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i Danh cho céac ban phé théng Trung hoc cd s6

PHAN NGUYEN GUA MOT SO
VA CAC BAI TOAN CHIA HET

- ~ 16p 7 cac ban da biét : Cho x 1a mét s6
hitu ti bat ki. Ki hiéu [x] (doc 1a phén
nguyén ciia x) | s6é nguyén 1dn nhat khéng vugt
* qud x. Chdng han [2,8] = 2 ; [-3,78] = -4
[-8] = -3 ;[0] = 0.

Tii dinh nghia trén day ra suy ra ngay mot s6
tinh chét don gian. Néu [x] = a thix = a +d véi
alasénguyén, va0 s d < 1. Néu[x+yl =x
thi x 1a s nguyén va 0 < y < 1. Néu n la =6
nguyén thi fn +xJ = n + [x].

Dé sit dung kh4i niém "phdn nguyén ctia
mot s6 giai cdc bai todn chia hét, trude hét ta
ching minh mét s6 ménh dé sau day :

Meénh dé 1 : Néu n la mét sé tu nhién thi
nfx] = [nx]

That vay : Dat [x] = a, tacdx = a +d véi
O0=d<l. :

Vi [nx] = [nfa +d)] = [ne +nd] = na +[nd]
(vl na - nguyén)

Do nd = 0 nén [nd] = 0. Suy ra :
na = nfx] = nxj.

Ménh dé 2 : Véi moi s6 ty nhién n va g
(g khac 0) ta co6

q. [;—1] <n.

That vay theo ménh dé 1 ta cg :

n n
2 - = 3 i = —=|
vl el it
Ménh dé 3 : V6i moi sé tu nhién n va q
fq khac 0) ta cé

n

(e Bl Bl v

¢ (T+{2])
That vay : chia n cho g, ta cd :
n=mqgtrviid=sr<gyg

i
Nt~ Ok O <o
q q q

Suy ra [%] =m.

NGUYEN VAN VINH

Mat khac, tit n = mqg + r suy ra

n=m+1l)g+r-gviir-gam, nén
n

< + lig = co | fas o B
n < (m+1ljg ( [ q] ) q

Meénh dé 4 : Trong dday n 86 tu nhién :
1,2, 3, .., ncéding [g] 86 tu nhién chia hét
cho 80 ti nhién q khac 0.

That vay, xét ba truong hop :

q
s 1 (n < q) Khong

d il e !
—Néun{qthiaﬁi,suyra [—]=0.

Ré rang trong day 1, 2, 3, ..
cd 86 nao chia hét cho g.

= Néu n = g thi {E] =1 . Trong day so 1,

Lg
2,3, ..., n = g cd ding moét s6 chia hét cho 9.

] T ri
-Néun>=gthh—>1, su S (L=
il prre)
Nhén thdy trongdaysé: 1,2, 3, .., q, g+ 1,
.nchicdcdcsb 1q, 2.9, 3.q, .., [g] g 15

chia hét cho g.
q. [ﬂ <n

n
nén s6 tu nhién [E] g chia hét cho ¢ la mét

s6 hang chaday: 1, 2, 8, ..., n.
Mat khac theo ménh dé 3 thi

n<q (1+[§-]) nén s6 tu nhién {:1+[§]) . g
khong 1a s6 hang ctia day 1, 2, ..., n. Nhu viy,

That vay, theo ménh dé 2 thi

o6 diing [f] s6 chia hét cho q.
q
Tit ménh dé 4 ta suy ra ngay két qua : Trong
ddy s6 ty nhién 1, 2, 3, .. nmdﬁng[ :[sﬁchla
"

n
hét cho g2, cd diimng [—] s6 chia hét cho ¢°,...

qj
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Ménh dé 5 : Néu sd nguyén t6 p c6 mat
trong phan tich ra thita s6 nguyén t6 cia n !
= 1, 2, 3... n thi 6 mii cao nhdt ciia p bing

31 T30+ [ (3]

pk =n < pk+ !
That vay, theo két qua trén day : s6 cac
nhan t cda tich'1.2.3 ... n chia hé&t cho p ding

1 2 ;
béng I:j!_?:l , 36 cac nhan tit chia hét cho p?
. 5 n
ding bang [;] ;
Diéu nay cd nghia : s8 cdc thita s6 nguyén
t6 p cd trong phén tich ra thita s6 nguyén té
cha tich : 1 . 2 . 8. . . n ding bing :

n n n n
R e s e S e
(el tlglenlph 2 st
Ching ta sit dung cdc két qua nhan duge
trén day vao gidi toan.
Vidu 1. Tich 56 100 ! = 1.2.3 ... 100 tén
cing la bao nhiéu chit s6 0 #

(Dé thi hoe sinh gidl Matscova, vong 1, 1940)

Giai : Tich cia 5 va mét sd chan la mot s6
co chit &6 tdn cing 0.

Trong 100 s6 cta 100 ! cd 50 s chan, 50
86 18, vi vay chi cdn tim t&t ca cdc boi s6 cha
b5 trong tich da cho.

Theo ménh dé 5, 6 mii cao nhét ctia 5 cd
trong phan tich ra thita s nguyén t& 100 !
bang :

100 100 100
4+ == +[==]| =
=l kel -
Vay tich s6 100 ! tan cung la 24 chit s6 0.

Vi du 2. Chitng minh rang néu (n - 1) ! chia
hét cho n thi n khéng phdi la s6 nguyén 0.

Gidi : Gid st nguge lai n 13 s6 nguyén t4,
suy ra n chi cd hai uéc s6 1a 1 va n, Theo ménh
dé 4 Htong dayab.l, -2 0 R .~ 1 eo

niid ;
[ - ] = 0 =0 chia hét cho n. Tit dd suy ra

tich : 1.2.3 ... (n — 1) khong chia hét cho n, trai
vdi gia thigt (n — 1) ! chia hét cho n. Vay n
khong phai 1a s6 nguyén td.

Vi du 3. Chitng minh rang n ! khéng chia
hét cho 2",

(Gidi : Theo ménh dé 5 : 36 mi & cao nhét
ctia 86 2 cd trong phén tich ra thita s6 nguyén
tocian!la

ki [%} +[;] B85 +[%] Vi 2" < n <
< 2m+1 Do dé chi cdn chitng minh cho
n > k la du.

Theo nhan xét md ddu ta cd :

n n n n n it
(2] <z (&) < o] <2
Cong ting v& m bat dang thic trén ta co :
non n gl 1,

k£§+?_+..,+27n=n{5+;+ 5":)
1.l el 1
L RS T g A
1 . (R 1
CERR R

1
DoddS=288-8S=1—-——=1
gm

Tidésuyrak =n.S <n hayk <n
Vay n ! khong chia hét cho 2"

Vi du 4
a) Chiing minh rang tong
S~1+1+I+£+ +Ir 2) khé
= i = 2) ng
phdi la sé nguyén.
b) Chitng minh rdng  téng
il S 1
= —+-+— +— i la s6
S T 4+.., 16 khong phdi la so
nguyén
(D& thi vao chuyén toan vong 2, 1973)
nlonl n!
e
Gidi: Tacs: 8 —-1= =

T ménh dé 5 ta suy ra mau s6 n | chia hét
cho mét liy thita cia 2 6 béc cao hon cda tu
s6. Diéu nay chuing t6 S - 1 khong'phai la s6
nguyén, do dd S ciing khong phai 14 s6 nguyén.

b) €6 thé lam tuong tu nhu ciu a.

Vi du 5. Tim lity thita a cao nhdt cia 7 ma
1000 ! ¢6 thé chia hét cho 7°.

Giai : Theo ménh dé 5, liy thita a cao nhat
cta s6 7 cd trong khai trién thanh tich cac
thita s6 nguyén t6 cia 1000 ! bang :

1
a={&fg]+[%]+[%] = 164 .

Vay 1000 ! chia hét cho 7104,
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Bai T1/201 : Tim x € Z dé s6 25x + 46 la
tich ctia hai sé nguyén lién tiép.

Loi gidi : Cdch 1. (Caa Dam Khdanh Hoa,
9A, PTTH chuyén Lueng Van Chanh, Phi
Yén). Gid sit ¢d x, n € Z sao cho

2bx +46 = nfn + 1)
=100x + 184 = 4n? + 4n

=100x + 185 = (2n + 1)2

Tic 1a 100x + 185 la sé chinh phuong (1).
Mat khéc ta ed : 100x + 185 = 5(20x + 37)

Thic la (100x + 185) ¢ 5 (5 la s6 nguyén t6)
nhung 7 25 (vi 20 + 37 7 5 Vx € Z)

Vay 100x + 185 khéng thé la sd chinh
phuong (2).

(1) mAu thudn véi (2) ching to rang : khong
tén tai x € Z dé s6 25x + 46 1a tich eua hai s6
nguyén lién tiép :

Cach 2. Gia si co x, n € Z sao cho
25x + 46 = nin + 1)

=25x+50 =n‘+n+4
=25 +50 =(n+3)n-2)+10 (3)

Tacd(n+3)-(n-2)=bnénn+3van-2
hode cing chia hé&t cho 5, hodac cung khong
chia hé&t cho 5. Song, trong ca hai truong hop
déu dan dén v& phai cta (3) khéng chia hét
cho 25, ma vé& trai cua (3) lai ludn ludn chia
hét cho 25. Mau thuédn nay cho thiy khéng tén
tai x € Z dé s 25x + 46 la tich cta hai s6
nguyén lién tiép.

Nhan xét : Cac ban sau day ciing cd lui
giai t&t : Kim Ngoe Minh, Trin Trung Tién,
TM, Mari Quyri ; Bui Dic Minh, 8A, BE Van
Dan ; Tréan Viét Binh, Nguyén Anh Hoan,
Nguyén Hong Ha, Tran Bding, Nguyén Long,
Hoang Tra My, 8H ; Nguyén Diic Phuong 9H,
Trung Vuong ; Ha Noi ; Dang Anh Tudn, 7T
Chu Van An ; Nguyén Vit Anh Thu, 9A,, Hong
Bang, Hai Phong ; Lé Van An, Pham Hong
Linh, Nguyén Xuan Tuong, 9T, Phan Béi
Chau, Nghé An ; Tran Thi Khué, 9B, Quang
Trung ; Nguyén Ngoc Hung, 9A, Nang khidu
Hoang Héa, Thanh Hoa ; Pham Hai hoa, T7,
Vii Thity Duong 8T, PTNK ; Nguyén Hoai

Diie, 8A, Ngo Gia Ty, Hai Hung ; Bach Hong Y,
Nguyén Phuong Lan, 9T, PTTH Nang Khiéu
Ha Tinh ; Pé Dang Tao, 9B, chuyén V. T Ung
Hoa, Ha Tay.

TO NGUYEN

Bai T2/201 : Tim cac chit s6 x, ¥, 2, t ma
E.E;E-t;(x;&y,zat{})

Losi giai : Ta c6 xy. yx > 10x. 10y

= 100xy < 1000 do do xy < 10

Vi yz cd tan cing la z nén (y - 1)z 10.
Ta cd cac trudng hop sau

a)z=5,y18, = 1.Do(l)nény € {3,5,7, 9}.
Véiy € {5, 7, 9} thix = 1. Véi y = 3 thi
x e {1, 2 3}

Bing céch thit ta thdy tich xy. 53
trong cdc trudng hop nay déu Kkhong co
dang 5t5

b) y = 6,z chan. Theo (1) thi diéu nay khong
xay ra

c)y =1 Tacé x1, 1z = 22
=100x + 10(xz + 1) +z = 100z + 10 + =

Néux+1l€s9—=x=z—=x=z=2—-¢t=5.
Vay ta dugc b nghiém (2, 1, 2, 5)

Néuxz+1 =10 Khiddxz+1 = 10a +b

(a=21)vaz=x+a. Viz > x nén.

z=4 Tacdzx+1 = 10a +b =

(4
T ke

ddi-1<sc¢=5b6-1=< 8
Nhu vay ta sé thit z € {4, 5, ..., 9} sao cho
22 = ¢ (mod(10+2)] v6i -1 = ¢ < 8 (2)

22 -za+1=10a+b

Ta cd6 :

Vai z=4 16 =2 (mod 14)
z=25 25 = 10 (mod 15)
z=5H 36 =4 (mod 16)
gi=17 49 = 15 (mod 17)
z=28 64 = 10 (mod 18)
z2=0 81 =5 (mod19)

Tit bing trén ta thdy z = 4, 6, 9 nghiém
ding diéu kién (2). Céc gia tri cla x va f tuong
ing sélax = 3, 4, 5,

t=356
Daps6:(2,1,2 5), (3,1, 4, 3),
(4,1,6,5), (51,9, 86)

Nhéan xét : DA cd cdc 161 gidi glti dén déu

khong hoan chinh (thiu nghiém hoac thita

3
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nghiém). Mot s6 ban cd 16i gidi ding nhu
Nguyén Ngoc Hung 9A Hoang Hda, Thanh
Hoa, T6 Quang Chinh Nang khiéu Thai Thuy,
Thai Binh nhung 15i giai con dai.

DANG HUNG THANG

Bai T3/201. Biét cic canh cia tam giac
ABC la 3 s6 nguyén lién tiép. Tim dé dai cac
canh ctia tam giac néu .

3A +2B = 180°

Loi gidi :

T gia thiét suyra

Qs AT RO s
=C>A4, C>8.Dodd AB > AC, AB > CB.
Trén canh AB 18y di€ém D sao cho AD = AC.

——— —."AA
Tacé CDB = 180°—Aﬂcz180“~%ﬂ
=180°-(4 +B)=C

€

Tit d6 AABC co ACBD =
BC DB

— e— "_
Vi CB:BC‘- =AB.DBE

hay BC? = AB(AB - AC) (%
Theo bai ra AB - BC = 1 hoac AB- BC = 2

a) N\uAB-BC =1=AB = BC+1 va
AC=CB-1
Thay vao (*) ta ed ;
BC?-2BC-2=0
Phuorp ++inh nay khong cd nghiém nguyén

by NeuAB-CB =2=AB = CB+2va
AC =CB +1

Thay vao (*) tacd : BC2-BC -2 = 0

2
~1 (loai)

Do dé BC = 2, AC = 3, AB = 4,
Nhan xét :

Giai t6t bai nay cd cdc ban : Pam Khdnh
Hoa, 9A Luong Van Chanh, Pha Yén ; Vo Nhu

Suy ra BC =

4

Quynh, 9T Phan Boi Chau, Nghé An ; Tran
Thi Khué, 9B Quang.Trung, Nguyén Ngoc
Hung 9A NK Hoang Hda, Thanh Hda ; Vi
Huy Hoang 8T, PTNK Hai Hung ; Hoang Bdo
Nam 8A, Phong Chau, Vinh Pha ; Pham Anh
Tudn 9NK Thuidn Thanh, Ha Bac; Pham Huy
Ting 8A B& Van Dan, Nguyén Hong Ha ' 8H
Trung Vuong, Ha Nai,

Nhiéu ban khac giai ding nhung viét daidong.

VU KIM THOY

Bai T4/201 : Cho p la mét s6 nguyén duong
lé Rhac 5, d la mét s6 nguyén duong khac
2, p,pt+8 Chitng minh rdang tit tap hap
M={2p p+8 d} cb thé tim dugc it nhdt
3 cap (a, b) khdc nhau trong dé a, b la cae
phan tir khdc nhau thude tap hop M sao cho
ab ~1 khéng la binh phitong ctia mét s6 nguyén.
Quy wdc cdp (a, b) va edp (b, a) la nhu nhau.

Lai giai (cha ban Pham Huy Ting 8A, BE
Van Dan, Déng Da, Ha Nai ; Lé Anh Va 10
CT, Qudc Hoc, Hué&)

+ Trudc hét ta chon duge cap (p, p + 8)

That vay néup(p +8) -1 = m? —»

prt4-mip+4+m) =17 —

-p +4-m=1

s e et e ol R

Suy ra p = 5 trai gia thiét.

+ Tit hai eap (2, p) va (2, p + 8) 1a ludn chon
duge it nhdt mot cap. That vay néu trai lai thi
2p-1=3%2(p+8)-1=24?

=2’ —y’ =16+ (x - y)x+y) = 16

Vix-y,x+ycungtinh chdnlé,x -y <x+y

WL L e ey
nén x+y=8—}p—5£om

+Tit 3 cap (2, d), (p, d) va (p + 8, d) ta ludn
chon duge it nhat mot cap. That vay

2d—1=a?
Néu trdi lai {pd —1 =62 (%)
p+8d—1= e (*%)

Vi 2d - 1 14 s6 chinh phuong 1é suy ra
2d -1 =1 (mod 4) =d 18 Ti (*) va (**) suy
ra b chan, ¢ chan, b < c. Dat &6 = 2b;, ¢ = 2¢;

= 8d = (e, =b,)(¢; +b;) =

https://tieulun.hopto.org



https:www. facebook. com/letrungkienmath https://sites. eoogle. com/site/letrungkienmath

2d = (c; —b;)(c; +b;) =cj —bj. Dé thdy Q(x) = x°. Tl gia thiét clia bai ra ta cd P(x?)
hiéu hai s6 chinh phuong chia cho 4 cd du 0, 12 da thdc. Dat :
1 hoac 3. Vi d 1é nén 2d = 2(mod 4). Mau P(x2) = qa* +a_ T+ taxta
thuin. = DPCM. -
Nhian xét : Cac ban cd 181 gidi t&t : Nguyén
Trong Nghia, 11A, PTTH, Viét Tri ; Ngoé Xuan

Dé thay, ham s6 (bién x) P(x°) 12 ham chén
trén R. Do d6 «, = 0 vdi moi i 1é thuge {0; 1 ;

Phong, 11L, PTNK, Hai Hung, Lé Van An, ?0; i ;)’“" T L
9CT, Nghé An ; Ngé Bich Thdo, 10CT, Hai - ' :
Phong, Sao Do, 9T, Hoang Hda, Thanh Hda ; Tuong tu, tit viée xét da thdc Q(x) = -a
Pham Pinh Truéng, 10CT, Hai Phong. ta duge Pix) 1a da thic trén (-= ; 0].
DANG HUNG THANG Nhu vay, ton tai cac da thic R(x) va S(x)

Bai T5/201. Cho « = V2 va g > 0. Ching 520 cho

inh ran B fux =0
Hic i PRy = { e = M

= Sx)néux <0

Chon Q(x) = x?, ta duge Pix’) 1a da thic.
Dat T(x) = P(x’). Mat khac, tit (1) ¢6 :

(@ +q P = 2¢°+q2
Lai giai (Nguyén Minh Tho (11A, Quée Hoe,
Quy Nhon) ; Vi Huy Phuong (PTNK Hai
Hung) ; Nguyén Manh Théng (10A, chuyén
Théi Binh), Pinh Kham (11T, Luong Van Tuy, Tix) = Rix%) ¥x = 0 va T(x) = S&x') ¥x < 0
Ninh Binh) ; Nguyén Thai Ha (Mari Quyri HN) Suy ra 1 0H(0) = Tiek m-96: Bodd
Khong mat tinh téng quat, coi q = 1. Viét  R(x) = S(x), va diéu nay ching té P(x) 1a da
bat dang thic da cho dudi dang thic (DPCM)
(@ —q=) 3 2(q —q1)? Nhan xét : Ban Vi Thi Bich {f.eg,,' 11c
trudng Chuyén Thai Binh ciing c6 16 gidi ding.

P =k 3 Ban Lé Van An cho 18i giai sai vi chua hiéu
s EL 9 _E) (1) ding khai niém da thic va khong hifu dung
Xét ham sd dé bai.
1 NGUYEN KHAC MINH
G L e S e B R
3 ( g } ; Bai T7/201. Tim mot ham s6 fix), xdc dinh
gl =@ +qg ™) = U'E(q +— )] vdi moi gid tri thic ciia x, sae cho vdi x bdt ki
o 3? 42 fen 4 fiflx)) = —x va fix) nhan gid tri nguyén khi x’
2’ 2 1 nguyén.
*I( Sl ta G 7 2 aid — %
Figh #erriiehd g 7) (‘f"q )] Loi giai. (theo Nguyén Théai Ha 10M
% E (G A Marie—Curie Ha Noi, Nguyén Huy Hoang 11B
q [ g get1 } ¥ trudng chuyén Vinh Lae, Vinh Phi va Lé Anh
A2 gl s, 1 0 Vi 10 CT Quéc Hoe Hud) : Voi méin € N ki
B (7" =q) ( g*t I) %) hiéu E, l1a nita khoang (n ; n + 1]. Dé théy, vai
Vay f(q) 1a ham déng bién trong [1, +«) mbi x € R* déu tén tai duy nhdt n € N sao
Do d6 : chox € E,. Xét ham flx) dude x4c dinh boi :
flg) = f(1) = 0, dpcm x + 1 néu x € E, vdi n chan
NGUYEN VAN MAU flx) = -~x+1nfux €E, véinlé
Bai T6/201 : Xét ham s6 P: R — R théa Onéux =0
man : Né'a:-, Qix) la da thuc vai hé 56 thue co —f(=x) ndux < 0
MIF = 2_”” P(Q(x)) cung la mot da thize. Chiing Ta sé chiing minh ham f(x) théa tat ca cac
minh rang P la mot da thite. diéu kién cua dé bai. Théit vay, trude hét, dé

| aAz s - e thdy flx) xdc dinh trén R va f(x) nhédn gia tri

Lai giai (cia Nguyén Thai Ha 10M S o : . LEE

Marie~Curie Ha Noi) ng:ét i nguyén khix nguyén, Tiép theo, ta chiingminh
e 3 fifix)) ==x YxeER.
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* Vai x = 0 hién nhién ¢d Dpem.
*Vaix >0taco:
+Néux € E, véinchinthix+1€E_,

van+1lé. Dodd: fifix)) = flx + 1) =
=-x+1)+1l=-x

+Né‘uxEE"v6inléthi -x+1 < 0va
xr-1€E n — 1 chin. Do dd : f(f(x)) =

=12
= flx) ¥ 1) =tk = lnie L) =
*Voix < 0 thi -x > 0 va do dd f{f(—x)) =
= —(-x) = x. Mat khac, tif cong thic xdc dinh
flx) dé thay f(x) la ham lé trén R. Bdi vay :

fifix)) = fi—(=x)) = —f(fl—=x)) = —x.
NGUYEN KHAC MINH

Bai T8/201. Ki hiéu 1, I, I_la dé dai cde
duong phan gide trong duge ké toi cae canh
tuong ung a, b, ¢ cia tam gide. Chitng minh :

a b ¢
) +

W ppp e B
l l )
d b G 3
b+e % ¥ a+b * 4 V3
Loi giai. Do ham s6 cosx 161 trén doan

O Lo feonis AABOD 5 T i
[9:5] @ troms Qi R i

& N it SR e o
nén cos5 +cos5 +cosy cos & = —5
(ddu "=" x4y ra khi va chi khi AABC déu).

b) (i ' |

1
Mat khac dp dung cong thic S = Ebc sinA

va

b |

A
sind = 2sin — cos — ta dé dang cd

2

C ¢
S L
cs =5 ( ) (1). Suy ra
AL L+ L+
o + —
a b i

A B i
=2(msi+cns§+ms§) = 3/3.
o n e (T et beth
bt ( a b e )

x( Sns ¢ it )s
by bl o Lokl sp Aoy
a b
= 33 + 4+
(!b-i—fc I +1, Ia+lb)
dpem & a).

, va ta cd

6

Ti cdc cong thic (1), ta lai cd
'Ea i 'Eb 4 c
b+e c+a a+b
A

2bc cos 5 2ca cos ol 2ab cos 3
= + + "

(b +e)? (c +a)* (@ +b6)°

e — P + i =
52(?52+c032 cnsz)-ﬂ

I . aya o
T T ) 3 (dpem & b) (vi ta ludn luén

cd (x +y)? = 4xy). Déng thoi ta ciing da ching
minh ddu "=" trong a) va b) déu xay ra dugc,
khi AABC déu.

Nhan xét. Hau hét cac ban déu giai nhu
trén, s6 it ban giai cach khac va dai hon. Cac
bai sau day c6 10 giai tot : Tran Thi Khué (9B.
Quang Trung, Thanh Hda) : Pham Dinh
Truong (10 CT PTTHNK Hai Phong) ; Pham
Dite Minh (10 CT PTTH Son Tay), Dam Anh
Tai (11 CT DHSP Vinh), Pinh Kham 11 CT
PTTH Luong Van Tuy — Ninh Binh) ; Vii Huy
Phuong (11 CT PTNK Hai Hung) ; Nguyén Lam
Hiéu (11A CT Dai Hoc Vinh} ; Dodn Phuong
Déng (10A, PTTH Lé Quy Dén, Da Nang).

PANG VIEN

Bai T9/201. Trén parabol P: y = x° ta ldy
6 diém A, A, Ay A, A AL AAs cdl
A.,AJ tai a, A,A, cat AAq tal B, AA, cdt A A,
tai v. Ching minh rang a, §, y thing hang.

Laoi giai. Ki hiéu[; = [;(x,y) = 0la phuong
trinh dudng thang qua A, A (=, 25,
4o B S0l san ¥ keho 7 Y Wyl WAl
P(x,y) = l;5yslzs T Rlg. 1y I35 trong dd & la
mdt s6 tity chon. Diy 1a mét da thic bac 3 doi
v6i x, y va v6i moi diém A,(x,, y;) thudc P ta
déucé P(x;,y) =0(i=1;2;3,4,5,6). Bay
gio, ta ldy diém A (x,, y,) nao do trén sao cho
A #A;(i=1,2 34,5, 6)dong thoi cho k ldy

e TR
Bl =

I=I”
y=y,

I!ﬁ 4 524 2 '!25
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Hién nhién ta cd P(x,,y,) = 0. Nhu vay,
ta cd 7 di€ém thudc Psao cho Plx, y) = 0 (1).
Thé y bang x° vao v& trai cia (1), ta cd :
P(x, ¥°) = 0. Day la mét phuong trinh da thic
nguyén bac 6 doi vai x thoa man vai 7 gia tri
khac nhau cua x nén P(x,x“’} = 0, hay moi
diém thude Pdéu théoa man Plx, y) = 0. Lai
col Plx, y) 1a mot da thic nguyén bién y, ta cd
ﬂﬁtﬁtﬁmy]=(y—f)Qmjﬂ+R&}m)
trong do @ (x, y) la thm:ﬁng va Rix) la phan
du. Moi diém ctia P=y — < = 0 déu théa man

Plx _y1 = 0 nén R(x) = 0 hay (2) trd thanh

Pix, v) = [y —x° ) Q@ix, v). Do P(x, y) 1la 1 da
thic bac 3 d6i vdi x, ¥y nén @ (x, y) 12 mot da
thdc bac nhat déi vdi x, ¥ hay ed dang ax + by
+e,va Plx,y) = (y —x7) (ax + by +¢). Cac diém
@, B, v khong thude Pnén tai dé y —x? = 0,
suy ra ax +by +¢ = 0 hay chung thudc dudng
thang ax + by +¢ = 0 dpcm.

Nhan xét. 1. Bai todn van ding vdi moi
hinh cénic.

2. Co 5 ban giai bai nay va giai dung.

DANG VIEN

Bai T10/201. Tu dién OABC vudng d O 6
dudng cao OH ¢6 dinh, eon cac dinh A, B, C
chuyén dong Goi A, B’va C’ lan luot la hink
chiéu cua H trén OA OB vt OC. Chiing minh
rang 6 diem A, B, C, A’, B', C' cing nam trén
mot mat ctu va mat can néy luon luon di qua
hai diédm ¢é dinh.

Lai giai : T cdc tam giac OAH, OBH va

OCH vuing d H, ta_ cd

OA.0A'=0B.0B' = OC . OC’ = OH? e
(dat OH = h) ; (1) Qua bén diém A, B, C va
A’ khong déng phing cd mét mat cdu (€) duy
nhiat. Mat cdu nay chua dutng tron (AA'B)
nén ciing di qua B’ vi ABB’A’ 1a mét tud gidc
noi tiép. Cling vay (€) chia dudng tron (AA'C)
nén di qua C’. Tom lai, 6 diém A, B, C, A’, B’
va C’ cing nam trén moét mat cdu (&) nao dg.
(€) thay ddi vi cic di€ém A, B va C chuyén déng
trén mat phang () vuéng gdc véi OH & H.

Goi P va @ la hai giao diém cua (€) va
chwng 1;ham%1 OH, D = (AH) N (BC) va E la
giao digm thia hal cia (€) vai dudng thang
AH, thé thi ta dugc :

OP. OQ OA.OA' = h? = SDOI(E’) (2)
HP.HQ = HA. HE = R/(€) (3)
trong dé ‘R, /(€) 1a phuang tich
ctia di€m M déi véi mat cdu (€)

- Dé dang chiing minh duge rang H la truc
tdm cia tam gidc ABC va E déi xing voi H
qua BC, ngﬂa la : HE = 2HD, do dd

HP.HQ =2HA HD (4)

Lai vi tam giac OAD vudéng d O, nén ta dudc :

HA.HD = —0H? = —? (5)
Suy ra :
HP.HQ = —2h’ =Ry/€) (6)

(OP — OH)(0Q — OH) = —20H>

Sau khi thay OH = h va OP . 0Q = h? vio
(6), ta dugc :

OP +0Q = 40H = 4h ; 7

Cdc hé thuc (2) va f:} ching té rang
OP = x; va OQ = X, la hai nghiém duong phan

biét ctia phuong trinh bac hai sau day :
¥ —dhx+h’ =0, (8)
Phuong trinh nay cho ta 2 nghiém :
x; ,=h@ FV3)
OP = (2 ~V3)0H
0Q = (2 +V3)0H
ching té ring P va @ 1a hai diém e dinh. Dd
la dpem.

Nhan xét : Dang tiéc la 2 ban giai chua
dat (vi ngé nhan, khong chiing minh cén than
da két luan P va @ 1a hai diém cé dinh). Chua
6 1&i giai nao hoan chinh, hoae vi chua ching
minh e&n than 6 diém déng cdu, hodc vi chiing
minh chua that chinh xac (do khong biét su
dung do6 dai dai s6). Lai giai tuong d6i dat hon
ca la cia hai ban : Dao Thuy Huong va Pham
Dinh Truéng, 16p 10 chuyén toan Trdn Phuy,
Hai Phong.

Ban Nguyén Thai Ha 10M, Mari Quyri Ha
Noi, co 1oi giai ding song trinh bay qua tat va
khéng sdng sua.

Cac hé thuc :

NGUYEN DANG PHAT

Bai L1/201. Mot mach dién gom mot
nguon dién (sudt dién dong E , dién trd trong
rlva 3diéntrdx, v, 2

o

a) Trong 3 each mac saw day : 3 dién trd noi
tiép nhau, 3 dién trd song song, 2 dién tré y va
z song song nhau roi noi tiép voi x, nguoi ta déu
thdy cong sudt tiéu thu bdi z la khong doi.

Hdy tinh y, z, il 56 — (I la cuong do dong

dién qua z) theo r va .x
b) Ap dung s6 : Chor = 1Q ; x = 2Q ;
I, =05A tinhy 2 E,.

Loi giai : Vi z khong ddi, trong 3 cdch mac
u;
cong sudt tiéu thy déu bing P, = U,Z, = —;
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E

vay U, va I, cliing khong déi va ti s6 E = I—n

cling khéng déi.
- Khi x, y, z no6i tiép nhau thi
B =L(r+x+ydz)*Ewrtx+ty+z(l)

- Khi x, y, z song song nhau, hiéu dién thé&
chung ctia mach U, = z I, va dong dién chinh la

Tos ds
I=I1 +—+—, tit dd
¥ x
Z £
B dgn (ool #lie
A

e
B = popsmke—di (2)
A

~ Khi (y // 2) n +x, hiéu dién thé chung cla
yvazlaU, =gz I, :dong dién chinh

BIrJ Z
o= T+I” =1 (I +;) . ta cd

E,=I,(1 +§/} (F 45} +al,

T e
—=E=rtx+t-—+T+z (3)
& el

-+
Tit (1), (2), (3) suy ray = "0

ity +x)

r

> ¥
-

E, g E T+

I, P
Vadir=1Q,x=2Q I =5Ataedy = 6Q ;
z=12QvaE = 105V,

Nhan xét. Co 42 em gui bai giai trong do
cd 33 em cd loi gidi dang, dac biét 1a cac em :
Nguyén Thanh Binh, 11A, PTTH V6 Minh
Diic, Song Bé, Dinh Ngoe Bdo, 9L, Trdn Dang
Ninh, Nam Dinh, Nam Ha, Nguyén Quynh
Nam, 10M, PTNK Marie Curie Ha Noéi : Lé
Héng Nam, 9L, NK Thai Thuy, Thai Binh ;
Nguyén Dic Phuong, 9H, PTCS Trung Vuong,
Ha Noi ; Va Thi Bich Ha, 11C, PT Chuyén
Thai Binh ; Vii Quang Huy, 9L, Trdn Dang
Ninh, Nam Dinh, Nam Ha, Ngé Van Tdu, 121,
PTNK Hai Hung ; Nguyén Duy Tiz, 9L, NK
Gia Luong, Ha Béc.

0K

Bai L2/201 Chim tia t6i mot kinh hién vi
song song vdi truc chinh, sau khi qua kinh
hién vi, hoi tu tai F trén truc chinh sau kinh
mdat (F goi la tiéu diém sau ctia hé "kinh vat
- kinh mat". Mat nguoi quan sdat dat tai M

trén truc chinh & trude F mot doan a dé quan
8Gt mot vat phang cuc nhoé AB dat trude kinh
vdt sao cho dnh cia AB ma mat nhin thdy d
cach mat mét doan [ (xem hinh). Hdy chiing
minh la dé béi gide thu duoc la

i e 8
i\ 7)
D la khodng nhin ré ngin nhét cia mat
nguai quan sdat, A la do dai quang hoc cua
kinh hién vi (khodng cdch tit tiéu diém dnh
etia kinh vat dén tidu diém vat chia kinh mdt),
f;vaf,lan lugt la tiéu cu cia kinh vdt va cia 5
kinh mat. Tit d6 suy ra cé6 mdy truong hop ma i

? i)

d¢ boi gide sé bing

fif2

Hudng dan giai. Vé 2 tia sang di tu B,
mot tia song song vdi truc chinh va mét tia
qua O,, di qua kinh vat va kinh mat, 2 tia Id
khéi kinh mat e6 duong kéo dai cit nhau tai
B". Dya vao cong thiic tinh do boi gidc

G e al = AB ; AIJBF,
—?VUIG=F,Q ='—"'}—
Dua vao cde tam gidc dong dang suy ra
: &L aich B ¥
[ S — i ] = 2 ]
L fifs

AD a
TedérutraG =—{1+-—

trong hai truong hop la

o AD
co gid tri
S
a=0val=0,

Nhan xét. Co 7 bai giai dung, dac biét la cd
2 em co loi giai tét : Va Thi Bich Ha, 11C, PTTH
chuyén Thai Binh ; Trén Hong Quang, 12A, PT
dan lap Xuian Hoa, Mé Linh, Vinh Phu.

MT
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Ban cé biét ?

Duong "vé 0" NICOMEDE va irng dung cua no
vao viec dung nghiem thuc cia phwrong trinh bac 3

A - Duang "vé sb" ctia NICOMEDE

1 Nha todn hoc Nicomede ¢ ving Tiéu A (the
ki thi hai trude eéng nguyén) da dua ra mét
duting cong d€ giai bai todn chia ba mét gde
bt ki.

Ta da biét mot gdc tii nao cing phén tich
duge thanh mét gde vuéng va mét gée nhon.
Chia ba mét gde vudng la viéc dé. Ta chi ban
dén viéc chia ba mét gée nhon bét ki

Hinh 1

O hinh vé trén, BAC 1a mdt gdc nhon va
gia st AC = 1. Cho (D) 1a mét dudng thang
vudng gdc véi AB va di qua C.

Va&i moi diém M cia (D) ta 14y mot didm
M’ tuong dng sao cho MM’ = 2. Khi M chay
lién tuc trén (D) thi M’ vé nén mot dudng cong
(N) goila dudng "vo sd" (conchoide) Nicoméde.
Co thé ndi (N) 1a dudng conchoide cua (D) ed
cic la A vi mé dun 2. Gée nhon ma ta muén
chia 3 la gdc BAC.

Mudn vé dudgng conchoide (N) ta cd thé vé
theo 2 cach :

— Ve ting diém (dng vai M la M’ sao cho
MM’ = 2)

a
bing cich ditx =X +—

NGUYEN CANG

— V& theo cach Nicomeéde da ding :

Ta diing mét cay thude (xem hinh 2) é trén
dd cd 2 diém M va M’ sao cho MM’ = 2. Diém

Hinh 2

M sé chay trén dudng thang vuong goc (D) véi
AB di qua C va diém M’ sé vach nén dudng
conchoide do trén thude cé mét cai ranh va
trong ranh dd cd con chay. Difm A di nhién
dudc c6 dinh.

Bay gits ta chi y 14 duting conchoide (N)
giip ta chia ra ba phin bing nhau gdic BAC,
Thuc vay nhin hinh vé CE’ /f AB. Diém E' &
trén conchoide nén EE’ = 2. Néu F la trung
di€ém cia EE’ thi FE = FE’ = FC = AC = 1.
Vay cdc tam gidc AFC va FCE' la can do dd

— 1.-""‘--..
BAE=§ BAC

B - Dung ecdc nghiém thuc ctia moét
phuong trinh bac 3

Ta da bigt mét phugng trinh bac 3
X +aX?+bX+c=0
bao gi¢s ciing dua vé duge phuong trinh bac 3
co dang
x*+px+qg=0p gER (1)

3
D& cho 3 nghiém déu thuc ca thi diéu

kién la
4p +27¢* < 0

(Xem tiép trang bia 3)
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PE RA KI NAY

Cac lap PTCS

Bai T1/205 : Tim nam s khdc nhau trong

day tinh sau day
(% w4 ww) D ww =

Biét rang :

a) Trong ba s6 hang trong ngoac, thi cé mét
s6 hang 1a BSCNN cta hai 6 hang kia.

b} Sé chia la s6 nguyén td va la USCLN cua
hai s6 ndi trén.

PHAN VAN DUC

Bai T2/205 : Ching minh rang néu a # b,
b 2ec c¥ava

a(l +be)—b -2

a(l +eca) —¢c—a

b—c ¢c=-a
ol -Eahyi—a=—b-
' Sy uh
thi 362 -a2+1 =10
TGO HAI

Bai T3/205 : Gidi phuong trinh
(V1+x-DWI-x+1)=2x

LE QUOC HAN

Bai T4/205 : Tam gidc ABC vuéng d A co
AB = 6em, AC = Bem.

Goi I 1a giao diém cée dudng phin gide, M
la trung diém ctia BC. Tinh s6 do goc BIM.
v HOU BINH
Bai TH/205 : Cho dudng tron (O ; R) dung
duting trom (0, R’) sao cho tdim O nam trén
duong trou (0, R’). Day AB cla dudng tron
(0, R) di dong va tiép xic vdi dudng tron
(0, R’) tai C. Xac dinh vi tri ctia diy AB dé
AC? + BC? dat gia tri 16n nhdt.
NGUYEN BUC TAN

Céac lop PTTH
Bai T6/205 : Cho 10 s6 nguyén duong
@y, ., @y ching minh rdng tén tai cac s6
¢, € {-1,0,1} (i = 1, ..., 10), khong dong thoi
in

bing O sao cho s6 E ¢;a; chia hét cho 1023
i=1
TRAN XUAN DANG

10

Bai T7/205 : Cho da thie :
P(x) = a,+ qjcosx+ ancos2x + ...+ a, cosnx
nhéan gid tri dudng ¥x € R
Ching minh :a_ > 0
DAO TRUONG GIANG

Bai T8/205 : Cho AABC cd cac canh a, 6, ¢,

Ching minh rang, trén dudng tron Ole cuia
tam glﬂf_ cd tén tai dung hai dlem P dé
PA%b? - ¢®) + PB(c? - a®)+ PCa* - b%) = 0.

DAM VAN NHi

Bai T9/205 : Cho di€ém M bat ki trong
AABC Noi1 AM, BM, CM cat cac canh dai dién
twong ng tai A}, B|, C,. Ching minh rang :

AM \’ BM \J M
MA, MB, MC,

NGUYEN KHANH NGUYEN

Bai T10/2056 : Mat cau néi tiép td dién
A ALAA, tigp x1c voi mat dbi dién dinh A, tai
B, (goi d; 1a dudng thang qua trong tam mét dai
d1éndlnh3 cuatti’dlenB \B.B,B, va vuong goc mat
doi dién dinh A, cta tud dJE:n AA 4 i=1,4)
Ching minh rang cic dutng théng d déng quy.

TRAN DUY HINH

Cdc dé Vat li
Bai L1/205 : Cho xy 1a truc chinh cia mat
thu kinh, S la mét di€m sang that nam trén
xy, S’ 1a anh that cia S qua théu kinh, F 14 tiéu

'di€m vat cia théu kinh. Bang phép vé hinh hoc,

hay tim vi tri quang tam O cia thiu kinh.

:\:SF 5 y

VO

Bai L2/205 : Cho mach dién nhu hinh vé,
R, —2R1—6RR 2R, = 8R. Hai den D,
va D, giong nhau, ¢é hiéu dién thé dinh mm:
la 24V Bé qua gia tri dién trd cia day ndi,
khda K va cAc ampeké. Khi K dénga, chi 1,54,
a, chi 0.

1. Hay
xdc dinh 20
chi cia a
va a, khi K
ma.

2. Khi K
md hai den
D, va D
sang bink
thudng.

Hay tinh

a) Hiéu
dién thé ngudii U.

b) Cong suét tiéu thu dinh mdc cia cac
béng dén.

LAI THE HIEN
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For Lower Secondary Schools

T1/205. Find five distinct natural numbers
from the following equality
(#% + %% 450 - 5% = ¥ (1)
Provided that

a) One number in the bracket is the least
common multiple of the two others

b) The greatest common divisor of those
two numbers is a prime number and is equal
to the divisor of the left side of (1).

PHAN VAN DUC

T2/205. Show thatifa = b, b % ¢, c = a and

a(l +bc)—b—-c a(l +ea)—c—a
b 2 )
a(l +ab) —a —b
a-b s
then 362 - a2 +1 =0

C=a

TO HAI

T3/205. Solve the equation
VNIi+x-1)(VI-x+1)=2«

LE QUOC HAN

T4/205. Given AABC with 4 = 90° and
AB = 6cm, AC = 8cm.

I'is the common point of the inbisectors, M
is the middle point of BC. Calculate the value
of BIM.

VU HUU BINH

T5/205. The center O of the circle (O, R)
lies on the circle (O, R’). A, B are points on
(0, R) such that AB in a tangent of (0’, R’) at
a certain point C.Determine AB such that
AC? + BC? is maximal.

NGUYEN DUC TAN
For Upper Secondary Schools

T6/205. Given 10 positive integers a, -
a,, Prove that there are c; €1(-1,0, 1}
10
(i = 1, .., 10), not all 0, such that X ¢;a; is

i=1I

bt ]

divisible by 1023 .
TRAN XUAN DANG

T7/205. The polynomial P(x) = ¢ +a,cosx
+ ... + a cosnx takes positive values for all x.
Prove thata > 0

DAO TRUONG GIANG
T8/205. Let a, b, c be lengths of sides of A

ABC. Prove that on the Euler circle of ABC
there are two and only two points P such that

PA%(b?~ a?) + PB?(c°—a’) + PC?(a’- b?)=0
DAM VAN NHI
T9/205. M is a point, inside A ABC. AM,

BM and CM meet the sides opposite to A, B
and C respectivelyat A,, B, and C|. Prove that

AM +_\I BM [ CM %
MA, MB, Mc, ~

NGUYEN KHANH NGUYEN
T10/205. The inscribed sphere of a
tetrahedron A,A,A.A, touches the face
opposite to A, at B, (i = 1, 2, 3, 4).
Let d, (i = 1, 2, 3, 4) be the straight line
passing through the center of gravity of the

face opposite to B; of the tetrahedron
B;B,B;B, and perpendicular to the face

opposite to A; of the tetrahedron A;ALA A
Provethatd,, d,, d;, d have a common point

TRAN DUY HINH

Thong bao

Nhu da théng béo trén so 3(201) nam 1994
TC Toan hoc va Tudi tré nhén ding cac anh,
phéan &nh céc hinh thiic hoc toan va day toan
cing nhu cac sinh hoat khac cla cac hoc sinh
va thdly gido céc 16p chuyén toan. chuyén tin,
cac truong chuyén, trudng nang khiéu clia cac
dia phuong (Tinh, huyén, thi xa v.v..). Cho dén
nay Toa soan chua nhan dugc anh ndil trén ctia
nhiéu trudng, nhiéu dia phuong, dac biét 12 cac

'| tinh, thanh ph& phia Nam.

R&t mong nhéan dudc anh cla cac ban dé
dang trén Tap chl Toan hoc va Tudi tré.

TOAN HOC VA TUOI TRE
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NGAY THI THU NHAT 20 - 7 - 1993 (180 phiit)

Cau L. Cho da thitc _I-I
P(x,y) = 4xy (2 +3) = 6@ +y7 +a? +y +ay) +9 &+ ==
1) Hay phan tich P(x , y) thanh nhén tir. "
2) Tim trén mat phang toa do tap hop nhitng diém ma toa do (x, y) cua ching e
théa man diéu kién Plx, y) = 0. o o
Cau II. Cho hinh thang ABCD, bigt AB // CD va AB = a, CD = b. Duiing thang Mo
qua giao di€m ctia hai dudng chéo va song song voi AB cét cdc canh bén AD va BC Z
& E va F. Tinh db dai doan EF theo a va b, va ching minh ring EF = Vab.
Cau II1. Ching minh rang véi a > 0, hé bat phuong trinh sau vdé nghiém : <
@ < y? — 1 (1) -
2y < 2% +a (2) o
a —xy V2 < 1/2 (3)
Cau IV. Cho ba s6 a, b va ¢ d6i mét khac nhau va ¢ = 0. Biét ring hai phuong trinh =
x2 +ax +bc =0 (D O*
it o b ter=0 (2)

6 diing mot nghiém chung. Chiing minh rang cdc nghiém con lai cta hai phudng
trinh dd déu la nghiém etia phuong trinh
¥ +ex +ab=0 (3)

Cau V. Cho duéing tron tam O ban kinh R va mot diém K ¢6 dinh néim trong
hinh tron dé. Dat OK = a, 0 < a < R. Hai day cung AC va BD cua dudng tron
da cho vudng gde voi nhau tai K.

1. Chiing minh riang bén trung diém ctia bon canh AB, BC, CD, DA cua ti giac
ABCD va bén hinh chiéu cia K trén bon canh do cing nam trén moét duting tron.

2. Chiing minh ring dudng tron di qua tdm di€m ndi trén van ¢6 dinh khi
cac day cung AC va BD quay quanh diém K (ma vAn vudng gde voi nhau). Xdc
dinh tam va ban kinh cta dudng tron do.

3. Vi méi vi tri ciia day cung AC va BD, vé hinh cht nhat KALB. Tim tap

* hop cée dinh L ca hinh chit nhat nay khi AC va BD quay quanh K

NGAY THI THU HAI 21 - 7 - 1993 (180 phit)
Cau VI. Giai hé phuong trinh

v

ONONYL NYOL N2ANHD Ol d

+ 3
yb -2 =3
x2 + y?
=3
o J’) xj =0 (2)
e o ;
Cau VII, Cau 40 s6 nguyén duonga; , a, , ... @vab; , by ..., b,; théa -
méin cac didu kién :
l's'a; <a,... -:a,wsEGU
I b, <ty ... < by, = 200
Ching minh rang tén tai 4 s6 a; , a b, , bp sao cho Iw
{li- = aj m
b < b, -
Cau VIII. Cho 5 s6 nguyén phan biét tuy y a; , a, , a; , a, vaas. D~
Ching minh ring tich
P = (a; —a,) (a; —az)(a; —a,)(e, —as)(a, —az) X Z
X (@y —a,)a; —as)(a; —a)(a; —as)(a; —as) .O.‘»‘
luén chia hét cho 288. —
A
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Cau IX. Trén mat phang toa do, mot diém
A(x, , y,) dudgc goi la diém nguyén néu

I“ * yIJ = Z

Gia st AjA, ... A, 1a mét n - gide 16i c6
tit ca cdc dinh A;, A,y ... A, déulacdc diém
nguyén. Biét rang mién da gidc d6 (bao gém
tat ca cac di€m thude mién trong va thuoc bién
- tdc la hinh da gidc) khéng chita bat cu mot
difm nguyén nao ngodi chinh cic dinh
A A A, Chiing minh réng n < 4.

Cau X. Cho tia Ax va mot di€m E khac
di€m A, E € Ax. T E, v& tia Ey. Hai diém C
va D phan biét, khac di€m E, cho trudc trén
tia Ey. Mot di€m B chay trén tia Ex. Cac dudng
thing AC va BD cit nhau 6 M, AD va BC cat
nhau 6 N,

1. Chiing minh rang duémg thing MN luén
cit tia Ey tai mot di€m F c6 dinh.

2. Hay xac dinh moét vi trf cia diém B trén
tia Ex sao cho cdc tam gidgc MCD va NCD ed
dién tich bang nhau.

LOI GIAI CHO CAC BAI
CUA NGAY THI THU HAI

Cau VI. Nhan hai v& ctia (1) vdiy va cla (2)
vai x r6i cdng theo vé& ta dugc 2ey+ 3=3y. T
désuyray # 0 vax = (3/2) (y - D/y. Thé gia
tri nay vao (1) rdi rit gon thi dudc
4y' + 8y> — 9 = 0. PT nay ¢6 hai nghiém
¥y = *1. Hai gia tri tuong ing cliax lax = 0
vax = 3. Bang thi lai, ta duoe hai nghiém cilia
hé da cho 1a (0, 1) va (1, 3),

Cau VII. Xét tat ca 19 x 21 = 399 tong
al+hjvéii=1.,19;j=1, . 21.399 tong
nay cd th& nhan cac gia tri tir 2 d&n 400 (cling
cd 399 gid tri). Ta c6 nhan xét ring cic tdng
dang xét khéng thé nhan du 399 gia tri phan
biét. Béi vi néu thé thi phai cé al = bl = [ va
@19 = Gy = 200, nghialaa, +b,, =q,, = b,
mau thudn véi chinh gia thiét dat ra. Vay phai
cd hai tdng ndo dé bing nhau. Khéng mat tinh
téng quat, ta gia sir a; +b, = e + bp, trong
dd a; < ;. Nhung tit d6 d€ suy ra ring 4 s6
@, q , b va bp théa min cde diéu kién cia
ddu bai,

Cau VIII. Ta c6 288 = 2° . 32 Vay ta cn
ching minh 1) P 32va 2) P 25 Muén vay,
ta st dung ménh dé quen thude : Trongn + 1
80 nguyén tuy ¥, luén tén tai hai s§ g hiéu
chia hét cho n.

1) Trong 4 86 a, , ..., ay, cd hai s6 cd hiéu

chia hét cho 3, gia sk a; —a,% 3. Khi dd ta

xét 486 a, , ... a.d€ dugc hai s6 khac cling

cd hiéu chia hét cho 3. Nhu vay trong tich P
ed it nhét hai hiéu khdc nhau ciing chia hét
cho 3, suyra P 32

2) Theo nguyén téc Dirichlet, trong 5 56 da
cho cd it nhét ba s6 cd ciing tinh chén 1é. Do
dd chi cén xét hai truong hop :

Néu cd it nhit 4 s6 c6 cung tinh chan 18 thi
tit 4 s6 nay, ¢ thé 1ap nén 6 hiéu khéc nhau
cung chia hét cho 2. Tich ctia ching chia hét
cho 25 suy ra P chia hét cho 25,

Néu c¢6 diang ba s8, ching han
a; , a,, ay cd cing tinh chin 1& thi hai s6
con lai phai 6 tinh chén 1é giong nhau nhung
khdc tinh chén 18 v6i ba s6 trén. Vay bén higu
sau diay déu chia hst cho 2
(‘11 _a"_)J f (EI‘; --—(1,3)’ (G'»z _ﬂ'j) vi (0’4 _a.ﬁ')'
Mat khde, trong 5 s6 da cho, c6 hai sé co hiéu
chia hét cho 4, suy ra trong 4 hiéu vira ké trén,
cd mot hiéu chia hét cho 4, nghia 14 tich cia
chiing chia hét cho 2°. Vay P: 2°

Cau IX. Ta ching minh bing phan ching.
Gia st n = 5. Vi cac dinh cta da gisc déu
nguyén, nén toa dé (x, y) ctia méi dinh chi cg
mot trong bon dang : (chén, chdn), (chén, 1é),
(1&, chan) va (18, 18), :

Vi vay, 4t cd hai dinh cd ciing dang, gia si
dd 1a A(x’, y’) va B(x” , y"), trong d6 x’ va y’
tuong ing cd cung tinh chin 18 vai x" va y".
Khi 4y, do da gidc da cho la da gide 161 nén
trung di€m M cia doan AB (nam trén canh
hay duding chéo cua da giac) ciing thuge mién
da gidc d6, va c6 toa do (x, y) nguyén :

x=(x"+x)2eEZva

y=@u +yMh2ez

Diéu nay trai véi gia thist, tit dd suy ra
dpem.

Cau X. 1) Ding dinh ly Ménélauyt
(xem hinh)

Hinh 3
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_ FC ND MA

ChD .’.’!.C.Dﬁ co _ﬁ 5 m . R
FC NA . MC
FD - ND  MA (1) Cho ACDA b
EC BD AM _ .  EC _BM AC
ED ° BM ~ AC ED  BD . AM

NA BD CM

ChDﬁADNCdﬁ. m —C'—‘“{=1(3)

TR LY o A2 ol cd3) P s TR

(FCIFD) : (EC/ED) = 1 = FC[FD = EC/ED.
Vay F ¢6 dinh. :

2) Ta sé& ching minh rang néu EA = EB
thi MN [/ AB. That viy, gia st ring EA = EB
ma dudng thing MN cat duong thidng AB tai P.
Khi dd, ta ciing dung dinh ly Mé-né-la—uyt tuong
tu trén ldn lugt cho cdc tam giac ABC, ABM, va
CBM thi dugc PA/PB = EA/EB =1, vd ly.

Ti MN /{ AB, suy ra FM = FN va hai tam
gidac MCD va NCD cd dién tich bing nhau. Vay
mot vi tri thich hop ctia B trén tia Ex 1a diém
théa méan ddng thic EB = EA.

Nhéan xét :

1) Ngay thi thi nhit gém nhiing bai todn
chi doi hdi nhiing kién thie PTCS dai tra, voi
doi hoi k¥ nang & muc trung binh hodc trung
binh kha. Tuy vay vAn cd mét s8 thi sinh bi
diém O. Nhiéu em da chi ra rang cau III thia
gia thiét a > 0.

2) Mot s6 em chiing minh cau V.1) bang
cach chiing minh cac tif gidc néi tiép, nhung
khéng khéo nén da méc phai nhitng sai lam
dang tiéc vé 16gic. Cd em da biét dung phép vi
tu dé giai cau V. 3) nén 1ai gidi khd gon.

3) Cac bai todn & ngay thi thi hai doi haéi
kién thic va trinh dé tu duy cao hon, va mang
séc thdi ro nét cia chuyén toan. Do dd, nhiéu
em dat két qua kém mac di da lam bai rat tot
trong ngay thi thd nhét. Chi cd duy nhat mot
em dat diém t&i da trong ngay thi nay.

4) C6 kha nhiéu em méc phai sai 1am logic
khi giai cdc cau VIL, VIII, IX. Rdt it em lam
dugc tron ven ciau X.

Tém lai, ky thi nay cho thdy nhin chung,
cdc em con y&u v4 hinh hoc va cdc bai todn doi
hoi tu duy va lap luéan logic.

NGUYEN HUY DOAN

Hoc sinh tim toi

MOT CON BUONG
I TOI BAI TOAN MO

NGUYEN THAI HA
Ldp 9M Trudng Mari Quyri - Ha Ngi

Trong chng viéc hoc tip mdn 1odn, toi thudng dit ra cho
minth cau hdi : 1 nhiing kién thifc d3 hoe, c6 thé sing tao ra
nhitng bai toin méi nhu thé néo ? Nhilng bai toan dy co thé
d4 dudc ai dé nghi ra trude 16i... nhung didu nay khong quan
trong. Didr ma toi thi vi 14 : qua nhiing 14n nhu vy, 16 cam
thay-dude hilng thii hon trong viée hge mdn todn. Toi xin din
ra & bai viét ndy mot trong nhiing 14n thu vj dy.

Ai hge lugng gidc déu biét mot két qua don gidn : vdi A
14 gée bét ky thi (sind + cosd)” = 2. Néu xét A la géc trong
mot tam gidc thi

G 25 bt + = at
sind = b T2 cosd = e
T d6 suy ra :

S L S az}l 5
i < 7 e

tgch 2be
e @s + b+ - d) < skt

e (45 +b° + 2 - a) £ 207 be(1). Béit diing thite
(1) trd thanh déng thilc & sind = cosd <> A= 45°. Néu dbi
ky hiéu A cho B va ddi vai trd a cho b thi :
|45 + =t ¥ ¢l & 247 ac (2). TH (1) v (2) din dén :

NI cla + ) = |45 + b + cF - a| +

s S+t +F b =248 + D

14

e(¥Za +YZb - ),
=\Tc(a + b) 2 45 + '=S < (—;——— Déng
thiic xiy ra = tam gisic ABC la tam gidc vudng can dinh C.
Bay gich ta lai xudt phat o mot diéu don gidn khac :
sin (4 + 30%) = 1=+ (¥3/2) . sind + (1/2) cosd = 1
NFs v+ -a
=% + = 2 ==

be 2be
HIS + P+ —at < dbe

=435 < dbc + @° — b* — ¢ (3). Tuong Wy ta co :

IS = dac + B —a" - (@)
va 3§ < dab + ¢* — a* — B (5).

Cong tung vé ctia (3), (4), (5) 1a cd :

I2V3S < d(ub + be + ca) — a® — b° = ¢ (6).

néu i § ding : ab + be + ca < a® + b* + ¢ thi
{6) ta co :

35 = a° + b° + ¢ (7). Bt diing thilc (7) da xufit
hién  cic ky thi toan trong va ngoai nude. (Chie cac ban da
qua quen thudc).

Phai ching, ngay xua ai d6 da di theo con dudng nay dé
di 1di bt ddng thitc (7) ?

Bay gid! cic ban thit dodn xem : cic kél qua sau day, 1o
da di tdi theo con dudng nao ?

Két qud I : Néu A la goc 16n nhit trong cic goc clia tam
gisc ABC thi : #/35 + a® = b* = ¢* = dbe.

Ké1 qud 11 : Chitng minh riing : trong tam gidc ABC bét
ky lubn e6

145 < dbc — YI(b* + & — 27
226t + 2 — g + &VFS € 2b(Y3c + a)
Mong nhan dude thy trao déi cla cic ban,
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1. Tam cta hé di€m : Trong hinh hoc
Vécta chiing ta da gap cédc bai toan nhu : Cho
ba diém A;, A, A, thiluén cé mot diém 0 duy
nhdt sao cho OA; + 0A, + OA; = 0 (diém 0
chinh la trong tam cia tam gidc A A,A ;). Mot
cau héi rat tu nhién dat ra cho chiing ta la cho
n di€ém A, A,, ..., A, cd hay chang mét diém

mn

— — &
0sao cho » OA; = 0. Néu cd thi dung diém 0
P =1
ra sao ? Va di€m 0 dd c6 duy nh4t khéng ?
Cau tra lui 13 6 diém 0 va 0 14 duy nhit :

Néu n = 1 tic la chi cé A;. Ta chon luén
0 = AF

Tim hiéu sau thém "Todn hoc phé théong™
Tam cua hé diém va khoang cach
gitta tam cua hai hé diém

"
=Y (OA, +A.0) =. = n00'=0

et 1
=200'=0=0= O’
Vay chon di€ém A, A,.. A Iuén tén tai mot

M

diém O duy nhét sao cho 2 DA],

i=1
di€ém O la trong tim hay van tat la tim cta
hé di€m A,,4,..A,

Véi két qua tong quat nay ching ta cd thé
coi cdc bai tap 10, 11, 12 (trang 9) ; 17 (trang
10) ; 24, 25 (trang 15) ; 31{trang 19) 11c(trang
26), 15 (trang 27) ; 16, (trang 27) cua sdch
gléo khoa Hinh hoc 10 - GD - 1990 nhu la
nhitng truong hop dac biét,

0.Ta goi

TRAN QUANG VY-

Gia sit ding dén n diém, goi di€m dé 1a O,
M
540 choz 0,4, = 3
=]
C6 thém diém A, _; ta chi cdn chon di€m 0

— e — o
sao cho nOO; + OA, ., = O. Dé thdy O la

diém cﬁn t'lm vi

] —
nOO; OA +A101 v RO0 +4 0,
n == Py P
=EO +ZA1'!"
i=1 i=1
n n n o
:EO:_ZOI:'=EO
im=] i=1 i=1
i i Y
—
Tfidozo ’ =EO +04,,, =

2. Khoang cdch gitta tam cda hai hé
di€m : Ta da bi&t mot cong thite : Cho tam

idc A |B;B, cd dutng trung tuyén A;0 (hinh 1)

—  2A,B} +2A,B%-B,B}
thi 4,02 = ————— 2

1 1
5 ABI =

Bay gio ta coi hé di€m thd nhét 1a A; co
tam A, hé diém thi hai B;, B, ¢d tam O, vay
khodng cach giita tAm ctia hai hé diém duoc
tinh bang cong thic (1). Ching ta hay di tim
mét cong thic tong quat cho hai hé diém b4t
ki. Trudc hét ta chitng minh Dinh i Giacébi :
Cho hé digm

I
hay A,0° = + 5 A;B3 - 5 B;B3(1)

k
{P,Py..P,} 6 tam Q (tic S QP, = 0)
i =1

vA M bat ki thi
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Thunvﬁy
k k
kﬁ@ ZM z Pesz_}.)i
= ] i=1
— 1 A i
9% % (2 Bh)
=
) i_}JE
= = — 2
A
1 k

== (,Z;MPU £ 2:;54? MP;]{2)

Mat khac : 2MP,. ! MPj =
—r —
MP? + MP} — (MP, — MP,)?
Al =
= 2> MP; . MP; =
P < ,]l =7

k k
&k - 1), MP}) - Y PP} (3)
=1 ] 1

i o=

Tit (2; (3) = MQ> =

- [ 2MP~ (k —1)(2MP2} z PPJ)]

i=1 i=1 P<ji=1

k
i 3 ;
Z (E MP - (2 P,,- (dpem)
I = f < ‘f
Bai toan. Cho hé diém {A,A,..A,} cétam
la O, va hé diém {B},B,..B, } cd tam la O,

Hay tim cong thite tinh khodng cdach 0,0,

Ap dung (*) vao hé diém { B,,B,..B,} cd < — =
tam O, véi di€ém héit ki la 0, = E}O‘d‘a = 0.
g —
1 ) n
0,03 == 0,85 ~— % BB 1)

R &21 = N2 E iy b) Ching minh
Ap dung (*) vao hé diém {ApAz--- i) O 5 : Sl
tam O, véi diém bat ki Ia D AL = 'R

e 1 .m yo s
i _
B,=0B=— (3 BA?) - (> a4l
k el (,E; KA ) mzf<<_,'z=: ") c) Cho M la diém
n YR bét ki trén duting
-5 0,8 =— AB2) - tron. Chéng minh
;-g; Bk m’p(,%; qu) khi M thay d&i thi
H h
45 5 2 | 2 khéng déi.
wt (2 A4F) B2 2R oy
P =1 el
va hay giai bai toan
Tit (4) va (5) ta cd : 0,03 ( g) trong khéng gian.

16

be ) %)

n® ‘(2 ";

Vi két qua téng quat (**) chung ta cd thé

giai duge nhiéu bai toan vé tinh khoang cach.

3. Mot vai bai tap : Sau day ta hay giai
mot 86 bai tap.

Cho 4 diém ARCD. Goi I 1a trung diém cla
AB, J la trung diém cha CD.G la trung diém
cta IJ.

a) Ching minh GA +GB +GC +GD = 0.

b) Tinh khoang cach IJ theo cdc canh va
cac dudng chéo cia td gide ABCD.

¢) Chiing minh AB?+ BD?+ DC?+ CA® =
= AD? + BC?

Va héy g1ai bai todn trén trong khong gian.

2. Cho da gidc déu A, A,,.
trong vong tron tam O ban kinh R

a) Ching minh

A

n

ndi tiép
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PUGNG "VO SO" NICOMEDE VA UNG DUNG CUA NO
VAO VIEC DUNG NGHIEM THUC
CUA PHUONG TRINH BAC 3

(Tiép theo trang 9)
diéu nay ddn dén p < 0. Tagidsip = 0 dé
loai trit nghiém tdm thutng.

Francois Viete (nha todn hoc Phap & thé ki
16) da dua ra dinh i :

Cho phuong trinh (1) : 27 +px + g = 0 véi
hé s6 thuc va cdc nghiém déu thye. Cd thé
dung duge 3 nghiém cua phuong trinh (1)
bang thude, compas, va cong cu chia 3 mot
gdc (nhu conchoide Nicomede)

Ngudi ta dua phuong trinh (1) vé phuong
trinh

cosdf - h =0 (2)
bing ecdch dat x = Peost va xac dinh p bing
cach cho (1) va (2) tuong duong. Két qua ta
¢é phuong trinh.

A e L (3)
-
2\ 27
Né&u 6_ 1a mét nghiém cua (3) thi
2x | 2r % v g :
a, +T va 6, ——5 cung la nghiém cta (3).

Cuéi cung phuong trinh (1) c6 nghiém la

X =2\‘ —;E cosﬂa
E 2
12—2 P coa(ﬂa+3)
o W’_—p _ém
;=2 3 cos(ﬁ‘g 3)

Ta dung cac nghiém x,, x,, xy nhu sau :
{xem hinh 3}

Dung mot dusng tron (I') tam O di qua I
véi quy ude OI = 1 Dung mot dudng tron (C)

tAm O cd ban kinh 2 ?
Dung diém H trén Ox sao cho
Of = ——=

2\ 27

Nhitng cdch dung nay déu lam duge bang
thudc va com-pa véi quy ude O = 1,

Dé cho phuong trinh ¢d 3 nghiém thuc nén
4p3 + 27¢% < 0 va nhu vay

e s
—p

87

Dung dutong thing vuong gde véi Ox, di qua
H, cit dudng tron (T') tai U, ta cd :

—— —_—
cos HOU = OH

=1
2

Ding thude "conchoide Nicoméde' ta cd
———

niia duting thdng Ot chia gée HOU ra 3 phén

bang nhau, va Ot cat dudng tron (C) tai M,

8,= HOM, = 3 HOU

Tiép theo dung M,, M, trén (C) sao cho tam
gidc M M,M, la tam gidc déu. Cac hoanh do
X,, X,, % cla cdc diém M,, M,, M, la nghiém
ciia phuong trinh x> +px +¢g = 0.

https://tieulun.hopto.org



https: A www. facebook. com/letrunekienmath

https://sites. google. com/site/letrungkienmath

Giai ddp bai

Al HO G17?

Muén tim xem ai ho gi, ta dua véo hai diéu
kién :

— Anh tén Vi ho khong phai 1a Hoang (1)

- Anh ho Ly thi cd tén triung vdi ho eiia anh
co tén trung véi ho cia anh cd tén Lé (2)

Tit (2) ta suy ra :

- Anh ho Ly khéng thé cd tén Ly, tén Lé.

Vay anh ho Ly chi cd thé tén Hoang hoac
tén Vi. Gid st anh ho Ly cd tén Hoang. Tu
(2) ta thdy ho cta anh Lé& khéng phai la
Hoang hoac Lé. Vay anh Lé ho Vi, Diéu nay
méu thuin véi didu kién (1). T d6 suy ra
anh ho Ly phai cd tén Vd. Anh ho Vi tén
Hoang, anh L& ho Hoang va anh cudi cing
la Lé Ly. Tém lai ta cd : Ly Vi, Vi Hoang,
Hoang L& va L& Ly.

{(Theao Dao Thi Thién Huong, 10CT, Déng
Ha, Quang Tri)

BINH PHUONG

Ai cao ai thap ?

Cd 200 hoc sinh x&p hang 10. Lan thi nhat,
theo méi hang doc ngudi ta chon ra mot hoe
sinh cao nhdt. Sau dd, trong s6 10 hoc sinh
duge chon &y ngudi ta lai chon ra mét hoc sinh
thdp nhit.

Lén thd hai, theo mdi hang ngang nguai ta
chon ra mot hoc sinh thdp nhat. Sau do, trong
86 20 hoc sinh dude chon Ay ngudi ta lai chon
ra mét hoc sinh cao nhdt.

Al trong s0 hai hoe sinh dude chon theo hai
ldn caoc hon ? Biét rang sau lan chon thi nhat
cac hoc sinh lai tré vé vi tri cid.

XUAN TRUNG

SYGKINE

CAl CACH DAY VA HOC TOAN
Sach gido khoa dai s6 9 ciia Ngo Hitu Dﬁng
NXB Gido duc 1991 trang 72 § 5 Coéng thiic
nghiém thu gon thuéc chuong I1T c6 viét :
Cho phuong trinh ax* +bx +¢ = 0
Khi hé 56 b chan ta dat b = 2b’
Al =
A’ < 0 Phuong trinh v nghiém
A’ = 0 Phuong trinh ¢6 nghiém kép

__b)
A’ =0
b +VA b V&
xl=-—;x2=
a (14

Cong thidc trén goi la cong thite nghiém
thu gon cua Phuong trinh bac hai khi b chin
b=2b"

O vidu3, 22 — 2V3x — 1272 =

= —2V3,b'=—V3 R6 rang b khéng phai s6
chan. Lai co ¥ kién cho riang nén noi b cd dang
b=2b"

Riéng toi thiy rAng ¥ b € R déu viét duge
dudi dang b = 2b’ (b’ € R). Do Vay bat cud
phudng trinh nao cing co thé s dung biét s6
A’ = b* - ae. C6 diéu la nén sit dung sao cho
viée tinh toan thuan loi.

Véi ¥ kign nay thi bai "Céng thic nghiém
thu gon" nén goi la cdch hai ctia "Céng thuc
nghiém cia phugng trinh bac hai”.

Cdc ban thit suy nghi xem ed dude chang ?

D6i diéu vé bai
"CONG THUC NGHIEM
THU GON"
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