 1a nhu sau :

Ma | Bai | Bai | Bai | Bai | Bai | Bai | Téng AL

il o6 | 1|88 85|45 ]| 6| a6 i
Dao Hai Long VIE1l| 7 Tt (SR 7 1 7 | 41 | Huy chuong Vang
Nguyén Chu Gia Vugng |VIE 2| 0 7 6 6 5 T 31 Huy chuong Bac
Nguyén Duy Lan VIE3| 7 7 i 6 il 0 34 Huy chuong Bac
Nguyén Quy Tuén VIE4| 6 |-7 | 6 7 7.1.0 33 Huy chuong Bac
Tad Dong Vii YIRS T %] D 7 /e N 30 Huy chuong Bac
Tran Ngoc Nam VIE6| 4 | 7 T 7 6 7 38 Huy chuong Bac

Téng s6 31 |42 |33 | 39 |39 | 28 | 207

et
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Danh cho cdc ban Phé théng Trung hoc Ca 6

orT s BAl TOAN CHUNG MINH BAT DANG 'I'Hl.l'
BANG PHUONG PHAP HINH HOC

| = P _ NGUYEN PUC TAN ]
rong cde tailibu sach bao viét vé cac phuong Gidi :

Tphép giai bai toin ching minh bit dang Vix, ¥, z ¢ duong nén ludn luén ton tai td

thic & P.T.TH.C.S hdu nhu it dé cap dén gidc ABCD c6 AC L BD tai O v6i OA = x;

phuong phép sit dung kién thic hinh hoc 6 OC =y, OB =2 0D =

giai. Véi von liéng hinh hoe P.T.TH.C S trong Dé thay

mot s6 truong hgp ta cd thé giai cac bai toan AB = a2 +22
chiing minh bit dang thic mét cach ngan gon .
va ed thé noi 1a "dep". LR e

Xin dugc cung ban doc tim toi vé vdn dé CD =Vy*+t
nay théng qua cdc bai todn sau :

Bai toan 1 : Ching minh rang

[VaZ —6x +34 —YxZ —6x + 10| <4

Gidi :

Dat § = |Vx - 3[Z +52 —\[x — 3[Z + 17|
e Viix =3tacd S = 4

-~

e Vdix = 3. Dung AARC, 4 = 90° - L
AC = 5 (don vi d6 dai), AB = [ x— 3/ (don vi do dai) b Bl
1 1
3 Sdm-zghlABsEBC.AB
1 1
SADF—EthD ZDC.,{D

SAB{‘D i SAB(_" * SA pc

1
Sapen = 3 (x+y)(z +8)

;; " o Vay V(xZ+29) (72 +2%) +V(x2+ 19) 2+ 19 =
=(x+y)(z 1)
Trén canh AC ldy diém D sao cho AD = 1 Bai todn 3 : Goi a, b, ¢ 1a ba canh cia mét
{don vi dai) tam gidac cd ba duding cao tuong ing la
D& théy : ' h by b
BC = [x-3[7+57 Chiing minh riang s i 4

2 2 Ep
hs +hj +hL.

BD = {[x-3[%+17
Ma | BC - BD| < DC = AC - AD

S<4voimoix =3

-Gidi :
Qua C k& Cx /{ AB
Goi D 1a diém d6i xing cia A qua Cx

Tom lai § = 4. Ta e

Bai toan 2 ; Ching minh rdng véix, y, 2, ¢ AB? + AD? = BD? < (BC + CD)?
duong thi Vay 4h? +¢? < (a +b)?
VaZ +25) 02 +25) + (@2 +89) (2 + 1) = hay 4h2 < (@ +b)* —¢?

=2xty)(E+i)

2
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2ety=2=1
=y =2 =0
2y —x—4=<0

Ching minh ring x2 +y2 = %

Gidi -

Goi I (x, y) 1a di€m trén mp Oxy trong dd
x, y thoa man didu bai.

Téap hgp cac di€m I (x ; y) 1a thudc mién
mét phdng gi6i han bdi AABC.

g 8 A b8 ¢ X

4h2 < (b +¢)? —a? ¥ .,;{"a
Suy ra W 0
4(h2 +h} + k%) < (@ +b +c)? -‘f‘l _,33’:"
@+b+o? !
REthE+R2 £
Bai toén 4 : Choa, b, ¢, d, e, f1a cdc s6 duong Y/ -
Ching minh rang : Fo 8 i;;
Vi@ +b+c)2+(d +e +/)72 *%-:
sVa? +d? +Vb? +e +Yc? +f2 PN
Gidi : it el 4
Dung ﬁ: 90¢ . Trén Ox ldn lugt 14y céc Ghpuhing minh,Gina 5
digm A, B, € sao cho OA = a, AB = b, BC = ¢ Ma OH L AB; OI = OH
1 1 1! 4
4y o~ oaz Tom "W OH =3
IF 2 x4yl %
r Sau day la cac bai toan ty luyén :
f 1) Cho x, y 14 céc s6 thda man diéu kién 2x
1D +ty=z22x-y< 2
7 Vax+4 22y

Tim gia tri lén nh&t, gia tri nho nhat cua

Trén Oy ldn lugt ldy cac diém D, E, Fsao cho 2 +y2 .

OD = d, DE = ¢, EF = f Qua A, B, C ké cdc
dudng thangd, , d, , d, song song vdi Oy ; qua
D, E, F ké cic dubng thing a, a,, a; song
song vdi Ox ; a, cit d, tai M, a, cat d,tai N ;

ay cét d, tai P. D& thay :

OM = YVa?+d? | MN = VbZ+e2 s NP = Y242

OP=V(a+b+c)+(d +c +/)°2
Ma OP < OM + MN + NP

Vay : V@ +b +e)l +(d +e +)? <

ﬁ{“!az +d? +-,Jb£ + e? +,.]C2 +f2

Bai todn 5 : Cho x, ¥ 12 hai s6 thoa man

cac diéu kién sau :

2)Choa,b,e >0, azc,bz=c
1. Chirng minh rang :
e(a —c) +Ved —c) < Vab

3.Cho a;,a,,...,q, va b ,b,,...,b, la
cdc s6 dudng.

Chiing minh rang :

Vai +bf +Val +8Z +... +VaZ +52 =
V(g +a,+...+a )7+ (B, +b,+. .. +b,)

4. Choa, b,c>0

Chiing minh réng :
VaZ+¢? +VbZ +¢Z = (a +b)e
5. Tim gi4 tri nho nhét caa
Mt ¥ 1+ gl
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Bai T1/202. Tim cde s6 nguyén t6 dang
21994+ 17 (m € NJ, bidu dién duoe dudi dang
hiéu lap phuong cia hai s¢ tit nhién,

Lai giai : Theo Vi Quang Hoa, 8T, PTCS
chuyén thi x4 Thai Binh

Dat P = 2199 +17 > 17 (n € N)(1)
= 1 :1994" cd dang 2k (k € N*)
=P =224 717 =u954]17
Ta thdy 45 = (3 + 1)* = 1 (mod 3)
17 = 2 (mod 3)
Vay P = 0 (mod 3). Theo (1) P 12 hop s6

= Nain

- Véin =0 P =29+17=19 1a s6
nguyén té va 19 = 3% - 23,

Vay =6 nguyén t6 phai tim 14 19 (véin = 0).

Nhan xét : Hau hét cac 1oi giai déu dung.
Cac ban sau day cd loi giai tot - Kim Ngoc
Minh, TM, Marie Curie ;: Pham Huy Tiing, 8A,
B& Van Dan ; Tran Viét Binh, SH, Trung
Vudng ; Vi Tér Thang, 9CT, Nghla Tan, Ha
Noi. Nguyén Khae Tudn, Lé Ngoc Giap, TA,
NK Dong Son ; Pham Anh Tudn, 8H chuyén
Bim Son ; Luu Van Thinh, 8T, NK Thiéu Yén,
Lé Van Cmmg, N Lam Sdn Thanh Héa.
Pham Hong Linh, Nguye’n Xudn Twong, 97T,
Phan Béi Chau ; Nguyén Khanh Quinh, 97T,
NK Yén Thanh, Nghé An. Dinh Tién Hoang,
9T, NK Tién Hai. Dao Lé Dung, 9T, NK Vi
Thu Thai Binh. Vi Thu Hutng, Nguvén
Thanh Nam, 9T, NK Hai Hung. Nguyén Minh
Vii, 7. NK Qué Vn Ha Bac. Lé Quang Nam,
ST Chuyen Diic Phé Quang Ngai. Ngu}*en
Minh Qude, 9, Hoai An Binh Dinh, Lé Tudn
Anh, 9K, Lé Lc_ji, Ha Dﬁng, Ha Tay.

TO NGUYEN
Bai T2/202. Chiing minh rang diéu kién

cin va di dé cdac 86 a, b, ¢ citng ddu la

ab +ac +be > 0vf:£+i+§é =0
Lai giai :

. Diéu kién cin : Hién nhién

. Biéu kién du :

1 1 i
II‘UE-F—‘}'E'— = 0tacdabe(at+b+cl =0

https://sites. eoogle.com/site/letrungkienmath

~Néuabe >0=a+b+c > 0. Laicdab
+ ae+ be = 0tasé suy a a, b, ¢ cing lon hon 0.
That vay, gia st trai lai, khong lam mat téng
quéit ta cd a < 0. Suy ra bc < 0. Nhung ab +
ac+be > 0nénab+ac > 0=ab +ec) =0

Dodob+ec <0 Tudia+b+ec < 0. Mau
thuin, ta c6 dpem.

~ Né&uabe < 0thia+6 +¢ < 0 Laicd ab
+ ac + be > 0. Ta =6 suy ra o, b, ¢ cing nhd
hon 0. That vay, gia si trai lai, chang han
g>0=>b+c<0vabe <0 Maab+ac+be>0
nén ab +ac > 0 hay a (b +c} > 0. Do dd
b+tec =0

=g+b+c¢ >0 Miu thuin.

Viy ta ludn cd a, b, c cung dau.

Nhian xét :

Bai nay nhiéu ban lam duge nhung li luan
dai. Giai tot bai nay la cdc ban Pham H’{"
Ting, 8A B& Van Dan, Nguyén Hong Ha®,
Nguyén Dong, Trin Viét Binh, 8H Trung
Vuong, Ha Nai ; P6 Pang Tao, 9B Chuyén
[Tng Hoa, Ha Tay ; Pham Thi Thanh Van, 6H
Minh Khai, Hai Phong ; Bii Nam Phuong,
8A, Chuyén Phong Chau, Phan Ngoc Lan, 9CT
Chuyén Viét Tri, Vinh Phu ; Tran Phi Son,
8T PTNK Hai Hung ; Nguyén Dinh Quan, 8A
Chuyén Tan Yén, Ha Bac ; Lé Thanh Tinh,
Lé Van Cuong, Lé Viét Hdi, 9T Lam San, Pham
Tién Dang, 9T NK Nga Son, Lé Ngoc Giap,
7A NK Déng Son, Luu Van Thinh, 8T NI&
Thiéu Yén, Thanh Hda ; Pham Tudn Anh, Vi
Nhu Quinh, Nguyén Xudan Son, 9T Phan Boi
Chéu, Nghe An ; Thai Anh Vi, 9NK Can Léc,
Ha Tinh ; Tran Thanh Quang 9T Quéc Hoe
Hué, Thita Thién - Hué ; Nguyén Minh Qudc,
9 PTTH Hoai An, Binh Dinh Nguyén Hitu Hoi,
8T Chuyén Lé Khigt, Quang Ngai ; Luong
Tudgn Anh, 8T1 nguyén Du, TP H6 Chi Minh ;
Tran Thanh Tung, 9 T Lé Quy Don, Long
Khanh, Dong Nai.

VU KIM THOY

Bai T3/202. Cho tam gidec ABC néi tiép
duong tron (0). Dudng phan gide frong cita
goc A cat duong tron (0) tai diém thi hai D
Mét dudong tron thay doi ludn luon di qua A,
D cat eac duong thing AB, AC tai cac diém
tuong ung M, N. Tim tap hop trung diém I
cita MN.

Lai giai : Do cac tit gidac AMDN, ABDC noi

ti€p nén dat « = MDN, ta cd o =.180%- MAC
= BDC Mat khac do A, =A, mnéen

DB = DC DM = DN hay DB = DC DM =
DN. Ta cd phép quay thudn chiéu kim dong
hé (hinh vé bén) :
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Ry :M —=N; B—C;dods MB — NC,
suy ra NC = MB. Ké hinh binh hanh MB CM’,
goi H, K lan lugt 1a trung di€m cta BC, NM’,

MN
taco MM’ [ = BC, IK [/ = FT T nén /K |/ =

BC
oy hay IK |/ = HC. Vay HCKI la hinh binh

hanh, va HI // CK (1). Trong A can CNM' (CN
= BM = CM’), trung tuyén CK déng thai la
phan gidac géc ACM’. Hon nia, ti hinh binh
hanh MBCM’, ta c6 AM |/ CM. hay MAC +

CAM’ = 90° ; do d6 A,+ACK =
—
_ MAC + CAM'

= = 90°. Vay CK L AD (2).

Két hop (2) véi (1), ta cd HI L AD, tic la I
nam trén duong thang Hx vuéng goc véi AD
ké qua trung diém H ciia BC (3). Dao lai, ldy
I, € Hx, va A d6i xing v6i A qua I, ; ké
A M, HAC; AN, [|AB (M, yN; thude cée
dutng thing tuong dng AB, AC, ta cd hinh
binh hanh AM,A N} va I, 1a trung di€m cia
M\N,. Ké duomg tron qua A, N, , D cat AB tai
di€m thit hai M,. Theo phén thuén, ta cd trung
diém I, cia M,N, thuéc Hx. Gia st I=1,ta
cd LI, /M M,)(dudng trung binh cta
AN, M;N,)suy ra AB_1_AD (vi AB |/ Hx, AD
1 Hx),hay BAC =2 BAD =180° mau thufin.
VayL =1, M, = M, va phin dédo da dugc
chiing minh. Vay tap hgp trung diém 7 1a
duting thing néu d (3),

Nhan xét : Cc 68 bai giai, giai ding phan
thuan. Con phin déo thi gidi hoac thiéu chat
ché, hoac dai dong. Loi giai tot thude vé : Lé
Viét Hdi (9 CT Lam Son, Thanh Hda), Tran
Thanh Quang (9CT Quéc Hoe Hué), Bii Thi
Phuong Uyén (8 tedn - Chuyén Lé Khiét,
Qudng Ngat).

DANG VIEN

Bai T4/202 : Cho ba s6 nguyén a, b, ¢, ;
a>0ac-b=P=pp,.p,trongdép,.p,
la cac s6 nguyén t6 khdc nhau. Goi M (n) la
56 ede edp s6 nguyén (x, y) théa man

ax® + 2bxy + ey’ =n (1

Chitng minh rang M(n) la hitu hen va
M(n) = M(p*m) véi moi k = 0

Lai giai : (cta cdc ban Pham Huy Ting,
8A B€ Van Dan, Ha Néi ; Tran Trung Thanh,
8CT Nghia Do, Ti Liém ; Nguyén Xuédn
Thang, 10CT (Quang Tri)

Ta c6 ax? + 2bxy +cy? =n

(ax +by)? +py* = na

(bx +cy)? +px? = ne

a ne
Tidody2<— x2<—. Va
4 p » Ay
M{(n) hitu han.

Dé ching minh M(n) = M(p*n) Y & = 0
ta chi cdn ching minh Mn) = M(p )

Ta hay lap moi phép tuong dng giita tap A
cdc cap s6 nguyén (x, ¥) théa man (1) va tap
B cdc cap s6 nguyén (x, y) théa man

ax? +2bxy +¢y’ =p, (2)
Xét phép tuong ing

£ = —hx —5y

n=ax +by (3)

Rd rang tir ddng thic

ax? + 2bxy + cy?'=n —!
a(cy +bx)* — 2(cy +bx)(ax +by)+e(ax +by)? =p,
suy ra néu (x, y) € A thi (§, ) € B. Phép tuong
Ung trén ré rang 14 mot - mot. That vay tu
(3) suy ra

ak +by = —p, (4)

b& +enp =p,

Cudi cling ta cdn chiing minh v6i moi cap
(£, ) € B t6n tai cap (x, ¥) € A sao cho chung
lién hé vai nhau bdi (3) (hoac boi (4)) Ta co
(€,7) € Bsuy ra

(a& +bn)? +pq2 = apn
suy ra (aé +by)? p—at+tby=-py,yeZ
Tuong tu (6 +cy)? +pE? = ep, —

0§ gl poabE ton =prx E Z
voi (x, y) lién hé vai (£, 5) bai (3)

Ta cd
(@& +0bn)* +py* = ap, —
@Jy)2 +plax +by)? = ap,, +»
(ax +by)? +py? = an

=(x, y) € A (dpcm).

DANG HUNG THANG
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Bai T'5/202. Giai hé phuong trinh

.T] S ?3 CDS.‘-‘IIL
Il i % CDG.:T.I_;
1’.] = % CDEL"II;l
Xy = % CGS.‘I’I;

Lai giai : (Cha cac ban Trin Quang Huy
11CT Vinh Phu Vo Hoang Trung, 11CT Tra
Vinh ; Pham Dink Truéng, 10C Tran Phi ;
Lé Anh Diing, 11A PTTH Béac Thai ; T6 Pong
Vii, 11CT DHTH Ha Noi)

a1
Ta 6 | x| Sl ]

; 9 2 14—300'37; = 0

1

—-=0 < ,]:1- = "2'
Néu x, = x, —»COSTX, = COSTX,.
[ 3 2 4

Do zx,, nx, € (0, %J

—* L. = X, —* Xy S X, == (T()SJII = coarx,, do
2 4 3

4
mx , nxy € (0, )—'-11‘1‘.'[! KXy XY Ay

V3

2

Vay X=Xy Xy =Xy Vay X, = "a'(‘-DSJTnI_-._.
V3 oy : 5
X, = —gcostY,. Xét ham fix) = x + g COSTX
fxy=1 —“’Ensirmx >1 —_g’.ﬁ =0

— f la déng bién. Vay tu f(x,) = f(x,) suy ra
x, =x, Vay x, =x, =x; =x, Ta quy vé giai

; 1
phuong trinh 3¥3 x = cos T x vdi 0 < x < 3

Vétrai la ham dong bién, v& phai la ham nghich
bién nén phuong trinh chi cé nghiém duy nhat

o

o
s 1
f,)apsﬁ-:r|=x2=x3=x4;g

Nhan xét : Kha nhiéu ban mdc sai lam khi
cho rang khong giam tong quat cd thé gia thiét
Y, =X 32X X,

(chu y l'ang hé khong daéi xing)

DANG HUNG THANG

Bai T6/202. Gidi phuong trinh

arcsincosy + arccossing = g (1)

Lai gidai (Nguyén Tudn Ngoe (10CT DHTH
Ha Néi), Pham Minh Phuong (10CT DHSP 1
Ha Noi), Nguyén Trin Hoai Nhan (PTCN Ha
Dong), Trin Quang Huy (11 CT Vinh Phi)

i

Pham Dinh Trueng (10CT Tran Phia, Hai
Phong, Té Pitc Thang (10E PTTH chuyén
Thai Binh) Pham Manh Quang (10T Lam Son,
Thanh Hoa) ; Neuyén Minh Tho (11A, Quéc
hoc Quy Nhon)

Nhan xét rang

H -
- /2 < arcsinu € — ; 0 <-arccosu £ 7 nén

2

S
- /2 =* arcsini +arccosv = o5 Yu ve-[l.1].

I
W
v co

Vay : a) Néu

S, JT
e

2
thi phuong trinh v6 nghiém

31 .
~al2 € Sx € s —da <X <12a(%)
8 2

Mat khae, voi v € [-1,
arccosuy = w2
va arcsin(-u) = - arcsiny ; arccosi—u) =
= 7 — arccosu.
Suy ra : o
arceossinx = ) b

00| = of—

b) Xét

1] thi arcsinn +

Ll i
! ;-[. == - 2
ArcsiNCosy = — —

b

1) Vai Zkn —dr € x =

dé cd (M edn lay k € {0, 1, .,

X
Oy +4r — 2k = -

[t

L

nén arcsin cosx +arcos sing = 1 — 2 (x + 4 - 2k7)

!
Vay (1) <=1 = 2(x + 47 - 2k1) = o o

5(5:!5 32
x=———+—kuvii ke {2, 3, .., 6}

2 ¢ i _
2)Voi 2kr - 41 + 5 <x < 2khm - 4,-1 + 7 th

1
1y e - 2x —x =41+ 2k1) = =x

8
x = —e— -1—5;”01.'5 s Oy L
3
8) Véi 2km — 47+ < 2k = 4n + 5 <0

< x + 37 - 2ka s;%thl (1) w7 — 2(x + 31 -
— 40r + 32k
17

2ka) = gx-t—rx =
vai k € {2, 3, 4, b}

&.
4) Véi ~4o +2k5r+?1 PR L T

3 !
HD£I+4JT"?-2kJI S.;ithi
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(1) s = Bz +dn = — 2kx) = S L+

32k 3Bk
S e vaik €10, 1;...

Nhan xét : Hau hét cac loi giai gi dén
déu gidi sai, khong chi vy dén tinh chat cda
ham s6 f{) = are sint, gt} = arc cost cd cdc

tap xac dinh [-1, 1] va tap gia tri lan luot 1a
[=7/2, #/2] va [0, 7]
: NGUYEN VAN MAL

X =

. B}

Bai T7/202 : Cho tam thiic bde hai fix) =
ax” + bx + ¢ vdi cdc hé 86 diuong vaa+b+e = 1.
Chitng minh rang voi moi s6 nguyén digong k
thi :

fio) = [f 5NN v 2 0

Léi TS. Hau hét cic ban giti 161 giai cho bai
todn déu nhan xét ding rang "BDT dd néu
trong bai ra chi ding vdi x 2 0" Xin cdo 16i
cung ban doc vé thiéu sdt ma cdc ban da chi
ra, va nay xin bo sung diéu kién x = 0 vao dé
bai dé bai todn dudge hoan chinh.

Lai giai. Cach 1 : Vaix = 0, xét day
u_ =[N, n=0,1,2, .. Véimoin € N,
theo bat dang thae Bunhiacopxki ta co :

+ 1 +] 1
7 N2 +p E+C}"I =

Uy 4= (a-
o antl
<ta+b+e)y (@ Vxd +bx +c-)3" = U

Nhu viy, day {u } la day khong tang. Suy ra ;

u, = u, Yk € N* e=f(x) > [f( *Va))*

YeEe N ¥x =0
Cach 2 : ¥ x = 0, theo bdt dang thic
Bunhiactpxki suy rong. ta co :

i z'ﬁﬁj]:" < (MNa . 2Na . XNaaZ ¥ 2Nb ..
B R T A T

s '
< (@b +e)* 5. (ax? +bx +te) = fix).

Cach 3 - Vi ham g(x) = x° 1a ham 16m trén
[, +=) vadoa, b, e >0,a+b+ec =1 nén
theo bat dang thic ham lom ta cg :

a. g(* @‘Hbg(zﬁwg(l}
‘—*g(azﬂ?"kb ‘E+c}‘v’xa'(}

& fin) = [f (2Nx)) vx = 0,

Nhéan xét : 1. Co rat nhiédu ban giri ldi giai
cho bai todn va da s6 da gidi bai toan theo
cach I hoac cach 2. Duy nhat ban Nguyén Viét
Kién {(11A PTTH Nga Son II, Thanh Hda) da
giai bai ra theo Cdch 3 : Hon nua, ban Kién
cling la nguoi duy nhat da gléu bai theo ca 3
cach.

V2 45 VB 2 NT Ve Ve

2. Bang phuong phap cta Cach 2, cde ban
Nguyén Quang Hdi (10CT, PTTH Chuyén,
Vinh Pha), Nguyén Viét Linh (10CT PTTH
Tran Pha, Hai Phong), Nguyén Tudn Hdi
(11M, Marie Curie, Ha N&i), Vo Dic Son (10
CT, PTTH Luong Van Tuy, Ninh Binh)
Nguyén Viét Kién (Thanh Hoa), Nguyén Xuan
Son {':JT PTTH Phan Boi Chau, Nghée An) va
Nguyén Quang Tuyén (10A PTTH Sac Nam,
Duly Xuyén, Quang Nam- Da Nang) da chung
minh dung khang dinh sau :

"Cho da thic bac n (n € N°) fix) = a n"+
ax Tl dnont o xta, vai hé sd duong. Khi
do, YmeN.m > 2 tacéa™ ! flx) =

FeND)"m Y = 0a=a, +a| o

3. Ciing bang phuong phap ctia Cach 2, ban
Nguyén Vi Hung (10C Chuyén ngu DHSP NN

Ha Noi) da ching minh duge : "Néu fix) la da
thitc oI hé s6 drong va f(ly = 1'thi
1 50

e €00, 1] taco fra) =47 ¥ x = 0.

4, Ngf]:‘ii cac ban da néu tén d trén, cac ban
sau day co loi gidi tot : Tran Nguyven Ngoc (9K,
PTTH Lé Loi, Ha Tay) ; Pham Huy Ticng (8A,
PTCS Bé Van Dan, Ha Noi), Tran I‘mng
Thanh 8CT, PTCS Nghla Tan, Ha Néi) ; Vi
Nhu Qu.ynh (9T, PTTH Phan Béi Chau, Ngh(*
An), Nguyén Lé Luc (8A, PTCS Dam Doi,
Minh Hai) ; Phem Thai Ha (9T, PTCS Pham
Huy Qudngl Tran Manh Ditng, LéAnh Diing
(11A, PTTH Gang Thép, Bac Thai) ; Tran
Hong Quang (12A PTDL Chau Phong, Vinh
Phia) ; Héng Cam (12T, PTTH Ha Long,
Qudng Ninh) 1 Po Manh Cuong (11A, PTTH
Khoai Chau, Hai Hung), Pham Pao Lam (11T,
PTNK Hai Hung) ; Hoang Qué Vuong (11A,
PTTH Thang Lnng, Ha N6i) ; Pham Tudn Anh
(10 T, PTTH Son Tay, Ha Tay : Nguyén Van
Nang, Nguyén Cao Son (10T, PTTH Luong
Van Tuy, Ninh Binh) ; Phan Quang Vinh, Lé
That Phong Nguyén Tn Phuong (10T, PTNK
Ha Tinh) ; Van Dinhk Qudn (11A, PTTH
Htrdng °;m1 Ha Tinh) Nguyén Chi Linh,
Nguyen Hoang Céng, Pham Coéng Thién (10T,
PTTH Lé Khiét Quang Ngii) ; Nguyén Minh
Tho, Lé Van Thong (Qudc h-:_:c, Quy Nhon) ;
Pham Quang Hitu, Nguyén Van Hién (10 CT,
PTTH Ngo Quyén, Dong Nai) ; Ngé Pang Ha
An (11A PTTH Lé Quy Don, Long An) Nguyén
Nhat Nam (10A PTTH Vang Tau, Ba Ria -
Vang Tau) ; v.v..

NGUYEN KHAC MINH

Bai T8/202 : Ki hiéu N*{a tap cac s6 nguyén
duong. Tim tdt cd cac ham f: N* — N* thoa
man dong thoi cac diéu kién sau :

Ufn+1)>fn)¥neN

2) fif (n)) = n+ 1994 ¥n € N*

Lai gidi (cha Nguyén Hdi Minh DHSP
HNI): Vifin) € N*
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¥ r € N' nén tit gia thiét 1) suy ra fin + 1)
=fln)+1

¥n € N*. Tit dd, két hop vdi gia thist 2), ta cd
n+1995 =fifin+1)) =z fifin)+1) = fifin)) +1 =

=n+I995VY n & N'

Suyra:filn+1) =fln)+1V¥neN*
=sfin)=fl)+n-1¥ne N"(i

=fln) ~n=f1)-19¥neN

=fifll)) -f1) = f(1)-1

=1995 - f(1) = f(1) - 1 =f(1} = 998 {ii)

Tit (i) va (i i), ta duge fin) = n+997 ¥ n € N*.

Dé thdy ham fin) = n + 997 théa mén cic
diéu kién 1) va 2). Vay co duy nhit ham cin
tim la fin) = n + 997.

Nhan xét : 1. Da s8 cdc ban c6 loi giai
ding da ching minh fin + I) = fin) + I bang
cach xudt phat tir day bit ddng thiic sau : fin)
+ 1994 = fififin))} = fin + 1994) =

fin+1993)+1 = ... = fin) + 1994

2. Khong it ban tim ra két qua dung, nhung
co 101 giai sai. Mot vai ban cho loi giai sai do
quan niém rang f(n) la ham da thdc (? ).

3. 5t dung ¥ tudng clia i gidi néu trén,
ban Vé Hoang Trung (11A, PTTH Chuyén,
Tra Vinh) da giai dung bai toan khai quat sau :

"Chocécsta, b, R e N*thoamanb i kva

ak—1

a-—1
{: N*¥ —=N* thdéa méan déng thoi cac diéu kién
sau :

1)fin +1) > fin) +a -1

PAR AN R

@ day fi.(n) = fif(...f(n)....)

(nfua > I). Tim tit ca cdc ham

Vn € N*
Yn e N*

k 1an f
! b
(Dap s6 :fin) = n+;,né’ua =1
bla -1
fin) =an+¥,né’ua>l).

4. Céc ban cd loi gidi tt : Nguyén Viét Linh,
Pham Bink Truong (10CT, PTTH Trdn Pha,
Hai Phéng) ; Héng Cdm (12T, PTTH Ha Long,
Quang Ninh) ; Té Péng Vii (11CT, DHTH, Ha
No6i) ; Dinh Tién Hoang (9T, PTNK Tién Hai,
Thai Binh) ; Vit Dic Son (10T, PTTH Ludng
Van Tuy, Ninh Binh) ; Phem Lé Son (10T,
PTTH Lam Son, Thanh Héa) ; Lé Vin An (9T,
PTTH Phan Béi Chiu, Nghé An) ; Nguyén Hdi
Minh va Vo Hoang Trung.

NGUYEN KHAC MINH

Bai T9/202 : Quay hinh vuéng ABCD
quanh tam O cia no mét goc ¢ ; 0° < p < 907
duge hinh vuéng A'B'C’D’, Ta goi giao diém
cia ABva A'B'laM; BCva B'C'laN; CD
va CDva C'D' la P; DA va D’A’ la Q.

8

a) Tinh dién tich ti giGe MNPQ theo
a = AB va p.

. b) Véi géc p nao thi chu vi phan chung hai
hinh vudng bé nhat ?

Loi giai : a) Goi K 1a di€m chinh gitia cung
nho AB’, ta c6 A, A’ 1dn lugt dgi xidng véi B'B
qua truc 0K Diat o = _AQK, ta co 2a =
AOK + KOB’ + AOB + BOB' = 90° + ¢ hay

a=45°+L

Trong A AOM, ta co :

OM sin45”

OA ~ sin(180" — 45" — )

o B0 peet o
2sin(90° —g) 2::05"3
Tit dd, ta cd phép déng dang sau day :

HY . R® :A—=M;B—+N;C—P D—Q.

Su&;_ra MNP@ la hinh vudéng va MN = kAB =

ayv2

2003&22

Vay
S =
MNP
a?

2P

2cos 5
b) Goi E,
F, G, H lan
lugt la giao
diém cua
ci doan
thang A'B’
véi BC, B'C’
vai CD ; C'D’ vai DA ; D’A’ vai AB, tuong tu
nhu trén, hinh tao bdi hai hinh vuéng ABCD,
A'B'C’D’ con co cac true doi xiing EG, N@,
FH. Suy ra cdc canh cia bt gidc MENFPGQH
bang nhau. Dat z = HM, ta can tim diéu kién
dé z dat min. Dat tiép x = A’H, y=4M, tu
A vudng A'HM, ta c6 x2 + y* = z°. Mat khac,
x+y+z=AH+HM+A'M = AH + HM +
MB = AB = a. Do dd

T+t (@ ~=)

(= k).

Z=xl+ylz 22 + 20z —a?

2 0 hay z 2 a(V5 ~yaz . = a5 —1)khi
x =y hay p = 45 Ddp s6: p = 45°.

Nhan xét : Cé 48 ban gidi bai nay va tat
cd déu gidi dung. Cac ban sau day cd loi giai
tét : Nguyén Cao San (10CT PTTH Luong Van
Tuy, Ninh Binh), Lé Thdai Phong (10T, PTTH
NK, Ha Tinh ; Nguyén Hoang Céng (10T,
chuyén Lé Khiét, Quang Ngai, Dang Thanh
Ha (CT. DHSP HN I).

DANG VIEN

Bai T10/202 : Cho ti dién déu ABCD. Tim
quy tich nhitng diém M sao cho téng binh
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]

phuong ciac khodng cdch tic dé dén cdac mdt
ctia ti dién bing k- cho trude.

Lai giai : Cd thé giai bai toan nay bing
hai phudng phdp : phuong phap vecto va
phuong phap toa dé. Sau day 1a loi gidi ctua Té
Dong Vi (11 chuyén Toan, DHTH Ha Nai)
bang phuong phép toa do.

Dung hinh lap phuong AB'CD’. C'DA'B
ngoai tiép tw dién déu ABCD da cho. Chon
dinh D', d6i xing voi dinh D qua tdm O cua
hinh lap phuong lam géc toa dé va cdc tia [D'A,
[D'B, [D'C) lam cac tia duong ctlia truc hoanh,
truc tung va truc cao. Goi a 1a d¢ dai canh cua
td dién déu da cho, b 1a d6 dai canh cta hinh
lap phuong, thé thi cde dinh A, B, C, D la tam
O cua td dién déu (ctng la tdm O ctia hinh lap
phuong) trong hé toa do6 Dé Cac D'xyz nay cd
céc toa do nhu sau : A, o, o) Blo, b, o), Clo,

e b b b
o, b), Db, b, b) va 0(5,515), trong do :
a
4 e D(bbb)
e e o7 '
0.60)C T ] N - 7
Y o
‘\\. \-\Lx k\‘ /{I/.
Y : \_\1\//,’
C s
AR d"/ \\_,f‘_\_‘
AT L7 iy 2
Bogh S B »
og PN 2
P e A
5,—’. s ‘“'-..,_H-\ :
2 on - Afgco)

Dé thay ring trong hé toa do6 nay, cdc mat
phang chida cic mat cua tit dién déu ABCD c6
phuong trinh lan lugt la :

mpABC) :x+y+z-b =0

mpfDBC) : —x+y+z-b =190

mpfDCA) 1 x -y +z-b =0

mpfDAB) :x+y-z-b=0
Goi (x,,¥,,2,) 1a toa d6 cia didm M va d =
dy(M,ABC) 1a khodng cach tit M dén
mp(ABC) ; thé& thi ta dude :

i B i o s B

M, Sy 12 pEEEsiis

1
= 3%, byt by (1)

Tuong ty, ta duge :

1

di(M , DBC) = (=, +9, +2, =) ; (2)
1

d3(M , DCA) = =(x, =y, +2, =b)*; (3)

1
di(M , DAB) = 5(x, +y, =2, =b)*; (4)

Cong v& dai v& (1), (2), (3) va (4), ta duge :
d3i(M , ABC) +d}(M , DBC) +d3(M , DCA)
4
+di(M ,DAB) = Y d? =
ik
4
=3l +35 +2L = b(x, +y, +2,) +67]
4 b, 2 b, 2 D2,
g R I o
iem M (x, ,y, , z,) thoa méan diéu kién cua
bai toan khi va chi khi :
4
>d? = k% (k 1a mét do dai cho trude) ; (*)
=1
Vay :
(*) <
4 b2 b2 - ST
3 (Iv_z) +(3'”_2_) *(==3) ]J’E"" s
> =OM? + 252 = k2
3 3
4 a’
=  an
o 3OM"2 k 5

3 a?
OM? = Z(k? "E) ; (**) Ta di dén két luan :

6
a) Néu &2 —% >0—k > o thi quy tich

6

clia M 1a mat cdu (&), tam O, ban kinh
i E kz a’
iR 2 6

b) Néu & = -”?Ethi (M} = {0}

c) Néuk < E:;—E thi (M} = @, t.1. khéng tén
4
tai mot di€ém M nao dé ) d? = k2
i=1
Cdch 2. (Phuong phap vécta). Ngoai eich
giai trén, ta cdn cd thé€ sit dung vécto dé giai
bai toan nay. goi A, B, C’ va D’ lan lugt la
hinh chiéu cta di€ém M trén cdc mat phang
(BCD)J, (CDA), (DAB) va (ABC), bai toan dua
vé cdc mat phang (BCD), (CDA), (DAB) va
(ABCJ, bai todn dua vé bai toan sau day : Néu
ABCD la mot td dién déu tim O thi ta ed ha
thic sau :

—p — - — 4 —

MA' + MB' + MC' + MD® = EMO
Nhan xét : Ban T6 Pong Vi da dua ra 2
cach giaji. Cdc ban sau day cd 1oi giai tot :
Nguyén Thanh Hai, 12CT Dao Duy T, Quang
Binh, Pham Dinh Truong 10CT Tran Phy,

Hai Phong, va Vi Thi Bich Ha, 11C truding
PTTH chuyén Thai Binh.

NGUYEN DANG PHAT

Xem tiép trang 13)
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PE RA KI NAY
Cac lap Trung hoc Co sg
Bai T1/206. Ching minh ‘rang cG v s0 86
chinh phuong viét & dang 2n? + 2 va 2n% - 1,
neez
NGUYEN LI DUNG
Bai T2/206. Cho a, b, ¢ 1a ba s6 thuc sao
cho bidu thic & v& trai cua (1) ludn ludn cd
nghia. Ching minh rang :
a’(b—c) bi(c—a) c(a =
b+tc—a cta—-b a+b-c
(@+b+c)(@=b)(b—c)(c—a) S
(h+e —a)(ecta=4](ath—2¢) £
DAM VAN NI
Bai T3/206. Cho tam thic bac hai
flx) = x> + px + g & dd p, g la cac s& nguyén.
Ching minh rdng t6n tai s6 nguyén k dé
flk) = f(1944) f(1995)
DANG HUNG THANG
Bai T4/2086. Cho tu gidc 16i ABCD nbi tiép
duding tron tdm O ban kinh R. Ching minh
rang néu AB* + CD? = 4R* thi AC L BD
DAO TAM
Bai T5/206. Cho A ABC nhon va diém M
chuyé&n déng trén duiing thang BC. Vé trung
truc cta cdc doan BM va CM tuong ing cit
cac duding thing AB va AC taji P va @. Chuing
minh rang dudng thang qua M va vudng goc
vai P di qua mot diém ¢ dinh.
NGUYEN KHANILNGUYEN

Cac lop PTTH

Bai T6/206. Gia slt | 14 s6 hang thd & ctia
day s6 Fibonasi 1, 1, 2, 3, 5, 8... Chning minh
ring voi moi n sd

al SN e ke st
la 56 chinh phuong.
TA HONG QUANG

Bai T7/206. Xét ham s6 f : R — R thoa
min cac tinh chit sau day :

1) | flu) -_fru,ll < |u-uvl ¥ U * v

2) £(F (£ (199217))) = 19921

Tim gia tri : (1992!7")

DAO TRUONG GIANG

10

Bai T8/206. Ching minh

‘B o 1T ST ByET
C0h3—5 + cos 35 COS — gEbs

1 T T
=§c055+—~31n5

TO XUAN HAI

Bai T9/206. M 1a mat digm nAm trong mat
phing ctia da gidc déu A|A;, . A (n 2 3)co
tam 0.

Goi M, M,, .., M_ lan lugt 1a hinh chigu
(vubng gde) cua M tt'€.n cdc dudng thang chiia
cic canh A A,, AA;,. ., v A A cla da giac
di cho.

Gia st G la trong tam cia hé cae diém (M,
B, 05 M M Chl?ng minh rang

I}Oﬁ. +OA e +OA =0

2) G la trung di€m caa OM.
TRINH BANG GIANG
Bai T10/206. Cho a, b, ¢, d, e, f 1a sau canh
cua mot td dién cd thé tich V. Ching minh
rang
ad+b3+c+dd+ed+ 2 = 36V2V.
DUONG QUOC VI

Cac dé Vat li

Bai L1/206. Mat xe mdy xuéng ddc, tit dinh
mét qua ddi hinh ban cau, di theo mot duting
tron 16n. Xe rai khoi mat déi sau khi chay dude
mét quang. Sau dd xe cd roi xudng mat doi
khong ? Luc ma sat cua mat déi va luc can
cta khéng khi khéng dang ké.

NGUYEN DUNG

Bai 1.2/208. Cho mach dién AB nhu hinh
vé, trong dd hai cuén day hoan toan gidng
nhau. Dién trd thuin cta toan mach la 200€2.
Khi mac vdi A va B méat hiéu dién thé xoay
chiédu hinh sin cd tdn s8 50Hz thi hiéu dién
thé hiéu dung gitta hai ddu cudn day ¢ ca hai
cudn day cd cung mot gia tri va dong dién

posus g a——+

§— TTTEREE———

chay trong hai cuén day léch pha so vdi nhau
mot goc lé%. Hay tinh d6 tu cam clia méi cudn

day, dién dung caa tu dién va hé s6 edng suft
ciia toan mach.

PHAN TUAN KITANH
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PROBLEMS IN THIS ISSUE

For Lower Secondary Schools

T1/206. Show thast there exists an infinite
number of perfect squaves of the form

2nl+2and 2n -1, n €Z
NGUYEN LE DUNG

T2/206. leta, bc ER;a+b-c 20,
b+e-a=z0ct+a—-b =0

Prove that

a’(b—c) | b*(c—a) +cz (@=b)
b+c—a ct+a—b a+b-c
(@+b+c)2(@—b)b—c)(c—a)
@ +c-a)(cta—b)(a+b—c)
DAM VAN Nﬂ[
T3/206. Let be given p, ¢ € Z and
fix) = x2 - poiet 1

0_ (1)

Brove thast there exists an interger k such
that
fil) = f(1994). f(1995).
DANG HUNG THANG

T4/206. Given a convex quadrangle ABCD
inscribed in a circle of radius R. Prove that
AC L BD provided that AB? + CD? = 4R’

DAG TAM

T5/206. Given an acute triangle ABC. M is
a moving point on the line BC. The
perpendicular bisectors of BM and CM meet
the lines AB and AC at P and @ respectively.
Prove that the perpendicular to PQ drawn
from M passes through a fixed point.

NGUYEN KHANH NGUYEN

For Upper Secondary Schools
T6/206. Let F, be the k-th term of the

Fibonacei sequence 1, 1, 2, 3, 5, 8,...

Prove that the number
4F.«r—2FrrFu+_’Fn+-J +9

is a perfect square.

TA HONG QUANG
T7/208. Consider the function f: R — &

satisfying the following conditions :

1) | flu)-flv)f <|u-vf Yu,vER u=v.
2) fif (f (a))) = @ ; where a = 1992'
Calculate fla).

DAO TRUONG GIANG
T8/206. Prove that

8n i _lEJE 5 187
€08 gz + €08 —3~ cos o= =
1 x V7

o iJE
e Sl
2 Dy 2 5]

TO XUAN HAI
T9/206. M is a point in the plane of a regular
folygon A; A,... A, (n = 3) with center 0
Let M; M,. M, be respectively the
ortnogonal projections of M on the lines A;A,,
AsAg ., ApA, and let G be the center of gravity
of the system of points (M;, M,,.... M, )
Prove that
= — — —p
1) OA, +0A; + ... +04,'= 0
2) G is the middle point of OM.
TRINH BANG GIANG
T10/208. a, b, c, d, e, f are the lengths of
the six edges of a tetrahedron of volume V.
Prove that : _
S+bi+l+dd+S+F =236V2 .V
DUONG QUOC VIET

Do vui Todn hoc

CHIi DUNG

Chi ding chit s& 3 va cdc phép todn dé viét
s0 1992,
Chang han, ta biét
1992 = 36 + 5.35 + 48
Suy ra
1992 = 333 + (3 + 3/3 + 3/8)333/3+35 4
+(3 +3)(3/3 + 3/3)3.

CHU SO 3

Vi 6 = 3! nén ta cd thé vidt :
1992 =33 + (8! = 3/3) 33353 +
+ 31(3/3 + 3/3)3

Mai cdc ban chi diang chit s6 3 va cac
phép todan d& tim cde cach vigt s6 1994,

LE KHAC BAO
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MOT VAI TINH CHAT CAC NGHIEM CUA
1. MOT PHUONG TRINH BAC CAO
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PHAN HUY KHAI

Bai viét nay gidi thiéu vdi cdc ban mot vai
quy tac d€ khdo sat tinh chéit cdc nghiém cua
mét phuong trinh bac cao, tit dé trong nhiéu
truong hop ta cé thé 4p dung dé giai nhiéu bai
toan cu thé.

Phuong trinh bac n cd dang téng quat
Plx} = o +ax™ t hei t o pbad=iil)
trong dé @, # 0. Ta ki hiéu P'(x), P''(x) tuong
ing la d:_m ham bac nhit va bac hai eta Plx),
PU)(x) 1a dao ham bac i cia P(x), i = 1, 2, ....
{xin nhac lai 1la P (x) = (P~ Dix)")

Nhu da biét, phuong trinh (1) ¢6 t6i da la
n nghiém thuc. D& khao sat 26 nghiém, cing
nhu dé danh gia nghiém cia (1), ngudi ta
thuding diing ede dinh 1i sau day :

Dinh li 1: N&u P(a) P (§) < 0, thi trong
khodng a < x < 3, (1) cd it nhdt mdt nghiém.

Su diing dédn cia dinh li 1 suy ra tir ché vi
moi da thic Plx) déu la lién tuc ma Pla) va
P(B) trai ddu, nén tén tai it nhat mot gia tri
Xy ¢ < x, < fsao cho P(x ) = 0.

Dinh Ii 2 (dinh li Rolle). Néu P (a)
thi tén tai it nhat mot didm &,
cho P’ (x ) = 0.

That vay theo dinh li Lagrange, ta cd tén
tai x , @ < x| < f§, théa man diéu kién P(g§) -
Pla) =@ =-a)P (x). Tl do suy ra P'(x ) = 0

Dink Ii 3 (dinh i Newton). Néu P(x) =
va PO (x ) = O véimoii = 1,2, . n thi néux
la mot nghlem bit ki cua (1, ta déu cox €x,
Ching minh : Tacd P(MW (x =a_n! = c:cmst
do do tir gia thigt cé P (x) = € véi mmx (ndi riéng
véi moix = x_). Tt dé suy ra P(" {)(x) ]a ham
déng bién khi x > T bie 1 Pl =
> pin- “(x(yl =20, Vx>x ,vayP(” 2) (x) lai la
ham déng bién khi x > x . Lap luan tudng tu
nhu vay, ta di dén P(x) la ham dong bién khi
x > x_, do do Plx) > P(x_) = 0. Diéu dd cd nghia
la moix > x_ déu khong phéi 1a4 nghiém ena (1).
Ta 6 d.p.c.m.

= P (B,

& <x < fsao

Dudi day ching téi dua ra mot vai vi du
minh hoa cho cdc dinh li néu & trén.

Vi du 1 : Cho phuong trinh P(x) = x3 - 3x2
+2m-2x+m -3 =0(2). Tim m dé (3) cd
nghiém x,, x,, x; théa man diéu kién oy =l
< Ky < Xy

12

Diéu kién can. Gia st théa méan ddu bai,
khi d6 theo dinh li Bezu, ta cd Plx) =
= (x = x }x = x;) (x - x,). R6 rAng P(x) > 0
néux, <x<x,vith&P(-1)=-m-5>0=
m < =b.

Digu kién di. Dao lai gia st m < -5, Khi
détacd P(=1) ==-m -5>0.DoP(0) =m -
3 < 0, nén theo dinh li 1, t6n tai nghiém x,
ma -1 < x, < 0. R6 rang tén taia (ma a > 0
di 16n) sao cho f (-a) < 0, vay tén tai nghigém
X, ma —a < x; < -1 Lai tén tai b > 0 du 16n
ma f(b) > 0, do dd 4p dung dinh li 1 mét ldn
nifa suy ra ton tai nghiém x; ma 0 < x; <.b.
Nhuvaytacd-a <x; <-l<x,<0<zx;<h,
ticlax, < -1 <x, <x; Témlaim < -51a
gia tri cdn tim.

Vi du 2 : Cho phuong trinh

Plx) =x -Bxt+16x3 - x2+3x -7 =01(3)

Ching minh rdng phuong trinh (3) oo
nghiém thuc duy nhat, Ta c¢é P’ (x} = 5x? -
20x + 45x2 - 2x + 3

Bile) =205 < 6tk 4905 = 2

P = (x) = 60x* - 120x + 90

P®) (x) = 120x - 120

POY (x) = 120

Dé thdy P(1), P’(1), P”(1), P"(3), P¥) (1),
PG) (1) déu duong. Theo dinh li Newton, thi
moi x > 1 déu khong phai la nghiém cua (3).

R6 rang khix < 0 thi P(x) < 0, vy moix < 0
cling khéng phai la nghiém cta (3). Ta cd
P(0) = -7 < 0, P(1) > 0, do d6 theo dinh Ii 1,
thi (3) ¢d it nhdt mét nghitmxma 0 < x < 1.
Mat khédc dé thdy P’ (x) > O khi O < x < 1,
nén P(x) Ia ham thuc su ting trén khodng (O, 1), do
dd x cing 1a nghiém duy nhat cia (3) trén khoang
dy. Nhu véy ta di dén digu phai ching minh.

Vi du 3 : Cho a, b, ¢ 1a ba s8 thue khac nhau.
Dat m = min (a, b, ¢), M = max (a, b, ¢)

Chitng minh ring

Im<a+b+te Val+bZ+ec? —ab —be —ca
<a+b+eVaZ +bi+cl —ab —be —ca < 3M

Khong giam tong quat oo thé pid slta < b < ¢,
Xét da thic

Pix)y = (x=alx=b)fx~c

https://tieulun.hopto.org
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Ré& rang phuong trinh P(x) = O ¢ 3 nghiém
x| =a,x, = b, x, = c. Theodinh li Rolle phuang
trinh P'(x) = 3x* - 2(a +b +cix +ab +be tea=0
¢d hai nghiém x|, x, maa < T <b=x, <e¢
.=  at+bt+c —Val+ b2+ - ab—be—ca
Tux = 3 -

- a+b+c+Va?+b7+cT —ab —bec —ca
I.Z = 3 i3

suy ra d.p.ciin.

Dé két thic cho bai viét, xin dua ra mot
vai bai tap d€ cdc ban luyén tap vai cac phudng
phap vita trinh bay & trén dé khao sdt nghiém
cua mot phuong trinh bac cao.

1) (dinh li Budan - Fourier). Xét phuong trinh
P(ax)=ea"+ax™ '+ +a_ x+e = 00) tren

doan [a, b]. Gia stt Pla) P(b) = 0. Ki higu v(x)
la 88 ldn déi d&u trong day Plx), P'(x),..,
P"(x). Ching minh ring néu goi £ la s8
nghiém cia (*) trén doan [q, b], thi & = via) -
v(b) — 2m, trong do m 14 68 tu nhién ndo ddy. (Ndi
cdch khdc k cd cung tinh chan 1é véi vla) - vb)).

2) (dinh I Descartes). Xét phuong trinh (%),
trong dd a a, # 0. Ki hiéu v 1a sé lan d6i ddu cua
daya, a,, ..., a.. Goi & la s6 nghiém cuaa (¥), thi
k = v - 2m, v6i m 1a s6 tu nhién nao déy.

3) Ching minh rang phuong trinh 2° - 523
+4x -1 = 0c¢d 5 nghiém thuc.

4) Cho ham sé y = x* - 6x? + 4x + 6. Chiing
minh rang hiam =6 dat cue trj tai 3 diém A, B,
C, va gbc toa do O 1A trong tAm cia tam gidc
ABC,

GIAI BAI Ki TRUGC (Tiép theo)

Bai L1/202. Anh sang Mat Troi chiéu song
song voi mot bitc tudng thang diing va tao vdi
phuong thing ditng géc nhon c. Diing trude
tuong, diong mot guong phing, mot em bé
chiéu énh sang vudng goc véi mat tuong. Khi
dé mdt phiéng cia guong tao vdi mat ddt mot
goc bang bao nhidu ?

Lai giai. O hinh vé bén canh, S7 14 tia toi,
IR 1a tia phan xa, IN la phdap tuyén vdi mat
guong, IZ la phuong thing ding. Mat guong
tao vl mat dit moét géc bang gde x gitta IN

va IZ.IR vudng goc vdi tuding nén nim ngang
va cling vudng goc véi IS vi tia téi song song
vOl tudng. Vay IR 1 mp SIZ-va gée SIN =
45°. Muén chiéu mét di€ém N lén IZ ta chisu
nd lén SIZ, duge diém M, réi chidu M lén 17,
dugc diém H : H la hinh chiu caa N lén 7.
IH _IH IM 1
W—WI—N=C{)$UW

hay x = arc coa(ons—:rz-f).

Nhan xét : Cd 5 em cd i gidi ding : dac
biét cd 2 em c6 loi giai t6t : Vi Thi Bich Ha,

Viay cosx =

11C PTTH chuyén Thai Binh ; Ngé Thanh
Trung 11A, PTTH Li Ty Trong, Cdn Thao.
OK

Bai L2/202. C6 mot ampe ké cé nhidu thang
do, ¢6 dé chinh xdc cao, ¢é6 nhing son riéng
biét cho ticng thang do. Diing ampe ké nay dé
do cudng do dong dién trong mot doan mach,
Néu sti dung thang do 10mA thi ampe ké chi
I, = 2,95mA. Sau khi chuyén sang thang do
3}mA, noé chi I, = 2,90mA. Héi cuong dé dong
dién lic trude khi mac ampe ké la bao nhiéu ?

Loi giai. Goi V_, R_ la hiéu dién thé va
dién trd trudc khi mac ampe k& cua doan
mach ; B;, R, la dién trd cia ampe két ing
vdi khi st dung thang do 10mA, 3mA. Véi moi
thang do néu gia sit cudng do dong dién qua
ampe k& c¢d gia tri bang gidi han do thi khi dg
hiéu dién thé gitta hai ddu ampe ké la cuc dai
va khong d&i vdi méi thang do khac nhau, do
d6 U, = 10 R; = 3R, (1). Ta lai cd
LB +R) LU, D,

I, (R,+ R, = U_(3);

Ul'?
T (1), (2) va (3) suy ra I,= T
f ]
st LSRR TSI,
T LR,-TR, V2T Ton-8f T % e

Nhén xét : Cd 15 bai gidi ding. Cac em
sau day cd bai giai tét : Ngo Thanh Trung,
11A,, PTTH Li Tu Trong, Can Tho ; Nguyén
T'rong Tam, 9L Nang khiéu Thai Thuy, Thai
Binh ; Dé Thu Thiiy 11A, Huynh Thic Khéang,
Vinh, Nghé An ; Nguyén Hiu Hdi 11A,
PTTH s6 IT Hoai Nhon, Binh Dinh ; Nguyén
Dite Thanh, 11A, PTTH D6 Luong I, Nghé
An. Bai giai & trén dva vao bai ctia em Ngo
Thanh Trung.

MT

I3
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D inh i Pytago ndi ring néu a, b, c la cdc canh bén va canh huyén clia mét
tam gidc vudng thi ta cé

a2+ b? = c?
Tén cia dinh li 12 tén cta nha triét hoc va toian hoc Hy Lap Pitago song
P khoang 500 nam trudc cong nguyén. Ddy la mot trong nhiing k&t qua quan
¢ trong nhat trong lich st phat trién toan hoc. Sau nay ngudi ta phat hién ra

rang dinh li Pytago da dugc biét dén trude dd tit lau trong cac nén van minh
cd dai trén toan thé gidi.

Ngudi ta da tim thidy mot bang dit sét nung cia nén van minh Babilon
hon mot nghin nam truée Pitago trong dd ed vé mot hinh vudng cd canh cho
trude va bén canh d6 1a hai con s6 khdc. Mot s6 12 88 gn ding cla V2 va 86
kia bang tich cia s6 ddu va canh hinh vuong. Theo dinh li Pitago thi day
chinh 1a d¢ dai duding chéo hinh vudng.

Bai toan sau day tim thdy trén mot

' bang d4t sét nung khac clia thoi Babilon
¢8 dai cho ta thdy nhitng ngudi Babilon
da bist ing dung dinh li Pitago d& giai
cde vin dé hinh hoc.

Bai todn : Tinh bdn kinh duong

" tron ngodai tiép mét tam gide c6 cde canh
la 50, 50, 60.

Lai giai : Ta cd AD? = AC? - DC?
Do DC = BC : 2 = 30, nén
AD = V507 —30? = 40. Ta lai c6
0C? = DC? + (AD - OA)?
= DC? + AD? = 2AD.0OC +0C? ;

Do dg : B B2

D YA | 3D h P 125 4

TRpSADS R - Rl T &

Trong nhitng van tu An Do 8 dai 2
khoang 1500 nam trudc cong nguyén cd
mét phin quan trong dudec goi la =a‘+ b? ;
Sulbasutras ndi vé viéc do dac va thiét :
ké& cdc dén thy. O phdn nay cd thé tim
th&y dinh li Pitago dudi dang : dién tich -
hinh vuéng c¢6 canh bing canh huyén
moét tam gidc vudng bang tdng dién tich
hai hinh vuéng cd canh bing hai canh
bén ctia tam gidc vudng dd.

NGO VIET TRUNG

e

N VAN MINH cO Al

x

ONG CAC NE

il

oc

-

)

PINH U PITRGO TR

: =§E

L)

LICH SU TOAN HOC

ot
=
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Phdn Sulbasutras ciing cé nhitng chi din
vé viéc dung cdc hinh trong dd cd cung dén
dinh 1i Pitago nhu viéc giai bai todn sau.

Bai toan : Dung mot hinh vudng cé dién
tich bang dién tich mét hinh chit nhat cho
trude.

Ldi giai : Cho hinh chit nhat ABCD, Ta vé
hinh vudéng ABKH trong ABCD. Sau dd xéc
dinh cdc trung diédm E va M cia DH va CK.
Dung hinh vudbng AEFJ di qua M. Ldy J lam
tam vé mot dudng tron cd ban kinh JF cidt BM
& W. Hinh vudng c6 canh bang BW sé cd dién
tich bang dién tich ABCD vi theo dinh li Pitago
ta cdé

BW? = JW? - BJ? = JF? - KM?

= (JF - BJ}JF + KM) = AB.BC

Quyén sdch todn ¢ nhit cia Trung Qudc
duge viét khoang 500 nam trude céng nguyén
rit ndi tiéng vl cd moét ching minh cho dinh
ly Pitago. Cén luu ¥ la quy&én sdch nay thu
thép nhiing kién thic todan hoe duge luu truyén
ti nhitng thdi gian trude Pitago. Trong do
ngudi ta tim thay hinh vé sau :

) e

£ ik :
W

H it

A 8 7

Loi difn giai kem theo c6 thé viét lai nhu
sau .
]
¢® = Sy, +_SGm +SGrr+Sexke + Seyy

wrt. Y Sapm t Seprx

SA MIH 5 SMB.FL

= g+ p2

Dac biét ngusi Trung Qudc cd dai da bist
ap dung dinh i Pitego dé giai nhiéu bai todn
thue tién nhu nhitng bai toin sau day.

Bai todn : Tiz dinh mét cdi cay co treo mot
cdi day thd xudng ddt thi thica mét doan cé
d¢ dai la d. Néu kéo cing day ra thi dau day

1l

cham ddt d mét khodng cach la b so vdi goc
cay. Hay tim dé dai ctia day.

x
J
£ il

Loi giai : Néu cay c6 do dai ¢ thi bai toan
la tinh d6 dai C clia canh huyén mét tam gidc
vubng cd canh bén laa = ¢ - d va b. Theo dinh
li Pitago ta c6

(e d? + b2 = e

T day suy ra

bZ + 42
S

Bai toan : Cé mot cay tre c6 dé cao la a.
Khi géy ngon tre cham dat é mot khodng cach
la b so v6i goe tre. Hay tim d6 cao chd cay tre
gay.

3 Mgon 7re
Dink cdy
¢
i ¢ Chigiy
d o, i
7 / #
i et T o L0

Léi giai : Ta phai tinh canh @ ctia mot tam
gide vudng cd canh bén 1a b va canh huyén 12
¢ = d - a. Theo dinh li Pitago ta ed

a’ +b% = (d - a)?
Ti day suy ra
d2 — pi

v 2d

15
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Buwéc dau tim hiéu toan hoc hiéndai

BAI TOAN CON L:

Ban hay tudng tuong mpt con lac da cdn chui
qua mét cai 16 kim khau. O phia bén kia 16 kim
sé 1a thién dudng, véi co non va nude udng.

Diéu d6 chi xay ra trong truyén cd tich.
Hoac la trong todn hoc, ndi ma tri tudng tugng
khéng kém phidn phong phu.

Né&u con lac da song trong khong gian
Euclid thong thutng cta ching ta, 4t han nd
khong cd cach gi chui qua 16 kim duge. Nhung
néu trong khéng gian ba chiéu, d6 dai Euclid
khéng cdn dude ton trong nita, ma moi vit cd
thé bign dang lién tue tuy ¥, thi con lac da da
¢6 thé thu minh nhé lai bang con vi tring réi
bay qua 16 kim mét cich dé dang.

Khong gian ma trong dd cédc vat cd thé bién
dang lién tuc duge goi 1a khong gian t6pé. Hai
vat dude goi la tuong duong vdi nhau vé mat
tépod, néu vat nay co the bién dang lién tuec thanh
vat kia va nguoe lai. Chang han vé mat tops,
hinh vuéng va hinh tron tudgng duong véi nhau.
Cai kim khéu va cdi ede mét quai cling tuong
duong véi nhau, nhung ching khong tuong
duong vdi con lac da (ban thi nghi xem vi sao).

Ngay nay topd 14 mot trong nhiing khai
niém co ban nhéit cua toan hoc hién dai. Ban
nao yéu todn At han la sé phai tim doc nhing
quyé&n sach vé topd, nhu quyén Tépo dai cuang
{General Topology) cia Kelley, da dude dich
ra tiéng Viét, hoac nhiing sach cao cdp hon vé
topd dai s, topd vi phan...

Cd thé ching ra sé di sdu han vé khai niém
topo trong mét 1an khdc, con bay git xin quay
trd lai vdi con lac da. Nhu cac ban thdy, néu
khong gian chi ¢ cdu tric topd thoi, thi bai
toan con lac da giai dudc mot cdch dé dang.
Nhung ngoai ciu tric topd, cic khéng gian
cua chung ta thuong cd thém nhitng ciu tric
khac, ma toan hoc goi la cdu tric hinh hoc.
Chang han cdu tric métric (khoang céch)
Euclid 12 mét cAu trac hinh hoc.

Tit thé ki 19, ngudi ta da biét 1a ngoai cdu
trie khoang cach Euclid, con cd cdc ciu tric
khoang cach khac, duge goi la khoang cach
Riemann hoéc gid Riemann, ndi ma tong ba
goc trong mot tam gidac thudng khac 2m.
Nhiing khéng gian nhu vay dudc goi la khﬁn%
gian cong, vi ching ed dé cong khac khong. L
thuyét tuong déi cia (Einstein) Anhxtanh
chinh la dua trén toan hoe cia cac khong gian
cong dd.

Cau trae thé tich cing 1a mét cdu trie hinh
hoc. N&u ban biét dé dai ba canh cia mét hinh
khéi chit nhat, thi ban cd thé tinh duge thé
tich etia nd. Nhung diéu nguge lai khong ding.

16

2\ C DA
NGUYEN TIEN DUNG

Ndi cdach khée, cdu truc thé tich y&u hon la
cdu tric khoang cach, va mot khdng gian cd
thé khéng cd cdu tric khoang cach nhung van
c6 cdu tric thé tich. Ta thi giai bai todn con
lac da trong khéng gian véi cdu tric thé tich :
con lac da bién minh thanh moét con giun dudng
kinh rat nhd nhung rit dai, sao cho thé tich
khong bi m4t di, rdi trudn minh ddn qua 16
kim.

Trong todn hoe, bai todn con lac da chi thuc
su ndi tiéng vi mot cdu tric hinh hoc khac, goi
la cdu tric symplectic. Trong khi bai todn con
lac da vdi cdu trdc thé tich hoac métric déu
¢é dap s6 dé dang, thi mai d&én nam 1985 mot
nha hinh hoc Phéap géc Nga tén la Michael
Gromov mdéi ching minh duge rang trong
truong hop symplectic (va s6 chiéu khae 2) con
lac da khong thé chui qua duge 16 kim.

Cidu tric symplectic 12 gi ? Ong Atiyah,
ngudi da tiing duge giai thudng Fields vé Toan
hoc, goi cdc cdu tric metric, (complex) phdc
va symplectic 12 ba chi em. Ndi thé cé nghia
la chiing mat thiét lién quan dén nhau, va "bu
dap" cho nhau. D& hi€u tai sao, ching ta hay
xét mot di€m, va cdc vector tai di€m dd. Cdu
tric metric duge dinh nghia nhu 1a mét tich
v6 hudng, khi ci cd hai vecto x, y thi cho ra
mét 86 A (x, ¥} {(va A (x, xJ duge dinh nghia
bang binh phuong do dai cta vecto x). Dé cho
A (x, y) dinh nghia duge mét cdu tric metric,
cdc tinh chdt sau cin duge thoa man :

1. Tuyén tinh : A(x +2z,y) = Alx +y) + Alz,
yhA(x,y+tz)=A(x y)+Afx, z) va A (cx, y)
= cA (x, y) v6i moi vecto x, ¥, z va sd c.

2. Khong suy bién : v0i moi vectd x tfn tai
vectd y sao cho A (x, y) khac 0.

3.DGixing : Aflx,y) =A(y, x)

4. Duong tinh : A (x, x) > 0 néu x khac 0.

Né&u A thda man hai tinh chit ddu tién, thi
nd duge goi 12 mot dang tuyén tinh bac hai
khong suy bién. N&u ba tinh chat ddu tién duce
thda man ma tinh chit thyd tu khong dude thoa
man, thi A duge goi 1a cu tric gia khoang
cdch (pseudo-metric).

Bay gidt gia sit cd mét ham s6 B(x, y) thoa
man hai tinh chét ddu tién, nhung tit tinh chit
thit ba duge thay bang tinh chit sau day :

3'. Phdn doi xung : B(x, y) = —Bfy, x).

Khi d6 B duge goi la mét clu twic
symplectic. Ban hay chiing minh rang néu B
12 mot cdu tric symplectic thi nd khong thé
théa man tinh chdt tha tu. DE ldy vi du, xét
mat phing Buclid théng thudng. Khi dd tich
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vé6 hudng cua hai vectd x=(x;,x,) va
y=(.¥)laA(x,y) =xy +x,y,,condién
tich ciia hinh binh hanh tao bdi hai vecto do
laB(x,y) =x,y, —x,¥, - Ban co thé kiém tra
rang dién tich la mdt cdu tric symplectic.

Nhu vay trong truong hop hai chiéu, ciu
tric symplectic chang qua la cdu tric dién
tich. Mot diéu tha vi 1a cdu tric symplectie chi
tén tal trong cdac khong gian cd s6 chiéu chan
(ban hay thu ching minh rang no khéng tén
tai trong khéng gian ba chiéu). Va tuong tu
nhu khoang céch, tif mét céiu trie symplectic
cung sinh ra duge mét cdu tric thé tich.

Dinh nghia cta cdu tric symplectic & trén
mdi chi 1a tai mot diém. D& cd mét cdu tric
symplectic trong toan khong gian (hay ndi
chinh xdc hon, trong mét da tap), thi trude
hét tai méi di€m cdn mot cdu tric symplectic
cla digm dd (tudng tu nhu trudng hgp métric).
Néu tai mdi diém ta cd mot cdu tric
symplectic, thi hgp lai ta cd m6t cdi ma toan
hoe goi la mét dong vi phan bac hai khong suy
bién. Diéu kién d€ dang vi phan nay la mot
céu tric symplectic 14 nd 14 mot dang vi phan
ddng, tdc 1a dao ham cta nd bang 0. Viée giai
thich thé nao la dao ham cia mdt dang vi phan
vugt qud khudén kh8 bai bdo nay, nhung ng
tuong tu nhu dao ham cua cac ham so, va ban
cd thé tim hi€u vé ndé qua cdc sach vé& hinh
hoc vi phan.

Thé ngudi ta cdn nghién ciu hinh hoc
symplectic d& lam gi ? Cau tra loi xudt xd ti
nhitng bai toan co hoc ¢8 dién. Néu cé mét
ham s6, goi la ham nang lugng (chinh la téng
ciia dong nang va th& nang ma cdc ban van
duge hoc), thi thong qua cdu tric symplectic

sé viet duge mot (hé) phuong trinh vi phéan,
chinh 14 phuong trinh chuyén déng cia bai
todn co hoc dang xét. Phuong trinh vi phan
viét & dang nhu vay ducce goi la phuong trinh
Hamilton. Diéu nay duge trinh bay mét cach
sang sua trong nhung quyén sach vé co hoc
cd dién tit quan diém toan hoc, chang han
quyén Cac phuong phap todn hoc trong co hoc
c6 dién cia V. I Arnold. Ngay nay khéng chi co
cdc bai todn cia cd hoe 6 dién, ma ndi chung
moi bai toan vat li, déu viét duge dudi dang
phudng trinh Hamilton.

Ki thi Olimpic Todn ...
(Tiép theo trang 1)

Bai 2 : ABC la m4t tam gidc can vai
AB = AC.

(Gia thiét rang

i) M la trung diém cia doan BC va O la
diém trén duding thing AM sao cho OB vuong
Zoc vai AB

ii) @ 1a mot diém tuy y thude doan BC, khae
vii B va C.

iii) £ 1a mot diém trén duding thing AB, F
la mot di€m trén dudng thang AC, sao cho E,
@, Fla phan biét va thang hang. Ching minh
rang OQ L EF khi va chi khi QF = QF.

Bai 3 : Vi moi s6 nguyén duong k, goi ffk)
la s6 cic phén tit thuoc tap {(k+1, &k + 2, ...,
2k} vdi dang bi€u dién theo co s6 2 cd ding
3 chit s6 1.

a) Ching minh rdng vdi mdi s§ nguyén
duong m, tén tai it nhat mot s6 nguyén duong
k sao cho flk) = m.

b) Xdc dinh tdt ca cdc s6 nguyén duong m
sao cho chi t6n tai duy nh&t mot s6 k vai
flk) = m.
Bai 4 : Xac dinh tit ca cdc cap cd thd tu
gbm hai s0 nguyén duong (m, n/ sao cho
i ¥

mn — 1

14 moét =6 nguyén.

Bai 5 ¢ Gia s S la tap cac s6 thue 16n hon
-1. Tim tat c4 cac ham s§ f: S — S théa min
hai diéu kién :

i) flx + fly) + xfly)) = y + flx) + yfix)
vai moi x v& moi y thude S.

X
ii) f(-;— la tang thuc su trong cac khoang

-l<x<0vax>0.

Bai 6 : Ching to ring cd ton tai mgt tap A
cédc s6 nguyén duong cd tinh chdt sau : Véi
moi tap S gém vo s6 cdc s6 nguyén tg, ton tai
hai s6 nguyén dudng m € A va n & A, mbi s
nay la tich coa & phdn tl phan biét cia S vai
k = 2 nao do.
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Gidi ddp bai

THAY CHU BANG SO

T oA N HO G
o T oA N
Bk 2, 3% 81
Nhin vio cac chif 36 ctia con tinh ta thay ngay
T = 9, H = 1 ddu % (hang tram nghin) = 0
Ta lai thdy tdng cac chit s6 cia 56 TOAN
HOC va ctia s6 HOC TOAN la bang nhau nén
téng cic chif s6 cha hiéu cla hai 56 nay chia hét
cho9.Dovay: (8+0+2+3+k +8+ 1y 4 &
hay 4 +x = 9. Nghia la ddu % (hang tram) = 5.
Vay ta cd : ;

_90ANI10 &
10C90A N
8023581
Tit hang tram va hang nghin cua con tinh
bén suyra N = 3
Tit hang don visuy ra C = 4
Tit hing van suy ra A = 7
Tit hang chucsuyra O = 5
Tdm lai ta cd :
9573154
1549573
5023581
Cac ban : Huynh Minh Son, 6T, Chuyén
Diic Phé, Quang Ngai, Nguyén Ngoc Kién, 9T,
NK Thai Thuy, Th4i Binh cd giai dap dung.
BINH PHUONG

CHAY NHU THE NAO ?

Mot hudn luyén vién mudn thi tai toan hoc
ctia cAu thu bong dd cta minh da ra lénh cho
cau thu d¢ nhu sau : Anh hay chay mot luat
sao cho dutng chay ctia anh bao duge chu vi
va chia san bong thanh tam phan bang nhau.
Khong chay lap lai doan nao ciing khong chay
ra ngoai sin bong

Cac ban tim gitp xem cdu thu do phai chay
nhu thé nio dé dap ing dude yéu cau cua huin
luyén vién.

NGUYEN HUTU DU

KET QUA CUA BOAN HOC SINH
VIET NAM TAI CUOC THI
TIN HOC QUOC TE
LAN THU SAU

Cude thi TIN HOC QUOC TE lan tha
S4u da dién ra tai Stockhom (Thu do
caa Thuy Pién) tu ngay 3 dén
10-7-1994. Doan Viet Nam c¢o
sinh tit ca déu doat giai :

i hoe

Huy chiwong bae 1 Truong Xuan Nam
(Lap 12), Tran Minh Chau (Lap 12).
Nguyén Bao Son (Lop 11), DHTH Ha
Noi.” :

Huy chiwgng dong : Cao Minh Tri (1ap
12), PTTH Lé Héng Phong, Nam Ha.

THONG BAO
BAN DOC CO THE TIM MUA TAP CH TOAN HOC VA TUO!I TRE TAI -
- Céng ty Phat hanh sach va Thiét bi trudng hoc.
~ Buu dién thanh phé, tinh, thi xa.

- Cac cua hang sach bao trung tam cua thanh phd, tinh, thi xa, thi tran hoac
pDat mua dai han tai Buu dien thanh phé, thi xa, huyén, thi tran trong ca nudc.
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