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RONG bii noéi choyén véi cac ban'tré yéa
to4n “Thm quan trong cia m@t cich ohin?

{56 3=4 nam 1978), gito su Nguyén Cinh
Toan d8 chi ra nhiBu hudng suy nghi siu sic

litn quan d€n vecto, s6 phire va cde phép b:eu
. hinh.

Ching 161 mudn cu thE héa thém mai lign he
gilta ba loai doi twgng trén (s8 phire, veclo va
. chc phép bifn hinh) va van dung véo mit sb
baitoan cu the dé giup cacban t3p duet thém,

e

1. 86 phite z vt + bi hay =z = rlcos + isin§}
trong @ng véi mot diém 7 trong mit phiing
hay mdt veclo OZ (hinh 1)

Tang hai 88 phire twong trng voi tdng hai vecto,

Tich hai 6 phire (z1.25) tuong ¥ng/véi phép

quay 0Z; mét goc Po. tidp theo phép vi tu tdm
0 v sd ra:
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PHUC,
PHEP :,n”N HINH

THANG MOT KY i

HOANG CHUNG
Diy néi: 52825

Thir ky toa soan :

VECTO

TRAN THUC TRINB

Fue 27
; / /}
7 frut M

2= z.29 = r1r2 x¢ [eos((Py + Pg) + isin(@y + P2
Nhu vay nhin sé phtc z voi i(i241=0) tuoug

rng v&oi phép quay OZ guanh O mét gée 90°;
nhén sé phite z véi o @ pat1=0 tirong

itng voi phép quay OZ quanh 0O mét goée 1207

(via=—1/2 4 V3 /2= cos(2r/3)+isin(25/3).
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2, Trén co s8¢ m6i liém hé vua (rinh bay,
chitng ta c6 thé tim thiy mét sé quy téc adich»
san dfy:

(a) Pudng tron ban kinh biing 1:

Pudéng tron ban kinh bing r: zz = 2.

zz = 1.

(b) AB*=(a—b) (a —b.
04% = ua.

(¢) Tam gide ABC la dbu: a+ b4 o’c=0
(nfu tam gide ABC ¢6 huéng duong) hay
uza-!-afj+r:ﬂ.

{néu tam gige ABC c6 huéng am), trong
do 024 a + 1 = 0.

(d} Dién tich tam gife ABC:
yik)

;Lo
L

N
Sleja )

i

1|

S(&Auc) =

3]

Piic biét néu 4, B, € nim trén dudng tron
ban kinbh bing 1 thi

s st ot
(Aase) 4

b)(b—ci(( - n)

() Tam gidc ABC ddng dang véi tam gide
A1BiCy:

a—b
al — by

mwail TR Sk ohred.
by — ¢t :

(e) AB//CD v6i A, B, C, D niim trén duong
tron

IZ=r

ab = cd.

(g) éB_LCD viri 4, B, C. D ofm trén dudng

trom zz = rz:
ab + ed = 0,

(h} S la hinh chiéu cia M trén cit tuyén AR,
trong d6 A va B nim trén dudmg trén == =
S=(a+b—m — abm)/2.

-b  a-b
(i) 4. B, C cing luyén elRR L. hay
Pire b—¢

abe = abe,

(b—ald= o) +{b—aXd <)
2|b—a| {d—el

(k) cos (TB, (‘:"5) =

Sau d4y chiang tdi xin gidi thich mt vai quy
tie adich»:

Quy tic (d). Triée tién nhé ring trong pham
vi 88 thye, dién tich tam gidc ABC ma cac dinh
4, B, C lin luot co toa 4H (x1, ), (v2, y2),
(x3, y3} duoc tinh theo edng thike:

& a1l ‘
x2 y2 1 i ;

1
8 —
2 r3 gy 1

Biy gitr dit a=xi+im. b=xztiye, c=x3-+iys,
trong do ede wi. vi, d8u la 38 thue. Thé thi,

Ina_li §x1+:’yl:cl—1'y11f'
tbb1{=| matiyzae —igz21 [ =
| o | gt igzx3 —iygl
@ a1 —igr 1 ] fyr x1 — iy 1
=| mxe—ig2l |+| tppaxa—igol| = A+ 0.

x3 xz— iya 1 iys x3 —iyg 1

Trong A nhin cic phin tir clia cdt thir nhit
v&i (—1) roi cong vao cft thir hai; trong B cdng
cac phiin tir cdt thir nhdt véi eac phin tk cot
Lhir hai ta s8 ¢o:

r1 —iyy 1I Jfg}l CENE xrd
A4+B=|xg —iy2 1|+ [igaxa 1 |=2laxg a1 | =
x3 ~iga 1 fys x3 1/ xzyal |

i a
= ~4i§. Te d6 S= — |
4
c

o lerla |
L tat

QOuy tide (i). Bt a = 214+ iyy, b= x2 + igs.

c=x3 + iyg3, thé thi

S R NSl R P
Fec

b—e

(x1—x2) + 1y — g2

{xz - xz) + 1t (yp —ya)

xy — 29) — i (g1 — ya)
= (1 . o iE . Batxi—x2 =X, x2—
(g —x3) — i ly2 — ya)

g =X. ==Y, 02— 93=1%" ta 88 céd:

f + (Y X—iY : ;
il SEENL T AT
X ix? X —iY Y

=-——, tirc'A, B, C cbng tuyén.

Céc guy téc con Igi edc ban tur tim 14y,
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3. Bay gid ching ta hiy t&p van dung cie
quy tic trén trong mdt s& bai thp cu thd.

Bai s6 1. (5 tam gisc deu). Cho ba tam giac
déu A;BiC; cung hudng (i=1, 2, 3) sac eho tam
gidc A1d243 ciing la d8u va eing huéng, Chirng
minh ring cic diém gita P, @, R l4n lueot cia
C1B2. CyB3, (3B1 ciing la tam gise dén cing
huéng.

Bai 86 2. (6 tam giac déw). Cho hai tam
gisde déu Aydpds, BiB2B3 cing hwomg. Trén A;B;
dyng nhitng tam gise dén A;iBif) cing hwong
Chang minh rdng tam gide C1C203 ciing la tam
gide d€u va cing hwdng.

Bai s6 3. Trén che canh BC, CA, AR cia
tam giic bit ky dung nhitng tam gidc déu cing
huéng BCAy, CAB1, ABC). Ching minh rang:
a) Cdc tdm A,, By. Co clia nhitng tam gidc ddu
vira dung duge la dinh efia mdl tam gide déu
ngrge hiréng. b) Cic didm gitra A, B', €' ela
A4de. BBs, CC, la dinh cia mot tam giac déu
vh nguge huéng vai hwong ba tam gisc da
dyng.

Bai sd 4. (3 tam gide déu). Cho tam giac
ABC, Dung tam gidc A,8,00 sao cho nhirng tam
gian = A C G B
hudng.

CodoB? 14 dén vaA cing

Bai 86 5. Trong tam gidc .1BC cho trude,
hdy tim quy tich nhitng diém P sao cho hinh
chi€u clta M lén ba canh cia tam gide do la
dinh cha m¢t tam giic 6 dign tich S, khéng
dbi.

Bai s6 6. Cho tam giae bat ky. Trén cac
canh vi v&@ phia ngodi cla tam giac dé dung

cdc tam gide déu. Chirng minh t4m cée tam giic
vira dung tao thanh mél tam giac ddu 7. Bay
gi0 dung trén céc canh vk v& phia trong cic
tam gidc diu, goi tam gide c6 dinh la tAm che
tam gide vira dung 14 T2. Chirng minh riing hiéu
cic dién tich cia 71 va T9 biing dién tich ecla
tam gide @i cho.

Bai 86 7. (Bii thi toan quéc té lan thir 190
nim 1977 do Ha Lan d& rghi). Che hinh
vuong ABCD. Dyng vE@ phia trong hinh vudng
a6 tam  gise dBu co canh bing canh hinh
vuéng: ABK, BCL, CDM, DAN. Chitng minh .
rdng di&m gilta eha bén dogn thing KL. LM,
MN, NK eiung 8 ditm gita céc doan AK. BK,
BL. CL, €M, DM, DN va AN la dinh cia mt
hinh 12 cunh dén.

Bai 86 8. Clio tam gidc ABC va trong tdm
0. Dirng tam gide d8u OAP va 0AQ. Gol Py va
G la didm gitta cflf_f va 00; (D 14 dudmg
phiin gide cia goée £10Q;. Chitng minh rdng
néu Pz 2 o lrgt 14 didm giva clia BP vi BO
thi (/) c@ng [a dwong phin gige eia goc

-—-'__"-—_.
Py,

Bai s6 9 Mgt da giic 2n canh A1ds.. Ag,
ndi ti€p trong m{t dudng tron. T diém By bit
ki trén duong tron dé ké B2/ (hay | ) véi
AyAz; san d6 ké ByBs3(/ (hay | ) voi A2ds va
tiép tye nhuw vay mii. Chitng minh riing BanBy )
(hay |) véi Apndy,

n
Bai 86 10. Chwing minh ring néu c6 = 1/ x
=1
Xz = ¢j)==0, trong d6 c;la dinh eclia n gide
Lai lh‘i znam trong da giae do.
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DUNG HE THUC VECTO BE XAC DINH CAC BIEM
BAC BIET TRONG TAM GIAC VA TRONG TU DIEN

TRDNG nhigu bai todn hinh hoe phing cfing
nhw khéng gian, phuoung phip vecto t0

ra rét c6 hiéu lyc. BE gitp cdec ban ed
thd vin dung dwge phuong phap @6, bai nay
8€ néu lén cheh xac djnh bing veeto mot s
diém dac biét nhw (rong tdm, tdm ecic dudng
trén (hay mit ciu) ngoai ti€p, ndi ti&p, bang
tiép... efia {am giae (hay te dign),

I. Triere hét chang ta biit diu bing nhirng
bai todn trong mit phiéng.

1. Xét bai toan sau diy : Cho mét ditm M nim
trong mdt tam gide Ay Aa43. HAY xde dink cde si
thire k1, k2 ve ks khong diing thei bing 0 sae cho.

e

E hMAi=0
(k¢ higu Z & day va sudl trong mue | duge
3
hitu la téng X )
Fi=1

Trudc hét ta thidy ring néu (ki ke, k3) 1
mot bt s6 thuwe Ihda man hé thiee dd cho thi

-moi bd s& thye (Aky, Ake, Akg) trong dé A la

mdt a8 thue khic (, d8u théa mén hé thae da
cho. Vi viy nghiém efia bai toan dwoe xdc dinh
sai khic mét thira 50 khac 0.

D& gifii bai todn® pay, ta hiy goi Bi lad giao
diém cha dwong ndi M vh dink 4; v6i canh d6i
dién(i=1, 2, 3}; s, s2. 53 Lheo tha tir 1a dién tich
cac tam gide MAaAq, MAz A1 va MA14s (hinh 1),

Hinh 1

NGUYEN CONG QUY
(BDai hoe Sw pham T.P. /15 Chi Mink)

Néu Ng va N3 lan lrgt la chin eae drdng
viudng goc ha tir Az va Az xubng A18; thi

—
BiA2/Bids = — AsNa/AgN3 = — (1/2) AaNs.
MAL (1/2) 43Nz MA = — 53/ 83,

Néu P Ii mft di¥m b&t k¥ trong miit phing
thi ha thée '

= —
81ds/ Bidg = — safsa,

— i
¢6 thi viét thanb (Pe— PB)/(P A3~ PBy)= — sa/sy
5 ¥ —=— — ]
tir d6 vt ra (s2 4 33) PB1 = s2d2 + sgPAs3. (1)
Ta by chon P la di®m chia doan A1B1 theo
> o . i ——
by s6—isa+s3)/s1, Live L .'-*;ll,"l-'Blz—{.s-:_a,—l—saif's] hay
s s
siPA1L + (s24s3) PBi=0
H¢ thic nay cang voi (1) cho ta siPA; +
—n . - s
soPAz o+ s3Pdy = l:l hay r}sipfli ={. (2)
Nhu vay, didm P xic dinh b&i hé thue (2)
nim trén dwdng thing A18,.

Dé ¥ riing trong hé thie (2), cac chi 6 1, 2, 3
€6 vai tro nhuw nhau, nén bing cdch lwong tu
ta eiing chirng minh duge didm P xac dinh béi
h¢ thie (2) eling ndm trén cic dwong thing
AgB2 vA A3B83. Noi cich khiae ditm P xie dinh
ohir viy chinh 13 diém W di cho. :

Nhw vay la ta di ching minh duge ring k;
ty 18 voi s (i =1, 2, 8), va véi moi
ndm trong lam gide Aydsds ta ¢é hé thirc

ZsiMA; = 0 (1)
Néu 0 13 g Y
; ula m:}tgdu: 1ty ¥ trong mit __E'hﬁng
thi i1¢ thive lrén 6 thé vigt thanh Zsi(0 Ai— 0 M) =0
— e : —
L d6 rit ra OM=Zg04,/Zsi=Zsi04;/S véi §

la dién tich tam gidc A1dgA3. BE cho gon ta s&
quy wdée ky hidu theo veeter bin kinh tioe la

Pl il —— i
VIEL OM= M. OA; = A;. Nhir vay hé thie trén
c6 LhE viét thanh

i . T P
M=2s;Ai/S * (1
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2. Truong hop diém M ndm mgodi tam giac
A1d243. bing dwong I8i twong tu trén ta dé
dang di L&6i kél qud sau day. Néu ta danh s6
cdc mién clia mat phing nhu & hinh 2 thi trong
truong hop M thufe midn = hode o'y thi he
thite (I) duoc thav thé héi.

. % 'ﬁ.r /
%
e
\"-Ff.jl

Hinh 2

e — g ;
= SIMdA1 + soMAs + s3MA3 =0, con (') thi
dugc thay thé bdi cac he thie

—_— — —

—
M = (=141 + s242 + s3d3)/S néu M € oy,
—r —_— i— — ;
hofie M == (s141—s242-5343)/S néuif € o

Truéng hop M ndm trong ecic mitn khée
cling dwge gidi quyét twong tw. Con néu M nim
trong nhitng dwdng thing
AzA3, Asdi, A142 thi cac hé thwe (1) va (I)) viin
ding. Lie d6 s& ¢6 mét hodie hai trong nhitng
s8 s bing 0.

3. BAy gid ta hliy vandung cie k8t qui di thu
dirge dE xde dinh cde di#m de bidt trong tam giae.

a) Néu didm M tring véi trong (dm 6 cha
tam gidc A1dzds thi ré rang sy=—s2==s3 va ta
thu duge cdc kit qud quen thuse

i —
ZGA= 0 va G=2Z4;/,.

b) Néu diém M tring voi tam I ciia diréng
tron ndi tiép tam gidc 414243 thi sp/ay=ss/as =
s3fas=r/2 trong d6 ai= Az d,, ag==Ag4dq, az=A14z

va r la bin kinh duong trén ni tifp. He
thire (I) tro thanh
ZailAi=0 (3)

Dé ¥ dén cée he thire athy = ashs = iaahg Chy la

~ dudng eao ha tir A1) vA aifsin A1= Azfsinds =

a3/sin As, tir hé thie (3) ta suy ra
It 1 =0

Zsin A f4;=0

Tt d6 suy ra ede hé thire

I =Zg; Ai2p

{trong d¢ p 1a nira chu vi efia tam giic)

- — —_—
e UI;; haA; + hahi As  + hik2 A3 )

(hehg + hahy + hyihe)

—

> s
=2 sind; 4;/2 8inAj
2 sind; Ai 4T eos(4;/2)

3
(véi o0 =l:zI la k¥ hiéu tich).

¢) Néu didm M tring véi tdm I clia durdrng
trén bang tiép tam gidge A1dz43 ndm lrong gée
A24143 thi ta thu dvoe cic hé thire

el &l — e

——
= altd1 4 a2 I142 + a3 J1dg =0,

| — ; “_1'*"'-— e
— ki DAL+ k3 Iids + el 143 = 0,
D e i
— sindy fl;-i] - Si.l'l._‘iz T14s + 5indy f],-‘ia:ﬂ.
— -"‘; — i
n= (— u]A], + a2 ;12"{" a3 :‘13\”‘2{[.' o 1‘1_‘[}.

‘fl ={- J’sz:.-:;- 41 - hahy A2 + hihp Ag)/
{{—= hahg + hahy + hihs),

—r

T - e i -
I1=1(—-sindy A} + sind2 Ag + sindg Ag)/
{/(— sind1 + sindz + sindy)
e - e
=(sinA1 A1 + sinds A3 + sindz Ag)/
[4cos(A1/2)sin(49/2) < sin(43/2).

d) Néu @ifm M tring véi tdm O cda dudng
tron ngoai tiép tem gide Ard243 (hinh 3) thi

AT
P \
’__.' ~.\‘
II.' :,.". 7 5 |
; e . {
L /
j‘-’"j;_-. % I? f?;
\_\\H-H‘_-- b
"Hinh 3

e T s

51/sinA2043 = sofsinAz0A; = ssfsin:hf’!az
hay '
51/5in241 = 32/3in243 = 54/8in243
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Vi vay céc hé thire (1) va (1) lin lLegt cho ta

2 ain24i04;=0
Vil Tt s111‘7"|“||.'f Ysin2 i
= 2.55n‘i.-lizlif-lﬂfsi11"li

Chiang ta co thé ki¥m nghig¢m lai rang céc hé
thire nay ding v&i moi vi tri efia tim O (O trong,
& ngohi hay & trén bién cia tam giae), tire la
ding cho mol tam gide (¢6 toan gée nhon,eo
goc tu hay gdc vuongl.

e) Truéong hop didm M trang véi troe lam
cta tam gige xin danh cho cdc ban nghién ciru.

II. Bay gio ta hdv md rong cac kél qui trén
vao hinh hoe khong gian.

. Trode hét xét bai toan: Cho mot didm M
ném trong tr diégn AjAzAsdd. Hiy xde dinh cdc

s& thue ki, k2, ks va kg khdng dong thii bing 0
san cho

SkiMA =10
(k¥ higu Z & @Ay vé sau s# duoc hidu la
4
tdng Z ).
i==1

Cling nhur & muc irén, ta nhin xét ting
nghi¢m ctie bai toin dwoe xac dinh sai khac
miat thioa sé khie 0.

B gidi baitodn niayta hiy goivy, v2, v3, ¥4 0y
_theo thir ty la thé iich cde tir dién MA2A344,
11f¢i3.'14.{t!, Ma ;..“A_Z Vi .:“.;li.!.z.l‘ia-

‘Gia sir duéng thing néi M véi dinh A; cat
mat dai dién tai Bi (i =1,2,3, 4",

Ta k¥ hiéu s, s2, s3, 1&n lwot la dién tich cic
tam giac Bydodg, F4dzdy va Bidgds. Trudce hét

Hinh 4%

iV

ta hiiy ehirng minh rdng sy/s2 = v1/ve. That vay,
vOoi ky hidu V la th® tich ta cé.
si/sa =T (A4Bgdada)fv (A4BadAzAy)
= V(MB4A342)/V (MB4434y)
= [V (44BaA3A2)~V (M ByAz4)]/.
iy (AgB1d3ay) — Vv t.'lfffd.lrs,iﬂ}..—: vilvez

Tuong ty ta ciing chirng minh duge s2/53 =
= vaitg. T A4 ed

st/ o] = sa/vg = 55 03, (4)

Tir hé thire (I") & mue [ ta co
e e

— i
Ba=(s14d; + 53 A2 + 353 43)/(sy + s2 + s3). (5)

Tir cde hé thie (4) va (5) ta soy ra

— il — s E
Bi = (01 + vzd2 + v343)/(py + ve + v3., tir dé o
— — — —

(o3 + 02 4+ 03) By =nvpd1 + v2 Az 4 p3 A3,

fie la
R o4
{v1 + va+ v3) PRa=p) PA1402P 45 +0g PA3
(8)

trong dé P la mét difm tuy ¥ trong khéng gian

Néu ta chon P la d4i8m chia doan thing A4Ba
theo tx sé - (-E‘l + vy + v3) 04
—— i

PA4/P Bs=— (1 + vz + v3)/vd

tixe la

thi ta 80 co pdPA4 + (o1 + ve 4+ v3) PE1= 0, hay,
két hop voi (6).
— g — TR

oA + vaPA2 + va PAg + v4PA4 = 0. (7

Nhir v&y tire la: néu diém P thoa man hé thie -
17} thi nd nim trén dudng thing 4484 Nhan xeét
ring cdc chi s& 1,2,3.4 tham gia viao hé thite (7)
v&i vai tro ngang nhau pén bing céch twrong tu
trén ta ciing ching minh dwgc réng diém P xéc
dinh bai hé thie (7) nim trén cac duong théng
A1B1, A2Bs, A3B3. Néi cach khaec diEm P chinh
la digm M da cho.

Nhit wvay ta di thay rdng ki t§ 1& voi w
(i—=1,2.3.4), va vori moi digm M niim trong fir
dién A1 Ag Az A4 ta co hé lhire

i
ZuiMA; =0 (1
Cling v cq-::h in* h!éu vector bin kinh nhu

& mue trén: UH_.,M l']' li = Aj. ta dwa duge (I1)
vé mdt he thiae tuong dieong
i —r .
M = Znidy/V ar’

14 thé tich tir dign Ajdzdgdy.

https://tieulun.hopto.org



https:i'www.facebook. com/letrungldenmath

hitps:iisites. google. com/siteletrungldenmath b,

2. Trudng hep digm M ndm ngeai 11 dién xin
dénh cho ede ban nghién edru. Néi chung ta thu
duge nhitng hé thire tuong ty (ID va (11') trong
do mét vai s6 v; dirge thay béi— i

3. Ta hiy vin dung cic két qui trén vao cac
didm dac bift cia 1k dién.

a) Néu M tring voi trong tim G cha ti dién
thi vi=wv2 = va=uvy va la &4i 16i nhitng hé thie
quen thude :

—— —lr 1—-‘
ZG.{,—.—'= Dva 6= ZA;i/4

b) Néu M trang voi tam [ clia mét ciu ndi tidp
tir dién thi ta c6 /51 = va/S2 = vgl/Sg=0y4/84
(véi S; 14 dign tich mat d6i dien véi @inh A))

vh Sphy = Sahe =
ha tir dinh 4:).
T d6 cac hé thie (II) va (1) s& cho

Sgha = Sahy (véi hila dudug cao

_1__*
Z S IA—U _MAi_n

I'= 3848
(5 la dién tieh toan phim clia tir dién),
_1_., oy

L !-—-Eh idi/Z ki,

Ching ta co thd ti€p tye ap dung cac hé thire
(ID va (11"} cho cae truong hop difm M trung
véi tam cie mit ciu bang ti€p, ngoai tiép...
clia tir dién nhu d3 khio sat & muc trén 48 thu
duge cac két qui khie.

1A1 BAI

Ry truoc

Bai 1/107. Chitng minh réng tich etia 8 s6
i nhién lién tiép khong the la binh phirong cila
mgl s8 hr nhién.

L gidi (clia ban Ngogén Anh Puiin, 12C trudng
L& Quy Dén, T.P. H& Chi Minh).

Gia skt N=n{n+1)(n+2) (n+3) tn+4) (n+35)
X (n+ 6) (n+7), trong @6 n 18 mat sé tu nhien
bat ky. Ching ta sé ching minh N khéng phii
ld 86 chinh phuong.

Ta co:

N=[{ntn+D](n+ 1) (n+6)]x
}c:[m—#-z](n—i-ﬁ) l.lte4+ 3 (n +4)]
= (n® 4+ 70). (n® + mu+ 8). (n® + m-—Iﬂ} e
X (n”+Tn+12).

bt m= a4 in, m nguvén duong, ta duoe:
N=mlm + 6) (m+10) (m 4 12)
=(m? + t4m)® + 56m® + 720m.

Pat K= (m® + 14m)2 + 2% (m® + 14m) + k% =
(m® + 14m + k)%
Xét hitu N—K =2m"(28 — k) + 4m (180—7k)— &2,
ta dugc;

1) Khi 6 << m <8, hay a = 1 (do m =n® 47n),

B i

S ———— —_—— R

ta co
N—K >0v6i k =24, va N—K <_( véi
tire la khi n=1 ta cb
[(n® + 7 L 14 (P +70) + UP <N <
<[(n® + 7 +14 (n° + Tn) + Eﬁ_EZ.

2)Khi 11 < m £ 30, hay n=2,3 tacd N-K>=10
voi k=26, va N—K <0 v&i k= 927; tite I khi
n :il 3 ta cf.)

k== 25

[(n® + 7n)® -—thz-'r:rmsﬁﬁlz <N <

[(n + 70)° + 14 ( -|-7:1)+2"'a.

3) Khi m >> 30, hay n >3,
vi N - K<0 véoi

tacd N—K =0 w&ri
E=28: tirc la khi
n >3 thi

[P+ T+ WP < N< -
<[(n® 4-70)% + 14 (® + Tn) + 222

Vay N khong phii 12 mot s6 chinh phuong
véi mei sd Ly nhién n.

Nhan xét. Bai nay it ban c6 1od gidi tal. Mat
vai ban do cé nhitng nhin xét sai nén lod gidi
thifn chinh xae. Gh%ng han. ¢ ban nhin xét
ring: I.1r.h clla 8 s6 nguyén lién tlép chi chis
hét cho.2’ (ma khong chia hét cho 2%). bisu nay
khéng phii bao gié ciing ding. Ching la c6 (h#
14y ril nhifu phin vi du nhe: khi trong 8 s

‘nguyén lién ti€p c6 1 s6 chia hét cho 2%, k =>4,

thi nhin xét trén li sai. Ho#ic c6 ban lai néi
rang : “tich eiia hai s chin lién ti€p phai chira
mot 86 1é s6 thira s6 27, Pidu nay cing khong
diang, vi du hai &8 8 va 10,

C. T,
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s8 N = abed sao cho edic 56 ab, ac ciing la ede
$8 nguyén 16 va a.b,e, d, lien h¢é véi nhaw béi
diing thire
B =cd ¢ b—c *)
Lévi gidi. Theo 42 bai thi b.e¢,d chi ¢d ths la
cac 86 1,3,7,9. Ping thie (*) cé thE viét lai
dudi dang :

bib—1)=cd—chay b (b—1)=9¢c +d.

T nhin xét trén ta ¢céd 9c+d >10, va do
do b= 4.

Vay b chi chd the 1A 7 hoge 9.

NEu b =7 thi tir 8ang thie 42 =9¢ + d suy ra
42 — d chia hét cho 9, va do 46 d = 6- Bi&u nay
khéng phi heop véi nhin xét @dn tién trong 1o
giai.

Khi b =9. T ding thie 72 =9¢+ d suy ra d
chia hét cho 8. Vi vay d=09, va tifp theo 46
ta. duge ¢c= 7.

Nhir vy b=d=9 va ¢ =7 théa min cac
dibu kién cfia d& ra. Ching ta edbn phii tim gid
iri cta a. :

Theo d& bai, ab va ac, tge la a9 va a7 la hai
30 nguyén té, Ta eb:

— D& a9 la mdt 56 nguydn té thi a chi co thd
la 1,2, 5, 7, & ;

—BE a7 la mét 86 nguyén 18 thi a chi cd thd
la 1, 3, 4, 6 9.

Do dd, d8 a9 va a7 1a hai 83 nguyén té Lhi a
chi c6 thé la 1.

Viy 86 nguyén té phdi tim la 1979,

C.T.

Bai 3/107. Tim hai chir s6 cudi ciing cha 55
: 1964

1977°
1978
T =1979

Loi gidi. Sau ddy cde chir a, b, C,oe. 88 duoe
k¥ hiéu 14 cdc s& tw nhién.

Nhin thiy ring 1977 =1 (mod 4). Vi viy
1964

1976

D=1977 =1 (mod 4),

D=4a + 1.

Ta cd:

N =1978"*+ = (1978")".1978 = (105 + 6)°.1978
= (10c + 6).1978 = 10d + 8.
Do dé
T = 19798 = (1980 — )M =
= 1980N m'CL!QHHN_J-f."

S

BT L
g | N ]

= 100n — N-1980 + 1
= 100n — ¢10d + 8) 1980 + 1
= 100m — 15840 + 1.
= 100m— 15839
= 100k — 39
= 100 + 61,

{(Cac C} 1a hé sd cia nbj thie Niu-ton).

Vay 7" cd tAn cong la 61.

Bai 4/107. Cho hinh binh hanh ABCDpa mét
diém () nim trong hinh binh hdanh do. Cde duang
thitng qua O pa song song voi cde egnh cia hinh
binh hanh cdt AB, BC, €D, DA theo thir lir fai
M, N, P, Q. Goi Eli gino digm ela BQ véi DM,
F lq giae ditm cia BP péi DN. Tim diéa kién
at cé va dit d2 cde didm E, 0, F thang hang.

Léi gigi (ena nhigu ban), Ta chirng minh cée
ditm E. O, C thiing hing:

b 7

A

4

That viy, ap dung dinh Iy .’Ii&néiaujrl ddi viri
tam giic AB(Q (cit tuyén MED), ta ¢é

LE S R U
MB EQ DA .
Nhirn _E_.- = I‘)U_ el =L\- + nén
MB ON DA CR
R BR NS
‘ot En - o

Ap dyng dinh 1y Méndlaust ddo A8i voi tam
gide BON ta o £, 0, € thing hang. :

https://tieulun.hopto.org
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Chiéng minh tirongty tacé F, 0, A thing hang.

Vay didu kién 4t c6 va @b d& F, O, F thing
hang 14 A, 0. € thdng hang, tire la O ndm trén
dwdrng ehéo AC ena hinh hinh hanhb.

Bai 5/107. Chitng minh riing véi moi. 58 fu
rhién n ta cb bl ding thire :

i
4 o oo | 1 1 -
E'_l & 5t i = "E_Kl
2 i3 2 n

Lii giai lcds ban Pham Hiru Pire, lop 12C
triuéng Bui Thi Xuén, Vgugén Anh Tufin lop 12
truong Lé Qui Dén. thanh phé HE Chi Minh;:
Nguyén Trong Thing, lop 9k truong cdp HI Lé
Qui Pon., Ha Ngi).

Ta co:
: : + LA 1+ : 1 I
ST e -+ R P
2 2? n’ 21 nin-1)
1 1 1 1
:1+(-—— ___)+-l-( ———)
e | 2 1 iy T
i
=2—-— <2
n
Mat khéce
1 L ! £ | 1 ok 1 " 4 1
TR, Vot =5 — o ———
it n? 2.3 n(n+1)
1 1 1 1
:1+(——_r—)+m+(——_ )
2 3 n n+1
:1 L_I_ i ....1_. Hﬂl
2 nt+1 In+2

Ap dung bit diog thirc Cé-si cho n+41 86
duwong, trong do n s6 bing 1 vd mét sd bing

ek
ii’. ta e,{‘.
2
n+l .
n+1 - }t+[n'+|”2 £t an+1 ’
Difes n+1 2n+2
(DAu ding thie xdy ra khi va ebi kbi n=1),
Vay
n+l
i n+i 1 1 5
Bl oen o
2 2n4-2 1 2 n
Bat ddng thire & ddu bai duge chung minh.
A

Bai 6/107. Cho a1 a2,...an ld cdc 53 thue
wong. Chirng minh ring
na na na

a a “..a " =laon.,
1 n n

s 2
g T
Ay e tn

Lé&i gigi- Rai nay eé nhidn cach gidi. Dudi
day néu hai cach gidi twong d8i gon.

Cdch 1 {cha ban Vi Trong Chinh, Thuan Thanh,
Ha Bie). :

Vi a1, az,...an €6 vai tréd nhu nban nén ta céd
thE gia thi&t rdng o1 2 a2 > .. > an_>0. Ta cb

hay

a a a 8. vl a a a
3~ 1 2 = 3
e e e A e g S
1 3 1 e 2
a a a Aisy . a 1
L L EONE a l,fl L aE Tar ﬂzmt-
1 n 1 n 7] 2
i a a 1
o a
a LB g
n—1 n n—1 n

Nhan v& voi vé cac bit ding thire trén va
ding thie

ta s& duge bal ding thue cin eching minh. {Diu
béng chi xdy ra khi ai=na2=...=ay).

Cdch 2 tehs ban Nguyén Bire Hpe, 10p Se Irudng
cip 3 L& HHong Phong, 113 Nam Ninh vd Duong
Ngoc Tuin, 16p 9T Thai Phien, Hai Phong).

Gid st a1t = a3 == ... 2 an > 0.

. Bii dfmg.lhl‘rc cin ehirng minh twrong dwong
v&i bt Jdng thire
ina ma na

: R B R

] L]
Faiat
Ig (@ " a : =
1 2 n

hay
nlailgal 4+ azlgaz + ... + aaslgan)
== laytaz+.. +ay) (lgait lgaz ... +lgay)
nlalgm + ... - fa1 + .o ek X
X (lgar + ... + lgag) =0

+ aplgan)

(o1 — a2)lgay — lgaz) 4-...+ (a1 —an) (Iga) — lga,) +
t+ (ap — ag) (lgaz — lgas) + ... + {a@z—1 — ay) X
(lgap-1—lgay) = 0.
Tix gid thift & irén ta co
lga1 = lgaz = ... }“L Tgas.
Vi vay (ai -aj)ﬂgaj—]g::;):?’-ﬁ véri moi iy f=1, 2u..., 0,

T A6 suy ra didu cin ehitng minh.

T.T

9
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Bai 7/107. Giai phwong trinh
By o i
lga (V‘SL‘ + 5l = Iu:slr;gﬂ' @ — 40 (1)

Loi giai. (edia ban Nguyén Nam, 9D Hoan Kiém,
Ha Noi).

Bit g2 (Vo — =y = r=(2¥+4)? *)
phwong trinh tr& thanh

L=t
loga (-5f-t'ﬁ' Bl

e T e e e
=00 — AV L He= V27 L 4?1 5

T — i R
= V2™ 182" + 16+ 5

1= V37 £8(2/3%) + 160133 +5(1/3)Y. (@

Ta thiy y = 2 la nghiém cta phurong trinh (2).
bBo la nghiém duy nh#t vi v& phai cfia (2) la
mgt bam nghich bién.

Thav vao {*) ta duge = = 64, Lhir lai thiy
o = 64 la nghiém eta phuwong trinh (1),

Phirong trinh (2) eé nghiém duy nhét nén a=64
la nghigm duy nhdt eda phwong trinh (1).

Bai 8/107, 1im nghiém aguyén dueny cla hé
phuweng trinh
{ oy —at+ y=l
=gl 4+ 2.= ]
PEory -l
at — 2" + 2x — 4y = 2.

Léi giai. (ctia ban Vii ke Vinh, 16p 11C Lé
Qui Bon, thinh phé HS Chi Minh vi mét s6 ban
khae). : :

Vi x nguyén duong nén phueopg trinh thi
nhit tuong deong véi g = (x! 4 1)z + 1), T
ddy suv ra hoic z =1 hodc x chiin. vi nén
& 1é =3 thi (2! +£1) 1a mot s6 lé, con x + 114
mdt 86 chin nén y khang thé nguyen.

Teong ty, tio phwong trinh thae hai suy ra
bode y =1 hode y chin.

Néuv ¢ vd y déu chiin ibi v& trdi cla phuong
trinh thir ba s& 14 mot boi 86 ela 1, nén khéng
the bing 2 duge. Viy ehicon phii xét hai khi
ning: v =1, y chiin, hoic y =1, = chin.

Néu r=1 thi' phuung trinh thi ba tré thanh
Eyz +4y— =0, phuong trinh nay khéng e
nghiém nguyén,

2.\7511 y=1i thi phuong trinh thir ba trd thanh

# +32r—-8=10, phuong irinh nay co nghiém
=2 (khtng k& nghieém 4m). Thav y—=1 vao
phuong trinh thé hai ta dvoc z=1. Gii tri
T=32,y=1 Ming |4 nghi¢m cda phuwong trinh
thir nhit.

Tom lai, hé phieong trinh dd cho cd mot edp

nghi¢m (nguvén dwong) duy nhit la = =2,
g=z=1. T-F
10

Bai 9/107. gua dinh D ciia mét tir gide phing
ABCD ta ké cdc dwing thing a | DA, b | DB,
¢ | De. Cie dirong thiang a,b.e theo thir tyr cdt ede
duéng thing HC, CA, AB & 4°, B, C. Chitng
minh réng ede digm A, B ¢, ndm trén mg!
dwirng thing. '

Lot giai (ciia Ngugén Thu Huong, 81 Chu Vin
An, Ha ndi) Ta tinh tich:
; A'B

R0 C A

L

B

A gt Uogts

Ta d& chirng minh dwge:
*®

sin JE_HJ-F

A'B__sin BDE DB =
A'C  sin CDA° . DC ;

(hai v& déu bing ti s& dién tich hai tam gide
DBA" va DCA’). Va: '

B'C _ sinCDB  DC 3
B'A  sin ADB. DA g
. i
CA sin ADC DA
_.' e __"—""'".—-__"'_. o N i (3}
C'B  sin BDC DB
Tir (1), (2} (3} suy ra
e T . e
sin BDA . sin CDB’ . sin ADC

= ————

sin €DA” .sin ADE . sin BDC
Tir tinh chdt cla eic goc ed cée canh dbi
mot vudng gée suy ra

sin BDA” = sin ADB
_—'—"‘—\-_., .—'—"'-""--'
sin CDB =sin BDC,
sin ADC = gin cDA'. -
Vdy P=1. Theo dinh 1y Ménelauyt dio la
¢d 4. B £ thing hang.

Bai 10/107. cho du gide 15i n conh ném
irong duéng trom bin kinh 1. Chirng minh riing
idn tai ba didm A,B,C la dinh ciin da gide sao cho
dién lich tam gige ABC khiong vuot qud a3,

Léi giai. (cha ban Quijnh Nguyén, 88 Ciu BE1
Hii Phong). Gid sit da gide 4,4y, ... Ap d3 cho
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cod ede canh la ag, a2, .. an; con %y, %2, ..., %n li
che goc ngoai tuong tmg. Gid st §; 14 dién tich
tam gide ¢6 hai canh ai, aipy li=12... n— 1).
Va Sp la dién tich tam gide ¢6 hai canh an, aj.

Ta ebd

28;= @i ni+1 sin a4, (i=1,2..., n — 1}
25, = apal sin @,

Gid 'sir S 14 dién tich nhd nhit trong eac tam

gidc ndi tren, khi d6 véi moi i=1, 2., 1 - 1.
thi 28 < ajai4] sin®” va 25 <, ¢na1 sinSn. VAy
L B 2 n
28 = Ma5 Msinay
1=1 i=l

g0 1n

n n \
=28 = ( n-ui) ( [T sin Ct]) . 1)
i==1 ¢ i=1

Nhirng theo bat ding thae Co-si:

I/n
n

= 3
( I a;') < Zayln
=1 i=1

1,0
n n
- —_ »
( I sin Oti) < Zsindiln,

i—1 i=1

nén tir (1) suy ra

Goi (¢} la dwdng tron cing taAm véi duedng
tron ban kinh 1 nhd nhit mi 24 thé& chira tron

Bai 1/110. C6 1979 hoc sinh cda haitrudong
xép thanh mdt hang ngang trén sin van déng.
Bi&t rdng sd hoe sinh mia bén phai minh 14 mot
ban eing triéng bing s& hoc sinh ma bén phéi
minh la mot han khéc trudng.

Xac dinh xem hai hoc sinh déng & hai diu
bang la cing truéng hay khic trirdmg.

Lé Vigl Nga
(BHSP Vinh)

da giac da cho. Cie dueng thing ké qua tdm 0
va cac dinh A; céit (¢) twong g tai Ai (oo it
nhft mdt Aj tring véi A (hinh vE). Ta cé:
Chu vi 4342... An<_chu vi dudng tron (g} = 23

tire 1a n (3)

Mat khac sin &< & a; = 23t (1)

T f?, (3), (4) ta cb
95 < (271 n)? (27T /n) = 8T nd.

Vay § <<4m%n® (d.pem)

Bai 2/110. Cho N 14 s6 tu nhién ¢6 bai ude
s nguyén t§. Goi S 1a tdng tit ed cie wéc eda
N. Chirng minh rdpg khéng th® c6 dfing thie
§=LkN véi k 14 s8 tu nhién lén hon 2.

Nam Ha (DHTH Hué)

Bai 3/110. Ching minh ridng phwong trinh

wls i yiﬁ + ha e Hlifmi ;1864 gjﬁﬁ.{

khong cd nghiém nguyén.
Nam Ha

Bai 4/110. Tim oghitm pguvén duong ciia
hé phwong trinh ;
(x — 57 + 5;3 Lo = 1964
3 yz — 3z = 1979.
Pham Hodang (Ha N&i)

11
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Bai 5/110. Chirng minh ring sé
15 15
k=84 +79'°
- khong thé bidu dién dwoc dudi dang tdng edc
binh phuong ciia ba s8 hiru ti.
Trin Xudn Bdng (DHTH Huég)

Bai 6/110. Cho n 1a mft s& tu nhitn. Ching
minh ring
y o 6 I 0 ) it <
Trén Xudn Bdng

Bai 7/110. Cho da gidc dBu A1d2...4, (n>8).
Tinh n bi&t réng
1/A1d2 = 1/A A3 + 14145 + 1/A14g.

Ngayén Cdng Quy
{BASP, T.P. H5 Chi Minh)

~~ Bai 8/110. Cho ham sd f(x) va mét hing
s8 o thoa min didu kién
) = fle + a)fle — a)
Vi moi x.
Chiung minh riang flx) 14 mdt ham sé tudn hokn.
Bdo Triréng Giang (Vinh Phi)

BAN €O BIET?

HOC SINH TiM TOI

7~ Bai 9/110. Goi B vi €14 hai difm c5 dinh
ciia mot dudng tron, A li trung didm cung BC, M
la mt digin trén day BC. AM cit duédng trén
tai J. Tim qui tieh trung difm dogn néi tdm
etia hai duéng tron ngoai ti€p hai tam gisc BLUM
vi CDM khi M chay trén BC nhung khéng trirg
¥oi B va C. .
Phom Hitu Bire
(Lép 12C Bai Thi Xuan,
T.P. H6 Chi Minh)

/ Bai 10/110. Cho x. g, = 1 ce s6 khée nhau
va a, b, ¢ la nhitng sé dwong.

Ch¥ng minh ring néu
(x + plga = (g + 2Ngh = (z + )lge

L -
{a/bY (b/e)® (cla)* = 1.

thi

Vi Quoe Tain
(Lop 91 Chu Vin, An,
Ha Nai)

BAI TOAN CAT GHEP HINH

1. Bai toan dit ra nhu sau: Cho hai hinh da
gidc co dién tieh bing nhau (tweng dueng) ; hiy
cdl da gidc ndy ra mol sé Chitu hgn) ménh roi
ghép cde mdnh ndy lai dé dooe da gide kia. Néun
lim dwoe nhw vay thi (a néi réng hinh da gidce
ndy di dirge ciat ghép thanh hinh da gide kio (hay
la: hai hinh da gide dé la dang hop).

Thi du: hinh 1 cho thdy hinh tam gidc déu
c6 theé cit ra thinh 4 manh va ghep lai d8 dwoc

ﬁ.\" |
\\ EEy @
! A y ik LS 1
. - N\ \ 71
& ’(.\__« 5 \.1 i S .._\,‘:‘;’{[
Tl _.t\h-__'.- L e i el

Hinh {

w

mét hinh vubng. Hinh 2 cho thﬂhy mét hinh sao
t canh co th# cit ghép thanh mt hinh vuong
va hinh 3 cho thiy mét hinh da gide déu 12 canh
¢t thé cdt ghép thanh mét hinh vudng.

il 28, e }7 l:c.. T iy ¥
r'; \\"".. /"-J- : i ‘ F
"’ : ‘\;"I \'\_ (\_ .
a-{,,h-...—‘.,...a"_._ e, ¥ i
, 4 / e e
W - ]
Hinh 2
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Hinh 3

2. Cudi thé ki truée, nguoi ta da chirng minh
duge ring bai todn trén ddy bao gidr ciing gidi
duge, nghiu i moi hinh da gige eé thE cit ghép
thinh m§t hinh dn gide bit k¥ khae, lwong dvong
véing, nghia 14 : hai hinh do gide trong dweng thi
ding hegp. Cihch chirng minh dinh 1¥ nay diya
vho hai difa san day: '

n) C6 th& cét moi binh da gidc ra thanh mot
s6 hitu han hinh tam gidc;

b) Moi hinh tam giac ¢o th® cft ghép thanh
m@t hionh cht ohat ed canh dii bing a cho
trirdre,

Nhur vay, moi hinh da gide cd thé cét ghep
thinh 10t hinh chit phil ¢c6 mot canh béng a
cho truée, sau khi thuece hign ba dong tde sau
dhy :

— Cit da gide cho trude ra thanh ede hinh
tam giac

— Cét ghép mdi hinh tam gide thanh méat hinh
cht nhét ¢c6 mot eanh biing o:

— Cudi cang, ghép cac hink ¢h® nhat cd mot
canh bing nhau (bing a) 48 duee mot hinh chi
nhat 1én cd ' mot canh biing a.

Thye hién ba dong tée trén ddy theo the tuw
ngwge lai, ta ed the céit ghép hinh ch® nhat lén
nay thanh mgt binh da giae cho trude, twong
duong véi da giic ban diu

3. Phuong phap (rén dfy bio d4m 4% bat ky
da gidc nao ciing ¢o thé cit ghép thinh mét da
giac khic twong dweng véi no. Tuy nhién, theo
phrong phap nay (hi 88 minh dwee cil ra c6
thé r&f lém. VdAn d8 dwoc ddt ra l4: tim cach
ct ghép d& trong mdi truong hop, s8 manh
dwoc clt ra & it nhiit. PAy 13 mol bai toin khé
vi chua eo & giai.

Ngudi ta di tim thiy riing: ed thé cit hinh
tam giac thinh i ménh d& ghép thanh hinh voéng,
thanh 6 ménh dé ghép thanh hinh ngn giic,
thinh 5 minh dé ghép thanh hinh lue gide; co
thé cdt hinh vudng thanh 6 minh ap ghép
thinh hinh ngil gidc (hinh 4); v.v... nhur trong
bing sau &y ;

Tam | Hink- Ngill Luc
gidc | vudng | giac gide
Hinh vudng 4 b 5
Ngi gide o g ' 5
™ l_ s =
. Lue gide ] | 5 I
E'\.,
\
{
WV
1:-'."”}
| Y
Y - \
Hinh 4
: ¢ \
V 4
b A

Hinh 5

Hinh 5 cho thiy rd mot hinh b4t gdidc déuo co
thé cdt ra lhanh 5 mdnh A& ghép thanh mil
hinh vuong (ABCD). Cic bhan thit tim®tai xem
ed thé rit edc con s§ trong bang irén diy xudng
nho hon nita khéng ?

4. M@t vin dé twomg tw la: hiy cit mgr 35
hinh da gide cho troede d& ghép lai thaph mdt
hinh da gidc cho trude. ;

https://tieulun.héﬁo.org
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Hinh 6

Hinh 6 cho thiy mdl edch cdt ba hinh vubng
a8 ghép thanh mot hioh vadng : gid nguyén hinh
vubng 1, ¢it mdi hinh vudng 2 va 3§ thanh hai
minh theo mit dwéng chéo; ghép hn manh
nay quanh hinh vuéng 1. sav 46 cdt theo cic
dudng AA°, B, CC°, DD’ rii ghép lai 48 duece
hinh vudng ABCD. Theo cdch cét ghép nay (do
mét nha thién vin hoe néu ra & thé ky thi X),
hinh vadng méi duge ghép thanh tir 9 minh.
Hinh 7 cho mat cich efit ghép khae, chi gbm co
6 ménh.

Hinh 7

Bing cdch cit ghép hinh, ta cb :uc-"t cach ching
minh hav cia dinh 1¥ Pi-ta-go (chirng minh ring
hinh vudng dgng trén cgnh huyén cia mél tam

14

giac vudng co dién tich bing tdng cac dién tich
cfia hai hinh vuodéng dung trén hai canh ciia goce
vudng): Gid sit ABZ>AC (hinh 8); tir tim 0 cls
hinh vuéng dyng trén AR, ta ké dudng song
song vh dudng veong gée voi canh huyén 5
ciit hinh vuodng nay theo hai dudng via ké, ta
cod thd ghép 4 ménh ndy véi hinh vuong dung
trén AC, v& duoc hinh vuéng dyng irén B (cac
dudng chim chdm trén hinh 8).

'ﬂ\-,
! S
s H‘\.
/ f‘\\
Lo aaiee Ty N
rf ! ) ?
% [ | ""
I |
Vild | | f."
e
' f‘
/
/
i
=7 5
g
Hinh &

5. M&! bai lo&n tuong ty dirge diit ra voi hinh
da dién: C6 phai moi hinh da dign cé thd cét
ghép thanh mot hinh da dién bit k¥ twong dwong
viri 06, noi cdch khiac: ¢6 phii moi hinh da dién
trong dwong thi diing hop khong? Do la bii toan
thit 3 trong s6 23 bai ton ndi tiéng ma nba toan
hoc Birc Hin-be néu lén ndm 1980, nhirng bai
todm khé ma thé k¥ thu 19 thach thiae thé [ky
thi 20.

Tuy nhién bai todn nay cla Hin-be da duge
mot hoe trd etin 6ng 1a Mac-den gidi duge ngay
trong nim 1901. Pidu |y tha 14 Mac-den d& ching
mink dwge ring cé nhitng hinh da dién tuong
dirong nhwng khong déng hep, thi du don giin
nhit 1a: hinh lap phireng khong cé thé cit ghép
thinh m@t hinh 6 dién dén fwong dwong véi nd.

H.C.
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MOT SO BAI TOAN THI VO BICH QUOC TF LAN THU 21

HU thudng 18, hoe sinh dir kv thi vo dich
toin quéc 1€ ndm nay phii gifii 6 bai toan

Wi s6 diem t6i da la 40) trong hai ngay -

thi, m&i ngiy gidi ba bai todn trong 4 gio. Sau
day la cae bai toan thi trong nim nay. P& baj
béo khoi qua dai, ddi véi mai bai toan ching
t8i chi dwa ra mot eich gidi. ban doc hiy suy
nghi d& tim toi ra cac cich gidi khac.
Bai 1. Cho nhitng si tw nhién p vi q thia
min ding thire :
Plg=1—1/241/3 — 1/4 +,..— 1/1318 + 1/1319.
Chieng minh rdng p : 1979.
(CHLB Dire d& nghi, 6 didm).
Lot giai. Ta cé the viet:
Pla=14 12 4+ 1/3+...4 1/1319-2(1/2 + e .,
wat 1/1318)
=1H1/24 1734+ 4 1/1319— (1L 1/2 4.+ 1/659)
= 1660 + 1/661 +...+ 1/1318+ 1/(310
1979 1979 e
660.1319 661.1318 989,990

.

Khi 1Ay mAu sd chung ch® cie phan 56 & vé
Phii l& N = 660.661...1319 thi ta c6 -,

plg = 1979.M/N

N la tich cla cde s6 ohd hon 1979 ma 1979 14
s6 nguyén 18 nén khi dua vé phii vé phin sé&
téi gidn ta duwge p/g = 1979m/n.

Viy p : 1979

Bai 2. Cho mot ling tru ngd giac cé hai ddy
la A1A2A24445 va BiBaB3B4Bs5- Ngwéi ta (6 nian
cde canh ddyg va (@t cd cdic dogn thing A;B;
W. J=1, 2,..5) bing hai mda ranh vd dé sao
che trong cde lam gide cé cde canh diroe 16 man
kh@hg cé tam gidc ndo ci ba canh dirge 16 tiing
méle man.

trng minh rang ed muwdi conh ddy phdt dwoe
i bing ciing mot miu. '
(Bun-ga-ri d& nghij, 7 ditm)
Léi gidgi. Dé dé (rinh bay I&i giai, (a goi
chung cic doan thing AB; (i, j=1,2...5) Ia

* che cqnh xién cia ling fru. Néu dinh Ay chiing

han dwge ndi vai cae dinh By bing m canl xién
t6 miu d6 va pl=5—m) canh xin (6 mau xanh
thi ta néi Ay c6 m canh zién do pa P canh xién
xanh,

»

3
N
i

1. Ta chitng minh mét énh chét co bdn:

Tinh echit, Trong ting st 10 canh xién ecna
hai dirh k¥ nhau trong mét mal ddy phdai cé it
nhidt 5 camh xién khde mdn poi canh ndi hai
dinh do, :

Chirng minh; Néu hai dinh k& nhau L
ela diy 4142434445 (goi 1a day 4) ching han
¢o mhiéu hon 5 canh xién cing mau véi canh
Ards thi s& tim dwoe (it nhit mét) dinh Bx cda
My BifeByiaB; (goi la a4y B) sao cho cdae
canh xidn Hpd; va Bd; cung mau vivi Ard. Tam
gide BgAds +6 ba canh cung mau sé khéng thia
min diéu kién to man. Tir 46 suy ra diéu phii
chitng minh. e

2. Ta ehitng minh cd 5 canh ciia mét diy [dng
tru phdi diroe 16 ciing mgt mau.

Thit vav, gid sir nguge lai ta dong hai mau
d8 10 chc.canh efia div A, thé-thi s& tim duge
hai canh k& nhau ¢6 miu khic nhau. Vi ¢ thd
ddnh s6 lgi cae dinh nén eo thd gid si A;42 A5
vi A2dg xanh (hinki 1). Xét cie frawdng hop sau .

Hinh 1

a) Troedng hop As co it nhat 4 canh xién
cing mau. :

Néu Az ¢6 it nhit 4 canh xién xanh thi B ¢6
it nhdt 3 cgnh dd. Trong khi &6 tir tinh chat
co bdn suy ra A3 cé it nhit 4 canh xién da, do
d6 B c6 it nhiit 3 canh xanh. B c¢o 5 canh ma
¢6 it nhdt 3 canh 46 va 3 canh xanh, vo li.

N&u Az ¢6 it nhit 4 canh xién do thi Iy luan
tuong ty bing cich thay A3 bing A; eling di
dén ditu va li.

Nhur vy trudng hop a) khéng xiy ra,

b) Truimg hop A2 chi ¢6 3 canh xién cing
mau.

o
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Gid st 4z ¢b6 3 canh xién zanh. Biy gid xem
mdi ‘canh xién A28j c6 mau gi thi tu ghi mau
d6 & dinh Bj tuong vng, chi eo hai truong hop
nhi hinh 2 {8anh 88 lai ciac dinh cha day B
péu cénl

. PP
.6?_ fa
aa B G e S
(\'J 5 / /14
\ { \
.-‘\. ,.d‘-! .".
b3 i Sy L%,
& £ 2 . s
) i
Hinh 2
Theo tink chdl co bin, 43 o6 it nhdt 3 eanh

xién 44, ba eanh d6 Lkhong thé ndi dén cd By,
B2, By lrong trudng hop (a) va khong thé néi
dén ci B va B2 trong truedng hop (b) vi nhu
vy s8 tao ra tam gide ¢d ba ecanh cing mau do.
Nhir vay mol trong cac dinh Bi, Ba. Bs lrong
tradang hop (4) efing nhw mot trong cée dinh
81, B2 trong Irwong hop th) duge ndi viri Ag
biang eanh méu xanh, va nhw vay lgi tgo ra tam
gife o ha canh ching mau xanh (tam giac céd
hai &ink & .3, A3 va mél treng che dinh noi
trén).

Nén A2 ¢é 3 canh xien 40 thi Iy ludn tuong
ty bing cich thay 43 bing A; ta ciing . di dén
digu vi E1

Tém ias tit ch cée 1:1rong hop dén khong LthE
XAy re. tire 14 gid thift sic canh cia diy A
khéng té eing min Iy khong duge. Vay day A
¢o vie canbh duge t6 cang mit mau. Ciing vay,
@iy B co onc ¢anb duge t4 cing mdt mau.

3. Chiung minh ede conh cla hai ddy A vd B

phdi dire {6 bling cing mol mdo.

Gid sit cde canh cia diy
Xét canh A-As bat ki cia 4. Theo tinh chil co
bdn, Ar va A: cé téog 58 it nhdt 5 ecanh xien
xanh va nho viy iﬂOi tropg A4, hellie A: co it
nb&t 3 canh xién xanh. ching han d6 14 4. Ba
canh ¥ieu xanh dé ndi véi ba dinh eda B thi
it nhidt vdi hai dinh k& nheu. Vay canh nBi hai
dinh ké nay cia B phai ducc 16 dd. Ti db ta
thiy céc canh etin day £ cling.phdi 10 mau dé
nhir cic canh efa day A.

L duooc t mau do.

s
-

Bai 3. Cho hei duéng tron (Cp) va (C2) cét
nhau vi got A I mdt trong cde giao ditm cila
chiing., I[Tai chiit di ?m_l M, M2 chugén dong trén

hoce sinh dur thi chwe lam G&n baj nAy (do mﬁ:'g “d

hittps:/isites. google. com/sitele frungldenmath

e i

(C1)y (Cg) twwong wrng, xudt phat tr A cing mé
lite, theo cing m@l chiéu va o6 van toc khing dbi.
San mét vong, My va My tra vé A cing mét lic.

Chirng minh ring c6 mét didm P sao cho o bl

kg théi didm ndo trong gqud (rinh chuyén ding >
thi hai chidtl ditm My va M luéa cdich déu P.
(Libn X6 @¥ nghj, 7 dfm)

(Bai may 14 mot trong nhitng bai d& cia ki thi.
Song vl hdi dting thi dit ndé & wi tri bai khg
nhil elia ngiy thi the nhit, nép cd th: nhidu’

nhitu (hi gio 1am bai 2 14 bii khé nhung nguad
dir thi twéng o dé hon bai 3). Clmg vi vi tri
clia mé va do cdch ra 08, -mét sd hoe sinh gili!
bai nay cho la mgt bai touu phue tpp nén 4i
nghi dén hudng gidi kha clu kv. Chi céd ban
Lé Ba Khinh Trinh trong dodn hoc sinh du thi
elia nudg ta nhin thiy bar nay 13 mot bai todn
hinh hge don gifin, nén @i yidi theo cich thong
thiwdng rdt ngdn gon. Cach gidi clia ban Trinh '
ciing khie voi dédp an: Vivay ban Trinh di duge 7
ldng mdt gidi ddc bidt vé 1o gidi bai lean nay): i

{

~——%
Hinh 3

Lii gidi. Tt d3w bai suy ra (hinh 3} & mor,
thoi 4m bAt ky thi 46 lon clla cung mh W1,
da di qua bing d4 lon efia cung ma M dd i qua
Do @6 néu goi B la giac ditm thu U bai cila ca hai
Jlr&ngtmn néi AB. M1 B,M 2B thi H1BA JngA—-'

= 1807, tiee 12 ba didm M, M2 va B thing je Bg-~

Tir M1 ké duong vuong gée voi Mi M, o
o R, tir M2 ké duong vubng goe véi My
(C2)& S. Ti tr gide ndi tibp My BAR s ¥ rae
RAB_'Z}{I Te L giae noi ti€p M2zBAS suf
ra BAS = 90°, Vay ba difm R, S, A nhm trén
cung mot duisng thing vudng gée véi AB: do
AR ¢i dinh nén 1S 6 dinh {khl My vd My chqun
dgng). Tir dinh I¥ Ta-1ét suy ra dudng uu:\g
triue cha doan M1 M2 lubn di qua trang difm P
ctia doan thiing co dinh RS. Tir dé suy ra didu:
phiai chirng minh.

(ENY]
, BALL

g

In tai Xi n,ghf-p in Ha N&i. 58 in 159/79. Nong ngay 20-11-79.

Lueu chigny théng 11-79. Chi sd;
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