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1. Introduction

One of the most basic results in organi math-

ematics i1s Maekawa’s Theorem. When | was a
college student and first saw this theorem in
the book Qrigami for the Connorssenr, il in-
spired me to begin studving the mathematics
of origami, The theorem states;
Maekawa's Theorem : If i vertex in an origami
crease pattern folds flan, then the difference be-
tween the number of monntain and valley
creases ar that vertex (s always 2.

In other words, if M = the number of moun-
tains and V = the number of valleys at the ver-
tex, then M-V = £2. This is a beautiful result
because it describes a strong, yel simple prop-
erty of it folded paper. Whenever | need to
conyince i mathematician that origami-math is
interestng, | show them Maekawa's Theorem,
They are always impressed.

But Mackawa’s Theorem only deals with flat
foldable vertices. Can M-V tell us anything
aboul non-flat vertex folds? The answer is,
“¥es!™ but only if we think about 3D origami
vertices in the proper way,

2. Solid angle folds

In a flat folded vertex inan origami crease
pattern, each fold is either a mountain or a val-
ley. The same thing is true in a 3D, non-flat
vertex, but we also have 1o specity how much
we fold each crease. This opens up a whole pan-
arama of possibilities, and to make any sense
Oulof them we must restrict ourselves. Lel us
consider, for now, only 3D vertex folds that fold
the paper into a polyhedral cone, also known
as a soltd angle. For example, Figare | shows
3D vertex folds that form the comers of a cube,
octahedron. and tetrahedron. The values as-
siened to each credse
line represent the told-
ing angle of that crease,
which is the amount by
which we have to rotate
the paper about the
crease up or down, Posi-
tve folding angles are
valley creases, and
negative folding angles
AFE INOUnLains,

Solid angle folds are
very common in 3D
origami models. The
“corner of a cube” fold
in Figure 1 can be found
m most models that use
box-pleating, for ex-
ample. Alsa, all the solid
angle folds in Figure |
are convex, meaning that
if 1take any two points

! mside the solid and con-
2 nect them with a striight
P line, this line will be
. completely contained in

the sehd angle as well,

~1. ; solid angle folds which

| are not convex dh.ﬁ-hifﬂ,

i i n I
2 S
: e B
i - \% b
o et 15 .7 7N
= -~ -
rl Bl n
44k~ LA

/ Figure 4: Other 3D folds.

but for now let us restrict
purselyves to considering

15

¢

convex solid angle folds.

3. Maekawa and convex solid angle folds
Consider the quantity M — V in the examples
in Figure 1. Weget M —V|=3. 4, and 3 in
these examples, What might this mean? Well,
to see what M — Vs telling us we need to con-
sider what mathematicians call the velency of a
sulid angle, which 1s the number of edees that
solid angle has coming out of its vertex, So the
comer of a cube has valency 3, and the corner
ol an octahedron has valency 4. Now can you
see what Maekawa is telling us’! T will express
iLas @ new theorem, which we will then have 1o
prove:;
Theorem: Consider a conver solid angle fold
with M maountain and V valley creases. If o =
the valeney of the solid anele thet the paper
formy, then M -V = 2od.
Proof: Consider the polygonal cross-section of
the solid angle fold after it has been folded. as
it we were truncating the solid angle, We want
tolso consider creases with foldimg angles of
— and 1o be "Aat” corners of this palyveonal
cross-section. (See Figure 2.} Then the number
of sides of this polygon s M+ V|

We will use a basic fact from geometry: that
the sum of the interior angles of a polygon with
nsides is abways (1 - 2) . Inour case, n=M +
V., 80 the interior angle sum of our polyeon cross-
section equals (M + V-2 We may assume
that we are looking at this polygon “from
dbove. " 5o the flat mountam creases will con-
tribute () radians to this sum and the fal valleys
will each contrnibute 2 _ Since we're looking
at this from above, the eédges of the solid angle
will all be mountam credases, and their interior
angle sum will be (i — 21 | The other moun-
lam ¢reases will eontribute zero radians euch.
Finally, since the sohid angle is convex, all the
valley creases will be Tlat, coninbuting 2 each,
Thus we may decompose the angle summation
as follows:

£ interior angles of the cross-section
=(M+V-2)
—+(d—-2) +2 V=(M+V¥-2)
Dividing the last equality through by and sim-
plitying proves the theorem. Q.E.D,

This is @ very nice seneralization of
Mackawa's Theorem because 1t tells us that we
should think of at vertices as flat solid angles
of valency 2!

Application

Any convex corner of a 3D origami model wall
extubit this theorem, Figure 3 shows the crease
pattern of a one-sheet hexagonal box. The ver-
tices a and b torm convex solid angles and have
M-V =—3, These form the comners of the box.
edch of which have valency 1.

Conclusion

Non-convex solid angles can also be studied
in this way, except our definition of yalency has
te be modified, There are many other examples
of 312 vertex folds, like those in Figure 4, 11
does not seem clear what M - V would tell us
in these, more eeneral cases. Can vou make 4
conjecture abowt them?
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One Fine Afternoon 1 was Looking at the Pier

okohama O-Sanbashi Pier designed by two architects -
Alejandro Zaera-Polo from Spain and Farshid Moussavi from

[ran - who live in the United Kingdom, was built in 2002 and has
laree-scale origami structures. In mathematical terms, the ceil-
ing of this construct is "developable surfaces”. If you are a pa-
per folder, you will desire to unfold it.
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