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CHUONG I: PHEP TiNH VI PHAN HAM NHIEU BIEN

|. TAP HQP R" VA HAM NHIEU BIEN

| 1.R" va cic tap con

Vi n 1a mot sé nguyén duong, ky hiéu R" duge ding dé chi tap hop tit ca cac bo n sd
thuc (x1, X2, ...,Xn) Va ta thudng goi R" 1a khong gian (thyc) n chiéu. Khi bo so thuc
(X1, X2,...,Xn) duoc dat tén la P thi ta viét la:

P(X1, X2, ..., Xn)

Va goi n6 1a mot diém trong khong gian R".

Cho 2 diém P(x1, Xz, ..., Xn) VA Q(y1, Y2, ..., yn) trong R", khoang cach giira hai diém
Pva Q, ky hiéu l1a d(P, Q) duoc dinh nghia bai:

d(P, Q) :“-,Il(xl _.3"1)2 +(x, _J’:g:'g +..+(x, _.J"x:'g

Khoang cach nay thoa bat ding thirc tam giac sau déy:
d(P, Q) <d(P, R) +d(R, Q)
V6i 3 diém P, Q, R tuy .

Diém P(x1, X2, ...,Xp) COn dugc viét gon dudi dang x=(x1, X2, ...,Xn) VOI X=(X1, X2, ...,
Xn) Va y=(y1, Y2, .., ¥n), Khoang cach gitra x va y con dugc viét boi:

|x-y |5 "'-.l(xl _.J”1:'2 +(x, _.J”zj'z +.+(x, _.J”;u:'z

Cho £ € R"varla sb thuc duong, tiphop  B(P, 1) ={ <& |d(P, Q) <1} dugc
goi 1a hinh cau m¢ tdm P ban kinh 1, hay 1a 1an can ban kinh r cta P.

Tap hop E trong R" dugc goi 1a bi chan néu c6 1> 0 sao cho £ = FD7) vsio1a
diém O(0, 0, ... 0).

2. Ham nhiéu bién

Cho n la mét s6 nguyén véi n > 2. Mot phép tuong tmg f: R™ R duoc goi 1 mot ham

n bién. Tap hop cac diém £ € & ma f(P) x4c dinh dugc goi la mién x4c dinh ciia f. Ta
ky hiéu mién xac dinh cua f1a D(f).

aVidu:
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1) Ham f: R®R

1
(xy) > fix, y)=4 "% =

La mot ham 2 bién c6 mién x4c dinh la tap hop tat ca cac diém P(x, y) sao cho
4-x%-y*>0. Vay D(f)=B(0, 2), hinh cdu mé tdm O ban kinh 2 trong R

2)09: R? R véi g(x, y, z)=x*+(y+2)/2 |a mot ham 3 bién c6 mién xac dinh 1a
D(9)=R".

Tachi ¢6 thé biéu dién hinh hoc, bang v& do thi, cho ham 2 bién z = f(x, y).
Do thi cua ham 2 bién nay la tap hop cac diém trong khong gian R3 sau day:

G()={ (x, v, f(x, y)) | FX)€ L)y

Day la mot mit cong trong khong gian 3 chiéu voi hé toa do Descartes Oxyz.

N — 2 — 2 \

@Vi du: do thi cua hém zZ= 1=~y la nira trén cta mat cau tim O ban kinh 1
trong khong gian 3 chiéu Oxyz.
I1. GIOT HAN VA TINH LI1EN TUC
| 1. Pinh nghia giéi han
Cho ham n bién z = f (x1, Xo, ..., Xn) Xac dinh trén mot 14n can ban kinh r cia mot
didm £ € R va c6 thé khong xac dinh tai P. Ta n()i, z= fgxl, Xo, ..., xp) tién vé LE R
(hay c6 gidi han 1a L). Khi M (x1, X2, ..., Xn) dan dén P néu v6i moi & > 0 cho trude,
ton tai 6 > 0 sao cho:

0<d(P,M)<d=>|fM)-L |<e.
Khi d6 ta viét:

bm gy p SIM) =L
Trong truong hop ham 2 bién z = f (x, y) thi gii han ¢ thé dugc viét 1a:

0 gy —stmn S (5D) = L

Hay c6 thé viét:

b, ., Flxy)=1L

Y=l
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Tuong ty nhu d6i v&i ham mot bien, ta cling c6 cac dinh nghia gidi han vo cung va
gi6i han ¢ vo tan nhu sau:

M0 sty S (D) = 0,40 By — o

lirn Flx ) = L,+om, —o hapo

X——r¥
Y=o

oVi du:

lim ., (x" +2y)=3
1.

. 1
bty o (——) =+

2) p—x0 X° ¥

. 1
lin , , (———) =0
3) p——rw X +_}’
lirry Yyt o) =
X T Y H2X) =t
4). I

| 2. Swlién tuc

Pinh nghia: ham sbz=f (X1, X2, ..., Xn) dugc goi 1a lién tuc tai diém £e D) khi:

b gy p JIM) = F(F)

2x—y

2 2 .
oVidu: ham f(x, y)= * 7% lién tuc tai moi diém (xo, Yo) khéc (0, 0).

Tuong ty nhu ham mot bién lién tuc trén mot doan [a.b]e R , taciing c6 tinh chét dat

gia tri 16n nhat va nho nhét trén 1 mién déng va bi chan.
I11. PAO HAM VA VI PHAN
|1 Paohdmricpng

Dé don gian cho viéc trinh bay, ¢ ddy tass xét cac dao ham riéng cua ham 2 bién. Poi
v6i ham n bién thi hoan toan tuong tu.
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Dinh nghia: cho ham 2 bién z = f (x, y). Pao ham riéng theo bién x tai diém (xo, Yo) 12
gi6i han (néu c6) sau day:

lim Flx .y, - fix,.»,)

¥——r¥,

X-x,

bm g A &x,yf;.:)r )

df
, - I:xo g , , s
va dao ham riéng theo bién x dugc ky hi¢u la dx hay van tat 1a fx (Xo, Yo). Ta
o

con ¢6 thé ky hiéu dao ham riéng nay boi z x (Xo, Yo) hay 9% (Xo, Vo).

Dao ham riéng theo bién y ctia ham x = f (x, y) tai (Xo, Yo) duoc dinh nghia tuong tu
boi:

a filx,. )~ f(x,.%,)
é(xﬂ’yﬂ): e : };_yax :
dr(x.y,)

|x=x‘,

Nhan xét: dé théy réng fy (Xo, Yo) = dx
Tu do ta co thé tinh dao ham riéng theo bién x tai (xo, Yo) bang cach coiy=yola hang
SO va tinh dag ham ctia ham mdt bién (X, yo) tai X = Xo. Tuorpg tu, dé tinh dao ham
riéng theo bien y tai (Xo, Yo) tatinh dao ham cua ham mot bien f(x, yo) tai y = yo (xem
X =X, la hang s0).
oVi du:

1). Choz=x%. Tinh zxva zy

Xemy nhu hing s6 va tinh dao ham theo bién x taco Zx = 2Xy.

Tuong tu, xem x nhu hang sb va tinh dao ham theo bién y ta vo: x7y =
2
X",

z= ]n[igﬂ] . )
2) *]. Tinh ', Z'y va z'y(4, 7 ). Xemy nhu hing so, ta co:

fgi X ¥ fgz x X ¥
X X
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x f.g *

=z, (47) = _”H [1+.cg2 E] - —%
4=
4

Xem x nhu hang sd, ta co:

=) bl )

xr.g—

| 2. Pao ham riéng

Céc dao ham riéng z'x va z'y cua ham z = f(x,y) duoc goi la cic dao ham rleng cap 1.
Pao ham riéng cap 2 cua mot ham 1a dao ham riéng (cap 1) cua dao ham riéng cap 1
ctia ham d6. Ham 2 bién z = (X, y) c6 bén dao ham riéng cap 2 sau day:

1) Bx Sx[ ]

Pao ham riéng cap 2 nay con dugc ky hiéu béng cac cach khac nhau

n || n n ||
z ’ a a a
nhu sau: = N

) ¥ 3

Dao ham riéng cap 2 nay con duge ky hiéu boi:

pL 1:f"}:|,|:.jn lﬂfuﬂﬂ

3) Bxﬂy By Bx]

Dao ham riéng cap 2 nay con dugc ky hidu boi: © f
2 8 (a
4) tvdx  dx| v

con dugc ky hiéu la

L
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Hoan toan tuong tu ta cﬁng co dinh nghia va ky hi¢u cho céc dao ham riéng

_3 n 1
Cap cao hon. Chang han, o ax|ad = Ve

Bxﬁy [Bxﬂy hay :'=:P1 =(z i
2 3
con duoc viétla T¥ TR

*” va hai dao ham riéng cép 3 nay

oVi du:
1) z=x* +y* - 23y Taco:
2y =4 - Axy°
7y = dy*— 6xY
7' = 12 — 4y°
7'y = 12y — 12x%y

xy:'lzy2

Z'\=-12y
z::, = 24x
m -0

2) Xét ham s

oAz -yY
Flry) =4 xFa,t £ (x p) = (0,0)

0 i (% 2= (0,0
Taco, voi (x,y) # (0, 0) thi

f(x,y)=M,

x2 +y2
va tai (0, 0) thi f(0, 0) = 0.

2 2 2.2
: i -y dxty
Hlxny =yl 5=+

Ty

Do d6 * (+ %) tai (X, y) # (0, 0)
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oy FE0) = F(00) _
" S (0.0} Er_g—x 0

100 -ty HONLOY

»—=0 ¥ »—=0

=-1

= %=

suy ra

Hoan toan tuong tu, ta tinh dugc:

INEROE -x["" re iy ]
=T i (x, 9 #(0, 0)
va F,(0,00 =0,
(001 =1.

Quavi du trén ta thdy cac dao ham riéng theo cung cac bién nhung khac thir ty
khong phai bao gi¢ cling bang nhau. Tuy nhién dinh ly sau day cho ta dicu
kién dé cac dao hamriéng Z'yy va Z'yx bang nhau.

‘ Pinh Iy: Néu f(x, y) c6 cac dao ham f"y, va f",, trong mot 1an can cua diém (Xo, Yo)
thi
Fop (%o Y0) = e (K. 20)

cha y rang dinh 1y trén ciing mo rong duoc ra cho cac dao ham cap cao hon va nhiéu
bién hon.

__3.viphin toAnphén
‘ Dinh nghia:
Ham s6 z = f(x, y) duoc goi 1a kha vi tai (X, Yo) néu s gia toan phan
A (xg.0n) = Flxg + 4%,y + 8970 = 7%, 0)
theo cac s gia A X, A y caa cac bién X, y tai (Xo, Yo) €6 thé duoc viét dudi dang

A (. 0) = Adx+ By + b+ B4y,

trong d6 A, B la cac hang s6 (khong phu thude A X, A y) va oo — 0, B — 0 khi
AXx—>0,Ay—0.
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Biéu thirc Abx+ 8Ly dugc goi 1a vi phan ctia ham s f tai (Xo, Yo), ky hi¢u la
df(xo, Yo)-

< Pinh Iy:
(i) Néu f(x, y) kha vi tai (Xo, Yo) thi f c6 dao ham riéng cap 1 tai d6 va

df (xg, ya) = 'y (g 0 )+ 7y (g 0 ) L

(i) Néu f(x, y) c6 cac dao ham riéng trén 1 1an can ctia (Xo, Yo) Va f*y, 'y lién
tuc tai (Xo, Yo) thi fkha vi tai (Xo, Yo)-

Chu ¥ rang khi xét cac truong hop ddc biét f(X, y) = X va g(x, y) =y taco vi phan: dx =
A xva dy=Ay. Do d6 cong thirc vi phan cap 1 cta f(x, y) con duoc viét dudi dang

df = F.dx + .y

va con duoc goi 13 vi phan toan phan ctia ham f(x, y).

E =iy 4
aVidu: Voi & taco:

o 1 ») = (_yY__ ¥
® ﬂ_ x). xﬂ +y2' xﬁ x2+y2
X

Fo= 1 EI_ x l= x
y HTI.X? x2+y2'x x2+y2
x
x _ —ydx + xdy

¥
dz = - dx + d
xz_,_yzx x:;_,_yzy

] ]
viy rry

e Tinh chit: Tuong tu nhu d6i véi ham mot bién ta co cac tinh chét sau day cia vi
phan:

d(f + g) = df + dg

d(f.g) = g.df + f.dg

d[i] _gdf - fdg
2
£ £ (véi g = 0).
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‘ Ung dung vi phan d¢é tinh gan ding:

Gia st z=1f(x, y) kha vi tai (X, Yo). Khi do, theo dinh nghia cua vi phén ta c6
thé tinh gan dung f(x, y) boi:

J Y= fixm.yo) + F .Yz — m) + 1 (5%, 0 ) — )

V6i (X, y) gan (Xo, Yo).

\ - 3 3
@Vi du: Tinh gan ding 4 (L02)" + (157

Xét ham s6 f(x, y) = V{m , tatinh gin dung
A =1(1,02; 1,97) nhu sau:
f(1,02; 1,97) = (1, 2) + (1, 2).(1,02 - 1) + "\(1, 2).(1,97 - 2)
Voi f(1,2) = P23 2 3
3
205 + 57

2
Sy = 1,02 =2

5 I{x3+y3

A=3+ 1_0,02 -2003=295
Suy ra

fl= if}ﬂm=%

| 4. Vi phan cép cao

Cho ham 2 bién z = f(x, y).

Ban than 0 Y) Th VOO 0 13 mot ham theo 2 bién x, y nén ta co
the xét vi phan cua n6. Neu df(x, y) ¢6 vi phan thi vi phan do dugc goi la vi phan cap
2 cua f(x, y), ky hidu 1a d%f (x, y) hay vin tit la d°f. Vay:

o’f = d(df)

Tong quat, vi phan cap n (néu c6) cua f duge dinh nghia boi:

d"z = d{c™')
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Cong thirc vi phan cap 2 cua z=f(x, y):
d'z =didz)=d(z, dx+Z' dy)

= (2" e+ Z' dy)dh+ (2%, b+ 28 dy)dly
=z, b (2", + 20, Jdxdy + 2", dy?

Gia thiét thém rﬁng, cac dao ham hon hop lién tuc thi ta co:
y = Z”yx
va do do:

PR 2 1 1 2z
drz=7', b +22", dxdy +2" dy

hay ta co:

diz =—d}< +2
ax?

dxd d
aay}(‘y“f 'a

Nguoi ta dung ky hiéu luy thira mot cach hinh thirc dé viét lai cong thic vi phan cap 2
dudi dang:

doz =12 dor 2 )z
ax hy
Tuong tu, cong thic vi phan cip n ciia z = f(x, y) ¢6 thé dugc viét dudi dang:
az =12 e L odrs
ax e

va cong thirc nay ciing dung cho truong hop nhiéu bién hon.

V. PAO HAM CUA HAM HQP

Giastrz= f(x, y) va x, y lai la cac ham theo t: x = x(t), y = y(t). Vay z(t) = f(x(t), y(t))
[a ham 1 bién theo t. Pao ham cua z(t) theo bién t dugc tinh theo cong thirc sau day:

E:% E+az dy
dt dx odt v dt
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oVidu:
o
Tinh ¢ néu 2 =& , trong d6 x=cost, y=sint.
dz _0 ax o & = 2™ (—sin £) + 322 (cost)

dt dx dt Ay dt

= 2;32”3'”.(—2 si £+ 3cost) = EEQWSMSW.(—ESM £+ 3c0si)

dz
e _ 2xe3 ,
Tinh @2 néu 2 =¢" " trong d6 y=cosx

d _fzdx Gz dy_ ¥ + xg (—ain x)

dt o di Ay dt

=g (l-xsin x) =g

Al -xsin x)

b nhiéu bién e 1ap

Gia sir z = f(x,y) va x, y lai 1a cic ham theo cic bién s, t. Khi d6 dé tinh cac dao ham
rleng theo s va t cua ham hop f ( x(s,t), y(s,t)) ta cling c6 cac cong thuc tuong tu nhu
d6i voi ham mot bién sau day:

o _ ik Bx_'_ﬂ_zlﬂy
& o ds v ds

azlﬂx_‘_ﬂzlﬂy
dt dx A vy ¢

aVidu:

&z & u
Tim au va v néu z = f(x,y) trongdo x =uvvay= ¥

G (O g L
Taco o o ov, & v v
Do do

0z e dx dz dy _ Bz_l_llﬂz

the dx du  dy du dx v v

dz dz dx & dy & wu dz

— =t =y — -

v Ox v gy v ﬂxv@
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Cho z =f(x,y,t), trong do x = x(t), y = y(t).
Tinh dao ham cta ham hop:

z(t) = £ (x(1), y(1), V).

Taco:

e Yoo, ¥ Fod

G- Ox dt By dr Bt dr

¥ F &Y

— dx d dv df 3

V.PAO HAM CUA HAM AN
|1 Hamnmjtbién
Gia sir co mot hé thir gitra hai bién x, y dang

F(x,y) =0

trong d6 F(x,y) 1a ham 2 bién xac dinh trong mét 1an can mé D cua (o, Yo) Va F(xo,

Wxe (x, —&x, +&).3

yo) = 0. Gia thiét rang s 1a s6 duong va y duy nhit sao cho (x,

y) EDva F(x,y) =0.

Nhu vay ta ¢6 ham s6 y = y(x) xac dinh trén khoang (xo— S, Xo+ S) Va thoa F(x, y(x))

— + , P \ X <A r
=0 VRE(x 8%t . Ham s0 y = y(x) nay dugc goi la ham an theo bién x xac

dinh bdi phuong trinh F(x,y) = 0.

Trong toan hoc ngudi ta goi cdc dinh ly ham an 1a cac dinh ly khang dinh sy tén tai
cua ham an va dao ham ctia né. Dudi day la dinh Iy co ban cho ham an mgt bién.
4 Pinh Iy: Gia st him F(x,y) thoa 2 didu kién sau:

(1) F lién tuc trong hinh tron mo B(P, €) tam P(xo, Yo) ban kinh ¢, vdi F(xo, Yo)

dF aF dF
(ii) Ton tai cac dao ham riéng lién tuc dx dy trong B(P, €) va dy (Xo, Yo) # 0.

Khi d6 c6 £>0 sao cho phuong trinh F(x,y) = 0 xac dinh mot ham an y(x) kha
Vi lién tuc trong (xo— S, Xo+ ) va

13 Seu tam by hoangly85



GIAO TRINH TOAN CAO CAP A2

EINhan xét: Néu thira nhan su ton tai ciia ham 4n va dao ham cta né thi cong thirc
dao ham cta ham an trong dinnh ly trén c6 thé suy ra dé dang tir cong thuc dao ham
cua ham hop:

o
0=dxF(X,y(X)) =Fx+Fy.y’
Fa
=> y’ = - FI.}?
dx

oVi du: Tinh dao ham cua ham an & tai diém (1, m)
néux.y—€.sny =m.
Coi y la ham theo x, 14y dao ham phuong trinh trén ta dugc
y+ Xy —€siny— € cosy.y’ =0
Tai (x,y) = (1, m) ta co:
n+y +tey =0

-

Suy ray’(l) = T+e

EIGhi chi: Dé tinh dao ham cip 2 y*’ ciia ham 4n, tir hé thirc
O=Fx+Fy.y

ta co thé tiép tuc ldy dao ham thi dugc:
0=F'u+Fxy +(F'w+Fy. y)y +Fyy"

Tudays€ratray”.

| 2.Ham én 2 bién

Tuong ty nhu truong hop ham an 1 bién, voi mot s6 gia thiét thi phuong trinh
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F(x,y) =0

8 xac dinh mot ham 4n z = z(x,y) theo 2 bién x, y.

4 Pinh ly : Gia sir ham F(x,y,z) thoa cac diéu kién

(i). F lién tuc trong hinh cau mé B(Pg, €) tim Po(Xo, Yo,20) ban kinh € va
F(Xo,Y0,20) = 0;

(ii) Ton tai cac dao ham riéng lién tuc F’y, Fy, F’z trong B(Po, &) va F’;(Xo,Y0,20)
#0.

Khi d6 ton tai 8>0 sao cho phuong trinh F(x,y,z) = 0 x4c dinh mot ham an

trong lan can B((xo,Yo), S) cua diém (xo, Yo). Hon nita ham an z = z(x,y) ¢6 cac
dao ham riéng trong lan cén nay la:

F'x dz _ 'y
= Fio® P

EIGhi chii: Dinh 1y nay ¢ thé duge mé rong cho truong hop ham 4n nhiéu bién hon z
= Z(X1,X2,...,Xpn) Xac dinh boi phuong trinh:

F(X1,X2,...,Xn, 2) =0

oVi du:

Cho ham an z = z(x,y) xac dinh boi phuong trinh e =X +y + 2
Tinh zy’, " Va zyy".

DPao ham phuong trinh theo bién x ta duoc:

1 1

- +y+z—
1+zo=¢?. 20 =>2, =¢ 1 z+y+z-1

Tiép tuc 1dy dao ham theo x va theo y thi dugc:
Zo = €. () + €. 2"
zy' ' =€.2) .70 et zy"

Suy ra

a° xty+z

2y = (e (A=x-y-2)
XX T
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ZXyll =

Tinh z,’ tuong ty nhu viéc tinh z,’, ta co:

1
Zy’ZQK_].
Do do
g xty+tz
(e (x-y2p
Xy —
VI.CUC TRI

1.Pinh nghia va [iéu kién can

Xét ham z = f(x,y). Piém Pg(X,y) duoc goi 1a diém cuc dai (dia phuong) ciia ham
f(x,y) khi c6 >0 sao cho f(x,y) < f(xo,Yo0) Voi moi (x,y) € B(Po,9).

Truong hop ta co

F(x,y) < f(XoYo) V (X,y) € B(Po, 8) \ { Po}thi ta néi Po la diém cuc dai (dia
phuong) chat ciia ham f(x,y).

Khai niém cyc tiéu (dia phuong) dugc dinh nghia hoan toan tuong tu. Cuc dai dia
phuong va cyc tiéu dia phuong dugce goi chung 1a cuc tri dia phuong.

‘ Dinh ly: (Fermat)

Néu ham f(x,y) dat cuc tri dia phuong tai (Xo,Yo) Va c6 cac dao ham riéng tai do thi
fx’(Xo0,Yo) = fy’(x0,Yo) = 0.

Diém ma tai 6 cac dao ham riéng cua f déu bang 0 dugc goi 1a diém ding cta ham.

Chuy rang dinh 1y trén chi cho ta diéu kién can dé co cuc tri, nén diém dung chua
chic 1a diém cuc tri. Dinh ly sau day cho ta diéu kién du dé co cuc tri.

4 Pinh Iy (/idu kién [i):

Gia sir z = f(x,y) nhan (xo, Yo) la mot diém dimng, va f(x,y) c6 cac dao ham riéng cap 2
lién tuc trong mot 1an cén cia (Xo, Vo). Pat

A = 1" (X0.Y0), B = fxy" (Xo,Y0), C = fyy" (Xo0,Y0),
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vaA=B*-AC
Khi d6 ta co:
(i). Néu A > 0 thi ham s6 khong dat cuc tri tai (xo,Yo).
(ii). Néu A < 0 thi ham s dat cuc tri chit tai (xo,Yo).
Hon nira ta co:
(Xo,Yo) 12 diém cyc dai khi A <O0;
(Xo,Yo) 12 diém cyc tiéu khi A > 0.
(iii). Néu A = 0 thi chua két luan duoc 1a ham s6 f(x,y) c6 dat cuc tri tai (Xo,Yo)
hay khong.
Tir dinh 1y trén ta ¢ thé tim cyc tri cua ham z = f(x,y) theo cac budc sau day:
©Budc 1: Tinh cac dao ham riéng
©Budc 2: Tim cac diém ding bang cach giai hé phuong trinh sau:
Jy'xy) =10
{fy (%) =0
eBudc 3: Ung v6i mdi diém ding (xo,Yo), dat
A =" (XaYo), B = fiy" (Xo,Yo), C = fyy" (Xo,Y0),
A=B*-AC
Xét dau cua A va cua A dé két luan.
ELwu y: Dé c6 két luan day Wdﬁ vé cuc tri ta con Rhéi xét riéng truong hgp diém dl"mg
ma tai d6 A = 0 va xét cac diém ma tai d6 khong ton tai dao ham riéng cap 1 hay cap
2.
oVi du:
1) Tim cuec tri ciia ham s z = x® + 3xy? — 15x -12y
Taco z, =3x° + 3y*— 15,
z, = 6xy — 12

Z' = 6X, Z" = 6Y, zyy "= 6X
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Dé tim diém dimg, ta giai hé phuong trinh sau:

I+ 3t -15=10
Gry—12 =10

Hé phuong trinh c6 4 nghiém, cho ta 4 diém dimng:
Mi(1, 2); M2(2, 1); Ms(-1, -2); Ma(-2, -1).
Tai My(1, 2):
A=24"(1,2)=6
B=2y'(1,2)=12=>A=B*~AC>0
C=2,4"(1,2)=6
Ham sb khong dat cuc tri tai M1(1, 2).
Tai My(2,1):
A=24"(21=12
B=2z,'(21)=6=>A=B’-AC<0
C=24"(2,1)=12A>0
Ham sb dat cyc tiéu tai Mo(2, 1), V6i zmin = 2(2, 1) = -28
Tai M3(-1, -2):
A=24"(-1,-2) =-6
B=2y"(-1,-2) =-12=>A =B*~ AC>0
C=24"(-1,-2)=-6
Ham sb khong dat cuc tri tai Ma(-1, -2).

Tai M4(-2, -1):

A ,
0 Y
B =Z?cv|:_ 2,-1)=-6 = h=8"-4ACCD
C=z,(-2-1)=-12, A<0

Ham sb dat cuc dai tai M4(-2, -1) VOi zmax = 2(-2,-1) = 28
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2) Khao sat cuc trj ciia ham z = x* + y* — x* — 2xy — y*

Taco:

z:.; =4x3—2x—2y
z:v =4y - 2x-2y

Giai hé phuong trinh sau dé tim diém dung:

4x* - 2x-2y=0
4y> -2x -2y =10

Hé phuong trinh ¢6 3 nghiém = 3 diém ding:

P1(0, 0); P2(-1, -1); P3(1,1)

Tinh cac dao ham cép 2:

z, =12x° -2
Z::v=_2
z, =12y* -2
Tai P1(0, 0):
A=z _(00)=-2
B=z,(00)=-2
C=2,(00)=29 2 A= 8- aC =0

Tachua c6 két luan vé cuc tri tai P; ma phai khao sat truc tiép. Ta c6 z(0, 0) =

x=y—l
0, v4i 2 thi

11 1
z[—,—] - ig[—g— 2] <0
CECY IO R (n nguyén duong)

1 1 [ 1 1 ] z
x=—-y=-—— z|l-—=|=—20
Véi n athi \# %) 4 . Diéu nay cho thay rang trong
moi 1an can ctia P; ham s6 déu co gia tri duong va c6 gid tri am. Vay P1(0, 0)
khong phai 1a diém cuec tri

Tai Py(-1, -1) vaPy(1, 1)taco A=10,B=-2,C=10,A =B?_AC =-96. Suy ratai P2
va P3 ham so dat cuc ti€u chat voi:
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Zmin = 2(P2) = z(P3) = -2

VII.CUC TRI CO PIEU KIEN
1 Pinhnghia |
Xét ham sé z = f (X, y), voi diéu kién rang budc: ¢ (X, y) = 0 (¥)
Tanoi:
of (x,y) dat cuc dai chit tai (xo, Yo) V6i diéu kién (*)
néu (xo, Yo) thoa (*) va voi moi (x, y) thoa (*) kha gan (xo,Yo) taco f (X, y) < f
(Xo, Yo)
of (x, y) dat cuc tiéu chit tai (xo, Yo) Vi diéu kién (*)
néu (xo, Yo) thoa (*) va voi moi (x, y) thoa (*) kha gan (xo,Yo) taco f (X, y) > f
(Xo, Yo)

of (x,y) dat cuc tri chit tai (xo, Yo) V6i diéu kién (*)
néu f (x, y) dat cuc dai hodc cuc tiéu tai (xo,Yo) VOi diéu kién (¥)

2. Phwong phap nhan tir La

‘ Pinh ly: (dicu kién can cuia cyc trj c6 dieu kién)
Gia st

Céc ham £ (X, y) va ¢ (X, y) ¢o dao ham riéng cap 1 lién tuc trong mét 1an cén
clia diém (x0,Yo0) V6i ¢ (Xo, Yo) =0

‘P;:;(xns.}’u)# Uhay W;[xusyn)# U_

Khi d6, néu f (x, y) dat cuc tri tai (xo,yo) V&i diéu kién ¢ (Xo,y0)=0 thi ton tai
sb thuc A sao cho:

fxl[xus.}’u)"'lﬂp;[xu,yu) =0
fy[xn=yn)+l%[xu,}’u)=0

Ham sb L(x,y,h ) = f (X, ¥) + & ¢ (X,y) duge goi la ham Lagrange. Dinh 1y sau

day cho ta diéu kién du cua cuc tri c6 diéu kién.

‘ Pinh ly: ((iéu kién [ ciia cwe tri cé [iéu kién)
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Gia s f (X, y) va ¢ (X,y) o dao ham riéng cap 2 lién tuc trong mot lan can ciia (xo,Yo)
V&1 ¢ (Xo,Yo) =0, va (xo,Yo,A ) la diém dung ctia ham Lagrange. Khi d6 ta co:

eNéu d* Lixy, yo, A)= Ly (39, 30, A 07 + zﬁ:{v (%500, 2 Jxdly

L 2
Ly (0, v0. 2)dy xac dinh duong trong mot mién theo dx, dy thoa rang budc:

ff@':xus}’u) = "np::: I:xIJ =.ylildx) v "::-'7:1- [xlil +Mn )d_}? va dX2+dy2¢ 0, thi ham f (X, y) dat cuc
tiéu chit tai (xo,yo0) VOi didu kién ¢ (Xo,yo) = 0.

eNéu dzL(Xo,yo,K ) Xac dinh am trong 1 mién theo dx, dy thoa rang budc nhu
trén thi £ (X, y) dat cuc dai chit tai (xo,Yo) V6i diéu kién ¢ (Xo,Yo) = O.

eNéu dzL(Xo,yo,K ) khong xac dinh diu trong mién noi trén thi khong c6 cuc
tri co diéu kién tai (xo,Yo).

Tir dinh 1y trén ta c6 thé tim cyc tri ¢6 diéu kién theo phuong phap nhan tir Lagrange
nhu sau:

©Budc 1: Lap ham Lagrange
L=fxy)+roXy)(heR)

eBudc 2: Tinh

L, = fy + e
LJ‘ = f}' +"h'p?

va giai hé phuong trinh sau day dé tim cac diém ding (xo,yo) Cing véi
gia tri A o twong tng.

©Budc 3: Tinh vi phan cip 2 cia L = L(x,y)
d L =L dx’ + 2L, dxdy + Ldy’*
va tinh rang budc:

dolx,y)= pdx+ p,dy =0 )
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V6i mdi diém dung (xo,Yo0) Va A = A o tim dugc trong budc 2, xét A =
d?L (Xo,Yo0) (phu thudc dx va dy).

Néu A > 0 voi moi dx, dy khong dong thoi bang 0 thoa rang bude (¥*)
thi ham s6 dat cuc ti€u c6 dieu kién tai (xo,Yo).

Néu A < 0 v61 moi dx, dy khong dong thoi bang 0 thoa rang budc (**)
thi ham so dat cuc dai c¢6 dieu Kién tai (xo,Yo)-

Néu dau ctia A khong xéac dinh xét theo dx va dy khong dong thoi bang
0 thoa rang budc (**) thi ham so khong dat cuec tri tai (Xo,Yo)-

oVi du:
Tim cuc tri ctia ham z = X2+ y2 vé6i diéu kién x + y=4
Lap ham Lagrange:

L(xy) =x*+y*+ 1 (x +y - 4)

Tacs Lx =25+ AL, =2y+

Tim diém ding bang cach giai hé:

2x+iA=0
2y+Ad =10
x+y-4=10

Taco mot diém dimg M(2,2) g voi A = -4.
Tinh dao ham riéng cép 2 cua L(x,y):
Lo=2L,=01L =2

b o L

= L = 2dx? + 2dy?.

Vay d2L > 0 tai M(2,2) nén ham sé dat cuc tiéu (co diéu kién) tai d6 v6i zmin = 2(2,2)
=8.

OL wu v: Trong truong hop tir hé thuce
¢ (xy)=0

ta co thé tinh duoc 1 bién thién theo bién kia, chang han c6 thé tinh y =y (x) thi bang
cach thay thé y = y (X) Vio z ta c6 thé xem z nhu ham theo 1 bién x:

z=2(x, y (X))
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Khi d6 co thé tim cuc trj ctia z nhu ham theo 1 bién.

Xét lai vi du trén, ta théy:
X+y=4doy=4-Xx

Suy raz = x% +y? = x% + (4-x)>.

Xemz 1a ham 1 bién ta co:
2’(x)=2x-2(4-Xx)=4x-8
Z7x)=0=x=2

Lap bang bién thién, ta co:

X -00 2 |+
Z’(x) - 0 +
Z

8

Vay z= X2+ y2 dat cuc tiéu (voi diéu kién x + y =4) tai M(2,2) v6i Zmin = 8

VIIl. GIA TRI LON NHAT VA NHO NHAT

Cho D R 2. Piém P(x,y) € D duoc goi 1a mot diém trong cua @ khi ton tai mot
hinh cdu mo B(P, £) déu chira diém thudc D va diém khong thude D . Tap hop cac
diém bién ciia D duoc goi 1a bién ciia D. Mién @ dugc goi 1a mién dong khi @ chira
moi diém bién cua no.

Taco thé tim gia tri 16n nhat va gia tri nho nhat ciia ham £ (X,y) trén mot mién dong
va bi chan @ nhu sau:

©Budc 1: Tinh f "x va f ’y. Giai hé phuong trinh

Se=0
73 =0

de tim cac diém dung ¢ phan trong ctia O

©Budc 2: Tim cac diém tai d6 khong co dao ham riéng
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©Budc 3: Tim gia tri 16n nhat cta f (X,y) trén bién cta @ (lién quan dén cuyc tri
co dieu kién)

©Budc 4: So sanh géc gia tri cﬁg ham sb tai cac diém tim dugc ¢ budc 1, buc}c
2 v6i gid tri 16n nhat va nho nhat trén bién (¢ budce 3) dé rat ra gia tri 16n nhat
va nho nhat ctia ham so.
oVi du: Tim gia tri 16n nhat va nho nhét ctia ham s6
Z=XP+ Yo Xy+X+Y
trén mién O gidi han bdi: x <0,y <0, x +y >-3
z, =2x-y+1
Tace: Zr ~2¥ T x*1
{2x —yp+1=0
Giaihe: 12 **1=0_ 4 y=1
Tatim duoc 1 diém dimg M(-1,-1) € D, véi z(-1,-1) = -1

Bién ciia mién @ gom 3 doan thing OA, OB va AB.

Trén bién OA ta co:
Xx=0,-3<y<0
z=y’

Z=2y+1=0cy=

2| o—

1 1 1
A [ I::I, ) _] Z[ I::I,_ ] 4
= mot diém cuc tri trén OA 1a 2 Jvoi 2 4

Tuong tu,

(1 1 1
__,I:I] Z[__,I:I]=__
trén OB co cuc tri tai L 2 Jvoi 2 4

3 3] [ 3 3] 3
-2 -z Z-2-2f=-2
trén AB co cuc tri tai 4 A 2 2 4

Tai cac diém O, A va B taco:
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2(0,0) = 0; 2(0,-3) = 6; z(-3,0) = 6

3

Viy gia tri 16n nhét va nho nhét trén bién cua @ lan luotla 6 va 4

3

F=——
So sanh céc gia tri z=-1, z=6 voi 4 ta suy ragia tri 16n nhét ciia z 1a 6 tai A(0, -
3) va B(-3, 0); gai tri nho nhat cta z 1a —1 tai M(-1, -1).
BAI TAP CHUONG 01

1-Tim mién xac dinh cua ham so:

b) Z =In( x* + 3%

Z = arcsin
C) &

R

2-Tinh dao ham riéng cta ham so:
e =ln{ x+./x* + %)

z =areig i

f) 8
g)JZ.'=X'}I

h)y 2~ (1+ )

<9
a) Tinh cac dao ham riéng tai 3" 7 Giia ham:

S (x.y) =sin( x,/y)

b) Tinh cac dao ham riéng tai (0, 0) ctia ham:
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I

W=Dy
o y) =9 x-y
0

3-Tinh vi phan toan phan ctia ham so:

i) 2= tg(3x - yy+ 6™

X
Z =arcsin —
j) Y

4- Tim vi phan cap 2 ctia ham s6

k) Z =2 —4x'y +5y°

l)z:ln(.x+y

m) Z = j2xy+y*

n) z=g'lny+snylnx

nedl X =y

neau x =y

5-Cho f(t) 1a ham mét bién kha vi. Dat z = f(x’*y?). Chimg t6 ring ham z thoa mén

phuong trinh sau:

iz i
y—+x—-=>0
dy dy
Chung minh:
dz &z iz 2y
Aty —=2— z=
a) dx dxdy 3% \6i x+ty
b) Bt g 2 =hlx
6- Tim cuc tri cia ham so:
0 Z= txyt oyt tr-yp+l
D) z=x1-x- )
26

Seu tam by hoangly85



GIAO TRINH TOAN CAO CAP A2

) z=-2x"+6y+6y+3p(2x- ) -1
0 z=2y" +3x(x-2)) - 6(x +y) -3
gz =(x=D 42y

) z=2x" +haly -1 - 3(p+ 10+ 2

7-Tim cuc tri c6 diéu kién:
a) 7 = ®véi didu kign 2% T2y =2 =0

2
=x+ yo ac A ‘A + =
b) £~ *7 Y voi diéu kign * Y J
8- Tim gia tri 16n nhit va nho nhat ctia ham sb:

= 4 2 _ . . .
) ZTF T TRT I Yyrong tam gide gi61 han boi cac duong
x=0y=0x-y=3

d) Z=®+ T+ ¥irong hinh gi6i han boi cac duong * ~ Lx=2y=3, truc
hoanh

e) Z =23~ 3X = 2¥ yrong hinh gi6i han boi cac duong 55 o=l

9-Tim dao ham ctuia ham hop

dz u
— z =arcig(—) _
f) dxvéi Vv trong do %= sin xyy v=rcos2x

dz  d=

0) ds vy dt yei 7 =inl 2x+~:"’2:'trong do X =smls+2), y =Inlst)

10-Tinh gan dung:
h) In{3/1,03 +4/0,981)

i) sin . {0,01).(1.05) + In{ 1.05%)
11-Tinh dao ham y’ ctia ham an y=y(x) xac dinh béi cac phuong trinh:
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i) x3y—y3x=1
K) xet +yet —2® =0

2
x
4

12-Cho ham an z = z(x, y) x4c dinh boi phuong trinh &

b
™

'B:Jr\;;
+
[ %)

)

iz az
Tinh dxva &
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CHUONG II: TiCH PHAN BOI
§1. Tich phan kép
|. PINH NGHIA VA CAC TINH CHAT
|1 Pinhpghia |
Cho ham f(x,y) xac dinh trong mién déng, bi chan D. Chiamién D thanh n manh roi

nhau Dy, Dy, .., D c6 dién tich 1an lugt 1A A § 4$,.., 4 S, Trong mdi manh D; , lay
tuy y mot diem M;(X;, vi). Lap tong (goi la tong tich phan ctia ham f(X,y))

S = DS (3.7 A5,

iml
Goi d(Dy) 1a khoang cach 16n nhét giita hai diém trong D;. Néu ton tai gigi han

im S, = lm S,=5

PP w41 1} >0

hiru han, khong phu thudc V?.O cach chia mién D va cach chon diém Mi(x;,yi), thi I}ém
f(X,y) goi 1a kha tich trén mién D, va Sgoi 1a tich phan kép ctia ham f(X,y) trén mién D,
ky hi¢u

L[f (x, y)ds

Néu f(x,y) kha tich trén mién D, thi tich phan kép khong phu thudc vao cach chia mién
D. Do d¢, ta chia mién D bdi cac duong thang song song vai cac truc toa do. Khi do,
AS=AX.AyvadS=dx.dy

Vi vay c6 thé viét

[ Ge)ds = [[f (x.5)dxdy

Nguoi ta chimg minh duoc rang: Ham f(x,y) lién tuc trén mot mién déng, bi chan D
thi kha tich trén mién do.

Tinh chét:

S = (D)
a) Iﬂ[

(dién tich cua D)
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F (xS = C.[[f(x.y)dS
e
5 J)U(x,y) +g(x,y) Qs = L[f(x,y)d3+ L[g(x,y)cfS

d) Néu D = D3 D;, Dy,,D, = ® thi

L[f (x,y)dS = )Ljf (z, y)dS + )Ljf (x.p)ds

L[f (x,y)dS £ L[g(x,}f)dﬁ‘

f) Néu m < f(x,y) <M V (x,y) € D, mva M Ia hang s, thi
mS(D) < L[f (x, y)dS < M S(D)

e) Néu f(x,y) <g(xy) v (xy)e D thi

g) Néu f(x,y) lién tuc trén mién déng, bi chin D thi ton tai diém

_L[f(x,y)dg =gy ) A (D)
M (Xo,Yo) sa0 cho
(Pinh 1y vé gia tri trung binh).

1
Mgf‘(x:}’)ffg

Dai lugng goi la gia tri trung binh ctia ham f(X,y)

trén D.

| 2. Y nghia hinh hoc

Taxét bai toan: " Tim thé tich ctia vat thé Q gi6i han dudi boi mién D (Oxy), gidi
han trén boi mat cong c¢6 phuong trinh z = f(x,y) > 0 va gidi han xung quanh boi mat
tru c6 duong sinh song song véi Oz va duong chuén la biéncua D ".

Z

VI
-

% C__—_ i (i, )

Tatinh thé tich ctia Q bang phuong phap gan dung.
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Chiamién D thanh n méanh roi nhau Dy,Dy,..,Dn €6 dién tich A S, A $,..,A S, Lay
mMoi manh nho 1am day, dung hinh tru con c6 dudng sinh song song vdi Oz, mét phia
trén gidi han boi mat z = f(x,y).

Xét hinh try con thur i: day la D;, Léy tuy y 1 diém M;(x;,y;). taco thé tich hinh tru con
thtr i

AV, =X V)48

Thé tich gan diing ctia Q :

V(S ~ D £ (m.00).45

iml
Phép xap xi nay cang chinh xac néu n cang 16n va cac manh D; 6 duong kinh cang

nho ( d(D;): duong kinh cta D;)

v (9] =m?{grigmgﬂx,-,y,-m3i - L[ﬂx’y}dg

Il. CACH TINH TiCH PHAN KEP

| 1. Pwa vé tich phan lip

Ney D= {(x0) 6 <x <m0 <y < mhyy
bomin)

L[f (x.y)drdy = [dr Jf (x,y)dy

T

a
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X
]
A AN
‘L[f (x,)dxdy = [dy Jf (x, y)dx
Néw D= {0 e <y Ldip0) $x <y P e

L[f (x.y)dxdy ‘
Vi du 1: Xéc dinh cén cua tich phan v61 mién D xac dinh boi cac
duong

y=0,y=x,x=2
y=0,y=x,x+y=2
C6 hai cach biéu dién D:
D={(x.y):04x <20 y<x)
hoac
D={{xy: 0{y<2y<x<2)
4 ¥ 4 4
’ L[f (x,y)dxdy = det[f (x,y)dy = dejf (x,))dx
Do d6 J’
C6 2 céach biéu dién D:
D={xy) 0¢y<tfy <x<2-y)

i} -y

L[f (x,y)dxdy = de J[f (x, y)dx
¥
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D=D,uD, ={(x,)): 0¢x <0<y <22 u{(x)) 142 <20 y < 2 -}

1 #t 1 2-x

L[f (x,y)dxdy = de][f (x,y)dy + Ici'x Jf (x, y)dy

i= nydxdy
Vi du 2: Tinh , D gi6i han boi cac dudng y = x—4, y* = 2x

Giai: Hoanh d6 giao diém:

_ x=2 =-2
2x=(x-4 o x-1x+16=-0 =
=3 y=4

Do dé, mién D duoc biéu dién

Viay
4 pd 4 o |F=prd
I=|dv |xydx= ||y — Ly
I [ 177
T 2
14 e 1{y* 8y ML %
il | B L e e e
LA 4 21 4 3 24

2. D6i bién trong tich phin kép

a. Poi bién tong quat
Gia st X = X(u,v), y = y(u,v) | hai ham c6 dao ham riéng lién tuc trén mién
d6ng. bi chin D, Goi D = (B X = 7@.v)y =y, @) € D,

Néu f(x,y) kha tich trén Dyy va dinh thirc Jacobi

ER:
D0 [an g
Dy) |& &
oz &l tren Dy, thi ta c6
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2[‘I‘f(x, Vidxdy = l“f(x(u,v},y(u,v}}. | JJ| dudv
deciy
Vidu 3: Tinh véi D gidi han boi cac duong

y=l-xy=2-xy=2x-ly=2x-3

Gii: Cic duong thing viétlsi ¥ *¥ ~Lxty=22x-y=12x-y =3

it Jip— v
x= M=
bitu=x+y,v=2x-ythi < .
DG L h vy 1<u <21 <v <3
Dz, v) 3

cdxcdy = ldudv=lgdu3dv=g
Ay‘l‘;’l‘ g L!‘B BI Ir 3

b. Tich phan kép trong toa [ cuc

Cong thure lién hé toa do

X = I.COS@

y=r.sing
Taco:

_D(xy)_fose ~rengl_

Dlu,v) |sing rcose

ljf (x, Mdxdy = l“f r cos @, 7 sin @ rdrd @

Do vay:
dxdy

Vi du 4: Tinh HI“-'4 7= , V&i D gidi han boi: (x —1)2 +y*<1,y>0
Giai:
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0< @<l
RO rang 2

Thay x = rcosp , y = rsing vao (x —1)? + y?= 1, taduoc r = 2cos@

Vay
Do do:
% doosp %
= I’"‘M‘? =Ja!’1;p J rr =2J[1—sﬁ1¢pjldqv=rr—2
afd = 2 fd =2

i= ”e"‘l"'ldxdy
i

Vi du 5: Tinh v6i D 14 hinh tron x2 + y* < R,

Giai: Chuyén sang hé toa do cuc, ta c6:
D, ={r.e)0ipi280<r < R
Do do:

l; =J‘E(1_E_Ri)

R
I= I[J‘e'rirdrdqp = Tl‘dqp}]‘e'ﬁ rer = 23‘:[— %e'ﬁ ]

BAI TAP
1 -Tinh céac tich phan kép

) 11(4 -x )dydx

mehy
J Je ¥ dxdy
b)

4x

T”‘x sin vavdx
C)
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5 ®dxd
) Tl‘J‘ye xely

2-Tinh céc tich phan kép
pr + 2lebxdy
a) ,D:0<x<2;x°<y<2x

’ LI( - 6xy2}ixciy

5 L[yhl xdxdy

,D:0<x<2,-1<y<1

,Dixy=1y= ""G;XZZ
3- P6i thir ty bién 1y tich phan

14-2x

Flx,y ldvdx
a)t[f[ ey

e
o 4 1707

llf[x, :k;t'm’
C)JJE ¥ Mxdy

1 1+“|'l—?
[ (. y)axdy
d) " >

4- Tinh céac tinh phan

ele"vldxdy
d)'g ,D:J’=“‘”_xj;y:0
Jchixdy B
e Dry=x; FTNETY .y =0
edxdy

f) ‘I;TI‘»\”‘FXQ +}32 ,D: X2+y2S1

2 2 1 2
JJ\ll—x—z—y—zdxdy LEPPANY
0) a” b . D;a’ & ‘a,b>0
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in A% +y" z’
‘[yljxﬁ [y x2+y2=—;x2+y2=frz
h) Y

,D: 4

, P

i) Diy=x+1ly=x-3 309 3
5-Tinh dién tich mién D gi¢i han boi

j)Dry=x5y=x+2

K)D:y?=x;y =2x —X?

=22 e gy

mD:y=2y=-2x;y=4

§2 Tich phan bi 3
|. PINH NGHIA VA TINH CHAT
1 Piphnghia
Cho ham s6 f (X,y,2) Xac dinh trong mién déng, gii ndi Q ciia khong gian Oxyz.

Chiamién Q thanh n mién nho c6 thé tich 14 A V4,...,A V. Léy tuy y mot diém
Mi(xi,yi,z) trong mién nho thur i.

Lap tong
L= flx.pm.z )0,
inl
, lim 7, = lim 7, = 7 ‘
Néu gidi han *#+= m=d=0 - hizy han, khong phu thudc vao cach chia mién Q ,

va M;, thi £ (X,y,2) goi 1a kha tich trén mién Q , va I goi 1a tich phan bdi 3 ctia ham f
trén Q , ky hiéu

IJF[x,y,z)ciV

Tuong tu nhu tich phan kép, ta ky hi¢u dxdydz thay cho dV va tich phan bdi 3 thuong
viét
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Chua y: Néu f (x,y,2) = 1thi

GIAO TRINH TOAN CAO CAP A2

J:)“:f [x, y,zjk:t‘xciy.:fz

I J Fxciyciz = (&)

(thé tich cua Q).

| 2. Tinh chat

IJFf[x,y,z}iV = CIJF[x,y,Z}iV

L[ﬁf + gJdv’ =IdeV+IJIng

=00, M, = ‘Eithi ‘L‘[ﬁdV i ‘L‘[‘[de ! ‘L‘[‘I}dV
de ZJ‘J‘J‘g.:iV

«Néu £ (x,y,2) > g(x,y,2) V (x,y,2) € Q thi ‘U

= Néu

= Néu f (X,y,2) lién tuc trong mién dong, bi chan Q thi tdn tai diém (X0,Y0,20) €
Q sao cho

f[xns}’n :Zn) = ﬁ“‘]f{x,xz)d?’

(Dinh 1y vé gia tri trung binh)

Il. CACH TINH TiCH PHAN B§I 3

Cho Q

Khi do

hé toa [0 Descartes

Qidi han boi:
= Mit trén: z = ¢ 2(X,Y)
= Mit dudi: z =@ 1(X,y)
= Xung quanh: mat try c6 duong sinh song song voi truc Oz va duong

chudn 12 bién cua mién D thudc mit phang Oxy. (D 1 hinh chiéu cua
Q xudng mit phang Oxy).

Pg':x-."'J

Iﬁ[ﬁ(x,y,z}dxdydz = JJ{ Fix v, z)dz]cfxa’y

R lxp]
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Néumion D =1 )2 $x <byn () <y Sy (Ml
A Wyix) vy
ij(x,y,z)dxdydz = Ia!’x dv | fix v 2)dz
n

a il Ry

Vi du 1: Cho mién Q gi6i han boi cac mit: x=0,y=0,z=0,x +y+2z=2.

I= IJP(X, v, Z)dxdvdz
Viét tich phan boi 3

theo cac thur tu :

a). dxdydz
b). dxdzdy
c). dydzdx

Giai:

a). Hinh chiéu ctia Q xuéng mit phang Oxy la mién

Dy={xy 04x<20<y<2-x}

X
z=1-—
Gi6i han trén cia Q: 2

(SRR

Gi6i han dudi cia Q: Z=10

Vay:
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LS
2 -x 2 2

I= de de Jf(x,y,z}dz
b). Hinh chiéu ciia Q xudng mit phang Oxz la mién
x
i, ={(x,z]|: DL xs2 Uizil—z}

Gi6i han trén cia Q: ¥~ 0-x-2z

Gigi han dudi cia Q: ¥ =0
Vay:
PR i T
I= J‘a"x sz Jf(x,y,z)dy
¢). Hinh chiéu Q cia xudng mit phang Oyz la

D3=[(Y-Z)3D5yi:2;ﬂ£z£1—%]

Gidi han trén cia Q la : x = 2-y-2z

Gidi han dudiciaQla:x=0

Vay
1 -
i= J‘dy sz Jf(x,y,z)dx
= I_dexdyciz
Vidu 2: Tinh i , Q |a mién gidi han béi cac mit:
z=x+y%z2=4,x=0;y=0.
Giai
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1

Hinh chiéu ctia mién Q xuéng mat phéng Oxy la 4 hinh tron
Da= [('3"-3:'3 02y 2,05 ysq4- sz
Mat trén cua Q: z=4,

Mat du6i cua Q: z=x>+y>.

I
I

I- jdx?y xdz = de J[ 2 g]dy

II
b
+
R

j‘c;t’x‘j:]‘_?:(dlx x* = xytydy = J(4xy xy—?yz)Ldl—x?
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Toa do try cua diém M(x,y,z) 12 b6 ba s6 (r,0,2), Vi (1,0) 13 toa d cuc cta hinh chiéu
cua M xuong mat phang Oxy (Hinh v¢)

Taludn co: r > 0; 0< ¢ <2m; -00<z<+o0.

Mdi lién hé gilia toa do Descartes va toa do try

X =T COSp
y =rsine
z=2

Taco:

_[Uf (¥, 2)dndvdz = _[U Flrsm @, rsin @,2) rdrd molz
& i

I= mtxﬂ + vy \dxdvdz

Vi du 3: Tinh v6i Q 1a mién gi6i han boi z = x*+y% z = 4

Giai:

Hinh chiéu cua Q xudéng mat phang Oxy 1a hinh tron x*+y? < 4
Chuyén sang toa do tru

X=rFconp y=reng, 2=z
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Qgiéihanbé‘i:oS(p<2n;0§r52;r2§z§4.

. ; IR
= ‘U‘f“ redrd iz = Jd@lr cz’r;[dz =

| 3. Tinh tich phan bdi 3 trong hé toa [ ciu

Toa d6 ciu ciia mot diém M(x,y,z) 1labd 3 sb (r,0,0), voi r=0M, 0 la goc gilra truc

Oz va OM ¢ la goc gitra truc Ox va oM’ , V&1 M’ 14 hinh chiéu cua M xudng mit
phang Oxy.

Taco: Vi moi diém M trong khong gian thir>0; 0<0<m; 0<¢<2x
M&i lién hé gilia toa do Descartes va toa do cau:

X =1 8N cose

y =1 sSino sine

Z=rcosh

Cong thtic tich phan trong hé toa do cau

J'ﬁ”'f (x, v. 2 dxdvdz

= IJF(r sin &cos @, rsin Gsin @7 cos & r? sin &ird 8@

I= J‘J‘J{xz + 3% + 2\ dxdvdz
Vidu 1: Tinh V6i Q 12 mién gi6i han boi hai mat cau
XHy*+7° = 1, Xo+yP+22 = 4,

I= L”r“sm grird gl

Chuyén sang hé toa do cau, ta co:
Mién Q x4c dinh béi 1 <r<2;0<0<m 0<¢<2n.

Vay:

I= Td.—,{[sm .gfd.gfr}r"dr = %
i} i} 1
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i= ‘U‘J}.'xz +v? + 2 drdvdz

Vi du 4: Tinh voi Q 1a mién gi6i han boi x°+y*+2°< z.

Chuyén sang h¢ toan do cAu ta co:

I= L”ﬁ sity giird gt

T
Mién Q xac dinh boi 0 <r<cosf; 0<0< 2;0<¢p<2m.
Vay:

T
o cosg

I= Td.;p_z[dgﬁ J'r3 sin gidr =
0 ]

z
: 10

§3 Ung dung ciia tich phan bdi
|. UNG DUNG HINH HQC
|1 Tinhdién tich hinhphing

Dién tich cia mién D trong mit phang Oxy

Sy = JJcixciy

| 2. Thé tich vat thé

Vit thé Q trong khong gian Oxyz la:

- | J [ixdvaz

Néu Q gi6i han trén boi mat z = f2(X,y) , gidi han dudi bai mit z = fy(X,y) va giéi han
xung quanh bdi mat try ¢6 duong sinh song song vai Oz va ¢6 duong chuan 1a bién
cua mién D trong mat phang Oxy thi

V(g2) = Lﬂfg{x,y) ~ fi(x, ) Hxdy

, , o PO , > xt et <. A
Vi du 1: Tinh thé tich phan hinh nén 2N Y ndm trong mét cau x2+y2+Z2 =4

Giai:
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. TR , > xt X A
Goi Q 12 vat thé hinh nén © = ~* ™Y nim trong hinh cau xz+y2+z2 <4

@)= J [indyaz

Chuyén sang hé toa do cau thi

Vg = IJF sin gird gl

T
Mién gi¢i han boi 0<r<2;0<0< 4;0<¢ <2nm.

Vay

[

2 4 2 3
s = Id@jdgﬁjrz sin ghdr = %(2 ~f2)(dvts)
] 0 ]

Vi du 2: Tinh thé tich hinh ciu c6 ban kinh R

Giai:

Taco thé tich hinh cau hinh cau

@)= J [indyaz

Hinh cau Q: xz+y2+z2 <R?
Chuyén sang hé toa do cau thi

V5 = L”rﬂ sin ghird gl

Vamién Q:0<r<R,0<0<m 0<¢<2n

Vay:
I-= ﬁ”dqu‘:defrﬂ sin Gr = ﬁ”d@.fsm &mﬁrﬂ
= 2. (~cos) [;.’"—33 3 =%ER3(d‘v.ﬁz}
I1. UNG DUNG CO HQC
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| 1. Tinh khdi lwgng

a Khbi lugng cua vat thé Q c¢6 khdi luong riéng tai diém M(x, v, z) 1a f(x, y,
z) thi:

miid) = J‘J‘ff(x,y,z)dxdydz

b. Néu ban phang D trong mit phang Oxy va ¢ khdi lugng riéng 1a f(x, y) thi

misd) = ‘L[f (x, y)dxdy

2. Momem quén tinh ciia vat thé Q véi khoi luong

I = J‘J‘J{yz + 28 o x, . 2)dx ez

C. truc Ox:

I = J‘J‘Fx:‘ +z4) plx, v, 2)dxdvdz
d. truc Oy:

= L[J(x:‘ + ¥ p(x,y, 2)dxdydz
e. truc Oz:

7 i = IJIWE (x,v.2) ol x, v, 2 dxdyvdz
f. duong thang L:

tir diém M(x, y, z) dén L

, I(X, Y, 2) la khoang cach

i olx, v, 2)drdvdz
g. Mat Oxy: v IJF

fe= * o(x, y.2)dxdvdz
h. Mat Oxz: IJP

Ie= J‘J‘J‘xz 2l x. v, 2idxdvdz
i. Mat Oyz:

I, = J‘ﬁl‘f;{2 +y* + 2 ol x, v, 2 )dxdvez
j. Gbc toa do:

3. Momen tinh ciia Q véi khoi lwong ri

M, = ‘I‘J‘Pp(x, v,z dxdvdz
a) Mt Oxy:
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M, = ol x, v, 2 dx vz
b) Mat Oxz: ‘U P’

M, = IJPp(x,y,z}dxdydz

c) Mt Oyz:

BAI TAP

‘U‘Fl - x = Yidxdydz

1- Tinh Vol Q

a)gidihanbdi0<x<1;1<y<2;2<z<3.
b) gidi han boi cac mat: x +y+z=1;x=0,y=0,z=0.

2-Tinh:

) J‘J‘P{dxdydz
) IJdedydz

3- Tinh:

) IJFdxdydz

2+ + 2 drdvdz
N

,Q:z=x*+y% z=4,x=0,y =0 (liy trong mién x > 0, y > 0).

L, Qy=x3y+z=12z=0.

LQz=x2+y X2 +y?P=4,2=0.

L Q:x*+72=1,y=0,y=1.

| L“(f + v +1) drdvesz —
C

LQ ETATIYT o2

9 Ijﬁﬂdxdydz

, Q: goc phan tam thir nhat cta khoi cau don vi.

€) IJFdXdde,Q:x2+yz+22=2; 27 \,x2+y2 .
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L“(yﬂ + 2%V dxdydz
) ,Q:X2+y2+ZZSR2,XSO.

4-Tinh thé tich vat gidi han boi:

aQ)z=x°+3y%z=8-x°—y?

b)y + 2= 2; x = 4—y? cic mit phing toa dd ndm trong goc phan tam tht nhat
O X2+y?+ 72 =2z, x> +y* =7
d) z=4 - x*—y? cic mit phing toa d6 nim trong goc phan tam thir nhAt.

5- Tinh momen quan tinh dbi véi cac truc Ox, Oy, Oz ctia khéi chir nhat déng chat Q:

a) Tim toa d trong tam cua vat thé déng chét gidi han boi cac mat z =0, X2+
2,2
Yy +z°=4.

b) Tim toa do trong tdm cua nura hinh cau x% + y +72<a%z2>0 neu khéi
luong riéng tai mdi diém ty 18 voi khoang cach tir diém d6 dén gdc toa do.
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CHUONG III: TICH PHAN PUONG VA TiCH PHAN MAT
|. TICH PHAN PUONG LOAI MOQT

Cho ham f(M) x4c dinh trén cung AB. Chia cung 45 th anh n phan tiy y boi cac diém
A= AQ <Ai<...... < An =B. Dat Ali la d0 dai cung AiAi_; va trén cung AiAi; Iéy
mot diem Mitay y,i=1,2, ..., n.

Vi1

L )

(Hinh 1.1)

n—1
S, = P AL
Lap tong : =

Néu Sn c6 gidi han hitu han I khi n — oo sao cho max{ Ali} — 0va i khong phu
thudc vao cach chia cac cung AiAi.; va cach chon cac Mi, thi I dugc goi 1a tich phan

duong loai 1 ciaf(M) trén cung £B va duoc ky hiéu 1a:

I (ML
ie
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n-1
[EQ@Dd = fim gt‘miwi
LR
Khi d6 ta no6i f(M) la kha tich trén cung AB.

Néu cung £B thudc mit phang xy va f 13 ham theo 2 bién f(x,y) thi dung ky hiéu :
£y dl

AR

JE=.v.zxa
Trong khong gian xyz, f'la ham f(x,y,z ) thi dung ky hi¢u 4=

@Y nghia thue té:

Xem 1 day vét chat hinh dang L va c6 mét do khéi luong 1a f(M) phu thudc vao diém
M trén day, thi khoi lugng cua day vat chat 1a :

Tich phan duong loai 1 ¢o nhiéu ung dung thuc té, duoc trinh bay ¢ muc 1.8

M =m (AR = J'f(M;l dl

LAE

| 2. Dinh Iy ton tai

Néu ham f(M) lién tuc doc theo cung tron £B thi tich phan duong loai 1 tdn tai.

| 3. Cac tinh chit

©Tich phan duong loai 1 khong phu thudc hudng cua cung, nghia
IE(M} dl = j'fl;M) dl

la: 4B Ea

©Néu f, g kha tich trén cung AB va k 1 hing s thi kfg ciing kha tich va :
I{kt“ +g3dl =1-;_[f‘d1 + jgd;l

LAF LAE AE

©Néu f kha tich trén AB va C 1a 1 diém trén cung AB
J(M)ou = J‘E(M)dl + IF(LJ)dI
thi: & AL CE

_[f (MDdl 20
©Néu f(M) > 0 kha tich trén AB thi : &8
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©Néu f kha tich trén trén AB thi IEEIcﬁng kha tich trén AB

J‘E(M)cu

AR

< IE (20| <l
va: 82
oL vu ¥: Néu cung AB tron timg khuc (nghia 1a cung AB c6 thé chia thanh 1 sb hiru

han cung tron) va f(M) lién tuc trén cung AB thi dinh ly tdn tai va cac tinh chat néu
trén van dung.

€ gia tri trung

Néu f(M) liéan tuc trén cung tron AB c6 d¢ dai L. Khi do ton tai diém M thudc cung
J (e +2)dl =F() L
AB thoa : 4E

| 5. Con ! loai 1 trén mit phing
a) Cung 4B c6 phwong trinh tham s :

Cho ham s6 f(x,y) lién tyc trén cung tron £B | va cung £E ¢6 phuong trinh
tham s :

=%t
v =v(t], aitia

Chia[a,b] thanh n doan boi cac diém:
a=to<p<...<tn=b.

Khi d6 cung AB duoc chia tuong tmg thanh n cung boi cac diém Ak(x(tk),
y(tk)), k=0,1,2....,n. Theo dinh 1y gia tri trung binh ta c6 :

H
By = [ +y ()7 de=ofx' () +3'(0)? 2,
k=0

Lay diém giita Mk(x(tk), y(tk)) thi c6 tong tich phan:

-1
Sa= > FOMAL = > Flx(nn), y(h)) = (1) +3'(00)7 A,
L=
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V& phai 14 tong tich phan xac dinh, khi qua giéi han, ta duoc:

b
[EQDA =[£G, y() () +5" () ¥l
AR a

b) Cung 4E cé phwong trinh: y = y(x), a<x<b:

Khi d6 tir cong thirc trén, ta co :

L)
Jf (. 3)dl= (=, y(zD 1+ y' ()7 dx
AE a

¢) Cung AB c6 phuong trinh toa [§ cuc

r=ripl,eipil

{x =t i) cos g

¥=1(p)sin @, o Ll f
Néu xem ¢ la tham sb, ta c6 :

x5 4y =r(p)? +r' (@)

B
Jf(u)dl = [flrlplcose.r(@)sin ») r¥ () +1' ()" dl
4 e

6. Cong thirc tinh tich phan Cirong loai 1 trong

Cho ham sé f(x,y, z) lién tuc trén cung tron AB trong khong gian. Cung ABco
phuong trinh tham so :

x=x(t),v=v(t), z=z(t), a£tsb

Hoan toan tuong tu nhu phan 1.5.a, ta co:

b
Jf(X,F,ZJdl=If(X(t), yEL2()E ()7 + ¥ (0 + () d
AR a

| 7. Céc thi du
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fi= +50dl
a) Thidu 1: Tinh € Vi C la duong cac canh tam giac c6 dinh O(0,0),
A(lao)! B(O!l)

0 A X

(Hinh 1.2)

[ -]~

Taco: & 0a

I

ED

&
+

Trén ﬁ: y=0, dl = dx nén:

a[ﬂ{x + y}dl=j‘xdx =é

Trén @: x=0, dl = dy nén:
! 1
(z+yidl= [(x+yidy=[vdv=—
| | &2

Trén E: y=1-X
1+ v (2 de =-/2dx

5 Zglix +F)dl=ﬁx[dx =2

J‘{X+y}dl=l+l+ﬂ,-'2 =1+J§
A 2 2
Vay :
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[y

b) Thi du 2: Tinh Vi C la duong cong c6 phuong trinh:

=+ Fz = ax
Sir dung toa d6 cuc:

E=rig) cos
() - © :}X2+j‘2=r2
¥ =rig)sm g

9
L[«fo* +yide= f&.dr%@ +r'% () dp
~

2a’

Ja® cos qc;-.q.-'{a_zd@ = az[sin @]5

b2 W

mlla'_a B2 W

I z3dl
C) Thi du 3: Tinh 4B Véi cung £B ¢6 phuong trinh: x = acost , y = asint, z= bt ,
0<t<3

Cal

Xem t 1a tham sb, ta o :

3
J‘zzdl =t|‘1::u1:2~\|{a:4 sin‘t+a’cost t+b? dt
AE

3
=b?.a? +b? Jtﬂdt =9b? .fa? +b?
d) Thi du 4:

sl
Tinh J Vv6i duong L 1a phan trong goc toa do thir nhét ciia giao tuyén
gitra mat Paraboloid elliptic c6 phuong trinh z= 2- X2—2y2 va mat tru parabolic
z = x*tr diém (0,1,0) dén (1,0,1)

Dung tham s6 t=x , thi ta 6 :
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ViL ndm trong goc toa do thir nhat, nén ta dugc phuong trinh tham s6 sau:

g=ty=a/l-tz=t", 0=t=l

Do d6 :

dl = f=2 ity + 32 (o + 22 dl

t2 A1+ at? —at
o= ————dl

+4t<dl

1+1¢? J1-1t2

nyds Ji x.-'{— Nﬁ?

1 1
=T]‘M1+4.f,2 - et s =J‘z 2-(26% - TPae

1
=%‘[m"2—u2du (=26 -1

Jsz—_——(—+—)— *

cua tich

a). Khdi lwong 1 cung:

Gia sir cung vat chat chiéu dai L ¢6 khéi lugng riéng phu thudc diém M trén
day cung 1a & (M). Khi d6 véi 1 cung nho AiAisg, €6 :
m(A A ) #EMOIA; +A,) = (M)Al

n-1
m{AB) = > S0
Vay: i

Qua gidi han ta dugc :

I =miABY > _[acu

AE

b). Moment tinh (moment thu nhAt), tr ong tim cung phing :

Cho 1 cung phiang £B thudc mit phang xy, c6 khdi luong riéng phu thude
diém M(x,y) trén day cung 1a & (x,y). Theo dinh nghia moment trong co hoc,
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ta co cong thirc moment cila cung LB ddi véi truc Ox 1a Mx va dbi véi truc Oy
laMy la :

= [ydGz.3dl, M, = [=8(x, y)d

LE

Tur do trong tam khdi lugng ctia cung AB duoc xac dinh bai:

_ 1
My 1 s dl
il vk v RS
A
- M, 1
x = s, vdl
V=94 T JFOEY
A

Néu cung £B |3 dong chét, 8 (x,y) = hang s6 , thi : M=§ .L (L la chiéu dai
cung AB), va toa d¢ trong tam s€ la :

§=%del . §=%Iydl
iB iB

Ciing nh¢ rang : khi cung £B khong cit truc Ox va quay quanh truc Ox thi
dién tich mat tron xoay do cung phang do tao ra la :

S=2x_|-3rd1

£B
Tu cong thic toa dJ trong tadm, co:

S =2ayL

- =
hay ¥ = o

Thi du 5: Tim trong tdm cuia nura trén vong tron tdm O ban kinh R.

Giai: Xét ntra vong tron AB tam 0. Do tinh dbi xtmg nén trong tdm (x,y) phai

nam trén truc Oy (¥ = 0 ). Khi ntra vong tron AB quay quanh truc Ox ta dugc
qua cau co6 dién tich mat cau la: S =4x R? va d6 dai ntra cung tron ABlaL =
n R. Vay trong tdm c6 tung dd 1a :

g _4=R® _ 2R

2wl Zwwl i

¥ =

). Moment tinh (moment thir nhit), trong tAim cung trong khong gian:
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Néu cung AB trong khong gian véi khéi lugng riéng 1a & (x,y,2) thi tuong tu
truong hop phang ta c6 khdi lugng cung va cac moment tinh cung AB ddi voi
cac mat toa do x0y, x0z, y0z la :

M= Iﬁ(x,y,z)df
AE

M, = Izﬁ(x,y}df, M, = Ixﬁ(x,y)df, M, = Iyﬁ(x,y}df
A5 Ak

AR

Va trong tam khéi lugng ctia cung LB ¢6 cong thie :

- M - -
SM, oM, oM,
it I

it}

Néu cung AB ddng chat (8 =hang s6) thi M=aL;

§=%de1, y=%lydl, E=%Izdl
4B P 4B

Thi du 6 Cho nira vong tron bang thép dit trong mit phang yOZ c6 phuong
trinh y? + 22 = 1, z> 0. Biét khdi luong riéng 1a @ (X,y,z) = 2 — z. Hay tim khéi
lugng va trong tdm cia nira vong tron do.

| / -‘1 v
X

(Hinh 1.3)
Do nira vong tron nam trong mat phang yz, nén trong tam c6 x= 0. Ngoai ra do
d6i xtng va co khoi lugng phan b6 ddi ximg d6i qua truc Oz nén trong tAm ¢

y=0. Phuong trinh tham s ctia ntra vong tron la : x=0 ,y =cost,z=sint, 0
<t<nm

Vay:
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dl= eyt erd = J0" +ain?t +cost tdt= dt

M = JE(X,y,z)dl - L[a(z ~z)dl = Ja(z ~sin t)dl

=2w-2

p B-m

M,, = Jzﬁ{x,y, z)dl =Jz(2 -z)dl = T]‘siﬂ t(2 — sin t)dt = 1

MW_S—?E
%

=z =

da -4

d). Moment quan tinh (moment thir hai)

Taco cong thire moment quén tinh cung £B vai khéi lugng riéng & (x,y,2) ddi
V01 cac truc toa do 1a :

I, = I(y” +z8y8(x, v, z)dl
LR

I, = I{X2-+22)3(X,y,z)dl
LE

L. = ?[(XQ + )&z, ¥, z)dl
AR

Tong quat, moment quan tinh d6i vdi duong thang A duoc tinh bai :
I, = [ri=.v. 2080z v, 20d

LE

Vi 1(x,y,z) : khoang cach tir diém M(X,y,z) dén duong thang A

Khi cung 4B |a cung phang ta c6 cac khai niém va cong thirc tuong tu.

€). Dién tich mit tru

Cho mot cung <L trong khong gian véi z > 0 ¢6 hinh chiéu vudng gbc xudng

mat phang x0y la cung£B Xem mit tru voi duong sinh song song truc 0z,
duong chuan CD gi61 han trén cung CD, gi6i han dudi boi cung AB, gi6i han
2 bén boi cac duong thang AC, BD
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(Hinh 1.4)

Gia str cung CD c6 phuong trinh z = f(M),Me AB

Chiacung AB thanh n phﬁn boi cac diém A=Ao, Ay, ...... ,An=B

Khi d6 mat try ciing dugc chia tuong g thanh n mat try nho, va mat try thu i
Véi day la cung AiAi.; €6 dién tich dugc tinh gan dang dién tich hinh chir nhat

c6 day 1a A ; = AiAis chidu cao f(MK), vi Mk € AiAila Si= A x f(Mi).

Khi d6 dién tich mit try c6 dién tich tinh gan dung la:
n—1
S~ > L ()AL
1=

S = J'fm)dl

Qua gidi han, ta co: AR

Thi du 7: Tinh dién tich phin mat try x* + y? = R nm giira mat z= 0 va
=
z=2F ¢y gocx>0,y>0.

Y
Giai: Do mat try gi6i han trén béi dudng cong z = 2R | gi4i han duéi bsi V4
vong tron X2+ y2 = R? trong mat phang xy, nén n6 c¢6 phuong trinh : X= Rcos
t,y=Rsint,0<t<mn/2

S= [f(Ddl = [ 4
vy ) [zx

Taco:
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dl =zt +yidi = R¥sin Pt + R cos’t dr=Rd

2 3
oo JR cost B sm ert=RT

|1. TICH PHAN PUONG LOAI HAI

1. Pinh nghia tich phan [wong loai hai trong mit phing

Cho 2 ham P(x,y), Q(x,y) xac dinh trén cung 4B thugc mit phang xy. Chia cung 4B
th anh n phan ty y boi cac diém A =Ao <A1 <...... < An =B, véi Ai(xi,yi) Trén
mdi cung AiAi.g lay mot diém Mi (xi, yi) thy ¥, vai=1,2, ..., nva dat AXi = X j+1—
Xi, Ayl =yiy —Yyi

-1 _ _
S = S PG T Ay + QL T
Lap tong : i-0

Néu Sn ¢ giGi han hitu han I khi n — o0 sao cho max{ Ali } — 0véi Alila do dai
cung AiAis; va khong phu thudc vao cach chia cung doan AiAi.; va cach chon cac
Mi, thi I dugc goi 1a tich phan duong loai 2 cua f(M) trén cung AB va dugc ky hi¢u
la:

[Pz, y)d= + Q(x, y)dy

iE

11

[P )de+ Qe.y)dy = fim > PG 4, + QG 74
il

.2 pihty

Néu cac ham P(x,y) , Q(x,y) lién tuc trong mot mién mé chira cung AB tron ting
jpdx +1dy
khuc thi tich phan duong loai 2 A& lubn ton tai.

| 3. Tinh chat

a). Do khi d6i hudng cung 4B thanh BA thi trong tong tich phan cac AXi = X j+1— Xi ,
Ayi =i —yi dugce thay bang - AXi , -Ayi nén tich phan duong loai 2 bi doi dau. Ta
co :
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Ide +Qdy = - Ide + Qdy

AE AE
Do d6 khi duong 1y tich phan 1a duong cong kin C, ta quy udc hudéng duong trén C
la hudng ma khi di doc trén C thi mién bi chan boi C nam phia bén trai. Huéng nguoc

lai la hudng am. Tich phan theo hudng duong dugc ky hiéu la :

dex +Qdy hay dex + Qdy
C C

Hudng -

(hinh 2.1)

b). Néu P(x,y), Q(x,y) kha tich trén cung 4B | va cung £B duoc chia thanh 2 cung
AC CBthip, Q cling kha tich trén 2 cung d6, vataco:

diz + Qdx = [pdx + Qdy + [pdx + Qd
;Lp J{l;p iy C{p iy

| thirc tinh tich phan [wong loai 2 trén miit phing

a). Cung AB cé phwong trinh tham sb :

Cho ham s6 P(x,y), Q(x,y) lién tuc trong mién mé D chira cung tron £B . Cung 4B ¢
phuong trinh tham sb : x=x(t) , y = y(t) , a< t < b, t=atng voi diém A va t = b ing véi

diém B.

[pdz +Qdx

Tir dinh nghia c6 thé coi tich phan 4 |4 tong cua 2 tich phan riéng biét
(gi6i han cua 2 tich phan) sau:

n-1

[Pl vy = lim > Plxy.y,)lm,
Tl
AR

n-l _
JQ(X,F)dF =n]j—-t}1-}-u:\ ZQ(Ki’Fi)&Fi
Fy
AR
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Chia[a,b] thanh n doan boi cac diém :a=to<t; <...... <tn=b . Khi d6 cung AB
dugc chia tuong tng thanh n cung bodi cac diem Ak(x(tk), y(tk)), k=0,1,2....,n. Theo

dinh ly Lagrange ta ¢6 : ™ = (ti: B d thoa:

Ay = myy % = () —x() =2 ()AL

Lay diém gitta Mk(x(tk), y(tk)) thi c6 :
n-l _ _ _
[Plxodx = lim > p(x). » € E).2
ih il

&
= J‘pr:x(z),yr:z} x' (2

b
JQ(K,F)dY = [ Q) vty (et

Tuong tu cd: ~E

Nhu vay cong thire tinh tich phan duong loai 2 dugc tinh thong qua tich phan xac
dinh:

h
[t 7)dx+ Q. 3)dy = (o) y )"t + Qa(t), ey
.;"‘.B L

Néu cung £E ¢o phuong trinh y=y(x), a< t < bthi ta c¢6

b
[Pl + Qx.y)dy = [lpt, () + Qx. )y ()l
AR a

Chii y : Cac cong thirc trén van diing khi cung £E tron timg khuc.

‘ 5. Bai toan co hoc dén téi tich phin [wong

Xét bai toan tim cong do luc Fey)=Pay) +Q&Y) | gnhra doc theo cung 4B
F AR

Néu luc F khong d6i thi cong duge biétla: ™ =

Trong truong hop tong quét, chia cung £B boi cac diém A =Ao <A;<...... <An=

B. Trén mdi cung AiAi Iéy mot diém Mi (%, 73) tayy, véii=1,2,...,n. Néu cung

AiAi.; kha bé thi c6 thé xdp xi 1a doan thing AiAis valuc T 1a khong ddi xdp xi
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boi T @) khido cong sinh ratrén cung AiAi. dugc xap xi boi

FO@L) A8 Khi d6, co: AiAln = AXi 1+ Ayi. I va B(Mi) . AiAis = Py)
AXi + Q(X,y).Ayi

Va nhu vy cong sinh ra trén cung AB dugc xap xi boi tong :
-1 o -
W D> P yaddes + QL v Ay
-y}

Néu Sn c6 gidi han hitu han I khi n — oo sao cho max{ Ali } — 0véi Alila d6 dai
cung AiAi.; va khong phu thudc vao cach chia cung doan AiAi.; va cach chon cac Mi,
thi I dugc goi 1a tich phan duong loai 2 cua f(M) trén cung AB va dugc ky higu la:

W= Ipix,y)dx +Qlx, y)dy
AR

V& phai chinh 1a tong tich phan dudng loai 2 ctia cac ham s P(x,y), Q(x,y) doc theo
cung AB. Quagidi han ta dugc :

W= [ Pix,yidx +Qix, ) dy

AR
Tir bai toan nay tich phan dudng loai 2 con goi 1 tich phan cong du rang con nhiéu
bai toan thyc t€ cling dan tdi viéc tim gidgi han va dan tgi viée tinh tich phan duong
|oai 2.

| 6. Mot s6 thi du tich phan [wdng loai 2

I= J-dex +ayrdy
Thi du 1: Tinh tich phan duong loai 2 : £B véi A(0,0), B(1,1). Cung
AB la duong:
a). Poan thang AB ¢6 phuong trinh y =x, 0 < x < 1.

b). Pudng Parabol y = x%

a).V6iAB:y=x,0<x<1thi:

1
Ixzdx +xydy = J‘(xg +xNdx = %

AR
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b).V('riAB:y=x2,OSXS1thi:

1
T[X:“'dx +aydy = JI:XE +xzx® 2xidx = 1—51

Vi du nay cho thiy tich phan duong loai 2 n6i chung phy thuge vao cac diém dau va
cudi A, B ma con phu thugc vao duong ndi 2 diém dau va cudi

vidz — =z dy
Thi du 2: Tinh tich phan duong loai 2: © véi C la vong tron tam 0O(0,0)
ban kinh 1, c6 phuong trinh : x=cost, y=sint, 0< t < 2n

Ix
I= J(smﬂt(—sm t)—cos? costidt =0
Vay:
ST TR B o
Thi du 3: Tinh cong sinh boi luc F={y-x)1 +x° ] doc theo cung 4B : x =t,
y=t50<t<1

Taco cong sinh ra :

1 1
W= [ty = J[(tﬂ -+ 2t = J2t3dt -

AR

g loai 2 trong khong gian

Cho ham s P(x,y,z), Q(x,y,g), R(x,y,z) lién tuc trong mién m& D chia cung tron 4B
thi tuong tu nhu trén mat phang, ta c6 dinh nghia tich phan duong loai hai trong
khong gian :

JP(& v.2)dz + Q. y, 2)dy +Rix y,2)dz

S e85, 00087, R Az,

ma 11],—>IZI

Néu cung 4B ¢o phuong trinh : x=x(t) , y = y(t) , z= z(t), as t < b, t=atng véi diém A
va t =Db ing voi diém B, va cac dao ham lién tuc (do cung AB tron) , thi ta c6 cong
thirc tinh :
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JP(X, y.z)dg + Qlx . zidy + Riz. v, 2)dz
LR

I[P(X (£), 78, 2(0) ='(8) + QU (t), 3(8), 28y (1) + R(x (), y(8), 2(0) 2'(E) Jo

AR

Cong sinh ra do luc F =P1i+Q ) *Ek goctheo cung £B duoc tinh bai:

W= F dr = [Pdz+Qdv+ Edz
[ Nl

Thi du 4: Tinh tich phan cac ham P =z, Q = x, R =y doc theo cung £E ¢o phuong
trinh : x=cost,y=sint,z=3t,0<t<2n

Ide + vy + Rz = Izdx +xdy + vz
Az Az

It
= J[z.t(— sin x)+costcost +sin f.z]ai'.t

Ar
= J(—stjn.:+.:os%+35mz)d:—6;z+;z+o=?n

| 8. Lién hé giira 2 loai tich phan [wong loai 1 va loai 2

Gia sir cung AB c6 phuong trinh tham sé: x=x(t) , y = y(t) , z= z(t), a< t < b, v&i t a
d6 dai cung. Liic d6 vecto : ¥ E) ==zt 1 +y' () +2' M K | yecg phap tuyén
don vi. Khi d6 néu goi o, B,vlacac goc ciav ddi voi cac truc toa do Ox, Oy, Oz
tuong ung, thi:

X’(t)=cosa, Yy’ (t)=cosP, Z’(t) =cos y

Vay tich phan dudng loai hai dugc tinh bang :
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Jde + Qdy +Réz

LR

= ![P(X (8) y(8), 2()='(1)+ Qa(t),y(8), 25) ¥ () +Rex(®), y (1), 2(1))z' ()] b
b
= |

Prosa+ Qoosf+ B cosy)dt

phan [wong khong phu thudc tham so6 ciia cung

Gia sir cung AB c6 phuong trinh tham s r(t) = x(t) i + y(t) j + z(t) z, a< t < b, t=a
g voi diém A va t = b tmg voi diém B. Ngoai ra ¢ ham sé t =¢ (S) lién hé giira hai
tham s t, s véi a < s< B, a=o (a ), b=¢ (B ). Liic d6 cung AB c6 phuong trinh tham
s6sla:R(s)=r(p (9)).

Vay tich phan duong loai hai cua vecto F theo cung AB duogc tinh boi cong thue :

. )

JE'(R'}dR'=IF'(R'(s}.dR s
=

AB (=)

dr

F (r (p(s)). S

dt
—ad
ds:I :

I
h;'m

F(r (L) ddi dt - I— T
AR

I
P, T

diéu nay cho thay tich phan duong khong phu thudc tham sé ciia cung 1y tich phan.
I11. CONG THU'C GREEN
| 1. Pinh Ly Green

Cho D a mién déng giGi ndi trong mit phing xy va C la dudong cong tron ting khic.
Cac ham P(x,y), Q(x,y) va cac dao ham riéng cua chiing lién tuc trong mién mé chira
D. Khi @6 cong thirc Green sau:

aQ P

Fdx +Qdy =I[[E ~ ]dxd

Trong d6 : tich phan dudng loai 2 & vé tréi 14y theo hudng duong
Chu ¥ : Chu tuyén Cco the bao gdbm nhleu chu tuyén C1, C2, C3, .... Khi d6 mién D

goi la da lién, va mo1 mién trong chu tuyen Ci goi 1a 1 thanh phan 11en thong. Mién D
goi 1a don lién néu chi c6 1 thanh phan lién thong.
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/

/

(hinh 3.1a): don lién

(hinh 3.1b): da lién

Thidu 1: V6i P(x,y) =x -V ; Q(X,y) = X. V6i D 1a hinh tron tdm O(0,0) ban kinh 1.
Bién C c6 phuong trinh: x=cost, y=sint, 0 <t < 27 .

Khi do:

dx
JPdX +Qdy = I[[(cost —sin t){—sin t) + cost.cos t] dt
dx

= I[(l —costsnt)dt =2w

va:

mBQ @& dudy —Ll‘(lﬂ dzdy —zzj jrdrd@ 21
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Trong cong thirc Green, liy P =-y, Q= X, tacé :

_[Xdy —ydx = 2” dudy = 25(D)
I

C

Viy dién tich mién D bién C 1a :
1
=Dy = = dey —wdx

2 2

H
+

)

Thi du 2: Tinh dién tich hinh Ellipse : 2

21

o7

Tabiét bién hinh Ellipse 1a duong Ellip phuong trinh : x = acost, y= bsint, 0<t< 27

Theo cong thirc Green, ¢6 :

2x
3 =%J[acost.bcost—bsm t(—a sin t) Ht

1 FE
= —abrl‘dt = mab
2
Thi du 3: Tinh dién tich hinh phang bang tich phan dudng trong toa do cuc.
Taco:x=r(p)coso;y=r(p)sno
Nén :dx=dr’(¢) cose-r(p)sine de ; dy=dr’(p ) sine - r(e ) sine do

Khi d6 tir cong thirc Green dién tich mién D 1a :

S= 2 [F2d
ztrr @

IV. PIEU KIEN PE TICH PHAN PUONG LOAI 2 KHONG PHU
THUQC PUONG LAY TiCH PHAN

pdx + Qdy
Thi du 8 cho thay tich phan dudng loai hai 4 khong nhirng phu thudc vao
cac diém A, B ma con phu thudc vao cung noi 2 diém A,B. Pinh 1y sau cho bict diéu
kién dé tich phan duong loai hai chi phu thudc vao cac diém dau, diém cudi va khong
phu thudc vao cac cung noi 2 diém do.
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| 1. Pinhly 1

Cho cac ham P(x,y), Q(x,y) va cac dao ham riéng cAp mét cua chung lién tuc trong
mot mién mo don lién D. Cac ménh dé sau 1a twong duong :

pdx + Qdy
i) Tich phan 2E khong phu thugc duong tron timg khic nbi A,B

i) Tén tai 1 ham U(x,y) sao cho biéu thirc P(x,y)dx + Q(x,y)dy la vi phan toan
phan cta U, nghia 12 : dU = P(x,y)dx + Q(x,y)dy

d2 _dp

iii) #=  @¥ trong D

dex +Qdy
Vi) 4B Vv6i moi chu tuyén kin tron timg khtc trong D
Lwu ¥ : Dinh Iy nay khong thé phat trién cho mién da lién. Thi dy ta lay D 1a mién nhi

lién, hinh vanh khin ndm gjira hai vong tron déng tdm O, ban kinh Ry, R,. Xét tich
phan :

mdy — wdx

] 2
Y+

Lay 2 diém A, B va xem 2 cung ni chiing 1a C1, C; nhu hinh 4.1

(Hinh 4.1)

¥ _ yi-x' _3Q

. 3 Tw 3 g
Taco C=Cl+(-C2). Trongmién D, taco: 9F & +¥70° 8% hsa (DK iii)
cua Dinh 1y 1

N
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:»E[ =2ﬁ+J;

Cb nghia 14 tich phan phy thudc vao dudng ly tich phan.

| 2. Céch tinh tich phan cia Linh 1y 1

pdx + Qdy
a). Gia str P(x,y), Q(x,y) théa dinh 1y 1, vay tich phan #& chi phu thugc A,
E

Ipdx + Qdy

va B nén c6 thé viét n6 dudi dang :
Gia str A(x0,Y0) B(X1,y1). Khi d6 c6 thé tinh tich phan duong loai 2 theo duong don

gian nhat ndi 2 diém A,B la cac duong gép khuc song song vai cac tryc toa dg, thi du
lay C(x1,Yo) va lay theo duong AC, CB.

Y] B, )

Al V) Cx.¥.)
0 X
(Hinh 4.2)
Khi do:
(2.7 )
jpdx + Qdy = l+
(Hp.¥ol AC TE

) i
= [pl= yodda + [Ql=. y)dy
o To

(3.4])
xdy + wdx
Thi du 1: Tinh -1

g _

a0 _oF
Taco P=y, Q=x & 9=

1="= .
9 trong toan mat phang xy. Theo ggi v trén ta ¢6 :

3 4

I=J‘1dx +J‘3dy=12
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2 (x + 2y)dx + ydy

Thi du 2: Tinh -1 (x +3)°

Theo duong khong cit duong thang x+y =0 , ta co:

J= e (x+3r)2 a (= +§.r:|3
_ @ (x+2y) dp
8y (= +y)® 3y

E=3[ ¥ ]_ - 2y

=+ 2 +2 s
(= + 1 (¥ + 3"

E
)
Vay theo goi y trén ta co:

b). Néu P, Q thoa dinh Iy 1, va néu tim duoc ham U théa dU = Pdx + Qdy thi
taco:

J?dx +Qdy = U(B) - U(A)
LR

That vay , gia st cung AB c6 phuong trinh : x=x(t), y=y(t), a< t < b. Khi 4y ta
co:

h

J?dx +Qdy = I[P(X(t)),y(t))X'(t) + Q). y (1) y' (1) ] db
AR 1

P dx
_ I[E]dt = T(b)-Tla) = U(B)- U4)
[3.1)
I= deff + ydx
Thi du 3: Tinh {12

Tanhan thdy : xdy + ydx = dxy. Vay theo nhan xét trén ta c6:

I=xv|j3) = 3-2=1
I=ciu:de+de
X2+F2

Thi du 4: Tinh (3.41
Taco:

2 2
SEREEN R
Xty 2 % +y 2
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13
63 =1n +25+144 -1n 9 +16 =In =

T=ln \[x* +y°

| . Ti a ong loai 2 trong

Trong khong gian, tuong tu dinh 1y 1taco :
3.1Pinh Ly2:

Cho cac ham P(x,y,z), Q(x,y,z), R(X,y,z) va cac dao ham riéng cap mot ciia ching lién
tuc trong mot mién md don lién D. Cac ménh dé sau 1a tuong duong :

Pex + Qdy + Rdz

i) Tich phan #% khong phu thugc duong tron tirg khuc trong
D noi A,B

ii) Ton tai 1 ham U(x,y,z) sao cho biéu thirc P(x,y,z)dx + Q(x,y,z)dy +
R(x,y,2)dz la vi phan toan phan cta U, nghia la :

dU = P(x,y,z)dx + Q(x,y,2)dy + R(x,y,z)dz
iii) Trong D taco

aQ AP _dQ @R _ap

Er R ay 3z ' Bz 9z

Jde+Qdy+Rdz =0

Vi) AB VGi moi chu tuyén kin tron timg khuc trong D

Chay:

Khi P(x,y,2), Q(X,Y,2), R(X,y,z) théa dinh 1y 2 va tim dugc U thoa trong diéu
Kién iii, thi khi do ta co :

Ide +Qdy +Rdz = T(B) - T(A)

N éu chua biét ham U(x,y,z) thi tich phan duong co thé tinh theo cac duong
gap khuc song song cdc truc toa dg. Gia sur, c6 diém A(xo,Yo, Zo), B(X1,y1z1) thi
|ﬁy thém 2 diém C(x1,Yo, Zo), D(Xl,yl'Zo)
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Fs

z Blx,.v .2))

ClX1VeaZy)
i D[x'l ’V'l ‘ZC]

X
(hinh 4.3)
va khi do6 ta co :
(.
[P +Qy + Rdz
[y Fo-Ta )
H il g

= IP(X:Fuvzu)dX ar IQ(XhY:Zu)dY ar IR(X1’Y1=Z)dZ
Xy o Zi

{2.4.5)
[yzdx + xzrdy + xydz
Thi du 5: Tinh %12

Taco : yzdx + xzdy + xydz = d(xyz)

2,450
I =xye =245 -012 =40
Viy : (0,12

(-15.3)
J(ex cosy +vr)dy +(xz — e sin y)dy +(xy +2)dz
Thi du 6: Tinh 4%

Taco : cac ham P = excosy + yx, Q = yz - exsiny, R = xy+z thoa diéu kién iii)

cua Pinh ly 2 vi:
CONETE EP T
dx By’ chy fz Jz dx

Nhu thé ap dung dinh 1y 2, tdn tai ham U sao cho:

Ux=y,Uy=x,U,=4
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Tu Uy =y -> U(X,y,z) = yx+ f(y,2)

Cung v6i U’y =xco: Uy=x+fy=x->fy=0
- f khong phu thudc vao y -> f=h(z) -> U(X,y,z) = yz+h(2)
2> cung voi U,=4 > h'(z) =4 > h(z) =4z+ C

Vay U(x,y,z) = yx + 4z +C

Va nghiém U phai théa : dU =0

2yx+4z=C

V. TICH PHAN MAT LOAI 1
1 Pinhnghia |

Cho ham s f(x,y,z) xac dinh trén mat S. Chia S thanhnmatcon A $3, A S, ..., A Sn
khong chong 1én nhau va dién tich twong ng ctia cic mit con ciing ky hiéu 1a A Sy, A
Sz, ..., A Sn. Trong mdi mit A Silay mot diém Mi(xi, yi, zi ) bat ky. Lap tong tich
phan:

-1

= D FQMAS,
Tl

Khi cho max {d(A Si) } -> 0 (d(A Si) : duong kinh cua mat A S), néu tong tich phan
Sntién t6i 1 gia tri hitu han khong phu thudc cach chiamat S va cach 1ay cac diém Mi
thi gidi han d6 goi la tich phan mat loai 1 (con goi 1a tich phan mat theo dién tich cta
ham f(x,y,z) trén mat S ) va ky hi¢u :

Hf(x,y,z) ds
g
Khi d6 ta noi f kha tich trén S.

Mit S duoc goi 1a mit tron néu ham vecto phap tuyén * (%.¥.Z) |i¢n tuc va khic 0
trén S. Da chiung minh dugc rang : néu f(x,y,z) lién tuc trén mat cong tron S thi tich
phan mat loai 1 cua f(x,y,z) trén S ton tai.

| 2. Tinh chat

Tir dinh nghia ta ¢6 cac tinh chat sau:
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©Néu f, g kha tich trén S, thi kf+g cling kha tich trén S va :

J'J'[kf{x,y,z}+g]ds = k_-”f{x,y,z}ds + I_[gds
g = s

©Néu S duoc thanh 2 phﬁn S=S1+S, thi :

[[Fe9.ds = [[Ey. 2 + [[Fey.2)ds

[ds ==
eDién tich mat S dugc tinh la : #

[ 3. Cach tinh tich phan mit loai 1

Gia strmat S ¢ phu’ong trinh z= z(x,y), v61 ham z(x,y) lién tuc va c6 cac dao ham
rleng lién tuc trong mién mé chtra hinh chiéu D cua S xudng mit phing xy. Ta tinh
gan dung A Si bang manh phang tiép xuc tuong tmg (chuong 1) ta co :

1“.—\15 Jl Ig X]_:E'Fp 1) (Kl? E'Fl’ ljﬁDl

Trong do A Di la dién t ich hinh chiéu ciia A Si xudng mit phing xy. Nhu vay ta c6
tong tich phan mat loai 1 1a :

1}
I2 |2
S =Zf (21,71 221, ¥4)) Jl +2y (2, 7,810 T2 (2, 71,2000,
il
V& phai 14 tong tich phan kép, khi qua gi6i han ta cé:

S= LIT(X,y,z}ds = LIEI(X,}F,ZI(X,F]I]I 1+z2+2% dzdy

Nhu yéy tich phan mat loai 1 dugc biéu dién & dang tich phan kép trén hinh chiéu.
Khi lay f=1 ta lai c6 cong thtrc tinh dién tich mat cong ¢ chuong 1

I=[[e=?+y%)ds
Thidul: Tinh ¢ Sla mat bién vat thé Q : x*+y?<z<1

VAt thé Q 1a hinh n6n, nén S bao gdm 2 mit S = S1 + S2, trong d6 S1 = mit
non , S2 : mat day cua hinh noén, tuy nhién S1, S2 cung c6 hinh chiéu la mat
tron : x° + y2 <1 Vithétaco:

I=[[z?+y%ds = [[=x* +y%)ds + [[x® +5%)ds
] sl 52

. 7,3
Voimatnon S1 :z= =¥
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N ds = fl+z7 +z'§, dzdy = ~/2dzdy
T
R ‘L[(x:‘ +y7)ds = «ﬁﬂ(xg +y*ydady = "EE

Véimat day S2 : z= 1, ds = dxdy, cho nén

E[I[(xﬂ +y¥yds = Lj(xf* +y8)dady = g

E(Hﬁ)

Vay: 1= 2

= ”X}.rzs

Thi du 2: Tinh s Sla cac mat hinh 1ap phuong:0<x<1,0<y<1,0<z<1

Fy

Y4

.<“'

(Hinh 5.1)

Do Sla 6 mat cua hinh 1ap phuong, nhung xyz =0 trén 3 mat nam trén 3 mat
phing toa do ( Xy, Xz, yz), nén ta chi cin tich phan trén cic mit a), b), ¢) trén
(hinh 5.1) :

_[S_[ wyzds = ];J' wyzds + J;J' xyzds + ”’ xyzds

3

Mit a) : z=1, D: hinh vudng : 0< X,y < 1 trong mat xy, nén :

J;Ixyzds = ijydxdy = jqudxdy =_

Tuong tu ta cd : L G
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phan mat loai 1

Cho miat S c6 khéi lugng riéng theo dién tich 1a & (X,y,z) tai diém (x,y,z). Khi d6 :

M = Hﬁ(x,y,z}ds
Khéi lugng ciia mit S 1a : &

Moment tinh ddi v6i cac mit toa do clia mat S 1a:
M, = IXS(X, v, z)ds

ML = [[vd= v, 2)ds
- ﬂ

M, = [[z0(=z.7.2)ds

Tam khoi luong cia mat S 1a diém c6 toa do :

Moment quéan tinh d6i véi truc Ox, Oy, Oz, véi goc O va duong thang A la :
L = [[o" +2te.y.2)
I, = ‘I;J‘(XE +z38(x,y,2)ds

I, =£I(X3 +y 80z, v, 2)ds

I =II(X2 +3r2 +22)5(X,y,z)ds
g

E

= J;‘l‘r2 (=, v,208(x, v, 2)ds
Trong d6 r(x,y,z) 1a khoang cach tir diém M(x,y,z) t6i duong thing A .
Thi du 3: Tim trong tdm ctia nira mat cau tAm 0(0.0,0) ban kinh a, voi khdi lugng

riéng & = hang sd.

77 Seu tam by hoangly85



GIAO TRINH TOAN CAO CAP A2

I, =£I(Y2 +2%)8(x,y,2)ds
I, =J;J‘(;:2 +z38(x,y,2)ds

I, =£I(X3 +y 80z, v, 2)ds

I =II(X2 +3r2 +22)5(X,y,z)ds
:

E

=Ijr2(x,y,z)5(x,y,2)ds

Goi M(x,y,z) la trong tim ctia nira mét cau tam O(0.0,0) ban kinh a. Khi d6 c6
phuong trinh mat caulaS:x2+y2+z2=a2 z>0. Dotinh ddi xtmgnénx =0, y
=0. tachi can tinh z theo cong thirc

My ‘Is“[zﬁds & Izds
- _ ¥
M L[Bds 85

=

Sla dién tich nira mit cAu ban kinh a: S=2n &, va D 1a hinh tron béan kinh a, hinh
chiéu cia mat cau trén mat phang xy

ds =1+ z'g* +z'y* dedy =ded3r
z
= [fzds = J;I 2 dudy = aLl'dxdy =aS,
z

=a.?fi3.2

_ 3
= Wil

00,4
- Trong tam c6 toa do: ( 2

VI. TICH PHAN MAT LOAI 2

|1 Dinh nghia mat Linh hwng |
Xem mit cong S 1a tap hop cac diém M(x,y,z) thoa phuong trinh : F(x,y,z) =0

Mat S goi la mdt tron khi va chi khi ham F(x,y,z) ¢6 cac dao ham riéng F’y, F'y, F’;

lién tuc va khong dong thoi bang khong, hay néi khac 1a vecto Gradien V F(x,y,2) =
(F’x, Fy, F’2) lién tuc va khac 0 trén mat S.
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Trong truong hop mit S ¢6 phuong trinh tham s
x=x(u\v) , y=y(u,v) , z=z(u,v)
Xét vecto : r=r1(u,v) =x(u,v) i+ y(u,v)j + z(u,v) k

Khi d6 mat S goi 1a tron néu ham r(u,v) kha vi lién tuc (tic 13 ton tai cac dao ham
riéng r’y, I’y lién tuc) va tich r’yz r’y . 0

Dé y rang mit cong S thuong cho bdi phuong trinh: z= f(x,y)

Day la truong hop riéng cua dang F(X,y,z) =f(x,y)—z=0co V
F(x.,y,2) = (f’x, f'y, -1)

Hodc ciing ¢ thé xem 1a truong hop riéng ctia phuong trinh tham s6 :

X=x,y=y, z=f(x,y) co r'y = (1,0,f’y) , ry=(0,1Lfy) vary Ary
= ('f’x, 'f’y ) 1)

Va khi d6 mat S 1a mat tron khi va chi khi cac dao ham riéng ’x, fy lién tuc ( vi cac
vecto V F(x,y,2), I’x A r’y ludn khac 0 )

Mit tron S goi la mat dinh hudng dugc hay 1a mat hai phia, néu tai mdi diém M cuia S
- -
xac dinh dugc mdt vecto phap tuyén donvi ™ (M) , va ham vecto ™ (M) la lién tuc trén
- -
S. Luu ¥ ring vecto phap tuyén don vi c6 thé 13 B 0 i & khi da chon 1
-
vecto xac dinh, thi du chon (M) thi ta n6i da dinh hudng mat S. Mat S véi vecto
- -
phap tuyén don vi & (M) g3 chon duoc goi 1a mit dinh huéng, va * (M) goi 1a vecto
-
phap tuyén duong. Ung voi & (M) 43 chon, ta c6 phia duong tuong trng ctia mat S 1a

=
phia ma khi dimg & d6 , vecto © (M) huéng tir chan t6i ddu. Phia nguoc lai goi 1a phia
am.

Nhu vy mot mit dinh hudng 1a mit tron di xac dinh truong vecto phap tuyén don vi

n(M) , Va n6 ludn co 2 phia. Khi khong néi 16 thi hiéu 1a dé cap toi phia duong cua
mat. Khi mat S khong kin, dé noi dén hudng da chon ciia mat ta s€ ndi phia trén
(hudéng duong ) va phia dudi (huéng am). Khi mat S kin, dé néi dén hudng da chon
Cua mat ta s€ noi phia trong (huong duong ) va phia ngoai (huéng am).

Mot mat S dinh hudng thi cling xac dinh dugc ludn hudng cac duong cong bién cua
no. b6 1a hudng ma khi ta dudng ¢ phia duong cuia mat va di theo duong cong thi S
luén & bén trai. Hinh 6.1 cho thay mit S dinh hudng c6 hai duong bién L1, L2 véi
huong dugc xac dinh.
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(Hinh 6.1)

Ciing luu y c6 nhitng mat khong thé dinh hudng duoc, thi dy 14 Mobius. La Mobius
c6 thé tao ra bang cach ldy mot hinh chit nhat ABCD (bang gidy) sau d6 vian cong
hinh chir nhat dé 2 canh AD gidp véi canh CB (A giap C, D giap B ). Khi d6 néu lay 1
vecto phap tuyén n(M) tai 1 diém M trén mit 14 va cho n6 di chuyén theo 14, khong

-
quabién, di mot vong va quay vé diém M ban dau thi * (M) g hudng ngugc voi luc

bat dau di chuyén. V61 mét dinh hudng thi tai 1 diém khong thé c6 2 vecto phap tuyén
nguoc huéng. Vi theé 14 Mobius khong thé 1a mat dinh hudng ma chi 1a mat mdt phia.

D

(Hinh 6.2)

Taco thé mo rong khai niém mit dinh huéng ra truong hop S tron timg khuc.

Mt tron tung khic goi 1a mat dinh huong dugc néu ctr 2 thanh phén tron cta S ndi

v6i nhau doc duong bién C thi dé c¢6 dinh hudng bién C ngugc nhau. Khi d6 cac vecto
-

phap tuyén 11 ¢ hai thanh phan lién nhau s& chi cing vé 1 phia cia mat S. Thi du hinh
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lap phuong gom 6 mat tron ndi theo cac canh. Mit duge dinh huéng dudng 1a mit
Nngoai néu n va cac canh dinh hudng theo tirng mat

(Hinh 6.3)

| 2. Dinh nghia tich phin mit loai 2

Cho cac ham P(x,y,z), Q(x,y,z), R(x,y,z) xac dinh trén mat dinh hudng S c6 vecto

—

phap tuyén don vi 1 (cos o, cosB , cosy ).

Tich phan mat loai 1

”(Pcosc-_' +Qcosf +Eoosyids
g

duoc goi la tich phan mét loai 2 ctia cac ham P,Q,R trén mat dinh hudng S. Tich phan
trén dugc ky hiéu :

”Pd}.rdz + Qdudz + Rdudy

5

3. Cach tinh tich phan mit loai 2: [ira vé tich phan kép

” Edzxdy = J;IR cos yds

Gia sir can tinh tich phan 3

1
Trong do S 1a méat cong c6 phuong trinh z=z(x,y) (tron hodc tron ting khuc) véi vecto
phap tuyén dinh hudng phia trén ( phia trén mat cong tao vdi hudng duong truc Oz 1

goc nhon )

Do vé phai cta (1) 1a giéi han cta tong tich phan mit loai 1
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ZR(Xi, ¥i.E(X1, 7)) cos ;.5
iml (2)

Taciing biét (chuong 1) 598 71-85; ~ 4D (3)

Véi A Si: dién tich manh cong A Si 5 Di la dién tich hinh chiéu manh cong A Si

xudng mit phang Xy, thi vecto phap tuyén 1 tao véi truc Oz goc nhon nén cosy ; >0 va
A Di lay dau duong. Thay (3) vao (2) va qua gidi han ta duogc:

LI’Rdxd}.r = +LJR(X, v, 2(x, v dady

Trong d6 D 1a hinh chiéu cia S xuéng mit phang xy.

Néu d6i huéng mit S tirc cos v < 0 va A Di lay ddu am thi :

LJRdxd_v = —Lﬁ(x,y,Z(X,F}}dxdﬁf

Tuong tu ta Co:
lJPdFdZ = i][J?(X(F,ZLF,ZJdez

!Jdedz = i][IQ(X,y(X,z),z)dxdz
Trong d6 Dy, D2 14 cac hinh chiéu cia S xudng cac mit phing yz, xz tuong tmg, chon
ddu + hay ddu — tiy theo goc o va B 1a goc nhon hay goc til.

L wu y: Tir cong thirc (2) thiy rang néu mat S 1a 1 phan mit tru cé cac dudng sinh
song song truc Oz thi do cosy ; = 0, dan téi

” Rdzdy =0
2

” yededy =0
Thidul: Tinh VGi S : mit phia ngoai gidi han vat thé x° + Y <R? x>
0,y>0,0<z<b
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(Hinh 6.4)

Mat S duoc hia thanh 5 mét : hai day S1, S2, hai mit bén S3,S4 nam trong cac
mat phang xz (y=0) , yz (x=0) tuong ung va mat try cong S5

SEURE R R

Taco:

Batich phdn cudi cing = 0 vi 1a cdc mat tru c6 duong sinh song song truc Oz.

-0
Trén mat S;,doz=0, nén : ‘J"
Trén mat S, , do z=h, nén :
P
J‘J‘yzdxdy =h Jj‘ydxdy =h [sin @dqe:;-t"rgdr = —
hR2
Vayl= 3

” x dydz + v 3dady +z dady

Thidu?2: Tinh # V6i S : mit phia ngoai ciia nira mit cau
X +y*+722=R% 220

Taco:
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I, = [[zdedy = E? -2? - y¥)dady
N Ui A 5

2z A 4

=J‘d¢pJ‘(R2 — rByrdr =”%

=J;Iy2cb:dz=ljy2cb:dz+l v dede

Trong do : S=S; + S, va Sy |a phan (g voi y > 0, S, 1 phin tmg véi y < 0.
Luu y rang khi chuyén vé tich phan kép theo ntra hinh tron trong mét phang xz
thi tich phan :

J Iyzcb:dz 3r ‘dede
ldy ddu duong, va * |4y ddu am, ham dudi dau tich phan lai
ij dede = Jﬁr dude =1, =0
|4 ham chén nén

[[< 4
Tuongtutaco:lp= %
m’
Vayl= 2
I=”z¢:@;
Thi du 3: Tinh & VGi S : mit phia ngoai ctia mat cau X2 +y?+ 2= R?

Goi S1, S 1a cac ntra mat cau mg voiz>0vaz < 0.

Trén S; taco:

z=,R?-x* —y%
I, - “zdxdy Lf‘fm dsedy

D:x+y* {R?

- _ 2 _ 8 _ .2 N p P
Trén Sptaco: 27 ¥R TX° 7Y va khi dua vé tich phan kép thi Iy déu am
(do vecto phap tuyén hudng xuong dudi), nén :
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I =ﬂzdxdy = —LI(—,JRQ —x* —y? dudy
= LJ}.'RE —x? —y? dady

ix E
I= E‘LJ‘MIRE -x* - y* dzdy =2Jd@JYﬁR2 -ridr =%?r33
ay:

VII. LIEN HE GIUA TiCH PHAN KEP VA TiCH PHAN PUONG
L OAI HAI: PINH LY STOKES

Cong thirc Green cho ta mdi lién hé gitra tich phan kép va tich phan duong loai hai

trén duong bién ciia mién lay tich phan. Cong thiic Stokes dudi day 1a su mé rong
cong thirc Green cho truong hop mién la mat cong trong khong gian.

1. Dinh |y Stokes

Cho mat dinh hudng S tron timg khuac v6i bién la chu tuyén C tron timg khuc va
khong tur cit (chu tuyén don glan) Gia su P, Q, R 1a cac ham c6 cac dao ham riéng
cap mot lién tuc trong mot mién mé chira S. Khi d6 ta co:

8k _aQ BP _ R Q _aF dady
dy  dz ihe By

- L[de + Qdy + Rdz

Trong d6 hudng cta chu tuyén C dugce lay theo hudng duong tng véi mat dinh hudng
S.

Chu y: Cong thire Stokes thuong dung & dang lién hé gitra tich phan duong loai hai
va tich phan mat loai mat.

dex+Qdy+Rdz -

ol 2t o 3]

voi 1t = (cos e teosfFeos y) . eopy phap tuyén don vi tng v6i gid cia mit cong S

2 Thidg
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I=I5.rdx +zdy +xde
Tinh tich phan ~ °© v6i C 1a duong tron mat cu : x2 + y? + 22 = R?
va mit phang x + y + z = 0 theo hudng nguoc chiéu kim dong ho néu nhin tir hudng
duong cua truc Ox

Goi S 1a hinh tron vai bién 1a duong tron C. Theo dinh 1y Stokes ta ¢o :

= —” dyde + dedx + dudy = —” {cosce +cosf +cosyds
g g

cosa., CospP , cosy : la cac cosin chi hudng ciia vecto phap tuyén n cia mat phang x +
—_ { 1 1 1 }
y+z=0.Taco: CEREIRE]
= ﬁ” ds = —»\E?ERE
g

Vay [ =

VII1. CONG THUC CHUYEN TiCH PHAN BOI BA VE TiCH
PHAN MAT THEO BIEN : PINH LY GAUSS — OSTROGRATSK |

Dinh Iy sau day cho ta cong thirc chuyén tich phan boi ba vé tich phan mat theo mat
bién. Cong thirc nay c6 nhi€u tng dung trong thyc tién tinh toan.

| 1. Pinh ly Gauss — Ostrogr atski

ChoQla mién dong, bi chan trong khong gian, véi bién 1a mat S tron timg khue (S c6
thé chia thanh hiru han mat tron). Cho P,Q,R ¢6 cac dao ham riéng cap mot lién tuc
trong mién md chira Q . Khi d6 ta c6 cong thirc Gauss-Ostrogratski:

lJPdFdZ+dedy+Rdxd ﬂ@+@+aa_R

z

dsedyde

Lwu y: Nho cong thirc Gauss — Ostrogratski, ta co thé tinh thé tinh bang cach tinh tich
phan mat néu lay P =x, Q =y, R =z. Khi d6 cong thirc trén tr¢ thanh :

IIIdedydz =” gdyde + ydudz + zdudy
7] 2
1
= witd) == [[edvdz + vdudz + zdudy
Viy. 5[

Véi S 1a mit bén ciia Q 1ay theo phia ngoai
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2 Thidg

I= ”X3d3rdz +vidude + 2 dady
Tmh tlch })h 2 Trong do S la phia ngoai mat ciu :
X2+ Y2+ 7

Theo dinh Iy Gauss — Ostrogratski, ta co :

I=3 ”(xﬂ + v + 28 dudydz
&

Chuyén qua toa do cAu, ta duoc :

= Ix E 12
I =3t[sjn dJ‘d@. J‘S“dS = ?WRS

BAI TAP CHUONG 3

| |. Tich phan [ wong loai 1

Tinh céc tich phan duong loail:

12
l.xy__l

DJ‘Xjrdl C:Eehp a—2+b2— o
6 gocl
E)I[K—y)dl Cox? +y? =2ax
C
3 [yd

= 2% 161 (0,0) va (/2D

]
t  C:cungcua ¥

4)J(X+F)dl C:ro=ti +(1-t)t, 0<Lt<l

“

5)£{x—y+z—2)dl, AB:r =ti +(1-t) j+k, 0<t<]

6) Tinh tich phan duong cia f(x,y,z) = x+ Jy -Z* theo cung ndi 2 diém (0,0,0)
va (1,1,1) theo cac duong sau:

a) o r =tk 0Lt
b r=tj+k, 0%t <1
O C,r =ti+j+k, 0Lt<l
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J‘ 2+d12+ = . Coti+tj+tk, 14t
7) Tinh:E% ¥ T F
G S 3
Cor =it - +2tk, 02t 21, p=—t )
8) Cho 2 Hay tinh khéi lugng cung
C
Q)Chocungc:r=(tj—1}j+2t1«: —14t41, =15y +2

Timtrong tam.

- — — —
10)Cho it =2 ti+Z1j+@-tDk 0Ll p=3t
Timtrong tam

1:!.) Cho C: X2+y2 = 8.2 trong mat phfll’lg Xy, ¢ = const. Tim mémen quan tinh
doi véi Oz

- - o
12)Cho C:r =ti+(2-2t)k, DLt Ll

Tim moémen quan tinh doi voi cac truc toa do.

trong mit phang yz, ¢ = const.

13) Tim d6 dai cung : x = aetcost, y = aetsint, z = aet tir A(0,0,0) dén
B(a,0,a)

(Hudéng dan: Atmg véity=- =, B Vvoit,=0)

14) Tim trong tim cua cung x = a(t-sint), y = a(1-cost) 0<t <7, ¢ = const

| 11. Tich phin [wong loai 2

Tinh céc tich phan duong loai 2 sau day:

1y J(xﬂ +y7)dx + xydy,
4B theo dudng thang nbi A(1,1) dén B(3,4)

2) [ -y de+(x+y) dy,
' y : dudng gap khiic ndi 0(0,0), A(2,0), B(4,2).
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3) [ydz =y +x")dy,
’ i Y- phan parabol y = 2x — x? ndm trén tryc Ox va theo
chiéu kim dong ho

4 ngydx + ngjf,
! . v Chu tuyén gidi han boi y2 =X, X*= y, Theo chiéu nguoc
chiéu kim dong ho

5) [le+ vz (=" +3° iy,
¥ y : cung ndi A(1,0) va B(-1,0) theo cac dudng sau:

e Nura trén vong tron x° + y?= 1
e Duong thing ndi A,B
e Pudng gip khuc tir A, qua C(0,-1) dén B

6) [sydx +ydy —yzdz, o 5 o o
Y voor =ti+tt g+t DLt 21

a -+ - -+ -+
g jﬁzdx +ytdy+ldrdz, o ¢ =(oin t)i+(costjj+[%]k, 0<t<2n
¥

8 [ydx + ydy —yzdz,
’ y:giao ciay =x? va z =x tir diém (0,0,0) dén (1,1,1)

dy  dx
) o=
i . _ Y —cung cua vong tron tam O, ban kinh r ndm ¢ goc I, nguoc
chiéu kim dong ho.

I11. Tinh cong sinh ra béi luc doc theo [wrong

DEF =—yi+xj+2k

tr ={cos t)T + (zin t)E-

NEF =xi +yz i +yik
T3t +dtk

BF =-yi +xj +2k

r =(~2cost)i +(2sint) ] +2t ], 0<t<2m
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NF =xi+y i, r =(cost)i +(dsint) j, 0<t <2

[ 1V. Céng thirc Green

Tinh céac tich phan

D [yiax +xay,
E C : la bién tam giac xac dinh boi x=0,y=0,x +ty =1

2y [(by +x)de+ (7 +2x)dy, C:(x-2+(y-3* =4
8

3}J«(X+Fjdx_(x_?)d?, O x? +y? =R?

] ]
X' +y

diz — dy

Y L[ —, C:
BT la bién tir gidc voi 4 dinh A(1,0), B(0,1), C(-1,0), D(0,1)

5) IEX{F—I)dx+K2d§.r,
g C: bién mién giéi han'y = x*va y=9

% A%

—=—=0
2 2
6) Cho f(x,y) co cac dao ham riéng lién tuc va : &y

Jﬁ dz - s—f dy =0
Chimg minh t % "
Green

v6i moi chu tuyén C sir dung dugc cong thirc

thirc Green tinh dién tich mién phang

D DoLy<il-x?

2) D gidi hanbéiy =x,y=x%¢ goc |

s
3)D:gidihanbsiy=x, X 4
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4) Cho Sla dién tich mién D, % la hoanh d¢ trong tam mién D gidi han béi
duong cong don gian tron tung khuc C. Ching minh rang:

%szdy = —nydx = %Ixzdy ~xydz = 5x

5) Cho ly — mémen quén tinh ddi véi truc Oy ctia mién D trong bai 4. Chiing
minh:

%JXEdY = —J‘Xzydx = %J‘fd}; —xiydg = I,

| VI. Tich phin khong phu thudc [ wong
Tinh céc tich phan duong loai 2 sau day :

(L2} 2
D[ 3xfde+Zdy
) ¥

(3.5
2) J'Ede -yidy
[0.0%

{L2.3]
3 [Cayde + (2 —z8dy - 2yzde
(0.0.0)
(12.3) 1 1
43 dcosydr +(— —Z2xsin yv)dy +—dz
031) ¥ z

(2.1 o
By (2Xh1y—yz)dx+[——xz]dy—xydz
iy ¥

]

6) ngdx + yzdy +%dz

Tinh doc theo doan théng ndi (0,0,0) va (0,3.,4)
(L3-2)
Ty [Zayzide +(xz® + zcosye)dy +(2x vz +ycosyzlde

(0,01}

8) Kiém tra cac biéu thirc sau c6 phai & vi phan toan phan ? Néu ding 1a vi
phan toan phan ctia ham U thi hay tim U
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a) ye'dy +ze’dz
by dxiyde +ztdy
o) &7 (yrdx +zedy +xyde)
&) Laz+Zdy -z
z z z
e) x7(y+z)dx -z (dy + dz)
£y Zuyde +(x® - 2yz)dy — v de
21 sin zdy — yoos edx

| VII. Tich phan mit loai 1
1) Tinh dién tich mat paraboléit x*+ y?— z = 0 Cit boi z =2
2) Tinh dién tich phan mat phing X + 2y + 2z = 5 ¢t boi x = y’vax =2 - y*

1

2
Xty

3) Tinh dién tich phan mit cAu x*+ y?+ 7% = 2 cét béi non =~

4) Tinh dién tich phdn mat paraboldit x*+y + x* = t ¢4t boi mat phiang y = 0

[ vy
5) Tinh # S: mat bién cua lap phuong 0 < X,y,z<a

I I xyzds,
6) Tinh & S: mat bién cta hinh hop: 0<x<a,0<y<b,0<z<c

[ vy + s
7) Tinh & S: phan mit phing 2x+2y+z = 2 ndm & goc phan
tam thur nhat

lx v +1ds,

8) Tinh S: phan mat parabdldit y* + 4z =16 cit boi mat phang x
=0,x=1,z=0

9) Tim trong tAm cua mit cau X2 +y*+ 22 =& ndm & goc |
10) Tim trong tdm ctia phin mit y2+ Z=9,2>0citboix=0,x=3

11) Tim trong tim va mémen quan tinh dbi vdi truc Oz cua mat x*+y*- z2= 0
catboiz=1,z=2

12) Tim mdémen quén tinh Iz ciia mat: 4x°+ 4y?- 22 =0, z > 0 cit boi X2+ y? =
2X

[ VIII. Tich phan mit loai 2
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Ijzdxdy,
1) Tinh & S: mat cdu x> + y2 +72=d¢ goc phan tu thir I (phia ngoai)

”ydydz — xdudz + dudy,
2) Tinh 3 S: gidng bai 1

”zxdydz +Tydude +z°dudy,
3) Tinh ¢ S:giéng bai 1

”zjdj,rdz + dzdz - 3zdudy,
4) Tinh § S: phin mat z =4 — y? gi6i han boi x =
0,x =1,z = 0 (phia trong)

” uydyde + 2yzdudz + 2xzdady
5) Tinh % S mat ngoai hinh 1ap phuong cho
boi 0 <x,y,z<a.

Iszdyciz + vzdadz + dxdy,

6) Tinh = ‘ S: phia ngoai cia mat chom cau x*+y*+z°
<25catboiz=3.(phanz>3)

| I X. DPinh ly Stokes
_I-xzfdx +dy + zde,
1) Tinh © ~ C:x*+y?*=4,7=0Nhin tir gbc C theo chiéu
nguoc chicu kim dong ho.

[+ 2)dz + (2 +x)dy + (2 + y)de,
2) Tinh ©

2,2 2

x+y°+z° =9
Z: o/

x+y+z=10

Nhin tir huéng duong truc Ox ngugc chiéu kim déng hd

[+ 2+ (2 - y)dy +xdz,
3) Tinh ¢

2 2
X v
_+_2—1

=10
C: ag b

3

Nhin tir huéng duong truc Oz nguoc chiéu kim dong ho.
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I Fg du +x%dz,
4) Tinh © C : dudng bién cua tam gidc voi cac dinh (1,0,0),
(0,1,0),(0,0,2) — nhin tir goc 0 nguoc chi¢u kim dong ho.

Izdx + xdy +ydz,
5) Tinh © C: nhu bai 4

I—Bydx + 3dy + zdz,
6) Tinh © C:x?+y?=1,z=1 Nhin tir gbc O ngugc chidu
kim dong ho.

j4zdx — Zxdy + 2xde,
7) Tinh & . C: x> +y? =1, z=y+1 nhin tir gc O nguoc
chiéu kim dong ho

IEydx + zdy +3ydz,
8) Tinh & i x? +y? + 72 = 6z, 2= x — 3 nhin tir gbc O nguogc
chiéu kim dong ho

[z +y)dz +(2x - 2)dy + yds,
9) Tinh ¢ ) C : bién cua tam gidc véi cac dinh
(2,0,0), (0,3,0), (0,0,6) nhin tir goc O ngugc chicu kim dong ho.
.I.dex +yidy +z%dz,
10) Tinh ¢ C: x* +y? + 2= &,z = y*nhin tir gbc O nguoc

chiéu kim dong ho.

[ydx + mdy +xydz,
1) Tinh £ C: x> +y?=1, z=y?Nhin tir gbc O nguoc
chiéu kim dong ho.

| X. Cong thirc Gauss — Ostr ogr atski

Tinh céac tich phan mat loai 2 sau:

[ [ -=)dydz + (z - y)ddz + (y - x)dyd,
1) = S: phia ngoai mat bién hinh
lap phuong -1<x,y,z<1

j Iydydz + sydude - zdudy,
2) 3 S: Phia ngoai ctia mit bién cua & : X% + y?<

4,O§Z§x2+y2

j Ixzdydz — 2xydudz + Jxzdedy |

L)

3) S: phan mat cau tdm O, ban kinh 2, &

goc I, phia ngoai.
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j _[(6;:2 + 23y )dyde + (27 +x°z)dede +4x v dudy
4) S- bién cua mién &
nam & goc I gidi han boi x*+y?= 4, z = 3, phia ngoai.

I J‘Edydz + 2 dzde +dedy,p=,|lx2 +y? 4z
5 ? ? ? S:biéncua f:1<
2 2 2
AR ) phia ngoai
I JXﬂd}fdﬁ +ypdedz + zodady, p=.fx® +y° + 2
6) S:biéncoa f:1<

2 2 2
+yi+ , .
7Y TZ <4, phia ngoai

4 Z
[ J—Edydﬁ%dxdw—gdxdy,p = JE v+ o
7) & & &

2, .2, .12
+yi+ . .
¥ 7Y TZ <4 phiangoai

S:biéncua 8: 1<

I I?Xd}.rdz —zdudy, Sxi+yi+zi=4
8) ¢ ‘ , phia ngoai, tinh bang cong thirc
Gauss-Ostrogratski va bang cach tinh tryc ti€p.
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CHUONG IV: PHUONG TRINH VI PHAN
|. KHAI NIEM VE PHUONG TRINH VI PHAN
.. Khiipigm .|
Trong toan hoc, phuong trinh vi phan la mot chuyén nganh phat trién, c6 tim quan
trong va c6 nhi€u ung dung thyc té trong cac lanh vuc khoa hoc k¥ thuét, kinh té. D&

lam quen v6i khai niém phuong trinh vi phan ta xem mot sd bai toan dan toi viée thiét
lap phuong trinh vi phan dudi day.

V(t)

Ta co khi vat roi thi luc tac dung I1én vat g(‘A)m ¢6 : luc hat cua trai dat 1a mg va
luc can ctua khong khi la kv(t). Do d6 theo dinh luat Newton, ta c6: ma =F

V6i a 1a gia toc cia vét roi. Nghia 13 ta ¢6 phuong trinh :

Day 1a phuong trinh vi phan dé tim ham v(t).

EIThi du 2: Cho mot thanh kim loai dugc nung ndng dén nhiét 6 300°, va duoc dat
trong 1 moi truong da rdng voi nhiét dd khong doi 1a 30° (va nhiét do toa ratu thanh
kim loai khong 1am thay d6i nhiét d moi truong). Tim T(t) 1a nhiét do thanh kim loai
tai thoi diém t.

dT

Theo quy luat Newton téc d6 giam nhiét ciia thanh kim loai ( 4t ) ti 18 véi
higu nhiét do cuia vat thé T(t) va nhiét d6 moéi truong 30°. Do d6 ta co: T (t) = -
k( T(t) —300)

DAy 1a phuong trinh vi phan dé tim ham T(t), trong d6 k >0 1a h¢ s6 ti 1¢ va
T(0) = 300 la dicu kién ban dau cta bai toan.

.T hi du 3: Tim phuong trinh y = f(x) ciia mt dudong cong biét rang tiép tuyen tai
mbi diém sé& cat tryc tung tai diém khac c6 tung d bang hai lan tung do tiép diém.
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Biét rang phuong trinh tiép tuyén véi dudng cong y= f(x) tai diém Mo(xo, yo)
tai co dang: y- yo =f ’(x0)(x - X0)

Giao diém cua tiép tuyén voi truc tung ( x=0) c¢6 tung do 1a :
y1=Yyo-f’(x0)(x0)

Theo gia thiét ¢6 : y1 = 2 yo, tir d6 ¢6 phuong trinh: yo = f*(x0)( x0 )

‘ 3.1 bBinh nghia co ban phuong trinh vi phan

Phuong trinh vi phan thuong (goi tat phuong trinh vi phan ) 1a biéu thirc lién hé gitra
mot bién doc 1ap, ham phai tim va cac dao ham cua no.

Néu phuong trinh chira nhiéu bién doc 1ap cung voi ham cua cac bién nay can phai
tim va cac dao ham riéng cua ham theo cac bién thi ta goi d6 la phuong trinh vi phén
dao ham riéng (goi tat phuong trinh dao ham riéng).
Trong chuong nay ta chi xét cac phuong trinh vi phan (thuong). Cap (hay bac) ctia
phuong trinh vi phan la cap cao nhat ctia dao ham c6 trong phuong trinh. Thi du cac
phuo*ng trinh trong céc bai toan ¢ cac thi du 1.2 la cac phuong trinh vi phén cap mot.
Tong quat phuong trinh vi phan cap mot c6 dang :

F(xyy)=0

hay y* = f(x.y)
Trong d6 F 1a ham doc 1ap theo 3 bién, va f 1a ham doc lap theo 2 bién.
Mot cach tong quat, phuong trinh vi phan cip n ¢é dang :

FOWYY s ¥ )=0

hoac y™ = f(x,y,y"......y"")
EThi du 4:

a) Cac phuong trinh sau 14 phuong trinh vi phan cip 1: xy’? + siny =0

sin{ vy +x 4+ .y —1=10

b) Cac phuong trinh sau la phuong trinh vi phan cap 2 y>’= 3y’ + 2xy + sinx
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Azt —1cosy' =sin{ y")

‘ 3.2. Nghiém - nghiém tong quat cia phuong trinh vi phan

©3.2.1. Nghiém:

Nghiém cua phuong trinh vi phan la mot ham y= ¢ (X) ( hoac dang @ (x,y) =0) ma
khi thay vao phuong trinh vi phén ta ¢6 mot dong nhat thirc. Khi d6 db thi ciia y = ¢
(x) trong mat phang dugc goi la duong cong tich phan ctia phuong trinh vi phan

i ¥
EIThi du 5: Ham s6 y=2x 1 nghiém ciia phuong trinh X

Ngoai ra , y = Cx, v6i hang s6 C bat ky, ciing 1a nghiém ctia phuong trinh vi
phan noi trén. Tuy nhién néu dat thém dicu kién nghiém y(xo) = yo ( goi la

o =Jo

diéu kién dau) thi chi co 1 nghiém thoa la y = Cox v6i %o ticlachico 1
duong cong tich phan di qua diém Mo(xo0,yo0)

@3.2.2. Nghiém tong quat — nghiém riéng — nghiém ky di

Quathi dy 5 ¢ trén ta thay nghiém cua mét phuong trinh vi phén c6 thé co dangy = ¢
(x,C) , v6i C 1 hang sd, va ta goi d6 12 nghiém tong quat.

Vi mdi Co ta c6 mot nghiém la y = ¢ (x,C0), va goi la mdt nghiém riéng. Nghiém
riéng ctia phuong trinh vi phan la nghiém nhan tir nghi¢ém tong quat khi cho hang s6 C
mot gia tri cu the.

Tuy nhién c6 thé c6 nhitng nghiém cua phuong trinh ma n6 khong nhan dugc tir
nghiém tong quat, va ta goi do la nghiém ky di.
E!T Thi du 6: phuong trinh y'=y1-5° c6 nghiém tong quat 1a y = sin(x+C), nhung y=1

van 1a 1 nghiém ctia phuong trinh nhung khong nhan dugc nghiém tong quat.

V& mat hinh hoc, mot nghiém téng quat cho ta mot ho cac dd thi cta nd trong mat
phang, va ta goi l1a ho cac duong cong tich phan.

4. Bai toan Cauchy - Dinh 1y ton tai duy nhit nghiém

Hai thi du sau déy cho thdy mot phuong trinh vi phan c6 thé khong co nghiém, hoic
khong c6 nghiém tong quat.

EXThi du 7: Phuong trinh : y’?= -1 khong ¢6 nghiém thuec.

+3r|=

Phuong trinh : ]+ | L khong co nghiém tong quat vi chi c¢o duy nhatlay =0
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Tuy nhién véi bai toan diéu kién dau, con goi 14 bai toan Cauchy, thi ta c6 dinh 1y sau
Ve su ton tai duy nhat nghiém.

4 4.1. Binh 1y ton tai va duy nhat nghiém ( Pinh 1y Picard )

Néu f(x,y) lién tyc trong mot mién hinh chit nhat D: a < x < b, ¢ <y < d va Mo(xo0,yo)
la 1 diém trong cua D. Khi d6 bai toan Cauchy :

tim y thoa : y’ = f(x,y) thoa diéu kién yo = xo ¢ it nhat mot nghiém y = ¢ (x) kha vi
lién tuc trén mot khoang m¢é chira xo.

Ngoai ra néu fy’ ciing lién tuc trén D (c6 thé trén mot khoang mé chira xo. nho hon)
thi nghiém d6 1a duy nhat

4

EIThi du 8: Xem bai toan Cauchy : ¥ =¥+ ¥(0) =0

5
X
Y i [ E] %
C6 hai nghiém la : y=0va (thyc ra c6 nhiéu nghiém), nhu vay khong thoa
N S 4
. Fy=cy . o
tinh duy nhat , vi 3 khong lién tuc trong lan can diém (0,0)

, y =2, yix,) =%,
EXThi du 9: Xem bai toan Cauchy : X

c, =70
Vi xo # 0o 1 nghiém duy nhit 1a y = Cox , o

Véi xo = 0, yo # 0 khong c6 nghiém vi duong cong tich phan y = Cx khong thé di qua

fx,y)=2

(0, yo) vé&i yo # 0. Khi d6 ham % khong lién tuc tai (0, yo). Con tai (0,0) thi
bai toan lai c6 vo so nghiém, vi tat ca cac duong cong tich phan déu di qua (0,0)

|l. PHUONG TRINH VI PHAN CAP 1

| 1. Phwong trinh tich bién (hay bién phan ly)

a) La phuong trinh vi phan c6 dang : fi(X) + f2(y).y’ = 0 hay fi(X)dx + fo(y)dy =0 (2)

b) Céch giai : Ly tich phan phuong trinh (1) thi ¢6 :

[hGed= + Ey(my dz =C hay Jhx)dz + £, () dy =C
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&Thi du 1 ; Giai phuong trinh vi phan : y < = (1 +y?). ex
Phuong trinh dugc dua vé dang :

dy

- =e dx
1+y

dy  _ s
:>Il+y2_jg dr + O

= arcigy =g +
=y =igle” + O

c) Luuy:
Phuong trinh : f1(X) gi(y) dx + f2(X) g2(y). dy =0 (2)

i Néu g1(y)f2(x) = 0 thi co tl}é dua phuong trinh trén vé dang phuong trinh
tach bién bang cach chia 2 vé cho gi(y)gz(x) ta duoc :

£,(x) dsz + g;0y) dy = 0
£, () £,(¥) ©)

& Néu gy(y) = 0 thi y = b 1a nghiém cua (2). Néu fo(x) = O thi x = a 1a nghiém
cua (2). Cac nghiém dac biét nay khong chira trong nghiém tong quat cua
phuong trinh (3)

&Thi du 2: Giai phuong trinh vi phéan: (y?- 1) dx - (x*+ 1) y dy =0
Véiy?*-1#0tacod:

du il
I
x° +1 v -1

de _ o ydy
IX2+1_IF2—1 =

arcte = =%]n |3r2 —l| +

Ngoai nghiém tong quat nay ta nhan thiy con c6 2 nghiém: y =1 vay =-1
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To(4)co:y=xu-->y =u+xu’.
Thé vao (4) co: u + xu’ = f(u)
c6 thé dua vé dang phuong trinh tach bién :

du da

fluy—-u = (5)

L wu y: Khi giai phuong trinh (5) ta nhan duoc nghiém tong quat khi f(u) — u = 0. Néu
f(u) —u=0tai u = a thi c6 thém nghi¢m y = ax.

d_:f:z +tg£

E)Thi du 3: Giai phuong trinh vi phan: d= = X
bat y = xu, ta c6 phuong trinh :

cosu |, dx

du

'+ ou=u ttgn =

s x
]n|sinu|=]n|x|+]nC, hay sthu = Cx

hay sin 7 -cx
X

Ngoai ra do f(u) =u < tgu =0 < u=Kn X, nén ta con c6 thém cac nghiém : y =kn
X, voik=0,+1,£2, .......

d X2 + 2
| ey
EThi du 4: Giai phuong trinh vi phan: =

Chiaca tir va miu ctia vé phai cho x* ta duoc :

2

1+ ¥
d_}.r=_ bt
X
de Zudu
s =
x  1+%°

bat y = xu ta co:

L4y tich phan ta c6 :

]n|x|+%]n(1+3u:")=c = =*(1+30%) = £6¥° = C
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u==

2
y x3[1+33’—2]=c1:~x3+3m2=q
X  taduoc: =

Vi diéu kién dau : x = 1, y = 1, ta dugc nghiém riéng: x>+ 3xy2 =4

b). Chu y: phuong trinh:

dy _f ax+hy+o;
dx a,x thyy+c, ©6)

c6 thé dua vé dang phuong trinh ding cp nhu sau:

EThi du 5: Giai phuong trinh vi phén :

Giai h¢ phuong trinh : {

b1) Néu 2 duong thfmg aiX + by + ¢ = 0, va apx + byy + ¢, = 0 cit nhau tai
(X1, y1), thi dat X =x - X3, Y =y - y1, thi phuong trinh (6) dugc dua vé dang :

Y
E a, i +b, ¥ X - T T
X |aX b, T oL X
X
b2) Néu 2 dudng thang a;x + by + ¢, = 0, va axx + byy + ¢, = 0 song song
By by
nhau, khi doco: ® P1 neén phuong trinh (6) dugc dua vé dang :

dy =f[ a5+ byt

~F(a;x +b
= k(alx+b1y)+cg] B

(1
khi d6 dit u = 21%*P1¥  phuong trinh (7) tré thanh phuong trinh tach bién.

dy _x-y+l
de =+y+3

x-y+1=10
x+y+3=0

taco : x1=1, y1:2

batX=x-1Y=y-2,thico:

Y
¥ _X-v _''x
o Xvy ¥

X
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¥
u==
Patu= X taco
u_|_:}{:::i_u=1—u — (1+u)du =§

d 1+uw  1-2u-u? X
=>—l]n|1—2u—u2|=]n|§{|—l]n(3

2 2
= (1-2u+u*)3* =C X -2XY-V'=0C

hay la: x? + 2xy —y* + 2x + 6y = C

trinh vi phan toan phan

a). La phuong trinh vi phan c6 dang :

P(x,y) dx + Q(x,y) dy =0 (8)

Néu vé trai 1a vi phan toan phan ctia mot ham s6 U(x,y), nghia la : dU(x,y) = P(x,y)
dx + Q(x.y) dy

39Q _ap
(theo chuong 3, IV. 1., thi diéu Kién can va du 1a: 9% &%)

Khi do6 tir (8) , (9) ta co : dU(x,y) =0
Vi thé néu y(x) 1a nghiém cua (8) thi do dU(x,y(x)) = 0 cho ta :U(x,y(x)) = C (9)
Nguoc lai néu ham y(x) thoa (9) thi bang cach lay dao ham (9) ta c6 (8).

Nhu vay U(x,y) = C la nghiém ctia phuong trinh (8)

b). Cach giai thir nhat :
9Q_dp
Gia sit P, Q trong (8) thoa % % taco U thoa:
du(x.y) = P(x,y) dx + Q(x,y) dy

p30 .80
o=

> dy
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P=HU

L4y tich phan biéu thirc 92 | thi do y duoc xem 1a hiang S nén ta c6 :

Uy)= [P + ) g

trong d6 C(y) 1a ham bét ky theo bién y. Liy dao ham biéu thuc (10) theo bién
a

y va do E , taduoc :
%([P(x,y)dx) v+ Oy = Q)

tu phuong trinh vi phan nay tim C(y)

EXThi du 6; Giai phuong trinh: (x* + y?) dx + (2xy + cosy) dy = 0

E:i(x2+3r2)=23r
Taco: &7 &

99 9 sy +cosy)=2y

dx  dx

aQ _dP
> & & , vay s€ c¢6 ham U(x,y) thoa:

g1l

2,2

—=x"+y", — =Zxy + cos
u y & y

L4y tich phan hé thic thir nhét theo x, ta co:

3
Uz, v) =X?+sfx + Cly)

du
— =2y + Ccosv

L4y dao ham biéu thirc ndy theo y, va nhé dy thi c6 : 2yx +
C(y) =2xy +cosy

C(y)=cosy

Cy) =siny+C
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3
£ +y%z +any =C
Viy c6 nghiém cia phuong trinh la: 3
c). Cach giai thir hai (dung tich phan duong loai 2):
Vi dU(x,y) = P(x,y) dx + Q(x,y) dy
dQ _dF
(theo theo chuong 3, IV.1., thi didu kién cAn va du 1a: 9% &%)

[x .7
Uiz, y) = IP(XJ)dX + Qfz,y)dy
Nén : (ol

X )
= IP(X:Fu}dX +IQ(XD=Y)dF
*y Yo (11)

ElThi du 7:

Giai phuong trinh: (x +y + 1) dx + (x —y*+3) dy = 0

—=—I:x+§.r+1:l=1
Taco: &
Q_3(_ 4,
— =z - =1
dx BX(X y )
a0 dF

> % ¥ yay & co ham U(x,y) thoa:

ﬂ:x+y+l, E =X—F2+3
i d

Sir dung cong thirc (10) (vdi xo = 0, yo=0), ¢o :

x ¥
Uiz, y) = Jix+1}dx +J(X‘F2 + 3)dy
3

2
= ¥
= +xtzy——+73
2 T

Vay ta c6 nghiém cta phuong trinh vi phan :

2 3
S i -
Z _+m+ —Z 48y =0
2 = 3 7
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trinh vi phan tuyén tinh cap mot

a). La phuong trinh vi phan ¢6 dang: y’ + p(x) y = f(x) (11)
trong do p(x), f(x) 1a cac ham lién tuc.
Néu f(x)=0, ta co: y’ + p(x) y = 0 (12)
Phuong trinh (12) goi 1a phuong trinh tuyén tinh thuan nhat.

b). Cach giai:
d
= =-p@)d
y

=n|y| = —Ip(x)dxﬂn C,, )

- =[P e
& Vi phuong trinh (12), c6 =¥ =Ce 0, C =0 (13)

@1 V&i phuong trinh (11), ¢6 thé giai bang phuong phéprbié'n thién hang sb tirc
[a tim nghiém cua n6 ¢ dang (13) nhung coi C 1a ham s0, dang :

y= CI:X:I E—IPI:X e (14)
Lay dao ham (14), thay vao (11), ¢6 :

SR ~O(e)p(a) e M +p(s) e P <2

4

—E

hay : dz

et _ (o Ipix
C(x) = [f(x)e ™™ gz C
tirds, co: O T JFe !

y= e PEI [ [p(x) e B +C) ]

Vay : (15)

Cong thue (15) ndi chung khé nhd, nén t6t nhat 1a can nhé cac budc tinh toan
cua phuong phap bien thién hang so dé lap lai.

EXThi du 8: Giai phuong trinh: y* — y.cotg X = 2X.Sinx

N , . = Jeotgmde _ :
Phuong trinh thuan nhét c6 nghiém: ¥ Ce Csin x
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Tim nghiém phuong trinh khong thuan nhét & dang: y = C(x). sin x
Thé vao phuong trinh ban dau, ta duoc :
C’(x) sin x + C(x) cos x — C(X) cos X = 2X Sin X
C(x)=2x> C(X)=x*+C
Viy:y=x?sinx + Csinx
EXThi du 9: Giai phuong trinh: xy’ — 3y = X

.3
y -Lex

Pua vé dang chuan : X

Nghiém tong quat phuong trinh thuan nhat :

5[
y=Cg " ¥ = el = g

Tim nghiém ¢ dang y = C(x) x>. Thé vao phuong trinh ban dau ta c6 : C’(x)x3
+3C(x) x* - 3C(x) X? = X

rc:'(x)=i = cl:x)=1l +
H

X2

1
y=[——+C]X3 =x" —x°
Vay : =
Chii v: Néu coi x 1a ham s theo bién y thi phuong trinh tuyén tinh d6i vi ham s x

dxl
—— tply)z=f(y)
co dang :

dy _ 1

EThi du 10: Giai phuong trinh: e 23 EEsy At &

Phuong trinh nay khong tuyén tinh. Tuy nhién néu coi x 14 ham, y 13 bién ta co

—= xrosytam 2y
dy

— — XCos5Y =gin 2y
dy

Day lai a phuong trinh vi phan tuyén tinh dbi v6i ham x. Nghiém tong quat
cua phuong trinh thuan nhat c6 dang :
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cosydy o
X=CEI = e

\ . = sy
Tim nghiém cta phuong trinh khong thuin nhat dang : * Clye ,d

vao phuong trinh ban dau, c6 :

ua

C (v1e™ +C(y)e™ cosy —C(y) ™ cosy=sin 2y
C'(y) =™ sin 2y

Cly) = [ sin 2y dy =2 sin ydsin y

Cly) =-2e " (sm y +)+C

Vay : x = Cesiny — 2siny — 2

| 5. Phwong trinh Bernoulli
a). La phuong trinh vi phan ¢6 dang : y’ + p(x) y = f(x) yo. , o # 1 (16)
b). Cach giai : Pua vé dang : y*y’ + p(x) y"* = f(x)

Pit z=y"*, taduoc 2’ = (1-a ) y™y’, nén phuong trinh (16) c6 dang tuyén tinh :

' +pliz ={{x)

hayla:z” +(1-o)P(X) z=(1-a )f(X)

, 4
. ¥-o-¥F= X*\E
EXThi du 11: Giai phuong trinh: X

Day la phuong trinh Bernoulli véi a. = % . Chia 2 vé cho “Eta duoc :
dy _ 1

EXThi du 12: Giai phuong trinh: @x 55 EEEy i &

Phuong trinh nay khong tuyén tinh. Tuy nhién néu coi x 1a ham, y 12 bién ta co :
1
= 4
v iy . ¥ =x

_ ¥ 4 2
z \JI{B_F:>Z ﬁ ’ EZI_—Z=X, ZI_—ji"=X
bat , thé vao phuong trinh trén, ta co: x x

b2 |
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Nghiém tong quat ctia phuong trinh thuan nhat tuong tmg bang :
2

z= CEI? = Ce Kl —Cx?

Tim nghiém phuong trinh khong thuan nhat dang : z = C(x). X2

Thé vao ta co :

C'(x)x? + 2% C) -2 Clx)x? =§
H

() =2—]X = ((x)= %]ntx| +

2
= z = Cx’ +%]11|X|=\E

I11. PHUONG TRINH VI PHAN CAP HAI GIAM CAP PUQC

1. Cac khai niém co ban vé phwong trinh cip

‘ 1.1. Phuong trinh vi phan cép hai c6 dang :

F(x.y.y’,y’’) = 0 hay y”’=f(x,y,y’)

Bai toan Cauchy cua phuong trinh vi phén cép hai 1a tim nghiém cta phuong trinh
trén thoa dicu kién dau : y(xo) =yo,
y'(x0) =y’o

EThi du 1: Giai phuong trinh :
y”’ =x + cosx, biét y(0) =1, y’(0) =3
Taco:

2
=X igin g+
¥ =—+smn x+C,

3
‘j.if=X?—c-::-sxﬂjlxﬂj2

Chox=0,y=1=>C,=1. Choy’(0) =3, tacé C; = 3. Vay nghiém bai toan la :
3
y=%—cosx+3x +1

Thi du 1 trén cho thiy phuong trinh vi phan cap thuong phu thude vao hai tham sd
Cy, Qg, va chﬁ‘ng duoc xac dinh nho hai
dicu kién dau.
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4 1.2. Pinh Iy tdn tai va duy nhat nghiém bai todn Cauchy
Bai toan: y’= f(x,y,y’) (1)

y(x0) =yo, y’(x0) =y’ (2)
%

Néu f(x,y,y’) (theo 3 bién x, y, y’) va cac dao ham 9 % 'lien tuc trong mién 3
chiéu Q , va (xo0,yo0, y’o) la mdt diém trong Q . Khi d6 bai toan Cauchy c6 duy nhat
mot nghiém y = ¢ (X) Xac dinh lién tuc, hai 1an kha vi trén mot khoang (a,b) chira xo

Ham sb phu thuoc hai hang s6 y=9 (X C1, Cy) goi 1 nghiém tong quat cua phuong
trinh vi phén cap hai (trong mién Q ) néu no thoa phuong trinh vi phan cap hai véi
moi hiang sé C1, C; (thudc mot tap hop nao do) va nguoc lai véi moi diém (x0,yo, y’o)
trong Q déu tai tai duy nhat Cos, Co, sao choy = ¢ (X, Coy, Coy) la nghiém cua bai
toan Cauchy voi diéu kién dau.

Nhu vay tir nghiém tong quat y = ¢ (x,Cy, C) cho cac gid tri cu thé C1=C;’, C,=C;’ ta
c6 nghi¢m riéng: y = ¢ (X,C;’, C2°)

L wu y: Néu nghiém tong quét tim ra & dang an @ (x,y,C1,Cp) = 0 thi nghiém riéng
cling ¢ dang an @ (x,y,C1’, C2) =0

\ A
o trinh cap

Phuong trinh c6 dang : y”” = f(x)

D& dang tim duoc nghiém cua phuong trinh nay sau hai lan ldy tich phan
y'= [£G)dx + C,
y=I[If(x)dx] + T + 1,

EIThi du 2: Giai phuong trinh vi phan: y*’= sin x cos x + ex

Taco:

y'=Isin % cosxdx +Iexdx +C)

Csintx

+e* +

S]IIX

==

dx +Iexdx +IC1dx +Z,

=171_E§S et D@ enE
X osmn 2z,

=—_- +e +Cx+C,
4 s

110 Seu tam by hoangly85



GIAO TRINH TOAN CAO CAP A2

3. Phuong trinh khuyét

Phuong trinh ¢6 dang : F(x,y’,y’") =0

Céch giai : Dat p =y’ ta c6 phuong vi phan cap mot F(x,p,p’) = 0, giai ra tim p = ¢
(x,C1) va khi do :

Y=IY'dX I@(X,Clﬁdx + G,

EThi du 3: Giai phuong trinh: xy*” +y° = x

1
xp'+p =x’, p'+—p=x
Patp=y’ 2> p’=y’’,taco: b

x* Q)
i P = _t —
day 1a phuong trinh vi phan tuyen tinh. Giai ra ta dugc : 3z
Coxt O
y=E=—ot+t— —
2 oz

3
F=X_+C1]n|x| + Gy
Qua do, ta co: 9

| 4. Phuwong trinh khuyét x
Phuong trinh ¢6 dang : F(y,y’,y’”") =0
Céch giai : Pdt p =y’, va coi y 1a bién, va p 1a ham s6 theo biény. Ta c6 :

w_dy'_dp _dpdy _ dp
4z dx dydz | dy

P[
Nhu véy ta c6 phuong trinh dang cap 1:

EXThi du 4: Giai bai toan Cauchy:

yy +y?=0,y(1) =2,y (1) =%
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dp 2

— |+ =0
Y[de] F

dp

—+ =]
p[ydy P]

Tu day c6 2 truong hop:
1 p =0, nghia 12 y’ =0. Nghiém nay khong thoa diéu kién dau, bo

Fd—p *p=0 — ydp+pdy=10

a W dipy) =0>yp=C;

Vay ydx = C;

Khix=1,y=2y="%chonén: 2

yd—y =l —}»%yg =x+0C,

Taco: d=

Cho x=1,y =2 tadugc Co= 1.

lyz == +]
Tom lai nghiém phai tim 1a: 2

V. PHUONG TRINH TUYEN TINH CAP HAI
| 1 Khainigmechung |
‘ 1.1. Phuong trinh tuyén tinh cip hai c6 dang :

Y7+ pX)y’ +qx)y =1f(x) (1)
V6i cac ham sb p(x), q(x), f(x) xac dinh va lién tyc trén khoang (a,b). Khi ay v&i moi
X0 € (a,b) va moi gi tri yo, y’, ta cé bai toan Cauchy diéu kién dau : y(xo) = yo,
y’'(x0) =y’
c6 nghiém duy nhat trén (a,b)

Phuong trinh y”*+ p(x)y” + q(x)y = 0 (2)

Duoc goi |a phuong trinh thuan nhat tuong tng ctia phuong trinh (1)
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‘ 1.2. Dinh Iy 1: (Vé nghiém tong quat cia Phuong trinh khong thuan nhét)
Nghiém tong quat ctia phuong trinh khong thuan nhat (1) ¢6 dang : y = yo + yr

trong d6 yo 1a nghiém tong quat cia phuong trinh thuan nhat tuong Gng (2) va yr 1a 1
nghiém riéng nao do ctia phuong trinh (1)

trinh thuin nhit, nghié

21 pinh 1y 2:

Néu y1(X), Y2(X) 12 nghiém ctia phuong trinh thuan nhét (2) thi y = C1y1(X) + Cay»(X)
cling 1a nghiém cua phuong trinh (2)

Chirng minh: That vay, ta c6 :

Y+ p(x)y’ + q(x)y =[Cayr”’+ Cay2’] + p(x) [Cayr’+ Coy2’]yl” + q(x) [Cay1t
Coy-l

=Gy + p(x)y1” + q(x)y1] + Coly2’+ p(x)y2” + q(x)y2] =
0+0=0

(do y1(x), Y2(X) 12 nghiém ciia (2) nén biéu thirc trong [] ctia biéu thirc cudi bang 0 )

Vay y = C1y1(X) + Coy2(X) 1a 1 nghiém cua (2)

‘ 2.2. Binh nghia:

Céc ham y1(X), y2(X) dugc goi 1a doc 1ap tuyén tinh trén khoang (a,b) néu khong ton
tai cac hang sb a 1, o 2 khong dong thoi bang 0 sao cho :

a 1y1(X) + o 2y2(X) = Otrén (a,b)

Fl_(le = cotnst

(Piéu nay tuong dwong véi: 2 (=) trén (a,b) )
EThi du 1:
+ Céc ham y1(X) = X, ya(X)= x* 12 doc 1ap tuyén tinh

+ Cac ham y1(X)= ex, Y2(X)= 3 ex |a phu thudc tuyén tinh

23 pinh 1y 3:
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Xem cac ham y1(xr), yo(X) 12 cac nghiém cua phuong trinh thuin nhét (2). Khi d6
chiing dgc 1ap tuyén tinh voi nhau khi va chi khi dinh thic sau khac khong :

7, (3] ¥y %)
' (E) 'y (%)

( dinh thtrc trén goi la dinh thirc Vronski )

J 2.4. Dinh 1y 4: (Cau triic nghiém cua phuong trinh thuan nhat)

Né}l cac ham yy(X), y2(X) 1a cac nghiém doc lap tuyén tinh cua phuong trinh thuin
nhat (2), thi:

y = Cry1(X) + Coya(X) Vi cac hing s bat ky Cs, Cp S8 1a nghiém tong quat ctia
phuong trinh do.

aT h2i du 2: Ching t6 ring phuong trinh y** — 4y = 0 ¢6 nghiém téng quat y = C,e™ +
C2 e X

That vy, kiém tra truc tiép d& thiy ring y1 = € va y, = €2 |a c4c nghiém cua

¥ 4
2l =™ #oanst

phuong trinh trén. Mt khac, ¥2 nén chung doc 1ap tuyén tinh. Vay: y =
Cie” + C e

la nghiém tong quat ctia phuong trinh trén.

4 2.5. Biét mot nghiém cua (2), tim nghiém tht hai doc lap tuyén tinh véi
no

Gia sir y1(X), la mot nghiém ciia phuong trinh thuan nhat (2). Khi d6 c6 thé tim
nghiém thtr 2 doc 1ap tuyén tinh véi y1(X) & dang : y2(x) = u(x) yi(x), trong d6 u(x) =
const .

EThi du 3: Bié:t phuong trinh y*” — 2y’ +y = 0 ¢6 1 nghiém y; = ex. Tim nghi¢m tha
hai doc 1ap tuyen tinh voi ya(X).

Viéc kiém tra lai y; = ex 1a 1 nghiém 1a d& dang. Tim y»(X) = u(x) ex
2y=exut+exu,y’,=exu+ 2exu’ +2exu”’

Thay vao phuong trinh da cho, ¢6 :
ex(u’ +2u” +u)-2ex(u+u)+exu=0
2> 2exu” =0,u”=0,u=Cix+C;

Vi can u # const, nén ¢6 thé ldy C; =1, C, = 0, nghiia la u =x, y» = X ex
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Nghiém tong quat c6 dang : y = C1ex + CoX ex

3. Phuong phép bién thién hing sb

Dé giai phuong trinh khong thuﬁr} nhat can phai biét nghiém tong quat ctia phuong
trinh thuan nhat ma ta vira tim hiéu 6 myc 2. Ngoai ra con can tim 1 nghiém riéng cua
no va co the tim ¢ dang giong nhu nghiém tong quat cua phuong trinh thuan nhat, tuc
la ¢ dang: y = C1y1(x) + Coy2(X) (3)
trong d6 ya(X), y2(x) doc lap tuyén tinh, nhung xem C1, C; la cac ham s6 C1(x), Ca(X).
Dé dé tim C1(X), Ca(X) tadua thém diéu kién :

C*1(X) y2(x) + C2(X) y2(x) = 0 (4)
Véi diéu kién (4), 1y dao ham (3), ta duoc:

y’ =C1y’1(x) + Cay’2(X) (5)

y” = Cay1”(X) + Cay2”’(x) + Cay’a(X) + C2y (%) (6)
Thay (3), (5),(6) vao (1), co :

Ciy1”(x) + C2y2”(x) + C'1y’1(X) + C2y72(X) + p[Cay’1(X) + C2y°2(X) | +
q[Cay1(x) + C2y2(X) | =f(X)

Hay:

Cil y1”’(x) + pCry’1(X) + qCry1(X) ] Co[ y2*(x) + py’2(X) + qy2(X) ] +
C1y’1(x) + C2y°2(x) = f(x)

Do yi, Y2 la nghiém cua (1) nén suy ra:
C1y’1(X) + C2y2(x) = f(X) (7)
Nhu vay C’1, C’2thda hé :

Cyyy + Coyy =f(x)
Cyy + Ciyy =0

EXThi du 4: Giai phuong trinh X%y + xy’ -y = X°
1 ]' 1 1

N ., ¥r=y - —y=l
Dua vé dang chinh tac : A i

Trude hét xét phuong trinh thuan nhét tuong tng:
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C6 thé tim dugc 1 nghiém ciia n6 1a y; = x. Nghiém thtr hai doc 1ap tuyén tinh
Véi nd co dang : yo = Xu(X)

2Yo=Uu+XU,y =20 +xu”’

thé vao phuong trinh thuan nhét, dugc :

2

2u'+m'+ lI:u+xu']| - ixu=Cl
x x

—= m" +3u' =10

Day la phuong trinh cap hai giam cip duoc bang cach dit p = u’ ta dugc

gp'+ 3p=0, p'+zp=0
X

s
= _c
P = —
N
u'= & u= Cr
Chonén : x’ x*

Do u # const va chi can 1 nghiém nén chon C1=1, nén
1 1

u=—¥ == . 5 .
x Z . Vay nghiém tong quat cuia phuong trinh thuan nhat
1
y=Cx +C;—
co dang : 4

Viéc con lai 1a can tim mot nghiém riéng cua phuong trinh khong thuan nhat
bang phuong phéap bién thién hang sd, dang :

y=0C s + cz(X)l
X

Vi Cq, Cothoa :

c+c[ ]

Clx+C —=
%
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H H
— Cl =—+cC; , c2 =-—+r,

4 B

Vi chi can chon 1 nghiém riéng, nén c6 thé chon cu thé ¢; =0, ¢; = 0. vay
2 s

c, =< .0, ==
4 g  chonén:
T 2z 2

va nhu vy nghiém tong quat cua phuong trinh ban dau 14 :

3
v =X_+ CIX +cﬂl
B i

L wu v: Néu vé phai ctua phuong trinh vi phan ¢ dang tong ctia 2 ham b f(x) = fy(x)
+ f2(x), thi khi d6 c6 thé giai phuong trinh véi riéng ve phai la ting ham f1(x), f2(x) dé

tim nghiém riéng la yry, yro. Cubi cung dé kiém lai 1a: nghiém riéng ctia phuong trinh
ban dau 1a yr = yry, yr, (theo nguyén ly chong chit nghiém).

V. PHUONG TRINH VI PHAN TUYEN TiNH HE SO HANG

|1 Khéinigmchung
v 4+ gy 4 gy 4 +any = f(x) (1)

trong do a, &, ........, an la cac hing sb

Trong phén sau ta trinh bay k§ phuong trinh cap hai.

o trinh cAp hai thuin nhit

Xét phuong trinh : y”* + py’ + qy = f(x) (2)
trong do p, q 14 hing sé

Tatim nghiém cua n6 ¢ dang : y = ekx (3)
Thé (3) vao (2) ta co: (k* + pk +g) ekx = 0

> (€ +p +0) =0 (4)
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Phuong trinh (4) goi la phuong trinh ddc trung cua phuong trinh (2), va cling tir (4)
cho thay y = ekx 1a nghiém cua (2) khi va chi khi k 1a nghiém cuta (4). Do d6 dya vao
viéc giai phuong trinh bac 2 nay, ta cé cac kha nang sau:

a). Phuong trinh dac trung (4) c6 2 nghiém phan biét kq,k, (A > 0): Khi d6 2 nghiém
S =g®iHe® o congt
y1 = ek™, yo = ek [a 2 nghiém riéng cua (2), va ¥z nén 2 nghiém

riéng nay doc 1ap tuyén tinh. Vay khi d6 nghiém téng quat cua (2) s& 1a: y = Ciek™ +
Coek™
b). Phuong trinh ddc trung (4) c6 1 nghiém kép k (A = 0). Khi d6 nghiém y; = ekx la
1 nghi¢m riéng cua (2), va nghiém riéng thtr hai doc lap tuyn tinh véi n6 co dang y =
u(x).y1 ~ u(x).ekx

y2' = k.ekx . u(x) + u’(x).ekx

y2 = kZ.ekx.u(x) + 2ku’(x).ekx + ekx.u(x)”’
Thé vao phuong trinh (2) ta 6 :

(K%.u + 2ku’+ u”’) ekx + p(ku + u’) ekx + q ekxu =0

Su’+Qk+pu’ + (K2 +pk+qu=0
Do k la nghiém kép ctia (4) nén :

k=-p/2> 2k +p=0va (k* + pk + q) =0
trdd:u”’=02u=Cix+GC
Do chi can chon 1 nghiém nén léy C1=1, C,=0, va nhu thé c6 : y2 = X ekx

Va nghiém tong quat cia (2) la: y = ( C1+ CoX) ekx

C). Phuong trinh dac trung (4) ¢6 2 nghiém phuc lién hiép kio=a £, =0 (A <O0).
Khi d6 2 nghiém cua (2) ¢6 dang :

v, = e = (0os By +isin Sx)

v, o= & WP e (hog By —isin Px)

Khi do :
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L =cotgf = const
cling 1a 2 nghiém cua (2) va ¥2 nén chung doc 1ap tuyén tinh.

Tir d6 ta co nghiém téng quat cta (2) 1a: y = ( C1c0s B X + Co sin B x) eo. ™
EIThi du 1: Giai phuong trinh : y” + 3y’ -4y =0
Phuong trinh dac trung tuong tng c6 dang :
k?+3k-4=0->ky =1, ko=-4
Vay nghiém téng quat cta phuong trinh thuin nhat 14 : y = C1ex + C,e™
EXThi du 2: Gidi phuong trinh : y” + 4y’ + 4y =0
Phuong trinh dac trung tuong tng c¢6 dang :
K2+ 4k +4=0 kyo =2
Vay nghiém tong quat cua phuong trinh 1a : y = (C1 + C, X)ezx
EXThi du 3: Giai phuong trinh : y>” + 6y’ + 13y =0
Phuong trinh dac trung tuong ung c¢6 dang :
k?+6k +13= 0> kyp =-3+ 21
Viy nghiém tong quat cta phuong trinh thuan nhat 1a:

y = (C1cos2x + Cpsin 2x)e™

o trinh cap hai khong thuan nhat vé phai c6 dang

Xét phuong trinh vi phan cép hai hé s6 hang khong thuan nhét :

Y’ Fpy +ay =1£(x) (5)

Qua viéc trinh bay tim nghiém tong quat ctia phuong trinh cap hai thuan nhat tuong
ung, va dua vao dinh 1y 2, muc II.1 ?? thi d€ c6 nghiém tong quat cta (5) ta can tim
duoc 1 nghiém riéng cua (5).

Ngoai phuong phap bién thién hang s6 da trinh bay, duoi day trinh bay phuong phap
hé s bat dinh dé tim mot nghiém riéng cho (5) khi vé phai ¢6 dang dic biét thuong

gap.
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4 3.1 Vé phai f(x) = ea * Pn(x)

trong d6 Pn(x) 1a da thiic cap n, o |a mot sé thuc.

Khi d6 ta tim nghiém riéng cua (5) ¢ dang: yr = u(x) Qn(x) (6)

Vv6i Qn(x) 1a da thire cap n c¢6 (n+1) hé sd dugc xac dinh bang cach thay (6) vao (5) va
d6ng nhét 2 vé ta c6 (n+1) phuong trinh dai s6 tuyén tinh dé tim (n+1) hé s6. Ham

u(x) c6 dang cu thé 1a :

a). Néu o |a nghiém don ciia phuong trinh dic trung (4), u(x) = xea * va khi
dé: yr =xea * Qn(x)

b). Néu o 1a nghiém kép ctia phuong trinh dic trung (4), u(x) = x’eo. * va khi
do: yr = x%ea. * Qn(x)

¢). Néu a khong 1a nghiém ctia phuong trinh dic trung (4), u(x) = ea * va khi
dé: yr=-ea * Qn(x)

EThi du 4: Giai phuong trinh : y>> -4y’ + 3y = 3 ¢
Phuong trinh dac trung tuong ung c¢6 dang :
k?- 4k +3=0co nghiém k; =1, ko= 3
nén nghiém tong quat ctia phuong trinh thuan nhét tuong tng la: y = C1ex + Coe™

Mt khac sb o = 2 khong 14 nghiém cua phuong trinh dic trung, nén nghiém riéng tim
& dang yr = Ae” (do Pn(x) =3 da thtrc bac 0), thay vao phuong trinh dé cho c6:

4AE™ - BAE™ + 3A” =3e" > A=-3
Vay nghiém téng quét ciia phuong trinh 14 :

y = Ciex + Ce* —3e™
EThi du 5: Giai phuong trinh : y”> +y = xex + 3 ¢™
Phuong trinh dac trung tuong ung c¢6 dang :

K2+1=0- kyp=+i?

nén nghiém tong quat cia phuong trinh thuan nhat tuong tng la: yo = C1cos X C, Sin
X

Do Vvé phai 1a tong cua 2 ham f; = xex , f = 26* nén ta lan lugt tim nghiém riéng cta
phuong trinh lan lugt ing véi vé phai la f, va f5
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+ Vi f; = xex thi o = 1 khong la nghiém ctia phuong trinh dac trung , Pn(x) =
X nén nghiém riéng c6 dang : yr; = (Ax+B)ex

+ Vi f, = 2™ thi o = -1 cling khong 1a nghiém cua phuong trinh ddc trung ,
Pn(x) = 2 nén nghiém riéng c6 dang : yr, = Ce”™

Theo nguyén 1y xép chong, nghiém riéng ciia phuong trinh da cho dugc tim ¢ dang :
yr = (Ax+B)ex + Ce”

> yr’ = (Ax+B)ex - Ce* + Aex
> yr’ = (Ax+B)ex + Ce* + 2Aex
Thé vao phuong trinh da cho, ¢6 :
2Axex + (2A+2B)ex + 2Ce™ = xex + 2e*

Tudo, taco:2A=1,2A+2B=0,2C=2

b=

l,B=— C=1
N 2

L]
5
Vay nghiém téng quét ciia phuong trinh 14 :

Y:%[X—UE“ +e™ +Ccosx+C,sn x

4 3.2. Vé phai f(x) = ea. * [ Pn(x) cos p x +Qm(X) sin B X ]
Trong d6 Pn(x), Qm(x) 1a da thtrc bac n, m tuong tmg, o , P 1a cac sb thyc.
Khi @6 ta tim nghiém riéng cua (5) ¢ dang:
yr =u(x) [ Rs(x) cos§ x + Hs(x) sin 3 x] (7)
(B = 0 ¢ tuong tng truong hop da néu & trén), v4i s = max {m,n}, Rs(x), Hs(x) la da
thire bac s vai 2(s+1) dugc xac dinh bang cach thay (7) vao (5) va dong nhat 2 vé ta

c6 cac phuong trinh dai s6 tuyén tinh dé tim cac hé s6. Ham u(x) c6 dang cy thé 1a :

a). Néu o + B la nghiém cua phuong trinh dic trung tuong ing, u(x) = ea * va
khi d6 yr = ea * [ RS(X) cos B x + Hs(x) sin B x ]

b). Néu o + B khong 14 nghiém cta phuong trinh ddc trung twong tng, u(x) =
xeo * va khi do :

yr =eo [ Rs(x) cosB x + Hs(x) sin B x ]

EIThi du 6: Giai phuong trinh : y*” +y = sin x
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Phuong trinh dac trung tuong ung c¢6 dang :
k? +1 = 0 c6 nghiém ky» = +i?
nén nghiém tong quat cuia phuong trinh thuan nhét tuong tmg la: yo= C;cosx C, sin X
Odaya=0,p=L, néna+ifp=+ila nghiém cua phuong trinh dac trung. Mt khac,
do n =m=0, cho nén s = 0. Vay nghiém tong quat dugc tim & dang: yr =
X(Acosx+Bsinx)
- yr’ = x( -Asinx + Bcosx) + (Acosx+Bsinx)
- yr’’ =2( -Asinx + Bcosx) + x( -Acosx - Bsinx)

-2 yr’ +yr=-2Asnx + 2Bcosx = sinx

2>-2A=1,2B=0->A=-1/2,B=0

¥, = % cosx
Vay nghiém riéng la :

X .
. y=——cosx +Ccosx+C, 8 x
Va nghi¢m tong quat la : 2
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BAI TAP CHUONG 4

Dxy” -y =0 y=x? y=l;y=c’+c,

o1
yr—y=1
2) X
X 1 = co X
—bly—t— o) y=—+—
a)y:2 2
Xt
3) X%y’ + Xy = ex, xqt

4) yy =2y 2y
ay=1,

b) b) y = tgx

Elll. Gidi cac phuwong trinh vi phén sau:

1. x(y?—1)dx - (x*+ L)ydx = 0
2. (6%~ xy)dx - (Y*+ x%)dy = 0

3. (X*+ 2xy)dx + xydy =0

4. y’cosx - ySiNX = sin2x
5y=xy’ +y’lny

3_-xt

6.y -xy=-YF

7.xXy’ =2(x —\E)

8.y’ + sin(x+y) = sin(x-y)
9.y’=2",y(-3) = (-5)

10.y’ =exV+ex?,y(0) =0

123
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E+5jn£

11y == X
12. y’cosX +y = tgx

&
Byt =@y

14. y’cosx +y =1 —sinx
15. (2xy +3)dy — y?dx = 0 (coi x la ham sd )

16. (y* + 2x)y’ =y ( coi x 1a ham s6 )

¥ _ ¥
17_3? -1 =z-1

18. ydx + ( x + x?y?)dy = 0 ( coi x 1a ham s6 )
El11. Giai cac phwong trinh vi phan cép 2 sau:
)y’ +y =0
)y’ +yy =0
Iy =)’
4 2y)° =y -1y
By f=1+y”
6)y’ =y’ey
Ny+y)y +y?=0
8) 3y* = 4yy” +y”*
9 yy” —y*?=yiny
EllV. Giai cac bai toan Cauchy sau:
Dxy”+y =0,y(1)=-3,y(1)=2
)2y +y?=-1,y(-1)=2,y(1)=0
3y (x*+1)=2xy’, y(0) = 1.y’(0) =3

4)yy” —y?=0,y(0) =1,y (0)=2
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1 it 1 1
. F—ze}" v—2yy'd =0
y”+

Lo -Ly=
62" y'(-5=e

d*  Mm
7) Cho phuong trinh - g i Tf_g ,1(0) =R, r’(0)
Xéc dinh vo dé khi t --> oo thir --> o0
(bai toan tim vén toc vii tru cap hai)
EV. Phwong trinh tuyén tinh cip hai
1)Cac ham sau c6 doc 1ap tuyén tinh hay khong:
a) (x+ 1) va (x*— 1)
b) x va 2x + 1)
c) Inx va Inx?
2) Giai phuong trinh khi biét mot nghiém 13 y;
a)y’ +y=0,biéty; = cosx
b) xy** — 2y = 0, biét y; = x?
0y’ -y —2y=0,biéty, = e*
d) 4x%y” +y =0, x>0, bibt y; = Jx
e) X%y’* - Bxy’ + 9y = 0, biét y; = x*
f) (1-x?)y’” — 2xy’ + 2y = 0, biét y1 = X
3) Tim nghiém tong quat phuong trinh :
Xy” —(2x+ 1y’ +(x+1)y=0

4) Giai phuong trinh: xy”’ +y’ = x°

2 cotgx
5) Giai phuong trinh: y*” + X b
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S E
2 . \ . V17
Biét mot nghiém cua phuong trinh thuan nhat tuong tng 1a : X

EV1. Phwong trinh vi phin tuyén tinh hé sé hing
Giai cac phuong trinh sau:
)y -2y -3y =0
2y’ +25y=0
T - 2
3y 2y +10y =0, Y(g:' =0,y (g]‘ =e’
By sy =0y -1y 73"
5y’ -10y’ +25y=0,y(0)=0,y’(0)=1
6)y” -2y’ -3y = ”
7))y’ +y’ -2y = COX — 3sinx
8) y’’ — By’ + 8y = 3x% +2x +1

1

9) y”" +4y =sin2x + 1, y(0) = e
10) y*’ — y = X.cos’X
11) y’ — 2y’ + 2y = exsinx
12) y>’ +y = tgx
)=0

.
13) y*’ + 4y = cos2x, y(0) =y 4

1
14) y” + 5y’ + 6y = 1+e*
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