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Noi chuyén v&i cic ban tré yéu toan

TIEP thet eiu chuvén bit ddu & bio Tn!m hoe:

v Tubi tré 56 130 (thang 2/1983), t8i nhd
lai riing, hoi hoe phd thong, khi tdi néu
thiie méic: ®lai sao lai lﬁl lzﬂbz 5 E! (dinh Iy
Pitago) ma khong 14 a” = b e i‘t ? thi ¢t ban cling
lop da cho t6i J& adién» s ®Chy ditn hay sao

déiiy». Thi canh I!uj in a lén hono ting canh goe

vubdng nén phiy la + ehit — sa0 dirges Hoi do 10i

. khong di 1y ‘18 de Cfli_lai_])ﬁllﬂ téi nhung vin mo

hé cim Lhiy ringthic mie eia minh khong phai 1a
hoan todn vo cin eir. Nhwng trinh do phd (hong
ciia toi the do khong c¢ho phép tdi di xa hon dwoce
chat niao theo hiwrdng ndy, khic vai ditn di xﬁ_‘:
ra khi toi thie mie tai sae lai 14 86 min 2 &
a, by e MAl dén vé sav, khi d& eo teinh do kha
cao, thi-méi vir 18 m rling & dai nay vin ed

thit hinh hoe trong dg dinh ¥ Pilago dwoe diégn

té bdng econg thie a” =b" ~ e, trong d6 a la
canh huy én. Va hém nay, t&i mudn gidi thiéu
voi el ban thir hinh hoe do chi voi kidn thire
phb théng théi. Diing mat he toa d§ Bécae vudng
gie ta thigl 1}:I.!J dirge mot song dnbh (tire T4 mot sw

THAT VA GIA OCLIT

NGUYEN CANHTOAN

tirong tng mGtddimot) gll.rﬂ tip hop ede dide trong
miit phing v lip hop cdc cip s6 thwe sap thir
tw: &ng voi mbr ditm ta co edp 56 thwe duy,
nhit trong dé sd dio ld hodnh 48 va st thir hiai :
I tung 46 ciia digm d& cho: ngwoc lai, tng
viri mdi edp s thuwe sdp the tw (@, &) thi co
mol didm duy nhit ¢6 hoanh d6 bing a va tung

d¢ bing b. Ta eing thidt lap dwoe mol sung

dnh phur viy gitta tdp hop til ¢d cac vong from
dinh huwéng ¢6 lam trén md) dedng thing cho
trude D va Lip hop cde e¢lp s0 thire sip thir bre”
itng vai mdi vong lron ta cé cip s6 thue sdp
ibie ty trong d6 s6 diu 13 hodnh do tam vong
lron {?.au khi da Fuén duding thiidg O thanh mot
trpe toa d¢) va s6 thir hai [ mol s& dai sd e6
git tvi tuyét déi bing biu kinh voung tron..co
diiu 13 + hay = tiy theo vong tron d6 deoe
dinh hudng nguoe hay thudn chigu kim dong ho
nguge lai, g voi mdi ciip s6 thye siip xép the
tr la, b} ta ¢4 vong teon mad tAm G irén D cd

hodnh @6 a, bin kinh bing |b] vi duge dink

fiutrng nguroe bay thudn chi®o kim dong ho 14
s ; . X ] :
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“trom 1A ® hodnh do» cda € didm » va ban

theo & duwong hay am. Bigu d6 gei cho ta
¥ sau day : goi mdi vong trom co dinh hudng
nii teen la ool ® diém % hoanh d0 (am vong

kinh dai s& cfia vong tron [& ulung il

ena cdiem ®, :
Gita hai didm thong thwdng 44 fay, b1}
vi: As tai, b2} cd khodng eieh d duree dién .
th theo chc toa db ai bg4 va agp bynha sau:
d = (a3 — a1)® + B* - b)) (1)
Ta ed duge &{5:1%_ thire 1) 1a nha dink Iy
Fi I'agu

Trong thé pidi vong {ron dinh hudng ndi {rén.
fa cing tlir dua vao mat khii nigm v ¥ khoding
cach? gifra hai adidm e : la 82 goi chiéu dii cia

mot tigp tuyiin chung ld khodng cach gitta hai ving

tron, (iép tuyén chung dé 4 tiép tuydn chung
ngodi hay tifp tuvén chung trong l&y theéo hai
vong tron ld cong huwdng hay ngueoe bhuang (h.l
vi h.2). :

-
e

b

.
s XN 4

h‘U"

."‘ .&‘ I‘
< hf; r.
LR

Hink 1

flinh 2

Nbwr thé thi, {rong :nr_Jli trirdrnp hops ben doc

di thiy ring “khndng cheh» d gita hai “diem»

theo thir tw od toa d0 (ed. by va (a2, ha) (h, 1
va hi2} se doee didn 14 b cong thic:

dz—(u" —ap)? ~ the — b)* (2)

Ghng thue nay L"h; \tmc cdng thite f]} o mat déu

tai vg tau hai. :
‘ =
Trong Ahe gifrl vong lrén dinh hwdng nay thi
“dwong thiing® 1a cai gi?

Vi mdi vong trdn dinh huong co Hm trén D
la mot “didm ¥ nén €dwdng thing® phii 1 mol
tdp hop vong tran dinh hudng co tAm irén O, Citng

2.

& ; L%
R B e TGN
f — - ff - ;_‘\‘ / —— \
.
f”r!.‘l §

dé cim thiy rdne tap hop vong trén do phii eo
chung mot Eiép"t uyémdinh hirdng Lsao cho huong
irén tiéptuyvén teding voi hwdng trén mdi vong tron
taitigp ditm. DI nhién tdp hop dé cdn c6 mot tiép
tuvén chung thir hai L' @61 xiéng véi Lip tuyén Lva
gua D nheng hudng nguee lai vai hidng déi xirng
{(h.3 va h.4). Nhirng chua phii 13 hét chuyén vai
che-a dirong Ih.mgn nhr ¢ h.3 va h.4. Thye t?g
phirec tep hon nhidy vi voi nhlrﬂg cip vong tron’
khdng cd tiép tuyén chung, ching han nhr mét eip
hai vong teon ddng tdm thi chét chinring ¢ dudng
H:.mg » do ching xéc dinhk s& khéng co dang nhir
& b.3 hay h-4. D8 bao quatdwee mei tinh hudng,
ta chii ¥ Jﬁng o b, cle vung iron dinh hudng
xél timg d6i dén 18 vi ty clia nbhav (tAm vj tw

) con 'O h.4, cée H)ng tron dinh hwéng xeét
h’i'ng d4i 14 tinh tién cia nhau doe theo I} Bdi
vay, 1o sé noi riing mot “dwong thing» 14 mot
thp hop nhing vong tron dinh h!‘ruag fl - irén
41 doi mot vi -ty (hay tinh tifo) edia nhau trong
nhitng phép vi tr cong 1aAm (tdm nay & trén D)
hay nhitng phép linh ti€n doc theo O

Ta s&¢ cé6 ba lozi tduwdng thing®. Loai tht
nhil gom nhitng eduwdng» mi bat el hai « 3idm »
ndc trén mot udm:uu” nhur viy diu cod Li‘omw
chch: thwe {d¥=> 0 tinh theo (2)) (1.3 vi 14 cho
ta nhirng «ducng thing? nhy vay). Loai iho
hai gom nhing « drongs ma bt o bai a didm ?
pa6 Lrén mét rnier'nﬂy nhur vay déa ob khodng
chell ko (d¥< 0 tinh theo (2)). (Vi du « diréng
thing » gom til ed 1'-lntng voug tron dinh huwrdng
déng 18m). Loai thi ba gom nhing « dudng
thing » ma trén mdi cdudnge nhe vay bit ow

bai wdidm? nhp ciing ¢ khofing ciieh bing khong
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d® =0 tinh theo (2)): a6 14 nhitng * duong thing »
ghm nhitng vang teon dinh hwdng Lidp wic voi

nhau tai mot difm trén D (hai vong cing hudng

thi tiép trong véi nhau, bai vong khie hwdng
thi tiép ngoii vaéi nhau).

Hinh hoe trong d6 khoing eich duoe tinh bing
cbng thirc (1) 14 hinh hoc thong thwdmg hay hinh
hgoe Tclil, Hinh hoe trong dé khodng chch duoe
tinh bding cong thire (2) goi I hinh hoc gid —
@clit. N6 c6 (rng dung rit quan trong trong 1
thuyel lmrng, dai hep, mot 1y thuy#t ridl quan
trong cia viltly hi¢n dai. C6 djp 101 s& néi chuyén
viri cde ban v viin dé nay. Con }J*’iy gidr, xin ede

5

ban hiy ldm mot vai cdng trinh nghién ciu nho
nhd san diy :

1) Nghién cira xem frong hifh hoc nay tigh
dé Oclit ¢6 nghiém lm_} khong (i do g.,i.al thich
tai sao nguwdi ta goi hinh hoe nay 14 gif — Oelit)-

2) Nghién“ciru xem tit cd ehe duwdng thing
cing di gua mot didm duge chia ep thg ra ba

loai nhur thé ndo? Hai dudng thing song song

chh ciang mot loai khong?

3) Nghién ettu xem trong hinh hoe ndy, dinh
Iv v& ba dudng trung hiyén ({-ua mét tam gld(‘:}
ding guy co ding }m} Khomg ?

LOT GIAI BAI TOAN 3/129

OA soan nhin dwoe ril it léi gidi bai toan
3/129. Trong s6 nhirng 161 gidl ding, ngudi
gifi lai ding nhitng kién thie rat it gip

d6i vai hoce sinh tpung hoe, hodc trinh bay gqui
vin tdt. B2 c6 mot 1oi gidi d@ hidu, pha hop
voi phﬁn Ién hoe sinh trung hoe vi vai ehe dbe
gia Lre tubi, yéu toan, thi phai trinh biy tuong
dbi d&i. Vi viy ching toi trinh bay
giai bai lofin niav thinh bai viét nay.

. Bai 3/129. Chitng minh ring tdn tal vé s& sb
nguyén 16 p co tinh chlil sen: khéng 1on tal p—1
8 fir nhién [iédn tidp sao cho co the chie ching
thanh hai nhém d? tich cde 58 trong moi nhém
bing nhau,

Bé di 1.,
4+ 3

riéng i
=2

z L
Tén tai vo =4 80 nguvén té e dang

Chirng mink: Gid st chi ¢6 hity Bin s6 nguyén
td dang 44k +3 14 3. 7, H,.., pn. X8 s tir nhién
N=q4{7. 11, 19...p,) +3. D& dang thiy ring s6 N
Iém hon moi sd nguyén t6 3, 7,°11,.... pn, ma
N co dang 4k +3 nén N 1a hgp si. Do =6 N
Khong chia hét cho bit k¥ 36 nio trong cae s0
7o 11. 19, ., pn, nén cac third 84 nguyén td coa N
déu c6 dang 4k + 1. Nhung do
(ky+1) (4h2 +1) s d(ddgke + ha-+ ka) + 1 =4kg+1
nén suy ra-N eo dang 4k+1;, miu
dang 4k + 3 cna N.
16 dang 4k +3

B a4t 2. Vai p 1a mdt =6 nguyén 10 chH dang
4k +3, khong ¢6 36 nguwyién o nao dd (x* +1)
chia hét cho p -

thuin voi
YViy phitied v han 8 nguyén

Chibng minh : Gid sir ¢6 &0 nguyén x, dé& (:{;?;' + 1

chia hél cho p, tie 14 :|::2 = —1(mod p). Tu do cod
p--l \
:[_p"'l =] 3 (rnad p), hay .rp'*l'-l
o o
p-1
=(-1) ~ 1 (modp). Nbung theo djnh 1i Fecma
- S

nhé thi .1:[[:“ —~ 1= 0{mod p), néntaco (=10 2 ;
=150 (mnd p). Voi chi ¥ p la 36 nguyen 10
dang 4k + 3, ta 06 —2=10 (mbd p), v& ly! B
dé 2 dirge chitng minh.

BY 48 3, {p-1)! +1 chiz hét cho p, khi p 1
s0 nguyén 14,

Chirng minh: 1't'r.'ri a 1a 88 bat ky trong cée s
2:.8,... p— 2 ta xét day sd e, 2a, 38, (p—1)a
Do ja—1a=(; - i) @ khong chia hét cho p, véi
b= v i, j=1, 2,..., p—1, ukn c¢ic sd trong
div naw khi chin cho. p cho nhitng 56 du khac
nhau va di nhién ciing khong ¢d 86 nio trong
diy chin het cho p. Viy céc s6 dir cia day khi
chia cho p gém oo p—1h (1)

Zét b Ia mot s6 bdl ky trong che 56 1, 2.,
p—1 sao cho ab=1 (mod p},

Néu b =1 hodc b= p~ 1, thi d& thiy ub‘:’;‘%
(mod p). Vay b—-"—l vi b= p—1.

Néu b=a thi ° = ab =1 (mod pH‘hz- 1=40
(mod p)e (b— 1) {b+1)=0 (mod pl= b =1

3
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hofic b=p = 1, vb Iy vib==a o @ - S
Vav'b =a. 6

Nhir vay 4% ab = 1 (mod ,tﬂ thi a. & G E2 5
p~3l vi as=b K& hopvoi 1) ta 6 vai mot
80 bl kva@ |2 3,
matsd b &2, 3.,
Viy tich 2, 3...
dar 1 theo médun p. Stv-ra 2. 8.,
(mod p). Vay (p— 11l==i Lp—=1}(2.3..,
{mod ph tire 14 (p=1)1 + 1 chia hél

p--2' vi b o d¥ab = ) (modp).

(p=—2 =1
(p—2)=~
cho p.

Hay gi¢ gidi bai toan 3/129, ta sa chirtng minh
riing : hit k¥ mdt &0 nguvén 14 p ndo cd dang
4k + 3 deu thén man ditu kién bai toan.,

Thue vay, gia st npuoc lai ]_ﬂa o6 6 nguvén
té p dang 4k + 3 ma 1dn tgi p—1 s iy nhién
lign 1ifp sao cho ¢4 th® chia vhing thanh haij
phém d2 tich che s0 treng mbi nhom bdng nhau,
Dé thdy khi chia p—1 s6 ty nkiénlién li€p cho

. p~2f thi s& c6 mdt va chi,

{p—2) gbm (p-3)2 ciip lich déng -

st ng\u_vén t6 p 1a dege che 88 dir khie nhau
Tir d6 néucHd mot st pio d6 trong p— 1 s6 ty

‘nhién lién ti€p t6n tai trén chia hét eho p thi

trong p—1 86 Ly nhién nay khéngcon sé nie khae
chia hét che p, Khi d6 khong thd chia p-1s6
b phién do Lhanh hai nhém d& tich cie sb trong
mbi ohém biing nhau Vay tip hop cic s6 du

khi chin p—1 206 @6 choip la {1, 2., p—1f. Dat
tich cde s6 trong mbi ohém: la z, {a co
= 1.2 3. (p=1) {mod P

ThE'U b d& 8, ta b 2= =1 {mod p), thay

2+ 1= 0 (modp). Digu nay khong thd eo, do bd
de 2.

Viyv moi sd nguvén té dang (4 + 3) dRu héa
min digu kidn bai todn. Tinh vd han cia che
50 nguyvin t6 nay 2 dwoc bo dé 1 chirng minh

T4 VAN TD

BAL1, 132 Timt8lcd cde st te nAtén n sao cho
18ng edc chit 50 ciia né biéng

n? -~ 1964a +120.

Lot gidt (eiin Trink” Bdo Chl#a—trieong trong
hge An Nhen, Nghia Binoh),

Ky hiku § {n) ia t8ng cie. chir s6 cha s6 tu
nhién n. h.lu d0, theg 48 ra, ta cd:

S{m=n?~ (981 n +20. (1

Nhign xcl l;ing vii mdi a6 to aohién " n, ta
tudn ¢o: . : =

UL S ) Kn

Khi do: .

1) Néu | & n € 1963 thi (n,— 1) {n ~ 1963)
5;_ 0. hay g
n® — 1964 n+ 1963 0. Do vay n® - 1964 n + 26

< 0. Trudng hop nay (1) khong théa min.
2) Néu n = 1964 thi S (1884)=1 + §+6 + 1.::20;

Do vaAy 86 ne= 1964 1hoa min (1),
3) Néu n>> 1881 suy ra n — 1864 > 1-

Do.viv ¢

n® ~ 19840 +20 > n° ~ 19840 =

! =n{n— 1964) > n. e
Sav ra n Lkhong théa man (1) trong . trudng
hop niy:

K& fudn: Ton laf doy -nhdt mit s& te¢ nhién

n==1964 thoa min di%u kitn bai ra.
- : .

N. D M.

Bai 2/132° Trong mof cupe tht ¢8u c& quie
té ¢6 16 ngmiot tham gla v thi dfu thee th® fhirc
pgudi pdo ciing ddn véi moi ngudi kiide mol vdn.
Chirng minh rang :

a. Khi moi @guéi déu da d8p it mhdt 11 vén
thi vadi mgl nguwd] A bt ky bao gid ciing tim dugc
3 nguil khde dé cang vel A lgp thinh nhém 4
nguédrt dd déi myl ddu sdt phen.

b. Khi mi nguét diu dé dfin it nhdt 13 vdn 0l
véi mot ngwdl E bit ki bao gie ciing tim duoge
5 agwirl khde d? cing vdt E [4p thdnh nhém 6
ngirdi 48 407 mpt ddu véi nhau.

Lirl gidt. a. Ta gial bai todn tdng quil: so
ngudi tham gia 1a 3p+1 vd mbi ngedi dia diw
it nhét 2a+ 1 van.

Sy

/
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Xét ngudi A4 bat ky, Gid st B 13 mdl nguoi
dd dfu véi oA S8 ngudi chea ddu voi A nhidy
nhit 1a n = 1, 56 nguoéi chwa ddu voi B nhidq
nhit lin-1 Viy ngodi 4 v4 B ra, trong 3rn—1
nguod edn lai ed it nhdt o+ 1 ngudi da diu vii
ch A va B. Xél nguedi € bit k¥ trong n + | ngudi
do. ¥i € dd ddu it nh4t 2p + | Y4n nen O dd

-ddu voi mét ngwoi D ndo do trong ndi bs n+l

ngudi noi trén, Vdy B.C, D 14 3 ngudi~cing voi
4 lap thanh nhém 4 ngesi 43 dsi mdt ddu voi

nhau, .

cAw & cia hii taan.

bit ky va M la mol sgiwdi
di ddu véi E. S0 ngudi chua diu vai E nhidy
nhit la 2. vi s ngudi chwa die v
nbat 1 2. Vay lrong 14 ngréi khac £ va B, co
it nhit 10 ngudi di diu'vei B va F. M&i ngureri
trong 19 ngurdi nay it nh8l cong da ddu vei 7
ngudi trong noi bo 10 ngwoi, Bat toan tdag quit
& phiin axvdi n =3 cha ta kel
nguoi A bit kv thude tap hop 10 nguai dang
xét bao gitr citng tim dweoe 3 nguai B,C, B cling

Vi n=151a ¢d

b. Xét ‘nguiti E

thuge tdp hop do6 dR 4, 8, ¢, D, 14 4 nguoi 43

dai mt diu voi nhau,

Vav F, 4, B,C. D 14 5 nguai, cling véi B ip

thinh nhom 6 nguwei da déi mdt ddu woi nhan,

‘Phén b ciing c6 the tdng qual hoa: sd ngudi
thi ddu la 5n + I, mbi ngwdi da ddn it nhit
4n + | van. (Chirng minh twong tr trén).

Chd j: Co thd phiit bitu thanh bai toan 1dng
quit chung: s6 ngudi dy thi ddu 12 an+ 1. a—
ty nhién, a =ty phitn 1& 23, mbi ngrdi da déu
it nhét fa —1) n+ 1 vin, lim dege chom a + 1
nguwei. : -

- Cie ban givi bai dBu co l6i giai ding, song
khong tdng quil héa nhuw trén.

P. Q.G

Bai 3/132. Heai dadng trén cdit nhan duge goi

la‘teize gido vdi nhau nén ede {idp fugkn cjﬁn hg:
dutng tron tai giao didm vudng gic véi nhau

Cho tam gide I ABCcd d¢ dai cdc canh B ==
a, CA = b, AB =c¢. Chitng minh riing tdn fgi day
nhiit duéng fron trwe giae véi ¢d ba diting
tron duwing kink BC, CA, 4R, Xde dinh itdm rd
finft bdn Link cia dudng frdn dé theo o b, e.

Lot gidi (ela Trin Qudn = 16p 16 CT, trudng
Phan Chu Trinh. Da NBng). e

Gia thir tam gific ABC 14 tai 4. Goi cée dirdrng
trom deong kinh BC, CA, AB lin tugl 1o (¢y)
(ez), (e3). BB ¥ rdng hai dudmg tron tryc giso
véi nbau thi hai ban kink lai giso didm eda
hai duérng tron vidng gée véi nhaw. Do dé tAm

F nhitu -

lnfn = Véi mdt

https:/isites. google. com/sitelle mgkignma th

cia dirdng trén truc giao véi hai &uwedng tron

leg) va fes) ndm trén trge ding phrong cim

hai dwimg trén uay, tée #a ndim trén dwong eao
A4 JL'ﬁ?i'l&ll‘l giac A48C.  Twong iy nhu vay
tdm cita dudng tron trire gino voi ce eap dudng
tron (er) {es) va (ei), (cal twong trng sénfm (rén
ciac dwong cao 881 va 001, Ba dirdrng o nay ding
qui lai trye tAm M cho nén tin iai mal dudng
tron tAm duy nhdt tree giao voi e ba dwdng
tron {e1d, (ez), foa).

Goi M ld tfung dikm cia BE,_ R la ban kinh
cla dudong tron f:ﬁ_'r. fa, thiy H‘nﬂﬂzfdzf-l.
Ky higa S la dién tieh clia tam gite ABC, 1a co
Ady = 25fa, BE;=28b, CCy = 25/c. Hai tam gidc
HBAr va CBBL 14 dong dang, tir do rope

HB=CB. BAL BBy
Do dé. :
HB® = o [c* — (2512)%}(25. 01 =
bal o - ¢ sHIASHE
tirong tur
HC = c® (o $% - 45502858,
Theo cong thire vé dudng rung tuyén ta &:

M =t - 451 /(asr +

2¢* ta® bt — ash(2s? -0
=a? ot N5t (a® + 2+t

Nay:

R = un? = a%is = a%% 57— (a? 4 0% + oY)
Hay -

R!

/ : .
= aablr.’-i%p ip=a¥ip-brip—eg)]
—(a¥ + b% + M2, :

A== 1.3’32#:‘_.1_1 4pf_i;::1}i p-blip- c?]_—luz-{- 3 c’),};

trong ddé
! p=ig-Fb+e)d

¥

N.B.T.
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Bai 4/132, Hay xvde diah cde: s thie P
théa mén cde ditn kitn sau day:

a) Cdec phirong irinh 22+ pr+1=0, «t +qo
+ 2= 0 c6 mgt nghi§m ching: i

b) Tong | p | +1q | nhé nhdt.

151 gidi. Cach 1 (clia Trin Qudn  100T Phan
Chu Trinh, ba ning). Tir digw kién a, ton tai sd
hire & sao cho

P ppt =0

22+ gx +2=0,

l"'I'.'m dé phuong trinh

2l +(ptqx F3=0 (1
¢6 nghiem. Ta cé :
A=(p+gi—-u>0
& |ptgl= 3 Ve,
Ta oo
Ipl+lgl =1 p+ gl ntn dd]pl + g
b nhit thilp| + [qy=]p+al =2 V6. Khido (D
ed nghiem kép x = = Ve 2. Thay z =
V6! 2 vio hai phuong frinh diiu tién thi tim dwge
p=+5 Vg g== 7V

Vi p, q etung diu nén chi c¢6 hai cdp p, g thoa
man ditu kitn bai toén la -

= 5-\/6

g =~ 7Vg

q = 7"1-"{5 V@
Cdch 2 {Cﬁ& Lé Thanh ‘Hti =11 '.'-}H.I}"en toan,

Lam Son, Thanh Héa). Goi 1, ld nghiém chung

cla hai phuong firinh trong d8u bai. Thé thi
To ' 0. Do dg g

i : .
x + pre+1=0m= F;}J:(I{?"P‘ll.-"lro'

= i
r ot grot2=0= |q{ 3(1'3 +9 x4 1

Vay

i

ol + 1l = @k + 3)i] 2}

e — -

: 2 V223 A | =278 :

Gia tri nhd nhat cha | pl+1q] 12 2 Vs, dat
.thr{rc khi 2 x4 =,31'=-},1-d=ivr§?‘i.

Tir dé tinh dueoc p. g (nhu cach 1)

Bai 5/132. Cho ald mot 8 dwong. Trong td
edcde cip 38 (x,y) thda min didu kién

log 3 olx +ay) 2 1,
e T

hiy tim cGp 0

a) C6 x l¢n nhil,

b) C6 y lén nhil.

L#i gidl (dua theo loi giiii cia Nguyin Bdng .
Cir = 11 chuvén lodn, Phan ChuTrinh, Pa Ning)

o ST
Pat dién kign

rteg>0 D+ >0 2 gt .
o 4 2
a) Tim ewe dai x: Xeét lrwonghopz 4y > 1
Khi da .r+uy;3_=:'r= +yz w-‘y' 1 - <0 =
tam thirc bac 2 cia g 6 bigl 56 = 0:
A=a® —d2® +43 220

[ A—

e T i<+ i+

% 2 14n nhit 1o+ V1 + 0%{3.-Bia teimdy
dat ducce khi y= a;"2; A
Trirdng hap .1:2+p!'<:1 w?-a:ﬂifl{(l + 1-";:-? }i2.
Viy = cype dai vai eiip 1 + "I-’]m"l (155 § S
b) Tim cuc dai y: fl'lrim._;; hop x4 gz} 1.
24zt =2 A= — 4yt +aag =0
e -V DR y<a+Vd + 12
New (a + Va® + 1)/2221
thi ymex = (a —l—fW},“l gi trj nay dat duge
vl e = 112 :
Truonghopr +gt <Ly <I<la+ 11'55_4-"_‘_1“);2,
Véia =34,y Ltl_rniiqi vod cip [1/2.(a + Va? + 1)2]

Néua < 3/4 thiveiz =0, (a+Va? +1)/2<g<1.
(z; y) thda min didu kién diu bai =y c6 thd rat
giin 1 phung khong béang 1==Trudéng hopnay khing
e g oce dai- :

D.B.K.

Bai 6/132. Chitng minh rang nlu cé
3| los® x + gacost 2a + .. + o uos_: nx 2 1
péi moi = vd n_>21 thi ciing co:
ay 4 ag + .. + an = 2af(n - 1).
Lét giai. Trwde hél ta ching minh ho dé sau:

BS de: Néu @ =2kfi(n +1) voi k van la cée
st nguyen va k kh:‘:{1g chia hét che (n +1) thi

S=cos P +cos2 P+ .. +eosnp=—lL

https://tieulun.hopto.org -
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om
Thue vay, co 2sin (P/2).5 = S Acos kip sin (p/2)
l\:: l
= T [sindk+1/2g=sin(k -1l
k=1 e
A ¢ it {
= gin (—?! == 3 = sin B
2 ¢ i
R e | ;
o220
Viy S = e — . A¢ha ¥ sin
2 ain (P/2) 2

(/v 0 vk khoog ehia hét cho (a4 1). Do cb

8 B ol : Y v k| b e 4 o+l EN- 0
o ) e | n -1
=9k -~ kHA{ln+1)=0kR = 42 néo
: o+ 1 : , :
sin { ————tp } = —sin P2, Do vivide= —L
2 7

Bav givr trd lai bai todn. Do ddpg voi moi
nén noi riéng v xy, ¥25= dni... Ta=nrila e6 o

+ an c‘nst nry =1
! : i
. cost g + ... F gncos nxy 2l

al cos® P

(1)

] -
[ a1 cos g+ ... + ancos” @rn =1

Chayv ringlbxs = L. 2y == 2kxy = 20k nén hé (1)
trd thanh: : v

5
i co3” Tl F .+ an :3'0:12 Ty =2 |1
a1cost 2ty + ... + aneost 2xa 2 1 :

s 2)

+

; .
atcos. nxt ..k dn 08> arn = 1

Cong theo Lrng v cac bl ding thie cha (2)
ta ob: gEt

aTi+aaTa+ ... +apTeo>3 (3}

n :
Oodh T = = uusz kri

i=1
Ta cod
5 ] > 5 T
9T = = o (Zeoskri—12= T cosk (3xi).

w =1 k=1

Liy 2y =
hét cho (i
O ATy ~—n=

2T in + U3 ré riang ! khéng chin
—1 hay

Ti={n— /2 véi moi 1= Lo (4)

+1) vi 15 i a nén theo hd e ta’,

Nhir vy ldv 21 = T/(n + 1} thi theo cach xhn
dinh @2..., xgp O lrén da cb izfﬂﬁﬁ,f{n 4+ 1
ra = pMiin+ 1), hay vai moi 1 £ i< n ta eo

~ Opy=@3iRa + 1) Do’ vay. theo {#) khi ldy

zy=%[{m + 1} thi to (3)'1a e6:.

n=i

{ar +ag+ - + oy} 2 n hay

ay Hay + o F Oy 2 2aita =) {d.p.c.m)

Nhan ref: Go it ban gidi ding bal tedn nay.
Léi gidi bai pay 161 hon ¢a 14 cila cde ban Hi
Trong Vink (11CT Lam Sgn, Thanh Héa va Bao
Thism Cirtrne (181 — Chu ¥an An, Ha Noi).

Bai 7/132 Cho tam gide ABC. Puedng phén
gide goc A od! cac dudng triung tugén dink € pd
dink # tai M va N. Goi G la irong fdm: pa, Mb:
m, ld £0 ddi dwong phan gide dinh A, d¢ ddi
cac dwéang lropg fogén dinh B 0d,C; h, ¢ 14 dd

ddl ede eqnh (8 did¢n vdi cde dinh B vd C chia
fam gige ABC. e

Chirng minh rdng: Ném b_> ¢ (hi:

a) MN 2 (1/8) pa(b - )b + ¢l

GN.GM {  mpmgts— ¢}
b) il et
NM g palb ¢}

Lai gidi. Goi Ay 81, €1 1d cham cée duéng phin
gifie dinh 4, efic dudng trung tuvén dinh B va €.
T A, ké dudny thiing song song véi C6C1 it AR
G As. Ta ¢b:

MAIMA = 14014z = BCy/Cidg = BCIA;C

=1 + A B AC =1+ elh

Do b =e nén Miy= N+ Hah va ehi ¥
MAMAL 1= parMAL 1a 0O ;

pa {MN + KAL) = {ib + o)lb. (1}
Tuong Ly, ta ciing 6 NA/NAy= 1+ bie va cling
chit ¥ NA/NA1 + 1= palNAj ta O

pafN A1 = (Zc + d)ie (2}

by

* https://tieulun.hopto.org
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Tir {1} va (2) 1a ral ra duoc

B N e
{c + 2b) (b + 2¢)

HN =~

Theo bit ding thie Cosi cho 2 s8 la cf
(e + 2b) (b + 2e) < (9/4) (b + ¢)2. Viay phin o)
dircre chirng minh : -

Tiep theo, do b == cnen MCy = 661 - GM; Vay -

My (1/3) me — MG c : %
R e P e . Tir Ao rin ra,
MC (2{3) m. + MG oh
duroc : .
MG = (2/3) (b - e)me/le +2b). (4)

Ching minh twong ty (véi ehi v do b=
nén c6 NB1 = NG + GBi) ta oo

L4

NG =(2/3} (b~ ¢) mpit2b + o) (G}
Nhw vay, bir (3}, (4) va (5} ta eo

GN .GV _ 4 (- clmem,
(b+c)pa

NM g
Phiin b} ciing duge chirng minh yong,

Nhdn xét: Cie ban Nguyén Ngpc ¥Van Khoa
(19CT Phan Chu Trinh Di Ning), Ngnyéa Thanh
Ha (12C Ly Thuong Kitt, Ha nai) va Nguyén
Vdn Hung (11CT Phan Chu Trinh, Ba Nﬁl]gi ch
1o giai twong d6i L8l

T.V.T.

. Bai 8/132 Tren mat phing toa d8 (Org) cho
didm B (~m, 0) v didm € (m. Q). A ld didm trén
mat phiing théa midn dizn kién tung d¢ ciuw A
bing ba llin tung dp ctia tdm | duirng irén not
li€p tam gidc ARC.

Tim qui lich.cia I khi A bién thien thén miin
dizu kién trén.

Léi gidi. DNt AB=c, BC=a, CA= b, r |4 ban
kinh duwéng tron ni ticp tam gide ABC, ta ed

la +b + elr=2dL tABC) = 6t {[B() = Bar
b te=ta <2 sinB - sinf =25in4 = 2sin (B+)

b+ = 4 i B+C
= Ugin — S0 = el _-E_Lf_ 08 e
2 o 2
B— B 17
= cos = Jeos
8 : -

3) '

B—C i B4+
e AL L e T e M 0 Tt et O3
2 : 2
Togte B el GRS
£ 280 — 5iN ~— F COS = (OS == = SID ——- 511 —
2 2 2 2
B I B
= B DS e = R s T
2 2 2 2
B i
=+ colg — coty — = §
i =

Goi K la chan dadng vufng goc ha tir [ -dén
trige Ox, (o es

BE.CK -
Sl e 25 1 &3 md UKZ = 4fKL
iK?
Gid st ton 30 cia T 1 (e, gh thé thi OF = =,
IR =g, v& Ia oo
mt ~ 2% =3yt
Vav arui teh eda T 1a dudng élip c¢d phurong
trinh ;
et 4+ 3= m’
trir hai didm g=0
e G,

Bai 9/132. Xét cde tam thire bae hai f(z) =
ar+br+e; gla) s ax® + Br + T gilr) = ax :
+ 22 +Pc+a+ B+ 1:filx)=ag(1)x® + bgi(l)x
+ cgifl). ,

Chirng minh ring nfn ede phiong trinh
flz)=0; gla) =0cd nghitm, gil(x) —“'r’—ﬂ trén dean
| = 1. 1]. thi phueangtrinh f1(x) = 8 ciing cd nghi¢m.

Lidri gin’;i {clia Trdn Qodn ~ lerp 1UCT, Trudng
Phan Chu Trinh, Ba Ning). D& ¥ rdng gylz)=
alz+ 1 +Blz + D+ y=gla+1) nén ta oo
the viét: :

£ilx) = agi2)e® + bgli)x + cg(n)

=a(da + P+ 1) + @+ B+ Tibx + oy

Fré chirng thinh annnrng trinh bac hai fi{z) =6
c6 nghiém thi ta chn phdi chitng 16 ring
A=bia+ B+ )2~ devalda + B +7) =0, (1)

Theo gia thiet thi b* 2> dae: B2 2> da¥ (vi
cae phwong trinh f(0) =0 v gle) = 0 6 nghigm)
va glz) == 10 trén doan [0, 2] vén lis

g(0) g2 = Tida + 9B + 1) > 0 2)

~ Viet lai (1) dudi dang

A=(a+p+T126? — dac) + dde
(e +p+72 —yldz+ 3B + DI > 0. ()

-
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Néu ac <" 0 thi (1) ludn ludn dang (theo (2)).
Xét ge >0, K ii do {1') o rfung néu ta chj
ra dwoe

(:+,B+T: ~Tfm+“a4 1¥>0

ring
(3}
hav

o + B+ 228 - 20T > 0. * (3
¥ :I:;-(J F=10 co nghigm va plx) == 0 trén doan
[0, 2] nén phuwong trink glax) = 0 6 che nghigm

nfim ngodi doan [8,2]- Ta chia ra ba trudng hop -
de xét:

1} Cie nghiém 21, ¥z eia phuwong trinh glx)
= 0 déu nhé hon 0. Khi do:
=0

o B xz >0 Tia

2 hav B . Suv—ra
gt gy on i we ol fin o2 *
S, By cing diu.
Vi viy |ﬂ-f[3-+¥[ ‘[3-4" r!h'l\'

@+B+1! > BT =B + oy 4yt
=407 4+ BT + T =T(4a 4+ 2B + 1),

Suy ra (3) dang.
da

2) Ciac nghiém ry; 22 d2u lon hon 2.

agl2) =0 va (1 + x9)2 > 2,
by ? : sida + 2B + 1) >0

Bl =>4
bae (4% + 9B+ ) D ¢
ColeB+ T >0

Khi

Suy ra & va B+ E‘ung déu, Vav |& +B + 7|
2B+ Tlhav (a + B + )} =P+ >74a +
2B + 1) (lap lai cac ]| chimg minh & truong hap I.l.

3} Cacs6 ¢ va 2 ndm trong khodng hai nghitm
rl vh xg- Khi do GQ{Q}{ 0. Do vay ay<7f, vi
vay (3 luén luén ding.

NBMo
» 3 = i

Bai 10/132. Chirng minh rédng cé hinh -hép
ma 1Gt cd cdc mat ciia no (d hink thei bing nhau
cd gor bing 60"

.. Cde thidt dién !hum} cia hinh hip ddmhmhqi 7

C6 bao nhifu thi#: dign thing la hinh thoi ?

 L¥i giti! (cia Lé Thanh Hée — lap 11 T, lnr{rnrs
Lam Sou, Thanh [Toa)

- Ta chirng “minh bing each chi ra mot _cénb__
dirng hinh hip thda mén didu kién eda diu bai.

. Trude tido ta dyng mol 10 dign deu ABDA
cé canh a rdi dyng che hinh binh hinh ABCH,
A4’ LB vi AA'D'D. Sau d6 dyng hink binh hanh
BRCG. Rinh ABED.A’B'C'D" 14 hinh hép thoa
min ditu kitn cia dé bai, (Cae ban tir (Vhl‘mg
mink). i

c"

Cho M 14 didm gi%a cha 48, N 1a didm gifra
ciie’ CD thi »i cde tam gide ABD., ABA’
giac déu nén néuta el hinh hop 4BCDABC f}
bisi st mat phiing vudng gde voi cie canh bén
AB. €D, €' B'A’ tai M thi thidt dign thing
55 13 tam gie cdn A'MD. :

11 l&m

Néu mit phing vudng géc & cdt hinh hép tai
¥ thi do cc tam gidc DBC va DP'C 14 ehe fam
gidc thigt .dién thing di qua B
D' va P {la didm gira cta A'R"), 18’ mét hinh

Lhoi

déu nén
eo canh bing chiBu cao BN ciia tamgiac
déu DBC.

Néu mit phing vudng géc @ cit hinh hép
tai mét didm E ndm gita M va B thi thiét didn

thing s& Ia hinh nga gide nhw ngh side EFGHE.

Néu mit phatig vubng goc = il hink hop tai
mdt didm nkm trong khoing ti 4 dén ¥ ta duge

cde thigt dign thing i cie tam gide cAn.

o 2
phang*

Néu mit vidag goe 2 el hink hép
tai che didm trén D'C tinh  hinh xdy ra cling
Yrong hr. “

2 T g . 3 i
Tom lai cac thiét dién thing cia hinh hop

s8¢ o6 dang 4 ecde hinh' tam giae chn. cie hinb

ngl gide vi chi ¢d miol thigt dicn thing la-

" hinh thoi.

! N.B.T.

V.
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Bai 1/135 (‘hn‘mg minh ring néu s6 N bing
t&ng binh phuong cha 1984 36 nguyén thi 1984 M
bing tbng binh phwong cla 992. 1083 + 1 sd
nguyén.

ifé Huy Béng

‘Bai 27155, T;'fung mét ende ddu o, digm eila
n diu tha d:rrw ghi vio bing vubng n2 o, O thi
157 vii 1= la didm clia dfu thi i trong irin
giip ddu thif {thing I, hoa 12 va thuala didm).
Cée & trén dwdng chéo chinh ghi s O

Chirng minh rédng néu et the cfit bing vubng
theo eot thinh hai hinh chit nhitaX kva nX{n -k}
& san cho mBi hinh chir nhit c6 dig nl/2 tbng
s3 didm efia mbi ddu Lhi, thi 36 n ngudi de diu
14 mOt s chinh phurong.

_ Vi Binh loa

Bal 3/135. Hay tim it cA chc sd nguyén té
p théa min tinh chdl sau : véi moi a, b nguyén
thi

4w :pe@ad pb:op
" DG Dike Thi

Bai 4/135. Gia sit A1, A2..., Ap 14 céc dinh

clia mol-da gide dEu cdn O la mot didm tuy ¥

bén trong da gide d6. Ching minh ring eo it
nhiit mét goc 410 Aj théa mén he‘it ding thae

o (1=1/n) < Al.GAj < T

Bing Tir An
] g - t
Bai §5/135, Cho &, B, € ]a ba goc elia mé
tam giic (do bipg radiant, Hay chin Wil

AcosB -+ sindcosfl > 0

B Bd Khang

Bdi 6/135. Tho r 1 s8 tu nhién >3} aj,
ag,.... an ld chcsidirong. Bt =X g va
: =1
10

§= Z

n
o ai/t® a ,) véiquiwdes = ai

1) Chirng minh rdng (<785 <72
2) €ic bat ding thire frén cé the iam L6t hon
duoc khdng ?

Ngupén Minh Dire

Bai 7/135, a) Hay x&c dinh gis iri 1dn nhit
efia g sao cho tbn 1ai s6 b A% phuong ‘trink sau
¢6 ba nghiém trong doan [—% 1} :

2%~ :z + bhr—a =M

b Chéng minh rdng kbi do cd ba

nghitdm déu.
duong.

Nguydn Bire Mdu

Bai 8/ 135 a) Ching minh réang h?‘.fallg the
co 10 36 pguyén td lap thanh cdp s6 dong chia
trong 1884 ¢4 1y nhién dén tign.

b).Chirng minh rdng t6n tai duy nhit 9 s6

nguyén L6 ldp think cdp sd cong chira trong 18984
s6 tir nhign diiv {ién-

Ta Vdn Ty

Bai 9135 Cho hai dudng tron bing nhan
{ex) va (ca} tiép xde véinhau tai D, Dyng dudng
kinh MA cha dudng tron (cp). vudng goc vol.
dudrmg nél tAm  hai ﬁsrémg hun Chirng minh

riing lrén nira dodng tron H.‘v klidng chira D,
tontai didm A sao cho haj tidp tuyén cla dudng
tron {eg) di qua A4 cdt dwong tron (c4) tai hai
difm B v4 € {khic 4) tgo nbn tam gihe CAB cidn
(€A = CB). Ching minh khi dé goe € >> 900,

Phgm (Jmang Gidm

HOC SINH TiM TOI

Bai 107135, Cho bigl =° +y° + 2= < 27, hay
tim git tri lén nhit va gid tri nhé nhit coda daj
hrong

A =xty -tz taytyz oz

Ngipén YEn Loan
(11 ¢ Quang Trung. Qui Nhen
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Tim hi#u toan hoe hién da:

BINH LY BRAOE VE DIEM BAT BONG

"T"RON( pham vi bai biao nay, ching 16i xin
gigi thigo véi ban doc béio Todn hoe va tusi
{ré-mat dinh I¥ ndi tiéng, ma no6 cd rat

nhidu ¥ng dung trong todn hoce. Truwde hét, ching

td hiy lAm quen voi mot sé khai nigm cén thigt:

1) Mot dnh xa tir hinh 4 vao hinh 4 14 gui
luAt ma theo d6 mbi mot diém m cha hinh 4
dirge trng o voi met didm m’ xic dinh clia hinh
A%, Pitm m’ duge goi
goi 14 igo dnh cua m'.

2) Aph xa hinh A4 vao hinh
lién tyc tai ditm m € A, nén nhu mit tdp hop
didm bit kv cfia A chia ehe didm kha gin didm
m duwoe chuyeén thinh tip hop digm cia bhinh &
efing chira cic ditm kha gan didm m’. Mot 4nh
xa toan bé hinh 4 vio hinh 4" duge goi 1& lién
tuc. néu nhu né lidn tuc tai moi didm eciia hinh A.

A duwoe gol 1a

Xét méot vi dy minh hioa eho khai nidm 2} Co
1 vong day cao su (I} chira didm m, va b
phan B (phian gach gach) la gin didm m. Anh
xa la mot phép bidn dang vong day (I). Phép bién
ddi e D) sang (IID 14 Lligén tye tai m {vi sau phép
bign dang thi tAp ' van gin m'), con phép bifn
ddi to (1) sang (ID la khdéng lien tuc tzi m vi
sau phép hign dang d6 vong day cao su'{lf a3
bi dirt tai ditm m va de d6 f4p hop B’ khoéng
con gin digm m’ niral.

Sau day ta sé xét toi mot két qud quan trong
clia gidi tieh toanihoc,

i c)

B
Lod

o

Hinh 1
B d¢ Vaiecirass:

Gid sl g voi mdi didm clia midn hitu hap
Q nio 46 cha mit phing, k? cd bién ciia midn 0

i dnh cta m, con mduge

HOANG DUC TAN

{¢héng han, mal hinh iron} cd mot dai Lirong L
nio ddy hodn foan xic dinh va thém nita 14 m‘_-'u
ta My mot didm a bit kv trong s6 eac didm ciia
migy €2 thi di cho T 132 mat a6 dwong nhd thé
nio di ching nta ta vin tim drge mot s E=0
kha bé sao cho hidn sé hai gia tri cla [ 1ai ede
#idm a va b (C ) bt kv sit voi a mot khoing
chch €, vié gih 'n tuveét déi la thoa midn ditu
kign: |fa — [b] <M (& day ky higu [x la gid trj
caa [ tal ditm ,r} Khi d6 ta s& noi rdng dal
,Lro-n;, f 14 ham lidén tye clia cae didm trong mién
kin £, V&i khai niem 46, Vaiectrass da két ludn
réng:

Bo d&: \r’u trén §2 dai 1u’ﬁug f khiip noi khtng
am va trén 82 1a tay ¥ bé thi i1h& ndo cing
tén tai mot didm a ¢ 2 ma tai d6 [ @ing bing 0,°

Chirng minh : Vi £ 14 mién hitu han, kin nén
ta o6 tht phh duge £ b&i mot hinh vodng nao
A6, Ta chia hinh veong do thaoh 4 hinh vubng
con bing nhau {xem hinh 2), ;

Hinh 2

Thé nao cling ed mét trong cac hinh vudng
con chira cic ditm thute @ ma tai do [ 1a be
toy ¥, b&i vi néu khéng e6 cie didm nhu viy
& mbi trong céc hinh vudng con thi ching s&
khéng 16n tai trén cd hinh vodng lo va vi the
trong ca midn £ va digu 46 la trai veoi gia thiet,
Bay gid ta 1y mot cai ndo d6 trong che hinh
yudng con ma o6 chita cae didm nhu vy va ta
lzi chia né thinh 4 hink vudng con biing nhau

11
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nhd hon noa v.v... ¥a nhir vdy 14 ta nhan duvoe
mdt diy vé han cdc hinh vudng coun ngay cang
hé diin 4i, va mdi hinh vudng eon 1a dirge chia
trong tdt cd .cael hinh vudng trivde no va mbi

hinh vuding trong diy déu chira nhimng didm ma-

tai d6 [ 1i tuy ¥ bé. Diy che hinh vudng undv
sé thu din v& dibm b ciia midn £, Ta s& ching
minh Ping tai didm b thi f= 0. Thil thé, vi bEQ
nén tai b thi [y hodn loan xéc dinh, theo gia
thigt f» >0 (vi [ kbhip noi khdng am tréen &)
Gia sir riingfy > 0. Khi d6 theo lap ludn & trén
trong mat hinh vuéng rit bé chira ditm b sé co
nhitng didm ma tai do [ Ja tiy ¥ be, gid thir 1
didm trong s6 che ditm d6 1a ¢ € O sao cho fe=
(1/2fp ching han, khi do}fa~/.] = (/D >0 1a
1 86 duong xac dinh, khonpg phdi he tuy ¥ wvi
ditu do A 'mau thuin vai tinh chdt litn tpe ciia
ham [ trén cic didtm clhia mign kin-£. Vi the
ma la phiies fp =0, -

Bd dé dwge chéng minh xong,

Bav gidr ta 88 chirng minh djnh 1§ nni tiéng
caa Hrao.

Binh iy Braece (nim 1813 : Khi 4nh xa litn
tue tip hop Ll cd cic didm cda hinh ron {ghm ed
chpe didm & trén Dbidn) [2a cde didm clia cd hinh
trgm hofic mot phiin cha hinh trén, thé nio cing
 cé mt didm & nguyén chd ci. tire ld dugc dnh
"~ xa l&n chinh né {(hinh 3).

Hinh 3

Chitng mink:

Gid st m la cae diBm ecda hinh tron va m° 14
cie dnh cha chong. Ta xét cde vecto roi ché
s
mm’. Niu chl'u:ix_{-_m ching minh dirge ring trong
‘&4 che vee to mm’ ¢6 nhitng vécto ngdn tiy ¥ thi
dinh 15 Brace dwge chitng minh. That viy, do
. tinh ¢hit lién toc cda 4nh xa mé chigu dii els
che vécto mm' thay dhi mét cAch lign tuc khi che

) . \

b ki

didm m chuy®n d6ng lién tuc tromg hinh fron
(b¥i vi khi d6 <i ditm m’ ciing di chuy®n lién
tye.) BPng véi mbi ditm m ta cho 48 dai [ ciia
] g

véeto dieh chuy®n-mm'. Ta thiy _giﬁng nhir
trirdmg hop cha bd dé Vaiectranss: [ H ham lign
tue cia didm m, moi [ déu khong 4m vi o6
nhitng / tiy ¢ be. Khi do s& tdn tai ditm b ma
tng viri nd f=0, tre 12 46 dai cla mm’ hﬁng
0. Va vi the trong phép anb xa ma ta xét didm
b duroe anh xa 18n chinh né va dinh 1y da duge
chirng minh xong.

Vay ta phai chirng minb: trong s che vécto
ol ] 2
ntn' ¢6 uhitng véela ngdn tiy ¥ Bidu do tire 14
phii chitng minh ring: ehidy dai eda L4t cd cac

— :

viclo mm' khong thd lén hon bit ki mét hipg

" s6duong & nio 14 b, Gid thi ta e dizu trai lai, tie
.

I tit ci che véeto mm’ d6 déu co chitu dai [6n
hon €, Ta chirng minb réing didu nay li khéng
th® xav ra duoge.

vong trom

Ta cho didm m di mit vong trén
awemire

bién efia hinh tron. Véele mm’ s& di L diem m
téri didm m' nde do thude hinh tron, toe 1a lae
nao d6 cing ndm vé mot phia cha Liép luyén vai
dirdng trdn tai diem m mi e¢d hinh trén ciing
nim vé phia do. Do do khi m di vong quanh nhu
vay trén dodng iron eda hinh tron thi vécto

e i
mm' (e6 A6 dai khong nhé thua &), gdc cla nd.

hop vii ti€p tuyén s& bign dbi mat cach lidn tue

(]

va cho téi khi no tré vé téi vi tri ban déu thi

n6 d1 quav tit ci 1& 360%. Vin guan sit trén
hinh 3. Bay gi& ta cho ditm m di vopg trén
dudng tron dbng tdm ma bin kinh cda nd bé
hen bén kinh dudng tron rat it :

Goi p la didm pidm trén durdng lrén trirde sao
cho p,.n vd 14m ¢ cia hinh tron 14 thing hing,
Khi d6 do dinh chét lin tue cha«4nb xa (va do
d¢ dai elia vécio dich chuy¥n khong nhé thua &
{ma goe cia véclo mm' hop véi pp’ tuong ting
s& thay d6i mot cach lidn tue va rat it (do p wa
n rit gin nhau), v do d6 Uc Ja khi tré v2 Vi
tri ban diu thi ar' d4 quay mB1 ghe 360° Chuydn
litn Liép nhir vav sang che vang irdom dong lAm
lien gin va bé hon, ta cling thiy rdang nhimg
véclo dng vad ditgn omosau khi di di gt véng
s& guay mil goc 360° Thém afra, néu xung quanh
tdm cia hinh {ron ta 14y 1 disdng troo rat be
(bin kinh nhd hon B rd!l phikal (hi khi ditm n
di mot vémg trén dedng tron nay rd rang od
dirac quay mdl gbe bing 6, boi vi didm gde n
eiia né ludn ludn pim frén vong ti-ﬁ_n bé nhd nay
va do do dai yeeto dieh chuyés an’ khéng nhd
thua B nén ddu mat cfia né trong moét mign rit
bé & phia bén ngodi cle vong tron bé nhd dé
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D6 1a didu miu thudn. Vi thé cac &6 dai [ cla
tdt ed cde véoto dich chuveén khong the 1én hon
hing sd 8 >0 bt ky duoc. Tie 1a trong chung
ot nhitng vécio ngin tuy v. Chinh +i thé m4 dinh
1¥ Braooe di duge ehirng minh.

Binh 1¥ Braoe 43 cho ta mgt két lu:m k\ digy

v tinh chét hinhk hoe, nfu ban dge col hinh trin
14 mdt mang eao su va anh xa lidn tye 14 phép

" bién dang lidn tnc mang cao su do (mang cao

su khong eé nhitng 15 thing) mél chch tiy tién
mitn l&a khong duge lam rcéch mang hay lam
chiung dinh lai, khi d6 vip ¢ k&t lnan cda dinh
Iy (chu ¥ 1a mang cao su vA cd phép bién dang
la phii lam trén cling mét mit phing),

Cé rat nkidu cach ching minh cho dinh Iy ky
le nay, song e¢b 42 chch ching minh gidi ﬂuéu
& day la don gian va dé hidu nhit.

Tim hiéu sdu thém toan h(‘u pha thing

VAL SUY DIEN TO" BAT BANG THO'C €O SI

OI n 86 thuve khong 4m ay, aa...., Ay, fa coé
bt ding thire sau:

e1+az +.... +af B

n

Bit d?in,r_l thire (1) quen thuéc duge gm 14 hit
dfing thirec Cosi cho m sé khong 4m. Bay gio ta
goi P la tich tit ci- cac ;am_r k s6 hang L m
s @y,..s, @n. Khi dd fa cd: Pi = aqdg... ani
Pa = {g1+as) ... lag+agn) (g Tash. (do—ytaghi ... ;
Pn = aytag+t .. tan Yai cde ky hitu nay. bil

. a
diing thire (1) dirge viét dudi dang: Pa/n = vy
va bitu thi mdi litn he¢ gitta hai sd P1 vai Po.
Tir dd, nfiy ra vin d€ rong hon 14 nghién ciéu
méi litn hé gitta che 86 Py i = 12,04 a, voi
nhag ! D& gifii quyél viin 4t nay, trueoc tién ia
xét méiquan hé gioa Py vaA Proavaik = 2,3, n
vA méi quan he edn {im dirge chi ra d dlnh iy
dudi ddy.

Pinh 1¥: Vai n so khong 4m a1, ag.. ., an, ta
cod bt ding thue B
: t']"' n—k+1
(-L:‘, nPk?,;BPkﬁtk @
- ik n!

trongdo C_ 14 th hop chapk ciia n (C

_ B Ckl(a—k)
va2& k & 1. i

> fa1¢z... ap (1),

TA VAN Ty

Chitng minh : Theo dinh nghia vé Py te Lhiy

P E.'.: thira s6, mbi thira s6 13 1 Long k s

-hgng-mil tip hop & s6 hang 11;‘13"“1 m@t taphop

con k phiin tir trong a phintir a1, a2,..., ag. Voi

tdp hop con thit ila

a o
gail Frr '!\:E cua tdp hgp § LT au i fa dat

Ti=a; +ay, .. +R1k va viét dwge PI_ = .. Ty

!

"

vOi N = CE. Goi H} la tong k—1s0 hang thu dwoe

tir thog T, bé di 8¢ hang ayy vioi j=1,2..., k. Ta

Ak dhhgct B B HL =

iy ek — 1} X

!.l ]
thie Cosi:

el e SO +¢ik)’#(k-1}n Nhirng theo hét ding

‘. e

+H };: ‘H H H

i ¥l
Hl + H2 - e K nén
k
k &
-——-v HoH SO
-1 g 4

i SN k-___________-_
ok

P ==nr=...r > "1 (—-—-— H b ‘)

& N i g

i=1
o B
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L N ———
R B mn v Lyl gt e 14 o
(fu—l) =1 .H]HE'dk
k—1 chos NB s L e
s e {3 i
e Fr = I s
; ( > ) k2 3 Hi Hp - Hy

: m

trong do k¥ hidu [j o3 = 1 X2... Tm, Tru:flw khi
i=1 :

chitng minh Lidp dinh l¥- ta ching minh b3 de

5%

B d& : 1) Thira 58 Bat ki ciia P _, la phan

1
tl efia tap hop cée thng H; voi i = 1,2, N v
o

2} Thira s bit ky ciia .ﬁ'k_ﬂ1 xuldt hidn{n=k+1)
! : .
Jfin trong tap hop che ldng Hli & trén.

gThire vay, goi B=ai, +... + a 12 thira sd

i k=1

bat ky cla P, _, . VéisBay khic ta lip tong:

| i

s = B + 011\_.[J{'- cée

5 = aly = at, G e o |
50 aly .ol la tdp hep gdm k phin tir trong a
$6 afs..., 4o, Nén t&ng S 12 mol thira s6 cha Py,

Viy, theo dinh nghia cia H;. hi#n nhién B 1a

5 !
mdt phin _lfr cia p hgpg Hlj g,; e

J=42.., k va phiin | cla bb di.duge ching
minh.

Lai xét voithirass bt ky B= a1 +.otay
ciia Pk*—l . RO rang thira s0 B xuft hidg diing 1
I&n va chi xuit hign trong cactbng E} duce xav
dung tiv céc tong § duge xéc dinh nhu teén,

Nhwng do ¢6 a=(k=1) =a—k+1s0 a khie cic

R - | :
sd %y, ,all2 P Elk—i trong n sé 01.’ I:I'f.mun nén

c6 the ed {n—k + 1) tdng § c6 dang trén. Vi the
thitg a6 B duge Xudl hign ding (r—k + 1) lin

trong cac tdng H;. i=1,3..Nvij=1,..k Bd

‘de da duge chitng minh xongl.

14
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Tré lai vite chieng minh dinh 1. Theo bd dg

TR

I
o0
g n v ol

vé voi chi ¥ s6 thira sdcita P
e S g
hi thire k L,n = (n=k+1) Cn do dé tap hop

g H;; noi ‘trén chi chira efe thira s cila Pk-l'

nén ta coy

i i et et
Howp s

b

Hl B

va theo {(8) ta o6

k=1 LE n_:.\‘H
(5

=49

va dinh 1y cling duge chitng minh xong,

Tir dinh I¥ ta suy ra duege mdi quan hé gilta
che Py, k = 1,..., a v&i nhayt Chiing han cinso sinh
Py va Pp-3. Tir (2) suy ra:

3 23 :
FoAT (;;*1 )ﬂ,—_{:

P e n e e L n =54

A ( k-1 ) k—2

n=k+1}n=k+2)
s : c -y
R k (k—1} :
k=1
el i
De J-l-—!-:—--l- C" = C:] nén
E [
I (n—k+1}n—k+2)
: R T ot S T
- e iy
De ( k—1 ) P2

Tuong tir, gittw Py vi Py_3 ta o6

(n—k+1in=k+2Ma—k+3)

k I 0
R v Y ok(k=10k—2)
—_—n R
e ( k—3 ) ('s"3

gitta Py va Ry la eo

- ch chin
Bk A (4)
Lai so sanh Pg voi Pge1. T (2) thay k boi
(k+1) va cht ¥ : :

I
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ket k1 C]‘ <A
S iy TS
: R —
e EL AT
(-——-) pleiion
1 k1

Héo dai qua trinh twong 1w nay, gm‘a Py va
Bn ta ¢o: e s

i K K _
(—----u-)"'n o eR o (5)
n b
Két hgp (4) voi (5) ta thu duge ket qua sau:
deld o k e
( k }.-,_1_’ .p{'n so = ;.-LP- pon 1B
Nk ;
n :
Tir dé ta di dén:
5 L T —
1 3 i 1/ C Iin o
—— Pa > — P 0> P
a o H
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hay ré hon
: A
- i S
1 e !
—pP; B :;"-'l-"uluE... an. {ﬁ)

artagt...Tan .

=

n ot g

Dr bt ding thire Cosi dwge wng dung hibu
qua cho nhiéa bai todn nén co vin dé dil ra
13 ¢in tim cac bit dingthire bidu thi mdi quan
he chit chd hon bt ding thoeCosi vaiby vong
cde bit déing thie méi nay cho ang dung higu
qué heon. manh hon so voi bit ding thie Cosi,
Mot dieu vt tha vild, tir (6) rd ring ta 6 ngay
hai b&t ding thic:

ap voimoi k=12,

f o > ‘\-"lal ar. ..
k k
n. bitu thi mdi gquan hé chat ché hon bt ding

thire Cd8i eho n 36 khoog Am.

Trao déi.véi ban doc

e -

TU MOT BAI TOAN THI DAl HOC

RONG dB to4n thi vao Pai hoc & ehe tinh
phia Nam thang 7 nam 1082 cd chu

(.hunk minh rdng voi moi gid trj m phuwong
trink | eosd meos2 © = ( lutn co nghidm.

Pay 1a ot bai logn kha don gidn, tuy nhién
nhikn hoe sinh eds trrang ching tdi- khi dy thi
dd dwra ra nhitng cdch gidi gud clla ky. Ching han.

Cdeh thir nhdt, : o
Bitn d5i phwong trinh da cho trd thinh
2m costx + cosxy — m=0- (1}

“Khi m == 0 thi (1) += ehsr = 0
= x o= Dk 4+ 1) ST/

Khi m == 0 ta chitng minh phuong trink (1)
ciing ludn eé nghidm. That vay

Pit X=cosx vii digu kig¢n [Zi L
(e2mX +X-m=0 (2}

A= 1+8m" >0. Suy ra phuong trinh (2) 6
2 nghiém phan bict. Bdy gio ta c]mng minh cé
{t nhit mot nghigm théa man lX| ‘a.] thi bat
to4n =& duroe gidi quyet xong, That VAay. Ta cot
Xy Xz = — {2 (X3, Xa 14 2 nghiem c¢iia (2).
I . Xz2{=1/3

nén: - hofie 111} =1

- hode [¥3l <

~ hodic | X3 ‘5: [ va |Xel < 1
Tir day ta co ihe Lkét ludn riing phuong trinh

d# cho ludn co nghidm v&i moi gid tri cia m,

Nhin xét: Pa sé nhiing hoe sinh cia trudng
ch&ng toi da gidi theo cichnay, cé mot s em di
gidi theo ElLLh Lht.r hai sau day.

Cdeh t.'ui' hat

& ; s
hén thily m==0 phwong trinh di cho cd laghlém
cosz = 0= xw (2% + 1) mw/2. 3

i
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Ta ch:fmg minh khi m 7= 0 ng véi coss =+= 0 T ;
thi phwrong trinh @2 cho ciing luén coé nghitm. ; Y ; =
Thét vav. T phrong trinh di cho ta co the viet | A f i
thanh @ meosZx = —cosz. I e .
& m (2cos o~ 1) = — ¢som : L i /i :
s m (2eos @ — N cose = — 1/m (Do m==0 va S YL

g i
i ¥ 3 :
cosz 5= ). : g -
| T

DAl X = cosr, Digu kign Xl <1 v 3 J,! ok ; 3
thi: ; Loy b
2 ; £ : - i _Ej}_ ]r SR x
X =X e ta (3) o I el it
" i "’JI I.] LC -
Nhan thiy rhpg =6 nghiém cda phuong trish ’ / |
(3) phy thude vho sé giao didm cla ﬂi:c_‘rnzg tliing 3 X ;‘lu_.a" £
Y= — |/mva phiin dugng cong g= (2X" — X A f '
dwge gici han biri hai duong thing X = — 1 va f‘ e i
X == |.Trén db thi v& trén mat phiing toa do OXY ,1‘/.'/ | : F
s& minh hoa dién dé. _ :
Burdrng cong Y =(2X4'= 1)/X co tiém cin_ding
la ¥=( titm <in zién Y:gii- Xéac¢ dinh % X=£0 Ta e, e
C6 dao hain cdp I ¥'==1/X" 2> 0. Cit trye hoanh sopm=Va 2 ()= - V22
i - fag o -'\,_."_‘-'. ; = —— ;
: tq.!- ( vﬁf?.”}'ﬁﬂ[.rﬂlfl, ). g "é‘f{xﬁ-‘i}-f{*—ﬂ;"“ :=I_]|JIE<“‘_
" Nhu vay voi moi =0 thi dudng thing ¥= _Mat kb4e ham s6 [ (x) lien tue irén doan

a dr A th ves (Pt ha (=) rén de
s [7m lodn cat «:I:;}.‘t]_l-::{X 1)/X (}-X| QJH, [ — /4, 7/4] nen phii ton tai fI nhdt 1 didm
Suy ra phwong trinh da cho ludn eé nghidm % i, 5. @ (-9 /4) g0 cho f (Zay=-0. Tikc Ik x5 40

Nhéa zét: iy 12 mpt chel giai kha dong dad,

hoo sinh d3 st dung qua phi kién thie dd thi. moigid tricia m thi phwong trinh ludn c6 aghifm

Bd1 vé&i bai loan nay-hoc sinh ehi cin whé dén Qua bai viét nay 10i mudn trao dbi véi nhirng
- tinh chat cia ham s8 lidn tue thi bdi todn s& poe sinh chudn bj thi nide Dai hoe la: phii tim
s dirge giai quyét kha dep. E toi d@ tim mot cdeh 161 vu c¢ho mot-bai toan.
Cdeh thit ba.” - : ' Lé thi Binh Thdi
: . T .
DAt [ (x) = cose + meosls ; _ {Truéng P.T.T. H. An Nhon Nghta an_h_'..“"‘l{

DANH SACH DU THI GIOI TOAN

Ha udi: Neuyin Qudang Cudng. Pdng Vi Son, Nguyla Vift Quong. Nguyén ThivusBuong,
Nguyén Tién Ding, (10 CT); Vi Quy-Dwong, Nguyéa Tign Nam. (12CT); 'DH TongHoph Nguyeén
(Juangy Diing, Bd Quang Hai, (12 CT, DH Su pham). Ngagéa Anh Minh, Trink Ngoc Thiy, Nguyén
Thi Hug¢; Nguytn Thily Hdo, Ngugln Kim Minh. B Héi YEn, (124 Le Quf Dbn), Bdo Thitn Cudng
(101 Chu Vin An) ;'8 Thu Phuong (12 E) Ngupén Bich Liéa (12D), {Trwong Dinh); Pham Trung
Nghfa (10 B Thing Long!: Ngé Thank Phuong (12 P). Nguydn Thanh Ha (12C), (Ly Thuwimg Kiét) ;

 Triin Mgnk Cuéag (12 A Dan Phuang). Thanh phd Hoé Chi Minh: Phem Tuidn Huy, Ngugéin Quang
" Thitu, Ta Tri Nhan, Ngé Bink Ding, Ngugén Gia Bde, (16 CT); V6 Thanh Hiung, Vi Pai Hodi Bite,
(11 €T); (Le& Hdng Phong). Trla Quang Diing {11 A Lwong Vin. Can); Ngé Anh Vi (11 Ag), Vo
- Duy Tdm (11 A7), (Nguvén Trai); Triin Anh Son (11 A3 Nguyén Thai Binh): Nguyén Ouang Thiéu
(10A Ton Tho Tuéngl; Ngngén Thanh Ue (11 A5 Nguyén Thuong Hidn): Nguyln Thanh Quan (12P
Vira hoe vita 1am); Nguyda Binh Kim (12 Ay Pha Nhudn); Ngugin Tudn Khéi (12 A7 L& Qui Bdn),
Quing Nam Ba Ning! Lam Ting Giang, Triin Qndn. Ngayin Hing Sen, Ngupén Phd Qai, Nguyén
 Ngoe Vin Khea, (10 CT); V& Anh Minh, Nguyén Bdng Ci. Ngugén Van Hung, (11 €1); (Phan Chu
Trinh). Lé Vda Binh (12 E_Nti Thanh); Traa Van Heag (11/3 Thii Phitn): Traong I'hi Hd (10 G
Duy Xuyén Ij. : : (Can nfta)l
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