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BAO RA HAI THANG MOT KY

Chi: nhiém: NGUYEN CAMH TOAN
Tru s&: 70 Trin Hung Pao. Ha Noi

Thu ki téa sogn : HOANG CHUNG

Diy noi? 52825

S T

Lam quen mét chit v

LIEN PHAN s&

1. & 16p d2u cp TIT, ban d4 hoc v& cin sb
vi bift riing cfin LAc hai elia ede e khéng chinh
Phuoug la s6 vé ti va ¢ thé hidu didn biing
mgt s& thip phin vé hgn khgng Iniin hoan. Tt
nhién, déi véi s6 thap phan vo hgn khong tulln
hoan ta chi co thé bigét duge mot 86 chix a6
thap pbn ofia né ma thoi. Thi du:

V2 =141421... 7 =3141592..

Ban chic c6 lie ty &3t vin d&: lam th& nae
d¢ tim cae chi s6 thip phan d6 véi sé lwong
ma ta mubdn, néi ecieh khac: lam th€ nao tim
mot phin sd hay mot s6 thip phin hita hgn
bidu didn gin dang s6 vo ti d6, véi d¢ chinh
xic cho trude ?

2. Trutrng hop don gidn nhit la véi cac cin
bée hai chia cic sd, nguoi ta dd tim ra mot thugt
toan d& giai quyét vén d® trén (thudt todn khai
phuong cie s6). Tuy nhién ohin bap ed thd
khéng hi&t thudt todn nay, mét sé ban khéc cé
thE bift, nhung khéng hilu co sé 1§ lodn cha
thugt toin va vi khéng dung thudng xuyén nén

- e6 thé khéng con nhé.

Bay gior, nén cd ngudi phir ban: «viét gidp
—
¥3 gan ding du6i dgng mt phan s6 thwong

HOANG CHUNG

hay mft 86 thap phan, véi sei s8 khing qud
1/10°2», ban ¢6 thd st dung kidn thire cira lop
diu cip III thoéi 48 tré 1oi duoe khong?

Sau dAy 1&a modt cdch rit don gidn ginp ban
trd 161 cAu hoi a6,

Cha v ring "
Tt LTy S (1)
ta c6 thi dit: ;
Vo= + 1/a1 (a; nguyén duong)

do @6 a=1Vs -1 = V34 1)/2

Do (1), n2n cd thé dit:

a) =(a + 1)/2 =1+ 1/az (a> nguyén duong)
hay la

az=2/(V3~ 1) = V3 41
Do (1), nén c6 thd dut:
as = }7_3 +1=2441/ag {a; nguyén duwong)

hay la a3 = /¥ 3=D=(V3+1/2

Ta thiy ag= a1, do d6 et thE viét ag =14 1fas
(v aa=naz2), a1=2+ 1fas (v6i a5 = az) v.¥...
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Tom lgi ta co:
Vs =1+ /o
ay =1+ 1/az
az=2 + 1/ag
ag=1+ 1/as
d4=2+ lu’as
as =1+ 1/ag

.....

trong 46 t&t ei céc ai a8u 14 s8 nguydn duong.
Tir chc k&t qud trén ddy, ta c6 thé tim phin
s6 bidu didn gin ding V3 véi 46 chinh xde
ngay cang cao. Ching hgn néuta 1dy
a1 thi Vami+ 1/1=2

Nén ldy
- 1 5
ﬂz"‘t‘-—: 2 thi 1’{3 o3 | 4+ —'—-a—--__u-..—:—?a
fai
2
e 1 2
az=~1 thi Viz=14 ———= =
R
S M
: e e Lt ik
(finh-hrdudi lin >34 o= U= mer
: 3 3
3 ki
e G
4 4
Néu 14y a4 =~ 2 1hi duoc
V3= o+ ALY SN
b 11
-+ b S
: 1
24 ——-
; 1
¥ 2
as =1 thi duge
= 1 26
1."3&:-]4- __.___1__ s _.l_:_
1+ S L
el
Fi
+2+ =
1

Céc ban c¢6 thd thiy réing cac phin s6 frén
a4y cho gla tri ngay cang chinh xéc clia Vs :
2, 5/3, 7/3, 19/11, 26/15, v.v...
Thye vay, binh phuong cic s6 d6 ta ¢ cic
gia tri gin ding biing 3, voi sai 80 npdy cing bé:
2?2 —4, G/3)*=25/9=271..
(7/4)% = 49/16 = 8,05...
(19/10)% = 361/121 = 2.98...
(20/15)% = 676/225 = 8,004...

3. CAc bidu thée nhu

[ s et VY

g 1
l+-;-—- 1+—
Jrt

1

&uge goi 14 che lién phdn st. Mot cieh 13ng quit,
lien phan s& bdc k la bidu thire dang
1

1

ge +
g + ———
ag+ L

5 1
ag
trong 86 ac 1a ngupén, c¢On ai, az.., akx 1 s6
nguyén dirong. Lign phin 38 bge k dwge ky hitw
gon la
(ao, @1, a2, ak...]

Qua che thi du & trép, ta 4& thy coé the adi
mat lién ph4n s8 thinh mét phin &6 thuéng
Ngudi ta ching minh ring nguge lai, mdi sé
htru t] dku 6 th¥ bidu diZn duy nhit dwoi dang
mét lién phan a8 bge k nio do. Thi dy:

e ]

-3—.=5+E-==5+“}—=5+ :
7 7

= (6,3, 2]

h#l'\-'l
[<-]
+
|

256 22 1 1
— + e L

ey

7
17 117 117 slah

=[2,5,8,7]

37 6 1

Sl el e T
2 7 __3__ z 1+ —
: 5 6
=[-8, 1, 6].
4, Ndu ta kéo dui mii cich tim ciin bfe hai

cia V3 nhir @3 lam & trén thl 1a di d&n mot
lién phdn st vé han:

1+; =[1,12121..]

(gt

24

1+
2+

1+ .
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Nguwdi ta @ chitng minh ring médi lidn phdn Aita chun tim thiy mdt quy lukt gl trong bidn didn

50 v han bitn dién mét 58 vé ti, va nguge lai
mdi 58 06 ti dwpc bidn difn b&i mft lién phdn
50 vd hai.

Lien phan sé v6 han bi2u difn V 31a mot lién
vidt:
Va=[11.2]
Cée ban dé& dang tim thiy riing:
Vz=[1.2] V5=[21] Ve=[22 4]

Nhung khong phii bao gid ta ciing cd két qua
T dep» nhw viy. Tir gilta the ky XVIII, nhi toan

né h?.ng litn phan s6; m™=|3, 7
11,..00.

15, 1, 202,

5. Lién phan s6 la mdt cong cu 6 hitu Ire
troog nhidu vin 48 toin hoe. Néi riéng. né giup

¢ + bidn din x&p xi edc sd thye rit tifn loi
phén s6 vé hgn fudn hedm, chu kijla (1, 2). Ta :

Cho s8 thue & biku didn béi litn phén &8
= {ao, ai, ag, }

Xét lign phan sd
(fn:{ﬂu. als, en].

Sau khi thire hidn céc phép tinh trong dy

iUer dudi len), ta duge mot phin 88 Pn/Q,. Ta

hoc vi dai O-le 43 chirng minh riipg moi s6 vb

ti dgng (a + bV e)d (a, b, ¢, d nguyén va b, ¢,

d-=0) cé the vidl dudi dang lién -phin s vo | SR
SR

han tuin hoan, vi nguge lgi mdi lién phin &b
%6 han tulln hoan biku didn mot s6 vo ti co
dagng (a+ b Ve)ld. N viy, litn phan s8 givp
ta ihiy m@t nél ban chét elia cdc 58 vo (i dang

nay. Néi riéng, lien phin s8 vé6 han tuin

hoan

1 -
o =[1, 1]
1+

1
: iy g

Shing

bigu dién s6 ¢ =(1 + V5)i2. 85  xuft hién trong
« phép ehia vang »; phép chia myt doan thing
thanh hai phin x. y duecgot 14 mot © phép chia
vang ? (tire la mt phép ehia rit dep), n8u nhu

x ¥y x
g
1
P e s P e e, T

x 1

Nghi¢m duong elta phuong trinh nay chinh l&
s6 . Tir théi thugng ¢d, ngudi ta di thhy riing
mét hinh chir nhat (hinh dang quyén sach, mit
ban, khung cira..) c6 hai cgnh ti 18 véi x, y nhy
trén thi dirge nhidu nguéi wa thich nhit, tréng
dep mit nhdt, do do “phep chia vang?® duge
sir dyng réng rii trong doi s6ng.

Boi voi 88 e (co 86 clia '8-ga-rit tu nhién),
ngudi ta tim thiy réng
=l L LG L1 6L LR ]

Lién phn s6 v han nay khong tulin hoan, nhung
cing dugc ldp theo mot quy luat: 1, 2, hai I1an
1,4, hai o 1, 6, hai lam 1, 8., P&i voi s6 0, ngwdi

il

#oi dn = Po/Qy 12 gidn phdn bdc n cna d (nbu d
c6 bac Ia k thi ns k).

Trong thi du trée a4y vE tim gid tri

Va=HY 2% 210 1..)
ta da tinh cde gidn phan
di=[1, 1]=211, da=[1, 1, 2] = 7/4,
da=[1,1, 2, 1] =19/11 ,....

Goidn = Puf/Qq va dnag = Pn-{—UJQu-{—l 18 ede giiin
phin bic n va bie n4 1 clia litn phin st d bidu
diln s6 o Ngudri ta chirng minh duge ring nén
ding Pp/Qs bitu dién sé & thi sai s mic phii 88
nhé hen 1/(Qn.Qny1). Thi du néa coi d3 =19/13
(@3 =11) gin ding bing V3 thi, cha ¥ ring
d1=26{15 (Q4 = 15), la mic sai s6 nhé hen
1/(11.15) <T 0.007, tirc 1a nhd hon 1/100. Twong

- iy nhu viy, edc ban co thd ki¥m tra lgi ring

néu ta bidu didn &5 V2 bing giin phan
[1,2 2 2 2, 2 2] =235/189, thl sal s8 s& nho
hon 1/10%; do d6 néu &di sang s6 thap phén
thi vi 239/160 =1,41420..., nén & c6 thd viét

1’2:1.414 cd ba chik 6 thap phén dsu chinh
xde).

D6l véi s 9%, ta ¢6 W =(3. 7, 15, 1, 202, 11,...]
nén di = (3, 7] =22/7,
dy = [3, 7, 15] = 133/108,
ds==[3, 7, 15, 1] = 355/113,
ds = (3, 7. 15, 1, 202] = 103993/33102.

Do 46, nén ldy ¢ = 22/7 thi sai s nhd hon
1/(7.106) < 0,002 ; vi 22/7=3,1428..., ntn e6 kb
viét o =3,14 (cd hai chi& s thip phan diu
chinh xdc). N&u ldy 7 = 355/113 thi sai &3 s@
nhd hon 1/(113.33102) <Z 0,0000003, va vi $55/113=
=3,1415929... nén c6 th¥ vidt T =3,14158 (ci
nim chit 8 thip phin d¥n chinh xac),
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BAN BOC TiM TOI:

A mot nim qua, toi tham gia sin xuft &
hop the x3, nhung nhitng bai toin ma
toi ghip khi edn ngii trén ghé nhi trurdong

vin s8ng trong toi nhuw m$t ki niém khong quén.
Vi thé&, ngoai nhiing gio lao dong, toi lai dén
¥&i cde bai todn.

Nim truée, khi hoe bai: “Dyng hinh bing
phwong phéip dgi s6», thily gido dd ra cho ching
101 bai todn sau:

Bai toan 1. Cho truée doan thing a. Hay

dyng bing thuéce va com pa dogh thing /2.

Toi edn nhé 14 khi d6, ci 16p chung toi déu
chiu bﬁ _tay. Tai sac lai dung dwoe doan
thiing aV/2 ? Vi chiing 16i moi chi hae eich dung
dean thing aV2 (khi bidt foan thing a) thoi
mi... Thiri gian tréi di, ma bai toén 46 vln
kbi &n, khi hién trong tri nhé¢ etia toi.

Btn nay, sau mit thioi gian loay hoay, tdi 83
khim phi ra su bi mat efia biitoan 1 va thay
b
ring caeh dung doean thiing a‘l."l:& li dira trén vids
¢6 doan thing aV2.

Trude hét 16i cling mudn noéi thém ditu nay :
Trong l4c dung doan thing aV'2, tai tim théy
m{t diéu tha vi la: dua trén cieh dung dean

thiing a'\"z ta sé& dung duoe doan thdug ufd
dua irén each dyng doan thiing aVn—1, ta 88
dung duge dogn thing aV¥n (hinh 1),

Nhu vay, tfr viée gldi bai toan don gidn 13
diung dogn thing c.ﬂ-’I toi di gidi dwge bai toan

Bal 3

Bai tokn 2. Cho truée @oan thing a. Hiy

dyng bing thuée vi com pa dogun thiing E'l‘,ﬂ,
v&di n 14 86 ty nhién.

Bay git toi trd lai bai todn 1.

bty rang @V2? = «®2 = a. af'.’
ta thiv a‘.'2 la trung binh nhfAn cia hai doan &
va aV2. (Cich dung ching ta d&a 43 bidt).

Téi di dén bai toan tong qudl sau:

Bai toan 3, Cho trurée doan thiing «. Hiy

k
dyng biing lhuée va eom pa dogn thing o®V2.

e
BE ¥ ring (a l"’)ﬂ a.aVz
1a s& ¢ lé&i giai cia bii todn 3 (hinh 2).

T che bai toan noi trén tof tim ra bai t_oa’n
t0ng quat kon:

Bai toan 4. Cho truée dogn thing a. Hiy

k

i
dung bing thwée vi compa dogn thing « Vn;
véi n, & la cac s tw nhién.

NGUYEN VIET THARH

(B{ﬁﬂg Had, Phiie T'hp'
Nghi Liec, Ngh¢ Tinhd

https://tieulun.hopto.org
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Bai 1/i01. Cho fam gide ABC cé géc A vadng,
5 awirng cao AH e do dai z. Bt HB—=x, HC=y.
Chitng minh ring nfu fa c6 x+y+z = xpz
thi z > V3.
Léi giai. Vi tam gidc ABC vuéng nén ta co
| = =ay. Ti d6 % = xyz.
! Theo gid thiét, ayz==x+y+ z nén ta co
é & f=aty+: (1)
| Néu goi R la lmn kinh duéng trom ngoal tiép
tam giic ABC thi ré rang
A
T
s{;‘!' ”"&:;‘a
A ;
.'r’ s
e 3
g ':-:"”"—“"“w-é-»-imr... —— .:M"-.
oL . - -3_7--6:%%..._...;
z+yg=R> 2,
Vi viiy
2+ y+z2>24: @
T (1) w& (2) suyra
2.3 >3z
2% =13 &
> V3 (d.p.e.m).
Bai 2/101. Cho tam gidc ABC, O 1a mét ditm
& trong tam gidc. Cdc duwéng thing AO) BO, CO céi

edc conh eila tam gidc lirong irng tai A1, Bi, C1.

Tim vi Iri clia O d¢ Dbitn thirc
e P = 04/041 - OB/OB +
dat gid tri nhd nhit,

L&t giai. (efia nhign ban). Goi § 13 dién tich
tam gide ABC ; 51, S2, 83, twong ing la dién tich
cdc tam gide OBC, (CA, UAB, Ta cob

: S=35; + 52 + S1.

D& tim gia tri nho nhit cla P, ta tim gia tri
nhé nhit cta P4 3.

oc/oc,

P+ 3= 441/041 4 BBI/OB + CCOC,
= 5/51 + 5/82 + 5/53
> 35/ V8515255

= 95/3V515255 > 95/(5, + 83 + Sg)
T

.
P,
. ._.'lma.‘_--n.\hwrwm'u’ﬂ{' i

F - el e L
& Lt e REPEY -

Viy P dat gia tri nho nhit bing 6 khi
§1=82="53, tuc la khi O la trong tdm cla tam
giac ABC.

Bai 3/101. Chitng minh réng vii mét Inc gide
l6i biit bat k:; thi bao giér cling ed the tim diwoc
mét dinh ciia né soo cho ba dirérnng chéo xufit
phdt tir dinh dé c¢6 th liiy lém ba canh ciia méf
tam gidc. Co theé tim duge hai dinh {cia lue gide
16§ bat ky) théa miin di¢u kién trén hay khéng?

Léi giai. Xét duéng chéo dai nhit eda Iye
giée. C6 hai trirdmg hop.

1. Trudng hep du-ong chéo ddi nhit chia lue
gidc thanh mgt tam gide va mdt ngii gide.

Ching han A; A3 1a duong chéo dii nhét
Néu gia st A; khéng théa min tinh chidt cho
Quéng chée xuft phat tir nd cod thd liy ldm ba
canh ciia mét tam gide, ta chirng minh As phél
théa min tinh chit d6. Tie 13 utn

A1ds 4+ 444 < :1143 ; &)
i phii c6 Aads + Aade > A1ds

That vay. Tir giae A1434545 16i nén cde dudng
chéo ciia n6 phii c¢fit nhau tai I ndm trong G

]
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gide. Cong vy, cic dudng shéo cin i gide
A1AsAgAs phii cit nhau la: K nim lrong i
gide dob
Ta cb
AT+ AK < A1ds 1 Aida,
K6t hop voi (*) ta cb
Al 4+ 41K < Aids (1
Vi Ay + Tds - MK + KA3 2> 24143
nén két hgp vol (1) ts e
IAs - K43 > A1d3y 2)

Fye

Po Aads -+ A3 A5 => IAs + KAs nén két hop vai

(D ta duoe
Agdg 4 Agds > A1dg (d.p.c.m.).

2. Truéng hop duing chéo dai nhil chia iue
gidc thanh hai Ul gide.

Ching han duong chéo dai nhit ld d144.
Néu gia sir. :

Ards + Ajds < A1da **)
ta phéi chizng mizh
A244 + Asda > A4,

Got M vi N la giao di¥m clia cdc dudng chée
elia che tir gidc A1dz4344 va Aidgdsde twong
ang.

T (**) suy ra

A+ AN << A1da

Ti dé suy 12

MA4 + NAg > A1da
do do

Az244 + dgAa > 4144 (d.p.om).

Noi chupg @61 voi mét luc gidc 19i thi ¢b (he
¢ nhidu dinh théa min tinh chidt cie dudng
chéo xu#t phat tir d6 co th lidy lam ba canh
etia mot lam gide. Tuy nhién khong the két luan
46i voi mat lue gife 18 bat ky, cé thé tim
duge hai dinh théa miin diéu kién trén. Vi du
lye gidc 18i cho dudi ddy chi cé duy nhdt dinh

A¢ thoa min Gidu kitn uéu ra. Do la lye gide &

6

A1A243444546 c6 Az, Aa, As, Ag lap thanh hinh
vudng c6 canh bing 2; 414246 la tam glie efn
eb duong cao AjH = 3; A4dsA3 1A tam gide cdo
c¢d dudrng cao A4l = 6. -

Ban Ngo Hita Liém (16p 11 trudng Bai Thi
Xuan, T.P. Ho Chi Minh) 0 l&i gid to1.

A As
d=—5{ ’K?A4?J
2 e

Az As

Bai 4/101. Véi ditu kién ndo cila a thl cde
phuong trinh
6§ sinx = a (7 + cos2x) (n

8a sinc~8 =a (4 4 sindx) (2}
¢ nghiém chung?

Léi gidi. Truwde tidn ta s& tim nhitng 2'a Iri
cia a d2 phuwong trinh (1) va (2) c6 nghitm.

D6i vei phwong trinh (1) tacé: Do [Bsiny’ 7. 6
va |7T4+cos2zl >6. nen al K1 Vi vay, (Jidw
kién @& (1) 6 thd eé nghidm la -1 K 4 < 1.

P&i voi phuong trinh (2) ta ¢6:
3a sinx — 8 =a (4 + sindx) < a (3sing —sindx) =
=4da+8§= 4aain$:c = da+ B> alsin’x—1) = 2.

Do—2 < sindz — 1< 0, cho nén 48 phuong Lrink
(2) c¢6 nghiém thi ta phii e6 a & — 1.

‘Viy, 4t (1) va (2) cung cb nghi¢m thi a = —1.

Bay gior A& xem voi gia rido etin a, cde phuong
trinh di cho c6 nghi¢m chung bay khéng, ts
ein phii gidi h¢ hai phuong trizh (1) va (2)
khia=-—1:

-

ﬁ 6 sinkx= — 7 — coslx 29:’1}1.1.' Bsivo- §=8

{sin’r = — 4.

f - 3 sinx—8=—4— sindx

{ (sinz + 1) (sing—4) =0

=
{ sinz=—1
3
Ta duge 2= ——— arm - (b nguyvém) la
5

nghitm ehung cia (1) va (2)
Vav, digu kign dt hai phucong trinh 48 .cho

‘¢4 nghiém chung v a= - 1:

Nhgn mél. Trén day li cich gidi cia ham
Pang Phwdce Leri (90T Quée hoe, Hug) vh moE
sé ban khic. Cac ban: Hdo Xuan Nghiép, Bo
Bire Lirn (48, Hong Quang, Hai Hung): Nguyen
Vin Tién (Yén Phong. Ha Bfic):.. 6 cich gidi
tuong Ly vh tuong dni Lot.

C.T.
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;’BM 5/101, Gi& thir a1, aiy... ani b1, bgss ba,
&l €2,.:+» Cn 14 nhitng 38 dwong vd
ajtaez+..+tan=4
bi+be+..+tha=8
ci+cat..ten=0C
Chitng mink rdng
min | aibic1, azbacy, -, unbncn! < ABC/n°
Livi gidi (eda nhiu ben). Ap dung bii dfing
thite Co-si cho n 88 duong 4€;, az,...ap ta duge
n
Vaia2..- ag < ,—t— faytuz+ ...+ ag)
i

hay
aj a2...an < (A/n)"

Tuong ty
by by .. by < (B/m)".
el €2 ... cn S (€)%

Nhin ting v& ein ha bt ding thirc may voi
nhau va nhom cac 36 cung chi s6 lgi, te dwge
{a1bic1) logbacz) ... (anbnca) S5 (aBc/n®® *)
Gid st m=min | a1b;c1, agbaca, ...,apbnca | Kb @6
m < ajbic; voi moli= 1o
vl vay
m" < by} (azbzeg) ... (anbpen)
Ter (*) va (*®) suy ra m" < (4BC/n®)", hay
m <. AbC/n® (dpem). :

(Ci]

[

Bal 6/101. gho da thire bic hai fl@)=ax’+bx+¢

thoa man dién k“!i’l:
-l o s lro st

Chirng minh ring

If'(a) | =12ax+ b) < 4 v&i moi |x] < 1.

L&i gidi. Nhin thiy ring, trén dogn [=1,1]
ham 88 |f (a) = 20x+b| det glk trj lon nhit tgi
didm x=—1 hoje 1. VI vay d% chiung to ring
@) < 4 voi moi ¢ |—1,1], tachicia ching
5 ring [ (4 0] <4, tire & |20 + b <4

Tir gih thiét suy ra ring

la-kb+el<tvalel1

Ta cd

3 1
2q+b= — (at+b+c)+ — (a=b+c)—2c.
s 2
do do
3 . '
|2ﬂ+b|a<:_'2--1a-l-b-rc'| +?|a*b+c|+2icf€4.
Tuong Ly ta cd

e, 5
—2a+b=— —(a+b+c)— il {a=—b+e)+2c,
i 2 2

hittps:/isites. google. comisiteletrungldenmath

do dé
I=2a+bl < —;;—-|n+i+cl+i“2‘!a-—b+ci+2'|c|‘$ 4.

a. T

Bai 7/101, Véi n 14 56 tir nhién va 0n+1Dx<<
/2, hdy chirng minh:
(1=cos ) (1 +cos”x) < ig nx tgz.
Lai gidf. Cack 1 (etia Ngo Hiru Liém, l6p-11
Bui Thi Xudm, H6 Chi Aioh; Neuyén vdn Tién,
Yén Phong, Ha Blic va nhidu ban kbée).

Trude hét ta nhan xélring Ly 8< (n+ D <<
#/2 suy ra 0 << n: << /2 v 0 << z<w[2

Biit ding |hiccknching minh lwong duong véi

1=cos’"z<Z AT vas hey (do cosnx cosz > 0)
cO8 WX COsX
cos {n41) x < cos Zn+ly gos nx (1)
Ta chirng minh bt ding thire (1) bing qui ngp-
Voi n=1 bit ding thie (1) trd thanh cos 2o <<
cos*z hay cos’x — 2c0s’x 4+ 12> 0, nghla la
sinc = 0'. Bt déng thuc nay ding vl 0T /2.
Gid sk ripg bit ding thire (1) ding v6i R =
k—1, toe la voi 0 <kzx < T/2 ta ¢b
coska < cos ¥ 1z cos(k—1)zx, (2)
ta ching minh (1) eing dung véi n=k, tic ld
viri 0 < (k+1)x < ©/2 thl
cos (k+1) x < cos ¥z cos kr.
Thit viy, tieo nhin xél & trén do 0T
(et De<n/2nen ta ed 0 Ta<n/2 va 0 kr < /2
nghia iacé (2). Nhin hai vé clia (2) vOi cosz >0
ta co:
eosx coskxr < cos ¥ x eoslk—=1)x,
cos(k+ D+ sinx sinkr<lcos Ky (cosx coskx +
sinasinkx)
cuszk+lxrns.-'r-.r - coalk+ 1) x >sinxsinkx cos Kx
sinx sinkx
= (1—cos® ) sinx, sinka >0
do sinx > 0,sinkx > 0 va cos Sz < 1.
Viy theo nguyen 1¥ qui ngp ta cé Dbit dang
thie ciin chitng miuh.
Cdch 2 (cia Bing Ngoc Thay, 10 CT DHSP
Vinh) Xudn Diing, Son La).
Bit ding thire clin chirng minh Lrong dwong voi
tgnx tgx + cos”x > 1
K¥ hidu f(n) = tgnx tgx + cos’"x. Ta chirng
minh flk+ 1) > f ) voi k=01, n—1:
tgkx tgx -+ cos by < tglk+ D tga + cos
© cost¥z = cosHHp < tge[tg (k + Dx — tgkz]
& cos?¥r sin’x < lza sinxfcos (k + 1) a coskx
> cos’fx << 1/cosx cos (k + 1) x coskx

2k+2.t'
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Do gibd thiét 0<(n+ Vax<_7/2 nén cic ham
88 luyng gise & vé phdi déu o6 gia tri duong
va nhé hon 1, vay bit ding thie la dung.
.Q.-Th’}' k==0,1,...,n=-1ta co
Cf) > f(n=1) > ... > (0). Nhung 7 (0) =1,
viy f(n) =1 (d. p. c. m)

Ban Xuln Diing c¢6 nhin xét ding réng cd the
m& réng goe x thanh 0 < na < %/2. Dong théi
bat ding thwe ciin chirng minh eo thé lam gid
hon la

(1 — cos™) (1 + eosx) < tgnx sinx.

Ching minh bit ding thire nay twong tu cdch
gidi 2 & trén, chi cim they igx biing sinzx,

PR

Bai 8/101, Ching mink rdng hai s 1978"
va 1978™ + 2° ¢6 sd chit 6 bdng nhau véi mei 6
tir nhién n.

Lii gidi cia Nguyén Kim Giang, 8CT PH Tdng
hop Ha Noi).

Gih sit s6 chir s6 cta 1978" la k, khi d6
105! << 1978 < 10*. Néu gia sit s6 chir s6 clia
1978"+ 2° 16n hon k thl phdi cé.

. 1978 + 2° > 10%, *)

Tacd 1078°=2". 989" ; 1978 °+2" =2"(989"+ 1);
10¥ =255 ; nén ir céc bat diing thic trén ta
Sll}' ra

980" + 1 > 25755 > 98"

vi 165 > 1978° = 1000° = 10°°, nén k > 3n-

Vi viy 2°%5F pguyén, suy ra
ok—TEE — 989" + 1.

Ciing do k> 3n nén 271 2%, viy 28"5% ¢ 4
Trong khid6 989° + 1= (4247 + )" + 1 =4p +2
kbéng chia hét cho 4

Vay ding thue (¥) khong the xdy ra, tire ld
86 chir s& clia 1978" + 2" cung phdi bang L

Mot vii ban méc sai 1Am khi gid sk s6 chi
88 cia 19787 + 2" lén hon k lai suy ra DgsyY

1978 + 2" > 10~

Néu co biif ding thire chit do thi nhirng suy
lntn tiép theo rit d€ dang. Tiée thay, vige chitng
minh diu déing thic khong xdy ra lai la vige
rit kho.

Bai 9/101. Tim tdt cé cdc 5§ x, y, z d¥ dang
thirc

_‘/a:a:.«.a:—yy...j==zz...= (1)

2n chit 56
ld ding voi moi n {ir nhién ;
L&i gidi (ctia ban Nguyén Anh Minh 16p 9
chuytn toan BHSP Vinh vi nhicu ban khac).

n chir 86

8

Ta d¢ ¥ riing x = y= z =10 la mét nghiém
1im thudng ehia {1); con voi 70 vi y =0 thi
nhir bai 9/83 d4 cho thiy x x...x khong
chinh phwong. Vi thé ta c6 Lth xem nhu x, y. =
nguyén va nhian mot trong cdc gia trj tir 1 dén 4.

Tir (1) ta co

9:.1.1...1-y.li...1=(zz--.z)2 (2)
R e, T LT, T
2n chirso n chir sd n chit sé

1051  10°—1
=t
10-1 9

Vi 10514+ 1052 + .+ 0141.=

{tong cac s6 hang cta mot cdp s nhin cb s
hang diu tién la 1 va cdng bdi la 10) nén (2)
co thE viét thanh.

16" —1 10°=1 _ g00"°-1)?
x i y =T 2 L]
9 9 9
hay 9x (10" + 1) — 9y =z (10°—1),
10° (9z—z?) = 9y — 9x — 2° 3

Do gii thiét, (3) dang v&i moi n fy nhidn
cho nén voi a, bla hai s tr nhién, a5=b la co:
10° (92 — 22) = 9y = 9 — oL
10° (9 — by = 9y — 9x = 2=
Triv 2 déng thie v& voi vé
(10* — 10°) Bz — D) =0
Do a 5= bnén 10°- 10° =0, ta ¢o:

9z — 22 =0 (4)
thay (4) vao (3) ta co
Qg—gx—:zzﬂ (5

(4) cho thily x 12 s6 chinh phuong, 4t x= i,
bir (4) va (5) suy ra y = 2k°, z = 3k, voi k
nguyén duong. Vi x, y. z nhdn céc gia trj
tir 1 dén 9 nén k chi e6 thé la 1 hay 2.

Voik=1tachbxrx=1l, y=2, 273

Voi k=2 ta co a=4, y=8& z=0.

Véi mdi edp nghiém trén thi ding thie (3)
dwge théa min voi moi n, nén déng thwe (1)
dung voi moi & ty nhién.

i g

Bai 10/101. Cho cdc s6 duong x1, T2, .. Tn
ndm ngodi khedng (a, b) vd Y1, y2.:-- Yu nam lrong
khodng (a, b) sao cho

xp+x2 + o+ Xa=m+ Y2t ol

Chitng minh rdng:

Ty T2 Tn T Y1 Y2 Un (1)

Léi gidi. Bing cich danh sé lgi cic sb ném
cin ta co theé gid st

X1y T2y TE Y Y2 S Y0 Tt 1
Fj+2rree, X

https://tieulun.hopto.org
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B‘ﬁt
=0 xy,
mj"'ﬂfl = IIj
:T\‘! 315 thigt

n k
Z yusuyra ¥ omj=
i=1 i=1

b5 A R S ]
viri j:k‘l“lg---j I,

Ei'iz
i—=1

n
L mj
J=k+1

Véi cdch @it nhir (rén, bit ding thie (1) ¢lin
chirng minh tré thinh

(gt = mu)... (g = m) (g+y 4 mg1)... (yn + mn)
<1 U2 Yo ( = .fil_)‘__ (1 L )x
o vk
K(l+ L .(I-l— m“)f;__'l ©
Hle-+-1 Un

. Ta ching minh bit diing thie (2).
Ap dung bit ding thicc Co-si cho n sb durong

fa co
mi-k1 )

(l—il—)... (1 o 31-—’5-) (1 +
1 Uk k41

hitps:iisites. google.com/site/letrungltienmath

N,

i

n i=1m  J=k+l m
1 ke h
e (n— Z mp+ = mj!gk)=1
n i= =kl
k I
(Vi Zmi= 2 m )

Vay (2) duge chirng minh va tire 12 (1) duoc
chitng minh.

Chit y: Khi 4p dung bit ding thiae Co-si cho
cic 86 duong, ta thily irong cde s6 dlrcrng nay
c6 26 1lén hom 1 wva cé s6 mhd hon 1, vi vay
ddu ding thire khong xiy ra.

Céc ban: Ngé Hitu Liém (16p 11 truong Buai
Thj Xuan, Hé Chi Minh), Nguyén Quang Chi
(lép BA trudng Yén Tho, Quing Ninh) va Xadn
Diing (Son La) di giii bai toén bing phwong

 phép qui nap. Céch gidi d6 mudn that chit che

thi loi gidi hoi phie tap va dai hon lﬁn giai
trén day.

5

Bai 1/104. Cho ba s8 ty nhietn k, I, m doi
mst khong e6 cung s6 du trong phép chia cho 5.
Chirng minh riing trong ba sd: A=3k+ !+ m,
B=3l+k+m C=2-+2l+m céd mdt va chi
mdt s8 chia hét cho 5. ~

Nguyén Bd Thanh (Thuin Hai)

LY

Bai 2/104., Giai_phwong trinh

abc = ‘(—abcbcba
Biyng Hai Nam (Hii Hung)

Bai 3/104, Tim nghitm nguyén dwong ciia
phuong trinh

82—+t =
wei diku kign vy < x < 10,

Pham Hoang (Ha Noi)

Bai 4/104. Cho mot bing vubng gdm 16 &
vadng (4 hang). Dign edc 3§ tir 1 dén 15 theo
thir tw vao cic 6 cia bing: didn & hang the
nhit dén hang tht tw, 6 cudi tréng.

Bhy git¢ thay d6i wi trlcde s3 bing cich mdi
lin diiy s6 & mOt 6 lin can (& co chung canh)
voi & lrdng vio & trdng.

Hiy ching minh ring du ta thye hién céch
lam d6 bao nhitn lan di ching nita thi ciing
khong bao gio sip xép duge céc s8 theo thw i
nguoe lai (0 cudi trong).

Bai 5/104. Diy s6 a1, as, as,... théa min
digu kién

a1 =1, dn=ap-1 + 1/ag_1.
hdy chitng minh:
128 Tayggy + i < 155

Bing Hai Nam

<~ Bai 6/104. Trong khong gian, che mot tir
gidc ghinh ABCD; diém E & tréa BC, F & trén
AD san cho AB, EF CD ecing song song wvoi
mit mit phaﬂg v

a. Chitng minh ring t6n tai mét s6 k >0
sao clio

https://tieulun.hopto.org
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EF < kAB + (1—k) CiL.
b. Tir 46 suy ra EF << max (4B, CD).

Lé Trin Chinh (PHSP Vinh)

Bai 7/104. Trong khong gian cho mdl sb
hitu han didm sao cho 4 @i€m bit ky trong
chiing 1a dinh ciia mot tir dién co the tich khéng
vugt qui 1. Chiang minh ring tit cd cic diem
d3 cho déu nim trong mot b dién co the tich
khéng virgt qui 27.

Lé Trian Chinh

. Bai 8/104, Goi 6 14 tap hgp céc gid ir

(z1, x2) thée min cac didu kign

2xy + xn = 6
2 + 2 <. 4
:11,-4-0:[' = 0,

fiy tim gid tri ohd nhdt clia ham:
_:,-=-~-.‘!;r1":I:2+:|:51l
trén mi&n & noéi trén.
Ta Vin T (DI Bach khoa HN)

HOC SINH TiM TOI

~Bai 9/104.. Tim t4t ci cac s6 ty nhién A sao
cho khi ta nang chit s8 hang don vj cia A
lén liiy thira bac 4 thi ta duge chinh s A.-
Nguyén Thanh Nhd
(10C Lé Hong Phong, H& Chi Minh)

“ Bai 10/104. 4, as,..., an 12 n s8 duong va
§ = a1 4 a3 + ... + an. Chiang minh ring
(25 + ap/(S + ar) + (28 + a2)f(S + a2) + .
.+ @5 + an)/(S + an) 2 (3/2) n.
Nguyén thanh Nhi

Chti thich: Bai 4/104 do Pham Hodng suu tim

TiM HIEU

sAU THEM TOAN HOC PHO THONG

PHUONG PHAP CHUNG KHAO SAT
TiNg BOI XUNG CUA BUONG CONG

RONG c¢huong trinh Dai s6 16p 10, muda lim
tim Rode iruc ddi ximg clia dudéng cong,
ta thuong phiii phac how d thi @& Godn

nhin (dya vao cic abfn xét: giao cla hai dudng
1iém cin ed thé lo thm 461 xuong, true d81 x{ng
thuong di qua didm cye tri,...) vi sau 46 ching
minh biing cieh chuyén gée toa d¢ dém vi tri
thich hgp 4% nhin duge nhitng ham le hoiie
chin. V&n d% niy c6 thE khio sil chit ché va
dudi mot dang ehung hon nhu sau day.

PINH NGHTA. Bidm I (dudng thing D goi la
tAm (true) d6i xvong (viét tét la t.d.x hede
tr.d.x) ciia duéng cong (c) khi va chi khi véi
mdi ditm M thude (¢) ta déu cé ditm N a6i
xirng véi M qua I (qua D) ciing thude (c).

TAM B0O1 XUNG. Gid air phuong trinh clie
(¢) 1a y=/ (), z € Di {mién xdc dinh clia him
flx)). N'Iu vy digm J (xo, yo) 1a t.d.x. cla (c)
khi va chi khi v&i moi digm (z, yma y= = flx),

ta déu co didm { x , y) d6i xang voi (z, y) que

10

NGUYEN VAN CHAN

I ciing thda min E: T {?r') N!nmg; + x = 2xo,
¥ + y = 2yo. Do d6 ta c6 2yo — y = f(2ro—x) hay-
2y = flx) = f(2xo—x) véi mei = € Ly (n
Pay chinh la didu kién cin va di di diém
o, o) ld t.d.x. ciia dwéng cong y= {{x)

Vi du vai fla) = Pl)/Q(x), trong 46 1'(x), Qla)
12 cac dasthize, (1) 38 co dang:

2g0 Qf2) G(2x0— @) — Pla})2x0 —~ 2) — Qx) X

K Plrarml =10 (2).

véi moi = sao cho Qlz) 0.

V& tréi cia (2) la mot da thie vo&i cac hé
s§ noi chung phu thude vko T Yoo Cho 14t cl
cdc hé 6 nay bing khong, ta s& biét duge dudng
cong dd che co6 t.d.x. hay khong va néu cd thi
s& tim dugc toa 46 céc t.d.x do.

vi DU 1. leng minh réng t-d.x. cla dudng
cong phéii nim trém eic dudng litm cin xién
v pgang cia 0d. :

https://tieulun.hopto.org
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Gik 8T duirng cong y= fi(x) c6 tidm cAm ()
(xidn ho#e ngang) y=ax + b va td.x. (x4 Yo)s
Tir (1) ta co
217, — flx) + ax + b= {(2x; — x) = a(Zx,—x) — b4
+2ax, + 2. =

Ehi x> oo ta ¢6 flz) —axr —b=—>0 vi vi
khi dé 2x, — & —> o pén ta ciing eb

flx, — x) — a2z, —a)—=Dh—>0.
Nhi vhy cho x —+ oo ta dwge y =ax, + b, tiee 12
(o yo) € () (dpem).

Chii 1. Tiém cAn ta xét & ddy & tiém can
hni chiBu, tirc 14 khi & —* 4 oo cling nhuw khi
a—» — oo ta &Bu eb f(z) —ax—b — 0. Néu xét
ch tiém cin mot chidu thi k&t ludn trén céd thd
khéng ding. Vi du t.d.x. (0, 0) cha &udng cong
y = arctgr khéng néw trén cdc dudng tidm cin
ngang mdt chidu y= 1 /2 clia né.

T (1) ciing suy ra ring, néu (x,, y,) la t.d.x.
vixr=a1 la tiém ein (ding) cuae (c) thi
x—=2r, - a1 ciing la tiem cn (dGng) eda (c).

Vi DY 2. Chirng minh réing giao di2@m hai dwéng
r}a:z + bxte

x — d
(v6i ad” + bd + ¢ == 0) 1a t.d.x. duy nhit eda né.
O day (1) c6 dang:
ez 4 br+e a2z, —a) + b2x,—x)+c
x=d i 2= x—d
hay (2g,x — 2y, d) (2x, — x — d) — {ax® + bx e
¢ (20, — 2 = d) = (z - d) (ax® + daa® — dax,x +
+ 2bxy — b x + ), Y = d.

Sau khi trién khai va déng nhit edc hé 88
ciung bac, ta 88 di dén cic didu kifn:

ti¢m chn ela dudng cong g =

2, —

Jo=axy, + b + ad
(d®~2dx,) gomcxs=cd—bdx,—2adxl
Ti day (voi didu kitn ad® + bd+ ¢ == 0) s8
Euy ra
To=d, o= 2ad -+ b.
PAy chinh 1a giao diém hai duong tidém cidn
x=d va y—axr tad + b
CHU Y. B8i véi mdt duong cong bit ky,
khéng phii lbe nio giao ecia hai dudng Ligm
cin eing ld t.d.x. Vi du muén cho giao didm
(1, a) hosic (—1, a) hai dudng liém cin cla
ax”® + bx + ¢

dudng co e e
uong cong y 2 B

I3 t.d.x cua mno,

cin va &0 la @ — b + ¢ = 0 tholica-+b-+c=0)
Céc ban hiy tu kitwin tra digu da.

VI DI 3. Chirng minh ring diém udn efia duvang
o

cong bac ba y = ax” + bx* 4 cx + doa 5= 0, la
t. d. x. duy nhit cia neé.

O day (1) s& c6 deng
200 — (ax® + bz’ + cx + d) = a 2z, — 2)% +
+bh 2y —a)  +ecQro=2)+d o
Sau khi khai tridn va ddng nhit cic s5 hang
cing bie, ta 28 tim ra.
Xo = "bJ'rh
Yo = daxd + 2bxg + cx,+ d
C6 thd thir lai rling nhw vay y, = ax> + bl +
+ cxe + d, tire la (x,, ye) tring véi diém udn.
TRUC BOI XUNG. Trude hét ta tim toa dd

(xg, o) cla @idm N A6i xirng véi diem M (x1, 1)
gua dudng thing () y=ax + b, a ==0.

Phueng trinh duéng thing qua M vi vudng
goe voi (1) la
1
Y= 3= =—(z —-m1)
a
dudng thing nay cit (D) tai dim c6 toa 46
x1 + ayy — ab 2 axi -+ a“yy + b
at + 1 a® + 1
Pay chinh la dim gitta cfa doan MN. Do d¢
(1 —ahx + Zayy — 2ub
a” + 1
(a® — 1yt + 2ax1 + 20
a*® + 1
Theo &inh nghfa, (D 1k tr.d. x, eta dwong cong
y=f(x) khi va ehi khi véi moi didm (x1, y1)
ma y1 = flx) ta déu c6 yr=/{(xp), ma xc va 12

thi tinh theo x1, y1 qui cde cong thie (3. Noi
cach khiec

(e = Df@) +2(ax 49 _
a® 41 %
=f((1 — aVx + 2af (x) — 2ab )
a +1
véi meoi x thuée Df.

Vi du dudng eong y= f(x) muén nhjn dudng
thing y = x (hoic y= —x) lam tr.d.x thi cén
va di la
x =/ (f(2)) hoic twong ung —z = f(—f@&),
 x € Dy,

Ta —

Yo =

Tg == AT, — X1 ==
(3

y2=2e — Y1 =

(4

Trong truong hop tr. &. x. ding, ta cb céng
thic don gidn hon nhidu: Bigu kién edn va da
48 duong thing x=x¢ ld tr.d.x (dang) ciha
dubrngy =[x la

fax) =[(2x, —x). "V £ € D¢ (5

Vi DU 4. Chirng minh ring néu duéng cong
(edy=f(x) co tr.d. x. zién (Hy=ax + b cit (c)

11
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& P(xo, yo) thi ti&p tuyén cia (o) & P phit trang
hofie vudng gic vai (1) {gid sit £l eo).

Ta co f'(xe) = lim
b o AN

Xét dizm (=, ) ddi xing voi (x, g), gy = fla)

qua (). Vi (D la tr.d.x. eha €o) neén _y'z‘f(g:}
va do d6 (x— 2, khi x— xy)

]im o f{xnl
€T =+ XTa

fllx) =

X —1Ia

lhung":\;, Elinh qua x, 7 =f (x) theo eéc cong
thie (3), Vi vay ta co

(@® ~1Df @) +2(ax+b

= — flza)
¥ . + 1
(rg)= lim & .
£ = xy WH=a®e+2af(x)=2ab
- xa
a® + 1
lim @ =@l 4202+ 25— 1) — flax,)
x=>axs x—x,— a° (x+ 2 + 2af (x) — 2ub

Luu ¥ 1a f (x0) = dgxg + b, td day ta duoc
lim @2 = D7) = fixe) | 42alw—z0)

fxg =
TR g (100 (o ia) # Ya Tle) T

(a® = 1 f (xo) + 2a
AL L i bt L
o 1—a” + 2af (xa)

B : 1
Tir didyritraf (xo)=ahoiicf (x,) = — _ (dnem)
¢ a
Vidu @uong thing vira la tr. d. x. viva la tifp
tuyén (i bil e diém nio) cia chinh no, dong
thoi bdt ky dutag thiing nio vuéng gée véine
ciing la tr.d.x. cia no.

Dya vao (5) cac ban s& thiy ngay la: Néu
dwong eong y = f(x) cb tr.d.x dirng cit né &
(®a, o) thi [ (xo) = 0. (That vay

£@) = f (xo)

f'(-l"n]' = lim
T Tp X -3,
B e f(2as ~ x) = f (o) =Ty
x—=x, [(Zxs — ) — z,)

Hon ntta, néu (x1, 0) vi (x1, 0) 13 hai didm
d6i xirng nhau qua (8, xe) thi vi
£ —fl) _ 7 (@) — flzn)
i EET (2x, —a) — (220 — a1)
@) —fla
ey

f' (2= — [ (z1), tice 1 d20 him bie nhat A3:
chidu khi qua x,. Nhu vay & diy f{x) phli co
cuc tri.

VI DU 5. Timm, n, p, q (pg-0) d& duwing

+ X 2
(e) = Mnh.ﬁn duwirng thing y="Ir lim
px + g
tr. 4. x.

4] diy a=2, b=0 nén () et dang
3l 4z / (’ 4f(x) — 3z )

3

mx - n p
Thay flx) =  la duoe (chi viél cic
rx +q
s0 hang v&i 88 mil cao nhit). i
ipx® + ... — 3mpxz® + ... ;
s CE) - Nhw vay
ipx 1 5q 1 B i e
—12;13;1:4 +.=— 15;:?,02.1:3 + .. Soyra p=0, tire

la (e) phii la dudng thing g = mrig+n/q. Do d6
mudn ¢6 dwong thing y = 2z la tr. & x.1hi phii
¢6 m/g =2, n =0 hoc m/q = —1/2 (n bit ki),

VE BIEU THOC chOPA

RONG To&n hoc ta thuéng giip nhirng bigu

thitc chira mot s6 vd han cic phép iinh.

Khi gip cie biéu thihe nhw viay vide trude

tidn 1a cdn phii dinh nghia rd riang phép todn
chira trong bigu thae do.

Ching han ciin tim tdng cia mdt s§ vo han
céc s0 hang

ai+az+ ..+ast ... (1)

12

vO HAN PHEP TINH

PHAN BUC THANH

Khai nidm gidi han cta diy cho phép ta xay
dung @uge khai niém tdng cta chudi (1), Cu thd
la: néun ton tai gidi han elia diy cdc téng riéng

Tp=dl + az -+t «:x 4 an
thi ta bao ring chudi (1) héi tu va giéi han tim
duoe duge goi la tdng eha chudi di cho.

Kh#i niém gi¢i han cfing cho phép ta kha
ning ftao nén ¥ nghia ecla cic bigu thie

- https://tieulun.hopto.org
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chira mb6t st vo han che phép tinh. Ching

hgn:
e (
A=V2 +V2-|—-1f2+.... 2)
B- V3 Vs vi £

s o D
C= VS V5 b R .
Cu th 12 46 voi bidu thire (2) ta hiy xét diy

:('1='lf-2": Eo = Vzﬂf?

3= Vﬂ =+ —Vﬁ + 1;2 e

va ching ta hifo bigu thuoe (2) nhu giéi hgn
clia diy oy
A=lim xa
n—* o=

D& dang chimg minh duoe ring (xem bai tip
50 391 clia Tugéa lip nhitng bdi todn so cdp tap 1
cla Phan ditc Chinh va cac tac gid khiac) an
14 mét diy téng nght vd bi chin trén (ching
han b V2 + 1). Do d6 diy xp €6 giol han khi
n— co.

Ré rang voi n =1 ta cb

tnt1=V2 ¥z,
hay .«cE_H =2 oy
Cho n—> o0 ta Quwoe A>=2+ A
Vi 4 =0 nén ta tim duge A = 2.

Tuong tr ta hidu B i gi¢i han cla diy zn,
trong do

T = v 3 V& s TR

n cin
Ta g8 chirng minh rding £ thue sy tdn tai.
Thie vay

n n
a3l gl 312 gl lade 41

S—

Do tinh litn tyc ciia ham y = 3% nén

- i1
B=lim xn=311m{1:2+".+1m) = =0
R —» Oo

Ciing twong tu, ta tim dwoe €= \/35.

Tom lai nhe phép todn gidi han ching ta cé
thé dinh nghia ‘dvoe cde bifu thite Foo chira
ma4t s6 wvd han céc phép tinh. Khi d6 ia hidum
Fee phua gici han khi n — oo efta bigu thire Fy,
& Fp phép todn clia chiéng ta gip n lin. Hon
nita tir d6 ta c6 theé néi dén vige gidi cdo ® phwong
trinh» khéng binh thudng chiva cde bifu thire
Foo, Ching ban cdc phuong trinh sau;

v:zr-}‘-v;t'{"fﬂ'“i‘ ----- =2
v:r -V_a:";"x =3 .

L R
{x+ 1}
(x+1) ==

Khi gidi cac phuong trinh nay triwde hét cin
dinh nghia rd rang phép toin Foe va ching
minh s tén tai ena giéi han,

Céc bhidu thire loai Feo thwiérng gip khi tinh
gin dirng. Chiing han d2 tinh gin ding clin bic
3 cfta mdt s8 a ta 14y s6 ghn ding thi nhit

ag=a_>0
86 glin dung lifp theo

ay= —i—- (2 a0+ afe})

va ting quat

i = *;— (2001 + afali-1)-

DE diéng chipg minh dwoc ring diy an eb
gioi han hira ban. Goi lim en=35. Khi 8650

vh s = 5 {25+aj'sz)
3

hay S = Suy ra 3=Va.
Trong thi du trén, diy ghn dung an duge cho
b&i hé thie
an = f (an_1)

1
trong do6 fla) = —:-]— (@x 4 afz®) vi giéi han s

ciia diy an la nghiém clia phuong trinh
flal== (5)

Gid s ta cAn giki phuong trinh (5) trong dé
{f la mdt ham nao ddy cd mién xdc dinh 0. Ta
ldy mdt ditm o D va xac dinh day theo he
thire truy hdi

an == flan_1).

Gi#a thiét ring an € O voi moi n@ N.

Binh 1y 1, Néu diy an hoi tu v& 5 va him
f litn tyc khi = 5 thi s la nghi¢m ciia phwong
trinh (5).

Bay givr ta hBy xét cac bidu thac loai Foo

VT
V7
Y 5
; a2

1
g
2.

13
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Litn quén dén Bidu A4 e "Hiy™zét tinb hol
tu cia dAy
Tg = 1
i
% R {n>1)

Di nhién tinh hdi tu cia diy ndy phu thude
viao tham 85 a. T dinh I¥ 1 ta nhdn thiy réng néu
lim xn==s this 14 nghitm ella phuzong trinh a* = .

B8i véi diy (6) ta co

Binh 1y 2. Diy (6) hoi ty khi va chi khi

(1/e)* < a<e'®
(1/e)° = 0,065988...

% = 1,444668...

(6)

véi

V2
Theo djnh 1y 2 3
thl cic bidu thac V2

h:‘fhn

A
B
vh 2

l& 06 ¥ nghia. Cén céc bifu thire san la khong
cd pghia

(CRET

va

THU TiM HIEU VAl DIBU VE s& NGUYEN 1O

IEC oghitn ciku nhing tinh chét cta t4p hop

céic 80 nguyén t6 dfn nay di c6 rit nhidn

k&t gqui hay, tuy nhién vin con phigu * bi

mai» chua dugc khdm pha. O bai nay, téi mudn

bwée d3n giéi thidu voi cic ban mét vii tinh

chit tha vi ella 30 nguyvén t4.

Trude hét, ¢chlic nhidu ban 4% bidt dinh 1y

khi dep sau d4y w2 s6 nguyén t6:

Pinh 1¥. €6 v0 han cie s6 nguyen t6.

Chirng mimh: Ching ta gik sirchi cé hira han

che sb nguyln to:
P1 P2.., Px. VAY hly zét sb:
N=pipg..pst 1
r3 rang N khong chia hét eno mét s6 nguyén t8
pi (1 <i< k) niao bdi vi khi chia N cho p
(1< i< k) d2u c6 s§ du la 1.

B&ivi N 5= - 1 nén it nhat N phii chia hét cho
mot s8& nguyén t6 p nio d6, ma phw ta néf &
trén p==p: (1 <i<C k). Viy miu thuln véi gid
thift ¢hi cé k 46 nguyén t6 py,..., Pg

Viy af cdc sd onguyén t6 la vd han. -

S& di téi muén gioi thidu véi cae bgn phép
chtng minh trén hii vl phuong phip dé cd

-

14

LE THONG NHAT

th: st dung @B pgidi mot s6 bai tofin vi s§
nguyén té.

Nhir vay thp hop cée s8 tur nhién chira v8 han
cdc 88 nguyén t8. Ta hiy nhin t4p bhop cac a8
ty nhién dudi goc d6 la mot cdp sb chng véi
m=0 va d=1. :

V3y c6 phii echi co clip 50 cdng d6 méi chira
vo hgn cdc sdnguyéntd haysac ? Litu mdt cdpsd
cong bt k¥ ecé thE chira vo han céc 88 nguyén
t6 dugc khéng?

N#im 1837, wha Tofn hoc DPi-rie.1¢ (nhi toam
hoc nguéi Dic di ¢d nhiku ebpg irinh déng
gép cho gidi tich toan hoc vi 1y thuyét =8 &
thé ky thw XIX) 48 chovpg minh duge ring:
e Nfu m{! cfip 56 cOng cé sé hang diu va ebng
sai nguyén LY cing nhau thi cdp s8 edng d6 chira
v hgn cdc sé nguyén t16 ®, Két qui d6 véi triedng
hop u1 =1 &4 dwge O-le chirng minh tir nfim 1775.
Nhi todn hoc Lo-giing-do eling dd ching minh
dida khiing diuh eila Di-ric-Jé; phép chifng minh
dira vio mHtménh dé phuy, nhwng tife thay mgnh
@8 phu 46 sau niy duge Kilim tralgi méi bigt lasai.

Phép chirng minh cin Bi-rie-ié khé phuc tap
dya vho bim 28 85 hoc d¥e bigt la chufi, sap

https://tieulun.hopto.org
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46 Xebero di chirng minh dirge mit cdch hodn
toén so <dp. (Céc bgn thir nghi xem).

& &ay t6i chi giéi thidu phép chimg minh 46t
¥6&i vii cfip s6 edng dic bigt va mong cdc ben
hiy tim cich ching minh cho cic clp sé cong
d#c biét khac thda miin didu kién clia Bi-ric-1é,

Bai todn. €6 vb han cic sd mguyén t§ dang
41 +3 (voi t la 86 tu nhien)

Léi gidi: O day:ta xét cip s6 cdng

3, 7.11, 15

(m=3; d=4 théa man ditu kién Di-ric-18)
Ta phii chéng minh cfp sé cong nay chia vO
hgn ecde s6 nguyen té. ¢

Ta gia sit nguoc lai: chl tdn tal hiru han ciic
86 nguyén 16 dang 4f+ 3. Xét N la ticlh’ clia tHt
ch ehc 8 nguyén t8 dang 6.

Tabidtrdng ndux=1{modt)va y =1 {mod4).
thi ay =1 Imod-l}.\"a.y tich cdc sé nguyin té nao
d6 dang 4¢/ + ! khong thE la s6 4N-1. Do d6 s8
4N—1 ph!l c6 it nhit mét woe s nguyénts dang
41 +3, gif sk @6 la p. Ta co p la woe cia N va p
eiing la woc chie 4N — 1. Suy ra p la wbecha — 1.
Nhung p > 3, viy miu 1'1u§n va ta co k&t qui
cin chirng minh.

Cie bgn s& co k&t qud dsi voi cac s6 nguyén
té dgng 6f-+5, 10f +1 néu dang phuong phap
teong tu.

Nhung l&i gidi cho cdc 86 nguyén t§ dgng
4f+ 1, 6t + 1 thi 1ai phite tap hon nhidu. .-

Xin goi ¥ cde ban c6 thE di theo con dwdng
théng qua bai todn phu sau:

> Bai tofin phu 1, Ching minh ring: néu ton
tai s nguytn a sao cho x® + 1 chia h&1 cho 88
nguyén t8 p thi p phdi c6 dang 424+ 1. P2

Sau 46 xét N la tich cdc s6 nguvén 18 dang
4t +1 (vol gid st 88 cé.c 56 nguyén t§ dang 441
la hira han) vk sb 4N*® 4+ 1, ¢éic ban a8 din t&i
m@t méu thuolin.

Bai toan phu 2, Ching minh ring: néu tén -

tgi s6 nguyén z sao eho x®+ 3 chia h#t cho 86

iuguyén t6 p thi p ¢6 dang 6/ + 1.

Tir bai toaAn phy 2, cic ban 58 gidi quyst dugc
bai toan cho cic 36 nguyén té dang 6/+1, bing

+ phuong phép nbw déi véi nhitng s6 nguyén t8

dang 4ﬁ 2!

_ tdng céc I13p phuong cia ba s& fir nhidn

Bay gid chc bgn hiy phét tridn suy nghl theo

mét khiacgnh bhée. Ching ta hiy nhio edpsd cong:
up, ti+ d,o +2d mtkd . 2
nhir la diy edc gia tri ela him 36 fl) =
ul + kd tai lin luot cic gid tri ela 4681 86 k=
0, 1, 2,... Ham s6 f(4) la him s8 bac nhit.
Néu thay him sé d6 béi mét bam 68 bt k¥ khae
g(®) thi ta hiy xét diy 86: .
g (@, g {1)...g K.

Lidu n6 c6 chira v6 hgn cée 38 nguyén t§ hay
khéng?

Thi dy: g(:n)na:z+l ta c6 diiy a8 :

1, 2,:06, 10,.17;...

lién cd vo han edc 36 nguyén t8 trong 46 hay
khong ? Néu xét 3000 s5 kang dku tlen cic ban s&
cd 300 s& nguyén t6. Con can trd I¥i cho clu hdi da
dit ra thi @&n nay vinchua duge gidi guyft. Chi
ridng xét voi g(x)la mét da thirc bic nnao dd thi
vin @& ciing d3 kha hic baa rdi. Mong ring cée
ban hiy tim téi va sing tgo 48 conhirng k¥l qui
18t diichila conbé nhoso voi bii toan tdng quat.

Cubi cung xin giri t6i cédc ban 6 bai toan v
s6 nguyen té (ma theo tdi bi&t) 3énnay vin chua
co 1o gidi dE cdc bgn thir suy nghi mot cich
manh dan:

Bai fodn 1. Chirng minh t8n tai hang s& k820

cho ¢6 v6 hgn céc 86 nguyén t6 p va p ~thda
min p'—p < k.

"Bai toan 2. Tim hiing s6 k sao cho tén tai vd
58 clip &8 nguyén 18 p va p' thoa mén p'— p=F.

Bdi todn 3. Chirng minh ring véi mdi sétr nhién
chin d2a c6 thé bifu dzén thanh hleu clia, 2 s6
nguyén té nao da.

Badi todn 4. Chung minh ring co vb sd cde sd

nguyén t6 p sao cho p' = z eting ¢

sb nguyén tg,

Bai fodn 5. Chirng minh ring tdn tai {t nhd
mét tam thirc bae hai f (x)=ax® 4+ bxtcvéia, b, ¢
la cic 88 nguyén d& diy

0, 7@ 0,
chita ¥v8 han cic 28 nguyén t6.

Bii todn 6. Chitng minh réng tn lai vd han
cac s8 nguyen t6 bidu difn dwge duéi dang

https://tieulun.hopto.org
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KY THI TOAN QUOC TE LAN THU 20

¥ thi todn gqufic t& WMn thir 20 43 duoe tién
hanh wio thang 7 via qua tai Bu-ca-rét.
Cé 17 nude du thi la: Viet Nam, Ru-ma-
ni, Bun-ga-ri, Tiép Khéc, Ba Lam, Cu Ba, Méng
Cd, My, Anhk, Phap, Cong hoa lién bang Dite,
Ao, Nam Tu, Ha Lan, lnuy’ Bitn, Phin Lan, Th3
Nhi K¥ (du thi ldn diu tién). Trix Cu Ba chi cit
bén hoe sinh c¢de nwde con lai d8u cit @G tim
hoe sinh dw thi . Trong s& 192 hoc sinh du thi
ed bén hoc sinh gai (Bun-ga-ri hei, Mong G va
Nem Tu méi nude myt).

Ciing nhw cac ky thi trude, hoe sinh due thi
phii gidi sfu Dbai tofin wv&i s diEm t0i da
14 40.

Sau khi eh#m bai, hoi d5ng chim thi d& quyét
#inh vi trao tiauns nfim gidi nhit cho cic thi
sinh dat duge tir 30 d8n 40 di2m (hai hec sinh
Ru-ma-ni, m¢t hoc sinh M¥, mét hoe sinh Aph
vi mit hoc sinh CHug hda lidn bang Dire); hai
mwoi gini nhi cho cic thi sinh dat duwge tir 27
dén 34 difm; ba muoi tdim giii ba cho cée thi
ginh dgt duoce to 22 dén 26 digm.

Poin hoe sinh nude ta dat duge kft qui nhu
gan. Hai gidi nhi 14 : Vi Kim Tufin 30 diém
vh Nguyéon Thanh Ting 20 dim; su gidi ba la:
BS Bire Thai 25 ditm, H6 Pinh Duln 24 dim,
L& Nhue Dwong 24 didm, Nguyén Tuin Hing 23
didm, Nguy@n Hoéng Thii 23 didm va Nguyén
Trung Ha 22 didm.

B Gisds daz va Trung wong Doan Thanh nién
Cong sin Ru-ma-ni com t& chie mdt cude hop
dic biét mdi trudng doan cde nuwde va tit ea
cie hoc sinh dat gidi du 4% ting mot s8 pidi
thudng ngoai thE 1§ ciia cude thi. Doan hoe sinh
auwde ta duge ting mét giai déng 401 die bidt
« 14 doan duy nhit ¢6 cli tam hoc sinh dat giiin,
Em Nguy@n Hong Thii dupe mdt giidi ca nhin
d#c bitt «lid hoe sinh dat gihi it tudi nhit»

Sau diy la d& thi nim nay.

NGAY THU NHAT

Bal 1. Cho m vA n la phitng s tw nhién voi
n > m = I. Trong cich viét thip phan, ba
chit s6 cubi ciing cla 1978" theo thir ty bing
ba chit s6 cudi ching clia 1978" ,

Tim che s8 m va n sao cho téng m +n co gia
trj nho nhit,

“ (Cu Ba d¥ nghi, 6 di?m)

Bai 2. Cho P la mot didm et dinh nim bén
trong mé! hinh edu cho trude. Ba doan thing
PA, PB, PC yudng goée d¢i mét co ba diu mit
A, B, € pim trén mit ciu. Goi O 1a diu mnat
thir hai ctia dwdng chéo () ¢ia hinh hop chir
nhit co cac eanh la P4, PB, PC.

Thm qui tich efia didm () khi ba diém A, B, C
chay trén mit ciu.
(Mij dé nghi, 7 di®m)
Bai 3. Cho & hop tit ch che s6 nguyén

diuong la hep clia hai tip hop con khing giae

nhaw |7(1), f2),., fla..] va {g(D, g(2),.
g(a),... | trong dé

AR BRIl 1) e
i)l eT o = gl 2T L
va gln) = f (f(n)) 4 1 v6i moi n = L

Tim f(240).
(Anh dé nghi, 8 diém)

NGAY TH{ HAI

Bii 4. Cho tam gidc ABC trong 46 AB=AC.
Mot dudrng tron tiép xie trong véi duéng tron
ngoai tip tam gide va clng tiép xuc voi cac
canh AB, AC theo thir tuw tei P, Q.

Chirng minh ring trung diém ciie PO la tAm
dudng tron noi tiép lam gide ABC,

(Mj d® nghi, 5 diem)
Bai 5. Cho Jak| 1a mot diy 56 nguyén duong

phan biét (k =1, 2, 3,...). Chung minh ring véi
moin = 1;

n .2 II_
Zapfir = kil 1/t

k=1

(Phdp dé nghi, 6 ditm)

Bai 6. Mét hoi qude té co hoi vien thude 6* 5

nurde khae nhau. Danh sich cic héi vién goém )
1978 nguoi duoe déanh 6 thi tu tir 1 dén 19780

Ching minh ring c6 it nhit mdt
s6 thi tw bing tdng cde sd thi tu
vién thude cing mdt nude véi héi 1
bdng hei 1in s thir tw eia mdt hofrién thude
ciing mol nude véi hoi yvién do.

(Ha Lan dé nghi, 8 oﬂ?’m)

Intai Xinghi¢pin75 — 77 Hang B6 — Ha ndi. Xong ngay 25-10-1978

Chi s&: 12884 Gia 0,104
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