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BIAI TOAN BANG PHUONG PHAP B0 THI

HUONG phép ab thi 124 mfl phuong phap rit

6 hitu lre @2 gidi mot loat bai ton : cb

nhitng bii toan cé ditn trong chuong trinh

PTTH v& nhitng bai todn khong miu myuc lrong
phin thye hanh & che 16p PT chuyén toin.

Céc ban dang hoe'é che lép PTTH théng thltdng’

ciin chtt ¥ dén che bii toén cb ditn néu trong
cic vi do 1,2, 8 dudi day: chang toi dic bigl
chon nhitng bai todn lién quan dén- viée bién

ludn tham s6, cée kidu lodn nay thudng gip

trong d& thi tuy&n vdo Dai hoe va Cao ding. .

Yi du 1. V6i nhitng gid tri nde cita m thi
phuong trinh sau ddy cd nghigm

cos*r+ msinde + 2= 072

_ Gidi. Bitt = cos®r (0 t<C1) thi phuong
trinl: trén 1rd thanh.

? mt+m+2=0. (1)

Nhue véy ta ciin xéc dinh m d% phwong trinh

(1) c6 it nhil. mot nghitm ¢ v6i0 < 101
Kinh nghi¢m giing day cfia 16i cho hay ring

dai da sd cac baﬂu hoe sinh thirdmg gi&i bai lodn

PHAN BUC CHINH

trén béing cach so sfnh cic 85 0 va 1 véi ele
nghigm clia (1), that 14 cBu ky. Co edch -gidi
irong sing hon nhir sau.

1!1311 nhién ¢ == 1 khong phdi la nghigm cﬁa
. ¥i vay (1) tm;mg ducng véi
m =+ 2/ + 1)-—:‘*14-3{-::* 1, :

khi df} biii tedn dd cho tro thanh. Tim m @® duwdirng
théng y=m edt db thi ciia ham <

y=t+1+3=1) S (2)
tal it nhdl mdt diem odi hodnh df 0 <t <1.

P¥ gidi, khong cin ve db thj ham (2) ta chl
vi¢e 1dp béng hLién thién cla né nbw sau
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| =oe ;.p’j ! f.lﬁ + 20
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Nhu v dy-trong khodng (0, 10 ham (2) 1a ngh!ph
bién, va trong Lhucmg, dé, néd lay moi gid trig

5{, = 2. Thanh thi tld]) 86 echia Dbai todn Ji m
; 2. *

. i » . 7 by : AR '
¥i du 2. V&i nkitng gid tri ndo cita a thi bit

phugngtrink 2z + 1 =a (Vi—z + 1)
cd nghitm?

GlaL. Patt = 1—’"1"35 (0, thiz =
phweng. irinh trén trd thinh

—2 3> al + 1)

Ta chi X6t cle -t 2=
: (=25 + 3 (14 1) =aq,
vi bii toan tré thanh: xde dinh a d¥ ham B
pE-—* L G+ D) =2+ g—J—!MH—I] (3)

cd phﬁn dﬂ thi trng véi § > 0 ndm trén d:rt’mg
théang y =

Ham fuJ ¢6 dao’ }H'lll'l :
g = —2= 10+ D<o
viy né nghicitbién trén cic kholing (— % ; — 1)
(—1; + o=k V&i t=0, ta c6 »y=3, tir 46 suy
ra két qua phai tim: a < 3

1~ 2%, bat

_¥i du 3. Tim cic gid Iri m saco cho phuong
trinh :

a4 Vi — f = mx + 42
cd ditng hai nghiém

Giat. Ta phai xdc dinh m sao dudng thing
D ed phwong trinh

y—mr UE

cil LTO thi cia Ihlm 50

yw:c-i-"-'-lz i (4)

tei hmi diém. Dwong 1]:.5115 D ¢ lli., st ghe m
va di qua ditm (0; 1/2). Db thi cla ham (4) ¢o
tiemr cdn xién v& bén phii y = 3r. va tiém cin
xién v& hén trai y = —x. Ham () dwoe xdc dinh
vii |2l = 1/2 vi e6 dao him

' =14 ax) Vit
Viiy hidn nhien g >0 khi 2 > 1/2. Vdi =

=T = 2, 4t voring [2x] > Vet = 1, vav <o
tir d6 suy ra’ bang bién thién :
Pr 2l B S b - ]
; = =
5 o
¥ = ﬂ *
+ i i : i
e -
¥ \\-\.\ /J et

i
Bobee,
Noiw

0, viy nod twong durcrng vihl

https:/sites. google.com/si rgfi’e trunglienma th

dirge da th:

vio A6, ta ve

dira

Nghién ciru db thi va chc tiém cin xién cia
n6, ta thdy riing véu ciiu cia bii todn duoc théa
mén néu dudng thing Dnim treng midn chim (hinh
v&), gitri hen bai ehc dudng thing y = 1/2vig=

P2 + (/2 vy che .gi:f tri phii tim cia m b

05 m= 2.
Sau day Ii hai vi dy nira cho ¢hc ban chuyén
toén.

¥i du4. a,b.c,h ld bdn 88 ducng eho tricée,
.y, = id ba 35 ihge thay .d6f, rdng Eruac b&i dién
Eién

ac + by + ¢z = &k (k r.'ﬁ dinh).
Tim gid tri nho nhdf cia bi2u thire
S=a¥hl +2® t b VAY £yt 4 cVn+ o8

{Biti foan niy nav sinh ra b mot bai todn
hinh hoe cfia the gia d3 ding trong hi TII v

TL. s6 5 + 6-1080)
Gidi. ’!H'n mit phmg toa do O‘ﬁ xét cdce
ditm 3

A(ak: ar), _B {(a +blh:
Clla+b-+clh: ar +

axr + byh
by + czh
Cé the théy ngav ring

-a 1{!‘"9 =, 51 z:

;3.:. = V' 5 %,

04 = HE—h "-'h + %

Viviy § 12 d& dai duwong gip khie 045C:

S nbd nhilt néu dudng gip khue dy tring voi
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dosn thing (}" {do, € 12 dikm c-:ﬁ dinh} dﬂ%u nay

xay ra khi
AL oan by o ar Lar + by T ez
Gh . aREbh ik ieseh
tre 13 .
E=Eg=-= § b ek
Khi do

=0c =YK & (a + b + Ph

Smin
Vi du 5. 100 <6 thye ay, g, -... a100 ¢6 i8ng biing
0. Nguwat ta viél cde 58 &y theo ihir {y trén mgt

ditdng trén dinh hudpg (hink ve). Chiing minh
rihy t8n tal mot rm 5471 suo cho Al ca cde ting

&

pr—

a |/: i 103 \ tirtanf
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Sp =) g g
Sy =aj+1 Tait2
Sy =a;yFajpot ey

Sgg =ty -Fai_f_g it -]
Stoe = o+ apyta
d#n khong am.
Giai."Néu n Ia n:u’_‘pt 56 fi nhién } 100, thi n=

8i+1 Fapg +

M0m +r voi 0 r <99, va ta dit

o = a; néu 2> 0, ay = agp, néur = 0.
{.hang han a7z = a3, a200 = aioo. Vi & M mot
nguyén khﬁng am, ta dat

FO) =0, flk)=a1 + a2 + ... + ak.
Trén mit phing toa o, xem cae didm 4y (ks
[ k) (k=0,1,...) N&i che didm Ay vOi Akpy (k=
0. 1,...}, ta dwge mot dudng gip Khae, tulin hoin
voi chu ky 100 thinh vé). Xét mot chu ky. ching
han i 0 dén 100, Ggi t-1a gid tri sao cho £ (i)

nhé nhét: dd thi ciia fl'i‘} chirng 16 réing do
la chi s6 ¢ phiii tim (co th® c¢G nhibu chi s6i
nhw vay). - 3

b7

AR

e e e

P

Hién nhién trong vi du nay, cing nhu ca
trong 4 vi dy trén, co the dwa ra mol léi gili
khong dung dén db thi. Nhwng cdc loi gidi aa
néu ding phuwong phap dd thi chiie chiin c6 di
sire. thuy&t phuc dB eéc ban ty rat ra k&t ludn
cin thiét.

'i“ffmﬁ Vl!-tur.nfbulanff]?"*“l‘i‘ljﬁ + 18 ot
1/n°
Tas i 12+ 13+ 1n khione oo,
Tong vb han nay dur,rc giin vol tén tudi elin
hai nhd toén hoe Thuy si: l-a-c6p Bec-nu-li

¥

w. ligiéi ban efia dng hou han

VE MOT TONG VO HAN

TA vi:\? T

{’654—-1:65} va Lé-0-na @-le (1707 ~ 1783). I-a- (6p
Bec-nu-li 18i tiéng mot phin do da p‘mt minh
ra va tinh dwge gid  tr] clia nhidu tdng vé
han. Thng vd han eic nghich dao ciia cde &6
binh phwong trén cing do dng dé xudt nhung

3
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d® tim gid trf clia thng vo han d6, dng hoin
toan bi bil ‘hre. {,-l’! lin, Bec-nu-li viét: €Cho
dén nay, tbi da cb ging nhigdu nhrng viin kh{,ng
tim ra. Aitim dwoc v cho bidt thi 184 %in cam
on vo cung ?. Lé-d-na U-le 1d hoctro eta I-H-gan.
- Bee-nu-1li (1667 — 1748), em trai ciia I- a-cﬂ;\-clu
tdp trung nhitu thoi ginn vioe linh gia tri cile
Tﬁng v6 hgn {rén’ Sau nhitu ¥an chi Um dwrec
cde gid tri gin ding. cudl cing Gng di tim ra
dwge gid tri, dl]ﬂg, bing mél phwong phap euwe
ki tao bao (h. :

Xéi. pl:l.mng trinh dai s bic n:

o X +a:1n“1 + ot apdx b da =0, ag5=@

¢t n nghiem @), 82,..., 8y khic Khémg. Theo djnh
¥ Viel ta co:

ayoy... dn—(—l} anlig, do \{i\ an==0 va la

viét duge: .
a, 2 + ai:c“'] Flikmn = e =) e —dn)

(z—ay) ... (x~an)

L {Ha."ﬂn)‘ {'I"""‘:‘l} ( r “an} =T

(— " ay ez .
(1 = xfag) )

Bing phwong phip ding nhidt hé 36, so shnh
ehc hé 36 dng vai x, la ed

ap-1 = —ag (/a1 + 1/32 + ... +1/%a) {2)
Lai xét phwong trinh béc Ia dang:
+(<1)"bea?* =0
‘e 2n nghiem khic khoing ai, — &, O, — O, ..y,
=@y, Thé thi, twong dir (1) ta ca:

By~ ba-ga’ +...+ (= 1)" bo 2™
= py {1 *—x:'::],} t"l +xfog) . (= xfa) (1 + xfay)

=ap{l - x/) (1 — xfap)...

bu T I'.'-;-] ..'I..'l '+' s

= by (1 — 23a}) (1 — 2%f23)...(1 - 22 /ad), (3
va trong b 42) la co:
ba—x = ba (1faf + 1/ad + ... + 1/ad) (4)

Bay gitr Ole xét phwong frinh sin x=0 hay

& dang khai tritn theo bdc eta x & phwong trinh

dai s biae vO han:
211~ a3+ 25— A =0 (8)
N6 cé vé han nghiém 0, 7, —I, 27, -2,
San *khi bo nghi¢m 0 d4i va chia vé trai eda (5)
cho x ia ¢d phwong trinh:
4 ¢
1=z +2h 51 —ab71 + . =0

vai v han nghiém I, -3, 9%, —23%X... Pén
day Ole ap dung twong tuw hpl fua n!nr trirdmg
hep hitu han, theo {u}luﬁ

1~z ,6+x4,-51-;c6..-';: Fon= &

I iy A
= ] = mmee (l——m -...).1(1--—-"...-_) i

.
v thee (4) cb:
Gy
Broml e fgee Tt
hay : : -
=1+ ‘.."2a "” I-'-3‘3 b e Va4 == :‘Tz,ﬁ {6)

Sau khi tim ra kél qui, mie d b nhigu co
s dB tin viao phat minh eda mich nhung ong
van thay két ludn eda mmh la tdo bao vi thigu
co s ddm blo cfie kit qua (3} vi (4) trong
«truwdng hop phwong trink bie hiu han vin dang
che triwong.hop phrong trinh bic vo han ().
V& san, todn hoe cao chp 44 xae nhan tinh ding
ddn cta kit luan (6), nhung voi kién thire khong
s edp. Dudi day s@ L‘harug minh két gua (6)
bing p[‘ll.rul‘lg phtp d& hidu va voi kign thue
s ¢dp.

Sir dung eong thie Moavre (i = ?{:T} v khai
trign nhi thire Niutgn ta e¢6:

¢0s n® + [sin no = {msc + jsina)® =

n—j

E C‘! Lis;gn ﬂ) oS o
=8
={ces"a - C;:' ces” “ &sinta +

4 —if .
Crt cos &« sm"‘ =5

n—1

+ HC]: cos & sinu*t‘.l‘? cos Bred «sinda + =)

Tir d6 suy ra 5

. 1 = | [ . s 275
sinpa=C cos  osina- l’,; eos asinde +
.5 p=Bs 5 &
+ ['n cos asin’ o — ... {73

St dung (7) thay n hiing (2n + 1) ta co:
sin (20 + 1) o ==

1 2n 3 In=2

Gﬁni—l cos dAsint — (1'2n 41 COs % sina
S Fi- 11 r-t:uu'!:rl . #'.-.:in',fa. S

== s-in:an Ty (C;.u-i-! m‘:tginﬂt - [_:2117{- 1(:1114;2“%2(1'-
+ 0o oatgh® fa—iy, ®

Ta thiy ngid tri y=ix/(2a+1), t=1,..,n
la nghigm ciia phieong trinb sin (3n+1)2=0 nhung
kltong c6 gid trj ndo trong 46 14 nghliom cia
_ phwong trinh sin *==0, nén te (8) ta c6 n gia
trj i trén cling la pghigm cha phwong trinh:

g #
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Khi 4p dyng cong thtre 1+ miu = = 1sin%a,
tir (9) ta ch: ;

n i
b 73 e
i=1 sin® =
Efr'-i-_i
: E i ni(2a-1) '2n(u+i}
n -+ r*nig """""" =h+
j=1 an +1 i 3

Laico:0<Tsina < & <{g2 hay 1/sina>>1/a>>
mtgc::'!. & d6 0<Ce< /2, nén voi a==ITHn+1),
r_-I »nta 0o

hittps:iwww. facebook. com/letrunglienmath h!‘tps:ﬂsites.goog]e.comfsitéﬁem,qhenmaﬂz 5 X
1 2n ) 3 i 2n+ 2 :
Czn P an%l colg 1/sin - f ; ) ,‘::-z:c;lg“l Do vy
; - A In4+1 {7 2n
i mlgzn 2 =4 7 2
41 s ! T (21 2 7t
p> i A ( ; e 50 Ot
hay n gid tri a5 = cotg® vi=i,.,nla ughitm =1 s Ll s s == ntl
- = I En +1 L ’ L} '] 2'l+l ‘
ca phurong trinh dgi s6 hac n: - 'heo (9), (10) ta co:
| n 3 n—1 e \2n ‘A -
= 2nin+1 2n +1 I n(2n —- 1}
Sel o T ot Iniatl) » (‘“""‘) 5> :
: ('5 'cn_? = . =0 : 5
Ankl y hay
Vi thE theo dinb 1% Viet 1a c6: n(n+1) @2 aaiin o «? 0
X : b i 4 i o 4 |
o a7 ' + 1% 9 E 3
m!gz i + edtg? - £ ot .__r;_ﬂ'_f_ (In + 1) 3 (-.1‘+ 1}. 3
2n+1 2n+:1 2n4-1 T £11)s theo dinh 1¥ gitd han, ta co
3 : 3
n
= Czn":'l opl(m—1) { " et (E b B e e
B e ) 6
1 3 A—%oo =
2n+1 Téi day, cach gidi niy chic sé lam via Iﬁng

nhidu ban (ré véu loin. DB cd duoe ecdch gidi

- d6, ditu diu tién xud! phat ta § nghi vé bai

todn d6 14 : mac du Beée-uti-li con giip kho Lhin
méc dd hai todn 4o t']ugrf_' giai bang phuong phéLp
khéng so cdp... nhung vin dim lim va lin tuéng.
ping & tim duoe phuong plnﬁp méi 16t hon va

phit hop dd6i v6i kién thie cga minh.

b6 14 tw twdng tién cong trong hoe tap!
(') Muei nam sam khi cb dip quay lgi vén d2

ndg, O-le dd tim duge mot phuong phdp iin cdy
d} tinh téng vé h.;m dé. ;

‘Bai 1/130. Tgi met quay bin vdn phong
phAm ¢ bdn hai logi v8. Gid msi quy*n vé ld
38 nguyén déng. A mua 10 quy?n vé, B mua 16
quydn vd vd C mua 26 quydn vé. H&n ngrzcrt pkdt
tra 56 dong. Ban hiy tim gid mbi quy*n vé mbéi
logi.

Léi gidt (ciia Tridn Nem Dilng ~

Trinh, Ba Ning; Vi Ngoe Vidn Khog — 2/25 Trin
Cao Van, D2 Ning vd mdt s6 ban khéc).

12L.'i Phan Chu

Goi gid hai loai vé 1a 3 v y, gia skt 2> 7.
S8 vi loai 2 dong ma 4, B, € mua lirong itng
la &, b, e. Ta c6

xa + y(10 — a) = 36
b + y(18.— b) = 56
ze + yldf —¢) = 56

hay T :
: (x—gla+10y=5 (1)
A2 = 1b + 16y =56 (2)

Az = ye + Wy =56 iy

V1x-y>ﬂ nén tir (3) co oy <56 => y<T3.

Dg=1: Ta (1) va (2) cho
(1:-'9}&'-‘46
(x — y)b =40

= a/b=128/20 = a2 vo1¥ via <10,

https://tieulun.fopto.org
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2y =2:(1) choxr ~ y =36/a = = — 5 > 36/10.
B cho (zr—yle =4=>x—-yL4 Vay 2— U
=4 2a=6 Thay x — g4 va g =2 vao (1),
(2), {37 ta Auoc g==9. b==6, c =1 1k cac =8
nguyén < 10. ‘Vay gi4 hai loai v 12 6 dong va
2 dbng.

Nhgn xét: Cée bgn Vi Lé Tu (7A chuyén loan
Chu Vin An, Ha No6i, Nguyfn Vin Hwng (11
. chuyén tofin Phan Chéu Trinh, DA Ning), Nguyén
Thanh Ha (12 C Ly Thudng Kiet, Ha Noil, Hujnh
Bire Thiing (10C Trung Véong, Qui Nhon), 56

v

Binh Viét (12G An Nhon I, Nghia Binh), Nguyén

Huyén Trung (10A Nguyén Viin Trdi, Can Loe.
Nghé Tinh) citng 6 loi gidi L6t

Bai 2/130. Chitng miah rdng it nh&t mgt
trong cdc phwrong trinh bae hal sau ddy cd
nghiem (thire) :

5 a:c +2bx +e=0,

5 brl 4 2er +a= e,

‘ez® 20z +b = 0.

Léri gigi, Céc biét s6 eha ba phuong trinh

lan bieet la: .

'_lzbz-ac
DAle=c" = ba,
A --uz-——-l'l5
_-Ta eh
AV AN A .

= [{a ~ b R (e = n}"],,'r'). 0

Viay it nhit mt)t_,:’_\’i == 0 = it phit mét trong ba

phuong trinh cho ed nghiém,

¢

Bai 3/130. got § 12 mng 1 cd cde woc "u
etia 55 N, Hdyg tim (8} ed cde 6 6 dang N = pur
théu man divu kign § = 8N, trong do p, g,'r ld
cde 50 nguyén 8 Ehde nha.

Lok gidic Tie 46 baita e
(p+1)g+ D0+ 214 L+ 1) = 3pgn®
hay i ; :
(L1 pt 4 1/g) =3 = 11:‘_&"‘-*‘ = 11,
Do p, g la cée ad nguy én o khic nhaa nén
{1+ r;pm + tlgr << (0 + Xt + 1/3) =2, Vay m
(1) ¢6: 3r™(r — DO -1){2@3,,: +2/r%,

-6

“va the& nae (1) ta cifng tim ngay
Viy N = 7.3.2° = 672,

{;l).

Tir ddy vai cha v r Ii 8§ nguvén 16, ta cd r=2
Khi nay .

{(p+Dlg+ D g2 e

Ll Ay B ol =5 e

- Pq

va tir do ta cd

Posprigye rla 3 sd ngu_'.ﬁn ] Iuiﬁc' nhau, ma
r=2ntn;: (g ~24p—2 >3 vi p gla cac 56
1é, Vay (p—2) g —2) ¢chi nhin che gid tri 1€ 3-
va 5. Vi vai{ré p, ¢ nhu nhau, nén khdng &anh
budng dén két qua ta gia thiét p > q.

ay Véi lp— 2ig = 2) =3 ta co fs By onieed

2‘"3-pq*2,3-2q hay §

va thé w!m- (1) ta tim ngav dege n =5 Vay
N = 5*2 =120
b) V&i fp-2}{q— 2y =5ta c6 p=7: q=3

rh.rt;n, n =5

Tém Jai; c6 hai s8 thoa min d& bai la 120
vii 672, :

Nhin xéf: C6 nhidu han giai dwoe bii nay
nhwng lai phdn tich theo chc Iruong hop chin,
1¢ clia g nén 1oi gidi con dai- Loi gidi bai nay
tét hon ch 14 efa che ban: Ta T'rung Phong (HT
8A2601, Hai-Hung), Ngayén Van Huwng (11 CT,
Phan Chau Trinh DPa Ning).

Bai 4/130 Cho (a1..a3...., aal i@ mdt hodn o
cin day (1, 2,.., n). Hdy Him 18 cd cde gid tri
co Lhé co ciia

e o
Spe E JtJf g F!.
T
Loi gidi. Truérc hét fa conhin xét

loi = ] + ta; + i) = 2max | a, i | Ta da co
; n Fie )
Sat2' Zi=Zllas—t]l +a+D] .,
i SFY g
=2 Z max |y, i
o
Vav. 5. Ia mét sé chip.
n
Sp=2 % max i i } =.aln =43 vy
i=1 '

Sp s ddn+ (- 1)+_..+(nfa+ )|
ey J}(u'i'- IJ-—- n2
néw n chan, va :
Sn 5 4 { iy {nl Col g e f[m’2]_+2]']
+aulnlt 0 - aln= 1) =(n® - 12

néu n-le.
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Trong ca hai truong hop, didu ding thirc dat
direre tai hedn vi (ne n — 1., Dy tihe Lo d6i v
hoan ¥j may thi Sa c6 gia tri lon nhdt.

) .. @) €6 86 ap=_dpi1
(1 55 p<.n— 1) vd goi Sp frong ang vai nd 1a

Ry S Sl :
S D8i cho hai s0 ap va apad cho nhau a duge

Xét mot hoan vi (at, ag...

hodn vi mdéi co Sa liwong tng la SES}* Ta co
9
et e e e
o, n
A= lagpr = pl = lopsy = (p + DL,
B=fap=(p+ - fap — pl.

Ta thiy 4 va B chi 1%!1;'_1:1 che gia tri'h, t.~1,
nhung it nhit mét trong 4, B nhan gid tri 1.

S ..‘ff}” hing 0 hodc

Vav S chi ed [ha hﬁ:lg f‘.’
hum pl:‘r'ti L hodn-vi £, 2,...on) cd Sy = 0 Ia
thire hitn cic phép dpi chd 1an luot che s6 n = 1,
"pe2... 1 cho tirng s6 ding lien-sau. Dol véi
méi s la lién hianh dén khi ching o vi lri cudi
cung. Cudi cong la ducgehoan vi (o, n— o, th
Nhur vév, S, tdng ti 0 dén gid tei lon nhit cia
no, mbi phép ddi chd thi Sp khéng d0i hode
ting 2 don vi. Vay S, nhin moi gia tri chan
trong cac s tir 0 dén a2, _

& trén ta di chirng minh S, 14 mat s6 chin
vy til ed eac gid tri cd Ih& c6 cha § li tdl ca
cac =6 chin v 0 dén nti2,

Nhéa xét: Cac ban Ngugén Vadn Hung (11 CT
Phan Chu Trinh, Da Nang); Nguyén Phireng Lan
(11H Ly Thuong Kitt, Ha Noi) oo lai giai tot

Bai /130, Pat T =y + 22 + ... +
Tn— PQT2— .0 —2]Tn—
. YTy .. T Ta-l¥n
voi 0 S e Loi =1, 2.
Chirng minh rdng, v6in 2> 3 ta co:
@a—n¥)es T <.

Ta ¢t dinh cic bién xg. &av... &n.

+ =

L -g:'&i :

riéng bién x1 = r bién thién trong doan [0, 1]

. Khi d6 T co dang T = kx + & véi cae s0 cd dinh :
k=1—12—%3— ...—an Vi b= a2z f ..+ 1y
L —X3X3 T .. T I9dn — IgT4 — LTl

RO rang, khi nay cae git tri 16n nhit va nho
nhit Gin ham tevén tinh dat duoe tai 0 hodc 1
I cde mit cia doan {o, 11. Chy ¥ lﬁnrr chd 8 ag.
T, 2 toy la cd dinh u‘t’t!'ng trirde khi cé
dinh ehimg liy cic gia tri tay ¥ thude doan fo, 1],
Do vays sau khi d&p dung tworg tr cic lap lugn
trén vao ra. T, ta c6 két qua li: cac gid trj
16n nhit vaA nho nhit eda T dat duoe khi mot
vai s8¢ trong cée s w3 bliing 1, con chc s cdn

hitps :II.IIS ites. google.com/si ta/le Mngiciemma th

lai bing 0. Goi 86 cie s6 bing {12 m,
la s6 nguyén vi 0. m < n. Khi 16, .
n

viy m

Z xi—mva x1r2to,F 21 + 2339t F - 180
Tl
={-'.’l
nén T = m = ailm - 12 = (8m = .r!') 2. Néu

coi 14 bi#n lign tuc thi dayv 14 phuong trinh
parabol ma do thi efa nd guay be ldm sudng
duriri, toa do dinh ld (3/2. 9/8) va cit trge hoanh
G 0 v ¥ BaitoAn  cta tu oom~ nguyén va
D<lmen malgi m=1. m=2 (li cic gia tr
ngnyén khong dm gin hoanhk do cia dinh nhdt),
gid tri ciw T déu bing 1, nén gid irj 1én nhél
'1";{:-: =1 dat duge faim=1" hoﬁ;, =32 Con ¥vi
n 223 ntn Toie dat d,mre tai m=an vi T'min=
t3n — a")2

Nhan xél +Cie '.;;34:';1 Tridln Nam Diing (12CT, Phan
Chu Trinh, Pa Niaog)l Ngeygén Ngee Van-Khoa
(2/25, Tran Cac Van: Pa Ning) cé 1o gilll tuong
daoi tot,

T

Bai 6/130 Gig st a > 0. {@p diy s§ (xx) (k=%
0, 1, 2, ) theo gut ludt '

k=0 L.
x ( 2

1Y Clutng minh réng tin iqi hal s6 diong vd
A, vd hdg xdc dinh hai =3 by, sno cho

Te = d,Tptl =ty H-"t

=
Hm (.rn,'n:l = A.

o

2) Chirng minh riing tan !(:t mpt 30 a‘uang B
gao cho vél moi n

11 5
E (1/ri) < B.

k=1
Loi gldt. D Ty 6 vo1 k=0. :
3 3 :
Ty = E +.J+m: +1£.; : (1)
T (1) suy ra 3
S SHE e
SR e
Viét cac bt ddng thire nay cho k tir ¢ d&n
a—1, roi eong lai thi duoe
o Ty e (2)
n L
~ Nher (2). tir 1) suy va véi k > 1
‘E <= +5+3u',4-3k1¢1(x0+3'k}2
{;$+3 1k + KD,

https://tieulun.hopto.org
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Viét ede bir ding’ thite ndy cho k tir 1 dfu
-1, roi comg lai thi dwoc

) |

3 ;

2 < x‘? +3a-1) + s (/R +(1/9) s (1,'1:2
k=1 k 1 ]

n n ;
<& tam+ T um+um T ad 6

k:l k=1
1
PR y rin E _<:t e Menod
gk lk 150 a4 {n—1)n
=1+(1-1/2) +(1/2 — 1/3) +.. +[l,"(rr-—1}—i.l'n]
=2=1/n<T2, ()

va theo bt diing thire Cosi ~ Bunhiak&pxk:

k=1 K
Nhe (4) va (6), ta (2) va (3) suy ra
3 Sl T
z2o/n+3< 2" fn <xifn +3 + Vain + 2/(9n)
Cho n = o=, ta thiy ring

lim . (& fa)=23

n—co
Viy a =3 va 41=3,
2) Pt ¥ ring ;

2 Fasi i Soh Koy T
Ta €6 v6i k=0, L..

— e

L -

vl +
by Tkl .1'|_+,

Viét cae bl ding thire nay cho k=, 1.
n— i,tbi ehng lai thi deoc

e 1
Awe = lag > E ——mi,
k=1 ,:[_Ellv
do da
n 1
E { f:': ]J'r..l.'u = 1.
- k=1 ;1-4
1

. Nhan rét. Ban I'réin Nam Ding (12 CT; Phan
Chu Trinh, Pa Ning) ed loi gidi tét nhit. Tuy
nhién trong 16i gidi pbin 1), ban khéng s dung
wée lugng (5) ma ding Lién thire cao cfp hon
(hhm In n). 2 :

8

Bai 7/180. Tim tdt cd cde hdam /(x), zde dinh
vdi mei x va thda mén didu kién

flet+p+fla-y =2f(x) Eosy vdi moi x vd y.

Léi gfdl. Cho ® va y lin lwgl cic gia tri
T=- Ry =N/ =Ty =1— N/2; xm0,
y=1t-—T, thi tir he thitc di cho suy ra
T+ 7(t~ ) = 27 (¢ ~ 72} cos (7/2) =0,
A+ f(7 1) = 2f(%/2) cos(t—t/2) = 27(7c[2) sin t,

f(t=T) (T} —1) = 2£(0) cos (t=T) = -z,r(o} eost,

Cong hai hg thire diiu va 42 § dén hé thire thir
ba, thi duge f(0= f10) cost + £(2/2) sin ¢

Tir d6 suy. ra ring dang 1dng quil cia edc
ham phii tim 13 f(2) = A cosx + B sin z,

trong d6 A, B 1a hai s8 tuy %

Nhan xét. Cic ban Ngupén Kim Heng va Trén
am Diing (16p !l va, 12 CT, Phan Chu Trinh,
Da Ning) cé loi gidi dang.

Phan Bue Chinh

Bai 8/130. Cf‘lt; n 56 thye iy g ay.
Chitng minh rdng hdm 53

[(x) =
khdng the chi nhda cde gid tri duoong.

2.+ 08

ga cOSRE + ...01 cesr

n .
Z cos k. T
k=1

Véi dign kign sin (2/2)5=0, ta co

Léi. gidi. Pit S(z) =

n
Stz = 2 9ecos kz sin (£/2)/(2 sin (2/2))
k=1

hos
= Z[sin(k +1/D x ~-sin (k- 1/2) 2}/ 2 sin (z/D)

k=1

= [sinfn + 1/2) x ~ sin (2/2)]/(2sin (2/2)).
Ta'chon Tw = 2m T f(n + 1) (m=1, 2,...,n) lhi cé
S (Im} = e b

Chay rinu. k m=m zk, voi meik, mH-I e
TFa th

n n
x !(Im-]ﬂ = Z

agcos kro,

m=1 m=f{k=1"
1 : n n

=2 Tad consmmk)ak-—- Z 8(xp) . ax
k=1 m=l k=1 :
n

= Z {—ag) = ~ b ay.
k=1 ‘ e

1
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Néu f(x) chi nhan cic gia tri duong thi

] n
Z flam)>0= - Z ag = 0.

‘M=l =1
n
Nhuag f(0) = Z g,
k=1

do d6 f(0) <Z0:mdu thudn! Vay flx) khéng the
chi nhin cic gid tri duong, :

Bal 9/130 Trong mat phéng cho bén didm A, B.
€, D) trong dd khong cé ba ditm ndo thing.hing.

Goi Ay, Ag. A3, {dn luot Id hinh chifu clig A Irén -

cdec duérng thing CD, DB, BC; By, Ba, Ba léin
lwgt 1d hinh chigu eda B trén cdc dutng thing
DC, CA, AD; C4, Cx, Ca ldn (wot ld hinh chifu cfa
C irén cdic dudng thing AB, BD, D4A- Dy, s,
D3 lan lwg! 1d hinh chifu eda D trén ede durérng
thing BA, AC, CB, :

Chitng mink rdng
A1BiC1Dr © ApBaCyDy “ A3Baf3Da
B L g:‘&:‘..DE dang ching minh dugc cic ti
gide ABGD; (i =1, 2,3) d8u ddng dang voi ti
gide ABCD béng cach sau : g
—Néu ABCD 1a tir gide 16i thi ¢hing minh
A AiBiCi = /NABC, AAiBiD; » AABD.

= N&u ABCD khéng Ia tir gige Iai, ching ban

D nim trong AABC thi chirng minh
OAdiBiD: « A\ ABD, AAiCiDy @ NAch, -
T d6 suy ra di€u phdi chirng minh.
© Nhdn' =xél: Céc Bgn Hugnh Bie zjﬁng (i1 ¢
Trung Vwong. Qui Nhon) Hugnh Hiu Phie

(114 Quang Trung, Qui Nhen), ¢é 1dj giai tat,
Nhitu ban mic sai lim. chi ching minh cfe

L gide cb cde gée biing nhau rdi két luan ching -

ddng dang (nhur vay thi moi hinh chix nhat déy
déng dang véi nhau (?). C6 ban lai ngioc lai,
chi chirng minh céc tir gific 6 cac canh ti g
rdi k&t ludn ching dong dang.

‘Bai 10/130. Gi3; piﬁrcrng trinh

- i “—'-_'“"——'—-_-
Va;*—z Y3z -2 + V.rzﬁs Vi +4=3

L&t gidl. Cdch 1(cha Nguyén Thonh Ha-12C
Ly Thudong Kiét, Ha N6id, 2

Dieu kién d® phuwopg trinh c6 nghia: x >0,
Phwong frinh d4 cho dwge bién @i nhir sau -

‘*t—jm-...__'____“
Vc' -3ViT+i=3- |[o° -2V3r +2

o Vermavir g = Vi s

36 (x" -2V D=3 +9+6 Viz ,
12 2% — 108 ~ (x = 3) - 26 VS (Vr~ Vi) =0
12 (z+3) (Ve + V3 (Vz - V)
- (Vo1 V3) (V2 +73)
—26 V3 (Vz-V3) =0
(Vz-V3) (12: Vr +12 Yoz
+35 Ve+0V3 =g
T Vz-VE=0, ta 6 =23, the i u thiv
r = 3 la nghiém cia phwong trinh.
Di2eVi+n2 Viz+3 Vz+oVi=0
Vi vé tréi > 9 V3 nén phwong trinh nay vé
nghiém. s
Cach?2 (cta Huyén Thing Trung — 11A Nguyén
Van Trdi, Can Loc, Nghé Tinh).
Trude hét ta thiy == 3 nghi¢m ciia phrong

Clrinh @8 cho. Ta ching minh nghitm dé 1a dur

ahit.
~ Néuw £>>8 ihi 22 >3 Vi,
& ¢ -
B e R
va : :
2’ -2 Ver-2= %3 Vir e Vir a5

Dl ie
"*l/:’-—z Y3z -2 >1

Vay vé triai clia phrong Irinh lén hen 3, tic
la 1én hon vE phas.

¥
= Néu = < 8 thi V12“3V§+4<2

= g :
va v::z = 2-1’3:: ~ 8 < 1, vy vE trai phueng
trinh uh6 hon vé phai.

Cic ban'khéc gidi bdng cach dit in phn eling
co6 nhitng l&i giai t61.

P, H.

Ghi chii: Vi sd bho 130 xuit ban mudm, nén
kbi chufin bj d in s6 bao 133 nay Téa soan chua
nhin dwge nhidu bai gidi efa cic ban guri dén.
De vy cé the con nhidu ban 6 167 gidi 16t che
bai todn trén nhung ghi dén Toa soan cham
nén khéng duroc neu tén,

T S.'
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CAC BE TOAN THI

Bai /133, Co n doi béng thi diu d& xép hang

mbidoi dilu mot tran voi mbi doi khae. Pait

thing dwrge 2 digm, doi hoa ducc 1 diem, dop !
thua duge 0 didm. Néu hai déi e6 cing tdng sd
digm thi dwoe ‘{fij ];fum‘ tedn dirdi theo mot tidu
chufin nao do. Badng kéi qud cho hiél: ddi ding
thu nhit dwge 8 ditm, doi dirng thie hai duege 8
ditm, doi diang thir ba dege 5 digm, cic ddi con

lai oo 88 didm kbac phau. Hoi s6 doi 42 tham

gia vi s8 diém efia mdi dai -::on lai.
Phan f)m Chinh

- Bai 2/133. Tim cie nghiém nguyén ciia phirong
trinh . :
X (-_.\c_z‘_‘.- ¥y {x '-:.'%)_ Fx v+ )= v? (x=1)=1964%0

porrEmaT vy e end

Bai 3/133. Tim -ba chit 56 cudi ciing ciia 6
. : : 2000

1985"
1984
983 X

Tran Quang Minh

Bai 4/133. Ciiv n s8 tr nhién agy a2....
mian cic tinh chit

1) f;1<:‘ 1983 vai moi i =1, .-nJ:_

2‘ BSCNN (aj,a3) =1083 vaimoi 4, f= 1.2,....0

va i==j.
Ching minh réng
Hley +1rag + o+ La, << 3/2.

Ta Vian Tu

" 'Bai 8/133. Tam thac bac hai flz) = ax® + b :

+ ¢ théa mian dite kien If LIS kbi W <1

Chitng 11111111 ring voi moi M =1
” fxu-—‘wh 1 khi [x]< M.

Phan Bire Chinh

10

https:/isites. goagle. com/site/letrunglienmath

an thoa .

=

Bai 6/133, Gia st 2 14 mot s6 da cho trude
va B {x) 14 maot quthl.rg,. Xét cae :.r.
[t =P (0] fa—pP(1)]] a® — P@iL] *— P(3)]. (*)

1} Chirng minh rdng néu e 223, thi v&i moi
da thire P(x) bic khéng qua 2, trong cae s6 &)
et it nhat mat so 2= 1.

2) Ching to riog néu 1 <"a<T3, thi ton tai
ik da thire Plx) bie Lh:ﬁnrr -:]u'l 2 suo cho tif.

ca -:dc 9(’ (*} dén nhu hom 1

Phan Bire Chinh

_Aﬁi 7/133. Cho tam gite ABC. Tim didm M

o trong iam giic sao cho MA ., BC + MO .CA

+MC . AH dat gid tri_nho nhit.

Bii Hirsg

Bai &/133. Goi An B1, (1 la cac didm tiép
xtic cha dudng tron ndi Liép tam gidec ABC voi
cic canh BC, CA, AB twong tng. D3t CB=a,
CA=b, AB =%, A 81 = c1, 8161 = a1. C141=b1.

Chirng minh rﬁng _
(afar)® + (bfb® + (c/c)? ;;.» 12,

Ddo }“;-cmng Giang

.
e

Bal 9/133, !mng tain gide ABC, cac duwdng
ph:&n gidc cha che gée A, B, € ¢it nhau tai I va
cat dwrdmg trén ngoai tiép tam gide ABC tuong
irng tai ede ditm A{, By, €y, Goi 5, §1va d twong
ung la dien tich tam giac ABC. di¢n tich tam gife

43B3C1 vi khodng cach tir T Ll tdm dodng tron
ngoai tiép tam gidc ABC, R 1a bin kinh dudmg
tron ngeai tiép tam gidc ABC. Hiy chirng minh
ring

P SufS = (A I4) . UBIB)Y . (ICy/IC) |
B d=RY g5,

Ta Van Ty

Bai 10/133. Cho hinh chép tir gide déu S.48CD.
Frén eanh SC (d6i dign voi §4) liy moi didm Cy-
. Chirng minh réing trong cac thidét dién tao thinh
do mat mat phiang di qua AGq cal hinh chip va
cat ca SH. 5D, thi thi€t dién seng sons vai BD
1a thiét ‘dien cd didn tieh nhd nhdt, Tinh dien
tich thiét dién nhd nhit d6 khi cank day cia
hinh chép béing 1, canh béu bing V'3 va

Sc1 = /3 3,

Phom Quang Glam

v - - https://tieulun.hopto.org
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Tim hiéu todn hoe hién dai

e e i

f. Trén mil phiing P v& mit dwdng tron C.
Puimg tron pdy chia mit phing thanh hai mign,
VB mit trye guan digu d6 that 14 hien nhién
Néu xem P nhie mot 1&6 gidy va diug kéo -:ti‘i
theo,dudng tron € thi ta s& deoe hai miéng ;
m@t 1a hinh teon va mot la to gidy khuyét hinh
trom. Néun thay dedmg i}pn  bing mat fhrcrn“
elip, hodic mot hinh vudng, mol {am gidc, v.v...,
thi két quii cing twong . '

Bay gi¢ ta hiiy thay € blng mot dwdng cong
kin (khéng ty cdt) bit k¥, ching han mél dudng
gip khie kin nhw trén hinh vé L

S0
SUEL

'- iy '\_‘..,l"\.'_r‘u ¥, Ib‘\', : [

T B A

s Hinh 1

A

Li¢u dwong éong nay e chia mit phing sithanh.
“hai midn hd} khéng? RO ring 12 trudng Lop
- iy i hl?‘n nhién hon nhigu so v&i cde trudong

]10[3 trén. iu\ nhién ciing co the du doan ring

edu tri 1¢d cling gidng nhw cie truwong hop tréns
“C6 nghia 14+ « Moi dudng cong kin Ekhdnq 513

cdt) trén mit phing P lutn lur’m chia m#t phing
thanh hai mién, mdt mién trong vi mot mikn

| rigodai”

“Binh I¥ piv duge Camille Jordan (1838 —1922)
phit bita lin ddn tién trong cudn © Gido trinh
gifi tich” ndi tiéng efa Ong—Ca mot thé hé chc
nhi toén hoe lém dd tim thiy & cuép séch nhirng
tar tu-c':n_lg ciia tofn hoe hién dai, vd nhitng phuong
phiap ldp lyan chinh xdc. Ching minh cla Jor-
dan vé dinh li trén ritdai dong, ric rdi va digu
déng ngac nhién hon 14 Khéng hodn lfodn irigi

Ae.

~nam v& mot phia cla tia, thi dinh do

~goi 1a dinh Joai 1.

https:/isites. goagfe.'&:am’sirefli'e !‘mngkmnma th

=

PINH LI JORDAN

VAN NHD CPONG

s

Cac nha toan hoe d& phii bé nhitu cdng
site d¢ khie phye nhitng thigu sot trong chifuig -
minh do6. Chitug minh chat ch@ déw tien cia
dinh 1 Jordan rit phie tap v& rdt kho hilgr
ngay e¢d d6i véi nhing nguoi cd trinh da lodn
hoe L6t Gin dAy, nguci la tim thiy mol »di
cdch chimg minh don giiin hon, Cai kho khiin
chit véu clia dinh 1 14 lop cie dudng conyg kin
I‘E}.:;;f hon rit nhidu so vailap cae da gide ching

hany holte so voi lop cic. dwdng cong «lrons. - =

(C6 _the hinh dung mol cach truye quan “dudng
cong kin® nhu sau: liy mdt soi didy ménh, 101
hai ddu lai thinh mot-vong diaxy vi dal nd tay
tien lén mit phiing sao cho nd khidng tw
Mot cich chinh xéc, dwéng cong kin duge dinh
nghia nhw 14 dnh ciia dudng Wwon qua ml phép
bién dGi lien tue hai-chitul e

2. Duéi dhy sé trinh by chirng minh dinh 1i
Jordan cho triréng hep da gige (ta ludn ludn hiku
la da gige don, tire [d khong tuy ciil, nheng Lhong
nhit thiét la 16i) Teytredng hop nay chiwa (Ong
quaf nheng vin th rémg glp trong nhitu biiloan
quan irong cu the, changla sé ching minh ring:

e |
Uil he

Néu S 1a mot da gifc ndm trong neit phing
P thi tap hop PNS duge chia lim hai tap con
A va B véi eche linh chit san diy:

i) Hai 4im thujc cing lﬁp hop A (hoke cling
1:‘>|p hop B) ¢6 the néi véi nhan bang mit tf qing
gip khic klitng cat S.

2) Bit ky dwong gﬁ_p kiyfic nao nii mnt diem
thude tap f\ Vi ruét ditm. {hut’m tap B déueit S. ¢

Chirng minh ;
P ot tia pao do khéng song song
mofTcanh ndo efa da gide 8.

Vi mbi ditin pE PN.S ta hay vé mbt tia co
gbe p v song song véi tia o cl_uh da chon, 6
dém sé giao didm cda tia viea deng voi 8. Néw
sd giao didm da 1A chin (boac 18) thi ta®ndi viing
digm p e6 chi sd ehiin (hodc co chi 58 18), -

Ta hiiy eS-dinh trong mit phing
vl bt ke

Ta edn quy udc llrem um;, truong hop lia
vira:ding di qua rr'f.ﬂ. diém ciia da gide S.Khido:
a) Néu hai canh cira S xufl phat o dinh dé
khéng
tinh 12 mét gigo ditm. Nhing dink nhe vay

https://tieuIun.llu;pto.org =
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Hinh 2.

b) Néu hai canh.cda § xuat phat tir dinh dé
ndm vé hai phia ciia tia, thi dinh d6 dwoe fink
nhir 18 mét giao didm, Nhitng dinh niy duoe
goi 1a dinh logi 2. (Xem hinh 2). %

Ta chimg minh m6t s6 tinh chit don gidn cin
“chi s6 2, ' i

1) Néu doan. thing AB khéng cit S thi hai
ditmm 4 va B co eung chi s6 (tire 1a cing chén
hodle cing 1é). Thiat viy, nfu ta xét mal diem M
thay dbi td 4 dén B véi cde tia goc M twong
tng, thi s6 giao didm eda tia 46 vei 8 ch thay
d8i kbi tia d6 di qua mol Hinh cda §. Nhung
theo qui wée a) va b) thi khi dé hote 14 8
giao di¢m khong thay dbi {trrong hop a) hoic
56 giao ditm dege +2 (truong hop b). Nhu vay
chi sd ciia M trén-doan AB khong thay dbi.

2) Néu A va B la hai didm c6 the néi véi
nhau boi mot dwong gip khie khdng cit § thi
4 vid B co cang ohi sa. . '

nay li h¢ qua trre tiép ca tinh

Tinh ghat
chit 1).

3) Néu doan thing 4B chi cit S tai mot didm
‘khéng phii dinh logi 1 thi chi 6 ecta 4 va B

phii khic nhau.
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Thit vay, gid sit AB cét.mot canh ndo da cha
S tai O vi khong ciit canh nio Lhie

Néu AB song song véi tia da chon.thi ré ring
8¢ giao diBm dnp véi tia g0c 4 va tia gdc B
hon kém nhau mot don vi. Vay. chi sd 4 vi B
kbée nhaa. !

Néu AR khéng song song véi tia da chon tht
ta biy ldy trén doan AC mét ditm A’ va {rén
dogn OB didm B'. D& dang thiy ring néu ta
chon A’ va B' kha gdn O thi chi s6" cfia chung
khic nhau (ben dge hiy chirng minh disu da).
Nhung vi chi s6 clia A vd A" cia B va B dbu
gibng nhan (iinh chit 1) nén suy ra chi s6 cia

A vd B khac nhau (xem hinh 3).

BAy gié ta hay chia tap hop P\ S thanh hai
tap con nhir sau:'t4p A gom nhing ditm ¢s chi
56 ehin vi tip B gom nhiing didm co chi so 12,
~ Trede hét ta thiy viing néu A va B 13 haj
digm sao0 cho ACA vi BCB thi moi dudng
4ip khic ndi 4 vi B_déeu cdt S vi néu c6 mét
dudmg gdp khic nhu thé khong cdt $ thi theo
tinh chdt 2) 4 vA B phdi 6 cing chi s8, tie
la ciung thupe A, hole cung thuac B,

Bay gio gia s C va D Ia hai didm cung thude
tip hop A (trwéng hop cing thuge B lap luén
hoan todn twong tuw). Ta phai ching minb ring
c0 mot dudng gip khie néi € va D ma khéng

it 5.

Néu doan thing €D khong cdt § thi khéng
con gi phdi chirng minh nita. Ta hay xét trirémg
hop doan €D cdl 5. va goi € la giao didm glin
C nhét, I’ 14 giao dibm ghn D nhit (ma ¢ va

D’ khong phii la dinh loai 1) (xem hinh 4).

. | |

Highk &

€. Tk C1 ta xdy dyng mél dudng gip khue

«song songs véi mot trong bai phiin clia § néj
¢’ va D (dwong n¥t dit trén hinh v&) va goi
Dy 1a giao diém ciia ‘dosh €D voi dudng gip
khic vira dyng. Bidm Dy sz pém tren doan €D
hay doan D'D? ;

Ta thdy rving C, Cy, D1, D déu cung thuge tap
A (vi chi s6 cfia chung gifmg nhan). Né&u oy

https://tieulun.hopto.org
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nim trén doan CD' tie la doan thing D) cht
S tal D’ thi theo tinh chit 3) chi s6 céa Dy vi

b phai khie nhav. BSi vy Dy phidi ndm trén-

dean thiing I1D. ;

T d6 suy ra rdng 1a ¢6 the'néi € vaéi D hii
mol dudng gip khic khing cét s; dirdng gip
khic d6 gom doan CCy, roi tiép dén dwong gip
khtc da deng n6i C; véi By va cudi eiing 13
doan thing DiD.

Vay dinh 1i Jordan cho da giae di duge chwng
minh. : ;

Tap hop A gdm nh@rng Qidm 6 chl ‘sé chin
$€ 1A ®miga ngodi» elia da gide S. That vhy

3

nfu ta iy mot Qidm khé xa {heo hudng ofa tia
dd@ chgn thi dé thdy ripg né co ehi 56 chén (6
giso ditm Ding @) boi viy no thuse A, Tap
hop B gom nhirng didm co chi 56 1& 14 « mign
trong » cia da gife, . :

Ditu cho mot da giac phic tap va rie r6i nha
thé nao (kjéu nbu hinh v& 1) bao gid ta céng
¢6 the xdc dinh d& dang mot didm ndo do 13 nim
trong hofie nim ngodi da gide. Chi clin v& qua
didgm dé mot tia vA dém sd giao didm. Néu so
giao didm la cbin thi didm 36 nfim ngoki da
gidc, néu 86 giao ditm la 1 thi didm 40 nim
trong do aife. x

o

Tim hiéu séu toan pho thang

MOT PHUONG PHAP TIM GIA TRI
LON NHAT VA GIA TRI NHO NHAT

RONG 86 bio 113, chiing ta dd ban vé mot 56
phuong phap tim gid ri 16n nhfit va nhé
nhit clia ham s6. O bai nav, 46i mubn trao
dBi thém v& phwong phap dira vio mien gih tri
clia him sé. :
“Trirde hél ta- nhic lai khai ni¢m midn gia trj
ciia him s6 1a gi? Cho ham s6 g = f(x), mitn
- gid tri cta ham s0 13 tht cd che gib trj clia g sao
cho t0n tei = mi y = f(a) Néu hadm 5 cho hai
cong thirc gidi tich thi ta €6 thd coi déng thire
y = f(z) 1 phirong trink d6i v&i fin «, con tham
80 14 y. Viy trong trwéng hop nay d& tim mien
gia tri cia y, ta lam bai toén: *Tim che gih
trj clia tham s6 g sao cho phurong trinh y=f{z)
déi voi dn x, c6 nghiém ».

Thide 1. Tim gia trj 16n nh&t va whd nhét
clia ham s6 :

1+1 :
;1"+:r+i_

Gidi: Ta tim miegn gid trj bing eich tim gis
tri ciia y d® phwong Arinh

x 41
2
R i |

yi

y = 6 nghi¢m d6i voi dn .

LE THENG NHAT

Do 2% + z + 15=@ nén phueng trish irén
trong duong :
g tlg=Da+g—1=0 A1)
Khi g =01t cb phuong trinh: — & -1 =9,
phirong trinh 6 nghitm x = -1, Viay y =0 la
mat trong che gid trji cin tim, (O bai bio 6 119
bis s6t trudng hop nay & vi dy 4),
Khi y==01a c6 (1) 11 phrong irinh bie 2,
mudn ed nghigm thi :
A== ~4y(g-1 0
S y-Dy-1-4g) >0
> (g—1)(—1 ~3y) > ob
=Wl g ity=n0
Kéthoped gy =0 va y == 0 i xét1a o6 ddp 6

e -3 g1

Vay gia tri lén nhit cia
cha y la=1/3.

v 1a 1 vi nhd nhdt

G thi dy 1. la méi dma v bi¢n lugn phwong
trich don gidn. Ta xét thi du phire tap hon :

13
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Thi f.!u 2. Tim gid tri lom l.rhait vi nhé nhdt
cha him s6:

i ‘llll! = 21::’3[‘1'-2

gl o) +1

=i 2

f"lm- Ta hay tim v d8 phwong trinh @
ﬂf £ 2['!2H'2

|-!’J =9 || +1 +9

¢O nghidgm. DIt X = .a. rl ta thay do. l.r:] == 0 nﬁn :

Ly h-

PN

||1 khi phrong u inh :

4_)""

R ——

Xf-2X +2

o + 4X

y =

eo it nhit mot nphitm thoa min X > 1.

Do X*~-2X +9 <0 nen phuang Irmh tuwong
“duong vii

{y 1;*{2—-2ryT2}‘r—-nu—n - (2
Vi g=—1ta co: —3X—2==10, khidng thoa
min X 2> 1. Vay y= *—1 khong ndim trong nhirng
gid tri ciin tim. VoigS ~1ta e6 (2) 13 phlrt‘mg1

= Phuong~trinh trén c6 nghiém khi

Nhin viio biapg ta thiy voi —1% 5 < 1475
thi phuong trinh (2} ¢6 nghidm théa min X2>1.

Tir d6, ta két Inin Ymax = 1 + V5 cOn Ymin 1i
_khong ton tai

Nhw viy phuong phap nay con chirng t6 duge
st ton tai hay khf}ng clia c.’u, gia tri lén nhét
va nhd nhdt.

Bay gio ta chuyvén sang léun vi&ri nhirng hﬁm
50 khong chi ‘la 1 ddi s8. Chiing han ta xél lai
vi du 12 cha“bai di noi «Cho »° + 2 =1. Tim
gia tr;t lgn nhil, nhd nhit cla § = ¢ + iy
Day 14 ngi dung ciia bai thi khéi A, vio cic
tredrng Dai hoc ndim 1970, C6 rdt nhitu léi giai
cho bai nay. nay xin trinhebay 1 loi gidi chua
trng giéi thign,

Ta coi S 12 tham s6, ta co he

z - sﬂ:l:-l-J

Ty = ‘3 ®
Mi®n gia trj cia § chinh la ‘nhitng gid iri cia §
fam cho he !rél} ¢6 nghiém, Ta eo x

(ud—ﬂ — 2ty =22+t =1
ry = {52 =Y

Vv~
nghi¢m cia phwong trinh {do

Do dé =, v 1i

_dinh 1§ Vi-ét).

trinh bic (2): cin  phii bién Iulin va so b-ﬁ.n:i PR e (8% — 1)j2=q, .(41
nghidm. ela (20 voisd 1. Ta oo He (3) ¢6 nghiém ¢ (4) c6 nghidm, hay
Sho= y’ g i B = gt _ "(,51 1) =0
aftl) = (g + 1) (y=3), =2 — s> pe2> 52
t~5f2= = 1/iy + 1), Sl g Cva
Ta eb }leﬂg sau : V:l.\' Smnx e 1'!5-: Smin = — .V’.'-_’ .
g A af () I 1=gp2 Nghitmn ciia (2)
= £ SR S vé nghidm
= A5 ey + f=ap=—(t+V5) >
i - =t 3 visliem T
i - i
— 1 | N et e e ==
. T = i 1< 1L
3 P e et i e e rp== 1 < 25 = 5/2
et i } + = oy <
L+ V5 |— |t s == V511 .
i3 + = viy nghidm
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Ta co the gisi v du 1 clin bad vid <8 113 hang
€ich nay, Bay gio fa xél vi du phite tap hon;

Thi du 3. Biéi: .ainza: + osin gy = 1/2 Tim wgia
ri I&'n nhat va nhé nhit eiia "

8= tgzr + tgz

=

sin”.r + sin’p = 1f2

- 45)

(-]
~a

Gidi: Ta tim § > 0 a2

tgx +ig’y =5

cO nghiém. : 5

. ® 2
costw + cos’y == 3/2
He (5) trong dirong vii
=) e ; iy ; 1eos*s+1/costy=8+2

i
Tw do suy ra:

-

f ; ¢ J
(ens?e + cuszy);‘(c:ﬂszx-c:ong;} =842
hey costz :-osrag B

ST 9)

“ e e e Ll
Vay ‘cos"x, cos"y 14 nghiém ciia phuang trinh

3
(X +———
o AS R
bo 0 = cns*:rs.:; 1; <X cos?y< 1, nén
{3) 6 nghidm thi (6) phii 6 14t ci che nghi¢m
thoa min 00X < 1. Ta oo h¢- dign kién

(8)

—

o

a A=9 - 'EL,-:'{.‘,-‘ 8y 3 0
ef(0) = 3/(5 + 2) > ¢ :
£ T (R VISR
af(l) = 3S+2)-1 >0

{ = b= 1=T0
. (08 —B6M(S+2) >0
=45 -0
(=St DIS+2) >0 .
{:S > 3/3
18 —2 s
ﬁ' ST —D
N\ -2 551

VA Swmax = 1 Swin = 2.-"3_.

Cudi eing che ban hiy tw lam cde bai tip

Bal 1: Tim git tr 16n nhdt va nhd nhé
& ¢
0) Sin 2 + Zeosxz o+
y e e .
sin®r - 2cosr 4+ 2
' | =gl
5 .=

—"“-A_l
ot + 1
Bdi 2 : Biét: cosxr + cosy =.1. Tim gid tr] lon
nhiit, nho nhat ;

8 = goslx/2) 4

/ cos(y/2}

200 nim

-

ngdy mat

LEONA OLE

o

(1707 —1783)

C sich da ghi lai ngay lﬁllha'mg 9 nim 1783,
ngay thién tai toin hge Lééna Ole nging
lam toin vi. cing 1a ngiyv ong tir trin.

Nhuwng tén tudi v sy nghiep eiia Ole vin edn

sOng mil voi khodng 50 cdng thire, phuwong trinh,

‘dinh 1y, con sd va nhirng ky hiéu toan hoe dugc

mang 1én dng,

Lééna sinh ngay 15 thing 4 nam 1707 tai Ben-
den. Thuy si. Nghe nghicp elia ngudi cha va céc
bai giing ciia Giohan Becnuli da din Ole dén

voi tofn hoe. Niim 20 1udi (1727), Lédna Ole

dén lm viée & Vien Han 1Am khoa hoe Pétechua,
vira m¢i thanh lap va 13 noi thu hat cic tai

a

&
ning tré cia trung viytdy Au dén 1am vice. Tam
nam sau (1735), khi Vién Hin 1am Pétechua phai
tién hdnh nhitng tinh todn thién viin @ thiat
lap bin dd, Ole d3 dim nhan v6i thoi han 3
ngdv mot khoi legng edng viee mi cde’ vien si
cho rdang phiti ciin miv ithing nrél Tam dirge, vi
Gng di hodn thinh chng vike vai thoi han lam
moi ngwoi kinh ngac: mot ngiy mot dém ! Tuy
vy, d& o6 dwge mot k¥ ‘cong nhir thé, dng da
phii lim viée hét sire tap trung va cwe Ky cing
thing. cho nén Ong by hdong mit mat phiti. Vi
mot mit con lai, Ol vin lam vife say sua vl
niing sudt khong he giam sot. :

15

https://tieuIun.hopto_.org



hiftps: r!WW‘bi face boak-. comiletrunglaermmath

* Niim 1741 6ng tré vE lam  viée & Yidp Han
lam khea hoc Beglin (Btec) thee yeu ¢lu cia
vua Friedrich d& nhij. O déy 6ng d8 cdng hién
toin hye cho khoa hoe, nghy dém migt mai
nghidn ciru vi sing 1ag, tham gia cOng the linh
dao gi¢i 1o4n hge, dong gop tropg cong tac to
chite va ci trong nhirng cong viée gquan ly, hanh
‘chinh.

& Beclin Ole viin duy tri quan hé chil ché
vai Yién Hao 1Am Pétecbua. Chinh M. V. Lémnd
néxop, nha bac hoe Nga tré tudi vd 1ai néng,
« ngudi cha clia nén khon hoc Nga? da duge
Ole thi tit trao doi, diu dit va duogc tiép nhin
téi Beelin,

Trong thoi gian ndy Ole lam vige rdt cé két
gua vi da trd thinh ohi toin hoe bac thly cia
- chau Au.

Nim 1766 Lééna Ole dén Pétecbua lin (hir

hai theo mot thoa thugn véi Nit hodng Nga Raté

rina dé nhi. Bon nam sau (1770), do ngdy dém
lam to4n quén minh, con mit con lai cla Ole
bi héng néL i

Tiép theo d6 mot loat bit hanh di xdy dén
véi Ule: nha chay, mit sach ciia chi, ngudi vo
than yéu clia Ong qua doi! Song nhing tn thét
vit chit va tinh thin d6 cing v6i sy gidm sat
sitc khoe efia tudi gia vin khong dnh huong téi
stte shng tao va nidng suilt lao d6ng clia Ole.
Ong @oc cho ngudi khée viét hét cong trinh ndy
dén cong trinh khic. Tu ndm 1768 cho dén lic
qua d&i dng da d@ lai 416 cong trinh, Lire trung
binh 25 cong trinh mb&i ndm (trude d6 tir 7 dén
4 edng trinh mdi nim). Khi dong mit, sd cbng
trinh chira cong bé ciia ong d@ lai di duge ding
trén tap chi cia Vién Hin ldm dén 80 ndm sau
méi hét, gip 4 Wn con s6 mi chi tich Vién Han
lam Petecbua di co lin yéu clu Ong trude lic
Ong qua doi. : ]

. Nhitng ¢ting trinh cia Ole d2 cip dén hiu hél
che linh vee cia toan hoe théi biy gio vi dén

hitps:isites. google. comisiteletrunglaenmath :

nhiku nginh kbea boc vd k¥ thudt khéc. Thee

nhi nghign ciu lich si tén tudi Lign x6 A.P.
Yoskévich, 40% nghién cfru cia Ole dioh cho
d2b 56, Iy thuyét s6 va gili tich, 18% cho hinh
hoe, 28% cho co hoe va vil 1y, 11% cho thién
van. Phlin con lai danh cho ly thuyét dudng dan,
bin db, tau thuyén va xdy dwng. 1¥ lhuyét am
nhae. thiin hoe vit triét hoe. Nam 1911, & qué
hwrong éng, toan by nhitng céng trinh cla Ong
duge in thanh by sich véi tén d@ ¢« Leonhardi
Euleri Opera Omnia» gbm 85 quytn ¢& lén véi
glin 40.000 trang. Sy xudl bdn nay la mdt dai ky
niém vin hda-xing d4dng véi cong lao to lon
etia thién tdi todn hoe Ole. :

= i:ﬁ_lrcng trinh ph® thong. ching ta di bift
dén tén tudi Ole qua ¢ duong thing Ole, dudng
tron Ole » (dirdng trén 9 didm) trong tam giae,

* ginh Ole & litn h¢ gita 36 dinh, canh va mil

trong mdt da dién 1di. v.v... Chiing fa da vi dang
1am 1o4n v&i nhitng k¥ higu cia Ole:sé . s8 i
(= V =1), sin, cos, tg, cotg,Ax (38 gia), Z (tdng),
£{x) ham f ciia x), v.v.. : i

Nhitng thinh tuu siu sfic, phong phi va mudn
vé cfia Léona Ole 14 nhiing minh hoa tuyet vai

cho nhin dinh: “Todn hoe thi cho ta nhitng-

phueng phip hoiic nhitng con dudng din toi
chan 1y. Toan hoc lam cho ohitng chin 1y &n
khudt nhit tré thénh minh bach v& phoi bay
chiing ra truée 4nh sing, MOt mit todn hoc lam
gidu sy hidu Dbift cla ching ta, mil khic
n6 lam cho suy nghi ciia ching ta them sdu sic.

Cu6c doi eia Léona Ole 1a mét (dm guong
sing choi v@ tinh thin lao déng sing tao khong

'hi¢ét mbi. P8i vai Ole, 1Am toan ciing ty nhidn

v cln thiét cho doi song nhw li thé hat khi
troi vay, Séng 12 lao dng sing tac, séng la
Jam toam, va ong chi ngwng lam lodn khi tréi
tim ngirng dip.

NGO paAT TU

29-2-1984, 0 0: 10-3-1984.-

THONG BAO THEM VE CUGC THI GiAl TOAN

Nhit da thong béo, chc d& thi clia cuge thi gidi todn ky niém’ 20 nim ngiy béo '
THyTT ra s6 diiu? duge ding trong muc «dé ra ky nay» cia ba s6 bho 4 5,6 — [983.
D6i tugng dy thi 12 tit cd cde ban yéu lodn dung hoc & che {rudng Ph?: théng.
Nguwai dujthi khong nhit thiét phéi gidi duge nhidu bai toin thi. Loi giai moi bii toén
phii vi€t ritngiva co dé tén va dia chi 4t tién cho vige chitm. .
Nguéi di thi e6 the giri diin tic bai vE tda soan bio theo dia chi trén bio. Théi
hgn cham nhit {theo ddu cia bwu dién noi gki) la. d¢ dding trén s6 4:10-1-1984, 56 5:

“In 9300c tai Xignghidp In 75, 77 Hang Bb — Ha Noi.
S& in 188/83. In xong va giti heu chidutlhiog 12/1983

Chi 63 12884 Gid : 1,004
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