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HOI TOAN Hoc

& VIET NAM

4
i BAO RA HAl THANG * MOT KY ;
: Chi nhiém . NGUYEN CANH TOAN © Thu ki téa seen: HOANG CHONG
,{.-‘l." Tru s&: 70 Trdn Hung Paoc — Hi Néi : ; | Day udi: 32825
" i
3 No6i ehuyén vii ede bgn tre y8u toan
A
TRO' VE QUA KHU €O GI LOT?
T LE QUOC HAN
’,i'-_ AN wao 48 tieng hoc lop 7 ma quén duge
i bii toan don gidn nhirng tht vi sau
i day :

! F
§ Bai toan 1. (litng minh rang. néu M 1§ mot
i didm fny 4y trén dwdng tron ngoal HEp tam gldc

d¥n ABC. thi trong be doan thing MA, MB, MC,
ed mot dogn ed 4§ dal bang ting do dai hai doan
¥ thitng con lai.

* Pé dinh ¥, ta gia s didm M ndm trén cung
Ji«',.; nhté BC. va chong minh MA = MB + M{. Mudn
LU‘ vayv. trén M4 ta Ay diéni D sao cho Ml = ME.
X Khi d6 tam gide MBD diu, nén SNARD= -/j,r BM.
i Suy ra AD= ML, va do 4d et dpem.

Hiak 1

Caeh gidi trén luy don giin nhirng vige i

1 dinh thém digm D khong phii dé dang A4 véi Nhihg e6i, 1én lop 8, s duge gap dinh 1y

l dalsi': chiing . Thi hiiean cdch nado don gisn P oleme “ Trong met b gide adi 112 p, tich cde
vd ty nhién hon khiog? Véi kido thire 16p 7,  dirdng ehéo bdng fong ede Heh ciid cde canh d&f
cdu trd 1oi la: khong. dignve. Ta hvng diung uhd L&6i bdi toam trén

ik i (]
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Phai roi, bai todn dy cé cai gl trong tu: Néu
xem MBAC la i gite néi tiép thi MA la dwong
ehéo va MB, MC 14 cac canh. Ap dung dwoc
dinh 1y Ptolémé cho bai todn dy chiang? That
thé !
Tir MA.BC = MB.AC + MC.AB
va -’ AL = BC = CA= MA=MR + M(. :
Mot 141 gidi qui ngén gon cho bai toan 1, nhung
ban da bao gid nghi dén chua Vin dé (vdr nén
thit vi Hon, néu ta nho lai ring do ménh dé
dio ciia dinh If PLélémé la ding, nén ménh
dé dao clia Bai toan chung fu eling ding. Xin
nhudng ban doc phél bidu bai toan do.

Tuy nhién. khéng nén voi thoa min vol ket

qui d& dat duege. Ngim nghi lai: bai lofin cha

ta phat bifu vé mot tinh chil efia tam giae
déu! Néu mé& réng cho da gide dén, ¢o thu
duge mol hé thie, trong Lo khéng ? Ligu dinh
ly Ptoleme e6 con giip fch gi trong vige phat
hig¢n va ching minh nhitng hé thire trong tie dé6 2

Than trong hen, ta xét them mal tredng hgp
nia: si canh eia da gide déu @4 bing bon.

Xeét tir giac déu A1dzds4y noi ticp dircong tron
0, Bt dinh 1y, hiy ldy diém M trén cung Ady.
Bt MAj =i (=1, 2 3 4) va goi canh hinh
vudng 1a a. Ta hy vong thu dwoe h¢ thie

1 +f.r.'3_=_':r2 + 24

Hinh 9

Ap dung dinh 1¥ Ptdlémé cho cac b

o1 i

MA Az 44, MAyAsAy, MA Azdy vA MAgd04,, l;lhi::L;
Xyea fg.ut.z'z-u'i"';— :r:1+;:-g=a-zf;_ (1)
Il.ﬂ-"?" }'.T.'_EE Sdga ;1'2—\1'4:.1'1”1!:;_'_" 2)
xl.atxg.al'2 =d3.a Xy Iy 2 {3
xl.a -F.:.'Luﬁrg-ﬂ-".’ radrd —*—:tthl:! (4}

Tir (D ta thiy imudned xy + vy =2 + x4, th
phii e gy =y — Dxs: nhung dida nay lai
khéng ludn ding voi moi vi tri efia didm M.
Do d6, hy vong ciia 1a khong dat duge. Phai
chang diéu dé lam chang ta that vong ? Hay
nhin lai bén hé thie da thu duwec chung khéng

2

e e ¥

T R e

thi vi nhung khong phdi I3 ve ich. Néu ban ¢b
mot « con mét nhay cim toan hoo® han s& thiy
ngay (1) va (3 cho ta:
(21 + x9)® + (w1 — rg) = 2-_r§ - 2::%.
d g, 02 2 2
hay e e e R
Tim ra'rbi! Heé thie nay kha dep, va di
nhién e thé chang minh ring no khéng phu

thude vao’ vi Iri diém M nim & cyng nao, Do’

da, ta di dém:

Bai toan 2. Néu M ld mol ditm tiy § nim
frén dirorng {ron agoqi tiep hinh cuéng ABCD, thi
ta 6 MA®+ MC? = MB® + MD™. :

Sau phat sung swong ddu tién, hiay binh tam
lai danh gia ding din gia i coa bai toin 2.
H-i% Lhire ‘[;;11 duge qua la dep that, song néy ban
tinh ¥, bau sé thiy ngay rang : cé thé thu duroe
no bZ’:ng eaci2| st dung dinh 1y Pilago, vl mdi
vé bing 47, trong d6 R & bin Kinh duing
tron ngoai tigp hinh vudng. Bai toan 2 trd nén

gquh dé!
7

/ 7
=
3

Hinh 3

Nia long v ? Khong ! Mang sin tiah thin tién
cong cach mang trong khoa hoe, ching ta dan
cd ndn long, Ta nhd lai: bai loan a3 cho (hii
todn 1) xét voi s canh a =3 Thé thi thir yem
viri s8 canh gip dok he thite e6 o tAm thirdng ¥
khéng (véi nhigu nghia cia t nay). Ta hiy
gid st M nim trén cung A1dg cia duong lron
ngoai lidp lue gide déu Ardz 434, 4546, _'\p dung
dinh 1y Ptélémé vao cde Ur gide noi tidp
MAsdgda, MAIA3Ag MAtAg A5 va M 41434, ta c6

a1+ as'= w2V3
Ty — 2ri= 2618
S e g -
3 — a1 = .1*4'1-"r.‘%
t dé : :
(x14x3)1 (rg—2r1 +(2r3—a1)2 = 3(:3-‘.—1:34-121
s :uj £k Ty + (ep = gl == 1% +x + .1-;15 ;
=i taf+af =gl el ol
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Pav chinh’la hé thire md ta cin tim, va ta
di dén

Bai toan 3. ¢id s M la mgt ditm tiy § Irén
vong tron ngoal tidp lue gide déu A1d2434,4454s.
thi ta co ;

MAY+ A%+ MAT = vA® + MAS+ MaG

Ndug nhw aj khong bigt qué trinh suy luin
trén d& din toi bal todn 4, thi khi phai giai bai
toan dd, il ching o thE xem thuwong nd {chic
gi da bigt ding dinh 1y Piolemé dé gidd cho
nhanh ?1)

Dén day, hin ban efing nhu t6i déu nghi ring
bai todn 2 w4 bai toan 5 co thE khai quat hoa
thanh.

Bai to&n 4. NEu M ¢ mot ditm fuy g trén
dudrng tron ngeei tifp da gidgc déu 2m comh
Arda. . Azm, thi ta ¢co - 2
AL AR+ pAR L =MAT LM AL L A

Bai toan 1 ed diing khong. mong rang cae ban
s¢ kigm tra no!

Cac ban tré véu toan than mén! Hiae biy gio
¢iic ban @i thiy lim quan trong cia vige ding

“ phitng tri thae mai linh hoi dwoc dE soi sing

nhirng véin dé trong qua khi roi whi?!

]

Tim hitu sau thém tedn hoe pho thong

PUONG BOI CUC CUA MOT BIEM BO!I VOI
HAl BUONG THANG BONG QUI, BOI VOl BUONG TRON

'I'!-m_\'c tai 1i¢u hink hoe 1&p 8 phi théng chuyén

todn eing nhu frong bao ®Toan hoe va
tudi tré» 8 30 ra thang 3 pdm 1967 co hai bai
toan din dén khai nidm duweng ddi cye clia mobt
diBm d6i voi hai dudng thing dong qui, doi
voi duéng tron, I'a hiy ted lai cac hai toén dd,
di sdu thém vao mot s8 vin A& vad mdl sd bal
toén eé litn quan.

1. Bai tean 1. (Trong tai liku hinh hoe lép
8 pht thong chuxén todn).

Cho mét diem P vd hai dwbng thing a, b edt
ahau & . Ona P v mil edt: tnyén ot a v b &
A pa B. Trén cit tagén da lén digm Q sao cho
(ABPQ) li hing ditm ditn hoa. Tim qui tich dié¢m
€) khi cdt fuyin quay chung quanh P.

Léd giiti.

Thica:

Vi mot cat tuvén hil k¥ PAB. Trén cal tuyén
do lay didm @ sso cho (ABP(Q) 13 hang difm
dign hoa. Nhu vay (QLABPO) 14 chiam digu hoa.
Chum dé ed 3 lia Oa, Ob, OF ¢8 dinh, vay lia
di2u hoa thir tir efia chum 46 ciing ¢d dinh. Ta
thiy O nim trén mot dwong thang 8 dinh lien
hop voi OP ddi voi Oa va Ob.

PHAM VAN HOAN

Hinh 1=

bio

Ldv mdt diém @ bat k¥ tréu duong do. PO it
a vaba A va B Ta thiy (4B PO’} i mét hing
ditm difu hoa vi A" B, £ 07 la giao difm efa
mot cal tuyén vai cae Lin cia mot chin digu hoa.

Vay qui lich cia O li dudog thang lién hop
vii OF dBi voi gva b Padng thing 46 duge
goi 1a dwirng d80 cwe cita didm P d8i voi hal
dirdng thing Ga, Ob. .

[
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2, Bai toan 2. (Bai 166/66 trong” THvTT s6
30 thing 3-1967 sta lai d6i chut).

Cho mot ditm P cd dinh va mgt dudng trin
(@) o dinh tdm O. Tim qui tich nhitng digm €}
sao cho dudng trén duing kinh PQ true giao voi
dwérng iron (G).

Lixi giai

Thudn :

Hinh 2

Gia su ) 1a mdt didm sao cho dwdng lrén
duéng kinh PQ trye giao véi dudng lron (0).
Buéng thing PO clit dudmng trén (PQY & H va
dwing tron (0} & A va B, Vi hai dudng trén
(P) va (0) tryc giao nén (ABPH) 1a mot hang

digm dién hoa, tr d6 suy ra:
= e v
i’,:Az = 0B~ =0, OGP,

Vi H ndm Leén dwdng tron duong kinh PO nén
T
PH( = ai®,

Ta thdy difm O nim trén mot dudng thing
¢6 dinh 14 dudng thing p vudng goe vai dudng
thing PO tai ditm H sao cho OH =l,’).‘i2,"[::f‘_

Biio :

Lidy mot didm- @ bt ky trén duong p. Ta
thily dwang tron dwong kinh PQ" di qua i, vi
Pl g e kSt
PHO' =90° Ta ci: O4* = GB* = 0M . OR, Vi vy
(ABPf) 1a mét hang didm difu hoa, i dé suy
‘ra’ dudrng tedn (OF dudmg kinh AB trie giao véi
dudong tron dwéng kinh PO’

" Wiy qui lich cfia Q 1a dudng thing p vuong
goe viri PO tai ditm M sao cho OP.OH = K%, R
1a ban kinh eda dudng tron (0). Budng thing
dé goi la ditdrng 61 cue cda ditm P doi voi durdng
tron (O, :

Chit . Néu dudng thing whi P ovai mol didm
0 nao 46 eha p mi eit dudng tron (0) (ai hai
didm C, D thi tCDPO) 1a m@l hang didin didu hou,

4

- https:isites. google. comisiteletrungldenmath

3. M6t tinh chat l¥ thii cta dirong dai crre la
« Néu duong déi cue elta ditm P ima dj U
difm Q thi duong déi cue eda ditm O dj qua
diém. £ o,

a) Tinh chit 46 14 hidn nliién frong tritdng
hop dadng d6i cue cia wmdl didm ' ddi v hai
duwdng thing ddng qui (xem hinh 1), '

b) Gia sit p,y ld dudng déi cwe ciia P, O 46
vai dudng ron ) vy J nam lvén p.

Ta ¢o:

E: “Q-'w = R%, OP. OH = K.

la thiy q phii diqua P, vi gid sir g céit dudng

lhﬁng OH & P thi do I,QoH..”- ciing nim teén
E g e L L o

mot dwdng tran (P IO+ R HO= 180°) ta sSuy ra:

0Q. OI=0H. OF = R*, 1x do P phii trang

/

P,

Hinh 3

4. Bii 1oan sau dav s@ eho phép suy ra ciaeh
vEduong ddi e eliia mot ditm ehi bing thurde ke,
a) Ta by gidi bai todn lien quan dén dudng
déi cure etn mét didm d6i voi hai dirong thing
ddng qui, 0 .
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V& hai cat fuvén hi&t kv PAR, PCD. AD w4 BC
cdt nhau & E. Ching minh rdng OF I3 dudng
ddi cuc cda dicm P ddi vai g, b :

Lo glai. Gid si OE cil PAB & (. Ta hi v
chirng minh ring (ABPQ) la hang didm didu hon,

Ap dung dinh Iy Mé-né-la-6t va dinh Iy Xe-
va vio tam giae ABO. ta ¢t lin lrot:

il

BA Ii_é (0 : fj:i ng r
AR e S sl 1 e T o
B DO G A o8 DO A
: B 04
lr do suy ra=— = — =—
FB on
Chit 4 :

Gia s phai v& dwong A% cwc cha didm E
@i voi a,b (hinh 4). Trong trudrng hgp nay la
ve hai cat tuyén. AED, CEB bat ki t8i Iy giao

Hinh &

Néu 2 & trong dudng tron () va néy va cat
tuxén AQB, rdi v& cac tigp luvén & A, B vai
diedrng leon et nhau tai £ thidé dang thiy ring
dudng thing /T vudng goe véi duimng thing 00 14
dudmyg dbi eye eda diem Q d8i vori dudng tron (0).

Cac ban cb thé vén ddng cae diéu hidu hidt

néu trén vé dudng d6i eye d@ gidi ehe bai todn

sau day (ede bai toan nay cac ban ciing ¢d the
chi ditng cac kign thire diege hge & lérp & chuvén
toan Jdé giai). ;
Bai ¥, Trén cac canh AC va AB ciia tam gifc
ABC 18y hai didm bit kv D va B, goi O 1a glao
diémn cia cac dwong thing BD va CE. Trén dudng
thilng A0 l&y mét didm bt k¥ L. Cae duong
thing LD va LE cht cae ilirrng thing CE va BD
theo thir Ly & cic didm H va 6. Chirng minh
ring ba duong thing DE. HG va BC dbng qui
tai mol digm.

didim P cha hai dwdng thiing €D v AB. OF s&

li dudng phai tim. ;

b) Cach vi dudmg d6i euc cia mot didm (&
trong hay 6 ngoai mot duéng tron da che) déi
vGi duong tron do cling twong L (xem hinh 3),

Vé hai cat tuyén PAB, PCD biit k¥. Cac dwing
thing AD, BC ciit nhau & ., AC, BD cit nhau

"y E -

Dé dang thay ring dudug d6i cwe cha 7 d8i
vol dwong tron (0) 1a dudng thing p di qua
£ vd Qva dwong ddi cye cha O déi voi duwirng
lrdon @ 14 duong thing ¢ di qua P va E.

Chi i :

Néu P & ngoai dwéng tron () va néu ve haj
ti€p tuyén PA, PB v&i dudng tron thi dé dang
thiy ring dudng thing AB la duwdng déi cwre
elia diém P ddi voi dwong tron (0).

Al

N b g

IB e i

Hinh 6

Bdatr2. Cho mét tamn giac nbi tiép trong mot
dudng tron. Chitng minh rdong cac gino digm cha
liép tu¥én & cae dinh tam gide véi canh déi la
ba difm cling nim trén mot dudmg {hang.

Bidi 3. Cho dwéng teon (0) va diém P & ngoai

; dwdng troa, ti€p tuvén PA, PB vai dudng tron.

Tir B ta v& BD vubng goe voi dwong kinh 400,
Ching minh ring duéng thing PCdi qua trung

“di@m K cia doan thing BD.

Bai 4. Cho dwdng trom lam 0, duing thing
d va didm J trén d. T didm M liy bit ky tren
d v& hai tidp tuyén M4, MB vii dwong tron,
v 1r ditm J vE& ede dwdng thing song song vai
eic Liép tuyén do, cil cac tidp tuyén niy & P
vd (. Ching minh ring khi M chay wrén o, PQ
di qua modt didm cd dinh,

Bii 5, Cho goe a0y va didm P trén canh O,
vi dirirng trdn bidw thién ti€p xie véi cic eanh

O
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Ox, .O_:; ciia gée da eho o A va B, Ta v& tifp

tuy@n PC vl dudng Lrén bién Lhien

da, Chirng

minh ring BG di qua mot-digm ef dinh,
S0 LUQC CACH GIA

CAC BAI TOAN DA NEU

Bai 1. Goi P la giao ditm cna ED va BC rdi
chirng

minh G eling di qua

s

a) Cancir vao cheh vé dudng ddi cre clia didm P

Hinh'7

ddi AR va AC, ta e6 (EDMP) 13 bang didm ditun hon.

Néu P’

ld gine diém eta hat dedng thing £D

va GH Lhi cin ed vao cach vé dudng d8i ewe

cita didm P’
14 hang didm digy hoa.
Vi (EDMP) va

didn hao

!))Ct'mg v6H thé ehiong minh (EDMP) va (EDMP)

a néen P vy P

déi viri LE va LD,

{(EDMPY) di

1 14 héng didém

trdng nhau,

ta c6 (EDME")

l& hing diém dién hoa bing each ap dung dinh

Iy Mé-hé-la-ql
VAo cde tam gide ARG,

Bar 2.

Gol
ti&p tuvén  cae dinh A,
BG, GA, AB va D, E,

Wl 3
CUd cae

va dinh 1%

tidp Auvén & 4 va B,

LDE,

M, N, P theo thit bt la g
B, C véi ciac canh 361
I theo thi ti la giao diém
A va O,

B

iao

Xé&-va Lheo tho iy

ditm cua

B vail,

2) Ta hay ching minh ring AF. BE, €D déng
qui tai didm f. Mudn vay, ta hay ap dung dinh
Iy Xé-va xm tum gmt DEF. Ta co:

U" BD CF

AD BF CE l 2
(vi AE=CE, AD= BD, KF = CF do cac doan
thang do la tip tuyén phat xuét tur ciang mdt
ditm E. D, F toi dudng teon tAmoh

Ta hay chung minh ring AF, BE CD theo
thir tu 1a dwdng déi ewe cia M. ’\' P d8i vdai
dwing tron (0) That vay:

BC & dwong d6i cwe cha !. Bt di qua M.

AM la dedang doi eue etiz A, AM di qua M.

Vay, duang 461 cuc etia M (?i qua 4 va I,
toe 14 dudng AF.

Cing chirng minh [weng Lu vixi BE va 2D,

Ta thiv ring AF, BE, €D I edc dudng dbi
cue cla M. N. P di qua didm {, vy dwang ddi
ciwre clia [ ddi voi duong tran (0) phii di qua M,
N—. P, tacla M, N, PP cang & trén mdt dizang thing,

b) Ciing c6 thE ching minh dicu nay bing
cach ap dung dinh 1y Mé-né-la-ut vao tam giae
DEF, Mu6n vay. triede hét hay chirng minh:

_1}}_5: A - Nn =t iRD I"_F__u CF
MO . AD NP BF '~ PE CE

roi ap dung he thie (1)
That vay, ap dung dinh 1y Mé-hé-la-it vao
tam gidc DEF va dlr&ng thing BCM ta ¢o:
ME cF
i‘:{"—-‘i:' 2 B” = =1 . 2
MD BF " CE

ME AE "
ta do suy ra; _-_.I— == = —= (50 sanh {2) v&i (1),
5 MD AD

Bai s
a) Ta thiy BD la dudng dsi cyue cia £ déi
vai dwang tron (0). Do do, (EDCA) LA hanu]dlcm

Hinh 9
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%

digu hoa va (P, EACA) 13 chim didu héa. Ta gy o Ol e OF 5 O Trong tam gide vudng
et BD//PA viy cae tia PC, PD, PE cit BD thanh MA, 13 cd )
BE. KD sao cho K= KR, e o
: W OM = 0A%=T
L) Ta eh thé ching minh (EDCA) la hing oy {J ek L& :
diém ditu hoa biing cach chirng minh ‘ring Vay OH . ) = H ¥4 013 mol digm cd dinh.

' 04> = O = 033 = 0D . OF. OJCH la to giac noi tiffp, vay e P
Li., Bat 4 : DH . DO
f‘:‘ a) ldl_}l D 13 dl‘(:".l'tl s l'lh:;fi d fa [lll'[‘)'lif-;'f ﬂ‘:l I e _'b‘ B .H r} “:”n irén. du‘(”]rj' trom lil[f]ﬂg

cyc ddi vol nhitng dwong tron (0). Nhw vAY.  \inh MO nén DB . DA=DH

- o : D5 - Ta S0y ra':
0 ld mét diem cd dinh.

DB DA= DC 5 D,

M [
.D Vi _j= b4 +_.Pf_ nén :
2
s ~ -~ DA -+ DB
DR e o 08
2
Sor A Pt re 1 {
My TSR o e R e
be: D8 .. DBds o pp DA

do a6. :
(ABCD) 14 hiang digm didu hoa.

Hdl 5

a) Goi [ la giaodiémena BC véi dudng phan
gige ctia gae 0. Ta hay chang minh [ la mat
digm ed dinh. 7

Gia sir BHC cft Oa & J. Tuong tw nhu trong
bai 2, [a ehirng minhring M4 14 duong ddi cue
cia J d6i voi dudng tron (Q). Ta suy ra (JDBC)
1a hang diém diéu héa, vay (M. JDBC) 14 ehum
di¢u hoa. Do do tact: (JAOP) 1A haug didm didu
hia va U.JAOP) 1a chum didu hoa. Vi O [& phan

Finh 10 : giae cua goe O, la suy ra 10 1A phan gike- chia
y i ; gdc I, vay trong cham dién hoa {([.JAOP) hai

AB 1& dudng d6i cuc cia didm M, Vi 4 1| tia 10 'va JP vubag géc véi nbaun, do 4o 7T 1a
dwéng ddi cye cia D di qua M m o dwong ddi  diem o6 dinh.
cire AR cita M di qua D, Ta 6 (ABCD) 14 hang b) Cing nhu trong bai 2, ta e6 thé 4p dung
di¢m didu haa, viy (M.ABCD) 1a chom didu hoa. . dinh 1§ Mé-né-la-ut vao lam dige HOP vadudng
Budng chée PO cha hinh bink hanh PMOJ bi thiog JEC dg chitng minh riing (J. 1UP} 14 hang
3 tin M4, MC, MBcit thavh hai doan bing nhaw,  diém dign hos.
vay P(} song song vai tia thi tur

2 MD ciia chim digw hoa. PQ di qua
trang diém ecua MI va song song
3 v&i MD, vay PO di qua trung diém

R efia ID |4 mét difm c6 dinh.
; h) Ta ¢t the ehing minh ring
D 1a mel diém e6 dinh va (ARCD)
la hang digm digu hoa nbir saw.

Te ké OH | d dwong OH it
dwéng ABG D.Vi bfn diem H, D,
M, J v trén m6t dwong tron
diring kinh WD nén ta cé: Hinh 11
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THONG BAO

D-\L thang 6-1981, hio Toan hoc va tudi tre da

1 chire cude hop wat tai Ha Noi vai déng

ddo eac ban cong tac clia 16 bao, duai sl
ehll toa chw gido so Nguvén Clnh Toan. chi
uhigim bdo Toan hge va tudi tre. Sau khi nghe kitm
didm tinh hinh clda bdo trong thai gian qua.
cac bun du cufe hop da gop nhiéu ¥ kién xdy
Aung néi dung té bao va eing nhdl trf voi cde
hoal dong saun day:

1) DE bao Toan hoe va tubi tré phue v dirge
nhiéu hon ede ban hoc sinh yéu tean nhirng
klitng dang theo hoc cac lop chuyén toas, bao
can e nhirng bai v&i noi dung phd cap hon,
di shu vido che kifn thie co ban trong chirong
trinh toiu phd thong, cée kinh nghigm hoe tap,
suy nghi, sang tuo,... Tow soan rl hoan nghénh
nhan duage oz che hrn. hoe sinh, ehe thiy giao,
nhitag bai viét theo cac udi dung dy, ciing nhir
eiae d& toan hay, khbog cin van dang dén cie
kign thie chuvén toan
© 2) Tha soan

. hoau nghéoh va wu gy dang
| eac bai viél

vé cac mbi fién he cha toan hoe

viri cac nganh khoa hoc khie. curg
cia lodn hoe trong sio xudl v

icing dung
hién ddu,

3 Khuoo, K3 t¢ bioeo han., khong the dang
duge cie bai-gqud dai (Toa soan di nhan dwo
ubigu bai hay. vhung dai hon 10 trang chir nho,
khd gify lén, va khing the tim
hop Iy d& dang

ach phan chia
lrong 2 hay 3 s6 baol). Tél
nhal cie ban nén hun ch€ v&n 4%, trinh bay
xue tich, b€l kitt mdy cho té¢ baw: méi bai
viél khong nén qua bon trang khd gias :
sinh,  xde tich hon cdng (61 Khi bai ean vidt
dai, cac ban dinh lidgu edch viét dé co the chia
ldm hai phan nhd, dang trong hai 54 hao.

4) Hang nim hoe, bao toan hoe ludi teé 2
chire Ky thi giai todn cho tit cd cic ban hoe
sinh cie trwdng pht thong trung hoc. Cae dé
toan duge codog bd trong cdesd 1,35, 0 cha nam,
&8t qui s& coOHpg bd lrong s6 3 ndm sau. Mong
At ¢l cde bau hoe sinh ¥éu Aoédn tham do ks
thi iy, vi khong can phdi gidi diroc il 3 cac
dé toan thi -

Bdo TOAN HOC v

TUOL TRE

Bai 1116, 5 13 han bi. bidt rdng trong 46 cd
diting | hén cd trong lugng khde voi 12 hién Fhdc.
Hay dung mot edn hai dto chi ra edeh cdn dF
sau 3 thn cdn phdl hien dwoe hon bi dae biét do.

Lari gidi. Ta ki hitu cac hon bi bing cae cha
cai, Biic trirng hon bi binh thwong 13 a va ki
hidu hon bi cin tim la o. Néuw 4 1a mat Lap
hop che how bi tht ta ki hidu m (4) 14 trong
legng- cia tap hop dé. Ta chia 13 han bi llnnh
ba I.q'l hop -

4 = }G‘]. az. (s, ﬂ{f L ib.l n"rz s, .Frq.E
.= l" o €2, 03, .-‘{l, :
¢ 6 thE cdu nlir sau:

Lian edn (. Bat A, B 12u haivdia can 38 sosénh
mtAl va mifi). Cac lin can tidp tht-n phu thudae
vao k#t qui o can 1.

b

. mld) =
Lanedn 2. So sAnh m(c1, 03, c3) va m (a1, as, as).

m(B). Tronp ntm:-g hop nav x€C.

{P¥ doh gidn, ta thav, ching han. m (] ¢y, ¢2. cg i)
bing m {e1. c2. ea)}
a}) Néu

m{ct, e c3)=m (a1, a2, az.) thi

R :

+ €fca o]
Lin cdn 3. So &anh trong lwyng cia cg voi
Eroegy flrmlg clia a sé tim ra x. MY il

L) mieq, |,"21 m} = miai. as. ag). !HJ["IIHH‘HIF‘
hop ndy = f"‘ el ¢z, 03 | va m(x) 2om (o).

Lan edr 3. So sanh lroog lugng cia 1 va c2
¢ tim drge ax.
¢k m le1, e2: eg) <
hop nay r €] e,
ean-Jd nhir riecng hop trén.
2o m {4) = m (B). Trong truéng hop nay thi
hoacxr €4 hote v € Byax € 44 m(2) = m (a)
rEB®m (a)<"m {(a).

mfag, a2, as). Trong trudong
€2, cg] va m (x) <" m(a). Lin

etd va mlaz, ba, b}
b, e1) = m l(aa, b2.!bg) thi

Lin c4n 2. Sosanh m lat. by,
a) Néu m (a1,

o B fas, g b

https://tieulun.hopto.org
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Lin ecdn 3. So sanh m (@3} vd m (ag). Né&u
m (ag} = m (ay) thi v = by:ndu m lag) == mlayg)
thi hon niao nang hon chinh la @,

by Néu e
thi

Lin can 3. So sanh m (ba) va m (b3} néu biiig
nhau thi x = a1, néu khae unhau thi hdén nae
nhe hon chinh T4 x.

¢} Néu mtay, b1, e)<"m (ua, be, bg) thi. in’b]. uz_{,
Lin ¢in 3 so sanh mOt trong hai hédn d6 vou a
s8 llm ve &,

3.om (4 <" m (B). Léi gidl twong te lrudng
hop 2. .

(ar, bt v1) == m (ay, b2, bg)

x € j a1, by, b3 |

Ba: 2/116. Chittng minf rdng sa 100 01 chi co
.

2941
.,n.':lk |
to rang nhan voi sd 1.2.3... gn+l

Léri gidi. Phin 2 eda bai toan 1a hién nhidn
Vi noi nu';:- 50 nguvén ]rr‘. cua 86 1a xét ddu eh
durip 221 K & 1> gBhL.

ol

Vi 10f..01 = 107 4
e
2“ i 1

trudng - hop ridng cla ménh dé:

I nétn bai loan cua fa 13

e Vai A, B la cde 36 tu nhién va (4, B) = 1

L] mn
thi 86 A% + 5% ehi o6 woess 1& dang 2°H &k + 1.

Ménh de hién nhién ding néu ta chiang minh
cho cde wde s6 nguvén t6 1€, Ta dang qui nap.

— Vi op =1, hign nhign mgi woe nguven té
i¢ cha A+ B chi ¢6 dang 2% +1 = 294V p 4 4,
dé diitng n =

— Gid sir méuh N, nghia la voi

3 5 ot 2
(4, Bl=1 thi “irdc nguyén 6 18 cha 4~ + B
chi cd dang 2N+1 T1h s B A
: SN
Yéi (4, B)=1thi (A% D=1 vi 4  +« g°

x4+l

22 202"
= {A47)" -+ (B°)° nén wido s& nguykn t6 1€ eha

nGg chi ed daug 2N+ & + 1.'Chi con phai chung
minh k chin.
Gia st o mol wde nguvén 8 16 p cia
N+ ! §+1
4 i la p=2 k41 ma'klé, The thi
: N+ N+
At gt ke gt g
; ;
( SN oy z.\-+1“
A +\B
N1 N+l '

2

1a boi etia 4* + B tire 14 boi efia p.

+ i. Tt do sug ra $0 do nguyén

hitps:/isites. google.cam/site/letrunglienmath

Chi ¥ la p nguyén 16 cing nhau vd&i A. B
Theo dinh ¥ nhd Phéc-ma la co :
7 e ST EER S e T R

SR e e B W

Vi da co AP 4 B"11a boi cla p. suv ra
2: pove Iy, Vay chi e thé k chan, va ménh
dé dung . voin = N+ 1.

Nhan xét: Cae ban Nguyén Thanh Nhi (12C7
Lé Qui Bon, thanh pho HO Chi Mink)., Ngayén
Duy Thai Son (1202 Pha Cat, Nghia Binhl, Ngugén
Vdn K Chdu 40 Nguycen Do, Qui Nhon) cd Lod
giai taot, g

Bl

Bai 3,116, Fim 14t ¢4 cdc 58 nguyén 14 x sao
cho iing
o= Vi) + [V2] + . + [V 1]
ciing ld 20 nguyén 9. )
Liri giai (cha Tritn Pat Ty — 1167, Bai Thi
Xu#n, thanh phé H6 Chi Minh).
* Tu nhan xét thiy rdng
Vol Ll Tle e WO i
= Vil + L'Lfﬂim-l-_l_] +
+ [Vin + DY = 1] = (2n + Da.

Do da y = [1'f]_.| -+ HJE.[--.P + Iv,rz-;_l] =

:._‘] x-:l 2 g--:l
Z @n+tin =2 Z a* +'E n
T n=1 o1
7 =1 = Tiris -I; 1340l = 02 =
= xldxr’ — Jx— 1B
Hay
2 g e
dp? = fge— [ i—Gf{T (1}
= 6y ! x 2

Do, ylahat s6 nguyen 1O nén taco (2. khiva
afoder = TR 6 pp=2
hofie 2 =3, khi do tir (1) = p =13 hoge y = 13,
Vi =g tx (1) twed yp = — | va4 g=74, hai
gid tri nay khang thdu man wéu cin cia diu
bai. Vay nghiém etia bai toan A 2 =2 v r=3,

chi khi hoac 6

NE@n xét: Mot s6 bhan sau khi di dan ra
dirge (1) do khong lon dung digu kiep r vi g
ta 'hai s0 nguvén 8 nén bi sa vao lap luan
chii (1:'1{1;_{:

Bal 4/116. Go: S la s8 nhé nhit frong cde
58 v, Wlr, it Iy, ¥z i trong do x g, 2.t 14 ede
sd thire dugng. Hay tim mign gid tri elda S khi
ehe 8 x, g ot thay doi.

g
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Léi gidi. Do =, y, z. ¢ l4 cac s8 thue duwong
nén S > 0. Ngoai vy vi S=min jx, yle. 2/t
Hy, Hzw o ed 85w, 08 =l e, 845 21
5 & 1y, 8 12, 8 < 1. Suy ra S° <198
Viy ta di ebirng niinh dwge S (0. 1],

Bay giér tachirng minh véi moi k €0, 1] déu
tén lai mot b sé thie dwong v, g, 2, { sao cho
min }x gl oft, Wy Az th =k

Thuc vay, xcét hg 88 a=y=z=t=Fk va dé
v oring

ta s& co
min } & 1§, 1k 1k k] =k

Vav khi @, y, z, t thay ddi trén 1dp cée 58
thire direng 8§ sé nhin mei gia fvi trong nia
khodnyg 10, 1].

Nhin xél: Nhigu ban véi vang két luin mién
gia tri efa § Ia (0, 1] san khi mdi ehi ching
minh § G {0, 'IE m#& chua echirng minh 8§ nhin
moi gia tri frong khoiang do,

Bai 5/116, Cluing minh bit ding thice,

e P 2 AW
cas == 008 — e
2n+1 2n -+ 1
S 2 20T n
4+  Cos < —
2ntt 2

vdi n la s8 i nkién,

Liri gidi (cdn Nguyén Duy Thdi Son—1dp 12C2
cip 3 Phi Cat 1, Nghia Binh).

1
! 2mk
Hat §1= R R s
k=1 2n i1
Chu ¥ ring 2cos? 2= 1 + cos22, ta co
(i imk
251 =n + S2, trong @6 S2 = X  cos e ]
k=1 2n+ 1
Ta e6:
2% L (2% + 1)27C
259 sin = ] S
i P ol | =1 2nt1:
e APE AT O ] g el oAt ) Anr
— mip-————— L] =xin o
Al an + 1
: b 2
b e e —
n+1 2n+1-

= Sg=— 1/2 Dodd 3S1=n+S2=n=1/2=51 =
= n/2—1/4 <nl2. E

Nhin xét: Hin hét ede ban gii loi giai bdi
pay déu ed lai gidi ghn twong tu nhuw trén,

Bai 6/116, Tinh cde goc cla tam gide ABC,
“bi#! réng : S ENTEY 5
BR™ hahpfie =27 47, OB". O

10

trang dé R [a bdn kinh diedng tron ngoai figp,
ha, by, he ld gac dirdng cae vd O la idm dwéag
fran ngi i#p tam gide dé.

Lai gidh.

Ky hituer, p, 8 thir ty ld ban kinh dwdng
tron noi tigp, nia ehu vi va dign tich AABC.

A

&

b N

B
Ta e
; :
04T = — _._’"_-.... s ma S SR AR -
sin® (A/2) r sin® (A4/2)
" 25 p—a fhe “p

n 255--l.1."2}-c.-5 fArgy - ip sin 4

=38 h, (p—aXp = 0%k, = 2R (p~alip

Tuong tir:
oB%hy = 2R (p—bYp. OCYh,=2R(p~c)p=>
= 98 = 0A% ke + OBy + 0C%in,
= 1 VoA 0B 0CYhy hoh,
< 813 by by he 3> 27 04 087 OC,

Bing thire ftie d/k cla didu bai) ehi iy ra khi
04° =08 ths = 0C% he < ip—a)p=tp-bYp =
=(p—e)pe> a=b=c A = B =C=60",

Yay tam giac ABC théa mfin diéu kidn bai
ra cd che goe bing nhau va bing 60°

Nhdn vél: Hiu hét cic ban givi bai déu cd lai
giai dangs Livi gidi trén ngin goa hon cd,

N M.

Bai T/116. Trongiam gide ABC ta diung duwdng
cao CH v trung tugén CL. Tie © digng hal nira
dirtng thing Cx. Cy lap Leony teng vot CA, CH
cic goe bing nhau. Gii siv M, N {4 chin dudng
vuong goe ha twong teng tir A dén Cr, B dén Oy
Clhirny minh rang & didm M, N, f, L nidm {frén
mat duwdrng fraon,

Lii giai. Ta chi cdn chftng mink ba dudng
trung truc ctf cic doan HM, AN, HL gip nhau
tai méil diém. Gid sir Cx va Cy lap tuong ung
viri CA, €B vae gée biing nhau va biing o (Ta
bb sung vio diu bdi eac goc npy phai ngwee
hwdng nhau vi khée /2 nfu &= R/2 thi
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.‘|‘I :-":_ il"
e '\" o \.
s b
A i H £

T Bt R e W T
drme o Md, H
tam th didm gitra [ clia €4 cae diem C, &, B, H

nhién). Cae
dirding lrdm

luan 14 |hitn
nidm trén mol
nim trén mot dedang tron tam J 1a digm gita
ela CB. Tir d6 suy ra Yrung trge eha HM di
gqua I, trung trire etia AN di qua J va cde trung
trire nay lap vod AR cing mdl goe i —ad
(nguwge hirgng nhan). Nhu viy néu goi 0 la
gizo ciia hai trung (rue nay thi OAB vi do 46
OIJ 1a tam giac can. DF thiy trung true ela HL
dong thoi eting 1a trung true cia 17, vy trung
trire’ efia HI phai di qua 0 (d.p.emb

Cae bah P56 Quang Bei (TK Nguyén Trii, Ha
Dong, Bang Tricvng Son {(8CT BHTH, Ha Noi),
D6 Mitu Ti#n (9A Hea L, Playeu), Nguyén Biu
(11/3 Phan Ghau Trinh Da Nang), Nguyén Thanh
Nha (12 €7 Lé Hong Phong, thanh phd Ho Chi
Minh), Nguyén Vin Ki Chan (Quy Nhon) oo loi
gidi L6t hing cac cach gidi khie nhan.
F.H.

Bai 8/116, Cling minh rang difu kién ecdin
va dif dé hr gide ABCD la hinh rudng ld:

: 452 = it + b‘ + e+ dt
trong dé 8§ la dign tich: a, by €, d ld ¢de cqnh
lir gtae.

Léi gidi (cta Nyuyén Viin Kij Chdn, 40 Nguyen
Du, Quy Nhon)

Gid thigt ring to gide ABCD khdng phii i
tir gide chéo. Khi do ludm ton tai it nhig 1 dlr('ﬂ!g

cheo chia ta gilie ra thanh bhai tam gidc vd&i
gie dién lich Ia 51 v& Sz sao cho S = §1 + 53
Gia st dudng chéo do Ia AC, Khi do;

at 2yt > i ;-?3" 2068 sin¥p = 3.\%.

Ping thue a® + p%=85] xiv ra khi va chi khi
=0t vasinB=1€a=b vi B=71,2.

Tuongty la co: o i dd = H,S'ﬁ: déiu ding thire
xdy ra khi va ehi khi. c=d va D =T/2,

‘Suy ra 414 4+ bt 4 ot 4+ rr'd‘ HJ‘*(S{ + 9%1' Diiu
dang thite ¥dv ratra=t; c=d va B=D=T/2

Mat khic? 853 + 50 > 4081+ 5007 = 15%;
din ding Lhite x4y ras=S1=53*=ab sin B=cdsin D

=>at+ bttt Fat s

diu ding lhue xay va <+ a=h=g=d, B=0=T0/2,
tire b giae ABCD 1a hinh wvuong.

Bai toan dwge chirng minh

Bun Lé Nguyén Hdi (1202 Thanh M% Tay, thaush
phd HO Chi Minh) ed céeh- gidi tuong by {rén
tuy trinh bay dudi deng hoi khac,

N

Bai 9 116. Cho hai duvng tron dung nhao
(€, R) vd (I,r). Chitng minh rding ném cé mpl
tam gidc ABC vira npi HEp dwdng fron ndy edd
ngoai ti¥p duwirng tron kia thi eiing o vo &8 tam
gide nhur vag. Bdt e didm ndo ciis dwdng tron
ln ciing 1a mdt dinh va biil etr ddy cung ndo cin
dwdng tron lén tidp xic voi dudng tron nhé ciing
la méf canh ciia mét tam gide nhie thé.

Trong sd nphitng tam giae nhie edy, tam giae
ndo 6 didn lich tén nh@l, tam gide nao co dién
fich rho nhidt va tim cac gid Irj 46 theo R var,

Lin gial.

1) Gia st ¢6 mbl tam gide A8, viea nii tiép
dudng tron (0, RY vira ngoaitiép duéng tron (2,r).
Goid la khoing ¢ach tAm cha cac dwdng tron
noi va pgoai Lidp, fa ¢6 he thie O-le sau day:

S
d*=R'—28r | (n

Biy gid la chiang minh rang ¢6 vo sO lam

giae nhuo vay.

a) Liy mot didm Ay, ¥ trén dudng tron
(0, RB:; nBi Al kéo d¥i cil (O, R) tai J. Ve
dwimng tran tam J, ban kinh JI, eit duong tron
(£, R) tai hai diém B, €. Ta duoe tam giae
ABC thos mian cac, digu nhir fam gihe
AgKoCa.

Thiat vay, vi JB = JC nén AJ la phan giac
trong eva géc BAC. Lai-vl /AJBI cin & J nén
fa co:

kién

11
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o —_—— - ——— e
TBI =JIB <R[ + CBJ = IBA + BAS
——— ——

<= CBI = IBA

; —— o
(vi CBI =CAF=BaJ)
«= BI la phan gide trong eha goe ABC.
Viy ['la tam duwong tron ndi tiép ltam gike
_ABC. Gia st ban kinh duing from nay 17, ta cd
at = R — ane’ (2)
Pdi chicu (1) va (2), ta duwge: r' = r. Didu
pay chitng t6 ring dwong teon (I r) chinh ta
duwdng trdn nol tiép tam giac ABC. Ta c6 d.p.c.m.

—

k) Ti phina) hida nhién suy ra mot day tay
¥ clia dwong tron (0, /) 12 eanb eia mét tam
gide théa mAn cac difu kién nhu lam gide ABC

{vi qua 1 difm chi co hai duwong thiang tiep

_xtle véi omat dudng trind

93 Ta tinh dién tich tam giac ABC theo B, 1
vi [A =z D¢ thiy rdng min J4 = R-ds_r=< Rt
- d=max 14

Tacor Af IF =R ~01' = R*~d* (3!
Pai chidu (1} va (3 suoy ra: :
BJ = 1/ =3Rrix. (4)
A = AL+ TJ=x * 2Rrlx (5!

Ta tinh cos €L/2) bAng_hhi cach khac nhaw,
Mot mat :
—_

cn.'\'f_\-".i!:_'-ﬁ i J‘

2ir (sin (A2 =rlz)

(6
va do do: sin 4 = 2r Ve = %t (7}
Ml khae, trong lam giat ABS theo dink 1%
Lham s cosin la o :
cos (4/2) = CABY + A% — B/D) 2 BAY (8)
hav 14, thay B/, AJ b ede bigu thire (4) va (3),
rii A61 chifw (B va (8), ta dwge heé thwe:
] o S
Bl A= 2Rr)

'

2

Ty i At atvike=0 (0

1%

NEu xét tam gide ACS thay cho tam giae ABJ»
ta sd dwue cac hé thie trong ty (83 va (3) trong
dé chi vise thay AB béi A Bél vay do dai
clia eanh AR va AC & nghigm cfia
phuwong trink biac hal sau diy :

cac hai

(10)

3o P A e
& e 2 -

F
WL

B er\'--‘-'f!
Ya do d6:

A8 "11;:_'—_'.12 + 4Rr. (i1
Dign tich S ena 2 ABC duwoge tinh fheo cong

thie :
S§=(1/2)-AR. AC sin A (12)

Thay gig Leioela sind va 4B, AC tu {7 va (113
vao (12), 1la dwyge:

e
o g L L (13)
b o

Ta thay viée tim cwe trj eda § biang vide tim
ewe trj ™ia ham p () sau diy:

px) = (1 F 4ReieD Vb= i (1)
Ta co:
plel=1{1+ -H:r,‘.::!'). 2V ? —rg—ﬂf-.’r'\!'.t'—-r"".'.ra
oA gRe? + RSB (5)
C plor=os et < ikt t3p* =0 (6
Phueng trinh triang phueng (16) fuén luon
et hai nghiém dwong vm vi oy, Néu d& + dén
he thie e (1) thi bidu thite nghigm cfia chung
fthir sau:

e,
b

J'_\{.I[rl=1'lI2r' “.’-'.j(ﬁ {(17)

Vav ham (14) dat cwe jtri tai hai gia tri

dwong (18) cda x. nam trong khoang xic dinh

(R~ d< + < H+d) cia ham d6. Ta cd bing
bi#&n thicn sau day:

2l ped Varr=4) YR +d) Rtd
o)) . F 0 - g o+
i
: L s ) 7 P
plr) | wil N ! T :
I e min

Nhin vdo bing, ta thidy, trong khoing R —d <
£+ < (R4+d hanr ply) dat cue dai voi:
EEY = V¥ or(R—d) va dat eipe tigu v
m=1 (R4 d

San ki thay eac ﬁi:l tri 17} cia .r; Vi :I:.'fn
vao (11), ta tim duge:
J—d

pley) = pmaxy = VA~ (r+d¥* (18)
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fat

vh:
SRy e e
P(rm) = pmig = —1.““ —~VRY - (r =¥ (19)
Bt
Bay gitr, dit: min (x) = a;=f~d, max ()=
=x2= R4d: thé thi Ui (14, sau kbi tinh todn
va rit gon anbw hé thie (1), ta tinh duege:

3h4d A
p=ptrd= ——— Y RIg o)
R—d
va
S s T o | it
pa=plag) = ———— Y (pE -2 {21}
b R d i

Bé v thém ring hé thie U-le (1} tirong durcag

voi he thie sau diy (ma ta 6 1he chéng minh,

mat each dé dang):
VE—r—d(R-d) =Y R-r+d(R+d
Tir d6 suy ra; .
plet=R—d) = ple, = Var(R+d) ) = pull
Plee = R4+ dl = play = VR - ) = b2

Ta di dén k&l fuansau day; Trong si nhitng
tam gide ABRC thde min cac didu kién cha bai
lodn, Ltam gide ¢d dign tich nwhd nhdt (éa nhat)
la tam gide co mot trong cie dinh efia 06 cich
lAm / ctia dudng tron ndi tilp mot khodng uha

nhiit x1= R — ¢ (l16n nhdl v9 = R+ d) hodc mot.

khokng biing xm=2r(R + d) (xy = 2r(R~4d) ).

Tuy nhién, ¢6 thE ching minh ring khi mot
dinh efia tam zide ABr cach / mét khodng bing
xp = L—d thofc ra= R+ d) thi'hai dinh kia
cach I mét khoing hiing axm =2r (/i + d) (hotic
ey =2r(B—d) L va tam gide  do 1a can, nhan
duing thang OF 06l chc tam dwong tron ndi
ngoai liép lanl trac ddi virng,

That vy, chilng han tam giac ABC 6 dinh
A tai mat trong hai d%u Adl eia dudrng kinh di
qua [ ciia dudng tran (0, /), va JA=1; = rgin=
= R=d. Tam giic ABC cin & A, c6 day BC tiép
xic voi dwang tran (I, r) tai diém H va ta co
chiéu cao A bang AH = (Al ~r) + 2r = xlt+r=

= Jril - r]J —+ T
=Pt ] =y
DE thdy ring: .
BHY = CH®* = AH. (2R — AH)
={R—d+r) (A +d -p]
= 1?2 —(r— (.Hz.
Tt d6 va nhe Lo thie (1), Suy ta
B =ct=p6 4 10 = B — (r - )t 4 2

“BirRtd= xk

nghla 14, néu 4 =y thi [B'=C =ap

¢ https:www. facebook. com/letrunglienmath }l!!‘rps:ffsires.goagle.camf’site{?e#ungkiemth

Cing ching minh tuong tw, néu 74 = g thi
1B =I(l=xy. Do d6, cudi cang ta di d&n két
ludn nhw sau:

Trong s6 nhirng tam gide vira noi tiép durdrng
tron (0, RY vira ngoai Hép dwang ‘tran (I-r)
tam giac e¢d dién fich/nhd nhit (lon nhit) la
Lim gide cin nhdn dwéng thing O lAm trye déi
xtrng. Binh chda tam gide c¢in nay cich tdm I
elin dudng tran noi tiép mot khoding nhd nhil
{Idn nhdt) bing R —d (bing R+ d). Gia tri nho
rhdt va lén nhit cha dién {ich dwoe tioh theo
it vh ronbe sau:

ri30+ d)

Smip = Fpmin =  ———————— "I'H.Hz —(r = d)®
R+ d

rt3R - d) B

Smax =rPmax = _IT_d_- ‘L-‘FB’ =Ar+ d}z

(trong d6: d> = B — 9Rr).

Nhin xét: Khong ¢o ban nio gili bai to&u
dirgre hodan toan chdt ehe, chinh xac ci {do thigy
nhan xét & phin bién lnan) Ban Nguyén Thanh
Nha (Ip 12 CT tewdng Lé Hong Phong, TP. Hb
Chi Minh) ¢6 1o giai twong d46i 16t, nhrng vén
thidu chit che,

Bai 10/116. Cho mét nira diedrng tro dirirng
kigh AB = 3R C lad m¢t dim trén nita dudrng
tron do. V¢ hai dwdng tron ndi UEp Naf hinh
vién phan AOC va OCB, hai dirdng fron ndy Ligp
ric vdt AR tat M va N. Hiy chitng minh ping:

MN > 2R (V2™ 1) (")

Lat giai, Goi O 14 lam cda nia dudng troo
doing kinh AB=28: 01,08 va ry ra theo thi

tr 14 tam va ban kink hai dodng tean wai tidp,

hai hinh vién phan A0 vy COR,
Bat COR = 22, 8 <7 22 <7 yp9)

thi 0208 = ODnM = a,

ta co: : it

ri=AR —ri) cosQ, r3 = (A o ra) sipd.
Tir A6 suy ra: ; : .

ry = Reossi(l + eosd), ry = Bsioof0l + sip2tl (1)
Mat khéae, fai et e

MO = rilgd va NO = rgeotgx, (2

13
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S g

Tir (1) va {2), ta dirge:

MN = MU+ ON
= (H Sl ) (3
1 + cosd 1+ sin®
MNét ham s6: y=f {1} = sinx/{1 4 cosx)

K+ sinzed
(0 < a0 T/4)

y = [ () = (siny = cosc)/(1 + eosx) {1 + sinx)
Vai x =T/ thiyg =/ ()= 1
Vai ¢ << o < T4 1hi g =

la mot ham s& giam teén (0, T/ 4).

" Do d6. hkm s& dat g

4 vh MN =min=

[ sin (®/4) eng (/1) ]
SR | ————ee e
1 -+ cos (704 I+ sin (M/4)
Ty ) [.TI?- 1)
Viv ta ch: MN 2
Sau day Ia vai cach gidi
dao ham.
— Ban Nguyén van Kip Ghda (Quoi Nhon), sau
khi dwa 1&i bidu thire {3) nhoe trén,
d8i va il gon,

*
+ Cosx

Ma% g ="flrd

A tri ewe tidn lai re==

or (V2 = 1), {d,p.e.m).

khie, khong ding

tidp tuc bién
di téri bidu thire sau day

MN = R( sina i o5 )
1 4 sinz

I'+ cos&
L N al
£
: = (4)
1 + sin® 4 cost
D& dang ching minh riing : 52
viri moi @ Lhi sin® +ecosd < T2 (o}

https:/sites.google. com/site/letrunglaenmath

Tie (5) suy ra: | + sind + cosat = V2 +1
= (V22 4).

Tir d6 suy ra {*3.

~Ban

o]
Phong,

Ngugén Thanh Nha (12 CT L& Hong
thanh ‘phé Hé Chi Minh) dwa ra cach
——

: Dit OM =x, ON=y, wu{.—:f MOQ1 =P,
ar [

g1l sau
a+p=

A
Trong lam gide OMOy vudng o M, M

o-cdre

= 001 - IM* = (1 — O1M ¥ - rrifu“ - R
IR.OM tgP, hay 1a: tgh = (B* — 2 V2R
biroug fir; T__:[ﬁ:fﬂz 2] 2Ry

Mat khie. 2+ = T/2, nén la cd;

(RE — ) 2R = Ry (RY ~ ,112]

= (R - z': “,2 - _4;’?2 vy

& B — (2F ol 24 Log) R 4 4|2~-1'!

S (-t atpr =008 —xy

=Rix+y)

= Rix +y) 4+ oy — Hz=H_ lr, 5 = R).

Bt e+ gy =t thi xy < tz,"l_ Do d6:

QTR+ B - e 0 E +aR - AR

‘j&'l ding thire khi- va chi khi
1ia 14 € la trung difm eifia cung AB.

'S)(t + 2R = 2RV ) > p 4 g + 2R—

XAy rd r=y

nek
(¢ 1-"|r1 e
IRV AR

&z arVa -,
il poc ol

oy MN =t _=3R (12 -1

NGUYEN BANG PHAT

cAC DE TOAN THI GIAI TOAN
~ 1981 — 1982

Bai 1/120. Bén bau 4, B, ¢, Deang phat bigu
v tinh chiit ctia mot sd nguvén dwong cho trurde,
MAi ban dus ra ba ménh d& trong do cd it nhit
mot nienh a8 ding va it nhit mét ménh dé sai.

Ban A phat hicn ;

— S& do chia hét cho 4.

— 86 do chia hét cho %

14

e e e e e A L s e e e

— 11 lim s6 d¢ nho hon 1000,
Ban B phat bién: °*

— 54 do chia hét ¢ho 10

— 86 do lon hon 1O,

— 58 12 lin s6 do lan hon 1000,
Ban C phéat bigu:

— D6 la mdl sd nguyén 14

ap qe? dd chia Ilﬁt t:hu );

— 86 6 oho -hen 200

Ban I phat bicu:

— 54 da khéng chin hét cho 7.
— 586 dd sho hon 120

— 5 1an 6 do nho hon 70,
Haoi s6 do 1a si ndo ¥

Y Nguyén Quéc Trink (DHSP Hi Noi)

*Bai 2/120, Ching minh ring
193&19&2 X 441932 2] 1951,
Phom Qunang Gidm
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Bai 3,120 Chm:g minh ring néu a,b,e 14 ha
canh cila mél tam gide thi
a +b*+:3-—°yum,,-3a{b—:.}2}-b{f }:
o (e — e,

Khi nao xfiv ra ding thie ?

il Guang Tridng (Ha Noi)

; Bai 4/120. Xac dinh the s0 duong A, 8,080
*eho da thie £ (x) = 40" + B + €

et gih {ri nguvén vdi mMoi x nguven va fil),
f(2), f(3) eo gia tri nhd nhit,

Bai 5/120. a) Gi}
Chirng minh rdng,
0+ a1 + ag)..,

S L S R

REE A T E {Il}fJ e uz}
L= ﬂrJ“- qn.

L1 ‘i =1,2,, ...0) va0 <

Chitng minh ring

) (1 - TR e gm¥+ 1—1)...

{1 = ym} :.::’ QI:IB_{{ n..m}‘

I} Gid thit 0 < 243
Sl =12, m).
1+ z1)... (1 4
(1 = xn} (1 + 1)

Phan Bite Chinh
Bai 6/120. cho 4a thire he 86 thue f(x)r=
ax® 1 4+ ot +d miot s6.9 >

: 0. BEi&t F‘i:lng' viri
lxl <1 e | fla) =0 a. A AT
Tim gia tri lon nhit eda lal. [ol, [e], 1@

Ngugén Anh Diing (Thanh Hoa)

Bai 7/120 Mot dudng thing di qua (ree
lam {7 glia tam glw ABC ciit che dudng thing

(AB) va (4C) & P va (. Chitng minh rang néy
H Ta trung ditm el doan PG thi PO | MM,
trong do M 14 trung ditm coa: BC,

'a Hing Qndng (Vién Toin hog)

Bai 8/120, Trén cac cung B, CA, AB cila
dwdng tron digosi ligp tam gide ABC khong '
chira eic dinh 4,B,C ta ldy tromng fing che ditm
A1, {1, €1 Chirng minh ring di%u kién ecin va
di dé A4y, BBy, O dong qui la

ARy BLy €A1 = AiB. B16. C1A.

Bal 9/120. Trong mit phing X cho mot sée
TAy quay xung quduh ditm A ¢ dinh. O Ja mén
digm ed dinh uim ngoai mat phang 9 sao cho
004 khing vutng 3m: vai T Cac duang thing
ki iy O vadng gie vaéi eqe miit phing (0O4dx) v
(OAy) cAt o tai M va ¥, Chung minh MN I3
mot dedng thing cd dinh,

L

Lé (Qubc Hdn (BDHSE Vinh)

Bai 10/120 7Tren mét mal ciu cho n difm Ay,

Asy.. —h— {n=>1). Tim qui tivh cia diém M sao cho

l.'L il
2, @iy =
e

trong dé Aj IE[ giszo difm cla MA; voi mit ciu
B Bl

Ngd Duy Ninh (Qoi Nhon)

VE CAC KY THI HOC SINH GIAI TOAN
TOAN QUAC NAM 198

TRGI\’{'L hai ngiy 6 v 7 thing 3 nam 1981, ky
thi chon hoe sinh giGi todn lép cudi pho
thong trung hoe Uép 10 & edetinh va thanh

phd phia biic,
phia nam) da dwoe 15 chire cho Lhomg 390 hoe
sinh gidi trong ci nuwoce, trang d6 ¢é 12 hoe sinh
gai. Trong mdi ngayv hoc s'nlh dy thi-ldm ba
bai todn treng 180 phat.

lop 12 & cac'tinh va thanh pha

LE HAI CHAU

Dudi day
Bai 1. Chirug minh
vuong khi va chi
1o bang tong cfa

la ddu dé thi:

rilg mot lan gide 13
khi tdng efin sin ha gée ciia
chsin ba ghe do cong veoi 1,
Bai 2, Cho hai da thie

f(p)=p p“nﬁe +11p" = p? + 23p + 30,
g[p --_ﬂ 4 2;:: i 17

1%
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Tim gia tri nguyén cla m d& ton lai mol da
thie Alp) ma fip)=glp). hlp) v&i moi gia
thue cha p. 5

Bai 3, Cho bai didm M va N G ngoai mot
mit phiing B Xdac dinh vi t1i eda didm A trén
£ sa0 cho o 586 AM/AN 14 cue tidu.

Bai 4. Giai he phuong teinh :
4+t =50
B

e

w8 o S

Bai 5. Cho n s thue th. {2.... fn sao cho 0 < p
S heSoq voik=12..0 Biél ring A = (11 +iz +
4 I)nova B= (4 i3 +.. +1E)n, -hay
ching minh:
A%p =apgilp + g o

va tim digu kién cin va dd d& co ding thue.

Bai 6. Cho hai duwong tron thm O valy ban
kinh kbiie vhau, ticp fdhc ngodi tai ‘A va mdt
diém M & trong dudng tron tdm O2 khéng oim
trén dwong thing 102, Tim wot dwong thing d
di qua M sao cho duwdrng lron CABC) tiép xde
vai Audng thing 0102, B la mot giao digm nio
dbd cta d véi dudng tréon 1dm O v € 13 mot
giao ditm ndo do6 efa d véi dwdng tron tdm O,

Ngay 15 thang 4 niam 1981, tdt cd nhitng hoc
sinh dat diém lir trung binh ird lén Irnnlg kv
thi n6i trén d&u co mat tgi [Tué (Binh Tri Thién)
d¥ du mol kg thi dac bigl, dong thei dy hoi
pghi «day toan va hoc lodn gioi todn qube s,
nbdm tong két 5 nim doan hoe sinh nwede ta tham
gia thi vo dieh toan gqude (& Ky thi nay gbm
3 bai'toan Hum trong 210 phid,

Bai 1. 4 Khéne diang hing, hiy

2
1feas™in" 4

tinh 16ng:
{/3in220° + Tsin?10° ~ Ifopsta5.
b) Tim nhitng cdp s6 te nhién (a. b) this min
phuong trinh
aB- pt=a- b
Bai 2. Gidi hé phuong trinb
M-t =m
—ty + 22 — t3=az
= fgfiBfgie= [y = a3
Gl S BB ) e A |

tn—-l = 2!“ = fip.

Bai 3. Gho bon diém frong khong gian 4,B.C. 1,
dirdng vuong gée chung MN efia hai doan 4B
va& (D, va AB vubng goo vai O Biét vimg AM
=MB=a, ON=ND=h MN = m, hiv Lim trong

khong gian mot difm § sao cho tdug cae khodng .

cich e S dén eac didm A.B.C.D I3 cue titu "va
tim gid tri cwe titu do theo a, b, o

L]
LI
L

KET QUA KY THI CHON HOC SINH
GIOHI TOAN QUOC

Gial ca nhan.

Gidi nhkitt : Nguyén Tir Long,~truing, Bai hoe
Téng hop Ha Noi.

tdr nhi:
Hu&.

Glii ba - Le H?}ng Cuang (tri_n'rr:.-.{ Cho Vo An
Ha N#i): Nguayén Minh Todn (Irirdng Qude hoe
Hué), Lé Minh Ghan (irwong 1Lé Hong Phong,
thanh phé HO Ghi Minh} va Lé Chung An (trirdrig
thai hoe Tong hop Ha N&ik

(Fidi ter

Lé Ty (JuBc Thdng va Nguyén Thanh Nid (truing
Lé hdng Phong, thanh phé Ho Chi Minh), Vi
Qude Tulin v& Nguyén Ngoc Khanh (rueong Ghu
Van An Ha Néi), L8 Mink Tdn (lvirdng Lé Hing
Phong, Hi Nam Ninh), Frinh Bitng Tinh (truong
Ham Rong, Thanh Hoz), Ngugén Thanh Thiy
(trwdmg Hong Quang, Hii Hung), Triin Tudn
viit Nguyén Manh Hong (irwéng Bai hoe S pham
Ha Nai 1), Nguyin Thi Minh va Lé Nam Cudng
(trudrng Bai hoe Sir pham Vinh)

Giai dbng dagi.

Giai nhdt: Binh Tri Thién, Gigi nhi: thanh
phé Ho Thi Minh Gidi bo: Ha Nai v& Ha Nam
Ninh.

KET QUA KY THI TAl HUE

.

Hd ThicgBuong, trudmg Qudce hoe

Ty

Loai A: Nguyén Minh Tuin Uruong Quée oo ’1, 2

Hué) va Lé Ty Quic }"hi’a}rr!‘} {lrucng

l.& Hong
Phong, thianh phdé Ha Chi Minh), :

Loai B . Nguyén Thanh Nhi (truiong Lé Hing
Phong, thanh phé Ho Chi Minh) Lé Nam {,'m‘yn‘t.;
(truong Bai hoe Suw pham Vinh), Ha Thie Dirong
(truong Qude hoc Hué) va Trinh Hing Vinh
{trudng Him Rdng Vhanh Héal.

In 12000c tzi Xi nghiéep In 75, 77 Hang B6 ~ Ha Noi

84 in 82/81. In xong va giri luu chidu thang 10/1981,

I

Chi s& 12884 Gig: 0,204
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