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LOI GIOI THIEU

Todn Cao cdp li hoc phén bit buge trong chuong trinh Gido duc dai cuong d6i
vdi hé dao tao sinh vien Cao ding vi Pai hoc khii cde truong ki thugt, nham
cung ¢dp cho sink vién mot s6 kién thite co ban cia Todn hoc Cao cép lam cd sé
cho viéc tiép thu cde moén hoc co sd va chuyén moén thuic cde chuyén nganh sink
vién dude dao tao.

Gido trinh Todn Cao cap dd duge nhiéu truong dai hoc, nhiéu tdc gid bién soan
song cdc gido trink do chit yéu dé phuc vy qud trink nghién citu hoc tép ciia sinh
vién cdc truong dai hoc.

Dé phit hop vdi thudng litong giéng day (5 hoc trinh) va yéu cdu cua mén hoc
Todn Cao cép d6i vdi sinh vién hé Cao dding do B¢ Gido duc va Pao tao di quy
dinh, duge B Xay dung cho phép, truing Cao ding Xay dung s6'1 da nghién ciu
t6 chitc bién soan gido trinh Todn Cao cdp danh cho sinh vién hé Cao dding ki
thudt Xy dung theo dé cuong mén hoc da duoe Bé Xay dung xét duyét.

Gido trinh trinh bay mot s6 kién thitc co bdn ciia mon Todn Cao cp gém: phdn
Bai 56" tuyén tinh va Gidi tich 6 dién va duge cGu tao thanh 6 chuong - do
Thac si Tran Quang Pong lam chi: bién cung vdi su tham gia cia cdc gido vién bo
moén Todn truong Cao ding Xéy dung s6'1.

Do han ché vé thoi gian vé chua ¢ nhiéu kinh nghiém trong bién soan gido
trinh nén khéng trdnh khoi thiéu st khi bién soan. Chiing téi rdt mong nhén
duoe ¥ kién dong gép ciia ban doc.

Chiing toi xin trén trong cam on sy gitup do ctia Vu Té chite Cdn b - Bé Xay
dung, cam on b6 mén Todn cia cdc truong: Pai hoc Kién triic Ha Néi va cde
truong Cao ding Xay dung thujc Bé Xéy dung dé c6 nhitng y kién déng gép gitip
chiing t6i hoan thanh gido trinh nay.

Trudmg Cao ding Xay dung s6 1



Chuong 1
TAP HOP - ANH XA - SO PHUC

1.1. MENH PE TOAN HOC VA CAC KY HIEU LOGIC

1.1.1. Ta hiéu ménh dé todn hoc nhu 1a mét khing dinh todn hoc chi ¢é thé ding hoac
sai. Thi du 2 < 3 a2 mot ménh dé todn hoc diing

2 > 3 la mot ménh dé todn hoc sai.
1.1.2. Ky hién =

Khi véi gia thi€t ménh dé A ding, ta chiing minh duge ménh dé B ciing diing thi ta néi
tir ménh dé A suy ra ménh dé B; hay ménh dé A kéo theo ménh dé B; ky hi¢u A = B.

Thidw:a<b=a+c<b+c

1.1.3. Ky hiév <

Khi A = B déng thoi B = A thi ta néi ménh dé A tuong duong ménh dé B. Ky hiéu
Ao B

Thiduv:a<b<ob>a
1.1.4. Diéu kién di; diéu kién can; diéu kién can va du
Khi A = Btandi A la diéu kién dh dé cé B; B 1a didu kién cén dé ¢ A.

Khi A < Btitc 13 A = Bva B = A, ta néi A l1a diéu kién cdn va di dé c6 B; wong
B ciing 1a diéu kién cdn va di dé cé A.

Thi du: lal < b = b > 0 nhung tit b > 0 khong suy ra duge lal < b, Vay lal < b la diéu
kién dil dé€ c6 b > 0; b > 0 1a diéu kién can dé cé lal < b.

lal < b khong phai 12 diéu kién can va d dé c6 b > 0.
1.1.5. Ky hiéu V: thay cho cum tir "véi moi"” hay "véi bat ky".
Thidu: ¥x e IRtac6x*-x+1>0
1.1.6. Ky hié¢u 3: thay cho cum tir "tdn tai".

Thidu: Ix déx°-3x+2=0;d6lax=1vax=2.



1.2. TAP HOP VA PHAN TU

1.2.1. Khai niém vé tap hop va phan ti

Ta coi tap hgp 1a khii niém nguyén so, khong dinh nghia. Tuy nhién, ta ¢6 thé néi nhu
sau: T4t ca nhimg doéi tuong xdc dinh nio dé tao thanh mot tap hgp. Mai ddéi tugng cdu
thanh tap hop la phan tr cua tap hop.

Thi du: Tat ca céc diém trong khong gian tao nén tip hop diém trong khong gian.
Tap hop tit cd cic s6 thuc, ky hiéu tip IR.

1.2.2. Khai niém thujc va ky hiéu e

N¢u a 14 phan tr cia tap hop A ta viét: a € A;

Néu b khong phai la phian tircta tdp A ta viét: b ¢ A.

1.2.3. Cach moé ta mét tap hop

D¢ mo 2 mot tap hop, ta phai 1am 3 dé khi cho mét phdn 4 nao dé, ta bi¢t duoc nd
¢6 thudce tap hgp da cho hay khoéng? Thong thudng, cé hai cdch dé mo td mét tap hop:

1) Liét k¢ cdce phan t cha tap hop:

Thidu: A=1{x,y,z t}. Tap hop nay chi cd 4 phan trla x, y, z. t.

Nhuviyx e Aly e A,ze A,t € Anhungu ¢ A.

2) Néu lén tinh chat dac trung cha céc phéan tr tao thanh tap hgp do.

Thidy: Cho B= {cicséchan}. Khidétacé4 € Bnhung 3 ¢ B.

1.2.4. Ky hiéu "

Thi du: Tap hop cdc s6 chin c6 thé mé ta nhu sau:
B=1{m \ m = 2n; n nguyén}.

Céch viét nay doc la: B la tdp hgp cdc phan tir m, trong d6 m = 2n vdi n 14 s6 nguyén.
Hién nhién d6 12 cach dién dat khac cha tap hop cdc s6 chén.

Ky hiéu ‘ dat truée phan giai thich tinh chat dac trung cua phin (o m.

1.2.5. Mot s6 tap hop thuong gap
-Taphgpcacso tunhien N=1{0, 1,2, ..} N¥= 11 2 ..} =N\ {0}

-Tap hopcdc sOnguyén Z={0,+ 1, +2, ...}

-TaphqpczicsﬁihfrutyQ:{B\q;t(},peZ. qe’}
q

- Tap hgp cdc s6 thuc IR; tap hop cac s0 phic C.



1.2.6. Tap hop rong
Dinh nghia: Tap réng 14 t4p hop khong ¢ phan tu nao; ky hieu &.

Thi du: Tap nghiém thuc cha phuong trinh x* - 3x + 2 =01a {1; 2}, nhung tap nghiém
thue cla phuong trinh x* + 1 = 0 13 & vi phuong trinh nay khong c6 nghiém thue.

CHui v: Phan biét hai khai niém tap hop & khdc tap hop {¢}.

1.2.7. Su bao ham - Tip con
Dinh nghia: Néu moi phén tir cia A cling la phan tir clia B thi ta ndi:
A bao ham trong B hoac
B bao ham A hodc
A la tap con cia B. Ky hieu A c Bhay Bo A.
ThiduuNcZc<cQcR
Chii yo 1) Ngudi ta cot tip & 1a con cua moi tap hop.

2)Rérangtac6 A=Bo AcBvaBcA.

1.2.8. Su bang nhau cua hai tap hop

Dinkt nghia: Cho 2 1ap hop A va B. Ta né: 1ap hop A bang tap hop B néu A va B triing
nhau; dicu dé ¢6 nghia la: moi phin tr cia tip A cling 1a phan tir cia B va nguoc lai,
mo1 phan tir cha B ciling 14 phan tir cua tap hgp A. Ky hi¢u A = B.

Thidu:ChoA=1{x,v, 1,2}
B=1{1,2,v,x}.Khid6 A=B

1.2.9. Biéu dién hinh hoc - Bi¢u dé Ven

D¢ biéu dién quan hé giifa cdc tap hop, ngudi ta ding cich biéu dién hinh hoc, goi la
biéu d6 Ven: Ta coi méi tap hop 12 1ap hop trong mot vong phang, mdi diém trong vong
la moét phan tu cua tap hop.

Thidu:

aecA AcCB



1.3. CAC PHEP TOAN TREN TAP HOP
1.3.1. Phép hop

Binh nghia: Hop cta 2 tap hop A va B 1a mot tap hop, gom tat ca cdc phan tir thugc A
hoic thugc B. Ky hiéu A w B.

x € AU B x € Ahoac x € B. Biéu dién bang biéu dé Ven:

AuB
1.3.2. Phép giao
Pinh nghia: Giao cha 2 tap hgp A va B la mot tip hop; gém cdc phan & viva thuoe A,
vira thude B. Ky hi¢u A n B.

x € AN B< x € A vdx € B. Biéu dién bang bi€u dé Ven:

AnB
1.3.3. Tinh chat
Cac tinh chét sau dugc suy ra ti dinh nghia:
AuB=BuUA
AnB=BnA
AUA=A
AMNA=A
(AvBulC=AuBu(O
ANBNC=AnB"NQO
AUuBNO=(AuBnAu)
ANBUO=(ANBVU{AnQC.
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1.3.4. Hi¢u cua 2 tap hop

Dink nghia: Higu clia 2 tap hop A va B 1a mét tap hop, bao gém tit ¢ cac phén t
thu¢c A ma khong thude B. Ky hiéu A - B hoic A\B.

X € A-B& x e Avax ¢ B. Biéu dién bang biéu dé Ven:

A B
A\B

1.3.5. Phan bii (con goi la tap bo sung)

Binh nghia: Goi bo sung cla B trong A, (B < A), ky hiéu C,B 1a tap hop dugc dinh
nghia bai:

CB=1{x| xeAvaxgB)

7

%o

Bi¢u dién bang biéu dé Ven:

N

A
1.3.6. Tich Pécac

Cho 2 thp A va B khdc &J; véi mbéi a € A vamdi b € B, ta lap duoc cip (a, b) goi la
mot cap sap tha tu (vi€t phdn tira € A frude va b € B sau).

Tich Deécdc cha A va B, ky hiéu A x B; dugc dinh nghia béi:
AxB={(a,b)| a €A be B

1.4. ANH XA
1.4.1. Cho 2 tap E va F va mét quy luat f lién hé cdc phan 1 cha B véi mot s3 phin thr
cta F.

Néu quy luat f ¢6 dac diém sao cho né tao tr mdi phén tlr cha E mot v chi mot phin
tr xdc dinh cha F thi ta néi f Ia moét dnh xa tir E (61 F.



Vay ta c6 dinh nghia danh xa:

Dinit nghia: Anh xa tir tap E 61 @ap F 1a mot quy luat f licn hé gifta E vi F sao cho khi
o tac dong viio mot phan tr x bat ky clia E $€ tao ra mot va chi mot phan ti y cta F.

E F

Dé dién ta f 1a mot dnh xa tir tap E 161 tap F, ta viét:

f: E — I hay E ——-£-? F
X = y=1x) X /> y=1(x)

E: Tap nguén; F: Tap dich; y goi 4 anh cda x va x goi 14 nghich 4nh cia y.

Clui ¥: M6i phan fir cia tap E ¢6 mot vi chi mot anh, nhung véi méi y € F chua chac
da ¢6 nghich anh,

Thidu:

1)ChoE=F=1IR

x € IR lién hé vdi y € R bsi quan hé y = X" 1a mot dnh xa.
2)Cho E = {x ‘ xelR; -1 £x<1}
F=1IR

x € E lién hé véi y € R boi quy ludt y = cung ¢6 sin la x khong phai la mot dnh xu, vi:

véi mdi x € E. two ra vo 53 y € IR xdc dinh bai y = cung ¢6 sin 1a x. Ching han. véi

1 . i . Sm e e ]
=z e [E thi cac cung . + 2km va vg+2kn,keNdéucosmla 5

Pl £

1.4.2. Bon anh
Xétanhxaf:E—>F

Anh xa f goi 1a don dnh néu phuong trinh f(x) = y ¢6 nhiéu nhit | nghién x € E vai

vy e F. (hoac: f(x,) = f(X;) = X, = X5}
Fiidu: Xétanhxat: E—->F (E=F=IR)
X—>y=x

12 mot don dnh, vi phuong trinh x* = y ¢6 nghi¢m duy nhit x = \K e R.
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1.4.3. Tean anh

Anh xa f goi 13 toin dnh néu f(E) = F; diéu dé ciing ¢6 nghia 1a: 4nh xa f dugc gol la
toan dnh néu phuong trinh f(x) = y ¢6 it nhit mot nghiém x € E v6i Vy € F.

Thiduyi: Anhxaf:R >R

X — y = X" luon ludn c¢é nghiém véi Vy € R. Vay dnh xa nay la
mot toan anh.,

Thidu 2 Xétdnhxaf: R —>R
Xo>y=x’

Phuong trinh x* = y chi ¢6 nghi¢ém khi y 2 0. Vay dnh xa nay khéng phai la toan dnh.
1.4.4. Song anh
Anh xa f goi [ song dnh néu f vira 1 don dnh, vira [ toan dnh. Didu d6 cling ¢ nghia
li: néu phuong trinh f(x) = y ¢6 nghiém duy nhat x € E voi Vy € F.
Thidu: Anhxaf: R-oR
X — y = x" 12 mot song énh.
Anhxaf: R-SR
X — vy = X’ khong phai la mot song dnh.
1.4.5. Anh xa ngugc ciia mét song dnh; tuong ing 1-1
Xét2tap E, F 2 & va fla mot song anh tu E 161 F.
Khi do:

f—l

Ung véi méi y € F c6 mot va chi mot x € E dé y = f(x) (c6 mot vi f 1a toan dnh ti E
ién F va chi ¢6 mot vi £1a don dnh tir E 161 F).

Vay: Song anh f : E — F tao ra mot dnh xa th F 161 E. Anh xa nay goi la dnh xa ngugc
clia anh xa f va ky hieu ' ; ' : F — E véi dic diém:

-ndufx)=ythit'(y)=x (xeEiyeF)

-néu f'(y)=xthifx)=y (yeF:x e E).



RS rang ' ciing 1a mot song anh.

Dong thai v6i song dnh f : E — F ta ¢6 mot twong img 1 - 1 hai chiéu giita E vi F;
chiéu tlr E & F thuc hién béi dnh xa f; con chiéu tir F t6i E thuc hién bdi 4nh xa f'.

1.4.6. Hyp (tich) ciia 2 4nh xa

Cho3taphopE.F,Gval2dnhxa:f:ES5F,g: F>G.

Nhu vay véi moi x € Etao rabdi f mot vachimoty € F: f(x) =y va véimbiy € F
tao ra bai g mot va chi mot z € G: g(y) =1z. Do dé, v6i mébi x € E tao ra (qua trung gian
y) moét va chi mét z € G xdc dinh béi g [f(x)] = z.

Viy c6 moét d4nh xa tir E t6i G xdc dinh nhw sau:
xe€ E-»z=1g[f(x)] € G
Dinh nghia: Anh xa nay goi la hop cﬁa T va g (hay tich cha f va g) kv hiéu gof:
gof : E — G xdc dinh nhu sau:

X € E— (gof)(x) = glf(x)] € G

E F

Thidu: ChoE=F=G=R
xeRo>y=fx)=x>eR
yeR—>z=g(y)=y-5€IR
thi 4nh xa hop gof : R — R xdc dinh nhu sau:
X € R - (gof) (x) = g{f(x)] =x*- 5, e R.

Cini y: Hop cla 2 song dnh ta 1 song 4nh: hop cfia 2 don 4nh 13 I don dnh; hop cha 2
toan anh la 1 tean dnh.

L.5. SO PHUC
L.5.1. Pinh nghia s¢ phiic - dang chinh tic ciia sé phire
a) M déu

Ta da biét rang, tap hop céc s6 thyc IR 13 rat phong phd, tuy nhién néu chi biét cic s6
thue thi mot phuong trinh quen thude nhu x* + 1 = 0 hay x” = -1 sé khong ¢6 nghiém
(thuc) vi khong <6 s6 thuc nao binh phuong 1én lai bing -1.

12



Vin dé dat ra i phai xay dung thém s6 mdi. loai s6 méi nay goi 1a 56 phic. Tat nhién
cic s6 phitc phai phong phii hon cdc s6 thuc dé phuong trinh x’+ 1 = 0 ¢6 nghiém; dong
thii ¢é thé xem s6 thue 1& trudng hgp riéng cua s phiic.

b) Don vi do - s6 do
Trudc hét, ta dua vio s6 i sao cho i’ =-1, nghiala i = +—1 va goi nd la don vi do.
Véi don vi 4o i, phuong trinh x* = -1 ¢6 2 nghiém la i va - i.

Moi s6 ¢ dang ib véi b la s6 thuc, s6 ¢6 binh phuong: (ib)* =1* . b? = - b’ 1a mot s6
am. ngudi ta goi la cdc $¢ ao thuan tuy.

¢) 8¢ phite

S6 z ¢6 dang z = a + ib trong d§ a, b 1a cdc s6 thue, dugc goi la mdt s6 phiic.

a: gol |4 phan thyc cna s6 phifc, ky hiéu Re(z) va viét a = Re(z).

b: goi 1a phan Ao cha s& phic, ky hi¢u Im(z) va vi¢t b = Im(z).

-Khi b =0.z=ala mét s6 thuc. Vay s6 thuc 1a mot trudng hop riéng cta s6 phie.

-Khia =0, z=ib1d mot s6 4o thuan tuy.

d) S& phite khong: D61aséphticz=0+1.0=0vavigtlaz=0.

) 86 phitc bang nhau

Hai s6 phic z = a + ib va 2 = a' + ib’ goi 1a biing nhau néu a = a' va b = b’ va nguoc lal.

F1 8¢ phare lién hop

Chosophitcz=a+1b

SG phitc z = 4 - ib goi 1 & phiic lién hop cia s6 phic z.

Thidu:z=2-3ithi 2 =2+3i

Quy wde: Tap tat ca cic s6 phitc ky hiéu C.

¢) Pang chinh tdc ciia s6 phitc

SG phiic z = a + ib goi 14 dang chinh tic cua s6 phuc.

Iy Cac phép tinh vé ¢ phite

e Phép cong s0 phitc.

Téng cla 2 $6 phitc z, = a, + b VA 7, = a, + b,i 1 mot 56 phic c6 phan thue 1a 16ng
cla cdc phan thuc, phin ao bang téng céc phin 4o cia ching.

Z, + 7, =(a, + b)) + (a, + byl)

={a, +a,)+ (b + by



Cac tinh chat cua phép cong:

(2, +2,)+2,=2 +(2,+2;) (tinh két hop)

i) z, + z, =7, + 2, (tinh giao hoan)
n)z+0 =0+z=1z {0 1a s6 phtic z = Q)
V) 2+ (-2) =0 (-z 1a s6 phitc doi cta s6 phirc z)

Ticli:nfuz=a+1ibthi-z=(-a)+ (-b)i=-a-bi

Taddtacd: z,-z,=(a, -a,) + (b, - by)i.

Thi du: z,=2+73i
z,=1-51
thi Z,+2,=3-21,2,-72,=1 +8i

« Phép nhén so phike.

Tich clia 2 53 phitc 7z, = a, + ib, va z, = a, + ib, 13 56 phic ¢6 duge bang cich nhan
ching nhu nhan 2 nhi thic v6i nhau véi chil § ring i° = -1.

z,.2,=(a, +ib)) (a, + ib,) = (a4, - b;b,) + 1{a,b, + a,b))

Cic tinh chat clia phép nhan:

1)(z.2,)2, = 2,.42,.2;) (tinh két hop)
u)z, .z, =17,.% (tinh giao hoan)
myz. l=1.z=z (1 - 1a s& phitc don vi)

ivinduzz#0thidz'déz' .z=2.72'=1
S6 phic z' goi 14 s6 phitc nghich dio cla $6 phtic z; tifc ta néu z = a + ib thi:
3 1 a—ib a-—ib

a+ib (atib)a—ib) a’+b’

n

= Z2.2...2
\—V—_/
K

Téng quat, tacd: 2

Tir tinh chat iv) ta suy ra phép chia 2 56 phitc:

Z,
—=z,2z, vOiz,#0
Z:

Thi due: Z,= 2+ 3i
z,=1-21

thi 2, ,=Q2+3){1-23=2+6)+i(3-4)=8-i
E—‘—=—1+zi
4,
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Chiiv: DTacédi=-l:i'=-ini =1 ...
2)Véiz=a+bithi:z+ z =2 a =2Re(z)

z.z=a"+b’

1.5.2. Dang lugng gidc cua so phirc

a) Mdt phang phiic

Xét mat phing vdi 2 truc toa dé vuéng géc Ox vi § Yy
Oy. Xét 56 phitc z=a + ib. Ta bi€u dién a trén Ox va b
trén Oy va got Ox ki truc thuc; Oy la truc do. Khi do
M(a, b) goi 1a anh cta s6 phiic z va z [a toa vi clia M.

b) Dung legng gidc ciia sé phitc 2 = a + b
Goi M i anh cta z. Néu z # 0 thi M = géc O. Khi

doé véctg OM 1a 1 vécto hoan toan duge xidc dinh.

|
0 a

Ngudi ta goi p = OM la modun ciia z va goi © bing géc (Ox , OM ) 1a argumen cui z.
Modun ctia z 1a mot dai lugng duong: ky hitu 1a (21, tacé p=1z1= OM. Géc 6 1 mot
g0c ¢6 hudng. duge xédc dinh sai khdc 2km: k € Z, ky higu Arg(z).

Néu 9, 1a mot trong nhimg goc xdc dinh gida OXx va OM thi:

0 =Arg(z)=90,+ 2kn

Taco: 4y
a=p.cosl
b=p.sint
, br---M
Vay s0 phirc z = a + 1b con ¢o dang: |
| X
z = p.cost) + 1 psin® hay z = p(cos0 + isin®)  (2) 5 ' -
a

Dang (2) gol la dang lugng gidc cua s6 phiec.

Chit . Dac bi¢tnéu z =0 thidiem M =0, khi d6 121 =0 con Arg(z) tuy v,
¢) Lidn hé gilta cde thanh phdan cita 2 dang

Dua vao hinh v& ta ¢é: néu biét s6 phdc z=a + ib titc 1A biét a va b thi

b

p=+a +b’itpl=—
a

- - bl b 4 ! o - -
Clut thich. Tu phuong trinh tg0 = — ta suy ra géc 6 & trong khoang [0, 2n]. Can cd
a
vio ddu cua a va b ta biét dugce 1a gée 0 phii nam trong gée phin ti tht may vi do dé, ta
chon duge 8 thich hop.



Quy tic chon 6 la: chon © trong s6 2 nghiém & trong khoang (0, 27) clla phuong trinh

120 = b sa0 cho sinB cling dauw véi b.
a

Ngugc lai, khi biét z = p (cos8 + isin0); tidc 1a bict p va 6 thi ta tinh dugc a vA b.

Thidu /. Choz=1+ J3ithia= I; b= V3 nen:

p= VI3 =2

1gh = ﬁ:ﬁ

1

-

Phuong trinh luong gidc nay cé 2 nghiém & trong doan [0, 27 13

4
Ya —.
3

T
3

7 3 L
Ta ¢é: sin - = B3 >0 cung ddu vdi b = V3 nénta chon 8 = g

Viyz=1+ ﬁi=2(c05% +isin-§)

Thidi2:Choz=3 (cos 7—‘;-+ isinE)

V22 32

32:3(7+71)= ~—2—(1+i)
d) Nhan so phive ¢ dang hiong gide
Cho z = p(cos0 + isinB); z' = p' (cosO' + isind")
Tacoiz.2 =p.p'l(cosO cosd' - sind sind') + i (cosB sind' + sind cosd').
=p.p [cos{0+ 8" +1sin (B + ")

Vay tich cua 2 6 phitc trong dang lwong gidc 1a s6 phitc ¢6 modun bang tich céc
modun; con argemen bang téng cdc argumen.

Thidu: z=2(cos L sinE)
3 3
7 =3 (cos = +isin T
6 6
52 =230 (3 Owisin(S+ D)

e) Chia 2 86 phitc 0 dang tione oide
P (ng iong g
z=plcosO +isin8); z' = p'. (cosO + 1 51n9")

16



Khidé == [cos (8-0)+isin(0-6]
Z p

) Ly thiva 6 plite & dang heong gide
Cho z = p(cosB + isin0). Tacé: z . z = p* [cos(B + 8) + i sin(0 + 0)]
= p? (cos20 + i sin26)
Tuong tu: z'=2".z=p" (cos 30 + i sin 36)
Téng quat: 2" = p" (cos n.0 + i sin n.0)
[l Cong thire Moaveoreo
Truong hop khi p = 1; khi d6 (cos 6 + i sin 6)" = cos n6 + i sin nd
n nguyén duong,. (goi 1a cong thiic Moivre).
Thi du: Tinh cos 20 va sin 20 theo cos 6 va sin 6
Khin=2 = (cos 8 +isin 0)’ = cos 20 + i sin 20
Thuc hi¢n phép binh phuong vé trii; ta dugce két qua:
cos’0 - 5in’@ + 2 i sind cosb
Khi dé cos™0 - sin"0 + 2 i sin6 . cos0 = cos 28 + i sin 20. Vay:
. {cos 20=cos’ 0 —sin’ O
sin20=2smBcosH
It} Khai can s6 phite & dang livong gidc
Cho z = p(cosB + i sin0). Hiy tim can bic n clia z?
Gidgi: Gia sir & = r (cosa + i sin o) 13 1 ciin bac n cla z.
Khi d6 £" =z < (r (cosa + 1 sin))” = p(cosO +  sin0)
Ap dung cong thitc Moavoro vao vé trai ta cé:
r' . (cos na + i sin no) = p (cosO + 1 sind)
Lfoe

-
no =90+ 2kn 0L=9+2kTc
n

Moi gia tr clia k cho mt gid tri cha o, dé tuong minh, ta viét:

B+ 2kn
n

Oy,
Ung véi mdt k, tifc 1a méi o ta ¢d mot cin bac n clia z;

17



E, =1 (cos oy +1sin o)

6+2kr .. B+ 2knm
+1sin
n

hay: E, = %(cos ) v6ik=0,1,2,..;n-1.

Thirt vay, véik =0, tacé: &, = u‘/a(cosE +isin 9)
n n

.. B4 2n
+isin

vc’yik=l;<§l:{/5(cose+2n )

+2nw . . O+2nm
+1sin

Y . 0
viik=n tacd: §, = %/E(cos

)

n

Mot cich ong tu, tacé &, = £: £, = &5 ... tlic 1a: chi cd n can bac n khic nhau cla

zla: &, ..., &, .
Thi du: Tinh can bac 3 clia 1: 41 =2
Gidi: Vi1 =cos0 + i sin0

O+2nn . . O+2nm
+1isin

nén cac cin bac 3 cta 1 la: &, = cos

voik=0,1,2,..
bé ta: Ey=cosO+isin0=1 k=0
E = cos-—+ism2—n=~l+§i s k=
4
&, = cos—+1isi —nz—l——iﬁi ck=2
22

Tuong tr, tinh ¥—1 ; ta duge ket qua:

n+2knr .. w+2kn
+1isin

&, = cos

Ey= cos—+isin—=—+1—
2
. n+2T . T+27m
£, = cos +1sin =-1
n+4dn n+dn 1 3
& = cos =——j—

18



1.5.3. Ap dung so phitc dé giai phuong trinh bac 2 ¢6 biét s6 am

Nhan xét: Moi s6 phiic (s& thuc 1a trudng hop riéng cua s6 phiic ¢é phin 4o bang 0)
¢6 thé dua duge vé dang lugng gidc; do d6 ta c6 thé khai can bac 2. Vay khi gap mot
phuang #rinh-bic: 2 ¢6 biét s6 am; biét s& dé van khai cin bac 2 dugc, nén noé c6 nghiém
nhung nghiém 1a s6 phirc.

N6i chung, d6i vdi phuong trinh bac 2: ax® + bx + ¢ =0; a# 0 ¢6 biét s6 A = b’ - dac < 0
thi né ¢6 2 nghiém:

_~b+iv-A s —b-iv-A
' 2a e 2a

D6 1a'2 s8 phiic lién hop véi nhau.

Thi du: Giai phuong trinh: x> +x + 1 =0

Phuong trinh ¢6 biét s6: A = - 3 < 0. Ta viét A = - 3 = 3{.
Vay phuong trinh da cho ¢6 2 nghiém la:

_-1+i3 = ~1-iv3

2 2

Xy
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CAU HOI ON TAP
1. Pinh nghia dnh xa. Cho vi du.
2. Dinh nghia don anh, toan dnh, song dnh. Cho vi du.
3. Anh xa ngugc cia song anh. Tuong tng 1-1.
4. Tich cua 2 dnh xa.

5. Don vi 4o 1a gi?7 S6 phuc 1a gi? Phin thyc va phdn 4o cta 56 phitc? Dang chinh tac
cua s6 phic?

6. Cac phép toan cong, trir, nhdn, chia hai s8 phiic?

7. Dang lugng giac clha s6 phic? Cho biét su lién hé gitta cdc thanh phdn cda dang
lugng gidc va dang chinh tac clia cliing mot so phiic.

8. Nhan va chia s6 phitc & dang lugng gidc?

9. Viét cong thirc [uy thira clia $6 phtic & dang lugng gidc.

10. Viét cong thic Moivre,

Ap dung tinh sin 26; cos 26; sin 38; cos 36 theo sind vi coso.

11. Viét cong thic tinh can bac n (n nguyén duong) cita mot s6 phuc.

12. Viét cong thixe tinh nghiém ciia phuong trinh bic 2 ¢6 biét $6 am.
BAI TAP

1.1. Cdc anh xa f : A — B sau la don dnh, toan anh, song dnh? Xdc dinh dnh xa nguogc
neu co.

IDA=R;B=R:;f(x)=x+7.

DA=R;B=R;f(x)=x"+2x-3.

NA=R:B=(0;+0); f(x)=¢"""

2X
1+x>

HA=R;B=R;{(x)=

1.2.Chot:E->F.g:F->G

Chitng minh ring;:

1) NEu f va g 1a toan anh thi gof 1 toan anh.
2) N¢u { va g 1a don dnh thi gof 14 don anh.
3) Néu [ va g 1a song dnh thi gof 13 song dnh.
1.3. Tinh:

(3 +50).(4-1)



I-i
4+ 51
3 (1 +21)°

2)

1.4. Dua 1 + i vé dang lugng gidc va tinth (1 + i)®

1.5.

1) Tinh +i

2) V-5-12i

3 Vi

4y /-1

1.6. Tinh cac ham s6 lugng gidc sau theo sinx va cosx.
sin 4x ; cos 4x

1.7. Giai cac phuong trinh bac 2 sau:

Dx*-x+1=0

2)x’+4=0
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Chuong 2
MA TRAN - PINH THUC -
HE PHUONG TRINH TUYEN TINH

2.1. MA TRAN, CAC KHAI NIEM VE MA TRAN
2.1.1. Khai niém ma tran

Khi ta ¢6 m x n 6 ta ¢6 thé xép thanh mét bang chif nhit chita m hang n cot. Mot
bang s6 nhu thé goi 1a moét ma tran.

BDinh nghia: Mot bang s6 chit nhat ¢6 m hang n cot

a5 45 din
A= dyp Ay Aop
aml am2 amn

got la mdt ma trdn c&m x n.
a,; la phdn 1t cha ma tran A ndm & giao clia hang i cot j. DE ky hiéu ma tran ngudi ta
dung hai ddu ngodc vuong nhu & trén hay hai dau ngodac tron.
Dé ndi A 1 ma tran ¢d m x n ¢6 phdn tlf ndm o hang i cot j la a; 1a viet:
A= [aij]mxn

Khi m = n, bang s& thanh vuong, ta ¢6 ma tran vudng véi n hang n cot, ta goi né la ma

trdn cdp n.
4 4y A,
dy) Ay 45
anl anZ ann

Céc phdn tir a,,, a,,, ..., a,, g0i la cdc phan tlr chéo. Pudng thang xuyén qua cdc phin
tu chéo goi 1a dudng chéo chinh.

Ma trin A cip n:

4y Ay Ay dyp dppee Ay,

0 a,...a . a a
22 20 | con vidt 22 2n

0 0 ag, ag,
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trong dé a; = 0 néu i> ), goi la ma tran tam gidc trén.

Ma tran cép n:

a,;, O 0 a
Ay Ay .. O | . [ay ap
a tn cOn viét
dpg dpp--- 8y app Bgn . Ay
trong dé a; = 0 néu i < j, goi 12 ma tran tam gidc dudi.
Ma trdn cap n:
a, 0 ..0 a,
0 ap .0 — a,,
con viet
0 0.. a, a.,

trong d6 a; = O néu i # j goi 1a ma tran chéo.

Thi du: Bang s6
1 2 3
A=
L5

la mot ma tran ¢& 2 x 3 véi cac phan ti: a,, =1, a,,=2, a; =3
a, =4, a,,=95, a,,=6

Bang so

B=

W b -

lamatrancd 3 x | véicdc phanti: b, =1, b,,=2, b, =3
Bangsé C=[4 5 6] lamatrancd 1 x 3 v6i cdc phan tr:
=4 ¢p=5,¢,;=6

Chit y: Sau day chi x€t chli yéu cdc ma tran thyc, titc 1a cac ma tran véi a; € R.
2.1.2. Ma tran khong

Pinh nghia: Ma tran khong 12 ma tran ma t4t ca céc phén tr déu bang khong.
Ma tran khong ki hiéu la 0.

0000

{0 000 }

la ma tran khong ¢& 2 x 4.



2.1.3. Ma tran bing nhau

Dinh nghia: Hal ma tran A va B goi 1a bing nhau néu chiing cé ciing ¢& va céc phan
tr cling vi tri bang nhau, tifc la:

DA={a},,,B=[b],..

2) a; = b, véi moi i v moi j.

Khi A bing B ta viét A = B.

Thi du:

1 2 a

Che: {3 - 4} ) L ]cj

conghialda=1,b=2,c=3,d=-4.

2.1.4. Cong ma tran
1) Dink nghia: Cho hai ma tran cling ¢ m x n:
A= (a0, B=[byluxa
Tong A + B 1a ma tran c¢& m x n xédc dinh bdi:
A+B=[a;+bl.,.

Nhu viy mudn cong hai ma tran cling ¢& ta cong cdc phan tr ciing vi tri.

Thi du:
2 3 35 7 2+5 3+7 7 10
LJ 4}+{2 —3}={—1+2 4—3}:{1 1 }

2) Tinh chdr: D€ thay rang:

A+B=B+A

A+0=0+A=A
Néugoi -A=[-a],,, thitacs:

A+FA)=CA+A=0
Néucé thém ma tran Cvsi C = I¢i]axa

thi (A+B)+C=A+(B+ Q)

Chit y: Goi 9%, , , 1 tip cdc ma tran ¢d m x n. Khi dd (9N, , ., +) 1a mot nhém giao hodn.

2.1.5. Nhan ma tran vdi mot so

[) Dinh nghia: Cho
A = [aij]mxn" k € R
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thi tich kA 12 ma tran ¢ m x n xdc dinh boi kA = [k a;§, o

Nhu vay, muén nhan mot ma tran v6i mot s6 ta nhan tat cd cdc phin tir cia ma trén

vai s0 do.
(3 4] (23 24 6 8
7 2| |27 2(-2)| |14 -4

Thi du:
2) Tinh chdt: Dé thdy rang:
k(A+B) =kA+kB
(k+h)A =kA+hA
k(hA) =(khA
1A =A
0.A =0

2.1.6. Phép nhan ma tran véi ma tran
BDinh nghia: Xét hai ma tran

A= [aij]mxp , B=[by]

IJ PKI’I
trong d6 s6 cot clia ma tran A bang s6 hang cua ma tran B. Ngudi ta goi tich AB 1a ma
tran C = [¢;],,,, €6 m hang n ¢t ma phén tir ¢; duge tinh bai cong thic:

p
c; = ayby +aphy + . +agb, = D a.by (2-1)

k=l

Cich tinh ¢ ¢6 thé hinh dung bang so do:

b

n

v ¢6 thé ni tit: "c; bang hang 1 clia ma trn A nhan v6i cot j clia ma tran B".

Thi du:
30 4 = 31 341 P oIY
2. b2l 24, 28
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3
[1 4], H = [1.3+42] = (111,
2xi

12 -
123 s | L [T1#23431 12422434
4 1 2], S l41413+2.01  42+41.2+24],
X 1 4“)(2 L *2
_ 1o 13}
L9 18],

Clui y: 1) Mudn nhan AB (A bén trdi, B bén phai) phai cé diéu kién: s8 cot cua A
bang s¢ hang cua B. Muoén nhan BA (B bén trdi, A bén phai) phai cé diéu kién: s6 c6t cia
B bang s& hang cia A. Do d6 khi nhan AB dugc thi chua chic d3 nhan BA dugc. Trudng
hop dac biet khi A va B1a hai ma tran vuéng cling cdp thi nhan AB va BA déu dugc.

2) Khi nhan AB va BA dugc, chua chic da c6 AB = BA.

Thi du: Cho
-1 0 1 2
A= , B=
23 30

-1 -2 36
AB= BA =
[11 4] {—3 0]

3)Coénhimg matrgn A 20, B0 ma AB=0.

Thi du: Cho:
i 2] 2 -6
A= #0; B= #0-
2 4 -1 3

. 0 0]
Khi do AB:|:

thi

Ta thiay: AB = BA.

2.1.7. Mot so tinh chat

Dinh ly:
AB+C)=AB+ AC
(B+COA=BA+CA
A(BC)=(AB)C
k(BC) = (kB)C = B(kC)
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2.1.8. Ma tran chuyén vi

Dinh nghia: Xét ma tran A = (&) D6i hiang thanh cot, cot thanh hang ta dugc ma
tran m&i goi 1a ma tran chuyén vi cia A, ky hiéu la A',

Vay co A'= ]

Ta thay rang néu A c6 m hang n c6t thi A’ ¢6 n hang m cét.

Thi du:
—4 1
.. 14 32
A=| 3 O0lthiA'=
1 0 7
2 7

2.1.9. Chuyén vi cia tich hai ma tran

Gia sit A={a)n,s B=Ib,..

Khi d6 nhan AB duoc vi AB c6 ¢& m x n. Qua phép chuyén vi ta cé:
A'=[a;),m. B'=[bihy,

Ta thay ring s6 cot clia B' bang s& hang cua A'. Vay nhan B'A’ dugc va tich d6 ¢6 ¢&
n = 1m.

Dinh ly:
(AB) = B'A'
Thi du:
-1 2 2 -1
A= , B=
1 4 301
Ta c6:

Vay trong thi du ndy, ta thdy: (AB)' = B'A'
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2.2. PINH THUC

2.2.1. Pinh thitc cua ma tran vuong

Xét ma tran cdp n:

Lan] anz “'anj "‘anrl

Ta chi ¥ dén phén tir a;, bo di hang i va cot j ta thu duge ma trén chi con (n - 1) hang
(n - 1) cot, tic 1a ma tran cap n - 1. Ta ki hiéu né 1a M;; va goi né la ma trdn con Ung
phén tir a;.

Ching han, véi:

aﬂ] a32 333
ta co:

P 323W Ay, Ay 8, a5
M, = M, = Mz =

|3y Ay 1 dy @y | a3 8y

d a a a a d

12 13 11 13 11 12

M, = » My, = ,Mm:[ :l

|4y, 83, (83 a4 dyy 8y,

11 2
M, = » My, = » M33 =
| d,, 3y Ay Ay | dy dy

Dinh nghia: Dinh thic cia ma tran A, ki higu 1a det (A), duge dinh nghia dan déan
nhur sau:

- Dinh thikc cip 1: cho A 1a ma tran cdp 1:
A = [a,,] thi det(A) = a,,
- Dinh thic ¢dp 2: cho A la ma tran cép hai:

A= a;, @y,
Ay Ay
thi det(A) = a,, det (M) - a,, det (M ;) = a,,a,, - 2,2,
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(Chd y rang a,, va a,, la cdc phén t& ndm clng & hang | clia ma tran A), ..., v mot
cdch tong qudt: A 1a ma tran cdp n thi:

det(A) = a, det(M,,) - a,det(M,,) + .. + (-1)"a,, det(M,,)
= (-1)"" a, det(M,,) + (-1)'a det(M,,) + .. + (-1)"""a, detM, ) (2-2)
(Chi ¥ rang a,,, a,,, ..., 4,, 1a cdc phan tir ciing ndim & hang 1 clia ma tran A).
D¢ ki hieu dinh thitc, ngudi ta ding hai gach diing dat & hai bén:
4, 4,

Thidu:

dayp Ay

jall a}l 3‘33

Dinh thirc ciia ma trdn ¢ép n goi [a dinh thic ¢ap n.

Thi du:
1 2
=}14-23=-2
3 4‘
12 3
5 6 _|-4 6 _|-4 5]
-4 5 6|=1 -2 +3 =
_ -8 9 7 9 7 =&
7 -8 9 ‘

= 1(45 + 48) - 2(-36 - 42) + 3(32 - 35) = 240

2.2.2. Tinh chit cua dinh thic
Tinh chdt 1. det(A") = det(A).

Hiong clitng minh: True hét ngudi ta ching minh mét cong thitc phu:

det(A) = a, det(M,) - a,,det(M,,) + ... + (-1)™ o, detM,) ~ (2-3)
Thidu:
1 2 1 3
| =14-23=2: —14-32=-2
3 4 2 4

Hé qua: Mot tinh chat dd ding khi phdt biéu vé hang ciia dinh thic thi né vin con
ding khi trong phat bieu ta thay hang bing cot.

Tinh chdt 2. Doi chd hai hang (hay hai cot) ca mot dinh thie ta duge mot dinh thic
mdi bang dinh thic cii déi dau.

Thidu: Tach:




Do ché hai hang ta duge:
3 4
=32-41=2=-(-2)
1 2
Tinh chdt 3. Mot dinh thic ¢6 hai hang (hay hai ¢6t) nhur nhau thi bang khong.
Chimg mini: Goi dinh thitc ¢6 hai hang nhu nhau 1a A. P6i ché hai hang d6 ta duge
A=-A
Vay ¢6 24 =0, do d6 A = 0.
Tinh chdt 4. Dya vio dinh nghia (phin 2.2.1) va 4p dung tinh chat 2 ta suy ra:
det(A) = (-1)"' [a,det(M,,) - a,det(M,,) + ... + a_det(M. )] (2-4)
Chu y rang cic phan tir a,, a,,, ..., a, déu niim & hang i cta dinh thic, nén cong thiic
(2-4) 6 the goi la khai trién ciia dinh thitc theo hang i.

Dua vae cong thitc (2-3) va tinh chét 2, ta suy ra:
det(A) = (-1)""[a,det(M,)) - a,det(M,) + ... + a,det(M,)] (2-5)

Chu ¢ rang cdc phén tir a,;, a,, ..., a,; déu ndm & ¢t j cba dinh thikc, nén cong thiic
(2-5) c6 the goi 1a khai trién cita dink thitc theo cét |.

Thi du: Xét dinh thiic:

1 3
A=l-4 5 6
| 7 -8 9

O thi du trén ta dya vao dinh nghia va da tim dugc A = 240.

Béy gi® dp dung khai trién dinh thiic theo hang 3; dp dung (2-4) ta cé: -

S
7 9 7 9

=-2(-36-42)y + 5(9-21) + 8(6 + 12) = 240
Tinh chat 5. Mot dinh thic ¢6 mot hang (hay mot cot) toan 1 s& khong thi bing khong.

1 3 12
-4 6| |-4 s

=T7(12-15) + 8(6 + 12) + 9(5 + 8) = 240
Ap dung khat trién dinh thic theo cot 2; nhd (2-5) ta ciing c6:

A=(-1)" ?2 3—(—8)
oY 5 6

&

I3

AP

A—(l)'”{2|“4 6‘ 13

D6 13 hé qua ciia cédc cong thitc (2-4) va (2-5).
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Tinh chdt 6. Khi nhan cdc phan tir cha mot hang (hay mét ¢ot) véi cing mot s6 k thi
dugc mot dinh thite mdéi biang dinh thifc ¢ii nhan véi k.

D6 14 hé qua cha cac cong thic (2-4) va (2-5).

H¢é qud. Tu tinh chat 6 ta suy ra nhan xét sau: Khi cdc phan tir cla mo6t hang (hay mot
c61) ¢6 mot thita s6 chung, ta cé thé dua thita s chung dé ra ngoai dau dinh thiec.
‘ 2 3‘ 1203 2 03

Thidu:
4 8 4.1 4.2 1 2

‘:4(4-3):4

Tinh chdt 7. Mot dinh thiic ¢6 hai hang (hay hai c6t) ty 1¢ thi bang khong.

That vay, dua hé s6 ty 1é ra ngoai ddu dinh thitc thi duge mét dinh thic ¢6 hai hang
(hay hai c6t) nhu nhau nén né bing khong.

Tinh chdt 8. Khi tat ca cic phén tlir cha mét hang (hay mot cot) ¢ dang tong clia hai
s6 hang thi dinh thiic c¢é thé phan tich thanh téng clia hai dinh thic, ching han nhu:

. " [} L} 4 I " "
ap +ap, p A _ (A& Ap a4, ap
!

ay ay 4;; Ay ayy a3
14 " I s L

4 A Tap a;; ap N dyp  dp

i Ans + B a a’ '

4y Ay Tapy 21 22 a; am

Tinh chdt 9. Néu mot dinh thic ¢6 mot hing (hay mot cot) 1a 16 hop tuyén tinh cla
cac hang khdc (hay cla cdc cot khdc) thi dugc mot dinh thitc méi bang dinh thic cii.

D6 1a hé qua cia tinh chat 8 va 7.

Tinh chdt 10. Khi ta cong boi k clla mot hang vao mot hang khdc (hay béi k cua mot
cot vao mot ¢ot khic) thi duge mot dinh thiie méi bang dinh thic ca.

Thidu:

2 1 3 2 1 3 2 1 3
4 5 Ti=l4+(-2)2 5+l T+(2)34={0 3 1
6 1 5 6 1 5 6 1 5

Chit y: Lam nhur trong thi du trén ta dugc mot dinh thiic méi bang dinh thitc ci, nhung
la1 ¢6 phan tir 6 hang 2 ¢6t 1 bang khong.

Ta cling ¢6 thé 1am nhur the v&i hang thit ba dé bién phén tir & hang 3 cot 1 thanh s& khong:

2 1 3 2 | 3 2 1 3
0 3 1|= 0 3 1 =10 3 1
6 1 5] [6+(=3)2 1+ 5+(-33 |0 -2 -4

Ta thay dinh thitc s&€ don gian di.
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Tinh chdt 11 (V€ cac dinh thitc ¢6 dang tam gidc). Cic dinh thdc cua ma tran tam
gidc bang tich cdc phan tir chéo:

4 4y, 4y, a, O 0
0 ayy 41, . |82 A, .. L
=l Ay LAy =48y .. a4,
0 O ann anl ar12 dnn
Chéng han, xét dinh thic cip ba
app Ay Ay,
A= Ay A8y
0 0 dqq
Khai trién theo cot | ta duoe:
a a
22 23
A=a,
Aay

Sau d6 tinh dinh thic cap hai bing khai trién theo cot 1 chia n6 ta duoc

A=a) ayay,

Thi du:
1 2 3
0 7-61=1711=77
0 0 11

2.2.3. Cach tinh dinh thic bang bién déi so cap

bé 1inh mot dinh thitc, ¢6 thé diing dinh nghia hodc khai trién (2-4), (2-5), ciing c6 thé
dp dung cdc tinh chat cta dinh thic ma tim cich bién d6i dé dua né vé dang don gian.
Cach dung céc bién doi s0 cdp 1A mot trong nhimg cdch nhu the

Céc bién d6i so cip vé hang ma ta s& ding duoc liet ke & bang dudi day

Bién d6i so cdp Tdc dung Lido

(1} Nhan mét hang vdi mot s6 k 20 Dinh thitc nhan véi k Tinh chat 6
(2) Ddi chd 2 hang Dinh thirc d5i dau Tinh chat 2

(3) Cong k 1an hang r vao hang s

Binh thite khong déi Tinh chat 10

Clui ¥ rang:

1) N6i nhan mot hang véi mét s6 k ¢é nghia 12 nhan t4t c cdc phin tlr ctia hang d6 véi k

2) Noi cong k 1an hang r vao hang s nghia 1a cong k 14n méi phan tir & hang r voi phén tir cling
cOt v6i né 6 hang s va dal vao hang s.
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Bay gi¢s dé tinh mot dinh thifc ta lam nhu sau:

Bieie 1. Ap dung cdc phép bién déi so cap vé hang tim cich dua din dinh thiic di cho
v¢ dang tam gidc, nhd ghi lai tdc dung cla timg phép bién déi so cap dugc su dung.

Buee 2. Tinh gia tri cha dinh thitc dang tam gidc thu duge dua vio tinh chat 11 va ke
dén tdc dung téng hop cla cdc phép bién déi cap da sir dung.

Thi du: Hay tinh:

Giair: Ta cé;

= Qe

1
0
0

5| 1 {d6i chd hai hang 1 va 2)

3
51 ; (dua thira s6 3 ¢ hang | ra ngoat)
1
3
5| ; (cong - 2 1an hang 1 véi hang 3)
3
5} ; (cong - 10 lan hang 2 véi hang 3)
—55

3.1.1.(-55)=165

Chii y: Ciing c6 thé dua cac bién déi so cap vé cot va ap dung ching dé tinh dinh thic.

2.3. MA TRAN NGHICH PAO

2.3.1. Ma tran don vi

Goi 9%, 1a tAp cdc ma trdn vudng cap n:

M, = {A),

A 25... 2

In

A= Ay

Ayl
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Binh nghia: Ma tran:

1 0 0

0 1 0
I=

0 O 1

trong d6 cdc phan tir chéo bang 1, cic phdn tir khdc bing khong, goi 12 ma tran don vi
cdp n.

Dic diém cia ma tran don vi I 1a:

Al=IA=A, VA €9,

1 2] [10] [12
34| |o1] |3 4]
1 o] 1 2] 12
01] [34] |[34

2.3.2. Ma tran kha dao va ma tran nghich dao

Thi du:

Dinh nghia: Xét A € 9. Néu t6n tai ma trdn B € 9%, sao cho:
AB=BA =1
thi noi A kha dao va goi B 14 ma tran nghich ddo cha A.
Khi A ¢6 nghich ddo ta néi A khéng suy bién.
Ngudi ta ki hiéu ma trén nghich déo cla A 14 A™, nghia 1a c6:
AAT=ATA=1
| Thidu:

‘ {1 2] \ i { _2 l}
néu A= thi A" =
3 4 3712 ~=1/2
Vi =
3 4 372 -172 01
va: -
' 3/2 —=1/2 3 4 01

2.3.3. Su duy nhit cia ma tran nghich dao

Dinh Iy: Ma trin nghich dao A™ clia A € 91, néu c6 la duy nhat.
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2.3.4. Su ton tai cia ma tran nghich dao va biéu thirc cha né
Xét ma tran:

a, a,..a,

a, a,...4a
G muc 2.2.1 ta dd goi ma tran M;; suy tir A bang cdch bo di hang i cot j 1A ma tran con
ing v4i phan tir a;;.
Bay gid ta goi D, = det(M;) (2-6)
1a dinh thic con dng phan tr a;, va C; = (-1)"' D 1a phu dai s6 clia phén tir a,,
Vi céc ki hiéu d6, cong thiic (2-4) két hop vdi tinh chét 3 cia dinh thitc cho:
a, Ci+2a,Co+ . +2,C = {dCI(A)HéU K =.1 (2-7)
_ 0 néuk =i
Két hop cong thite (2-5) véi tinh chat 3 ta ¢6:
det(A)néuk =j

2-8
0 néuk # j (2-8)

4y Cu + 2y Czj t..+ ankan = {

Dinh Iy: Néu det(A) # 0 thi ma tran A ¢6 nghich ddo A tinh bdi cong thiic sau:

Cl] CZI Cnl
ale Ll L |G Cn o Cp
det(A) det(A)
Cln C2n o Cnn
Chiing minh: Nhan AC' va dp dung c6ng thiic (2-7) ta duac :
det(A) O e 0
0 det(A) ... O
AC = tA)
0 0 .. det(A)

Nhén CA va &p dung cong thic (2-8) ta cling duge két qua nhu thé.
Vay cé:

1 1 1
AC' = ‘A= . =1
det{ A) det(A) .

va dinh Ii duge ching minh.

Chii y: Khi det(A) = 0 thi A ¢6 nghich ddo, nén A 13 ma tran khéng suy bién.
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2.3.5. Céch tinh ma tran nghich dao bang phu dai s¢

Thi du: Cho:
1 2 3
A=|2 5 3
1 0 8
Ta co:
det(A)=-1=0
C, =40 C,=-13 C,=-5
C, =-16 C,=5 C,=2
C,=-9 C,=3 Cih=1
Do d6:
[ 40 13 -5
C=|-16 5 2|;
|9 3 1
[ 40 -16 -9
C'=|-13 5 3
=52 1
Vay:
40 16 9
Al=Letol 13 o5 3
- 5 -2 -l

Thi du: Xét ma tran cap hai:

Vi C Cll C12 d -¢
1 = =
C21 sz -b a
) l {d —b]
nén C=
—C 1
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2.3.6. Ma tran nghich dao cua tich hai ma tran
Dinh ly: Gid su A va B € 9%, 13 hai ma tran kha dao. Khi d6 AB ciing kha dao va
(AB)' =B'A"
Cluing minh: Ta cé:
(ABBB'A'=ABBHYA=AIA' = AA' =1
B'AAB)=B(A’A)B=B'IB=B'B=1
Vay AB khd ddo va B'A™' 12 ma tran nghich dao clia AB.
Ngoai ra ta con ¢é
Dinh ly: Néu A e 91, kha ddo va ¢6 nghich diao A™ thi:
(a) A' cling kha dao va (A"y' = A
{b) A™ cing kha dao va
(A™)y' = (A-"Y™, m nguvén > 0.
(c) Yk # 0 ta cé kA cling kha dao va
1.
(kA)' = CA "

2.3.7. Pinh thic cua tich hai ma tran

Dinh Iy: Néu A va B 1a hai ma tran vuong cing cp thi cé:
det(AB) = det(A)det(B)

Thi di: Cho hai ma tran:

S

2 17
Khi dé AB= {3 l4}det(AB)=2- 14-17.3=-23
Mat khac: det(A) = 1, det(B) = -23, det(AB) = -23
Vay ding la: det{ AB) = det{A)det(B)

2.3.8. Dinh ly: Néu A e 9, kha dao tic 1a ¢6 nghich ddo A™' thi det(A) = 0.
Chimg minh: Tt AA' = |
ta ap dung dinh 1y (phan 2.3.3) thi suy ra:
det(AA™) = det(I)
det(A) det(A") =1
Vay phéi ¢é det(A) # 0. (Tuong tu ciing c6 det(A™') # 0).
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2.3.9. Pinh ly:
1) Néu B la ma tran vudng cung cdp véi A sao cho BA =1thi A kha ddovaB=A".
2) Néu B 1a ma tran vuéng cling cip véi A saocho AB=1thi AkhaddovaB=A".
Chitng minh:
1) Vi BA =1 nén: det(BA) =det(l) — det(B) det(A) =1
Do d6 det(A) = 0. Vay A kha dao va ¢6 nghich ddo A”'. Nhan dang thitc BA =1 bén
phai v6i A ta ¢é:
(BA)A' =]A" B(AA = A"
B=A"
2) Ching minh tuong tu.

2.4, HE PHUONG TRINH TUYEN TIiNH

2.4.1. Dang tong quat cia mot hé phuong trinh tuyén tinh
D6 12 mot hé m phuong trinh dai 56 bac nhét déi v6i n dn 6.
a; X, +a;,Xy +...ta X, =b

Adg X + 853Xy +...+a,. X =b,
214 2242 Zn*n 2 (2_9)

A, X Fag0Xy toata X, = b
trong d6: X,, Xy,..., X, 12 cdc an s6;
a, 1a h¢ s6 & phuong trinh thi i cla dn x;;
b, 14 v& phai cua phuong trinh thi 1.
- Khi m = n ta ¢ mot hé vuéng véi n phuong trinh n an.
- Khi céic b, = 0 ta c6 mot hé thudn nhal.
Thi dy: H¢ phuong trinh:
{2){1 -3%, +4x; =5

ta mot hé 2 phuong trinh 3 an;

\ 2%, =3x, =5 . . ,
H¢ phuwong trinh 1a mét he¢ 2 pi -ong trinh 2 an;
. in - 5X.') = 0 . 3 N »
Con he - la mot he thudn nhat.
' 4%, +6x, =0
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2.4.2. Dang ma tran cua hé phuong trinh tuyén tinh

Xéthé (2-9), Ma wurin;

4 4y dy,
a a a
21 22 2n
A=

dml o & mn _I
201 14 ma trdn hé s caa hé; ma tran:

l.-JI

b

b=|." |={bby .. b,]

b

11

g01 1a ma 1rdn vé phai (hay cot vé€ phai) clia hé; ma trin:

Xy

_ X t
X = : _"[XIXZ"‘Xn]

X

4]

go1 12 ma trdn dn cia hé.
Voi phép nhin ma tran vé ma tran, hé (2-9) duge viét:
AX=b

D6 la dang ma trian cta hé (2-9)

2.4.3. Hé Cramer

Bay gid xé1 hé n phuong trinh n an:
a X +apx, .. ta x, = b,
Ay Xy +asXy +.+ 8,9, X

vG&i ma tran hé so:

4, 4 4,
a a a
71 82 2n
A=
_anl an?_ ann

la mét ma trdn vudng cip n.

(2-10}

(2-11)

(2-12)

(2-13)
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Dang ma tran cua hé van [a (2-11), chi khdc 3 chd A ¢6 dang (2-13) va

b=[b b, ..bj
H¢ (2-11) & day vict lai la:

Ax=b (2-14)
BDinh nghia: He (2-12) tic 1a (2-14) got 13 hé Cramer néu det(A) # 0.
Pinh Iy: (Dinh ly Cramer). H¢ Cramer ¢6 nghiém duy nhat tinh bang cong thitc x = A'b

tic 13
_ det(A;)

. 2-15
5T dea) N

trong d6 A 1a ma tran (2-13), A la ma tran suy tir A bang céch thay cot thit j bdi cot ve
phai b.
Chimg minh: Videt (A) = 0 nén A ¢é nghich dao:
Al !
det(A)
Thay trong (2-14) x boi A"'b ta c6:
A(A'D) = (AAb =t
Vay x = A”'b 1a nghiém cda he.

l

St dung biéu thitc cia A™' ta suy ra:

Cy Gy Coi b,

Ay b C, Gy n2 b,
det(A)] e

Ciw G - Cha b,

nghia la ¢o:
. Ciby +Cyby +..+Cjb,  det(A))
! det(A) det(A)
Pé chimg minh su duy nhit cda nghiém ta gia sit he (2-14) ¢6 hai nglhyem lix ay:
Ax=b : Ay=b
Bang phép trir v& vai v€ ta duoc: AX - Ay =0
hay Ax-y)=0.

Nhan hai v& vai A ta cé:

A'AX-y)=A0=0 = ((x-y)=0nghlalacéx=y.

Vay hé ¢6 mét nghiém duy nhat.
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Thi du: Giai hé:
X, +2X, =6

—X,— 2X,+3x; =8

Giai. Ta co:

1 0 2 6
A=|-3 4 6|, b=]30
-1 -2 3 8
Vay
6 0 2 l 6 2 1 0 6
A=130 4 6},A,=]|-3 30 A,=1-3 4 30 |
8 -2 3 -1 8 3 -1 2 Sl

Ta tinh dugc:
det (Ay =440
det(A)) = - 40, det(A,) = 72, det(A,) = 152.
Ta suy ra c¢ic nghiém cua hé da cho:
40 10 72 18 152 38
xl: —_.--:——‘)(2 :———:—,x?' = = —
44 11 4 11 44 11
2.4.4. Giai hé phuung trinh tuyén tinh bang bién doi so cip

Xét hé phuong trinh tuyé€n tinh & dang phuong trinh (2-12) va ¢ dang ma tran (2-14)
trong dé A la ma tran (2-13).

a) Hé tam gide trén: D6 1a hé:
d), Xy +a,X, +..+3), X, =b

ayyKy Fo Ty X, = b,

ap a1,
Aoy ... A
2 2n
A=
a
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Véi gia thi€t a,; # 0, vi¢c gidi né tir dudi 1én rat don gian, phuong trinh cudi cho ngay
X,. phuong trinh lién trén cho X, ... , phuong trinh ddu cho x,.

b) Ta vi€t ma tran A va canh n6 14 ma tran b, ta dugc ma tran chit nhat [A, b]. Ap
dung céc bién doi so cip v¢ hang vao ma tran [A, b] dé dua dén ma tran A vé dang tam
gidc. Ta nhan thay:

- Phép bién déi so cdp nhan mot hang véi mot s6 khac khong img véi phép nhan mot
phuong trinh cla hé véi mot so khic khong, né khong lam thay déi nghiém clia hé.

- Phép ddi ché hai hang dng vdi phép ddi chd vi tri clia hai phuong trinh khong lam
thay déi nghiém ciia hé.

- Cudi cung, phép cong boi k cha mot hang vio mot hang khéc tng véi phép cong boi k
cua mot phuong trinh vao mét phuong trinh khac cling khong 1am thay déi nghiém cia hé.

Vay h¢ tam gidc cudi cling thu duge tuong duong véi hé di cho. Giai h¢ nay - diéu
nay khong khé - tir dudi lén ta thu duge nghiém cia hé di cho.

Thi du: Xét hé:

2x, +4x, +3x, =4
3x, +x, - 2x,=-2
dx, + 1%, +7x, =7

Ta suy ra:
2 4 3 4
A=(3 1 -2|,b=|-2
4 11 7 7

Ap dung cdc phép bién ddi so cdp vé hang dé dua ma tran A vé dang tam gidc ta cé:

2 4 3 4

3 1 -2 -2

4 11 7

2 4 3 4
-3 -0,5 -8
3 1 -1

2 4 3 4
-5 -6,5 -8

-2,9 -5.8
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Viéy hé¢ di cho tuong ting véi he tam gidc trén:
2x, +4x, +3x, =4
-5x, —6,5%; =8
-2,9x; =-5,8
Giai h¢ tam gidc trén nay tir dudi 1én ta thu duge x,=2.x,=-1,x, = L.
b6 1a nghiém caa hé di cho.

Phuong phdp vira trinh bay con ¢6 én 14 plucong phdp Gauss.
2.4.5. Phuong phap Gauss - Jordan

Sau khi dua ma trén vé ma trn tam gidc trén ta ti€p tuc dp dung cdc bién déi so cdp
dé dua ma tran tam gidc trén vé ma tran don vi. Trd lai thi du ¢ tén, ta cé:

2 4 3 4
-5 -6,5 -8
-2.9 -5.8
1 2 1,5 2
1 1,3 1,6
| 2
] 2 0 -1
1 0 -1
| 2
1 0 0 ]
1 0 -1
1 2

K&t qua ta thu duac hé chéo:

x =1
X, =-1
X;=2

Do d6 ta ¢o két qua: x, =1, x, = -1, x; = 2 nhu trén.,

2.4.6. Ap dung phuong phap Gauss - Jordan tinh ma tran nghich dao

Muén tinh ma tran nghich ddo cla ma tran vuong A = f4; ], theo dinh ly 2.3.7 ta chi
cantim matran - [b,] saocho AB=1,khid6 B=A".
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Pé cho don gian cdch viét ta xét trudng hop ma tran cip ba:

Ta phai tim ma tran:

b, by, b;

B=1b,; by by

by bay by

saocho AB=1:

S S N R
a4 A b, by, by i 00
dy) Ay An | b2| bﬂz b23 =10 1 0
d3; 43 A3 by b, by 0 0 1

Nhu vay cdc ¢ot B, B,, B, thoa min:
AB =1.,AB,=1, AB, =1,

D6 1a ba hé dai s6 tuyén tinh ¢6 chung ma tran hé $6 1a A. Ta s€ giai ching bang

phuong phap Gauss - Jordan trong cung mot bang.

e Quy tdc thuc hanh:

Mudn tinh ma tran nghich dao A''clia ma tran A bing cac phép bién ddi so cip vé

hang ta lam nhu sau:

1) Viét ma tran don vi I bén canh ma trin A.

2) Ap dung cic phép bien ddi so cip vé hang dé dua ddn ma trén A vé ma tran don vi

I, tdc dong dong thai phép bién ddi so cap vao cot ma tran I

3) Khi 0 ¢6t ma tran A xuat hién c6t ma tran don vi I thi & ¢6t con lai ta ¢ ma tran

nghich ddo A™' clia ma tréan A.

Thi du: Xét ma tran:
1 2 3
A=|2 5 3
I 0 8

44



Toan bo qud trinh tinh todn ¢6 thé ghi tém tat thanh mot bang nhu sau:

| 3 1 0 0 L,
2 3 0 1 0 L,
1 8 0 0 1 L,
1 3 | 0 0
0 -3 -2 ] 0 2L +L, > L,
0 5 -1 0 1 -1, +L; = L,
2
1 3 1 0 0
0 -3 -2 1 0
0 s 2 1 2L, +L, > L,
1 3 1 0 0
0 -3 -2 1 0
0 | 5 -2 -1 -1L, > L,
i 0 -14 6 3 3L, +L, > L,
0 0 13 -5 -3 3L,+L,— L,
0 i 5 -2 -1
1 0 -40 16 9 2L, +L, > L,
0 13 -5 -3
1 5 -2 -1
—40 16 9
Viay Al=| 13 -5 -3
5 -2 -1

2.4.7. Hé thuan nhat

Xét hé thuan nhat:
A X, FapX, +..+ax, =0
Ay X 29X, +.otdy X, =0

Ma tran h¢ s van la (2-13)

(2-16)
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Hé ¢6 dang ma tran:
Ax =0 (2-17)
V& phai 13 ma tran khong, cdn x L.

Hé thuan nhat (2-16) tic la (2-17) ludn cé nghiém khong:

vithay x, =0, x, =0, ..., x, = 0 vao v€ trdi cha (2-16) thi cic phuong trinh dé thoa min.
Nghiém khong cia hé thuan nhat goi 1 nghiém tdm thuong cla né. |
Mot cau hoi dat ra la: Khi ndo hé thuan nhat (2-16) ¢ nghiém khong tdm thadng. Ta ¢
Dink ly: Hé thudn nhat (2-16) ¢6 nghiém khong tdm thudmg khi va chi khi det (A) = 0.
Thi du: He
{2}(1 +3x, =0

3x, +4x, =0

¢6 dinh thiic

3 .
4’ = -1+ 0 nén chi ¢6 nghiém tdm thudng x, =0, x, = 0.

2%, +3x, =0
He
4X1 +6X2 :0
¢6 dinh thiic:
2 3
=0
4 6

nén c6 nghiém khoéng tdm thudng chang han x, = 3, x, = -2. Thét ra hai phuong trinh d6
chi ta mot. Cho x, =3 ta tim ra x, = -2,

» Két qud tém tat:

Trong trudag hop m = n, ta ¢é két qua tom tit sau:
Cdc ménh dé sau tuong duong:

(a)det(A) = 0.

(b) A kha dao.

(c) Hé Ax =b ¢S nghiém duy nhat véi moi b.

(d) Hé Ax =0 chi cé nghiém tdm thudng.
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2.5. HANG CUA MA TRAN - HE PHUONG TRINH TUYEN TINH TONG QUAT
2.5.1. Hang cua ma tran

Xét ma trin ¢ m X n:
all alz LN aln

A: 32] 322 aa azn

a, 8. @

mn

Goi p 12 mot s6 nguyén duong < min {m, n}.

Dinh nghia: Ma tran vudng cdp p suy tlit A bing cich bo di (m - p hing n - p) c6t goi
la ma trdn con cdp p cla A.

Binh thiic ciia ma tran con dé goi 12 dinh thifc con ¢ap p cla A.
Thidy Xétmatrancd 3 x 4

1 -3 4 2
A= 2 1 1 4
-1 -2 1 2

Tacémin {3,4} =3,dodép=1,2, 3.
Céac dinh thic con cip ba chia A 1a:

1 -3 4

1 4 2
2 1 1] =0 2 | 41=0
-1 -2 1 — 1 -2
-3 4 2 -3 2
1 1 4i=0 2 i 41=0
-2 1 =2 - )
Céc dinh thitc con ¢dp hai cua A 1a:
1 -3 1 -3
> 4|7 R

BPinh nghia: Hang cla ma tran A la cép cao nhdt cla cdc dinh thitc con khéac khong
cua A,

Ta ki hiéu hang ctia ma tran A 1a p(A) hoic hang (A).

Thi du: Xét ma tran A & thi du trén. Céc dinh thifc con cdp ba déu bang khong, nhung
¢6 dinh thirc con cdp hai khac khong. Vay p(A) = 2.

Chii y: p(A") = p(A)
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2.5.2. Cach tinh hang ciia ma tran bang bién doi so cap vé hang

a) Vi céc phép bién déi so c¢ip vé hang khéng lam thay déi tinh khdc khong hay bing
khéng cha cdc dinh thitc con ctia mét ma tran, vi theé nd khong lam thay déi hang ctia ma
tran. Vay ta c6 the 4p dung chiing dé dua mot ma tran vé dang bac thang réi dp dung chu
¥ sau day ma suy ra hang cua ma tran da cho.

Thi du: Xét ma tran:

1 -3 4 2
2 1 ! 4
-1 -2 I -2
] -3 4 2
0 7 -7 0
0 -5 5 0
1 -3 4 2
0 7 -7 0
0 0 0 0

Bang $6 cudi ciing 1a mot ma tran & dang bac thang c¢6 hai hang khac khong. Vay
p(A) =2,

b} Ma trdan bdc thang:

D6 1a nhitng ma tran ¢6 2 tinh chat:

1) Cac hang khéac khong (wic 1a ¢6 phan ta = 0) luén & trén cdc hang khong (tic 1a
hang <6 tat ca cdc phan tie = 0).

2) Trén hai hang khac khong thi phan tir khdc khong diu tién & hang dudi bao gid
cling ¢ bén phai cot chita phan tir khdc khong déu tién & hang trén. Ching han, cic ma
trdn sau ¢6 dang bac thang;

1 -3 0 4 1 -3 0 4 1 2
A=10 0 1 21, B=|0 0 1 2, C=10 4
0 0 0O 5 0 0 0 0 0 0
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Ta thay ring & ma tran A, dinh thic con khac khong cdp cao nhit 1a 3, vay p(A) = 3,
n6 bing s6 hang khiac khong cla A, con & ma tran B, dinh thiic con khéc khong cdp cao
nhi 1a 2, vay p(B) = 2, nd bang s& hang khic khong cha B.

Noi chung ta c6 nhan xét sau:

Chii y: Hang clia mot ma tran ¢é dang bac thang bing s6 hang khac khong clia né.

2.5.3. Hé phuong trinh tuyén tinh tong quat

Bay gio xét hé phuong trinh tuy€n tinh téng quat (2-9). Ma tran hé 6 cla né 13 ma
tran A & (2-10). Xét ma tran bé sung tikc 13 ma trin A thém cot b

a1 Ay - Ay

Dinh ly: (Dinh 1y Kronecker - Capelli). He (2-9), tic 1a hé Ax = b, cé nghiém khi va
chi khi. -

P(A) = p(A)
Clumg minh: Bang cdc bién ddi so cap vé hang va bang cach dénh s6 lai cdc 4n tic 12

doi ché cdc cot ta dua ma train A vé dang bac thang:
A Ay e A Ay - Ay

gy o Ay By e By by

arr drr+l . a'rn br
0 ..0 b,
0 b,

trong d6 r < min {m, n}. Tl d6 ta suy ra dinh If .
Chut y: T dinb 1i trén ta suy ra:
-p(A)=p(A)  thihé vo nghiem.
-p(A)=p(A)=n thihé c6 nghiém duy nhat.
-p(A)=p(A)<n thihé cé vé s6 nghiem.
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Thi du: Xét hé phuong trinh:
X; +2%, +axy =3
3, —X; —ax; =2
2%, + X, +3x; =b

1)} Hiy xdc dinh a va b d€ hé c6 nghi¢m duy nhal.

2) Xdc dinh a va b dé hé ¢ vo sd nghiem.

3) Xdc dinh a va b dé he vo nghiém.

Giai: Xét cdc ma tran.

1 2 a 1 2 a 3
A=13 -1 -al|, A=|3 -1 -a
2 | 3 2 1 3 b
1 2 a
Taco det(A)=]3 -1 -—al=2a-2]
2 1 3

1) Di¢u kién cdn va du dé€ hé da cho ¢6 nghiém duy nhat 1a det(A) = 0. Vay ddp s6 clia
cau hoi 1) la a=21/2, con b bat ki. -
2) Tir ket luan trén suy ra: dé hé vo s6 nghiém, trudc hét phai cé a = 21/2.
Khi dé det(A) = 0 nén p(A) < 3. Vi A ¢0 dinh thitc con;
1 2
H
la dinh thic cap 2 nén p(A) = 2 khi a = 21/2. Theo dinh i (Kronecker - Capelli), mudn

cho hé cé nghi¢m, cdn va dii 1A p(A ) = p(A) = 2. Ta hiy tinh p(A ) khi a = 21/2 biing
bi€n doi sd cap. Ta cé:

=-1-6=-7T20

o222 3y L (204 206 3L, 4L L,
A=|3 -1 =21/2 2 6 -2 -21 4
2L,— L, L+ L L
2 1 3 b . 12 1 3 b
2 4 21 6 2 4 21 6
0 -14 -84 -14 —iLz —L,|0 1 6 1 3, + Lo L.
0 -3 18 b—6] — |0 -3 -18 b-6




Qua bang cudi cling ndy ta thdy ring s6 hang khdc khong cua A 1a 2, phlt hop véi két
qua p(A) = 2 khi a = 21/2. 56 hang khic khong cia A phu thudc b. S6 hang cia né 1a 2
néu b =3 va s6 hang # 0 chia n6 1a 3 néu b # 3. Vay ta cé:

p(A)=p(A)=2khia=21/2b=3
p{A)# p(A) khia=21/2,b=3
Khi p( A ) = p(A) = 2 < 3 thi hé di cho tuong duong véi mot hé 2 phuong trinh 3 4n:

X, +2x2+%x3 =3

nén nd cd vo s0 nghiém.
Vayvoi:  a=21/2 thi hé ¢6 nghiém duy nhat;
a=21/2, b= 3 thi hé vo nghiém;

a=21/2, b =3 thi hé ¢é v0 50 nghiém.
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CAU HOI ON TAP
I. Ma tran la gi? Mot s6 vi du.

2. Céc phép todn cong ma tran véi ma tran (cung c&); phép nhian mot s véi ma tran?
Cho vi du.

3. Nhan ma trdn vdi ma tran.
4. Ma tran kha dao va ma tran nghich dao. Céch tinh ma tran nghich dao.

5. Dinh thic cia ma tran vuéng? Cich tinh dinh thic cap n (khai trién theo hing i;
khai trién theo c6t j). Céc tinh chat cha dinh thiic?

6. Hang cia mot ma tran. Tim hang cla mot ma tran bang bién ddi so cdp?
7. He phuong trinh tuyén tinh tng qudt; cich giai?
BAI TAP

2.1. Céc bai tap v€ ma tran.
13 ¢ 1 2 -3

1YCho A=j-1 2|: B=| 3 2
3 4 -2 3 4 -1

Tinh: ) (A+B)+C; b)A+(B+Q); c)3A

d)Tim A'; B'; C.

2) Hay nhan cdc ma tran:

_ 3 -
2 1 1 -1
a) . b2 1 2.2 -1 1
302 11
- 1 2 3 (1 o 1
_ 1 2
) o2 2 d) |1 1 2 3]
C . 4
0o 1 2
- 3 3
3) Hay tinh AB - BA néu:
1 2 -1 f 4 1
DA=2 1 2|, B=|-4 2 0
12 3 !
(2 1 0 [ 3 I 2
MA=[1 1 2| B=| 3 -2 4
-1 2 ] -3 5 -l
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4) Giai phuong trinh AX = B déi v6i dn 12 ma trén X; véi

1 -1 1 1 1 1 -1
A=|-1 2 1/; B=|1 0 2 2
-2 3 1 1 -2 2 0
5) Dung phuong phdp Gauss - Jordan tinh ma tran nghich ddo cua cac ma tran sau:
1 2 -3
1 2
a)A = { ] ; byA={0 1 2
0 1
0 o0 1
1 3 -5 7
1 -1 -1
0 1 2 3
CtA= ; d)A=|-1 1 -1
0 o |
2 2 0
0 0 0
2 -1 0 3
2 |
YA=|1 2 1 pa-| 1 2
£ = ; =
-1 2 3 1
I 1 2

0 1 2 1

6) Cic ma tran sau ¢6 kha dao khong? Néu ¢, hdy tim ma tran nghich déo bang phu
dai s0.

2 1 - 1 -1 2
) 2 - b0 1 3 ylo 1
a ; c
3 3
2 1 1 0 0
2.2. Céc bai tap vé dinh thic.
1) Tinh cac dinh thirc:
5 3 ) 0 1 1
sina cosa
a) ‘ b) _ ¢y |1 0O 1
4 —Ccoso sino
I 1 0
1 1 1 1 1 1+
c) |1 3 d)| -i i 0
1 3 1-i 0 1
a b C

2)ChoA=|a' b' <¢'[.Hoicéc dinh thitc sau biang bao nhi¢u?
a" b" ¢"
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a) |la" b" ¢ b)|a b' ¢
a b C a b c
1 X x? X'
3) Gidi phuong trinh: |1 >} -0
1 3 9 27
1 4 16 64

4) Biét rang céc s& 204; 527; 255 chia hét cho 17.

2 0 4
Chung minh rang: |5 2 7| chia hét cho 17.
2 5 5
0 -1 -1
L P I B oo
5) Tinh dinh thic b bang cach khai trién né theo cdc phdn tir coa
a ¢
-1 -1 1
hang 3.
2 1 1 X
. . 1 21 y
6) Tinh dinh thitc
1 1 2 z
| 1 I t

bang cdch khai trién n6 theo cic phan tir & cot 4.

7) Tinh cdc dinh thic:

301 1 1
246 427 327
1 3 ! i
a) | 1014 543 443 ; b) | | 3 l
-342 721 621
11 1 3
2.3. Cac bai tap vé hé phuong trinh tuyén tinh.
1) Ap dung Cramer gii cac hé sau:
x-y+z=1
2x + 5y =1
a) b) i2x+y+z=2
4x + 5y =-5
’ x+y+2z2=0
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X; +2x, +3x, —2x,=6

) 2x, —x, = 2x, - 3x, =8

c
3, +2x, ~x, +2x, =4

2x, =3x, +2x, +x,=-8
2) Hay giai cdc hé sau bang cdch tinh ma tran nghich déo:

IXx+4y=2 b) -3Xx+2y=-6
a .
4x +5y=3 2x —4y=1

3) Ap dung Gauss-Jordan, gial cdc hé sau:

X+y+z=1
X, — X3 +2X, =0
a)ix+2y+3z=-1 b)
~X) +2%y —2X3+7x, =7
X+4y+9z=-9

2)(1-)(2—)(3 :3

4) Viét cdc nghiém clia hé sau theo a. b, c.

3 X+y—z=a
X+ =
a) {2 g 1 ; b) <x+2y—2z=b
. + =
Ty 2x—-y+2z=¢

5) Xdc dinh a d¢ hé sau ¢6 nghi¢m khong tim thudmg:

ax -3y+z=0
2x+y+z =0
Ax+2y~22=0

6) Tim hang clia cdc ma tran sau:

| 3 5 -1
2 -1 3 =2 4
2 -1 -3
a)A=]4 -2 5 ] 70 ;s bYA=
3 Po-1 7
2 -1 1 8 2
7 7 9

7) Giai cdc hé sau va bién luan theo tham so.

x+y+z=1 Xx+ay+a‘z=a’
A iXx+Ay+z=h b) {x +by+b’z=b"

4

2 2 3
X+y+iz=»4 X+ey+cz=c¢



Chuong 3
HAM SO MOT BIEN SO

3.1. GIGI HAN VA SU LIEN TUC CUA HAM SO
3.1.1. Dinh nghia ham s6 mot bién s6 thue

Cho X, Y: X< R, YcR,anhxaf: X > Y duge goi 14 mot haim s8 mat bién s6 thuc.
Tap X duoc goi 1a mién xdc dinh (thudng ky hiéu 1a D;) va tap f(X) duoc goi 1a mién gia
tri; (ky hiéu la R)) ctia ham s6 f; x € D, dugc goi 1a bién doc lap hay doi s6; f(x) € R,
duoc goi 1a bién phu thudc hay ham s6. D€ biéu thi him s6 f tuong mg méi phan tir
x € Dy, v6i mot phan tlr xédc dinh f(x) € R, ngudi ta thudng viét: x — f(x) hoac y = f(x).

Thi dy: x > x la ham s6 dong nhit, ky hiéu la id(x)

X > 2X + 3 12 ham s8 bac nhat; ...

D6 thi cua ham s6 mot bién so thuce:

D6 thi clia ham 8 x > f(x) hay 1a y = f(x) dugc dinh nghia 1a tap cic diém trong mat
phang toa do ¢6 toa do (x; f(x)).

Tuy theo tinh chat cu thé ciia ham s6 f(x), dé thi clia f(x) cé thé 1a mot tap diém roi
rac hitu han hoac vo han; ciing c6 thé 12 tap nhimg manh cung dit doan, va ciing ¢6 thé
k3 mot cung lién.

Ham 56 hop:
Giast Xc R, YCR,ZcR;chohaims& g: X — Y viham sé f:'Y — 7Z; xét ham s6
h: X — Z dinh nghia bdi: h(x) = f{g(x)]; x € X.
Ham s6 h dugc goi 1a ham sd hop cha ham s& f va ham s6 g.
h(x) = f{g(x)] hay h(x) = (fog)(x}, x € X
Thidu: X =Y =7 =R ; xétcdc anh xa:
fix—>xX"+2, g xH3x+1
Khidé:  flg)] =200 +2=(3x+ 1)} +2
glf(x)] =31x)+1=3(x*+2)+1
Ham 56 nguoc va dé thi ham s6 nguoc:
Chohai tAp X < R, Y c R;chosongdnh f: X = Y, x o y = f(x). Song dnh f chinh 1a

mot ham s& ¢6 mién xdc dinh: D, = X v mién gi4 tri 12 tip dnh cla X, tic 1a f(X):
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f(X)={ye Yly=1(x), x € X}

Khi dé vi f 12 song 4nh nén f 14 toan dnh (nghia la f(X) = Y) va { ciing la don anh
(nghia 12 v&i X, # X,; X,, X, € X thi f(x,) = £(x,); f(x,), f(x,} € Y). Khi d6 méi phén tir y
e Y déu I3 anh chia diing mét phan tif x € X nén co thé dat tuong tng mot phantry € Y
véi mot phin tr x € X: phép tuong img d6 xdc dinh mot ham s6 dnh xa Y sang X, ham
$8 nay duoc goi 11 him s6 nguoc clia song anh f va duge ky hiéu 1 f': Y — X, nghia la:
'y - x =f"(y) trong d6 y 1 bién ddc 1ap va x 14 ham s6 phu thudc.

Tir dinh nghia cua ham s nguoc, ta co:

y =f(x) <> x =f(y). Doquy udc nén viét y=f'(x)

D6 thi clia hiim s6 ngwoc y = £'(x) d6i ximg véi d6 thi clia ham s6 y = f(x) qua dudng
phan gidc thir nhat.

Thidu: Xéthim s6 h: R > R, x = x*

Véiy € R,y <0, phuong trinh (dn 14 x) x* = y vo nghiém, vay h khong I toan 4nh.

V6iy € R,y > 0 phuong trinh x* = y ¢6 2 nghiém phan biét x = + J;; vay h khong la
don dnh. Do dé h khong 1a song 4nh; trong trudng hop nay ham h khong ¢6 ham nguge.

Cdc ham sé so cdp co ban:

Cic ham s& sau day duge goi 1a cac hm s6 so c¢dp co ban: ham s6 luy thira x > x%,
o € R; ham s6 mii x — a%, a> 0, a = 1; ham s loga: x b log,x; cic ham s0 lugng giac:
X > SINX; X > COsX, X > 1gX, X > cotgx va cdc ham so lugng gidc nguoc.

1) Ham s6 ¥ thita x > x%; y = x" v o € R.

Mién xdc dinh clia ham s6 lu¥ thira phu thuoc @, VSi o € N: mién xac dinh [a ca tryc
s6 R. Vdi « nguyén am; mién xdc dinh 1a ca tryc s6 trir diém goc 0. Véi « c6 dang
a=1/p;peZthi: '

- Véi p chin, p € N,: mién xdc dinh la R™.

-Véiplé, p e N mién xdc dinh la R.

- Véi p € Z mién xdc dinh cling phy thuge p chian hay 1€.

- V@i o 12 8 vo ty thi quy ude chi xét y = x* tai moi x > 0 n€u o > 0 va tai moi x >0
néu o < 0.

2)Hamsomiix > a', y=a%a>0,a= 1.

SG a dugce goi 1a co s clia ham $6 mii. Ham s6 mii a* xdc dinh v6i moi X va ludn duong.

- Ham s6 mii y = a" téing (nghia la véi x, > x, = a™ >a™ ) khia> 1.

- Ham s6 mii y = a* giam (nghia 13 véi x, > x, = a® <a™)khia<1.

Ta ¢é: A'=1:a'=a
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3) Ham s& logarity =log,x : 0<a= 1.

Hiam so logx tang khia> 1. Khidé: véi0<x<1thilogx<0;
vl x > 1 thilog,x 20

Ham s6 logx giam khi a< 1 vikhido: v6i0<x<lthilogx>0:

vl x 2 | thilog,x <0

Ta co: loga=1;log,l =0

Ngoai ra ham 6 tog,x ¢on ¢d mot sé tinh chat sau:
log AB = log A + log,B (A>0,B>0)
log, A/B = log, A - log,B (A>0:B>0)
log, A” = alog A (A>0)

Véib>0:ib=a"%’

log, A .
Véib>0,b=1, log, A:To-gi—; A > 0 (goi I cong thic déi co $6)
og, a

4} Cac ham sé hiong gidc:
X 2 SIn X; X 5 €08 X5 X > 1gX ; X > cotgx

Cdc ham s6 lugng gidc y = sinx va y = cosx cd mién xdc¢ dinh 1a toan truc s6 R va ¢é
mién gid tri 1a doan [-1; t].

Ham s&: X —> tgx, y = tgx xdc dinh tat moi x # 2k + 1) g i (ke?Z)

Hamso:  y — cotgx, y = cotgx xdc dinh tai moi x # kn ; (k € Z)

5) Cdc ham s¢ heong gide ngitge:

« Him 6 x — arcsinx

PR o T T - : s . IR -

Xét ham so f: ':— E;—} — [-1: 1]; x — sin x; f(x) 12 mdt song dnh, do dd cé ham s
nguge £ ky hiéu him s6 nguge ' y — arcsin y, X = arcsin v ;
. : s
nghialay=sinx;- — £x< 5

s . . :
) <> x = arcsin y ; theo quy ude: y = arcsinx.

. ,z . PR g N N AL e n T
Ham s0 y = arcsin X ¢6 mién xac dinh la doan [-1; 1] va mién gia tri la doan [— —;—l

va 1a mot ham sé tang.
» Ham 56 y = arccosx.
Xét song anh f: [0; ] = [-1; 1]: x = cosx; ham f ¢6 ham s6 nguoc £': y — arccos y,

X = arccos y nghia la:
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y =cosX, 0 £ x €7 <> X = arccos y.
Ham s6 y = arccos x ¢6 mién xdc dinh 1a doan [-1; 1] vi mién gid tri 1 doan [0; 7] vA
1a mét ham giam.
) s . . s
Do sin x = cos (5 - X) nén: arc $in X + arc cos X = 5

» Ham s3: y = arctgx.

Ham s0 y = (gx; véi x € (- g; %) la mot song dnh; ham s6 nguge cua nd 1a x = arctg v,
nghia la: y =1gx; x € (- —;—; 121—) & X = arctgy.

Quy udc: y = arctgx.

Ham s6 y = arctgx ¢6 mi¢n xdc dinh 14 toan truc s6 R, mién gid tri 1a khoang (- E; 5)
va 13 ham s6 tang.

« Ham s6 y = arccotgx.

Ham s6 y = cotgx véi x € (0; m) ¢ hdm s6 ngugc 1a x = arccolgy, nghia la:
y =cotgxX; 0 < X < 7 & X = arcecotgy.

Quy udc: y = arccotgx.

Ham s8 y = arccotgx ¢é mién xdc dinh la toan truc s6 R v mién gid tri 12 khodng
(0; =) va la ham s6 giam.

Ta dé dang ching minh dugc: arctgx + arccotgx = g— vx 2 0.

3.1.2. GiGi han cia ham so
Cho ham s6 f(x) xdc dinh trong khoang (a.b), néi rang f(x) c6 gi61 han 1a L (hitu han).
khi x dan téi x,; x,, € [a, b] néu vai bat ky € > 0 cho trude tim duoe § > 0 sao cho khi

O<lx-x,l<othilfix}-Li<e.

Thi du: Cho f(x) = ¢, ¢ 12 hang s, ta s& chiing minh rang lim f(x) = ¢. That vay cho trudc

>0, vif(x)=c, VX, dovay véi batky 8 > 0: I x - X, < 8 thi 1 f(x)-cl=lc-cl=0<e.

» Cdc tinh chdt cua gici han:

Pinh ly I:
Cho limf(x)=L,; imf{x) =L,
Khi dé: a) limcf,(x) =L, ; (vdi ¢ = const)



b) lim (f,(x) + £,(x)) =L + L,;
c) lim[fi(x). fL,x)]=L,.L,;

L
@ tim 28 _ 5 i 20
x—] fg(x) L2

Tir dinh 1y trén ta c6 thé suy ra: Néu P,(x) 1a mot da thifc bac n déi véi x, nghia Ia:

P(x)=a,+ax+..+ax"

1t

thi lim P,(x) =P,(x,)
Néu R(x) la mét phan thic hit ty, nghia Ia:
_ a,+ax+..+ax" Pi(x)
b, +bx+..+b x"  Q_(x)
P
thi lim RO = 00 i Q k) #0.
A Qm(xt))

Dinh 1y trén chua khang dinh dugc trong cac trudng hop khi L, 13 +o0, vi L, 1 0. Khi
dé ta c6 dang vo dinh 1a < - ; titc 14 chua thé khang dinh duge trong trudng hop b) 1a
hm (f(x) + g(x)) c6 hay khong. Trong trudng hop ¢), khi L, = 0, L, = o ta c6 dang vo

dinh la 0 . . Trong trudng hop d) L, =0, L, = 0 ta ¢é dang vo dinh %; hoac 2.
=8

Khi gap cic dang vé dinh d6, muén tim duge gidi han ta phai tim cdch dé khir dang

vo dinh.
Vx +vx

Thi di: Tim Im ———

ot Jx +1 -

Dang v dinh & day 3 2 : dé khir dang vo dinh ndy ta ¢6 thé chia tir va mau cho vx

o
va dugc;
fr——s 1+ 1 :
im _L‘/;_ lim _—‘/; =1

X—»tot ’Jx +] X =+ 1

1+ —

X

Dinh ly 2:

Gia sir 3 ham sd f(x), g(x) va h(x) thod min bat ding thic:

f(x) £ g(x)<h(x) véix € (a, b)
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Khidé, néu lim f(x) = lim h{(x) =L thi lim g{(x} =L (3-1)

X%y, K=Ky

sin x

Dung dinh ly nay ta ching minh dugc: Iimo =1
%— X
. o lgx ... tgx . (sinx 1 . sinx . 1
viy hm—=1 (i im—=—=lim . =1lim .im =1.1=1.
X x>0 x ko0 X cosX /) 0 X 0 eosX
Dinh ly 3:

Cho f(x) la mot ham 6 don diéu kKhong giam (khoéng ting) xdc dinh trén R; khi dé,
néu f(x) bi chan trén; nghia 1a tén tai M sao cho f(x) £ M véi moi x € R (bi chan dudi;
nghia 1a ton tai N sao cho f(x) = N v4i moi x € R} thi:

lim f(x)=L

N ton{—m)

Ap dung dinh 1y nay ta ching minh dugc ring:

lim(l+l)‘ = iim(1+l)" =e (3-2)
N —r o X N —y—oC x
lim(1 + i)" =g (3-3)
n—an n
Tu do ta cod: c:1+l+l+..‘+l—+i (3-4)
L n' naln

Vi 0 1a mot so duong gom gitta 0 va 1.

Néu dat u = — thi ta ¢ mot dang khac cua s6 e:
X

1
lirnU(l +u)v=¢ (3-5)
o Sd'e va loga tu nhién:
Ham s6 16garit véi co s6 e duge goi 1a l6garit tu nhién hay 16garit népe va ky hiéu la
In hay L, nghia la:
Inx =logx;x>0 (3-6)
Néuy=Inxthicénghialax=¢" suyra e™=x, x>0 3-7)
« (Gioi han mot phia:
Xét lim f(x) khi x = x,, (hitu han) khi x luén thod min x < x, hoac khi x > x,, khi dé
néu 16n tai lm f(x) thi ta néi rang d6 la cac gidi han mot phia: gidi han trdi (x — X,
X < Xy) va giéi han phai (x — x, X > Xx,) cua f(x).

Ky hiéu lim f(x) = f(x, - 0); (gidi han trai) (3-8)
va ' lin}u f(x) = f(x, + 0); (gidi han phai)
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Di nhién ngay tai x = x,, ¢6 thé ham f(x) khong xac dinh va néi chung:

fixy-0) £ 1 {x, + 0)

Thi du: Cho [(x) = [ . Ham $6 ndy khong xdc dinh tai x =0 va véi x < 0 thi f(x) = -1
X

va x > 0 thi f(x) = +1. Do vay: }Lmu f(x)=-1va lerElﬂ f(x) = 1.
s Vo cang bé va vé cung lon:
Ham s6 f(x)} duoc goi la mot vo cing bé, viét tit VCB khi x — x, néu:
Jim f(x) =0

x—»xo

Ham s6 {(x) duge goi 1a mot vo cing 16n (VCL) khi x — x,,. néu:
lim | g(x)l = + o . (3 day x, ¢6 thé 14 hitu han hoidc vo cling).
.‘i—).‘o

So sdnh cdc vé cring bé.

Cho f(x) va f,(x) la 2 vb cing bé khi x — x,. Ta néi rang f,(x) ¢ bac cao hon f,(x)

néu lim 10 =0 vaviet{(x)=0. (f,(x)); x > x,
oy, f‘:(x)
(doc: f,(x) bang khong f,(x) khi x — x,)

Khi dé ta ndi rang f,(x) c6 bac thap hon f,(x} trong qud trinh x — X,; f,(x) cling bac

f(x)

vdi f,(x) néu lim m =c = 0vavier la: fi(x) =0 . (f,(x)) ; x = x, v doc la: f,(x)
_‘(—).‘io N x
. . VRV & 69 NPT .
bang 0 . £,(x) khi X — x,,. Dac bié¢t néu lim —(ws =1 thi ndi rang f,{x) twong duong v
A—rEg y X

f,(x) khi x — x, va viét la: f,(x) ~ £,(x); x = x,,
Thi du. sinx ~ X ; tg(x) ~ x. Vay sinx ~ tgx khi x — 0.
Dinh Iy 4:
N&u £(x), g(x), f (x), g (x) 14 nhing VCB khi x —> x,,, nél f(x) ~ f(x), g(x) ~ g (x) thi:

f(x) £(x)

hm —— = lim =—=
n— Ky g(x) Ay g(x)

3.1.3. Su lién tuc cua ham s6 mot bién so

Dinh nghia: Cho f(x) la mét ham s& xdc dinh trong khoang (a; b); néi ring f(x) lién
tuc tai diém x, € (a, b) néu:

lim f(x) = f(x,) (3-9)
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Thi du: 1y Ham s6 f(x) = x lién tuc tai moi x hira han.
2) Ham s6 f(x) = sinx lién tuc tai x = 0; hon nita v6i x,, bat ky, ta cé:

_ _ . X —X, X+ X,
$inx - sinx,, = 2 sin cos 5

. : . XX
| sinx - sinx, | < 2 sin 0

, do dé: lim sinx = sinx,, ;

Vay ham s6 f(x) = sinx lién tuc tai moi X € R,

3) Ham s0 f(x) = ¢ lién tuc védi moi x € R {c = const).

4) Ham s6 f(x) = cosx lién tuc tai moi X € R.

5) Ham s0 f(x) = tgx lién tuc tai moi X thugc mién xdc dinh clia nd...

Pinh 1y 5:

Cho f(x), g{x) 1a 2 ham s6 lién tuc trong khodng (a,b) khi do:

a) f(x)+ g(x) lién tuc trong (a,b).

b) f(x). g{x) lién tuc trong (a,b); dac biét cf(x) (c = const} lién tuc trong (a,b).

c) f(x)/g(x) lién tuc trong (a,b) trir di nhimg diém lam cho g(x) triét tiéu.

Tir dinh 1y ta suy ra: Cdc da thitc 13 cdc ham s6 lién tuc; phan thic him ty 1a ham 6
lién tuc trir cdc khong diém cla da thic mau s6; cdc ham s6 luong gidc lién tuc trong
mién xac dinh cua nd.

Co thé str dung tinh lién tuc cha him s dé tim mot s6 gidi han; chiing ta c6 mot s6
cong thuc quan trong sau:

. log 1+
log, (1 +0)

hi =loge (dang 0/0) (3-10)
o —l} or .

,oat =1

Iim = lna {dang 0/0) (3-11)
u—»l o

. { -1

imEFe L, (dang 0/0) (3-12)

x—0 o

Piac biétkhia=ctaco: }.ingM =lhayln(l1+a)})~akhia —0.
= a

Hon nita, néu ldy o = ! thi lim n(&/" -1) =lna
n

n—

Trong nhiéu truong hap, ta phdi tim giéi han cia biéu thic [u(x}]"™ khi x — x,. Khi dé,
gid st lim u(x) = a va lim v(x) = b v6i 0 < a; b ta 2 s0 hitu han. Viét biéu thic u* dudi
N-RXy N F Ny
dang u* = e™"; sir dung tinh lién tuc ctia ham s6 logarit, ta cé: lim v=b; hm lnu = Ina.

L= KK,
1 i



Do dé lim v . Inu = blna. Lai st dung tinh lién tuc ¢tia ham s6 md, ta cé:

R A

]im uv - ehlnu = ah

X—)Xu

3.1.4. Diém gian doan cia ham s6

Dinh nghia: Diém x, goi 1a diém gidn doan clia ham s6 y = f(x) néu f(x) khong lién
tuc tai diém x = x,,. Ngodi ra cé thé coi x,, 1a diém gidn doan clia ham s6 khi:

- Hoiic diém x,, khong thuéc MXP ctia ham s6 f(x).

- Hoac khi x, tuy thu¢c MXD cua f(x) nhung ,}l,n} f(x) = f(x,).

- Hoic khong ton tai Iim f(x).

X—b 2y,
sin x
Thi du: t)y Xét tinh lién tuc clia ham s6 f(x) = < x
a néfux=0

néux#0

Ta ¢é: ling f(x) = | va f(0) = a. Do d6 néu a # 1 thi f(x) khong lién tuc tai x = 0; va

néu a = | thi ham s6 lién tuc tai x = 0.
o 1
]l néu0<gx< 5

2) Xét ham 6 f(x) = < —1 né’ui<x£1

0  v6inhiing trudng hgp khéc.

Tai diém x = % tacc’)f(% -0):Ivéf(%+0)=-l (trc la tai X = —:l)j;haigiéihantréi

va phai khdc nhau; do d6 f(x) khong ¢6 gidi han; x = % la di€ém gidn doan). Ta néi rang
dé 1a diém gidn doan loai 1. Tai diém gién doan loai 1; ham s& cé bude nhay | f(x, + 0) -
f(x, + 0)l. Nhitng di€m gidn doan khac (khong phai loai 1) goi la diém gian doan loai 2.
3.1.5. Ciac tinh chét ciia ham sé lién tuc
Dinh Iy: (Dinh 1y vé gi4 tri trung gian)

Cho f(x) xdc dinh, lién tuc wén khoang (o, B); gia sitra, b € (o, B); a<bva f(a) . f(b) < 0.
Khi dé, tén tat ¢ € (a., b) sao cho f(x) = Q.

Thi du: Tim mét nghiém trong doan (1, 2] cia phuong trinh bac 3:

X'-x-1=0
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ta co: f(1)=-1<0;f2)=5>0

1+2 3 3
U[]:—z":“i; f(u(,)=f(-£)>0
3
I+ -
2 5 5
1 > ) (u) (4)
43 43
u, = — ; fl—)>0
Y (32)

nhu viy, dung thu tuc phan doi & u,, ta c6 thé khang dinh ring nghiém x, clia phuong

trinh bﬁC 3. X] -x -1 =0nam trong khOéﬂg j:%é’ g%}

H¢ qud: Cho f(x) xdc dinh, lién tuc trén doan [a, b]. Khi d6 f(x) 1y t4t ca cac gid tri wr
f(a) dén f(b).
3.2.PAO HAM VA VI PHAN HAM SO MOT BIEN

3.2.1. Pao ham

a) Dinh nghia dao ham:

Cho ham s0 f(x) xdc dinh, lién tuc trong (a, b). Ta néi ring ham s& f(x) kha vi tai diém
¢ € (a, b) néu tén tai gidi han:

lim f(x)~-f(c)

=A;X=#cC (3-13)
e X —g
SG A la gidi han cua ty s¢ fx) - f(c) khi x — ¢; (x # ¢) duge got 1a dao ham cia f(x)
X—¢ :
14y tai diém x = c; ky hiéu f(c).
b) Nhdn xét:

/) Neéu dat x - ¢ = Ax thi biéu thitc dinh nghia (muc 4.2.1) dugc viét thanh:

lim f(c+ Ax) - f(c)

A0 Ax

=f(c) (3-14)
Vay dao ham tai x = ¢ chinh 1a gi6i han cba ty s6 giiia s6 gia ham va s6 gia d6i tai x = c.
2) Y nghia hinh hoc ciia dao ham:

Néu vé do thi cua ham s6 f(x) trong hé toa do Décac vuong géc thi ty 58 fe+ Ax) f©)
X

chinh la hé s6 géc ctia day cung CM véi C (c; f(c)) va M (c + Ax; f(c + Ax)), nghia la ty s6
dé la tang cha géc o, o 1a gée giita chiéu duong truc hoanh Ox va vecto CM .
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f(c + ax)

f(c)*

Khi cho Ax — O thi diém M trén dé thi tién dén diém C; do d6 cat tuyén CM tién dén
tiép tuyén CT, nhu viy, vé mat hinh hoc, dao ham tai mbi diém chinh 1a hé s6 géc cua
ti€p tuyén cua do thi cia f(x) tai diém dé.

3) Dung khai niém VCB thi (3-14) < f(c + Ax) - f(c) = (¢) . Ax + 0 Ax
(vé1 BA(x)1a VCB bac cao hon Ax khi Ax — 0)
4) Tir (3-14) suy ra rang néu: f(x) kha vi tai diém c € (a, b) thi f(x) lién tuc tai c; diéu
nguoc lai khong ding, tie 1a: néu f(x) lién tuc tai ¢ thi ¢6 thé f(x) khong kha vi tai c.
c) Mot s6 két qud
f=c¢ =0 f=sinx ;f =cosx
f=x =1 f=¢* ; f=e";..

Dinhly 1:
Cho f(x), g(x) xac dinh trén (a, b). Gia su f(x) va g(x) cling kha vi tai x € (a, b).
Khi d¢ f(x) + g(x) ; f(x) . g(x) cling kha vi tai x va:

(f+g)=f+g

(f.g)=1.g+1{.g;dacbiétkht g=c thi (c.[‘)’=c.I;
BDinh Iy 2: (Dao ham cla him s6 hop)
Gia sir: u = g(x) xac dinh trén (a, b); 1ay gid tri trong (c, d).

g(x)khavitaic ¢ (a, b)
Gia sir; y = f(x) xdc dinh trong (¢, d) va kha vi tai u, = g(¢)
Khi d6 ham s6 hop y = f[g(x)] kha vi tai e va [fig(x)]]' = f, . g'(X)
Thidu: y=sinu ; y =u'.cosu

y=a" ; y=a".lna
3.2.2. Vi phan

Pinh nghta 1: Tich 56 £(x). Ax goi 1a vi phan cla ham s6 f(x) ldy tai diém x.

66



Ky hi¢u: df = f{x) . Ax (3-15)

Vay: vi phan ciia ham s6 bang tich sd cha dao ham nhan véi s6 gia d6i s6. Vi doi so la
X nén ta xét ham sé f(x) = x; tacd:

dx=1.Ax < Ax =dx
Vay tr cong thirc (3-15) ta cé:
df =f(x). Ax = f(x).dx
Tir d6 suy ra f'(x) = d (3-16)
dx

Viy ta ¢6 dinh nghia khic nhu sau: Pao ham bdng thiong giita vi phdn cita ham s6 va
vi phdn ctia doi 6.

Két qud quan trong:

Cho f(u) 1a ham s6 kha vi d6i v6i u; u = g(x) 1a ham s6 kha vi déi véi x. Khi dé dinh
ly dac ham ham s& hop di khang dinh f(g(x)) ciing kha vi d6i v8i x va
df = £(x)dx (diéu d6 cé nghia la: trong moi trudong hop, {(x) 1a ham s6 phu thudc x hoic
phu thudc qua bién trung gian u nao dé, ta luén cé vi phan cla ham sé bang tich cta dao
ham cla ham s& va vi phan ctia doi $6).

Chitng minh.: Thét vay: vi f(u) kha vi d6i véiunéndf =, . du

Mat khdc; u = g(x) kha vidéi véi x néndu =g’ . dx

Vay: df=f, . g dx=f .dx

(Hoac 4p dung cong thiic dao ham ham s6 hgp hoic ta ¢6 thé viét:

ar _af du

df
= . =f .¢g =fx;viy — =fx = dpcm).
dx du dx B + dx pem)

[1§

Ung dung ciia vi phdn dé tinh dao ham ham sé nguoc:

(*) Gia sir f(x) kha vi tai x va ¢é dao ham f'(x} = 0. Gia su f(x) ¢6 ham s6 ngugc
x = g(y), khi dé g(y) ciing kha vi tai y = f(x) va dao ham g'(y) thod man h¢ thic:

gy = (3-17)

£'(x)

Ap dung cong thic trén ta cé:

« Néu y = a"; né ¢6 ham s6 nguoc X = log,y,

1 1 log,e

va y.=a'lnasuyra x'y= —=—
Y« a lna y

1
Pac biét: y =Inx cédaohamy' = —.
X
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. n s
-y=arcsmx;-l<x<l;-5<y<5

Ta ¢6:

y = arcsinX suy ra x =sinysuyrax'=cosy =& 1 -sin’y =+ y1-x*

-

(0 diy cosy > 0 nén ta chi lay dau (+)); do dé: X, = Nl-x"

1

Vay: Y=
V1-x?
. 1
Tuong tv y =arccosx; -1 <x<1; y, =- =
1-x

1
1+x°

va y=arctgx ; y =

ey=x";x>0nueR ; y,=pn,x""

1

. (E] _f'g-g'f
g g’

Ching minh: (lfj :[lJ .f+l_f'=—g—f+l.f':4f 2-¢g't

g g g g g g’

p 1 1
Ap dung vao cong thitc: y =tgx = (smx ) , ¥'=
COSX

y=arctgx = y', =

1+x?

Bdng dao ham cdc ham sé so cdp co bdn.

y=c¢ : y':[}
y=x";peR ; y'=p.x"
"y=sinx _ ; y' =cos X
¥y =COS X ; y' = -8in X
¥y =1gx , i
; y'= —
COS™ X
y = cotgx . 1
sin’ x
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y = a* : y' =
y = ex ’ y‘ =
y = log,x _ .
y= Inx ,

y =
y = arcsinx _

y =
¥y = arccosx
¥y = arctgx ] .
y = arccotgx .

(*) Dao ham theo tham s&:

Cho x = f(t) la mét ham s6 kha vi d6i véi t; t € (o, B) va y = g(t) 1a mot ham s6 kha vi

déivéit; t € (u, B).

Khi d6, né€u ham s& nguge t = f'(x) tdn tai thi ta suy ra tinh kha vi cha ham s6 y doi

vl x. Hon nira: d—y = g__(t_) .

dx (1)

That vay, tacé: dy =g'(t)dt ; dx = f'(t)dt;
{Chia dy cho dx dugc két qua trén).

X=acost

Thi du 1: Cho { _ te(0,=);
y =asint 2
Khi dé: dy _ acost _ it
dx —asint
X = a(t—sint
Thi du 2: Cho (=m0 0,2m)
y = a(l-cost)
t I
_ . 2sin—cos—
Khi dé: j—y: asmt t
x a{l-cost) ZSinzi

i

=colg—
g2
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3.2.3. Pac ham mot phia - Pao ham vo cung

a) Dao ham mét phia

- Pao ham trdi: f (¢) = lim f(x) - f(c)
% »c” X —C

- Dao him phi: £,(c) = tim 20— 1),
x—n;°+ X -

Ta co két qua : f(x) kha vitai c < £ (¢c) = (¢)
b) Pao ham vé cing

Khi lim )~ f(e)

X X —C

=+ hodc - thi tai diém x = ¢, f(x) ¢6 dao ham vo cung.

3.2.4. Pao ham va vi phan cap cao
a) Pao ham cdp cao

Dinh nghia: Cho ham s¢ f(x) xac dinh trong (a, b); f(x) goi 1a kha vi n lan trong (a, b)
néu f kha vi n - 1 14n trong (a, b) va dao ham c&p (n - 1) cha f cling kha vi. Khi dé: Pao
ham cap n ciia mot ham s6 1a dao ham cia dao ham c¢ap (n - 1) cha né.

Ky hieu: £ (x)=| £ |
Thi du 1: Ham s6 f(x) = x*; vdi k nguyén, duong c6 dao ham cap n
fYx) =k (k-1D..(k-n+1).x* "nfuk2n
va f"x)=0néun>k
Thidy 2: Ham s6 f=e* c6 ™M (x) = ¢*
Thidu 3: f(x) = sinx = £ (x) = (-1)* sinx; 2V (x) = (-1)* cosx

n!

Thidu4.:{(x)= ;;f(m(x) =(-N" ——
1+x (1+x)™

b) Vi phdn cdp cao

Dinh nghia: df goi la vi phan cap 1 coa ham s6 f.

Vi phén cdp 2 cta ham s6 f(x) tai mot diém ndo dé (néu cb) la vi phan cha vi phan df.
K hiéu vi phan cp 2: d(df) hay d°f ;

Mot cach téng qudt: Vi phan cap n, k¥ hiéu d"f [a vi phan clia vi phan cap (n - 1):
d"t = d(d™'n
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3.3. CAC DINH LY VE HAM KHA VI
3.3.1. Cac dinh Iy vé gia tri trung binh
* Nhdc lai cite tri cita ham so-

Choe ham s6 y = f(x) xédc dinh, lién tuc trén (a, b). Ta ndi rang f(x) dat cuc dai (cuc
tiéu) tai di€m x = ¢; ¢ € (a, b) néu vdi x + Ax € (a, b); ta ¢6: f(c + Ax) - f(c) < 0 (tuong
tu: = 0).

Diém x = ¢ goi 1a diém cuc tri cha ham s6 f(x).

Ly 4y

Cb y =1f(x)

|
:
l y = f(x)
t
l

Y

v

0 c 0O

Sau day ta xét mot s6 dinh 1y vé ham kha vi.
a) Dinh Iy Fermat

Cho ham s6 y = f(x) xdc dinh, lién tuc trong (a, b). Néu f(x) dat cuc dai tai ¢ €(a, b)
va néu f(x) kha vi tai c thi f'(¢) = 0.

b) Dinh Iy Rolle

Cho ham s6 f(x) xdc dinh, lién tuc trong [a, b] va kha vi trong (a, b). Gid su
f(a) = f(b); khi d6 t6n tai ¢ € (a, b) sao cho f'(c) = 0.

Chu y.: 1) Gia thiét f(x) hién tuc trén [a, b] 12 mot gia thiét khong thé thiéu duoc.

g N . x vii0<x<1
Thi du: Xét ham s6: f(x) = ]
1 vgix=0

RO rang ham s& nay xdc dinh trong [0, 1] nhung khong lién tuc trong [0, 1] nén né
khong kha vi; vi vay khong dp dung dinh 1y Rolle.

2) Gia thiét ham s6 f(x) kha vi trén (a, b) ciing khong thé thiéu duoc.

Thi dy: Xét ham s6 f(x) =1 x | vdi x € [-1, 1] chang han. R& rang ham s6 nay lién tuc
trén [-1, 1]; hon nita f(-1) = f(1) = 1. Nhung f(x) khéng kha vi trén (-1, 1) (Pao ham trdi
= -1 # dao ham phai = 1) nén khong thé ap dung dugc két qua dinh 1.
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c) Dinh Iy Lagrange (Dinh ly vé sé gia hitu han)
Cho ham s6 y = f(x) xdc dinh, lién tuc trén doan {a, b], kha vi trong (a, b). Khi d6 ton

tai ¢ € (a, b) sao cho:

M = f'(c) (3-18)
b-a
< f(b)-f(a)=f(c) (b -a) (3-19)

Cong thitc nay déng vai trd quan trong [a: né biéu thi mot hiéu sé thanh mét tich sé.
d) Dinh ly Cauchy
Gia str f(x), g(x) xdc dinh, lién tuc trén [a, b); gia sit g(a) = g(b) va gia skt f(x), g(x)
cing kha vi trong (a, b) va g'(x) # 0, véi moi x e (a, b). Khi dé t6n tai ¢  (a, b) sao cho:
f(b)-1f(a) _f'(c)
g(b)-g(a) ')

e) Cong thic Taylor

Cho f(x) lién tuc trén [a, b]; kha vi dén (n + 1) lan trong (a, b). Gia st ¢an tim da thic
P.(x) ¢6 bac khong vugt qud n sao cho vdi ¢ € (a, b) ta c6:

f(x) = P(e): £(0) = Py (0); ey £7(0)= B (0)
Khi dé da thire P (x) duoc xdc dinh bai:

P(x)=a,+a (x-c)+a,(x-c)+..+a (x-cf

Diéu d6 6 nghia 1a chi cdn xic dinh cdc hé s6 a, ..., a, thoa man:

a, = f(c) a, =

f'(c) £ (c)
——..ra_ = i

! n!

Khi dé:

f c flr c (n)( )
P =t + D20+ L e e Doy

) Mo rong dinh Iy Lagrange

Neéu f(x) xdc dinh va ¢é dao ham lién tuc dén cdp n trong (a, b), c¢6 dao him dén cip
(n + 1) 1an trong (a, b), thi vé1 bat ky ¢ € (a, b), ta cé:

£'(c) ”k) ")

n+l
f(x) =f(c) + 1—( —C)+..+ (x—c)" + s D! c)

(x~

vl X < ¢ <C.

Cong thic ndy goi 12 khai trién Taylor hitu han ciia flx) tai x = c.
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Dac biét, khi ¢ = 0 tht:

' " {n) (n+1)
f0 =0y + L@ IO 2 TTO L 00

I 21 " n! (n+ 1!

v Bthoamin0 <0 < 1.

g) Cdc két qud quan trong

D{+x)"=1+ moymm=b o, mmoDmokaD) e
! 2! k!
Thay x bai (-x) ta ¢é:
A-oxr=. By 0D oo e m@moDedmok+D o ymgm
I 2! k!
2) =l4+X+x" +...+%" +;x"+I
1+ x (1+0x)™"

Pl

3)In(l+x)=x- %+...+

2

néu x 1a VCB thi 1n(1+x)=x-3‘2;+e(x2)

2

In(l-x)=-x- %+9(x2)

2 n £
Het=1+ S SR I A
12 n! (n+1)

n+l

X

néuxla VCBthi ¢ =1 + %*57 +6 ()

3 2n-1 2n

X X
Hsinx=x - —+...+{(-1)"" — + (-)".——sinBx
) sinx = x 3 1 (Zn—-1}! D (2n)!

3
Khi x 12 VCB thi sinx = x - %+8(x“)

2 In I+l
cosx=1- b r (e cosOx
2 (2n)! (2n+1)!

Khi x 12 VCB thi cosx = 1 - X?;Jre(x?)

O fx)=(1+x):axeR;a=z0.
afa—1) (e ~1)...(cc —n +1)xn
'

(1+x)%=1+4o0x+ x4+

+ x".0(x)
n!
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-Khia:%; \)l+x=l+%x—%x2+x2.9(x)

|

I1+x

-Khioa=-— =I—£x+lx2+x2.8(x)
2 3

3.3.2. Ung dung cac dinh 1y vé gia tri trung binh

a) Khu dang vo dinh

Binh ly: (Quy tac L' Hospital).

Gia sir cac ham so f(x); g(x) kha vi tai lan can diém a (v6t a hiu han), va

hm f(x) = llm g(x)=0va g'(x) = 0 ¢lan can a. Nén hm E ; A
Xy g X

£
thi im L)
x—a g(x)

=A
Chui y:

fr : ‘ s 4
1) Trudng hop lim ) = o0; dinh I¥ L' Hospital van ding.

xe g (X)

2) Truomg hop x -» o2; ta van dp dung duge dinh 1y L' Hospital.
3) Truong hop f va g kha vi tai lan can a trir tai x = a; gia sir:
lim f(x) = lim g(x) = +e0 va g'(x) # O tai lan cén a ;

Khi d6 néu fim —0 = A i lim 20 = A
= gl(x) =2 g(x)

Cac thi du ap dung quy tdc L' Hospital:
3
DTim lim —~—  (dang 0/0)

=0 X —gin X

Ap dung quy tic L' Hospital 3 lan: dugc két qua: L = 6.

2) ]1mli~ (o> 0 kétqua: L=0

X —rtom X
3) linz(x —4)tg( " ] dang (0 . «0)... Kétqua =- 16/n

4 im X snx (dang E)
2x o0

X

Trong trudng hgp nay, dinh 1y L' Hospital khong st dung duoc.
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(x+sinx) . l+cosx . ) X

That Vay: lim - — ]lm mm——— ]lm cos” —
X—w30 (2x)| N—son 2 s 2
Khi x — o thi cos ~ khong xdc dinh, do vay khong ton tai lim w
2 oz (2%)

Khi dé ta phai tim gi6i han nay theo cach sau:

sin X
X +sinx T+
lim 222 im e—2 = =
X—m 2)( K—*m 2 2
5)Tim lm—22"%_ . (dang ©)
=0 x(1 - cos x) 0

Dung khai trién hitu han ta cé: khi x — 0 thi:

SinX - X = - lx“+0(x")
6
x(1 - cos x) = %x3+0(x3)

Vay L. =-

el | —

|._.i;

6) Tim lim(2 —x) " ; (dang 1%)
b |

—COST[l
Khix— 1 thit—>0,

< o L _

Datx-1+t,tg2(l+t) —

s1in—f
2

RX no..T
—pns—175m--1
3 2

VayA= (2-%) * =(1-1) :

Loparit tu nhién 2 vé& ta cé:

T
cos—1t
InA =- 2 1n(1—t)=—~—-——l+0{[) [-t + O(1)]
T yid
sin—t —t+0(t)
2 2
= g[l+0(t)][l+0(t)]‘
n 1+0(t)

Khi d6 limInA = 2

1—1} T

T

w—
Vay limA = lim (2—-x) ? =¢”".
1= x =]
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b) Khao sdt ham sé

Viéc dp dung dao ham dé€ khao sat su bién thién clia ham s& dua vao cdc dinh 1y sau:

Pink Iy 1: Cho f 1a mot ham sé xdc dinh, lién tuc trén [a, b]. Khi dé:

i) Diéu kién can va di dé f(x) ting (gidm) trong [a, b] 1

fix)=0 (f(x)<0)v6i ¥V X € (a, b).

i) Néu f(x) 2 0 (f(x) £ 0) v6i ¥ x € (a, b) va néu f'(x) > 0 (f'(x) < 0) tai it nhat mot
diem x thi f(b) > f(a); ([(b) < f(a)).

Bink Iy 2: Cho ham s6 y = f(x) xdc dinh, 1ién tuc va kha vi v6i V x € [a,b]. Gid sk
¢ € (a, b) (c6 thé tai X = ¢ ham s6 khong kha vi). Khi do:

1) Néu khi x qua ¢ ma f'(x) ddi dau tir (+) sang (-) thi f(x) dat cuc dai tai x = c.

ii) Néu dao ham déi ddu tir (-) sang (+) khi x qua x, thi f(x) dat cuc tiéu tai x = ¢.

iif) Néu dao ham khong déi dau khi x qua x = ¢ thi f(x) khong dat cuc tri tai x = ¢;
(ham s& khong déi).

* Ham s 168

Dink nghta: Ham s6 y = f(x) xdc dinh trén khodng I goi 12 16i néu véi ¥ a, b e T va
voiL YVt € {0, 1]; luén cé:

tf(a)+ (1 -0 f(b)>ffta+(1-1)b].
Bat ddng thic niy goi 1 bit dang thuc 161,
Do thi cia ham s& 161 luén nam trén ti€p tuyén cha no.

Dinh nghia tuong tu cho ham sé& khong 16i (16m).

boa
-—x
e2

Thi du: Xétham s6 y = f(x) =

o

12
Tacé f(x)=- ——=xe 2
2n

FO)=0:F(x)>0v61 ¥V x<0; f(x) <0 vdi ¥x >0,

Do d6 tai x = 0, ham s6 ¢6 cuc dal.

1
Hon nita, £'(x) = RN (x%- 1)

21
f{D=f"-1)=0,f"(x)>0 v ¥Yx<- 1 hoac x > 1.
Mxy<O0vdi-1l<x<l.

Do dé tai x = £ 1, him $6 ¢6 diém udn.

(*)



* Cdc bat ddng thite 161
1) Bdt ding thitc Jensen.

Cho f 1a mét ham s6 101 trén I = (a, b); khi d6, v6i Vx,, x,...., X, € I v2 v8i céc s6 thuc

Aii=1,n; A [0, 1] sao cho A, =1;taludn co:
k=1

FOY X0 <D A f(x,)
k=1 k=l

ii) Bat dang thitc vé s6 trung binh.

n
Choa >0;i= L,n.Pat C= lZak; N = (HakJ . Khi d6 N < C (Tde la:
k=1

n o
Trung binh nhén cdc s6 khong am, khong vuot qud trung binh c¢ong cla chiing).
11} Bat déng thic Holder va Minkowski
1 1 s 1 1
«Chop>1,q>lsaocho —+—=1.Khidé: Xy < —x" + -yt
P q p q

liyg

0 e N
e Néw x,y,€lIR;i=1,n.Para= (Zh{k I"] ;b= [Zi Yi Eq] v6ia.b#0;
k=1 k=1

ta co:
n Iip 1 ba
k=) k=]

« Néu p = g = 2; bat dang thuc goi 1a bat dang thifc Cauchy - Swarsz.

(%, +v, Py < (3 X, e (3 Yy i
* So do khdo sat ham so-

n

X ¥

k=1

Viéc khao sat ham s thudng theo trinh tu dudi day:

1. Mién xdc dinh cua f.

2. Chicu bién thién: tim khoang tang, giam clia ham so.
3. Cuc tri (néu cd).

4. Tinh 161, 16m (n€u cén thiét), diém udn (néu cé).

5. Tiém céan (n€u cd).

6. Bang bién thién.

7. V& dé thi.
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Sau day, 18y mot thi du ¢6t dé minh hoa cdc budce khao sat: Xét ham s f(x) = .
x —
‘1

2 > Onghia id khi —
x—1 x—1

1. Mién xdc dinh D, 12 (-0, 0] W (1, + 0),

(Ham s6 chi xac dinh khi

>0;tniclax <0hoacx > 1.

2. Muén xét chiéu bién thién clta him s, phai tinh ' (x). Ta ¢6:

. 3
F(xy=0khix=0va x=§

f'(x) khong xac dinh khi 0 < x < 1.
Sau day la bang dau clha dao ham f(x):

X -00 0 1 AR +o0

Tur bang dau cua f suy ra: f(x) giam khi x < 0 hoic 1 < x < —;- ; f(x) tang khi x > 372
3. Cugc tri:

Tai x = %, dao ham f déi dau tir -1 sang +, do dé x = % la diém cuc tiéu, f(%) =

2-2—3— ; lru ¥: diém x = 0 khong phdi 13 diém cuc tri.

4. Muén xét tinh 181, 16m:; ta tinh "
1 _fi X
f(x) 4 (x-1)>

f(x) =

" cling dau vai

1 nén f" > 0 trong mién xdc dinh, do dé f(x) 13 ham s& L6i.
x —

5.x =1 la diém ham s6 khong xdc dinh, do d6 dd thi cé mot tiém can ditng ¢6 phuong
trinh x = 1. Muén tim tiém can xién ta viét f(x) dudi dang:

l
3 —
()= | = ‘X‘JL = |x| L+ — )
x-1 x—1 x-1
Diing cong thic khai trién Taylor cta (1 + x)* khai trién Taylor c6:

[1+—T=1+ L L
x—1 2x-1) 8 (x-1)* (x-1)?
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Do dé c¢6 thé viét:

T R
(x) = [x[+ -+ ———.0(x)
2(x-1) 8(xx-1)F (x-1)
T biéu thifc trén suy ra:
X — 400, ¢O f(x) ~ x + ~ X H—
2x —1) 2
X —>—, c6 f(x) ~-x— ST
2(x - 1) 2

Vi f(x) ¢6 hai tiém can xién:
y=x+-12—khi X = +00; y=-x-%khi X —— 00,

6. Tir nhitng két qua trén ta c6 bang bién thién sau:

o (oW

ok

120 1-—3£2

¢) Puong cong cho dudi dang tham sé
e Phitong trinh tham s6 ciia duong cong:
. x=1(1)
Cho hé 2 phuong trinh: cte (o, B)
y=2g(t)

goi l1a hé phuong trinh tham s6 cta dudng cong (C).

Y
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Thi du: Dudng xicloit:

t e [0, 2x]

x=a(t—-sint)
y=b(l ~cost)

» Khdo sar dicong cong diei dang tham s6:

1. Tim mién xéc dinh, cdc diém gidn doan ciia cdc ham s6 x = x(t), y = y(1). Nhan xét
cdc tinh chat chin, 1¢, tudn hoan (néu cd).

2. Xét chiéu bién thién cua x, y theo t bang cich xét ddu céc dao ham x'(t), y'(t)
3. Tim céc tiém cén cla duong cong.
Thi du {: Khao sat va vé dudmg cong cho bdi:

X =acos’ t

. it e (~oo, +oo);a > 0.
y=asm {

Dugce goi fa dudng cong axtroit.
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Thi du 2: Khao sat va v& duting cong cho bdi phuong trinh:
X' +y' - 3axy =0:a> 0 (goi la 14 Décdc)
b Y Xty 3axy=0

d) Duong cong trong hé toa do cuc
o 11¢ toa d cyc: Trong mit phing chon mot diém O ¢6 dinh; goi la cuc va mot vecto

don vi OP; tia mang vectd OP goi la truc cuc. Hé toa dd xac dinh bdi truc cuc va cuc
goi la he toa do cuc.

iy
Al M
r :
o :
of ¥ 8 -
Pp= (E)i;,OK/‘I)in r= I(SI\?H
¢ dugc goi la gée cuc: r goi la bdn kinh cuc.
M&i diém M trong mat phing ting v&i cap s6 (r, ¢).
ﬁ{)(:rc.osq) 0<op<2n;r20 \Y%
y=rsing X
S -

Nguge lai, ta ¢6: 1F = X2 + y* va 1go = y/x
Thi dut:

a) budng xoiin dc 16garit ¢6 phuong trinh: r = ae™; a>0; b> 0
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b) Dudng hoa hong 3 cdnh: r = asin3¢; a> 0

| B

Chit y: Chon ¢ sao cho sin ¢ cung diu véi y.

3.4.NGUYEN HAM VA TICH PHAN BAT PINH

3.4.1. Tich phan bit dinh - cic vi du don gidn

Pat vin dé: Biét f(x) kha vi wrén (a, b) thi ¢é dao ham trong (a, b) vA néu cho mot hAm
s6 kha vi thi ta ¢6 thé tinh duge dao ham f'(x) cha nd.

bat van dé nguge lai, néu cho trudec mot ham s f(x) xdc dinh trén (a, b), litu ¢d tdn tai
ham s6 F(x) kha vi trén (a, b) va ¢b dao ham F'(x) = f(x) hay khong? (dF(x) = f(x)dx);
va néu cd F(x) thi cach tim nd nhu the nao?

a) Binh nghia nguyén ham

Gia su f(x) xdc dinh trén (a, b). Ta néi F(x) x4c dinh trong (a, b) 12 nguyén ham cha
ham s6 f(x) néu F(x) kha vi trong (a, b) va F'(x) = f(x).

< dF(x) = f(x)dx V61 Vx € (a, b)
4
Thidu: XT 1a nguyén ham clia ham s6 x* vi F(x) = f(x)

Binh Iy 1: V&i moi hang s6 C; F(x) + C la nguyén ham ctia ham s6 f(x), ¥x € (a, b)
va nguoc lai.
Dinh Iy 2: ff(x)dx = F(x) + C
b) Cdc tinh chdt don gian
Jkf(x)dx = klf(x)dx = kF(x) + C
J(Af(x) + Bg(x)dx = AF(x) + BG(x) + C
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Bang tich phéan cdc ham s6 thong dung:

arl

Jxdx = = 1+C
o+
[dx=x+C
[TV C [ ohxsasc
X X+a
j\/i = arcsinx + C ; _f%zarcsini +C
f\/_d_xzzarccosx+c
I1-x
d
- =arcigx + C ) > A : :larclgi+C
1+x a”+x a a
_dX2 = arc cotgx + C : | dx =Llna+x C
1+ x a’-x* 2a |a-x

fsinx dx =-cosx +C
fcosx dx = sinx + C

! dx =-cotgx +C
sin” X
J df dx=tgx +C
COs” X
[a*dx = 4 ic
Ina
Jerdx =e* + C

3.4.2. Cach tinh tich phan bat dinh
a) Phép doi bién
Gia sir c4n tinh tich phan [f(x)dx;
Thuc hién phép déi bién t = W(x). Khi dé: f(x)dx = g[W(x)]. W'x)dx.
Gia st .fg(t)dt = G(1) + G tim duge nguyén ham G(1); thay t = W(x):
[fC0dx = fg(dt = GIW(x)] + C
Clut y: Trong nhi€u trudng hop, thyc hién d6i bign: x = @(t) = f [p(1)]. @'(1)dt = g(t)dt.
Khi dé6 bi€u thitc duéi dau tich phén f(x)dx trd thanh g(t) dt .
« Phitong phdp ddi bién Euler: Jx* +a =t —x

Thi dy: Tinh jd—x- o e R
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Tr vx’+a=t-x = —-}\/?E—X— =dt-dx
X’ +a

{1+—x—~]dx=dt
X% 4o

—wdx:dt;\a'I\fxz+oc+x=t
vx? + o

nén _tdx =dt @—dx &
Vx4 o Vxt o ¢
dx dt y
Vay:l= |———=—==|—=In|t|+C=In|x +vx* +a [+C
Nty !

b) Phuong phdp tich phdn tieng phédn

Gia str f(x) = u; g(x) = v 12 2 ham s6 ¢6 dao ham u' = f(x) vd v' = g'(x) 12 2 ham s6
lién tuc.

Khidé:  fudv =uv - fvdu,
That vay  d(uv) = vdu + udv
Taco udv = d{uv) - vdu; vi nguyén ham cta d(uv) 1a uv nén:
fudv = uv - [vdu
Clue y:
- Khi tinh If(x)dx. nén tich f(x)dx nhu thé nio dé f(x)dx c¢6 dang udv.
- Tinh Jvdu phai d& hon fudv.
+ Ham u dé 1y dao ham.
+ Ham v d¢ 1dy tich phan.
- Cac loai tich phan thudng ding quy tac nay:
Jx*In™xdx; [x*sin axdx; [x*cos axdx; Jx*e*dx; ...
Thi du:
D) flnx dx = x(lnx - 1) + C

2) Jarctgxdx = X.arctgx - % In(x*+ 13+ C

3) .[c"“ cosbxdx =1;
J‘e"“ sinbxdx =]
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: 1 .
bat dv=e"dx > v= —¢"
a

va u = sinbx: u = cosbx = du = becosbxdx; du = - bsinbxdx.

.. I . b -
= Je‘“ cosbxdx = —e* cosbx + — jea“ sin bxdx ;
a da

o 1 .. . b,
[e** sinbxdx = = ¢ sinbx —— Je* cos bxdx
a a

I- EJ :le” cos bx
Tie 12 ) 4 fl‘
—T+J=—c¢" sinbx
a a

Coi I, J 13 4n, tir hé hai phuong trinh trén suy ra:

ax

I= Je“ cos bxdx =

o (bsinbx +acosbx)+C
a”+

4%

J= _{e"“ sinbxdx = {asinbx —bcosbx) +C

a’ +h’

Chii ¥:
1) Trong nhiéu trudng hgp cu thé, tuy chi cdn tinh I nhung qua tinh tich phén timg
phin & trén, ta lai gap J. Khi d6, lai tiép tuc dung tich phan timg phan dé tinh J nhung

cdch dat u va dv phai nhdt qudn vdi cich dat ban dau.
O day, dé tinh J, nht thiét phai dat:
dv:e""dx:>v:le“ L
a — kétqud:
u=sinbx = du=bcosbx
2) Nhan xét: Néu d€ y rang dao ham cdc biéu thiic e”cosbx hoac e”sinbx ciing lai cho
dang €™ (Acosbx + Bsinbx) thi ta viét:

fe™ cosbxdx =" (A cosbx +Bsinbx)+C
trong dé A, B 1a 2 hang s8, ta tinh dugc:
a b

1 ZVE:IB: 2 el

a-+b a  +b”

A=

c) Tich phdn cdc phdn thirc hitu ty

P(x) b,+bx+..+b x"
Q(x) a,+ax+..+ax"

R(x) =

véia,b e Rvaa,b, =0.
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- Néu m < n thi R(x) dugc goi 12 mét phan thirc thuc sur.

- Néu m 2 n thi R(x) dugc goi 1a phan thitc khong thuc su.

Néu R(x) khong 1a phan thic thuc sy thi bang cich chia tir cho méiu bao 210 ciing ¢é
thé biéu dién R(x) dudi dang téng clia mot da thiic va mot phan thic thuc su. Tinh tich

phan cdc da thic thi qud dé, do vay ta chi cén tim céch tinh tich phan c4c phan thic thue
su va trude hét ta tinh cdce tich phén sau:

trong d6 A, M, N, a, p, q € R; k, m nguyén duong, ngoai ra ta gia thiet q - p¥/4 > 0.
Trudc hét, ta thdy rang hai dang i) va ii) di quen thuoc:

IAdx=

X—a

=Alnlx-al+C

| A = f A 1 e ke
(x—a) (x—a) k-1 (x—a)

Muén tinh cdc tich phan dang iii) va iv), chiing ta biéu dién x* + px + q dudi dang:

2 2
Xapx+q=x2+2. Pxq[ 2] 4 —(B
PR 272 T,

(x +p/2) + (q - p/4)
Theo gia thiét, q - p°/4 > 0 nén ta dit a’ = q - p'/4, véi:

a=+ ,Jq-p’/4

Bay gid thyc hién phép déi bien:

X+pl2=t;dx =dt
X* +px +q=1+a’, Mx + N =Mt + (N - Mp/2)
Khi dé, tich phan dang iii) s I:
M
I leX+N dx = J’Mt+(N pf'r2)
X* +px +q

t° +a’
2tdt

1 2 t
%ln(t' +a’ )+ l(N—Mp,«’2)arctg— +C
a a
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Cudi ciing trd vé bién x ta dugc:

J.4———-3/IX+N dx=Mln(x2+px+q)+ —Mp 2xtp
X" +px+q 2 m m
Cung véi phép déi bién nhu trén, tich phan dang iv) s& la:
R
C6 thé tinh tich phén that nhét clia vé€ phai béng cdch déi bién ¢ + a° = u; 2tdt = du va cé:
_[ 2tdt du 1 1 1 1

= : : +
(tE + az)m um m— 1 um _1 m=1 (tz + az)m—l
d) Tich phan cdc biéu thirc luong gidc
Gia strcantinh 1= JR(sin x,cos X)dx trong dé R(u, v) (*)

12 mot biéu thitc hitu ty d6i v6i x. Khi d6 thuc hién phép déi bién:

X . . :
t= tgz; -m< X <7® vadpdung: sinx =

Khidé:i:arctgt:x:Zarctgt:ﬁdx= —dt
2

1+t

2
Vivay(*)ﬁI:IR(lzt . t] 2dt

2714t J(1+t%)

Nhu vay biéu thic dudi dau tich phﬁn lai 12 biéu thiic hitu ty d6i voi t.

Thi du: =*I sdx; O<a<li-n<x<m)
1-2acosx+a
2
Déi bién t = th:cosx=l t2 ydx = 2t2dt
2 1+t 1+t
Khi d6: 1= (1-a%) | 11 1 Lt
a2, 0 )
(1+t)
? dt bl dt
=(l_a-)j 2 2 2 2 :(I_a“)f 1, .2 2
1+t2=2a(l-t)+a’(1+t) (1—a)’ +t°(1+a)

= arctg [[1+3Jt}+c
l—a
= arct [H—at X +C
8 1—a g2
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e) Tich phdn cdc biéu thirc dang IR(X, Vol —x?)dx va IR(X,\/XZ + o )dx
* IR(X,\."&E +x%)dx déi bi¢n x = atgt

* IR(X, Vva® —x?)dx déi bién x = « sint hoiic x = o.cost

¥ IR(X,VXE-az)dx d6i bién x = &

cost

3.5. TICH PHAN XAC DPINH

3.5.1. Dinh nghia
a) Bai todn tinh dién tich hinh thang cong
Cho ham s6 y = f(x) xac dinh, lién tuc trén doan [a, b). Gia sl f(x) > 0 trén [a, b].

Xét hinh thang cong AabB: 1a hinh gi6i han béi dé thi ham s6 y = f(x) trén [a, b]; cdc
dudng thing x = a; x = b; v y = 0 (truc hoanh Ox).

Ta di tim dién tich S cia hinh thang cong AabB?

by .
A
’/_:\\l:i-l_‘Pj‘//
! 1 ! I
I | 1 I 1 I |
| | ] 1 1 ! :
1 : t 1 t : :
I : : : : ! : X
I . I 1 I | . -
O a X X3 o X Kt b

Ta thuc hién cac budc:
+ Chia doan [a, b] thanh n doan nho bdi céc diém chia:
Xp=a<X <x,<..<X,=b
(201 12 phan hoach P doan [a, b]).
+ Tir cdc diém chia x; (i = 1,n —1); dung cdc dudmg thang x = x.; nhu vay ta di chia

hinh thang cong AabB thanh n hinh thang cong nh:. _x,_x P, (i = [,n ); méi hinh thang

cong nho d6 cé day Ax, = x, - x., {1 = 1,n). Theo gia thit, ham s6 f(x) lién tuc trén [a.

b] nén ciing lién tuc trén [X,

L Xl (= 1,n), do dé dat duge gid tri nho nhat m, (m, =

min f(x)) va gid tri 16n nhat M,(M, = max f(x)), theo dinh 1y.
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Do do: msf(x)<M, x . ,Sx=X
mAX; < f(x)AX, € MAX, , X, £X =X,

V¢ mat hinh hoc; tich s6 mAX,, MAx, chinh 1a dién tich cia hinh chir nhat "trong” va
"ngoii"” ¢é chiéu rong 1a Ax, va chiéu dai twong ing 12 m, va M, hinh thang cong nho thi i
P x,x,P luon bi cdc hinh chir nhat trong va hinh ch@ nhat ngoai kep.

Goi lan lugt S. va S 12 tong cdc dién tich cha céc hinh chit nhét trong va hinh chir nhat
ngodi, d€ cho gon, goi S. 1a téng trong va S” 14 téng ngoai, ludn cé bat ding thiic:

1 1
S.<8 ;8. = > mAx;; 8 = Y MAx,
=1 i—k

Theo két qua vé su hoi tu clia day don diéu ta két luan rang khi m tang vo han va moi

Ax; — (), co:

. - . % -
lim S\ =8 va limS,,, =S

n—ra n- -+

Tacéd S = S va ta néi rang hinh thang cong AabB ¢6 di¢n tich va ta dinh nghia dién
tich S coa hinh thang cong chinh la giéi han chung do:

§S=S =385
Bay gid. 6 thé viét:
S mAx, € D f(x)Ax, € X M Ax,
i=I i-1 i=!
Mat khdc, néu goi A, = Ax; va A = max (Ax,) thi cdc hé thire ¢6 thé viét dudi dang:

limY mAx; =S va limY M;Ax; =S

P -1 Aol i-1

Do vay, néu hinh thang cong AabB ¢6 dién tich, nghialanéucé S = S =S thi tir b
ding thic kép va tix dinh 1y chuyén qua gidi han cdc bit dang thic kép, ta ciing cd:
S= ;hi_[;?] % f(x;)Ax,
b) Pinh nghia tich phdn xdc dinh
Cho ham s6 f(x) xdc dinh va bi chan trong khoang dong [a, b, chia [a, b] thanh nhimg
khodng nhd boi mot phan diém P, trong méi khodng nho [x, . x;] ldy mot diém & uy y:

X, <&<x, (=12, ..,n)
va lap tong: &= ) 1(E)Ax;
il
Vi AX, =X -%., (i=1n)
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Di nhién t6ng 3 dinh nghia theo trén 12 mot s6 xédc dinh; s& dé phu thudc s6 khoang
nho n, phu thudc &, chon tuy ¥ trong [x,,, X;} va phu thudc cich chon phan diém P.
Néu khi n tang v6 han (n = «) saochomax (A,)=A, A > 0; véi A, = Ax; 1 <i<n
& ¢6 gidi han (hitu han) I, véi giéi han 1 ndy khéng phu thudce cdch chon diém &, ciing
khéng phu thude cich chon phan diém P.
iingﬁ =1 (khin—> )

thi I duge got 1a tich phdn xdc dinh clha ham s6 f(x) 1dy trén khoang déng [a, b] va ki

s
hiéu Ia jf(x ydx :

I= bjf(x)dx

Khi dé6 ta ciing néi raing ham s6 f(x) khd tick trén [a, b], [a, b] 1a khodng ldy tich
phan, a la cdn didi, b 1a cdn trén cla tich phan, x 1a bién s¢ 14y tich phan, f(x) 12 ham 56’
14y tich phan va f(x)dx 1 biéu thidc duéi ddu tich phan.

3.5.2. Piéu kién kha tich

Pinh Iy 1: Diéu kién cin va di dé ham s6 bi chan f(x) kha tich trén [a, b} la:
lim (S - 5) = 0.

a0
Dinh Iy 2: Néu f(x) lién tuc trén [a, b] thi n6 kha tich trén [a, b].

Dinh Iy 3: Néu f(x) bi chiin trén doan [a, b] va ¢ mot s6 hitu han diém gidn doan
trong [a, b] thi f(x) kha tich trén [a, b].

Dinh Iy 4: Néu f(x} bi chin va don diéu trong [a, b] thi kha tich trong [a,b].
» Mot vai thi du:

|
1) Tinh I x dx
¢}

Vi f(x) = x* lién tuc trong [0. 1] nén f(x) kha tich, do dé:

| i

: - 1
x'dx= lim E Ax,
L-?[ gy Ax; =0 ; = !

- + r # -+ Ly - . kd . l
Theo dicu kién kha tich c6 thé chon &, € [x,,, x;] tuy ¥ va ¢ day ta chon &, =1.—;
n

1 . kl o A
Ax; = = — (chia doan [0, 1] thanh n khoang nhd biang nhau), dé maxAx, — 0 véi
n n

n— oo, do dé:
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I n(@+h2n+l) 1
Ilr—)on n3 6 3

| 2
| I &
Ix dx-hmZ[ n] .——hm——q—g

3 n—»w n n—roo

1
Vay: x’dx = =.
v -]

b
2) Tinh j-sin xdx

Vi f(x) = sinx lién tuc trong [a, b], nén f(x) kha tich trén [a, b], do dé cé thé chon
phan diém sao cho:
Xo=a,..x=a+ih véih= 22 i=ln.
) n

Khi dé max (Ax,}) = Ax, = h.

Néuchon & =a+ (i - Dh;i= 1,n thi theo dinh nghia ¢é:

b n
Jsin xdx =lim D (sin&;)h
; n-{):—

bat o, => (sin,)h, cé:

o,=[sima+sm{a+h)y+sin(a+2h)+..+sina+(n-1)hh

Nhan ca hai vé€ dang thuc trén véi 2 smE va dung cong thic luong giac:

2sinusiny = cos (U - v) - cos (U + v}, suy ra:

wfitlfo- 2

C.= h

2 sin

cos[a - h ] - cos(b - h}
2 2

2sin —
2

=h.

(via+nh=Db)

Cudi ciing, th gid tri &, vio biéu thic cin tim gidi han ta dugc:

" h/2 h h
Ismxdx—llmi osa—— |—cos| b——
: h-o sin(h / 2) 2 2

Viay: j-sin xdx = cosa - cosb

]
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Chii y.

(1} Qua hai thi du, ta thdy rang néu chi ding dinh nghia dé tinh tich phan thi khoi
lugng tinh todn cling nhu cich tinh todn rat cong kénh va da dang vi khong cé mot cong
thirc di tong qudt dé ggi ¥ cdch tinh cdc gidi han, chinh muc sau sé cai thién tinh
hinh nay.

{2) Trd lai thi du 1rén, ta dé dang thay:

1 1 ] 1
~ 2 _ l - 3 _ 2 _ ) _ 1
Néu {Jx dx—g thi {}ft dt—al.y dy—Ju du—-g
Ciing vay:
b b b b
Néu jsin xdx =cosa - cosb thi jsin tdt = Isin vdv=... = _fsin ydy = cosa - cosh

Tir hai thi du d6 ¢6 thé két luan:
b
jf(x)dx (n€u ¢6) thi chi phu thudc vao cdc can a, b v ham s6 14y tich phan f(x),

a

khong phu thude bién sé tich phén:
Ly b h
jf(x yx = [f(dt = .. = jf(u)du

(3) Khi dinh nghia tich phén ta xét ham s6 f(x) trong khoang dong [a, b], tic la ta di
gia thiet 4 < b. By git¥ néu b < a ta dinh nghia:

b a
jf(x)dx =- ff(x)dx
u b
va Khi b = a ta dinh nghia:
j f(x)dx =0
3.5.3. Cac tinh chdt cua tich phan xac dinh
D¢ khoi phii nhac lai nhiéu ldn, trong cdc ménh dé dudi day khi néi dén tich phan

fi
jf(x)dx chiing ta déu hicu 1a f(x) dugc gia thiét kha tich trén [o, B).

» Tinh chat I:

(i) C6 thé dua thira s6 13 hang s ra ngoai dau tich phan:

lj[C‘f(x)dx =C. tj[f(x)dx
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Iy I
Pac biét fc.ax :cj'l.dx =C(b-a)

(ii) Tich phan clia téng hai ham sé bing t6ng hai tich phan:

Is

Jireo + g(0))dx = Jr(x)dx + jg(x)dx

o Tinh chdt 2:

Cho 3 khoang déng [a, bl, [a, ¢| va [c, b], néu f(x) kha tich trén khodng cé do dai dai
nhat thi ciing kha tich trén hai khoang con lai va:

li[f(x)dx = L;ff(x)d}'; + l].f(x)dx
» Tinh chdt 3: (’I”rongdlinh chat n.;y gia thiét: ; < b)
M NEuf(x)=20,x € [a, b] = l:ff(x)dx >0
(i) Néu f(x) € g{x),x € [a,b] =

l]‘f(x)dx < I].g(x)dx

(111} N¢u f(x) kha tich trén [a, b] = If(x)l kha tich trén {a, b] va

i

bjf(x)dx < bj| £(x)|dx

(v Neum <f(x) £ M, x € [a, b] =
br
mib-4a) < If(x)dx <M (b-a)

o Tinh chat 4:

Gia st f(x) kha tich trén [a, b], (a < b) va gia st m < f(x) £ M, véi x € [a, b], kh1 do
ton tai |

I+
Jf(x)dx =u(b-a)m=pusM

Pic bi¢t néu (x) lién tuc trong [a, b]. ton tai c; ¢ € [a. b], thi:

jf(x)dx = f(c)(b - a)



3.5.4. Cach tinh tich phan xdc dinh

Néu f(x) kha tich trén [a, b], f(x) cling kha tich trong {a, x], x € (a, b] (tinh chat 2},
néu bay gid thay can trén b badi bién x thi ta ¢6 tich phéan:

Ox) = ]‘f(x)dt , X € [a, b]

M(x) 1a mét ham phu thude can trén x, v dé phan biét can va bién sd tich phan ta viét
bi€n s6 tich phan la t (xem nhan xét 2). Ham ®(x) c6 cdc tinh chat sau:

Dinh ly 1:

(1) Né&u f(t) kha tich trén [a, b] thi ®(x) lién tuc d61 véi x € [a, b).

(2) Néu f(x) lién tuc tai t = x thi ®(x) ¢6 dao ham tai x va: ®'(x) = f(x)

Binh Iy 2: (Lién hé giira tich phan x4c dinh va nguyén ham).

Néu f(x) Lién tuc trong khoang déng fa, b] va néu F(x) 12 mot nguyén ham cla f(x)
{ludn ton tai nguyén ham nay, theo nhan xét trén) trong khoang dé thi:

o}
J'f(x)dx =F(b) - F(a)

Céng thirc nay duge goi 1a cong thic Newton - Leibnitz va cling thudng duge viét dudi
dang sau day:

[fodx = Fx)|;

Thi du.
1) Tra lai hai thi du trén dé dang thdy rang:

1
Ixzdx=lx3|] 1
J 3773

° b

Isin xdx = — cos x’a = ¢osa - cosh
b . 1
=—— (O -2 (ue- 1)

+1

b X',1+]
2) jx“dx =

p+1j

b
d
3) I—lenxl: =1Inb - Ina (a>0, b>0)

4) Dung tich phan xdc dinh, tim gidi han:

X n n n
I=lim| ———+—F5—=+..+— .
=l T +1° nt +2 n"+n-
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_ n n n ok A o
Goi L= ———F+—5—5+.+— — thi 6 thé viét I dudi dang:
n +1° n°+2 n° +n-
n n n
2 2 2
[ = -1 +—0 4+
1V 2 \2 2
[ (2 ("]
n n n
1 1 i |

Xét ham f(x) = 1/(1 + x%), ham s6 nay lién tuc trong [0, 1], do d6 kha tich trén [0, 1];

. .3 . 1_0 1 . . A .
dung phan diem déu Ax; = = — va cdc diém chia:
n n
1 1.
X, =0:%x,= —, .., X, = ]—, 1=0,n;
n n

chon diém £, = x,, c6 tong tich phan chinh 1a I, do d¢:

. d
[=liml, = {—
n—ron 01+X

_ L T
5 warctg,xlU =7

3.5.5. Phép doi bién trong tich phan xac dinh

Tuong tu tich phan bat dinh, trong tich phan xdc dinh, ngudi ta cling diing céc phép
d6i bién thich hop dé tinh tich phan.

Dinh Iy 1: (D6 bién x = ¢(1))
h
Xét tich phan jf(x)dx , vdi f lien tuc trong [a, b).

Gia st thuc hién phép déi bién x = ¢(t) thoa man:
(1) (1) ¢ dao ham lién tuc trong [a, B].
(2) pla) = a; p(B)=b.

(3) Khi t bién thién trong |c, B] thi x bién thién trong {A, B] D [a, b] va f(x) lién tuc
trén {A, B]. Khi dé:

b [

Jreadx= Jfle(mle'(Hdt

a o
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Thi du: Tinh 1= j\/4— x*dx
il

. . T i T
Bt x = 2sint; ¢6 V4 - x7 =2cost, —Eétgg;

2sina =0 =>a=0:2sinp =2 = P =—;dx =2costdt.

o | A

Cdc di¢u kién clia dinh 1y déu thoa mén, do dé:

T

: ] 2 t . T2
1= s a2 Yy f 2]
0 0

&

Binh Iy 2: (Déi bién t = o(x))
5]
Xé1 tich phan j f(x)dx , véi f(x) lién tuc trong [a, b].

Néu phép dot bién t = @(x) thod min:
(1) ©(x) bién thién don diéu trén [a, b] va ¢6 dao ham lién tuc.

(2) f(x)dx trd thanh g(t)dt, trong dé g(t) 1a mot ham s6 lién tuc trong khoang déng
[¢(a), ¢(b)] thi:

b il
Jroodx = feat
a ofa)
Thidy: Tinh 1= | ———dx
5 l+sin’ x

Dol bién t = sinx, ham s6 t = sinx don diéu trén {O, 5} )

]
dt |
Ta cé: I= — =arctgl| =
Jl1+t‘ gl“

T

4

0

3.5.6. Phép lay tich phan tirng phan
Gia suu(x) va v{x)} [a nhitng ham $6 ¢6 dao ham lién tuc trong [a, b]. Khi d6:
d{uv) = vdu + udv
Lay tich phan dang thic nay trén [a, bj dugc :
h I h
Jd(uv) = judv + Ivdu

a a
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Judv = (uv)\: - i‘[vdu

a

Cong thic duge goi la cong thic tich phén timg phan.
Thi du: Tinh I= jln xdx
1
Ta ¢o; l:xlnx\:—j.dx =elne-1.Inl-(e-1}=1
|
3.5.7. Mot s6 ung dung cua tich phan xic dinh

a) Tinh dién tich hinh phdng

« Xét trong hé¢ Oxy: hinh phang dugc gidi han bdi cic dudng x = a, X

I
=

b
y =0,y =f(x); v&i f(x) 1ién tyc trén [a, b]: S= jf(x)dx .
b
Néu f(x) <0 voi VX e fa, b} thi S= - jf(x)dx

b
Keét hop hai cong thic trén: S= J[ f(x)ldx

o Trudng hop hinh phang gidi han bdi: x =a;x =b; y=f,(x) ; y = [,(x) v6i ,(x) va
f(x) 12 hai ham sé lién tuc trén [a, b] thi:

S= fI£, ()~ £, (x)] dx

o Néu x = ¢{y) vdi @(y) Lién tuc trén {c, d] thi dién tich hinh phang gidi han bdi cic
dudng y =c¢; y=d ; x = 0 v do thi ham s6 x = @(y) duge tinh bdi cong thirc:

S= [lo(y)dy

=p(t
» Dudng cong cho dudi dang tham sé: {x o) thi dién tich S ciing dugc tinh theo

y=y(t)
b
cong thic S = II f(x}|dx ; y = f(x) dugc thay bdi y = y(t); dx dugc thay bai ¢'(t)dt, 2

can a vi b duoc thay boi 2 can mdi t,, t, [dn lugt 13 cdc nghiém cla cdc phuong trinh:
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a=o(t)
b=¢(t,)
tdcla S= I| w()o'(t)[dt trong do q(t); yw(t) va ¢'(t) 1a cdc ham lién tuc trong [t,; t,].
» Truong hop bién coa hinh phang cho trong hé toa do cuc. Dé tinh dién tich cta hinh
quat cong gidi han boi 2 tia ¢ = a; ¢ = B; o < P va cung AB cta dudmg r = r(); trong

dé r(p) la mot ham s6 lién tuc trén o, B]. Ta co:

f
S= J.rz((p)d(p.

b=

b) Tinh d¢ dai duong cong phdng

§= ‘[ 1+ 17 (0)dx

X =x(t
o Truong hop duong cong cho dudi dang tham s6: { Et; it € [o, B]
Y=Y

. "(t
thi chi can thay dx = x'(t)dt; thay f(x) = g—y s E ; ; ta cé cong thitc:
X x'(t

B
s= JyxZ () +y?mdt
o

» Trong truong hop duong cong cho trong hé toa do cuc: r = f(o); ¢ € (w, B]; ta st
dung codng thic:
{x =r(p)cosp
y=1(¢)sing
va coi X, y duge biéu dién theo tham sé o ta ducc:
{x'(qn =1'() cos ¢ — 1) sin ¢
Y'(@) =1'(p)sin ¢ + r(p) cos p
Do do:
X(@) + y*(0) = r*(9) + ().

Khi dé:

p
s= [ (@) +1” (oMo

o
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c) Tinh thé tich vit thé

- Vdr thé bdr ky: Cho 1 vat thé giéi han bdi mot mat cong vi 2 mit phing x =a, x = b.
Goi V la thé tich:

Iy
V= [S(x)dx
-Vt thé tron xoay. Gia s phai tim thé tich vat thé tron xoay tao bdi hinh thang cong

AabB gi6i han bai y = f(x); x € [a, b] truc Ox, cdc dudng théng x = a, x = b khi né quay
xung quanh truc Ox:

b
V=7 [f2(x)dx
d) Tich dién tich xung quanh mdt tron xoay
b
S=2n [|£(x)| Y1+ (x)dx

Trudmg hop dudng cong cé phuong trinh x = ¢(y), ¢(y) lién tuc trong [c, d] thi dién
tich mat tron xoay sinh ra bdi cung chia d6 thi x = ¢(v) quay quanh truc Oy la:

S=2n [lo(y) |¥1+07 (y)dy.

3.5.8. Tich phan suy ring
a} Truong hop cdn ldy tich phdn la v6 han

Gia sir ham s6 f(x) xdc dinh trong khoang [a, + o) (di nhién a hitu han), nghia [ f(x)
xdc dinh véi moi X 2 a va kha tich trong bat ky khoang hitu han [a, A); khi d6, nhu da

A
' bi&t tich phan jf(x)dx c6 nghia véi bat ky A > a.

At

Né&u t6n tai: lim Ajf(x)dx )
thi gidi han d6 dugc goi 1a tich phdn suy rong clia ham s6 f(x) trong khodng [a, +o0) va
ki hiéu la: Tf(x)dx (*%)

Khi dé, ta cling ndi ring tich phan (*) héi tu va viét:

+jff(x)dx = ,\ll.rflm ]-f(x)dx
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Néu khong (6n tai gidi han (*) thi ta néi ring tich phan (**) phdn ki.

Tuong tw ta cling dinh nghia dugc rich phdn clia ham s6 f(x) [y tir -0 dén a:

jf(x Jdx = fim jf(x)dx (A' < a)
— A Al
va tich phin cua ham s6 f(x) tir -oc dén +eo ;

.‘_j:f(x)dx = Ali‘rfla0 T[f(x)dx

Acrim A

(Fxk)

vai gid thict f(x) kha tich trén bat ki khodng hitu han [A', A] va véi nhing khéi niém

trén. cé thé viét:
[HEEE [fodx + [fdx, va

'Tich phan suy rong trong ve trdi hoi tu khi ca hai tich phan vé€ phai héi tu.

Qua cdc dinh nghia trén ta thay ring tich phan suy rong la gi6i han clia tich phan xéc
dinh (hi¢u theo nghta thong thudng) khi cho can tich phan din t8i v6 ciing, do vay, cling
rat i nhién, mudn tinh tich phan suy rong ngudi ta diing cong thilc Newton - Leibnitz dé
tinh tich phan, sau d6 cho can tich phan dan t6i v6 cling. Ching han, dé tinh tich phan

dang (**) ta tinh:
A
Jrxydx = F(A) - Fa)
Neéu tich phan (**) hoi tu, di nhién ta c6: Alim F(A) la hitu han va ta viét:

lim F(A) = F(e0)

v khi dé: jf(x)dx = F(+w) - F(a) = F(x)|.”
Vi céc tich phan dang (***) va ciing dugc tinh tuong tu.
Thidu:

"Todx e T
1) J. = arctg}(‘(J = arctg(+ o) —arctgl = —
s I+x” 2

{}
dx 0 -
2) =arctgx = —arcte(—oo) — arcte() = —

o +

d d % d
R el e e

o i -
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4) Tinh 1= [ @>0)
7 X
v g | v |t néua<l
Vé o =1 taco: j__)_(:____u_xl"“ =< al-@
. X0 1-a . néua>1
o1
Véia=11acé: d—":lnx;:"‘ = +o0
X
Vay I hoitu khia > 1 va I phan ki khi o < 1.
5 1= Ic'“" sinbxdx (a>0), J= Je"‘" cosbxdx (a>0)
o] a
I= _asinbx+bcosbx . " b
a’ +b’ s a +b’
bsinbx—acosbx _. |7~ a
I= 72 ¢ =12
a“ +hb 0 a“+b

o Si hot tu cuia tich phdn suy réng ¢6 cdn la vo cing.

Gia sir f(x) > 0 va kha tich trén [a, A), v8i a, A hitu han (a < A); khi d6 tich phan:

A
D(A) = jf(x )dx 13 mot ham don diéu tang doi véi bien A; Vay:

Diéu kién 4t ¢6 va du dé tich phan suy rong (**) hoi tu 1a tich phan nay ludn bi chan
trén khi A tang:

A
jf(x)dx <L (L 12 hiing s6)

Néu khong thoa man thi tich phan ¢(A) ¢6 gid tri la .
Tir di€u kién trén va tr tinh don diéu chia tich phan suy ra:
Binh Iy (tiéu chudn so sdnh):

(1) Cho hai ham s6 f(x) va g(x) kha tich trén moi khoang hitu han [a, A] (a < A) va
0<f(x)<g(x), x=a.

Khi dé

- Néu jg(x)dx hoi tu thi ff(x)dx hoi tu.
-Néu [f(x)dx phan ki thi [(x)dx phan ki.
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(2) Gia sur f(x) va g(x) la hai ham s6 kha tich trén moi khodng hiru han [a, A] (a < A).
Khi do, néu ton tai gidi han:
lim @ =k (O<k<+m)
e g(x)

thi cdc tich phan suy rong  [f(x)dx v Jg(x)dx s cing tinh chat, nghia 12 cing hoi ty
hodc cung phan ki.
Hé gqua:

Cho f va g la hai ham s6 duong kha tich trén {a, +o]. Khi do6:

1) Néu lim f(x)/g(x) = 0 va néu jg(.x)dx hoi tu thi j’ f(x)dx hdi tu.

2) Néu lim f(x)/g(x) = +o0 vinéu [g(x)dx phankithi [f(x)dx phan ki.

Dinh ly:

+ 7

Néu fif(x)|dx hoi w thi [f(x)dx hoi tu. Khi d6, ta néi ring [f00dx hoi 1 myer

doi; con néu [f(x)dx hoi tu nhung fifeo1dx phan ki thi ta néi [f(x)dx ban hoi 1
(hoi tu khong tuyét doi).
b) Truong hop ham sé ldy tich phdn khéng bi chin

Bay gi xét truong hop ham sé f(x) khong bi chdn trong khodng déng hitu han [a, b]; cu
thé hon gia st f(x) bi chin va kha tich trong khodng déng bat ki [a, b - n] v6i 0 < n<b-a
nhung khong kha tich trong bét ki khodng ddng dang [b - , b], f(b - 0) khong gidi ndi va b
duge goi 1a mot diém bdr thiong.

Néu tén tai gidi han; Ll_l}g h_ff (x)dx (*)
thi gi161 han d6 duge goi la tich ph(;n sity rong cua ham f(x) lay trén fa, b] va ta néi rang
tich phan kj‘f(x)dx hoi i va vig®

" b b1
jf(x)dx = lim j f(x)dx

Iy
NEu giGi han (*) khong tén tai hoac bang oo thi ta néi rang tich phin If (x)dx phdn ki.
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Tuong tu, néu f(x) bi chan va kha tich trén moi khoang hiu han [a + 7', b] nhung
f(a + 0) khong bi chin va f(x) khéng kha tich trong moi khoang hitu han [a, a + 1],
diém a la diém bat thudng, ta ¢6 dinh nghia:

lj[f'(x)r:b-: = Ll{g t]‘f(x)dx

a+mn'

Neéu f(x) khong bi chan tai ¢, a <c¢ <b; nghia la f(c £ 0) khong bi chiin ta dinh nghia

b
tich phan suy réng jf(x)dx béi biéu thiic:

bJ'f(x)dx = ]f(x)dx + bjf(x)dx

Tich phéan suy rong & vé trdi dang thic trén hoi ty Khi va chi khi ca hai tich phan suy
rong & v€ phai hoi tu.

Thi du:

4]
D - im | dx =1im[-arcsin(-l+1]')]=-g(diém-llédiémbﬁtthu&:‘ng).

2 ‘= 2 ')
SJvl=-x e —]+n'\|'1_x n=

| n
2) J dx =l I X - limarcsin (1 - n) = ";E (diém + 1 1a di€m bat thuong).
4] 8]

2 T
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CAU HOI ON TAP

1. Gidi han va su lién tuc ciia ham s6 1 bi€n 8.

2. Ham $0 nguoc va d6 thi cta nd. Cic ham sd so ¢dp co bin.

3. Vo cung bé - vo clung 16n.

4. Dao ham va vi phan cta ham s6 1 bién. Dao ham cia téng, hiéu, tich, thuong cia
cac ham s6. Dao ham cba ham s6 hop. Vi phan. Dao ham cla ciac ham s so ¢ip co ban.
Dao ham cdc ham s6 nguoc. Dac ham mdt phia; dao ham vo cung. Bao ham va vi phan
cdp cao.

5. Céc dinh ly v€ gia tri trung binh. Dinh 1y Fermat; dinh Iy Roll; dinh 1y Lagrange;
dinh 1¥ Cauchy; cong thitc Taylor. Dinh 1y Lagrange mad rong khai trién Maclaurin. Mot
s6 khai trién Maclaurin hitu han clia mét s6 ham sé so cAp quen thudc.

6. Ung dung cac dinh 1y vé gid tri trung binh.

- Khtr cdc dang v6 dinh - cong thitc L'Hospital.

- Khao sdt sir bién thién clia ham s6.

- Pudng cong cho dudi dang tham s0.

- Hé toa d§ cuc; dudng cong trong hé toa do cuc.

7. Nguyén ham va tich phan bat dinh. Pinh nghia nguyén ham. Bang tich phan céc
ham s6 thong dung. Cach tinh tich phén bat dinh. Phép déi bién; phuong phép tich phan
timg phan. Tich phan cdc phan thic hitu ty; tich phan cdc ham s6 lugng gidc; tich phan
cdc ham so vo ty.

8. Tich phan xdc dinh. Dinh nghia. Diéu kién kha tich, céch tinh tich phan xdc dinh.
Mot s¢ ting dung hinh hoc clia tich phan xdc dinh: Tinh di¢n tich hinh phing; tinh do dai
dudng cong phang; tinh thé tich vat thé; tinh dién tich mat tron xoay.

9. Tich phan suy rong.

BAI TAP:
3.1. Tim cdc gidi han sau:

. 3 T _2 ki) . 2 o+ no_
) lim—CC X727 2) lim X FX FotX 70
Six? —12x +16)" X1 x -1

o W+ ox -1+ Bx
N h = 4) lim
in X — sin ‘ I+tgx —+/l+sinx
5) lim SInX —sIna 6) hn{}}\/ g :
X —ra X —a i

7y Him %+ X2 <1 - x)

A=+
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3.2, Tim céc gidi han:

v x—1
T _ T-x T Yxnl
1y lim| 2X_ =X +L 2) lim| X~
e 2% +x + 1 X"+
3) lim(sin x)** 4) lim[sinIn(x +1) — sinin x]
wx s
5) lim— %

VU sinox — sin3x
3.3. Xét su lién tuc cua ham so:
(x” ~4)
Dix)=9 x-2
A néux =2

néux =2

1
x.sin— néux #0

2} f(x) = X
0 néfux=20
3) f(x) = {e" néjux<0
a+xX néux=0

Chon a dé f(x) lién tuc.

3.4. Tim dao ham cdc ham s6 sau:

3
Dy=x+vx +Vx 2)yz%/}+x3
- X

3)y:ln(x+m;) ; 4yy=e" Insinx
1-x khi-w0<x <l
Ny=4(1-x}2-%x) khil<x<2
—{(2-x) khi 2 < x <+

o s . . i x”.sinl khi x 0
3.5. Vi dicu kién nao thi ham s6 f(x) = X
0 khix =0
a) Lién tuc tai x = 0.
b) Kha vi tat x = 0.
¢) €6 dao ham lién tuc tai x = 0.

3.6. Tim dao ham tréi ' (x) va dao ham phai f,(x) cla cdc ham s&:

Dy =Ixl 2)y = vsinx”
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3.7. Tim vi phan cdc ham so:

l)y:l 2)y~—~larctg1 ;(@a=0)
X a a
y=lnlx+ vx° +al 4)y=arcsin > ; (a#0)
a
3.8. Tim:
Dd(x.cY 2)dva? +x?
d(sin x}

3 din(l - xY) d(cos x)

3.9. Tim y', ; y",, cba ham f(x) cho duéi dang tham s6:
Dx=2t-t*;y=3t-t'

2) X = acost ; y = asint

J)x=a-sint); y=a(l - cost)

3.10. Tim dao ham c4p cao cta cic ham sé:

2

Dy= lx— : Tinh y® 2}y = x* . sin 2x ; Tinh y*”
-X
1
Ny= ; Tinh y™ 4)y= —————; Tinh y™
)y x(1 - x) Y )Y X' -3x+2 4

3.11. Xét xem dinh Iy Rolle ¢6 4p dung duge cho ham s6 sau khong?
f(xX)=x-1)(x-2)(x-3)
3.12. Giai thich tai sao cong thic Cauchy khong dp dung dugc cho cdc ham s6 f(x):
fx)=x";gx)=x*:-1<x<L '

3.13. Tim céac gi6i han:

1) gijg(\/x x4 Vx —&J

2) lim &2

A} X

3.14. Khio sat cdc ham sé:

2-x°
1+x*?

Dy= 2)y=Vx3—x2—x+l
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3.15. Khaosathams6r=a+bcosp; 0<a<b

3.16. Tinh cac tich phan bat dinh:

el gx-l
1) {x* (5 - x)* dx 2) jg—f—dx

dx
4 5
)"‘2—3)(2 )j1+cosx
xdx dx
_— B
)j(x+2)(x+5) ) I(x+a)2)(x+b)2

dx

10) farctgx dx 1) [1—”—“—"

sinx —1
13) 1, = J-x” e'dx ;neN

15) jx2 In x dx

3.17. Duing dinh nghia. tinh tich phan 1= je“dx

Ix+l
c

3) I dx

e +1

6) J- dx

e’ +¢

—-X

9) jsirﬁ xdx

12) j

1+ x*
14) je""‘ cos3x dx

3.18. Dung dinh nghia va cach tinh tich phan xac dinh, tinh gidi han:

hm — {1/ +—+,/ +-+ +1/1+—]
l]—)O'n

3.19. Tinh cac tich pban:

1) j|1nx|dx

i
2) Hg —4x dx

[

‘1

2 j-l l+smxdx
1+ cosx

il

0

0) Chu‘n}:, minh rang, néu f(x) lién tuc trén [0,1] thi:

[ f(sinx)dx="[T(cos x)dx
i}

3.20. Tinh di¢n tich hinh phang gidt han béi:

1) Pudng cong y = x” viacdc dudng x = 0; y = 4.

5) J-cos” X.cosnx dx

4xT +4x +5

2) Dudng parabol y = x° + 4 va dudbng thing x -y + 4 = 0.

3) Budng bic ba y = x' v cdc dudng y = x; y = 2x.

4) Pudng tron x* + y* = 4x va parabol y* = 2x.
5) Dudng r’ = a’ cos 2¢.
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Chuong 4
CHUOI

4.1. PAI CUONG VE CHUOI SO

4.1.1. Dinh nghia
Cho day s6 U: U, U,

Bi€u thic U, + Uy + ..+ U, + .= > U, (1) dugc goi 1 chudi 6.

n=|
- Céc s6 U U, U, .., duge goi 1a cdc s6 hang cua chudi sd.

- U, v6i n 16ng quét goi ta s& hang téng quat.

-Téng S, =3 U, = U+ U, + ...+ U, goi Ia tong riéng thit n cia chudi s6 (1)
k=1

- Néu S, dan t6i mot gidi han hitu han S khi n—> %, ta néi rang chudi 6 (1) > U,
n=l

hoi ty va ¢ tong S. Khi dé: lim S, = S va viét:
Ti- e

- Hieu R, =S - S, duge poi 1a phin du thit n cia chudi s6.
- Néu chubi $6 hoi tu thi R, — O khi n = o

- Néu S, khong ddn téi moét gidi han hitu han, khi n — o0, ta n6i chudi s6 (1) phan ky.

Thi du: Xét chubi so Z aq"" ;az0 *)
n-1
D6 1a chudi cip s6 nhan vo han ¢é cong boi q (chudi s6 nay duge ding nhiéu trong 1y
thuyél, bai tap vé chudi).

+Neug=1= (*) =Y aq"' =a+a+a+..; lim$, = lim na=: chudi phan ky.

n—oo n—¥a0
n=]

+Neua=0=>0=0+0+.+0+.=0:chudi hoi t.

+Neug=-1 =>(M e dag ' =a-ara-a+..
n-l
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- Vi S, =0 khi n chdn; vd S, = a khi n 1&; khi dé S, khong dan t&i mot gidi han khi
n — = nén (*) phan ky.

+Néuq#1;, S =ataq-+aq +..+aq"" =a(cl _11)
q_

- Trudng hop 1: Xét |g|<1 thi im 1qI"=0 ; do dé:

1—¥as

L VR ) B
S=1lim S, = lim a.u = llmau -2 {(hitu han)
n o n o> q-—1 U | -1 1- q

. e d
nén (*) hoi w va co tong S = -

- Truding hop 2: Xét Iql > 1: thi lim q" =0, do d6:

n—sac

(o
lim S, = lim a,tq l}zoo nén (*) phan ky. Vay khong 16n tai lim S, .

n—rw n—u q — l n—x
Tém lai: Chudi 2a g™ hoi tu khi igl < 1; phan ky khi Igl > 1.

4.1.2. Picu kién it ¢é cua chubi hoi tu

Dinh ly:

Néu chudi s6 3. U, hoi tu thi s6 hang tong qudt U, cha né dan t6i 0 khi n— oo .
n=1

Chuing minh: Tux gia thigt YU, =S8 8,=S,,+ U, dodé U,=S,-S,,
n=I
Néu chudi s6 hoi tu thi S, va S, | phai cling dan t6i mét gidi han hitu han khin— .
Vay lim U, = lim (S, -S$,_,)=S-S=0— dpcm.
n—ic n—pm:
Clui ¥: Diéu nguoc lai khong ding. Thi du:

Xétchudgi 3 ! (diege gol la chuoi diéu hoa).
n=l
- S6 hang tong quat: U, =— —» 0 khi n— o5 ; nhung chudi d6 phan ky . That vay:
n
Son =5, = ! + : +...+L}L+L+...+L:3-=~l—‘
n+l n+2 2n 2n 2n Zn 2n 2
Néu chudi s& hoi tu thi S, va S, cling dan t& | giét han khi n—>oo. Tic la

lim(S,, —S,)=0diéu nay mau thuan v&i S, — § > 1/2.
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Hé qud: Néu lim U, =0 thi > U, phan k¥.

n—>= n=I
- =+ g 3 4 n+1 ~ [ -t o s
Thidyu I: Chudiso 1+ ” + P +o - + ... phdn ky vi s6 hang t6ng quat:
n
1
U =" 1 40 khin > o,
2n 2

Thi dy 2: Chudis6 Y —= Ia phan ky; mic dit lim

1,
n=1 iﬁ; n—o %/;;

] 1
Chudi nity phan k§ vi: S == + 4 _ A g

| 1 1
==+ .t ==
V132 VYn Vn ¥n ¥n
S,>n” nén lim S, > lim (n
N—»od n—»o

4.1.3. Ti¢u chuan Cauchy

Bink Iy: Didu kién 4t ¢6 va di dé chudi > U, (1) hidi tu Ja: véi Ve > 0 cho trudc,
n=l

tim duge $6 nguyén duong n, sao cho khi p> q 2 n, ta cé:

> v,

n=q+1

»SP—Sqiz <g

Chitng mink: That vay, chudi sd hoi tu khi va chi khi ddy cdc tong riéng S, hoi tu.
Theo tiéu chuidn Cauchy ctia ddy hoi tu, diéu nay xay ra khi va chi khi v6i ve>0 cho
trude, tim duge mot s6 nguyén duong n, sao cho khi p > q = n, ta cé:

> U,

n=g+l

‘Sp -Sq|= <E

Thi dy: D61 v&i chudi dieu hoa Zi, ta thay ring: diéu kién cta dinh 1y Cauchy
n=I
khong dugc thod min vi khoéng thé xay ra bat dang thc:
2n 1
Z k

k=n+1

Son = Sal = <¢; nén chudi phan ky.

4.1.4. Vai tinh chat don giin cia chudi s6 hoi tu
i) Néu chudi s6 > U, hoi tu va c6 tong 1a S thi chudi s6 > aU, ; o = const ciing hoi
n=l n=I

tuvidcotong laa. S.
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@0 o0
ii} Néu cdc chubi s6 > U, ; 3 V, hoi tu va c6 tdng theo thi tr 1a S, S, thi chubi s6

n=I n=l

S (U, +V,) hoi tuvacéténg S, +S,.
n=l

iii) Tinh hol tu hay phan k¥ ca mot chudi s6 khong thay doi khi ta bét di mot s6 hitu
han s6 hang dau tién.

Bai 1ap e giai:

Khao sat sy hoi tu cia cac chudi ¢6 s6 hang tdng qudt sau day, tinh téng cia chiing
khi ching héi .

2n° +1

1)y U, =
n +n+1

2n +1
D= 7
n°(+n+ 1)

3) Tinh téng cla chudi Y 1
noy 2020 + 2)(2n + 4)

= 3n% +3n+1
gy y 2 Font]

oo+

Goi y- 3); 4) phan tich thanh téng cdc phan thic don gian.

4.2. CHUOI SO DUONG (HAY CHUOI SO CO SO HANG DUONG)
4.2.1. Pinh nghia

Chudi s6 (1) ZUH goi 1a chudi s6 duong néu U, > 0, ¥ n. Vay véi chudi s duong
n=1
Z Un "hi Sn+1 > Sn (Tha[ Vay: Vi ST1+| = Sn+ Un+l:I Un+] > 0 _)Sn-fl > Sn)
Vay {S,} 12 mot diy so ting. Do d6 néu diy {S,} bi chin trén thi ton tai gidi han
lim S, =Shi han. Do dé (1) hdi tu. Con néu day {S,} khéng bi chan thi §,-> « khi

-+

n— oc nén chudi sé phan ky.

Chii §: Néu V, < 0, Vnthi 3V, =-Y|V,| ma 3|V, |1a chudi s6 duong; vi vay chi
n=l n=1

cdn nghién ctru chudi sé duong la du.
4.2.2. Cac dinh ly so sanh
Pinh Iy It Cho 2 chudi s6 duong ZU” (2) va ZV” (3); gia st U < V,, vii

n=l n=1

¥n2>n, € N. Khi dé néu chudi (3) hoi tu thi (2) hoi tu, néu (2) phan ky thi (3) phan ky.
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Chii y: Khi st dung dinh 1y 1; dé méac sai 1am nhu sau:

+) "Anh 1én" phan ky thi chua két luan duge gi vé "Anh bé"; vi vay, néu két luin ngay
la "Anh bé" phan k¥ thi s& la mot sal 1am.

+) Hodc "Anh bé" hoi tu thi chua két luin duge gi vé "Anh lén". N&u voi két luan
ngay la "Anh 16n" hoi tu thi & sai lam.

Hai vi du sau s& tudng minh diéu do.

Thi du: Xét su hoi te cia cde chudi sau:

: b
d)zll'l 4" : %}n\/——‘i

Giai:

a) Su dung két qua Zaq"_' . Chudi s6 nay hoi tu khi ]q‘ <l; S= e
n=] —q

Phan ky khi |g| = 1 (chudi (*) trong 4.1.1).

b 1 , - loyas - .
Cuthéldaya=1;q= Z chang han, ta cé chudi: > (l)11 ' hoi tu hay chudi > 4% hoi

n=l n=}

. A - ) 1
tu. Doi v6i chudi 3 ()™ ta o < —. Xong Z— hot tu nén Z

3 1t n hOi I.U.
n=l n .4 4 n=l - ln

b) Ta da bict: Z

n;f

phan ky. (Thi du trong phan 4.1.2)

< . 1 1
Vay z —= cling phan ky. Xong v6in > 100, tacd: — <

n=li A n ' 3\/5 ;\/E -5

Dodé », -

== fUOG n-—

phan k¥.

Chitng minh dinh Iy 1.

Pats, =Y U,:S", =3V, Viu,<V,; Vk>1nénS, €S
= k=l

Néu chudi s6 >V, hoituvacé téng S'thi S, < S
=

Tir 2 diéu trén suy ra S, < S'. Vay chuéi Z U, hoi tu vi cé téng riéng S, bi chan trén.

n=1

Néuchuéi 3 U, phanky thi lim S, =+« dodé limS', = +w chudi Z V, phan k¥

n—on n—om =l

112



Thi du.: Chudi Z

héi ty vi:

f%

1 ) o n . X .. 0
<— v6i Yn21ma chubi Z—mr g( ] hoi tu nén chudi >’

1
Tacé —
N\ ﬂ.3n 3 n= I n=1 ‘:‘/;SH

hoi tu.

Chudi Y —= ! phan ky; vi ! > 1 véi Vn =1 ma chudi Z phén ky (chudi diéu hoa).
\/_ \/H n n-1 1

Binh Iy 2: Cho 2 chudi s& duong (2) va (3).

Néu 16n tai giéi han lim —* Y =k >0; (0 <k <+o0) thi hai chudt d6 déng thdi hoi tu

hay phan ky.
Clumng ninh dinh 1y 2.

s . e , kU, k
That vay, bat dau tir moét s6 hang nao dé trd di, ta ¢o: > < — < 3. >

n

Neéu chudi so >V, hoituthivi U, < %Vn nén chubi Z U, ciing hoi ty.

n=]

L . , - Kk , 2w L
Con néuchudi > U, hoitwthivi U, > 5 V, nén chudi z V, ciing hoi tu.
n=l
4.2.3. Cac quy tac khao sat tinh hoi tu cia chudi
» Quy tdc D'Alembert.

U,
Cho chudi s6 duong ZU .Néu lim —— U L = [ thi chudi hoi tu khi /< 1; phankykhl£>l

o
n=1 n—*

Chitng minh: Gia stt 1 < 1, chon &- kha nhdo dé 7+ € < 1. Vi lim —2*- Y =1, ton tai 86

M=
i

n+l

nguyén duong n, dé cho: véi vn>n,: < I+ €. Ta ciing c6 thé xem nhu n, = 1.

Khi do:

U, =o Yo Yoy cgigmu
Un—l Un—2 UI

Vil + g < I; chudi ¢6 s6 hang téng quat (l+s)"_'.U, hot tu, do dé theo dinh 1y so
sanh; chudi 2 U, hoi tu.

113



- - - U - +
Neéu /> 1, thi tir 1 s6 hang nao dé di; —* >1 do d6 U,,, > U,; s6 hang tong quat

H

khong dan t6i 0 khi n — oo ; chudi s& phan kY.

Thidul: Xét Z—- Tacé: lim 22 — fim
Un - n'21\+I

n=l n—»cC

[1 3.5.. (2n~l)]
3".n!

n+1).2" | .
L_L: — < 1;vay chudi hdi .

Thidu 2: Xétchudt A =3’

n=|

Tacé: lim -2t = Jjp | 122G+ D -1) :[1.3...(2n—1)J
== Un n—o 3“*1.(n+l)! 3" n!

1.3..2n-1).2n+1).3"n! .o 2n+1 2
= lim =-—«<]
n-o3(n+1) 3

= lim
noe .3 (2n-13.3"(n+ D.n!

Vay A hoi ty theo D'Alembert.
e Quy tdc Cauchy
Cho chudi s6 duong > U, . Néu limg/U, =1 thi chubi s& hoi tu khi / < 1; phan ky

n=]

khit> 1.
Bai tdp ny giai: 1. Xét su hoi ty; phan ky cta chudi s6 duong sau:

BN

n=t n=1

1
2. Xét sur hoi tu hay phan ky cta chudi sau: Z n—+~)—
" 3"
 Gor y:
[
2 .
/n +1 _ +1 _ !
Xét lim yU —hm = lim an—) = lim (n ) :hml.[nJrlJ
n—sw rl—)c'“ n—er| 0% gn nswo "3 now 3 n
1. 1Y e R — .-
=—lm| 1+ =—<1.Vay chubi da cho hoi tu.
3 nom n 3

4.2.4. Tiéu chuin tich phan

Gia thiet A = Z U, 1a chuéi s6 duong. Gia sir ham s6 f(x) lién tuc; duong; giam trén

n=l

khodng [1: +0] va dan (6i 0 khi x — +e0. Khi dé tich phan suy rong j f(x)dx vi chudi
1

s6 > U_,trong d6 U, = {(n) cling hoi tu hay cuing phan ky.

n=I|
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Thi du: Xét su hoi tu, phan ky cla chudi )’ —%L-', o = const
n=l 11

. o “rdx
Giai; Ta so sanh 6 véi tich phan j—u
X
1

Ta biét rang, tich phan dé hoi tu khi o > 1, phan k¥ khi « <1.
Tir d6: chuéi da cho Z% hoi tu khi o > 1; phan ky khi o 1.
n=1 1
Khi o = 1 thi chudi Z 1 ta chudi diéu hoa nén né phan ky.
n=] n

4.3. CHUOI CO SO HANG VOI DAU BAT KY

4.3.1. Hoi tu tuyét doi - ban hoi tu

Xét chubi s6 > U, vdi cic sd hang c6 dau bat ky.

n=|

Pinh Iy: Néu chudi ) |U, | hoi t thi chudi ) U, ciing hoi w.

n=I n=1

Thi du: Xét chudi 3 S930

2
n

Lap chudi >

lcosn|  fcosn| v ] o "
—— . VI — < — va vi chudi 2—2 (chudi Rieman; o = 2) hoi tu
n n- n° n

.. «|cosn| o :
nén chudi ) —— hoi ty. Vay chudi da cho hoi tu.
n

* Chit y 1) Diéu kién > |U,| hoi tu chi 12 diéu kién di dé chudi YU, hoi ty, chit
khong phai Ja diéu kién cén. C6 thé chudi 3" U, hoi tu ma chuéi 3 |U, | phan k3.

Pinh nghia:

Chudi s6 > U, dugc goi 1a hgi te neyét doi néu chudi Y [U, | hoi tu; 1a bdn hoi i néu
2" U, hoi tunhumg Y U, | phan ky.

* Chit y 2) Néu ding quy tic D'Alembert hay quy tic Cauchy ma biét dugc chuéi
>"|U,| phan k¥ thi c6 thé khing dinh ring chudi > U, phanky.

Thi dit:

1. Chudiss > (-1)"" 1 bin hoi tu.
n
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2. Xét su hoi tu hay phan ky cla chuéi ) smx:a (a)

ne=l n
Giai.
3 .. s1n N . . |sinno 1
Xét chudi D) : (b). RS rang ta ¢6: s S
n n’ n

. L, | 1 _ .
Ma Z—s hol tu (dang Z—(— . a=35>1) nén chudi (b) hoi tu suy ra (a) hoi tu
n n"
tuyét doi.

(1)

n-lnn

3. Xét sy hoi tu hay phan ky clia chudi A =3

Giai: Xétham f(x) = x - Inx vdi x=1. Tacd f(x) =1 - — >0 véi x > | nén f(x) ludn
X

ludn tang trén mién xdc dinh clia nd. Vi thé;

1 -1
= luén ludn giam nén
f(x) x-Inx n-Inn

luén ludn giam.

Mat khdc: tacé f(1) =1 - Inl = 1 > 0 nén f(x) ludén ludn lang.

Tirdd suy ra limf(x)=oc = lim —1—- =0 = lim

L n—e £(X) nox<qn —Inn

=0.

Vay chudi A hoi tu theo tiéu chudn Leibaitz

P LA P 1 ’ 1
Chii y: Ky hiu |A| =3 n(—lz‘m‘ " “n-lInn

A 1a chudi s6 duong; > Lnhng lehﬁn ky (chudi diéu hoa) (theo tiéu
n

n—Inn n

chuin so sianh) suy ra Z phan ky. Vay chudi A - bdn hoi tu (thoa man diéu

n-Inn
kién: A - héi tu song 1Al phan ky).

4.3.2. Chudi dan dau

Theo dinh nghia, d6 1a chubi $6 ¢6 dang + (u, - u, + u, - u, +...) trong dé u, u,, ... I
nhitmg s6 duong. Ta chi xét chudi s6 dan ddu v6i s6 hang dau tién duong.

BPinh Iy: (Tiéu chuan Leibniz)

Néu day s6 duong {U, " don diéu gidm (u, > u,,,) va dan t6i O khi n — oo thi chudi

sO dan ddu u, - u, + u, - ... hoi tu va ¢6 tdng bé thua u,.
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Thidy 1: Xét chudi Y (-1)" !

e 3n+1
Taco U, = P don diéu gidm va tién t6i 0 khi n —» . Vay chudi dan dau da cho
hoi tu.
Thi dy 2. Xét chudi dan dau i(~1)“'1 %

+) N6 thoa min cdc diéu kién cla tiéu chuin Leibniz nén né hoi tu.
n—I 1 - 1 - mr et o4t - - N
-H" —|= Z — la chudi s6 diéu hoa, n6 phan ky.
n n:ln

+) Nhung i

n=|

Vay chudi da cho bdn hoi ty.

4.3.3. Vai tinh chat cua chuoi so hoi tu tuyét doi

Tinh chdt 1. Néu chudi 2 u, hoi tu tuyét doi va c6 tdng S thi chudi s3 suy tir né bang
cach thay doi thi ty cdc s6 hang va bang cich nhém tuy ¥ mot s6 s6 hang lai cling hoi ty
tuyét doi va ¢b tong S.

Cdn néu chudi ¥ u, ban hoi tu thi (a c6 thé thay déi thit tu cla cdc s6 hang cua né dé
chudi s6 thu duge hdi tu va cé tdng bang mot s¢ bat ky cho trude hoac trd nén phan ky.

Pinh nghia:

ol o0 '
Gid st cho 2 chudi s6 hoi tu > u,; > v,. Ngwita goi tich cha ching I3 chudi
=i n=i}

iW“ s trong d6: W = iuk.vl,_k :

n=(} k=0

o0 o
Tinh chdt 2. Néu 2 chudi Y u, va Y v, hoi tu tuyét d6i va ¢6 téng 1a S va S thi tich
n={J n={]

cla chiing ciing hoi tu tuyét dai va cd tong bang S. S.

4.3.4. Chuoi ham s6 - chuéi luy thira

a) Cdc dinh nghia

Xét chudi S U (x) (1)

n=I

Chudi ham s6 1a téng vo han ) U_(x)trong d6 U,(x) 1a ham s clia bién doc 1ap x

n=1

vl V1.
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- Néu véi V x =x,, chudi ) U, (x,)hoi tu thi ta ndi x, 12 diém hoi t cdia (1).
- Nguoc lai, x = x, goi la diém phan k¥ ciia (1) néu chudi s6 > U, (x,) phan ky.

-~ Mién hoi tu cia (1) 12 tdp hop moi diém hoi tu cha (1).

- Tong riéng thit n clia (1) 1a téng S,(x) = > U, (x) (hién nhién S,(x) ciing 12 ham cia x).

i=l

- Néu lim S (x) =S(x)ta n6i (1) hoi tu va c6 tdng S = S(x) va viet > U, (x) = S(x) .
n—»cl i=l

Trong trudng hop nay; r,(x) = S(x) - S,(x) goi 4 phan dv thit n clia chudi s (1).
Thi du . Xét chudi ham s6

=)
Ap=l+x+x'+.+x"+..= > x" 12 mdt cdp s6 nhan v6 han c6 cong boi x; né hoi
n=!

- v - - 4 = - 7 I -
tu néu [x| <1. Vay chudi s6 hoi ty vét ¥x e (-1, 1) v c6 tdng S, = T Vay ta c6:

1
5" I+ X+ x4 .+ +x"+...; -l<x<l.
-X

. s Sin X ..
Thi dy 2: Xét chudi ham Y —*_ ta c6: fin | <L wvxeR:Ma chusi YL 1
=

n? +x? n’+x> n

chudi Riemann; o = 2 hoi tu suy ra chuéi him da cho hoi tu yét déi véi Vx eR.

Thi du 3: Xét chudi ham Z—l-; hoi tu khi x > 1; phdn ky khi x < 1 . Vay tap hoi w

n

cua nd la khoang (f,+ ).

Binh nghia:

Chudi (1) goi ta hoi tu déu trén X néu diy {S,} hoi w déu trén X tudng duong chudi
(1) hot tu déu trén X va ¢ téng S néu Ve > 0; dn,eN|[nzn,

=[S, (x)~8(x)| <& vdi Vx e X.
b) Chuoi luy thira

Dinh nghia: Chudi luy thira 1a chudi ham s6 ¢6 dang:

o
dax"=a;+ ax+..+ax"+. (1)
n—i}

Dinh Iy Abel:
Néu chudi luy thia Y a,x" hoi tu tai x = x,#0 thi n6 hoi tu tuyét d6i tai ¥ x véi
n=0

x| < [xq] -
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Chimg minh:

Thay vay: chudi Y a x" hoi tu nén s6 hang téng quat a,x,” din dé€n 0 khin -0 do

n=0

dé a x," bi chan, tirc 1a la, x,"I € M véi Vn va mot s6 duong M nao do, ta co:

1 n

< > X . X X . : . .
Yax"= D ax"|—|.Vijxi(—)"|SM.|—| v6i VneN.Apdung dinh Iy so
n=l] n={l XO xn x{]

. . n

-~ - 4 - et - 11 - - x ot - .
sanh vao 2 chuoi c6 s6 hang duong Z| a,x"|va ) M‘— ta suy ra chudi luy thura
n=i{ n={} X!]

i a,x" hoi tu tuyét doi tai moi diém thoa mén |x| <|xq|-
nzid

Hé qua: Néu chudt luy thira i a x" phan ky tai x = x, thi né phéan ky tai moi x thoa
n=0
man |x| > ‘X]‘.

Chitng minh: (dung phuong phap phan ching)

Lay x = x,; V6i |x,| > |x,|. Theo dinh 1y Abel thi n6 hoi tu tuyét doi tai moi x ma
‘x‘ < ‘xﬂ; dic biét, né hoi tu tai x = x,; diéu nay trdi véi gia thiét. Vay né phai phan ky
tal X,.

Chii y:

- Tai x = 0 thi chudi (1) chi con mot s6 hang 12 a, nén (1) hdi tu; t6ng bang a,. Vay (1)
luon ton tai it nhat 1 diémhoiw lAx =0

- Tir dinh 1y Abel, hé qua va chii ¥ néi trén; v6i moi chudi luy thira (1) X" a x" ; chic
n={}

chan 3r >0 dé (1) héi tu tuyét déi trong khoang (-1, r) (hay chudi héi tu tuyét d6i véi

v x: ‘xl <), va phan k¥ trong céc khoang (—oo, - r) va (r, +oo) {(hay phan k¥ trong céc

khoang trén véi V x; |x|>T1).

- Tai x = £ r thi (1) ¢6 thé hoi tu, ciing ¢6 thé phan k¥; ta xét cu thé timg trudng hgp.

S6 r d6 goi 1a bdn kinh hoi tu clia chudi luy thira. Khoang (-r, r) goi la khoang hoi
tu cua (1),

¢) Quy tdc tim bdn kinh hoi tu cua chudi luy thia (1)

Pinh Iy: Néu li 2.1
i y: Néu lim

n—ewl ‘an‘

=p (hoac lim ,n/\ani =p) thi bdn kinh héi tu clia chudi luy
thura (1) duge xdc dinh bdi cong thic:
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Cluing mink: Xét chudi s6 duong ) |a,x"|; v6i x c¢6 dinh. Ap dung quy tic

D'Alembert, ta cé:

n+l
D= lim Uner _ lim [Bot®
n—o Url n—o anx“
. la
= [im |21 ‘x‘ = p.‘x‘
-0 an

+) Gia str plx| <1 |x| <L i Z| a,x" | hoi tu, hay (1) héi tu tuyét d6i.
p

n=>0

+) Néu pJx|>1 e x| > 1 ; chudi i| a,x" | phan k¥ (vi s6 hang téng quat anx“' cua
p

n=0

no khong dan t6i G khi n — 90) nén (1) phan ky.
+) Néu p = +eothi pjx|=c0 = >’

a,X"| phan k¥ nén (1) phan ky tai ¥x # 0

a xn +1

nil

+)Néu p=0-— lim

n-—3el

=0 <1 nén chudi (1) hoi tu tuyét doi tai vx .

a“x“‘

* Chitng minh twong ty cho truong hop lim gfa, | = p (ding quy tic Cauchy).

Thi dy 1: Tim mién hoi ty cia chudi Y, (~1)™! &2 ' (2)
n=l
. _ n+2
Gidi: lim |22 = |im —(”—'", =1=p
no a'rl n o= (n+l)(_'l)n.r

1
Vay r=—=1 suy ra khodng hoi tu (-1, 1).
p

(_l)nr]

Xéttaix=1;(2) @Z
n

n=|1

hoi tu theo ti¢u chudn Leibnitz.

W n+l 130 @ f s
Taix=-1,(2) =Y SO =3 =) phan k¥, vi chudi diéu hoa >’ 1 phan ky.
-l N

n=1 n

n=1

Vay mién hoi tu cha chudi (2) i -1 < x < 1 hay (-1, 1]
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Thi di 2: Tim mién hi tu cha chudi ham sau: Z[ k+l J (x =2 (3)
=2k +1

o k
Giai: (3)= Z[ k+l J Xk trongdé X=(x-2yY ; X=0 (39

al

Ta tim mién hoi tu cua (37). Tacé: (3"yc6dang > a x"
n—

(n+1) n+1 |

Tu dd: p=Tlimy =limg = lim =
n—o nso\ (2n + 1) now2n +1 2

Vay 1’=l =2 = khoang hoi tu cha (3°) la: (-2, 2). Vi X 2 0nén khoang hoi tu cua
p
(3’)1a 10, 2).

o k o k o k
XétX =2 Khide: (3= 3| KL ox o o[ 2K+2 =Z(1+ ‘ ]
k| 2k +1 k=1 2k +1 k=! 2k +1

-1

k P
] zlim(1+l} P o(datt=2k + 1)
t

Tacd: Iim [1 +

kv 2k +1
= 11m[(l+ ) /2 A+ )/ / #0 nén (37) khong hol tu

khi X = 2. Vay mién hoi tu ctia (3°) 1 OSX<2.
& Miénhéi tuclia Q) 1a: (x -2)<2 < x-21< 2
o —J2<x-2<V202-V2<x<2+42.
Vay mién hoi ty 1a khoang {2-+2 ; 2+J§)

Thi di 3: Tim mién hoi tu cha chudi luy thira sau:

A=

1)'

Gigi: Patm=2n+1; me N —)n—~—~2—-l—

(1‘] +‘1)= [( lnz—l]+1:|!: (m; 1)1

z (m—l)ﬁ.2!
; (x+5)7 =273
m=1 2".(m + I} 27.(m+ 1}

= A=
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m>(m+1)12°
25 (m+2)(m-1)°

am_” = lim
a M—pa

Ta ¢o: Iim

m—m

o
=lim[ m J —0
moelm-1/ (m+2)
=>p=0=r=+w0

Vay chubi hoi tu véi VX ¢ —0 <X <40 < -0 < X + 5 < 4+ nén A hoi w véi
YxeR.,

2
, o - = (x+2)
Thi diy 4: Tim mien hoi tu ctia chudi: A=) ~—F—
n=I It
2
=(x+2)y
Gidi: A = 3 ~——=—1a chudi s6 khi ¢& dinh x.
n=1 In

2
—_ o VX Y ] e . " T
Xét chudi s | Al= ) Q—— . Hién nhién mién hét tu cha IAl cling 13 mién hoi tu
n=1i n
cua chudi A.
Dé tim mién hoi tu cla A, ta tim nhiing gid tri ctta x dé Al hoi tu; khi x ¢& dinh; IAl Ia

n
o . |x+2|
chudi sé va lim U = lim ———.

-3 n—¥0 11

e 0 khi-3<x<-1

Tacdkétqua = _

+0 khi X < -3hodc x> -1

a" [Okhia<]l
= veia=Ix + 2.

wkhia>1

Theo Cauchy: |Al hay A hoi tukhi -3<x<-1.

Vay mién hoitucia AId -3<x<—-1.

d) Mot s6 tinh chdt cua chudi luy thira > a_x" (4)

n=(}

Tinh chdt 1: Tong S(x) ctia chubi (4) 12 ham s6 lién tuc trong khodng hoi tu (-r, r) cia
n6. Néu tai 2 dau mat X = *+ r, chudi (4) hoi t thi S(x) lién tue bén' phai tai -r va lién tuc
tréi 'lai r.

Tinh chdt 2: Néu (-1, 1) la khoang héi tu clia chudi (4);ifa, bl (-r, r) thi c6 thé lay
tich phan ting $6 hang cla chudi dé.

b/ e w (b b b b
j[ > a,x" ]dx => ( Ianx“de = [adx + Ia]xdx +..+ janx“dx +...
w =i =l 4 a a a
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Néu [a, b} =10, x] < (-r, 1) thi biéu thitc trén duge viét thanh:
b x X
JS(X)er Iaudx ot janx"dx + ...
A 0 {1

al 2 an
=a0x+3x +o.+—1x

(n+1)

n+l

Dang thitc ding v6i V x; -1 < x < r; (hay v€ phai 12 chudi cha lu¥ thira, c6 khodng hoi
t la {-r, ).

Tink chdt 3: C6 thé 1ay dao ham timng s6 hang ctia chudi (4) tai ¥x € (-r, r) hay:
VoL ¥x e (—r1,r); S(x)=( Z a x" )= Z(a“x" Yy = Z:n.a"x”‘1
n=t) n=>0 n=0
=a,+2ax+3a, x> +..+nax" +..

Vi vé trai 1a chudi lién tuc nén ¢6 thé dp dung tinh chdt 3dé€c6 S" = > (a,x")".
n={1

Tong quat: (Sm ){n] = Z(anx“ )(“);Vx € (—r,r)

e) (Mo réng) Tim mién hoi tu ciia chudi ham bat ky > U, (x)(5)

n=1

Dé lam diéu d6, ta thuc hién cdc budc sau:
Buge I Tim mién xdc dinh cta ham U(x); 1= I,n

Un+l (X)

Biroe 2: CO dinh x; Tim lim
U.x)

n—r¥:

hoac lim gf|U, (x)|. Gia skt gi6i han nay 1a

Uil <l (%)

Nghiém ctia bét phuong trinh (*) bé di nhimg diém 1am U(x) khong xdc dinh la nhimg
diém hoi tu clia chudi (5).
Mudn tim mién hoi tu ctia chudi (5); ta xét thém cac diém bién thod min [U(x)l = 1.
(Hién nhién, tai nhiing diém x | I[U(x)| > | thi chuéi (5) phan k¥).
Dic biét, néu ¥x ma U(x) =1 thi ta phai xét su hoi tu cla chudi theo phuong phép khic.
z 1

Bai tdp dp dung: Tim mién hoi ty cia chudi ham: B= 3’
n=1 n{lnx)"

Gidi: B khong phai 1a chudi lug thira.

: 1 |
= lim ——

n.(lnx)" ‘ B _
n—>w‘ln x| ‘ln x‘

(n+ D(lnx)""'

Uml(x)
U, x)

Inx

Xét Iim

n—=

n—m

m—
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Giai bat phuong trinh <1 =|Inx|>1 . Ta duge:

|Inx|

X>e
Inx >1

<:3 -
Inx <—1 XxX<e =—

Két luan:

* Néu x > e hodac x < — thi B hoi tu tuyet déi.
<

* Neéu

>1 thi B phan k¥.
]!n x!

=l x=¢cva x=1.Khid6:

* Tal x ma
’ln x’ e

| N . N
- Xét tai x = ¢ thi Bco dang D~ — : chubi diéu hoa nén phan k.
n=] n

_Xéttai x=1: B= Z(q)".l hoi tu (theo Leibnitz).
e n

n=t

Toém lai: Mién hot ty cia chuoi B la (—oo, —]u(e, +oo).
<

) (M6 rong) Khai trién mét sé ham thanh chudi luy thita; chuéi Taylor, chuéi
Macloranh,

Pinh ly 1: Gia sit f(x) ¢é dao ham moi c4p & l4n can diém x,; gid st lim R (x)=0;

n

. f("-‘-]) . .7 i " * LY
voi R (x)= ——(é-l(x —x,}""; voi £ 1a 1 diém nao d6 trong khodng gifia X va X,

(n+ 1)
Khi d6 ta ¢6 thé Khai trién duge f(x) thanh chudi Taylor tai ¥x € lén cén x,
fr f\l K f(n} -
< f(x)=1(x, )+ (lf")(xﬂxuha—;}:i)(x—x“)z +..‘+——(—:(‘—’)(x-xn)“ +... (1)
! ! n!

Chit y:
1) Trong két luan cua dinh 1y; v&€ phéi la chudi luy thita cta (x - Xx,); goi 1a chudi
Taylor cta f(x) trong 1an can da cho cla diém x,, né hdi tu va ¢6 tong la f(x).
2) N¢u x,, = 0 thi (1) cé dang:
t 1 (n)
FOx 1@, 7O,
1! 2! n'

Ta néi f(x) da khai trién thanh chudi Macloranh & lan can diém 0.

f(x) = f(0) +

)
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Pink Iy 2: Gid s trong lan can cha diém x,; f(x) ¢6 dao ham meoi cdp va
\1‘*")(x)\ <M;V¥ne N’. Khi d6, khai trién f(x) dugc thanh chudi Taylor trong lan can

diem x,; hay:

£'(x,) £ (x,)
=f{x,
(G0 =F(xg)+ — .

(n}
(X—X0)+ w
n!

(x—xy) +...+ (X —%x,)" +...

g) Mot 56 khai trién quen thuéc mét s6 ham thanh chudci Taylor - chuoi Macloranh
D f(x)y=¢'
Vi Vk21;¥x e (=N, N) (lan can cua x, = 0) ta cé:

\ff”(x)\ —¢* <e™ =M. Theo dinh 1y 2; khai trién dugc ham f(x) = e* thanh chudi

Macloranh.
{m}
f(xy=f(M+f'{MH+ f 2(0) Ty f (lO) "+ f(k)(O'):cn =1
! n!
2 3 xr|
Vay e = I+ X+t (3)
2! n!
2) [(x) = sinx
Vi vk 21 vd VxeR; e sin(x+kg) <1

Theo dinh 1y 2, khai trién him sin x thanh chudi Macloranh trén todn R:

Vif(0)=0; (0)=1; (0)=0; £7(0) = -1; f%0) = 0; () = 1; ...

3 5 2n-1
Nén Sinx = )(—X—er—+.‘.+(—1)“_I X + (4)
!5l (2n—1)!
Tuong t: COSX —1—-)-(—2—+£— +(-D" X! (5)
B h 20 41 (2n wo )
N fx)=U1+x)*;0eR
Tac6: f(0) = 11 f (0) = [a+ 0" | = (do x = 0)
00 = o= 1)(1+%)7 | = (@ =1): (dox =0)
) (0)=afa - 1)((1 - 2)...(({ —n+ ). Vay chudi Macloranh cua f(x) ¢6 dang:
afa-1) , ofla—1l.(oa-n+1
l+ax+(—2l—)x"+...+ ( ) (I )x“+... (6)
! n!
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Tim mién hoi tu cla chudi nay:

1) {a— - !
Tacé Tim 22| = pirn afa—1)..(a-n+1)(e-n)n ‘
o] a, | o] (n+1)la(o— 1) (a-n+1) |
= lim| 2~ =1:p:>r=l:1
w1 0

Vay chudi Macloranh hoi tu khi [x! < 1
(Khilxl = 1 <> x = £1 thi két qua nhu thé nao? (bai tdp danh cho ngudi doc))

Viy, véi ¥x € (-1, 1) tacé:

- 3 —if.. - - 1
(1+:»:)°‘=1+ozx+CL(C"1 1)x'+...+0L(0L 1) (ch v )x"+ (7)
n:
(chuoi nay con goi la chudi nhj thic).
Khio=-1= = l-x+x? -+ (1) X"+ (8)
I+x
Hx)=1In(l +x)
s T d '
Lay mién -1 < x < 1. Ta ¢6 j—x— = z I(—l)“ x"dx . Vay:
J1+x ;
XJ XJ X-l u+l
Inl+x)=x——+———+  +(-)".——+... 9)
(%) 2 3 4 D (n+1) (
5) f(x) = arctgx,
vi (arctgx)' = — . Trong (8) thay x bdi x°.
1 , ,
el R R G S e 3 ) L S (8)
1+ x
Tich phén timg s6 hang cua chudi [u¥ thira trén doan [0, x]; ta cé:
3 xﬁ 7 In-1
arctgx = X —~—+———— 4+ (=" —— 4 . (10)
3005 7 (2n—1)
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CAU HOI ON TAP
1. Bai cuong vé chubi s6.
2. Chudi s6 duong.
3. Chuoi s6 ¢6 s6 hang vGi ddu bat ky.
4. Hoi tu tuyét do1. Bin hoi tu.
5. Chudi dan dau.

6. Chudi ham s6, chudi luy thira, chudi Fourier.

BAI TAP
4.1. Khdo sit sy hoi tu coa cic chudi s6 ¢6 s6 hang t6ng quat sau day:

2n’ +1
l)u“=L+-—' 2Yu =+vn’ +n-n

n+n+1’
Si)unzarctgn;_1 ; 4)un=-—2l-
n +1 3" +3n+3
2
5)un=w; (:'»)un:l-cosL
n’{n’ +3) Jn
1 1 7
7)un=ln(]+tg 7]; 8&)u, = —sin
n- n  +2n
Jonn+2
9) u, = - ( ) ; 10) u, = 2“3705“ ((1}0).
n-+2lnn n”
4.2. Khao sdt su hoi tu cita cdc chudi s6 ¢6 s6 hang tdng quat sau day:
! 2
o, = L e —1|; 2)u, = ]nnfi\/atg_l—z, nx2
vn n°—-n n
kll a'll
u,=— (k>0); 4y, = (a>0,b>0)
n n+b"
1 1 Inn
5)u,= In—-lInsin— ; 6)u, = —
Jn Jn n®
1 1
I ‘\/; I]+5- dx
?) u, = —dx 5 8) u, =
;,[\,1.,.)(3 J[ x*+1
9) u, = cos z -;n— ; 10)u, = na*" (a>0)
2 n°+an+b

Iu,= ¥n' +an —vn’ +3.

127



4.3. Céc chudi 56 6 s6 hang tong qudt sau day c6 hoi tu khong? Tinh tdng clia ching
khi ching hoi .

] ' 1

Du,= : ; 2)u, = —
(Zn-1){2n +1) n- +n
1
Yu,= 4u,= (-1 0L
n-(n+1)° n(n + 1)
1 n
5)u, =arctg——— 6Hu = ———
gn +n+1 ) n*+n’+1
1 sin
7)un:ln(1—~?],n22; SHu, = n(n+;
n €08 —.Cos -
n n+1

Nu, ln(Zcos—a——] . ae[—E,E
2" 33

10)u,=Inn+aln{n+ 1) +bln(n+2).

4.4. Khao sét su hoi tu clia cdc chudi s6 ¢6 s6 hang tdng quit sau day:

l)unz—l-“—; 2)u—l
(2n -2
D= L du,= [ 22
2" +n 3n? +2
5) un: &i.l_‘} 6)u =
n(n+1)° 3n? +2
I'l*-] ninn
Ny, = [2 1] ; 8)u, = [arctg J
n_
' 2
9yy, = 0. 10)u,=te"|a+ ] 0<a<’ b>0
(2n)! n’ 2’
nt n 1 2
ll)un:[ n J : 12)u, = 20
n+l (Zn)!
13)u, = [l-émJ : 14)u, = b))
2 n ninn

[5)u, =sin(zvn’ +1); 16) un=sin(l+n}t
n

2 n
T =y 18y, = LD
(Inn)" l+n
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(_1)11 (__1)1]
1D =——""—— 20u, = ————
)u n+(_1)[1+] u ‘\/H""(—l)“-ﬂ
2u, = yn+(-1)" =vn ; 22)un=1n|:1+(a1)u_},a>0.
n

4.5. Tim mién hoi tu cla céc chudi luy thira c6 s6 hang tdng quit sau:

X n (X _ 4)1,
l — '.l [1+I_ ; 2 ] —
yu(x) =(-1) " Ju (x) JH
3) u,(x) = (H—H) (x=2)": A u,(x) = (x)’
2n+1
5) u (x)=x"Inn; 6) u,(x) = (5x)
n!
Tyux})= x: L0 &) u,(x) = (-1)“")(—1
n!

Pux)y=ax", trong d60<a,< g .a,=sina,;;vVn21.

4.6. Tim mién hoi tu va tinh téng clia cdc chudi lu§ thira ¢6 s6 hang tdng quat sau:

Du(x)=C2n+Dx™ n>1; Dux)=2"+3)x"' n20
Humy= T X s, 4)u(x)=chna.x", a>0,n>0.
n+3 n!

nl

Hux) =D 2 nx1.
n

4.7. Khai trién thanh chudi luy thira & l4n cin diém x, = 0 cdc ham s sau:

1) f(x) = chx ; D f(x)=x".¢"
1
3) f(x) = sin’x ; 4 f(x) = ———
) f(x) = sin ) f(x) 7 3r12
5)1(x) = In(x> - 5x + 6) ; 6) f(x) = fcos(t®)dt
3]

1, I+x

—In—— néux#0
Nxy=<{x 1I-x ; 8 f(x)=¢" . cosx.

2 néux =0

4.8. Tinh ban kinh hoi tu cia cac chudi luy thira c6 s6 hang téng quét sau:

chn

A u(x)= —x"; b) u(x) = arccos(l —- 17}1; "

sh™n n

cyux)= n+1-¥n)x" dyu (x)=cos(rvn® +n+1)x".
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Chuong 5
HAM SO NHIEU BIEN SO

5.1. NHONG KHAI NIEM M0 PAU

5.1.1. Pinh nghia ham s6 nhiéu bién sa

Xét khong gian Euclide n - chiéu R" (n > 1); n e N". Mét phdn tir x € R" 13 mot bo n
s thuc (X,, X55-.., X,). D la tp hogp trong R".

Goianhxatf : D -R,

Xx—> u=f(x); (X, Xpoory X, ) > f{X,, Xys..0y X,) €R 12 m6t ham s6 clia n

bién sé xdc dinh trén D. Khi dé:

+) D goi 1a mién x4c dinh cha ham s6 f.

+) x,;0 i =In goi 12 cdc bién s6 doc lap (néu xem x,, X,,..., X, 12 toa d6 cta diém M

e R” trong hé toa do nao dd thi cd thé vigtu = f(M)). Xétn=2tacéz=f(x,y)in=3ta
cou=f1ix,y,z).

Chii y. Ta chi xét nhitng hé toa d6 Décac vudng géc.

5.1.2. Tap hop trong R"
Gia st: M (X, X300y X.) 3 N Y}, ¥30ees ¥,) 12 2 di€m trong R™,
Khoéng cdch giita 2 diém dd , ky hiéu d(M, N) dugc cho bdi cong thire:

dM, N)= (D (x, —y)")'"
i=]

Vi 3 diém bat ky A, B, C trong R, ta ¢6:
d(A, C)< d(A, By +d(B, O (bat dang thic tam gic)

- M, la diém bat k¥ €R". Nguoi ta goi € lan can cia M, 1A t4p tat ca nhiing diém clia
R"sao cho d(M,, M) < ¢.

Ta goi 1an can cua M, la ¥V tap hop chifa mot € lan can
nao dé cua M,

- E 1a tap hop trong R". Diém MeE goi la diém trong cia @
E néu ton tai € 1an can nao dé cha M nam hoan toan trong E. E
Tap E goi 1a md néu moi diém cha né déu la diém trong.

N

- N €R" goi {a diém bién cia tap E, néu moi € 1an can cia N vita chita nhing di¢m
thudc E; vixa chita nhimg diém khong thuée E.
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Diém bién ciia tap hop E c6 thé thudce tap hop E ciing c6 thé khong thuge E.

Tép tit ca nhimg diém bién cla E goi 1a bién cua nd.

+ E goi 1 déng néu né chita moi diém bién cta né. Tap hop E dugc goi 1a gua cau mo .
tim M,, ban kinh r; bién clia tap hop Ay gém nhimng diém M\ d(M,, M) = r dugc goi la
mat cdu tam M, ban kinh r.

Tap hop nhimg diém M\d(M,, M)< r1a 1 tip déng dugc goi la qua ciu dong tam M,
bdn kinh r.

+E goi 12 bi chan néu t6n tai 1 qua ciu nao dé chia E.

+ E goi 14 lién thong néu c6 thé ndi 2 di€m bat ky M, M, cla E bai 1 dutmg lién tuc
nam hoan toan trong E.

5.1.3. Mién xic dinh cia ham sé nhiéu bién sé

* Ouy woe: Néu u 1a ham s6 duge cho bdi biéu thic u = f(M) ma khong néi gi thém vé
MXD clia né thi MXD ctia u duoce hiéu 1a tap hop tat ca nhimg diém cta M sao cho f(M)
cé nghia.

5.1.4. Gi6i han cua ham so nhiéu bién so

Ta néi ring day diém {M,(x,, v,)} dan t5i diém M(x,, y,) trong IR’

limx, =X,
va viét M, > M, khi n— o néu limdM,, M) =0 <"
n—e hm yn = yO

Thi dy I: Cho f(x,y) = — >—.Tim _lim f(xy)
X2 +y (x.5)(0.0)

- Ham s6 f(x, y) xdc dinh trén R*\ {(0, 0}

- Cho (x,y) —> (0,0) theo phuong dudng thang y = kx ta cé:
kx?

f(x,kx) = = cx#0
(k) x?+k*x? 1+k?
Vay Im  f(x,y) = limf(x,kx) = k tién t6i nhitng gidi han khac nhau (khi k
(x.y)->(0,0) A0 1+ %2
khdc nhau) nén khéng tén tai im f(x, y)
(%.y)(0,0)

Xy

Thidu?2: ( l)in(l0 o g(x,y) vii g(x,y) = . Lam tuong ty ta ¢d két qua:
X ¥)=+(0,

lim g(x,y)=0

{x,y)—=>{(1(H

‘{
) - 1
Thidu3: h(x,y)= —3—+  lim h(x,y) =~ doc theo dudng parabol bac ba: x = y".
13 hixy) 2121 3y5 "ty (x,y) =3 46 g parabol b? y
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5.1.5. Tinh lién tuc cua ham sé nhiéu bi¢n

Cho f(M) xac dinh trong mién D; M, 14 diém e D. Ta néi f(M) lién tuc tai M, néu t6n
tal gidt han Iim (M) = f(M,)).

M—'>M“
Néu D déng, M, la diém bién cha D thi lim f(M) duge hi¢u la gidi han cta f(M} khi
MMy
M-—>M, & bén trong cua D.

‘xy‘u néu (x, y)= (0, 0)
Thi dy: Khao sit tinh lién tuc cha f(x,y)} =4 42 4 y?
0 néu (x, y) = (0, 0)

Ddpsé: - Véi a>1 thi f(x, y) lién tuc tai (0, 0);
- V& o<1 thi f(x, y) khong lién tuc tai (0, 0).

5.2. DPAO HAM VA VI PHAN

5.2.1. Pao ham riéng

Pinh nghia: Cho u = f(x,y) xdc dinh trén D; My(x,, y,)e D

Néu cho y = y,; ham 6 x > {(X, y,} ¢6 dao ham tai x = x,, khi d6, né duge got la dao
ham riéng cua f doi véi x tai M,, va duge ky hiéu 1 (x,, y,)

hay —(xg,yn) hay (xU Yo) -
+ S6 gia riéng cua f(x, y) theo X tai (X, ¥p) ld.
A =1f(x, + Ax,y4) —T(Xg.¥0)
Ta co:

Af

Ax—{) Ax

?i(x v,
5 AR
+ Pinh nghia tuong tu cho DPHR cia f d6i véi y tal Mu(X, v,)- K¥ hiéu:

l
£ (X yo) hdy (xu'yu)hay 5 (X5, ¥q)

+ Néun 2 3 ta cling dinh nghia tuomg tr cho cic dao ham riéng cua ching,.

Chit y: Khi tinh dao ham riéng cita 1 ham so nao thi chi viéc xem nhu ham s6 chi phu
thudc bién sé dy, cac bién s6 khac coi nhu khong déi (hang s6): roi dp dung céc quy tac
tinh dao him cua ham s6 1 bién.

Thidul: z=x"(x>0); —ai =y.x" E;E= x’Inx
ox dy
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Thidu?2: u=xzarctg? ; z=0.
z
] 2 11 iz
*:SX'zarctgz;z;&O : A —.== Z‘z —:
2 z oy vz Y4z
1+.__2_
z
—=x arctgz+ X'z 5 .(—%):x"(arctgi_ EYZ 2)
Z Z 1+_y_ s Z yi+z
7%
Chit y: ﬁ; ﬁ; L ky hiéu dao ham cla cic ham s6 f d6i véi cac bién x; y; z
ox Oy 0z

(vi phan cua ham trén vi phan cua d6i). D6 khong phai [a mot thuong s0;, neéu dat
of ; ox riéng s€ thi khong ¢6 ¥ nghia gi.

5.2.2. Vi phan toan phan

o Vi phdn ham 2 bién z = f(x, y).

Cho f(x, y) xédc dinh trén D. Gia sit cho M(x,, y,) e D; M{x,+Ax; y +Ay) € D.

Biéu thic:

Af=1f(x,+Ax; y,+Ay) - f(x,, v,) goi 1a s6 gia toan phan cua f tai My(x,, v,)-

Khi dé: Af=AAX+BAy+oAx+BAy (5-1)
trong dé: A, B phu thudc X, vo; cono, Bdantéi 0 khi M — M, tic 1A Ax—>0; Ay—>0
thi ta néi ham s6 z = f(x, y) kha vi tai M,. Biéu thitct AAX + BAy goi 1a vi phan toan
phan cua ham s6 z = f(x, y) tai M,; ky hiéu dz hay df. Ham s6 z = f(x, y) kha vi trén D
néu né kha vi tai v diém € D

Chi v: 1) Néu f(x, y) kha vi tai M(x,, v,) thi f(x, y) lién tuc tai M,,.

2) D61 véi ham s6 2 bién z = f(x, y); su ton tai dao ham riéng tai M,(x,, ¥,) chua du
két luan d€ ham s& kha vi tai diém d6. That vay, xét vi du:

nyz (x,y) =(0,0)
fix,y)=<x"+y

0 (x,y)=(0,0)
o Diéu kién di dé z = fix, y) khd vi tai M(x,, y,)

Pink Iy: Néu ham s f(x, y) ¢6 cac dao ham riéng 3 Ian can diém My(x,, y,) va néu
céc dao ham riéng lién tuc tai M, thi f(x, y) kha vi tai M,, va ta cé:

dz =F,Ax + f, Ay (5-2)
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5.2.3. Pao ham cua ham so hop
GiasrD €R"; xét dnhxag:D—-R™
va anhxa f:o(D)—>R.
Anh xa tich fo¢ xdc dinh béi:
fo@: (X, X5m0X,) €D —5 (U (X, X X Yo U (X, Xyn.nX,)) € (D)
—L 5 £ [U,(X), Xgperes Koo Up(X), Xopeoes X)) € R duoc goi 12 ham

s0 hop cua cdc bién 58 X, X,,.... X, qua cdc bién s6 trung gian u,, W,,..., u_.

Dé don gidn, xét m =2 ;n=2; dat F = fog, ta co:

F: (x,y) €D —*- [u(x, ).v(x, )] € 9(D) ——f [u(x, y); v(x, )] = F(x, y)

C s . . of , L )
Dinh ly: Néu ham f ¢6 duo ham rieng —; %Ilén tuc trong ¢{D) va néu u, v c6 dao
du

; ! . o . OF ;
ham riéng ﬁ—u; QE; a—V; o trong D thi trong D t6n tai cdc dao ham riéng —; oF va
ox 8y JOx Oy &x
ta co:
F_ oA oo
5-3
OF of ou of ov (5-3)

_
dy Oudy Ovoy

ou ou
ﬁ(ﬁ@)z[@z} ox oy
ox Oy ou dvj ov Ov
o oy
du du
, ox oy| . -
trong dé ma tran v By go1 1a ma tran Jacobi cua dnh xa ¢ hay ma tran cla u, v doi
ax oy
Vi x, y: ky hiey 245
X,¥)

Clui y: Trong tinh todn ngudi ta khong phan biét f va F; ching lay ciing mot gid tri tai
nhitng diém tuong tng (u, v) va (x, y)

ar_af v of ov
ox Ou dx  oOv &
o o du o v
dy u dy Ov oy
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U =Xy
Thi du: Cho z =¢"Inv véi { , - fach
v=X"+y
G2 _ e (Inv).y + c”.—l—.2x =™ | y.In(x* +yH)+ %
ox v ] X +y" |
E=e”(lnv).x+e”.l.2y =e | x.In(x? +y2)+~—;%y—-2—
oy v | X +y° |
Chit thich [ - Néu z = f(x, y) ; y = y(x) thi z |12 hdm s6 hgp cta x < z = {[x, y(x)] ;
d ® o
khidotacs: 2= 9L Ly
dx ox oy

X =x(1 . . ,
- Néuz="f{x, y); { ((t; thi z 12 ham 36 hop ctia t qua 2 bién trung gian x, v.

Khi dé ta cé: %?—zﬁx'(t)+§y'(t).
1

X ay
Chii thich 2: Néu gia thiét thém rang —QE 6_u @ ilién tuc thi tur (5-3) ta ¢é

L 4

ox By ox

af af . . - N -t + - T - - -
;q__; a—hen tuc, khi dé z dugc xem nhu ham s6 cua x, vy 12 khd vi v ta cé
X y

of f of . : s s ;
dz = —dx+§—dy —>dz=§du+—dv. Di¢u dé ¢6 nghia 1a vi phan ciua ham s8

ox ov ou ov
nhi¢u bién ciing cé tinh bat bién nhu vi phan ciia ham s8 1 bién.

5.2.4. Dao ham va vi phan cip cao

Dinh nghia: Cho ham s6 2 bi€n z = f(x, y). Cdc dao ham riéng f'; ', 1a nhimg dao ham
ri€ng cdp 1; cdc dao ham riéng clia cdc dao ham riéng cdp 1 néu ton tai, duge dinh nghia:

ooty o

) S

o aof L

o) a5 (4
2

o[ of = fr, (x.y)

ox\ay) oxay ¥

ofefy &

S5t

goi la nhiing dao ham riéng céap 2.

Dinh nghia tuong ty cho dao ham riéng cdp 3.
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Thidu: Cho z=x%y> +x* 1a cé:
z, =2xy" +4x’
z', = 3x?y?

z" , =2y +12x?

. Z"yx =6xy2
, { = Nhan xét 2", =2z"
z",, =06xy
Zrl 2 — 6x2y
y

Dinh Iy (Schwarz): Néu trong 1an can U nao dé cta diém M(x,, y,) ham s6 z = f(x, y)

cé cdc dao ham rieng f,, f, va néu cic dao ham riéng d6 lien we tai M, thi

M — LJ
te, =1,

tai M,,.
Chit ¥: Dinh 1y Schwarz van diing cho céc dao ham riéng cap cao hon clia ham s6& n bién
sovéin > 3.
Khin=3;U=1(x.y,2) = U, =UQL, =U; =U7 =..
* Vi phdn toan phan cdp 2, vi phdn toan phdn cdp cao.
Xét ham s6 f(x, y) = z ; khi d6 dz = fidx +f]dy n€u tn tai, cing 12 ham s6 cla x, y.
Vi phan toan phén clia dz néu t6n tai; duge goi la vi phan toan phin cdp 2 clia z, ky hicu:
d(dz) = d*z = d( f,dy + f; dy)
Ti€p tuc ddi v6i vi phan cap cao hon: d'z = d(d*2), ...; d"z = d(d™'z). Ta cé:
= d?z =d(dz) = (f;dx + f;dy)lx dx + (f;dx + f;,dy)ly dy
= £2,dx? +(f], + £, )dxdy + ), dy?
Gid thiet £, va f), lién tuc; khi d6 ching bing nhau. Vay:
d’z= f,dx” +2f; dxdy + f:zdyz

2
odiz= —8~dx+£dy f
ox oy

Vi binh phuong cua 56-; %chi phép 1dy dao ham riéng 2 lan d&i véi x; 2 1an déi
X

~2

.- &
vl y; —
Ox

chi phép 14y dao ham riéng 1 1dn d6i véi y; 1 1an d6i vai x.
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Ti€p tuc dugc cong thic luy thira tugng trung:
d'z = (idx + —a—dy] f (5-4)
Ox ay

Chut y: Vi phan toan phdn cdp 16n hon hodc bing 2 ciia ham s6 nhiéu bi€n s6 khong
c6 dang bat bién.

5.3. CUC TRY

5.3.1. Cuc tri ciia ham s6 nhiéu bién sé

Cho z = f(x, y); xdc dinh trén mién D; M(X,, y,) 12 1 diém clia D. Néi f(x, y) dat cuc tri
tai M, néu véi moi diém M trong 1 1an cin nao d6 ctia M, (= M,); higu f(M) - f(M,) c6 dau
khong doi.

- Néu f(M) - f(M,) > 0; thi ham s& ¢6 cuc tiéu.

- Néu f(M) - f(M,,) < 0; thi ham s6 ¢6 cuc dai.

p={f,(M)
q = (M)
Tadung ky hiew:  qr="f" (M)
s = (M)
(=f" (M)
L Y

Pink Iy: Néu z = f(x, y) dat cuc tri tai M, ma tai d6 cdc dao ham rieng p = f, (M);
q= f;. (M) t6n tai thi cdc dao ham rieng ay =0 < p=0; q =0 (tai M) (5-5)

Diéu kién trén 1a diéu kién it ¢6 cha cyc tri; nd cho phép thu hep viéc tim cuc tri ma
tai nhimg diém d6 ca p. q triét tiéu hoac tai nhimg diém ma & d6 hoac p, q khong ton tai.
Nhiing diém dé goi la diém t6i han (diém dimg).

Pinh Iy: Gid st ham s6 z = f(x, y) ¢6 cdc dao ham riéng dén cap 2 lién tuc trong 1 ldn
can nao dé clia My{(x,, v,); gia sirtai M,, c6 p=0, g = 0. Khi d6, tax M,

1. Néus® - rt < 0: f(x, y) dat cyc tri tai M, (cue tiéu néu r > 0; cuc dai néu r < 0)
2. 5% -t > 0: f(x, y) khong dat cuc tri tai M,,.

3. Neéu §% - 1t = 0: £ (x, v) ¢6 thé ¢ cuc tri tai M,, ciing ¢6 thé khong c6 cuc tri tai M,
{goi 12 trudng hop nghi ngo!).

Thi du: Tim cuc tri clia hdm s6 z = x* + 2y’ - 3x - 6y

Tacé:p=f (M)=3-3p=0s x= =1
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q=1f,(M)=6y’-6;q=0c y==*1

r=0x

s= 1, (M)=0

1= 12y

Ap dung dinh l§: Xét bifu thic s* - . Ta c6 cdc diém dimg: M (I, 1);
M,(-1, 1) Mi(-1, -1); My(1, -1}

-TaiMi:tacor=6,5=0,t=12,s"-rt=-72<0vavicé6r=6>0nén M, la
diém cuc tiéu.

-TaiMyir=-6; s =0;1=-12; 8* -1t =-72 < 0; r = -6 < 0 nén M,: diém cuc dai.

- Tai M,: 8% - rt = 72 >0 : M, khong phai 1a dién cuc tri; twong tr M, khéng phai la
di¢m cuc tri.

Chit y: Néu tai My; madp=q=r=s=1t=0, thi ta khong xét trudng hop nay.

5.3.2. Gi tri I6n nhat, nho nhat cta ham s6 nhiéu bién s¢ trong mién dong, bi chin
Mudn tim gid tri 16n nhat, nhd nhit cda ham s& nhiéu bién s6 trong mién déng, bi
chan, ta ¢6 thé tim diém t6i han trong D; tinh gi4 tri clia ham s6 tai cdc diém 4y 1di so
sanh chung voi nhimg gia tri clia ham s6 trén bién cha né.
Thidu: z=8x*+ 3y + 1 - 2x*+ y*+ 1)’ trén mién déng D xéc dinh b&i x>+ y* < 1
Gidgi: z ]ién tuc V X, y nén ton tai gid tri 1dn nhat, nhd nhat trén D. Ta ¢é:
p=16x-2(2%°+ ¥y’ + 1). 4x = 8x(1 - 2x°- ¥%)
q=6y-Q2x*+y +1). 2y = 2y(1 - 4x*- 2y9)
Cho p=0; g = 0 ta dugc:
Dx=0y=0
-0 2_ v 4 L
2}x=0:1-2y=0 = x=0,y= i—ﬁ
Ny=0;1-2x*=0= x= i;/%;y:O

1-2x* -y’ =0 _

4) , , v6 nghiém
1-4x" -2y =0

By LAl 1

) By (0, -—= ) A (—=; 0% A (-
5RO B 72

+ Tinh gid tri cla z tai cac diém d6 ta duoc.

Vay ¢6 5 diém 161 han O (0,0); A, (0, 0 eD.

20)=0;z(A) =2(A)) = i—; Z(A) = 2(Ag) = 1
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+XétgidtrichaztrénbiénctaD: x’+y'=1 = y'=1-x*>0
= z=x%x%1-x%

Xétham ady véi -1<x<1; tacoz=0 <& x L1
“ ar [ v - a 3 3 2 - (e . £} ~ - = ]
Hamsodatgidtrilénnhit © x"=1-x"< x=1 T;Va gid tri 16n nhat dé bang 7

Két luan: Ham s6 dd cho dat gia tri nho nhat = 0 tai goc O; 16n nhat = 1 tai A,, A,

5.4. HAM SO AN. CUC TRI CO PIEU KIEN

5.4.1. Khai niém ham 4n

Cho phuong trinh F (x.y) =0 (5-6) v6i F: U—R I3 ham s6 xdc dinh trén UeR" .
Néu véi mdi gid tri x = X, trong mot khoang { ndo d6; cé 1 hay nhieu gia tri y, sao cho
F(X,. ¥,) = 0, ta n6i phuong trinh (5-6) xdc dinh mot hay nhiéu ham s6 4n y theo x trong
khoang 1.

Vay ham s6 f: I > R 12 ham s6 an x4c dinh bdi (5-6) néu véi moi x 1 thi (x, f(x))
e UvaF(x, f(xn=0.

2 2

b . .
Thi du: Tu phuong trinh (E) %—+—E€ =l =>y= +—+a’ —x* xdc dinh duoc 2 ham
a a

s6 an trong [-a, a]. Nhung gap phuong trinh Xy = yx chang han ta khong viét duogc tudng
minh cdc ham y theo x.

Tuong tu, phuong trinh 3 bién F(x, y,z})=0:trong dé6 F : U — R la mét ham s6 xéac
dinh trén U €R" ¢6 thé xac dinh duge 1 hay nhiéu ham s6 an z cla cdc bién x, y. Hé 2
phuong trinh.

F(x,y,z,u,v)=0
G(x.y,z,u,v) =0

VG F:U 5 R, G:U — R lacac ham s6 xac dinh trén Uc R‘:', ¢é thé xac dinh |
hay nhiéu cap ham s6 an u, v cla cic bi¢n s6 x, v, z.

Pinh ly: (Dinh 1y vé su tdn tai, lién tuc, kha vi clia cdc ham s6 4n).

Cho phuong trinh F(x,y)=0 (5-6)

V&i F: U — R: 1d mot ham s6 ¢6 cdc dao ham riéng lién tyc trén tap md U < R? . Gid
sU(x,. yo) € U; F(x4.¥,)=0. Néu F (x,, y,} =0 thi tir phuong trinh (5-6) xdc dinh
trong 1 ldn can ndo dé clia x, mot ham s6 dn y = f(x) duy nhdt, ham s6 d6 c6 gid tri bang
y,, khi x = x,, lién tuc va ¢é dao ham lién tuc trong lan can ndi tén.

Chit §: - Néu F(x,.y,) #0 ntung F{(x,, y,)= 0 thi dinh 1§ uén khang dinh rang
phuong trinh xdc dinh ham s x = g(y), ham s6 ay c6 gid tri bang x, khi y = y,, lién tuc,
c6 dao ham lién tyc trong lan cdn ndéi trén.
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- Neu F(x,. y,)= F(x,, y,)= 0 thi khong két luan dugc gi vé su t6n tai clia ham s6
an xdc dinh bdi cong thic (5-6).

- Piém (x,, y,) goi 1a diém ky di clia phuong trinh (5-6).

5.4.2. Pao ham cba ham s6 an
Gia sir cac gia thiét ctia dinh 1y trén duoc thoa man.
Khit d6 phuong trinh (5-6) xac dinh 1 ham s6 4n y = f(x), xdc dinh; lién tuc va c¢6 dao
ham lién tuc trong 1 khodng I ndo d6; trong khoang ay ta ¢6: F[x, f(x)] = 0.
Lay dao ham 2 v€ theo x, ta dugc:
dy

F+F —==0
dx
vi F;,io, ta cd d_y:_FK
dx F;,
; x? Y2 , 2x , 2y . )
Thidy I:Cho F(x, y) = _2+?_1:0 = K= —; K= I—);; vai y # 0; 1a ¢6
a a

2
F, # 0, khi d6 phuong trinh trén xdc dinh hAm s6 dn y = y(x) va y'= - %—.i .
a

* Phuong trinh 3 bién F(x,y,z)=0.Gidstz=1(x,y) © F[x, v, f(x, y)] =0

, s F+F oz, =
Lay dao ham 2 v€& lan lugt theo x, y ta duge ‘
F, +F .z, =0
F % Osavra s < Yo . Dy
ViF # Osuyra z, =_Fz’ .z, =—€

Thidu2: Fx,y,2)=¢€¢ +xy+x’+2'=0
Fi=y+2x; F=x; F =e¢+37

Vi F, # 0. ¥z nén phuong trinh trén xdc dinh 1 ham s& 4n z = f(x, y) lién tuc va ¢
cac dao ham riéng lién tuc.
. 2xX+y . X

— : z = — X
X . 1 )‘
e’ +3z° e? + 37’

5.4.3. Cuc tri c6 diéu kién

Ta goi cuc tr1 cua ham s6 z = f(x, y) (5-7) véi x, y dugc rang bude bdi g(x, y) =0
(5-8) goi 12 cuc tri ¢6 diéu kién.

Dinh ly: Gia su M, (x,, ¥,) la di€m cuc tri ¢6 diéu kién cha ham s& (5-7) véi diéu kién
(3-8). Gia sir;
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1) O lan can M, cdc ham s6 f[x, y, g(x,y)] ¢6 cac dao ham riéng cip 1 lién tuc.

2) Céc dao ham riéng g, g\, khong dong thoi bang khong tai M, Khi d6 ta ¢6 tai M,

R
g g

Thidy: Tim cuc tri clia hdim s6 z = x> + y*; vi diéu kién ax + by +c=0;¢ = 0.

f, f! 2
Diéu kién (5-9) ¢6: " 120 chota N-0
g 8 a b
< 2xb=2ay < xb=ay & 2=t
a b
e L 4 e . ac b
Giaihé: <a b suy ra diém 161 han duy nhat: M, (- - ;-

) 2 2 2
ax+by+c=0 at+b a”+b

Vé mat hinh hoc, ta phai tim cyc tri cia binh phuong khoang cach ti géc O dén |
di€ém trén dudng thang ax + by + ¢ = 0. Bai todn ¢6 1 cuc tiéu, khong cd cuc dai. Do dé

cuc tiéu chi cé thé dat duoc tai diém t6i han; cuc tiéu ay bang:

a’+b’
5.5. TICH PHAN BOI

5.5.1. Tich phan kép

Dinh nghia: Cho ham sé f(x. y) xdc dinh trong mdt mién déng, bi chin D. Chia mién
D, mot cach tuy y thanh n manh nho, goi cdc manh nhd do va ca dién tich cua chiing 1a
AS,. AS,... AS, Trong méi manh AS, ldy mot diém tuy ¥ Mdx, y). Téng
I, = D f(x,.¥,)AS, (5-10) dugc goi Ia téng tich phan cia ham f(x, y) trong mién D; ky

hi¢u ”f(x, y)dS.
1>

L duge goi la mién 1dy tich phan; f 13 ham dudi d4u tich phén; dS 13 yéu 6 dién tich.
Né&u tich phan (5-10) t6n tai ta néi rang ham s& f(x, y) kha tich trong mién D,

Nguoi ta chitng minh dwge rdng néu ham sé f(x, y) lién tuc trong mién bi chan, déng
D thi né kha tich trong mién dy. Néu f(x, y) lién tuc, khong am véi moi (x, y) thude D
thi tich phan kép (3-10) bang thé tich vat thé hinh try. Vay:

V= [[f(x,y)s
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Néu fix, y) =1, V(x, y) €D thi tich phin kép (5-10) bang dién tich S ctia mién
D: [[ds=s
I3

Clut y: Vi tich phan kép khong phu thuge cich chia mién D thanh cidc manh nho nhu
da néu trong dinh nghia, ta c6 thé chia D bdi 2 ho dudng thang song song vé6i cic truc
toa do. Do d6 dS = dx.dy va c6 thé viét:

”f(x, y)dS= Hf(x, y)dxdy

« Diéu kién ton tai cila tich phdn kép: (iinh chit ctia tich phan kép)

Tich phan kép c¢6 nhimg tinh chat twong tu nhi tich phan x4c dinh; véi gid thiét rang
cdc tich phan ¢6 mit trong cdc tinh chét y déu tdn tai,

L JJifGey) + g(x, y)ldxdy = [ff(x, y)dxdy + [fe(x, ydxdy
D e D

2, Hk f(x, yydxdy =k [[f(x,y)dxdy trong d6 k la hing s6.
D 3]

3. Néu mién D c¢6 thé chia thanh 2 mién D,; D, khong dim 1én nhau thi:

[Tfx, yrdxdy = [[£(x, y)dxdy + [[£(x, y)dxdy

i) Dy

4. Néufix,y) £ g(x,y); V(x,v) e Dthi:
Hf(x, y)dxdy < ﬂg(x,y)dxdy
D D

5.Néum < f(x, y) < M v6i moi (x, y) € D, m vd M 12 hang s& thi:

mS < [{f(x,y)dxdy < MS (S: dién tich clia mién D)
S ,

6. Néu f(x, y) lién tyc trong mién bi chan D thi trong D ¢6 it nhat 1 diém (;, ;)

sao cho:

[[fx,y)dxdy =f(x,y).S (S: dién tich clia mién D)
D

« Diéu ki¢n khd tich |

Pinh Iy: Diéu kién can va di dé ham s6 f(x, y) kha tich trén mién D 1a:

lim (D-8)=0

maxd; 50

Hé qua: Néu ham s6 f(x, y) lién tuc trong mét mién bi chin, déng D thi né kha tich
trong mién 4y.
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e Cdch tinh tich phdn kép trong hé toa do Pécac

/- Truomg hop 1. Mién 1ay tich phan la hinh chit nhat ¢6 cdc canh song song véi
cdc truc toa do.

Pinh Iy Fubini:
Giasu D = [a, b] x [¢, d]; gid sitf: D—R: kha tich trén D. Khi dé:
i) Néu tén tai xela, b]; ham s8 y—f(x, y) kha tich trén [¢c, d] thi ham s¢&

d
x = 1(x) = ff(x,y)dykha tich trén [a, b] va

b b/ d
[[f(x,y)dxdy = [I(x)dx = j( J'f(x,y)d_y}dx (5-11)
D a ang
ii) Néu véi moi vy ={c, d}; hdm s& x —>f(x,y) kha tich trén [a, b] thi ham so

h
y = J(y) = [f(x,y)dx kha tich trén [c, d] vA:

d Jd b
[ff(x,y)ydxdy = [I(y)dy = j(jf(x,y)dx)dy (5-12)
D S

L i

Hé qud: Néu f(x, y) lién tuc rén D = [a, b] x [¢, d] thi: (cong thic déi thit ty tich phan)

hid d b
_Ut(x y)dxdy = J'[ ff(x y)ddex = _[[If(x.y)dx}dy

b v H]

Thidu: 1= [f——15 B D[P (=112, [1.2)
b (x+y)’
1 > dy
Vif(x,y)= ——— liéntuc trén D, nén [ = de.f ;
(x+y)’ ioixry)
Ta co: I dy — = L1
(x+y)y x+1 x+2
VdVI——-‘.( 1 )dlenxle =ln?-
X+l x+2 X + 21,
Clut v: néu f(x, y) = £,(x)f,(y) thi:
b d b d
[ff(x,y)dxdy = [dx [f, Of, (y)dy = ff, (x)dx. Jf, (y)dy (5-13)
D i ¢ a ¢

2- Triomy hop 2: Mién 14y tich phan 1a mién bat k¥ bi chan.

Dinh ly:

Gia sit D= {(x, y): as<x<by (X)<y<y,(x)} v6iy, y,1a 2 ham s6 kha tich trén
[a, b]: v, {x)<y,(X); VX € [a, b]. Gid sir f ]a ham s6 kha tich trén D.
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Neéu vdi ¥x € [a, b]; ham s6 v — f(x, y)kha tich trén [y,(x); y,(x)] thi ham s6 x — I{x)

¥2ix)
= | f(x,y)dykha tich trén [a,b] va:
Yiix}
b b | ¥yz2i(x)
[Jfix.yydxdy = Jitxydx = [| | f(x,y)dy [dx (5-14)
D a af oy

Heé qud: D={(x,y): a<x<b;y,(x)<y<y,(X) } v, v, 12 hai ham s6 lién tuc trén
[a, b]. Né&u f lién tuc trén D thi:

b [ y2(x)
[{f(x,y)dxdy = [ [ [ f(x,y)dy]dx
D

Y1is)

d

« Céng thitc dot thit tu tich phan:

b ¥a(x) d xo(y)
Jax | f(x,y)dy=[dy | f(x.y)dx (5-15)
a  yp{x} ¢ Xy

Thi dy 1: Hay xéc dinh cdc can tich phan khi tinh 1= [[f(x, y)dxdy

X=2

V61 D duoce gidi han bai cac dudng: (v = 1
X

y=x

Ly ///////
=X
3 R Y

1 Lo _-___.
173 SR 4 —_ y=Ix

: X

0 1 2 -
l <X < 2 2 x

Mién D ducc xéc dinh bdi < | N jdx jf(x, y)dy *)

_S ySX 1 |
) r

X
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1
Hodc chia D thanh D, va D,: D, ; D,
is;:sz y=E=
y
1 2 2 2
Vay I= fdy f(x,y)dx + [dy Jf(x, y)dx )
1 1
Ty L
Nhén xét: Cong thiic (*) don gian hon cong thic(**)

Thidy?2:
y=X OXx=y
=X+l =>x=y-1
Tinh I = [[(x* + y*)dxdy; D Y 2 ey
D y=

y=I

3 ¥

—1=[dy [ (x* +y*)dx =14
1 y—!

o Doi bién 56 trong tich phin kép

* Cong thitc dot bién 56 trong tich phan kép

Xét tich phan kép ”f (x,y)dxdy trén D; f(x, vy) lién tuc trén D.
D

_ v oaa e [ X=x(u,v)
Thuc hién phép doi bién : (5-16)
y=y(,v)

Gia sir thod min 3 diéu kién:

Lo x(u,v); y(u,v) 12 ham s6 lién tuc va c6 dao ham riéng lién tuc frong mién déng D’
ctia mat phang O’uv.

2. Cc coOng thitc (5-16) xdc dinh 1 song dnh tir mién D’ 1én mién D cha mit phing Oxy.

3. Dinh thiic Jacobi cia né:

D(u,v)

1 1
XU x\-’
]

Yo ¥

# 0 trong mién D’.

Khi dé, ta ¢6 cong thiic:

[Jf(x,y)dxdy = [ffIxCu,v), y(u,v)].|]J| dudv (5-17)
D D’
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Y =Y,(x)
Y =Y¥2(X)
X =X;(y)
X =X,(y)

Giai thich: Pua mién D

Tré vé dang tich phan kép trong hé toa do Décédc c6 mién D la hinh chit nhat.

U2:b
Vl =cC

v, =d

Thi du 1: Tinh H(x +y)dxdy, D 1a mién gidi han béi cdc duong
D

y =-X Xx+y=0
y=-X+3 X+y=3
y=2x-1 -2x+y=-1
y=2x+1 -2x+y=1
u=0
PR {x+y=u Ju=3
baoi bién: =D
-2X+y=vVv v=-1
v=l
Ta co:
_u-v
X+y=u 3
{—2x+y:v 2u+v
i
Ay A v
™
y=-X
1 /D 1

U

Dinh thic Jacobi: J =

L | —
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Ap dung céng thitc (5-17) ta duoc:

[

3 1 I
1=ljju.dudv=»l-ju.du.jdv N
35 3, 3 32 |44 32
x-y x=0
Thidy?2: Tinh [ = [[e*Ydxdy, D<y=>0
D x+y<l
Gidi: Déi bién:
u+v
x-y=u _|*7T 73
{ &
Xty=v _vV-—u
ky 2
(v=0
. N L .. |u+vz20
Do 1a song dnh tir D 1én D’ xdc dinh bai: <
v—u>0
vl
< u+va20uz0v—uz0v<l
1
j=Dixy) 12 2l_1.,
D(u,v) -1 1) 2
2 2

1 ¥ 1
Vay: I= %[J;_‘[e”“’{"dudv = % Idv. J’e””"dv = %(e —e™! )Jvdv = % (e—e' ).

4] -

e Cdch tinh tich phdn kép trong hé toa do cuc.
Cong thiic lién hé giita toa do Décic (x, y) va toa do cuc (r, ) chia cing mot diém 1a:

{x =Tr.COSQ

_ r>0,0s¢<2n
y=rsing
Cdc cong thie do6 xac dinh 1 song dnh gilta toa do Décdc va toa do cuc.

Thuc hién phép déi bién. Ta cé:
x lr x f‘P

y!r ynq]

yoD&xy)
D(r.¢)

cosp  —rsing

=r=0

sin®  rcosg

(Trir tai géc 0 (g6c 0 ¢6r=0; @ tuy ¥))
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Vay: [[f(x,y)dxdy = [[f(rcos@;rsing).r.dr.de.
D D’

] o S q.) g B n{g}
Néu D: thi [If(x,y)dxdy= |d¢ |f(rcoso,rsine)rdr
{rl((p)SrSrz((p) H J‘ m’L

Dic biet0 € D va moi tia phat xuat tir O déu cat bién cha mién D tai ' diém cé ban
kinh vecto la r{¢} thi:

2% rigq)

[jfx.y)dxdy = [do [ f(rcoso, rsing)r.dr
D 0 n

d
Thidyl:Tinhl= H \/__xdi_ ; — hmh tron don vi nam trén gée phan tu thit nhat.
1+x" +y

, , e . d
Chuyén sang toa do cuc, bidu thic dudi d4u tich phan la: —00®

- \/1+r2 .

Mién D:qr= Ta duoc két qua = g(\/:”l_ -1

T
:0‘ = —
¢ b 5

Thidu2:Tinh 1 = ”\/x_z +y’ dxdy
¥

X' +y —2y>0
x'+y’-1<0
x>0

yz0

v D:

Chuyén sang hé toa do cuc; hai dudng x* +y” - 2y = 0 va X’ + y* = 1 ¢6 phuong trinh
trong toa do cuc la: r=2sing; r=1.

S e 3 C T L ]0sesl
Chiing cat nhau tai diém cd toa dé cyc la (1, g). Vay mién: D 6

2sinp sr<l

R.-""I;m :
Dodé 1= j(d(p | ridr.

() Zsinp

Tinh duoe két qua = —(— +3v3 ——)

0.0l#%ownloaded 60906.p 23 15:07:15ICT



» Ung dung hinh hoc tich phéin kép
1- U’hg'dqmg 1: Tinh thé tich ciia vdt thé
Thé tich ¥ cira‘Hinhttry & mat xung quanh 1& mit try ¢6 dudng sinh // Oz; ddy la
mién D € Oxy, phia‘trén gidi han bdi mat cong z = f(x.y); f(x,y) = 0 va lién tuc trén D
duge tinh boi cong thic! 'V = [[f(x,y)dxdy
D

Thi d 1:Tinh V clta ¥4t thé giéi han boi: vamit z=x%+xy+1.

H

wOMN e
]

+

0
0
0
y=1

V= H(x2 + xy + 1)dxdy = ]_[dxl-f(x P4 xy+ Ddy =
5} D

a

¥=1-x 3 4 o 1

1 - i

2 Yy X X X X° 5
= |dx(x’y+x.2—+ = (- -2+ Ddx=(-——-—+x)| ==
ij(yxz.y) Uj(zz)(84)8

]

+

y=0

2- Ung dung 2: Tinh dién tich hinh phdng: S= ”dxdy
B

3- Ung dung3: Tinh dién tich mgt bat ky: 8 = H\Jl +p*+q°dxdyvéip="F;q=",
D
lién tuc trén D.

5.5.2, Tich phan béi 3

o Khdi niém tich phdan boi 3

Cho ham s6 f(x, y, z) xdc dinh trong mot mién déng - giéi ndi V cta khong gian Oxyz.

Chia mién V mot cdch tuy ¥ thanh n mién nho, goi tén va thé tich clia cdc mién nho
dyla AV|,AV,, .., AV_. Trong méi mién AV, ldy mot diém M(x,, v.. z,).

Tong 1 = i f(x,.y;.Z,)AV, dugc goi 12 tdng tich phan clia ham s6 f(x, y, z) trong mién V.

i=1

Néu n — e sao cho max (d,)} — 0(d, 1a duong kinh cha mién nhd AV;) ma I, dan i
gi6i han xdc dinh I, khong phu thudc vao céch chia mién V va cach chon diém M, trong
mién AV, thi gidi han d6 goi 1a tich phan 3 lép cha ham s6 f(x, y, z) trong mién V va
dugc ky hicu la:  [{ff(x, y, )dV

v

Néu tich phan dé ton tai, ta néi rang ham s6 f(x, y, z) kha tich trén mién V.
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Ta thiua nhan dinh 1y: Néu ham s6 f(x, y, z) lién tyc trén mién bi chdn, déng V thi né
khd tich trén mién dy.

Néu {(x, y, z) la khéi luong rieng clia vat thé V thi tich phan trén cho ta khéi luong
cha vat thé dé.

Néu f(x,y,z) =1 thi [[[dV cho ta thé tich miénV.
Tich phén boi 3 ciing ¢6 cdc tinh chat nhu tich phan kép.

Chii y: Vi tich phan boi 3 khong phy thuéc céch chia mién V thanh c4c mién nhd nén
ta ¢6 theé chia mién V thanh 3 ho mat phing song song vdi cic mat phang toa do. Do dé

dV = dxdydz va [[[f(x,y,2)dv = {]JeCx, v, 2ydxdydz.
v v

« Cdch tinh tich phdn boi 3 trong hé toa dé Pécdc

Giasir 1= [fff(x,y,z)dxdydz trong dé: f(x, y, 2) lién tuc trong V.
v

z=1z,(X, :
Néu V duge gidi han boi cac mat { () » trong dé z7,(x, y), z,(X, y) lién tuc
Z=27,(x,y)
trong D; D la hinh chiéu cha V trén mét phang Oxy thi:
22(x.¥}
I= f[dxdy [ f(x.y,2)dz (3-18)
D 21(x.¥)

Néu D dugce gi6i han bot cac dudng v = y,(x): y = v, (x) trong dé ¥, (X): y5(x) 1a nhiing
ham s6 lién tuc trén [a.b] thi:

b ¥y zplky)

[= [dx {dy [ f(x,y,z)dz (5-19)
a oy 2(xy)
dxdydz

Thidy I: Tih T= [[f

(1 X ; V 1a mién duoc giGi han bdi céc mat phing
+X+Yy+2Z

toa do vimat phang x + y+z =1

D<x<1
V=<0<y<l-x

0<z<l-x-y




1-x 1-x-¥
Gidi: Ap dung cong thitc (5-19): 1= Idx jd I dz

J J (l+x+y+z)’
=..= l1r12—i
2 16

Thi dy 2: Tinh 1 = [ffzdxdydz. V la nda hinh cdu gigi han bSi z = 0 va mat
J

Gidi: Goi D 12 hinh chiéu cia V 1én mat z = 0; d6 1a mat tron don vi.
I'R —x? v
Ap dung (5-18)tacé: 1= ﬂdxdy Izdz =— ”(R —x? — y*)dxdy
D

Chuyén sang toa d¢ cuc dé tinh tich phan kép trén; ta dugc:

R

= ffd Rj(R? e ETR? -y 2R
, 190 4 . 4
Chil y: 1= j’jjf(x y, z)dxdydz = jdx fJex v, 2)dydz (5-20)
a S(x)
Thi du: Tinh IH x*dxdydz; V: gidi han bdi mat Elipxoit —+y— Z
' b’ c2
Giai:
4z
y
I ey A I A IR X

Ap dung (5-20): = I= [xdx [[dydz véi [[dydz bang dien tich thit dien S(x).

-3 S(x) S{x}
yz ZZ XZ
V1 S(x) 12 mién gidi han boi duong elip: T +—=1-=
c a
y2 /2 X2
hay + - =1 nén dién tich clia S(x) bang nbc | 1-—

b 1—"—:Z cy1-25
a a
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i

2 a 4
Do dé: I = nbe sz - X dx = 2nbc | x2 -2 |dx
3.2 0 3.2

3 5
=2mbe| X
3 532

« Phuong phdp doi bién trong tich phain boi 3

—d

d

4
= ma'bc
i5

0

Cong thiic déi bién trong tich phan boi 3.
Xét tich phan boi 3: [[[f(x,y,z)dxdydz
trong do f(x,y,z) lién tuc trén V.
X =x{(u,v,w)
Péi bien: v =y(u,v,w) (5-21)
z=2z{u,v,w)
Gia st rang: x(u, v, w); y(u, v, w); z{(u, v, w) lién tuc cling véi cdc dao ham cap 1 lién
tuc trén mién déng V' ciia khong gian Ouvw,
Céc cong thitc (5-21) xdc dinh 1 song dnh tir V' — V clia khong gian Oxyz.

X u Vv w
D(x, Y, .
Dinh thc Jacobi: J= — X2 |y w0 trong mién V
D{u, v, w) _ _ .
2, 7. 7,

Khi dé: mf(x,y,z)dxdydz = J'Hf[x(u,v,w),y(u, v,w),z(u,v,w)].Mdudvdw (5-22)
Vv %

o Tich phan boi 3 trong hé toa do tru

M(x, v, z) € khong gian Oxyz —> (r, ¢, z) V6t (1, @) 14 toa do cuc cha diém M'(x, y);
hinh chi¢u ctia M 1én mit phiang Oxy.

Vi ¥ diém coa khéng gian ta ¢6:

r>0 X =rcosq
0p<2r = y =rsing
—0 € Z < +® Z=1
cosp —rsing O _
. . COsQ —rsing
Khido J=sin¢ rcosqp O =| | =r
0 0 { Sin @ rcos

v ] #0 khidér=0.
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Cang thic (3-22) cho ta: Jﬂf(x, y,z)dxdydz = IHI‘(r cos @, rsin @, z)rdrdepdz
Y v

o Tigh phan boi 3 trong hé toa do cau
X =hr §in¢.c0s ¢
y=rsing.sing : >0, 0<¢<m;0<p<2nthi)=-r -sind
ZSICcosd
v6iJ 20Kkhi r=0 vasing = 0. Khi dé:

I= ij(r sin ¢ cos @, rsin @.sin ¢, r cos d)r? sin ¢ ddpdep
\‘{Jlf

D6 la cong thie tinh phan bdi 3 trong hé toa do cau.

Thi dy: Tinh 1= [|{ 1
vVxT+yi 4z’
XHy+Z=LxX+y + =4

Giai:

dxdydz; V la mién gidi han boi hai mat cau

Chuyén sang toa do cdu ta ¢&: 1 = [[rsin¢drdddp. Mién V' dugc xdc dinh boi
o

l<r2;0=@s2n;0£o<m

Vay I= Td(p]sin odd ]rdr = 27t.7t.%=67t.
it & |
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CAUHOI ON TAP

1. Dinh nghia, gidt han va tinh lién tuc cia harh s& nhidubiéh.

2. Do ham va vi phén ha 6 nhigu bi¢n. Dab harh siéng; vi phan toan phdn va tng
dung d¢ tinh gin diing.

3. Cyc tri ham $6 nhiéu bién,

4. Tich phan kép. Dinh nghia; di¢u kién t6n tai; cdch tinh tich phin kép trong hé toa
do Décic. Ung dung chia tich phan kép.

5. Tich phén boi 3. Dinh nghia: di¢u kién t6n tai; cdch tinh tich phan boi 3 trong heé
toa do Décdc. Ung dung cia tich phan boi 3.

BAI TAP
5.1. Tim mién xic dinfyeia cic ham sd sau:

1) z = lnxy ' )2 =

\/Hy 'Jx_y_.‘

3z= \/x2+y2—1¥\/4~x2—y

3.2. Tim giéi han khi (x, y) — (0, 0) clia cdc ham sa §xJy) saus o

.,

~y° x* +
Dfxoyy= XY Dty = XY
x* +y? x’ ¥y
iy = XY osy).
y
3.3. Tim dao ham riéng cdp 1 cla cdc ham s6 sau:
l)z= Xty : 2)yz=1In(x + \/x2+y2); 3)z=yzsini
X +y Y

Jxi+yl —x -
-—y—~—; 5) y = arctg y:
JXT Y 4 x x* +y?

5.4. Tinh dao ham cta cdc ham s6 4n xdc dinh bdi cic phuong trinh sau:

4yz=1In

Dx'y-y'x=a'. Tinhy.
2)x.e"+y.e"-e¥=0. Tinhy"

Dln x’ +y° —arctg— Tinhy'; y".

4)x3+y3+z"-3xyz=0. Tinh z', ;7

y
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5.5. Tinh cac dao ham riéng cfp 2 cia cdc ham s6 saw:

1 1 T 3
z= 5\4’(’(” +y )

z=x".Inx+y)
3)z=arctgz
X

5.6.

1) Tim ham s6 f(x, y) thoa méin phuong trinh £, = 0.

2) Tim ham s6 f(x, y) thoa mén phuong trich " , = 0.
5.7. Tim cuc tri cia cac ham s6 sau;
Dx=4(x-y)-x* -y’

Dz=xX"+xy+y +x-y+1

z=x+y-x.¢&

5.8. Tim gi4 tri 16n nhdt va nho nhdt ctia cac ham so sau:
1) z=x> -y’ trong mién rdn x* + y* £ 4,

2) 2z = x%y (4 - x - y) rong mién tam gidc gidi han boi cdc dudng thang
x=0; y=0:; x+y=6.

3) z = x> + 2xy - 4x + 8y trong hinh chit nhat giét han boi cdc dudng
x=0; x=1:y=0;y=2

4) z = sin X + sin y + sin (x + y) trong hinh chit nhat gidi han bdi x =0 ; x = % cy=0;

n
y=5.
5.9, Tim cuec tri ¢6 dieu kién:
l)z:l+l vai diéu kién L?+~l;=—1,—
X Yy x* y a
2)z =Xy viidiéukién x+y=1.

5.10. Tinh céc tich phan:
1
a) Jx“ (Inx)"dx ;
L]
o > 0 ; n nguyén duong.
b) j'ln(l +ysin? x)dx ;
L]
y>-1.
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5.11. Tinh céc tich phan:

i dx
3.) J‘ 2 n+l
g (X7 +y)
vai v >0 n - nguyén duong.

b) *I_:_m_—eﬁj_ dx :

1 X

a>0:p>0.

§.12. Dot thd tu tich phan trong cdc tich phan sau:

2 1 3 2y
@) fdx [foaydy by fdy Jfex,y)dx

-1yt 1 o

i [ w’ll.: 5-3 2a W 7ax
c) Idy If(x, y)dx ; d) Idx jf(x, yidy ;a>0

it 2oy 0 Jrad

) dxdy T . A
5.13. Tinh H riDlamiénxdcdinhboix2 1 y21; x +y<3
y (X +y)

5.14. Tinh fyﬁl"d}]’ ;D 1a mién xdc dinh béi x 2 05y > 0; 2+ y2 < 1, < |
D X~ +

5.15. Tinh {fx’(y - x)dxdy ; D ta mién gi6i han bdi cac dudng y = x* va x =& = V"
M

5.16. Tinh ”ln(x + y)dxdy ; D la mién giGi hanbdix = 1y =1y = x + 1.
8]

d Ch e oL . > .
5.17. Tinh ”—11% D la mién gidi han boi céc dudng y° = 2x vax = 2.
D TXT 4y

5.18. Tinh [ dxdy; D 1a mién gi6i han boi x =05y = 0; x + y = 1.

n Xty

5.19. Tinh H(x - y)dxdy ; D la mién giéi han boi cac duong y =2 - x5 y = 2x - 1.
L

5.20. Tinh x” + y*dxdy; D 1a mién giét han bdi:
g
[

a) Cic dudng tron x> + y* =%, X*+y* =4a’;a> 0.
b} Dudng hoa hong 4 cdnh r = asin 2¢ ; a > 0.

521 Tinh [f(x* +y?* + )dxdy; D ta mién giéi han boi x> + y? - x = 0.
B]
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5.22. Tinh [f(x + 2y +1)dxdy;
M)

D 1a giao ciia 2 dutmg wdn x° + y°* < 2y
Sy L2,

5.23. Tinh H(x + y)X (x~ yidxdy ; D 1a mién gidi han bdi cic dudng
n

X+yrl; x-y=1;Xx+y=3;x-y=-1.

5.24. Tinh nydxdy: D famién gidi han bdi y2 =X ;¥ = 3X; y = X ; y = 2x.
D

. § 25. Tinh dié¢n tich cla cdc hinh phang gi6i han bdi cic duong:
aAyx=4y-y':x+y=6. by=xhy=8(6-x)
c)r=acosQ;,r=beosp (b>a>0).

d)r=asin2g ; e)r=a(l +cosp);(a>0Q)

5.26. Tinh thé tich cla vat thé gidi han bdi cic mat:

a)z=1-x*-y*; y=x; y= +/3x;2=0vanim trong géc phén tdm thit nhit.

byx*+y' =a’;x*+ 27 =4’

z=xX"+y .z2=X+Yy
X +y +27=27; X +y =7
5.27. Tinh dién tich cua:

a) Phdn matnén 2z’ =x’+y*; z >0 nam trong mat tru x> + y> = 1.

b) Phdn mat cau x* +y* + Z° = a’ ndm & trong hinh try (x* + y*¥ = 2a’xy ; (@a>0)

5.28. Tinh ([f(1 - x - y - z)dxdydz;
5

Vlamién xdc dinh bsi x20;y>0; z20;x+y+z<1.

5.29. Tinh jﬂ(ﬁ +y? +zY)dxdydz ;
7

V I3 mién xdc dinh béix 2 0, y20; z20; 2+ 2 +% <1.

a b ¢
5.30. Tinh thé tich cla vat thé:
a)Gidi hanbéicdcmatz=x*+y%;z=2(x*+y); y=x% y=x.
b) Gidi han bdi cdc mat z=x*+y*; 2 =x* + y*.

2

+21 _Z <1..h<z<h,

a’ b?* ¢?

¢) Xsc dinh bdi 0 < X
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Chuong 6
PHUGNG TRINH VI PHAN

6.1. CAC PINH NGHIA
Phuwong trinh vi phan 1a phuong trinh ¢6 dang:
F(x,¥,y.,¥" .. Yy =0.
Trong do:

x: bién s& doc lap ; y = f(x): 1a ham s phdi tim ; y’, y”...., y™: 12 cdc dao him cta né.
Ciap cao nhat cia dao ham cua y goi la cép cha phuong trinh.

Thi du: Phuong trinh vi phancdp 1: y’ +xy* -2y = ¢*
Phuong trinh vi phancidp 2: y" + 4y =0
Phuong trinh vi phan goi 12 tuyén tinh néu F 1a bac nhat d6i véi y, v, y”, ..., y'™. Dang
tdng quét clia phuong trinh vi phan tuyén tinh ¢ép n 1a:
v+ a(x) vV 4+ a(x) Y P 4t a (X) Y +a,(x) ¥ = b(x)
Vi a,(X); 45(X), ..., a,(x); b(x) la nhitng ham s6 cho trudc.

Nghiém cta phuong trinh vi phan 13 moi ham s6 thoa man phuong trinh dé; tic 1a moi
ham s& sao cho khi thé né vao phuong trinh ta duge déng nhat thiic.

Thidul:Cachamsdéy=C cos2x + C;s5in2x ;3 (C;; C, = const)
1a nghiém chGa phuong trinh: y” + 4y =0
That vay:
Vi y'=-C,.2sin2x +C,. 2 cos 2x
y'=-4.C,.cos2x-4.C,. sin 2x
=-4 (C, cos 2x + C, sin 2X).
Thay vao v€ trai cta phuong trinh:
VT = —4(C, cos2x + C, sin2x) + 4, cos 2x + C, sin2x) =0 = VP.

Cho C, ; C, nhiing giéd tri khdac nhau, ta duge nhiing nghiém khdc nhau cta phuong
trinh dé nén phuong trinh di cho ¢é vo s6 nghiém.

Thi du 2: Xét phuong trinh y’ = cosx. LAy nguyén ham 2 v€ ta dugc:

jy‘ dx = jcos xdx < y=sinx+C, v6i C |a hing s6 ty .
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Gia sit néu dat thém diéu kién: ham s5 y ¢6 gi4 tri bing 2 khi x = 32‘-; khi dé:

2=14+C=>C=1

Vay y = sinx + 1 1a nghiém ctia phuong trinh thoa méin diéu kién da cho.

Giai 1 phuong trinh vi phan va tim tat ¢ cdc nghiém cia nd.

Y nghia hinh hoc:

+ M&bi nghiém cta phuong trinh vi phan xdc dinh 1 dudng goi 1a duong tich phan clia
phuong trinh.

+ Giai | phuong trinh vi phan 14 tim tat ca cdc dudng tich phan cua né, cac duong do
dugc x4c dinh béi hoac phuong trinh vy = f(x); hoac bdi phuong trinh ¢(x, y) = 0; hoac
bai phuong trinh tham sé: x = x({t); y = y(t)

Chit y: Trong gido trinh nay ta chi xét phuong trinh vi phan cdp 1 va phuong trinh vi
phan cap 2.

6.2. PHUGNG TRINH VI PHAN CAP 1

6.2.1. Pinh nghia
Dang 16ng quit cuia phuong trinh vi phan cép 1 la:

Fix,y,y)=0 (6-1)
Neéu gidi duge phuong trinh d6 d6i véi y’; phuong trinh s€ ¢6 dang:

y =f(x,y) (6-2)

Thi du: Cac phuong trinh @ y* + Xy = X sin X
va yy' + x>+ y* =0 12 phuong trinh vi phéan cdp 1.
Trong d6 phuong trinh: y* + xy = X sinx 2 tuyén tinh. '

6.2.2. Nghiém riéng, nghiém tong quat
Binh Iy: (Su ton tai vd duy nhat nghiém) cho phuong trinh vi phan cép 1:
y' = f(x,y) (6-2)

Gia sir f(x, y) lién tuc trén D; Gia st (x, y,) 1a | diém € D. Khi dé trong 1 khoang lan
can nio dé cha diém x = x,t6n tai it nhat 1 nghiém y = f(x) cia phuong trinh (6-2); lay
gid tr1 y, khi x = x,.

D
Néu ngoii ra, Ea;[:(x, y) ciing lién tuc trén D thi nghiém d6 1a duy nhét.
* Piéu kién y = y(x) lay gid tri y, khi x = x,, dugc goi 13 diéu ki¢n ban dau cha phuong

trinh vi phan; ky hiéu: y|,_, =¥,
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* Bai todn fim ngh#m clia phuong trinh (6-2) thod min diéu kién ban-diu got 1 bai
todn Cauchy cta phyong trinh vi phan.

Dinh nghia: (Nghiém téng quit cla phuong trinh vi phan (6-2))
Nghiém tdng quat ciia phuong trinh vi phan cép 1: ¥’ = f(X.y) 12 ham s6
¥ = 9%, C) (*)

V6i CIa 1 hing s6 tuy ¥, thod mén céc di¢u kién sau:

+) N6 thoa man phuong trinh vi phan vdi moi gid tri'cha: Q.

+) V& mot (x,, ¥,) 0 d6 cic diéu Kién cia dinh 1y rén dudc thod mén, ¢6.thé tim duge 1 gid
tri C = C, saccho ham s6 y = ¢(x, ;) thoa man diéu kién ban.déu: y 53 = Yo

(V€ mat hinh hoc, nghiém t8ng quat phuong trinh vi phah ¢6-2) dugce biéu dién boi 1
ho dudng tich phan v = @(x, C) phu thudgc I tham s6).

Chii y: C nhiéu khi, ta khong tim duge nghiém téng qudt ¢ta phuong trinh (6-2) dudi
dang tuémg minh y = ¢(x, C), ma chi tim duge mot hé thic ¢ dang ¢(x, y, C) = 0, né

xdc dinh nghiém téng quit dudi dang an. Hé thic d6 goi la tich phan téng qudt cia
phrong trinh (6-2).

o Nghiém riéng:
Nghiém riéng cia phuong trinh vi phan (6-2) 12 mot ham s6 y = @(x, C) ma ta cé dugc
béng cich cho C trong nghiém téng quat mot gia tri xde dinh C,. He thic ¢(x, y, C) =0

ma ta ¢6 dugc bing cdch cho C trong tich phan téng quat 14y gid tri C, duge goi 12 tich
phan riéng.

e Nghiém ky di: Phuong trinh (6-2) c6 thé cé 1 s6 nghiém khéng nim trong ho
nghiém t6ng quat; nhilng nghiém dé dudc goi 1a nghiem k¥ di.
6.2.3. Phuong trinh khuyét
* Dang 1: Phuong trinh khuyét y: F(x,y') = 0 . Ba trudong hop thuong gap la:
- Trueong hop 1. Phuong trinh giai ra duge d61 véi y' ¢ dang y' = f(x). Khi d6, chi viéc
lay tich phan 2 vé ta dugc y = [f(x)dx = F(x) + C; (F(x) I nguyén ham ciia f(x)).
- Truong hop 2 Phuong trinh gidi ra duge déi véi x cd dang x = f(y’).
baty'=t = x=1(1)
dx =17 ()dt
dy =tdx =t. f'(1)dt . Do dé:
y= j tF (t)dt = tF (1) — jf(t)dt

= t.£(1) - F(t) + C véi F(t) 12 nguyén ham cha f(1).

160



Khi d6, ta duge phuong trinh tham s& cta dudng tich phan:

X =f(t)
{y =tf(t) - F(t) + C
Thi du. Gial phuong trinh: x =y +y" + 1
Paty =tsuyra x=t*+t+1
dx = (2t +1)dt
dy = y’dx = t(2t +1)dt = (2¢* + t)dt

3 2

2 t t
Va = {2t +t)dt=2—+—+C.
iy y= Jer +odi=2"+

x=t>+t+1

Phuong trinh tham s6 ciia dudng tich phan Ja: 2,
Y= 5 I~ + E + C

- Triegng hop 3: Phuong trinh ¢6 thé tham sé hoa:
x =1(t)
{Y'= g(t)
Ta c6 dy =y dx = g(t). f'(t)dt. Do d6 vy = jg(t).f'(t)dtzh(t)+C vOl h(t) la
nguyén ham cua g(t). £’(1). Ta duoc phuong trinh tham s& ctia dudng tich phan.
* Dang 2. Phuong trinh khuyét x: F(y, y*) = 0. C6 3 trudng hop thudmg gip:

dy

- Trucng hop [ Phuong trinh dang y' = f(y) = j— =f(y) =>dx= fy)
y

Lay tich phan 2 v&€ ta duge x = F(y) + C v6i F(y) 1a mét nguyén ham cia ham so }fl_) .
Y

- Trucng hop 2: Phuong trinh cé dang y = {(y’)
PBaty’ =t— y=A1(t); dy = *{t)dt

Mat khdc, dy = tdx suy ra dx = ( )

f'(t)
t

dt suyrax = j O G- Ry +C: véi B Ta

nguyén ham cta , ta duge phuong trinh tham s& cua dudng tich phan.

= f(t
- Truong hop 3: Phuong trinh tham s6 hod cua F(y, y’) = 0 dudi dang: {y' ((t))
y=g

Ta cé dy=f'(t)dt=g(t)dx—)dx=% j dl—G(t)+C

o=
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Thi du: Gidi phuong trinh: y*+ y’* = 1. Tham s6 hod né bing cach dat:
y =sint -> y' = cost

Viy'= j—i = dy =y'dx = costdt = costdx . C6 2 trudng hop:

-Neu cost#0-—>dt=dx;t =x+C — y=sin(x + C): d6 12 nghiém téng quit.

-Néu cost=0->1t= (2k+1)% viy y =+ 1 khong thudc ho nghiém téng quét; nd
13 nghiem k¥ di.

6.2.4. Phuong trinh véi bién s6 phan ly (phan ly bién s0)

Dinh nghia: la phuong trinh ¢6 dang f(x)dx = f(y)dy (6-3)

Lay tich phan 2 v&  [f(x)dx = fandy 5 Fx)=Gy) + C

V61 F(x) 1a nguyén ham cta f(x); G(y) 12 nguyén ham cta g(y).

Thi du: Giai phuong trinh: (1 + x)ydx + (1 - y)xdx =0

Néu x # 0, y = 0 phuong trinh tuong duong: (l +Ddx =(1- l)dy
X y

Lay tich phan 2 vé€taduge Injx{+x=y-Inly|+C hay Injxy|+x-y=C
D6 1a tich phan téng quét clia phuong trinh.
Ta ¢6: x =0, y = 0 cling thoa man phuong trinh, chiing biéu thi 2 dudng tich ph&n k¥ di.

Chit y: Nhimg phuong trinh khuyét, dang ¥’ = f(x) hoic y* = f(y) cling la nhiing
phuong trinh véi bién s8 phan ly.

6.2.5. Phuong trinh thu4n nhat
Dang téng quat: y'= f(l) (6-4)
X

Nhdn xéi: Phuong trinh khong déi khi ta thay (x, y) béi (kx, ky), k: hing s6.

Dat y = ux, v6i u la ham sé clia x; suyra y' = u + u'.x = f(u)

hay x.d—uzf(u)—u
dx
dx du - . P
Vay,néu f(u)—u=0=—= ; do 1a phuong trinh vé6i bién so phan ly.
X f(u) —u

, , d
Lay tich phan 2 vé ta duge:  Injx|= | - u
u

= d(u) + In/C]

V6i d(u)ld nguyén ham clha — . Do dé x = C.e™™. Vay nghiém téng qudt cua

f(uy—u
. o)
phuong trinh (6-4) la x=Ce *
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\ x = Ce®W
Vay phuong trinh tham s6 cua dudng tich phan tong quat la: { doé la

y =Cue®™
mot ho dirdng vi tir.

Dac biét- Néu f(u) = u— phuong trinh (6-4) ¢6 dang: y' =~
X

Nghi¢m téng quat clia né [a: y = Cx.
Con néu f(u) = utaiu=u, thi y=u,x ciing 1a nghiém cla phuong trinh.

X+a

Thi du 1. Giai phuong trinh: y'= . a: hing 0

ax —y

1+az

Pay 1a phuong trinh thuan nhat vi v€ phai ¢6 thé viét la: X

Pat y=ux suyra u+xd_u:1"'au hay d—x=a_u,du
dx a-u x l+u’

Ldy tich phan 2 v& - In|x| = a.arctgu — % In(l +u®)+ n|C| hay

y
3 a.arctg -
xvl+u’ =Ce*™™ Dodd x* +y’ =Ce X

Chit y: Néu déi sang hé toa do cuc, dudng tich phan téng quét ¢6 dang: r=Ce™ -
(goi 1a dudng xo0an dc logarit).

Thi dy 2. Giai phuong trinh: X’y - (x* +y) =0
D6 1a phuong trinh thuan nhat vi c6 thé viét n6 duéi dang: 72— (2)* =1
LS

y'=cht

Tham s6 hod bang cich dat < y "
—=5
X

Suy ra dy = chtdx. Mat khac, viy = x sht > dy = sht dx + x cht dt.
Do doé: (cht - sht) dx = x cht dt.

2t

Nhung do chi - sht =e*# 0 nén cl—xze‘ch‘[dtz © +ldt.
X
e’ +2t

L4y tich phan 2 v€ ta duge: Inlx| =

+ lnIC‘ )
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It

t
tadugc x=C.e*"” ; y=Cshtet"

¥

bat g(t) = ©

D6 1a phuong trinh tham sé cua ho dudng tich phéan t6ng quat, d6 1a 1 ho dudng vi tu.

Chut thich: Phuong trinh dang P(x, y)dx + Q(x, y)dy = 0 trong dé6 P(x, y): Q(x, y) 12 2

ham s6 thuan nhat cung bac, ciing la phuong trinh thuan nhét, vi ti s6 — ¢4 thé biéu thi

dudi dang f (). Ching han phuong trinh (2xy - Sy?)dx + (3y” - xy)dy = O Iz phuong
X

trinh vi phan cap 1 thuan nhat.

6.2.6. Phuong trinh tuyén tinh
Dang téng quat: y'+p(x)y = q(x) (6-9)
véi p(x), q(x} Ia nhitng ham sé lién tuc.

Phuong trinh (6-5) goi la thuan nhéat néu q(x) = 0; 1a khong thudn nhat néu q(x) = 0.
Dé giai phuong trinh (6-3), trudc hét ta gidi phwong trinh thuan nhét tuong tng:

y' +p(x)y =0 (6-6)
Néuy =0 thi %}i = —p{x)dx . D6 1a phuong trinh v&i bién s6 phan ly, suy ra:

In|y|=-fp(x)dx +InI1CI| ; C lahéng s6 ty y.

—j- Pl jedx

Dods y=Ce (6-7) 1a nghiém t6ng qudt cha phuong trinh (6-6).

Clui y: y = 0 cling la nghiém cua phuong trinh (6-6) va 1a 1 nghiém riéng iing véi C=0.

Bay gitr xem € la mot ham s6; ta phéi tim C dé€ phuong trinh (6-7) thod méan phuong
trinh khong thuan nhat (6-5).

Ldy dao ham 2 vé€ cha (6-7) rdi thé vao (6-3) ta co:

-{ptxsae

¢ 1 00 - Coope T +peoCee T = qx)

-

hay jt = q(x).e/"* Do d6 €= [ (e PP 4 K véi K 12 hing 56 tuy .
X

Vay y= Kc_[pmdx + c_fpmdx ._|‘q(:lq)efp(x)dx dx 14 nghiém t6ng quét cua phuong trinh
(6-5). (Phuong phép nay goi 1a phuong phdap bién thién hang s6).

Thi du: Tim nghiém cta phuong trinh tuyén tinh (x* + 1)y’ + xy = 1 thod min di€u
kien y|,=2.
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Phuong trinh thudn nhat tuong tng 1a:

d
x4+ Dy’ +xy =0 hay = =——"—dx .
y x°+1

Lay tich phan 2 v€, 1a dugc:

Iny| = - % In(x* +1) + In|C|

Hay y= d6 1a nghiém téng quét cla phuong trinh thudn nhat. Bay gid xem

C
vx® 41
C la bam s0 cua x, thé vao phuong trinh khong thudn nhit ta ¢6:
1

x*+1

C'Vxl+l=1=C'=

= C=ln(x+vx2 + 1)+ K ; v6i K 1 hing s6 tuy §.
Vay nghiém tong quat cla phuwong trinh khong thuén nhat la:
gl VX2 +1)+K
Jx?+1
Tir diéu kién ban ddu y|,_=2 ta duoc K = 2. Vay nghiém phai tim la:
_In(x + m )+ 2
T ea

6.3. PHUONG TRIiNH VI PHAN CAP 2

6.3.1. Pinh nghia
Phuong trinh vi phan cdp 2 1a phuong trinh ¢6 dang:

F(x,y,¥.y)=0 (6-8)
Néu giai duge phuong trinh dy déi véi y”, né c6 dang:
y' =fx,y. ¥} (6-9)

Thi du: yy"-y?+yy' +x’y*=0; y"- 2—%— =xcosx la nhimg phuong trinh vi
X

phan cip 2; phuong trinh sau Ia tuyén tinh.

6.3.2. Nghiém riéng - nghiém tong quat
Dinkh Iy: (Su t6n tai va duy nhit nghiém). Cho phuong trinh:
v =f(x, v, y") (6-10)
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Néu f(x, y,y');%(x, v.¥") vz‘ig—‘(x,y,y') lién tuc trong mot mién D nao d6 trong R* va
Y

néu(x,, ¥,,¥y) la I diém thuoc D thi trong 1 l4n ¢4n nio d6 clia diém x = X, tON tai 1
nghtém duy nhit y = y(x) ctia perdﬁg trinh (6-10) thoa méan cdc diéu kién:
Yx=0=Y¥0 yr =0 YB (6'1 I)

- Ngudi ta goi nghi¢m tdng quat clia phuong trinh (6-10) 1a ham s6: y = o(x, C,, C,),
trong d6 C,, C, 12 nhiing hang s6 tuy ¥ thod man cdc diéu kién sau:

1. N6 thoa méan phuong trinh (6-10) v&i moi gid tri cia C,, C,

2. V61 moi (Xy, ¥¢,¥y) ¢ d6 cdc diéu kién cha dinh 1y t6n tai va duy nhat nghiém
duge thoa man, cé thé tim dugc cac gid tri xdc dinh C, = C7; C, = €5 sao cho ham s6
y = o(x, CT.CS)IIhoé Man: ¥y, =¥, 5 Yo=Y -

H¢ thic @ (x, y, C,, C;) = 0 xé4c dinh nghiém téng quat cha phuong trinh (6-10) dudi
dang an dugc goi [a tich phan tdng quat clia n6. N6 bidu dién 1 ho dudmg tich phan phu
thudc 2 tham sé.

- Ngudi ta goi nghiém riéng ciia phuong trinh (6-10) 13 1 ham s6 y = ¢(x.C{,C3) ma
ta ¢6 dugce bang cich cho C,, C, trong nghiém téng quét cdc gid tri CP,C5. He thitc

o(x,y, C7,C3) =0 duge goi la tich phan rieng.

6.3.3. Phuong trinh vi phan tuyén tinh cdp 2 thuin nhit c6 hé s6 hang s6

Cho phuong trinh: ~ y"+py’ +qy=0 v6ip,qla2hings6 (6-12)

Ta biét rang muén tim nghiém téng quat clia né, chi cdn tim hai nghiém rieng doc lap
tuyén tinh. Ta s& tim nghiém riéng clia né dudi dang:

y =&~ ' (6-13)
trong d6 k la mot hang s6 ndo d6 ma ta s& tim. Ta ¢6 y' = ke, y" = k%*. Thée vao
phuong trinh (6-12), ta dugc:

e (K’ +pk+q)=0
Vi et =0, tacé K+pk+q=0 (6-14)
Vay néu k thoa miin phuong trinh (6-14) thi ham s6 y = €** 1a mot nghiém ciia phuong
trinh (6-12). Phuong trinh (6-14) dugc goi 1a phuong trinh dic trung cia phuong trinh vi
phén (6-12). D6 1a mét phuong trinh bac hai, n6 6 hai nghiém k,, k, thuc hay phirc. Cé
thé x4y ra ba truong hop:
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i) Hai s6'k,, k, tuge va khdc nhau.

Khi dy phuong trinh (6-12) c6 hai nghiém:

= e, y,= e
Hai nghiem 4y doc lap tuyén tinh vi 2+ = 172 « hing s6. Do d6 nghiém téng
¥a

quét cua phuong trinh (6-12) la:
y=Ce" +Ce" v6i C, G, 1ahai hing s6 tuy §.
Thi di: Tim nghiém cla phuong trinh:
y'+y-2y=0

thoa man cac diéu kién ¥]xe0=0, ¥'|=0=1,

Gidi: Phuong trinh dac trung cha phuong trinh da cho la K" +k-2=0n6cé?2
nghiém phan biét k, = 1, k,=-2.

Viy nghiém téng quit cha phuong trinh di cho la:

y=Ce +Ce™

Do do: y'=Ce*-2Ce™
Tl cdc diéu kién ban dau ta dugc:
C +C,=0
C,-2C, =1
) 1 1 e i e s
Dodd C, = 3 1 C,=- 3’ vay nghiém riéng phai tim la:
1 x 1 2%
= —¢'- —¢
Y 3 3

i) k, va k, la hai sé'tring nhau k, = k,.
Ta di ¢6 mot nghiém riéng cha phuong trinh (6-12) 1a y, = ¢**. Ta s& tim mot
nghiém riéng y, doc lap tuyén tinh vdi y, dudi dang y, =y, . u(x) = u(x) e“* . Ta ¢cé:

y,=u". e +kue"
vy, =ute ™ +2ku'e” + kiueh®.

Thé vao phuong trinh (6-12), ta duoc:
e " [u" + (2k, + pu’ + (k! + pk, + Qu] =0

Vi k, 12 nghiém kép chia phuong trinh déc trung nén ta cé:

k2 +pk, +q =0, kl=-%hay2k,+p=0

167



Do dé ta duge ¢**u” =0 hay u" = 0. Suy ra u = Ax + B, trong d6 A, B 12 nhitng héng
s6 tuy y. Chon A = 1, B =0, ta dugc u = x, vay y,(x) = xe**. Nhu vay hai nghiém doc

lap tuyén tinh cfia (6-12) 12 y,(x) = e"*, y,(x) = xe***. Vay nghiém tdng quét ciia
phuong trinh (6-12) 1a:

y= e"* (C, + Cx)
i} &, va k, la hai s¢ phiic lién hop: K, = a +1P .k, = o - if.
Hai nghiém riéng ctua phuong trinh (6-12) la:

; — c(u+iB)x — e(.'.x eiﬂx
1

;2 - e(ot-i[))x = o e-in

Dung coéng thiic Euler: e = cospx + i.sinfx, e = cosPx - isinpx, ta dugc:
;r, = e™* (cosPx + I sinfx)

y,=¢€" (cosPx - i sinfix)

Néu y,, v, 12 hai nghiém cta phuong trinh (6-12) thi:

yy= D2 o Ly, = LY

2 =™ sinPx
2 21

cling 12 nghiém ctia phuong trinh dy. Hai nghiém &y lai doc 1ap tuyén tinh vi R cotgBx
Y2
khic hang s8. Vay nghiém téng qudt clia phuong trinh (6-12) la:

y =™ (C, cosPx + C,sinPx)
Thi dy: Gidi phuong tiinh y" - 2y’ + 5y=0

Gidi: Phuong trinh dic trimg ctia né 14 k> - 2k + 5 = 0, né ¢6 hai nghiém phiic lién hop
k,=1+2i, k,=1-2i Vay nghiém 10ng quét cta né la:

y =¢" (C,cos2x + C, sin2x).
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CAUHOION TAP
I. Khdi niém phuong trinh vi phan - nghiém cta phuong trinh vi phan?

2. Phuong trinh vi phan cap 1. Dinh nghia; cdch gidi? Phuong trinh khuyét; phuong
trinh v6i bién s6 phan ly; phuong trinh thudn nhat; phuong trinh tuyén tinh?

3. Phuong trinh vi phén cdp 2. Dinh nghia; cich gidi? Phuong trinh khuyét; phuong
trinh tuyén tinh? phuong trinh tuyén tinh vdi hé s6 hing?

BAI TAP
6.1. Giai cdc phuong trinh vi phan c6 bién s6 phan ly:
a)x (1 + y»’dx +y (I + x})dy = 0.

b) (x* - yxI)y' + ¥y + xy* = 0.
c)y'cos 2y - siny = 0.

, Inx +1
dyy' = .
Iny+1
e’ —1 1
e) — y'l=—
e’ =2 Y X

Dy +sin(X+y)=sin(x-y)

,  cosy-—siny-—1

cosx —sinx +1
h)y' =cos (x-y).
Dy =x"+2xy-1+vy.
1
X-y

Dy = +1.

6.2. Tim nghiém riéng cua phuong trinh vi phan thod min diéu kién ban dau:

a) Xy/1+y dx +yJi+x7dy=0; y| =1.
x=0

b) (1+e™ )y dy =e dx ;Y =0.

c) sinxdy — ylnydx =0 s Y, =1

6.3. Gidi cac phuong trinh vi phin:

Ax=y +y"
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byx =y +e¢"
c)y=y“siny'
d) y.i + yr3 _ yy- - O

B (Jxy +bxy' = (yxy = Dy=0 .

6.4. Giai cde phuong trinh vi phan thudn nhat cap 1.
a)(y-x)dx +(y +x)dy=0

b) xdy - ydx = /x” +y’ dx

C)Xxyy +x°-2y?=0

DB+ YW+ -xHxy' =0

)2 (x+yyY =y (I +y?).

(Goi y: Chuyén sang toa do cuc).

6.5. Giai cac phuong trinh vi phan tuyén tinh cap I:

i
x

ay)y' -2xy=x.c¢"
by (1 + x)y' - 2xy = (1 + x?)

2y 3 |
c) y'-——=(x+1)"; =—
)y 21 ) yx:@ >
d)(l+x2)y'+xy=1 ;Y _0=0
e) 2 ydx + (y* - 6x)dy = 0
fyxy' -y=x*.arctg x
) y'- =x.Inx —i
&y xInx | yH_ 2

6.6. a) Chimg minh rang phuong trinh: x (x* + 1)y’ - (2x* + 3)y =3 ¢6 1 nghiém la
mot tam thic bac hai. Hiy giai phuong trinh ay.

b) Ciing ciu hoi v6i phuong trinh: (x* - x)y' + (1 - 2x%)y + 1 = 0.
6.7. Giai céc phuong trinh vi phan c4p | phi tuyén tinh:

A XY + XX+ Dyy +3x-5=0:

by +xy=x'.y" ;

¢) (ylnx - 2)y . dx = xdy ;
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d)y' +y=e

Fd |

: _92.
N S

x={)

e) ydx + (x + x’y)dy =0 .

3
6.8. a) Giai phuong trinh (2xy + x%y + 2’3— )dx + (x* + y))dy = 0 bang céich tim thira s&
tich phan dang a(x).

b) Giai phuong trinh y(1 + xy)dx - xdy = 0 bang céch tim thira s6 tich phan dang o(y).

c) Giai phwong trinh xdy + ydx - xy’Inx.dx = 0 béng cich tim thira s tich phan dang
a{xy).

6.9. Gidi cac phuong trinh:

Y 2.5
a) y——=>5x ;
}y ™ y
b)xy':y-x.cosz—yw;
X
2xy —y*
Ay == b )’3
X —2xy
dxy' +y=——;
N
nH 2
e)y' = —-——~—y(xj )——yln[z].
X" X X

6.10. Giai cdc phuong trinh vi phén cip 2 khuyét.

a)yxy' -y =x".¢e;

T

b)y"__z.___x()(—l):o; y“zjzl ;yr‘_‘,:_l ;
x —1 x=2 -2
1 , l
OV =0 1y =0yl =)
d) xy" — y'=x2Inx Ly =49y =1

) yy'+yi+yi=0.

6.11. Giai phuong trinh vi phan cap 2 tuyén tinh:

a) x* (Inx - )y" - xy' + v =0, biét rang c6 ¢6 mot nghiém riéng o6 dang v (x) =x“ a € R.
b) (2x + 1)y" + (4x - 2)y' - 8y = 0, bi¢t ring n6 ¢ mot nghiém riéng ¢6 dang y,(X) =

c™ o e R
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¢) (x*- 1)y" - 6y = 0, biét ring ¢6 né mot nghiém riéng y,(x) c6 dang da thic.

d) @x—x")y"+ (x*=2)y + 20-x)y =0 ]

mot nghiém riéng y,(x) =¢*.

=0 ;y'_ =1, biét ring né c6
|

e) (2x - X )y" + 2(x - 1)y’ - 2y = - 2, biét ring né c6 hai nghiém riéng la y (x) =1 ;

¥a(X) =X.
6.12. Giai céc phuong trinh:

x

L] e
a)y'-y= —
et +1

byy"+2y' +y=2.¢e". Jx+1

Ay +y=1tgx
d) y" + 5y + 6y = ;
i+e
1) 1
ey +y=

cos xA/cos2x
6.13. Gidi cic phuong trinh:
a)y'-7y + 6y =sinx

By +9%y=6.e"

)y -3y =2-6x

dyy" -2y +3y=¢”_cos x
e)y" + 4y =2sin 2x
By"+2y' +y=4.¢"

2 y'+ 9y +20y=x". ¥
h) y" + 4y - 5y = 2¢*

DY +2¥ +5y=2x.¢". cos 2x

k)yy" -3y =e™- 18x
Dy"+y=cos'x

m)y" -4y + 4y =e® . cos’x

ny" -2y + (1 + a®)y = (1 + 4o®)cosax ; o 12 tham s6 # 0, thoa man.

6.14,

a) Datr= /x* +y’ +2z° . Tim ham s6 ¢(r) d€ cho ham s6 u (x, v, 2) = ity thoa
r

man phuong trinh:

172



b) Datr= /x’ + vy’ . Tim ham s6 o(r) dé cho ham 6 u(x, y) = ¢(r) thoa man phuong

1

trinh; —— =2 . o hing so.
X3y r

6.15.

a) Tim nghiém khai trién duge thanh chudi lu§ thira clia phuong trinh:
4xy" +2v' -y =0.

b) Tim nghiém khai trién dugc thanh chudi lu§ thira ctia phuong trinh:
2x(1-x)y' +(1-2x)y=1.
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DAP SO VA LOI GIAI VAN TAT
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PAP SO - LOI GIAI VAN TAT

Chuong 1.

1.1.

1} Xét phueong trinh fix)=ve Biticlax+7=y; x € A

Véi y € B cho trude, né cd khong qua mot nghiém; vay f la don anh.

VGi moi y € B né ludn ¢é nghiém, vay f la toan anh. Do dé f 14 song anh.

2) Xét phuong trinh {(x) =y € B: tic la:
x’+ 2% -3=y:x € A. Day 1a phuong trinh bac 2 déi véi x :
X' +2x-(3+y)=0.Nocobiets6 A' =4 +y

Néu 4 + y > 0 <> v > - 4 thi phuong trinh ¢é 2 nghiém khédc nhau. Vay { khong phai [a
don dnh.

Néu 4 + y < < y < - 4 thi phuong trinh khéng ¢6 nghiém the, Vay f khong phai la
toan anh.

Do d6 f khéng phai 1a song dnh, né khong ¢ dnh xa ngugc.
I Xéthaimssy=f(x)=e**'=¢" . e.
N& ¢6 bang bicn thién:

x| - +oo

¥ //-Hn
0+

Khi x ting tir - oo dén + o thi y tang lién tuc tir 0" dén + o, Vay phuorig trinh f(x) = y
€ (0; + o) = B. Do @6 f vira 1a toan anh, vira 1a don dnh, nén 13 song dnh va c6 dnh xa
nguoc thu duge bang cdch gidi phuong trinh:

e.e=y =f'(y)=Iny-1
<Xy =1Inx - 1
Viy ham s6 y = Inx - 1 v ham s0 y = ¢**' 1 hai ham 6 ngugc nhau.
2(1-x%)

—. Nécoddao ham y' = —.
1+x° (1+x7)

4) Xétham so y = f(x) =

Lap bang bién thién, ta thdy phuong trinh f(x) = y tixc la l alu — =y € R ¢co 16 hai
+ X"
nghiém khic nhau khi -1 <y < [ va vé nghiém khi y < -1 hodc y > 1. Vay f khong phai

14 don dnh; khong phai Ia toan dnh. Dong thot f(R) = [-1; 1].
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1.2.
1} Gia thiet f va g la todn dnh: f(E)=F; gF) =G.
Ta suy ra (gof} (E) = g{f(E)] = g(F) = G. Vay gof la toan 4nh.
2) Gia thiét f va g la don anh. Xé1 x, va x, € E. Ta ¢6:
X, e Eifx)=y, e F, gly)=1z € G.
X, € E;f(x;}) =y, € F, gy,) =2, € G.
va (gof) (x} = glfx )] = gly) =z,
(g0f) (x;) = g[f(x,)] = g(y) = 2,
Gia sir z; = z,. Vi g la don dnh nén y, = y,. Tir d6, vi f I3 don 4nh nén
X| = X,. Vay tr (gof) (x,) = (gof) (x,) ta suy ra X, = x,. Do d6 gof la don 4nh.
3) Tu 2 k€t qua trén, ta suy ra néu f va g 1a song dnh thi gof ciing 1a song dnh.
1.3.
D17+ 171

317+ 44

1.4, ﬁ[cos%JrisinE] C 2%+ D)

1+1 1+1
1.5. l)f : f
2)2-3i; -2+31
3)\/5+i . ;—\/5+i
2 2

. m .. In llm . . tln
4y 1 ; cos—+18in— ; coS— +18in —
6 o 6 6

1.6. cos 4x = cos*x + sin*x - 6 cos’x sin’x
sin 4x = 4 ¢cos'X sinx - 4 ¢osX . sin'x

1.7. l)x|=—1-+i£ : )(2=—1~—i£
2 2 2 2
2yx, =21 1 X,=-2i
Chuong 2.
2.1
3 1 3 1
1yay 3 6 : by|3 6 |>A+B)+C=A+B+0C)
5 6 5 6
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) 3A=1|-3 6 |5
9 12
1 -3 3 0 3 -2 2 1 4
dyA'= ; B= ;. C=
3 2 4 1 2 3 -3 2 -1
6 2 -1
2)a)[3 _1]- mle 1 1
5 1|7 '
LS—] 4
2 4 6
)[9 3} dlr 2 3
c :
10 3
L3 6 9
4 0 -1 0 0 0
3) a)AB-BA=| 6 -2 -4 B0 0 0
-7 9 -2 0 0 0
0 5 19
Hlo 3 17
1-1 1 3
1 -2 7
1 -2
5)a)A"=[ } B0 1 =2
0 1
o 0 1
1 -3 11 =38 _
1/4 ~1/4 1/4
0o 1 =2 7
c) d)l-1/4 1/4 1/4
0 0 ! ~2
~1/2  -1/2 0
0 0 0 1
[ 1 1 2 -4
3/4 -1/4 -1/4
5/2 2 7 =25/2
e)|-1/4  3/4 -1/4 f)
-3/2 -1 -4 15/2
—1/4 -1/4 3/4
12 0 1 -3/2
~2 -2 4 1 1 -4
31 i
6)3){ }; by —| © 4 -6 ; )io 1 -2
-3 2 4
-2 0 2 0 0 1



2.2.

1Jay5 5 b))l 5 ¢)2; d) 1 ; e)-2

Ya)A ; by-A

3)2; 3:4
2 0 [4+10.0+100.0]] 2 0 204

415 2 [7+102+1005)|=5 2 527

2 5 [5+10.5+100.2] 2 5 255

chia hét cho 17 vi cac phén tir & cot 3 chia hét cho 17; vay dinh thiic chia hét cho 17.
5)3a-b+2c+d.

6)-X-y-z+ 4
7)ay-29400000; b)48
2.3
Dayx=-3; y=7/5 ; b)x=7;y=-3;2=-9
)X, =1;%,=2:x;=-1:x,=-2
22 9
ayx=-7;y=6 byx=— ;y==
)a) Y ) g VT3
3)a)x=l;y:2;z:-2;b)x,=2;x2=1;x3=0;x4=-1
1 3 1 1
Ya)yx=-—-a+=b ;y= —~a-—b
&) 2 4 Y 2 4
b)x=2a-b ;y=-6a+4b+c;z=-5a+3b+c.
5)a=0;a=3
6)a) p(A) =2 ; b) p(A) = 3.
12
?)a)?.;&l\rék¢-2;x=-k+l;y= 1 ;z:UH-)
A+2 A+2 A+2

Khi =1 :Hé v s6 nghiem.
A = - 2: Hé vo nghiém.
b)aib;tcthix=a.b.c:y=~(ab+bc+ca);z:a+b+c‘
Chuong 3 |
3.1.

1} Dang %.Khi’rdang % bang cach vigt x* - x - 2= (x + 1) (x - 2)

X' 12X+ 16 =(x -2 . (x + 4)

. ) 320 310.3“} 1 0 0 3 0
Keét qua: L=6T:W_=(E] 3 :(5
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0
2) Dang — .
) .go

VIEt X+ X"+ .. +x-n=X-D+&-D+..+"-1)
—X-DH+E+ D+ +x+ D+ + &+ x4 L+ x+ 1))
n(n +1)

Vaykétqua=1+2+..+n= S

3) Chia ca tir va miu cho vx , chuyén qua giéi han dugc két qua 3% i

Yivox-1_Yrox-1
X

o.X

4) Dé ¥ rang:

le+x-1_1

Ap dung két qua: lim —
x—0 X 2

(st dung phép ddi bién v1+x =y;khix = 0thiy = 1.

Mi+x =1

Vay lim =1lim y;l =l)
x—0 X vl y _1 2
x—0 o.X m
yl+Px -1
Tuaong tu: limL‘B = E,
x—0 B_X m
I, —_n 14— -
Khi d6: lim VLt OX-YLeBx o (Wlrox-D-@1+Bx-1) o §
x—0 X x—0 X nm n
5) Bién déi sin X - sin a = 2 cos X-‘-a.sinxga
Str dung lim MY
x—=0 X

Vay kétqua = cos a.

6) Nhan ca t&r va mau vdi luong lién hop (/1 + tgx + /1 +sinx )

1+ tgx — /1 +si —si
—>L:lim‘/ g 3\/ nx .o tgx —sin x
x—0 X 0 33 (J1+tgx — V1 +sinx)
.t 1-
_ hmé’i.( c?sx). 1
x=0 ¥ X \/1+tgx +1+sinx

179



i tqua: lims . 1-
Sur dung két qua: hmE. =1 lim C:)S X _ l
=X 1} x? 2

lirré(\/ldrtgx ++l+sinx)=2.Vaykétqua =
DVIEVx® +x° —1-x=Vx’ +x? -1 -¥x

Sirdung a’ - b’ = (a - b) (a® + ab + b?); keét qua =

|

3.2,
1) Dang U
a 3

. X . .
Viét =-x’—-x+1+ .Khi x > + o thi

l1-x 1-x 1-x

—> -,

Vay gidi han can tim -> (%} =0.

2

2) Dang U, lim = -1=1 ; limz(;lzl.vayké'tquézl.
x—rcax2+l x4 ]

3) Dat A = (sinx)** = [1 + (sinx - 1)]*
In[1+ (sin x —1)]

InA=tegx.In[l +(sinx - })] =

cot gx
_In[l+(sinx-1)] (sinx-1)
(sinx -1)  cotgx

. sinx—1 . (sinx —1)

viét =sinX.——= |
cot gx COsX

. . ... In(1+ . inx -1

St dung két qua: llm———n( ) =1; lim sin x .0 X =0
a0 g ams® COs X

Viy lm InA=0—>limA=e¢"=1.

b d
+

4)Apdl_mg sina—sinb =2 cos a+h

X +1

In —=Inl=0 khix —>w.

X
Vay két qua =0,

. " —geh e -+ (1-e™ -
5) Viét — _ =( . ) (_ )z _X _X
sin X — sin fx sinoX — sin Bx simox  sinfx
X X
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Sur dung Iima =lna: limsmx =1
X = o x—0 X

Két qua = el = 1.
o—p

3.3

1) Lién tuc néu A = 4 ; gidn doan tai X = 2 néu A = 4.
2) Lién tuc végi vx.

3a=1.

34.

1
1) Viét ¥/x =x" . Sir dung dao ham ham s& x*; dugc két qua:

1 1
+ -
2'\/; 3%,1 x°
1

e (1ex Y
2) Viét 3 1+X3 =[1+x‘) . Sir dung dao ham logarit;
—X - X’

lny:%[ln(1+x3)-ln(l-x3)]

y 1| 3x? 3x? N ]
D 7t 7 |TX 7t 3
y 311+x 1-x 1+ x 1-x
2x° 31+x3

i-x®¥1-x®

1+

Viay y'= Skl 1.

3) Ap dung dao ham cha mot tich r6i dao ham cla ham y = Inx duge két qua:
y' =¢* (In sinx + cotgx) vl sin x > 0.

-1 voix <1
5) ¥V'=42x-3 wvbil<x<g2
i voIX > 2

3.5.

a) Véi x # 0; ham s6 lién tuc. Tai x = O phdi c6 ling f(x) = 0 tie 1a:

: no_: 1 ~ . - no 1 :

[imx".sin—=0.Vi|sin—| <1 nén lmgx sSin—=0 < lim x"=0
X X X

x—{} X x>

< Khin>0 thi limx" sin 1 =0 va f(x) lién tuc tai x = 0.
X X
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b) D xét tinh kha vi cla f(x) tai x = 0; ta lap sG gia:

Af = f(0 + Ax) - f(0) = (Ax)" . sin ~Al— =0

X
no_: 1
(Ax)}".sin— 1
Suyra: lim —= lim. AX _ lim (Ax)"™.sin—
Ax-»0 Ay Ax 0 Ax Ax 20 Ax
! . AF n-t :
visin—| <] nén: IIm — = lim(Ax)"™ =0khin-1>0.
Ax A—0 Ay Ax 0

Mat khdc theo gia thi€t f(0) =0 nén véin - I > 0 <> n > 1 thi ham s6 kha vi tai x = 0.

. ., G x" 1
) Véix#0tacd: f=n.x"". sin —— —.COS —
X x X

1 1
= x"? (nx.sin — —cos —)
X X

theo b) ta ¢6 f(x) kha vi tai x = 0 va £(0) = 0 nén dé f(x) lién tuc tai x = 0 phai ¢6:

. . L1
lim f'(x) = lim x"* (nx.sin — — cos —1—) =0
x>0 x—+( X X

bitudé xdyracosn-2>0n>2

Keét luan: Vi n > 2 thi f(x) c6 dao ham lién tuc tai x = 0.

6)

a)f.(0)=-1; £.0)=1

b) Ham s6 f(x) = vsinx* xdc dinh véi ¥x thod man:
V2kn < 1x| S\f(2k+1)n ™);keN.

Tuy nhién, khi x* = 2kn hoic x* = (2k + 1) thi sin x* = 0.

X.cos x°

Vsinx’

Khi x —» 0 thi sin x* ~ x> va v/sinx? ~Ixl.

Vay: vorx=0thif(0)=-1;f,(0)=1

Véi x =% +/2kn hoic x =% /(2k + D)r ta cd:

fr(VW2kn)=xw;k e N*

fi (J2k+Dn)=2w;k e N*

Vay véi diéu kién (*) thi £ (x) = f(x) =
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3.7. _
Ap dung cong thiic: df = f, . dx ; dugc két qua:

1
1) - —dx ; 2) 2dx - ;a#0; 3) dx
X a” " +x- X2+a
dx .. 1 néuax>0
4) ——— .(sgna);a=0v6 sgna= .
a? —x? -1 néura<O
3.8.

Ddx.e)=(x.e")dx =e" (1 + x)dx.

dx
2)d(Va’ +x* =
va? +x’
3y d(in (1 - x)) = [In (1 - O] dx = - —2>

2
- X

dx;Ixl<1.

d(sinx)  cosdx

=— =~cotgx ;x#kn;k ez
d{cosx) —smxdx

3.9,
Ddx=2-200dt=2(1-t)dt.
dy=(3-30)dt=3(1-1)dt.

dy 3 d’y 3 3
L= E () Gy ==ty =St
Y dx‘2( ) 3y dx’ 2( )\ 2
Vidg=2(1-tdt »>¢,= -1
dx  2(1-1)
Vay::yix-—-é. 1 = 3 itz l
2 2(1-t) 4(1-1)
2)dx=-asintdt;t, =- l
asint
dy = acostdt ; y', = - cotgt
1
Y:x='(00tgt)ll'tlx= .]2 {_ 1 ]:— ™ it # k.
sin” t asmt a.sm”t
1 1

3ydx=a(l-cost)dt ;t, =

X

a(l—cost) - 24 sin’? t
. .t t
dy = asintdt = 2a sin 3 cos—dt.
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.t t
2asin 5 cos —dt

y'xrg—y= 2 -cotg
X 2asin?—dt
2
2 '
y”xx=_d_}£_=[c'0tg£) A= ! ol 1 =— ” s tzknsk ez
dx 2, 2sin® = 2asin® — 4asin45

3.10.

2
Hviety= 2 =L 14y

I-x 1-x
1 ®
y" = (1) ~0-0% =[1-x)")" -0
1-x
1
=CDEDE)ED L F1-841) .1

) (1-x)’

Vay: y¥= —8'—9 ix#1.
(I-x)
(S0 _ g (5 2 : {49) 241 50.49 . (“8)r 2y

2) y77 = (sin 2x)°Y . x* + 50 . (sin 2x)™" . (x*Y + (sin2x)"™(x)

Mt khac: (sin 2x)™¥= 2% (-1)®® . sin 2x = - 2% . sin 2x.
' (sin 2x)* = 2% (-1* . cos 2x = 2% . cos 2x.
(sin 2x)“Y = 2% (-1 . sin 2x = 2" . sin 2x.

The céc gid tri cac dao ham cdp cao cha sin 2x vao y™.

¥ =2% (- x* . sin 2X + 50x . cos 2x + 1225

sin 2x) .

11

x(I-x) 1-x x

. (n) (n} n

1

Vay: Y‘”:[ 1 ) +[1] —nf o O
l1-x X {1-x) X

1 1 1
x*=3x+2 (I-x)2-%) 1-x 2-x

1 (n} 1 (n} 1 1
V@yi}’(“":[—"—] _[ ] =n! -~ T XE2 x#2,
1-x 2-x 1-xH" @2-x"
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3.11.

Co. _

Vi nd thoa man moi gia thiét cta dinh 1y Rolle trong cic khodng cé cdc muiit 1a

nghiém cta phuong trinh f(x) = 0.

3.12. Giai thich tai sao cong thirc Cauchy khong dp dung duge cho cdc ham s6:
f(x)=x*;g(x)=x";-1<x<1.

Tra 161 Gia thiét cia dinh 1Y Cauchy yéu cdu g'(x) # 0 v6i Vxe [-1, 1].

O bai todn ndy, ta c6 g'(x) = 3x% va g'(x) = 0 <> x = 0.

Do vay khong ap dung duge cong thitc Cauchy cho cdc ham so:
fx)=x%gx)=x"véix e [-1, 1].

3.13.

1

— 1+ —
1)Vi€t\jx+\jx+&—\/;= x+Jx = Vx
Vx+vx +vx +4/x \jl Vx +x

+YITNE 4

Dung cong thic khai trién hitu han: 1+x =1 +%x —%xz +6.(x%)

Khi do: ]+L:1+l_l__£l+e[l]
\/; 2 \/; 8 x X

= lim(x+\ﬂx+«./_—\/;)=l

X—r+eo 2

2)Tacéa*=e*™ =1 + xlna + 0 (x)
2
(Ap dung cong thifc: e* = 1 + % + % +0 (x%)

a*—b"  1+xlna+x8,(x)-1-xInb-x.0,(x)

Vi
X X
= ln% +8,(X) - 8,(x) tai lan can x = 0,
Vay lim a’ b ~ln2
x>0 X b

2

3) Sir dung céc cong thic: In (1+x) = x - X? +8,()

x3
sinX =X - 3 +0,(x)
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Khi x la VCB; (x = 0).
|
Pat A = (1 + atg’x) *s"* ta cé:

2 b, 2,4
. ln(l+atg2x)_ atg X—Ea tg'x +0,(a".tg"x)

.sin X 3
* x[x—%+82(x3)]

tai lan can x = 0.

InA

2
= limin A =lim 28 * _,

x—=0 x—{ X

1
Do dé: imA = lirrg(l +atgix)rsiny —g?

x—=0 X

3.14.

2

1) Him s6 y = —_— xdc dinh véi Vx va 1a ham s6 chin, nén d6 thi d6i ximg véi
+X

nhau qua tryc tung, vi vay chi ciin khao sat trong khoang [0, + o).
2x(x* -4x’ -1
1+x*?

X' -4x - 1=[x*- 2+ V5)] [x*- 2+ V5

=(x- V2+5 ) (x+ V2445 ) (x2-2+ V5)
Do x*- 2+ +/5 >0 véi ¥x nén dau y' 1a ddu cita x (x - v¥2++/5 ) (x + 2+ 5 ).

Vay ta c6 bang xétdau cta y':

Pao ham: y' = . Déau y' 1a ddu cta tir s6. Mat khic, ta cé:

X 0 2445 Foo
y' | 0 - 0 +
Vay: Yooux = ¥(0) = 2.

ym,-n=y(i\/2+«f§)=1-§

Ngoairay=0khix*-2=0=>x=+ +/2

-x*+2
4

Tiém can: limy = lim =0

X—poo e 14y

Neén tiém cén ngang 14 truc hoanh Ox.

Ta c6 bang bién thién:
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x| -o0 2445 -2 0 V2 2445 +00
y' - 0 + " + 0 - " - 0 +
y / ) 0
R o5
2 2
D4 thi:
Ly
2+8 2 0 2 2+ *
e T —— N E——— D ST
1.5
2

2)Hamsoy = Yx° —x? —x+1 xéc dinh véi Vx; c6 dao ham:

1
L 3 -2x-1 (x =10+ )

y = =
33/ —x2 -x+1)7 3 -Dix+1)’

lim y' =< nhung y' khéng doi dau khi x qua gid tri x =-1.

=i

Mat khic, limy' = £ o va ddi ddu khi qua gid tri x = +1.

3

+) Tiém can: D€ tim tiém cén, ta viét:
3f I 1 1
y= x3—x2—x+1=€jx3(1———7+—3)
X x° x
=x31+u

\.rc'xiu=-l—iz+i3 < y=x(1+u)
X X

1y 2
Vay: Voax = ¥ (——)=§i/3:ym=y(l)=0

187



Ap dung céng thic khai trién hitu han:

afa—1) X+ ..
2

(I1+x)*=1+ox+

Tacé: (1 +w)F =1+ —;—u + 8 (u?) ta dugc:

1 1 1 1 1 1
=X |l+-| ————+— |+8] — | |=Xx—=+0.| —
y { 3[ X x? x3] (xzjjl 3 [X)
Vay tiém can xién la dué‘ngy:x-%.

Ngodiratacé: y=0 khi x'-x*-x+1=0<x-1Dx+ D=0
o x=+1.

Bang bién thién:

X | -w -1 1 0 1

3
y' + Il + 0 - Q - Il +
Y

y

/-1 173 /1;3 1
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3.15, Khao sat ham s6 trong hé toa d6 cuc: r = a + b coso
Mién xdc dinh: r > 0 ; lpl € o ; & = arc cos (- %).

Pudng cong kin, d6i xing vdi truc cuc.

rmax:rt(h}:a-'-b;r

=0 khigp=+a.

min

Y

+) V& 1 duong tron c6 duong kinh 1a b.

+) Lay 1 diém trén dudng tron 1am goc cyc O va vé truc cuc OP di qua tam C cia
dudmg tron.

Khi dé, hién nhién 1 diém M’ bat ky trén dudng tron déu thod man
r = b cosg; tir d6 suy ra: Muodn ¢6 diém M ctia dé thi chi cin néi OM' kéo dai va lay
MM=ac<bh.

3.16. Tinh cdc tich phan bat dinh.

1= (5-x)dx

Khaitrién (5-x)*'=5-4.5x+6.5x*-4.5x" +x’

Vay I =](5%2- 4. 5% + 6.52.x* - 4.5 + x")dx

S-i & 7

= Txﬁ — 53 x4 6.5%° —-4.5.%—+£—+C

23t 5] Y 11y
Nl= |——dx=||2|=| -=l=] d
I O B
:_i[l) + ! [lj +C
In5\5 5In242
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3= f(e + e _ex+1)dleeh-—e”+x+c
l+¢° 2
dx B

L de3) 1 2+xﬂ
2-3 J3Y2-(Bxy 26 —xJW

m1=j

S)Iz_[ dx =I dx :I

1+cosx 2 X
2¢cos E cos

dx ¢ eldx ¢ od(e’) .

) J- xdx _ J‘ 5 _ 2 dx
(x +2)}(x +5) I(x+5) 3(x+2)

(xX+2)(x+5 x+2 x+5 3 3
vay 1= (x+5) LC
5! Nx+2)
8) V6ia#b: tacé: ! 22{ 1 }
(x +a)’(x +b) (x+a)x +b)
_*{__ (x+b)-(x+a) T: 1 [
(b—a)(x+a}x+b) (b—a)?
1 1 1
= -2 +
(b—a)z[(x+a)2 (x+a)x+b) (;‘;er)2
Vay:
1 1 2 1 1
(b-2)? | (x+a)? (b-a)lx+a x+b
_ 1 _{ N h1x+aq ic
(b—a)* | x+a X+b b-a |x+b
dx . 1
vdi a=b=> I(X+a)4=I(x+a)4dx=—m+

.2 1 i 1 .
9 Isin” xdx=— |(l—cos2x)dx =—x — —sin2x + C
i o= oo -

190



10) Iarctgxdx , dang tich phan timg phan dugc két qua:

I=x.arctgx-%ln|l+x2|+c.

]+cosx_ ! COS X

11) Viét: — =— -
snx—-]1 sinx-1 sinx-1

Ta co: d(sinx - 1) = cos xdX ; sin x = - cos (x + g)

dx COS X
+]

Vay: I= j dx

sinx —1 sinx —1

. dx N J-d(sinx—l)

1+cos(x+g) sinx -1

X 7
=In|sinx -1 —tg(—+ )+ C
I | g(2 4)

dx
12) =1
I1+x3
i 1 l—x" +x° X" 1-x° x’ 1-x
Ta cé: ~ = — = T+ = — + -
1+x 1+x 1+x 1+ x I+x° 1-x+x"
Vay I=1,+1,

Tinh 1|:%1n|1+x-‘1+c

Iz=—lj 2x -1 dx+lj dx

2797 =x +1 29x7 —x+1
I d(x—l)
=——In(x* = x+ 1)+ | 2
’ (x-2) 40
2 4
1 ~1
=—lln(x‘ —x+l)+[§—arctg X +C
2 3 V3
3 3 -1
Vay: 1 = lln|l+x3 |—l]n(x“ —x+1)+£arctg2x +C
3 2 3 V3

13) Dung tich phan ting phan tinh dugc:

u=x"

I=x".¢*-n Ix“".e"dx Vol
dv=e¢'dx

= I=x".e"-n.I .
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14) C6 thé ding tich phan timg phan.
Hodc: Ap dung do tinh chét clia ham e“cosbx nén dat:

fe™** cos3xdx =e™** tA cos3x+Bsin3x)+C
Dao ham ca 2 vé€ doi vt x ta ¢d:

e . cos3x = e”*[(-2A + 3B) cos3x - (3A + 3B) sin3x]

2
-2A+3B=1 A 13
Suy ra: =
3JA+2B=0 3
B= —
13

-2x

Vay: jc‘zx cos3xdx = = (—2cos3x +3sin3x)+C .

13

. 1
15) Ding tich phan timg phan; dit u = Inx; du = l-dx. =dv=xdx;v=-x’
X

— Kétqua = éx3(3]nx -1+ C
3.17.

Xeét ham s6 f(x) = e" trén [1, 2], nd lién tuc trén [, 2] nén né kha tich trén [1, 2]. Phan
hoach P doan {1, 2] thanh n doan bang nhau bdi cac diém chia:

! .
x“:l;xl=l+—,...;xi=1+~1~,...;xn:1+2=2
1 n n
1 2-1 N I A 1y
X, - X = — = —— = Ax,;. Chon &, = x, ; khi d6 tong tich phan la:
n n

n

i 1

1 =i 1 noot

o, = E —e " :;.e.z e"
i=1

=1 n

limo, =e.lim

n—re n—w

e" —1

1

n

=¢’ ~e=e(e—1)

e’ —1

do lim

n—sir:

=1
n

Vay fe'dx=e(e—1)
]
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3.18.Dat o, =1N1+l+\/1+3+...+,h+3]
n n n n

Xétham so: f(x) = v1+x ;x € [0, 1]

1
Khidétacd: o, 421“()( JAX, vdi: x*0+—.
i=1 n

1-0

AX, = AX| = ... = AX, = ——=l. Ham s6 f(x) = 1+ x kha tich trén [0, 1], do d6
n n

theo dinh nghia tich phan x4c dinh ta cé: limo, = I\” + Xdx = —(2\/_ -1).

n—wm

3.19. Tinh cac tich phan.

. Inx néulnx>0=>x21
1YTacéd: lInx = )
—Inx néuinx<0=x<«l

Vayl= e_[| 1nx|dx=—ljlnxdx + ]lnxdx
1 1 1

€ 4

vi f In xdx = x(Inx — 1} + C (Tich phan timg phin)

1
nén  l=-x(inx -1}, +x(Inx -1)[[=2(1--)
e

2)Tacé: V9 —4x? = 2—}(2}4:2‘]2—)(2
4 4

9 ’ 5 9
Vay I-ZI Z _xldx=2 % g—x +93rcsmix- h£+—arcsm2.
2V4 8 3 2 4 3
i 1];2 1 ;2
) J‘4 s a5y I
i X7 Ak 12y +x+21- [x+—J +1
2
1 B
=—aretg| X + — =—
4 2).,, 16
1+Sll’l}( /2 ) wi2
H1= j-] —dx = Iln(l+smx)dx— J.ln(1+cosx)dx
+cosx ;

wi?

PatT= [In(l+cosx)dx vadatx = g -t
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Khi dé, dx = - dt.

ST

2

¢
COSX = COS (g -t)=sint . Vay[=- I]n(l + sin t)dt
wi2
mi2 w2

= j In(l1+sint)dt= Iln(l + cos x)dx
L] ¢

wil

w2
Vay I= j In(1 + sin t)dx — fln(1+sinx)dx =0
¢ 4]

n/2 n/2

5)I,= [ cos" x.cosnxdx = — | cos"x.d(sinnx). Tich phan timg phan:
0 n g
1 w2 w2
= I,= —cos" x.sinnx] + {cos"” x.sin x.sin nxdx
n 0 ]
nil

=0+ jcos“" x(cos(n — Dx — cos(n + 1)x)dx
L]

w2 w2
1
= 1 I cos"™ x.cos(n - 1)xdx — — Icos“"' x.cos(n + )xdx
2 2

w2
=%In_, - = Icos“'] x[cos nx.cos x — sin X.sin x]dx
¢
1
=—1._,-0
2
Vay: I—lI ::»In——l—ln‘
dy: n T o 1Ty e
L=l Tacé1 de =
= — . 1a COo: = =— .
1 2 ] -(J ; 2

Nhan v€ véi v& (n + 1) dang thic trén suy ra:
i3

T
I = j cos" x.cosnx dx =
0

n+i

6) Déi bign x = g—t ~> Diéu phai chiing minh.
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3.20. Tinh dién tich

hs= 2
1
2)S=—,
5%
3
3)§= .
15=1
sys=2x- 18
| 3
Goi  ddi bign t = 2= véi x € [0,2] thi 4 - X2 2 2x, do d6:

S= zzj'(\/ﬂ,x—x2 —J2x)dx.

Fis

2 2

5) V1Ig d6i xiing, ta ¢b: lS L ]‘az cos 2qpde = Z_sin 2¢ T
47 2 4 . 4
Vay S =a’.
Chuong 4
4.1.
1) S6 hang tdng quat u, = .1-1% ddn tot 2 # 0 khi n = . T diéu kién can clia

su hoi tu cha chudi s6 suy ra rang chudi s Z u, phanky.

n=l

2)u, = ¥n’ +n —nzw———g—-—-———~l=l;¢0 khi n — 0. Vay chudi s6 di cho
vn'+n+n 20 2
phan ky.
2
3)u, = arctg— 1—)arctg1=g¢0 khi n — 0. Chudi s& 4 cho phan ky.
n +

4)u, = __2”—“{3} khin — . Vi 2 < 1, chudi 55 Z[EJ hoi tu, nén chudi
3"+n’+3 \3 3
$0 di cho hai tu.
= W“% khin — .
n"(n"+3) n

n=1

5u

n
0

1 " = - . Fx - - - . I~ —~ -
E — 1a chu6i s6 Riemann véi o = 2 > 1, n6 hoi tu. Do d6 chuoi s6 da cho hoi tu.
n=t 11
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6)u,=1-cos —1—=23in ~—1— khin — .

1
\/H 2«./; 2n

1 N <
Z — la chudi diéu hoa, né phan ky. Do d6 chudi s6 da cho phan ky.

n=l1

1 1 .- :
7y u, In[l +tg —J tg—~ —1~,— khi n — c0. Vay chuéi da cho hoi tu.
n n n-

1
8)u, = ﬂsm — kh1 n — o, Chudi s@ Z— hoi tu. Vay chudi s6 da cho

J_ J_ o

n2
hoi tu.
Jnn+2) 1

9 u, = —————~ — khin — . Chudi s6 di cho phan k3.
n°+3lnn n

1) Vi-1<cosn<1,¥ne N, nén %SuHS%,VneN.
n n
- |
Ciac chubi s6 Z— Z— cing hoi tu néu o > 1, cling phan ky néu o < 1. Vay chudi
n=l 11 n=t 11
s& da cho hoi tu néu o > 1, phan ky nén aw < 1.
4.2

1

= i . S :
%(e" —l)mi.lz—; kht n — . Vay chudi s6 di cho héi tu.
n nn 3

n?

u, =

2}Khin — o, tacod

n? ++n n+vn) n+vn n 1 1 1
In———=Inj 1+ ~ ~ L

n’—n -n n-1 n® n n® n

Dodé u,~ L; khi n — «. Vay chudi s6 di cho hoi .
n -

Bt

3)-Néuk>1,u = ET ~> +o0 khi n — o, vay chudi s6 phan ky.
n .

. 1 20 xea
-Néuk =1 — u, =— — chudi diéu hoa nén phén ky.
!

-Neuk< 1, ta c6 n’u, = n** . k" ~> 0 khi n — . Vay vdi moi soC>Ochotru0fc t6n
tai 86 nguyén duong n, sao cho v6i n 2 n, ta cé:

C
'y, <C=u,< — .
i

Chudi s6 Z % hoi tu, vay chudi s§ da cho héi tu.

n=l1
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T6m lai chudi s6 da cho hoi tu khi k < 1, phan ky khi k > 1. Bai nay cling c6 thé gii
duge bang cdch dung quy tic Cauchy. Ta cé:

—Elnn k .
su, z—kk =ke " — k khin — o, vi —Inn — 0 khi n — o, Do dé chudi s¢ da
n
n'l]

cho hoi tu khi k < 1, phan ky khi k > 1; con khi k = 1, ta ¢6 chuéi s6 diéu hoa, né phén ky.

4)Giastb>1.Khin+b"~b"khin—> «,dodé u, = [%) . Vay chudi s6 da cho hoi

tu néu a < b, phan ky néu a > b,

n n

Néu b <1, thiu = —>~% khin - co. Chubi s§ di cho hoi tu khi
n+b" n

a<l,phinkykhiaz1.

Tém lai chubi s6 hoi tunéu (a<bvab> 1) hoac(a< 1l vab< 1),

o1
Sin —
5)un=lnL—lnsin—=—ln JH

vn Vn I

Vn

Theo cong thiic khai trién hitu han cua ham s6 sinx, ta cé:

3
Sin X =x - — + o(xh)
6
trong d6 o(x") la mot vo cling bé bic cao hon x* khi x — 0. Vay khin — .

] 1

o E N(H <12 ool )

n

én n

Jn
R | L
Chuoi s6 2 o phan ky, vay chudi sg da cho phan ky.
n=1 1\
6) Ta co:
n“u, = n**lnn — 0 khi n — « néu o < 2. |
Lay mot s6 a sao cho 1 < @ < 2. Vin®u, — 0 khi n — oo, nén tén tai mot s6 nguyén

. . 1
duong n, sao chokhin>n, thi: nu,<1=u, < —.
n

Chudi 56 Z Lﬂ hoi tu (vi da chon o > 1), nén chudi s6 da cho hoi w.

n=1
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Ciing ¢ thé nhan xét ring chubi s6 c6 s hang tng quat

1 £ .
= L 3 chubi Bertrand v6i o = 2 > 1, né hoi .
n n’(lnn)”
t 3 1
n n KA
7) Ta cé j dx < [xd x=2x3|" =2 L
JJ1+ <2 : _3 3 32
1] n?.
Vay chudi s da cho hoi .
n+l
f dx 1 1
8) Taco 0<u, = < —, ,
6‘\/)("-%1 2 Jx*+1
vita co Vxe[n,n+l : L < !
| 2] Jx*+1 '+
Nhung khin - o
1 1
Vn*+1 0t
Vay chudi s& di cho hoi .
2
9) Ta ¢6 _n v
n“+an+b n“+an+b
Dods  u,=cos 1;&_*’_) [_an_b]
20 n?+an+b 2n’+an+b
Khin > o, nfua=0thiy ~ Eﬂ~£ chuﬁlsodachophanky Néua =

2n’+an+b 2n

0,b#0thiu, ~ —2—bz— khi n — oo, chudi s6 héi tu. Néua = b =0 thi u, - 0, chudi s6 hoi
n

tu. Tém lai chudi s& di cho hoi tu khi va chi khia =0.
10)u, = na’™ (a>0).

Néua= 1, u, > +oo khin — o, vay chudi s6 phan ky. NuO<a< 1, viu, = ne
valna <0, taco:

Jnina

n’u, =n*e’™™* 5 0 khin - .

Vay ton tai s nguyén duong n, sao cho véi n > n, ta cé:

1
u
nn51:>un5‘n—2 .

Chubi s0 Z— hoi tu, do d6 chudi so Zu héi tu.
=l n n=]
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Tém lai chudi s6 d3 cho hoi tu khi 0 < a < 1, phin ky khia > 1.

1 1
ll)u,,:{/nﬁ-H:m—\/n2 +3=r{1+—a'?]3 —n[l+~3—)2
n

1'12

Ta c6 cong thitc khai trién hitu han:

a(o-1) 2 + 0(x)

(1+x)* =1l+ax+

trong d6 6 (x*) 1a mot v6 ciing bé cip cao d6i véi x* khi x — 0. Do d6 khi n — c.

a a’ 3 9 2a—-9 81-8a?
u,~n/l+ ——-—F1-nl+ -— = + —-
3n 9n 2n 8n on 72n

_9, chudi s6 di cho phan ky; cdn néu

Vay néu 2a - 9 = 0 thi u, ~
6n

20-9=0,tc laa= g— thiw, ~ - S_QT , chudi s& da cho hoéi tu. Tém lai chudi s6 dd cho
n

hét tu khia = %,phankykhia:t %

4.3.

1
T @n-D@2n+1)  4n?

w3 (mm )
" 2\2n-1 2n+1)
Do dé:

S,,:Zukzl[l—1)+l[l~l)+...+l[ L1 J=—1—(1a ! ]
o 2 3) 283 S5 2\2n—-1 2n+1, 2 2n+1

Vay S= lim§, =%.

=00

1)u, khi n — . VAy chudi s6 da cho hdi tu. Ta cé:

i 1
5 ~— khin — o0,
n“+n n
Vay chubi s6 da cho hoi ty. Tacéd
1 1

U= ————

n n+l

Do dé Sn=(l—l]+(—1——-l}+
2 2 3

S=1im S, =1.

n—sa

2)u, =

(1 1 1
+|—- =]-
n n+l n+l
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2
3)un:2—“+1—2~% khi i1 = oo,
n“(n+1) n

Chuéi s6 da cho hoi tu. Ta ¢6:

1 1
u,=——
n’ (n+1)’
Do d¢ Sn=(l~iz]+[1ﬁ—%]+...+ ! ~{=1- ! >
_ 2 2° 3 n® (m+1)° (n+1)°
S= lim S, = L.
4y Chudi s6 Z:(—l)“+I 20+ 1 12 mot chudi s dan dau, lu| = 2n+1 giam khi n
— n(n +1) n{n +1)

tang, giam t6i 0 khi n — oo,
Vay chudi s§ ay hdi tu theo dinh 1y Leibniz. Ta cé:
2n +1 1 1

-+ —

n(n+1)_n n+1

Do d6
1 1 1 1
S,,:[H— - l-kl}+(l——]~-...+(—l)“” —+;]=1+(—1)“"—
2 2 3 3 4 n n+i n+l
S=1lim §, =1.
1 1 1 _ fe e b an .
5) u, = arctg — ~ ~— khi n — 0. Vay chudi s6 dd cho hoi tu. Ta co
n“+n+t n’+n+l n°
- 1
1 n{n+1) i 1
u, =arctg —— = arctg ———— =arctg — —arctg ——.
n-+n+l 14 1 n n+l
n(n+1)
Do dé

1 1
S, = (arctgl — arctg ij + | arctg Lo arctg 1] +..+ (arctg — — arctg ] =
2 2 3 n m-+1

= arctgl — arctgl .
n+1

S=ltm §, = arctgl = T

" L fhin e

6)u, = ————
n*+n’+1 n’
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Do dé chudiisd da cho hoi tu. Ta c6:

4+’ +l=(n+ 1= -n+ D0 +n+1)

n _1( 11 j_l 1 I
n*+n+1 2\n’-n+1 n®+n+l 2in’ —n+1 (n+1)2—(n+1)¥1‘

Do dé
Sn=l 1—l + —1«—1]+...+ ! - !
2 3 3 7 n-n+1 M+’ -(m+1)+1
1 1 ]
2 (n+1)’ —(n+D+1
: 1
S=1lmS§ = - .
n—s 2

7u, =In (1 - Lz] ~ -1~2— khi n — 0. Do d6 chudi s6 da cho hoi tu. Ta cé:
n n
N GERVCED:

fn 2

12
Suy ra Sn=ll’ll_l(k_l)(jk-+-1)=lnn+1
k=2 k* 2n
S, = limSn=lnl:-ln2.
n—os 2
: 1
sin " .
8u, = nn +1) ~-—- khin — cw.
1 1 n’
COS—.COS —-
n n+1
Do d6 chudi s6 dd cho hoi tu. Ta ¢é:
’(1 L ]
sin P |
- n n+ _y tg
1 1 n n+1
€08 —.COS
n n+1
Suy ra
S, = |1l ‘[1+ttl t1+ +t1 tL“tl—tL
T Uy Ty T R T )T T B
S=1limS, =1tgl.

n—0

9)Tac@vae;(—§,§},Vnzo
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2cosi“——1=1~2(1—cosi =1—-4sin? 250
2r1 2n 2n+|

2 2
Do dé un_=ln(2005—a——1]~—4 ¢ .2
211 22n+2 4n
. o oAz . . n T
Vay chuoi sd dachohditu. Tacéd Vx € [—3,5]
ZCOSX'].-': 2_09._.8&;’-_1
2cosx +1
Suy ra
2cos————+1
w0 n k-1
S, —Zln(2cos————1)=z ——=———=InJ] 2 :ln200520c+1
k=0 k=0 2003——+1 k=0 2005%+1 2cos > +1
2k 2 2"
S= lim§, = in 25982+ 1
n—s0 3
10) Ta co
_ n+1=n(1+1), n+2=n(1+z]
' n n
' , 1 2
Do do u, = (1 + a+ b)lnn + aln (1+——)+bln(l+—).
n n
Theo cong thitc khai tri€n hiru han cia ham s6 In(1 + x), ta c6
ln[l+l}-~1-— !
n) n 2n?
2 2
]n(1+'—]"*3——2
n/ n n
Suy ra 0~ (1 +a+bym+ 2220 _2+4b
n n
Vay chuéi s6 di cho hdi tu khi va chi khi
a+b+1=0
a+2b=0

Giai h¢ phuong trinh 4y, ta dugc a = - 2, b = 1. V§i céc gid tri 8y, ta dugc:
S, =(Inl - 2In2 + In3) + (In2 - 2In3 + In4) + (In3 - 2In4 + InS) +

..+ [Inn - 2In(n + 1)+1n(n+2)]—-1n2+1n"+f
n+

S= limS§, = - In2.

n—*0
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4.4.
1) Ap dung quy tic D'Alembert, ta c6:
N, (2n-12"" 2n-11

u, (2n+D2™' 2n+14°

Do dé fim Y Ly 20=1 1
ey 4o 2n+] 4

Vay chudi s6 di cho héi .

2 | .
2) Ta ¢é Uy (4D nt 1 (4D
u, (n+1)! n? n+l n2
3 1 l'ln+l
Do dé lim =0<«t.
n—m un
Chuéi s6 da cho hoi tu.
3) Ta cé:
2 2
=~ khin > o0
2"+n 2"
z 2
Dﬁt Vn= n_,ta C(’) Vn+| :l(ntl)
211 v“ n“
Do dé6 fm Y L

n—o Vn 2

Vay chudi s6 v, hoi tu, nén chudi s6 dd cho hoi tu.

n=1

u 2in+1 2
4) Ta Cé n+l — ( )! ‘nn - =
un (n+1)l'l+ [ 1]!1
14—
n
. u 2
Do dé lm L =2 <.
n—x u e

T

Vay chubi sé di cho hoi tu.

2
un+}=a n +1

3yTacé . 5

u, (n+1)" +1
Do dé lim 2o+ — 5

1n—o0 u

n
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Vay chudi s6 di chohoi tunéua< I, phanky néua> 1. Néua = |,

1 1 : S o
u, = ———~—— khin — 0, chubi s6 hoi (.
n“+1 n

6) Ap dung quy tic Cauchy, ta c6:

W"-‘ 2n® -1

3n® +2

Do dé limy u“:§<l.

T =

Chubi 86 di cho hoi .

Inn
7)Tacod s :( n-t ]

2n -1
Inn
Do dé lim 3/u, =lim(—J =0<«1.
Chudi s6 di cho hoi tu.
1
8) Tacé yu, =arctg—
n
Do dé lim {/u, :limarctgl=0<1.
N—rcn n—ran n

Chudi s& di cho hoi tu.
u,,, [+ 2o}l n+1

9} Ta cé . =
u, (2n+2)! [n!l]® 2(2n+1)
Do d6 Jim Lo L
n—w 1y 4

n

Chubi s6 di cho hoi tu.
b
[I6) Tacé yu, = tg(a + ~7J
n?

Do d6 hmyju, =tga.

o e aa .- o T n R “ PIRT
Vay chuoi s6 da cho héi tu néu tga < 1, tic 1 a < Z; phan ky néu tga >1, we la

by » pis .
a>» — . Néuua=— tacod:

4
b
S —l(£+ b}_l+tgﬁ2_
U VRt b
n
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Khi n — o thi 3fu, — 1, nhung vi 3/u, > 1, ¥n, nén u, khong dan t6i 0 khi n — <,
chudi s6 phéan ky.

11)Tac gfu, :[ - ) =e‘“""'“[‘+ﬂ

n+1

Khin —» =, tacd

1 )
—n*’ ln(l + —-] ~ —n““.l =—n%",
n n

-Néu a>2 thi-n* 2 — - o khi n —> o0, vty 8/u, — 0 khin — 0, chudi s6 da cho héi tu.

: . . a- 1 . o oan
-Néu o =2thi-n*?thi-n*?=-1,vay yu, — — <1 khin — oo, chudi s6 da cho
e

héi tu.

-Néua < 2thi-n*?— 0, vay yu, — 1 khin-> oo, chua thé két luan duoc gi. Ta

. v ) 1
viétu = e™ , trong d6 v, =n”* ln(l + —J.
n

Do céng thiic khai trién hitu han cia ham In(1 + x), ta duoc:

v, = —-n" 1 _L_F 9[%} = —n%! +ln°"2 —0(n*%) khin — o,
n 2np’ n 2

+Véia<l,v, > 0khin—> o, dodéu, = e™ — 1 =0, nén chudi s phan ky.

+Véia=1,v,>-1khin— o, doddéu, — 1 # 0, nén chudi 8 phan ky.
e

+VH Ll <a<?2, taco:

| -
L e -

L . L . N .
u=¢e¢" g2 ~e™ khin—>owvin®*?*—>0.

n

o , _aanl . P . . "t N
Patw,= ¢ .Tacé n*w, = e’""™" — 0khin—> w0, dodé tn tai mot s6 nguyen

duong n, saocho véinZ nytacé w'w, < 1 = w, < —-.
n

Vay chudi 56 an hoi tu, suy ra chudi s6 z u_ hoi tu.
n=}§ n=1
Tém lai chudi s6 d3 cho hoi tu véi o > 1, phan ky véi o < 1.
12) Taco
u,, 4™ [m+D @)  2n+2
u (2n+2)! 4'[n']* 2n+1

n

n+l _
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u
Do dé lim—* =1,
n—ra u“

- o - 2
Theo quy tic D'Alembert, chua thé k&t luan duge gi. Nhung, —~+. = i“ >LvneN,
u n+l :

n

do d6 u,,, > u,, Vn € N, ddy s6 {u,} 12 ddy ting, u, khong thé dan 67 O khi n — oo.
Chudi s6 di cho phan ki.

31
13) Tacé fu. —1——2.

Do do hmyju, =1.

n—r

Chua thé két luan dugc gi theo quy tic Cauchy. Ta ¢

[ Jlan ]
L TTY I -
2 n

Theo cong thiic khai trién hitu han clia ham s6 In(1 + x), ta duoc:

u,=¢e

3 Inn 3 , ) a1
nlin 1—5—-— z—Elnn+o(1) khin—> . Dodé u, ~e > =—.
n

LR

n
Vay chudi s¢ da cho hoi tu.

14) Chudi s& ¢6 s6 hang téng quat u, = (-1)" la mét chuéi s6 dan ddu. Viiul =

ninn

1 giam khi n tang va dén t6i 0 khi n — «, nén chuéi s6 4y hoi tu theo dinh 1y
nlnn

Leibniz. Vi chudi s& Z| u, ]=Z
=2 n=2

ki. Vay chubi s da cho ban hoi tu.
15)Tacéd: u,=sin(an+ vn’ +1n-nm)=(-1)"sin [rvn? +1 -n)]

la chudi s6 Bertrand v&i o = 1, B = 1, né phan

=(-1)"sin

1Y
Jni+l+n

R - 1 A, . T
Vay chudi s6 Z u, la mot chubi sé dan déu. Vi lu | = sin———
n=l vn’ +1+n

va dan t6i O khi 1 — o, nén chudi s6 4y hoi tw. Khi n »> o ta ¢6

giam khi n tang

| ~ 2— do d6 chudi sd Z| u, | phin ki. Vay chudi sé da cho ban hoi tu.

n=1

i . .
16) Taco u, = sin(— + n)n = sm[E + mt] ={(-1)" sin T .
n n n
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Chuobi s6 da cho & mot chubi s6 dan ddu, thod man cac diéu kién cia dinh I Leibniz,

m
do d6 6 hoi tu. Vi Jul = sin "~ khi n —> o nén chudi s§ Z| u, | phan ki, chudi s6
n n

n=|]

déd cho ban hoi tu.

17) Ap dung quy tic Cauchy vio chubdi s& c6 s6 hang téng quat la

2 2
= ln n
n"

,taco ,} = =

lu,! = .
ln n Inn

2
—Ina
Vi limglnn=0, nén lime" =1,dodé limyju | =0<1.

N n n—ee

Vay chudisS Y |u, | hoity, chubi s > u, hoitu tuyét doi.

n=t n=2

18) Tacé u,=v, +w,_ trong do vnz—l—— L =ED" __‘[:_
1+n l+n
Chubi s& Z 1 13 mot chudi s6 duong phan k.
+n

n \/_

Chudi s6 Z( §) 14 mot chudi s6 dan d4u. Khi n tang thi:
+n
_b 3

Iw,| = giam (vi hAm sé y = ¢6 dao ham y' = 2Vx 2 <0, ¥x 2 0),

l+n 1+x ' (1+x)°
va dan t6i 0 khi n — o,

Chudi s6 ay hoi wi. Chudi s6 da cho ¢6 s6 hang tdng quét 1a u_ = v, + w,, n phén ki.

- . 7 ]- ' .
Chi y rang trong bai nay khong thé lap luan nhu sau: Viu, ~ (-1)"—= khin — ¢, ma

Jn

chudi sa Z(-—l)” 1 12 mét chudi s6 dan diu hoi tu theo dinh 1i Leibniz, nén chudi s&

n=] '\/;

da cho héi tu. S& di nhur vay, vi dinh i so sdanh chi ding vé6i cac chudi s6 duong, ma
chudi s da cho khong phai 1a chuéi s6 duong.

19) Ta ¢6 bang cach diing cong thic khai trién hitu han:
-1
S G VN GtV (P G2 V
n+(-H" n n

n n+i
(- [1_(—1) +8(1H=V“+W“
n H Il
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trong do vnz(ul) , wn=L+8(—l—-)~% khin — oo,

n I'l2 I12 n

Chuéi Z ) 1a chudi s6 dan ddu hi tu theo dinh If Leibniz, chudi ) w, la chuéi

n=I n n=|

) . 1 2 :
$6 duong hdi tu vi w, ~ — . Vay chudi s6 di cho hoi tu.
i

-1
, - D", (np™
20) T : = = 1
ylneos Jo+=pt o Jn { - J

-1)" (-1)" 1
= 1 ol — ||=
I { + T + [\/H]] VoW,

130
trong dé vnz( D w =-1-+9[lj~lkhin—>oo.

Jn' " n o \n/ n

PR 2 . C £ R S . 1
Chuoi Z v, la chudi 56 dan diu hoi tu, chudi Z w, la chuéi s phan ki vi w, ~ —.
n=l1 n=t n

Viay chudi s& di cho phan ki.
L
2
-1l=

21) Ta co: unz\}n+(—1)“ —f=x/a {1+

=\/H{(_21n) _§+8[niz]]=vn W,

D"
n

, -n" l .
trong do vnz(zJ)H, wn=——~§+9 % ~—% khin — <o,
8n? n? 8n?
- “ - =+ ar - . . Z > - I - - N ].
Chudi Z v, la chudi s6 dan dau hoi tu, chudi Z w, 1a chuoi s6 hoi tw vi w, ~ -—.
n=| u=t
&n?

Viy chudi s6 da cho hoi tu.

__1yn-l _qyn-i
22)Tacd u, =In 1+( D) - =( D - I +60 1 =V, +w,
nrx na 2n2a n2a

na 2n2a 2o 2n2u

__1yn-1
trong do vnz( D) . W, == I +E}{ 1 ]~— L khin — 0.
n

Chudi ) v, la chudi s dan dau hoi tu, chudi > w. hoi tu khi va chi khi 2o >
n=1 n=|

l1=>a> %.Vaychuéisc‘idéchoh@ituvc’ﬁo’.> —;—
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4.5.

1
1) u (x)=ax", trong d6 a_ = (-1)""' —. Ta ¢6:
n

. a . n
[lmm=llm—-———=l ;
n—x |an1 n—mnn_|_1

Do bén kinh héi tu cha chudi luy thiva A R = 1. Tai x = - 1, ta ¢6 chudi s - Z 1 , 6
n=t N

. . » 4 e = n+ 1 ERR 3 a0 a a kd - Py A
phan ki. Tai x = 1, ta ¢é chudi s6 Z(—l) ' —, d6 1a chudi s6 dan dau thoa méin cic diéu
n

n=|

kién ctia dinh 1{ Leibniz, né hoi tu. Vay mién héi tu clia chudi luy thirala- 1 <x < 1.

L vitimPel o1 nen R = 1. Chusi [u§ thira
Voo a, |
& (_1)I1

hoituvdi-1<x<-4<1,ticla3 <x<35.Tal x =3, tacé chudi sé dan dau Z

= Vn

nd hoi tu. Tai x = 5, ta ¢6 chubi s6 Z e né phan ki. Vay mién hoi tu cba chudi luy

2y u,(x) = a,(x - 4)", trong dé a, =

thiraa 3 <x < 5.

n+l
Zn+1

Hux)=aX" trongdéa, = ( ] ,X=(x-2)0 Tacé:

Do d6'R =-2. Chudi luy thira hoi tu véi 1X] < 2, tidc la (x - 2)* < 2,
hay 2 - V2 <x<2+ 2. Khix=2+ V2, ta c6 chudi s6:

g[zmz)"_

2n+1

S& hang tdng quét cla né c6 thé viét la:

n I
(1 . . 1 J _ en![HanJ
2n+1
. 1 n 1 3
khin ~» oo, nln| 1 + ~ — —. Do dé:
2n+1 2n+1 2

1
1im[2" 2] e? 2 0.
nmvel 21+ 1
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Vay chudi s6 dy phan ki. Mi€n hét tu ctia chuéi luy thira la:

2-\/§<x<2+ V2.

4) u,(x)=ax", trong d6 a, = n". Ta ¢é:

Inn + ln[1+l]
lim = lim LA

g | e Inn

|an+l |

Do d6 R = 1. Tai x = - | va x = 1, ta ¢6 theo thit ty cdc chudi s6 » (-1)" Inn,

n=2

Z inn, ching phan ki vi s6 hang t6ng qudt cla ching khéng dan t6i 0 khi n — w. Vay

n=2

mién hot tu cla chudi luy thirala- 1 <x < 1.

]

. 5 o la, . 5
6) u,(x) =ax", trong dé a, = — . Tacé lim 1201 | = lim =0.
n! e g | noen 4]

Do dé R = c0. Mién hoi w clia chudi lu§ thira 13 -0 < X < +oo.

1
Nu(x)=ax" trongdéa,= —, a>0. Tacd:
n

|an+1|_ : nﬂ _

: lim = =
e fa, | e (L)

Do dé R = 1. Tai x = - 1, ta ¢6 chudi 6 dan dau Z(—l)“ %, nd hoét tu theo dinh I
n

n=l
[}

£ . 1 . , s s
Leibniz. Tai x = 1 ta ¢6 chuoi s6 duong Z—u, né hoi tu néu « > 1. phan ki néu a < 1.
n=| .
Vay néu a < [, mién hoi tu cta chudi luy thira la - 1< x < 1, cdn néu o > 1, mién hoi tu
ctanbla-1<x<1.

1
8) u,(x)=ax", trong dé a_ = (-1)"" — - Tacé:
, n!
. ) 1
i 2o |
n—m | a-" | =0 +1

=0.
Do d6 R = «. Mién hoi tu ctia chudi luy thita 12 -0 < X < +00.

N Vid<a < g, nén O < a, = sina, < a,. Bing quy nap, ¢6 thé chimg minh dugc ring

a, < a, |, Vi. Do d6 day s6 {a,} don di¢u gidm, né lai bj chan dudi bdi 0, nén ddy sé ay
dan 161 mot giéi han ! khi n — .
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Tir hé thuc:
a,=sina, ,, suyraring I =sin/, dodé/=0,vi0 <l < g Vay {a } 1a mot diy s6

giam ddn va dan t6i 0 khi n tang dan dén . Ta ¢6:

. |a . sina
11m| n+l 1: l]m n

n—os la I noe g
n

=1.

b+

Do d6 R = I. Tai x = - 1, ta c6 chudi s& dan diu Z:(—l)"an hdi tu theo dinh 1i

n=0

Leibniz. Tai x = 1, ta ¢6 chubi s& duong Za“ .Tacé a, > a’, ¥n. Ta s& chiing minh

n=|

rang chuéi s6 Z a’ phan ki, do dé chuéi s6 Z a_ phan ki. That vay, tir cong thitc khai
n=l n=l1
trién hitu han ctia ham sinx, suy ra:
. 2
ME o 1-Z 10x?) khix > 0.
X 6
Khi x = 0, a, =& 0, do dé khin — <o,

. 2 2
2. ~1n[1-3-"-]~-a—" .
a 6

n

Vi vay dé khao sat su hoi tu cia chudi sG Zai , ta xét su hot tu clha chudi so
n=l

o

sina,

In v Tacé;
n=I1 a“
. :
sina a a a a
Zln k =ln[—'.—2—...“—+'}=ln"—+1
k=1 ak an a: an ao
e sin a . a
lim >’ In L= limIn " = 0.
n—w = ak n—se: a()

sina_

Do d6 chudi s6 ) In phan ki, nén chuéi s6 Zai phan ki, suy ra chudi s¢

n=] n n=|

> a, phan ki. Vay mién hoi t ctia chudi lu§ thiala - 1 <x < 1.
n=1

4.6. 1) (3n + 1)x™ 1a dao ham cha x™"'. Chuéi c6 s6 hang téng quét 12 x™' 1a mot cap
56 nhan cong boi x*, do d6 né hoi w véi Ix’l < 1, tifc 1a (x| < 1. Vay mién hoi tu cha chudi
luy thira dang xét cling 1a x| < 1. Ta ¢é:
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Do dé véi Ixl < 1, ta cé:

S 4 4 3_ 4]
Z(3n+1)x3“=[ X J: X xz

n=1 I-x (]_Xs)

2) (2" + 3" = (2x)" + (3x)". Chudi Z(Zx)“ la mét cap s6 nhan ¢ cong boi 2x, nd

n={

. - - 1 - - i -
héi  néu 2xf < 1, tic 1a Ixl < — va cé tong la

. Chuéi 2(3)()" la mét cap s6

n=0

nhan cé céng boi 3x, né hoi tu néu 13xl < 1, tic 1a Ixl < 3 va ¢6 tong 1A . Vay

1 1
+ )
1-2x 1-3x

mi€n hdi tu clia chubi luy thira da cho 12 Ixf < % . Téng cha né 1a

3)u_(x) = [n _ —1_] X v (x)- w, (x), trong d6
n

+3/ n!
vn(x)zﬂf__, wn(x)= 1 .x
n! n+3 n
o n-1
Chuéi Zvn(x) z XZ héi tu Vxe R va c6 tong 12 xe
T(n-D! ST (n-1)
1 xn+3 1 1 Ktn+2 1 % R tn
Ta co w(x)= —. ——— dt=— Jt°. —dt.
: ) x) n+3 n x*¢ n xs'{ n!
/ o7 1 m X ) tn
Do d6 2w () == i —dt
n=0 n=0 § n
Vi chui Iuy thira ZX' hoi tu Vxe R va 6 tdng 13 €* nén ta duoc:
n=0 n
3 —1xt2wtndt-1xt“dtv 0
an(x)——SI 2—1 ——3_[ edt, Vx=0.
n=o X 4 =g I X

Bing phuohg phdp tich phan timg phén ta dugc:
= i
Yow (x)=—[e"(x* - 2x+2)-2].
=y X
Tém lai chuéi lu¥ thira da cho hoi tu ¥x # 0 va ¢6 téng 1a;

xe" —Lj[e"(x2 -2x+2)-2].
X
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4) u (x) = a,x", trong d6 a, = chna. Ta cé:
(n+1)a —(n+1)a
a .| .. e +e
2., = lim =e ..

na

lim -
n—m |a | n—s= e™ +e

H]

DodoR=e". VGix=+¢™ tacd:

lu,(Fe“) =e™chna=e™ [i——i—zﬁ——-] -> ?15 20

khi n —» 0. Chudi phan ki. Vay mién hdi tu ctia chudi luy thira dé cho la (-, ™).
Ta cé u(x)= % (™ + e™)X" = % [(e*x)" + (e*x)"].

Véi Ixl < e, ta ¢6 le*xl < 1, le*xl < 1. Chudi lu§ thira 43 cho 1a tdng cha hai cip sé
nhin v6 han c6 cong boi e'x va €°x, ching hoéi tw va ¢6 téng Ila
1 1 ! 1 '

— . — VA — - —.
2 1-xé 2 1-xe™

Vay téng cta chudi 1uy thira di cho la:
1[ P } 1 2-x(e*+e™)  l-xcha

T2(0-xe')l-xe?) 1+x?-2xcha

2{1-xe* 1-xe™

1 _r
5)u,(x) =ax"', trong dé a, = (-1 . —. D& dang thdy ring R = 1.
n

: . N N . X . "
Tal x = - 1 ta ¢é chudi sé Z—, né phan ki. Tai x = +1, ta c6 chudi s6 dan dau

n=|

S ol ey = : . Ee 1o 1 4
Z(—l)" ' —, n6 hol tu theo dinh 1i Leibniz. Vay mién héi tu cla chudi luy thita di cho
n

n=1

la-l<x<=l.
Goi f(x) la lf;rlg cia chudi lu¥ thira v6Gi Ixl < 1. Ta co:
X Xz xl xn—I
fx)=1-=—+=——-"—% . +(-D" +..
(x) T3 (-1)
x? x* X! x"
Do do )= x—-—4+"—-"— 4+  +(-D"" —+. . =In(1+x
N (-b ( )
Viy f(x) = M
X
4.7,

1) f(x) = chx = %(e" +e*) =

:l{1+£+£+...+i~]+1[1—5+£—“.+(—1)” x1 +)
! ! ! n!

20 2 nt) 20 1 2 )
2 4 2n

e X X L . R=w
o (2n)!
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2 n 3 4 n+2
=x2[1+i+x—+...+§—..)=x2+L+X—+...+ +..,R=w,
2t n! ! 2 n!
3) f(x) = sin’x = S0 2X _
2
2 2 4 . 2n
e et et
2 2! 4! 2n!
2 I__4 n=l__2n
J2X_ZX +...+(~1)“"12—x+...,R=w.
2! 4 (2n)!
1 1 1
x?-3x+2 X-Dx-2) x-2 x-1
_ 1
l1-x 2-x
Nhung 11 =l+x+xX7+ . +X+ .. vbilxl <
— X
1 1 1 1 X [x)’* "
== =—[l+—+[=] +...4|=]| +
2-x 2 _x 2| 2 \2
2
vai Ixl < 2.
» 1 1 1Y), 1Y,
Do do f(X)==+|[l-—=|x+|1-—[x* +..+|1~- x +...,R=1L
2 22 23 2n+1
5)Tacé
x2-5x+6:6(1—3][1—5 :
2 3
Do dé f(x) =In(x*- 5x + 6) = In6 + ln[l - -;—J + ln{l - 33(7]
Y x 1(xY 1{/xY
Nhung IMl-—j=-c—=| = | —.. == =| +..|x]|<2
2 2 2.2 ny2
2 n
ln[l_ijz_zs_l Vo SRV L e,
3 243 nt3
4.8,

a) u(x) = a,x", trong d6 a, = chn
sh™n
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2“ 2 .
a, ~ f“ =— khin - .

c c

b
Patb, = —z—,tacc') lim|“—+'|=l.
e’ = b, | e

VayR=e.

2

1
b) u (x) = a,x", trong d6 a, = arccos (1 - ——] .
n

2
b

1
1y i ) 1 IR
arccos| 1 ——- | ~sin| arccos| 1-—- | |=,/1-cos” arccos} 1 -— | =[I-| 1 -—
n’ n’ n n

=£[1_¢)5=£'I_L+B(Lﬂ~£.

n 2n’ n| 4o’ n’ n

Khin—)ooarccostl— ! ] — 0, do do

Bing quy tic D'Alembert, dé dang thdy ring ban kinh hoi tu ciia chudi luy thira

Z ﬂ x" bang 1, vay bdn kinh héi tu cla chudi luy thira da cho béng 1.
n

n=|

¢)u,(x) = a,x", trong dé

lnn l]l'l |+l
L)
n

| .
Khin — o, Linn > 0.nen e — 1. Vi llr{nlJ — 0 khi n — o, nén
n n n

1 i
ev"('+ﬂ-1~1m[1+z_]~_g.

n n 1

1 . . . .. an n . 3 3
Viy a, ~ . khi n — c0, ma ban kinh héi tu coa chudi E 3(—2— bang 1, vay ban kinh
n=1

hoi tu clta chudi luy thira di cho bing 1.

d) u,(x) =a, X", trong dé

1
{ 7 1 113z
a,=cos{nvn’ +n+1=cos ':rn(l+-—+—]2

n l'l2
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! 2
1 13 1{1 1 1{1 1 1 1
Nhun l+—+— | =1+ b= —4—| +0 el
EEE R S PRt ()
—1+L+——+8( ]
2n

Do do a, —cos[nn+ +~—+9 j (— 1)n+l on

khi n — 0. Bdn kinh hoi tu ctia chudi lu§ thira ZI(—r)“” o bang 1, vay ban kinh hoi
tu ciia chudi lu¥ thira di cho bang 1.

Chuong 5

5.1. Tim mién x4c dinh ca cac ham s sau:

1) z = Inxy. Ham s6 f(x, y) xdc dinh khi xy > 0; vy mién xdc dinh cta né la tap hop:

{(x,y)e R :x>0;y>0} U {(x,y) e R x<0;y<0}

1 . 1

Jx+y Jx-y

Hamsd zxdc dinhkhix+y>0vax-y>0.

2yz=

Viy mién xéc dinh ctia né la tap hop: {(x,y) e R, x> 0; - x <y <x}.

z= x>ty —l+4—-x>—y?

Ham s6 z xdc dinh khi x* + y* - 1 >0 va 4 - x* - y* > 0. Mién xdc dinh clia n6 1a vanh
khuyén déng gi6i han boi cic dudng tron xX* +y’ = 1 ; x> +y* = 4,

5.2

2 2

Df(x,y)= xdc dinh véi V(x, y) # (0, 0).
x*+y°

Chox=0,1ac6 f(0,y)=-1véi ¥y =0,
Vay f(x, y) = - 1 doc theo truc Oy.
Choy=0,tacéf(x,0)=1, vé1 Vx # 0;
Vay f(x, y) = 1 doc theo truc Ox.

Ham s6 f dan t6i t6i 2 gidi han khac nhau theo 2 phuong khéc nhau, vay khong ton tai
gidi han cuaa f khi (x, y) - (0, 0).

.3 3

2) Ham s6 f(x, y) = —— 2~ xdc dinh véi V(x, y) # (0, 0).
X" +y

Tacoix' + yI=I(x +y) (x* - xy + Y € [x + yl . & + ¥ + [xyl) nhung Ixyl < % (2 +v%)
véi V(x,y) € R%.
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—>Ix7‘+y"'lslx+yl.%(x2+y2)

3
If(x, y)l < =1 . Va li fix,y)=0.
= If(x, y) 5 X+y Ay (K‘y)lll;ln.o] x,y)=0

1+x° +y°

3) Ham s6 f(x, y) = - (1 - cos y) xdc dinh véi ¥y # 0. Theo cong thifc khai
Y2

trién hiru han ctia ham s6 ta ¢6:

2

l-cosy:y?-nte(yz) khi y > 0.

Do dé: f(x, y) = (1 +x2+y2)(% +68(1)) khiy—>0.

B ERT I ( X)

Vay lim f(x,v)= :’1):

5.3. Tim dao ham riéng cap I cua cdc him s6 sau:

x* - 2xy’ +3x’y’ o y'=2yx® +3x°y?

l)f“= 3 7.1 s
' (x"+y°) ’ (x* +y*)
1 y
Hf = — F o=
x° +y’ Toxyxiayt axtay?
3)f‘x=y.cosi : f’y:2y.sin£-x.cosi
Y Y Y
HVistfx, y)=In (Yx* +y* —x)—In(y/x* +y* +x)
| 2
fx=~—2—; f‘y=_—-~i~—
VX 4y’ yyxi+y’
2
SHf, = — 2, fl=e——

4 4 ’ ¥ 4 4
X{Jx -y Xt -y
5.4. Tinh dao ham cha cdc ham s6 4n x4c dinh béi cdc phuong trinh sau:

1) y' = F'-‘ (X, Y) _ Y(3x2 _ y?.)
Flb’ (X" y) X(3y2 _Xz)

D Fxy)=xe"+ye'-e¥=0

e’ +ye’ —ye"

—xe¥ —e" +xe”
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1 ?
3 Fy) = G’ +y?)—arctgL =0
X
y = Xty VX ZY.
X-Y
Tinh y". Viét biéu thiic trén thanh: (x - ) y'=x + y
Lay dao ham 2 v& (theo y).
X-yy' +(-y) =1+y
(x-y)y" =1+y"
2 2 2
=1+(x+yJ =2(x +y2)
X-y (x-y)
2 2
V&y yu = _2.(x—+ys__) (v(’j‘lx;(_—y)
(x-y)

HFx, y,)=x'+y' +2'-3xyz=0
R S Z,_Azx—y2
Yozt -xy Tz —xy
5.5,

1
Df(x,y)= %.—;(xz +y )2 2x =xqx7 +y°

f"xz (x’ )_ 2x- +y“
x4y’
, Xy . xZ + 2y’
= £ (X Y) =
Xty X" +y
x? x’
2Df(x,y)=2x . In(x+y)+ ; f(x,y)=
X+y X+y
f":(X,y)=2ln(x+y)+ 2x +X'+2X2y
* X+y (x+y)
, 2x x’
f!Y: - 2
X+y (x+vy)
2
X
fn2 X, —_ "
2 (%Y) T
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= = f,= =
X" +y X" +y X +yY)

[ yz_xz . - ~2xy

Ay (x2-+y2)2 ' ¥t (x2+y2)2

5.6. Vif" = (f,), = 0 nén f, khong phu thu¢c y hay f, = f(x); trong d6 f(x) la mot
ham sé tuy y.

Viy f(x, y) = F(x) + G(y) v&i F(x) 1a mét ham s6 kha vi tuy ¥ (vi nguyén ham cua
ham sé ty y F(x); G(y) 1a mét ham s6 tuy ¥. (G(y) déng vai trd cla hiang s6 tuy y khi
lay tich phan ddi véi x).

2) T he thirc £ , = (F), =0=f, = {(y)
voi fla ham s6 ty y. Do d6 (f(x.y) = x f(y) + g(y) vdi g 1a ham tuy y.
5.7.
1)z, =8 1ai (2, - 2)
2)z,,=0tai(-1, 1)
3) Khong ¢6 cuc tri.

min

Tacop=1-e';q=1-x.¢"
Chop=0;g=0tacé 1 diém t6i han duy nhat 1a diém M,(1, 0).
Tacér=0;s=-¢";t=-x.¢"

Tai diém M, c6 s° - rt = (-1’ = 1 > 0. Vay M, khoéng cé diém cue tri, do d6 haim s&
khong cé cuc tri.

5.8.
1) Gia tri 16n nhit 1a 4 tai (2, 0); (- 2, 0)
Gid tri nho nhat 1a - 4 tai (0, 2) ; (0, -2).
2)Gidtrilén nhatla 4 tai (2, 1)
Gia tri nho nhdt la - 64 tai (4, 2).
3) Gid tri I6n nhat 12 17 tai (1, 2)
Gia tri nhd nhat la - 3 tai (1, 0).
4) 2 dat gid trj nho nhat bing 0 tai (0, 0)

Gi tri 16n nhat = W3 tai (E;EJ.
2 33
5.9.
1) Theo phuong phdp nhan tr Lagrange, dé tim cyc tri cha ham s@
. 1
(X, y)= 1 + 1 voi dieu kién g(x, y} = —17 + Lz-f =0.
X x° y" a
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Ta cht viéc tim buc tri ctia ham s6:
1 1 1
Foy, M =zx,y)+ A g(x,y) = —+— M —+——-—5).
Xy X° y' a
Trong d6 A la nhén tir Lagrange.

1 2x 1 2x

Taco: F' (x,y,A) = — SFL Gy )=
<

Cho I, ; F", dong thoi triét tieu, duge x = y = - 2A.
The cic gid ui ay vao diéu kién g(x,y) = 0 ta duoc:
1 1

a .
=— & h=+— . Vay ¢d 2 diém t6i han:
227 a? V2o '

a a —a -a
(= —=): My(—=:; —=)
V22 V22

Xét ddu cua s§ gia cha F tai M, va M,; ta két luan:

V2

M, 1a diém cuc dai; z,,, = z(M,) = ~—=

a
. - ¥ 2

M, la diém cyc tieu; z,,, = z(M,) = - l/-_— .
a

1 1 1
2} 2 = ~ tai (—; =).
) 2 (2 2)

1
5.10. a) Xét tich phan (o) = [£(x, B)dx véi f(x, o) = x°.
1]

[{et) 1a mét ham s& lién tuc d6i véi o. Ta ¢é:

o] !

1
o+1

I{o) =

o+ 1 o

Pao ham f,(x, ) = x“Inx lién e véi Vx € (0, 1]; ¢6 diém gidn doan bod duge x = 0
vi: lim x*Inx = 0.

x =
1 I
Do dé: loy=- ——F= Ix“ In xdx
(o +1) .
Tuong tr; I" = 12 __ ljx“(ln x)?dx
g bl (2 (a+1)3 ;
1
I" o =- (Inx)” dx
@ (x +1) OI ’
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n!

1
™. = |Ix*(Inx)dx =(-1)" . ———
= P n0de=(D)" R

b) [, =n.In(yy+1+1)-nlnZ
Chii y: Khong thé tinh tich phan I, bang céch tim nguyén ham clia In(1 + ysin’x).
5.11. a) VGi y > 0; xét tich phan phu thudc tham sé:

a0

_T
_—‘y

—=arct:
S~ 2

(yJ-w Jx +y \/— \/*

Lay dao ham 2 vé& ddi vdi y n 1dn, khi ldy dao ham vé€ trdi, ta cit l1dy dao ham mot cach
hinh thitc biéu thic dudi ddu tich phan. Ta duoc:

]‘ 372
I(x ry)? 2[_5)}’ |
dx i 1 3Y 5
Y e )

] +30 dx . zn _ 1 " In+l
e G et
(X7 +y) 2"
il _n_l
Do dé: j __r @n-Di
J(x* + y)"+ 2 (2o
. . L - 7 - . X ’ - > a2 i d
Ta phai chimg minh rang c6 thé 1dy dao ham dudi dau tich phan n lan cua I X
0 X +¥

b) Xét tich phan phu thudc tham s6:

+o0 _ —ox —Bx
= —-<
lo= [———dx
=
) , +°L‘e—ax _ e—Bx B
Két qua: [y, = Ig—d)(:ln[}— Inot=In—.
X o

5.12.
a) Mién ldy tich phan gi6i han béi cdc dudng y = x5 y = 4; x = -2 ; x = 2. Hai dudng
y = X°; y = 4 cit nhau tai 2 diém x = * 2. Do d6 d6i thi tu tich phan ta cé:
1 4 4 Wy
fax frexyydy = fdy ey
-1 K2 6 —fy
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b) [dy jf(x y)dx = _[dx jf(x y)dy + jdx j f(x, y)dy .

xi2
c) Mi¢n lay tich phan giGi han bdi x =2 -y ;x =1 + /1+y? .
Dutng thing x =2 - y va duong trdon x = 1 + 4/1—y” cdt nhau tai 2 diém y=0;

y = 1. Vay khi d6i tha ty tich phan, ta dugc:

I+\1'l ¥ 2x-2

jdy jf(x y)dx = Idx If(x ydy

d) Mién lay tich phan gi6i han b&i cic dudng y = +2ax-x? ;y=+2ax ;
x=0;x =a D¢ doi thit ty tich phan, ta dung dudng thing y = a; né tiép xdc véi dudmg

trony = ¥2ax —x* va chia mién 4y thanh 3 mién nho:

2
D ={xy): g—SxSa—,/az -y}
a
D,= {(x.y):a+ a’ -y? <x<2a;0<y<a)

2
D.={(xy): — €£x<2a; a<y<2a}
2a

Do dé:
2y Van a a- \.llr"_2 -y!
J If(x y)dy = Idy If(x y)dx + Idy If(x y)dx + Idy If(x y)dx.
J ‘.?ax x? vii2a ] a+ial y a vii2a
d d 2 3-x d X i
5.13.1= jxy—f J’ I—l—;——l—d -—.
(x+y) (x+y) 7\l20+x)* 18 36
5.14.
D ia mot phan tr hinh tron don vi (ndm trong géc y
phan tu thit nhat). Ta c6:
Hydxdy_]— dx "rf 1
x*+1 Jx*+1 3

' ~-x?

f dx

01 l D
:_J' X +1 lj-(“l-i- 22 ]dx

27 x7+1 2. X" +1 X

1 1 0 1 L o
=+ arctgx| =———
2 0
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5.15.

D la 14 (giao cta 2 parabol y = x* va x = y?) by
Vay I= ”xz (y — x)dxdy
D

1 Ix

=%

= bdx I( 2 3 __] 1, 2 3 g

= X'y—X )dy—Idx(Ex Yy —Xy)
x2 0

y=x?

[lx?’ —x’Jx —le’ +x5jdx
2 2

I
—_—
I
>
|
|

12'1+1 1
8 9 14 6 504

D I mién tam gidc. Ta cé: '

I= I J In(x + y)dxdy = IJ.dxn_fln(x + y)dy 2f-----
L 0 I

Bang cdch phan tich phan doan, ta duoc / D

T+x T+x

14k d
Jln(x + y)dy =ylIn(x + y)! Ll - I y Y
; 7OX+y

]

= (14l +20) - In(1 + %) - [(1-——)dy 0
‘ ; X+y

= (1 +x)In(1l + 2x) - In(1 + x) - x + xIn(1 + 2x) - xIn (1 + x)

=(1-2x)In(1 +2x) - (1 + x)In{l + X} -x

Do do:

—_ - - - - - - 1

I= {i(1+2%) In(l + 2x) — (1 + x) In(l + x) — x]dx.

Lai ding phuong phap tich phan phan doan, ta dugc:

_(+2x) |

Yoy 2 2
et 2 e

1 .
0 0 4 1+2x

Andl + 2x) In(l+x) +

(}

2 |}

i 2
+I(1+x) by %
i 2 lex 2

8]

¥
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] 1
= Zma-Lawax? c2m2etaaxy| -1 -
4 8 o 4 )

m3o1-2m2+1-2 -1 223 o223
4 4 2 4 4

5.17.
Mién D nhin Ox 1am truc d6i xitng, ham s& dudi dau tich A
phan 1a chan d6i véi y, do d6:

= ” xdxdy xdxdy

e N e

Trong d6é D, nam trén truc Ox. DéE tinh tich phan kép nay,
ta tinh tich phan theo x trudc, rdi tinh tich phan theo y sau.
Ta dugec: -2

2 3 T 32 3 2
Yy 2 Y Y 8 10
L= {/(E—+D)dy— |[(=—+Ddy=(—+ =—+2=—
: J‘/(z )2dy Oj(z My = y)o - 3

D€ tinh I,, ta déi bién s6 y = /5 sht, do dé:
= JSchidt, \/5+y? = 5cht

Khi y bién thién tir O dé€n 2, t bi€n thién tir O dén args.hi

J5

bat o = argsh 2 , ta dugc:

J5

i 5 [+3
— 2 _ =
[ = JSch tdt=— _f(l + ch2t)dt

s Shzt) =2 (t + shtcht)]® =2 (0 + shochar)
2 2 ° "2
2 3 1
Nhung sha = —, cha= — =In(— + —=)= =1In5
J5 5 f f 2
6
Vay II=E lln5+~]=§1n5+3
202 5)" 4
Do d6 1=2im546-22-3pps_2
2 3 2 3
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5.18.
D 12 mién tam gidc
Taco

dxdy = j'xdxj‘x Y dy 1

I= ||——
i[)'[\/xz +y 0 0 x? +Y2

=I .—[ln(x +y )]G dx

o]
|
lJxln(2x —2x +1)dx - D
20 / X
rep 1 0 1 -
—Eéfxln(x ax = (1, ~1,)
Tinh I, bang tich phan doan, ta dugc:
2
I —jxln(zx —2x+l)clx-—~ln(2x —2x+1)( de=
0 0 2 2x* -2x+1
l J—
="J 2x* —x? dx
02){ —2x+1
|
:—j(x+ ——~—1—)dx

ST ax Jax+2
Tacé 4x’ - 4x + 2 = (2x - 1)*+ 1. Do dé:

5 |
x° x 1 14
I, =— — + =~ —arcteg(2x -1 |
. 5t Ty rete( )} g

Cing tinh I, bang tich phan phan doan, ta duoc:

]

! : !
I, = 6|‘2xlnxdx =lenx|{1) - dex =_Elz_

Vay = 1l = 1
g8 2 4 8 4
5.19.
Pudng y =2 - x* 1a dudng parabol cé dinh tai diém (0, 2) nhan Oy lam truc d6i xing,
dudng y = 2x - 1 12 dudng lhfmg chiing cét nhau tai hai diém (-3, 7) va (1, 1). Ta cé:
2-x2

jj(x y)dxdy = Idx J x-y)dy=
2x-1
2

1 1, y=2-x
= [|xy-= dx
I[ ¢ 2’(}

-3 y=2x-1
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I
= _[[x(2—xz)—X(ZX—l)—%(Z—X2)2
-3

1
+%(2x—l)2]dx = f@x-x"-2x*+x-2~
i —3
—ix4+2x2+2x2+1—2x)dx=
2 2

ol s 2 3
= [(—=x*=x"+2x* +x - D)dx
R 2

_64
15
5.20. a) Mién D [2 hinh vanh khan. Chuyén sang

toa do cuc, mién ldy tich phan D' twong ¥ng trong

5 2 k 2 3 1
={(——X =X +—-x"+=Xx -Ex)‘_3

mat phang (r, ¢) dugc xdc dinh bdi cdc bat dang thitc 0 < ¢ <27, a <r <2a.

Vay:

I= f[yx*+y?dxdy = [[r*drdo
D D’

w2 2n 2 2
= Jdo [r'dr= [do| —

0 a 0 3 .

277 147a’

6 3 3

b) Mién D dugc cho & hinh bén, né nhan cic truc
Ox, Oy va cdc duong phén gidc y = x, y = -x 1am truc
déi xung. Ham s6 dudi ddu tich phan ta chén déi véi x,
chan d6i véi y va khong d6i khita thay (x,y) bdi
(y, x) hoac thay (x, ¥) b&i (y, - X) nén:

1= jjﬁ/xz + y2dxdy=3”,/x2 + ydxdy,
D _ D,

vl D, 1a phan cta mién D duge chi ra & hinh bén.
Chuyén sang toa do cuc, mién D', tuong ing trong mat
phang (r, ©) dugc xdc dinh boi cdc bat ding thitc:

O0<p<—, 0<r<asin2g

kid
4
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nid  asmIyp xid 3 r=asin 2¢ 8a3 n/d4

Vay 1:80]d<p J.rzdr=8£% do =

0 =0

o0
Lk
E]
-
[

Déi bién s6 u = 2¢. Ta c6 dg = d?“.vay: =22

5.21.
Pudng x> + y° - x = 0 la dudng trdn ¢é tam tai

" S ]. 3
diém (%, 0), ¢6 ban kinh bang 5 Chuyén sang toa

dd cuc, phuong trinh cua dudng d6 la r = cos @.~

P a—
u.
=
=
cL
o
|

Vay mién ldy tich phan D' twong Ung trong mat
phang (r, ¢) dugc xdc dinh bai:

Tt
—, 0<r<cos
5 ¢

T () It
) =%3
Do dé:

[f(x* + y? + Ddxdy = [f(r* + Drdrdg =
D D’

m’fz co]_tp X n,]?. [rd 1‘2}

de [ (r" +r5)dr= —+—

—-nf2 4] -ni2 4 2
w2 1 4 1 3
[ 1 —cos®p+=cos” o |do

-mf2 2

ni2 ni2

= 1 I cos® pdo + j cos” pde
2 0 0

1t 1= n[3 lin
me—t——=—| =+l | =—— .
22 22 4.8 32

Goi I 1a giao diém khédc O cua hai
dudmg tron x* + ¥ = 2y, x*+ y' = 2x.
Poan Ol chia mién D thanh hai mién
D, va D,. )

0

2w

1
>
5.22.

Chuyén sang hé toa do cuc, phuong
trinh cua hai dudng trdn trén theo thu

cos g

do

tr la
r=2sing, 1 =2cosQ
Cic mién D), D) trong mat phang

(r, ¢) tuong ting véi D,, D, dugc xdc dinh boi:
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Di={(r,)0<¢p< —, 0<r<2sing};

Dj = {(r, o) ES(p < g 0 <r<2cosp}.
Vay
1= [j(x+2y+Ddxdy= [[ [r(cosp+2sing)+1]rdrdep
D DwD' o
nid 2sin@ xf2 2cosp
= [do | [rz(coscp+2sin(p)+r]dr+ [do § [rz(coscp+23in(p)+r]dr=
0 ¢ ni4 0
aid r3 r2 r=2sing /2 r3 2 r=2cos @
= { [(cos@+2sing)—+— dp+ [|(coso+2sing)—+— do
o 3 2 x 3 2
_ r=0 /4 r=0
i)

J

[%sin3 (pCOS(p+-13ESin4 ®+2sin? (p]d(p+

ni2
1 .
N J(%cosd’ o+ ?6(;053 @sin @ + 2cos’ (de(p=

nid
+ 4 . . . x4
_| 8sin (p%LE(g(p_st(p_Fsm4(p)+(p_sm2(p .
34 387 4 32 2 |,
. . 4 . ni2 .
. §[§(p+sm2(p+sm4(p]_ﬁcos q)+(p+sm2cp 5.9
38" 4 T 32 ) 3 4 2 |, 202
5.23.
D 14 mién hinh vuéng. Déi bién s6: Ly
U=X+y, V=X-y 3L
Do dé x—l(v+v) “'l—(ll v) -
2 AR

D6 14 mot song dnh bién mién D 1én mién

D' xdc dinh bdi: //
lsu<3, -1<v<] 1
Ta ¢é: %/ \‘\\
Cox
| 1 2 3¢

Cox'l 172 1;'21 1

X, X _ b

=3 0

¥

v, ¥, 172 -1/2

0.0.1 dé¥hloaded 60906.pdf at Fri Mar



Do do

o+ 90" -y dxdy = - [fu’v?dudv =
D 21)

3 | 4 3
1 1 2 2
=—j.u3du._|.v2dv=—.u—‘f.v— _1832 20
S 274 13] 727473 3
5.24.
Mién D duogc cho & hinh v&. Thuc hién phép Ly
doi bién so: !
2
Y _u Yoy
X X
Do d6 x=i2, y:E
v v D
Pé 1a mot song dnh bién mién D 1én mién D'
trong mat phang (u, v) xac dinh bdi cdc bat :
dang thic: 0
l1€u<3, 1<vg2
Tacé
1
I X, x|y v’ u
- yvu ytu - l u - V4
v v
Do do6
uuou
xydxdy = |[—.—.—dudv
frvesdy = 12522
3 3 2
= J'u—7dudv— fu3du Id—:
oV t 1V
3
u? 1Y 163 105
=ef - | 2202022
40U ef), TTeed R
5.25.

a) Dudng x = 4y -'y* 1a duding parabol ¢6 dinh tai diém (4, 2), ¢6 truc song song véi
truc Ox, cét truc Oy tai hai diém (0, 0) va (0, 4). Dudng x + y = 6 1a dudng thang cat cac
truc Ox, Oy theo thi tu tai cdc di€ém (6, 0) va (0, 6). Hai dudng iy giao nhau tai cic
diém cé tung do thoa min phuong trinh.

dy-y’'=6-y =y -5y+6=0=>y=2,y=3
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tiéc 1a tai diém (4, 2), (3, 3). D la mién gi6i han bdi hai dudng d6. Dién tich cha mién
D bang:

S = f[dxdy = ].dy”ﬁlx = 3[(4y -y? =6+ y)dy
D 2 6-y 2
3

3
1,5
= [(y* +5y-6)y=(-5y’ + 2 y* - 6y)
: 37 72

2

=~%(2?—8)+—;—(9—4)—6=%
b) Dudng y* = x* 12 dudmg parabol bac 3/2 cé

diém 1bi tai géc O, con dudng y* = 8(6 - x)' Ia
dudng parabol bac %cc’) diém lui tai diém (6, 0).

Hai dudng ay cat nhau tai diém ¢é hoanh do thoa
man phuong trinh

x*=8(6-x) <>x=4,
titc 1a ching cat nhau tai hai diém (4, 8) va (4, -8).
Dién tich clia mién D gidi han bdi dudng cong 4y,
vi ly do d6i xung, bang:

2/3
P i

R 2
S=2[fdxdy=2[dy | dx
D 0 y2/3

3 8
3 2/3 3 3 573
=2{6-= dy =2(6y—=.~
OI( 2y Wy = 2(6y > Sy )0

=2(48—~?—.32) = Q
10 5

¢) Goi D la mién gi6i han bGi hai dudng
r = acos®, r = bcosg (0 < a < b). D,;la phan clta
mién D nadm trén truc Ox. Vi ly do déi ximg, dién
tich cua mién D béng:

w2 beosg
S=2Hrdrdcp=2. fdcp errz
D 0 3 COS ¢
11(!2
=2.— |(b? —a*)cos? pdo =
: DI( )cos® pdep
ln =
=(b*-a’)=.==Z(b? —-a’).
( )2 5 4( )
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d) Dudng r = asin2¢ nhén cic truc Ox, Oy
va cic duong phan giac y = X, y = -x lam truc
déi ximg. Goi D 1a mién gidi han bdi dudng
r = asin2¢, D, 1a phin cia mién D ndm gifta

hai tia ¢ = 0, ¢ = v}.Tacc’):

S © alsin? 20 ) T
—= Hrdrdg= | ———dp=a".—
8 DJ{ M J 2 Y e

321'[

=85=—.
2

5.26.

a) Mat z =1 - x* - y* 1A mat paraboldit tron xoay
¢ dinh tai diém (0, 0, 1), nhan Oz lam truc, quay bé ’
16m vé phia z < 0, nd cit mat phing z = 0 theo dudng ,
tron x* + y* = 1. Vay thé tich clia vat thé gidi han béi
cdemitz=1-x-y,2=0,y=x,vy=x+v3, nm
trong goéc phan tim thit nhat bang:

V= [fa-x* -y )dxdy .
5 O

)

trong dé D 13 hinh phang giéi han bdi cac dudng x>+ y° =1,y = X, y = x+3 nam trong
géc phan tu thit nhét ciia mat phang xOy. Chuyén sang toa do cuc, ta duge:

V= H(1+r2)rdrd(p

Trong toa d6 cuc, phiong trinh clia dudng x* + y* = 1 1a r = 1, clia cdc dudng thing

y=X,y=x+3 theo thittu la ¢ = %, o="T.

3
mid : n [ r? r41 i
DodéV= |do|c-1D)dr=—"] ———1|[ =—.
M[ IPJ( ) 12[2 4]0 48

b) Mat x* + y* = a’ 1a mat tru ¢6 dudng sinh song song
v6i Oz, cat mat phang xOy theo dudng tron x° + y* = a’
mit x* + z° = a’ [a mét tru c6 dudng sinh song song véi
Oy, cét mat phdng xOz theo dudng tron x* + 22 = a°. Vi
ly do d6i ximg, thé tich V cha vat thé gidi han bdi hai
mit iy bang 8 14n thé tich cta phan vat thé Ay ndm trong
géc phdn tam thi nhat. Vay:
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8:

- [fadxdy = [[a? - x*dxdy
D o

trong d6 D 1a phan cla mién tron x* + y* < a” ndm trong géc phin tu thi nhét trén mat
phing xOy. Do dé:

a Jalo®
V=8_l-\/a2—x2dx Idysz(az—xz)dx=8[a2x—%x3J
i 1] 4]

a
0

c¢) Mit z = x* + y* 12 mat paraboloit tron xoay ¢é LY
dinh tai goc toa do, nhan Oz lam tryc d6i xing,
quay bé 16m vé phia z > 0.

Mat z = x + y 1 mat phing di qua géc toa do.
Hinh chiéu xuéng mat phing xOy cla giao tuyén
ciia hai mat trén c6 phuong trinh la: .

xX*+y*=x+y hay
[x_il AN
2 Y75 2

' : . R & T B T
D¢ la phuong trinh cta dudng trdn ¢6 tam tai diém [E, 5} . €0 ban kinh bang

¥ =~

- 1
5
Goi D 1a mien trong mat phang xOy gidi han bdi duong tron trén. Thé tich cta vat thé.
gi6i han bdi cdc matz=x* + y* vaz= x + y bang:

V= ”[x +y—(x* +y")dxdy

chuyén sang toa d6 cuc, phrong trinh ciia dudng tron x* + y? = x + y 1a r = coso + sino.
Mién D' trong mat phéing (r, ¢) tuong ing véi D dugc xé4c dinh béi cac bat déang thifc:
T

4

S(p$3%, 0 <r<cos@ + sing.

Vay

Infd4 COsgEsing
V= Id(p I[r(cos @ +sing) —r’ Jrdr

-mid 0

I/ 4 r3 r4 T=COS Q+sin @
= I —(cos¢ + sing) — — do
-m/4 4 =0
Inid - 4 3nia (\/5)4 Sind[(P‘*‘EJ
(cos ¢ =+ sin ) 4
= | do= | do
-4 12 -ni4 12
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Déi bién s6 ¢ + E =1, ta dugc:

w2

V= Isin“ tdt=g Isin“tdtz =
4] 3 0

w1t
Blw

n_mn
2 8

(DA )
| =

d) Mat x° + y* + 2% = 2z 13 miit cdu di qua géc toa do, c6 tam tai diém (0, 0, 1). Mat x*
+ y* = 7’ 12 mit nén tron xoay, cé dinh tai goc toa do, nhan truc Oz lam truc déi xing.
Ngoai géc toa do, hai mat Ay cit nhau tai nhimg diém ¢6 cao do z thoa méan phuong trinh
22-2=7=z=1.
Vay phuong trinh chia hinh chi€u xuéng mat phing xOy clia giao tuyén cia hai mat x°
+y + 7 =2zvax’ +y =7 1a:
XX +yr=1.
Goi D I mién trong mit phing xOy gidi han bdi dudng tron dy. Tir cdc phuong trinh
X2+ vy + 22 =2z vax’ + ¥’ = 7 ta lan luot rit ra:

2=+ 4J1-x"—y® vaz=qx*+y*.

Vay thé tich cta vat thé gidi han boi cdc mit x> + y° + 2° = 2z, x’+y’ = z* bang:
y : g : y y g

V= [[a+y1-x" - y? = yx* +y" )dxdy
! )

chuyén sang toa do cuc, ta dugc:

In 1
V= j’dcpju +V1=r1% —r)rdr
4] 0

5.27.

a) Nhimng diém trén giao tuyén clla phin mit nén z° = x* + y* ing v6i z = 0 va mat try
x* + y* = | c6 cao do z thod man phuong trinh z = 1. Vay phuong trinh clia hinh chi€u
xudng mat phang xOy clia giao tuyén iy la:

X+y =1
Goi D 1a mién phang gi6i han bdi dudng tron d6. Phuong trinh cua phan mdét nén ng
vaiz 20 la:

Do dé T e— S A
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Vay dién tich phai tim bing:
S= [[y1+p* +q*dxdy =2 {[dxdy.
M) D
Nhung [[dxdy = dién tichmién D=7 Vay S=n+2.
3]

b} Phuong trinh cla mat cdu x* + y° + 2° = a* x4c dinh mot ham s6 4n.z(x, y). L4y dao
ham hai v€ phuong trinh dy ddi véi x, ta duoc:

2x+2zp=0zp:—£.
z

Tuong tu, taduwge: q= -

NI*<

! 2
Do dé: l+p'+q° =1+ ty _a

22 22 ’

Vi ly do d6i xung, dién tich cta phdn mat cdu x*> + y* + 2% = a® ndm trong hinh tru
(x* + ¥’y = &%(x’ - y*) bing 8 lan dién tich cla phdn clia mat 4y trong géc phan tém thi
nhit. Goi D 1a dién tich cha mién trong géc phén tr thit nhét clta mit phing xOy, gidi
han bdi dudmng lemnixcat (x* + y%)* = a*(x* - y). Dién tich phai tim bang:

B a
R R

chuyén sang toa do cuc, phuong trinh cia dudng lemnixcat 1a ©* = a’cos2¢. Vay:
a.feos 2 T/ 4 a.jcos2g

S= sjdcp j \/_rdr—fzaj[—% %m} do=

=8a’ I(l 2sm(p)d(p 8a’ ((p+«/Ecoscp)| =8a’ (—+1-\F)

dxdy

5.28.

Tacé

I-x I-x-y

IHU ~X -y~ z)dxdydz = Idx fdy I(l ~x-y-2)dz=

1 1z 22 7=l-x-¥
= [dx J{(l—x—y)z——j} dy

(1 v 200

- Jax {40
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y=l-x

(1-x—y)

I y dx

0 y=0

1! :
=—,m-xfdxz_i<l—x>“ L

315 31 4 41
5.29.
Ta co;

I—_m(x +y +z )dxdydz—jdx I dy ? (x2+y2+zz)dz

0
, n aed 1LXY
= de {’)[ _(xz +y2)z+;z3]20[l : bj dy
o)
= de I o(x? +y2)[l—§—%j+lc3[l—

0 0o | 3

3
X X
a b] :[dy

z
X 1 !
j{bcxz(l—;—] +-§cb3(1——}gj —ngz[l—i]z—lcb{l—ir#c—;b- - X 4 d
2 a 2 a 4 a 12 a *
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a’bc +abe’ +ab’c
60

=

—@(a +b’ +c?).
60

5.30.

a) Goi V 12 vat the gi6i han bdi cdc mat parabsloit trdn xoay z = x* + y2, z = 2(x* +
y’), mit phang y = x v mat tru y = x*. Hinh chi€u xuéng mit phing xOy cia mién V 1a
mién gidi han bdi dudng thing y = x va dudng parabol y = x°, hai dudng nay giao nhau
tai x =0 vax = 1. Vay mién V duge xéc dinh béi cic bat dang thic:

0<x<1, X*<y<x, ¥ +y'<z22(x2+ ).
Do dé the tich clia mién V béng:

X 2(x?+yhy

Iﬂdxdydz = fdx Idy _fdz - I_[dx j (2 + y*)dy

x* xlry?

b) Goi V la vat th¢ gidi han boi mat parabéldit tron xoay z = x* + ¥ v mat nén tron
xoay 2’ = x> + y°. Nhimg diém thuoc giao tuyén cha hai mit dy cé cao do z thod man
phuong trinh z* = z wic 12 z = 0, z = 1. Vay hinh chiéu cla giao tuyén clia hai mat dy
xudng mit phang xOy ¢6 phuong trinh 1 x* + y* = 1. Vat thé V lai nhan cdc mat phing
toa d6 x = 0, y = 0 lam miit phang d6i xtmg. Do dé, chuyén sang toa do tru dé tinh thé
tich clia vat thé V, ta duoc:

1

4 Id(p Irdr Idz 4Tdcp J-(r -r)rdr=4 I dcp(—__;w - %J

g2 Ll_m
212 6

¢) Goi V 1a vat thé xdc dinh béi cédc bat dang thic:

Thé tich cla vat thé dy bang:

I= Hj.dxdydz = Idz ”dxdy

=T Sfz)
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trong d6 S(z) la thi€t dién clia vat thé V bdi mat phing di qua diém (0, 0, z) vudng géc
vdi truc Oz. Hinh chiéu cta S(z) xudng mat phang xOy 1a mién xic dinh bdi:

zo X z
- = — + y—z <1+ —
C a b C
tifc 1a mién nam gitia hai duong elip:
2 2 2 2
X y Y

2 * 2
z’ z’
[a 1+02} {b 1+E-2--]

2 2
Do d6 di¢n tich ciia S(z) bang mab(l + ) - mab .- = nab.
C

h

Vay thé tich ctia vat thé V bing | = Inabdz = 2mabh .
h

Chuong 6
6.1. Giai cdc phuong trinh vi phén ¢6 bién s6 phan ly:
e d d
a) Phan ly bién s0, ta duge: X x2 — + S )_: —=
(I+x°) (d+y%)
1 1

Lay tich phan hai v€, ta dugc: — = =
20+ %) 2At+y?)

. 1 ‘
Vay tich phan tong quat cia phuong trinh la: " + 1 ! —=K, trong d6 K = - 2C
+ X +y

13 hang s& ty v,
(1-y)dy . 1+x

2 2

Y X

b) * xy = 0, phuong trinh ¢6 thé viét 1a: dx=0.

.. 1 1
Lay tich phan hai v€, taduge: —— —-In|y|——+In|x|=C,
y X

C la hang s6 tuy y. Vay tich phéan tdng qudt cha phuong trinh la:

w2 - 2Y o xy 20).
y Xy
* y =0 ciing la nghiém cua phuong trinh.
cYTacd
2 1—2sin’
*siny=0; dx= oY gy T2 Vi

siny siny
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Do dé: x= J dy —ZIsinydy=ln +2cosy+C .

sin y

y
tg =
g2

*siny=0=y=kn(k € Z)ciing 1a nghiém.
d}Tacé (Inx + 1)dx =(lny + 1) dy.
Do d6 j(ln x+1)dx = [(Iny+bdy.

Hay xlnx = ylny + C.
- . e ., e’ -1 dx
¢) Lay tich phan hai v& phuong trinh " dy=—
e —
e’ —1
Ta dugc: dy=In|x|.
e [ dy=n|x]

, e e e . dt
Trong tich phéan & v€ trdi, ta d6i bién s6 t = ¢, do d6 y = Int, dy = -

Do dé:
y— —
J‘e, 1dy= u.g=lI[1+L]dt=llnt+—l-ln|t—2|+c
e’ -2 t-2 t 2t t-2 2 2
:%(y+lney—2|)+c

Vay tich phan téng qudt clia phuong trinh la:
Inle"-2l+y-2Inixl+C=0,

. ) d ;
f) Ta cd i:‘l-}i+sm(x+y)—sm(x~y)=-l+25mycosx=0 }
dx dx
Do do:

*sin'y = 0 (y # kn) thi: ;%+2005xdx=0.

Lay tich phan hai vé, ta dugc: In tg% +2sinx=C (y=kn).

*smy=0=y=kn(k € Z)ciing 1a nghiém.
o} Taco
*Néucosy=siny-1=0thi
dy dx
cosy—siny-lzcosx—sinx+1

Do dé: L= | dy = | dx =1,.
cosy—siny—1 cosXx —sinx +1
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Trong tich phan I, ditt= tg %, - = <X <™ do dé
27 27272
y = 2arctgt, dy = 2dt2
1+t
Tacs L=~ dt - I —l]dt
t{t+1) t+1 t
C,(t+tgY)
=lnll+t!-laltl+InlCl=In 2
y
t il
5
X T X T
Trong tich phan I, dat vt = tg —, - —<—<— ta dugc:
24 P 2, dd g2 55375 -
C,
Iz=-|.d.c =-In|l-1}{+In|C, =ln =
1-tg~
)

Viy tich phén tdng quét clia phuong trinh la:

Yy y X
te==C(l+tg =¥ -tg—
g2 ( gz)( gz)

C . fo
Trong d6 C = C—' 1a hang s tuy .

z

* Néucosy-siny-1=0= ﬁcos(%+y)=l =vy=2kn; y=-g+ 2km ciing 1a nghiém.
hybPatz=x-y. Tacdé z' =1 -y". Phuong trinh da cho trg thanh:

L,z
Z'=1-cosz= 251n25

*Né’using #0(z=x-y=2m)thi

dx = dz

2sin’

N

lay nguyén ham hai vé, ta dugc: x =- cotg% +C

X~y

Viy x + cotg =C,(v#x+2kn , keZ)

239



*Néusinz=0=>z=x-y=2kn =y = x - 2kn ciing |2 nghiém
HDTach: ¥y =x"+2xy-1+y =(x+y) -1
Paix +y=2z Tacé z =1+ y'. Phuong trinh dugc viét lai thanh:

z' =7’ hay d—zzzdx(né’uz:x-ky;t{))
Z

Do dé X= d—f=—1+C=— : +C
z b4 X+y
Suy ra x+y=—-1— (x+y=0)

*Néuz=x+y=0=y=-xcing la nghiém.
Dbatx-y=2Tacéz =1 -y Phuong trinh di cho dugc viét lai thanh:

l-z‘=-1—+1hayzdz+dx=0

Z
, z’
Do dé — +x=C
2
Hay x-yY+2x=C,, C,=2Cla hing sy y.

6.2.
xdx N ydy —0
Vi4x? ity

Lay nguyén ham hai v€, ta duge J1+x2 +\/1+y2 =C

a) Phan ly bién s8, ta dugc

trong d6 C 13 hang s6 twy y. Do didukién y| =1, tadugc C=1+ +2
Vay tich phén riéng cla phuong trinh 1a;
V1+x? + 14y =v2 +1
b) Phuong trinh da cho cé thé viét la:

Lay nguyén ham hai v€, ta c6 y_3_ =arctge” + C, Cla hang s6 wy y. Tir diéu kién

y]._, =0, tadugc 0= E +C, hay C=- %
Vay tich phén riéng cia phuong trinh la:

* =3 arct e"—-—32
y g 4
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dy dx

¢) Phan ly bién s6, ta duge .
yiny sinx

Vi dy = d(Iny) nén lay tich phén hai vé, ta dugc:
Yy

In(l Iny ) = In tg% h+n!Cl

hay Iny=C. tg%

Tudiukien y| =1, taduge 0=C.0

Diéu kién nay dugc thod min véi moi C. Diéu d6 chimg to rang moi nghiém cia
phuong trinh déu thod man diéu kién &y. N6i cdch khdc moi duong tich phan cia
phuong trinh déu di qua diém (0, 1). Vay diu kién duy nhat nghiém cta phuong trinh
khong dugc thoa man tai diém do.

6.3.2) Phuong trinh x = y' + y" khuyéty. Dity' =, tacé x=t+1

Vi % =t, tacd: dy =tdx = t(1 + 3t))dt = (1 + 3t")dt .
X

2 4
Dods y=‘+3.icC.
2 4

Vay phuong trinh tham s6 ciia dudng tich phan tong quat 1a:

t* 3t*
X=1+t", y:—2—+—+C.

b) Phuong trinh x =y' + ¢” khuyét y.Daty =t,tacéd: x=t+e", do do:
dy = tdx = t(1 + e")dt.

2
Vayy= [udt+ jte‘dt=%+te‘ —e'+C .

Phucng trinh tham s& clta dudng tich phéan téng quat la:
2
Xx=t+e', y= % +te'-e' +C.
c) Phuong trinh y = y”sin y' khuyét x. Dat y' =, ta ¢é: y = t’sint.

_dy 2tsint+1t? cost
t t

Do do dx =2sint+tcost

Vay X =-2cost+ jtcostdt = —2005t+tsint—jsintdl:—cost+tsint+C

Phuong trinh tham s& cla dudng tich phan téng quat la:

x=-cost+tsimt+C, y= t*sint.
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d) Phuong trinh y' + ¥ - yy' = 0, khuyét x, nhung phuong trinh 4y khong gidi ra duge
déi vdi y, hoac d6i véi y'. Dang cha phuong trinh 4y goi cho ta dua tham s6 t vao bing
ciach dat y' = ty (xem vi du 14 Descartes, muc 2, chuong 5, quyén todn hoc cao cip
tap 2). Ta dugc:

2

y= t .t
T
3 3 2
Nhung _dy_dy dr_cslo30 dt ¢
T dx dt dx (> +1)* dx tP+1
Do dé d_X: 21—32t , J.1—2t
dt 3t +1)

(1 + 1)
De tinh tich phan 4y, ta phai phan tich phan thitc hitu ty dudi dau tich phan thanh tdng

L) P N -~ . £ . - Fd " et 7. - - ]. -
cua cdc phan thic hitu ty don gian. Nhung ta cé thé truée hét doi bign s6 t = —, do d6

u
d1=-d—lf,\’3y
i
2-u’ 3
X = du= ~1idu=3 -1
'[u3+1 '[[u3+1 ] '{u +1
B 3 A Bu+C
Ta cé =

3 + 2
u +1 u+l u -u+l

Nhan hai v& clia (¥) v61 (u + 1) rdi chou = - 1, ta dugc A = 1. Nhan hai v& caa (*) véi
u rd1 cho u — oo, ta duge

A+B=0= B=-1
Chou:Otronghai vécua(*),tadugc A+C=0= C=2.

vay [0 o [ f T2 - s 2 g
u’ +1 u+1 ul —u+l 2 u'—u+l

g

1 ) 3
=Inlu+l|-=In{u” —u+1)+-—
Infu-+ 1= In( += |

=lln—(_2u—+1—);~+ 3ar(:tg2u_1 +C.
2 u’-u+l V3
Vay phuong trinh tham s6 cia dudng tich phin tdng quat la:
x=—u+—ln—££+—1):—+ 3arctg2u_1 +C
u’ —u+l
u2
TU
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e)Patx+y-1=2zTacd | +y =z Phuong trinh di cho tré thanh:

2

7-1=72 = hay z'=¥—z

Z z

2
dx = 2z dz

z°+z—2
2—-z 2—-z
VA x=||l+—dz=2+ | ————dz
a4 '[[ zz+z—2) Izz+z—2

=z+[l.—1——i P laz=z+miz-11-2miz+21+C
3z-1 3 z+2 3 3

Suyra x= x+y-1+ %1@Ix+yl—-%1n!x+y+l[+C
Vay tich phan tdng quat ctia phuong trinh 1a:

y+ %lnlx+yl—%lnlx+y—lt+cl =0
trong d6 C, = C - 1 Ia hang s6 tuy y.
) Bat \/x_y =u. Ta cé xy = v, do d6 xy' + y = 2un’, phuong trinh da cho tr& thanh:

(u+1)Quu'-y)-(y- Dy=0
Hay 2uu’ (u+1)-2uy =0
2

Hay u'(u+1)~£-=0
X

Phan ly bién sé, ta dugc:
(u+1)du dx
. x
Tich phan hai vé, ta c6:

lnlul-l=ln|x|+C
u

1 1
Do d6 ~1In|y|-

2 Af Xy
6.4. a) C6 thé viét phuong trinh di cho dudi dang:

v XY
X+y

—lln|x|—C =0.
2

Dat y = ux, u la mot ham s& cia x. Ta cé:

, l1-u
Xu'+u=

1+u
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Hay dx N (’u +1)du _
X u +2u-1

Ldy nguyén ham hai v€, ta duoc:

Inlxl vu? +2u—1 =1n [Cl
Do dé xvul+2u-1=C

Binh phuong hai v€, thay u bai 1, ta dugc:
X

Y+ 2xy-x2 =
D6 Ia tich phan téng quat cha phuong trinh.

; C Cu .
Cing c6 thé xem x= ————, y=—" |3 phuong trinh tham s6
vu® +2u-1 vu® +2u -1

cua ho dudng tich phan téng quit.

b) Ta cé xy'=Jx'+y’ +y

bat y = xu, ta duge véi x > 0
du

2

X— l+u
dx
Phanly bienss —oo - &
Vi+u® X
Do d6 In(u+ Vv1+u® )=InICxl, Clahing s tuy ¥,

hay u+ Vvi+u® =Cx

Binh phuong hai vé& dang thiic v1+u? =Cx - u, ri thé u = 2, ta dugc: .

X

1+2Cy-C%*=0
Vi x <0, ta ciing duge két qua tuong tu.
c) bBat y = xu, thé vao phuong trinh, ta duge

Y +1-u'=0

dx
*Néuu=+1ticy#+xthi —ot 9
u -1 x

Do dé6 Invu® —1 =InICxl , Cla hing s6 tuy . Do dé:

y —x = %2

2

X
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Suy ra y=+x v1+C’x’ (y #£x)

* Néuu=2x1—=y=x=xl1anghiém.

d) Dat y = xu, phuong trinh tré thanh:

(u? - l)}gd—u +20' +2u=0
dx
2 p—
Hay uizldu+gi=0 (*)
2u(u” +1) X

-

Phén tich ui.;l thanh téng cdc phan thic hitu ty don gian, ta dugc:
2u{u” +1)

wv'-1 1 u
2u(u’ +1)  2u u’+1

Do d6 1ay nguyén ham hai v& phuong trinh (*), ta dugc:

| x|vu® +1
In ———
Ju

=In!Cl , Cla hang s6 tuy ¥y, suy ra:

x*(u®+1) _c?
u
Hay x(xX*+y)-Cy=0

Chit thich: Chuyén sang toa do cuc x = rcosg, y = rsing, phuong trinh clia dudng tich
phan tdng quat la:
r = Chgo
Tir nhan xét nay, ta thdy rang ciing c¢6 thé gidi phuong trinh da cho réng cich chuyén
sang toa do cuc. Ta cé:

r .
- SN+ rcosoe

. dy d
dx r .
—COS P —TISing
de
Thé vio phuong trinh da cho, ta duge ¥ = 9%
r sin2g

Nghiém téng quat ciané la r* = Cigo.

+ - M * d 4
¢) Chuyén sang toa do cuc x =rcos@, y =rsing, vaky hiéu r = d_r ,ta coé:
¢

._ dy _rsing+rcosg
dx

rcosQ —rsine
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Ta duoc
" . Tsin@Q+Trcosg 2r° r?
2x+yy'Y = 2| rcosg+rsing- =—

rcos@-rsing ) (rcose—rsing)’

2 -

. 2 2
¥Y'(1+y%) =rsine |1+ tsm(p+rcosq} =r’sin’ p— rir
ICOSQ — rsineg (rcos@ —rsin @)’

Phuong trinh d4 cho trd thanh:

r'r’ sin + r'sin’p = 2 ¢
Hay r'sin’g = r’(2 - sin’g) = r*(1 + cos’o)

stn @

J1+cos® o

Ri=+ry

Phan ly bién s6, ta dugc:

dr . sin @do

r y1+cos’ @

Lay nguyén ham hai v€, ta duge:
lnr = +In (cos@ + /1 +cos® ¢ )+ InICl, Cla hing s6 tuy ¥, do 46

r=C(y1+cos’ g *cosp)

Trds vé toa d¢ Décac, ta dugc
X+y +2Cx-Ct =0
Ho duong tich phan tng quét 12 ho dudng tron suy ra tir dudng-ron tam fai diém
(1,0), ban kinh ~2 bang phép vi tur tam 0.
6.5. a) Phuong trinh thuan nhat tuong ing la:
% + 2xy = 0
Phan ly bién s6, ta dugc;
dy

— = -2xdx
¥

LAy nguyén ham hai v&, ta dugc In 24

'= ~x?=Ine™, trong d6 K 1a moét hing s6
tuy ¥. Dodéy= Ke™ .
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P46 1a nghiém téng quat cha phuong trinh thudn nhat. DE tim nghiém cia phuong trinh
khéng thudn nhat, ta cho hang s& K bién thién, tic 12 xem K 12 ham s6 cta x 16i thé vao
phuong trinh khong thudn nhdt, ta dugc:

2 2 2 2
K'e™® —2xKe™ +2xKe™ =xe™

Hay K'=x
2
Do dé K=X7+C,Cléhé‘mgsc'§tu)‘f)?.

Vay nghiém téng qudt cua phuong trinh di cho la:

X2 1
=|—+Cle™

b) Phuong trinh thuin nhat trong dng la:
A+ x)Y Zoxy hay ¥ 2
dx y b+ x°

Lay nguyén ham hai v¢&, ta dugc:

In =In(1+x?),

K 12 hiing s6 tuy y. Vay nghiém t6ng qudt clia phuong trinh thudn nhat 1a:
y=K (I +x%

Xem K 14 ham sd cua x, th€ vao phuong trinh khéng thudn nhit, ta duge:
K'=1=>K=x+C

C 12 hdng s6 tuy ¥. Vay nghiém t6ng quét clia phuong trinh khong thuan nhat 1a:
y=(x+O) (1 +x)

c¢) Phuong trinh thuan nhat tuong ing 1a

&Y 2Y 5 ey Wop
dx x+1 y x+1
nghiém téng quat cua né 1a;
y=K{x+1)
K 12 hing s6 tuy ¥. Cho K bién thién, thé vao phuong trinh khong thudn nhat, ta duge:
2
Ki(x+ 174 2K (x+1) - 22D gy
X+
Suy ra K'=x+1
x2
Do dé K= > +x+C

247



C1a hing s6 tuy y. Vay nghiém tdng quat clia phuong trinh khong thudn nhat 13:
2

y=(%+x+C)(x+l)2

Tu diéu kién y‘ o = -12— ,taduoge C = % .Viy ta dugc nghiém riéng clia phuong trinh da
cho la:
y= [£+x+-l-J(x+l)2
2 2
d) Phuong trinh thuan nhat tuong ding la:
dy  xdx

d
(1=x)L+xy=0 hay ¥+
dx y 1+x

=0

2

nghiém t6ng quét clia né 1a:
y = K
V1+x*

K la hang s6 tuy y. Xem K 12 ham s6 clia x, thé vao phuong trinh khong thudn nhat,
ta dugc:

(1+x%) K K2 + X K =1
V1+x’ J1+x2)° VI+x®
1
Hay K=
1+x?
Do dé K=In(x+ V1+x’>)+C,

Cla hang s6 tuy ¥. Vay nghiém tng quat ctia phuong trinh khong thudn nhat 1a:

= In(x +v1+x*)+C
V1+x*

Tur diéu kién y|K=U =0, ta dugc C = 0. Vay nghiém riéng cia phuong trinh thoa min

diéu kién trén la;
y= In(x + V1 +x°

1+x°

¢) Phuong trinh da cho khéng phai la phuong trinh tuyén tinh d&i véi y. Nhung néu ta
viét né dudi dang:

2y g)—{-—6}(+yz =0
dy
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thi ta dugc mét phuong trinh tuyén tinh déi véi x(y). Phuong trinh thudn nhdt tuong
img 1a:
2y d—X—6x=0 hay gi:SQ
dy X oy
nghiém téng quat cha né la: x = Ky’
K 12 hing s tuy ¥. Xem K la ham s6 cla x, thé vao phuong trinh khong thuin nhat,
ta dugc:
2y (K'y* + 3Ky + y* - 6Ky* = 0
1
2y’
1

Do dé K= —+C
2y

Suy ra K=-

C la hang s6 tuy v. Vay nghiém tdng quat cha phuong trinh di cho la:
1 2
X = ['—+ij3 =Cy' +L
2y 2
f) Nghiém téng qudt ctia phuong trinh thudn nhit tvong tng 13y = Kx,
K 14 hang s6 tuy . Xem K 12 ham s6 cha x va thé vio phuong trinh khong thudn nhat,
ta dugc:

x(K'x + K) - Kx = x%arctgx

Hay K' = arctgx

Do do K= Iarctgxdx = Xarctgx — Ix

. =xarctgx--;—ln(l+x2)+C,

l1+x
C la hang s6 y y. Vay nghiém tdng quét clia phuong trinh da cho la:

y = [xarctgx - Elz—ln (1+xH+Clx

= x’arctgx - %111 (1 +x) + Cx.

g) Phirong trinh ¢6 nghia khi x > 0. Phuong trinh thudn nhat tuong ting la:

E}:: y hay d_y: dx
dx xInx y xlnx

Lay nguyén ham hai vé&, ta dugc:

ln‘ X
K

K 1a hing s6 tuy ¥. Vay nghiém téng quét cta phuong trinh thudn nhét [a y = Kinx.

:I dx _ J-d(lnx)

xlnx Inx

=In{lnx|
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Xem K 12 ham s6 clia x, thé¢ vao phuong trinh khong thudn nhat, ta duogc:

King + =KX _ s
Xx Xxlnx
Suy ra K'=x
. X’
Do doé K:7+C,

C1a hing s6 tuy ¥. Vay nghiém toz'ng quat clia phuong trinh khong thuadn nhat 1i:

XE
=|—+Cllnx

Tir didu kién y| _ =%, ta duge C = 0. Vay nghiém riéng cla phuong trinh di cho

thoa mian diéu kién trén la:

y= —X—lnx.

6.6. a) Gia st y = ax’ + bx + ¢, a # 0, 1a nghiém ctia phuong trinh da cho. Thé vao
phuong trinh 4y, ta duge déng nhat thic:

X(x* + 1)(2ax + b) - 2x* + 3)}ax’ + bx +¢) = 3
Hay -bx* - (a + 2c)x* - 2bx - 3¢ =3
Déng nhat cic hé s, ta ducc:

b=0, a+2c=0, -3¢c=3

Suy ra b=0, ¢=-1, a=2
Vay mot nghiém riéng cua phuong trinh da cho la:
y=2x"-1.

Muén tim nghi¢m téng quat ciia nd, ta chi can tim nghiém téng quét clia phuong trinh
thuan nhat tuong Ung.

x(x*+ Dy' - 2x*+3)y =0
Phan ly bién s6, ta dugc:

2
_d_y: 2x°+3 dx=§dx— xdx
y  x(x?+1) X x*+1
3
Do dé In 1‘=3ln|x|-11n(x2+1)=1n 23
C 2 x’ +1

Cla hing s6 tuy y. Vay nghiém tdng quat clia phuong trinh thudn nhat 13:
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3

X
vx?+1

Nghiém tong quat cha phuong trinh phai tim Ia:

y=C

XS

vx?t +1
b) Bing cdch ddng nhat hé s6 sau khi thé y = ax* + bx + ¢ vio phuong trinh da cho, ta
dugc mot nghiém riéng cua né la:

y=2x"-1+C

y=2x*-1.
Viy chi cdn tim nghiém téng quét clia phuong trinh thuin nhat twong dng:

(x* - x)g +(1-2xy=0
dx

Phén ly bién s, ta dugc:

2_._
9_51: 2X, 1dx:d—x+ )idx
y x(x®-1) x x -1

L4y nguyén ham hai v&, ta duoc:
Y

c =ln|x1+%ln|x2 +1=In(x[f{x* —1])

trong dé C 1a hing s6 tuy ¥, vay nghiém téng quét cia phuong trinh thudn nhat la:

In

y=Cx+f|x* ~1]
Do d6 nghiém téng quat chia phuong trinh khong thufin nhat la:

y=2x2- 1+ Cxq|x? —1] .

6.7. a) Pat y° = z. Ta ¢6 2yy' = . Phuong trinh da cho trd thanh:
XZ+ %xz(xﬁ- NZ+3x-5=0

D6 12 mot phuong trinh vi phan tuyén tinh cép mot d6i v6i z. Phuong trinh thuan nhat
tuong ung véi né la:
X7 + l}(z(x+ l)d—Z =0
dx
Phan ly bi¢n s0, ta dugc:

dz - 2dx :_2[l_ 1 de
z x(x+1) x x+1
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Do do In

2
Zz ‘=—21n X :ln[x_HJ
K X+1 X
K 12 hang s& tuy §. Vay nghiém téng qudt cha phuong trinh thudn nhat la:
x+1Y
e
X

Xem K 1a ham s6 ciia x, thé vao phuong trinh khong thuan nhat, ta duge

. 10-6x
(x +1)°
Do dé K < J10—6x I16 6(x+1)
(x +1)° (x+1)°
=16 dx3—6j 8 .5 ¢
{(x+1) (x+1) x+1)° x+1

C la hang sG tuy ¥. Vay nghiém t6ng quit cta phuong trinh khong thudn nhat 1a:

[ 8 6 ](x+1]2
z=|- + +C
x+1)? (x+1) X

Nhung z = y°, vay

2
yi= _%+6X+1+C[x+])

X X X

b) Phuong trinh da cho la phuong trinh Bernoully. Chia hai v&€ cho y* va dat y* =
ta duoc:

D6 1a mot phuong trinh tuyén tinh doi v6i z. Phuong trinh thudn nhat twong ing véi
né la:

Phan 1y bién s6, ta duoc -d—?- =2xdx
z

Nghiém tong quat ciané 1a z = Ke*’

K 14 hang s6 tuy ¥. Dung phuong phdp bién thién hang s6, ta duoc:
K = ~2x%™

Do dé K=~ [2x’e™dx.

252



D61 bién s6 x* = u, ta duge:
K=-lue*du=uc"+e*+C
C li hing s6 tuy y. Vay nghiém t6ng qudt chia phuong trinh khong thuan nhat 1a;

z=(x"e™ +e™ +c)e’ =x+1+Ce* . Viz= —1; , Nén ta c6:
Y+ 1+ Cet)=1.

¢) Phuong trinh da cho ¢6 nghia khi x > 0 va duoc viét 1a:
xy' = y’Inx - 2y

Dé la phuong trinh Bernoully. Chia hai vé& cho ¥, ta duoc :
xy?y' = Inx - 2y

Dity'=z Tacé 7 = -y’y. Dod6 -xz' + 2z = Inx

D6 la mét phuong trinh tuyén tinh d6i véi z. Phuong trinh thuin nhét tuong dng [a:
-Xz' +2z=0

Nghiém tong qudt chandla z=Kx?

K 12 hing s6 wuy y. Bang phuong phdp bién thién hing s6, ta dugc:

Inx

K'=-

3
X

In xdx 1 1 dxY} Inx 1
K=- =— Inx + — |= + +C
'[ x* ( 2 j2)(2 X) 2x% 4x?

C Ia hang s0 tuy y. Vay nghiém téng qudt clia phuong trinh khong thuan nhat 13

I :
z:(lnx+ 1,+C]x2=—1nx+l+CX'
2x? ax? 2 4

Nhung z = v, nén ta duoc:
1
y —1nx+l+Cx2] =1.
2 4
d) Phuong trinh da cho 1a phuong trinh Bernoully. Chia hai vé cho y'* réi dat z = y'”,
ta dugc phuong trinh tuyén tinh doi véi z:
27 +z=¢"
Nghiém téng quat cua phuong trinh thudn nhét tuong ting la:
z=Ke™*

K 13 hang s6 tuy ¥. Xem K 12 ham s& clia x, thé vao phuong trinh khéng thuidn nhat,

ta dugc:
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Do dé K=%e"+C

C la hang s6 tuy y. Vay nghiém téng quét ctia phuong trinh khong thuan nhat 1a:

Z= [}—e" +CJe_é'
2
Vay y''? =(%e" + C]e_E

Tir diéu kién y‘ o = %, ta dugc C = 1. Viy nghiém riéng cta phuong trinh dd cho

thoa man diéu kién trén la:
1 2
y= [——e" +1} et .
2
e) Viét phuong trinh da cho dudi dang:
y &+ Xy =0
dy

Do la phuong trinh Bernoully d6i v6i x(y). Chia hai v€ cho x% réi dat z = x”', ta duoc
phuong trinh tuyén tinh déi vdi z(y):

dx
-y— +z+y=0
dy

Nghiém tdng quat chia phuong trinh thuin nhét twong tng 1a:
z=Ky

K la hang s6 tuy y. Xem K 1a ham s6 cla y, th€ vao phuong trinh khong thudn nhat
ta dugc:

*

dK 1

Y ¥
Do dé K=lInlyl+C
C1a hing s tuy y. Vay nghiém téng quat cha phuong trinh khong thudn nhat 1a:
z=(Inlyl + C)y

Vay L iy o)y
X
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6.8. a) a(x} la thira s6 tich phan ctia phuong trinh da cho néu;

%{a(x)(zxw X’y + y{) =§[a(x)(x2 y7)].

Hay a(x)(2x + x*+ ¥ = a(x) . 2x + (X (x* + ¥)) .
Hay alx) =o'(x).
Do do a{x) =Ke*

K la hang s tuy y. Vay phuong trinh:
3

e'(2xy + X’y + y? }x + e (x* + yHdy =0

1a phuong trinh vi phin toan phan. N6 tuong duong véi phuong trinh di cho. Tich phan
téng quat clia né dugc cho béi:

¥ 3
for (¢ +yh)dy = e* (x’y + 13-) +C.

3]

b) Phuong trinh da cho ¢6 moét nghiém 1a y = 0. Bay gi& ta xét y# 0. Ta cén tim ham
$6 a(y) sao cho:

%[a(y)(y+xy2)]=§[—oc(y)x] .

Hay o (YNy +xy") + ay) (1 + 2xy) = - a(y).
Hay y(b + xy)e'(y) + 2(1 + xy)o(y) = 0
1 R UTIRUV
Viy = —— khong phai 12 nghiém cha phuong trinh d3 cho, ta ¢ thé gia thiét ring
X .
1 + xy # 0. Tu phuong trinh trén ta suy ra:
yd—a+2a=0 hay gg+2g=0
dy o y

Do dé o(y) = K

2

K 12 hang s6 tuy y. Vay phuang trinh:

1+xydx X

Y b

dy=0

Ja phuong trinh vi phan toan phan. C6 thé viét né nhy sau:

M+xdx=d[£+£}=0 :

y’ y 2



V6iy = (0, né tuong duong véi phuong trinh da cho. Tich phéan téng quat clia né la:

2
X X

—+—=C,  Clahangsdtuyy.
y 2

¢) Phuong trinh da cho ¢6 nghia khi x > 0. y = 0 la mot nghiém ciia né. Bay gid ta xét
voi y # 0. Ham s6 a(xy) 1a thia sd tich phan clia phuong trinh néu:

—gy—[a(y)(y —xy’ Inx)}= é[“("y”‘] '

Néu dat z = xy, ta duoc:
da(2)
dz

Do dé véi Inx # 0 (tic 1a x = 1) ta duoc:

5 do doe ,, dz

x(y=-xy’ lnx)+ (1 -2xylnx)a(z) = dc;(z) Xy + o(xy)
Z

£ —+20z=0 hay —+2—=0.
dz o z
Suy ra oc=—I—<—= 1K,
z X' y°

K 12 hang s6 tuy y. Vay phuong trinh:
M 1 Inxdx =0
X“y° X
la phuong trinh vi phan toan phan. Vi
d d 1,
M d(—) lln xdx =d(§ In” x)
X

nén cé thé viét phuong trinh 4y nhu sau:

d(iJrl]n2 x]zO .
xy 2

Véi x >0, y # 0, né tuong duong véi phuong trinh da cho. Tich phan téng quat cua nd
1o rang la:
1 1., LR A
—+~In"x=C, Cla hdang s6 tuy y.
xy 2
6.9. a) Phuong trinh dd cho 14 phuong trinh Bemoully. Chia hai v€ cho y', réi dat
y* = z, ta dugc phuong trinh tuyén tinh déi véi z:

_z _Z _ =5%°
4  2x
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Nghiém t6ng quat clia phuong trinh tuyén tinh thudn nhat la:

K la hang 56 tuy ¥. Xem K 12 ham s6 cda x, the vao phuong trinh khong thudn nhat,
ta dugc:

K =C-4x°
C 1a hang s6 tuy y. Do dé nghiém t(‘;ng quit cua phuong trinh khong thudn nhat 1a:
C-4x’
Z= -
P
X 2
Do dé 4
Y C—4x’

b) Phuong trinh da cho 1a phuong trinh thuin nhat.
Dat y = xu, thé vao phuong trinh, ta dugc:
2 dx du

u
X— =-cos" u hay —=-
dx X cos” u

y

Do dé In i}=—tguz—tg—
C X

Cla hing s6 tuy y. Vay y = - xarctgln

¢) Phuong trinh da cho 1a phuong trinh thudn nhat.

bat y = xu, th€¢ vao phuong trinh, ta duoc:

3
d—xzwd =[l_ 1 + 1-2u jdu.
X u' +u u u+i u-u+l
Do dé 1n|x|=1ntu1-1n|u+1141n(u2-u+1)+1n|C,:ln'I?UI”
u +
5 C 1a hine s6 tuv v Cu
trong d6 Cla hang s6 tuy . Suyra x = o
u +

Théu= . ta dugc  xy = C(x* + y*).
X

d) Phuong trinh c6 nghia khi xy = 0. Dit z = xy, ta ¢ 2 = xy' + y. Do dé phuong trinh
ted thanh:

z'=— hay z'z'=1
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3
—=x+C
3

Vay tich phén téng quat cha phuong trinh da cho la:
x'y'=3x+C,. C,=3Clahangs6tuyy.
e) Phuong trinh ¢ nghia khi xy > 0. Dat z = ln(i) , ta ¢ y = xe". Th€ vao phuong
X
trinh, ta duoc:
XZ' + 27 = l
X

D6 1a mot phuong trinh tuyén tinh d6i véi z. Nghiém tdng quat cha phuong trinh
thuan nhat la:

L= —
X?

K la hing s6 tuy y. Xem K 1a ham s6 cla x, thé vao phuong trinh khong thuan nhat,
ta duoc:
K==>K=x+C
Cla hang s6 tuy y. Vaynghiém téng quét clia phuong trinh khong thuin nhat dai vdi z 1a:

_x+C 1 . C
x> x x°
e
Do dé6 y=xe* ¥,

6.10. a) Phuong trinh da cho la phuong trinh khuyét y. Dat y' = p, ta duoc:
Xp - p=xe.
D6 1a phuong trinh tuyén tinh cdp mot d6i vdi p. Nghiém tdng quit cia phuong trinh
thuan nhat tuong ng 1a; '
p=Kx.
Dung phuong phdp bién thién hing s6, ta dugc:
K=¢*+C
C 1a hdng s6 tuy y. Do dé:

p=y ="+ Cx =xe* + Cx.

Suy ra X= Ixe"dx+C%=e"(x—1)+Clx3+C2
C . . s e
C = 5 va G, la nhitng hang s6 tuy y.
b) Phuong trinh da cho khuyét y. Dat y' = p, ta duoc:
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p=- = =x(x- D)

X —

D6 1a mot phuong trinh tuyén tinh cap moét déi véi p. Nghiém tdng quat ctia phuong
trinh thuan nhat tuong g la:
p=K(x-1)
K 12 héng s& tuy ¥. Xem K 1a ham s6 ctia x, thé vao phuong trinh khong thudn nhat,
ta dugc:

K= +C
2

C 1a hing s6 wy y. Do do:

[—)-;+ CJ(X -1.

T diéukien y|  =-1, taduge C=-3. Vay:

P

=p= X 3k 43
y=p=
4 3 2
Do d6 y=2 X X 34D
8 6

Tir diéu kién y ., =ltadugc D= % Do d6 nghiém phai tim la:

y= 512(3x4-4x3-36x2+72x+8).

¢) Phuong trinh da cho khuyét x. Dat y' = p, ta cé:
vodp_dpdy dp
dx dy dx P dy
Phuong trinh da cho tro thanh:

p{—q-pl +2(1 - 2y)} =0
dy

Néu p =0 thi y = C, C 12 hing s6 tuy y, cling 14 mot nghiém ctia phuong trinh di cho,
nhung né khong thoa min diéu kién dat ra. Vay ta xét phuong trinh:

dp +2(1-2y)=0.
dy
Phén ly bién 6, ta duoc:
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d
?p +(1- 2y)dy =0,
) p )
Do dé 5+y-y=C,

C, la hang s¢ wy y. T diéu kién y| =0, y'

1 1 .
=—,taritra C, = —. Do d6 tr
=02 4

phuong trinh trén, ta dugc:

k= Y dy
2 _ + l ( _ 1)2
y Y 4 Y 5
Vay 2X + CZ = "'_I“T
Y3

C, la hang s6 tuy y. Tur diéu kién y‘no = 0, ta dugc C, = 2. Vay nghiém riéng cua
phuong trinh thod mén cdc diéu kién di cho 1a:
1 1
YT ey

d) Phuong trinh dé cho khuyét y. Dit y' = p, ta duoc:
xp' - p = x’Inx

D6 1a mot phuong trinh tuyén tinh cdp mot d6i v6i p. Nghiém téng quat chia phuong
trinh thuan nhat twong dng la:

p=Kkx,
K 12 hang s6 tuy §. Bang phuong phdp bién thién hing s&, ta dugc:
K'=Inx=>K=xlnx -x+C
C 1a hang s6 tuy v. Do dé:
p=y =xInx - x> + Cx

Tir diéu kién y'

=- 1, ta duge C = 0. Vay:

x=]

3 3 3 3
y = nglnxdx—x—zx—lnx—}——x—JrC
3 3 9 3

1

C, 1a hing s6 tuy y. Tir diéu kién y| | = 5 ta duge C, = 0. Vay nghiém riéng cua

phuong trinh thod mén céc diéu kién trén 1a:
x* 4

= —(hx——

y=5 3)
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¢) Phuong trinh di cho khuyét x. Daty' =p, y" = p j—p . Phuong trinh trg thanh:
Y

P g ep=0
dy

Néu p =0, ta duge y = C, C la hang s6 tuy y. Vay v = C la mot nghiém cia phuong
trinh da cho.

Néu p # 0, chia hai v€ cua phuong trinh trén cho p, ta duge:

dp

yp—— +p-p=0
dy
hay dy _dp _dp  dp
y pll-p) t-p p
Do d6 Iniyl = tn| <P,
p-1
: C
C]lz‘ihe’mgséitujz)’z.Vayy:—'p:p=i
p-1 y-C,

!

d
Nhung p=Ez—,dm;]c')tacc’)y dy =dx

Yy
Lay nguyén ham hai v€, ta duoc:
y-Clnlyl=x+C,
6.11. a) Gia st y, = x* 14 nghiém cia phuong trinh:
x(nx - Dy" -xy'+y=0
Tacéy, =ax®7 y" =a (a- x* % Thé vao phuong trinh, ta dugc déng nhat thic:
(Inx - D ofo - Dx*-ax® +x%=x" oo - DInx - o> + 1] =0
Do d6 {Z(O:I:) ; °
Suy ra o = 1. Ta thir lai d& dang rang y = x 14 nghiém clia phuong trinh.

Bay gid tim nghiém y, cha phuong trinh, doc lap tuyén tinh véi y, bang cich dat
Y, = XU

Tacé y,=xu"+u, y,=xu"+2u
The vao phuong trinh, ta dugc:
x(Inx - Du" + Q2lnx -3u'=0
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D6 1a mot phuong trinh cap hai d6i véi u, khuyét u. Dat v’ = p, ta duge:
d
x(Inx - 1)d—p +(2lnx - 3)p=0
X

Phan ly bién s6,ta duogc:

ﬂB.,. 21nx—3dx=0
p x(Inx-1)
Do dé ln|p‘=_j‘21nx-3 dx=AJ-2V_3dv
x(Inx —1)

v—1
Vi v =lnx. Vay

ln]p[:—I(Z—-l—)dv=—2v+ln|v~l|
v—1 .
[Inx —1|

X2

=-2Inx +In|Inx ~1|]=In

O day ta chon hang s6 tuy y cua tich phan bang 0. Suy ra

, Inx -1
p:u: 3
X
Inx - 1
Do do |,1:jnx2 ldxz__ll_}i
X X
Vay ¥, = Xu = - Inx

Phuong trinh da cho c6 hai nghiém riéng doc lap tuyén tinh 14 x va - Inx, do dé nghiém
tong quat cia nd La:
y=Cx+Glnx , C, C lanhing hidng s6 tuy y.
Chit thich: Ta biét rang néu bi¢t nghiém riéng y,(x) ctia phuong trinh c&p hai tuyén tinh:
Y'+pXy +qx)y=0
thi mot nghiém riéng y,(x) doc lap tuyén tinh véi y, clha né duge cho bdi cong thic
Liouville:

1 e—j‘p(x)dx

¥a(X) = y,(X) . dx
i 1 J.yf(X)
Trong bai todn nay, ta ¢ p(x) = — ——1-— Do dé:
x(Inx - 1)
dx
- XMx = |————=In|lnx -1
fpx) -[x(lnx-l) | |
-1
Suy ra y{x) =X I]n xj dx =x.[— ln—szv-lnx .
X - X
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b) The¢ y = ¢** vio phuong trinh di cho, ta duoc:
e [(2a’+ 4x)x + (& - 20 - 8)] = 0.
Ding thifc ay 1a mot déng nhat thic khi va chi khi:
207 +da =0
{az ~20—-8=0
He c6 nghi¢ém duy nhit o = -2. Vay y, = ¢ |a mot nghiém riéng cla phuong trinh.
Ta tim nghiém riéng y, clta phuong trinh doc 14p tuyén tinh v6i y, dudi dang:
y,=e® . u
Thé vao phuong trinh, ta duge:
2Zx+ u"-4x+6)u'=0
Diat v' = p, ta dugc:

d—p=4x+6dx=(2+ 4 )dx.
p  2x+1 2x +1

Do d6 Inlpl = 2x + In(2x + 1)* = In(e* . (2x + 1)?).
Suy ra p=u'=(2x+ 1y ™
Dung tich phan phéin doan hai lan lién tiép, 1a dugc:

2
u= {Q_x;-—l) —2)(}6“ .

_@x+l?
2
Va nghiém téng quat clia phuong trinh da cho La:

(2x+1)* 2x]
2

Vay ¥> 2x

hd =C|e_2x+ca {

C.. C, 12 hing s6 wy .

c)Gidsry, =x"+a,x""' +a,x"? + .. +a,_x + a, | mot nghiém riéng ctia phuong trinh:
(x*- y" -6y =0

Thé y, vao phuong trinh 4y, ta duoc:
[n(n - 1) - 6]x"+ [(n- 1) (n - 2)a, - 6a,1x" 2+ ... =0,

Do do nn-D-6=n’-n-6=0,

Phuong trinh 8y ¢6 hai nghiém n = 3 va n = - 2. Béc cha da thitc phai 13 s6 nguyén
duong, nén chi ldy n = 3. Vay y, 1a da thic béac 3 ¢6 dang:

y,=X +ax’ +bx +c
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Thé biéu thiic dy vao phuong trinh da cho, ta dugc:
-6ax’ + (2a-6b-6)x + (2a+6c) =0
Phuong trinh dy 1a déng nhat thire néu:

a=0
2a—-6b-6=10
2a+6c=0

suyraa=0.b=-1,¢=0.Tém lai y = x" - x la m¢t nghiém riéng cha phuong trinh.

By gio ta tinh nghi¢ém y, cta phuong trinh doc lap tuyén tinh véi y, theo cong thic
Liouville. Vi p(x) =0, ta c6:

yax) = (x° —x)j =(x* - )j 1) S
Taco : g =£+E+ ¢c ,p, E _F (*)
X*(x-D(x+1)* x* x (x-D* x-1 (x+D? x+1

Nhén hai v€ ctia (*) v6i x* rdi cho x = 0, ta dugc A = 1.
R .. .. 1
Nhan hai v&€ cia (*) véi (x - 1) réicho x = 1, ta duge C = e

Nhén hai v€ ctia (*) v8i (x + 1)’ réi cho x = -1, ta dwoc E = l
Nhan hai v€ cua (*) vé6i X 16i cho X — o, tadugc B+ D + F=0.
Th& x = 2 vao hai vé cla (*), ta dugc ?+ D+ F = -—l.

Giai he 3 phuong trinh déi véi B, D, F, ta dugc:

3

B=0, D:-E, F=2.
4 4
Do dé

X+ 1
x—1

4 4\x-1 x+1) 4

- (o 22X L3y,
2x(x- -1 4

y,(x) = (x* —x){—l—l(—l—+ : }4-2111

|

X +1 1__2 30 %) x|
x -1 4 Jx-1|'

x+1‘
x—l‘ '

Nghiém tong quét ctia phuong (rinh da cho 1a:

3(x’ —x)
4

y = C(x* -,"c)+(22[1—2 2
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d) R& rang y, = ¢* 13 mot nghiém riéng cha phuong trinh da cho. Ta tim nghiém y, cua
phuong trinh 4y doc lap tuyén tinh d6i véi y, bing cong thiic Liouville. Ta c6:

P 2x -2
- pydx = j; - 2X dx = j[l + x:‘_ ~ de

=x+In|x* —2x|=lne* {x* - 2x|

dx .

Do d6 y,(x) = ¢* J"X —2X | gx = ¢* [ :2"
e
Sai khic dau £. Bang tich phan phan doan 2 l4n lién tiép, ta duoc:
y(x)=¢ . (-x*.e")=-%’
Vay nghiém tdng quat clia phuong trinh da cho la:

=Ce'+Cx* , C,C,lacdchang sétuyy.
y 1

Do do y' =Ce"+2Cx.
Thé cdc diéu kién YL:. =0, y| , =1, tadugc:
{C,e+c2 =0
Cre+2C, =1

Tir do, tadugc C,=1,C, =- é. Viy nghiém phai timlay =-¢e* 7 + x%.
e) Dé dang thay ring y, = 1 va y, = x | hai nghiém cla phuong trinh:
2x-xDy" +2(x - 1)y' -2y =-2 (*)
Tir nguyén 1y chéng chat nghiém déi véi phuong trinh tuyén tinh, ta suy ra rang hiéu
Y, = x - 1 1a mo6t nghiém riéng cta phuong trinh thuan nhat
2x-xX)y" +2(x-1)y' -2y =0 (*%)

Ta tim mot nghiém riéng Y, cba phuong trinh &y doc lap tuyén tinh d6i v6i Y, theo
cong thuc Liouville. '

j jx‘_idx
xio2x dX

_(x—l)]' ——

—-2x 1
=(x — 1- d
_.1)2 dx (X 1) J.{ (X _ 1)2 } X

=(x—1)[x+ xilj=x2 -x+1.
Vay nghiém tong quat cia phuong trinh (**) la:
y=K(x-D+Kx*-x+1)
= (K, - K, (x - 1) + Kx*
=C(x - 1)+ Cx

=(x—1)jz;
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trong d6 C, = K, - K,, C, = K, 12 nhiing hing s6 tuy y. Nghiém tdng quét cta phuong
trinh (%) la:

y=Cx-D+Cx*+1.

6.12. a) Phuong trinh di cho 1A phuong trinh cdp hai tuyén tinh hé s6 khong doi.
Phuong trinh dac trung clla phuong trinh thudn nh4t tuong tng 1A k% - 1 = 0 né ¢6 2
nghiém thuc k = + 1, do d6 nghiém téng quit cita phuong trinh thudn nhat la:

y=Ce" +Ce™

C,, C, 1a nhiing héng s6 wy y. Ding phuong phap bién thién hang s6, ta thiy ring
bi¢u thic ay 1a nghiém clia phuong trinh khong thuin nhat néu C,, C, 1a nhitng ham so
cna x thoa mén hé:

Cie*+C,e" =0

x

Che*-Cle c
e’ +1
Giai h¢ phuong trinh ay, ta dugc:
o 1 ‘ . ezx
2t +1) T 2e* +D)
Do do .=— ~-Infe* + ) +K
Ie +1 [ ( ) ]
edx 1
C,=—— ——le" ~In(e* + 1+ K,
: 2 'fe vl [ ( ) 2]

Vay nghiém 6ng quét cha phuong trinh da cho la:
y:%e"[x—ln(e" +l)+K,]——;~e“‘[ * —In(e” +1J)+Kﬂ
b) Phuong trinh dac trung cha phuong trinh thuan nhat tuong tag.la:
K+2k+1=0
N6 cé 1 nghiem kép k = -1. Do d6 nghiém téng quat ctia phuorig trinh thuin nhat la:
y=(C,+Cx)e*=Cpe™ + Cxe”

C,. G, 1a cdc hang s6 tuy ¥. Bi€u thic dy trong dé C, va G, 12 nhimg ham s6 la nghiém
cua phuong trinh khong thudn nhat néu C,, C, thoa min hé phuong trinh:

Cie™ +C,xe " =0

{~ Cle™ +CLe" ~CLxe" =3¢ Vl+x
C,+C,x=0

{—C‘]—C'2 x-C',=3Jl+x
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Giai hé ay, ta duoc:

Ch,=3v1+x C=-3x+1+x

Do dé C=201+x)"+K,, C=2(1+x)"- g d+x"+K
Nghiém t6ng quat cia phuong trinh da cho la:
-x 4 542
y=¢e [K, +K2x+§(l+x) ]

c) Nghiém cta phuong trinh dac trung k* + 1 = 0 1 k = % i. Do d6 nghiém t8ng quat
cia phuong trinh thuan nhat la:
y = C,cosx + Csinx
trong d6 C,, C, 1a cic hing s wy ¥. Biéu thic iy, trong d6 C,, C,1a cdc ham so clia x, 1a
nghiém cta phuong trinh di cho néu C,, C, thoa man hé phuong trinh:
C' cosx+C',sinx=0
- sinx+ C', cosx = tgx

Nghiém cia hé ay la:

C', = sinx
C,=- S X cosx ~
COS X COS X

Do do6 C,=-cosx + K,

C, =sinx - lntg[ijti) +K,

2 4
Vay nghiém téng quat cha phuong trinh di cho la:
X = .
y = - cosxin tg[~2— + Z] +K,cosx+K,sinx .

d) Nghiém ctia phuong trinh dac trung k> + 5k + 6 =0 1a k = -2, k = -3. Do dé nghiém

tong qudt cla phuong trinh thuidn nhat tuong ing la:
y=Ce™+Ce™

Trong d6 C,, C, 1a cdc hang s6 tuy y. Dung phuong phdp bién thién hang s&, ta thay
rang biéu thuc trén, trong dé C,, C, la cdc ham s8, 1a nghiém clia phuong trinh da cho
néu C',, C, thoa min hé phuong trinh:

Cl] e—.‘ix +Cv2 e—3x =0

1

l+e

-2C e =3C, e =

2x
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Giai hé dy, ta dude:

Ix 2x
—e e
C'. = , ' =
P olye™ Y lee®
3xd
Do dé cl=je i =~]—ln(1+e2‘)+K|
l+e™ 2
3x
d
C,=-]= 2X =—¢" +arctge” +K, ,
1+e“*

K, K, 1a cdc hang s6 tuy y. Nghiém tdng quét cta phuong trinh da cho la;

2 ] 2 -
y=Kie™ +K,e™ +Ee"" In(1 +e*™ )+ e arctge”,

trong dé K, = K,-1.
e) Nghiém t6ng quat clia phuong trinh thuan nhat La:
y = C,cosx + C,sinx,
C:. G, la cdc hang s6 tuy y. Biéu thifc 4y la nghiém clia phuong trinh khong thuén nhat
néu C,, G, 12 hai ham s6 clia x thod min hé phuong trinh:
Ccosx+C,sinx =0
1

c0os 2x+/cos 2x

—2C", sinx + C', cosx =

Do dé C'7=ﬂgﬁ, C'1=——&XJ-F
T (eos2x)7T {cos2x)” "
) COs X sin X
Suy ra = | ———sdx=——=+K
I(cos 2x)*? Vcos 2x ’
___[ sin x _ __cosx +K,

(cos2x)’"? Veos 2x
K, K, la nhiing hing s6 tuy y. Nghiém téng quat clia phuong trinh di cho la:
y = K cosx + K,sinx - vcos2x .
6.13. a) Phuong trinh dac trung clia phuong trinh thuan nhat tuong tng la
K-7k+6=0.
NG ¢6 hai nghiém k = 1, k = 6. Do dé nghiém téng quit clia phuong trinh thudn nhat la:
y=Ce* + Ce™.
V€ phai clia phuong trinh da cho ¢6 dang P,(x)sinBx, P,(x) 12 da thifc bac n. G day

n=0,p=1 Vitip =1ikhong la nghiém cha phuong trinh dic trumg, nén ta tim mot
nghi¢m ri€ng cua phuong trinh khong thudn nhét ¢6 dang:
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Y = Acosx + Bsinx .
Do dé Y' = - Asinx + Bcosx
Y" = - Acosx - Bsinx .
Thé vao phuong trinh, ta duge dong nhat thic:
(5A - 7B)cosx + (3B + 7A)sinx = sinx .
{SA ~-7B=0

Suy ra
7A+5B=1

Nghiémciahé¢ déla: A= l, B= S . Vay:
74 74

Y= L(7“(:05){ +5sinx) .
74
Nghiém téng quét cta phuong trinh di cho 1
1 .
y=Ce*+ce™+ ﬁ(‘?cosx + 5sinx).

b) Phuong trinh dac trung ciia phuong trinh thuin nhat tuong Ung la:
kK"+9=0.

N& c6 hai nghiém phic lién hop 1a k = + 3i. Vay nghiém tong qudt cta phuong trinh
thuan nhat 1a:

y = C,co83x + C51n3x .
V€ phai cia phwong trinh da cho cé dang €™ Py(x), trong dé o = 3 khong la nghi¢m

ctia phuong trinh dic trung. VAay ta fim mot nghiém riéng cua phuong trinh khong thuan

. N N . 1
nhat c6 dang Y = Ae™. Thé vao phuong trinh dy, ta dugc A= —.

VayY = %e"". Nghiém téng qudt clia phuong trinh di cho la:

1
y = C,cos3x + C,8in3x + -3~e“" :

¢) Phuong trinh déc trung ctia phuong trinh thuan nhat tuong tmg 1a k* - 3k = 0. N6 ¢6
hai nghiém k = 0, k = 3. Do d6 nghiém téng quat cila phuong trinh thuan nhat la:

y=C, +Ce™.

V& phai clia phuong trinh da cho ¢6 dang P, (x), trong dé o = 0 la nghiém don cua
phuong trinh dic trung. Do dé ta tim mét nghiém riéng clia phwong trinh khéng thuan
nhit ¢6 dang;:

Y = x(Ax + B) = Ax’ + Bx
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Theé vao phuong trinh, ta dugc déng nhat thirc:
2A-3B-6Ax=2-6x
Do dé E’z; iB_Z :
Vay A=1,B=0. Suy ra y = x’. Nghiém téng quat ciia phuong trinh di cho Ia:
y=C +Ce™+x.
d) baty = e™z thé vao phuong trinh:
y' -2y + 3y =e” cosx

Ta duge 2" -4z + 6z=cosx (%)

Phuong trinh dac trmg cla phuong trinh thudn nhét tuong vmg véi (*) 1A k% - 4k + 6 = 0.
N6 ¢6 2 nghiém phitc lien hopk =2 + J2i. Vay nghiém t6ng quat clia phuong trinh thudn
nhat la:

z= e (C,co8v2 x + Cysin 2 x)

V¢& phai cua (*) ¢6 dang ™ cosPx, trong d6 « = 0, £ i = + i khong 12 nghiém cua
phuong trinh dac trung. Do d6 ta tim mot nghiém riéng cta phuong trinh (*) ¢6 dang:

7. = Acosx + Bsinx
The vao phuong trinh (*), ta duge dong nhat thikc:
(5A - 4B)cosx + (4A + 5B)sinx = cosx

SA-4B=1
Do dé
4A+5B=0
Nghiémclua he ay la: A = > B——4 Vay:
7= Scosx —4sinx
41

Nghiém tdng quat cla phuong trinh (*) 13

Scosx —4sinx

2= e(C,cos V2 x + Cysinv/2 x) + T

Nghiém tSng quat cha phwong trinh da cho 1a:
2 Jcosx —4sinx
41
e) Phuong trinh dac trung cia phuong trinh thuin nhat twong ing 12 k% + 4 = 0, n6 ¢6
2 nghi¢m phiic lién hop k = + 2i. Vay nghiém téng quat clia phirong trinh thuin nhat la:

y=e'z= e"(Clcos\E X+ Czsinﬁ X)+e

y = Ccos2x + Csin2x
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V¢ phai clia phuong trinh ¢4 cho c6 dang Py(x)sinPx, B = 2. Vi i3 = £ 2i 13 nghi¢ém cta
phuong trinh dac trumg nén ta tim mot nghiém riéng cla phuong trinh khong thudn nhat
c6 dang:

Y = x{Acos2x + Bsin2x)
Ta cod Y' = (A + 2Bx)cos2x + (B - 2Ax)sin2x
Y'" = (4B - 4Ax)cos2x - (4A + 4Bx)sin2x
Thé vao phrrong trinh ta dugc dong nhat thic:
4Bcos2x - 4Asin2x = 2sin2x .
Do dé 4B=0, -4A=2.
Vay B:(),A:—%.Suyra Y=-%cos2x.
Nghiém téng qudt cta phuong trinh da cho la:
y = C,c082x + C;sin2x - %cos 2x
f) Phuong trinh dac trung k* + 2k + 1 = 0 c6 nghiém kép k = - 1. Vay nghiém téng
guat cha phuong trinh thuan nhat tuong img la:
y=(C, +Cx)e™.
V& phai cia phuong trinh di cho ¢6 dang P,(x)e”, B = - 1 12 nghiém kép clia phuong

trinh dic trung, do d6 ta tim mot nghiém riéng cla phuong trinh khong thuin nhat
c6 dang:

Y = Ax’e™.
Tacéd Y'= Ae(2x - x%)
Y"=Ac*x -4x +2).
Thé vao phuong trinh, ta dugc dong nhdt thitc
2Ae™ =4e¢7,
Do dé A = 2. Vay Y = 2x%e™. Nghiém tdng quét cta phuong trinh da cho la:
y = (C, + Cx + 2xH)e™ .

0) Phuong trinh dac trung k? - 9k + 20 = 0 ¢6 2 nghiém k = 4, k = 5. Vay nghi¢m 16ng
quadt cha phuong trinh thudn nhat tuong dng la:

y=Ce™ + Ce™.

Vé phai clia phuong trinh da cho ¢6 dag P,(x)e™, B = 4 13 nghiém cia phuong trinh
dac trung, do d6 ta tim mot nghiém riéng cta phuong trinh khong thuan nhat ¢6 dang:

Y = x(Ax? + Bx + Ce* .
Ta cé Y' = e”[4Ax" + (3A + 4B)x* + (2B + 4C)x + C]
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Y" = e [(16AXY + (24A + 16B)x* + (6A + 16B + 16C)x + (2B + 3O
The vao phuong trinh da cho, ta duge déng nhat thic:
-3AX"+(6A - 2Bx +2B-C=x2.

Do dé -3A=1, 6A-2B=0, 2B-C=0.
Suy ra A:-%, B=-1, C=-1.

x.\
Vay Y:-(?+x2+2x)e“".

Nghiém téng qudt ctia phuong trinh da cho la:
.x3
y =Ce™ + Ce™ - (—3— + X+ 2x)e* .
h) Phuong trinh dac trung k* + 4k - 5 = 0 c6 hai nghiém k = 1, k = - 5. Vay nghiém
téng quat cha phuong trinh thuén nhat wong ing 13:
y=Ce' +Ce™.

V& phai cha phuong trinh di cho ¢6 dang P (x)e®, B = 1 la nghiém cha phuong trinh
dac trung. Vay ta tim moét nghiém riéng cha phuong trinh di cho ¢6 dang:

Y = Axe".

The viao phuong trinh, ta dugc A = % Vay Y= %xe“

Nghiém t8ng quat clta phuong trinh di cho 1a:
y=Ce*+Ce™+ %xe‘ .

1) Dat y = e™z. Thé vao phuong trinh da cho, ta 'duqc:
z" + 4z = 2xcos2x (*)

D6 1a mot phuong trinh tuyén tinh cép hai véi hé s6 khang déi, nhumg vé& phai don
gian hon vé phai ctia phuong trinh di cho.

Phuong trinh dac trung ctia (*) 12 ¥* + 4 = 0, né ¢6 hai nghiém phic lién hop la k = + 2i.
Vay nghiém t6ng qudt clia phuong trinh thudn nhét tng véi (*) la:

z = C,cos2x + C,sin2x

V¢ phat ca (*) c6 dang P\(x) cospx, £ if = + 2i la nghiém ciia phuong trinh dac trung,

do do ta tim mot nghiém riéng cha (*) ¢/t dang:

Z. = X[(AX + B)cos2x + (Cx + D)sin2x]
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Taco '
Z' =[2Cx* + 2(A + D)x + Blcos2x + [- 2Ax” + 2(C - B)x + DJsin2x
7" =[- 4AX> + 42C - B)x + 2(A + 2D)}cos2x +
+ [- 4Cx* - 4(2A + D)x + 2(C - 2B)]sin2x.
The vao phuong trinh (*) ta dugc déng nhat thirc:
8Cxcos2x - 8Axsin2x + 2(A + 2D)cos2x + 2(C - 2B)sin2x = 2xcos2x.
Do dé 8C=2, A=0, A+2D=0,C-2B=0

1
Suy ra C=Z,A=O,D=O,B=%.V3y

2
Z= X cos2x + X sin 2x
8 4
Nghiém tdng qudt clia phuong trinh (*) la:
2

z = Cicos2x + C5in2x + %cos 2x + %—sin 2x

Nghiém téng quat cta phuong trinh di cho la:

y=e'z=e" (Ccos2x + C,sin2x + %cos 2X + 2 sin 2x ).
J) Nghiém cua phuong trinh dic tnmg k’+ 1 =012 k = £ i. Vay nghiém tdng quét clia
phuong trinh thuin nhat tuong dng 1a:
y = C,cosx + C,sinx
V¢ phai coa phuong trinh da cho 1a:
x* cos 2x
2

Ap dung nguyeén 1y chdng nghiém, trude hét ta tim nghiém riéng ctia phuong trinh:

xicos’x = Z—+

y'4y= (*)
Cé dang Y, = Ax* + Bx + C, vi v€ phdi c6 dang e™P,(x), & = 0 khong 1a nghiém cla
phuong trinh dac trung. Thé Y, vao phuong trinh (*), ta duge dong nhat thiic:

2
Ax2+Bx+2A+C=x—2-

Do dé A= B=0,C=-1

1
2 *

Vay Y, =2 -1
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Bay g0 ta tim nghiém riéng cua phuong trinh:

2

y'+y= -)52— cos2x (**)
Cédang  Y,=(Ax"+Bx+C)cos2x + (A,x* + B,x + C,) sin2x

Thé vao phuong trinh (**), ta duge déng nhat thic:
[- 3A,x° + (8A, - 3B))x + 2A, + 4B, - 3C,] cos2x +

2

+[- 3A,%°- (8A, + 3B,)x + 2A, - 3C,]sin2x = %}- cos2X

Do dé
-3A, =l
2
8A, - 3B, =0
J2A, +4B, -3C, =0
-3A, =0
8A, +3B, =0
2A, ~4B, -3C, =0
1 1 4
Suy ra A,=——,BI:O,C,:—3,A,:0, B,=—,C,=0
6 17 - 9 T
1 : .
Vay Y,= —?)-—X— cos2x+ﬁsm2x .
27 6 9

Nghiém téng quat clia phwong trinh da cho la:
? 1 : 4x .
y = C,cosx + Csinx + X?- 1+ [2—*; - —)-(—]cosb{ +—sin 2x .

k) Nghiém cta phuong trinh dac trung k* - 3k = 0 1a k = 0, k = 3. Vay nghiém téng
quat cua phuong trinh thuidn nhét tuong g la:

y=C, + Ce™
Theo nguyén ly chong nghiém, trude hét ta tim nghiém riéng clia phuong trinh y" - 3y’ = ™
dudi dang Y, = Axe™, vi v& phai ¢6 dang €™, B = 3 I nghiém clia phuong trinh dac

trimg. Thé Y, vao phuong trinh, ta dugc A = % dodé Y, = %xe"”".
Bay gio ta tim nghiém riéng cla phuong trinh y" - 3y’ = - 18x dudi dang Y, = x(Bx +

C), vi v& phai ¢6 dang ¢™P (), B = 0 13 nghiém cta phuong trinh dic trung. The Y, vio
phuong trinh ta duge dng nhét thitc:

-6Bx +2B-3C=-18x
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Do dé -6B=-18, 2B-3B=0
SUy ra B=3, C=2, Y,=x(3x + 2).

Nghiém téng quat ciia phuong trinh da cho la:
y=C +Ce™+x(3x+2) + %e“" i

1) Nghiém téng quat ctia phuong trinh thuin nhat twong tng la:

y = C,cosx + C,sinx .

| 3 N . v .
Vi cos'x = ZCOS3X + Zcosx, nén theo nguyén ly chong nghiém trude hét ta tim

- k] » " 1 P
nghiém riéng cia phuong trinh y" +y = " cos3x dudi dang:

Y, = Acos3x + Bsin3x.
Thé vao phuong trinh ta dugc déng nhat thiic:

- BAcos3x - 8Bsin3x = icosSx .

Do do6 -8A=%,8B=0
1 1

Suy ra A=-— B=0, Y,=- —cos3x
32 32

Bay gio ta tim nghiém riéng cia phuong trinh:

y"+ —Ecosx
Y 4

dudi dang Y, = x(Ccosx + Dsinx), vi v& phai ctia phuong trinh ¢6 dang e*P(x), 2 if =+ i
1a nghiém cia phuong trinh dac trimg. Thé Y, vao phuong trinh, ta dugc

(2D - Cx)cosx - (2C + Dx)sinx + Cxcosx + Dxsinx = i—cosx .
. 3
Do d6 2D=Z, 2C=0

Suy ra D=—=, C=0, Yzz%{sinx.
Vay nghiém tdng quat cGa phuong trinh di cho 1a:
1 3
= Ccosx + C,sinx - — cos3x + = xsinx .
y l G 1 g

m) Pat y = e**z. Thé€ vao phuong trinh:
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y"' -4y + 4y = e”cos’x .

Ta duagc 7" =cos’X .

Do dé z= Jl(1+0052x)dx=i+smzx +C,
2 2

Vay Z=}4—-—0052X+C1X+C3.

Suy ra nghiém téng quét clia phuong trinh di cho la:

x’  cos2x

= (Cx+C, + — —
Yy (€, 2 4 3

n) Phuong trinh dac tnmg k* - 2k + (1 + &) = 0 ¢4 2 nghiém phiic lién hop k = 1 + o
Vay nghiém tong quét cla phuong trinh thuin nhat tuong ung la:

y = e*(C,cosax + C,sinux) .

V¢€ phai ctia phuong trinh ¢6 dang Py(x)cosox, * io khong 1 nghiém clia phuong trinh
dac trung, do d6 ta tim mét nghiém riéng cha phuong trinh ¢6 dang:

Y = Acosax + Bsinox .
Thé viao phuong trinh, ta duge déng nhat thic:

(- 2Ba + A)cosax + (2Aa + B)sinax = (1 + 4ah)cosox .

— 2B = 2
Do d6 A -2Ba=1+4u
2Aa+B=0
Suy ra A=1, B=-2a.Vay

Y = cosax - 2asinax
Nghiém tng quit ciia phuong trinh da cho la:

y = e"(C,cosax + C,sinax) + cosux - 2asinax .
Do dé

y' = e (Ccosax + Csinax - C sinax + C,acosax) - asinax - 2a’cosox.
Tir cdc di€u kién y‘m =1, y"FO =0, ta duoc:
Ci+1=1, C+Ca-22=0.
Do d6 C, =0, C,= 2a. Vay nghiém riéng can tim la:

y = cosax + 2a (e* - 1)sinox .
6.14. a) Ta co:

I
U= (p(),r2=x2+y2+22
T
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Do d6 MU _19 -0 X _19-0¢

X
ox r? r r
&u -0 ox " — (ro'— @3’ x
2 3 6 T
Vay ox r ) r3 2 r
_Io'- P, 2t @"—3ro'+ 3r'g
3 7
r r
: . , : o’ _o0u ,
vl vai tro déi xing cita x, vy, z, i—ti, (hodc ';l ) duge suy ra il Q——l,l bang cdch thay
ay” o0z" ox”

trong biéu thic clia né x bdi y (hoac z). Vay:

82 a?_ 82 v 2
1.0 u_ r(p3 L i—?(rqcp"—3r3cp'+3r2(p) =

2 + R

oxt oy’ ez’ r

_3e 30 9" 3¢ 3o ¢
r2 l'3 r T2 I'3 I

Thé vao phuong trinh d4 cho, ta dugc

¢ -4p=0
D6 12 mét phuong trinh c4p hai tuyén tinh hé s6 khong déi. Nghiém t6ng quat cha né la:
p=Ce” +Ce™
C,. G, 1a cdac hang s tuy .
b) Ta ¢6
wx, y=o(), r=x*+y’
Do d6 %z(p'(r).%zx.%
Suy ra & =x.r(p”_(pr.1:xy.M
Oxoy r? r r?
Thé vao phuong trinh da cho, ta duge
"~ o' 1
T
Hay " - =r*®

P6 1a mot phuong trinh cap hai cua ¢(r), khuyét ¢ .
bat p = ¢, ta dugc:
rp'-p:r"'a (*)

D6 1a phuong trinh tuyén tinh cdp mot vé p. Nghiém tdng qudt cia phuong trinh thuén
nhat tuong (ng la:

p=Kr
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K 12 hing s6 tuy y. Xem K 1a ham s6 clia r, thé biéu thic dy vao phuong trinh (%),
ta duroc:

K'=r""
c6 2 trudng hop o # 2 va o = 2. Xét truong hop o # 2. Ta ¢é
2-a
K=~ +C,
2-a
C 1a hang s6 tuy y. Do d6:
rE—u
=@ = +C,r
p=Q 7« |
Suy ra
4z 2

EREYTR +C,%+C2 néuoc#4
(P(r): ( _(I.)( _(1)

7

--;—lnr+C,%+C2 néua =4
Bay gid ta xét truong hop o = 2. Khi dé:
K=r'"=>K=lnr+C,
C, la hang s6 tuy y. Do d6
p=¢ =rlnr+Cr

Suy ra
rZ r2 rZ r2
Q= Irlnrdr+C, -—2—=?lnr—?+C, EJrC2
Toém lai:
r-l—u
-Néua#2, a4, @)= —————+Ar’ +B
(2-a)4-a)
- Néu o = 4, (p(r)=—%lnr+Ar2+B
-Néua =2, (p(r):%lnr+Ar2+B.

6.15. a) Gid sur chudi uy thira:
y=a, +aX+ax + .. +ax + ..
¢6 ban kinh hoi tu R, 14 nghiém cua phuong trinh da cho.

Ta cé Y =a, +2a,X + 32X + ...+ na X" + ..
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y' =2a,+23ax +..+(n- nax">+ ..
Thé viao phuong trinh, ta dugc déng nhét thitc:
(- 3+ 2a)) + (- a, + 12a,)x + (- &, + 30a)x” + ...
A [a  +@2n-1D2nalx"  +.. =

= 3 [-a,, +(2n-1)2an,In"" =0 .

n=;k

Dodotacovnz 1

a = au—l
" (2n-1).2n
a
Suy ra a = —
Y W)
al
A, = ——
'34
a2
a, =
- 56
a = an—l
" (2n-1).2n
Nhan cdc dang thitc y véi nhau timg v€ mot, ta duge:
a, = %o
(2n)!

Vay nghiém phai tim la:

x Xz X“ o xn
=a |l+—+—+..+ +.1=a —=a, f(x
Y ”( 2 A (2n)! ] °,§(2n)z of(%)

Eal n

a, 12 hing s6 tuy ¥. Ding quy tic D'Alembert doi véi chudi luy thira f(x) = z (; )
n=u nj

ta thiy ngay ring ban kinh hoi tu ctia né 1a R = . Do d6 f(x) xac dinh trén R.

Chit thich: Ta nhan xét rang:

B t?_n

cht = Z

=i (2“)1

~Néux 20, dit x =t véi 1 = Vx , ta duoc f(x) = chvx .
-Néux <0, datx =- 1 vdit= v—x , ta dugc:
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3n

£(x) = Z( )“(

n=

2n)! =cost=cosv—X .
Nhu vay:
) chv/x néuxz0
X)=
cosv—x néux<0
vi f(x) 12 tong cta mot chudi lu§ thira hoi tu trén R, nén f(x) kha vi vé han 1an trén R, do
do noé ciing kha vi vo han lan tai x = 0. Ban doc c6 thé kiém tra lai diéu nay.
C6 thé tim duoc, chang han bing cong thiic Liouville nghiém g(x) doc lap tuyén tinh
v f(x) coa phuong trinh. Ta dugc:
shvx néu x>0
gixy=14 ]
sinv—-x néux<0
Nhung ham s6 g(x) lai khong khai trién duge thanh chuéi Juy thira, vi né khéng kha vi
tai x = 0.
b) Gia str
y=a,+ax+ax’ + .. +ax"+.,xI<R
1a nghiém cua phuong trinh:
2x(l-x)y'+(1-2x)y=1.
Thé biéu thiic cua y vao phuong trinh, ta dugc déng nhat thic:

a, + (3a, - 2a,)x + (54, - 4a)x* + ... + [(2n + Da, - 2na_,]x" + ...

=a,+ Z[(Zn +1)a, —2ma__ Jx" =1

n=1

Do dé a, =1
a, = 20 a,,vn21.
2n+1
Suy ra a,=1
246...2n)  (2n)!

Th

1357...2n+1) (2n+DN’
Nghiém phai tim 1a:

(2n)!! "
; (21t + 1)|| ’

Bdn kinh héi tu ¢cda né la:

R-hma 2n+1

—>a? a
n

= lim =1,

e Ip
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Bay gig xéttai 2 mitx =+ 1.

- Tai x = 1, ta ¢6 chudi s6:

1+Za“ vdl a, > 246..20) 1

n

o 246..(2n+2) 2n+2
Vay chudbi s6 phan ky.

-Tai x =- 1, ta ¢6 chudt s6 dan ddu 1 + Z(—l)" a, -
n=|
2n

_ . a o L :
RS rang a, giam khi n ting vi 0 < ——= el < L. Ta s& chimg minh rang hm
a n+ h—>

n-1
a, = 0. That vay:
an=[l_1)[l_l}..[f_ !
3 5 2n+1
lna—iln[l— I }
& 2k+1)°

1 . 7]
Vi 1n[1_._-l.. L[_ Jm __‘_J khi n — oo, chudi Zln[l— ! ] phan
n+i; 2n+1 2n 2n+1

n=t

ky. Chudi s ay lai < toan sd hang dm, vdy limlna_  =-w, do dé lima, =0. Theo

n—rod n—son

dinh Iy Leibniz ¢chudi dandau 1 + Z(—l)" a, hoitu. Vay nghiém khai trién dugc thanh

n=]

chudi luy thira cta phuong trinh dd cho hoi i véi -1 € x < 1.

281



MUC LUC

Loi gici thién 3

Chuong 1. Tap hop - Anh xa - $§ phic

1.1. Ménh d¢ todn hoc va cdc ky hiéu logic 5
1.2. Tap hop va phéan ur 6
1.3. Cac phép toan trén tap hop 8
1.4. Anh xa 9
1.5. S6 phuic 12
Cdu hoi on tap 20
Bai tip 20
Chuong 2. Ma tran - Dinh thic - Hé phuong trinh tuyén tinh
2.1. Ma tran, cdc khdi niém vé ma tran 22
2.2. Binh thiic 28
2.3. Ma tran nghich dio 33
2.4. Hé phuong trinh tuyén tinh 38
2.5. Hang ca ma tran - hé phuong trinh tuyén tinh tdng quat 47
Cau hoi on tdp 52
Bai tap 52
Chuong 3. Ham s6 mét bién s¢
3.1. Giét han va sy lién tuc cia ham s& : 56
3.2. Pao ham va vi phan ham s& mot bién 65
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3.5. Tich phan xac dinh 88
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Caut hot on tap 127
Bai tap 127

Chuong 5. Ham s6 nhiéu bién so

5.1. Nhitng khai niém ma dau 130
5.2. Pao ham va vi phan 132
5.3. Cuc tri 137
5.4. Ham s6 an. Cuc tri ¢6 diéu kién 139
5.5. Tich phan b 141
Cau hoi én tap 154
Bai tdp 154

©huong 6. Phuong trinh vi phan

6.1. Cac dinh nghia 158
6.2. Phuong trinh vi phan cép 1 159
6.3. Phuong trinh vi phan c&p 2 165
Cdu hoi 6n tdp 169
Bai tap 169
DPap s6 va loi giai van tat 175
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GIAO TRINH )
TOAN CAO CAP

Chin tréch nhiém xudt ban :
BUI HOU HANH

Bién tgp : DAO NGOC DUY
Ché bdn - PHAM HONG LE
Stta ban in : DAO NGOC DUY
Bia : NGUYEN HOU TUNG

In 1000 cusn khé 19 x 27cm, tai Xudng in Nha xudt bn Xay dung. Gidy chip nhan dang ky k&
hoach xudl bin 56 621/XB-QLXB-13, ngay 29-4-2005. In xong ndp Iuu chidu thang 10-2005.
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