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HOI TOAN HOC

¥IET NAM

Chii nhiém: NGUYEN CANH TOAN
Tru s&: 70 Trin Hing Dao — Ha Noi

Nai 'ehuyen viri edc ban tré yeu toan

BAO RA HAI THANG MOT KY

Thir kg téa soan . HOANG CHUNG
Diy noi: 52825

HINH LOI VA BINH LY HELLY — = —

Cée ban thién mén!

Co 1é trong tedn hoe Iv thoyét (diac biét la
hink hge 16 hop) va trong toan ng dung (dae
bi¢t 4 todn kinh té€) thi hinh 16i 1a mdt trong
cae doi twgng cd tim quan trong die biét, durge
nhiu ngwoi quan tam dén, do no eod nhidu rng
dung dac sie. Trong bil viét nay {61 mudn gici
thiéu voi ban doe mél sé tinh chdt 1y tha cia
hinh 16i. '

Hinh M (trén mat phang hav trong khing
gian) duge goi la hinh 16i, nédu v&i moi cip
ditm A, B € M thi doan thing AB niam hoin loan
trong M (iu viet 13 [AB|€ M), Ta qui wée gol
mién 16§ eda cde digin Ay, A, ..., Ap 1a hinh Idi
et dign tich nhd nhél ehiva eae didm Ajivr, Ap.
Ta ¢6 dinh 13 saw day:

- Binh L. Trén mal phing (hay trong khong
giun) cho k difm Ay,..., 4 (k12 s6 tuy nhitn
nao da), Khi dé diem M I4 thude midn [Hi eda
cdc diem Ajp,.... Ak khi va c¢hi khi tén tai céae
s8 thire khong am A1, Ag,..., Ax sao cho co:

HOANG PI*C TAN

;‘.1 L ;l\.z e LT ?.k = {
VA :‘ﬁ?: RiOAL+ ... + Ak O4x

trong dé O 1& mdl ditm bdt ki trén mal phing
thay trong khéng gian).

._"‘J

Chirntg  wfnh: Ta kv hiéu & 1a midn 16§ cda
cae dim A1..., Ak va ky hidu G la tip 15t ch
cae didm thoa min cic quan hé (g

Hidn nhitn ta e6 Af...., AL G G, Chang hgn, ti

. e —n —=
lerll=g ot ﬂ"—-"ih’)ﬂl:l."l{] +0.045 + ... +
e ' —
0. 04k la suy ra dig. g !

Ta chirng minh G 16i, Thal vay, sid st M, N

=

la ede diém bit k¥ cha G. Khi d6 tén tai cée
36 thirc khong am A3, ., Ae va By .ore Hi thba

- MmN cae quan hé;

'5;: ?71(}:{; it ?'-kmk 8
OGN =g 041 +... + Hgﬂ.&k.

M4+ Ap =1,
Hit ..+ Hg=1,
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Néiw moi didm P Ihn-:-c doan MN thi ta shoghs

oP=0M + MP= OU + VUN {xem hinh 1), @
day v la ad thue thoa min: 0E v=_1. Do dé:

M P N

/

Hinh 1

OP=0M +v (ON — OM) =¥ ON + (1 = V) OM
Bt k gk
= v(ZP041) + (1 — M(Z X 04 =
I 1
k St
=Z (Vp+ (1= V) &) O4;.
1
£oid Ol
Vay: OP = Zp
1
pr= Vi + (1 — W A

Vi "J =0, 1~ V=0 va moi Ay Hi =0

JR——

0A;, & day pi xéc dinh boi

nén py = []. Ngoii ra

9 k.
2o =vEW+0-VMIkh=v.1+(1-vi.1=1,
1 ! i

Didu d¢ ching to ring diEm Pthda min quan

hé(y), tue A r'{';]:; Noi m@l cach khie 13 1-.:1|Jﬁ(:'
chira todn b8 doan thing MN. Do ﬂr"a‘E.Hl Ioi.
Vi -!:: 15i va Ajp,ee, 4G (:Nf'n E’wt'hll'a mién
13i clia céc digm Ay,..., Ax- Hay la ta dd ching
G G E B& ching minh dinh [y (toe

14 ching minh G = G ), thita chi eon phii ching

minh duge

minh GC G la xong. Sau ddy la s¢ chirng minh
didu do bing qui nap theo k (58 didm A),..., Ag).

Khi k=2 thi d6i vai cip didm Ap,
G tire 13 t4p tit cd cac didm M ma Ay + Ay =1
vi OM = Ay OAy + Az 04z (vai Ay, Ay 22 0) chinh
la doan thing Azds va r6 rang la nd trang vai
midn 18i G cha 2 didm A3 va Az

2

Ay cia

Ta gid thiét ring d6i voi Kk didm A1 A

s ; T = : .
thi G = G (thoa mian {7)). Biy gio ta ehitng minh

ring diéu A6 ecing dung cho (54 1Y diem A,
Ag,..., Ak, Apil.

Gisd st MG G Uic 14 ton tai A, A 120
su0 cho ;"t +- vk A :1-1;4_1: 1 v ta ¢
OM =1 0A1 + .. + Ak 04% + Agpl Odiiae

Trong-cae sd lln.:'c Ay Ao, . AriRa eo it
nhit mét sé khae 0. Gidg st s6 do la Ap == 0. Khi
db Ay +..4 Ag >0. Ta k¥ hidu A=4; +.. 4
g >0, Sau &6 ta k¥ hiéu N la didm sao cho:

o - e k

ON=Z (hifD) 045, Vi Z (/) =1,

I 1
gia thiét gui nap ta c6 AN phai thudc mign 156i
cfia cic diem Ayp,.., Ag Chinh 2), v4-rd rang
riing N ciing phii ndm lrong midn 15i cia edc
diém Ay, . Ak, 1L-‘-1' ia cfing cé ; A4 ""-h o |
vi ¢ hé lhl'l'L'-.

k

nén theo

o k ——
?"j 045 = XF (;‘.1'-":‘.3 O4; +
1

OM =

—

0 :}"k-l-l Odgir = ?‘sﬁ?{’ + Ak+i T;kk+1_

Tie a6 ta soy ra ving difm M phai thuoe
doan thang NAg4y (hinh 2). Nhung vi cd 2
diem N va Ax41 déu thude mién G 161, cho nén
M ciing phéi thuée €, Bidu 406 chirng té ring
ditm

G itelh GELG,

v§i moi W thude G thi M cing phii thube

P
Hinh 2

Binh 1y duge chung minh xong hodn toan.

Binh Iy trén diy cho ta nhiéu két qud dep
d& trong tedn hpe so clip. Ching han ban doc
hiy dya vao dinh Ly trén dé tinh khoidng cach
giffa - tam cédc mat céu ndi, ngoai ti€p cla mét
i dién cho trude (theo cée canh elia t¢ dién).

Vao nam 1921 Helly di ap dung dinh 1y lrén
d% chong minh mot kél qui ndi tifng va co rit
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nhifu wng dung vE& san nay trong foan hoc.

bé 1a dink 1y mang tén Gng.
Dinh 1y Helly. N&u trong khéng gian Oelit

R" ¢ho trude mot sé hire han cac vat thd Ibi
ma trong d6 méi bd n+ 1 vat thE trong cac
vit thé 43 cho ed chung nhau [ digm, thi khi

des 58 thn tai mot didin chung cho (41 ¢d cic vit
the 161 da cho.

(O day khi n=1 thi &’
naﬂ2 thi R t mat phing;
R” 14 khong gian (3 chidu).

. Chitng minh: Sau day 16i s& chirag minh dich
Iy Helly trong truong hop n=23 (khdéng gian 3
chigu théng thwong ma ching tadang hoc trong
trudng pho thong). Traong hop i =2 miit phiing)
chi ciach chiang minh cling hodn toan tuong lu
khéng khac gi ldm so véi {rudng hop n=3,

Trirde hét ta hdv gid - thiét ring ta c6 5 val
thé 181 F1, Fs. F3. F4, F5. Ta chon liy 1 diém
chung eho tit cid cac hinh dang &t feir vat thé
F; va ta kv hiéu diém chung dé 14 4; (& day

la dwong thing: kbi
con khi n =3 thi

[ céd thé bing 1,2,3,4,5). Khi dd ta rhan duoge
5 digm A1, Ag. A3 A4, As5. Két ecae wéeto.
e e i e - ;
e1 = Asd), ep = As5d2, e3 = A543, ed4 = 4544

Béi vi 4 vecte d6 nam trong khong gian Oclit
3 ehiéu nén ching phu thufe tuyén linh, tée
la ton tai 4 sd thwe o1, ag, a3, o4 khong dong
thiri bing 0 sao cho:
— — — —
oy er+ g eq + B3 e3 4 Ay 4 =10 {1
(Biay 1a 1 trong céc dinh 1y co bian cha hinh
gidi tich ma cdc ban c6 the ty kidm tra iy durgel.
Bay gio ta chon trong khong glan mot digm 0
nao do va ky hiéu

1'1::_0.1], roe —UJ.z
Khi d6 o6 rang la:
- i ——

el = Asd1 = Od1r — OAs=ry = r5.

.......... EEswemg

e A T LT T

e5 = Asdq = (da — 1’).45 =rq4—r5

Cho nén gquan hé phy thude (1) ta viél tréneco

thé viét lgi duwdi dang sau:

r5) 4+ g (rg - r5) + a3 (rg — rs) +
4oy (ra+r3) =10

AUrl + Card v dgrg + ddry

— (o + % + a3 + &y) rz==0

2y (r -
Hay

Ndi efieh khée ta ludn ed quan ha

Qyr1 + Qerg + A3r3 -k dgryg +osrg =10 (2
& day a5 = — (o1 + a2 + @3 + a4), ngodira lrong
cic h¢ sO o1, &g, @3, 04, o5 6 cac hé sd khae 0,
va tong cla tdt cd 5 hé sd do bing 0.

r3 = 043 ra = 044, r5 = 045,

Bay gid ta chuyén trong hé thae (2) t4t ch
cic phiin tir ma e¢d hé s6 Am sang vé phai. Gid
sir ta xfe dinh duge g, o, 93 = 0 eon otg, &5 <_0,

Ahi ta s& nhan dl.rL_rc:

diry + %ary +aars=(—a4) r4 +(—25) rs) (3)

¢r day 1Al cd cae hé sd oy, g, A3, (—ay), {—as5)
déu khéng am, va o4 %2 + 23 = — af — dg. Boi
vi ta co 56 T =23 + a3 + a3 duong nén ci 2 vé
chia hé thiee veelo (3) ta e6 thé chin cho 7. Luc
dd ta nhin duoce:

Birt + Pars + Bara = Bare + Psrs

Hay B10A1 + Ba0dg + BsAs = ﬂ,u'-‘.{g Bsﬂ A5
(& day B = o/, P2 = 2a/y. Ba = g/t Pa = _a4/T,s
Bs=_as/7). Ro rang la tdf ci cée hé so
BiiBa. Pu.BaBszova i+ P2 +Ba+Pe+Ps=1

(i sir M la diﬁml_ sno cho:

OM = P10A1 + P20 4g + Pafdg = Py + Paoids,

Khi d6 do dizh 1y ta di ching minh & trén,
thi ta ed diém M phii nim lrong mién 13i eda
cac diém Az, 43, A3 v4 ngodi ra nd phiai nim
trong mién 1oi tha cde didm A4 va A5 nia.
Nhwng mdi mét trong cac vat thd 16i F4. Fs
Iai chira tat c& cac didm Ay, A2, A3 va 14t nhién
la ed ditm M nita. V& mdi mbdt trong cic vat
thé 161 Fy. F2, Fa chia tdt ci cac diém A4, As
vé tit nhién ed ditm M nita. Vi vay (at cd cac
vit theé Fy, Fa, F3, Fi, F5 c6 chita mot dig&m
chung la M.

Tidp theo ta s& kiém tra biing qui
a6 vat thé dang xét, Gid s& dinh 1y Helly
ding cho m vat thé, & ddy m =5 Ta ching
minh uo cing ding cho m+ 1 val theé Fi, Fa,..;
Fmet. Ky higu @, =F, N\ Fot (i=1, 2,eer m)s
Ta nhinduge m vat thé 168 @y, Py nia frong
d6 moi mét bd 4 vat thi 14 c¢6 1 difm chung.
Theo gida thiét qui nap thi m vat the ®1,..., @,
cd mot diém chung. Nhwng diéu do cd nghia
la tén tai | didm chung cfa cic val thé Fi,..,
Fm, Fm41. Binh I¥ df duge ching minb xong.

nap theo

Cac ban
day rit hay

thin mén! Cach chirng minh (rén

va dep. MéL didw ma ban doc cln
fru ¥ la dinh Iy Melly e6 rdt nhigu trang dung
Iy thi. e6 thé trong mél vai s8 hdo nira 16i sé
gidgi thidu mét sé wngdung hay efia dinh 1y Helly.
Nbanp day chi xin néu mot vi du la 4 dinh 1y
trén day Young di ral ra mdt két qui die
sfe sau;

Binh 1y Young., Néu X 1a mot val the lai
trong khong gian 3 chifu o6 dwdng kinh < 2.
Khi do wvat th- X st nam gon bén lrong mot

hinh céu co ban kinh bing 'tfﬁf:a.

3
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Bai /117, Chitng minh réng

a) Tir 6 ngudi thy i ta cd the chon ra 3 ngudi
hode ddi mat quen bi#t nhau, hoge dai mgt khing
quen bél mhau.

b)Y Twr 18 ngudi tiy 4 ta cé thé chon ra 4 ngudi
hodc déi mét quen bidt nhou, hofe ddél mot khing
quen bi#t nhau,

Bdi todn ddt ro vdt difn kién nén 4 quen B ihi
B ciing quen A.

Lt gidai.

a) Xét A, 11 6 ngudi. Khi dd Lo 5 ngirdi ¢on
lai phii tim duge 3 ngwoi, vi du 41, Az, As,
hofie quen A, hofic khong quen Ag. Gid st Ay,
Ag, Ag quen Ag (trudng hop tvdi lai chitng minh
tuong tw). Néu 2 trong so A1 Adg, A3 quen biét
nhau, vi du Ay quen Az, thi A, A1, Az ddi mot
quen biét nhau; trong truong hep ngrge lai thi

dd c6 didu phidi ching minh la Aj Ag, Ag doi

mot khong quen biét nhau.

b) Xét 4, tu 18 nguwdi, Trong s6 17 ngudi edn
Ini phii c69 ngudi hofic quen A, hodc khong
quen Ag. Gid sir 43, Az,...,Ag quen 4,(truéng hop
¢ 9 ngudi khing quen 4, chirng minh tvong tuw),

Néu trong s6 9 ngudi noi lrén cd mdt ogirdi,
vi-du A1 quen il nhidl 4 ngudi trong s8 8 nguai
e¢on lai, vi du A1 qguen Aa, Ag, 44, 45, thi hode
Ag, As, A4, As ddi mdt khéng guen nhau, hoae
¢ hai ngweéri quen nhau, chiing han A2 quen As,
khi a6 Ag, A1, Az, Ag d6i mbdt quen nhau.

Néw mOi ngwdi trong s8 9 ngudi cd sO ngwdi
quen trong sd 8 nguwdi eon lai it hon 4 thi phit
cd it nhit 1 ngudi eo sé ngudi quen lrong -s6
*con lai it hon 3. vi ngudinao eing quen 3 thi
sd eip quen nhau trong 9 ngudi 14 3.9:2 khong
nguyén vo 1¥. Gid s A3 quen it hon 3 ngui
trong s& A2,.., Ag tite 14 e6 6 nguwoi Bi.. Bg
trong s& Aa..Ag khong quen 41 Theo a) cd 3
ngurdri d6i mot quen nhau holie ddi mdl khong
quen nhau. Nén ching ban cé Bi, B2, Ha doi
mit quen nhau thi de, K1, Ba, Bs doi mét quen
nhau. Néu cd 3 ngudi doi mat khérng quen nhay
thl 3 ngudi do cipg véi A1 la 4 ngudi doi mit
khong quen nhau ;

Trong s6 cie ban giri hai gidi khong cd ban
nio gidi hodn chink h:‘l? nay.

N.K.M.

Bai 2/117. Trén gidy ké 6 vudng ngwoi la
vidt tit ca cdc 38 tw nhidn o nhs dén (Gn, mdi
sd trong mol o theo kidu wxoin @e nhw hinh 1.

Hiy xde dinh cdc s8 1930 pd 1951 ndm &
dang, et thir mdy név coi 86 1 ndam & doéng 51,
¢ 31 (ddanh $8 ling din WY trdi sang phai, fir
duwdi lén trén).

Loi gidgi. Ky hign 6 & dong the x, cgt the y
12 o (x/ y)
i - H
I 37
M1 3 SN el e
20 | 20 | 19 | 1B | 17 |
5 e e e el A e
23 | 7 e R 16
MEAER vt B K R Find £ it
8 /| A4 1D '[ l

=
]

..:__
o

. 10 R e 13
| i

Xét cic hinh vubng co tam nim tai 6 chira
s6 1 Khi d6 dinh trén bén phii cla che hinh.
vudng nay li cac 6 (N, N) (hién nhién N Z>=51)
vd s6 6 trén mdi ecanh hinh vuaong do bing
2N ~ 51} + 1. D& dang ching minh duge ring
(bing qui nap) cac & (N, ) ndi {rén chia cée
s @n¥? 41, & day n=N —51.

Ta cd 1937-=(2.22)2 <+ |. Suy va 1937 nim tai
o (51+22, 51+22) tire 14 6 (13, 73). Hinh vubng o
6 173,73) cA 38 6 trén moi canh bing 2.22+ 1=45,

Do 1937—1930=7 <_ 45 nén hai s6 1937 wa 1930

nien trén cing mat cot, 88 1930 ndm & dong thir

T T =
Do 1981 — 1937 =44 <7 15 nénsd 1981 ndm trén
ciing mot dong vai sd (937, 56 1881 ndm & cél

‘thir 73 — 44 =20

Tém lai. a6 1930 nim & dong 66, cOl 73 va sé

1981 nédm ¢ dang 73, cot 20.

Nhan xé0: Chi co mot sd it ban goi bai lim
ra dwge dap sé eda bal foan. Ban Phan Van
Ting (lép 12 trudng Loc Ninh, Séng Bé) e lii
gidi hoan chinh hon ca,
: N.K M.

Bai 3/117. 7Tim tit ca cde s8 nguyén khdng
dm s, y, = sao cho

3* =27 + 19307 ()

Léis gidi (cia Ngogén Linh Vii— Lép 10P)1

trwong Trung Vuwong, thanh ph6 Hé Chi Minh),
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Didu kién (1) twong duong véi
+ 1930

koo s
=2

Vi phﬁi ding thie trén lém hon 1, suy ra

=0. Ta citng co r;-'-':l] vi néu y=10 Lhi vé
phn bing 1930% + 1222 (mod3), trong khi dé
vé trar chin hét cho '3

Vi vé trai cha (1) (khi x, y==0) 1a mol sd 18
nén suy ra =0 ‘- ay phuong tunh di cho tro
thanh

3 =142 @

= 43 (modi). Bo do ¥ =9

a) Néu r 18 thi 3° 55
2¥ 34, Véi

{mod4). Suy rayg=1vi néu gy =1 thi
y=1, tir (2) suy ra x=1.

by Néu 2 =2k (k=1. 2, 3,...) thi khi do (3)
tuong dwong vai L 1—2V<=*-(31‘ 1)3E+1)=2".
Vi mat 56 chi ed duoy nhéit cach phin lich ra
thira s6 nguyén Ln nén de v8 trai bing vé phai
thi 3“—1'—>’“ 34 1=2" Vi -1 vaskir
& hai s0 chin lién Liép nén chi co the m=1,
a=29 hre la k=1. Khi do y=3 va tw (2) cho
x =

Tam lai phirong trinh da cho ¢6 hai bd nghiém *
(x=1 g=1,2=10) va (=2, y=38, z=0

Cac ban Triah Xudan Hinh tquian khu 7, Ha'
Hung) va Pham Xudn Ha: (6A Chu Vian An, Ha
Nai) co 16i giai twong ty 1&i giai trén. Mot sd
ban tim ra nghidyn clia bai toan song khi hién
luan edn thifu chit ché.

N.EM

" Rai 4117. v Viét fit cd cde sd ci 1980 chir ehir 58

bit diu tir sd Iqﬁlu‘.}bi 1964 d&n st 19811981...1981
lién tiép theo hdang ngang vGi thir tue fag 1.

Chirng minh rrmg tat ca cdc st thu dwoc theo
cach vidt trén dén cé chung mél wic 5o chi chira
fodn 88 0 va 1.

Liri gidt. Goi A la mét s8 nhan duge thee
cach viét noi treng dau bai. Phiin s6 A thanh
tirng doan, mdi doan gom 1980 chir s6. Goi S(A)
la tong elia edc doan di. Nhr viy:
A= +107%2 + 1080 245 £+ 10

S(AY=A1+ d2 +i.-+4da

1980“' F.I-—I‘ _!l“

& diy  n=1981...1981 — 1964...1964 + 1.
Ta cd
A= S(Aa)= cm“'s“ = 1A +{mi9“ ® ), At

Vay A = 5(4) (imod 101999 __ ),

n 1081...1081
Ma S()=2Z 4 = bt
== 1964... 1964
mt 1981 1964. 19641
= -- l e A-i
| | |
S(A4) = (1/23[1981...1981 (1981...1981 + 1) ~

— 1964... 1961 (1964... 1961 — 1)]

e+ 106494
Foot 108484

1981.. 1'm1u+m31(| + 10% + 1042

1964...1961 = 1961 (1 + 10* + 1o*?

Vav S(A) 1A + 10 + w0h® ..+ 10847,
vi 101980 — 1= (0% — D + 10t + ..+ 10%19%)
nin A _2(; ek !0-1 L 104.494}

Nhw vdy cac s6 nhan dwge theo edeh viét nai
trong diu bai ¢t mot wée chung 1a

14300 4+ 102 1 ph9s

¢hi chira toan sd 0 va | trong ciich viét thip
phan.

PH.
Bai 5/117. Cho 1fa+1/b+1c=a (1)
(/g +1/b)fa + 1) (1/b+ 11e) =B (2)
abe =7 (3)

Tinha + b+ ¢ theo =, B, 7 (ct== 0.
Liri gial. T (1) va (2) suy ra

(o — 1fe) (& — 1/B) (& — 1/a)=.
Sau khi khaj tri¥n va rit gon ta c6

o —o¥ (1/a + 1/6 + 1fe) + % (t/ab + 1/be41/ea)
— lfabe =
aadl g2y 0 ala + b + c)fabe — 1/ =
walat+b+elr—17=p

Viy atb4e=(By+ 1z
N .M

Bai 6/117. Giai phirong irini
= 4
%4352 4 22’41 7aS, 350t 2144 |
= o=
2842124+ 3527 +7

a%+ 21a% 3502 +7
Lii gigi. Ta dat

fiyke .f_-l.. kst ‘315_ +2x%+ 1
4 oyphelae? 0 o
Khi dy phuoag trinh da cho eo dang
af(ry+xfla)=0 (1)
i
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0

Néu a=0 1hi ;'"(a)b=,»‘=0 nén tia (1} suy ra x=0.

Dé thiy néu a==0thl x==0. (1) twengdwong

Vi fix)fx+ flala=0 (2)
Ta lai eo

2t =728 42125~ 3524 35082122 4 721
x - fla)= 5 o e Ky
2l 47

= __.__[.:1 _”T (3

%4214 +."-5r :

o "7 40128 +_3_;1.1_.-."+35.r'“4 212" +7a+1

: 28 +210t 3502 47
4T
2 (x+41} _ (1)

8 2+ 35024 7
Néu a=1 thi fla)=r{1) =1.

Do dé (2) & fr) + x = (.
Vi vay ti (4) ta suy ra o= — I
Twong tiurnén a= — 1thi @ =1.
Dé thiy a==-41 thi xr== 4 1. Do d6

v == flx) == 0.
Vi vay tir () va (4) suy ra
[r—fh-;l]!'{-z--i—fﬂ-t-)}:h — O e 1)
bit (x — D I]—vyi|fu—'}"(u+11—{1
T (3) suy ra
= flay=p 2+ y flx)
Sz (l- y?} =f (x) {1+ y?l
& flo)e =0 —y )’(1 +y ) v as=0va
1+ y = 0).
Trong ding thic trén 1h.n x bii a thi dugc
[ (@la=(1-b)1+5"
Lic niy (2) twong duong vai
(1 =y +J71 F (= ph 4 b =0

(5)

SU-yHa+)+0-bD (144 =0
= uyh = 1. .
Vivaytaes (o — e — D=+ 1)(a+1)
== — q.
Nha vAy lrong moi Jtrucong hop dée ed
x = —a Vay nghiém clia phuong trinh ia @ = —a.
Bai 7/117. Trong mat phiing cho hai duwing

tron (e1), (v2) vd mot diPm A khing nim frén
(v1} cling nhr {ve). Drng mot duwérng tron di qua
A pa cdt hai dwing fron dd cho, moi duirng fai
mal edp ditm vuyén tam dii

Xdac dinh bdn kinh eda dwirng frén dé.

~ Léi gigi- Goi 1, O2 lroag dng la tam hal
ddng tron eyl {(vg): r1, r2 lwong tag 14 cac
ban kinh efia cae dudng teon ddé. Ta khéng xél
truong hgp tim thuang la O tring véi Og.

G

(py). Chirng

1. A khéng ndm trén dircng thing 61 Oa.

Phin lich: Gia su di dung duge duwong tron
(v) cét dubrng trén (o1) lai hai didm xuyén lAm
A8l By, €1 va et (pa) tai hai difm xuvén tdm
da&i A2, 3. A0y ¢il dudrng tron d3 dung tai My,
A0z cit dudrog tron 43 dung tal Ma.

Ta oo ;

A0 My = O, BLO1C1 =1 =2 01 My = r1140; (1) "

Tirgng fir:

=%

Al2 (2)

Nlur vy M va Mz 1a hai diém xéc dinh duge.

OgMg = ¥/

[1}1‘
2 e
/ My —7 C
/ Al /"/ I ‘k\;\f‘_‘\_\!’_ -
( /éf\i ¥ \
N gk \\Mz
o ;J/' B ot

Hinh 1

Cdch dung: Trén AQy ldy My va trén AO2 14y
Mg théa man (1) va (2). Duéng tron (v) dung
qua A, M1, My la dudéng trén elin dung.

Clitng mink: Ta chirng minh () it (o1), (vz2)
tai cde diém xuyén tam dai. -

Thire vay, gid st (v) e6 1 giao diem véi ()
1la (B1), B0 cét (o) tai digm €. Thé thi

A O1M1 = O B1- 0101 == O1My = r1. 101/ AO1 (3)

Tir (1) va (3) suy ra 401 = rp = €1 nim trén
(v1) tire 1a €; 1& giac difm tha bai cia (o) va
minh trong twr cho (p2)

Bién Iudn: Bao gidr eling xic dinh duwge va

duy nhil eip M1, M2 nén bao gid efing dung
doge duy nhit mét dudng tron théa min digu “
kitn bidi toan.
Xdc dinh bdn kinh: ¥
AM1 = AO1 + O:M1 = A0; + 13740
= (40] + rhlam )
AMy = A02 + O2Ms = Ay + ra/ A0,
= m(ﬁ + r3 A0, (5)

b

'If;x'r!g._ 'lJ'l:f[ + lMg ~ 2AM| AM2 cos (hAlD2
> MMy = YAME+AM] -

—_—

2AM1 AMg cos 0140,

L3
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—_—
Vay : R=MMa/2sin 01402

PR— A

R= V LI.,'Iu"f+AH%--2.IM1 A Mg cosOpA0s/2sin01A0,
lrong do AM1. AM2 dwge tinh bing (1), (51,

2. A niim trén duirng Ulﬁng qua 010y,

Neu (p) la mot dedng tron bit kY nio dé
ciil (p1), (v2) tai eac difm xuydn tam ddi va (o)
cit ditdng (102 lai A1 va Az (hinh 1} thi

O1d1. ds = :f gt. ;
oot
f)gA1. Ogd2 = r§)

Nhu vay A1 va g la cd dinh véi moi (o)
(P& xiac dinh A1, Ag ta dwog cde ban kinh 01,
oDy vulng goe voi 0102 Dudng trén ed Hm
trén 010z, dung qua D1, D2 s¢ cit (o tai A
va Azh 2

Vay néu A nim trén 10z thi ehi ed A lring:

véi Ay holic Atrang yoi A2 thi méi dyng duge (o)
thoa min diéu kien bai tean.

Cdch dung : Nac dinh A1, A2, Dung dudng
tron tiv ¥ qua Ap, Az

Chitng minh : Ching minh twong tuo trudng
hop 1.

3. K&t lugn : Néu A nam ngoai duong thang
0100 thi bai toan co mot nghiém hinh.

— Néu A trang vai Ay hode Ag xde dinh bai
(*) thi bai toan ed vo sb nghi¢m hinh.

— Néu A pam trén 0102 ma khae Aj, Ag thit

bai toan khong c6 nghié¢m.

Nhan xét: Rat it ban tham gia gidi bai nav.
Trong sd cae bai giii efia cac ban giri dén Loa
soan khoéng e¢6 bdi nad lam ding phin bhién
Iugn ; tdt ci déu két luin trong trwong ‘hop,
A, 01, Oz thing hang thi bai loin vo nghiém
(trong khi A1 v4 Ao hién nhién oo tai (D)

Bal 8/113. Cho tir dién giin déin ABCD cé

Bl=DA=a, CA=DB=bAB=D( = ¢. Cinrng P

minh ring

(n2+bz ha ) {2:‘12!>=+2b2<f!‘--!-2cz:|2--- at—pt-ct) 0
o] ) ‘:ﬁ"
205 + 20T+ acta? — B i o P

Ding thite xay ra khi va chi khi ARCD 1 (i dién
déu.

Lai gidi- Qua car canh dai dién eda tir dién:

dirng eac mit phang song song voi nhau, eic mat
phiing do ciit vhau theo mgt hinh hgp chir nhat
nhin cée canh tir dién la dudng chéo ena cée
miil,

K¢ higu ba kich thuse hinh hép & z,4.2
(hinh 2) ta c6 ehc két qua:

1)Goi R 14 ban kinh mit cidu ngoai tiép tir
dién va hinh hop thi

2

R = (@* + g + 2/

Nhirng = & yg + 2% = (az B+ r2)/2 nén

R = (a® + p*+ M8

2) Goi r la ban kinh mit ciu noi liép tir
dién. ¥ 14-thé tich va S 1a dién tich {oan phin
tir dign, thi ta cd.

v =(1/3) Sr
= = 3V/S.

2 5
‘_1:2-:'-;;2=r.' !:1:'2=£;r2-|"t:z—u']2
£ ;_;2 +22=a o y?' =t ot — bt
E:E L Saws IR

V =gxyz/3=

= V(2 + 2 - %) (*+a — b a4+ .551"F;ﬂf3

Theo edng thire Hé-rdng :

5 =4 ¥la+b+cla+b=c)(b+e—alcHa—b)2

Viay r =3V/§ =1/4 X

e R e L L

fa+p+ellatb—c)lb+e—a)let+a—b)

7
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3) Nhur vAv ta cé thé vist:
Rir = .
(@M at b+ atb—e)(bte—aleta—b)
B PR ot = at)(cE ot af bR g D)

(1)
Biay gio ta chirng minh :
(a+b+elat+tb—cib+e—ala+b—c)
=922 p% + 2% + 2::02 — gt pt - pd (2}

That vay:
P(a, b, ¢) = 2a%b% + 262¢% + 202 — ot — b4 — (4
= —at 4 200 + ¢ Va? — (B — (P2

Vay P (a,b,c) 1a tam thire béc hai d6i voi o>
cd nghiém ;

at=bt + ot 4 2e = (b4 o) —
© a=bteb—c,~b—-c.~b+e
Do dd eé thé phan tich dirge )
Pla,b,d={atb+ed{a+b—e)lb+te—-a)X
X e —a—p) bie 1a (2) duge chitng minh.
Tir (1) va-(2) ta cé
R*r? =
(a2 +b2+ﬂ?’]2{2”zl’}‘z+2bi¢i+ 2,-_-2{;2—;;4——314—54].' ;

4 3 4 A
EYRE L TS P SL L PR S

(3)

Do (3), d& «bing minb kél luén bai tean th
chi clin chung minh

RY/r* 20 R 3r.

Xét haitir dién ABCD vi A'BCD eivrcae dudng
cao tuong wng la AH vi A" #'. Dwing chéo hinh
hop cal mit BCD tai 6 thi dé ehwing minh duoe

Ga = 264", tir d6 suy ra aH = 24°H.

Nhung AH = 4r nén.

AH AT ey
Miat khae a4 = 2R.
Ta co: AA > AH + A'H' & R>3r; ¢6 dbn

diing thire khi va chi khi H, H tring voi 6,
fire 1a khi (& dign d& cho 14 (0 dien déu,

Bai 9117, Trén mét mar chu tdm 0, bdn kinh
R = 20 cd ddudng tron biing nhan cd hdn kinhr=a,
dai mot tigp vdc nhaun, Tim bian kinh cde duirng
trén ti¢p xae véi cd ba duwirng Iron néi trén.

8

L&t gidi. Goi 01, 0z, 03, 14 tam ba dudng tron

ban kinh a néf trong ddu bai thi dé chimg
minh dwge 010203 14 goc lam dién ¢6 3 mat
bing 60°,
(Ch:"ing han mudn tinh goe (0 ta khiao sat
trén mit phitng (01005). Mo duéng tron tam O
vh 02 cd mdl dudng kinh ndm trén mit phing
diy; hai :]uiﬂ_l_,j.;_kinh do ké nhau va Iip vaoi nhau-
goe 120" = 01002 = 60°).

%

Hinh 3

Cé hai dwong tron tiép #ae voi cd ba dwong
tron ban kinh a; gid so deong tron nho ed 1am
Ii, ban kinh ri va dwéng tran 1én cd tam [z,
ban kinh rz.

Gia st dwong tron tAm Op tidp xtie voi dudmg
tron tam Jq tai M va tiép xue vai dudng tron
tam o tai N (h.3). Ta ¢6 MN =24, 0M = ON= 2a

Viv A OMN l1a tam gidc déu, sny ra

el

. e e e
NOOy = (h0M = 300.

———
Diat ol =2, ta en

—— ‘ G
r1 = OM sin MOI = 2asin (2= 30")
= 9q (sin @ e0s30° — cosAsind®)
Tir gbc tam dign O 01 0203 dé dang tinh duge
sina = 3/3, cosxt = "6/3.
Vay
rp=2a (Vafs. Ve —Ves. 1.2)
—9a (112~ 1/¥® =0 (1 - 2/V6)
= ry=a (1 - Vo/3).
rz = 0N sin T‘:’Ui'z = 2a sin (% + 30°)
=9a (ainocosd0° + cosdsin 30°)
=re=uq (‘l = 1"{6.;3].
- P‘H1

https://tieulun.hopto.org

et W



https:ivwww. facebook com/letrunglaenmath

https:/sites. google.com/site/letrunglidenmath

CAC DE TOAN TH! GIAl TOAN
1981 — 1982 '

Bai 1/121. Hai ngurai cing vidt mol s o6 k
chit s8 md chi ding cac chir s8 1,2, 8, 4, 5, 6. Mbi

nguai i lugt viét mol ehit s6 A trai sang
phai.

Hoi nguai viét chiv s6 eudi eiang ed ihé dam
bio cho s6 duge viét chia hét cho 9 khong

néu ;
al k= 1030,
b) k= {&00,
e) k= 1845.

Naugén Cing Quy

Bai 2/121. Néu viér s6 1980 thanh hng cde
sé chinh phirong thi cin phii eb it nhit bao
nhiéu sd hang.

Nguyén Anh Ding

Bar 3/121. Chun i minh 121[';: viri moi so tw
nhién » thi hieu (20)°"—1 khong the 12 Iy thira
clia mot 86 tir nhién véi s6 mo ne guyén duong
va lén hon 1,

Nguydn Céng Ouy

- Bai 4/121. Giii hé¢ phuong trinh :

(x? —yz)a = (gz —za)b=(:" —ay)le
xtytz=atb+te.
a, b, e=0

Nguyén Pang Phiit

Bai 5/121. Gid siv O la tam dudng tron noi
tifp va H la trye tam clia tam gide ABC,
Chirng minh ;

i :
1) 0A%1AB AC)+0B2(BC. B 0C2(CA.CR) = 1
2) (HB.HC) ! (AB.4C) + (HC.HA) | {BC.BA) +
+ (HAHB)| (CA.CB)=1
néu A, B, € < 90°, K& qui th& nio . néu
AT=>90°2
Lé (Jute Hdn

Bai 6/121. Cho goe rAy vamal didm A ch uvén
déng trong géc d6 sao cho MO+ MK =! (I 14
d6 dai echo triede), trong do M va K 14 chan eae

dudng vubng gée hg toe M twong iftng xudng
Axr va Ay, |
Hiy chéng minh duwdng tron (AHFKM) di qua

mit diem e dinh thir hai khae A.

Lé Qude Hdn

Bai 7/121. Cho mét hinh tir dien diéu canh
bitng a va hai hinh ciiu ndm tron bén lrmsg no,
1) Tinh ban kinh cac hnah citu trnn;; Lrudng

hep tdng ban kinh cta 2 hinh ciu do dat gid
tri lon nhit.

2) (‘In'mg winb- ring treng trudng hop tdng
ban kinh ciia hai hinh ciiu dat gia tri l6n nhit
thi 16ng thé tieh cfia ching cipg dat gia tri
lén nhil.

Pham Qubc Gidm

Bai 8/121. Cho tir dign ABCD. Tim trong
khong gian mot diém. 3 sao che b6n L dién
suu day la twong dvong: MBCD, MCDA, MDAR,
MABC,

Nguyén Ddng Phit

Bai 9/121. Cho ay,..., g, blvw., bus €1,.00s04
la 3n 56 cho trude voi gid thidt afe...,an khice
khong. Tim gia tri nhd nhft efia ham so
flr1, o, wg) = a1z + b;)zl-i- (azaa+b2)? + ..+
+ lany + b)? + (c12y + ealy + ..o + cprm).

Phan Dire Chinh

Bai 10/121. Tim gia tri Ién nhat Pmg. cla
tich P = ay o2...an, trong 46 a1, ap,...an id n sé
tir nhién cé tong bhing N, véi n, N & hai s
tr mhién cho triede, N=n.

FPhan e Chinh

Y
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Tim hi2u siu thém tohn hoe phi thing

PHUONG PHAP QUY BAO

B;:(I nay gidi thiéu mdt trong nhitng phrong
phap et hidu qud dé gidi ‘cAc bai todn 16
hgp, A6 14 phueong phip quijdao. Néi dung
cia phwong phip gu¥ dao lrong che bai toan
td hop la chi ra ecdch giii thich hinh hoe cho
phép dwa bal toin vE& vide tinh s6 dudng di
{hay s8 quy dao) ¢6 mat tinh chét xic dish vio 4o,
ru didm eda phuwong phip qui dao 14 tinh
true quan trong cach chirng minh.

« Bdi toan con éch» (lire bai toan s6 6 frong
k¥ thi Toan Qude té lan thr '21) ¢6 thd giai
bing phwong phip qui dao {xem Toin hoe va
tudi tré so 2/1980).

Bai nay gidi thiéu mot s& bai toan dién hinh
e Lhé giai bing phuong phip qui dao-

Bai toan 1, Cht'mg winh ring
By =(CH + (CH? + ... 4+ (CD?

Gldi: Ta hiay xét mot mang ludi ké 6 vubng
cd n>n. S8 dowong di ngin nhidt (theo mang
Lurdri) tir dmmﬂ_(o o) dén digdm M = (n, r) bing
Can. Chi ¥ ring mdi dudng di iy di qua mét
va chi mot digm Ag = (k, n—k&) nim trén dudng
chéo BC. 56 dudng di tr O d8n A¢ biing

Chutan) = €.
56 dwdng di tr g dén M bing C —ktp = Ci
Do dd sa nhrung di te O dén M di qua Ay bing

Ck.CE=(CH™ Ti do d& dang suy ra h¢ thie
phéi chitng minh.

on nira ta c6 hé thie thng quit hon:

Cooch + ChcRlE. e tien = ok

1w

M

10

PHAN PUC THANH

Bai toan 2. Chiritg minh ring
s i =1
C?l = Cn_.l T Cﬂ-—j LB Cﬁ?ﬁl
Gigi: Trén mung ludi.ké & vaong la hiy xét

I|1 cii che dlru uﬂ' glip khie ngin nnit ndi diém

= (o0, 0) vai difm M = (m, S, Thng s cle
f'lu‘trng gip khue &y 1a C§. Gor #x la lép cac
dwong gip khue cil dudng thing + = 1/2 tai diém

]
(1200 (k=0.1.. ~ 1). Rd rang Bk ¢6 Cnoyy
dudng gdp khie. Tir d6 suy ra

m--1
Cn—k—l

Bai toaa 3. Chwng minh riing

A e s SR

+ C%—m Cr!?+m — CID11+R+1

Gidi: Ta hily xét tdt ehcdedwdng di ngin nhit
tir diem O = (0, 0) dén ditm M = (n—m + k+1, m).

m
Sé ede dwéng 4o bing Cnpyy

Goi B; (i = 0,1,..., m) 14 16p nhitng dudng gdp
khie cfit dwdng thing x =k + 1/2 “tai did¢m
(k -+ 1/2, . Ta nhan thiy ring mobi dwéng gip
khie thude lép By gbm 3 phiin:

Phin [: Brérng gdp khic néi (o, 0) vai (k).

Phiin 2: Dudng ndm ngang n8ik, ) vai (k+1, 1)

Phiin 3: Pwéng gip khide néi (k+ 1,0 vai
(ta=m+ £+ 1, m)

Tir do ta thiy riing tong s8 cic duong gip
khite thude lop £ la ;

a i m—i
(_.H i |

Tir do say ra hé thire phii chitng minh.

Baito&n 4. 6 m + n ngudi sip hang mua
ve trong do ¢d n ngwdi mang tién loai 5 hdo,
vamngudi mang lién loai 1 déng, Méivé gia b hao.
Trirde Itie ban, ngudi bin vé khong cd tign. HoOi
¢d bao nhiéu cich sip xépm + n ngudi mua vé
dé khong co6 ngudi ndo phii ché trad tign thira 7
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Gidi: Gii sit cac nguoi mua vé da duoe sip
hing theo mot each nao dé. Ta dal
e } I péu ngudéi mua vé the § ed 5 hio
! — ! nfu ngudi mua vé thit i eo 1 ding
Khi dy Spi= ap b+ Ck
la hiéu s8 gida s6 lrgng ngwad e6 tidn 5 hao
va s8 leong ngudi ed tisn | ddng khi et k ngwdi
sip hang.
Trén mang lugi ké 6 vudng ta v& cée didm

Ar={kSp) (k=1,2..... m <L n) va xét dedng gip
khiie néi 0 = (o, 0) véi difm Amip =(m+n. n—m)
di qua cie diém A1.... Amin—1. Ta goi durdng

gip khie nhe vay 1a mot qug dao, lwong itng
¥Gi cdch sip hang cfia ngwei mua ve. Tong sé
n 4
cic quy dao bing C
n+m
a) Cha ¥ riing eac quy dad twgng dng voi
cach sip hang cia ngudi mua ve di khong ai
phii chdr trd tign thira sé khong citduwong thing
e 1S
Thue vay néu ddi voi &k nao div Sp.1 =0,
Sk = — 1 thi digu d6 et nghig la troug k=1 ngu i
sap hang diu tién sd lirgng ngwdi ¢o tidn 5 hao
vi s6 lrgng ngudai ed tign | déng 14 nhe nhan,
nguwdi thit k eo | dong nen phii ché trd tign thia.
b} Ta s& chirng minh ring s6 quy dao ciit

; 2 o : “n+l o : A
dudng thing y= —1 hing (.':E.".;n. Voi mdi qui

dao Q eitduwong thingy — 1 hay 6 1 didm chung
veéi né ta thidt lap twong ang mot qui dao Q
theo cach sau: dén giao didm dau tian voi dudrng
thiing y = —1 ta cho 0 = @, phin con lai eda @
14 4nh d6i xing cfia O d6i vai dirdrng thing
§ = —1. Tedn bho qus dao € k&t thie & digm
Apin=(m + n,m = n - 2) 14 inh etia didm Pirgtah
d6i véi dudnug thang y = —1. Sy twong tng da
thiét 1ap 1a mat — mot, do do <8 qu¥ dao cét
duwdng thang y = — 1 bing s6 dwéng gip khie
o1 O viri .‘l;u+nr Né&u & duirng gﬁp khiie nav eo
y doan hudng xudng dudi va x doan hwrang lén
trén thi : )

T+ y=m+n

U—x=n+2-m
= g=nt1. Vay s quj dqo ciit duwdng thing
W= —ihing C;:]{a

e} Tt k&t qua & h) suy ra rang sd qui dao
tirong tng vai edch sip hing cia nowei mua vé
d& khong eé ngudi nao phii che tri tign thira hiing

n ni41 n+r1—m i}
Bt = SR
m+n ‘m+in n1 m+n

Lién quan chét cheé dén bai foan 4 Ia bai foan
vé b phidu ma nha toan hec Béctorang i xél
nam 1887,

Bai toén 5 (Bai toan vé bo phigu). %

Trong mot Iin biu efr, irng et vién A4 duoe a
phiéu biau, wng cir vién B diroe b phiéu biu
{aZ=b). Cir tri bé phigu lian tiép. Hoéi ¢d bao
nhiéu ciach bé phicu dé wng el vien A ludn luon
din diiu vé s& phiu biu cho minh ?

Gidi: Ta dat
pi= ) t I-néu phiéu thir  biu cho 4
: — 1 néu phiéo thir i bfiu cho B
PRESs =g Ll f o
. Ta “xét qu¥ dao véi cic ditm O (1, L HT e
(k. Sk)s v (a4 b, SRk
O dAy Sath = a0 — b

Ré rang mdi cdch b phidu lrong ing veai mot
qu¥ dao xie dinh. Mdi qui dao gim a + bdoan
thiing trong dé cd a doan huéng lén trén. Tong
6 ehe qui dgo bing ciyp. Ung cit vién A luén
dan diu néu quv dao trong ang di qua diém
(1.1' va khong ciit true hodnh, S& quy dao nhu
vay bing

ntil—m C’“
n+1i m+n
trong do n=a =1
m=b.
Do d6 s6 eich bo phigu phai tim 1a
el o BT Tent Cosaeh C“

T SR ¢+ b a+-b

Bai toém 6, Cimg ctin héi nhir bii toan 4
nhing voi gid thiét la trude khi ban vé & ngird
bin vé b ¢ tién loai 5 hao. :

Trong trwérng hop nay bai toan dua ve viée
tinh s6 qu¥ dao tir diém O dén didm M —
(m+n. n—m khéng cit dutrng thing y=
—(c+1). Rorang s8 qui dac citdwong thiing do
biing s6 quy dao tir didm (0, — 2(c 4 1)) aén
aidm M =(n+ mn—m tie 1a hiing

T v P Gm—c—l
m+n = Tm+n

86 qu¥ dao cin tim cila bai toan Ja

L 1
a1 m—c—1
m-n m+n

2, Biy giér chiing la sB thist lip m&t s6 tinh
ehit lién quan @6n cach tinh sd qu¥ dao.

Gid sit x>0 va v 14 che 56 nguyen,

Ta goi 14 quj dgo Lir g8c loa dd dén didm
(r,y) duong gip khic néi cac difm 0, (1, S1)...
(k, Sg)ie., (2, 8 _
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trong dé

, . S -
o s o s 1]
Sy =1

Goi N (x, 1) 1a s6 14t ca che qui dao ndi diém
0,00 vai digm (x,g). Ta co

MENII DE |

ot B | 2 4 i o
A {.r,y}— Cx he u x va gy cing
chan hofic eung 1é
0 trong trudpg hop eon lai

Thye viy gid sir qui dao gém p doan hwong
lén trén va ¢ dogn hiwdng xudng duéi- Khi dy
lacco o =p+g

FeEgy
Suy ra
p= (r+4gifa, g=(x— /2

Vi p.q nguyén nén r va y phai eing chan
hode cling 16, Do qui dao hodn lodn duge xic
dinh néu chi ra dege nhitng doannio hiréng lén
irén, V 1\' 6 quy dao tir diém O dén diém (r, y)

(x 4 »}12,
biing C 7.

DJ. dang chirng minh duge

MENH BE 2

Gid) stk 4 va £ la 2 diém ¢6 toa A6 nguyén
nim frong phin tw thi nhdt, 4° 1a didm doi
xung cla A ddi voi trye hodnh. Khi d6 s6 qui
dao tir 4 dén B cit hay 1iép xte v&i true hoanh
bing sé quv dao tr 4° dén B,

MENH BE 3. Gid st +>0,¢>>0. Khi d6 s6
quy-dao tir O dén (x, y) khdng cd dinh trén truc
hodnh (trir digm 0) bing (y/x). N (x, y).

BE ching mink ta cho ¥ ring (4l ci ¢ae quy
dao néi O vé&i B (x,y) va khong edt true hoanh
phai di qua diém 4 = (1, 1), S8 quy dao di b
A dén B bang N (z—1,y — 1. 88 qu¥ dao di tv

4 1151'! B va cit itryc hoanh bi ing s quy dao di
i A® dén B tie l1a bing N(x—1, y +1). Do d4
s6 qu¥ dao clin lim bing N (x — I,y — 1)
=N {x—1,y+D=(y/x) N, g

3. Trong muc nay thiét lap mot sé tinh chit
efia qu¥ dao nél ditm O voi diem T =(2n, 0) trén
truc hoinh, I

Ta dat

1 m
Bin — E
n+1 '2n

MENH BE 4, Trong CR quy dao néi didm

viri d]n““m T eh

12

a) ding B2n-2 qui doo niim trén tfrue hoanh
vi khong cé ditin chung véi true hoanh (trir cie
diém O vi Tl

b} ding Bap qui duo khéng u\ dinh naw diurdi
Irge hoanh.

Chitng minfi: a) chi v ring 4t ci céc gqu¥
dao v6i O vari T ndm trén lrue hoanh va khing
e6 cac ditm chung kkic voi irue hoanh nhit
thicl phai di qua ditm 7y = (2a — 1. {). Theo ménh
dé 3 s6 qui dao ndi O vai T1 va khodng cit Irae
hoanh hing :

1 ! n

—-N{2np= 1) =
2n 1 ' ssh 2l
1 A1
= e = Ba2p-a
n In-

h) Ta xét qui dao ndi O wvéi T va khong co

. dinh ndm dwéi true hoanh. Trong hé toa d6 mébi
Xihl1 »0i 01 =( =1, =1 diém T c6 loa 46
2Zn41, 1), diém O céd toa dd (1, 1), 86 qui duondi O *

wi4i T va khéng eé dinh vdm duéi truce hiodanh bang
88 qu¥ dao ndi U1 voi T va oiim trén Irue 01 X1,
56 nay bing

i

I
— N2 L ) = =
20+ 1 n + 1 2n+i
7]
e
n+1 “ :

MENH pis Goi B2k, o 1A 86 quv. dao ndi € véi

T=1(2p, 0 c6 2k canh nim trén truc hoénh,
2n — 2k eanh con lai nim dwdi true hoanh
{k=0,1,..n)

Khi dy
Bay, 2, = Ban khong phu thude vio k.
Chirng minh bing quy :ap theo n. -
Hon nita chitog minh duoe ring
n
Bk, an= .infa'gi._z B2, 2
pre-
Déi vai eac qui dao khdng ed dinh nim dwdi
truc hoanh di dugc xét trong ménh 88 4 (diém b)
theo ménh dé 5 ta cd

an. 2]: = HEn
Do tinh d6i xing ta cbd
Bo, 20 = By
Téng s cic guy dao ndi O voi T bing
{n+1) P2n, tir d6 suy ra ngav riing

Bax. on= B2u (k =0,1,....0}
Nhw vav ta nhan dwce hé thire

n
Byn= .-‘—E: B2i-pByn—ui
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TOAN HOC

R DO SONG

VAl BAl TOAN VAN TRU

/
|BAI niy gi¢i thidu voi cie ban vai bai loén
tng dung trong ddi séng.

Bai toan 1. Vgi § thiee tiél kigm vat lida,
anh hay chi hiy tinh xem ciin chitng bao nhién
thanh sdl mdi thanh dai 7 4m dE edt thanh 1000
doan, mai dean dai 0.7 m, va 2000 dogn méi degn
ddi 0.5m- Anh hay chi cd ehibng (o dwge rdng edeh
tinh cua anh chi {a (et kiém nhdl khong ?

{Thi vao dai hoe Phi Tho.
thanh:phd H6 Chi Minh, 1476)

Lii giai. Ta nhin thiy mudn tiét kiém vit
liéu thl ein phai eiit mbi thanh 7,4m thanh a
doan 0,7m va b doan 0,5m ma khéng céd dur-

Tic li ecin giai
07a+0,0b=74 hay :
khéng “m (1)

phuwong trinh nguyén:
Tn + 5b =74 vaia, bnguyén

T (1) —=TF4=7a + 5b 2 Ta — 0 & a /10
_ 74 —"Ta = 1 + 2a i
va e ———— i —g— ————— == 2
a L
ma 1 %2 | + 2¢ = 21 va (1+2a) 1é nén suy ra*

1L+ 20 =5 haiied + 2a = 5.
Do do hodic a = 2—b = 12 hofic a'= 785 = 5.
Vayv la o hai edch cal mot thanh 7,4m loi nhit:
1} Cit thaph 2 doan 0,7m va 12 doan (,5m.
2} Cit thanh 7
Goi x thanh duge ciil theo kitu thi nhdt va
y thanh ¢iit theo kigdu thi hai (& diy thanh
74m); nhu vay sé doan 0,7m duoe ciit 1a 20+7y
va ad doan 0,5m dwoe cit 14 12¢ + 5y mi ta
cin phdi cit 1000 doan 0,7m va 2000 doan 0,6m
nén ed phuong trinh.
2r + Ty = 1000
12x -+ By = 2000
Nhung h¢ (2) khéng ed nghi¢m nguyén nén
ta chi eiin liy phin pguyén cic nghiém echa
he (2) 14 da.
Nhu viy r = 121 va y — 108.

doan 0,7m va 5 doan 0,5m.

(2)

Vay la di cit dege 2o + Ty = 998 doan 0,7m
va 12045y = 1992 doan 0,5m nén ehi cin eil thém
2 doan 0,7m va & doan 0,5:m. Ta chi cin cit thém
1 thanh 7,4m theo kidu thir nhit nira.

Vay da dong t4f ea la: 121 + 108 + 1 = 230
thanh 7,4m.

Ta eon phii chirng to cach eiit trén la tiét
ki¢m ohét.

That way, ta thiy long sd 46 dai ecna 1000
dean 0,7m vh 2000 doan 0,5m 14 0,7.1000+0,5.2000 =
=1700m : viy phaiding it nhat 14 1700/7,4+1 thanh
74,m hav 230 thanh 7.4m (dpem).

Tém lai ta ehi ein cdt 122 thaph 7,4m theo
kigu thir nhdt va 108 thanh 7.4m theo kiéu thi
hai 14 xong.

Méi cac ban giai hai todan sau:

Bai toan 2. Cln cat it nhil buo nhién thanh
sdt dai 3.5m thanh 1000 dogn mdi dvan ddi 0,%5m
ed 3300 dean mdai dogn dai 0.6m.

¢

Bai toan 3. (Lap k& hoach sin xudlt).

Cd mil xi nghi¢p sdn xodl ra 2 loai sdn phim
A vd B. Nhitng sdn phiim ndy rfwge ché tao tir
3 logi nguyen liéu I. IIva IT1. Dy frir iicng loal
ngupén licu vd 58 lhwong Hrng logi ngoygén léu
dang d? sin zud! re mdt sdn phim duge ghi
trong bdng sam. Bi#! mgt sdn phim A Gt 5 déng.
1 sdn phiim B (i 7 ddng. Nén san zufdt bao nhidu
sin phim moi logé d& [Ai nhitu nhit.

Lo : s lwgng don vi nguyén lidu
;”‘?% Dir chi phi cho mot don vi
nguyen &
J sin phim
ligu | S s 2 3L
A | B
1 5 2 1
11 14 3 2
11 25 4 6
i

Lovi gidi. Goi 1 va g li so siin phiim loai 4 va
B dwoe sin xudl, Ta cip tim x, gdé z =bx + 7y
dat gia tri len nhil. va e,y khong the ting wy
¥ vi 86 lugng di teit nguyén lidu 6 han.

Nhin vao bingia thdy sb lwgng sguyén liéu
[ d& sfin xuit © sin phim A va y sian phim B
la: 2ety, 86 lugng nav khéng vuot qua sé
Iegng dw trit, tize 14 20v + gy £ 8.

Twong tu dy- teir nguyen lién IT va I cho
ta diéu kién:

3x + 2y < 14, dr + Gy < 25,
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' https://tieulun.hopto.org

-



https:iwww. facebook. com/letrunglienmath

https:/sites.google. com/site/letrunglaenmath

Ngoai ra, econ ed difn kign tu nhién niaa 1a

-x, gy d&u nguyén khéng am. Vay edn tim
Mux (Z=5xr + Ty} v didu kién:

2 oS8 (1)

0 Ju +2g€:14 (2)

y dr 4 6y = 25 (3)

x4 == 0 nguyén
Tie (1) va y=20=>x<4, Ti'(3) va x>0
= y<d,
Tir (1) ta 6 Br + 3y < 24 == fixr + 4y = ba + 3y
+ oy S 4y =0 + 2 < 14, Tie 14t
(1) == (2), :

Nhan théy phwong trinh 4o + 6y = 25 khong
¢ nghigm nguyén {vi vé Irai 1a sf chan econ

vE& phii la s8 1&) Nen Q) & 12 + fiyy ‘“"': 24 hay
2+ 12=6r+3y =% + 3y + 412+ 4
<. M nén x="4, tire 1a néu =<4 thi (3 =) ;
con néu x =4 thi phai ¢é6 y =0.
Viy hé (1) twong duong véi hé:
[ 22 + 3y < 12
g1
’ x =4thiy =10 s
La, g2 0nguyén,
Khi x =4=y=0=2z=20
r=3=2p<2=z<_15+14

29,

r=2=y< 2= < 10+14=24
r=1=>ys 3=z 5 + 21 =26
x=0=ys_4 =g 28,

Vay ta suy ra Max (z =5z + Tg) =29 khi

r=8wva y=2

Do dé phai sin xudl 3 sin phim loai 4 va 2
san phim loai B, khi iy tién 1i sé nhiéu nhit
la 20 ddng.

Bai toan 4. Tai mét kho c¢6 chira n logi hang
- ed trong lugng moi logi Id ais @2...., on. Ciin

chugén chd cie logi hdang nay dén n dia didm, bigt

ring moi dia difm chi nhan mef logi hdang va
ciede phi chuyén cho mol don vi hdng dén dia
didgm Uhit © la bi Hdy im cdeh chuyén ché nhe
thé ndo dé tbng cde cude phi la nhé nhil,

Loi giai. Khong mit tinh tdng quat ta co thé

gid thiét
brslbp .S bn: 0] =09 = = ay

Ta thdy loai hang the i dwge chd dén dja
difm the j s8& co cude phi 13 aibj, Do 4o tong
s cude phi chuyén ché n loai hang dén n dia
difm 12 Z aibj trong d6 dng Z aibj gdm n s6
hang va cic chi s6 cha g3 déu khic nhau. che
chi s cia bj d&u khie nhau.

Goi icil i = ly,...n la mot hoan vi cha day |ai}
i=1,2,..n theo mdt thi tu nio aé. 7

14

Nhw vay vin @& diit ra 1a tim ecde |o sao cho
n‘ =
'2‘1 biei (1) dat gia lri nhd ghit.
i

Nhan xét ring, néu i > j va o= cj thi (vi
bi 22bj) (ci— epd thi — b;) 2= 0 hay ¢; by + o3 by ==
Ciby+ e bi.

Vi way ting v&i hoan vi eg, e2,.... € ¢6 ¢i =¢j
voi 1t > f ta cd hofin Wi Of. ¢2,..., €  trong 46
(\-; — t"js L-.I' = Cj.[ = ck viri k== i. k _'_i= j thi:

bi ¢ 1.

li p=

n
I bici >
= i 1

biéu nay chung o jﬁng (1) dat gia tri nho

nhit khi c1 =¢c2 = ... = en, Lite 14 ci=uai voi
mol ¢ bhang 1.2, .. n.
n
Viay tong (1} dat gia Iri lop nhit la .31 aibj
==

Tir day suy ra thuiit toan @8 lap ké hoach

chuyén chd.

Ta l4p bing c6 2 hang va 2 ¢ot; ghi vdo bang
diu tdt cd ede gia tri ecla cwde phi theo gia
trj ting din tir trai sang phdi, hdng thi hai
xép che loai hing ¢é trong lugng giam din bir
trai sang phdi, thi twong amg loai hang & cot
chira b; s& duege chd dén dia difm thir i

Thi du: ¢6 4 loai hang khéi Lhwong mdi loai
ai =35, a2z =28, ag=7,a4 =18 va cirdc phl vin
chuydn méi don vi hang dén dia diBm thir i la
by, b1 =125, bz =30, b3 =5, ba=19.

Ta lap bing:

R B 1 poH
5 i
| |

T RN 9 25 50
| =25y

aj l 20 18 7 5

: l

J j 2w 4 | |
] 1

Viy phii chuv8n loai hang thit nhit 8én dia
difm thir 2, lo1i hang thi 2 @&n dia diém 3,
joai hang thir 3 dén dia difm 1 va loai hing
thir 4 dén ﬂif:.‘a diém thi 4.

Ban hiy gidi bai toan sau:
Biai toan 5.Cé n kién hing edng Togi co khoi
lugng o1, a2.....dn, ciin bin cho n dla ditm, biét

riing o modi dia ditgm chi mua 1 kién hang ve ¢
dia didm thir ¢ ngudi ta chin mua voi gid by dbng
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mbi dor vi hing ; vdy phai bin nhir the ndo de
{d nhiéu mhit;, (exée phi chuyvén ché moi don
vi hing dén cac dia didm nhue nhau)

Bai toan 6. Wit mdy buy cé tai trong M. Cé n
logi hdng d? x8p lén mdy bay dd. Trong liwgng
logi hing i ld 0 vd gid Pi déng. cin xép mdi loqi
hdng bao nhiéu den vi dt frong lugng ting cong
k&hdng vieart qud M vd ed (6ng gid tri lén nhal.

Lot giai. Goi &5 1a trong lwong loai hing thi
i duwge x8p lén méy bav., Theo @8 baita cod:

0T ri <&, 21 + 2ot o+ oxn M.

Gia mdi don vi hing loai i 14 Bilet; dbng, nén
tong gia tri hang chit 1én may bay s¢ la:
o
. ll (Biley)

Viay vin ¢ &at ra la:
I

i {Pife)xi) sao cho
v

Tim Max (z = I

bit 1; = Pileti thi @ua vi:

n
Tim Max(z = f«'-:l Yi xi)
f [ TR i=1 A
viri digu kién o
7 z ris M
i =1
Neu M = ag+as + ...+ &y la chi clin chil

tdt ea cde loai hdng lén may bay la xong, nén
tir diy d& gidi bai toan ta ehi pii thidt M <
=4 +ﬂ'2_ e Gy,

Khong mit tinh (dng quat ta coé thd gid thidt
=l > 20

Dé thdy riing d& z dat Max thi phii cd

n
VR
=i

Vi vay bai todn duwa vié:

!
Tim Max (z = 1; Tiay) voi didu kien

(=1, 2., n

MeNz.z2Tzi

Ta chitng niinh nghiém rj cha bai lodn san
cung nay thoa mian:

1 i
I 2= Min./_\:[, E i) voi moi J =1 240,
i=1 =

Ta chirng minh digu kién bing qui nap theo
sf dn sd n.

Bo rang khi n=1! hai toan dang. Ta gid thigt
két ludncia hai todn trén ciing dung véi(n—1)
an s.

Xét bai todn trén khi cd n dn sé.

Ta co:

n
; T1 Tt
z=Z Tig;=T, (-—- f o iy E b

1=1 Tn n
1 n—1r it =
=Tn l- Z o E (—]"l) I‘ij
i=1 i=1% Ta
1S |
=TaM + Z (Yi—7.)xi
i=1

Nén bai toan.dua vé :
n—1
Tim Max(z=Ta M= Z (7;-Tp)xp
i=1
voi digu kién:
IS aisay
n—1
Zoay=M-21a
i=I
T1 ;} T2 H- ;3 Tn }ﬂ
Nhan thiy vi biéu thirc :=TaM khéng chira
in xn nén dé : = ToM dat Max thi M — xn phai
dat Max; 7

i= li..,i

e | n—1
Z v = Min (M, & o)
i=1

tire la M — r5'=
i==1
bit - — TaM=-",
~r " ® 1
Vi—Ta=171; i=1 2s n=1, M—zn=M
thi bdi ledn tveng dwong viéi: :

n—I
Tim Max (z = Z T}y
i=1

viri digéu kién :
IR VL. I
o G e R

i i

s A |

Diy chinh 14 bai loin véi (e—1) &n s8
Vay theo gid thigt qui nap thi:

J .
2 oxi=MinlM, Z &) vei mal 3 =131, A=t
i=1 =1

18
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r
n—1 i
Nhung 2oy ¥ =1, n—1
Codedk P
nén
n—1 j ]
Min (Min{¥, Z o), 2 o) = Min (M, £ &)
i=1 i=1 | i=1 .

'b‘j:f,...., n—i
Tive 1a:

| i
Min (M', Z o) =Min (M, Z 1) %ji=1,..n—1.
i=1 i=1
Do d6 ta ed:
i j )
Zai=Min (M, 2 a).%j=1,.., n—1
i=1 i=1

Két hop vai

n n
. xi =M= Min(Md, T o)
=1 1=1
ta duoe:
i
Z zi=Min (M, 2 &) Vji=1,...n {dpem)
i=1 i=1

Tir ddy ta suy ra thuit toin d&ehdt hang nhw
sS4 ;

Lap bang gtm 2 hang wa n cat.

Hing diu ghi gia tién cia mdi den vi cha
tirng loai hang tie Ia 11 sé Pifas sao cho no
gidm tir trai sang phii.

Hang thir hai ghi trong lwong ciia loai hang
tuong wng vai gia lién do.

Goi i 12 edt nhd nhit ed tinh chdt Tong sb .

cie trong luong hang & cot 1, 2... i=1 hé hon

M con tdng s8 che trong lugng hing & cbf
I, 2,...,i khéng bé hon M.

Khi dy tdt cd chc lugng hang & cac cot
1, J..y i—1 duge chiil h&t 1én may bay, va chi
chit thém loai hang & c6l # mdt lwgng bing
hiéa 54 gita M va tdng che lwrong hang & cac
Lof 1) O P R i

Con ndu khong ed cot i nio théa man tinh
chit trén thi ta chat it ei cac loai hing lér
may bay. ’ :

Thi dutcho g =5, da =7, o3-=2, ada=10
Pi=17 Ba=4,B3=8 Pfa=20 va M =22

Lip bing:

b 1 2 3 4
P ——— : ]
e SR B R i 2
| BANGEY Ty , e |
Bumy. | 8/2=4 |o20f10=2{ 7/5 47
— —_— - | - - - —
X l: 2 I 10 o T

Ta co: g <" M, ag+ay < M, as4as+at << M
va az+ ag + oy + ag > M.

Vay chdl til ea edc loai hang thw 1, 3, 4 co
dwge vi them 22 — 17 =5 trong lugng hang legi
the 2 1én may bav.

Khi do tdng 56 gia tei s& lén nhit la:

; _ . t
(8/2).2 + (20/10%.10 + (7,5).5 + (4/7).2 = 36— dbng.

Fy

NGO DUY NINH

In tai Xi nghiép in 75 — 77 Hang Bo Ha Noi Chi sé : 12884

Gia: 0,204

56 in 124/81 In xong va ghi lwu chiu thang 11-1981
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