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HOI TOAN HOC

YIET Na¥

BAO RA HAI THANG MmMOT «Y

Chit nhiémi: NGUYEN CANH TOAN
Tru s&: 70 Trdn Hung Pac — Ha Noi

ThAu ke téa soan . HOANG CHUNG
7 i Day uwoi: 52825

MO RONG KHAI NIEM DUONG TRON OLE
VA DUONG THANG OLE CHO DA GIAC NOI TIEP

Cac ban than mén!

Khai ni¢m dudng tron Ole va dudng thing
Ote dd dwge xay dung déi vai tam giae. Dudi
g6c db cla vecto, & bai nav 16i xin gidi Lhigu
mot cheh md rdng cde khai niem nay aéi voi
da gific ndi li€p. Trude hét t1a hiay nhin lai
truong hgp tam gidc & goe dd nay.

D6i véi tam gide Ajdzdg, cic ban d& dang
chirng minh dwoe ngay hai tinh chfit sau ddy :

Tinh chiit 1; Di#u kién cin va dd 48 ¥ 1a
lrong tém efin tam gide Ajdgds Ja: !/

il — e ]

OM = (1/3) (041 + 042 + 1.14) (1
¥oi O la tim dwdng tron ngoai ti€p tam gide
Al A4y -

Tinh chdt 2: Biéu kitn cin va dd 4& H 1a
irige tdm clia fam gide Ardgdy la +

e — —

OH = 01+ OAg + 043 , (2)
v4i O lim tdm dudng tron ngogi tidp cla tam
gidc A1dgds. '

. NgoAi ra néugoi Hyi. Hy Hs lin ligt 14 cie
diém d6i xirng clta O qua Agdy, Asdy, Aids thi
ta 58 e6 tinh chfl:

¥

Tinh chdl 3: Che duwdngiron co 1am 1an Lirgt
1a M1, Hz. Hi. vi ban kinh bing ban kinh
elia dudng tron ngoai tidp cia tam gide A1dada
st elt nhan tai mol dikm chung X chinh la
frge tAm elu tam gids A1d243.

(Cdc ban by ty ching minh ba 1inh chdl (rén)
Bay gio goi F la didm gita cfin OH, thé thi.
G = (1/2) (0A;+ Oda + 043) (3)

Cac ban dd biét dwéng tréon tdm E ban kinh
biing nira ban kinh cia dwéng tron ngoai tiép
tam giac Ay Aadg di qua cée lrurg didm My, Mo,
"M3 cia cie canh Ag Ag, AyAg, Adg; edetrang didm
C1, Cg, O3 cha che doan thing H A1, HAp, HAs;
cdc chdn dwong vubng gioc By, B2, By ha (o
ehe dinb A5, A3, A3 xufing cac canh déi dien.
Duang tron nay dwoe goi 1a diwéng tron 9 didm,
hay edn goi 14 duéng tron Ole cha tam gide
A1d24s.

Ngoai ra, do (1), (2), (3) nén ¢ didm O, M, H, E
I thing hang va dudng thing di qua 4 didm
nay gol 1a durgng thing Ule eda tam giac 414244,

Bude didu ta thir mé rong eqe khai niém trén
cho mét tir gike noi tiép.
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Gid sit ta ed Lo gitc ndi ti€p 14z A3 A4,
dudng tron S e6 tam O, ban kinh R la duong
tron ngoai tifp tir gide nay.

Bing mot cach nhin twong to cie dang thie

(), (2). (3. ta dinh nghia :

Binh nghita 1: Trye l4m H etia tit gide
4142 A3 A¢ noi tigp trong dodng tron 5, tam O,

ban kinh R 14 digm 'hdéa mén:
—i e TR — e ——

OH = 041+ OAz2 + 043 + OA4 ()

Pinh nghta 2: Trong tam M cia L giac

AtAzdsdq noi ti€p trong duong tron 8, 1am O,
ban kinh R 1a digm thda min:

it —

oM={114) (DA1+ 04y + Gds + 0 A {1

Binh nghia nay hoan toan phu hop voi

khéi niém trong tam mi 14 bigt tir truwde dén
nav {cac bgn tir ehirng minh).

b

Binh nghta 3: Néu H 1a trire tdm cua i giae
A1A2A344 noi ti€p trong dudng tron Sy tam O,
ban kinh R thi dadng trén voi tém E la trung
ditm ctia OH, ban kinh R2 duge goi la duang
trén Ofle ctia L& gidc ndi tiép ApA2 A3 A4 Nhu
vay 4 ditm O, M, E. H st pim trén mot duong
thing, dudng thing nay goi la duwong thing Ole
clia t&r giae noi tigp A1 Azdg Ay

Bay gio ta hay rpghién ciu mét vai tinh ehit

cfia ehc khai niém vira md rQng d0i voi to

gide nbdi tigp Mdadgds.

Tinh chit 3 : Goi Hi. H2. Hp, H4 lin lugtla
trire 1am  eha cée tam giac AgAsdd, Azdgdl
444742, A1dgA3; thE thi che dwong {ron tam Ja
Hy, Hs, Hy Ha co cing ban kinh K (ban kinh
duong tron ngoal ligp) & efit nhap lai mét
ditmr H chinh 14 trye tdm coa b giae.

Chitng minh: Ta co:

S — — e —im —
gie=l0on - o1 |=l0A1+042+ 0A3 + 040 —
il e i ! e

— 041+ OAz + 043) | = loas =R

Twong te ta co: HIL = HHo = HHg= R,

vay 4 didm Hy, He; H3, Ha nim trén duwdng
tron tam A ban kinh R. Ya cé diéu phii
chirng minh.

Tinh chdt 4: Bon dudng tron (fle eciia che
tam pihc dzd3aq, Asdadl, AgA1ds, Ardads cit
phau tai mot digm E chinh la tam dudrng 1ron
Ole efia b gide ndi tidp A1d24344

Chieng minh ¢ Néu goi B4 1a tim dudng tron

T e el

Ole ciia tam gide A1dadgs thi: EE4 = OFE—0OE4
o e = —e it P —

= (1/2)(0A1 + DAz + 045+ 040 (1/2) OAy+042 +

- e
+ 0as) I=a/2) |04s] = R/2. .
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Twong tr néu gol Fi, E2, E3 1a tim dudng

tron Ole cha cac tam gide A2dzda: Asd4Ar:

:‘14.{1:12 fa co:
EEj=EE: = EEy= I}j2.
L

Nhu vay cic ditm FEi Ez. Es, E4 nim Irén
dudng tron, Ole ena tir gide A1dadzdd, hay cac
duong tron Ole efia bac tam gide 124344, Agdsady,
A4a1dn, ArdaAs edt nhav tal digm FE.

Cufi tang, cae ban hiy tg ehirn
ehiit sau day :

Tinh chél 5: Goi My, Mz, Ms. Mg lin lugl
14 trong tam efia cac tam gidc ApA3dd4. AzAdqdrg,
A4Aids, AtAzds thl 4 doan thang AiMi. A.M2,
A3Ms, A4M4 s cil nhau lai mol digm M chinh
la trong tam cia U gide ndi 1iép ArdsAsdq va
uMIMA; =3 (=1, 2,3, 4)

Khong nhirng thé, cie ban con cd thit chirng
minh duge ba tinh chit riit thi vi nira:

« minh tinh

Tinh chdt 6. Goi Mij 1& trung diem doan 4;4j
(i==j) t1l M la giso didm chung cila cdc doan
thing MijMy voi (i, j, k O [a-mot hodn vi clia -
{1, 2, 3, 4),

Tinh chét 7: Che doan thing A1Hi. d2H2,
AsHg, A4lf4 cht nhau lai mot ditm £ la tam
duéng tron Ole chia Lir gide ni tiép Ai1d2dsdy.

Tinh chét §: Sau duong vubdng goc ha tu
trang didm cta mol canh (hay mot dudng chéo)
tGi canh 46i dién (hay dudng chéo eon 1ai) cling
cfil nhau tai tam duwdng tron Ole cua hit giae
noi tidp Ards Azdd. .

Nhu viy cic ban s¢ hinh dung ra cich md
rng hai nigm dwong tron Ole va dudng thiing
Ole cno mét da gitc ndi 1igp bt ky. Ching
ta dink nghia bing qui nap: gia sir che khai
nigm trén di dinh nghia cho tdt cd cic da gide
noi tiép c6 s6 canh nhd hon n: thé thi: :

pinh nghta { : Trwc tim H cla n— gific
AyAg g Ag ndilidp trong dedng trdn S la giao
ditm chung etia n dwerng tron bing dudng tron
S va oo tam tai che fruc 1am otia fn—1) — gise
fao béi (n=—1) dinh ena h— gide Aldsds...Agn.
Nhir viy sé ed: :

i aeegn i e L

O = 04; + 04z +...+ UAq
vol 0 la tam eha dudng teon
gi:'ic AIAE-HA“‘

ngoai tiép n—

Binh nghfn-?': Trong '4m, M cla n — gide
AtAg-.An ndi tiép Auong tron S l& gao digm
chung cia eic doyn thing néi moéi dinhcaa n—
gide vai trong tam clia (n—1)-giac lao bii efe
dinh-con lai. Nha vy 1a s& co M chia trong
cac doan thing nav theo ti s& (n=1): 1 ke tr
dinh elia n—giae va:

OM = (041 + Odg +...+ 0An)/ 0.
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M eua doan
A;42 14 lrung diEm cds dogn thang do.

Trudng ligp n=2, trgng tam
thing

Binh aghia 3 : Pudrg tron (Fle ella n—gidc
Ajdgdg Anndi Ligp dudng lron § la dudng tron
di qua Ht ed che 1Am efta cac dudng lron Ole
efia cie (n-1)—gide tao b&i (n—1: dinh efia 11—
gific. Nh thé tim E efla dudng tron ndy thoa
min : ‘

et e

OF = (41 + O0A2 +...1+ 0Aq)/2

Truéng hop n =2, dudng tron Ole edas day
cung Aids coa dudng tron 8§ ban kinh R la
dutrng tron han kinh R/2 ¢d tam tai trung digm
chia day cung Ajds.

Bon didm O, M, H, E nam trén mo! dutng
thing goi la dwony thing Ule ciia n — gike
A1Ag9.-.4n

tinh
, 3" 14 cde bAi toin danh eho cic ban

Viée e.ln}ng minh Lén tai cua cde dinh
nghia 1.

L g!ll

Ngodi ra, che ban cd thd thiv thém céc tinh
‘chdt

5

Tinh chiit 6 : TAt ci cac doan thing nbi Irong
tim ez k — gige tao bdi k& dinh cia n-—giic
viri trgng tam cia (n—k)—gide tao b&i (n-k)
dinh con lai déu di qua frong tdm M ecla n—
giac.

Tinh chitt 7°: Cac doan thing ndi mdi dinh
elia n—gide voi tryd thim eita (n—1)— gide tao
biri (a—1) dinh con lai s& efit nhau tai tdm dudng
trén Ole cla n—gidc, vd bilam nav chia thanh
2 doan bing nhau.

Hen nia: Tat cd cde doan thing ndi irie
tam eilia k—giie tao bdi & dinh cda n—gide voi
trge tam cha (n—kl=gidc tao b&i ‘n=k) &inh
con lai ciong déu di qua lam dudng tron Ole
cla n—giac va bi tam nady chia thanh 2 @oan
hiing nhau. (0 day ta hifu trye tam Hyj ciia dmm

——p

—

445 1a diém thoa man: (OH; = 04; + HJ.}}

Finh chdt 8 : nln—1)/2 dwéng vudng goc ha
tir tim dudng tron Ole eda (n—2—gide lao béi
(n—2) dinh elta n—giac toi dwong thing néi 2
dinh con lai cdt nbau tai mot diém chinh 14
‘tAm dwdng tron Ole clia n—gife.

! Cudi cung tdi xin goi ra mot hll'l:l'lllf_f_ tong qua’
hon niva khéi nigm dodng tron Ole va duon
thang Ole cho da gide n¢i ti€p, cac ban has.
khai phé thém.

Gia st cho da gige nbi Lifp Adgdy. dn. fu
dinh nghin dwdrng frén Ule thit k cla da gide 14
dudng tron tam la digm E(*) théa man:

i —

e, M
OFR) = (041 + 043 +...+ 04k

va ban kinh bing fik;
dirdérng lron ngoai Llifp n—gidic

trong do O 14 lam
A142...4n con R
la ban kinh cla dedng tron ngoai Ligp nay.

Nhw vay tim etia dudng tron Ole tha | |
trye lim, tdm cta duang tron Ole tha o la
lrong thm clia n—gide, con dudng tron Ole thir
2ehinh la dudong trom Ole ta d3 goi (o lrude.

Cac ban hay chitng minh cac tinh chat :

Tinh chdt 9: t4c tim cla cac dutng tron
(Jle thit k cim (p—11—glic tao bdi (n—11 dinh
nao do cia mol n-gide nbdi ligp s& cing ndm
trén dwong lron Ole thy & elia n—giae nayv,

Tinh chit 160: Cic doan thing noi 1Am cia
dirtrng tron Fle thie i eda &—gide tao bai £ dinh
nao do cfia mél n—giac noi tigp vai tam cia
dudung tron Ule thie j clia (4 -E)—gide tao boi

(n—k) dink con lai s& di qua tam EUTH ciia
dwang tron Ule thi (i+j) clia a—giae noi tidp
a6 va bi £(H)) chia theo 1 s& j:i k& tir tam

duong tron Ole cha k—giic.

Tinh chat §1: Cée dudng vudng goe ha tir tam
dudng tron Ole thir § efin cae (R=2—giac tao
biii (r—2) dinh nao a6 elha mot a—gide ndi Lidp
xuding doan th.ing ndi 2 dinh con Ini s& cit
nhau tai tam E () cda dudng tron (Tle thi i cla
n=giae a1o6.

~Cée ban thdy ngay Ib tdt ¢i cic lam duong
tron (e nim trén mot dudng thing va didng
thing nay goi la dudng thing Ule.

Cuéi ching chiue caec ban 6 thém nhigu phat
hién b ich hon nia.

LE THONG NHAT

(Tham khio cudn «Quy nap trong hinh hoc s
ciia [- M. la—Glém xudt bdn ndm 1963 tgi Mat-
xce-val.
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Bai 1/119. Hay Hm. tdt cd ede s8 chinh
phieny cd siuchit 50 md tgn eing eda @ ld ba
chit st khdc khing gidng nhou,

Léi gidi (elia Nguyén Duy Thdi Son, 86B Nguyén
Hué, Hué).

TrirGe hét ta co vai nhan xét:

1) S8 chinh phueong cé tan ecung 1a 1,9 s@ cb
chir sd hang ehue 14 s8 chin. That vay. s6 chinh
phuong iy s c¢d dang:

(10a = 1)* = 100a® =~ 20a + 1,

(11a - 3)* =100a* +60a +9: a=10,1,2....

Tir hai ddng thire nay suy ra dpem

2) D& dang thdy ring s6 chinh phuong c6 tan
cang 14 5 s€ ¢d chir s8 hang chue 1a 2.

3) 88 chinh phuong c¢ tAn cung 1a 6, sé cé
chir <6 hang chue la s& 1é. That vay, s8 chinh
phuong iy cb d‘mg

(10a 4= 4)* = 100a® + 80a + 16 ;

Tir day dé didng spy ra dpem.

Trg lai bai Gid sﬁ- s6 phédi tim, vi&t
dudi dangsthap phan la A' = maprry m, 8. p. x
.o, ]... 9] va me==0.

Vi A% 1a sé chinh phuong va do x==0 nén
x chi ¢6 the nhan cac gia tei1,4.5.6,9. Lai do
3 nhdn xél frén nén fa chi ¢c6 x =4. Do vay
s phdi lim cd dung :

a=0,1, 2....

toan :

A® = mnpidd.
Suy ra A= 10a +2 hodc 4 =10a — 2.

Xét hai truong hop:

1) A =102+ 2. Khi d6: A%
Suy ra d0a +4=44 {mod
0 (mod 100) = 2 (¢ — 1) = 0 (mod3) = a =5b +
Vay: A= 10a + 2 = 50b + 12. Suy .aﬂwhﬂﬁba
12006 + 144 = 444 (mod 1600) = 100b (50 + 2) =
300 (mod 10800} = b (56 -+ 2) = 3 (mod 1D).

Do d6 b phai 1a s5 1&. Bat b= 2k + 1, khi da

Q4+ 1 (10k+71=13 (mod 10) =>4k +7=23
(mod 10) = 4k =6 (mod 10} =+ k=4 (mod 10)
hofic k=9 (mod 10). C& hai {rudng hgp déu
didn d&n b=2k+1=9 (med 10), tirc b co dang
b= 10c ~ I.

Suy ra A =50b + 12 = 500¢ — 38.

Ta c6 10°<Ca® = (500c — 38)% < 10° = 100 /70

<C500¢ — 38 << 10” = ¢ = 1 hote e=1u, - -

= 1002 £ 40a + 4.
100) #= 40 (a — 1)—
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Vai ¢ =1, tim ra A =469 = 215444,

Véi c=2, tim ra A ='982" = 925444,

2) A= 10a — 2. Bing cac phép bién ddi tuong
te nhw trén, ta a& cd

A = H00c + 38. !

Ta cé 10° << A% = (500¢ + 33)’ - m'5

= 100V 10 < 500c + 38 < 10" = ¢ -

Khi do A? = 5387 = 280444,

Vay c6 3 38 théa min dé ra la;
vi 925444,

213444, 280144,

Nitdn xét: Ban, Bang Hodng An (10T Ngo Si

' Lién, Bic Giang, Ha Bic) ciing o6 1ai gidi ding,

tuy nhié¢n trinh bay cén rudm ra,

N. K. M.

Bai 2/119. Tim b&n 36 lir nhién cd tinh chil
sau : Binh/phuong clia mdi $0 (rong chilng cfng
vei ba 84 con lgi ld s8 chinh phuong.

Levi gidi (etia Ngayén Duy Thai Sen).

Gid st bdn s6 hr nhién @, b, ¢, d eiin tim théa
min

a=b=c ;E‘s d (")
A= +bo+c+d B=a+b +c+d
'=u+b+c=+d, D=g+ b+ c+d*
la cae s6 chinh phuong.
‘T didu kitn (*) ta c6

P A€ a Fia<"(a+ 27
Vay A=a'+b+tc+d=la+1) .
hay a=+c+d—1/2 (n

Tir (1) va (*) suy ra a < 3b/2, va

b < B <] 3b/2+ % + 25 = b + 7b/2 < (b + 3%,
Viay B=a+d> +c+d=1(b+ 1}
hay b=(a+c+d—1)2 (23
Trio (1) cho (2) vé& vai vE la duge
=pvaasc+d-—I ; (3)

- Vin dé dal ra Ia lim céc s8 L nhién a.e d
(e 2c2d d8 cac s0 C=20 +c¥+d. D=2+
¢ +d¥ 14 chinh pheong.

Xét hai truwaong hop
1)d=1. Ta. (3} ta c¢é a=
(a + 1% 1a chinh phurong.

P& 1a sd chinh phwong thl D=3a04 1 =(3k4
1% Khi d6 a=b=c=3k* +2.

2)d >0 Tie (3 ta 00 € a2, vi (e + 1)2
=2+ ¢ +l<r’ 1¢+ ¢+ ¢ < (e + 3% Viy

. -——{r.'+2‘i Jbre 14 2a 4+ &% 4 |:!'21‘..'_'-}-2]Iz hay
2a +d=de+4. (1)

¢ v do do C=
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Giai he (3, (4} ta dwoe
. a=Hd/2 — 1,
¢ =3d/2 — 3.
Tir ddy ta thiv d=2m va
a4 = 5m '"-1:;l’-clﬁm—ii;}d:'.’,m.fiuyram}.'!.
D=2 + ¢+ d'=4m’ + 13af - 11 2> (2m + 29 (do
m>>3), va dm® + 13m — 11 <7(2m + 4%,
Vay chi ¢ thé:
) D=dm" 4+ 18m — 1135 (G + 2 & m =3,
a=b=bm—4£=11, c=3m—3=6, d=2m=14,

b) D= (2m + 3)° > m=29.
a=b=5m—4=96,¢=3m—3=57,d = 2m
= 40.

Tém lai che s6 ty nhidn 1tm duoc la:
a=b=c=3k*4 2k (k 12 s6 tuw vhién), d=1:
a=b=¢=3k -0k (k14 36 tir nhign), 4 =1;
a=b=11, ¢c=d=20;
a=b=98 ¢c=5l, 4 =40

a
Bai 3/119. Ky hicu o, 14 86 nguyén gin Vp
nhi#t. Héy tinh tdng
S=1la + Yaa 4 ... + 1fagasr.
Lot giai (cha Ngé Duy Ninh — 57 Trin Phu,
Quy Nhon). !
T
Do Va la mbtsd ty nhién hode mbt sé vo ty,
nén cach xae dinh o, cla bai ra 1a duy nhat.:
Ta nhan xét moisd ty nhign n thos min (b +

22> n 2> (k ~ 1/2)° déu c6 an = k. Na gitra -

86 (k r,fzg3 va (b — 1/2% co tdt cala (k 4 /28
—{k — 142)" 56 tu nhién.

Ta lai e6 (13 + 1/2)7 > 1981 > ... > 1054 >
(18 = 2% =12 + 1/2)°® > 1953, nen

198 : gy 3 iy 3
e ok TR Rl f
== ' g o=I Je

+ (1981 — 1954 + /13
=3+ 12/2 +27/3 + 494 + 75/5 + 108/8 + 147/7
+ 193/8 + 243/0 + 300/10 + 363/11 + 133/12
+ 9813 i :

12
:3“1:‘.. lm + (1/4) (1 4+ 102 + 1/3) + 28/13

191
:236-—.?—-—- ;
312

Nhin vét: Cdch giai trén cia ban Ngé Duy
Ninh gip phii mot sy tinh toan kha edng kinh,.

hittps:/sites.google. com/site/letrunglaenmath

Viée tinh toan sé tré nén nhe nhing va don .gia'm" .

hon nhigu, néu d& ¥ ring.
: [k + 123 = [tk — 1/23) =
3 33&2 néu k=i (mod 4); 1=1.2,3
3% + 1 néu k=0 (mod 4)
Khi d6 ta cé -nga}' -

12
§= 2, KD + 14+ 18 + 112 + 28113

R
=87 1k+ 1/4 + 1/8 + 1712 + 28/13
kz

N.K.M.

- Bat 4/119. Ching minh rdng oéi moi cdch
chia tap hop 1.2....9 (gbm 9 s& {ir nhien diig tien)
thanh ra hai tdp hep con ludn lndn co mét tip
hgp con chira ba s6 1ap thanh mo! edp 56 cong.

Lai giai (cha Ngé Duy Ninh),

Gia st ngwge lgi: tdn tai mot cheh chia tap
di cho thanh hai tap con A va B sao cho trong
4 cling nhr trong B khong c6 3 &6 nac lap
thauvh mot cdp s8 cong.

XéL 3 edp sb cong (1,3,5); (3. 4,5) va (3,5, 7).
Ta théy eip s6 (3,5) khong thé nam trong 1
tip hgp. vi néu nguge lai thi cie s6 1,4, 7 1ap
thinh mét clp sd cdng va cung thubde mot tap
hop, man thudn véi gid thist.

Twong tir, xét cacclp s6 cong (3.5,7): (5,6,7)
va (5, 7.9), (2,4.6); (4,5,6) va (4,6,8) ta ch:

.cap 5,7) eiing nhur cap (4, 6) khéng thE nim

lrong mét tap hop.

Do cap (3,5) cing vho cap (5,7) khéng thd
nim trong mét tap hop nén 3,7 cung thuge mot
tdp hop va 5 thude t4p hop kia.

Khéng mit toug quit, gid st 3,7 € A va53G B.

Xét hai trudng hop: :

14CA Vi3 4G Anen 2G 5. Vi 4.7 G4
nén 1€ B Vi 2,6GB nén8 € A. Vi 7.8 & 4
né.. 9 G B.Nhuwng khi d6 1,5,9 ¢-B va lap thanh
mot cdp s8 cdng mau thudn ve&i gia thiél.

2)4€C B, khido 6.G A. Vi 3,6 G A rén 9€
B, Vi59C BnéniCA Vil,3E 4 nén2€
Biva vi 2,5 GB nén 8 G 4. Nhwng khi de
6.7,8 G A va liap thanh mot cip 88 edng, min
thudn woi gid thidt.

Céc miu thulin trén ching td két luan cia
bai foan la dung:

N.K.M.

' https://tieuIun.hogto.org
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Bai 5/119. Trong day céc 36 chinh phwong

LR L

hiy iy ra (it ca cde bg bo 38, sao cho mdi bé ba
s0 dy lap thanh mat ciip sé cdng.

Lére giai. Bai todn trong ducog véi viége tim
18l ci cacnghiém nguyénduong (x:p: = (x<Ty
< z) cha phuong trivh

.?_'2 + 2= ‘?_g,r! (1)

Di hnién ta ¢ vide Lim cac nghidm nguyén
dureng (x; y; 2) thda man thém diéu kién phu:
T, i,z nguyén 18 cing nhau, ive &

(3, pozlie= L (2)

Tw (1) suy ra ring &* + :2 phai la mét sd
chiin, nhu vay r.z phii ddng thoi chin hay 18
Nhung nén x,z ddng thoi chiin, thi 2% + 22 chia
hét cho 4, do do theo (1), y chdn, khi dé 2 4
mot wire chung eta xy.z tréi vai (2 Thanh
thit véi gid thiét (2), ta e6: »,z 14 nhimg s6
1&. Khi dé néu p 14 mdt <8 nguyén 16, wie ela
x va z thi p l&, va theo (1), p ld ude cha y,,
vay.p la mdt woe eta g, do dé 1o la mot wde
chung cia x.y,z. Thach tht vai gia thidt (2),
ta suy ra ring:! r,z la nhitng s6 l&, nguyén
16 eung nhau.

Tu k&t qui niy ta thiy ring @ + zva © — =

1A nhitng st chén, do do eo thé vig&r (1) dwsi

dang >
[tz + 2)/2 2+ [(z -a)2P =y,

hav

u? + =gt (3
voin=(z+2)/2 0= (z— xk2la nhitng s& nguxén
duwong. Néu d 18 wée chung Ién nhél cia 2 va o,
thi 2d 134 mét wore chung cia z+ © va £ — x. do
da d 14 mdt wée chung ela @ va z; nhir d3 thiy,
ta phii eo d =1, Lic
nhau.

Nhir di biét (xem ching han bai todn 25 Irang
eudn TuyEn lap nhitng bai toan so cip, tap I,
dai s6), nghigm t6ng quat cia phuong trinh
(3, vai digu kién w,r nguyén 18 edng vhan
durge eho bdi cong Lhite:

I{ ’nr; fioes p’ = q?
hodc & v = p* . q hogc § v = ..pq
fy=p"+ o Ly=p'+q°

traong d6 p. g 14 hai s6 npayvén duong by ¥,

thoa man diéu kién: p, g nguvén & cing nhau

va p:—"-']-

NEn chon v =2pg, 0= pz =53 q:. thi di dén
| r=q"+2q-p
J J—pz+q2 ; (9

[ --'p +2po—q,

£

12 u, v nguyén t6 cing,

hitps:/isites. google.com/siteletrunglienmath

con néu chon u:pz = ;1 -="’pq. thi di- dén
T = ,r:iE - 'qu e :;

p +q° : (5]
z=p"+2pg — ¢

bE v ring cde bidu thwe cda o trong (4) va

trong {3) ehi khac nhau bdi ddu, ma 1a phai
chon @ == 0, thanh thirta di dén két ludn : nghiém
nguyén duong tong guéat cia phuong trinh (1),
théa man didu kién (2), duoe cho bai

r = |ig+ ¢ - 2p¥

= 1""2 i 'Iz

c=(p+¢? - 27,
véri py q la hat sé dwong iny v,
kien: (p, g9 =1 va p > q.

Trong s cae ban giri bai giﬁi. khong ban nao

giai ding bai nay.

thoa min digu

N.EM.

Bai 6,119. a, b, ¢, d I¢ b&n s8 duong khdc

nhau, vél ¢ + b =c + d. udi phuang I[rinh
1-';.L' A a% A T"ll;c—i— bt = Vo 4+ e+ Ve + 4t

Lot gidi. C6 th& coi ring a <Te<d<Th. Ta
hiy viél phuong trinh di cho dwdi dang
Ve+ai—a + Ve+bi-b = Vetcl-c + Vi+d'—d
hay

oy i . . i
e
Vr+at+a Ve +b®+ b
= 3 - _._ﬁ___‘T — i1)
Vit ct+ec  Votd+d

tr day truede h&t la suy ra x =0: nghiém pay
chiap nhdn duwee vi nd lim cho eac edan bac hai
¢ nghia.

Ta hay tim cée nghigm r==0 (a8u c6) cua
phrong trinh di cho. Tir (1) suy ra
Sk el T
Vi a? +a Vi b2t b
|
= - _E = b o——y {231
Vit +ec Vr+a®+d
Bat i
A=Vrta+a, B=Ve+bin,
= Vettde D=Vr+d +4d.

Khi d6(2) ¢4 dang
HA 4+ 1B 1/C+ 115,
hav

{4 + BYAR = (C 4+ D)CD

https://tieulun.hopto.org
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Nhung hidopsuhién e phwang trinh* di cho,
A+B=C+ D (3)
AB=CD (4)
L (3) va (4) suy ra: holic A==, holic A—D.
Nhung do gid thidt a<Ce<ld. laco A<C<D
{véi gid thiél cde cin ed nghia), va di dén miu
thufin. Thanh thi (2) kbhong the xay ra. noi cach
khie¢ phuong trinh da cho c6 nghiém duy » hiil
14 a={. -
Ban Ngo Duy Ninh (Qui Nhon) gidi theo L'écli
san dav : e6 thé col o<le<"d<'bhb = (b=—c) (b—d) >0
= 0% — blc + d) + cd > 0= cd > ble+d—b) Lie
cd = -
Binh phuong hai vé efia (1), chu ¥
a*+b% — (*+d*)=2(cd —ab) di d@én phuong
irinh
ed — ab+V(z+ e (x4 b)) = Viz+ch) (x+d®
Tiép tue hinh phuong hai v& va u'e luge cée

ta coH

do viy

.80 hang dong dang s& di dén

ab—a =V (x+a*) (z-Lb%)

Phurong trinh ehl b6 nghidm x <. ab; binh
phuong hai vé va udce luge s di dén.
(a+b)fr=02=0.

Bai 7 /119 Cho n s6 duong 1, T Tn

Chieng minh hit ding thire
(1 +21/naei(1+a2/nwg) L1+ xp-1/ pae){1 4/ nx1)
= {(1+1/n)"

Lii giai (ctia nhidu ban).

Clcsd o va px - li=1.3,.s n} déu la chc 56

direng, ap dung bt dang thie Cosi, ta cd:

e+ = (n+1) ¥ 13 il

fid e e o s o B tl_;' x

n+1 i

T e
(1)  Vann=i

8Tn i En=i

| +wn = Antd)

Nhan tdt ea cac bdl daug thie trén. vé véi
v&, vi.chia ca har v@ cla didug thie nhan duroe
cho o' riae.. o, 1a dige

{naxz+x1) (nxg+xp) .o (pzntxa=1 (ax;Faa)

Ny « g .., Nn - LGEL
= lat+D mrs.oxofn® w2y o ze = (1 + 1/n)°
> (1 -+ x1/nre) U1+ xe/nrg) .
(1 +xa_t/nxa) (1 -+ xg/nxy)
=1+ 1m"

Bai 8/119. Cho mot diwdng iidn, Gei Sa
dign tich da gide déu, m canh ngi Liép durdng br.
d¢ Chirng minh rdng ta luén <o

9%5n, > Sp_1-t Sdn2 (n= 4)--

Léri gldr. Khong mit ting quat, .ta gid st

_duéng tron da cho 6 ban kinh bing 1. Khi do

dién tieh da gide déu m canh nodi tigp la
."mz(mf?) sin (23 /m)

- (bing tong dién tich m tam gide can co canh

bén bing 1 vA gbe & dinh bing 2/m),
Xét ham sd
ffﬂ'}zfrfi:l sin (27 ), voi 2 3
Ta chirng minh
of (2} > flacy + fldx). (1
Ta o
f(x) = (x/2) sin @ T [x) =2 sin (/) cos (/)
—9psin (T/2x) cos (T/2x) cos (I /x).
F(2x) = 22 sin (3/2x) cos (7t /2).
f(4x) = 2x sin (T/2x).
Bat déng thie (1) cin ching minh tr& thanh
4r sin (9/2z) cos (f2r)
> 9z sin (7/22) cos (3T [22) cos (7[x}
+ 2 sip (7/20)
‘e 9 pos (7C/2x) = cus (7/22) cos (Ffz)+1
e 9 eos (/2x) > eos (T[2x) X
[1 — 2sin® (/20)] +1 .
e cos (A0/28) > 1 —2sin® (X/2x) cos (W/2r)
e | - 2sin® (Mfdx) =1 — sin (7t/x) sin (ﬂ;"ﬂ:ui}
e 9sin? (3/4x) < sin (/) sin (X/2r). 1)
Vi sin (7/22) = 2sin (Ti4x) cos (40
= 2 sin (7/4z)- V9 cos (TLf4x) == Vo sin(m[4x)
(voi x> 2 thi V2 cos (T/ax) > 0.
va sin (7/r) > sin (3¢/22) 2> V2 sin (T {4x),
nén (1) duwoe nghiém dung v do da (1) doge
clurng minh.
Thay r = n vao (1) ta duac, wii n=zd:
.-':52]; :a" 53_1 =+ :;.{n
hav
3 e : 2
o e S4n — S0n ")
Tinh dao ham bfe hai cla flx) ta duge
£ (@) = — @a%a’) sin (290)x) <ol
Vay f(x) 14 ham s6 16m, suy ra |
: x1 + x fla) + flzp!
il s ey
2 2
! ] '?
https://tieulun.hopto.org
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{(Xem bai « mol phurong phap ching minh va
} sang lao bit dirg thie » — THyTT s8 1 ném 1981,
O ddy liy qu=gqz = 112, diu hit ding thie irng
vé&i ham 18m trai chidu vai ddu irng viri ham 144).
Biy gior ta chiang minh
Sn= Sn-1> Synagy — Suq **)
Vi Sm=/7(m} nén tir (2) suy ra
Sn - Jn-1 i Supl — 8Sp = Saty — Sogy L.
o Ty T S oy ke {S2n — Snl/n. {“J
Vi
Sqnte — S4n < Stn — Sgn-2 < Sin-2 = Sin-l
< o < 83543 — Spn
= Sints — S4n '::IS.(P —Saa)/n. (b)
So sanh (a) va (b), chu ¥ dén (*), ta duoc
biit ding thire (**)
T (*) va (*™) 1a o
080 > 8, 4 S0 > Sui ok Sdpez.
Bit ding thirc néu trong ddu bai duoe ching
minh.

Bai 9/119. Cho hink thang cdn ABCD (4b=

BC) not tiép trong duwirng tion tam O. Mot day XY

thay dbi edt AD tai P, BC tai Q. sao cho XP =
OY. Tim qug tieh didm giita cita PQ.

Loi gidi. Tw gid Lhiét XP = QY suy ra O nim
trén trung truwe eia PG Nhu vay OPQ la tam
giae camn.

Dung dudng trung binh MN caa hinh thang, -

gid st MA cit XY tai

I. Tam gidc OMN ciing
la tam gide ean. " : :

Hai tam giae vudng OMP va NQ b&ng nha
; e
vi OM=0ON, OP=0(Q. Vay POM = QON.
—— —

Tir dé: PG = MON.

Hai tam gide can OMN vi 0PG co gaoc & dinh
bang rhau nén &8ng dang, Vav

: ———
QEO=NM0O
va do d6 bén di€m M.I,P.0 ndm trén
dwrdrmg tron.

Suy ra 01 | PQ, vay I1a didm gifra efia P,

Ta dd ching minh dirge didm giits [ eda PQ
nam trén MV. D& dang thdy rdng [ ehi ndm trén
doan RS trén MN giGi han béi hai dvuéng chéo
efia hinh thing (h. 2.

Phin ddo: Lay I' trén RS. Néu I’ 1a didm giira
efia RS thi dAy XY chia MN, P trong voi W, Q
tritng voi N, sé ¢6 XP=0F. Néu I’ khéng phai
la diém giira cia RS, ta dung OF°, dung XY |
O cil ADG P va cit BC & Q. Cac tir giae MPI'o
va NQI 0 néi tiép duoe, sSuy ra

e S
NMO = QPO, PQO = MNO

m it

—
= QPO = PQO “> [AOPQ can = Xp = gY.

DE théy ring trong truong hop dwéng trung
binh MN cia hinh thang khong cit XY, tic la
trwdrng hop XY//MN thi trung diém etia BQ
ndm trén trye d6i xing KL eda hinh thang.

e —
il

At il

. "‘“\\a
R e

7

{ i Sl S i
I / | AT
\/ ; | e AL A

P | )
N L e

!I\ > ’

\ﬁ\'u S o

Hinh 2

Tém lai quy tich didm gia cda £Q 1a hai
doan RS va K/ & hiph 2.
Ban Nguyén Duy Thai Son (Hud) c6 Lo giai18t.

Bai 10/119. cho mot ur gige T ¢¢ dign tich
§. Ta chia méi canh cfia né thank 3 phin bing
nhau roi ndi cde cap ditm chia tirong trng & cic
conh 8i dién. Lam nhr vy, tir gide T duge
chia thanh 9 6 hinh tii gide. trong 46 cé mét 6

https://tieulun.hopto.org
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khéng k¢ véi canh ndo cte T ma {a gotld 6 trung
tdm. Ndi ring di¢n tich cin ¢ trung tdm bdng 5/9
cd ding khing ?

Lot gidi. V&i nhitng k¥ hitu nhe hinh3 ta 6
Spag = (/3) SpaB, SBeG =(1/3) Spep, Tir a6

e SDAE + SBCG = (1/3) ISDAB & SBCDJ =83 =

Mat khae Sppg = Sgng. SGEF = Sgrp =
Sera = SgpGD/2 hay Sppgy = §13.

Bay gio ta chirng minh rdng PS va OR c#t
EH tai nhitng didm K, L chla doan EH thanh 3
ph&n bing nhau. Thal viy (xem hinh 3) ta co
PE = DB(3, HS = (2/3) DB = PE = HS/2 w KE =
KH{? = ER = EH/3.

Toong tuv HL = EH{3. Twe 13 K. I chia doan
EH thénh 3 phin bing nhau. Tuong tu M, N

chia doan F6& thanh 3 phin biing nhau. Theo
phin trén ta eé

SKLMN = (1/3)S gpoy = 579,

Viy dién tich & trung tam ding bing 1/9 di¢n
tich ciia tir giae da cho.

CAC DE TOAN THI GIAIl
1981 ~ 1982

Bai 1/122. Hoe sinh A rt gidi todn, Co lin
thiy gido 48 A do4n hai 56 nguyén duong, ma
thiy di viét bo trong phong bi dan kin, nhing
chi cho A biét tdng binh phwong hai s6 iy, A
tra l&i; “Em chiu, khong doan dwges. Thay
giao cho bi#t thém: « Hai s6 &v 6 tdng lén hon
12% Khi @6 A uéi: « Em dodn ra r6i®, va dra
ra két qud dnng!

Ban hay tim hai s6 ma thiy gido 44 A, cin
gidi thich chit chd l4p luin cia ban.

Phan HBirc Chinh

Bai 2/122. Cho 2n 5 dirong .::1: iy e
b, b2..... bn théa min eic dibu kién: .

TOAN 2. = _e 5 %

s bhr <. ba

1) véimoi k=1.2,....n,ta ¢ o} + al +...4ad <
< bf by + ... + by

Chitng minh riing: :

Dar+az+..+anThi+b2+..4 M

bibs

15i<lj<n I<i<ljsin

Phan Bire Chinh

Bai 3/122. Tim (41 ch che s& ngurén té co
ba cht 6 sao cho néu ta thav 48i vi tri efia
cac chit s6 theo thir tu bAt kv fa vdn cd cac
s6 la 88 nguyén 16, .

. Ta Thanh Tutin
(T.p- H& thi Minh)

Bai 4/122. Hay tim cac b6 ba &8 nguyén
a, b, ¢ sao cho hé¢ phwong trinh

02 + br + ¢ w0
br®*+ cx +a =2
;:I=+ri.r+b= —~26
c6 nghid¢m nguvén.
Hodng Hoa Trai (Nghé Tinh)

https://tieulun%opto.org
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. Bai 5/122 14y chin chir s6 1, 2,..., 9 vidl
thanh bhén sf: mol sd ¢6 ba chit s6 vi bha sf
edn lai e hai chir 56, sao cho ching lip thinh
che eip s8 co tinh bing nhau

ab X cd = ryz X up *)
Cho bi#t cach viél irng v&i gia tri cha tich &
mdi v& cia (®) 16n nhdl la
98 76 = 532 X 14 {=TH8L
Hiay tim tdt ci chc cdch vidl tng voi gia tri
cita tich méi v& cda (*) co chir 56 hang don vi
la 6. - ;

Bai 6122, Trén dudng tron duong kinh AR
ta 1y hai diem- M va N phap bigt, Goi E va F
theo thir tr 4 hinh chiu cia M va N trén AN
va AM. Chirng minh EF_ AB. :

Lé Quoe Hdn (Nghé Tinh)

¥ + —— i
# Bai 7/122 Cho géc vubng xOy. Mdt hinh chir
nhat OABL ¢é chu vi khéng ddi, thay ddi sao
cho cav canh 04, OC eta nd ludn ludn nim trén
cic tia Ox, Oy. Ching mink ring dudug vudng
goc ké tir dinh B xufng dudng chéo AC ludn
luén di qua mot didm ed dinh.

Ngupén Cong Quy

(T. p- H& Chi Minh)

Bai 8/122, Mot didm € chuvEn déng irén

nira dwong tron duwdng kinh AB Ké €D vubng -

hittps:/isites google.com/site/letrunghienmath

goe véi AB, Goi (vi) 1a dudng tron tiép xic vl
cie doan €A, CD va cung AC: (w2} la dudng
tron tiép xie véicae dogn CH, CD va cung (. B.
Cae dudng tron (o1), () tiép xuc vii AB tai
L1, Ep. Goi I la tim duéng tron ngoal Lép tam
gide CEiE2. Chirng minh €T ludn luon di qua
mdt digm cd dinh.
Lé Qude Hin

Bai 9/122. Cho tam gige d#un ABC. 1) 1a mbl
didm bdAt ky ndm ngoar mit. phing clia tam
giae ARC.

Chirng minh rang:

1} Tir ba doan thing DA, DB. D co
dwree mot tam gide (T) ndo dé.

2) 1ai tam giae (7) va (T°) ¢6 dién tich bing
nhau, trong dé (T7) déng vai tro cla tam gide
(') wng véi digm D, 46i xing v6i diém D qua
tdm O eda lam gihc ABC.

the dung

Naoyén Béng Phit
(BHSP 1, Ha Noi)

Bai 16/122. Chung minh ring tir C2 ngudi
tiy ¥ bao gi¢ ciing c6 thé chon ra duge n+ I
ngudi hode déi mor quen biét nhaw, bofic ddi
mot khdng quen biét nhau.

Vi Pinh Héen (Ha Noi)

Chit thieh: Bai 5122 do Pham Hoang (Ha Noi)
s tAm.

VE BAI BAO «VE CAC BUONG THANG BONG QUY»

RONG bao Toan hoe va tudi tré =6 101, bai
vi€t « Vi cac dudng thing déng qui® co
nén ra dinh li:
* «Nhidu dwdng thing edf nhau aAdi mot ma
khong dong qui thi phdi dong phang va khong
déng phiang thi phai dong qui

‘Tac gih a3 dang phwong phap qui nap toan
hoe d& chirng minh dinb li n6i trén, & diy 151
xin néu mdt vai nhan xét vé chitng minh do
va dira vaecic nhan xét nay dé neéu cach chirng
minh khic.

1. Sau khichirng minh dinh ¥ ding vai rudng
hop 3 dwongthing, lacgid gia st dinh 1y ding
vai k dudng thing va ehiriig minh nd rciing
dung voi k- | dudng thang. Nhong khi xét
quan hé cia & dwong tharg bt ky trong so
k+1 dudng thing ddi mol ciit nhau @i cho thi
tac gid chi xét c¢6 hai trwrdmg hop:

a) k dwdng thiang d6 khong dbng qui, _

b) k dwdng thing 46 khong ddng phang, ma
theo phan loailégic thiecdn haitrwong hop niva;

10

e} k dweong thang d6 wia khong dong qui
vira khong déng phiang,

d) k dwéng thing d6 vira ddeg qui vira dong
phing.

Mie dn ping triréng hep e) b loai trix do gid
thiét qui nap va trwong hop d) chirng minh
khong e6 gi kho khiin song khéng thé bo qua
viée néu chung ra duge. i

2. Chitng minh chwa dwge gon do chira chia
v dén gquan hé giira "hai phin cia dinh li. Ta
thiy ngay hai phiun eia dinh li 14 hai ménh
dé phin die cianhau, do dé ehi chwching mink
mot phiin va phin con laisé suy dwoe mot cich
dé  dang. ; g

J- Viée diang phuong phap qui nap toan hoc
i dav khong thye sy cin thidt

T ehe nhin xét trén, ta co the trinh bay chong
minh dinh If nhwr sav:

Xét n dudng thing bit kv dbdi mot cit nhau!
Gia st cdc dwong thiing do khéng ding qui.
Ly bdt ky hai dedng thing trong s6 n duwéng

https://tieulun.hopto.org
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thing dé, gia su 46 1a hai dudng thing a vab,
Goi M la giao cua a voi b, Dyng mit phaong P
chita @,b. Vi n duong thing dang xét khoug
dong qui nénco it nhit mot dusong thing khong
di qua M. Gid st ¢ 14 mor dudng thing khong
di qua M. Vi ¢ ciit cd a vd b nén ¢ nim trong
P. Cac dudng thﬁng con lai thi hoiiec gqua M vi
ciit ¢ (twong tw a, b) holc khéng qua M va éit

&)

a.b (twong ty o) nén déu ndm trong P. Vay n
duwérng thing ddng phifg. :
Bay gio gia st o dwong thing ddi mot okt
nhau khong dong phing. Thé thi n dwdng thing
dé phai dong qui vi nédu khéng thi theo ehitng
minh trén ching. phii dbng phang, trai vai gia

thidt.
PANG VIEN (Ha Not)

Tim hita séo hen toan hoc phd thong

CONG THUC NOI SUY

TH{_I?\'G phin Iy thuvét da thie hgc . pho
thong, ¢4 mdt vin dé khong duge dé
cap dén, nharong rit o6 hidu lge d8 gidi quyét
mbdt loal bai toan xung quanh da thie, do la
cong thire ndi suy, hay cing thie La-grdng-gio.
Li do don gian cua viée khéng d& cap dén,
1a edng thire v vin thudng duge quan niém
14 phire tap. Nhwag xét cho enig, sy phite tap
chi la v& mit hinh thire, con bin ehdt cong thire
that ra ciing don gifo.

Muye dich bai nay trirGe hét 1a gidi thi¢u vai
cig¢ ban cong thwe 4y, vd sau do, quan trong
hon, minh hoa chch van dung cong thic qua
phép gifii vai bai toan hay va kho.

b2 thidy ngudn gie clia cong thire ndi soy,
ta hay dé ¥ dén har ménh dé sau:

MeNH PE 1, Mét da thire bdc nfn 2= 1) khing
th cd hon n nghiém phan bigl.

Ban doc ty ching mink ménh dé nay, heac
xem cach chirng minh trong cudn Tai lieu dai
50 chuyén loan lap 10 {efl

MENH DE 2. Néa hai da thiec bée < n, o6
qid tri frang nfien tgi n+ 1 digm phdn biél, thi
hai da thire dy fridng pél nhans

thir f{x) va& glr) 14 hai da
thire hic S . v4 x1. 3920« agd 1a A 41 didm
khic nhauw tai do fixp) = ¢li) li=1,2....n+ 1}
Khi dé htx) = flx) — glalla mdt da thire bic
< nowdihla)) = 0 (= 1,2, ,a+1). Néu filx) co
bac m=1, hPF b nil nghitm phin biét =z,
,rz Tatl, ¥OlL 4l 2 "‘-.1_ nay miu thuin
voi menh.dé I Vay hiz) co THel tire la filx)

T

{hirng minh. Gia

PHAN BU*C CHINH

la mdt hdng sd. ma hixi) =4, do 16 hiz) =0,
thanh thir flx) = glx).
T manh dé 2 ta rat ru két ludn: mit de

thire bde n duge hodan lodn rdc dinh B3 ede gid
fri et no tgi n+1 didm phén biél.

Tiu nhién néy ra cau hdi: biét n £ 1 gid iri
flz) (i = 1. 2,...n + 1) etia da thie f(x) bac n
tai nii diém phan biét r1. xa....anel. lAm thE
ndo xac dinh f(x)? Coéng thwe ndi suy fra loi
cho cau hoi dé.

Véoi mdii= 1,2,...,n 4+ 1, ta hiy xem da thue
bic n

Site (xoxp)e (e_ric) (e miet) (xarpgq)
gili) =

LB NI 2 ) e [Elfxi.._riq_l}.-.(.ri_.T,H.ﬂ

Hién nhién ring

poa o b e pEg ==
il g e
A jlné’uf.'=:.

Khi do.

Fley=flrigilo) +flrgdgale) .+ flzn it gneilz)
la mol da thite biae S5 n. va dong thoi
Fizi) = flrei) (10 i < n + 1k

o

Theo ménh d& 2 1a en Fir) = flr), tire la (*)f(z)=

41 2
=ufl': f{-fi}‘ c—wihiln — eyl r—Tigr ey —2nay) :

=1 Cri_at). olo—rioyle —aip)Axi— zngep)

hé thire nay 14 cdng thive ndi suy.

BAy gic ia hiy néu bai
chng thire ndi suy,

vai toan minh hoa

11
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BA! TOAN 1. Che a, b, e lg ba 56 khde nhau-
Hiay tinh Ag(x) (k=¢. 1, 2, 8, &J vol Aglx) g ofdu
thirc xde dinh béi

k (=D (r—12)
2 —
{a—b}a—r¢c)
A {r—a) (x— b)
(¢—a) (c— br

k[r @) (x—c)

Aglx) =
—a) (a~-¢)

GIAL Vi, J.""li, t 2, thi -lkh} 14 mét da thie

bac <0 2 cla x Liyv f(:l:}" K thi ta eo
f(a]——a =Agla), FIB=bD=ax(b). f(e)=e¥ = Aylc),
vay theo ménh dé 2. fix) = 4.(x), néi edch khic

Aglx} = 1, A1) = z, Aglr) = 22,

Hon nira trong trieding hop nay, la thiy ring
vé phii ctia (1) chinh la eOng thire ndi suy
cho cae da thie fir) = 2¥ (k=0,1, 2) tai 3 didm
as b, ¢

Vi k= 3, A3(x) 'n"in la mét da thee bac
= 2echia x, com Hax) = 31 mot da thire bic 3
ido dé khéng the lap lu:,’m nhir tréa. Nhirng néuo r.U

glr)=r® — (r—a) (r—b) (£—¢)

thi glz) 1a moét da thite bic < 2 ciia =, va ta c6
gla)=a= a3(a), gib)=b3=A3(b), gle)=c"= As(e)
véy theo mé¢nh d& 2, hoje theo chng thue nbi
suy cho gi-r) tai ba diém a, b, ¢, ta duoe

As(z) =22 — (x — @) (2 — b) (r—¢)
= (a+b +e)x? = {ab <+ be + ealx + ube,
Voick =4, khong the xét
glx) = P (x—a) (x=b) (r—¢)
vi didy Ia. mét da thire bied, hoXe khong thi xét
A(x) = x*~xlx—a) (x—b6) (x )
vl noi chung h(r) 14 mét da thire bac 3, mie

-di ed hai da thire nav deu théa man diéu kidn.

gla) = hle) =a* = dsla), v.v...
Xét k¥ hon, ta thiy
hx)={a+ b+ ehis s

do d¢ nén ldy

Elx) ‘—_-.I'zf.i')—{r_l +brelle—allzr=b) (v—c), thl

k(z) 14 mot @a thic bic <. 3, déng thei

kia) = hla) = a” = A4la), k(b) = hib) = b= 44(p),
kle) = hie) = cd = Ay4(e),

nhir vy 6 {hé k&t ludn

Agix) = klx) + o r+a4+ b+ x
X{r—a) (=8 (x—c)

BAI TOAN 2. Bi#i rdng néu r hita f thi dao
thire

T lx) =g 4 au—n"'l + ot aulr+an (2

€6 gid Iri hitu ty, chirng mmh 4:&_3 e I:é eE

12

Qor Alr.e, Gntv o cia da hike iy 14 nhing sé
hira 1.

GTAL Ta hiiy lﬁ\ n+ 186 hitu 1 tay v, khae
nhau =z, x2.... tn+i. Thee gid thiét, cie gia
tri fixs) (i=12,.., n+1) la.nhitng 88 hirn t¥.
Yi ¥4y trong cdng thire noi suy (%) bigu dién
flx), ta chi ding nhirng s6 hitu t¥ (ngoai hién
86 x). Khai tridn vé phii eia (*), vdi so sanh
viri va phth cia (2), ta suy ra ring cac hé sé
ai (0=Ci< n) la nhitng &6 hitu (7.

Lap lufin trén con cho ta két qud tong quat
hon, d6 la:

Néu mgt da thire bde n cd qid tri hifw fy tai
a+1 ditm hitn 1§ nap dé (chi Lhm]g cim tai
mof digm hitu 1v), thi ede hé 58 ciu o la niiirng
s8 hita tj (va do d6 co gia tei hitu I¥ tai moi
digm hiru tv),

Theo ding suy nghi 4y, fa hay
sau day :

BAI TOAN 3: Gid thi da ihire

flr)s ittt o et g 5 an (3
€6 gid fri nguyén tal n -+ 1 gid i ngugén
lién tiép néo dé cita x. Chirng minh ring flr)eo
gid Irj nguyén odi moi © nguyén.

GIAL i@ viéce trinh bay d& nang né, ta har
gidi bai toan cho da thll‘( bdc hai

gidi bai toan

flx) =ﬂ.r +iha .

Gid thir da thire ndy e6 gia tri nguyén iai ba
g1 lri bguyén lién tiép ciia x. [\\ hiéu ba gia
tri 4y cla x béi k—~1, k, k+1, voi & nguyén.

;ip dung cong thire ndi suy cho fix) tai ba
gi& trj ndy, ta duge

r—k) (x—k—1)
(e=1—k)k=1~k=1)
- rak) - {:.c__f. +1) 11 —fx—l}

Rk F 1) (k-k=tF

(e=k+1) {r—1)
kF1—k+D) (kF1—F)
r=k)lrx—5—1)

fx) = jk—1) b

+fk+1)

= flk—1) — — RV (x—=k+ 1) X
3
XGa—k=1) % pltn 20 ETkd)
<3
]
£ D) — PO Ao ey 2L
2 2

voia =x-k.Néur nguyén thia nguyén, va n—l,
w, ciing nhir u, a4 11a nhitng cip sG.ngtyén lién

! i
tigp do &6 — ulu—i) va —-::—-u{uﬂl la nhitng «6
4

i
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nguyén, ma f(k—1), flk), f(k+1) la nhing s6
nguyén vay f(*) nguvén khi & nguytn.

Chii - l\hcmng nén k&t ludn sai 1Am mng néu
flz) nrruven khi & nguvén, thi & v& phai efa (31,
cic hé sd ag, ai,-.., an 14 nhitng sé nguyén.

B2 két thie. ta hiy xem bdi todn san, phiin b)
bai loan nay di'ls 42 toian thi trong sé 3/1980
bao THTT.

B.’sl TOAN 4. Cho da thire bic baflx) = u13+

¥ 2% 4 cx + d. Bidt ring [ fix) | << 1 khi |ol<
hiy chitng minh ring véi moi _r'x. =t

al fr:f.ra +ex? o pr gl <4

b) [3ai® + 9% + ¢ | =0 8,

GIAL Ta gidi bai toan véi giz thi&t nhe hon.

tire 14 khong elin gid thigt If ()] < i khi [r|%1
ma ehi gia thiéL.
lfE D] <1, fr 2l <
thi van ¢d cic két ludn a) va h).
pat
A=[(=1), B=f(—i/9, C=[f012, D=7l1),
va sir dung cong thoe ndi suv, la duege
: & 1 1
fld= =A@~ =)(z—1 + — Blat=1) X
'3 4 3
I >
X (o — —)= i
2 3
2 a 1
4+ =0 (" ——) i+ 1) i4)
4
Pit f*(x) = da’ + ca® + ba + a, thi
dt
=1 f1—~);
£
vl vy tir (1) va si dung hé thire trén, ta duot
l’} -2 nl. y
fla)=="dit= —)=-v)+ —Bl1-aH X

.
-
[

x(l_:-;)_“
-, 3

2 23 .
{1— —){1 + x). e S
4

=

Tir bidu thie nay. ta suy ra ring khi lo1<1

(nhé vdng 4, B, €, b o gld tri tuyét d4éi
khong vuot qua 1)
2 4
ir*en < —-“2- A= = Y-+ - (1=-29 X
SR 4 .

T + x
X (=) e it b )
2 3 2
Ly g
x
P—{le=—)+2)= 4 —3*
3 t
L&i giai phiin b) cha bai toan da duce ding
trong bido toan hoc tudi tré s8 2/1981.
Bai toan 4 la mot trudng hop riéng ¢ha bai
toan tBng quit:

= 4.

Cho da thirc

fle) =a,z" + O i e dn-] T+ gg.

Bi#r rdng (f(x)]| < 1 Lo le| << 1, hay chirng
minh rdng khi lef<1.
a) |ane™ + any In_l a4 ag] & gk

L5 {ﬂ"”ﬂ}.l.“ 2-1—, ot
+ 2gn_g & + ga—1l == R
That ra edc kél ludn a) va b) ciia bal toin

b If€al = |naga™

vin ddng v&i gid thiét nhe hon: do 1
[ kx|
fleos ) | < 1{k=0,1,79, ... . n
n i

Phép gidi bai todn ting quét vira van dung
dén cong thie ndi suy téng quat (¥), va vén
dung dén da thire Tré-buw-sep Ty (x) (x4c dinh
bii né thire Th (cosy) = cosnz).

KHAI

HUNG ta @i biét cach>chirng minh hé thie
Ole: d*=K* — 2Rr. trong 46 R, r 13 ban
kinh cic duérng Iron ngoai tiép, noi tiép

vi d=01 1a khodng cich gita cdc tam O va [
cla cac dudng tron ngoai liép va ndi tidp mot
tam gide bang khii niém phuwong tiech eta mot
digm d6i vyi mot duong tran. Trong bai nay
s& dwra ra mfl cach chitng minh khie kha ngin
gon, dong thoi néu lén mot s8 ng dung khae

NIEM TRO
VA UNG DUNG TRONG HINH

% 7 A AR
NG TAM
8]

TA VAN TL;

1

Guan qun-s bing cich sir dung khai nigém trong -
tém cta moL hé chit didm

Cho-m&t hé m chit &idm Ay, ..., 4, véi cac
khdi lugng tuong wng 14 at,..., e, Bidm' 0 duoc
xdc dinh béi: '

i e
] . L
AH(J L ﬂl.‘fu‘l‘ + e ﬂmyo'lm [1)
at 4 as + ... +ag
13
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‘ong 46 M Ia mét diém tuv ¥ duge goi la trong
fdm clia hé¢ chdt ditm nav. He thwe (1) ed thi
/Vit‘l gon li:

\_—-\-—'r : Lol In o
Mo = - & o MAivoi ay=aif(ajdas +. .4 am} (2)
i=1
m
Y&i cach dat phu vay, ta c6 Z ay=] (3)
; L
Tu (1) ldy M=0ta et
——a b il
at QArt e 0dy = 0. (4)
Ngwoe lai véi Mty ¥, tie (4) la et
al (OM 4+ MAy) +..+ ay, (OM + L mJ=
— — sl .
= (m+ - Fay) OM +n¥Mit 4+ 4 anMAx=0.

Vay (1) va (4) twong ducng véi nhau.

- Ro rang dinh nghia trung tdm’ nhe trén la
duv nhdt. Thue vay g4 st con ¢o trong tam

0’50 nia. Tu (1), 1 liv M =0 1a co:
gy ] (e T
0'0= 2Z ai0'4/ Z a1 VE irai ha thire ndy khac
1=1 i=1
o e m ; —_—
0 c¢on vé phdi bing 0 do Z 00 A = 0vi theo
11

(4) ma O la trong tam, Vay vo Iy.

Tinh chat sau diy cho fa cach thye hanh xic
dinh trong tém efia mét hé chdt digm bt kv,

Goi (h la trong tam ela m chil didm Aq,...
vé&i khdi logng toong ang a.....
trong thm clia n chdt diém Bl..... By, v&i cic
khai llI‘UT‘Ig lrong wng bi,..., ba. Khi d6 trong
‘tAm O elia m+n chit didm Ay, Bj(voii =1,2,....m;
J=1, 2,..., n) thing hang v&i O1, O2 va chia
doan 010z theo ti =6

Am

dm. Goi Oz 1a

b m

& b/ Z a
gan] S e
Thue wdy. theo {4) ta co

m

001 : 00y = (33

i

04; +
i=1 ]

.
hiOB; = 0
1

Z aj

L

——— n p— e
oz d {001 + OiA) + 2 b; (002 + OzB;)
i=1 j=1
m B m T
= X q 001 + Z g ha;
i=1 i=1

g -
bilay = 0,
1

i bam

it

Viéi chi ¥ gik

m R 1 F: ol

2% gi-idi==0, "
i=1

m = n

bj 00, = 0

Z g Gy + X
is=] j=1

¥Yay @, 01, Oz thing

n
hoo ta es O01: 00y = Z pby/
: =1

Tir (2) cé

- m

(MO =( Z o ara;)*

§ Mal+e X

e
. MAj= MAT +
= MA;

Mo =
1=1

1A 2iay  MA; =
<<l j<im

Do ed thé vist
Z aj0

v
t T

MA =

e i :
— WjllaH; =

hing va vé

- MAT-

‘-I a" J‘Id + E oy 3{J
I=<i<Tjsim

E O’.iﬂi

https:/sites.google.com/site/letrunglaenmath

thiét vé 0, Uz, theo (L} 1a eo

-
0, nén ta ed:

v

dé dai hinh

In

2 ai (dpem).

i=1

o J——.

119'.] M M4

1sli<j=.m

MAG = (MAj— M)

:11'.1..?
MAF +

2
Aidj

P
= js.n

1si<js=.m L =iy

."'_: :1|-:!J‘
s i< jsom

M +

|x_-¢|‘-.,_]

:?:Cf,ﬁ,_,
<m

= E 'J.;:A'.j

Ma; =X X

I{. ’ﬁ.

1 s m
b =X
=1 i=1

L H
= E {1]'

=1
Vay. co:

2
1=

l.'I'l
MO¥= T a; WAT -
i=1

Bay git ta xét val vi du dng dung

qui trén,

Vi du'f. Goi I Ia tim a
INABC v&i cdc canh a, b.
dudrpg phan gide trong A4

M4,

L1
oy A

.11:3.;;
T
= i<_js.m

= b3 -:(-i:!‘.j

Mal 4 Al

oty

f_aa]
.~ i<Lm

(theo (3)).

az] Al (%)

<jsm

che kEL

uong tron.ndi tidp
c. Hiy tinh do dai
v ti 6 TA[TAL

1
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Gidi: Tai cac diém 4, B, € ta d§t cac khai
loegng teong tng a, b, . Vi Ady la duong phin
gisde nén

A1BlAIC = elb =¥ cu-iu‘J =h.A1B

i —f e —

= b.ALB + c. 10 =0 (b, 4[!1‘ c. A1 =0},
Vay theo {4), 4114 trong ldm cla heé haichdt d'Lm
R, 0. Theo (5) viri o m=12, M=4A va Lheo dl
nghia @, A2 fa ed:

- —— BC?
(b+¢)*

a
Ady =

be? L cbh?® bea®

b+ bte g (btel

: [1 i ]
—f: ] i .
g UM-U)E.

Vi chi ¥ 4 la trong tam ela hé 1'chdl digm
A» nén theo tinh chit (3) ta ¢t trong ltam cha
hé A, B, C nim trén dwcng phan giac A4l Twong
tu trong lam cfia hé A, #, € cung nim trén
doéong phiin gide 881, Vay I chinh [& trong tim
cta he A, B, (. Do d6 theo (5) {a ch:

TA[14) = (b + c)la.

Nhan xéf: NEu tai A, B, C eang dit mdt khoi
lrgng la 1 thi theo cach xée dinh trong tim o
vi du 1 la dé ding thdy lrong ldm eciia hé 3
chit diém A, B.C chinh la trong {4m (giao diém
ciin 3 duwdvg trung tuyvén) cia ¥\ ABC.

Vi du 2.Goi H,I,0,6G i true tAm, tam dudng
tron ngi tigp, tam duong iron tigp va
lrong tam cha /N ABC £6 efic cavh o.b,c; va
ban kinh dwdng tron ngoai Lép. #6i tiép A.r.
Huy vic dinh 0% OH®, 0GE, 1H® I¢% He?

i 1
JI:‘U*.I“

Giid » Bat lai cac diém 4, B, C cic khii lugng
twrong vng a,b, e, theo vi dulta 6 1 latrong

tim. ein hé 3 chit diem A, 8, C Theo (8) ta i ;
7
1) {”2 P S ol e e B
at+b+e at+h4t
‘aly
....._.m.:f il 2 e 1. A ‘”2 —
at+b+ti ta+b+e)
- IF .
el i‘:":. A e ey
(a+b-+c? ta+b+ el
Cé
I 10 be
e AR = Aty —— gt
(a+b+e (a+b+c)® (it+b+e)
abe® -+ ach?+bea abe 3
= — —2 e e {.‘J.
I Eo il 08 aEhire :

v
SAARC = abel$R, SA s pe = rlatb+o)f2
- {lflcf(a ~+h-e)=2Rpr (8)

Yy
. : b '
0f%= — 2 et = = — R4
dt+bt+e atbte
- R® - 2Rr
atb+te

{Lheo (7) va (8), hay O1% = R* — 2Rr (hé thie (Ole).

2) Lai theo (§) ta c6; 6I* = A+
at+bte -
e ab
-------- GRIF B
atbic at+bte {u-i-b-‘-cJ
o c he
e AC — —— BC
(a+b+e) fa+btc)?
1 b
— g . G GAZ
at+bte aib+te
: c 5
+ G5 — 2R
a+b-+e

(theo t7) va (8), Goi Ag la trung didm cua BC,

theo " cong thioe duwong trung tuyén ta cd
b 4 2 2 P .
GiAZ= A= (e T ). Tuong tu
9 )
2 .
g i b
GB'= — (a"+ 3~ —)
49 :
A
2 ; ¢
I";f:zz‘— ‘|||2+[!2— e e LR R
2
el G A%+ GBI+
ii bt il i_b_{_c
: 1 i '
bt (%= [2ab(a + b+ O +
a-+bte Sla+b-+rc)

G 2ac tat+b+e) + 2 atb+e)
6 abe — (a® + 6% + !,"?)]-
. Nhwng d¢é thiy
o 4-!:3 + ¢® = ta+bteo) (a2 4 B
2 — ab — ge -- be)+3abe {9}
pen S1= (ab + ac + belf9 — {a2~—b + et — ab—
ac—be)i9 — abefwa+b+ ¢) =(1/9) (3 ab + 3ae +
she — a? — b2 — ¢t) — 2Re (theo (8)).
Vay i
G12=(1/9) (3ab -+ 3ac -+ 3be—a® — b® —eH)—4Rr (10)

15
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43} Theo (6) cé:

¢ 1
voHE= HAY 4 — Be' +
at+b+e a+b+c
- et - —2 gt -
albh-rc {a+b+el
Ll Y — —hc—-n Bi*
(a4 b-+c)? (a-+ b—h,]

Ta chn xbe dinh A%, HB® JHEE. Dung AA'B'C
c6 che canh song song voi cic canh trong tng

va di qua clce dinh ctia / 4J'L}.El‘(

Do cae tir glér., ACRCT

hanh nén AC'=AB’ = BC va ' HA i e

Vi vay dé dang thiy H la tam dudng tmu
.vibankinh R.Co A A'B'C’

ngoai tifp AA° B' 7
wAABC =R ".H_HLJ‘.Bf ~ R =2R.

T a6 HA2= R —C A® =aR' ~ o’
Tuong tu
HB =4R? - b*: HCP=4Ry—c2

Vay theo (7) va (B} ta c6

b
HI'= e (e N R
i atb+e
ie e (4R? = ¢?) ~ 2Rr = 4it* — 2Rr
a+b+e

@+ b+ c:+
at+b+e
= 4R* = 2Rr — (0% + b? +
3abefta + b + ¢) -(theo {9)).
Vay theo (8) ta ed:

HIE=452—8Rr— (224 ¥+ P —ab—dc-bc) (11)
1) BE xéc dinh 06, ta 44t & A, B. € cing modt
khéi lugng 1, theo nhan xét trép thi trong tam
G clia A ABC chinh 1a trong tam cla hé 3 chit’
digm A, B.C. Tir dé theo i8) tﬂ e : Uf‘%"""ﬂ'liﬁ

+ OBY3 + 0C |3~ .wzm ACt19—BC . Va
06 = R* — (a® + b° + A)fo.
Theo dudng thing Ule, ta e6 GH=20G;
OH =306G. Vay:
GHE = 4R* — 4(a® 4 1% + (29

oH® =98 — (d*

AH(‘B 14 ehie hinh binh

c2 — gb — ac—be) —

+ bt + ¢ (12)

Hé quia: Trong lam gide ABC ta co:

1) OR® 52 Y1584 ¢2 3= ab+ac +be > 11Br (13)
Chirng minh : 5
Tir (11) = g% 4 bt gk ﬁ‘hﬁ T (@ — b)) +
(u—c)? +tb—e)? = 0w a=+b‘+c & ab 4 actbe.

Lai theo (10) .
3het + 3bé + 3ae — a¥ — ;ﬁ — ¢% 3> 36 Ar.

Nhung doab + ae + be — PLEE 7 c % 0 }zrén
2ap + 2ac + 2be 2= 3ba + JbetBac— a - - =
36 Rr = ab + dec + be o= 188r. Tom lai ta c6 (13

D A)RIO=HI 4 103206
b) ¥2. 10 > 61 e 3.10 > OH
o) 2I0>EH DaGH: — siE®
+ 616G —410% = 0.

Gidi: Theo céc cong thire tink GH®, IH®, 167,
I0Y 1a cé: s
a GHE+ P IH2 + 7 IG® + © J02 = (42 + i + ©)R

—9Rr 4B+ 27 + @) 4+ (P + 7/3) {ab -+ ac + be)

~ (a2 + b2 + ¢?) (409 + P + 7/9). AL

g) Choa =0, 7 =0,B=—1,0=4 tl'r{!-i]ct_l:

(02 —JH2 = a° + b? +c2 —ab —be—ac >0
{theo (13)).

b)Cho a=f=0, 7= —1Le=2 ti (14 c6:
2102 — GI? = 2R? ~ (ab + ac + bo){3 + {(a® + b" b

/0 =[(18R% — 2ab — 2ac — 2be) + (a®4 DY + o~
ab — ac — be)}/9 2 0 (theo (13,

O Choa=—1,B=1=0 =4, tir (14) tacéd:

410° — GH?® = — 8Rr + (4/9) (a® + b* + M 20
{theo (13)). |

d) va e). Theo duéng thing vle ed GH=2.
GO, GH = (2/3) OH. Vay tir ¢) ta c6 O 220G vi

310 2 0H.

f) They e=3,B=~-2, 7 =6: 0=
(14) ta ed ngay két ludn.

Céc ban c6 thé suy dién tiép cac tinh chit 1y
thi khée tir cde két qua & trén, PE gibi vi du
2, céc phuong phap khac ddu gap nhidu khé
khan hofic bjbé the. Phuong phap dung khai ni¢m
trong tAm e6 wu diém trong nhigu bai loan tinh
todn vi chitng winh, Pu diém co ban cia phwoug
phap niv la vite sde dinh cée khéi lirgng thieh
hop s& eho loi gidi nghn gon va mé rong pham
vi itnyg dung linh hoat cho nhiéu bii toén.

— 4 vio

THONG BAO

theo gid mdi la 1 ding mot te.

l Bdo Todn hoe vad tubl tré 1 36 1 nam 1989 58 duge bdn

Io tai Xi nghiép In 75,
S$& in 17/81.

77 Hang Bo — Ha Noi.
In zong vé gi luwu chi¥uthdng 12-1981.
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