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PHAT TR]EN THEM BAT PANG THUC EC-PO- SO’

L

_BF,T dhng thie Be-d4-50 43 duge gioi thitu
trong bép Todn hoc va Ludi tré s6 9— 10
i nim 1974. Co thd tom tét noi dung bai béo
dé nhu saw. Nim 1935 nhi todn hoc Hung-gasri-
P. Ec-dé-so, trong khi nghién ¢iru cdc tinh chat
clin cde hinh phiing da “a& xuft mot bit aihg
~thire (sau nay mang lén ong) phw sau:

J'g+f|b‘|‘.nc,.f {iil‘l-"d'h + ded “:'

troig d¢ R, Rh, Re la khoang chch tir mot difm

M nim trong mia! phing cla mét tam gide 4 HC
“Mén che dinh eha tain gide: da, dp, do 18 khoing
gdeh tir ditm M dén cie ennh ela tam gidc 46,

it nim sau ngudi ta di chitng minh dwge bil
afing thire niy. {'llung bai bao cG cho mét ehirng
~ mink,so cip eha biAt ding thite). V& sau ngwad

ta con chitng minh duge nhirng 'bit dfing thie
" ¢6 lign quun dén bit ding thire (1); 46 la

flaHbRL = gdadhdr'.
+ VA, me,;af‘) (Vs + Vap + V), 3)
FRi+1/Ry + 1R << (fda + 1/dp + 1/de) 2. 14
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NGUYEN CONG QU‘?

Cac ding thie & (1), (2). (8) va (4) x4y re khi
va chi khi tam giac ABC 1A tam gihe déu va M
la thm cﬁa tam gidc do.

Bé thiy m6i qusn he gilta cac bt ﬁﬁne thire
_trén, ta cin biél thé nao la gia trj trung binh
clia céde 80 duong. Nguti ia gt;ai gid tri trung
binh bac k (kla mdt s6 thye) cita cac s6 drong
Thy ¥Zse .:rn la 80

3 ;
My (:r1, w a:nt-z l:’l{:l:'{ + ;::% 4.+ akln .

Véi dinh nghia @6 ta thiy ngay bt @dng lhu-c
(1) €6 thE viét dudi dang

m (n.. B R) =2 M (dg, dys do).

Con-che Tt dding thire (2),3(3), (-1-) cﬁng dé ﬁhﬂg‘
dita duge vi dang

: Mk{mr ﬂh: -Rc) }2 Mk(dg, dby d(;l : (

- trong do6 k !ln' lugt nlian cic gid tri 0,1/2 va "

Nhu vay, mﬁt g:é thift dum dil ra
bidt d&ng thite (5} co dﬁng péi moi 56 thy
https'f-/heulun hopto.org
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Trdi qua nhitng 8w ilm téi nghidn ctu, nha
toin hoc Ao Florlan nam 1958 d& chirng minh
ring bit d@ing thic (5) dang va chi ddng véi
nhitng gié tri olfn k €[ — 1, 1], v& dbng thoi cling
chitng minh dwge rling v&i nhiing sé thye
& khéng-thuQe [ =1, 1] thi te lubn ludn e6 bl
dfing thires /

[kl __

M (Re, Ry, RO VE My (d,, db, do).  ©®

Tiép sau db bt ddng thite (1) a8 duwge md
réng vae da gidc 101 va lrong khong gian, mi
O d6 ta 44 tim dwge nhitng k8t qud thia vi,

N6i tiép nhitng sfly nghi trén, sau day sé ntu

. lén mot phwong hudéng phat tridn khie cia

nhitng bit ding thire d3 1im duge.
Gi% st a8 cho tam gide ABC v& mot didm M

nim trong mil phiing clia tam giac &6 (hinh vé).

4

T A

Thire hi¢n phép nghich ddo euc M phuanu tich
1, fa thu duge tam gide A'B’ C.trong 46 A, B',

C' theo thi ty 14 &nh che 4, B va C trong
phép ughijch ddo. Tix MB. MB =MC.MC' tasuay
ra MB/ME =MC/MB'. T¥ 1& thire uty ehitng td
ring hai tam gite MBO va MC'B' (c6 chung
goc & dinh M) 14 ddug dang v&i nhau. T% 88

clia phép dbng dang bién tam gide tha nhit -

thanh tam gidc thir hai I&: o
MB HB ME o1 i 3
MC . MB.MC MB.XC Ry R,

“Néu agt MA'=Ro MB'=Rp', MC'=FR¢ vi goi .

d'grd b, d'c theo thir bir la khoir; chch tir didm M

-dén ::Ac canh ciia tam gide A" B' ¢ thi t¥ 58 ddng

dang néi irén sé la d'afda, tire 1a ta co

dyfd, = ”RhRF

tir do da = dal Ru R,
tay et d; = daRaf By Ru R,
“oaq ty  dp=dpRe/RaRbRe ) (N
e drerdeRe/RKsRe Y :

In 1o. ; 5
G ; 1288 '

- hitpsfisites. google. com/site/letrunglaenmath

3

‘\Iﬁt khéc ta cé MdA. MA' =1 buy R,.R&-.-!.
tir 46 ¢4 Ry="1/Ry hay:

Ri = RuRc/R,RuR, .
Rb = R.Ra/RaRuR: : (8
.ﬂé = RaRy/RaRyhe

Biy gio gid s irong tam gidc ABC ta @4 tim

Tueong tu

rq Awge mot quan hé nio dd bilu thi bing mat .

hit diing thie gifta Ra, Rb, Re, da dps de. gik sir
lh @ > (9). Vi ABC la mdt tam gide bit ky
nén b#t ding thic &8 tim ra ciing dang cho
tam gide A'B'C’. Bing céch thay cic gid trictia
da: df. dg va Ra, Ri. Re & (7) va (8) vio bit
ding thire (9) ta sé thu dirge mot bit diing thue
mei. B& don gidn cdc phep tinh ta nhén xét

" ring hai v& @ vi B cha bdt digg thire (9) bao

giv ciing ding clp vi ‘eang bic ddi voi edc 4o
dai'R., Bw, R, day db de. Do d6 ta cd thE gian
wée miu 56 chung RaRpRe & cic cdng thire (T
va (8). K&t qui la ta di d&n nguyén tdc sau
day:

Gid sit trong m@t tam gide tacod mdl quan hé

pao d6 bilu thi bing mét bit ding thie (hay
dlng thite) gitta cac @ dai Rs, Rp, Ro day dh.

dg. Néu thue hien trén bat ddng thie (hay ding -

thite) d6 phép bitn dadi f:
Ra — Rh&r Rb = I“II‘_‘H‘,h
& dy —> dgRg.

Re = RaRy,

dl} g db”b‘ {Ic . {'fr-fi‘c,

; ;
thi ta s& thu duge mol bit ding thie (hay
#fing thire) hidu thi m§t quan hé moi eling ding
frong tam giae.

D& minh hoa nguyén tie trén ta hiy thye hién

phép bién d&ij trén bat dlng thic (D~ Tihe
kbfec 1a thu duge bit ding thuc

Rhﬂc'I‘RcHa'i'Rth 2 AdaRatdrky +deRe). (1)
Tuong i, thee hign phép bign ddi [ trén

- cac bit dﬁ'w thire m) va (4) ta lin lugt thu

dwoe
'U{Rth + FJEQ_R; = ff{;ﬁ; }
;}? ﬁaﬁdaﬂa “+ ’hfsthh -+ Vfngl::la
2(1/RyRe + 1/ReRay + 1/ RaBp) <
< 1daRa + 1/dnRy + 1/deRe.

Cde bat ddng thac (10, (A1) va (12) chila
nhitng trwdng hop dic bigt cla mét bit Wing
thire téng quat seu diy thu dwge (i bit ding
thite (5) clia Florian bing cich thwe h1¢u trén
a6 phép bién JB: &

* My(RuRe, ReRay RaRp) = (TIL.B}
EMk(daﬂau thha chcJ,*—‘ 1 gk { 1. =

(12)
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*  B8i voi nhitng s6 thie k=1 hoiie k<< —1,
‘thue hién pliép bign bitn dbi f trén bit dﬁm,
thure () efia Florian ta ed .

My(RyRe, RoRa, Ralp) >
lx s (14

V2 My (dalta, duBb, deRe)s _
Lhing han woi L=2 v b= —2 ta lin lirot co

RERE + RERS + ReRE >

(13)
> ot i1t + alRE + aiRE).
9 (1/RERS + UIERE 4 1RZRD) <
T = /diRS A (fﬁ r 4+ 1/d% R 58 (16}

Bit déng thioe (14) cling nhir cde trudng hop
dac biél cfia né la ecac bat ding thire (13), (16)
khong thé ‘«tang cwdng» hon duge nita; noéi
cach khae, dpi voi-bdt ding- thie (142, ity 80

My _(Ht.f'f.-, ReRa: RaRv) | My (daky, deRy d.Rep)
ol :

c6 the ti€n din t6i V2 bao nhiéu ciing duoe,
nhung khéng bao®gitr Ling dwee gid tr] deé.

CAe¢ bgn thain mén! Trén diy ching ta dd néu
lén m6t phwong hueéng phat trién thém bit
ding the Ec-d6-so, Mong réng chung ta tiép
sirc nhan suy nghi, néu lén duge nhitng phuong
hiwéng khéc ella viéc fghién curn va thu duge
chitng két qud phong phu hon nira. Hoide co
thé tim thém vhirng quan hé trong tam glic

https:/sites. google.com/si reﬁé'zrungfﬁeﬁmarh

va thye hign nguyén the 42 néu (rén aé phat
hién thém nhiéng quan bé méi. Ching han c6
thE nén lep bit ding thiuc sau day:

daRa + duBy + ARy 3> A(dude + duds + dedy)-

'Cac ban hily chitng minh bt ding thire trén
sau do ap dung nguyén the da néun dé tim e
mot bil déng thire mébi.

Mot cin hdi duwge dit ra : Néu ta thye hien
phép bign abi [ trén mot bit ding thie ndo do
lign tiép hai holic nhiu J8p thi liéu ching ta
¢6 thn duege két qui gi moi niea khapg 7 Chu
ted 1od 1a: khoog, Thge hién phép bién dalf
lien tiép hai lin thi ta s& trd vE& bil ding
thie ban diu. Nguyén nhin eila didn do duwge
tim théy & tinh chit d8i bgp cfra phép nghich
dio ; noi ro hon 14 : néu ta thue hidén litn tiép
hai 0 mél phép nghich d%o ndo do (rén rm:.t
hinh thi ta lai tré& vé hinh dé. .

Cuéi-cing xin néu mat goi ¥ khée. Cﬁng lhuc
hign phép nghijch dio cye M. phuong tich 1.
Gid st qua phép nghich dio d6 cac hinh chidu .
Ay, Bi, Cy ctim diBm M trén cdc canh BC, CA,
AB theo tht tuy bidn thinh ehc didm Al B,
Cl. Bay gié lgai xét tam giac 41 Bi € cling
voi didm M. Ta hiy tim quan hé gifta cée
khoang chch'ly M dén cdc (.iII]h WL cie canh
trong hai tum gidec ABC vi A;'By'Cy’. Ta di dén
mdt phép bhign Abi méi va cho atae d6ng? vio
cac bit ding thive d3 biét. Viee thuyc hifn cu
thé xin danh echo ban doe. 2

NHUONG BAI TAP VE MAT CAU

? UA _cdc d& thivao Dai hoc khoi A va frong
tuyEn tap “ Nhirng bai todn so cip, Tap 3,
Hinh hoe ® (Nha xuil bin BH va THCN,
1976), céc ban di gap mot 88 bai todn oo lién
gquan #&én mit cin. Ching téi muedn gidl thigu
tham mét s8 bai khae dé ehc ban luyén Lap, nhit
14 d&i vérl cfie ban & xa Thu do, nhing noi ma

tai lidn v& toan khong co nhifw '

1. Trude tida, cin phii ndm virng €6 didu kién
xée dinh mdt mit ciu 14 4, ehdng han cln phii
xdc dinh tAm (3 diéu kién) vi ban kinh (1 dién
kitn), Néu biél mit cBu di qua mdt didm Lic la
biét duoge 1 dién kién (OM= R}; néu biet mit
clin tifp xtic voi mot mit phdng tue la bigt 1

= - ¥

e p % o
= = -

i

I‘BA\ THUC TRINH

ditu kién (d=R); néun biét mit ciu (i&p xvec
vol mot mit clu tive bidt duwge | didu kidn (d=
B+ RB)...Tam cha mitefindiquaddicm 4.5, C, D
khong ddng phiing co thé xde dinh nhu sau: ldy
gizo didm elda druc eha tam gide ABC (twe 1
duong vubng géc véi mit phing ABC va di qua
jim vopg tron ngoai tifp tam gide ABO)
va mit phing trung troe cts 4D (hodec cin
BD,CD). :
' 2. Sau day, chang toi gidi thifu cling cdc ban
m6t 55 biai 14p bb fech vé mat clu. Cac ban hiy
bit tay vio nghién efu vide gidi quyét dé
14p. Chl khi nio khing gidi duge, hi ¢f
nhitng chi din & phin 3. : digr

o https://tieulun.hopto.org
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Bai 1. Dung mat cdiu di qua 3 difm A, BC

va tiEp xte véi mgl mal cfiu () cho tride.

Bai 2. M§t mil cdu bén kinh r tiép xtc voi
cée mil ben elia hinh chép tam gide tai trie thm
ciia cac mit dy. Tong 3 géc & dinh cia céc mit
han bhpg . HAy tinh cach bén ciia hinh chép.

- Bai 3. Dién tich x-uug quanh cla mol hinh

chép tam giac bing S, chu vi lay biing 3c. MOt

mit chu Li€p xde voi 3 canh cua day tai trung

. didm mdF canh va cét cée canh beén tai trong
ditm m&i canh. Ching minh rling hich ehép la
d&n va tim bén xinh mit ciu,

Bai 4. Cho hinh chép tir gide P.ABCD va hioh

‘ellu noi 1i8p. Pay ABCD la hinh thang can (4B

la @4y nhd) eb canh bén bing I va goc mhon
bling (- Hai mit bes APD Y& APC Ia hal tam
giac can (AP = FD; BP = PC) tgo véi day cung
mét gée ., Tinh ban kinh r efa hinh céiu ndi
 tigp. :

Bai 5. Mot hinh cllu (S) thm O tifp xie voi
mit phing (P) fai 1. Tu mot digme bt kv M trén
(§), dung bai tiép tuy@n it (P) tgi A va B.

“a)So sdnh hai goe AMB va AIB
b) Goi I’ la dikm dBi xing cta J qua A8

Chang minh ring bén ditm 0, 1, Py M cong nim

_trong mot mit phlﬁng vi MI' tudn tubp di dua
mét ditm co dinh khi i di chuy@n trén ().
Bai 6, Cho Awdng trén (C) tam O, dudng kinh
- AB=2R, Goi (5) 1a mil cdu nhan (f."} lam duirng
tron tém: (S) tiép xac voi mit phang (P) tai B;
dwong thing (d) nim trong (P), cach B mbt dogn
béing a- S Tl )
a) Goi M 14 mot ditm 41 chuydn trén (d). Tim
quy tich gizo digm ' ctta AM va mit elu,
b) Quf tich cha M la mol dwong trom. Hiy

tinli ban kinh refa nd v tim thm ! clia duwéng

tron fy.
&) Tim qu¥ tich tam 7 kbi (@) dichuyén sao

cho noé vin 1ifp xic voi dirdng tron fam B ban

kinh a. ;

Bai 7..Goi 0 & t4m mil cau ngoai tiép i
didn (T): ABCDY 6..Ga Gbe Ger Gi ffin logt 1a
trong 1Am eiia (1) va chia- cactmat dGi dign dinh
A, B, D, » 1a tim mit-ciu di gua GuGrGGas
che hinh chiéu vuong péc cua 0 G, 0, 1 1én mit
phiing ALEC lin lugt 14 Od, Gu, . Ha; gieo diém
i ena DHg voi mit ciu 1o D', ol

a} Chiérng minh ring wwg (160D
b} Ching minh réng néu (©) tidp xie véi mol
mit efia (I thi dinh thi tu céch ddu 8 dinhecia
"+ tigp xie. Néu () tip xde véi 2 mit el (7)
(5+.ng 17) 065 canh biing nhau; néu (W) tiép
3 mit thi (1) W te dign ddu :

-

¢) Chitng minh ring_ ty s6 Rir bé nhat (=3)
kbi (T) 1a- déa, trong do #; r Hin lugt 12 bin
kinh mit clin ndi tiép va mgoai tilp. i

Hay thu hep bai todn trén v mit phing

Bai 8, Gdc tam difni dinh D lerﬁg fhoaiens

ABCD Ia vuong. Goi € la tAm mat chn ngoal

ti€p tie dita &y vd R 14 ban kinh cia nd.

a) Chitng minh riing tn tai mol tam giac mi
% canh bling cac khodng cich tir D,E, B xubng
dudng kinh qua A. |

b) Goi § 1a dign tich clia tam gidc by, DA=a,
DB=b, DC—=c. Chirng minh ring abc = 415,

Bai 9 Liy hai diph d8i nhau trong hinh 1ip
phuong, rbi.néi cac trung ditm cha che ecanb
khéng di ‘qua hal dinh iy, tago thanh mdt hinh

luc gifc dBu: thiét dign nAy chia hinh 13p phuwong
ra lam hai phin. Tim bén kinh mit clu nodi Li€p

trong moi phin theocanh a cita hivh lap phuoong.

Bai 10, Ba mit cliu c6 chung difm 4. Biét
ring khong cé dudng thing nio qua 4 lai tiép xtic
v&i ch 3 mit ciu iy, hiiy ching minh rdng 3 mit
clu d3 cho con e6 mat didm chung thir hai nira,

_.l_th-:: e 7

. Bai 11. To mbi dinh cda mot tir dién dung

mit phing chia tam @uwong tron ngoal tidp clia

mil dsi dién va vuong gde véi mit dy. Chang

mioh ring 4 mat phiing nhw trén giso nhau tai

tim mit ciu ngoai tidp to dién,

Bai 12. Trong tam'gidc vubng, ta co r=p—d,

v&i r 14 ban kinh dwong trdén nodi li€p, ¢ 1A

dwéng huyén, pla nfra chu vi. Hay tim héthie:

teong ty trong khéng gian, :

Bai 13, 3) Trong tam gide 4BC, ching minh

rhng néu tam duwong tron aot tiép trang viri tém
dudng tron ngoai tiép thi 4B = BC = €4 valrong
thnefia tam gide cling tring voi hai tdm nol trén.

)Mb rfong cho trudnyg hop b dign; néu taa
mat i-&ju ndi . tigp tropg véi tanr cita mit ciu
ngonicticp thi cde mil cfia bir dico bing nhau va
t¥ong thm cua tiF dién (ring v&i baitimnoi tren.

¢) Deng t® didn nbhin nmEl ciu (s} v&i ban
kinh rlam mil cdu ndi ti€p va nhin miit ciu
{S) viri ban Kinh R TAn mit clin ngoai ti€p, trong
do B = 3 - PR ;

Bai 14, Cho tr dign AgA2d34, Chitng min
rimg cde canh Ajdg, Az 43 °va  duang thing ndl
trong tAm G voithm mit ciu nii tifp cung sodg
song VoI mot mat phing. :

3. Hirong din gidi mots6 bai (Cic byn

hiy ty vé hioh) i .

Bii L. 7am I nhm trén trog (d) cha lam gide
ABC; tiép Aidm D vam trén OF. Mt phiing (0, d)
¥ : https://tieulun.hopto.org -
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Ta mat phdng d8i xirng, ¢ii m#t cin 43 eho theo
dudng trén lon (0) v Al M3t ciu cbn dung

theo dudng (ron Lon (D), Gei M, N la giao ditm .
gitta mit phing (0. d) véi duwdng tron di qua

ABC; bai todn trcr vé darg: dung dudng tron
(D) i qua M, N va Li€p xdc voi 16).

Bat-2 Goi Hy, Hz, H3la trucfa. cécmat DA By
BBC.DAGC; DEL | AB, DEz | BC,BF: | DA BF: |
DC.Chu ¥ ring DH1=DH»=DHgz RHi=BH;=BHz3.
Nét che tam gide blag nhau DEHY, DEHy DRE),
DBEq; DBF\, DBFy;, DBA, DR A% e AB=B(, BA=
DC. Twong by, BO=CA. DB—-—I}-‘: tiretam gise ABC
' d80 va DA=DE=D{]

mit cdu ndi tigp u'un teon dudeng cao DD, Hal
tam gide OHsD. foD' D aéng dang nén FJHszzﬂ

“HoD{D'D Tinh EyD —L.sfa sin /6, DD = (2/3) x
# Tf{coazfﬂ-aﬁf — 1, H1D'= zeos (&2} ¢con {:xrh){up
- dingdinh I¥ him sésin trong tam gidc DBHs. BAp.

_reotp (3/2)
coslot/3)

I P
Vicos?(a/6) - 1.

Bai' 3. Truée hét chirng mink ring tam gide
ddy ABC 13 &%u. Tim 7 cita \dutong trou nsi tiép

=X, (‘.‘)F? 2/8. Tam ) eha

ktt‘m‘l:l’,"s ites. google.com/site/letrunaldenma th

va dwdrrig trén ngogi tiép trang nhan. Goi A',B,'C"

1 didin gitta ¢ac ecanh DA, DB*DC. Pudng trén
qua A'B'C’ 14 inh efia duéng tron'ABC trong
phép i tu tim P, t§ ad 1/2, mén hai mit
- phiing (4" B'C") va (ABC) song song. Tam I’ ofia
duwdng iron A'B'C'. [ 44 D thing hang. Tam miat

chiti niim trén JI' vudng gée voi hai mit phing -

néi trén. Vv D.ABC 14 hinh chép tam gidc d&u.

-Goi E I diém tifp xdc trén CB; xét-thi&t dlén_

SAE 4% tinh r.

/1652 + 45;:"‘,
Zie

oy

Bip: 1=

Bai 4. Goi L va K 1a tromg difm cia BC vh
AD. Trude hit chirng minh-ring LPH & gde
phiing elia nhi dién (PBC, PADY. Tam gitec PLK
~cAn, nén dm}ng ca0 PII efing la duéng phan gide,
Vay PH nim trong mit phing phéin gidc cia goe
nhi dién noi trén. Tiép @6 chimg minh ring PH
cling nfim trong mit phiing phan gite cda goe

nhi dién (PAB, PCD) biing cich chitng minh ring

bit k¥ @iém W nio ndm trong mit phing LPK
. ciingedch ddu hai mit phiing (PAR), (PCD). Tt 86
aa tinh r, Dap: r=KH tg (@ D=1/ 2}=m{p1gmmu

Bai 6. Chi-y AM' AM =4R% Khi cit luyén
AM’
A6n nhat khi AM nyfin nhit,
nhit (M trang véi chin dudng vubdng gbe ha tir
B, Luﬁng (d): AM™ = 4R" IV*!RQ-{-G . r == 2R%
VAR - oF. Ta Inon o6 AT/AM = 2R VIR S i =k,
tire 7 Iiu anh <fia M trong phép vi 1y tim 4 t

NG

I6n nhat thi bién thanh durdng kinh. A
tire: khi BM ngin .

o d6 t=a VL3 [ Vit
'm‘“bV‘c +u2,f1"'a5’+bz+c ,ﬂ_cfr: +bz;‘

s8 k. Vay duy tich eda I la dwdng tron duh ci”
M trong phép vi ty tAm A t§'ss k.

Bai 7. Trong tam G ciia tir dién céch dinh
bidng 3/4 trung luvfén ttmng trng. Tir m&. ta co

e el i
3 ““’d + Ofly ~4{"Gd = DH&* (/2 DD =h Oﬂg*
vios == (1/8) DD -
umma = (!,ui} A4’ {chiéu lén BC).

Bai 8. Goi K, H, L lan

'\,ﬁ‘t- (10 Phu hep trong mit phing:

leget b “ehin cic
. Cdch 1 Ké BB’ song song va bing PC. Tam O
ciia mil ciu Dgoal tidp 1 dignla didm gifra
tﬂa 4}3' Ké AA’ song somg vk bing D€, nén
AA° BB ‘li hinh bioh hinh. Ké KN_L..-IB VQ)‘
KN=LR. S& ¢hing minh ti€p DN = CH, tirc tbn'
tal tam gikc DKN thoa min .ﬂau bai.(xét bhai
tam gide CAR wi DA'B); VIKDA BY= {1;‘3}‘; 2R;
V(A" DABR =(1/6) abe. Nhwng V (K.DA'B) =
=V 4.DA'R), vay abe = 4RS, "

Cdeh 2. P4t DK =1[, CH = m, BL=n. irong
tam gide DAB c6: [ . Va? + 0% + —ﬂ’bz e
T b o,

Vo ¥ f)%-l-c D {h‘!y rlng (m — AR s
(m -+ n)° Lire jm—n}=<_ ! im+ m Goi 5 14 dién
tigh ciin lam gidc DEN  thi 1652 = 4+ m + n))(
l-f+f?l+n) f!“—m-l-n] ftm~—~n)= a*b el
fo’ + b° +c)'—nbcm tire abc = 4RS.

Bai 10. Truoe tién, chlrng minh ring lmng

ba mat eiu 43 cho kbdng eo 2 mit cin tiép
xi¢ véi phau. That vay, gid st cé 2 mil cln
tiép xic véi phau tal 4 (hi tigp diém chung

dudng eao ha (o 0,'C, B xubng dwong kinh AR

qua 4 edt mit ciu theo mdt dudng tron. Tiép

tuyén tai 4 cla dudng tron £y tidp xde voi ch
3 mit ciu, tral véi gia thidt, Vay 2 trong 3 mit
efiu phdi cit nhantheo mot dwong tron 4i qua
A: Pudmng tron nay khong thd chi cé mot ditm
A chung véi mil cliu thi 3, “vi nfu viy thi
t:ip tuyéna tai 4 clia duwong tron 63 1ifp xue v&i
ed ba mit clu, tréi véi gid thift. Giao digm

{khde 4) gits duweng tron 4y vei mit cin thi

3 ndim trén 3 ‘mat ciu da cho.
Sy +Sa+ 5§

fdisEh e ;
d6.5 14 dién tich mit huydo; Sjli=1 2, 3) la

Bai 12, Bipire

o dign tich ecfie mit bén; a. b, ¢ lé. ba eanh eha

'nhau Bt BAC = BDG =1,

goe tam dign vadng.

Bai 13. b) T gid thiét suy ra “rAng cée
dwbng {ron ngoai ti€p cdc mat déu bivg nhau.
Cir Lirng cip 2 dudng tron lai ¢d day cung chung
nén 2r0ng !_2_,.-3-9.'_: eﬁe cic mfgt £6 tt‘mg dm ]meg

.iBG —1 AI}C o
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T e W T e

2 - Gy P 8
M"B .‘U}B" ri ’«PD_JUJ}.MI BLD = BAD=2,

FBD 319:5 Trong cae lam g=ac ABC; ABD

BC}} ;i-‘j} ta.eh 1111 hwi 1+2~1—:I '3v (‘_n')
1 Tﬂ +d—-"v {2): l—r" +% 'zv{’ﬂ 1 +2,-,.

3’-9\ (), T (1) va (@) ta duoes 1+ 2-1 +

e
?{5 Yoot (3 vd (4) twoeo: 1 ‘-"""}_'—,g (_'E.?
Cudi eiing tir (3) va 6 suy ra! o

9=1". liré cie it hing nhaus khi 46 trong
tAm G trang véi tam m#t clu ndi tigp va m
mit ciiu ngoai ii6p. ¢) Phdn tich: Mat phing
(ARC) et mil ciin ngogi ti€p theo 6llt‘mg iron

(1) ¢6 am O ban kinh Bi =V =% Qua D
dwng mit phing song song v&i mit phing (ABC),
cit mit cfiu nmpoai 4iép theo duong Lrom {55
e6 tim Oz, ban kinh Ry Cha ¥ ring O1, O2. O3
thing hang. Trung tuyén DO ¢t ma phing
(ABC) tai trong tAm Gi chia tam gidc ABC nén
hai tam gide 00161 va 002D ddng dang theo

1 6 3. Do do, {)03"31' Re=VRE_ 30 vi

0161 = Ra/3 = VR? — 9r%/3<<Ri. tic G nim
trong duéng tron (Cy)-

5

Cich d’unq : Dung mit phing tiép xde voi (8
lai 01 bHt k¥, mat nay cht (S) theo (G Trén

Gy, iy dibm bﬁ!_lk‘n rof lay (:1 trong (Cy)
sa0 cho U]G1—1"R - Or/3. Sau 6. iy H sao

cho CH = (3/2) 6y < (3{2)(C0y -i—U]Cq?—-(o B¢

[RL+ (U3VR® — 30| < 2R;. Tw H dung 4B |
O1F. N&i Gy v6y 0 cht (S) tai D. Bai toén cé
vé s6 nghigm hinl. ;

Bai 14. Dat Sp=s. 52._.54-:1' trong d4d [
. cdng sai cla cdp ad comz Gm G la trong tam

etta b dlen, T rI"J(; O 51 + +U{¢ Ta
da b1él rang viri 4 diém -1 mnqﬂ -:ér. he s6 i
- =
tht t3n f.'ai didm [ duy nhft san cho a]4; +
e o —— —_ i ; 3
4ot Jda + GadAdg + oty T4y =0, tropg dd6 khi
didm I teiing véi thm 0 cha mit ciin ndi tilp
thi otyfsy = ... = cglsy. Tir A0 58 co:
g == 2 = E G e
43+ —dO0G+ —d A4+ *2 d.Asds = 0.
2 2

L
'Y X

ALBAL

kl/ fmra‘c

%

- Bai 1 /106. Tim cde 58 iy nhign ca Hoh chil:
khi chuy®n chir so dau tién ¢ha nd vao vi tri sou
cing thi ta dwee mét sd kém 8 lin 's6 ban diu.

Lii giai (ela Phom vdn Hidp — A.8 Bai hoe
Thng hop Ha Noi). Goi s phii tim la
N = ajazas.: ag ;

=
: Theo dfu. bai ta ¢o

i N = 8 qzas... azot .

Ta co nhin xet]fﬁ af chi cd the. hang 8 hodc
biing 9 con az = 1.

Vi a1 = 8 ta co phép'_t?lgh =

1o3...a,8
LX ES

“r ! 81a3..0n

Thire hién phép tinh trén, diu Hén tim ra
an = 4, thaj.r dn & s bi nhan !ring 4 ta tim ra
p—1 = 8.

Ci hép tuc lam phép tinh cho d&n khi con

86 & s6 bi nhin la s6'1, va s & k&l qua la
s6 8. Khi do ta dugc két quﬁ clia pheép tinh

T nhﬁn 14

A —\ 8101265822784,
Véi gl =9 ta thue hién phép tinh
: @ ‘

1&3,..{1119
& 8
Hag...on ; A

i O

sE" dupe ket qud
B = 0119924050632.

R& rang la cac phép tinh trén néu duge tifp
tue thue hifn thi & k&t qui te lai thu dwge
cac con 84 lAp lai ede con 86 di tho duge. Vay
che &0 N thoa min dfu bai la cae s6 co céde dang:

NiI=A.A vi Ny=B.B
n SR n
Virion =.T.f1. 21 3,-!.
Bai 2/106. Cho P, = n® + 4°, Héy tim tat cd
cde gid Iri ciie n dé Pn ld s0 ngugén {0,
L ] -
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Livi qu {ciia ?.fircruq Bink Tam ~9E cép 3
Hing Viong, Vioh Phi). Tu nhan thiy riing nén
n 14 86 chiin thi Pn= n' + 4" 1a 56 chin lén
_hon 2. Vay ta chi xél céc n'lé;

k nguyén va khoéng am. 3
Ta c6: Po=n’ & e T e
_,(; + 2M? - o¥kily 2
= (n? +.9% 4 2t (n? © gP gt o),
> o . e

1) Trwéng h'nrp k>0,
Ta dé dang’ nhin thiy 4n > B,,
CIMaL khic Ba=nt 420 gkt pp? okl okl
| =n® 4+ 2% L 2.9k p + 27
s e

Nghfa la Lkhi k>0, Pa khéng th® la s8
nguyén {4.
2) Truéng hop k = 0.

Khi d6 n =1 vi P1=25 la s6 nguyen t6.
V4y P la 88 nguyén t6 khi vh chi khi n = 1.
3 L.H.

-

Bai 3/]06 Cho ba s& dweng a, b, c. Ng:rr}r
ta lap cde diiy s tunl, joul, jwal nhir sau:

My = d, M= b wi=c¢;: v0i n > 2 thi

Uy = V Uil @u1.Un =1 Br_1in_j, wn—W"fvn__l flnals

Tim gidi han.ecuna cde diy s6 dd. Bi#t ring
lim A® = 1, véi 4 la hdng 8 dwong.
ewedl

Livi gidgifcha Ngugén Thanh J‘Vha--lﬁp 10e JAruong
cip 3 Lé Hong Phong, Thanh phé H3 Chi Minh).

Theo diiu bal ta c6:

uuvnwn = !a’fzrn..l i3« V I | !Un_],-l"fl.’n_l fy1
= Up—1Un—1in_1

=mriy =abce

Viy Unballa=un_jvn 1lg_1=... (1)
Myt khaec rown = 'Ufun\_lmnﬁl.‘lfan_wn__l
- A s 4 p— lfun__lﬂn__lwnn]o‘ll‘/ﬂn,-]
£ =Vabevun-1 | ' (2)
Tir (1) va (2) ta duwoe: '
i 12 —~if2
fin = {l‘lbﬂ) Lo un‘q (3}
Theo (3} ta tim duoe !
: 1 1 1 1
——— — -_ =
5 22 23 1 oy A ( 1) ]
Hn:(ﬁbc} =4
et :
|_1_
X a 4
1 1 =

—+ Khi n—> oo

.

thi pa—=>p

g=2k + 1, vb&i

hittns:isites. goagle.comisite/letrungkienmath

1 "I (T 1 : i
p= —d S ] o et e A
(2 - 98 ),(22+24 ) ;

1/2

- i St i
1=42. 1ot hE g
Ml khﬁc ta co;
Iim (—1)"t+! "th |
C = oo : - Ly
5 ot g
Viy lim up = Hm (nbc}”n silim af=—1) iy
n—oo p=—soco n—rco 2
= Vabe

Mot cich hoan fodn trong tr ta st tim duge

Iim vn = lim wn = ‘vfabc

n—= oo n—>co
by L. H
Bai 4/106 :Gigi pheong trinh
Io’g'x Iug'x :wg
T g LS R e e
Lé&i gidl (cfia nhidu ban). &

log x
Pidu kién d& 16ga ¢6 nghia 1a 2>0. Do x=6 O
nén phwrong trinh d& cho ¢ thd vift dudi dang

*olog X ; log. x Tog x lop x- log . x
~B.64 8 =6,36 8 B b

S
Yoz % i fopthe log . x
hay 27 5 —63i € + 1148 5 —gat

—11.6
log.x
& —q,

3 : log %

Chia hai v& clia phwong trinh cho 64 8

. ta duge phuong trinh twong dwong

3jog_x 2jog. % log. %
3 3 :
(-) v —) 4 +11(—3-) e B
4 4 4 .
: o log o x
bit gy = (i) ® ta co
4

Gt Lty —e=0

Gidi phuopg trinh nay la dwoe cic nghiém
=1 gz2=2 yg3a=3 (Cha ¥ la tdng ciec hé
a6 etia phuwong trinh bﬁ.ng 0 nén né co nghn?m
bing 1), :

3
Tﬁ:(
i

Tir (f’.

5 log S =1
Tir (T) ; =3tati-n|,du'crc x%‘”%xf.

log,x e
) =1ta timdugc x=1.

ln.‘ﬁ =194 —onlog. .2
" = 2ta tim duge x=6 "%3/4"

Viy cde nghiém cla phm:mg trinh ban Eim 14

log. Tog: ;. 3~
=1, ro—86 3¢‘z3=ﬁ 34

https://tieulun.hopto.org
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‘Bai 5_.’1'06 Chirng -minh rang -
: 15* ' :
148 << X m.f’:<.4aﬂu
3 i
L&i gidi (efia nhidu bgn), Trudec h#t s chiing
minh bd dé: ..

Vi moi s iy nhign n thi

[1,"{;:1—1)3-—1,' "’}iv.; [if;-un n*‘]
C.'t:.'mg minh : :

4 S o 1

g [é'u'_J(n.ﬂ}s —i":@] Z o (D

= (n+1)%0% ~ 3/t = 3{431_;4'

© A+1n*# <1+ 3/4n :

e 041/ < O+3M4n* >

+53/8n° + 11/16n° + 81/256a" >0

Bt dfng thite trén hidn nhi¢n dong, viy (1)
duang.

Bi¢n asi umn,g tw Ia co:

7= <5 [w.fﬂ — am) @

= 1-1/n® < 0-—-3/4n i

“453/8n° - 11/16n°+81/2664" >0

4> (n -11/12)°+1/288 >0.

Bt ding thiue nay ciing hi¥n nhién ding, vay
L2 ‘adng.

Két hop (1) va (2) b3 d& d& duoe chung minh,

Ap dung bd dE ts co:

e e T Yi-a:
4 - ik
£ (v3-47)

Tl R
;(i”sa— 123)<1f'\."2 <

WG e ."*.*—*. <)
e

.Céng n bt ding thire trén ta dugc

[wnﬂi"’—i]{ % lhn’: -;i:'rna
o ;
o Thay nis 15 ta o

i e £ iy
4198 < —3-{153 3k g(é\.’ua“ﬂﬁ— 1)

e )
< E mf:f::—‘.fta“ = 4500, tire la

hitps:iisites. google.com/siteletrunglaenmath

15

449:5{ 2 1,“\, <1500 (d.p.cam).
i=1

Bai 6,&’106 Chitng minh réng véi moi st tar
nhiéh nta cb

-\/{n%nl 21+ -\/n_!_- :

Lii giai (cha Trian Duy Lién — Ao8 Bai hoc
Téng hep Ha Noi). Bit dling ihde cdn chieng
minh trong duong voi, s

g n: } @ i
E 1 V AT
+
1= v(nr!-ﬂ! (n+1)!
Véin=1ta oo dang thire 1 = 1. V&i n > 1,

ap dung bdt ding thire Cosi cho n st duong
khéng bang nhau ta cé: ; =

; 1 1 (1 _’ 1 oy
E DL ot + iwe 4"-—————- »
V:n+1:1< ala i n-1 )

el el o
e —|. + ,
-V (a+1)! n nRb11

Viy:

1 V S S S M
i e Jp.em.).
V(n+1)1f {n+]}!<_ n

Nhi¥u ban di chitng minh bit ding thue tdng
quat hen: voi n 86 dudng bit k¥ al...aa thi

a | n
\ffl—!-—m‘ . (1+ap) =1 +Vﬂ1---ﬂn

va d2u chirng minh bing phuong phip qui nap.
Cé thE ding ngey céch ching minh abuw trén
d8 ching minh bl ding thwc tdng quat.

Bai 7/106. Chirng minh rﬁ}tg phong trinh san
ddy khéng co imh!em ngugun doang vé’l moi §6
tir_nhidn m, n:

s

g+ Tﬁl?x e b ] 1’611" = m.

23;_|J| 11

Léi gidi. Chia hai” v& cia phwong trinh Ehi
9% ta duwoe phirong trinh twong dwong

( o + Vsl ) +( o'— V1 ) — mamiL *)
2 : 2 : ;

Pty = (9 +‘,’51},’2 g2 = (9 — V612
va y2 la !:131 nghiém cia phuong trioh

thi

g —oy+5=0. :

Ve phdi eda phirong trinh *) luon chia hél
cho 4. Ta chirng m:'nh v& trai cta nd 14 sd nguyén
khong chia hét clo 4. 'I‘hm: vay goi vé-irai la
Sx ta u&

i https://tieulun.hopto.org '
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}Izﬁps:ffuw, fa;:ebaak. com/leprunghienmath :

Ss=git oy -

= (yt+ya (Jl"‘ +u"1)— nge G2 + g3~
=081 —55_2
Tuwong ty: Seo1 == 08x..2 — 5 5x_3
Suy ra i :
Sx =765z 2
: Nhw vdy Sy v Sy_g hodic cing chia hét cho 4
hode cang khong chia héi cho 4.

- Néu S, chia'ht cho 4thi Sx_3.5,—6. Sx-9. d8n
chia hét cho 4. do d6 mot trong cae s6 Sy, S2. 53
phai chia hél cho 1. Nhung ,

= yt- ot lf?. =3

S2= y1 + i = (y1+ y2)* - "ylyz
_9 =25 =",

'53:952—-551““ 71 — 5.9 =594

déu 14 cac s6 khong chm hét cho 4. Vay Sckhong

chia hét cho 4 voi moei s6 Ly nhién x. (Chn i
vi 51, 82 la cde s6 nguyén nén tircong thire Sx =
98¢ -1 — 58;~2 suy ra S 14 s6 nguyén voi moi s

t nhién ). Vi thé phuong mnh da cho klmng

ch nghlem nguyén ducmg
BT
Bai 8/106. Chitng minh rdng néir'hiﬂh-hap ehir
nhat €6 ba conh ia a, b, e, the tich V, ba goc tao

b&I duwéng chéo vd ba canh a, b, ¢ lrong ng ld
@, By thi ta cé bt déng thirc

a®icos't e+ b9 /cos!® B+ cBleosttY == 218772

i :

L/

i : )

: o o
'Léi giai (cua nhigu ban).
Xét tam giac ABC, vi AB°
g(‘m vai mat phaﬁg day) nén nta co-

. c080m af AC = a,"i';a +b2+c

- do do . 1 ; b

a%fcos!?a = (uz+bg+cz)6fu6..
Tm:mg tr ta co: -
< b‘ifcos“ﬁ = @+ 524 P [,
cBleos™T = (a® + 5%+ 18 /¢S .

L]

~ 455y -3734(10 Sx g —1185x_3)— Sz

Bl (du AB vubng

kﬁps:lfsire_s. go.r':»gfe. comsiteletrunglienmath :

[Zr}ﬂ-,g ha diing thire lré.n.vé.. v&i vé, la dirge:
] arf’cuswm-% b8 feos2P + cﬁfcasfz'r —
=(a ~+b2+c2}"' CTEAE S VTS T R
Ap dllng bt dang thite Cosi v6i3 s’ (Iucmg* lin
lirgt ta cb: :

- L T il
r12>+ bz+r:2 = 3Vlu?b2 3 . i
1a+1b41c,¢5.‘ab '
Tur d:‘i)' stiy ra
(® + 6% P (1pa® 105+ 1/ >

37252 = 2187 V2.

Két hgp vod dang thlrcf. *) 14 suy ra ditu cin
thirng mmll

TP

Bai 9{106. Chirng minh ring

K g
: k_ o gi | V n
; = ;s
2V n= Vﬂ‘ + VA n=Vr,
vl nova k li sé fir nh-i(?n_,
Lii gidi (ctia ban Nguyén Ngoe Khinh=8; Dedn
k€t 111 Ha N6i va Ngé Dug Ninh - 12, cdp 11
Quang Trung, Quy Nhon).

Trude h8t ta ching minh bit déng thite
y

Ik i e ] é
_e'j_j—__b_l‘ > ( ath )k. ; Sy
2 2 '

véi k la sB fw nh:én vd a, b g

Voi k=1 bt dang thire (*) tr5 thanh mot
ddng thie diing. Gid st bit ding thue {*i' dang
b

vii k=n, lic la la ol
ﬂn u!._ L’ = ( i )l'l
e i

Nhén hai v clin bt ddng thite ndy véi (a4 b)/2
(duong) ta duge: -

e R 1 o ( a+h )n'i"l
2 Eana il

: : - 'ﬂ-I:IL -‘!-in-'rl k +b I 1
Mubn chirng minh S i ( - ) ;
Py e D

W

ta chi cAn-ching minh
_n“-"“]+-b'14:l'l & R k) o
phbae R 2 5
hay 2¢™7! 4 9p2+H — % . Pp =0
a4 bt G a™a = ) - Ba -

https://tieulun.hopto.org
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BE chirng minh bit ddng thie trén ta chi cin

chirng minh ¢
(a—=b) (a®~D") > 0. '

Bilt ding thite nay Indn luén ding (do a, 52>0
nén nfu o >0 thia"=0", con néu a<_b thi a"<p"),
_ Nhu vay, bit ding thiee (*) cling dung véi
.k = n+1. Thee nguyén Iy quy nap, bit ding
thire (¥) dung véi moi s& tur nhién k.

Bay gio ta 4p dung bt ding thire vira chitng
minh, bing cach dit: : :

k k

o= 1/114-:"';: b =VH-—::',';.

fa co

k
]

-V P
n+V¥i+
| 3 :
LAy cin bic k ci hai vé ta cd:
'k k

| i e

EEE
it VEk+ Von—Vi =
»‘;:l"n

; a2

-

I

n -Ill,k nf_ B
n-vk | _a+VEk +n—vk
;.- Q:,_} =

5 n

hay

k ———
k ",-’I b q 1X 8
P agn T e :
2Vk = ¥ ontlk n=¥gk (dp.cm)
Chii §: Trong trudng hop & lé s8 chio thita
phdi dit digu kitu a8 cho cin ¢6 nghia, cu thé 14
Tl

Ho ‘1-'rk_h:a)' oo

T.T.

Bai 10/106, (6 t6n fui hay khong met da thire
[(=) ¢ 6 nguyén khéng dong nhil béng 0 e6 gid
tri tuyit dii ede hé s8 nhi hon 8§ md chia hét cho
da thire ; |

glE)l = 4~ g p® = 1979

¥

Léi gidl. Ta ching minh b& d&:

Néu da thire, ﬂl'):ﬂoitn"j"ﬂlwu,_'lﬂ‘...ﬁ'uu {cta==
cé mit nghiém la x; thi o :

151+ max !a,‘.’au[ f:‘:l,ﬂm-.n}.
Chirrg minh: Do 21 la nghidm efia ‘phuong

trinh ; L.5)=0 nén
aox? L a1x]" +..Fan = 0 (1)

N&u <01 thi bit ding thive cin chimg minh
hign ‘nhién 1k dang. Gif s@ x1>>1: chia hai vé
ciia (1) cho ag ta duge
A\

sy ‘a
Y= — (~—- i e - )

o . iy

< far/aglef ! 5.+ lanfa,) .

Bit M tﬂm'axlaif'ao_l thi tir bt ding thic trén
suy ra : ; .

: ] =1
n ﬂ.’—“!——""_
; 2] =0 A
hay - 11+ M- M <1+ M

B d& duge chiwng minh.

Gid st 13n tai da thire f(2) =3+ mx™ 4. +a,

thoa min didu kién ciia diu bai:
- flx) = gl hix)
(R(x) khong nhit thist o6 hé s6 ngusen),
Ta cb g(8)=4.83—4.8°—1870= 1871,
gtin=4.107 —4.10% _ 197018210,
nén gix) co nghi¢m ', mi 8<Tro<_10.
RO rang z; cling 13 nghi¢mn cha f(x). Theo b
deé ta cd
o <1 + max |aj/ael
Viy
max|dilas] 2 a0 -1 >8-1=7.

Nhwng diéu d6 khdng th? ¢6 vi max |qj <8

Vi o 1l :
Do dg khéng ton tai dd thire f(x) thoa min
ditu kign ctlia dilu bai. .

Bai 1/109. Cho phuong trinh

op e .
Nguiri ta 1oy 1979 nghitm khong &m zp. v2,....
* xlg7g cia phuong trinh dd, thda min @idu kién
Tnt1—Ta > 12 (=1,2,..,1978)

(@ —2[zf2] = D=} -1, ,

)

#3) Tim gia iri nhd nhét 6 thé cé cha x;97s.
b) Khi 2ip70 nh4n gid trj nhé nhét Lhi trong

88 1979 nghid¢m noi trém ¢6 thd c6 nhidu nhit

bao nhiéu nghiém nguyén va ¢6 it nhit bao nhitu
nghiém nguyén?
‘ Lé Théng Nhiit (B.H.S.P. Vinh)

Bai 2/109. Tren mét ban c& chiu Au ta vidt
V4o che O cdcsd tir 1 d6n 64 (mdi O viét mot s8
khic nhau). Ching minh ring luén luén tim
duge mt o tring va mot & de
hai $6 & hai 6 @ khéng bé hon 5.

+ Vi Quang Sirn (P.H.S.P. Vizh)

= https://tieulun.hopto.org
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Baid/109. cho bén S8t ihistn w.b.c.d ‘Bidt’

rdng tang clia bdn s6 46 chia hét cho_ed bon
s6 va mot s8 bit k¥ trong bon sd nhd hon tting

cla ba 86 ¢on lai. Chitng minh réing cé {t nhit

hai s8 bing nhau. :
I'riitn Xudn Ht‘inq (B.H-T.H} Hu&)

Bai 4/109. Tren day lon 1B cia I:Lmh thang.

ABCD cho mgt digm M. Tim trén Jav €D mot
dim N sao cho difn tich efia Ui gise nhan dwge
do cae dudng thiing AN, BN, €M, DM cAl nhau
‘tao thanh 13 lén nhit. ;

Nguyén Vin Léc (P HS.P. Vinh)

Bai 5/109. Tim nghitm nglI\Ln twong ciia lle
bt phlmng trinh sau .

gz — =gl +1>0
2+ [g—1l<T5.

Bao Quang Bidn (Hai Hung)

Bai 6/109. Giii phuong trinh
sinz — 3sin’z — 1/236 =

véi @ lllfba mén digu kién lsina| { V33!

fido Quang Bitn

Bai 7!109 Gidi va bu 'n luln h¢ phwong Irlnh
saut theo th:’mg 80 m

er — dcosnt,. Ty + 1

i
T — 2eosm
Es =
2.T§ —dcosm.za + 1
=3
xr2 — 2c08m
B ;
2rn . —seosmizg-1 +1 3
i - - = d'p - 2
Ty—1 — 2casm? ;
o i,
2ep =decosmrp+ 1 'm
; =y
Xp = 2cosm

Duong Quie Viét (10+3 Tay Bic)

-

hitps:iisites. gboglé. com/site/le trungldenmath

Bai 8/109. Irung mat phing hiy Hm mo
digm (x, y) ma cae toa 46 = vi g cua chiing thoa
min phwong trinh

1——!}~§-1)2—F41;22-“.z2—:;!‘—'0 I
sa6 cho hibu thie Vit + !jl dat gin trj 1én nhét
vi gia tri nhd nhit. 1

Ngu,r,r?n Thdi Ifde (D.H.8.P. Vinh)

Bai 9/109. Treng khong gisn cho mél mit -
cdn S va che didm ¢b dinh My, Mj,...] nln la méi
s8 tir nhjén eho trude lén hon 1) Ung voi mdi
ﬂ!Em M irong khong gian ta dwng veclo

— ——

ME = 5 MM,
Tl

Tim qui tich di¥m K khi digm A chay trén
mat ciu S. )

-

= : : Nguyén Céng Quy ;
(B.H.S.P.T.P. U5 Chi Minh)

HOC SINH TiM TOI

/Bﬁ_i 10/109. Cho mét tamgidc déu ABC ndi
tigp trong mot dwdng tron (¢). Tir mdt digmM iuv'\
trén dudng tron (o) ké MH, MI, MK vufing géc

. %61 AB. BC, CA (H, I, K theo thir ty ném trén AB,

BC, €A). Tim vj fri digm M trén ti‘:rdrng tron sao
cho

d= ‘H'A +MI+MB+ MH + ML’+MK

ed gla t[; nhé nhit va. lon nhit. s

. Nguyén Quic Oudn
- (12Cy Nguyén Binh Chidn,
Bén Tre)

Tii HIE'I s ?HEH IOA\ HOG me THONG

CC)NG THU’C SIN

A d4 bi#l trong hinh hoe phiing, véu cho mat
tam gide ABC, goi che canh déi dién voi

che dinh 4, B, ¢ lan luopt 1a _a, b, ¢ thi ta

“¢0 cong thire sau:

dfsin A

= b/sin B = ¢ sin (1)

VI HOANG T—Hix

¥

Néu fa'ky !néu cho goe 4, B, Clinluotla (b, &)
(a, ), (a. b). thi ta ¢o th? vlét cong thlrc {1) nhir
sam

a,-'sm{b,c) = Er_f_'siu{a,-c} :‘,c;s{nta,b)
Bo6 la cong thike sin cho tam gidc.

(1)

~https://tieulun.hopto.org
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Cong lhuc dd cho ta thly mdl lte:‘hé gita cdc
canh vi ede goc trong mgt tam g[ﬂc

Nbhw ,viy, mol van dé duoe dit ra la: lrong
hinh hoc khong gian hay tim mdai lign hé gira

cic mat va cac goc nhi’ dién clia mdt goc tam -

dién, ciling nhiw ‘'méi lién hé giita cde mit va cac
goc ciia mot to didn:

Trong khong gian, cho mdt géc tam dién
Oayazas thinh 1), Goi céc mit d6i dign véi cdc
canh a1, a2, a3 lin leot la (a2, a3), (a1 ag), (a1, a2)
vi cde goe phiing ciia cde gée nhi dign ¢6 céc
canh at, ap, %.‘j Hin lugt la 21, 2e, oz thi nhur da
. biét, ta g6 ebng thire sau’:

cos (a2, a3} = cos lay, a2) cos (a, az} +
t sinf{ais a2} sin (a1, az) cossy. 2

Bo la edng thire cosin cho géo lam dién.

%

4 : A

-

Ti cong thie (2) ta cd:

Csintagaz) sinfag,ag) costy =
= coslaz.aa) — coslaraz) cos(azag)

Binh phwong Haj vé ta cé: 1

oh smq"ai anl q:n"fm a3) cosiay = o8 lan,ag) +
+ cos fm az) cos’lay, ag) — 2cos{amz} e

% coslaus) cos{azas) e
Thax*
: s :
'-:05 e '-1111 ﬁ] {ﬂ-\ {:‘11 az) =1 — sin (ruuz)

1 — sin (ﬂ],asj
5032(az,n3'1 =1 = gin &ag,ua} vao (3) ta cd:- <
sinzim,uz) sinz{m. as) (1 —sinzstIﬁ:l-sinz(ag.ag)-!-

::m. (ﬂt a3l =

+[1 = sin_z{m,uzll 1~ Gilflz(ﬂl.-ﬂ:}}l — Zecoslataz) X «

. X coslay,az) coslagz,as)
T dd ta c6:
s.inz(al.uz}sinz{ﬂz.aslsin_z-:q =
; = sinzfdl,ﬂz) -+ sinz({u.::si- +
2"@.&3)-5-2003(01.&2) coslay,ag) coslag.az} — 2

f

Chin cd hai v& cho sin® (a1,az) sin® ? (ay,a3) X

s sin® (a1,a3) ta ¢6:

sin d-u"sin ,iag.ﬂg) = {siuzfui.t?ﬂ) + sinzfuj,,as} +

+ sin® (az,a3)|/sin® (ay,a2) sin? (at,ag) sin” (az,a3) %
+[2cﬁs{a1 a2) coslai, aa) Loafﬁz,azg:—.!_]fsm (a1, az!l‘?(

s ain fal-,asl sinfag, ﬁa) : (4)

Ta thi}‘ diing thie 1) 66i'x1.'1'r;g déi vo1 eace
mii (an.a2), (a.ag) va (a3,q3) va vi vai trd binh
dang gitfa cdc goc oy, Oy, %y, nén tu do c6 thd
sUy ra cc-ug thue sau: e -

slnzl.l'smfuzma) = sind2/sintal,ag)
= ginzy/sinlayas) (5)

Ta goi [fgfll la céng thire sin cho goc tam dién,
Céng thire .dé cho ta thiy mdi lién hé’giﬁ'a edc
mil vd cde goc nhi dién cua mot goc tam dién,
~ Tir ctng thite d6 ta dé dang dua dén cong thic
xie dinh mdi lién hé gifra cae canh va céc

" géc clia mdl lam gige chu (tam gide vE trén

mit ciu, che cgnh cia o6 li cdc eung tron cua
cic duong tron lon cla mit ciu dol.
(3id sit ta c6 tam gide eiu ABC thude m{f_t clin
tam O ban kinh R (hinh 2.
Goi cac canh [ll:rc cde cung tran) dsi dién
v&i che dinh A, B, € lan luot 1h a.bic va cde gée
— e e — L —

‘a=B0G, B=A0C, T = AOB thi ta cé:.

o =alR B=HR T =c/R" (6
(e, B, 7 do biing ra dian)

- el g X

Con cae goc A, B, € cha tam gide ciu ABC la
sede goc phing elacac goc nhij dign Lin lugtedeanh
1a 04, OB, OC ¢iia goe tam dién OABC(dinh 0).

Nhwr vay,ap dung céng thic (5) cho goec tam
dién OABC ta c6:

sind/sin® = sin H;'sinﬂ_: sinC/siny. {7)
Thay (6) vao (7)ta cd:
sinA}'siu(afR) sinB/sin (b/R) = sml".r'sm (ch) (8)

Po la cong thire sin cho fam gmc chin.

. https://tieulun.hopto.org
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: Cﬁng thie dé cho ta thay moi lidn hé gitka cac
canh vd cde goc clia mdt tam gide chu.
Biv gio ta tim mot edng thite eho thiy mbi

lién hé pitta cic mit va cac goe elia m{ul hinh
‘tir dién.

Gid sif trong khong gian, cho hinh tw dign
AoAldeAg Goi cic eanh d8i dién véi cac ecip
dinh A;, Aj " ajj (hode aji) va cée goc phing
ciia cac géc nhi dién e6 ofic canh Aidy 10 a3
(holic a).

ép dyng eéng thic {5) cho g-:Sc tam dicn dinh

Apta co

sin 1y o sin op2

4

sin (ag2. aga)

sin ot
ARESRT U) S (9)
sin (@g2, ag3)

sin (asgmag)

Nhén lin lwet cd tir sd va min s§ cla phin
58 thir nhit vai @3 ¥ @23, phin m‘i thir hai
viri gg2" v g23, phiin s8 thi ba véi @,z va aes
Vit gol s, 81, 82, 53 ln hegt la cée dién tich eda
chc lam gide ddi dién vhi cae dinh Ao Af, A2, As
ciia hinh tir dién thi tir (0) ta c6 :

e S
3003 3iny; @a,a2z $i0%21

- 5- +

= e 9)
402403 sin®,;

Twong tir, ap dung cong thive (5) cho gac tam .

didn dinh 42 ta o6
i n . 51

- a%p ast sin dg.e aniyg sinyy

R Sp - S (10)
2 1ao33iN%3p ;

Cling 4p dung con;, thire (5) cho gée ta m dien
dinh 43 ta co:

83 : . s

I

: § :
a0 agl sindsg alo a12 sinttyg

e {11)
: o] do? SiNCog :
Tie (0°) va (10}"ta e -
i 30 e S = i
agi agz aos sindgl sindp, ]
230 a3l a3z sin2a1 sin%as :
. Chie ci hai vE& eho sin Oog ta co:
$5 Lo
a0l a2 dyg sin2Qy sincoz sinos =
2
— (12)
@30 agl adg2 51NX30 sIn31 sindtys
Tuong tw, tir (9 va (11) ta_eo:
¥ 42 &
ao1-ag2 aog sind o1 sincoz sin,g 5
2y
' 2 - ®(13)
az0 a2} a2z sindep sindyq sinday
Va cling nhw viy, b (10) va (11) ta c6:
3 per e VRS
a01 tmz ﬂla ‘-lnam sindigg sin®og
b s : (14)
aio alp 413 sintip sinfiiz sindiy hp e
Tur che diing thie (12), (13) vi (14) ta cé:
s, :
a(il ao2 apn3 sindgl simo2 sinttosg :
o st
T aroaz aig sinAio sinie sintig
: o : R
20 a21 423 sin®20 sindz; sinca3
= = (15)

30 Azl a32 aiumau sindgy sindgg

Ta ¢ thé vidt (15) nh wu
2

SRS R __"'______ £
Tatgi sinyi Tayj sindy;
=125 =023
st = oG
: ﬂﬂz.kli_nctzk ] Mag,, sinda,,
E=0,1,3 m=0,1,2

D6 la céng thirc sin cho hinh ti dién.
thie 46 cho ta thiy méi lién hé gilfa of
cdc canh va cde géc ciia mot hinh tir dig-
i _https://tieulun.hopto.org
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SD sanh cac ed, nhat 14 che 56 1on 1a mét viée
réit kho khan via phie tap. Biic biét eac si
dd lai & dang khong ed dinh thi vide tim

. che ddu bit ding thie gitra chung lai cang kho
khtn. Thé phwng trong chueong trinh toin &
trirémg pho Lthong lai vt it dé cip dén vén d@
nay. Qua bai bio nay t6i muén irao doi vai cic
ban phucng phip gidi mot s6 bai loan dang do.

Bat toam 1. S8 nio lén hon trong hai sd

Joq 100
2% e gt
> . 100 1200
Léi gidi, Ta sé chirng minhrang 2° > 37
That vay, tu (3/2)° >2
fa suy ra : :
- 5 100 100
A= g hnj AR R
Te a6 ' '
¢ 100 100° 100 b :
a5 reonfies ik (dpem).

BAi toan 2. S8 nao lon hon li'uug hai s&
10 10 10
b 46 var’
Lai giai.
.Cdch 1:

10 e 10

B SRy :
10- 10 .10

da cd-5 F 6 =128

Ta chirpg minh ring

- That iy,
Vay dicu cin ehwng rnmh tuong duong voi

10
PR ‘{'}'ha_\ 7,"6) }"

Theo bt diing thue Becnuli, it du-r;rc

f?,fﬁ}m-—u + ma}u >1+10. lfb,-; 2,
dé la digu j;l'lFH chang minh
Cdch 7 : Ta co 5° 4 6% = 1< 33=17°
h;i\' {3 '")3 1 (bh) <4
it khae

5D G va {ﬁ;’?)“’ < 6/7° -

" VAI VAN BE VE 50 SANH CAC SG

ughia la

L

L] e | e

£

NGUYEN VIE! THANH

TS 04 ;
* G0 4 (/7)1 < 3

5

i
10 4 g0 <110

Bid toan 2 khong phai la bai toin qua kho,

- song 161 gidi elia no li co st dé ta suy nghi gieu

cdc bai lodn téng qual hon.

Bai toan 3. 56 nao 16n hon trong hai s6
Bt o e e
. Lii gr:&c'. Truée hét ta nhin théy ring néu
¢d mft 86 n nao d6 sao cho
At L+ 9 <0
thi véi mof s m>=ntn dBu cH ¢
R e :”w
Bay gid, b:'“-mg phép thit tree tidp, ta duwoe
142...49 > 10, 12+ .. 40 > 105,
P2+ >8P =0 512> 107
Nhir vay, véi i teong dBi bé thi bude thir 46

Iam cho ciec wée vong sit dung cdc nhin xélcla
ta mhl hién qui, song véi n= 7T'lacé:

17 + o7 <237, vt the 1"+ 2" + 37 <287 L 41

Tiép tyc gué trinh d6, bing each sir duny
hét diing thite Beennli thi 14 3 iRt “::2 519'
2.87 <97 v3 2.9’ -:;'m tuelat’ 427+, Fo! <10”
Voi n=5 thi 1°+2° +.0+ 9° > 10° do 6 bit
déng thire 09 +0,8° + 0.5 1

Céc ban hﬁ.; tim iy trudeg hop n=6.

CTvh 160 15 4+ 29 m® < 105

Viy te di dén-dap s la

el 1S R thi 1t e > 10"
—Véi n > Elt-hi e e L 10 -
'Baii toan 4. 506 uim. lén hon ‘trong hai sd

¥ 2
2
2
14224 3% +..+10001°% va £

https://tiéuluﬁlhopto.org '
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¥ [
Lo gidi. Ta ¢o _ ; ; Bay gm ban hiy chun ly mot day s6 tuor
32 ) s Dhién lign tiép £, KL, ki n o yod E>2wva -
2 2 16 : lap cac sb theo quy -luit sau: ]
. R R i
\ b
Vi T T jaraka R o "
F 6 4 16 e 1 :
= {4 nén 2 G4000 : :
o o : = i k(k+1) vi (k41K
2 7 ;
W ; Bai to&n 6. Hai s6 vira 12 duge 1hl s§
anhia lé 2° 5 pHALE0 b " ndo 1én hon, i g
Mt khéo *

Liéri gidi. Ta sit dung bt ding thie: .
1+ 2" +.i3—|-...+ 1006"°%° < 1000.10000%° S

e BT 1001 _ ,10010 S Ak n,
1000199 <~ (9 01001 voi k<In thi Vi >Vn
Do 364000 - 410010 L
. ma 43 ¢é Mn chung minktrén béo To4n hoe va
22 tndi tre,
. :
Nth o2 e e IOJ{I“}W<:22 Tré& lai hai toan. (a hiy d’ih_ :
Bai toan 3. 86 nao 1én hon trong hai sé '
2 : a= u:+1:i1‘+“)
- % TRan e thi bdi toan dwa ¥8 so sanh hai s6 & va o
9% o e R o ' Yoi kg >1.0 ¢
: ’ o e R6 rang k° > a*¥ (vi né twong dm:rng vii
Léi gidi. Ta hiy 64t . :
: 2 i 'l'zk e V‘n}
e n Bay gi¢ cling vél diy s8 dé, song ta l&p che
an-_—..E-z i 56 theo m@l quy lual phire tap hon.
T2 .50 )
vi ba=22 | 2T : Bﬂl tﬂill 7. 86 nko lﬁ-u ho‘n trong hm sfjrn
e -
J Jea 7 i ey e
Khi dé : Biply ki)
- (ktg-1) ) L)l ]
a:-2, az =4, a3 = 16, d4 =65536 ; 51+-4 s ; ( e
Nhr vdy d& thiy ring g (k1) i (k1)
ar <" by, a2 < by, a3 << by, a4 < by {k+DE LT wh (e TE
Ta hity xem a5 va b3, 1a ¢o: ) trong @46 k >1, 15,i< n
a5 = g° =269336 po o 099ng22222 Lii gidi. Ta hiav dat
‘Ir-H--J _];+u

Ta chieng mmh aoc‘:b% :
That viy, vi 22922 ~ 1994 = 50
TR 22-12222"-23 S ‘210 23222 2222220 > 265536
tie i b5 > ag,

Ta hay chung minh ring voi n‘?s*b thi an”>by.
Ta ¢6 22 ... 3 < j0°
‘«-ﬂw

n

) v
o = k(%) vio o b=(k+i4 (it
thi ré rang a>2 va b2 vi bai toan dwa Ve
so sénh hal 88
bt pp)® (k43)
(k+D* + va (ki 1)
Triéd hét ta hiy chirng minh ring voi k=1,

Ipén bn < (ll}”)m i 10“10 < (9 ,1112 } a } 2, b =2 thi

" b _l:
a(EHitly -~ opfktiy

': 4p. 2 .:,2
5:: : That vay, do (k+i+1)® > (k)41 nen
tire 1a by =7 2% e - hi e o ; o
Mat.khic ta hwn e an_n2> Sn voim 26 e e AR 5 a.a(*+) = 2a(*+)
On--g 5n : T['l'} l@.l bél tﬂgﬁﬂ ta 11‘1:1}" ; -
do dé ip = 22 :} o3 = by “H-I-H) (k—i—[}b {k—}-i)b
Viy ta co két qud (k+0)* - > R = P2k DR
N6 I SR AM o s g it iy i)h

= N1 6 'Q n thi dp :} bﬂf : >{k+i+_1)a . Bai t,u-'iu duge giiihﬁ;‘)is}lfﬁfeijlun.hopto.org
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Trong diy s6 tu nhién 40, ban hay ¢ ging -

_tim 15i. thi€t lap chc bai toan va gidi quyét no,
dé kheng phii & mot vide lam, vo ich. Sau da.
. ban hdy chon diy sb &i. 62, .. an thoa min
af <ty < .+ < gn vh {1€n hanh twong 1y, chic
ban 8% kham pha dwoc nhign diku bi ich.
Céc ban hiy gidi cac bai toan san day-

Bai toan 8 'Sd nao léw hon trong hai s0 .

-3‘ * n 23‘ g I
an va 3 :

5 . -
3 = 6:: ;
69
b) 5° wa o 4% g
300

¢) 300! wa 1007 .

https.lisites. google. comisite/letrunglaenmarh
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‘Bai todn 9. S5 nao 16n nhit troog nhing

i 86 sau

. : 10
i1 =

L B | miﬂ- 55

1l 1959 10 55

———— i 3 3

1979

G 23

Bai toan 10. S3 nao lon hon trong hai
$8 sau. 3

cliR ) . o 3
3 nt2
a2 ‘ R ; .

3 iy
; 3 3
pyad vk 100

MOT BAT DANG THUC

RONG .mét bai bao & 86 bio 106, dat chung
minh bat dfing thirc Ne-so-bit -

a ag
S S . T
a2 + as a3 -+ a4
..i'.%:‘.l i e %450 '(” .
: ag + a1 ai + a2 2

cho cic trudmg hop n=4, 5, B, cic the gia d& dua
- rd bAl dfng thitc sau:
(a1 + 2 Yo o) =

= i’—r-[m(az-&-us) 4 ag(as+a4)+l...+nn(a1+ C_I2}1 (2)

Trong bai bho 46 bt afing thue (2) da dugc
ehiing minh néu R=4,5,6 (tr do chirng minh
durge (1) voi n=1.5, 6). Cudi bai bio cie thc gid dat
vin dé cho ban doe li tim xem w&i nhitng gid
{1 nao-cha n thi bit ding thie (2) dung.

Ban Hoang Dirc Tdn (hoe sinh khoa Todntrudng

gifii qurét xong
duge ring voi
Cich

Prai hige Téng hop Ha Noi da
bl ding thaoe (2), chirng minh
n>>6 thi bit diing thirc (2} khong ding.

¢hang mioh ahue sau,
Gia st bat diing thie (2)
1,25, m) ta co H
atfas - az) e T aplmytaz) 15427+ ..

4 (n—2H2n = 1+ (n=12{n* V3

dang, chon ax=Fk (k=

n-—2 5 i\

e el Bk 3 nt4+i3n—1
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