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Chusng |

KHAI THAC CAC BAI TOAN

TRUNG HOC CO SO

Phan mét

TOAN VE TAP HOP SO NGUYEN, $O HUU Ti

CO THE LAM TOAN SINH PONG HON PUQC KHONG ?
(Vé cdch gidi phuong trinh nghiém nguyén ax + by = c)

Ciéc sdch tham khao vé todn da gi6i thieu
hang loat meo muc dé tim nghiém nguyén cla
phuong trinh v6 dinh hai 4n dang ax + by = ¢
v6i a, b, ¢ 12 cac s6 nguyén. Day 1a mot bai toan
don gian va ta sé phai lap di lap lai cing mét
kiéu If luan dé 1, ¢, t,,... nguyén. Cong viéc d6
that don diéu va rat nhiéu ban ngai khi phai tim
t6i ty, 1y, ts,...

Chéng han, mot 161 gidi méu trong sich gido
khoa nhiing nam 80 vé c4ch tim nghiém nguyén
cua phuong trinh

23x + 53y =109 8]
nhu sau :

Tir (1) ta co

_109-53y 17-T7y
x= 7 =4 -2y+ 23
177y
23

la s6

Mu6n x nguyén phai cé ¢ =

nguyén, hay

BUI QUANG TRUONG (Ha Néi)

23t +7y =17 @)

17 -23¢ =2_3t+3—2t.

Tr (e y=— -

Muén y nguyén phai cé =t; nguyén
hay 74 +2t =3 3

2

T f
t (3) ¢6 ¢ 5

1-1,
2
hay 2t, +t; = 1. 4)
Tir (4) ¢c6 ,=1-2t, va t=1-3t +¢t, =
1-3(1 - 2t,) + 1, hay t = 2 + 7t,. Khi d6 ta
dugcy=2-3t+t;=2-3(-2+7Tt) + (1 - 2t,)
=9 -23s.
vax=4-2y+t =4-209-23t))-2+71,

tva t; nguyén nén phai cé =t, nguyén

=16 + 53t,.



Phuong phdp giai da dan ching ta téi dich,
nhung viéc lam that té nhat. Néu nghi rang moi
diéu trong sich vo 1a da tuyét voi, kin k& roi thi
chung ta s€ thu dong khong phat huy duogc kha
nang suy nghi sang tao.

Chiing ta hay thir tim mo6t con dudng khic.
Xét bai todn : Tim nghiém nguyén cua phiong
trinh 12x — 67y =43 4)

Tu (5) ¢6

7-Ty 71 -y)
12 12
Vi 7 va 12 nguyén t6 cung nhau nén dé
1—1—21 =t phai nguyén. Tir d6 suy

ray=1-12tvax=67t-2.

x=3-5y+

=3-5y+

x nguyén thi

Phai chang phuong phép giai & day chi thuan
loi cho viéc gidi phuong trinh (5) ma thoi ? Dé
tra 161 ching ta hdy thir gidi phuong trinh (1)
theo kiéu da giai phuong trinh (5).

17 -7y
23
17 va 7 c6 udc s6 chung, hay dep hon nita: 17
chia hét cho 7 (!). C6 tao ra con s6 chia hét cho
7, ching ta cong va trir thém 4 thi dugc x =
713-y)-4
23
da gay thém phién phirc. Néu n6 chia hét cho 23
thi t6t quéd (!). Bdng mot linh cam tryc gidc

chiing ta chon con s6 khdc : 46.

T ()tacéx=4-2y+ . Gi4 nhu

4-2y+ . Con s6 4 méi xult hién

- 17Ty
=4-2
Ta vi€t x y+ 73
17-7y +46 - 46
=4-
2y + 73
70-y)
=4- -2.
2y + 73
Tuyét ! Nhu vay phai c6 2—3)’ =t nguyén

suyray=9-23tva
x=2-18+46r+7t =53t-16.
N6i mot cidch khdi quat, dé tim nghiém
nguyén cua phuong trinh ax + by = ¢ vdi cdc s6
nguyén a, b, ¢ (6) ching ta c6 thé lam nhu sau :

Chon A 14 boi nguyén cla a sao cho ¢ + A chia
hétcho b, ticlaA=mavac+A=kbvéim,k
1a cic s6 nguyén. Luc dé
+A-by—A kb-bh
x=c+A by A: h Y
a a

_ b=y
a

e . b . . .. b
Gian u6c — dé dua vé dang t6i gidn — = —
a a d

véi (@', by = 1. Muén x nguyén phai cé =t

k-y
pr
nguyén. Trdésuyray=k —a't,x=h't —m.

Nhu th€ dé tim toan bo céc nghiém nguyén
ctua phuong trinh ax + by = ¢ (6) ching ta chi
cdin tim mot cap nghiém nguyén
(X9, ¥0) = (=m, k).

Thi du. Tim nghiém nguyén cua phuong
trinh

—12x+3%y=39% €))
S 3+2 29
Loi giai. 95 =79
Do d6 (7) & —12x+&=—3—5—3
9 9
hay —108x + 29y = 353.
T d6
353+108x 5+21x
y———29——— = 12+3x+ 79
1243+ 021X 43838 han thay trong

29
cac boi s6 nguyén cua 29 thi 58, khi cOng 5 s€
chia hét cho 21).

3;’9":t phai 1a

Muén y nguyén thi
sO nguyén. Vay x=29¢-3 va
y=10-9+87t+21r =1+108t.

Vao mét lic xudt thdn, sy luon luon nghi
dén nhitmg cdi mdi c6 thé khién ban tach v& phai
¢ cua phuong trinh ax + by = ¢ (6) thanh hai



phén : mot phén chia hét cho a, phin con lai
chia hét cho b, nghia 1a ¢ = ax, + by, (8) véi

Xy, Yo la céc s6 nguyén.
Thé thi (6) < ax + by = axy + by,
by, ~ b'(yg ~
Go=X _ ., (yo' y)

O x=xp+
0 a 0 a

Yo~

Do (a¢',b")=1 nén Yot 1 mot s6

nguyeén,

Vay x=xy+b't, y=y,—a't.

Ban chat ctia phuong phédp tich ¢ thanh hai
phédn néu trén la gi ?

D6 1a khi biét mot cip nghiém nguyén
(x5,¥p) cua phuong trinh vo6 dinh (6) thi cé
ngay cong thitc nghiém cua (6). Dang thic (8)
da khang dinh (x,,y,) 12 mot cip nghiém

nguyeén cua (6).

Qua cau chuyén vé céch tim nghiém nguyén
ciia phuong trinh vo dinh nay, t6i khong muén
dimg & muc tiéu giGi thiéu v6i ban doc mot
phuong phdp giai khic véi sich gido kho ma
con muén néi ring : dimg voi thod man va yén
10ng véi nhitng k&t qua da néu trong sich v& ma
phai luén luén nghi dén nhitng cdi méi t6t dep
hon, trong sdng hon va hdy diing cam, kién tri
ti€p can chiing.

Ngoai cdc cdch giai trén con c6 cich giai cua
nha toén hoc An D¢ Bokhatcara ddu thé ki XII,
cdc ban ¢6 thé ty tim cdc cdch giai khic, hoic
xem trong céc cudn sich sau :

— 86 va khoa hoc vé s6 ; G. N. Becman ;
NXB Gido duc, Ha Noi, 1962.

— Tim toi 1o gidi cdc phuong trinh vé dinh ;
Bui Quang Trudng ; NXB Gido duc, Ha Noi
1995.

CONG VA TRU THEM MOT CON SO THICH HQP

Trong bai C4 thé lam todn sinh déng hon
dugc khéng 7 THTT s6 154 thang 2.1987 tc gia
da giai phuong trinh vo dinh ax + by = ¢ bing
céch cong va trir thém mot con s¢ thich hop.
Cich giai d6 khong dung t6i qud nhiéu budc
bién d6i nhu sich gido khoa. Nghiém nguyén
(x, y) cua phuong trinh trén dugc tim ra sau mot
vai thir nghiém va bién déi.

Trong bai Phuong trinh vé dinh ax + by = ¢
+ dxy(*) (Tuyén tap 30 nam, tap chi Todn hoc
va Tubi tré NXB Gido duc, 2004 trang 58 - 59)
tdc gid vin dung cich cong, trir thém mot con
s6 thich hop dé tim nghiém nguyén ciia phuong
trinh v6 dinh ax+by=c+xy va dudng nhu
ling ting trudc phuong trinh

ax + by = ¢+ dxy )

BUI QUANG TRUONG (Ha N¢i)

Con dudng suy luan hop logic khong thing
tuot dugc nita, né c6 vé da phai luon cong di ?
Khong ! N6 thyc sy vn thing. N6 dudng nhu
chin lai, gay hing trong 10ng ban va kich thich
ban muén ti€p tuc di trén con dudng thing
bang : Cir cong, trir thém mot con s6 thich hop
thi dd sao !

Céc ban c6 nghi nhu vay khoéng ? nhitng ban
tré yéu todn va ham mu6n céng hién cho cic bai
todn nhing 1oi giai dep va trong sing.

C6 thé va lic nao d6, ban nhin phuong trinh
(1) trén trang gifly tréng trudc mat va ban viét :

Mo ax=c+dxy—by=c+y(dc-b) (2)

Truong hop dx — b = 0 cho x nguyén, tic la

b:d thi ta chi viéc thay x = g— (nguyén) vao



(2) dugc ax =c. Néu % = b thi (1) ¢6 nghiém

d
b ¢ Coar o 1x e T
Xx=- = khi d6 y 1a s6 nguyén bat ki ; con
néu % # 3 thi truong hop dx — b = 0 khong thé
xay ra.

Trong trudong hop dx—-b #0 (tic b khong
chia hét cho d), ta viét

ax —¢

dx-b
Néu a:d tic 1a a = d.m (m nguyén) thi

Q)= y=

3)

cong va trir thém mb vao tir s6 duge

_dmx—-mb+mb-c¢ mb—c
r= dx—b IR P
bh—c
Dé y nguyén phai c6 "=t 1a s6
P dx-b
nguyén, hay
bmb—c
dxt—ht=mb—c<:>x=Tt @)

v6i t 12 udc s6 nguyén cha mb —¢ = %b -

T4t nhién chi nhitng gid tri x cho béi (4) 1a
nghiém nguyén méi thod mén bai todn, lic d6
y = m + t. Nhung néu a khong chia hét cho d thi
sao ? G (*) ta da biét mot céch gidi : Didu kién
ax —c¢
dx-b
hoic lax - ¢| 2 |dx - bl. Binh phuong hai vé& suy
ra x; < x < x,. Nhung bay giv chiing ta mudn
gidi (3) bing cdch cong, trir thém mot con s6
thich hgp vao tlr s6. Va sém hay mudn ban sé&
nay ra mot y dinh : nhan hai v&€ cua (3) v6i d
dax —cd

dx—-b ~

Con s6 thich hgp dé€ cong, triy thém vao tr s6

1o rang la ab. Vay :

cin d€ y =

(B)nguyén la ax —¢c =0

dugc 3) < dy =

J _dax-ab+ab—-cd _ +ab—cd
Y = de—bh - dc—b "~
Diéu kién cdn d€ y nguyén 1a M = a(Zc—-—c;i
la moét s6 nguyén. Lic dé6 y-= a4 ;M ;

ab —cd B
M

d
ab — cd sao cho x, y nguyén.

Chiing ta goi d6 1a Cdch 2 dé giai (1) nhdm
phén biét v6i Cdch 1 da dua ra trong (*).
L4y hai thi du & (*) nhung giai bing cdch 2.

b

X = v6i M 1a uGc s6 nguyén cua

Thi du 1. Tim nghiém nguyén cua phuong

trinh 2x -3y = —Sxy + 39. &)
Loi gidi.
B)e 2x=y(3-5x)+39 (6)
Vixnguyénnén 3-5x =0, dodé
6) < y= 23"_“519. Nhan hai v€ véi 5 dugc
5y = 10x - 195
Y= T35k
Cong, trir thém 6 vao tir s6 dugc
5, 10x-6+6-195 _ 189
YT T Sk 43 T YT Ssxes

Diéu kién cdn dé y nguyén 1a —5x + 3 1a uéc
s6 nguyén ciia 189 =3337. Tac la-Sx+3 =%k
v6ik=1,3,7,9,21,27,63, 189. Tir d6 x chi c6
cdc gid tri nguyén x = 12, 0, 2, 6. Tuong tng la
y=-1,-13,-5, 1.

Thi du 2. Tim cdc sé nguyén (x ; y) thod

mdn ddng thicc 5x -3y = 2xy — 11 @)
Loi gidi. (7) <> 5x=y(2x+3) - 11
_Sx+11
Y= 2x+3
<:>2y=10x+22= N 7
2x+3 2x+3

Pidukiéncin dé ynguyén la 2x+3=+1,+7
la cidc uéc s6 cha 7. Vay cé6 x =2, -5, -1, -2 va
twong ingy=3,2,6,-1.

Tom lai, cong va trir thém mot con s6 thich
hop 12 phuong phip tim dugc nghiém nguyén
cia phuong trinh v6 dinh (1). Nhung day c¢6
phai 13 phuong phap hay nhat khong ? Phuong
phép d6 c6 thé gidi quyét duoc phuong trinh
téng quat hon (1) hay khong ?

Ching ta s€ con gip nhau ban vé nhing
phuong trinh v6 dinh. Phai khong céc ban ?



TONG CAC CHU SO CUA MOT SO TU NHIEN

V61 mdi s6 ty nhién n, ta goi S(n) 1a tdng céc
chit s6 cua n viét trong hé thap phan.

I. Mot s6 tinh chat cua ham S(n)

(cac ban hay tu chiing minh)

O0<S()<n S(n)=n<=0<n<9,

2) n=8(n) (mod 9)

3)Néu n < a,a,_,..qya,

Vi g, keN ;0<a,<9;aq,21;k21;i=0,
I, ..., k thi

a) Sm)<ap+9% néu aq_ =a_,=..
=a =a, =9.

b) S(n)<(¢,-1)+9 néu cé it nhit mot
trong k chit s6 a;_;,a;_,,...,a, khic9.

4)Né&u S(n)=2r+9t v6ir,te N;0<r<9,

t21thi n>r99...9 (saurcé ¢ chirs69).

5) S(n+m)<8S(n)+S(m) véimoin, me N

6) S(nm) £ 8(n).S(m) v6imoin, m e N.

Ta c6 thé sir dung céc tinh ch4t trén d€ giai
céc bai todn vé cdc s6 viét trong hé thap phan.

II. CAc bai todn

Bai 1. Tim s6 tw nhién n biét téng cdc chit s6
cita n bdng n* —1999n + 28.

Loi gidi. Néu 1 < n <1998 thi ta c6

S(n) = n* —1999n + 28 < n* —1999x + 1998
= (n—-1)(n-1998) < 0 (loai).

e Néu n = 1999 thi S(n) = S(1999) = 28 =
n® —1999n + 28 (ding).
e Néu n > 1999 thi ta c6

S(n) =n* =1999n + 28 > n(n —1999) > n (loai).

NGUYEN NGQC HUONG (Tién Giang)

Vay n = 1999,

Bai 2. Biét téng cdc chit s6 cua mot s6 tw
nhién bdng tong cdc chit s6 cia tich s6 dé voi
1998, chitng minh rdng s6 dé chia hét cho 9.

Loi gidi. Goi s6 tu nhién da cho 12 n. Ta c6 n
= §(n) (mod 9) va 1998n = S(1998n) (mod 9)
thiét  S(n) = 5(1998n)
1998n—n=0 (mod 9) = 1997n:9 = n:9

(dpcm).

ma theo gia nén

S(2n) _ 1

LTI
St 23 v&i moi

Bai 3. Ching minh ring

neN.
Loi gidi. Ta c6
S(n) = §(10n) = S(5.2n) £ 8(5).8(2n)

SCny .1 . .
= J. — .
5.52n) = S 23 véimoine N

Bai 4. a) Tim s6 ty nhién n sao cho
n+S(n) =1998.

b) Chitng minh rdng cé it nhdt mot trong hai
s6 tu nhién lién tiép biéu dién duoc dudi dang
n+ S(n) véi nla mét s6 ty nhién nao dé.

Loi gidi, a) Cdch 1 : Taco n=1998 - S(n) < 1997

= S(n)£9.3=27

= n=1998-85(n) = 1971.

Dat n =19ab véia,he N;0<a,bh<9.

Tac6 19ab+10+a +b =1998

= 1la+2h =88

= 70<11a<88 =a=8,h=0.

Vay n = 1980.

Cdch 2. Tac6 1998 = n + S(n)

=n-S(n)+28(n) = 28(n):9 = S(n): 9.



Mit khdc n =
S(n)£9.3=27.

Do d6 S(n) =9, 18 hoac 27. Thir truc tiép chi
¢6 S(n) = 18 thoa man, \ng véi n = 1980.

1998 — S(n) < 1997 =

b)bat S, =n+S(n) v6imbdin e N.

Nhdn xét.

e Néu n tan cung bang 9 thi S,,, < S,,.

e Néu n tan cung khong phai 1a 9 thi

Su+l = Sn +1.

Da6i vé6i s6 tu nhién m > 2 bat ki, ta chon £ 14
s6 16n nhét sao cho S, <m = §, , <m+1.
Do cach chon k thi S, ., >m. Do d6 hodc
Sgsy =m hodc S, =m+1.

Bai 5. Cho a la téng cdc chit s6 clia H%,
b la téng cdc chit s6 cia a. Tinh téng cdc chit s6
cua b.

Loi gidi. Ta c6

n = (29)999 = (2331999 = 85997 < 10%%7

= a = S(n) <9.5997 =53973

= bhb=S@) £4+94 =40 = c=50)
<3+9.1=12 Vin= 2% =8 (mod 9) va
n=as=h=c=8(mod9)nénc¢=_8.

Bai 6. Tim s6 ty nhién n sao cho luy thira
bdc 5 ciia téng cde chit s6 ciia n bdng n’.

Loi gidi, Gia sirs6 n cén tim c6 k chirs6 va S ;
12 t8ng céc chit s6 d6. Tacé S° =n® v6i k22 ;

S<O% n>101=0% > 85 =n2 > 10%72 (1)

9k’
bat u, = W
5 5 5
Taco 2 ;’; :51) _ K Zsl) <25 <10% =
102(k+1)—2

= ————— v3imoi k> 2.

Tir 46 w,,; <u, v6i moi k > 2 nén diy s6

(uy) 1a day giam.
Vi ug < 1 nén ta c6 9°k> < 10%72 v6i moi
k26 ()
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Tir (1), (2) phdi c6 k <5 = § <9.5 = 45.

Mit khac $° = n” suy ra S phai la s6 chinh
phuong. Vay S ¢6 thé 1a 1, 4, 9, 16, 25, 36. Thir
tryc ti€p thi S° = n’ chi ding khi S=1va§=9
Ung v6i n =1 van=243.

Bai 7. Ki hiéu binh phuong téng céc chif s6
cha n 1a fi(n). Dat £,(n) = £,(f,_,(n)). Tinh
Fi008(2"°%%) V2 f900(2"*%).

Loi gidi. Tacé n=2"" =285 =2 (mod 9)

fin) =4 (mod9) = f,(n) =7 (mod9).

Mat khic n = 2.8%66 < 10%67
= f,(n) < (9.667)* = 36036009
= f(n) < (2 +9.7)* = 4225

= fo(n) < (3 +9.3)? = 30%

Goi S =S(f,(n)) thitacd S =7 (mod 9) va
S§<30.

Suy ra S bing 7, 16 hodc 25 = f3(n) bang 49 ;
256 hoiac 625.

Vid+9=2+5+6=6+2+5=13nén
Fin) = 137 = 169 = f5(n) = 167 = 256.

fi(n) =169 néuk chin
fie(n) =256 n€uk lé

Do déflggs(n) = 169,f1999(n) = 256.

Vayvéik24thi{

II1. Cac bai tap tu luyén

Bai 1. Téng céc chit s6 clia mot s6 chinh
phuong c6 thé bing 1995 hoic 1997 duoc
khong ? Visao ?

Bai 2. Ngudi ta viét ddy s6 tu nhién lién ti€p
tr 1 dén 1.000.000. Sau d6 mébi s6 duoc thay
bing téng cdc chit s6 cha né. C 1am nhu vay
cho dén khi trong ddy chi con cic s6 ¢c6 mot chir
s6, hic nay trong day cudi cing chit s6 nao xuit
hién nhiéu 14n nh4t ?

Bai 3. T6n tai hay khong s6 tu nhién n sao

cho S(n)=m, S(n*)=m? véim a mot s6 tu
nhién cho truée ?



S(Sn)

Bai 4. Ching minh ring S(n )

= V6i m01

neN,n>0.

Bai 5. Tim s ty nhién n nhd nhit sao cho
S(S(n)) 210 va S(S(S(n))) <9.
Bai 6. V6i méi s6 tu nhién n, ching minh

ring tén tai vo0 han s6 ty nhién m sao cho
S(nm) < 25(m).

Bai 7. Tim s6 ty nhién n thod min méi ding
thic sau :

a) n+S(n)=1999;
c) 2n+38(n) =122 ;
d) 3n+28(n - 3) = 6007

e) n+ S(n)+ S(S(n)) =1998

b) n—8S(n) =1998

Bai 8. Cho a 12 téng céc chit s6 ctia (3 8y1999,

b 1a téng cdc chit s6 cla a, ¢ 1a tdng céc chir s6
cua b. Tinh téng cdc chir s6 cla c.

XAY DUNG CONG THUC TINH TONG CAC SO TU NHIEN
BANG PA THUC

Gia st f{x) 1a mot da thirc cé bac n (n 2 1).
Xét ding thitc f(x) - f(x—1) = g(x) (1)

Ta nhan thdy g(x) 1a da thic c6 bac (n - 1)
va khi thay x 14n luot bang 1, 2, 3,..., n r6i cOng
lai ta duge téng :

(1) + g(2) + ...+ g(n) = fin) — RO) (2)

Do d6 xudt phét tir yéu cdu tinh téng n s6 ty
nhién ndo d6 ta s& chon g(x) va din dén bai to4n :
"x4c dinh da thitc f{x) thod mén fix) - Ax - 1) =
£(x)". Sau day xin néu mot vai vi du minh hoa.

Thidu 1. Tinh téngS=1+2+3+ .. +n
Tir téng trén va (1), (2) ta chon g(x) = x va f(x)
la da thic bac hai. Do d6 ta xét bai todn : Tim
da thifc bac hai fix) biét fix) —Ax - 1) =x.

Loi gidi. Gia st f(x) = ax? + bx +¢ (a#0).
Khi d6 tir (1) ¢6 2ax —a+b = x,

1 1 gy
suyraa=5, h=—, ctuyy.
2 ¢

Vay f(x) =%x2 +%x+c.

Thay x lan lugt béng 1, 2, 3,..., n tr (2) c6

LE QUANG TRUNG (Bac Liéu)

S=1+2+3+...
= f(n)-f(0) =

Thi du 2. Tinh tongS=1 +3+5 +..+@2n-1).

Tix téng d6 va (1), (2) ta chon g(x) = 2x — 1
va xét bai todn : Tim da thitc bac hai fix) biét
f)-fx-1)=2x-1.

Loi gidi. Gia sit fix) = ax® + bx + ¢ (a # 0).
Khi d6 tir (1) ¢6 2ax—a+b =2x -1,

n(n + 1)

suyraa=1,h=0, c tuy y. Vay fix) =X +c.
Thay x 14n lugt bang 1, 2, 3,... n, tir (2) c6

S=1+3+5+..+@2n—-1)=fn)-f0)=n".

~ Thi du 3. Tinh t6ng
S=12+32+5% 4. +Q2n-1)%

Tir téng trén ta chon

g)=Cx-12 =4x* —4x+1va xét bai
todn : Tim da thitc bac ba f(x) biét

FO-flx-)=4x* —4x+1.

Loi gidi. Gia sit f(x)=ax’ +bx* +cx+d

(a = 0). Khi dé tir (1) c¢6

1"



3ax? —(Ba-2h)x ~b+c+a= 4x* —dx+1

4

3a=4 4=3

& 33a-2h=4 ©<{b=0
a+c-bh=1 1
€773

Vay f(x) :%xj ——%x+d.

Lan luot thay x bing 1, 2, 3,..., n tir (2) duoc
S=12+3%+ .. +@2n-1)°=

4n® —n

= f(n) - f(0)=—

Thi du 4. Tinh téng
S=1rP+2+3+ .. +n.
Ta chon g(x) = x> va xét bai todn : Tim da
thitc bac bon f(x) biét
)= flx-1 =
Loi gidi. Gia st

fx) =ax* +b> +ex? +de+e (a #0).

Khi d6 tir (1) c6

dax® + 3b—6a)x* + (4a-3b+2a)x+b—-a+d
=x, giai ra ta dugc :

a=?},b:%, Czl, d=0a etuyyva
R
f(X)—4x TR tgrre

Thay x l4n luot béng 1, 2, 3,..., n tir (2) ¢6

S=1P+2+3 4+ . +n°

2 2
LI S S G

4 2 47 7 4
Qua cdc thi du trén, chic cdc ban da nhan ra
cich chon g(x) va tir d6 tim dugc f(x) thod man
yéu cdu cua phuong phdp nay.
Bay gid cdc ban hdy thir tinh hai t6ng sau
day nhé !

Bai 1. Tinh §; =2+4+6+... + 2n.

Bai 2. Tinh S, = 1+ 22 + 3% + .+ %,

VE BAI TOAN SO SANH PHAN SO

Trong phén 6n tap vé tinh ch4t cia b6n phép
tinh cha phan s¢ duong cé bai todn :
So sanh bdng nhiéu phuong phdp khdc nhau

3 . .
16 thi phdn s6

xem trong hai phdn sé& 5 va
nado lon hon ?

bdy la mot bai todn don gian nhung chira
dung nhiéu diéu thu vi trong chuong trinh Toén 6.
Trudc hét xin néu tém tit nhirng cich so sanh
phan s6 duong quen thudc la :

1. Quy déng miu céc phan sé da cho réi so
sanh céc tir v4i nhau.
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2. Viét cic phan s6 dd cho dudi dang céc
phan s ciing tir réi so sdnh cic mau véi nhau.

3. So séanh phan s6 dua vao tinh chit : Néu
ad <be thi > <.

4. So sédnh ti s6 cdc phan s6 di cho véi 1 dua
vao tinh chit :

Néu = <1 thix<y.
y

5. Viét cic phan s6 duéi dang s6 thap phan
r6i so sdnh céc s6 thap phan d6.

6. So sanh s6 nghich dao cha cdc phan s6
dua vao tinh chat :



b ¢
Néu — < — —_—
u < th b d

7. Dua vao tmh chat bac cdu clia quan hé thy

. a m _.m .a ¢
tu : Néu F<7 va —<Z thi 3 <Z'
8. So sanh "phan bu cla cic phan s6 d6i vaéi
don vi" dua vao tinh chat : Néu %5 déu nho
honlval-S<1-5thi 255,
b d b d
Ti€p theo xin néu thém vai cich giai khic
dua vao mét s6 tinh chat mé rong hon.
9. Ta ¢ tinh chat (ban doc ty ching minh) :

a+c c
Néu;<:1—th b d<—

Ap dung vao bai todn trén ta c6 :

10. Tir tinh chat da néu & cach 9 ta dé dang
suy ra tinh chét sau :

an+c¢ ¢ . ..

Néu Z<ZJ- thi — <o <7 v6i n 1a s6
nguyén duong.

Ap dung vio bai todn trén ta c6

5 3 5 52+3 3

Vi 7<-2-’ nén 7<m<5 suy ra
5.3
7 16"

Mot vai nhan xét vé cac cach giai.

a. Do bon s6 5, 7, 13, 16 d6i mot nguyén t6
cung nhau nén khi dp dung cdc cdch giai 1, 2,
3,4 vao bai todn trén ta déu quy vé€ so sanh
5.16 va7.13.

b. Khi so sanh cic phan s6 ching han %% va

1993

36,97 , 969
1997

83799 " 971

1991 .

7005 ¥ o rang ta

nén dp dung cédc cich 6, 7, 8, tuong ung 1a hop
Ii nhat.
c. D€ van dung cich 10 trong bai todn ban
dau ta cin viét
13=52+3;16=72+2.
Tuong ty ta ciing so sdnh dugc mot cich

. s 89 2 895
nhanh gon hai phan s6, chang han 95 Y 557

Ta cé §~<§ néng<8—9ﬂ<E do
95 95.10+4 4

d. Mot diéu thd vi 1a nho so sanh phan s6 ma
ta c6 mot cich chimng minh tinh chat sau :

Cho a, b, ¢, d 1a cac s6 nguyén duong, néu a
<h<c<dvaa+d=b+cthiad<bc.

That vay tir gia thiét suy ra
b—a=d—c:> b-a S d—-c
O<h<d b d

= ad < bc.

:>1—7)—>1—2 :>3<d

Nghia 1a : Cho hai s6 tu nhién bién thién c6
téng khong déi, th€ thi tich cha ching cang 16n
néu hiéu cta chiing cang nho.

Vi du : 95.98 >94.99;
1995% > 1992.1998 ;
& >(@—-1)a+1).

That ra tinh chat nay cling ding véia, b, ¢, d
12 cdc phan s6 duong. Khi d6 ta xét céc ti s6
tuong ing thay cho phan s6.

R6 rang mot bai todn don gian nhung ciing
chita dung nhiéu van dé If thi.

Cu6i cuing xin néu vai bai tap van dung.

Bai 1. So sinh timg cap phan s6 sau theo
cidch hop li nhat :

47 49 38 383 625 3871
96 100’ 43 428’ 655 3874 °
73, 7345
65 6551
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Bai 2. Chitng minh rang

a)_1_+._1_+ +__1_<2
22 327 100% 100
1 1 1 1

b)—2—3'+3—3+...+n—3<z.

Hutng ddn :taco n> > n(n— D(n+ 1) =

2. 2 _ 1
W nn=Dn+1) (n-Dn nn+l1)’

véin =2;3;..

PINH LI TRUNG HOA VE SO DU

Pinh li Trung Hoa vé s6 du duoc phat biéu
nhu sau :
la n s6 nguyén duong
nguyén timg doi
ay,,dy,....a, la n s nguyén bdt ki thi hé phuong

Néu m;,m,,...m,

t6 ciung nhau mét  va
trinh déng du sau cé nghiém :
x = a; (mod my)
x = a, (mod m,)
x =a, (mod m,)
Ngoai ra néu x = ¢ la mot nghiém nao dé
cia hé thi x = x_ la mot nghiém cila hé khi va chi

khitontait € Z, sao cho x, = ¢ + (mm,..m,)\t.

Chitng minh. V6i mbi i € {1, 2,..., n}, dat

m;.m,..m . ,
n=—22""1n_ Khi dé

; n,e N* va

m,
(m;,n;)=1.

(Ki hiéu (m,,n;) 1a USCLN ctia m; va n)). Vi

[t ]

vy ton tai b; € Z, sao cho hn; =1 (mod m,).

Dat M=) ahbn,. Khij=ithi n;im. Vi
J=1
méi i =1, 2,..., n thh M=abhn =q.1=q
(mod m;). Vay x = M 1a mot nghiém cta hé.
Gia st x = ¢ 1a mot nghiém cia hé. Néu
x=x, la mot nghiém nao d6 cia he¢ thi
(x,—¢)im; véimoii=1,2,.., n. ¢))
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bat m = [m,, m,,..., m,;] (m 1a b6i s6 chung
nhé nhat cia m|, my,..., m,). Vi m|, m,..., m,
nguyén t6 cung nhau tung d6i moét nén

m=my.my,...,m,.

Theo (1) thi x, — ¢ chia hét cho m.

Vay tén tai t € Z sao cho x, — ¢ = mt. Suy ra
Xo=C+mt.

Nguoc lai néu x, € Z thod man x, = ¢ + mt
thi r6 rang x = x, 12 mot nghiém cua he.

Ap dung dinh 1i Trung Hoa vé s6 du ta c6
thé giai dugc c4c bai toan sau.

Bai todn 1. Chiing minh rdng véi méi s6 tu
nhién n, ton tai n sé'tu nhién lién tiép ma méi s6
trong n s6' dé déu la hop s6.

Loi gidi. Gia st py, p,,..., p, 12 n s6 nguyén
t0 khac nhau timg d6i mot. Xét hé phuong trinh
déng du x = —k (mod p}) (k= 1, 2,..., n). Theo
dinh li Trung Hoa vé s6 du, t6n tai x, € N* sao
cho x, = —k (mod p}) v6i moi k = 1, 2,..., n.
Khi dé6 céc s6

Xo+ 1, x, + 2,.., x, + ndéula hop s (véi
1 <k<nthi(x, + k)i pp).

Bai toan 2. Chiing minh rdng véi moi s6 tw
nhién n, ton tai n sé ty nhién lién tiép sao cho



bat ki s6 nao trong cdc s6°dé ciing déu khong

phdi la luy thia (vdi s6 mii nguyén) cia mét s
nguyén to.

(Dé thi toan qudc t€ nam 1989)

Loi gidi. Cdch 1 : V6i mbi s6 ty nhién n, xét

n s6 nguyén t6 khdc nhau timg déi moét p,,

Ps-s Pp- Theo dinh If Trung Hoa vé s6 du tén

tai @ € N* sao cho a = p, —k (mod p}) véi k

=1, 2,..., n. Khi d6, dé dang thdy ring cic s6
a+1,a+2,..,a+ n déu khong phai 12 luy thira
(v6i s6 mil nguyén) cia mot s6 nguyén to.

Cdch 2 : Gia sit n 1a mét s6 tu nhién bat ki
VA Py, Poress Pps 41> 45> 4, 12 cdC s6 nguyén t6
khic nhau timg d6i mot. Theo dinh i
Trung Hoa vé s6 du, hé phuong trinh déng du

x=-1(mod p,q,), x = -2 (mod pyq,),..., x =—n
(mod p,q,) c6 nghiém.

Chi y ring cdc s6 piq;, Pydyses Pudy
nguyén t6 cung nhau timg doi mot. Hién nhién
ring c6 thé chon x = ¢ 12 mot nghiém clia hé
nay sao cho ¢ € N*. Khidé cics6 ¢ + 1, ¢ + 2,...,
¢ + nla n s6 tu nhién lién ti€p va bat ki s6 nao
trong cic s6 d6 ciing chia hét cho it nhat 2 s6
nguyén t& khac nhau (¢ + 1) :(m1q;), (¢ + 2)
F(Pag)s- (¢ +n) i (p,q,). Vi vay khong co s6
nao trong cic s6 d6 la luy thira (v6i s6 mi
nguyén) ciia mot s6 nguyén t6.

Bai toan 3. Chitng minh rdang véi méi s6 tw
nhién n, ton tai mot ¢dp sé céng gom n sé hang
sao cho moi s6 hang cuia né déu la luy thira cua
mot sO ty nhién véi s6 mii nguyén lom hon 1.

Loi gidi. Gié su p; 12 s6 nguyén tht i (i = 1,
2, ..., n) va dat p = pp,..p,. Kihiéu ¢; = 5—

i
Khi d6 (p;,q;)=1(1<i<n). Véimbiie {l,
2,,..., 0}, hé phuong trinh déng du x = 0 (mod
4;), x = =1 (mod p; ) c6 nghiém x = a; € N*,

Xét cdp s6 cong gém n s6 hang véi cong sai

d=1%2%._.n% va s6 hang ddu bing d. Véi
1 <k<nthikd=11.2%_ k%t o,

@ a al a_n)”"
Khi d6 kd =\1Pk 2Pk |k Pk Pk
ay  ay up+l1 a,

S6 17k 2Pk k Pk _.n"t e N*vi g, i p, voi
mdii#kva (q, +1) p,.

Vay moi s6 hang cuia cip s6 cong trén déu la
luy thira cia mét s6 tu nhién véi s6 mil nguyén
16n hon 1.

Bai toan 4. Chiing minh rdng ¢é vé han s6
ty nhién k sao cho cdc s6'k2" + 1 (n € N*) déu
la hop so6.

Loi gidi. V6i méi s6 tu nhién m, dat
F,=2"" +1thiv6iméim=0,1,2,3,4 tacé

232 41

5
F, 1a s6 nguyén t6 con Fy =2> +1=
= 641.p v6i p 1a s6 nguyén t6, p > 2041 = F,.
Do (p, 2%2 1) = 1 nén theo dinh If Trung Hoa
vé€ s6 du c6 vo han s6 ty nhién & thod man k = |

(mod (2>2 - 1)641) va k = —1 (mod p).

Ta s& chitng minh v6i &k > p thi k2" + 1
(n=1,2,...)déulahop s6.

That vay s6 n viét duge du6i dang n = 2"'(2t + 1)
véim,t20.Khim=0,1,2,3,4thivi

k2" +1= 222" 41 (mod (22 - 1)) nen
(k2" +1):F, . Vik2"+1>p>F,(dok>p)
nén £.2" + 1 13 hop s6.

V6im=5thi £2" + 1 =2" + 1 (mod 641).
Mit khéc 2" + 1) 1 F5 = (k2" +1):641, ma
k2" +1>F; >641 = k2" + 1 lahop s6.

Véim > 6 thi n =25k véi h 1a mot s6 tu
nhién.

6
Tu day ta c6 k2" +1=22 +1 (mod p) hay
. 6 . 6
k2"+Dip Vi @¥'"+pir -1

6 . .

(¥ -1)iF; vaF;ip. Do k2" +1 >k>p
nén k2" + 1 1a hop s6

Tém lai c6 vo s6 tu nhién k d€ k2" + 1 1a
hop s6.

ma
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Dang t6ng quét cha dinh li Trung Hoa vé s
du nhu sau :

Cho n s6 nguyén dwong nguyén t6 ciing nhau
tung doi mot my,m,,....m, va cdc s6 nguyén
by by,

=(a

ay,dy,...,d,, cho

(q,m)) =(ay,my) = ...

sSAo
m,)=1. Khi dé

ayx; = b (mod my)

n’

hé phuong trinh déng duw 4%y = by (mod my)

a,x, = b, (mod m,)
c6 nghiém. Ngodi ra néu x = ¢ la mgt nghiém
ndo dé cua hé thi x = x, la mét nghiém cua hé
khi va chi khi tén tai t e Z, sao cho
Xy = ¢+ (mmy..m,)t.

Chirng minh. Xét cic phuong trinh déng du
ay=1@modm) (1<i<n) Vi(q,m)=1 thi
hé nay c6 nghiém y,. Khi dé (y;,m;) = 1. Vi
vay phuong trinh déng du a.x = b, (mod m,)
twong duong véi phuong trinh y;a;x = y;b, (mod m,).

Nhung phuong trinh nay lai tuong duong véi
phuong trinh x=yh (mod m;). Nhu vay
ta dugc hé phuong trinh déng du

x = y,b; (mod m,)

X = y,b, (mod m,)

x=y,h, (mod m,)

Ap dung dinh 1i Trung Hoa vé thing du ta c6
diéu phai ching minh,

Cudi cling 12 mot s6 bai tap danh cho ban
doc.

Bai 1. Xét mot cdp s6 cong ting c6 cic s6
hang 1a céc s6 tu nhién. Ching minh ring c6 thé
chon tir cdp s6 cong ndy mot s6 tuy y cic s6
hang lién ti€p nhau sao cho tat ca déu 1a hop s6.

Bai 2. Gia st f{x) 1a mot da thic véi cdc hé
s6 nguyén va m 12 mot s6 tu nhién. Biét ring s6
du ctia phép chia cho m (m = 2) cta céc s6 f(1),
£(2),... bang 0 ho#c bing 1. Chimg minh ring m
12 lu§ thira cha mot s6 nguyén t6.

PHUONG PHAP CUC HAN

Khi giai mot sd bai toan c6 cic yé&u t6 roi rac
hoac hitu han, néu ta dung phuong phdp cuc
han d€ chimg minh nhiéu khi rat thuan loi.

Noi dung cia phuong phdp nay la phai chon
dugc phdn tir cyc han (nho nhat hodc 16n nhét)
cua mot tap hop di cho.

Dac biét néu tap hgp da cho 1a mot tap con
cua tap hop céc s thuc hoac tap hop da cho co
quan hé véi mot tap con cua tap hop céc s6 thuc
thi c6 thé sir dung mot tinh chat (hay nguyén If)
cla cédc s6 thuc (xem bai Nguyén li khdi ddu
cyc tri. Tuyén tap 30 nam Tap chi Todn hoc va
Tuéi tré, NXB Gido duc, 2004, trang 60 — 61).
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Tinh chét d6 nhu sau :

Trong mot tdp hop hitu han khdc réng cdc s6
thuc luén chon dugc s6 nhd nhdt va s6'lon nhat.

Dé cic ban lam quen véi phuong phdp cuc
han, xin giéi thiéu mot s6 bai toan sau.

Bai toan 1. 7 nguoi vao rimg hdi ndm duoc
tét ¢d 100 cdi. 86 ndm hdi dwoc cia méi nguoi
déu khdc nhau. Chiing minh rdng cé 3 nguoi hdi
duegc tong s6 ndm khong it hon 50 cdi.

Laoi gidi. Goi s6 ndm hai dugc ciia mbi ngudi
12 g;,a,,...,a;, dugc sép x&p tir nho dén 16n :

@ <ay<ay<ay<as<ag<a, )]



Xét hai truong hop :

1) a5 216. Goi M la tap hop gém ba s6
nguyén as,dq,a;. Khi d6 theo (1) thi a5 la s6
nho nhét cua M :

216 > ag=217;a;2 18.
Do d6 tacé
as +ag+a; =51 )

2) ag <

nguyén a,, a,, as, d4. Khi dé theo (1) cé
a <14

Mat khéc a4 1a s6 16n nhat cta N nén

ay<13;a,<12;a, <11

Tacod:

ay +ay +ay+ay £50

Suy ra as + ag + ag 2 50 3)

Céc b4t ding thic (2) va (3) chung to bai
todn duoc chiing minh.

Bai toan 2. Chitng minh rdng phwong trinh

x? o+ y2 =372 @)
chi ¢6 mot nghiém nguyén duy nhdt. |

Loi gidi. D& thdy phuong trinh dd cho cé
nghiém tam thuong

x=y=z=0.

Gia sir phuong trinh con ¢é nghiém nguyén
(x; y; z) khdc v6i nghiém (0 ; O ; 0). Nhan théy
nghiém ndy phai c¢6 x va y khong dong thoi
bang 0. Suy raz # 0.

Xét hai trudng hop :

1) z> 0. Goi M 1a tap hop céc s6 nguyén z > 0
¢6 dugc tir cac nghiém nguyén (x ; y ; z) cia
phuong trinh.

M 6 s6 nho nhét z, ing v6i nghiém (x,,; ¥, ; 2o)-
Ta c6

2.2 _1.2
x5 +ys =3z;

2.TUYEN CHON..TH&TT (QUYEN 3)-A

15. Goi N la tap hop gém 4 s6

Vi (x2 +y2) chia hét cho 3 nén x, va y,
cung chia hét cho 3. That vay, néu x, va y, déu
khong chia hét cho 3 thi x? + y2 khi chia cho 3
s& c6 56 du 1 1, do d6 (x2 + y2) khong chia hét
cho 3.

bat x, = 3x; ; y, = 3y,, trong d6 x; va va y,
1a cdc s6 nguyén khong déng thoi béng 0.

Tacod:
9)c12 + 9y12 = 32§

hay 3(x|2 + ylz) = zg.

Vi z2 chia hét cho 3 nén z, ciing chia hét

cho 3. Pat z, = 3z, trong d6 z; 1a s6 nguyén
duong. Ta c6

2 2 _ a2
Xy +y; =3z,

Déng thitc ndy chimg t6 (x, ; y; ; z;) cling 1a
nghiém nguyén cua phuong trinh (4). Nhung vi
0 < z; < z, nén khong thod mén véi z, 1a s6
nguyén duong nho nhat.

Nhu vay phuong trinh khong c6 nghiém
nguyén véi z > 0.

2) z < 0. Nhan thdy néu (x ; y ; z) 1a nghiém
cua phuong trinh thi (x ; y ; — z) cling 12 nghiém.
Do d6 phuong trinh di cho khong c6
nghiém nguyén (x; y; z) v6iz < 0.

Tém lai phuong trinh da cho c6 mot nghiém
nguyén duy nhét 1a (0, 0, 0).

Bai toan 3. Trong mdt phdng cho n duong
thdng (n > 3) trong dé khéng c¢6 hai duomg
thdng ndo song song va khéng c¢é ba dwong
thdng nao déng quy. Chimg minh rdng ton tai
mét tam gidc duoc tao thanh tix ba duong thdng
dd cho ma tam gidc nay khéng bi chia cdt béi
hat ki duomg thdng ndo trong cdc duomg thdng
con lai.

Loi gidi. Gia str d| 1a mot trong céc duong
théng di cho. Xét At c c4c giao diém cha n — 1
dudng thing con lai. Goi M 1a tap hop céc
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khoang cich (s6 do 1a s6 thuc duong) tir cic
giao diém d6 dén dudng thang d;. M c6 s6 nhd
nhatla ¢,

Gia st P 1a giao diém clia hai dudng théng
Ciac
dudng thing d, va d; cit d, tai céc diém Q va R
tuong Ung (vi khong c6 hai dudong thing nao
song song). Nhu thé€ tam gidc PQR dugc tao

d, va dy c6 khodng cich dén d; bing ¢,

thanh tit ba duong thing d;, d,, d; va khong bi
cit boi bat ki dudng thing nao. That vy, gia sir
c6 dudng théng d, cit canh PR hoic canh PQ
tai diém T = P (vi khong c6 ba dudng thing
nao déng quy). Khoang cich tir T dén d, la ¢,.
Ré rang t; <1,
cach nho nhat.

bi€u nay trdi véi 1, 1a khoang

SUY NGHI TU LOT GIAI MOT BAI TOAN
THI VO PICH QUOC TE

boi lic mot van dé da duoc giai quyét xong
lai goi ¥ tim ra mot vadn dé hoan toan khac
nhung lai rat c6 y nghia. Néu loay hoay mai vin
khong gidi quyét dugc van dé thi hai, cac ban
thir "mo6 phong" theo nhiing 1ap luan khi giai
quyét vén dé thd nhat xem sao !. M6t sy "mo
phoéng" cé sing tao, cai tién, b6 sung cé thé
giup ta dat muc dich. Nhiéu khi nhd th€ ma ban
béng tim dugc nhimg ké&t qua thu vi bat ngd.
Xin néu mot truong hgp nhu thé.

Trong cuén Tuyén tdp nhitng bai todn thi vé
dich quéc té” ¢6 néu mot bai todn do CHLB Diic
dé nghi (nam 1988) nhu sau :

Bai toan. a, b la hai s6 nguyén dwong sao
cho a® + b? chia hét cho ab + 1. Chitng minh

a® +b?

ab +1

Téc gia néu hai cich giai khiac nhau. Ca hai
cich déu hay, lam thu hiit sy chd y cua toi.
G day xuat hién van dé sau khi thay ab + 1 bdi
ab—1.

rdng la s6 chinh phuong.

Néu a, b € N*, (@® + b } (ab — 1) thi 6

a® +b?
ab -1

két luan gi vé thuo’ng ?
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Ta thy
2 +22
1®+25)iax2-1 al 1 =5
1% + 3

=3.

(12 +3%):1x3-1) v g =

Thir thém vai cap s6 tu nhlén nifa, t6i cang
tin ring ménh dé sau 12 ding :

Ménh dé 1. Néu a, b la hai s6 nguyén duong

sao cho & + B chia hét cho ab — 1 thi
2, 42

a‘+bh _s

ab -1

Ching minh mai khong duoc, t6i béng nhd
dén cach giai thir hai bai toan thi vo dich quéc
t€ & trén. Céi c6t 16i cla cich giai nay la : Tu
ché (a®> +b%) (ab+1) chiracé ¢, d € N* ma

a+b? P+ d?
ab+1  cd+1°

Téi nhan thdy dé chimg minh ménh dé 1 &
trén cdn giai quyét déu cot 161 sau : Tu
ché (@* +b%)i(ab-1) chiracé ¢, d € N* ma

c+d<a+b,

A +b*  Fvd
ab-1  c¢d-1"
cédch giai thi hai bai todn thi v6 dich quéc t€ ké

c+d<a+b, Dua theo



trén, c6 cai tién, thay déi mot s6 1ap luan, khic
phuc moét s6 tré ngai, cudi ciing t6i ching minh
dugc ménh dé 1 nhu sau.

Chimg minh. Gia st (¢®> +b*)i(ab-1). Ta
thdy ¢ # b vi néu a = b thi (24%)}(d®-1),
nhung (¢, a® - 1) = 1 nén 2 (a® - 1), khong
xay ra. Do vai tro clia @ va b nhu nhau cé thé
xem a >bh. Néub =1thido (2+1)i(a-1)
suyra 2: (@*~1) néna = 2 hoidc a = 3. Liic d6
a* + b? _a2+1_5

ab-1 e

a—1

Taxéta>h>1.Tix (a® +b*) i (ab-1)
c6 b2(a® +b%): (ab-1)

b +1
ab -1
¢ kab —k=b*+1= k=—1 (mod b), do d6

c6ce N*d€k=hc-1.

= (*+1)i@b-1). Ptk = >0 ta

T dé b* + 1 = (ab - 1)(bc — 1). Ta c6

b (h? +¢?) p*+1
—————~ =hc =bhc + ab
be —1 bc+1+bc_l c+a
b%(a? + b?) p* +1
= =ab + be.
b1 ab+1+ab_1 ab + bc
2 2 2 2
a+bh b +¢
Do do = e

Tuwong tunhutrenthibh#c¢. Vib>1vaa>h
nénab—-1=hb"+1+ba-h)—22h +1
G+ 12> 1= (@b - Dbe - 1) >
b*+ Dbc—1) > b*+1>bc -1
=2>bh(c—-h).Vib>1nénb>c.

Néu ¢ > 1 thi 1ap luan nhu trén, ¢6 d € N*,
a>hb>c>ddé

A +h: P+t P rd?
ab -1 be -1 cd-1"

Cu ti€p tuc nhu thé€, qué trinh nay phai din
déntontaisbu e N*maa>h>c>d>..>u>1,

a? + b? _b2+c2 _
ab-1 ~ bc-1

__u2+1
_--'_u—ln

Vi (W +1):(u—1) thi nhu di biét : u = 2

2 2 2
u+l=5néna+b _s,

hoé_lcu=3,vayu 7 r—
— ab —

(dpcm).
Tir ménh dé 1 ta c6 ngay hé qua sau :
Hé qua. Phuong trinh
X +y? —mxy+m=0
c6 nghiém nguyén duong khi va chi khi m = 5.

biéu thu vi 1a tir cich ching minh clia ménh
dé 1, ta c6 thé chi ra cich tim tat cd nghiém
nguyén clia phuong trinh

x> +y? —5xy+5=0.

Cdc ban hdy xét hai day s6 (a,) va (by) v6i
k=1, 2,... xdc dinh bdi cong thic :
aj=l,ay=2va a +a,, =5a,,, (k=1,2,3..)
by=1,by=3va b, +b,,, =5h,,, (k=1,2,3.).

Tacd:

Ménh dé 2. Cdp s6 nguyén duong (Xof Yo ld
mot nghiém cua phuong trinh

x2+y2—5xy+5=0 (1)
khi va chi khi x, + y, la hai s6 ké nhau & mot
trong hai ddy sé néi trén.

Chitng minh. Diéu kién cdn. Gia stt (x, ; y,)
1a nghiém ctia (1), c6 thé xem x, > y,. Khi d6

2 2
_ KXo *Js

Xy — 1
Néu y, = 1 thi x> +5x, +6=0 nén x, = 2
hodc x, = 3, do d6 (x, ; y,) 1a hai s6 lién ti€p
dau tién & mot trong hai day s6 trén.

Néu y, > 1, theo chimg minh ménh dé 1, c6
2,2 2.2
. + +
Z,€ N¥ x>y >z dé s5=2oJo _JoT%
X Yo =1 yozo—1

Khi d6 trinh  bac  hai
X% -5y,X +5+y2 =0 c6 hai nghiém x,, z,.

phuong

Theo dinh i Vigte x, + z, = Sy,

19



Ci theo 14p luan trén c6 u,, ..., vy, £, € N*

ma x,>y,>z,> uy> ... > vy >t > 1 véi hai s6
lién ti€p 1a nghiém cua (1), nghia la
Xo+ 2o =5Y0 Yo + Ug = 52450,

v2 +1

vo+ 1 =51, Vi5= nén v, = 2 hoidc

[s]
Vo -
v, =3.

Vay 1y, Voreos Ug, Zgs Yo X, tao thanh céc s6
hang lién ti€p chia mot trong hai day s6 trén.

Diéu kién dii. Néu (x, ; y,) 1a hai s6 ké nhau
cta mot trong hai day s6 trén. Gia sit x,, y, 1a
hai s lién ti€p cia day (ay) (k=1, 2,..),a; = 1,
ay =2, v6i x, = ap,, o = @ Ta ¢6 nhan xét :
néua>bh>c,a+c=>5bh,(bh;c)langhiém clha
(1) thi (a ; b) ciing 1a nghiém cia (1).

Viak+l>ak>...>a2=22a1=1,

a1 tai-) = Sai (i = 2, 3,..., k), (a3 a1) 1a

nghiém cua (1), nén theo nhan xét trén (a,, ;
a,) 1a nghiém cta (1) (dpcm).

Ching minh twong tu khi (x, ; y,) 12 hai
sO lién ti€p cla day (b)) (k =1, 2,..), b; = 1,
by =3.

Nhdn xét. N&u x,, y, € Z, (x, ; y,) la

nghiém cua (1), thi 13 rang x,, ¥, khong thé trai
didu. Vay néu tim dugc cic nghiém nguyén
duong cia (1) s€ suy ra cac nghiém nguyén con
lai bing c4ch déi d4u.

bén day mdi céc ban ti€p tuc suy nghi. Co
thé con nhiéu diéu thd vi khac chua duoc khai
thac hét. Nhu cdc ban biét, trang lich st khoa
hoc ¢6 nhiéu phat minh quan trong ra doi nho
biét k€ thira, cai tién, b6 sung nhimg thanh tuu
da c6. Cac ban tré hdy hoc todn mét cich chu
dong, biét phat huy, k€ thira dé sdng tao. Cic
ban s€& thdy toin hoc that sinh dong, li thu.

PHUONG TRINH CAN PONG DANG BAC HAI

Trong mot ki thi chon hoc sinh gioi 1ap doi
tuyén thi Todn Quéc t€ clia nudc ta co bai todn
sau day :

Tim tdt cd cdc cdp s6 nguyén duong (x | y)
sao cho véix <y thi

Jx +fy = J1980.

Néu cling cdc phép bién d6i thong thudng réi
thuc hién cic phép thir chuing ta s€ c6 (x; y)
bang (55 ; 1375) ; (220 ; 880). Tuy nhién néu dé
¥ ring /1980 = 6+/55 14 s6 v6 i thi 19i gidi s&
dep hon nhiéu. V€& trdi cin phai 1a cdc can thic
déng dang véi V35, tie Ia x =av/55,
\/; =b55 véi a, b nguyén duong thod mén
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ding thic a + b = 6. D& thdy ring a = 1 hoic
a =2 vatalai c6 cidc nghiém da néu.

Néu chi bién déi va thuc hién cic phép thir
s€ bat luc véi bai todn sau day :

Tim nghiém nguyén cua phuong trinh
13vx - 74y = +/2000.

Loi gidi. V& phai v2000 = 20/5. V€ trdi Ia
téng clia hai s6 nén : hoic moét trong hai s6
bang khong, hodc ca hai 12 nhiing can thic déng
dang v6i /5, tic Ia Vx = ay/5. |y =b5 véi
a, b 1a céc s6 nguyén khong 4m nghiém dung
phuong trinh

13a - 7h = 20.



20+ 7h =1+7(1+b).
13 i3
Vi(13,7)=1nén dé a nguyénthi 1 + b =
13t v6i t nguyén. Suyrab=13t-1,a=1+7t.
Dé a, b > 0 thi ¢ phai nguyén duong. Cuéi cliing
x=5a% =51 +70)% y = 5hb* = 5(13t — 1)> véi t
1a s6 nguyén duong.

Nhu vay a =

Chiing ta s& tim nghiém nguyén cta phuong
trinh :

avx +byJy =Jc (1)

vGi a, b nguyén va ¢ nguyén duong khong chinh
phuong. Chiing ta cé thé goi phuong trinh (1) 12
phuong trinh vo dinh cén déng dang.

Dé giai phuong trinh, ta viét ¢ duéi dang
¢ = km? trong dé k, m la cdc s6 nguyén duong, k
khong chia hét cho bat cit s6 chinh phuong nao
khdc 1. V& phai ¢ = mJk 15 rang 1a mot s6
vO ti. V€ trdi 1a téng hai s6 nén : hodc mot s6
bang 0, hodc ca hai 12 nhimg s6 vo6 ti déng dang
véi k. Truong hop a = 0 hoic b = 0 don gian.
Ta xét truong hop a # 0, b # 0, dé thdy a, b
khong cung am. Liic nay x =uk, y =vwk véi
u, v 1a cdc s6 nguyén am. Thanh thir

au+hbv=m 2)

Day la phuong trinh vo dinh ma ching ta d3
c6 céch giai hét siic ngin gon (xem bai C thé
lam todn sinh déng hon dwgc khéng ? trong
quyén ndy). Bay gidy t6i xin gi6i thiéu mot
phuong phép giai khéc.

Phuong trinh (2) c6 thé v6 nghiém (nguyén),
nhung néu c¢6 moét nghiém u,, v, thi cfu tric
nghiém cta (2), do d6 cdu tric nghiém cuia
phuong trinh da cho, c6 thé x4c dinh nhu sau :

Do u,, v, nghiém diing (2) nén

au+ bv =auy + bv,=m.

Vi vay u= aug + bvy — bv =y, + b(voa— v)
a

b'(v, —v)

v6i d', b’ nguyén va (a', b') = 1.
D€ u nguyén thi v, — v = a't vdi t nguyén,
nénv=v,—a't,u=u,+h't.
Dou,v20nénv,-a't>20=d't<v,
U, +h't20=>b't 2 —u.

Vi trong a, b c6 it nhat mét s6 duong nén
trong ', b' c6 it nhdt mot s6 duong. Khong mat

4 p (51 i ] u
tinh tong quat, giasitb' >0 = r > —-779,—.

¢ N Vv p
eNéua' <0thit> =2 dodd
a

t> max( hf’ ,—‘f) v6i u,, v, b' >0, a' <0.

e 1 - v 2,0 1 ] R
e Néua >0thit< -2 v6iug, v, b', a' déu
a

duong.
Cu6i ciing x = ku” = k(u, + b't)%,
y= = k(v — a't)z.

Phuong trinh v6 dinh can d6ng dang khong
chi b6 hep & dang dd néu. Nhiéu phuong trinh
s€ dugc gidi mot cdch don gian néu nhin duéi
con mét d6. Ching han bai to4n sau :

Tim tdt cd cdc nghiém nguyén cia phuong

trinh %—\/2x+1 = 3y—-Jdy-1+2.

Nhan thdy 4y-1 1a s6 vo ti véi moi y
nguyén (vi binh phuong clia mét s6 1é c6 dang
(Am+1)yma \J4y—1-2x—-1 =3y +2 - %’5
12 s6 hitu ti nén diéu kién cén (va du) dé phuong
trinh ¢6 nghiém nguyén 12 ca hai v€ bing 0, tic
3 J4y-1=+2x+1, 3y+2—-1—;f-=0. Dé
dang riit ra x = 5, y = 3. Nghiém nay thoa man
bai toan.
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Cu6i cling, ta dung phwong phép vira néu dé
gidi mot bai toan da dugc dé nghi ding lam dé
Thi Todn quéc t€ :

Tim tdt cd cdc s6 tu nhién x va y thod man

phuong trinh

Wx = 9" =3361-+/11296320  (3)
Loi gidi. Nhan thdy x, y 1a cdc s6 nguyén
khong am va V11296320 = 8.41/105 la s6 vo

ti. Viét lai (3) thanh (x + y) + 4xy — 3661

= 4(x + y)\Jxy —8.414/105 (4)

V€ trii cha (4) 1a s6 hitu ti nén diéu kién can
va di dé (4) c6 nghiém 132 ca hai vé cing
bing 0.

. |$?+4P-3361=0 (5)
Taco hé

s«/P = 824105 (6)

822.105

viiS=x+y,P=xy. Tt (6) c6 P = 7

thay vao (5) duge §* - 3361S° + 4.822.105 = 0.

Biet s6 A = 1 nén § = 1681, 1680. Vi
1681 = 412 nén § = 41, 15 rang 1680 khong 12

s6 chinh phuong. Liic d6 P = 420 nén x, y 1 hai
nghiém cia phuong trinh 22 — 41z + 420 = 0,
gidi ra tadugc z =20 ; 21. Vay (x; y) 1a (20 ; 21)
hoac (21 ; 20).

Ciing ¢6 thé chi xét diéu kién cédn cha (3).
Déng thic (4) xay ra khi va chi khi \/E
va V105
la \/—x; = k105 véi k nguyén duong. Nhu vay

la cdc can thiic dong dang, tic

8 =105 tacéxvay Ia hai

xX+y= T

nghiém clia phuong trinh —E;%HlOSk2 =0.
Phuong trinh nay chi c6 nghiém néu A =

82\ -
(7) —4105k> >0 = k < 2. Néu k = 1,

phuong trinh # - 82¢ + 105 = 0 khong c6 nghiém
nguyen. Néu k= 2, phuong trinh # — 417+ 4.105 =0
¢6 nghiém ¢ = 20 ; 21. Sau khi thir vio (3)
thdy ding, ta két luan (x ; y) 1a (20 ; 21) hoic
(21 ; 20).

MOT SO BAI TOAN VE SO HUU TI VA SO VO T

NGUYEN NGOC BINH PHUONG (TP. H6 Chi Minh)

Chiing ta d3 biét :
Pinh li. Néu a la sé nguyén duwong khong
chinh phitong thi \Ja 1a s6'vé ti.

Téng quat. Néu a 12 s6 nguyén duong
khong 1a s6 luy thira bac n cia bat ki s6 nguyén

duong nao thi Ya las6voti(ne N;n>2).

Sau day 1a mot s6 bai todn dp dung.
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Bai 1. Chitng minh rdng sé'a = V2 +43 1a
SOVO H.
Loi gidi. Gia sir a 12 s6 hitu ti, ta c6
a® =5+ 2\/6

a* -5

= /6 = 1a s6 hitu ti (vo 1i).

Vay a = J2 ++/3 1256 vo i (dpem).



Bai 2. Cho /n la nghiém ciia phuong trinh
S ral+bx+c=0vdiab,ce Q,nlasétw
nhién khong chinh phuong. Tim cdc nghiém
con lai.
Lai gidi. Taco nn+na+bJn+c¢=0
o (n+b)\/;+na+c =0

_ —(na +¢)

Néun+bh#0th Jn
n+b

€Q
(vo 1i).
Vayn+b=0vana+c=0=>h=-nva
¢ =-na.
Thé céc gid tri chia b va ¢ vao phuong trinh,
ta duoc
X +axt —nx-na=0

o (x2 —n)(x+a)=0.
Tir d6 ta thdy ngoai nghiém x = Jn, phuong
trinh con cé cdc nghiém x = —\/n, x=-a véi

aeQ.

Bai 3. Cho hai thang dung nuoc véi dung
tich Iom tuy y va hai cdi gdo ¢6 dung tich ldn
lwgt la N2 lit va 22 lit. Héi ¢6 thé ding
hai cdi gdo dé chuyén 1 lit nudc tir thing nay
sang thung kia dugc hay khong ? Tai sao ?

(Dé thi tuyén vao 16p 10 DHSP Ha Noi, 1995).

Lai gidi. Gia sit c6 thé dung géo a (dung tich
J2) va géo b (dung tich 2-+/2) dé chuyén
dugc 1 lit nudce tir binh A sang binh B bing céch
dong mgdoavangiobvéim,ne Z (m>0
néu dong tir A sang B va m < 0 néu dong tir B
sang A ; tuong ty d6i véi n). Khi d6
m2+n2-V2)=1 m-my2 +2n-1=0

2n-—1

Néu m # n thi ﬁ:

e Q (vo li).

Vaym=n-= % (mau thudn véi m, n € Z).

Két luan : Khong thé dung hai cdi gdo d6 dé
chuyén 1 lit nuéc tir thing nay sang thiing kia.

Bai 4. Chimg minh rdng véi moi sé tu nhién
n phuong trinh sau ddy khéng ¢é nghiém hiu ti :

(x+ y3)" =1 +4/3.

(Vo dich todn Lién X0, 1987)

Loi gigi. Véin=1, gid st co x, y € Q thoa

x+y\/§=\/1+\/§
= (x+yV3)2 =1+43
o 243y - 1=(1-2x3 .

man

x2+3y2—1

Néu 1 — 2xy = 0 thi +/3 =
1-2xy

eQ

(v6 1i).
Vay 1 - 2xy=0vax’ +3y> - 1=0.

Riit y tit 1 — 2xy = 0 thé vio x* + 3y* — 1 ta
duge 4x* - 4x* + 3 =0.
Phuong trinh nay v6 nghiém nén khong tén

tai x, y € Q thod x+y\/§=\/1+«/§.

Néu x, y € Q thi (x+y\3)" =x, +y3
vOix,y, € Qe

(D& dang chimg minh duogc bing cich khai
trién nhj thiic Newton).

Do dénéutdntain € Nvax,y e Qsaocho
(c+y¥3)" =\1+3. Pay 1a didu ma ta da
ching minh 13 khong thé xay ra.

Bai 5. Chitng minh rdng 32 khong thé biéu
dién dugc & dang p+ gr trong dép, q,r € Q,
r>0.

Loi gidi. Gid st tbn tai p, ¢, r € Q, r >0
thoa p+qx/_ = 3.

Tacé p* + 3p2q\/; +3pqg°r + q3r\/— =2
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& Bp*q+4*rNr =2-p* = 3pg*r.

o Néu 3p%q + ¢°r =0 thi

f 2- p 31;" "e Q (vo li).
3p q+q'r
o Néu 3p%q+4°r=0
=0
& q(B3p* +4*r) =0 ["
p=49=0
R6 rang khong thé xdy rap = ¢ = 0.

Néug=0thi ¥2 =p € Q (vo l).
Vay khong ton tai p, ¢, r € Q, r > 0 thoa
p+qr =32 (dpem).
BAI TAP TU GIAI

Bai 1. Ching minh ring cics6a= v2 +3/3 ;
=2 +/3 +/5 déu 1a cic s6 vo ti.

Bai 2. Biét phuong trinh x* + ax+ b =0 véi

-3
N

t\)
W

a, b € QQ c6 mot nghiém la Tim céc

l\)
b)

cap s6 (a, b).
Bai 3. Giai phuong trinh
\/2x/§—3 :\/x\/§ —\/yﬁ

v6i nghiém hitu ti (Vo dich todn Anh, 1970).

Bai 4. Choa, b, ¢,d € Q vim, nlacic s6

nguyén duong khong chinh phuong. Chiing
minh ring diéu kién cdn va da dé
a+b\/_,—c+d\/;laa—cvab\/— d/n.

Bai 5. Cho 12, b la hai s6 hiru ti khac khong
va n 12 mot s6 nguyén duong. Chimg minh ring

s6x=avn +bJn+1 1as6 voti.
Biai 6. Cho a, b, ¢ € Q thoa
ada+b¥2+c=0.

Ching minh ringa=bh=c¢=0.

TINH BIEU THUC HUU TI BANG CACH XET DANG
PA THUC BANG NHAU TAI NHIEU GIA TRI

1. Khi gidi mot s6 bai todn gém cic phan
thic hitu ti, néu khai trién cac phép tinh trén céc
phan thic dai s6 thudng gip nhimg bién déi rét
phic tap. Song néu ta biéu thi né duéi dang da
thirc thi nhiéu khi cong viéc trd nén dé dang.

Co s& cua cich lam nay duva vao cdc ménh
dé dudi day.

Ménh dé 1. Néu nhi thic dang
f(x)=Ax+B (1) véi A, B la cdc tham sé ma
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flx) triét tiéu tai hai gid tri khdc nhau cua x thi
A = B = 0 hay f(x) déng nhdt bdng khong.

Chimmg minh. Gid st v6i x, =a,xy =b (a# b)
ma fla) =fb)=0,hay Aa + B=0vaAb +B=0,
ttdé A(@a—bh)=0,via—b=0nénA=0suyra
B=0.

Ménh dé 2. Néu thitc
f(x)=Ax* +Bx+C (2) véi A, B, C la cdc

tham sé ma f(x) triét tiéu tai ba gia tri khdc

tam dang



nhau cia x thi A = B = C =0 hay f(x) dong nhat
bang khong.

Chlmg minh. Gié Sﬂr véi xl =da, Xy = b, X3 = d
(doi mot khiac nhau) ma fla) = fib) = fid) =0
hay Aa*> + Ba + C =0, Ab> + Bb + C = 0,
Ad® + Bd + C = 0. Ti c4c déng thic trén suy ra :
A~ b)) +Bla—-b)=0, Al - &) +Bla—d) =0,
Via-b#0,a—-d#0nénA(a+b)+B=0;
Ala+d)+B=0suyraA(h-d)=0,vib-d=0
nénA=0.TrdétasuyraB=0,C=0.

2. Mot so thi du

Thi du 1. Tinh téng sau

(d=h)d=0)  (d=c)d=a) (d=a)d=b)

(a—bYa-c¢) (Bh=-c)b—a) (c—a)c—h)

Loi gidi. Téng trén chi xdc dinh khi q, b, ¢

do6i mot bing nhau.

~ Néu thay d bing x va dat téng trén béng f(x)
thi f{x) 1a tam thiic dang (2) d6i véi x. Ta nhan
thay : fla) =fib) =f(c)=1.Nhuvay f(x)- 1 la
tam thitc nhan ba s6 khac nhau a, b, ¢ lam
nghiém. Vay f(x) — 1| déng nhit bing 0 hay
fix) =1 v6i moi x,suy ra fid) = 1.

Thi du 2, Chitng minh rdng véi a, b, ¢ la cdc
58 doi mot khac nhau thi

a? (x=b)(x-c) N b? (x=c¢)x—a)

@—bya—c)  (h-cxb-a)
Gx—a)x-b) _ ,
(c-aXc-b) ~
Loi gidi.

Xét biéu thic
_d*(x=h)x—c¢) s b2 (x — ¢)(x — a)

= Tha—o T h-ot-a
Flx-a)x=b) _
(¢ —a)(c~b)

Ta thdy f(x) 1a tam thic dang (2) nhan ba s6
khéc nhau a, b, ¢ lam nghiém, vay fix) déng
nhat bang 0 va bai toan duoc ching minh.

Thi du 3. Don gidn biéu thirc

_a-b . b-c c¢—a . (a-hYbh—-c)c—a)
“a+bh btc ct+a (a+b)b+c)c+a)

Loi gidi. Sau khi quy déng mau s6 ta dugc ti
sO 1a

fay=(a—b)b +)c+a)+ b —c)a+b)c+a)
+(c=a)a+bh)b+ )+ (a-b)}b-c)c-a).

Ta théy f(x) 1a tam thitc dang (2) d6i v6i ¢ va
c6banghiém:a=h,a=c,a=0.

Néu b, ¢ khic nhau va déu khéic O thi ba
nghiém nay doi mot khac nhau nén f(a¢) dong
nhat bang 0 vatacé P =0.

Néu b = 0 hodc ¢ = 0 hoac b = ¢ thi ta déu c6
flay=0suyraP=0.
3. Mot s6 bai tap ap dung
Bai 1. Pon gian biéu thiic
a* —bc N b? —ac N ?—ab
(a+b)a+c¢) (b+c)b+a) (c+a)c+h)
Bai 2. Chiing minh ring
b+c+d +
(b —a)(c —a)d - a)(x - a)

+ c+d+a
(¢ = b)(d - b)a-b)c~h)

+ d+a+b
(d-c)a—-c)b-c)x-c)

+ a+b+c
(a—d)b-d)c—-d)(x-d)

_ x—a-b-c—-d
T (x—a)x—b)x—c)x~d)
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TAP DUQT KHAI THAC CAC PANG THUC PA BIET

Khi da dugc hoc phép nhan da thic, bat ki
hoc sinh nao ciing c6 thé thyc hién phép tinh dé
nit ra hing dang thirc :

@+bh+cP=d*+b* +*+2ab +2ac + 2bc (1)

Néu chi quan st ding thic (1) trong trang
thdi finh thi qua thuc ta khé c6 thé rit ra dugc
mot diéu gi thd vi ngodi tinh can d6i, dep mét
cta né. Ta hdy nhin déng thic (1) véi trang théi
dong xem sao ! TruGc hét ching ta hdy chi
dong cho cdc d6i tuong a, b, ¢ thay d6i mot
chiit, ching han ta thay a, b, ¢ tuong Ung béi

l,l,l,theodﬁngthﬁc(l)tac()
a b ¢
2
11)_1 1 1 2 2 2
a* b

( 2 ab " ac he
) .
hay (1+1+1) 1,1 1 2a+h+o)
a b ¢

Q|-
o
o

—_——t—

a> b 2
Trong (2) choa + b + ¢ =0, dugc
(1+1+1)2_L+L+L
a b c¢) g2 pr 2

RG rang ta c6 mot két qua thu vi : Véi abe = 0,
a+b+c=0thi

2

abc

3

Nhu vay, chi cdn thay déi mot chiit cdc dir
kién, ta da thu duoc mot két qua rat dep. Nhung
néu ta dimg lai & day thi s€ khong thay hét duoc
tdm ng dung cha két qua méi. Ching ta thir
cling xem vai trd clia ddng thitc (3) qua mot loat
céc bai todn ¢ nhilng dang khac nhau duéi day.

Bai 1. Chitng minh cdc ddng thite sau :

o [Lel, L
& b (a+b)?

1.1 1
a+b

P 4)
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2,2

b) |a® +b? + -2 b
(a +b)?

ab
= b -
‘a+ +b’ )

a

Hudng ddn gidi. ¢ Dé chimg minh déng thirc
(4) ta chi c4n chi ¥ ring (a + b)* = [~(a@ + b))
nhu vay dang thic (4) dugc suy ra truc ti€p tu
(3) khi ta thay ¢ = —(a + b).

e Tuong tu (5) dugc suy ra truc tiép tir (3)

khi ta thay a, b, ¢ tuong ing boi ba s6 l, 1 va
da

b
_(l+l)
a b))

Bai 2. Cho a, b, ¢ la cdc s6 hitu ti déi mot
khdc nhau. Chitng minh rdng

1 1 1 . .
s = 3 + >+ 5 la s6
(a-bh) (h-1¢) (c—a)
hitu t1,
Huéng dén gidi. Chi cdn dé y
a-b+MBh-c)+(c—-a)=0,néntlxr (3)ta

1 1 1 |
a—b-'-b—c"*-c—a|G ¢

cHd s =

Bai 3. Rut gon biéu thirc sau :

P= ! + ! + L+—1—+————1——
a+b* (a+by \a' bt (242

Hudng ddn gidi. Ap dung (4) ta c6

I 1 1 1 1 1

—t—t—— = =t
\/a“ b (@ +b*?:  dF B dF+h?

va ap dung (4) mot 14n nita duge

1 1 1

P= —2+*—E+——‘—2= 1 1 1
a b (a+b)

a' b a+bh

a+b




Bai 4. Xét tong

a) Tinh Syg00.

b) Chitng minh rdang véi moi n > 3 thi S, la
6 hitu tl nhung S, khong thé la s6 nguyén.

Hudng ddn gidi, Hay chy y

l+(n—-1)+(-n)=0,4dpdung (3) tacd

1 1 1 1
1+ 2+—2=1+ -—.
(n-1° n n-1 n

Tix dé dé dang théy

Tir d6 giai quyét dugc a) va b).

Bai 5. Dat S, =1+99..9% +0,99..97
(hang tit thit hai trong cdn la binh phuong cia
s6 ty nhién ¢6 n chit s6 9, con hang tir thit ba
trong cdn la binh phwong cua s6 thdp phdn ¢é n
chit s6'9 & sau ddu phdy).

a) Chitng minh rdng véi moi n nguyén duong
thi S, luén la s hitu ti.

b) Viét Sypp0 dudi dang sé thép phan.

Huoéng ddn gidi. Chd y 99..9 = 10" - 1 (v€
trdi 1a s6 tu nhién c6 n chit s6 9).

10" -1

n

0,99..9 = (v€ trdi 1a s6 thap phan c6

n chir s6 9 sau dau phdy). Do d6

2
S, = Jl +(10" —1)? +[10 _1]
10"

Apdung 5) véia=1,bh=10" -1, ta thu

duge S, =10" -1+ ]()L" nén viéc giai quyét cic

cau a) va b) khong con khé khan.
Bai 6. Gidi cdc phuong trinh sau :
1 1 3
a) 7+ 2 - 2
2x-1 Bx+1) (x+2)

2

b) x* +6x+6+(x+3) =0.

x+4

Huoéng ddn gidi. Ap dung céc déng thirc (4)
vA (5) dé gidi cdc phuong trinh trén,

Trén day ching t6i da gidi thiu véi céc ban
mot huéng khai thic ding thitc (1). Két qua thu
duoc rd rang da gip ching ta séng tao ra nhiéu
bai todn mdi.

Cic ban hdy tap khai thic hing ding thic
khéac dang hoc trong chuong trinh.
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Phdn hai

TIM GIA TRi LON NHAT, GIA TRi NHO NHAT

VE MOI QUAN HE GIUA HAI BAT PANG THUC
CAUCHY VA BERNOULLI

B4t dang thitfc Cauchy c6 dang :
a) +dy +...+a,

24
- > Yaa,...q, (N

v6ia;20,a,20,..,4,2>20,moin € N*,

Bt déng thitc Bernoulli c6 dang :

d+x)" >21+nx )
v6i moi x > -1, moi n € N*,

Nhu chiing ta da biét c6 nhiéu céch ching
minh cdc b4t déng thic ndy : truc ti€p hay gidn
ti€p, dai hay ngén, don gian hay phuc tap, v.v...
Du6i day trinh by cich chitng minh b4t ding
thitc nay nho bat déng thitc kia.

Gia sit c¢6 bat ding thitc Cauchy, ta cdn
chimg minh (2). Néu 1 + nx < 0 thi do v& tréi
cha (2) khong am nén b4t ding thic ding.
Trong truong hop 1 + nx >0, xétn— 1s6 1 va
s6 1 + nx, theo bt ding thitc Cauchy ta c6

Ll +1+(+m0) 1.(1 + nx)

n

Nang lén luy thira bac » hai vé ta dugc (2).

Nguoc lai, gid sit c6 bdt ding thitc Bernoulli
(2) ta cn chiing minh (1). Pat 1 + x=¢ta cb
thé viét (2) duéi dang :

t/ 21+ j(r=1), v6imoi t >0, Vj € N¥,
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hay la

v 2 jr—(j-1), v6imoir=0,Vje N* (3)

Xét n s6 khong &4m a,, a,, ..., a,. Trong
truong hop ¢6 mot s6 nao d6 bang O thi bat
déng thic (1) 12 hién nhién, do d6 c6 thé gia
thiét rdng a;>0v6imoij=1,2,.,n

a+ayt..ta;

Kihieu §; = ’ G=1,2,....1).

2 S
Khi 6 cdc bét ding thic (3) voi r =<1
-1

Sia

S.
(j=2,..,n)chota [ S
S j

j-1

] 2 jo=~(-D.

. ; . . -1 -
Do d6, 7 2(jS; =(j~1)S;4)S}-1 ="jsjj'—ll

voij=2,3,..,n.
Vay la chiing ta c6 :
n n-1 n-2
Sn 2 anSn—l 2 anan—lSn—Z 2.
2 a,a, 1.4,8, = a,q,_;..aq,. 4

.a R N .
% vao (4) va khai

can ta dugc bat déng thitc Cauchy.



TU CAC TINH CHAT CO BAN CUA BAT PANG THUC

Ta da biét cic tinh chét co ban clia bat ding
thitc duoc coi 1a nhitng yéu t6 nén tang, co s& dé
tir d6 xay dung dugc céc bt dang thic méi
phtic tap hon. Nguoc lai, muén chitng minh mot
bat déng thiic, ta cin phai sir dung céc tinh chat
co ban ctia bat déng thic va cic bat dang thirc
quen thudc nhu Cauchy, Bunyakovski sau khi
bién déi biéu thirc hodc thém bét vao biéu thitc
mot s6 hang nao dé.

Sau day 1a mot s6 thi du minh hoa.

Thi du 1. Vdi a, b, ¢ la ba s6 thuc duong,
chimg minh rdng

(a+h)? L+ ¢)? et a)?

24(a+b+c)(1)
¢ a b

Loi gidi. Cach 1. Taco

2 N2 2
& (‘H;b) +(b+‘) +(L+a) +4(a+b+c)

O a b

>8a+h+c) )
Mat khéc ta c6

(a+ b2 —da+h)c+4c2 20

(a +b)?

hay +4c¢ 2 4(a+bh).

Chiing minh tuong tu, ta ciing c6

(h+ c)2 (c+ a)2

d

Cong theo timg v€ ba bat déng thic trén sé
thu duoc (2). Tir d6 ¢6 diéu phai ching minh.

Cach 2. Tacd

+4az24(b+c¢);

+4b24(c +a).

e
2 A2 . 2
[(a+b) LB+ (cta) }((Hh“)
¢ a b
>4(a + b + )’ A3)

Ap dung bat ding thic Bunyakovski, ta c6
Aa+bhb+)=[a+b) +b+c)+(+a)

VU BUC (Ninh Binh)

() () ()]

() () o

) [(a b b+ (c+a)

C a b

}(a +b+c).
Suy ra bat ding thirc (3) ding. Tir d6 c6 diéu
phai chimg minh.
Thi du 2. Véi a, b, ¢ la ba s6 duong, chimg

minh rdng

613 b3 (,'3 2

?4‘7'{'720 +b2+(,'2 (4)
Loi gidi. Ta c6
3,3 3
(PAR=" 2(“—+2—+5——)+a2 +bh? +¢?
b ¢ a
>3(a* + b2 + D) )

Ap dung bat déng thiic Cauchy c6

33 3 3
2 4 iy 3’“_“_2
b+b+b 23 b.h.b

3

hay 2.%+b2 > 342
Chimg minh tuong tu, ta ciing ¢

b’ 2 2 ¢ 2 2
2.—+c¢“23h°; 2.—+a” 23¢°.
c a
Cong theo timg v€ ba bét ding thic trén ta
thu dugc (5). Tir 36 ¢6 diéu phai chimg minh.
Thidu 3. Vdi a, b, ¢, d la cdc s6 duong, ddt
_ a+b N b+c¢ c+d N d+a .
a+b+c¢ b+c+d c+d+a d+a+b
Chitng minh rang : 2 < M < 3.

Loi gidi. Vi a, b, ¢ 1a cdc s6 duong nén
a+b+c,hb+c+d c+d+a,d+a+bdéunhd
hona+b+c+d.
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Do dé, ta co

a+b N b+c
a+b+c+d a+b+c+d

c+d d+a
a+d+c+d a+b+c+d

_ 2at+b+c+d) _9
© ath+c+d

¢ d
b =l]-— 1-—
vaM ( a+b+c)+( h+c+d)+

c+d+a d+a+b

(=¢) (=d) (-a) (-h)

a+b+c¢ b+c+d c+d+a d+a+b

(=¢) (=d)

a+b+c+d a+b+c+d

(-a) (=h)

a+b+c+d a+b+c+d =

(6)

<4+

_ 4_(a+h+c+d)_
B a+tb+c+d

Te(6)va(7ytac62<M < 3.
Thidu 4. Véix 2y 2z > 0, chiing minh rdng :

)

2 p 5

2
X z X
——y-+y——+-——2x2+y2+z .

X

z

Lai gidi. Xét hieu

2
Y
2

2 2
H=(f_y+ﬁ+£1j_<xz+yz+zz>
z X y

2 2 2
_ X0 Z)+)’(Z—x)+z(x )
z X y
Ttrgiéthié’tzﬁyﬁxvéxz(y—2)20,

yz(z—x)so suy ra

2(y-1z) N xX(y-2)

z y
ye-n Y e-x
x oy

Do dé

s X0y -0+ -y)
- y
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=>yH sz[(y —xX)+(x-2)]+ y2(z —-x)+ 22(x -y
= (x =@ =D + - 0¢ - yD)

=(x =& - +y) - (x+2)]

=(x-Yx -z y—-2)20(dox=>y=>z>0).
Vay H > 0 suy ra dpcm.

Thi du 5. Véi a, b, ¢ la ba sé duong, ching
minh rdng

o . B2 . 2
PP+t P rd? A+ b?
a b ¢
“b4+c¢ c+a a+b’

Loi gidi. Do vai tro cha a, b, ¢ 1a nhu nhau
néntac6thé gidst a=bh>c>0.

2 2
Vi 122550 nen (2) <P (i) <L
a [73

a a a a
) 22
suy ra 2+i 2 b—+i— <:>a2(b+c)2a(b2+c2).
a a g g2
Tir d6 két hop véi

0< (b + Db +c¢) <@ +cHa+c)cd

a* __a _az(b+c)—-a(b2+c‘2)
W (b* + )b +¢)

S a2(b +¢) - a(b2 + cz)

(@ +c*)a+o)

ters(e) ()
suyra —+—<|—| +|-—
C ¢ c c

& Fa+ bh) < c(a2 + bz).

Tir d6 két hop v6i

0< @ +cD@a+c)<@ +bYa+b)co:
F e Fath)-cd® +bY)

a*+bp? a+b (@* +b*)a+b)

R c2(a+b) - c(a® +b?)

(@ +c*)a+c)

©)




b2 b2e 4 a)— bl 4 42
A b _ (c-2+a) 2b(( +a )(10)
¢ +at Cta (a® +bh“Ya+c)

Cong theo timg v€ (8), (9) va (10), ta dugc

a? a a N ¢?
B2yt btce btce g2 4 p?
2

c b b
- + — >0
a+b 2.,2 c+a
et «’ + b’ + ¢
PP+ P +d® P+ b
.4 N b N ¢
“bhb+e¢ c+a a+b’

Nhiéu bét ding thic trong khi thi chon hoc
sinh gidi hodc thi vao Pai hoc cé thé ching
minh tuong ty nhu trén. Moi cac ban thir sic vé6i
cdc bai tap sau.

Bai 1. Véi a, b, ¢ 1a d0 dai cac canh cha mot
tam gidc, ching minh ring :

a b ¢
> .
D \/b+c—a +\/c+a—b +\/a+b—c 23;

2) atb+c¢) blc+a) N cla+b)
b+c—a c¢+a-b a+b-c
>2a+b+0).

Bai 2. V6i a, b, ¢ 12 ba s6 duong, chimg
minh ring :

N a? N b? ¢? S 3(ab + bc + ca)
b+c¢ c¢+a a+b 2a+b+c)
2,2 2 L
z)a_+_b_+c_~2ab+bc+ca.
ol &8 abc

Bai 3. Véi s6 nguyén duong n chimg minh
ring :

1 1
e

P2
Bai 4. Hay t6ng quét hod két qua cla thi du
4 vathidu 5 & trén,

1.2
e

MOT PHUONG PHAP PANH GIA TONG CAC PHAN THUC

NGO VAN THAI (Truong PTTH bdn céng Quynh Phu, Thdi Binh)

C6 nhiéu bat déng thitc doi héi phai ddnh gid
téng cdc phan thic v6i cdc s6 hang hodn vi
vong quanh, trong dé c6 bdt ddng thire Nesbit

md réng : Cho xq, Xp,..., X, (X; >0 v6i moi i, n € N¥,

n23)thi:
a a a a n
1 2 n—1 + > (1)
ay+ay  aytay a,+a; a ta, 2

Bt déng thirc (1) trong truong hop téng quat
l1a khong ding v6i moi n 2 26. Trén tap chi
THTT ciing da dang 10i gidi cho trudng hop
n=3,4,5, 6. Sau day la cich ching minh cho
truong hop n = 3, 4 kha gon danh cho céc ban
THCS. Trong cich chiing minh duéi day phai sur
dung dén hdt ddang thie Cauchy cha ba s6
khong am (ching minh danh cho céc ban) :

Cho ba s6'khong am X;, X,, X; thi
X, + X, + Xy 233X, X, X,

Ta chitng minh bat ding thitc (1) véi n =3
van=4,.

1) Vé6i ba s6 duong a,, a,, a3 (n = 3) thi

a a, a >§_
at+ay azt+a a +a, 2
(%) » Te a a a
Loi gidi. Dat P=—2 2yl
ay+tay; ay+a; a +a,
az a a,
ay+ay; azt+a  a +a,

Dé thdy P+Q =3.

K|



Goi v€ trai cia BDT trén la M.

d, +a a, +d a, +a
M+P= 1 2+ 2 3+ 3 1;
dy + 2 U + 4 a +a2
dy +a a, +a a, +a
MyQ="1"3 270 (BT H
Uy +as as +u; a +a,

Theo bat ding thitc Cauchy ta duoc
M+P>3.M+0323.

Suyra2M+P+Q26:2M23:>M2%.

Dang thiic x4y ra khi va chi khi a; = a, = a3>0.
2) Vé6i bon s6 duong a, ay, a3, a, (n=4) thi

a a a a
L2 4.3 44 >)
aztay, agtap a ta

ay +ay
Lo gidi. Goi vé€ trdi ca BDT trén 1a M.

1 1 1 1
a2 +(l3 (13 +(14 ' a4 +a] a] +a2 J

DatP=(

Ta cé

M:(”‘ ta
a3+a4

M:(a' tay |

d, +a ay +dy
3 4_+_4l

J-—1+a1.P

day +(ll a1+a2

a,+a
Lt

j—l"‘az.P

Ap dung bat ding thic Cauchy clia ba s6
duong trong timg ngodc don ta suy ra :
M>3-1+a,P=2+a.P @)
M>3-1-ayP=2-a,P 3)
Néu P > 0 theo (2) ta dugc M > 2.
Néu P <0 theo (3) ta duoc M > 2.
Tom lai M > 2.
Déng thic xay ra khi va chi khi a; = a, = a3
= a, > 0. B4t déng thic di duge ching minh.
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Véi phuong phap da trinh bay & trén, cic ban
s& giai quyét duoc mot cich ngan gon ba bai
todn sau day.

Bai 1. Cho sau s6 duong x|, x,, X3, X4, X5, Xg

sao cho trong sdu tbng sau (x +xy),

(X +x3), (3 +x4), (x4 +x5), (x5+xg),

(xg +x;) €6 (x; +x,) nho nhat, (x, +x;)16n
nhat. Chimg minh ring

X X X X
1 + 2 + 3 + 4
Xz +X3 X3 +X4 .X4 +X5 x5 +X6
X X,
42 6 >3,
Xo+X X +X

Bai 2. Chon € N, n 2 3 va x; > 0 v6i moi

i=1,2,..,n Dat
= X1 + X2 T Xn-1 + Xn
X (Xy +x3)  xp(x3 +xy)
Xa®1 X1 X2
Xp-1 (X" + X]) xn('xl + x2)

Ching minh ring max(M,N) 2 —'21

Bai 3. Chon € N, n > 3 va x; > 0 v6i moi

i=1,2,.., n. Ching minh ring

X X2 +..+ X
Xy +x3 X3 t+xy X+ x,
>3_”_l(x_2+i‘.3_+ +i+ﬂJ
4 4lxn x -1 Xn

Mong céc ban tiép tuc trao ddi.



VAN DUNG HANG PANG THUC VAZ -|A| VAO GIAI TOAN

TON NUBICH VAN (GV THCS Nguyén Khuyén, Pa Néing)

Trong chuong trinh toin THCS héng déng
thitc VA? =]Al c6 nhiéu van dung trong céc
bai tap tir don gian dén phuc tap.

Tuy nhién, khi gap dang toan nay, nhiéu ban
thuong ling ting, ngay ca hoc sinh gioi ciing
gap nhiéu sai s6t khi trinh bay 161 giai. Bai viét
nay néu mot s loai todn thudng gap c6 thé van
dung hai dang bién dai can thifc co ban sau day.

Dua ra ngoai ddu cdn

\/_2‘ A néu A20
A% =|A|l =

-Anéu A<O
Pua vao trong ddu cdn
AVB = \/E nfuAz0
—\/E néu A <0
Loai 1. Bién ddi don gian can thitc bac hai
Thi du 1. Dua thira s6 ra ngoai ddu cdn

\[W:sz'y':{&rzy néu y>0

~3x%y néu y<0
Thi du 2. Dua thira s6' vao trong ddu cdn

\/2x2y néu x>0
—\/2x2y néu x <0

Mot s6 ban thudng nhdm & trudng hop
thit hai.

Loai 2. Tinh gia tri cia mot biéu thirc

Thi du 1. Tink /8 - 27.

Loi gidi.

V8-27 =\7-2J7 +1 = (7 -1)? =
= N7 -1=v7-1 i V7 -1>0).

C6 thé dat 8- 247 = a+ b7 Vi cic s6

nguyén a, b réi binh phuong hai v&€ dé tinh a, b ?

X2y =

Thi du 2. Tirh gid tri cia

A=3x—1-v4x* —12x+9 v6ix=1999.
Loi  gidi. A=3x-1-2x-3?% =

3x—1-[2x-3|. V6ix=1999 thi2x - 3 >0

nnA=3x-1-2x-3)=x+2. Licdé A c6
gia tri 12 1999 + 2 = 2001.

Loai 3. Rit gon mot biéu thirc

Thi du 1. Rit gon B= \3x —4 - 2/3x 5.
Loi gidi. Diéu kién x > g Bién ddi
B=+3x-5-2Y3x—5+1

= JBx-5-1% = \3x-5-1.
o Néu v3x-5-120 hay v3x-521 hay

x22thi3= V3x-5-1,

o Néu +3x-5-1<0 hay x < 2 thi

B=1-+3x-5.

V3x=5-1 nfux>2
1-v3x-5 n€u§$x<2

C6 thé dit B = a+h\/3x-5 v6i cic s6

Vx? +4x+4

Vay B =

nguyén a, bréi tinh a, b ?

Thi du 2. Rit gon C =
x| -2
2
Loigigi.c= Y& 2 (g iy
x| -2 x| -2
Lap bang khir ddu gia tri tuyét déi
X -2 0

lx+2| | <x+2) O x+2 2 x+2

Tuong tu, hdy tinh \/ 2002 +24/2000-2+/1999.

3.TUYEN CHON..TH&TT (QUYEN 3)-A

lxl=2 | —x-2 0 —x-2 =2 x-2
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Tir d6 tinh duoc
1 néu x < -2
C= -1 néu-2<x<0

x+2 .
néux>0vax#2

—
Cb thé dua mau s6 |x| - 2 vao trong d4u cin ?
Loai 4. Chitng minh moét dang thirc

Thi du 1. Chiing minh 232 +~/3 =6 ++/2
*
Loi gidi. Bién d6i vé trai :

W2++3 =42 +3) =8+ 443

= V6 + 212 +2 = /(J6 +2)?

= V6 +2] =6 +2

Vay 2\/5+—\/§=\/g+x/5.

C6 thé bién déi V24/4+243 =23 +1)

hoéac binh phuong hai vé& cta (*) ?
Thi du 2.

Chiing minh 6 + V11 =6 — 11 = /2.
Loi gidi. Dt vé tréi 12 A, ta ¢6
V24 =12 + 2411 =12 - 2411

= JWIT +1)? = (V11 - 1Y?

= VT +1]=|Vi1 =1 =2

C6 thé tinh A% ?
Loai 5. Giai phuong trinh

Thi du. Gidgi phuong trinh

Jx=242Jx 3 +4/x-6+6Jx—-3 =3
Loi gidi. Diéu kién x > 3. Bién d6i v€ trai
thanh

x-3+2dx—3+1+4x-3+6Jx—3+9
= J(Wx =3+ +J(x -3 +3)?
= WVx=3+1]+|Vx-3+3
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=Jx=-3+1+4J/x-3+3
=4+2Jx-324.

Vay phuong trinh v6 nghiém.

Loai 6. Tim gia tri cha bién thoa man diéu
kién cho truéc

Thi du. Cho M = 4x —1-9x* —12x + 4.
TimxdéM=3.

Loi gidi.

M=4x-1-(3x-2) =4x—1-3x-2|

Xét ddu cha 3x — 2 ta tinh duogc

x+1 né’uxZ%

M=

7x—3né’ux<§

OVéing thiM=3ox+1=3x=2

(thich hop).

o Véi x<% th‘1M=3<:>7x—3=3<:>x=g

(loai vi khong thod man x < %)

Vay M = 3 khi x = 2. C6 thé viét 4x — 4 =
V9x% —12x + 4 r6i binh phuong hai v& ?
Logi 7. Tim cyc tri cia mét biéu thitc dai s6

Thi du. Tim gid tri nho nhdt cua

D=+1-4x+4x® +VJ4x2 —12x+9.

Loi gidi. D =\J(1-2x)2 +(2x - 3)2
D=1-2x+2x -3 21 -2x+2x-3|=2.

Péng thitc xay ra < (1 — 2x)(2x ~ 3) > 0.
Lap bang xét dau

x 1 3

2 2
1-2x + 0 - -
2c-3 - - 0+
1-29@x-3) | - 0 + 0 -



Tu dé
(1 —2x)(2x—3)20<:>%£xs

NI

Vay GTNN D bing 2 véi %Sx %

Céc bai tap & cdc thi du trén c6 thé con nhiéu
cach giai khic, trong pham vi bai viét nay, chi

IA

xin trinh by cdch giai c6 th€ van dung hing

ding thic JA% =14l v goi ¥ mot vai cich
khac. Mong ring cédc ban c6 thé clng c6, khic
sau va van dung thanh thao, linh hoat khi gip
cédc dang todn bién déi biéu thitc c6 ddu can.

MOT SO BAI TOAN VE GIA TRI TUYET POI

I. Mot so tinh chat caa gia tri tuyét doi

Cho a la s6 thuc, ta cé

a néuaz0
1) lal = J
—anfua<0

2) lal >0

3) lal =l

N =lal ;

5) lal > a > -4l

6) lal + bl = |a + bl

Chitng minh. Do hai v€ clia b4t ding thic
khong 4m nén (6) tuong duong véi
dal+1b)? 2 (@ +b)? < labl=ab. Vay (6)
ding.

a|2 = d*

Ding thic xay ra khi va chi khi ab > 0.
Hé qud :

|ay|+]ay |+ -+ |a,| 2 ey +a, +... + a,).

7) la+ bl 2 |lal - |bl] -

Chirng minh. Do hai v€ cha bét ding thic
khéng 4m nén

(a+b)? 2(d-1b)* < ab>—|abl ding,
do dé (7) ding. Dang thitc x4y ra khi va chi khi
ab £0.

8) lal 2 bl < (a+b)a-b)20

9 a2lbl & a2b2-a

VU DUC (Ninh Binh)

II. Phuong trinh, bit phuong trinh c¢é diu
gia tri tuyét doi

Thi du 1. Gidi bdt phuong trinh
lax3 —34 <1.
Loi gidi. Ta c6 |4x3 - 3x] <1
o (@4 - 3% < 12
& (A 302 -1<0
& @ -3x+1).4x° -3x-1)<0
& (o+ DA —dx + D(x—- D@P +4x+ 1) <0
o (- D2x = D32+ 1)2 <0
o -DEP-1)2%<0

1
4x* -1=0 x?=—
j = 4 o>x*<l
x“-1<0 2<l
o <.

Thi du 2. Cho s6 thuc a > 1. Gidi bdt
phuong trinh :

’xz —2wc+a| > Ixz —a|.
Loi gidi. Ta c6
|x2 —2ax + al > |x2 —a|

o (x2 —2ax + a)2 > (x2 ——a)2
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o (x2 —2ax+a)2 —-(x2 —a)2 >0

& [P = 2ax + a) + (F — )P = 2ax + a)
— (P -a)]20

& (2x% - 2ax)(2a —2ax) 20

& —dax(x—D(x—a)20
< x(x-D(x-a)<0.

Suy ra nghiém cua b4t phuong trinh 1a

x<0
1<x<a.

Thi du 3. Gidi va bién ludn hé phuong trinh
sau theo tham s6'm

o=yl +lctrl=m @

2+ Iyl3 =m? 2)
Loi gidi. Gia st hé c6 nghiém (x ; y). D&
ring néu xy > 0 thi |x+y|=|xl+|y|, con néu

xy< 0 thi |x~y|=I|xI+|y| nen tir (1) ta c6

m 2 |x|+|y|. Suyra
S +hf =m’ 2 dd+? =
= 1P+ yf + 3]0l +]y)D.

M2 3 <|xP,nentacé

=0
ol dxl+ |y <0 e [
y=0

e Néu x = 0 thi thay vao (1) va (2), ta duge
m=0vay=0.
o Néu y = 0 thi thay vao (1) va (2) ta dugc
m=0vax=0.
Vay néu hé c6 nghiém thi m = 0 va tir 46 chi
c6 mot nghiem x =0,y =0.
Két lugn : Néu m # 0 thi hé phuong trinh vo
nghiém.
Néu m =0 thi nghiém chah¢ lax=0;y=0
Thi du 4. Tim m dé hé phuong trinh sau cé
nghiém duy nhdt :
lx+1l+|y-3|=m
ly+1+lx-3l=m
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Lai gidi. Gia sir h¢ c6 nghiém (x, ; y,) ;

Ta thay

|2 - x)+1]+]|2-y,)-3|

= [3-x,|+]5 -1

= |y, +1]+]x, =3 =m

va |(2-y,) +1|+]2 - x,) -3
=Byl sl =l il -3 = m

Tir d6 néu hé c6 nghiém (x, ; y,) thi hé ciing

c6 nghiém (2 — x, ; 2 — y,). D& hé c6 nghiém
duy nhat thi hai nghiém nay phai tring nhau,

tuc la
{xo =2-x, o {xo =1
Yo =2-Y, Yo =L
Véix,=y,=1tasuyram=4.

Néum=4thidéthdyx=y=1vax=y=3
12 nghiém ctia hé.

Két lugn : Khong t6n tai m d€ hé c6 nghiém
duy nhat.

II1. Bat ddng thitc c6 ddu gia tri tuyét déi
Thi du 1. Chimg minh ring néu ¢ = O thi

2.

|
t+—
t

Lai gidi. Xét hieu

2 2

t+l—2=|t +l|_2=t +1_2

t e | ¢

2 2
_+t=2ld dd-1 S0,

le ¢
1

Suy ra t+; >2.

Thi du 2. Tim gid tri nho nhdt cia ham sé6

F(x)=lx—1l+Rx—4/+Bx-Y+4x-16]+I5x-25
Loi gidi. Ta c6
FO)=@Mx-1+Rx-4+Bx-91+14-xl+
+ 125 — 5xl + 3lx — 4l

2D+ - D+ Gr-N+ @ —x) + (25 -5+ x4l
=15+3Ix-4i>15.



Mt khéc, ta c6 F(4) = 15. Suy ra minF(x) = 15.
Thi du 3. Biét rang da thic fix) = a +bx+c
lFOl<1,  |f=Dj<1 va

¢6 tinh chadt

|70 <1.
Chiing minh rdng | f(x)| < % véimoi x € [-1;1].

Loi gidi. Tacofl0)=c;fl)=a+b+c;
f(-1)=a-b+c. Suyra:
2a=f1) + {-1) - 2R0) ;
2b = A1) - f(-1).

Thay vao fix) ta dugc

x(1+x) x(l Xx)

f)=f(): +£(0).(1-x

Suy ra, véi in xel[-1;

)= f(=1).
1]tacéd

x(l + X)

lfool < |F. +£0).0 - 2|

x(l x)

‘f( 1).

x(1+x x(l x)

= |ra), |-+ 1),
< |x(1+x)| |

> +1—-x2|+—————|x(12—l‘¢)I =

=1- x2+|——|(|1+x|+|1 x|) =

L

1-x +—(1+x+1—x)=1—x2+|x|

-5——(|x|——) 5
4 2) T 4°

Vay |f(x)] < Z v6imoi x € [~1; 1].

Thi du 4. Biét da thitc fix) = ax’ + bx + ¢ ¢6
tinh chdt Ifx)l < 1 véi moi x € [-1 ; 1]. Chiing
minh rdng

lal + bl + Il < 3.

Loi gidi. Quy udc ring s6 0 c6 thé mang ddu
+ hodc ddu —.
Xét cac truong hogp c6 thé xdy ra :
e Néu ci ba s6 a, b, ¢ cing dau thi
lal + bl +lcl=la+ b+ cl=IR1) < 1.
e Né&u q tri diu véi b va c thi
lal + bl + Icl.= l—al + bl + Il =
=l-a+b+d=RA0) - A-1) < 2RO} +f-1) < 3.
e Néu b trdi ddu véi a va c thi
la—-b+c=

lal + bl + Icl = lal + 1-bl + Icl =

I-DI< 1.

¢ Néu c trdi ddu véi a va b thi

lal + 16l + 1c =lal + bl + |l =la+ b —cl =
IA1) = 2A0) < DI + 2IR0)i< 3.

Vay ta luén c6 lal + bl + Il < 3.

Sau khi di xét cdc thi du trén, mdi cic ban
lam céc bai tap sau day.

Bai 1. Tim gi4 tri 16n nh4t, gia tri nho nhat
cta ham s6 F(x) = lr + 1} + 2bx + 21 - 3lx + 31
Bai 2. Cho da thic f{x) = ax* + bx + ¢ ¢6 tinh
chét Iftx)l < 1 véi moi x € [-1 ; 1]. Dat gx) =
ex? + bx +a.
!
Ching minh riing lg(x)| <2 v6imoi x € [-1; 1].
Bai 3. Tim a, b d€ hé phuong trinh sau cé
nghiém duy nhét :
2| x|+ y=a
X%+ y=b
Bai 4. Tim q, b sao chol?.x2 +ax + bl< 1 véi

moix e [-1;1].
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CHUNG MINH BAT PANG THUC DANG |A|<a

Bai viét nay dé cap bat ding thic dang
|Al < e, trong d6 o 1a mot s6, con A 14 da thirc
hodc A 1a biéu thitc dai s6 c6 chita phan thirc.
Nhitng thi du néu ra chi dugc giai bang kién
thitc thudc cdp THCS.

Thi du 1.

Cho af +a} +...+a> = bt +b2 +..+ b2 =1.

Chimg minh rang

|“1bl +ayby +...+a, "| <1.
Loi gigi. D€ y thdy ring

(@} +a? +..+a2)BE +bF +..+b?) =

= (g +ayhy +...+a, ") +(aih, — azbl)2 +
+..+ (b~ a3b1) +..+(a,_1b anb"_,)z.
Ba&i vay (ab; + ayh, +... + a, ”) <1. Suyra

|a1b1+a2b2+ .+a,b |<1.

Thidu2.Cho a® +b* + 2 =1 vam® +n*=1
Chimg minh rdng
lam + bn + ¢| < \/5
Loi gidi. Bai todn dugc giai tuong tu Thi du
1 khi thay m? +n? =1 bdi m* +n +1=2.
Thi du 3. Chitng minh rdng néu x* +y* = 1,
thi |x + y| <2
Loi gidi. Tacé x? + y? 2 2xy )
1=x*+)° )
Tir (1) va (2) ¢6 (x + y)* < 2. Suy ra
|x + y| < \/5
Thidu 4. Cho x? + 4y* =1. Chimg minh ring

J5

|X")’|ST-
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NGUYEN DE (Hadi Phong)

Loi gidi. Tacé
Prdyt =l it -1=0 3)
Kihifux—y=gqg,suyray=x—a @)
Thay (4) vao (3) ta dugc phuong trinh vé6i 4n
s6 x nhu sau :
5¢* - 8ax +4a* -~ 1=0

A=5 —4d°. Phuong trinh trén cé nghiém

khiAZOhay5—4a220.Tfrdésuyra

5
lal < g hay |x—y| < g (dpcm).

Qua thi du trén ta thir dat vdn dé ring khi
ndo viéc ching minh bat ding thitc dang
|Al < @ duoc dua vé tim diéu kién dé phuong
trinh bac hai cé nghiém.

Thi du 5. Véi x, y, z la d6 dai cdc canh cua
mat tam gidc, chimg minh ra°ng

|x y,y-z z- x|
|x+ y y+z

+
z+x| 8

Loi gidi. Truéc hét ta chimg minh déng thic

x-y y-z z-x_ (x-2)y-2)x-y)
xX+y y+z z+x—(x+y)(y+z)(z+x)
&)

Ki hiéu vé& trai clia (5) 12 A va bién ddi x — y
=(x-2)-(y—1z),tachd
A= (y + 2)(x + 2)[(x — 2) = (y - 2)]
(x+y)(y+z)(z+x)

(y Dx+y)x+2)+(zZ-x)x+y)Ny+z2)
(x+y)(y+2z)(z+x)

_ G-y -nE-y)
EENO+DE+D)’

Dén day ta thdy (5) ding, tir d6 suy ra

|x y y Z+Z xl
vy ytz ztx

lx=y y-z z—x
lx+y'y+z z+x|

©



Mat khic |x - y| <z,

y—z|<x, lz—xl <y,

bdi vay

|x—-y y—z z—x|< xyz ()
|x+y'y+z'z+x! (x+y)y+z)(z+x)

RN I RN SR

< — < —

Lai c6 x+y"2(8)’x+z_2 ©)
Jyz _1
y+zs2 (10)

T TS g Sl e oo pge
Tir (6), (7), (8), (9), (10) suy ra

X = -z z-—x
Yy . y—z,
x+y y+z z+x

< % (dpcm).

Thi du 6. Chiing minh rdng véi moi x € [-1 ;1]
¢6 hit ddng thic lax* + bx + | < h thi
lal + 16l + el < 4h.
L7 gidi. Bai todn nay khong truc ti€p ching
minh bt ding thiic |Al < o, nhung da st dung

kién thifc c6 lién quan dén b4t ding thic d6 dé
giai bai todn trong trudng hop phirc tap hon.

That vay, véicdc gidtrix=0,—-1, 1 tacd:
e Véix=0thilcl<h an
eVéix=1thila+b+c|l<h (12)

eVéix=—1thila-b+cl<h

- Ta(12)va(13)suyra-h<a+b+c<h (14)

~h<a-b+c<h (15)
Tir (14) va (15) ta dugc —h < a + ¢ < h (16)
Mt khéc lai c6 thé viét (14), (15) nhu sau :
~h<a+b+c<h
h>a-b+c>-h
Dién dén bl < h (17
T (11)va(l6)tac6-h<a+c<h  (18)
hzc>-h 19
Tix (18), (19) 6 lal < 24 (20)
Tir (11), (17), (20) ta dugc
lal+ bl +c| < 4 (dpem).

POI PIEU VE MOT PHUONG PHAP GIAI PHUONG TRINH
0 CAP TRUNG HOC CO SO

Trong céc ki thi hoc sinh giéi THCS, hoc
sinh thuong gap cac bai todn giai phuong trinh
va hé phuong trinh ma cich giai khong binh
thudng. D€ gitip cdc ban tim hiéu van dé d6, bai
viét nay xin ban d6i diéu vé mot phuong phap
giai loai phuong trinh trén.

TRINH VINH NGOC (Ha Tinh)

Cho ham s6 y = fix) va y = g(x) ¢b

tap xdc dinh tuong wng 1a D, , D, . Xét
phuong trinh f(x) = g(x) (1) véi tap xdc dinh
D = Dfﬁ Dg.
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Néu {f(x) =m

gx)sm
thi phuwong trinh (1) tuong duong v6i hé
{f(x)=m

gx)=m

(2)

Néu t6n tai x, € D thod man (2) thi x, 1a
nghiém cua (1).

Dé giai mot phuong trinh cho truéc theo
phuong phdp trén, vdn dé mau ch6t 1a phai dua
dugc phuong trinh d6 vé dang (1) ma viéc tim
min f(x) va max g(x) khong gidp khé khan
1&m. Sau day 12 mot s6 bai todn.

Bai toan 1. Gidi phuong trinh
6x—x* -2 =x—1]+lx-2| +
+ 2x - 3| +]4x 13| 3)

Loi gidi. Ta c6 thé giai (3) bing cich lap
bang xét ddu v€ phai cia (3), tir d6 suy ra
nghiém. Song cich nay twong d6i dai, mat nhiéu
thoi gian.

Ap dung c4ch trén ta xét hai v€ cha (3).
e Xét v€ phai cha (3)

lx 1} +|x -2/ +[2x - 3[+]4x - 13| >
lx—1+x-2+2x-3+13-4x =

D4u bing xay ra khi va chi khi x-1, x-2,
2x-3, 13-4x cung khong a&m ho3c cung

khong duong. Tir d6 tim dugc 2<x < ?

&2 £x< %
o Xét v€ trdi cua (3)
6r-x*—2=T-x*+6x-9=7-(x-3)2<7
= max (6x — x° — 2) = 7 va dat dugc khi x = 3.
Dox=3¢ [2;1—4%] nén phuong trinh cé

nghiém duy nhit x = 3.
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v6i moi x € D, m 13 hing s6

Bai toan 2. Gidi phuong trinh

Bx—4x° - NP + 2+ 1) =40 + x+ 1) (4)

Loi gidi. Néu khai trién v€ tri clia (4) thi ta
dugc phuong trinh bac b6n di, nén khé tim
nghiém béng kién thirc & THCS.

Ap dung céch trén nhu sau.
Vi x = —1 khoéng phai la nghiém cta (4) nén

8x—4x* ~1 _ xt+x+1

@) < =
4 2 +2x+1
o s . xt+x+1 .
e Xét ham s6 y = - (x #-1). Dé
x“+2x+1
dang tim dugc min y =§- dat duoc khi x = 1.
2
o Mat khéc 8Lﬁf—l=—x2+2x—1+§
: 4 4
3 , 3 (8x—4x2—lj 3
= — - - < — —_— | ==
7 (x-1) <7 = max n 7

dat dugc khi x = 1.

Tiur @6 phuong trinh (4) c6 nghiém duy nhét
x=1.

Bai toan 3. Tim x thod man phuong trinh
~16x% +72x> —81x% +28-16(x—x+2)=0 (5)
Loi gidi. Néudit \x -2 =120, th€x=F£+2
vao (5) thi ta dugc mot phuong trinh bac 8. D€

gidi phuong trinh nay phai c6 ki ning phan tich
da thiic thanh nhan t& hay tim nghiém da thic.

D€ 4p dung cdch trén dit Vx—2 =t 2 0. Khi
déx=2+t2véx—\/x— =x-2-vJx-2 +2

=t2—t+2.

0Xétﬂt)=t2—t+2v6'ite[O;+oo)thi

min f(t) = %, dat dugc khi ¢t = % hay
min (x —vx-— )——khlx-g
x€f2;+00) 4



g4 3 o142
e Mat khic 16x" +72x° —81x° +28 _

16
7 oV ,_7
L B4 2 o1 . s ” .
) (x 4) xS Diu bang xay ra khi
x=2
4
x=0

Tudétacéx= % 12 nghiém cua phuong trinh.

Bai todn 4. Tim nghiém nguyén ciia phuong trinh

ML YELE
z  x Yy
Loi gidi. Néu trong ba s6 x, y, z c6 diing mot

s6 Am hodc ca ba s6 déu am thi DXL P
z
nén khong thoa man phuong trinh.

Vi vay trong ba s6 x, y, z thi ca ba s6 déu
duong hodc hai trong ba s@ 1a am, ta c6

ae 22z zx bl Bl lelld
z X Yy |Zl |xl Iyl

> 3€/|x||y||z| = 33/lxyz| 2 3.

minA = 3 dat duoc khi |x| =]y| =z =1.

Vay nghiém nguyén (x; y; z) cia phuong
trinh 1a :

) VB By D G B0 B DR G B BE O
Bai toan 5. Tim m dé hé sau c6 nghiém x, y,
z déu duong :
x+y+z=1
xy+yz+zx =9m
Xyz =m
* Gidi. Stt dung b4t ding thiic Cauchy cho ba
s6 duong x, y, z ta ¢

l=x+y+z2 33xyz =3¥m :>m$2i,7 6)
Om =xy+yz+xz2 3§/x2y222 =3®m? =

1
>
m2 7 .

N PN
Tir (6), (7) phdicom = 57"

Nguoc lai véi m = %, ta thdy ngay hé da

chocOdnghiémx=y=z= —lj Vay m = 517 la
gid tri duy nhét cln tim.

Nhur vay, van dung phuong phdp nay ta
khong chi gidi dugc phuong trinh dang can
thiic, phuong trinh bac cao mot cdch nhanh gon
ma con xét dugc mot s6 hé phuong trinh. Cic
ban hoc sinh THCS con dugc gip lai phuong
phdp nay khi giai cdc loai phuong trinh, hé
phuong trinh phong phi va da dang hon & cic
16p THPT.

BAI TOAN CUC TRI CUA BIEU THUC CHUA DAU CAN

PHAN NGOC THAO (Truong THPT chuyén Lé Khiét, Qudng Ngdi)

Chuong I 1a chuong khé cia Dai s6 16p 9,
cdc bai todn tim gia tri 16n nhat, gia tri nhé nhat
c6 chira ddu can thudng hay gap trong cac ki thi

“tuyén sinh vao 16p 10 va c4c ki thi hoc sinh gioi.
Duéi day 1a mot s6 dang todn thudong gip va

mot s6 van dé ma hoc sinh hay sai sét. Trong
bai nay khi n6i vé€ gia tri nhé nhat (min), gid tri
16n nhit (max) ciha biéu thitc P(x, y, z) ta
hiéu ring cdc bién x, y, z thudc tap s6 T sao cho
P(x, y, z) c6 gia tri x4c dinh.
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A. Co s6 li thuyét

Xét biéu thiic P(x, y) véi cic bién x, y thudc
tap xé4c dinh T. D€ chimg minh

min P(x,y) = a (a 12 hang s6) v4i moi x, y
thudc tap T, ta chimg minh hai phdn

1. P(x,y) > avGimoix, y thuéc T.

2.C6 (x,,y,) saocho P(x,,y,) =a.

Ching minh tuong tu véi max P(x,y) = q,
chi cdn d6i ddu > thanh déu <.

Céac dang thuong gap la :

a) P(x, y) = [Q(x, y)]2" + a2 a v6i a la hing
s6, n € N* ey

Néu ¢6 (x,,y,) sao cho Q(x,,y,)=0 thi
min P(x,y)=a v6i moi x, y thuoc 7.

b) Px,y)=—[0x, )" +b<b véi b 1A
hing s6, n € N* ()

Néu ¢6 (x, y,) sao cho Q(x, y,) = O thi
max P(x, y) = b v6imoi x, y thudc T.

Ta van dung diéu trén vao viéc tim GTNN,
GTLN cua biéu thifc c6 chita ddu can véi cic
chi y sau.

1. O cong thic (1) néu a > 0 thi
min/P(x,y = Ja véi x, ythuoc T.

O cong thirc (2) néu P(x,y) 20 vah>0thi
max /P(x,y) = Jb véix, y thudc T.

2. Van dung bét ding thitc lal + |6l = la + bl

D4u béng x4y ra khi ab > 0.

3. Néu M > 0 mu6n tim GTNN, GTLN cia
M ta tim GTNN, GTLN ciia M2,

B. Bai tap ap dung

Bai 1. Tim GTNN cdc biéu thice sau véi x € R.

1) D = J(X—1996)% —/(x ~1997)?

1
2)F =
x+\/;+1
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Hudng ddn gidi.
1) D =|x—1996+|x - 1997
Cdch 1. Xét cac khoang gia tri chia x.

o Vi x <1996 thi D = 1996 — x + 1997 — x
=3993 - 2x> 1.

* V6i 1996 < x <1997 thi D = 1.
o VG6ix> 1997 thi D = 2x - 3993 > 1.

Do d6 D,;, = 1 xay ra khi 1996 < x < 1997.
Cich 2. Ap dung bat ding thic
lal +1p] > la + bl . Ddu bing x4y ra khi ab > 0.
D =|x —1996| + 11997 — x|

> |x —1996 + 1997 — x| = 1.

D_,. =1 xiy rakhi (x — 1996)(1997 — x) >0

< 1996 <x<1997.

1
2) F=—————_ Nhan xét:x 2 0.
x+\/;+1
Cach 1. Vi F <0 nén xay ra mi(1)1F
x2
1 .
< max{—} & mm{x+ x+1}
x20 x+\/;+] x20
<> min{x}.
x20
Vix20nén min{x} =0..
x20
Vay F,;n=—1 xdy rakhix=0.
Cdch 2. ;slvixzo, do d6
1+\/;+1
1
—_— >
1+vx -1

Vay F i, = —1 xdy rakhi x=0.
Bai 2. Tim GTLN cua biéu thire

K_yzx/x—1+xz\/y—2+xy\/z—3
= s .

Hudéng ddn gidi.

_ Jx -1 +\/y—2 +\/z—3
x y z
kinx21,y>2,z>3,

K véi  diéu



Ap dung bat ding thic Cauchy cho hai s6

khong 4m ta dugc :

\/)«'—~1—=«/l(x—1)sl+x_l %
24+y-2 y
Jy - J2 2<——. =
\_/: y-2) )
l3+z—3 z
Gz 3=L fzo3 <—— =,
N =3 23
Do dé K <
0d6 K <7 2@ 2@

1 1 1 1 1 1
=t ——t——==| 14+ —=+—|.
2 2J2 243 2[ 2 \/5)
1 1 1
Vay K =—|1+—+— | xay ra khi
y max 2( \/5 \/’5] y

x=2,y=4,2=6,
Bai 3. Xét biéu thicc

ot a2
20+Va) 20-va) 1-&*°
a) Rut gon P.
b) Tim GTNN cua P.

Hudng ddn gidi. Diéukién:a2>0,a # 1.

1

a*+a+1

b) Vi P <O nén xay ra

a) P=-

min P < min {a® +a +1}. Diéu nay xay
0<a=#l 0<a=1

rakhia=0.

Kétluan: P =—1 xdyrakhia=0.

Chii y : Mot s6 hoc sinh nhdm 14n, quén diéu
kién a > 0 nén di giai :

P:—__.__I—Z_i

iy, 3 3
(“*5) '3

4 , . 1

suyra P, = -3 *ayrmn khia = -5
Bai 4. Tim GTNN ciia cdc biéu thitc :

5-3x
Vi-x2
b) K =yx+2(1+vx+1)+y/x+2(1~x+1).

a) H=

Huodng ddn gidi.
a) H = 5-3x

\/1~x2
H>0.

Ta c6 i =[ 5-3x Jz _25-30x+9x% _

V1-x2 1- s

xac dinh khi -1 <x<1 =

. B 2 _ 2 _ 2
9-30x+25x 2+1«5 1607 _B-50)"  16516.
1-x 1-x?

Vay Hmin=4khix=§

s
b) Diéu kién : x > 1.
K=y(xr1+D? 4 J(x+1-1y
= Wxrt 14 Vxr1—-1|
= I\/x+l+1|+’l—\/x+1|
2|\/x+1+1+1—\/x+1|=2.
Kpn=2o Nx+1+D)(1-vx+1)20.
Vivx+1+1>0nénl-+/x+12>0 <x<0.

Vay K in =2 xady rakhi -1 <x<0.
Bai 5. a) Cho hai sé' thuc a, b vdia < b
Tim GTNN cua

=|lx—al+lx-bl véix e R.

b) Cho n sé'thuc ay, ay, ..., a, véi

N n

1_<612.....

TimGINN cia S, =px-a|+}x~ay|+... +|x-a,

La,.

véix € R.
Huoéng ddn gidi.
a) Ta phén biét ba trudng hop :
eNéux<atacd
S=a—-x+b-x=b-a+2a-x)>bh-a
via-x>0.
eNéua<x<htacd
S=x—-a+b-x=bh-a.
eNéux>htacd
S=b-a+2(x-b)>b-—a (Vix-5bh>0)
Vay Spin =b—a xdyrakhia <x<b.
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b) Ta xét hai trudng hop :
e VGin=2p (chin) ; p € N*,
Ta viét

Sy :(‘x—a1|+|x—a2,,|)+(|x—a2|+‘x—a2p_l|)+

ot (x| + |- ]
Theo a) ta cé
eréiuré(lx—all+|x—a2pl) =dy, —
khia) <x<ay, ;

E‘vne%(|x—a2|+|x—a2p_ll) = 22]7—1 —(lz

khia, <x<ay,;;

)rzréiﬁ(|x—ap|+|x—ap+l|)=ap_H -a,

khia,<x<a,,,.

Vix e la,; a,y] C ... C @, @y, ] Clay, ay,]
nén khi x € [a ;al,+1] thi

minS;, =(ay, —a))+(@y,_1—ay) + ...
mid 2p 2p ~ 4 2p-1 "4

+ (ap+1 —(lp) hay

minS,, =(ay, +ay, 1 +..+d,. 1) —
YeR 2p 2p 2p-1 p+1

— (a1 +ay +...+ap).

eV6in=2p+1(l&); p e N*
Tuong tu nhu trén ta viét

S2p+1 =(|x—a1|+'x—a2p+1‘) +

+ (lx—a2|+‘x—a2p|) + ...

+ (‘x—al,|+‘x—ap+2|)+|x—a,,+]|
)l;réiﬂl’{}S2p+1 =(ap+1 +a2p +...+ap+2) -
- (@ +ay +...+a,)

khi x = a,,, (a,,, 12 s6 hang ding giifa trong
dﬁy aig, (12,..., an).

Nguti viét bai nay hi vong 1am sdng td6 mot
phén nao nhing thic méc vé cac bai todn cuc tri
v6n rét phong phi va phic tap.

SUY LUAN HOP LI TRONG LOI GIAI CO VE THIEU TU NHIEN

Khi xem xét 161 gidi cha mot bai todn thudng
xudt hién cau hoi : Tai sao ngudi ta lai nghi ra
cach gidi nhu vay 7 C6 nhiing 16i gidi xem ra
thiéu tw nhién, c6 phai do su may mén trong
qua trinh tim ki€m céch giadi hay ching bét
nguodn tir sy suy luan hgp li trén co s& phan tich
céc gia thiét cua bai toan. Sau day 1a mot vai thi
du minh hoa .

Thi du 1. (Bai T3/255). Chimg minh rdng
Vvdi cdc s6 duong a, b, ¢ thi

sp3 - 53— s -

+ <a+b+c.
ab+3b%  be+3¢? ca+3d®

VU DUC (Ninh Binh)

Dang bét ding thifc trong bai todn goi ¥ ta
thir ding phuong phép d4nh gid mot hang tir &
vé& trdi.

Can cit vao bac cia tir (bac ba) va bac cua
mAu (bac hai) ta c6 thé du dodn, c6 cic bat ding

3 3

thirc dang : < xa+ yb )

ab + 3b?
503 -b° 5q° - ¢3

5 S xb+yc va 3
bc+3¢ ca+3a

Tir 46, cong theo timg v& cha ba bat ding
thic trén ta c6 v€ phai 1a (x + y)a + b + ¢).
Néu chon dugc x, y sao cho x + y = 1 va cdc bat

< XxC + ya.



ding trén dung 1 bai todn gidi quyét xong. Ta
thé y = 1 — x thi (1) trG thanh
33
b —%<xa+(1-xb. @)
ab+3b
Thir cic gia tri dac biét cla «, b ta thiy cé
thé chon x = —1 thi (2) diing va du dodn

56° - o

ab + 3b*

Viéc chitng minh (3) xin danh cho cic ban.
Tat nhién 10i gidi s& bat ddu bdi mot cau cd vé
thi€u tu nhién : "Ta s& chimg minh bat déing
thire (3)" (1).

Bing cich suy nghi twong tu, c6 thé giai
duoc bai toan sau.

<2bh~a (3) véi moi s6 duong a, b.

Cho cdc s6' duong a, b, ¢, chitng minh rdng

a® N b2 N ¢? a+b+c

a+bh b+c c+a 2

(Hiy suy luan hop 1i dé tim ra BDT

a? 3u—-
>
a+b 4

Thi du 2. Cho cdc s6 duwong a, b, ¢
va a?+b*+c* = 27,
@ +b + 281,

Vai trd binh ding cla a, b, ¢ goi ta du dodn
d&u bing trong bat ding thic trén xdy ra khi
a=b=c=3.

Ta cin tim mot bat déng thic thé hién quan
2

b véia, b>0).

chimg minh rdng

va @ +b°+3. Tir sy
chénh lech s6 mii cla a® va a® ta nghi dén dp
dung bat ding thic Cauchy cho ba s6 duong a°,
a® va hing s6 k. Nhung cdn chon k 1a s6 nao ?
Pé ¥ ring dau bing trong bat ding thitc Cauchy
xdy ra khi a = b = ¢, lic d6 3a®> =27 = a = 3.
Do d6 ta nghi dén thir chon k = 3° = 27.

he gitta a® +h% +¢

Tacéa +a +272 3Wa.a3.27 = 94°.

Tuong tu b+ b +27 > 9b*

('3 + (.'3 +272> 902.

Cong theo ting v€ cdc bat ding thuc trén
ta dugc :

2’ + 3+ ) +3.272 902 + b2+ .

Suy ra ad+bp3 43 281
Thi du 3. Gidi phuong trinh

4x? +2x+1+5=12x.

Nho kinh nghiém giai mot s6 bai tuong tu, ta
thir chuyén phwong trinh ndy thanh hé phuong
tinh d6i xing loai hai bing cich dat
N2x +1 =ax+ b véitham s6 a, b nao do.

Khi d6, ta cé

{4)(2 +ay+b+5=12x
2x+1 =(ay+b)2
4x2——12x+ay+b+5=0
{azy2 +2aby—2x+b2—1=0

Xac dinh a, b sao cho hé trén 1a hé d6i xing
loai hai, tirc 1a
a=-2
<
b=3.

Vay, néu diat v2x+1=-2y+3 v6i diéu

kien-2y+320< ys%, tacé he

4x2 -2y +3+5=12x
2x+1=(=2y +3)?

2y2 -6y-x+4=0
{(2;(2 —6x-y+4)-(2y2 6y~ x+4)=0

{2x2—6x—y+4=0

2x2 ~6x—y+4=0
(x—y)(2x+2-5)=0
2x* -6x-y+4=0

Dén day viéc gidi phuong trinh da cho khéng
con méy khoé khan.

Qua mét s6 thi du trén cé thé th4y nhiing 161
giai thiéu tw nhién ciing nhiéu khi 1a xut phat
tir su tim t0i, khai thac gia thiét két hop véi viéc
nhan xét, ddnh gid dé dua ra nhimg du dodn
hop li, r6i chimg minh céc bai todn trung gian
don gian.
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MOT SO CHU Y KHI GIAI TOAN TIM CUC TRI PAI SO

Trong dai s6 cac bai todn cyc tri ¢c6 mot vi tri
kh4 quan trong. D3 c6 rat nhi€u tai liéu, sich,

bdo nbi vé van dé nay. Bai nay trinh bay moét s6

sai 1am thuong thdy cua hoc sinh khi tim cuc tri
cha biéu thitc chita bi€n vd mot vai dang todn
tim cyc tri dai s6.

Xét biéu thitc chita bién P(x), P(x, y)... Ta ki
hiéu gia tri 16n nh4t cha biéu thic P trén tdp xdc
dinh cda bién la GTLN (P) hay maxP, con gid
tri nho nhat coa P 1a GTNN (P) hay minP.

I. Cac kién thitc thuong dung

1) Cho P = A + B thi maxP = maxA + maxB

va minP = minA + minB.
trong d6 A va B 1a céc biéu thitc chita cdc bién
doc 1ap véi nhau, hoic néu A va B chita cung
bién thi cting dat GTLN (GTNN) tai mot gid tri xéc
dinh x = x,, tic 12 maxA = A(x,), maxB = B(x,)
thi maxP = P(x,).

2)ChoP=l véi A > 0 thi maxP = —
A min A

+mza2m

3)a) D (fl )

i=1
n
}: (f(xiy) ‘<M

véiimoike NmeR,MeR
4) A > 0 thi max(42) = (maxA)? va
min(A%) = (minA)°.
5) Céc dang cua bét ding thitc Cauchy :

a)a+b=2+2ab (@a20,h20).
Péng thitc xay ra khi va chi khi a = b.

b 24252 @b>0).
b a

Diéng thic xay ra<>a=b.
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6) Bt dang thiic Bunyakovski :
(ax + by)? < (% + B*)(x? + y?).

Diéng thitc xay ra < ay = bx.

Can chii y ring sau khi tim dugc gia tri coa
bién dé biéu thic P dat cyc tri c4n thir lai xem P
c6 dat cuc tri tai dung gia tri d6 khong va gid tri
d6 clia bién c6 thoa man cic diéu kién gia thiét
khong.

IL. Nhimg sai sot thudong gap khi gidi toan
tim cuc tri dai s6

Bai toan 1. Gid si hai s thuc x, y thod man
x > yvaxy=1.Tim gid tri nhd nhdt cia biéu
X2+ y?

thirc .
X—=y

x2+y?  (x—y)? +2xy

x=-y Xy
Dox>yvaxy=1nén

Loi gidi. Tacé A=

2
PP S D M
x=y

=x—y+ .
=y -y

Theo (5by A= > 242 X=Y
2 xX=y 2

X—-)y
>2 *
™)
Vay A c6 gié tri nho nhat khi

x-y, 2

=2
2 xX—y

& (x-y) +4=4(x-y)
& (x—y)? —4(x—-y)+4=0.
Giai phuong trinh dugc x—y =2, ma xy=1nén

(x;y)la (1+J§;—1+J§) Vi (1_\/5;_1_\/5)

+2 =3,

C . X=Y _g
= minA = 5 +2—2



Bai giai trén 12 sai. C6 thé bién d6i nhu sau :

~\/_(x\/5y X‘Ey) 2242

Két qua diing 1a minA = 22 khi (v, y) Ia
(\/5+x/€_—~/5+\/€)_
2 2 )’
[\/E—x/g,—\/i—\/g)
2 T 2
Vay sai ldm cha bai giai trén 1a bién déi dén

A:x—y+

khong phai 1a hing s6 ma con

(%) thi 2+ -2
2
phu thudc vao bién x, y.
Bai toan 2. Tim gid tri nhd nhdt cua
biéu thic
P=x*+2x%+3x% +2x+1.
Cohocsinhdigidi P= (X +x+ 1’20 <

minP = 0. Diéu nay khong xay ra vi khong cé
gia tri ndo cua x lam cho P(x) = 0.

C6 hoc sinh khic da giai : »
P=xX’(C+2x+ 1)+ 2 +2x+1

2 2 12 1_1

= — —_D —

x(x+1) +2(x+2) +2_2
:>minP——1—
=5

Dé thdy dép s6 nay sai vi lic d6 x déng thoi
bang —1 va bing —%.
Céch giai ding nhusau: P = (x2 +x+ 1)2.

2
le2+x+1=(x+%) +%2% milx2

+1>0nénmin(x2+x+1)=%<:>x= -

2
3 9 1
inP=|—-1] =— =——,
Vay mi (4) TR
Bai toan 3. Tim gid tri nhd nhdt ciia biéu
thire sauvoi x20,y20 .

P =x-2\xy +3y-2Jx +1977.

C6 hoc sinh da giai nhu sau :

P=—;-[(\/; =3y +(Wx -2 +(x —1)2]+¥

= minp 59386

x=1vax=4.

Dip s6 nay sai vi khong thé

Ciéch giai ding nhu sau :
3P =3x - 6,Jxy + 9y — 63/x + 5991

3991

:%[(6—3\5)2 +2(J§—%ﬂ+7

3991
2

v

zmlnP—%kh 2

tirc 12 (x; y) béng (Z i)

II1. Bién déi mot bai toan cuc tri

Khi giai mot bai todn cyc tri ta ¢6 thé quy vé
bai toan g6c don gidn hon, hodc ngugc lai tir
mot bai todn gbc ¢6 thé sdng tao ra bai todn méi
phirc tap hon.

Bai toan 1. Cho x, y € R thod mdn diéu kién

2+ y2 = 1. Tim gia tri Iém nhdt va gia tri nho

nhdt cia x + y.
Loi gidi. T (x + y)° = x> + y* + 2xy <
2(x* + y%) <2 din dén :
NG)

max(x + y) = 2 <:>x=y=—2~

V2

vamin(x + y) = -2 Sxz=y= -5

Tir bai todn trén c6 thé bién ddi thanh céc bai
todn khac nhu sau :

Bai toan 1.1 Cho x* +4y% = 2. Tim gid tri
6n nhat va gid tri nho nhdt cia

S =x+2y.
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Bai toan 1.2. Cho 4x? +9y% =2. Tim gid
tri 1on nhdt, gig tri nhd nhdt cia S =2x+ 3y
voix20,y20.

Bai toan 2. Tim gid tri Iém nhdt cia biéu
thite A=x-2+4-x.

Huéng ddn gidi. Xét A2 véi2<x<4.

Bai toan 2.1. Tim gid tri lon nhdt cua biéu
thitc B = Nx—2.46-2x.

Huong ddn gidi. B xic dinh khi va chi
khi2 < x < 3. Ap dung BDT Cauchy khi viét

B=2x-243-x.

Bai toan 2.2. Gidi phuong trinh

Vx-2+Ja—x = 5% —6x+11.

Hudng ddn gidi. Diéu kién : 2 < x <4, T
bai todn 2 c6 x—2 +4—x <2. Mat khdc
X2 —6x+1l=(x-33+222 Suyrax=31a
nghiém duy nhat.

Bai toan 3. Tim gid tri l6m nhdt ciia ham sé
yz\/x—1+xz\/y—2b+xy\/;—3
xyz

{(e,y,2):x21,y22,223)}

f(x’yvz) =

trén mién D =

Lo gidi.

\/y 2 «/z—

4

fx,y, 2=

Van dung bt ding thiic Cauchy cho timg
cap s6 sau :

\/x—l.IS%:
\/y—2.\/—2—_<_% =
\/z—3.\/§S£ =

Diéng thic xdy rakhix=2,y=4,z=6.
Do do

max f(x,y,z)=
(x,,2)eD

l(] + ..l_ + Lj
20 V2 B
BAI TAP
Bai 1. Tim gi4 tri nhd nh4t cha méi biéu
thuc sau ;

4, .4
a),4="——+—y—2 V6ix>yvaxy=1l.
x“ =y
4 3.9 2
b)) B=x"-x +Zx -x+1.

c) C=x—2\/5—\/;+2y v6ix20,y20.

Bai 2. Tim gi4 tri 16n nh4t cla biéu thirc
=V2x-1.42-x.

Bai 3. Giai phuong trinh

Vx=2+vJ4—-x =2+(x-2)4 - x).

MOT SO SAI LAM KHI GIAI TOAN CUC TRI

NGUYEN VAN HIEN (GV THCS Quynh Chau, Quynh Phu, Thdi Binh)

Giai bai todn cuc tri thudng dua vé viéc tim
gid tri 16n nhét hodc gid tri nhd nhat cia mot
bi€u thitc dai s6, trong d6 bién s6 14y gid tri
trong mot tap hgp xdc dinh. Dang toidn nay réat
hap din nhung tuong d6i khoé ca vé viéc tim gid
tri 16n nhdt (GTLN) hoic gid tri nhd nhat
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(GTNN) va ca vé phuong phép giai. Bai viét nay
xin néu ra mot s6 sai 1dm khi tim GTLN, GTNN
cia mot biéu thic fix) véi kién thic todn &
trudng THCS béng cich bién déi dai s6 biéu
thic dé dua vé cic dang sau .



Dang I. a) Tim GTLN cta f(x) khi xét

flx) < g(x) < a v6i a 1a hing s6.

b) Tim GTNN cua f(x) khi xét flx) = g(x) > a
Vv6i a 12 hing s6.

Dang 2. a) Tim GTLN ciha flx) khi viét
f(x) = h(x)+ g(x) véi h(x) <0 161 xét g(x) < a
v6i a 1a hing s6.

b) Tim GINN cia fix) khi viét
f()=h(x)+g(x) voi h(x) =2 0 r6i xét g(x) > a
véi a 12 hing s6.

Lam tuong tu d6i véi truong hop c6 hai bién
s0 trg lén.

Bai toan 1. Tim gid tri lon nhdt cia
biéu thite

f(x) =%+\/l—x—2x2.
Loi gidi. Cdch 1. Biéu thic f(x) c6 nghia khi
1—x-2220 (x+ 1)1 =220

S -1<x<

(1

N —

Ap dung b4t ding thic (BDPT) Bunyakovski
ta co

f(x) =%x+].\/l —x-2x2

< ,/%H N2 41— x=2x2)
5 / 1) 5
= \/; —(X +§j+z (2)

Tir d6 két luan rang khi x = —% thod man
(2) va (1) thi biéu thic f(x) dat GTLN Ia %

Nhdn xét. Goi biéu thirc cu6i cung cla (2) la

T 1Y 5
g(x) thi khi x = > co g( 2)—4 nhung

1 1 3 1 5
f(-3)=-g =G esl-3)-3
S6 di c6 diéu nay vi ddu bing & BDT

Bunyakovski xay ra khi V1 - x - 2x% =2x.

4.TUYEN CHON..TH&TT (QUYEN 3)-A

Giai phuong trinh nay véi x > 0 duoc
l-x-2¢=4¢ & 6x> +x—1=0.
Phuong trinh cé hai nghiém x; = —% va

1 1 S
Xy =3 nhung x; =—§<O nén bi loai, con

1 5 5
f(3)-3<
duge GTLN ciia flx).

Cdch 2. Ap dung BPT Cauchy ta dugc

1+(1—x—2x2)
10 - x - 2 < —— 7
VI~ x=2x%) 3

Dodéfix)<1-x2<1 3)

Tir d6 két luan ring khi x = 0 thoa man (3)
va (1) thi biéu thic f(x) dat GTLN Ia 1.

Nhén xét. Trong (3) dat g(x) = 1 — x* thi
g(0) = 1. Ddu bang trong BDT Cauchy xay ra
khil —x-2¢=1<x2x+1)=0suyrax, =0

. 1
va xy = “5.

Vay theo cich trén khong tim

1) 3 1y 5 .
Vi f(_i)—z <g(—~2—) =7 >% bi loai.

Ta d3 gap may khi f{0) = g(0) = 1, nghia la
hai d4u bang d6ng thoi xay ra trong (3), va céch
giai nay chap nhan duoc sau khi tinh duge R0) = 1.

Bai toan 2. Tim gid tri I6m nhdt cia biéu

thic
F)=3-2x+V5-x% +4x.

Loi gidi. Cach 1. Biéu thic f(x) c6 nghia khi
S—X+4x20 (x+ D5 -x)20
< -1<x<5 4)

Ap dung BDT Cauchy ta dugc
F(x)=3=2x++/1(5 - x% +4x)

2
J:ii;ﬁﬁz

4

2

< 3-2x 6—%S6 (5)

2
Biéu thic g(x) = 6 — 1‘2~ dat GTLN 12 6 khi

x =0 vax =0 thod man (4). T d6 két luan
raing GTLN cua f{x) 12 6.
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Nhdn xét. Két luan nay khong ding vi

£(0)=3++5%5,23<6. S& di c6 diéu dé
vi ddu bang & BDT Cauchy xay ra khi
5-F+dr=1e4- +4x=0c (x-2)°=8.
Phuong trinh ndy c6 nghiém x; = 2- 22 va
Xy =2+242, lic d6 fR2-2V2)=42
565 vd f(2++2) = —442 ~ -5,65. Nhu vay

fix) khong thé dat gid tri 1a 6 vi hai ddu bing
trong (5) khong déng thoi xay ra.

Cdch 2. Ap dung BDT Bunyakovski ta dugc

FOx) = =14 (=2)(x = 2) + 15 = £2 + 4x)

< 1+ A+ 142 —dx+ 45— x° +4x)
= -1+45=3/5-1 %571 (6)
Péng thitc xay ra trong (6) khi

(25— x% +4x = x-2.

Giai phuong trinh nay véi x — 2 < 0 dugc 5x*
— 20x — 16 = 0. Phuong trinh ¢ hai nghiém la

65

X —2+2§§— (loai vi x; >2) va x2-2——

~ —0,68, nghiém nay thoa man (4).
Vay GTLN clia fix) Ia f(Z -ij 3W/5-1.

Nhdn xét. Cich giai & day 1a 4p dung BDT
Bunyakovski dé sao cho biéu thic trong cin
khong con bién s6 x. C6 thé van dung BDT
Bunyakovski d€ giai bai todn 1 bing cich thay

—bm——1-+£\/—( )

2
Bai todn 3. Tim gid tri nhd nhdt cia biéu
thite f(x,y) = 4x® +4y? —4xy - 3x.
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Loi gidi. Cach 1. Bién d6i nhu sau

f(x,y)=x2 —4xy+4y2+2x2—4x+2+x2+x——2
= (x=2y)* +2(x -1 +x* +x =2
> x? + x -2 v6i moi x )

2
1 9_ 9
Vi g(x)=x"+x-2 x+2 7] 1 (8)

khix:—l

3 nén két luan ring f(x, y) c6 gia tri

nho nhit 1a ——Z— khi x=—-;— vax-2y=0=

NE
Y727y
Nhdn xét. Ddu bang xay ra ¢ (7) khi x = 2y

va x = 1, con ddu bing xay ra & (8) khi x = —%,
nhu vay hai ddu bing xay ra khong dong thoi
nén GTNN cua g(x) khong phai 1a GTNN cua
fx, ).

Cdch 2
flx,y) = 4x2 +4y? —4xy-3x =
= 4y? —4xy+ x* +3(x% - x)

2
= — )2 _l) _§>__3_
= (2y—x) +3(x > i

2 . 1
bang thic xay ra khi x = 5 vay= %

X
5 =
2’ 4 4

Céc ban hay gidi céc bai tap sau day va nhé
la dimg sai nhé !
Bai 1. Tim gi4 tri nho nhat cta biéu thic

fxo) = 3—;—\/3+2x—x2.

Bai 2. Tim gi4 tri 16n nhat cla biéu thic

lic d6 f( 1)——2 la GTNN cua f(x, y).

fx,y) = =5x* —2xy—2y* +14x + 10y - 1.



MOT SO LUU Y KHI GIAI BAI TOAN
TIM GIA TRI LON NHAT, GIA TRI NHO NHAT

C6 nhiéu phuong phdp giai bai todn tim gid
tri 16n nhat (GTLN), gia tri nho nhat (GTNN)
cla mot biéu thitc. Mot trong nhing phuong
phdp c6 hiéu quéa la dung cic bét déng thuc
quen thudc. Nhung ciing chinh phuong phip
ndy dé gay ra nhimg sai 14m, néu khong nim
viing ban chét cuia n6.

Xét vi du sau day (B4o Toén hoc va Tuéi tré,
théng 2.1980).

Bai toan 1. Biét rangx+y+z=1vax, y, z
duong, tim gid tri lén nhdt cua

S =xyz(x + yXy + 2)(z + x).
o Loi gidi trong s6 bdo trén nhu sau :

Z+(x+y)22z(x+y)

x+(y+2)22x(y+2) )
y+(z+x)2 ZW
Nhan theo timg v€ ta cd '
1> 8\/xyz(x +y)y+z2)(z+ x) 2)

1

o a 1
TUdo S< o7 = Sy = 27
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o Nhdn xét. Cach giai trén cho dap s6 sai vi
diéu kién xay ra ddu bing clia cdc bat dang thic
da dung khong dat dugc déng thoi. Cu thé :

S = 1 dat duoc khi va chi khi

64
z=x+y
y=x+z x=y=2z=0
1x=z+y &S qx+y+z=1
x+y+z=1 x,y,2>0
x,y,z>0
Nhu vay khong t6n tai (x, y, z) dé tai do
N =6L4' Do d6 khong thé két luan S_ =€15'

e Loi gidi diing bai toan trén.
Véix,y,z20tachd
S=xyz(x+ Y)Yy +2)(z + x)

S(x+§+z)(x+y)(y+z)(z+x)

LE VAN TIEN

= —217-(x +y)Xy+z)(z+x)

<_1_((x+y)+(y+z)+(z+x))3 _ 8
T 27 3 Y
8
27

+y+z=1,
v6i moi x, y, z thod méan {x yre
x,y,z>0.
D4u béng xay ra khi va chi khi
X=y=2z
+y=y+z=z+
X+y=y+z=z xc>x=y=z=l
x+y+z=1 3

x,y,2>0

’ 8 . 1
Kétluan: S .. :F dat tai x=y=z=x

Nhéc lai dinh nghia max f(x,y,..,z) va
min f(x, y, ..., Z).

1. Pinh nghia. Néu biéu thic f(x, y, ..., 2)
Véi x, y,..., z xdc dinh trén tap hgp D, thod méan
hai diéu kién sau :

1) fix,y, .., z) <A (hay fix, y, ..., z) 2 B) v6i
moi x, y, ..., z € D v6i A (hay B) 1a cac hang s6

ii) Tén tai it nhat bo gid tri (x, Yo, ---» Z,) VOI
Xo» Yoreor Zo € D sao cho fix,, y,,..., z,) = A (hay
fxos Yo o0 25) = B)
thi A dugc goi 1a gia tri 16n nhét cta fix, y,..., 2)
trén D (hay B dugc goi 1a gid tri nhé nhat cha
fix, y,..., z) trén D). Khi d6 ta ki hiéu :

maxf=A ; minf=B,
hay fmasz;fminzB'

2. Mot so chi ¥

a) Néu khong chi ra dugc bo gid tri (x,, y,,
ey Zo) & Xy, Yoy ey Z,) = A, thi khong khéng
dinh dugc max f= A, mac du cd fix, y, ..., 2) A
v6i moi x, y, z € D. Khi d6 ta phai tim mot cich
giai khic.

b) Bo gid tri (x,, Yo, s Zo) B fxg, Yo -0 20) = A,
thuong duge tim bang cich 4p dung diéu kién
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xdy ra ddu bing trong cdc bat ding thic da
diing. Chéng han :
e B4t ding thitc Cauchy :

atay+..+a, 2n ,"/alaz...an

véi moi¢;20, (i = 1,2, .., n). D&u bing xay ra khi
vachikhia=a,=..=a,
e B4t déng thic gid tri tuyét d6i
la + bl < lal +1b|
D4u bing x4y ra khi va chi khi ab 2 0.

c) Trong c4c bai todn dang cuc tri c6 diéu
kién néu chi chi y dén diu kién xdy ra ddu
bing clia c4c bat ddng thic di ding, ma khong
két hop diéu kién rang budc cia bai todn thi dé
méc sai 14m.

d) Trong dinh nghia trén, A va B phdi la cic
hing s6.

That vay, xét bai todn sau day.

Bai toan 2. Cho x, y, z 2 0. Tim gid tri lon
nhdt cia fix, y, z) = xyz(x + y)(y + 2)(z + x).

® Xét loi gidi. Véimoi x, y,z20tacd

x+y+z+(x+y)+(y+2)+(z+x) 6
f(x.y,Z)S( 6 )
Diu bing xdy ra khi va chi khi
X=y=z=x+y=y+z=z+x
{x,y,zZO

tic 13 x=y=2z=0. Khi d6 v&€ phai cia bat
ding thitc bang 0. Suy ra f(x,y,z) <0. Vay
f(x,y,2)=0khi x=y=2z=0(!)

o Nhdn xét. C4ch giai trén méc sai 14m & chd
1a di st dung mot ménh dé sai sau day : "Néu
fix, ¥, 2) < glxg, Yo 2,) VOi MOi X, y, z € D va
F(X65Y020) = 8(Xg5 Yor20) = A 5 Xgs Yo 2o € D
thi fix, y,z) <A v6imoix,y, ze D"

D¢ bic bo ménh dé trén, ta c6 thé xét phan
thi du sau.

Bai toan 3. Cho fix) = x* ; g(x) = 2°. Tim
GTLN ciia f(x).
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o Xét loi gidi sau : fix) < g(x), véi moi x € R.
Dau béng xay ra khi £0) = g(0) = 0, tix d6 suy ra
fx)<0véimoix e R.

® Nhdn xét

Diéu nay sai vi f{x) = x> > 0 véi moi x € R.

e) Khi 4p dung nhiéu 14n c4c bét déng thic,
ching han sir dung ca hai bat ding thifc sau :

f(x’y""’z) S g(x,y’--wz) S A
thi f(x,y,....,2)=A

o {f(x,y,...,z) =g(x,y,...,2)
g(x,y,..,2) = A

*)

< Diéu kién xay ra ddu bing ctia BDT bén
trdi ctia (*) dugc thod man va diéu kién xay ra
ddu bing cuia BDT bén phai cha (*) dugc
thod man.

Néu chi xét diéu kién d€ déu ding thic xay
ra clia mot trong hai bat ding thitc da dung thi
c6 thé mic sai 14m nhu trong bai toan sau.

Bai toan 4. Cho ham s6

1

y=(cosx+sinx)3+ — 3
sin“ xcos” x

Ham s6 dat gia tri nhd nhdt tai gid tri nao
cua bién s6'x ?
o Xét loi gidi sau :

y =[\/Esin(x+£)f +L

4 sin? 2x

2—2«/§+ 4

3 2—2\/5+4.
sin“ 2x

D4u bang xay ra khi va chi khi sin’2x = 1

<:>x=i-7£—+k7r ke ?)

=y =-22 +4 khi x=¢§+kn "



o Nhdn xét.

. T )
Khi x =-— tacé

4
(-—‘/:—‘[—) +4=42-2J2+4.
2 2
Mau thuln véi két luan trén.

Nguyén nhan sai 14m 12 do ta chi xét diéu
kién cho ddu bing cu6i cing xay ra, ma bd qua
diéu kién cho d4u bang thi nhat xay ra.

o Loi gidi ding

n
sin| x+— |=-1
y=-=2V2+4 & ( 4)

sin? 2x = 1
rx 5—”+2k7r
= =——-+k7r
—+k7r
<:>x—T+2k7r (k € Z).

Vay yoin = —2v2 + 4 dat tai x=§f-+2/m.

f) D6i véi trudmg hop khi fx) = g(x) + h(x)
va g(x) < A, h(x) < B) (hoic g(x) > A, h(x) > B)
thi c4n chi ra truc ti€p gid tri x, dé f(x,)=A+B
1a 40 dé két luan max f(x)= A+ B (hoic
min f(x) = A+ B) nhu & bai to4n sau.

Bai toan 4. Tim gid tri lon nhdt, gid tri nhd
nhdt cia ham s6

y = cos x(1 + 2 cos 2x).

Loi gidi, y = cosx +2cosxcos2x

= COS.x + COS x + cos3x = 2C0s x + cos 3x.

Do -1<cosx<1 va -1<cos3x<1 thi
-5<y<S5s.

Mat khac khi x = 0 thi y = 5, khi x = x thi
y=-5.

Vay Ymax = 3 V2 Ymin = =5

GIAI TOAN BAT PANG THUC VA CUC TRI
DUA VAO PHUONG TRINH BAC HAI

HOANG HAI DUONG

(GV THCS Chu Manh Trinh, Vdan Giang, Hung Yén)

Trong chuong trinh todn THCS , céc bai tap
vé bit ding thic (BDT) va cuc tri luén 1a nhimg
bai todn khé, gay ling ting cho nhiéu hoc sinh
boi vi kién thitc todn THCS rat it dé cap truc
ti€p dén van dé ndy. Bai viét nay trinh bay mot
s6 bai todn chimg minh BDT va cuc tri dua
vao d4u hiéu c6 nghiém cua phuong trinh (PT)
bac hai.

MOT SO BAI TOAN CHUNG MINH
BAT PANG THUC

Bai toan 1. Gid sit cho ba s&'thuc a, b, ¢ théa
man cdc diéu kién : a > 0, bc = 2a2, a+hb+c=

abc. Chimg minh ring a > ,’ 1+ ;ﬁ
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Loi gidi. Tacb: be=2d° va b + ¢ = abc — a
= 24° - a. Theo hé thitc Vitte thi b, ¢ 12 nghiém
cua phuong trinh

?- (2(,13 —a)x + 2% = 0.
PT c6 nghiém khi A = a’(4a* — 44> = 7) 20

&P > #,ké’t hop véi a > 0 dugc

1+242
2

Bai toan 2. Gid sir ba s6 thuc a, b, ¢ thoa
A bt+c?=2 )
ab + be + ca=1 (2)

Chitng minh rdng -4 <a+b + ¢ <4.

az>

mdn cdc diéu kién : {

Loi gidi. Tu (1) cd a®* + b* + 2 +2=A4.

Két hop véi (2) duoc

PRy SN 2(ab + bc + ca) =4

<:>(a+b+c)2=4c>a+b+c=i2.

Truong hop 1. Néu a + b + ¢ = 2. Két hop
v6i (2)cd be=1—-ab+¢)= (a- 1)2.

Theo hé thirc Viete thi b, ¢ 1a nghiém cia
phuong trinh 2+ (a—2)x+ (a— ])2 =0.

PT c6 nghiém khi A>0 = a(4 —3a)>0
4 4 .
:OSaSE.Tuo‘ngtL}OSh,cs 3 do dé

0 <a+ b + ¢ <4 nhung ding thic khong thé
xayranén0<a+ b+ ¢ <4.

Truong hop 2. Néu a + b + ¢ = 2. Xét tuong
tutruonghoplc6 4 <a+h+c<0.
Két hop ca hat trudng hgp ta c6 dpcm.

Bai toan 3. Cho cdc s6 a, b, ¢ thda mdn
(a+c)a+b+c¢)<0 3)
Chitng minh réing (b —c¢)* > 4a(a +b +¢) (4)

Loi gidi. 1) Néua =0t (3)céc(h+¢)<0.
Néu b = ¢ thi 2¢% < 0, diéu nay khong xay ra.
Vaybzc= (- (,')2 > 0.

2) Néu a # 0. Xét tam thitc bac hai

flx) = a® + (b-cx+a+b+c,chd

fO)=a+b+c, Ai-=1)=2(a+ ).
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Tir d6 f(0).(—1) =2(a + c)Ya + b + ¢) <O nén
phuong trinh fix) = 0 c6 hai nghiém phan biét
:>A=(b—(')2—4a(a+h+(f)>0:>(h—(')2>
4a(a + b + ¢) (dpem).

Bai toan 4. Gid s phuong trinh
aX’ +bY +cx+d=0(a=0) (5)
¢6 hai nghiém khdc nhau la x, xo. Chimg minh
dac - b*
44>

Loi gidi. Vi x|, x, la nghiém cia (5) nén
ta c6

rang x;x, =

ax; +bxl +cx; +d =0
{axg + bx% +cxy, +d=0
Trit theo timg v& clia hai déng thic trén duoc
a(xl3 - x;) + b()c]2 - x%) +c(x; —x,)=0.
Vix, # x, nén
a(x, + x2)2 +b(x; +x5) + ¢ —axyx, =0.

Ta nhan thdy : x; + x, 1a nghiém cla phuong
trinh bac hai
ar* + bt + ¢ - axyx, =0.
Dé PT nay c6 nghiém thi
A=b*—4dac+ 4a2x1x2 20

dac — b*
2

MOT SO BAI TOAN CUC TRI
Bai toan 5. Tim gid tri Ion nhdt va gid tri
2x2 +4x+5

2 +1

nhd nhdt cia biéu thirc a =

Loi gidi. Biéu thitc nhan gid tri a <> phuong

2
trinh @ = 31—;’“—*5 (6) c6 nghiem.
x°+1
Dox2+ 1>0nén
6) > x*a-2)~4x+a-5=0 (7

1)Néu a =2 thi(7)cod nghiémx=—%.



2) Néua=2.

PT (7) cOnghiégm < A' =4 — (¢ -2)(a-5) =20

Sat-Ta+6<0e>1<a<6(a=2).

Véia=1thix=-2.

Véia=6thix=a.

2

Két hop ca hai truong hop 1 va 2, ta c6 : gid
tri nhé nhat (GTNN) ciia a 12 1 khi x = -2, gié
tri 16n nhat (GTLN) ctia a 12 6 khix:%.

Bai toan 6. Tim gid tri Ion nhdt va gid tri
nhd nhdt cia bidu thitc b = 2x° + dxy + 5y°, biét
rdng x* + y2 = a vdi a la hdng s6 lom hon hodc
bdng 1.

Loi gidi. Via > 1 nén c6

b 2x2 +4xy+5y2 _ 2x2 +4xy+5y2

a a

x? +y?

1)Né'uy=03€—=2.

b 2% +41+5
2oL

2)Neuy=0datr= 2 thi .
y t“+1

Theo bai todn 5 diéu kién dé PT 4n ¢ trén c6
nghiém khi 1 < 2.<_6 néna<h<ba(¥Mazx1).
a

Tir d6 suy ra biéu thitc b c6 GTLN Ila 6a khi
x 1

53 <> y = 2x hay khi (x, y) 14y gid tri
y
{‘/g—“z‘és_“] ;["‘?,_2‘5/5] vah o6 GINN

1a a khi = = -2 <> x = -2y hay khi (x, y) 14y

y
i [2J5_a —\/s_a} _ [—2J5_a \/SZJ
L |75 '

5 5
Bai toan 7. Tim gid tri Ion nhdt va gid tri nho

nhdt cia biéu thite ¢ = 2\/; + %\/1 —-x +% )

Loi gidi. Diéu kién: 0 < x < 1. Pat z =,
y=+1-x thiz*+y?=1(8). Tacdn tim GTLN
va GTNN cta d = 4z + 3y v6i 2¢ = d + 7. Diéu
kitn: 0<z<1,0<y<1 va0<d<7.

Thay 9y* = (d — 4z)* vao (8) duoc

257" —8dz +d* -9 =0.
Dé PT nay c6 nghiém z thi A > 0 = d* < 25
=d<5.

® GTLN cha d 1a 5 < GTLN cta ¢ 1a 6 va
. _4d 4 _2_ 16 )
dat duoc khi z = 5°5 >x=z = 75 (thoa

man 0 <x<1).

o d =4z + 3y >2,/12yz . Ding thifc xay ra khi

4z = 3y. Thay vao (8) tinh dugc 2 =210, y =%,

x = (théa man 0 < x < 1). Lic d6

9
400
. R 9 6 R

GTNNcuadla 2 25 =3 = GTNN cua ¢ 1a
Al
10

Véi cach sir dung diéu kién c6é nghiém cua
phuong trinh bac hai, cdc ban hay lam ti€p cic
bai tap dudi day.

4,1.

BAI TAP
Bai 1. Chiing minh ring 3x + 4v1— &% <5.
Bai 2. Tim GTLN va GTNN cua biéu thic
Vr-1-22-x+3
Jx-1+4242-x+3’
Bai 3. Tim GTLN va GTNN ciia biéu thiic

, |
x+ x> +— v6ix>0.
2
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TiM CUC TRI MOT BIEU THUC BANG NHIEU CACH

NGUYEN NGOC KHOA

(GV THPT Huynh Thiic Khdng, Son Tinh, Qudng Ngdi)

Viéc gidi todn bing nhiéu cich vira givip rén
luyén ki ning, vira phat trién tu duy trong hoc
todn. N6 doi héi ngudi 1am todn phai nhin bai
todn theo céc géc do khac nhau, biét van dung
céc kién thic phu hop véi timg tinh hu6ng. Ta
thir xét viéc tim giéd tri nho nhat (GTNN) va gid
tri 16n nhit (GTLN) clia mot s6 biéu thitc véi
bién s6 thuc dudi day.

Bai toan 1. Tim gid tri nhd nhdt, gid tri lon
X%+ 4\[§x +3

2 +1

nhdt cia bidu thitc

Loi gidi. Biéu thitc ndy c¢6 dang mo6t phan
thic ma t va mau déu 1a tam thic bac hai mot
bién s0.

Cdch 1. Chuyén vé xét cuc tri clia phan thic
ma tir 12 nhi thic bac nhat réi so séanh gia tri cha
tr va mau

_ x? +4\/5x+3 -1+ 4\/§x+2

- x% 41
4\/2_x +2

x%+1

X2 +1

=l+zvhiz=

Vi +1>0véi moi x nén GTLN (z) dat
dugc khi tlr thic duong va GTNN (z) dat duge
khi tir thirc am. Xét ba trudng hop sau.

a) Véi 4v2x +2 =0<:>x=¥ thiz=0

=y=1

b) Véi 42x+2 > 0 <& x > :—4‘/2 thi
ta chuyén viéc tim GTLN (y) vé tim GTLN (z).

Ta so sdnh gid tri ca tir thirc va mlu thic
nhd 4p dung bat déng thic :

Q2+ 1D +12202x+1>0.
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Tix d6
L 225 +2) _ 42V2x+1)
2(x%2 +1) 2x2 +1+1
< 42V2x+1) _ .
2\/5.X+1
X 2 3 . 2 )
Dang thitc xay ra khi x = lic dé

GTLN () =1+4=5.
€) V6i 42x+2 <0 & x< ;\4—/-5—.Xéttu0ng

ty trén, rx’+ 1= (x2 +2)-12 “2J2x -1 =
222x +1)
— = _2
—2\2x +1)

Déng thic xay ra khi x =—v2, lic dé
GTNN (y) = 1 + (=2) = 1.

Cdch 2. So sdnh gia tri cha tir thic va miu
thitc bang cach sir dung BDT Bunyakovski

Tir (2 + 1)% = (1 - x5)% + (20)° dan dén

—(2\2x+1) >0c6z>

(1 —x*+ 242.2x)°
< (1+(2\/§)2)((1 — 322 +(2x)2)

=11 -x* + 44/2x| S3(x2+ 1).

2
- 4
Tac6y=2+l_x2+—\/_§.£
x“+1
2
Datz=1-—x2+—4‘/§i thi I < 3
x“+1

hay -3<t<3,suyra -1 < y<5.

1-x* 2x

_—— e &
N
2 . N

2% + J2x -2 = 0. Giai phuong trinh nay ta

Déng thic xay ra khi



V2

2
X, = —/2 ting v6i GTNN (y) = —1.

Cdch 3. Chuyén vé xét diéu kién dé phuong
trinh (PT) bac hai c¢6 nghiém. Véi méi gid tri
X, ta cé gid tri y, cha biéu thic thoéa man

dugc: x; = ing vdi GTLN (y) = 5 ;

_ xg + 4\/§x0 +3
xg +1
< (o — l)xg - 4\/-2-x0 +y,-3=0.
C6 thé coi x, 12 nghiém cta PT
O —1)x* —43/2x +y,-3=0
trong d6 y, 1a tham s6. Ta thly y, = 1 &

X = # (1). Néu y, # 1 thi diéu kién dé
PT bac hai luén Iluén c¢é6 nghiém 1a

A= —y2+4y,+520 (3, - 51 +y,) <0
& 1<y, <5 D&thiy y,=-1 < x,= —/2

iy, =5 = —‘/22 2). Tx (1), (2) suy ra

GTNN (y) = -1 khix= -2 vaGTLN (y) = 5

V2
khix= —.
Px=—
Bai toan 2. Tim gid tri nhd nhdt, gid tri lom
nhdt ciia biéu thitc ’;+—2y2+1-
x“+y 47
N x+2y+1 2 L
Loi giai. Dat z =———— Biéu thirc nay
X +y 47

c6 dang mot phan thic ma tir 1a ham hai bién
bac nhét va mau 12 ham hai bién bac hai. C6 thé
giai bai nay tuong tu cich 1 va cich ba ndi trén,
Cdch 1. Mau thic x* + y* + 7 > 0 véi moi x,
y nén GTLN va GTNN cua z tuong tng vé6i giad
tri duong va Am cua tir thitc. Xét ba trudng hop :
a) Véix+2y+1=0thiz=0.
b) V6ix + 2y + 1 >0. Ta c6 BDT

WP+ D+P+4)+222c+4y+2>0.

Tir d6

o x+2y+1 x+2y+1

Py 4T P aleyr 442

x+2y+1 1

T 2x+2y+1) 27
Diéng thic xdy ra khi x = 1, y = 2, lic d6

GTLN(z) = %

c) Véix + 2y + 1 <0. Ta c6 BDT
(255 + 49) + (25y° + 196) — 70
> (~70x) + (~140y) = 70 = =70(x + 2y + 1) > 0.
Tir d6

_ 25(x+2y+1)

T 254y 4T

25(x+2y+1)
25x + 49+ 25y? +196 - 70

S 25(x+2y+1) -5
T 70(x+2y+1) 14

-7 -l14

Sy =T lue

Déng thic xay ra khi x =

6 GTNN(z):l_—j.

Cdch 2. Chuyén vé xét diéu kién c6 nghiém

ciaPT z=2r22*L
X +y +7
Sl —x+zyt-2y+Tz-1=0 3)

trong d6 x 12 4n s6, y 1 tham sé'tuy y, con z la
tham s ¢6 diéu kién. Xét hai trudng hop :

a)z=0=>x+2y+1=0.
b) z # 0 thi PT (3) luén c6 nghiém x khi biét
thitc khong am :
1 —4z(zy2—2y+7z—— 1)>0
& —475% + 82y - 282 + 42+ 120 @)
Coi (4) 1a b4t phuong trinh 4n y, BPT nay
xay ra v6i moi gid tri y khi

162% + 4252822 + 4z + 1) >0
1
5

IA

o282 4+4z4520=> %15-3 z
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Khi z nhan cdc gia tri ndy thi déng thitc xay
rag(4)vaa(3),khidéy= ! Vﬁx=i.
z 2z

Vay GTLN (z2) = %— khiy=2vax=1.

-5 ... -4 . -

GTNN(Z)-— T‘T khly-— —-5-- vax = 5

Cic ban hay rén luyén giai cic bai tap dudi
day bang nhiéu cich.

Bai 1. Tim GTNN, GTLN ctia biéu thifc :
¥ +4x
2 +2x+2
Bai 2. Tim GTNN, GTLN cia biéu thirc
Ayt rafaxy+4
P y4 +2

Bai 3. Tim gid tri m, n dé biéu thic

x2+mx+n

2 +1

dat GTNN 1a -1 va GTLN 14 5.

SU DUNG PHUONG PHAP THAM BIEN PE TiM CUC TRI
MOT BIEU THUC

PHAM THI VIET THAI (GV THPT Héng Linh, Ha Tinh)

Trén tap chi Todn hoc va Tubi tré s6 303
thang 9 nam 2002 c¢6 bai Tim cuc tri mét biéu
thitc bdng nhiéu cdch. Bai viét nay xin néu thém
mot cdch giai theo mot cach nhin khéc.

Gia sir cdn tim cuc tri mot biéu thic Q(x).
DéE don gian ta chi xét biéu thic Q(x) luén xdc
dinh trén tap hop s6 thuc, nghia 1a néu Q(x) cé
mAu thic thi mau thitc luon duong. Ta dua thém
tham bién r dé xét biéu thitc flx) = Q(x) — t. Néu
flx) 2 0 (hoac fix) < 0) véi moi x thudc tap xdc
dinh clia Q(x) va t6n tai gid tri 7, dé c6 fix) = 0
(tirc 12 c6 Q(x) = ¢,) thi 7, chinh 1a gid tri nho
nhat (GTNN) (hoic gid tri l6n nhat (GTLN))
clia biéu thic Q(x). Xin minh hoa viéc sit dung
phuong phap tham bi€n qua céc vi du dudi day.

Thi du 1. Tim gid tri nhd nhdt, gid tri lon

2
nhdt cia biéu thite Q = x——%ﬁi—z
x“+1

Loi gidi. Xétf(x)=0(x) —t

2 +8x+T—t(x* +1)

%2 +1
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Vix® +1>0véi moi s6 thuc x nén dau cla
f(x) chinh 12 d4u ciia tir thifc g(x) = x* + 8x + 7 —
t(x* + 1) hay g(x) = (1 — £)x* + 8x + 7 — 1 (1)

Xét tam thitc g(x) = ax’’ +hx+c=

2
= a(x+—l)——) +i v6i A = b* - dac ™)
2a 4a

e Néu a = 0 thi g(x) = hx + ¢ ludbn cung déu
khi b =0 (g(x) = c) va khi ¢ = 0 (g(x) =0).

o Néu a > 0 thi g(x) > 0 véi moi x khi A <0
va g(x) = 0 chi khi A = 0.

e Néua<0thig(x) <0véimoixkhiA<0

.vagx)=0chikhiA=0.

Ap dung vao (1) c6 :
A=16—(1 =T —1)=—1* + 8t +09.
A=0khit=-1hoact=9.

e VGit=~1thia=1-t=2>0néngx)20
= fix) 2 0, suy ra Q(x) c6 GTNN la —1 va xay
rakhi (i) =0 = g =0 2x + 2> =0 &
x=-2,



*VGir=9thia=1-+t=-8<0néngx)<0
= flx) <0, suy ra Q(x) c6 GTLN 1a 9 va xay ra khi

AN =0 g) =022~ 1)’ =0 x= %

Nhu vay phuong phap tham bién cho phép ta
chuyén viéc xét cuc tri mot biéu thic Q(x), tic
la xét mot bat phuong trinh Q(x) = r (hodc Q(x) <
1) vé viéc xét mot phuong trinh A(f) = 0, nén ¢6
thé néi phuong phdp tham bién la chiéc cdu ndi
giita bdt phuong trinh va phuong trinh.

Ta c6 thé m& rong viéc xét cuc tri cha biéu
thitc mot bién Q(x) sang biéu thiic hai bién
Q(x, y) bang phuong phdp tham bién, lic do
fix, ¥) = O(x, y) — t va xét tir thic cha f(x, y) theo
mot bién nao d6 sao cho tir thic luén cung diu
va ton tai gid tri bang 0.

Thi du 2. Tim gid tri nho nhat, gid tri ldn

2

3y° —4xy

2% 4 y?

nhdt cia biéu thice Q = vai (x, y)

khae (0, 0).

Loi gidi. Vi x* + y* luéon luon duong trir gid
tri x = y = 0 nén diu cia f(x, y) chinh 12 dau cha
tr thite g(x, y) = 3y2 —4xy - r()«‘2 + y2) hay

o(x, ) = 3 — Ny? ~ dxy — 1 )

Néu r=3 thi g(x, y) = -3¢ = dyx. ViA=4y° >0
nén g(x, y) = 0 chi khi y =0, x = 0 (da loai trir).

Xét (2) theo bién y c6

A =4 +13 -0’ = @+3 -1,

A, =0 v6i moi x khi t = —1 hogc r = 4.

e VGit=-1thia=3-r=4>0nénglx,y)=0
= flx, y) 2 0, suy ra Q(x, y) ¢c6 GTNN la -1 va
xdy ra khi f(x, y) = 0 < g(x, y) = 0 < (2y — x)°
=0 x =2y (#0).

e VGir=4thia=3-t=-1<0nén glx,y) <0
= flx, y) <0, suy ra Q(x, y) c6 GTLN 1a 4 va
xay ra khi fix, y) = 0 < gk, ») = 0 &
~(y+20)° =0 y=-2x (= 0).

Céc ban cang thdy wu thé cua phuong phap
tham bién trong thi du sau.

ux+v

Thi du 3. Tim u, v dé’ biéu thitc Q =
x“+1

dat GTLN bdng 4 va GTNN bdng —1.
Loi gidi. Dat
ux+v—t(x2 +1)

fx)y=00) -1= 5

x“+1

Vidd+1>0 véi moi x nén ddu cda fix)
chinh 1a d4u coa tir thic g(x) = ux + v — t(x2 +1)

hay g(x) = it ux+v— t.

Dé GTLN Q(x) 1a ; = 4 (lic dé a;=-4<0)
va GTNN Q(x) la 7, = -1 (lic d6 a, = 1 > 0) xay
ra dong thoi thi dua vao (*) phai cé

{A1=1 u? +16(v-4)=0 {v=3
hay <9,
A, =0 W -4(v+1)=0 ut =16

nghia 1a (u, v) bing (4, 3) hoic (-4, 3).
Moi cac ban 4p dung phuong phap trén
(cting céc céch khac) dé 1am cdc bai tap sau.
Bai 1. Tim GTLN, GTNN cua biéu thic Q
sau day :

x2+4\/§x+3 4

o= )0

2l T (14 x2)?

1+ x

3)0=(x-2y+1)? +(2x+ay+5)°

2

2
x“ —xy+ X+2y+1
ho= LTI 5o LB
X +xy+y xX“ 4y +7
2x -1 2x+3
6Q0=—"  NQ=
x“+x+4 X+ x+1
X+m

Bai 2. Tim m dé biéu thic Q = 5
X +x+1

chi nhan gi tri thuoc [-1; 1].
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GIAI TOAN CUC TRI PAI SO VOI CAC BIEN CO PIEU KIEN

NGUYEN NGOC KHOA

(GV truong THPT Huynh Thic Khdng, Son Tinh, Qudng Ngdi)

Chiing ta da quen biét bai todn tim cuc tri
cha hai bién ma cédc bién c6 mot diéu kién rang
budc, ching han nhu bai todn sau.

Bai toan 1. Tim gid tri [6n nhdt (GTLN) cia
tich xy véi x, y la cdc s6 duong thod mdn diéu
kiénx +y=s, trong dé s la s6 duwong cho trudc.
Viéc dua ra nhiéu cach giai bai nay s& c6 ich.

Loi gidi. Cdch 1. Ap dung tryc ti€p b4t déng
thirc Cauchy

X+y 2 sV 2
< = | = o g——
w-( 2 ) (2) 4
S2
Vay GTLN (xy)=—4—.

Cdch 2. Dua vé xét cuc tri ciia ham mot bién

- -we g
= y — = §X — I e e — s+ —
xy=x(s—x)=sx—x ) x°—sx 2

Vay GTLN (xy) = a—.

Cdch 3. Sép thit ty gia tri cdc bién (theo diéu
kién hoac khi vai tro cia ching nhu nhau) va so
sanh vdi gia tri khong d6i xen giita chiing.

b ki N z S
Giastux<y Tox+y=sch xSESy nén

y
) R A S
2 R P < = _2

(" 2)(y 2)‘0 < xy‘z(“y 2)SO

82

Vay GTLN (xy) = —-.
Trong ca ba cich giai trén tich xy dat gia tri

lénnha'tkhivéchikhix=y=%.
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Viéc giai bai todn nhu trén sé€ khé khan
hon khi cdc bién bi rang budc théem mot diéu
kién nira.

Bai toan 2. Tim gid tri Iom nhdt cua tich xy
vdi x, y la cdc s6 duong thod man hai diéu kién :

Dx+y=s;

@) yza

trong dé s, a la nhitng s6 duong cho trudc va
a<s.

Lai gidi.
5

Néu a <
*Newa<

thi theo céch giai bai todn 1 ta
2

cc')GTLN(x,y)=sz— khix=y= 1+ >a.

N e

)
2
sir dung céch giai 1 ca bai toan 1.

e Xét trudng hop a > =. Lic nay khong thé

Theocich2,dat y=a+¢t v6it>0.

T d6 xy=@G-y)y=(@G-a-t)a+t) =
~tt+2a—-s)+a(s—a) < a(s—a) vit 20,
t+2a-520.

DPéng thitc xdy ra khi ¢ =
GTLN(xy) = a(s — a).

0, y =a va

Theo cich 3 ta thdy x<%<a$y nén

(x-a)y-a)<0 & xySa(x+y)—a2
o xySas—a2 =a(s — a).

Ping thiic xdy rakhi y=a vd x =5 — a. Vay
GTLN(xy) = a(s — a).

Trong bai todn 2 c6 thé thay diéu kién (2)
boi diéu kién x < b véi b < s, Wic d6 trong 10
)
2
minh tuong tu trén hodc dit b = s ~ a).

giai xét hai trudng hop: h> 2 va b < % (chimg



Bai toan 3. Tim gid tri Ion nhdt cua tich xyz,
vdi x, y, z la cdc s6 dwong thod man cdc diéu
kién :

MWDx+y+z=s

2)z2a

trong dé s, a la nhimg s6 duong cho trudc va
a<s.

Loi gidi.

e Néu a < % thi 4p dung BDT Cauchy ta c6

Ding thitc xdy rakhi vachikhix=y=z=

3
2, ldc d6 GTLN (xyz) = (%) .

o Xét trudng hop a > %

2
Theo BDT Cauchy : xy < (" ; y) *)

X+y+as<x+y+z=5<3a>

X+
x+y<2a = xzy

Ta co6

<a.

<a<z ¢cd

Ap dung cich giai 3 tir

(x;y—a)(z-—a)sO

NEORETIS

Tir (*), (**) va sir dung BDT Cauchy cé

xyz<(x+y)(x+y) Sa(x+yJ(x+y+z—a)
2 2
+y X+ Xty 2
[ R ] -o(552)
< 3 5 -

Ding thic xdy rakhiz=avax=y=

2
s-a
=)

Két qua cha bai todn 3 c6 thé khong xay ra

x+y
2

sS—da

2 ’

lic d6 GTLN(xyz) = a(

nhu trén néu ta thém diéu kién x < % <y.

Bai toan 4. Phdt biéu nhuw bai todn 3 va
thém diéu kién :

(3)y 2b véi b la s6 duong cho trudc, b <a < s.

Loi gidi

o Néu b < %—3 thi gidi nhu bai todn 3.

o Xét trudng hop b>% & s<a+2b.
Lic d6
x=s—(y+z)<s—(a+bh) < a+2b—(a+h)=h.

Ap dung cach gidi 3 véix<h <y, tacd

(x=b)(y—-h)<0 & xy < b(x+y-—b) (*¥*¥)

Laic6 x+y-b=s-z-b<s—a-bh
<{(a+2h)-(a+b)y=b<a.

T x+y-b<asz cb6x+y—b-a)z-
<0 k+y-bz<ax+y-b+z-a)=
a(s —a-b).

Tir d6 va (***) suy ra

xyz S b(x +y—b)z < bha(s —a-b).

Piang thic xdyrakhiz=a,y=hvax=s-a
— b, lic d6 GTLN(xyz) = ab(s — a —b).

Két luan cia bai todn 4 :

3
o Néu s > 3a thi GTLN(xyz) = (%) .
o Néu a + 2b <

(55
[7) 2 .
o Néu s < a + 2b thi GTLN (xyz) =ab(s —a - b).
Ban hdy phét biéu bai toan 4 khi thay diéu
kien(2)va(3)bdiz<avay<hvéiagh<s.
Nhu vay tr moOt bai todn tim cuc tri dai s6
véi cdc bién c6 mot diéu kién ta da dé xuat va
giai bai todn cuc tri dai s6 véi cac bién bi rang
budc boi nhiéu diéu kién hon.
Moi cdc ban giai cac bai tap sau.

s < 3a thi GTLN(xyz) =

Bai 1. Tim gid tri 16n nhét cua xy + yz + zx
v6i x, y, z thoa man diéu kién cta bai toén 4.

Bai 2. Tim gid tri 16n nhét cua tich xyzivéi
X, ¥, z, t 1a c4c s6 duong thoa mén cic diéu kién :
xX+y+z+t=s;t2a;z2h;y2ctrongdods,
a,b,clacacs6duongdichovac<h<ac<s.
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VE PINH LI STEINER — LEHMUS

Nam 1840, S.L. Lehmus giri cho nha hinh
hoc Thuy Dién J.Steiner dinh Ii sau day véi yéu
clu dua ra mot cidch ching minh hinh hoc thuén
tuy : Tam gidc ¢6 hai duong phdn gidc trong
bdng nhau la tam gidc c¢dn. Dinh 1i nay vé sau
dugc mang tén Steiner — Lehmus.

Trong chiing minh cia minh, Steiner sir dung
cong thic sau : Néu d,, d, d..1a cdc dudng phan
gidc clia ba gbc tuong ung véi ba canh d6i dién
a, b, cthi:

2
d? = be| 1-——
(h+c)

2
d? =(:a(l— b j (1)

(c+ a)2

2
df =ub|1- ¢
(a+b)2

Khi &y, déing thitc d? = d} sau khi bién déi
tuong duong thi dugc

cla+b+0)(a+b+c)(c? +ab)+2abc)a—b) =0.

Tir day suy ra a = h. Cach ching minh nay
gon, tuy nhién phai dung dén cong thic (1) va
khong mang dic tinh hinh hoc. Bdi thé, sau khi
chimg minh trén dugc céng b6, nhiéu ngudi lao
vao tim cdch chung minh khac. Trong nhiing
nam tié€p theo, hang loat cdc phuong phédp chimg
minh khic dugc dua ra, tuy vay cic phuong
phap nay phai ké thém nhiéu dudng va kém
theo tinh toan kha phuc tap.

Dén nam 1939, mot nit sinh 16p 10 & Matxcova
(Lién Xo0) tén 1a Lida Kopeikina tim dugc mot
cach ching minh kha don gian sau day.
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LE TRUONG TUNG (Ha Néi)

Gia sir hai dudng phan gidc AN va BP bang
nhau. Ké NM va PQ song song vé6i AB, cit AC
va BC theo thit tu tai M, Q (h. 1). Ta s€ ching
minh PQ va MN tring nhau bang phan chimng.
Gia st MN gén AB hon PQ, khi d6 MN > PQ.
Do Féb = PBA = BITQ nén tam gidc PBQ can
va PQ = QB. Tuong tu AM = MN. Hai tam
gidc can PBQ va AMN c6 canh ddy bang nhau,

canh bén PQ < MN nén PQB>AMN =

@_374 < A//IA\B, tir ddy suy ra trong hinh thang
AMNB 6 AM < BN, ma AM = MN, PQ = 0B,
MN > PQ, OB > BN, din dén méu thuin. Diéu
mau thuln nay ching t6 MN va PQ tring nhau.

Khi d6 AMNB 1a hinh thang cn nén
CAB = CBA. c
P QN




Mot nam sau (nam 1940) mot hoc sinh 16p 8
ciing & Matxcova tén la Volodia Bolchianxki
tim ra mot cidch ching minh khéc ciing kha dep.
Gia st O 1a giao diém hai dudng phan gidc bing
nhau AN va BM (h.2) khi d6 CO 1a phan giic
cha goc ACB. Ta chuyén vé xét hai tam gidc
ANC va BMC c6 géc ACB chung, AN = BM,
duong phan gidc & dinh C 1a CO chung thi hai
tam gidc ANC va BMC bing nhau. D€ lam diéu
dé ta v& dudng tron ngoai ti€p tam gidc ANC véi
dudng kinh DF vuéng géc voi AN tai trung diém
cua AN. V& day AC' sao cho NAC'=CBM va
C', C nim clng phia d6i v6i dudng thing AN. Ta
c6 AC'N =ACN (gbc noi ti€p cung chin cung
AN) ANC'=180° ~AC'N -NAC' =
180° — ACN ~ CBM = BMC , suy ra ABMC =
AANC' (c.g.c) (1). AN cét DC va DC' theo thi
tu tai O va 0'. Néu C khic C', ching han cung
DC béhon cung DC' thi DO > DO'. Do DC <
DC' nén CO < C'0’, diéu ndy mau thuin véi gia
thi€t CO = C'O'. Ching minh tuong tu khi cung
DC 16n hon cung DC'. Vay C phéi tring
véi C, tir (1) suy ra BC = AC.

Hién nay L. Kopeikina va V. Bolchianxki 1a
hai gido su todn hoc c6 tén tubi & Lién Xo.

Nam 1961, cu6n "Nhap mén hinh hoc" clia
gido su Canada tén 1a H.S.M. Coxeter dugc in ra
va gidi thiéu trén tap chi Scientific American.
Phdn néi kha hay vé dinh li Steiner — Lehmus
trong bai gigi thiéu nay lai 16i kéo hang tram
ban doc lao vao tim cdch ching minh méi. Cich
ching minh cia hai ki su ngudi Anh la G.
Jylbert va D. Mac — Donnell dugc danh gia la
don gidan nhat va dugc cong bo trén tap chi
American Mathematical Monthly nam 1963.
Cach ching minh nay dua vao hd dé sau :

nén

Trong tam gidc ABC, néis CAB < CBA thi dudng
phdn giac AN lén hon dudng phdn gidc BM.
Chitng minh b6 dé nay nhu sau :

Lidy diém P tréen doan AN sao cho
MBP = %BAC (h.3). Do MBP = MAP nén
bon diém A, M, P, B nim trén mot dudng tron.

Goc MAB bé hon goc PBA nén cung MPB bé
hon cung AMP tiic MB < AP, suy ra
MB < AP < AN.

Dinh 1i Steiner — Lehmus suy ra truc tiép tir
b6 dé vira ching minh.

Hinh 3

Hinh 4

Trong mot thoi gian dai, cich ching minh
trén dugc xem la don gidn nhat. Gan day, cu6i
niam 1982 trén tap chi The Mathematical
Gazette cia Anh lai cong b6 mot cdch ching
minh méi bing phan chimg rat don gidn cla
R.W. Hogg :

Gia sur hai dudng phan gidc AN va BM bing
nhau. Dung hinh binh hanh AMDN va ki hiéu
cdc géc a, B, y, d nhu trén hinh 4. Do tam gidc
BMD can tai M nén

a+y=p+06 )

Néu nhu o > Fthi xét hai tam gidc ABN va
BAM c6 AB chung, AN = BM va BAN > ABM
nén BN > AM ma AM = ND, do d6 y > 4, tir day
a+ y> f + 6 mau thuin véi (2). Tuong tu
truong hop a < B khong thé xay ra, ttc a = S
(dpcm).

Céc ban than mén ! Véi khat vong vuon téi
céi don gian nhat, gin 150 niam tr6i qua dé dua
tir cach ching minh cha Steiner téi cach ching
minh cta Hogg, va chic ring quéd trinh nay
khong dimg lai & day.

Bay gid, moi cdc ban giai mot vai bai tap
sau day :

Bai 1. Str dung cong thic c6sin, chiing minh
cong thic (1).
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Bai 2. Ching minh céng thic téng quat hon
cong thic (1) : Cho tam gidic ABC, BC = a,
CA= b, AB = ¢, D 12 mot diém trén canh BC,
AD = p, BD = m, CD = n. Chiing minh rdng

a(p2 + mn) = b*m+c?n

(DPinh I Stewart)
Bai 3. Giai thich vi sao cdch chimg minh ctia
Jylbert va Mac—Donnell khéng ap dung dugc

cho truong hop AN va BM la hai dudng phan
gidc ngoai ?
Bai 4. Trong tam gidc ABC, A=12°,

B=120°, AN va BM 1 hai dudng phan gidc
ngoai. Khong sir dung cdc ham s6 lugng gidc,

ching minh AN = BM.

TRO LAI PINH LI STEINER - LEHMUS

Dinh li STEINER -~ LEHMUS : Tam gidc ¢6
hai dwong phdn gidc trong bdng nhau la tam
gidc cdn.

Day 12 mot diéu kién dé nhan bi€t mot tam
gidc la tam gidc c&n, nhung tai sao lai khong
c6 mit trong chuong trinh hinh hoc 7 (c6 thé
dudi dang bai tap) ? Qua nghién citu bai gidi
thiéu vé dinh 1i STEINER — LEHMUS cia tac
gia Lé Truong Tung dang trén bdo Toin hoc
va Tudi tré thang 1 nam 1987 16i thdy cdc
cdch ching minh dinh Ii rdt don gian va gon,
nhung déu phai s dung dén kién thic vé ti
gidc hodc kién thitc vé dudng tron. Trong bai
vi€t nay to6i xin gidi thiéu thém mot cich
ching minh khdc, tuy ring ching minh dé
chua phai 1a gon nhat nhung né chi cin sk
dung kién thic todn 16p 8.

Theo gia thi€t tam gidc ABC c6 cic dudong
phan gidc trong BM va CN béing nhau. Ta ching
minh bang phan chimg. Gia s ABC > ACB thi
ACB < 90°. Ké BH L AC tai H va ldy diém C'
sao cho H la trung di€m cta CC'. Xét hai trudng
hop sau.
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NGO VAN THAI (Thdi Binh)

Hinh 1
1) Néu BA < BC hay BAC = BCA thi

BAC>BCC (i  BC'C=BCA)
ABC < CBC' = MBC < HBC hay M nim trén
doan HC (h.1). Dung tam gidc A'BC sao cho
ABC =ACB va A'CB=ABC thi AABC =
AABC. Goi BN' 1a duong phin gidc cua tam
gidc A'BC thi BN = BN'. Theo gia diéu gia s thi
A'CB > ACB nén BN' cit AC tai K.

Tir d6 BN' > BK > BM, suy ra CN > BM, trii
Vi gia thiét.

2) Néu BA > BC hay BAC <BCA thi

BAC <BC'C va di€m M nim trén doan HA
(h.2). Dung tam gidc ABM' v6i M' thudc tia AC

sao cho ABM'= ACN thi theo diéu gia sir
ACB < ABC = ABM'< ABM nén M' phai
thuéc doan AM.

nén



Hinh 2

A CA

Do AABM' v AACN (g.g) nén —— = —
0 w (g-g) nén BM - CN

ma CA > BA, dodé6 CN > BM'.

Mait khdc BM' > BM, din dén CN > BM, trdi
v6i gia thiét.

Vay diéu gia st ABC > ACB Ia khong xay
ra, nghia 12 phai c6 ABC = ACB.

SUA SAI THANH... CHUA PUNG

LE NGOC THANH VINH (THPT Ky Anh, Ha Tinh)

Trong bai "Lam thé ndo dé du doin hinh
dang cla tap hop diém ?" dang trén Tap chi
THTT, s6 210, 12.1994, tic gia da phé phén
mot s6 tai liéu todn hién hanh vé van dé huéng
din hoc sinh du doan tap hop diém. Sau d6 tac
gia dua ra cdch khéic phuc : vé ba diém khac.
nhau ctia tap hop di€ém, néu ba diém nay théng
hang thi tap hop diém c6 dang théng.

Cich dodn nhan nay ciing chua chinh xéc.
Toi xin néu hai thi du sau.

Thi du 1. Cho duong tron tim O, duong
kinh AB ¢6 dinh va mét diém C chuyén dong
trén duong tron. Goi H la chdn duong vuéng
go¢ ha tw C xuéng AB. Tim tdp hop tdm duwong
tron noi tiép tam gidc CHO.

Tap hop la bén
cung chira géc c
135° v& qua cic
doan AO hoic
OB, va ta c6 thé Q
dé dang tim duoc
b6 ba di€ém thudc
tap hop ma ca ba
diém d6 thing
hang (h.1).

Hinh 1

5.TUYEN CHON..TH&TT (QUYEN 3)-A

Thi du 2. Cho dwong tron tam O, ddy AB
c6'dinh. Tim tdp hop nhing diém M (trong
mdt phdng chita dudng tron do) thod mdn
MA . MB = MT? v6i MT la tiép tuyén ciia duomg
tron tim O.

Loi giai bai todn nay dugc dang trén bdo
THTT nhu sau :

Néu Ax la tia
do6i cua tia AB va
By la tia d6i cua M
tia BA thi dé thdy
hai tia Ax va By
thudc tap hop phai
tim (h.2).

Gia st M c
khong ndm trén
dudng thing AB
(hién nhien M
ndm ngoai dudng tron (O) dé tén tai ti€p tuyén
MT 61 duong tron). Goi C la giao
di€ém (khac B) cha MB véi dudng tron (O) thi
MBMC = MT* = MAMB = MA = MC =

AMAC cantaiM = AMB = %(180" - ACM) =

Hinh 2

90° -% trong d6 o = %AOB (khong d6i).
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M thudc hai cung chita géc nhin doan AB duéi
mot géc 90° —%— khong déi. (phidn ngoai
duong tron (0)).

Nhu vay, tap hgp M g6ém hai tia Ax, By va hai
cung chua géc XA_/I?B XE‘TB Trong t4p hop nay,

t6n tai bén diém thing hang, ciing tén tai b6n
diém trong dé c6 ba diém khong thang hang.

Thuc ra, viéc du dodn tap hgp khong chi
dimg lai & cach lam thi céng ma cic sich ma
bai bdo da néu, ma phai két hgp véi su nb luc
cua cdc thao tic tu duy : nghién ciu tinh d6i
xung cla tap hop, tim cdc diém "vo tan" cha tap
hop, dua vao cac phép bién hinh... hy vong tim
dugc hinh dang tuwong d6i diing dé x4c dinh tap
hop cén tim.

PINH Li BON PIEM VA CACH CHUNG MINH HAI PUONG
THANG VUONG GOC VOI NHAU

MG RONG PINH Li PYTHAGORE VA UNG DUNG

Chiing ta da qua quen thudc véi dinh li cho
tam gidc vuong : Binh phuong canh huyén bdng
téng binh phuong hai canh géc vuong.

Néu xem dinh 1i Pythagore cho ba diém A,
B, C thi ¢6 thé phdt biéu nhu sau.

Pinh li ba diém.

Vi ba diém A, B, C thi AB vuéng géc véi AC
khi va chi khi AB® + AC* = BC?,

Ta c6 thé mé rong dinh li cho b6n diém
nhu sau,

Pinh li bon diém.

Véi bon diém A, B, C, D thi AC vudng géc
véi BD khi va chi khi AB*+CD* =
AD? + BC?,

Khi A tring D ta thiy lai dinh li Pythagore
cho ba diém.

Chirng minh

Viéc tim t0i chimg minh dinh li bén diém
ciing rat hdp dan vi su da dang cua cdc truong
hop cin phai xét dén.

Sau day 1a cdch ching minh dinh Ii bén diém
bing phuong phdp toa do6 va dua vao dinh li
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VO KIM HUE (Cdn Tho)

Pythagore cho ba diém. Chd y ring vi tri cha
bon di€m A, B, C, D 1a twy y (khong doi hoi
ABCD 1a tit gidc 16i) nén sir dung phuong phép
toa d6 tranh dugc viéc xét céc vi tri tuong d6i
chia bon diém nay. y
Chon AC la truc B
ﬁoﬁnh, tacd:A(a;0);
C(c; 0). Chon dudng
thing vubng géc véi
AC di qua B lam truc
tung ta ¢6 : B(O ; b).
Gia st D(m ; n) (h.1)
Ta c6

AB? =a® + b?

o>

CD? =(c-m)* +n* =c? = 2cm+m® +n?
AD? =(a—m)2 +n® =da® -2am + m* + n*
BC? =b% + 2

Tir b6n déng thic trén ta c6

AB? + CD?* = AD? + BC? < ¢m = am.

ViAkhic Cnén a # ¢, do dé m =0 hay D
nam trén truc tung.



Vay AC wvubng goéc v6i BD khi va chi khi
AB? + CD* = AD? + BC.

Hé qua 1. Trong tam gidc ABC thi AH la
duong cao khi va chi khi AB?+HC?=
AC? + HB®.

Hé qua 2. Cho tif gidc 16m ABCD. Néu téng
binh phuong hai canh d6i dién cua tif gidc bing
téng binh phuong hai dudng chéo thi hai canh
d6i dién con lai cta tf gidc vudéng goc véi nhau
va nguoc lai, nghia la

AD vubng goéc véi BC khi va chi khi
AB* +CD* = AC* + BD*.

Hé qua 3. H la truc tam tam gidc ABC
khiva chi khi HA®+BC? = HB* + AC? =
HC? + AB%.

Mot s6 bai toan giai bing dinh li bén diém

Bai toan 1. Cho duong gdp khiic khép kin
AEBFCD thod man AD = AE, BE = BF, CF = CD.
Ding cdc duomg thdng EM | AB, FN 1 BC,

DP | CA. Chimg minh ring ba duong thdng
EM, FN, DP déng quy.

Nhan xét

Bai todn trén day néu xét ddy du céac truong
hop xdy ra dé ching minh theo céch thong
thuong thi rat vat va va dé thi€u sét, chéng han
khi AEBFCD I A

luc gidc 16m.
E D
H
B\\'I N

F

Chirng minh.

Goi H la giao
diém cla hai
duong wvubng goc
FN va DP (h.2).
Theo dinh li bén
diém cho B, H, C,
F vacho A H, C,
Dtacéo

Hinh 2

HB* + CF? = HC? + BF? %))

HC? + AD? = HA? + CD? )

Tir (1) va (2) c6 HB? + AD* = HA? + BF?
(vi CD = CF)

md AD = AE va BE = BF
HB? + AE? = HA? + BE?.
Do d6 theo dinh li b6n di€ém cho A, E, B,

Hta c6 EH vuéng goc v6i AB hay ba dudng
thing EM, FN, DF déng quy tai H.

Bai todn 2. Cho hinh chit nhdt ABCD.
DPuong thdng di qua D vudng géc véi duong
chéo AC cdt BC tai N.

Goi E va F lan lugt la trung diém ciia DC
va CN. Chimg minh rdng AE vudng géc véi DF.

nén

Chitng minh. A 2x B
bit DE = EC = x,
CF=FN=y AD = a-2y
BC = a. Ta ¢6 a
AB=2x,BN =q -2y,
BF=a-y (b3) N
Ap dung dinh i g
b6n diém cho A, D, D x E X C
C, N ta c6 DN vuéng Hinh 3
géc AC
< AD? + CN? = DC? + AN?
< a? +4y2 =4x® +4x% + (’a—2y)2
< 8x% = 4ay. (3)

Tacé: AD? + EF? = DE? + AF?
& at+x? +y2 = x2+4x° +(a—y)2
& 4x? =2ay @)

Tir (3) va (4) va 4p dung dinh li b6n diém cho
A,D,E, Ftac6: AE vudng gbc v6i DF.

Bai toan 3. Cho ngii gidc ABCDE vdi AB = AE,
DE =DC va ABC = AED = 90°.

Goi N la trung diém cia BC. Chitng minh
rdng AC vuéng géc véi DN.
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Chimg minh. Tacé (h4) :

NC? + AD* = NB® + AE? + ED?
= NB? + AB? + DC?
= AN? + DC?.

Theo dinh 1i b6n

diém cho A, D, C, N
ta c6 AC vudng goc
vai DN.

Chi y ring ta ©

khéng quan tim

dén ngii gidc ABCDE g
161, 16m, don hoic
khong don.

A
Hinh 4

Qua ba bai todn trén day, ta thdy viéc si
dung dinh 1li b6n diém c6 wu thé rd rét d6i voi
céc bai todn ma viéc xét tit ca cic kha nang xay
ra 12 phitc tap va dé thi€u cédc vi tri tuong d6i
cua cdc hinh (bai todn 1 va bai todn 3), ngoai ra
phuong phap nay gitp ta dinh huéng r6 rang
cdch giai bai toan (bai 2 va cic bai luyén tap).
Di nhién ta c6 thé st dung dinh li b6n diém vao
cdc bai todn chimg minh hai dudng thdng vuéng
goc, ké ca cac bai toan khi giai mdi tao thém hai
dudng thdng vuéng goc.

Mong mu6n cta tic gia sau bai viét nay la
dugc céc ban yéu todn iung dung dinh 1i bén
diém nhu 12 mot phuong phép dé gidi quyét mot
16p céc bai todn ching minh "hai dudng thing
vudng goc".

Chidc cdc ban phét hién nhi€u bai toan hay
khi sir dung phuong phdp nay.
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MOT SO BAI TOAN LUYEN TAP
Bai 1. Cho tam gidc can ABC dinh A. Goi H
1a trung diém ctia BC, D 12 hinh chiéu cta H 1én
AC. M la trung diém cta HD.
Chung minh ring AM vuéng géc véi BD.
(Thi chon hoc sinh gidi Cin Tho)
Bai 2. Tam gidic ABC c6 diém O la tam
dudng tron ngoai ti€p tam gidc, AB = AC, D la
trung diém clia AB va E la trong tim tam gi4c
ACD. Chimg minh ring OF vuéng géc véi CD.
(Thi Olympic todn Anh 1983)
Bai 3. Cho hinh vuong ABCD, I 1a diém bat
ki trén canh AB (I khic A va B). Tia DI cit tia
CB tai E. Dudng thing CI cit duong thing AE
tai M. Chitng minh ring dudng théng DE vuéng
g6c v6i dudng thing BM.

(Thi chon hoc sinh gidi TP H6 Chi Minh 93 — 94)
Bai 4. Trén canh BC cuta hinh vuéng ABCD

ta 14y doan BE = % trén canh DC kéo dai ta

14y doanCF=-B%C—. Chimg minh rdng giao

diém cta AE va BF nim trén dudng tron ngoai
ti€p hinh vuéng ABCD.
(Thi v6 dich Hungari 1951)

Bai 5. Cho ngii gidc ABCDE véi A=B =
90° ; AE = BC.Ching minh ba dudng thing di
qua ba dinh A, B, D tuong img vudng goc véi
céc canh CD, DE va AB thi dong quy.



KHI PAC BIET HOA BAI TOAN

Ching ta bt ddu tir bai todn sau.

Bai toan 1, Tinh canh huyén cia mot tam
gidc vubdng biét duong cao itng vdi canh huyén
¢6 d¢ dai bdng h va bdn kinh duong tron ngi

tiép bdng r.
Loi  gidi.
Xét  AABC A
vuong GA (1),
Goi BC = «x. c b
Ta dat AC=h, I
AB = ¢. Cin
tinh x theo h B HD X C
Vé r. Hinh 1
Ta c6 hé phuong trinh
PP+t =2 ()
be =hx (2)

b+c—x=2r (3
Te(B)cdb+c=x+2r.
Binh phuong hai v€ dugc
b? +¢? +2bc = X2 + 4r% + dxr.
Tu (1) va(2)cé: x> +2hx = x> +4r% +4xr

= hx =2r% +2rx

= 2r2
T h-2r

Dic biét hod baitoan 1 véi A = 5,r =2, tacd

Bai toan 2. Tinh canh huyén cia mot tam
gidc vudng biét duomg cao ung vdoi canh
huyén bdng Scm va bdn kinh duong tron ngi
tiép bang 2cm.

Ap dung két qua bai toin 1, ta dugc :

2.22

Y7522
vuong bing 8cm.

=8. Canh huyén cha tam giic

VU HOU BINH (Ha Néi)

Ché voi bang 1ong v6i su dac biét hoa trén.
Ta thir phat biéu bai todn 2 du6i mét dang khac,
ti mi hon :

Néu ¢6 m¢t tam gidc vuoéng c¢é duong cao
ing vdi canh huyén bdng 5cm va bdn kinh
duomg tron noi tiép bang 2cm thi tam gidc dé ¢6
canh huyén bdng 8cm.

Khi dién dat bai todn nhu trén, ndy ra mot
ciu hoi : Liéu c6 t6n tai mot tam gidc vuodng
nhu vy khéng ?

Dé tra 10i cau héi trén, ta hdy tinh ti€p cic
canh gdc vudng cia tam gidc vuong d6.

T (1) c6 b? + ¢ = 8% = 64.
T (2) ¢6 be = 5.8 = 40.
Suy ra

(h—c)* =b? +¢* ~2bc=64-80= ~16 (!).

Nhu vay khong t6n tai tam gidc vuong thoa
man gia thiét cha bai todn 2, tirc 1a khong tén tai
tam gidc vudng nao c¢6 dudng cao ung véi canh
huyén & = 5cm va béan kinh dudng tron noi ti€p
r=2cm.

Bay gi¢ chiing ta di sAu thém vé quan hé
giita h va r trong tam gidc vuong. Ta cd

Bai toan 3. Chimg minh rdng trong tam gidc
vuong ¢é duong cao vng voi canh huyén bdng h
va bdn kinh dwong tron noi tiép bdng r, ta ¢6

bdt ddng thitc 2 < h <2 +1 @)
r
Loi gidi. (h.1) Xét AABC vuong tai A c6 BC

=a, AC=b,AB=c. Tacd ah=(@+b+c)r
(cung bang 2S). Suy ra

h a+b+c¢ a+a
—= > =2.
r a a
h
- > 2.

Vay r>
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Talai c6 AH < Al +ID (I latam duong tron
noi ti€p) nén

hSr\/E+r :>—f—s 2+1.

B4t dang thirc (4) dugc chimg minh.
Ta trd lai bai todn 2.

Trong dé bai cha bai todn ndy, ta c6
-f'_—:—;—>\/§+1, vi pham quan hé¢ dugc néu

trong bét déng thic (4).

Nhu vay, khi thay céc chit bing céc s6 dé
dic biét hod bai todn, cin lwu ¥ kiém tra xem
cac s@ thay vao c6 thod min cic quan hé rang
budc gilta cdc chir trong bai todn hay khong,
hinh dugc néu trong bai todn cd ton tai hay
khong.

Dic biét hod mot bai toan ding la don gian
hon nhiéu so véi téng quédt hod bai todn dé.
Nhung... hdy than trong khi dac biét hod bai
toan !

HAY GIAI MOT BAI TOAN
THEO NHUNG CACH NHIN KHAC NHAU

3 mot ki thi todn 16p 9, trong dé ra c6 bai
todn sau : "Cho hinh chit nhdt AECF tao bdi ba
hinh vuéng bdng nhau, xép ké nhau nhu hinh 1.

On

Chimg minh ring a + f=45"".
F C

P

A E
Hinh 1

Néu biét khai thic bai todn véi nhimg géc do
khic nhau ta s& c6 nhiéu cach gidi. Dudi day
trinh bay tom tit mot s6 cdch giai véi chd y
ring cdc hinh vuéng dugc vé thém déu bing
hinh vuéng da cho.

Cdch 1. Tao tam gidc vudng can.

1.a) (h.2)
12
F K B c
A H
Hinh 2

* AAHD = ADKC = AAFB (c.g.c)
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NGUYEN MINH THONG (Vinh Phiic)

= Dy =61 =a.
« DA=DC va D =D +D>
= Ci + D2 =90°.
Vay AADC vubng can va
a+f=C+p=45"
1.b) h.3)
D

\B c
o

A

Hinh 3
. Z?l = p.
* ADAB vuong cAn nén o + B=a + B =45°.
1.c) (h.4) B ¢

45°)
A
Hinh 4 D



. =

* AADC vuong can nén ACD = 45°.

Vay a+ =45
1.d) (h.5)
B c
1
A /
D
Hinh 5
¢ 2}1 = ﬁ

« ABAD vuéng can = ABD = 45°.
*Vaya+f=« +1§1 =45°,

Cadch 2. Xét céc tam gidc déng dang.
2.a) (h.6)

AADB <« ACDA vi ADB chung va

AD J— DB —

Dodba+f=a+ DAB = D; =45°

2.b) (h.6)

D B
1 04

/

Hinh 6

O

AADB o AAKC vi ADB =AKC = 135°
. AD 2 DB

WAk~ 2 CKC
Vaya+,B=KCA+,B=45°.

Cdch 3. Xét cic ti s6 lugng gidc.

Suyra a = KCA.

3.a) (h.7)
P
o)
A K
Hinh 7

ADCK 1a hinh binh hanh nén AC céit DK tai
trung diém O cha mbi dudng.

Ta ¢6 tana =—;—= tan Ci (hoac ABDP wn»
ACKO) = a = C) (3 day 0° < a, C) < 45°).

Vay a+ f=Ci + 8 =45°.

3.b) (h.8)
D B C

Hinh 8

. tanﬂ=%=tan1§1 (hoic ACDA w»

ABOA) nén § = Bi (0° < B; Bi<45%.

Vay a+ f = a+ B =45°

Cuéi cung, cdn néi thém rdng & mbi cich
gidi trén ta con ¢6 thé néu them mot s6 101 giai
khéc nita. Khai thic cic cdch giai trén ta néu ra
bai todn téng quat sau.

"Cho hinh chit nhat tao bdi (2m +1)x(2n+1)
(v6i n > m) hinh vuong bing nhau xép ké nhau
nhu hinh vé

A1AzAz ...  Agns
B4
B,
B3
B
Bome+1
Hinh 9
Ching minh ring
OAn+m+l n-m + OA2n+lBZm+1 - 45

Bai todn ban ddu chi 1a trudng hop riéng cia
bai ndy tng véi n=1,m=0.

4



KHAI THAC MOT BAI TOAN

DAM HIEU CHIEN (THCS Trung Viuong - Ha Noi)

Dé c6 thé phaét trién kha nang tu duy va sing
tao trong viéc hoc todn va giai todn, thi viéc tim
ra két qua clia mot bai todn chua c6 thé coi 1a
két thic dugc, ma cin phai tién hanh "mé xé&",
phan tich khai thdc bai todn dé.

Nhung khai thic mot bai todn nhu th€ nao ?
Chiing ta bét ddu tir mot bai toan sau.

Bai toan 1. Tw mot diém M thuéc day BC
cua tam gidc can ABC (AB = AC), vé ME, MF
theo thir tw vuong géc véi AB, AC (E € AB,
F € AC). Chitng minh rdng téng ME + MF la
khéng doi khi M di dong trén canh BC.

Vai cach giai tom tit cia bai toan trén

bé chimg minh ME + MF 1a khong ddi, ta
c6 thé gidi theo hai huéng giai nhu sau.

1. Huémg giai thir nhat (Pac biét hoa)

Goi BH, CK la cic duong cao ciia AABC can
thi BH = CK = h khong déi.

Chon M trung véi Bthi ME =0 va MF = BH
Taco ME + MF = BH (h.1)

Tuong tu, néu M trung véi C thi ME = CK va
MF = Onén ME + MF = CK.

Ta cé cic cach giai sau. A
Cdch gidi thit nhat (C1)

V& dudng cao BH va vé

MI 1 BH (h.1).
ABME = AMBI K H
— ME =BI. E F
) B c
Tacd ME + MF = M
J
Bl +IH =BH =h. Hink 1
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o Cdch gidi thit hai (C2)

VE dudng cao BH va v€ BJ vudng goc véi
dudng thing FM (h.1).

ABME = ABMJ = ME =MJ.

Tacé ME+MF=MJ+MF=JF=BH=h.

o Cdch gidi thit ba (C3) (h.1)

V& dudng cao BH va n6i AM. Ki hiéu S la
dién tich tam gidc

Smag +Smac = Sasc

= ME.AB + MF.AC = BH.AC

= ME + MF = BH = h.

2. Hudng giai thit hai

o Cdch gidi thit tw (C4) Goi M, M' 1a hai
diém bat ki thuoc canh BC, gia sit M' ndm giita
CvaMh?2). VEME 1 AB,M'F' | AC.

Vé MI L M'E', M'T L MF

AMIM' = AM'T'M =
MI'=M1I

Ta ¢6 ME+ MF =
ET+MI'+TF

=El+MI+TF

=ME +MF.

Do M va M 1a hai
diém b4t ki thuéc BC,
nén ta két luan duoc

ME + MF 1a khong déi.

Bay gid, ta chuyén sang trong tam clia van
dé 1a khai théac bai todn trén nhu thé nao ?



Khai thac bai toan trén
Trude hét, ta viét lai gia thiét coa bai todn
nhu sau :

M e BC (D
AABC ¢6 AB = AC (2)
ME 1 AB,MF 1 AC 3)

Dé€ khai thic bai todn trén, ta c6 thé tién
hanh phan tich, "m6 xé" va bién d6i cic gid
thiét va két luan.

1. Khai thac két luan

* Theo céch giai (C1) (h.1), khi chimg minh
ABME = AMBI ta con ¢6 dugc BE = M = HF.

Do dé

AE + AF = (AB - BE)+ (AH + HF)

= AB + AH lakhong déi,

Tir d6 va két qua bai toan 1 suy ra ME + EA
+ AF + FM = ¢ khong déi.

Vay ¢6 thé ching minh chu vi uf gidc AEMF
khong déi.

* Mat khic ciing tir cdch gidi (Cl1) (h.1) ta cé

|AE - CF| =|(AB - BE) - (AC - AF)|

= |AF - BE| =|AF — HF| = AH khong déi.

Nhu vay tir gia thiét cha bai todn trén co thé
chimng minh thém dugc :

1) Chu vi tif gidc AEMF khong d6i.

2) |AE - CF| khong déi.

2. Thay déi gia thiét (1)

* Giir nguyén gia thiét (2) va (3). Kiém tra
két luan.

* Gia thiét (1) dugc thay nhu thé nao ?

Ta bo dir kién M thuoc doan thdng BC va
thay bing M thuoc dudng thang BC.

Gia sir M thudc tia IN
déi cua tia BC (h.3).

Theo cdch giai
(C2) vé BJ L MF ta
duoc MJ = ME va JF
= BH. Vay MF — ME
=MF-MJ=BH=h
khong déi.

Néu 14y M thuoc tia d6i cla tia CB ta ciing
c6 két qud ME-MF =CK =h khong d6i.
Ta c6

Bai toan 2.

Cho tam gidc ABC cdn (AB = AC). Ldy
diém M ndm trén dudng thing BC nhung
khong thuéc doan BC. Goi E, F la chdan duong
vuéng géc ha tw diém M xubng duomg thdng
AB, AC theo thir tu. Chitng minh rdng
|ME — MF| la khéng ddi.

3. Thay déi gia thiét (2)

* Gilr nguyén gia thiét (1) va (3). Kiém tra
két luan.

* Gia thiét
(2) duoc thay
nhu thé nao ?

Ta bd dir
kien  AABC
can tai dinh A.

Téng quat
hod gid thiet
(2) ta c6 AABC khong can.
Gia st AB > AC (h.4).
Theo cich giai (C1) v& MI L BH ta duogc
MI// AC va MF = IH. Ta con phai so sanh ME
va BI.

D& dang chi ra dugc AB > AC =

ABC < ACB = ABC < BMN = BN > NM
= ME < BI.

(Chi y rdng "Trong mot tam gidc, dudng cao
thudc canh 16n thi nhé thua dudng cao thudc
canh nho").

Khi M trung v6i B thi ME + MF = BH.
Vay ME + MF < BH.
Tuong tu cling c6 ME + MF > CK.

Ta c6 bét déng thic kép CK < ME + MF < BH.
Ta dan dén

Hinh 4
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Bai toan 3.

Cho tam giac ABC véi AB > AC va cdc
dwong cao BH, CK. Ldy diém M trén canh BC.
Goi E, F la chan dudng vuéng géc ha t diem M
xuéng AB, AC theo thir ty. Chimg minh rdng
CK <ME + MF < BH.

Tir d6 c6 thé dé xudt bai todn sau.

Cho tam gidc ABC véi AB > AC.Goi E, F la
chdn dudng vuéng géc ha tir diém M nao dé
thudc canh BC xuéng AB, AC theo thir ty.

Tim vi tri diém M thuéc doan BC sao cho

a) ME + MF dat gid tri nhd nhdt.

b) ME + MF dat gid tri 1n nhdt.

4. Thay déi gia thiét (3) A

e Giit nguyén gia
thiét (1) va (2). Kiém tra, £
két luan.

e Thay gia thiét (3)
nhu thé nao ?

Ta bd dir kien ©
ME 1 AB, MF 1 AC
va thay bang dir kien B o
ME|AC,  MF ]/ AB
Hinh 5
(h.5). "

Vi AEMF 1a hinh binh hanh, nén
AF = ME = BE.
Twong tu
AE = MF = FC.
Suy ra ME + MF = AF + FC = AC khong

déi.

Hon nita AE + EM + MF + AF = AB + AC
khong déi. Tir d6 ta c6 duoc

Bai toan 4.

Cho tam gidc ABC cdn (AB = AC). Ldy diém
M trén canh BC. Ké ME//AC va MF//AB véi E
thuéc AB, F thuéc AC. Chimg minh rdng

1) ME + MF la khéng déi.

2) Chu vi tir gigc AEMF khéng déi.

Céc ban hdy thir 14y bai todn 4 lam bai todn
g6c va khai thic twong ty d€ c6 cic bai
to4n khdc.

Co s6 1i luan cha phuong phéap khai thic mot
bai todn nhu trén 1a & chd thay déi dit kién cla
gia thiét hodc két luan bing phuong phip dac
biét hod, téng quét hod va phuong phap twong tu.

TU KET QUA CUA MOT BAI TOAN

Tir két qua hay hudng giai cha mot bai toan
ta c6 thé khai thic sau céc két qua va sé& tim
thém dugc cac bai todn méi. Cic bai todn nay
gitp ching ta cing c6 nhiéu kién thic, sing tao
hon trong méi bai va tim dugc méi lién he,
phuong phdp gidi d6i v6i méi dang todn. DE
minh hoa ta xudt phat tir bai toan sau.

Bai toan gac.

Cho tir gidc ABCD ndi tiép duwong tron tam
O bdn kinh R va AC vuéng géc véi BD tai T
(T khdc tam O). Chumg minh rdng 8 diém sau
day ciing ndm trén moét duong tron : trung diém
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NGUYEN NGOC NAM (Ha Tdy)

ciia cdc canh cua tir gidc va chdn cdc duong
vuéng géc ha tir T xubng cdc canh. Tinh bdn
kinh duong tron dé theo R va d (OT = d).

Loi gidi. B

Goi trung diém
cua cic canh AB, BC,
CD, DA l4an lugt 1a M,
N, P, Q thi MNPQ 1a
hinh chit nhat noi tiép

dudng tron  duodng
kinh MP hoac NQ D
(h.1). Hinh 1



Puong thing TN cit AD tai K thi
TAD + ATK = CBD + NTC = CBT + NCT =
=90° nén dé thdy TN L AD, do d6 K nim trén
duong tron duong kinh NQ. Lap luan tuong tu
v6i chan cac duong vuong goéc khéc.

Ha OE L AC; OF L BD thi AE = EC = MN ;
BF = FD = MQ. Tacé NQ* = MN? + MQ? =

= AE? + BF? = (R* - OE%) + (R* - OF?)
= 2R? - (OE? + OF*)=2R? - 0T?* =

= NQ =2R* -d>.
Vay ban kinh cla dudng tron di qua 8 diém

trén bing r = l\/2R2 —d?.

2

* Tir bai todn trén ta nhan thdy : QONT la
hinh binh hanh nén trung diém O, ctia TO déng
thoi 1a trung diém cia QN hay tam cha dudng
tron di qua M, N, P, Q chinh 1A trung diém
ciaTO.

Nhu vdy, néu T c6
dinh thi O, c6 dinh va
d =TO khong d6i nén
= %\/2R2 —d* khong
déi. Tur dé ta c6 thé dé
xudt bai todn quy tich sau
(h.2).

Bai toan 1. Cho duong tron tim O, A la
diém ¢6 dinh ndm trong duong tron (A khdc
tim 0). Géc vuong xAy ¢é hai canh cdt duong
tron (0) é B va C. Tim quy tich trung diém M
cua ddy BC khi goc vudng xAy quay quanh
diémA.

* Tir 161 giai bai todn gbc (h.1) ta cé

Hinh 2

NQ? = MN? + MQ?* = %(ACZ + BD?)

=  AC? + BD?
= 4NQ? = 8R? - 4d>. (D

Do TATC = TBID = R? - d* nén

AC? + BD? = (TA + TC)? + (TB + TD)?
= TA? +TB? +TC? +TD?* + 2TA.TC +TB.TD)
= TA? +TB? + TC? + TD? + 4(R* - d?).

Tix d6 va (1) c6 TA? + TB? + TC? + TD?

= 8R? —4d® - 4R? + 4d® = 4R? ?))

Tir két qua (1) va (2) ta c6 thém bai todn sau.

Bai toan 2. Cho duong tron tém O bdn kinh
R va mét diém T (T khdc tdam O) ndm trong
dwong tron. Chimg minh rang khi hai dday AC va
BD thay d6i nhung lubn vuéng géc véi nhau tai
T thi

1) AC? + BD? la khéng déi.

2) TA? + TB* + TC? + TD? la khéng déi.
* Khai thac thém ta c6

OM? + ON? + OP* + 0Q*=

= (Rz ——%ABZJ+(R2 —%302) +

+ [RZ —%CD2]+(R2 —%DAzj
1
2
= 4R* - 2R?* = 2R%.

Ding thitc nay khong phu thu6c vido d

mic du giao diém T c6 thé thay déi. Ta c6 bai
todn sau.

= 4R* - —(TA? +TB? + TC? + TD?)

Bai toan 3. Cho dudmg tron tim O bdn kinh
R. Hai ddy AC va BD thay déi nhung luén
vudng géc voi nhau. Chimg minh rdng tong binh
phuong khodng cdch tir diém O dén cdc ddy AB,
BC, CD, DA la khéng doi.

* Luu ¥ ring trong cic bai todn trén, hai day
AC va BD luén cit nhau tai diém ndm trong
dudng tron. Néu hai doan AC va BD khong cét
nhau ma hai dwong thdng chia hai day dé
vuong goc véi nhau tai mot di€ém T c6 dinh nidm
ngoai dudng tron thi két qua con ding khong ?

Cic ban hdy ching minh tuong tu nhu trén
dé th&y cac hé thiic (1), (2) vin diing. Ta c6 bai
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toan sau téng quit hon (khéng yéu ciu diém T
ndm bén trong dudng tron).

Bai toan 4. Cho duong tron tdm O bdn kinh
R. Hai cat tuyén AC va BD vuéng géc vdi nhau
tai mét diém T ¢6 dinh. Chitng minh rdng khi
hai cdt tuyén trén thay doi thi

1) AC? + BD? 1 khong dbi ;

2) TA? + TB? + TC? + TD? la khéng déi.
e Di sau thém ta c6 (h.1) :

(AC + BD)* = AC? + BD* +2AC.BD =

= 8R?* —4d? + 8AE.DF

= 8R? — 4d? +8\/(R? - OE*)(R? - OF?)

= 8R% - 4% + 8\R* - R2d® + OE? OF?

Néu T ¢6 dinh thi d khong d6i. Liic dé gid tri
AC + BD phu thu6c vao tich OE%.OF? nén
AC + BD 16n nhét <> OE*.OF? 16n nhit.

Ma OE? +OF? =d® néen OE>.OF* 16n
nhat < OF = OF (hay OETF I hinh vuéng).
Vay AC + BD 16n nhat khi va chi khi AC va
BD tao véi OT céc géc bing nhau va bing 45°,

Ta ¢4 bai toan 5.

Bai toan 5. Cho diém T c6 dinh trong duong
tron (O) (T khdc tam Q). Tim vi tri cua hai ddy
AB va CD di qua T va vuéng géc véi nhau dé
téng dé dai AB + CD Ioém nhat.

Cu6i cing t6i xin dé nghi cdc ban hay tim
cic 101 giai hay hon cho cédc bai toan & trén.

TU MOT BAI TOAN HINH HOC LOP 9

Trong tac phdm néi ti€ng "Giai bai todn nhu
th€ ndo ?", Polya G. cho ring : "Vi nhu dong
song nao ciing bit nguén tir nhilng con sudi
nho, méi bai todn di khé dén dau cing cé
ngudn gbc tir nhimg bai todn don gidn, cé khi
rdt quen thudc déi véi chiing ta". Vi vay, trong
qua trinh tim toi 101 giadi cdc bai toan, viéc tim
hiéu xuit xi cia ching sé€ gitip chiing ta nay
sinh ra nhimg "y chéi loi", (tir cha Polya) doi
lic con tim dugc diing chia kho4 d€ giai cac bai
todn d6. Dac biét, néu phdt hién ra bai todn cin
gidi c6 nguén gdéc tr mot bai todn trong sich
gido khoa (SGK), thi tinh hu6éng cang tré nén
thi vi hon.

Xin hdy 18y mot thi du. Cich day khong lau,
trong mot ki thi hoc sinh gidi todn 16p 9 toan
qudc, c6 bai todn hinh hoc khd khé nhu sau
(h.1).

Bai toan 1. Cho tam gidc déu ABC noi tiép
duong tron va mét diém M trén cung BC khéng

76

LE QUOC HAN (Khoa Todn, PHSP Vinh)

chita A. Goi H, L, K
lan luor la chdn
duong vuong géc ha
twr M dén BC, CA,
AB. Chitng minh hé
thirc

L_ 1 1
MH ML MK’

Céi kho cua bai
todn nay 1a cic dai lugng hinh hoc ndm & mdu
thitc, va viéc chimg minh cdc h¢ thic nhu vay
khong quen thudc d6i véi hoc sinh & béc trung
hoc co s6. Tuy nhién, bai todn nay lién quan véi
mot bai toan quen thudc trong SGK hinh hoc
16p 9.

Bai toan 2. Cho tam gidc déu ABC noi tiép
duong tron va moét diém M trén cung BC khong
chita A. Chitng minh hé thiic

MA =MB + MC

Hinh 1



Giai bai todn nay khd don gian (h.1). Trén
MA l1dy diém N sao cho MN = MB. Khi d6 hai
tam gidc MBC va NBA béng nhau nén MC =
NA.Do d6 MB + MC = MN + NA = MA.

Diéu thi vi & day la tir két qua bai todn tha
hai, dé dang suy ra két qua cla bai toin thi
nhat. That vay tir sy déng dang clia cac cip tam
gidc MHC, MKA va MHB, MLA suy ra

MHMA . . MHMA
MC === va MB=——7 (1)

Thay cic hé thic nay vao hé thic MA =
MB+ MC va rit gon, ta dugc hé thic
R
MH ML MK’

Phén tich céc bai toan trén, ta thdy gia thiét
tam gidc ABC déu phai chang la qué chat ? Lap
titc nay sinh van dé : Néu tam gidc ABC tuy y
thi s€ thu dugc két qua twong tu nhu thé€ nao ?
Lic d6 dé thdy cédc hé thic & (1) van ding, con
hé thic MA = MB + MC khong lu6n luon xay
ra, nhung theo dinh 1i Ptolemy d6i véi tir gidc
noi ti€p ABMC ta c6 hé thic .

MA.BC = MB.AC + MC.AB )

Thay cdc hé thic & (1) vao (2), ta b

BC = AC b AB va ta thu duogc bai todn sau,
MH ~ ML MK i
téng quat hon bai todn dau tién.

Bai toan 3. Cho tam gidc ABC néi tiép
duong tron va mét diém M trén cung BC khéng
chita A. Goi H, L, K la chdn dwong vuéng géc
ha twr M dén BC, CA, AB. Chiing minh hé thitcc

BC _AC , AB
MH ML MK’

Pay 1a mot bai todn da dugce ra trong mét ki
thi Olympic todn & My va 1a hé thic thie 10 da
duoc néu lén trong bai bao "Tu gidc noi ti€p va
ngoai tiép duong tron" (THTT, s6 252, thang 6
nam 1998). Cing trong bai bdo nay, t6i dé nghi
cdc ban giai ho bai toan tuong tu.

"ABCD la tir gidc noi ti€p khi va chi khi cic
chan duong vuong goc ha tir D dén BC, CA, AB
cing nim trén mot dudng thing" (Hé thirc 6).

"Rét vui vi ban Ngo Van Thai da néu ra cich gidi

khé dep cho bai toan nay (trong bai "Ban ti€p vé
diéu kién dé tt gidc noi ti€p", THTT, s6 258,
thdng 12/1998).

3 day xin néu lén mot diéu kién cén va di
khdc dé mot ut gidc 1a noi tiép.

Bai toan 4. Cho nit gidc ABCD. Goi H, L, K
ldn lugt la chan dudmg vudng géc ha tir D dén
AB, BC, CA. Chimg minh rang ti gidc ABCD
néi tiép dugc trong mét duong tron khi va
chi khi

CA_4AB BC
DK DH DL

Diéu kién cén
dugc suy ra tu bai
toan 3. Ta ching
minh diéu kién du.
Goi D' 1a giao diém
cia BD v6i duong
tron ngoai ti€p tam
gidc ABC. Khi d6
ti giic ABCD' I
tir gidc noi ti€p nén

AB  BC

N _CA

D'H DL DX
trong d6 H', L', K 14n lugt 12 chan cac dudng
vuong géc ha tir D' dén AB, BC, CA (h.2)

3

. DH" DB DL’
Matkhde 5 = D8 = DL
nén D'H' = D'B.DH waDL = D'B.DL @
DB
N . AB BC
Thay (4) vao (3) ta cé DH +—D—Z =
CADB . AB BC CA
DEDK ma DH DL =~ DK (gia thiét) nén
DB DK DM , . .2
DE - DK - DM trong d6 M la giao di€ém
cta DB véi AC. Theo tinh chét ti 1é thiic, ta ¢6 :
|pB-D'B| |DM-D'M| _ DD’ _ DD’ s
DB DM DB DM

DB > DM nén DD' = 0 suy ra D' tring v6i D.
Do d6 ABCD 1a tit gidc noi tiép.
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Dé két thiic, t6i xin tam sy véi cdc ban ring
viéc hoc tap cac kién thic trong sich gido khoa
néi chung va giai cic bai tap trong cic sich ay
1a hét sitc can thiét, vi ching chinh la nhiing con
sudi nho, gitip ching ta tao ra nhitng con song
16n, con séng sdng tao trong hoc tdp bdy gio va
phdt minh, nghién citu khoa hoc sau nay.

Moi cac ban cling tim cac bai tap trong sich
gido khoa todn & bac trung hoc co s& cé lién
quan bai todn sau day va tim loi giai cha ching.

Bai toan 5. Cho hai duong tron (O) va (0O')
cdt nhau tai A va B. Cat tuyén di qua A cdt hai
duong tron (0) va (O') tai M va N. Tim tdp hop
cdce trung diém cia MN khi cdt tuyén quay
quanh diém A.

TU BAT PANG THUC PAI SO
DEN BAI TOAN CUC TRI HINH HQOC

Ta xuét phat tir 2 b4t ding thic (BDT) dai s6
rat quen thudc sau day.
BDT 1. Vdi cdc s6 duong a, b, ¢ ¢é
(a+h+c)(—1—+l+l)29
a b ¢
Ddng thitc xdy ra khi va chi khi a = b = c.

Loi gidi

(u+b+(:)(l+l+l)—9
a b ¢

C a C 4]

a b b ¢ ¢ a
-(z+;‘2)+(:+z‘2)+(;+:‘2)

N2 N2 N2
_ (a-bh) N (h-¢) N (c—a) 0.
ab bc ac

Ding thifc ra  khi
a-b=b-c=c-a=0a=h=c

a a b b ¢ ¢
= AT [T -
1+b+'+ +1+—+ +b+1 9

xay va chi khi
BDT 2. Vdi cdc s6 duong a, b, ¢ ¢6
a b NS 3
b+c a+b 2

Ddng thitc xdy ra khi va chi khi a = b = c.

c+a
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TA TOAN - DO TIEN HAI (TP Hé Chi Minh)

Loi gidi AR -
g "b+c c+a a+b
a b ¢
= 1 1=
(b+c+ )+(cr+a+l)+(a+b+l) 3
1 1 1
= b+c _
(a+ +L)(b+c c+a+a+hj 3

H

—;—[(b +)+(c+ay+(@+h)] »

( ! + ! + ! )—3 2
b+c c¢+a a+b -

do 4p dung BDT 1.

Ding thic xay ra khi b+c=c+a=a+b
S a=b=c

C6 thé van dung hai bt ding thic trén vao
giai va sdng tao ra cdc bai toin chda bat ding
thitc hinh hoc hodc tim cuc tri hinh hoc.

Bai todn 1. Cho tam gidc déu ABC c¢é canh
bdng a. Goi duong vuéng géc tir diém M ndm
trong tam gidc dén cdc canh BC, CA, AB lin
litgt la MD, ME, MF. Xic dinh vi tri ciia M dé :

9 3
77373

1 1 1 e e 4
a) ) + ME + T3 dat gid tri nhd nhdt.
Tinh gid tri do.



1 1 1
MD+ME  ME+MF  MFimD

gid tri nho nhdt. Tinh gid tri d6.

b)

Lai gidi.
Goi h = “_*2/_3 la dudng cao cuia tam gidc déu
ABC vadat MD = x, ME = y, MF = z. Ta c6

Sasc = Smac + Smac *+ Smas

& dh=ax+ay+az < x+y+z=h
khong déi.

a) Ap dung BDT 1 ¢6

(A+y+2)(l+l+—1-)29
Xy z

L1, 1,19 6B
Xy z h a

b) Ap dung BDT 2 ¢6

(x+y+y+z+z+x) 1 + L + ! >9
yryrata X+y y+z z+x)
I B L9 33
x+y y+z z+x 2h a

Trong c2 hai trudng hop ding thic xay ra khi
va chi khi x = y = z, ldc d6 M 1a tm cha AABC.

Bai toan 2. Goi H la truc tam cua tam gidc
ABC ¢6 ba géc nhon véi ba duomg cao
AA,, BB,, CC,. Ching minh rang

A BB CC g
HA,  HB, HC,~
by HAL HB  HC, 3

HA HB HC 2
Ddng thitc xdy ra khi nao ?
Loi gidi. Goi dién tich cdc tam gidc ABC,
HBC, HAC, HAB lan luot 1a S, S;,S,,S; thi
§S=8+8,+8;.

< HA,  § HB, S
a) Dé vy - 1 _ X1 . 1 _ Y2 .
a) Dé thay A4, S ' BB "S
HC, _ &
cc, S

HA, HB, HC
Do d6 : ——2 1 L1
0 dé AA,+BBI+CC| 1
] AA, BB, CC
Ap dung BDT | 1 ! L>9.
p dung Qe w4,V HB, T HC, 20
Déng thic xay ra khi vd chi khi
HA, HB, HC, 1 S
= = = & = = = —
AA, BB, CC, 3 Si=5h=5%=7

lic d6 H vira 1a truc tAm, vira la trong tAm cia
AABC nén ABC la tam gidc déu.
. HA _§
b) Tir A4, =3 cé
HA,  HA §  §
HA ~ AA -HA, S-S5 5, +5°

HB, S, HC, S,
HB S +S° HC S§+8,°

Tuong tu :

HA HB, HC 3
HA  HB HC 2

Lap luan nhu trén ding thitc xay ra khi va
chi khi AABC 1a tam gidc déu.

Bai toan 3. Xét tam gidc ABC ¢6 ba géc
nhon néi tiép duong tron (0) véi ba duong cao
AA,, BB,, CC, ldn lugt cdt duong tron (O) ldn
nita tai D,E, F. Xic dinh dang cia tam gidc
ABC sao cho :

Ap dung BDT 2 ¢6

B -

) 32‘1 - gB: + ig: dat gid tri nhd nhat.
Tinh gid tri do.

AA, BB, CC, L i )

®) AD  BE ' CF dat gia tri nho nhat.

Tinh gid tri do.

Huéng ddn gidi

Goi H 1a tryc tam cua AABC. Dé dang
ching minh dugc HA, = DA, ; HB, =EB, ;
HC, = FC,.

a) Ap dung bai todn 2. Téng dang xét dat gid
tri nho nhét 12 9 khi AABC 1a tam gidc déu.
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AD BE CF
AA, " BB, " CC,

b)

HA,

AA1+1+

=1+

BB,
AA, N BB, CC, S 9
AD BE CF 4

Déng thitc x4y ra khi AABC 1a tam gic déu.

Bai toan 4. Trong cdc tam gidc ngoai tiép
duong tron tdm Q bdn kinh r, hdy xdc dinh dang
ciia tam gidc sao cho téng d6 dai ba dwong cao
dat gid tri nhd nhat. Tinh gid tri dé.

Loi gidi. Goi h,, hy,h. la 40 dai cic dudng
cao tuong ung v6i cdc canh a, b, ¢ cla tam giac
ABC ngoai ti€p dudng tron (0). Lap luan tuong

suy ra

Telon

4
hh

tu bai todn 2 dugc : —
htl

I

h.
Ap dung BPT 1 ¢6 :

h,+h, +h. =(h, +h +h) i+—1~+i r>9r

u h ¢ — \% (] < p hb h(‘ =7

Déng thic xdy ra khi h,=h, =h =3r,
h, + hy + h, =9r, liic 46 AABC 12 tam gidc déu.

Bai toan 5. Cho tam gidc ABC va M la diém
ndm trong tam gidc. Ké AM, BM, CM cdt cdc
canh BC, CA, AB ldn lut tai A, B,, C,. Xic
dinh vi tri cua diém M dé
A4 BB CC
MA, T MB, " MC,
Tinh gid tri do.
MA MB MC
MA, MB, MC,
Tinh gid tri do.

Hudng ddn gidgi. Goi dién tich céc tam gidc
ABC, MBC, MAC, MAB ldn luct 12 S, S,. S,, S,
thi S =8, +85, +5,.

dat gid tri nho nhat.

a)

b)

dat gid tri nhd nhdt.
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a) Lap luan twong tr bai todn 2 co

AA, BB, CC,
+ >9.
MA,  MB, MC,
2 . 9 . S 4
biang thic xay ra khi S,=SZ=S3=§, lic
dé M la trong tam AABC.
AA . MA  AA
b) Dat m—x thi MA]_M_A]_ =
x—1
MB BB
T S o =y
wong tu MB, ~ MB, I=y-1,
MC  CC,
—— =——-1=z-1
MC, MC,
.11
Tacdt —+—+—=1 < xy+ yz+z2x = xyz.
Xy z
MA MB MC
Trdéd ——————=(-Dy-1)(z-
ir dé Ma, MB, MC, (x-Dy-D-1)

= xyz—-(xy+yz+z0)+x+y+z-l=x+y+z-1

= (x+y+z)(l+—]—+l)—129—l = 8.
Xy z

Déng thitc xdy rakhix =y =z, lic d6 M Ia
trong tam cta AABC. (DPay la cach chiing minh
khdc cua bai T5/252 c6 1oi gidi & s6 256
(10.1998)).

Bai tap tu luyén. Cho tam gidc ABC véi cac
phan gidc AA,,BB,,CC,. Goi a;,b;,¢; lan luot
la cédc khoang cich tr A, dén AB,B;, dén
BC,C, dén CA. Goi h,,h,,h. 1an luot 1a do dai
ba dudng cao cla tam giic ké tir A, B, C. Ching
minh ring
a b o«

3
it TG Wt
n, o h h 2

u



NHAN XET LOI GIAI BAI TOAN NHU THE NAO ?

Hoc toan nhu thé nao, d6 1a van dé kha rong.
Trong bai ndy, xin ban vé mot khia canh. D6i
véi 101 gidi cia mot bai todn c6 ba yéu clu
mang tinh chat bit budc la :

— Loi giai khong c6 sai 1am.

— Lap luan phai c6 can cir.

— Loi giai phai ddy da, khong thi€u, khong
thira.

B6n yéu cdu sau dayciing rit quan trong déi
v6i viéc rén luyén tu duy logic, phuong phép
hoc todn thong minh, sang tao :

— Loi giai cdn ngdn gon, don gian, hay nhat.

-- Loi gidi phai rd rang, séng sua va hop li ca
vé€ noi dung 14n hinh thic trinh bay.

— Cén biét gidi thich con dudong dan dén 1oi
giai, lam cho 16i giai dé hiéu, nhat 12 khi trinh
bay miéng 10i giai.

— Biét cich nhan xét, khai quat hoa 10i giai, mé
rong bai todn, phat hién thém céc bai todn méi.

Trong bai ndy chiing t6i muén trao déi cliing
céc ban vé yéu cdu phai biét nhan xét, khdi quat
hod 16 giai, m& rong bai todn va phat hién thém
cic bai todn méi.

Chung ta bat ddu tir bai toan 1 (h.1).

Bai toan 1. Cho hinh vuéng ABCD. T la m¢t
diém bdt ki & trén canh AB (T khdc A va B). Tia
DT cdt tia CB tai E. Puong thdng CT cdt duong
thing AE tai M.

Chitng minh rdng duong thdng DE vudng
go¢ véi duomg thdng BM.

(D& thi chon hoc sinh giodi
Tp H6 Chi Minh, vong 2, 1993 - 1994)

Lot gidi

Trén tia d6i cta tia AB 14y diém J sao cho
AJ = BE (h.1). AE cit JC tai H vacit JD tai N.

6.TUYEN CHON..TH&TT (QUYEN 3)-A

NGUYEN VAN VINH (PHSP TP Ho Chi Minh)

Ta céd
AEBA = AJAD (c.gc) = JAN+AJN =
EAB+AEB=90° = AE 1 DJ.
Tacé: AJBC = AECD (c.g.c)
—CEK+ECK =BJC+ECK =90° = JC | DE
E

MA\NCE
T

D C

Hinh 1

Vay H la truc tam cua tam giac DEJ. Dé thdy

T 1a tryc tdm cua tam gidic CEJ, do d6 dudng
thdng CM vuéng géc voi dudng thang JE.

CM L JE

= CM song song v6i DH.
DH 1 JE

Tam giac EDH ¢6 TM // DH, suy ra
ME TE |
WH - TD (hH

Tam gidc ECD c¢6 TB // DC, suy ra
BE TE

BC 1D o
N R ME _ BE
Tur (1) va (2) suy ra MH - BC =>BM//CH.
BM [/CH
= BM | DE (dpcm).
CH 1 DE

Sau khi giai xong bai todn 1, ta c6 nhan xét :
Véi T 1a diém bt ki 14y trén canh AB (T khéac A
va B), ta luon luén nhan dugc két qua la BM
vuong géc véi DE. Néi cach khic, néu hinh
vudng ABCD c6 dinh, diém T di d6ng trén canh
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AB (T khéc A va B) thi BFD = 90°, hay la diém
F chay trén duong tron duong kinh BD (chua
xét gidi han). Véi cich nhin nhan nhu vay,
ching ta di tGi bai todn sau.

Bai toan 2. Cho hinh vuéng ABCD c¢d& dinh.
Ldy diém T trén canh AB (T khdc A va B). Tia
DT cdt tia CB tai E. Duong thdng CT cdt duong
thdng AE tai M. Puong thdng BM cdt duong
thdng DE tai F.

Tim quy tich diém F khi diém T di dong trén
canh AB.

Tir 101 giai bai todn 1 ta thdy quy tich cia
diém F 12 mot phdn tu dudng tron dudng kinh
BD chin cung AB, loai trix cic diém A va B.

Sau khi gidi xong Bai todn 2, chic céc ban s&
tu hoi :

Khi diém T trén canh AB thi BFD = 90°.

Néu T 12 mot diém b4t ki trén tia AB (T khéc
A) thi két qua con ding hay khong ?

Cau tra 16 1a két qua vAn con diing. Va din
dén bai todn sau.

Bai toan 3. Cho hinh vuéng ABCD c¢¢6 dinh.
Ldy diém T trén tia AB (T khdc A). Tia DT cdt
tia CB tai E. Puong thdng CT cdt duong thdng
AE tai M. Duong thdng BM cdt duomg thang DE
tai F.

Tim quy tich diém F khi diém T di déng trén
tia AB.

Trong trudng hop diém B nim giita hai diém
A va T, c4c ban chi viéc chon diém J trén canh
AB sao cho AJ = BE. Sau d6, ching minh tuong
tv nhu bai todn 1 sé nhan dugc két qua
BFD = 90°.

Quy tich la nira duong tron duong kinh AC
b6 diém A va C.

Viéc chuyén tir bai todn 1 sang céc bai todn 2
va bai todn 3 s& duogc dinh hinh ngay, néu nhu
céc ban sir dung phuong phdp toa do dé giai bai
todn 1.

That vay, chon hé truc toa do nhu sau : Truc
DC la truc hoanh, truc DA 1a truc tung.
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Dé cho gon ta chon don vi 1 = DC = DA.
bat CDE = m°.

Ta c¢6, trong hé toa do da chon, cic diém
AQ©;1),B(1;1),C(1;0),D(0;0),E(1;tan m°),
T (cotm®; 1);

Khi d6 phuong trinh dudng thing AE 13

y-1 _x-0
tanm® -1 1-0

hayla: y = (tanm® - 1)x + 1.
Phuong trinh duong thing CT 1a:
y—-1_ x-cotm®

0-1 1-cotm®
x -1

hay la : y=

cotm® —1

Tir d6 suy ra giao diém M cla cdc dudng
thing AE va CT c6 toa do

cot m®

X =
cotm® +tanm® —1
1-tan m®

" (cotm® —1)(cotm® +tanm® —1)

Viét phuong trinh dudng thing BM, ta suy
radugc dudong thing BM c6 hé s6 géc

k= —cotm®,

DPuong thing DE c6 he s6 goc 1a tanm®.

Tit d6 suy ra : duong thdng DE vubng géc
v6i dudng thing BM. St dung phuong phdp toa
do gidi bdi todn 1, ban cé thé nhan xét ngay
dugc : géc CDE =m°® c¢6 thé dugc xdc dinh
mot cdch tuy ¥ chi cdn m® khdc véi 90° va 0°
(dé tanm® va cotm® xdc dinh) ta vin c6 hai
duong thing DE va BM vuong goc vdi nhau.

Ching ta di t6i

Bai toan 4. Cho hinh vuéng ABCD c¢6 dinh.
Ldy diém T trén duong thdng AB (T khdc A).
Duong thdng DT cdt duong thdng CB tai E.
Puong thdng CT cdt duong thdng AE tai M.
Puong thdng BM cdt duong thdng DE tai F.

Tim quy tich ciia diém F khi diém T di déng
trén dwomg thdng AB.



Bay gi¢ ching ta xét bai todn duéi mot géc
do khéc (h.2).

T

O

Hinh 2

Xét mot vi trf cha diém T trén tia d6i cda tia
AB. Néu xem BD la phan gidc clia gbc vuobng
TBE cla tam gidc TBE, con BF la dudng cao
thudc canh huyén, chiing ta di téi

Bai toan 5. Cho tam gidc TBE (B = 90°).
Vé duong phdn gidac BD va duong cao BF. T D
dung DA va DC theo thir tu vubng géc vdi canh
TB va canh BE (A trén TB va C trén BE).

Chitng minh rdng cdc duong thdng TC, AE
va BF cdt nhau tai mot diém.

Céc bai todn 2, 3, 4, 5 tuong ty v6i bai todn 1.
Viéc gidi bai todn 1 c6 thé gidp ching ta giai
cdc bai toan khic tuong tu v6i nd.

Nha su pham va 1a nha todn hoc néi tiéng
nguoi My (g6c Hungari) Polya c¢6 nhan xét :
“Trong todn hoc so cap ciing nhu trong toan hoc
cao cép, phép tuong ty c6 1€ 1a c6 mat trong moi
phat minh. Trong moét s6 phat minh phép tuong
ty chiém vai tro quan trong hon ca".

Con d6i v6i nha thién vin tai ba Kepler
(nguoi Dirc), ngudi da phat minh ra ba dinh luat
néi tiéng trong thién vin hoc mang tén
Kepler thi : "Toi vo cliing biét on cic phép tuong tu,
nhiing nguoi thdy déng tin cay nhat cia t6i. Cic
phép tuong tw da gidp t6i kham phd ra cic bi
mat cua tu nhién, da gilp toi vugt qua dugc moi
trd ngai'.

Qua trinh khdi quat hod dua trén sy van dung
phép tuong t gén lién véi "phong thi nghiem”
cta tu duy sdng tao. C6 thé néi, d6 la mot trong
nhiing phuong tién quan trong nh4t cla viéc tu
gido duc, tic 1a viec md rong va dao sau kién
thic di cé.

Phuong phédp hoc tap khoa hoc nay, doi hoi
su nd luc clia ban than céac ban, trén co s§ da
nidm ving cic phuong phdp, dudng 16i giai
nhiing bai toan da co.

PHUONG PHAP DIEN TICH

Caic ban déu rat quen thudc cong thic tinh
dién tich S clia mot tam gidc ABC véi BC = a,
CA = b, dudng cao AH = ha nhu sau :

1 |
Ea.ha = EabsmC.

Pic biét néu tam gidc 12 tam gidc déu canh a
thi

S =

a’\3
T

Tir cc cong thic rat don gian d6 ching ta ¢
thé giai mot s6 bai todn khé.

S =

NGO THE PHIET (Pa Néng)

L. Tinh ti s6 hinh hoc

ABC. Trén cac
canh BC, CA va AB ciia tam gidc lan lugt ldy

Bai toan 1. Cho tam gidc

cde diém A}, B,,C, sao cho cdc duomg thazng
AA,, BB,, CC, déng quy tai P.
a) Chitng minh rdng

Sagp _ AB, .
Secp BiC
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b) Chitg minh dinh li Céva :
AC, BA, CB, _
CB AC BA
Loi gidi. a) Ha AA, | BB, va CC, 1 BB,
(h.1). Tacd
2SBCP = BP.CCZ-
Vay Sase _ A4y '
" Sper CGy
Mat khic AAB, A, dong dang véi ACB,C, nén
AB, A

Tiu day suy ra

Sape = i\_l_i‘]_ () Cq
Spgcp  BC
b) Ching minh Aq c
tuong tu duge Hinh 1
Sace _ CA s Ssce _ BC
Ak = L9y vy ZBLE - 71 (3
Sap AB Sace  C/A
Nhan theo timg vé& cua (1), (2) va (3) tasuy ra
AC, BA CB _
CB"AC BA

II. Ching minh hai dai lugng hinh hoc
bing nhau

Bai todn 2. Cho tam gidc ABC ¢ canh
BC=a, AC= b va AB = ¢, cdc duong cao ti
dinh A, B, C twong iing la h,,h, va h.. Goi S la
dién tich var la bdn kinh duong tron néi tiép.
Chitng minh rdng

a) S ==—;—(a+b+c)r

1111
b) — 4=,
R R

Loi gidi
a) Goi / 12 tam duong tron noi ti€p AABC .
Tacéo:
S=Sus+Spic +Scia

= 2S=cr+ar+br=(a+b+0)r “)
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b) Tir (4) suy ra

2r—S=a+b+c (5)
Mat khic ta c6
L 28, 28 28
“h T T
nén a+hb+c=28 L+i+i 6)

"k, T h, R
So sdnh (5) va (6) ta cb
1 1 1 28
25{a ) @

Riit gon 2S & hai vé& chia (7) ta c6 hé thirc
phai ching minh.

III. Chitng minh bat ding thitc hinh hoc

Bai toan 3. Cho tam gidc ABC va diém O
bén trong tam gidc. Pdt BC = a, CA = b, AB =
¢. Goi cdc khodng cdch tr O dén tam giac la
OM = d,, ON =d,, OP =d_, va khodng cdch
tr O dén cich dinh A, B, C la OA=R,,
OB =R,, OC = R.. Chimg minh rdng

a)aR,>cd, +bd,

b)R,+R,+R.22(d, +d, +d.)

(Bdt ddng thitc Erdis)

(D€ 48 cau II ~ bo dé thi Tuyén sinh DH)

Loi gidi

1) Ha BK va
CL vubng géc
v6i A0 (h.2). N
biat a, =BK va
a, =CL

a+a,<a Vi

ta coé

canh géc vudng
phdi nhé hon
canh huyén)

a.R,
= Sa08 +Saoc S 5
cd, bd, aR,
+ <
2 2 2
= a.R, 2 bdy, +cd,. 8)




2) Bay gio ta
ldy diém O' d6i
xing véi O qua
phan gidc gbc
BAC (h.3). Tacé :
O'A=0A=R,
vai OP=0'N],
ON=0'P'.

Vay 4p dung cong thic (1) cho O' ta cb
a.R, 2 bd,. +cd,

Hinh 3

bd, d
suyra R, >—¢ 4+t 9)
da a

Twong tu c6

ad. «od
R, _~——l;—‘—+——;)—‘-‘— (10)

o s, b,
©“T ¢ ¢

1n

Cong theo timg vé& cha (9), (10) va (11) ta
duoc

R, +R, +R.

a b a ¢ b ¢
>P— 4 = e — 4
_(b + a)d(. +(C + a)d,, +(C +b)da.

Ap dung bat ding thicc quen thudc véi cic s6

2ids
duong x, y 1a y+x_2

suyra R, + R, + R, 22(d, +d, +d,).

s . . b
Dau dang thirc xay ra khi %= ot

a C
C a

%, nghia 12 xdy ra khi va chi khi
= b = ¢, hay khi AABC déu.

Dén day cic ban da lam quen véi phuong
phdp dién tich. Cdc ban hay bt tay vao viéc giai
cic bai toan sau day.

b
¢
a

BAI TAP TU GIAI

Bai 1. Cho tam gidc ABC va diém O ndm
trong tam gidc. T O dung cdc dudng thing DE,
FK, MN tuong dng song song véi AB, AC, BC
sao cho F, M nim trén AB ; E, K ndm trén BC ;
N, D ndm trén AC. Chitng minh ring

AF BM CN _
AB " BC " CA
Bai 2. Cho tam gidc ABC déu. L4y diém P
tuy y trong AABC. Tit O ha céc dudng vudng
géc PD, PE, PF 14n luot tGi cac canh BC, CA,
AB. Tinh ti s6

1.

PB + PE + PF
BD + CE + AF’

Bai 3. Goi r,,n,r. 1a ban kinh céic dudng
tron bang ti€p cia AABC tuong ung véi céc goc
A, B, C va r 1a ban kinh dudng tron néi ti€p ciua
tam gidc d6.

a) Ching minh ring S = pr = (p - a)r,.

1 1 1

b) Ching minh réng rl+—+—=—.

a y3 r. r

Bai 4. Cho tam giic ABC c¢6 ba géc nhon.
Goi H 1a tryc tam cua AABC. Chan cic dudng
cao ké tir A, B, C theo tht tr 1a A, B,,C;.
Ching minh ring

AH BH CH

2 0.
aH BH T CH®

Véi tam gidc nao thi x4y ra d4u déng thic ?
(D& 144 ciu V — Bo dé thi wyén sinh DH)
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GIAI PUQC BAI TOAN CHUA HAN LA KET THUC

Tim duoc 101 giai moét bai todn thi that sung
suéng nhung néu qud vui ma dimg lai dé toa
hudng thi that 12 ddng ti€c vi con biét bao diéu
mdi la vin con 4n d4u trong d6. Néu ta biét khai
thac bai todn vira gidi bing céch xét céc trudng
hop tuong tu, khdi quét hod thi chic chén sé&
kham ph4 dugc nhiing bai todn méi thd vi. Xin
bat ddu tir bai toan don gian dudi day.

Bai toan 1. Cho tam gidc ABC. Goi M la
mét diém nao dé thuéc canh BC. Ldy cdc diém
D trén AC va E trén AB sao cho MDI//AB va
ME//AC (néu M trung B thi ldy D tring A, néu
M tring C thi ldy E trung A). Gid su dién tich
cdc tam giGe MBE va MCD la Sygp = ¢2,
Sycep = b2. Chitng minh rdng

2
Sapc=(b+¢) A (1)
Loi gidi. Dat Sypc = x°.

Trén hinh 1 dé thdy AMBE > ACBA nén
¢« _MB
x BC’
b MC

AMCD v ABCA nén ; = B_C

Tiur doé =l=>x=b+c

b+c¢ MB+MC
x BC
= 2 = 32

hay \/ Sasc = \/SMCD + \/SMBE'

Tir két qua bai todn 1 suy ra ngay Syppe = 2bc.
Dé thay két qua trén van ding khi M trang véi B
(¢ = 0) hoac M tring véi C (b = 0).

Bai todn da giai xong. Nhung néu suy nghi
thém s& xuét hién cau hdi : Néu M' ndm trén
dudng théng BC nhung khong thuoc doan BC,
ching han M' thuéc tia d6i cla tia BC thi dién
tich céc tam gidc ABC, M'BE', M'CD' lién hé véi
nhau theo hé thitc nao ?
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DANG VAN BIEU
(GV THCS Péng Du, Gia Ldm, Ha Néi)

Dung hinh
binh hanh M'E'BF
(h.l) thi SM'BF =
SM'BE' = 6'2. Dat

2
Sucp = b Ap
dung két qua BT 1
coi diém B
thuoccanh M'C
cia AD'M'C thi
b= x + ¢ =
SABC =X2 = (b - (,')2.

Tuong tu khi M thudc tia d6i cia tia CB thi

Sapc=(c —h)~. Taco

Hinh 1

Bai toan 2. Vi gid thiét nhu bai todn 1, chi
khdc la diém M ndm trén dwomg thdng BC
nhung khong thudc doan BC thi

Sipe = (=) 2

Ta lai xét néu diém M ndm bén trong AABC
thi s€ c6 hé thitc gi gilta dién tich cdc tam gidc
tao thanh bdi cdc duong thing qua M ma song
song véi cic canh cia AABC ?

Bai toan 3. Qua diém M ndm trong AABC ké

cde duomg thdng DK I/ AB, EF I/ AC, PQ I/ BC
(D va Q thuéc AC, E va P thupc AB, K va F

thuoc BC). Gid sit Sypg =¢*, Syop = b,

Sukr = a®. Tinh Sapc theoa, b, c.

Loi gidi. (h.2)

Cach 1. Ap
dung két qua BT 1
tacod

Sapg =(b+c),

Sger =(C+ a)2,

SDKC = (a +b)2.



Dé thdy

Sapc = Sapg * Sper + Spkc —

~Supe ~Smop — Smkr

= (b+¢)? +(c+a) +(a+h)* —c? —b* -d?
= (a+b+c)

Ngoai ra c6

Saemp = 2bc, Spxmp = 2¢a,

SCQMF = 2ah.

He thic S,z- =(a+b+c)* (3) that dep,
phai khong cdc ban !

Khi M thudc canh BC thi a = 0, va ta thdy lai
két qua bai todn 1.

Cdch 2. D3t S p0 = X%

Tir AMKF o> AMBC c6 55 =2
BC «x
ADMQ v AABC ¢6 M—Q=£
BC «x
MP ¢
AE 5 — = —,
PM » AABC cb BC = >

Tir cdc ding thitc trén ta cé

at+b+c KF+MQ+ MP
X - BC

_KF+FC+BK _
=—%c -

1

2> x=a+b+c
hay SABC :(a+b+C)2.

Con M ndm ngoadi AABC nhu & hinh 3 thi
sao ?

Truong hop M thude géc xAy

Stir dung ki hiéu va 1ap luan tuong ty cich 2
161 giai BT 3 ta thay (h.3) cic tam gidc MKF,
EPM, DMQ déu dong dang v6i AABC nén c6
a KF ¢ _MP b MQ . .
xBCC xBC K BCT M O®
a-b-c KF-MQ-MP KF-CF-KB

x BC - BC B

> x=a-b-c

1

Vay Supc =(a—b-c)*. Khi M thuoc Ax

hodc thu¢c Ay thi » = 0 hoac ¢ = O ta thdy lai
két qua bai todn 2.

Hinh 3

Truong hop M' thuéc géc BAC nhung ndm

. ngoai AABC

Lap luén tuong tu nhu trén ta ¢6 (h.3)
Sapc = x* = (b +c¢—a)?

Khi M thudc canh BC thi a = 0, ta thdy lai
két qud bai todn 1.

Khi M ndm ngoai AABC ma & cidc mién khic
hai truong hop trén ta ciing c6 cic hé thic tuong
ty. Ta da ching minh duoc bai todn sau.

Bai toan 4. Cho diém M ndm ngoai AABC,
M thuéc géc BAC hodc géc déi dinh cua géc
BAC. Qua M ké cdc dwong thdng DKI/AB,
EF//AC, PQI/BC (D va Q thuéc duong
thdng AC, E va P thuéc duong thdng AB, K va
F thugc duong thdng BC). Gid sit Sypp = ¢,
SMQD = bz, SMKF = (12, thé'thi SABC =(h+c —a)z.

Tém lai tir bai todn 1 kh4 don gian ta din
dén xét cdc bai toan 3 va 4 t6ng quét hon, xét
du céc vi tri tuong d6i cua M d6i v6i tam gidc
ABC. Céc ban hay thir giai bai todn duéi day roi
tim ra nhitg bai todn méi t6ng quét hon.

Bai toan. Cho tam gidc ABC. Goi M 1a moét
di€ém nao d6 thuoc canh BC. Ldy cic diém D
tréen AC va E trén AB sao cho MD//AB va
ME//AC. Chiing minh rdng

BA CA
Sasc = gE-SMBE + _C'B'SMCD
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THAY POI PIEU KIEN THU YEU TRONG BAI TOAN
HINH HOC

Khi nghién citu ki ching minh cédc bai todn
hinh hoc ta thdy mot s6 diéu kién 12 thiét yéu,
con mot s6 diéu kién khac dong vai trd thit yéu,
khong c6 anh hudng 16n dén phuong phép giai.
Néu thay doi diéu kién thit yéu nay ta s& hiéu
thuc chdt méi lién hé giita gia thiét va két luan,
tir d6 s€ din dén bai todn téng qudt hon. Xin
minh hoa diéu trén qua céc bai toan dudi day.

Bai toan 1. Cho hinh vuéng ABCD. Ldy
diém M trén canh BC. Puong thing AM cdt
ducmg thang CD tai P. Dwong thing EF vuéng
g6c voi AM trong dé E, F tuwong itng ndm trén
AB, CD. Duong phdn gidc ciua géc DAM cat
CD tai K. Chitng minh rang

a) EF = BM + DK

1 1 1

b) = + .
AM?  AP?

AB?
Loi gidi (h.1)

A E B
M\
N DF K C P
Hinh 1

a) Ké AN 1L AM, cét dudng thang CD tai N
thi ANFE 1a hinh binh hanh nén EF = AN (1)

Ta c6 DAN = BAM, AD = AB, ADN = ABM

= 90° nén AADN = AABM = BM = ND,
AN = AM (2)

Mat khic c6 NAK = KAD + DAN =
KAM + BAM - KAB = AKN nén NA = NK (3)
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NGUYEN pUC TAN
(GV TP. H6 Chi Minh)

Két hop (1) 2) 3)tacd EF = AN =NK =
ND + DK = BM + DK.

b) Ta cé6 NAP =90°. Trong ANAP vubng tai
A v6i dudng cao AD ta cd
1 1 1
2= T2t
AD* AN’ AP

Tir d6 va (2) suy ra 12 = 12 + 12.
AB AM AP
Nhdn xét. Diéu miu chét trong dudong 16i
giai trén 14 v& thém AADN dé c6 AADN =
AABM. Néu & dé bai thay diéu kién ABCD nr
hinh vuéng tro thanh hinh chit nhat (h.2) thi
trong 101 gidi s€ c6 AADN v AABM =
AN DN _AD

W_W_Ezt (t>0). Luc d6 ta cod

A E B
“"\
N D K F cC P
Hinh 2

a) EF=AN=NK=ND+ DK =t.BM+ DK
1 1 |
TS
AD AN AP

b)

1 1 t?

I B
AB AM AP

Ta c6 bai todn téng quat hon bai toin 1
nhu sau.

Bai toan 2. Cho hinh chit nhdt ABCD véi
AD = tAB (t > 0). Ldy diém M trén canh BC.
Duong thdng AM cdt duong thdng CD tai P.

suy ra



Duong thing EF vudng goc véi AM trong dé E,
F tuong img nam trén AB, CD. Puong
phdn gide cia géc DAM cdt CD tai K. Chimg
minh rdng

a) EF =t.BM + DK

1 1 12
R R
AB AM AP

b)

Bai to4n 3. Cho géc xPy = 120° va diém A
ndm trén tia Px. Dung tam gidc déu ABC sao
cho B thuéc tia Py va C thudc tia phdn gidc cua
go¢ xPy. Goi Q la giao diém ciia AB va PC.
Chitng minh rdng :

1 1 1
—= e —,
PQ PA PB
Loi gigi. L4y diém

D trén tia d6i cua tia
Py sao cho PD = PA
(h.3). Do APD = Py =
60° nén AAPD la déu
= PD =PA=AD (4)

Hinh 3

Tacé P) =Py = ;’3 = 60°. Trong AABD cb
PQ// DA nén theo DL Thales thi
PB DB PB+PD PB PD

PO DA DA DA DA

1 1 PD
~ PQ DA ' DAPB )
Tﬁ:(4),(5)cc’>i—1 ! ©6)

PO PA PB

Nhdn xét. Diéu mau ch6t trong dudng 16i
gidi trén 12 vé them AAPD déu dé c6 PQ // AD.
Néu thay diéu kién géc xPy tir 120° tr& thanh o
(0° < o, 180%, thi géc P = APD = 180° - o
khong déi. Diéu kién AABC déu cho phép xéc
dinh duoc di€ém C khi biét diém B trén tia Py,
lic d6 khong cin yéu cdu diém C thudc tia phan
gidc cua goéc xPy.

Ta xét hai trudng hop md réng bai todn 3.

a) Gia st diém C nim bén trong goc xPy
(h.3). Ké AD // PC cét duong thing PB tai D.

Goi AH, DK 14n luot 1a dudng cao cua AAPD
(c6 thé khong déu) thi :

PAsinP = AH = DAsinP, = DAsin(a - P)) (7)

PDsin P, = DK = DAsin PAD = DAsm P, (8)

Vi PQ // AD nén vén c6 (5). Thay (7), (8)
_1__ _ sin(a — B) sin Py
vao () duee 55 = “pasinp ' PBsing )

Trudng hop riéng cia hé thic (9) 1a he thic
(6) khi o= 120°va P, = B, = P} = 60°.

Khi cho a = 90° hé thiic (9) trd thanh
L _ cOs P2 sin P2
PQ PA PB

b) Ta xét xem khi xPy = o thi diém C nim

trén dudng ndo ? Dung bon tam gidc déu ABC
va ABC', PAE va PAE', thi diém E, E' c6 dinh

(h.4). Ta c6 AC = AB = AC', EAC = PAB=
E'AC', AE = AP = AE' nén AAEC = AAPB =
AAE'C'. Tix d6 AEC = APB = AE'C' =q.

Hinh 4

Nhu vay khi AABC va AABC' 1a déu con B
chay trén tia Py thi diém C chay trén tia Et va
diém C chay trén tia Et va diém E' chay trén tia
E't. (Céc ban tu chiing minh phén dao).

Ta c6 bai todn téng quéit hon bai toin 3
nhu sau.

Bai todn 4. Cho géc xPy = a (0° < a <
180°) va diém A ndm trén tia Px. Dungt am gidc

déu ABC sao cho B thuéc tia Py. Goi Q la giao
diém cia AB va PC.
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a) Vdi C la diém ndm trong géc xPy, chimg
minh rdng
sinm 3 sinl?FE‘ N sin APC
PQ  PA PB

b) Tim quy tich cia diém C khi diém B di
dong trén tia Py.

Cic ban hdy thir thay déi diéu kién thir yéu
trong bai todn hinh hoc n3o d6 d€ séng tao ra
bai todn méi.

UNG DUNG CUA MOT HE THUC VE TI SO DIEN TiCH

Trong bai viét ndy, ching ta s& dé cap dén
mot ing dung cha mot hé thitc hinh hoc xuit
phit tr cong thic tinh dién tich Sup- =
%AB.AC. sin A va dugc phat biéu nhu sau.

Néu mot dudng thing cét hai canh AB, AC

cua tam gidc ABC tai B, C' thi

Sap'c’ _ AB'.AC'
Sapc _ AB.AC

Viéc chimg minh hé thic (1) khéd dé dang va
xin nhuong cho ban doc. Duégi day théng qua
mot s6 bai todn, ching t6i muén chi ra ring sir
dung heé thic (1) c6 thé giai dugc mot s6 bai
toan hinh hoc khd ngén gon.

Bai toan 1. Cho tam gidc ABC ¢é AM la
trung tuyén. Mot duong thdng d cdt canh AB,
AC va AM lan lugt tai E, F va 1. Chitng minh
rdng

1)

AB AC _,AM

AE T AF T YAl
Loi gidi. (hinh 1) A
Do Sapc =
= 2548M E
= 2S,cm Dén st
dung hé thic (1) ¢6 & “ “

)Y M W C
2AE.AF _25,pr
AB.AC ~ S,pc

NGUYEN DUC TRUONG
(GV THCS DPa Tén - Gia Lam, Ha N¢i)

_ 2Sum  2Sur _ AEAL AF.AI
2Su8m  2S4cm  ABAM " AC.AM’

Al.AC N Al.AB
AM.AF  AM.AE

Bai todn 2. Cho géc xOy nhon va diém M
ndm trong géc dé. Puong thdng d di qua M cdt
Ox, Oy ldn lugt tai A, B. Xdc dinh vi tri duong
thdng d dé dién tich tam gidc OAB dat gid tri
nhd nhat.

Loi gidi. Qua
M ké ME // Oy
va cit Ox tai E,
ké MF // Ox va
cit Oy tai F thi
E, F ¢6 dinh
(h.2). Theo h¢
thic (1) va su
dung b4t déng
thirc

Tu dé = 2. Suy ra dpcm.

4xy <(x+ y)2 co
Sogr _OF OF
Soap OA OB

1(015 op)z
< | =+=|
4\ 0A OB

_ I(BM AM)2 1

“2\aB"AB) 3
= SOAB = 4'SOEF’ ma SOEF khOng déi nén
) Lo . OE OF
SOAB nho nhat béing 4SOEF khi 6;:—65

hay d// EF.



Bai toan 3, Trén ba canh AB, BC, CA cua
tam gidgc ABC lan lugt ldy M, N, P sao cho
AM BN CP _

MB NC PA

Tim kdé SMNP = %SABC'

Lai gidi. (hinh 3)
Tur gia thiét c6

A
AM _ BN
AB ~ BC
_CP_ & v
T CA k+1 P
vy MB _NC
AB ~ BC 5 - o
_pA__1 Hinh 3
AC k+1
Tir hé thic (1) ¢6
Samp _ AM APk
Sapc  AB AC (g 412’
Tuong tu ta c6 Seun _ K 55
SABC  (k+1)
Sene Kk 2.T&déc6§w
SABC  (k+1) ABC

_ Sasc —Samp ~Sun —Scwp

SaBC
— -3k
k+1)
Décéﬁsﬂ&:éthil— 3"2=§
aBc 8 (k+1)* 8

& (k+1)? =8k < k% —6k+1=0.

Bai todn c6 hai nghiem k =3+2v2 va

ky =3-242.

Bai toian 4. Cho hinh binh hanh ABCD.
Trén cdc canh BC, CD ldn luot 14y cdc diém M,
BM CN . .

N sao cho CM-32DN " k. Goi P, Q theo thit

tw la giao diém ciia AM, AN véi BD.

a) So sdnh dién tich ciia PMNQ va APQ

b) Tinh dién tich tam gidc AMN theo k theo
dién tich cia ABCD.
Ldi gidi. (h.4)

a) Ap dung h¢ thirc (1) c6
Samn _ AM.AN
Sapg  AP.AQ
_ AP+PM AQ+QN (1 _) N o
AP = AQ AQ
Theo gia thiét ¢
BC BM+CM M c
BM =~ BM ‘ r
= 1+%=_k_+_1 ?3) /ﬁ N
Q
DC_DN+CN 4
DN~ DN D
=142k @) Hinh 4

Theo dinh li Thales va (3), (4) thi

PM _BM _BM _ k .
AP AD  BC k+1
ON DN DN 1
AQ AB  DC  2k+1’

Thay vao (2) dugc

(1+——k )(H——l )
k+1 2k +1

_2k+1 20k+1)
Tok+1 T 2k+1 7

SAMN
Sapg

suy ra SPMNQ = SAPQ'

b) Chu }” rﬁng SABCD = 2SABC =

= 28apc = 2ScBD-
Ap dung hé thitc (1) va (3) c6
Sagm _ BABM _BM  k
" BABC BC  k+1
Sapy _ DADN DN 1
Sapc  DADC  DC  2k+1
CB DC 2k+1

TaCOC—M=1+k,C—N= %

SABC
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Tu d6 va tir hé thic (1) co

SaMN  _
SABCD
= SABCI) —SABM _SADN _SCMN
SABCD
1 Sam _ SapN_ _ Scmn

2Sac  2Sapc  2SceD

=1-

i k1 2k

W k+1" 2k+1 " G+ D2k+1)
2% + 2k +1

20+ D2k +1)°

Sir dung hé thic (1) s& thuan lgi khi giai mot
s bai tap sau.

Bai 1. Cho hinh binh hanh ABCD. Goi E, F,
G, K 14n luot 1a trung diém cic canh AB, BC,
CD, DA. Tinh dién tich da gidc 12 phan chung
cua cdc tit gidc AGCF, BGDK, CEAK, DEBF
theo dién tich cta hinh binh hanh.

Bai 2. Trén cic canh AB, BC cuia tam giic
ABC 14n luot 1dy cic diém E, F (kh4c cdc dinh).
Goi D 1a giao diém ctia AF va CE. Ching minh
SpEF
" Spac

SBEF _
SaBC

Bai 3. Trén canh AB, BC, CD, DA cia tu
gidc ABCD l4n lugt 1dy céc diém P, Q, R, S sao
AP BQ CR DS
PB QC RD ~ SA

5
cho Spogs =5 Sascp-

ring =55

ho = k. X4c dinh £ sao

O

Bai 4. Cho gbc xOy va diém M nim trong
d6, mot dudng thing d qua M cit Ox, Oy theo
Soma-Soms

Soas
c6 gia tri khong phu thudc vao cach chon dudng
thing d.

tht ty tai A, B. Chimg minh rng

REN LUYEN NANG LUC TU DUY THONG QUA VIEC
KHAI THAC CAC BAI TOAN

Viéc tim ra 1&i gidi mot bai todn nhiéu khi
khong phai 1a qua kh6, nhung thyc ra sau méi
bai todn c6 biét bao diéu li thii. Néu ngudi thdy
khong biét khoi day & hoc sinh 6¢ to mo, su tim
toi kham phé nhimng gi 4n sau méi bai todn ma
chi gidi xong bai todn la két thic thi viéc day
hoc tré nén nhat nhéo. Diéu quan trong 13 néu
sau moi bai todn tim dugc moét chudi bai toan
lien quan t dé dén khé thi c6 thé rén luyén
nang luc tu duy sing tao cho hoc sinh, déng
thoi kién thic sé€ dugc md rong hon, hé théng
hon. Sau day 1a mot s6 thi du minh hoa.

Bai toan 1. (bai todn gbc). Cho géc xOy va
mét diém I c6 dinh trén tia phdan gidc Ot. Puong
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HOANG NGOC CANH
(GV THPT Ndng khiéu Ha Tinh)

thdng d thay déi luén di qua diém I, cdt cdc tia
Ox, Oy ldn luot tai M, N. Chling minh rdng gid

1
tri ciia biéu thitc oM + O—N la hang s6.

Loi gidi.

Dung hinh
thoi ODIE vé6i
D, E thuoc Ox,
Oy tuong ung
(h.1). Lic dé cic
diém D, E c6
dinh va OD = a
khéng déi.




Tacéo

_3_+L~IE+ID_IN+IM_
OM ON OM ON MN MN

1

1 1 1
= om T oN = a e
Ta c6 thé khai qudt hod bai toan khi xét
diém / ndm trong géc xOy.

Bai toan 2. Cho géc xOy va mét diém I ¢6
dinh ndm trong géc dé. Puong thdng d thay doi
luén di qua diém 1, cdt cdc tia Ox, Oy ldn luot
tai M, N. Ldy diém D, E trén cdc tia Ox, Oy sao
cho IDI/ Oy va IE/l Ox. Dt OD = a, OF = b.

Chitng minh rdang 5‘;—4- + OLN =1

Chi y réing
D, E c¢6 dinh nén
a, b khong déi /y
(h.2).  Chimg
minh tuong tu
bai todn 1.1. E I

Tiép tuc cho x
diém I chuyén tr O D M\
mién trong goéc

i Hinh 2
xOy ra mién

ngoai géc dé ta c6 bai todn sau.

Bai toan 3. Cho hai duong thdng x'x va y'y
cdt nhau tai diém O. Mét diém I ¢6 dinh nam
ngoai cdc géc x0y, X 0y'. Puong thdng d thay
ddi luén di qua diém 1, cdt cdc tia Ox, Oy ldn
luot tai M, N. Ldy cdc diém D, E trén cdc duong
thdng x'x, y'y sao cho ID /I y'y va IE I/ x'x. Ddt

. , . a b
OD = a, OE = b. Chitng minh rdng oM _ON

luén la hdng sé.

Ching minh tuong tu cac bai todn trén, chi y
ring (h.3) néu diém / ndm trong géc x'Oy thi
d h S e :
oM ON = -1, con néu diém / ndm trong
a b

5¢ y'Ox thi =2 — 2 = 1.
gocyOxtloM ON 1
Mot cich bién d6i bai todn 1a xét ménh dé
ddo cla cdc bai todn 2 va 3. D€ 1am giam muc
do phitc tap clia gia thiét c6 thé chuyén viéc xét
biéu thic chifa hai tham s6 a, b vé biéu thitc

chita mot tham s6 & = g— nhu sau.

Hinh 3

Bai toan 4. Cho hai dwong thdng x'x va y'y
cdt nhau tai diém O. Puong thdng d thay déi
cdt cac tia Ox, Oy ldn luot tai M, N. Néu tén tai
s6 k sao cho blﬁ + OLN luén bdng mot hdng s6
khdc 0 thi duong thdng d luén di qua mét diém
c6 dinh.

TR | ko1

Loi giai. Gia st oM +0—N ==

a) Xét truong hop k > 0, liic d6 a > 0. Dung
diém D trén tia Ox sao cho OD = a thi OD < OM
(h.2). K& DI // Oy va cit doan thing MN tai I.
L4y diém E trén tia Oy sao cho OE = ID thi
ODIE la hinh binh hanh. Chiing minh tuong tu

OD OE

omToNn =17

cdc bai todn 1, 2 ta ¢
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1 OE 1
onf T OD.ON = oD Tirdo va gid thiét suy ra

g—g=k = OE =kOD=ka>0. Vay D, E
déu 1a diém c6 dinh nén / 12 di€ém c6 dinh ndm

trong géc xOy.

b) Véi trudng hop k < 0. Cin xét a > 0 hoic
a < 0. Ching minh danh cho ban doc.

¢) Véi k = 0 thi M 1a diém c6 dinh c4n tim.

PR 1 k ON
Chuyrangkhl-bTw—+ON—0th oM - k

nén cic dudng thang d song song véi nhau.

Ta lai c6 thé thay déi gia thiét bing cich xét
mot diém c6 dinh nidm trong ba géc trong cia
mot tam giac.

Bai toan 5. Cho tam gidc ABC vdi I la tém
duomg tron noi tiép. Puong thdng d thay doi
luon di qua diém 1, cdt cac canh AB, AC va tia
CB ldn lugt tai M, N va P. Chimg minh rdng gid
tri biéu thitc sau la khéng doi.

AB___AC___BC
AM.BM AN.CN BP.CP

Loi gidi. Dung céc hinh thoi AGIK, BEIF,

CRIS (h.4). Do BMP = FMI > MBI = IBE =
BIF > FIM = BPM = BP > BM.
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biat AG = m, BE = p, CR = n. Theo bai todn
2,3tacéd

RSN S S O T |
AM AN m'CN CP n’
1 1 1

BM BP p’

Cong cdc hé thiric nay theo timg v€ réi bién
déi ta c6 diéu phai chimg minh.

P4t biét hod bai todn 5 ta ¢6 bai todn 6.

Bai toan 6. V&i gid thiét cua bai todn S,
trong tam gidc ABC déu, canh bdng a, chimg

. >
minh rang

1 1 1 9

“) AMBM *ANCN BPCP 2

Tié€p tuc phat trién cic bai toan trén ta c6

Bai toan 7. Cho hinh binh hanh ABCD.
Puong thdng d thay ddi, cdt cdc doan thdng AB,
AD, AC ldn luot tai cdc diém M, N, P. Chiing
minh rdng : AB —_—t— AD _ AC

AM " AN ~ AP’

Bai nay danh cho ban doc tu giai. Moi cic
ban ti€p tuc khai thic thém céc bai todn méi.



VE MOT BAI TOAN CUC TRI HINH HOC

Cuc tri hinh hoc 12 mot d€ tai luon hap din
nhiing ngudi yéu toan.

Bai viét ndy nhim trao déi ciing ban doc
xung quanh mot bai todn don gian vé cuc tri
hinh hoc, gitlp ta gidi mot s6 bai toin khéic
kha hay.

Bai toan goc

Cho duong tron
tdm O bdn kinh R,
day cung BC (khdc
duong kinh) va A la
diém chuyén dong

trén cung lon BC. ) o
Xdc dinh vi tri cua
diém A dé dién tich
tam gidc ABC lén
nhat.

Hinh 1

Bai todn c6 nhiéu cich giai. Sau day 1a mot
cdch giai dién hinh. Goi P 1a diém chinh giita
cua cung Ién BC (h.1). VE tiép tuyén xy cla
duong tron (O) tai P.

Suy ra moi diém A thu6c cung lén BC déu
nim giita hai dudng thing song song xy va BC ;
nén A khac P thi khoang cich tir A dén BC nho
hon khoang cich tir P dén BC, do d6 Sypc <
Sppc (st dung ki hiéu dién tich tam gidc ABC la
Sapc) suy ra S,pc dat gid tri 16n nhat khi va chi
khi A tring v6i P.

Trong bai viét nay ta xét day cung BC khéc
duong kinh cua dudng tron.

Néu thay cung 16n BC boi cung nhé BC thi
xét tuong tu. Néu A chay trén ca dudng tron thi
phai so sanh hai gi4 tri tim dugc.

Tir bai todn géc c6 thé khai thic dé din dén
cic bai todn méi.

Bai toan 1. Trong tdt cd cdc tam gidc ABC
¢6 d¢ dai canh BC va géc BAC khéng déi, tim
tam gidc ¢6 duong cao AD Ion nhat.

NGUYEN bUC TAN
(TP. H6 Chi Minh)

Tur bai todn gbc néu 14y hai diém E, F c6
dinh trén dudng théng BC thi S, 16n nhat khi
va chi khi A tring véi P.

Ta c6 bai todn 2.

Bai toan 2. Cho BC la ddy cung c6 dinh cia
duong tron (0) ; E va F la hai diém ¢6 dinh
thuéc duong thdng BC, A la diém chuyén dong
trén cung lom BC. Xic dinh vi tri ciia diém A dé
dién tich tam gidc AEF dat gid tri l6n nhdt.

Ta lai biét khi A chuyén dong trén cung
I6n BC thi tam I cia dudmg tron noi ti€p
tam gidc ABC chuyén d6ng trén cung chia géc
a=90°+ %E dung trén doan BC, ndm cing

phia véi di€m A d6i v6i dudng thiang BC.

Do d6 SIBC dat glé tr1 Innhat o I =I'
A = P(I' 1a diém chinh giita ciia cung chifa géc o)

Ta ¢4 bai todn 3 sau.

Bai toan 3. Cho BC la ddy cung c¢6 dinh cua
dwong tron (0). A la diém chuyén déng trén
cung lon BC , I la tdm duong tron ngi tiép tam
gidc ABC. Xdc dinh vi tri cua diém A dé dién
tich tam gidc IBC dat gid tri lon nhdt.

Va néu chu y ring khi A chuyén dong trén
cung lén EE thi truc tam H thudc cung chua
géc B = 180° — BAC dung trén doan BC, nim
cung phia vé6i diém A d6i véi dudng théng BC.

Do dé Sy dat gi tri 16n nhit <> H = H' <
A = P. (H 1a diém chinh giita cla cung chita géc
f3). Ta c6 bai toan 4 sau.

Bai toan 4. Cho BC la ddy cung c6 dinh cia
duomg tron (0), A la diém chuyén déng trén
cung lon EE' Goi H la truc tdm cia tam gidc
ABC. Xdc dinh vi tri cua diém A dé dién tich
tam gidc HBC dat gid tri Ién nhat.
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Néu goi K 1a trung diém cha BC thi dé dang
chiing minh duoc AH = 20K (khong déi), AD 1a
dudng cao cia tam gidc ABC thi AD 16n nhit <>
HD 16n nhat. Ta lai ¢6 bai toin méi.

Bai toan 5. Cho BC la day cung c& dinh cua
ducmg tron (0), A la diém chuyén déng trén

cung 1én BC. Goi H la truc tam va AD la duong
cao cuu tam gidc nhon ABC. Xdc dinh vi tri cia
diém A dé doan thdng HD ¢6 d6 dai 1om nhdt.

Goi AD, BE, CG la céc duong cao cua tam
gidc ABC véi H la tryc tam.

Tu tam gidc AEG dong dang véi tam
gidc ABC, suy ra GE = BC cosA, hoac tit R.GE =
R. AH sinA = 20M R sinA = OM .a, trong d6 M
12 trung diém cta BC, ta ching minh dugc

Sagc = g(DE + EG + GD), suy ra chu vi tam

gisc DEG 16n nhat < S,p. 16n nhit < A = P.
Ta dén véi bai todn sau.

Bai toan 6. Cho BC la ddy cung ¢6 dinh cia
duong tron (0), A la diém chuyén déng trén
cung lon BC. Goi AD, BE, CG la cdc duong cao
ctia tam gidc ABC. Xdc dinh vi tri clia diém A dé
tam gidc DEG c6 chu vi lén nhdt.

Bai todn sau day (bai 4, thi hoc sinh gioi
todn quéc gia I6p 9, 1995 — 1996) c6 thé dua vé
bai 2 & trén.

Bai toan 7. Cho duong tron tim C ndm
trong géc xOy ma duong tron (C) khéng o
diém chung véi cdc canh ciia géc xQy. Hay tim
trén duong tron (C) mét diém M sao cho téng
cdc khodng cdch tie M dén hai duong thdng
chita cdc canh cua géc xOy la nhd nhat.

Hudng dan gidi.

Goi 0z I tia
phan gidc cha goc
X0y va PQ I
duong kinh coba
duong tron (C)
ma PQ // Oz. Gia
st P & gin diém
O hon (h.2). Tx Q
ké dudng thing
AB 1 PQ, cit Ox,
Oy theo thit tu tai
A, B. Goi MD,
ME, MF tuong ting 1a c4c doan thang vubng géc
v6i AB, OA, OB. Chu y ring AB va OA = OB
khong ddi, Sp,p khong ddi. Tir Spap = Spyoa +
SMOB + SMAB suy ra ME + MF nho nhéat khi va
chi khi MD 16n nhat, diéu nay xay ra khi M
tring véi diém P.

Trong bai todn ndy ciing c6 thé tim diém M
dé ME + MF 16n nhat.

"Gia cong" bai todn géc, ta c6 bai todn hay
sau.

Hinh 2

Bai toan 8. Trong tdt cd cdac tir gidc noi tiép
trong duong tron tdm O bdn kinh R tim tir gidc
¢6 dién tich lom nhdt.

"Ho hang" véi bai toan gdc 1a bai todn sau.

Bai toan 9. Cho duong tron (O), ddy cung
BC va A la diém chuyén déng trén cung lom
(cung nhd) BC. Xdc dinh vi tri cia diém A dé
chu vi tam gidc ABC Ion nhdt.

Ciéc ban hay tim nhiéu 10i giai cho bai todn 9
va tim cdc bai todn ma khi sir dung két qua bai
todn 9 c6 thé cho 10i giai dep.

PHAT TRIEN TU MOT BAI TOAN HINH HOC

Trong bai bao nay chiing t6i mudn giGi thiéu
v6i cdc ban mot s6 két qua khai thdc tir mot bai
toén gitip ban doc hiéu dugc rd qua trinh tao 1ap
bai todn méi tir bai todn ban ddu, tim dugc
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LE DUY NINH
(Nguyén GV truomg DHSP Ha N¢i 2)

ngudn gdc cha bai toan va budc ddu lam quen
véi tap duot sdng tao toan hoc. Trudc hét ta hay
xét mot két qua hét siic quen thudc.



Bai toan 1. Cho tam gidgc ABC va diém I
trong tam gidc dé. Cdc duong thdng Al, BI, CI
cdt cdc canh BC, CA, AB ldn luot tai A', B', C'.
Ching minh rdng

IA' IB'
aA" BB T

IC’
cc’
Lai gidi. Goi S|, S, S3, S 1a dién tich cdc tam

gidc IBC, ICA, IAB va ABC theo thit tu. Khi dé
ta ¢c6 cic hé thic vé ti s6 dién tich

=1 ¢}

A S B S IC_ S o,
AA h, S BB S’ cCc s ¥
IA' IB' IC'’ _S]+52+S3 _
aa tBEtee - s - ! (dpem).
A
o B'
hy
hy
B H KA C
. IA B IC
Tu (1) c6 AA'+BB'+CC'
A" 1B IC
_3_(AA'+BB' cc) 2
A IB IC
VY St ot =2 )

A. Van dung cac heé thirc vé ti s6 dién tich va
cdc bat ding thic Cauchy, Bunyakovski dé
chimg minh duoc 14n luot cic két qua sau :

i ®
%+%+% >6 “)
e ®
Tir (4) va (5) rit ra 117“‘,,715—,,% khong
cung 16n hon 2 ; khong cuing nho hon 2 6)
RN
s 28 )
an B CC' o, ©

7. TUYEN CHON..TH&TT (QUYEN 3)-A

AA' BB CC' 71
IA IB IC ~ 8
Ngoai cic BDT tir (1) dén (10) ching ta con

c6 cdc két qua sau véi n 12 s6 nguyén duong.

IA 1B IC
af " oonf 7 o pf T S 2k
\/1A'+\/13'+VIC'*3 2

(10)

11
\/BB' \/CC' >3,\1/' a2)
BB' cc' .,
IA' \/IB' \/IC' —3\/— (13)
IA' IB' IC’
1 2n 2n
AA' \/BB'+ \/CC' <%3 (14
) IC 2n
\/ BB' \/CC' = \/-6_ (3)

Déu dédng thic xay ra trong méi BDT trén
khi va chi khi 7 1a trong tam AABC. Xin hudng
dan ching minh mot s6 BDT.

e Ap dung BDT Cauchy va BDT (8) ta c6
BDT (11) khin =

Z /13 /
A \NiB "
A IB IC _ .3
> 3 > =
>3 ,/IA,.IB,.IC, > 338 = 3V2.

e Tix (1) va BDT (10) ta c6 BDT (12) khi n = 2.

s J“'
D)=

e Ap dung BDT Bunyakovski va (1) ta duoc
BDT (14) khin=1.

| IA'H\/IB'H\/IC’
"Naa' BB NcC

< \/(12 +12 +12)(1A + 18 + I

AA' " BB’ CC') =3
Moi cdc ban chimg minh ti€p cic BDT
con lai.

B. Ta c6 thé md rong cdc bai todn néu trén
sang khong gian bang phuong phdp tuong tu.
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Bai todn trong khong gian dugc chitng minh nho

AA' BB' CC' DD'

IA'

dp dung he thic ti s6 thé tich giong nhu viéc 4p 75 D TRk 216 3)
dung hé thic ti s6 dién tich trong hinh hoc

phing. Cich lam nay goép phdn rén luyén ki —I—/}—,+ [B, IC, ID >12 4"
nang chuyén hod cic tinh chét hinh hoc gitta A" 18" IC

mit phéng va khong gian, tir d6 thdy dugc méi A’ B IC’ + 2 ID' 54 )
lién hé khang khit gifta hai loai bai tdp hinh IA IB IC 3

hoc nay. IA IB IC ID N .

Bai toan 2. Cho tit dién ABCD va diém I 418"’ IC""ID' khong cung 16n hon 3,
ndm trong tit di¢n d6. Cdc duong thdng Al, Bl,  khong ciing nhé hon 3 (6)
ClI, DI cat cac r.nc_it d:SI dién lan lugt tai A', B', AA' BB' CC' DD' 16 '
C', D'. Chimg minh rdang A + 1B + IC + D ? )

1A' IB' IC' ID' ' IA IB IC ID

|+ |+ v+ ' = (1) e e e R —— Z '

AA'" BB' CC' DD A IC D 2 &)
Loi gidi. ' BB' CC' DD
oy B v AA' BB CC DD’ 156 ©)
1A _ M _ Vigcp _ Yiacp . IA' IB" IC" ID
AA' hy Vapep BB' Vypep AA' BB' CC' DD'>256 (10)
IC' _Vigp . ID' _ Viapc IA 1B IC

cc' v "DD' V ’

ABCD ABCD fIA' fIB’ ’IC| fID| > 443 ar

Do dé IA' 13' . Ic' . D' IA IB IC ID

A4 BB cc' DD \/BB' \/CC' \/DD' >4'\l/7 12

_ Viecp +Viaco +Viasp +Viase _

Vascp /AA' BB’ CC' DD’
n n >4 1
1A'+\/IB' \/ID' a3y

2nf — IB
BB'
IA ID  _2uf s 2n1
n n n 4
J i JCC'J S

Xin moi cdc ban tu chimg minh céc bét ding
thirc (1') — (15"). R4t mong cédc ban tim dugc cic
két qua tuong tu gilta hinh hoc phing va hinh
hoc khong gian tir cic bai todn khéc.

LTS : Toa soan nhan dugc mot s6 két qua
tuong tu, cing ndi dung véi bai bdo nay cua ban
Nguyén Hiru Hau, K38D, khoa Toidn, DH Vinh.
Mong nhan dugc cac bai bdo khac cua ban.

Tuong tu nhu & phén I, chiing ta c¢6 cac két
qua sau véi n 1a s6 nguyén duong :

1A

IB

IC

ID

AA T

98

BB'

oo oo

=3

2)



Chussng 2

NHIN BAI TOAN

TU NHIEU HUONG

Phdn mét

VAN DE NGHIEM VA NGHIEM KEP

CUA PHUONG TRINH

VE LOI GIAI CUA MOT BAI TOAN CO BAN

Trong cdc ki thi tuyén sinh vao dai hoc, ta
thudng gap cic bai todn xét phuong trinh bic
hai c¢6 it nhit mot nghiém trong moét khoang
hoic mot doan, ching han :

Xdc dinh a dé phuong trinh

(a+Dx? —~Bu+Dx+6a=0
c6 dung mot nghiém thudc khodng (0; 1).
(Dé 18 cau Il, B6 dé tuyén sinh vao Dai hoc)

Loi gidi bai nay trong cuén Hudng ddn gidi
dé thi tuyén sinh vao Pai hoc qua van tit nén
hoc sinh khong rd mudn giai tron ven thi phai
xét nhimg trudng hop nao véi diéu kién gi.

Lo giai thit hai cha bai ndy trong cudn Gidi
dé thi tuyén sinh dai hoc — chuyén dé Dai s6
(NXB Tp. H6 Chi Minh) viét :

Phuong trinh

fx)y=(a+1)x> —Ba+1Dx+6a=0

¢6 ding mot nghiém thudc khoang (0; 1) <

TRAN TUQUANG

(GV THPT Huynh Thiic Khdng, Vinh, Nghé An)

(a+1=0 c6 mot nghiém
{—(Sa +Dx+6a=0 thuéc (0; 1)
a+1#0
A=0
v 8a+1
2a+1)

e(0;1

{a +1%0
lr@.rm <o.

Ca hai 10i giai trén déu dan t6i ddp s6 ding
1a : moi a # 0, tuy nhién viéc ghi diéu kién cdn
va da & 1o giai thit hai 12 chua chudn x4c.

Vé vin @€ nay, khi xét trudng hop tam thic
bac hai f(x) cé hai nghiém, mot s6 sach cé néu
dinh li ;

Piéu kién dé tam thic bac hai f(x) ¢6 hai
nghiém, trong d6 c6 mot nghiém nim trong
(a; B), con nghiém kia ndm ngodi, 1A @) AH) < 0.
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(Cubn 1 : Mot s6 phuong phdp chon loc dé
gidi cdc bai todn so cdp, tap I, clha khéi
PTCT-DHTH HN 1983, cu6n 2 : Phuong trinh,
bdt phuong trinh va hé phuong trinh cia
D.H.T.1997),

Thuc ra diéu kién f(a).f(B)<0 1a diéu
kién cdn va di dé fx) c6 mot nghiém thudc
(a; P) va mot nghiém ndm ngodi [a ; Pl

Nhu vay ngoai cdc diéu kién & 1o giai thi
hai ndi trén, ta can xét thém hai truéng hop sau
(trong truong hop tam thic bac hai f{x) c¢6 hai
nghiém phén biét véi S 12 téng hai nghiém do) :

f(@)=0 f(®=0

af(f)>0; Jaf(a)>0

S S

—2—>a §<ﬂ
Nhu vay :

Ppiéu kién cin va di dé phuong trinh
a +bx + ¢ = 0, trong d6 f(x) = ax® + bx + c,
S= b néu a # 0, chi c6 moét nghiém thudc

d

khoang (a; f) la:
[(a=0

x=%e(a;ﬂ)

{a #0 @
fl@).f(B)<0

(a#0
fl@)=0

S
@ fB)>0:5>a

(a0
| fB =0

a.f(a)>0;i§—<ﬂ
az0,A=0

©)

4

&)

b
I x-—‘ze(a,ﬂ)

Trong thuc hanh giai hai loai todn nay, ta
nén xi li cac trudng hop (3), (4) bing cich giai
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fla) =0, f(if) = 0 dé tim gia tri cu thé cha tham
sd, roi thay gia tri nay vao phuong trinh ban ddu
sé dugc phuong trinh bac hai véi hé s thuc, sau
d6 gidi phuong trinh nay va kiém tra xem c6
mot nghiém nim trong khoang (a ; f) con
nghiém kia ndm ngoai khoang d6 hay khong.

Chéng han hdy 4p dung diéu kién cn va du
néu trén vao thi du sau :

Tim m dé phuong trinh

mx® + (7 =8m)x +6(m —1)=0
c6 ding mot nghiém thudc khodng (0 ; 2).
(D¢ thi vao Hoc vién quan su 1995)

Loi gidi. Dat fix) = mx® + (7 — 8m)x + 6(m — 1)
1) Xét v6i m = 0 thi phuong trinh fix) = 0 c6

dz_ing7x—6=0:>x=g

thod man diéu kién bai toan.

2) V6i m # 0, phuong trinh fix) = 0 c6
A(x) = 40m*> — 88m + 49, tam thic nay c6
A(m) = 7740 — 7840 < 0 nén A(x) > 0, do d6
phuong trinh f(x) = 0 c6 ding mo6t nghiém thudc
khoang (0 ; 2) khi va chi khi :

€ (0;2).Vaym=0

[£(0).f2)<0 (6)
(fO)=0
ﬁm.f(2)>0 )
8m -7
2 >0
(f2)=0
Jmf@©>0 (8
8m-17
| Tzm <2
m<1
* Giai (6): 6(m - 1)8-6m) <0 = 4
m>—.
3
*Giai (7) : 0)=0<>m=1nénfix)=0cod
dang P-x=0& [x:(l) thoa man diéu kién
X =

bai todn : ¢ ding mot nghiém 1 € (0 ; 2) con
nghiém kia 0 ¢ (0; 2).



*Giéi(8):f(2)=0<:>m=%nénf(x):O

c6dang 4x* — 11x +6 =0 <

diéu kién bai todn : c6 diing mot nghiém % €(0;2)

con nghiém kia2 ¢ (0; 2).

Vay céac gié tri tham s6 m thod man dé bai

m<l1
la: 4
Luu y : Néu sir dung diéu kién fa). () <0
m<1
ta chi tim duogc céc gid tri 4
m > E

R4t mong céc ban ti€p tuc trao d6i thém vé
vin dé ndy.

QUY TICH PAI SO

Trong cidc ki thi vao dai hoc, ching ta
thuong gap rhimng bai toan c6 dang : Trén mat
phéng toa d6 tim quy tich diém M(x ; y) thoa
man tinh chat 7. A

Ta goi d6 12 bai todn quy tich dai so.

Pé hiéu rd hon vé 16p bai todn ndy, ching toi
dua ra mot s6 phuong phdp giai bai todn quy
tich dai s6.

A.Li THUYET

Khi giai bai todn quy tich dai s6 ta thudong
xét ba vin dé :

1) Diém chay M(x ; y) c6 phu thu6c tham s6&
khong ?

2) Tinh ch4t T (diéu kién quy tich) ma diém
chay M(x ; y) phai thod man cdn biéu thi qua
phuong trinh (hay b4t phuong trinh) cua x, y
nhu thé nao ?

3) Gi6i han quy tich Q cha M (Phdn dao cua
bai todn quy tich) : Q c6 thé 1a mot dudng, mot
mién ndo d6 trén mit phing toa do hodc chi
g6m mot s6 diém rdi rac.

e Néu Q 1a moét duong thi giita cic toa do
(x;y) cta cdc diém thuoc Q phai c6 mot he
thitc ndo d6 F(x ; y) = 0, hé thirc 4y chinh 1a

NGUYEN PHU CHIEN (Ha Noi)

phuong trinh cia duong Q va goi la phuong
trinh quy tich. '

e Néu Q 12 mo6t mién trén R thi giita c4c toa
do (x ; y) clia cac diém thuéc Q thudng cé lién
hé du6i dang bat phuong trinh. D€ chi ra mién
Q, taphdi viét dugc phuong trinh céc dudng
bién cua Q.

B. PHUONG PHAP GIAI BAI TOAN QUY TiCH
PAI SO

Truomg hop 1. Piém chay M(x ; y) phu thudc
tham s6 m.
Budc 1. Biéu dién cdc toa do cha diém chay
qua tham s6 m dua vao di€u kién T, ta c6 he :
{x =x(m) (1)
y =y(m) (2)
Bue 2. Khit m tir he (1) va (2) duoc hé thiic
lién hé giita x, y 1a phuong trinh quy tich
F(x,y)=0 3
Bude 3. Gidi han quy tich.
o Néu tham s6 m bién thién tuy y thi quy tich
12 toan bo dudng cong cho bdi phuong trinh (3).
Ky hiéu dudng cong d6 1a (d;).
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e Néu tham s6 m chi bién thién trong mién
() thi tir (1) suy ra x chi bién thién trong
mién (o).

Ta xét minx(m), maxx(m) d€ chi ra quy tich
chi 12 mot phan cia dudng (d,) v trong ().

Truomg hop 2. Diém chay M(x ; y) khong
phu thudc tham s6 m.

Budc 1. Chuyén tir diéu kién quy tich T d6i
v6i diém chay M(x ; y) vé diéu kién déi véi cac
toa do (x ; y) chia né.

Buéc 2. Giai diéu kién 8y dé€ tim ra hé thitc
hoic bat déng thic lién hé truc tiép giita x, y.

Chu y. Quy tich trong truong hop nay thuong
la mién.

C. CAC THI DU

Thi du 1. Cho ho ditong cong y = x —2 + % @).
Tim quy tich diém cuc dai, diém cuc tiéu cia
do thi.

Loi gidi. Mién xdc dinh 1a moi x # 0.

_”1_ _ .X2 -m

x2 x2

Tacod y'=1-

Dé t6n tai gid tri cyc dai, cuc tiéu, phuong
trinh y' = O phai ¢6 hai nghiém phan biét :
x*~m = 0 ¢6 hai nghiém phan biét (nghiem
phai khic 0) < m > 0 (a).

Khidéy =0 x= vm hoacx = —Jm

Bang bién thién :

dm 0 Jm

400

y| + 0 - 0 +

CP
Quy tich diém cuc dai : T bang ta thdy
diém cuc dai ¢6 hoanh do x=-—Jm <

x <0
{ 2 (a])
m=x
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Do diém cuc dai ndm trén dé thi ham s6 (4)
nén ta c¢6 phuong trinh quy tich la
2
y=x—2+x—=2x—2.
X

Do x phai thod mén (a;) nén quy tich diém
cuc dai 1a mot phdn clia dudng thang y = 2x — 2
¢6 hoanh do x < 0.

Quy tich diém cuc tiéu : T bang ta thay
di€m cuc ti€u c6 hoanh d6 x=vVm <

x>0
2 ()
m=x
Do diém cuc ti€u ndm trén dé thi ham s6 (4)
nén ta c¢6 phuong trinh quy tich la
2
y=x—2+£—=2x—2. Do x phéai thoda man
X
(@) nén quy tich diém cuc tiéu 12 mot phin cla
dudng théng y = 2x ~ 2 ¢6 hoanh do x > 0.
Thi du 2. Cho Parabol y = x°.

Tim m dé dwong thdng y = mx — m cdt
parabol tai hai diém A, B va tim quy tich trung
diém I ciia doan thdng AB.

Loi gidi. Dudng thing y = mx — m cit y = x°
tai hai diém <> Phuong trinh x> — mx + m =0 c6
hai nghiém

SA=m?—4m20

<> m<0Qhoicd<m (o)

Goi I(x, y) 1a diém thuoc quy tich c4n tim véi

diéu kién (o) tacd : x = %(x1 +x,)
trong d6 x;, x, la nghiém cta phuong trinh
P —mx+m=0
1 m . s
=>x= E(XI +x)= > (theo dinh ly Viete)

> m=2x.

Do I(x ; y) ndm trén d6 thi hAm s6 y = mx —m
nén ta dugc quy tich diém I(x ; y) 1a

y=2x2x-1)= 24 ~2x.



Do m thoa méan (o) nén % <0 hoic 2 < —;—l suy

rax <0hoic 2 <x (a).
Vay quy tich cdn tim la phdn parabol cé
phuong trinh y = ?_x2 — 2x V& trong ().
Thi du 3. Tim quy tich giao diém ciia ho
x? +(2m—1)x+m2 +m+1

X2 +m2

duong cong y=
-m+1

véi Ox, Oy.
Loi gidi. Goi A0 ; y) 1a giao diém cta d6 thi
da cho véi Oy. Khi d6 phuong trinh (v6i x = 0)

m? +m+1

m? —m+1

Phuong trinh (m> —m + )y =m> + m + 1 ¢6
nghiém

dang y= (43n m) c6 nghiém <

= > 0 véi moi m)

et (o-4]
vim-m+1=|{m-— +4

2

< Phuong trinh (y - Dm? —(y+ Dm+y—1 =
0 c6 nghiém

y-1=0 y—120
hoic ) 5
y+1#0 A=(y+1)"-4(y-1)" 20

1
< y=1hoac {y;t
(y-3)@y-1)<0
y#1 1
< y=1hoic {1 o z<y<3 (o)
-<y<3 3

Vay quy tich giao diém cua ho dudng cong
véi Oy 1a mot doan trén truc Oy c6 tung d6 thoa
man (o).

Goi B (x ; 0) 1a giao diém cia d6 thi da cho
v6i Ox. Khi d6 phuong trinh

2

x2+(2m—l)x+m +m+1

2

5 =0 cé nghiém
X 4+m-—-m+1

2

<:>phu’dngtrinhx2+(2m~l)x+m +m+1=0

c6 nghiém

.2 2 2 1\ 3
VixX+m- —-m+1=x"+ m_i +Z>0

véi moi x, m)

¢ Phuong trinh m” + 2x + Dm + x> —x+1=0
c6 nghiém

SA=(2x+ 1) -4 —x+1)20

(ay)

<:>8x—320<:>x2%

Vay quy tich giao diém clia ho dudng cong
v6i Ox 1a mot khoang trén truc Ox c6 hoanh d6
thod man (o).

Thi du 4. Tim quy tich nhitng diém trén mdt
phdng toa d¢ c6 khodng cdch dén duong thdng
y= —% va dén diém (O ,%) la bdng nhau.

Loi gidi. Goi A(x ; y) 1a diém thu6c quy tich.

Wy
4 Y%

Khi dé |y +—

12 )2

o (y+z) = x? +(y—z) (do ca hai v&
déu khong am) -

oy=x.

Vay quy tich can tim la parabol y = '

Thi du 5. Cho ham 56’y = x*

a) Tim quy tich nhitng diém ma tr dé 6 thé
ké dwoc hai tiép tuyén téi do thi.

b) Tim quy tich nhimg diém ma tir dé 6 thé
ké dugc hai tiép tuyén vuong géc vdi nhau tdi
do thi.

Loi gidi. a) Goi A(x, ; y,) 1a diém thuoc quy
tich.

Tiép tuyén 1a dudng théng (d) qua A(x, ; y,)
nén c6 phuong trinh y = k(x — x,) + y,.

(d) 1a tiép tuyén téi d6 thi da cho

< phuong trinh x* = k(x — x,) + y, c6
nghiém kép

< phuong trinh & — kx + kx, =y, =0 (1)

c6 nghiém kép
o A=k - 4kx,~y) =0
& K - ke, + 4y, =0 ()
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Ta cén tim x,, y, dé (1) c6 nghiém kép véi
hai gia tri cua k.

< Ta cén tim x,, y, dé (2) c6 hai nghiém
phan biét

& A=(2x,) - 4y,>0

&y, < x2.

Vay quy tich nhimg diém ma tir d6 ké dugc
hai ti€p tuyén t6i d6 thi 1a nhilng diém nim dudi
parabol y = X%

b) Goi B(x, ; y,) I nhitng diém ma tir d6 c6
thé ké dugc hai ti€p tuyén vubng géc vé6i nhau
tdi d6 thi. Goi k; .k, 1a cdc hé s6 goc cua hai
ti€p tuyén 4y.

Khi d6é phuong trinh (1) cé nghiém kép véi
ky, ky thoa man kk, = -1

<> phuong trinh (2) ¢6 hai nghiém k;, &,
thoAmén kk, = -1 & %z—l Sy, = —%-

Vay quy tich cin tim la dudng thing

-1
y= 4'

D. BAI TAP TU GIAI
Bai 1. Tim quy tich tam d6i xing cla ho
dudng cong
_ omx+2
Y T mot

2 +1

Bai 2. Cho ham s6 y =

a) Tim quy tich nhimg diém c6 thé ké dugc
hai ti€p tuyén téi do6 thi.

b) Tim quy tich nhitng di€ém cé thé ké dugc
hai ti€p tuyén vuoéng goéc véi nhau téi do thi.

Bai 3. Cho ho duong cong
2mx +m? +2m
T Tam (fim)

Tim quy tich nhilmg di€m trén mat phing toa
do ma c6 ding moét dudng cong cia ho (H,)
di qua.

Bai 4. Gia sir hé phuong trinh

y=x*+a
x=y2+b

cap s (a ; b) nao dé.

luén c6 nghiém duy nhat véi

Goi nghiém d6 1a (x, ; y,).

Tim quy tich cia diém M(x, ; y,) khi a, b
bién thién.

Bi 5. Cho y = x +v2x2 +1. Tim quy tich

nhimng diém thuoc Oy ma tir dé cé thé ké duoc it
nhat mot tiép tuyén téi d6 thi ham s6.

BAC CUA THAM SO VA HINH BAO CUA HQ PUONG THANG
y=f(x,m)

Khi nghién citu ham s6 da thic y = fix, m), ta
da biét néu bac cao nhat ciia d6i s6 x 1a bac nhat
thi dé thi 12 mot ho dudng thing, bac hai thi d6
thi 1a mot ho dudng cong parabol, bac ba thi d6
thi 1a mot ho dudng cong bac ba, v.v... Nhu viy
bac cao nhét cia d6i s6 x quyét dinh dang cia
dé thi. Con béc clia tham s6 m, néu thay d6i né
c6 y nghia gi d6i v6i ho d6 thi ?
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PHAM BAO (Ha Néi)

Dé tra 16i cho cau héi nay, ta hdly nghién ciru
ho dudng thing y = f{x, m) véi tham s6 m c6 béc
khac nhau.

1. Ho dudng thing cé tham sé bac nhat

Ho dudng thing niy c6 mot trong hai dang sau :

y=mx+a(«&)hoicy=ax+m &)
(a 12 hdng s6, m 1a tham s6)



Khi m thay déi ho (#) 12 mot chiim dudng
théng quay quanh di€ém A(O ; a) c6 dinh ; ho
(#) 1a mot day dudng thing song song c6 hé s6
goc 1a tana = a va di qua diém (0 ; m).

Nho tinh chét ndy ta c6 thé gidi dugc nhimg
bai todn dang sau.

Bai toan 1. Tim nhiing gid tri cia a sao cho
ing voi méi gid tri cua a bdt phuong trinh sau
day c6 nghiém ém

2 +|x-al<3 1)

Loi gidi. Ty (1) tacé 3- x> > |x —al.

Vi v€ phai duong nén bét phuong trinh chi
c6 nghiem am khi —/3 <x <0. Lic d6 dé
thiham s6 y = 3 — 21 mot cung cla parabol
y=3-x*v6i —/3 <x<0. VEphaiy = |x—al
12 ho dudng gép khic hinh chit "V" ¢6 dinh (a ; 0)
chay trén truc hoanh. Nghiém ctia bat phuong
trinh 12 nhing gi4 tri cha x 1am cho dudng gip
khiic ndm phia dudi cung parabol (h.1).

Y
3 A
Ny
A
3 X
Hinh 1
Nhénh y = x — a cha dudng gdp khiic ndm
duéi parabol khi a > —? (khia=—%,y=x—a

ti€p xic véi y = 3 — x°) ; nhénh y = @ — x cha
dudng gap khic nim phia du6i parabol khi a < 3.

Vay ddp s6 cta bai todn 1a —% <a<3.

2. Ho dudng thing c6 tham sé bac hai

Ho dudng thing ndy c6 mot trong hai dang
sau :

2

y=mx+m (‘t?)hoacy=m2x+m.

Ta chi xét dang y = mx + m® (¥). Vé6i diém
M(x ; y) trong mit phing toa d6 néu phuong
trinh (¢) : m® + mx — y = 0 c6 hai nghiém phan
biét m;, m, thi c6 hai dudng thing d, : y =
myx + m? vad,:y=myx+ m§ cung di qua M.
Néu (€) c6 nghiém kép m; = m, thi hai duong
thdng d,, d, tring nhau ciing di qua M. Néu (€¢)
vo nghiém thi khong c6 dudng thing nao
qua M. Viéc t6n tai cdc dudng thing d,, d, tuy
thuéc vao ddu ciia biét thic A, = x° + 4y. Khi

2

A,=0tacoéy-= ——%— va d6 thi cha n6 1a
parabol P img v6i (€) khi coi m 1a bién. Parabol
ndy chia mat phing toa do thanh hai mién :
mién (I) 14 tap hop nhig di€ém M & phia trén
parabol ting véi nhiing gié tri cha x, y thod man
bét ding thic A, = x* + 4y > 0. Tai moi diém
trong mién ndy déu c6 thé ké dugc hai duong
thdng d,, d, ti€p xic véi P. Mién (Tl) 1 tap hop
nhiing diém M & phia du6i P ing véi nhiig gid tri
x,ythoéménAm=x2+4y<O.

mx, y) ‘
o)

Hinh 2

Tai moi diém trong mién nay khong thé ké
dugc dudng théng ndo ti€p xiic véi P. Con chinh
trén P 1a tap hop nhimng diém M c6 toa do (x ; y)
thod méan phuong trinh 2+ 4y = 0. Tai mbi
diém cla P c6 mot dudng thing duy nhit tiép
xic v6i P (h.2). Trong truong hop nay
ngudi ta goi P 1a hinh bao clia ho dudng thing
y=mx+ m?, Suy rong ra ta c¢6 dinh nghia

Hinh bao ciia ho duong thdng y = f(x, m) véi
tham s6 m la duong ma tai méi diém cia né
déu tiép xiic véi it nhdt mot duomg thdng ciia ho
y=fix, m).
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6 hai nghiém trong d6 4t han phai c6 nghiém
kép (ban doc tu suy luan lay) thi qua M ¢6 hai
dudng thang. Néu (/') c6 mot nghiém duy nh4t
thi qua M c6 mot dudng thing. D€ tim duoc
hinh bao cia ho (') ta hdy tim diéu kién dé
phuong trinh (Z ) ¢6 nghiém kép.

Theo dinh li Bézout néu o la nghiém kép cua
phuong trinh f(x) = 0 thi f(x) = (x — @)*Q(x).

Do d6 « ciing 1a nghiém ctia phuong trinh

f'(x)=0hay 2(x - 2)Q(x) + (x~@)*Q'(x) =0,

tir 6 néu m 1a nghiém kép cta () thi n6 thoa
man hé :

{m3+mx—y=0 {)r=—3m2
=

3m? +x=0 y=—2m3.
Khir m dé tim méi lién hé giita x, y ta dugc

27y2 +4x° =0. Véi moi x<0tacéd
y=t—=V-x (5)
day chinh la phuong trinh hinh bao cia ho (IV).
Biang phuong phdp khao sédt thong thudng ta
dugc d6 thi cia (5) 1a duong cong (C) nhu &
hinh 4.

(C) y

(m (n

(©)

Hinh 4
Hinh bao (C) chia mat phéng thanh hai mién :
mién (I) bén phai (C) 1a tap hgp nhing diém
M(x ; y) thoa man 4x° + 27y* > 0, tai mbi di€m
trong mién nay (chéng han diém M) chi c6 mét
dudng théng ti€p xic véi (C). Mién (II) bén trai
(C) 1a tap hgp nhimg diém M(x ; y) thod man

4x° + 27y* < 0, tai mdi diém trong mién nay
(chdng han diém M;) c6 thé ké dugc ba dudng
thing ti€p xudc véi (C) ung vdi ba nghiem m;,
my, my. Con chinh trén (C) : 4x° + 7y = 0, véi
mdi M(x ; y) c6 thé ké dugc hai dudng théng
ti€p xiic vdi (C) ung v6i hai nghiém m,; va my = m;.
T sy nghién ciu hinh bao cia ho dudng
thing (2) ta dugc két qua "thd vi" sau day :
Phuong trinh bac ba 2+ px + g =0 (xem p nhu
x, g nhu —y trong phuong trinh () ta duoc
phuong trinh m> + mp — ¢ = 0 (€) ¢6 nghiém
hay khong tuy thuoc & biét thic 5= 4p> + 274°
Véi
6 > 0 phuong trinh (¢) c6 mot nghiém
duy nhat,
6 = 0 phuong trinh (&) ¢6 hai nghiém (mot
don, mot kép),
0 < 0 phuong trinh (¢) c6 ba nghiém
phéan biét.
Bai toan 4
1. Tim gid tri ciia m dé phwong trinh
i33——m(x+1)=() (6)
¢6 ba nghiém khdc nhau.
(Dé thi dai hoc nam 1976)
2. Vi gid tri nao ciia m do thi ham s6
y=2x —1+mx-1) (7)
1iép xuc vdi truc hoanh.
(Dé thi dai hoc nam 1975)
3. Vi gid tri nao cua k phuong trinh
ke + Q2 -kx+2=0 (8)
¢6 mot nghiém duy nhdt.
Loi gidi. 1. Phuong trinh (6) viét lai 1a
x> = 3mx — 3m = 0 dé c6 ba nghiem phan
biét thi biét thic
§=4p> + 274> = 4(=3m)’ + 27(~3m) phai am

haym2(9—4m)<0:>m> %
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2. D€ d6 thi ham s6 (7) ti€p xuc véi truc
hoanh thi phuong trinh

X —1+mx—1)=0hay > +mx—(m+1)=0
phai c6 nghiem kép, do dé biét thic & = 4m> +
27(m + 1)* = 0, d& thdy dugc phuong trinh nay

cOnghitmm=-3vam= —%

3. Dé phuong trinh (8) c¢6 mot nghiém duy
nhit ta xét :

a) N&u k = 0O thi (8) trd thanh 2x + 2 =0 va
c6 nghiém duy nhét x = —1.
b) Néu & = 0 thi (8) trd thanh

2 2
3 —_— — =
X +( 1)X+ 0.

Dé n6 c6 nghiém duy nhat thi biét thitc

3 2
2 2 2
5—4(;—1) +27(7{‘) > 0. Dat E—t ta

duoc
42 + 152 + 12t —4 = Bt — 1)t +2)* >0,

. 1 2 1 ‘
dodot>z hay ;>Z =0<k<8.

Vay phuong trinh (8) c6 nghiém duy nhat
khi

0<k<8.
MOT SO BAI TAP AP DUNG
Bai 1. Cho ham s6

_(m=2)x—(m*-2m+4)
r= X—m
a) Chumng t6 ring d6 thi ham s6 luén ti€p xic
v6i hai dudng théng c6 dinh.
b) Tim cic diém trén mat phing ma dé thi
khoéng di qua du m 14y bat cit gia tri nao.
(D€ 56 57 — Dé thi tuyén sinh vio dai hoc)
Bai 2. X4c dinh m dé phuong trinh
Srmd-1=0c6 mot nghiém duy nhat.
Hudng ddn. Dat t = x + %

Bai 3. Cho mot géc vudng xOy. Mot dudng
thing d thay ddi cét Ox tai A, Oy tai B tao thanh
tam gidc ABC c¢6 dién tich khong déi S. Chimg
minh ring cic dudng thing d d6 luon tiép xiic
v6i mot dudng cong c6 dinh.

HO PUONG CONG TIEP XUC VOI MOT PUONG CO PINH

Trong céc ki thi tuyén sinh vao dai hoc va
trong Bo dé Toén thi tuyén sinh ta thudng gip
céc dang todn sau day.

Chitng minh ho duwong cong (C,,) ¢6 phuong
trinh y = fx, m) véi m la tham s6, ludn tiép xic
voi mét duong (D) ¢6 dinh.

Xin giGi thiéu bén phuong phap giai dang
todn nay.

1. Phuong phap nghiém kép

Gia su ho dudong cong (C,) ti€p xic véi
dudng (D) c6 phuong trinh y = g(x). Khi d6
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trong pham vi chuong trinh phé théng bai toin
duogc thoa man khi f(x, m) = g(x) c6 nghiém kép
vGi moi m. Tir diéu kién nay ta sé tim duge g(x).
2. Phuong phap tim diém c6 dinh
Buéc 1. Tim diém c6 dinh (néu co)
M(xy; yo) € (Cp) 1 y =fx, m).
Buéc 2. Chimg minh f'(x,, m) = k khong déi.
Buoc 3. Két luan (C,) luon ti€p xic véi
dudng théng y = k(x — x;) + y,.



3. Phuong phap tach bd phan nghiém kép

Buée 1. Bién déi

_ la(mx+pom)
A(x,m)

2 <k e N va y(x) khong chitam (*).

fx, m)

+y(x) trong dé

Buoce 2. Xét phuong trinh twong giao flx, m)
= x) © [a(m)x + Am)]* = 0 c6 nghiem kép
_=Bim)

a(m)

(o]

Buoc 3. Két luan (C,) luén ti€p xic véi
dudng c6 dinh (D) c6 phuong trinh y = {(x) tai
ti€p diém M (x, ; 7(x,)).

4, Phuong phap tim tap hop diém ma ho
duong cong khong di qua

Bude 1. Tim tap hop diém ma ho dudng cong
khong di qua, chéng han toa do cla cdc di€ém
nay thod méan b4t phuong trinh a(x,y) < B(x,y).

Budc 2. Dy dodn duong cong c6 dinh (D) ¢6
phuong trinh a(x,y) = B(x, ).

Buoc 3. Ching minh (C,) : y = fix, m) luén
ti€p xdc véi (D) : alx, y) = Bx, y).

Binh luan,

1. Phuong phép 1 (thuong sur dung trong Bo
dé Todn) 1a phuong phdp tu duy theo 16i kinh
dién tic 1a : N6i dén su tiép xic la phdi nght
ngay dén yéu t6 nghiém kép. Day la phuong
phdp gidi co ban d6i vdi dang bai toin ma biét
truge dang cta dudng c6 dinh (D).

Tuy nhién cich giai nay dai, tinh todn phic
tap, dé nham 14n va dic biét n6é khong thich hop
vGi cac bai todn chua cho biét dang cua dudng
¢6 dinh (D).

2. Phuong phdp 2 chi sir dung duoc khi ho
(C,,) chita dung yé€u t6 ludn ti€p xic véi mot
dudng thing c6 dinh tai mot diém c6 dinh. Néu
st dung duoc thi viéc tinh toan sé don gian hon
so v6i phuong phip 1.

3. Phuong phap 3 cho cdch giai rdt ngén gon
va doc ddo. Diém khic biét co ban so véi hai
phuong phép trén la phuong phdp 3 giai quyét

duoc 16p céc bai todn chua cho biét dang cia
dudng c6 dinh (D).

Muén sir dung t6t phuong phép nay ta cln
chu y céc dic diém sau :

e Khéo 1éo bién ddi f(x, m) thanh dang (*)
trong budc 1 ciia phuong phip 3.

® Dur doan dugc y(x) theo mot trong hai cach :

3.1. Du doan ¥(x) bang truc quan toin hoc

[a(m)x + ()]
Alx,m)

df _dg _la(mx+Bm)]
dm ~ dm @(x,m) -

= 2B 4t hai kha nang -
a(m)

—B(m)
(

3.2.Dat g(x, m) = . Khi d6

0

0

a) Néu x, = 12 biéu thic c6 chia m.

Khi d6 ta sé xdc dinh #(x) bing cach sau
df 0

yc 1. Gidi phuong trinh
Buoc il pl g tri Iin

-
m = p(x).

. . . df NI

Bude 2. Vi nghiém cua a’—n-zo cing la

nghiém cua g(x, m) = 0 nén thé€ m = p(x) vao
ham s6 y = fix, m) ta nhan duoc ngay y = x{(x).
—p(m)
a(m)
vao ham s6 y = f(x, m) nhan dugc y = b (const).

b) Néu x, =

=a (const). ThE x,=a

Nhu vay ta khong xdc dinh dugc ngay
y={x) ma chi biét mot di€m (a ; b) thudc
y = ¥x) cén tim.

Viéc khoi phuc #(x) phai s dung cic bién
phap gian ti€p khac nhau tuy theo tinh huéng cu
thé clia céc bai toan.

4. Vé mat hinh hoc ta ¢4 cic nhan xét sau :

4.1. Néu x, = —_—&'Bf(’—n’—n)—) khong phu thudc vao

m thi (C,,) luon ti€p xic véi (D) tai mot diém c6
dinh (h.1).
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-B(m)

“a(m)
(C,,) luon tiép xiic véi (D) tai céc diém di dong
trén (D) (h.2)

4.2. Néu x, = phu thudc vao m thi

Hinh 1

(Cm)

(D)
Hinh 2

4.3. Phuong phép 4 thuong dugc sir dung khi
(C,,) 1a ho dudng théng con (D) 1a mot dudng
cong c6 tinh chdt ciia hinh 16i. Chang han (D) Ia
duodng tron, elip, parabol,... N6i chinh xdc hon
dudng cong (D) chia mit phéng toa do thanh
hai mién trdi ddu ngin cach bdi d6 thi cia (D)
(h.3, h.4).

Sau day 1a mot s6 thi du minh hoa cho céc
phuong phép va binh lun trén.

Bai 1. Chitng minh rdng dé thi ham s¢
27+ -mx+1+m

X—m

luén tiép xic véi mot dwuong thdng c6 dinh tai
mot diém c6 dinh.
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Léi gidi. Phuong phdp 1. Ho d6 thi ham s6
da cho luén tiép xiic véi dudng thing y=ax + b
2.2 +(l-mx+1+m

<> phuong trinh Py =

ax + b c6 nghiém kép véi moi m < (a — 2)x° +
A-am+Bb-Dx-Gb+1m-1=0c6
nghiém kép v4i moi m

oar2vaA=(1-a)’m’ + Q1 -a)b-1)
+4a@-2)b+ 1))m+ b~ 1)* +4(a - 2) =0 véi
moi m

(1-a)=0
o {201-b)h-1)+4a—-2)(b+1) =0
(b-1* +4a-2)=0
a=1
2=
h=-1.

Vay d6 thi ham s6 luén ti€p xic voi dudong
thing y = x — 1 tai diém c6 hoanh d¢ x, = -1
(x, 12 nghiém kép cua phuong trinh béac hai
trén) = y, =x, — 1 = -2 = Toa d0 tiép diém la
(-1; -2). |

Phuong phdp 2. Di€m c6 dinh M (x, ; y,)

2x§+(1—m)xo+1+m

thuoc d6 thi < y, = —
o

v6i moi m
et (xo—yo—l)m+x°y0—2x§—xo—l=0
v6i moi m

{xo—yo—l=0
femy

xoyo——2x§—xo—1=0

Yo =x°—1
< 2
—(x, +1)° =0

- {xo =-~1
Yo = 2.
Mat khac
(e = 2x§ —4mx, +m22—2m -1
(xo —m)
GRS
-1-mP?



Vay d6 thi ham s6 luon ti€p xic véi
dudng thing c6 dinh 12 tiép tuyén véi d6 thi
tai ti€p diém (-1 ; —-2) c¢6 phuong trinh la
Y=Y —x) +y, &> y=x—1.

Phuong phap 3.

W2+t —(m D+ m
B X—m

2
BRI
X—m
2
Vi phuong trinh (et 1) +x-1=x-1 &
xX—-m
2
(iiz =0 c¢6 nghiém kép x = —1 nén d6 thi

luén ti€p xiic v6i dudng théng y = x — 1 tai diém
¢6 dinh (-1 ; -2).

Bai 2 [Dé 921.3]. Ching minh rdng tiém cdn
xién cua ham sé

_(m)x* - 2mx—(m® —m® -2)
- X—m

luén tiép xiic véi mot parabol ¢6 dinh.
Loi gidi. Bién déi
2

y=(m+Dx+mm-1)+

= Tiémcanxiénlay=(m+ Dx+ m(m - 1).

Phuong phdp 1. Gia st tiém can xién luén
ti€p xtic véi parabol y = ax® + bx + ¢, khi dé
a® + bx + ¢ = (m+ 1)x + m(m — 1) hay phuong
tinh @ + (b — 1 —mx + ¢ — m(im — 1) = 0 ¢6
nghiém kép véi moi m

& azr0vaA=(+4daym® +2(1 — b - 2a)m

+(1 = 2b + b? — 4ac) = 0 véi moi m
1+4a=0 a=-1 1
<dl-b-2a=0 P 34, c=-7
1-2b+b* ~dac=0 |P=7
=5 Parabol phai fim 2y = —+ x> + S x -+
P Y="3* 27y

Phuong phdp 3. Budc 1. Du dodn parabol
(tam nhdp). 2 = 2m + (x—~1)=0
dm

1-x

2

xién dugc y = (lng+ljx+ I;‘X(I_Tx—lj

Thé m =

vao phuong trinh tiém cén

_ —x% +6x-1

- 4
Budéc 2. Ching minh diéu du doén.
Xét phuong trinh

—x? 4+ 6x—1

(m+Dx+m(im-1) = )

<‘:>m2+(x-—1)m+ =0

(x -1y
4

2
= (m +f—§——1) =0 c6 nghiém kép véi bat

ki m. Vay tiém can xién lubn ti€p xiic véi
3 1

parabol y = —%xz +5x—z.

Phuong phdp 4. Buéc 1. Dy doan. Diém
M(x; y) khoéng thudc tiém can xién nao
oSy=(m+ Dx+mim-1)

hay m + (x - Dm + (x — y) = 0 v6 nghiém
véi moi m

= A=(x-12-4d(x-y)<0

2
_3‘—% > y. Dudng ¢6 dinh c6 thé
By ~x> +6x -1
Y= 4
Bude 2. Ching minh diéu du doan.
Xét phuong trinh
2
- -1
(m+ Dx+mm—1) = %
2
o m+x-m+ 8D o

4
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2
= [m+XT_1} =0 c6 nghiém kép. Vay

. 1
parabol cintimla y = —=x? +§X“'1—

4 2 4’

Bai 3 [Dé 19Va]. Chimg minh rdng ho duong
thing (D) : xcosa + ysina + 2cosa + 1 = 0 luén
tiép xiic véi mot duong cong c6 dinh.

Loi gidi. Phuong phdp 3. Bucc 1. Du doén.

f(xy,a)=0

Giai he df o

{xcosa +ysina+2cosa+1=0
=S

—xsina + ycosa —2sina =0
o (x+2)cosa + ysina = —1
yecosa —(x +2)sina =0

x+2

cosqg = ———r——

(x+2) +y
sing = —————

(x+2) +y

2

_ﬁ2__ d—2 ] 21
(x+2) +y (x+2) +y

& (x+2)? +y% = 1. Dudng c6 dinh c6 thé 1a
duong tron (x + 2)> +y2 = 1.

Budc 2. Ching minh diéu du doén.

Goi /(-2 ; 0) 1a tam dudng tron (x+2)° +y* = 1,
ta c6 khoang cich tx [/ dén Dy bing

4(.D,)= |-2cosa +0.sina + 2cosa + 1] 1

\/cos2 a+sin’a

Vay ho D, ludn ti€p xdc véi duong tron

(x+2)2+y2= 1.

Phuong phdp 4. Buéc 1. Dy dodn. Diém
M(x ; y) khong thuéc ho D,

<> xcosa + ysina + 1 = 0 hay

(x + 2)cosa + sina= —1 v6 nghiém a <>
(x+2)? + y* < (<1)* = 1. Dudng c6 dinh c6 thé
la dudng tron (x +2)° + y* = 1.
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Buoc 2. Chimg minh giéng budc 2 & trén.

Bai 4. Ching minh ring ho dudng cong

3 - m?

4
ludn ti€p xuic véi mot dudng cong c6 dinh.

—4x4+3x3—5x2+mx+

5
y=x

Loi gidi. Phuong phdp 3. Buée 1. Dy doén.

dy m
%—x——z— 0o m=2x

Thé m = 2x vao biéu thic ham s6 dugc
y=x — 4t + 33 a4t 4 %. Pay c6 thé la

dudng cong c6 dinh.
Budc 2. Ching minh diéu du doan.
Xét phuong trinh

2

x5~4x4+3x3—5x2+mx+3—4m =
=x5—4x4+3x3—-4x2+%

m? m )
L xz—mx+-—z— = (X—?) =0 c¢b

nghiém kép. Vay ho dudng cong da cho lubn
ti€p xic véi dudng cong

—4x2 +§.

5 44 3
=x" 4" +3
y=x +3x 2

MOT SO BAI TAP UNG DUNG

Bai 1. [Dé 401.2] Ching minh ring v6i moi
(m+Dx+m
x+m

xtic v6i mot dudng thang c6 dinh.

Bai 2, [Dé 1021.2] Ching minh rdng d6 thi
ham s6 y = 2+ Cm+ )x + m® — 1 luon tiép
xdc véi mot dudng thing c6 dinh.

Bai 3. [Dé 41 IV.a] Chimg minh ring ho
dudng thing (D,) : y = (2p + 1)x - p” luén tiép
xtc véi mot parabol c§ dinh.

Bai 4. [Dé 1431.2] Ching minh rdng d6 thj
-m(x+D+x+2
m(x+1)—1
xtic véi mot dudng thing c6 dinh.

m# 0 d6 thi hAm s6 y = luon ti€p

ham s6 y = (m # 0) luon tiép



Bai 5. [Dé 641] Cho ham s6

x%cosa + x +sin’ @cosa +sina

= ax kﬂ',
Y X +Ccosa (

k € Z). Ching minh ring tiém cén xién luén
ti€p xuc vdi parabol c6 dinh. Tim quy tich tiép
diém.

Bai 6. {Dé 571] Cho ham s6

_ (m-2x—(m>-2m+4)

y= x—m ’

Ching minh ring d6 thi ham s6 luon ti€p
xtc véi hai dudng thang cd dinh.

2+m

BGm+Dx—m
X+m
(m # 0). Ching minh ring d6 thi ham s6 luén
ti€p xuc véi hai dudng thing c6 dinh.
Bai 8. [Dé 141Va] Chuiing minh ring ho dudng
thing (Cp) : (x — I)cosa + (y — 1)sina — 4 =0
luén ti€p xic véi mot dudng cong ¢ dinh.

Bai 7. [D€ 671] Cho y =

Bai 9. Chimg minh ring ho dudng thing
(D,):y= mx+% (m # 0) luon ti€p xic véi

mot parabol c6 dinh.

NHIN LAI KHAI NIEM NGHIEM KEP CUA PHUONG TRINH
VA VAN PE PUONG CONG TIEP XUC VOI TRUC HOANH

Ching ta biét ring diéu kién dé parabol

2

y=ax" + bx + ¢ ti€p xdc véi truc hoanh la

phuong trinh ax® + bx + ¢ = 0 c6 nghiém kép va
do d6 twong duong véi biét thic A = b2 — dac = 0.
bay la két qua ma ban di quen biét tir khi hoc
I6p 10. Tuy & thoi diém d6 sach gido khoa
khong dinh nghia chinh xac th€ nao la parabol
ti€p xic véi truc hoanh, nhung nhiéu ban bing
céch vé dé thi da thdy rng parabol ti€p xiic vdi
truc hoanh khi dinh cia n6é ndm trén truc hoanh.
Tir két qua nay cua da thuc bac hai, nguoi ta da
sir dung thanh cong trong viéc giai mot s6 bai
todn vé cdc dudng conic. Nhung that dang tiéc
boi tir d6 khong it ngudi da sir dung mot cach
tuy tién két qua trén sang ca cdc duong cong
khac. Hon thé€ nira trong mot s§ cudn sich cac
tac gia clia né da khing dinh khéng mét chiit do
du ring : "Diéu kién cdn va du dé d6 thi ham s6&
y = flx) tiép xiic véi truc hoanh la phuong trinh
f(x) =0 ¢6 nghiém kép". Dé thdy 16 cdi sai trong
lap luan trén, ban hay binh tinh cing ching t6i
trd lai hai khdi niém rat co ban 1a nghiém boi

8.TUYEN CHON..TH&TT (QUYEN 3)-A

DUONG QUOC VIET (Ha Néi)

cua da thice va duong cong y = f(x) tiép xiic vdi
truc hoanh.

Nghiém boi cia da thirc la gi ?

Tir kép néu theo nghia chi s6 lugng thi né
tuong duong véi hai. DGi véi phuong trinh bac
hai s6 nghiém t6i da cua nd la 2, vi vay hai
nghiém trung nhau dugc goi la nghiém kép. Véi
da thirc bac cao hon hai c6 thé xuét hién nhiéu
nghiém trung nhau va nguoi ta da dua ra khai
niém nghiém boi dé chi s6 lugng cic nghiém
giong nhau cla da thitc. Uu thé€ dac biét cha da
thirc 12 & ché : Néu da thic P(x) nhan o lam
nghiém thi P(x) = (x - a)Q(x) trong dé Q(x)
ciing 1a da thic. Nho két qua ndy ngudi ta cé thé
dinh nghia nghiém boi cua da thic trén tap s6
thuc nhu sau :

Da thic bdc n 2 1 dang P(x) =
1

a" +
ap1X + ..+ ayx + a, nhan s6 thuc a lam
nghiém boi k (k la sé nguyén duong) néu nhu
P(x) = (x — &)*Q(x) trong d6 Q(x) ciing la mét
da thuce voi Q(a) # 0.
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Trong trudng hop dac biét nghiém boi hai

dugc goi 1a nghiém kép, con nghiém boi k = 1

(i)
duge goi la nghiém don. Néu ki hieu P(x) la
dao ham cép i cha da thic P(x) thi ban c6 thé
ching minh mot cich khong kh6 khan 13m két
qua dudi day.

Ménh dé 1. Piéu kién dt c6 va di dé da thic

(1)
P(x) nhdn alam nghiém boi kla P(a)=0, P(a) =0
(k)
voik—1giatrii=1,2,..,k—1va P(a)#0.

Khi nao dudng cong tiép xic v6i truc hoanh ?

Néu dua vao dinh nghia ti€p tuyén cila
dudng cong y = f(x) tai mot diém trong céc sich
Giai tich thi d6 thi ham s6 y = f(x) tiép xiic v6i
truc hoanh néu né nhan truc hoanh lam tiép
tuyén. NhG lai ring, phuong trinh cia truc
hoanh 12 y = 0 cho nén d6 thi y = f{x) ti€p xiic
v6i truc hoanh tai diém c6 hoanh do x, khi va
chi khi flx,) =f'(x,) = 0. Va ta c6 ménh dé sau :

Ménh dé 2. D6 thi ham sé'y = f(x) tiép xic
Véi truc hoanh khi va chi khi hé phuong trinh
fix) = f(x) = 0 ¢6 nghiém.

Néu két hgp ménh dé 1 va ménh dé 2, ta sé
nhan dugc két qua vé mdi quan hé gifta tinh
tiép xdic voi truc hoanh cia mot da thic va
nghiém boi.

Ménh dé 3. D4 thi ham da thic P(x) = a,x"
+ an_lx"_l + .. + a;x + a, bdc cao hon 1 tiép
xic vdi truc hoanh khi va chi khi P(x) c¢6
nghiém boi k(k > 2) (hay la c¢é it nhdt hai
nghiém trung nhau).

Nhin lai nhimng sai 1am

Néu cho ring diéu kién dé d6 thi ham s6
y =f(x) ti€p xic véi truc hoanh 1a phuong trinh
fix) = 0 c6 nghiém kép hoic 1a c6 nghiém boi
k > 2 thi s& ra sao ? Sau day chiing t6i sé din ra
mo6t vai thi du dién hinh minh hoa cho sai 1dm do.

Thi du 1. D6 thi y = x° tiép xiic v6i truc
hoanh tai x = 0, nhung phuong trinh x° = 0 lai
¢6 nghiém boi 3 chit dau la nghiém kép !
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Thi du 2. D6 thi ham s6 y = sinx — x ti€p xiic
v6i truc hoanh tai x = 0 vi y(0) = y'(0) = 0,
nhung c¢6 1€ nao ta lai 6 phuong trinh sinx —x =0
c6 nghiém kép hay nghiém boi !

Mot sai 14m tinh t€ hon ma chiing ta cé thé
tim thdy trong khong it tai liéu c6 lién quan dén
nhimng bai todn danh cho c4c ban 6n thi vao cic
trudong dai hoc 12 14p ludn sau day.

Ham s6 bdc ba fix) = (x — x,)(ax* + bx + ¢)
tiép xiic voi truc hoanh khi va chi khi phuong
trinh fix) = 0 ¢6 nghiém kép.

Diéu dé tuong duong v6i : Tam thic ax’ + bx + ¢
nhéin x, lam nghiém hoic c6 nghi¢m kép, tic 1a

ax? +bx, +c=0
A=b*-4ac=0.

Té nhi 1a & chd ca hai budc cia lap luan trén
déu sai nhung két qua cudi cung lai ding. That
vay, ban hdy cing chiing t6i xem xét lai timg
bude cha 1ap luan nay.

D6 thi cha ham bac ba fix) = (x — x )ax® +
bx + ¢) ti€p xic Vi truc hoanh khi va chi khi
phuong trinh (x — x)(ax” + bx + ¢) = 0 ¢6 it
nhdt hai nghiém tring nhau (Ménh dé 3), diéu
do tuong duong véi

2 D=
ax; +bx, +¢=0

¢))
A=b*-dac=0

Néu ca hai diéu kién cta (1) cing xay ra thi
f(x) nhan x, 1am nghiém boi ba.

Ban ciing c6 thé dung Ménh dé 2 dé ching
minh két qua ndy. Bay gio ta chuyén qua xem
xét bude 2.

Phuong trinh bac ba (x — x)l@x” + bx + ¢) =0
c6 nghiém kép thi nghiém kép dé 1a x, hodc
khdc x,. Néu nghiém kép la x, thi phuong trinh
axt +bx+c=0 phai c6 mot nghiém x, va mot
nghiém khdc x,. Néu (x — x )ax* + bx + ¢) = 0
c6 nghiém kép khéc x, thi nghiém dé6 chinh la
nghiém kép ciia phuong trinh ax” + bx + ¢ = 0.



Vay (x — xo)(a}c2 + bx + ¢) = 0 ¢6 nghiém kép
khi va chi khi

2 . D=
{axo +bhx, +c=0

A=b>-4ac>0
(2)

axg +bx,+¢c#0
A=h*-dac=0
Ban c6 thé ding Ménh dé 1 dé kiém tra két

qua nay.
Thi du 4. Cho ham s6
£ = (x = DOE = 2mx + m).

(i) Tim m dé€ phuong trinh fix) = 0 cb
nghiém kép.

(Pép s6 lam =0).

(ii) Tim m dé d6 thi ham s6 ti€p xiic véi truc
hoanh.

(bép s6 1a m =0 hodac m=1).

Diéu kién (1) va diéu kién (2) c6 1€ ndo lai
tuong duong !

Céc ban than mén !

Hod ra 1a 1ap luan : "Diéu kién dé duong
cong y = f(x) ti€p xic v6i truc hoanh tuong
duong vé6i phuong trinh f(x) = 0 cé nghiém kép"
chi c6 thé tin cAy duoc trén cdc ham bac hai,
con d6i v6i cdc dudng cong khac can phai dugc
xem xét lai cho chudn muc.

MOT SO VAN PE VE NGHIEM BOI CUA PHUONG TRINH

Trong sach gido khoa phé thong, ta méi chi
dé cap dén khéi niém nghiém kép cia mot da
thiic, tuy vay nhiéu bai toan lai doi hoi cic kién
thirc lién quan dén khdi niém nghiém boi (néi
riéng 1a nghiém kép) ciia mot phuong trinh.

Thi du : Dé 143,12 Bo dé thi tuyén sinh dai hoc.

Chitng minh rdng dé thi ham sé

_m=m(x+ D)+ x+2
T omx+1)-1

(m=+0)

[uén tiép xiic véi duong thdang c6 dinh.
Phan ddu i gidi la: Goiy=ax+ 1)+ b 12
dudng thang c4n tim thi phuong trinh

-m(x+1)+x+2
M1 =a(x+1)+h )

¢6 nghiém kép véi moi m = 0,
hay phuong trinh bac hai
am(x+ D2+ (1 +b) =1 —a)x+1)=1-b=0 (2)

¢6 nghiém kép véi moi m = 0.

PHAM NGOC BOI (DH Vinh)

Vi vay, cin phai hiéu thé€ nao 1a nghiém kép
cha phuong trinh va cdc phép bién déi nao giit
nguyén nghiém kép clia n6 ?

Dinh nghia. S6 u duoc goi 1a nghiém boi n (n
la s6 tv nhién, n > 2) cha phuong trinh
flx) = g(x) néu cdc ham s6 f(x) va g(x) c6 dao
ham dén clp n — 1 tai u va s6 u 1a nghiém cua
hé phuong trinh :

f(x)=g(x)
flx)=g'(x)

f("_l)(x) = g(ll—l)(x)
vGi dao ham cap n cua flx), g(x) tai u hoic
khong xac dinh, hoac xac dinh nhung

FO = g w) “
Khi n = 2 ta goi nghiém u 1a nghiém kép.

3)

Tur dinh nghia ta thdy ngay : néu sé u la
nghiém boi k > n cua phuong trinh fix) = g(x)
thi u s& thod mén hé (3).
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Ta c6 mot s6 tinh chat sau cia nghiém boi.

Tinh chat 1. Gid sty = fix) va y = g(x) la
hai ham s6 xdc dinh trén D, khi dé dé thi cia
chiing tiép xiic véi nhau tai diém 6 hoanh dé
bdng u € D khi va chi khi s6" u la nghiém boi n
(n > 2) cda phuong trinh f(x) = g(x) 5)

That vay néu hai d6 thi ti€p xidc nhau tai
diém M(u ; v) thi 4 12 nghiém clia hé

{f(x) = g(x)
fix)=g'(x)

Vay s6 u la nghiém bi n véi n > 2 cua (5).

(6)

Ngugce lai, néu s6 u 1a nghiém boi n véin > 2
ctia (5) thi u 1a nghiém cia hé (3) nhung n—12>1
nén hé (3) c6 it nhat hai phuong trinh cta hé
(6). Tir d6 hai dé thi phai ti€p xic nhau tai diém
¢6 hoanh d6 u.

Khi tim nghiém boi clia phuong trinh bt ki
ta thuong quy vé tim nghiém boi cla da thirc vi
vay cdc tinh chat sau cé ich cho viéc do.

Tinh chat 2. S6" u la nghiém bgi n cua da
thite F(x) khi va chi khi F(x) = (x — u)".P(x) vdi
P(x) la da thiw khdac O va khong nhdn u la
nghiém.

Vay khi d6 s6 u la nghiém boi cia da thic
F(x) theo nghia di biét (da thirc cé ding n
nghiém béing ).

Chirmg minh. Bing quy nap ta c6 thé ching
minh cong thitc sau (danh cho ban doc).

Néu Q(x) va R(x) 1a cac ham s6 cia x thi
QRN =0® (xX)R(x) +CLO* ™V (x).R'(x)
+ C2O* D (OR"(x) + ... + QOR® (x) (7

a) Néu F(x) = (x — u)"P(x), diing cong thiic
(Tytacéd

FN® = n(n=1)...(n—k+1D(x —u)"* P(x)
+ kn(n=1)..(n -k +2)(x—w)""TP(x) + ...
+ (x—u)" PO ().

Nen F®(u)=0 véimoi k<n— 1.

F"(u) = n'P(u) # 0.
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b) Dao lai, néu u la nghiém bodi n cla
phuong trinh F(x) = O thi theo dinh nghia phai
c6 (3) va (4).

Gia st F(x) = (x—u)" P(x), m € N, P(x) l1a
da thic khic O va khong nhan u 13 nghiém.

e Néu m < n 4p dung cong thic (7) ta c6
F™(u) #0, nhung m < n — 1 titc 13 u khong
thoa man phuong trinh thit m + 1 trong hé (3).

e N&éu m > n 4p dung (7) ta c6 F®(u) =0,
véi moi k= m - 12 n, titc 13 F™(u) =0, nén
diéu kién (4) khong thoa man.

Vay m=n.

Sir dung tinh chat 2 ta c6

Tinh chat 3. Gid su b la s6 thuc tuy y, thi s6
u la nghiém bgi n cua da thicc

m—1

m
a,x" +a, X" +..+ax+a,

khi va chi khi s6’ u — b la nghiém bgi n cia da
thite
x+b)"!

Tinh chat 4. Gid su f(x), g(x), h(x), r(x) la
cdc da thite véi g(u) # 0, r(u) = 0 thi s6' u la

m
a,(x+b) +a,_, +..+a(x+b)+a,

J(x) _ h(x)

hiém boi n clia phuong trinh =—"
nghié ncuap g tr (%) r(x)()
khi va chi khi s6 u la nghiém béi n cua phuong
trinh f)r(x) = g(x)h(x) 9

Chimg minh. 2) Gia sir s6 u 1a nghiém boi n
cha (9) thi fx)r(x) — gh) = (x — u)"Px),
trong d6 P(x) 1a da thic khic 0, khéng nhan « la
nghiém, ldc d6 xét

_FO) hG) _ For() - g(oh(x)
FO=200 ™ 7 g(Or(x)
PRI (GO
=
Apdung (7) cho 0 = (x— ", RGx)=—t )
e ST B o™

ta cod



k PO
F( )(x) =nn-1..(n~k+1).(x- u)(n ) g(x)r(x)

ey LD
+hnln = 1).n - k+ 20— "D 3orn |+

P(x) J"‘)

e+ (x—u) (g(x)r(x)

Vi vay dé dang tinh dugc F® (u) =0

véi moi k <n—1va FPw=n! P@)

! 0.
gOr)

Tic 1a u 1a nghiém boi n cha (8).

b) Dao lai, gia sir # 1a nghiém boi n cta (8),
chiing minh hoan toan tuong tu phin b cla tinh
chit 2 ta ¢6 s6 u ciling 1a nghiém boi » cta (9).

Dua vao cdc tinh chit da néu, ta yén tam
thuc hién mot s6 phép bién déi twong duong ma
khong lam thay d6i nghiém boi cta phuong
trinh nhu & cac thi du dudi day.

Thi du 1. Ta ldy lai thi du [Pé 143) dd néu
trén. O day ta sit dung 167 gidi ciia ddp dn bo dé
thi ma cdc ban sdn ¢ trong tay, mdc di c¢6
nhiéu cdch gidi khdc. Ta b6 sung mot vai ché dé
loi gidi chinh xdc, néu khong muén ndi ddy la
su minh hoa cho cdch gidi nay bdi co sé li
thuyét da néu trén.

Loi gidi. Gi st dudng thdng y =a(x + 1) + b
ti€p xdc v6i d6 thi ham s6 ndi trén véi moi
m#0, khi d6 hoanh do u cla ti€p diém Ia
nghiém boi n cia phuong trinh (1) v6i moi m # 0.
Tuc 1a u 1a nghiém boi n (véi m(u + 1) # 1) cia
phuong trinh
am(x+ 12 +(m(1 +b)— 1 —a)x+1)—1-b=0 (2)
véi moi m = 0.

Do tinh chat 3, (2) c6 nghiém boi n khi va
chi khi amx® + (m(1 +b) =1 —a)x =1 -bh =0
(10) c6 nghiém boi n. Vi (10) 12 phuong trinh
bac hai nén nghiém boi 1a nghiém kép, sau dé ta
gidi hé diéu kién tuong img. Ciing cin luu y

ring khi gidi ra @ = b = —1 ta phai thir lai dé

ching t6 véi moi m # 0 nghiém kép u cua (2)

thod man diéu kién u # 1 —1 (Tuong \ng véi
m

g(u) # 0 trong tinh chét 4 ndi trén),

Thi du 2. Vé&i gia tri nao cia m thi do thi
cua cdc ham sé

_ 2 +QCm-1x? = (3m - Dx - (m® +3m)

X—m
va y=x+m+1 tiép xiic nhau ?
Loi gidi. D6 thi cia hai ham s6 néi trén ti€p
xtic nhau tai diém c6 hoanh d6 u véi u la
nghiém boi ctia phuong trinh :

2+ 2m - l)x2 -@Bm-1)x-— (m2 +3m)
x—m

=x+m+1.

Hay u 1a nghiém b6i ciia phuong trinh
x* +2(m—-1Dx* =3mx-2m =0

(1)

vOi u # m.
Ta co x3+2(m—1))c2 ~3mx -2m

= (x—2)(x* + 2mx + m).

Suy ra u 1a nghiém boi ctia (11) khi :

a) Néu u = 2 1a nghiém boi coa (11) thi 2
phai la nghiém cta x> + 2mx + m = 0 (12) nén

4 . L4 - -~ hd
m= —g,kh1d6u=2:tmnéng1atr1naycuam

thoa man.

b) Néu u la nghiém boi cioa (12) thi
A=m*-m=0,nénm=0hosicm=1.Véim=0
thi ¥ = 0 = m nén gid tri nay cia m khong
thod man ; véi m = 1, u = —1 # m nén gia tri nay
thod man.

Viay m = 0 hoac m = —% la cac gia tri

cin tim.
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BAI TOAN TIEP TUYEN KHI KHONG DUNG
PHUONG PHAP NGHIEM KEP

NGUYEN VAN QUY (GV THPT Bé Tre, tinh Bén Tre)

LTS : Theo quy dinh cia b6 GD-DT ké tw
ndm hoc 2000 — 2001 khéng dwgc diung phuong
phdp nghiém kép dé gidi quyét cdc bai todn vé
tiép tuyén va sy tiép xic cua hai dé thi. DE gidi
cdc bai todn dang nay ta cdn ding két qud sau :

D6 thi cta (C) : y = fx) ti€p xidc v6i do thi
F) =809 4 nohiem.
f=g')

Thuc té cho thdy nhiéu hoc sinh rdt ling

cuay=g(x) < He {

ting khi gidi cdc bai todn vé tiép tuyén trong
chuong trinh thi dai hoc ma trude ddy duoc gidi
bdang phuong phdap nghiém kép. Todn hoc va
Tudi tré xin gidi thiéu bai viét nay nhdm thdo g&
khé khdn hién nay & cdc truong phd thong, rdt
mong cdc ban trao doi thém.

Thi du 1. Viét phuong trinh tiép tuyén cua

2
d6 thi (C) ciia ham 56 y = %’fﬁ biét
tiép tuyén di qua A4 ; 1).
Loi gidi. y = 2x—1+——.
x—1

Puong thing (D) di qua A(4 ; 1) véi hé s6
gbc k c6 phuong trinh : y = k(x —4) +1.

(D) tiép xiic (C) <> H¢ (I) sau c6 nghiém :

2x—1+——l——=k(x—1)+1—3k )
x -1

D
5 1

- =k 2
o1 (2)

2x—1+——1———=2(x—1)—L+1——3k
x-1 x-1

E= 1

k=2-
(x-1)
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)
%;% 1 3k
AN , & x-1 2
k=225 Ok* + 4k -8=0
| 4
(1 _ 3
<:><x—1~_ 2
2 ++/76
k =
| 9

Vay tim duoc hai ti€p tuyén (D)), (D,) cb
phuong trinh :

(x—4)+1.

(2

Nhdn xét. Cdn chi y tho thuat viét
y=k(x—4) + 1 védang y = k(x — 1) + (1 — 3k).

Khithay k = 2 - vao (1), ta chi thay

(x—1?
vao k(x — 1) va khong thay vao (1 — 3k).

Thi du 2. Tim quy tich cdc diém M trong
mdt phdng sao cho tit M ¢6 thé ké duoc hai tiép
tuyén voi do thi (C) cia ham sé

X% +3x+3
T X+l
va hai tiép tuyén dy vuong goc.

Loi gidi. y= x+2+;~i—1.Gié st dudng

théng (D) di qua M(a ; b) c6 hé s6 goc k, thi

phuong trinh cta (D) c6 dang :
y=k(x—a)+bh

S y=kx+D)+b-(a+ 1k
(D) tiép xiic (C) <> Heé (II) sau c6é nghiém :

x+2+%=k(x+l)+b—(a+l)k

a x+1
k=1-

(x +1)?



x+2+—1-=x+1~——1~+b—(a+1)k
X+ x+1

1
(x+1)?%

an
k=1-

1 (h-D—(a+Dk

x+1 2

(b= —(a+Dk)?
4

k=1

Dat fik) = (a + DK +

+2Q2 (@ + (b= Dk + B -1)?*-4.

Yéu cu bai todn din dén phuong trinh k) =0

c6 hai nghiém k|, k, khic b1 s kydey=~1,
a+1
(a# -1
- h-1)_ 4h-1)
ngh1a1a<f(a+l)_ P 420
p— 2_
klk2=(bl_)24:_1
(a+1)
a#-1

S db#a+2
(a+ 1> +(b-1)% =4,

Vay quy tich c4c diém M 1a dudng tron (T)
c6 tam I(—1 ; 1) (/ 1a tam d6i xing cua (C)) bdn
kinh R = 2, bd di bon diém, do 13 cic giao
diém ctia (T) v6i hai dudng tiém can cia (C) la
x=-l,y=x+2.

Nhan xét. Néu ta tinh tién theo OI véi I(=1; 1)
thi phuong trinh cta (C) trong hé toa d6 IXY 1a
Y=X +% va giai theo phuong phdp trén thi
viéc tinh todn s€ gon hon.

Thi du 3. Viét phuong trinh tiép tuyén chung
cuia hai do thi (Py) va (P,) sau :

(P):y=x*=5x+6va(Py):y=—x—x—14,

Loi gidi. Xét d6 thi (D) ctia y = ax + b va d6
thi (P)chiay = ax® + fx +y (a#0).
(D) ti€p xuc (P) < Heé (III) sau c6 nghiém

2 -
Q) ax“+ fx+y=ax+b
2ax+ f=a

i <

a-p
X =
< (IV) 2
(B-a)* —4a(y -b)=0.
Vay (IV) 1a diéu kién dé (D) ti€p xic (P).
Ap dung két qua nay vao thi du 3 tacé :

Duong théng (D) 1a ti€p tuyén chung cha
(Py) va(P,)

(-5-a) —46-b)=0
Ll
(-1-a)* +4(=14-b) =0

a* +10a+4b+1=0
Lane’
a*> +2a-4b-55=0

{a2+10a+4b+1=0
Lomed

a*> +6a-27=0
a=3b=-10
a=-9b=2.

Vay c6 hai ti€p tuyén chung véi phuong trinh
laD):y=3x—-10va(D,):y=-"9x+2.

Nhgn xét. He (IV) chinh 1a diéu kién dé
phuong trinh

ax® + Bx+y =ax +b c6 nghiém kép.
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LAI BAN VE CHUYEN TIEP XUC CUA HAI PO THI

Sau khi dang bai Bai todn tiép tuyén khi
khong dung phuong phap nghiém kép trén
THTT s6 294 (12.2001), Toa soan nhan dugc
nhiéu y kién hoan nghénh cia dong dao ban doc
vi vén dé "ti€p xiic" dang la nbi "birc xic" cia
nhiéu gido vién va hoc sinh THPT. Truée d6, c6
y kién cho ring : Néu bo "phuong phdp nghiém
kép" thi mot s6 bai todn trudc day dung phuong
phép nay s€ phai... b tay !

Chiing t6i xin ban thém vé ki thuat giai mot
s0 bai todn nay, qua thu yéu cdu ctia nhiéu ban.

Bai toan 1. Tim m dé do thi ham s6

y=(x+2)(x2—mx+m2—3)
tiép xic vdi truc hoanh.

Loi giai. D6 thi ham s6 y = f{x) ti€p xuc véi
truc hoanh y = 0 < Hé phuong trinh 4n x sau
f)=0
f'(0)=0.

Vi bai todn 1 hé (I) c6 thé viét vé dang :

{(x+2)(x2—mx+m2—3)=0

day c¢6 nghiém : (I) {

(2 —mx+m? =3+ (x+2)2x-m)=0

x+2=0
(H){ )

X —mx+m?-3=0
&

am 2 —mx+m?-3=0
(x+2)2x—-m)=0.

Néu dat 1(x) = x* — mx + m> — 3 thi hé (I) ¢6
nghiém <> Hé (II) hoac hé (IIT) c6 nghiém

< #(x) cé nghiém x = -2 hodc x = —rin—

[1(-2)=0

°|{g)-s

M2
m +2m+1=0 m=—1
< 3 Lamel
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Nhan xét. Luu y diéu kien t(%) = 0 ciing

chinh 1a diéu kién dé€ #(x) c6 nghiém kép thi 1oi
giai trén da "gap" 101 giai truge day.
Bai toan 2. Tim trén duong thdng y = 4 tdt
cd cac diém ma tie dé ké duoc hai tiép tuyén téi
2
dothiy=

3 va hai tiép tuyén ldp véi nhau
goc 45°.

(DPay 1a mot bai trong dé thi tuyén sinh cla
PHQG, HVNH nam 2001 v twong ty mot bai
trong dé 17 cha Bo Dé thi tuyén sinh DH).

Loi gidi. Cach 1. Chd § ring y = 4 chinh Ia
mot tiép tuyén cla do thi nén cdc diém cdn tim
chinh 1a giao diém cua tiép tuyén c6 hé s6 goc
bang 1 hodc —1 v6i dudng thing y = 4. Phuong
trinh f'(x) = 1 v0 nghiém, phuong trinh f'(x) = -1

c6 hai nghiém x = liT va tir d6 ¢4 hai ti€p

tuyén v6i he s6 géc bing —1 [y = —x + 3 + 2/2.
Xét giao diém clia c4c ti€p tuyén ny véi dudng
théng y = 4 ta ¢6 cdc diém cén tim v6i hoanh do
lax=-1+ 242 vatung do 1a y = 4. (Day chinh
la dap an cua ki thi).

Nhdn xér. Néu khong biét y = 4 1a mot ti€p
tuyén va ménh dé sau khong dugc cong nhan :
"tir mot diém chi ké dugc khong qud hai ti€p
tuyén dén d6 thi", thi rd rang 12 khong "nghi ra”
duogc va khong thé "1am" nhu cich 1.

Cdch 2. Goi N(n ; 4) 1a diém thuoc dudng
thing y = 4 thi phuong trinh dudng thing di qua
Nvéihés6gocklay=k(x—n)+4.

Puong thing nay 12 ti€p tuyén cta dé thi

fx)y=k(x—-n)+4
y=fx) < { ,

f'x)=k
Viét hé trén vé dang

c¢6 nghiém.



(x—1)+2+%=k(x—l)+4—k(n—1)

. 1 =

(x - 1)?
(-——1——“2—‘{“(1((”—1)—2)#"'(1_1{):0
()(—1) x—l
|

[(x-1)? B

1

1-k

l =
(x -1y

1-k ®

L(k(n—l)~2)}1T1 =2k-2 2)

Tu(l),@)tacék=1 =>k(n—-1)—-2=0.

1 2%-2
“1 k(n-D-2

Tir (2) viet duge —

Thay vao (1) thi hé cé nghiém <

( 2k -2

2
—————— | =1-k Vi .
k(n—l)—2) vii k=1

Véi k # 1, diéu kién trén tr& thanh

41— k) = (k(n — 1) = 2)°

& k(k(n = 1)* - 4(n—2)) = 0.

Phuong trinh nay c6 nghiém & = 0 v8i moi n
tiuc la tr N(n ; 4) luén ké duge tiép tuyén y = 4
tGi dé thi.

Nhin xét : t(k)=k(n-1*-4(n-2) cb
khong qua mot nghiém déi v6i 4n k nén tir N ké
duoc hai tiép tuyén 1ap véi nhau géc 45° khi va
chi khi #(k) coé nghiém k=-1 (vik= 1) = (-1)=0
onf+2n-7=0n=-1+22.

Ta ¢6 hai diém N,(-1-2v2;4) va
N,(~1+2+/2 ; 4) thod man bai toan.

Bai toan 3. Tim tiép tuyén 6 dinh cia ho dé

_(m+Dx+m

thi
Hy X+m

voim=#0.

Loi gidi. Ta ¢6 y = ax + b 12 ti€p tuyén c6
dinh ctia ho d6 thi <> Hé phuong trinh

c6 nghiém véi moi gia tri m # 0.

{f(x) =ax+bh
f'(x)=a
Viét hé vé dang

2
m+l——in—=ax+b
X+m
4 mz
=a
\(x+m)2
r m2
m+1-— m=a(x+m)+(b—-am)
Lonn il m2
_m™ _,
| (x + m)?
2
n —+(b=1)=m(a+1) L =0
o (x+m) x+m
b m2
=a
\(x+m)2
2
m
—— =a 3
e (x+m)
1
hb-1)- — =2
(th-1) m(a+1))x+m 2a (4)

T (3) vam # 0 ta cé a > 0, két hop véi (4)
thi(h-1)-m(a+1)=0.

. N —2a
T e = o oma s
Thay vao (3) s& dugc
2.2
4am _— ©)
(h-1)-m(a+1))
Vé6i a > 0 thi (5) trd thanh

4am® = ((b-1) - m(a + 1))’
oS mia-1)?-2mb-a+D)+(hB-1)% =0.

Phuong trinh nay thod man véi moi m = 0

(@a-1*=0
S <2h-Da+D)=0a=bh=1.
bB-1*=0

Do d6 : Ho d6 thi c6 ti€p tuyén duy nhat c6
dinhy=x+1.
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VE BAI TOAN PHUONG TRINH TIEP TUYEN

Nhiéu ngudi da quen giai cic bai todn vé
phuong trinh ti€p tuyén bang hai cich dua trén
co s& ménh dé sau.

Ménh dé 1. Duong thdng y = ax + b la tiép
tuyén cia do thi ham s6'y = f(x) tai x = x, khi va
chi khi thod mdn mét trong hai diéu kién sau :

1) fix)) = axy, + bvaf'(x,) =a (céch 1)

2) Phuong trinh fix) = ax + b ¢6 nghiém boi
X=X, (cdch 2)

Noi riéeng & cich 2 néu fix) = ax + b 1a
phuong trinh bac hai thi nghiém boi la
nghiém kép.

Theo Tai liéu huomg ddn gidng day Todn 12
(séch chinh li hgp nhit 2000 — NXBGD) thi
cach 2 MD1 la "thi€u co s& i thuyét" va khong
dugc dung. Tuy nhién néu chi sit dung cich 1
MD 1 thi nhiéu bai todn dang nay phai st dung
nhiéu tha thuat bién dai rat phuc tap.

Hai bai bdo Nhin lai khdi niém nghiém kép
cua phuong trinh va vdn dé duong cong tiép xuc
vdi truc hoanh (THTT 5.1998) va Mot s6 vdn
dé vé nghiém boi cua phuong trinh (THTT
9.1998) da dé cap dudi dang t6ng quét méi lién
hé gilta "nghiém boi" va "ti€p xidc". Tuy nhién
trong bai ddu chi xét véi ham s6 da thitc con bai
thit hai do tinh téng quat cha van dé nén khong
tranh khéi su phuc tap d6i v6i hoc sinh phé
thong.

Ta sé& nghién citu co s& li thuyét cla cich 2
MD1, tic la phuong phdp nghiém kép d6i véi
cdc ham s6 da thic hoac phan thic hitu ti ma
céch ching minh phi hop véi kién thirc toian &
trudng phé thong.

Xét da thitc P(x) = agt” + ap X" + ... + a,.
Ta néi x = xy 1a nghiém boi k cia P(x) néu
P = (x - xp)* . O(x), trong d6 k> 1, k € N va

Q(x) 1a da thic thoa man Q(xy) # 0 (ndi riéng
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Q(x) c6 thé 1a hing s6). Ta goi tét x, 12 nghiém
boi cua P(x) khi khong cin chi ra s6 k. Nghiém
bdi k = 2 goi 1a nghiém kép cha da thic.
Dé dang chitng minh dugc ménh dé 2 sau.
Ménh dé 2. Pa thice P(x) c6 nghiém boi x,
khi va chi khi P(xy) =0 va P'(xy) = 0.
Tir d6 theo cach 1 MD 1 ta c6 ngay ménh dé 3.
Ménh dé 3. Duong thdng d véi phuong trinh
y = ax + b la tiép tuyén cia dé thi (C,) ciia ham
56’y = P(x) tai diém x = x; khi va chi khi phuong
trinh P(x) —(ax + b) = 0 ¢6 nghiém héi x = x;.
Bay git ta xét ti€p tuyén cha d6 thi ham s6
U(x
= VEX))'

Ménh dé 4. Duong thdng d véi phuong trinh
y =ax + b la tiép tuyén cua do thi (C,) ciia ham

& ___U(x)
Y=V

khi phuong trinh U(x) — (ax + b)V(x) = 0 vdi
V(xg) # 0 c6 nghiém boi x = x.

tai diém x = xy khi va chi

Chitng minh.

Xét da thue P(x) = U(x) — axV(x) — bV (x).

a) Gia str da thitc P(x) c6 nghiém boi x = x;
thi P(xg) = 0 va P'(xg) = 0 theo MD 2. Tir d6 c6

U(xy) = axyV(xy) + bV (xy) (n

U'(xp) —axgV'(xg) —aV(xg) —bV'(x5) =0 (2)

Nhan hai v€ clia (2) véi V(xp) # 0 ta duge

V(xp)U '(xg) = V' (xg WaxgV(xy) + bV (xp)) =
aVZ(xo) 3)

Thay (1) vao (3) tacd

V(x)U '(xg) = Uxg)V '(xg) = aV2 (xy)



V(x)U '(xy) —=U(xp)V '(xg) — 4

hay
V2(xp)

C)

Tu (1) va (4) c6 y(xp)=axy+h va
y'(xg) = a, do d6 d la ti€p tuyén cta (C,) theo
cach 1| MD1.

b) Dao lai, gia st d 1 ti€p tuyén cia (C,) tai
U(xy) _
Vi(xy)
y'(xp) = a. Tir d6 ¢6 (1) va (4) réi lan lugt suy
ra (3) va (2), nén P(xy) = 0 va P'(xy) = 0. Ap
dung MD2 c6 diéu phai chimg minh.

Bay git dp dung MP4 vao xét ham s6 f(x) =

x = xo th€ thi V(xg) # 0 va ¢

axy +b,

ax+b

(5) vafix) = P

2
R b - .
ax tox+c = (6) duoc

a'x+b'

Ménh dé 5. Pudng thdng y = ax + b la tiép
tuyén cia do thi ham s6'y = f(x) tai diém x = x,
vai f(x) 6 dang (5) hodc (6) khi va chi khi
phuong trinh f(x) —(ax + b) =0 la phuong trinh
bdc hai ¢6 nghiém kép x = x,,.

Thi du. Cho ham 56 y= "1

¢6 do thi
(C). Tim tdp hop cdc diém M ma tir dé ké dugc
hai tiép tuyén téi (C) vudng géc vdi nhau.

Loi gidi. Gia sir M(xy ; yg) la diém bat ki
trén mat phing toa do6 Oxy, phuong trinh dudng
thing d qua M 1 y = a(x — xp) + y,.

Pé tim hoanh do giao diém giita (C) va d ta

2 +1

xét phuong trinh

= a(x=Xy) + Y

hay (a - l)x?' —(axy —yg)x—-1=0 )

Pudng thing d 1a tiép tuyén cha (C) <
phuong trinh (7) ¢6 nghiém kép <> a # 1 va biét
thic A =0 (luu y a = 1 1a hé s gbéc cha tiém
cén xién).

Tacod A = (axy — yp)* +4(a—1)

= xga2 =2(xgyy —2)a + yg +4.
Qua M ké dugc hai ti€p tuyén t6i (C) vubng
gbéc v4i nhau <> phuong trinh A = 0 ¢6 hai
nghiém a,, a, thod min a,a, = -1 < Diéu kién

y§+4_

sau thoa mén : xy # 0 va -1

*0
Tir d6 c6 x§ + yg = 4.

Vay tap hop diém M phai tim 12 dudng tron
x> +y* = 4 trir di cdc giao diém ciia dudng tron
d6 véi hai dudng tiém can (do cac diéu kién
xg#z0vaa=1l).

Luu y

* DGi v6i loai todn trén néu khong sir dung
phuong phdp "nghiém boi" thi cach giai sé kha
phirc tap.

o Cich giai trén khong phai 1a méi nhung
theo Tai liéu huéng ddn gidng day Todn Gidi
tich 12 thi "Gido vién khong nén day cho hoc
sinh lam cdch ay" (tr.34).

Y kién dé xuit. Trong chuong trinh phé
théng nén chap nhan phuong phép "nghiém boi"
khi giai cdc bai todn vé phuong trinh ti€p tuyén
d6i vé6i cdc ham s6 da thirc va phan thic hitu ti.

VE CO SO CUA PHUONG PHAP NGHIEM KEP

DANG HUNG THANG (DHKHTN - PHQG Ha Noi)

Theo quy dinh cia B6 GD va DT ké tir nim
hoc 2000 — 2001 khéng dugc dung phuong
phap nghiém kép dé gidi quyét cac bai todn vé
tiép tuyén va su ti€p xic cua hai d6 thi vi nd

"thi€u co s& i thuyét". Thuc t€ cho thdy nhiéu
gido vién va hoc sinh rét ling ting khi khong
dugc dung phuong phdp nghiém kép, trong khi
phuong phdp nay thuc su ¢6 hiéu qua.
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Trudc hét hiy nhic lai khdi niém sy ti€p xic
cta dé thi hai ham s6 va khdi niém nghiém boi
cha da thitc.

Pinh nghia.

1. D6 thi hai ham s6 y = fix) va y = g(x) duoc
g0i 1 tiép xiic v6i nhau tai di€m c6 hoanh do

x,)=g(x
x = xp néu {f(' o) g('o) 1)
f (‘xo) = g (xo)

2. Gia st F(x) 1a mot da thic. S6 x, dugc
goi 12 nghiém boi cua F(x) n€u F(x) chia hét cho
(x - x,)° tiic 13 F(x) c6 dang

F(x) = (x = x,)*.Q(x)
0 d6 Q(x) 1a mot da thuc.

Trong trudng hop F(x) 1a mot tam thic bac
hai, nghiém boi hai dugc goi 1a nghiém kép.

Chi y ridng ching ta chi ¢é khdi niém
nghiém boi doi voi da thire (hodc phuong trinh
véi hai vé déu la da thie).

Pinh Ii sau day s& chimg to ring phuong
phéap nghiém kép la c6 co s& todn hoc khi ching
ta xét sy ti€p xudc cua hai d6 thi cic ham s6 phan
thitc hitu ti.

Pinh li. Cho hai phan thirc hitu t0

P(x) Ux)
x)y=——, g(x)= .
f(x) 00 ¢ ) Vi)

Khi dé dé thi hai ham s6'y = f(x) va y = g(x)
tiép xiic voi nhau tai diém c6 hoanh do x = x,
khi va chi khi phuong trinh

P(x)V(x)-Q(0)U(x) =0
¢6 nghiém boi x = x, véi Q(x,) # 0, V(x,) #0
(titc la x, thudc mién xdc dinh cia f(x) va g(x)).

Vi da thifc ciing 1a mot phan thic hitu ti (khi
da thitc & miu thic 1a da thic hang s6) nén ta c6
céc hé qua sau thudng dung trong chuong trinh
ph6 thong trung hoc.

Hé qua 1. Dudng thing y = kx + & a tiép
tuyén vdi d6 thi ham da thic y = P(x) khi va
chi khi phuong trinh P(x) — (kx + h) = 0 ¢6
nghiém boi.

Hé qua 2. Dudng thing y = kx + h la ti€p

P(x)

tuyén véi d6 thi ham phan thic hia ti y = —Q_(x_)
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khi va chi khi phuong trinh P(x) — Q(x)(kx + h) =0
c6 nghiém boi x = x,, v6i O(x,) # 0.
Néi riéng c6
Hé qua 3. Puong thing y = kx + h 1a ti€p
ax® +bx+c¢

tuyén véi d6 thi ham s6 y = —— "= Kkhi va
mx+n

chi khi phuong trinh bac hai
ax* +bx+c—(mx+n)kx+h) =0
c6 nghiém kép (tiic 1 khi biét thic A = 0).
Hé qua 4. Duong thing y = kx + h 12 ti€p
DD i va chi khi

tuyén véi d6 thi ham s6
+n

phuong trinh bac hai
ax+b—(mx+n)kx+h)=0
¢6 nghiém kép (tic la khi biét thic A =0).

Pé chitng minh dinh If ta cdn dén b6 dé sau
kha quen thuoc va dé dang chitng minh.

Bé dé. Pa thire F(x) c¢6 nghiém boi x = x, khi
va chi khi F(x,) = F'(xy) = 0.

Qua vay, néu x, la nghiém boi clia phuong
trinh F(x) = 0 thi do dinh nghia

Fx) = (x—x)" . O)
suy ra

F'(x) = (x=x,)*Q'(0) +2(x — x,)Q(x) =
F(x,) = F'(x,) =0.

Dio lai gid sit F(x)) = Fi(x) =0. Vi F(x,)=0
thi F(x) c6 dang F(x) = (x — x))G(x) = F'(x) =
(x = x )G'(x) + G(x) = G(x,) = Fi(xy) =0 >
G(x) c6 dang G(x) = (x ~ x,)Q(x). Vay F(x) =
(x — x,)2.0(x) titc 1a F(x) c6 nghiém boi x = x,.

Chitng minh dinh li. Gia sir d6 thi cdc ham
s6 f(x) va g(x) ti€p xic nhau tai diém c6 hoanh
d6 x = x,. Khi d6 tir (1) ¢c6

P(x,) _ U(x,)

06~ Vix,) @
Pi(x,)0(x,) - P(x,)Q'(x,)

0%(x,)
| U)V() UGV () 5

2
Vix,)



biat ¢ =Q(x,) 20, v=V(xy) %0, p = P(x,),
u=Ulxy),p' =Pxy), q =0'(xy).

Tu gv =0 va(2) suy ra

P(x,)V(x,) = Q(x)U(x,) hay qu = pv 4)

T (3) ¢6 (P'q —pg)V> = v —w)g* (5

e Néu pu # 0, nhan theo timg v€ clha (4) va
(5) dugce

(P'q - pg W qu= v - w)g’py
S Pv+ pv')qzvu =(q'u+ qu')vzpq.
Theo (4) thi qu.qv = pv.qv # 0 nén suy ra
p'v+pv' =q'u+ qu hay
P'(x )V(xy) + P(x )V'(x;)
= Q'(xx)U(xo) + Qx)U'(x,) (6)

e Néu pu = 0 thi tir (2) ¢6 p = u = 0, thay vao
(5) duge

p'qv2 = u'vq2 =pv=uq.

Tur diéu nay cling véi p = u = 0 ciing suy
ra (6).

Tém lai, tir (4), (6) va b6 dé ta két luan ring
phuong trinh P(x)V(x) — Q)U(x) = 0 cb
nghiém boi x = x,,.

Pao lai, véi Q(xx)V(x,) = 0 n€u x = x,
la nghiém boi ciha phuong trinh P(x)V(x) —
Q()U(x) = O thi tir (4) va (6) bién déi nguoc lai
ta sé suy ra (2) va (3). Theo (1) d6 thi hai ham
s6 ti€p xdc v6i nhau tai diém c6 hoanh do
X=X,

Chung t6i cho ring trong sich gido khoa nén
trinh bay dinh Ii néi trén (cé thé khong chiing
minh ho#c ching minh véi chir nhd) dé 1am co
s0 li thuyét cho phuong phdp nghiém boi. Tur dé
cho phép hoc sinh dugc sir dung phuong phip
nay khi giai cdc bai todn vé su ti€p xdc caa d6
thi hai ham phan thic hitu ti cling nhu bai toén
vé ti€p tuyén véi d6 thi ham phan thitc hitu ti.

BAN VE SU TIEP XUC CUA HAI PO THI

Trong thoi gian qua, Toa soan THTT nhan
dugc rat nhiéu thu cia doc gia, trong dé cé céc
giang vién DH, cdn bo chi dao mon Toan & céc
S& GD-DT, cic gido vién todn THPT va céic
ban hoc sinh, sinh vién... véi ndi dung lién quan
dén bai todn vé sy ti€p xic cha hai d6 thi trén
mat phing — mot van dé quan trong thudng gap
khi khdo sat ham s6 va trong cic dé thi tot
nghiép THPT thi tuyén sinh vio DH, Cao ding.

Bai nay nhim phan 4nh cdc thic mic, cic
gidi phdp va y kién dé xuit cta ban doc, déng
thdi ngudi viét ciing xin trao déi thém vai diéu.

Cho ham s6 y = f{ix) c6 d6 thi (C) va ham s6
y = g(x) c6 d6 thi (E) trén mat phéng toa do
Oxy. D€ tim sy tiép xiic giita hai dé thi (C) va
(E) ta thudng str dung hai cch giai :

NGUYEN VIET HAI (Ha Néi)

Cach gidi 1. Giai hé phuong trinh
{f(x) =gx) M
f(D=g'x) @)
dugc nghiém x, 12 hoanh d¢ cia ti€p diém.

Cdch gidi 2. Tim diéu kién dé fx) — g(x)
hoac tir thitc ctia né c6 nghiém x, bdi k > 2
(nghiém boi k = 2 goi la nghiém kép), nghia 1a
ftx) — g(x) ¢6 dang (x — x)'0(x) véi O(x) 12 da thic.

Xuat hién cau héi : Tai sao trong cic sich
bdo c6 cic dinh nghia khic nhau v& su ti€p xic ?
Dinh nghia nao chinh x4c ?

Dinh nghia tiép xic theo quan diém hinh hoc
coi ti€p tuyén tai M, 1a vi tri gi6i han cla cét
tuyén MM, cia duong cong khi M dan t6i M,
(tir hai phia).
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Dinh nghia dua vao vi tri tuong d6i cha cic
hinh 1a diéu bat budc néu mudn giir dugc tinh
chdt hinh hoc cha khai niém ti€p tuyén, déng
thoi do mo ta truc quan nén hoc sinh dé nhan
thitc. Dinh nghia ding cho ca tiép tuyén cia
duong cong c6 phuong trinh dang téng quat
F(x, y) = 0, mang tinh chét dinh tinh, dugc sit
dung trong khi ching minh, dung hinh.

Khong it hoc sinh da ngé nhan ring dinh
nghia ndy 1a co s& cia phuong phap nghiém kép
(giao diém M dan trung dén tiép diém M,).

Cic ban Lé Hiu Tam (GV THPT Tung
Thién, Son Tay, Ha Tay), H6 Van Tiép (GV
THPT Duc Trong, Lam Dong), Lé Anh Tuén
(GV THPT chuyén Vinh Phic), Poan Nhu
Trieu (GV THPT Héng Quang, Hai Duong),
Pham Qudéc Phong (GV THPT Hoéng Linh, Ha
Tinh), Nguyén Doai (GV THPT Théng Nhat A,
Doéng Nai) va nhi€u ban khic déu cho ring :
Lau nay trong cic tai liéu 6n thi t6t nghiép
THPT va tuyén sinh DH di st dung phuong
phap nghiém kép ma chua c6 co s& 1i luan chinh
xdc, do d6 cé lic lam dung phuong phip
nay din dén sai lam trong lap luan, c6 lic
lan 1on khai niém ti€p xdc voi diéu kién cé
nghiém kép...

Trong céc bai bdo cla tic gia Nguyén Anh
Diing (THTT s6 297 théng 3.2002), Pang Hung
Théng (THTT s6 298 thang 4.2002) da trinh bay
co s& li luan cla phuong phdp nghiém boi dé
giai bai todn vé su ti€p xuc cha hai d6 thi, trong
d6 luu y rang :

e Chi xét khdi niém x, 12 nghiém boi k > 2
d6i véi da thitc F(x) = (x — x) Q).

P(x) . Ux)
o 7TV
trong d6 P(x), Q(x), U(x), V(x) l1a cic da thic,
tiép xiic nhau tai diém c6 hoanh do x = x,
(thudc tap cac dinh cta ching) khi va chi khi
P(x)V(x) — Q(x)U(x) = 0 c6é nghiém boi x = x,
v6i Q(x) #0,V(x,) # 0.

Cic ban My Duy Tho (GV Ha Noi), H6 Van
Tiép, Lé Anh Tuln ciing ching minh cic ménh
dé tuong tu.

e D6 thi ham s6 y =
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Dinh nghia tiép xiic theo quan diém dai s0,
gidi tich ¢6 diéu kién nhu cich giai 1, trong dé
phuong trinh (1) ¢6 nghiém x = x,, nghia la cic
dé thi (C) va (E) c6 di€ém chung M (x, ; y,) con
phuong trinh (2) c6 nghiém x = x, biéu thi tiép
tuyén ctia (C) va (E) tai M (x, ; y,) truing nhau.

Dinh nghia nay mang tinh chat dinh luong,
cho phép giai cdc bai todn tinh toan toa do tié€p
diém, tim phuong trinh ti€p tuyén.

Néu xuat phat tir dinh nghia theo quan diém
hinh hoc thi cach giai 1 coi 1a ménh dé.

Pinh nghia theo quan diém giai tich chi xét
hé s6 goc k = tana xic dinh, do d6 bd qua
truong hop tiép tuyén vuodng goéc véi truc hoanh,
ching han ham s6 y = ¥/x — 1 c6 tiép uyénx = 1.

Ban Nguyén Minh Anh, 12A1, THPT Tinh
Gia I, Thanh Hod dua ra gidi phap : Xét tiép
tuyén dang y = b (b 12 hing s6) ctia ham s6
nguoc x = %/yTl <:>y=x3+ 1 réi 14y d6 thi
do6i ximg qua dudng y = x.

Xin hoi : O hinh trén ta ¢6 coi dudng thing d
1a ti€p tuyén cta d6 thi (C) gébm (C,), AB, (C,)
hay khong ? ¢6 coi hai d6 thi (E) (g6m (E,), AB,
(E,)) va (C) la ti€p xuc v6i nhau hay khong ?
mic db hé phuong trinh (1), (2) & cich giai 1 ¢
nghiém trong doan [x,4, xg].

Do vay & céch giai 1 can chi y thém : trong
lan can cua ti€p diém thi hai d6 thi (C) va (E)
phai c6 it nhat mot duong cong, nghia la khong
thé hai dudng déu 1a d6 thi ham s6 bac nhét.



Ciéch giai 1 dung cho cic ham s6 bat ki (tri
truong hop ca hai déu 12 ham s6 bac nhét tai lan
can ti€p diém), con c4ch 2 4p dung cho trudng
hop fix) va g(x) déu la phdn thicc hitw ti (néi
riéng la da thire).

Dung céch giai 1 ta tim ngay dugc hoanh do
ti€p diém, sau d6 méi tinh hé s6 géc tiép tuyén,
con cach giai 2 cho phép nhanh chéng tim hé s6
goc dé suy ra phuong trinh tiép tuyén, tim diéu
kién clia tham s6 d€ c6 ti€p tuyén.

Khi phai tim ti€p tuyén dang g(x) = mx + n
chia dé thi ham y = f(x) dang ax* + bx + ¢,
ax+b  ax*+bx+e
cx+d’ cx+d
thitc ca né déu 12 ham s6 bac hai nén sir dung
dugc ca hai cach giai.

thi f(x)—g(x) hoac ti

Nhiéu ban doc hoéi ring st dung phuong
phdp nghiém kép trong truong hop nay cé vi
pham yéu cdu ciua Bo khong khi hé thic diéu
kién vén la ham s6 bac hai ?

Khi phai tim ti€p tuyén ctia d6 thi ham s@
y = flx) ma f(x) c6 dang ham s6 bac ba, bac boén
thi dan dén gidi phuong trinh bac ba, bac bén
lic d6 sir dung cich giai 1 rat khé khan. Néu
bi€t mot nghiém nao dé6 cha phuong trinh (1) thi
sir dung phuong phdp nghiém boi rat thuan lgi.

C6 ban hoi : Phép bién ddi tuong duong
(x—1)*=0 < x -1 =0 cb bao toan tinh chat
nghiém boi cia phuong trinh ? Xin tra 161 : Hai
phuong trinh trén 1a tuong duong, nhung phép
bién d6i khong twong dwong vi phai nhan, chia
vdi h(x) = x — 1 ma x = 1 thudc tap x4c dinh va
h(1)=0.

R4t nhiéu ban : H6 Cong Diing (GV THPT
Trin Hung Pao, Binh Thuan), Nguyén Danh
Cim (Ung Hoa, Ha Tay), TS Nguyén Cam
(khoa Todn, DPHSP TP. H6 Chi Minh), Lé Hiru
Tam, H6 Van Tiép, L& Anh Tuén, Pham Quéc
Phong, Nguyén Anh Diing, PGS Ding Hing
Théng... d3 néu ra co s& li luan clia phuong
phédp nghiém boi, phan tich wu thé cha cich giai
nay trong nhiéu bai toidn va da dé nghi cho sir
dung phuong phdp nghiém boi khi giai todn vé
sy tiép xic gilta hai d6 thi ham s6 vi nhiéu dinh
li & THPT ciing chi c¢éng nhdn, khéng chimg
minh ; vdn dé la cdn chi ré diéu kién sir dung
phuong phdp nay sao cho chinh xdc, mdt khdc
trinh bay ngdn gon dé khong quad ndng né.

T6i hoan toan nh4t tri véi dé nghi trén, dimg
bét hoc sinh phé théng phai hoc nhimg bién ddi
14t 1éo d€ giai bai todn tim ti€p tuyén cla dé thi
ham s6 phan thic trong khi cé phuong phap don
gian dua trén co s I luan 1o rang.
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Phdn hai

MOI LIEN HE GIUA CAC PUONG THANG,

DUONG CONIC

MOT SO DANG KHAC CUA BAI TOAN CON BUOM

Chic nhiéu ban tré yéu todn di duoc lam
quen VGi hai todn con buém. Trong bai viét nay
trinh bay nhimg 14p luan hop 1i dé c6 thé di dén
nhitg két qua manh hon. Trudc hét ta xuat phat
tu bai todn con buém.

Bai toan con buém

Cho duong tron tdm O vdi day cung PQ.
Qua trung diém T ciia PQ ké hai ddy cung AB
va CD sao cho PQ cdt hai ddy cung AD,
BC theo thir tw tai M, N. Chimg minh rdng
TM =TN.

Loi gidi.

e Khi T trung véi tam O thi AOAM = AOBN
(g.c.g) nénTM =TN (dpcm).

e Khi T khédc tam O, ké OH 1 AD tai trung
diém H cha AD, ké OK 1 BC tai trung diém
cta K cua BC.

Gia st H thuoc
doan DM va K
thuoc doan CN
(h.1). (Cac truong
hop khac dugc
ching minh
tuong tu).

Tit gidc OTMH
ndi ti€p duong
tron nén

TOM = THM
Tua gidc OTKN noi ti€p dudng tron nén
TON =TKC (2)

Tir ATAD o> ATCB suy ra TAH = TCK vA

A _ TC dan dén ATAH v» ATCK, do dé

2AH 2CK’
THA = TKC . (3)
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Tu (1), (2), (3) suy ra TOM =TON ma
OT L MN nénTM =TN (dpcm).

Chii y ring T 12 trung diém chung ctia PQ va
MN nén ciing ¢c6 PM = QN.

C6 thé phat biéu bai toidn con buém dudi
dang bai toan 1 sau (h.1).

Bai toan 1. Cho tir giGc ADBC néi tiép
duong tron tam O. Goi T la giao diém hai duong
chéo CD va AB. Mot duomg thdng vudng géc voi
OT tai T cdt hai canh AD va BC theo thir tu tai
M va N. Chimg minh rdngTM =TN.

Néu déi vai tro hai dudng chéo thanh hai
canh d6i dién con hai canh d6i dién thanh hai
duong chéo ta dugc bai todn sau.

Bai toan 2. Cho tir gidc ABCD néi tiép
duwong tron tdm O sao cho hai duong thdng AD
va BC cdt nhau tai diém T. Puong thdng d
vuong géc vdi OT tai T cdt hai duong thang AC
va BD theo thit tu tai M va N.

Chiing minh rang TM =TN.

N T M d

Hinh 2
Lot gidi. Xét trudong hop nhu & hinh 2 (Céic
truong hop con lai dugc chimg minh tuong tu).

V& OM va ON. Tt O ké OH 1 BD tai trung
diém H cta BD, ké OK L AC tai trung diém K




Ciéch giai 1 dong cho cic ham s6 bat ki (trir
truong hop ca hai déu 12 ham s6 bac nhat tai lan
can tiép diém), con c4ch 2 4p dung cho trudng
hop fix) va g(x) déu la phdn thite hitw ti (ndi
riéng la da thuc).

Dung céach giai 1 ta tim ngay dugc hoanh do
ti€p diém, sau d6 méi tinh hé s6 géc tiép tuyén,
con céch giai 2 cho phép nhanh chéng tim hé s6
goc dé suy ra phuong trinh ti€p tuyén, tim diéu
kién clia tham s6 dé c6 ti€p tuyén.

Khi phai tim ti€p tuyén dang g(x) = mx + n
chia d6 thi ham y = f(x) dang ax’ + bx + ¢,

ax+bh ax’ +bx+e
cx+d’ cx+d
thitc ctia n6 déu 1a ham s6 bac hai nén sir dung
dugc ca hai céch gidi.

thi f(x)- g(x) hodc tir

Nhiéu ban doc héi ring st dung phuong
phdp nghiém kép trong truong hop nay c6 vi
pham yéu cdu clia Bo khong khi hé thic diéu
kién van 1a ham s6 bac hai ?

Khi phai tim tiép tuyén cia dé thi ham s6
y = fix) ma f{x) c6 dang ham s6 bac ba, bac bon
thi din dén giai phuong trinh bac ba, bac bén
ldc d6 sur dung céch giai 1 rat khé khan. Néu
biét mot nghiém nao d6 cia phuong trinh (1) thi
sir dung phuong phap nghiém boi rit thuan loi.

C6 ban hoéi : Phép bién ddi twong duong
(x—1)*=0 < x -1 =0 c6 bao toan tinh chat
nghiém boi clha phuong trinh ? Xin tra 16i : Hai
phuong trinh trén 1a twong duong, nhung phép
bién d6i khong twong dwong vi phai nhan, chia
v6i h(x) = x — 1 ma x = 1 thudc tap xac dinh va
h(1)=0.

R4t nhiéu ban : H6 Cong Diing (GV THPT
Trin Hung Pao, Binh Thuin), Nguyén Danh
Cim (Ung Hoa, Ha Tay), TS Nguyén Cam
(khoa Todn, DPHSP TP. H6 Chi Minh), Lé Hitu
Tam, H6 Vian Tiép, L& Anh Tuan, Pham Quéc
Phong, Nguyén Anh Diing, PGS Pang Hung
Théng... dd néu ra co s& i luan clha phuong
phép nghiém boi, phan tich vu th€ cha cich giai
ndy trong nhiéu bai todn va di dé nghi cho su
dung phuong phdp nghiém boi khi giai toan vé
sy ti€p xiic gitta hai d6 thi ham s6 vi nhiéu dinh
li & THPT cing chi cong nhdn, khéng chimg
minh ; vdn dé la cdn chi ré diéu kién sit dung
phuong phdp nay sao cho chinh xdc, mdt khdc
trinh bay ngdn gon dé khong qud ndng né.

T6i hoan toan nhat tri véi dé nghi trén, dimg
bét hoc sinh phd théng phai hoc nhimg bién déi
14t 1éo dé giai bai toan tim ti€p tuyén cta do thi
ham s6 phan thic trong khi c6 phuong phap don
gian dua trén co s& li luan 16 rang.
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cia AC. Td gidc THON noi ti€p nén ta c6 :

THN = TON (4)
Tuong tu t¢ gidc TKOM noi ti€p nén
TKM = TOM (5)

Vi ATBD va ATAC c6 géc ATB chung va
TBD = TAC (géc noi ti€p ciung chin cung
DC) nén ATBD v ATAC, suy ra TDH = TCK

TD TC < .
va 3TH = 2Tk dan dén ATHD v ATKC, do
d6 THN = TKM (6)

Tu (4), (5) va (6) c6 TON =TOM ma
OT 1L MN nénTM =TN (dpcm).

Néu trong bai todn 2 ta thay hai dudng chéo
BD va AC bdi hai canh d6i dién con lai 1a DC
va AB thi c6 bai todn 3 sau.

Bai toan 3. Cho nr gigc ABCD néi tiép
ducmg tron tdm O sao cho hai dudng thdng AD
va BC cdt nhau tai diém T. Puong thdng d
vuong géc véi OT cdt hai duonmg thcfng CD va
AB theo thirtutai M va N.

Chimg minh rangTM =TN.

Viéc chitng minh bai todn 3 (h.3) tuong tu

nhu ching minh bai toan 2.
N T d M
C
D
A
o
B
Hinh 3

9.TUYEN CHON..TH&TT (QUYEN 3)-A

Tir cdc bai todn 1, 2, 3 c6 thé néu ra bai todn
téng quat duéi day khi cho truéc duong thing d.

Bai toan 4. Cho duong tron tam O va d la
mot duomg thdng bdt ki (khong phdi la tiép
tuyén cua duong tron tdm O). Goi T la chdn
dudmg vuong géc ha tir diém O t6i duong thdng
d. Qua T ké hai cdt tuyén TAD va TBC téi
duong tron.

Goi M, N ldn luot la giao diém ciia d véi AC
va BD va goi P, Q ldn lugt la giao diém ciia d
vdi duong tron (néu ¢é) thi T la trung diém chung
cia MN va PQ.

No6i riéng tir bai toan 4 ta c6 bai todn 2, 3 khi
d khong cit dudng tron (O) va c¢6 bai todn 1 khi
d cit dudng tron (0).

Néu ta dac biét hod cho A trung véi D thi khi
dé cat tuyén TAD suy bién thanh tiép tuyén va
c6 bai todn sau.

Bai toan 5. Cho duong tréon tdm O va d la
mot duong thdng & ngoai duomg tron (0). Tir O
ha OT vudng géc véi d tai T. Qua T ké tiép
tuyén TA va cat tuyén TBC véi duong tron sao
cho d cdt cdc duomg thing AB va AC ldn luot tai
M va N. Chiing minh rangTM =TN.

Dac biét, & bai todn 5 néu TBC la dudng
kinh ta thu dugc bai todn 6 sau.

Bai toan 6. Cho duong tron tdm O va mét
ducmg thdng d khong cdt duomg tron. Duong
kinh BC vuéng géc vdi d tai T. Dung tiép tuyén
TA 6 duong tron véi A la tiép diém. Duong
thdng d cdt cdc duong thdng AB va AC tai M va
N tuong ing thiTA=TM =TN.

Viéc chimg minh cdc bai todn 5 va bai todn 6
xin danh lai dé cdc ban luyén tap.
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MOT SO HE THUC LIEN HE GIUA PUONG THANG
VA PUONG TRON

Trong hinh hoc phing khi xét cdc vi tri
tuong déi gilta dudng thing va dudng tron ta tim
thdy nhiéu két qua lién quan véi nhau rat thd vi
va c6 nhiéu tng dung trong khi giai todn. Mot
s6 hé thic nhu thé€ da dugc trinh bay trong bai
Mot s6 dang khdc cua bai todn con buém cia
ban Phan Nam Hing trén THTT s6 216
(6.1995). Trong bai nay xin néu ra cdch ching
minh khic véi mot cach nhin téng quét hon vé
mot s6 dang cua bai toan con budm.

I. Hé thirc giita bén diém trén dudng
thang
1) Hang diém diéu hoa
Bon diém A, B, C, D trén dudng théng c6
huéng & goi 1a hang diém diéu hoa (ABCD) va
ki hiéu la (ABCD) = —1 néu g—:—DzA (1)
CB DB

A MCB D &

Hinh 1

Khi d6 ta goi 1a cdc diém C, D chia diéu hoa
doan AB hay bon diém A, B, C, D lién hop diéu

hoa (h.1). Ta thay (1) < i‘_f_ = —P—;_C—‘ nghia la
AD BD

lic d6 cic diém A, B cing chia diéu hoa

doan CD. Chii y ring néu ba diém A, B, C xéc

dinh va C khong la trung diém cba AB thi tén

tai duy nhat mot diém D thoa man (1).

Chon diém gbc O nio d6 trén duong thing 5,
dat cic s6 do dai s6 OA=a, OB=b, OC =c,
a-c¢ _a-d
b—c¢ b-d
& (a+b)c+d) =2ab +cd) )

OD =d thi (1) dugc viét thanh
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2) Hé thirc Descartes

Néu chon géc O trung véi diém A thi a = 0
va(2) = b(c+d)=2cd & l+l=g
¢ d b

oL, L2 3)
AC AD AB

3) Hé thitc Newton

Néu chon géc O tring vé6i trung diém M cla
ABthia=-hnén(2) < —a® +cd =0
& cd=a* & MC . MD = MA® 4)

4) Chium diéu hoa

Bon dudng thing déng quy cdt mot dudng
thing tai bén diém lién hgp diéu hoa dugc goi 1a
chum (duong thdng) diéu hoa.

Tinh chat. Cham diéu hoa déng quy o
diém S va cdt duong thdng y nao dé tai cac diém
A, B,C,D thi A, B, C, D ldp thanh hang diém
diéu hoa.

Chirng minh. Theo dinh nghia cidc dudng
thing SA, SB, SC, SD cét duong thing & tai A',
B, C', D' v6i (A'B'C'D') 1a hang diém diéu hoa.
Qua B va B' ké c4c dudng thing song song vdi
SA dugc cic giao diém nhu & hinh 2.




Theo (1) va DL Thales c6
C’B'+D'B’ 3 M'B' N'B'
C'A' D'A" SA SA'
=> M'B'+N'B'=0 nghia 13 B' 1a trung
diém ctia M'N'. Suy ra MB + NB =0

0=

MB MB NB NB _CB CB DB DB
SA SA CA DA
Tird6 A, B, C, D 12 hang diém diéu hoa.

= 0=

II. Hé thic lién hé¢ giita duong thiang va
duong tron

Bai toan 1. Cho duong tron tdm O bdn kinh
R va ddy cung AB ¢6 trung diém M. Thé'thi bén
diém thdng hang A, B, C, D la hang diém diéu

hoa khi va chi khi OC . OD = R* (5)
Chiing minh. Chii ¥ ring OM 1 CD (h.3)

AT M NGB

C D

)

Hinh 3

Theo hé thitc Newton c6
oc. oD = (oM + mc) (oM + uD)
= OM? + MC . MD = OM? + MA? = R?

Bai toan 2. Cho duong tron tdm O bdn kinh
R. Cdc duomg thdng chita hai ddy cung AB va
CD cadt nhau tai diém E sao cho E khdc trung
diém AB va khong ndm trén duong tron. Mot
duwong thang 8 qua E cdt cdc duong thdng AD,
BC ldn luot tai P va Q. Goi H la hinh chiéu cia
diém O lén duong thdng & thi

1,1 _2EH
EP EQ #(E)

(6)

trong dé6 #(E) = OE* — R* la phuong tich ciia
diém E doi véi duong tron tim O.

Chitng minh. Gié s cdc dudng thing AD va
BC cét nhau tai diém J. L4y diém M trén AB sao

cho A, B, E, M 1a hang diém diéu hoa. Duong
thing JM cét PQ tai F (hinh 4 vé& truong hop
diém E ndm trong dudng tron). Vi JA, IB, JE,
JM 1a chum diéu hoa nén P, Q, E, F la hang

diém diéu hoa. Theo (5) c6 OE .OF = R.
— OE(OF + EF)= R? = EO.EF = OE? - R*
— (EH + HO)EF = #(E)

— EH . EF = #(E) = EH . EF = #(E).
J
N 3
C E
Q
A
H E B M
P
(0]
.
D
Hinh 4

Ta d6 va ap dung (3) c¢ob ;+—L—:
EP

EQ
2 2EH P
EF  P(E)
Hé thic ndy vin
ding khi P, Q tuong d

ung tring véi D, C.
Hé qua 1. Gia s
dudng thing & di qua
giao diém E cua AB
va CD, di qua giao
diém J cha AD va BC.
Goi H la hinh chiéu
clia tam O lén ¢ thi
P(E)=EH . EJ.

)
~

Hinh 5 F

Hé qua 2. Hé thic
(6) van ding khi A trung v6i D va B tring véi C,
lic d6 AD va BC déu la ti€p tuyén cta dudng
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MO RONG BAI TOAN CON BUOM
CHO CAC PUONG CONIC

C6 1& céc ban tré yéu todn déu biét dén bai
todn con buom.

Trong bai bdo Mot sé dang khdc cua bai
todn con buém (THTT 6.1995) ban Phan Nam
Hung da néu bai toan con buém va c6 mot s
tim t0i md& rong bai toadn con budm. Bai bdo nay
ban dén van dé sau : Néu thay cho dudng tron
trong bai todn con budm ta xét mot dudng conic
thi sé c6 két qua gi tuong tu két qua cua bai
toan con buém ? Nhitng két qua dé c6 thé méd
rong ra nhu thé nao ?

Pé thuan tién trong 1ap luan xin néu mot s
quy udc nhu sau :

— Hai ducmg thdng song song xem nhu chiing
cdt nhau tai mét diém goi la diém vo tdn.

— Hai duomg thdng phdn biét cang di qua
diém vo tdn thi song song.

Nhu vay trong bai viét nay ta luon c6 thé néi
dén "giao" clia hai dudng thing phan biét.

Trudc tién t6i xin giGi thieu mot s6 kién thic
vé€ tur gidc toan phan.

I. T giac toan phan

Trong mit phéng tap hop gém b6n dudng
thing trong d6 khong c6 ba dudng nao cung di
qua mot diém goi 1a t gidc toan phan. Méi mot
duodng thiang d6 goi 1a mot canh. Giao diém cla
hai canh goi la

dinh. Hai dinh \A
khéng cung nim

trén mot canh

goila hai dinh N
dsi dien. M@i N
dudng thang néi

hai dinh  dé6i

dién goi la dudng

chéo. Tacé :

LE HAO (GV truong CPDSP Phii Yén)

Ménh dé 1. Trong hinh tit gidc toan phdn,
cdp dinh d6i dién ndm trén mor duomg chéo va
cdp giao diém cia duong chéo dé vdi hai duong
chéo con lai Idp thanh bén diém lién hop diéu
hoa voi nhau.

Trong hinh 1 t& gidc toan phédn tao boi cic
dudng thing BA, BF, CA, CE c6 dudng chéo AD
cit cdc dudng chéo EF, BC lan luot tai I, J.
Ménh dé 1 néi trén khing dinh ring (ADLJ) = -1,
vay chim BA, BF, BI, BC la chim diéu hoa, do
dé néu goi X, Y, 1an luot 1a giao diém cia
BI véi EC, AC thi (EDXC) = (AFYC) = -1.

Pé chiing minh ménh dé 1 ta c6 thé sk dung
kién thic vé chim dudong théng hoic dung
phuong phép toa d6. Xin danh viéc ching minh
cho céc ban.

IL. M6 rong bai toan con buém cho duong elip

Bai toan 1. Cho elip (E) va mét duomg thang d
tuy y. Mot tiép tuyén A song song vdi d va tiép
xiic véi (E) tai J. Puong thdng néi J véi tdm déi
xitng ciia (E) cdt d tai T. Qua T ké hai dwong
thdng phdn biét cdt (E) ldn lugt tai A, Bva C, D
sao cho AD va BC cdt d ldn luot tai P, Q.
Chitng minh rdang T la trung diém ciia PQ (h.2).

Trude khi trinh bay loi gidi bai todn nay ta
cdn mot s@ kién thic sau, chi ti€t hon xin xem
bai Mot s6 hé thire lién hé giita duong thdng va
duong tron (THTT 6.2002).

Pinh nghia. Cho mdt duong conic (S). Mot
duomg thdng qua hai diém phdn biét M, N cat
(S) tai X, Y sao cho (MNXY) = —1 thi ta noi M,
N lién hop véi nhau doi vai conic (S).

2 2
BGdé 1. Cho elip (B) : =5 +

a
M(x,;y,), khi d6 moi diém lién hop v6i M d6i

XoX

=1 vadiém

%<

+M=1.

v6i (E) déu thuoc dudng thing 5
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Chitng minh. Goi N(x;y) la diém lién hop
v6i M d6i v6i (). MN cit (E) tai hai diém phan bigt
X Ycotoadd X(x, +H(x—x,);y, +,(y=y,)),

Y(xg+5(x—xy) 3 Yo +t,(y=y,)),

Véi t,t, e R.
MX 4
My t
NY H-LU
MX NX
(MNXY)Z—IQ"'———:g:—l
MY NY
t, -1
Lol ooyt =201,

X, Y € (E) nén ¢,t, 1a nghiém cla phuong

(o + 1= %) o 10 =y,)) _

1'
a? b?

trinh :

Phuong trinh nay viét lai thanh

2 Y
[(x %), =) ]m
2 2
a b
2 2 2 2
42| 2ok XY Ko Jo i o Yo y_g
P L L BPL &
Ap dung dinh Ii Vigte ta c6
X X
h+ty =241 < 2+ 220 < | (dpem).

Dua vao bd dé 1 trén ta cé thé gidi bai todn 1
nhu sau :

Chon hé truc
toa do dé (E) c6
phuong trinh

2 2
iz— +y_2 =1. Goi
a’ b
K 1a giao diém
cha AD va BC, L
1a giao diém BD
va AC. Goi X Y
lan lugt la giao
diém cta KL v6i
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AB, CD. Xét tit gidc toan phan tao boi TA, TC,
LD, LC ; tit ménh dé 1 suy ra (TXBA) = (TYDC)
= 1. Vay T lién hop véi X va T lién hop v6i ¥
dai véi (E). Gia st T(x,,y,), theo b6 dé, KL c6

phwong trinh =2~ + 2% = 1. (1)
a h
Vi J thugc OT (duong thing A) nén
J(kx,, ky, ) V6i k # 0. Goi & 12 tiép tuyén véi (E)
tai J ; 8 c6 phuong trinh

Box By _y )
a b
Tir (1) va (2) suy ra KL // 8, do d6 KL // d.

Vi (TXBA) = —1 nén chum xéc dinh bdi KT,
KX, KB, KA la chum diéu hoa. d // KL nén d bi
KA, KB, KT chan thanh hai doan bing nhau
TP =TQ (dpcm).

Ménh dé 2. Cho (E) la mot elip va d la
duong thdng ¢& dinh. Gid sit m la duong thdng
ndo dé cung phuong vdi d va cdt (P) tai M, N.
Khi dudng thdng m thay déi (nhung luén cing
phuong vdi d) thi trung diém T ciia MN Iuén
thugc mot duong thdang & dinh A ma A di qua
tam doi ximg cua (E).

Chimg minh. (h.3) Chon hé truc toa d6 dé

) A
(E) c6 phuong trinh — +== =1
a b

Gia stt d c6 phuong trinh kx + hy = ¢, suy ra
m c6 phuong trinh kx + hy = e.

Néu A = 0 thi T thuoc dudng thing x = 0.

Néu i # 0 thi phuong trinh xdc dinh hoanh
do giao diém ctia m va (E) 1a

R x? + a2 (e - kx)? = h*a*h?
hay (h*h% +a*k?)x* 2a>ekx+a’e? —h*a®bh?* =0,

_ a’ek _

2 K2b* + ak?
_ d* (kg + hyp)k
XTI
Vay T thuoc dudng thing A :
hb*x — a*ky = 0 (dpcm).

Xr

= hb*x; — a*ky; =0.




Nhdn xét. Néu tiép tuyén & song song véi d
ma d tiép xuc véi (E) tai J thi J thudc A.

Tur nhan xét trén ta c¢6 bai toan 2 (h.3) tuvong
tu v6i bai todn con buém. Day la trudng hop
riéng clia bai toan 1.

Bai toan 2. (Bai todn con buém elip). Cho
elip (E) va hai diém phdn biét M, N thudc (E).
Qua
diém T cua
MN ké hai
duong thdng
phdn  biét
cat (E) tai
A, B va tai
C, D theo
thir te. Gid
sit AD va BC cdt MN lan luot tai P, Q. Ching
minh rang T la trung diém cia PQ.

trung

II. M& rong bai toan con buém cho
parabol :

Tuong tu Ménh dé 2 ban dé dang kiém tra
ménh dé€ sau.

Ménh dé 3. Cho (P) la mét parabol va d la
duong thdng ¢& dinh. Gid sit m la duong thdng
nao dé cing phuwong véi d va cdt (P) tai M, N.
Khi duong thang m thay doi (nhung luén cing
phuong véi d) thi trung diém T cia MN ludn
thuéc mot duong thdang & dinh A ma A cing
phuong vai truc doi ximg cua (P).

Hinh 4

Pudng thing A trong ménh dé 3 (h.4) goi 1a
duong kinh cua parabol (P), lien hop véi
phuong d. T ménh dé 3 ta c6 bai todn 3 (h.4)
sau day.

Bai toan 3. Cho parabol (P) va d la duong
thdng c6 dinh. A la dudng kinh cia parabol (P)
lién hop véi phuong d ; A cdt d tai I. Qua I ké
hai duong thdng phan biét cdt (P) tai A, Bva tai
C, D theo thir tu. Gid sit AD va BC cdt d lan
luot tai P, Q. Chitng minh rdng I la trung diém
cia PQ.

Tuong tu nhu b6 dé 1 cha bai todn 1 ban dé
dang kiém tra b8 dé sau.

BG dé 2. Cho parabol (P) : y*> =2px va
diém I(x,;y,) ; khi d6 moi diém lién hop v6i /
d6i véi (P) déu thuoc dudng thing

Yoy = plx + x,).

Ap dung ménh dé 3 va bé dé 2 trén ban c6
thé giai bai todn 3 béng cach 1ap luan hoan toan
tuong tu nhu 131 gidi bai toan 1. Khi d cit (P) ta
c6 bai todn 4 tuong tu bai todn con buém va la
trudong hop riéng cua bai todn 3.

Bai toan 4. (Bai todn con buom parabol).
Cho parabol (P) va hai diém phdn biét M, N
thuéc (P). Qua trung diém T cia MN ké hai
duong thdng phdn biét cdt (P) tai A, B va tai C,
D sao cho AD va BC cdt MN lan luot tai P, Q.
Chiing minh rdng T la trung diém cia PQ.

IV. Mé& rong bai toan con buém cho
hypebol

Bing cdch hoan toan tuong tu nhu d6i voi
elip ban c6 thé giai bai todn sau day.

Bai toan 5. Cho hypebol (H) va duing thdng
d tuy y. Mot tiép tuyén song song vdi d va tiép
xiic vdi (H) tai J. Duong thdng A néi J véi tam
doéi ximg cia (H) cdt d tai T. Qua T ké hai
duwong thdng phdn biét cdt (H) tai A, B va tai C,
D sao cho AD va BC cdt (d) ldn luot tai P, Q.
Chitng minh rdng T la trung diém cia PQ.
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Bai toan 6. (Bai todn con buom hypebol).
Cho hypebol (H) va hai diém phdn biét M, N
thuéc (H). Qua trung diém T cia MN ké hai
ducong thdng phdn biét cdt (H) tai A, B va tai C,
D sao cho AD va BC cdt MN lan luot tai P, Q.
Chiing minh rdang T la trung diém cia PQ.

Trong céc bai todn trén néu thay cidc duong
conic bing mot cap dudng thing ta ciing c6
nhitng bai todn tuong tu. Moi céc ban ti€p tuc
tim hiéu. Cu6i cing chic cdc ban c6 nhiéu
thanh céng trong hoc tap.

HO TIEP TUYEN VOI PUONG TRON

BUI VAN VIEN

(GV truomg THPT bdn cong Nguyén Thai Binh, TP. H6 Chi Minh)

C6 nhiéu cdch tim phuong trinh ti€p tuyén
v6i dudng tron va toa do cla tiép diém. Sau day
12 mot cach tuong d6i ngén gon.

Cho dudng tron (C) : (x — a)? +(y —b)* = R*.
Tiép tuyén véi (C) tai M (x, ;y,) € (C)co
dang (x - a)(x, —a)+ (y - b)(y, —b) = R*.

N (x—a)(x°1;a)+(y—b)(Z9R——b):R.

x, —ay y—b)2
Tacé( OR ) +( OR ) =1 viM, e (O).

X,—d Yo—b

Vi vay ¢6 thé dat =cosa, =sina,

a € [0, 21) v moi tiép tuyén d, cua (C) c6
dang (x —a)cosa +(y—h)sina -~ R =0.
Ta goi céc tiép tuyén d, véitham s6 a la ho

tiép  tuyén cua (C). Toa do ti€p diém
M (x,;y,) cta(C) véi d, la x, =a+ Rcosq,

Yo =bh+ Rsina.

Ta 4p dung phuong phap ndy dé giai cdc bai
toan dudi day.

Bai toan 1. Cho duong tron
©): x-D*+(y-1%=1.

Viét phuong trinh tiép tuyén véi (C) di qua
A3 ; 2). Tim toa dé tiép diém.
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Loi gidi. Ho ti€p tuyén véi (C) 1a d, :
(x—Dcosa+(y—sina-1=0.

Do A(3;2) € d, = 2cosa+sina-1=0

= sina = 1-2cosa, thay vao ding thic

sin>a+cos?a=1 duoc(1- 2cosoz)2 +costa =1
5 4

= 5c0s” a —4cosa =0 = cosa =0 hoic cosa =3

e Néucosa=0thisino=1=>(d,) :y-2=0
va tiép diém E(x,;y,) ¢6 x, =l+cosa =1

Y, =1+sina =2.
’ 4 . . 3
® Néu cosa =3 thi sina = -3 Vay

4 3
(da)-g(X~1)—§(y~1)—1—0

= (d,):4x-3y-6=0

va ti€p diém F(x,,y,) c6 x, :1+% =%,
3 2
=1-2==,
Yo =755

Bai toan 2. Cho hai duong tron
C):(x=1? +(y-1* =1,

(C): (x-2 +(y+ 1) =4.




Viét phuong trinh tiép tuyén chung cia (C)
va (C,).

Laoi gidgi. Ho ti€p tuyén cha (C)) la

(d):(x—N)cosa +(y - Dsing—-1=0 (1)

Ho ti€p tuyén cua (C,) la

(dy):(x—=2)cos B+ (y+ Dsinf-2=0 (2)

DE tim ti€p tuyén chung cha (C;) va (Cy), ta
tim a va f sao cho d; tring d, (cdc ban tv gidi),
suy ra @ = fvatacod

(x-Dcosa +(y—-1sina-1=0 (3)
(x —2)cosa +(y+1)sina -2=0 (4)

Thay (x—1)cosa +(y—1)sina =1 tr (3)

vao (4) dugc —cosa + 2sina =1

< cosa = —1+2sina (5)

2

Thay vao déng thic sin’a +cos’a =1

duoc sin +(2sina —1)2 =1
& 5sina—4sina =0

< sina = 0 hodc sina =%.
e Néu sina =0 thi cosa=-1=> (d,):x=0

¢ Néu sina =% thi cosa =3
Vay
(d,)3(x-1D)+4(y-1)-5=0.
= (d,) :3x+4y-12=0.
Vay c6 hai tiép tuyén chung ctia (C)) va (Cy)
véi phuong trinh
x=0va3x+4y-12=0.

GIAI PIEU PARABOL

LE HOU DONG (GV THPT Lé Quy Pon, Da Ning)

Bai toan 1. Tu diém A ngoai parabol (P) vé

cdc tiép tuyén AM, AN (M, N la cdc tiép diém).
Mot duomg thdng tiép xic voi (P) tai T va cdt
cde tia AM, AN lan lugt tai B va C.

Chitmg minh rdng

BM _CA _TB
BA CN TC
Lo gidi. Ta , M
st dung tinh chét Q
ti€p tuyén cla
P): H

Hinh chiéu A S
cta tiéu diém F ¢

cha parabol lén C
mot tiép tuyén K
thi ndm trén ti€p
tuyén d qua dinh
cua parabol.

o

Hinh 1

(Ban doc tu ching minh tinh chét nay).

Xem hinh 1.

Goi F 1a tiéu diém cia parabol (P). Goi 0, S,
V 14n luot 13 hinh chiéu vuéng géc cha M, T, N
len duong chuén A.

Theo tinh chét tiép tuyén thi MA L FQ tai
H,TC L FS tai J, NA L FV tai K va ba diém
H, J, K déu nim trén ti€p tuyén d di qua dinh D
ctia parabol (P). Tir d6 timg b6 bon diém sau
nim trén dudng tron : (B, F, H,J), (A, H, F, K),
(C,J,F,K).

Ap dung tinh chét cha cic gbc ndi ti€p va
céc goc co canh tuong ding vuong goc ta co

FMH = HMO = SOF = JHF = FAK = JBF (1)
Tuong tu cb

FTC =CTS =FSV = FJK = FCK = FBH.
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Tir day suy ra FBM = FTB = FCA (2)
Tir (1) va (2) suy ra AFBM o AFTB nén

BM TB CA
BF - TF ————CF (3). Tuong ty AFBM v ACTF
BA TC CN
o ANCF nén BF-TF-CF 4)
BM TB CA
Tu (3) va (4) c6 —— BA _TC_CN (dpcm).

Bai toan 2. Vdi gid thiét nhu bai todn 1, mot
cdt tuyén tuy y qua A cdt (P) & R, Q va cdt
MN ¢ D. Chimg minh rang (ADRQ) la mot
hang diém diéu hoa (e la 2o -_L28

oD
hiéu la (ADRQ) = —

Loi gidi. Xem hinh 2. Chon hé truc toa do
Oxy sao cho phuong trinh cha (P) lay = ax’.

Phuong trinh dudng thing AQ qua A(x,;y,)
la y=k(x-x,)+y,. ViR, Q thuoc (P)va AQ

nén xg, x, 1a nghiém cta phuong trinh :
ax? —kx+kxy —y, =0 &)
Goi E 1a diém sao cho (AERQ) = -1

= AREQ = RE.AQ
= 2(x xp + xRxQ) =(xy + xg).(xp + xQ)

bate ) = (5, +xp) (@0 (5)
= k(xg = x,) = 2(ax,xg = ,) ©)
Do E thudc AQ nén ygp = k(xg — x;)+ y,-

Tir d6 va (6) c6 yp = 2ax xg ~ y,-

Vay E thudc dudng thédng y = 2ax x -y, (7)

= 2[xoxE +

Dé thdy diém M(x,, ;y, ) nim trén ti€p
tuyén tai M, di qua A(x, ;y,) nén toa do thoa
man (7). Tuong tu, toa d0 N(xy ;yy) clng
thoa min (7), nghia 13 dudng thing (7) di qua
M, N. Do vay E la giao diém clia MN va AQ,
nghia 1a E phai tring d6i véi D (dpcm).

Binh ’luavn. M y Q
Cuoc hoa tau cua
bai todn 1 va bai
toin 2 cho ta
mot giai diéu dep
ngit : N >

\/ 0 X
BM CA TB A

BA CN TC
(ADRQ) = -1

Hinh 2

Xin tam dich hé déng thic trén thanh 10i :
Ba ddy hoa diéu nhip nhang.

Mot ddy, bén ngén chay hang nét hoa.

Ap dung. Véi gia thiét bai toan 1.

1) Chitng minh rang :

a) Truc tam cua tam gidc ABC thudc duong
chuén cta (P).

b) Néu A thuoc truc cia (P) thi AB+ AC
khong déi.

¢) Néu A chay trén mot dudng thing khong
cit (P) thi MN di qua mot diém c§ dinh.

2) Tim quy tich tam dudng tron noi ti€p tam
gidc CBF.

VIET PHUONG TRINH PARABOL BANG
PHUONG PHAP CHUM

PHAM QUOC PHONG (GV THPT Héng Linh, Ha Tinh)

Viét phuong trinh parabol la bai todn
quen thu6c, nhung dé c6 101 gidi don gidn lai la
vén dé khac.
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Phuong phédp da trd thanh /67 mon duge dp
dung giai bai todn nay la phuong phép hé s6 bat
dinh ba tham s6 nhu sau.




e Goi parabol cdn tim 13 y=ax® +hx+c
(a20)

o Tir cic gia thiét cha bai todn, thiét lap va
gidi hé ba phuong trinh ba 4n d6i v6i a, b, ¢ s&
thu duoc parabol cn tim.

Bai viét nay trinh bay cdch viét parabol bing
phuong phdp cham parabol mot tham s6 va su
dung phuong phap chiim parabol dé viét phuong
trinh parabol thod man mot s6 diéu kién da cho.

1. Chum parabol

Cic parabol xét ¢ bai nay déu la parabol c6
truc d6i xing song song vdi truc tung, tifc 1a cac
parabol ¢ phuong trinh dang

y:a)c2 +bhx+c¢ (a#0).
¢ Dinh nghia. Tap hop cic parabol cung di
qua hai diém A, B ¢6 dinh goi 1a chum parabol.

Puong thing AB goi 1a truc cia chim
parabol.

e Phuong trinh ciia chum parabol

Goi A(x,;y,) va B(xgiyg) la hai diém
thudc duong thing d : y =px +q.

Dé dang kiém nghiém phuong trinh cia
chum parabol qua A, B la

y=m(x—x)(x—=xg)+px+q v6im=0.

e Truong hop téng quat khip #0va y, #y,
thi chum parabol dugc goi 1a chum parabol léch
tung (h.1),

e Khip=0ticla y, =y, va A khic B thi
chum parabol dugc goi 1a chim parabol ding
tung (h.2) va phuong trinh cia chum cé dang

y=m(x = x4 )(x—xg)+y,, (mz0).

e Khi p # 0 va A tring v6i B thi cham
parabol dugc goi 12 chiam parabol tiép xiic, véi
ti€p diém A(x, ; y,) (h.3) va phuong trinh cla
chum c6 dang

y =m()c—xA)2 + px+4q, (m=0).

e Khi p = 0 va A trung v6i B thi chum
parabol duoc goi 12 cham parabol chung dinh

v6i dinh chung A(x, ;y,) (h.4) va phuong
trinh cta chum c6 dang
y= m(x—xA)2 +y, (m#0).
2. Ap dung
Thi du 1. Viér phuong trinh parabol (P) c6
dinh la A(1 ; =2) va (P) chdn trén duomg thing
d:y=x+1mdtdiy cung MN = J34 .

Loi gidi.
¢ Phuong trinh chum parabol dinh A(1 ; -2)
BP): y=mx—1)> -2 (m=0) (1)

¢ Phuong trinh hoanh d¢ giao diém cta (P)
va duong thing d 13 m(x—1% -2=x+1

<:>m.x2—(2m+l)x+m—3=0 )
Vé6i 02 m > _i%’ phuong trinh (2) c6 hai

nghiém phan biét x;, x,, d6 1a hoanh do giao
diém M, N cla (P) va duong thing d.

cTu@suyra (x; - x,)° = - V6i Alabigtthik.
m
e M, N thudc dudng thang d nén
NV =45 —X%

- MN2=2—A€. Do MN =+/34 nén 2—§=34
m m

= 17m* =16m -1 =0 c6 hai nghiém m = 1 va

| . 1
m__ﬁ déu thoa man 0 = m>—1—6—.

Thay céc gia tri ciia m vira tim dugc vao (1),
ta c¢6 hai phuong trinh parabol can tim la :

(P,):y=x2—2x—l

iy L2 5
(B):y= 17(x 2x —35).

Thi du 2
Viét phuong trinh parabol (P) qua diém cuc dai,
2
cuc tiéu ciia do thi ham s6'y = fo]J—r—g (C)

va (P) tiép xiic véi duomg thang d : 2x —y ~10=0.
(Dai hoc An ninh, khéi A, 1999)

139




Ay 4 AY
qy
y = pr ¥ q Ya< Yg / &%
A i : : -
N AUE . \ PANNE
] ! 1 1 > ! - A 1
/1 *a Xg \ \ \X XA Xs X 77 % TV X~ 77 m \\¥
Hinh 1 Hinh 2 Hinh 3 Hinh 4

Loi gidi. Toa d6 cic diém cuc tri 1a nghiém
cua hé sau

_,‘~2_x+9 _xz——x+9+(x2—2x—8)
Y= e x—1
y'=0 x?-2x-8=0
y=2x-1
<97, 3
x*-2x-8=0

Toa d6 diém cuc tri thod man phuong trinh
y:2x—1+m(x2—2x—8) )

Thiy ring x°>-2x-8=0 luén c6 hai
nghiém phan biét, boi th€ (4) véi m # 0 1a
phuong trinh chiim parabol di qua cic diém cuc
tri cta (C).

Parabol (P) ti€p xiic v6i dudng thdng d khi
va chi khi phuong trinh sau ¢6 nghiém kép :

2x -1+ m(x* —2x-8)=2x-10

2 m#0

S mx” -2mx-8m+9=0 <

A=0
om=1.

Thay m = 1 vao (4) ta c6 phuong trinh cha
parabol cdn fim 1a (P) : y = x* 9.

Loi binh

e Bai toan khong yéu cdu tim diém cuc dai,
cuc tiéu. Loi gii trén di tranh khong tinh cu thé
céc y€u t6 db.

_ x* - x+9

Tox-1
x?-2x-8=0
dugc goi 14 hé ddc trung cia chum parabol. Lic
nay, & hé dac trung chua xuét hién phuong trinh

¢ He¢ phuong trinh
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cia truc. Phép bién déi din ra phuong trinh (3)
dé tim truc ctia chum parabol. D6 ciing la : K7
thugt viét phuong trinh duong thdng di qua
diém cuc dai, cuc tiéu ciia d6 thi ham hitu ti va
ki thudt chimg minh tinh thdng hang cia
ba diém uén ciia dé thi mot s6 ham phdn thitc.
Thi du 3
Viét phuong trinh parabol (P) qua diém cuc
3
X 2

dai, cuc tiéu cia do thi ham s6'y = 5 +3

va (P) tiép xiic véi duong thang d : y = %
(Pai hoc Thai Nguyeén, khéi A + B, cau |
(1999 - 2000))

Lo gidi. Toa do diém cuc tri 1a nghiém cha hé

( 3
X ==X’ —x+Z
y—3 x+3c> y 3 X 3
1y'=0 =1
E S -_2,,2
=773 307773773
ch—l:O 2 -1=0.

Toa d6 diém cyc tri thod man phuong trinh

y=zx+g+m(x2—l),m¢0 5
373
Hién nhién phuong trinh x*> —1=0 c6 hai
nghiém phan biét va (5) la phuong trinh chim
parabol (P) di qua céc diém cyc tri cia d6 thi
ham sé.
Parabol (P) tiép xiic véi duong thing d khi
va chi khi phuong trinh sau ¢6 nghiém kép

2 2 2 _ 4 1
—§x+§+m(x —1)—3<:>m— 3




Thay m = ——13— vao (5) ta ¢ phuong trinh
2

parabol phai tim la y = —%——jx+ 1.

Thi du 4. Cho ham s6 y = x* =6x* +4x +6.

1) Chitng minh rdng dé thi ham sé ¢6 ba
diém cuc tri.

2) Viét phuong trinh parabol (P) di qua ba
diém cyc tri dy.

Loi gidi.

e Ldy dao ham y'=4(x*-3x+1), goi
h(x) = x> =3x+1.

Déyring h(-2)=-1<0;h(-1)=1>0;

h(1)=-1<0 ; h2)=3>0 suyra y'=0
c6 ba nghiém x,, x,, x; thod man

2<xy<-l<x,<l<x<2

nén dé thi ham s6 c6 ba diém cuc tri.

e Toa do céc diém cyc tri 12 nghiém ctia he
{y:x4 —6x2 +4x+6®{y=xx3 —6x% +4x+6

y'=0

2 =3x-1

x> =3x-1

{y:x(3x—l)—6x2+4x+6

{y=—3x2 +3x+6
<

X =3x-1.

Toa d¢ cic diém cuc tri thod man phuong
trinh y = -3x* +3x+6, day 1a phuong trinh
parabol (P) di qua ba diém cuc tri ham s6 di
cho.

3. Cac bai luyén tap

Bai 1. Viét phuong trinh parabol (P), biét

ring (P) cét hypebol (H) : y= xi 2 tai cic

diém c6 hoanh do nghiém diing phwong trinh
X —4x* - 5x=0. |

Bai 2.

Vi€t phuong trinh parabol di qua diém cuc

. .2 5 « ~ Xz
dai, cyc ti€u cia ham s6 y =
Y —

1 va ti€p xuc

v6i dudng thing y = —%.

B4

(Dai hoc An ninh khéi A, 1998)

Bai 3.

Viét phuong trinh cha parabol di qua cic
diém A(—/3:0), B(+/3;0) va tiép xiic véi d6
thi (C): y = x> —3x.

(Hoc vién KTQS, 1998)

Bai 4.

c6 ba diém

< +1
Ching minh d6 thi y = xz
x“+1

u6n thing hang.
(Dai hoc Y khoa Ha Noi, 1999)
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PI TiM MOT LOI GIAI PEP

Trong sach Hinh hoc Iép 12, NXBGD, 1992
cha cdc tic gia Van Nhu Cuong, Ta Man,
Tran Nguyét Quang, c6 bai toan ding chi y
(Bai tap 11 trang 65).

Bai toan 1. Tim diéu kién cdn va di dé
duong thdng d : Ax+ By +C =0 la tiép tuyén

2

2
clia elip (E): 55 + 25 = 1.
d

Cdch giai 1. Thong thuong, bai todn 1 dugc
giai theo trinh tu sau :

e Duong thing d va (E) ti€p xic <> He PT
sau c6 nghiém duy nhat

Ax+By+C=0 )

XZ _)’2

oy =1 @)

a b _
eVi A2+ B* #0 nén A # 0hoic B#0.
Néu A # 0 thi tir (1) suy ra ; x:——%y—-% 3)
. - B C
NéuB=0thitr(l)suyra: y:_Zx_Z 4)

Sau do, tuy vao viéc A # 0 hay B # 0 ma thé
(3) hay (4) vao (2) nhim chuyén bai todn tim
diéu kién dé hé phuong trinh ¢6 nghiém duy
nhét thanh bai toin tim diéu kién dé phuong
trinh bac hai ¢6 nghiém kép.

Cu6i cung, ta c6 két qua : d la tiép tuyén ciia
(E) = a*A* +b*B? = C2.

Mic du, trong bai todn 1, vai tro cua x, y la
binh ding nhung su binh ding nay khong dugc
xem xét mot cidch ddy du trong sudt qud trinh
giai. Vi vay, theo hudng gidi trén, ta nhan duogc
mot 161 giai ding nhung khong dep.

Pé khic phuc tinh trang nay, t6i xin dua ra
mot 151 gidi méi cho bai todn 1. Hi vong rang
16i gidi ndy phdn nao thod man dugc my cam
todn hoc cua cac ban.
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CAO TRUNG CHINH

(GV THPT chuyén Hoang Vdn Thu, Hoa Binh)

Cdch gidi 2. d 1a ti€p tuyén cta (E)
<> Hé PT sau c6 nghiém duy nhéit
[Ax+Bx+C =0

12 yz
—+>==1
1(12 b?

raA[—Z—) +bB(%) +C=0
GEOR

pat X =‘2 va Y :—]y)- thi he phuong trinh

sau c6é nghiém duy nhat

{aAX+bBY+C =0 (A)
(T)

<> Pudng théng A va dudng tron (T) tiép xiic
<> Khodng céch tir diém géc O(0 ; 0) dén
duong théng A bing 1

Il
Va®A? + b*B?
Bai todn 1 di dugc giai quyét véi mot 1oi giai
hoan toan méi. Trong 15 gidi nay, su binh ding
cta x va y dugc duy tri trong sudt qud trinh giai.

X*+v2=1

= =1 a?A?+p?B =C2.

Viec dat nméi X=>= va ¥ :% da chuyén bai
a

to4n xét ti€p tuyén cua elip vé xét tiép tuyén cua
dudng tron. VGi céch ti€p can trén, ban ciing
s& tim dugc mot 1oi giai dep cho bai todn twong
tu sau.

Bai toan 2. Tim diéu kién cdn va di dé
duong thdng d : Ax+By+C=0 la tiép tuyén

22
hypebol (H) : %—12— =1.
a” b
Chiic cic ban thanh cong.




KHOANG CACH TU MOT CONIC PEN MOT LOAI
DPUONG THANG

Bai todn khoang céach giita mot dudng conic
v6i mot dudng thing la mot bai toan thong
thudng cta 16p 12 ma hoc sinh thudng gip trong
cdc ki thi. D€ cdc ban hoc sinh c6 thé giai bai
toan ndy mot cach thuan lgi t6i xin néu cich tim
khoang cach tir mot conic dé€n mot loai dudng
thing c6 phuong trinh Ax+By+C =0 v6i
A% + B =1 va C > 0. Ta goi d6 la dudng thing
loai I. Néu C < O thi chi viéc d6i ddu ca A va B.

Bai toan 1. (Khoang cich tir mot elip dén
duong thang loai I)

Trong mdt phdng Oxy, cho elip (E) :

2 2
e
a b

va duong thdng

=1 véia>0b>0.

A:Ax+By+C=0véi A>+B*> =1vaC>0.

1) Tim diéu kién dé A va (E) khong c6 diém
chung).

2) Gid st M thuéc (E), goi MH la khodng
cdch tr M dén A. Trong truong hop A va (E)
khéng ¢6 diém chung, tim toa d6 cua diém M
sao cho :

a) MH la ngdn nhdt.
b) MH la dai nhat.

Loi gidi. e Ban doc tu chimg minh dugc két
qua sau day bang phuong phép thong thuong :

Pudng thing A va (E) khong c6 diém chung
khi va chi khi a?A? +b*B* < C2.
e Gia sit M(x; y) thudc (E).
Do A%+ B? =1 suy ra khoang cich tr M
dén A la
MH :le+By+C|

TRAN VAN MINH (TP. Ho Chi Minh)

Ap dung bat déng thic tam gidc, suy ra :
|C ~|Ax + By|| < MH < C +|Ax + By| (1)
Ap dung bat ding thic Cauchy-Schwarz d6i

e X R ,
voi ——,X va dA, bB tacé
a b

|Ax + By| < Va®A? + b*B? )
Tu (1) va (2) suy ra
0<C-Va*A? +b*B* < MH
< C+Vd?A® + b*B? (3)

D4u bing & (3) xay ra khi va chi khi hé sau
c6 nghiém :

b a
ZBx=2A
a * b Y
2 2
x_2 +y_2 =1
a b
Giai hé nay dugc hai nghiém :
= a’A . a’A
| T T 2=
Vi a2 +h?B? Ja*A? +b2B?
b’B b’B

N Eatrs | Naalipe
Thir lai v6i M,(x;;y,) taco
MH = C +a>A® +b*B?.
Tt (3) suy ra
Max MH = C +Va?A® + b2 B2,
Tuong tu véi M,(x, ; y,) tacod
M,H =C -~\a*A* +b*B*. Tt (3) suy ra
Min MH = C —Vda?A? + b*B*.
Vay MH ngén nhat khi M trting véi M, (x,:y,).
MH dai nhat khi M tring v6i M,(x;3,)-
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Bai toan 2. (Khoang céch tir mét parabol
dén dudng thing loai I)

Trong mdt phdng Oxy, cho parabol (P) :
y* =2px va duong thing

A: Ax+By+C=0vdi A>+B*>=1vaC>0.

1) Tim diéu kién dé (P) va A khong c6 diém
chung. ‘ ‘

2) Trong truong hop A va (P) khéng ¢6 diém
chung, tim diém M thuéc (P) sao ¢ho khodng
cdch tie M dén A la ngdn nhdt.

e Ban doc c6 thé chimg minh két qua sau
day bang phuong phép thong thuong :

Pudng thing A va (P) khong c6 diém chung
khi va chi khi

pB? —2AC <0
A=0.

e Gia st MH la khoang cach tot M(x;y)

thuoc (P) dén dudng thing A. Do A% +B* =1
thi MH =|Ax+ By +C|

2 2.2
A -B
:l_l(”é,,j y2PAC B P
2p A A
I pA _BZ 2 _ 2
MHZlAll pAC-B*p| _24C-pB @

2p A2 2|4l

D4u bing & (4) xay ra khi va chi khi h¢ sau
¢6 nghiém.

2
I P
A o 24
2 B
y =2px =_=
y Al’

Heé trén ¢6 mot nghiém.
Vay MH dat gi4 tri nhd nh4t tai diém
2 )
M fB_;_Ep lic d6 MH = 2AC-pB”
2477 A 2/Al

- Nhan xér. Ta khong tim maxMH, vi M ¢6 thé
ra xa vo tan trén (P).
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Bai toan 3.(Khoang cich tr mot hypebol
dén dudng théng loai I)

Trong mdt phdng Oxy cho hypebol

N
[3¥

X y
(Hy : =2
&> b?

va duong thdng
A:Ax+By+C=0 véi A2+ B> =1vaC>0.

1).Tim diéu kién dé A va (H) khong cé diém
chung.

2) Trong truong hop A va (H) khéng ¢6 diém
chung, tim diém M thuéc (H) sao cho khodng
cdch tir M dén A la ngdn nhdt.

e Ban doc chimg minh dé dang bing phép
bién déi thong thuong :

Pudng thing A va (H) khong c6 diém chung
khi va chi khi a*A% - b*B* > C?,
e Cho b6n s8 thuc a, b, x, y thod mén

(a® = b*)(x? = y?) 2 0 ta c6 bat ding thic

Jax + by| > \J(@® - b)Y - y?) 5)

D4u bing xdy ra khi va chi khi ay = —bx. Ta
goi (5) 1a bét déng thic gia - Schwarz.

o Gid sit M(x ;y) thuoc (H). Do A% + B* =1,
goi khoang céch tir M dén A la MK thi
MK =|Ax+ By +C|.
Theo bat ding thitc tam gidc ta c6
MK > | Ax + By|-ICl| = ||Ax + By| - C|.
Ap dung b4t ding thic gia - Schwarz véi

Aa,Bb va :‘_’Z ta co
a b

2 2
X
|Ax + By| 2 \/(azAz - ”232)[—5‘ - y_z) =
ac b
= Va?A? -pB? > C.

Do d6 MK > Ja?A* —b*B? —C 6)




Dau bang xay ra & (6) khi va chi khi hé sau
c6 nghiém

d Bb
Ay =2
by d o
2 2
2y
at b
Giai hé nay dugce hai nghiém :
—Ad® Aa®
/\'1 = —_—_— -
Va?A? - b*B? “ Va?A? - b B?
Bb? -Bb?

Thir lai hai nghiém nay ta thay dau bang chi
xdy ra & (6) khi M trung v6i M,(x, ;y,). Vay
MK ngén nhat khi M trung v6i M,(x, ;y,), va
lic d6 MK =~ a’A® —-b*B* —C.

Nhdn xét. Ta khong tim min MK, vi diém M
c6 thé ra xa vo tan trén (H).

PHUONG TICH CUA MOT PIEM POI VOI
MOT PUONG CONIC

Cac ban da dugc lam quen v6i cdc duong
conic qua sdch gido khoa.

Trong bai viét nay xin giéi thiéu mot tinh
chat khac cha ba dudng conic da dugc cic nha
todn hoc nghién citu va tng dung. P6 1a phuong
tich ciia mot diém d6i véi mot dudng cénic. Ta
da biét khi tam sai ¢ cua ba duong conic tién téi
0 thi cdc dudng nay suy bién vé mot dudng tron.
Do6i v6i duong tron (¢) tAm O ban kinh R, mot
duong thing (chuyén dong) A luén di qua mét
diém c6 dinh M, cét (¥) tai hai diém A, B thi
phuong tich cta diém M daéi véi (¢) duge xac
dinhla:

AM/€)= MA.MB=MO" — R* (khong déi).

AM/¢) 1a mot dai lugng dai s6, c6 gid tri
duong hoic 4m hodc bing khong tuy theo diém
M ndm ngoai, ndm trong, hoic & trén (4).

Vay trong trudng hop tong quat, liéu doi véi
duong conic (I') cé xdc dinh dugc phuong tich
ciia mot diém ¢6 dinh M d6i voi (INhay khong,
dé dai lugng d6 1a khong ddi d6i véi M va (I)
da chon ?

10.TUYEN CHON. TH&TT (QUYEN 3)-A

NGUYEN DAO PHUONG (Ha Noi)

I. Phuong tich ctia mot diém déi v6i mot
duong conic

Trén mat phing cho dudng cénic (), tiéu
diém F, dudng chudn d ing véi F (ching han
xem parabol trén hinh 1), A 12 mét duong thing
(chuyén dong) luoén qua mot diém c¢6 dinh M,
cat (I) tai A va B, hgp véi truc tiéu cha cénic
géc a v6i 0 < a < 7 (truc tiéu la dudng thiang
qua F vuéng goc véi d). Phuong tich clia diém
M d6i véi conic (I') duge xéac dinh la

PMIT) = MA . MB (1 - €2 cos’ a)
trong do e 1a tam sai cla conic.

Trong phan ti€p theo ta s€ chimg minh véi M
va (I') da cho va H 1a hinh chiéu vuong goéc cia
M trén d thi

— — —2 —2

MA . MB(1 - ¢* cos® @) = MF~ - ¢* MH
nén dai luong AM/I") khong déi.

II. Phuong trinh cua conic doi véi tiéu
diém va duong chuin

Trén mit phing cho diém F c6 dinh va
duong thing d c6 dinh khong qua F, ta tim quy
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tich cac diém T sao cho ti s6 khoang cdch tit T
dén F va tir T dén d bang mot s6 duong khong
doi e.

4y

J I T
H o M

A

o X
KION F

B
d ()

Hinh 1

Goi J 1a hinh chiéu vuong goc cta T trén d
va TJ cit Oy tai 1. Ta tim quy tich ctia T sao cho
% — ¢ (e >0, khong d6i). Goi K 12 hinh chiéu

clia F tréen d. Dat KF = p. Chon diém O trén

dudng thing KF sao cho %_[};— = —e (nhu vay O

N . 2 ~ L, ~ OF _
la diém thudc quy tich vi 0K = e).

Lap hé truc toa do vuong goc Dé cic Oxy,
truc hoanh Ox chita KF, chiéu duong tir K dén
F, truc tung Oy vuong géc véi Ox tai O (h.1).

T g_F—z—e ta dugc OF =% v
OK 1+e
OK =—2 ToadociaF 12 F(—p—e—;O),toa
I+e l+e

do cta K 1a K(l_—f— ;Oj . Goi toa d6 ctia diém
€

TRTG:y), tacd TJ=TI+1J=TI+0K =

2
P ) s o2 ( pe) 2
- TF =| x--L% .
(X+1+e) va X 1+e +y

Tu Ir = ¢ ta duogc

TJ
TF? = *TJ?
pe 2 p 2
2 2
<:>(x 1+e) +y“=e (x+—————1+e)
& (l—ez))c2 —2pex+y2 =0 (0

Ta duoc (1) 1a phuong trinh quy tich cha T.

146

a) Néu e = 1 thi phuong trinh (1) tré thanh
y? = 2px, qu¥ tich 1a mot parabol.
b)XétO0<e#1.
Tinh tién hé
pe
o|
1-e°
cong thitc tinh tién hé truc 1a :
pe
l-¢

truc toa do Oxy, lay

;Oj lam g6c hé truc méi QXY thi

x=X+ 5

y=Y.
Liic d6 (1) tr& thanh
(1-X2 +(1-eH)Y? = p*e?

2 2
X + Y =1 2)

< pe 27 22
[ 1-¢* ) 1-¢*

Véi hé truc toa do QXY ta thdy :

e Néu 0 < e < 1 thi (2) 1a phuong trinh chinh
tac ciia mot elip.

e Néu e > 1 thi (2) 12 phuong trinh chinh tic
cia mot hypebol.

Do dé6 (1), (2) duoc goi chung la phuong
trinh cha ba dudng conic (I') theo tam sai e va
tham s6 tiéu p.

IIL Gia tri cha $M /T

Puong thing A ¢6 mot vecto chi phuong la
i, =(cosa ;sina). Phuong trinh tham s6 clia

dudng thing A di qua diém M(x,; y,) la
X =x,+tcosa
{y=y0 +tsina
véit € R 1a tham s6.
Gi4 st diém N chay trén A, xét MN =1
(tham s6). Khi N 3 A dit MA=1,, khi N 4 B
dat MB =t,.

Toa do cha A va B la nghiém cla hé phuong
trinh

@) : (1-e*)x? =2pex+y* =0 (1)
x=x, +tcosa

A): . )
y=y, +tsina




Thay gia tri cua x, y tr hé phuong trinh (2)
cia A vao phuong trinh (1) cta (I') ta dugc
phuong trinh béc hai (dn 1) 1a
(1- e? cos? a)t2 +2{(1- &? Y x,cosa — pecosa)
+yosina]r+(1*e2)x§—2pex0+y§=0 3)

Vi theo gia thiét A céit () tai hai diém A, B
nén phuong trinh (3) ¢6 hai nghiém ¢,,¢5.

Theo dinh li Viéte dugc
oty = (1 —ez)xg —2pex, +y§ '
1-e?cos’a
Do dé

m.m(l —e*costa)=(1 —ez)xg —2pex, +)’§-
Vay # (M/I) = MA . MB(1 - ¢ cos® )
= (1 —ez)xg —2pex, +y§.

Ban doc dé y ring két qua nay tuong tu véi
phuong tich cha diém M(x,;y,) d6i véi dudng

tron (€) khi thay x béi x, vathay y bai y,.
VGi(€): x> +y* +2Ax+2By+C =0
(A2+B*-C>0)
taco# M/ = x> +y> +2Ax, + 2By, +C
Bay gio ta ching minh
PM| )= MF —*MH® (khong ddi).
Goi Q 1a giao diém cha MH véi truc Oy. Ta

cémzﬁé+Q—H=—xo+5E:—x—lfe.

Do dé MF- —e*MH" =

2 2
pe 2 2 14
= (- + - +
(Xo 1+e) Yo =€ (x 1+e)

=(l —-e?')xg‘ —2pex, +y§.
Vay » (M/1I)

WA MR 2.2 YL XTI Ta
= MA.MB(1-e¢“cos“a)=MF —e¢“MH

= (1 —ez)xg —2pex, +y§ )

IV. Mot vai img dung

Bai 1. Bai toan vé tir giac noi tiép

Cho cénic (I"). Qua mot diém M ké hai cdt
tuyén phdn biét Ay va Ay. Ay va Ay hop voi truc

tiégu OF cdc goc a;, a, theo thir tw. Puong
thdng A, cdt duong conic (T) tai A, B va duong
thdng A, cdt (I) tai C, D. Chiing minh rdng
diéu kién cdn va diu dé bon diém A, B, C, D
cing ndm trén mgt duong tron la a,+a, =7,

hay la A va A, nghiéng déu trén truc tiéu (h.2).

Loi gidi. Phuong tich cia giao diém M d6i
v6i (T) theo (4) 12 -

P M/ = MA . MB(1 — ¢° cos® a;)
= MC.MD(-¢*cos’ a,)  (5)

Bon diém A, B, C, D cing nim trén mot dudng
tron khi va chi khi MA. MB = MC . MD  (6)

¢ Néu c6 (6) thay vao (5) dugc
cos’ ; = cos’ a,.
Tir d6 ta dugc o, =a, hoic a,=7-a,.
Loai b6 truong hop o, =a, taduge o, =7 -a,.

e Diéu ngugc lai ciing ding khi thay
cosa; =—cosa, vao (5) dé suy ra (6).

1Y ()
M
C
, (11 az
O F X
B
A D
AR
Hinh 2

Vay bén diém A, B, C, D ciing ndm trén mot
dudng tron khi va chi khi A, A, nghiéng déu
trén truc tiéu.

Bai 2. Bai toAn Newton

Cho cénic (I) va hai duong thdng cdt nhau
Ay Ay Mot géc uMv nao ¢6 ¢6 Mu Il Ay va
Mv /I Ay, canh Mu cdt (T) tai A, B va canh Mv

¢ . . . . MA MB
cat (I) tai C, D. Chitng minh rdang X/I_:C:'MzD la

khong doi khi géc uMv di déng.
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Loi gidi. A va
A, theo tht ty
hop v6i truc tiéu
cic goc «; va
a, khong doi
(h.3).

Theo (4) tacé :

Hinh 3

P MID = MA . ﬁé(l — ? cos? a;)

= ME.M—DO«eZ cos? ay).
Do dé

MA MB l—ezcoszoz2
MC MD ) l—ezcosza1

1a khong déi.

Bai 3. Bai toan Mac-Laurin. Cho c¢énic (I)
va hai diém ¢6 dinh Ay, A,. Qua A, vé duong
thdng A; nao dé va qua A, vé duong thdng A,
sao cho A, Il A, Puong thang A, cdt (T) tai B,
C, va duong thing A, cat (I') tai By, Cy. Ching

A B, .AC

minh rdng I khong doi khi A, di dong.

N
Hinh 4

Loi gidgi. A, A, cung hop véi truc tiéu goc o
(h.4).
Theo (4)tacod :

#(A/D) = AB, . AC,(1-¢*cos® )

P Ay = AB, . AC,(1—€* cos® @)
Vi #(A,/T) va 2 (A,/T) 1 cdc s6 khong d6i
AB, . AC,(1-é* cos® @)

nén 55— lakhong d6i.
A,B, . A, Cy(1—-€” cos” a)
AB . A q
dods 2B AC1 15 khong déi,
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Bai 4. Bai
toan C.Michel - c
Cliffort. Cho
coénic (I ¢6 tdm
la O ; A la
mot diém 6 (r)
dinh. Mot duong
thing A nao dé
di qua A cdt (I)
tai B, C. Vé duong kinh d cia (I) (di qua O)
song song véi A va cdt (I')d P, Q. Chitng minh

AB .AC

OP*

Loi gidi. A va d cung hop vdi truc tiéu géc o
(h.5). Theo (4) tacé :

Hinh 5

la khéng déi khi A di dong.

F(A/I) = AB . AC(1 - €% cos® a).
2/ = OP. O—Q(l ~ e cos’ a).
ABAC _ P(AIT)
OP* PO/IT)
Bai 5. Bai toan Michel. Cho c¢onic (I') tam

O, khong phdi la hypebol vuéng gbc va A la mot
diém ¢6  dinh.
Qua A vé duong
thdng A, nao dé
cdt (I tai B,
thang Ny di qua
A va vudng géc
voi A ;A cdt

Do dé 1a khong déi.

(I) wi B, Cy
Chitng minh rang Hinh 6
L 14 khong d6i khi A, di
ABy1 .AC1  AB> .AC»
dong.

Loi gidi

Ta c6 #(AT) = AB;.ACi(1-e*cos’a) (7)
v6i o 12 gbe hop bdi A; va truc tiéu (h.6).

Do A; LA, nén A, hop véi truc tiéu goc
(%—a) Theo (4) ta c6

P(AIT) = ABy . AC2(1 —¢” sin’ ) (8)




T (7) va (8) suy ra

1 1
—————— - == o
AB| ACy AB; .AC»
_ 1-e¢?cos’a+1-e?sin’a N 2 - ¢?
- P(AIT) CPAIT)
1a khong déi.

Ta duoc diéu phai ching minh véi diéu
kién e#\2 tic (") khong phai 1a hypebol
vuong goc.

PUONG CONIC PANG PHUONG CUA HAI PUONG CONIC

Trong tap chi THTT s0 248 (2.1998) da trinh
bay vé phuong tich clia mot diém d6i véi mot
duong conic. Tiép n6i diéu trén bai bdo nay
nghién ciru van dé : Tap hop cic diém c6 clng
phuong tich d6i véi hai duong conic la duong gi ?

I. Puong céonic dang phuong cua hai
duong conic

1) Phuong tich cia mot diém doi véi
duong conic :

Ta da biét trén mit phang toa do véi hé truc
toa d6 vuong goéc Oxy, phuong tich clia diém
M(x,;y,) d6i véi dudng conic

(D) : (1-e*)x? —2pex+y2 =01la
SMITMy=( —ez)xg - 2pex, +y§
trong d6 e 1a tam sai cta conic (I') va tham s6

tieu p 1a khodng cdch tir tieu diém F dén
dudng chudn.

Néu tinh tién r8i quay hé truc Oxy mot goc
nao dé din dén hé truc toa d6 méi QXY ma diém
M c6 toa d6 méi M (X;Y,), duong (I) véi
phuong trinh 7{x ; y) = 0 ¢6 phuong trinh méi
I'X;)=01Ia

AX* +2BXY + CY? +2DX +2EY + F =0
va phuong tich cia diém M(X,:;Y,) d6i véi
IX;Y)=0s€1a
AMIN=AX2+2BX Y, +CY> +2DX, +2EY, +F.

Do d6 trén mat phéng toa do Oxy, phuong
tich coa diém M(x,;y,) d6i v6i dudng conic
(dang tong quat)

NGUYEN DAO PHUONG (Ha Noi)

Ax* +2Bxy+Cy* +2Dx+2Ey+F=0 1a
PM/D)= Ax2 +2Bx,y, +Cy> +2Dx, +2Ey, +F.

Chu ¥ réng hé thiic nay ding véi ca dudng tron.

2) Dudong conic dang phuong cia hai
dudng conic

Trén mit phang toa do Oxy, cho hai dudng
conic :

(1) : Ax> +2Bxy+C,y* +2Dyx+2E y+F, =0
(1) : Ayx* +2B,xy+Cyy* +2Dy x+2E, y+F, =0.
Ta tim tap hop cdc diém M(x,;y,) c6 cling
phuong tich d6i véi I va I, nghia 1a
PM|T) =2 (M/|T)
< 1_‘l(xo;yo) = 1“2(xo;yo)
hay 1a
(A, — A)x2 +2(B, - B))x,y, +(C; —C,)y? +
+2(Dy = D,)x, + 2(E, — E,)y, + F, - F, = 0.
Dit A, =A —A,y, B,=B,—B,,C;=C,-C,,
D,=D,-D,, Ey=E,~E,, F,=F, —F, ta dugc
Ayx2 +2Byx,y, +Cay2 +2D,x, +2E,y, + F, =0.
Vay tap hop cac diém M 1a dudng conic (I's)
c6 phuong trinh
Ayx? +2Byxy+Cyy* +2D,x+2E,y+ F, =0 (1)
v6i cic hé s6
Ay =A -4y, By=B,-B,, C3=C,-C),
Dy=D,-Dy.E3=E\-E,,F,=F-F, va goi la
dudng conic dang phuong ciia hai dudng conic
n, o,
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Khi biéu dién hinh hoc dudng cénic déng
phuong (ciing 1a biéu dién hinh hoc dudng bac
hai ¢é phuong trinh (1)), ta s& dugc mét trong
ba dudng coénic : elip, hypebol, parabol hoac
moét dudng tron, mot diém, mot cap dudng
thang tring nhau, song song hodc cét nhau,
hoac cac duong a0,

IL. Mot s thi du

1. Cho hai duong conic

) : x*—y=0

() : X*+x+1-y=0.

Pudng conic déng phuong cla chiing 12

(I3):x+1=0.

D6 la mot dudng théng (h.1).
AY
T3) | (ry)

1

N

Hinh 1
2. Cho hai dudng conic (/1) : x> +4y>-4=0
Iy x%+4y? +2x-8y+1=0.
Puong conic ding phuong cla ching 13 :
(I3): 2x-8y+5=0
D6 12 mot dudng thing (h.2).

Y

(T2)
1 (Ty)
=110 X
\\——/(n)
Hinh 2

™ V¢ biéu dién hinh hoc moét dudng bac hai, ban doc
c6 thé tim thdy trong cudn sach "Hinh hoc cao cép”, tap I,
gido su Nguyén Dinh Tri chd bién hoac trong cuén sich
"Tuyén chon cdc bai toan vé ba dudng conic” cla cic tdc
gia Nguyén Dao Phuong va Phan Huy Khai.
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3. Cho hai duodng conic
(I]): 5x* —4xy+2y* —24x-12y+18=0

(1) : 5x* —4xy+8y* —24x—-24y=0
y

(T'y)

w(rz)

(I'a) 3

X

0 )

ER S

Hinh 3

Pudng conic dang phuong clia ching 1a :

(I3): 6y> - 12y - 18=0

1*3(x;y)=0<:>{
y=3.

D6 1a cap duong thing song song (h.3)
4. Cho hai dudng cobnic

(I}): x> +4y* —3x+8y=0

) 4x* +y* +8x-3y=0
Pudng conic ding phuong clia ching a :

(I3): (x=y)Bx+3y+11)=0
y-x=0
3x+3y+11=0.
D6 1a cap duong thing cét nhau (h.4).

([2) 4y

I3(x;y)=0 <:>[




5. Cho hai dudng 7. Cho hai dudng conic

(T)) : 144x? +144y* +144.x+ 408y +264 =0 (I')): Cho x* +4y> =4 =0
(Ty) : 144x? +144y® +408x+144y +264 =0.

Puong conic dang phuong cua hai dudng
tron dé 1a x—y=0.

(Iy) 1 —4x +y> =0.
Puong conic ding phuong cla ching 1a

D6 1a dudong thing AB di qua hai giao diém Iy : x> +4x+3y2 —4=0.
11 -11

R N 11 , s
A(-1;-1) va B( AR ) cua hai duong (x+2)2 y2 \
. . hay 5 > =1 Vay (/73) 1a mot
tron (T;) va (T) (h.4). @V2)* (2
6. Cho hai dudng conic 3
(I x?+3y> =2x=0 dudng elip (h.6).
K xt -y +2y=0.
Puong conic ding phuong cla ching 1a Y
(I3): +y?—x+y=0.
D6 la duong tron tdm 1(% - —;—), ban kinh ()
V2 H/’_\ ()
R="2 (05). jall .
y4 -2 0 2 X
(T2)
2
1 Hinh 6
Ty
(Ts)
Hinh 5

PHUONG TRINH TIEP DANG CUA PUONG CONIC

NGUYEN THUC HAO (Ha Néi)

Trong mat phing toa do vuong géc Oxy, ngudi ta 1. Phuong trinh tié€p dang cia mot dudng
xdc dinh mot dudng (1) bing phuong trinh dang Trong bai nay ta xét diéu kién cdn va dii dé
(N: f(x,y)=0 cho dudmg thang (véi u, v, w la cdc s6)

Phuong trinh d6 biéu thi diéu kién cén va di

2 4 A:ux+vy+w=0
dé cho diém M (x;y) thuoc (). ey
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tiép xic voi (I) trong dé (I) la mét duong

conic. Diéu kién d6 biéu thi bdi phuong trinh
pu,v,w) =0

va goi la phuong trinh tiép dang cta dudong (I).

Vi duong théng A khong thay d6i néu trong
phuong trinh cua A ta nhan cdc s6 w,v,w véi
cung mot s6 khic O nén phuong trinh
@(u, v, w) = 0 ¢6 tinh thuan nhat (dang cip) doi
voi u,v,w.

2. Phuong trinh ti€p dang cia duong
cOnic c6 tam

Cho phuong trinh dudng conic c6 tim

@) : ax® + By* =1 (1)

N6 biéu dién :

¢ mot dudng elip néu

1 2 2

a= ﬂ:;:?u’:cléf—+z—=l )

- T
a2

* mot dudng tron néu

a:ﬂ:iztfrclaxzwz:RZ (3)
R
¢ mot dudong hypebol néu
1 1 X2yt
a=—, f=—-—ticlda —-==1 (4)
a2 B2 JERY
Trong phuong trinh
At ux+vy+w=0 &)

hai hé s6 u, v khong thé déng thoi bing 0. Gia
suv#0,tanitra
ux + w
y=- (6)
v

Dé tim giao diém cla dudng thing A véi
dudng conic (') ta thay gid tri cia y theo (6)
vao phuong trinh (1) dugc phuong trinh bac hai

(av? + Bu*)x* +2Buwx + fw? —v? = 0.

Nghiém cia phuong trinh nay phai 1a mot
nghiém kép dé€ A 1a tiép tuyén cia (/), tic 1a
phai c¢6 diéu kién (cin va du) sau day

(,Buw)2 - (Otv2 + ﬂu?')(ﬂw2 - v2) =0

< av? + pu? —oc,Bw2 =0

& —+—=w", @)

D6 la phuong trinh ti€p dang cta dudng
cOnic ¢ tam (1).
Véi duong tron c6 phuong trinh (3) thi
phuong trinh ti€p dang (7) la
R? (u2 + v2) = w? (8)
Véi elip c6 phuong trinh (2) thi phuong trinh
ti€p dang (7) la
242 4 p3? = w? 9)
Véi dudng hypebol cé phuong trinh (4) thi
phuong trinh tiép dang (7) la

a*u? -pH? = w?

3. Phuong trinh ti€p dang cua parabol

a

10)

Cho duodng parabol

(P):y* =2px
va dudng thing

an

A:ux+vy+w=0.

Tuong ty nhu trén thay y theo (6) vao
phuong trinh (11) cha parabol ta duoc :

wrx? + 2(uw — pv2 Y —u?w? =0.
Dé A ti€p xiic véi (P) diéu kién cin va di 13
(uw — pvz)2 —utw? = ()<::>pv2 =2uw (12)

D6 1a phuong trinh ti€p dang cha dudng
parabol (11).

Tém tét két qua clia hai phén trén ta c6 bang
sau day :

Phuong trinh | Phuong trinh
dudng conic ti€p dang
Dudng tron | 12 + 2= R? | R2u? +1%) = w?
Elip 2 y? ul + b0 =l
==l
y° b
Hypebol 2 yz 2u? — b2 = w?
A
[y
Parabol y? =2px 2 =2uw
4. Ung dung

Chiing ta s& dung phuong trinh ti€p dang cta
conic dé gidi bai todn "chitng minh mot ho




duong thang luén luén tiép xiic véi mot conic ¢
dinh" do tac gid TrAn Xuan Bang néu ra trong
bao Toan hoc va Tubi tré s6 225 (3.1996).

Khi mot ho dudng thing A luén tiép xiic mot
duong cong (), ngudi ta goi (/) 1a bao hinh
cta ho A,

Bai toan 1. Chiing minh rdng ho duong thdng
(13)

luén ludn tiép xiic vdi mét duomg tron ¢’ dinh.

A(Y) : xcosy —ysiny +1=0

Loi gidi. Ta s€ xdc dinh dudng tron bing
phuong trinh tiép dang.

Theo (13) va (5) tacd
cosy -—siny 1 00827 B sinz}/ _ 1
v w W2 L2
2 2 _ .2

= u +v-=w",

Ta nhan ra ngay do6 la phuong trinh tiép dang (8)
cua duong tron véi phuong trinh (3) nén dudng

tron ¢6 phuong trinh x% +y%> =1 vaR=1.
Bai toan 2. Cho ho duong thdng
A(m): (4-m?)x—6my+3(4+m*)=0 (14)
Chiing minh réng cdc duomg thdng cua ho
déu tiép xic vdi mét conic c6 dinh.
Loi gidi. Theo (14) va (5) tacd
4-m?  —6m _3(4+m?)
u v w
Nhan tir s6 va miu s6 cta ti s6 ddu véi 3 duge
34-m’) _3(4+m’) _ 6m
3u a w Ty

(15)

V6i hai ti s6 ddu coa (15) ta cong hai tir s6
v6i nhau va hai miu s6 véi nhau duoc
24 6m -4y

3u+w= v m=3u+w (16)

Ciing véi hai ti s6 dau cha (15), ta trir hai tir
$0 v6i nhau va hai miu s6 véi nhau duoc :

— 2 —_

bm” __6m _ 3 ¥ véim#0(17)
3u—w v

Tir (16) va (17) suy ra

v =3u—w = 42 =9 —w
3u+w v

2

< 9l + 4P = wl,

Day la phuong trinh ti€p dang (9) cua dudng

elip v6i phuong trinh (2) nén elip ¢6
phuong trinh

2 2

SR A

9 4

Véi m = 0 thi (14) tré thanh x = -3 ciing tiép
xuc véi elip trén.
Bai todn 3. Chiing minh rdng ho ducmg thdng

A(m):4x-2my+m® =0 (18)

ludn tiép xiic véi mot conic ¢ dinh.
Loi gidi. T (18) va (5) ta co

4 2m m?

u v w

Giai hé phuong trinh nay duge

1% w 2
—=— DV
u 1%

= uw

(19)

Phuong trinh tiép dang clia parabol y? =2px
1a pv? =2uw. So sanh véi (19) thdy p = 2, vay

& day ta c6 dudng parabol y®>=4x ludn ti€p
xtic v&i ho dudng thing (18).

153




"'Phan ba

0 HI_NH_, PHANG DEN HINH KHONG GIAN:

GIAI TOAN CUC TRI HINH HOC DUOI CACH NHIN PAI SO

Sang tao cdc bai toan 1a viéc lam céin thi€t
cia ngudi hoc toan. Qua bai viét ndy, xin dugc
trao ddi vé vai bai todn cuc tri hinh hoc dugc
nhin tir bai todn cuc tri dai s6.

Trudc hét ta xét vai vi du sau :

Bai toan 1. Cho hinh vuéng ABCD canh a.
M la diém nao dé trén canh AB. Dung cdc hinh
vuong ¢6 canh MA, MB vé bén trong ABCD.
Xic dinh vi tri cia M dé dién tich phdn con lai §
ctia hinh vuong ABCD la 16n nhat.

Loigidi. D MA=x, [ c
MB=yv6ix>20,y>0
thoa man x + y = a (h.1).
Goi §; va S, theo th tu
la dién tich hinh vudng
canh MA va MB thi §; =
va §, = y°. Dé thdy $ I6n
nhét < S| + S, nhod nhat
& P = x> + y° nho nhdt. Tw bat déng thic
2% +y2) > (x+y)? hay 206 +yH)2a® suy
ra gié tri nhd nhat (GTNN) cha S; +S, bing

AXM Y B

Hinh 1

2
“7 , lic d6 M 1a trung diém AB.

Bai toan 2. Cho duwong tron tam O bdn kinh
R. M la diém nao dé trén duong kinh AB. Xdc
dinh vi tri cia M dé tong dién tich cdc hinh tron
¢6 duong kinh MA va MB la nhd nhdt.

Loi gidi. Pat MA = 2x, MB = 2y Véi
x+y>0 thod man x+y=R (khong daéi)

(h.2). Goi S; va S, theo thit ty la dién tich
hinh tron c6 duong kinh MA va MB. Dé thdy
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HO CONG DUNG (Binh Thudn)

2

S=S,+S, nhd nhit < P=rx’+7y’ =

7(x> +y*) nho nhat. Lap luan tuong tu nhu
s R?

trén suy ra GTNN cua S bang 5 lic d6 M

tring véi tam O.

Loi giai cdc bai toan trén déu dan dén viéc
xét gid tri nhé nhét chia biéu thic dang x* + y*
hoac x*+y°,..., trong d6 x+y la hing s6.
Bing cdch d6 viéc giai cc bai toan cyc tri hinh
hoc c6 thé chuyén vé giai bai toan cuc tri dai s6.

Ta xét bai toan cuc tri dai s6 téng quat hon.

Bai toan dai s6. Xét n
(n = 2) s6 khong dm xy,
X9,y Xy thoa man :

x1+x2+...+xn=avé'i

a la s6 dwong cho trudc.

Tim gid tri nhd nhdt

Hinh 2

ctia méi biéu thite sau :

a) P=x12+x§+...+x,2,.

b) Q=x13 +x§ +...+x,3,.
Loi gidi. a) Ap dung bat dang thic
Bunyakovski ta c6 :

(x1+x2+...+x) <n(x] +x2+ X )

2

S oa <n(x, +x2+ +x)

2
2,2 2, ¢
<:>x1+x2+...+x,,2—n— (D

Dsu déng thirc xay ra khix; =x, = ... = x,,.




2
Vay GTNN ciia P 1a ﬁn— khi x; = xp = ...

a
=X =,
n

b) Pat x; =420 Vvéi i = 1, 2,.., n thi

2 s 2,3
x; =t va x? =tz
Ap dung b4t ding thitc Bunyakovski ta c6
3,, .3 3,2
(8 + bty + o t,1)
S+ 442 + 15 + ...+ 1) hay
(xl2 +x§ +...+x3) Su(xl3 +x3 +...+x,3,)(2)
4
a

n2

Tir (1), (2) ta €6 a(x} +x3 +...+ X)) 2

3
a
< x13+x;+...+x,3, 2 —.

n

Dau déng thirc x4y ra khi (1) va (2) ciing xay

[ ]

ra ddu dang thic, khi d6 x; =x, = ... = x,,.
3
Vay GTNN ctia Q Ia %5 khi x; = xp = ...
n

Bai toan 3. Cho diém M ¢6 dinh trén duong
tron tam Q. Mot géc xMy nao do véi xMy = a
khong ddi (90° < a < 180°) ¢6 cdc canh cdt
duong tron tai A, B. Goi H la hinh chiéu vuéng
goc cia M lén dwomg thdng AB. Hdy xdc dinh vi
tri géc xMy sao cho gid tri HA® + HB 16 nhd
nhdt khi Mx di déng.

Loi gidi. Gia st Mx va My cét dudng tron
theo thit tw & A va B. Vi AMB =a khong déi,
a> 90° nén diém H nim giita AB va do dai AB
bang hing s6 a, tr d6 HA + HB = a.

Ap dung két qua bai todn dai s6 thi gia
tri HA> + HB® 1a nhé nhat khi d6 dai HA = HB =
-‘21, lic d6 géc xMy nhan MO la dudng phan
giac.

Cic ban hdy thir gidi cdc bai todn sau bang
cich chuyén bai todn cyc tri hinh hoc vé bai
todn cyc tri dai s6.

Bai toan 4. Chia doan thing AB cho trudc
bdi cdc diém chia ndo d6 theo thir ty A = M),
Mz,..., Mn+] =B. GOI Sl’ S2,..., Sn theo tha tu Ia
dién tich ciia n hinh vuébng c6 cic canh la
chatébng S=S,+S, +...+S,.

Bai toan 5. Chia duong kinh AB cua dudng
tron tam O ban kinh R cho trude 14n luot thanh
n doan nao d6 xq, x, ..., x,, chi chung nhau diém
dau mit sao cho x; + x5 + ... + x,, = AB. Tim gia
tri nho nhét cla téng dién tich » hinh tron c6
duong kinh 1a cdc doan x4, xy, ..., x,,.

Bai toan 6. Xét n hinh 1ap phuong véi cic
canh x;, Xy, ..., X, N0 d6 sao cho téng x; + x, +
... + x, = a 12 s6 duong khong déi. Tim gi4 tri
nho nhét clia téng thé tich cha ching.

Bai todn 7. Xét n hinh ciu véi cdc bin kinh
Ils T ewes TyN30 d6 sa0ONG 1y + 1y + .+ 1y =k
12 s6 duong khong d6i. Tim gid tri nho nhat clia
t8ng céc dién tich va cta téng cdc thé tich cha
ching.

Hi vong ring gidi bai todn bang céc cich
nhin khic nhau, cdc ban s& sdng tao nhiéu bai
todn hay hon, hdp dan hon.

PIEM TORRICELLI CUA TU DIEN

Trong hinh hoc phéng c6 mot bai todn kinh diére

Bai toan 1. Cho tam gidc ABC, hdy tim
diém M trén mdt phdng (ABC) sao cho tong
MA + MB + MC nhd nhat.

NGUYEN MINH HA (Ha Noi)
Bai todn 1 da duogc giai bai Torricelli, nha
to4n hoc ngudi Y.

C6 1€ ciing tir thoi Torricelli ngudi ta da quan
tam t6i hai bai toan sau.
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Bai toan 2. Cho tam gidc ABC va ba s6

duong x, y, z, hdy tim diém M trén mdt phdng
(ABC) sao cho téng xMA + yMB + zMC nhd
nhdt.

Bai toan 3. Cho tit dién ABCD, hdy tim
diém M trong khéng gian sao cho téng
MA + MB + MC + MD nhd nhdt.

T6i d3a dua ra 101 gidi hoan chinh cho bai
todn 2 trong bao Todn hoc va Tudi tré s6 207
(9.1994) hoac trong Tuyén tdp 5 ndm tap chi
Todn hoc va Tudi tré trang 126.

Ki thuat co ban trong 1oi giai nay, xét cho
cing chinh 1a su phat trién tron ven ki thuat ma
Toricelli da dung dé giai bai toan 1. That ding
tiéc, ki thuat nay khong con hiéu luc dé giai bai
todn 3. Vi vay, mudn giai bai todan 3, truéc hét
ta cdn giai bai todn 1 theo moét cach méi véi mot
ki thuat hoan toan méi.

.....

Ta xét hai truong hop sau :
1) Néu AABC c6 mot géc khong nhd hon
120°, ching han BAC > 120° (h.1).

A
B ]
Hinh 1
— AB AC — 0
=— I >
bat AE AB+AC Do BAC = 120" nén
[aE| <1.
Tr d6 v6i diém M bdt ki ta c6
AWAE < amnay -+ i 22, AC

Tix d6, v6i diém M bat ki c6 ddnh gid sau :
MB.AB + MC.AC

MA+MB+ MC = MA+ B AC

—_— —_—

MB.AB N MC.AC

> MA
Y TAB AC
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(MA + AB).AB . (MA + AC).AC

= MA
* AB AC

AB AC
= —_— >
MA+MA[AB+ACJ+AB+AC AB+ AC.

Déng thifc xay ra khi M tring véi A.

Vay téng MA + MB + MC nho nhét khi M
trung véi A.

2) Néu AABC khong c6 géc nao 16n hon
hoic biing 120° (h.2).

A

Hinh 2

Khi d6, trong tam gidc ABC ton tai (duy
nhét) diém T sao cho

BTC = CTA = ATB = 120° (1)
] TA TB TC -

Tix d6, v6i diém M bat ki c6 ddnh gid sau :

MA+ MB + MC = MATA + MBTB +

TA TB
MC.TC  MA.TA WsﬁjZET_C
TC > TA TB TC
=(W+T7).T7+(W+ﬁ)ﬁ+(MT+TC)iE
TA TB TC
it (L IBLTC ) pastpare
=TA+TB+TC.

Ding thic xay ra khi M trung v6i T.

Vay téng MA+ MB + MC nhd nhdt khi M
trung voi T.

Piém T dugc xdc dinh bdi (1) duge goi la
diém Torricelli ciia tam gidc ABC.

Bai todn 1 da duoc giai quyét. Két luan chung
d6i véi tam gidc bat ki xin danh cho ban doc.

Loi giai trén khd ngin gon. Nhung diéu quan
trong hon 1a chat dai s6 rat cao clia n6. Nho né,




tol da tim dugc 101 giai cha bai todn 3. Do
khuon khé ¢6 han clia mot bai béo, t6i chi gisi
thiéu mét cach so luge 161 giai nay.

.....

Ta xét hai truong hop sau :

1) Néu xdy ra it nhat mot trong bon bat ding
thifc sau :

@ + E + _Z__é‘ <1
AB  AC AD|™
BC BD BA <1
BC BD " BA
CD LA CA CB <1
cD CA CB
DA DB DC <1
DA DB DC
., AB AC AD
3 <
Chang han c6 YT AC D 1.

Khi dé véi diém M bat ki ta ¢c6

AB AC AD)
—+ > 0.
AB AC AD

Tir d6, v6i diém M bat ki c6 danh gid sau :

MA+MB+MC+MD=MA+MibAB

MA+MA(

+MC.AC N MD_AD
AC AD

—_ — —_—

MB. AB MC. AC MD.AD
AB AC AD
(m + E)ZB N (m + XE);XE N
AB AC

(MA+AD)AD _ oo [é£+£+é2j

> MA +

= MA+

AD AB AC AD
+ AB+ AC+ AD = AB+ AC + AD.

Diéng thiic xay ra khi M triing véi A.

Vay téng MA+ MB+ MC + MD nhd nhat
khi M trung véi A.

2) Néu bén bat déng thic sau déu xay ra :

AB AC AD|
AB  AC AD
£+§2+@}>]
BC BD BA

}5 CA CB
Rl N
D "CATCB
IDA DA DC -
DA " DB DC

Dé giai bai todn trong trudng hop nay, ta cdn
c6 ba bo dé. Toi chi phat biéu con viéc chimg
minh ching xin danh cho ban doc.

B& dé 1. Cho tit dién ABCD ndi ti€p mat ciu
(O) ban kinh bang 1 va tam O nim trong (c6
thé ndm trén mat, nhung khong nim trén canh)
t dién.

Pat

—_— — —

a, = 0B +0C + 0D
o ~0C+0D+0d
2. = 0D+ OA + 0B

a, = 0A+ 0B +OC.

Khi d6 trong b6n s6 |o_el. , , \073| IOTJ
né€u cé mot s6 16n hon 1 thi cling phai c6 mot s6
nho hon 1.

B& dé 2. Cho tit dien ABCD va mét diém M
nao dé trong tir dién (M khac A, B, C, D). Thé
thi tdng MA + MB + MC + MD khéng thé nhan
gid tri nho nhat khi M di dong trén canh tit dién.

B¢ dé 3. Cho tit dién ABCD vé diém Q ndm
trong ti dién. Khi d6, hai diéu kién sau 12 tuong
duong :

QA QB QC oD
¥oatoBtoc oD

b) AOB = COD ; AOC = DOB ;

AOD = BOC.
Nho céc b6 dé 1 va 2 ta chimg minh dugc
rang : Trong t& dién ABCD t6n tai va duy nhat
TA TB TC D -
diém T c6 tinh chat —T—A—+ﬁ TC D =0.

Tur d6, v6i diém M bat ki c6 danh gia sau :

=0

MA+ MB+ MC + MD =
MA.TA N MB.TB N MC.TC N MD.TD
TA TB TC TD
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— —— — —

MA TA MB TB+MC TC  MD.TD
TA TB TC TD
) (MT + TA)TA N (MT +TB).TB .
TA TB
N (Mf + E)T_C. N (Xﬁ + ﬁ)ﬁj
TC TD

—_— — e

wMT(TA TB+TC D
TC ' TD

=TA+TB+TC +TD.

Péng thitc xay ra khi M tring véi T.

Vay téng MA + MB + MC + MD nho nhat
khi M tring véi T.

)+TA+TB+TC+TD

Nho bd dé 3 di€m T dugc dic trung boi dac
diém hinh hoc sau :

ATB=CTD; ATC =DTB ; ATD=BTC (2)

Giéng nhu trong trudng hop tam gidc, ta goi
diém T duoc xac dinh béi (2) 12 diém Torricelli
cia tirdién ABCD.

Bai todn 3 di duoc giai quyét. Két luan
chung d6i véi tir dién bét ki xin danh cho ban
doc. Néu dé ¥, ban s& thdy mot diéu rét thi vi :
Két qua nhan dugc trong truong hop tir dién
hoan toan tuong tu k& qua nhan dugc trong
trudng hop tam gidc.

THU MO RONG MOT BAI TOAN

Ta xudt phat tr mot tinh chat cGa hinh
vudng.

Bai toan 1

Trong mdt phdng cho dudng thdng d nao dé
di qua tdim O cua hinh vuéng ABCD. Ching
minh téng binh phuong cdc khodng cdch tir bon
dinh hinh vuéng dén d chi phu thudc kich thudc
cria hinh vuéng khi d di dong.

Ciéch giai quen thudc nhu sau.

Chiéu  vuéng
géc céc diém A, B,
C, D xu6ng dudng A B
thing d thanh A’ d
B, C', D' theo tht AN
tu (h.1). Dé thay D’
cic tam  gidc
vuong sau day D c
béng nhau : ADD'O
= AOC'C = ABBO
=AQOA'A.

Suy ra

D'D? +C'C? + B'B* + A'A? =20A? (dpcm).

Hinh 1
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TRINH BANG GIANG (TP. H6 Chi Minh)

Tir bai todn trén nay sinh cau hoi : Nhiing
hinh nao ciing ¢6 tinh chét d6 (tam goi la tinh
chat (T)) giong nhu hinh vuéng ?

1. Mé rong trong mat phing

Dy dodn 1. Pa gidc déu AjA,..A, (n23)
ciing ¢6 tinh chdt (T).

Chiing
Chiéu vuong géc A;
xubng dudng thing
dthanh A (i=1,2,
..., n). Dé don gian
ta xét n =3 (h.2).

Diat OA; =1 (don vidai) véii=1,2,3. Goix
1a géc tao boi OA; va d thi

3

2
ZA;O2 = cos? x + OS> (x + Tﬂ) +
i=1

(i’i)é
3) 27

3
Téng nay khong phu thudc x nén Z:A,fA,-2
i=1
ciing khong phu thuoc x va duw dodn 1 ding voi
n=3.

minh.

Hinh 2




Trong trudng hop téng qudt, 1am twong tu
tacd:

n n-1
2 ,
ZA,‘-O2 = Zcos2 (x + k——z) tong nay
=1 k=0 n

ciing khong phu thugc x (ban doc tu kiém tra),

do d6 > A/A? ciing khong phu thuoc x va di
i=1
dodn 1 1a ding.
Nhdn xét. Li do khién téng binh phuong tét
ca cdc hinh chiéu cua OA; (i = 1, 2,..., n) xudng

d, khong phu thudce vao d 1a cic doan OA,; bang
nhau va tao véi d nhimg goc lap thanh cdp so

. . L2
cong cong sai —.
n

Trong khi d6 cic canh AjA;,A)A;,..,A A
ciing phan dnh mot hinh dnh tuong tu cho nén ta
c6 hé qud : t6ng binh phuong hinh chiéu cta tét
cé cdc canh cia mot da gidc déu xufng mot
dudng thang bat ki, chi phu thuoc vao kich
thude cua da gidc déu d6 ma thoi.

Cac tinh chét twong tu nhu tinh chat (T) &
trong mat phang con nhiéu, xin néu mot s6 van
dé dé cic ban tim hiéu thém.

Bai toan 2

Goi d la duomg thdng nao dé di qua tam O
ctia tam gidc déu ABC va d' la mot duong thang
bt ki.

1) Chimg minh rdng téng luy thita bdc bon
ciia hinh chiéu tdt cd cac canh cia AABC xuéng
d', ciing nhu cua khodng cdach tix tat ca cdc dinh
cua AABC dén d, chi phu thudc kich thuéc
ctia AABC.

2) C6 thé thay luy thita bdc bén bdng nhing
Iuy thita nao, dé khdng dinh twong tw vin con
dung ?

3) Thay AABC bdi da gidc déu A|A, ... A, thi
két qud c6 thay déi khéng ?

2. M6 rong trong khong gian

Dua theo su m& rong trong mit phang ta
nhan thay diac diém quyét dinh (then chét) dé
mot hinh ¢6 tinh chit (T) 1a cdc doan n6i tam

v6i dinh phai ¢6 vai trd nhu nhau (binh déng),
nhin vao khong gian ta ciing thdy rat nhiéu da
dién ciing ¢6 dic diém do.

Du dodn 2

Tirdién déu AA,A;A, ciing 6 tinh chat (T).

Dé ching minh ta cin bé dé sau.

B6 dé. Goi e = (x ; y ; z) 1a vecto don vi cia
dudng thing d. Chiéu vuong goc A; (i = 1, 2,
3,4) xuéng d thanh A; thi c6 A0 =|c. OA,|
(i=1,2,3,4) (h.3).

Hinh 3
Chitng minh dw dodn 2. Dung hinh lap
phuong ngoai ti€p tit dién, do dai canh cha lap
phuong coi nhu bing 1. Chon hé truc toa
do 0X¥Z (h.4) thi toa do cha A; va O sé la :
A(1;0:0;40;1;0:;430;0;1);
1 1 1
A4(1 ’ 1 » 1)7 0[5, 'i, ‘2‘)
4
Ta chi c4n ching minh ) A/0® la hing s6,
i=1

tlr d6 suy ra dir dodn 2.

Ta ¢
— I 1 1) = 1 1 1
OAI—(5,—5,"5),0142—(”‘2‘,5,—5),

- I 1 1) = 1 11
OA3 —(—5, —'2— ,5), OA4 —(‘2—, —2‘ ,'2—),

4 4
D A0 =D (e. 04y =x*+y* +° =1
i i=1

=1
Nhdn xét. Goi z

S; (i=1,2,3,4) Ay
la dién tich mat I/E \\\\ A,
dei dién véi A TS
. . a ! g ~
trong ti dién JQuzz o A_!
AAAA, . Trén [ T 2
A1 (e
OA; chon diém
M, sao cho * Hinh 4

1
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OM; = S;. Goi S la dién tich hinh chiéu cta §;
xudng mat phang (P) bat ki c6 vecto phap tuyén
don vilae.

Taco:
S =5, Jeos(z, OM))| = [¢.0M;|
nén 24:5,'-2 =i(? . O_A:)z, tong nay khong
=1 i=l

phu thuoc ¢ (theo ching minh dir dodn 2) do do
tach:

Téng binh phwong dién tich hinh chiéu bon
mdt ciia tir dién déu xuéng mdt phdang bdt ki chi
phu thudc kich thuoc tir dién do.

Qua day chéc cdc ban cling dé dong y véi t6i
ring tim duoc 16i giai néu bat duge dic diém co
ban quyét dinh cho su ding din trong két luan
cua dé toan do6 1a mot cong viéc dang quy, bai
vi tir 10i giai nhu vay ta méi dé dang phét hién

ra nhiing két qua méi tuong tu, tong quét hoac
dic biét hon.

Cu6i cling, mdi cdc ban ching minh cdc bai
todn sau.

Bai 1. Téng binh phuong hinh chi€u sdu
canh clia mot t¢ dién déu xuéng mot dudng
thing bat ki hoic mot mat phang bat ki déu chi
phu thuoc kich thudc tir dién do.

Bai 2. Téng binh phuong khoang cach tir
b6n dinh cia mét nf dién déu dén mot mat
phing di qua tam O cua tir dién d6 chi phu
thudc kich thudc cta t dién.

Bai 3. Hinh lap phuong ciing c6 tat ca cic
tinh chat nhu hinh t¢ dién ma cic ban vira thay
trong toan bo bai viét nay.

Bai 4. Hinh bét dién déu ciing c¢6 nhimng tinh
chat tuong tu.

Bai 5. Nhitng da dién déu khdc thi sao ?

MOT VAI KET QUA PEP CUA HINH HOC CHUNG MINH
BANG PHUONG PHAP DiEN TICH, THE TICH

Viéc gidi cdc bai toan vé ti s6 dién tich cta
hai tam gidc s& thuan lgi khi ta biét sir dung hé
thic vé ti s6 dién tich cta hai tam gidc c6 mot
g6c chung (hodc c6 goc bang nhau). Hon nita c6
thé m& rong thanh hé thic vé ti s6 thé tich cla
hai tir dién c6 mot géc tam dién chung (hodc c6
gbc tam dién bing nhau). Trong bai viét ndy sk
dung ki hiéu Sypc d€ chi dién tich tam gidc

Pinh li 1. (He thac vé ti s6 dién tich hai tam
gidc c6 goc bang nhau)

Néu hai tam gide ABC va A'BC' 6
e S AB.AC

AB=C'A'B' thi 285 = :
cAB=C 'Sipe AB.AC

Chirng minh. Khong mét tinh téng quat coi
A' tring v6i A va B, C' ndm trén cic tia AB, AC
tuong ung (h.1).
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VO GIANG GIAI (TP. H6 Chi Minh)

A=A

Hinh 1
bat CAB = m '=a.
Stt dung cong thic dién tich tam gidc ta ¢6

Sic _ AB.ACsina _ AB.AC
Sypc A'B.A'C'sina A'B.AC"

Ta sir dung dinh 1i 1 dé giai bai todn sau.




Bai toan 1. Do dé

Cho tam gidc ABC va diém P ndm trong tam S'=Spgc +Sperar +Spag:
gide. Cdce duong thang PA, PB, PC cdt BC, CA,
AB tuong ung tai A', B', C'. Chitng minh rdng =T (35~ (84 +Sp +S¢)) = 2TS
Siper | s
=< —. hay — =2T 3
Sapc 4 Vs ®)
Ddng thitc xdy ra khi nao ? Theo BDT Cauchy thi

Loi giai. Dé viét gon ta dat : Sg +Sp 2 2S5

=5 5" =Sppen md S-S, =Sg+Scnén S-S, >2,/Sp5..

Sa = Spgcs S = Spcar Sc = Spas-

Ké BN, PM vuong goéc v6i AC tai N, M Tuong ty dugc S-S5 22,S:S, va
tuong tng (h.2). S—Sp225,8, ,dodé6
S, SsSc 1

T = <-.
(S-S -8)S5-5-) " 8

Thay vao (3) dugc % < % (dpcm).

Déng thic xdy ra khi va chi khi

8 A c S, =Sy =5c =5 nghia Ia khi diém P tring
Hinh 2 3
n
v6i trong tam AABC.
Ta cé

Ta md rong dinh 1i 1 va bai todn 1 sang
BB' ) BN _ AC.BN :i M khong gian.
PB' PM _ AC.PM S,
Tuong tu dugc

Pinh 1i 2. (Hé thic vé ti s6 thé tich hai wt
dién c6 g6c tam dién bang nhau)

cc_ S @ Néu hai tit dién ABCD va ABC'D' ¢6 géc
PC"  S¢ tam dién dinh A bdng géc tam dién dinh A' thi
Theo dinh 1i 1 va (1), (2) tinh duo:
codinh li 1 va (1), (2) tinh duge Vasco _ _AB.AC.AD
S, _ PBPC _(BB-PB') (CC'-PC’) Vigcep AB.AC.AD"

Spgc PB.PC PB PC Chitng minh. Khéng mét tinh téng quit coi

B (BB' 1)(CC' 1):(—8-—1)(}—-1) A'trung A va B', C', D' theo thit tu ndm trén céc

PB'" J\PC' Sg Se tia AB, AC, AD (h.3).
_ 5-85)8-5¢) B’
SBSC B
suyra Sppicr =(§-84). T v6i D
T _ SASBSC AEA‘

(S=SHUS—Sp)S-Sc)
Chitng minh tuong tu ta dugc
Spear = (S —85).T va C
Spag =(8=5c). T.

Cv
Hinh 3
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Ké BH va B'H' vuéng géc v6i miat phing
(ACD) tai H va H'. Theo cong thic tinh thé tich
of dien va dinh If 1 ¢6

Visew  BH.S,p _AB AC.AD

Vigcr BH.Sycp AB AC.AD”

Bai toan 2
Cho nr dién AjA,AA, va diém P ndm trong
tir di¢n. Cdc duong thdng PA,, PA,, PA;, PA,

cdt  cde  mdt  phdng (AA3A,), (A3ALA),
(A4AAy), (AAAy) tuong img tai B, B,,

B,,B,. Chitng minh rang
Vb ,8,8, < 1
Va A asa, S 27
Ddng thite xdy ra khi nao ?
Loi giai. D€ viét gon ta dat
V= VA]A2A3A4 » Vg = VBIBZB3B4 )
VA, = VPA2A3A4’ VA2 = VPA3A4A]’
VA3 = VPA4A1A2’ VA4 = VPA1A2A3 :
VBl = VPBZB3B4’ V32 = VF;B3B4BI’
VB3 = VPB4Ble’ VB4 = VPB,BZB3'
Ké PM va AN vuong goéc v6i mit phing
(A,A3A,) taiM va N (h.4). Taco
PB, PM _ PM'SA2A3A4 _ Va
AB ~ AN AN.S,,. V'

Hinh 4

Chiing minh tuong tu dugc

PB. Vi .
H—T V011—1,2,3,4.
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Tir d6 va dinh 1 2 ¢6

Va, _ PA,.PA;.PA,

Vs, PB,.PB;.PB,

_ (4B, — PBy)(AyB; — PBy)(A,B, — PB,)
PB,.PB,.PB,

_(AxBy Y[ ABy ) AdBs
| PB, PB, PB,

() ]

V=V )V =V )V =V )V -V,)
Vi, Vi Va,(V=V,)

hay 1a Vg =(V =V, ).T véi
Vi Vi Vi, Vi,

T= .
V=V V=V )V =V WV =Vy,)

Ching minh tuong ty dugc

Vg, =(V=Vy ). T, Vg =(V-V).T,

VB4 =(V - VA4 ). T, suyra

Vg = Vg +Vg, + Vg, +Vy, =3V.T )
Ap dung BDT Cauchy véi ba s6 thi

V=V =V + Ve +V, 233V, V, V.
Tuong tu c6

V=V, 233V, V, V.

Tix d6
(V =Vy )V =V XV =V )V = V)

1
281V, . Va, Vi, -V, hayla T <o

) V 1
Thay vao d4 fc (4) ta dugc -2 < —.
ay vao dang thiic (4) ta duoc v <97
Ding thitc xay ra khi va chikhi V, =V, =
. = %V, tic 1a diém P trung véi trong
tam cla tif dién A A, A;A,.

Vi, =V

3




Sau day la mot s6 bai todn c6 thé sir
dung cdc hé thic vé ti s6 dién tich, thé tich dé
luyén tap.

Bai 1. Cho tam gidc ABC v6i BC =a, CA=b,
AB = ¢. T tam O dudng tron ndi ti€p AABC ke
cdc duong thang OA, OB, OC céit BC, CA, AB
theo tht tu tai A', B, C". Tinh ti s6 ~48°C" theo

ABC
a, b, c.

Bai 2. Hinh chép S.ABCD c6 diy ABCD la
hinh binh hanh. M6t mat phing (a) cét SA,
SB, SC, SD theo thit tur tai A", B', C', D'. Chiing
minh ring

SA SC _SB SD
SA' SC' SB' SD'

NHIN TU PINH LI MENELAUS

Lam manh hon mot dinh 1i va cdc ap dung
cia noé luon l1a cong viéc hdp dan céc ban tré
hoc todn. Bai viét nay toi xin gidi thiéu véi cac
ban mot két qud trong hinh hoc khéng gian
tuong tu dinh 1i Menelaus trong hinh hoc phing.

Trudc hét t6i xin nhic lai néi dung dinh 1i va
phuong phéap chiing minh thudng gap.

Pinh li (thuan) Menelaus. Néu mot duong
thdng cdt cdc duomg thdng chita canh AB, BC,
CA cua tam gidac ABC theo thit ty tai cdc diém
M, N, P (khdc cdc dinh A, B, C) thi ta ¢6 :
MA NB PC _

MB NC PA

Chitng minh. Goi d la dudng thang cét
cdc duong thing chia canh AB, BC, CA cla
AABC theo thit tu tai cac diém M, N, P.

Hinh 1

Dung dudng thing Ax song song vdi BC va
cit dudng thang d tai diém Q (h.1).

HO CONG DUNG (Binh Thudn)

Ta ¢6 : AAPQ déng dang véi ACPN

nén AP = P :M = €))
AQ CN AP.CN
AAMQ d6ng dang vé6i ABMN nén
AM _BM _ AM.BN _ ®

A0 BN AQ.BM
AM.BN AQ.CP _

AQ.BM AP.CN
MA NB PC

Trong c hai trudng hop dudng thing d cét
cédc canh ctia AABC tai hai diém hodc khong cét
canh nao, tir (3) déu c6

T (1) va (2) ¢b

MA NB PC _,

“4)

Hinh 2
Bay gi¢ xin giéi thiéu mot cach ching minh
khic (h.2).
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Qua A, B theo thit tu ké Ax // By // d. Ta dung
duong thing A di qua C va A // AB. Gia str A cét
d tai diém T va cit Ax, By theo thi tu tai A', B'.

TA' TB'
Tacéd: :ZE =1.

Mat khac theo dinh li Thales c6

T WA T8 _WB_NE TC_FC

MB ' TC TC NC TA' PA

i

MB
MA NB PC

Néu sir dung hé thiic (4) thi cé thé ching
minh diéu ngugc lai :

Suy ra i | 4)

NéuM, N, P theo thit tu la cdc diém trén cdc
duomg thdng chita canh AB, BC, CA cua tam
gidc ABC, thod mdn (4) :

—A—/I_ﬁg——f—g =1 thi M, N, P thdng hang.
" MB NC PA
That vay, tir (4) suy ra ba diém M, N, P khic
céc dinh cla tam gidc ABC. Goi E la giao diém
clia hai dudng thdng MP va BC thi E ciing khéc
B, C.

Theo phan thuan cia chiing minh trén ta cé :

MB EC PA
Theo gia thiét
ﬂ.:.: = 1 (4)
MB

Tir (@) va (5) ta c6 =2 = B Suy ra N phai
EC NC

tring véi E, do d6 M, N, P thang hang.

Nhu vy tir ddy ta c6 thé phat biéu Dinh ki
Menelaus trong hinh hoc phing.

Cho tam gidc ABC. Goi M, N, P theo thur tw
la cde diém trén cdc duong thdng AB, BC, CA
(M, N, P khdc A, B, C) thi M, N, P thdng hang

khi va chi i MA NB PC _

MB NC PA
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Tir d6 v6i phuong phédp chitng minh tuong tu
ta c6 thé phat biéu mot két qua trong khong
gian ba chiéu.

Dinh li Menelaus trong khong gian

Goi M, N, P, Q theo thit tu la cdc diém trén
cdc duong thdng AB, BC, CD, DA ciia tir
dién ABCD (M, N, P, Q khdac A, B, C, D) thi
M,N,P, Q déng phdng khi va chi khi

MA. NB PC oD _,

Chimg minh.

Phdn thudgn. Gia st M, N, P, Q d6ng phang.
Tit c4c dinh A, B, C, dung céc mit phang a, B, v
theo thit tu song song véi (MNPQ).

Qua D dung dudng thing A cit mp (MNPQ)
tai O va cit a, 3, y theo thit tu tai A', B', C' (h.3).

OB' OC' OD OA’

Theo dinh 1i Thales ta c6
OF_QA_¥A OB _NB
OB' QF MB 0OC' NC’
G _PC 0D _gD
OD PD OA' QA




Tir d6 suy ra
MA NB PC QD

—_— =, = =1

MB NC PD QA

Phdn ddo. Tut (6) suy ra cac diém M, N, P,

Q khdc A, B, C, D. Gia st mp(MNP) cét dudng
thang AD tai E.

Theo chung minh trén ta c6 :

MA NB PC ED _

MB NC PD EA

So sanh (6) va (7) c6 — ED QD.
EA QA

Suy ra E phai trung véi 0, dod6 M, N, P, O
dong phing.

(6)

()

Ap dung cic két qua trén, ta c6 1oi gidi gon
cho cdc bai todn sau day.
Bai toan 1. Cho tir dién ABCD. Goi M, N, P,
Q theo thir tu la cdc diém nam trén cdc canh
AB,BC,CD,DA (M, N,P,Q khdc A,B,C, D).
Chitng minh rang néu
MA_PD . NB _QA
MB PC  NC
déng phang.
Loi gidi. (h.3) Ta cé
MA PD -, MA MA PC
MB PC MB PD
QD
NC QA

thi M, N, P, Q

Tuong tuy c6 —

T (8) va (9) co ﬂ—._._.—:—l.
MB

Theo dinh li Menelaus trong khong gian thi
M, N, P, Q déng phang.

Bai toan 2. Cho bén diém A, B, C, D khoéng
doéng phdng va diém O trong khéng gian. (O
khdc A, B, C, D). Chig minh rdng chdn cdc
duong phdn gidc trong ké tir dinh O cua cdc tam
gidc OAB, OBC, OCD, ODA la déng phdng.

Loi gidi. Goi E, F,

(@]
H, K theo tht tu la
chan cidc dudng phan
giac trong ctia cic tam
giic OAB ; OBC ;
OCD ; ODA (h.4). EA
Tacéd:
B F
EA —OA c
EB OB Hinh 4
"5 _-op
KA OA”°
HC _-0C FB _-0B
HD OD’ Fc OC’
Do d6
EZFEEEKD _0A 0B OC 0D _

Theo dinh 1i Menelaus trong khong gian thi
E, F, H, K thing hang.

Bai toan 3. Cho ba ducmg thdng a, b, ¢
khong déng phdng, cing song song véi mot mdt
phdng. Chitng minh rdng néu duong thdng d
nao dé cdt ba duong thdng ndi trén thi d song
song vdi mot mdt phdng.

Viéc giai bai todn 3 xin danh cho ban doc.

PI TIM MOT DANG PINH LI SIN CHO TU DIEN

Trong dé thi todn tuyén sinh vao dai hoc Y
Dugc céc tinh phia Nam nam 1993 c6 bai todn :
Chitng minh mét tir dién la gdn déu néu dién
tich cdc mdt cua né la bang nhau.

TRINH BANG GIANG (TP. H6 Chi Minh)
(Céc ban c6 thé xem 1o giai bai todn trén

trong bai T dién gan déu sau bai viét nay, do la
tinh chat 4 cua tit dién gén déu).
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Nhdn xét : Gia thiét cua ta vé t& dién ABCD
la
(1
D6 1a mot ding thitc dai s6 (hodc lugng giic).
Vay liéu c6 thé tim dugc mot 101 gidi dai s6,
luong gidc cho bai todn nay hay khong ? Dé
giam nhe khé khan ta tré vé qud khi va thdy
rang trong tam gidc da c6 hai dinh Ii lugng gidc
quan trong : dinh li cosin va dinh Ii sin thiét 1ap
mdi lién hé chat ché gilra géc va canh. Quay lai
tir dién : tir gid thié€t (1) dung dinh If hinh chiéu
v6i quy ubc cos(AB) la cosin cua gdc nhi dién
canh AB cia tit dién ABCD thi cé (cling xem
tinh chdt 9 trong bai Tir dién gdn déu).

S =Scos(AB)+ Scos(BC)+ Scos(CA)

= Scos(BC)+ Scos(CD)+ Scos(DB)
= Scos(DC) + Scos(DA)+ Scos(AC)
= Scos(DA)+ Scos(AB)+ Scos(DB).

Suy ra cos(AB)=cos(CD) ;

cos(AC) =cos(BD) ;
cos(AD) =cos(BC).

Hay 1a sin(AB)=sin(CD) ;

sin(AC) =sin(BD) ; sin{(AD) =sin(BC).

Vay sin cdc géc nhi dién déi thi bing nhau
trong khi ta lai cdn do dai cic canh d6i béng
nhau, do d6 cén xét su bing nhau giita cic ti s6
: do dai mot canh chia cho sin cua géc nhi dién
tuong ung. Th€ 12 xudt hién nghi van : c6 phai
trong tt dién dang xét ching ta c6 ddy déng
thic ki€u nhu déng thic sin trong tam gidc, ma
cuthéla:

Sasc =Sscp =Scpa =Spag =S

AB _ CD ~ AC _ BD
sin(AB) _ sin(CD) ’ sin(AC) _ sin(BD) ’
BC AD

sin(BC) _ sin(AD) ? )

Lai quay vé qua khi, ta thdy : khi ching
minh dinh Ii sin trong tam gidc ngoai phuong
phép théng thudng, ngudi ta con c6 thé sir dung
cong thic tinh dién tich :
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Sasc =—;—absinC = %bcsinA =%casinB.

Vi thé ta ciing tim c4ch biéu dién thé tich t&
dién theo dién tich hai mit bén va sin clia goc
nhi dién tao béi hai mat d6, nghia la :

Kiém tra lai thi thdy v€ trdi c6 don vi 12 lap
phuong cua don vi dai con v€ phai lai 1a luy
thira 4 cua don vi dai nén can chia v€ phai cho
d6 dai mot canh nao d6 ; linh cam toan hoc sé
mach béo rang d6 chinh 1a canh BC. Vay ta c6
du doan sau véi hé s6 k nao do6.

sin(BC)
BC

Chitng minh du dodn va xdc dinh k.

Tir cac dinh A, D cua ti dién ABCD ké AK,
DH vuobng gbéc véi BC tai K, H. Néu H khiac K
thi trong mp(ABC) dung hinh chir nhat AKHE.
Ké AM va EN vuong géc véi mp(BCD) tai M, N
thi AM = EN (hinh v&). Ta c6

Vasco = k-Sapc-Spsc-

Hinh 1

1
Vasep = Vesep = 3 BC.Spug

BC. %DH.HE.sin(BC)

sin(BC)
" BC

OV— W=

(BC.DH) . (KA.BC)

2 sin(BC)

=3 Spsc-Sac-— BC 3)

Tir (3) két hop véi (1) khong nhitng ¢6 (2)
ma lai con c6 ddy déng thiic "manh hon" (2) d6i
véi tit dien ABCD gén déu la




AB  CD _ AC
sin(AB)  sin(CD)  sin(AC)
BD BC AD

~ sin(BD) sin(BC) _ sin(AD)’
Khong ngimg lai & d6, ma chd ¥ réng tir (3)

con c6 hé thic sau d6i v6i ti dién ABCD bat ki :

sin(BC) sin(AD)
BC =~ AD

Tir d6 ta duge cac hé thic sau day, goi la
Dinh li sin d6i véi tit dién bat ki (dang thit nhat).

4
2
Visco :§SABC Sgcn-Scpa-Spas:

AB CD  AC BD
sin(AB) ~sin(CD)  sin(AC) ~ sin(BD)
BC AD

"~ sin(BC) " sin(AD)’
Néu chon D ndm trén truc cua dudng tron
ngoai ti€p tam gidc ABC thi DA=DB=DC =

AB _ AC
Sin(AB).sin(CD)  sin(AC).sin(BD)
BC

"~ sin(BC).sin(AD)"
L4y gidi han khi D ti€n ra v6 cuc véi chud y
lim sin(AB) = limsin(BC) = limsin(CA) = 1,

limsin(DA) = sin 4,
limsin(DB) = sin B,
limsin(DC) =sinC.

_BC CA
sinC sinA sinB’

D6 chinh 1a dinh I sin trong tam gidc ma
chiing ta déu da biét. Gid day ta cé thé khing
dinh ring : dinh Ii sin cho tam gidc ABC chi la
truong hop riéng cua dinh 1i sin cho t dién
ABCD, trong d6 D chay trén truc cia dudng

Tacé

tron ngoai ti€p AABC va tién ra xa vo tan.

Loi binh : Mic du 1oi giai ban ddu cho bai
toan khong dé cha ta da 1a mot 16i giai dep, mac
di ¢ dinh ban ddu : dinh luong déng thic (1)
(tim 151 giai dai s6) gap phai khé khan 16n, vi
trong khong gian it c6 nhiing dang thitc biéu
dién mo6i lién hé gilta cdc canh va cic goéc véi
nhau, song v6i mot vai suy luan c6 li, khong
nhitng ching ta chi dat dugc muc dich da dé ra
1a tim thém loi gidi nita cho mét bai todn ma
con gat hai dugc nhiing két qua dep dén bat
ngd. Cic ban con c6 thé chimg minh dinh Ii sin
d6i véi tit dién bang cdch str dung cac dinh li sin
dei voi tam gidac va d6i véi goc tam dién. D6
ciing 12 mot cdch hoc ma t6i cho ring céc ban
tré cdn luu y. Ngoai dang trén cé thé con mot
vai dang khéic nita cha dinh Ii sin d6i véi ti
dién. Té4c gia bai nay xin nhuodng lai dé cdc ban
tim hiéu thém. Chic cdc ban thanh cong.

TU DIEN GAN PEU

Trong chwong trinh hinh hoc phé théng, tif
dién gdn déu c6 nhiéu tinh chdt phong phu va li
thi. Vi vay da c6 nhiéu bai tap hay, khai thic
van dé nay cho cic ki thi hoc sinh gidi trong
nuéc va quéc t€ cling nhu cdc ki thi tuyén sinh
hang nidm. Ta nhéc lai dinh nghia:

NGUYEN ANH DUNG (Ha Néi)

Mot tir dién 6 cdc cdp canh doi dién bdang
nhau ting déi mot goi la vt dién gan déu.

Hé qua. Mot tir dién gdn déu ¢6 bon mat la
cdc tam gidc bdng nhau.

Sau day la mot s6 tinh chdt (TC) dac trung
cha t& dién gin déu va ciing 1a cic diéu kién
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cdn va di dé mot uf dién 1a gin déu sau khi da
ching minh diéu ngugc lai.

TC1. Tong cdc mit & mbi dinh tam dién
bang 180°.

TC2. Méi dudng néi trung diém clia mét cap
canh d6i dién cia ti dién 12 dudng vuong géc
chung clia cdp canh tuong ing dé.

TC3. Tu dién c6 hai truc d6i xing (thuc chat
12 c6 dén ba truc doi ximg).

TC4. Bon mat cua it dién 12 cdc tam gidc c6
dién tich béng nhau.

TC5. Bon duong cao cua ti dién ¢6 do dai
bang nhau.

TC6. Tam mat cdu noi ti€p va tdm mit cu
ngoai ti€p cua tir dién trung nhau.

TC7. Tam mat cdu ngoai ti€p va trong tam
cua ti dién tring nhau.

TC8. Tam mat cu noi ti€p va trong tam cla
tir dién trung nhau.

TC9. Téng cic cosin cha céc goc phéng nhi
dién chira cing mot mat cua tif dién bing 1.

TC10. Cac goc phing nhi dién img v6i méi
cap canh d6i dién clia tif dién bdng nhau.

Viéc chimg minh mot tir dién gan déu cé cic
tinh chét trén khong c6 gi khé khan.

Ta chiing minh diéu nguogc lai, mot tr dién
c6 mot trong cdc tinh chat trén 1a ti dién
gén déu.

1. Gia sir it dién ABCD thoé man TC1, nghia
1a t6ng cdc mat & méi dinh tam dién bing 180°.
Trai cdc mit DAB, DBC, DCA lén mit phing
ABC (xem hinh 1) thanh céc tam gidc D,AB,
D,BC, D;CA.

Vi t6ng cic mit & mbi dinh tam dién bing
180° nén céc diém A, B, C thudc céc canh cla
tam gidc D\D,D; . Ta c6 D1A = D;A = DA
D\B=D,B=DB;D,C=D;C=DCnén A,B,
C la trung diém cia cdc canh tuong ng ctia tam
gidc D\D,D;. Nghia 1a AB, BC, CA la cic
dudng trung binh cla tam gidc D;D,D;.
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Do d6

1
AB=-D,Dy=DC; BC :%1)103 =DA;

CA = %DlDz = DB.

Vay ABCD la mot tit dién c6 cdc cdp canh
déi dién béng nhau nén 12 it dién gin déu.

D1
A B
Ds C D,
Hinh 1 Hinh 2
A
F
B D
C

Hinh 3

2. Gia st tit dién ABCD thod mian TC2,
nghia 12 méi dudng n6i trung di€ém clia mot cap
canh d6i dién 12 mot dudng vuong géc chung
cua ching nén n6 12 truc d6i xing cia tir dién.
Do d6 cdc cap canh d6i dién ca ti dién bing
nhau, vay ti dién ABCD 1a gén déu.

3. Gia sir mot tit dién ¢6 TC3, vi méi truc d6i
xing cla t dién phai 12 dudng néi trung di€ém
hai canh d6i dién nén n6 1a dudng vuong géc
chung cta cap canh déi dién do, tro vé TC2.

4. Gia str tit dién ABCD thoa man TC4, nghia
12 n6 c6 dién tich cha b6n mat bang nhau. Goi E
1a trung di€ém CD, ké CM, DN, EF cung vuong
g0c v6i AB (xem hinh 2). Vi hai tam gidc CAB




va DAB c6 chung ddy AB va c6 dién tich bing
nhau nén c6 cac duong cao CM = DN. ViE la
trung diém CD va M, F, N l4n luot 1a hinh chiéu
vuong goc cua C, E, D lén AB nén F la trung
diém clia MN. Do d6 hai tam gidc vuéng CMF
va DNF bang nhau; tam gidc FCD céan. Ta dugc
FE vubdng goc v6i CD, nghia la dudng vudng
g6c chung cia AB va CD qua trung diém CD.
Nhung do vai tro cla cdc canh nhu nhau nén F
cling 1a trung diém cla AB. Vay EF la truc d6i
xung cua ti dién. Tir d6 ¢6 AC = BD vaAD =
BC. Chimg minh tuong ty, ta c6 AB = CD.

Vay ABCD la ti dién gan déu.

5. Gia sur tit dién ABCD thoa man TCS5, nghia
12 n6 c6 bon dudng cao bing h. Xét thé tich clia
tir dién :

1

nén bon mat cua tir dién 1a cac tam giac c6 dién
tich bang nhau, tro vé TC4.

6. Gia sir mot tir dién c¢6 TC6. Vi tam cua
mat ciu ngoai ti€p va néi ti€p tring nhau nén
bon mat cua tir dién cach déu tam, do d6 bén
mat 1a cdc tam gidc c6 ban kinh duong tron
ngoai ti€p bang nhau. Tir dé suy ra cic géc cla
hai mat cta ti dién cing chin mot canh chung
thi bang nhau. Ta dugc téng cidc mat & mbi dinh
tam dién bang 180°, tré vé TC1.

7. Gia st mot tir dien c6 TC7. Vi tam mat
cdu ngoai ti€p va trong tam tring nhau nén
dudng n6i trung diém cha méi cip canh déi
dién ciling la duong vuong goéc chung cta chiing,
trg vé TC2.

(Lwu ¥ ring, trong tam cua tf dién 1a trung
diém cha méi doan thing néi trung diém hai
canh d6i dién cha tit dién).

8. Gia st t dién ABCD c6 TC8. Vi tdm mit
clu noi tiép va trong tam tring nhau nén mébi
mat phing di qua mét canh va trung diém canh
dei dién 12 mat phang phan gidc clia géc nhi

dién tuong vng. Theo ki hiéu cia hinh 3,ta c6 F
céch déu hai mat BCD va ACD (F la trung diém
cta AB). Nhung hai tit dien FACD va FBCD ¢6
thé tich bing nhau va cdc dudng cao tuong tng
ké tr F bing nhau nén hai tam gidc ACD va
BCD c¢6 dién tich bing nhau. Li luan tuong tu,
ta dugc bon mat cia t dién cé dién tich biang
nhau, tré vé TC4.

9. Gia str tir dién ABCD c6 TC9. Gia sir trong
bon mat cla ti dién, tam gidc ABC ¢6 dién tich
16n nhét. Goi a, B, ¥ la céc géc phang nhi
dién tuong img véi ba canh BC, CA, AB va
cosq +cosfB+cosy =1.

Ta c6

Sasc =Sppc-COSA +S,04.€08 B+ S 4p.c05y (1)

That vay, ké duong cao DH cuia it dién.

Néu H nam trong tam gidc ABC (xem
hinh 4) thi

Sasc = Supc +Suca + Suas
= Sppc-COSA +Spcs-cO8B +Sp5.CO8 Y.

Néu H ndm ngoai tam gidc ABC, ching han
H nam trong géc BAC (xem hinh 5) thi
D D

B

Hinh 4 Hinh 5

Sapc = —Supc + Snca + Snas
= Sppc-€0SA + Spey.COS B+ Sp5.€08 Y.

Ban doc tu kiém tra cong thic (1) cho cic
truong hop con lai.

Theo gia thiét

Sasc 2 Spacs Sasc 2 Spca
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Sasc 2 Spas
nén tir (1), suy ra

Sasc S Sapc(cosa +cosf+cosy)=S,pc-

Vay phai c6

Sasc =Spec =Spca =Spag > tr6 vé TC4,

10. Gia sir mot tit dién c6 cac géc phang nhi
dién tmg véi mdi cdp canh d6i dién cia tir dién
bing nhau. Goi a,f,y la cdc géc phing nhi
dién tuong ung vdi ba cap canh d6i dién ; S}, S,,
S3, S4 tuong tng la dién tich cic mat cua
tt dién. Thé thi a, B,y ciing 1a cdc géc phing
nhi dién tuong Ung vé6i ba canh clia cing mot
mat.

Khoéng mat tinh téng quét, cé thé gia thiét
S £S5, £8<8,.

Sir dung cong thirc (1), ta cé :

S, £ S,(cosa +cosfB +cosy)

= cosa +cosf +cosy > 1.

Sy = Sy(cosa + cosf +cosy)

= cosa +cosff+cosy < 1.

Vaycosa + cosff+cosy =1 ; trd vé TCI.

Ngoai 10 tinh chét dic trung cta tif dién gin
déu trén day, ban doc c6 thé tu tim thém nhiéu
tinh chét khic. Dé két thiic bai viét, moi céc
ban giai cdc bai tap sau c6 lién quan dén i dién
gin déu.

Bai 1. Cho t dién c6 cic cap canh d6i dién
bing nhau timg d6i mot va theo thi tu bing a,
b, ¢ (a < b < ¢). Mot mit phang cét tf dién da
cho theo mot ti gidc. Hay tim vi tri cia mat
phéng sao cho tir gidc thiét dién d6é c6 chu vi
nho nhat. Trong diéu kién trén, hdy tim quy tich
trong tam cla cdc ti gidc thiét dién. (D€ thi hoc
sinh gidi Qudc gia nam 1983).

Bai 2. Cho goc tam dién Oxyz ; goi «, 3, y1a
cdc géc phang nhi dién twong ing vdi canh Ox,
Oy, Oz. Chimg minh ring diéu kién cén va du
dé téng cic mat clia géc tam dién bing 180° 1a

cosa + cosfi+ cosy=1.

MAT CAU TIEP XUC VOI PUONG THANG
CHUA CAC CANH CUA KHOI TU DIEN

Cic ban di dugc 1am quen v6i mat cdu ngoai
ti€p, mat cdu noi ti€p ti dién. Trong bai Mdt cdu
gid néi tiép da dién (Tap chi THTT s6 177
thdang 11.1991) hodc Tuyén tdp 30 nam Tap chi
Todn hoc va Tudi tré trang 124, tac gia Lé Quéc
Han da giéi thiéu vé6i chiing ta vé mat ciu ti€p
xtic vdi tat ca cac canh cia mot khéi da dién va
mot s6 bai todn lién quan dén mdt clu nay.
Trong bai bdo nay xin gidi thiéu thém véi cic
ban mot vai kiéu ti€p xic cia mit clu véi
dudng thing chia cdc canh cha mot khéi tir dién
trong khong gian.
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HO QUANG VINH (Ha N¢i)

Luu y : Trong bai nay néi mit cdu ti€p xiic
v6i canh XY (hoic tia XY) hiéu la ti€p diém
thu6c doan thing XY (hoic tia XY).

Ménh dé 1. Diéu kién cdn va di dé tik dién
ABCD c¢6 m¢ét mdt cdu tiép xiic vdi cdc canh
BC, CD, DB va tiép xiic vdi tia d6i cua cdc tia
BA,CA,DA la BC ~AD =CD -AB=DB —-AC.

Chitng minh. Diéu kién can : Gia st (S,) la
mit cdu tiép xiic v6i cdc canh BC, CD, DB lan
lugt tai N, P, S ; va (S,) ti€p xiic véi tia d6i cia
céc tia BA, CA, DA lan luot tai M, T, Q (h. 1).




Khidétac6 BS=BN=BM =x,CN=CT =CP
=y, DO=DP=DS=2, AQ=AM=AT =t Tu
d6BC -AD=(x+y)—(t—-z)=x+y+z—tva
DB -AC=(x+z)—(t—y)=x+y+z—1t Suy
ra BC — AD = DB - AC. Tuong tu ciing cb
BC —AD =CD - AB. Vay BC -AD = DB -AC
=CD —AB (dpcm).

Hinh 1
Diéu kién dii. Gia sit BC —AD = DB — AC =
CD — AB. Dudng tron néi ti€p tam gidc BCD
(tam O,) ti€p xuc v6i BC tai N, dudng tron bang
ti€p tam gidc ABC (tam O,) {ing véi dinh A ti€p
xdc v6i BC tai Ny (h. 2).

Hinh 2

Ta chimg minh N trung véi N, . That vay do
DB —AC =CD -ABsuyraBC + BD -CD =
AC + BC — AB nén 2BN =BC +BD ~CD =
(AB+ AC +BC) -2AB=2(AM - AB). Vay
BN = BM = BN, hay N truing v6i N,. Xét

dudng tron ngoai ti€p AO;NO, véi dudng kinh
la NO, lic d6 NO, 1 00, va NO, L 00, (1).
Mit khic do BC L NO,, BC L NO, nén
BC 1 mp(NO00,), suy ra BC 1 00, va
BC 1. 00, (2). Tr (1), (2) suy ra
00, L mp(BCD) va 00, L mp(ABC), Vay O
cach déu cdc dudng thing BC, CD, DB, AC, AB.
Tuong tu néu goi O; la tam dudng tron bang
ti€p tam gidc ACD (ing véi dinh A) thi cling c6
00; 1 mp(ADC). Tu d6 O céch déu céc dudng
thing AD, AC, CD. Vay O la tam mat ciu tiép
xdc v6i cac canh BC, DB, CD do6ng thoi ti€p
xdc véi tia d6i clia cac tia BA, CA, DA (dpcm).

Hé qua. Véi nr dién gdn déu ABCD
(AB =CD, AC = BD, BC = AD) luén tén tai mat
cau tiép xiic vdi cdc canh BC, CD, DB va tiép
xiie VoI tia déi cua cde tia BA, CA, DA.

Ménh dé 2. Diéu kién cdn va di dé tén tai
mot mdt cdu cé tdm ndm trén canh AB cia tir
dién ABCD dong thoi tiép xic vdi cde canh AC,
AD, BC,BD la AC =AD va BC = BD.

Chitng minh. Diéu kién can : Gia sit mit
cdu tam S, v6i S ndm trén canh AB, tiép xic véi
cde canh AD, AC, BD, BC lan luot tai M, N,
P,Q (h.3).

Vi BP = BQ, SP = SQ nén ASBP = ASBQ,
suy ra SBD = SBC. Tuong tu, ta ciing cé

SAD = SAC. Vay AABD = AABC, suy ra AD =
AC vaBD = BC.

Hinh 3

Diéu kién du. Gia st AD = AC va BD = BC
khi d6 AABD = AABC suy ra DAB = CAB (3).
Puong phan gidc trong cia goc ADB cit AB tai
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SA AD AC 5 4o
B-BD " Bc Swr CS 1a dudng phan

gidc trong cia géc ACB. Dung SM, SN, SP, SQ
lan lugt vudng gdc véi cac canh AD, AC, BD,
BC thi tir (3) ¢c6 AAMS = AANS. T d6 SM =SN
=SP = 5Q nén S 1a tam mat clu tiép xic vdi cic
canh AD, AC, BD, BC (dpcm).

Bay gid ching ta sé st dung hai ménh dé
trén dé giai mot s6 bai toan lién quan dén hai
ménh dé nay.

Bai toan 1. Cho ti dién gin déu ABCD
(AB = CD, AC = BD, BC = AD) va mjt mdt cdu
tiép xic vdi cde canh BC, CD, BD, déng thoi
tiép xiic vdi tia doi cua cdc tia BA, CA, DA. Goi
dy, d,, dy, dy theo thit tw la khodng cdch ti tam
mdt cdu nay dén cdc mdt phdang (ABC), (ABD),
(ACD), (BCD) con r la bdan kinh mdt cdu néi
tiép tir dién ABCD. Chiing minh rdng

dy+dy +dy ~dy =4r.

S thi

Loi gidi. (xem hinh 2) (Su t6n tai cla mat
cdu tam O & bai ra dugc suy truc tiép tit hé qud
ménh dé 1). Do ABCD 1a tit dién gan déu nén

Sasc =Sasp = Saco =Spcp =5 va
Sagc +Sapp +Sacp +Sacp =4S. Taco

Vasen = Yoasc + Voasp + Yoaco — Voscp

1 1

1
3 dySapp + §d35ACD - §d4SBCD

1
=§dISABC +
S

Suyrad, +d, +dy~d, =

Vasco _ (3VABCD j -
I 4 AS = 4r (dpcm).

Bai toan 2. Gid s mat cdu tém I thudc canh
AB, bdn kinh R tiép xuc vdi cde canh AC, AD,
BC va BD ; mdt cdu tdm J thudc canh CD, bdn
kinh r tiép xiic véi cdc canh CA, CB, DA, DB
cua khoi tir dién ABCD. Chitng minh hé thiic

AB* AB® -4R?
cp*  cD* -4t

172

Loi gidi. (Hinh 4). Ap dung ménh dé¢ 2 ta
¢6 AC = AD va BC = BD (xét d6i v6i mat ciu
tam ) ; CA = CB va AD = BD (xét d6i v4i mat
cdu tam J) do d6 AC = AD = BC = BD = a. T
dé I, J theo thit tu 12 trung diém clia AB, CD.

Dung /[E | AD,JE | BDthiIE=R,JF =r.Gia
st AB = 2m, CD = 2n, lic d6 ti IE.AD = DI Al

6 Ra=mNa*-m? < R&*=m?d*-m* (1)
Tuong tu co

ra=nmla® -n* o rta® =n*d® - n* 2)
4 2 2
N N ., m m~ —R
Tu (1) va (2) c6 =3 7
n n-—r
thifc cin chiing minh.

, suy ra hé

Dé két thiic bai bdo moi cac ban tiép tuc
nghién cttu mot s6 kiéu ti€p xidc cha mat clu véi
dudng thing chita céc canh cha khéi da dién
thong qua céc bai tap sau.

Bai 1. Cho tit dién ABCD thoa man céac di€u
kién cia ménh dé 1. Tim mot hé thic lién hé
gitta s6 do cac goéc nhi dién canh AB, CD, BC,
AD, AC, BD cua tit dién d6.

Bai 2. Tim diéu kién dé tt dién ABCD c6
céc cdp canh d6i vudng géc véi nhau ting doi
mot (tif dién truc tam), c6 mot mat cAu ti€p xic
véi cdc canh BC, CD, BD va tiép xuc vdi tia d6i
cua cic tia BA, CA, DA.

Bai 3. Tén tai hay khong mot mat cdu ti€p
xuc vdi céc canh ddy, dong thoi ti€p xic véi tia
d6i cua céc tia AS, BS, CS, DS cua hinh chép td
gidc déu S.ABCD ?

Bai 4. Cho ti dién ABCD c¢6 AB =CD = a,
AC =BD = b, BC = AD = ¢. Tim ban kinh cta
mit cdu tiép xuc véi cac canh BC, CD, BD va
ti€p xdc voi tia d6i cla cic tia BA, CA, DA.




VAI UNG DUNG CUA PINH Li CON NHIM

Trong hinh hoc phang, dinh li con nhim d6i
vGi tam gidc cé dang nhu sau.

Pinh li. Cho tam gidc ABC, goi &, 2,2, la

cdc vecto don vi hudng tr mot diém bén trong
tam gigc dé ra phia ngoai tam gidc va

¢, L BC, ¢, L CA, & L AB thitacé
BC?, + CA@, + ABZ, =0 (1)
Chitng minh. L4y diém M nao d6 nim bén
trong AABC. Goi A, B, C, theo thit tv la
hinh chi€u cia M xuéng céc canh BC, CA, AB
thi é,¢,,¢, tuong tng cing chiéu véi MA,,
MB), MC). Goi AH, BK 1a cic dudng cao ciia
AABC (h.1).

Hinh 1

Dat i = BCé, + CAZ, + ABE,.

Theo gia thiét & L BC,¢, L CA, ¢, L AB
nén

ii . AB = BCZ,(AC + CB) + CA&,(AC + CB)

= BC?, AC + CA?,.CB

= BC.AH cos(AH,AC)—CA.CB.cos(BK,BC)

=BC.AH - CA.BK
=28 4pc = 284pc = 0.

LUU HUNG

Tuong tu ¢6 ii. BC =0 va i . AC =0. Ba
déing thitc nay xay ra chi khi 7 = 0. (dpcm).

Dinh If trén d6i véi tam gidc trong hinh hoc
phéng c6 thé khdi quat hod déi véi tit dién trong
hinh hoc khong gian nhu sau.

1. Pinh li con nhim ddi véi tir dién

Pinh 1i 1. Cho 1 dién A A AA,. Goi S,
(i=1,2,3,4) la dién tich mat doéi dién dinh A, ;
goi ¢ (i=1,2,3,4)la cdc vecto don vi vudng
goc voi mdt doi dién dinh A, va hudng tir mot
diém bén trong tit dién dé ra phia ngoadi tir dién,
thi ta ¢6

Vi cic vecto ¢ c6 tinh chit nhu trén
nén nguoi ta thudng goi dinh 1i nay 1a dinh Ii
con nhim.

Chitng minh. Goi A,K la dudng cao cta tt
dién A A,A;A, (h.2).

Aq

Hinh 2
bat v€ trdi cia (2) 1a 4. Ta sé chimg minh
u L mp(AjAyA;). Chi y ring € L A4, ; &,

[PUNN

va €, déu vuong géc véi AA; ; é; va €, déu

vuong goc voi AjA, nén
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Ay

=1

= (5,8, + 5385 + 5,8, (A A + AAy)

= 5,8, ArA + S:73.4,As.

Tacod

= §,.A/4,.co8(AK, A)A))

= S,.A,K = 3V.
trong do V 1a thé tich tir dién A A, AA,.

Tuong tu cling c6 S5.¢5.4;4, = 3V, do d6
ii.AyA, =3V — 3V =0, nén ii LAyA,. Tuong
tv ciing chimg minh dugc u L AjA,, suy ra
u L mp(A A,A;).

Bing 1ap luan tuong tu cling suy ra ¥ vudng
goc vdi ca bon mat cha tir dién. Diéu nay xdy ra
chi khi & =0 (dpem).

Sau day ta s& 4p dung dinh 1f con nhim dé
chimg minh mot s6 tinh chét cua tir dién.

2. Dinh li cosin doi véi tir dién

Dinh li 2. Cho tir dién A AAA,. Goi §;
(i=1,2,3,4)la dién tich mdt doi dién dinh A,,
con ay; la géc nhi dién trong tuong ing voi canh
AA; thi ta ¢o

ST =87+ S 483 — 25,8, cos 0Ly —

—28,5, cos 0y, —28;5,0044 3)

Trong bai bdo Céng thirc cosin trén THTT
$6 90 thang 3.1976 da néu mot cich tim ra cong
thitc nay dua trén dinh Ii cosin trong tam giéc.

O day néu 4p dung dinh i 2 ta c6 1o giai ngén
gon nhu sau.

Chirng minh. Viét (2) trong dang
Binh phuong hai v€ ctia h¢ thic trén va chu y
rang cos(E,,?j) = —cosa,; viimoiije {1,2,3,4]}

i khéc j, ta dugc cong thirc (3).
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3. Hé thitc vé cac duong cao cia mot tir
dién

DPinh li 3. Cho tir dién AA,AA,. Goi h;
(i=1,2,3,4)la cic duong cao cua tir dién xudt
phdt tir dinh A;, con oy la goc nhi dién trong
tuwong ing voi canh A A, thi ta ¢6 :

a) 11 cosay, +—cosay; +——cosat 4
hl _h2 12 h3 13 hy 14
1 1 2
b e e e
VT Ty
1 1
= — 4+-———"_cosa (5)
h§ h} hshy 34

Chitmg minh, a) Viét (2) trong dang
Lay tich vo huéng ca hai v€ clia h¢ thic trén
v6i €, cha y ring néu i khic j thi

cos(é;,€;) = —cosa;, tacd

ifj?
S; =S, cos0y, +S3c050,3 +S,cosayy  (6)
Goi V 1a thé tich tt dién A A,AA,, thay

S = Eh‘i (i=1,2,3,4) vao (6) roi chia ca hai

1
H

v€ cho 3V ta duoc (4).
b) Lai viét (2) trong dang
Binh phuong hai v& réi sit dung S, =3h—v

(i=1,2,3,4)tadugc (5).

4. Cac hé thic trong tit dién cé goéc tam
dién ba mit vuéng

Pinh li 4. Trong tir dién AjA,A3A, tam dién
dinh A, ¢6 ba mdt vuong. Goi S; (i =1, 2, 3,4)
la dién tich cdc mdt doi dién dinh A; va S,
(i =1, 2, 3.4) twong vng la dién tich hinh chiéu
cua S;lén mdt AjAyAsA, thita c6 .

a) S2 =82 +58;+5; ®)

b) S? =S,S, véii=2,3,4 ©®)




Chirng minh.

Z+kr (ke ).

a) Tir (3) suy ra (8). Ciing c6 thé ching minh
truc ti€p nhu cach ching minh dinh Ii 2.

b) Viét (2) trong dang (7) réi binh phuong
hai v€, thay €, . ¢, =0 taco

SP + 85 +28,S,.6,.8, = §3 + 2.

Ap dung (8) dugc

255 = 25,8, cosa, = 25,.5, = §2 = 5,S,.

Tuong ty ciing ¢6 53 = 5,.5; va 5} =S,.5. .

5. Céc diéu kién twong duong clia tir dién
gan déu.

Chéc cdc ban da biét ménh dé : Mot i dién
la gin déu khi va chi khi dién tich cdc mat la
bing nhau. (Xem tinh chat 4 trong bai T dién
gdn déu).

Sau day xin néu thém hai diéu kién tuong
duong véi tinh chét trén cua ti dién gan déu.

Dinh li 5. Mor nie dien AA,AA, c6 dién
tich cdc mdt déu bdng nhau khi va chi khi cdc
vecto don vi €, (i = 1, 2, 3, 4) vudng géc véi
mdt déi dién dinh A; va hudng tr mét diém ndm
trong 1t dién ra phia ngoai, ¢ téng
& +&y+¢,+&, =0.

Chitng minh.

Diéy kién cdn. Thay §; =S, =S, =S, vao
(2) dugc S,(¢, + ¢, + & +2,) =0 ma S; #0 nén

-

e te, +ey+e,)=0.

biéu  kién di. Theo gid  thiét
Mat khiac tir (2) ¢6

€, = ——e ——=¢, ——=¢

4 S4 1 S4 2 S4 3
Do dé

ma ba vecto é),¢,,¢; khong déng phing
nén ¢, khong biéu thi tuyén tinh duoc qua
5 > Si_85 _ 5

> ’ = T e =G = 17
é,,&, suy ra R

dan dén

bat T 12 tdng tit cd cic cosin cla cic
nhi dién trong cla tit dién A;A,A;A,. Si dung
hé thic

(B +e,+&+8,) =4-2T & T =2
hay 1a cosay, +cosa; +cosay, +cosay; +

+ cosdy, +Ccosay, =2

thi ta cé

Dinh li 6. T dién 6 dién tich cdc mdt déu
nhau khi va chi khi t6ng tdt ¢d césin cdc nhi
dién trong cia i dién bdng 2.

6. Mot tinh chat cua tir dién truc tam

T dién goi la nf dién truc tam khi céc dudng
cao dong quy.

Dinh 1i 7. Trong tt dién truc tam A 4,434,
véi tryc tam H nim trong tit dién. Goi V, (i = 1,
2, 3, 4, 5) 1a thé tich hinh chép dinh H véi day
la mat déi dién dinh A, cua ti dién thi ta c6

ViHA1 +V, HA2 + V, HA3 + V, HA4 = 0. (9)

Chitng minh. Goi A H; (i=1,2,3,4)lacic
dudng cao cla t dién va ching cit nhau tai
diém H thi 6 HA; = HAZ, (i=1, 2,3, 4). Dé
thdy ring trong t dién true tam véi truc tam H thi
HH\.HA1=HH2.HA, = HH3 HA3=HH4.HA4

4 —— —— ud
nén tr (2) ¢6 » S,.HHi.HA;¢ =0, ma 3V =
i=1
4 —_— —_
S,-HH, (i=1,2,3,49)nén V.HA; =0 (dpem).
i=1

Dinh li 7 goi y cho ta m& rong két qua nay
cho ti dién thudng véi M 1a mot diém bat ki
nim trong t¥ dién va V, (i = 1, 2, 3, 4) 1a thé

175




tich hinh chép dinh M véi ddy la mat do6i dién
dinh A; cla tir dién.

Duéi day xin néu mot s6 bai tap dé luyén tap
thém vé dinh 1i con nhim.

Bai 1. Tim cdc cdch ching minh dinh Ii con
nhim d6i véi tam gidc trong hinh hoc phang.
Hay xét truc tam cla tam gidc dé€ c6 dinh Ii
tuong tu dinh 1i 7 néu trén.

Bai 2. Ding dinh li con nhim trong hinh hoc
phing dé chimg minh dinh i cosin trong tam
gidc va tim lai cdc hé thic trong tam giac
vuong.

Bai 3. Cho tam gidc ABC, trén cic canh AB,
BC dung ciung ra phia ngoai (hodc cing vao
phia trong) hai hinh vuéong ABBB, va
ACC,C,. Ching minh ring dudng théng di qua A
va trung diém cla B,C, thi vuong géc véi BC.

Bai 4. Ching minh dinh li con nhim trong da
gidc 16i bang cach chia da gidc thanh cic tam
gidc, r6i dung két qua nay ching minh dinh 1i
con nhim trong lang tru da giéc.

Bai 5. Ching minh ring téng tat ca cdc goc
nhi dién trong cia mot ti dién 16n hon 27 va
nho hon 3.

Bai 6. Trong tit dién bat ki goi 4 (i =1, 2,
3, 4) 1a dudng cao cia t dién ha tir dinh A,
xudng mat doi dién va goi «,; la cac g6c nhi dién

trong tng v6i canh A;A;. Ching minh rang

L
20275

_ COSQ,  €OSOy3  COSOy
iy hyhy hyhy
COSOLy3  COSOLy,  COSOy
hohy by hshy

PHAT TRIEN MOT BAI TOAN

PHAM DANG LONG (PHKHTN - DHQG Ha Noi)

Chic chédn rdng nhiéu ban da biét bai toin
sau day.

Bai toan 1. Cho mét diém P trén duong
phdn  gidc trong cua mot géc xOy
(0° < xOy <180° ; P khac diém 0). Mot cdt
tuyén p qua P cdt Ox, Oy ldn luot tai A, B.
Chitng minh rdng tong

1 1
0A " OB
la khong ddi khi cat tuyén p di dong.

Tir bai toan nay chiing ta c6 thé thiét lap mot
s0 bai toan khdc.

Néu ta bo gia thiét diém P trén dudng phén
gidc trong va 1ay diém P c6 dinh nam trong géc
xOy thi két qua nhu th€ nao ?

V& dudng thing qua P song song v6i Ox ct
Oy tai J va dudng thang qua P song song véi Oy
cat Ox 6 K (h.1) thi theo dinh 1i Thales cé
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OK OJ PB PA

oAt 0B AB ‘AR~ M
X
A
o]
K P
y
0O J B

Hinh 1

Nhu vay ta dugc bai todn sau :

Bai toan 2. Cho mét diém P ndm trong géc
X0y (x0y <180° ; P khong thuéc Ox, Oy). Mot
cdt tuyén p di qua P cdt Ox, Oy ldn lugt tai A,
B. Chimg minh rdng tén tai hai s6 a, B dé




p

a B
OA OB

di qua P.

khéng doi khi p di déng nhung luén

Loi gigi. That vay, néu thay OK = ad,
OJ = fd vao (1) trong d6 d 1a mot don vi do dai
B 1

SR a 1
cho trudc, thi ta duoc a+5—5—d.

Pac biét néu cho OK = OJ = OP thi ta con
dugc mot dang thie rat I thi 1a
1 1 1
— = —,
OA OB OP
Diéu d6 chi ¢6 thé xay ra khi P ndm trén tia
phan giic cua goc ;b\y =120°. Chinh vi thé€ ma
ta co bai toan sau (Ban doc tu ching minh).

Bai toan 3. Cho géc xOy = o véi P la mot
diém 6 dinh thuéc duong phdn gidc trong Oz
cua géc dé (P khdac O). Mot cdt tuyén p qua P
cdt Ox, Oy ldn luot tai A, B. Chitng minh rdng
diéu kién cdn va du dé

1 1 1

OP

OA

OB
la a=120°
Ban doc c6 thé ty phat trién cdc bai todn ndy
cho truong hop di€ém P thuoc phan gidc ngoai
no6i riéng va P ndm ngoai mot géc néi chung.
Két qua clia ba bai todn trén c6 thé phat trién
cho géc tam dién nhu sau.

Bai toan 4. Cho mot géc tam dién déu Oxyz

—— e

véi xOy=y0z=20x=q va mgt diém P ¢6
dinh (P khdc O) ndm trén tia Ot cdch déu ba tia
Ox, Oy, Oz. Mot mdt phdng # di qua P cdt Ox,
Oy, Oz ldn luot tai A, B, C. Chimg minh rdng :

a) —O—IA— + % + % khong déi khi P thay ddi
nhung luon di qua P.

b) Diéu kién cdn va di dé

1 1 1 1

OA

OB

oc

oP

12.TUYEN CHON..TH&TT (QUYEN 3)-A

ld coso = —

5.

Hinh 2

Loi gidi.

e Gia st mat phing (OAP) cét BC tai M,
dudng thing qua P song song véi OA cit OM
tai J. Mat phéng (OBP) cit AC tai N, dudng
thdng qua P song song v6i OB cit ON tai H.
Mait phéng (OCP) cét AB tai T, dudng théng qua
P song song v6i OC cét OT tai K (h.2). Khi d6
st dung dinh li Thales ta cé

P/] PH PK PM PN PT

—t——t——==——+ =+ =

OA OB 0OC AM BN (T

Dé thay

PM PN PT _Spc  Secs, Spas
AM BN CT SABC SABC SABC
- SABC =1
SABC
PJ] PH PK
nénm+—0—5+—0——c——l (2)

e Khi cho mat phing # wvuéng géc véi OP
va cit Ox, Oy, Oz tuong tng tai A,,B,,C, thiti
gia thiét ta cé ¢ dién O.A;B,C, 1a hinh chép
tam gidc déu véi OA, = OB, =OC, =3d, P la
trong tam tam gidc déu ABC, do d6

PI_PM 1

0A, AM 3

Tuon, tucéﬂ—l—ﬂ—
e OB "3 0C,
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Chi y ring khi mat phéng # thay d6i ma
van di qua P thi c4c diém J, H, K c6 dinh nén
PJ =PH = PK =d.
Tur d6 va (2) c6
1 1 \ 1 N 2
—0—A+ﬁ+5—c_ =7 (3) 1a khong doi.
e Gia str co —l—+—1—-+—1— - L thi tr (3)
OA OB 0OC OP
. 04 . < 4z
c6 OP=d = = trong d6 OP 1L PA,. Tu do

tinh duoc PA, =22d va B,C, =26d. Ap

dung dinh 1i c6sin cho tam gidic OB,C, c6
B,C? = OB? +OC} —20B,.0C,cosa hay

24d* = 18d% —18d* cosa, suy ra cosa = —%.

e Nguoc lai néu cosa = —% ta tinh dugc

B/C, = 2\6d, suy ra OP = d, thay vao (3) dugc
ELU S S
OA OB 0C OP

Tu két qua trén ta c6 bai todn sau .

Bai toan 5. Cho mot diém P ndm trong goc
tam dién Oxyz. Mot mdt phang P di qua P va
cdt Ox, Oy, Oz tuong ung tai A, B, C. Chiing

minh rdng tén tai cdc s6 a, P, y sao cho

% + 5’% + 0}% la khong ddi khi mdt phdng

P thay déi nhung luon di qua P.

Tir bai toan 1, 2 va 3 ta ciling suy ra cic bai
todn sau day d6i véi goc tir dién.

Bai toan 6. Cho mot géc tir dién déu Oxyzt,
mot diém P ¢6 dinh nam trong géc tir dién va
cdch déu bon canh ciia géc. Mot mdt phdng #
di qua P cdt Ox, Oy, Oz, Ot tai A, B, C theo
thir tu.
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FRLENAE S
OB OC OD
khong ddi khi 2 thay déi nhung ludn di qua P.

a) Chitng minh rang BIX

b) Goi « la s6 do mot mdt ciia géc tix dién

déu da cho. Chitng minh rdng diéu kién cdn va
, 1 1 1 1 1

M e bt =

“ 4 5a*toBToc oD~ op

la

1
cosa = e

Bai toan 7. Cho mot goc tir dién Oxyzt ma
cdc mdt chéo (xOz) va (gOf) cdt nhau theo giao
tuyén Os. Diém P ¢6 dinh trén Os (P khdc 0).
Chitng minh rdng ton tai cdc s6 a, B, y, dé

5 2 7’
Eag + EﬂE + & + oD khong doi, trong dé
A, B, C, D theo thir tu la giao diém ciia Ox, Oy,
Oz, Ot véi mot mdt phdng # thay doi nhung
luon di qua P.

Chitng minh. Sit dung két qua bai todn 3 vao
hai géc X0z va y/O\t

Trong bai todn 7, ta dd phai han ché diém P
nam trén Os, con v6i P tuy y trong gbéc tir dién
thi khong phai 1a don gian. N6i chung téng quat
bai todn trong trudng hop goc da dién tuy y thi
that 1a khé, dac biét la d6i véi géc da dién c6 s6
mit bén 1a s6 1é.

Ldy trudng hop goéc ngil dién 1am dién hinh.
Ta c6 bai todn sau.

Bai toan 8. Cho mét hinh chdp ngii gidc déu
S.A.B.C.,D,E

B,C,DE, vdi diém P la tdm cua ddy
(chdn duomg cao). Mot mdt phdng #di qua P va
cdt cdc tia SA,,SB,,SC,,SD,,SE, tuong ting tai
A, B,C, D, E. Phdi chdng
LU SR TP S
SA SB SC SD SE

P thay doi nhung luén di qua P ?

la khong doi khi




@,08, . 0B, , 7,0C, 8,00, A0E,
OA OB ocC oD OE
=a,+ B, +7, 0, + A,
va a, + B, +7, + 5, + 4, 1akhong d6i (dpcm).
Cué6i cling ta di dén bai todn tdng quat sau.
Bai toan 10. Cho géc da dién 16i Ox x,...x,
(n > 3) va mot diém P ndm trong géc da dién
dé. Mot mdt phdng P di qua P cdr Ox; (i = 1,
2,..., n) tai A,. Chiing minh rdng :
a) Ton tai cac s6 thue a; (i =1, 2,.., n)

sao cho

H a. )
— la khong doi
IZ:]:OAi a khong doi
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n
1 2 . .
b) ,-zzl:O—Ai la khong déi khi géc da dién
la déu.

c) D6i véi géc da dién déu c6 s6 do méi mdt
la @, diéu kién cdn va du dé

| 1
254, ~ 0P

2
1+ (n? —l)cos—ﬁ
n

la cosp = 5
n

Ban doc hay diung cic phuong phdp néu
trong cdc bai todn 4, 8, 9 dé ching minh bai
todn 10. Dac biét hod bai toan 10 ta s€ c6 dugc
nhiéu bai toan li thi va bé ich.




Chussng 3

100 DE TOAN HAY

sO HOC

Bai 1 (T6/220). Cho trudc s6 nguyén t6 p
va s6 nguyén duong a v6i 1 <a <p - 1. Gia st
p-1

A= Zak.
k=0

Ching minh rang véi moi udc nguyén t6 ¢
cla A ta déu c6 ¢ — 1 chia hét cho p.

Bai 2 (T1/221). Tim s6 tu nhién » 16n nhat
sao cho s6 1995 bing tdng cta n s6 ay, ay,..., a,,
trong d6 céc s6 a, (i = 1, 2,..., n) déu 1a hop s6.

Bai 3 (T2/222). Cho a, b, ¢ 12 ba s6 hitu ti
thod mén :

abe =1

b2 2 2

a b ¢ c a

— =t ==t —+—.
Bt 4 a b«

Chiing minh ring it nhdt mot trong ba s6 q,
b, ¢ 1a binh phuong ctia mot s hitu ti.

Bai 4 (T8/225). Cho ddy s6 (b,), (n =1, 2,...)
duoc xdc dinh bdi : b, =0, by = 14, by =—18 va
b1 =7h,— —6b,_, v6imoin > 3.

Ching minh rang véi moi s6 nguyén t6 p ta

ludn ¢6 b, chia hét cho p.

Bai 5 (T2/226). Giai phuong trinh nghiém
nguyén

4y? =2 +199 - x? - 2x.
Bai 6 (T3/226). Tim t4t ca céc s6 ty nhién a
dé phuong trinh

2 od’x+a+1=0

c6 nghiém nguyén.
Bai 7 (T6/226). Ching minh ring v6i moi s6
ty nhién n (n > 2) tacd

n-1

2(n-k) ~1
Z C2n+1 'Cn—k
k=0

chia hét cho 4™ .

Bai 8 (T1/228). Tim céic s6 tu nhién m, n dé

2
A =33 +6n=61 1 4 13 56 nguyén 6.

Bai 9 (T3/228). Tim cic nghiém nguyén
(x ; n) cha phuong trinh

x+,’x+%+,,x+% =n.

Bai 10 (T6/228). Cho p la s6 nguyén t6.
Ching minh ring v6i moi s6 m nguyén khong
am b4t ki, t6n tai mot da thiic Q(x) ¢6 hé s6
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nguyén sao cho p” 1a uéc chung 16n nhat cla tat
ca céc s6
a,=(p+1)'+0mvdéin=1,2,3,.

Bai 11 (T1/233). Cho dady s6 nguyén

(a,X(n=0,1,2,...) thod méan
dyy+a, | =2a,,, +a,) vin=1,2,.

Ching t6 rang ton tai s6 nguyén M khong
phu thudc vao n sao cho M + 4a,, a, la s
chinh phuong véi moi n € N.

Bai 12 (T1/237). Cho s6 A c6 1997 chit s6
trong d6 c6 1996 chir s6 5 va mot chit s6 khac 5.
Hoi A c6 thé 1a s6 chinh phuong hay khong ?

Bai 13 (T5/239). Cho didy s6 (a,), (n=12,...)
duoc xac dinh boi

ay=1,a,=3,a,,=(n+2)a,-(n+1)a,_
véi moi n > 2.

Tim t4t ca cdc gid tri cha n d€ a,, 1a s6 chinh
phuong.

Bai 14 (T6/239). Ching minh ring néu mot
cép s6 nhan c6 n s6 hang (n > 3) la cic s6 tu
nhién phan biét va cong boi ciing 12 mot s6 tu

nhién thi t6ng clia t4t cd n s6 hang d6 khong thé
12 luy thira cua 5.

Bai 15 (T2/240). Giai phuong trinh nghiém
nguyén
x2y2 -x* - 8y2 = 2xy.
Bai 16 (T7/240). Xét day s6 hitu ti (a,),
(n=1, 2,...) thoa man

a,, =3a> -2 véimoinz 1.

Tim t4t c4 cdc s6 hitu ti a; d€ ton tai cic s6
m, n phan biét sao cho a,, = a,,.

Bai 17 (T7/241). Tim céc s6 nguyén t6 x, y
thoa man phuong trinh

[Q/T]+[§/—2_]+...+[m]= y trong d6 vé&
tréi c6 x° — 1 s6 hang. (ki hiéu [«] 12 s6 nguyén
16n nhat khong vuot qué a).

Bai 18 (T6/242). Gia sir x va y 1a cic s6
nguyén duong sao cho 2+ y2 + 6 chia hét cho

X2 +y*+6
X

xy. Chiing minh ring 12 1ap phuong

cliia mot s@ tu nhién.

PAI SO

Bai 19 (T8/219). Cho cic s6 khong &m x, y,
zthod man diéu kienx +y+z=1,vane N,
Hay tim gi4 tri 16n nhat cha biéu thic

P=x"y+y'z+z"x.
Bai 20(T3/221). Chiing minh bét déng thitc
53 B3 A3

+ +
PP —be+c? toca+ra® @ —ab+hb?

S 3(ab + bc + ca)
- a+hb+c

trong d6 a, b, ¢ 1a cic s6 duong.
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Bai 21 (T8/221). Chitng minh b4t ding thic

b2 +c? r+d?
b+c¢

a® +b?
a+b
Bai 22 (T7/222). Giai hé phuong trinh

. 3 + b2 + %)
at+b+c

c+a

x=32%x-3z+2°=0
y—3x2y——3x+x3 =0
z—3y22—3y+y3 = (.
Bai 23 (T3/223). Ching minh bt déng thic
sauvfinz5:

1 1 1
1,71<1+§—!+§+...+m<1,72.




Bai 24 (T7/224). Tim tat ca cac da thic P(x)
v6i cac hé s6 thuc va thod mén :

P(0) = 0,P(x> +1) = P2(x) +1, véimoi x € R.

Bai 25 (T7/225). Cho ham s6 ¢ : R — R.

bat A| = {x € R, o) = x}

; Ay = (x e R,

o)) = x}. Gia st A\ A, la mot tap hop hiru
han va tén tai ham s6 f : R — R thoa man

f(f(x) =
Chitng minh ring s6 phin tir cia A\ A; 1a
mot s6 nguyén chia hét cho 4.

Bai 26(T8/226). Cho a, b, ¢, d, e, f 1a sdu s6
thuc thoa man diéu kién

ab+bc+cd+de+ef =1.

¢(x), véimoix € R,

Chitng minh ring

1
Erb P+ d? et e fr 2

T
2 _
Ccos 7

Bai 27 (T3/227). Hay tim cc gid trix, y, z, ¢t
dé biéu thic
==y + (-2 + -0+ (-2

dat gid tri nho nhdt, trong d6 {x, y, z, t} =
{1930, 1945, 1975, 1995}.

Bai 28 (T7/227). Cho day (a,), (n = 0, 1,
2,...) dugc xdc dinh nhu sau :

2-3

% = _2—_’an+l =4a, (4a;21 - loan + 5)2 véi

moin=0,1,2,..

Tim s6 hang téng quét a,,.

Bai 29 (T2/228). Tim nghiém duong ctia hé
phuong trinh

_ 1996
.X] + x2 = X3

1996
Xy + X3 = Xy

1996
X995 T X1996 = X

1996
Xiggg + X =Xy .

Bai 30 (T7/228). Gii phuong trinh

729x* + 81 -x% =36.
Bai 31 (T7/230). Gia st a, b, ¢ la ba s6
duong, n € N, n > 2. Ching minh rang

n _1
\/b+c \[c+a \/a+b n~1 Vn

Bai 32 (T7/231). Tim tat ca cdc ham s6
f R — R thoa mén

flx+D).f(y) =

Bai 33 (T6/232). Tim tt ca cc gia tri cha m
dé he phuong trinh

{x3—mx—y=0

y3—my+x=0

y(f(x)+1) véimoix,y € R.

c6 nam nghiém.

Bai 34(T8/232). Xét song anh f : N > N,
chimg minh ring t6n tai v6 s6 bo (a, b, ¢) vdi a,
b, ¢ € N thod man diéu kién a < b < ¢ va

2f(h) = fla) + flc).
Bai 35 (T7/233). Cho da thitc

fx)= x4 - 20 —12x+ 1,

Hay tinh téng S = Z (—21—+—)1—
i=l

& d6 n 1a s6 nghiém va x; (i = 1,..., n) la céc
nghiém cilia da thic f(x).

Bai 36 (T8/233). Cho ba s6 thuc a, b, ¢ thod
man diéu kién a® +b% +¢* = 2. Ching minh
rang

D la+b+c—abcl<2

2) |a® + b3 + &3 = 3abcl < 242.

Bai 37 (T2/234). Cho cac s6 duong a, b, ¢ va
céc s6 x, y, z thoa man diéu kién

a+b+c=1
x2+y2+22=1
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Ching minh ring
alx+b)+b(y+c)+c(z+a)< 1.
Bai 38 (T6/235). Tim héng s6 duong C nhé
nhat sao cho vé6i n s6 duong bat ki «;,a,,...,q,

ta déu c6

1 2 n

—+ fot————
a  apta, a +..+a,

< C(L+—l—+...+ij.

a a a,

Bai 39 (T7/235). Tim gi4 tri 16n nhat cla
biéu thirc
_a v b N ¢ N d
“bed+ 1 cda+1 dab+1  abc+1
véia, b, c,de[0;1].

Bai 40 (T8/235). Cho hai da thic hé s6 thuc
P(x) va Q(x), trong d6 P(x) la da thirc bac ba tuy
¥, O(x) la tam thic bac hai khéng c6 nghiém
thuc. Ching minh ring néu d6 thi ham s6

_ P
7700
né ndm trén mot dudng thing.

Bai 41 (T3/236). Cho 2n s6 ay,a,,....a

b,,...,b, thod man :

c6 ba diém u6n thi ba diém uén cua

bl )

n’

1)a <a,<...<a,

2) b 20, (i=1,2,.,n)

batm= min {a; —q;;a4)},M = max{h,}.

1sisjsn ? 1<ign
Ching minh ring
M(ah, + ayby + ...+ ab,)

n-'n
> i;-(b1 +hy+..+h ).

Bai 42 (T6/238). Cho day s6 thuc (x,),
(n=1,2,...) dugc xac dinh nhu sau :

4

N

X1 =25, = voimoin > 1.
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Ching minh ring
—5 < Xy

Bai 43 (T7/238). Hay x4c dinh t4t ca cic bo
ba s6 thuc (a, b, ¢) sao cho haim s6

1 <2 véimoin>1.

flx)= ax> +bx® +cx+1 c6 tinh  chat

|£(x)| <1 v6imoixel[-1;1].
Bai 44 (T7/239). Cho 0 < a, b, ¢, d < 1.
Ching minh ring
a N b . ¢ N
bed+2  cda+2  dab+2

1
<
Taber2 s Y abed 12

45 (T8/239). Biét

2000 1999 <
fix)=x + apx + .t dggeX + dyggy €O

Bai ring da thiic
2000 nghiém thyc khdc nhau va a;99s = 1995,
ay997 = 1997. Ching minh ring l“1996’ > 1996.

Bai 46 (T6/240). Cho s6 nguyén duong n.
Ching minh ring

1 + 1 - 1 < 1
2 et <7o0s"
C1998 C;’9+97+n 1995

1
C]997

Bai 47(T2/241). Cho ba s6 thuc khong am x,
1997 + yl997 + 21997 =13. Tim gié.
2

tri 16n nhét cta bidu thic F = x? + y% + 22

y, z thoa mén x

Bai 48 (T8/241). Cho x,x,,...,x, la n s6

>n

thuc thudc doan [0 ; 1]. Chimg minh ring
fql=x) +x (1= x3) +...
n
+X"_1(1 - .X'") + .X"(l - xl) < |:5:!

trong d6 ki hiéu [«] chi s6 nguyén 16n nhat
khong vuot qué a.




GIAI TiCH

Bai 49 (T6/219). Day s6 (a,), (n = 1, 2,...)
duoc xac dinh nhu sau :

all

1.
a =la,,,=a, +T voimoin 1.

Tim tét ca cdc s6 thuc a sao cho day s6 (u,,),

o

(n=1,2,.) xdc dinh bdi u, = "7 (v6i moi n > 1)
1a hoi tu va giGi han cla né khac khong.
Bai 50 (T7/221). Cho céc day (a,) va (b,),

n € N* dugc xac dinh nhu sau :

n(l +n)

n n
+n (1+n")

=1+
1+n2"

a"

1+n?
v6imoin € N* ;
_1_
b, = (i)"(nﬂ) v6i moi n € N*,
n+l

Tim lim b,.
H—>+0

Bai 51 (T6/225). Ching minh ring véi méi
s6 nguyén duong n cho trudce thi phuong trinh

X2"+1 =xr+1

c6 diing mot nghiém thuc. Goi nghiém 4y 1a x,,.
Hay tim lim x,, khi # d4n t6i +co.
Bai 52 (T7/226). Cho phuong trinh
xB—x®43xt -3 +1=0.

a) Ching minh ring phuong trinh trén c6
diing mot nghiém s thuc.

b)Pat x; = 1va

_3
( 1 ) 13
— 3
Xnel =\ X +1

v6i moi n € N*, Ching minh ring day s6 (x,)

¢6 giGi han khi n — +o0 va khi dat x = —limx,,

thi x; 1a nghiém s6 thuc néi trén.

¢) Ding may tinh bo tdi hdy tinh gidn ding
nghiém s6 thuc ndi trén dén hai chir s6 thap
phan.

H 3
Bai 53 (T8/228). Gia st S, =Z( nj,

oo\ 3k
trong do
m)| mim-1)..(m-s+1)
s 1 12...s
Tim  lim 3yS,.
H—>+00

Bai 54 (T6/229). Cho day s6 (x,), (n = 1,
2

n

2,..)thodman 1 <x; <2vax, =1+ x, -2+

v6i moi n > 1. Ching minh ring day s6 (x,) hoi
tu va tim gidi han ctia n6 khi n —> +oo.

Bai 55 (T7/229). Cho ham s6 f{x) lién tuc
trén [0 ; 1], ¢c6 dao ham trong (0 ; 1) va f(0) =
A1) =0. Ching minh ring t6n tai mét s6 ¢ € (0; 1)
sao cho f{c) = 1996f '(x).

Hoi két luan ciia bai toan c6 thay déi khong
néu f(0) = (1) = m, v6i m 1a s6 thuc khic O cho
truée ?

Bai 56 (T8/230). Tim t4t ca cac
hams6f:R—> R thod man diéu kién

|£(0) ~ (@] < 5(x—g)* v6i moi ¢ € Q, moi
x e R.

Bai 57 (T6/233). Cho m la s6 thuc duong.
V6i méi n nguyén duong, day s6 thuc (a, ),
(i=0, 1.,..., n) duoc xac dinh nhu sau :

an,i
an,O = 1’an,i+1 = an,i 1+ mn .
v6ii=0,1,....,n—-1.

1) Chiing minh ring néu m < 1 thi

a,,>Nn+1 véimoin e N*,
2) Gia st n > 1. Ching minh ring

—— véimoin € N*;
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b) lim a,, =

poio " m—1
Bai 58 (T6/236). Cho day (a,), (n =1, 2,...)
thod mén :
a; =da;d,,, =g%_—2f'2';2.
3a, —4a, -1

vGimoi n € N*,

Ching minh ring, néu la| > 2 thi day (a,)
hoi tu va tinh gidi han cta day khi n — +oo.

Bai 59 (T6/241). Cho day s6 (b,), (n = 1,
2,...) duge xac dinh bdi :

1 1 [ 1
bl zz’bnﬂ :5(17’1 + bn +Fj

véimoin = 1.

Chimg minh rdng day (b,) la day hoi tu va

tim lim b,.
n—>+0

HINH HOC PHANG

Bai 60 (T9/219). Tim trong tam gidc ABC
2 BC CA AB
mot diém M sao cho ¢ = MA'+ MB’+MC'
dat gid tri nho nh4t, trong d6 MA', MB' va MC'
theo thi tu 1a khoang cich tir M dén céc canh
BC, CA va AB clia tam giéc.

Bai 61 (T9/221). Gia st O 1a m6t diém nim
trong tam gidc ABC. Céc dudng théng OA, OB,
OC cit céc canh BC, CA, AB theo thi ty & A,
B', C'. Tim tap hop nhiing diém O sao cho :

2 2 2 _ 2 2 2
Soac + Sosa' + Soce =Sosc' + Soca' + Soas’

trong d6 ki hiéu S,p- 12 dién tich cla tam
gidc ABC.

Bai 62 (T5/224). Cho hai hinh chit nh4t ¢6
chu vi bing nhau. M6t hinh c6 céc canh duoc t6
mau do ; hinh kia ¢é cic canh dugc t6 mau
xanh. Ngudi ta chéng hai hinh chit nhat 1én
nhau sao cho phén giao ciia ching la mét hinh
bat gidc. Ching minh ring hinh bét gidc c6 tinh
chét : tdng do dai bon canh mau dé bing tdng
d6 dai bén canh mau xanh.

Bai 63 (T9/224). Goi a, b, ¢ la 40 dai cic
canh BC, CA, AB clia mot tam gidc ABC ; Rvar
theo thit tu 12 bdn kinh cdc dudng tron ngoai
ti€p va noi tiép clia tam gidc. Ching minh bat
dang thic
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2 N2 (2
r a=h -’ e’ 1
R 16R?

Bai 64 (T10/225). Trong mat phing cho ngii
gidc déu A/A,A;A,As c6 canh bing a va mot

(Y]

du’bﬂg théng A. GOl Ml’ Mz, M3, M4, MS tuong
ttng 12 hinh chi€u vuong géc clia céc dinh A,
A,, A3, Ay va As trén A. Chitng minh h¢ thic

s
R
Bai 65 (T10/226). Goi h,,h k. va 1,11
theo thi ty 13 do dai cic dudng cao va cic
dudng phan gidc ing vdi cic canh c6 d6 dai q,
b, ¢ clia mét tam gidc va bdn kinh cdc dudng
tron ndi v ngoai ti€p tam gidc tuong tng 1a r
va R. Chitng minh ring

h, h, h 2r
Za 10, ¢ 533
PR

Bai 66 (T10/227). Skt dung vecto, hdy chiing
minh ring, dudng tron Euler cia mét tam gidc
(dudng tron di qua ba trung diém cha ba canh
tam gidc) thi ti€p xic trong véi dudng tron ndi
ti€p tam gidc do.

Bai 67 (T5/230). Cho diém A c6 dinh trén
dudng tron (O) tam O, ban kinh R. Lay mot
diém M nao dé trén dudng tron (O), ti€p tuyén

M M2+ MyM? + MyM2 + MyM2 + MM =




v6i dudng tron tai M cit tiép tuyén tai A & diém
P. Xét dudng tron (0,) tam O, di qua M va tiép
xdc v6i AP tai P. Chimg minh ring khi diém M
di chuyén trén dudng tron (O) thi cic dudng
tron (O)) ludn ti€p xic véi mot dudng tron
¢0 dinh.

Bai 68 (T4/232). Cho tam gidc ABC ndi ti€p
duong tron (0), goi M 1a trung diém cta BC.
Trén dudng thang BC 14y hai diém /, J d6i xiing
v6i nhau qua M. Goi E, F 14n luot 12 giao diém
thir hai cha A/, AJ véi dudng tron (O) va H 1a
trung diém cta EF. Tim quy tich diém H khi /,
J di dong trén dudng thang BC.

Bai 69 (T9/232). Cho b6n di€m A; (i = 1, 2,
3, 4) cung nadm trén mot dudng tron (0). Goi
(T 1a tam gidc xdc dinh boi ba trong bon diém
trén, trir diém A;. Ching minh ring b6n dudng
tron Euler clia b6n tam gidc (T;) va b6n dudng
thdng Simson cla cdc diém A, d6i v6i b6n tam
gidc (T;) cung di qua mot diém.

Bai 70 (T9/233). Goi a, b, ¢ 1A do dai céc
canh cia moét tam gidc c6 dién tich S ; cdc
dudng cao va trung tuyén tuwong ing véi cic
dinh A, B, C 1a h,, hy, h, VA m,, m,, m,. Ching
minh ring :

1) a+b+c2242748

2) h,my + hym? + hcm;‘ > 94/35% /5.

Bai 71 (T5/234). Gia st M 1a diém b4t ki
nim trong tam gidc ABC. Chiing minh ring :

MA.BC + MB.CA + MC.AB
< 2max{AB.AC,BC.BA,CA.CB).

Bai 72 (T9/235). Gia st M 1a mot diém b4t
ki ndm trong mat phing ctia mot tam gidc ABC.
Goi x, y, z la khoang cich tir M dén cic dinh va
p. ¢, r 1a khoang céch tir M dén cac canh cla
tam giéc.

a) Néu ABC la tam gidc déu, ching minh
rang

x2 +y2 +2% < 4(p2 +q2 +r2).

b) Néu ABC la tam gidc khong déu thi tim

duogc diém M sao cho
X2 +y2 +z22 > 4(p2 +q2 +r2).

Bai 73 (T9/236). Cho tam gidc ABC néi tiép
dudng tron (O) va ngoai ti€p dudng tron bin
kinh r. Goi Oy, R, ; 0,, R, ; O3, R; theo thit tu
la thm va ban kinh cdc dudng tron ti€p xic
ngoai v6i (0), dong thdi ti€p xdc véi cdc cap tia
AB, AC ; BC, BA ; CA, CB tuong ing. Chimg
minh ring

R +R, + Ry 2 12r.

Bai 74 (T4/237). Gia s AA', BB', CC' 1a céc
dudng phan gidc trong cua tam gidc ABC. Goi L
1a giao diém ctia AA' va BC', K 1a giao diém cia
CC' va A'B'. Ching minh ring BB' la phan giic
cta géc KBL.

Bai 75 (T5/238). Cho tam gidc ABC véi
diém M nim trén canh BC ; N nim trén canh
AC ; P nam trén canh AB. Goi A}, By, C, la céc
trung diém tuong tng clia AM, BN, CP. Ching
minh rng ti s6 dién tich cla tam gidc A;B,C, 1a
tam gidc MNP khong phu thudc vao vi tri cdc
diém M, N, P.

Bai 76 (T5/239). Cho nita dudng tron dudng
kinh AB, ban kinh R. L&y diém C nao d6 (khic
A, B) trén nira dudng tron d6. Ha CH vuéng géc
v6i AB. Goi O; va O, theo thir tu 1a tam céc
duong tron noi ti€p tam gidc AHC va BHC. Tim
vi tri cha diém C dé doan 0,0, c6 d¢ dai 16n
nhét va tinh do dai 16n nhat d6 theo R.

Bai 77 (T9/240). Goi r va R theo thir tu 1a
ban kinh dudng tron ndi ti€p va dudng tron
ngoai ti€p tam gidc ABC va d¢ dai cdc canh tam
gidc la a, b, ¢. Chiing minh ring

a* +b* +* <8R* + 4r%

Bai 78 (T10/240). Trong mat phang toa do

Oxy cho elip (E) c6 phuong trinh
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2 2
X
__.2_ +
a

Mot day cung MN cua elip thay doi sao cho
MON =90°.

=1, v3ia>h>0.

U~N1‘<

1) Tim gi4 tri 16n nhét va gia tri nho nhét cta
dién tich tam gidc OMN.

2) Tim quy tich hinh chi€u vuéng géc H cua
diém O trén day cung MN.

Bai 79 (T5/241). Cho tam gidc ABC vé6i M 1a
trung diém canh BC va BC = a. Ching minh
ring néu r, ry, ry theo thi tu 1a ban kinh dudng
tron noi tiép tam gidc ABC, ABM, ACM thi

l4——1—22(1+2j.

noon rooa
Bai 80 (T9/241). Chimg minh ring trong
tam gidc nhon ABC, ta c6 bat déng thic

sinAsin B +sin BsinC +sinCsin A

> (1+ x/2cosAcosBcosC)2.
Bai 81 (T8/242). Trong tam giic ABC c6

mot goc khong nhd hon 2?” Chimg minh ring

A B C
—_— — —_— —
tan2+tan2+tan2_4 \/5

HiINH HOC KHONG GIAN

Bai 82 (T10/219). Goi S la dién tich toan
phan clia mot tf dién gan déu ABCD c6 do dai
ciccanhlABC=DA=a,CA=DB=bhvaAB=
DC = ¢. Chitng minh bat déng thic

1 1 1 9
+ + <=.
SZ

Pt P a*b?

Ding thirc xay ra khi nao ?

Bai 83 (T10/222). Gia sir O 1a mot diém bat
ki & bén trong cia mot ti dién ABCD. Goi Ay,
B,, C, va D, theo thit tu 1a hinh chi€u cta O
trén cic mat phang (BCD), (CDA), (DAB) va
(ABC) sao cho

0—A'1 +5§1 +5E:1 +(_)—B1 =6.
Chitng minh ring
OA, + 0B, + OC, + OD,; < 4r
trong dé r 1a ban kinh mat cdu noi ti€p t dién.

Bai 84 (T9/223). Mat phang (P) quay xung
quanh dudng cao SO cua moét hinh chép ngi
gidc déu S.A A,A;A,As Vva cat cic mat phing
(SA/Ay), (SAAy), (SA3A4), (SA44s), (SAs4))
tuong tng theo cdc giao tuyén SM,(i = 1, 2, 3,
4,5). Goi o 1a céc goc tao béi SM; (i=1,2,3,
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4, 5) v6i mat phang ddy (A;A,A;4,As). Ching
minh ring dai lugng

5
T= z:tan2 o,
i=1

c6 gia tri khong déi. Téng quat hod bai toan trén.

Bai 85 (T10/223). Cho tt dién ABCD véi
cac duong cao déng quy tai truc tam H. Cac
dudmg cao AA,BB,,CC, va DD, kéo dai cit
mat cdu ngoai tiép tit dién & cic diém tuong ing
A'B'.C' va D'. Ching minh ring néu
A,A'=ByB'=C,C'=D,D' thi ABCD 1a mot
tr dién déu.

Bai 86 (T10/224). Ty dién déu ABCD cb
tam 12 S va do dai cdc canh bang 2. Goi A', B',
C' va D' theo thit tu 12 hinh chiéu cua céc dinh
A, B, C va D trén duong thing A nao do6 di qua S.
Tim 4t c& céc vi trf clia duong thing A sao cho tong
SA™+ SB™+ SC™+SD™ dat gi4 tri 16n nhat.

Bai 87 (T9/225). Cho hai dudng thing x, y
chéo nhau c6 dinh. Ldy hai diém M, N nao d6
trén x va hai diém P, Q nao do6 trén y sao cho
MN = a va PQ = b, trong d6 a, b la céc d6 dai
cho trude.




Hay xac dinh vi tri cia M, N, P, Q dé
ban kinh hinh ciu noéi ti€p ti dién MNPQ la
16n nhat.

Bai 88 (T9/226). Goi G la trong tam mat
(ABC) cua tit dien ABCD va M 1a mot diém bat
ki thuoc mién tam gidc ABC. Dudng thang qua
M song song véi DG cit cac mit phiang DBC,
DCA va DAB theo thitty ¢ A', B'va C'.

Ching minh ring

DA'+ DB'+ DC' > 3GM.

Bai 89 (T9/227). Cho tit dién OABC vudng &
0, c6 chiéu cao OH = h va d6 dai cic canh cla
tam dién vuong la OA = a, OB = b, OC = c.
Ching minh ring

acotA+bhcotB+ccotC = 3h

trong do cotA, cotB va cotC la cotang céc géc
cta tam gidc ABC.

Bai 90 (T10/228). Hinh chép S.ABC c6 téng
céc mit (géc & dinh) cha tam dién dinh S bing
180° va céc canh bén SA = SB = SC = 1. Ching
minh rdng dién tich toan phdn cta hinh chép
nay khong 16n hon J3.

Bai 91 (T10/229). Goi G la trong tam cia ti
dién ABCD, n6i ti€p mit cdu (O). Cic dudng
thing AG, BG, CG va DG cét lai (O) theo thit ty
& A,,B,,C; vaD,. Ching minh ring

GA, +GB, +GC, +GD, 2GA+GB + GC +GD.

Bai 92 (T10/230). Gia sit M 1a mot di€ém
nim trén dudng thing chita dudng chéo AB' clia
miat bén ABB'A’ cua mot hinh hop xién
ABCD.ABC'D' va MA = kMB (k #0). Goi N va
P 12 c4c diém l4n luot nim trén cic dudng thing
BC' va CD' sao cho NB = xNC', PC = yPD'.

a) Hiy x4c dinh x va y theo k dé ba diém M,
N va P thing hang.

b) Tir d6 suy ra cé vo s6 dudng thing cit ca
bon dudng thidng AB', BC', CD' va DA', déng
thoi bon giao diém nay lap thanh mot hang
diém diéu hoa.

Bai 93 (T10/231). Goi dién tich cdc mat d6i
dién véi cac dinh A, B, C, D cua mét t¢ dién
ABCD theo tht tu la S,,S,,S.,S;. Ching

minh ring S, JA + S, JB +S,.JC + S;.JD =0
trong d6 J 1a tam hinh cdu n6i tiép tit dién ABCD.

Bai 94 (T10/232). Trong khong gian cho ba
tia Ox, Oy, Oz va ba diém A, B, C c6 dinh
(khong trung véi diém O) l4n lugt ndm trén ba
tia dé.

Gia sir day (a,), (n = 1, 2,...) 1a mét cap s6
cong c¢6 a; > 0, cong sai d > 0. V6i mbi s6
nguyén duong » trén Ox, Oy, Oz theo thi tu 13y
cac diém A,, B,, C, sao cho OA = a, OA,, ; OB
=a,.10B,;0C=a,,,0C,.

Chimg minh ring :

1) Cic dudng thing A,B, luon di qua mot
diém c6 dinh. Goi ba diém c¢6 dinh ma ho cic
dudng thing A B,, B,C,,, C,A, diqualal, J, K.

2) Ba diém /, J, K thing hang.

Bai 95 (T10/235). Gia st M 1a mot diém
thuéc mat (BCD) ciua tit dién ABCD. Mot mit
phing b4t ki cét cdc canh AB, AC, AD va
doan AM theo thi tv & B', C', D' va M'. Chiing
minh ring
AM + AM <max{AB + AB,AC +AC,AD + AD'}.

Bai 96 (T10/236). Gia st O 1a mot di€ém
trong tit dién ABCD sao cho
BOC = DOA, COA =DOB va AOB = DOC.
Chitng minh ring v6i moi diém M trong khong
gian ta c6
MA+ MB+ MC +MD 20A+0B+0C +0D.

Bai 97 (T3/239)

Chimg minh ring c6 thé ding 8 mau dé 16
t4t ca cac dinh cta hai con xic xéc sao cho hai
diéu kién sau day dong thdi thoa man.

nam

1) Trong mbi con xic xic, khéng c6 hai dinh
nao dugc té cung mau.
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2) Téng s6 mau cla céc dinh & hai mat bat ki
(mot mat thudc xdc xic nay, mot mat thude xic
xic kia) khong vuot qud 6.

Bai 98 (T10/239). Tim diéu kién cin va du
cia hinh hép ABCDA'BC'D' dé cac hinh
ciu ndi ti€p hai tt dién AB'CD' va A'BC'D ¢6
cung tam.

Bai 99 (T10/241). Gia st M, N, P 1a ba diém
theo thit tu 14y trén cdc canh SA, SB, SC cua ti
dien SABC. Goi I 1a giao diém ciia ba mit phing
(BCM), (CAN), (ABP), J 1a giao diém ciia ba
mat phing (ANP), (BPM), (CMN). Chitng minh
ring ba diém S, /, J thang hang va
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S _ M5 NS S
JI MA NB PC
Bai 100 (T10/242). Cho tir dién déu ABCD.

Gia sit M 1a mot diém nao d6 trong mién tam
gidc ABC. Goi A', B' va C' 1a hinh chi€u vuéng
g6c ctia M 1an lugt trén cdc mat (BCD), (CDA)
va (DAB). Chimg minh ring khi M di chuyén
trong mién tam gidc ABC thi trong tAm G cua
tam gidc A'B'C' di chuyén trong mot mién tam
gidc A;B;C nam trong tit dién va song song véi
day ABC.




1 1 Phti};‘ hai : LOI GIAI

s& HOC

Bai 1 (T6/220).
Cach 1.
a’ -1
a-1"

Gia sur ¢ 1a u6c nguyén t6 cua A. Khi dé

Tacod A =

@’ =1 (modg) (1)

Theo dinh li nhé Fermat thi ¢/ ' = 1 (modg) (2)

Goi h la s6 nguyén duong bé nhat dé

d'=1 (modg).

Néu m 1a s6 nguyén duong ma o™ = 1 (modg)
thi m : h. That vay n€u m = ht + 5,0 < s < h thi
a' =d" =1 (modg), trdi v6i cach éhon h. T
pih
(¢g-D:h

Bai todn dugc ching minh néu ta chirap = A.

diéu nay va (1), (2) ta suy ra {

That vay vip las6 nguyént6map :hnénp=nh
hoac h = 1.

Néu i = 1 suy ra ¢ = 1 (modg). Tir cach xdc
dinh A suy ra A = p (modg). Ma A = 0 (modg)
nén p = g = a — 1 chia hét cho p. Diéu nay
khong xayravia—1<p.

Cach 2.
Truéc hét can ching minh ring véi a > 1 thi
@ -1,d"-1)=d"™"-1.

Ap dung diéu nay ta c6
« -1, a”_1 -1) =a(’”q_1) - 1.
Tix (1) va (2) suy ra

a?4™" =1 (modg).

Néu (g - 1, p) = 1 thi @ = 1 (modg). Li luan
nhu & cich | ta thdy diéu nay khong xay ra.
Vay (¢ — 1, p) = p hay ¢ — 1 chia hét cho p.

Bai 2 (T1/221).

Tacé a, +a, +...+a, = 1995 nén trong cic
s6 a; (i =1, 2,..., n) phai c6 it nhit mot s6 1€, gia
st 1a a,,. Céc s6 con lai 1a hop s6, do d6 a; > 4
(i=1,2,.,n—-1)con a, la hop s6 I¢, do dé
a,>9.Vay

1995=a,+ay+..+a,24n-1)+9

:>199524n+5:>n$1—9429 <498

= n<497.
Véi n =497 ta thdy
1995=4+...+4+6+09.
trong d6 c6 495 s6 hang bang 4.

Vay n 16n nhat 1a 497.
Bai 3 (T2/222)
Cdch 1Dt x ==, y:iz, z = taduoe
b c a
Xyz =
< 1 1 1
X+y+z=—+—+-—
Xy z
o 7= (1)
X+y+z=xy+yz+az 2)

Xéttich(x-Dy-D(z-D=xyz —xy —yz
—xz+x+y+z—1=0theo (1) va (2).

Tir d6 suy ra it nhat mot trong ba s6 x, y, z
phai bing 1. Néu x =1 thi a = b, néu y = 1 thi

b=c2,néuz=1tlﬁc=a2.
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Cach 2.

a b e Bl

24t a h ¢

& PR PP = b e+ Sa+d’p (vi
a*b*c? =abe = 1)

& (@b -ty - (p3a? - dPb) -

(3P -+ B e—abe)y =0

< az(.'z(b2 —a)- baz(l'v2 —-a)—

~ AP —ay+be(b? —a) =0

& (B - )@ —ba®) = (= b)) =0

o (b —a)c? —b)a* -¢) =0.

Tir d6 suy ra it nhit mot trong ba s6 a, b, ¢
phai 12 binh phuong ciia mot s6 hitu ti.

Bai 4 (T8/225)

Tu hé thic xac dinh diy (b,) ta c6 phuong
trinh x* =7x+6 = 0 (1) 1a phuong trinh dac
trung cta day s6 do.

Dé thdy (1) c6 banghiém la:x=1,x=2va
x=-3.Tudésuyra:bh,=al" +b2" +c.(-3)"
(2)v6imoin>1.Lanlugtchon=1,2,3 tir (2)
va gia thiét ctia bai ra ta dugc

a+2b-3¢=0
a+4b+9c =14
a+8h—-27¢c =-18

Vay b, =1+2" +(-3)" véimoin2>1(3)

Sa=b=c¢c=1.

Véi p la s6 nguyén t6, theo dinh i nho
Fermat, ta c6 27 = 2(modp) va (-3 =
(-3)(modp). Vi vy, tir (3) ta duge h, = (1 +2 -3)
(modp) véi moi s6 nguyén t6 p hay b, : p v6i
moi s6 nguyén to p.

* Ghi chii. C6 thé chimg minh ring b, chia
hét cho n v6i moi n thod mén (n, 6) = 1.

Bai 5 (T2/226)

Cdch 1.

Do x € Z nén diéu kién dé bai todn c6 nghia

[a(x+1)> <200, suy ra—15 < x< 13 (1)
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Ta céd

4y =244199— x% 2 =2 +/200— (x +1)2.

Tir d6 vi y 1a s6 nguyén nén

Suy ra y2 =1 hodc y2 =4,

eNeuy’=1tacé4=2+199—x* —2x

& 4=199 — x> — 2
XX +2x—195=0
SE-13))(x+15)=0

<> x = 13, x =15 (thod man (1)).

o Néuy? =dtacd 16=2+199 - X = 2x

& 196 =199 — x> - 2x

S +2x-3=0

(- DEx+3)=0

<> x =1, x =-3 (thod mén (1)).

Thir lai ta dugc cdc nghiém cta phuong trinh
la: (x;y)=0132),(;-2),(3;2),(-3;-2),
(13; 1), (13; 1), (=15 ; 1), (-15 ; =1).

Cdch 2.

4y% =2 +199— % - 2x
2 2
& 4y? =2+4/200 - (x +1)2.

Pé phuong trinh c6 nghiém nguyén thi biéu
thitc trong can phai 1a s6 chinh phuong.

Phan tich 200 thanh téng hai s6 chinh
phuong, ta chi c6

J200 - (x + 1? =102 +10> — (x +1)2 =

= 2% +14% — (x +1)°.
Khi d6 phéi c6 : hoac (x + 1)* = 10% hotic
(x + )% =2% hote (x + 1)* = 14%.

o Néu (x+ 1)2 =107 thi 452 =2+ 10 = y* =3
phuong trinh nay khong c6 nghiém nguyén




eNeu(x+ 1)’=2 x+l=22ox=1

hoac x =-3 @)
tirdo co: 4y’ =2+ 14
Sy=12 )
eNu(x+ 1)V =14ox+l=% 14
x=13hoacx=-15 3)
trdoco:dy’=2+2y=1+1 )

Tu (1), (2), (3) (4), thir lai thdy phuong trinh
c6 cdc cap nghiém nguyén (x ; y) la

(15;-2),(1:2),(-3;-2),(-3;2), (13, -1),
(3; 1,(=15;-1),(-15; ).

Bai 6 (T3/226)

Cdch 1. Dé phuong trinh ¢6 nghiém nguyén
diéu kién 13 A = a* — 4a — 4 12 56 chinh phuong.

e Véia=0hoac a=1thiA<O,

o Véia =2 thi A= 27 thoa mén,

e V&ia>3tacd

A>(a2— 1)2<:>a4—4a—4>a4—2a2+ 1

& 2a*-4a-5>02aa~2)>5
luon ding vi2a¢ >26,a-22>1.

Dé thdy A < (a>)% Vay A khong 12 s6 chinh
phuong v&i a 23 vi

@ -1 <a<@?

Két luan : @ = 2 1a gid tri duy nhét cén tim

lic d6 phuong trinh

X —4x+3=0
c6 nghiém nguyén x; = 1, x, = 3.
Cdch 2.

Gia s x;, x, la hai nghiém nguyén clia
phuong trinh. Theo dinh li Viéte ta c6

X +xy=a’ (1)

Xpxp=a+1l 2)
Tirdé (x; — 1)y = 1) =~(a” —a - 2). 3)
Via € Nnén tir (2) c6 x;x, > 1, két hop véi (1)

*
thix;,x, € N suyra

13.TUYEN CHON..TH&TT (QUYEN 3)-A

x,21,x21.Vaya®—a—-2<0do (3).

Tir d6 0 < a < 2. Thir tryc ti€p chi ¢ a = 2
thod man yéu cdu bai toin nhu két ludn &
cich 1.

Bai 7 (T6/226). Ta c6

n-1 n—1 n-1

2(n—k) ~1 _ 2(n-k) _ 2k
2C2n+1 'Cn-k - Z(I’l - k)C2n”+l - ZkCZNH
k=0 k=0 k=0

n—1

n—1
= 2k.2n+1)! _2n+1 2k~1
- ;2'(2/‘)!(2" —2k+1)! 2 ;Czn

Mat khac, ta cé

n—1

(1 + 1)2'1 _ (1 _ 1)2" — 22 C%ﬁ—l - 4Il.
k=0

Do dé

n-1 "
S APl =2 A = en a4
k=0
Tir d6 suy ra diéu phai ching minh.
Bai 8 (T1/228)

k3 2 — - '
Dé A = 33 6781 4 4 1a 56 nguyen t6 thi
3m* +6n-61 >0.
3m* +6n-61 chia 3 du2

hay 3m? +6n—61=3k+2 (k € N).

Turdé A=3%24+4=279+4.

Vi 27 = 1 (mod 13) nén 27°.9 = 9 (mod 13)
= A:13. ViAlas6nguyéntdnén A = 13 =
3m* +6n — 61 = 2 = 3m’+6n = 63 =
m?+2n =21 = m> <21 vamlénén

m2=1hoacm2=9.

Néum?=1thim=1=n=10.

Néum>=9thim=3=n=6.

Bai 9 (T3/228). Dty = \[x+ 211- véiy=0,ta

cod )’2 = x+-}i hayx: y2 __411,—' Phu’o’ng trinh da
cho tré thanh
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1 ’ 1
n:yz——4—+ y2+~4—+y

2
1 1 1
Vi y2+y+Z:(y+§) nén n=y2+y+z.
Tirdé tacod

1 1 1
> Wiv>0). V6i n>— thi Y s
n_4(v1y_0) Véi n 4th1tacoy N} 7
ha x+l—\/n—l suy ra
y 4_ 2’ y
1

1
X—”+Z—\/;—Z— n—

gid tri nguyén cua n thi n phai la s6 chinh

n. D& x nguyén véi

phuong, nghia la n = # véit € Z. Hon nita t # 0

(vi n # 0 do n 2 0,25). Vay nghiém nguyén cua
phuong trinh dé la : x = £t yn= 7 trong d6 ¢
la s6 nguyén khéc 0.

Bai 10 (T6/228)

Trude hét ta chimg minh

B&dé : Voimoik e N,k<mthiténtai b, € Z

sao cho b, p™ + p* chia hét cho k!

Chimg minh : Gia st k! = p*™ M, véi
(M,,p) = 1. Khi e chay trong tap

{0,1,...,M, —1} thi cic s6 {ep™ )} lap thanh
mot hé thang du ddy di (modM,), thanh thir ton
tai b, € Z sao cho b, p™* = -1 (modM,)

o (hp™  +1)iM,

< (hp" + pk)fpk.Mk.

Mat khac

a, = i[i,} <i—k,— <k.

= LP i=1 P

vay (bep™ + p*)ip™ My = k!

B6 dé dugc chimng minh.

Ta tr& vé bai todn.

x(x=1D.(x—i+1)
i

Ki hieu f,(x) =
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thi £(n) = {C” néunzxi

Onéunx<i

m—1
Dat R(x) ==Y f,(x)hp™ +p').
i=0

Theo b6 dé trén R(x) 1a da thic c6 hé s6
nguyeén.

Taco u, =(p+1)" + R(n) =

n m—1 m-~1
DCp =D fmp - pT Y fi(mb,
i=0

i=1 i=0

I

0 ) m—1 ] :
D fmp =D f(mp' (mod p™
i=0

i=1

> f(mp' =0 (mod p™) véi moi n = 1,

2,3,..

Dac bietu; =(p + 1) + R(1) = ep™.

Ta chiing minh da thic Q(x) = R(x)+ p™ (1 —¢)
1a da thifc can tim.

Quavay a, =(p+ )" +Q(m)=(p+1)" +

+ R(n)+ p" (1 —e)=u, + p” (1 —e) chia hét
chop” véimoin=1,2,..

ma g =(p+D+Q0()=p+1+R(1)+
+ p"(1—e)=ep” + p"(1-e¢) chia hét cho p™.

Dodép” 1AUCLN chaa, véimoin=1,2,..
Bai 11(T1/233)

bat u, =a,,, —a,,, —a, véimoin>0.
Tir di€u kién (1) suy ra u, = u,_; + 2q,.

2

n—-1

2 2 _ 2
u, = (un—l + 2(1") =Uu + 4u"_1a" + 4(1”

_ .2 2
=U,t 4(an+1 —-4q, - an—l)an + 4(1"

_ .2
= Ut 4an+1an - 4anan—]' Suy ra

2 _ 2 I
u, —4a, a, =u,_, —4a,a, | v6imoin = 1.

Tir d6




= (uy — q ——aO)2 —4aq,
12 hing s6. Goi hang s6 d6 1a M. Khi d6

2
u, — 4an+lan

M+4a,,,a, = u? v6i moi n > 0.

Bai 12 (T1/237). Goi a 1a chit s6 khac 5 cua
A, ta c6 tong cdc chit s6 cia A 12 1996. 5 + a =
9980 + a, suy ra sO du trong phép chia cia A
cho 9 1a s6 du trong phép chia a + 8 cho 9 (*).
Néu A Ia s6 chinh phuong thi A bang &%, ma s6
du trong phép chiacho kcho 9140, 1, 2,3,4,5,
6,7, 8 nén s6 du trong phép chia ciia A cho 9 la
0, 1, 4, 7. Nhu vay, tir (*) ta c6 céc gid tri ma a
c6 thé nhan 1a 1 hodc 2. Xét céc trudng hop :

1) A ¢6 chir s6 tan cing la a. Do A la
s6 chinh phuong nén « = 1 va A c6 dang
(10m + 1)> = 100° £ 20m + 1, suy ra chit s6
hang chuc cha A la s6 chan, khic 5, nén trudng
hop nay khong xay ra.

2) A c6 chir s6 tan cung khac a, titc 12 5. Suy
ra A ¢6 dang (10m + 5)° = 100m(m + 1) + 25.
Tir d6 ta c6 a = 2 va chir s6 hang tram cua A 1a
s6 chin (vi m(m + 1) chdn), titc 1a khéac 5, mau
thuln véi gia thiét.

Vay khong thé xay ra trudng hop A 1a s6
chinh phuong.

Bai 13 (T6/237)

Ta sé gidi bai toan khai quat : Cho s6
nguyén p > 2. Cho ddy s6 (a,), (n =1, 2,...) x4c
dinh nhu sau :

ay =lay, =3,a,,, = (n+2)a, —(n+a,_,
véimoi n > 2.

Hay tim tat ca cdc gid tri cha n dé a, 1a luy
thira p ciia mot s6 tu nhién.

Loi gidi. V6i mdi n > 2, dat b, = a, —a, .
Khi d6, tir cong thic xic dinh ddy (aq,), ta
¢ b, =nb,_, véi moi n = 3. Ké hop véi
hy=da,—a; =3 —1=2!tadugc b, = n! v6i moi
n>2.Do d6, v6i mbi n > 2tacd

1 13 n
a, = Z(ak —a,_ ) ta = Zbk +1= Zk!
k=2 k=2 k=1

n

Két hop véi a; = 1 = 1! ta dugc a, = ) k!

k=1
véimoin=1 (N

e Xétp =2 Tu(l)tacéa,=3(mod 10) véi
moi n 2 5 nén suy raa,,;at&a2 v6i moin > 5 (vi
céc s6 chinh phuong chi c6 thé tan cing boi 0,
1,4,5,6,9).

Vé6in=1, 2,3, 4, bing cich thir truc tiép, ta
thdy a, 1a s6 chinh phuong khi va chi khin =1,
n=23.

e Xét p > 2. Khi d6, do ¢, = 0 (mod 3) v6i
moi n = 2 (suy ra tir (1)) nén diéu kién cén

détén tai @ € N sao cho a, =d” laa, =0

(mod 27) hoac a, = 1. Tir (1) ta ¢6 a, > 1 vé6i

moi n > 2, v a, =ag+ ) k! v6i moi n > 9.
k=9

Suy ra a, = ag (mod 27) v6i moi n > 0. Ma ag =

46233 = 1 (mod 27) nén a, = 1 (mod 27) véi

moi n > 8. Nhu vy, véi moi n > 8 déu khong

t6n tai a € N sao cho g, = a”.

Véi 1 < n <7, bing cich thir tryc ti€p ta thdy
chi c6 duy nhét gié tri n = 1 1a gid tri cin tim.

* Ghi chi. Bai da ra la trudng hop dac biét
chia Bai toin khdi quat, khi p = 2. Theo dé, tat
ca céc gid tri n thod man yéu cau cua bai todn
diralan=1van=3.

Bai 14 (T6/239)

Gia su c6 day s6 tu nhién

a,qd,....q" 'a (g>1,n>3,a>1)thod man
ding thiic

g =5 Suyra

a+qga+..+4q"

l+g+q¢* +..+qg" =5 (1)

e Ta thidy n phai 1a s6 1é. That vay néu
n=2mthitu(1)cod

"_1 Zm_l m_1 .
-4 -1 =(" )(q +1).
g-1 gq-1 g-1

195




Vay ¢" = 1 (mod5) va ¢ = -1 (mod5). Vo Ii.

e Gidsirn=2m+ 1. Tut ¢°" 1 -1=(¢-1).5"

suy ra ¢" = 1 (mod5) va ¢ khac 0, —1 (mod5).
Néu ¢ = 2 (mod5) thi

g" = 42" = 124" = +2(-1)" =12 (mod5).

Vo Ii. Vay ¢ = 1 (mods). Khi dé
14+g+¢°+...+¢"=n (mod5).
Suy ra n = 5k.

Sk 5
OTacc’)q 1=(q IJ
g-1 q-1
5

(G 4. +¢° +1)=5 dodé ‘i{__ll = 5%,

Mat khac

g -1_((g=H+1° -1
q-1 qg-1
+10(q — D% + 10(g — 1) + 5 chia hét cho 5
ma khong chia hét cho 25. Vay z=1néng = 1.
Vo li. Bai toan duge ching minh.
Bai 15 (T2/240)

=(g-1)* +5(q -1y

x2y2 - —8y2 = 2xy. €))]
Dé thdy phuong trinh c6 nghiém x =y =0.
Véi x, y déu khic 0 ta cé
(e Y (P =T = (x+y) 2)

Tir (2) suy ra x* — 7 12 binh phuong céia mot
sO nguyén.
P -T=d’(ael) 3)
B e P -d =7
< (el =laly(xl +1aly =7

= |xl+lal =7,

x| =lal =1

= x| =4 hay x=+4.

e Thay x = 4 vao (2) ta duoc

O =(+al >+ Dy -)=0=
y=-1,y=2.

« Thay x = —4 vao (2) dugc 9% = (y - 4) =
G-Dy+2)=0=>y=1y=-2.
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Vay phuong trinh (1) c6 cdc nghiém nguyén :
(s »1a0;0),@;-1),@;2),(-4:1),(4;-2).

Bai 16 (T7/240)

V6i méi n > 1 dat b, = 3a,. Khi d6, tir day
(a,) ta c6 ddy (b,) dugc xdc dinh béi

b, =h>—6 véimoin>1 (1

n+1 = O
Bai da cho trd thanh : Tim t4t ca by € Q ma
tontaim#nsaocho b, =b,.
T (1)tacod:
b, — b, = (b, =3)h, +2), v6i moi n 2 1. Suy
ra, néu |b1| >3 thi

b| <by<by<..<b,<b,,
< ... Do d6, néu |h1| > 3 thi khong t6n tai m = n

saocho b, = bh,.
Xét |b| < 3. Neéu b, e Q thi tir (1) dé thay
b, € Q, v6i moi n 2 1. V6i méi n > 1, viét b,

=D

du@i dang b" - ’ trong d() : pn’qn € Z’ q’l 2 l

n

VA (p,,, ¢,) = 1. Khi d6,néucé m # nsaocho b, = b,
thi phai ¢6 g,, = q,, (3). Mat khdc, tir (1) ¢o

2 2

b _ Pun - Pu _66[,,

n+l = 2

D41 q,

véimoin21 (2)

Vi (prnqn) =1 nén (plzl —6‘1'21’(1/21) = 1. Ket
hO‘p véi (2) va (pn+1’qn+l) = 1

2 S 22 2n+1
Gus1 = 4n- dan tdi 4y = 4 "

suy ra

véi moi n 2 1.

1—1

.. 2m~l _ 2’
Do d6 : (3) & ¢ = q,
m # n). Nhu vy néu c6 m # n sao cho b, =b,

thi b, € Z.Suyra: b; € {0, 1, £2, +3}.

<q =1 (i

e VGibh =0thiby=—6=>h;=30>3 =
by < by < ... < by < by, < ... nén khong ton tai
m#nsaochob, =bh,.

eVéibh=t1thih,=-5=>b;=19>3=
by < by <...< by <bp, <..nénkhong ton tai m
#nsaochochobh, =b,




eVGih =+2thiby=-2=>h;=-2=b,.
Vay, tom lai, t4t ca b, € Q cin tim 1a

by € {+2;+3). Vadodo, tat cacic gid tria; € Q

R 2
can tim la : ig,i- 1.

Bai 17 (T7/241). Nhan xét ring [Ym] =k
ok <m<k+1) -1,
S6 cic s6 nguyén m thod min diéu kién
nay la
(k+ 1) k> =3k% + 3k +1.
Vay phuong trinh da cho tuong duong véi

x=1
DS, =y 8d6 S, = k(3K +3k +1),
k=1

V1§, ¢6 cing tinh chén 1€ v6i k do d6 néu x
x-1
I s6 nguyén t6 1& thi ) S, 1a mot s6 chin 16n
k=1 ”
hon 2 do vay khong la s6 nguyén t6.

Thanh thtx=2vadodéy=S§;=7.

Bai 18 (T6/242).

Giasit x* +y?> +6 = pxy(pe Z*) (1)

Trong tt ca cdc s6 nguyén duong (x, y) thoa
man (1), gia st (xy,y,) 1a cap s6 cd x; + y, bé

nhat. Khong giam téng qudt gia sir x, < .

Xét phuong trinh y? — pxyy + x5 +6 =0(2)
Ta thdy y, 1a nghiém cua (2). Goi y, la
nghiém con lai cha (2) thi theo dinh li Viete c6
Yoty =rx ()
{)’0)’1 = xg +6 (4)
Ta cb (xy,y,) thodman (1) dodo y, < y,.

o Néu x; =y, thitir (1) cé

p=2+—6—2—:>x0=1:>p=8.
X0

o Néu y, =y, thitir(4) taco

(Vo — %)Y + Xo) =6.
Diéu nay khong xay ra vi y, —xy va yp + X
cung tinh chdn 1é ma 6 = 1.6 = 2.3.

o Néu x, <y <y thi yy2x5+1Ly 2x5+2.

T (4) suy 1a x3 + 62 (xg+ 1) (xg + 2) =
423> xg=1 =y =7T=>y=1vay =7
vo i vi xy < y,.

Tém lai ta phai c6 p = 8 = 2°.

* Ghi chi. C6 vo 56 cap s6 nguyén duong
(x, y) thoa man (1). Chang han xét day (u,) v6i
ug=u; =1, u,,,=8u,, —u, Khidé dé dang

kiém tra dugc (u,,u,,,) thod man (1) véi moi n.

n’

PAI SO

Bai 19 (T8/219)
1)Véin=0thi P=x+y+z=1. VaymaxP=1.
2) Véin=1thi

P=xy+yz+zx$%(x+y+z)2=%.

1
khix=y=z= —.
ix=y=z=3

W[ —

Vay maxP =

3) Xét n > 1. Khong giam tdng quat, c6 thé
col x =max{x,y, z}.

Doy<xnén y"z < x"'yz.

Doz<xnén z"x < zx" va z"x < z2x"7\,

, . n-1_1

Mit khic, vi n>1 nén ——2 > hay
n

n—1
z2

N~

n
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Vay P=x"y+y"z+z"x

z+1’x+l "
¢ 2

N 72Xn~l

3 +
;)
n—l )
z
n
,,(.x XX '+z( n-1 )j
nl - = dy+ z
HH H R n

. e L X
(con—1thirasé —)
n

n+l
X x+z n-1
n-H—+—+y+ z
n n n n
n
n+1

< xy+a”

IA

XMy + .x"'"lyz + >

P4

nl

I/\

(x+2){y

K 1()H»")(y+
X

<
_ (‘+y+ )n+l n"
(n+ l)n+l (n+1);1+l
Vay max P = " l 1
(f’l + l)ll+
co M
v+y+z=1 T
=0 < 1
XXtz +£:_l~ R
STh YT Ta z=0
Bai 20 (T3/221)
Ta ¢6 cac miu thiic & vé& trai déu duong,
ching han, b* —bc + % = (b~§) 3‘T> 0

hon nita, a, b, ¢ déu duong nén dat A 1a biéu
thitc & v€ trai cia BDT can ching minh va

S =(a® +b* +¢?)?, ta c6 thé tién hanh bién

doéi sau day
\/—.ST-,’ \/ —bc+c )a
—b(+(
+ | ((2—(a+a Yo
2 2
¢ —cdta

\l(az —ab +b? ).

3
a* ~ab + b?
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Tir biéu thic nay, dp dung bat déng thic
Bunyakovski, ta c6

SSA(ab2 +ac? +hc? +ba® +ca® +ch? =3abc) (1)

A S (2)

ab? +ac? +bc? +ba® +ca® +ch* -3abe
(Vi ta da chia hai v€ cia (1) cho m6t biéu
thic duong).

Ta s& ching minh v€ phai cia (2) khong bé hon
a + b + ¢. That vay, diéu dé tuong duong véi :
at +pt + 4 abcla+b+¢)
> ab® +ac® + b + bfl:; +ca® +ch? 3)
Khong lam mat tinh tong quat, gia su
a>b2c>0,tacod
a*(a-b)* +(a—-by(a+b)b-c)
+c? (c—aXc—-bh) 20
& at —28%b + a*h? + b - e + P
—a*be —2a°H? + 2dbe - 2ab® + 2ab*c
+ bla-blac+b* b+t =Ab-Ba+ctab 20

4

PN S abc(a+b +¢)

>ab® +ac® + b +bd’® +cd® + cb’, tic 1a (3)
dung.

Két hop (2) v6i (3),tacd A 2a + b + ¢, va
chi con phai ching minh :
3(ab + b + ca)

a+b+c2
a+b+c

“4)

That vay, ta da biét a” +b* +c* 2ab+hc+ca

nén (a+b+c)* 23(ab+bc+ca)
> 0 nén ta c6 (4), suy ra dpcm.

Bai 21 (T8/221)

:ma a+b+c

@+ b°
a+b

b2+ P vd? < 3(a2 +h? 4 <-2)
b+c¢ a+b+c

c+a

b br+? P vd?
S (a+b+¢) + +
a+hb b+c¢

c+a

< 3(a? +h? +c?)

(@ +b%) b +at)  ah? + )
+ +
a+bh c+a b+c
< a2 +h2 +c2




+ az)
c+a

2 c(a® +b%) bt b(c?

<& ¢
a+b

2 (1(/72 + (,'2)

i 20
o ac(c—a) N bc(c —b) { ah(b—a) N be(b-¢)
a+h a+h cta c+a
ab(ua-b) acla-rc)
* b+c¢ - b+c¢ >
acc—a)  be(c—h)? ab(b - a)*
(a+b)b+c¢) (a+b)a+c) (a+c)b+c)

> 0.

* Ghi chii. C6 thé md rong va chimg minh
bat ding thitc dang tong quat :

Cho ay, ay,..., a, 1a cic s6 duong. Dat

S;=aj+ay+..+a, ; S, =a12 +a§ +...+a,2,.

Khi dé

ZS,—a =

Bai 22 (T7/222)
Viét lai hé da cho dudi dang
x(1 —3:2) =3z-2°
@) §y(1-342) =3x - x°
2(1-3y*) =3y -y’
Tir d6, dé thdy, néu (x, y, z) 1a nghiém cia hé
da cho thi phai ¢6 x,y,z déu khéc ijl_g. Boi theé

.3

X=3A 322 (1)
1-3z
3x—x

(I)<:>(II)<y=1 " (2)
— 33X
3

Lzziy 3y2 3)
1-3y

Pat x = tana, v6i o € (—g—g) 4)

sao cho tana, tan3a, tan9c déu khac + 71_5 3)

Khi dé6, tir (2), (3), (1) s& cé6 y = tan3a,
z = tan9a va x = tan27a. T day dé dang suy ra
(x,y, z) 1a nghiém cha (II) khi va chi khi

=tana, y = tan3a, z = tan9a, véi o dugc xéc
dinh bdi (4), (5) vatana = tan27a. . ©)
Ta c6 : (6) & 260 = km, k € Z©a=§—76£,

k € Z. Vi th€ a thoa déng thoi (4) va (6) khi va

chi khi a=—§% v6i k nguyén ma : —-12 < k < 12.

Dé dang kiém tra dugc ring, tt ca cic gid tri o
duoc xdc dinh nhy vira néu déu thoa man (5).

Vay, tém lai, hé phuong trinh da cho c6 tat
ca 25 nghiém, d6 1a :
(x,y,2) = (tank—n;tanélgi;tangk—n)
26 26 26
v6i k=0, £1,..., £12.
Bai 23 (T3/223)
Véi n=5 thi

1 1 1 206
1+—2—'+§—" I!'+§-—m->l,7l.
Xétvéinz5,tacH:

! 16 7 n-1_
——!+—8—i+...+n <—+§+ .+ o =
7 1.8 1
R TR TRE TR TR

no1 1 1.1 1.1

M R TR TR TR TR

IR SIS S SO O
(n-1) n! 6! n! 6!

Vay 1+i+i+ +~1—

2! 3 n!
<1+1 1+—1—+—1— —1—+—1—

2! 3t 41 51 6! 6!
- e <M
Bai to4n da dugc chiing minh.
Bai 24 (T7/224)

Tir cdc gia thiét clia bai todn suy ra P(1) =
P(0? + 1) = P*(0) + 1 = 1. Tix day, bing phuong
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phap quy nap theo n, dé dang chiing minh duoc :

P(x,) =x,,Vn € N (1) &day x, 1a cic s6 hang
(x,) dinh bai

=x,3,+1, Vn € N. Dé thay x

n+

cha day dugc xac

Xo =0,X"+] 1> %y

¥n € N nén tir (1) suy ra da thic Q(x) = P(x) —x
c6 v6 s6 nghiém thuc. Do vay phai cé

Q(x)=0Vx € R,hay P(x)=x, Vx e R.

Ngugc lai, dé thdy da thic P(x) = x thod man
t4t ca céc diéu kién cta bai ra.

Vay da thic duy nhét cdn tim 1a P(x) = x.

Bai 25(T7/225)

Ki hiéu :

fo(X) =x ()= f(x) 5 f,(x) = fLf, ()]
Véix € A thi o(x) =x = @(p(x)) =x = x € A,.

Vay A; c A,.

Véix,ye A;;xz2ythi f(f) =ox)=x=y
= 0(y) = ffY)) = fix) # Ay). Mat khic, x € A,
= z=flx) € Ay mafiz) = f{f(x)) = p(x) =x. Vay
flaham 1 — 1 trén tap hop A,. Tuong tu, ta ciing
c6 fla ham 1 — 1 trén tap A,. Suy ra, f 1a ham
1-1tréentap A = A)\A,. Tir d6, n€u x € A thi x,

fx), X)), fif(f(x))) 1a bon s6 thuc phan biét
thudc A. That vay,

x€A= fy(x)=x. Nuc60<i,j<3;i=;dé
fi(0) = fi(x) hi f(x) =x =>x € A}, mu thun.

bat M(x) = {x, f(x), f,(x), ()} € A

M) ={y. fO) L. () e A

Néu fi(y) e M(x) v6ii e {0,1,2,3} ndodd
(doflaham 1 — 1) thi ta viét
M(y) =13 fr1 ) Fiia 0, fiis (D} = M().

Nhu vay, A 1a hop cia mot s6 hiru han tap
M(x) roi nhau, do vay A : 4.

Bai 26(T8/226)

Véimoi thamsé o; >0,i=1,2,3,4,5tacéd
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otla2 + Lb2 > 2ab
a,

1
a,h? +—c? > 2be
129
1
a3c2 +—d* > 2cd
24}

o d* + o(ie2 > 2de
4

1
ase? +—f% > 2¢f.
as
Tir d6 suy ra

1
oya® +(L+a2)b2 +[—+a3)02 +
o 5}

1 2 I 2,1
d
+( +a4) +( +a5Je +—f

2%} 4 5
22(ab+bc+ced+de+ef)=2. )
sin(i + ) =
Pata, = — L i =1,2,3,4,5.
sinZ
7

Khi d6 dé dang chilng minh dugc ring
a —L+a —L+a —-1——+a =
15 25, T T T T
1 1 /4
=;4—+a5=a—5=20057 (2)
Tir (1) va (2) cho ta dpcm.
Bai 27 (T3/227)
Ta cé
A=22+y? + 22 +2) = 2(x+ 2)(y +1).

Vi x2 +y? + 2% +* 1a khong déi nén ta cin
tim gia tri 16n nhét cia B = (x + 2)(y + ¢).

Dita=x+z,b=y+t.

Ta c6 a+b=x+y+z+t = 7845 khong
déiva 4ab=(a+h)? —(a—-h)? =

2
= (a+b)2—4(a;b—a)

=7845% — 4(a — 3922,5)°.




Suy ra ab 16n nhat khi a gin 3922,5 nhét tic
12 A nho nhat khi x + z gdn 3922,5 nhdt.

Trong tap {1930, 1945, 1975, 1995} ¢6 6 tap
con goém 2 phan tir. Trong s6 dé, tap con {1930,
1995} va {1945, 1975} c6 téng s gdn 3922,5
nhat véi |s—3922,5=2.5.

Vay A nho nhat khi va chi khi x, z € {1930,
1995} hoidc x, z € {1945, 1975}. Thanh thir c6
8bo (x;y;z;t)dé A dat gia tri nho nhat. D6 la

(1930 ; 1945 ; 1995 ; 1975),

(1930 ; 1975 ; 1995 ; 1945)

(1995 ; 1945 ; 1930 ; 1975),

(1995 ; 1975 ; 1930 ; 1945)

(1945 ; 1930 ; 1975 ; 1995),

(1945 ; 1995 ; 1975 ; 1930)

(1975 ; 1930 ; 1945 ; 1995),

(1975 ; 1995 ; 1945 ; 1930).

Bai 28 (T7/227). Viéc tinh toan tryc ti€p a;,
a5 cho phép ta du doéan :

a, = %(2%—(—1)"”\/5), Vn e N, (1

Bay gid, ta sé ching minh (1) bang phwong
phép quy naptheon € N.

Tir gia thiét ctia bai todn, dé thay khéng dinh
(1) ding véi n=0.

Gia st khang dinh (1) ding dénn =k, (k € N),

nghia 13 «, = %(2 +(=D*'3). Khi do, tx
cong thic xéc dinh day (a,,) ta co

4 = %(2 F DR (B -
~52+ (-1)**'3) + 51

Lo (DMB)2 - (- DF1B)?

[V Ny

= 5(2+(-1)"+2\/§).

Két qua vira nhan dugc cho thdy, khang dinh
(1) ciing diing v6i n = k + 1. Vay, theo nguyén li
quy nap, s6 hang t6ng quit a, dugc cho boi
cong thic (1).

* Ghi chii : Ta c6 thé dé xudt bai todn khai
quat sau : Cho s6 thuc khong am « va cho
day s6 (a,) dugc xdc dinh nhu sau : a,=a, a,,
= a,(4a® -10a, +5)*, Vn € N. Hay xdc dinh
s6 hang téng quat a,,.

Kétquala:

eNéua=0thia,=0,Vne N

e Néu 0 < a < 2 thi a, = 2cos*(5".¢)

Vn e N, vé6i ¢ 12 goc thuoc khoang (0;12[—) sao

Ja

cho cos@ =—=.

2
e Néua>2thiag,= 1+%|:(t15”)2 +(t§")2]
Vn e N, & day t,, t, 1a hai nghiém phan biét cua
phuong trinh (4n 1) : £~ J2ar +1=0.

Bai 29(T2/228)

Goi X 1a gid tri 16n nhat cua cdc nghiém .x;,
i=1,2,., 1996 va Y la gid tri bé nhit cua
ching.Thé thi tir phuong trinh dau ta c6

2X 2 x4+ xy = x;996
Tir d6, d6i v6i cac phuong trinh cia hé ta c6
2X > x}°%, Vk=1,2,.., 1996.

Do d6 2X > x'9%

Suyra 2> X% (vi X>0) (1)
Lap luan mot cach tuong tu ta ciing di dén
9 < y'9% @)

Tir (1) va (2) suyra X9 =y" =2
Nghialatacé x; = X, = ... = Xjgg = 19935

* Ghi chi. Bai nay ciing c6 thé tdng quit
hod bing cich thay 1996 bdi s6 n nguyén
duong.

Bai 30 (T7/228)

Diéu kién co nghia: -1 <x < 1.
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Dat \/1—-,’(2 =y (0 <y £ 1) va viét va ,,h:l- > n B -1, a (3)
\’ ¢

4 > . n—1 a+bh+c
729x7 +8vV1—-x“ =36 (1) dudi dang

- Cong céc bat dang thirc (1), (2) va (3) theo
729(1 — y°Y" + 8y =36

tung V€, ta duoc

9(272<1—y2>2—36<1—y2)+51—) ,\,/a +'\'/ b +'\'/ S Ty
9 b+c c+a a+b n-1
- (3@2 _gy+i) -0 Déu bing & (4) xdy ra khi va chi khi dau
9 bing xay ra déng thai & (1), (2) va (3) tic la
2 2
<:>(27(1—y2)——2—) —(6)}—3) =0 (n-D(a+b)=c
3 3 (n=1)(c+a)=bh
o [270-y? —6y](27(1—y2)+6y—%)=0‘ (n-1)h+c)=a

Xeét hai trudng hop sau : :>2(n—1)(a+b+c')=a+b+c:>n=%

—1-82
9

® V6i 27(1 - y)) — 6y=0tim duoc y =

—1+\/§

(Vi a, b, ¢ > 0). Do % ¢ N nén diéu vira nhan

(loai) va y = (thod man). duoc cho thdy ddu bing & (4) khong xdy ra va
9 bdi thé ta c6 dpcm.
Vay 1-,2 = l(_] +82) * Ghji chu. T bai Foén trén ta ¢6 thé khai
9 thac va tong qudt hod dé c6 cic bai toan sau :
1 — .
= ig\/—2+2\/8‘2. Bai 1. Cho a, b, ¢ 12 ba s6 duong, n € N,
o 2 4 N B a b ¢
o Véi 27(1-—_)7 )+6y————0 tim duoc n>2. bat S =1 Y 4+ .
3 ' “"“Nb+c Ne+a Na+b
y= 1-78 (loai) va y = 1+78 (loai). Chitng minh rang
9 9 a) S, >2
Ké'r lugn : Phuong trinh c¢é hai nghiém
3n 211«1
NS b5, > =5

Ap dung BDT Cauchy cho n s6 duong Bai2.Chome NNm=>2,0<a<1vamsé
(a+b)(n-1)
-

s ” m
va(n—1)s61taco thuc duong a, as,..., a,,. Dat S = Za,-. Ching

i=l

”(a+b)(n—1)<(n——l)(a+h+c') mloa @ 1 (1-a)® .
\/ ¢ = ne minh ring IZ:I:[S‘IG,) 21 ( ) . Dang

- a
o a+h \/ a+b+c (1)  thic xay ra khi va chi khi ¢, =a, =...q,, va
m(l —a) = 1.
Tuong tu, ta cling cé o e e
Bai 32 (T7/231). Gia slt véi moi x, y € R c6
b
R R @ feH D) = YW+ D) (1)
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Thay x = —1 vao (1) ta dugc fl0)=y(-1)+ 1)
véi moi y € R = f{0) = 0 va f—1) = —1. Tur do, thay

x=0vao (1) tadugc fif(y)) =y véimoiy € R. (2)

Thay x = -2, y = -1 vao (1) tac6 : 1) =
~(f(-2) + 1) nén f{1) = -1 hoac f(1) = 1. Néu f(1)
=-1thil=fRA1)=A-1)=1. Voli. Vay 1) = 1.
Tirdé, thay y=1vao(Dtas€coH: flx+ 1) =fix) + 1

véimoix e R. Suyra: fixy)= fly) (filx-1) + 1)

=fly)f(x) véimoix,y € R. (3)

Tir 3) véi x 2 0 thi fix) = (F(/D) 20va
fix) =0 x=0. C))

Hon thé, tir (3) tacon ¢6 : v6i y = 0 thi

f<x+y>=f[[i'+1]yj
y

= f<y>[f(ﬁ] + lJ = f(y)f(fj + £y
y Yy
= f(0)+ fO).

Két hop véi fi0) = 0 ta duge fix + y) = fix) + f{y)
véi moi x, y € R. Tur d6, két hop véi (4), ta ¢

voimoix,y € Rmax>ythifix) —fly)=fix—y)=
(f(x=9)" >0 = fix) Ia ham dong bién tren
R. Vi thé tir (2) ta thdy :

e Néu tén tai x, € R ma f(xy)> x, thi
X = f(f(50)) > f(xy), méu thuln.

e Néu ton tai xy € R ma f(x;)<x, thi
Xy = f(f(x)) < f(xp), mau thuan.

Vay fix) = x v6i moi x € R. Thit lai ta thay
ham s6 vira tim dugc thoa cac yéu ciu cua dé

bai ; va diéu nay ching t6 dé 1a ham s6 duy
nh4t c4n tim.

Bai 33 (T6/232). Xét hé phuong trinh
0 X —mx—y=0 )
y3 -my+x=0 (2)

Hé (I) luon c6 nghiém (x ; y) = (0 ; 0). Néu
x # 0 thi y #0 (va nguoc lai).

Tu he () suy ra x* +y* = m(x? +y?) =
m>0néux=0,y=0.

Vay bai todn tuong duong véi : Tim m > 0
dé hé c6 4 nghiém (x ; y) khac (0 ; 0). Theé y =
X —mx vao phuong trinh cta hé, dan dén
AP =m)P —m(x* -m) +1=0 ?3)

bat r = x2 —m. PT(3) c6 dang

e m® -mt+1=0 4)
véit> —m.
Datu =t—;. PT (4) tré thanh

W +mu+2=0 (5)
Dé PT (5) c6 nghiém thi biét s6 A # 0 =
m > 2+/2. Khi dé PT (5) ¢6 hai nghiém

-m+~Nm* -8 —-m—\m* -8

Xét phuong trinh ¢ —% = u,

o f(O) =202 —(m?>-8—m)t —2=0 (6)

va phuong trinh ¢ —% = U,

o g =20 +(m? -8+my-2=0 ()

Taco

F(=m)f(0)==2(m> + mm® -8 -2) <0

g(=m)g(0) = —2(m? —~ mm? -8 -2) <0.

Vay phuong trinh (6) c6 hai nghiém phan
biét #,t, mad -m<t <0<t, va phuong
trinh (7) c6 hai nghiém phan biét t;,7, ma

-m<ty <0<ty
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Ung v6i mdi r s& c6 hai gid tri cha x =
+t + m. Thanh thir dé hé (I) c6 4 nghiém ta
phai c6 1, =t;,t, =1, < u =1, & m=2/2.
Th lai thay ding.

Bai 34 (T8/232). Do f 1a song anh tr N dén
N nén dé thdy phai ton tai n € N* sao cho
max{f0), AD).....fin)} =fa) v6i0<a<n,aeN.
Tir d6 suy ra ton tai a € N* sao cho fla) > fim)
véimoim=0,1,..,a-1. (O

Tiép theo, ta sé ching minh, ring v6i a € N*
va thoa man (1) s€ tbn tai b € N*saochoa < b
vafib)>fim) véimoim=0,1,..,b—-1. 2)

That vay, véi a € N* s€ ton tai hy € N* sao
cho f(hy) > fla) (3)

Do a thoaméan (1) néntir(3)suyra a < hy. (4)

Xét tap T gom tét ca cac s6 by € N* va thoa (3),

(4). Do f1a song 4nh tir N dén N nén sé ton tai b

=mink,. Hién nhién ta c6 a < b va
hyeT
f(b)> f(m) v6imoi m =0, 1,...., b — 1. T6m
lai, (2) duge chitng minh.
Tu (1) va (2) suy ra ton tai day tang ngit (a,,)
(n=1,2,...) thoa man déng thdi cic diéu kién sau :

(i) a, e N¥*, Vn e N.

(ii) fla,) > fim) v6imoi m = 0,..., a, - 1.
Xét k bat ki thuoe N*. Tr g, < ay,; va (ii) suyra
flag) > f(a) = flag,) = flag)+m &)}
voi m € N*, Vi f 1a song 4nh tir N dén N nén
t6n tai ¢ sao cho f{c) = flay,,) + m (6), hon nita
do (ii) nén a;,; < ¢. T (5) va (6) suy ra:
?..f(ak)=f(ak+|)+f((') Vdi ak <ak+l<(;.
Diéu vira nhan cho thdy ton tai vo s6 bo (g, b, )
vGi a, b, c € Nvaa < b < ¢ thoa méan 2f(h) =
fla) +f(c) (dpem).
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Bai 35 (T7/233)
Cach 1. Tacof(x)=0

& (2 +2x)7 —6(x% +2x) +9=8
& (P +2x-37 =8
2 +2x-3+/8=0 ()
2 42x-3-8=0 (2

Goi x;, x, 1a nghiém cla (1) va x3, x4 la
nghiém cta (2), khi d6 x,,x,,x;,x, la nghiém

cua f{x).

2241 2x%+1

Tatinh §, = ;‘+2 )2(2 S
(g =1 (x5 -1

2x12+1 2x§+1

= +
(4-8)x, -1 (4-8)(x, —1)?

(i (x +1)% = (x, + D2 =4-48)

1 (@D D22 A )y 1
48\ (x ~ D% (x, - 1)?

Ding dinh li Viete dé tim dugc gid tri cua
biéu thitc trong ddu ngodc va tinh duge

5o ! .80—22\/§.
4-8 8
1 80+228
Tuong tr S, = Je g .
Tidé S=S5+85, =§.
Cdch 2.
Dé thay
f=4)=13,
f=3)=-38,
f-1H=12,
f)=-8,
fie)=1,
nén A—f-3) <0,
D) <0,




f=DA1) <0,
fHA2) <0.
Vay f{x) c6 4 nghiém x;, x,,x3,x,.

4

2x% +1 222 +1
Khido S = ———-—— _
,Zl( 2 -1y ,ZIIin—4x?

(2t
& 24 Jg x+3) 12y
72“: 1 7i 1 11
24L&, 3 24 +f 12,1,

=1 i i=1 %
1 _f@
—a  fla)

Dé chiing minh duogc Z P voi
i=] 1

moi x, # a. Do dé
1 O _9

IBACONASON 9

2 ({3 24 By 1210 2
Bai 36 (T8/233)
1) Tacéd

2=a? +b* + % 2 a® +2bc > 2bc = be <1.
Vi thé

(a+b+c—abc)?

=[a(l=bc)+ b+ )P <
< (@® 4 (b + )Y+ =bc)?)

201+ bo)[1 + (1 = be)?]

201+ be) + 2(1 + be)(1 - be)?

= 2(1 + be) + 21 = b2c3)(A = be)
=4-2h**(1-be) <4.

Suy ra la+b+c—abcl < 2 (dpem).
D4u bang xay ra khi va chi khi trong ba s6 a, b,
¢ ¢6 mot s bing 0, hai s6 con lai bang nhau va
bang 1 hay —1.

2)Tacé (@+b+c¢)? <3@*+b*+c*)=6
= %(a+b+c)2 <3.

Vi thé (& +b° + ¢ =3abc)?

= [(a+b+c)a® +b? + 2 —ab—ac - b))
2
@bt )2(2 (a+b+c)2—(a2+b2+c2))
= (¢ ¢ —
2

2
= (a+h+(')2(3——;—(a+b+c)2)

= (a+b+c)2(3-——i—(a+b+c)2) X

3
x (3——;—(a+b+<')2) s(gj =
3+ B% + 3~ 3abe| < 242 (dpem). Dau bang
la+b+cl=2

A +bhr+2 =2

8. Suy ra

xay ra khi va chi khi {

Bai 37 (T2/234)
Cach 1.

Via>0,h>0,c>0vaa+hb+c =1nén

suyraa2+b2+c2<a+b+c=1 (1)

Tacdé A=a(x+b)+b(y+c)+c(z+a)
= ax+by+cz+ab+hc+ca

@)y (P +2?)
- 2

4

+ab+bc+cu

< (a+b+c)22+x2+y2+22

B 2
D4u bang xay ra khi vachikhia=x, b=y,
¢ =z khi d6 s€ xay ra

=1.

2 =l=a+b+c

at+ b+t =27 +y2 + 27
trdi véi (1). Vay s& khong xay ra ddu bing va ta
dugc diéu can ching minh.

Cach 2.

Ap dung Bit déng thic Bunyakovski cho sdu
s6a,b,c, x,y, ztadugc

ax+by+cz < \/a2 +h? +c2.\/x2 +y2 + 27

=Na® +b* +c2 M )c2+y2+z2 =1).

T détacod
a(x +b)+b(y+c)+c(z+a)=ax+by+
+cz +ab + b + ac
<V +b2 +¢? +ab+be+ac =Va* +b* +c? +
l—(a2 +b° +(:2)
2

<L N2t r oo ep 1 -1

2 2
< 1—5(\/a2+b2+c2 - <1

i a’ +b% +?

M (a+b+c)? =1)

< 1) (dpcm).
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Bai 38 (T6/235)
e Truéc hét ta ching minh C > 2. That vay

chong;=i(i=1,.,n)tacod

2 < |
= ) -
<:>”+1<C+(C -);i

Néu C < 2 khi cho n — +co thi v&€ phai tién
dén —oo cOn Ve trai tién t6i 0. Mau thuln.

® V6i C =2 thi BDT dung.
e Ap dung BDT Bunyakovski ta c6

20)E J 5] e

k
k 22_

k(k +1)

Il
JM»
&
)
(S

k1 iz Kk + D)7
~ noon 412 ~ ii n 4[2
‘1 ks k(k+l) a0 % (k+1)
Ta cé
" .2 2
2
D Bl R et
o k(k+1) i (n+1) i
. 4 4k +2 2 2
Vi 7 <2 2 2 2
k(k+1) k“(k+1) k“ (k+1)
thanh thir

Vays6 CcantimlaC=2.
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Bai 39 (T7/235)

Doa,b,c € [0; 1] nén

< a N b N 1% N d B

Tabcd+1 abcd +1 abed+1  abed +17
a+b+c+d

T abed + 1 ()

Mat khac, tha, b, ¢, d € [0;
a+b<l+ab
c+d<l+ed
ab+cd< 1+ abced.

Cong ba bat dang thic trén theo timg Ve,
ta dugc :

1] tacon céd

a+b+c+d<3+abed 2)

3+ abcd
—— <
abcd + 1

Honnita, véia=hb=c=1vad=0thi F=3.
Két hgp voi (3) ta c6 maxF = 3.

Tu(l)va(2)suyra F < 3)

* Ghi chi. Bang phuong phép cua loi giai
néu trén, ciing nhu bing mot s6 phuong phép
khd don gian khdc, ta c6 thé giai Bai toan khai
quat sau : . dyy thuge 10: 1] (n
la 56 nguyén Ion hon I cho trudc). Hday tim gia tri
16n nhdt ciia biéu thirc

"Xét cdc s6'ay, aj,..

n—1

P S
aydy..d, +1 o dyeaqa

i+l dy +1

d
+ n

ayd,...d, | +1
(Dép s6 : maxF =n-1).
Bai 40 (T8/235)
Gia stt O(x) = ax’ + bx + ¢ v6i a # 0. Khi d6
(0'(x))? = 20(x)0"(x) = b* — 4ac < 0. Theo
gia thiét thi t6n tai cic nhi thic bac nhat G(x) va
R(x) sao cho P(x) = Q(x)G(x)+ R(x).
Chii y ring Q"(x) = 2a; R'(x) la hing s6.
Suy ra
_ P(x)
S0

"_(mn)'
Y = o)

R(x)
Q(x)

=G(x) +




Vay y"(x) = 0 & 2R(x)(Q'(x)* -
“20(x)Q'(X)R'(x) = Q(X)R(X)Q"(x) = 0

o 2R
00 (Q'())

= 3R(xX)Q"(x) + 2Q'(x)R'(x)
= 2y(b2 —4ac)=3R(2)Q"(x)+20'(x)R'(x) +
+ 2G(x) v6i G(x) 1a nhi thic bac nhat.

—20(x)Q"(x))

Nhan xét ring bac cta
(BR(xX)Q"(x) + 20'(x)R'(x)) khong 16n hon 1
nén 3R(x)Q"(x) + 20 (x)R'(x) = ax + f.
Vay y" =0
1
2(h? ~ 4ac)
Bai 41 (T3/236).

&y = (ox + B + G(x)), (dpcm).

¢ Diéu kién : a; 2 0. Vi néu a; < 0 thi khi
Choa2=a3=...=a"=0;b1=1,b2=b3=...=
=bh,=0,taco:

M(uby +ayby +...+a,b,) >

non

(bI +by+...+b, )2

i ~ ‘l A P ~
tro thanh «, > 7‘ (vo li via,; <0).

VGia; 20tasuy ram>0.
e Ta lai c6 a2 myay —ay 2m=>a, 22m

vatirdé suy rauy 2 3m,...; a, > nm.

e Vay c6 M(uby +ayby +...+a,b,) 2

nn

v

M(mb, +2mb, + ...+ nmb,)

mM (b +2by + ...+ nb,)

m{M(b, + by +...+b,)+ M(by + by +
too+ b))+ + M

n—1

b,)+Mb,]
mlb (b, + by +...+b,)+by(by + b3 +

[\

tot b)Y+ b, (b, +b)+B]

- g[(bf+h§+...+hf)+(h]+b2+...+b”)2]

5

?(b +bhy +.. +b”) (dpcm).

Il
o

Ddu bang xay ra khi b =h, =...=b
hoackhi ¢y =a, =...=a, =0.

Bai 42 (T6/238)

Vi x| =2 > 0 nén tlr cong thitc xc dinh day
(x,)suy ra x, >0 v6i moi n > 1. Do d6, v6i moi

n>1tacé
X ——L—(4+1+1+1)
w75y, 3°3°3
4
L A gfa L 4B
55, V'"27 7715
Hon nita, dé thdy, x, 1a s6 hitu ti v6i moi
n>1. Vithé x, ¢‘{/§ v6i moi n > 1. Suy ra,

ddu bing trong bat ding thic trén khong thé
xay ra, nghia la ta ¢
44

Xpsl > 5 véimoin > | (H

Tiép theo, bang phuong phép quy nap theo n,
ta s€ chiing minh

Ap+1

<1,7v6imoin=>1 2)
L2t
)

Giasu, dac6é 2) voi n =k (k= 1). Khi do

Véin=1tacd: =1,7.

X SO, =4,913<5> x),, <5x,
(do x> 0) 3)

Hon thé, tir (1) ta con ¢6

443 2

X > 7(d RhAd 7):35xk+] >1 @)
Tu (3) va (4) suy ra

4
Xkt 1 +1

Xg +1<8,5x,, < <1,7.

5xk+l

hay x;,, < 1,7. Diéu nay cho thdy, ta ciing c6
@) véin=k+1.

207




Theo nguyén li quy nap, (2) dugc chimg
minh v&i moi n > 1.
Tém lai
43
15

4[1

‘——>§ v 1,7 < 2 nén tir cdc bat déng

<A, £1L7v6imoinx1.

thic trén ta c¢6 cdc bat dang thiic cdn ching
minh trong dé bai.

* Ghi chu : Bang phuong phdp cua 161 giai
néu trén, ta ciing ching minh dugc réng :

443

3
-~—<)¢ <5 véi moi n > 3.

~

Tuy nhién, ciing biang phuong phdp d¢, ta
con ¢6 thé chimg minh dugc BDT chat hon :

_4f

5
<X, <Z véi moi n > 3.

Bai 43 (T7/238)
Tit fix) <1 véimoi x € [-1; 1] suyra

x(ax? +bhx+¢) <0 véimoixe [-1;1].

Tir d6 ta con ¢6 —x(ax® —bx+¢) < 0 véi
moix € [-1; 1].

Suy ra —xz[(ax2 + (:)2 —bzxz] > 0 v6i moi
xe [~1: 1] dan 61 (ax® +¢)? <b*x? v6i moi
xe[-1;1] (1)

Cho x =0, tir (1) ta dugc ¢ = 0. Khi d6

F(x)=ax® +bx? +1,

Do -1 < f(x) €1 v6i moi x € [-1; 1] nén
~1<fil)<1va—-1<fi-1)<1, hay
~1<a+b+1<1
—1<~a+b+1<1
-2<bh<0 : 2)
Suyra {—(h+2)<a<—h ‘
—(b+2)<-a<-b
nén |a| < min{-h,b + 2}. ?3)
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xe[-1;1]thi ax < lax| < lal

Véi ¢ =0 va a, b thoa man (2), (3) ta c6 : véi
<-b=>ax+bh L0
ax > —lax| > ~lal > (b +2) > ax+ b = -2.
Nhuvay -2 <ax+hH<0véimoix e [-1;1].

Suy ra:

2 <ad +hx? <0

1] hay

-2<-

véimoix e [-1;

|F(0)| <1 v6imoix e [-1; 1]

Vay, tat ca cdc bo ba s6 can tim la tat ca cic
bo (a; b ; 0) v6i a, b thod man (1) va (2).

Bai 44 (T7/239)

Ta s€ giai bai toan khai quat sau.

Bai toan 1. Cho s6 thuc o > 0 va cho n s6

thuca; € [0; 1] v6ii=1,2,.., n(n22). Ching
minh ring

al (l,
+ Z +...
a2a3...a” +a - a] al laH_] a” +a

a n-1-«a
+ 4 <1+ )
ad,..a, | +a aya,..a, +a

Hoi dau bang xay ra khi va chi khi nao ?
Lot gidi. Ki hiéu v€ tri ciia (1) 1a F. Khi d6,
thuéc [0; 1] vaa > 0, suy ra

Za

Z a\a,...d, +a a,a2 a, +a

tur ay,¢,,....4q,

()

Hon nita, 0 a,a,,...,

(I-a,0

n—1.

a, thuoc [0; 11taco

—ayay..aq;) 20,vé6imoii=1,2,.,

n—1
Suyra Y (1-a;,)(1-aay..q) 20
i=1
n=1
< n-1- Zam +
i=]
n—1
+ Z(alaz...aiai+1 —aay..q;) 20
i=l




n-1
S n-1- Zam +(qyay...a, —a;) 20
i=l
H
o Zai <n-l+aa,..q, 3)
i=1

Tu (2) va (3) ta dugc

n-1+aa,..a n-l-oa
F< L20n = 1+

ayd,...d, + o

aydy..d, +a’

Dau bing & BDT trén xay ra khi va chi khi
dau bing xay ra dong thoi & (2) va (3) tirc la
hodc ¢;= 1 v6imoi i = 1, 2,..., n hoic trong n s6
dy,dy,...,d, ¢6 mots6 bang 0 va (n — 1) s6 con
lai cing bang 1.

Bai di ra 1a trudong hop dic biét ciua Bai
todn 1, khin=4va a=2.

* Ghi chu. 1) Gia st ¢6 céc s6 thuc duong ¢

va f. Chon a= —1— vavéi mdii=1,2,.,n

b.
dat a; = —.

B
a; € [0, 1] & b; € [0, Al. Do vy, ta con c6 thé
phat biéu Bai todn 1 dudi dang sau.

Khi d6, véi moi i = 1, 2,..., n va

Bai toan 2. Cho cdc s6 thuc duong ¢, S
vacho nsd thuc h; € [0; B],v6ii=1,2,..,n
(n > 2). Chimg minh ring

hy &)
+ +
byby..b, +q  by..b,b +q

+ b”
bb,y..b, | +q
i (n-Dp" —¢4p
< 4
5 {H biby by, + 4 @)

Hoi dau bang xay ra khi va chi khi nao ?
2) Bai todn sau 12 mot khdi qudt hod cla
Bai todn 1.

Baitoan 3. Chon, ke N;n>k2=>1véin

chia hét cho k. Cho céc s6 thuc duong o, B va

14.TUYEN CHON. TH&TT (QUYEN 3)-A

cho n s6 thuc ¢; € [0, a], i = 1, 2,..., n. Ching
minh ring
ayay..ay,

dygyya, +B

azas...ak+l

+ ...+
Apyned,ap + B

a,dy...a;_,

dy..d, + B

&)

- n=2k k
a way..a, + fa

n k
1 L+ (n-kya" —kfa J

Hoi ddu bang xay ra khi va chi khi nao ?

3) Khi coi cdc v€ trai F, F, F, cla cdc BDT
(1), (4), (5) 1a céc biéu thirc cla cac bién s6 ay,
day,..., d,, cic ban dé dang tim dugc maxF,
maxF |, maxF, nho két qua cia cdc Bai toan 1,
2,3.

Bai 45 (T8/239)

Do da thitc f{x) ¢6 2000 nghiém thuc phan
biét nén theo Pinh Ii Rolle, thi f '(x) c6 1999
nghiém thuc phan biét. Tuong tu, f"(x) c6 1998
nghiém phan biét va f"'(x) c¢6 1997 nghiém phan
biét va

£7(x) = 2000.1999.1998x' %7 4 .

+ 4.32.01996 + 3.2.(1]997

Do f"(0) = 3.2.a)997 = 3.2.1997 # 0 nén
da thuc

g(x) = £ f"'(lj = 6d)gg7X1997 +
o

1996 1995
+24d,996 X + 60d;g95.x + ...

+ b
ciing c6 1997 nghiém phan biét, gia st d6 la

X, X35, X1997- Theo dinh 1i Viéte thi

1997 24ay00
= Gy
d
I 1997
x. = 60.4,495
it
1€i<j<1997 6.a1997

209




Ap dung bat ding thitc Cauchy, ta dugc
2
[ 2441996 ) 19297 x| 2
6.d997

1<i<j<1997

O

* Ghi chii. Ta c6 thé chitng minh két qua tong
quat sau day : Néu da thic flx) = ap" +.+
+d,x+a, (n22
thuc phan biét, thi

; ag.a, # 0) ¢6 n nghiém

2 2n
d, 4 > _l(l .a, 2

Tu d6 sé& cho nhiéu su khéi quat hoa cua bai
todn da cho.

Bai 46 (T6/240).

1 1996!(k +1)!

chkl. . (1997+K)!

1996!(k + 1)!

= 1997 1 k1995 107 Hh-(k+2)

_ 1996(1995!(k +D!

Taco

1995(k + 2)!)

© 1995\ (1996 + k)! (1997 + k)!
_ 1996[ 1 1 j
— - k 2 .
1995 Clk(;)l6+k C19+97+k
LAy t6ng
- 1 1996 1 1
Z Ck+] C C"+2
k=0 ~1997+k 1996 1997+n
1996 1 1

< . = .
1
1995 ¢l . 1995

* Ghi chii : Ta c6 thé thay s6 1997 bdi mot
s6 m bat ky (m > 2) va c6 bat déng thic sau

LS S S
C:n Cm+l i C:Intvln m-—2

Bai 47 (T2/241)

Ap dung bat ding thitc Cauchy cho 1995 s6
1997

lvahais6x ', tacod
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1995 + 27 5 1997 21997 _ 2 1)

1997
Tuong tu

1995+ 21997
1997

> y? )

. 1995+ 27197
oo s
1997 -° 3)
Cong theo timg v€ cua (1), (2), (3) tacd

F=)c2+y2+z2

3 1995 + 2(x'%7 + y1977 4
1997

1997
)

=3

Tac6F=3o x2=y? =z =1
Dx=y=z=1(vix, y,z20).

Do d6 F dat gia tri 16n nhat bang 3.

* Ghi chit :

1) Ta c6 thé st dung bdt ding thic

Bunyakovski m& rong dé gidi quyét bai toan
nay :

(Lldox+ LLoLyy+ + L1.1.22)"%7

199556 1 1995 s6 1 1995 s6 1

< 31995(X1997 +y1997 + 21997)2

= FY <3 5 Fos

Vi F=3khix=y=z=1nén F I6n nhat
bing 3.

2) Ta con c6 thé gidi bai toan téng quat
sau.
Cho k s6 duong x;,x,,...,x, thoa man
X Hxy o+ xg =8
Tim gi4 tri 16n nhdt cua F = x)' +x, +... +
+x; v6im>nvam,n e N*
Bai 48 (T8/241)

(0 =x3)+ x,(1 - x3) +

+ ...+x,,_l(l_‘xn)+x"(1_x])S[g} (1)




Do d6 véi mébi n > 4 ta déu co

\E<1+ Z(n-+2
Z&T
L LIS

kzakl

4 & 1
AN
27k=23

Duya vao (1) va dua vio bat ding thic
Bunyakovski ta s€ duoc cac BDT sau.

n 1 n 1
—_— =14 -
; N aiy kz=3 J aiy
<1+—Z—<1+—\/( —2)2

= 3(k 2)?

< 1+—J(n 2){1+Zm]
= 1+§\/(n—2) 2——!——)<1+—§1/2(n—2) 3)
4 n-2 4

n 1

— =1+
\/ak =3 QR ak )
<1+ ° ! 1+-9——1—’7 4)

16k:3(k_2)2 8 8

n 1 n 1
L o e

k=2 %1 =3 Q3 ak )
27 & 1 27 & 1
=) —<1+—
64;(1(_2)3 64k=3(k‘2)2
27 59
< 1+§ =3 5)

Tir (2), (3), (4) (5) ta dugc :

4 35159
3/ 4 B -
b <3"T3 2=+ 548N

véimoin >4 (6)
Tu (1) va (6) suy ra
4
4 1 a’> 4 1
5(";)<7<§ VTR
35 1 591
= =z .= >
+54n+8 3 véimoin=4 €))

212

Vi lim ﬂ(1 ——l)
n—»+0 3 n

4 1 35 1 591) 4
= li —\J2(n-2 =—
1m(3+2 (n-2)+ ) 3

n>ta S4n  8132°n
4
. . a¥ 4
nén tr (7) suy ra lim — =—. Nhu vay
n—+0 N 3
4 e A
a= 3 12 mot gia tri can tim.
Do lim g, =+» suy ra w (1) va
H—>»+00
4
o 3 g2
a a’ a
Tn-Tn g 3 nén
n n
. 4
+o0 néu a > 3
lim af =
H—y+00

4
0 né < =
neu a 3

4 e .

Vay a = 3 la gi4 tri duy nhat dé day (u,)
hoi tu va gidi han cia né khac khong.

* Ghi chii : C6 thé néu Bai toan khai quét sau :
"Cho s6 thuc duong a va s6 thue ém b. Cho ddy s6
(a,) dugc xdc dinh boi ay = a, a,, = a, + a,’,’,
Yn 20.Tim tdt cd cdc s6 thue a sao cho ddy s6

a

. . 5. a L ,
(u,) dugc xdc dinh boi u, = —- vdi moi n21
n

la héi tu va gidi han cua nd khdc khong".
Daps6: a=1-b).
Bai 50 (T7/221)
Dé thay cé
nk(1+n)

<
I< 2k

<2, véi moi n € N* va véi moi
1+n

k=1, 2,.., n. Tir cong thitc x4c dinh a,, ta c6
n+l1<a, <2n+1<2(n+1) v6imoin € N*

! 1
Suyral<h, <2""D <27 véimoin e N*(1)

" 1
Ma 27 = (2. L.1..1)" <
Dy A
(n—1) 56 1

n—-1+2 1
=1+—.

n

Néntir (1) suyra 1 <h, <1+—r1;, Vn € N* (2)

Do lim (l+l) =1néntir(2)duoc lim b, =1.
n

H—>+X0 H—>+00




* Ghi chi. Véi (a,) la day dugc xidc dinh
trong bai da ra, va v6i &k € N* cho trudc ciing

1
ching minh duge lim (n*.a,)""*D =1.

n—»+00
Bai 51 (T6/225)

e Ta thay x < 1 khong 1a nghiém cia phuong
trinh. That vay, viét phuong trinh da cho vé
dang

x(x2" -1 =1.

Néu x < -1 thi ¥*" > 1. V& trai am.
Néu 0 < x < 1 thi v& trdi am.

2n+1

Néu-1<x<0thi x <0<x+1.

e Xétham s6 f{x) = x> —x —1taco
F)=Cn+Dx* =1>0véix> 1
ma f(1) = ~1 < 0 nén t6n tai va duy nhat x, > 1
dé fix,) =0
Theo BDT Cauchy ta c6

2n+x, +1
X = xS

2n+1
2n

o X, £

2n+1

Vay 1 <
.y <x” 2n

Vi lim 2n+1

H—>+®0 n

=1néntacd

lim x, =1.
H—>+00

Bai 52 (T7/226)

pat f(x)=x"2 —x®+3x* =322 +1.
Néu x> 1 thi
F)=0P =18 430t —xB)+121>0.

Néuxe (0; )thi f(x)=x"-2-13>0.
V6i x < 0 thi
f'(x)= 135" —6x° +12x° - 6x

=13x"% —6x(x2 -1)? >0

do d6 f{x) d6ng bién trong (w0 ; 0). Vi fix) lada
thic bac 1€ do dd f{x) c6 mot nghiém duy nhat
trong (—oo ; 0). Vi fi—=1) = -1, fl0) = 1 nén
nghiém dé thudc (-1 ; 0).
3
EWL
b) Dat g(x) = \x 3 +1
Tacod x; =1,x,,, = g(x,).
Viham x%(x > 0) véi o <012 ham giam do d6

3
g(x) 1a ham tang. Mat khdc x, = 2 B <1=x,

nén x3 = g(x;) < g(xy) = xy,... DAy (x,) 1a day
giam va bi chan dudi bdi 0 nén tén tai giGi han
a= lim x,. Qua gidi han ta dugc

H—>+0

B 7
a3 =a3+l
13

L

S l=a
= (l—az)3 =a". bat xy =a v6i 0<x, <1
thi (- xg ) = x(])3
= fixg) = 0.
¢) Ta c¢6 f(-0,80) = —0,0083
f(-0,79) = 0,0064
f(-0,78) = 0,020.
Vay x = - 0,79.
Bai 53 (T8/228)

Taco
3n 3 3n-1 N 3n-1
3k) \ 3k 3k -1
3n-2 3n-2 3n-2 3n-2
= + + +
3k 3k -1 3k -1 k-2
3n-2 3n-2 3n-2
> + +
3k 3k -1 3k -2
4 -2 -2 3n-2
10 (P O Y
pars 3k 3k-1 3k-2
= 23n—2 (1)
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3n
3
Mat khéc, lai c6 S, < Z[ nJ o 2
k=0 k

Tir (1) va (2) suy ra ¥23"2 <35 <2.(3)
Ma lim ¥2%2 = lim 2=2 nen tir 3) ta

H—»+00 H—>+0

duoc :

lim %S, =2.

H—>+00
* Ghi chu : Xuft phét tir y tudng va phuong
phép clia 101 giai da trinh bay & trén, ta c6 thé dé
xudt va giai quyét bai todn khdi qudt sau.
Cho s6 nguyén duong a. V6i mbi n € N* dat

S, :Z(Zg Hay tim lim «Js, .

H—>-+00

k=0
Bai 54 (T6/229)
Cdch 1.
2
Taco x,,, = —3——(—‘2—-1)~

Tir d6 bing quy nap dé thdy 1 < x, < 2 v6i
moi n > 1. Khi d6

oy ~V2]= 5130, - D)~ 3= (2 -7
Xn _\/—2_‘[\/5 - (2 - X”)

1
= 2] )

ViO<2- x, <2 dodétir(l)suyra

Xyt _\/ﬂ <% Xn _\/—2-'\/5 :_\/1_‘2")(’1 _'\/5‘

Suy ra

v, -3 < (_}5) k=],

n—1

1

Vi i — =0nén li =+2.

! uir?oo( \/Ej nen i::)rEoox” \/‘

Cdch 2. Bang quy nap dé thdy 1 < x, <2.
2

Xét ham s6 f(x) = 1 + x—2 6 f'(x) =

l - x <0 v moi x € (1;2)nén f{x) nghich
bién trong (1 ; 2). Do d6
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a) Néu x; > xythi f(x)) < f(x3) = x, <.
Ti€p tuc nhu vy tacé x; > x;3 2 x5 2 ... va
Xy S Xy S
Thanh thir hai day (x,,) va (xy;,,) hoi tu
vagidslt a = lim x,,, b= lim x,; .
k—+o

k—r+o0
b2
Qua gidi han ta cé a:1+b——2—,
o’
b=1l+a——.
77

Suyra(a—b)a+b-4)=0.

Chi y rang x, <%,v6im(_)indod(’)

6
b<— =3
a+ >

Suy raringa =h. Vay lim x, ton tai.

H—»+00

b) Tuong tu néu x; < x, taciingcd lim ux,
) n—>+0

2
ton tai. Goi giGihan1aA. Tacé A =1+ A’—A—

2
= A= \/5
Bai 55 (T7/229)

Xét ham s6 g(x) = e 9% f(x) xéc dinh trén
[0 ; 1]. Tix cac gia thiét d6i v6i ham f(x) suy ra
ham g(x) lién tuc trén [0 ; 1], c6 dao ham trong
(0; 1) va g(0) = g(1) = 0. Bai thé, theo dinh Ii
Lagrange, ton tai c € (0 ; 1) sao cho

() =0. )
Ma g’(x)=e_m(f'(x)—ﬁf(x)j

X

voi moi x € (0 ; 1), va e 199 «# 0 v&i moi

1
-]—9—§6f(() —0

x;€O; Dnéntr(tacédf'(c)~
hay f '(¢) = 1996f'(¢). (dpcm).
Khi thay diéu kién flO) = f(1) = 0 bdi diéu
kiéen f0) = (1) = m (m = 0 cho trudc) thi két
luan cha bai toan s€ khong con ding véi fix) la
ham b4t ki thod man di€u kién f{x) lién tuc trén
[0 ; 1] va c6 dao ham trong (0 ; 1). Ching han,




xét ham f{x) = m (m # 0, khong d6i) v6i moi
x € [0, 1]. Lic nay, dé thay ta s€ c6 f{c) # 1996.
f'(¢)véimoic e (0;1).

Bai 56 (T8/230)

Véi moi x, xy € R (x #xp), chon s6 hitu ti ¢
nim & gilta x va xg thi :
|f() = fC)| =00 = fl@) + F(@) = f(xp)| <

)= F @I+ (@)~ Flp)<5(x—4) +5(q—x)°
<5(x - x0)t +5(x - ) =10(x —x0)>. (D)

Vaynén lim |f(x) = f(xp)] =0
.\'—)AO

hay lim f(x) = f(xp).

X —),\'0
Suy ra f{x) 1a ham s6 lién tuc tai moi x; € R.

Mat khac, tir (1) ta nhan dugc

IO =T yop,
X=X B o
Suyra lim )= 100) =0hay f'(xy) =0
X—>Xg X = Xy

véi moi xy € R.

Do f(x) lien tuc va cé f'(x) =0, Vx e R, ta

suy ra f{x) = ¢, v6i moi x € R. Thu lai, ta thay
ham nay thoa mén diéu kién bai ra.
Bai 57 (T6/233). Nhan xét ring

l=a,,<a,, <..<a,, N
.o | 1
va = -
Ay ivt an,l mn + an,i
Suy ra
S L. LS
j=0 i+l i=0 ayi i=0 mn + a,.
hay
-1
1 X 1
=1~ (2
a"." ’=0 mn + alll

DV60<m<1,tr (1) va(2) suyra

1 < 1 _ n — all," < all,ll

an,m all,ll +n all,'l +n

hay a,, >vVn+1,

2) Véim> 1, tir (1) va (2), thi

1 <1 n >1—i

Ay n 1+ mn m

n+l1

m
=da,, <

nn

(3)

m-—1
Mat khic, ciing tir (1) va (2), thi

+ nm
m——.

Chuyén qua gi¢i han (n — +0) va sit dung

P n 1
cong thic lim ——— = —
n—>+0 M
+nm
m —
. 1
taduoc lim = =1-—
n—»+o a m

hay lim q,, = ;:—”1_1 (dpcm).

n—r+w0
Bai 58 (T6/236)
Taco
Y 242422
n+l n 3(13 _ 4(1” ~1 n
1-a*)a, -2 .
= a-a,)a,=2) Za" Na, =2) vGi moi n € N*
3a; —4a, -1
2a,3, - 2a,2, -2
Ay —2=—5————2
3a, - 4a, -1
- 2)?
= E‘—’;—’Ea"——)—— véi moi n e N*
3a, —4a, -1
2a° - 24> -2
a,,  +1= ——————a’; n +1
3a, —4a, -1
2
= (a, +21) (24, =3) véi moi n e N*
3a, —4a, -1
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Dya vao cdc déng thic trén, véi lwu y
ring 3a’ —4a, —1=(a, —2)° +2(a3‘ _%j,
bang phuong phip quy nap theo n dé dang
ching minh duoc rang :

® Néu ¢; =a 22 thia, >2 véi moi n € N*

va a,,; <a, v6i moi n € N* nén (a,) 1a day
khong tang va bi chan duéi bai 2. ¢))

e Néua; =a<-2thi a, <1 véimoin=2

5 o N 5 A
Va a,,; 24, v6i moi n € N* nén (a,) 1a day

khong giam va bi chan trén bai 1. 2

Suy ra : Véi la| > 2 thi day (a,) 12 day hoi
tu. Dat o = lim q,. Tu cong thirc xdc dinh day
H~»+00
2a° —2a% -2

(a,)va(l),(2tacod: a = 5 ,
3a° —-4a -1

a=2néua=2,

a<-1néua<-2.
Trdésuyra:
eNéua>2thi lim g, =2.
H—>+0

eNéua<-2thi lim a, =-1.

H—»+00

Bai 59 (T6/241)

Bang phuong phdp quy nap theo n ta sé
ching minh ring :
1

b, =—-c
211

/4
s
., Ot —— v6imoi n > 1. ¢))

That vay, do b = 1 = —l—cot—”— nén ta cé
2 ol 142
(1)ding véin=1.
Gidsirdac6 (1) ding véin=k=>1,nghiala:

1 L e
by, =—kcot27”+l—. Khi dé

1 [o 1
b1 =§[”k + /by +Zk')

11 b4 1
—2—2—/( COtEE;—I_-'_

sin
2k+]

1

Nhu vay, ta ciing c6 (1) ding véi n =k + 1.
Theo nguyén i quy nap, ta c6 diéu muén ching
minh.

Tu doé
T
T n+t .. .
b, == cos 2 Veimoinz1 (2)
T 2Il+] X T
sin
2n+1
4
K w K n+l
Do lim cos—— =1, lim 2 =1
n—+w g+l noy+o .
sin
2I1+1
nén tir (2) suy ra day (b,) 1a ddy hoi tu, va
. 2
lim b, =—.
H—>+0 /4

HINH HOC PHANG

Bai 60 (T9/219)
bat BC = a, CA = b, AB = ¢, va MA' = x,

g b ¢
MB =y, MC =z Théthi ¢ = =+ + =,
X Yy z

Néu goi S 1a dién tich tam gidc ABC, ta cé

28 =ax+ by +cz.
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Do d6 ta duoc

b .
2Sq:(ax+by+cz)(ﬁ+——+—t-]:a2 +h? 4%+
X y z

+ bc(l+-z—)+ca(—z—+£)+ab(-{+l)
z y Xz y x




25¢ 2a* +b +¢? +2(bc+ca+ab)=(a+b+c)?
hay la

2842 4p?, rong d62p=a+h +c.
Vay

b ¢ )
ﬂ+_+i=q2_2_!’__:_13, trong d6 r la
Xy z S r

ban kinh dudng tron ndi tiép tam giac.

Ding thic xay ra khi va chi khi x = y = z, tiic
la khi va chi khi M trung véi tam I dudng tron
noi tiép tam giac :

= 2717 < M tring v6i diém 1.

9 min
Bai 61 (T9/221)
bat Soap = $15S0a'c = 51>
Sos'c =$2:508'4a =52
SOC‘A = S3’SOC‘B =3 '3 (hinh Vé),

SpHS Y =a 8+ =y, 848’y =z

8 s OA'
s3+8'y s, +s8',  OA
- s +8Y _ X
S3+8'3+8, +s'y,  y+z
zX X
Suyra: s = ' = y
y+z y+z
Tuong tu :
X , Z yz
_3‘2: y s S2:——-——-y ;S,;: ,
T4 x Z4+ X X+y
oL
3T x4y

Tir gia thiét c6 .s] +53 +53 —3'12+.s 2+.\3 (1)

Thay cic gid trictias; va s'; (i=1,2,3) vao (1),
ta thdy hé thic (1) tuong duomg vé&i

=) :(ziyx)zz(ffy):
(2= ()

o XU-9 Ye-n Pa-y
y+z Z4+x X+y
(=N == +y+a)’
(v +2)z +x)(x+y)
X =Yy
S @=-y-2)z-x)=0|y=:
Z=X

Vay tap hop nhimg diém O thod min (1) la
ba doan trung tuyén cla tam gidc ABC (khong
ké céc ddu mut cla ching).

* Ghi chi : C6 thé sir dung dinh 1i Céva, tir
dé thiét 1ap hé thic

S| +8y +s3 =85 +sh+sh 2)

Sau d6, cling dé dang thiét lap thém hé thirc

8§83+ 8538 518, =553+ 858+5" 5% (3)

Tur (1), (2) va (3) suy ra

{515,853} = {5,858}

nghia 1a (s',s'5,s'3) la mot hodn vi cla
(5),8,83). (Pinh i Viete vé tinh chat cac
nghiém ctia phuong trinh bac ba).

Xét cac hodn vi khdc nhau cta hai tap hop s6
trén, ta di dén két luan : Muén cho diém O nim
trong tam gidc ABC thoa man diéu kién (1), cdn
va da 1a O phéi ndm trén mot trong ba dudng
trung tuyén cla tam gidc da cho (trir cdc dinh
clia tam gidc va cdc trung diém cla ba canh).

Bai 62 (T5/224)

Trong hinh v&, hinh chir nhat canh d6 ABCD
va hinh chir nhat canh xanh A;B,C\D, cung c6
chu vi 1a p, cit nhau tao thanh hinh bit giic
MNEFPQIK. Pat m = MN + EF + PQ + IK va
n=NE+FP + QI + KM. Ta ¢6 cic tam giic
sau day doi mot doéng dang (vi la tam
gidc vudng va c6 mot goc nhon bang nhau) :
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AAKM o> AB,NM, ABNE o> ACFE,
ACFP o> AD,QP, ADQI > AAKI. it

t =————,ta co
KM

t:KA+AM:NB+BE
KM NE
FC+CP QD+DI
FP QI
KA+ AM +NB+BE+FC+CP+QD+DI
KM +NE+FP+QI

p-m

>
A

Chimg minh tuong ty, ta cling ¢6 ¢ = p—;ﬁ 2)

Tir (1) va ), taco L7 = P20
n m

p—-m-n_p-n-m

suy ra , hon nira, hiéu

m
nhienp >m+n,nénp -m-n>0,vaym=n
(dpcm).

Bai 63 (T9/224)

L+(a—b)2 +(h=cf +(c—a) _1

R 16R? -

Cdch 1. Goi H, O va I theo thu ty la truc
tam, tam cdc dudng tron ngoai ti€p va noi tiép
tam gidc, ta co

M

[ ]

——— —t ——t et ——— —_— —_— —

OH = OA + OB+ OC,alA + bIB +¢cIC =0

tir d6
21)57 =2p- a)a;ﬂ. +
+(2p —bh)OB +(2p - )OC )

Binh phuong hai v€ cia (2), sau khi thay
20BOC =2R* -d*,  20C.0A=2R* -1,
20A.0B = 2R — ¢* va sir dung hiing déng thic :
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a> +b° +c* —3abe
= (a+b+oc)@® + b+t —ab-be—ca),
rut gon, ta dugc
IH?: =4R* —8Rr —(d® +b* +? —ab—bc —ca)
= 4R? —8Rr—%((a—h)2 (- 4 (c-a)’)20
Tir d6 suy ra
8R2 2 16Rr + (a—b)* + (b —c)* + (¢ —a)?

va thu duoc bat déng thitc (1) cén tim.

Ping thic dat dugc khi va chi khi / tring H,
nghia 1a tam gidc ABC déu.

Cdch 2. Chiéu O va [ 1én mot trong cac
dudng thing BC, CA hodc AB ; chéng han chiéu
lén CA, dugc O' va I' tuong tng. Ta c6

co=t cr=poe=®P7C e mi:
2 2
O'l' <0I. St dung cong thic Euler :
Y
OF = R* - 2Rr, ta dugc (c-a) < R?-2Rr.

4

Khong mat téng qudt, gid sit ¢ < h < ¢,
thé thi

(c—a) =[(a-b)+(b-a) —(c=h)* +

+(h—a)? +2(c=b)(h—a) (c—a)* >(c—b)* +(b~a)’

Tir d6 ta duogc bét ding thitc (1) cén tim.

% Ghi chii : Néu st dung dinh i sin va
hé thirc
%=4sin%sin§sin% =cosA+cosB+cosC ~1
r6i chuyén vé trii ctia bat dang thic (1) vé dang
lugng gidc ; bién d6i va sir dung cic hé thuc va
bat déng thic lugng gidc trong tam gidc, ciing
di dén két qua cin tim.

Bai 64 (T10/225)

Ta xét bai toan téng quét vdi n — gidc déu
AA,..A,(n>5). Ly mot di€m O nao d6 trén
duong thing A (di duoc dinh huéng) roi l4n luot
dung cédc vecto sau :




[

5§i=A,-A,+, (G =1, 2,.., n, v6i quy

udcA, ., = A)). Goi B’ 1a hinh chi€u cia B,
trén A ; thé thi B, B,,..., B, 1a cic dinh clia mot
n — gidc déu noi ti€p dudng tron tam O, bin
kinh R =a, va

—_— — 2r
(OBI',OBHI) = ﬂ = 7

Goi v la goéc tao boi A va AA,, tic la
x=(A, OB)), ta dugc (A,AA,,) = (A0B) =
X+@@-DHpad<i<n)va:

MM, = OB'; = acos(x + (i — 1)B).

n n 1n—1

ZM,»MM :ZJOB',-2 =a? Zcosz(x+k,3)=azs,
i=1

=] k=0 :

trong dé

n-—-1

g = ZCOSZ(A‘+k,B) :%+%Zcos(2x+3kﬂ).
k=0 T Tk=0

n=1
Ta ching minh » cos(2x +2kB)=0 véi
k=0
_2m
==
Béng cdch st dung cong thic bién déi lugng
gidc, c6 thé dé dang thdy ring

n-1

QSin,B[Zcost + Zkﬂ)] =0.

k=0

Tuy nhién, c6 thé ching minh nhu sau bing
céch sir dung vecto :

B

Trén dudng tron don vi tam o, dé thay cic
diém 2B = k2% (k=0,1,... n - 1) Ia cac dinh
n

P, cua mot n — gidc déu sao AP,...P, nénta

"
co Z(‘)P"’ = 0. Chiéu tit ca cic vecto wP; lén

k=1
truc c6sin, ta cé

n—1
> cos(2x +2kf) = 0. Suyra s ==
2
k=0
] 5 II(,IZ
Tir d6 Zl MMy ==

Bai todn da cho tng véi truong hop n = 5.
Bai 65 (T10/226)

St dung céc cong thirc tinh do dai duong cao
va dudng phén gidc cha mot tam gidc theo do
dai cdc canh :

2

h, = ;Jp(p —a)(p-b)(p-c),
2vbe /=

la: b\_/+__((; 1)(17_“)7

trong d6 p = %(a + b +¢), ta dugc

h, b+c \/——‘ .
A (p—h)p-c¢) va hai hé thic
l avbc P g

a

tuong tu :

h, c¢+ua

Db~ [(p—b)p-a),
L i (p—b)p-a)
h. a+b ——————
L o — — h .
lc (.'\/E ([) a)(p )

Tir d6, 4p dung bat déng thic Cauchy, ta
duoc (v6i S 1a dién tich tam gidc) :

I / h.
W h R

4 <

Lo

3 3P+ +a)a+b)p—a)p-b)p-c)
a*h?c?

f 2 /7
233_8_'5:_ =3 i
pabc R

i(h+c)(c+a)(a+b)= 8abe).

\%

Déng thitc xay ra khi va chi khia = b = ¢,
lic d6 tam gidc la déu.

* Ghi chii : Bai nay c6 rat nhiéu cach giai
trén co s& sir dung cic cong thic khac nhau tinh
do dai dudng cao va duong phan gidc ciia mot
tarn gidc khong nhimg chi theo d6 dai cic canh
a, b vd ¢ ma con theo ca cic goc A, B va C.
Chéng han :

2hc '
COS —

ha=bsinC(:csinB),lu:b—+— >
-

V.V...
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Tuy nhién, cudi cing déu phai sir dung BDT
Cauchy d6i véi ba s6 duong.

Chii y thém ring c6 hé thitc sau day gilta r, R
vacac goc A, B, C:

.A. B . C
r= 4Rsm§smism—2—.
2) Goi AH = h, va AD = 1, ta cé

HAD = 21B - €l do a6

@—cos . twon tu’ﬁ"——cos —4

I SHIONg I g 7= 08T
vaﬁ'~~cosA~B

L 2

Tir d6

hqu@ h

[u lb I(

= COS _ + COS _ +COSA_B

B 2 2 2

Tir két qua ndy ta ciing c6 bat ding thic cin
tim.
Bai 66 (T10/227)

Goi H, O, I theo thit ty la tryc tam, tam
duodng tron ngoai ti€p, tam dudng tron noi ti€p
cha tam giac ABC ; a, b, ¢ va R, r tuong img la
do dai ba canh va ban kinh dudng tron ngoai
tiép, ban kinh dudng tron noi ti€p tam gidc do
(chd y ring tam E cua duong tron Euler 12 trung
diém ctia OH). Tix céc hé thic vecto quen thudc

OH = OA + OB + OC
aﬁ+b1§+cf‘=6

ta dugc :
2p5—l.=aa—z+b5§+c.'—0_5 1)
21)5E = p~07&. + p5§ + pb?, )
vado dé6 c6
OF -01 =16 ="04 4
2p
+ PP op, (P=I5¢ 3)
2p 2p

trong d6 2p=a+bh+c.
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Binh phuong vo hudng hai v€ clia (3), ta
dugc

_ -+ (=B +(p-0)

EI*
4p2
_(p- b)(f -¢) QR - d%)
4p
_(P—C)(f—a)(ZRz LN
4p
p-a(Pp=h) 2 2 R
——~———4p2 (2R )= 7]
(p-b)( p—c)d® + p-c) p-a)b® +(p—a)(p=h)c?

4p2

7 4)
Sau khi bién déi
4(p-b)p—-c)=Q2p-2h)2p—2c¢)
= (c+a—b)a+b-c) vatuong tu d6i vé6i
4(p—c)p—-a) ; 4(p—a)p-b) taduge

4 p-b)(p—c)a® +4(p—c)(p-a)p* +4(p—a)( p—b)c?
=a*+bt+t - 2(172c2 +2d® +a*h? )+4 pabc
= 4pabc — 168 = 16 pSR — 16 p°r*

=16p°r(R-r) (5)
T (4) va (5) ta thu dugc

2 2
EI* :%——Rr+r2 =(§—r) .

Dé ¥ ring R > 2r, nén ta dugc

EI =§_r ©6)

trong do § 12 ban kinh dudng tron Euler.

Diéu d6 ching t6 ring duong tron Euler
(tam E ban kinh g) ti€p xdc trong v6i dudng
tron (tam / ban kinh r) noi ti€p tam giac.

Bai 67 (T5/230)

" Ké dudng kinh AA' clia dudng tron (O ; R)

r6i 14y trén d6 diém O, sao cho A'O, = —345 Ta




3R

T)
chinh la duong tron can tim. That vay, ké dudng
kinh PQ cta duong tron (O,) ta c6 O,M,Q
thing hang vi MO,MQ cung vuébng géc véi
MP. Mat khdc, do (0), (O,) cing ti€p xiic véi
AP nén A'A, QP cung vuong gbc véi AP va do

s€ ching minh dudng tron c6 dinh (O,;

do6 song song véi nhau, suy ra AOP = QP/TO (so
le trong). Hon nira, AOP = Q/(ﬁ’ vi PA, PM 1a
céc ti€p tuyén clia (O) cing qua P. Suy ra
QPO = QOP, hay tam gidc QOP can dinh Q.

Goi B 1a diém d6i xing véi O qua A, tacé B, O,
A thing hang va tam gidc PBA can dinh P.

Nhu trén, Q/_O7J = lﬁ, nén hai tam gidc can

QOP,POB do6ng dang, va ta ¢ % = gg hay
OP? = 4RR,.

B

A P

o

02 01

Q

Tir tam gidc vuéng AOP c6 OA* + AP? = 4RR,
9 3

2
hay R} +T6—R +§RR,
= AP* + R’ + 1221#—51&1

2 5 2
(R+ Rj AP2+(R,—ZR)

2
(R +¥) = AP? +(0,P - 0,A)

(8% =00
4
3
Vay R, +— = 0,0,, hay (0,) ti€p xiic véi

(0,), taco dpcm.

Bai 68 (T4/232)

Goi N la giao diém thit hai ctia tia AM v6i
duong tron (0). V6i AB = AC, dé dang thdy quy
tich cdn tim 13 céc diém trong ciia doan thing
AN. Véi AB = AC, ching han AB < AC, ta c6
EF khong song song ma cit BC tai K. Qua F ké
dudng thing song song véi BC cit AE, AN
tuong ng tai cic diém P, Q. Tacé :

IM _AM _MJ

PO AQ QF

vai Q la trung

diém cha PF.

Hon nira, theo A

gia thiét thi H 1a B/I c K
=]

ma IM = MJ nén PQ = QF,

trung diém cla
EF nén QH la
dudng trung )

binh trong tam N
gidc FPE do dé

OHF = PEF

(dong vi). Ma Fﬁ’z@\ﬁ’ nén Q/m7=Q/N\F
suy ra ti gidc QHNF noi ti€p, do d6 cé
NHF = NQF . Va lai, NOF = NMC (déng vi),

nén NHF = NMC , suy ra wr gidc NHMR
noi tiép. (D

Do M, H 1a cdc trung diém cta BC, EF nén
OMK =90° =0OHK va tit gisc OMKH noi tiép (2)

Tur (1), (2) ta ¢6 nim diém O, M, H, N, K
nam trén dudng tron dudng kinh OK. Do M, N,
H ¢6 dinh nén duong tron d6 c6 dinh, va giao
diém thi hai ctia né véi duong thang BC 1a K
cing ¢6 dinh. Goi § 12 trung diém clia OK ta c6
S ¢6 dinh, OS khong déi, va H thudc dudng tron
(S) tam S béan kinh OS. Goi D 1a giao diém thi
hai cta (S) véi duong tron (O), do H 1a trung
diém cha day EF nén H nidm bén trong duong

TN

tron (0), va do d6 H chi nam trén cung DON.

Ddo lai, 18y diém H, trén cung DON , goi E|,
F, 1a cic giao diém cla H,K v6i duong tron (O)
(F, nim gitta H, va K), ta c6 OH,K = 90° nén
H, 1a trung diém cta EF,. Goi I, 1a giap diém
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chia AE, v6i BC. J' la diém d6i xung véi 1, qua
M ; F' 1a giao diém thi hai ca tia AJ' v6i dudng
tron (0O). Theo phan thuan & trén, tacé F', E|, K
thiang hang, nén giao diém thi hai cia KE, véi
dudng tron (O) trung véi F, hay H, 1a mot diém
cua quy tich dang xét. Vay quy tich 1a cung

EOTV cua dudng tron (S) trong d6 K, N, S, D
duge xdc dinh nhu trén.

* Ghi chii. Co thé giai cach khidc nhu sau :
Goi S la giao diém cula ti€p tuyén tai A cha
dudng tron (O) véi duong thang BC ; K 1a diém
déi xung vdi S qua M, suy ra S, M déu c6 dinh,
sau d6 ding dinh 1i Ménélaus dé ching minh E,
F., K thing hang, tlr d6 ti€p tuc chimg minh nhu
trén.

Bai 69 (T9/232). Goi G la trong tam cta hé
bon diém {A,A,,4;,A,} va H, 1a truc tam clia
, 3 VOl i=

1,2,3,4va{i,j.k,n} ={1,2,3,4}. The thi

cac tam gidc (T,) ¢ cic dinh A AL A

6—1_';1' :O_A.j +5A"k +a‘in (1)
dodd, véimoii=1,2,3,4tacd

52i+b7i,‘ =a1+522 +a3+m4

= 40G =200 @)
trong d6 O' = Dy(0) la diém d6i xdng cta O
qua G. Heé thic vecto (2) ching to ring doan
thing A, H, nhan diém O' (d6i xing véi O qua
G) lam trung diém ; néi khdc di 1a bon doan
thang A,H, déng quy tai trung diém chung O'.
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Ta c6 ﬁ':%ﬂi (i=1,2,3,4 (3

Ta lai biét rang tam ©, ctia dudng tron Euler

cha tam gidc (T)) qua ba di€m A A, A, la

trung diém ctia doan théng OH, néi tam O
dudng tron ngoai tiép véi truc tam H, clia tam
gidc T, nghia la

Ho, = HO @)

Tix (3) va (4) suy ra phép vi ty V2 tam H,, ti

s6 vi tu % bién dudng tron (O) thanh duodng

tron (®;) ; ma (O) di qua {A;} nén (®,) di qua
0'. Vay :

B6n dudng tron Euler (0,) cia cic tam giic
(T) cung di qua O' = B;(0).
B va B, la diém d6i xing
cia diém A, lan luot qua cic duong thing

AALAA, va AA; chifa cic canh cha tam

gidc (T), th€ thi cdc diém nay cing nim trén
dudng thing Steiner o, vi tr cia dudng thing
Simson A, ciia A, doi véi tam gidc (T,). Dé chimg
minh A, di qua O' ta ching minh o, di qua H,.
That vay, truc tam H; cba (T), diém B; (d6i
ximg cia A, qua AA,) va céc diém A, A, cling

Bay gio, goi B.,B

ndm trén dudng tron d6i xing vdi dudng tron
(0) qua dudng thing AA,. Hoan toan tuong tu,
H, va diémB,, (d6i ximg ctia A, qua A.A,)
cing nam trén dudng tron d6i xding véi dudng
tron (O) qua duong thang AA,.

Tir d6, str dung goc dinh hudng gira hai
dudng thang, ta dugc

(H,B;, AA) = (AB,A;A) = (AALAA)

(mod 7) &)
va (H,B,,H,A)=(A,B,A,A)=(A,ALA,A)
(mod ) (6)

Lai vi A;,A;,A, va A, cing nim trén dudng
tron (O) nén ¢6 :
(AALAA) = (4,4, 4,A) (mod ) (7)

Ho




Boi vay, ta duoc :

(H,B,H.A)=(HB HA)modn) (8)

!

Tir d6 suy ra hai duong thing H,B, va H,B,
phdi trung nhau ; néi khéc 1a H, ndm trén dudng

Tur d6 ta duoc

4 4 4 a3 4 4 34
h,my, +hym. +h.m, >33/h hh.m m,m’

> 93 p.S7. (3)
Lai vi p>%27S theo (1), thay vio (2) ta

thing Steiner o; chia cdc diém Bi,B; va B;'. | duge fi,my) + hym? + homy > 9Y3.52.s.

Duodng thang Simson A, cia diém A, d6i véi (T)
la anh cha dudng théng Steiner o, trong phép vi
1
> , o1 R .
tu VAZ, tam A, ti s6 5 ;mag, di qua H, nén A,
!
di qua di€ém O' =V2(H,), 1a anh cha H, trong
phép vi tu d6. Vay bon dudong thang Simson A,
cung di qua O'".
Bai 70 (T9/233)
1) Pat2p=u+h+c. Ap dung bat ding
thirc Cauchy cho ba s6 duong, ta dugc :

3
(p-a)p-b)p-c)< 12’7

Suy ra

4
s? :p(p—a)(p-—b)(p——(')sg—7 din dén

IJZQ/E\/E, hay
a+b+(:22%\/§.

Diéng thic xay ra khi vachikhip —a=p -b
=p —c¢ <> a=b=c¢ (Tam gidc la déu).
2) Tacé 4m? = 2b* +2¢% - o*
> (h+(‘):Z ~a? =4p(p—a) = mf > p(p—a).
Tuong tu m,% > p(p—-b) va m(2 2 p(p—o).

Suy ra

mimim? > pY(p—a)(p-b)(p-c)=p*S* (1)

Lai c6

(2)

3
Vi abe < 82’—’7 theo BDT Cauchy)

Déng thic xay ra khi va chi khi cic déng
thitc dong thai xay ra & (1), (2), (3) va (4), va
do dé, xay ra khi va chi khi ¢ = b = ¢, tam gidc
1a déu.

* Ghi chii : Ta c6 bai toan téng quat hon
nhu sau :

Gia st a, b, ¢ 1a do dai céc canh cia mot tam
gidc ¢ dién tich 1a S ; cac dudng cao va trung
tuyén tuong Ung la A

a’

hy,h. va m,,m,,m ..

Ching minh ring
)a" +b" +c" >

4n
u

> S5 3"43 (n e N¥)

Bai todn da cho ing véin = 1.

Bai 71 (T5/234)

Goi A;,B;,C, la céc giao diém tuong img
cla céc tia AM, BM, CM véi cac canh BC, CA,
AB. Vi M ¢ bén trong AABC nén tia AM ndm
giita hai tia AB, AC, suy ra A, ndm gitta hai
diém B, C. Ha dudng cao AH, khong lam mat
tinh téng quét, gia st AB > AC, ta ¢6 BH > CH
nén goi B' 1a diém d6i ximg v6i B qua H, thi
doan BB' chita doan BC. Ma A, ndm giita B, C
nén A, nam gia B, B, suy ra A;H < BH hay
AA| < AB = max{AB,AC}. Do d6 AA,.BC <
max {AB,AC}.BC = max {AB.BC,AC.BC} <
max {AB.AC,BC.BA,CA.CB}.

Diat P =max {AB.AC,BC.BA,CA.CB}, tacd

MA MA
. =——AA,.B ——P. Tuong t
MA.BC A4, 1-BC < A, g tu

MB MC
MBCA<—P ; MC.AB<——P.
CA< BB, C.AB < ce,

4n 4n
2) hymy" + hm™ + h.m
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A, H ¢ B’

Mat khdc, do M & bén trong tam gidc ABC

nén téng dién tich cic tam gidc MAB, MBC,
MCA béng dién tich tam gidc ABC, suy ra
MA, MB, MC,
+ + =1,
AA, | BB, ' CC,

MA _MB MC
AA, " BB, ' CC,

MC

M 12 o5 100,

BB, CC,

Vay MA.BC + MB.CA + MC.AB < 2P, hay
MA.BC + MB.CA + MC.AB

< 2max {AB.AC,BC.BA,CA.CB).

Bai 72 (T9/235)

a) Néu diém M tring v6i mot trong cdc dinh
A, B, C thi dé thdy BDT sau ding.

+1-

x2+y2+zzs4(p2+q2+r2) )

Xét truong hop

M khong trung véi
bat ki dinh nao
cua tam gidc. Goi
A',B',C", 1an lugt
la  hinh chiéu
vuong goéc cia M
trén cac duong
thing chia cic
canh BC, CA, AB va G' 1a trong tam ciia h¢ ba
diém {A', B', C'}. Theo cong thiic Leibnitz, ta c6

MA?+ MB?+ MC? =3MG? +%(B'C'2+

+C'A'2+A'B'Z)Z%(B'C'2+C'A'2+A'B'z) (2)

224

Mt khéc, tam gidac AB'C' n6i ti€p duong tron
duong kinh MA = x, c6 B'AC' = 60° hoac
B'AC' =120°, nén ta dugc (theo dinh i sin) :

B'C'= MAsin60° (= MAsin120°) = %

3x?
h ] 72 —_ .
ay B'C e
Chitng minh tuong ty c6
2 2
N ) A S
C'A =1 va A'B = 3)

Tir (2) va (3), ta duge
pPrrqt+rt :%(x2 +y? +2°)+3MG* (4)

Do d6 ta thu duge BDT (1) (dpcm).

Dé thdy ring ddu dang thic dat duge khi va
chi khi M trung véi trong tam G' cia tam gidc
A'B'C' néi trén va do dé M trung v6i G, diém d6i
trong tam cla tam gidc déu ABC, nghia la M
trung véi tam O cia tam gidc déu ABC.

b) Gia sir tam gidc ABC khong déu. Chon M
la trong tim tam gidc. Khi dé

1

2
sz =(%MA) >MA? = p*.  Tuong tu

1 g
ZyzZq2 va ZZZZI”Z. Vi tam gidc ABC

khong déu nén, trong ba b4t déng thic trén phai
¢6 it nhdt mot BDT thuc su va do d6 cé

4(172+(12+r2)<)c2+y2+z2

nghia la (1) khong ding. N6i khic di 1a BDT (1)
1a dic trung cho tam giac déu.

* Ghi chii - 1) C6 thé thiét 1ap he thitc
4+ +rh (P +y* + ) =30M*  (5)
v6i diém M bat ki va O la tam cla tam gidc
déu ABC.

Tir 46 suy ra BDT (1) cdn chitng minh la hé
qua tryc ti€p cha hé thic (5) & trén. C6 thé
chiing minh (5) tir hé thirc vecto :

3MG'=W'+W'+W'=%_M5




va do d6 trong tim G' clia hé ba diém {A', B', C'}
la trung diém ctia OM.

Bai 73 (T9/236)

Cdach 1.

Gia s dudng A
tron (O,) ban kinh R,
ti€p xlc ngoai véi
dudng tron (O) ban
kinh R & D va tiép

xtic véi hai tia AB, D N
AC 6 M va N (hinh [
vé). Tia AD cit mb_Ph

duong tron (O,) 6 E,
thé thi
R+R,,OA//OE va

— X
1]

AM? = AN? = AD.AE. Do d6

AD” _AD_OD .y
am?  AE oo, "

AD* R
AM?2 R+ R’
Chimg minh tuong tu, ta dugc
BD* CD* . R
BM®> CN* R+R
Tir d6 suy ra
AD_BD D
AM ~ BM CN
Mat khac, tir gidc 161 ABDC néi ti€p dudng
tron (O) nén ta c6 (dinh 1i Ptolemy) :

(1

AB.CD + CA.BD = BC.AD @)
Tir (1) va (2) ta thu duge hé thirc
AB.CN + CA.BM = BC.AM 3)

Dat BC = ,CA=h,AB =c,
thay BM =AM —c
va CN = AN —b = AM - b vao (3), ta dugc

AM = AN = —2¢
b+c—a

4

15.TUYEN CHON. TH&TT (QUYEN 3)-A

Goi L 1a ti€p diém cla AB v6i dudng tron
tam / noi ti€p tam gidc ABC, ta dugc
OM AM R AM

L~ ap =

Thay AL=p-a =%(b+c—a) va AM bai
4), ta dugc
R, 4hc

ro h+c¢~- a)2
Chitng minh tuong ty, ta duoc
R . R
22 _ﬁ? Vi 23 — _ﬂ’_z (5)
' (c+a-bh) r  (a+b-c)
Tur cac hé thue (5) nay, va theo BDT Cauchy,
ta duoc
R +R, + Ry bc
4r (b+c—a)
ca ab
7T 2
(c+a-b) (a+b-0)
: 2,22
b .
23 2 — 2 > ©
h+c—-a)y(c+a-b) (a+b-c)
Via, b, ¢ 1a d§ dai cdc canh cia mot tam
gidc, nén ta c6 BDT
(h+c—a)c+a—b)c+a-b)<abc )
(Pay 1a mot BDT quen thudc, ban ndo chua biét
hiy tu chiing minh).

Tu (6) va (7) ta thu duogc BDT cdn chimg
minh

+

R +Ry + Ry 2 12r.

Diéng thirc xay ra khi va chi khi déng thdi c6
cdc dang thic sau
a+b—¢ vado do, khi va chi khi tam gidc ABC
1a déu.

Cdch 2. Ha OK L AM vaOP L OM, dat

b+c—a=c+a—b=

AM =, ta dugc 0P=KM=t—%,

OP=0OM-0OK= R, —RcosC
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A OM IL

3 =" 2T h 3
va tan > = am ~ AL’ ay la
A R r .
t — e = ———— = '
an2 T —a (trong d6 2p=a+h+c) (8)

Lai tir tam gidc OO P vuéng 6 P, ta cé

2
(R+R)? = (r——‘z—) +(R, ~ RcosC)?
hay la
2RR (1 +cosC) = t(t —¢) )
Tu (9) va (8), ta dugc

r

2R

(1+cosC) = (¢t — ¢), hay

p-a

2Rr 2p.2(p-c) o

2uab (10)

p—a

Mat khéc, lai c6 S = pr = % nén tir (10)

( p-c j bc
suyrat=c¢+ ¢ =

p-a) p-a

(D

Do d6, tir (8) va (11) ta duoc

R t bc
o T4 7 hay
¥ p—d (p — a)
R .
K P va hai he thic ni
4r (hb+c—a)
tuong tu.

Ta duoc két qua nhu 16i giai 1.
* Ghi chii :
R. theo p va cic gbc cua tam gidc :

C6 thé gidi bing cach biéu thi

A .
R,zptané(l+tan5) va hai hé thic

tuong tu.
Sau d6 sir dung BDT Cauchy va hai BDT sau

tan§+tan§+tan% >3, p=23f3r ta

suy ra dugc BDT cén tim.

Bai 74. (T4/237)
Ké KK,//LL,//BB'. Theo dinh li Thales

taco:
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... B'K _CB
Mat khac K- CA )
BK, CB' BA'
Tir (1) va (2 56—t = .
r(l)va(2)tacod KK, CA' BB’ (3)

Xét tam gidc ABC véi AA', BB' 1a phén giic
ta cé
AB ¢ ab

BA' ,
ca~ac b5 BT )

BK, ac 1
Tt (3) va (4 L= =
W@ vadyseyra g = BE

BL, ac 1
T t = .
wong W 7y = i B "
BK, B
il B BL, (5)
KK, ~ LL,

Ta lai c6 BK,K =180° - KK,C = 180° —523.

-~

1?LTL=180°—&174=180°—§.

Suy ra 51‘(,\1( = El—,,\L
Tir (5) va (6) ta c6 ABK\K v ABL L.

Suy ra LBL: = KBK),

vay BB' la phan giac goc KBL.

Bai 75 (T5/238)

Loi gidi. Truéc hét ta phat biéu va ching
minh Bd dé sau day.

Néu trén céc canh BC, CA, AB clia tam gidc
ABC 14y céc diém tuong ing M, N, P va céc
diém M,, N,, P, theo thi tu d6i xdng véi M, N,
P qua cic trung diém tuong ung cua BC, CA,
AB thi dién tich cdc tam gidc MNP, va MNP
béang nhau.




Chimg minh bé dé.

bat a, b, ¢ va x, y, z 1a cac d6 dai ctia BC,
CA,ABvaBM, CN, AP tuong img.

Hinh 1
St dung cong thitc
28 45c = absinC tacé (h.1)

Sgmp _ BM.BP _ x(c - z)
SABC - BC.BA - ac ’

SCMN _ y(a - x)

Sapn _ 2(h—y)
Sasc he

Tir dé tinh dugc

S . SunNy, S

EMNP. . Tlnh tu’(mg tu dl.r(_)'C AN =_M}_V_P_

Sasc ABC Sasc
hay SMlNlPl = Smnep-

Tro vé bai todn.

Goi Ay, By, C theo thit ty 12 trung diém cia
BC,CA, AB.

Goi A,,B,,C, theo thit ty 1a cic diém d6i
xing voi A}, B,,C,
ByCy,CoAy. AgBy (h.2). Ap dung b8 dé trén thi
Saybac, = Sapc,- Ta €6 AABC o AAiByCy

(céc canh tuong ung song song). Trén hai canh
tuong ing BC va B,C, tacd

qua trung diém cla

16.TUYEN CHON..TH&TT (QUYEN 3)-A

AB, AC, MB
A,C, AB, MC

(Vi AB,//MC) suy ra A, va M 1a hai phédn tix
tuong Ung trong hai tam giic déng dang dé.
Tuwong tu, ta cling c¢6 B, tuong wng véi N, C,
tuong ng véi P. Vay AA,B,C, tuong ting véi
AMNP, do d6 ching dong dang, va ta cb
Sa:05 _1

Smnp 4
Ma SA131C1 = SAszcz

nén SL]B‘—C’— = l
Sune 4

* Ghi chii : Bai toan trén con c6 thé giai
theo hudng sau.

Goi 1, J, K theo thit tw 12 trung diém ctha MN,
NP, PM. Ta c6 A/K//B,J vi cing song song
VGi AB. Suy raSg , ¢ =S4 x - Xét tuong tu doi
VGi cic canh va cic dudng chéo cia luc gidc 16
AKB,IC,J din dén Samc, =Suk = %SMNP.

Bai 76 (T5/239)

Goi / la tam duong tron noi ti€p tam gidc
ABC va E 1a giao diém cua tia CO, véi AB, ta ¢
ABCE can dinh B (i CEB=A+ACE =
HCB+HCE =ECB). Ma BO, 1a dudng phan
gidc trong cua
EBC , nén ta cé
BO, L CO,;. Chiing
minh tuong tu, ta
c6 A0, L CO, va
suy ra [ [a tryc tam
ACO,0,. Goi K 1a
giao diém cia tia
BO, v6i EC, ta c6
0,KC = 45° (vi
C0,,CO, la cic tia phan gidc cha hai goc ké
phu nhau) nén ACO,K vubng can va ta cé
KC = KO,. Suy ra ACKI = AO,KO, (g.c.g) va
do d6 0,0, = CIl. Nhu vay bai toan trd thanh
tim vi tri cda C sao cho CI ¢6 gia tri 16n nhét.
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Goi D la giao diém cua tia CI vé6i cung AB (doi

xing véi cung ACB qua AB), do CI 1a duong
phan gidc ca AABC ta c¢6 D 1a diém chinh giita
cla cung nay. Ta lai c6 DI = DA khéng d6i (vi

— e e e e

ADAI can do DAI = DAB + BAI = DCB + CAI
= ICA + CAI = DIA).
Nhu vy, CI = CD - DI = CD — DA, ma DA

khong déi nén CI dat gia tri 16n nhat khi va chi
khi CD dat gia tri 16n nhat, tdc 1a bing 2R hay

C 1a diém chinh gitra cung AB di cho. Khi d6
0,0, =CI =2R - RJ2 = R2-2).
Bai 77 (T9/240)

Trong tam gidc ABC ta c6

a =2RsinA,h=2RsinB,c = 2RsinC,

sin®a+sin® B+sin®C = 2(1+cosAcosBcosC)
va r = 4Rsin—g—sin§sin% . Tir 46 ta thady BDT
cin ching minh @® +b% +¢? <8R* +4r% (1)
tuong duong véi BDT

cos Acos Bcos C < 8sin? é sin? E sin® §_ =
2 2 2
2

= (1 —cos A)(1 —cos B)(1—cosC)

e Néu tam gidic ABC vuong hoic ti thi (2)
hién nhién ding.

eNéu tam gidc
cosAcos BcosC > 0.

ABC nhon thi

A
bat x =tan—,y = tané,z = tan% (x,y,2>0),

2 2
thé thi :
2 2
cosA:1 )(z,cosB=1 yz’
1+x 1+y
-2
cosC=1 5 va do do
+z
z 1
2) 2x 2y 2

. . > —
1-x2 1-y2 1-22 0z

& tanA.tan B.tanC 2 cot%.coté.cot—g 3

2 2

228

That vay, chiing ta da biét trong tam gidc
ABC (nhon) c6 cac hé thic sau :

tanA.tanB.tanC = tan A+ tan B+ tanC (4)

A B C A
va cot—cot—cot— = cot— +cot—+cot—

2 2 2 2 2 2 )

Mat khac, taco :
_ 2sin(A+B)
tan A +tan B = 2cosAcosB
_ 2sinC 2sinC
" cos(A-B)+cos(A+B) ~ 1-cosC
C

= ZCOt-i- (6)

va hai BDT tuong tu. Cong theo ting v€ céc
BDT (6) ta duoc :

tanA +tan B +tanC

A B C
> —_ —— —
> cot 2 + cot 5 + cot > @)

Tir (4), (5) va (7) ta thu duoc (3) va do dé
duge (1) (dpcm).

D#u déng thic xay ra khi va chi khi :

cos(A-B)=cos(B-C)=cos(C-A)=1
hay tam gidc ABC la déu.

* Ghi chu

1) C6 thé sir dung két qua bai 63 (T9/224) :

L+(a—b)2+(b—c')2+(c‘—a)2 !

= 8
R 16R? 2 ®
va hé thuc sau :
L 2,42, 2y _
20ab +bc +ca)—(a“ +bh° +¢“) =
= 4(* + 4Rr) ©)
2 ) , ahc
Chang han, st dung cong thic §=pr IR

va cong thirc Héron
§% = p(p—a)p-b)p-c) =

= p(p(bc +ca+ ab) - p3 —abc)

sé thu duoc (9).




Tir (8) ta duoc
L6Rr + (a —h)? + (b - c)? + (¢ - a)® < 8R?,
hay 12
16Rr+2(a® +b* +¢? ~ab—bc—ca) <8R (10)
Tu (10) va (9) ta thu duge BDT (1) cn tim.

2) C6 thé st dung phuong phip vecto két
hop véi luong gidc dé gidi bai ton trén nhu sau :

Véi diém O bat ki tacé :

—2 =2 =2
BC +CA +AB =(0B-0C) +
+(OC - 0A)? + (OA - 0B)? .

Néu 14y O la tam dudng trdn ngoai ti€p tam
gidc ABC thi ta duoc hé thirc sau :

a® + b + ¢ =2(0A% + OB? + 0C?) -

—2(0A.0B + OB.OC + OC.0A)
= 6R> — 2R*(cos2A + cos 2B + cos 2C)

= 8R* —2R*(1+cos 2A + cos 2B + cos 2C)

Vi vay, BDT (1) c4n ching minh tuong
duong véi

R*(1+c0s2A +cos2B+c0s2C) +2r2 >0

Mat khéc, tir cic BDT quen thuoc :

ar)

R>2r va cos2A +cos2B +cos2C > —%

ta thu duoc (11).
Bai 78 (T10/240)
1) bat (Ox, OM) = a, thé€ thi (Ox, ON) =

a+—§(0£a <2m) vatana=k.

Y
N_B
M
yI

Trong hé toa d6 Oxy vubng géc thi y = kx

vd y= —71c—x tuong tng 1a phuong trinh cla cic

dudng théng OMvaON.ViMviN thudc (E)
nén:

OM* = 2, + 2, = UKD

k2a? + b2
on? = (Lt k*)ah?
k*b? + o2

Tir d6

1 ] 1 1
oM +0N2 :—2+b—2 (khong doi) ¢))

va
1 1 kK (@ =b*)?

= + . (2)
OM?*ON?* &b (1+k%?  &*b*

2

bat f(k) = ———, dé thdy rin
(1+ k%)? g

0< f(k) < % ()

(suy tr (1 -k =1+ -2k >0).

Tir d6 suy ra

2
1 ] (az + b2 J
< < .
a*h*  OM?*.ON? 2a%h?

Vado dé

1 1 a’b®

—iahZSOMN =-2‘0M0N2m (4)

Nhu vay
ab . es

max Spun =5 e k =0, khi do

OM va ON la céc bdn truc I6n va nho cla (E).
a’h?

min Sy = -5 k = %1, khi d6 OM

a +b

va ON la phén gidc clia ciac géc vuong tao boi
céc tryc toa do x'Ox va y'Oy, ciing tic 1a day
cung MN 1a mot canh cla hinh vuéng noi tiép
elip (E).
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2) Vi OH 1a dudng cao ha xuéng canh huyén
MN cua tam gidc vuéng OMN nén
Lo 1 v 11
OH®* OM? ON?* 4 P

2 2
ac+b \
= ——— (khong d6i).
a2b2
Do d6
OH = abh

\revel

Suy ra H thuéc dudng tron (O) c6 tdm O,

__ab
Ja? + b?
ti€p xiic véi dudng tron (O) néi trén. C6 thé dé
dang chimg minh ring néu mot day cung MN
nao dé cia elip (E) ma tiép xic véi dudng tron
(O) ban kinh r thi OM L ON (hdy ching minh
diéu d6). Ta di dén két luan :

Quy tich cua H 1a duong tron tam O, béan

ab

Va® + b*.
* Ghi chu
1) Tir hé thic (1) c6
r o, 1 1.1
oM? ON? 4 P
suy ra OM 20N? dat min(max)

ban kinh r = va day cung MN lu6n

kinh r =

1 d?+h

a2b2

& OM?+ON%*=MN? dat
tic 1 ©

min(max)

Somn = —;—OM.ON dat max(min)

<> MN dat max(min).

Tuy nhién, viéc tinh MN? = OM? + ON?
cho biéu thirc phic tap, céng kénh hon biéu
thic OM*.ON*.

2) C6 thé tinh S, theo a, b va goc
a=(0x, OM) hoic ,B=(0x,ON)=a+g.
Béng céch tinh nay, ta dugc

a2b2

ON? - a2h?
22 2 i
¢ e [ar]]
(trong d6 ¢ =d? -b?)
va do d6
4ap?
4SgMN = =

4a’h* + (a* - b*)?sin? 200
S(Z)MN dat max(min)

o sin? 2a dat min (max)

& 2sin® 2a =0 (hoac 1)

Somy datmax < a =0 hodc a=7x

. 4
Somn dat min & a = iz hoac

cesfse)
S T\4 2

Cu6i cing ciing di dén két qua nhu trén.
Bai 79 (T5/241)

Ta ¢c6 Supy = Sacm =%SABC. Mat khac

AM 2 h (h 1a do dai dudng cao cha tam gidc
ABC ké tit A).

4 2h 2AM  AM

Suyra — = < = (N
a Supc Sapc  Sasm
2 a+b+c
g _S,_‘_ )
r ABC

Tir (1) va (2) suy tiépra :

a b
i+z AM+§'+§+‘2—__1—+-1_
a r_ Sanm non
Vay l_+.l.>2(_1_+_2_)
ﬁ 6 r d

Ding thic xay ra khi AM = h titc AABC can
tai A.

Bai 80 (T9/241)

Truéc hét, trong bai todn ndy ching ta cin
dén nhitng hé thic luong gidc da bi€t sau day
trong AABC.




cot—/—{—+cot§—+cot£ —cotécot—qcotg )]
2 2 2 272772

cosA +cosB+cosC —1= 4sin%sin§sin%— 2)
tanA +tanB +tanC =tanAtanBtanC  (néu

AABC khong vudng)

A B C
tan A + tan B + tan C 2 cot — + cot — + cot —

2 2 2
(néu AABC nhon) (4)

Ba hé thiic ddu 1a nhiing bai tap quen thudc.
Ta chimg minh BDT (4). Trong tam gidc nhon
ABC,tacé
sin(A + B)
cosAcos B

2sinC
cos(A — B) + cos(A + B)

tanA +tan B =

4si C C
ZSinC _ Sln-é—COS'i’ =2COt£
~ 1-cosC 2

C
2sin? =
Sln2

va hai BDT tuong tu d6i véi 'ZCot% va

2cot§. Cong theo timg v€ ba BDT do, ta thu

duoc BDT (4).

Dau ding thic xdy ra khi vad chi
khi cos(A — B) =cos(B—-C)=cos(C-A4) =1,
nghia 12 khi va chi khi A ABC la tam gidc déu.

Nho cac hé thire (1) va (3), tir (4) ta duoc

A B C
> —_ _ —_—
tan Atan BtanC > cot 2cot 2cot > 5)

Tir d6, sau khi thay

. cOs —

A=SlnA;cot—4= 2 :
0s A 2 . A
sin—

sinA = 2sin%cos—g; 2sin2%= 1-cosA

va nhitng hé thic tuong tu vao (5) ta dugc BDT
sau :
(1 -cos A)(1 —cos B)(1 —cosC)

> cos Acos BcosC 6)

Tu (6), ta dugc
cosA +cosB +cosC +cosAcosB +cosBcosC  +
cosCcosA >2cosAcosBecosC +
+2(cos A +cos B +cosC) -1 @)

Mat khéc, tir (6) va (2), ta dugc
2 B

Esin 2

hay (vi cos A,cos B,cosC déu duong)

2C

cos Acos BcosC < 8sin? %sin

J2cosAcos BeosC < 4sin—2—sin§sin% =

=cosA+cosB+cosC -1 ;

hay 1a

cosA +cosB+cosC=>1+ x/ZCosAcosBcosC
Tu d6

2(cosA +cosB +c¢osC)—1+2cosAcos BecosC

> (1+x/2cosAcosBcosC)2 8)

Bay gid ta chitng t6 ring cac v€ trdi cia BDT (7)
va BDT cén chiing minh 14 bdng nhau, nghia la :

sin Asin B +sin BsinC +sinCsin A

= cosA+cosB+cosC+cosAcosB +

+cosBcosC + cosCcos A ()]

That vay, trong AABC ta c6

cosA = —cos(B + C) =sinBsinC — cos BcosC,
hay la

sin BsinC = cos A + cos BcosC
va hai hé thitc tuong tu. Cong theo timg v€ ba hé
thitc nay, ta dugc (9).

Cu6i cung tir (9), (7) va (8) ta thu duoc BDT
cin chimg minh.

D4u ding thic & BDT cin ching minh xay
ra khi va chi khi tam gidc ABC la déu.

* Ghi chu.

Cung v6i BDT can ching minh ta c¢6 thém
BDT sau day d6i véi tam gidc ABC bat ki :

sin Asin B+ sin BsinC +sinCsin A

2
< (cosA+cosB+cosC)2 =(1+%) .
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Bai 81 (T8/242)

ir s 2n L. A [norw
GlasuA2—3—. Khldé—z—e(g-,i)

Taco
. +C
B sin 5
Bl iy
2 2
SinB+C
2

1 B+C B-C
E(cos 3 + cos 2 )
B+C
2
l[costLC+1)
2 2

sin

v

B+C
)

4

B+C n A
= 2tan 4 —Ztm(——zj.‘

Do vay

sin

A B C A n A
— — —_ — ———
tan2+tan2+tan2"tan2+2tan(4 4) )

Ham s6 f(A)=tan—g+2tan(§——%) déng

bién trong [231, 7:) . That vay, ta c6

1 1

'(A) = -
g 20052é 20052(£_ﬁ)
2 4 4
2( T A) 2 A
cos (——— —COs° —
= ‘; 4 A2>0.
2 207 A
2cos 2cos (4 4)
Do dé, tir (1) ta ¢6
tané+tan£+tan—c—>
2 2 2
r V3
> Z L4
> tan+2tan = = 4 NE)
(do tan%=2—\/§).
Ding thic xdy ra khi va chi khi
2n 7
A:—;B: = —_
3 ¢ 6

* Ghi chii : C6 thé chimg minh truc ti€p bat
déng thic
A T A /4 /4
- Z_Z > - =
tan 2 +2tan(4 4)_tan 3 +2tan12
ma khéng cén st dung phuong phap dao ham.

HINH HOC KHONG GIAN

Bai 82 (T10/219)

Vi it dién ABCD 1a gén déu, nén cdc mit [a
nhitng tam gidc bang nhau :

ABCD = AADC = ADAB = ACBA. Goi s la
dién tich cia méi mit, R 12 ban kinh dudng tron

ngoai ti€p méi mit va do do, S=4s:%; the thi

BDT cén ching minh 21 -+ 21 >+ 21 5 5—97
bt c¢“a® a’h” S
tuong duong véi BDT
a’ +b% +? <9R? (1)
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Goi O 1a tam duong tron ngoai ti€p tam giac
ABC, tacé:

a? + b+ =B_C.2 +Z‘Zz +X§2

= (OC - OB)* +(0A - OC)? + (OB — 0A)?

= 6R? —2(0B.OC + OC.0A + OA.OB)

= 9R? - (OA + OB + 0C)* <9R®.

Dau déng thitc dat dwoc khi va chi khi

OA + OB +OC =0. nghia Ia O trang véi trong
tam G cua tam gidc ABC, va do d6 ABC 1a mot
tam gidc déu va ABCD la mot tir dién déu.




* Ghi chi. C6 thé st dung cong thifc
Leibnitz véi diém M b4t ki, con G la trong
tdm AABC :

MA? + MB? + MC? =GA? +GB? +GC? +3MG?
= %(a2 +b% + 2+ 3MG2.

Cho diém M tring véi tam O clia dudng tron
ngoai ti€p AABC ta c6 ngay '

OR? =a® +b* +c2 +90G? 2d® +h* +2. (1)
Bai 83 (T10/222)
Cach 1. Gia

st mat cdu (, r)

ndi ti€p ti dién

ABCD ti€p xiic

véi cic mat

(BCD), (CDA),

(DAB) va (ABC)

14n luot g

Ay, By, C, va

D, (hinh v&).

Vi O ndm trong tf dién nén 0A1 va TAo
cung chiéu, do dé

OA\.IAo = OA,.r >0, ta dugc

b e ——

OA1.01 = OA.(OA! + AA, + Al)

= OAr + OAI. Al = OA ~ rOA,.

Tir d6 ciung cac két qua tuong tu va chi y
dén gia thiét

OA + 0By +0C1 + 0D =0 (1)
ta thu duoc

OA} + OB} +OC}? + 0D} -

—(OA, + OB, + OC, +OD,)r
=(&, +5§1 +b?, +5751).5i =0

h OA} + OB} + 0C12 + 0D}
ay r =
OA, + OB, + OC,| + 0D,

)]

Mt khéc, theo bat dang thitc Bunyakovski :

4(0A} + OB} +0C}? +OD?)

> (OA, + OB, + OC, +0D,)* 3)
Tir (2) va (3) ta duge BDT cdn chimg minh
OA| + 0B, + OC| +OD, < 4r 4)
Dau déng thic xay ra khi va chi khi
OA, =0B, =0C, =0D, titc A 0 = |
Eo+7§o+750+750=6 4)

Néu goi §,,5,,5; va S, 1a dién tich cdc mat

cia tf dién, twong tng d6i dién véi cdc dinh A,
B, C va D, theo dinh li "con nhim", ta c6 (vi
IA,=IB, =IC, =ID, =r)

Sl.ao +S2.Téo + S3.-I?:'o + S4.i50 =6

Trdosuyra (5) < §=5=5=§, <
ABCD 13 mot i dién gin déu.

Cdch 2.

Goi #n),1,,n;, H, theo thif tu 12 vécto don vi
phdp tuyén ngoai (phdp vecto don vi ngoai) cla
cdc mit ¢6 dién tich §,,S,,S;, S; va cdc mat d6
twong ung d6i dién vé6i cac dinh A, B, C va D
cua tit dién ABCD. Th€ thi diéu kién (1) dugc
viét lai nhu sau :

OA@, + OB, + 0C\é, +OD;g, =0 (6)

Mat khac, theo dinh li "con nhim", ta cé hé
thirc

Tir d6 suy ra
_0C, 0Dy

OA, OB,

Oe s ="5"=% "7,

_ OA; + 0B, +0C, +0D,
- S

tp

(7)

(trong d6 S§+S5,+83+84 =S, = §;‘£ la dién
tich toan phén cta tit dién).
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Tir (7) va BDT Bunyakovski c6

Stp Slz
S,.0B; _S,.0C; _S,.0D
- 2 2 2
S S; Si
N 3v
SE+82+82+8;
4x3V _ASpr_4r

< = 3
(S +8+8+5)7 S Sy

Tir (8) ta dugc BDT (4) cin tim.
Diéng thitc OA, + OB, + OC, + OD, = 4r dat
* ABCD 1a mot tit dién gin déu.

* Ghi chi. 1) V& thuc chat, cach giai 1
khéng cin dén dinh Ii "con nhim" vi ta c6 thé
ching minh truc ti€p (bdng phuong phdp théng
thuong), néu cdc tam cidc mat cdu ndi va ngoai
ti€p mot ti dién ma tring nhau thi i dién 1a gan
déu. Con cédch giai 2 sir dung dinh 1i "con nhim"
va phuong phép thé tich.

2) Két qua cha bai todn c6 thé téng quat hod
cho mét khéi n - dién 16i ngoai ti€p dugc mot
mat ciu (ciing vy, trong mit phing cho mot n
— gidc 161 ngoai ti€p dugc mot duodng tron). Khi
d6, trong BDT (4) s6 4r dugc thay bdi s6 nr.

Bai 84 (T9/223)

Ta gidi bai todn téng quat véi chép n — gidc
déu bat ki S.AA,...A, vasirdung géc cé hudng
giita hai duong théng trong mit phing. Goi A 1a
giao tuyén clia (P) va mat phing ddy hinh chép,
goi M, Ia giao diém clia A v6i dudng thing
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AA, (=12, ,n;quyudc A,,, =A).

n+1

Gia sir da gidc AjA,...A, c6 huéng duong,

thé thi (A4, A4, =27” (Ia géc ngoai

(Rl RS Ll 2 S
cua da gidc ddy & dinh A;, ;) va néu dat

x; = (A,AA;,;) (mod =m) thi ta c6 hé thirc

1

(xét tam gidc A, MM, ):

27
iy =X+ — (mod 7)

hay 12

2z

X - X. =

i1 — X (= @) (mod 7).

n
Tix dé

xi=x1+(i—1)27”=x1+(i—1)a

(i=12,..,n).
Goi H, 1a trung diém canh AA,, thi

1

OH, 1 (AA,,) va OH, =r (bén kinh dudng

1

tron noi ti€p da giac day).

 as o _h _
Tudoé OM, = pr— va tang; —————OMi (h=S0).

1

H 1 2
Suy ra Ztanz a; = Z(?) sin® x; =

i=} =1

Bai todn quy vé chimg minh Z:sin2 X;

i=1

khong déi.
I-cos2x;, 1 1
2 il .
Thay sin” x; = — =3 —50052)«, ta
dugc




Dé ching minh M:Zcos2xi = 0,

=1

2
(V6i x, = x, + (i ~1)=2) ta ching minh
H

ZSin%.M :O(a :E)

n
That vay .
2sin % M = "Z_i2singcos(2x +ia)
n =0 2 ]

2n -1 . o«
> aj—sm(Zx-E)

n—1 . he
= ZCOS(Z.XI +Ta)sm—7— =0.

sin (Zx, +

n

" 2
Keétquala ) tan’ o, = 5 (g) khong déi.
i=1 -

Bai 85 (T10/223)

Cdch 1. Hai dudng cao AA; va BBj nim
trong mat (ABH) di quacanh AB cua tirdién ;
(ABH) L CD. Canh CD cit mp(ABH) tai K. Mit
phang chia mat (ABK) cit mat ciu ngoai
ti€p tir dién ABCD theo dudng tron ngoai ti€p ti
gidc ABA'B' (xem hinh v&) do d6

HA HA'= HB.HB' (1)

Lai vi ABA)B, ciing la mot tf gidc noi ti€p
nén ta co
HA.HA, = HB.HB, )
Trir theo timg vé& cna (1) va (2), ta duogc :

HA.AyA' = HB.ByB' ?3)

Suy ra
AA'= B B'< HA = HB.

Ching minh tuong tu, ta di dén két luén :

AA'=B.B'=C,C'=D,D'

<> HA=HB=HC=HD

<> H'=0 (tam mat ciu ngoai ti€p tit dién ABCD).

Tird6 A, 1a tam duodng tron ngoai ti€p ABCD.

Nhu vay, A, vira la tryc tdm, vira la tam
dudng tron ngoai ti€p tam gidc BCD, nén BCD
l1a mot tam gidc déu. Ching minh tuong tu, tat

ca cdc mat cla tt dien ABCD la nhilng tam giac
déu, do d6 ABCD 1a mot ut dién déu.

Cdch 2. Xét tit gidc ndi ti€p ABA'B' ta duoc :

AA'B=AB'Bva A AB' = A BB’ cling tirc
la : AJA'B=B,B'Ava HAB'=HBA'. Vay

néu AjA' = ByB' thi suy ra AAjA'B = AB,B'A
(gcg) va do d6 BA' = AB'. Tu d6 ta dugc
AHAB' = AHBA', va do d6 HA = HB. Ching
minh twong tr ¢6 HA = HB = HC = HD, nghia
la H trung v6i tAm O mat cdu ngoai ti€p i dién
ABCD, va do d6 ABCD 1a mot it dién déu.

Cdch 3. Sit dung két qua cda bai todn sau :
Néu H la tryc tam cla t dién truc tam ABCD
thitacé:

HA' _HB' _HC' HD' 1

HA, HB, HC, HD, 3

Vivay AyA' = ByB' = C,C' = DD’

<> HAy=HBy=HCy=HD,,

<> H =1 (Tam mat cdu noi tiép ti dién truc
tdm ABCD).

Tir d6 suy ra dugc ABCD 1a mot tit dién déu.

Bai 86 (T10/224)

Dung hinh lap phuong AB,CD.C,DAB
ngoai ti€p tir dién déu ABCD, hinh 1ap phuong
ndy c6 do dai canh bing /2. Chon D, lam
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goc O cua hé truc toa do Descartes vubng goc
Oxyz sao cho A € Ox, B € Oy vaC € Oz. The
thi, trong hé toa d6 nay, ta cé

A2 ;0;0), B0 ;2 ;0),C(0;0;/2),

DWENEND) v 5[ 202 )
Suy ra
SC= (—%_%;——\/2—5;%},55 = [1/22%_‘/22)
I

’

w
>

\y

N
AN
\
N
AY
N
OYy--+4
|
it
i
Q-
-7
T
1
1
'
1
i/
m
<l

Goi ¢ = (x;y;z) la vecto don vi cia duong
thing A, thé thi
-|e.58l,sc' =le.5c|

va SD' =|.SD|. Tir d6 ta duoc (véi chii ¥ ring

x? +y2 +z2 = 1)
s=SA*+SB"*+SC*+SD™
= i—((—x+y+z)4 +(x—-y+z)4 +
+ (x+y—z)4 +(x+y+z)4)

=1+ 4()r2y2 + y222 + zzxz)

4 2, 2 202 7
<Sl+=(x +2°) =,
3(x +y ) 3
7 2_2_2_1
Vaysmax:§<:>x =y =z =3
< lxl= lyl =|z] = —1— Suy ra c¢6 bon vi tri cua
NE)

A thoa min diéu kién téng s dat gid tri 16n nhét,
tuong ting c6 vectd don vi chi phuong la :
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(55353

P6 12 bén duong thang SA, SB, SC va SD di
qua céc dinh cla t dién déu.

Bai 87 (T9/225)

Goi V, S va r 1an luot 1a thé tich, dién tich
toan phdn va ban kinh hinh ciu ngi ti€p tif dién
MNPQ ; XY 1a doan vuong gbc chung cta hai
dudng thing x vay, Xtrénx va Y trén y, XY = d,

(ty) =@

V= -é-MN.PQ.XY sin(x, y).

hay: V = éahd sin @ khong déi. Tir d6 suy ra :

r dat gia tri 16n nhat khi va chi khi S dat gid
tri nho nhét.

HaMM, Ly, NN, Ly, vaPPy L x Q0 1l x,
goi M,,N,,P,Q, tuong Ung la chan cic duong
vuong goéc do, ta co :

28 = MN(PP; + QQ)) + PQMM, + NN) = 25, + 25,
trong d6 : 2§, = a(PH + QQ,)
va 28, = h(MM, + NN)).




Ta ching minh ring S,,S, dat gid tri nho
nhat khi va chi khi § dat gid tri nhé nhat. That
vay, hdy chiéu toan bo hinh vé lén mot mat
phang o nao dé vuong géc véi x & diém O. Goi
y' 1a hinh chi€u cta y trén o, trong dé O, H, P'
va Q' theo thit tu 12 hinh chi€u trén s cta X, Y, P
va Q. Dé thdy ring OH // XY, OH = XY = d,
P'Q'= PQsing nghia 1a P'Q' = b'=bhsing
(khong d6i) ; ciing vay PP, =0OP' va
QQ, =0Q' va PP, [/OP',00Q, //0Q'.

T d6 2§, = a(OP'+ 0Q"). Suyra

Sy dat gid tri nho nhat khi va chi khi
OP'+ 0Q" dat gid tri nh6 nhat

Vi OH1LP'Q'.OH=d va PQ = b =
bsing nén tam gidc OP'Q' c6 dién tich khong
doi. Tir d6 dé thdy ring tam gidic OP'Q" ¢6 chu
vi nh6 nhét, cling tic 1a OP' + OQ' dat gia tr
nho nhat, khi va chi khi né 1a tam gidc can & O,
cng tic l1a khi va chi khi P' va Q' d6i xung véi
nhau qua H, va do d6 P va Q dé6i xing nhau
quaY.

Bai 88 (T9/226)

Gié sit M khic G va duong thing GM khong
song song v4i canh nao cia diy ABC. Goi
A, B, va C,
la giao diém
cia  dudng
thing GM
theo thir tu
véi cac
dudng thing
BC,CAvVaAB;
the thi céc
diém A', B
va ' chinh
12 giao diém
cla cdc dudong thing DA, DB va DC, véi
dudng thing di qua M song song véi DG
(hinh vé).

Vi G va M déu ndm trong tam giic ABC va
MA' 1/ GD nén

MA, =
D =
Ga, ©

MA'—
GD GD =

MA' =

17.TUYEN CHON. . TH&TT (QUYEN 3)-A

— 3 —
= 2msc G55 - 3Suse 55 (1)
SGBC ABC
va hai déng thitc tuong tu :

MB' o 3Such o5

MB' = GD 2)
GD ABC
mc = MC ep - 3w op 3)

GD
Cong theo timg v€ (1), (2) va (3), ta duoc

ABC

MA'+ MB'+ MC' = 3GD @
Tddésuyra: DA'+ DB+ DC'=3GM  (5)
Tir (5) ta duge bat dang thitc cin tim

DA'+ DB'+ DC'> 3GM (6)

Dau déng thiic xay ra khi va chi khi M = G
(lic d6 A', B' va C' déu trung véi D).

* Ghi chii : 1) Bt dang thic (6) khong chi
nghiém diing véi nhiing diém M nim trong tam
gidc ABC, ma ding v6i moi diém M thuoc mat
phéng ddy ABC. That vay, khi M 12 mot diém
bt ki thuoc mat phing ABC, ta vin c6 cdc ding
thirc (1), (2) va (3) duy chi ¢6 diéu la thay cdc
do dai khong thuong béng cac do dai dai s6, cic
dién tich thong thuong boi cac dién tich dai s6.
Chéng han :

Ma=M4 Gp -3
GD

Vi chi y ring

Smsc + Smca + Smas = Sasc Vi moi M € mp
(ABC), ta thu dugc (4) véi (5) va do dé duoc
BDT (6).

2) C6 thé thay twr dién (chép tam gidc)
D.ABC boi chép n—gidc S.A/A,...A, (n>3).

Khi d6, BDT (6) duoc thay bdi BDT
D SA; 2 nGM.

i=1
Bai 89 (T9/227)
bat BC=a'.CA=b'AB=c¢', th€ thi

a? =b2+c2, h'? :c2+a2, ¢? =d? + b2,
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Theo dinh li cosin

b2ic?og? g2

A = =
COS 2/7'(‘.' b'(.’
Do d6
cos A a’ a?

tA= - =2 .t dé

o nA boc'sinA 28 °
3

acotA = -‘2‘—§ (trong d6 S 1a dién tich tam

gidc ABC) va hai déng thitc tuong tu. Cudi ciing
thu dugc

& +b+
28

Mat khic, néu V la thé tich clia t& dién vuong

M

acotA+bcotB+ccotC =

0.ABC thi ta c6 hé thic 6V =abc =2Sh; ()
Tir (1) va (2), ta dugc
3 3 3
acotA +heotB+ccotC =P X<y (3
abc
Theo bat ding thic Cauchy
&+ b+ 2 3abe 4)

Tix (3) va (4) thu dugc bat ding thic cin tim.

Dsu dang thitc dat dugc khi va chi khia = b
= ¢, tdc la to dién vudng cén.

Bai 90 (T10/228)

Ki hiéu do 16n cic mat cua géc tam dién

dinhthUSauES‘E‘=a,C/‘§4=ﬂ, ASB = 7.

Vi a+ B+y = 180° nén c6 thé xem a, S va y
1a ba géc clia mot tam gidc nao d6. Téng dién
tich ba mat bén ctia hinh chdp bing :
I . . 133 33
— L - —— = —
2(smoe+sm,3+sm;/)_2. > y)
PatBC=a,CA=b,AB=c,a+b+c=2p;
st dung dinh If csin, ta tinh duogc

B o —osin?
5 b= 2s1n2 ,C 251n2
Ta tinh dugc dién tich ddy ABC cua hinh

chép theo cong thic Héron :
Sasc =\ P(p—a)p~b)Xp-©)

<\/ ((p—a>+<p—b>+(p—c>)3: r
i 3 27

a= ZSm
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hay la

a B :
pz (sin5+sin5+sinz—)

2

Sapc < =

SN 33

9 3

< =—.

4.33 4
T d6 suy ra dién tich toan phan cla hinh

chép khong 16n hon —— 3\/— \/_ =3

D4u déng thitc dat dugc khi va chi khi a =
=y= 600, tidc 12 khi hinh chép SABC 1a mot tr
dién déu.

Bai 91 (T160/229)

Goi R 1a ban kinh mat ciu (O), thi
GAGAI = GBGB] = GCGCI = GDGDI = ‘(PG/(O)

= R? - 0G?
Do dé

GA, + GB, + GC, + GD, = (R* - 0G?) x

X(_}_+L+_l__+__l__) (1)
GA GB GC GD

Lai c6

5 g =2 =2 2 —2 5
A(R*-0G?)=0A +0B +0C +0D -40G
=(0G + GA)? +(0G + GB)* +(0G + GC)* +
+ (0G + GD)* - 40G* = GA* + GB? + GC? +
+ GD? +20G(GA + GB + GC + GD) = GA® +

+GB* +GC? +GD? > %(GA +GB +GC +GD)?.

hay la

-0G* > %(GA +GB+GC +GD)* (2)

Mat khéc, ta lai c6 (theo bdt déng thic
Cauchy-Bunyakovski) :

PRI B _1_)>16

(GA+GB+GC+GD)(GA B Gc GD
3)




Tir (1), (2) va (3) ta dugc BDT cén ching

minh
GA, +GB, +GC, +GD, 2 GA+GB +GC +GD

Ping thitc xdy ra khi va chi khi GA = GB =
GC =GD =R, nghia la G tring véi O va lic d6
¢ dién ABCD 1a gin déu (C6 thé chimg minh
diéu nay bang phuong phép vecto).

* Ghi chu : Ta c6 bai toan téng quat sau :
Néu G 1a trong tam cha hé n diém {A;, (i =1,
2,..., n)} ndm trén mat cdu (O) va cic dudng
thing AG cit lai (0) 64, (i=1,2,.,n), thita
c6 BDT

iGA,'. > ﬁ:GA,. :
i=1 i=1

D4u dang thitc dat dugc khi va chi khi G= 0.
Bai 92 (T10/230)

a) Gia sit M, N va P cing nim trén dudng

thing A. Dat AD=a,AB=h va AA'=C.

Theo gia thiét, ta c6
m:km',ﬁ=xﬁ'véﬁ?=yﬁ)".
f'u do suy ra

JAN = b +—2— (@ +d) (1
x—1

Lai vi M, N va P thuoc A nén t6n tai duy
nhét A sao cho : NM = M_V_I;, hay 1a .

AM ~ AN = A(AP - AN) )

Thay AM,AN va AP bdi cic bi€u thic (1)
va (2) réi rat gon, ta duge -

x(_l.+1’-7~+(x+k)__.
T—x k-1 T—x  k-1)°

A o y o x y .
= b .
1—xa+ll—y +A(1—x+y—l)(

Vi d,b va ¢ khéng déng phéng nén

A x
1-x 1-x
y _ 1
</11—y_k—1
X y X k
A =
(1—,\ y——lj I-x k-1
l:A:.}i_I{
dan t6i B
y=—z

Ta di dén két luan : Qua diém M (trén dudng
thing AB' xdc dinh bdi k = <18 ; (0 % k < o,
MB'
k # 1) c¢6 duy nhat mot dudng thing A cét ca ba
dudng thing AB', BC' va CD' lan luot & céc
diém M, N va P sao cho

N NB 1+k y=FC_ L
NC' 1-k’'7  pp’ k'’

. — 4k NM 1+k
6ng thoi : NM = —— NP, tic |3 ——=—
doéng thoi 1—kNP tucaNP %

NB
=S ==X

Cl

Dé thdy ring dudng thing A 13 giao tuyén
ctia hai mat phang (BC'M) va (CD'M).
b) Chitng minh tuong tu, qua diém P trén
. PC 1
dudng thang CD' (xdc dinh by = — = -—)
g thing yE—==-7
c6 duy nhat mot duong thing A' cét ca ba
duong thing CD', DA' va AB' lin luot & cic
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:l+y
oA 1-y
oii b

diém P, Q va M' sao cho va

X|
2 |

|

=—l déng thoi
‘B Y OM' QA
M'A . QD k-1

=k va ==——=
M'B' QA' k+1

Thay

X

1
y= "; ta duqc

= A do dé6 M' = M, tiic 1a A’ tring véi A. Ta di
X

dén két luan : Néu mot duong théng A nao da
cét ba trong bon dudng thang AB', BC', CD' va
DA’ thi ciing cit duong thang con lai, déng thdi
qua méi diém M trén dudng thang AB' (M = A,
M #B') c6 duy nhat mot dudng thing cét ca bon
dudng thing noéi trén.

Cho M thay déi trén dudng thing AB', tifc la
cho k thay déi (k= 0, k= 1 ) ta dugce vo s6
dudng thing cét ca bon dudng thing AB', BC',

CD' va DA'. Lai vi g—’i—:—g_ﬂz—l nén

oM QA" X
g./l—z—x do d6 (MPNQ) = —[.ﬂ:—Q_—A_i: -1,
QP NP QD

tic 1a bon giao diém M, N, P, Q clia mot dudng
thdng cét ca b6n dudng thing AB', CD', BC' va
DA' 1ap thanh mot hang diém diéu hoa.

Bai 93 (T10/231). Goi M, M', N, N'va P, P'
theo thd tu 1a giao diém chia cdc mat phing
(DAJ), (BCJ), (DBJ), (CAJ) va (DCJ), (ABJ) v6i
cac canh d6i dién
twong Ung (hinh
vé). Do J nim
trong t& dién nén
cic diém nay ciing
ndm trén cic canh
cia t¢ dién. Vi
(DAM) la  mit
phan giic cta nhi
dién canh DA, nén
khoang cach d(M, DCA) = d(M, DAB), do do6 ta
dugc

MB _ Symp _ Voamp _ Spas tic 1a
MC  Sauc  Voamc  Soca
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MB S,
Mc s, M

Lai vi M thudc canh BC nén %:? =L

hay la
S,,ME + SL.W =0

T d6 bing céich thay MB =JB-JM,
MC =JC -IM suy ra

S,JB +8.JC = (S, +5,)IM )

Chiing minh tuong ty, ta dugc

S,JD +S,JA = (S, +S,)IM’ 3)

Dy ring céc vecto JM, JM', MM cing phuong
nen khi dit T=S,JA +S,JB +5,JC + $,JD,
thi tir (1) va (2) ta dugc MM cing phuong v6i

G = (S, +8.)IM + (S, +S,)IM’

Chitng minh tuong tu vecto U clng phuong
véi NN' va PP’ nhung MN',NN' va PP’
khong déng phing, lai cang khong thé cung
phuong va nhu vay chi xay ra U = 0 hay

S,JA+S,JB +S,JC +S,JD =0 (4)

* Ghi chii : 1) C6 nhiéu cach chimg minh hé
thic vecto (4) ; tuy nhién, cich gidi nao ciing
déu phai chimg minh hé thic (1), tic 1a ching
minh tinh chat hinh hoc sau day : Mat phéng
phan gidc clia mot nhi dién nao dé cia mot tf
dién thi chia canh d6i dién thanh hai doan ti 1¢
vé6i dién tich cic miat ké véi hai doan do (tuong
tu nhu tinh ch&t dudng phan gidc cia mot tam
gidc trong hinh hoc phéang).

2) Chi y ring
3 S,

a Sb _ S(‘ Sd

r Vigeo  Vicoa Vibas  Viasc

nén ta ciing c¢6 dang thic vecto

VJBCDJ-_A? +Vicpa JB + VJDABFE +Va8c JD =0.




Bai 94 (T10/232)

1) Trudc hét, nhic lai rdng : Néu X va Y 1a
hai diém phan biét thi diéu kién cin va da dé
duong thing XY di qua diém S 13 v6i méi diém O
c6 hai s6 thuc x va y thoa man cédc diéu kién sau :

{OSszX +yOY W

x+y=1

Theo gia thiét, ta ¢6 a,,, =a,+d hay

d
a,,, —a, =dcing tic Ix M~7" = 1. B3i vay

d
néu / 1a diém duogc x4c dinh boi hé thic vecto :

n+l

Ol = “_g_lﬁ,, - i’}—'b}?,, thi diém I thuoc
[¢

dudng thang A,B,,. ()
Nhung theo gia thiét lai ¢6

5;{ = a"a",ﬁ = alH—l‘ O_B.n nén

— OB-0A AB
Of==—y—=7 ©)

Vay v6i moi n nguyén duong, dudng thing
A,B, luon di qua mot diém I ¢6 dinh, dugc xac
dinh bdi hé thire (3).

Chitng minh tuong tu, ta thdy rang : véi moi
n nguyén duong cdc dudng thing B,C, va C,A,
ciing lan lugt di qua cic diém c6 dinh J va K
dugc xic dinh bdi cac hé thic sau day :

— ] —

— = _
OJ—JBC va OK-EJAC.

2) Tir két qua trén ta cé

— ] = = ] =

OK = EJ(AB +BC) = 5(01 +0J)
hay : 20K =0I + 0J.

Déng thic nay ching td khéng nhing ba
diém /, J, K thing hang ma K con 1a trung diém
cua doan IJ.

Ciing tir chiimg minh trén, ta ¢6 nhan xét
thém réng néu ba tia Ox, Oy va Oz khéong déng

phéng (cling tirc 1a ba canh clia mot géc tam
dién) thi mat phéng (A,B,C,) luén di qua mot
dudng thang c6 dinh A (chifa ba diém thing
hang I, J va K).

* Ghi chi : Bai todn ndy con c6 nhiéu
cdch giai khdc. Chéng han, st dung dinh
li Menelaus : Xét truong hop A B, cit A;B, tai

1A, a+d

B
nén I c¢6 dinh. Ciing c¢6 thé si dung dinh Ii
Thales, chimg minh ring dudng thing A,B,, cit

diém I, ching minh duoc ring

dudng thing di qua O va song song véi AB &
diém I c¢6 dinh hodc st dung phuong phip toa
do nhung 1oi giai thuong khong gon.

Bai 95 (T10/235)

D€ giai bai todn nay, truéc hét ta giai bai
todn tuong tu trong hinh hoc phéng.

a) Gid su M la mot diém thuéc canh BC cia
mot tam gidc ABC. Mot duong thdng bdt ki cdt
cdc canh AB, AC va doan AM theo thit tu ¢ B’,
C'va M'. Thé'thi ta ¢6 .

AM + AM'<max{AB+ AB',AC+ AC'} (1)

b) Ddc biét, néu duong thdng di qua A, tirc
la B’,C’'va M’ triung nhau 0 A ; khi dé

AM < max {AB, AC) 2)

That vay, néu AM | BC tai M thi AM < AB
va AM < AC va ta dugc (2). Néu AM khong
vudng goéc v6i BC thi trong hai goc AMB va
AMC it phai c6 mot géc ti, d6 AM nhd hon
mot trong hai canh AB hoac AC tuy theo goc t
dé6 doi dién véi AB hay AC va ta thu duogc (2).

Bay gi¢ ta ching minh ménh dé a). Xét hai
truong hop sau.

1) Néu B'C' // BC, khong mat téng quat, gia
st AB' = max {AB', AC'}.

Suy ra AB = max {AB, AC} ma AM' < AB',
AM < AB. Do dé6
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AM + AM'<AB+ AB'=max{AB+AB',AC+AC'}
va ta thu duoce (1).

2) B'C' khong song song véi BC, khong mat
téng quat gia sir giao diém cla cdc dudng thing
BC va B'C' ndm trén tia CB va tia C'B' (hinh 1).
Qua M' dung dudng thing PQ // BC, cit AB va
AC theo thit tu & P va Q, ta dugc

MB__M'P—SAM'P <SAM‘B' _M'B'
MC B M'Q_SAM'Q SAM'C‘ M'C'

Hinh 1

Trén tia AB va tia AC theo thd tu 14n luot 14y
hai diém B" va C" sao cho BB" = AB, C'C" =
AC va do d6 BB" = AB', CC" = AC'. Sau d6
dung hai hinh binh hanh MBB"D va MCC"E,
gia sir doan DE cit cdc dudng thing AM va
B"C" 14n lugt tai N va K.

Dé thay ring AMDE = AAB'C' va MN = AM',
do d6 AN =AM + AM'. Tacé :

KD _DB" _MB _M'B'_ND
KE EC" MC M'C' NE’

Vi K va N déu thuéc doan DE nén suy ra
KE > NE va do d6 N thuoc doan KE, tic la
diém N thudc mién tam gidac AB"C" (vi doan
thing KE nim trong tam gidc AB"C"). Tix d6

AN < max{AB",AC"}, hay

AM + AM' < max{AB + AB',AC + AC"}.

Trd lai bai todn (h.2).

Gia sir duong thing BM cét canh CD tai N,
dudng thing B'M' cit canh C'D’ tai N', th€ thi N'
thuoc giao tuyén AN cla hai mat phing ABM va
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ACD. Ap dung ménh dé a) vao hai tam gidc
ABN va ACD, ta dugc

AM + AM' <max{AB+ AB',AN + AN'}
AN + AN'<max{AC + AC',AD + AD')

(3)
4

Hinh 2
Tu (3) va (4) suy ra
AM + AM'<max{AB+AB',AC+AC',AD+AD')

(dpcm).

* Ghi chi : C6 thé giai bai todn trén
bing phuong phdp vecto. Vi diém M thuoc doan
BC thi tén tai a € R (0 < a < 1) sao cho

m=aﬂ§+(l—a)A_C‘ vaido dé t6n tai a,
BeR(@O<a fvad<a+ p<1)saocho

AM' = (1- B)AB'+ BAC".
Tir d6 suy ra

AM + AM' < 1—+%_—’B(AB +AB') +

1+8-a
2
Sau ciing, sir dung két qua nay vao viéc giai bai
toan trong khong gian.

Bai 96 (T10/236)

Trén cic tia OA, OB, OC va OD theo thi tu
14y cédc vecto don vi : &',079',%'@0_5'.
Khi d6 véi gia thiét da cho ta duoc
B'C'=D'A'\C'A'=D'B',A'B'=D'C' do
d6 A'B'C'D' 1a mot t dién gén déu nhan O
lam tam mat cdu ngoai tiép, dong thoi O ciling la
trong tam cla tf dién gin déu A'B'C'D' nay.

+ (AC+ACY<max{AB+AB' ,AC+AC'}.




—_— — — e

Tit OA'+ OB'+OC'+0D' =0

suy ra

. OA OB+0C oD 3.
P=oa*oB oc oD

Véi moi diém M trong khong gian, ta c6

MAOA  MA.OA _
OA =~ 04

_ (MO +0A).0A (OA)
= STt < 04+ MO| 5

MA =

Ping thitc dat duoc khi va chi khi MA va
0A cung phuo*ng’tfrc la

MA =0A + M—o(%j < M thuoc tia AO.
Chitng minh tuong tu, réi 14y téng dugc
MA + MB + MC + MD

>0A +O0B+0C +0D + MO.p =

=0A + OB+ 0C +OD.

Dau ding thitc dat duoc khi va chi khi, déng
thoi M thudc ca bén tia AO, BO, CO va DO,
nghia 1a M trung O.

* Ghi chi. 1) Diém O thod man diéu kién
cta bai todn (nhin hai canh d6i dién cha ti dién
ABCD dué6i cing mét goéc) ciing la diém nhin
cdc mat cia ti dién ABCD duéi nhilng géc tam
dién bang nhau va cing huéng :

(0OB,0C,0D) = (0A,0D,0C)

=(0D,0A,0B) = (0OC,0B,0A) .

2) Bai toan trén day chi ra diéu kién di dé
mot diém O ndm trong mot ti dién ABCD la
"diém cuc ti€u" (diém ma téng khoang céch tr
dé dén céc dinh cua td dién ABCD 1a nho nhit).
Piém nay con dugc goi 1a "diém Torricelli hay
"diém Fermat” (cla hé bén diém khong déng
phing).

3) C6 thé chitng minh réng : Diém Fermat P
cia mot hé bén diém A, B, C, D khong d6ng
phéng 12 t6n tai va duy nhat. Diém nay khong

thuéc mot canh nao, ciing nhu mot mat nao cua
t dién, nhung c6 thé tring v6i mot trong cac
dinh ctia 6t dien ABCD. Néu P #A,P#B,P #C,
P # D thi P 12 mot diém nim trong tt dién
ABCD va diac trung boi : téng cdc vecto don vi
huéng tir P dén céc dinh cia ti dién bing vecto
khong, hay 1a P nhin cdc mat cta t& dién ABCD
dué6i nhimg géc tam dién bang nhau va cung
huéng, hay 1a P nhin cic cap canh déi dién cia
t¢ dién ABCD duéi nhitng cap goéc (twong ung)
bing nhau.

D6 ciing chinh 1a nhitmg tinh chat dic trung
(c6 y nghia dinh tinh) (diéu kién cin va du) cia
"diém Fermat” P ctia mot hé bén diém khong
déng phing.

Bai 97 (T3/239)

1 2
. R
i

3 | 4 8 : 3
I

/7)-—_-—_ 8 /,'.——-—_ 7
5 6 5 2
Xuc x&c | Xuc x3c i

Ta c6 thé t6 nhu & hinh trén, trong d6 céc s6
1, 2, 3,..., 8 1a cac tén dat cho 8 mau doi mot
khac nhau. Trudc hét, dé dang thdy diéu kién 1)
dd duoc thod man. Ta sé kiém tra xem diéu
kién 2) c6 duoc thoa méan hay khong bing cach
xét méi mat cha xidc xic I véi timg mat ctia xidc
xdc II. Do & xiic xdc I mat bén trdi gém toan s6
1é, mat bén phai gébm toan s6 chan trong khi &
xtic xéc IT méi mit déu gém hai s6 chin, hai s6
1é nén dé dang thdy hai mat d6 cba I da duoc
kiém tra xong. D6i v6i mit trén va mit ddy cia
xtic xic I, ta s€ tim cdch dua vé trudng hop
twong tu nhu trén biing cich danh s6 lai mot s6
dinh cha hai con xtic xdc nhu sau : 1 — 10 ;

3->30;8 —> 81; 6 — 61. Dé dang thdy sau
khi ddnh s6 lai thi mat trén cia xic xdc I sé
g6m toan s6 chin, déng thdi mit ddy gom toan
s6 1&, trong khi d6 & xiic xic II mbi mat vin
gém hai s6 chdn va hai s6 1&, va hai mat d6 cla
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xtc xéc I da duoc kiém tra xong. Con mit trudc
va mat sau cha xdc xic I thi s& dugc kiém tra
bing ciach dénh s6 lai (xuat phat tir cich danh
s6 lic ddu) nhusau: 1 —>10;7 —>70;4 > 41;
6 — 61. D& dang kiém tra tuong tu nhu trén.
Vay céch t6 mau néu trén 12 mot giai dap cén
tim.

Bai 98 (T10/239)

Goi O 1a tam hinh hop (giao diém cla bén
dudong chéo AC', BD', CA' va DB', dong thoi
ciing 1a trung diém
chung cua ching) A D
(hinh v&) , Thé€ thi
phép d6i ximng tam
O bién hinh hop
ABCD A'BC'D
thanh chinh  né, D'
trong d6 cac dinh A,
B, C, D theo thu tu
bién thanh ciac dinh
C,D,A, B ;dodé
bién it dién AB'CD’' thanh tit dién C'DA'B. Va
nhu vay, phép d6i xung tam O ciing bién tam /,
hinh cdu noi ti€p AB'CD' thanh tam I, hinh cau
noi tiép td dién A'BC'D. Tir d6 suy ra

L=l,ol=1,=0 (1

Mat khéc, lai biét ring céc trong tam G, va
G, cua hai tit dién nay tring nhau va trung véi
tam O cua hinh hop : G| = G, = O (mét két qua
quen thudc, hay ching minh !). 2)

Tu (1) va (2) suy ra

L=, =G=0val,=G,=0.

Ngoai ra, c6 thé ching minh ring mot t
dién c6 trong tam trung véi tam hinh ciu ndi
ti€p 12 mot wr dién gin déu (va nguoc lai).
C6 thé chimg minh AB'CD' 1a tt dién gin déu
nhu sau : Goi 51, 55, 53 V2 54 14n luot 1a dién tich
céc mit doi dién voi cdc dinh A, B, C va D' clia
tit dién ; thé thi ta c6 hé thic vecto

—_—

s,a+szﬁ'+s3b?+s4OD'=6 3)
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(vi O l1a tam hinh cdu noi tiép céc ti dién
AB'CD'va A'BC'D).

Mat khdc, lai vi O 1a tam hinh hop nén dé
dang chiing minh duoc :

_074'+&"=5—1§+5B=—0_D.'—0_B.',hay

— — —_— et -

OA+0OB'+0C+0D'=0 “@)

Vi ba vecto OB',0C va OD' khong déng
phing, nén tr (3) va (4) ta duogc
5y =8, =83 =84 va do d6, AB'CD' 1a mot tir
dién gdn déu (Mot két qua quen thudc nifa, hay
chimg minh !). Va nhu vay, cédc canh d6i dién
bing nhau : AC =BD',AB'=CD',AD'=CB'.

Tir d6 suy ra cic mat ABCD, ABB'A’ va
ADD'A' 1a nhitng hinh chir nhat va do d6, hinh
hop ABCD.A'B'C'D' 1a mét hinh hop chir nhat.

DPao lai (diéu kién dh) ciing ding. That vay,
néu ABCD.A'B'C'D' 1a m6t hinh hop chit nhat
thi cac t¥ dién AB'CD' va A'BC'D la gin déu,
vadods I, =G, =0valy=G,=0;suyra
I=1,(=0).

* Ghi chii. Cling c6 thé giai bai todn trén
theo huéng : Vi O la trong tam cia ti dién
AB'CD' nén ta c6

Voas'c = Yosco' = Yocp'a = Voo as-

Lai vi O = I, ma [ céch déu cdc mit cha
tddien AB'CD' nén S,gc =Sgcp =Scp'a
=Sy g V2 do do, tt dién AB'CD' ¢6 cic mat
twong duong, 12 mot t¢ dién gin déu.

Bai 99 (T10/241)

Cach 1.

Goi D, E,
F theo thi tu
1a giao diém
cla cic cap
dudng thing
BP va CN,
CM vaAP,AN B




va BM. Dé thdy céc giao tuyén AD, BE, CF cia
cdc cip mat phang (CAN) va (ABP) ; (ABP) va
(BCM) ; (BCM) va (CAN) déng quy tai giao
diém I cha ba mat phang (BCM), (CAN), (ABP).
Ciing vay, cdc giao tuyén MD, NE va PF cua
cdc cip mat phing (BPM) va (CMN) ; (CMN)
va (ANP), (ANP) va (BPM) déng quy tai J.

Goi U, V va W theo thit tu 13 giao diém cua
céc cap dudng thing SD va BC ; SE va CA, SF
va AB (hinh v€). Suy ra AU, BV va CW déng
quy tai mot diém K trén giao tuyén S/ clia ba
mat phing (SAD), (SBE) va (SCF), déng thoi K
ciing ndm trén giao tuyén S/ ctia ba mat phing
(SMD), (SNE) va (SPF). Vay bon diém S, /, J va
K théng hang (trén giao tuyén chung cia hai bo
ba mit phéang néi trén).

bé y ring ba diém N, I, V thing hang, 4p
dung dinh Iy Van — Oben vao hai tam gidc SCA
(v6i ba duong thang SV, CM, AP déng quy & E)
va SBV (v6i ba dudng théng SK, BE, VN déng
quy 6 1) ta cd cac he thic

PS MS ES _ ES NS IS

e = VA b = —

PC MA EV EV NB IK

T d6 suy ra

MS NS PSS
MA NB PC IK

Mat khdc, lai c6 (SIJK) = —1 (tinh chat diéu
hoa ciia tit gidc toan phan cé ba dudng chéo 1a
SI, NEvaBV);suyra:

Ks_Js, US_| IS

ki~ ™ T I

Tu (1) va (2) ta thu duogc hé thirc cdn tim
SS_ MS NS PS
Jo° MA NB' PC

Cach 2

Gia st BP cit CN tai X, CM cét AP tai Y
va AN cét BM tai Z. thé thi trong mp (BCM) c6
BY cit CZ tai I va trong mp(ANP) c6 NY va PZ
cit nhau tai J.

(1

2

1

Dat SA=a,SB=h,5C = va SM = xMaA,
W:yN_B',Eﬁzzﬁa ; thé thi

SM=—""GSN=-25hSP=—2"V (x>0,
1+x 1+ 1+z
y>0,z>0).

Trong mp(SAB), AN cit BM & Z nén

SZ = aSM +(1-a)SB = B5N +(1 - B)SA

hay
ax . Py - -
l-a)h =—bh - Ba.
l+xa+( a) ity +(1=pBa
Vidvab ciing phuong nén ta phai c6
ax . By
2T - £ -
1+x 'Bva1+y !
Tir d6
SZ=—>_G+—2 b
x+y+1 x+y+1
Tuong tu
X=—2 _h+—Z ¢
y+z+1 y+z+1
vi S¥=—2 ¢ .
z+x+1 z+x+1

Lam tuong tu nhu trén véi giao diém 7 cia
BY va CZ, giao diém J cia NY va PZ va dé y
ring ba vecto @,b,¢ khong déng phing, ta thu
duoc :

- 1

oL e yh )
S x+y+z+1(xa+y )

SJ=————(xd +yb +20),
)c+y+z+2(Jm yb +z¢)

Suy ra

goXtyrz+lg
xX+y+z+2

—_

hay SI=(x+y+z+1).7i.

Tir d6 ta di dén két luan
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Ba diém S, I, J thing hang va

S _IS_, MS NS _PS
Jl JI  MA NB PC’
Bai 100 (T10/242)
Cach 1.

Goi x, y va z 1an luot 1a khodng cich tr M
dén cic canh BC, CA, AB va h 1a chiéu cao cia
tam gidc déu ABC (h.1). Thé thi véi diém O bat
kitacé

oM =20Aa+20B+20C
OM—h0A+hOB+hOC @)

Hinh 1

Hinh 2

Lai goi Ay, By va Cy lan luot 1a trong tam
cdc tam gidc déu BCD, CDA va DAB, goi O la
trong tam ti dién déu ABCD ; thé€ thi (h.2) c6 :

MA' _Vupco _ Smsc _ X
AAy Vigeo  Sac B
AAo
4

MA =24A, = ——204A
MA' = p AAo 3hOA'

Vi MA' wa cung phuong nén

Tuong tu

—

B Y58 e -4
MB'=-320B,MC' = -2-0C )

z
h
Tu (1) va (2) ta duoc

MA'+ MB'+ MC' = -3 OM 3)
Vi G la trong tam tam gidc A'B'C’ nén

MA'+ MB'+ MC' = 3MG @)
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Tir (3) va(4) suy ra
Dé M 1a trong tam tam gidc A'B'C’ diéu kién
cAinvadu la

—_

IMG = —f;—o—“M, hay OG = go—M 5)

Vay G = V05/9 (M) la anh cia M trong phép
vi tu tdm O, ti s6 g Ta di dén két luan :

Khi M chuyén doéng trong mién tam gidc
ABC thi G chuyén dong trong mién tam gidc
A;B,C, nim trong tif dién va song song véi ddy

ABC, trong d6 A,, B, va C; duogc xéc dinh boi

al _ &1 _ %x _ é

0OA 0B oC 9
Cdch 2. Gia st M 1a mot diém tuy y ndm
trong ti dién déu ABCD ; A', B, C' va D' lan
luot 13 hinh chiéu cua M trén cic mat (BCD),
(CDA), (DAB) va (ABC). Goi O la trong tam
cla tf dién déu ABCD va DO cét mp(ABC) tai
D, (D, ciing la trong tam cta mat (ABC). The

thi ta c6
MD' _ Ywasc pay 1a
OD() VOABC
, 4

ViMD' /| DO, nén

—, 4 —_—

Chitng minh tuong tu ta ¢6 cic hé thic sau :

_.’ 4 —_ RN

— 4 — et e

—_— 4 RSN _




bat biét, M thuoc mién tam gidc ABC thi M

Mat khic, lai ¢6 (vi M thu6c mién ti dién
tring véi D' va ta duoc

ABCD) :
Visco-MA+ Viycpa MB +Vypup MC + MA'+ MB'+ Wz%m
+ Vigapc MD = 0 Do dé
va 'V, +V +V + . .
MBCD * VYmcDA MDAB G 12 trong tam AB'C' < 3MG = gMO o
+ Varase = Vascp- s
Tir cdc hé thirc trén ta duoc oG = 5 OM.

m'+ﬁ'+m'+ﬁ'=%%. Tir d6 suy ra két luan nhu & cich 1.
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