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LS NOI DAU

Trong cubn sach Nhitng phuong phdp dién hinh trong gidi todn
phé théng [13] cia tac gia c6 dé cip dén phuong phap phan ti cuc
bién. Phuong phap nay da 10i dung phan t&t goi 1a dai luwong cuc
bién theo mét nghia ndo d6 nhu nhd nhét, 16n nhét, cac diém diu
ctia doan thang, phin t& ndm & ranh gi6i gitta phan trong va phan
ngoai mot tap, ... Néi dung cudn sach Gidi todn bdng phuong phdp
dai lugng cuc bién khao sat rit ki nhitng ki thudt va cach st dung
dai luong cuc bién dé€ gidi toan. R4t nhiéu bai todn méi dude giai
bing phuong phap dai lugng cuc bién. Mot sb tai liéu trong nudce
goi phuong phap nay 1a phuong phép cuc han. D€ thé hién ban chét
ctia phuong phap, tac gia goi né la phuong phdp dai lugng cuc bién.
B&i vi khi giai bai toan, ta di dung dai luong cuc bién lam miu chbt
cho xudt phat va Iy luan. Mt khac, dai luong cuc bién trong méi bai
toan cu thé 14 khac nhau, nhung c6 tinh chét chung 13 cac phan ti
nay nim gitta mién xac dinh va mién khong xac dinh ctia bai toan
theo mot nghia nao do.

Nguyén ly thét tu ctia sb hoc 13 mAu chét ctia phuong phap dai
luong cuc bién. Ngay tit Chuong mét, ta sé thiy nhiing bai toan giai
dugc bing phuong phap quy nap thi déu gidi dude bang phuong
phap dai lugng cuc bién théng qua nguyén ly thtt tu. Nhu vay, ta
thdy ngay dudc hai cach gidi loai bai ton nay 1a phuong phap quy
nap toan hoc va phuong phap dung nguyén ly thit tu. Trong phan
ndy cac ban sé thiy méi lién két giita hai nguyén 1y chit ché nhu thé
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nao. Chuong hai trinh bay cac ki thuat chitng minh hoac tinh toan
stt dung phuong phéap dai lugng cuc bién, nhit 1a dung 1y ludn phan
chiing véi dai luong cuc bién, sdp xép tht tu cic phan tt, ... Nhiing
ki thuat nay dugc 4p dung rit nhiéu cho cac chuong sau. Chuyén dé
ctia chuong ndy 13 dua thit tu vio cho mét tAp hop bat ki chtt khéng
phai chi 1a tip hop sb nguyén. Diéu quan trong 14 sip xép nhu thé
ndo dé thé hién nguyén 1y thi tu va st dung giai bai toan. Chuong
ba ting dung phuong phap dai luong cuc bién vao hinh hoc véi cac
dai luong cuc bién da dang nhu sb do goc, d6 dai canh, ... Rit nhiéu
bai toan hinh hoc khong thé gidi bang cach khac hay hon. Chuyén
dé ctia chuong nay 13 bai toan Sylvester-Gallai va nhitng mé rong
ctia né. Chuong bbn lai 1a iing dung phuong phap dai luong cuc bién
vao sb hoc va dai sb véi dai lugng cuc bién 14 sb nhd nhét va 16n
nhét. Dic biét, chuyén dé quan trong 13 phuong phap xubng thang
trong sb hoc, phuong phap nay da c6 lich sit tir thdi Fermat. Chuong
ndm vé giai tich lién quan t6i cac dinh 1y néi tiéng nhu: dinh ly gia
tri trung binh, dinh ly gia tri trung gian, dinh ly Rolle,... cho cac
ham lién tuc xac dinh trén mét doan, ma gia tri ham sb tai hai du
mut quyét dinh no6i dung dinh ly. Tt nhiing dinh 1y co ban nay, rat
nhiéu bai todn dudc gidi ciing chi cin st dung gi4 tri hai diu mut
ctia doan thing 13 dt... Chuong sdu vé ham 16i va tinh cht cia ham
16i dat gia tri 16n nhit va gia tri nh6 nhét tai cic diém cuc bién trén
mién x4c dinh ctia n6. Cu thé, néu ham 16i xac dinh trén doan thing
hodc mién da gidc, thi né dat cuc tri tai hai ddu doan thing hoic tai
cac dinh ctia da giac. Hang loat bai todn dung dai lugng cuc bién
ctia ham 16i d€ gidi mét cach rt 1y tha.

Cubn sach danh cho hoc sinh phé théng yéu toan, hoc sinh kha
giéi mén toan, cac thiy cb gido, sinh vién dai hoc nganh toan, nganh
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tin hoc va nhiing ngudi yéu thich toan hoc phé théng. Trong bién
soan, ching t6i khong thé tranh khéi sai s6t va nham 14n, rit mong
ban doc cho ¥ kién. Moi g6p vy gtii vé dia chi: Ban bién tdp sach
Toan, Nha xuit ban Gido duc tai Ha Néi, 187B Giang V6, Ha Nbi.
Téc gid cam on ban bién tip Toan - Nha xuét ban Gido duc Ha
Noi d4 hét site gitp d6 d€ cubn sach dudgce in ra. TAc gia dic biét cam
on bién tp vién, TS. Pham Thi Bach Ngoc d4 doc ki ban thdo va b
sung rat nhiéu y kién c6 gia tri d€ hoan thién cudn sach.
Ha Noi, ngay 2 thang 9 ndm 2005
Nguyén Hitu Dién
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Trong cubn sach nay ta ding nhiing ky hiéu véi cdc ¥ nghia xac
dinh trong bang duéi day:

tAp hop sb tu nhién

tAp hop sb tu nhién khac 0
tAp hop sb6 nguyén

tap hop sb hitu ti

tap hop s6 thue

tap hop sb phiic

diu ddng du

duong v6 cung (tuong duong véi +)
am vo cung

tap hop rong

t6 hop chap k clia m phan ti

chia hét

7 khong chia hét

UCLN uéc sb chung 16n nhét

BCNN  boi s6 chung nhé nhét

deg béc ctia da thiic
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Chuong nay nhic lai nhitng khai niém khéi dau cta Iy thuyét
s6. Tap hop sb tu nhién, cic phép toan cta né va mét thit tu théng
thuong trong nd. Trong tam la nguyén ly thi ty va nhitng tng dung
ctia nd, lién quan dén van dé nay ta xét nguyén 1y quy nap toan hoc,
phuong phap phan chitng v6i nguyén ly thit tu.
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1.1. NGUYEN LY THU TU

Tap hop s6 N = {0,1,2,3,4,...} dudc goi la tap hop s6 tu nhién.
MObi phén ti ctia n6 dudc goi 1a mét sé tu nhién. Tap hop sé tu nhién
thudng gin vé6i hai phép todn cdng va nhdn. Véi nhiing sb tu nhién
a,b va ¢, cic phép toan trén c6 nhiing tinh chéit sau:

1. a+b va ab ciing 13 sb tu nhién (tinh déng).

2. (a+b)+c=a+ (b+c) vaa(bc) = (ab)c (tinh két hop).

3. a(b+c) = ab+ ac (tinh phan phéi).

4.0+a=a+0 (don vi cong tinh).

5. la = al = a (don vi nhan tinh).

Ngudi ta con xét thit tw < (nhd hon) thusng dung trong tip sb
ty nhién: 0 < 1 <2 < 3 < ... Thit tu ndy c6 tinh chit sau: Néu a,b va
¢ 14 nhitng s tu nhién khéc nhau, thi
(1) hodic 13 a < b hodic 14 b < a, nhung khong ddng thdi c6 ¢ hai bat
déng thitc nay;

(2)néua<bvab<cthia<ec.

Ngudi ta cong nhan mét tinh chit quan trong trong tip sd tu
nhién nhu mét tién dé co sé:

Nguyén ly thit tu: Moi tdp con khdc réng nhiing s6 tu nhién luén cé
phdn tit nhé nhdt.

Vi du: Cho tap hgp . dudc dinh nghia nhu sau:

& = {x|x la tich ctia nhiing s6 nguyén duong chdn khdc nhau }.
Ta c6 thé viét cu thé tap hop nay . = {8,12,16,20,24,...}. Ta théy
rang tip hop .7 thuc su c6 phan t nhé nhét 14 8.

Nguyén ly thit tu dting cho tip hop sb tu nhién N nhung khong
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dtng cho tdp s6 nguyén dugc dinh nghia va ky hiéu nhu sau:
Z={.,-3,-2,-1,0,1,2,3,...}

V6i thtt tu < thi tip con khac réng nhiing sb nguyén 4m khéng c6
phén td nhd nhét.

Pinh 1y 1.1. Cho tdp hop khdc réng nhitng sb tuw nhién
& = {x1,x2,x3,...} sao cho x; > x, > x3 > ... Khi d6 . la tdp hop
hitu han.

Chitng minh. Theo gia thiét . 13 tip hop khac réng. Gia st .7 1a
tp v6 han. Tit x; > x; > x3 > ... (theo gia thiét), suy ra . khong c6
phan t nhé nhét. Piéu nay trai v6i nguyén ly thtt tu. Do d6 .7 1a
tAp hop hitu han. ©

Phan sau diy ta st dung nguyén 1y thi tu d€ gidi toan goi 1a
phuong phdp dai lugng cuc bién. Trude khi xét mét sb vi du stt dung
phuong phap nay d€ gidi toan, ta nhic lai nhitng loai s6 khéc can
thiét. S hitu t1 13 b ma né 6 thé biéu dién dusi dang g & day a,b
14 hai s6 nguyén va b # 0. Ky hiéu tdp s6 nay 1a Q. S v6 ti 1a sb
ma né khong thé biéu dién dudi dang ti sb clia hai sb nguyén va ky
hiéu tip hop sb nay 13 I. Tap hop céc sb hitu ti va sb v6 ti duge goi
13 tdp s6 thuc va ky hiéu 13 R. D& dang thiy mbi quan hé sau day
NcZcQcCR.

Bai toan 1.1. Chitng minh rdng /2 la s6 vé ti,
Loi gidi. Chiing minh theo phan chitng. Gia st v/2 1a mét sb hitu tf,

nghia 1a v2 = % v6i a,b 12 cac sb nguyén duong va b # 0. Diéu nay
suy ra tap hop

& ={nV2 | dbng thdinva nv2 la nhiing s6 nguyén duong}



10 Chuong 1. Nguyén Iy thit tu trong tip s tu nhién

1a tap hop khac réng (vi né chtta a). Theo nguyén ly thit tu, .7 c6
phén t nhd nhit, goi né 1a j = kv/2, k € N*.

Viv2—1>0nén j(v2—1)=jv2—kv2 = (j—k)v2 12 mot sb
nguyén duong. Tt 2 < 2v/2 va jv/2 = 2k, ta suy ra

(—kV2=k(2—V2) <kvV2 =]

Nhu vy (j — k)v/2 1a mét s6 nguyén duong trong ., ma né lai nhé
hon c& s6 nhd nhét j. Diéu nay vé 1y véi cach chon j. Suy ra diéu
can chitng minh. ©

Bai toan 1.2. Cho nhiing sb nguyén khéng dm a (a # 0) va b. Chitng
minh rdng tbén tai nhing s6 nguyén g (¢ > 0) va r
(0<r<a)saochob=aqg+r.

Loi gidi. Ky hiéu . = {b—ax|x > 0,b—ax > 0}. Vi b = b —a.0 nam
trong .7, nén tap .7 khac rbng gdbm nhiing sé nguyén khéng am.
Nhu vy .% ¢6 phin t&t nhé nhit r. Ta sé chi ra ring r thod mén
nhiing diéu kién ctia bai toan. Vi r thuéc . nén r >0 va r=b—aq
v6i sb g > 0. Ta phai chi ra ring r < a. Bay gi0 r—a=b—qga—a =
b—a(g+1). Nhu viy néu r > a, thi r—a=b—a(g+1) > 0 sé nim
trong .. Nhung r —a < r v r 1a phén t& nhé nhit ctia .. Nhu vy
r — a khéng thé 16n hon hodc bang 0. VAy r —a < 0 hay r < a. D6 1a
diéu can chitng minh. ©

Bai toan 1.3. Cho a,b,c la nhitng sb nguyén sao cho a® +2b% = 4c°.
Chitng minh rdng a=b = ¢ = 0.

Loi gidi. D& thiy ta c6 thé chi cAn chting minh cho nhiing s6 nguyén
khong Am 13 dt. Ta chon b ba s6 nguyén khéng 4m a, b, ¢ thda mén
diéu kién dau bai da cho va v6i max(a,b,c) > 0 c6 gia tri nhd nhét
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(diéu nay ton tai vi theo nguyén 1y tht tu cho tip con khac réng cac
s6 tu nhién). Néu a® + 255 = 4¢ thi a phai 14 s6 chin, nghia la a = 24,
v6i a1 1a mot sb6 nguyén duong. Thay vao ding thiic di cho, ta nhan
dugc 32a$ + b5 = 2¢°. Tl dy lai ¢6 b = 2b; va suy ra 16a$ +32b% = 5.
Nhu véy ta lai c6 ¢ = 2¢; va cubi cting af + 2b% = 4¢S. VAy (ay,by,c1)
13 b6 ba s6 nguyén khong 4m thda man ding thic dau bai da cho,
mit khac, ta c6 max(a;,b;,c1) < max(a, b, c). Diéu ndy mau thuin véi
cach chon cac sb a, b, c. Suy ra max(a,b,¢) =0, nghialda=b=c =0.

©

Bai toan 1.4 (IMO 1988). Chitng minh rdng néu a,b la nhitng sb
a’>+b? £ a’>+b?
T ab la mét so nguyén thi T ab

nguyén duong sao cho la mét sb

chinh phuong.

2 2
e «?e .2 9 e b

Loi giai. Gia su sO
&t 1+ab nstve ‘
la s6 chinh phuong v6i max(a,b) nhd nhat (diéu nay ton tai do tién
dé thit ty). Khong mét tinh t6ng quét ta cé thé gia thiét ring a < b.

2

= k 1a m6t s6 nguyén, nhung khéng phai

Néua:bthio<k:a§?H <2, tlt d6 suy ra k = 1 va nd 1a mét sb
chinh phuong. Két luan bai toan ding.

Xét trudng hop a < b: Ta xét a*> +b*> — k(ab+ 1) = 0 1a phuong
trinh béc hai theo bién b. Theo c6ng thiic Viéte, tdng ctia hai nghiém
clia phuong trinh dang xét 1a ka va tich ctia hai nghiém 13 o> — k. Ky
hiéu by, b, 13 hai nghiém noéi trén thi by + by = ka va b1by = a*> —k. Vi
a,k 1 nhitng s6 nguyén duong va b, théa man a2 + b3 —k(ab; +1) =
0, nén ta c¢6 by > 0. Néu ngugc lai thi b khong thé 13 nghiém cla
phuong trinh dang xét.

Hon nita, néu b, = 0 thi a® +0? = k(0.a+ 1), ma k khong phai 1a
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s6 chinh phuong, diéu nay vé ly. Nhu vay b, > 0 va

a?—k b —k
b = < < b.
T, b
A \ A A A 2 ~ a2 + b% \
Nhu vay ta tim dudc mot so nguyén b; thoa man n =k, ma
aby
max(a,b;) < max(a,b). Diéu nay vo ly. VAy k phéi 1a mot so chinh
phuong. ©

Nhitng vi du trén st dung nguyén ly thit tu dé giai toan. Cach
chting minh nhu vdy con dude 4p dung rit nhiéu 14n trong céc
chuong sau.

1.2. NGUYEN LY QUY NAP TOAN HOC

Dinh 1y 1.1 chi ra m6t tdp con khac réng clia N cb cac phan ti
giam dan thi né hitu han. Mét tip con nhiing sb tu nhién c6 mét sb
tinh chat ndo d6 ma tit tinh chét nay suy ra tip con dé trung véi tip
s6 tu nhién duge khéng? Céu tra 16i 14 ¢6 va thé hién & dinh 1y sau
day.

Pinh ly 1.2 (Nguyén Iy quy nap toan hoc). Néu mét tdp hop .
nhiing sb nguyén khéng am cé tinh chdt:

1) . chita s6 0;

2) Néu .7 chita s6 nguyén n thi nd ciing chita sb nguyén n+ 1.
Khido . =N.

Chitng minh. Gia st . 13 tip con thuc su caa N, nghia 13 c6 sb
nguyén duong thudéc N nhung khong thudc .. Vay theo nguyén ly
thtt tu ton tai sb nguyén duong nhd nhét k khéng nim trong ..
Ta thiy ring k >0 vi 0 € .%. Vi k— 1 < k, theo cach chon trén thi
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k—1 € .. Nhung theo gia thiét thit hai phai ¢6 k— 1 + 1 cfing phai

thudc .7. Vi thé k = k — 1+ 1 cling nim trong tip .7, diéu nay vo ly

v0i cach chon k. Suy ra . = N. ©
Tit dinh 1y trén dé& dang suy ra nhitng hé qua sau.

Hé qua 1.1. Néu tdp hop . nhitng s6 nguyén duong chita sb  mva
no cting chita n+ 1 mdi khi né chita nvdi n>m, thi .% chita tdt cd
nhitng sb nguyén duong lén hon hodc bang m.

Chu y: D€ thun tién cho thé hién cc bai to4n sau nay va theo hé
qua trén ta ky hiéu N(m) = {m,m+1,...,n,...}. Vi du tip s6 nguyén
duong bat dau ttr 3 la N(3) = {3,4,5,..}. Ta ky hiéu
N*={1,2,...,n,...} 12 tp hop cac sb nguyén duong.

Hé qua 1.2 (Nguyén Iy quy nap toan hoc manh). Néu tdp hop .7
nhitng sb nguyén duong chita s6 m va né ciing chita sb n+ 1 mdi khi
né chita cdc sb mym+1,m+2,...,nvéi n>m, thi . chita tdt cd cdc sb
nguyén duong 6n hon hodc bang m.

Chti y: Nguyén 1y quy nap toan hoc dude phat biéu khac véi nguyén
1y quy nap ta thudng dung nhu trong [12], trong cudn sach nay tac
gid dd dé cAp t6i moi khia canh cta viée dung phuong phap quy
nap. Nhitng vi du sau d4y ting dung truc tiép dinh Iy trén va sau d6
ta ddn vé dang nguyén 1y quy nap quen thudc.

Bai toan 1.5. Chitng minh rdng A(n) = 7"+ 3n— 1 chia hét cho 9, vdi
moi n € N.

Loi giai. Ta ky hiéu tdp hop . = {n | n € NvaA(n):9}. Ta st
dung nguyén 1y quy nap d€ chting minh, vy ta kiém tra cac diéu
kién gia thiét:
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1) V6in=0,tac6A(0)=0:9. Viy 0 € .7.
2)Giastnec ., nghialanecNvaA(n)=7"+3n—1:9v6in>0.
Taxétn+1eNva
An+1) =71 43(n+1)-1=7.7"+3n+3 -1
=7(7"+3n—1)—9(2n—1)
=7A(n)—9(2n—1).
Do A(n) : 9 (theo gid thiét), nén A(n+1):9, nghialan+1¢e .7,
Theo nguyén ly quy nap suy ra . = N, nghia la v6i moi n > 0,

A(n) chia hét cho 9. ©
Bai toan 1.6. Chitng minh rang
2
P24 33 4. 0= <n(n+1))
2

véi moi n € N*,

Loi gidi. Taky hiéu T(n) = 134+23+33+-..+ndva

y:{n | neN*véT(n):c(n;l))z}.

Ta ki€m tra nhiing diéu kién ctia nguyén 1y quy nap toan hoc:

. s o (LD
DVGin=1,T(1)=1"=1va — =1=T(1),suyrale.”.
n(n+1)

2

Tn+1)=P4+2 43+ 4 +(n+ 17> =Tn) + (n+1)°
_(n(n+1))2+ 3_<(n+1)(n+2)>2
= (n+1y=(—F——=1| .

2
2)Giésﬁn€,7,nghialéT(n):( ) .Taxétn+1eNva

2 2
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Suy ra n+ 1 € .. Theo nguyén ly quy nap toan hoc . = N*, nghia
< e , 1
lavd1mo1n21tacoT(n):<n(n+ )> . ©

2

Bai toan 1.7. Chitng minh rdng 2" > n véi moi s6 tu nhién n.

Loi gidi. Ta xét tdp . = {n | neNva2">n}. Ta kiém tra diéu
kién cta nguyén ly quy nap toan hoc cho tap ..

1) Vin=0,tac62°=1>0,dod60€.7.

Véin=1,tac62' =2>1,dod61€.7.

2) Gia st n > 1, n € . nghia la n € N* va 2" > n. Ta phai chiing
minh n+ 1 € .7. Thét viy, tlt 2" > n nhén hai vé bt ding thiic v6i
2, ta nhin dugdc 2"+ > 2n. Mit khac do n > 1, cdng hai vé bat dfmg
thtic ndy v6i n, ta nhin dudc 2n > n+1. Do d6 2" > 2n > n+1, suy
ra2"! > n41,nghiala n+1€.7. Theo nguyén ly quy nap todn hoc

suy ra .¥ = N. Nghia 13, 2" > n v6i moi n € N. ©
Bai toan 1.8. Ching minh rdng véi moi sb nguyén duong n,
luén co
N U N U B N B

2 3 4 2n n+1 n+2 2n
Loi giai. Dat
A(n):l—l+1—l+---—iVéB(n): ! + ! +"'+i.

2 3 4 2n n+1 n+2 2n
Khi d6

1 1

An+1)=A(n)+ —— —
() =Alm+5 750

1 1 1
Tl antl  2nt2
bat ¥/ ={n | neN*vaA(n)=B(n)}. Ta ching minh bai toan
bang nguyén ly quy nap:

B(n+1)=B(n)
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1
D Voin=1,taco A(l) = 5 =B(l),suyrale.”.
2) Gia stt da c6 n € ., nghia la A(n) = B(n) la dung. Ta xét

1 2
A 1)—B 1)=A(n)—B — =A(n)—B(n)=0.
(1 1) = B+ 1) = An) = B(n)+ —— — = = An) —B(1) =0
Do d6 n+ 1 € .. Theo nguyén ly quy nap toan hoc . = N*. Nghia
14 v6i moi n € N* ta déu ¢6 A(n) = B(n). ©

Bai toan 1.9. Chitng minh rang (1++v/2)* + (1 —+/2)*" la mét sb
nguyén chdn va (1+v2)* — (1 —+/2)* = by/2, & ddy b la mot sb
nguyén duong nao dé, véi moi sb nguyén duong n.

Loi gidi. bit P(n) = {(1+v/2)* + (1 — v/2)2" 12 mét sb nguyén chin
va(1+v2)"—(1-v2)" =bV2 v6i beN*} véine N*va.¥ = {n|n €
N* va P(n) ding}. Ta stt dung nguyén ly quy nap:
1) Voin=1, thi (1++v2)>+(1—+/2)% =6 1a mét s6 chin va
(14+v2)2—(1-v2)2=4y2.Dodb 1 € .7.
2) Giasin—1¢€.7 v6in> 1, nghiala
(1+v2)20= 4 (1 —/2)2=D = oN
v6i mot s6 nguyén duong N nao dé6 va
(1+v2)207D (1 —v/2)2071) =42
v6i mot sb nguyén duong a di biét.
Ta xét ddng thiic
(1+V2)" +(1—V2)™
= (1+V2)2(1+V2)" 2+ (1 -V2)*(1 - V2)™ 2
= (3+2V2)(1+v2)*" 2+ (3—-2V2)(1 - V2)*?
— 6N +2v2aV2 =2(3N +2a).
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Day 1a mét s6 chin va tuong tu ta c6
(14+v2)* — (1 =V2)* =3aV2+2V2(2N) = (3a+4N)V2

va nhu vy n € .. Theo nguyén ly quy nap ta c6 . = N*, ©

Giai cac bai toan trén bang nguyén 1y quy nap theo kiéu tap hop
s6 tu nhién. Trong khi stt dung nguyén Iy nay ta ludn luén gip cac
ménh dé 16gic P(n) dlng hodc sai phu thudc vao bién s6 ti nhién n
va bang cach dit tip con .7 thich hop dé ap dung dudc nguyén 1y
quy nap. Nhung thuc cht Iy ludn dua trén cac ménh dé 16gic da dit
P(n) tit gid thiét cia bai toan. Vi vAy ngudi ta cé thé phat biéu lai
nguyén ly quy nap theo dang ménh dé nhu sau:

Pinh 1y 1.3 (Nguyén Iy quy nap toan hoc dang ménh dé). Cho mét
ddy ménh dé P(0),P(1),P(2),... c6 nghia va théa man:

1) P(0) dung;

2) Néu véi mdi k € N, P(k) diing suy ra P(k+ 1) ciing diing,
thi P(n) dung véi moi n € N.

Chitng minh. bit ¥ = {n | neNva P(n) ding }. D& dang kiém
tra thdy ring 0 € .% va k € . kéo theo k+ 1 € .%. Theo Dinh Iy 1.2,
ta c6 . = N. Tt ddy suy ra két qua cin ching minh. ©

Thuc té ngudi ta st dung Dinh 1y 1.3 thu4n tién hon. Phuong
phap dung nguyén 1y quy nap toan hoc dé chting minh goi 1a phuong
phap quy nap toan hoc. Dic diém ctia phuong phap nay bao gdm
hai buéc: Budc thit nhét goi 13 budc co sé: Kiém tra P(0) dling. Budce
thtt hai goi 13 budc quy nap: Chting minh néu P(n) ding thi P(n+1)
cling diing. Két ludn 14 P(n) ding v6i moi n € N. VAn dé nay dudc
ban ki trong cubn sich [12]. Sau day chi néu mot sb vi du.
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Bai toan 1.10. Chitng minh rdng néu k la mét s6 16, thi k*" — 1 chia
hét cho 2"t2 véi moi sb n nguyén duong.

Loi gidi. Cho k 1a mot sb 18. Dit P(n) = {k" — 1 chia hét cho 2"+2}
v6i n € N*. Ta chitng minh bang phuong phap quy nap theo n.

Budc co s6: V6in =1, k*—1= (k—1)(k-+1) chia hét cho 8 véi
moi sb tu nhién k 18, bdi vi déng thoi ca hai sb (k— 1) va (k+ 1) chia
hét cho 2 va mét trong ching chia hét cho 4.

Buéc quy nap:  Gid stt k> — 1 2"+2, ta phai chltng minh
K2 11203 Thatvay, vik2" — 1= (k2" —1)(k¥" +1), theo gia thiét
quy nap k¥' — 1 chia hét cho 272, ta chi cin chling minh k2" + 1 chia
hét cho 2. Nhung diéu d6 14 hién nhién ding (c6 thé phén tich ra
thira sb), vi k2" 12 mot sb 18, tao ra k2" + 1 1a mot s6 chin.

Theo nguyén ly quy nap ménh dé suy ra két ludn ding véi moi
n>1. ©

Bai toan 1.11 (Mi 1978). Mot sb nguyén n duoc goi la s6 dep néu ta
c6 thé viét

n=a)+tay+---+a,
6 ddy ay,a,...,a; la nhitng so nguyén duong (c6 thé’khéng khdc nhau)
thoa man

1 1 1

—+—++—=L1

a  a ai

Biét rdng nhitng s6 nguyén tir 33 dén 73 déu la nhitng sb dep,

chitng minh rdng véi moi s6 nguyén 16n hon hodc bdng 33 ciing déu
la nhiing s6 dep.

Loi gidi. Trube tién ta ching minh ring néu n 1 sb6 dep, thi
2n+8 va 2n+9 ciing 13 nhiing sb dep. That viy, tir gia thiét ta c6
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n=aj+ay+---+a;va

aq ar Ay
Khi d62n+8 =2a;+2a,+---+2a;,+4+4va
1 1 1 1 1 1 1 1

2a 2w T2 ataT2aT:
Tuong tu, ta c6 2n+9 = 2a; +2a + -+ +2a, + 3+ 6 va
LU RPN U WS DU DS O N
2a1  2ap 2 3 6 2 3 6
Do d6 néu n 13 sb dep thi déng thdi 27+ 8 va 2n+9 déu 1a sb dep.
Dit P(n) = {Tt ca cac s6 n,n+1,n+2,...,2n+7 12 s6 dep}. Ta chiing
minh ménh dé nay bang phuong phap quy nap theo n.
Budc co sé: Theo gia thiét thi véi n = 33, P(33) 1a diing.
Budc quy nap: Tt ménh dé chitng minh & phan diu néu P(n)
dang suy ra P(n+ 1) cling dung.
Theo nguyén Iy quy nap ménh dé P(n) dting cho moi s6 nguyén
n 16n hon hoic bang 33. ©
Bai toan 1.12. Tim cdc ham sb f: N* — N* sao cho
(@ f(2)=2;
) f(n+1)=1+1f1)+2f(2)+---+nf(n) véi moi n € N*.

Loi gidi. Néu n = 1 thi tit (b) ta nhan dudc f(2) = 1+ 17(1). Do d6
f(1) = 1. Néu n = 2, thi ta nh4n dugc

fBR) =1+1f1)+2f2)=1+1+4=6.
Tuong tu, ta tinh dudc f(4) =24 va f(5) = 120. Vay ta c6 nhan xét

f) =11, f2)=2, fB)=3l, f4) =41, f(5)=5".
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Ta c6 du doan: f(n) = n! v6i moi n € N*. Ta ching minh du doan
bang phuong phap quy nap.
Buéc co sd: V6i n = 1, ménh dé ding nhu kiém tra & trén.
Bu6c quy nap: Gid st ménh dé ding v6i moi n < k, tic 1a
f(1)=1!,..., f(k) = k!, ta phai chéing minh né cling ding véi n =
k+1,nghiala f(k+1)= (k+ 1)l
Thét vay, tu (b) ta ¢

Fl+1) = 141114220+ + k!,
Mit khéc, ta lubn c6 ding thitc

14+ L1 422044 nn! = (n41)!.
dting v6i moi n € N* (diéu nay ciing c6 thé chitng minh bing phuong
phap quy nap). Do d6 f(k+1) = (k+ 1)

Tit chting minh trén suy ra chi ¢6 ham s f : N* — N* théa man

(a) va (b) la f(n) =n!. ©

Bai toan 1.13. Ta xét nhiing tdp con cta tdp hop {1,2,....,n} ma
chiing khéng chita bt ki hai sé tw nhién lién tiép ndo. Chitng minh
rdng tdng binh phuong cdc tich ctia tdt cd cdc s trong nhitng tdp con
nay la (n+1)!—1 (vi du: Néu n =3 thi nhiing tdp con la {1},{2},{3},{1,3}
va téng binh phuong cdc tich ctia ching la 12 +22 + 3%+ (1.3)2 =
41-1).

Loi gidi. Ta chting minh bang phuong phap quy nap theo n.

Buéc co s3: V6i n = 1, ménh dé ding.

Buéc quy nap: Gid st ménh dé ding véi n < k va ta phai chiing minh
ring ménh dé ciing ding véi n = k+ 1. Thét viy, ta lay tit ca tap
con cua tip hop {1,2,...,k,k+ 1} ma né khong chita hai s6 tu nhién
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lién tiép. Ta chia nhitng tip hop con theo hai tiéu chuén: (1) nhiing
tAp hop con chia sb k+ 1, va (2) nhiing tip hop con khong chiia s6
k+1.

Theo gia thiét quy nap, téng binh phuong céc tich cho loai tip
hop con thit nhét 1a (k+1)2(k! — 1) 4 (k+ 1)2 va cho loai tap thit hai
1a (k+1)!— 1. Vi thé téng cAn tim 13

(k+ 12k = 1)+ (k+ 1)+ (k+1)! = 1= (k+2)! - 1.

Do dé ménh dé van ding v6i n = k+ 1. VAy né ding cho moi n € N*.

©

N . % , 1 [N

Bai toan 1.14. Cho x,y la hai so thuc khac 0 sao cho x+ —, y+ — va
X y

Lo . A . . L L
xy + — la nhitng s6 nguyén. Ching minh rang x"y" + —— cung la s6
Xy X'ty

"y

nguyén véi m va n la hai s6 nguyén duong bdt ki.

Loi gidi. Ta dung phuong phap quy nap chitng minh ring y" + im
13 sb nguyén véi moi s6 nguyén duong m. ’
Buéc co sd: V6i m = 1, ménh dé ding (do gia thiét di cho).

Buéc quy nap: Gia st ménh dé diing v6i moi m =i,1 < i < k, ta phai
chting minh ménh dé ciing ding v6i m = k+ 1. Thét vdy, dé thay c6
dang thitc sau:

1 1 1 1
k+1 k k—1
Y +_(y+> (y +>_<y +>'
yk+l y yk yk 1

. 1 1 | % n Lo 1 -4
Viy+—,y*"'+ ——,y* + — 1a nhiing s6 nguyén (theo gid thiét quy
y y y

k+1

\ 1z I % A , |
nap), tu d6 suy ra y*"' + —— la s6 nguyén. Do d6 y" + —- la s0
y y

nguyén v6i moi s6 nguyén duong m.
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Ta chitng minh rang xy” + xim 14 sb nguyén véi moi sb nguyén
duong m. Ta lai chitng minh bﬁnyg phuong phap quy nap theo m.
Buiéc co s6: Vi m = 1 ménh dé ding, do gia thiét da cho.

Buéc quy nap: Gia st ménh dé ding v6i m =i, 1 < i <k, ta sé ching
minh né ciing ding v6i m = k + 1. That vay, dé thdy ding thitc sau
dang:

1 1 1 1
k+1 _ k k—1
& wkﬂ—(y*y) (’“”w)‘(” +xyk1>'

A , . | A N
Cuoi cung ta chitng minh x"y” + prers la s6 nguyén. Ta dung phuong

phap quy nap theo n.
Buéc cd s6: V6i n = 1, ménh dé diing (theo chting minh phén truéc).
Buéc quy nap: Gia st ménh dé diing v6i moi n =i,1 < i <k, ta phai
chting minh ménh dé ciing ding v6i n = k+ 1. Thét vay, dé thiy
dang thtc sau ding:

1 1 1 1
k+1 _ 7 k—1_7
* ym+xk“y’" B (x+x> (Xky11+x"ym> - <x y11+x"1ym) '

o1
Vix+—, xXkym 4
X

—, x*"1y" + ——— la nhiing sb nguyén (theo gia
X7y XY

% N 1 \ A A ,
thiét quy nap), tlit d6 suy ra x**'y” + ——— 1a s6 nguyén. Do d6
xkAlym

1 A A e . A A
xX'y"™ + prT] la so0 nguyén v6i moi so nguyén duong m, n. ©
Nhiéu vin dé khac vé nguyén 1y quy nap loai nay dugc trinh bay

trong cuon sach [12]. Muc dich ctia cuon sach nay khong phai noi
ve van dé nay nén ta dung lai day.
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1.3. SU TUONG DUONG GIT'A HAI NGUYEN LY

Dinh ly 1.2 da chi ra ring tit nguyén ly tht tu suy ra nguyén ly
quy nap toan hoc. Sau day ta sé chting minh ngudc lai, néu ta cé
nguyén ly quy nap thi suy ra nguyén ly thi tu.

Dinh ly 1.4. Nguyén ly quy nap todn hoc kéo theo nguyén ly thit tu.

Chitng minh. Gia thiét da cho nguyén 1y quy nap toan hoc ding.
Ta phai chitng minh ring néu . 14 tip con khac réng nhiing sb tu
nhién, thi .7 ¢6 phin t&t nhd nhét. Tic 1a ta phai chiing minh: Néu
. khéng ¢é phdn tit nhé nhdt, thi .7 = 0.

That vay, gia st .7 khéng c6 phan t& nhé nhit. Ky hiéu .7 1a
phan bl ctia .. Néu 0 nim trong . thi 0 13 phén t& nhé nhét cla
7, diéu nay vé ly v6i gia thiét da cho vé .#. Do d6 0 € .7.

Gia st n 13 sb tu nhién, n>1va 0,1,2,....,n — 1 nim trong ..
Néu n nam trong ., thi n 14 phan t& nhd nhét cta .7, diéu nay trai
v6i gia thiét vé .7. Do d6 n nim trong .#. Theo nguyén ly quy nap
toan hoc suy ra.¥ = N, nhu viy .7 = 0. ©

Thuc chét hai nguyén ly ta dang nghién citu tuong ducng nhau.
Nghia 1a mét bai toan sit dung mét nguyén ly nay dé giai thi cé
thé st dung nguyén ly kia ciing giai dugc. Ta xét mét sb vi du dé
thiy hai cach chitng minh diing hai nguyén ly khac nhau c6 mbi lién
quan nhu thé n3o.

Bai toan 1.15. Chiing minh rdng tdp hop nhitng mién xdc dinh béi n
dudng thdng trén mdt phdng c6 thé té chi bang hai mau sao cho hai
mién chung canh ¢ mau khdc nhau.

Loi gidi. Cdch thit 1: Chitng minh theo phuong phdp quy nap. Ta
chting minh bang quy nap theo s6 dudng thang trong mit phang.
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V6i n = 1 thi mit phang dudc chia ra thanh hai mién nén ta c6 thé t6
bing hai mau khac nhau. Gid st ménh dé ding véi n dudng thing
(n e N¥).

Hinh 1.1 Hinh 1.2

Cho n+ 1 dudng thing trong mit phing. Ta b di mét dudng
thang L (Hinh 1.1) va t6 mau nhitng mién do n dudng thing con
lai tao ra bing hai mau sao cho hai mién chung canh c6 mau khac
nhau (diéu nay c6 thé lam dugc do gia thiét quy nap 1 ding). Dit
trd lai dudng thang L va d6i mau tt ci cdc mién nim vé mot phia
clia dudng thing L (Hinh 1.2).

Ta xét hai mién c6 mét dudng thing chung. Néu dudng thing
khéng phai 13 L thi theo gia thiét quy nap hai mién c¢6 mau khac
nhau (hodc nhu cii hoic 13 ngudc lai). Néu dudng thing 13 L thi hai
mién dudc tao ra tit mot mién truée khi c6 L sé ¢ mau khac nhau,
vi ta dd d6i mau & mét bén dudng thing L.

Cdch thit 2: Ching minh theo phuong phdp nguyén ly thit tu.
Gia st khang dinh cta bai toan khéng diing va ¢6 nhiing bd dudng
théng trén mat phing chia mit phing thanh nhitng mién khéng thé
t6 mau nhu diéu kién bai ra. Néi chung nhiing bé dudng thing c6
tinh chit nhu véy c6 thé c6 rat nhiéu va sb luong dudng thing trong
cac bd c6 thé khac nhau. Ta xét mot trong cac bd dudng thing c6 sb
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duong thing nhd nhit (nguyén 1y thd tw) va cho dé 13 n. O day n
khong thé 13 1, vi v6i mot dudng thing sé chia mit phing thanh hai
mién nén ta cé thé td hai mau khac nhau.

Trong bd n dudng thdng nhé nhit trén, ta liy di moét dudng
thang bat ki va ta xét n — 1 dudng thang con lai. Ta sé nhin dudc bd
n— 1 dudng thing chia mit phing thanh nhitng mién ma c6 thé to
duge bang hai mau véi hai mién c6 chung canh thi cé hai mau khac
nhau (vi bd n dudng thing 1 nhé nhat khéng t6 mau dugc). Sau d6
ta tra lai dudng thing vira 14y di va ta t6 mau dudgc theo cach ching
minh & phan quy nap trén cho n dudng thing. Diéu nay vo Iy, vi bd n
dudng thing nay khong thé chia mit phing thanh nhitng mién ma
t6 bang hai mau nhu cach chon trén.

Nhu vy khéng thé c6 bd dudng thing ndo ma khong thda min
gia thiét bai toan. D6 13 diéu can chitng minh. ©
Bai toan 1.16. Chitng minh rdng vdi moi s6 nguyén nghin dong (tién
Viét Nam) 16n hon 6 nghin ¢ thé ddi bang nhiing dong tién gom
nhitng t& 2 nghin déng va 5 nghin déng.

Loi giai. Cdch thit 1: Chitng minh theo phuong phdp quy nap.

Budc co sé: Dang thiic sau diy néi 1én v6i n = 7 nghin ddng,
n = 8 nghin ddng thi déi bing nhiing t5 2 nghin dong va 5 nghin
ddng nhu thé nao:

T=5+2;
8=2+4+2+2+42.
Néu ta thém vao hai vé clia cac dang thiic trén t6 2 nghin déng, thi
9=7+2;
10 =8+2.
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Tiép tuc thém 2 nghin dbng vao hai dang thic sau cling, ta c6
11=9+42;
12=10+2.

Buiéc quy nap: Ta thay ring  budc trude 6 hai ddng thic va suy
ra buéc sau 6 hai dang thite. Nhu vy v6i moi s6 n(n > 7) nguyén
nghin ddng nao du 14 sb chin hodc s 18 thi n — 2 ciing roi vao mot
trong hai trudng hop trude d6 da ddi dudc ra hai loai tién 2 nghin
ddng va 5 nghin ddng. Suy ra né ciing déi thanh cac o 2 nghin ddng
va 5 nghin dong. Nhu v4y, khing dinh ctia ménh dé 1a dting v6i moi
n>"17.

Cdch thit 2: Chitng minh theo nguyén ly thit tu. Gia st c6 sb tién
(s6 nguyén nghin déng va khong nhé hon 7 nghin ddng) ma né
khéong thé thanh todn dudc bing cac t 2 nghin déng va 5 nghin
ddng. C6 thé ¢ nhiéu téng nhu vay, ta iy s6 nhé nhét trong ching
(theo nguyén ly thit tw). Ta cho d6 13 s6 n nghin dong. Theo gia thiét
n > 7 vi thé gia tri n < 7 ta khong xem xét. Ta ciing biét rang n khéng
thé 14 7 nghin dong va 8 nghin déng, vi nhiing sb tién nay déu thanh
toan dugc bang cac td 2 nghin dong va 5 nghin dong. Nghialan > 9.
Khi d6 n—2 > 7 va ngodi ra n — 2 < n. Nghia 12 s6 n — 2 c6 thé thanh
toan duge bang cac to 2 nghin déng va 5 nghin déng (vi ta chon n 12
nho nhét, sb tién ma khong thé thanh toan dugc). Néu ta thém vio
t6 2 nghin déng, thi ta nhin dudc n nghin dong, nhu vay sb tién nay
c6 thé thanh toan béing cic t 2 nghin ddng va 5 nghin dong. biéu
nay vo 1y vi ta di chon n nghin déng 13 s6 tién nhé nhit khong thé
thanh toan dudc bang td 2 nghin déng va 5 nghin déng. ©

Bai toan 1.17. Cho ddy sb Fibonacci
1,1,2,3,5,8,13,21,34.,55, ...
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trong d6 hai phan tit ddu bang 1, bdt ddu tit phdn tit thit ba mbi phdn
tit bang hai phdn tit ngay trudc dé céng lai. Chitng minh rdng hai sb
hang ké nhau khong cung chia hét cho 7.

Chirng minh. Cdch thit 1: Chitng minh theo phuong phdp nguyén ly
thit tu. Gid st ngudc lai ton tai hai s6 hang cta diy Fibonacci ké
nhau dau tién cung chia hét cho 7 13 7k,7¢. Vi hai s6 d4u tién cta
diy Fibonacci 13 hai s6 1, nén nhiing sb nay khoéng thé 1a nhiing
s6 dAu tién. Nghia 14 truéc nhitng sb nay ton tai s6 hang a. Theo
diéu kién bai toan 6 7¢ = a+ Tk, nén a = 70 — Tk = 7({ — k) va vi thé
a cling chia hét cho 7. Nghia 1 7k,7¢ khong phai 13 hai sb hang ké
nhau d4u tién trong day chia hét cho 7 nhu diéu gia st trén. Diéu vo
1y nay suy ra khong thé c6 hai sb hang ké nhau trong diy Fibonacci
cting chia hét cho 7.

Cdch thit 2: Ching minh theo phuong phdp quy nap. Ta chiing
minh bing quy nap theo n ménh dé sau: Mot trong hai s hang F, va
F,41 ctia ddy Fibonacci khéng chia hét cho 7 véi moi n=1,2, ...

Buéc co sG: Véin =1 ta dé théy F, va F> khong chia hét cho 7.

Buéc quy nap: Gia st mot trong hai sé hang F,_, va F, (v6in > 2)
khong chia hét cho 7, ta phai ching minh ring mét trong hai sb
hang F, va F,,, ciing khong chia hét cho 7. Gia st ngudgc lai F, va
Foiq déu chia hét cho 7, thi F,_; = F,.1 — F, cling chia hét cho 7.
Nhu vy F,_; va F, déu chia hét cho 7 trai v6i gia thiét quy nap. ©

Theo cach lam cta nhiing bai trén, nhiéu bai todn ching minh
bang phuong phap quy nap ta ciing ¢ thé chiing minh dudc khi ap
dung nguyén Iy tht tu. Ta xét mot sb vi du sau day.

\e s p . s I .
Bai toan 1.18. Cho so thuc x khdc 0 thoa man x+ — la so0 nguyén.
X
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: 1 4
. . >, N A % A . .
Chung minh rang x" + o cting la mot so6 nguyén véi moi n € N*,

Loi giai. Bai toan nay 1a trudng hop dic biét ctia Bai toan 1.14, Ta
trinh bay hai cach chiing minh khac nhau sau day.

1) Phuong phdp quy nap. Dat B(n) =x"+ % vOin € N*.

Budc co s6: Véin=1,tacOd B(1) =x+ )lc 13 s6 nguyén (theo gia thiét).
2

V6in=2,tacéB(2)=x> —|—xi2 = (x + i) — 2 cfing 13 mot s6 nguyén.

Budc quy nap:  Gia st B(n) va B(n+ 1) v6i n € N* 1a cac sb nguyén.

Ta chting minh B(n +2) cfing 1a sb nguyén. Thét vy, dé dang c6

dang thic B(n+2) = B(n+ 1)B(1) — B(n), suy ra diéu cin chiing

minh. Nhu vay, v6i moi n € N*, B(n) 14 sb nguyén.

2) Phuong phdp phdn tit cuc bién. Gid stt c6 mot sb gia trin € N*
nao d6 ma B(n) khong 1a sb nguyén. Ta chon n 1a sb tu nhién nhé
nhét ma B(n) khéng phai 1a s6 nguyén. n khong thé 1a 1 va 2, vi theo
gia thiét va tinh to4an don gidn nhu & phuong phép quy nap. VAy
n—2> 0. Dé dang kiém tra dugc B(n) = B(n— 1)B(1) — B(n —2), ma
n—1<nvan—2<nnén B(n—1) va B(n—2) la nhitng sb nguyén,
suy ra B(n) ciing 1a s6 nguyén. biéu nay trai v6i cach chon n 14 sb tu
nhién nhé nhét sao cho B(n) 1a sb nguyén. biéu v6 1y nay ciing chi
ra khong thé c6 sb tu nhién n nao ma B(n) khong 1a s6 nguyén. ©

Bai toan 1.19. Chitng minh rdng S(n) = 10"+ 18n— 1 chia hét cho
27 véi moi s6 tw nhién n.

Loi gidi. 1) Phuong phdp quy nap todn hoc.

Buéc co s6: Voin =0, ta ¢6 S(0) = 0 chia hét 27, ménh dé ding.

Budc quy nap: Gia stt ménh dé diing v6i n = k € N nghia 1a S(k) : 27.
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Ta cin chting minh ménh dé ding véi n = k+ 1, nghia 1a cin chiing
minh S(k+1) :27. Ta c6

S(k+1) =10 +18(k+1)—1
=10.10" 4+ 18k + 18— 1
= 10(10" 4 18k — 1) —27(6k — 1).

Do S(k) = 10F + 18k — 1 : 27 (theo gid thiét quy nap), nén
S(k+1) 27, ta c6 diéu phai chiing minh.

2) Phuong phdp phdn tit cuc bién. Gia st 6 mot sb sb tu nhién n
ma S(n) khéng chia hét cho 27. Ta chon n nhd nhét trong cac sbé d6
(diéu nay thuc hién dugc theo nguyén 1y tht tu). S6 n khong thé 1a
0, khi d6 S(n — 1) chia hét cho 27. Nhung ta c6

S(n)=10"+181—1=10.10""+18(n—1)+18—1
=10(10" ' +18(n—1)— 1) —=27(6n—17).

Tit dang thitc trén suy ra S(n) chia hét cho 27, diéu nay vé 1y véi
cach chon n. Nhu vdy ménh dé khing dinh ding. ©

1.4. CHUYEN DE TAP HOP SAP THU' TU DAY DU

Chuyén dé nay nghién cttu cic tip sip thit tu theo mét cach nio
d6. Cho mét tap hop cac dbi tuong (khéng nhéit thiét phai 13 cac sb
nguyén), ta dinh nghia mét thit tu theo quan hé gitta cac dbi tugng
trong tp hop, thi tu dua vio cé nhiing tinh chit 6 ich d€ gidi toan
(nhu tht tu trong cic sb nguyén). Nhd cac dinh nghia tht tu nay
ma ta c6 thé gidi cac bai toan dit ra véi cac dbi tuong trong tp hop.
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1.4.1. Thit tuw clia mat tap hop bét ki

Phén diu cta chuong ndy ta xét nguyén ly thit tuw va nguyén 1y
quy nap cho tdp sb tu nhién. Ciu héi dit ra la: Cho mét tap bt ki
nhitng d6i tuong, c6 cach nio dé ta sip xép cac dbi tuong theo mot
thit tu quy dinh ducc khéng? Nhu vdy gifta hai phin t& clia mét
tap hop phai xac dinh quan hé nhu kiéu "16n hon" hodc "nhé hon'.
Trong 1y thuyét tdp hop ngudi ta di nghién citu ki vAn dé nay. Ta
nhic lai nhitng dinh nghia co ban & day.

binh nghia 1.1. Mét quan hé hai ngéi trong tap hgp 2 1la mot tap
hop con Z C 2 x 2 . Dang 1é viét (x;,x,) € Z ngudi ta thudng viét
X]%Xz.

binh nghia 1.2. M6t quan hé hai ng6i # trén tap hop 2 dudce goi
13 quan hé tuong duong, néu né cé cac tinh chét sau:

* xZx v6imoi x € 2 (tinh phan xa);

e Tt xZy suy ra yZx v6i moi x,y € 2 (tinh dbi xing);

o Tt xRy va yZz suy ra xZz v6i moi x,y,z € 2 (tinh béc cau).

Ta c6 dinh ly rat hay dung sau day.

Pinh 1y 1.5. (a) Néu mét tdp hop 2 la hop ctia nhitng tdp hop con
khong giao nhau, thi quan hé "thudc vao mét tdp hgp con" la mot
quan hé tuong duong.

(b) Mbi quan hé tuong duong trén 2 chia 2 thanh nhitng tdp
hgp con khong giao nhau.

Chirng minh. Ta chi chitng minh (b), vi (a) chiing minh dudc tu
dinh nghia quan hé tuong duong. Cho # la mot quan hé tuong
duong trén 2. V6i mbi phin t x € 2 ta xét 16p tuong duong cia
né, nghia 14 tap hop tit cd y € 2" sao cho xZy.
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Ta sé chiing minh rﬁng vGi hai phﬁn tit khac nhau x;,x, thi hai
16p tuong ducng tuong ing clia chiing hodc la khéng giao nhau
hodc 1a trung nhau. Gia st hai 16p d6 giao nhau, khi d6 ching c6
phén tit chung z. Tit x; %z va x,%z suy ra z%x, (tinh d6i xting) va
x1%x, (tinh bc cAu), cling tuong tu cho x,%Zx; (tinh dbi xtng). Vi
thé tit x;2v suy ra x,%v v6i moi v (tinh bic cAu) va ngudc lai, nén
hai 16p tuong duong chita x; va x, trung nhau.

Theo tinh chit phan xa mbi phan ti x € 2" nim trong 16p tuong
duong véi x, do do tap hop 2° dudc chia thanh nhiing tidp hop con
(16p) khong giao nhau. ©

Tap hop nhiing 16p tuong duong dudce goi la tdp hgp thuong cia
£ theo quan hé tuong duong %.

Pinh nghia 1.3. Mot quan hé hai ngéi (ky hiéu la <) cua tip hop
2 goi 1a quan hé thit tu tirng phdn, néu né c6 nhitng tinh chét:
¢ x<xv6imoixec 2 (tinh phan xa);
e x<yvay<xsuyrax=yvéimoixyec .2 (tinh phan dbi
xung);
e x<yvay<zsuyrax<zvdimoix,yze 2 (tinh bic ciu).

Cha y: Do truyén théng ta ky hiéu quan hé thit tu ting phén 13 <,
ta c6 thé dung bat cit mét ky hiéu nao khac déu dugc.

Dinh nghia 1.4. Mot tip hop v6i quan hé thit tu titng phin goi 12
tdp hop sdp thit tu tiing phdn.

Dinh nghia 1.5. Ta néi rang hai phin ti x,y ctia mét tip hop siap
thtt tu tiing phan 13 so sdnh dugc, néu x < y hodcla y < x.

Dinh nghia 1.6. Néu hai phén tit bit ki ctia tp hop sap thit tu ting
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phin déu so sanh dudc, thi tip hop d6 goi 1a tdp hop sdp thit tu toan
phdn.

Ta chi ra mét s6 vi du vé tap hop sip tht tu ting phan:

1. Tap hop sb thuc v6i quan hé tht tu binh thudng (chd y day 1a
tAp hop sip thtt tu toan phan).

2. Trén tip hop R x R, v6i tit ca cac cip sb thuc 6 thé dua vao
th ty titng phén: (x1,x2) < (y1,y2) néu x; < y; vd xp < y,. Tép hop
véi thit tu nay khoéng sap thi tu toan phan, vi (0,1) va (1,0) khong
so sanh dudc theo thit tu dua vao.

3. Trén tip hop tit ca cac ham véi dbi sb thuc va c6 gia tri thuc,
ta c6 thé dua vio quan hé thi tu: f < g, néu f(x) < g(x) v6i moi
x € R. TAp hop nay khong sip thit tu toan phan.

4. Trén tip hop tit ca nhitng sé nguyén duong cé thé dua vao
quan hé tht tu: x < y néu x chia hét cho y. Tap hop nay khong sip
th tu toan phan.

5. Cho U 14 tap hop bat ki. Khi d6 tip hop P(U) gdm tét ca nhiing
tap hop con clia U, v6i quan hé "bao ham" c, 1a mot tip hop sap thit
ty ting phan.

6. Bang chit cai tiéng Viét sip xép theo truyén théng tir dién:
a<b<..<y. Quan hé sip xép nay ciing 13 sip th tu tiing phan.
V6i thit tu nay tAp hop cac tir tiéng Viét 13 sdp tht tu toan phan.

7. Tap hop cac tir tiéng Viét sdp xép theo thit tu tir dién 14n lugt
theo thit tu chit cAi ctia mot tir. Vi du tit Ang  xép trude tit Anh. N6
13 tAp hop sdp thit tu toan phan.

Trong thuc té rAt nhiéu vi du cho tip hop véi thit tu tiing phin
bang mot cach dinh nghia thich hop nao dé.
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Cho x,y 14 hai phan ti cia tip hop sdp thit tu ting phan 2. Ta
dinh nghia quan hé x < y néu x <y va x # y. Quan hé nay c6 tinh
chét sau:

(a) x ¢ x: Khéng c6 phan t& nhé hon chinh no.

(b)x<yvay<zsuyrax<z.

That vy, néux<yvay<gz thix<yx#yvay<zy#z do dé
x < z (theo tinh bic cAu); néu x = z, thi ta cd x <y<xvasuyrax=y
(theo tinh phan dbi xting) diéu nay trai véi gia thiét x # y.

Dinh nghia 1.7. Phin t& ctia mét tp hop sip thi tu ting phan goi

14 I6n nhdt néu né 16n hon moi phan t& bat ki khac trong tip hop
nay.

Tuong tu ta ciing dinh nghia phan t& nhé nhit cho tip hop sip
thtt tu ting phan. T nhitng dinh nghia sip tht tu ctia mot tap hop,
ta c6 thé ap dung giai nhitng bai toan tuong dbi kho.

Bai toan 1.20. Muoi nguoi linh tdn binh diing theo hang ngang quay
mdt ra phia trudc hang (Hinh 1.3).

PLOOLELLLEE

Hinh 1.3

Mbét st quan chi huy ra lénh "bén trdi quay". Nhitng ngudi tdn binh
méi nay mét s6 quay bén phdi, mét sb quay bén trdi
(Hinh 1.4).

Sau dé mdi phit khi hai ngudi linh dbi dién véi nhau nghi la minh
lam va déu quay vé phia sau (Hinh 1.5).
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OOOOLOOLA

DOOOOLOOOO

Nhiing ngudi linh nay néu dbi dién véi ngudi linh khdc thi ho lai
thuc hién dang sau quay va cit tiép tuc nhu vdy. Chitng minh rdng
sém hay mudn trong hang khéng con ai phdi thuc hién dang sau quay
nita va hang duoc xép theo thit tw mong mudn.

Loi gidi. Ta danh diu vi tri ctia cac ngudi linh bing nhiing chit cai
lién tiép P (mit quay bén phai) va T (mit quay bén trai). Nhu viy
vi trf cta hang dugc sip xép nhu

PTPTTPPTPT
Sau mét pht thi cac vi tri lai ¢6 cAu hinh

PPTTP TPPTT
Sau hai phut thi cac vi tri lai ¢6 cAu hinh

PPTP TP TPTT
va tiép tuc...

S6 cip T P sau mbi budce thay déi thé nao ? Theo gia thiét ctia bai
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toan nhitng ngudi déi mit v6i nhau phai thuc hién ding sau quay
(trong trudng hop nay ching ta ky hiéu bing T P, nghia 1 ngudi
c6 mit quay bén phai va ngudi c6 méit quay bén trai. VAy sau phép
quay nhiing chit ci T P déi thanh P T). M&i bude c6 mot sb su déi
chd ky tu, ma sb luong déi chd biang sé nhém T P.

BAy gi0 ta quan sat don gian sau day: "Ta coi nhitng ky tu dudc
ky hiéu ca hang linh 1a mét tr. Khi d6 v6i nhitng thay déi cac cip
ky tu nhu trén thi tit nay gidm theo cach sip xép thit tu chit ci cla
tiéng Viét". That viy, nhém bén trai nhit T P d6i thanh P T, chit cai
P ditng trude chit cai T trong thit tu chit cai (nhiing thay d6i clia cac
nhém khéc khéng anh hudng dén thit tu). Vi thé, sau méi 14n déi
nhom T P cang ngay cang nho va sém hay mudn qua trinh nay cling
dén lic ding, béi vi ton tai hitu han d6 dai cta tit di cho (n = 10)
cac chit cai T va P (nhiéu nhéit ¢6 210 thay déi).

VAy bai toan da dugc giai. ©

Trong khi gidi bai ton trén ta d dung tinh chit: Khéng ton tai
moét ddy gidm dén vo cung (theo tht tu clia bang chit cai) tit mét
tlt c6 n chit cai T va P Mot cach tdng quat hon, néu sau mbi budce ta
gidm phan ti cta tip hop thit tu tuyén tinh, thi sém hay muén qué
trinh giam nay ciing phai dung.

1.4.2. Tap hop sdp thi tw ddy dd va &ng dung

Tuong tu nguyén ly quy nap trong tip sé nguyén, trong cac tip
hop sip thit tu ciing ¢6 khing dinh sau:

Pinh Iy 1.6. Trong mét tdp hop sdp thit tu ting phdn 2, ba tinh
chdt sau ddy tuong duong:

(a) Moi tdp con khdc rong ctia 2 ¢d phdn tit nhé nhdt;
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(b) Khéng ton tai ddy vé han gidm thuc su xo > x| > x5 > --- nhitng
phdn tit ctia tdp 2';

(c) Vi tdap hop 2, nguyén ly quy nap diing dudi dang sau ddy : Cho
ménh dé A(x) 6 nghia dbi véi moi x € 2. Néu (véi moi x € Z)
tir A(y) diing véi moi y < x suy ra A(x) ciing diing, thi tinh chdt
A(x) dung véimoix € 2.

Chitng minh. 1. Ta chiing minh hai tinh chét diu tuong duong:

Gia st (a) ding, néu xo > x; > x, > --- 1a ddy gidm v han, thi
hién nhién tip hop diy nay khéng ¢ phan ti nhé nhat (vi mbi phan
ti cé phﬁn tt sau nho hon), diéu nay mau thuin véi (a). Vi thé t
(a) suy ra (b).

Ngudc lai, néu mét tip hop con khac réng £ nao dé khong cb
phan t nhé nhét, thi diy v han gidm c6 thé xiy dung dugde nhu
sau: LAy mot phén tit bit ki b € 2. Theo gia thiét tip nay khéng cb
phﬁn t nho nhét nén c6 thé tim dudc by € A sao cho by > b;. Cling
nhu vay ta ¢6 thé tim dudc b, € & sao cho by > by va ... Ta nhin
dugc diy gidm v6 han, diéu nay vo 1y vi ta da c6 gia thiét (b).

2. Ta chting minh (a) va (c) tuong duong:

Ta gia st (a) diing, nghia 12 moi tip con clia 2~ déu cé phan ti
nhé nhéit, ta sé chitng minh cé nguyén 1y quy nap (c). Gia st A(x)
khong diing v6i tit cd phin th x € 2. Ta xét tip hop khéac rbng 2
nhitng phén t x € 2 ma A(x) khong ding. Gia st x 13 phin t& nhé
nhét clia Z (ta tim dugc x vi (a) ding). Theo gia thiét nhitng phin
tt nhd hon trong % khong cé nita, vi thé moi y < x tinh chat A(y)
ding suy ra A(x) ciing diing, diéu nay vo 1y v6i cach chon x.

Ngudc lai, gia st (¢) ding, ta phai chitng minh ring moi tip con
khac rbéng clia 2 déu cé phan td nhé nhit. Tic 13 ta phai ching
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minh néu 2 1a mot tip con khong c6 phan ti nhd nhét, thi 2 = 0.
Noi cach khéc, can ching minh A(x) ding v6i moi x ¢ 2. That vy,
Gid st % khong c6 phan tir nhé nhét. Ky hiéu Z 1a phan bu cta 2.
Gia st x € 2 va A(y) dling v6i moi y < x, ma moi y déu thubc 2.
Néu x nim trong 4, thi né 1a phan t& nhé nhét, diéu nay vé ly. Suy
ra x € 2, theo (c), A(x) diing v6i moi x € Z. D6 1a diéu ta cAn chiing
minh. ©

Dinh nghia 1.8. Tap hop sip thit tu toan phin .« dudc goi la tdp
hop sdp thit tu ddy dii néu khong ton tai day gidm v6 han
X0 >X] >Xp >X3> 0

& day xg,x1,x2,... € .

Vi du vé tip hop sdp th tu ddy da la:
1. Tap hop tht ca cac sb tu nhién véi thit tu binh thudng.
2. Trong tAp hop N x N céc cip sb tu nhién, ta dua vio dinh nghia
srflp tht tu nhu sau: Cap sb (ar,az) nhoé hon cép sb (by,b3), ky hiéu
13 (a1, a2) < (by1,b,), néu ay < by; trudng hop ap = by thia; < by (th
tur 16n hon thi ngudc lai). V6i cach sap thit tu nay thi tdp hop N x N
13 tp hop sip thit tu diy dd. That vdy, ta kiém tra (b) theo ménh
dé tuong duong: Mbi day ug > u; > up > --- nhiing phan td cda tap
hop s6m hay mudn rdi ciing ditng (tit ca cac phan ti dén mot lic
nao dé tré di déu bing nhau). Ménh dé nay tuong duong véi (b).
Gia st cho day cip sb bat ki
(x0,y0) > (x1,y1) > (x2,¥2) > -
Theo dinh nghia vé thtt tu trong N x N nhu di néi thi yp > y; >y, >
- va vi thé déy sb tu nhién y; tit mo6t chd nio dé tré di sé khong
déi. Sau d6 x; phai gidm va dén mot lic ndo d6 nd ciing ding lai.
Ta c6 thé chiing minh khang dinh t6ng quét hon.
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Pinh Iy 1.7. Néu o va % la hai tdp hop sdp thit tu ddy du, thi tich
cua ching <7 x %, trong dé xdc dinh thi tu

(al,bl) < (az,bz) & [(b] < bz) hodc (b1 =byvda; < az)],

ciing la mét tdp hop sdp thit tu ddy di.

Chu y: Hoan toan tuong tu tich hitu han k tip hop sip thit tu dy
du ciing 14 tip hop sip thit tu day da.

St dung nhitng dinh 1y trén d€ giai nhitng bai toan c6 gia thiét
thao tac l3p lai nhu mét qua trinh (gidng nhu phuong phap xubng
thang & chuong 4 phan sau). Bai toan véi gia thiét nhu mot qua
trinh I3p v6 han 1in. Nhung thuc chit qua trinh d6 khéng thé Lip lai
v6 han 14n. Ta c6 thé tién hanh nhu sau: Pua vao mét thong sb tu
nhién nao dé va khing dinh ring tai méi bude clia quy trinh théng
s6 nay giam. Khi dé néu xut phat clia thong sb nay 1a N, thi c¢6 thé
dam bao dudc quy trinh két thic sau N budc.

Bai toan 1.21. Hai ngudi A va B choi mét tro choi nhu sau: Nguoi
A ¢6 trong tay sb tién duogc sdp thanh titng loai. Mdi ldn choi ngudi A
dua cho nguoi B mot dong tién véi diéu kién A dugc nhan lai mét sb
loai dong tién, nhung téng sb tién nhdn lai ndy ¢6 gid tri nhé hon gid
tri dong tién dd dua. Khi nhitng dong tién l6n ctia A khong con nita,
thi A thua cudc. Chitng minh rdng sém hay muén thi B ciing thdng dit
bdt cit bé cdc loai tién clia A ¢6 la nhu thé nao.

Loi gidi. Gia st A c6 k loai dong tién. Thong sb cin xac dinh nhu
sau: Tinh t6ng c6 bao nhiéu ddng tién mdi loai & ngudi A (n; 1a sb
ddng tién c6 gia tri nhoé nhét, n, 14 s6 ddng tién cé gia tri tiép theo,
..., 1 12 s6 d6ng tién c6 gié tri 16n nhét). Ta chi y ring két qua mbi
14n choi bo sb (n1,na,...,n;) giam (theo nghia dua vao thi tu, khi ta
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so sanh bit dau tit phan ti cubi cling, sau d6 13 phin ti trude sau
cung, ...). Vi tAp hop N¥ 13 tip sip thit tu diy dd, nén qua trinh nay
phai két thac. ©

Bai toan 1.22. Trén bdng ta viét ddy gém cdc s6 0 va 1 tity y. Tir ddy sb
nay cho phép thuc hién: Thay tai vi tri nhém 10 bang nhém 000...0001
(véi bao nhiéu sb 0 ciing duge va mot s6 1). Chitng minh rdng cdch
thuc hién trén c6 thé thuc hién chi mét s6 hitu han ldn (nghia la sém
hay muén thi ta ciing nhdn dugc ddy sb ma trong dé cdc sb 1 déu &
bén phdi va ta khéng thé thuc hién duoc nita).

Loi gidi. Ta gia thiét ring trong diy c6 hai sb 1. Vi nhitng s6 1 khong
xuét hién thém va ciing khéng bién méit trong qua trinh bién déi,
nén khi xét tit phai sang trai ta ghi nhan vi tri tht my cta cac sb 1
ndy va ta 14p ra cip hai s6 tu nhién (s6 thit hai ctia cip sb dugc ghi
nhén 1 vi trf cta sb 1 d4u tién tit phai qua tréi).

Vi du: Néu déy ban ddu 14 01010, thi 1ap dudc cip s6 (4,2) (tirc 1a
s6 1 6 vi tri thit tu va s6 1 6 vi tri th hai tinh tit bén phai), con diy
s6 0100000001 13 két qué thay nhém 10 & cubi bing nhém 0000001.
Khi d6 ta 1ap dudc cip sb (9,1) (tlic 12 sb 1 dlng & vi tri thit chin va
s6 1 dting 4 vi tri th nhit tinh tit bén phai).

D& giai bai toan chi con chiing minh hai diéu:

(a) Vi mbi 1an bién déi cap s6 xac dinh nhu 6 trén sé nhé di (&
day (x1,y1) < (x2,y2) € y1 <y2 hodc y =y2 va x; <x2).

(b) Tap hop nhiing cip sb tu nhién véi cach sip tht tu nhu trén
13 tap hop sdp thit tu day da.

Diéu nay chirng minh khong khé. Néu su bién déi vi tri s6 1 bén
phai (nhu vi du di chi ra & trén), thi sb 1 ndy tién din dén diu bén
phai du c6 chon bao nhiéu s 0 di ching nita. Nhu vy, sb thit hai
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clia cip sb gidm mot don vi, con sb thit nhét cta cip sb ¢6 thé ting
(tdng bao nhiéu don vi phu thudc vao ta cho thém bao nhiéu s6 0
v30). Nhung theo dinh nghia thi tu cta cip sb (ta so sanh sb thit
hai rdi méi so sanh sb thit nhat) su ting cta sb thi nhit trong méi
cip khéng anh hudng gi dén tht tu. Suy ra gidm s6 thi hai din dén
giam thit tu clia cip sb.

Néu ta thuc hién bién d8i v6i s6 1 bén trai, thi sb 1 bén phai
khong thay déi vi tri va vi thé s6 hang tht hai cta cip khong thay
déi, con sb hang tht nhit gidm di. Khi d6 sb 1 bén trai dich vé bén
phai.

Nhu vay, khing dinh (a) dudc ching minh. Bay gid ta ching
minh tdp hop cac cip sb 13 tip hop sip thit tu ddy da, nghia 1a
khéng ton tai ddy v6 han

(alabl) > (Cl2,b2) > (a37b3) >

Gia st ddy nhu vAy ton tai. Khi d6 nhiing s6 hang thi hai ctia cip
s6 tao thanh mot diy khong ting

by>by>bz>---

Trong day khéng ting nhiing sb tu nhién c6 phin t& nhd nhit. Nghia
13 dén mét chd ndo dé, ching han N, sb hang tht hai ctia cac cip sb
déu bang nhau:

by =bny1 =bny2= ...

Khi d6 thit tu cla cic cip s6 hoan toan xac dinh theo sb hang
thit nhit va vi thé tt dé trd di sb thi nhat phai gidm. Diy cac sb
ty nhién tht nhit gidm cling c6 phan t& nhd nhat va dén mét bude
nao dé trd di cac sb nay déu bing nhau.

T d6 suy ra khong ton tai ddy cac cip sb gidm v6 han. D6 1a
diéu can chitng minh. ©
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Nhiéu bai toan gidi bing ap dung nguyén 1y tht tu c6 thé tim
thiy trong [18] cda tac gia, chuong 1, § muc: Cdc bai todn don diéu
bdt bién. Ban doc c6 thé kiém tra va ding phuong phap nay d€ giai
nhiing bai toan do.

VAn dé tip hop sip thi tu diy dd c6 lién quan dén siéu quy nap
va siéu hdi quy trong 1y thuyét tdp hop. Néi dung cta cac van dé
ndy qua dai va ciing khong néi hét dude trong chit dé nay, ching
t61 ditng vAn dé nay & ddy va hen mot cubn sach khéc sé néi cu thé
hon.

1.5. BAI TAP
> 1.23. Dung nguyén ly quy nap toan hoc nhu dinh ly 1.2 dé chiing
minh nhitng khang dinh sau:
(@) 7"+3n—1:9véineN;
(b) 322+ 81 —9:16 v6in € N.
> 1.24. Chiing minh bang hai cach nhitng khang dinh sau:
(@) 4"+ 15n—1:9 véin € N;
(b) 5*(5"+1) —6"(2"+3") : 91 v6i n € N*.

> 1.25. Chiing minh bing phuong phap quy nap theo ménh dé cac
khéng dinh sau:

(a) \/H— 2+---++/n < 3 v6i s6 nguyén duong n bat ki.

(b) \/17 \/2-+-y/n < 3 v6i sb nguyén duong n bét ki.

> 1.26. Néu k (v6i k > 1) khong phai 13 sb chinh phuong thi vk 14
mot s6 vo ti.
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> 1.27. Cho .# 1a tip khéc réng nhiing s6 nguyén duong sao cho 4x
va [/x] déu nim trong .# khi ma x ciing ndm trong tip niy. Chiing
minh ring ./ 14 tip sb tu nhién.
> 1.28. Mot tap nhiing sb nguyén khéac réng _# ma théa man hai
diéu kién sau day:

(i) Néu n va m thude _#, thi n++m va n—m cling ndm trong _#;

(i) Néu n thude Z va r la mot s6 nguyén thi rn cling nim
trong 7.
dudc goi la ideal nguyén.

Dit %, 13 tAp hop tit ca sb nguyén ma ching 1a bbi nguyén clia
s6 nguyén cb dinh m. Chiing minh rang .%,, 1a mét ideal nguyén.
> 1.29. Cho .7 14 tip khéc réng nhiing s6 nguyén sao cho:

(i) Néu x va y thudc ., thi x — y ciing thudc .7;

(ii) Néu x thudc .7, thi tt ca cac boi clia x ciing thude ..

(a) Chting minh ring ton tai mot sb nguyén d thudc .# sao cho
. gbm tht ca boi s6 clia d.

(b) Chttng minh ri’mg d1a UCLN(a,b).
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Chuong trudce ta da st dung nguyén ly thit tu va nguyén ly quy
nap toan hoc dé€ gidi toan. Chuong nay ta diém lai cac ki thuat st
dung dai luong cuc bién 1am mau chét trong khi gidi. 6 1a phuong
phap phan chiing, phuong phép tinh toan véi dai luong cuc bién,
phuong phap sip xép thi tu cac dai luong di cho trong bai toan.
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2.1. PHUONG PHAP PHAN CHU'NG VA PAI LUONG CUC BIEN

Phuong phép chitng minh bang phan ching 13 1y luin dua vao
ménh dé pht dinh ctia ménh dé di cho va sau dé tim ra su méu
thudn v6i gid thiét hodc cac dinh ly di biét. Nhitng dai luong cuc
bién 14 mAu chét cta 1y luin phan chtng va din t6i su m4u thuln.
Do d6 dai lugng cuc bién va phuong phap phan chiing dudc ting
dung rit nhiéu d€ giai cac bai toan khé. Trong [13] tac gia c6 ban
dén van dé nay. Trong tiét nay ta xét nhiéu bai toan khac nita.

Bai toan 2.1. Trén mét dudng thdng cho tdp diém .4 sao cho mdi
diém ciia .# 1a trung diém ctia mét doan thdng dugc ndi béi hai diém
ciing thudc .#. Chitng minh rang .# c¢6 vé han diém.

Loi gidi. Ta sit dung phuong phap dai luong cuc bién béng cach
chon cac phan ti cuc bién theo hai cach sau:

1. Cdch thit nhdt: Gia st tp hop .# 14 hitu han, thi trong sb
nhitng diém ctia tp . c6 hai diém cudi vé bén trai va cubi vé bén
phai. Ta xét mot trong nhitng diém cudi nay, vi du xét diém A 1a
diém cubi vé phia bén trai. Khi d6 diém A khéng thé 13 trung diém
ctia doan thang nbi hai diém khac thudc .#; nghia 1a A khong thude
M, diéu nay méu thuln vé6i cach chon A. Suy ra .# khéng thé 1a
tap hitu han.

2. Cdch thit hai: Gia st tAp .# 14 hitu han. Ta xét tit ca nhiing
doan thezlng nbi hai diém thudc .#. Sb nhiing doan thezlng duge nbi
13 hitu han, nén ta c6 thé chon dugc doan thang BC c6 dé dai 16n
nhét. RS rang phia ngoai doan thang BC khong ¢ diém nio thude
., néu ngugc lai thi ton tai mot doan thing 16n hon doan thing da
chon BC. Nhu vdy tét ca cic diém clia tip .# nam trong doan BC,
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diéu nay c6 nghia 1a B va C khéng thdéa man diéu kién cta nhiing
diém thudc .. Diu v6 1y nay chi ra ring tip .# khéng thé 13 tap
hitu han. D6 14 diéu cin chting minh. ©

C6 thé 4p dung ¥ tudng trén cho bai toan trong mit phing.

Bai toan 2.2. Trén mdt phdng cho tdp diém .# sao cho mdi diém cila
M déu la trung diém ctia mét doan thdng nbi hai diém nao dé ciing
thubc .#. Chiing minh rdang .# c¢é vé han diém.

Ldi giai. Tuong tu nhu bai
truéce ta c6 thé chting minh
bang hai cach. Nhung & day
ta chi thé hién cach thit hai
va cling c¢6 doi chut khac
biét. Gid st . la tép hitu
han diém. Khi d6 nhiing
doan thing nbi hai diém
bat ki thudc . 14 hitu han. VAy ta ¢ thé chon dude doan thing
c6 d6 dai 16n nhit. Gia st doan thing c6 d6 dai 16n nhit d6 dugc
nbi béi hai diém A va B thudc .#. Nhung diém B 13 trung diém cta
doan thing CD nao d6 ma C va D déu thudc .~ (Hinh 2.1).

Khi d6 dé chitng minh dudc rang hodc 1a AD hoic 1a AC 16n hon
AB (nhu goi y ctia hinh vé ta chiing minh dudc trong mot tam giac

Hinh 2.1

thi dudng trung tuyén m nhé hon trung binh c6ng hai canh ké né 1a
¢ va d). biéu nay mau thuin v6i cach chon doan thing AB c6 d6 dai
16n nhit. Suy ra .# 13 tap v6 han diém. ©

Bai toan 2.3. Trén moi 6 ctia ban c& c¢é vé6 han 6 nguoi ta viet mot so
nguyén duong sao cho moi so nay la trung binh cong ctia cdc so 6 bon
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6 bén canh: phia trén, phia dudi, bén phdi va bén trdi. Chitng minh
rdng tdt cd cdc s6 duoc viét trén ban co déu bang nhau.

Loi gidi. Theo nguyén 1y thit tu thi moi tip con khac rdng cla tip
s6 tu nhién déu c6 s6 nhé nhét, nén trong cac sb duge viét trén ban
¢S ¢6 mét s6 nhd nhat m. Néu cac sb a, b, ¢, d 14 nhiing sb 6 cac 6 bén
a+b+c+d
—

Métkhéc,vimlésé)nhé nhétnénaZm,me,ch,dZm.
Gid st it nhit c6 mot trong cac sb a,b,c,d that su 16n hon m. Khi
d6 a+b+c+d > 4m, diéu nay trai v6i dang thitc trén. Nhu vay

a=b=c=d=m.

canh 6 s6 m thim = ,nghialaa+b+c+d=4m.

Nhu vay néu mét 6 ngudi ta viét sb m, thi nhitng 6 bén canh no
cling dudc viét sb m. Tt d6 suy ra cac 6 nidm trén hang ngang chda
6 viét s6 m, déu viét s6 m. Nhung moi cot déu giao v6i hang ngang
nay nén tit ca cac 6 trén cac cdt déu viét sb m. Do dé suy ra tit ca
cac 6 trén ban cd déu viét sb m. ©

Bai toan 2.4. Trén mét ban co vudéng cd n x n 6 vubng, nguoi ta ddt
nhitng qudn c& theo nguyén tdc sau: Néu mét 6 ndo dé con trong,
thi tdng nhitng qudn co, ditng ciing hang va ditng cling cot véi 6 dé
khéng nhé hon n. Chitng minh rang trén ban ¢ dé ¢é khéng it hon
2

n Ao

— qudn co.

) q

Loi gidi. Trén ban ¢ gdbm n hang va n cot. Ta chon hang hodc cot 6
s& quén cd it nhit. Gi sit ta chon 14 hang (trong trudng hop ngudc
lai thi ta xoay ban cd 90° sé thanh hang).

Sb quan cd trong hang nay ta ky hiéu 13 k. Néu k > g, thi trén

Xeo1a A A A A v 3A A > n
moi hang trong s6 n hang s6 quan cd déu khong nho hon 5 nhu
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2
A N A \ N o~ A A \ A > n
vay thi trén ban co sé c6 s6 quan cd khong nho hon IR

Gia stk < g Trén hang nay ta xét n—k 6 con trong va nhitng cot
ctia ban ¢d di qua cac 6 trbng nay, thi nhitng ¢t nay (theo diéu kién
clia bai ra) c6 sb quan ¢ khéng nhé hon n — k quén ¢, do d6 tit ca
nhiing cot ctia ban ¢ nhu vay c6 sb quan cd khong nhé hon (n— k)2,
Con lai k cdt, mdi cot chita khong nhé hon k quin ¢d (vi theo cach
chon k). Tit d6 suy ra trén ban cd cé kh(“)ngzit hon (n—k)? +k* quan

cd. Ta chi con chiing minh (n —k)? + k> > % Piéu nay c6 thé chiing

minh bang nhiéu cach, cheamg han
I’l2 n2
[(n—k)* + k"] — > =7 — 2nk + 2k

n2 n 2
=2 (k2 :2(——k) >0.
(5 -mee)=2(5-4)"

Néu n 12 s6 chén, thi c6 thé tim dudc diéu kién thdéa man cach
2
< , , n A \, LA \ \, 1LY , o ~ A
dat chtta diing 5 quan cd trén ban co bang cach dat nhiing quan

co trén moi 6 den (hodc 1 trén moi 6 trang).
2
A N A 12 N A R oau. N A \ -2 N \ .
Néu n 1a so le, thi khéng the dat > quan co theo diéu kién bai
2 2

, \ A 7. 13 A s 1
toan dudc, vi % khong phai la nguyén, nhung véi ot

quan c6
thi ta c6 thé dit dude nhu sau: Mot quan ¢ ta dit vao 6 6 goc ban
¢d, sb cac quan cd con lai dit & cac 6 cling mau véi 6 & goe da dit.
©
Bai toan 2.5. Chitng minh rdng phuong trinh sau khéng cé nghiém
nguyén khdc 0:
S 43y 192 =0.

Loi giai. Gid st phuong trinh da cho c¢6 nghiém nguyén khéc 0.
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Khong mét tinh téng quét, ta ¢6 thé chon dudc nghiém nguyén
(x0,Y0,20) sao cho xp # 0 va |xo| c6 gia tri nho nhét trong nhiing
gi4 tri tuyét dbi cta ching (ta chon duge do nguyén ly thit tu).

Ta c6 x3 + 3y3 4+ 923 = 0 suy ra x chia hét cho 3, vdy x, cling chia
hét cho 3. DBat xp = 3x; (x; € Z).

Ta dugc 3%x} +3y3 + 923 = 0, nghia 1a 32x} + 3 + 3z} = 0 suy ra y}
chia hét cho 3, vay yy cling chia hét cho 3. Dat yo =3y (y; € Z).

Ta dudc 9x3 +3%3 + 323 =0, hay 1a 3x} + 9y} + 25 = 0 suy ra 2}
chia hét cho 3, vy z ciing chia hét cho 3. Dit zo = 3z; (z1 € Z).

Ta dudgc x3 +3y3 +9z3 =0, vy (x1,y1,21) cling 12 nghiém nguyén
ctua phuong trinh da cho. Nhung |x;| = ’);0‘ < |xo|. Mau thudn véi
cach chon xj. VAy phuong trinh khéng c6 nghiém nguyén khac 0. ©

Bai toan 2.6. Trén mdt phdng cho n diém, khodng cdch giita chiing
déi mot khdc nhau. N6i mdi diém trong n diém nay vdi diém gdn nhdt
trong chiing. Chitng minh rdng véi cdch ni nhu vdy khéng thé nhdn
duoc mét duong gp khiic khép kin.

Loi giai. Gia stt ngudc lai, v6i cch B
ndi nhu dau bai di cho ta nhin
duge moét dudng gip khiic khép A
kin. Goi AB 13 doan 16n nhét trong D
duong gip khic nay. Gia st AC c
va BD la hai doan ké v6i AB (Hinh 2.2).
Ta 6 Hinh 2.2
e AC < AB nén B khong thé 13 diém gin nhét clia A.
e BD < AB nén A khong thé 13 diém gin nhét ctia B.
Diéu nay ching t4 ring A va B khéng dugc ndi véi nhau. Do dé
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mau thuln véi gia stt. Nhu vAy ching té rang khong thé nhan dude
mot dudng gp khiic khép kin véi cach nbi bai da ra. ©

Bai toan 2.7. CJ 2005 vdn ddng vién thi ddu béng ban (két qud chi ¢é
thé thang hodc thua chit khoéng cé hoa) theo thé thitc vong tron (mdi
dbu thi déu ddu véi tdt cd cdc ddu thit con lai). Chitng minh rdng cé
thé sdp xép tdt cd 2005 vdn dong vién theo thit tu sao cho ngudi ditng
trudc thdng ngudi ditng ké ngay sau dé.

Loi gidi. Xét tht ca cach sip xép mét sb vin dong vién sao cho ngudi
dting trude thing ngudi ding ké ngay sau d6 (cac cach xép nhu vay
ton tai, vi du nhu ta xép hai ngudi, ngudi thing ding trudc ngudi
thua diing sau). Vi cach sip xép nhu vay 13 hitu han nén ton tai cich
xép T c6 nhiéu vAn déng vién nhét. Ta chiing minh ring cach xép T
c6 du 2005 van déng vién.

Gia st tréi lai, con van déng vién A khéng dude xép trong cach
xép T. Gia stt cach xép T ¢b n ngudila A,A,,. .., A, (2 <n < 2005)
sao cho A; théng Ay, Ay théng Az, .., Ap théng A,. Vi dau vong
tron nén A phai dAu v6iA,. Néu A the“'lng A; thi cach xép T; theo thi
tw A,A1,As,. .., A, c6 nhiéu vin dong vién hon cach xép T, vo ly vi
trai v6i cach chon T. VAy A phai thua A;.

Lép ludn tuong tu ta suy ra A thua As, A, ..., A,. Khi d6 cach xép
T, theo thi tw A;,As, ..., A, A c6 nhiéu vin déng vién hon cach xép
T, vO Iy Vi trai vi cach chon T. VAy cach xép T phai cé dit 2005 vin
déng vién, ta c6 diéu phai chitng minh. ©

Bai toan 2.8 (Putnam’ 1969). Chiing minh rdng dudng cong lién tuc
bdt ki véi d6 dai bang 1 ¢d thé phit dugc béi hinh chit nhdt ¢d dién

1Cudc thi gitta cac ddi sinh vién nim thi nhit cta cac trudng dai hoc Mi
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|
tich bang 7

Loi gidi. Ta c6 thé vé

y 4
hé truc toa d6 vudng goc
. . . . Py Py
cé truc hoanh di qua hai
diém cubi clia dudng . /\ d\

. 37 A \ 0) T
cong. Khi do ta lay hinh —
~ A > A /.. O P5 P3
chit nhat nho nhat véi / b

cac canh song song voi " P,
cac truc toa d6 vira dung Hinh 2.3

va né pha duge dudng

cong. Goi a,b 1a dd dai hai canh cta hinh chit nhat (Hinh 2.3). Gia
stt Py va Ps 1 nhitng diém cudi clia dudng cong. Gia st c6 mot sb
diém P, P, P;, Py 1 nhiing diém trén duong cong 1An luct nam trén
mot trong bdn canh cta hinh chit nhét. Dudng dich déc PyP,P,Ps P, Ps
c6 d6 dai 16n nhét bang 1.

Hinh chiéu xubng truc hoanh ctia nhiing doan thing ctia dudng
dich d4c nay coéng vao it nhit 13 a, vi dudng dich dic c6 nhiing diém
bén canh trai va bén canh phai cta hinh chit nhét. Nhitng hinh chiéu
xubng truc tung ctia nhitng doan ctia dudng dich dic nay cong lai it
nhét 13 2b, vi nhitng diém cudi ndm trén truc Ox va dudng dich dic
cling c6 nhitng diém & trén canh trén va & trén canh dudi ctia hinh
cht nhat.

Viy dudng dich dic c¢6 d6 dai it nhit 1a
Va>+4b? < 1. Dung bét ding thiic gifta trung binh cong va trung
binh nhén, ta cé 4ab < a®> +4b*> < 1 va nhu vy dién tich cta hinh
chit nhat 16n nhét 13 % ©
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Bai toan 2.9. Chitng minh rang phuong trinh
2y = 22 -2y

khong co nghiém nguyén duong.

Loi giai. Gia st (x,y,z) 1a nghiém nguyén duong ctia phuong trinh
Xy 1. 5 A 4 ~ oA 5 \

sao cho — la nho nhat trong so nhitng nghiém cua phuong trinh.
z

Tu phuong trinh da cho ta suy ra V1356 nguyén (do xy chia hét

z
cho z), theo nguyén 1y thit tu ta c6 thé chon dude nghiém nhu vy
Ta viét x,y,z thanh dang x = dxi,y = dy,z = dz;, & day

d = UCLN(x,y,z), (x1,y1,z1) = 1. Phuong trinh da cho tuong duong

voi x3y? = 22(z3 —x} —y%). Dat u = (x1,21),v = (y1,21), VAy x1 = ut,

y1 = vw. Tt x1y; chia hét cho z;, ta nhdn dudc z; = uv. Thay nhiing

gia tri nay vao phuong trinh sau cung ta nhan dudc

(1 +w?) (v +12) = 2u*V*.
Hon ntta, ttt (x1,y1,21) = 1 suy ra (u,w) =1, (v,¢) = 1. Do d6

wHwr =y V4 =22

hoac la
uw+w? = 2v2, V4t =l
Khong mat tinh tdng quat ta gia st phuong trinh th nhit ding. D&
thiy v va u 13 nhitng sb nguyén 1&. Tit phuong trinh u? + w? =2 va
nghiém téng quat ctia phuong trinh Pythagoras suy ra
u :m2—n2,w: 2mn,v :mz—i—nz7

& day m va n 12 nhitng sb tu nhién nguyén té cting nhau (khac tinh
chéin 18). Thay gi4 tri trén vio phuong trinh v? + 2 = 242 cho két qua

12+ (2mn)? = (m* —n*)? va nhu vay t = p*> — ¢*>,mn = pq,
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m? —n? = p* + ¢* v6i nhitng sb tu nhién p va ¢ nao dé. Do dé

p’q" =m*(m*> —p* — ),
diéu nay chi ra ring (p,q,m) 1a nghiém nguyén duong ctia phuong
trinh ban ddu. Ta ¢6 24 = n < d(p?® — ¢*)2mn = Y nhu viy mau
m 4

thuén véi cach chon x, y, z. Viy phuong trinh d4 cho khéng c6 nghiém
nguyén duong. ©

Bai toan 2.10. Trong khong gian cho n diém, trong dé khéng cé bbn
diém nao ciing ndm trén mét mdt phdng. Biét rang moi tit dién, ma
dinh ctia né la bén diém nao dé trong cdc diém dd cho déu cé thé tich
khéng 16n hon 1. Chitng minh rdng ton tai mot tit dién vdi thé tich
khéng qud 27, ma né chita tdt cd cdc diém dd cho.

Loi gidi. Ky hiéu ABCD 1a tit dién c6 cac dinh thudc cac diém da
cho va c6 thé tich 16n nhét (diéu nay cé thé chon dugc vi s6 diém
d4 cho 13 hitu han, nén sb nhiing tit dién c6 dinh 13 nhiing diém da
cho 14 hitu han). Goi S 14 trong tAm cta t@ dién ABCD. Ta liy diém
A’ trén dudng thing SA sao cho S nim giita A va A’ va 3AS = A’S.
Tuong tu ta ciing dung duge nhitng diém B',C’ va D’ 1an lugt nim
trén cac dudng thang SB,SC va SD sao cho 3BS = B'S,3CS = C'S va
3DS = D'S. Dé théy cac diém A’,B,C’ va D' khéng nam trén mot
mit phang va 1a nhitng dinh cia mot t dién, ma né nhin dugc tir
tt dién ABCD béng phép vi tu tAm S véi ti s6 vi tu bang 3. Suy ra

Vapop = 27Vapep <27 x1=27.
Ngoai ra cac diém A, B,C va D 1an lugt ndm trong cic mit phang

(B'C'D'), (A'C'D’), (A’B'D’) va (A’B'C’). Vay chi con chiing minh moi
diém trong cac diém da cho déu khéng nim ngoai tit dién A’B'C'D’.
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Gia st ton tai diém P tit nhitng diém d4 cho ma nim ngoai ti
dién A’B'C’'D'. Khi d6 doan thing PS cit mét mit phing nao dé
chita mét mit ctia tit dién nay. Gia st PS cit mit phang (A'B'C’). Vi
D thuoc mat phzzmg (A'B'C"), thi Vapep < Vapep diéu nay mau thudn
v6i cach chon ti dién ABCD c6 thé tich 16n nht. ©

2.2. TINH TOAN VOI PAI LUONG CUC BIEN

Nhiéu bai toan chitng minh hodc tinh todn mét dai luong chi
nhd c6 dai luong cuc bién. Nhitng bai toan loai nay rat khé va doi
héi sang tao khi st dung dai luong cuc bién.

Bai toan 2.11. Mdt Idp c6 33 hoc sinh, tong s6 tudi ciia 33 em dé la
430. Héi ¢d thé tim dugc trong 16p ra 20 em nao dé ¢6 tdng sb tudi lén
hon 260 hay khong?

Loi gidi. Ta chon 20 em tudi nhiéu nhit, 20 em nay théa mén diéu
513@3(1)1 bai ra. Vi tudi trung binh clia 20 em nay 16n hon
33 x 20 > 260. ©
Bai toan 2.12. Trong mét 1ép hoc ¢6 it nhdt hai ban quen nhau. Biét
rdng néu hai ban cé ciing mét sé lugng ngudi quen thi khdng cé ngudi
quen chung. Chitng minh rang trong l6p ¢ ban chi quen diing mét
nguoi.

Loi gidi. Vi s6 ngudi trong 16p hitu han nén cé thé tim dude mét ban
A c6 sb ngudi quen nhiéu nhit. Gi st A quen A,A,,...,A;. Gid st
mdi A; lai quen n; ngudi khac (1 <i < k). Theo gia thiét da cho hai
ngudi c6 sb luong ngudi quen bing nhau thi khéng cé ngudi quen
chung, ma 6 day A;,A; (1 <i< j <k) clng quen A, nén suy ra cac
s6 ny,na, ..., n, d6i mot khac nhau.
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Mefltkhéc1gnigkvéimoilgigk,suyraténtainizl. ©

Bai toan 2.13. C6 mét s6 ngudi dén du cuéc hop. Ngudi ta nhdn thdy
rdng néu hai ngudi nao dé trong ho ma quen véi nhau thi hai ngusi
nay khéng ciing quen véi mot ngudi thit ba. Con néu hai ngudi trong
ho ma khong quen nhau thi ho ciing quen véi dung hai ngudi khdc.
Chitng minh rdng trong cudc hop nay tdt cd moi ngudi déu c6 sb nguoi
quen bdng nhau.

Aq
Loi gidi. Vi sb ngudi 1a hitu han
nén ta co \thé7 chonra fncf)t nguci A B,
quen nhiéu ngudi nhat. Ta chiing A
minh moi ngudi quen A ciing c6
s6 ngudi quen nhu A. Gia st cic

ngudi quen cia A la A, As, ..., A,. By
Az

Hinh 2.4

Suy ra cac A; (1 <i<n) doi mot
khong quen nhau. Vi Aj,A; cung
quen A nén A;,A, cung quen B; khac A (Hinh 2.4). Vi A;,A3 cung
quen A nén Aj,A; cung quen B, khac A. Do A, B; khong quen nhau
nén By va A ¢6 dung hai ngudi quen chung la A; va A,. Do A,B;
khong quen nhau nén B, va A c6 ding hai ngudi quen chung la A;
va As suy ra B, khac B;.

Tuong tu A;,A4 cung quen B3 (B; khac By va B,), ..., A1,A,
cung quen B, (B,_ khac By,B,,...,B, »). Vay A ¢ n ngudi quen
laA,By,...,B, . Tuong tu ta chirng minh cho moi ngudi trong cudc
hop déu c6 n ngudi quen. ©

Bai toan 2.14. Sau mét gidi ddu béng ban theo thé thitc vong tron
(mét ddu tha choi véi moi ddu thi khdc), mdi ddu thd dugc goi
tén nhitng ngudi thua minh va nhitng nguoi thua nhitng nguoi thua
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minh. Chitng minh rdng ton tai it nhdt mét ddu thid dugc goi tén tdt
cd cde ddu thi con lai.

Loi gidi. Xét d4u th A duoc goi tén nhiéu diu th nhét. Ta ching
minh A dudc goi tén tt ca cac ddu thi con lai. Gia st ngudc lai A
dugc goi tén cac diu thi Ay, As,...,A, va ton tai diu tha B khéng
dugc A goi tén. Khi dé ddu tht B dugc goi tén tit cd A,A,...,A,
(moi du thi déu giao diu véi nhau) trai véi cach chon A duge goi
tén nhiéu d4u tht nhét. ©

Bai toan 2.15. Mot ddt nude ¢é 100 sdn bay ma khodng cdch giita
hai sdn bay déu khdc nhau. Mbi mdy bay cdt cdnh tit mét sdn bay va
bay dén sdn bay gdn nhdt. Chitng minh rdng trén bdt ki sn bay ndo
ciing khéong thé ¢ qud 5 mdy bay bay dén.

Loi giai. Gid st c6 cac mdy bay bay tif cdc sin bay Aj,A,,...,A,
(n < 99) dén san bay O thi mét trong cac gbc @ khong 16n hon
@ véiije{1,2,...,99).

Mit khac, néu cdc may bay bay tit sdn bay A; va A j dén sén bay
O thi A;A; 1a canh 16n nhét trong cac canh ctia tam giac A;0A;, do
do @ > 60°.

(o)

s 360°  —— o
Tir d6 suy ra —— > A;0A; > 60°. Vi vdy n < 6. ©
n

Bai toan 2.16. Trén mot dudng tron cé ba muoi sb, mdi s6 bang gid
tri tuyét dbi ciia hiéu hai sé ditng sau né theo chiéu kim dong ho. Biét
rdng tong cla tdt cd cdc s bdng 1. Hay tim cdc sb trén duong tron.

Loi gidi. Vi moi so 1a gid tri tuyét doi cia hiéu hai so nén tat ca
cac s6 khong 4m. Gia st s6 16n nhat (hodc mot trong nhiing so6 16n
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nhét) trong cac s6 nay 1a A va ky hiéu nhiing sb trén dudng tron 1a
ap,as,...,as theo chiéu kim déng ho bit dau béng s6 16n nhét nay
(Hinh 2.5).

Nhu vay, a; =A. Theo gia thiét

aso
a1:|a2—a3|.Vi cac so a va as a; = ¢
khong am va khong 16n hon A, as
A 2 s
nén dang thic a; = |a; — a3 chi as

xay ra khi mét trong hai sb as,
as bing A va sb con lai bing 0.
Do do6 ta c6 hai truong hgp hoac
la ap = A hoacla a, = 0. Hinh 2.5
Trudng hop thit nhdt: Da biét
a1 =ay = A, ta tinh dudc a3 =0, as = A,as = A,ag =0, ... cac s lap
lai theo chu ki 3 sb hang.
Trudng hop thit hai: DA biét a; = A,a» = 0, ta tinh dudc a3 =
A,as =A,as =0,a6 = A, ... cic sb ciing lap lai theo chu ki 3 s6 hang.
Nhu vay, ca hai trudng hop trén dudng tron cac sb lap lai theo
chu ki 3 sb6 hang véi A,A,0. Do d6 trong ba muoci s6 c6 mudi sb 0,
con hai muoi sb bing nhau va déu bing A. Theo gia thiét cla bai
toan thi téng tit ca cac sb trén dudng tron bang 1. Ta ¢ 20.A = 1,

1
ttdosuyrad=—.
Y 20

A 2 A \ \ s e A \ . « AN 1
Ket qua, trén duong tron ¢6 mudi so 0 va hai mudi so bang 20" ©

Bai toan 2.17. Trén mdt phdng cho n diém khéng thdng hang. Chitng
minh rdng ton tai mot dudng tron di qua ba trong s n diém dd cho,
ma dudng tron nay khong chita bat ki diém ndo trong sb nhitng diém
con lai.
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Loi gidi. N6i hai diém bét ki trong sb n diém di cho bang mot doan
thdng. Vi ¢6 hitu han diém nén cac doan thing tao ra 1 hitu han.
Goi AB 13 doan thing c6 d6 dai nhoé nhét véi A va B 14 hai diém da
cho. Goi C 1a diém trong sb cac diém con lai théa man géc ACB 16n
nhét trong sb cac géc nhin tit n — 2 diém khac dbi véi hai diém A
va B.

Xét tam gidc ABC. Ta c6 dudng tron ngoai tiép tam gidc ABC
khéng chita diém nao trong sé nhitng diém d cho con lai. ©

Bai toan 2.18. Trong mdt phdng ké 1992 duong thdng déi mét cdt
nhau sao cho khéng ¢é ba dudng ndo déng quy. Tam gidc tao bdi ba
dudng thdng trong sb6 cdc dudng thdng dd cho goi la "tam gidc xanh"
néu né khéng bi dudng thdng nao trong sé cdc dudng thdng con lai
cdt ngang.

a) Chitng minh rdng s6 tam gidc xanh khéng it hon 664;

b) Chitng minh rdng sb tam gidc xanh khéng it hon 1328.

Loi gidi. a) LAy dudng thing d bét ki trong sb cdc dudng thing da
cho. Trong cac khoang cach tit giao diém clia cac dudng thing con
lai ¢én dudng thing 4 luén ton tai mot giao diém gin 4 nhét, d6
chinh 13 dinh ctia mét tam giac xanh (hai dinh con lai ndm trén d).
Nhu viy ting v6i mbi dudng thing ta cé it nhat mot tam gidc xanh,
suy ra ting v6i 1992 dudng thing, ta c6 it nhat 1992 tam gi4c xanh.
MObi tam giac xanh trong sb d6 dudc tinh nhiéu nhét 3 1an. Viy c6 it
nhét 1992 : 3 = 664 tam giac xanh khac nhau.

b) Tit nhan xét cau a) ta suy ra néu vé hai phia ctia d déu cé cac
giao diém cta cac dudng thing khéc thi c6 it nhat hai tam gi4c xanh
vé hai phia cta d.

Ta sé chitng minh c6 nhiéu nhit hai dudng thing ma tit ca cac
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giao diém clia cac dudng thiang khac nam vé cling mét phia so véi
dudng thing dé. Gia st trai lai c6 it nhit ba dudng thing d|,d,,ds
nhu vay. Xét d4, goi cac diém M, M,, M3 thit tu 1a giao diém clia d4
v6i di,d», ds. Gid st M, nam gitta M;, M3 suy ra M; va M3 nam & hai
phia clia d», diéu nay méu thuln véi gia st.

Nhu vdy tng véi 1992 dudng thing thi cé it nhit

1990.2 +2 = 3982 tam giac xanh. M&i tam giac xanh dudc tinh nhiéu

nhét 3 14n. iy c6 it nhét [39382} = 1328 tam giac xanh khac nhau.

©

Bai toan 2.19. Trong mét budi da héi, mdi nit sinh déu nhdy véi it
nhdt mot nam sinh va khéng cé nam sinh nao nhdy véi tdt cd nit sinh.
Chitng minh rdng c6 thé im dugc mot nhém gém 2 nam sinh va 2 nit
sinh sao cho mdi ngudi trong bon ho chi nhdy véi mét ngudi khdc gidi
cung nhom.

Loi gidi. Ta chia tit cA nam sinh thanh nhiing nhém theo tiéu chudn
ho da c6 thé nhay véi cting sb luong nit sinh (nghia 1a mbi ngudi
trong nhém déu cé s6 ban nhay nit sinh bing nhau). Gia st F, 1a
mot trong nhitng nam sinh da nhay véi nhiéu nit sinh nhét. Vi theo
gia thiét F; khong nhay véi tt cd nit sinh, nén ton tai hitu han sb
nit sinh khéng nhay v6i Fi, ta chon trong d6 moét nit sinh L. Nhung
vi mbi nit sinh déu nhay véi it nhat mét nam sinh, vi thé ton tai mét
nam sinh F> nhay v6i L;.

Nam sinh F; di dugc chon sao cho sé nit sinh khéng nhay véi F>
khong nhé hon sb nit sinh nhay véi F;. Tit ddy suy ra F>, khéng nhay
véi tht ca sb nit sinh nhay véi Fi: Trudng hop ngudc lai, sé nit sinh
nhay vé6i F» sé 16n hon sb nit sinh nhay véi Fi; vi F> nhay véi Ly, con
F, khéng nhay véi L;. Nhu vay ton tai nit sinh L, nhay v6i F|, nhung
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khéng nhay véi F.

Cip nam sinh Fj,F va cip nit sinh L, L, tao thanh mdt bo bén
tham gia da hoi, thda mén cac diéu kién ctia bai toan, vi cip Fi,Li,
cling nhu cdp F, L, khéng nhay v6i nhau ma chi c6 F; nhay véi L,
va F, nhay véi L. ©

Cubi cling dua vao tinh todn trén cac dai lugng cuc bién ta cé
thé chting minh "bAt ding thic giita trung binh cdng va trung binh
nhén" ctia mot diy sé khong 4m. Pinh 1y nay ciing dudc chiing minh
nhu mét hé qua & chuong 6 vé ham 16i.

Dinh ly 2.1 (Bt ding thiic gifta trung binh c6ng va trung binh
nhan). Néu x; JX2,...,X, la cdc sb khéng am, thi
XXt X
n

> N/X1X2 . . X,
ddng thitc xdy ra khi va chi khix; = x = ... = x,.

Chitng minh. Ta c6 thé gia thiét rang x; > 0 véi moi i = 1,2,...,n,
vi néu c6 mét sb ndo d6 trong ching bing 0 thi bat dang thiic hién
nhién dung.

1

Ta xét trung binh nhan (xjx...x,)» va trung binh cong
Xit+x2+-+x,

. Néu tit ca x; khong bing nhau thi ta thay s 16n
n

A N A 2 A Yy \ A A 1 . s R
nhat x;; va so nho nhat x,, bang cung mot so 3 (xp +x,). Khi d0 tong
ctia hai s6 méi thay bing

1

1
E(XM +xm) + E(XM +Xm) = Xp + X

N L ) , \ 1 2 A 2 B A
va tich cua chung la {2()@” +xm)} > xpx,. Két qua cua su thay thé

nay la trung binh nhan tdng trong khi trung binh céng khong thay
déi gi. Néu tap hop n s6 méi tht ca khong bing nhau, thi ta lai lip
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lai qua trinh trén. Tai mdi giai doan ctia qua trinh, trung binh nh4n
déu ting thuc su va trung binh céng khong thay déi gi. Dén lic tit
c& cac sb tré thanh bing nhau, thi hai trung binh céng va nhén nay
tring nhau. Do dé trung binh nhan luén nhé hon hoic bang trung
binh céng, ding thitc xay ra khi va chi khi tit ca cac sb déu béng
nhau.

Ta c6 thé ldy vi du vé qué trinh nay, xét trudng hop x; = 2,
x» = 3,x3 = 8,x4 = 11. Qud trinh tién hanh dugc liét ké theo diy
sau day:
{2,3,8,11} — {123,3,8,123} — {123,121,121,123} —{12,12,12,12}.
Trung binh nhan cta tip s6 tuong tng ting dén 12; trung binh cong
lu6n ludn b dinh 14 12. ©

2.3. SAP XEP PHAN TU' THEO THU TU

M6t ki thuét giai toan 13 sip xép thi tu nhitng phan tit trong bai
toan. Khi sip xép thit tu ctia hitu han cic phan ti trong bai toan ta
d4 x4c dinh dugdc nhitng phan t& nhé nhét hodc 16n nhit. Nho phin
ttt nhé nhét va 16n nhit nay ta cé thé gidi dudc bai toan.

Bai toan 2.20. Cho 7 sb nguyén duong khdc nhau sao cho téng cila
chiing bang 100. Chitng minh rdng cé ba sb ma téng ctia chiing it nhdt
la 50.

Loi gidi. Gia st 7 sb nguyén duong dudc sip xép theo thi tu
a<b<c<d<e< f<g. Tasé chitng minh rang e+ f+ g > 50.

Néu ¢ > 15, thi suy truc tiép e+ f+g > 16+ 17+ 18 = 51, diéu
can chiing minh.
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Néue<15thiatb+c+d<14+13+12+11 =50, vi thé
e+ f+g=100—a—b—c—d > 50, diéu khang dinh ciing ding. ©
Bai toan 2.21. Chitng minh rdng cdc chit sb ciia mot sb ¢d sdu chit sb
¢6 thé hodn vi sao cho sb nhdn dugc c6 tinh chdt: Tong ba chit s6 ddu
tién ctia nd khdc vdi téng ba chit s6 con lai nhiéu nhdt la 9.
Loi gidi. Cho a,b,c,d, e, f 14 sdu chit s6 clia s6 di cho sdp xép theo
thtt tu ting. Chon f,c¢,a lam ba chit sb dAu tién cta sb méi va e,d, b
1am ba chit s6 cubi cting. Khi d6
fHct+a—e—d—b=(f—e)+(c—d)+(a—b) < f—e<9,
vi c—d va a—b 13 s6 4m hodc bang khong. Tuong tu,
et+d+b—f—c—a=(e—f)+(b—c)+(d—a)<d—a<0O.
Vi thé sb6 fcaedb thda man tinh chit cin thiét. ©
Bai toan 2.22. Chitng minh rdng néu 2n+ 1 s6 thuc c¢é tinh chdt la
tdng ctia n s6 bdt ki trong chiing nhd hon tdng ctia n+ 1 sb con lai, thi
tdt cd nhitng sb nay la s6 duong.
Loi gidi. Ta sip xép 2n+ 1 sb thuc nay theo thit tu ting
a1 < ap < -+ < ax1. Theo gia thiét ta co
An2+an3+ -+ apqr <ar+ax+---+anpqr.
Diéu nay kéo theo
a1 > (any2 —az) + (a3 —az) +- -+ (a2a41 — Gnp1).-
Vi tit ca hiéu trong d4u ngoic tron déu khéng am, suy ra a; > 0, d6
13 diéu can chitng minh. ©
Bai toan 2.23. Cho 7 sb nguyén duong khdc nhau ma méi sé khong
vuet qud 1706. Chitng minh rdng ton tai ba sb trong chiing, gid stz la
a,b,c, sao cho a < b+c < 4a.
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Loi gidi. Ta sip xép 7 sb theo thit tu ting
1<ai<ap <---<aj <1706.
Néu a;y < 4a; —a; v6i mét sb i nao dé thude {2,3,...,6}, thi
a; < ay +ajy1 < 4a; va ta da chiing minh xong.
Gia st ngudc lai, ;| > 4a; —a; v6i moi i =2,3,...,6. Khi d6
ay > 4a, —a; > 4(611 —I—l)—a1 =3a, +4
as > 4az—a; > 4(3611 +4) —ay = 11a; + 16,
as > 4a4 —a; > 4(116!1 + 16) —da) = 43(11 +64
ag > 4as —a; > 4(43611 +64 —a1 = 171a; + 256,
a7 > 4ag—ay 24(1716114-256)—611 683a; + 1024 > 1707,
diéu nay mau thuln véi gia thiét. ©
Bai toan 2.24. Cho a la s6 nhd nhdt va A la sb 16n nhdt cia n sb
nguyén duong khdc nhau. Chitng minh rang béi chung nhé nhdt ctia
nhitng s6 nay 16n hon hodc bang na va udc chung 1én nhdt cia chiing
5 .oy A
nho hon hodc bang —.
n

Loi gidi. Ta sip xép n sb nguyén duong khac nhau nhu sau:
a=aq<p<az<---<a,=A

va cho m 14 bdi sb chung nhé nhét cta chiing, d 1 uéc sb chung 16n
nhét ctia ching. Khi d6

m m m m
ay ay—1 aj a
a a a, A
L e — ==
d d d d

Vi nhiing s trong hai déy trén 13 nhiing sb nguyén ducng, dong
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\, . \ A 2. 17 o M N \ 7 \
thoi — va 7 phai 16n hon hoéac bang n, diéu nay kéo theo m > na va

©

:.‘>Q ‘S

d

IN

Bai toan 2.25. Ta xét 2n s6 nguyén duong khdc nhau ay,as, ... ,am,
mbi s6 khéng 16n hon n?® (n > 2). Chiing minh rdng ton tai ba hiéu
ai—aj (i,j€{1,2,....2n} va i # j) bang nhau.

Loi gidi. Ta cé thé gia thiét réng ay <ay <az < - <ap, Taxéthiéu
a) —dap,az —az,...,dy; — 1. Glél SfI' khéng cO ba hléu nao bé“lng
nhau, thi chi c6 nhiéu nhit hai hiéu bing nhau va c6 b4t ddng thic

(ax—ay)+ (a3 —az) + -+ (a2n — azp—1)
>1+4+14242+ -+ (n—1)+(n—1)+n=n"
Nghia 13 as, — a1 > n®. Mt khéc, theo gia thiét ctia bai todn ta c6
danh gi4 a», —a; < n®— 1, hai diéu nay méu thun nhau. ©

Bai toan 2.26. Cho 4n diém trén mdt phdng trong dé khéng c6 ba
diém ndo thang hang. Chitng minh rdng ngudi ta cd thé tao ra n tit
gidc dbi mot khong giao nhau (khéng nhdt thiét phdi la tit gide 161)
Véi cdc dinh la nhitng diém dd cho.

Loi gidi. Ton tai hitu han nhiing dudng thing ndi cac cip diém
da cho. Ta chon dudng thing ¢ khéng song song véi bit cit dudng
thdng nbi gita hai diém nao sao cho tit ca cac diém nim vé mot
phia ctia ¢. Ta thuc hién di chuyén ¢ song song véi chinh né. ¢ sé
gip mbi diém d4 cho mét 14n. Ta gan nhén cho nhiing diém nay
A1, As,..., A4, theo thit tu dém dugce. Khi d6 AjA>A3A4, AsAgA7As,
vevy Agn_3A4n_2A4n_1A4, 12 0t gide d6i mOt khong giao nhau.  ©

Bai toan 2.27. Cho 2n+3 diém trong mdt phdng trong dé khéng
¢6 ba diém ndo thdng hang va khéng cé bon diém nao ndm trén cing
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dudng tron. Chitng minh rdng ton tai dudng tron di qua ba diém trong
d6 sao cho diing n diém ndm trong dudng tron va n diém nam ngodi
no.

Loi gidi. Tt 2n+ 3 diém ta chon hai
diém A va B sao cho dudng thing di
qua hai diém nay 13 bd clia ntta mit
phéng chita tit ca nhiing diém con lai.
Ta vé 2n+ 1 dudng tron di qua hai diém
da chon va diém thtt ba trong 2n + 1
diém con lai. Goi Uy,Us,..., Uz 1
cac hinh vién phan chta A,B va diém Hinh 2.6
thit ba trong 2n+ 1 diém con lai. Ta
thay cac vién phan nay 16ng nhau (Hinh 2.6).

Gia st Uy C U C --- C Uy, 1. Khi d6 vién phén U, chita ding
n diém & bén trong né. Dudng tron clia vién phan U, sé thda man
yéu cAu bai toan. ©

Bai toan 2.28. Cho 69 s6 nguyén duong khdc nhau, mbi s khong
vuot qud 100. Chitng minh rdng ngudi ta c6 thé chon duoc 4 s6 a,b,c,d
sao cho a < b < cvd a+b+c =d. Ménh dé con diing cho 68 sb khong?
Loi gidi. Nhiing sb da cho c6 thé sip xép thanh

1<a<ay <---<ag <100.
Hién nhién a; < 32. Ta xét day
Gta<arta < ---<agtavaaz—ar <as—ar < - < dg —ay.

MObi sb hang cta hai ddy trén 13 mot sb nguyén duong khéng vuot
qua 100 + 32 = 132. Tt hai diy nay gop lai c6 67+ 67 = 134 sb
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nguyén duong, do d6 ton tai hai chi sb i,j € {3,4,...,69} sao cho
ai+ai = aj— a, (nguyén ly Dirichlet). Ta ¢é a; < a < a; va
ai +ay+a; = a;. Vay, ta chon 4 sb ai,a,a;,a; théa man bai toan.
Ménh dé khong con ding cho trudng hop 68 sb nguyén duong
khac nhau.
Vi du: Tap hop {33,34,35,...,100} c6 33+ 34 +35 > 100 nén
khéng chon dugde sb nio thda mén bai todn. ©

Bai toan 2.29. Chitng minh rdng tir 25 sb nguyén duong khdc nhau
ngudi ta ¢d thé chon duoc hai sb ma téng va hiéu ctia chiing khong
tring véi bdt ki s6 nao trong 23 sb con lai.

Loi gidi. Gia st ton tai 25 sb sao cho c6 thé chon dudc hai sb bat ki
trong ching c6 téng hodc hiéu triing véi mét sb trong 23 sb con lai.
Ta sip xép ching theo thtt tu ting din nhu sau:
0<x; <xp<- < Xps. Vi xp5 12 s6 16n nhét nén tong x»s +x; khong
nim trong tap hop sb d cho véi k € {1,2,...,12}. Nhu vay hiéu ctia
ching phai trung v6i mét sb trong 23 s6 con lai va ta c6 thé chi co
X25 — X1 = X24, X205 — X2 = X23, . . ., X25 —X12 = x13. Tu d6 suy ra v6i k > 1
thi x4 +x¢ > x25, do d6 x4 — x; nAmM trong tap hop cac sb6 con lai. Vi
X2 ++X23 = Xp5 SUY Ta x4 — xp < X23, nghia la xp4 —x; < xp,. Tuong tu,
ta thiét 1ap dugc cac bat ding thitc

Xo4 — X2 < X22,X04 — X3 S X215+, X024 —X12 S X11,. .., X024 — X2 S X7

~ \ N + A \ A \ 1o A \
Suy ra tong va hiéu cda hai sO xp4 va xp3 khéng trung véi s6 nao
trong 23 s6 con lai. Diéu nay mau thuan véi gia thiét ban dau vé
nhiing so nay. ©
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2.4. CHUYEN DE PHUONG PHAP XUONG THANG

M6t phuong phap giai toan phat sinh tit nguyén ly thit tu - d6 la
phuong phdp xubng thang.

2.4.1. Lich st cia phuong phép

Nha toan hoc 16n P Fermat (1601 - 1655) viét ring "Do nhiing
phuong phap binh thudng da cé trong cac sach khong da dé chiing
minh nhitng ménh dé khé va quan trong, vi thé t6i da hoan thién
moét cach dic biét d€ gidi quyét nhitng bai toan nay. Toi goi cach
chiing minh dic biét nay 1a xubng thang khéng xdc dinh hodc la
xubng thang dén vé cung" 2.

Ban diu Fermat chi dung phuong phap nay chting minh cho
nhitng ménh dé pht dinh. Vi du nhu "Khéng ton tai mot tam gidc
vubng cé sb do cdc canh la nhitng s6 tu nhién, ma sé do dién tich ctia
né la mot sb chinh phuong". P& chiing minh ménh dé nay Fermat
d4 dung phuong phap sau: Néu ton tai mét tam gidc c6 sb do cac
canh 1a nhitng sb tu nhién ma s6 do dién tich ctia né 1a mot sb chinh
phuong, thi ton tai mot tam gidc khac nhé hon tam gidc ban diu va
c6 cung tinh chit. Néu tam gi4c tht hai nhé hon tam gidc ban dau
va c6 cung tinh chét, thi Iy luan tuong tu ta nhin dudc tam giac thit
ba nhé hon tam giac thtt hai va ciing c6 cing tinh chit, qua trinh
ndy tiép tuc tim dudc cic tam giac thit tu, tht ndm, ... gidm dén
v cliing. $6 do mot canh clia tam gidc vudng xudt phat 1a mot sb
tu nhién, méi budc thuc hién trén s6 do canh nay gidm thanh sb tu
nhién nhé hon, tao ra mot diy sb tu nhién gidm, nhung mét diy
s6 tu nhién gidm thuc su khong thé gidm v6 han lan. Tit d6 suy ra

trong cubn Oeuvres, tAp 11, trang 431 cha P. Fermat
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khéng tdn tai mot tam gidc vudng cb sb do cac canh 13 nhiing sb tu
nhién, ma s6 do dién tich ctia n6 13 mét sb chinh phuong.

Sau d6 Fermat cé néi rang (sau mot thdi gian dai suy nghi)
da co thé ting dung phuong phap nay vao viéc chitng minh nhiing
ménh dé khfmg dinh. Vi du nhu: "Moi sb nguyén tb dang 4n+1 déu
biéu dién thanh t8ng ctia hai sb chinh phuong". Nhung dé ting dung
phuong phap nay vao viéc chitng minh nhitng ménh dé khac nhu:
"Moi s6 c6 thé bi€u dién thanh t6ng ctia khong qué bdn sb chinh
phuong", thi Fermat khéng dé€ lai chi tiét 4p dung phuong phap nay
nhu thé nao. Hon nita, hang loat cc dinh ly ctia Fermat dugc chiing
minh bing phuong phap nay ciing khong dé lai tinh toan chi tiét.
Trong sb d6 c6 dinh ly 16n Fermat cho trudng hop n = 3. Sau nay
Euler di 4p dung c6 két qua phuong phap niy vao bai toan giai
phuong trinh v6 dinh va tit d6 viéc chitng minh dinh ly 16n Fermat
cho n = 3 dudc phuc hdi. Fermat khing dinh ring phuong phap nay
13 cta minh dua ra 14n du tién va truée d6 khong ai biét phuong
phap nay. Nhung ta nhé lai ring nhiing cb ging chiing minh khéng
thé phén tich mét 14p phuong ctia sé nguyén thanh téng lap phuong
ctia hai s6 nguyén, dudc nghién cttu khoang nim 1000 & phuong
déng véi cdc nha toan hoc A Rap da cd ndi téi phuong phap nay.
Phuong phap xubng thang thdi hién dai gitt mot vai trd quan trong
trong gidi tich Diophant véi nhitng cong trinh ctia J. H. Poincaré® va
A. Baile. Ngay nay phuong phap nay vin con dudc tng dung trong
ly thuyét s6 ctia toan hoc.

3Jules Henri Poincaré (1854-1912): Nha toan hoc ngudi Phap
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2.4.2. Phuong phdp xudng thang trong sé hoc

Noi dung co ban ctia phuong phéap xudng thang thuc hién qua
cac budc:

1. Gia st bai toan c6 nghiém (hodc nhitng dai luong da thoa
man diéu kién bai toan);

2. Ti gia thiét da cho clia bai toan ta lai xAy dung duoc dai luong
giam thuc su ciing thda mén diéu kién bai toan da cho. Mot cach
1ap lai nhu véy ta xay dung dudc mot day dai lugng giam thuc su.

3. Tt ddy gidm vo han trén suy ra diéu vo 1y vi ddy sb clia ta x4y
dung khong thé gidm vo han dude, ma chi hitu han (cé thé ap dung
nguyén 1y thit tu, cic dai luong bi chin dudi, ...). VAy diéu gid st 1a
sai va suy ra két lun ctia bai toan.

DE hiéu phuong phap xubng thang ta chting minh lai bai toan &
ngay dau cubn sach nay, nhung véi ndi dung méi.

Bai toan 2.30. Chitng minh rdng v/3 la mét s vé ti.

Loi gidi. Gia stt /3 = Ts dy r va s 1 nhiing s6 nguyén duong.
Khi 6 '

, 3% =12, , 2.1
Nhu vay vé phdi ctia (2.1) 1a mot so chia hét cho 3, suy ra > chia
hét cho 3. biéu nay nghia 1a r chia hét cho 3 (vi r khong chia hét
cho 3, thi khi d6 r? ciing khong chia hét cho 3, diéu nay vo ly).
Ta dit r = 3r; (r; € N*) va thay vao (2.1) ta nhan dugc 35> = 977,
nghia la

s? =3r}. (2.2)

Ly luédn tuong tu cho phuong trinh (2.2) tim dudc s = 3s; (51 € N¥),
sau d6 thay vao (2.2) cho két qua

357 =17, (2.3)
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T r = 3ri,s = 3s; ta suy ra dang thic r > r;. Phuong trinh (2.3)
tuong tu nhu phuong trinh (2.1). Ta lai stt dung cung ly luin cho
phuong trinh (2.3) ta nhin dudc diy s6 nguyén duong vé han

r>rp>r>->r>-->0. 2.49)
Diéu kién (2.4) 1a v6 1y, vi tdp hop nhiing sb tu nhién duong nhé
hon r 14 hitu han. Diéu v6 1y nay chi ra ring phuong trinh (2.1)
khéng c6 nghiém nguyén duong, vay v/3 1a mot sb v ti. ©

Bai toan 2.31. Chitng minh rdng phuong trinh
6(x*+y*) =22 +1° (2.5)

khong co nghiém nguyén duong.

Loi giai. Gia st phuong trinh (2.5) c6 nghiém nguyén duong,
()C(),yo,Zo,l()). Do dé
6033 +33) = B +13. (2.6)

V& phai ctia (2.6) chia hét cho 3, nghia 13 75 +15 chia hét cho 3.
Dé chitng minh dudc ring diéu nay xay ra khi va chi khi zo va zy déu
chia hét cho 3. Ta dit zo = 3z; va 1o = 31 (11,21 € N*). Vithé 70 > 7
va fy > 11, suy ra z3 +t3 > z3 +17. Thay nhiing gia tri nay vao phuong
trinh (2.6), ta nhan dudgc

2(x5 +5) = 3(z1 +11)-

V@ trai ctia phuong trinh trén chia hét cho 3, suy ra x5+ 3 chia hét
cho 3. Tuong tu phan trén xo va yo déu chia hét cho 3. Ta dit xo = 3x;
va yo = 3y; (x1,y1 € N*). Khi do6 ta nhan dudc phuong trinh

6(x% +y}) = z% +t12.

Phuong trinh nay gibng nhu phuong trinh (2.6), chi 6 khéac chi
s6. Nhu vdy ta 14p lai quy trinh x4y dung nghiém nhu phuong trinh
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‘A X Z o . ~ A
(2.6), cho nghiém x; = go’ y1 = y3—0, 71 = go, H= go va tao ra day so
nguyén duong vo han 1y > t; > 1, > --- > 0. Diéu nay vé Iy vi diy sb
tu nhién nhé hon ¢, chi ¢6 hitu han. ©

Bai toan 2.32. Chitng minh rang phuong trinh
X232+ 72 =2xyz (2.7)

khong co nghiém nguyén duong.

Loi giai. Gia st phuong trinh (2.7) c6 nghiém nguyén duong
(x0,Y0,20)- Nghia la

X5+ 5+ 25 = 2x0y020- (2.8)

vé phai ctia phuong trinh (2.8) chia hét cho 2, suy ra vé trai clia
né ciing chia hét cho 2. biéu nay chi x4y ra khi va chi khi tit ca
X0,y0,20 déu chin hodc mot sb trong d6 13 sb chin con hai sb kia
13 s6 1. biéu sau cung khong thé dudc, vi khi d6 vé phai cia (2.8)
chia hét cho 4, con vé trai cia (2.8) chia hét cho 2. Nhu v4y chi con
kha l’lél’lg tét ca X0,Y0,20 la Sé chin. bat xo = 2x1,y0 = 2y1,20 = 221
(x1,y1,71 nguyén duong). Thay cac gia tri nay vao (2.8), ta nhan
dudc
3yt =4y (2.9)
St dung ly ludn tuong tu cta phuong trinh (2.8) cho phuong
trinh (2.9), ta tim dugdc x; = 2x,y; = 2y2,21 = 225 (x2,y2,22 nguyén
duong) va lai co
X5 +y5 425 = 8xayz.
Tiép tuc qud trinh nay ta nhin duge mdt ddy vé han nhitng bd
ba nguyén duong: (xg,yx,zx) €0 tinh chit x, = 2x141, k=0,1,...va

X0 > X] > Xp > > X > X > o0 > 0.
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Diéu nay vo 1y vi ddy sb tu nhién nhé hon xq chi ¢é hitu han, suy
ra phuong trinh khong c6 nghiém nguyén duong. ©

Bai toan 2.33. Hdy tim tdt cd cdc nghiém nguyén duong ctia
phuong trinh
X’ — 2y2 =1.

Loi gidi. Hién nhién x; = 3, y; = 2 1a m6t nghiém ctia phuong trinh.
Ta chting minh ring néu x va y 1a mét nghiém ctia phuong trinh, thi
cdp 3x+4y va 2x+ 3y cling la nghiém ctia phuong trinh. Thét vy,
(3x+4y)? —2(2x+3y)2 =x* —2y* = 1.
Nhu vay
Xy =33+42=17,
y2=23432=12.

Tuong tu ta tinh dudc x3 = 99,y3 = 70, ... Nhu vay ta xay dung
dude day nghiém xi,yi;x2,y2;.... Ta sé chiing minh rang phuong
trinh khéng c6 nghiém khac ngoai day sb trén.

Gia st xo,yo la mot nghiém nao d6. Trong trudng hop dé
3x0 — 4y0,3y0 — 2xo cling 1la nghiém, vi

(3x0 —4y0)? —2(3y0 — 2x0)* = x§ — 25 = 1.
Tu phuong trinh ta ¢6 9 = 9x3 — 18y3 > —2y§ suy ra 3xp > 4yo; voi
yo > 2 va tit phuong trinh ta ¢ 4 = 4x5 — 8y3 < y3 suy ra 3yo > 2xo.
Nhu vay v6i yg > 2 tt nghiém xp,yp ta nhan dudc nghiém xi,y;
nguyén duong sao cho x; < xp va y; < yo. Qua trinh nay khong thé
kéo dai vo tan (do tién dé thit tu), dén mdt lde ndo dé ta nhan duoce
nghiém x,,y,, 6 diy y, < 2. B&i vi y, khong thé bang 1, nén suy ra
y, = 2. Nghia 13 x, = 3. Diéu nay c6 nghia 14 sb x,,y, nim trong day
da dung & phan trudc. ©
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2.4.3. Phuong phdp xudng thang trong hinh hoc

Trong hinh hoc c¢é khai niém ciing do dugc nhu sau: Hai doan
thang c6 d6 dai tuong ing a va b goi 1a ciing do duoc, néu ton tai
mot doan thing cé d6 dai d va nhitng sb nguyén duong m va n sao
cho a =md va b = nd.

Bai toan 2.34. Chitng minh rang dudng chéo ciia mot hinh vudng
khoéng cung do dugc véi canh ctia no.

Ldi giai. Cho hinh vudng A C D
ABCD. Ta dit trén dudng Vb

chéo hinh vuong mot doan B, D, Dy

c6 d6 dai bang canh cla A

né BD|; = AB (Hinh 2.7).

Tit diém nhén dugce D; dung B,
dudng thang vudng goc véi

duong chéo cta hinh vuéng

va cit canh hinh vudng tai A B
B, vandi B, v6i B. Hai tam Hinh 2.7

gidc AB\B va D\BB biang

nhau, vi chung la nhiing tam gidc vuoéng c6 canh BB; chung va
BD; = BA (theo cach dung). Suy ra AB; = D1B;.

Trong tam giac vuoéng B;CD; cb B1CD; = 45° (do BC 1A duong
chéo cta hinh vuéng). Suy ra Cm —=45° vavithé ByD, = D,C. Ta
da chting minh dugc
ABy = B1D; = D|C, tu d6 suy ra D;C < CD.

Ta lai vé dudng vudng goc v6i duong chéo CB tai C va dat doan
thdng CA; = DB, rbi nbi diém A, véi B,. T giac A\ B, D;C 14 hinh
vuong c6 duong chéo la B;C.
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Qua trinh dung nhiing hinh vuéng nhu véy lip lai nhiéu lan. Vi
thé ta nhan duge day v6 han nhiing doan theelng

CDy>CDy, >CD3 > --->0.

Mbi doan thing nay 14 hiéu gitta dudng chéo va canh ctia mét va
chi mot hinh vuéng. Theo cach dung trén, ta tinh dudgc

CDy =CB—AB, CD, =CB1 —A1B1, CD3 =CBy —A2B», ...

Gia stt dudng chéo va canh clia hinh vuéng ban diu cling do dugc,
thi ton tai mot doan thing don vi e ma dudng chéo BC va canh
hinh vudng AB déu biéu dién dugc bing nhitng sb nguyén 1an doan
thang don vi. Trong trudng hop nhu vy CD, = CB — AB ciing biéu
dién thanh s nguyén 1an doan thing don vi va dudng chéo CB,
ctia hinh vudng A,CD;B; bang hiéu AC — AB, = AB— CD; ciing la )
nguyén lan doan thing don vi.

Nhu vdy ta di dung dugc diy v6 han nhiing sb nguyén duong
giam

CD>CD|{>CDy>--->CDy>--->0.

(6 day CD; 1a d6 dai clia doan CD;). Khéng thé c¢6 day sb nguyén
duong v6 han gidm t6i 0. Diéu v 1y nay chi ra ring khong cling do
dugce duong chéo va canh ctia cing mot hinh vuéng. ©

Bai toan 2.35. Cho mdt ludi 6 vuéng vdi cdc nut ludi la giao cua cdc
dudng ngang va cde dudng doc trén gidy (ta coi cde nit lwéi la diém cé
toa d nguyén). Chitng minh rdng vdi n # 4 khéng ton tai mot n-gidc
déu nao c6 cdc dinh 1a cdc miit wéi trong ludi dd cho.

Loi gidi. Tru6ce tién ta chiing minh ring khong ton tai mot tam gidc
déu véi cac dinh 13 cdc nht ludi. That vay, gid st ton tai mot tam
gidc déu voi cac dinh 14 cac nat 1uéi va goi a 13 d6 dai clia canh tam



74 Chuong 2. Ki thuat dung phuong phdp dai lugng cuc bién

gidc nay. Khi d6 4 1a mot s6 nguyén. Dién tich ctia tam giac bang

a2

nén né 1a mét s6 vo tf. Mit khac, hién nhién dién tich ctia mot
tam giac bat ki c6 dinh 13 cac nit ludi 13 mét s6 hitu ti. Piéu nay vo
Iy Vay khong thé ¢6 tam gidc déu 6 cac dinh 13 cac nat 1uéi.
Vi mét luc gide déu c6 thé Py 2
ghép bdi cac tam gidc déu, nén
truong hgp n = 6 bai toan duge
chting minh. Py
Giast P, P, ...,P,1adinh caa
n-giac déu trén céc nat ludi (véi
n #3,4,6). Ta dit tit cac diém
P\, P,...,P, nhiing vecto bang nhiing Hinh 2.8
vectd tuong Gng PZ—P;, @, e,
ﬁ]% (Hinh 2.8 chi 1a trudng hop n = 5). Nhitng diém mdi ciing roi
vao nut ludi va tao ra mot n-gidc déu ndm bén trong n-giac déu trude

Py

Ps

dé. Tt n-gidc déu moi ta cb thé tiép tuc nhu vdy. Binh phuong d6 dai

clia canh n-gidc déu 13 mét s6 nguyén duong, theo cach dung trén

thi d6 dai canh cta n-gidc déu gidm thuc su. Qua trinh dung trén

tao ra mét diy sd

nguyén duong cta binh phuong dé dai canh gidm dén vé han, diéu

nay v6 1y. VAy khong thé c6 n-gidc déu (n # 4)cé dinh 13 cac nit luéi.
©

Bai toan 2.36. Cho nhiing sb nguyén xi,xp,x3,x4,Xs VOi
X1 +x2 +x3 +x4 + x5 > 0 va dugc dat trén duong tron. Néu x; < 0,
thi cdc sb xi_1,x;,xi+1 dugc phép doi thanh x;_; +x;, —x;, x;11 +x; (ta
quy udc x;.s = x;). Chitng minh rdng sau hitu han budc thuc hién nhu
vdy tdt cd cdc sb trén dudng tron tré thanh cdc sb nguyén khong dm.
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Loi gidi. Ta chi v rang véi cach thuc hién nhu bai toan di cho thi
tong cla cac sb khong d6i. Mbi bo s6 X = (x1,%2,%3,X4,x5) ta dat

5
F(X) =Y (xi—x,-+2)2. Cho x; <0 va

i=1
Y = (Xi—2,Xi—1 +Xi, —Xi, Xig 1 + X0, Xi42).-
Tinh toan khéng phic tap cho két qua
F(X)—F(Y)=—2x;(x; +x2+x3+x4 +x5) > 0.

Nghia 1a F(Y) < F(X). biéu nay ¢ nghia 1a sau mdi lan thuc hién
s6 nguyén khong 4m F(X) giam thuc su. Qua trinh nhu vy khéng
thé tiép tuc dén v6 han. Nhu vay sau hitu han buéc céc sb tré thanh
cac sb nguyén khong 4m. ©

Nhitng bai toan nhu Bai toan 2.36 da dudc gidi bang phuong
phép dai luong bt bién trong [18]. Trong cubn sich nay ban doc
c6 thé tim thiy hang loat cac bai toan cb cach gidi tuong tu.

2.5. BAI TAP
> 2.37. Tim nghiém nguyén ctia phuong trinh
7(x2+y2) _ Zz+t2-

> 2.38. Cho n? s6 nguyén khéng 4m dudgc dit vao cac 6 trong bang
bao gbm n hang va n cot. V6i viée thuc hién phén bb sb vao 6 phai
théa man diéu kién sau diy: Néu mét 6 ndo dé trong bang viét
s6 0, thi tdng nhitng sb trong cot va trong hang chita 6 nay, khéng
nhé hon n. Ching minh ring tng tit ca n? sb di cho khéng nhé

n
hon —.
2
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> 2.39. Trong mot mit phang cho n diém (n > 5). M&i diém 14 tim
mét dudng tron di qua mét diém cb dinh 0. Ching minh ring ti
nhitng hinh tron dudc tao ra béi cac dudng tron d6 c6 thé chon dude
5 hinh tron ma ching phi tt ca n diém.

> 2.40. Giai phuong trinh tim nghiém nguyén
A ayt = 2( +aut). (2.10)

> 2.41. Bang phuong phéap clia Bai toan 2.40 tim nghiém nguyén
cta cac phuong trinh sau:

(@) X*+3y’+92 =0;

(b) 8x* +4y* 4 27* =14,

(©) ¥ = 2y3 +47.

> 2.42. Cho 2n+2 diém trén mit phing trong d6 khong cé ba diém
nao thang hang. Chting minh ring ton tai hai diém trong chiing sao
cho dudng thang di qua hai diém nay chia mit phing thanh hai
mién ma mdi mién chita ding n diém da cho.

> 2.43. Trong mot bang ¢ 10 x 10 ngudi ta viét cac s6 nguyén ti
1 dén 100. Tt mbi hang ta chon sb 16n thit ba. Ching minh ring
tdng cia nhiing s6 nay khong nhé hon téng cta nhitng sb thudce
mot hang nao dé cta bang.

b 2.44. Cho n sb nguyén duong, ta xét tAt ca khd ning cia tong
dugc tao bdi moét hodc mot vai sé ctia n sb nay. Chting minh ring
nhitng téng nay c6 thé chia thanh » nhém sao cho trong mdi nhém
tf s6 gitta s6 16n nhat va sé nhé nhat khong vuot qua 2.

Bai tip danh cho phan chuyén dé (ban doc tu giai)
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> 2.45. Chding minh ring néu mét sb tu nhién p khéng phai 1a lity
thita bAc n clia mét sb tu nhién, thi ¢/p1a mot s6 vo tl.
b 2.46. C6 st dung phuong phap xubng thang dé chitng minh
phuong trinh

5(x2_|_y2) — Z2 +t2
khong c6 nghiém nguyén duong hay khong?
> 2.47. Chiing minh ridng canh day va canh bén cia mot tam giac
cén ¢6 goc 6 dinh 1a 36° khong cung do dudce cung don vi.
> 2.48. Chting minh ring sb 7 khong thé biéu dién duéi dang t6ng
c4c binh phuong ctia ba sb hitu ti.

> 2.49. Chitng minh rang phuong trinh
oyt =
khong c6 nghiém nguyén duong.

> 2.50. Giai phuong trinh sau trong tap sb nguyén duong:

a) x>+ (x+1)2=y>+1;

b) 3x*> —7y*+1=0;

o) (x+1)3—y* =7,
> 2.51. Cho ay,as,...,a, 1a mot bd nhitng sé tu nhién déi moét khac
nhau (n > 2). Tt d6 ta nhan dugc bd s6 méi

ar+ax ax+as apn—1+a, ap+ai
Ty 5y

Tir bd s6 nay lai theo quy tic trén tao b sb sau d6 va qué trinh tiép

tuc nhu vAy... Chting minh rang sau mot sb bude chic chin nhan
dudgc b sb, ma trong d6 khéng phai tit ca cac s6 déu 1a s6 tu nhién.
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> 2.52. Gia st aj,a,...,ax 13 bd nhitng sb tu nhién bit ki. Ching
minh ring néu tao tit né bd sb méi by, by, ...,by theo nguyén tic
by = |ak+1 — axl,k=1,2,...,2", apy1 = ay, sau do tut bo by, by, ..., by
theo nguyén tic trén tao ra bd sé ¢y, ¢, ..., con qua trinh tiép tuc nhu
véy. .., thi sau mét sb budc ta dua vé bd sb gdm toan sb 0.
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Ta nhén thay ring nhiéu bai toan dudc gidi véi viéc xét cac phan
tlt cuc bién. Trong hinh hoc thi nhiing phan ti cuc bién 14 gi ? Trong
chuong nay ta xem xét cac phan t cuc bién 14 cac goc 16n nhit hodc
nhé nhét, d dai cic canh hoic doan thing 16n nhit hoic nho nhét,
dién tich cta cac hinh 16n nhit hodc nhd nhét, rdi cic diém dau
mut ctia doan thang, ... Viéc xem xét bai toan v6i quan diém clia
nhiing dai luong cuc bién cho ta 15i gidi nhanh gon va dep. Mét sb
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bai toan da dudc mé ta trong [13] cla tac gia. Chuong nay liét ké
thém nhiing bai toan khac c6 dung phuong phap dai lugng cuc bién
dé giai.

3.1. GOC LON NHAT HOAC GAC NHO NHAT
Bai toan 3.1. Chitng minh rdng néu tét cd cdc canh ciia mét tam gidc

, N . , 3
nho hon 1 thi dién tich tam gidc nho hon R

Loi gidi. Goi A 1 gbc nhé nhit cia tam gide ABC, suy ra BAC < 60°
N , 1 1 L ,
(Hinh 3.1). Ta ¢6 Sapc = EBH.AC = EAB. sinBAC.AC. Do dé

1 _ 1 V3 V3
< —AB. <o =2
Sapc < 2ABACsm6O =3 1.1 > 1
D6 13 diéu ta can chitng minh. ©
D
B A
C
C H A B

Hinh 3.1 Hinh 3.2

Bai toan 3.2. Chitng minh rdng bén hinh tron ¢é dudng kinh la bbn
canh ctia mét tit gidc 16i ABCD phil kin mién tit gidc do.
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Loi gidi. Goi M 13 diém bét ki trong tt gidc ABCD (Hinh 3.2). Ta ¢
AMB + BMC + CMD + DMA = 360°.

Do d6 gbc 16n nhét trong bén géc nay khéng nhé hon 90°. Khéng
mét tinh t8ng quat, gia st géc BMC 16n nhét. Suy ra BMC > 90°. Do
d6 M thudc hinh tron duong kinh BC. ©

Bai toan 3.3. Bén trong dudng tron tdm O bdn kinh R =1 ¢6 8 diém
phdn biét. Chitng minh rdng tén tai it nhdt hai diém trong ching ma
khodng cdch gitta hai diém nay nhé hon 1.
Loi gidi. Ta chi ¥ ring it nhat ¢6 7
diém trong s6 8 diém da cho khac
v6i tim O. Goi cac diém da cho 1a
AL A, ... As.

Ta c6 gbc nhé nhét trong s6 cac
g6c A;0A; (i # j,1<i,j<8)1akhong
i < 60°.

, 360
16n hon

Hinh 3.3

Gia st Aj0A, la bé nhit
(Hinh 3.3). Xét tam giac A|0A,, vi f@ < 60° suy ra hoac
m > 60° hoac m > 60°. Suy ra hodc OA, > A;A; hoac
OA| > A1A>. Ma OA; < 1va OA; < 1suyraAjA; < 1. ©

Bai toan 3.4. Trong mét mdt phdng cho 6 hinh tron bang nhau va ¢é
diém chung. Chitng minh rdng it nhdt mét trong nhitng hinh tron nay
chita tdm ctia mét hinh tron khdc trong chiing.

Ldi giai. Goi 6 hinh tron da cho c¢6
tdm 01, 0,, 03,04, Os,0¢ va ban kinh r, con M 1a diém chung ctia
cac hinh tron nay. Chi cin chting minh ring it nhit ¢6 hai tim hinh
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tron ¢6 khoang cach khong 16n hon r. Ta ndi M véi céc tAm O, ,09,
03,04, Os, 0. Néu hai trong nhitng doan thezlng vita ndi nim trén
cling mot tia ¢6 gbe 13 M, ching han 0;,0, nim trén tia gbc M thi
0,10, <r.

Trong trudng hop ngudc Os o
4

lai, ta c6 6 goc dinh M khéng
c6 mién trong chung, khong 02 v
giam tinh téng quat giad st Os
()1/1\4\02,071\4\03,...,06/1\4\01. (ot
Ta xét gbc nhd nhét trong nhiing
gbe do, gid stt d6 12 gbe O MO, Hinh B.AOrﬁ
(Hinh 3.4).

BSi vi téng nhitng géc niy 1a 360°, nén O;MO, < 60°. Khi dé
trong tam giac O1MO, c6 MO,0, > 60° hodc MO,0, > 60°. Suy ra
MO, > 0,0, hodc MO, > 010,. Do d6 0,0, < r. ©

Bai toan 3.5. Cho tam gidc nhon ABC. Ldy mét diém P bdt ki trong
tam gidc. Chitng minh rdng khodng cdch [6n nhdt trong cdc khodng
cdch tir diém P dén cdc dinh A, B,C ciia tam gidc khéng nhé hon 2 ldn
khodng cdch bé nhdt trong cdc khodng cdch tit diém P dén cdc canh
cua tam gidc do.

Loi giai. Ta dung PA;, PB;, PC, tuong ting vudng gdc véi cac canh
BC, CA, AB (Hinh ??). Vi tam giac ABC la nhon nén A,B;,C; 14n
luot nam trong doan BC, CA va AB. Nbi PA, PB, PC ta c6

APC, +C\PB+ BPA, + A, PC + CPB, + B{PA = 360°.

Suy ra géc 16n nhét trong 6 gbc nay khong thé nhé hon 60°. Khong
mét tinh t6ng quat, gia st gbc APC; 13 16n nhat, do dé APC, > 60°.
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Xét tam giac APC, vuong tai Cy, ta co

% = cosfﬁa < cos60° = %

Tit d6 ta c6 AP > 2PC). Néu thay PA bang khoang cach 16n nhét
trong cac khoang cach tit P dén cac dinh va thay PC, bing khoang
cach ngin nhét trong cac khodng cach tit P dén cac canh thi bét
dang thic cang dudc thda man. ©

Bai toan 3.6. Trén cdc canh cia tam gidc ABC ldy diém C; thudc
AB. A, thubc BC va By thudc CA. Biét rdng d6 dai cdc doan thdng
AA1,BB;,CC; khong l6n hon 1. Chiing minh r&ng Sapc < \%
Loi gidi. Khong mét tinh t6ng
quat, gia st C <B<A (Hinh 3.6). C
Ta xét hai truong hop : A

Trudng hop thit nhdt : Tam
giac ABC c6 ba goc nhon. Khi
d 60° < A < 90°. Ta c6 A4 By c
hy <BBy <1va h. <CC; <1, Hinh 3.6
6 day hy,h. 1a d6 dai dudng cao
tuong (ing cua tam giac ha tit dinh B va C. Ta ¢6

1 1 hph, < 1 1

Sasc = ~che = ~ _
ABC = 31T S SinA = 25in60° /3

1
Suy ra Supc < —.

V3
Truong hgp thit hai : Tam giac ABC khong 1a tam giac cd ba goc
nhon. Khi do A >90° suyraAB<BB| <1,vaAC <CC; <1.Suyra
1 1 1
Sapc < 5ABAC < 5 < —= ©

2 V3
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Bai toan 3.7. Nhitng d6 dai ctia cdc duong phdn gidc trong mét tam
gidc khéng vieot qud 1. Chitng minh rang dién tich ciia né khong vuot

qud —.

V3

Loi gidi. Ta xét goc tai dinh A c6 d6 16n o 1a nhé nhéit trong cac
g6c cua tam gidc ABC. Cho AD la mot du’ong phan giac. Khi d6 mot

trong cac canh AB va AC khong vudt qua néu ngudc lai thi

a’
COS —

2
doan thing BC khéng di qua diém D. Gia st d6 1a canh AB, khi d6
AD AD 2 . as
AB < a < - < —.Khido
cos 5 cos30° ~ /3

h.AB _ (.AB 1
< <

SaBc = 2 52 5§
(6 day h. va ¢, la d6 dai duong cao va duong phan giac thudc
dinh C). ©

3.2. KHOANG CACH LON NHAT HOAC NHO NHAT

Bai toan 3.8. Chitng minh rdng it nhdt mét trong nhitng chdn dudng
vubng géc ha tit mot diém bdt ki trong mét da gidc 161 xudng cdc canh
ctia né, ndm trén canh ma khéng ndm trén canh kéo dai ctia né.

Loi gidi. Cho diém O trong da giac 16i. Ta ké cac dudng thing di qua
cac canh cta da giac va ta chon dudng thing ndm gn O nhit (vi s6
duong thing hitu han nén ta c6 thé chon dudce mét dudng nhu vay).
Gia st ring trén dudng thing vita chon dé chita canh AB.

Ta sé chting minh ring chan dudng vudng géc ha tit O xubng
canh AB thi nam trong canh nay.
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Thét vay, gid st chan dudng vudng géc ha tit O xubng AB 1a
diém P nim ngoai canh AB. Béi vi diém O nim trong da giac 16i,
nén dudng thang qua OP cit mot canh ndo d6 ching han 13 cit
canh CB clia da giac tai Q (Hinh ?? thé hién mét ngii giac). Dé thiy
ring 0Q < OP, khoang cach tit O dén dudng thing CB khéng 16n
hon 0Q. Suy ra dudng thing di qua CB c¢6 khoang cach t6i O nhé
hon khoang cach ctia dudng thang AB t6i 0, diéu nay vé ly véi viée
chon AB c6 khoang cach nhé nhét t6i O. ©

Bai toan 3.9. Tir mdi dinh ciia mét da gidc ha nhitng duong vubng
g6c xubng cdc canh khéng chita dinh ndy. Chitng minh rdng ton tai
mét dinh, ma tit d6 c6 it nhdt mét chdn dudng vudng goc nam trong
mét canh ma khéng ndm trén canh kéo dai.

Loi gidi. Ta l4y canh 16n nhét
AB cua da giac da cho va xét
dai diém gdm nhitng diém nim
gilta hai dudng thing vudng
g6c véi AB va lan lugt di qua
diém A va B (Hinh 3.8). Dai
diém nay phai chita mét canh

Hinh 3.8

CD nao d6 cua da giac ma

khac AB (mét trong nhiing dinh C va D c6 thé triing v6i A hoic
B). Bét ding thiic CD < AB chi ra ring mét trong nhiing dinh C va
D nim bén trong hodc trén bién cta dai diém (néu C = A hoic B
thi dinh D nam bén trong giai diém). binh ndm bén trong hoic trén
bién giai di€m ma khac A va B ¢6 tinh chit ctia bai toan cin tim. ©

Bai toan 3.10. Chifng minh rdng trong mot ngii gidc l6i bdt ki ton
tai ba dudng chéo, ma chiing cé thé dung dugc mot tam gidc.
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Loi gidi. Gia st BE 13 dudng chéo 16n nhit ctia ngii giac 16i ABCDE.

Ta sé chiing minh rang khi dé cac B
doan thing BE,EC va BD tao thanh
cac canh mét tam giac (Hinh 3.9). D& A C
chting minh ta chi cin kiém tra bat (
dang thitc BE < EC+ BD. Thét vy, goi ) D
O 1a giao diém ctia BD va EC. E
Hinh 3.9

Tacd BE <BO+OE <BD+EC. ©

Bai toan 3.11. Chifng minh rang mét da gidc khéng phti dugc bang
hai da gidc vi tu v6i né véi hé sb k, & day 0 < k < 1.

Loi gidi. Cho O, va O, 13 hai tdm vi tu hé s k bién da gidc M thanh
hai da gidc M; va M. Khi d6 diém ctia da gidc M cach xa doan thfmg
0,0, nhit khéng dugc phti bdi hai da gidc M, va M». Thét vay, goi
P 14 diém cach xa 0,0, nhit. Néu P thudc mot trong hai da giac M,
hoidc M,, thi c6 mét diém P’ khac thudc da gidc M vi tu t6i nd theo
hé sb k < 1. Piém P’ ¢6 khoang cach t6i 0,0, 16n hon khoang cach
tl P t6i 0,0,. Diéu nay mau thuln véi P 1a diém cach xa 0,0, nhét.

©

Bai toan 3.12. Trén mdt phc“ing cho n diém (véin > 3) sao cho ba diém
bdt ki trong chiung déu thdng hang. Ching minh rdng
n diém dd cho thdng hang.

Loi gidi. Gia stt ngudc lai n diém da cho khéong thing hang. Dung
qua mbi cip diém trong s6 n diém nay mét dudng thing. Sb cac
dudng thing duoc nbdi nhu trén 13 hitu han. Xét céc
khoang cach khac 0 nhé nhét tit n diém di cho dén cac dudng thing
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vita dung. S6 cac khoang cach nhu vAy ton tai va hitu han nén tén
tai mét khodng cach nhé nhéit. Gid st khoang cach tit diém A dén
dudng thing BC 14 nhé nhit (cht ¥ A,B,C 14 ba trong n diém da
cho). Theo gia thiét ctia bai toan, dudng thang di qua B va C con di
qua mét diém thi ba 1a D khac véi B va C.

Ta vé AQ L BC, khoang
cach AQ 13 bé nhét (theo gid
stt). Trong ba diém thing hang R
B,C, D phai c6 it nhit hai diém
nam cting mot phia ctia diém

0, choddlaCvaD (Hinh 3.10). B Q C D

Gia st CO<DQ,taveCR L Hinh 3.10
AD, dé thiy CR < AQ. biéu
nay vo 1y v6i AQ 1a nhé nhat. Tt d6 suy ra n diém da cho phai
thang hang. ©

Bai toan 3.13. Cho n dudng thc”ing (v6i n > 3) khdc nhau sao cho ba
dudng thdng bét ki trong chiing déu dong quy tai mét diém. Chitng
minh rdng tdt cd n dudng thdng da cho dong quy tai mét diém.
. A

Loi giai. Ta chiing minh bang

phuong phap phan chiing. Gia K
stt ngudc lai cac dudng thang da

cho khong cting di qua mét diém. /

Xét tAp hop cac giao diém ctia n B Q C D
dudng thing da cho. Lai xét tAt .
s » , , . Hinh 3.11

ca cac khoang cach khac 0 ha tu

c4c diém nay dén cdc dudng thing di cho. Tap hop nhiing khoang

cach nay 13 hitu han, nén ton tai mét khoang cach nhé nhit. Gia st
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A 1a moét giao diém trong cac giao diém cla cac dudng thing ma
AQ 13 khoang cach nhé nhét trong sb cic khodng cach trén, AQ 1a
khoang céch tit A dén dudng thing /.

Qua A theo gia thiét phai c6 ba dusng thing di qua va 1an lugt
cit ¢ tai B,C va D. Khi d6 hai trong ba diém B,C,D
nim vé cling phia ctia diém Q, cho dé 1a C va D.

Gia stt QC < QD, ta vé cac dudng vudng goéc CP 1L AD va
OK L AD (Hinh 3.11). Suy ra CP < QK < AQ. Diéu nay mau thudn
v6i cach chon AQ 14 khoang cach nhé nhét (8 day lai c6 CP 1a khoang
cach tir giao diém hai dudng thing dén mot dudng thang khac nhd
hon). biéu nay chimng té n dudng thing di cho dong quy tai mét
diém. ©

Bai toan 3.14. Trén mdt phdng cho n diém (n > 2) va ddnh ddu trung
diém ciia tdt cd cdc doan thdng c6 nhitng diém cudi la nhitng diém da
cho. Chitng minh rdng nhitng diém dd ddnh ddu khéng it hon 2n—3
diém khdc nhau.

Loi gidi. Gia st hai diém A va B c6 khoang cach 16n nhét trong cac
khoang cach mdi cip diém da cho. Ta xét nhiing trung diém ctia
cac doan thiang ndi A véi cac diém con lai. TAt cd cac trung diém
\ , S \ N (. AB 4
nay khac nhau, nam trong dudng tron tam A ban kinh — Vacoso
lugng n — 2 diém.
Tuong tu, cac trung diém doan thing nbi B véi cac diém con lai.
A 2 7 R \ M \ \ A , s AB
Tat ca cac trung di€ém nay nam trong duong tron tam B ban kinh >

va c6 sb luong n— 2 diém.

7
A

Hai dudng tron trén tiép xic tai trung diém ctia AB, vi thé sb
trung diém dude danh du it nhit 2(n —2) + 1 = 2n— 3 diém. ©
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Bai toan 3.15. Cho mét dudong dich ddc déng, hon nita moi dudng
dich ddc déng khdc cé cting s6 dinh véi dudng trén ¢é db dai I6n hon
nd. Chitng minh rang dudng dich ddc nay khéng thé tu cdt nhau.

Loi gidi. Gia st dudng dich dic c6 d6 dai ngdn nhét cé doan cit
nhau. Ta goi hai doan thing cit nhau nay 1d AB va CD (Hinh 3.12).
Cho 0 la giao ctia AB va CD, ta co
OA + OC > AC va OD + OB > DB,
cong theo vé clia hai bt ding thiic
trén ta dudc AB+ CD > AC + DB,
nhu vay ta c6 thé thay AB bang AC
va CD bang DB thi tao ra mot dudng
dich dic méi ¢ téng d6 dai nhd
hon dudng dich déc c6 d6 dai ngin
nhét da cho, diéu nay vé ly.

Hinh 3.12

Vay khong thé c6 doan nao trong dudng dich dic cat nhau khi
d6 dai ctia né 1a nhé nhét. ©

3.3. DIEN TICH VA CHU VI LON NHAT HOAC NHO NHAT

Bai toan 3.16. Cho P la tdp hop nhiing diém trén mdt phdng sao cho
ba diém bdt ki la ba dinh ctia mot tam gidc ¢d dién tich khong 16n hon
1. Chitng minh rdng tdt cd nhitng diém ctia P ndm trong mot tam gidc
co dién tich khong lén hon 4.

Loi gidi. Ta vé cac tam giac c¢6 cac dinh 1a ba trong n diém da cho.
Khi d6 s€ c6 hitu han tam giac, nén gitta ching c6 mot tam giac cé
dién tich 16n nhét. Ki hiéu tam gidc dé 1a MNL. Qua mdi dinh cta
tam gidc MNL ta dung nhitng dudng song song v6i canh dbi dién.
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Bang cach dung nay ta dudc tam gidc M'N'L' ¢6 M,N,L 1a trung
diém tuong Gng cda cac canh N'L’, L'M’ va M'N’ (Hinh 3.13). Dién
tich clia tam gidc M'N'L’ bing 4 14n dién tich tam gidc MNL, do d6
n6 khong 16n hon 4. Ta chitng minh riang khéng c6 diém nao trong
P nam ngoai tam giac M'N'L’.
Thét vdy, gia st ton tai diém
R thudc P nam ngoai tam giac
M'N'L’. Khi d6 ¢6 mot dinh cta
tam gidc M’N'L’ nam khac phia
v6i R ngén cach béi canh dbi dién
cia M'N'L’ (nghia la ndi R véi
dinh nay thi cit canh dbi dién

Hinh 3.13

ctia n6). Khong mét tinh téng quat

ta c6 thé gia thiét M’N’ ngin cach R véi dinh L. Diéu nay kéo theo
khoang cach dg tit R dén MN 16n hon khoang cach d; tit L dén MN.
Nhiing khoang cach di va d; 1a nhitng dudng cao cla cac tam giac
RMN va LMN, hai tam giac nay c6 canh chung MN. Nhung dg > d;,
kéo theo

o SruN = ;]lfN.le > %MN.dL =Srun-

Bat dang thic sau cung dan dén vé ly, vi MNL la tam giac c6 dién
tich 16n nhét trong nhitng tam gidc c6 dinh thubc P. VAy R khong
thé ndm ngoai tam giac M'N'L’. ©
Bai toan 3.17. Mot da gidc M’ 1a vi tu ciia da gidc M véi hé sb vi tu
- l Chitng minh rdng tén tai phép tinh tién song song chuyén da gidc

M’ vao trong da gidc M.

Loi gidi. Chon tam gidc ABC c6 dién tich 16n nhét véi cac dinh 1a
cac dinh clia da gidc M. Khi d6 da gidc M nam bén trong tam giac
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A1B;C}, ma cac trung diém céc canh ctia n6 1a nhiing diém A, B va
C (Hinh 3.14) (diéu nay co thé chiing minh tuong tu nhu bai 3.16).

V6i phép vi tu ¢6 tam tai trong
tAm cla tam gidc ABC va hé sb vi tu
la —% thi tam giac A|B;C; tré thanh
tam giac ABC, vi thé da gide M vi
tu vao trong tam giac ABC vé6i hé

U LR e 1 A
50 —5 va khi d6 M’ c6 thé tinh tién

song song dén no. ©

Hinh 3.14 .
Bai toan 3.18. Goi O la giao diém cta cdc dudng chéo tir gidc 1o
ABCD. Chitng minh rdng néu cdc tam gidc AOB,BOC,COD,DOA c6
cdc chu vi bang nhau thi tit gidc ABCD la hinh thoi.

Loi gidi. Khéng mét tinh téng quat ta gia st AO > CO va DO > BO
(Hinh 3.15). Goi B, va C; tuong tng 1a cdc diém dbi xing cta B
va C qua tam O, suy ra OB = OBy, OC = OC,. Tam giac B;0C; nam
trong tam giac AOD. Ta cd

B
PAOD 2 PB,0C, = PBOC = PAOD; V C

& day ky hiéu paop 1a chu vi cia tam A

gidc AOD. DAu bing ctia nhiing bAt 4 B

déng thitc trén chi x4y ra khi va chi

khi B, =D va C, = A. Hinh 3.15 D

Khi do tt giac ABCD c6 OA = OC

va OB = OD, suy ra ti giac ABCD la hinh binh hanh. Mat khac,
PAOB = AB+ BO + OA,
poc = BC+ BO+ OC.

Suy ra AB = BC. Vay tu giac ABCD la hinh thoi. ©
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Bai toan 3.19. Cho tit gidc ABCD ngoai tiép dudng tron tdm O.
Chitng minh rdng néu cdc dudng chéo AC va BD cdt nhau tai O thi tit
gidc ABCD la hinh thoi.

Loi gidi. Khong mét tinh téng quat
ta gida st OC < OA va OB < OD
(Hinh 3.16).

Goi By vaCy 1An lugt 13 cac diém
dbi xting ctia B va C qua O. Suy ra
OB = OB;, OC = OC. Béi vi BC la
tiép tuyén ctia dudng tron (0) suy

Hinh 3.16

ra B|C; ciing tiép xtic v6i (0). Mit khac AD ciing tiép xic véi (O)
suy ra A =C;, D= B;. Do d6 OA = OC va OB = OD, suy ra ti giac
ABCD 13 hinh binh hanh. Mit khac, tit gidc ABCD ngoai tiép (0) suy
ra AB+CD = AD + BC, viy 2AB = 2AD, nghia la AB = AD. Do do6 t
giac ABCD 1a hinh thoi. ©

Bai toan 3.20. Cho tif gidc 6i ABCD ¢6 hai dudng chéo AC va BD cdt
nhau tai E. Chitng minh rdng néu cdc bdn kinh ctia bbn dudng tron
néi tiép cdc tam gidec EAB, EBC, ECD, EDA ma bdng nhau thi tit gidc
ABCD la hinh thoi. B
Loi gidi. Khéng mét tinh téng quat ¢
c6 thé gid st ring CE < AE,
BE < DE (Hinh 3.17). A
Goi By va C; tuong ung la cac
diém déi xing ctia B va C qua tim Hinh 3.17 D
E, ta ¢ tam giac C;EB; nam trong mién tam giac AED.
Gia slt doan thiang AD khéng trung v6i doan thang C;B;. Khi
d6 dudng tron nbi tiép tam giac C;EB; nam bén trong dudng tron
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ndi tiép tam gidc AED, dong dang v6i dudng tron nay véi tAm dong
dang tai E, hé sb dé)ng dang 16n hon 1. Nhu vay ragp > re e, = rces,
& day ky hiéu r4zp 12 ban kinh dudng tron ndi tiép tam gidc AED.
Diéu nay vo Iy, vi theo gid thiét ta c6 ragp = rcgp. Diéu vo 1y nay
chling td A =C; va D = B,. Khi d6 EA = EC, EB = ED, suy ra t giac
ABCD la hinh binh hanh.

Trong hinh binh hanh ABCD c6 pir = Sagp = Spec = par, 6 day
p1,p2 tuong Ung la nda chu vi cta cac tam giac AEB va BEC. Suy
ra p; = pp, tcla AB+BEVEA _ BC+CE+EB, do d6 AB = BC (vi
AE = CE). Hinh binh hgnh ABCD c6 AB = BC nén ti giac ABCD la
hinh thoi. ©

3.4. BAO LOI VA DUONG THANG TUA

Bao 16i ctia mot tip hop hitu han diém trong mit phing 1 da
gic 16i nhé nhit ma né chita tit ca nhitng diém da cho (thuit ngit
"nhé nhit" nghia 1a né khong chita trong né bat cit mot da gidc nao
c6 tinh chét chita tt ca cdc diém di cho). Mét hé théng hitu han
diém trong mat phflng ton tai duy nhét mot bao 16i.

Dudng thdng tua clia mot da giac 161 14 mot dudng thing ma né
di qua mét dinh ctia da giac va c6 tinh chét sao cho da gidc ndm vé
moét bén cta né. D& thiy ring v6i mot da gidc 16i bt ki ton tai hai
duong thing tua song song véi mot dudng thang da cho.

Bai toan 3.21. Chifng minh rdng moi da gidc l6i dién tich 1 ¢6 thé
ddt vao mét hinh chir nhdt co dién tich 2.

Loi gidi. Gia st AB 1a dudng chéo 16n nhit (hodc canh 16n nhit)
ctia da gidc. Vé qua A va B hai dudng thang a va b vudng goc véi



94 Chuong 3. Cac bai toan hinh hoc

duong thing AB. Néu X 1a mét dinh cta da gidc thi AX < AB va
XB < AB, vi thé da giac nim trong mét dai tao béi hai dudng thang
a va b. Ta vé hai dudng thing tua cta da gidc song song véi AB.
Gia st nhitng dudng thang nay di qua C, D va cung véi cac dudng
thang a va b tao ra mét hinh chit nhit KLMN (Hinh 3.18). Khi
d6 Skrmn = 2Sapc +2Sapp. BGi vi tt gidac ACBD chtta trong da giac
ban diu, nén dién tich ctia n6é nhé hon 1. Tit b4t ding trén suy ra
Skimn < 2. ©

Bai toan 3.22. Trong mdt phdng cho hitu han diém. Chitng minh
rang tir cdc diém nay cé thé chon dugc mét diém, ma nhitng diém
cting khodng cdch gdn nhdt véi né khéng nhiéu hon ba diém dd cho.

e e 2. ’ 7 2 A K C L
Loi giai. Ta xét cac doan thang noi
hai diém bét ki trong sb cac diém N B

da cho. Vi nhiing doan thing nay
hitu han nén ta c6 thé chon dugc a b
moét doan thdng ndi hai diém c6 d6

dai ngin nhét. Ta xét nhitng diém N p M
c6 khoang cach ngan nhat nay doi Hinh 3.18

v6i cac diém bén canh. Ta chiing

minh khing dinh ctia bai toan d6i v6i nhitng diém nay 1a di. Cho P
14 mot dinh clia bao 16i cac di€m nay. Néu A, va A; 1a nhiing diém
gén P sao cho AA; > APVvaAA; > AP, thi E}E > 60°. Suy ra & tai
P khéng thé ¢ bbn diém cé cling khoang cach ngin nhét v6i né, vi
ngudgc lai thi do P 1 dinh clia bao 16i nén bbn diém nay nim trén
ntta mit phing c6 dudng thing tua di qua P. Do d6 trong bbn diém
c6 hai di€m A, va A; tao ra géc A/,}_’A\] < @ = 60° (trai véi phan ly

ludn & trén). Vi thé P 1a diém ta can. ©
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Bai toan 3.23. Trén mdt ban ddt n thé gidy vudng va n thé nhua
vubng, hon nita khéng cé hai thé gidy va khéng cé hai thé nhua khong
¢6 diém chung, ké cd nhitng diém & bién. Biét rdng tdp hop nhitng dinh
ctia thé gidy vudng tring vdi tdp hop tdt cd nhitng dinh cila thé nhua.
C6 chdc chdn khéng mdi thé gidy vudng tring véi mot thé nhua vudng
nao do ?

Loi gidi. Gia st ton tai mot thé
gidy vuéng khong tring véi mét
thé nhua vuéng nao. Cau hdi dit
ra |4 xét tht cd nhitng hinh vuéng
tring nhau va xét bao 16i cta

cac dinh cta nhiing hinh vuong.
Cho A 1a mét dinh cta bao 16i
dong nay. Khi d6 A 1a dinh caa

Hinh 3.19

hai hinh vuéng khac nhau : thé gidy va thé nhua vuéng.

Dé dang kiém tra dudc rang mot trong nhiing dinh ctia hinh
vubng nhd hon nam bén trong hinh vuéng 16n hon (Hinh 3.19). Gia
st dinh B ctia thé gidy ndm trong thé nhua. Khi dé dinh B nim trong
thé nhua vudng va 13 dinh ca mét thé nhua vudng khac, diéu nay
theo gi thiét khong thé dugc. Diéu v6 1y ndy din dén méi thé gidy
vuong trung v6i mot thé nhua vudéng nao do. ©

Bai toan 3.24. Trong mdt phdng cho n diém (vdi n > 4), trong dé
khéng cé ba diém nao thdng hang. Chitng minh rdng néu véi moi bd
ba diém trong chiing lubén tim duoc diém thit tu (ciing trong nhiing
diém dd cho) sao cho chiing tao ra nhiing dinh ctia mét hinh binh
hanh, thi n = 4.

Loi gidi. Ta xét bao 16i cta nhitng diém da cho. C6 kha ning hai
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trudng hgp xay ra:

(1) Bao 16i la mot hinh binh B_—7 C
hanh ABCD. Néu diém M niam
trong hinh binh hanh ABCD, thi W/‘[ /
moét dinh cha tit ca nhiing hi\nh 4 e
binh hanh ¢6 dinh A, Bva M nam \/

ngoai ABCD (Hinh 3.20). Nghia Hinh 3.20
la, trong truong hdp nay ngoai

A,B,C va D khéng con diém nao khac.
(2) Bao 16i khéng phai 13 mét hinh binh hanh. Cho AB va BC 1a
cac canh clia bao 16i. Ta ké cac dudng thing tua clia bao déng song
song v6i AB va BC 1an ludt di qua hai dinh P va Q.
Khi d6 mét dinh cta tit cd nhiing hinh binh hanh c¢é dinh B, P
va 0 ndm ngoai bao 16i (Hinh 3.21).
Tham tri chling con nam ngoai
hinh binh hanh tao béi cac duong
thang tua, trit trudng hop P va
Q la dinh cta chinh hinh binh
hanh nay. Trong truéng hop nay

dinh thi tu khong nam trong Hinh 3.21
bao 161, vi né chinh 1a hinh binh

hanh nhu truéng hop (1) da xét. ©
Bai toan 3.25. Trong mdt phdng cho mét sb diém, khodng cdch dbi
mét giita chiing khong vuot qud 1. Chitng minh rang nhiing diém nay
¢6 thé phil dugc béi mét tam gide déu cé canh /3.

Loi gidi. Ta xét ba dudng thing d6i mot tao v6i nhau mot géc 60°
va vé ba cip dudng thing tua cta tip hop diém di cho thit tu song
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song v6i ba dudng thang di chon (Hinh 3.22). Nhitng dudng thing
tua tao ra hai tam gidc déu, mbi tam giac nay déu pht nhiing diém
da cho. Ta sé chitng minh rang canh cia mot trong nhitng tam giac
nay khéng qua v/3.

Trén mdi dudng thang tua c6
it nhit mét diém trong cac diém
da cho. Khoang cach gitta nhitng K
cip diém bét ki d4 cho khéng vuot
qua 1, vi thé khodng cach gitta ¢
hai cip dudng thing tua khong
Vugt qué 1. B C%{inh 3.92 b

Ta l4y mot trong nhitng diém dé cho. Cho a;, b, va c¢; 14 khoang
cach tit né dén cac canh ctia mot tam giac déu; ay, by va ¢, 1a khoang
cach dén canh cia mot tam giac déu con lai. Khi d6 a; +a», by + bs
Va ¢] + ¢, 13 khoang cach gifta hai dudng thang twa song song vdi
nhau (Hinh 3.22). Nhuda chiradtréntacda;+a» <1, by + b, <1,
c1 +c3 < 1. Mat khéc, ta ¢b a; + by +cy = hy, ap +by +cr = hy, 6 day
hy va hy 1a dudng cao clia hai tam gidc déu da dung (ban doc tu
chiing minh két ludn nay). Suy ra h; + h, < 3, nghia 14 mét trong
nhiing duong cao khong qua % Nhung khi d6 canh ctia tam giac
tuong Uing khong vugt qua /3. ©

3.5. CHUYEN DE VE BAI TOAN SYLVESTER-GALLAI

3.5.1. Gioi thiéu bai todn Sylvester-Gallai

VAo niam 1893 Sylvester! céng b6 mét bai toan sau day.

1 James Joseph Sylvester (1814-1897) : Nha toan hoc ngudi Anh.
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Bai toan 3.26 (Dinh ly Gallai). Cho & la tdp gém hitu han nhiing
diém trén mdt phdng, tdt cd nhitng diém ndy khong cing ndm trén
mét duong thdng. Chitng minh rdng ton tai mot duong thdng di qua
diing hai diém trong s6 nhitng diém dd cho.

Khoéng c6 16i giai cho bai toan dit ra trén trong tap chi va nguci
ta khong biét Sylvester gidi né nhu thé ndo. Bén muoi nim sau,
tuy khong biét ciu héi ctia Sylvester da dit ra, Erdés? da phat biéu
dlng bai toan nay va dua ra gia thuyét rang cdu tra 15i 1a khang
dinh dang. Gia thuyét ctia Erdés duge ching minh 14n diu tién béi
Gallai® vao nim 1933. Bai toan dudc phat biéu nhu trén goi 1 dinh
ly Gallai.

Dén nim 1943 Erdés cong bb 15i giai bai ton trén trong tap chi

American Mathematical Mothly. Trong thdi gian nay cting nhan dudc
mot s6 161 giai khac; trong sb d6 c6 16i giai ca Helly* 13 thong minh
nhét. Sau dy 1 cach ching minh ctia Helly (Ban doc ciing c6 thé
xem mdt cach chting minh khéc trong [13] ctia tac gia, nhiing van
dé trong tiét nay tac gia liy trong [3]).
Loi gidi. Ki hiéu . 14 tap hop tét ca nhitng dudng thang di qua it
nhét hai diém thudc 2. Ta xét nhitng khoang cach tit tit ca cac diém
clia & dén tit ca nhiing dudng thang clia . va ky hiéu khoang cach
nhd nhét trong tit ca nhitng khoang cach nay 14 d.

Gid st Pe 2 va [ € £ 1a cip diém-duong thing sao cho c6
khoang cach nhé nhét d. Liy P’ 1a chan dudng vudng géc tit P dén
(. Vil € ¥, nén ton tai it nhit hai diém P, P, thudc & trén . Mét
trong nhitng diém nay khac P/, ta cho d6 1a P,.

Trudc tién ta sé chting minh rang P’ ¢ 2. That vy, gia st ngudc
lai ring P’ € 2. budng thiang PP, di qua hai diém khac nhau P va

2Paul Erdos (1913-1996) : Nha toan hoc ngusi Hungari.
3Tibor Gallai : Nha toan hoc ngudi Hungari thé ki XX.
4Eduard Helly (1884-1943) : Nha toan hoc sinh & Ao, 1am viéc tai Mi
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P, clia & nén dudng thang PP, thudc .Z. Ki hiéu chan dudng vudng
gbc tit P’ dén PP, bing P va khodng cach P'P” tit P’ dén PP, bang
d’ (Hinh 3.23). Tit tam gidc vuéng PP'P” suy ra rang

d=PP' <PP =d.
Nhu vay khoang cach tit P’ dén PP, nhd hon khoang cach nhé nhét
tt mot diém clia 2 dén mét dudng thing ¢. Diéu v ly nay chi ra
rang gia thiét P’ € 2 12 sai.

Ta ching minh tiép ring trén
duong thing ¢ khéng thé chiia ba
diém khac nhau cia 2. That vy,
gid st ngudgc lai thi ¢ chtia it nhét
hai diém ctia 2 vé cting mét phia
clia P'. Gia st P, 1a mot diém clia &2
cung phia dbi v6i P’ nhu P,. Khéng
mét tinh tdng quét ta c6 thé gia
st rang P, nam giita P’ va P, (Hinh 3.23).

Ki hiéu khoang cach tit P, dén dudng P,
thang PP, bing d”. Ti Hinh 3.23
"
inP\PP=—— = —— vi PP, < P,P' < PP
sinP P> PP PP, 20 2 2

suy ra d” < d, diéu nay vo 1y véi d 12 khoang cach nhé nht.
Nhu vy dudng thang ¢ chtta dling hai diém ctia 2, mbi diém &
mét bén diém P ©

3.5.2. T6ng quat héa bai todn Sylvester-Gallai

Két qua téng quat héa bai toan Sylvester-Gallai cho cac diém va
cac mit phing trong khéng gian ba chiéu. Két qua téng quat sau
déy la cia Motzkin.
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Bai toan 3.27. Cho # la tdp hitu han nhiing diém trong khong gian
sao cho khéng phdi tdt cd cting ndm trén mét mdt phdng.

(a) Chitng minh rdng ton tai mdt phdng trong khéng gian sao cho
nhitng diém thuéc 2 trén mdt phdng dé déu ndm trén khéng qud hai
dudng thdng.

(b) Chitng minh bdng cdch xdy dung phdn vi du rdng ménh dé sau
ddy néi chung la sai : Ton tai mot mdt phdng trong khong gian chita
diing ba diém khéng thdng hang thuéc 2.

Loi gidi. (a) Vi nhitng diém
thubéc 2 khong nam trén mot
mit phing, nén 2 phai c6 it
nhét bén diém P, P, P; va
P, khéng nam trén mot mit
phing chung (diéu nay kéo
theo moi ba trong bbn diém
P, P, P va Py khél’lg nﬁm

trén mot dudng thing).
Goi 7 13 mét mit phing Hinh 3.24
chita ba diém P, P, va P; (Hinh 3.24). V6i moi diém P € 2, khac
Py, ky hiéu P’ 14 giao diém ctia duong thing P4P v6i mit phing 7.
Goi 2’ 1a tap hop tht ca nhitng diém P'. Tap hop &' khéc réng, vi
chiing chita cac diém P =P,,P;=P,va P, =P;. Honnlta, do P, P, va
P; khong ndm trén mot dudng thing, nén tit ca nhiing diém thudc
2’ khéng ndm trén mot dudng thing chung. Theo két qua bai toan
Sylvester-Gallai trén, ton tai mét dudng thing ¢ trén 7 di qua ding
hai diém, cho d6 1a P/ va P} thuéc &'. Do d6 trong mat phang di
qua Py, P/ va P}, thi tAt ca nhitng diém thudc &2 & trén mit phang
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(P4P;P}) phai ndm trén mét (hoic hai) dudng thang PyP/ va P4P;.

Hinh 3.25

(b) Hinh 3.25 chi ra hinh chép véi dinh S va day A;B;C;. Day
A1B;C; nam trong mat ph;zmg . Mat phrfmg m, giao vGi cac canh
SA{,SB;,SC; va mat phazlng m, theo thi tu tai cac diém A,,B,,C, va
duong thang ¢ tuong tng. Nhitng dudng thang A,B, va A|B; giao
nhau tai diém P, cac duong thﬁng B,C, va B;C) giao nhau tai diém
Q, cac duong th:fmg C>A; va C1A, giao nhau tai diém R. Nhiing diém
P,0 va R nim trén dudng thing ¢. D& kiém tra thiy ring tip hop
P ={S,A\,B1,C1,A2,B,,C>,P,0,R} c6 tinh chét : Khong ton tai mot
mit phang trong khong gian chita ding ba diém khong thing hang
thudc 2. ©

Téng quat thit hai ctia bai toan Sylvester-Gallai do Erdos thuc
hién bang cach thay dudng thang bang dudng tron trong 15i phat
biéu bai toan.

Bai toan 3.28. Cho & la mét tdp hitu han nhiing diém trong mdt
phdng, trong dé khéng c¢é ba diém ndo thdng hang va tdt cd chiing
khéng ciing ndm trén mét dudng tron. Chitng minh rdng tén tai it
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nhdt mét dudng tron trén mdt phdng di qua diing ba diém ctia 2.

Loi gidi. Ta dung phép nghich ddo dé giai bai nay. Cho P 1a mot
diém thudc & va ¢ 1a mét dudng tron bat ki trong mit phang véi
tdm 1a P;. Cho o la phép nghich ddo tuong ting cla c. Vi phép
bién déi o nhitng diém ctia & khac P; duge 4nh xa vao nhitng diém
ma chiing tao thanh tip hitu han 7, tit ca cac diém khéng thing
hang. Theo dinh 1y Gallai tdn tai dudng thing ¢ trong mit phing
chita dting hai diém, goi hai diém d6 1 P, va P} thudc &', Vi khéng
c6 ba diém ndo thudc 2 1 thing hang, nén ¢ khong di qua P; (néu
ngudc lai &nh ¢ cta ¢ v6i phép bién dbi o dudng thang nay sé chia
Py, P, va P;). Do d6 ¢’ la mot duong tron di qua Pj, né di qua dung
ba diém thudc & : P, P, va P;. ©

3.5.3. $6 nhirng dudng thdng trong dinh Iy Gallai

Bai tip sau c6 thé suy ra tit dinh Iy Gallai.

Bai toan 3.29. Cho & la tdp hop n diém trong mdt phdng, tdt cd
khéng nam trén mét dudng thdng va tdp hop & gom nhitng dudng
thdng di qua it nhdt hai diém thuéc 2. Chitng minh rdng sé lugng
nhitng dudng thdng trong . it nhdt la n.

Loi gidi. Theo dinh Iy Gallai, ton tai dudng thing ¢ € % di qua diing
hai diém thudéc 2. Ta bd di mot trong hai diém nay, gia st 1a P, va
bd di tit .Z tht ca cac dudng thang di qua P, chita ding mét diém
thudc 2 va khac Py. Ki hiéu tip hop cac diém con lai 1a 2, va tap
cac dudng thing 14 .Z;. S6 luong |.Z | nhitng dudng thing trong %
nhiéu nht bang |.#| — 1, nghia 1a

4| <|Z|—1.



3.5. Chuyén dé vé bai todn Sylvester-Gallai 103

Néu nhitng diém thudc 2, nam trén mot dudng thang, thi trong
% ton tai dling n — 1 dudng thang nbi P, v6i nhitng diém ctia 2.
Dodd | Z|=(n—1)+1=n.

Néu nhiing diém thudc 22, khong nim trén mét dudng thing,
thi theo dinh ly Gallai, tén tai dudng thing ¢, € .%; chda ding hai
diém thudc 2;. B6 di mot trong hai diém nay, gia st d6 1a P, thudc
2, va b di trong &, tht ca cac dudng thing di qua P c6 chita diing
mét diém thudc 2, ma khac P,. Ta goi tip hop cac diém con lai
sau 14n bé di nay 1a 22, va tip cac dudng thing 1 %. Néu nhiing
diém thudc % cling nam trén mot dudng thang thi || =n—1va
L= 4] -1=n.

Néu nhitng diém thudc 2, 1a khéng tuyén tinh, thi ta xay dung
nhu trén % va .%. Tiép tuc qua trinh bd cac diém va cac dudng
thezlng tht P23 va & d€ xay dung Py, %, Ps, s, ... cho téi khi
tip hop Z chi con nhitng di€m nam trén cing mét dudng thing
(nhiéu nhét c6 thé 13 n — 2 buéc lam nhu vay). Trong trudng hop dé
|Z—1|=n—(k—1).

Tt | %-1] < |Z|— (k—1), suy ra
L > | L1 | +k—1=n—(k—1)+(k—1) =n. ©

Néu tap & gbm n diém sao cho tht ca cac diém nim trén mot
dudng thang trit mot diém, thi sb nhitng dudng thing trong & ciing
la n (Hinh 3.26)

Erdos dua ra gia thuyét ring két qua tuong tu con ding cho sb
luong nhitng dudng tron di qua it nhét ba diém thudc tip hop hitu
han nhitng diém trong mit phang. Néu tit c cac diém trit mot diém
nim trén mét dudng tron chung, thi ton tai
(n—1)(n—2)

G +1= 5

+1
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P,

Hinh 3.26

dudng tron di qua ba diém hoc nhiéu hon trong tip diém da cho.
Do d6 Erdos chiing minh ménh dé sau day :

Néu 2 la tdp n diém trong mdt phdng, khéng cting nam trén mot
duong tron, khéng cé ba diém nao thdng hang va € la tdp hop nhiing
dudng tron di qua it nhdt ba diém thuéc 2, thi € c6 it nhdt 2 +1
phdn tit.

Segre chi ra rang ménh dé trén la sai bang mot phan vi du.

Bai toan 3.30. Cho .# la khéi ldp phuong, &' 1a tdp nhiing dinh
ctia chiing va ¢’ la tdp nhitng dudng tron chita it nhdt ba diém thudc
2'. Hdy dung mot phép chiéu néi bién 2 thanh &' va € thanh ¢’
trén mdt phdng sao cho |%| < C@,H +1.

Loi gidi. TAp hop % gom ba loai dudng tron :

(1) Nhitng dudng tron ngoai tiép cic mit ctia ¢ (vi du nhu
duong tron di qua A, B,C va D);

(2) Nhiing duong tron di qua hai dudng chéo ctia 27 (vi du nhu
duong tron di qua A,C,G va E);

(3) Nhiing dudng tron di qua dang ba dinh cta % (vi du nhu



3.5. Chuyén dé vé bai todn Sylvester-Gallai 105

duong tron di qua A, F va H).

C6 6 duong tron loai (1), ¢o
6 duong tron loai (2) va 8 duong
tron loai (3). Nhu vay tong cong
¢6 20 duong tron trong ¢”’.

Cho $ 13 hinh ciu ngoai tiép
2 va KL la duong kinh caa S di
qua tidm cta hinh vuéng ABCD va
EFGH. Ki hiéu 7 mit phing tiép
xtc v6i S tai L (Hinh 3.27).

Nhitng diém thuéc 2’ va
nhitng dudng tron thude ¢’ déu ndm trén S. Ta dung phép chiéu

Hinh 3.27

néi ctia chiing 1én mit phing 7 tit tdm K. Hinh chiéu ctia 2 1a tap
hop &' gdbm 8 di€m. Ta biét ring hinh chiéu ndi cia dudng tron
trén S khong chita tAm ctia phép chiéu K 13 mét dudng tron trén 7.
Vi K khéng nam trén bét cit dudng tron nio ctia 4”, nén anh cta ¢”
tao ra tip ¢ gdbm 20 dudng tron trén 7.

Nhiing dudng tron thudc 4 chinh la nhiing dudng tron trén 7
ma né cé it nhat ba diém thudéc 2. Nhitng diém thudc & khong
nam trén cling mét dudng tron. Vi

Clp +1=C+1=22,

ta c6 quan hé

€] > Clp_ +1

1a sai. ©
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3.5.4. T6ng qudt héa dinh ly Gallai trong Iy thuyét thiét ké khéi

Li thuyét vé thiét ké khéi khdi dau tit 1y thuyét théng ké. N6 1a
mot nhanh quan trong clia t6 hop hién dai. Ton tai nhiing loai thiét
ké khéi khac nhau. Phan nay ta xét thiét ké khdi 2 nhu sau.

2 bao gém n phan tit , dugc goi la diém, va mét tdp con bdt ki
nhitng diém dugc goi la khdi sao cho :

e MGi khbi chita it nhdt hai diém khdc nhau;

* Hai diém khdc nhau bdt ki dugc chita trong diing mét khi.

Tap hop & va Z trong dinh ly Sylvester-Gallai 13 nhitng diém
va khéi tuong tng cla thiét ké khéi, & day nhiing khdi khac nhau
khéng cin chita cling sb cac diém.

Nam 1938 Hanani chitng minh mot téng quét héa clia két qua
Gallai cho thiét ké khéi 2.

Bai toan 3.31 (Pinh ly Hanani). Néu thiét ké khbi 2 g5m n diém va
m khbi sao cho m > 1, thi m > n.

Loi gidi. Ki hiéu nhitng diém ctia 2 bing Py, P,,...,P, va cac khbi
béng by,bs,...,b,. Hon nita, ky hiéu sb nhiing khéi chita P bﬁng T
v6i i = 1,2,...,n, va sb nhiing difm trong bj bang kj voéi
j=1,2,...,m. Theo dinh nghia thiét ké khbi, ta c6 1 < k; < n va
l<r<m.

S6 luong I nhiing cap diém-khéi P, b j sao cho P, thudc b; c thé
dém bing hai cach :

1. Biing cach dém céc khéi thong qua nhitng di€m, ma né cho

I=ri+rn+-+r;
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2. Bing cach dém céc diém trén cac khéi, ma né cho
I=k +ky+-+kpn.
T hai cach dém trén ta suy ra
ri+mn+--+rm=ki+ky+--+ky. (3.1
Khéng mat tinh tdng quat ta c6 thé gan nhén cho cac diém sao cho
rj<r néuj>i. (3.2)
Hon nita, gan nhén cho cac khéi chia cac diém sao cho cac khéi di
qua P, 1a by,bs,...,b,,.

Muc dich ctia ching ta 1 tim nhitng méi lién két gifta nhiing sb
kjvar;. Ta tién hanh nhu sau :

Néu P, 1a mot diém bét ki va b; 1 khéi bat ki khong chita P, thi
qua diém bat ki ctia b ; co dung mot khéi chita P di qua. Hon nita,
nhitng khéi di qua P, ma né di qua nhiing di€m khéc nhau ctia b i la
khéc nhau; B6i vi hai diém bAt ki cia 2 dudgc chita trong ding mét
khéi. Nhu vy

kj S ri. (33)
St dung (3.3) cho P, va cho m6i khoi trong cac khoi by, 11,by, 12, -, bm,
ta thiy ring
kyvi<r, VOii=12,....m—r,. (3.9
CoOng tat ca bat phuong trinh 6 (3.4) lai v6i nhau ta nhin dudc
krn+l+kr”+2+"'+km < (I’I’l—l"n)l"n. (35)
ki,ka,... ky, co thé dude danh gia nhu sau :

Khéi b; di qua it nhét mot diém khéc P,, cho d6 1a P,. Trong

trudng hop ndy by, bs, ..., b, khoéng thé di qua P;. Do dé, theo (3.3)

rr > k.
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Khéi b, cling chita mot diém khac véi P, (va ca khac véi Py), cho d6
1a P,. Diém P, cling khong nam trong bs,...,b,,,. Nhu vay

ri>kiyy voii=1,2,...,r,—1. (3.6)
Cubi cung, tdn tai mot diém P, thudc b,,, ma khong chtia trong b;.
Do do

o rr, > ky. 3.7)
Cong cac bat dang thuc trong (3.6) va (3.7) v6i nhau, ta nhan dudc
Mottty 2kt ko etk (3.8)

Két hop (3.8) va (3.5) cho két qua
ritry et (m—r)rn > ki koA k. (3.9)

T (3.9), (3.1) va (3.2) kéo theo
ritr et e 2ttty
>ttt (1),

nghia la
m>n.
D¢ 1a diéu can chitng minh. ©

3.6. BAI TAP

> 3.32. Trong dudng tron ta ké mot s6 day cung (hitu han déy cung)
khac nhau sao cho m&i dy cung trong ching déu di qua trung diém
ctia mét ddy cung nao dé di vé. Chirng minh ring moi ddy cung déu
la dudng kinh cta dudng tron.

> 3.33. Cho n diém (n > 4) trong mit phing trong dé khéng cé ba
diém nao thing hang. Vé n tam giac ¢ dinh trong n diém da cho.
Chitng minh ring it nhat c¢6 hai tam gidc trong chiing ¢6 diing mét
dinh chung.
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> 3.34. Trong mit phang cho tAp M gbm n diém (n > 3). Chiing
minh ring tdn tai duy nhit mot da gidc 16i ma cc dinh cta né
thudc tdp M va n6 chia toan bo tap M.

> 3.35. Trén mit phang cho n diém (n > 4), tit ching moi bo bén
diém déu 13 dinh cia mot t gidc 16i. Chting minh ring tt ca nhiing
diém nay déu 14 dinh cta mét da giac 10i.

> 3.36. Trong mit phang cho tip hop hitu han nhitng da giac (khong
nhét thiét tit ca phai 16i) trong dé moi cip da gidce déu ndo ciing c6
di€m chung. Chling minh riing ton tai dudng thing ¢ diém chung
v6i tit ca nhiing da giac da cho.

> 3.37. Trén mit phing c6 thé dit 1000 doan thang sao cho méi
doan thing ma cic ddu mut cta né thuc su ndm bén trong nhiing
doan thing khac duge khong ?

> 3.38. Trong mit phang cho bén diém khéng cling nidm trén mot
dudng thang. Chitng minh ring ton tai mét trong nhiing tam giac
c6 cac dinh tit nhitng diém da cho ma khéng 1a mét tam giac nhon.

> 3.39. Trong mit phing cho tip hop v han nhitng tam giac, ma
nhiing dinh ctia moi tam gidc nam tai diém c6 toa dd (0,0), (0,m),
(n,0), (n,m), 6 day n va m 1a nhiing s6 nguyén duong. Chitng minh
rang tit nhitng tam giac nay c6 thé chon dudc hai tam giac sao cho
mot tam giac nam trong tam giac kia.

> 3.40. Trong mit phang cho n diém (v6i n > 3), hon nita moi bd ba
diém trong chiing c6 thé pht dudc béi hinh tron ban kinh 1. Chiing
minh ring khi d6 tit ca n diém c6 thé phii dudc bdi hinh tron ban
kinh 1.
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> 3.41. Cho da giac 16i A;,A,,...,A,. Chiing minh ring ton tai mot
dudng tron ngoai tiép tam gidc ¢ cac dinh thudc dinh cla da giac
16i va chita toan bd da gidc.
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4.1. CAC BAI TOAN 6 HOC

Bai toan 4.1. Chitng minh rdng tich ctia n s6 nguyén lién tiép luén
ludn chia hét cho n!.

Loi gidi. Ta chi cin chting minh cho n sb nguyén duong lién tiép 13
dd. Két qua hién nhién ding néu mét trong nhiing sb nguyén 13 0,
con khi tit ca cac sb nguyén 4m thi ta chiing minh gi tri tuyét dbi
ctia tich chia hét cho n!.

Bay gi® gia st ton tai n sb nguyén duong lién tiép ma tich cta
ching khéng chia hét cho n!. Trong tit ca nhiing sb n nhu viy ta
chon s6 nhd nhét va cho dé 14 ny. Chi ¥ ring ny > 2, vi tich hai sb
nguyén lién tiép déu 13 s6 chin va chia hét cho 2. Ta gia thiét rang
tdn tai sb nguyén khéng 4m m sao cho (m+ 1)(m+2)...(m+ no)
khéng chia hét cho ng!. Tit nhitng s6 m nhu vy ta lai chon my nhé
nhét. Chd y mg > 0 vi ta luén co ny! chia hét cho np!. Ta ¢6

(mo+1)(mo+2)...(mo+no—1)(mo+no) =
mo[(m()—l- 1)(mog+2)...(mo+no— 1)]
+no[(m0+ 1)(mo—|—2)...(m0—|—n0— 1)]

Theo cach chon my, thi mo[(mo+1)(mo+2)... (mo+no— 1)] chia hét
cho ny!. Theo cach chon ng thi [(m+ 1)(mo+2)...(mo+no— 1)] chia
hét cho (ng— 1)!. Do d6 no[(mo+1)(mo+2)... (my+ny— 1)] chia hét
cho no!. Két hop lai hai thita s6 & vé phai ding thic trén chia hét
cho no!. biéu nay trai v6i cach chon ny. Bai toan da dudc gidi. ©

Bai toan 4.2. Tir bé n sb nguyén ai,as,...,a, ngudi ta tao ra bé n sb
mdi by, ba,...,b, b&ng cdch dat

_arta a+as ay—1+ay _apta

b by = by = by =
1 D) s U2 D) ) ; 1 ) n )




4.1. Céc bai todn sb hoc 113

Sau d6 tir bd n sb nhdn dugc ngudi ta lai tao ra bé n sb méi bdng
cdch tuong tu va tiép tuc nhu vdy. Chitng minh rdng néu trong qud
trinh tao ra by n sé mdi luén ludn nhdn duge b n sb nguyén, thi

ai=a =...=a,

Loi gidi. Néu tht ca cac sb a1,ay, ... ,a, bing nhau thi bai toan hién
nhién dang. Gia st khéng phai tit ca cc sb aj,as,...,a, déu bing
nhau. Goi s6 16n nhéit trong cc s6 niy bing M, hon nita s 16n nhét
nay c6 thé bit gip k l1an. Khi d6 trong diy méi tao ra khong cé sb
nao 16n hon M, ngoai ra s6 M bit gip khéng qua k — 1 1an. Vi thé
sau mét s6 14n thuc hién tao day, gia tri 16n nhét sé nhé di. D& thiy
rang gia tri 16n nhat khong thé nhé hon gi4 tri nhé nhét trong diy
ban d4u. Vi thé sau hitu han budc thuc hién tt ca cac sb tré thanh
bang nhau.

Gia st b sb6 két qua bang nhau nhén dudc tit bd sb trude dé
X13X2, ., X, Khi d6 x1 = x3,00 = X4,..., Xp1 = X1, X0 = X2. Néu n 1a
s6 1é thi tit ca cac sb x1,xs,...,x, bing nhau. Néu n 1 sb chin thi
X|=X3=...=Xp_| =aVaxy=x4=x¢=...=x, =b. Chi con lai kiém
tra rang néu a # b thi bo sb x; ,X2,...,x, khong thé nhan dugc ti bAt
ctt b6 6 y1,y2, ..., y, nd0. Thit vay, gia st

ity  y3tya _ Yn-itIn .
2 2 2 ’
Yays _Yatys _ _YntN
2 2 2 '
Khi d6 y; +y24 -+ Yo =navays +ys+---+y,+y1 = nb. Vithé a = b.

©

Bai toan 4.3. Léy ba sb x,y,z. Ddt x; = x—y, vi=ly—z2], z1 = |z—x|
Tir nhitng sb X1,Y1,21, theo cdch ddt trén ta duogc cdc sb X2,Y2,22 vd tiép
tuc nhu vdy nita. Két qud téi mét budc thit n ndo dé thi x, = x,y, =
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y,2n = z. Biét rang x = 1, hdy tinh y va z.

Ldi giai. Nhiing 8O X, yn 20 12 nhiing sb khong am, suy ra x,y,z cling
14 nhitng s6 khéng 4m. Néu tht ca cac sb x,y,z 12 sb duong, thi sb
16n nhét trong cac sb x1,y1,z; 12 nhd hon thuc su sb 16n nhét trong
cac sb x,y,z, khi dé ca sb 16n nhit cta x,,y,,z, thuc su nhd hon sb
16n nhét cta cac sb x,y,z. Vi thé gitta cac s6 x,y,z ¢4 s6 0 (vi ta 6
Xn = X,yn = y,Z, = 2). Tuong tu cling chitng minh dudgc gitta nhitng
$b x1 ,Y1,21 CO s60 (véin=1 viéc chitng minh khong can thiét, vi khi
d6 x; = x,y1 = y,z1 = z). Diéu d6 c6 nghia 13 hai trong cac sb x,y,z
bing nhau (do 14y hiéu hai s6). Khi dé ta nhan dudc néu khong xét
thit tu clia x, y,z thi chling ¢6 thé hodc 14 0,0, 1, hodc 0,1, 1. Tht lai,
ta thiy b s6 1,0,0 khéng c6 tinh chit mong mubn, con bd sb 0,1, 1
thdéa man. Vdy y =0,z =1 hodcy=1,z=0. ©

Bai toan 4.4. Tir hai tram sb 1,2,3,...,199,200 ta chon mét s6 nhé
hon 16 va chon thém 99 sé khdc. Chitng minh rdng gitta nhitng sé dd
chon ludn tim dugc hai sb sao cho mét sb trong chiing chia hét cho sb
kia.

Loi gidi. Gia st tit nhiing s6 1,2,3,...,199,200 chon dugc 100 sb,
ma khéng c6 mét s6 nao chia hét cho s6 con lai ndo ca. Ta sé ching
minh ring giita nhitng s6 da chon khéng ¢ sb ndo nhé hon 16. Ta
xét udc s6 18 16n nhét ctia cac sé da chon. Néu nhiing uéc s6 1é 16n
nhét cta hai sb trung nhau, thi mét sb di chon chia hét cho mét sb
khéc. Vi thé nhiing uéc sb 18 16n nhéit clia cac sb da chon 1a ding tat
ca cacsb 1,3,5,...,199.

Gia st trong cac sb da chon moi cip sb6 khong chia hét cho nhau.
Ta xét trudng hop: Giita nhiing s6 da chon c6 nhiing sb véi uée sb 18
16n nhét 13 1,3,9,27,81. b€ nhiing s6 cb uéce sb 16n nhit 1,3,9,27,81
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khéng chia hét cho nhau thi sb di chon véi wée sb 1é 16n nhét 27
chia hét cho 2, véi ude sb 1é 16n nhit 9 chia hét cho 22, véi ude sb
1¢ 16n nhét 3 chia hét cho 23, v6i ude sb 16 16n nhit 1 chia hét cho
24, Suy ra gitta nhiing s6 duge chon khong co cac s6 1,2,3,4,6,8,9
va 12, vi cc sb nay c6 udc sb 1é 16n nhat nhu két luan rit ra & trén,
nhung khéng chia hét cho 2* v6i k 14 1,2,3,4 tuong ting.

Ta xét gitta cc sb da chon vé6i uée s 1é 16n nhét 13 5,15,45. D&
nhiing sb ¢6 wée sb 16n nhéit 5,15,45 khéng chia hét cho nhau thi sb
da chon véi u6ce s6 18 16n nhit 15 chia hét cho 2, sb da chon véi uée
s6 1é 16n nhét 5 chia hét cho 22. Suy ra nhiing sb dudc chon khéng
thé c6 cac sb 5,10, 15 vi khong thda mén két ludn vita it ra.

Tuong tu, ta xét cac sé da chon véi uéce sb 1é 16n nhit 7,21,63
suy ra trong cac sb6 di chon khéng c6 7 va 14; Lai xét nhiing sb da
chon véi wée s6 18 16n nhit 11,33 suy ra trong cac s6 da chon khéng
¢6 11; Lai xét nhitng sb6 da chon véi udce s6 18 16n nhit 13,39 suy ra
trong cac sb6 da chon khong cé sb 13. VAy trong cac sb da chon khong
¢6 s6 nao nho hon 16, diéu ndy trai véi cach chon clia bai toan, suy
ra diéu gia st 14 sai. Tt ddy suy ra két luin bai toan. ©

Bai toan 4.5. Nguoi ta ké trén gidy mot bdng nhitng 6 vubng, trén
mbi 6 ngudi ta viét mét sb bang trung binh céng ctia nhitng sb & cdc
6 ¢6 chung canh. Biét rdng tdt cd cdc sb trong bdng déu khdc nhau.
Chitng minh rdng s6 16n nhdt trong bdng ndm & 6 bén canh cia bdng
(6 bén canh la 6 thudc bdng va ¢d it nhdt mét canh khéng la canh clia
mét 6 khdc).

Loi gidi. Gia st sb 16n nhét a trong bang khéng ndm & canh bang.

Khi d6 nd c¢6 day du cac 6 bén canh, bao gbm bon 6 ay,a;,a3,a4 va
, artataztas

coa 2 .Nhung a > ai,a > a»,a > as,a > as. Diéu nay
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vO ly. ©
Bai toan 4.6. Chitng minh rdng mot ddy bt ki gom mn+ 1 sb dbi
mét khdc nhau chita hodc la ddy tdng gobm m+ 1 sb, hodc la ddy gidm
gé‘m n+1sb.

Loi gidi. Ta dit tuong ting s6 hang a; clia day da cho véi hai sb x;
va yi, 6 day x; 1a d6 dai 16n nhét ctia diy ting bit diu tit sb ar, yx
13 d6 dai 16n nhét clia ddy gidm ciing bit diu tit a;. Gia thiét ring
xe < m VA yp < n v6i moi k. Khi d6 sb luong nhiing cip khac nhau
(xt, k) khéng vuct qua mn. Theo nguyén 1y Dirichlet, ton tai chi sb
k # ¢ sao cho x; = x; VA y; = y;. Nhung diéu nay khong thé dugc.
That vy, gia st cho cu thé k < ¢. Khi d6 néu a; < ay, thi x; > x;, con
néu a; > ay, thi Vi > V. ©
Bai toan 4.7. Chitng minh rdng néu p la mét s6 nguyén tb 16n hon 3,
thi p" khong thé la tong ctia hai sb duong ldp phuong véi moi n € N*.
Truong hop p =2 hodc p = 3 thi két ludn trén con ding khéng ?
Loi gidi. Gia st n 13 s6 nguyén duong nhé nhét sao cho p" 14 téng
ctia hai s6 1ap phuong, ta cho dé 1a

P =a>+b° = (a+b)(d® —ab+1?).
Khidéa+b=pvaa®>—ab+b*>=p"* Tia+b>2, nénk>0. T
a*—ab+b>>ab>1,suyran>k.

Ta ¢ 3ab = (a+b)* — (a®> —ab+b*) = p** — p"*va 0 < k < n, suy
ra3ab:p. Tip>3,suyraa:phodch:p Tha+b=p suyraa:p
va b: p, nghia la a = pA va b = pB. Khi d6 A3 + B> = p"3, trdi véi
viéc chon n 14 s6 nhé nhét c6 tinh chit nay.

Trudng hop p = 2 hodc p = 3 thi két ludn bai toan khong ding.
Ta chi ra bang cac phan vi du.
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Véip:2,3giésﬁa3+b3:2”. Néua+b>2,thia:2vabi2va
(g)3+ <§> =213, Do d6 ta chon a = b = 2% va n =3k + 1. Két
luAn cta bai toan sai.

V6i p =3, gid st a®+b =3 Néu a+b =3 va
@ —ab+b* = 3% >32 thi 3ab:9 kéo theo a:3,b:3 va

3 (b , s
<g> + <3> =3"73, Nguoc lai ta c6 3 = a*> —ab+b* > ab va khi d6
a+b = 3. Do dé trong trudng hop nay a, b 1a 2.3%, 3k va n = 3k + 2.

Két ludn ctia bai toan sai. ©
Bai toan 4.8. Chitng minh rdng néu n la mét sé tu nhién 6n hon 1,
thi 2" — 1 khong chia hét cho n.

Loi gidi. Gid st 2" —1:n v6in > 1 ndo d6. T 2" — 1 13 mot sb 18,
suy ra n ciing 13 sb 1é (d€ ddm bao tinh chia hét). Cho p 1a uée sb
nguyén t6 nhé nhét ctia n. Khi d6 2" —1: p, do d6 2" =1 (mod p).
Theo dinh Iy Fermat nhd, 27~' =1 (mod p). Cho k 1a sb nguyén
duong nhd nhit sao cho 2 =1 (mod p). Khi d6 n: k (vi ngudc lai
thin=kq+rv6i0<r<kval=2"=(2K92"=2" (mod p), trdi v6i
k 1a s6 nhé nhat). Tuong tu p—1: k. Do dé UCLN(n,p—1) ‘ k. Dit
d = UCLN(n,p—1) khi d6 né phdi bang 1, vinid,d<p—1vap
13 s6 nguyén t6 nhd nhit cian. Do dé k=1va2=2*=1 (mod p),
diéu nay vé 1y ©
Bai toan 4.9. Vi k > 2, cho ny,na,...,n la nhitng s6 nguyén duong
sao cho

(2" = 1), (22— 1) mayen, (2% — 1) g, (2% — 1)y,

Chiing minh rc‘”mg n=n=..=n=1.
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Loi gidi. Ta nhan xét néu n; = 1 v6i i nao do, thi n;yy = 1 va hiéu
qué déy truyén tif gia thiét suy ra tht cd a; = 1 v6i moi 1 < j < k. Do
dé6 gia st khong c6 n; ndo bang 1. LAy py 14 sb nguyén t6 nhé nhit,
ma ny ¢ pr. Khi dé 271 — 1 py (tt diéu kién cta bai toan). Do dé
2"-1 =1 (mod py).

Ly my 14 s6 nguyén duong nhé nhét trong cac s6 nguyén ducng
m théa man 2” = 1 (mod py). Ta chitng minh néu c6 mét sé n théa
man 2" =1 (mod py) thin:my. That vay, gid st ngudc lai n =mpy +r
v6i 0 < r < m. Khi d6 1 = 2" (modp;) va
2" = (2™)P2" =27 (mod py), suy ra 2" = 1 (mod py). Diéu nay vo
1y v6i my, 13 s6 nho nht.

Theo dinh ly nhé Fermat ta c¢6 27! =1 (mod p;), suy ra
pr—1:im. T 2% =1 (mod p;) cling suy ra m;_; : my. Do do
1 <my < pr—1 < py va vi vy udc sé nguyén t6 nhé nhit p,_; cla
Ng_1 nh6 hon Pk Khi d6 Pk > Pk—1 >+ > P1 > Pk, dléu néy vO l};' ©

Bai toan 4.10. Chitng minh rdang néu phuong trinh x2 +y* +1 = xyz
c6 nghiém nguyén duong x,y,z, thi z = 3.

Loi giai. Gia stt phuong trinh ¢6 nghiém nguyén duong (x,y,z) v6i
z# 3. Khi d6 x #y (néu nguoc lai thi 2x2 +1 = x?z cho ta
x2(z—2)=1vadodéx=1,z=3, vd ly). Vi phuong trinh dbi xting véi
x,y nén ta c6 thé gia thiét x > y. Gifta tit ca nhitng nghiém nguyén
duong ctia phuong trinh  (x,y,z) V6 x > y va
7 # 3, ta chon (xg,y0,20) 1& nghiém véi xo nhd nhéit (diéu nay lam
dudc do nguyén ly thit tu). Ta xét phuong trinh bac hai theo x la
x? —yozox+ (y3+ 1) = 0 c6 nghiém xo. Mot nghiém khéc cia phuong
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2
\ NP +1 ,
trinh nay 14 x; = ypzo —x0 = N7 Tach
X0
2 2
+1 +1
0<X1:y()7§y0 < Yo.
Xo yo+1

Ta biét ring (yo,x1,20) ciing 13 nghiém nguyén duong ctia phuong
trinh ban dau véi Yo > x1 va zo # 3. Tuy nhién yy < x, trai véi xo la
s6 nho nhét da chon. ©
Bai toan 4.11 (Bungarri 1995). Cho n > 2 va 0 < x; < 1 vdi
i=1,2,...,n. Chitng minh rdang

(x14+x2 4+ x,) — (X122 +X2x3 + - F X 10 + X021 ) < {f] ,
& day [x] la sb nguyén 16n nhdt nhé hon hodc bdng x.

Loi gidi. Khi x»,x3,...,x, cb dinh, thi vé trai bit ding thic di cho 1a
ham tuyén tinh dbi véi bién x;, do dé gié tri 16n nhit dat dugc khi
x; = 0 hodc 1. Tuong tu nhu vay cho mbi bién khéc x;. Do d6 khi vé
trai dat gia tri 16n nhat v6i mbi x; nhan mot trong hai gid tri 0 va 1
va gid tri cta vé trai 1a mét sé nguyén. Ta cd
2((x1+x2+ -+ x0) — (X2 F 2203+ - F X1 X+ X0X1)) =
=n—(1-x)(1—-x)—(1—x2)(1—x3)—---
— (1 =x,) (1 = x,) — X120 — X0X3 — =+ — XpX] .

Vi 0 < x; < 1, biéu thitc trén 16n nhét 1a bf?mg n. Do dé chia hai vé
clia dang thic cho 2 va 14y két qua nguyén 16n nhét, ta 6

n
max((x) +x2+ -+ +x,) — (X120 +X2X3 + - + X1 X+ XpX7)) < [ﬂ )

D6 1a diéu can chitng minh. ©
Bai toan 4.12. Cho k la mét sb nguyén duong. Chitng minh rdng
ton tai v6 han sb chinh phuong dang  n2k —7 véi n la mét sb nguyén
duong.
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Loi gidi. Ta chitng minh ton tai mot diy {a;} nhiing s6 nguyén sao

cho @} = —7 (mod 2¥) va khong 1a s6 16n nhéat 1a dd. bit
ay=ay=az=1. Vi k>3, gid st a> = —7 (mod 2¢). Khi d6 hodc
1a @} = —7 (mod 2¢*1) hodcla af =2 —7 (mod 2¢1).

Trong truong hop th nhét, dat ay 1 = ay.
Trong trudng hop thit hai, dit a;; = a; +25'. Khi d6 tit k > 3
va a; lasb 18, ta co

a,%H = a,%+2kak+22k72
=ai + 2% +1) =242 2 =a2 -2 =—7 (mod 2¢'1).

C4 hai trudng hop trén déu c6 a? > 2% —7 v6i moi k, nén day da cho
khéng c6 sb 16n nhét. ©
b

Bai toan 4.13. Cho a,b,c la cdc sb nguyén sao cho %+ 2+l=s
c a

Chitng minh rdng abe la ldp phuong ctiia mét s6 nguyén.

Loi gigi. Khong mit tinh téng quat, ta c6 thé gid su
UCLN(a,b,c) = 1 (ngudc lai, néu d = UCLN(a,b,c), thi véi d’ = g,
b= 2, d = 2, dang thic trén van con ding cho ', ¥, ¢’ va d'b'c’ 1a
14p phuong ctia mot sb nguyén khi va chi khi abe 13 14p phuong).
Nhan hai vé ctia dang thiic di cho v6i abe, ta nhan dude dang thitc
méi a’c + b*a+ c*b = 3abc.

Néu abc = +1, thi ta 6 diéu cin chting minh. Néu abc # +1, thi
ta lay p 1a mét wée s6 nguyén tb ctia abe. Vi UCLN(a,b,c) = 1, dang
thtic méi & trén kéo theo c6 diing hai sb trong a, b, ¢ chia hét cho p.
Ta gia thiét rang a,b chia hét cho p nhung ¢ khong chia hét cho p.
Gi4 st s6 bdi 16n nhét ctia p ma a,b chia hét cho né, 1an luot 13 m, n.

Néu n < 2m, thi n+ 1 < 2m va cac sb a?c,b’c,3abc déu chia hét
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cho p"t!'. Do d6 ¢2b: pt! suy ra ¢ p, diéu nay vé ly.

Néu n > 2m thi n > 2m+ 1 va cac sb a?b,b%a,3abe déu chia hét
cho p>+!. Do d6 a’c: p*"*! suyra ¢ p, diéu nay vé Iy

Do d6, n = 2m va abe chia hét cho p*, do p 13 uéc sb6 nguyén tb
bt ki cia a, b, ¢ nén suy ra abc phai 1a sb 14p phuong. ©

Bai toan 4.14. Ching minh rdng véi moi b6 ba ham sb
fgh:[0,1] >R déu ton tai cdc sb x,y,z trong [0, 1] sao cho

|f(x)+g(y) + h(z) — xyz| > %

Loi gidi. Gid st ngudc lai v6i tit cd x,y,z trong [0,1], ta cb
1 , T SN
|f(x)+g(y) +h(z) —xyz| < 3 Khi dé ta xét v6i cac diém bién
1£(0)+8(0)+h(0)| < %, [£(0)+8(y) +h(z)] <

» [f)+8(y) +h(0)] <

W = W] =

[f(x)+8(0) +h(z)| <

2 2
S +g(2y) +h(0) | —f(0) — 82(0) —h(0) ’
theo bAt ding thic tam gidc, f) +g(2y) +h(2) < %

. 2
Do do f(1)+g(1)+h(1) < 3
Talaico |[1—f(1)—g(1)—h(1)| < % (theo gia su trén).

Cong hai bt ding thtc sau cung va 4p dung bt ding thitc tam
gidc nhan dudc 1 < 1, diéu nay vé 1y. VAy bai toan diing. ©
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Bai toan 4.15. Tim tdt cd bd ba sb nguyén duong sao cho tich cila
hai s6 trong bé sb cong véi 1 chia hét cho sé con lai.

Loi gidi. Ta co thé gid st ba s6 cAn tim ¢b thi tw a > b > ¢ > 1.
Theo gia thiét da cho thi ab+1:c, bc+1:ava ca+1:b. Suy ra
(ab+1)(bc+1)(ca+1) : abc. Do d6 ab + bc+ ca+ 1 : abe, nghia 1a

ab+bc+ca+1=k.abc, “4.1)

6 day k € Z.
Do a,b,c 13 nhitng s6 nguyén 16n hon 1 nén ta ¢ bat dang thiic
ab+bc+ca+1<4.abc,suy ra k <4.

e Truong hgp k=4: Suyraa=b = c=1théa man (4.1).

e Truong hgp k= 3: Tu (4.1) suy ra 3abc < 4ab, nghia la ¢ < 1, nén
chi ¢c6 ¢ =1. Thay ¢ = 1 vao (4.1) ta ¢6 ab+a+ b+ 1 = 3ab, tuong
duong v6i (2a—1)(2b—1) =3. VAy chico a=2,b = 1.

e Truong hgp k=2: Tt (4.1) suy ra 2abc < 4ab, nghia la ¢ < 2, nén
c6 c=1hodcc=2.Thayc=1vao (4.1) tacéab+a+b+1=2ab,
tuong duong véi (a—1)(b—1) = 2. VAy chi ¢6 a = 3,b = 2. Trudng
hodp ¢ = 2 phuong trinh khong c6 nghiém nguyén.

e Truong hop k= 1: Tit (4.1) suy ra abc < 4ab, nghia la ¢ < 4. nén ta
xét ¢ = 1. Thay ¢ =1 vao (4.1) ta c6 ab+a+ b+ 1 = ab truéng hop
nay khong c6 nghiém. Xét ¢ = 2 ta ¢6 ab+2a+2b+ 1 = 2ab, suy ra
(a—2)(b—2) =35, vay ta tim dugc a =7 va b = 3. Con cac truong
hodp ¢ = 3 va ¢ = 4 phuong trinh khong c6 nghiém.

Vdy nghiémcua bai toan 1a (1,1,1), (2,1,1), (3,2,1) va (7,3,2). ©
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4.2. MOT 56 BAI TOAN DAI $6

Khi vai trd ctia cic 4n sb nhu nhau ta c6 thé sip xép lai cic 4n sb
dé€ gidm bét duge db phite tap clia bai toan. Chinh nhd su sip xép
ta di xét nhitng phan t& nhd nhit hoic 16n nhat dé gidi bai toan.

Bai toan 4.16. Cho x,y,z ld nhitng sb thuc sao cho x> +y* + 272 = 2.
Chitng minh rdng x+y+z < xyz+2.

Loi gidi. Néu mét trong cac s x, y,z 1a s6 khong duong, gia st d6 1a
z, thi

24xyz—x—y—z=(2-x-y) ~z(l-xy) 20,
Vixty< 202 +y2) <2vaxy < - ery

< 1. Vi thé ta c6 thé gia
thiét x,y,z 12 cac sb duong va sip xép theo thtt tu 0 < x <y < z.
Néuz < 1, thi

24xyz—x—y—z=(1-x)(1-y)+(1-2)(1 —xy) 2 0.

Néu z > 1, thi

(cby) +2< 2@+ +2) =2/ F LSy +2 <z 2.
©

Bai toan 4.17. Tim tdt cd nghiém nguyén duong ciia phuong trinh

Xy +yz+zx = xyz +2.

Loi gidi. Vi tinh dbi xting ctia 4n sb ta gia st rang x < y < z. Chia hai

A > \ A 1
vé cua phuong trinh cho xyz, ta nhan dudc —+-+-=14+—. Do
zZ 0y X xyz
do

2 11
l<l+—=-+-+
<

1 3
<z
Xyz y x X



124 Chuong 4. Céc bai todn sé hoc va dai sb

VAy x =1 hodcx=2. Néux=1, thisuyray=z= 1. Néu x =2, thi

1 1 1 , 11 1 2 N
—4+-==-+4+—Dodé - < -+—=-+-<-.Suyray<4. Bang
2y 2 ¥z 2 2 yz oz yTy

cach kiém tra don gian ta cé y = 3,z = 4. Tém lai nghiém ctia phuong
trinh 13 (x,y,2) = (1,1, 1), (2,3,4), (2,4,3), (3,2,4), (3,4,2), (4,2,3),
(4,3,2). ©

Bai toan 4.18. Tim nhitng nghiém nguyén duong cua phuong trinh
sau
4(x+y+2z) =xyz.

Li gidi. Vai tro cta x, y,z nhu nhau nén ta c6 thé gia thiétla x>y > z.
Tu phuong trinh da cho ta ¢6 xyz =4(x+y+2z) < 12x, suy ra yz < 12.
Tit thit tu cac bién lai suy ra z2 < 12. S6 binh phuong tit 1 dén 12 chi
c6 {1,4,9}, vay kha ning z chi c6 thé 1a {1,2,3}.

Néu z = 1, thi xy = 4(x+y+ 1), hay 1a (x—4)(y —4) = 20. Cho
x—4vay—41a ube sb clia 20 véi didu kién 1a x—4 > y—4 > -3,
ta dudc cac cap (x,y) nhu sau (24,5),(14,6),(9,8). Khi d6 ta co cac
nghiém ctia phuong trinh da cho (24,5,1),(14,6,1),(9,8,1).

Néu z =2, thi 2xy = 4(x+ y +2), phan tich ra thita sb
(x—2)(y—2) =8. Cho x—2 v y—2 1a nhitng u6c sb ctia 8 v6i chii
lax—2>y—2, tanhén dudc (x,y) la (10,3) va (6,4). Khi d6 c6 thém
nghiém (10,3,2),(6,4,2).

Néu z = 3, thi 3xy = 4(x+y+3), phuong trinh khéng c6 nghiém
nguyén. ©

Bai toan 4.19. Tim nghiém nguyén duong cua phuong trinh
Va+2vV3=\/+z

Loi gidi. Vai tro clia y,z nhu nhau nén ta c6 thé gia thiét y > z. Binh
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phuong hai vé clia phuong trinh, ta nhan dude
x4+2V3=y4z+ 2.\/yz

suy ra

(x—y—z)2+4\@(x—y—z)?4yz—12. ,(4.2)
Tt (4.2) suyrax—y—z=4yz—12=0vineu x—y—z# 0 thi vé trai
13 mét sb vo ti, con vé phai 13 bi€u thiic hitu t, diéu nay khong thé
dudc. Suyra yz=3,vay y=3vaz=1.Taco x =y+z=4. Nghiém

cua phuong trinh da cho 1a (4,3,1) va (4,1,3). ©

Bai toan 4.20. Tim tdt cd cdc s6 nguyén duong a,b,c déi mot khdc
1 1

nhau sao cho biéu thitc — + b + - —l— p +— e + — nhan gid tri nguyén

duong.

1 1 1 1 1 1
Loi gidi. DatT—7+b—|— + b+b —1—— Ta co

T.abc:ab+bc+ca—|—a+b+c. 4.3)

Tit (4.3) suy ra khong thé cé: Mot trong ba sb 13 s6 1& con hai sb kia
13 s6 chin. That vy, néu mét trong ba sb 13 s6 1é con hai sb kia la
s6 chéin thi vé trai (4.3) 1a mét sb chin, con vé phai ctia né 1a mét
s6 18, diéu nay vé ly.

Tuong tu, néu hai sb trong b s6 13 1& va mot sb kia 1 chin thi
hai vé clia (4.3) ciing c6 tinh chin 1& khac nhau, vo ly.

Tt d6 suy ra tit cd a, b, c phai c6 cung tinh chin 1é.

Vi vai tro cla a,b,c nhu nhau va do6i mot khac nhau nén ta c6
thé gia thiét ring a < b < c.

Néua>3thib>5c>7suyraT < 1, diéu nay khong thé xay
ra vi 7 phai 13 sb nguyén. VAy chi con a = 1 hodc a = 2.

Véia=1thib>3,c>5suyral <T <3, véychiconT =2.
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Thay a =1va T =2 vao (4.3) ta nhan dudc 2(b+c¢) + 1 = bc, nghia
la(b—2)(c—2)=5.Tudésuyrab=3,c=1.
Véia=2thib>4,c>6suyral <T <2,vayT =1. Thaya=2
va T = 1 vio (4.3) ta nhan dugc be = 3b+ 3¢+ 2, bién ddi thanh tich
(b—3)(c—3)=11.Tudésuyrab=4,c=14.
Toém lai, bai toan c6 nghiém (1,3,7) va (2,4, 14). ©

Bai toan 4.21. Tim cdc sb nguyén x,y l6n hon 1 sao cho 3x+1: y va

3y+1:x

Loi gidi. Vai tro ctia x,y nhu nhau nén ta c6 thé gia st x > y. Khi d6
Xdy ra cac truong hop sau :

e Neux=ythi3x+1'x suyral:x,dodéx=1, diéu nay trai
voi gia thiét x > 1, nén x,y khong thé bing nhau.

* Xét x>y thi ton tai s6 nguyén p sao cho 3y+ 1 = px. Mit khéc,
vi 3x > 3y suy ra 3x > 3y + 1 = px. DAu bing khong xay ra vi
3y + 1 khong chia hét cho 3, nén ta chi ¢6 3x > px. Tit day chi
co p=1hodc p=2.
Néup=1thidy+1=xsuyra3(3y+1)‘y dodé4:ysuyra
y=2hoacy=4.

Néu p=2thi2x=3y+1suyra9y+5:y nghiala5:y. Suyra
y=>5.

Tom lai bai toan c6 nghiém: (7,2),(13,4), (2,7),(4,13), (8,5),(5,8).

©

Bai toan 4.22. Tim ba s6 nguyén duong déi mot khdc nhau x,y, z théa
man
Sy 4+ =ty +2)
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Loi gidi. Cac sb can tim déi mét khac nhau va c6 vai trd nhu nhau
nén ta gid thiét x < y < z. St dung bAt ding thitc
B +y +23
3
D4u bing khong thé xay ra vi x, y,z d6i mot khac nhau vay chi con
x+y+z<8 Matkhac,x+y+z>14+2+3=6.Suyra6<x+y+z<
8.Tlr dang thitc x> +y* +7° = (x+y+z)? suy ra khong thé c6 z > 4, vi
khi d6 vé trai ctia ddng thitc da cho 16n hon 64 con vé phai 14 binh
phuong ctia mét trong cac sb {6,7,8} déu nhé hon hoic bing 64.

3
> <X+§+z> v6i moi x,y,z > 0. Tasuy rax+y+z <9.

VAy chi con x = 1,y = 2,z = 3, ta thit vao phuong trinh da cho thi n6
théa man. ©

4.3. CHUYEN DE PHUONG TRINH HAM TREN TAP SO NGUYEN

Phuong trinh ham 13 phuong trinh c6 4n 13 ham sb. Dic biét

ham sb c6 mién x4c dinh va mién gia tri 1a nhitng tip hop con ctia N
hodc Z. Bbi v6i phuong trinh ham loai nay, phuong phap dai lugng
cuc bién ciing phat huy tac dung gidi rt tot. Ta nhic lai mot sb khai
niém vé ham sb sé dung trong phan nay.
Pinh nghia 4.1. Cho X 1 tip con khac rfng cia R. Mbt ham sb f
tit X vao R 13 mot phép tuong ting véi mdi x thude X cho ting véi
duy nhat mot s thue, ki hiéu 1a f(x), mano goila dnh cla x théng
qua f. Ta thudng ki hiéu ham s6 f: X — R.

Tap hop X dudc goi 1a mién xdc dinh ctia ham f. Tap hop f(X) =
{f(x)|x € X} dudc goi 1a mién gid tri ctia ham f.

Vi du: 1. Mbi x € R cho tuong ting véi f(x) = x%. Su tuong ting nay
x4c dinh mot ham sb tir R vao R.

2. Mbi s tit nhién n 16n hon 1 cho tuong ting véi sb f(n) 1a uéc
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s6 nguyén t6 16n nhét clia né. Su tuong Ung nay xac dinh mét ham
s6 tit N*\ {1} vao N*,

Dinh nghia 4.2. Cho ham s6 f: X — Y. Ham s6 f dudc goi 1a ham
toan dnh (con goi 13 ham 1én) tit X vao ¥ néu Y = f(X), nghia 1a
moi y € ¥ phai 1a anh ctia mét diém nao d6 cta X.

Ham sb f dudc goi 14 ham don dnh tit X vio Y néu véimoiy € Y
khong thé 13 anh cta hon mét diém dbi véi f. Trong thuc té dau
hiéu nhan biét ham sb f 1a ham don anh nhu sau : V6i moi a,b € X,
néu f(a) = f(b) thia=b.

Ham s6 f 1a mét ham song dnh tit X vao Y néu né vita 1a ham
lén vira 1a ham don anh.

Vi du: Ham sb f(x) = x2 khéng phai 13 ham 1én tit R vao R, vi
—1 khéng 13 4nh cta diém nao trén R théng qua f. Nhung ham sb
f(x) =x?1a ham 1én tit R vao R*.

Ham s6 f khong phai 1a ham don 4nh tif R vao R, ciing nhu ti
R vao R*, vi luén ¢6 f(1) =1 = f(—1). Ngudc lai ham sb f 1a ham
don anh tt R vao R, cling nhu vay tu R~ vao R.

Ham sb f 13 ham song anh tit RT vao RT (hodc R~ vao R™).

4.3.1. S dung nguyén Iy thit tu cla sé tu nhién
Bai toan 4.23 (Rumania 1986). Cho f: N — N la ham lén va

g: N — N la ham don dnh sao cho véi moi n € N, thoa mdn
f(n) > g(n). Chitng minh rang f(n) = g(n) vi moi n € N.

Loi gidi. Ta chiing minh bing phan ching, gid st ton tai mot sb
nguyén k sao cho f(k) # g(k). Khi d6 tap hop
o/ = {n|n € N, f(n) # g(n)} 1a tap con khac réng ctia N, vi thé tap
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hop con # = {g(n)|n € &/} ciing 14 tap con khac réng ctia N. Theo
nguyén ly thit tu Z c6 phin t& nhd nhét, ki hiéu d6 1a g(m) véi
m € o . Ta sé chling minh rang khong thé c6 g(m) < f(m).

That vAy, vi £ 1a ham lén, nén ton tai mot sb nguyén ¢ sao
chof(¢) = g(m) < f(m). Thuc té, £ # m. Vi g 1a ham don 4nh, nén
khi d6 g(¢) # g(m) = f(¢), tt dé suy ra £ € o7 va g(¢) < f(£) = g(m),
diéu nay trai v6i cach chon g(m) 1a phan tit nhé nhit clia 2.

Vi thé, moi sb tu nhién k déu c6 f(k) = g(k). ©

Bai toan 4.24. Cho f:N — N la ham song dnh. Chitng minh rang
ton tai ba sé tu nhién k,m,n sao cho k < m < nva

fK)+ f(n) =2f(m).

Loi gidi. Do f 13 ham song anh tit N vao N nén ton tai n € N sao cho
£(0) < f(n) (néu ngudgc lai thi £(0)+ 1 sé tring v6i mét gi tri khac
caa f).

Tt do ta suy ra tap hdp & = {n € N|f(0) < f(n)} la tap con khac
r6ng ctia N*. VAy tip hop nay c6 phan tt nhé nhét, ki hiéu d6 1a m.
Suyra 0 <mva f(0) < f(m).

Dit ¢ = 2f(m) — £(0). Vi f 1a ham song anh, nén ton tai mot
s6 tu nhién n d€ f(n) = £. Vi vay, ta ¢ f(n) + f(0) = 2f(m). Do dé
f(n) = f(m)+f(m) — £(0) > f(m) > f(0). Suy ran € &. Do m 1a phan
t&t nhé nhét nén m < n.

Chon k=0, ta c6 k < m < n va f(k)+ f(n) = 2f(m). P 1a diéu
can chitng minh. ©

Bai toan 4.25 (Rumania 1986). Tim tét cd nhitng ham lén f:N — N
c6 tinh chdt sau: V6i moi n € N, bt ddng thitc sau diing

f(n) Zn+(=1)"



130 Chuong 4. Céc bai todn sé hoc va dai sb

Loi gidi. Néu ta dit g: N — N sao cho g(n) = n+ (—1)", thi g thda
mén bét ding thitc di cho. Hon nita, ham sb g 13 song anh. Ta chiing
minh ring v6i moi ham f cAn tim thi phai c¢é f =g.

Thét vy, ta chitng minh mét khing dinh t8ng quat hon : Néu f
va g 14 hai ham xac dinh trén tip s6 tu nhién sao cho f(n) > g(n) véi
moi n, f 1a ham 1én va g 1a ham song anh, thi f = g. Chiing minh
dua trén co sé nguyén ly thit tu.

Gia stt f # g, khi d6 ton tai ng sao cho f(ng) > g(no). Néu ta dit
M = g(ny), thi tp hop & = {k |k € N,g(k) <M} ¢6 ding M + 1 phan
tlt, vi g 1a ham song anh. Mt khéc, tlt f > g va no nam trong <, tip
hop % = {k |k € N, f(k) < M} ndm trong </, nhung c6 it nhit mot
phin tt, d6 14 ny. Do dé gia tri cia f khéng vét can dugc tht ca cac
s6 nhé hon M + 1, diéu nay trai v6i gia thiét £ 13 ham lén.

Vi vay, f(n) = g(n) = n+ (—1)" 1a nghiém duy nhi. ©

Bai toan 4.26. Tim tdt cd cdp ham sb f,g: N — N théa mdn
f(n)+ f(n+g(n) = f(n+1).

Loi gidi. Mot kha ning nghiém thiy ngay 1a ham s f trung v6i ham
hing 0 va ham sb g bt ki. M6t kha ning khac 1 ham sb g tring véi
ham hang 0 va f(n) = 2"£(0).

Ta di tim nhiing cip ham s con lai khac. Tt phuong trinh da
cho ta c6 f(n+1) > f(n) v6i moi n, nghia la f la ham tdng ngat.
Néu g(n) > 1 thi f(n+1) < f(n+g(n)), do d6 f(n) = 0. Bang quy
nap ngudc ta chi ra rang f(n—1) = f(n—2) = ... = £(0) =0.

Do d6, d€ f khéng dong nhét véi 0 phai ton tai m € N sao cho
g(k) = 0 v6i moi k > m. Gia st m 14 sb tu nhién nhé nhét sao cho
g(m—1) #0. Khi d6 f(k) =0 v6i k <m—1va f(k) =25"f(m) v6i
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k > m, nhu vAy v6i k > m ham sb f ting ngit. Tinh chit nay cia ham
f cling véi f(n) + f(n+g(n)) = f(n+1) kéo theo n+ g(n) khong thé
dat t6i m. Do d6 g(n) < m—n. Nhu vy, tit ca nghiém cda f,g thda
man f(0) = f(1)=...= f(m—1) =0, f(k) = 2% g v6i moi k > m,
a bt ki; va g(k) < m—k v6i k < m,g(k) =0 véi k > m. ©

Bai toan 4.27 (IMO 1996). Tim cdc ham sé f : N — N sao cho
flm+f(n)) = f(f(m))+ f(n)

v6i moi so tu nhién m,n.

Loi gidi. D& thiy f =0 1a mét nghiém ctia phuong trinh. Sau diy
ta di tim nghiém f khong trung v6i 0. Thay m = n = 0 vao phuong
trinh ta nhin dudc f(0) = 0. Néu ta chi cho n =0 thi £(f(m)) = f(m)
v6i moi m € N.

Dit .7 1a mién x4c dinh cta f. Theo chi y trén, .7 bao goém cac
sb nguyén n, ma f(n) = n.

Néu m,n € .7, thi phuong trinh ham kéo theo f(m+n) =m+n, do
d6 m+n € 7. Ngudc lai, néu mn e 7 va n > m, thi
fm)+ f(n—m)=f(n)=n,nén f(n—m)=n—m,doddon—me 7.

Tit d6, ta chitng minh .7 bao gém tit ca bdi ctia mét sb tu nhién
k ndo dé. That vay, ta lay k 1a phin t khac 0 nhd nhit trong 7
(phén t& nhu vy ton tai vi £ khong tring v6i ham héng 0). Khi d6
moi bdi clia k déu nim trong 7. Ngudc lai, moi sb nguyén m € .7
c6 thé biéu dién dudi dang gk + r v6i 0 < r < k. Vi m va gk thudce .7,
suy ra r cling thudc 7. Mit khéc, k 13 s6 khac 0 nhé nhét thude 7
va r < k, vi thé ta phai ¢6 r = 0. Do d6 7 bao gbm chi c¢6 cac bdi sb
cia k.

Vi f(n) 12 bdi sb ctia k v6i moi n, ta cé thé viét f(r) = n,.k v6i
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r=0,1,....k—1, 6 day no = 0. Khi dé véi moi s6 m biéu dién nhu
gk+rvei0<r<k,

f(m) = fgk+r) = f(r+ f(qgk)) = f(f(r)) + f(gk) = (n, +q)k.
Mt khac, ham s6 bat ki dang f(gk+r) = (n,+ )k thda man phuong
trinh d4 cho. That vay, néu m = gk+r va n = sk+1 v6i 0 < r,r <k,
khi do

flm+f(n)) = f(gk+r+sk+nk) = f((qg+s+n)k+r)
=(g+s+n)k+nk=(qg+n)k+ (s+n)k
= f(gk+r)+ f(sk+1t) = f(m) + f(n)
= f(f(m))+ f(n).
Do dé ham sb cin tim 1a £ = 0 va tit ca ham sb ¢6 dang f(r) = n, k
v6ir=0,1,....k—1, & diy no = 0 va k 1a s6 nhd nhét thuée 7. ©
Bai toan 4.28 (IMO 1977). Cho ham sb f:N* — N* sao cho

fln+1)>f(f(n))

véi moi n € N*. Chitng minh rang f(n) = n v6i moi n € N,

Loi gidi. Phuong phdp 1: Ta dung nguyén Iy thi tu dé giai bai toan
nay. Ta xét tap hop

{F(F(1)),f(2),£(£(2)),fB3), f(f(3)),.... f(n), f(f(n)),...}.

Chu y ring day 14 nhiing s6 ma ching xuit hién trong bat ding thitc
f(f(n)) < f(n+1), nén né 1a tip con ctia tip s6 nguyén duong khac
réng. Tip hop nay c6 phan t& nhd nhéit, nhung phin t&t nhd nhét
nay khong thé c6 dang f(n+ 1) vi khi d6 né lai 16n hon f(f(n)). Vay
n6 chi ¢ thé 12 dang f(f(n)). Ly ludn tuong tu ciing chi ra rang cho
gia tri nhd nhit véi n nay, f(n) =1 (néu n 1a mét s6 16n hon 1, thi
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ta nhan dudc 1 = f(n) > f(f(n—1)), diéu nay vo 1y). Do d6 f(1) =1
va f(n) > 1v6in>1.

Dit 2 = {n € Njn > 2}. Ta xét ham s6 f : 2 — 2. Chiing minh

tuong tu phan trén cho ham f nay, ta ciing nhin duge £(2) =2 va
f(n) > 2 véin > 2. Bang phuong phap quy nap ta ciing chitng minh
dugc f(k) =k va f(n) > k v6i n > k, nhu vay chi c6 nghiém f(n) =n
duy nhét ctia bai toan.
Phuong phdp 2: Gia st f la nghiém ctia phuong trinh da cho. Véi
moi n € N* ta ¢6 f(n+1)> f(f(n)) >0 va khi d6 vi f(n+1) 12 sb
nguyén nén f(n+ 1) > 1. bat f,(n) = f(n+1) — 1. Khi d6 f, la ham
s6 tlt N vao N.

fa(n)+1=f(n+1)> f(f(n) = f(a(n—1)+1) = foa(fo(n—1)) + 1,

nghia 1a foa(n+1) > fo(f2(n)) v6i moi n € N, nhu vay f, cling la
nghiém ctia bai toan. Thuc t&, fo(n+1) > 1 thi f(n+2) > 2.

Tir diéu kién cta bai todn, ta ciing c6 thé chiing minh dudc, véi
moi s6 nguyén duong n va sé tu nhién k, ta ¢6 f(n+k) > k. Cu thé,
v6i k=0 thi f(n) > n v6i moi sb n € N*.

Khi d6 ta nhan dudc f(n+1) > f(f(n)) > f(n), diéu nay chi ra
rang f 1a ham ting ngit trén N*, nén bit ding thitc trén cho ta
n+1> f(n) > n, nhung f(n) cé gia tri nguyén nén suy ra chi c6 thé
f(n) = n. Thit lai ddng nhét thitc diing 13 nghiém bai toan. ©

4.3.2. Dung phuong phdp quy nap toan hoc

Bai toan 4.29 (IMO* 1995). Chitng minh rdng ton tai duy nhdt mot
ham sb f: N* — N* sao cho

f(m+ f(n)) =n+ f(m+95)
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A s ./ . 2 \ A 19
V@i cdc s0 nguyén duong m,n. Tinh gid tri cua ham so Y, f(k).
k=1

Loi gidi. Gia st f 1a nghiém clia bai toan. Dat g(n) = f(n) — 95 va
m+95 = k. Khi d6 v6i moi sb nguyénnvak (n>1, k> 96), ta co
glk+g(n)) =n+g(k). “4.4)
Cong hai vé ding thic trén véi k va tac dung ham sb g 1én hai vé
ta nhan dudc g(k+g(k+g(n))) = g(k+n+g(k)). Nhung theo (4.4),
mdt vé clia phuong trinh c6 két qua
gk+g(k+g(n))) =k+g(n)+g(k)
va mot vé khac c6 g(k+n+g(k)) = k+g(k+n). Suy ra
g(k+n)=g(n)+g(k). (4.5)
v6i moi sb nguyénnvak (n>1, k> 96).

Ta sé chiing minh bing quy nap : V6i moi s6 nguyén p > 1, luén
c6 dang thitc g(p) = pg(1). That vay, dé& thiy dang thiic ding véi
n=1. Gid st dang thtic diing v6i p > 1 cb dinh nao dé, khi d6 tu
(4.5) va gia thiét quy nap, ta c6

g(p+1+96) =g(97) +g(p) = g(96) +g(1) +5(p)
=8(96) + (p+1)g(1).
Mait khac theo (4.5), ta ¢o
g(p+1+96) =g(p+1)+g(%).

So sanh hai dang thtic trén ta nhan duge g(p+1) = (p+ 1)g(1).
Ménh dé dugc chitng minh.

V6i moi sb nguyén n > 1 va k > 96, ta co

gk+g(n)) = (k+g(n)g(1) = (k+ng(1))g(1) = kg(1) +n(g(1))*
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va theo (4.4), g(k+g(n)) = n+g(k) = n+kg(1). So sanh hai dang
thiic va rat gon con (g(1))?> =1 va do d6 g(1) = 1.

Suy ra, v6i moi sb nguyén n > 1, ta c6 g(n) = n, nghia la
f(n) = n+95. Thit lai v6i phuong trinh ban diu thi day thuc su
la nghiém.

19 %2
9220 _ 1905, ©

. 19
Dé tinh dugc Y f(k) =19x95+
k=1

Bai toan 4.30 (Putnam 1963). Cho f: N* — N* d ham sb tdng ngdt
sao cho f(2) =2 va f(mn) = f(m)f(n) dbi véi moi cdp sb nguyén tb
cting nhau m va n. Chitng minh rdng f(n) = n véi moi s6 nguyén duong

n.

Loi gidi. Gia st f(n) théa mén nhitng tinh chit da cho. Chitng minh
dua vao su phén tich ra thita sb ctia sb nguyén duong.

Tinh gié tri £(3): Vi ham sb ting, ta cd

FB)f(5) = f(15) < f(18) = f(2)£(9),
do 48 F(3)f(5) < 2f(9) va £(9) < f(10) = F(2)/(5) = 2(5). Két hop
hai bat dang thic trén ta nhan dugc f(3)f(5) <4£(5). Do do f(3) <
4. Talaico f(3) > f(2) =2. Vivay f(3) =3.

Tir 2 va 3 1a cac sb nguyén tb cling nhau, ta suy ra f(6) = 6, va
tinh don diéu ctia ham s6 suy ra f(4) = 4 va f(5) = 5. Ta chling minh
bang quy nap f(rn) = n v6i moi n € N*.

Thét vay, v6i n = 1,2,3,4,5,6 khing dinh trén ding, nhu phin
trén da chi ra. Cho n > 6 va gia st ring f(k) = k véi k < n. Ta cin
chitng minh ring f(n) = n. Ta xét 2"(2m+ 1) 13 s6 nguyén chin nhd
nhét 16n hon hoic bing » ma né khong phai 14 liy thita cta 2. S6
nay la mét trong cac sbn,n+1,n+2,n+3, va tit n > 6 nén ca hai s6
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2" va 2m+ 1 thuc su nho hon n. Do d6
fQR2m+1))=f2"f2m+1)=2"2m+1)

(theo gi thiét quy nap). T tinh ting ngit clia ham sb két hop véi
fn—=1)=n—1,suyra f(k) =k v6ik <2"(2m+1). Nghia la f(n) =
va d6 1a diéu can chiing minh. ©

Bai toan 4.31 (IMO* 1995). Tim ham song dnh f: N — N sao cho

véi moi m,n,
f@Bmn+m-+n)=4f(m)f(n)+ f(m)+f(n).

Loi giai. Cach gidi tuong tu nhu bai trudc, cling dung phén tich ra
thita sb ctia mot sb nguyén duong. Gia st ham sd £ 14 nghiém cla
bai toan. bat «7 = {3n+ 1|n € N} va # = {4n+ 1|n € N}. Dinh nghia
ham sb g : o7 — % theo f bing cong thitc

g(k) = 4f< 1>+1.

Ham sb nay hoan toan x4c dinh va c6 thé kiém tra duge ngay ham
s6 nay 1a ham song 4nh tit o7 vio %, v6i ham ngudc dude cho bdi

ey =3f" (41>+1

V6i m,n € N, dung dinh nghia ctia ham s f va g, ta nhan dudc
g(Bm+1)(3n+1)) =g(3Bmn+m+n)+1) :4f(3mn+m+n)+ 1
=4(4f(m)f(n) + f(m)+ f(n)) +
= (4f(m)+1)(4f(n) +1) = g(3m+1)g(3n+1).
(

Nhu véy g c6 tinh chit nhan tinh, theo nghia g(xy) = g(x)g(y) véi
moi x,y € .
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Ngudc lai, cho mot ham song anh ¢6 tinh chét nhén tinh tit &
vio 4, ta c6 thé xdy dung ham f c¢6 tinh chit nhu bai toan di ra

bing chch dat £(x) = g(3le)_1'

Phan con lai ta chi con biéu dién cu thé ham song anh nay. Ki
hiéu hai tAp hop .« va % la nhiing sb nguyén tb tuong ting & cac
dang 3n+ 1 va 3n+2 va cac tip hop % va %, 1a cac tAp sb nguyén
tb tuong tng c6 dang 4n+ 1 va 4n+3. Vi mbi tip hop trén déu 1a
v6 han, nén ton tai ham song anh A tt & U .5 vao %, U %, ma nd
anh xa «; song anh lén %, va <% song anh lén %,. Ta dinh nghia
g nhu sau: g(1) =1 va véin > 1, n € 7, ta phan tich n ra thita sb
nguyén té n =[] p; (c6 thé p; 13p lai nhiéu 1an), khi dé dinh nghia
g(n) =TTh(p:).

Cht ¥ rang g dudc hoan toan xac dinh, vi néu n € A, thi phai c¢6
s6 chén sb6 nguyén tb trong % ma n chia hét cho ching. Mbi mét
trong cac sO nguyén tb nay, ham h cho gia tri mot sé nguyén tb trong
%, va vi ton tai sb chin sb nguyén tb nhu viy, nén tich ctia ching
nim trong 4. Tinh chit nhan tinh clia g suy ra dé dang. ©

Bai toan 4.32 (IMO* 1999). C6 ton tai ham sb f:N* — N* sao cho
véi moi s6 nguyén duong n, f(f(n)) = n®—19n+99 khéng ?

Loi gidi. Ta sé chiing minh khéng ton tai ham sb théa méan tinh chit
clia bai toan. Dit P(n) = n?> —19n+99, chtt y P(n) = P(19 —n) va
P(n) > 19 v6i moi n € N*. Ta dat f(9) = f(10) = 9 va
f(8) = f(11) = 11. (ngudi ta ciing c6 thé dit £(9) = £(10) = 11 va
f(8)=f(11)=9).

Ta ki hiéu P (n) 13 k phép lap ctia P. Nghia 1a P(O)(n) = n va
P () = P(PW(n)). V6i n > 12, dit g(n) 12 sb nguyén nhé nhét k
sao cho n khong nim trong 4nh ctia P®). S5 nguyén k nhu vy ton
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tai vi ngoai 9 va 11, moi sb nguyén trong anh ctia P*)(n) v6i k > 0
16n hon hoic bang P®)(12) va dé dang bang quy nap chiing minh
dudc rang PX (n) > n+k v6in > 12.

Gid stt 12 =5 < 5, < ---13 nhitng sb nguyén 16n hon hoic bing
12 khéng nim trong anh cta P theo thit tu ting dan. Khi d6 véi
moi s6 nguyén n > 12, tén tai duy nhét sb nguyén h(n) sao cho
n= P(g(”))(sh(,,)). V6in > 12, ta dat

P PE) (s, +1)  néuh(n)lasd1é,
n)— 1 7 =
PEMH) (5,0 —1)  néu h(n) 1a s6 chén.

V6in <7, dit f(n) = f(19—n). D€ chting minh rang
f(f(n)) = P(n),
ta chi phai xét v6i n > 12, va ta ¢ thé chia thanh hai trudng hop
sau: Néu h(n) 12 s6 18, thi g(f(n)) = g(n) va h(f(n)) = h(n) + 1 14 sb
chin, vi vay
F(f(n)) = FPE (50 + 1)) = PEOT D (54)) = P(n).

Tuong tu, néu h(n) 14 sb chin, thi g(f(n)) = gln+1) va
h(f(n)) = h(n) —11as6 18, do d6

F(f(n) = fFPED D (5 — 1)) = PED (5)) = P(n).  ©

Bai toan 4.33 (Czech-Slovak 1998). Tim cdc ham sb
f:N*— N\ {1} sao cho

f(m)+f(n+1)=f(n+2)f(n+3)—168
véi moi n € N*,

Loi gidi. Ta sé chtng minh rdng v6i n = 1,2,... thi
(f(2n), f(2n+1)) = (a,b) = (14,14) hodc (2,170) hodc (170,2).
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Tu f(n) e N\ {1}, f(n) >2va
(f(n+2)~2)(f(n+3)~2) =0
2(f(n+2)+ f(n+3)) < f(n+2)f(n+3)+4.
Suy ra
2(f(n+2)+ f(n+3)) < f(n)+ f(n+1)+172.

Nhu vay, f(n)+ f(n+ 1) < 172 v6i moi n 16n hon mét gia tri N
nao dé. Do dé f(n) < 172 v6i moi n > N. Ton tai hitu han b ba sb
tw nhién lién tiép nhé hon 172, do dé ¢ bd ba gdbm céc phan ti lién
tiép dugc Lip lai. Nhung vi ba sb6 hang lién nhau bat ki déu xac dinh
tAt ca nhiing gi tri khac ctia f(i), ddy gi tri phai la dy tudn hoan.
Do d6 ta c6 thé tim dudc x > 3 sao cho f(x) = M = max{f(n)}. Khi
do

fx=2)+f(x—1)=Mf(x+1)—168,
Flx=1)+M = f(x+1)f(x+2)— 168,
diéu nay kéo theo
0<M—flx=2)=fx+1)(f(x—2)-M) <0.
Vay f(x—2) = f(x+2) = M. Nhu vay moi sb hang khac ctia day )
{f(n)} bang gia tri cuc dai M. Tuong tu, ta c6 thé chting minh rang
moi s6 hang khéc ctia day {f(n)} bing gia tri cuc tiéu m.

Nhu vay, {f(n)} bang a,b,a,b,... v6i a+ b = ab— 168 diéu nay
tuong duong véi (a—1)(b—1) = 169, tit day suy ra nhitng nghiém
dugc liét ké & phan dau. ©

4.4. BAI TAP

> 4.34. Tai cac dinh ctia mét 100-giac dat cac s6 sao cho moi s6 déu
la trung binh cOng cta hai s6 bén canh. Chiing minh rang tat ca cac
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so déu bang nhau.

> 4.35. M&i nghi si 6 mot qudc hdi ¢ khong 16n hon ba ngudi ban.
Chitng minh rang qubc héi cé thé chia lam hai nhém sao cho mbi
nghi si trong mét nhém sé c6 khéng 16n hon mét ngudi ban (Biét
rang néu B 14 ban ctia nghi si A, thi A 13 ban ctia nghi si B).

> 4.36. Cho mét sb diém t6 mau dé va mot sb6 diém t6 mau xanh.
Mot sb trong ching néi thanh cic doan thang. Mot diém dudc goi la
"dic biét" néu hon mét nia duong ndi véi nhitng diém khac mau véi
né. Nhitng diém "dic biét" cho phép t6 mau lai: Tai mbi bude chon
mot diém "dic biét" bat ki va t6 lai mau bing mau khac né. Ching
minh ring sau mot sb budc khong con lai mot diém "dic biét" nio.
> 4.37. Trong mbi 6 ctia bang hinh chit nhat ngudi ta viét mot sb.
Cho phép dbng thoi ddi ddu tht ca cac sb trén mot dong hodc mot
6t ndo dé. Chting minh rang phép thuc hién nay cé thé dua bang
da cho thanh mét bang sao cho téng cta cac sd trén mbi hang hoic
trén mbi cot 13 khong am.
> 4.38. Cho ham s f: N* — N* théa mén

(a) f(n+ f(n)) = f(n) v6i moi n € N’

(b) Ton tai np (np € N*) sao cho f(ng) =1.

Chitng minh rang f(n) = 1 v6i moi n € N*.

> 4.39. Tim cdc ham sb f: N* — N* v6i tinh chit
I L L)
F0rR) TG T F e ) fnt 1)

v6i moi n € N*,
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Mot sé dinh 1y trong gidi tich thuc c¢6 Ging dung lién quan téi
nhitng diém cuc bién. Nhét 13 nhitng ham thuc x4c dinh trén mét
doan thing d6ng va dua vao gia tri tai hai ddu doan thing ctia ham
nay, ta c6 mot sb két qua d€ gidi toan rat tot. Trong chuong nay ta
quan tAm dén tinh lién tuc cGia ham sd, tinh kha vi clia mét ham,
tinh kha tich, ... Nhitng dinh 1y quan trong 1am co sé dé giai toan
nhu dinh Iy gi4 tri trung gian cta ham sb, dinh 1y gia tri trung binh,
dic biét dinh 1y Rolle va mét sb dinh 1y quan trong trong giai tich. Ta
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cb ging chiing minh cac dinh 1y nay bing cac kién thic phd théng
va nhitng dinh nghia don gian nhit.

5.1. DINH LY GIA TRI TRUNG GIAN CUA HAM sO

5.1.1. Ham sé lién tuc

Trong phan nay ta ding mét dinh nghia théng thudng vé ham
s6 lién tuc. D€ nghién cttu ham sb lién tuc va cac tinh chit cia nd
mot cach chit ché phai c6 mot chuyén dé riéng. Ta khéng nhic lai
khai niém gi6i han cia mét diy sb thuc va gi6i han cia mét ham sb
thuc.

Cho a,b 13 hai sb thuc va a < b. TAp hop tht ¢ cac sb x sao cho
a < x < b dudc goi la khodng mad gilta a va b, ki hiéu la (a,b). Tap
hop tht ca cac sb x sao cho a < x < b dudc goi 1 khodng dong giita
a va b, ki hiéu 1a [a,b]. Tap hop tit cd cic sb x sao cho a <x < b
hoédc a < x < b dugc goi la khoang nira dong hodc khodng nita md
ctia doan thang, ki hiéu 12 [a,b) hoic (a,b).

Trong chuong nay ta xét ham sb thuc f : [a,b] — R.

Pinh nghia 5.1. M6t ham sb thuc f dudc goi 1 ham sb lién tuc tai
diém xo néu f(x) — f(x0) khi x — xo.

Thuc chét ctia dinh nghia trén 13 néu mét ham thuc f duge goi
13 ham lién tuc tai diém xo, néu né phai théa man ba diéu:

(1) f(xo) dugc xac dinh ;

(if) lim f(x) ton tai ;

(iii) xlg{(lo f(x) = f(xo).

Néu mét ham sb £ lién tuc tai moi diém c € [a,b], thi f goi 1a
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ham lién tuc trén mién xac dinh [a, ).

Ta ¢6 thé chiing minh dugc: Ham s6 f lién tuc tai ¢ khi va chi
khi v6i moi day s {x,} hoi tu téi ¢ thi day {f(x,)} hoi tu téi f(c).

Thé thi ¢6 ton tai ham sb khéng lién tuc tai mét diém trong mién
xac dinh khéng ? Cé rt nhiéu ham sb khéng lién tuc, sau day 1 mét
vidu:

1 A
Fx) = sin — neu x # 0,

0 néu x = 0.

A ’

Pay 1a ham s6 f diat doan tai x = 0, bdi vi, cu thé cho

2 At . . ,
{x} = {@rn—i—l)ﬂ} héi tu t6i 0, trong khi do

(F(6n)} = {sin(27n + %x)} héi tu 6 1 £ 0 = £(0).

Toan hoc cao cip c6 mét dinh nghia khac theo ngén ngit §-& nhu
sau: Mot ham sb f dudc goi 13 lién tuc tai diém ¢ trén mién x4c dinh
[a,b] néu véi moi sb € > 0 tdn tai mot sb § > 0 sao cho x—c| <o
kéo theo |f(x) — f(c)| < e.

Day khong phai tai liéu néi vé& ham lién tuc, ta chip nhin dinh
nghia theo giéi han ctia ham sb nhu & trén. Con dinh nghia theo
kiéu 8-¢ khong st dung trong tai liéu nay.

Thuc té ngudi ta con xét nhitng trudng hop lién tuc theo ting
phia ctia mot diém.

Dinh nghia 5.2. Ham sb f dudc goi 14 lién tuc phdi (hoic goi 13 lién
tuc tt phia phai) tai diém x, néu

lim £(x) = lim /(x) = £(x0).

+ X—rX()
X=Xo X>X()

Tuong tu, ham sb f dudc goi 14 lién tuc trdi (hodc goi 14 lién tuc tir
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’ 7o . R A
phia trai) tai diém xo neu

lim £(x) = lim /(x) = f(x0).

— X*}Xo
X _>X0 x<x()

DE cho ham s £ 1 lién tuc phai tai xo, cin thiét 1a ham sb f xac
dinh trong khoang [xo,xo+1) v6i n > 0. Con ham sb £ 13 lién tuc trai
tai xo, can thiét 1 ham sb f phai xac dinh trong khoadng (xo — 1, x0]
v6i n > 0. Ciing vAy, ham sb £ lién tuc tai xo khi va chi khi f dong
thoi lién tuc trai va lién tuc phai tai xo.

Tu dinh nghia ta suy ra hai dinh ly quan trong sau day.

Pinh ly 5.1. Néu f va g la hai ham sé lién tuc tai xo, thi
(f+8)(x) = £() +8(x), (f-8)(x) = £(x).g(x) L& hai hém lién tuc tai xo

\ X) ~ Vg A . fe 3R LA
va =(x) = Hx) cting la ham lién tuc tai xo vdi diéu kién g(xo) # 0.

g 8(x)
Pinh Iy 5.2. Néu 7 la ham lién tuc tai xo va g la ham lién tuc tai f(xo)
thi (fog)(x) =g(f(x)) la ham lién tuc tai xo.

Trude khi xét mét s6 tinh chit ctia ham lién tuc ta dua ra khai
niém ham bi chan.
Pinh nghia 5.3. Ham sb f: I — R dudc goi 1a ham bi chdn néu ton
tai mot s6 thuc M > 0 sao cho |f(x)| < M v6i moi x € I (& day I 1a
tip con cua R).

Vi du ham sb f(x) = x trén R va f(x) = % trén (0,1) 1a nhiing
ham khéng bi chin. Nhung ngudc lai, mbi ham lién tuc trén khoang
d6ng (cu thé 1 doan thing [a,b]) déu 13 nhitng ham bi chin.

Dinh nghia 5.4. Ham s6 f: I — R dudc goi 12 bi chdn trén (hoic
bi chdn dudi) néu ton tai mot sb thue M sao cho f(x) <M (hodc
f(x) > M) véi moi x € 1.
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binh nghia 5.5. Gia st f la ham bi chén trén (hodc bi chan dud6i)
trong tip hop 1. S6 thuc M nhd nhét (hoic 16n nhét) théa man
f(x) <M (hodc f(x) > M) v6i moi x € I goi 13 s6 chdn trén (hoic
s6 chdn dudi) chia ham sb f va dude ki hiéu 14 M = sup f(x) (hoic

) xel
m = inf f (x)).

Dinh ly 5.3. Néu f la ham lién tuc trén khodng ddong [a,b], thi f la
ham bi chdn trén [a,b).

Ta nhéc lai 13 mo6t ham da thic 13 mét ham lién tuc trén R, vi
vy né bi chin trén moi khodng déng. Tit nhién ham da thic chi 1a
mot phan nhd cta tip cac ham lién tuc trén R.

Cht y: C6 thé M va m khong phai 13 gid tri ndo cta ham sb f trén
mién /.

Viduvé gid tri M vam:

1. Cho ham sb f(x) = x* trén (0,2). D& thay f 14 ham lién tuc va
bi chan trén (0,2). Khi d6 M = 4 va m = 0 nhung & day khong c6
x1,x2 € (0,2) v6i f(x1) =4 va f(xz) =0.

2. Cho f(x) = lx—i\—x 5 trén R. Cha y f 1a ham I¢, lién tuc va bi
X
chin trén R. Ham nay ¢6 M = 1 vd m = —1, nhung khong ton tai

diém xy,x € Rv6i f(x) =1 va f(x) = —1.

Nhu véy cac gia tri M, m nhiéu khi khéng triung véi gia tri cla
ham sb f tai cac di€m trong mién x4c dinh. Dinh 1y sau day cho ta
diéu kién d€ nhiing gia tri cuc bién tring véi gid tri ctia ham sb.

Dinh 1y 5.4 (Pinh ly gia tri cuc bién). Néu f la mét ham s6 lién tuc
trén [a,b], thi ton tai cdc diém x,x, € [a,b] sao cho
F(x2) < f(x) < f(x1) véi moi x € [a,b].
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Chitng minh. Gia st f la ham lién tuc trén [a,b]. Khi d6 f la ham bi

chin trén [a,b] va nhu vy M = sup f(x) vam= inf f(x) ton tai.
x€la,b] x€la,b

Gia st ring gia tri M khéng trung v6i gia tri ndo ctia ham sb f(x).

1
Khi d6 f(x) < M v6i moi x € [a,b]. Ta dat g(x) = M= 10 trén [a,b].
— X
Dé thiy g(x) > 0 v6i moi x € [a,b] va theo Dinh Iy 5.1, g 1 ham lién

tuc trén [a,b]. Khi d6 theo Dinh ly 5.3, g 1a ham bi chan trén [a,b],
va nhu vy ton tai s6 thuc k > 0 sao cho g(x) < k v6i moi x € [a,b)].
Nghia 13, v6i moi x € [a, b],

_ 1

- M—f(x)

\ A 1 , ., A
va nhu vay M — f(x) > e 0. Do do6 f(x) <M — p trén [a,b|. Diéu

k> g(x)

nay trai véi dinh nghia M 13 sb chin trén nhé nhét cta f trén [a,b].
Do d6 ton tai x; € [a,b] sao cho f(x;) = M. D€ chling minh ton tai
X3 € [a,b] V6i f(x2) = m, 4p dung cling Iy luén véi ham sb —f. ©

5.1.2. DINH LY GIA TRl TRUNG GIAN

Pinh ly 5.5 (Pinh 1y gia tri trung gian). Néu f la mdt ham sé lién
tuc trén [a,b] va néu f(a) <y < f(b) (hodc f(b) <y < f(a)), thi ton
tai mdt s6 ¢ € (a,b) sao cho f(c) =y.

Chitng minh. Gia st f 1a ham s6 lién tuc trén khoang déng [a,b] va
gia st f(a) < f(b) (ching minh tuong tu cho trudng hop
f(b) < f(a)). Cho y € (f(a), f(b)). Ta can tim dudc ¢ € (a,b) sao cho
f(c) =y. Quy trinh tim diém ¢ dugc mo ta theo nhitng buée sau day:

Liy ap = a,by = b va x; 14 trung diém ctia doan thing [a,b]. Néu
f(x1) <y thi dat a; = x;,b; = b, ngudc lai néu y < f(x;) thi dét a; =
a,b; = x;. Ca hai trudng hop trén ta déu ¢6 f(a;) <y < f(by) va d6
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dai ctia [a;,b;] bang nita dd dai cta [a, b).
LAy x, 1a trung diém ctia doan thang [a;,b;]. Néu f(x,) < y thi
dat a, = xp,by = by va néu y < f(xy) thi dat a; = ay,by = x;.
Qua trinh trén tiép tuc lip lai. Két qua sé tao ra mét diy nhiing
doan thdng déng
[ao,bo] D [a1,b1] D [az,b2] D+ D -+

Day sb nhitng d6 dai ctia cac doan thing trén hoi tu t6i 0 (vi ta
co b —a; = bz;ia). Diéu nay kéo theo hai diy {a;} va {b;} mbi day
déu hoi tu t6i cling mot sb thuc trong [a,b], cho d6 13 sb c.

Do f la ham lién tuc, nén lim f(a;) = f(c) va lim f(b;) = f(c).

[—yoo i—o0
Hon nita, v6i mbi i, f(a;) <y < f(b;) va do d6 (theo nguyén 1y diy
bi kep gitta hai day), suy ra
£(e) = lim f(a) <y < lim (b)) = f (o)
Tt d6 suy ra f(c) =y va dinh ly dugc chitng minh. ©
Bai toan 5.1. Mot nguoi chay viét da 6 km duong dua trong

30 phiit. Chitng minh rdng é dau dé trén dudng dua ngudi chay viét
da da chay 1 km dung 5 phuit.

Loi gidi. Ki hiéu x 1 khoang cach theo dudng dua, do bang kilomét
tlt vach xult phat. V6i mbi x trong [0,5], ki hiéu f(x) 1a thoi gian
chay 1 km tit diém x dén di€m x+ 1. Ham s f 14 ham lién tuc. Theo
gia thiét da cho thi

FO)+ (1) +f(2)+ f(3)+ f(4)+ f(5) = 30.

Tit d6 suy ra khong phai tit ca £(0),..., £(5)nhé hon 5, va tudng tu
khong phai tit ca £(0),..., £(5) 16n hon 5. Do dé ton tai cac diém a
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va b trong [0,5] sao cho f(a) <5 < f(b). Nhu vay theo dinh ly gia tri
trung gian, ton tai mot sb ¢ gifta a va b sao cho f(c) = 5, diéu nay
néi 1én ring quing dudng tit ¢ dén ¢+ 1 di dugc chay ding 5 phit.

©

Bai toan 5.2. Cho « la tdp hop 2n diém trong mdt phdng trong dé
khéng ¢6 ba diém ndo thdng hang. Gid sit n diém t6 mau dé va n diém
con lai t6 mau xanh. Chitng minh rdng ton tai n doan thdng trong dé
khéng cé hai doan ndo cdt nhau, sao cho nhitng diém ddu ctia nhitng
doan thdng nay thubc o va mdi doan c6 hai ddu khdc mau nhau.

Loi gidi. Bai nay 1a mot trong nhiitng bai toan khé trong hinh hoc t6
hop va ¢ nhiéu phuong phap giai khac nhau. Sau day 1a mét cach
giai ¢ st dung dinh ly gia tri trung gian.

Ta sé chiing minh bing phuong phap quy nap theo n. Khing dinh
dting khi n = 1. Gia st khang dinh dng v6i n = 1,2,....k, va ta xét
tAp hop 7 v6i 2(k+ 1) diém trong d6 khéng cé ba diém nao thing
hang, ma k+ 1 diém t6 mau d6 va k+ 1 diém t6 mau xanh. Xét hai
truong hop :

1. Gia st ton tai hai dinh lién tiép ctia bao 16i clia &7 ¢6 mau khéc
nhau. Khi d6 ton tai hai dinh lién tiép theo canh ctia bao 16i, cho d6
13 dinh P va dinh Q, ma né6 ¢ hai mau khac nhau. Theo gia thiét
quy nap, tip hop cac diém o7 \ {P,Q} c6 k doan thang ndi giita hai
mau khac nhau. Do khéng c6 mdt doan thing nio cit doan thing
PQ va theo cach chon P va Q ¢c6 mau khéac nhau, suy ra khang dinh
cta bai toan ding cho tip <.

2. Trudng hop tét ca cac dinh ctia bao 16i c6 cting mét mau, cho
d6 12 mau dd. Néu ¢ 1a dudng thing bét ki khéng ndm ngang trong
mit phang va ki hiéu 2(¢) 1a sb6 nhitng diém mau xanh thudc o
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nim bén trai clia ¢; Z(¢) 1a s6 nhiing diém mau dé thudc &/ nam
bén trai cta ¢ va dat 2(¢) = B(¢) — %({). Ta chon dudng thang ¢
khéng ndm ngang vé phia bén trai dbi véi tit cd cac diém thude &7
va ma né khéng song song véi bat cit doan thiang ndo dudc tao bdi
nbi hai diém ctia «. Tai vi tri ndy 2(¢) = 0. Bing cach di chuyén
song song, lién tuc ¢ vé& phia phai, né sé di qua mbi diém ctia .« mot
14n, va mébi 14n di qua mét diém thi 2(¢) sé thay d6i +1 néu diém
d6 13 mau xanh va —1 néu diém d6 1a mau dé. Vi ¢ di chuyén vé bén
phai, gia tri dau tién clia 2(¢) sé 1a sb 4m (khi qua diém dau tién
ctia 7, do ta gia thiét cic dinh cta bao 16i mau dd). Do diém cubi
cting ma / di qua ciing 1a mau dé (do dinh bao 16i déu mau dd), vy

gia tri 2(¢) 1a s6 duong (truée khi di qua diém cudi cung ctia 7).
Tit d6 suy ra 2(¢) sé bang 0 tai diém dau dé nam giita hai diém
dau va diém cubi da tinh & trén clia .« (chd ¥ ring 2(¢) 1a ham gia
tri nguyén). Khi ¢ tai diing vi tri ndy (2(¢) = 0), gia thiét quy nap c6
thé ap dung cho nhiing diém & bén trai ctia ¢ va ciing ap dung cho
nhiing diém & bén phai clia dudng thing ¢. Tt khong ¢ doan thing
nao giao nhau, khing dinh cta bai toan diing véi tdp hop <. Theo
phuong phap quy nap khing dinh ctia bai toan dtng v6i moi n € N*.
©

5.1.3. Pao ham cGa ham sé

Ta chi nhac lai dinh nghia dao ham va mot s6 bai toan vé dao
\ /\" \ AY /\" . . 14
ham dé lam c6éng cu dé giai toan.

Pinh nghia 5.6. Pao ham ctia mét ham sb f : [a,b] — R tai diém x
thudc (a,b) dude dinh nghia bdi
fx+h) = f(x)

! — 1 J\ ) S\
f(x) = lim . ;
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néu giéi han ton tai.
Bai toan 5.3. Néu ham sb f ¢6 dao ham tai x, thi f lién tuc tai x.

Ldi gidi. Ta c6

lim[f (x+h) — Kf”h )>h]
h—0
h%O "0
= f'(x) limh = 0.
Theo dinh nghia ham lién tuc suy ra f(x) lién tuc tai x. ©

Bai toan 5.4. Néu ham sb xf(x) c¢6 dao ham tai diém dd cho xo # 0,
va néu f la lién tuc tai diém xo, thi f ¢6 dao ham tai diém xo.

Loi giai. Theo dinh nghia dao ham, ta c6
tim X (%) = %0 (x0)

X—X0 X — X0
ton tai vi ddy 1 cong thitc dinh nghia dao ham ctia ham xf(x) tai
diém x, (vi ta thay i bing x — x). V6i x dt gin x, nhung van khéc
xp ta co

xf(x)  xof(xo)
f)—flro) _ . x X0
X—X0 X — X0 X—X0 X — X0

o o/ (x) — xxo f (x0)

x—=xo  xxp(x—Xxp)

) R o f () + A
x— xxo(x — xp)

)00 =)+ () —xof ()

XX xx0(x — xp)
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~ lim {1 <xf (x) —xof(xo)) - f(x)}
X—xp | X0 X — X0 X0
ot (Xf(X)_XOf(XO)> ~ 1 im flx)= i[L—f(xo)].
X0 X—Xo X — X0 X0 X—X0 X0
Ta da diing gia thiét f 1a ham lién tuc lim f(x) = f(xo)- ©

Bai toan 5.5. Cho f(x) = ajsinx+ apsin2x + --- + a,sinnx, & ddy
ai,as,...,a, la nhitng sb thuc va n la sb nguyén duong. Cho biét
|/ (x)| < |sinx| vdi moi sb thuc x, chitng minh rdng

lai +2as + - +na,| < 1.
Loi gidi. Ta c6 thé chitng minh bai nay bang phuong phap quy nap

theo n. Nhung & day ta dung dinh nghia dao ham dé chting minh.
Ta l4y dao ham cta f:

f'(x) = aj cosx+2apcos2x+ - - - + na, cos nx.

Tai x =0 ta c6 f'(0) = a; + 2as + - -- + na,. Ta sé chling minh rang
|£7(0)] < 11a d4. That vay,

|£/(0)] = lim f(x)—f(())’ = lim f(x)‘ < lim smx) 1.
x—0 x—0 x—0 X x—=0| X
D6 1a diéu can chiing minh. ©

5.2. DINH LY ROLLE

Pinh nghia 5.7. Cho ham sb f : [a,b] — R va tai ¢ € [a,b] ham sb
f xéc dinh. Ta néi ring c 1a diém cuc dai (diém cuc tiéw) cta f néu
f(c) = f(x) (f(c) < f(x)) v6i moi s6 x ma & d6 f xac dinh.

Néu ta chi ¢6 f(c) > f(x) v6i moi x trong mét doan nao dé, thi
ta n6i rang ¢ 1a diém cuc dai cia ham sb f(x) trong doan nay.
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s \ A . . , Ty R ) \ \
Vi du 1: Ham so f(x) = sinx. Khi dé 5 la diém cuc dai cua ham f vi

f (g) =1 va sinx < 1 v8i moi gia tri ctia x. Chuy —377: cling 1a diém
cuc dai cia ham nay.

Vi du 2: Ham s f(x) = 2x, ta xét ham nay trong khoang déng
0 < x<2. Khi d6 2 1a di€m cuc dai ctia ham f(x) trong khoang

nay, vi f(2) =4 va f(x) <4 v6i moi x trong khoang dong nay.

Pinh Iy 5.6. Ham s6 f xdc dinh va c¢é dao ham trén khodng (a,b).
Cho ¢ € (a,b) va la diém cuc dai ctia f. Khi dé f'(c) = 0.

Olg ¢—k ¢ c+h b z

Hinh 5.1

Chitng minh. Néu ta lay gia tri ¢4 nhd h > 0, thi sb ¢+ & € (a,b).
Ta ¢ f(c) > f(c+h). Do do f(c+h)— f(c) <0. Do h >0, suy ra
fle+h)—f(c)

p <0, Do d6 gi6i han ctia n6 cting nhé hon 0, nghia la

i £ = £(0)
h

h—0
h>0

<0.

Ta lai 14y gi tri d 16n 2 < 0, thi sb c+h € (a,b). Ta &it h = —k v6i
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k>0 (hinh 5.1). Khi d6

fle=k)=f(c) <0, f(c)—flc—k)>0
ta co thuong

Léy gi6i han theo & (hodc theo k), ta nhan dudc

1hig)lf(CJrh})l—f(C)

> 0.

Do ham s6 f ¢6 dao ham nén hai giéi han trén bang nhau va bing
0. Do dé f'(c) = 0. ©
M6t dinh ly quan trong ctia ham thue la dinh ly Rolle:

Pinh ly 5.7 (Pinh Iy Rolle). Néu ham s6 f : [a,b] — R lién tuc trén
doan [a,b] va c6 dao ham trén (a,b) sao cho f(a) = f(b), thi ton tai
mét diém c € (a,b) véi f'(c) = 0.

Chitng minh. C6 nhiéu cach chiing minh dinh Iy nay, sau déy 1a
cach chitng minh 4p dung cac dinh 1y trén. Néu ham sb 13 ham hing
trén ca doan xac dinh, thi dao ham ctia né bang 0, khi d6 moi diém
trén khodng d6 déu théa man cho két luan cta dinh Iy

Trudng hop ham sb khéng phai 13 ham hing. Ta ¢6 thé gia thiét
f(a) = f(b) =0 (néu f(a) = f(b) # 0 thi ta c6 thé nang truc hoanh
1én mot s f(a), nghia 1a ta xét ham g(x) = f(x) — f(a)) (Hinh 5.2).
Vi ham sb khéng phai 1a ham hing nén ton tai mét diém nao dé
trong khodng xac dinh ma ham nay khac 0 va diém nay khong thé
13 mét trong hai diu doan thing a hodc b. Gia st mét gia tri ndo d6
ctia ham d4 cho mang d4u duong. Theo Dinh 1y 5.4, ham sb d6 ¢
gia tri cuc dai. Ki hiéu ¢ 12 diém cuc dai ctia f(x). Khi dé f(c) > 0va
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Hinh 5.2

c#a,c#b.Suyraa<c<b. Theo Dinh ly 5.6, ta phai c¢6 f'(c) =0,
nhu vAy ta di chiing minh dinh 1y cho trudng hop ham sb f c6 gia
tri duong tai mot diém nao d6 trong khoang xac dinh. Trudng hop f
c6 gia tri 4m tai mot diém nao dé clia khoang xac dinh ciing chitng
minh tuong tu, ban doc tu tién hanh theo cac buéc trén. ©

Bai toan 5.6. Cho a,b,c € R. Chitng minh rang phuong trinh

4ax® +3bx* +2cx=a+b+c
¢6 it nhdt mét nghiém thudc khodng (0, 1).
Loi gidi. Bai nay néu 4p dung dinh 1y gi4 tri trung gian thi sé din
dén su phtic tap, vi khéng da thong tin vé gia tri cta a, b, c. Xét ham
s6 f(x) = ax* + b +ex® — (a+b+c)x.
Khi d6 £(0) =0 = f(1). Do d6 theo dinh 1y Rolle, tén tai diém d

trong (0,1) sao cho f’(d) = 0. Tt d6 suy ra d la nghiém cta phuong
trinh 4ax® 4+ 3bx% + 2cx = a+ b+ ¢, d6 1a diéu ta cAn chiing minh. ©

Bai toan 5.7. Chitng minh rang néu nhitng ham khd vi lién tuc f va
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g théa man f'(x)g(x) # g'(x)f(x) véi moi x, thi giita hai nghiém bdt
ki ciia f(x) = 0 ton tai mot nghiém ctia g(x) = 0.

Loi gidi. Cho a va b 1a hai nghiém khéc nhau cta f(x) =0, a < b. T
gia thiét di cho suy ra ca a va b khéng phai 1 nghiém ctia g(x) = 0.
Gia st g(x) = 0 khong c6 nghiém nam giita a va b. Khi d6, theo hé
qua ctia dinh ly gia tri trung gian, diu clia g(x) trén [a, b] khong dbi
(nghia la g(x) > 0 v6i moi x € [a,b], hodc g(x) < 0 v6i moi x € [a,b]).

Ta xét ham s F(x) = ggg Ham s6 nay lién tuc va kha vi trén

[a,b] va F(a) =0 = F(b). Do d6 theo dinh ly Rolle, ton tai mét diém
¢ € (a,b) sao cho F'(c) = 0. Nhung diéu nay din dén vé 1y, vi
l o/

Fle) = 8(e)f'(c) = 8'(c)f(c)

=0
8%(c)
tréi v6i gia thiét g(c)f'(c) —g’(c)f(c) # 0. biéu v ly nay din dén
g(x) = 0 phai c6 nghiém nam gifta a va b. ©

Chti y: Theo hé qua ctia dinh Iy Rolle, ta c6 néu f 1a ham lién tuc
va c6 dao ham trén doan [a,b] va x;, x; 1a cac nghiém cta f(x) =0,
a < x; <xy <b, thi ton tai mot diém ¢, € (x1,x2) sao cho f'(c;) = 0.
Hon nita, néu £(x) = 0 tai n diém khac nhau trong [a, ], thi ton tai it
nhét n— 1 diém tai d6 £'(x) =0 (nhitng diém nay nim xen ké nhiing
diém ma f(x) = 0) va ton tai it nhit n — 2 diém tai d6 £ (x) = 0 (v6i
gia thiét f’(x) lién tuc va c6 dao ham trén [a, b]).

Bai toan 5.8. Chitng minh rang phuong trinh

x* = xsinx + cosx
co dung hai nghiém.

2

Loi giai. Ta xét ham f(x) = x*> — xsinx — cosx. Khi d6

f(—g) >0, f(0) <0véf(§) > 0.
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Nhu vay ap dung dinh Iy gié tri trung gian ta ¢6 f(x) = 0 c6 it nhét
hai nghiém. Néu f(x) = 0 c6 sb nghiém 16n hon hoic bang 3, thi
theo chi1 y trén f’(x) = 0 ¢6 it nhit hai nghiém. Tuy nhién,
f'(x) = 2x — sinx — xcosx + sinx
=x(2—cosx) =0
chi c6 mot nghiém. Do d6, f(x) = 0 chi ¢6 diing hai nghiém va két
qua dudc chltng minh. ©

Pinh Iy 5.8 (Dinh ly gia tri trung binh Cauchy). Néu f va g la nhitng
ham lién tuc trén [a,b] va c6 dao ham trén (a,b), thi ton tai mot sb
¢ € (a,b) sao cho

Chitng minh. Ta xét ham s

F(x) = [f(x) = f(b)][g(x) — g(a)] = [f (x) = f(a)][g(x) — g(D)].
Ham s F xac dinh va lién tuc trén [a,b] va c6 dao ham trén (a,b).
Miit khéc ta lai ¢6 F(a) = 0 = F(b). Theo dinh 1y Rolle, ton tai mot
( ) 0. Ta cod
F'(x) = f'(x)[g(x) — g(a)] +g"(x)[f (x) — f(b)]

— ' ()[g(x) —8(b)] — g"(x)[f (x) — f(a)]
f'(x)[g(b) —g(a)] +g'(x)[f(a) — f(D)].
Tir d6 suy ra [f(b) — f(a)]g'(c) = [g(b) — g(a)lf"(c). ©
Chu y : Bai toan trén vdi g(x) = x thi ta nhan dudc dinh ly gia tri

sb ¢ € (a,b) sao cho F'(c

trung binh cia ham s f(x). Mot hé qua ctia dinh 1y Rolle 1a dinh Iy
gia tri trung binh do Lagrange tim ra.
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binh ly 5.9 (Dinh ly gia tri trung binh). Cho f: [a,b] — R la mdt
ham lién tuc trén [a,b] va khd vi trén (a,b). Khi d6 tén tai ¢ € (a,b)

sao cho £(b)— £(a)

=R pe).

Bai toan 5.9. Gidi phuong trinh

27 5% = 3" 4 4%,

Loi gidi. Hién nhién x = 0 14 mo6t nghiém ctia phuong trinh. DE tim
nghiém khdc 0, ta viét lai phuong trinh nhu sau :

547 =372,

Bay gi0 ta coi x nhu mot hang sb con cac s 2,3,4,5 1a gia tri cla
mdt bién 7 ndo d6 ctia ham f(r) = ¢~
Trén cac khoang [2,3] va [4,5], ham sb nay théa méin nhiing
gia thiét ctia dinh ly gia tri trung binh, do d6 ton tai 1, € (2,3) va
t € (4,5) v6i xr ! = 5% — 4% va ! = 3* — 2% (cht ¥ ring dao ham
cla f(t)1a f'(t) = xt*1).
151

x—1
T d6 suy ra xt7 ! = x5!, do dé6 <t> = 1. Nhitng so 1, va 1,
2

13 khac nhau, vi chiing nim trong nhiing doan thing roi nhau. Nhu
vy dang thiic nay chi diing khi va chi khi x = 1. VAy nghiém ctia
phuong trinh lax=1vax=0. ©

Bai toan 5.10. Chitng minh rdng néu nhitng sé thuc ag,ai, ...,a, théa
man
n

a;
—0,

;bH )

thi phuong trinh a,x" +a, X" ' +---+ajx+ag = 0 cé it nhat mét

nghiém thuc.
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Loi gidi. Ta xét ham s6

Z’z—i—l

Ham sb nay c6 dao ham béng f/(x Za,x Vi f(x) 1a kha vi va
f(0) = f(1) =0, ap dung dinh ly Rolle tren doan thang [0,1], ta co:
Ton tai trén doan thing nay mét diém ¢ ma (e Za ¢ =0.Dbo
13 diéu can chitng minh. - ©

Bai toan 5.11. Cho u va v la nhiing sb duong c6 dinh. Hdy tim tdt cd
cdc nghiém duong cta hé phuong trinh

4y =u?+1?,

By =B 03,

Loi gidi. Hién nhién hé phuong trinh c6 cac nghiém x =u, y=v
va x = v, y = u. Ta sé chiing minh rang hé phuong trinh khéng c6
nghiém nao khac. Néu x, y 1a mét nghiém khac ctia hé phuong trinh,
khéng mat tinh t6ng quat ta c6 thé gid st ring x > u > v >y (trudng
hop u > x >y > v suy ra béi tinh dbi xitng clia 4n).

3

Dt x; = x3,y1 =y, u; = ud,vi =V, khi d6 x; > u; >v; >y va

viét lai hé phuong trinh
2 2z 2
{ Xp —ui =vi =y,
X1 — U =vy—Jy1-
St dung dinh ly gia tri trung binh cho ham f(z) = t3 trén cic doan
[ur,x1] va [y1,v1], din dén tdn tai s € (uj,x1) vat, € (y1,vy) sao cho
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Suy ra t; = f, diéu nay vo 1y vi hai khoang (u;,x;) va (y;,v;) 1a
nhitng doan thing tach nhau. Do d6 hé phuong trinh khéng thé tdn
tai nhitng nghiém khac. ©

Bai toan 5.12. Cho p la mot sb nguyén to, va a,b,c,d la nhitng sb
nguyén duong khdc nhau sao cho a? +b? = P +dP. Chitng minh rang

la—c|+|b—d| > p.

Loi giai. St dung dinh ly nhé Fermat, ta ¢c6 @’ —a =0 (mod p),
b? —b=0 (mod p),c?—c=0 (mod p) vad? —d =0 (mod p). Do do6

(a—c)+(b—d)=0 (mod p) (5.1)

Néu ta chiing minh dudc rang a+b # ¢ +d, thi két luin ctia bai toan
dudc suy ra tu

ja—c[+|b—d| > |(a—c)+(b—d)|.

(vi khi d6 vé trdi clia (5.1) khac 0 va suy ra két luan cta bai toan).
Néu a+b = c+d, thi ta c6 thé gid st ring a > ¢ > d > b. St dung
dinh Iy gi tri trung binh cho ham sb f(r) = r* trén khoang [c,q] va
[b,d], ta nhan dudc t; € (c,a) vat, € (b,d) sao cho

ptla—c)=pif " (d—b).

Nhung vi @ — ¢ = d — b, ding thic sau cling kéo theo 7, = 1,, diéu
nay v6 ly vi hai di€m nay nim trén hai doan thing hoan toan khac
nhau. D6 13 diéu can chitng minh. ©

Bai toan 5.13. Cho a,b la hai sb duong va f : [a,b] — R la ham lién
tuc va khd vi trén (a,b). Chitng minh rdng ton tai c € (a,b) sao cho
1

—(af (@) = bf(B)) = f() ~cf (c).
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e e?. A e . ’ e \ A \ 1
Loi giai. Neu ta ap dung dinh ly Cauchy cho cac ham so fx) va —
X X

>

thi ton tai mot diém c € (a,b) v6i
(12)(2)- G- ()

——————=flc)—cf'(0).

Do dé

©

Bai toan 5.14. Cho f: [a,b] — R la ham nhdn gid tri duong, lién tuc
va khd vi trén (a,b). Chitng minh rdng ton tai c € (a,b) sao cho

1) _ (b=

f(e)
Loi gidi. Vi f 1a ham s6 nhan gia tri duong, nén ham In f(x) hoan
toan x4c dinh va théa man nhiing gia thiét ca dinh 1y gia tri trung
binh. Do d6 ton tai ¢ € (a,b) v6i

Inf(b)—Inf(a) _f'(c)

b—a o)
Diéu nay kéo theo
f(®) f'(c)
In =(b—a ,
@~ "R
va tit day suy ra két qua can chiing minh. ©

Bai toan 5.15. Cho g,f : [a,b] — R la hai ham lién tuc va kha vi
trén (a,b). Hon nita g(x) va g'(x) nhdn gid tri khdc 0 trén (a,b) va

fla) = @ Chitng minh rdng ton tai c € (a,b) sao cho
gla)  g(b)

fle) _ o)

gle)  g'(e)
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fx)

) g(x)
Do do6 ton tai ¢ € (a,b) v6i h'(c) =0. Vi

Loi gidi. Ham s6 h(x) = théa man gia thiét cda dinh ly Rolle.

suy ra f'(c)g(c) — f(c)g'(c) = 0. Do dogégzjgc’,((z; ©

Bai toan 5.16. Cho f : [a,b] — R ld ham sé lién tuc, khd vi trén (a,b)
va nhdn gid tri khdc 0 trén (a,b). Chitng minh rdng ton tai 6 € (a,b)

e _ 1 1
76) a—6"b-86

sao cho

Loi gidi. Ta xét ham sb g : [a,b] — R dinh nghia béi
gx) = (x—a)(x—b)f(x).

Ta thy g lién tuc trén [a,b], kha vi trén (a,b) va g(a) = g(b) =
0. Stt dung dinh 1y Rolle, ton tai 6 € (a,b) véi g’(8) = 0. Nhung
g'(x) = (x=b)f(x) + (x —a)f(x) + (x — a)(x — b)f'(x). Vay tai
diém 6, ta c6 (6 —b)f(8)+ (6 —a)f(0) + (6 —a) (0 —b)f'(6) = 0.
Chia hai vé cho (6 —a)(6 — b)£(6) ta nhan dudc

f'(6 1 1

f((e)):a—e+b—e' ©
Bai toan 5.17. Cho f: R — R ld ham sb khd vi. Gid stt lim f(x) =a
véi mét sé thuc a nao dé va }1_%10 xf'(x) ton tai, hdy tinh giéi han nay.

Loi gidi. Cho n,N (v6i n < N) 13 hai s6 tu nhién. Bing cach 4p dung

dinh 1y gia tri trung binh cho ham sb g(x) = xf(x) trén [n,N], d4n

dén ton tai ¢, € (n,N) sao cho g'(c,) = Nf(l;f\;—m‘(n) Vi
—n

lim W) —nf(n)
n—eo N—n
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/o 9 17 \ 1 X A . ~ A \
V6i n du 16n thi |g'(¢,) —a| < —. De thay lim ¢, = «. Cling vay, ti
n n—oo
g'(x) = f(x)+xf'(x), suy ra g’(x) c6 gi6i han tai v6 cung. Suy ra
M . / BT / o
rang lim g'(x) = lim g’(c,) = a.
Do d6 limxf’(x) = lim g’(x) — lim f(x) =a—a =0. ©
X—poo X—ro0 X—yo0

Bai toan 5.18. Hay tinh gidi han

1 n—+1 1 n
li 1 — 14 -
1m\/ﬁ (+n+l> <+n>

n—soo
Loi gidi. Gi6i han phai tinh 13 mét s6 khéng 4m. Ta sé chting minh

ring n6 bang 0 bing cach chi ra diy sb da cho bi chin trén va hoi
tu t6i 0.

1 * 9, A \ A N
bat f:[nn+1] =R, f(x) = <1+> , 0 day n 1a so tu nhién.
X

Ap dung dinh ly gi4 tri trung binh cho ham £, suy ra ton tai sb ¢, €
(n,n+1) sao cho f(n+1)— f(n) = f(c,). Ta mubn tinh 1211 vnf'(cn).

Cht ¥ rang
Cn
flen) = <1—|-Cln> [In (;4—1) _Cn:‘1:| :
T n < c, <n+ 1, didu nay kéo theo
) 1\ 1 1
Plo< (10 1) (21) -]
Do day {c,} tién t6i vb cting khi n — oo, ta nhén dudgc

1\ 1 1
OSIim\/ﬁf'(cn)glim\/ﬁ<l+) [ln<+l>— }:0
n—ro0 n—roo C n

n n+2

Két lu4n trén di dugc suy ra tit cic gi6i han da biét

1 Cn . 1 n+2
lim <1+> =e¢va lim v lln<+1> —1| =0.
n—soo Cn n—oo g+ 2 n
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Nguyén ly gi6i han bi kep kéo theo gi6i han biéu thitc ban dau tién
t6i 0. ©

Bai toan 5.19. Cho f: R — R la ham sb khd vi va
— (XX
f@=£(5)+5®

véi moi sb thuc x. Chitng minh rdng f ld ham sb tuyén tinh, nghia la
f(x)=ax+bvéiabecR.

Loi gidi. Mubn chting minh mét ham s6 13 tuyén tinh, ngudi ta di
chting minh dao ham ctia n6 bing hing sb trén mién xac dinh cla
né. Cu thé bai nay ta sé chting minh ring dao ham ctia ham sé f
lu6n ludn bing dao ham cta né tai x = 0. C6 dinh x va gia st né 1a
s6 duong, trusng hop né 13 s6 4m hoan toan 14p luén tuong tu. Ta
dinh nghia tap hop

M={tlt>0va f'(r)=f"(x)}.

Dé thiy M 14 tip bi chin dudi, goi 1y 14 cin dudi cta M. Tit ding
thitc da cho suy ra

X
JFx) =55
12%f/(x) = lig(l)(X)x(Z) = £'(0),
2

diéu nay chi ra ring f/(x) 12 mo6t ham lién tuc tai 0. Hién nhién né
lién tuc khip noi vi né 14 tf s6 ctia hai ham lién tuc. Diéu nay kéo
theo M 1a tap déng va do do ¢y thude M.

Ta mudn chitng minh ring 7 = 0. Gia st ring 7 > 0. Tt

fo)-£(2)

Io

2

= f'(1),



164 Chuong 5. Cic bai toan gidi tich

N VI \ A I A . g R
Tu dinh ly gia tri trung binh suy ra trén doan [50,10} ton tai dieém
I A \ Fe o g N
ce (Eo,t0> sao cho f/(c) = f'(t0) = f'(x), diéu nay trai vdi 7y la can
duéi. Tit d6 suy ra véi moi x, ta cé f'(x) = f/(0) = hang sb. Nhu vay
bai toan da dugc giai. ©

5.3. DINH LY GIA TRI TRUNG BINH

Phan truée tit dinh Iy v 1

gia tri trung binh Cauchy
va dinh ly Rolle ta chiing
minh dudc dinh ly gia tri
trung binh va nhiéu ting
dung. Phin nay ta xét ki

hon ban chét cta dinh ly
gia tri trung binh va theo

mot cach nhin khac nhu Hinh 5.3
sau:

Gia st f : [a,b] — R 1a ham lién tuc trén [a,b] va c6 dao ham trén
(a,b). Ta xét ham sb F(x) = f(x) — L(x), 6 day y = L(x) 1a phuong
trinh duong thing di qua hai diém (a, f(a)) va (b, f(b)) (Hinh 5.3).
F(x) thé hién khoang cach tit diém (x, f(x)) dén dudng thang y =
L(x). Tit F(a) = 0 = F(b), theo dinh 1y Rolle ton tai diém ¢ thubc
(a,b) sao cho F'(c) =0, nghia la

(hé s6 gbc clia dudng thang y = L(x)). Nhu véy ta ¢6 Pinh 1y 5.9:
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Dinh 1y gia tri trung binh & trang 157.
5.3.1. Cac (rng dung truc tiép dinh ly gid tri trung binh
Bai toan 5.20. Cho g la ham s6 sao cho né cé dao ham bdc nhdt g’ (x)
lién tuc vdi moi x. Hon nita, ham sé g théa man cdc diéu kién sau :
(D g(0) =0,
(i) 1g(x)| < |g(x)| vdi moi x.
Chitng minh rang g(x) = 0 véi moi x.
Loi gidi. Trudc tién ta xét ham sb g trén doan [0,1]. Liy x 1a diém
bét ki trong (0, 1]. Theo dinh 1y gia tri trung binh, tn tai mét diém
¢ trong (0,x) sao cho

8() ~5(0)
x—0

Tit d6 suy ra [g(x)| = |xg"(c1)| = |xllg"(c1)] < [x[g(c1)-

g'(c1) =

Tuong tu, ton tai diém ¢, trong (0,c¢;) sao cho |g(c1)| < |c1g(c2)]
va thay né vdo bit ding thic sau cung, ta nhin dudc
lg(x)| < [xllenllg(e2)].

Tiép tuc bing cach nhu vy, ta c6 thé tim dugce diy sb ci,ca, ..., cn,
0<cp,<..<cp<cy<x<1saocho

lg(0)] < [xller]...|en-1llg(en)l-

Vi g(x) 12 ham lién tuc trén [0, 1], nén né bi chin (nam giita gia tri
cuc tiéu va gid tri cuc dai), do d6 vé phai ctia bit ding thic sau
cting c6 thé 1am nhé di tuy ¥ bing cach 14y dt 16n n (mbi dai luong
|c;| déu nhé hon 1), diéu d6 ddn dén g(x) = 0. Nhu vy, g(x) =0 trén
doan [0, 1].

Ciling ly luan tuong tu ap dung cho khodng [1,2] (véi x € (1,2)
ton tai ¢; € (1,x) sao cho |g(x)| < [x— 1]|g(c1)], ...). Két qua ctia ly
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luan nay la g(x) =0 trén [1,2].

Bang 1y ludn quy nap, ta sé nhin dudc g(x) bang 0 trén [n,n+ 1]
v6i moi n. Do d6 g(x) = 0 v6i moi x. ©
Bai toan 5.21. Gid stz f: R — R ¢6 dao ham bdc hai f"(x) nhdn gid
tri khéng dm. Chitng minh rang véi moi a,b (a < b), ta cé

f<a+b><fWMhﬂw

2 - 2

N,e e?.e . s e . \ A . b
Loi giai. Theo dinh ly gia tri trung binh, ton tai x; € (a, a;) sao

a+b
f<1 . ) e =f'x),

E(a—}—b)—a

. b
vax, € <a;,b) sao cho

cho

-1 (5

1
b—i(a—i-b)

> = f'(x2).

Nhung f”(x) > 0 v6i moi x € (x1,x), do d6 f’(x) la ham khong gidm.
Nhu vay f'(x2) > f'(x1), tuong duong véi

f(a;b)—fM)<fﬂﬂ—f(a;b)

%(a%—b)—a - b—%(a%—b) ’
T b\ _ fla)+f(b)
a—+ a)+
f< : )g 1), ®

Bai toan 5.22. Gid st f la ham sb thuc c¢6 dao ham bdc hai lién tuc va
xdc dinh véi moi sb thuc x sao cho |f(x)] < 1 wva
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(£(0))2 4 (f'(0))? = 4. Chitng minh rdng ton tai mot sé thuc xo sao
cho f(x0) + f"(x0) = 0.

Loi giai. Dat G(x) = (f(x))?+ (f/(x))?, thi G(x) 1a ham lién tuc va
G(0) =4.Tacod
G'(x) =2f () f(x) +2f"(x)f " (x) = 2" (x) [f (x) + f " (x)].
Ta phai chiing minh ring ton tai hai diém a va b, =2 < a < 0,
0 < b < 2saocho |G(a)] <2va|G(b)| <2. That vay, tu dinh ly gia tri
trung binh tdn tai diém «a trong (—2,0) va b trong (0,2) sao cho

o) = OIS gy FO-10)

T d6 suy ra

_ ’f(O)—f(—2)‘ MO 1+t

2 - 2 ) ’
(b)) = ’f(2)—f(0)‘ QIO 141
2 - 2 - 2 '

Nhu vay,
G(a)| = [(f(a)* + (f(a))*| <
G(b)| = (f(b))* + (f'(0))*| <
Tl G(0) = 4, sé suy ra G(x) dat cuc dai tai diém x, trong (a,b) va
G'(xp) = 0. Khi d6
G'(x0) =2f"(x0) [f (x0) + " (x0)] = 0.
Néu /' (x0) = 0, thi G(x0) = (f(x0))? + (f"(x0))* = (f(x0))? < 1. Nhung
G(x0) >4, Vi G(0) = 4. Do d6 f'(xo) # 0 va tit dang thitc cubi cling
suy ra f(xo) + f" (xo) = 0. ©
Bai toan 5.23. Cho f la ham sb c6 dao ham trong [0,1] véi £(0) =0
va f(1) = 1. V6i mbi s nguyén duong n, chitng minh rdng ton tai

f lf(@)+|f(a) <2,
f FB)2+|f (b)) < 2.
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nhitng diém khdc nhau xy,x3, ..., x, trong [0, 1] sao cho

S |
i; P ="

Loi gidi. Trude khi xét trudng hop téng quat, ta xét trudng hop cu

— 1. bidu

thé v6i n = 1. Ta sé phai tim diém x; € [0, 1] sao cho f,(l)q)
nay thuc hién dude nhé dinh Iy gia tri trung binh, tit gia thiét ctia bai
toan va trén khoang [0, 1], ton tai mot diém x; sao cho f(1) — £(0) =
f'(x1) hay f'(x1) = L.

Xét trudng hop n = 2. Ta xét hai khoang nhd [0,x] va [x, 1], & ddy
x 14 mét sb ndo dé gifta 0 va 1 di dudc chon. Theo dinh 1y gia tri
trung binh, ton tai x; € (0,x) va x, € (x,1) sao cho

£l = f(xi:g(o) va £ (1) = f(li:)]:(X)'
Nhu vay,

L U, S S S

frxa)  fla) f) 1= fx) 7

Ta bién d6i ding thitc sau cling
(1= f(0)) + (1 =x)f(x) = 2f (x) =2(f (x))?

@ x—xf () +/(0) =xf(x) =2/ () +2(f(x))* =0

& x—2xf(x) = f(x) +2(f(x))* =0

S x[1=2f(0)] = f()[1=2f(x)] =0 & [x— f(0)][1 =2f(x)] = 0.

Bay gio ta chon x € (0,1) sao cho f(x) = ! (diéu nay c thé lam

dudc do dinh ly gia tri trung gian), chiing minh dudc hoan thanh
khi di ngugc tiing bude cac ding thiic tuong ducng trén.

Ta xét trudng hop n 14 sb nguyén ducng bat ki. Chon ¢; 12 sb nhé

nhét trong [0, 1] sao cho f(c;) = ! (tdn tai sb nhu véy do hé qua caa
n
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dinh 1y gi4 tri trung gian cung véi gia thiét vé tinh lién tuc ctia ham
séf). Khido0<ci<cp<..<c,1<l.batcy=0vac,=1, v6i
mbi khoang (¢i—1,¢i),i=1,2,...,n chon mot x; sao cho

f/(xi) _ f(ci) _f(cifl)
Ci—Ci—1
(diéu nay c6 thé 1am dugc do dinh ly gia tri trung binh). Khi dé
i i—1
Fy ot ]
Yoci—cir onfei—cic1)

nhu vay
Zn ci—ci_1)=n. ©

5.3.2. Cac (rng dung tir hé qua dinh ly gid tri trung binh

Trude khi xét nhitng hé qua quan trong cta dinh ly gia tri trung
binh, ta dua vio mét sb dinh nghia sau day.

Pinh nghia 5.8. Ham sb f dudc goi 1a ham tdng (hoic ham gidm)
trong khodng (a,b), néu tit a < x; < x, < b suy ra f(x;) < f(x,)
(hodc f(x;) > f(x2)). Néu tlt a < x; < x, < b suy ra f(x1) < f(x2)
(hodic f(x1) > f(x;)) thi ham sb f dudc goi 1a ham tdng ngdt (hoic
ham gidm ngdt) trong khoang (a,b).

Dinh 1y 5.10. Néu dao ham f'(x) ciia ham sb f tén tai trong khodng
(a,b) va nhdn gid tri duong trong khodng ndy, thi ham s6 f la ham
tang ngdt trong khodng (a,b).

Chirng minh. Cho a < x; < x < b. Ham sb f théa man cac diéu
kién ctia dinh 1y gi4 tri trung binh cho doan [x;,x,]. Khi d6 ton tai sb
& € (x1,x2) sao cho

f2) = fxr) = (2 —x1) /(&)



170 Chuong 5. Cic bai toan gidi tich

Nhung theo gia thiét f/(£) > 0 va x, > x; nén tit dang thitc trén suy
ra f(xz) — f(x;) > 0, nghia 13 f(x;) < f(x2). P6 1 diéu cin chiing
minh. ©

Cha y: Néu trong dinh 1y trén thay "f’(x) nhan gia tri duong"
thanh "f’(x) nhén gia tri khéng 4m" thi f la ham ting trong khoang
(a,b). Két qua tuong tu cho dinh ly sau day.

Pinh 1y 5.11. Néu dao ham f'(x) ciia ham sb f tén tai trong khodng
(a,b) va nhdn gid tri dm (hodc khéng duong) trong khodng (a,b), thi
ham sb f la ham gidm ngdt (hodc ham gidm) trong khodng (a,b).
Nghia la, tit a < x; <xp <bsuyra f(x;) > f(x2) (hodc f(x1) > f(x2)).

Pinh ly 5.12 (Tiéu chudn ham héng s6). Néu dao ham f'(x) clia
ham s6 f tén tai trong khodng (a,b) va dong nhdt bing 0 trén khodng
nay, thi ham sb f la mét hdng sb trong khodng (a,b).

Chitng minh. L4y x € (a,b). Theo dinh 1y gi4 tri trung binh, ton
tai s6 ¢ trong (a,x) sao cho fx) = fla) = f'(c) = 0. Tit d6 suy ra
FO) = fla) véimoix € (@) ©

Sau day ta c6 thé phat bi€u tiéu chudn trén theo cach khac dé
dé st dung hon.

Pinh 1y 5.13. Néu cdc dao ham f'(x) va g'(x) ciia hai ham f va g
ton tai trong khodng (a,b) va bang nhau, thi hiéu ciia nhitng ham nay
la mét hdng sb trong khodng (a,b), nghia la f(x) = g(x) + ¢ vdi moi
x € (a,b).

Phuong phap chitng minh hai ham sé triing nhau. D€ chitng minh
hai ham sb f va g bing nhau trong [a,b], thi ta chi kiém tra nhiing
diéu kién sau 13 da :



5.3. binh Iy gia tri trung binh 171

(a) Cac ham sb f(x) va g(x) lién tuc trong [a,b];
(b) Nhitng dao ham f’(x) va g’(x) bang nhau trong (a,b);
(c) Tai mot di€m x) € [a,b] c6 dédng thic f(xg) = g(xo).
Bai toan 5.24. Chiing minh rdng
arcsinx + arccosx = g (5.2)
véix e [—1,1].

N,e e?. \ A . \ T o\ 4.a
Loi giai. Ham sO f(x) = arcsinx + arccosx va g(x) = 5 la lién tuc
trong [—1,1]. Ta c6

) = —— 1

+——— =0,
VI—x2  /1-x2
trong khoang (—1,1).

g'(x)=0

. . /\" 7
Tai diém xp = 1 ta cé

n T T N
f)=75+0=7, g(1)=~, nghiala f(1) =g(1).
Theo nhan xét ctia binh 1y 5.13 suy ra dang thitc (5.2). ©

Bai toan 5.25. Hdy chitng minh dang thitc

3
6x= 100522x+7-

sin®x + cos 2

e o2 e \ A . \ 3 \ ~
Loi gidi. CAc ham s6 f(x) = sin®x+cos®x va g(x) = 1 cos?2x 1a nhiing
ham lién tuc v6i moi x. Ta ¢

f'(x) = 6sin® xcosx — 6.cos” xsinx
= 6sinxcosx(sin x — cos* x)

= 6sinxcosx(sin” x + cos” x) (sin” x — cos” x)

= —3sin2xcos2x,
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3
g'(x)=2- 1 cos2x(cos2x)" = —3 cos 2xsin2x.

B&i vi f'(x) = g’(x), nén hiéu ctia hai ham nay khac nhau mét hang
s6, nghia 13 f(x) — g(x) =c.

Ta tim hing s6 ¢ biang cich cho x = 0 ta nhian dudc

c:f(O)—g(O):l—%:%, do do
sin®x + cos® x — §cosZZx = l
4 4
v6i moi x. ©

Bai toan 5.26. Vdi gid tri nao cua cdc tham sb a,b,cva d (Vi c #0)

dé ham s6 f(x) = ‘”‘Iz khong phu thudc véo x.
CcX

5. L ae ad —bc .

Loi giai. Ham s6 da cho ¢6 dao ham f/(x) = ——. f/(x) =0 kh
g 0 him f() = (T () = 0 i

ad — bc = 0. Suy ra gia tri cia ham s6 da cho khéng phu thudc vao
x khi ad — bc = 0, béi vi v6i nhiing gia tri a,b,c,d nhu viy dao ham

ctia n6 bing 0 trén toan bd mién x4c dinh cta f.
. N ad ,
V6i ad —bc =0, nghiala b= —, ta co
C

ad
_ax—i—b_ax"_? _a cx+d _a

f(x)_cx—l—d_ cx+d ¢ cx—i—d_z' ©

Bai toan 5.27. V{i nhitng gid tri ndo ctia a va b, ddng thifc
acosx —cos(ax+b*) =a—1—b* (5.3)

diing véi moi x ?

Loi gidi. Ham sb f(x) = acosx — cos(ax + b*) 1a hang s6 khi
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f'(x) = 0. Pao ham ctia ham s6 nay 1a

f'(x) = —asinx+asin(ax + b*)
ax—x+b? ax+x+b?
cos :

= 2asi
asin 5
f'(x) =0 trong ba trudng hdp sau day :
—x+b? b?
a)a=0; b) sin%:m c)cos%zo.

a) Dang thic (5.3) ¢6 dang cosbh? = b? + 1 va ding thitic ding khi
b=0, vicosb* < 1.

\ \ 7 JUN - b2 2, A \ A A
b) Truong hdp nay c6 nghiém % = km, 6 day k la mot so

nguyén bt ki, nghia 1 (a — 1)x = 2kx — b? diéu nay ding v6i moi x
néua = 1, b* = 2kn.

Khi d6 phuong trinh (5.3) c6 dang
cosx —cos(x+ 2km) = —2km,

ma né chi ¢6 thé véi k = 0, nghia 1a b = 0.
ax+x+b w

s6 nguyén bét ki, nghia 1a »* = 7+ 2km — (a+ 1)x. Piéu nay diing véi
moi x néu a = —1, b* = 1+ 2k.

¢) Truong hdp nay cé nghiém

Khi d6 phuong trinh (5.3) c6 dang
—cosx —cos(—x+ T+ 2knm) = -2 — 1w — 2km,
hodic 13 0 = —2 — 7 — 2kx, ma né khéng c6 thé thda man véi bat et k
nao.
Tém lai, dang thitc (5.3) ding v6i moi x trong hai trudng hop:
a=0,b=0via=1,b=0. ©)
Trong nhiéu trudng hop khong nhitng st dung chi mét dao ham
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bAc nhit, ma con dung ham sb ¢é nhitng dao ham lién tiép béc cao
hon khi d6 ta phai dua vao ménh dé sau day.

Dinh 1y 5.14. Hai ham sb f va g xdc dinh véi moi x € (a,b) ¢6 cdc
tinh chdt sau :
(i) Chiing ¢6 dao ham dén bdc n va f"(x) < g"(x) véi

moi x € (a,b). , ,
(ii) Cdc ham so f, g va cdc dao ham cua chiing cho den bdc (n—1)

lién tuc tai a sao cho

Khi do f(x) < g(x) vdi moi x € (a,b) .

Chitng minh. Dit F (x) = f(x) — g(x). Khi 6 ham sb F 1a ham lién tuc
va x4c dinh v6i moi x € (a,b). Mit khac F)(x) < 0 v6i moi x € (a,b),
theo binh 1y 5.11 ham s6 F gidm ngit, nghia 1a x > a thi F*~(x) <
F"Y(a) = " Y(a) — g"'(a) < 0. T diy suy ra F"2(x) cling 1a ham
gidm ngit, tit gia thiét ctia dinh Iy ta ciing suy ra dude F"2(x) < 0
v6i moi x € (a,b). Tiép tuc qua trinh nay dén khi F(x) < 0 v6i moi
x € (a,b). D6 1a diéu can chiing minh. ©

Ta xét mot sb bai toan 4p dung Dinh 1y 5.14 sé c6 cach giai tbt.

Bai toan 5.28. Chitng minh bdt ddng thiic

3

X . T
tgx>x+§, Va1 0<x<§.

3
Loi giai. Dat f(x) =tgx va g(x) = x+ % Ta tinh dao ham cua cac
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ham nay
1
/
=— =1
P = g =1+x
2sinx
" /i
= ¢(1) =2,
2+4sin’x
n "
= = 2
ey = T ¢ =2
£ () = 8sinx(2 + sin x)’ ¢ () =0,

cos’ x

V6i moi x € (O, g) ta c6 bt ding thitc £ (x) > g™ (x).

Vi x =0 ta cé £(0) =0, '(0) =1, £"(0) =0, £"(0) =2, g(0) =0,
g'(0) =1,¢"(0) = 0,g"(0) = 2, nghia la f(0) = g(0),'(0) = g'(0),
7"(0) :g”(O),f;’(O) =g""(0). Theo Dinh ly 5.14, suy ra f(x) > g(x

©

véimoixe (0,=
. x 2
Bai toan 5.29. Chitng minh rang

\3/3+%+€/3—€f3<2%.

Loi gidi. Ta viét lai bit ding thitc can chitng minh nhu sau :

\/1++\/1—<2

Xétham sb f(x) = v/1+x++/1—xvéixe (—1,1). Nhu vy ta cin
3
phai chitng minh: f (?) <2.

Trong khoadng (—1,1) ham sb f(x) c6 dao ham

f/(X)_ 1 _ 1 _ €/(1—X)2—€/(1+X)2
302 3Y0-x2 30—
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B&i vi moi x € (0,1) déu c6 /(1 —x)2 < /(1+x)2, nén f'(x) < 0 véi
moix € (0,1).

Xét ham s6 g(x) = 2, ludn ¢6 g’(x) = 0. Khi d6 f'(x) < g’(x) véi
moi x € (0,1). Ngoai ra f(0) =2 = g(0). Tt d6 va theo binh ly 5.14
ta c6 bat ding thite f(x) < g(x) =2 v6i moi x € (0,1), suy ra né ciing

3
ding véi x = 5 ©
Bai toan 5.30. Chitng minh rdng néu a va b la nhiing s6 duong bt
ki, con ¢ la mét sb6 dm, thi bdt ddng thitc sau ding:

3a* +4ca’b+ bt > 0. (5.4)

Loi gidi. Ta viét lai bAt ddng thitc cin ching minh nhu sau :

4 3
3 (%) 4 e (g) +et>o.

Ta xét ham sb f(x) = 3x* 4+ 4cx® 4 ¢* v6i x > 0. Khi d6 ta phai
chting minh f (g) >0.
Ta c6 f/'(x) = 12x3 +12¢ex? = 12x*(x+¢). V8ix € (0, —c), thi f/(x) <
0. Suy ra ham sb f(x) 14 ham gidm ngit trong khodng nay. Vi ham
s6 f(x) lién tuc trong [0, —c| va gid tri ctia né nam trong khoang tit
f(—¢) =0 dén £(0) = ¢*, nghia 14 c6 bat ding thitc sau
0<f(x) <t v6ix<0< —c. (5.5)
Khi ¢6 dang thtic f(x) = 0 chi v6i x = —c.
V6i x > —c thi f/(x) > 0. Suy ra ham s& f(x) 1a ham ting ngit
trong khoang (—c, ). VAy ta ¢
f(x)> f(—=¢c)=0 voix > —c, (5.6)
Vi g > 0, theo (5.5) va (5.6) ta nhan dugc bit ding thic (5.4). Pang
thitc xdy ra khi g = —c. ©
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Bai toan 5.31. Hdy tim tdt cd nhitng ham khd vi f ¢6 tinh chdt sau :
Néu ba s6 tao thanh mét cdp sb cong, thi nhitng gid tri ham sb tuong
itng ctia chiing ciing tao thanh mot cdp sb cong.

Loi gidi. Mbi cAp sb cong c6 thé viét dusi dang x,x+ y,x+2y. Nhitng
gia tri ham sb tuong ing cta ching tao thanh mot cAp sb céng néu
déng thitc sau théa man

)+ flx+2y) =2f(x+y). (5.7)
Nhu véy, bai todn dua vé tim tt cd nhitng ham sé kha vi ma ching
la nghiém cta phuong trinh ham (5.7).
Ta lay dao ham hai vé ctia (5.7) d6i véi y, nhin dugc

2f (x+2y) =2f"(x+v)

ma né thda méin véi moi sd thuc cta x va y. Nhung x+2y va x+y ¢6
thé bang hai sb thuc ndo d6, tit d6 suy ra ham sé f/(x) 1a mot hang
sb. Tit day suy ra

f(x) :’ax—l—b, ) ) (5.8
& diy a va b 1a nhiing hang s6 bat ki. Kiém tra truc tiép thay rang
ham sb (5.8) théa man phuong trinh (5.7). Suy ra ham can tim 1a
ham tuyén tinh. Tit d6 suy ra diéu cn chitng minh. ©
Bai toan 5.32. Hdy tim tdt cd nhitng ham khd vi théa mdn phuong

trinh ham

fx+y) =Fx)+f0).
Loi gidi. Nhu bai truée 14y dao ham hai v& phuong trinh ham da
cho dbi véi x ta nhan dude f'(x+y) = f/(x), tit d6 suy ra f/(x) 1a
hiing s6 va suy ra né c6 dang f(x) = ax+ b. Thay ham tim dudgc vao
phuong trinh ham da cho ta nhan dugc

a(x+y)+b=ax+b+ay+b,
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suy ra b = 0. Ham sb cin tim 1 f(x) = ax v6i ¢ 13 hiang sb bat ki. ©

5.4. BAI TAP
Bai tip st dung dinh ly gia tri trung gian

> 5.33. Gia sit f(x) 14 ham s bi chin trén [a,5] va moi cip gia tri
x1,X VOia < x; < x, < b sao cho

7 <x1 erxz> < f(xl);rf(XZ)

Chitng minh rang f(x) 1a ham s6 lién tuc véi a < x < b.

> 5.34. Cho ham sb thuc lién tuc thda man phuong trinh ham
£ (VR +32) = F0)f ),

v6i moi sb thuc x va y. Chiing minh ring f(x) = [f(1)]*.

> 5.35. Cho f(0) > 0, (1) < 0 va tén tai mét ham sb lién tuc g(x)
sao cho f(x)+ g(x) 1a ham khong gidm. Chitng minh rang f(x) =0
v6i mot sb x.

> 5.36. Mot ngudi leo nii bt diu tréo 1én ndi tit 7200 sang thi bay
va lén dén dinh ndi vao 500 chiéu. Ngudi leo nii dung trai qua
dém trén dinh ndi va xubng nti vao sang chl nhit lic 7400 sing
theo ding con dudng di leo 1én va vé& dén diém xut phét ciing
dting 5400 chiéu. Chting minh ring tai mét thdi diém trong ngly
cht nhit ngudi leo nui ¢6 cung dé cao nhu la ngusi dé & cung thoi
gian cta ngay thi bay.



5.4. Bai tap 179

Bai tip s dung dinh ly Rolle

> 5.37. (a) Gia st rang f: [0,1] — R 1a ham kha vi, f(0) =0 va
f(x) >0 v6ix e (0,1). Chitng minh ring tén tai mét sé thutc ¢ trong
(0,1) sao cho
2f'(c) _f'(1=c)
fley — f —C)s'fl(c) P
(b) C6 ton tai so d thudce (0, 1) sao cho ) = =0 khong?
> 5.38. (a) Chitng minh rang phuong trinh 5x* —4x+ 1 = 0 ¢ mot

nghiém nam gitta 0 va 1.

(b) Chitng minh ring néu ag, a1, ...,a, 1a nhitng sb thuc ma
ap aj ay

=0,
thi phuong trinh ag +ax+--- +ax" =0 co it nhét mot nghiém.
Bai tip st dung dinh ly gia tri trung binh
> 5.39. (a) Chting minh rang f(x) = x> —3x+b = 0 khong thé c6
nhiéu hon mét nghiém trong [—1,1] cho du gia tri ndo cta b.

(b) Cho f(x) = (x> —1)e**. chling minh rang f'(x) = 0 cho ding
mdt x trong khoang (—1,1) va x nay c6 cung diu véi tham sb c.
> 5.40. Phuong trinh 2* — 1 — x> = 0 ¢4 bao nhiéu nghiém thuc ?
> 5.41. Cho f(x) =ag+aix+ - +a,x" 1a da thitc v6i hé sb thuc sao

cho f(x) =0 co6 n+ 1 nghiém thuc khac nhau. Hay dung dinh ly Rolle
chiing minh réng ar=0v6i0<k<n.

> 5.42. Néu ham sb f: R — R c6 dao ham, chitng minh ring ton tai
mdt nghiém ctia f'(x) —af(x) = 0 ndm gitta hai nghiém bit ki clia

f(x)=0.
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> 5.43. Gia st n 1 sb nguyén khong 4m va
f(x)=coe™ +cre" + -+ cpe™,

& day ¢; va r; 1a nhitng sb thuc. Chting minh rang néu f(x) c6 hon n
nghiém trong R, thi f(x) =0

> 5.44. Cho da thic Legendre bac n dudc dinh nghia nhu sau :

1 nre.2 n
St D2 = 1)

& day D" ki hiéu dao ham béc n d6i véi x. Chling minh ring P, (x) cb
dtng n nghiém thuc va nam trén duong thang trong doan (—1,1).

P,(x) =

Bai tap khac
> 5.45. Hay tim nhiing gia tri clia a va b sao cho ham sb

ax®> +bx+1

flx) = xX2+bx+a

khong phu thuodc vao x.

> 5.46. Chiing minh nhitng bat ddng thitc sau :

@ nx—1)<x"—1<n"'(x—1),véix> 1,8 ddyn>21asb tu
nhién;

(b) 1+———<\/1+x<1+ , (x> 0);
x3 3 5
(c)x—§<smx<x i 5‘,(x>0)
x2 2 4
x* X
(d)x—2—<cosx<x—§+4

2
(e)sinx>—x, (O<x< *)J
T 2

(f) 1+4cotgx < cotg %, 0<x< g).
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> 5.47. Chitng minh bat ddng thtc sau :

b T+ bp" s e .
()(“+ ) <“; @>0,b>0a+b),dday n>21a

mot sb tu nhién;
() (a+b) <a*+b* (a>0,b>0,0<s<1).

> 5.48. Chiing minh rang
F(x) =

sinx + sin(x+a)
cosx —cos(x+a)

13 mo6t ham hang sb béng cach chira F/(x) = 0.
> 5.49. (a) Néu y = f(x) 1a nghiém ctia phuong trinh vi phan
y" +y =0, chiing minh rang (f(x))®+ (f'(x))? 12 him hang sb.
(b) Dung phin (a) d€ ching minh ring moi nghiém cda
y" 4y =0 déu c6 dang y = Acosx -+ Bsinx.
(c) Dung phan (b) chitng minh hai cong thtic téng sau :
sin(x+y) = sinxcosy + cosxsiny,
cos(x+y) = cosxcosy — sinxsiny.
> 5.50. Cho ham sb f(x) kha vi trén [0,1] v6i £(0) =0 va f(1) =
V6i mbi sb nguyén duong n va nhiing sb duong bat ki ki, ka, ..., ky,
chting minh ring ton tai nhﬁ’ng diém khac nhau x;,xs, ..., x, sao cho
n
Z f/

i=1

["J=

ki.

I
—_
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Trong nhiing cubn sach [15] va [18] cla tac gid c6 ndi t6i ham
16i va st dung né v6i muc dich khac nhau. Trong chuong nay trinh
bay ham 16i va ing dung né d€ gidi cac bai toan bat ding thiic. Dic
biét chuong nay ndi vé gia tri cuc dai ctia ham 16i, nhiing gi4 tri
cuc dai nay dat dugc tai nhitng diém cuc bién trong mién xac dinh,
chinh diéu nay cho ta lgi dung gidi mét sb luong 16n bai toan khé.
Nhitng ham 16i dudc st dung 6 diy da sb 14 nhitng ham tuyén tinh
va nhitng ham nhiéu bién v6i mbi bién ctia ham sé déu tuyén tinh.
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6.1. HAM LOI VA BAT DPANG THU'C CO BAN

6.1.1. Binh nghia ham 13i va cdc chid y

Pinh nghia 6.1. Ham sb nhan gia tri thuc f xac dinh trén doan [a, b]
dudgc goi 14 ham 16i néu

fAx+(1=2)y) Af(x)+(1=2)f(y) 6.1
v6i moi x,y thudc [a,b] va A € [0,1].
Ham s f dugc goi 1a ham 16i chdt néu
FAx+(1=2)y) <Af(x)+(1=2)f(y) (6.2)
v6i moi x,y thudc [a,b], x £Zyva A € (0,1).

Hinh 6.1 thé€ hién mét hinh anh ctia ham 16i. Hinh 6.2 thé hién
mot hinh anh cia ham 16i chit

Y A YA
B/:
A 2
X
C
EIi O b X>
Hinh 6.1. Ham 15i Hinh 6.2. Ham 15i chit

Cha y : 1. Ham sb f goi 13 ham 16m (hodc ham 16m chdt) trén [a, b]
néu — f 12 ham 16i (hodc ham 15i chit).

2. Y nghia hinh hoc ctia ham 15i chiit nhu sau : Ham sb £ 14 ham
16i chit khi va chi khi v6i moi cip difm A = (x,f(x)) va
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B = (y,f(y)) thi diém C = (z, f(z)) nam dudi doan AB v4i moi z ndm
gitta x va y (Hinh 6.2).
3. Néu ham s6 f 1a ham lién tuc trén doan [a,b], thi ngudi ta
chiing minh dugc ring f 14 ham 16i khi va chi khi
f(xery) < f(X)szf(y)
v6i moi x,y € [a,b]. Him sb f 1a ham 16i chit khi va chi khi

F(282) <10

v6i moi x,y € [a,b],x # y.
4. M6t ham tuyén tinh f(x) = ax+b (x € R) 1a mot ham 16i va cfing
la ham 16m.
5. T6ng hai ham 16i (hodc ham 16m) 14 mdt ham 16i (hodc ham 16m).
C6 rt nhiéu tai liéu n6i vé ham 16i. Ta khéng di sdu nghién ctu
tinh chét va cc dinh 1y lién quan dén ham 16i, nhung c6 mét tiéu
chuén x4c dinh mét ham 16i théng qua dinh 1y sau day.
Dinh 1y 6.1. Cho ham s6 f cé dao ham bdc hai trén [a,b).
1. Neu dao ham bdc hai f"(x) > 0 véi moi x € [a,b)],
thi f la ham 16i ';

\

2. Néu dao ham bdc hai f"(x) > 0véi moi x € (a,b), thi f la ham 16i
chat.

Chirng minh. Ta chling minh cho trudng hgp 1), con truéng hgp 2)
ching minh hoan toan tuong tu. Liy tly ¥ x;,x, € [a,b] va
A €[0,1] (& day x; < x). Ta can ching minh bit ding thiic

Fax+ (1= A)xa) < AL(x1) + (1= A) f(xa). (6.3)

1pinh nghia ham 15i t6i ding & déy 1a théng dung qubc té, sach gido khoa &
truong Pho thong Viét Nam dung dinh nghia gdn nhu ngudc lai nén tiéu chuin nay
cling ngudc lai.
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Bét ding thiic (6.3) hién nhién ding khi A =0 hodic A = 1. Vivéy ta
chi cAn chitng minh (6.3) cho 0 < A < 1.

St dung dinh ly gia tri trung binh (dinh ly Lagrange) trén doan
[x1,Ax; + (1 — A)xy], khi d6 tdn tai & véi x; < & < Ax;+ (1 —A)xz
sao cho

JAx1 + (1= 2A)x2) = f(x1) = [Ax1 + (1 = A)xa —x1] /(&)

hay
1ogy _ JAx1+ (1= A)xy) — f(x1)
f(‘:])_ (1-&)()62—)(1) .
Lai ap dung dinh ly gia tri trung binh trén doan
[lxl + (1 —l)xz,xz], khi do té\\)l‘l tai gz v6i Axy+ (1 —l))@ < 62 < X2
sao cho

F(2) = f(Ax1 + (1 = A)x2) = o — Axy — (1 = A)xa] /(&2)

(6.4)

hay
e J2) = f(Ax + (1 -24)x)
f(éZ)_ A'(XZ—XI) . X )
Vi f”(x) > 0 trén doan [a,b] suy ra y = f’(x) la ham dong bién trén
doan [a,b], maa< & <& <bsuyra f/ (&) < f(&). Do do, tit (6.4)
va (6.5) suy ra
JAxi+ (1 =A)x2) — flx1) _ f(x2) = f(Ax1 + (1 —=2A)x2)
(1—1)()62—)(1) l(XQ—xl) ’
Tu0 <A <1vax; <x,néntu (6.6) ta co

A(fAxi+(1=2)x) = f(x1)) < (1 =A)(f(x2) = f(Ax1+ (1 = A)x2)).

Suyra f(Ax;+(1—=24)x2) <Af(x1)+ (1—=2)f(x2). Vay (6.3) ding khi
0 < A < 1. binh ly da dugc chitng minh. ©

(6.5)

IN

(6.6)

Tit dinh 1y trén ta c6 thé kiém tra cdc ham sau déy 1a ham 16i
hodc ham 15i chit :



186 Chuong 6. Ham 16i va nhiing gid tri I6n nhat

1. Ham sb f(x) = x*, x € R va n 1a mét s6 nguyén duong.
Ta ¢ f"(x) = 2n(2n—1)x**~2 > 0 v6i moi x € R, vAy f la ham
16i v6i moi x € R.

2. Ham sb f(x) =x” v6ix>0,p > 1.
Taco f"(x) = p(p—1)x""2>0v6ix>0,p>1,dodd f1a ham
16i v6i moi x > 0.

3. Ham s6 f(x) = > v6ix > —a,p > 0.

(x+a)
, 1 e s Ao 1n s
Taco f(x) = m > 0 v6i moi x > —a, p >0, vayf la ham
16i chit.
4. Ham sb flx)=tgxvoixe [O,g).
, 2si . A N VI
Ta co f"(x) = C;I;;C >0véixe [0, g), vay f la ham 16i chat.

5. Ham sb f(x) = ¢* v6ix € R.
Ta ¢ f"(x) = ¢ > 0, nén f 1a ham 16i chit.

Tit dinh 1y trén ta cling kiém tra dugc cac ham sau 1a ham 16m
hodc ham 16m chat :

1. Ham s6 f(x) = sinx, x € [0, 7.

Ta c6 f(x) = —sinx <0 v6ix € [0, x], vdy f la ham 16m v6i moi
x € [0,m].
s A fos T
2. Ham so f(x) = cosx vOix € [—E,ﬂ.

Taco f"(x) = —cosx <0 vbixe [—g, g], do d6 f 1a ham Iom
trén [—E,E].
272
3. Ham s0 f(x) = Inx v6i x € (0, ).
Ta co f"(x) = —iz < 0V6ix € (0,0), suy ra f la ham 16m chat
trén (0, o).
4. Ham s6 f(x) =x? v6ix>0,p € (0,1).
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Ta co f'(x) = p(p—1)xP"2<0v8ix>0,p € (0,1), suy ra f la
ham 16m trén (0, ).

6.1.2. B&t déng thirc Jensen vé vi du trng dung

Nam 1905 nha todn hoc Jensen? ngudi Dan Mach da chiing
minh mé réng cong thie (6.1) :

Pinh 1y 6.2 (Bit ding thitc Jensen). Cho f : [a,b] — R la ham Ibi.
Cho x1,x3,...,x, € |a,b] va cdc sb thuc khong am Ay, A2,..., A, (n>2)
saocho A +A,+---+ A, =1. Khi do

Fuxi+Aaxo 4+ Auxy) S Aif(xn) + A f (x2) + -+ A f(xn). (6.7)

Chitng minh. Ta chiing minh bang phuong phap quy nap. Bt ding
thitc (6.7) ding v6i n = 2, do dinh nghia ctia ham 16i. Gia st bat
dang thitc diing v6i n = k ta phai chting minh né ciing ding véi
n=k+1.

Cho x1,x2, ..., Xk, X1 € |a,b] va cac s6 thuc khong Am Ay, Ay, ..., Ay,
Aiy1 sao cho Ay + Ay + -+ A + A4y = 1. T d6 suy ra it nhét mot
trong cac sb A1, Aa, ..., A, &y 1 phai nhé hon 1 (néu ngudc lai thi bat
déng thiic 13 hién nhién, khi d6 chi c6 mot sé bing 1 cac sb khéc
bang 0). Khong mét tinh tdng quat ta cho A < 1 va dit

A N A F— Ak
U= x X4 —— X
[ P T P [
A Ak

Ta ¢co =1vadodd

1
+ 4ot

1 =X =2 1 — Xt

Axy 4 Aoxy + - A A + Mg 1 X1 = (1= Mg )u+ A1 X041

2Johan Ludwig William Valdemar Jensen (1859-1925) : Nha toan hoc Dan
Mach.
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Vi f(x) 1a ham 15, nén ta c6
JU = A n)u+ M) < (1= Aen) f () + A f (K1)
va theo gia thiét quy nap,

M A Ak
flu) < l_lkﬂf(xl)Jrl_kkﬂf(xz)Jr“'Jr

Két hop hai bat ding thitc trén, ta nhan dugc

fuxi+2A2x0+ -+ Aeprxer) < Af(xn) +A2f (2) +- -+ A f (X 1)
Nhu viy bat déng thitc (6.7) diing v6i n = k+ 1 va do dé theo nguyén
1y quy nap toan hoc né ding cho moi sb nguyén duong n. ©

Chu y : 1. V6i nhitng ham 15i chit, bt ding thitc (6.7) ding khi va

chi khi x; = x; = ... = x,, (dung phuong phap quy nap chitng minh
diéu nay).
2. NéuA =y = - = Ay = -, thi (6.7) tr thanh
I’l
f<x1+x2+~-+xn>§ FO) +f@x) o4 flom) 6.8)
n n

3. Néu ham sb f(x) la ham lom, thi (6.7) va (6.8) c6 dang
f(Axr+Axa + -+ Anxn) > A1 f (x1) + A2 f (x2) +- -+ A f (x0). (6.9)

va

(6.10)

n - n

f<xl+x2+"'+xn> S f(xl)+f(x2)+"'+f(xn)'

Bit déng thitc Jensen dudc 4p dung rit nhiéu trong hoc tip va
nghién citu, ta xét mét sb bai toan sau day.

Bai toan 6.1. Néua>0,b>0vaa+b=2, thi
(14 /a)® + (1 4+Vb)> <25.
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Loi gigi. Ta xét ham f(x) = (1 + ¢/x)° v6i x € [0,00). Ta ¢6
. 4 .

F1@) = (14 )5 va f'(@) = =2 (14§22 73 <0 vbix € (0,00),

suy ra f(x) 12 ham 16m. Dung bit ding thiic Jensen dang (6.10) véi

M=Ah= 3 va cac diém a, b, ta nhan dudc

5
2<1+\5/a;b> > (1+/a)’ + (1+Vb)>.

Thay a + b = 2 vao bt ding thitc trén va rit gon ta dudc bat ding
thttc cAn chitng minh. Pang thtic xay ra khi va chikhia=b=1. ©

Bai toan 6.2. Néu a,b,c la nhitng sb duong, thi

+b+c
a®- bl > <a+b+c>” "
- 3

Loi gidi. Bt ding thitc cAn ching minh tuong ducng véi

a+b+c)a+b+c

ln(a“.bb.cc)zln( 3
hay

b
alna+blnb+clne > (a+b+c)ln <a—1—3+c> .

Ta xét ham s6 f(x) = xInx v6i x € (0,00). Vi f”(x) = — >0, nén ham
X
sO f(x) la ham 16i chat trén (0,). St dung cong thic (6.8) véi
1 \ ’ R A 2 A ’ N
M=Ah=A= 3 va cac diém a,b,c > 0 cho ket qua can chiing minh.

©

Bai toan 6.3. Néu a,b,c la nhitng sb duong, thi

a b c
a—l—3b+3c+ 3a—|—b+3c+ 3a+3b+c

3
> —.
-7
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Loi gidi. Cho s 1a mot s6 duong. Ta xét ham sb
X S

o)==

§S—X S—X

7 . , \ \ A o \ 2 >
vOix € (0,s). Khi do f(x) la ham 16i chat vi /" (x) = > ;5 >0. Tasu

(s =)

dung bat dezlng thitc Jensen cho ham 16i v6i x; = 2a, xo = 2b, x3 = 2c¢

1
vali = =43 = 3 Ta nhan dudc

1
3(—2+—217Jr —2>Z 1 ’
STea s ST s—§(2a+2b+2c)
hay
2a 2b 2c 3(2a+2b+2c¢)

> :
s—2a+s—2b+s—2c ~ 35— (2a+2b+2c)

Néu ta cho s = 3(a+ b+ c) vao bt ding thiic trén, thi ta nhan dudc
bat ding thitc can chiing minh. ©

Bai toan 6.4. Cho a,b,c la nhitng s6 duong va a+b+c = 1. Hdy tim
gid tri nhé nhdt cta biéu thitc

I\ 10 10 1\ 10
<a—|—> +<b+> +<c+> .
a b c
Loi gidi. Tachi yring 0 <a<1,0<b < 1,0 < c < 1. Xét ham sb

N ,
flx)= <x+> v6ix e (0,1). Taco
X

1\?* 1)? 1\’ 2
f”(x):90<x+> (—2> +10<x+> = >0
X X X X

v6i x € (0,1). Do d6 f(x) 13 ham 16i chit trén (0,1). Theo bat dang
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thitc Jensen,

) ()
<@gy = (ar 1) e (o) e (e 1)

, . . 2 A > R 7 \ 1010 .
Do do, gia tri nho nhat cua biéu thic la 50 dat dudc tai
1
a=b=c=—-. ©
3
Bai toan 6.5. Néu ay,as,...,ay la cdc sb thuc I6n hon hodc bang 1,
thi

! 1 n
> .
kg’l l4+ar = 1+ Wajaz. . .a,

N, e e A \ A 1 7 \ A \ \
Loi giai. Xét ham so f(x) = TTo vOi x € [0,00). Ham so f la ham
e
16i chit, vi f(x) = e( (x 1y D > 0 trén (0,0). St dung bt ding thiic

s IS A
Jensen v6i A =, =... = A, = — va x1,x2,...,x, € [0,00), ta nhéan
n

dudc

i 1 n

= 1—|—e"k - 1)": X

1 +e" =

Cho x; = Inay,k = 1,2,...,n, ta nhan dudc bAt phuong trinh cAn
chitng minh. ©

Bai toan 6.6. Cho o,f,v la ba géc cua mét tam gidc. Chitng minh
nhitng bdt ddng thitc sau :

3v3
(1) sina+sinf +siny < \2[;

(2) Vsina + +/sinf ++/siny < 3(‘/3;
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3V3

(3) sinasin B siny < T;
1 1 1
@ —g + +t—y 2 2V/3.

COS — L COS —
2 COos 2

Loi gidi. Ta dung bit ddng thic Jensen cho nhitng ham 16m sau :

. 0 . \ A 2 7 Ae N 7, \
sinx, v/sinx, Insinx, Incosx va bat dang thitc cudi cung v6i ham —,

Cos =
2

v6i moi x € (0, 7). ©

6.2. BAT DANG THUC QUAN TRONG LIEN QUAN BEN HAM LOI
Tit bt ddng thiic Jensen ta suy ra cac bat dang thitc co ban.

Pinh ly 6.3 (Bt ding thtic gitta trung binh cdng va trung binh
nhén c6 trong s6). Cho xi,x,...,x, la nhitng sb thuc khéng dm va
M, A, A la nhfmgsé duong sao cho Ay + Ay +---+ A, = 1.
Khi do

Mo A

Axy +Aoxy + - 4 Apxy 2> XXX (6.11D)
Ddng thitc xdy ra khi va chi khix; =x = ... = x,.

Chitng minh. Néu c6 mét sb ndo dé trong xi,xz,...,x, bing 0, thi
bat ddng thtic hién nhién ding. Ta gid st xi,xs,...,x, déu duong.
Xét ham sb Inx véi x € (0,00). Vi ham s6 nay 12 ham 16m trén (0, o),
theo cong thic (6.9), ta nhan dugc

In(Aixi 4 Apxy) > Ay Inxg +--- 4+ A, Inx,,
tuong duong voi In(Aix; + -+ Aux,) > In(xM - xh) va do 6

Axi+ Apxp + -+ Ay fo'x%z...xﬁ". ©
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Mbi dang bat ding thiic c6 ting dung giai mét sb bai toan. Ngay
sau dinh 1y ta xét mét s6 bai tdp nhu vi du ting dung chiing.

Bai toan 6.7. Chitng minh rdng néu a,b, ¢ la nhitng s6 duong, thi

2 2 2 a b c
7a +b tc > qa+b+c patb+c ca+b+c > 7a+b+c‘
at+b+c -

Loi gidi. Ta cht y dang thic
a b c _
atbtc atbic atbtc
va st dung bat déng thtic gifta trung binh céng va trung binh nhan

7 A A 7. A 2 / A 7. N
c6 trong so, doi v4i bat dang thiic 6 vé trai ctia bai ra :

2 b2 2 b
@bt = a a+ b+ ¢ c
a+b+c a+b+c a+b+c a+b+c
a b c

> qatb+cpatbtccatbtc,
Dbi v6i bat déng thiic & vé& phai cta baira :
3 a 1 b 1 c 1

dtbtc atbtc a atbic b atbic ¢

a b c -1
> | aatb+cpatbtccatbtc ,

tlt dy suy ra bit dng thtic cAn chitng minh. ©

Bai toan 6.8. Néu a,as,...,a, la nhitng sb duong va a1ay ...a, = 1,

thi
n+1
a1 ++ax+---+a, > >

Loi gidi. St dung bit ding thiic giita trung binh cdng va trung binh

k ,
-—, k=1,2,....,n. Khi dé
n+1 n

nhian c¢6 trong sO véi A =

M+A+-+A, =1.Taco
2

2 1 2 n
nl <nal+n\/672+~--+n{767n>Z(a1a2---an)"(”+1)=1- ©
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Bai toan 6.9. Néu ay,xi,k = 1,2,...,n la nhitng sb duong , thi
1 1 1
aixyt 4 anxy" > (ar+-Fap) (X1 .. .x,) Gt

ag
ai+--+ap
n A 2 7 .~ \ N \
Y, A = 1. St dung bat dang thic gilta trung binh cdng va trung
k=1
binh nhéan c6 trong so, ta co

Loi giai. it A, = v6i k=1,2,...,n. Khi d6 A, >0 va

n A

1
a+-- +anza"xk _ZA"X’: >Hxak

1
n ay+-+an
a|+ +an -
= X I I Xk @

k=1

N , 1 . R .
Bangcachthay A, =L =...= 4, = . vao (6.11), ta nhan dudc dinh
ly sau day.

Pinh ly 6.4 (Bt ding thitc Cauchy). Néu x|,x,,...,x, la nhiing sb

khong am, thi
Xt Xt X

> XX ... Xy, (6.12)
2 7, 2 o \ ’?/l .
dang thic xay ra khi va cht khi xy =x, = ... = x,.

B4t ding thic nay dude ing dung rit nhiéu trong gii toan, &
déy ta chi xét mot sb vi du.

Bai toan 6.10. Cho a,b,c la nhitng sb duong va abe < 1. Chitng minh
rang

a b ¢
-+-+_->a+tb+c.
c a b

oo re 1 1 1 .
Loi giai. Tit abc < 1,tasuy ra — >a, — > b va — > c¢. Theo bat
be ac ab
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dang thtic Cauchy, ta cé

2a ¢ a a c sl a?

T T N TV

c b ¢ + c + b~ be =%

2b b b b?

2242195307 >3,

a C a a c ac

2c b c c b 5/ ¢?

=42 S42>3(= >3

b a b b a b=
Cong cac bat dang thitc trén lai va chia cho 3 sé nhan dugdc bat ding
thtic cAn chitng minh. ©

Bai toan 6.11. Cho a,b,c,d la nhitng s6 duong va
1 1 1 1
1+a4jL 1+b4jL 1+c4+ 1+d*
Chitng minh rang abed > 3.

Loi giai. Dat o® = tgo,b? = tgf,c? = tgy,d> = tgd. Khi d6
cos? o + cos? B + cos? Y+ cos? 8 = 1. Theo bit dang thitc Cauchy ta
co

sin” o = cos” B + cos® Y+ cos? § > 3(cos® B cos® ycos® §)3,

1
3
1
sin? B = cos” Y+ cos? § +cos? o > 3(cos® ycos® § cos® at) 3

)
sin?y = cos? 8 + cos? ot + cos® B > 3(cos? & cos? ot cos” B)%,
sin® 8 = cos? o + cos” B + cos® ¥ > 3(cos® acos? B cos y) 5,
Nhan nhiing bt ding thtic trén theo vé, ta ¢6
sin” orsin® B sin? ysin® 8 > 81 cos? orcos? ff cos? ycos® §.

Khi d6 abed = +/tgatgBtgngd > 3. ©

Cho x1,x,...,x, la nhitng sb duong va A4, 4,,...,A, la nhiing sb
duong sao cho A; +---+ A, = 1, ta dinh nghia sau :
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Trung binh céng c6 trong sb bdc t, ki hiéu 1a M,, duge dinh nghia
theo cong thic

~|=

M, = (Aax) + Aoxty + -+ + A

v6i moir € R,r #£0.
Trung binh céng trong sé duge dinh nghia bing cong thic

My = Mx1 +Axo+ -+ Auxp.

Trung binh diéu hoa trong sb duge dinh nghia bing céng thiic

1
M_| = .
M A A
71+72_|_..._|_7”
X1 X Xp

Trung binh binh phuong cdn trong sb duge dinh nghia bing
cong thirc

M, = \/Mx% —l—lzx% +-- 4 lnx%.
Néu trong M, ta cb dinh cac x;,xa, .. .,x, thi M, 1a mdt ham lién
tuc theo ¢. Khi d6 ta duing quy téc Lopital c6 thé tinh dudc gisi
han limM, nhu sau :
t—0

limM; = lim (A1x] + 205 + -+ 4+ A,x,) g
t—0 t—0
(A1, + Aox + -+ Ay

=lim| e t
t—0

d
E 11’1(11)611 +12Xt2+‘“+lnxjy,)

=e =0
Mnx; +AInxy +---+ A, Inx,
—e M+do+-+ A

_ MM An
=x1"x7 X
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Do d6 ki hiéu

My =1mM, = xi”x%z .. .x,’}"
t—0

goi 14 Trung binh nhdn trong sb.

Pinh Iy 6.5 (Bt dang thitc trung binh lity thita). Cho xi,x,...,x, la
nhitng sb duong va Ay,As,...,A, la nhiing sb duong sao cho
MAApt- 44, =1 Néutvasla nhirng sb thuc khdc 0 sao cho
s <t thi

, 1 . 1

(Ax} 4+ 2005+ 4+ Aaxs ) < (Ax + Aoxy + -+ Ax) T (6.13)
Chirng minh. Ta xét cac trudng hgp sau :

(D) Néuo<s<t hodc s < 0 < ¢, thi (6.13) nhan dudc bﬁng cach
stt dung bat ding thic Jensen véi ham sb 16i chit f(x) = x5. Thét vay,
néu  aj,a,...,an, A Aa,..., A déu duong sao cho
M+ + A, =1, thi

(May + Aoy + 4 Ayan)* < Aaaj +Aoas + -+ + At

Bang cach chona; =x,a; =x3,...,a, = x}, ta c6 ngay két qua (6.13).

(2) Neus<t<0,thi0< —t < —s, ap dung (6.13) két qua cua

phﬁn truée cho i,i,...,i, ta nhan dudc
X1 X X,
1 1
1\’ DA 1\* 1\ *\ "
(zl () +---+aﬂ() ) g(xl () A, () )
X1 Xn X1 Xn
tlt dy viét lai nhu dang (6.13). ©

Chay: Néu ¢ < 0 < s thi M, < My < M,. Hon nita ta cling co bat
déng thitc sau :
M_y <My <M <M,.
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Bai toan 6.12. Néu a,b,c la nhitng s6 duong, thi

al® 4 p104 10 at+b+c\’
> .
@+ b3+ 3

1
a+b+c

Loi gidi. Dat M, = ( 3 > "' Khi d6 dung bAt ding thitc trung

binh liy thtra ta co6
alO +b10 +ClO — 3(M10)10 — 3(M10)5(M10)5

a—i—b—i—c)s

23MQRMQP_@P+#+é)< 3

Tit d6 suy ra diéu can chitng minh. ©
Bai toan 6.13. Néu a;,ar,...,a, la nhitng sb duong, thi
(1) a'l”r1 todd ! >ay . ag(ag -+ ay);

.. 1 1
(i) a'l’fl—l—---—l—aZ’l >ay...ay <—|—---—|—>.
aq ay

Loi gidi. (i) Dung bat ding thitc trung binh lily thita, ta cb
arf'H —|—---—|—a2+1 = n(Mn+l)n+l = ”(MnH)n(MnH)]
> n(MO)”(Ml)1 =aj...ap(a;+--+ay).

(ii) Chting minh tuong tu phan (i). ©

Dinh Iy 6.6 (Bt ding thitc Halder). Néu p va g la nhitng sb thuc

. 1 . N y
[6n hon 1 sao cho — + — =1va ay,...,a,by,...,b, la nhitng so thuc
P q
(hodc so phitc) khdc 0, thi

1 1

Zlaklbk|s<21ak\”> <Z|bk|q> : (6.14)
k=1 k=1 k=1



6.2. Bit ding thitc quan trong lién quan dén ham 16 199

Pdng thic xdy ra khi va chi khi
ai]” _aof? _ an|”
brle |bale T |byl?

Chitng minh. Ta c6 thé gid st a; > 0 v6i i = 1,2,...,n. Dit
n n 4 \ 4 Py
A=Y l|aj|?vaB=Y |bj|?. Neu A hodc B bang 0, thi hodc la tat ca g;
i=1 i=1
hodc 14 tit cd b; bing 0. Khi d6 hai vé ctia bit ding thic déu bing 0
va bit ding thitc cAn chiing minh 13 diing. Do d6 ta chi xét trudng
. . 1 1 . 4y N
hopA#0vaB#0.DatA =—vad,=—,khido0<A,A4, <1va
p q

, p
M+A=1Talayx; = |A|V3yl— [Bil

, khi do Zx,_lva Zy,_l
Ta xét ham s6 f(x) = ¢* trén (—oo,00). Ham s6 nay 1a ham lo1 chat
Vi f”(x) = " > 0 Vi x € (—oo,00). Sit dung bat dang thitc Jensen cho
hai diém trén

11
xly! = F(AInx + A Iny;) < A f(Inx;) + Ao f(Iny;) = ; + yg
Bét ding thic trén ding v6i moi i = 1,2,...,n va diu bing xay ra
2 . ~ \ 1 A A \ A
khi va chi khi x; = y;, nghia la |Zl||‘1 =2 néu b; > 0, con g; = 0 néu
i

b; = 0. Ta cOng tt cd bat ding thic trén khi cho i =1,2,...,n, ta
nhan dudc

i 2)’:’2

1
q
|bi Iq>

|a1|”:|azl”: _
Bie = oot T [l
©

»Q\'—

1
11 .
i=1 AvBs =1 p
Tt d6 suy ra

n 1 1 n
Y |ail|bi| <AvBa = | Y |a;|?

i=1

<=
PR
Ie1=

Dé théy déng thic xay ra khi va chi khi
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Bai toan 6.14. Néu a,b,c,x,y,z la nhitng s6 thuc duong, n la sb
nguyén duong va (a" +b" + ") = ¥ 4 y" 4 7", thi

n+1 bn+1 Cn+1

+ > 1.
x y Z

a

Loi gidi. Ta c6 dang thiic

an+1 ﬁ " bn+1 ﬁ ; Cn+1 ﬁ "
at+b'+c" = x4 1 4 n+l
= P . y .y ; g

\ A 2 ’ e 1 \
Dung bat dang thiic Halder véi p = nrl va g = Ll =n+1, ta
n

nhan dudc

atl ptl s T .
a”+b"+c”§< + + ) (X" +y"+2")mT,

X y z
Tit d6 suy ra bat dang thitc cAn chiing minh. ©
Bai toan 6.15. Néu ay,...,an,by,...,b, la nhing sb duong, thi
(a1+...+an)n+l arlH-l +“.+a2+1
(b1 +---+by)" — b} b

N, e e \ A 2 7 7,0 1
Loi giai. Ta dung bat dang thiic Halder véi p=n+1,q9 = i, ta
n

nhén dudc

1 1
a'il“l’l n+l n an+1 n+l n_
al_|_..._|_an: m bi1+l+"'+ HT £+I
bl bn

1

anJrl an+l n+l R
<\ =t (b1 +by) T

by by, ’
do do
n+1 n+1
(ar+--+a,)"' < (a}9n+---+ . )(b1+---+bn)",
1 n

Tit 46 nhén dudc bit ding thitc can chitng minh. ©
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‘. ’ 4 4 \ T \
Bai toan 6.16. Neu a,b la so duong, p > 1va x € (0, 5), thi

2p—1
2p

. 1 1 2p 2
a(sinx)? +b(cosx)r < (azﬁ—l +b2p—1)

Loi gidi. St dung bAt ding thitc Halder, ta nhan dugc

1

L L ;
a(sinx)% —|—b(cosx)% < (as—i-bs)% (sinﬁx—i-cosﬁ x)( ,

U . R 2

6 day - +— =1vas, £ > 1. Tachon £ = 2p, ta nhan dugc s = 7p’
{5 2p—1

tir day suy ra bat dang thiic can ching minh. ©

Trudng hop bat ding thic Halder v6i p = ¢ = 2 rt hay dudc st
dung trong thuc té. Bit ding thitc nhu vy c6 tén goi la bat ding
thitc Cauchy-Schwarz.

Dinh ly 6.7 (Bht déng thttc Cauchy-Schwarz). Néu aj,a, ..., an,
by,...,b, la nhitng sb thuc (sb phiic), thi

(lﬁlmubir)z < (gu) (Z rbiP) .

Pdng thitc xdy ra khi va chi khi a;b; = a;b; véi moi i, j € {1,...,n}.
Bai toan 6.17. Hdy tim gid tri 16n nhdt va gid tri nhé nhdt ciia biéu
thitc acos 6 + bsin 6, & ddy 0 < 6 < 27 va a,b la nhitng s6 thuc.
Loi gidi. Theo bit ding thiic Cauchy-Schwarz,

(acos O +bsin@)* < (a® +b*)(cos® O +sin? ) = a® + b°.
Do d6 —va2 +b% < acos +bsin® < a2+ b2. Dezmg thitc xay ra khi
va chi khi asin@ = bcos 6, nghia la tgf = é Ton tai hai gia tri clia
0 € [0,27) tuong Gng bén trai va bén phéiacﬁa dang thic. Nhu vy
gia tri 16n nhit ctia biu thitc 1a va>+b% va gia tri nhé nhit cla
biéu thtic 1a —va? + 2. ©
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Bai toan 6.18 (USAMO 1978). Vdi nhitng sb thuc a,b,c,d,e sao cho

at+b+c+d+e=8vaa®+b>+c?+d>+e* =16, hay tim gid tri l6n

nhat cua e.

Loi gidi. Theo bit ding thiic Cauchy-Schwarz, ta nhan dudc
(a+b+c+d)* <(1P+ 1P+ 12+ 1%)(a* +b* +* +d%).

Do d6 (8 —e)? < 4(16—¢?). Khai trién va rit gon, ta nhan dugc e(5e¢ —

16) <0. Diéu nay nghiala 0 <e < %6 Pang thitc x4y ra véi bét dang

thitc  Cauchy-Schwarz  trong truéng hdp nay la

a:b:c:d:g,enhangiétrilénnhatla15—6. ©

Bai toan 6.19. Néu ay,as,...,a, € R, thi

sing; sinay . ..sina, + cosaj cosday ...cosa, < 1.

Loi gidi. Ta chiing minh két qua manh hon
|sina; sinay ...sina,| 4 |cosajcosay ...cosa,| < 1. (6.15)
V6i n > 2 va v6i moi a; € R, 8 ddy i = 1,2,...,n. Hién nhién (6.15)
kéo theo bt ding thiic cAn chitng minh. Ta chitng minh (6.15) bang
phuong phap quy nap theo n.
V6i n = 2, theo bat ddng thitc Cauchy-Schwarz, ta c6

|sina; sinaz|+|cosaj cosay| < \/sin2a1 +cos2a; \/sinzaz +cosZa, =1.
Nhu véy (6.15) ding v6i n = 2. Gia st (6.15) dang v6i n = k > 2.
Khi d6, v6i axy; € R, ap dung bat déng thitc Cauchy-Schwarz va gia
thiét quy nap suy ra

|sina; sinay . ..sinagsinagy 1| +|cosajcosas .. .cosaycosay |

< \/| sina ...sina|? +|cosay . ..cosak|2\/sin2ak+1 +cos2ay

<|sina;sina;...sinag|+|cosajcosa;...cosai| < 1.
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Do d6 bat ding thitc (6.15) ding véi n = k+ 1, vdy né dung véi
moi n. ©

Pinh ly 6.8 (Bt ding thiic tam gidc Minkowski). Néu p > 1 va
ay,aa,...,ay,by,bs, ... b, la nhitng sb duong, thi

(i(ai+b,~)p> < (Zal’) Ty (Z bf) ; (6.16)
i=1 i=1 i=1

Pdng thitc xdy ra khi va chi khi bi_b_ = @
a) ay ay

p

n 7
Chitng minh. Ddt A = ¥ af. Theo gid thiét ta c6 A # 0. bat A, = aX’
i=1

. by . .
vaxi=— v6ii=12,....n.Khido Ay +2 +---+ A, = 1.
at

l, s A NP . ;
Ta xét ham so f(x) = <1+x1’> v6i x € (0,00). Ta co
1 l—p NP2 15 / N ~ o
@) =L (14x0)" "7 <0, do d6 f(x) 1a ham 16m chat.
p
Theo bit ding thiic Jensen cho ham 16m chit, ta cé

f(llxl +Aoxp+--- +)~nxn) > Aflf(xl) +2'2f(x2) 4 +)Lnf(xn)'

n % P n 1\ P
1+ Zlixi Zzli(lexi") ;
i=1 i=1

thay nhiing gia tri cu thé & trén vio bat ding thic nay, bién d6i va
rit gon ta nhan dude két qua cn chitng minh. ©

6.3. HAM LOI NHIEU BIEN VA NHUNG GIA TRI LON NHAT

Mot tng dung quan trong cta ham 16i 1a ching dat gi4 tri 16n
nhét tai nhitng ddu mat (dinh cuc bién) ctia mién xac dinh.
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6.3.1. Gid tri 16n nhat cla ham 16i dat trén bién

Pinh Iy 6.9. Néu f : [a,b] — R la mét ham 16i, thi né dat gid tri 16n
nhdt tai a hodc tai b, nghia la

f(x) <max{f(a),f(b)}, véi moi x € [a,b]. (6.17)

Chitng minh. Dinh 1y trén dudc mé ti bing d6 thi (Hinh 6.3 va
Hinh 6.4). Piém bét ki x € [a,b] khi va chi khi ton tai A € [0,1] sao

y %
L 2o

b

(Y S

el
Te---------==
De----

el

Hinh 6.3 Hinh 6.4

cho x = Aa+ (1 —A)b. Néu ta dit M = max{f(a), f(b)}, ta nhan dudc
fx)=f(Aa+(1-2)b) <Af(a)+(1—2)f(D)
<AM+(1-A)M =M. ©
Bét dflng thitc (6.17) c6 thé mé rong cho ham n bién. Gia st ta
c6 ham n bién,
F=F(x1,...,%,), X €laj,bi],i=1,2,....n.

Dinh nghia 6.2. Ham nhiéu bién F(x,,...,x,) dudc goi 1a ham i
theo bién x; néu

f(-xk) - F(Xl,. ey Xk—19 Xk s X415+ - - 7xn)
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13 ham 16i v6i moi x; € [ai,bi], i=1,2,....,n, i#k. Diéu nay nghia
13 v6i su ¢b dinh x1, ..., X¢_1,Xk41, ..., %, ta nhin dudc ham sb clia x;
14 ham 16i.

Ngudi ta ki hiéu mién xac dinh cia ham nhiéu bién trén 13
{(xl, . ,xn)|x,~ S [ai,bi],i: 1,2,... ,I’l} = [al,bl] X [az,bz] X ... X [an,bn].
va goi 12 n- khoi hép. Nhitng diém (x;,x2,...,x,) ma x; = a; hoic
x; =b;, i=1,2,...,n dudc goi 1a dinh ctia khéi hép. Nhu viy mot
khéi hép c6 2 dinh.
Dinh 1y 6.10. Néu F(x,x,...,x,) la ham 16i theo moi x; € [a;, bi),
i=1,2,...,n thi

F(x1,...,x,) < max F(t,...,t,). (6.18)
t,‘€{d,’7bl‘}
i=1,...,n
VGl moi (xi,...,x,) € [a1,b1] X [az,by] X ... X [an,b,]. Nghia la, gid tri

16n nhét ciia F(x,,x,,...,x,) phdi dat tai mét trong 2" dinh ciia khbi
hop [a1,b1] X [a,b2] X ... X [an, by)-

Chitng minh. Ta xét ham sb F(x;,xs,...,x,) 16i theo bién x| va 4p
dung (6.17), ta nhan dudc

F(xp,...,x,) < max F(t;,x2,...,%,),
tle{al,bl}

v6i moi x; € [a;,b], i = 1,...,n. Mit khic F(x;,x,...,x,) 1a ham 16i
tuong ung véi x,. Do do

F(t1,x2,...,%;,) < max F(t1,t2,x3,...,X),
nefaz,ba}

v6imoit; € {ay,b1},x; € [a;,b], i=2,...,n. Tt hai bat dealng thic trén
ta nhan dugc
F(x1,x2,...,%;,) < max F(t1,02,%3,...,%,),
z,-e{a,-,b,-}
2

i=1,
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v6imoi x; € [a;,bi], i=1,2,...,n. Lip lai ly luin trén, ta dé dang nhan
duoc (6.18). ©

Dinh ly trén ¢6 tng dung rit 16n dé€ gidi cac bai toan tuong dbi
khé. Dic biét gia tri 16n nhit cta cdc ham nay déu dat tai cic diu
nit cta doan xac dinh céc bién.

Bai toan 6.20 (M§ 1980). Néu a,b,c € [0,1], thi

a b c
1—a)(1—=b)(1—c) < 1.
brerl cqraritarerr TU-al-b)(I-c)<

Loi gidi. Ta xét ham sb

a b c
Fla.b.c) = 1—a)(1—b)(1—c).
(@be)= e erari tazp T -0 =0)(1=¢)

D& thay F(a,b,c) 13 ham 16i theo mi a, b, ¢ (cho nhiing sb khong 4m

AL 1x \ \ 4 (0 AV Xe s . oas

bat ki a va 8, ham so f(x) = la mot ham 16i véi x > 0. Khi do
X

+B

ham sb F(a,b,c) 12 mo6t ham 16i d6i v6i mbi bién khi hai bién kia

cb dinh, vi n6 1 tdng ctia hai ham 15i va hai ham tuyén tinh). Theo
dinh 1y 6.10, gié tri 16n nhit ctia ham nay dat tai mét trong 23 diém
dinh ctia khéi hép [0,1] x [0,1] x [0,1]. TAt ca nhiing diém dinh d6
14 : (0,0,0),(1,0,0),(0,1,0), (0,0,1),(1,1,0),(0,1,1),(1,0,1), (1,1, 1).

Ta suy ra ma[x ]F (a,b,c) =1, gia tri 16n nhat nay dat dudc tai mbi
a,b,c€l0,1
dinh cia hép. Tir day suy ra bt ding thitc can chiing minh. ©

Bai toan 6.21. Cho mét s6 duong a, hdy tim gid tri [6n nhdt ctia biéu
thitc

]ifl(a_al)(a_@)"'(a_ak—l)ak(a—dk+1)'--(a—an),

& ddy ay,ay, ... ,a, la nhiing bién déc ldp trén khodng [0,a.
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Loi gidi. Vi chi sb k, ¢b dinh ay,as,...,a5_1,ak+1, ..., an VA xét biéu
thttc nhu moét ham theo a;. Ham nay 1a ham tuyén tinh theo a, do
d6 n6 c6 gia tri 16n nhit trén doan [0,4] tai mét trong nhitng diém
bién, nghia 12 n6 dat gia tri 16n nhéit tai 0 hodc a. Lip lai Iy luan
cho mbi bién, ta din dén két ludn ring bifu thitc di cho dat t6i
gia tri 16n nhit v6i mot cach chon nao diy cta a; = 0 hodc a véi
k=1,2,...,n.

Néu tht ca a; b??lng 0 hoic néu hai hoic nhiéu hon thé a; b??lng a,
thi t6ng di cho bing 0. Néu mét a; = a va nhiing bién con lai bing
0, thi biéu thitc da cho bing a". Do d6 day la gia tri 16n nhit cla
biéu thitc ta cAn tim. ©

Néu ham 16i x4c dinh trén cic doan thing, thi gia tri 16n nhét
clia né ciing dat tai nhitng diém dau ctia doan thing.

Bai toan 6.22. Cho n la sb tu nhién va x; € [0,1],i = 1,2,....n. Hay
tim gid tri [6n nhdt ctia téng Y |xi—x;l.
i<j

Loi gidi. Ta chd y rang véi a c6 dinh thi ham f(x) = |x —a| 12 mét
ham 16i. biéu nay dé& dang chting minh dugc théng qua dinh nghia
ham 16i. VAy, néu ta cb dinh x,,x3, . .., X, thi biéu thitc di cho 13 mét
ham 13i theo x;, vi biéu thitc 1a mot tc“;ng nhitng ham 16i theo x;.
DE bifu thite dat dugc gié tri 16n nhit ta phai chon x; 1a mét trong
nhiing diém diu ctia doan thing. 1y ludn tuong tu cho cac bién con
lai, cubi cting dua dén gi4 tri 16n nhit cda téng dat dugc khi tit ca
bién x; 12 0 hodc 1. Gia sit p sb trong sb cac bién duge chon 13 0
va n— p sb bién dugc chon con lai 14 1, khi d6 t8ng cé gid tri bang

p(n—p). Ta xét gia tri tdng nhu 1a mdt ham theo p, ta suy ra khi n
2

A g Ny A, x I . n . . N A 12

la so chan, thi gia tri 16n nhat la y dat tai p = 3 va khi n 1a so le,
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n?—1 n+l

thi gi4 tri 16n nhét dat tai p = — ©

Bai toan 6.23. Cho 0< a,b,c,d < 1. Chitng minh rang
(1—a)(1—=b)(1—c)1—d)+a+b+c+d>1.

Loi gidi. Biéu thitc & vé trai bat ding thitc 13 mét ham tuyén tinh
theo méi bién a,b,c,d khi cac bién con lai cb dinh. Vy gia tri nhé
nhét dat tai mét trong hai d4u doan thezmg clia mién x4c dinh, nghia
13 tai 0 hodic 1. Nhu vAy biéu thic vé trai dat cuc tiéu khi ta kiém
tra cac bién a, b, c,d tai 0 hodc 1. Thiy rang néu cé it nhit mét trong
bbn s6 bang 1 thi biéu thiic ¢ gia tri a+ b+ c+d va sb nay 16n hon
1, suy ra ta c6 bat dang thitc ding. Néu tht ca cac sb déu bang 0 thi
biéu thitc vé trai bang 1 va nhu vy bt dang thiic ciing ding. ©

Bai toan 6.24. Cho nhiing sb khéng dm a.b,c,A,B,C va k théa mdn
at+tA=b+B=c+C=k.

Chitng minh rdng
aB+bC+cA < k>

Loi gidi. Bt ding thitc cAn ching minh tuong ducng véi
alk—b)+b(k—c)+clk—a) < k>

Néu ta xét vé trai bit ding thitc nhu mot ham cda q, thi né 13 ham
tuyén tinh. Tt nhitng diéu kién ctia bai ra kéo theo khoang xéac
dinh ctia ham tuyén tinh nay 14 [0,4]. Suy ra d€ dat gia tri cuc dai
clia vé trai ta cAn phai chon a € {0,k}. Lip lai Iy luan trén cho cac
bién b va ¢, suy ra gia tri cuc dai ca vé tri dat dudc khi ta chon
a € {0,k},b € {0,k},c € {0,k}. Kiém tra tdm kha ning c6 thé xay ra
khi chon (a,b,c¢), ta nhin dudc gié tri cuc dai ctia biéu thitc vé trai
13 k2, d6 1a diéu can chitng minh. ©



6.3. Ham I6i nhiéu bién va nhiing gid tri 16n nhét 209

Bai toan 6.25. Cho 0 <x, < 1vdi k=1,2,...,n. Chitng minh rdng

XX+ X, —x1x2- X, <n— 1.

Loi gidi. Ta cb dinh x,,x3,...,x, va khi d6 ta xét ham f: [0,1] — R,
Ff(x) =x4+x24+x3+ - +x, — xx2X3 .. .X,. Ham nay la ham tuyén tinh
theo x, do dé né dat gié tri 16n nht tai mét trong nhiing diém dau
ctia doan [0, 1]. Nhu vy d€ vé tréi cta bAt ding thic da cho dat 16n
nhét thi ta phai chon x; 1a 0 hoic 1. Do tinh dbi x(ing ctia cac bién,
nén két luan nhu véy ciing diing cho cac bién khac. Néu tit ca cac
bién ta déu chon 1, thi ta c6 b4t ding thitc diing. Néu it nhat mét
trong cac bién ta chon béng 0, thi tich ctia chiing bing 0 va téng ctia
n— 1 bién khac nhiéu nhit chi 13 n— 1, diéu d6 chiing té bat ding
thitc da cho la ding. ©

Bai toan 6.26. Hdy tim gid tri I6n nhdt ctia tong
Sy, = a1(1 *az) +a2(1 *613) +--- +an(1 *al),
2 an 1 e
o day 3 <a<1lvéimoii=1,2,...,n
Loi gidi. Biéu thiic da cho 1a mét ham tuyén tinh d6i v6i mbi bién,
nhu vAy gid tri 16n nhit dat dudc tai nhiing diém diu ctia doan

2 > Re 1 +A ~ \ R 7 , .7 .17 A . 1
thang cua moi bién, nghia la biéu thtc c6 gia tri 16n nhat khi ¢, = 5
hoac1v6ik=1,2,...,n.

A r . . \ n ~ , .
Néu g, = 3 véi moi k=1,2,...,nthi §, = T Ta sé€ chiing minh
ring S, khong thé vuot qua sb nay. Néu cb ding m bién a; chon
bing 1, thi m sb hang clia téng bing 0. Ciing nhu vy nhiéu nhit m

A s 1 L 4 N . \
so hang bang X nhitng so hang nay cé dang a; (1 —ay41) véiar =1va

1 Re A \ . 2A / . N A1 Y 1 \ / /
A1 = 5 Moi s6 hang con lai déu ¢6 hai thua s6 bang ;Va do d6 no
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N 1 4 \ J2 A \
bang T Nhu vay tong loai nay 16n nhat Ila

_2 ’ .17 A ) \
m.O—i—%—Fn 4m:Z,suyragiatr;ldnnhatcuaSnla Z ©

Bai toan 6.27. Cho n>2va 0<x; <1véii=1,2,... ,n. Chitng minh
rang

n
(k1 x4+ x,) — (X122 F2x0x3 4+ F2xx7) < [5}

va xdc dinh khi ndo thi ¢6 ddng thitc, & ddy [x] la sb nguyén 16n nhét
khong vuot qud x.

Loi gidi. Ta ki hiéu vé trai clia bAt ding thiic bang S(x1,x2,...,x,).
Biéu thic nay 1a m6t ham tuyén tinh d6i v6i mbi bién x;. Ciing nhu
nhitng bai trude biéu thic dat gia tri 16n nhét tai nhitng diém diu
mut ctia doan [0,1] ctia cac bién. Nghia 1a chi cAn chitng minh bét
déng thitc khi ta chon x; 1 0 hodc 1 véii=1,2,...,n.

Néu cé diing k s6 bién x; bing 0, con n — k nhitng bién khéac bing
1, thi thdy ngay S(xi,x,....x) < n — k va tong
X1X2 + XoX3 + -+ + X,x1 > n— 2k, nén S(xy,x2,...,x,) nho hon hoic
bing n—k — (n— 2k) = k. Nhu vy gia tri 16n nhét cia S nhé hon
hoc bang min(k,n — k), ma né 16n nhét bing [g] . Tir day suy ra véi
n chin, ding thic ding khi (x;,x2,...,x,) = (1,0,1,0,...,1,0) hoic
(0,1,0,1,...,0,1). V6i n 1a s6 1& ding thitc xay ra khi tit ca cac cip
(xi,xi41), i=1,2,...,n gSm sb0val, ngoai trit mot cap chita ca hai
sb 1 (véi quy dinh & day x4 = x1). ©

Bai toan 6.28. Ching minh rdng néu 1 <x, <2,k=1,2,...,n, thi

(£4) (51) <»
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Loi gidi. Dung bit ding thic gifta trung binh céng va trung binh
nhén, ta c6

2
3 n n 1 1 n n 1 n 1
—] <3 +Y —+Y —

Ham s6 f(x) =x+ % 12 mét ham 16i trén [1,2], nhu viy né dat cuc
dai tai mot trong nhiing diém diu cta khodng x4c dinh. Gia tri clia
ham nay tai mdi diém diu cta doan thing xac dinh déu bang 3.
Nhu véy chi ra riang

1 1
n xk+;+;
Y ——F<n,
k=1 3

nhu véy bat ding thiic dugde chitng minh. ©

Bai toan 6.29. Cho aj,ay,...,a;9 la nhiing sb thuc trong doan
[—98,98]. Hdy tim gid tri nhé nhdt ctia biéu thifc

a\ay +araz +---+apai.

Loi gidi. Tong T = ajar + araz + - - + ajoa; 12 moét ham tuyén tinh
theo m&i bién. Nhu véy gia tri nhé nhat dat dudc khi mbi bién 14y
nhitng diém cubi ctia khodng xac dinh. Nghia 14 khi ¢; € {—98,98}
v6i i =1,2,...,19 thi tdng c6 gia tri nhé nhét. Vi cb sb 1& chi sb,
néu ta xem xét chi s6 theo modulo 19, thi ton tai chi sb i sao cho a;
va a;; cung diu. Do dé t6ng nhd nhét 1a —18.98% + 982 = —17.982,
Dang thiic xay ra tai

ag=a3=---=ap9=-98, ap=as=---=ajg=98. ©
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Bai toan 6.30. Cho a,b,c,d,e € [p,q] véi p > 0. Chitng minh rang

11 1 1 1 2
(a+b+tct+d+e)(—+—-+-+-+-)<25+6 r_/1) .
a b ¢ d e q p

Loi giai. Trong nam sb6 a,b,c,d,e néu ta cb dinh bdn sb lai va xem
s6 thit ndm nhu 13 mot bién x, thi vé trai tré thanh moét ham cé dang
fix)=ax+ b + 7 véi a, B, 14 nhitng sb duong va x xac dinh trén
doan [p,q].

Ham f(x) 12 mo6t ham 16i trén doan [p,q], vi n6 13 téng clia mot
ham 16i va mét ham tuyén tinh. Nhu vAy né dat gia tri 16n nhét tai
mot trong nhitng diém diu cta khoadng xac dinh ctia né. Nhu viy
tim gid tri 16n nhét ctia biéu thic 1a cho cac bién a, b, ¢, d, e lai nhiing
gia tri p hoac gq.

Néu c6 n(n < 5) s6 bing p, va 5—n sb bing g, thi vé trai ctia bt
déng thitc bing

n?+(5—n)?+n(5—-n) <Z+Z> =25+n(5—n) <\/§—\/z>2.

Gia tri 16n nhét ctia n(5 —n) dat dudce khi n = 2 hoic 3, trong trudng
hop nay déu c6 n(5—n) = 6 va tit day suy ra bit ding thiic cin chiing
minh. ©

6.3.2. Nhirng irng dung khac

binh ly 6.11 (Bét dazmg thic Kantorovich). Néu pi >0 va
O0<a<x;<b,i=1,...,n, thi

2 2
; a+b a—b
Zple Zp - ;b) (Zpi> B : 4ab X A (sz ij) ’

1 X i=1 xnr=0 \i€X jey
(6.19)

dddy A, ={1,2,...,n} va X,Y C A,.
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Chitng minh. Ta xét ham sb

F(xi,...,x,) = (i{pm) (éi) .

n n
o \ Dj ALY
batM; =) pjx;vaN;=) —,tathayrang
; " ,; xj’
i# i#i

Fx) = (poxi+ M) (2 4-)
1
1
= p; +MiN; + piNix; +PiMi;~
1
Dé théy rang f”(x;) > 0, suy ra f(x) 12 ham 16i. Do d6 F (x,x3,...,x,)
ciing 14 ham 15i theo x;,i = 1,2,....n
Theo dinh 1y 6.10 F(x,x2,...,x,) nhdn gia tri 16n nhét tai mot
trong 2" dinh cta n-hop [a,b] X ... x [a,b]. Do dd

F(x1,...,x gxrunyaign< Zpl—i-bzl?])( ZP1+ ZP;)

XNY=0 i€eX jey ieX ]GY
(6.20)

Ta c6 dang thic sau
1 1
AB= —(A+abB)* — — (A —abB)*
dab AT APB) = g (A~ abB),
ta nhan dudgc

(agpﬁb;m)( ZXpHr Zyp,>
(@6 (& (a= ’
=~ 4ab lei B 4ab ;{p, ij ’

i= jey

Thay két qua nay vao (6.20), ta sé nhin dudc (6.19) 1 diéu can
chitng minh. ©
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Bai toan 6.31. NeuO<a<x;<bh,i=1,2,...,n thi

L | (a+b)? (a—b)? [1—(=1)"
(Z"") <§x>§ b " dab [ 2 }

i=1

Loi giai. St dung dinh ly Kantorovich v6i p; = 1,i=1,2,...,nva tinh
dudc
1—(=1)"
min 1-Y 1| =min(x—(n—x))* = [] .
g <z;f JGZI'V > vel 2
Thay céc gia tri d4 cho va két qua tinh toan trén vao (6.19) cho két
qua can chitng minh. ©

Bai toan 6.32. Néu cdc s6 o, B,y thudc [O, g}, thi

1 1 1
<cosa+cosﬁ+cosy> ( o+ + 7,) §5+3\@.

2 2 2

Loi gidi. T o, B,y € [o,g}, ta c6 %
Y ﬂ]

o
€c0s —,co0s —,cos = € | —,1

2 2 2
2
Thay n =3, a—\zf

b = 1 vio cong thitc ctia bai toan trude cho két
qua can ching minh. ©
Bai toan 6.33. NéuO<a<x; <b,i=1,2,...,n thi
2
! dnab 2
(£) =t

Loi gidi. Ta 14y p; = x; trong cong thiic (6.19), ta nhin dudc

n a+b 2 n 2
(;ﬁ) ne OO0 (;x> 7
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Tir ddy bién d6i vé bat ddng thiic cAn chitng minh. ©

6.4. BAI TAP

> 6.34. Néu ay,az,...,a, la nhitng sb duong va k > p > 0, thi

di+tay <a1+~-+an)k_”
al +--+ay '

n

> 6.35. Cho ay,as,...,a, 12 nhitng s6 khong 4m va A, A,..., A, 14
nhﬁ’ngsédu0ngsaocholl+lz+~--+/ln:1.Néua?1a§2...a%": ,
thi
atar+...+a, > ——.
Tk Ak
> 6.36. Néu a,b,c 1a cic canh ctia mét tam gidc, thi
a . b N c -3
b+c—a c+a—-b a+b—c—

> 6.37. Néu ABC 13 mot tam gidc nhon véi cac goc a,f va y, va
p > 1, thi

() tg?a +tgPB +tgPy > 3/37;
.. a By _3V3
— L <L -
(ii) cos > cos > cos 5 S 73
> 6.38. Cho ay,ay,...,a, 1a nhitng sb duongva s=aj;+a+---+ap.
Chitng minh rang
n2

+ T+t > .
s—ay; S—ap s—a, n—1

> 6.39. Cho ay,as,...,a, 1a nhitng sb duong, m > 0 va
ai ai

A= 4.4 .
may +a+---+ay ai+ax+--+may




216 Chuong 6. Ham 16i va nhiing gid tri I6n nhat

Chting minh rang

() Néume 0,1 thia> "

n+m—1’
n

(ii) Néum € [1,00) thidA < ———.
n+m—1

> 6.40. Cho aj,ay,...,a, la nhiing ) duong sao cho ajay...a, =1
va dits=14a; +as+---+a,. Chitng minh rang

1 1
+oot

. <1.
s—a; S—ap s—day

> 6.41. Cho f: [a,b] — R 14 ham 16i. Khi d6 v6i moi x, y, z thudc [a, b],
ta co

3 3

2303 (5))

> 6.42. Cho a,b,c thudc [0, 1], ching minh rang
1 n 1 n 1
l+a+b 1+b+c 1+c+a

1[f<x>+f<y>+f<z>1+f(”W>

+ k(1 —abc) <max{1,3+k}.

> 6.43. Cho a,b,c thudc [1,2], chitng minh rang

1 5 9
(a+5b+9c) (++> <225.
a b ¢
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7.1. LOI GIAI VA GOI Y BAI TAP CHUONG 1

> 1.23. Loi gidi. (a) Pat.” = {n| neNva7"+3n—1:9}. Dé dang
thiy ring 0 € .7. Gid stt k€ .7, nghiala k e Nva 7 +3k—1:9, ta
phai chiing minh k + 1 € .. Théit vy,
T 43k +1)—1=77+21k—7— 18k +9
=7(7*+3k—1)—9(2k—1).
Vé phai cta diang thic trén chia hét cho 9, suy ra

71 4 3(k+1)—1:9. Nghia la k+1 € .. Theo Dinh ly 1.2, ta ¢6
% =N.VAy 7" +3n—1:9 v6i moi n € N.
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(b) Hoan toan tuong tu nhu phﬁn trén.
Dit.& = {n| neNva3*2481—9:16}. Dé dang thiyrang 0 € .¥.
Gid st k €.7, nghiala k € Nva 3%*+2 4 8k—9: 16, ta phai chiing minh
k+1 € .. That vay,
32FNH2 L Q(k4+1)—9 = 3%+2.9 4 72k — 81 — 64k + 80
=9(3%+2 1 8k —9) — 16(4k —5).

Vé phdi cla ding thttc trén chia hét cho 16, suy ra
3%+2 1 8k—9:16. Nghialak+1€.7. Theo Dinhly 1.2, tac6 .¥ = N.
Vay 32"t2 481 —9: 16 v6i moi n € N. ©
> 1.24. Loi gidi.

(a) Phuong phdp quy nap todn hoc theo ménh dé:
Buédc co s6: V6in =0, ta c6 4°+15.0— 1 : 9, ménh dé ding.

Budc quy nap: Gia stt v6i n = k da c6 4% 4 15k —1: 9. Ta chitng minh
ménh dé cling ding véi n = k+ 1. That vy,

4L 15(k4+1) — 1 =454+ 60k — 4 — 45k + 18
= 4(4" 415k — 1) —9(5k —2).

Theo gia thiét quy nap thi vé& phai ctia dang thitc chia hét cho 9.
Nén suy ra 471 +15(k+ 1) — 1 ciing chia hét cho 9. VAy ménh dé cin
chting minh dung v6i moi n € N.

Phuong phdp phdn tit cuc bién: Gia st ¢6 sb tu nhién n € N ma
ménh dé khéng ding. C6 thé c6 mét sb sé n nhu vy, ta chon sb ny
nhé nhét trong cac s n ma ménh dé sai (diéu nay 1am dugc vi theo
nguyén 1y thit tu). S6 ny khéng thé 1 0 hoic 1, vi nhiing gia tri nay
ctia n thi ménh dé dling. V6i ng — 1 thi 40! +15(ng— 1) —1: 9. Khi
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do
4" 4 1509 — 1 =4""14460(ng — 1) — 4 — 45ny + 63
=4(4™ 1 £ 15(np—1)—1) —9(5n9 — 7).

Ta thdy 47 + 1500 — 1 chia hét cho 9 diéu nay vé ly v6i cach chon ng
& trén. Suy ra khéng ton tai n € N ndo ma ménh dé khong duing.

(b) Chitng minh hoan toan tucng tu nhu (a). ©
> 1.25. Loi gidi. (a) Phuong phap quy nap khong ap dung truc tiép
dugc cho viée chitng minh bt ding thitc trén. Ta chiing minh bét
déng thitc mé réng hon mét chit thi dude. Ta chiing minh bat ding
thic sau:

a+l+y/a+2+--+Va+tn<a+3 (7.1
v6i moi sb nguyén duong n va a € [0, ). Ta chitng minh bang phuong
phap quy nap:

Buéc co sé: V6i n = 1, bat ding thitc (7.1) ¢6 dang va+1 < a+3,
tuong duong véi a+1 < (a+3)2 < 0 < a® + 5a + 8, diéu nay ding
v6i moi a > 0.

Budc quy nap: Gia st (7.1) dang véi n = k va v6i moi a € [0,). Ta
chiing minh né ciing ding v6i n = k+ 1. Do d6 né ciing ding néu ta
thay a bang a+ 1. Do d6,

\/a+2+ a+3+-+Va+tl+k<a+d.

Ta cdng vao hai vé bt ding thic trén dai lugng a+ 1 thi

a+1+\/a+2+ a+3+---+va+1l+k<2a+5,
nghia la

\/a+1—|—\/a+2—|— a+3+--+vVa+1+k<V2a+5.
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Tir bat ding thitc trén, ta suy ra (7.1) diing v6in=k+ 1 néu v/2a +5 <
a+3 v6i moi a > 0. Bit ding thitc nay ding vi né tuong duong véi
2a+5 < (a+3)% hodc 1a 0 < a® + 4a + 4, bt ding thitc nay 13 hién
nhién. Suy ra bit ding thitic cin ching minh ding véi moi n va
a > 0. Khi d6 chon a = 0 ta nhin duoc két qua cin chiing minh.

(b) Chiing minh hoan toan tuong tu nhu phin (a). ©
> 1.26. Loi gidi. Hién nhién ta c6 ding thiic
k—bVk
V= : (7.2)
Vk—b

Ta dit b = [V/k]. Vi k khong phai 12 sé chinh phuong nén ta ¢6 b <
Vk<b+1nghiala 0 < vVk—b < 1.

.2 > \ A A ~ 2 \ o u , X A 2 A
Gia stt vk 1a mot so hitu ti, va dit vk = — c6 mau so nhé nhat v
1%

trong cac phin s thda man ding thitc trén. Khi d6 tit (7.2) ta cb

Vi — kv —bu

u—bv
n6 c6 mau sé u—bv = v(vk—b) >0vau—bv <vvivk—b < 1. Mau
thudn véi cach chon v 13 miu sb nho nhét. ©

> 1.27. Loi gidi. B8 dé: Cho s la sb nguyén duong. Chitng minh rdng
moi doan |s,2s] chua lily thita cua 2.

Thét vy, néu s 12 lity thita cda 2 thi b8 dé da dugc chitng minh.
Néu s khéng 1a lity thita ctia 2 thi né phai nam gifta hai sb liiy thita
lién tiép ctia 2, nghia 13 ton tai mot s6 nguyén r sao cho 2" < s < 2711,
Suy ra 2"+ < 2s. Do d6 s < 2'*! < 25 cho ta két qua mong mudn.

Ta sé chitng minh bai toan bang phuong phap quy nap. Trudc
tién ta chling minh rang 1 nam trong tip .#, sau d6 ta sé chiing
minh ring moi lity thita ctia 2 cling nim trong tap nay va cudi cling
ta sé chting minh nhitng sé khong phai lity thita cia 2 cling nim
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trong tap nay.

Tt . 14 tip khac réng nhiing s6 nguyén ducng, theo nguyén
Iy thit tu ton tai phin t& nhd nhit, cho d6 13 a. Theo gia thiét [\/a]
cling ndm trong tip .#, nhung \/a < a, diéu niy nghia ld a = 1, con
nhiing gia tri khac sé mau thuln véi viéc chon a. Diéu nay chi ra
rang 1 thudc .. Tit 1 thudc ., theo gia thiét thi 4 ciing thudc ..
Tit 4 thube .4 suy ra 4.4 =42, ... cling thudc tap .# Bang cach nay
ta nhan dugc tit ca cac s6 c¢6 dang 4" = 22" n = 1,2,... déu nim
trong .# . Nhu vAy tét ca lily thita ctia 2 ning lén bac chin déu ndm
trong ./ .

Tir gia thiét, ta c6 [v/227] = 2" cling nam trong .#, suy ra lity thita
2 ning 1én béc 18 ciing ndm trong .. Tém lai, tit ca liiy thira cia 2
déu nam trong ..

Gia st n € N khoéng nam trong tip .. Khi d6 n khong thé 13 liy
thita ctia 2. T n & .# ta suy ra riang khong sb nguyén ndo trong
Ay = [n2,(n+1)?) thubc .#, vi mbi phén ti clia y € A thda man
[\/y] = n. Tuong tu khong ¢ phan tt z € [n*, (n+1)*) thudc .#,(néu
trai lai thi sé suy ra z thudc A;, v6 Iy). Bdng quy nap ta c6 thé chiing
minh ring khéng c6 phan tt ndo trong khoang A, = [n2, (n+1)?)
thuoc ..

Ta sé chitng minh rang nhitng khoang nhu vy dt 16n dé chting
chtta ca lity thita ctia 2, do dé nhan dudc su v ly véi gia thiét trén
rang khong c6 phan tit ndo ctia A, thudc .. Ta xét ham sb f: R% —
R nhu f(x) =log, x, day 1a ham tdng va do d6 log,(n+1) —log,n > 0.
Te ham s6 g: R — R’ nhu g(x) =27 la ham giam, v6i s6 nguyén
duong @ 16n k ta c6

2% <logy(n+1) —log,n.
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Diéu nay kéo theo

(n+1)% > 20
Nhu véy khoang [n**,2n%] dugc chiia trong [n2', (n + 1)2). Nhung
mdi khoang c6 dang [s,2s], 6 ddy s 1a mét sb nguyén duong, déu
chtia lily thita cia 2. Nhu vay ta nhan dugc diéu vo ly:.
Cht y: Dung két lun cda bai toan trén dé chiing minh bét ding
thtic Cauchy: Cho ay,as, . ..,a, 12 nhitng sb thuc khéng 4m. Khi d6

{'/alaz...anga1+a2+m+an. ©

n
> 1.28. Ggi y: Dua vao dinh nghia trong bai.

> 1.29. Ggi y: Xét sb nguyén duong nhé nhét trong ..

7.2. LOI GIAI VA GOI Y BAI TAP CHUONG 2

> 2.37. Loi gidi. D& thiy x = y = z = = 0 12 mét nghiém ctia phuong
trinh. Ta sé chting minh ring d6 13 nghiém duy nhét ctia phuong
trinh da cho. Gia st phuong trinh ¢6 nhiing nghiém nguyén khac
khoéng, tit nguyén ly thtt tu ta c6 thé chon dude nghiém nguyén
(x0,Y0,20,20) sao cho |xo| ¢ gia tri nhd nhét trong nhiing gia tri ¢
thé c6 clia nhitng bd nghiém. Ta c6

7(x(2)+y(%) = z%—&-tg (7.3)

suy ra z3 va 3 déu chia hét cho 7, suy ra zy va fy ciing chia hét
cho 7. Dat zo = 7z; va tg = 7t VGi z1,1; € Z. Thay cac gia tri nay vao
(7.3) ta nhan dudc

B HyE =70 +1). )
Ly ludn tuong tu nhu trén ta cling c6 xo va yo chia hét cho 7. Ta dat
xo = 7x1 VA yo = Ty1 v6i x1,y1 € Z. Thay cac gid tri nay vao ding thic
sau cung, ta nhan dugc
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T(xt+y3) =22 +1f.
Suy ra x,y1,21,t clng la nghiém ctia phuong trinh da cho. Nhung
ol

lx1| = = < xo, diéu nay trai v6i cach chon xy. Do dé phuong trinh
khong c6 nghiém nguyén duong. ©

> 2.38. Ggi y: Thuc hién giéng nhu bai toan 2.4.
> 2.39. Loi gidi. Cho P 1 diém xa nhét
d6i v6i diém O trong n diém da cho.
budng thing OP va thém hai dudng
thang tao véi n6 nhitng géc 60° di qua
O (Hinh 7.1) chia mit phang thanh 6
phin. Dudng tron tim P phl nhiing

diém (tt n diém da cho), ma ching

Hinh 7.1

nim trong hai tit nhitng phan nay. Trong

mbi phan con lai ta chon diém cach xa O nhét. N6 1a tAm cla hinh
tron pht tit ca nhitng diém trong phan nay. Bén hinh tron méi phii
bbn phan va hinh tron du tién ta chon pha tit ca n diém di cho 1a
nam hinh tron. ©
> 2.40. Loi gidi. D& thiy phuong trinh di cho ¢6 nghiém (0,0,0,0).
Ta sé chitng minh rang d4y 1a nghiém nguyén duy nhét cia phuong
trinh dé cho. Ta c¢6 dung b8 dé sau day:

BG dé: Néu ki, ks, ...k, la nhitng sb nguyén khéng dm khdc nhau va
X1,X2,. .., X, ld nhitng sb nguyén khéng chia hét cho c, thi

HFxy+Foxy 4+ oy, #0. (7.4)

Chitng minh b4t ding thiic trén ciing ding phuong phap dai lugng
cuc bién. Gid st k 1a sb nhé nhit trong cac sb k;
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(i=1,2,...,n). Taco
fxy 4+ Poxy 4+ -4 Frx, = N (x1+ ki, o4 ck"_klxn).

Tét ca sb hang trong ngodc nhon & vé bén phai ding thic diéu chia
hét cho c trit s6 hang ban d4u, béi vi k; —k; > 0 v6i i # 1. S6 hang
dAu tién theo gia thiét x; khéng chia hét cho c. Suy ra tdng nay khac
khéng, vi & £ 0, nén bt ding thiic (7.4) 1a ding. B6 dé da ching
minh.

Gia st nhiing sb nguyén x,y,z,u tao thanh nghiém cta phuong
trinh (2.10). Ton tai nhitng sb nguyén khong am k, £,m,n sao cho

x=2%, y=2, z=2"z, u=2"u,

& day mbi sb trong cac s xi,y1,z1,u; 12 sb 1é hodc bing 0.

Thay x,y,z,u vao phuong trinh (2.10) va bién d6i vé dang

2yt g gHF2E gl 4 odni3 4 (7.5)

Nhiing s6 4k, 4042, 4m+ 1, 4n+ 3 13 khéic nhau, vi ching chia cho
4 ¢6 sb du khac nhau, vi thé x; =y, = z; = u; = 0. That vy, néu mét
s6 nao dé6 trong cac $6 x1, y1,21,u1 kKhac 0, thi ching la nhitng s6 18
va dezlng thitc (7.5) trai véi két qua ctia bd dé.

Nhu véy suy ra chi c6 nghiém duy nhitx=y=z=u=0. ©
> 2.41. Ban doc tu giai.
> 2.42. Loi gidi. Ta tudng tuong nhitng diém da cho nam trong mot
hé toa do va chon diém bén trai nhit, cho dé 14 P, nhu 13 mét trong
hai diém x4c dinh dudng thing (c6 thé ton tai hai difm bén trai
nhét, khi d6 ta chon 14y mét trong chiing).

Ta dit hé toa d6 vudbng goéc véi diém gbe 1a Py, truc Pix theo
huéng tit tri qua phai va truc Py theo huéng tit duéi 1én trén. Sap
dat nhiing diém con lai theo day tang P, P;,..., Py, o tuong Gng
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vGi goc dinh huéng P, P, dudc tao véi truc Pix v6i i =2,3,.., 2n+2
(Hinh 7.2). biéu nay c6 thé 1am dudgc vi khong c6 ba diém nao thing
hang va cac gbc nim gitta —90° va 90°. Néu ta chon dudng thing
13 PP, ,,, thi P,, Ps,...,P,,| nam trong goc tao bdi P, P,,» va nita 4m
caa truc Py, va P, 3,Piiay ..., Popio nim trong goc tao bbi PP, ,va
nita duong cta truc Py, nhu vy hai tip diém nay tach nhau béi
duong thezlng P\P,,», ma P, va P,;» 1a hai diém c6 tinh chét ta mong

mudn. ©
> 2.43. Loi giai. Ta ki hiéu
va sip xép lai nhitng sb da e
chon: Y Ps
on: ag > a; >ax > - > .
a9. Khi d6 cé nhiéu nhét
20 sb vudt qua ap (do la Py
nhitng s6 16n nhit va sb P, /
16n thit hai trong mbi hang), 0 P e
A ° 3
nhu vay a¢ > 80. Tuong tu P
nhu vay a; > 72 (l4n nay T2

gbm s6 16n thi nhét, s6 16n
thit hai trong mdi hang va Hinh 7.2
nhiing phan t@ trong hang chitia ao c6 thé vuot qué a;). Do dé
ag+ay+---+ag > 80+72+ (a9 +7) + (ag +6) +---+ao
= 8ag + 180.
Trong khi d6, hang chita sb a9 c6 t6ng nhiéu nhit 12
100+99+ag + (ag — 1) +-- -+ (a9 —7) = 8ag + 171,
ma né thue su nhé hon téng cta tht cd a;, i = 1,2,...,9 (day 13 hang
trong bang ta cin tim). ©

> 2.44. Loi gidi. Cho n sb va sip xép theo thit tu ting
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ar<ar<...<a, VOii= 1,2,...,ndats; =qay +ar+---+a;vaSy=0.
TAt cd nhitng t6ng nay déu khéng vust qua S,. Ki hiéu 7 1a mét trong
nhitng téng nay va véi mot i thich hop, ta c6

Sio1<T<S;.

Ki hiéu C; 1a nhém cac téng T déuthéamans; | <T <S;. D& théy co
n nhém nhu vay. Ta sé chiing minh rang cac nhém nhu véy cé tinh
chét ta mong mubn. b€ chitng minh diéu nay ta chi cin chting minh
bat dang thic sau 1a dt: 1S; < T < S;. Thét vay, tit S;_ < T < ;. Bat
déng thitc
ap +a2+---—i—a,~_‘1 =S..<T

va thf tw a; < a» < --- < ay chi ra rang téng T chta it nhét mot sb
hang a; v6i k > i. Khi d6 vi a; > a;, ta cé

Si—T<Si—Si-1=a;<a<T,
ma né cung véi T < S; kéo theo ménh dé cin chitng minh. ©

> 2.45. Ggi y: Lam nhu bai toan 2.30.

7.3. LOI GIAI VA GOI Y BAI TAP CHUONG 3

> 3.32. Goi y: Chiing minh rang néu day cung ngin nhét trong sb
cac day cung khong phai 1a dudng kinh, thi né khong thé di qua
trung diém clia bét cit day cung nao khac di co.

> 3.33. Loi gidi. Gia st ngugc lai va cho k 13 sb nhé nhat ma khing
dinh cfia bai toan 13 sai. Diéu nay nghia 1a dung dugc it nhat k + 1
tam giac c6 dinh trong k diém. T nguyén ly Dirichlet suy ra ton tai
mot diém A ma né 1 dinh ctia it nhit hai tam gidc. Gia st ABC 1a
tam gidc thtt nhit. Cé it nhdt mét trong nhitng dinh B va C 14 dinh
clia tam gi4c thtt hai, ma né dugc ki hiéu 1a ABD. Néu ACX 14 tam
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giac thit ba thi X = D. Nhu véy tam gidc thit tu phai chita B hoac C,
diéu nay khong thé dude. Do dé néu A va B 1a nhitng dinh cta hai
tam gi4c thi chting 14 nhiing dinh cta tit ca bbén tam gidc.

Gia st A la dinh cta ¢ tam giac (¢ > 4). Nhitng tam giac nay cé
dang ABA|, ABAs, ..., ABA,, & day tit ca nhiing difm A, A,,... A,
1a d6i mot khac nhau. Hién nhién khong c6 kha ning tam giac dang
BXY, & diy X va Y 1a nhitng diém khac nhau thudc A;,A,, ... A,.
Tam gidc BA;Aj va A;AjA,, cling khong ton tai. Khi d6 nhiing diém
A,B,Ay,A;,... A, 1a nhiing dinh ctia nhitng tam gidc ABA;, ABA,,
..., ABA,. Bang cach nhu véy ta dung 7 +2 diém va nhan dugc r tam
gidc. Khong c6 kha ning ¢ +2 = k, bdi vi tit ca nhiing tam giac 1a
t < k. S6 nhitng diém con lai 14 kg = k—¢ — 2 va v6i ching dung dudc
it nhit k+ 1 —1 > ko tam giac sao cho khong cé hai tam giac trong
chting ¢ ding mét dinh chung. Nhitng tam giac tao ra nhiéu hon kg
di€m, va nhu vy ko > 4. Ta tim dudc sb ko < k ma ménh dé khéng
dtng. Diéu nay trai véi cach chon k. ©
> 3.34. Loi giai. Vi M 12 tAp hop
hitu han nhimg  diém 0y
(Hinh 7.3), nghia la n6 bi chédn
(nam trong mot hinh tron), suy
ra ton tai duong thing ¢, sao cho

tAt cd nhitng diém thudc M nim /A o
toan bd trong mot nita mit phang to !
d6i v6i fo. Ki hiéu nhitng diém

da chola A ,As,...,A,. Vi ching Hinh 7.3

12 hitu han, nén ton tai mdt hodc
mot sb diém ma né gan nhit dén 4. Qua mot trong cac diém nay,
cho 4614 A}, ta ké dudng thang ¢, ma ¢, //{,. Trén ¢, sé chita tt ca
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nhitng diém thudc M ma ching c6 khoang cach bang ding khoang
cach tit A; dén 4. Ta c6 thé cho ring A; 13 mdt trong nhitng diém
cubi trén ¢, (sau diém nay khéng cé diém khéc nita).

Dbi v6i A, trén ¢, ta chon mot huéng duong. Tt ca nhitng diém
con lai 1a hitu han va ndm vé cling mét nita mit phang dbi véi ¢;.
Ta xét tt ca cac goc Am, 4 day A; € M va A; € £,. Tu nhiing goc
ndy sé c6 mot goc b s6 do (hoidc mot sb goe) 1a nhd nhéit. Ta cho dé
la Amfr Qua nhiing diém A; va A, ta ké duong th:flng 4>. Tt cach
dung dudng thing ¢, suy ra tAt ca nhitng diém trong tip M niam
trong cing mot nita mit phang bd £,. Ta lai cho ring A, 13 diém
cubi trén dudng thing ¢, va vi diém cudi khac 13 A}, ta ¢6 thé chon
chiéu tir A; dén A, 1a chiéu duong. Bay gid ta lai xét tit ca nhiing
gbc clia nhitng di€m con lai trong M d6i véi tia A1A,, tit diy bang
cach 1ip lai cach 1am nhu trén va tiép tuc nhu vay.

Nhiing buéc thuc hién trén cé thé chi thuc hién hitu han l4n, béi
vi s6 cac diém di cho 13 hitu han. Cudi cling ta nhan dudc mét da
giac 16i (hoic 13 doan théng) chita tip hop M, diéu nay dudc suy ra
tlt cach dung cac dudng thing (o, 1,4, .. .. ©
> 3.35. Loi gidi. Ta sé chitng minh bing phuong phap quy nap. Véi
n =4 ménh dé ding. Gia st ménh dé ding véi n > 4 nio dé. Ta sé
chiing minh ring ménh dé ciing ding v6in+1. Cho A1, A,, ..., Ap, Apii
trén mit phang sao cho moi bén diém déu 13 dinh ctia mét tit giac
16i.Theo gia thiét quy nap, nhitng diém A,,A,, ..., A, 13 dinh ctia m6t
da giac 161 W.

Ta gid stt W ¢6 chu vi 16n nhét trong nhitng da giac 16i tao ra béi
n diém nay (vi s6 diém 14 hitu han va ta c¢6 thé chon dudc cac diém
thich hop sao cho ching 14 dinh ctia da giac 16i 6 chu vi 16n nhét).
Diém A, ,; khong nam trén cac canh clia da gidc W, vi khong c6 ba
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diém nao thing hang. Diém A, ciing khéng nim bén trong W, vi
diém bit ki bén trong W sé ndm trong mét tam giac, ma né dudc
chia bdi da gidc W theo cac duong chéo ctia né. Diém A, khong
thé ndm trong tam giac nay (vi moi bon diém tao ra cac dinh mot ti
giac 161). Nhu vay diém A, nim ngoai da gidc W. Ta xét nhiing géc
16i ¢ dinh tai A, , cac canh di qua cac dinh ctia da giac W. Vi tap
hop tht ca nhiing gbc nhu vy hitu han, nén trong chiing c6 gbc 16n
nhét. Gia st géc d6 1a o = AkA/,,Jr\lAg Bén trong cla géc a chita tat
ca cac dinh ctia da giac W, loai trit A, va A,. Trong tam giac T ¢ cac
dinh Ay, A/, A, khong chita mot dinh nao cua W ngoai A, va Ay, boi
vi nhiing diém A; (i £ k,i# 0, i #n+1) va Ay, Ay, Anyy theo gia thiét
13 dinh cta tif giac 16i. Suy ra A; va A, 14 hai dinh ké nhau ctia W,
cho do6 la ¢ = k+ 1. Nhung khi d6 A1,As, ..., A, Apr1,Axst,---,Ay 12
day dinh cta da gidc W; dudc tao thanh bdi da giac W va tam giac T.

Ta sé chitng minh ring da gidc W, 13 16i, nghia 13 moi doan thang
¢6 hai diu ndm trong W; thi ca doan thudc da gidc nay.

Cho M va N nam trong da giac W,. Khi d6 c6 mot trong hai
truong hgp sau xay ra:

(a) Cac diém M va N hodc nam trong da giac W, hodc nam trong
tam giac 7. Khi d6 ca doan thing MN hoic chita trong W, hoic chita
trong 7 va suy ra ching nam trong da giac W;.

(b) Mbt trong nhiing diém nay vi du nhu M nam trong W, bén
ngoai T, con diém khac N nidm trong 7 bén ngoai W. Doan thing
MN nam trong gbc 16i o va nhitng diém nbi nim trong hai phin ma
ArAgs chia ra mién déng . Suy ra doan thing MN giao v6i doan
AjApy tai di€m P nao do.

Doan thang MP chtta trong da giac W, doan thang PN chita trong
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tam gidc T. Nhu vdy, mdi doan thiang nay déu nim trong W, suy ra
ca doan MN ciing nidm trong W;. D6 1a diéu cin chiing minh.  ©
> 3.36. LOi gidi. Ta 14y mot dudng thing ¢ bit ki trong mit phing va
chiéu vudng géc tht ca cac da gidc xubng dudng thing nay. Ta nhin
dugc hitu han nhitng doan thing trén dusng thang, vi moi cip hai
da giac déu c6 diém chung nén mdi cip doan thing déu cé diém
chung.

Ta xét nhitng diu nat bén trai clia nhitng doan thing nay va
chon trong d6 diém vé phia bén phai nhit (chd ¥ ta phai quy dinh
huéng cia dudng thing thi méi tim dude diu nat bén trai hoic
bén phai). Piém nhén dudc sé ndm trong moi doan thang, vi thé ké
dudng vudng géc voi ¢ tai diém nay sé giao voi tat ca cac da giac da
cho. ©
> 3.37. Ldi gidi. Cho trén mit phing 1000 doan thing. Ta liy duong
thang bét ki ¢ khéng vudng gbc v6i bat cit dudng thing niao chia
doan thing da cho va chiéu vudng gbc tit ca dau nut cta cac doan
thang trén dudng thing ¢. D& thiy ring nhitng diu nit cta doan
thang dugc chiéu xubng dudng thing ma & phia bén trai nhit, khong
thé thuc su ndm trong mot doan thang nao khac. biéu nay vé 1y, suy
ra khong c6 tp hop doan thing nhu bai da cho. ©
> 3.38. Loi gidi. C6 hai kha ning cho bén diém trén mit phing c6
thé xay ra:

1. Cac diém tao thanh mét da gidc 16i ABCD. Ta chon géc 16n
nhét trong s6 cac goc & dinh clia ti gidc. Gia st d6 13 goc ABC. Khi
d6 ABC > 90°, nghia 14 tam gidc ABC khong phai 13 tam gidc nhon.

2. Piém D nim trong tam gidc ABC. Ta chon géc 16n nhét trong
cac gbc ADB, BDC va ADC. Gia stt d6 14 géc ADB. Khi d6 ADB > 120°,
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nghia la tam gidc ADB la tam giac tu.
Ta sé chiing minh rang nhiing
phuong 4n khac phan b8 bbén diém
khong co6. Thét vay, nhiitng dudng
thang di qua hai trong ba diém da

cho chia mit phing thanh 7 phin ) 6 7
(Hinh 7.4). Néu diém thé tv ndm
trong phén thit hai, thi tu hoic thit
sdu, thi ta lai ¢6 tinh thé thd nhit
d4 xét & trén, con néu diém thit tu ndm & cac phan tht nhét, thi ba,
tht nim va thit bay, thi ta lai c6 trong tinh thé th( hai 6 trén.  ©

Hinh 7.4

> 3.39. Loi gidi. Hinh chit nhat véi cac dinh tai cac diém (0,0),
(0,m), (n,0), (n,m) canh nam ngang c6 dé dai n, con canh thang
dting bang m. Ta chon hinh chit nhit cé canh nim ngang nhd nhét
tit tdp hop da cho nhitng hinh chit nhét. Gia st canh thing diing
ctia hinh chit nhét nay bang m;. Ta xét moi m; tit nhitng hinh chit
nhét con lai. C6 hai kha ndng xay ra:

1. Nhitng canh thing ding cla hai hinh chi nhat déu bing m;.
Khi d6 mot hinh chit nhéat sé chia hinh kia.

2. Céc canh thing diing clia tAt cd cac hinh chit nhat déu khac
nhau. Khi d6 canh thing ding clia mét trong nhitng hinh chit nhat
16n hon m, vi thé n6 chta hinh chit nhét ¢6 canh nim ngang nhé
nhéit. ©
> 3.40. Loi gidi. Vi sb diém d3 cho 13 hitu han n, ta c6 thé 14y hinh
tron chita tit cd nhitng diém nay. Ta lam nhé ban kinh ctia hinh tron
ndy v6i kha ning c6 thé. Gia st R 1a ban kinh hinh tron nhan dudc.
Trén bién cda hinh tron chita it nhét hai diém di cho. Trudc tién
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xét trén bién c6 hai diém A va B chia bién lam d6i. D& thiy ring
n6 13 hai diu nat ctia dudng kinh ctia hinh tron. Ta liy diém thi
ba C trong sb diém di cho. Ban kinh nhé nhéit ctia hinh tron chta
ba diém A,B va C bang R, vi thé R < 1. Bay gi6 ta xét trudng hop
trén bién clia hinh tron ¢ ba diém A, B va C. Khi dé tam giac ABC
13 nhon, vi néu ngudc lai thi c6 thé gidm dudc ban kinh hinh tron
chtta tit ca cdc diém. Vi thé trén co sé ban kinh nhé nhit cda hinh
tron chita ba diém A, B va C bang R.

Cubi cling ta xét trudng hop trén bién cta hinh tron cé it nhét
bbn diém trong cac diém da cho. Gia st ay, 0, ..., o, 13 d6 do cung
ma cac cc diém trén dudng tron di phan ra. Néu téng d6 do cla
hai cung lién tiép khéng 16n hon 180°, thi chiing ¢6 diém chung. Ta
sé chitng minh ring v6i n > 4 luén ludn tim dugc hai cung lién tiép
nhu vay. That vay, gia thiét ring oy + ap > 180°, ap + 03 > 180°, ..,
o, + o > 180°. Cong theo vé clia tit ca bit dang thitc trén ta nhin
dudc 2(oy + 0 + -+ o,) > n.180°, nghia la 4.180° > n.180°. Ta co
diéu vo lIy.

Nhu vay trén bién ctia hinh tron ta nhan dugc hodc 13 hai diém
d4 cho 6 hai ddu dudng kinh, hoic 1a ba diém trong cac diém di cho
la dinh cia mot tam giac nhon. Nhitng trudng hop nay thi da xét 6
trén. ©
> 3.41. Loi gidi. Ta xét tit ca nhitng dudng tron ma né di qua hai
diém canh nhau A; va A;;; va mét dinh A j sao cho Am 1 < 90°.
Ton tai it nhat mot dudng tron nhu vAy. That vAy, mot trong nhiing
g0C AiA; 2A; 1 Va A 1A;A; > nho hon 90°; trong trudng hop thi nhét
ta dat A; = A;y», truong hop thi hai ta dit A; = A;. Ta chon trong
nhitng dudng tron nhu viy (v6i tit ca i va j) mot duong tron S c6
ban kinh 16n nhét; gia st dudng tron chon dé di qua A, A, va Ay.
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Ta gi st dinh A, nam trong dudng tron S. Khi d6 diém A, va A,
nim vé& cung moét phia cla dudng thing A4, va
Aﬁk\Az < Aﬁp\Az < 90°. T dinh ly sin suy ra ban kinh dutng tron
ngoai tiép tam gidc AA »A2 16n hon ban kinh dudng tron ngoai tiép
tam gidc A;AzA>. Ta nhin duge diéu vo 1y, vi dudng tron S c6 ban
kinh 16n nhét chta tit ca nhitng da giac A, ...A,.

Gia st cu thé A;h\Ak < Al/Az\Ak. Chting minh rang khi dé A, va
Ay 1a nhitng dinh canh nhau. Néu A, # A3, thi

180° — AyAsA, < AyA A, < 90°,

vi thé ban kinh clia dudng tron ngoai tiép tam gidc A»A3A; 16n hon
ban kinh dudng tron ngoai tiép tam gidc A1A,A;. Ta nhan dude su
v6 1y vi dudng tron S di qua ba diém canh nhau A, A,,As. ©

7.4. 101 GIAI VA GOI Y BAI TAP CHUONG 4

> 4.34. Bai toan giai tuong tu nhu bai toan 4.2.

> 4.35. Ggi y: Trudc tién ta chia mot cach bit ki thanh hai nhém
nghi si. Néu trong mdt nhém nao dé, & nghi si A ¢ khéng it hon 2
ngudi ban thi sb ngudi ban cta éng 4y trong nhém khéac khong 16n
hon 1. Vi thé sau khi chuyén A sang nhém khac, sb cc cip ngudvi
ban bén trong nhém gidm di thuc su. Su chuyén d6i nhu vy tiép
tuc cho dén khi diéu kién bai toan khéng thuc hién dugc.

> 4.36. Goi y: Trong bude t6 mau lai cac diém "dic biét", s6 nhiing
doan thang c6 hai mau khac nhau & hai d4u it nhit gidm di 1.

> 4.37. Ban doc tu giai.

> 4.38. Loi gidi. Ta c¢6 f(ng+ 1) = f(no+ f(no)) = f(ny) = 1. Do dé
f(n) =1v6i moin > ny. bat ¥ = {njn € N*, f(n) # 1}.
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Néu .7 = 0, thi bai toan di dudc gidi.

Ngudc lai, gia st .7 # 0. Vi . 1a m6t tip hitu han, nén ta goi
m 12 sb 16n nhit trong .. Khi d6 f(m+ f(m)) = f(m) # 1. Do d6
m+ f(m) € .7, nhung m+ f(m) > m, diéu nay vé 1y véi tinh chét cuc
dai cia m. Do d6 S =0, f(n) = 1 v6i moi n € N*. ©
> 4.39. Loi gidi: Loi gidi. Tt ddng thiic da cho lién hé véi ding
thiec:

1 1 1 n
ﬁ—kﬁ—km—kn(lﬂ—l) T+l
Dang thitc goi ¥ cho ta ham sb f : N* — N* ¢6 dang f(n) =n 12

nghiém ctia bai toan. Ta sé chiing minh chi c6 ham sb f(n) =n 1a

nghiém cta bai toan.
f(f(n))
fln+1)

d6i bai toan dang xét thanh bai toan 4.28.

Ta thay n = 1 vao dang thitc d cho f(£(1))f(1)=1.Do d6 f(1) =
1. Ta thay hai gid tri n va n+ 1 14n lugt vio déng thiic di cho, rdi rit

Mt khéc ti sb goi ¥ cho ta vé bai toan trudce. Ta sé bién

gon, ta nhéin dugc ding thitc

£ ) 1 FUfn+ 1)

o+ D) T Dt~ fnr2)

Dang thic trén tuong duong véi

FUF)fn+2)+1=f(f(n+1))f(n+1).

Ta thay rang f(n+1) =1 kéo theo f(f(n+1)) =1 (do f(1) = 1).
Do dé f(f(n))f(n+2) =0, diéu nay vo 1. Suy ra f(n) > 1 v6i moi
n>1.

Ta sé chiing minh f(f(n)) < f(n+ 1) bang quy nap toan hoc. That
vy, bit dang thic ding v6i n =1, vi f(2) > 1 = f(f(1)).
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Gia st f(n+1) > f(f(n)), khido f(n+1) > f(f(n))+ 1. Do vy

SUM)f(n+2)+1> f(f(n+ 1) f(f(n) + £ (f(n+1)).

Vin+1>1,tacod f(n+1) > 1, nhu vay f(f(n+1)) > 1, diéu nay kéo
theo f(n+2) > f(f(n+1)).

Do d6 ham sb théa man f(n+1) > f(f(n)) v6i moi n € N. Tit day
ap dung két qua bai toan 4.28 ta c6 ham phai tim. ©

7.5. LOI GIAI VA GOI Y BAI TAP CHUONG 5

> 5.33. Ggi y: Hay ching minh

fa+28) ~f() __ fxr+2"6)~ f()
2 == 2" ’

flx468)—fx) <
a<x+2"§ <b.Cho d— 0.
> 5.34. Goi y: Trudce tién giai bai toan voi tit ca cac sb cé dang 22,
& day n 1a mét sb nguyén. Sau d6 gidi bai toan cho tit ca cac sb co
dang g, m 12 mot sb nguyén va n 13 mot sé nguyén khong Am.
> 5.35. Ggi y: St dung 13p lai su chia d6i: Chon ntta bén phai cta
doan th:fmg néu ton tai mét diém x trong no sao cho f(x) > 0, ngudc
lai chon ntta bén trai. P6 chinh 14 day 16ng nhau nhiing doan thing
[a1,b1] 2 [az,b5] D --- héi tu téi diém c. Chl ¥ ring véi mbi n tdn
tai mot diém y, trong [a,,c]| sao cho f(y,) > 0. Sau d6 chting minh
flc)=0.
> 5.36. Ban doc tu giai.
> 5.37. Loi gidi. (a) Ta xét ham s& F(x) = f2(x)f(1 —x). D& théy
F(0) = 0= F(1). Theo dinh Iy Rolle tén tai mét sb ¢ thudc (0,1) sao
cho F'(c¢) = 0. Tit d6 suy ra 2f(c)f'(c)f(1—c)— f*(c)f'(1 —c) =0,
theo gid thiét f(c) > 0. Ta nhan dudc 2f'(c)f(1—c) = f(c)f (1 —c¢),
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tlt 6 suy ra két qua can chting minh.
(b) Tuong tu phan trén xét ham F(x) = f3(x)f(1 —x) ©
> 5.38. Loi gidi. (a) Ta xét ham sb

fx) =x>—2x"4x.
Ta ¢6 f(0) =0 = f(1). Theo dinh ly Rolle ton tai mét sb thuc
d € (0,1) sao cho f'(d) = 0, nghia la phuong trinh da cho
5x* —4x+1=0cbdnghiémlad c (0,1).
(b) Ta xét ham sb

a0 ) An  p41
A4 I A L
f(x) 1x—|—2x + +n+1

Do gia thiét ctia bai toan f(0) = 0 = f(1). Theo dinh 1y Rolle ton
tai mot sb thuc d € (0,1) sao cho f/(d) = 0. Tit d6 suy ra d chinh 1a
nghiém ctia phutong trinh chiing ta can chitng minh. ©
> 5.39. Loi gidi. (a) Gia st phuong trinh c6 hai nghiém tré nén. Khi
d6 ton tai x;,x, € [-1,1] sao cho f(x;) = f(x2). Theo dinh Iy Rolle
tdn tai ¢ € (—1,1) sao cho f/(c) =0, nghia 1 f/(¢) = 3¢2 —3 =0 suy
ra ¢ = +1. Diéu nay v6 ly véi viéc tdn tai c. VAy phuong trinh c6
nhiéu nhat mot nghiém khoéng phu thudc vao b. ©
> 5.40. Loi giai. Ta xét
flx)=2"—1—-x%

Ta c6 f/(x) = 2°In2 — 2x vA f"(x) = 2In?2 — 2 va f"(x) = 2°In32 >
0 v6i moi x € R. Tt d6 suy ra f”(x) = 0 khong cé nghiém, vi vay
f'(x) = 0 ciing khéng ¢ nghiém va cubi ciing 14 f(x) = 0 khéng c6
nghiém (do nhan xét 6 phan trén). ©
> 5.41. Loi giai. Nhu hé quad cua dinh ly Rolle, phuong trinh
f(x) =0 c6 n+1 nghiém khac nhau thi f'(x) = 0 cling ¢ n nghiém
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khac nhau,va f”(x) = 0 cling phai ¢6 n — 1 nghiém khac nhau, ...,
tiép tuc nhu vdy dén f®(x) = 0 phai c6 1 nghiém. Ma
f"(x) =n(n—1)...2.1a, = 0 khi va chi khi a, = 0. Tt day suy ra
FrD(x)=(n—1)(n—2)...2.1a,_; = 0 khi va chi khi a,_, =0, tiép
tuc nhu vay, ta nhan dudc a, , =0,...,a; =0, tit day suy ra ap = 0.
©
> 5.42. Loi giai. Do f'(x) = af(x) nén nghiém cta f(x) = 0 cling
1a nghiém ctia f/(x) = 0. Néu ta ¢6 hai nghiém bét ki ctia f(x) = 0:
x1,X%2 (x; < x2) sao cho f(x;) = f(x2) =0, theo dinh ly Rolle ton tai
¢ € (x1,x2) sao cho f'(c) = 0. Theo nhan xét trén f(c) =0, tu d6 suy
ra két luan ctia bai toan. ©
> 5.43. Ggi y: Chiing minh bang quy nap theo n.
> 5.44. Ggi y: Xét biéu thtic

(2 —1)" = (x—1)"(x+1)".

Chitng minh theo quy nap rang dao ham béc k ctia (x—1)"(x+1)" ¢6
n— k nghiém bdi 1 va cé n — k nghiém bbdi 1a —1, va it nhit k nghiém
khac nhau gitta —1 va 1.

>5.45. Trd 16i: a=—1,b=0; a = 1,b bat ki.

> 5.46. > 5.47. > 5.48. Ban doc tu giai.

> 5.49. Ggi y: (b) D& dang kiém tra tht cd ham c6 dang
Acosx+ Bsinx théa mén phuong trinh y” +y = 0. Cho f(x) 1la mot
nghiém. Ta phai chiing minh f(x) phai c6 dang f(x) = Acosx-+ Bsinx.
Viy can thiét chi ra A = f(0) va B = f/(0). By gi0 ta xét F(x) =
f(x) = f(0)cosx — f(0)sinx. St dung phan (b) cho F(x) bang cach
dung F(0) =0=F'(0).

> 5.50. Ban doc tu giai.
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7.6. LOI GIAI VA GOI Y BAI TAP CHUONG 6

> 6.34. Loi gidi. Dung bat ding thic liy thita d€ gidi, dit

1
at DI at ? ,
Ml‘ — <1—i_n—i—n> . Ta co

dy + a5+ -+ dy = n(M)* = n(My)? (M)

m+m+%yp

> n(M,)P (M) P = (af +-- +ab) < -

Tit d4y suy ra bat dang thitc cAn chting minh. ©
> 6.35. Loi gidi. Dung bat ding thitc trung binh céng-nhin, ta c6

a+ax +-- +an—l1(ll>+lz (7LQ>+ A (l)
M @ v a An 1
> -n > -
() +(3) m(E) Z Rk

Ding thiic xay ra khi va chi khi
a a4

A s
Trong trudng hgp nay tu al a2 ...a;}" =1suyraag = ﬁ VvOi
e
k=1,2,...,n. ©
. ”. . a b c .
6.36. Loi giai. bat A =
> L s a b+cfa+c+afb+a+bfcVa

1 L A s
5(a—|—b+c). Ta xét ham so f(x) = Y v x < s. Do
s—x

o 28
f (x)_ (S—X)3

dezlng thitc Jensen ta nhan dudc
a b c

>0 v6i x < s, nén f(x) 1a ham 16i chit. Theo bat

>6

s—a s—b+s—c
Tit 46 suy ra A > 3. Dang thiic xay rakhiva chikhia=b=c. ©
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> 6.37. Li gidi. (i) Xét ham sb f(x) = tePx v6i x € (0, g) p>1.Vi

\ 1 A: 1w A T N1 AL 322 s A
f"(x) >0, nén f(x) 1a ham 10i chét trén (0, 5) va bat dang thiic can
chiing minh suy ra tu bAt dealng thitic Jensen véi A; = A, = A3 = § va
X1 =0,x=B,x=7.

(ii) Xét f(x) = In(sinx) v6i x € (0, 7). Vi f"(x) =

f(x) 1a ham 16m chit trén (0, ). Dung bét dang thitc Jensen, ta nhan

dudgc
: . . o'+ B+
Insina’ +1Insin B’ +Insiny < 31ns1n#
& day o ,B’,y 1a cac gbc clia mot tam giae. Bat dang thitc trén cd

thé viét lai 1a
3

sina’sin B’ siny < (f
ThaAly o = g - %, B = g b ,Y *g 3 vao bét ding thiic trén va
nhan dudc
. /moaN . (m B\ . /T vy 3\f
Sm(z N 2>Sm<2 N 2>Sm(2 _z> 8
Do do /3
a Y _3v3
- Ll AP
€08 €08 7 OS5 < —

©

> 6.38. Loi gidi. Ta xét ham sb f(x) = > yéix<s.Tach f(x)>0
s—x

trén (—oo,s) suy ra f(x) 1a ham 16i chit. Dung bat dang thiic Jensen

ta nhan dudc
2

I s n
'y = -y >" @
ni=s— 3 ni=s—ax  n—1
n

> 6.39. Loi gidi. Xét ham sb f(x) = vOi s+ (m—1)x > 0.

_r
s+ (m—1)x
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B~

12 ham 16m néu m € [1,).

ta thiy rang f 1a ham 16i néu m € [0,1] va

Néu m € [0,1]. Theo bét déng thitc Jensen, ta c6
ai+ax+---+ay

n
Z >n n .
=1 1) s+(m_1)u

n
LAy s=aj+- -+ ap tacd s+ (m—1)a; >0v6ik=1,...,n. Do d6
aj a n
may +az+---+ay ai+ay+---+ma, ~ m+n—1

Néu m € [1,00) thi ta c6 bat dang thitc ngudc lai vi ham f 13 ham
16m. ©
> 6.40. > 6.41. > 6.42. > 6.43. Ban doc tu giai.
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