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'VE BAI TOAN AC-NON

* 1. Nhiéu bai todn hay khéng phdi bao gid
cing hinh thanh ngay mét lic, Co khi nd xuit
phit tix mot bii toin d&. Bing nhirng thay ddi
chit it hay mé réng tham nhirng didu kién chia
bai todn dé 46 ta 1gi thu @uge nhitng bai todn
tha vi.

Trong bai nay chingta hiy theo dai qué {rinh
di téi 100 gidi cfia bai toan sau diy do. V.Hidc-
nbén dé xufit: “Hiy mo 14 b n sé tir nhién'fac
cho tich eda bit k¥ n—1 g5 trong ching cdng
thém 1 chin hét cho s con lai® Ta goi tit la
bai fodn Aln). : 1 :

Bdi todn A(n) @& 6 161 gidi khi 2 nhd, chiing
han khi =32, 3, 4. B6 1 cic baj toan dé. Tuy
nhitn vé! n bét ki A(n) vén con 14 bdi todn chira
co it gidi, *

Ciing nhw ditng trude nhidu bii todn kho khac,
ta thi bing phwong phip cha «nhi nghién
cuu® xuft phit Lr viée quan sét, phan (ich
loi giai edia bai todn A(2), Ai3), AW) ma tidp cin
t&i 1o gidi efia bai toan irong trwdng hop tdng
quét. :

2. L&rigidictia bai toan A (n) khi n=2 3,4

Al2) 12 mét bai todn kha da, Né ¢d nghidm 1a
{ll ]J (1; 2) Vi {2) 3).

PHAN PU'C THANH

Bay gi¢ ta chuydn sang xét bai toan A(3).

Truée hét ta hiy tam gic cac nghiém ca
chita 1. :

Gid sir (x,y,2) 14 mot nghitm nio ddy cia
bai toin A(3). D& dang nhan théy rdng bit ky
hai s6 trong b ba d6 phai nguyén td eiung nhau,
Vay c6 thd xem 2 o<y < -

Tir di€u kign clia bai toin tu co:
xy + 1= kyz
xz + 1 = fay
b2 4 1=k

trong @6 ky, ke, k3 1 efic s6 tiw nhién.
Nhén cdc hé thiee dy theo vE la cé
xyz (xyz + a+y+z) 4 xy 4 g gl o |
=l ke k3 .ryz' ;

=zytyztaz+1!ay: ;
=aytyz+rz+ l=Adxyz (4 14 88 tir nhign)
= 1oty +1/z + xyz = A.

Gid tri 16m nhit cia A dat duge khi x, y, =
bé nhét, tire la khi =2, y=38, » =4 (trén thire
tad z 2= 5.
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Ta d46 _
A2+ 1/3+1/4  1/2.3.4=27/24
- 4= 1.
Vay (=, y,-z) thda min.
e+ 1y 1z + lzgz=1. (1)

Biy gi¢ ta ching minha=2. Thire viy néu
nguge lai, tie la néu x =3 thi y = 4, z =5 nén
ta co

1= Uz 4 1fy+ 1z + Uagz<1/3+ 1/4+ 1/5 4
4 1/(3. 4. 5) = 48/60
13 didu khong th¥ dwge. VAy chi co the = =2,

() =1=1/2+ 1y + 1z 1{2yz

=y =2-+5/(z—2) =
=sz=23 hay z=7 =y=7 hay y=1.

Viy nghiém khéng chira 1 elia bai todn A
la (2,3,7). Néu k& ci nghiém chiral ta con cd
ba b nira:

(1,1, 1) (1,1, 2 va (1,2,3).
P&i vol bai toin A(4) ciing gidi tuong ty.

Péng vai tré ciie phwong trinh (1) la phwong

trink.
1+ 1y + 1z +1/u + Yzgzu=1.

Tit phwong trinh dé ta thu dvoe nghiém khong
chira 1 ctia bai todn 1a (2,3, 7,43). Néu ké cfi
nghiém chita 1 ta com cd theém (1,1, 1, 1),
(LD, 2, 3y vk (1,2,8,7)

Tueong tir ddi véi bai toan Afn), nghig¢m
(x1,00,,xn) théa min phwong trinh,

1,-".:]:] + ... -+ ].|'lxr| I :IJIrIlloiﬂ:n =iy {2)
(4 1a 86 ty nbién)

Ménh d& nguoc cling dang: Néu a1, ..., xq 1A
cic s6 tir nhién théa min phuong trinh (2) voi
mét 36 ti nhién A nio ddy thi bd (wy...an) 1
nghiém ctia bai tedn Aln).

Rit déng tide 14 trong truong hop o bat ky
khong phii ta luén e6 A = 1. Trong thue té A=l
2hi 48i voi nhirng a < 38.

3. BAy gio A8 d& quan sit vd phan tich ta
hiy liét ké cdc nghiém cla bai todn A(2), A(3),
A1) dudi dang mot bing sau:

A@: (1,1 (1,2) 2,3)

A(3): (L1,1) (1,1,2) (1,23 2,3, 1)

A .1, 1) (1, L1211, 2,3)

(2,3,7,43)

Tir bdng trén ta nhin thiy ring trong mdi
¢ot nghiém & hang dwoi nbin duge to nghitm
& hang trén blng cch thém vio s6 1.

11,2,3,7)

<)

Ti 46 ta c¢6 bd dé hifn nhién san:

Bb d& 1. Néu bo (r1,..,xx) l& nghiém cia
bai toam A(k) thi bd (x1, ...z, 1) 12 nghiém
ctia bai toin A(k -+ 1). Nguge lgi néu trong
k41 6 14 nghiém cidas bai toan Alk+1) c6
chita 1 thi sas khi bé 1a@i ta nhin duge nghi§m
chia bai toan Alk).

Con day (2. 3%, 2, 3, 7),... degc phdn énh
trong b dé sau.
Bb 48 2. N&u Lo (x1,... xx) 12 nghiém ecis

bai toan A(X) thi b8 (x1 ... 2k ®..3k+1) 18
nghiém cfla bai. todn Ak + 1)

Thue vay tich ela k sf ddu tién cfng the¢m
1 chia hét cho xk+1 theo dinh nghia cila 80
2p+p. Bay givr gid st a3l 6 mat trong tich.
Ta goi X; 14 tich ciia k—1 s déu tién trong
d6 khéng chira xi.

Ta cin chitng minh réing Xj x4t + 1 chia
hé&t cho x;, Bidn 6 suy ra tir

resy = Xirp + 1 = Xapet +1= X1 (Xgxs +1) + 1
== ;:'iXiz + (X; + 1)
s6 hang thi hai chia hé&t cho x; theo ditu
kidn cia bd 4@ 2. :

Nher b3 d2 1 va bd d& 2 ta nhgn thiy ring
xuit phat Lir modt nghiém ecla bai todn ALk)
ta thu duge hai nghlém elia bai toan A{L+1.
Bing céch &y xufit phat tir nghiém cilia biitodn
A(2) ta thu duge cicnghidm efia bai toan A(3)
vi k€ d6 ta thu dugc cdc nghiém cia bai
tofin Al4).

D& dang nhén thiy ring bing céch dy ta
thu duge tit cd cde nghiém etia bai toan A(2),
A(3), A(4). Tuy nhién didu déng tiée la xuit
phat tér nghiém ctia bai todn A(4) bing chch
iy ta thu dugc khong phdi tdt ci cic nghitm
clia bai toan A(5). Ching hgn ngoki nghiém
{2, 35 7, 43, 1807 thu duge theo cach ciia b
a8 2 lai con co6 nghidm (2. 3, 7. 47, 395).

Chinh 1§ do 46 bit budc ching ta phéi tiép
tuc khai phé con duéng xay dyng nghi¢m cua
bai toan dang xét khi n bt ky.

nghi¢m ciia bai

4. Gid st (1, ..., T) 1
todn Alk).
Pil fg = 1., T Ta ebd
tfxg + oo + Hzp+ Hfk = A (3)
Hon nita’ gid s& zx41 = 1 sao cho (Xl ...v Tus

xys1) lap thanh nghiém ctia “bdi fodn Alk41),

Ta ©o
1zt + oo + Uz + Yzery + 1 (iTx4) = A 6
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Ter 3) va (4) ta suy ra :
Vaksa + Y(fxek4a) = 1 = 2x41 = fr+i.
Ta lai thu duge nghiém theo hb 42 2.

Nhu v4y néu nghiém ciia bai todn A(k41)
nhén duge bing céch thém mot s8 vio nghiém
elia bai tokn A(K) thi s nady dwoc tzo nén
hofc theo bd d& 1 hode theo bB da 2.

Tir @6 ta nhin thiy ring vide thdm vio m@‘l
s6 khong mang lai cho ta didu gi méi ngoal
nhitng didu 43 bi&t & trén.

5. By giv ta gid thift rdng (a1, .., 20 la
oghidém cila bai todn Alk). Ta cé

Yoy 4. + g +1ffr =4 (5)

Hon nita gid s (x1, ..., x%, oTp41, apes)
Ia nghigm cta bai toan A(k+2) trong 86:
Tk4l == 1. ax4+25=1. Ta cb (véi cling 4 & irén)
Va4 oo + Vag + Uzepr + Vagps +
+ V(T x 1%k r2) = 4
2 akgy + Vaksz + V(T r1Ti2) = 1 (D
> rkip = fic + (ff + 1)/ (@t — 1) (8)
Do xk+g‘phé.i nguyén ndn d—ayi1 —f; la
woe cha fi + 1. Vay

?-rkﬂ =fu+d
Tpte =i + {f]g; + 1)/d
Nh& che h§ thire (5) (8 (7) (8) va (9) ta di dén

Bb d& 3. Gii st (x1,..., a) 1 nghigm cilia
bdi toan A(R), fu==ax1...2x va d 1& wdc ciia

fE+1)
d

(6)

)

f2 + 1 khi @6 bo (x;....,,w'.-k, fx + & [t

& nghiém elia bai toan A(k 4+ 2).

Nguge lai niu nghidm ciia bai todn A(k4-2)
nh{n dwge tir m¢t nghiém nio a4y ciia bai toin
Alk) bing céch thém viao hai s6 khad 1 thi
cio 86 di thém vio thda min diing thwe (9).

Chi ¥ riing d=1 vh d= 2+ 1 Iuén lubn li
ubc clia f£-4 1. Boi voi chc ube ndy bd d& 3
khéng cho ta diu gi méi so voi b3 d& 2. Tuy
nhidn néu £ + 1 khéng phii la s6 nguyén (4 thi
bd 4% 3 cho ta mot loat nghiém moi. Ching
han 46i véi nghiem (2, 3, 7) ta c6 fE41=
= 1765 = 353.5. Xudt phat t&t nghitm nay va tir
bS 48 3 ta thu dwge nghitm (2, 3,7, 47, 3953) ma
ta 44 ndi d&n trong myc 3. Twong tw xuft phat
t nghiém (2, 3, 7, 43) nhé b3 @8 3ta thu dvoe
nghiem (2, 3, 7, 43, 1823, 193667).

Binh nghia. Diy nghi¢m thu duge tur nghigm
(2, 3) theo b3 @@ 2 duoe goi la nghiém co sé.

Néu 56 f +1 1a hdn 6 thi theo bd a2 3 1g
téch ra duge it nhit 1a mdt nhinh nghidm,

Bang quy nap ta ching minh dugc ring fok
¢4 tin cung biing 6 vi f2x+1 ©6 thn cung bing 2.
Tir 46 suy ra riing trong diy co s t4i ci ehe
88 fgk+1 + 1 dBu chia hét che 5.

Tir tinh chdt nay ta nhén thfy rdng: khi n 12
nhé bo d8 3 tir diy co s& ta tich ra duge mot
nghi¢m, nghiém nay nho bd @& 2 sinh ra duge
mét diy mdéi cde nghiém.

6, Bay givr ta di theo mét hudng khéc a¥ gidi
bii toan: Xufit phét t¥ ughiém cda bai todn
Aln) hiy tim cich thu duge m@t nghitm khac
eiia bii tedn d6. Theo hwong ndy ta co.

Binh 1y (Brétsky).

Gid s (x1,..., Tn-2, ¥n~, ) 14 nghitm thu
dugc tir nghiém (x1,..., a2, xa-1) theo bd
d® 2 va (fn_sxn+ 1) [ay 1 = dida.

Néu hé phuong trinh

fa-z2 x4 1=dy
fo—zy+ 1=dsx
cd nghidm nguyén thi

(1. 000 B0, ) ciing ld nghidm cha baj
tDﬁl’L

(10)

Chitng minh.- Bing cich nbin cée phuong
trinh cla he (10) ta e6

: Tk 1
fﬁ._g..l'.y+‘fu_2 fz+y+1= &“M"'-'Ig

Ln—1
hay 1/x+ 3y + Y(fagzy) = ~fy_p + L22Eat |
fo-220_1
Chd ¥ riing. = ool + 1
e fo—1=fo_g Tn1

vad nh& hé thiae txg +
ta di dén hé thire

Vag oo+ 1apes + 1z + 1y + 1 famg 2y)=4A
. Didu d6 chung 18 ring (a1, ..., 702, x, y Ik
nghidm chia bai toin Aln).

Nhér dinh 1¥ trém xuidt phat tir nghig¢m (2, 3,
7, 47, 385, 779731) ta thu dvge mHt nghiém khic
(2, 3, 7. 47, 415, 8111) cfia bai todn dd. Nghi¢m
nay khongtao ra duwge bing cich ding bd d& 3.

D& ding chirng minh duge ring dafi véi ecac
nghid¢m tir diy co sd hé (10) luén lusdn co nghiém
nguyén. : :

Cho d&n nay ching ta vin chwa biét duge
bai todn A(n) ¢é bao whiéu nghitm v&i n cho
trude (tay ¥). Ching ta chi méi di duge mot
vai bude trén con dwdng con khé dai a3 téi loi
gidi ciia bai toan. Trén buée duwdng ngin ngui
44 ai nldy sinh ohitng vin 4% méi doi hoi ta
phii suy nghi lgi e4c phwong phdp cii va tim
kiém nhirng phuong phip mai.

Chie cic ban thinh céng trén ching dudng
con lai.

s 1J":":Il-.] ok if'_rn—i-:: A
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TIEP TUC SUY LUAN TREN BAN O

RONG hai s6 bao 101 va 105, ban Lé Théng
Nhéf 43 gioi thiéu woi cdc ban mot loat
cac bihi todn trén ban co, ma chi yéu la

cdc bai togn phit va chia ban c¢. Lin nay toi
xin bt sung mot s6 kidu suy lugn khic trén ban
cr ma qua do mong cac ban duroe lam quen vii
nhigu bai todn tha vi.

1. Phit ehéie ban c& boi cac domino.

Trirde hét ta goi cac duong ké trén ban cd
la cac dudong gidi han. Ban e m X n goi la duoe
phii chiic chin b&i cde d6mind néu né duoc phu
kin b&i cac ddminé khong chéng l&2n nhau v
péu chia ban cér theo bit e dwong gitd ban nao
ciing s& cit it nhit mdt hinh ddminb.

Ta zét bai todn trén ban cér 100 < 4:

Bai tein 1. Chéog minh réing ban co 100 x< 4
la bian cé& khong the phi chic chin hdi eche
domind.

Léi gidi. Ta thiy ban co 100 X 4 khi duge
chia d6i béi bit e dudng gioi ban nao thi mdi
phiin ciing ¢6 mol sé chin o.

Gii s ban ct dwee phi kin boi cde domind
khong chong lén nhau thi & m8i pban c6 2
loai & :

—1loai & bi pht béi démind khong bi cit (1)
—1loai 6 bi phi bdi démind bi et (i1

Ta thiy ngay s3 6 ciia logi 113 s0 chin, wi
mdi domind khong bi edt s& phii 2 & efia ban
ctr. Do ting s8 6 cla 2 logi & mdi phiin li &8
chin, nén suy ra s6 6 loai II & mdi phin ciing
1a s8 chin. Nhu viy s cde démind bj ciit 1a a8
chie. Nhu vay néu tit ci 102 dwong gioi han
dwéng nao ciing eit ddmind thi it nhit trén ban
cdr phidi co 102 X 2 = 204 d0miud. Nhung bin
¢& duge pht kin b&i 200 domind. Vay it nhit
phii co dwdng givi han khong cil démind nao.
Suy ra ban et 100 3 4 khéng th8 phi chic chin
bdi cic démind.

Cac byn hiy 4p dung cach lap ludn trén cho
ban ed 6 X B, sau dé céc ban thit xét ban co
8 X 8 xem sao? Nguoi ta db ching minh dwge:

€ Moi ban cd ¢6 dién tich chian vi mdl chidu
16n hon 4 (trir ban ¢o 6 X 6) d8u co thE duge
pht c¢hdic chén», Cic ban hiiy ty ching minh
ménh d& dé.

4

LE VIET NGA

2. Vaibaitoan vé buée di eha conngua.

Phdi néi ring eon ngwa la con c& di lit léo
nhiit trén ban eo, viy md 86i voi no lai nay ra
phigu bai tean thi vi.

Hai tosn 2. Trén mdi 6 ciia mot ban ct cb 88
6 1a mot s8 1&, ngudi ta dil mdt con ngwa. Ligu
co th: cho mbi con ngua cung di mft bude sao
cho mbi & lai c6 ddng mdt con ngya hay khong?

Lot gidi. Trén ban cd 46 1a cling cd edec 0
tring va eic & den xen k& mhau sao cho khong
c6 2 6 tring hoic 2 6 den nao chung eanh Nbu
viy ta s& goi cac con mgya diang & 0 tring 14
ngwa tring, con eac con ngua dirng & 6 den la
ngye den. Néu mdi con ngra déu di mét buée
vi & mbi O lai ed ding mdt con ngwa, thi do
cdch @i clia con ngya nén cic con ngyua tring
s& nhiy vio cic & den va cdéc con ngya den sé
nphiy vao eac 6 tring. Suy ra s8 ngya tring vh
ngua den 1d nhu nhau. Suy ra g6 0 ban cd la
ehiin, miu thuin véi gid thiét bin c& co &6 6
1é. Vay khong thé cho mdicon d8u di mol bwrde
d% sau do mdbi & lai co ding mot con.

Bai toan 3. Coa ngya cé thd @i tir goe pay cia
ban co thdng thwéng téi gée d6i dign sao cho
di qua mbi & ciia ban e ding mot lin duge
khong?

Léri gigi. Khéng the duoe, gid s 6 & gbe con
ngra xult phat 1a 6 den thi san m{t s8 1& bude
con ngws phii 16i & tring. Do con ngwa phdi
di qua méi & ciia bn co ding mot lin A% cubi
cing téi o 48i dign v&i 6 xufit phit nén no dép
& nhy & buéce thir 63. 83 bude di 1é nén suy ra
& nay la & tring. Mau thuin vl n€u 6 xudt phdt
i & den thi 6 & géc d5i dign cing phai 14 o
den, '

Truce khi sang bai tofn 4, ta hidu ring mol
ban cé goi la déng v&i hanh trinh clia con ngua
néu con ngira cé the di qua mbi 6 ding mot lin
va tro v8 o xuft phét,

Ta thiy ngay néu bin c& déng voi hanh trinh
con ngya thi phiicéd s6 6 chin vi d6i voi mol
hanh trinh kin ctia con ngya thi 8§ & den mi con
ngwa di qua sé bing s6 & trAng ma nd di qua.
Vi vay bt ¢t ban c& ndo ¢6 s8 & trang khée
86 & den thikhong dong v6i hanh {rinh con ngiza.

https://tieulun.hopto.org
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Ta zét bai toan:

Bai ‘toan 4, Chirng minh ring voi moi sé ty
nhién a thi ban e n X 4 khong déag véi banh
trinh con ngua.

L¥i gidi. Gia sir véi 86 tw nhign n nao 86, ban
€O n > 4 dong v&i hanh trinh con ngua. Nhu
viy tai mo6i & phii ed md! budc vio vi mt
buwde ra ctia con ngya, tie la phii c6 mdt bude
con ngua di vao & &y vid mdi bwde con ngua
tir & &y @i ra. Ta hinh dung ban cdr ndy gdm
4 dii 8, hai d4i & ngodi ta goi la bién, con hai
dii & trong ta goi la gifra.

Ta thidy tir 8 & bién, con ngwra chi eé thd &i
vao 0 & gita. Do ¢6 2n 6 & bit¢n nén phii co
2n bude bude vio & gita. Do mbi 6 di qua
dung mot lin nén & mbi 6 gitka chi con ed mdi
bute ra. Nhung buée ra niy khong tht ai t6i
mélt & & gidka vi tit ch cdec d & gifta di cO mot
bude vio, vay budc ra nay phii tir 6 & giita 46
di t6i 8 & bign.
~ VAy con ngya phiilin lwgt tr bien vio gitta
rdi ra bién, réi vao giita, v.v... ¢it xen ké nhau
nhw vdy trong sust hanh trinh. Do mdi buée
thi con ngya di tir 6 mau niy dén 6 mau khée,
nén suy ra (it ¢i chc & & gilta ciung miu v
cde 8 & bien cing mau, vo li. Vay ban ce n X 4
khong déng véi hinh trinh con mgwa véi moi
s tir nhign n.

Cac bgn hiy gidi bai todn:

Bai toan 5. Conngwa khong th® &i toi 181 cj
cic O trén ban ¢ 4 X 4, mid qua mdi b ding
mét lan.

D6i véi bai toén tdng quat ngudi ta di tim
duge cie két qui hay:

Véi ban ¢fr n >< n, con ngwa 6 thE ai t&i 14t
ed cdc @ chia ban e ma qua edc & ding mot lin
nfu n =1 (mod 4), hoic n = 2 (mod 4), hoic
nn == 0 (mod 4) nén n >> 4. Hai trudng hop san
do N, Nhextvelaev la mét hoe sinh & Leningrat
Lién x6) tim ra. Ngoai ra Nhextvetaev eén dua
Fa mét hinh trinh tdng quit cho con ngua véi
ban e r X n khi n == 15.

Ngudi ta cling lim diwrge ban e 737, 11311
ciing théa min dé con ngwa di hét cac & cha
ban c& ma qua mbi 8 ding mét lin,

Khong nhitng thé ngudi ta cdn xét cdc bai
todn 481 v&i ede ban ed trong khong gian, chiing
han nhw con ngua di hét cdc & l4p phuong cha
ban et 4 X4 X 4 va di h#l cée 6 vudng trén

6 miat clia hinh 44p phuong 8 > 8 X 8, sae cho
khéng 4i qua noi ndo qué mot 18n. '

3. Vai bai toan vE con xe

Bai toan 6, Trén ban cd nxn xép k con xe b
vj trl mBi con khong & cing hing voi gua 1
con xe khiac. Chéng minh ks"4n/3.

Léri gidi. Gia sit e6 k con xe xfp nhuwr didu
kidn cfia bdi toan. O mdi 8 e6 con xe ding bat
diu ta ghi s8 0. Sau d6 ta xé1 trén che hang
ngang:

— Néu hang nio cd 1 con xe thl & ¢c6 conm xe
ta ehng voi 2.

— Néu hing ndo eé 2 con xe thi & coé con xe
ta cOhng vori 1.

Tiép &6 ta lai lam véi cde hang doe tuwong ty
nhu vAy. Cudi cung & cde 6 cé con xe ding chi
ctd thé duge ghi s6 3 hay s8 4.

Vay tdng S céc 88 ghi & cde 6 ¢d con xe dirng
phéi thda mén: 3k < S.

Mit khiac: & mdi hing ngang ta cong khéng
qua 2. Viy san khi lam cédc hing ngang ta cOng
vao khong qua 2n

Tuwong lu voi cde hing doe. Do dé toin b
ban c& ifa chng vao khong qud 4n. Toe la

S = 4n
Suy ra: 3k << 4n € k <. 4n/3.

Ehi n=8 thi s8 k 1én nh4t 14 10; cdc ban hdy
thir xép 10 con xe thos min bai todn trén ban
cir 8X8.

Céie ban biy lAm hai bai toin sau day.

Bai toan 7. Trén 64 & clia ban e¢d lAn lwpt
viét che 56 tixr 1 dén 64, theo tha to tir trén
xufng dudi vi mdi héng ngang thi te trai
sang phai.

Hiy tim téng cdc s ghi & 8 8 ma 8 con xe
dieng & vi tri khéng thd #n duge lin nhan,

Bai toan 8. Dianh s6 cae hing ngang tix (rén
xudng dudi va danh s8 cdc hang doc tur trai
sang phii. (' m&i & ban c& ta ghi con s8 la
lich efia chi s6 hang ngang vi chi sé hang doc.
Hay tim gid tri 16n nhit cfa tdng cdc s6 & n
O mi n con xe ding & vi tri khdéng in duoe
1in phau trén ban c& nx<n,

Toi tam diung bai vidt & diy, mong edc ban
¢t nhidu tim toi mai-
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Bai 1/105. Chikng minh ring véi moi gid
tri ngugén cia x thi bitu thirc

3 2
fEY = 1968 4 1970 e e 5 5
3 2 6

cd gia tri nguyén.
Léi gidi, Ta chéng minh ménh 48 (3ng quat:

Difu kifn cln va di 48 him s8 [(z) = az® +
bt + ez co gia tri ngnyén véi mei @ nguyén
la cic 80 Ga, 26, a4+ b 4 ¢ la che s nguyen.

That vay:

— (x +
fla) =g SE=DRe H 1)

+la4b+ ehx.

— Véi moi = nguyén thi (2 — Dxlx 4 1) ludn
chia hét cho 6 va x(x —1) ludn chia hét cho 2.
Do a6 a¥ f(x) nguyén chi chn 6a, 2b, a + b + ¢
1a cfc 88 nguyén.

= Nguge lai cho x lin lirgt cde gia tri ngnyénl,
—1, 2 ta duoe che s8 nguyén:

a+b+te, —a4b—e¢ 8a-+4b+ 2
Do db:
a+b+eld 85 nguyén
%=(a+b+e)+(—z+b—¢) s 5 nguyén

ba={(8a+4b+2)+ 2~a4b— ¢ — 3.2 1
50 nguyén,

Ap dyng ménh d& vho bai todn:
¢ = 1964/3 = Ga = 3928 nguyen,
b =1979/2 = 20 = 1979 nguyén,
c=5/6 = a + b+ c=1964/3 + 1979/2 + /6
= 0870/6 == 1645 nguvén.
Vay flx) c6 gia tri nguyen véi moi x nguyén.

Nhidu bgn dK gidi bai toin bing edch chitng
minh trye ti€p, ching han ching minh nhw sau:

f(x) = 19642°/3 + 19792%/2 + bx/6
=654%° + 3800% + 22%/3 + 2%/2 4 50/6.

Chi céin ching minh g[mlz?;::sf'd 4 .1-2;‘2+;"1.:-.-'ﬁ
€6 gla tri nguyén &l moi o nguyén,

4:1:3+3:r.2+ bx [.1'3-—;123+{3;\:3+3:r21+ Gx
y{w}: e ——— ey e Y, D S P T R AL L T
G 6
a(x — Dz 4+ 1 + 32%x + 1) + 8a

6

Chc 86 hang cia tir 88 d2u chis hét cho 6 nén
glx) nguyén (dpem).

Bai 2/105. T& ditm P di dgng trén canh
BC cila mét tam gidc cdn ABC nguéi ta ké cde
duong song song véi cde canh kia, cdt AB tai Q,
AC tai R. Tim qui tich cde didm D ddi xitng véi
P qua (R,

L&i gidi. Phin ddo ching minh khéng khé
khin. Phdn thuin eé nhidu cich chirng miah,
zin trinh bay mot edch don giln:

Céac tam gidc QDP (QBP cin nén D, 8,"P nim
tren dudng tron tdm Q. Twong iy ta cllng cé
D, P, C ndim trén dudng tron thm R, V1 goe &
tém gip A0i goe ndi ti€p chiin ciing m4t cung nén

—— —
BDP = BQP [2=4/2
T
PDC — PRC{2=A/2

—— —_— —_——

BDC = BDP + PDC =4,
nghia li D nhin BC duéi mot gc biing A khong
@%i- D khae phia véi P tée cing phia voi A dai
véi QR, do d6 D ciing phia voi A d8i voi BC.
V4y D pim trén cung BAC cta dwédrng tron ngoai
tidp tam gide ABC.

Bai 3/105. cho cdec 56 x1, x3, ...
mdn difn kitn x; =1 (i=1, 2, ..
minh bl didng thire
A+ 21 + xg)...(1 + xp)

2 n !héﬂ
, m). Chirng

23!*—-1 >

14 mixs ... oy
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¥
Léri gial. Pat ey=14% ti=1,2,.., nl Theo
gif thidt ;=1 nén 3 >0 Ta co
t1 + il o+ ).l -+ xa) =
=24+ 802+ F2+ Bn)

—o" L =Y, + 8,4 ...+ Ba)

+ 2 2(8y8a + .., + Opibn) +o.
: eee 6162-+-é‘n
<a-2+ Brg e 000 +

+ (8182 + ...+ 0,100 + .. 4 451”.6,,]

= 9" 1 4 (1 + 81 ... (1 + 8]
= 2011 + x1we an).
Ti d6 suy ra didu phéi chiang minh,

Bai 4/105. cho nhitng so fir nhién n vd m
(n>= 29, m>=2). Hiy tim (it cd cde nghiém ngujén
ciia phucng trinh

n

3
‘V n
c+ Vet..tfe =p

i e L e SR

m can

Léri gidi, (efia nhidu ban), Trude hét ta cb
nhan xét la néu phuong trinh cé nghiém &m
(z, g) (n 18k thi (- x, — ) s& 1a nghi¢m dwong
ciia phuwong trinh.

D& thiy ring *=28, y=0 la mét nghiém cla
phuong trinh d& cho. (iii st phuong trinh eco
nghiém nguyén x>0, g > 0. K3 rang x<Tp.
Bing cach liy thira bic n hai vé ta duge

n

!I 1j—-
M .1!3"!',..+I‘r1: =Hu <
NnatllIP S

m—1i

do x, y nguyén deong nén hai vé nguyén dwong.
Ti&p tue lAp luign nhw thé ta thiy

PRSI T
\/:s - '\J{I VA I"r.'r
li hai =4 nguyén dwong. Dit

n ]
i =:.;E' b= MJ: + E'Ii,
ta cd " =a" + a.
Mt khée do n =>2 nén ta cd
a+ 1" >a"+a>a"

a :
hav a+l:}b‘—"\f,an+ﬂ}n.

httos:/sites. google. com/site/letrungldenmath :

Pidu nay khéng thé xdy ra véi o, b la cac
s nguyén dwong. Vay phuong trinh khdng cd
nghiém nguyén dwong.

T nhén zét diu tién suy ra phirong trinh
ciing khéng th® cé nghiém nguyén &m.

Tém lgi phirong trinh chi c6 mét edp nghidm
duy nhft la 2=0, y=0.

T.T:

Bai 5/105. Gidi phwong trinh
logs (x° = 3x — 13) = logax

Léi gigi cia Pham Birc Trung (10D Nguyén
Khuydn, & Nam Ninh), Trdn Hitu Minh (10 E
Nam L¥, Ly Nhan), Truong Quang Viém (Ly
Nhan, Hd4 Nam Ninh), Pang Pic Trong (9 P
Bui Hiru Nghia, T.P. H8 Chi Minh), Vi Manh
Hiing (475 Ly Thai T, T.P. H3 Chi Minh):

Diku kidn phuwong trinh phéi thoa mén:

P PR« 3+ Vel
x>0 =».x> 9

Pit logs x = 3y ¢ x = 2%, phuongtrinh
tro thanh
logs 2% —3.2% — 13) =3y
@3 a3, 13
< (27/64)7 + 3(8/64)7 + 13(1,54) =1

DE thiy phweng trinh c6 nghiém y=1. B6 Ia
nghiém duy nbft vl céc him s6 ml & vé trai
d&u nghich bién.

Viy phuong trinh c6 nghigm duy nhit:
z=2"=38

Hai ban Ngé Dug Ninh (12 C Quang Trung,
Qui Nhon) vi Nguyén Binh Khién (10G Nam
Doéng Quan, Thai Binh) dit logs #=3+ g vada
s8 odc bgn khic dit logexr =y, gidl twong
tu nhu cdch gidi trén.

Bai 6/105 Giai phuong irinh
logs (x+ lx] —1)= Vi- 2

Léi giai (eha ban Ngo Duy Ninh — lop 132C
iruong cdp 3 Queng Trung, I'rin khdie Chdu—
16p 12C trxdng edp 3 Trin Quéc Tudn, thanbh
phd H8 ChiMinh : B3 Bire Mén—-9E Hing Vwong,
Viph Pha va nhidu ban khéc):

Phwong trinh chi ¢6 nghia khi
1=22 >0 hay fx| <1 va 2 + x| —1 >0.
T dAy suy ra
o<+ lzl -1 141—1=1.
https://tieulun.helpto.org
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Do da logs 1‘,1-2 + F:c| Pl logz 1=0, mit
khie V1—_2% >0 nen phwong trinh ‘chl c6
nghiém khi va chi khi logy G2+ x| —1)=
=V1—2"=0, nghia 18 1—2% =0 va 2* + || —1
=1, Khi 46 el =1 hay x = =Haily

Thit 1ai, ta thiy * = 1 nghiém dang phuong
trinh dad cho. Viy nghiém eda phuong trinh la
r=-=T1. ;

T

Bai 7/105. Goi A ==x—2y+3:. Hay tim gid tri
nhd nhiit cia A véi x, y, z la nhitng s trr nhién
théa mén déng thire :

12% + 11y + 342% — day — 82z - 36yx + 162 +
+8y— 24z +7=0.

Léi gidi. Diing thie d& cho c6 tht viét lgi
thanh

(e +9y°+16:* - 122y + 1672 - 2452)
+2(4:rﬂ+yz+9:2 +4 4+ dey — 120z — Byz + 8x 4+
+4y—122) =1, hay gon hon

@z -3y +42% 4 2(—22x —p+ 8 —2% = 1.

L y, = la nhitng s5 nguyén duwong nen a3
¢6 dfing thire trén thi phéi co:

1 2r —3p 4 4z =1 2x—3y-tiz—=—1
2 — g+ 3:=2 —2x — y + Bz=—2
a) Gidi hé 1: Gidi gy va z theo = ta duge

4 ¥
=i-':.c+1. z:-i.r+1. Do 46
3

hode 11 3

5

A=x — 2 (E-a:+1)+3(ﬂ8—:r-i—1) =x/5+1.
b =5

Tir day cho thiy riing trong Lrwong hop nay 4
s€ dat gia trj nhé nhdt khi x 13 s5 tir nhién
nho nhit sao cho ¢ vi = cling 1 s6 tw nhién
(do d6 A s& la 88 nguyen), nghia Ia khi x =34,
Iic d6 y = 15, ==19 va gia tri nhé nhit cia
A la 2

b) Gidi he Il : Gidi g v& z theo =z ta dirgre
g = (14x + 11)/5, z— (8¢ + /5. Do 86 A= x —
2014z + U5 +3 Bz + 15 = (x — 1)/5. D&
thiy réng tromg trudmg hop nay A dat gia tri
nhd nhét khi a=1, p =5, =3 va 4 — .

Tom lai, gia tri nhd nhét ela A4 Ia bing 0
ftng voi x=1, y=5 va z = 3.

Cac ban Ngé Hita Liém (16p 12 troong Bai
Thi Xuan, thinh phé H6 chi Minh), Bodn Quyat
Thing (3E khoa Toan Pai hoe su pham Ha Nai 1)
vad Nguoyén Vin Tién (Yén Phong, Ha Béc) 48 co
nhiing 1&i gidi dung.

G &

Bai 8/105. Tim tdt ca cde s8 [w nhién m sao
cho véi moi s§ tw nhién n & trong khodng

1<<n<[m/2] thi phén s6 (m—n)in khong phdi
téi gidn, ;

Lét gidi etia Nguyén Ding Qnang. (lop 9 chuyén
todn Bgi hoc Téng hop Ha Ngi) va nhidu ban
khae:

1. Neumlé: Gii st m=2/ + 1 thi theo #iu
bai ta ¢6 1<Tn<{I. Trong trudng hop nay ta
thiiy ngay rdng khi n=1{ thi phan s6 (m—n)/in=
(t + 1)/ 1a phin 85 t6i gidin. Vay khéng tén tai
cic 56 m 1& théa min didu kién ciia ﬁ&u'béi.

2. Nén m chin: Gii stt m=92 va 1< n<_I
Néu o 88 m ndo diy théa min ditu kien dfiu
bai thi t&t ¢i cde phan 88 sau

_f__ Gy B ) .{11—2"
s 1 L

Fg 2

5. i i |
deéu phii khdng t&i gidn. Nhupg khéng
=

t6i giin c6 nghis 1a (141, I~ De=d>1 vi
U+ = (Lmd) =2 5.

Vay d=2 va ta thiy
fla s 18 (1)

[+2
MEkhde =T Khong t6i gian c6 nghra la
: 1 -2

&
(I+2,1-2D=¢g>1 va (42 =(-D=4q : q-
Viy g ! 2 vi nhu the /+2 ! 2 tire

[ 14 88 chén (2)

(1) va (2 miu thudn. Man thuin nay chi
duge logi bé khi khéng 16n tai cic phin 5 nim

ie— 2

gitta I/l va - Vay néu m théa min didu kien

"

cia ddu bai thi m phii théa min :
hoic 4+ 1l=m—2
hode I=m=-2 RS T L

Tom lai cée s m théa min dién kién efa din
bai la cae 80 m=4 vd m=G@6.

toe m. = 6,

L.H.

Bai 9/10.5 Cho diing thirc

[2]? — 2 [x] + 2% + 2 =223+ (22 — 1)2 [x] + x|

trong dé {x]: phlin ngugén efta

bzl : phiin 1é cha x.

Tim tdt ed nhitng gid trf thue cha  thia miin
déng thirc trén.

Lét gidi cha ban Duong Bire Long (9E Hung
Vuwong, Vinh Phu) ;

https://tieulun.hopto.org
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Biing thee & diu bai twong duong véi:
2ty 2t - o - 1 [o) = [a]x
X —[z]) ~- fej=0
© @t -2 4L 1) @- [2]) - [x] %
Xz —[z]) —jz;=0
=t (2 - 247 = [2]) =0
Viy cé céac triedong hop sau:
a) frf =0 tire « nguyen
b) x* — 2x% ~ [«] = 0. Khi d¢
at =922 41 + [z]
tire 1+ [x] >0 hay [z] > —1.

Véi
el =<1 thiat— 2% P10 taes 5=y
logi ax=1)
[x]= 0 thi q:4'— 22 =0, ta 6 v=1
Qoai m = V7).

[2]=1thi 2% — 22% =0, tacédx= VIH?}
(ogi — J/ 1+ Va)

I':c]=m:?2: khi ds ..'-:2,}"-4 bay :cd'_:«l?d:t.‘z.

Nhu thé 2% 9.7 [2] = 42® —24% - =] >
L —[z] >0, tire khong théa mén truomg
hop b).

e

https./isites. google. com/site/letrunglienmath

Tém lai nghiéem cia bai toan la x nguyén
w oz=) 15
: : L. H.

‘Bai 10/105, cho flx) = ax® +b x+c (%) ay,
xg ld hai s6 khdc nhau va khde khérg, thia min

flrl) = flx3) = m

YA m (r1+xe — 14 elxy — Dixy =1 =0, (1)

Chirng minh rdng flx) cé it nhit
i nhién, Tim nghiém dé.
Léi gidi. Nhi¥u bgn @5 gidi theo céch sau:
Theo gid . thi€t f(z1) = f(x3) = m nén L1, Te
ciing la nghi¢m cla phuong trinh fle) — m=q.
Phwong trinh ¢6 hai nghiém nén a==0 vi {heo
dinh 1y Viet ta c6:
x1txs = — bla, 21 3 = (e — m)/a,
Thay ede két qui niay vao (1) ta duge
m (=bla— 1D +e [(c=mYfa+14+bla] =0
Slat+b+¢) (c—m)a=0.
Do x1 vi 23 50 nén ¢ -~ m==0;
Vay a+ b+ ¢=0, suy raf(z) cé it nhit mt
nghidm 55ty nhién va nghiém 46 chinh bing 1.
Nhin xét: Cling ¢é ban nguge lai da tir k&t
qui cda Viet suy ra hé s5 a, b rai thay vao (¥)
Vv nhin thay tong cic h¢ 88 clha phuong trinh

bic 2 méi nay dung béng (1), nen eiing thu dwoe
k&t qua clin tim.

m@t nghié¢m

[iHL

kiyy may

s

Bai 1/108, Cic ss nguyén a, b, m, n théa
min cdc tinh ch¥t san day: Phuong trinh
T +ar + b =0 cé nghibm nguyén, m == n va

(m® + am + bXn® + an 4 b = 1.
Chitng minh ring
a+4b=(m+n)(m+n~ 1.

Vi Quang Sttu (DHSP Vinh)

Bai 2/108. Cho n 14 mit 88 ti nhign lon
hon 1. Chirng minh bit dling thie:

| B n
Ml n{(zh_g'_F 1 )

R s g anel
Trin Xudn Béng (PHTH Huf)
Bai 3/108. Chiéng minh ring t4t ci cac
nghiém x clia phuong trinh.
2cosx + 6194 = o
d&u théa min
1964 <C x/T < 1979
Hiy tioh s§ nghiém clia phwong trinh (rén.
Lé Théng Nhiit (DHSP Vinh)

https://tieulurbhopto.org
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Bai 4/108 Cho 0 <~ o <7 7/2. Chitug minh
ring ’

(gos™ + sina — }lsin £ av 3 0.
Vii Van Thdnhk (Hii Phong)
Bai 5/108. Gid st () 14 thm va r 13 ban
kinh efia dudng trén ndj tidp tam gide ARC
Goi R, Ry, R2, Ry tuong ung Ia bin kinh cae
duéng tron ngogi tifp cdc fam gide 4BC, OBC,
OCA, OAB. Chieng minh hé thie:
RiR2Ry = 2R%r.
Lé Quéic Hdn (BHSP Vinh)
Bai 6/108, ABC b

Trong tam . giac

. B [
cnlgu-i-—, cotg——, colg—— lap thinh cdp af
2 2 2

cdng.

a. Ching minh réng @6 dai cac canh ciia tam
giac lap thanh cdp s0 cdng.

h. Tim géc lén nhit ciia tam gide biét ring

cotg -fl-, r,otg—B--, catg-c— la ba =8 nguyén
2 2 2
lien tifip.
=~ Ngaoyén Céng Qui
(BHSP T.P. H6 Chi Minh)
Bat 7/108. Hai mit cAu 81, 52 co che tidp
tuyfn chung 4142, B8 (41, B1 thude 51, A2. B2
thube Sz). Chétng minh ring cic hinh chifu cia
céde day A1B1 va4 A2Bo irén dudong ndi 1Am hai
mit cllu la nhirng doan thing bing nhan,
Nguyén Céng Quy
Bai 8/108. Cho ba s8 a, b, ¢ khic 0 va khie
nhau thda min

1 1 1 b '
a b € be ca ab
Qi A
at b4 e :

Chirng minh ring #4i n la s8 lu nhign 1é L

Lol el 0

= [ (.-'!:f_c. \i = - [ el ) I f L ._?_) HJ = 1.
a / b t'. z
Nam Ha (BPHTH Hu#)

Bai 9/108. Tim {4t ci cde sd liet khong gidm
T1, T2,..»T1978 gOmM 1979 88 hgng nguyén dwong,
xig7e =. 1984 wa :

2 , Era
xf + x5 + ... +x1979

(x1 + xa+ ... +x1979)"
dot gid tri 1&n phit.

Vi Quang Ldm (Ha Nam Ninh) -

"HOC SINH TiM TOI

Bai 10/108. Cho 1« didn nira d8u (cac canh
d4i biing nhauw) ABCD. D¢ dai eic ceanh cung
xufit phat tir mt dinh 14 a, b, ¢ c6 a+btec==5
khéng ddi.

a. Chiing minh ring néu qua diém giita mbi
canh dung cée dudong thing song song véi canh
#48i ena canh dé thi ta duge mét i didn mabi
A BCD,

b. Ttr mét dinh cda wo! trong hai tir dién
trén ndi voi che dinh cia tr dign con lal va goi
d 1& khodng céeh lon nhit trong eic khodng
cich trén. Tim hé thwe gitta a. b, ¢ 4% d dat
gia tri nhd nhat.

Cao Manh Tuing
(404 Kim Bong, 118 Huong)

Tim hi%u sau them toan hoc phd thong

HiNH PHONG LANG TRU VA CONG TH{C THE TiCH CUA NO

RONG madn hinh hoe khdngglan & trudng phd
théng hién nay, céc bhan duwge hoc vé céc
hinh 1%ng try, hinh ¢hdp, hinh chép cut

va cach tinh th&® tich tung hinh 6. Nay ta
hiy nghidn cirn mét logi khdi da dién 15i nta:
hinh phdng ldrg tru ma tinh ehfi cia né vh

L]

QUOC TRINH

do d6 cong thire thE tich chia no rdt tdng quéts
gitup ta suy lai dwoe cdng thiee the tich ctie hinh
iing tru, hioh chép, hinh chép cut va tim tifp
thd tich mdt s toai hinh, kh6i hay glp trong
thire té: hinh c¢di ném, hinh céi pém cut, hinh
ddng cit...

https://tieulun.hopto.org



L o, - 7 ol
: e o

https:'www. facebook. comila frunglienmath htips:/sites. google. com/site/letrunglienmath ,
§1. Dinh nghia, Hinh phéng lang trula hinb §3. Tinh the tich caa hinh phdéng lang
da dién 161 ma t&t e} cic dinh efia n6 ndm XY,
trong bai mit phing songeong. Liy 4itm O bt -ky ndm trong thift difn

trung binh LHNPUR va ndi 0 wvéi tit el che
dinh cia hioh phdng lfng fru ta sé tgo dugc
edc- hinh chop ed dinh chung ld O va cde day
Id hai d4y vé cdc mit kén chia hinh phdng
ling tru:

(LABCD, O.EEGHK, O.AEK, 0.ADK, 0.DKRH,..

Téng the tich 18t ci cée hinh chép nay bing
the tich hinh phdng ling try.

Néu goi dién tich ddy trén, diéntich ddy duéi
vh duwdng cao cia hinh phong liing tru lin luet
la s1, sp v hthi thd tich hinh cbép O.ABCD
biing s1 h/6 v& thE tich hinh chép O.EFGHK
béing sz h/6.

Nay ta hiy tinh thé tich clia hinh chép O.DHK
cé dinh O vh day la m¢t mit bén cia hinh
phdng ling tru (mit bén DHK (h.2).

Kéo dai DO mpt dogn bling DO thi cé D' ndm
trong mit phing (7T) chia aday dwéi (vi O
ofim trong thiét dién trung binh). Néu &it dién
tich tam gide OL.LM nim frong thit dién trung
Hinh 1 binh l& s thi diéntich hinh tam gide D'AK
bing 4s (vi D'HK 14 hinh vi tw ela OLM trong
phép vi tiz tdm D 1V 6 la 2),

Trong hinh 1 ta c¢é6 hinh: phéng lang tru
ABCD.EFGHK.

Tt dinh oghia ta suy ra:

1. Cac mijt bén elia hinh phbng l&ng tru la
hinh tam gidc hay hinh tu gide.

2, Mit bén té gidc eds hinh phdng ling tru
Ia hinh thang hay dgc biét 14 hinh binh hanh.

8. Hinh ling try, hinh chép, hinh chip cut
li nhitng dang dac biéf cta logi hiph phing
ling try.

§2, Vai yéu 16 khae chhia hinh phong
ling try.

Hai m§l eha hinh phéng ling tru nim trong
hai m§t phing song song (S) va (T) chira cée
dinh cla hinh phdng ling tru la hai diy eds
hinh phéng ling tru (h.1).

Khoing cdch gitta hai mat phiing song song
d6 bing dudng cao eha nod.

Mit phing (V) song song va céch dBu hai mit Hinh 2
phiing song song chira hai A4y efia hinh phéng
ling try s& teo ra thigt diém trung binh cda
hink phéng ling try. The tich eha hinh ehép D.D'HEK 13 :
Trong h.1 thiét di¢n trung binh efia hinh Po.0'nx = 4sh/3
phong ling tru ABGD.EFGHK 1& hinh as gide Thi tich cia hinh chép O.D'HE 1a:
LMNPQH Uo.DoHE = 2shi3.
https://tieulun.hopto.org

11



https:i'www. facebo fﬁ: com/letrungldenmath

o -,

https:/isites. google. com/site/letrungltienmath

Vay thé tich ciia hinh chop O.DHEK chn tim 14 :
Uo-pHE = 4518 — 23h/3 = 2sh/8.

Tu 46 suy ra ring: tdng 1hé tieh 14t cd cde
hinh chép c¢6 chung dinh O vi c6 chc ‘day la
cdc mat hén cia hinh phéng ling tru sé bing
2/3 dién tich thiét di¢n trung binh > h.

N#u dgt dién tich thiét dién irung binh clia
hinh phdng lang tru la sp thi cudi cung thd tich
v clis hinh phéng ling tru bing:

» = sth/6 + soh/6 + 25,03

1
hay v=—h (s1+ 45 -+ s2) i1
&

trong d6 h 14 dudrng eao, 51, 55, s2 lin lupt la
dién tich ddy trén, dién tich thift dién trung
binh v&4 dién tich diy dwéi cfia hinh phdng
ling tru.

§4. Pidc biét hoa hinh phéng lang tru.
1) Khi @iy trén ecfia né suy bién thinh mot

: 1
- dibm, ta co hinh chop. Khi 8y si=0, Spo= a2
4

nén thay vao (1) ta eo thd tich ciin hinh chép 1a
1

1 1
Dehop = ? I (-1 ; T sz 4 sz) (AL
: 6

S e
Uehop — — 82
3

(h: dudng cae,sp : dién tich day hinh chép)

2) Khi hai @4y cla hinh phdng ling tru bing
nhau va céec canh bén elia no song song véi
nhau ta s& cé hinh ling tru.

Khi &y s = s2 =3, nén thay vao (1) ta c6 thé
tich clla hinh ling tru la:

1
h (st +ds1 -+ s1) = -— fi . iy

Uling try == ——
G

ulﬁ.t‘lg ity = h.‘l]
(h: dudng cao, s1: didn tich day lang tra)

3) Khi hai ddy chia hinh phéng lang tru vj i
véi nhau (cac canh bén clia né dbng quy iai
thm vi tu) ta s& eb hink chip cal,

Vo + Vi

2
: ) nén thay vao {1),

Khi &3 5o = (
ta ad:
; | S
Uehp eyt — 5 fro(s1 4 "/sm + g2)

$1, 52 l4 didn tieh haj day; fi; dudng cao cia
hinh chép cut).

12

-

'§5 Tim them cong thire the tich met
vai hinh, khéi hay gap.

1) Néu mottrong hai déy clia hinh phéng ling
tru suy bién thaivh moét dogn thing, diy con lai
la hinh thang thl ta ¢6 hinh cdi ném (h- 3.

Trong hinh 3, dogn thing (KL) song song
voi hinb thang d4y ABCD,

K F L
| RS r __"—M_\
|| t||| | \\
[ A 1 \
E i '
| \ P G AQ" b
Bt e __J)—a'?"'” ety .
e T pEESTLN o
o #“"T g [ T T
v Elyot &
W ¢
Ii 3 4! \\
I [ ¥ e \\
| ESERRAS R "1.1'_..._ i
A >
Hinh 3

Ta hiy vin dung céng thire thé tich hinh phéng
lang tru 4& tinh thé tich hinh cai ném.

Dung mit phiing yuong géc voi cac canh AD,
BC, KL ciia hivh cdi ném ta eé thiét dién thing
EFG va goi dlén tich cida thiét dién thing nay
la s,dudrng eao hinhediném FH = h, Pt AD=q,
M e=heilli—.

Vin dung céng thic the tich hinh phdpg ling
tru (1) thi th& tich hlnh cai ném bing:

! 2
= {0+ 45y + 5o}

= —
6
(MNP la thiél dién trung binh)
g b+4e X
1 o s ath
Pl e e S (e GE |
6 2 2 /

trong do GE vubng gée vai AD, BC nén la duwong
cao elia hioh thang day ABCD: G’ E' la dudng
cao ciia thiét dién trung binh (eiingla hinh thang)
nén 26'E’ = GE.

Vay:

h.GE
= 2 (a+ b+ c)—
3 2

tire

1
p="1-~ (g 4+ b+ cls
3

2) Nay ta tim thd tich efa hinh phdng lang
tru mia hai d4y 13 baihinh chit nhit ¢é cde canh

https://tieulun.hopto.org
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tvong wng song song mata goi la hinh ném cut
dac bfét hoic hinh diong cdt (h 4) Hinh ARCD.

A'BC'D eo cac div ABCD, A ‘B’c’'D’ 1a hai hinh
chir nhat va-
ADIfA'D’, ABIIA'R'.
Bit AD=a, AB=1b, A'D ~—a'. AB =0 wva

) Fe Vol |

chiBu cao elda ABCD. A'B'C'D’ 1a h.

Van dyng cong thie thé tich hinh phéng ling
trn (1) ta e6 thé tich cda hinh ném oyt holc
ciia hinh @8ng cat la:

1 : - b4V
o- g gyt e
6 3 2
1 : 2 gl
= —Aalg'd +tab+ab+ab+ab +ab)
6
I
tiee v—= —— h (2a'8" + 2ab + ab' +ub]'
EJ

Nhu viy la ssu khi dd nghién etru th& tich
clia hinh phdng ling try (ma che hinh ling try,
hinh chép, hinh chop cut la nhitng dang die
biét cda nd) ta suy lai duge cong thite the tich
che hinh ling try, hinh chép, hinh chép cul va
tim thém dwoc thé tich c¢da hinh eai ndm, hinh
déng e4t (ciing la nhirng dang dic bigt efia hinh
phéng ling try)

Cong thrre thé tich cdia hinh phéng ling try’

1
v= — h (51 + 450 4 52}
G

diroc goi 14 cong thire Tamdf Simson, tén nhi
toan hoe ngudi Aph (1710 — 1761).

Céng thirc 26 quéd cé tinh chit tdng qual va
thire té.

PHUONG TRINH DAl SO VA ('NG DUNG
CHO'NG MINH- MOT SO LA VO Ti

Ciﬂ ban da dugc giéi thiéu phwong phip

chirng minh sé V2lasévoti irong chwrong

trinh phd théng. Ap dung kidu lap ludn

s6 hoe dd., edc ban ciing s€ ching minh duwgc

mt loat cdc sé, ching han nhu 1’{3. "u"t‘n. Vb 1a
che sd vo ti.

(r bai béo nay tdi xin gidi thitu véi cée ban
m@t phwong pbap d& ed thé lam duoc vite do,
thong qua vide xét nghiém h@nti cia mét phuwong
trinh dai s5.

Ngeoi ta goi phuong trinh dai 88 bic n Ia
phurong irinh cé dang:

enr® + en1x® L+ iz F e, =0 )
trong 46 &n 86 la 2, eOn cn, €a1s..., €1, Co la cic

LE THONG NHAT

s8 nko d6 (riéng cnF0) goi la céc hé s cua
phuong trinh (1)

O trudong phd thong cde ban da xét phuong
trinh dai s6 bac 2, bde 4 trung phweng kha ky.
 day ta xét cac pbuong trinh dai 86 bic n ma
cic hé =4 cfia nd la ede 86 ngnyén infu cde he
56 14 86 hiru ti, edac ban cfing eo6 thd bién ddi
twong dwong vé phuong trinh ¢é hé s6 nguyén).

Bay gio chung ta ching minh mét dinh li.

Binh 1¥. Néu phuong trinh dm 88 bic n voi
cie hé sf& nguyén 1

e + en_1x”” + ot tix =40
cO nghiém hita tf 12 a/b, véi a, b 1a cﬁ:: sh nguyén
nguyén t6 cﬁng nhau, !hi a la uée clia c,, con
b 14 uée cie Cp-

13
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Chirng minh. Po a/b 12 nghitm ciia (1) nén thay
I=a!b ta ed:

enla D)+ en1fa/ B . erla/B) + e, =0 (2)
Nhian ci hai vé woi b ta ed:

o+ en1a™= b+ .. fe1ab" e b"=0 (3)

Bing thae (3) eo thd vilt:

bn_l

L n
cat == ea_1a® " b—...~c1q —c b

hay :

ena”=b(—enta™ = = cpab™ 2 —cob ™.

Do 46 b 1& wée cla cna®, nhwng a vi b 1a hai
s8 nguyén to ciing nhau nén b phii 13 wée clia en,

Ta lai vift (3} duei dang:

5ol

tob Salaga ey

Tir 46 a la ubc cha cob”, do a va b 13 hai
86 nguyén t§ cung nhau nén a la wée cia ¢,
Binh 1¥ dugc ching minh.

Tu do ta rat ra, khi ea=1 thi:

Hg qud. N8u phuong trinh dai s8 bic n voi
cic hé 58 nguyén:

b, e T+ o,—=8

¢ nghiém hiru ti thl nghi¢m @6 phii I& nghi¢m
nguyén va la wée eda e,

Sau diy ta xét mét s8 thi dg d4p dung 4% chung
minh mit s& la mét &8 vo ti.

Thi du 1. Chéng minh V7 1a s6 vé ti.

"Lbi gidi. Ta thdy V7 1a nghigm cfia phuong
trink

e B (4)

0¥ day n=2, es=1, ¢;=—7, ¢1=0

Mat khie theo hé gud thi néu phwong trinh
(4) eo nghiém hia i thi nghiém do la s6 nguyén
va la woe cha —7. Ta thit &t cd cde wée cha
=714 1, —1, 7, —7 nhung khong cé 83 nho trong
chimg 1% nghidm cha (4). Viy phuong trioh (4

khong co nghiém hu ti, suy ra V7 1a 8 vo 11,
Céc bgn thi ap dung chitng minh 3 V79 1a
86 v0 tl va chirng thinh cde k&t qud sau:

L]
- Bai18p 1. Cheng minh rdng s6 Va, voi a va
n 14 cic s8 nguyén dweng, hojcla s8 vé ti hoje
1a s0 nguyén,

14

Bai tap 2, Ching miph ————

— |4 88 vé 1.
16— 3f

By gidr ta xét tiép:

Thi dy 2. Ching minh s6 V2 + V3 12 s8
vé ti.
Léi gidi. Gid st x=V2 4+ V3o a—1V2=13.
Binh phwong hai v& ta cé6:
o 2.1:'1;"2_+ 2=3
<z’ —1=2:V2
o gt — 2,7 =
: a2t — 1024120, (5)
Nhu vay V2 4+ V3 1a nghidm ciia (),

Ap dung heé qud ta théy ngay (5) khbng cd

nghiém hitu tf (cde ban xét liy) nen V2+ V3 1a
s v i,

Cac ban 4p duong lam cic hai tp:
Bai t4p 3. Chirng minh 86 V2 — V3 1466 vo 1.
Baityp 4. Chirng minh s8 Vs - V31ase vo ti.
Bay gifr ta xét t6f cée thi du dang lugng gike:
Thi du 3. Chong minh €0s20° 14 86 vo ti
Loi gidi. Gid sit v =s0s 20% ta ¢d:
cos 3x = 4 cos® x — 3cosx
nén cos 60%= 4 cos® 20° — 3 cos20%
hay 1/2 = 4 cos® 20° — 3 e0s20°.
Suy ra 1/2 = 4x° — 3z
hay 82° — 62 — 1=, (6)

Viy cos20° la nghitm cia (6). Nhung theo
dinh 1y & trén thi (6) nu e6 nghiém hiu ti thi
chi la trong céc s8:

~+ 1, - 1/2, - 1/4, & 1/5,

Nhung th& cic gig tri 6 vho (6) d¥u khéng
théa min, vay (6) khéng ¢6 nghiém btru ti, tirc
la c0s 20° 12 80 vo i,

Cic ban hiy lam cic bai tdp:
Bal tep 5. Chérng minh sin10° J& s8 v ti.

Bai tap 6. Néu sos Iz 1a s6 vo i thi cic sé
sin @, cos x vi tgxr cling 1A céc sd v 1.

https://tieulun.hopto.org
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M&¥*+vH CHAT LY THU CUA SO VO TY

A qua chdng téi di gap mot bai toan nhu
sau: Cho @ la mot sd vo t¥. Hoi ring tap
hop céc phln thdp phbin

e} = ko= [kee]: k= 1,2,3,...

c6 tra mai trén doan [0, 1] hay khéng ? Noi ciach
khic, ¢6 phii v&i bit ky &i8m « nao thude [0, 1]
va bit ki s6 82>0 nho ciing d8u tim duge sd
tiy nhidn k sao cho ::-—8{{!{51](1::::4-&‘ hay khong ?
Chiing toi dd gidi duge bai toan, ey thé 1a A3
ching minh dweoe tip hop cic sl {kai tri mgt
trén dogn [0, 1]. K& qui a6 13 mbt tinh chét
1y thi cfia 83 v t§. Tinh chit nay khdng co
& 84 hira t¥, vi nfu o= pfg vo&i p, g li cac &b
ty nhién thi véi bt ki s6 tir nhién & nio, {ka|

eilng chi nhdn mbt trong q gis trj:

0, [ai ;21'!1 g — Da|,
Sau A4y ching tbi xin gi6: thidu v&i céc ban
cich chirng minh tinh chit néu trén ela 58 vo

ty. D& cho gon ta goi tich chft d6 1 tinh chét
T. Trudc hél ta chirng minh mét ménh 48:

Ménh deé. Cho o la mét s8 vo iy. Véi mot
sd tuw nhids n tuy ¥, bao gié¢ ciing tim duge
s8 tw nhién kn 280 cho ik,.al e L

Chirng minh. Hi#n nhién ménh d& duang véi
n=0 (kg 14 mét 86 ty nhién lay tay ¥). Gia
sit ménh d& 48 dang voi n=m, ta chirng minh
ménh d8 ciing s& dipg v6i n=m+ 1.

Ménh 42 dang véi n=m tize la tén tgi km sao
cho [kma] <T1/2™

Néu Jkmx] < 1/2™+! thi chi vite 16y kmi1 = kn
la cOfkmy1a) < 127+,

Ta xét trudng hop [kma] >1/271L Xét day
likgal, i=1,2,38,... Chi y 12 fikne] = {ilknx{],
nén diy nay chia duge thanh tirng doan sao cho
trong mdi dogn thi cae phiin tir iAp thanh cip
sé cing tién cong sal 1a {knz| Phan tik tht 0
théa man

(it—1) Ekmﬂi el g iy ikmd}
e6|itkn®} =i1fkm®| —1<Tifkmot} — (i1 — Dfkmot] = [kma)
tic 14 lflkmCC] < ’x't‘mﬁi‘

Néu [itkm@|<1/2™F thi 1y kni1 = itkn.

N&u fitkno] > 1/2™ thi tigp tue xét day trén,

NGUYEN THANT

D& nhjn xét thiy ring:

femer} ~ fitkmo] = f2kma] ~ [G1 + Dkma] = ...
= |tkem®| = (2i1—1)ema] .

Bt 1 — 1 = d thi ddng théc trén ted thanh
Homat) = [(14-Dkma] = [+ Dkmot] — [(1 4 2D kma],

Nhin xét twong tu nhw vay, ta cé diy
fem| , U+ dkmo] | [(1+2dkna] | [(1+3d)Eknd,...
14 mot edp 88 edng lui (d8i cla cObng sai bing
Jemar| — Jitkmar| < 1/2"+! vi bing hitu cia bai
s8 ciing ndm trong kbodng (1/2™F, 1/2™)). Vi vay
ph.ﬁi (id it nh#t mot phin tir cie diy nhd hon
2™ gid st a6 14 phin tir [(1 + adkya,
ta ldy kmy1 = (1 4+ udky,.

Vay beo gidrcling tim dwge km+1sa0 cho k12
< 1/2™T, menh dé dang véi n=m + 1 (dpem)-

Cfutng minh tinh ch#éit T. Biy gi& gid sl cho
trude & la mét sb dwong nho toy ¥, bao gid ciing
tim duwge s8 tw nbién o sao cho 1/3" <E. Véi sé
n llhli'.l' vily, ta chon s6 tuw nhién ky sao cho
| kpat§ <7 1/2" (chon dwge nhé két qui cia ménh
dé trén). Chia khoing (0, 1) thanh 2" khodng bing
nhau thl trong mdi khoing dBu eé it nhit mot
phin tir cla diy k2] i=1,2,... V&i x 13 didm
bit ky thude [0, 1] thi khodng (x — €, =+ E) bao
gid ciing bao trong nd it nhét mét khoing nai
trén, tire 14 bao gidr cing e6 tromg no it nhét
mod1 phiin ti cia diy |ikpa{, gih s dé l& phin
bl {inkyat |,

Tém lai 1& bao gid ciing tim dugc 86 tu nhién
k= fsky 800 cho

x—8<_jka|< x4E
Sau d&y Ia vai vi dy ong dung tinh chit T.

Bai toan 1. Ching minh ring véi bt ky x
vi bAt ky € > 0 d2u 16m tai vd 50 s& fir nhién n
sao cho

§xrn=|8inx—sinn +  cosx—cos n <_E,

Ll gidi. Vi x va >0 ¢6 thé thay ddi tay ¥ nén
Lai toim 1 twong dwong véi viéc chitng minh
ring voi mbi x v& € >0 cho trude (bAt k¥) bao
gitr cling tdn tai it nhéit mét 0 {r nhién n ka0
cho sg; <L & (ede ban fip 1¥ gidi tai sao!)

Liy 2= 14 1 don vi méi. Khi 46 1 radian s
14 38 vb ¥ (theo don vj méi), Ap dung tinh chét

5
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T, ta thay ring véi méi x v 0 >0 cho trude,
bao gi¢r ciing ton tai a6 tiwr nhidn n sao cho
xf =il <C98, trong 46 la}’ 1a phin thap phin
cia sd a tinh theo don vi méi (tiae 277).

Mit khéc ta e sxp=|sin |2f' —sin [n]"| +

el — nl”

o

Do

+1eos Ja}’ =cos iniﬁw‘ii;il sin
dé muén cé syn <& thi ¢hi vike chon 8 san

cho | sin -}'T_E..:_zf.}_.
2

l <_&/4 (didu nay iam duooc

visin a =0 khi a—=0.

Bal tean 2. Cho f(%) g (x la hai ham s6 lién
tuc v tuin hoan trén (— oo, + o). Chirng minh
ring néu lim [f{x) ~ g(x] = 0 thi [{) = g(z) véi

a—+ee

moi x. (Ham so @lx) goi 14 lidn tuc néu véi moi
x ta déu cod lim Qg = @ (x).
: y—>r

Léi gidi. Treée h&t xét truong hop f va g co
cing chu ky 7. Ro ring khi d6 f(x) = g (x) voi
moi @ vi nfu tbn tai didm xo ma & A6 [ (xo) —
9lws) = e==40 thi iy ay=ax,+ 0T, n=1,2,..,
ta 88 c6 xp > 4-©° khi 7 —> o v& mic du vay
flan) — g (24) =c v6i mgi n, trdi véi gid thist,

Gid st f va g c6 chu ky twong tng la Tr, Ty vi
t§ 58 Tt/Tg= p/q ld mot 58 hitu 3 (P, ¢ ti nhien).
Ehi @6 pTy=qTi=T s& la chu ky chung ciia ¢ f
lin gva ta trd lai treong hep diu.

Gid st Tr: Ty =a 14 mdt s6 v6 ¥ va tdn tai
didm e € [0, Tg] md & do f(x,) ~ g (o) = c 0.
Ly Tgia t don vi méi. Khi 46 T; tinh theo don

sy = B O S R S

vi mé&i sé la mét 86 ve D
b chéit T,
véi mbi n ta ¢o 88 tw nos.. N O 1 “"n Tf;’
<%, (la})’ 1& phiin thep phan ciia s8 a theo don
vi méi), tire 1a-t0n tai s§ tw nhign I, 48 0<Ts,=
kn U=l Tg< 8, Bty =2, + In Te, n=1,2....
Rd ring xy — - ©° khin— oo, Mgt khde vi s,—0
khi a— oo nén f(xg)—g (xn)=F{xg + Ih Tg) —
g @+ f (@0 + ky Tr—sy) —gla,) = flzg—sy)—glxo)
= f{%) — glag) = e ==0. khi n— oo,
Bién nay trai véi gid thidt lim [/ (x)—g (@)]=0.

D—os .

Do d¢ ta ¢6 f (x)=g (x) vé6i moi x € [o, 2 B
Vi nhitng l4p ludn trén vip ding néu liy difm
0 1a bit ky ditm nio c6 dang /Te ! 12 sd tir
nhién, nén ta két ludn flx) =gla) voi moi o €

(—oo, 4 oo).

Céc ban thin mén!

Trén day 14 mot vai ong dung cla tinh chit

T. Ching téi hy vong rdng linh chdt T s& ginp
cac ban tim ra phidu didu 1y tha khac. DE két
thic bai viét ndy, ching téi xin lun ¥ efe ban

la khong c6 mét tinh ehdt nao ©manh » hon tinh

cc chiit T, vi dg khong theé chitng rinh ring tap K,
s jkaf phi diy tap K tit ci cde s6 vo 17 trén doan
[0,1] (t&e 1a bit ky didm x vo t¥ nio thude doan
[0,1] cing tim dwge s8 tw nhien k a8 kol =zx)
B&i vi, ulu ban ndo @4 1Am quen véi Iy thuyét
tip hop, chie cde han thiy Ky c6 lue lrong dém
duge, md K thi ed lyge lugng continum (lén hon
lye luwong d€m duge)s-hai tadp hop eb le loong
khic nhau s& khong thé trung nhau. Cac ban cling
co thE thidy thém ring Kyl ) Kp == khi va chi
kbi /B la hitu ty. Ngoai ra K, = K.
AR

THANH TICH CUA BOAN HOC SINH VIET NAM
TRONG KY THI TOAN QUOC TE LAN THU 21

BO;\N hoe sinh cla ta tham diw ky thi vé dich
loin quéc € lan the 21 t6 ehire tgi Luan
Don thang 7 pidm 1979 da dat dwoe thanh
tich xufit sfc. Ca bén ban du thi déu duoe giii.
Mgt gidi nhat.
— Ban Lé Bd Khdnh Trink — hoe sinh lép 10
chuyén toén trudrng Quéc hoe Hudf.
Ba giai nhi: -
— Ban Phom Hita T'iép — hoc sinh 16p 10 chuyén
todn trwémg chp 3 Chu Vin An Ha Néi.

&

— Ban Pham Ngoe Anh Cirang—boe sinh lép 10

_ chuyén toan truong Dai hoc Tdng hep Ha Noi.

— Ban Va T4 Lang.— hoc sinh lép 10 choyén
todn trwong Pai hoc Su pham 1 Ha Néi.

Mot gidi dde bigt: Ban Lé Bd Khdnh T'rinh
& Boc sinh duy nhit trong k¥ thi duge ling mot
giai @ic bigr v8 l&i gidi hay mdt bai tosn.
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