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Chit nhiém: NGUYEN CANB TOAN : Thu iy tés sugn . HOANG CHUNG
Tru s&: 70 Tran Hung Bao — Hi Noi ay ubi: 52825

VE MOT BAT BANG THUC CUA SO NGUYEN 16

NGO BUY NINH

Céc ben thin mén! - chirng minh hét sire don gidn, déc dio, khong
MOl hém nhim doe bai bao M4t tinh chat nhi¥ng khong ding 4én comg ¢u eda toam hoe
cis 88 30 trong s6 bao 61 (s6 748 ndm 1971), 0 ckp ma Trébwsep 42 ding., ma thgm chi
t0i méi ndy sinh ¥ @jnh viét bai niy dé trap khong ding d&n kign thire toan hoe néo virgt
d5i v&i che ban modt bt dfing thire v& cac 8§ Ta Ngodi kidn thirc s hoe & 16p 5! T4t nhién,
nguyén 18. - chirng minh rt don gidn ndy ciing phii mst
Trong 80 b&o dd nlu cb6 A3 ra bai tosn: YA ba trang gidy. Cae ban yéu 88 hoc hay thic
«Tim tdt c¢d céc s6 ty nhién n, seo cho tit eh luyén minh qua viee tim !1:.9? cich chirng minh
cdc 30 nguyén t3 véi onova kh&ng qua n déu la ngin gon cla bat dhng thire (1)1
38 nguyén t8» BAi toan nAy dua dén chirng Sau mOt thoi gian suy nghi, tim tdi, ed nhirng
;-mﬁnh bat ding thie: Tie tedng nhir tuyer vong, nhing codi clibg
R Ty MR S g = 5 (1) t6i di tm ra mét chch chibng minb bi: ddng
B - thire (1), tuy khéng don gidn 1&m. niurng edng
X khong vigt ra ngoai kifn thie cha trudng phéi
thong. Phin con lai clia bai nay trigh biy cach
chitng minh dé. 2 1

Truée hét, tz cin ‘m{!»t b3 A5 quen thube mi
eé 1€ phin eh¥ng minh ban d&y bigt:

i
h-:

Alrong dé pi 14 s6 nguyvén 18 tht i e

Tuy nhiéo, bét ding thie nay suy ra d8
dang tir bit ding thie Trébusep :

_ pn < 2pa_y (@
Nhung d& chirng minh (2) phii ditng d&n kién
.tl_u'rc cao cdp trcng do ed chudi va tieh phin xie e & :
dinh). P¥ gidi bai 104n A4t re, ta chi olin chitn i 2 ; -
m:inh bl gﬁmg thire .”}‘ I(Iuﬁﬁi ciing bki béo cg Phde Ne nI _P! -_P2 Pk bl s

viét ; NS Pr+t va pidd 38 pguyen 6 thir § (b 1a et ;
“Nam 1907, dudi sy heéng din etia nba toin - i S :

hoe Bire Monc-Ben, mt hoe sinh dai hoc 14 Bong- gp=t X Jn’fp.}i.

do a3 tim ra echio bit ddng thirc (1) mot cach =1
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Chi ¥ riing |2} < x, nén ta suy ra
s 4 (=1 -
ai= Z [nfpl] <
G s
= j=1
Vi vay, tit b @2 ta suy ra duge
diing thire

1 . 1/(pi—1 )\\'n
RIS (\121 P; )

Ngoai ra ta lai co bit déng thite sau day:

n::}(_fi—l-! )“
e

Trong dé: lim (1 + 1/ =2718281...= & la sb |

1 o2

sifu viét.

Ta ding phép quy nap theo n 8 chirng minh

(4). Trude hé&t chu y rdng:
Tt
(1+— : -)' 1::»(1+1.Fn3“.

n-+1

That vay, 4p dung bt ding thire Cosi cho
n- lle»'Ca dirong, gém n 88 (1 + 1/n) va mdt s6 t,

ta cbd E
) e
(_"_-Zt%—-—) =~ (1 +1/n)
n—+1 '
hay - :
1 i n
(1 o —'—"'—) > (14 1fn) (dpem).
n+ 1

Vay, ta suy ra duge:

e=1lim (1 + OE S (1 +1n)": n=1, 2,..

k—*==
Trér lai ching mink (1).
Ro rang (4) ding voi n=1.

L E
Gid st cO:nl >
e

thi:

S a+1 3"
(e Y e ——— {n -+ 1).
é F,

Ta c¢hi cin ching minh:

T n+2 n+1
Rt =
[ e

1 nl
hay g (1 =+ ) :
n+1

Nhuwng ditu nay dung. nhw dd chitng minh
& trém, viy (4) cing &ing voi n+1, do d6 (4)

dang voi moi s6 te nhién n.
T (3) va (4) ta suy ra duge:
k

'3—1*1 pil"(pj_]) = (n+ e voi px < n < pptt
T
2

z (n-"p‘i'} = aflpi=1:
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Ly n = pg+y —1 thi ta dwoe bilt déng thire-

k
s 1/ (pi—
Bl JE,L piﬂr Pi 1)

()

Ta nhan thiy, tir (5) suy ra dwoc (1) néu
chitng minh dwge: '

Kk e k
2 pz_’r(p: ”"i.EiPi k> 5).

i=1 "1 =
Nhung digu nay dfiag, boi vi:
p?"[pi—l) < mli > 2 va
5 2ftpi-1) 5
o2 j:ré:l pi = i:‘.:t;ipi.
Tir (5) ta ciing c¢6 th® rit ra mot hé qué khée:
- 2lfn-l“-ﬂ.'rf!. @)

That vay, rd rang (6) dang v&i n < 4, xé
khi n >> 4. Khi dé6 chi ¥ réng vi:
A+ <e<8<n+1 (n22),

nén suy ra:

- ER n
s> Va=Ve>,..>Vrtl >
do d6:

ipa—1) _ 5= 1/{ps=1)
P_l P4 ) ot -\f? = p:) {pa } =
1/(pa-1 — 1)
ek X :
Viy, (5) suy ra:
n—1 e
pn < 5 7 PIJ'I{PL ])

=1 1

< a3 YA <t

< ™t = o™ (qoem),
C6 12 ban s rit khé khiin méi ehieng wninh
duge
k - n .
nl = = p:'”pl—H)) voi prty = 1t 2 Pk
i=1
Mat khae, theo bit ding thire Cosi ta co:

'f(1+2+...+n)n _(n+1)“
ni~= T L =
n 2

T hai bt dfng thie nady ta suy ra;

: ke

+1 -

n g P}HPH_I}-
B n g

we

Liy n= pxsi-1 thi dwge:
Ll
1/ (pi+1
e e ;

i=1
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Nhu vay, ta dd tim ra mol Lt ding (hie kep
cho mdt s6 nguyén td bit ky:

1/{pi ﬂl,

e T pt

iz=1

f’i-{-i

X
i 1{pjs1)
=g AP (
& | -
i=1

=]
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Cée ban than mén! BEt didng thie (7) nay
kho co th suy ra tir bfit dfing thire (2) clia Trébu-
sep (vide lam ndy d6i véi téi thi ddnh chin
bé tay). Meng ehc ban hdy suy wghi, dao
siu thém cho bdt ding thie (7), dbng théi tim
loan

ra nhirng tog deng hay cha né trong

hoe.

VE MOT

RONG dgai sd, shing Ia bidu

thie nguydn:

Flm Kyes 1%+ 98 + 3% 4+ ¥ (1)
vl n vd k'li nhitng sd lLir nhién. Cic hidu
thire dang (1) nhidu khi lam cho 10} gidi cia
mot s8 bai toan iré nén cdng kénh va néu thee
hién cic phép toan vé&i n kha 1én thi mét nhidu
thai gian, da ed lam trén méy Llinh dign ti di
nire. Bai vay, vgwdi ta 43 lim edce hitu thic
gidi tich kbae twong dwong. thay thé eho
dang (1). Chiing han, ching ta d3 quen biél cac

thwdng gip

hidu thire véi k=1, 2, 3, 4 nhu san:
Fin, 1) = alnt1) {
2
+ 1)@+ 1
Fin, 2) = Slnt DG+ 1)
: 6
2
¥ wln+ 12 )
B{pn 3= - =5
4
: . nln 4+ 120 + 1) [3aln+1) = 1]
Fin, 1= =
30
Tuy vay, viée tim kifm efc bitu thire

dang (2) khéng don gidn. Thong thuong, ching

dugc tim thidy trong modt sd bai tedin riéng
hiét, khdng eb qijan hé true tiép v&i nhau. Con
cédc biku thire dang (2) v4i k>4 thl vin chua

duwge d& cip rdng rdi lrong céde sich toin.
Dudi ddv, ching te 38 xét mdt cbdng thire
tdng quat ma tir d6 cho phép tim ra tdt ci ede
bi%u thie dang (2) v4i k 13 s tw nhién tay y.
Trudce hét, la quy ude 0° =1 vi ching minh
dédng thire sau ding voi moi s6 tr nhién n, k:
1" dy i £ n

hgrthe Yy ¢l o0
x E+1,
i=1 =0
Thiit vay, tir ding thic hign ahidn:
% Ii4-
T = e ba it (4)

=0

k411 (3)

CONG THUC TONG QUAT

NGUYEN HOANG

ap dung cong thiae nhi thie Niu-ten dfi vol

i I)I‘H‘i. la c6:
n e : :
+ 3 o L
R S [ 5 CL”}.M: 1__jk+}](m
_!_—...ﬂ =0 ‘
May la: -
) B ¢ S
G Uk o T 5 5 {11 j'l-.+] i (3
: k G s
j=0%i=

U v& phii cta (8), chu}‘én dfiu xich-ma
ngoai vao trong s& thu dwge ding thite (3).

Bay gio, ching ta sé dan {oi cﬂ-ng thite tlng
quil mong mudn.

Ehai tridn v& phdi cia (3), ta c6:

o
fete i ok o
(n+ D" "= X
=0
kEl 1
y e i |
+.5 g Zj (N
=2 Kl
Chd y ring, C:H__ (== ka1 va 0% = 0, nén (7 ed
the viél lai:

n o k41 i n Ty
ki) D et i o S A
j=1 P je=0J

Hay 1a
n
E_,IK"‘F{'I =
i=1
i g n
1 g LT Sk
e (nv+-l}k+f- Z.(k” z ;‘I‘+I 'g[S)
kAt i=2 i=0

Pay chinh 14 cbang thie 1dng quat efin lim.
Céc ban cd the kifm chitng cie bifu thte dang(2)
viri k>4 duge ldp ra bdi cOog thie (8):

]

b
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Tuy nhién, dde gid cin lwu ¥ thém, viée tim

Fin, 51 = %
: 12 ra che bitu thite dang (2) nhé ebng thue (8) 8¢
3?[::"‘[}&2.*:*‘1]1%.1 Ln—!—l) '—.‘infn+”+1| khong don gidn trong thue hanh khi k kha lén.
Al s 42 _ Vi vhy, c6 the ding céc cong thie thng guat
3 oGt 1'}21'&!2{“ <t 1}2—4;!(:1 +1y+12] duoi diy 48 xie lap dang dén cée bifu thire

R P e e 9, davg (2) mét cich nhanh chong hon:

ViV NEu ky higu®
: m_;ni-'l{n-l-l)t‘ —rrl__nn Gl TR | L .+["'I}l+1ﬂg
fin, 1} = e (49)
c ]

trong @6 aj (j=0, 1,...1} la cic s6 nguyén 4 1&i
gidn, thi v&i k chiin hofic 1é s& c& che edng thire
thng quat tuong rng nhuw sau:
F(n, 20} = pln 4 1)(2n + llffn n =2 (10a)
Fin, 21 + 1,3_,.2(;1 + D¥tn, 0 (k=2+1) (10}
Khi etin tim bidu thic dang (2) cho Fln, k)
bgt k¥, ta chi viée thiét lap ! phuong trinh
bdc nhit voi t+ 1 dn 88 14 a4, a1, a1 T hé

phwrong trinh nay, ta dé dang tim dwge | bitu
thite bi€u dién { &n 36 qua mét in s6 e¢dn lai.
Chi vige ‘chon gia tri nguyén nhd nhét cho dn
s0 d6 sao cho 141 ¢d céc &in s6 duge biku dién
qua-nd déu nguvén la thu dwge fin, I} cu thi.
Cudi cing la vide ghép f(n, I} vao (10a) hofic
(10b) tuy theo k =2f hay k =2/ + 1. Doe gia cé
thé ki¢m tralgi phuong phap nay moteach dédang.

Bai 1,122. Hoe sinh A rét gidi todn. Cé lin
thay gido d8 A dodn hat 38 nguyén duwong, mi
thay da viéf bo lrong phong bi ddn kin, nhung
chi cho A bi#l tdng binh phueng hat & dy. 4
trd l&i: « Em chiu, khéng dodn dupec?. Thdy
gido cho hi#t thém . Hai s8 @y ¢6 thng (én hon
12> Khi do A néi: € Em dodn ra rdi® vd A dua
ra két qud ding!

Ban hiy tim hai s6 md thdy gido d6 A. cin
gldi thich ehat ché l4p tugn cia ban.

Léi gidi. Goi hai s8 phdi tim 14 xr vi v, Lie
diiu thay gifo cho 4 biét tdng S=ux +42. Co
nhirng s6 S phan tich dwoce theo cdch duy nhét
thanh téng binh phm:rng cha hai 56 tl,: nhién,
chfing han 5'=10(=12+3%), §'=25(=3"+4%),v.v
Nén thay gido cho 4 mdit sé §' nhu vay, hin .4.
s& tim ra- k€t qué. Vi vdy, s § 48 cho phén
tich @wrge it nhit theo hai cich thanh tSng binh
phuong cla hai s6 tu nhién.

Nhung khi thay gido cho biét « 4+ y > 12 thi
A lim ra két qua. Pigu d6 ¢6 nghia réing lrong
chc cich phén tich s8 § thanh tbog binh phwong
hai s8 tir nhién, ¢d diing mot cdch dng vai hai
sé ¢6 tdng 1én hon 12.

4

Vi v4y miec di chiing ta khong bift s6 § ma
thay giao dd cho 4, nhung do nhin xét vira
rdi, ta thiy ring s6 S cing 14 !dng binh phrong
ciiz hai s8 tw nhidn a va 8, ve: ¢+ 6= 12,

Nhue vy mdt mit taed § = £ + yz. voix v
y 14 hai s ty nbién, © + y = 13. T day suy ra

S=x24yt = 1/2) e + 9?4 (1D (x — p?

= (1/2)(x + y)f = 169/2.

Viy § = 85,

Mit khie la ciing ¢6 § = a -'_— b% voia va b
12 hai s6 tir nhidn, a + b < 12, Do do

S=a*+ 0% =(1/2(a + B + 12 - b
<72 + (120 — b)?
Thanh thi ;
(1/2¥a - B* + 72> 85
Tir @6 suy ra (voi gid thigt a >b)
a-b26

Ciong véi a4 b <12, suy ra b *f3

Voi b=1, tr a+b<12, a®+02>85 ta
thiy chi co thé hoac a=10 hnéic a= 1] ‘Nhung
cae s6 101 (= 10% +12), 122(= 112 + 1%) chi phin

tich duge theo cach duy nhit thanh tong ecda
hai s chinh phuwong.

V&l b=2, ta thdy chi co thé chon hofica =49,

hodic a=10. $6 85 =9% + 2% con 6 cach phan
tich 85=6" + 7%, va khong con c6 cieh phan
tich khéc nira. S6 104 = 10% + 2° khéng c6 cich
phan tieh khac thénh tdng citia hai sd chinb
phurong.

https://tieulun.hopto.org
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Vi b =3, tazthﬁg chi 26 th& chon a=19
Nhung s6 90=19" + 3° khbng ed cich phan tich
khée thinh 1dng efia bai sé chinh phuong.

Thach thir hai s6 phii tim la 6 va 7.

Bﬁl 2/122. Cho ?n s6 dueng ai, 0z, o
. D2, by thoa man cde digu kién

1} < b3 .. < by,
i) odi moi k=1,2,..
af + af 4o tag <py+ 044 bR
Chitng minh riing : :
1) ai +ag 4.+ a, <7 b1+ bz +
2) Z oigj< X
1<i<{j<n 1I<i<<j<n
Léri gidi- 1) Ta ching

theo k ring
ar’t+ a2+ ... tae SUby + beto b (=T R) (1)
Qui vay, véi k=1, do ap, 1> 0 va ai{bf.
nén a1 <_ b. =
Gi¥ sit (1} da dung cho t6i k, ta hiy ching
minh rdng no ciing ding cho k+ 1 (k4 1< n).

n, ta cd

+ bn ;
blhj.

Ta e i
k+1' Vk-ﬁ": k_:;_l__r k+1
Z aibi < Z a b’( Z bt
s ja=1
i=1 . i=1
k+1 :
hay 0< -Z bi(bi — ai) | (2)
=1

Mit khace, do gid thi€t qui nap va do gid
thiét i), 1ta ed
0= (by — b2 (b1 — ay)
0 <_.(b3 - bg) (b = ay + by ~ ag)
0 < (bt — bu) (b — a1 +...+ by — ay).

Cong ehc bdt ddng thire ndy ecing véi (2) thi
duge

k+1 :
U(::bk-i—l[ z (bi—ai}]
i=1
b a6 suy, ra ;
k41 k1
oo I,
i=1 1=1
Mhin aét quan trong: Néu. & didu kign ii),
thay cac bit ding thire: ngét bing cac bit ding
Ihm' su*, rong

ﬂ1+ﬂg+ +ul€;bl+b§+ +ﬂk {I‘ikﬁ:n)

thi lap luén trén chiing t6 rang & két Iuan 1),
ta cé

aptaz 4.t ax <+ b: +...+ by (1< k< n).

hitps:iisites. google. com/site/letrungltienmath

minh bing Yuy nap i -

2) it a']“——al. e = a

n—1 T

v ldy a'[‘:_‘:an sao cho

2 2 2 2y 2
e Ry 2+ :
: +wﬂ___I 13 a a; + a7+, _—l—un
ey 2 2 '
= !J] + .'32*.-."}' bn. (3

thi theo nhdn xét trén, ta ed

a. ol debal = by ba ot b

i 2 it
Hai v& bit ding thie déudvong, binh phwong
hai vé ta duge
n
ai aj ': Z J‘;f+2 2
<u i=1 Ii<j<in

n
2 ﬂ:z-r:z =

hib;

.
1=

Viay do (3), 1a'su3.-' ra
= ¥
-—

% ai dj S
1=5i "1{ n | e
fin > Gn, RENO

bibj.

Nhé ring a; —a;l’:-w] 2 et

‘ ﬂ.-ﬂ'] = ki -\:
1=i<jsn 1=li<ljsn
P.5.Cy
Bal 3/122. Tim tdt cd edc B nguyén i8 e6 3
chir 58 sao cho néu {a thay dbt vi tri ciia ede chir

's6 theo thir fir bit kij Ia vin cb cde s8 (@ nhiing

sd nguyén td.

Léri giai {cha
PHTH Ha Noi):

Goi sé cin tim l& abe. theo diin bai abe, ach,
bae, bea, cab, eba d&u 13 eic sd nguyén 6.

T4 nhidn thiy riing a, b, ¢ phii dbng thoi 1é
vd khéng ¢d s6 ndo chia hét cho 5. Do d6 a, b,
¢ chied the 12 mot trong che sé 1, 3, 7, 9.

ban #dang Tredng Sen — 9 CT,

Hon nira ta thiy khéng the a=0 =¢ vi néu
trai lai thi abe =3, Do d6 bo § s l[m b, ¢} ¢hi
co theé la:

0B 1,3); (1 dafieil L 1 9y sy 3. 1)

(H'S!EH‘.{.h?'].'{I‘ r.3) (? a’, qi

(99,305 40,8, Fhaet =57 s 1, 3 ‘JJ:

3, 7,9;

Biing phép thir tryc tir‘.‘p (sit dung cac ditu
kién chia hét cho 3,7 v& 11} Ta co:

11753 11937 133377 339 23; 17723 377%13; -
779319; 99323 7991 17; 37137; 319311; 79187
va 793: 13. ;

Con eic bd sd (L.1y 3% (3, 8, 7); (9,9,
thoa min bai ra: hoan vi cac ehir sd ta
cdc 36 nguyén 18 khac nhau.

Vi do: DBoi vai (1, 1, 3), ta ed cde s6: 113, 131
311.

(3.3, 7);
9,9 1):
{1, 7, 9

1) la
8 o

3]
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Bai 4/822, Hiy tim cde b3 by 85 nguyén a, b,

¢ sdo cho hé phuang trink -

gm:2+hr+c=ﬁ (1)
eb.tz +orta=g6 (2)
cx? daxr + b= —9 (3)

co nghi¢m nguyén.

Livt gidi :

Cdng v& voi vé glia cd 3 phuong trinh (1), (D)
(3) ta duge: i

la+b+ea@+z+1D=0

Nhung do #® + 2+ [ = (¢ + 1/2)% + 8/4 >0
vii moi x nén ta suy ra a+b+ec=0 (*). Khi
Ay rd rang (1) co hai nghiém 1a 1 v& ¢f/a. Nhirng
1 khong phii 14 nghiém cha hé vi khong thoa
Htﬁn (2) va (3). Vay d& hé oo nghigm nguvén thi
¢/a phii la nghiém nguvén cia he. Thay x = cfa
vaa (2) ta cd: :
bie/a® + elefa) + o= 26. K6t hop véia + bte =0,
ta duce:

a® = 26at = ¢° {4).
: 3 _:
Do ¢ = ax pén o = a°z°, thay vdo 4 ta dege
a? ~ 26&2 = .'1‘?5:1:d 4= ﬂﬂ(l = ,-1.'3} '
= 260" ~» a = 28/(1 - &%) . (5)
Via va = 14 nguyén nén 261 — 2% Vay
_ﬁl LT:;:EG{-- I B e e L E
Viy 2 ehii co the nban cde gia tri 0, —1, 97 = x
ul'hjn cac gia tringuvén la —1, 0, 3. Thay gia tri
Cla x vao (5) va = cla. va két hop voi didu
Kign (*} ta nhin dwge cde bi (a- b, ¢) twong (tng
virl gia trj efia x 14 (13, 0, —~13) ; (96. =26, 0)
(=1, 4. —3). Thay cac gia tri tirng (ng eta o,
by e tim dwoe vao he ta thiy thoa man,
Vay cac bo 3 0 nguyén (a, b, ¢) théa man yéu

edu diu bai 13 (13, 0, —18): 26, —26, 0) va (—1,
4, —3).

L.T.H.

. Ba&i 5/122. 16y 9 chit 381, 2., 9 vidt thinh
bin 56 €6 2 hojic 3 chit s8 sao cho chiing lap thanh
cac odp 38 cd tich bidng nhan: L5

ab X ed = ry: X oo

(*)

Cho bi#t cdch vifl &ng voi gia iri cha lich o

moi v# elha (%) tén nhit 1d

98 > 76 = 532 > 1h {= T448)
Hay tim tdt ed cde cdeh pidl kng vei gid tri
ciia tich cd cht 56 hirg doavi la 6,

Lért> gidi. D& chiv sd hang don vi cha tieh
hing 6 thi (b, d) cing nhw (2, v} mdi cip phii
nhin mol trong cée ofip gia te sau: (1, 8) (2. 3%
(2, 8) (4, 9), (7, 8).

ti

Ta xét £3F cq cAc trichdg hep gng woi gid tri
ciia (b, d) va {z p):

1) (1, 6) va (2, 3)

2) (1, 6 va (2, B)
"B, 6) va (4,09

4) {1, 6) va (7, B)

5) {2, 3) va (4. 9

6) (2, 8y va (7, 8)

T2, B) vi (4. D)

8) (4, 9) va (7, 8)

— Trudng hep thir nhét khong thé ¢o vi khi da

xyz X ap > min (dyz X Se. Sgz X 4v)
> 7448 (tich l&n nhit).

— Trwdng hop thie hai khong thé ¢o vi khi dé

Ty X v > min (3gz X 4u, 4gz X 30) 2> T448

~ Trwérng hop thir ba khong the co vi khi do

gz X up > min (356 X 21, 351 X 26, 256 X 31,

251 X 36) > T448.

— Chirng minh trong tw, s& thily truwdng hop
thi tw khong thé co.

— Xét treang hop (b, d), (z. v) nhdn cac cap
gia trj (2 8), (4, 9

Vi 10z X dus 152 X bo, 63z X lp @eu 16n hon
7448, nén ehi 6 tht r=5 n=1 y=46 Thu
trire ti€p ta thiy (*} khang thoa man.

— Trwirng hop (b d}, (z. ) ohdn che :'."31.1 giﬁ
trj (2. 3), (7, 8. (a, &) phii nhan cip (9, 8), vi néu
nhan cip nhd hon thi a .

ab ¥ cd << 6.000
md Tge X 40 52 min (152 X 43, 153 X 42) = 6.000.
x phii bing !, vi néu khong thi
.-;y_z ¥ oup > 148,
(on lai (y, u) nhin cip (5, 4:I; 3
Cac terdmg hop eo thé cla ab X ed 14
92 X $3 = 5706, 93 X 62 = 57R6
g7 X 68 = 059G, U8 X 67 = G360
Céc trirémg hop oo th clia zgz X ov 1A
158 X 47 = 1356, 162 X 43 = 6533,
153 ¥ 42 = §426, 143 X 52 = 7436. .

Nhuw vay khéng co truwdng hop nao thoa man
ab X ed = zyz X up- e

— Trwong hop (b, d (z. 0) nhan cdc cdp gia
tri (2, 8), (4, 9). - _

Twong ty trudng hop trén, ehirng minh duge
{a, ¢) nhan cip 6, 7). x = 1 (y, @) nhdn cip (5, 3.
Phép thir tryge tiép eho ta nghi¢m:

81 X 79 = 158 X 32 (= h0d6). :

— Trwdng hop (b, d), (z, ») nban cae cip gid
tri (4, 9, (7, 8). D& chirng minh dirge (a, e) nhin
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cip (5.6), x =1, (g, v) nhan cip (3, 2). Phep
thir trire Li€p cho fa hai nghidm:,
B X 69 = 138 X 27 (= 3?26)
58 X 67 == 134 X 29 (= 3836). _
Tém lai ¢6 ba cach viét d¢ tich moi vé déng
thire (*) cé chir s hang don vi bing 6.

Nhén xét: Cac ban Pham Thanh Phuong va
Bé Quang Pai, Trin Thanh Tric, Bui Hodng
Quan {chuyén todn DHSP | Ha Noi); Lwong Anh
Tuiin 11 P2 Vo ThiSau, HCM) ; Té Thdnh Tuin
(7A 4 —279, HCM) ; Nguyén Anh Tu@n A (1) Thing

_Long, Ha Noi) eé 100 giai tueong déi tot.

Bai 6/112. Trén dieirng trén dwdng kinh AB
ta 14y hai ditm M vd N phan bigl. Goi E. E theo
thit tir 1@ hinh chifu cfia M va N irén AN va AM.
Clutng minh EF | AB. :

loai trir cde trirdng hop lam cho
din bdi todn w0 nghfa; do 14 trweong hop M
hede N triang voi A v trodng hop géc MAN
bing 90°. Néu M hoiac N tring vai B thi két
qud 14 hidn nhién, nén ta gia s M va N khong
tring véi B.

Sau khi v& hinh, cée ban dé ching minh duge
hiin ditm M, N, E, F ném trén cung mot duwong

Lo giai. Ta

trom: Tt db co
——— T
AFE = ANM
Mat khée
i —
TANM = ABM

vi cang ché&n cung AM ciia diréong tron cho

trudge. Vay:

T —

AFE = 453!:{
Vi AF | BM, nén Suy ra EF | AB

Nhian vét: Néu trinh bay chirng mirh chi tiét
thi phdi xét ba trwong hgp, trong méi trudng
hop hinh vé e6 ddc tho riéng: dd la cae trudng
hgp:

— M vA N cung phia véi nhau d8i véi AB,

— M va N khac phia nhau d8i voi 4B vi

MAN <90,
—

— MAN > 00

Nhi2u ban trinh bay chjgng minh chi tiét,
nhirng xét thidu trudng hop; hodic chi vé nglu
nhién vi tri efla M vd N rdi chirng minh. song
ngdn ngir coa chitng minh khéng phu hep véi
hinh v& trong truéng hop khée.

Ban Vo Bal Hodi Bire (9A1 Ha Huy Tap, quin

Binh Thanh, thanh ph8 B& Chi Minh) c6 l&i
gidi hoan chinh.

{dpem)’

——

Bai 7)122. Cho gdc x0Qy = 90°. Mot hinh chi
nhat OABC cb chu vi khéng ddi, thay dbi sao clto
cde canh OA, OC cia ng fudn ndm trén cdc tia
Oz va Oy. Chitng minh ring duigng thing dt qua
B vd vudng gic vdi AC ludn di gua m@t ditm cél
dinh.

#

Y

a3 a

¢ B Y

] A = o

Lén gigi. Dyng hinh vudng OP(R c6 canh
bing nira ehu vi (khéng déi) cia hinh chir nhat
OABC va ¢b P, R ndm tuong wng tréan Ox, Oy.
Ta chitng minh duding thing di qua B va vubng
gde voi AC ludn di gna ), tite l& chirng minh
BQ | AC. That vay, gid st CB il PO & D, ta
d& dang chirng minh duge hai tam giac BDQ
va ABC bing nhau. Vay ta cd

i e 2L
BQD = ACE
Vi QD | €B nén BO | AC (dpem).

P.Q.G.

Bai 8/122. Mgt di2m ¢ chuy?n déng trén dirdng
tron duéng kinh AB. Ké €D | AB. Goi (07) ld
dirbrng trén ligp aic voi DA, CD vd eung AC,
(v2) la dudng tron tigp xic vei DB, CD vd cung
CB. Cae duérng tron (v), (se) tigp atic vol AB
tai Ey. E2. Goi I ld tdm duong tron ngoai tiép
tam gide CE\Es Chirng minh ring Cf ladn [uon
di qia 1 didm ¢ dinh. ;

Lé&i giai (coa Bdng i'n.rt}ng Son — BDHTH Ha
N§i):

Ta sé ching minh €I la phin gidc cia gée
ACE, tir do s& suy ra CI di qua digm cé dinh
F la didm gitta cung AB khae phia vdi C.

Goi 01, r1: 02, Oz va O, R teong irng la cée
cip tdm va bén kinh cta (m), (vg) vd dudng

tron e dudng kinh AB. Ta cé:
g
()92 = UEE + f)z_i'_2
tire (R~ re)* =(AD +r2— R + rf
Hay (AD + rg)® = 2R.AD.

i
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v,

Vav fa ¢d: AE 4& AD-.AC = Tam gide

3
———_ e, — e, T T
AFaC cén = A-’D 4 I} Eq = AI* ol = FB-zr + EyCB.

Nhung ACD = F2B(C nén Df'“}'z b f:.g,-‘ B hay

Ez(Beruz--q (1)
Hoan Ll:)i:_l_ tirong Ly la eo the chmg mirnh
At“ E; = FiCL hay
L -
-5{".[*‘1 = R/2 (2)
e i,
43 Ta ch: .fr A= ACE1 + Ei(} {3}
————
Nhung EiCF = 90" - CIE1? = 90° ~ FEgEl
— e
qn“ -ijfgC!:H—H} i
i i
Do (1), mrr—en“ (A/2 + B) (4)

Do (2) ¥4 (4) oén (3) cho La

e — T
JCA= B2 + 90°—(A/2+B) = 9%0°
Tir 46 suy ra dign phii ching minh.

i

- (4 + B)2=45°

Bai /Y22 Cho tam gide ARC. D la mot ditm
Bl kg ndm ngodi maf phang éia tam gide ABC.
('!‘ui'nq minh réing :

1) Tir ba doan ihiing DA, DB. DC cd thh di,rng
diegre mot tam gide (1) ndo dé.

2) Hai tam gide (T) va (T} cé di¢n tich bing
nheu, Irong dd (") dang rai iro cita tam gide (£}
tkag ool didm [, doi xibng vél digm D qua {dm
 cda tam grde dBu ABC. :

1! Cach 1. (ua dinh B ta duong lia Bx sao cho
o e, 0 e

DBx = AHBC = 680" va .d-Ba: = DBC. Biéu ndy bao

gidr ciing ¢6 thé thue hién duge bdi vi véi tia
dd ta 88 cd goc tam didn B(DAz) bang goe tam

s

ditn BIADG). (e thiy riug quay goe

quanh dudsng phin gise Bp cia goc 48D thi
goc tam dign B(DdAx) sé d8n.drdng véi goe lam
di¢n B(ADC).

V\W

#

Sau do trén tia Br ta ldy ditm E sao cho .

thé thl BOE 1& mat lam gide d8u vi
do d6: DE = DB, ddng théi ta duge ABAE=
ABCD (ege) va do dé: EA= DC. lam gise DAE
14 tam giade (Ti ciio tim, c6 ba canh bing D4,
DB, DC. Cach giai pay la cha Bai Hodng (Judn —
Lép 11CT BHSP Ha Noi 1.

Sau day 13 hai cach gidi khae.

Cdch 2 (Bing Frircng Sen — 10T
Ngi) :

Trén ofe tia [pa), [nB) va |DC) ta 1§y cac
dikm A’ B i C sao cho: DA.DA =DBR.DE'=

De.per=1. DE- thiy ring cac cap tam gide san

BE = BD:

BIITH Ha

day la dbng dang: DBC, pCiB . DUA; DATCH;
va DAR, D A" To 46 suy ra <!

el RC.DA

B =a = .
DR.DC DA.DB.DC
A.DB AR.DC
CAYE e N TR = e
0D4A.DB.DC

DADE.DC

Do d¢ ta duogr:
DAIBC' = DB/CA’ = DCIA'B.

Cae heé thirc aidv chirng 14 ring cée canh B'C,
('4" va A'B' cia fam gice ARG i 1k woi DA,
DB, DC vh nhiw vay thi tir ba dos_m thing DA,
DB, DC ta ludn Iubn dyng duge mol tam gide
(T} nao d6, ddng davg véi tam gikc 4B

Cach 3. Chifu vudng goe didm ) lén mit
phiag ciia tam gide du 4BC: DP 1 (ABC). Trong
m4t phing cha tem giac dBu ABC, dE dang
chitng minh dige ring tir ba deqn thing PA,
PE, PC ludn ludn dung duge mdt tam gike ichﬁng

han, st dung phép quay goc B6IY xung quanh
difm B, bifn lam gihe BCP thanh tam giac BAQ;

https://tieulﬂn.hopto.org
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the thi PQ = PR, Q4= PC vid PAG |A tam gide cé
che eanh bing PA, PB, PC). Sau &6, chi vide dp
dung dinh 1§ Pi-ta-go vao céc tam gide vudng
FDA, PDB va PDC ta e ngay d.p.c.m (moi doan
thing DA, DB, DC cé d¢ dai nhé hon tdng eac
dd dai cia hai doan kia).

2} Goi D 1a didm ddi I.-li'ng ciia digm I qua
tAm O ecla tam gide d¥un ABC v4 d43t: DA =
DB=b, DC=c; D'A=a’, D'B=)", D'C =

Ap dung dinh I¥ {thit nhit) v& &udng trung
tuvén vio che tam giac DAA’, DBB' va DCC,
ta ¢6 ngay eac hé thic sau: (Da®+ a'? = p? + 5

2+ ¢ (=20D" 4 2R%), trong d6 R la ban
kinh duwdng tron ngoai tifp lam gide ddu ABC).
Mit khaa, got A" 12 didm ddi xéng ciia didm A
qua tAm () cia tam gide dBu AB(: thé thi A’
éling la d6i xitng eia O qua canh BC. Ap dung
dinh If v& deong trung tuy€n vdo ha tam giac
DAA’, DBC wa DOA’, sau khi linh loan va rit
gon ta duoe hé thire:

Hz t

+ b5 4 ¢t = 30D + /Y.

Ciing et thé suy ra hé thire trén nhanh chong
hon bing cach tinh

— e —_—
e = AR L DRY + DE®.
—— n-ll- ---I- -—h

DA+ DR+ DEE = 3002 = 042 + OB+ 00F 4

e iy i 9 o
+ 200004 + OF - 0C) = 3(D0* + R™), vi
e — o -
Q4 +0B1L0C=0.
Ciing linh treng tr nhu irdn, ta duce kil qua
(i)a® + 82+ ¥ = o + 1 + o (= 30D +3R)-
i cde hé thire (i) va (ii). dé dang suy ra
cdc hé thire sau

44 pd g o

e aat {Ilzb‘z

a4+f14-F ﬂ4:f1

bzz*‘ca + a?p? = b2 + v
Tir dé suy ra:

(B ¢ —n Y4t ,—(-: $-a* —b )I} +fﬂz'+b2—-v )-:: =

= ("% p g L (G g T
P

T Ja
(2 + b7
Hay li. viél cho gon hon thi abir sau:
i) Z 2+ ¢® ~aha® = Z (0% + & — D0
V& trai va v& phii he thae (iii) nay theo thir
tur bigu thi 165% va 185°? trong 46 §, 5™ 1a dicn
tich chia edc tam glac (r) wa (T (twong Gng
voi cae difm D va D’ d8i xirng nhau qua O efia
tam giac d¥u ABC). Vay S =5 (d.p.c.m).

N.B.P.

Bai 10/122. Chitng minh ring tic C;H nguéri

tity i bae gid ta cliing cd (R chon ra duge n41

ngirerl hode dai mé! quen biEt nhaw, hodfc déi mg!
khdng quen bigl nhau.

(Trong d& bai in trong 38 bao 122, ed d& bai

o eh
I San
khi in. \-‘:!;F bai nay khéng tinh lam bai thi

gidi tedn),

thanh c’;; cé thE 14 do rung ehit trong

Léi gidi. Yéi o, b la haisf ty nhitn lén hon
[ tiy ¥. ta dat Nta, b) 14 38 ty nhidn nhé nhil
sao che tir Nlg, b) aguwdi tiy ¥ bao gid ciing co
the chon dwge hoic a ngudi ddi modt quen
hiél nhau, hodc b ngiedl d6i mdt khéng quen
bi&t nhau. Ta ehfrng minh bit diing thire

Nia.b) < Nla — 1, b) + Masb = 1) (o)
véi a, b 14 hai s6 tyw nhién lén hon 2.

Mudén vAv ta chirng minh: ter mdt tdp hop §
ghm Nia — Lb) + Nla,b — 1) ngudi tuy ¥ bao gio
ciing chon " dirge hofe a ngudi ddi mét guen
hi&t nhau. hofic b ngudi d8i mdt khing quen
biét nhau. Ta chon mdt nguedi A bAt ky trong
tip hop S va chia sO ngudi cdn Im thanh hai
nhém :

§y =] GS, x quen bift A i»
=}z C8 r khdng quen A {,

vi |s, | S, 1.b)+ Nla.b~1)—1, nén :

Al
hotie | A | == M(a = 1,8), hode | S| = N (e, b—1)
a) Néu | 8, | > Nla — 1.0) thi trong nhém §

= Nla —

hode tim dwoe b ngudi 461 mol khéng quen
bift nhau, holic tim duge a — | nguol déi mot
quen biét mbau; trong trurdong hop thi hai ta
b3 xung 4 vao nhém a — | ngudi quen bit nhau
trong §, sé dwge a ngudi quen biét nhau trong S.

b) Néu | ‘i

hoic tim du(_:c a nguwdi déi mdt quen biét nhau,
hode Hm duge b — 1 nguwoi d6i mot khbéng quen
bi&l nhau: trong truang hep thir hai ta bd sung
4 vao nhém 0 — I nguedi khéng quen bhiét nhau

trong S, s& duge b nguoi khdng quen biét nhau

= N(a,b - 1) thi frong nhdm ‘\h

fromg S. ;
Bt ddng theae (1} duwge chitng minh xong.
. Biay gi& ta chirng minh

—~1
N(a, by < G ey (2)

»
Ta ehirng mink (2) bing qui ngp lhco thing

a -+ b.
9
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Trude h&t ta cd nhin xét:

N2, B)='h  C : = b
b
Al g1
Niag, 2)=a, C =g
1]

Nhur vav ed th widt:
: I
N2, b) & C,

Nl ) 8
£

*
tire 14 biit dang lhie (2} dang véi mei ¢, b ma

mdt trong hai s8 46 bing 2.

Tir nhan xét trén ta eb ngay voi a+ b =4 vi

a4+ b=25 thi (2) ludn ding.

Bay git gid sh bit ding thite (2) da diang vaoi
cmpioa, b mi a--b=k— 1, ia ching minh (2}
eiing ding ¥&i moi o, b ma a+b=F

Thit viyv, v61 a va b 14 hai s6 tir nhidn ma
a+tb=Fkvd a b >3 thi ta d3 6 bat diug
the (1):

Nia, B) << Ala — 1,8) + Nia,b — 1).

Theo gid thiél qui nap la ¢b

= et
Nia 1.6} = "8+ h =3
Ntah — 1) 26 1
Nia,b 9 B 'a+b—li
NGB T L
= Nfa, b) = A, “a+h—3

ot =1
i Ttat+b=-2
tike la (2) ding véia, b > 5 vd a4 b=k Wi
a =2 hoic b =2 thi {2) ding nhr di nhin xét
& trén. Vay (2) ding v&i moia, b ma a-+ b=k
Bai toan eciia ta 14 trudmg hop die bift khi
a=»h=n-+1, khi 46 (2) cho 1a

Na+1, n+D< {‘.;1 .

Vitia N(n + 1, n + 1) ngudi tuy ¥ bao gig eiing
chon ra duoe n+ 1 nguoi hoic ddi mdt quen
biét vhau, hodc dbi mit khing quen biét nhau,
nén viri mét tap hop tuy ¥ sd nguei khéng it

hon, Nfn+ 1, n-+1) gbm {:En ngudi, cing phii
chon ra duge it nhit p+ 1 ngudi hode d6i mol
quen bidt nhau. holle ddi mt khong quen biét
nhau. ;

P.Q.G.

DANH SACH HOC SINH GUiI LOI GIAl
CAC BAlI TOAN RA TRONG SO BAO 122

Vinh Pha: Lé Chitu Duong, Nguyéin Phiie
ST (10D, Hung Vueong). Ha Béc: Nguyén Qudc
Thdng (12T, Ngé Si Lién). Quang Ninh: Pham
Khwong (11CT Hbng Gai). Ha Noi: Treong The
Hitng (7A, Bé Vin Pin); Nguyén Thanh Ha (3G,
Trung Vwong): Trin Minh Pike, Ho Tign Dat
(10A, Chu Van An); Tran Manh Cuéng (10A, Pan
Phwong); Nguydn Thi Hoa Hbng (10B, Vit Bae);
Nguyén Anh Tudn A (11H, Thang Long). Ha
Sen Binh: Phaem Ngoe Co (10A, Mai Chiu):
Ngupin Hodl Anh, Bdo Anh Binh (11E, Nguvén
" Hue). Hai Phong: Nguyén Thi Son (10CT, Thai
_Phién): Phem Quang Thay (11B, Ngé Quyén).
Thai Binh: Podn Tudn Minh (12CT, Nguvén
Trai, Vi Thu). Thanh Héa : Nguyén Todn Quyén
(12T, Him Rong). Quang Nam — Pa Ning.
Nguyin Thanh Duong (11/1, Phan Chiu Trish):
Qude Hweng (12B, Thai Phien). Nghia Binh:
Nguyén Hodnh Cirdng (10B, Trung Vuong); T'rén
Ky Phie 1114, Quang Trung, Qui Nhow); Pham

10

Viin Khuyén, B{mg Vinh Heng (111, Quang
Trung): Diém Thiy (12€, Quang Trung). Gia

Lai — Kon Tum: B4 #iru Cién (10A, Pleiku 1)+

Phu Khanh :Thdu Trong Hoi(11P4, Nha Trang)
Pong Nai: Ngugin Ngoc Thidu (10B, Tan Phul:
Song Bé: Ta Van Tin (11A, Di An, Thudn An).
Thanh phdé Ho Chi Minh: Vi Bgi Hodl e
(9A1, Ha Huy Tap); Nguyén Quoe Ldn (10A2,
Trung Vuong): Liwcng Anh Tuidn (11P2, V& Thi
Sau). Tién Giang: Pham Tina Quyen (11, Truong
Binh, Go Céng). Beén Tre: Nguyén Vin Kiém
(11A M6 Cay) BauGiang . Nguyén Thanh Quang
(11P1, Hoang Diéu, Séc Tring). Bai hoe Tong
hop Ha Noi: Bang Truong Sen (16p 11 chuyén
toan), Pai hoe Sw pham Ha Noi 1: Pham
Thanh Phwong va B8 Quang Bai (1ép 10 chuyén
toan); Bni Hodng Qudn, Tran Tuidn MHiép, Trln
Thanh Tric (lép 11 chuyén toan). Hai ban dé
dia ehi khéng db9: Lé Nguyén Hoa (11C, Tw
Nghia); Lé Vdan Thanh (12, Nui Thanh. An Tan).

https://tieulun.hopto.org



https:www. facebook com/letrunglaenmath

R LA B R e T e =t I S S S

httos:/sites. google.com/siteletrungldenmath

Bai 1/125. Cho 58 nguyen dwong m ¢6 dang
phin tich tiéu chulin 12 m = p* qB fp va g la
s6 npguyén 16, o va P la s8 nguyén deong). Bidt
ring s m° cb tAl ed 15 T s6 (k& ed st 1 va
chinh ). Tinh xem s6 m’ 22 ¢é bao nhiéu wéc
867 C6 thn tai hay khong s8 & 38 m* o6 1980
wdro 86 ?

Biai Hueng (BHSP Ha Noi 2)

-

Bai, 2/125. Ching minh ripg phuong trinh

CiRa
- -"'—.U

khéng c¢d nghiém I.r:,y} nguvén.
Phan Bire Chinh

=5

rBﬂi 3/125. Ching minh ring véi moi 6
thie a v b. ta cé : ;
2(1+a% (14865
(hat+bl +1a=bh) (1+ab |+ [1—ab]
* Trongtrudng hop nao thi xdy ra ddu ding (hie?
Phan PBire Chinh

Bai 4/125. a) Chirng minh riing néu ba 6
nguyén t8 16n hon 3 lip thanh mét cdp s6 cong
thi edng sai chia hé&t cha 6.

b} Tim 9 sf nguyén 18 hé hen 1982 Lip thanh
mét cdp sb chHug.

Bao Trirdng Giang (Vinh Pha)

Bai 5/125. Dyng ti gide ABCD. biét hén
digm Ay, B, C1. Dy Yin lwet 14 cac didgm a8i xing
ctian A qua B, efia 8 qua €. cla £ qua D, cla D
quu A.

Biii Hung

Bai 6/123. Dung tam gise ABC. cho big -
BC =a. géo A va chiBu dai d cia phin gise
frong gde A.

Ngé Duy Ninh (swu tim)

Bai 7/125. Cho mot duéng tron t4m O eb
duwdng kinh AC=2R. Hai di2m # vé4 D di chuydn
trén hai nira durérng tron d6 thoa man digwkien
A8 = BD. Chirng minh rliing ¢6 vi tri cha B va
D 4§ cho difn tich ecfia tir gite ABCD lén hon
Vs R’

Fham Cuwang Gldm

Bai 8/125 Cho te ditn d8u 4BCD. Tt mét
di¢m M trén mit B0D ta dirng che dudng vudng
gbe MH, MK, ML viri cae mit eon Iai efia bir dign
(H,K,L nfim trén chc m#t eda tir dién). Ching
minh rang thé tich hinh chop M.AKL nhé hon
1/45 th& tich tt dién di cho,

Pham CQuang Gidm

Bai 9/125. Mat phing di qua mot canh va
chia ddi canh déi dién etia mot th dign duge goi
la mat trung dién (di qua canh dé) eda tor dién.
Mat phing déi xiing véi midt trung dién @8 voi
mat phin giie trong cla nhi dién phétl xufit ty
cung mot eanh cda mot ti dign dwge goi 1a mit
ddi trung (@i qua eanh A0) eda b dién.

Chirng minh riing sdu mit d6i trung ciia mol
tir dign déng qui lai mdt didm.

Ting quiit hda.

' Nguyén Bing Phit

HOC SINH TiM TOI

Bai 10/125. Gidi phwonag trinh nghiém nguyvén
duong :

o Ne+Vy=Vesgta

- Trdn Nam Diing va Phan Trung Béng

bt

Tim hidu sau

thém toan hoe phd thong

VE MOT BAT DANG THUC

RONG khi hoc bt ding thie & trugng phd
thong, ta gitp bai tdp ching inh hit diing
thire sau day ! :

o ; S 9
ta® + b (e + a®) == (ac + ha)? (1
ftrong do «a, b, ¢ va d 14 nhitng 56 thue tay ¥).

NGUYEN DUC THUAN

B6 1a bai thp ma nhitu ban gidi dwge dé
dang. i tir v& thy phit, ta c6:

(@@ + B (e 4 d% = a2c® + old? + o¥a? + 12
= {ac + bdV® + (e ~ ad)?.

11«
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Vi binh phwong (be — ady® khdng d4m, nén nén
bo i, thi tie dang thire trén, ta

thire (17, Ddu bing xdy ra khi va chi khi

be — gd = 0, nghia 12 hai cip 86 {a, b) va (e, d) -

4 11 1¢ vai nhan. Néuw e=5=0 vad=F0thiafc = b/d,

Sau diy 14 chirng minh hinh hoe eda (1). Trén
hinh vé&, do dai cha cic dosn 1!1?111g 04, OB va
AR . dwoe xae dinh bé&i cae ding thae sau:

2 2.1/2

3 : 2 21/2
04 = s s e ' =S S T

S
A8 = [~ m~ 2P
Ta k¥ hidu goe gitta OA vi OB la o
Theo dinh 1y cosin, ta ed:
4B = 04 + 0B® — 204. 0B coso.
Sau kbi thay cac gia tri clia OA, OB, 4B vi

ritt gon, ta doge:
ge 4 I}d
costl = R S
2 2.51/2 9 g 1/2
L b (c =
Vi .('ov.a] <1 nén la c6 0= cos a =_ |. -Binh

phirong ca hai vé didng thire trén, ta duge

2 (ac + ba)* . _
COS A = e = |

(a*+a* (F+dD).

va cudi cing: (a® + b%) (2 + d®) = (ae + b’

Bing thie xdy ra khi va chi khi c‘oszfi: 14
tire 14 khi va ¢hi khi 2 =0 hodc & = I, noi cach
khac khi va chi khi cdc didm 0, 4 va B thang
hang. Do d6, edn phii xay ra sy bing nhau gita
cde d6 dic cia edc duong thing 04 va 08, néu
c==0 vd d==10 thi ta ed: ale = b/d.

Cin eir vao sit gidi thich hinh hoe trong khéng
gian hai chidu, nhitu nguoi goi (1) la dang hai
chi¥u efia bit ding thire Cost. Ta co thd chuyeén
sang khéng gian thong thlwng hay la khfmg

gian ba chitn va ta cling e¢O dang ba chiéu cfia

bt ding thie Cési. Gih st Play, ap. ay) vi
Q (b1, bz, bg) 1a 2 dikm khong trung véi gbe toa

12

eo hit ding

dé (o, o, o) Khi dé cosin cla goe
dwong thing OFP va 00 sé dwoe xae
ding thirce !

gifra cice
dinh bdi

ﬂ-lfﬂ_wj-“ﬂmiflg'—F d3bg
2 2 a\i/2f 2 2 2412
(ﬂ|+a‘3 + a:}) kbl+b24 hi.’r) .

do ta vin dung

COsS%k =

= W
Dang thie trén  dupe rit ra

_ bidu thire d6 dai duéng chéo efia hinh hop ding

qua cic canh eda 0o,

Vi< cos°a 1. nén ta dé ding dua dén

dang ba chitu clia bit ding thoe Gosi

o 2 2
(&I“"I-ﬂ;“i"ﬂa( +,‘.l -I—EF)

2
l )by + ahy + aghy } 3

Didng thie xdy ra khi véa ehi khi ba ditm
O, P va ¢ nim trén dudng thing nghia la

ay/by = az/br = aa/ba (vai b, ba. by == 00

Sw tdng quéat (1) sang dang n chign ¢d quan
hé vai phép tinh tich phin 48 dirge hai nha to&n
hoc Bunhlac8pski va Svarre tim ra mot céch
dée 14p voi nhau. Bit dang thire tong qual cia
(1) dwrge goi 14 pit ding thire Cési— Bunhiacd pski
hodc bt ddng thire Cési—Svarxe. PG 14 hat ding
thie ¢d vai trd guan trong trong Toén 1¥ thuyét,
Toan ing dung va trong Vat 1y,

Bt ding thirc Cdsi—

2 2 e 2 2 2
tal = i A ](bi . bz +"f +bn]}

2 n
2

+ n I

nn

Chitng minh: Xét tam thie fix) -'=A‘r"+?,ﬂ.r:-1-l‘:

Svarro cod dang:

( ﬂl{'l B ”'..’bﬂ + e

: 2 2 PR .
trongdé A=a. +a, +. + a k¥ hi¢u la

1 2
i |
e H
5 i
i=1
B = aiby + azhs + .. + anby,
n
k¥ higula B= T aib;:
i=1
2 4 ;
Ci= bk b b,
2 1l
"n o
k¥ higu fa e b
i=1

Tt
2 (gix + bi)* = 0 voi moi 2.
i=1

Do @6, ta 6 A’ = B®— A0 <0 hay B* AC (dpem).

Nhur vav fix) =

https://tieulun.hopto.org
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Déu béng xdy ra khi va chi khi (e + b1) biing
nhau ci, nghia 13 khi ai/bs = k (b == 0

Sau div. la gidi mot vai bai
bat ding thire Cosi—Svarxe.

tip vin dung

Baitap 1. Tim gia tri bé nhitt cua S = .rzl—fayi+:2
vii P=ax + by + ¢z = const. (a, b, c =0
Theo bt ding thie Cosi—=Svarxo thi:
(.!'2*1[']; + 2% e + |IJ + %) =laxr + by + ez
5 == .:2+yz + 22 = Piia® + B2+ P

Khi dfn biing xdy ra thi c6 min 5, tirc 1l khi

2

+ = ka, y = kb, z = ke, ¢ nghia 14 :
x = aP(a®+ b2+ ch) ¥ = bP’( e

z:c’tu -"'b +L]

cz) v

Bdt’ tgp 2. Giai phuong irinh

V 314 + sin® (x/2)

+ v 141+£'n‘» (2} =

0 day a1 la s6 hang thir nhft ela vé trai,
ag 1A sd hang thir hai eda vé trdi, by=1 va
bp=1. Vay theo bit dang thuc Cbsi — Svarxo,
ta c6:

R ' : i
[( = L isint a-) -3 (-—1“4--{:03‘ -
4 = 4 2
>(V“3 :
4

Do d6 ta co

22> v 3/1 + sin’ (/@ +'V 1/4 + cos® (@/2)
Nén diu bhing xay ra dwoe thi phwong trinb

di cho mdéi ¢6 nghidm.

(Tién dday, xin chi i rdng, ta clin than trohg dé

wét xem diiu bing trong cde bl ding thire suy

rong cd th? xdy ra duwge khéng). O day, déu

Cef2) = kil

h"'mg -:fu ra khi V 3/4 + sin®
v l-"4 cos® {.1,‘.2) = k.1

Nhu vay:

3/4 + sin® (x/2) =1/4 + cnsz {x/2)
cosz = 1/2
x = <= W3 + kT (k nguyin).
n Pl S
Bdi tdp 3. Cho £ ¢ = 1. Tim min Z L'«'.".?'C‘.—

=l jer LS
trong ddé eiv di 14 nhitng a6 dwong.

(Bdi lodn trén la m@t bdi todn trong Iy thuyét
rdc sufit théing ké. khi clin chinklj k#t qua do
mgi daf legng n lin) X

Theo b&l ddng thie Cosi~Svarxeo, ta co:

n n n 12
2 |
Id ) 2 )2l Zodia—=1
e sy : i=1 43
=
T & o s B 2 : i
Néu ddu bang xdy ra drege thi & diri dat zid
1 i=1
tri hé nhit.
209 . SR
win: = df!c._ | l B ——
D e i 2
i=i et R
i
= i & o . k
U day, diubang xdy ra kbi diei= -~ —
¥ d;
k
tire La . cj =—2
d.
i

n .
Ta phéj tim s6 & sao cho & ¢ =

i1
n
Viy k. & I.Frf = 1
1=1
[
ko ————
n
= h"d.z
} T

A0 € Yon hoc va tudi tré» s6 111 da giai
thigu viri cde ban bai “So lege 1y thuyét
chia hét d6i vai cac da thiwc?. Bai nay

nhim gi&i thidgu véi cde ban vin dé * Da thie
bdl khd quis, mét van @8 céd lidn quan sfu sie
vii Ly thuy&t do. :

PA. THUC BAT KHA QUI

LE Quic HAN

Binh nghta: Gid st flx) la da thiee vai cde
hé s8 hiru ti. Noi ring fla) 14 da thire khi qui,
néu tén tai hai da thire file) wd f2(x) voi he

88 hiru ti sae cho fla) = fi(z).f2(2) va degflx) >

degfilz) >0 (i =1, 2.
da thie f).

{deg f ky hiu hae cfla

¥
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Mot da thoe véi hé sd hitu ti khong phdi la
da thioe khd qui dupe goi 14 da thuae bét kha
qui.

Thi du 1: Chitng minh réog da thie
[inl={r=npiliz— g2l.ofx —apd+ 1, trong do
@] a2,....an 14 nhirug 36 nguyén, la mol da thire
hit khi qui. :

Chirng minh béng phan chitng: Gid st flx)
~ khong phdi l& da thic bt khd qui. khi 46 co
thé gid thigt ring flr) = A-fi{x).falz) voi 4 14
s6 nguyén, filxr) la cde da thire v&ihé s8 nguyén
va degflx > degfix) >0, i=1, 2. Vi he¢ &6 cilia
36 hang bAc ceo nhét cha f(x) 14 1 nén ta co

thé gid thidt" A=1. R& rang fle) ™= — 1 voi

i=1,2,...nnén holc filai) =1, f2(ai) = —1 holc
flad) = —1, f2(ai) = 1

do ddé

filai) + falai)=0'vol t=1, 2,....n
Vi degfilz) =0

nén deg(file) + falx}) <[ degf(2) =n
ma fi{x) 4 fo'x) whan gia tri 0 tai n gifd ir
dyy A2, 0n = film) + f2lri=10

= flx) = fi(e).fa(x) = =1l
Diléw pay miu thuin vi hé s8 cia sd hang béc
cao nhit relia flz) biug 1 &4 s6 duong va
degfi(z) == 0.

Thi dp 2: Tim digu kitn 4t cd va di de da
thire f(:r}=.r4+pn:5+q la kha -qui, lrong do
P g ld nhfrng sd hiu (0.

Chi din: Nhan xét: N&u fla3) =0
thi fi—x1 = 0.

Do d6 néu f(x) khd qui thi né phai dwge phin
tich dwoe dudi dang

j f(:c)t{.rz + a5+ i:llJ'f.r2 + az.r - bg).

So sdnh hé s8 hai vE& ta di d&n: Ditn kién
it c6 va ad 4% {2 =%"+ px® + ¢ khd qui 14
cde he sd p, g phdi thdéa min mdt trong hai

difu kién:
1) pt = dq = m?;
v B e ey
2) g=n"; 2n - p=k";

trong d6 in. i, k 14 nhitng 50 hitu i nao do.

Cho trixde mot da thie flx) véi hé 88 hitu (i,
Piéu kién 4t ¢6 va @i d¥ filx) khi qui la gi?
Can hoi d6 46n nay vin chwa duge gidi dap.
Tuy nhién, ngudi la cing di lim dege mt diku
dign 44 a8 flx) 1a da thee khd qui. Cu thd
ta ca:

Tiéu chudn Aidenstaino: Gia sir _
flali=gox™ + aix® . tan voi he 56 nguyén
"vi e6 modt s6 nguyeén 18 p sao cho p khong phil
14 wée sd cla a,, nhung p 14 woe sé cva cde ha
s8 con lai va pz khéng phéi 14 wie eda ag. Thé
thl f(x) la mot da thie bat kha qui..

14

Chirng minh dinh I¥ nay chi ciin ding nhitng
ki€n thire di néu & bai €8¢ luge 1§ thuyél vé
chia hé&t d3i v&i da thire» va 17 thuvét ehia hét
elia cdc s6 nguyén, nhung khi dai. Dé nghi cée
ban ty tim l4y.

Thi dy 3: Chitng minh da thite

fpla) = i T EEE o

trong 46 p la 6 nguyén t4, 14 da thire bat khi,
qui
Chirng minh: Dil :L-y—i- 1. Khi de
fole)=gly) = g+ 15" + g+ 1?24 L+ (g4 D
(g + 1P —1 :
L R :—-—[{y+ L
{y+ 1) —1 y
1 ooy i b
= Aaf pgh 7 okl ¥ o+ pyl
y 2!
=2 -
= yp_l = pyPH? Lt p(z___ =5 o o
]

Vi moi k sac cho 1 <. k< p—I,do p nguvén
t8 nén (k, ple=l, viy k! va& p nguyén t§ cing
nhau,do dé tir Cx = plp—1).{p—Ek+1)/k! ppuyén
suy ra T = (p~ 1. .ip— k+1)k! nguyén,
Do dé:

=1 e =7 :

fole) = gg) =g~ 4 pragP Pt £ pra P P44 p
V&l T T2e. ngoyén.

Ap dyng tiéu chufin Aidenstaino, ia co gly)

bt kha gui, Vay flx) bit khi qui-

Bay gio, cée ban hdv dung nhirng kin thie
d3 néu & trén dé gidi céc bai t4p sau:

1} Chibng minh riing da thite

(= dl}zf.t — gy — an}z + 1

vl al, dg....dn Dguvén la bit khi qui

2) Tim cac g’ui. tri hguyén a, b ¢ d& cho tam
thire bée hai art +bx + e phén tieh duge thanh
tich sfia hai nhi thoe véi hé s8 nguyén.

3)Cho f(z) = gz + ay2° ! 4 .. +an 18 da thire
vé&i hé #6 npuyén va cé mHl sd nguyén (6 psao
cho: hé g8 clla sd hang eao nhdt khang echia h&t
cho p, cén cée he 88 ak4l, 0xt2...,0n d&u chia
hét cho p va 38 hang 1w do khéng chia hét cho
pz. Chirng minh rfing. f(a) e6 mo! nhan td bit
kha qui glx), trong dé deg glx) > n = £

4) Ching munh rdng v63 moi s6 nguvén 16 p
va moisé tr nhidn k£, da thire nhan dwoe tir bi¥u

thize (xP — 1)(z" — 1) 1a bit khi qui,
5) Cho da thwe flz) bdc n (a=2m holc

a=2m+ 1) vai hé 88 nguyén va nhdn cic gia
tri -+ 1 tai qué 2m gi4 trj nguyén efia 2. Chirng
minh flx) bit khi qui.

6) Chieng minh ring n€u da thire jlaz) voi he
s mguyén nhin gid tri1lai gud ba gia tripguyén
ela x. thi fiz) khéng chira nhan tu =+ 1.

£ https://tieulun.hopto.org



ﬁ-m‘ps:,"ﬁmw. facebool. comAetrungldenmath

-Bgm_ doe tim toi

https:/sites. google. com/site/letrungldenmath

MOT SO TINH CHAT CUA DAY SO

tagl =1 + 1/2 + ... + 1/n|

VII"E tim hiéu nhirng Unh chdt etda mot day
80 13 mat 48 tai hp din 46§ v&i cde ban
tré yéu toan. Sau diay, i xin trinh bay

Fmdt sé tinh chdt cia day s6 lug|=}1+1/2

4 ... + Uni.

S Tink chiit 1. un (n=2)

nguyén. .

Chirng minh: Nhan xét ring moi 56 nguyén
déu c6 dang 2% (u 18, k"= 0). Goi A 14 tap hop

LiL ci ecde s6 co dang 2l khéng vwgl qua n

(n>=2). Bao gio a-DnE ¢6 210 1a s6 16n nhat trong
che 88 thude 4. Ta s& chitng minh moi s8 < n

i in

pid 2 g iq 1é} mA 213- W e

khi qui v& dang 2
thip =< 1

L]

That viy; gid st p =4,

— Néu g =1 thi 2P 2= 2l (mju thudn veéi slo
Iérn nhat). '

—Néu ¢ >3 thi n >2P ¢ > 20+ >0ls, (man

thuin vai 210 160 nhi#t).

i - ot Hn»2].°—1 R
Gia str.up 13 88 nguyén thi R TR tdi giin.
ola
Phin =6
[ 1 ; e
14— e i o L
2 alo—y  .glogg =

¢d miu 56 14 BSCNN cdaz cée 56 2,8..,., 2ls — 1,
2lo + 1,.... n. Theo chirng minh trén, BSCNN elia
ehiing ¢6 dang 2% g (q 18) va k<Tl." Do phan
* 36 ndy biing phin s 16i gidn trén, suy ra 2"-!]'52]”

hay 2%: glo suy ra k=1, di 480 mau thuin.
Vay un (n > 2) khong the ia, 86 nguyveén.

Han Lthé nita. eé H:E'chﬁng minh duge rﬁng
un (n-~2) 14 mbt phan s6 ed tir 86 1¢& va miu
sd chén. :

Chiing ts khé cé thd tinh dvoe uy phii chang
vi biéu thire clia 06 kha phite tap ? Digu dé dwoc
thé hién & ft phft mot tinh chdt sau day ;

Tinh chiit 2. C6 thé colun nhw 13 mot ham sé
clla bién s6 tir nhikn n, ta sé chitng minh ring
un khong phii la bam sé hitu ti 48 véi n.

khéng phii 12 mol 86

D& chirng minh tinh chit 2, te dang hai bd
dé sau :

Bé de 1. lim ug = oe,

n=—* oo

That vay, vi m < uy< .. <Tu, <., cho
nén lim wy hode la oo, hodc la 8§ hiru han
n—eocs

uao d6. - Gid sit lim up = o (o =L oo, Ta ch
o ¢ n—-oo
a=1+12+ ..+ 1/n+..
S U3 U5+ + 1/t L)
24144+ 1/6 4 .. 412k +..)
212 4 1/4+ 164 oo 4 1/2k +..)
=1+1/24+13+...+1n+..=a
di déo 2 > o 14 QiBu v6 1f! Vay lim un = oo,
; - ' G ]
BSdé 3. 1+1f24..+1n<2Vn
D& thdy bit ding thic trén dng voin=1, 2.
Gii s bit ddng thwc da ding voi n=k, ta
chirng minh n6 ciing ding vé6i n =4k + 1.
Thal viy, tr gid thi&t qui nap, suy ra:
T+ e+ 1+
<2V + 1/t + 1.
Do k+1>Vk+1nen t/(+1 < 1/VEk+ 1.
Vay ta eo
NVi+tk+ D <Wr+1/VE+1. ™
Mit khae, 4k + 1/(k + 1) > 4k, tiae la
@Vk+1 = UVEF1)E >4k
Ve 1 -1Vk+ 15 V%, vay w
Wrk+1VE+1 < oVEk 41, e
Tir (*)va (*®) suy ra 2VE + 1/(k + 1) << 2V 1
Tix do ta cé
1124 o+ 1k + 1k + 1)
{E'E'IA_'.-}-_I {dpem).
Ta chuy®n sang chitng minh tinh chat 2.
Gia sit trai lai, ua 12 ham s8 hitu ti eda n.
ama™ + @1 0™ 4.+ qin + a-
b + bx_1 65140+ bin + bo
(etm '—':L—'U, bk+ﬂ}-

m-1

tn =

https://tieulun.ﬂla)to.org
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Vi lim uop = oo (thea b0 d& 1), nén sny ra

T = o0
m > k.
lim f{up/nd =
Fl 5.
AR ﬂmnm+am...1nn"_1+---+am+ﬂ_3_

—> oo bxab+! #bk_,mk T ﬁmz +bon

lim {un/n) << lim (.&1.1: /n) {do hﬁ ds 2j.

1l N—* e
lim uyfn) 20 (on >0)
Tl =% O

eon lim (2yn /n) =0, nén ta c¢b

tflTI. (unfn) E:

fadi amn""-i-am_inm"'l+...+u1n"§‘ur
= -Jim 1 x 2 = @.
brnt+ Fhi-in +...Fhin“+byn
Suy ra m<_J +1,
RKéthop lai, tacb k<_m=_Fk +
Viy un khdng phdi 14 bam s8 hivu U cda n.
Cae ban thian mén!

Ngay ca dén (-le,

1, mau thufin!

nha tofm hoe Thuy 51 vi

https:sites. google. com/site/letrungldenmath

dai, ngudi 43 eb d&n D44 cdng irinh toam hoe
l&n nhé, ngrdi IAm todn d&n hol thé cudi cang.
efing khong lap duge bidu thite cho uy. ma chi

méri chitng minh duge ring

Lim tuy, = 1o n) = ¢ {c T4 ‘hing sb)
TN=—=oo

Héng 85 d6 duge goi la hiing 56 O-le. D6 la
mdt s& vo ti: e =0,577... (nr ld logarit e s6 e

cla n, e 1a 86 vb ti bing 2,78...). Diéu ndy chi

n6i lén ring & ohitng sd a lon thi

tn==lmp n+ ¢ ]

Xung quanh day sé {ua} con ct biét bao bﬂi‘t
poin 1¥ thi khdc nira, ching han:

+ Vi p:il:’l st nguyén td, p =3, thi up =ris
Wl
+1/2< g+ ttm —gm = 1
2 2 2 2 1
Fulr _“,:“+u%+_ 22 ﬂ:. e 173t :
1 2 3 n" 360

Vige gidl nhitng bai tean nay néichung khéng
don gidn.
DUONG QUOC VIET
(Cao ddng sw pham Tay Bde)

KET QUA CUOC THI GiAl TOAN 198 —

CAC ban sau day ‘dat dwoe didm cao nhit
trong sfi cdc ban hoc sinh dir thi:

1. Bui Hoang Quén —11CT, Dai hoe Sir pham

-Ha Noi;

9, Trin Tudn Higp—11CT,
[ ndi;

3. Pang Truéng 8on — 1ICT, Dai hoe Tong
bop Ha Noi;

4, Dé Quang D u+Pham Thanh Phuong — 10CT.
Pai hoe Su pham Ha Noi:
" 5. Tran Thanh Trie —11CT,
Ha Néi;

6. Doarl Tudn Minh — 12CT, Nguyén Tm:. Vi
Thu, Thai Binh;

7. Nguyfn Anh Tuin A — 11H,
Ha Noi;

8. Huynh Van M¥ — 11A2, Hoing Hea Thém,
thanl ph8 HO €hi Mink;

Bai hoe Su pham

Bai hoe Str pham

Thing Long,

1982

9. Nguvén Thanh Huong — 11/1, Phan Chéu

Trinh, B4 Ning:

10. Pham Xufin' Higp — 116, Ngo Quyén, Bién
Hoa, Bdng Nai;
11. Ngb Quang Tién — 110, Ngé Quyén, Bién

[lom, Déng Nai; ¥
12, Nguyén Hoanh Cudng 10B,
Quy Nhon, Nghia Binh:
13. H® Tién Dat — 10A, Chu Vian An, Ha Noi;

14. Nguyién Qudc Lin — l0Ag, Trung Vueong,

thanh phﬁ H:‘;r Chi Minh, °

15. bang V]nh Hung — 11, Quan;._, Trung, Qul
Nhon, Nghia Binh,

- Ban nao co dja chi thay d5i xin béo e-ho Toa
soan biét d& Toa soan cG th¥ gii bao bigu cho

. ban.

 In tai Xi nghidp in 75—77 Hang BO Hi NGi—Chi s&: 12884
' $6 in 112/82 ln xong va gki len chidu thang 8-1982

Gia: 1,00d
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