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3 NGUYEN CANH TOAN

Céc ban thin mén! Dwgi géc d6 “lénho nay thi phép cdng va
F ; Ching ta di quen v6i cac 36 thie (hao gém  Pbép nhan nén higu nhu thé nao? Véi hai so
| ALILE q T N e
: L4t ¢4 cdc 88 hitu ty va cic sd vo 1¥) va thutng  {hge a, b va voi motl vée to V, ta co:
5' nhin ching duéi gée d¢ “sé». Bay gi¢r ta hiy T el == = e
i - ©6_cich nhin méi v cdc 56 46 Cic s6 ahu 2,5, (@ T D V=aV £ bV, (ab) V = abV) = blaV),
: 2, T, v.v.. dem it trude mot cai gi d6 ddu o -
. ¢6 ¥ nghia nhr mdt lénh phdi thwe hanh trén 1) Muén thire banh 12nh a + b thi ta thi hinh
3 cdi d6. Vi du 2 dem dit trudce 3 c6 nghia la phii  Tiéng & ting lénh « va & (theo mdt thie Ly nao
. ldy 3 + 3, dem djt trude x c6 nghia la phii ldy clng dwoc) roi cong cic két qui laj.
p — . 3 x
|E-: x + x, dem it triwée ¥ (ky hién mét vée ta) 2) Muén thiyc hanh lénh ab thi ta thue hi

¥ c6 nghia Ia phii liy m{! vecto cing phwong, MOt trong hai lénh a, b trude roi dem lenh ¢
£ == ——

1{., : - g 4 lai thi hinh ddi voi két qua dat dige san
huéng voi V‘\ra dai gip hai lin V (hinh 1. dd thi banh xong Ténh thir nhat.
s]* ¥y Dén day, chiic c6 ban di s6t rust mudn
!; 3 = nhung nhin dwdi géc d6 « ldnh » nay thi
; b 8 gi? Ta hiy nhin hinh 1. R rang la liy &
; ! $6 thue nao ladm lénh ta eiing khong the
' khéi dwong thing D, nghia 14 néu ta xél 1
g e e vecte cung gée O va' xuit phat Lir mal (3
it TR e e 2 s f : 2 o
= : I A e V nim trén m§t duong thing D thi &
: g u : x ; v ; 20 e ).
| _ cac veclo aV ludn luén budc phii na ¥ 3
j Hinh 1 dudng thing D. Chiing han véicicsé theni M & O
| : : thE pao tim ra mét cii léph A% ti vé '15
L : .. https://tieulun.hopto.org
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dege vecto U trén hinh I

Ta muén thoat khdi th& gi¢i chat hep ciia
dwdng thing D 48 di vao vung vAy trong thé
giéi rong lén cla toin mit phing. Lam sao

bay gio ? Mot vecto nhu ¥ bufe phii ndm trén
B

duong thing D vd mét vecto nhu U co thE cb

nhitng vi tri tiy ¥ trong mit phang thi khie

phau co bin & chd nie? Néu nhu ta dinh hwéng
e

duwdng thing D thi ta c6 thé xde dinh V chi
bing mot 6 thuc thoi, 46 la hoanh d6 v ciia
—

né. Con mdt vécto nhw U thi khong thé xic dinh

chi bing mét &6 thiee, ma phii biing hai s6 thye,

&6 la hoanh d6 o va tung db o’ ctia né (hinh 1}
.

Pem lénh ¢ thi hanh ddi v&i V thi @i¢u d06 ciing

tuong duong voi viée dem lénh d6 thi hanh déi

véi hoanh d0 ciia né, lirc la: dem sé thye a
—_

—

nhan v&i veeto V thi hoinh dd vclia V sé duge

ghan 18n véi a, vi ngege lai dem hoinh dé v
—

phan véi a thi ta dwoe hoanh 44 cia vecty aV.
Didu nay goi cho ta ¥ nghia tao nén nhirng lénh
m&i d0i véi cie vecto trong mit phiing biing
eich dupg nhirng lénh et doi voi hoinh 49
vi tung d6 efia chting. B& cho hudng suy nght
nay dwoc cu thé, ta hiy xet thit mdt trudng
hop dic biét: Ta mudn tao nén ml cdi lenh
cé ldc dung 14 khi dem thi hanh déi véi mébt
-
vecto U thi quay né di 60° thanh mot vecto
— —
khée U’ (hinh 2). Goi toa @6 clia U la x, g vi
toa @9 clia U la 2", y'. Néu goc chia true Ox voi
U lz o thi
x = OUeos®
y = OUsin=
2’ = OUcos(2 + 60%)
= OU'cos® ¢0s60° — OU” sinx sin 60°
g = OU’ sinle + 60%)
— OU’sinccos60° + OU'cos#sin 60°.

‘,‘-L,_..-..., Fid
7

o
=

“yecto V

Vi OU" = OU (phép quay), nén cudi cimg ta eb%,

a
g':ﬁ_a:+ 24
2 2

Vi du ey th® nay gei cho ta ¥ nghi tao nén
nhitng lénh méi bing bén lénh cil a, b, ¢, d tie
dong léen hoanh d¢ va tung d) cla cdo vecto:

2 =gz + by
y = cx + dy

{trong vi dg trén a=1/2, b= —'I"-i-.‘rﬁ, c=f3-f!'r
d=1/2).

Ta sip xép b&n s& thye @, b, ¢, d thinh mét
bing.

p— -

(z z) va viet U = (E Z)U

. : 3 ab) .
a8 chi ring lénh méi cho b&i bang (c 5 )h:lu

F—. —
vecto U thinh veelo U'. 2

Nguéri ta goi mdt bang biin sé thue nhu viy

la mét ma trin. Nhu viy mdi s§ thye cho ta
mot 1enh ci con mét ma tran cho ta mét lénk
méi. Cac lénh el giam him ching ta lai trong
thé gidi chil hep ciia mot dudng thing con céc
lénh méi thi gidi phong cho ching ta duoc ving
vhy trong ch mit phing réng lon. Kbi nhin mbt.
ma {rin cho ta mét lénh mé&i nhar trén thi ta
phii ghi nhﬁ_{ing: Mubn c6 hoanh dd cla vecto
méi (veeto U') thi dung hai lénh cfi & déng diw
cfia ma trin con mudn c6 tung @b clla vector
méi thi dang hai lénh cil & dong thir hai clia
ma trin. Trong cd hai trudng hop. lenh c@ &
ben trai la dB t.h_i’hénh d3i voi hoanh d6 cha
vecto cfi (vecto U) con lénh cil & bén phai la
4t thi hanh d@8i véi tung do cla vecto cd. Trong
cic ma Lrin nhu lrén (a hiy chi ¥ d&n cic ma

trin dgng (; 2) M&t ma irin coé dsng nay

cho ta mdt 1énh md khi thi hanh 481 voi mj}
co toa 46 (x, y) thi s& co_mdt veclo v
e toa do lax, ay). tie Ia veclo aV. V&Y lénh
méi cho bii ma trin néi (rén’cd tde dyng hoan
toan giong y nhir tac dung clia Jénh ¢t cho bol
56 thue a. Nhuw vay cae lénh et chang qua ch¥
la myt truong hop ddc bigt eua edc lénh mdic
e : :
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Tren co s& d6 ding & goc d¢ « lénb ® ta cb thé
viét;

a 0
lénh ( )ﬂlenh i
. 0 a

a 0 =
0 a §
Ta ciing s& xé&t i3ng va tich ciée lénh moi

giéng y nhuw khi xét Idng va tich cic lénh ci
néi & hai didm 1) va 2) & trén.

) ; ! b Sl
Gid s% ta 6 hai ma tran [ © vi |0 o
£od 1 |

Ching cho ta hai lénh m&i ma ta dem thi
hanh rieng ré déi véi mét vecto V cH toa dd

hay vin tdt: (

b t.r] Ta dwge kél qui la hai vecto 11'1‘1, y1)
va Vilx't, ¥'1) c6 loa dé nhu sau:

T =nqax + by
5 yl =cx + dy g
e
Téng Vi + V1 clia hai vecto do la mdt vecto
'T'rcé toa d6 la:
z=a1+a1=(a+alz+ B+
y=mtygr=(ctecle+d+dy
Vay ket qua dat duge ciing giong y nhw khi
ta thi hanh déi vé&i vecto V chi mét lénh

a+a b+ b
c+c d+d
Trén co s do, ta co thé vidt:

a b a b S a+4+a b+b

et )\ a ]S\ ede asa
va goi ma trin & vé sau la t8ng cia hai ma
trdn & vé diu, va ciing goi lénh & vé& sau la
tdng cia hai lénh & v& diu. Néu ta thi hanh

a b y sy T
lénh ( o ) trude thi ta duoc veclr V1 o
e

Py =ax+ by
gr1=cz+dy

trén va ti€p lheo do ta lai thi hanh Il&nh

a b ¥ i -
(F ; ) déi vo1 V1 thl ta duge vecto V'’ céd
e e

toa dé la:
r =ax’1+ by'y = ala’z + b'y) + blc'x +d'y)
=(aa" + b’ )x+(ab + bd )y
y =r:.1:1+dr}'1-—c{asc+byl+d(ca~:+ﬂ i)
=(ca'+de )z + (eb” + dd )y,
Vay két qud dat duge ciing gidng y nhu khi
fa thi hink d&i véi V chi mé6t lénh

aa’4bc”  ab +bd’ =3
i A i . ], tre la:
ca +de cb +dd

https./isites. google. com/site/letrungldenmath

ab ab’ T aa’ + be’ ab’ + bd’ =
ed ( ed )*(ca'—i—dc'cb'-l-dd'

vi ]& do, ta co6 thE viét:

a b\ fa b _ faa +bc’ ab’ + bd' (1)
c d e d ) \ea' +dc’ cb' +dd'
vi goi ma tran (lgnh) & v& sau la tich eda hai
ma trin (Iénh} & v& trude, 14y theo thw ty dé.

(r @4y, khae véi trudng hop cfic 86 thue, tich
niay néi chung khéng giao hoan. Ban doc ew thir

a b
xem, néu ta thi hiah lénh (.: d) trude thi ta

8¢ di dén kél qua:
a b\ fa b\ _[aa+bec ab+bd )
¢ d}\ed cat+de c'b+dd

Trong thé gi¢i cic ltnh méi niv xuit hién rit

nhigu ditu ky la khéng co trong thé gi¢i cie
lgnh cii. San day ld mét vai hién tugng ky la do:

0 =1
1) Ta goi i la 1énh (1 0 ) . Apdung cong

thie (1) hodie (2) & trén, ta s& co:

s an i T
1 J 1 0 0 -1
Dang thire i* = —1 ¢6 v& hi hidm nay Thué ra
12i rit d& hicu. Ban doc d& nhin thiy ring l&nh

0 -1 it ;
(1 0) ching qua la 1&nh « quay 90° nguoe
chiénu kim ddéng ho? va ding thie i° = =1 ¢6é
nghia lia: quay 90° nguee chidu kim ddng hé
lién ti€p hai lin thi tire 12 quay 180° Va bay
gio mot phu-c'ng trinh bic hai khéng co nghlém.
vi du 2+ x4+1=0

--i_—'r-li?z

tré nén co nghiém: x = va ynghia

cic nghiém d6 cling rit dé hidu:

2 2 e ¥3 /2 (i}
g ( —1/2 —}’Em)
Vaiz —1/2

vi '

R ,_(—132 n) ( 0 f:)'_xz')
bt TR )+ L

2 2 i e ~V3/2 o

L (—1,’3 LEY}) ):
~¥3nm -1/2
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Néu ta viét phuong trinh dud1 dang at +x=—1
thi ta thiy ngay ring hai nghi¢m trén chinh
Ja hai l¢nh c6 tinh chit sau day: dem méi l¢nh
d6 thi hanh lién tidp hai l&n (x°) ddi véi bat
cir véclo nao réi ldy kéat quia ejng vii vecto
e¢d dwroe khi chi thi hanh lénh 46 e¢d6 mét l&n
théi (x) thi két qui cudi cing la dwge veclo doi
clia vecto lie diu.

2) Ta goi ¢ 1d 1¢uh(‘1' ;) Ta c6

()

Nhu vAy, ta thiy ring trong thé giéi nay 1
khong phii ehl ¢ hai ciin bic hai la +1 va —1
ma ¢o6n ed nhitng cin bde hai khic, vi du +e
Vi —¢,

3) Ta goi o 1a lanh (; g) Ta cd

Do d6, moi liiy thira cha = déu bing o Ngwsi
ta noi ring @ co tinh chit « iy ddng s

0
4) Ta goi € la lénh (1 g) Ta cd

EE_:(O 0) (0 0) =(D 0)=ﬁ

10 10 00

Nhwr vay ta thiy réing 0 c¢6 nhitng cfin bic hai
khic khéng. vi du € va —E. Ngudi ta néi ring
E ¢é tinh chéit €liy linho».

Nhirng diu trén cling ¢4 v& bi hidm nhung
ciing rit dé hitu. Ban dge tir minh cé th¥ thiy
ngay ring:e la lénh sau day *bién d0i vecto di
cho bing phép déi wirng qua phan gidgc thir
nhil ?; o li 18nh sau day « chiéu vudng goc vecto
di cho xuéng true Or: con € la lénh gl thl xin
git bi mat @ ban doc tu tim liy. Rd rang la
mét chin troi méi da md ra trude mit cic ban.

Bii hoc ta clin ril ra & diy li: nén 8 ging
tim nhirng edch nhin méi d8i véi cai cii. Tir
each nhin mai hy vong s€ co6 eai méi ra don.
Gifta cdi ¢li va cai m&i nav cd mét miu thuan
(dung o goc 46 cii ma nhin: vi du 58 thue v
ma irin la khic nhau') va ¢é mit théng nhét
(ding o goc mii ma nhin: lénh cho béi md!
86 thue ciing 1a lénh cho béi mdt ma trin)

(con nita)

Bai 1/99. Tim & 8 tir nhién a1 < az < ag <Tas
sqo cho tit ed cdc 5o

di = a4 — as dy == 13 — a3
dy = az —a 4 =ay4 - az
ds = a3z — a1 dig = ag — a1

d¥n la cde 36 nguyén 8, frong do eo ih e
nhitng s6 nguyén {6 trang nhan.

Léi giai (ela cde ban P& fie Len, Vi Bire
Minh, 16p 9N Hong Quaung, Hii Hung va nhiéun
ban khic).

Ti diéu kién cia bai todn ta co:

di=d1- d2, ds=ds + d3. dg==di -+ dz 4- ds

Xét ede kbha niing:

1} d1, da, d3 la cée s nguyén t6 1&. Khi do a4
vi d5 ld ede 56 chiin 16n hon 2, kha ndng nay
khong thé xay ra vi d4, ds 1la cac nguyén 18.

2) di, da2, d3. la cic s6 nguyén t8 chin (chi
cd thé bing 2). Khi d6 de =06, khi bping nay
ciing khong thé xay ra vi de la s6 nguyén 15

3 Trong 3 s8 di, d2, d3 chi cd mdl sd chin,
hai 56 kia 1&. Khi d6 ds 1a mdl sd6 chin lén
hon 2, trdi vé&i ds la 86 nguyén to.

4) Trong 3 so dy, ds, dg co mot 58 1& va hai
sd chiin (bing 2):

—di lé thi dy=dy =2 Khi dé6 ds=4, trii
vii ds la 86 nguygn té.

— da lé thi dy=dy;=2. Khi do dy4=4, trii
vOi d4 14 s6 nguyén té.

— dz 1& Lhi d} =43 = 2. Khi d6:d4 = ds = dy + 2
va d6 = d2 + 4. Mal khic, trong 3 s6 dz, da+ 2
d2 4+ 4 lubn [udn céd mat sé chia hét e¢ho 8 va
déy la cée s6 nguyén 16. Kha ning nay chi xiy
ra khi d2 =3, dg=d5=5 va dg =7. Tir 16 dé
dang tim dwoe:

az = a1 4 d3 = a1 + 2,
a3 = dgs + ds == a1 +3,
a4 =astdi-ray+ 7.
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Viy cac sd a1, a2, a3, a4 thda map didu kién
cla bii todn phii c6 dang:

al=nma;=n+2,a3=n+5 at=n+7,
trong d6 n la mét s6 tu nhién nao dé.

(]

T. T,

Bai 2/99. Cdc ditm d8i axibng véi triwee tdm
cita mit tam gid- qua ciac canh ciia tam gide iy
tao thinh mdt tam gide mdéi. Cic eanh cia hai
tam gidc niy cat nhou tqo thinh mét luc gide.
Clirng minhring cdc dwing thing ndi cdic dinh
ddi dién cie luc gide nay edt nhau tai mét didm.

Léi giai (efia ban Phan Vin Vdn, 16p 9N Héng
Quang, Hii Iung).

Goi H I4 truc 14m cfia tam gide ABC: IJK
lin luot la céc diém déi xiang cia H gua cic
canh BC, C4, AB.

1. Trude h& ta chitng minh [, J, K ndm trén
dudng tron ngoai liép tam gide ABC. Thit VAV,

Do o v J ddi xing nhan qua AC nén
C.M' = CAJ. Ta lai e6 CAl = chJ {goe c6 canh
Lrong rng vudng goe), do viy: CAJ = LHJ, nghia
i 4 ditm 4, B, C, J cing ndm trén mét dudng
tedn hiy J nam trén dudng iron ngoai tiép 4 BC.
Birg lap luin tveng tir, I va K cling nim Lrén
di0ng tron ngoai tiép ABC,

2 Goi M 1A giao didm cia EJ va AC, N la
giao diem cla KT vi BC, Ta s& chirng minh 3
digm 1. M, N thing nang. That vay Theo trén
ta co: *H.ff 1J.F. (cting ehéin cung Ax). Két hop
viri :1.”(—- THN (do H via I ddi tng nhau qua
h(‘) va AJK = Al 1r.i (do I va J déi xing mhau
qun £A) ta deoe LIN = AHM ditu nay chirng
to 3 digém M, H, N thing hing.

hittps:/sites.google.com/site/letrunglaenmath

ldng edach lap lugn tuong lu, La chirng mioh
durge cac duéng thiing néi hai cip dinh ddi dign
con lai cita lue gide (phin chung cfia hai tam
gidc ABC vi IJK) déu di qua truc 1Am H cia
tam gidc ABC.

Nhéan xét. Nhidu ban da 6 1¢i gidi dung va
theo cing mot lwge dé ching minh nhu trén
(trude hét chirng 16 A,B.C, I,J,K, cing vim trén
mft dwong (ron, ol =au do chfzng minh cae
duong thiing ndi ede dioh dsi dién cia lue gise
clit nhau tai H),

Chéng hgn, @& ching minh M. H, N thing hing
c6 thé ]ﬁp ludn nhw sau;

e .U?I— At .‘n’ (gbc ¢6 canh Auong 1 rng vubng
géc} nén _Lh = ‘lJ T d6 JUh o= AIJ’ Nhuruog
AIK = TUN (dn T va H ddi xirng nhau gua BC)
nén AIJ = L!,\., nghia la HN /f IJ. Tuong tuw
ta rcling cé MM /f IJ. Ti dé suy ra M,H,N
thing hang.

T.T.

Bai 3/99. Cho da thive bic hai
fla) = ax® + IJ.r -I- c. ;
Bidt vling | f10) | == 1, | f{—1 xl,[f[“i{[,
hiy chirng winh ring
| flz) | << 5/4 voi moi |2 | <
Léri giai. Trude hét ta hiy lap da thirg bic
hai gla) = Ax (x— 1) + Blx® — 1) + Cxlx 4+ 1).
Ta biy chon ecidec ht 56 4,B, € sac cho
gl=1)=f( - 1), gl0) =) va g(1)=f(1), tic la
fl—1) = gl—1) =24,

fio) =gl®) =—-B,
Fll) i pit ==l L0,
X 1
Hay A= ek =1L BE=—f0), = —fil).
2 2
Véri cdch chon 4, B, C nhu vay, thi da thire

hla) =flx) — glx) ed bic =, 2 va c6 (it nhdy) 3
nghi¢m khac nhau li 0, 2= 1, thanh thir la Hnl
e6 hix) =0 hay f(x) = glx), tire la

,f{;r)=m—f(--l}a:(x*]) -j"((l)(:r —1) + flD) x (x41).
2
Vi vay
| f) | < - _-; | f(—= D] xz=0]+] (o . ]x ~1|-+

P !ﬂl}|.1z(:r:+l)|
2

ds
< Li:::(:::_1:~!-i—i:::"«-ﬂa:-? azlz+ 1]
2
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1 . g
=|x‘--1|+4é|:n|(|::!—1|*‘—,;rr+l|).

Néu jo|<t1thi |22 ~1)=1=2%va
lg—1l+le4+1l=1—24+14+2=2 do dé6
@ <t1—a 4|z khi lz| <1
tire la &
2 -
] —2°—x+1khi —1< 250
““”lgg_xuxﬂ khi o<e<i

Bing cach tim gid tri lon nhiit cla cdc tam
thite bic hai & v& phii, ta &uoe

| F(z) | < 5/4 khi l2] < 1.

Céde ban: Nguyfn Quang Son (3CT DHSP Vinh),
Trdan Anh Son (10A Thii Phién, Hii Phong) va
Lé Ngoe Ugén (IR 121 Ha Nam Ninh) con cd cie
caeh gidi khéc: trong d6 cfich gidi efa ban
Nguyén Quang Sen 4p duvg cong thive ndi suy
La-giing-gio nén ngdn gon hon ca.

Bai 4/99. Gial hé phirong trinh

2

] = a8 4+ 1
xh = x3 + 1
Ll =
2y =1 41

trong dé n la mét s5 e nhién 2> 2 cho trude.

Léi gidi. Nén x;=ax2 thi xj =3 v tir
hai. phuong trinh d8u suy ra mp = xs. Tiép
tuc lap ludn, ta thiy ring x1= o2 =in;
va hé phuong trinh di cho thu v& phuong trinh

- —1=10

Nhir vay trong trudng hop nay, ta suy ra
réing hé c6 nghiém
=== (141 V5)2 (A)
s=.2y=(1-=V5)/2 (B)

Ta hiy xét truong hop x1 5 3. DI nhién ta
cling phii c6 x2=F a3, T3 24,..., 015 Tn va
xp == 1. Bing phép hoan vi véng quanh ta eé
thé giad thiét ring

x1=max |xy, 22,.,.Tp]
Thé thi
aZ=mx1+ 1=max fe1+ 1, 2 + 1.2 + 1}

x]

Il
8

Il

(1

= max | 2], x%,...,xﬁg
hay ciing viy
len| = max {lx1l, T=el,...,leqll (2)
Néu ax, =0 thi ¥y > x5 >0, nén suy ra
lx1|>>|apl, trai v&i két qud trén, thanh thir ta
phii e6 ap < 0.

Néu 23>0 thi =21 +1>1, vay |zl >1,
vi do x, <0, ta ¢6 Ta <=1, ti d6 suy ra

6

Th1=xn+1<C0, vd ly. Thinh thi 2130, va
do (1) ta ¢d i< 0 voi moi i =1, 2,..,0.
Nhu vay tir (2) suy ra
Tn— min i:ClE
Vi wi€$1§0 Vvéi moi i=1, 2,...,nta ¢o lxjl =
=min}|x;l{ hay 2}=min 23], vay zz =2} - 1=
=min ] x% — 1| =min lx;l. Thanh thé x2=x,, va
rp=x;=1= :c% — l=u;. Tiép tuc lap luin nhu
viy ta duge.
rl= T3... = Max 1:::];.
Xp=X4:.- = Xy = min l:u:d-
Pigu d6 chi co6 thé xiy ra khi n chin, khi dé
hé phuong trinh thu v& hé& hai phuwong trinh

2
ri=x2+1 %
voi o > a2
? J.‘%::I:l.‘i‘l 1
Gidi ra ta ducc x1=0, x3=—1,

Ta di d8n k#& qua nay véi gid thidt x1 == 2
vi w1 =max |x;|. Hoan vi véng quanh cac xj,
ta thiy ring ngoai ciae nghiém (A) va (B) thi
trong trudng hop n chin, ta con cd thém hai
nghi¢m (C) va (D) san day

ri=xg=...=xn-1=10
: 3 I =Xl==%n—= =1 ©
Vi
? ri=xjz=..=rp-1==1 (D)
PN e e

Nhin xéf., Cae ban Bdng Ngoc Thiy (lép 10
chuyén todn PHSP Vinh), Trin Anh Sen (lop
18A — Ngd Quyén — Hii Phong) va Bdo Xudn
Diing (Ha Ngi) dd cé 1&i giai ding, nhung lap
ludn chwa ranh mach, chinh xée.

T.T.

Bai 5/99. Cho biét duing cong (C):

y=f(x), —o= <_x<_o°, ¢ ditm I la tdm d&i
airng va duwéng thang d khéng qua I la truc déi
xitng. Chitng minh réng (C) c¢é vé van truc déi
xikng song song voi nhau. Tim mdl dwdng cong
(€) nhir trén sao cho khéng ed fruc ddi xirng ndo
cita (C) di qua I.

Léri gigi. Trude hét ta chirng t6 riing dudng
thing d1 @di xing voi d qua I ciing la truc ddi
xiung cita (C) (hinh 2). Muén viy ta ching minh

ring v&éi mot didm M bit ky trén (C) thi bao

gio ciing ¢6 mdt diém trén (C) d8i xiong voi M
qua dy. Vi I la tam d68i x@ng va d la true ddi
x@ng nén My d8i xirng v&i M qua I phai thude
(C), Mg d8i xing v&i M1 qua d phii thude (C):
M3 d8i xing véi Ms qua I phai thuge (C). Ta
chi ciin chirng minh hai diém M va M3 ddi xiing
v&i nhan qua di. Ta thiy rdng bai tam gide

https://tieulun.hopto.org

e



.

Tk =7

https:/sites. google.com/site/letrungldenmath

httos:www. facebook com/letrungldenmath

IMiM2 va TMM3a biisg nhau (c.g.c). M&t khie do

d va di d6i xirng nhau qua I nén JIK =[L. Suy
ra KM2 = LM3 va do dé hal tam gide EKM2 va
JLM3 bing nhau (E 13 giso chia My Mz void—
xin aira lai hinh). Tir céc ciip tam gidc bing nhan
trén ta suy ra MMaldi va J la difm gita cila
MM3; tire la M3 d6i xing véi M qua d; (dpem).

114 hl

el -

AL
4 :
‘h 3
v h.
: l
Hinh 2

By gi¢ ta ching minh réng ho cic dudng
thiing song song nhau, trong @6 coé d va d,, cach
d8u nhau mdt khoing biing khoing ecach gilia
d vi dy, déu 1A céc true d6i xikng cda dwdng
cong (C),

Thit vay, vi du ta xét dwong thing ds gin d
nhit. L4y diém N bit ky trén (C), bao gi¢ ciing
tim dwoe Nj thude (C) a6i xeng véi N qua d,
lai tim dwogce N2 thude (C) déi xirng véi N1 qua
di; lai tim dwoc N3 thuge (C) d6i xing voi Na
gua d. D& thiy chitng minh duvoc N3 ddi xitng
vOoi N qua dz.... Chitng minh twong ty lin lugt
cho sie dwrong khic.

Pudng cong y = sinx théa min cdc yéu ciu
clia bai todn, Ching han xét tAm d6i xing la géce
toa d§ thi tft ci cic truc d6i xitng: x = T2 +
kX, k=041, = 2,... (vi chi gbm céc duong
thiing nay) déu khéng di qua gic toa dé.

Bai 6/99. Cho da gidc déu n canh A1 A2... 4,
noi liép frong hinh trén bdn kich R. 1 la diém
giita cita cung nhé Andl- Goi Sn la fong cde
khodng cdch tiv I dén tiit cd cdc canh ciia da gide
Chirng minh ring

“ lim  Sn = R.
n=rce L

Liri gidi {efia Lé Anh Diing, 10CT Thai Phién,
Hai Phong). Goi By, H2,.., Bp-1, #a lin lwet 13
dién Llich cac tam giac ¢6 dinh la I va cdc canh
day lin lugt 1la A1das, Azds,..., Adp—q g, An A1 va
by, h2,...hy la cic @uong cao tuong wng cia

chiing, cic tam gide nay ¢d cae canh diy bing
nhau, ta d4t bing a. Nhu viy ta co

Sn=h + bg... T g1 4 Ia
=28+ B3+ ..+ Ba-1a + ky
=2B -+ Bn)fa+ Iy

véi B 14 dién tich efta da gide d8u. Goi d lb
trung doan cna da gidc dén thi

Sp _ 2B+2B , ha _ 2B _ 2By M

= [ — o=

n n m na na n
fin hl n—2
md+ k= Ry - g
it n n g
R n_2fln-
n
n—2
Khi n =+ oo thi =1, iy =+ 0, nén

n

i oS (dpcm).
RTeee o

Cic ban Trlin Lé Minh (9G Yén Binh 2, Thanh
Hoéa): Nguyén Duy Qudn, Phgm Vidn Vdn (BN
Hong Quang, Hii Hung): Tweng Day Nhdn (10N
Héng Quang); Pang Ngoc Thiy (10CT BHSP
Vinh): Ngugén Viét Thanh (Nghg Tinh) va Hdo
Xudn' Diing (Ha Noi) ¢6 1&i giai twong doi tét.

Bai 7/99. Gidi va bién luin phwong irinh

ax? + (a1t 1 (@24 H(a+Dx+a=0 *)
péi a la tham s0.

Lé&i giai. Khi @ = 0 thiy ugay_r?mg phuong
trinh d4 cho ¢6 mot nghiém don x1 =40 va mdt
nghié¢m kép xg = L. ;

Xét truong hop a == 0. Trong trwang hep ndy
phirong trinh d4d cho (*) khong th& c6 nghiém
x=0. difn déi (*) thanh phwong trinh lrong
duong sau day:

at +(:t:+1}(:|:3 +Datx(z+ 1 e

(x == 0).

Gidi phwong trinh bic 2 nay ddi voi g, ta o

A=@+1)? @+ —ade+ 0
=@+ )@= >0,
vi hai nghi¢m
a=[-G+ D@ +D+GE+D @ -1/
t=[—z@+1D @ +D=@+1) %~ 1 ]/2*
Bién @t6i hai phuwong trinh cudi nay, la duge
axl+z+1=10 (%)
T tata=0 (9%)
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Khi gidi eic phuwong trinh (%) va (#9#) ta thav
chiiug c6 chung bigt thire 0 =1 —4q. VI vay,
khi g >>1/4 thi 0 <C 0 va, do d6, ci hai phrong
trinh trén d&u v4 vghiém. Veia=1/4 thid =0
vai méi phwong trinh (#2), (+*%) ¢6 mot nghigm

kép: 2y = — 2, w3 = — 1/2, Truwang hgp a < 1/4,
mdi phuong trinh trén e hai nghiém phan biét:
—1+V1_4a 1+ V1 —4a

Th e = Ty, 4 =

2a 4 2

Mhén théy ring phuong trinh (¥) tvong duong
viri hai phuong trinh (#3) va (#%*e) Vi viy 2L 2.
x3- 4 12 4 nghiém elia phwong trinh (%L

BE phén biét droc nhitng nghiém kép cilia ()
ta ciin phii tim nhirng g tri cha a (0 5=a < 1/4)
sa0 cho xjemxj (i = 1,2, j=3,4), tirc 14 nghiém
cua mot trong bdn phuong trinh sau day:
—1+Vi—d4a _ -14Vi—

+ LY <.
2a 2

Ban doc d& dang tim thiy ring chi ¢o a=-—2
la thoéa min cdc didu kién néi trén. Cu thé ta co

1 4 V1 — da
vt S . & Sl LAH

P o (S T
2a 2
g (voi a=—2).
Cudi eting ta di dén nhing k&t luin sau:

1) Khi a =0, phuong trinh di cho (%) c6 mdt

aghi¢m don 1 = 0 va médl nghiém kép x2 =—1.
2) Khi @ = —2 phuong trinh (#) c6 hai nghiém
donxl = —1/2, 23 = —2 va mét nghiém kép a3 =1,

3) Khi a = 1/4 phuong trinh (*) ¢6 hai nghigm
kip xy = —1/2, x2 = —2.

4) Khi a < 1/4 va —2 == a == 0 phuong trinh (%)
cé bén nghiém phan biét

1l Tf‘l-—éu —‘l—_|-'t"1—'—4q
T SR R T e S R 1 5 T R o s s e, o2
2a 9

5) Khi a > 1/4 phirong trinh (») vdé nghiém.

Nhign xét. Cic ban Bao Xudn Ding (Hd Néi),
Vii Bire Minh, Nguyén Duy Qudn, Bd Bire Lurn
N HOng Quang, Hai Hung) vi mot s6 han khae
cd cich g Ai twong tu mhw trén. Tuy viy nhigo
ban do khong cha ¥ tim nghitm kép cia
phuong trinh (=) nén di dén nhivng két ludn thiku
chinh xie.

Ban Poan Kim Bdn (Truéng cong nhan ki
thuat, nhi miy eo khi Ha long Hai Phéng),

Tl =

Nguyén Vin Cuing (2B Khoa Toin DHSP Viat

Biic) va mot vai ban khiec da giii va bién luin
phuong trinh (#) bing cich dat y=a+ 1z va
vi dira vé phuong trinh bac 2 d8i vai y:

ayz-}- (a + 1)y + a®—2a+2=0
Sau d6 chc ban giai va bign ludn phueng trinh
niay. Song mdt s6 ban do 1dp ludn khéng chiit ché

&

nén k& ludn khéng ro réng: tham chi ed bgn
con Két luan sai la phuong trinh (*) v8 nghigm
voi moi a >0, V.V..

C.T.

Bai 8/99. chirng minh réng moi da gide n
canh déu chia duoc thanh p br gide ngi (18p vd
pP=5n

Loi giai. Trude hét ta dwa ra bd 4&:

BY dé. Mot tam gide bit ky co thé chia duge
thanh ba te giac ndi tiép.

Ta cé cdc nhéan xét sau:

— Néu tir mét difm bidt ky bén trong mt gée
nhon ta ké cic dudng vudng goée xudng cic canh
thi chan céc dudng vubng géc hao giv eing nim
trén cic nira dwdng thing tao thanh goc nhon dé.

— Néu tir mot diém bit kY trén phin dudng
phén gide clia mat géc 16i ndm trong goe 16i
do6 ta ké cic duopg vubng goc xubng cdc canh
ciia goc thi chin ciac dudng vudng géc bao gidr
cling nim trén cic nira duéong thing tgo thanh
goe do.

Chirng mink b6 d&: Cho mét tam gide ABC bat
ky. Vé&i cac nhin xét trén, bao gidr ta ciing tim
dwoc mdt didm M ben trong tam gidc smo cho
tr M ha cdc dwong vudng goc MA1, MB), MCy
xudng cac cgnh cia tam gide thi tam gidc duge
chia thinh ba ti& gidc (hinh 3).

Hinh 3

R& rang ba ti gide ACI MBI, B MCi, CBi MAy
d2u ndi ti€p dwoe dudng tréon vi déu co mit
cip goc d5i bang 90°. BS a8 duwge chitng minh.

Chirng minh bai fodn:Dé thiy ring mdl ffa gide
b&t k¥ bao gio efing chia diroe thinh vé sé
tam gidc. Ap dung b3 d2 trén ta c¢6 mOt da gidc
bit ky bao giér cling chia duwoe thanh vo s6 ti
giae ndi tidp.

Nhir vay ta ¢6 k&t ludn manh hon két luén
clia bai toan ban diu.

Bai 999 Cho o va B théa man T/2=>a=>f>e,

Chirng minh réing véi moi sd {ir nhién n
sin"a — sin”f > (sin"la — si11“+1ﬁ].|'2.
L&t gidi- Theo gia thift, ta eo ’
1 = (sin2 + sinP)f2 == 0.

https://tieulun.hoptb.org
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V1 vay

r : in® + =zi
sin"¢ ~ sin"f > (sin®& — sin"p) ﬂ-—-ﬂ

wtly - gin™H1B) +

L (sin

2
+ L gina sinf (sin® & — sin™"1B)

Do /2> a=P >0 nen sina =sinf >0 va

sin®'a > sin®"1p
[

suy ra : sinasinf (sin"~la—sin™ 1) >0, do d6

sin"a — sin®B = (sin™ et — sin" 102 (dpem)

Nhan xét. Cac ban Trin Lé Minh (9G, Yén
Binh g, Thanh Hoéa): Hodin Kim Bdn (Nha may
co khi lig Long, Hii Phong); Nguyén Quang Sou,
Bdng Thani Hai, Hing Ngee Thiy (CT BHSP
Vinh); Vi Bire Minh, Nguyén Duy Qudn, Bii Quy
Ying (9N Hoéng Quang, Hai Hung); Lé Thi Thu
Ha (U Tr wong PICN Vigt Tri, Vinh Phi): Nguyén
Xudn Huy (6T 2816 Ha Son Binh) va nhifu ban
khée co 1&i gidi ngin gon dE hiku. Ngoai ra cod
mdt vai ban chua ndm ving cae tinh chit ciia
bit ding thirc nén d& mac nhirng sai lam. Chiug
han, t nhing bit ding thie a.
a=c c6 ban suy ra a—c>>b - d. R rang dién
nay xhong phai bao gior cling dang.

C.T.

Bal 10/99. Cho ba s8 a, b, ¢ théa man
a2bzc>a—bva atbtc=2m. Chirng minh

ring
[mla+b—c)—ab] | m(b+c—a)—be] [m{c+a-bl—ml
a® b? &2
oL
8

Lo gidi. Ta co

mla+b=c)-ab= 'aiz"‘ffﬂ-'-b"c) AOL s +h —{
Tuong lu
mb+c—a)—be= 2-+-i:2— a®
2
mlc+a—b)—ca =ﬁ#

=b, cz=d, b dy.

Nhu vay, difu phai chivng minh taong duong

voi :
(@®+5°~c*) @* P —a?) (F+at D) K BB
Theo gid thi&t a b >c>a—b 1a cé

a?+b2—e®>0 va & +a®>=b*>0. Nbung

2
] +t.'2""ﬂ2 c6 thé drong hoic am.

Trong truémg hop b? + ¢ —at<<o vE trin
clia ( # ) 1A mot sé am, cho nén bt ding thic
(% ) la ﬂl’lng

Gik s B* 4 —a =0 Ap dung bdt dding
thire clsi chn tiang cip ciac s& khong &m
4 b2 =2 b 4‘[.2--&3,(:-]-(]2--{) tu co:

2~

Vb — ) (- DO

B S e W
< {a"+b°—c )+ (c"+a" —b") e
2

Vi + b7 =) WP+t -ah <
— ) bt +eE =)
2

(a® 4 b% 2
-.';; =

Vib et — a9 (@ +e'=b%) <
P W +c?-ah+aitei-bh _ o
2

Nhan v& vé&i vé cdc bhit ding thac do véi
nhau ta dirge { ¢ ).

Nhdn xél. Bai nav eo thé gidi bing nhisu
ci-h. Cic ban Podn Kim Bdn (Nhi may co khi
Ha Long, Hiai Pheng), Triin Anh Son (10A7 Ngb
Quyén, Hai Phong), Nguyfa Duy Qudn (9N Hong
Quang, Hai Hung). Nguyén Quang Sen va Bdng
Ngoc Thity (CT BHSP Vinh! co loi giai t8t, tuong
tu nhuw cach gidi irén.

Mét s6 ban khic cling gidi bing céch nay,
nhung do khoéng chu y bz-e-cz - a° ¢6 the am
nén lon gidi khong diy dd.

Ngoai re, ¢6 mdt s8 ban gidi bai toan bing
cich ching minh ba s6 a. b, ¢ la d§ dai 3 canb
cia mdl tam gidc, sau d6 4p dung dinh 1¥ ham
sé cosin cho tam gidc do, ta cling nhin duge
bit ding thie cdn phii chitng minh,

C.T.

Stre lgi: Trong sdé bio 2— 1975, hinh v& & trung 16: hinh nao & vi tri O ghi sd 40 thi sia

lai thanh 140,
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Bai 1/102 ({é-p 8. Tim a va b d& 1980 ab lb
mét s6 chinh phuong.
Chiung minh raug khong ton tai 58 chinh phwong

dang 1978 w’. :
Phan Pic Thanh (Nshé Tinh,

Bai 2/192 (j5p 8). Chirng minh ring thn tei
v s 86 tur nhidn n sa0 cho trong dang thip phan
clia 5" ¢6 it uhdt 2000 chit 56 0 ding k3 nhau.

Phan Birc Chinh (Ha Noi)

Bai 3/102 (16p 8). Cho tam giic ABC ¢6 dién
tich biing S. A1, I, C; twong wng la trung di2m cac
canh BC. C4, AB. Goi K,L.M la cac digm chay trén
cic doan ABy, B(y, CA1, luong Gng. Gei S* 14 dign
tich phin chung cta hai tam gide A1 B; C1 va
KLM. Tim gia tri lén nhit va nhd nhét efa S*.

Biti Hung (Ha N6i)
Bai 4/102 (I4p 9). Cho ba didm A.B.C khong
thang hang c6 CA = CB, dwong thiing d bién thien

di qua €. Trén d tim difm M sao cho MA 4 M B
nhd nhit. Tim quy tich cia M.

Ha Trim (Bie Thai)

Bai 5/1062 (l¢p 9). Chieng minh ring v&i moi
s6 ty nhién n, ta déun cé ;

1!:1 o - e o
: Phan Bire Chinh

https:/sites.google. com/site/letrunglaenmath . 6

Bai 6/102 ¢24p 10). Tim 41 b ede eip 55 . gr

thoa m.ﬁn cac diéu kwn sau
B e T
41-;;3 +ys-l- 12 > 222 + 1" 1 + {2x — y)i
Bing Hai Nam. (Hii Hung)

£ Bai 77102 (6p 10), Cho 1 disn ABED va mot
ditm M & trong n6- Cac dworng AM, BM, CM, DM
ciit cdec mil tuong (ng eda tir diéntai A', 8°,C",D,
Ching minh ring téng MA*+ MB' + MCQ + MDD
khong 1on howm canh lén nhdt cha tir dién,

Lé Triin Chinh (Ngh& Tinh)

/Bﬁi 8/102 (5p 10) Trong khdng gian cho hai
tie ditn ABCD vi A'B'C'D’. Goi G va 6 la hai
irgng tam elia hai tir dién nay. Chiung minh ring

GG <(A4 + BB + CC + DD')/4.

Lé Trin Chinh

HOC SINH TiM TOI

~ Bai9/102 (i16p $) Cho tam gise ABC ¢6 che canh
ld a, b, ¢ va cdc trung tuyén la mﬂ, mh, m;,Chuug
mmh ring ;

a+b+te< % (mg + my +mo).

" Ping Thanh Hdai
(0CT PHSP Vinh)

/ Bai 10/102 (t5p 10). Cho mft tir gige ngogl
tiép ABCD c6 dién tich khong vuol qua 4. T&
mot diem M tiy ¥ trong tir gide, ha, céc dudng
vuodng goec MAj, MBy, MO, MDy véi cac canh edis
tir gide. Chirng wminh rin

min (441, M By, ML MDy) << 1.

Trin Ank Sor
(10A7. Ngd Quyén, Hi1 Phéng

TiM HIEU SAU rm?.-.f mi.v HOC PHO THONG

DUHG PHEP QUAY VECTO' D% 611 TOAN Kinm EOC PUANG

L]

TRUO’G day. vhi tdc gid 44 gi&i thisu véi cac
ban mot s3 vén d& v& vecto va viéc ing

dung vecto. Sau diy chang tdi xin gmr]. thiéu

thém viée dﬁng phép quay vecto d& gidi toan
hinh hoc phing. Trirde het la nhic lai vai dinh

. bghia i dinh ly sau:

1. Phép quay trong mijt phiing, Cho ditm -

0 ¢ 3joh, mit goc o c6 hudng, khong ddi. Phép

10

QUOC TRINH

bifn hinh f mbi didm M
hi¢u (&) =M ) sao cho
loM| = loa’|

il E—

OM, OM)=<a

thinh didm M (ky

va gbec

o

dwge goi 14 phép quay tAm O, goe quay @. Phép.

quay véi goc quay sai khaec mot bgi cua 27 duog
xem la déng nhit,

https://tieulun.hopto.org
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2. Vai tinh chéft. — Phép quasy trong mit

: ':phing béio Gn d6 dai cae doan thing va d§ lom

ella céic goc,

— Trong phép quay mdi dudng thing ¢ hudng
tgo voi dnh eda n6 mot goc bing goc quay

3. Dinh Iy, Trong phép quay véi goe & cb

| AL LY
hwdng va khong déi voi Wam quay bit ky, \'t-cm-
S
a ludn ludn eé anh bling vecto thmg doi {u)
Noi cach khéic, dnh clia vecto a trong phép
quay v&i goc quay © co hueng va khéng doi
i

ludn ludn biing veclo a, khong phu thube vio
vj tri clia tAm quay,

Hinh 1

—p
Chitng minh. Cho trude veclo @ vi 2dc quay &

(hinh 1). V&i tam gquay Of dnh cha ala
— —

f(a}-‘-a va (g , a)=oa.

Vé&i tAm quay khde Og bit k¥ va voi goc quay
o thi
L — —,‘? — l—,.!
flad=a vila,a )=,

Ngoai ra vi phép quay blo tdn a9 dai cic .

doan thiing nén: l a !: ra I= fa i. Vay cdc vecto
b4 =

a’'vaa co ecung &6 dai va eang tao voi vecto
—> — —

(K]

a gdc o nén a =a .
Diaing phép quay veclo ta ed thé gidirit nhanh,
gon modt s6 bai toan hinh hoe phing. :
Sau déy, dé bitu dign A'B’la inh clia AB lrong
phép quay, ta ding ky hiéu AB—> -!-1-?5-,..

Vi du 1. Trén céc canh elia hinh hinh hanh
dung ra phia ngoai hinh binh hanh 4y eae¢ hinh
vudng, Chirng minh riing tAm cac hinh wuong
nay la cdc dinh cla mot hinh vudng.

Liri gidi. Theo hinh 2 thi
010.1 — Olfl + Ay {1
Quay caL vecto ()1,-1 AEL; theo goe +90°, Ta cé

anh cia Ul‘: la OlB ma ta ky hiéu:

]

Hinh 2

_— ——

01l — 013!
va twong tir (2)
AO-& = BUzj
Tir hinh 2, ta 'ai co!

OB + B0a = 010, (3
o l"ﬁll_ra vao (1), (2) va ":3)___!_111:
0102 chinh 13 4nph cla 0104 lroncr phép guay géc
+80° nén 040101 = 90% va 0102 = r0104r
Tuong ty 01003 = 90° va |0102] = 0203l
Vay: 01020304 la hinh vudng.

Hinh 3
11
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Vi du 2. Trén chc canh eta tir giac bAt ky
dung r« phia ngoai ti giac v cdc hinh vudng.
Chirng minh ring lam cdc hinh vudng nay la
cic dinh clta mot 1ir graec ma&i e6 cde duong chéo
bing nhaw vi vuong goe véi nhau.

Lm giai. (Hinh '%) Ta cfin chiapg minh ring

(‘Ujg 14 anh cha ()304 rong phép quay +90%°,

—_—
Thit véy: 0204=02M + MN + NO4 hay la

—_— e ) B s ——a
0204 = 02M + —(BC + AD) + NO4 (1)
2
Quay mﬁl veeto & vé phii ela ding thue (1)
goc +9¢* th
— — - 1 -
0

— MB=--AB,
2

— i 1 — —i
C — QU., - AD = 0P,
z o

A

b | =

— 1 —
NOy=» - DC ,
2

L

—— —--o-
a ')AB+QE)3+01P+2 =
E——— 1 e — —
= O1P + 5 (A8 + DC) 4+ Q03
—r — S—
= nlp + PQ + 003 = 0103,
Vay 0103 14 inh cdia 0204 trong phép quay
+90°.
Viy goe (0;04, 0103) =N va [0,04!=
Vi du 3. Trén ecdec canh AB va BC cha tam
gide ABC dyng ra phia ngoai tam gide iy cac
hinh vudng ABDE va BCKF. Chiang minh riing
doan thiing DF bing hai lin frung tuyén &P
ciia tam gidc A BC vudng géc véi trung tuyén dy.

f S
£
0
s i
C
3 1
A
Hinh & o
i e e I

L giﬁ{' (Hinh 4). Trong tam giac ABC:

— - —
iDP = BA + B{. Qunv cac vector B4, BC gée
—90% Lhi BA —» BD. BC BE, win

—_— —_— — —
2BP — (BD — BF) = FD.
® 1 i e g o o
Vay 2/BP| =|FD| vi goc giwa FD va BPla o°,
Vidy 4. Trén cic canh A€ va B¢ eiia tam
gide ABC dung ra ngoai tam gide 4y cac tam
gide déu ACB; vi BCA1. Hav linh ede goce trong
tam giac MA), trong do M 1
canh 4B, O la tam cia wan glic

gita caa
At By,

diém

4

Hinh 5

o

o e —
Leri giai, (Rinh 5). Ta cd 410 = 110 + €O,

— ——
Quay cdc vecto A€, Ci! gae —ﬁU' thi

Aﬂ" -+ 1B, CO — m

—_——

Ta dirng BO1 sao cho By = U-l
Vay trung phép quav goc - 66°

— i el

4,0 — A,B + 04 Liny 470 = A18 4 POy = A0

Do @6 tam gide 0.1 a4 dén,

—

Vi 04 = BU1 nén AOBO1 1a hioh binh hanb.
M, ditm gifra cha AB ciing. la diém g.Gs cis
doan thing 001

™ ey ———

Tasuyra HOA1=60°, OAIM=10° va OMA;=00".

¥ide 5.7rén cic canh AC, BC ¢ha tam giac
ABC, dung ra ngoii lam gide 4y cdac hinh vudng
ACDA1 vi BCEB1. Ching minb ring cac dudng
thing AB1 va BAy cil nhaw lai mot didm ndm
trén dwdng vudng gée ha i C zuéng canh AL
cla tam gidc ABC.

thi
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Ay o N

finh 6

Léi gidi. (Hinb 6). Ta ¢6 AL = AR + BBy 1)

Keo dai duong cao CCy doan CM bing canh
AB. Quay cic vecio AB, BB1 goc +80° thi

- —— el —— ——— —r — e
AB—> i, BBi— CB nén ABi — MC + CB=MB.
Vi MB li inh elia AB; trong phép quay géc +90°
nén: AB1 | BM.

Ciing twong tw, sé c6 BA1 | AM.

Do dé MCi, ABi, BAy 14 cac duéng thing chira
cée dwong cao clia tam gidc ABM nén ciit nhau
tai mat digm (didm do nim trén duong vudng
goc ha tir C xudng canh AB).

Cac ban c6 thd ding phép quay vecto dé gidi
c¢ac bai toan khae nira.

(Theo tai lidn eie 0. W. XAH)

NHO'NG BAI TOAN VE HAl DUONG THANG CHEO NHAU

1. Cic ban @3 tirng gip mét s6 bai toin v hai
dwong thing chéo nhau trong « Toan chon loc
cip II? tip I, cia Hodng Chung, L& Binh Phi,
Qude Trinh, v&¢i nhiing bai s6 70, 75, 79, 82....
hode trong « Tuy#n tip nhitng bii todn so cip»
tip III cfia Phan Ditc Chinh, Pham Tidn Dwong,
L& Dinh Thinh, v&i nhitng bai so 174, 177, 2086,
207, 212, 218, 219, 222, 223, 224, 227, 229, 231, 245,
246. 247, 249.... hodc trong © Bai gifi cdc dé thi
tuydn sinh Pai hoc mén Toan?® ciia Nguyén
Trong Ba. Poan Vin Biu, véi che bai thi v
hinh hgc nim 1973 (4% du tri¥) va nim 1975.

So véi nhigu loai toan hinh hoe khae, cde ban
thiy logi toan nay kho, vi d& gidi duge doi hoi
phdi cé tri twdng tuong khong gian tét vi dong
thoi chwa quen «huy @¢ng» nhitng kién thire
2¢ bin tuong wng. Nhitng kién thite cldn « huy
dong » thudng la:

(a) Biét tao mit phiing di qua dwong thing
nay vh song song v&i duong thing kia, tire dat
hai dwérng thiing chéo nhau nim tvong hai mit
phing song song véi wvhau.

(b) Binh 1§ Ta-let (thuin v& ddo) trong khing
gian cing h¢ qud (cho hai duéng thiing (d) va
(d') chéo nhau chng cil mit phirg (P). Nhimng
dudng thing song song véi (P) va tya lén (d),
{d’) dinh ra trén hai dvong thing chéo nhau iy
nhitng dogn thing twong umg ty I4).

t¢) Gée cha duong thiing voi mit phing, goe
cba hai dudog thing.

TRAN THUC TRINE

(1) Puong vudng gée chung cha hai duong
thing chéo phau (linh chif, cac bwéc dungl.

(d) Néun mét gbec vudng co mdt cagnh song song
v&i mot mat phiing thi hinh chi€n cha né lén
mit phiing 1a mft gée vuong.

Ve phuong phap, khi efin thift nen chuyén
b6 phan cia bai toan v& bai toin lrong hinh
hoc phiing, ¢6 khi nén dang phwong phap
veclo d¥ gill .

2. Sau diay chang toi xin gioi thi¢u them mot
s6 bai tap khie v& hai duong thing chéo nhau
d2 cac ban tham khio va luyén tip. Trong mue
3 ching t6i s& néu lén mét sé huwdng din vé
phuong phép gidi (phuwong phap iéng hop hoje
phrong phap vecto).

Bai 1. Cho mit phiing (P) va hai dwidrng thiug
chéo nhau (d), (@) cit (P) lin luot tai 4 va 4.
Goi (d'") 1 nhitng dwdng thing chuyin dong
song song voi (P) va twa lén (d), (d) & M va M.

s) Hiy tim vi tri ciia (d") sao cho Ml ngin
nhit.

b) Cho truée mot dudng thing (dg) trong ho
phitng dwdng thing (d'") noi trén. Hiy tim trong
nhirng @uong thing (d’'), dwong thing (di's
vudng goe (a% )-

(Bai thi chon hoe sinh gidi toin lop 10 miin
Bic naim 1976).

Bai 2. Theo dir kién cis bai I, tim qu¥ tich
nhirng didm K chia trong dogn MM theo ty
a0 p/q cho truoec.

13
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Bai 3. Choe ba duong thing tung d6i mot
kbdng cung nim trong modt mit phing. Mt
phing (P) ciit ba duong thing néi trén lin lugt
tai 4, B, C. Tim quy tich trong tAm ciia cac tam
gific ADC khi (P) chuytn dong song song voi vi
tri ban diiu.

Bai 4. Cho hai doan thing A8 va 4’ B chéo
nhav. Hai difm € va €' lin loot chia trong A% va
A'B theo congmét t7 s6: Co: C8=C'A :C 8
-=m. Tim qu¥ tich nhitng diém M sao cho MC :
MC' = i (k 12 mot s6 cho trudel

Bai 5, Cho hai hinh vuing ABCD va ABEF
e6 canh AB chung vi niim trong hai mal phiing
vudng géc véi nhau.

a) Hai déng tir M va M’ 1in luot chuyén déng
tir A dén E va to B dén D cung mit tde d9 va
eing xuit phat & mot thod difm nao diy. Chirng
minh ring doan thing MM ludn doi xing vl
mét dwéng thiing ¢6 djuh. Hay tim dwong thing
¢t dinh dy.

b) Tim vj tri duéng vudng géc chung A'B
clia AE va BD va &b dai ciia 4'B’ theo AB=a
(A" trén AE: B trén D).

¢) Bay gitr c6 hai ddng tk P va P’ lin luot
xufit phat tir A* v B’ trén tia A'E va tia B’ B,
cing & mot (hyi digm nhung tée do cla P gip
asi tde do cla P'. Xét vj tri tuong d6i gita
B'B va PP.

Goi 0 la dim chia 4" B theo (¥ =3 04":04
=—2. Hiy tim vi tri cia P sao cho POP
= 90%. Chitng minh ring trén A'B c_{:}_n cO mot
ditm tht hai O  nira sao cho FO'P =290°
Trong trudéng hop d6, tinh goc ciia A'B va
mit phing di qua P, 0, P,

(Bai thi chon hoe sinh gidi toan lop 10 mikn
Bée, vong hai, nim 1977).

Bai 6. Cho hai tia Ax va Ay ehéo nhau v
vudng goc v&i nhan cd AB la dudng vudng gde
chung, Trén tia Ax va By ldn lugt liy hai diém
M va P sao cho AM 4+ BP = M2,

a) Chirng minh ring khoang cich i digm gitra
O clia AB dé&n MP hiang AB/2.

b) Chirng minh ring MP ludn tiép xic véi miit

c¢iu c6 dudng kinh 1a AH,

¢) Tim gquy tich cic tiép diém K giira MP va
mit ciu ndi trén.

Bai 7. Goi OI 12 dudng vuéng gée chung ciia
bai dudng thing 2, 4 y chéo nhan va vubug
goc v&i nhau (O trén x 2, T trén y y) O =d,

a) Liy trén x x hai di2m A va B khic phia
d6i voi O szo e¢ho Od=o, OB=Db va d =ab.
'Chirng minh ring véi bit ky di€m M nio trén

y gtadtucé AM | BI Tioh thé tich hinh chop

MIAB khi TM = d.

14

b) BAy gié d°==ab. Goi B’ 1a hinh chifu ci®
B lén mit phing qua A va y' y. Tim quy tich
hinh. chiéu cfia B 1én AM khi M chay trén y'g*

¢) Ching minh ring véi moi didm M trén g gy’
tén tai diém N trén y y sao cho AM | NB. Hay
dung diém N. Chirng minh rfing M la tree tAm
clia tam gide AB'N va AN | BM.

Bai 8 Cho hai dwdéng trontam J va ¢ 14n luet
pim trong hai mit phing song song vé&i nhau, co
ban kinh r= 3u,r = 4a (¢ 13 doan thiing cho lrude),
Biél rdng 0’0 vodng goec voi hai mit phing noi
trén va 0'0 = 50. Hai ditm A va A" theo thir i
chay trén dubng trén 0 va 0 sao cho 04 | O’A"

a) Tinh AA’ va goc gitta AA™ véi 00,

b) Buong vudng goe chung IK eta Q0 va 44
(I teén 00" K trén AA') di qua difm I €6 dinh.
Hiy chang minh diéu dd6. Tim ¢u¥ tich eua K
(goi la duéong 7).

c) Chirng minh ring qua mdi diem H cia (y)
ton ta hai duong thing (dy) va (d) vudng goe vii
nhau va mdi dueong edt hai duong tron tam 0,0
lin lugt tai hai diém & va 8 sao cho OB | O'B’,

Bai 9 Trong mit phing (P)cho hai tiuc vuéng
géc véi nheu Ox va Oy, Trén true Oz vudng gée
véi P tai O Iiy diém H sao cho OH =1 vi qua
H dung duong thing (d) song seng véi Op. Mol
dwéng thing chuyén ddng tua trén Gz & M, tye
lén () & N. Bat OM=x, HN=y. Gid st > 0,
y>0.

a) Xét nhiimg duérng thing MN songsong véi
miit phiing (Q) chia Uz. Ching 16 vipg 1¥sB y: =
=k (k la hing s8) Goi A la diem gilta ena MN
va A la hinh chifu cha 4 léa (P). Tim qu¥ tich
ahitng diem A vi A’ Tim vi tri etta (()) dE qu¥
tich nhirng difm 4 Ia dwong phin giic goc aly.

b) Bay gio MN khéng con song song vai (D
nite, nhung chuyén dong sac cho x.y=1. Tim
gqu¥ tich nhitng diém 4.

¢} ¥N tao vo&i (P) mét goc bing 30°. Ching
minh ring qu¥ tich cia A" 12 mot phén te duong
tron, Tim bin kinh cha dudng trom de.

Bai 10, Trong khong gian cho hai dudng lhﬁl‘lg
chéo nhan (), (d') vai moét dudng thing thit ba
(d"") khéng song song véi (d), (d'). Hay dung
dudng thing () song song voi (d7) va tua lén
(d), (d).

3. BAy gi¢r cac ban hiy bit #lu gidi nhing
bai tAp vira dé xufl, sau khi én lai that k§ nhitng
kién thiee cor bin vira nhir lai trong (1). Béi vai
cie ban theo lép chuyén toan, ed thE gidi mét
86 bai todn trén biing phuong phdp vecto.

Chi kbi nao khong gidi duge mdi xem mot 8o
chi din dudi day.
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Bai 1. q) Dirng mat phiing (Q) qua (d') va song
song voi (d) (Q ciit (P) theo x4’y ¢4 dinh. Goi m
la hinh chiéu efia M’ 1én (P) thes phwong song
song v6i (d): m' nim trén x4’y va UM =Am’.
(MM’ song song v&i Am’). Nhuw viy mbi vi tri ctia
MM’ dvoc xic dinh boi diém m’ irén xdA'y va
nguroe lai. Vay MM nghnnhit khi Am’ ngin nhat,

¢ birem trimg véichin duéng vuing goc Hhatir A
dfn x4'y. Vi A’y khéng di qua A (néu qua 4
thi () va (d) dong phing, trai voi-gid thidt),
nén bai toan ludn co mot Lo gidi.

b) Chuyin bai toan v& mit phiing. (d%)  duoe
xic dinh baoi ﬂi?:‘rr_lr_@?_{.__tren xd'y. Goe clia do
va (d;) bing p6éc moAmi, trong &6 mj xéc dinh
vi tri cha '[d"f}. Do 46 trén x4’y phii tim myg

s

i e

820 cho moAmj = 90°. Viy nfu mo 5=H thi ¢é

mét loi gidi; néu mg = H thi khong eé dudng
thing (d}') vudng gic vdi (dz). :

Bai 2. Xét hai doan thing MM, MiM{ seng
song voi (P), ¢6 cic diu mut tya 1en (@) v (d)
K vh K12 hai didm nim trong MM va M; Mj sao
cho KM/KM' = KiMi/KiM; = plg
thinh 1), Cho M, M" c6 dinh. Tk & ké K R/{(d),
cht M'M; tai B. Tir a6 suy ra Bi/[(d). Mat
phiing (Q) di- qua K, B, K; la ct dinh va song
song voi (d), (d). Trong mit phing dé, khi Aj
di chuyén, nhirng tam giac A BK; ludn dong dang
voi chinh no (vi ¢6 goe khong d8i nam giktz hai
cip canh twong ung ¥ 12: KBEs bing goc cha
(dy va (d));

oy wil E

NI
Sk
e e

Hinh 1
BR !
E—“ khéng adi vi —— = ;H—Bf_l = e #iss va
BK; MM; MM pq
p: B .
B,KI i Mu'\: = Pt K muﬂ,i’rﬁ
MMy MM ptg BKy ¢ MM

https:/sites. google.com/site/letrungldenmath

o
trong d6 MM:i/M M; khong d8i do MM [/M*a1;//(p)
theo hé qua ela dinh 1y Ta-lét. .

——

Trong (()), KBK; khéng d6i nén K; chay trén
dirtrng thing Kx khi Mi chay trén (d).

Bai 3. Cho A, B, € c6 dinh. M&t mit phiing
song song v&i (P) cit ba dwdng thiang di cho
tai a, b, c. Goi a’, A" lin lrot 13 diem gilta efa
be va BC: g va G theo thi 1y trong tim ciia
tam gidc abe wva ABC. Vi be//{P) va o'blae=
A'B/4'C nén qui tich o la dudng thing A'L.
(4p dung két qui clia bai 2). Twong tu, vi aa {[/(P}
va gafga’'=GA/GA’, nén quy tichcla g la dudng
thing Gw.

P} dung duang thing 46, chi ciin ndi trong
thm G eha tam giac ABC v&i lrong tdm g cila
tam giac abe.

Bai 4. (Phuong phip vecto). Theo gid thift

Mt i
e T T —+ mAB —=% md B
CA=mCBittc CA=—— Tuong lir, C 4 =
1=m 1—m
F— — afy  — — —
T MC=kMC , ta cd MA+AC=EHMAFAC) (1)

Thay gid tri ciia AC, A'C vio (1) va sau khi
bign ddi, ta duge

AB-kAB &
AR~k .
it e T
ey

e s e, m
AM= — AA —

1—-k

1—m

Goi P, Q theo thir ty la diim chia trong che -
doan thing 44", Bu theo ty 66 k) ta co
PRI 8 e
B) == -—— BB
1—-k

P k ;
AP=—-——A44,
1=k

— k= K > s
Do 46, PAss —— A4’ = —— (AB+Bs +8A)

1-k 1-k
b = e~ =
=__ _(AB—4A'B)—-80, tic
1=
e b e
PA<+ BO=-__-——-(AB — A B) hay
1~k
— — oo o o oG
PQ - AB = —— (AB — A'B).
1~k
- AR —FA'E

Tom lai PO =

o 8T

(2) trov th&nﬁﬁ:jﬁg’.— : PO e
. e 114
= NP0 )

i—in

Viy quy tich clia M la dogn thing PQ.
Néu me=0thi M & P; néu m=-o= thid ¢ Q.
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Bai 5. ) Cdeh 1. i af — 4 M = 8, nén
MM . ddi x¢ug qua diém gitra / efha Ax: ki

(M=F, M =D pan MM doi xirng qua didm

8ilta J.clia EB. Tigp tye chitng minh: MM’ @5

xung qua I/ bang ph vong phip téng hop.
Cach 2, (Phirong phip vecta). Gian mus tién

——
toa dé nhu say: B la goe, BC 1am trye a, Bd
lam trye o, BE lam true - Chu ¥ orang AM ==

BM'. Pat 554 = 4.

: Goi x la hoanh do
6 Mz, + m,

clia JU'_'.. la
i
$/27112), M=, 2p— 1, —axl, II=]1/2, 0, 1/2).
Do dé ta thids nyay My . I7 = 0 (1). Hon nira nég
80i K la diém giva cia MM thi K ¢6 toa o
(x/2, 12, 2/2) va IK = |pfo, 0, x/2}.
g —— i :
VAY IK == 207 (), vie 14 MM a8i xing qua I/
(do (1) va (2)).

b) Cdch 1. (Phwong Phip téng he'p). Thie hisn
cic budn: Dyng ABD: e D ke D | (EAD -
Gr /7 ké f74'1/47, Ti€p tuc puy ra

o 1

4 ——m -----—-'-I 1 — — 4 & =
44 =_.i dB S B = Cph. 4t =a¥3/3,
: 3

Cdch 2. (Phuong Phip vecto). Ta luén, co: .
TRt T e — ==
48 4 A HuB L R, Rhare 4l .- %ir
— w— TR — — e
=X(AF 4 AB). BB — UBD = y(AD — A p), Viy:
i o i, G 1o e
AB = —pAF + U=x-y) AB + y1D. Ta ding
h\-'—.; — > 5
thite A'B".AE=0, ta rit ta: —za” +{1—x—glg°=p,

e 1 =2 +y (1). Trong tr. tr A'B’ . BD =9,
ta ¢6 1=a+ 25 (2. Gia bhé (1) va () ta o

T =1/3, y=1/3.

©) TO A’ ké Ay//B'B. Goc ofa 4 ‘E va A'y
bing 60°. K& Pp | 4y, <5 ¢6 A'p=pgp. Ching
ioh ti€p thng PP’ |. B'B, t4e P 1y giao ditm
gitta B'E voi mat phing qua P vi vudng goc
véi BB,

Pit A'P = 2, nhu viy B'P =p. Tu heé thie

# ¥ a
PP=0p 2+OP’;rﬁt rav= Vs

. Ciing co thd (v

AR
OP .0P=0, rut ra két qui trén, véi chy ¥ ring
Sy e L *

{.] =cost0® véi i theoA L,jtheo Ay va true

Z theo B'A’,

Xét hinh ciu dwong kinh PP’ (hink 2), ¢ tam
M. Hinh chiéu vudng goc clia M lén A° B’ 13 M,
diém gitia cin A'B’. VI A’ B’ o4t hinh ciu 4y 1ai
0. MO > M0)', nén con ckit hinh cdu néi tren tqi
didm thi hai 0, 4si Xing cia O qua M. Xem

MO, 1~x, 29, Ko, 1/2, 0), f(1/2, °

tam gise A Bp 1a hinh chitu cde tam giac Npp’
nén S ( lﬁ;l'.“p] =S5 AOPFY cose, trong do cosat, =
V3. Goi @ 1a goe gira "B’ voi gt phing POP’

thi® = 52/2 - & (310 sp=Vasm

o

Cdch Lhde,

Kéo
A'H | PQ. Do ds 0t | PQ. tie PO | (45013, Vay

dai PO g1p A'y tai Q. R

[PUPT,,L(A'I‘HI vOi giao tuyén la OfF, Vay hirh
chitu eda A" nim trén OH. Tom lai
=AOH; \g 9= 3" HIOA — V2/2 (eho + ring

A H=4"p =p)

Bai 4, a) Crdch 2. Co thd xem T Tnyén igp
nlitng bii toin so cdpw tap 11 trang 259, 260

Cich 2. Tir gid (hist, rat ra 244 . gp - AB*
nZoai ra Z & 2 2 .,
“OM® — 04% 4 AM™ (2); 0P° = 04® + BP" (3.

Gpi K 1a chin dudng vuong géc ha tir O xugre
MP.;Tillh

! S (AMNOPY =(1/2) MP, UK s
S(LNOP)=(1/2) OM.GP. sin 30P (3)

Thay (1), (2), &) @ big (8) € co S (LA NGE) =
(LB{4). MP (5).

S0 sénh 4) voi (8) e ngay OR =Ap/3,

c) Tie B k& Bif] Ax. Goi
vadng gée M va i ién miit

m, k 14 hinh ch.da
phiing (B By). Ta et

mk * MK Hm 3 5
e e T
kP AP BP

— Ll
duwdng phin gise P: cfa géc gB;TV@.y K nim
trong mii phing (4B, B2), Trong mat phiing dé
K nhin AB duei mat ade vuong vi OF = ABs=
JA=0R, nén & chay trén nita Guong iron Guang
tron duong kinh 48,

In tqi Xi nghiép in I3 Néi xong ngay 30-6-1978
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