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LOI NGO

Chiing t6i tiép tuc Epsilon s6 nay bang mot 18i ngd dic biét: 18i tam tinh ctia thay Dao Hai Long
danh cho céc hoc sinh Viét Nam vira dat két qua xuét sac & Ky thi Olympic Toan quc té 2022.

Chic mung cac em ve€ thanh tich xuat sac cua minh. Piéu d6 ciling c6 nghia tif nay, cac em s€
phai doi dau véi nhiéu 4p luc. Minh muon néi véi cac em diéu nay:

- Hay dé€ tai ning, thanh tich 13 cdng cu dé chiing ta c6 thém su tu do, chi diing dé ngudi khac
bién né thanh xiéng xich trén ngudi minh.

Hoi minh di thi, c6 nhiéu nha bdo dén nha mudn khai thac khia canh me don than, bién minh
thanh tim guong nghéo vuot khé. Minh bio ngay:

- Ngheo bay gid khong c6 tién di hoc thém thi khé ma vao doi tuyén diy!

Thé 1a cic anh chi nha bdo nan, bé di hét. Mot 1an khac, tra 18i phdng vin vé mo uéc tuong lai,
minh noi:

- Em mudn 1am mot con ngudi hanh phic trong mot dit nuée thinh vuong!

Sau d6 c6 mot anh chang nha bdo viét bai “ché” minh, vi khong chiu “truyén cam hiing” 16n lao
hon cho cac ban tré. Minh ké.

Da phan nhiing tung hd clia ngudi doi danh cho cc tAm guong xuét sac trong moi lanh vuc xuét
phat tf su ti nanh clia nhiing c4 nhan tim thudng, ho mudn dung nhitng thanh tich dé d€ buoc
nhiing ké may man kia vao nhiing ky vong, nhiing “cdi hop” ma ho tu dit ra (ki€u nhu hoa hau
ngt khong dudc dang chan), d& kim hiam su tu do ctia nhiing ké d6. Can cin than v6i nhiing su
kim ham Ay, nhiéu khi chinh ti gia dinh ban bé minh.

Khi cho con minh chdi tennis, ching n6 sau hai nam c6 thanh tich kha tt, vuot qua nhiéu ban
c6 diéu kién, tap thay chuyén nghiép di 4,5 nim. Nhung minh khong bao gid hoi ching né
“hém nay con ddnh thing hay thua?”. Minh bao: - Céc con c6 thé ty thiy diy, rit nhidu ban
xung quanh, Ty hay Tau, bi rang budc vao nhiing muc tiéu, gidc mo vao trudng tot, hay theo
quan vot chuyén nghiép, hoic thang nhiéu gidi, dudc xép hang cao, v.v. Vi thé cic ban y ludn
rit cang thang. Ddi v6i b me, tai ning don gian 1a cho cac con thém su lua chon. Khi c6 tién,
céc con c6 thé chon chdi v6i ngudi gidu hay ngudi ngheo. Khi ¢6 tri tué, cdc con ¢ thé dam dao
véi gido su hay nong dan déu ung dung ca. Khi choi gidi, di vdi nhém nao cic con ciing dudc
né trong va chao don. Vay thoi.

Néu cdc em mudn tré thanh nha Todn hoc trong tuong lai, qué tot. Chi can nhé riang d6 khong
phéi 13 rang budc. Nim nay My c6 mot cau dat huy chuong vang qudc té 1an thi 4! Trude doé
ciing c6 mdt cau nhu vay, Reid Barton, nhung gid da bd Todn sau khi 1am tién si. Ky luc 1a
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Canada cling c6 mot cau, thi to nam 16p 7, dugc 5 vang va 1 bac (!), nhung cting khong di lam
Toan. Nghe néi sau khi vao hoc Princeton ciu di that vong vi minh ciing chi binh thudng. Dé
hi€u thoi vi nhitng sinh vién khac khong di thi quéc t& nhung ho di viét bai bdo nghién citu tir
nam 13, 14 tudi.

Day 1a My, Canada. Con bén Anh thi ¢6 ciu John Rickard, 3 1an huy chuong vang (2 lan tuyét
d6i) va 3 1an dudc gidi thudng dic biét cho 15i gidi xuit sic! Mot ky luc cho dén nay van chua
ai vugt qua. Nhung khi vao hoc Toan thi ciu ciing thit vong, vi su xuét sic va 16i suy nghi dic
biét ctia cAu khong dugc miy ai d€ y va chim chit. Cau bé hoc va mét sém vi bénh & tudi 40.

PE tré thanh nha Toan hoc chuyén nghiép, va c6 thé sdng tdt, séng tu do bang nghé, doi hdi tai
ning, st dam mé dai han, va kha nhiéu may man nita. Ciing nhu nhiéu nganh nghé khéac. P6 1a
mot diic an hiém hoi clia cudc doi. Vi thé, cic em hay cii thodi m4i tim huéng di cho minh. Bién
thanh cong hién nay thanh cong cu d€ md that nhiéu cnh ctia cang tét, trdi nghiém that nhiéu
thd. Nhé 12 nhiéu khi phai “huin luyén” ca gia dinh minh cdch séng véi ap luc ctia ngudi doi
nua.

Khong c6 gi quy hon doc 1ap tu do! Cac em can hoc cach bao vé su tu do ctia minh, bat dau tir
gidy phut nay.

Va bay gid, mdi ban doc dén vé6i Epsilon 21!
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LuUc CORIOLIS VA LICH SU DONG CHAY
SONG HONG

Nguyén Lé Anh

GIOI THIEU

Day 1a s6 thi 10 lién tuc ching toi ludn ding chuyén muc pham phd lich st théng qua tu
duy 16-gich va phuong phdp suy luan khoa hoc. Chiing t6i mudbn gidi thiéu v6i doc gia
chiing ta c6 thé 1am dudc nhiing gi véi tu duy toan hoc, thong qua nhiing nghién cidu miét
mai clia nha toan hoc Nguyén L& Anh. Trong s nay, ching téi tiép tuc ding nhiing ghi
chép ctia dng, nhitng nd luc khong ngiing nghi ciing vdi nhitng kham pha méi. Pay ciing
12 18i kéu goi cong ddng trong viéc cling chung tay xdy dung mot tai lidu lich st cho dan
toc ching ta - dan tdc Viét Nam.

Trong s6 nay, chiing ta hdy cling nhau xem lai lich st song Hong, cting khdam pha vi sao
dd cong clia dong chdy song doan chdy vao Ha Noi va chdy ra khoi Ha Noi déu c6 dang
chéy theo cung dudng tron c6 ban kinh nhu nhau. Vi sao chiing 1a cic vong tron gan giéng
nhau?

* Tua bai do Epsilon dat.

Dong chdy ctia dong sdng phu thudc vao nhiéu yéu td. C6 yéu t6 1a cic ring da ngam nho ra,
c6 yéu td 12 do nguyén ly "bén 18 bén bodi", c6 nguyén nhan 1a do luc ma ching ta goi la lIuc
Coriolis.

Nguyén ly "bén 16 bén bdi" 1a ham y dong nuéc hiic vao phia bd bén nay rdi lao vé phia bd bén
kia. P4y 1a do nguyén ly phan luc ctia dinh luat 3 Newton. Dinh luit 3 néi ring "dong nudc tic
dong mot Iuc vao bd bén nay, tiic hiic vao bd, thi bs sé tac dong mot luc vao dong nuée. Luc Ay
bang véi luc dong nuée hiic vao bd nhung ngudc huéng. Phan luc ddy dong nudc hiic sang bo
phia bén kia". Phia bd bi nudc hiic vao thi bi 18, phia bd dbi dién van téc dong nude cham hon
nén phil sa boi. Cti nhu thé ma tao ra cdi "bén 16 bén bdi" nbi tiép nhau.

Phan hinh dang dong song do cic ring d4 ngam thi cAn phai nghién ciu ciu tric dia chét.
Khoang 90 triéu nim vé trudc luc dia An Do dam vao phia nam luc dia A-Au khién cho ving
dAt phia nam luc dia A-Au dang cao thanh cao nguyén Thanh Tang. Phan gidp ch dam nhau Ia
ddy ndi Himalya, ndi c6 dinh Everest cao nhét thé gi6i. Luc dia An Do chim xudng bén dudi,
tao thanh dong bang An chay tir Pakistan t6i Myanmar. Pong bang An la chan cda cao nguyén

6
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Thanh Tang noi c6 rat nhiéu song chiy xuong Chinh vi thé ma noi day c6 nhiéu cay cbi va cac
loai tom cua bc c4. Trong qua trinh luc dia An b6 dam vao ph1a nam luc dia A-Au luc dia An
Do hoi dam hoi chéc vé phia Pong Bic va ddy cic Vung dit noi nay 1én cao tao ra cac vong
cung cao nguyén Van Nam. Cung thoi gian luc dia An Do ciing chén ép luc dia Pong Nam A
khién cho cho luc dia Déng Nam A bi nho 1én thanh céc day nii Hoang Lién Son kéo dai thanh
day Trudng Son. Phin luc dia phia nam luc dai A-Au bi luc dia Pong Nam A hiic ma thanh cic
vong cung 1a cac diy ndi thuoc vong cung Pong Triéu. Nhu thé séng Hong va vét clia luc dia
Pong Nam A chén vao phia nam luc dia A-Au. Vung dit hai bén song Hong thudc vao hai luc
dia khac nhau. O giita, nhu niii Lucng Son, Ctic Phuong... 12 do macma bi dun 1én ma thanh.
Chiing 1a cdc d4 bi nguoi dan va bi bién dang do luc dia chén ép. Céc loai d4 nay rat cing va c6
thS, nén c6 thé dap vo chiing ra thanh cic manh lam dao rit sic. Pay 12 nguyén nhan vi sao viing
nii Luong Son cho téi Nii Do 1a thd phii clia ngudi tién st 12 t8 tién clia ngudi Viét ngay nay.
Nhu chiing ta d4 n6i Hoa Binh va Quang Ninh 12 & hai luc dia khac nhau. Phin & giita chiing
la cac day nui nhu day Tam DPao, va vong cung Chi Linh - Cén Son - Thuy Nguyén - Cat Ba -
Quan Lan - Tra C8. Phan cudi ctia cic diy nii c6 cAu triic 12 cdc ddo nhu & Vinh Ha Long, nhu
& ving Tam Céc Bich Pong. Pay 1a viing thuin 1di cho ngudi tién st va ngudi dan sinh song.

Phan nii phia cubi ctia diy Tam Do 1a Séc Son. Phu sa boi nhiéu ma cac dinh ndi thip nay chi
con cao nhu san nha. Chiing tao ra sy ngoan ngheo ctia dong chiy sdéng Ca Lo.

Phan nii tif Ninh Son kéo ra tdi Sai Son, chua Thay 1a ddy nii thip. Chinh n6 khién cho dong
chdy ctia song Hong tao ra song Ddy. Phan phia gan Hat Mon 14 phan cudi cla diy ndi ngam
Ninh Son, Sai Son, chua Thay. D6 1a nguyén nhan vi sao ma khu vuc nay khong bi dong nudc
song Hong thiic cho thanh "bén 16 bén bdi".

Trudc khi di tiép ching ta ding lai vai gidy dé€ néi vé lich st. Vao khodng 140 nghin nim vé
trude, muc nude bién xudng rat thap. D6 1a do khi hau tr lanh (theo chu ky Milenkovich). Nuéc
déng bing & hai cuc qua nhiéu khién cho muc nu6c bién ha thip hon ngay nay khoang 120m.
Nhu thé lugng mua cang it hon. Ving Chau Phi han han kho hanh x3y ra khién cho cic loai
Hominin, tdc tién than clia gidng ngudi hién nay, bd chay ra cic viing khac nhau trén thé gidi.
Chiing 12 Neaderthan va Demisova. Vao kho4ng 80 nghin nim vé truéc muc nudc bién ciing ha
thip nhu vy va d6 1a thdi diém ngudi Homosapien roi khéi chau Phi qua bién D6. Dong ngudi
Homosapien da di cu tit Trung A doc theo dong bing An D6 ven chan cao nguyén Thanh Tang,
va khoang 30 nghin nim vé trudc ho téi ving Pong Duong. Ho néi bang ngon ngit Munda, 1a
tién than ctia ngdn ngi tiéng Viét ngay nay. Phia dudi viing cao nguyén Khorat ctia Thdi Lan 1a
mudi. C4c con song tif cao nguyén Van Nam chdy xudng vao mua mua hoa tan mubi, vé mua
kho cic viing nuéc mudi uSp ca thanh mam. Nudc mam da dudc hinh thanh nhu vay tir khi
chua c6 con ngudi sinh séng. Ngudi tién st 12 t3 tién truc tiép clia ngudi Viét da sinh sdng &
viing Pong Duong. Ho da dun nuéc min & ving Khorat dé 14y mudi. Ngay nay cong viéc nay
van con duy tri. Do viéc dun nu6c mudi ma cong nghé nung d6 gdm da hinh thanh i rit sém.
Vung Letpadaung 12 mé dong 16 thién. Nhu thé ma cong nghé luyén kim dong da xuat hién noi
day. Ngudi ta tim thiy & di chi khdo Ban Chieng ri dong va 10 nung dong tit hon 4500 nim vé
trude. Noi diy ciing tim thiy hil dit nung c6 chia théc hat véi nién dai 4500 niam. Khoang 5000
nim cho t6i 3500 nim vé trudc, do truc t quay ctia Trai DAt bi 1éch ma cac ludng gié mua trén
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khap trai dit bi thay d6i. Gié mua thay d6i khién cho cic viing mua thuin gi6 hoa bi héa thanh
sa mac kho cin, va ngudgc lai. Vao thdi gian iy ving sa mac Sahara la ritng rim nhiét d6i mua
nhiéu. Vao sau 3500 nidm vung Babilon trd nén kho cin, khién cho ngudi dan ndi dy phai di
cu, bat dau su phan chia ton gido Babilon thanh Do Thai Gido va Balamon gido. Vao khoing
thé ky thi 8 tru6c Cong Nguyén Balamon giao chuyén héa thanh But Gido. Kho4ng 5000 nim
cho t6i 3500 khu vuc cao nguyén Khorat trd nén kho han, lugng mua chua téi 20cm mdt nam.
Cac nghién ciiu tif viéc khoan ming dd & cac hang nhu hang Thap Ludng ciing khang dinh diéu
4y. Cu dan (ngudi tién st 12 t& tién truc tiép clia ngudi Viét) & ving Khorat di cu vé phia bién.
Ho mang theo cdng nghé diic dong tinh x4o. Phai sau Cong Nguyén, ngudi Théi 6 cao nguyén
Van Nam méi di cu t6i dinh cu & ving Thai Lan va Lao. Nhu thé viéc nghién ctiu céc giai doan
tién st clia ngudi Viét can phai dugc tién hanh & toan bo khu vic Pong Duong.

Tuy rang dong nudc chiu tic dong clia cac day da ngam va quy luit "bén 16 bén bdi", nhung
dong nudc chi c6 khi ¢6 luc tdc dong. Luc thif nhit tao ra van tdc chay 1a su chénh nhau vé cao
do ctia thugng nguodn con sdng véi ha ngudn. Luc thit hai 12 Iuc Coriolis. Luc Coriolis 1 hé luy
ctia tbc do dong chay khi n6 chdy tit ndi cao hon téi ndi thip hon. Nhu thé dong chay phu thudc
vao do cao gitta thuong ngudn va ha ngudn. Do cao nay ngudi ta tinh dua trén khai niém 12 cao
so v6i muc nude bién. Muc nudc bién 12 mot khai niém. Trén thuc té nude bién dang va ha theo
thdi gian, chang nhiing theo ngay ma con theo mua, theo niam... Hon thé nita, & nhiing viing sau
trong luc dia thi khong c6 nudc bién. Khai niém muc nudc bién dudc hiéu 1a muc nudc trung
binh theo thdi gian. Khai niém muc nudc bién & cac viing siu trong luc dia dudc hiéu 1a néu
chiing ta c6 mot cdi 6ng nhua tron din nudc ndi mot cdi ho & sau trong luc dia vao vé6i bién thi
muc nudc hd khong thay ddi. Nhu thé muc nudc bién & cac viing khac nhau trén thé gidi ducc
hiéu theo nguyén tic binh thong nhau. Viy muc nudc bién 1a mot quéa cau nudc tinh. N6 khong
gibng mit dit. Nhu céc ban biét, Trai D4t c6 dang mot hinh gan nhu hinh cau, ban kinh 6350km.
Ban kinh nay dudc tinh ra. Eratosthenes sinh vao nam 276 tru6c Cong Nguyén. Vao nam 245
trudc Cong Nguyén, Eratosthenes 1a thu thu cua thu vién Alexandria. Khi § trong thu vién 6ng
nghe ngudi ta khdo nhau "¢ Syene c6 thé'nhin thdy duoc cdi kim dudi ddy giéng". Eratosthenes
suy nghi va di t6i k&t luan, s di ngudi ta nhin thiy cai kim dudi ddy giéng 1a do miit trdi chiéu
thang goc t6i bé mit trai dat. Diéu nay thi khong c6 & Alexandria, tiic mit troi chiéu nhung &
Alexandria céc tia sang khong thang géc véi mit dat. Eratosthenes da dit & trong san thu vién
Alexandria 1am mot cdi chdo hinh nitta mit ciu va do vét trén ddy chio clia cdi que cim vudng
gbc téi tAm ctia mit cAu. Eratosthenes hinh dung trdi dAt nhu mot hinh cau rat 16n, ti phép dong
dang ma o6ng 4y da tinh ra dugc ban kinh trdi dat 12 6350km.

Eratosthenes ciing da tinh todn dudng kinh ctia Mit trdi, khodng cach tir Trai DAt t6i Mit Tring,
t6i Mt Trdi, goc 1éch clia truc tu quay trai dat, tinh ra mot nim c6 365 ngay va cif sau mdi nim
thu tu thi sé c6 366 ngay. ...

Trai dat tu quay n6 va chuyén dong quanh mit troi. Truc t quay va truc quay ctia né quanh mit
trdi 1éch nhau mot géc vao khoang 23.4°. Huéng quay déu cling 12 ngudc chiéu kim dong ho.
Nhu thé c6 mot thdi diém van tdc tuong dbi clia ching rat chim. Van tdc quay cham thi thoi
gian mit trdi chiéu sdng ban ngay s& dai hon. Ngay hom 4y s& dudc coi 12 ngly néng nhit ctia
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ca nam. Ngudi xua goi né 1a Ha Chi, tifc ngay gitta miia he. O phia Bic ban ciu thi ngay ha chi
1a 22-6 (duong lich). O vao giita trua ngay Ay tai vi tuyén 23°27°s mit troi chiéu thang géc.

Truc tu quay cta trai dt 1éch v6i truc ma né quay quanh mit trdi mot géc khoang 23.4°. Do
léch nay thudng xuyén thay d6i véi chu ky 41 nghin ndm. Khi géc 1&ch it thi dudng di ciia mit
trdi chi yéu 1a & vung xich dao. Vung xich dao rit néng, nhung & cic vung dat  hai phia cuc
Trai DAt tré nén lanh gid. Bing dong nhiéu téi mic muc nude bién ha thip. Tham thuc vat thay
ddi. Cac loai dong thuc vat ciing chiu chung s6 phan. Khi hau trén trai dat phu thudc khong chi
vao khu vuc dudc mit troi chiéu, tiic do 1éch clia truc tu quay, ma con phu thudc vao viéc quy
dao quay cua trdi dat bi cdc hanh tinh khac kéo ra xa hay ddy vao gan mit tri. Cac chu ky y
dudc Milenkovich tim ra, va chiing c6 thé tinh ra dugc tif co hoc Newton. Ngudi ta da khoan
bing dé tim hiéu tinh hinh thdi tiét ciia qua khit. O mot sb vung cuc Bic, luong tuyét roi kha
déu. Ctt mdi nim vao mua he thi tuyét hoi tan ra thanh mot 16p bing méng. Cac 16p tuyét va
bing xen k& nhau, hét nim nay qua nim khac. Dudi siic ning cac 16p nay bi nén lai. L6p bing
thi c6 mau trong do khi di bi tho4t ra khi tuyét chdy, con cac 16p tuyét thi c6 mau hoi duc vi cac
bot khi van bi giif lai  bén trong. Bing viéc dém cac 16p "duc, trong"ngudi ta tim dudc nién
dai cta tiing 16p méng. Ngudi ta ciing biét dugc do day clia cac 16p va tir d6 tinh ra dugc nhiét
dd khi 4y. Ngudi ta con nghién citu dudc luong khi oxy va carbonnic chifa trong cac bot khi dé
biét dudc tinh trang khi hau. Ngudi ta nghién ctiu lugng bui min chifa trong cic bot khi dé biét
dudc cac dot phun trao ndi lita hay su va cham ctia cic thién thach vao bé mat trai dat... Tu viéc
khoan bing va tinh todn vi tri cia Trai Dat duc trén co hoc Newton ngudi ta ki€ém nghiém dugc
gia thuyét ctia Milenkovich, va ngoai suy ra dudc tinh trang khi hau trén Trai Dat cho 400 triéu
nim vé truée ciing nhu vé sau.

Nhu chung ta luu y, luc dia An Do di chuyén tir ving Mandagaska theo huéng Péong Bic tdi
htic vao phia nam luc dia A Au. N6 hic vao va trugt nhe vé phia Pong Béc tao ra vong cung
cao nguyén Van Nam. Vao khoang 30 triéu nim vé trudc Song Hong dudc hinh thanh ra tir cdi
hom giita hai luc dia, luc dia Déng Nam A va phan phia nam luc dia chau A. Nhu vay phan phia
Van Nam cao hon va dbc vé phia Pong Nam. Chinh vi vy ma dong chay ctia con song Hong
1a theo huéng Tay Bic - Pong Nam. Dong chay ctia song trong khu vuc ndi 1a khong thay ddi
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theo thdi gian, tuy nhién dong chay ctia song Hong trong khu vuc phil sa bdi ctia minh thi n6 sé
thay ddi dong. Nhu ching ta di n6i quy luat d6i dong 1a tit nguyén 1y "bén 13 bén bdi" va do luc
Coriolis.

Vao nam 1835 Coriolis da mo6 ta luc tac dong vao dong chay, nu6c hodc khi khi ching chay
1én cao hay xudng thap. V6i nhiéu ngudi c6 thé cam thay kho hiéu vé ban chit cia luc nay, tuy
nhién n6 khong khé hiéu dén nhu vay. Ching ta biét trai dét tu quay quanh né. Nhu thé 1a tAt ca
moi thit gan cing vao véi trai dat thi cling quay theo. Mot trai nii cao cling quay theo. Cang &
trén cao thi van téc quay cang 16n. Cai khong khi bao quanh nui thi khong gan chit vao véi trai
dét nén n6 khong quay theo. O déy ching ta nhd lai 1 ¢6 dinh luat quan tinh. Pinh luit quin
tinh bao ring "mot vat sé gilt nguyén trang thai diing yén hay chuyén dong thang déu néu nhu
khong c6 luc tac dung". VAy thi cdi khoi khi canh ndi v6i ndi vin ciing chuyén dong véi cling
mot van tde. Su viée sé thay di néu nhu khdi khong khi chuyén dong 1én cao. N6 chuyén dong
1én cao nhung véan téc quay thi van nhu & dudi thip, vy 12 né chuyén dong chim hon céi dinh
ndi! Vay 12 ¢6 gié. Gi6 1a do dinh ndi chuyén dong nhanh hon. Chung ta goi luc giy ra chuyén
dong cham hon cia khéi khi 13 Ivc Coriolis. Nhu vy luc Coriolis chi xuAt hién khi dong chay,
khi hoic nudc, di 1én cao hoic xubng thip.

Do mat do vat chit 1a dbi xing va gan nhu nhau & tit cd moi diém trén trdi dit nén qua cau
"muc nudc bién" va hinh dang mit dat 12 gin giéng nhau. Dong chdy ctia con song Hong vi thé
ma 12 tif ndi cao (so véi khoang cach t6i tam trdi dat) xudng noi thip. Nhu thé hinh ddng dong
chdy ctia con song Hong & vung phu sa ddong Bang Bic Bo chiu tdc dong cia luc Coriolis. Néu
nhu ching ta tinh ra dugc lyc ndy nhu nhau & phan dong chdy cla song Hong t6i Ha Noi va ra
khdi Ha Noi, thi hai vong tron dong chay c6 cling ban kinh nhu nhau. Thuc té tinh toan cho thiy
luc Coriolis tac dong nhu nhau & phan dong chay ctia song Hong t6i Ha Noi va ra khéi Ha Noi.
Nhu thé thi ban kinh hai vong tron dong chay ctia chiing 12 nhu nhau.
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Luc Coriolis bang véi tich c6 huéng clia vector truc quay trai dt va vector téc do ctia dong
chdy nhan vé6i khéi luong nuée. Phan vector dong chiy hudng theo kinh tuyén khong tao ra luc
Coriolis. Phan huéng theo vi tuyén sé tao ra luc Coriolis nhung 13 vuong géc v6i mit dat nén
khong 4nh hudéng t6i hanh vi clia dong chdy. Chi c6 phan vector van téc chdy siu xudng hay
chdy 1én khoi mat dit mdi tao ra luc Coriolis tdc dong ddy cho né léch vé bén trdi hay bén phai.
Do trai dat hoi det ma khi chay tir vi d6 cao vé vi do thip dong nuéc bi chay xa ra khdi tAm trdi
dat.

Trong tinh toan sau trdi dat dudc coi 1a Ellipsoid tron xoay, véi 6356782.3142 1a khoang cach
tif tAm trdi dit t6i cuc Bac va 6378137 14 khoang céch tir tAm trdi dt t6i xich dao. Céc goc
©1, P2, 3 12 vi dd ctia dong sdng Hong tai diém Nga Ba Viét Tri, H6 Tay, va clia bién Ba Lat.

v T
— T 91394544 T 21.051343. 05 — ——20.241443
P17 180 P27 790 '3 7 180

Ry = /(cos(g1) * 6378137)2 + (sin(y;) * 6356752.3142)2
Ry = \/(cos(p2) * 6378137)2 + (sin(ipy) * 6356752.3142)2
Rs = \/(cos(p3) * 6378137)2 + (sin(ips) * 6356752.3142)2

®1
Sig = / \/ (8, cos [] * 6378137)2 + (3, sin [p] * 6356752.3142)2dy
©2

P2
Sy — / /(9 cos [i]  6378137)2 + (0, sin [] * 6356752.3142)2dsp
¥3

Do léch cao do trén 1km do dai:

iy = Jiy % 1000 = 2.26
512

Rs — Ry

23

* 1000 = 2.21

Nhu vay trén mdi km theo kinh do tir nga ba Viét Tri t6i H6 Tay Ha Noi dong nudc nghéch 1én
2.26m, tit HO6 Tay Ha Noi ra t6i bién & ctia Ba Lat n6 nghéch 1én 2.21m; léch nhau 5cm. Do
chénh nay duong nhién 1am cho luc Coriolis tic dong vao dong nudc phan phia chiy vao Ha
Noi manh hon phan chay ra, nhung chi & miic 3%.

Trong ting vung nhoé thi dong chay chiu thém tac dong phan luc huc tir bd nay sang bd kia theo
ki€u hinh sin. Gip khu vuc dat da cting, tit nhién dong chay 1a do cac ranh dia hinh quyét dinh.
Tuy nhién ding trén tong thé ca doan sdng dai thi dong chdy tuén thi theo luc Coriolis. Céc
phan luc chi nhu ddy dong nudc dao dong qua lai xung quanh dudng truc chinh do luc Coriolis
vé ra. Xem ra do rong dong song Hong khi chdy vao va khi chdy ra chénh nhau khong nhiéu,
vi thé tbc d6 dong nuSc song Hong 1éch nhau khong nhiéu. Vay luc Coriolis phan dong song
Hong khi chay vao va khi chdy ra phai gin bang nhau chi léch & mic 3% nhu tinh toan & trén,
ttic dd cong ctia dong song phai gan nhu nhau. Phin chdy tir Ha Noi ra tdi bién tai clia Ba Lat
du dai d€ ching ta vé vong tron huéng tam uéc lugng diang diéu dong chdy. Ban kinh clia nd
khoang 100km. Chiing ta st dung vong tron nay dp cho phan dong chay ctia song Hong vao Ha
Nai thi sé thiy diy chinh 12 dong chdy clia con song Pudng. Viy con sdng Pudng chinh 1a con
song Hong khi ma phan chay ra ctia song Hong con 14 Bién. Diéu nay cho thiy go dit Gia Lam
rt 8, ¢6 thé n6 c6 tif trudc khi nuée bién dang 1én, tiic 6000 nim trude ddy. C4 ba go dit cd Ba
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Dinh, Gia Lam, C8 Loa déu 1a cic go dit cao 16m, vy ching dudc hinh thanh do phu sa cia
con song Hong khi mic nudc bién & dd cao nhu vay. Do cao nay la 130 nghin nim vé trude, va
vi thé ma diy chinh 12 tudi cla cac go dat.

Dong nuéc song Da 1a dong ning chinh quyét dinh huéng dong chdy cta song Hong. Dong
nuée nay chdy thang tir nga ba Viét Tri - Son Tay qua dAm Vac t6i t6i chan ndi Tam Dao chd hd
Dai Lai. Dong nudc bi ubn cong va chéy ra phia miii Thanh Giéng. Trén ban do dia hinh thém
luc dia chiing ta c6 thé thay d6 dbc thoai thodi tif viing niii Tam Do t6i miii dén Thanh Gidng.
Dong nudc ra khoi miii Thanh Gidng thi bi dong Hai Luu ddy ngudc trd lai, bi chia thanh hai
nhanh, mot nhanh di vao phia Thai Nguyén va mot nhanh di vé phia Ha Noi. Qua trinh nay ducc
tao ra tif nhiéu triéu nim vé trudc, thdi gian tuong ng vdi cic via than dd dudc hinh thanh noi
day.

Tai diém ré nhdnh dong nuéc chdy cham hon va tao ra cac gdo C6 Loa, vé sau do phii sa bdi ma
diém phan nhanh 1ui ra xa tao ra go Gia Lam. Nhanh chay vé phia Ha Noi bi dong dong Hai
Luu ddy vong lai thanh xody va tao ra gdo Ba Dinh. Nhanh chay vé phia Thdi Nguyén bi phii sa
ctia chinh minh bdi va bi ddy dan xudng phia dudi, vé sau thanh con song Pudng. Do bi phu sa
bdi con song Hong ciing roi xa khéi phia nii Tam dao va chuyén dan vé vi tri con song Hong
hién nay. Do do cong ctia toan tuyén tif song Hong t6i song Pudng tuong ting chinh xdc gan nhu
tuyét ddi v6i vong tron huéng tam — hoan toan do luc Coriolis tao ra — ma qua trinh dinh hinh
phan song Hong chay t6i ho Tay va song Pubng 12 mot qua trinh chung. Qud4 trinh nay rat tir tu,
va vi thé tudi tho clia cac go dat bdi 1a rit c6.

Dong séng Lo ¢ stic manh biang khoang 1/3 song Pa; ché do mua gitia Tay Bic va Pong Bac
ciing khic nhau, vi thé ¢6 lic stic manh ctia dong nudc song Lo 4p ddo. Theo thsi gian dong
song Lo ddy phu sa vé phia con song Pdy boi dap cdc ving dat ven nidi Hoa Binh, Ha Nam,
Ninh Binh.

Trén ban dd do cao thém d4 luc dia ching ta ciing thiy Ha Noi 1a mot go cao.

Luc Coriolis sé cho chiing ta biét dudgc lich st hinh thanh céc go dét dé€ khép véi cac quyét dinh
chon Kinh Thanh ctia cic vuong triéu Viét Nam trong lich si.

Nhic lai, khoang 90 triéu nim vé truéc mang luc dia An Do di chuyén tif ving Madagascar nay
t6i ddm vao mang luc dia A-Au. Sau ci dam nay mang luc dia An Do bi chim xubng dudi va
do6i viing nii noi c6 day Himalya véi dinh Everest 1én cao. Cti dam hoi chéch vé phia Pong Bac
nén vung cao nguyén Van Nam ciing bi doi 1én thanh cac vong cung. Trong qua trinh hic nay
luc dia An Do cheén ép manh tiéu luc dia Pong Nam A khién né bi ddy vao phia Déng Nam luc
dla A-Au, d€ lai vong cung Pong Triéu va day nui Hoang Lién Son. Nhu Vay Bic Viét Nam
nam & trén ca hai manh luc dia, Pong Nam A va A-Au. Phin phia bic song Hong thudc manh
luc dia A-Au, phan phia nam sdong Hong thudc ménh luc dia Pong Nam A. Céc diy nii thudc
hé thdng diy Hoang Lién Son & phia nam séng Hong c¢6 huéng Tiy Bic - Pong Nam kéo dai
theo ddy Trudng Son. Céc ddy ndi nii & phia bac song Hong c¢6 dang vong cung. N6 dudc goi 1a
vong cung Pong Triéu véi tAm vong cung & vao khoang Lao Cai. Pinh Yén Tit 1a mot dia danh
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trong vong cung Pong Triéu. Gitta cac vong cung la ddng bing thap va c6 song sudi. Vong cung
ngodi cung 1a "vanh dai dao" tit Tra C0, t6i Vinh Thuc, téi Cdi Chién, t6i Van Muc, Quan Lan...
Vong cung nay di vong vao Cat Ba, Quang Yén, Thuy Nguyén, Kinh Mén, Chi Linh.

Nhu vy phan tiép gidp giita manh luc dia Pong Nam A véi phan phia déng nam luc dia A-Au
tao thanh mot cdi khe sau. Cai khe nay dudc tao ra 12 do ria luc dia Pong Nam A va ria dong
nam luc dia A-Au bi nhin chim xudng. Do mot lugng 16n dat bi nhan chim xudng ma dung
nham tif dudi long dit trdi 1én tao thanh cac nii tit Luong Son, qua Ciic Phuong, téi nii Po.

Chiing ta md ta qud trinh dia chat hinh thanh Bac B ctia Viét Nam nhu vy dé hiéu cai khe rét
sdu da tao ra dong chdy con song Hong tit hon 30 triéu nim vé true. Cai khe nay rat siu va rit
rong. Theo thdi gian khe da bi phii sa da bdi 14p dan ma thanh dong bang Bic Bo clia ching ta
ngay nay. Lich st hinh thanh ddng bang Bic B6 lién quan t6i cu dan tién sit 1a t3 tién truc tiép
ctia dan tdc Viét Nam, nhu md ta dudi day, kéo dai tim khoang 20 nghin nim. Chiing ta néi t6i
su kién nudc bién dang va phii sa boi. Trén thuc thé qua trinh hinh thanh dong bang Bic Bo kéo
dai 30 triéu nim va c6 rat nhiéu 1an muc nu6c bién dang cao rdi lai rit di. Phi sa da boi roi lai
bi nu6c mua bao mon chay vao bién. Cac dong song chdy & ving ndi dd rat 6n dinh. Luc cia
dong nudc song Pa rat 16n, chinh vi thé ma hudng chay cta song Hong 1a do song Da quyét
dinh. Dong chay nay dy phu sa vé phia Quang Ninh ra t6i Quang Yén. O dy dong chay mang
nhiéu phil sa bi dong Hai Luu diy ngudc trd lai tao go dat Hai Duong. Go 16n dan, phan bién bi
hep lai ma thanh con song Pudng. Nhu phan dit & phia hai bd con song Pudng 1a rét cé.

Theo m6 hinh Go Péng, khoing 20 nghin nim vé trudc do khi hau lanh gid ma bing dong nhiéu
& hai cyc. Do bing déng nhiéu ma muc nudc bién ha thip hon hién nay 120m. Nhiét do ting
dan trong sudt 14 nghin nim sau d6, da khién cho bing & hai cuc tan chay, mua nhiéu hon, muc
nudc bién dang cao dan. Khoang 10 nghin nim vé trudc bd bién van nhu hién nay, vin c6 dong
bang Bac Bo. Nudc bién tiép tuc dang, khoang 7000 nim vé trudc bs bién chay sat chan day nii
Ba Vi, chay qua khu vuc Viét Tri roi chay téi ven chan day nii Tam Pao. Toan bd dong bang
Bic B0 khi 4y 1a vinh bién nong. Cu dan tién st 1ui dan vé phia chan nii cao. Muc nudc bién
gif nguyén nhu viy trong sudt thdi gian 7000 nim qua. Trong sudt khoang thdi gian 4y cic con
song da mang phu sa bdi vinh bién ndng thanh dong biang Bac Bd hién nay, vui 14p dong bang
bac bo cii ¢ dudi sau vai chuc mét. Thoi gian dau, khoang 7000 nam vé trudc, khi bo bién vao
t6i tan chan diy ndi Ba Vi, chay qua khu vuc Viét Tri rdi chay t6i ven chan diy ndi Tam Ddo,
thi cac con song P2, song Thao, sdng Lo chay thang vao vinh bién. Do dong nudc song Pa chiy
rit manh, n6 ddy phu sa clia cac con song Thao va song Lo vé phia Tam Do, r6i sau d6 ra bién
& Quang Yeén. Tai day dong nudc phu sa gip dong Hai Luu chdy tit phia Bac xudng. Dong Hai
Luu ddy dong phti sa chdy xody ngudc lai vio vinh bién nong Bac B6 ma tao thanh cac go dong
¢6 nudc chdy quanh. R4t nhiéu go dong da dudc tao ra nhu vay. Cu dan tién st di cu dan ra cic
g0 dong. Ho 1a ngudi Kinh. Do phii sa bdi ma cdc go 16n dan 1én, khién cho viing nuéc giiia cic
g0 hep lai ma thanh c4c con song. Ngdi nha dau tién dudc xay tai ndi cao nhéat go. DAy chinh 1a
dinh lang bay git. Phan cudi go 1a nghia dia chon ngudi chét. Giita khu vuc nghia dia v6i dinh
lang 12 ngdi nha l1am 1€ tién biét. Nhitng ngudi truyén b4 Phat Gido da tri & noi Ay va chuyén
chiing thanh chiia. Vector ndi tit dinh lang ti chuia 1 chi huéng dong chdy ctia dong nuéc xua.
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V6i m6 hinh nhu vy, séng Hong xua khong c6 ma chi c6 vinh bién ndng. Phil sa da bodi hai bo
vinh, bd phia Tam D4o va bd phia Ba Vi, ma khién cho vinh hep lai thanh séng. Cia song dich
chuyén vé6i van tc 45km, va sau khoang 6000 nim né da da tao ra dong song Hong ubn luon
v6i do dai 250km tinh tir Viét Tri Phu Tho ra t6i ciia Ba Lat. Chung ta con phai xac dinh vén
tdc boi clia phut sa kién cho hai mép vinh, mép Tam Pao va mép Ba Vi khép lai véi nhau.

Trong bai bao ra thiang 4 nim 2020 nghién ctiu vé mo hinh phat tan Arsenic vao nudc ngam:
"The controlling of paleo-riverbed migration on Arsenic mobilization in groundwater in the Red
River Delta, Vietnam" ctia Pham Quy Nhan va cdng su c6 nghién ciiu dia ting khu vuc gan Hat
Mon.

Day 12 nghién cifu d€ x4c dinh hién trang ngd doc Axen trong nudc ngam. Nhom céc tdc gia
thuc hién cung lic do dién trg theo tuyén dé xac dinh dia tAng c6 cling dién trd, khoan thim do
phan tich mau dé hiéu chinh do sau ting 16p, va tinh tudi clia tiing 16p. Tudi cla tiing 16p dudc
do theo phuong phap do ty 1& cudng do phat xa tia gamma clia cdc dong vi phong xa cé trong
khoang vat (potassium (40K), thorium (232Th), uranium (238U)). S6 lugng h6 khoan thim do
va lu6i do dién du day dic d€ phat hién tinh trang 1ong song Hong.

Do céc quan niém cil ma céc tic gia da vo tinh cho ring 1ong song Hong 1a mdt thuc thé dich
chuyén dan tit phia Nam 1én phia Bac. Chiing ta thi hiéu d6 chi 14 viéc phui sa boi khién cho vinh
bién hep dan lai.

Véi su dién gidi cia nhém cic tdc gia thi 1ong song Hong tit 3000 nim cho t6i 2000 nim trudc
day chdy & phia bén Vinh Phic d6 sang Phu Thugng ¢ phia nam Hat Mon (diém khoan Van
Céc).

Viéc xdc dinh dong chdy ctia con song Hong 1a vd nghia, bdi n6 ludn chdy theo khe niit gitta
manh luc dia Pong Nam A véi phan phia dong nam luc dia A-Au. Phin dong nuéc mit & bén
trén c6 thé hoi bién dong & dang "bén 16 bén bdi" tuy nhién van chi chay trong viing phil sa ciia
n6. Dong nudc chdy trong viing phi sa thi dé thay ddi hinh dang, va hinh dang 6n dinh ctia phan
nuéc bé mit bén trén dudc xac dinh chii yéu béi cac ddy ndi ngdm & bén dudi. Ciing gidng nhu
phan "vanh dai d3o" ctia vong cung Pong Triéu, phan nii Hoang Lién Son ciing c6 vanh dai.
Vanh dai nay tao ra dong chay cho con sdng Pdy, n6 chay doc tu ndi Chua Thay, qua nii chua
Cao Son Pong Lu, nii chua Linh Thong ...

Trén ban dd khoan dudc mo ta trong bai bdo "The controlling of paleo-riverbed migration on
Arsenic mobilization in groundwater in the Red River Delta, Vietnam" cia Pham Quy Nhan va
cong sy, chiing ta c¢6 thé nhan thiy go dat c¢d kéo dai tir TAn Hgi tdi 16 khoan 1c5. N6 chinh 1a
phan tiép theo ctia vanh dai da ngam tao ra dong chay ctia con séng Pdy. Do c6 diy nii d4 ngam
ma dong chay ctia song Hong bi udn cong & viing Van Coc va udn cong & Tan Hoi.
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Ban dd vi tri cac 16 khoan khdo st ciia Pham Quy Nhan va cong su. Ngudn: "The controlling
of paleo-riverbed migration on Arsenic mobilization in groundwater in the Red River Delta,
Vietnam".

PHUNG XA

V6i mo6 hinh go dong cla chiing ta thi 1ong song Hong khong c6 chuyén dich chuyén. Séng
Hong nay 12 vinh bién xua di bi thu hep dan. Vao khoing 6000 nim vé trudc eo bién van con
rong téi 20km vé mbi bén, & gitta ¢6 cac go ndi. Di chi Pong Pau c6 tudi 3500 nim, nam & vi
tri cach day Tam Pao khoang gan 20km. So v6i 6000 nam thi b phia Tam Pao da bdi dudc
khoéng 2.5 nghin nim. Nhu thé ctt 1000 nim phu sa bdi thém dugc khoang 8km, tinh tif chan
nii Tam Ddo va Ba Vi. Céc tran danh xua cia Ba Trung v6i Ma Vién la dién ra trong toan bo
khu vuc Binh Lé Nguyén doc theo con song Ca Lo (song khi 4y rong tim 500m). Quan ctia Ba
Trung dong & ving Hat Mon.
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CHI LA CHUYEN NHAN LUY THUA

Nguyén Ai Viét

Nhan liiy thita, chi don gian 1a a®a? = a**¥), véi cac sb thuc z, y, hoc sinh phd thong nao ciing
biét. Nhung dé ching minh né, chic cac hoc sinh gidi ciing ngac ngd. C6 1& d6 1a phan x4u xi
nhét trong chuong trinh todn phd thong. Nhung c6 1& nhd thé, t6i c6 dudc mdt sd trong nhiing
bai bdo thd vi nhit cia minh.

Trudc tién, c6 1€ phai cdm on thay gido day todn ciia tdi 1a thay Ding Quan Vién, 1 ngudi di ¢
gang chiing minh cong thiic d6 cho chiing t6i bang gin hét thai lugng ciia mot hoc ky day dai
s6. Tt nhién, chiing minh cla thiy hoan toan thit bai trong khuon khé kién thic clia chuong
trinh trung hoc thdi by gid. Nhung viéc thiy dudc diém khap khiéng nay ciing da 12 mot diéu vi
dai vao lic by gio, va 1am toi kinh phuc thay hon rat nhiéu nha chuyén nghién citu Todn duong
dai.

C6 1€ it ai d€ y t6i cong thiic nhan lily thita néi trén, bdi vi cong thifc 12 hién nhién véi cac s6
mi nguyén, tham chi véi cic s6 mii hitu ty. Nhung ching minh, dua trén dinh nghia vé liiy thira
v6i mot s6 mil thuc 12 gidi han ctia cic iy thita v6i s6 mii hitu ty, khi gidi han chi méi dudc gidi
thiéu qua mot sb chudi hdi tu, c6 18 1a mot viéc bat kha thi. Trong wikipedia', ciing chi budng
mdt cAu rit "phan toan" 12 "vi cac s6 voO ty 12 gidi han ctia cic s hitu ty" nén ldly thita véi sd mi
thuc 12 gidi han cta lily thita cia s6 mi hitu ty. Néu hoc sinh ciing 4p dung 1y luan ludi biéng d6
d6 cho s6 mil phiic thi sé c6 nhiing rac réi.

C6 nhiing ngudi may man sé thodt nan, c6 nhiing ngudi da phai trd gid bang ca mot sy nghiép
khoa cti. Toi biét c6 mdt hoc sinh gidi, rat sing gid va ¢ chi 16n, sau khi bi danh trugt mén
dai s chi vi khong lam dudc khai cin bac n ctia 1 trén trudng sb phiic, nan chi hoc hanh va tré
thanh mot hoc sinh lang nhang, c¢6 1€ chi bi anh hudng qua nang bdi nhitng 1y luan qua loa nhu
trén. Tai nan d6 rd rang mang tinh ngau nhién, béi néu hom dé6 mu than may man khong bat anh
gap tring dé thi d6, hom nay biét dau da c6 bao nhiéu thé hé hoc sinh dudc nghe mdt thém maot
gido su kha kinh rao gidng nhiing kién thic cao siéu.

Ciing may, hoc sinh bi gido trinh 14p liém, chi néu dit cau héi "tai sao gidi han d6 lai ton tai",
"c6 chic 14 ludn ludn tdn tai khong",... cac thay khéo ma dau dau. Ciing may, chuong trinh clia
ta chi chd trong thg 1am todn, khong chii y dén ngudi suy nghi, dic biét 1a da s6 sé 1am & nganh
khac, khong mang huy chuong vé cho nuéc nha, it suy nghi mot chiit cing tot. Chic chan dé tra
16i c4c cau hoi d6 cho thda ddng céc thay sé phai néi vé mé rong sb nguyén sang s hitu ty, tinh
tri mat khap noi clia cac sb hitu ty, tinh sap dudc cla trudng s thuc, tinh lién tuc cia ham liy
thua.

!Tinh theo thoi diém thang 3/2014. Chu thich ndy ctia Epsilon.
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Qua nhtc dau, thach d6 ch?lng khdc gi trd 15i cau hoi cho hoc sinh ti€u hoc "em bé sinh tir dau
ra". Toi cho ring, d6i v6i ca hai van dé toan va sinh vat trén, déu phai theo nguyén tic, khong
day thi thoi, day 1a phai day did. Khong day nhitng thit nhdm nhi nhu em bé dé ra tit nach. Nhu
viy, cong thiic trén c6 thé day du6i dang quy tic & cac 16p dudi, khong can day sau phan gidi
han chudi. Hoic néu da day thi cin day dén ndi dén chdn viéc mé rong sb, khai niém gidi han,
lién tuc,... trén vi du la ham lay thua.

Ham liy thita ¢6 thé md rong v6i cdc sd mil 1a cac ma tran hodc cédc todn . VAt ly cd dién
chuyén sang vat ly luong i c¢6 thé hiéu mot cach don gian 1a thay thé cdc s6 bang cic ma trin
hodc todn ti d&€ mé ta cac dai lugng vat ly. Chang han véi ham ldy thita v6i cd sb e, Vi cac sd
mil 13 cdc ma trin thi cong thic nhén liy thita ee? = eA*+5, chi ding khi cic ma tran A, B
giao hoan AB = BA.

Cong thifc ding trong trudng hop tdng quat hon, khi A va B khong chic 1a giao hoan, 1a dong
nhét thiic Cambell-Haussdorf:

oAeB — A+B+1/2(AB]

trong d6 [A, B] = AB — BA. Va thuc ra, dong nhét thiic Cambell-Haussdorf ciing chi diing néu
[A,[A, B]] = 0 = [B, [A, B]] hoic han ché ap dung trén mot tip hgp cdc ma tran c6 tinh két
hop, nhu quaternion. Véi céc sd khong két hgp nhu octonion (s6 Calley), cong thiic Cambell-
Haussdorf can tiép tuc b3 sung thém cac phan ti méi, va biéu thiic & vé phai clia dong nhit thiic
Cambell-Haussdorf c6 thé kéo dai vo tan. Va cic ciu triic méi sau tinh két hop c6 thé sé dudc
hi€u mdi khi ta mudn chAm dit vé phai cia dong nhat thiic niy & mdt bac nao dé clia cidc ma
tran A, B. N6i mot cach khéc, cong thiic nhan liy thira chi 1a xap xi tuyén tinh ctia dong nhét
thic Cambell-Haussdorf suy rong.

Nhan day ciing cin néi thém vé cic nguyén tic ctia viéc tdng quat héa. Téng quat hoa 1a mot
phuong phap luin, khong phai chi c6 y nghia véi cac nha toan hoc. Trong cudc séng thudng
ngay, tdng quat héa cho phép ap dung céc kién thic da biét d€ giai quyét vin dé trong cic linh
vuc méi la. Nhung can phai c¢6 thao tic nhét dinh chit khong thé ludn ludn "#n may" nhu trong
cong thiic nhan liy thita ctia s6 mii thuc.

Téng quat héa, theo 16i may moc, c6 thé cé su gop phan ciia cic thay day Todn dic biét  viéc
nhan chudi liy thita, dang trd thanh phuong phap luan phd bién nhu chup mi, chd nghia 1y lich,
nang quan diém dé€ nhiing tén hoat dau chinh tri truc 1gi. Chiing ta da qua di dng véi nhiing 1y
luan "anh néi thé ching té 13 anh...", "gia dinh anh nhu thé ching té anh ciing nhu viy...", "anh
lam viéc no ching té quan diém anh thé kia".... Suy nghi cho cling vé& miit logic, nhiing ly luin
d6 ciing chang kém viéc dung cong thiic nhan ldy thita cho s6 mii nguyén.

C6 mdt nguyén tic khac clia tdng quat héa 12 phai c6 mot motivation. Cé nhiéu rit nhiéu thay
tiéu phi ca doi vao viéc tdng quat héa vo bs. Cac thay rat sin y tudng, luon ludn di cung cip
cho hang trim hoc sinh, téng quat héa ABC sang XY Z. Nghe thi rat rac rdi, cao siéu nhung
chung qui rat kém sang kién, khong hon gi "trong gido trinh da day nhan hai s c6 2 chit sd, hoc
tro toi da tdng quat héa nhan hai s6 c6 n < 5, dé nghi anh tdng quat héa chon < 7,n > 6 1a
vaAn dé hét stic vi dai to 16n ma nhan loai s& con phai giai quyét".

Toi nhan thiic dudc, loai tdng quét héa vo nguyén tic sé di dén nhiing tri thifc hién nhién qua
dinh luat Hook. Pinh luit Hook phat biéu 1a do gidn dz ctia mot thanh vat chat dan hdi ty 1é
tuyén tinh véi luc kéo, khi luc kéo bé. Dinh luat Hook thit hai cho thiy su phu thudc bac 2. Néu
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tong quat héa dén cliing chang qua chi 12 khai trién Taylor ctia mot ham giai tich, va chang dung
duoc gi trong thuc té.

Khi c6 motivation, tong quit hoa sé phai theo tiing budc, d€ kiém chiing lai motivation, diing
dé bi léch huéng vao cic tdng quat héa vo bd hodc dé su ludi biéng clia tri tué 1én vao, nhu
viéc nhan liiy thita sd thuc. Néu suy nghi ding huéng, mot van dé nhu nhan liiy thira c6 thé két
ndi véi nhitng van dé rét thu vi clia todn hoc hién dai. Mot nha todn hoc c6 nhiing cong trinh
xuét sac khong phai subt ngay nghi dén cac chuyén quai gd, suy nghi kiu quai vit, thao tac bat
thudng, dung cac cong cu qudi khiing. Ho ciing suy nghi bit du tit nhitng y tudng binh di, nhu
bét ¢t mot van dé dng dung thuc t& ndo, chi c6 diéu ho di rt sau, phan tich rat k§ va c6 nhiing
motivation xuit sic dé khoi tréch huéng.

To6i mudn ké mot kinh nghiém cu thé ciing chi lién quan dén viéc nhan ldy thita &€ minh hoa
diéu d6. C4c phép bién déi lién tuc thudng dudc biéu dién bing cac biéu dién ham mi véi co s6
e. Chang han phép tinh tién trong khong gian Eulide n chiéu véi vector a c6 thé viét

d

f@) = flz+a) =T(a)f(z) = i f(2)

Thuc ra chi 1a mot khai trién Taylor va dung md rong cong thic chudi ciia ham mi cho todn
ti dao ham d/dx. Biéu dién phép tinh tién nhu vdy dam bao tinh dong phdi T'(a; + as) =
T'(ay)T (az), do cong thic nhan 1y thira 1a ding khi mé rong cho toan ti dao ham. Ly do nhu
chiing ta da thiy tir dong nhit thiic Cambell-Haussdorf, 12 ciac dao ham 1a giao hoan véi nhau.
Khi chuyén sang cac khong gian cong Riemann, ciac dao ham dudc thay bang cac dao ham hiép
bién D = d/dz + A(z) nhd mdt dai lugng A(x), ma cdc nha todn hoc goi la lién thong, cac
nha vt ly goi la thé. C4c dao ham hiép bién budc phép tinh tién bam chit trén miit da tap, chi
khong di thang ra ngoai. Cac dao ham nay khong giao hoan. Do d6, phép biéu dién tinh tién
T(a) = e s& khong con chu tric dong phdi nhu da néi. St dung dong nhat thic Cambell-
Haussdorf, ta sé ¢6 T'(a1)T (a2) = alpha(ay, az, z,2)T (a1 + az). Pai lugng alpha(ay, as, x, 2),
goi 1a 2-cocycle 1a mot khdi niém vé dong diéu trong topd. Tuong ti T'(ay)T (ay)...T(a,) =
alpha(ay, as, ..., a,, z,n)T(a; + as... + ag) la cac n-cocycle.

Cic cocycle dugc ching té trong mot cong trinh clia tdi viét nim 1987 1a cdc tich phan vong
quanh da dién c6 cac dinh 1a x, a1, as, .., a,, va c6 y nghia toan hoc la cac dac trung to po, va y
nghia vat 1y 1a cac dai lugng vat Iy do dugc. Chang han 2-cocycle lién quan dén mot hiéu ng
thuc nghiém rat ndi tiéng 12 hiéu dng Bohm-Arahonov, dudc cong ty Hitachi dau tu nhiéu dé
quan sat thuc nghiém. 3 va 4-cocycle, lién quan dén cac 16p dic trung Chern-Simons, Chern-
Pontrijagin,... c6 thé quan sat thong qua cac ddi tugng vat ly nhu don cuc tii, soliton, 16 den,...

N6i mot cach khac, trong thuc té, c6 nhiéu hoan canh, biéu dién tuyén tinh khong con sit dung
dugc. Do tuong tac vat 1y, cdc ciu tric toan hoc bi "bién dang", tuong tu cdng thifc nhan liy
thira bi bién dang thanh dong nhét thiic Cambell-Haussdorf theo nhiéu bac. Bién dang hinh hoc
c6 thé do bﬁng céc cocycle, va su ton tai clia cocycle & cac bac, mot cach bi 4n nao d6 lai lién
quan dén cac tinh chit dai s6 nhu giao hodn, két hap,... Tir d6 chiing ta c6 thé nghi t6i cac khéi
niém todn hoc ctia biéu dién bién dang, tiing budc mot dudc phan loai biang cocycle, va mdi
budc danh diu bang su tdn tai clia cac dbi tuong vat ly cé thé quan sat dudc.

Biéu dién tuyén tinh khong phai 1a cong cu toan hoc duy nhét dé€ cac nha vat 1y nghién ctiu cic
nhém bién ddi lién tuc. T nhitng nidm 60-70 ctia thé ky trudc, cdc nha vat Iy da sit dung khéi
niém biéu dién phi tuyén cho mdt nhém dbi xing Lie bat ky trong vat ly. Biéu dién nay c6 thé
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mo ta cac hé thdng vat 1y bi vi pham tu phat. Toi da st dung biéu dién nay dé€ xay dung thanh
cong mot mo hinh cai tién cho hat nucleon vao nim 1989. M6 hinh nay cho két qua phi hop véi
thuc nghiém t6t hon cac két qua do nhém cta Gido su Edward Witten tai Princeton, trén co s&
cua mo hinh c.

Tir mot cdng thiic nhan lily thita don gidn, ma mot hoc sinh trung hoc ciing c6 thé hiéu dé dang,
néu phan tich that k§ van c6 thé thiy ca mot thé gidi véi cdc tri thiic todn hoc, vat ly tién tién
nhét. Pic biét, cac ciu triic todn hoc khdc nhau dudc sap xép mot cach cé trit tu, va bang mot
cach huyén bi nao d6, cic san pham cia tro choi tu duy, déu lan lugt xuit hién trong tu nhién
dudi mot dang nao do. Khi thuc nghiém tim ra hat W, hinh nhu Salam c6 n6i mot cau gi do
tuong ty nhu "khong thé tin dugc dé 1a su thuc". Cho dén nay thi cdc céu triic toan hoc dién
10, nhit cling déu 1an lugt xuét hién trong tu nhién. Vi sao c¢6 su phit hop nhu vay giiia td chiic
vt chit trong vii tru v6i nhitng 4o anh sinh ra nhd cac phan ing sinh héa trong nio bd ctia mot
dong vat cao cip. P6 van 1a bi 4n 16n nhét clia cudc ddi tdi mic di van con nhiéu diéu phai lo
toan.
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Céc thuat todn khac nhau d€ giai quyét nhiéu van dé khac nhau phd bién ca trong khoa

hoc va cong nghé va trong cudc sdng hang ngay (mic du trong trudng hdp cudi, ching

ngay cang thudng xuyén bi “che ddy” va it dudc ngudi dung binh thudng nhin théy).

Trong bai viét niy, ching ta sé néi vé linh vuc chung nghién ctiu tinh hiéu qua, hay néi

khéc di, chat lugng clia thut todn bat ké loai va ngudn gbc ctia chiing.
Trude hét, can phai thdng nhit vé 16p ddi tuong dang nghién cifu, tic 1a ban than cac thudt toan.
Khong c6 su dong thuan vé van dé nay. Ban than tif “thudt todn” bat ngudn tii tén ctia nha khoa
hoc Ba Tu vi dai al-Khorezmi, ngudi vao thé ky thit IX da mo ta cac quy tac xi ly hé thong sb
vi tri (that ky la 13 tf “dai s6” cling xuét phat tif ciing mot cong trinh d6). Sau do, trong mot
thoi gian dai, thut toan dugc hiéu 1a nghé thuat va quy tic dém, cac thuat toan hoat dong trén

s6 nguyén hoic sb hitu ti s& dudc goi 12 thudt todn sé.

Mitic do téng quit tiép theo 1a cac thuit toan 1am viéc véi dit lidu roi rac tiy y: Do thi, mang,
van ban, lich trinh,... Pay la cdc thudt todn theo nghia todn hoc nghiém ngdt cua ti nay. Ching
dudc dinh nghia va 1an dau tién dudc nghién ctiu trong cdc cong trinh clia cic nha logic toan
hoc vi dai cia thé ky trudc, ch:flng han nhu K. Godel, A. A. Markov, P.S. Novikov, A.Turing,
A.Church, nhiing ngudi da tao ra co s chit ché cta Iy thuyét tinh dugc, va day 1a chinh xac la
16p thuit toan dudc st dung trong cac thiét bi hién dai.

Cudi cung, thuit toan c6 thé dugc hiéu theo nghia rong nhit, 1a mot tip hop cic quy tic cu thé
va dudc xdc dinh ddy dd, ma viéc thuc hién cic quy tic d6 sé cho phép ban dat dugc muc tiéu

trong mot thoi gian hitu han.

Quan diém chinh cta Iy thuyét vé do phtc tap clia cic thuat toan, n6éi mot cach dai khai, 12 khong
phai tit ci cac thuit toan déu binh dang theo quan diém vé tinh phui hop thuc té ctia chiing, va

nhiing khac biét nay c6 thé khong chi lién quan dén cac thuat todn diing & cac nic thang khic
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nhau dugc néu trong doan trude, nhung ngay ca véi cac thuat toan cua cung mot bai toan. Hon
nita, “chdt luong” cla cac thuat todn cé thé dudc do luong bang mot “ham phitc tap”, ma trén

thuc té s& dian dén mot ly thuyét toan hoc chit ché.

Chiing ta sé thit minh hoa cac y tudng chinh ctia né bang mot vi du mo hinh don gian. Xét bai
toan tim udc chung 16n nhét (a, b) clia cdc sb tu nhién a va b, nghia 12 s6 d 16n nhét c6 thé sao
cho ca hai déu chia hét cho d. Bai toan phd thong nay su téng quat héa ctia né (vi du, dbi véi
trudng hop da thiic) ndy sinh bt cii noi nao ly thuyét sé6 dudc 4p dung, chi yéu trong ly thuyét

mat ma. Lam thé nao d€ giai quyét n6? C6 thé c6 mot sb céach tiép can.

Thuat toan dau tién (kha thé so). Chiing ta chon tit cdc s6 tif @ dén 1 theo thi tu giam dan (tic

12 bit du bing a) cho dén khi chiing ta gip s6 mong muén.

Thuat todn thii hai (sau moét chit suy nghi). Tt hon hiy chia tudn tu a cho 2,3,4... v
thit a/2,a/3,a/4, ... (6 diy dudc hiéu ring néu a/k khong nguyén thi ta bd qua, con v6i né
nguyén thi ta thii chia b cho n6). Néu ching ta may man (va diéu nay chic chan sé xay ra néu
(a,b) > /a), thi tt, con néu khong, thi ta chuyén sang phuong phip dau tién, nhung 1an nay
bat dau v6i /a, chii khong phai véi a.

Thuat toan thit ba (cho nhiing déc gia c6 cin ban tét vé toan). Khai trién a va b ra thita sb
nguyén to: a = p¥ p2 ... p,‘j" vab = p{'pi?--- pi* (mdt s6 s6 mi c6 thé bang 0). Khi d6 ude
chung 16n nhét c6 thé tinh dudc theo cong thiic don gian

d min(dy,e;) _min(d2,e2)  min(dg,ex)

=D D1 " Dy

D€ so sanh cac cach tiép can khac nhau mot cach hop 1y, rd rang 12 can mot “thude do” chung.
Ban c6 thé thi st dung s6 1an thit 1am thudc do, sau d6 ban c6 thé thiy ngay rang trong trudng
hop x4u nhét, thuit toan dau tién sé cin khodng a lan thiy, trong khi thuit todn thd hai — can
khoang 2./a 1an thii, va d6 12 mot tién bo dang ké. Nhung 1am thé nao dé ban so sanh chiing
v6i thudt toan thi ba, thudt toan st dung nhiing y tudng hoan toan khac (va nang cao hon)?

Céc tinh hubng trong d6 cac thuit toan tt di dén muc tiéu theo dudng vong 1 rit phd bién, trén
thuc té, ly thuyét thuat todn ton tai 1a d€ phan tich chiing. Do d6, rd rang 1a thuéc do mong mudn
phai phd bién va phu hop véi bat ky thuit todn nao, khdng phu thudce vao ciach chon huéng gidi
quyét bai todn. Héa ra 1a ngay ca khi chiing ta chi quan tAm dén c4c vin dé ly thuyét - s6 nhu vi
du mo hinh ctia chiing t6i, rit khé dé€ dua ra mot dinh nghia kha thi vé do phiic tap ctia chiing
hoan toan vé mit sd. C6 qua nhidu y tudng khac nhau va toan hoc dep mat lién quan dén cic
thuét toan di c6. Nhiéu thuit toan thim chi khong phai 13 thuit toan s theo nghia cia chiing

t0i, tiic 12 cac thuat toan d6 st dung cac ddi tugng c6 ban chat khéc.
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Vi ly do nay, mot thuée do phd quat chi c6 thé dugce dua ra & cip do tdng quat trong khudn khd
ctia ly thuyét tinh toan c6 dién, va mot cach khoa hoc né dudc goi 1a sé budc ciia mdy Turing -
mot thiét bi tinh todn tritu tugng do nha toan hoc vi dai ngudi Anh A.Turing dé xuat nim 1936.
O miic dd truc quan, day 1a sb budc co ban (tic 1a khong thé phan chia dudc nita) cAn phai thuc
hién d€ dat dudc muc tiéu. Trong trudng hop clia may Turing c6 dién, cdc hoat dong nay kha
nguyén thily: Di chuyén doc theo bing tinh todn mot vi tri sang trdi hodc phéi, doc hodc ghi de
ky hiéu dudc quan sat,... Nhung mot doc gia am hiéu mot chiit vé lap trinh c6 thé gia s rang
chiing ta dang dém s6 1an thuc thi cdc 1énh c6 trong chuong trinh trong toan bo thdi gian hoat
dong ctia né. D6 12 s6 ldn thice thi, khong phai sb lugng 1énh — néu dém s6 lugng 1énh thi d6 sé

1a dé phiic tap Kolmogorov, ma ching ta khong xem xét 6 day.

Bay gid ching ta hiy néi mdt chit vé vai tro cia ngau nhién. Néu ching ta 4p dung cac thuat
toan cua minh cho a = 54284452, b = 67855565, nd s€ anh hudng dén hoat dong cua cac
thuat todn nay theo nhiing cach khac nhau. Thuit todn dau tién va thi ba sé khong chi y dén
dic thu cia a va b va sé hoat dong vé6i hiéu suét thong thudng ctia chiing, con thuit todn thi hai
s& dua ra cu tra 19i chinh x4c (a, b) = 13571113 sau lan thi thi ba. Diéu niy c6 nghia 12 thuat

toan nay chic chin tot hon?

Khong thé dua ra mot ciu tra 15i chinh xdc vé miit todn hoc cho ciu héi nay. Tat ca phu thudc
vao tan sult cic vi du dic biét tot hoiic dic biét xiu dudc tim thiy trong ting dung cu thé ma
chuing ta quan tam vao lic nay. Mot vi du trong sach gido khoa la phuong phéap simplex dudc
st dung (theo nhu tdc gia biét) trong tit cd cdc géi quy hoach tuyén tinh hién dai d€ gidi céac
bai todn t&i wu héa. O déy tinh hudng hoan toan ngudgc lai (so véi vi du dudc dua ra cho thuat
toan thii hai): Céc vi du rit x4u cho phuong phép simplex da dudc biét dén, nhung dé xay dung

chiing ban can rit ¢b ging, va trong thuc té, chang ai chi y dén ching.

TAt nhién, cich tiép can toan hoc nhit d€ phan tich cac thuit todn 12 khong dua vao su may rii
va don gian 12 bd qua su hién dién clia cac vi du dic biét tot. N6 dudc goi 1a [y thuyét do phiic
tap truong hop xdu nhdt (hodc ddi khi do phiic tap dwoc ddm bdo). V6i tat ca nhiing diéu da trao
ddi & trén, cach tiép can nay hoéa ra 1a mot md hinh hoan toan dinh tinh va diy du trong hau hét
céc tinh hudng thi vi - c4c 16 hdng nhu phuong phap simplex (nghia 1a khi do phuc tap trong
trudng hop x4u nhit dudc xéc dinh béi cac vi du cuc ky xau) ¢6 thé dém dudgc trén dau ngon tay.
Yéu cau nhiéu hon tit mdt mo hinh toan hoc don gian 1a khong hop ly.

D€ hiéu cach tiép can nay 1a gi, hiy luu y ring thong tin quan trong va phd bién nhét vé mot sb
1a s6 ky tu trong cach viét ctia né (n). Vi du, trong vi du ctia ching ta n = 8, néu viét trong hé
thap phan va n ~ 25 néu 1a s6 nhi phan - su khac biét 1a hon ba 1an mot chiit. Muc tiéu cudi

cung clia cac nha phat trién thut toan 13 xdy dung mot thudt toan dudc dam bio dé gidi quyét
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bai toan trong f(n) budc co ban, bat k& sb n—bit nao dudc cung cap cho anh ta (trong d6 f(n)

la mot ham so nao d6, mong muon la tang cham).

Chiing ta nhin manh rang - d6 1a sd ky tu trong céach viét ctia s6, chit khong phai chinh sb do,
dé€ cdm nhan sy khéc biét, chi can thiy ring con s biéu thi s6 nguyén ti trong phan nhin thiy

dudc ctia Vi tru c6 thé viét gon trén mot dong, dui 12 bang mot nét chit nho.

Chiing ta hdy phan tich mot 1an nia tif quan diém thuit toan cho vi du mé hinh ctia chiing ta.
Trong trudng hop xau nhét, thuat toan dau tién sé can khoang f(n) ~ 10" cic phép toan co
ban. Day 1a tich s6 clia s6 1an thi v6i sb phép toan can thiét cho mdi phép toan, nhung vi dé
lam diéu nay chi can cac phép todn sé hoc don gian (tuy nhién, nhu rit ra tit bai bdo “Sé hoc
nhanh”, ngay ca ddi véi cac phép todn sd hoc nay, vin dé ciing khong don gian nhu ta tudng),
thita s6 thd hai 1a mot da thic nhé cia n, va so v6i cdc ham mi, né hoan toan c6 thé dudc bd
qua. D4u gan diing dudc dung chinh 12 vi diéu nay. Thuat toan thi hai trong trudng hop xAu nhét
(mot bai tap hay cho ban doc — tim hiéu xem trudng hop nao 1a trudng hop x4u nhit) sé can dén
f(n) ~ 10™? cdc phép todn, vi viy né thuc su tdt hon mot chiit so véi thuat toan dau tién. Tinh
hudng véi thuat toan thif ba dem lai nhiéu bai hoc hon. R rang 1a su thanh cong ctia né chi
yéu phu thudc vao ciu héi sau: Chiing ta c6 thé phan tich cac sb thanh thira sé nguyén t& nhanh

cham nhu thé nao?

Cau hoi nay da danh dudc su quan tAm cla cac nha todn hoc tif thdi ¢d dai, hang thién nién ky
trude khi ¢ gia thuyét cho ring khong cé cach nao hiéu qua d€ giai quyét van dé phan tich ra
thita s6 nguyén t6, 1a co s& ctia hau hét cidc hé mat ma dudc st dung trong thé gidi hién dai.
That khong may, chiing ta khong c6 co hoi di siu vao van dé nay (chi dé nay xing dang c6 mot
bai viét riéng), vi vay chiing ta chi luu y rang thuit toan tét nhit dugc biét dén hién nay trong
trudng hop x4u nhét hoat dong trong thi gian £ (1) = 10" @©2m” tron0 46 € 1a mot hing
s6 khong qua 16n. Piéu nay da t6t hon ddng ké so vdi thuat toan thit nhit va thif hai, nhung haim

van tdng md.

Hiy nghi thém mot chit vé thuit todn thi ba. V& hinh thic, né 1a mdt cach dua mot bai toan
vé mot bai toan khdc, cu thé 12 dua bai toan tim udc chung 16n nhit vé bai toan phan tich mot
s6 thanh thita sé nguyén t6. Diéu nay c6 nghia 1a bt ky tién bd nao trong viéc gidi quyét vin
dé thif hai déu tu dong kéo theo mdt tién bo tuong duong trong viéc gidi quyét van dé dau tién.
Nhu chiing ta sé thiy bén duéi, khai niém chung vé kha ning dua bai toan ndy vé mot bai todn

khic dong mot vai tro cuc ky quan trong trong ly thuyét do phic tap clia thuat toan.

Trong thuét ngit 1ap trinh, nd tuong Gng véi khai ni€m thad tuc hodc chuong trinh con, Tuy nhién,
diéu can thiét 1a phai dam bao rang thi tuc dudc goi mot cach “khong qud thuong xuyén” (trong

trudng hop ctia thuit toan thif ba - hai 1an) va dbi véi cac gid tri “khong qud” 16n ciia tham sb
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(trong trudng hop cla chiing ta, nghia 12 1a di liéu dAu vao). Lién quan dén viéc tim uéc sb
chung 16n nhit, da dén lic chuyén sang mot giai phdp ma nhiéu doc gia dudng nhu di mong
dai tir 1au. “Co sd” ctia nha toan hoc Hy Lap c¢d dai vi dai Euclid (khoang 300 nim trudc Cong
nguyén) dudgc coi 12 mot trong nhiing cudn sach vi dai nhit trong lich st nhan loai, trong d6
dit nén méng cho hinh hoc hién dai (cic thuat ngit “khong gian Euclid”, “hé metric Euclid”,...
ducc khdi ngudn tir cdc trang ciia “Co s4”), va trong nhiéu khia canh cho toan bd nén toan hoc
hién dai néi chung. It dudc biét dén hon 1a Quyén VII c6 md ta v& cdc thuat toan lau doi nhét

con ton tai, va dang van dudc st dung mot céch tich cuc cho dén ngay nay.

Thuat toan thit tur va cudi cling (thudt todn Euclid). Ta chia b cho a ¢6 du b = aq + r, trong
d60 < r < a—1 ¢ dau. Sau do, ta ap dung dé quy thudt toan cho cédp (r,a). Chia a cho r,
a = u -r + s va thay thé cip (r,a) bang (s, r). Ta tiép tiép tuc thuc hién cho dén khi dat dudc

mot cip c6 dang (0, d). SO thit hai trong ciip két qua sé 1 cu tra 18i can tim.

Tai sao thuét toan nay ding? Va ngay ca khi n6 ding, tai sao n6 lai nhanh? Cau tra 16i cho
nhitng ciu héi dang ndy (tit nhién 1a khi ching khong hoan toan hién nhién) ducc gidi quyét
trong mdt phan dic biét ctia ly thuyét do phiic tap dudc goi 12 phan tich thuét todn. Thuat toan
Euclid hoat dong chinh xéc, béi vi (a,b) = (r,a) = (s,r) = --- nhu vay, udc s6 chung 16n
nhét, nhu cdc nha todn hoc van néi, 1a mot bat bién clia thi tuc nay (so sanh véi bai bao “Tro
choi ciia 15”), va dbi vé6i cip cubi cung, né ding bang d. N6 hoat dong nhanh vi ludn cé danh
gid (a +r) < %(a + b). Do dé, téng cac sb trong mot cip gidm theo cAp s6 nhan va dic biét,
thut todn chic chan sé hoi tu sau f(n) ~ 10n phép lip, ddy 1a mot ham tuyén tinh ctia s ky tu
n trong cach viét cia a va b. Két qua that 4n tuong néu so véi cac phuong phép tiép can trude
day, va khong thé ngd 1a thuat toan Euclide da cé khoang 2500 nim tudi... V6i tinh don gidn va
hiéu qua clia né, ngay nay thuit toan Euclid va cic tdng quat héa clia né dudc st dung rong rai,

ca trong todn ly thuyét va cic ing dung, chii yéu 1a trong mat ma.

Su khéc biét co ban ctia ham 10n so véi tit ca nhitng hAm ma ching ta da gip truée d6 1a né 1a
ham da thic (nghia 12 n6 c¢6 dang C - n? vé6i C,d > 0 chi khong phai 12 ham s& mii. Trong ly
thuyét do phtc tap hién dai, cac thuét todn c6 udc lugng dd phiic tap nhu vy (trong trudng hop
xau nhat) dudc goi 1 thuit todn da thiic va 16p ctia tit ca cdc bai todn c6 it nhit mot thuit todn
da thiic dugc goi 1a “P”. Theo cac thuit ngit nay, thuat toan Euclid thiét 1ap rang bai todn tim

u6c chung 16n nhit ctia hai s6 nam trong 16p P.

Lép P thuong dudc dong nhit v6i 16p ciia tit ca cac bai toan c6 gidi phap hiéu qua theo nghia
thuc té clia tif nay. Ta nhin manh ring chiing ta dang néi vé mot sy trifu tugng toan hoc, khong

cb gang (va chua bao gid ¢ gang) dé mo ta thuc tai mot cach hoan toan chinh xéc.
Lép P ciing cuc ky thuén tién theo quan diém todn hoc, va diéu nay xuat phat tif quan sat don
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gian rﬁng nhan hai da thiic hodc thay mot da thic vao mot da thic khac van sé tao ra mot da
thic. Vi du, khi phén tich céc thuit todn trudc ddy, ta da viét f(n) ~ dé phan biét giita sd 1an
“thir” (hoic 1an 1ip) va sb “phép todn co bdn”. Tuy nhién, tit ci cic phép todn s hoc dudc biét
12 dugc thuc hién trong thoi gian da thic (xem “Sé hoc nhanh”), do d6, khi nghién cttu su thudc
vao 16p P, su khac biét nay c6 thé bi bd qua va tap trung vao diéu thuc su quan trong, tic 12 s6

phép lip. Nhiing tinh huéng nhu vy 12 phd bién.

Mot biéu hién khac ciia su bat bién dang chi y nay 1a thuc té rang 16p P khong phu thudc vao
su lya chon cia mo hinh tinh toan. Nhitng ngudi st dung C++ va Basic (va tham chi ca nhiing
ngudi thich FORTRAN hoic, hoan toan kinh dién, may Turing) 12 16p P c6 mot cho tat ca. Gia
dinh rang diéu nay sé luon nhu vay dbi v6i bat ky thiét bi may tinh théng minh nao dudc goi la

Iudn diém Turing - Church md réng.

Céc thuat todn da thifc (trong nhiéu trudng hop rit khong tim thudng) tdn tai cho nhiéu bai toan
tu nhién. Céc phép toan s6 hoc co ban di dudc nhic tdi trudc d6, sy phan cip tot hon ctia ching
bén trong 16p P c6 thé dudc tim thiy trong bai “S6 hoc nhanh”. Thuat toan Euclid dua ra mot
thuat todn da thiic d€ tim uSc chung 16n nhét ctia hai s6 (nhan tién, 1am thé nao dé tinh bdi chung
nhé nhit?). Cac vi du “ddc biét xdu” cho mdt phuong thic simplex c6 nghia 1a: Cac vi du ma
trén d6 né chay véi thdi gian mil. Thuit toan da thic thuc su dau tién cho quy hoach tuyén tinh
dudc xay dung bdi nha toan hoc Lién X6 L.Khachiyan vao nam 1979.

Ta hay cling gid xem tuyén tap nay.

Nhiéu vin dé quan trong ddi v6i cac ludng van tai “Todn hoc ciia cdc luéng vin tdi” c6 cac thuat
toan da thiic. Cac thuat toan lién quan dén Internet “Todn hoc ciia Internet” 1a céc thuat toan
chi theo nghia rong, vi ban than céc bai todn von c6 tinh dong va phan tan. Ching ta sé néi vé
chiing sau mot chiit, con bay gid chiing ta chi luu y rang da thifc § day 1a mot yéu cau chic chan
1a can thiét, nhung khong phai la dd. Nhitng ngudi xi 1y dif liéu 16n thudng nhin manh vao cic
thuat todn tuyén tinh, ttc 1a nhitng thuat toin ma f(n) < Cn.

Tt ca céac thuit toan dudc st dung trong mat ma “Vé Ung dung ciia Todn hoc trong Mdt ma”
déu 1a da thiic. Tuy nhién, ddy 12 mot vi du kh4 hiém khi dua trén ca su ton tai ciia cdc thuit
toan hiéu qua (d6i véi ngudi dung hop phap) va gia dinh ring cc thuit toan d6 khong ton tai
(trong trudng hop 14 dbi thi).

Céc thuat todn dugc st dung d€ nén thong tin ciing 1 da thic. Cudc diu tranh dé cai thién toc
do ma hoa va giai ma trong 16p P - nhu trong truong hop “dit li¢u lon”, su khac biét gitta thuat

toan tuyén tinh va thuét todn bac hai 1a kha dang chi y.
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Mot thuit todn don gian cho su ton tai ctia chu trinh Euler tif bai bdo “Tir nhitng chuyén di dao
J Konigsberg dén gidi ma bé gen” 1a da thiic. Chit nita chiing ta sé n6i vé bai toan di ciip v6i né

la bai toan tim chu trinh Hamilton.

“Tro choi ciia 15 ¢6 thé dé dang dudc tdng quat héa thanh “trd choi clia n? — 1 véi s6 nguyén
duong n tuy y. C6 (tic gid da khong xac minh chinh xdc tuyén bb nay!) mot thuat toan da thiic
dbi v6i n cho phép hai trang thang chin chi ra mot dudng dan bién d6i trang thai nay thanh trang
thdi kia. Nhan tién, van dé nay dé dang ducc dua vé (theo nghia ctia ching ta) vé mot trudng

hop riéng, khi mot trong cac trang thai dugc sap xép hoan toan.

Mot van dé khac da nhan dudc su quan tAm ctia cdc nha todn hoc trong nhiéu thién nién ky 1a
van dé xdc dinh s6 nguyén t6. Miic du thuat toan “gdn nhu da thitc” (vi du, thuat todn xdc suét
trong d6 dudc phép tung dong xu va mac 18i v6i xdc suat thap) da dudc biét dén tir kha lau,
nhung thuét todn da thic theo nghia chit ché ctia tif nay dén mai nim 2002 mdi dugc xdy dung.

Kham phd nay di giy ra mot tiéng vang 16n ca trong cong dong toan hoc va hon thé nita.

R rang, mot sd doc gia tai thdi diém nay sé c6 mot chiit hoang mang: Su khac biét thuc su gitta

ki€m tra nguyén t6 va phan tich ra thira s nguyén t 1a gi? C6 phai n6 chi 1a mot?

Hoéa ra 13 khong, va diéu ndy tao ra su khac biét dang ké va kh4 tinh té gilta chitng minh xdy
dung va chitng minh tén tai thuan tdy. Vi du nhiéu thuat todn “gdn nhuw da thitc” (v6i thuat toan
cudi ciing d€ kiém tra nguyén td, tinh hudng phtic tap hon mot chiit, nhung nguyén tac thi giéng
nhau), d€ ching minh ri”lng s6 m 12 hop s6, sé dua ra mot phan vi du cho dinh 1y nhd Fermat,
nghia 13, sb a, sao cho @' # 1 trong s6 hoc theo modun m. Ban ¢6 thé trich xut phan tich
thite té clia m ra thiia s6 nguyén t6 tif chiing minh nay khong? Cau tra 15i cho cau héi nay 1a
khong 16, mot cau tra 16i khang dinh dudi dang mot thuat todn da thiic sé dan dén nhiing thay
d6i rat dang k€ trong nén vin minh hién dai, phan 16n dua trén niém tin rang cac hé théng mat

ma nhu RSA la an toan.

Bay gid chiing ta hiy cuing thi siic manh khiém t6n ctia minh trong van dé phan tich ra thira sb
nguyén t6. Nhu ching ta da Iuu y (thut todn thif ba), bai toan tim uSc chung 16n nhét ctia hai sb
dugc dua vé bai todn thira sd (phan tich thanh thira sb nguyén t6), va thuit toan Euclide 1am cho
viéc dua vé tré nén khong can thiét theo quan diém thuc té. Toan hoc, tuy nhién, phat trién theo
cac quy lut riéng ctia nd, va thuc té 1a mot s6 cach tiép can hoic két qua héa ra 1a “I6i thoi”
(v6i tubi doi cha thuat todn Euclid, tif nay & dy, tAt nhién, 1a kha tuong d6i) hoan toan khong
c6 nghia 12 nhitng y tuéng dugc 16ng vao d6 ciing trd thanh vo ich.

Trong trudng hop nay, didu tu nhién 1a c¢b ging lam ngudc lai va sit dung thuat toan Euclid dé

phan tich c4c sb ra thita s6. That vdy, d€ tim mot ue s6 khong tim thudng ctia hdp s6 m (nhan
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tién, ban c6 10 tai sao bai todn phan tich thira s6 mot cach hoan toan dudgc rit gon thanh bai toan
nay khong?), “chi cdn” tim mot sb n, véi 1 < (m,n) < m sau d6 cé thé st dung thuit todn

Euclide (hiéu qua!).

TAt nhién, ching ta khong thé gidi quyét mot vin dé nhu vay trong diéu kién chung. Tuy nhién,
héa ra y tudng nay khong phai 12 khong thuyét phuc nhu thoat nhin. Cu thé, céch tiép can phan

tich nhan tir 1a ¢o sé cua:

(1) Mot s6 thuét todn “phdn tich mdt m@” quan trong (tic 12 c4c thuat toan tim kiém 16 hong

trong hé théng mat ma khéa cong khai).

(2) Mot thuit todn luong ti da thiic d€ phan tich cdc s, dugc phat minh bdi nha todn hoc
ngudoi My P. Shor vao nam 1995.

Ta diing lai chi tiét hon & két qua cubi cling, vi né da tao dong Iuc manh mé cho su phat trién cia
mot linh vuc hién dai khéng 16 dudc goi 1a tinh todn lwgng tik, noi d6 cac nha todn hoc, chuyén
gia vé khoa hoc mdy tinh va cdc nha vat 1y 1am viéc ciing nhau. Khong c6 gi khé hiéu & day:
Mot may tinh c6 thé st dung céc dinh luit ctia co hoc lugng tii trén thuc té c6 thé phén tich cic
s6 n—Dbit thanh c4c thita s6 nguyén t6 trong thdi gian nhiéu hon Cn? mot chit. Nhan tién, ban
than thuét todn st dung mot phép todn rat dep va bat ngd: Ung dung thuét todn Euclide & cudi

hoa ra chi 1a phan noi clia ting bing.

Mot doc gia tip trung, dudng nhu, tai thoi diém nay sé hoi ngac nhién: O trén vita néi rang 16p
P khong phu thudc vao viéc Iva chon mé hinh tinh toan, va dot nhién bay gid dua ra mot thiét
bi, ngay ca khi né 1a méi 12 gia dinh, va dot nhién ta c6 thé lam dugc nhiing diéu tuyét voi do.
Khong c6 16i gi & day ca. Cu thé, thé giéi ma ching ta dang sdng dudc sap xép theo mot trong

ba cach sau:

(1) Viéc xay dung mdt mdy tinh luong i thuc té 1a khong thé (va do d6, md hinh nay dudc
coi la “khong hop Iy”).

(2) Luan diém Turing - Church mé rong 1a khong chinh xac (va rd rang 1a c6 thé ¢6 sai léch

so vdi luan diém nay, st dung cic quy luat vat Iy hodc sinh hoc khdc).

(3) C6 mot thuat toan da thifc cd dién dé€ phan tich cac sb (v6i tit ca cac hé qua sau do).
Chiing ta chi khong biét chinh xdc né hoat dong nhu thé nao. Vé diéu nay, ching ta chi c6
thé néi thém rang & thé gi6i theo cach 1, viéc khong thé ché tao duge mdy tinh lugng ti
rit c6 thé s& dudc xdc dinh bdi nhitng trd ngai co ban khong thé hiéu dugc chit khdng phai

do trd ngai cong nghé: Kinh nghiém phat trién cia loai ngudi cho thiy, néu c6 di y chi
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(va da c6 rt nhiéu nguodn luc dudc du tu vao viéc xdy dung mdy tinh lugng ti & nhiéu
nuée phat trién), thi sém mudn gi ciing khic phuc dudc. Vi vdy, luan diém phd bién vé su
bat bai clia hoat dong nay (6 dau ra — hodic 1a may tinh Iuong ti hodic 1a cac dinh luat vat

ly méi gidi thich tinh bat kha thi ctia nd) it nht khong phai 12 khong c6 co sb.

Bay gio ching ta sé n6i mot chit vé van dé giéi han dudi trong ly thuyét vé do phic tap tinh
toan, cu thé 13, chitng minh véi cdc bai toan thu vi cu thé, bAt ky thuat toan nao ciing phai c6
do phtc tap f(n) > & - b(n), trong d6 b(n) 12 mot ham cb dinh nao d6. Pinh cao & day 1a phép
chiing minh rang mot bai toan thi vi khong thudc vé 16p P, tifc 1a né khong thita nhan bat ky
thudt toan nao c6 gidi han trén vé do phic tap f(n) < C - n* (ching ta sé néi v& cdc tng ct

vién trién vong sau). LAy bai toan phan tich ra thira s6 1am vi du.

Mot sdi chi xuyén subt bai viét ctia chiing ta 1a luan diém rang van dé phan tich ra thira s6 khong
nam trong P, va, khac véi luan diém Turing - Church, ddy 1a mot gia dinh todn hoc. Sb git lao
dong dé bac bd né (bao gdm ca gid clia cdc nha ly thuyét s6 va thuit toan sb gidi nhat) 1a khong
thé tinh dudc. Piéu nay c6 nghia 1a ching ta chi nén chip nhin né nhu mot loai quy luat vat Iy

nao dé va lam diéu gi do6 khac?

TAt nhién, ddi v6i bat ky nha toan hoc ndo dang 1am viéc, cau héi ndy hoan toan 1a tu tir va tbt
nhét c6 thé giy ra mot nu cudi nhe. Viéc trong mot thdi gian rat dai khong ai c6 thé dua mot
nghiém khong tam thudng cta phuong trinh x” + y* = z" hodc mot da tap ba chiéu véi cac
dic tinh “hoang da” (phan vi du cho gia thuyét Poincaré), chi khién c4c nha todn hoc thém hiing
mau dé tim kiém ching minh cac khang dinh tuong ting, va diéu nay khong vo ich. Trong qua
trinh gidi quyét ching, ma dinh cao 1a céc cong trinh ctia A. Wiles va G. Perelman, ca mot 1y
thuyét hai hoa da dudc xay dung, chiém dudc vi tri xting dang ctia chiing trong tda nha todn hoc

hién dai.

Tuong tu 13 trudng hop clia van dé can duéi clia d phiic tap, v6i su khdc biét 12 né van con bd
ngd vao thdi diém hién tai, mic du mot s6 két qua dang khich 1¢ da thu dudc trong nhitng nim
1980 va 1990. Ro rang, d€ c6 15i gidi hoan chinh ctia né sé can dén mot s6 y tudng mdi (tuy
nhién, so véi dinh ly Fermat hoic phdng dodn ctia Poincaré, vin dé danh gid cin dudi cta do
phtic tap con & giai doan so khai). Ly do clia tinh trang nay 1a d& hiéu. Bt ky su chiing minh
khong ton tai mot thudt toan hiéu qua (gia sk, da thic) cho mot bai toan nhit dinh chic chin
phai tinh dén khong chi tit ci cdc y tudng hién cé d€ xay dung mot thuit todn nhu viy, ma con
tAt c4 cac y tudng tiém ning c6 thé xuit hién trong tuong lai: diéu ndy, trén thuc té, chinh 12 y
nghia cia ly thuyét vé do phuc tap... Lop y tudng nay rat rong, va hau hét cac két qua cu thé da

biét vé van dé can dudi déu thu dugc bang cach thu hep no lai.
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O phan cubi ciia bai viét ngin nay, ta sé néi vé tinh day di NP: Pay chinh xdc 1a phdn ma nhiing
thanh cong cta ly thuyét vé do phiic tap tinh toan da trd nén rit 4n tuong. Co sd cuia ly thuyét
NP-day di da dugc dit nén méng trong cdc cong trinh clia cic nha toan hoc My S. Cook, R.

Karp va nha todn hoc Lién X6 L. Levin vao dau nhiing nim 70.

Hiy cuing xem xét vin dé tim udc s6 thuc su cia mot hop s6 va so sanh n6 véi hai bai toan khic
tlf tuyén tap nay: Tim chu trinh Hamilton “Tir nhitng chuyén di dao & Konigsberg dén gidi md
bo gen” va gidi Sudoku “Gidi Sudoku”, céi thi hai, tAt nhién, phai dudc tdng quit héa thanh
trudng hop ctia mot bang n? x n2. C6 gi chung gitta ching?

O chp do “triét hoc”, ro rang 1a 16i giai ciia tAt ca cac bai toan nhu vdy dudc chia thanh hai giai
doan hoan toan khong can bang: Tim kiém hodc doan ciu tra 15i chinh xac va kiém tra né. Giai
doan sau dé dang thuc hién trong moi trudng hdp va c6 thé dudgc giao cho may tinh hodc thim
chi 1a cho hoc sinh phé thong. Lam sao dé tim ra cau tra 18i chinh xdc, chiing ta khong c6 cong
thic chung, va trong trudng hdp tdt nhit ching ta chi ¢6 nhiing 15i khuyén hop 1y, doi khi dugc
goi 1a phuong phap heuristic (xem, vi du “Gidi Sudoku”).

Tuy nhién, diéu tt 12 cu tra 15i ding it nhét 14 ngdn, hay mot cach toan hoc, do dai bit m cia
n6 khong vugt qua mdt da thic do dai bit # ctia chinh bai toan. Do d6, ludn c6 mot thuat toan
tim kiém vét can tam thudng, thay vi mot tim kiém c6 tS chiic, chi can xét tit ca cac kha niing
mot cach tuin tu cho dén khi tim thdy diéu mong mudn. Do phic tap ctia n6 trong trudng hop
xAu nhit khodng 2 ~ 267" Néu xét vé do ting clia ham sb mil thi didu nay di nhién khong tt

cho 1am, nhung chi y 13 ¢6 nhiing tinh huéng con té hon nhiéu.

Tir md ta dudc dua ra trong doan trudc, tuong dbi dé dang dé xay dung mot dinh nghia toan hoc:
L6p cdc bai toan ma & d6 viéc kiém cau tra 15i 12 da thic, tic 13, ndm trong 16p P. Ta sé thu
dugc mot dinh nghia tuong duong, néu nhu trong dinh nghia mdy Turing da dua ra & dau bai bd
sung thém tinh khong xac dinh, ttc la cho phép mdy theo y minh chon mdt hanh vi tir danh sach
nhitng hanh vi dugc dé xult. Lp cdc bai toan thu dugc theo cach nay dudc goi 1a NP, trong d6
“N” gdi nh6 dén tinh khong xac dinh.

Hau hét cdc bai toan ma ching ta di thio luan trude dé thudc vé 16p nay hoidc c6 thé dé dang
dua vé dang nay. Tat nhién, su phd bién nay khong phai 14 ngiu nhién. N6 phan anh thuc té rang
NP 12 mot md hinh toan hoc tot cho bt ky hoat dong sdng tao c6 t& chiic nao, bao gdm hanh
dong sdng tao thuc té 1a tim 19i gidi va (thudng 1a nhanh chéng va quen thudc) dé kiém tra no.
Véi su da dang cdc bai toan nhu vay trong NP, ngudi ta mong doi su ton tai ctia mdt cau tric
phan cip phong phi trong 16p nay, cb gang sap xép bai toan theo do phiic tap noi tai ciia chiing,

va cdc gia dinh bai todn nay hay bai toan kia dudc xép vao dau...
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Thuc té khong c6 diéu nay xay ra. Vi rat it ngoai 1, 16p NP thuc su chi chia thanh hai phan
16n. Phan dau tién 12 16p P ma chiing ta da biét, bao gdm tit ca cac bai toan thuit toan c6 it nhét
mot thudt toan hiéu qua (da thic). No6i cach khac, day la nhiing bai toan trong d6 viéc liét ké cac
lua chon c6 thé dudc thay thé bang mot thi tuc hiéu qua, ma chiing ta da thiy & vi du thuét toan
Euclide (mot vi du gido khoa khac 13 bai todn vé chu trinh Euler tit bai bdo “Tir nhiing chuyén

di dao & Konigsberg dén gidi md bo gen”).

O cuc d6i dién 1a cdi goi 1a cic bai todn NP-ddy du, cé tinh chit moi bai todn khac tit 16p NP
c6 thé dua vé n6 trong thdi gian da thic. Héa ra 12 ca bai toan gidi Sudoku va bai toan tim chu
trinh Hamilton tif bai bao “Tir nhitng chuyén di dao & Konigsberg dén gidi md bo gen) va hon
mot nghin bai toan thuat toan (néu tinh dén ca cac bién thé thi ¢ khoang 10000) ti cac linh
vuc khac nhau cua toan hoc, khoa hoc may tinh, khoa hoc tu nhién, sinh hoc, xa hoi hoc,... I1a
NP-day du.

Do d6, bt ky thuat todn hiéu qua nao d€ gidi Sudoku déu c6 thé dugc xdy dung lai thanh mot
thuat todn hiéu qua dé phan tich cdc s6 thanh thira s6 nguyén t6, xdy dung chu trinh Hamilton
va rat nhiéu thi hitu ich khac. Tt c4 cic dua vé nhu vay déu c6 mot “ddc tinh mé-dun” rd rét:
Chéng han, viéc dua bai toan chu trinh Hamilton vé bai toan Sudoku trong thdi gian da thic
dudc chia thanh nhiéu 1in chuyén ddi tuong dbi ngan tir bai todn trung gian tu nhién nay sang
bai toan trung gian tu nhién khac. TAt ca cic bai todan ma ching tdi gip trén dudng di ciing c6
thé dugc tinh vio NP-day du.

Nhung gitta hai cuc nay thuc t& khong cé gi ca. Mot bai toan NP ma chiing ta khong biét cach
phan loai 12 phan tich ra thita s6 nguyén t6, c6 mot s6 vi du khic vé loai nay, dugc thiic ddy bdi
céc gia dinh mat ma. Tat cd déu c6 tinh chét 1a chi c6 mdt cau tra 10i ding. Mot vi du trong d6
tinh chét cubi cing khong dudc thda man 12 bai todn dang ciu do thi (hai dd thi dudc vé, licu

chiing c6 thé dudc “xép chong” 1én nhau dén miic trung hop khong) va cac bién thé ctia noé.

C6 1& day 1a tat ca (hoic it nhit 1a nhitng vAn dé quan trong nhit) cic bai todn tu nhién ma ta
khong biét 16 tinh trang ctia chiing. Vi vay, chiing ta c6 thé tu tin néi rang viéc phan loai cac bai
toan liét ké thanh don gian (P) va kho tbi da (NP-day di) 1a mot trong nhiing du 4n phan loai
thanh cong nhét trong lich st khoa hoc.

Vi tit ca nhitng 1y do nay, bai todn vé su trung hop ctia cac 16p P va NP (con dudc goi 12 bai todn
liét k&) 1a mot trong nhiing bai todn md trong tAm clia todn hoc hién dai. Hau hét cic chuyén gia
tin ring P # NP. Nhung viéc chiing minh sy kién nay dua vé bai toan tim can dudi ctia mot

bai todn NP-day di dudc chon tily y, diéu ma cic nha toan hoc chua thé 1am dudgc.

Tinh phd bién clia bai todn nay dudc minh chiing cu thé bsi su chid y dén né ctia nhiing nha todn

30



Tap chi Epsilon, S6 22, 08/2022

hoc nghiép du. Theo tiéu chi ndy, c6 1& bai toan liét ké da vuot qua ca gia thuyét ctia Fermat.
Tuy nhién, ca cac chuyén gia ngoai logic toan hoc va khoa hoc may tinh cling coi trong né. Bai
toan liét ké 1a mot trong bay bai toan ma Vién Toan hoc Clay da dat ra giai thuéng danh gia.
Nhu da biét, cho dén nay chi c6 mot trong sd chiing dudc gidi quyét (gia thuyét ctia Poincaré -
G. Perelman), d€ giai quyét nhitng vin dé con lai, rat c6 thé, ciing sé can dén nhiing y tudng va
cach tiép can mdi, ban chit ma ching ta thAm chi khong c6 y tudng gan diing nhu trong trudng

hgp cua bai toan liét ké.

Ngudi ta da néi rang giita cac 16p P va cac bai toan hoan chinh NP, nhiing cuc ky dic biét nay
trong 16p NP théng nhit, c6 mot sd van dé van chua dugc phan loai. V& mot trong s6 d6, bai
toan dang ciu do thi, sau khi phat hanh 4n ban ddu tién ctia cudn sach nay vao nim 2015, nha
toan hoc ngudi My gbc Hungary L. Babai da chiing minh mot két qua co ban: Dbi véi bai toan
nay, c6 mot thuat toan “gdn nhuw da thitc”, né6 dang chay. thdi gian 13. N6 chi ra rang bai toan

dang cAu do thi it nhat 1a khong xa 16p P.

[1] Pa 36 o0opoBA, A OCnITOXHOCTUBLBYUCI €HUIU,
MaTeMaTHuuUeCcKOEINpPOCDBEIle HU €,

TperTpbracepna. 199 Bun.3. Crt p.127— 141

2l Pasb6opoBA, A, Anreob6pawundyecKasagcCclIOoOXHOCTH,
2-ensa,ucnonp, M: MITHM O, 2019. Fortnow L. The Golden Ticket P, NP,
and the Search for the Impossible. Princeton University Press, 2013.

http://goldenticket.fortnow.com

[3] Lipton R. J. The P = NP Question and Godel’s Lost Letter. Springer, 2010. Theo céc tu
liéu ciia Blog http://rjlipton.wordpress.com
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CAU CO PHAP (DINH LI PYTHAGORAS)
TRONG Y TRAI TOAN PHAP NHAT PAcC Luc
(PHAN II)

Poan Thi L&
Nghién cuu sinh, National Tsing-Hua University, Taiwan
Lé Thi Nhan
Truong THPT Nguyén Thi Loi, Sam Son, Thanh Héa
Ta Duy Phugng
Cong tac vién Vién Todn hoc, Vién Han ldm Khoa hoc va Cong nghé Viét Nam

Mai Van Thu

Thac st Todn hoc

Cung Thi Kim Thanh
Thac si Han Nom
Phan Anh Tuyét
National Taiwan Normal University

TOM TAT

Chiing t6i tiép tuc giri dén doc gia phan 2 clia bai viét gidi thidu cdc bai todn hinh
hoc giai dugc nho st dung dinh li Pythagoras trong cubn sach todn chit Han Y Trai
todn phdp nhdt ddc luc cia Y Trai Nguyén Hitu Than.
Nhan xét. Nguyén Hitu Thdn da néu phuong phdp "truong phicong tich" gidi hé
a+b+c=m
a—b=n
a? =0+ c?
Bai toan 19 (Bai 2.2.52 - Trang 60). Hitu cdu cé hoa, hitu huyén dit cau cé hiéu chi
hiéu (nhdt danh huyén hiéu hiéu) cau cau cé huyén. Co tong c6 +cdu va hiéu huyén(co-
cdu) (goi la huyen hiéu hiéu). Tim cdu, c6, huyén. Biét b+ c = m,a — (b — ¢) = n. Tim
a,b,c.

Lsi gidi (Trang 60). Binh phuong téng cé cdu, la sé thit nhdt:

(b+c)? =m?
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Lai ldy tong cé + cdu céng vdi hiéu huyén-(co - cdu), dwoc tong 2 cdu + huyén, binh
phuong, la s6 thit hai:
m+n=0b+c)+(a—b—-c)=2c+as (2c+a)=(m+n)

Hai sé trir cho nhau, dugc két qud, chia déi, la truong phuong tich:

(2c+a)?— (b+¢)*  3c2+4dac+a®—b*—2bc  (m+n)>—m? n?®+2mn

2 2 2 2
Lai ldy hiéu huyén—(co-cdu) cong vdi tong 2 cau+huyén, la tong khodt+truong:
(a—(b—=c)+(2c+a)=2a+3c—b=n+(m+n)=m+2n.

Truong phuong tich nhén 4 , va binh phuong ciia tong khodt+truong tric cho nhau, khai
can, dugc hiéu truong-khodt:

3¢? + dac + a® — b* — 2bc)
2
& (4a® +9¢° + b + 12ac — 4ab — 6bc) — (6¢* + Bac + 2a° — 2b* — 4bc) = m” + 2n”

(2a+3c—b)2—4< = (m+ 2n)* — 2 (n” + 2mn)

& 202 + 3¢ 4+ 362 + dac — 4ab — 2bc = m? + 2n?
& 40 + A + b2 + dac — dab — 2bc = m? + 2n?
o 2a—b+c)P=m?+2n? o 24— b+ c=/m2+2n2.

Ldy téng khodt+truong triv hiéu khodt-truong, chia déi, dwoc khodt, la cdu:

(2a+3c—b) —(2a—b+c¢) (m+2n)—vVm?+ 2n? (226)
C: - . . .
2 2

Lay tong c6 + cdu tru di cdu, con lai la canh co:

b=(b+c)—c=m-—c

m+2n—vVm2+2n2  m—2n+Vm? +2n2 (2.2.7)

2 2

Lai ldy huyén- (co-cdu)+(co-cdu), la canh huyén:

a=(a—(b—c)+b—-—c)=n+(b—c)

m—2n+vVm2+2n2  m+2n — vVm?2 + 2n?
2 2

(2.2.8)

=n-+
= \/m?2 4 2n?

Bai todn 20 (Vi du 2.2.7 - Trang 61). Gia si cé téng ciia canh cé va cdu la 23 xich,
hiéu ciia hiéu cé-cdu va huyén la 10 xich. Hoi cdc canh cdu, cé, huyén la bao nhiéu?
Biétm =b+c=23,n=a— (b—c)=10. Tima,b,c.
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Loi gidi (Trang 61, 63). Ldy tong ciia canh cé va canh cdu la 23 xich, binh phuong,
dugc 529 xich: m? = (b + ¢)? = 232 = 529.

Ldy hiéu huyén—(co-cdu) (10 xich) cong vdi tong cé + cdu (23 xich), dugc 33 xich, la
tongg cua 2 cdu+huyén, binh phuong, dwoc 1089 xich:

(m+n)?=((a—(b-c)+(b+c)?=(2c+a)*= (234 10)% = 33% = 1089.

Hai tich (hai s ¢6 dugc tie phép binh phuong) tric cho nhau, con 560 xich, chia doi, dugc
280 xich, la truong phuong tich:
3¢ +4ac+a® —b* —2bc  (2c+a)* — (b+¢)*  (m+n)2—m? 1089 — 529

= 280.

2 2 2 2

Ldy hiéu huyén-(co-cdu) (10 xich) cong vdi tong 2 cau+huyén (33 xich), dugc 43 xich,
la tong khodt+truong:

20+3c—b=(a—(b—c))+ (2c+a)=n+ (m+n) =10+ (23 + 10) = 43.

Dung "truong phuong tich", co tong khodt+truong, tim hiéu khodt - truong, ding cdc
cong thiic cia truong, khodt dé’tinh todn.

Truong phuong tich (280 xich) nhdn 4, dwgc 1120 xich; tong khodt+truong (43 xich),
binh phuong, dugc 1849 xich; triw cho nhau, duoc 729 xich, khai cdan bdc hai, duoc 27
xich, la hiéu truong - khodt:

3¢2 + dac + a? — v — 2bc>

5 — 432 — 4 % 280 = 729.

(2a—b+c)2:(2a+3c—b)2—4<

= 2a—b+c=27.

Ldy truong + khodt (43 xich) tric di truong-khodt ( 27 xich), dwoc 16 xich, chia doi, dugc
khoadt 8 xich, la canh cdu:

(2a4+3c—b) —(2a—b+c) 43-27

8.
2 2

Ldy téng cé + cdu (23 xich) trix di canh cdu (8 xich), con 15 xich, la canh c6:

b=(0b+c)—c=m—c=23—-8=15.
Suyrab—c=15-8=7Viya=(a—(b—¢)+(b—c)=n+(b—c)=10+7=17.
Nhan xét. Co thé'tinh truc tiép theo cong thiic (2.2.6)-(2.2.8):

_om42n—vVm?+2n?2  234+2x10—-v232+2x10%2
_ : _ : —
b_m—2n+\/m2+2n2 _23—2><10—}—\/232—1—2><102 _
— — 5 —

2
a=\Vm2+2n2=1/232+2x 102 =729 = 27.

34

8.

C

15.




Tap chi Epsilon, S6 22, 08/2022

Nguyén Hitu Thdn dd néu phuong phdp "truong phuong tich” gidi hé

b+c=m
a—(b—c)=n
a? = b% + 2

Bai todn 21 (Bai 2.2.53 - Trang 63). Hitu cdu cé hoa, hitu huyén dit cdu cé hiéu chi
hoa (nhdt danh huyén hiéu hoa), cau cdu c¢é huyén. Co tong co + cdu va tong huyén +(
co cdu) (goi la huyén hiéu hoa). Tim cdu, cé, huyén. Biétb+c=m,a+ (b—c) = n. Tim
a,b,c.

Loi gidi (Trang 63). Tong cd + cdu, binh phuong, dugc tich thit nhdt:
m? = (b+c)? = b* + 2bc + ¢* = a® + 2bc.
Tong huyén + (cé - cdu), binh phuong duoc tich thit hai:
n?=la+ (b—c)*=a*+b* + * + 2ab — 2ac — 2bc = 2a* + 2ab — 2ac — 2bc.
Ldy hai tich céng véi nhau, la truong phiong tich:
m? + n? = 3a® + 2ab — 2ac.
Ldy téng huyén + ( cé - cdu), nhdn doi, la hiéu truong - khodt:
2(a+ (b—rc¢)) = 2n..

Dua theo phép thay thé ding truong phuwong tich, cé hiéu truong - khodt, tim tong ciia
truong + khodt, dya vao cdc céng thiic ciia truong, khodt dé’tinh todn.

Truong phuong tich nhdn 4 , cong vdi binh phuong cua hiéu truong-khodt, khai cdn,
duoc tong khodt + truong:

4 (3@2 + 2ab — 2ac) +20a+(b-c))>=4 (m2 + n2) +4n? =4 (m2 + 2n2)
& 124® + 8ab — Sac + 4a® + 4b* + 4¢? + 8ab — S8ac — 8bc = 4 (m2 + 2n2)
& 16a° + 4b% + 4c* + 16ab — 16ac — 8bc = 4 (m* + 2n?)

& (da+2b —2c)* =4 (m” + 2n?)

(:)4a+2b—2022\/m.
Ldy téng truong+khodt triv di hiéu truong - khodt, chia doi, dugc khodt, la canh huyén:
2a = (da+2b—2¢) — (2a+2b—2¢) =2/ m? +2n2 —2n = a = Vm? + 2n2 — .
Ldy tong huyén +( co-cdu) triv di canh huyén, con hiéu cé-cdu:

b—c=(a+(b—c)—a=n-— (\/m2+2n2—n) =2n — \/m? + 2n?.
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Ldy téng trir hiéu, chia doi, dugc canh cdu:

oo (b+c)—(b—rc) _m—(2n—\/m2+2n2) _m—2n+~/m2—|—2n2
= 5 — 5 _ ; .

Ldy téng céng hiéu, chia déi, duoc canh co:
B m + 2n + vVm? + 2n?

(b+c)+(b—c) :m+(2n—\/m2+2n2) _

b= 9 2 2

Nhan xét. Nguyén Hitu Thdn da néu phuong phdp "truong phuong tich" gidi hé

b+c=m
a+(b—c)=n
a? = b% + 2

Bai todn 22 (Bai 2.2.54 - Trang 64). Hitu cdu huyén hoa, hitu huyén dit cdu cé hoa
chi hiéu (nhdt danh huyén hoa hiéu), cau cdu cé huyén. Co tong huyén+cdu va hiéu
(co+cdu)-huyén (goi la huyén hoa hiéu). Tim cdu, c6, huyén. Biét a+c =m, (b+c¢)—a =
n. Tim a, b, c.

Loi gidi (Trang 64). Tong huyén+cdu binh phuong:

m? = (a+¢)* = a® + 2ac + .
Ldy téng huyén + cdu céng vdi hiéu (co+cdu) -huyén, la tong 2 cdu + co, nhdn vdi tong
huyén + cdu ciing vdi binh phuong ciia tong huyén+cdu, tric cho nhau, két qud la truong
phuong tich. Vi tong huyén + cdu la tong truong +khot, dua vao phwong phdp ding
truong phuong tich, co tong truong + khodt, tim hiéu truong - khodt, ding cdc cong
thitc cua truong, khodt dé’tinh todn truong phuong tich:

m+n=(a+c)+((b+c)—a)=2c+b

= (2c+b)(a+c)— (a+c)? = (m+n)m—m?
& 2ac +2¢2 4 ab + be — (a2—|—2ac—|—02) =mn
& ab+be+ 2 —a? =mn

& ab + be — b? = mn.

Truong phuwong tich nhdn vdi 4 , binh phuwong tong truong + khodt, tric cho nhau, duoc
két qud, khai phwong, la hiéu truong—khodt:

(a+c)? —4(ab+bc—b2) —m? — 4mn

& a4 & + 4 + 2ac — 4dab — 4be = m® — 4mn

& (a—2b+c)* =m? —4mn

& a—2b+c=+v/m?2—4dmn.
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Ldy hiéu truong-khodt cong vdi tong truong + khodt, chia déi, dugc truong, la canh co:

at+tc=m :>b_m—\/m2—4mn
a—2b+c=+vm?2—4mn - 2 '

Lay canh co tri di hiéu (co + cdu)-huyén, con lai hiéu huyén-cdu:

m —vm?2 — 4dmn m — 2n — vVm? — 4mn
a—c=b—((b+c)—a)= 5 —n= 5 :

Ldy tong céng hiéu, chia doi, la canh huyén. Ldy tong triv hiéu, chia doi, la canh cdu:
Do a+ c =m nén

m-+ m—2n—1/ m2—4mn

a4 = (a+c)+(a—c) _ — %5 —— _ 3m—2n—vm2—4mn
o 2 o 2 o 4
m—2an—y\/ m2— mn
= (at+c)—(a—c) __ m—% _ m+2n+vm2—4mn
= 2 = 2 = 1 :

Nhan xét. Nguyén Hitu Thdn da néu phuong phdp truong phuoong tich gidi hé

atc=m
(b+c)—a=n
a? = b+ c?

Bai toan 23 (Bai 2.2.55 - Trang 65). Huu cdu huyén hoa, huwuu huyén dit cau cé hiéu
chi hoa (nhdt danh huyén hiéu hoa), cdu cdu cé huyén. Biét tong huyén+cdu va huyén
+( cO-cdu) (goi la huyén hiéu hoa). Tim cdu, c6, huyén. Biét a + ¢ =m,a + (b—c) = n.
Tim a, b, c.
Loi gidi (Trang 65). Ldy téng huyén + cdu, binh phuong:

m? = (a+¢)? = a® = 2ac + 2.

Ldy tong huyén + cdu, cong vdi tong huyén + (co - cdu), la tong hai lan huyén + cé,
binh phuong:

20+b=(a+c)+ (a4 (b—c)=m+n= (m+n)?=(2a+b)* = 4a® + 4ab + b*.
Cong hai s6 c6 duogc ti phép binh phuong vdi nhau, la truong phuong tich:
m? + (m+n)? = (a2 + 2ac + 02) + (4@2 + 4ab + b2) = 6a” + 4ab + 2ac.

Ldy tong 2 huyén + c6 nhdn déi, la 4 huyén +2 co, cong vdi tong huyén + cdu, la tong
truong + khodt.

22a+b)+ (a+c)=5a+2b+c<2(m+n)+m=>5a+2b+c
& 3m +2n =5a + 2b+c.

Dua theo phép "dai dung truong phwong tich", co tong truong + khodt, tim hiéu truong
- khodt, dung cdc cong thiic ciia truong, khodt dé tinh todn.
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Ldy 4 nhdn vdi truong phuong tich, cung binh phuong ciia tong truong + khodt, triv cho
nhau, khai can, dugc hiéu truong - khodt:

(5a+2b+¢)? — 4 (6a2 + 4ab + 2ac) = (3m+2n)* -4 [m2 + (m + n)2]

o a? 4+ 4% + A + 4ab + 2ac + 4be = m? + 4mn

S (a+2b+ ) =m?+4mn < a+20+c=\/m?+4mn

Ldy téng truong + khodt trir di hiéu truong - khodt, chia doi, duoc khodt, ldy khodt chia
doi, la canh huyén.

5a + 2b+c¢ = 3m + 2n :>a_3m+2n—\/m2—|—4mn
a+2b+c=+vm?2+4mn N 4

Ldy tong huyén + cdu, trir di canh huyén, con lai la canh cdu:

3m—|—2n—\/m2—|—4mn_m—2n—|—\/m2+4mn

c=(a+c)—a=m 1 1

0 tong huyén + (co-cdu) tric di huyén, con lai la hiéu cé - cdu:

b—c=(a+(b—-c)—a

_3m—|—2n—\/m2+4mn_ 2n — 3m + vVm?2 + 4dmn
4 N 4 '

=N

A A A 4 . A 2 A A
Lay canh cdu cong vdi hiéu co - cdu, duoc canh co.

b=(b—c)+c=

_ 2n—3m+\/m2+4mn+m—2n+\/m2+4mn_ vVm2 +4mn —m
N 4 4 N 2 ‘

Nhan xét. Nguyén Hitu Thdn da néu phuong phdp truong phurong tich gidi hé

atc=m
a+(b—c)=n
a? = b +

Bai todn 24 (Bai 2.2.56 - Trang 66). Hitu c6 huyén hoa, hitu huyén dit cdu cé hoa
chi hiéu, cdu cdu cé huyén. Co tong huyén + cé va hiéu (cé + cdu) - huyén. Tim cdu,
o, huyén. Biéta+b=m,(b+c) —a =n. Tima,b,c.

Loi gidi (Trang 66). Binh phuong tong huyén + co, dugc thita sé thii nhdt:
m? = (a+b)? = a® + 2ab + V°.

Ldy téong huyén+cé cong vdi hiéu (c6 + cdu) - huyén, dugc két qud la tong hai lan co +
cdu, nhdn vdi tong huyén + co, la thita sé thit hai:

m+n=(a+b)+(b+c—a)=2b+c
= (2b+¢)(a+b) = (m+n)m.
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Hai thita sé trit cho nhau, duoc két qud la truong phuong tich:

= (2b+c)(a+b) — (a+b)* = (m+n)m —m?

& 2ab + 2% + ac + be — <a2+2ab+b2> =mn
& ac+be+b? —a® =mn

& ac+be — 2 =mn

Coi tong huyén + cé la tong truong + khodt, dua theo phép "dai dung truong phuong
tich", cé tong truong + khodt, tim hiéu truong-khodt, ding cdc coéng thiic ciia truong,
khodt dé’tinh todn. Truong phuong tich nhdn vdi 4, cung vdi binh phuong ciia tong khodt
+ truong, trit cho nhau, khai can, duoc hiéu truong - khodt:

(a+b)2—4(ac+bc—02) = m? — 4mn
& a? + b + 4% + 2ab — dac — 4be = m? — 4mn
& (a+b—2¢)% =m?—4mn

S a+b—2c=+v/m?2—4mn.

Ldy tong truong + khodt, tric di hiéu truong - khodt, chia doi, dwoc khodt, la cdu:

a+b=m N _m—\/m2—4mn
a+b—2c=+vVm?2—4mn = 2 '
Ta co
m —vm? — dmn m — 2n — vVm? — 4mn
a—b=c—((b+c)—a)= —n= .

2 2

A S . A e A L A A A7 . A \ A \
Do a + b = m nén lai lay hiéu do cong vdi tong huyén + co, chia doi, la canh huyén va
canh co:

m—ain— \/ m27 mn
o= (a+b)+(a—b) m+% _ 3m—2n—v/m2—4mn
= 2 = 2 = 1
m—zon— m2— mn
p_ (atb)—(a=b) _ m-mEGRR gy on g /m? D
= 2 = 2 = 1 :

Nhan xét. Nguyén Hitu Thdn dd néu phuong phdp "truong phuong tich” gidi hé phuong
trinh bdc hai

a+b=m

(b+c)—a=n

a? = b% + 2

Bai toan 25 (Bai 2.2.57 - Trang 67). Hitu c6 huyén hoa, hitu huyén dit cau cé hiéu chi
hiéu (nhdt danh huyén hiéu hiéu), cau cdu cé huyén. C6 tong huyén+co, hiéu huyén(co-
cdu) (goi la huyén hiéu hiéu). Tim cdu, co, huyén. Biét a +b = m,a — (b — ¢) = n. Tim
a,b,c.
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L&i gidi (Trang 67). Binh phuong tong huyén + co, la sé thit nhdt:

m? = (a+b)% = a® + 2ab + b*.
Ldy tong huyén + c6 cong vdi hiéu huyén - (co - cdu), duoc tong 2 huyén + cdu, binh
phuong, la s6 thit hai:

(a+Db)+ (a—(b—c)=m+ns (2a+c)? =4a® + dac + & = (m +n)>.

Ldy hai s6 cong cho nhau la truong phuong tich:
m? + (m+n)? = (a2 + 2ab + b2) + (4@2 + dac + 02) = 6a” + 2ab + 4ac.

Nhdn doi tong 2 huyén + cdu, dugc 4 huyén + 2cdu, cong vdi tong huyén + co, la tong
truong + khoadt:
22a+c¢)+ (a+b) =ba+b+2c

& 2(m+n)+m=>5a+b+ 2c
& 3m+ 2n = 5a+ b+ 2c.

Dua theo phép "dai dung truong phuong tich”, cé tong truong +khot, tim hiéu truong-
khodt, dung cdc coéng thiic cua truong, khodt dé’tinh todn.

Truong phuong tich nhén véi 4 , cung vdi binh phuong ciia tong truong + khodt, trix cho
nhau, khai can, dugc hiéu truong-khodt:

(5a+b+2¢)? — 4 (6a2 + 2ab + 4ac) = (3m+2n)? -4 [m2 + (m + n)2]

o a? 4+ b2 + 4% 4 2ab + dac + 4be = m? + 4mn

S (a+b+20)% =m? + 4mn

S a+b+2c =\/m? + 4mn.

Ldy tong truong + khodt, triv di hiéu truong - khodt, chia déi, dugc "khodt phdp", ldy
khodt chia déi la canh huyén:

5a + b+ 2c=3m+2n :>a_3m+2n—\/m2+4mn
a+b+2c=+vVm?+4mn N 4

Trong tong huyén + cé trir di canh huyén, con lai la canh co:

3m+2n—vVm?2+4mn  m—2n+vVm? + dmn
4 N 4 '

b=(a+b)—a=m—

Lai lay canh huyén trie di hiéu huyén — (co - cdu), phan con lai la hiéu co-cdu:

_3mA+2n— vm? +4mn _ 3m —2n—vm? +4dmn
- 4 T 4 ‘

b—c=a—(a—(b—20))

A A \ . . A A A A N BN A
Lay canh co tru di hiéu co—cdu, phdn con lai la canh cdu.

m—2n+\/m2+4mn_3m—2n—\/m2+4mn_ vVm2 +4mn —m

¢ (b=c) 4 4 2
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Nhan xét. Nguyén Hitu Thdn da néu phuong phdp "truong phuong tich" gidi hé

a+b=m
a—(b—c)=n
a? = b + 2.

Bai todn 26 (Bai 2.2.58 - Trang 71). Hitu cdu cé hiéu, hitu huyén dit cdu cé hoa
chi hiéu (nhdt danh huyén hoa hiéu) cau cau cé huyén. Co hiéu c6-cdu, hiéu (cdu+co)
huyén (goi la huyén hoa hiéu). Tim cdu, co, huyén. Biétb —c = m, (b+ ¢) —a = n. Tim
a,b,c.

Loi gidi (Trang 71). Ldy hiéu (c6 + cdu) — huyén, binh phuong, chia déi, la truong
phuong tich:

2 2 2

2 N2 22 2 onh
n (b+¢)—a) _ b+ +a” +2bc — 2ab 2ac:a2+b0_ab_ac‘

Vi hiéu cé-cdu la hiéu truong-khodt, dica theo phép "dai dung truong phuong tich", co
tong truong + khodt, tim hiéu truong-khodt, dung cdc céng thiic cia truong, khodt dé
tinh todn.

Truong phuong tich nhdn vdi 4, cong voi binh phuong cua hiéu truong-khodt, khai can,
dugc tong truong + khodt:

4(a2+bc—ab—ac)+(b—c)2:2n2+m2
& 4a? 4+ b2 + 2 4 2bc — dac — dab = m? + 2n?
& (20 —b—c)? =m? + 2n?

&2 —b—c=vm?+2n2.

Ldy tong truong + khodt, triv di hiéu truong - khodt, chia doi, dugc "khodt phdp"':

{Qa—b—c:\/m2—|—2n2 :>a_b_\/m2+2n2—m
b—c=m N 2 '

Vi khodt la hiéu ciia huyén - cé, nén ldy khodt, cong vdi hiéu (cé + cdu) - huyén, dugc
canh cdu:

\/m2+2n2—m+ - vVm?2+2n2 —m+2n

c=(a—b)+((b+c)—a)= 5 n 5

A A 4. .« A A7 A N A7
Cau cong voi hiéu co - cau la canh co:

\/m2+2n2—m+2n+ vVm2 +2n2 +m+2n
m = .
2 2

b=c+(b—c) =

Canh co cong voi hiéu huyén - co la canh huyén:

\/m2+2n2+m—|—2n+\/m2+2n2—m_
2 2 N

a=b+(a—1b) = m?2 + 2n2 + n.
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Nhan xét. Nguyén Hitu Thdn da néu phuong phdp "truong phuong tich" gidi hé

b—c=m
(b+c)—a=n
a? =% + 2.

Bai toadn 27 (Bai 2.2.59 - Trang 72). Hitu cdu huyén hiéu, hitu huyén dit ciu cé
hiéu chi hiéu (nhdt danh huyén hiéu hiéu), cau cdu cé huyén. C6 hiéu huyén—cdu, hiéu
huyén(cé-cdu). Tim cdu, co, huyén. Biét a — c = m,a — (b —c) = n. Tim a, b, c.

Loi gidi (Trang 72). Ldy hiéu huyén — (co - cdu) binh phuong, lam sé thii nhdt:
n?=(a—(b—rc)>
Ldy hiéu huyén-cdu céng vdi hiéu huyén - (cé - cdu) binh phwong, lam sé thit hai:
20 —b=(a—c)+(a—(b—c))=m+n= (2a —b)*> = (m+n)%

Ldy hai sé trix cho nhau, lai ldy né tric di binh phuong ciia huyén-cdu, dugc két qud, chia
doi, la truong phuong tich:
2% — D)2 — (a4 —(b—e)2 — (a4 — ¢)2 2 _ 2 02
(2a—b)"—(a—(b—1¢))*—(a—¢) _ (m+n)*—n*—m R

2 2

Vi hiéu huyén-cdu la hiéu truong - khodt, dwa theo phép "dai dung truong phwong tich",
c6 hiéu truong - khodt, tim tong truong + khodt, ding cdc céng thic ciia truong, khodt
de tinh todn. Truong phuong tich nhdn véi 4 , cing vdi binh phuong cia hiéu truong -
khodt, cong voi nhau, khai can, dugc t0A9ng truong + khodt:

4mn + m? :4{[(2a—b)2— (a—(b—c))? — (a—c)Q} :2} + (a—c)?

=2 (2(12 —2¢% — 2ab + 2bc> + (a2 — 2ac + 02)

= 5a% — 3¢? —4ab+4bc—2ac:a2—|—02+4(a2 —02) — 4ab + 4bc — 2ac

= a? + & + 4b? — 4ab + 4bc — 2ac = (2b + ¢ — a)?

=2b+c—a=+vVm2+4mn

Ldy hiéu truong - khodt cong vdi tong truong + khodt, chia déi, duoc truong, la canh

co:
b_(2b+c—a)+(a—c)_\/m2+4mn—i—m (2.2.9)
= 5 = 5 : 2.
Ldy c6 cong voi huyén+(huyén—co), chia doi, la canh huyén:
vm?2 +4mn +m
(2a —b) +b (m +mn) + 9 3m + 2n + vVm? + 4mn (2.2.10)
a = et = . L.
2 2 4

Ldy huyén trir di hiéu huyén—cdu, la canh cdu:

3m +2n 4+ vVm?2 + 4mn 2n —m + vVm?2 + 4dmn
= —m = .
4 4

(2.2.11)

c=a—(a—2c)

42



Tap chi Epsilon, S6 22, 08/2022

Bai todn 28 (Vi du 2.2.8 - Trang 73). Gid sit c6 hiéu huyén-cdu la 9 xich, hiéu huyén —
(co - cdu) la 10 xich, hoi cdc canh cdu, co, huyén la bao nhiéu?

Loi giai (Trang 73). Ldy hiéu huyén - (co - cdu) la 10 xich, binh phuong, duoc 100 xich,
la sé thit nhdt:
a—(b—c)=10= (a— (b—c))* = 100.

Lai Idy hiéu huyén-cdu la 9 xich, cong vdi hiéu huyén — (co - cdu) la 10 xich, dwoc 19
xich, ticc la tong ciia huyén + (huyén - ¢6), binh phwong, dwoc 361 , la sé thit hai:

20 —b=(a—c)+(a—(b—¢c)=9+10=19 = (2a — b)? = 19? = 361.
chy hai so trit cho nhau, con 261 :

2a% + b? — 2ac — 2ab + 2bc = 4a® — 4ab + b* — (a2+b2+62 —2ab+2ac—2bc)
= (2a —b)? - (a — (b —¢))* = 361 — 100 = 261.

Lai ldy 261 trir di binh phuong ciia hiéu huyén—cdu, 9 xich, la 81 xich, con 180 xich,
chia doi, duoc 90 xich, la truong phuong tich:

2a% — 2¢? — 2ab + 2bc = (2a — b)? — (a — (b—¢))* — (a — ¢)? = 361 — 100 — 81 = 180.
= [(2a =)= (a— (b—¢))* = (a—¢)?] : 2= (361 — 100 — 81) : 2 = 90.

Vi hiéu c6 - cdu, 9 xich, la hiéu truong - khodt, thay hai hiéu nay cho nhau dé’ldp phép
tinh.

Ldy 4 nhdn truong phuong tich, dugc 360 xich, cong vdi binh phuong ciia hiéu c6-cdu,
9 xich, la 81 xich, dugc 441 xich, khai cdn, dugc 21 xich, la téng truong + khodt :

4{[ (2a — b)? (b—c))Q—(a—c)Q]:2}+(a—c)2

=2 (2a* - 2c —2ab+2bc)+(a2—2ac+02)
:5a2—3c2—4ab+4bc—2ac:a2+62+4(a2—02)—4ab+4bc—2ac
= a? + ¢ + 4b* — 4ab + 4bc — 2ac = (2b + ¢ — a)?.

Suy ra (20 + ¢ — a)? = 4 x 90 + 92 = 441 hay 2b + ¢ — a = 21. Tong truong + khodt cong
Vi hiéu truong - khodt, 9 xich, duoc 30 xich, chia doi, duoc truong la 15 xich, la canh
co:
(204+c—a)+(a—c) 21+9
2 2
C6 cong vdi tong huyén+(huyén-cé), 19 xich, duoc 34 xich, chia déi, dwgc 17 xich, la
b+ (2a — b) _15+19
2

canh huyén: a = = 17. Ldy canh huyén tri di hiéu huyén—cdu, 9

xich, con lai 8 xich la canh cdu:

c=a—(a—c)=17—-9=28.
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Nhan xét. Cé thé'thay a —c = m = 9,a — (b — ¢) = n = 10 vao cdc céng thiic (2.2.9)-
(2.2.11) dé tinh:

Vm2+4dmn+m V92 +4x9x1049 2149

b— 15.
2 2 2
3m+2n+vm2+4mn 3 x9+2x 10421 17
a = = = .
4 4
n—m4+vm2+4mn 2x10—9+21 .
C: = =
4 4

Nhan xét. Nguyén Hitu Thdn da trinh bay phuong phdp truong phirong tich gidi hé
phuong trinh

a—c=m
a—(b—c)=n
a’? = b + .

Bai toan 29 (Bai toan 2.2.60 - Trang 75). Hitu cé huyén hiéu, hitu huyén dit ciu cé
hiéu chi hoa (nhdt danh huyén hiéu hoa), cau cdu cé huyén. C6 hiéu huyén-co, tong
huyén + (c6-cdu). Tim cdu c6 huyén. Biét a —b=m,a + (b —c) = n. Tim a, b, c.

Loi gidi (Trang 75). Ldy téng (cé — cdu) + huyén tric di hiéu huyén — c6, binh phuong,
duoc so thit nhdt:

Lai giai.
(2b—c)*> =(a+ (b—c)) — (a—0b) = (n—m)*
Lai ldy téng (co - cdu) + huyén, binh phuong, duoc sé thit hai:
(a+(b—c))? =n?
Ldy hai sé c6 duoc ti phép binh phuong, triv cho nhau:
(a+(b—c)?—(2b—¢)> =n? — (n —m)~

Ldy binh phuong cua tong (cé - cdu) + co triv di hiéu vita tim duogc, dugc két qud la
truong phuong tich:

(20— ¢)? — [(a +(b—¢))? — (20— 0)2] =2(n —m)? —n? =n% — 4mn + 2m>.

Ldy tong (cé - cdu) + cé, nhdn doi, triv di hiéu huyén - cé, dugc két qud la tong truong
+ khodt :

bb—a—2c=2(2b—c¢)—(a—b) =2(n—m)—m = 2n— 3m.

Dua theo phép dai dung truong phiong tich, coé tong truong + khodt, tim hiéu truong-
khodt, diing cdc céng thitc ciia truong, khodt dé’tinh todn.

Truong phuong tich nhén véi 4, cing vdi binh phuong ciia tong, tric cho nhau, duoc két
qud khai can, dugc hiéu truong-khodt:

(2b — ¢)? — [(a +(b—¢))? — (20— 0)2} =7 — a® + ¢? — 6bc — 2ab + 2ac.
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Vi
(5b — a — 2¢)? —4(7b2—a2+02—6bc—2ab+2ac) = (b+2c—a)?
nén
(2c+b—a)>=(2n—3m)*> —4 (n2 — 4mn + 2m2) = m? + 4mn.
Suy ra

2c+b—a=+\m?+4mn.

Ldy téng truong + khodt, triv di hiéu truong-khodt, chia doéi, duogc khodt phdp:

2y = (B=a=2) = @etb—a) _ 20— 3m— Vi +dmn
- 2 = 5 .

Lay khodt chia doi la hiéu co-cdu:

b 2n — 3m — vm? + 4mn
—C: .
4

Ldy téng huyén +( co-cdu), triv di hiéu co-cdu, dugc canh huyén:

2n — —vVm?2+4 2 vm?2+4
0 = (a-+(b—c))—(b—c) = n— 2" =™ AL ”*3’"*4”‘ FAMR 9 919)

Ldy canh huyén triv di hiéu huyén-cé, duoc canh cé-

2n + 3m + vVm?2 + 4mn _ 2n—m+vm?+4dmn

m
4 4

b=a—(a—0b) = (2.2.13)

A A \ . “ A A7 A \ A
Lay canh co tru di hiéu co—cdu, la canh cdu:

2n —m+vm?2 +4mn  2n—3m —vm? +4dmn _ m+vVm?+dmn

¢c=b—(b—c) = 1 1 5

(2.2.14)

Bai todn 30 (Vi du 2.2.9 - Trang 76). Gid sit c6 hiéu huyén - cé la 2 xich, c6 téng (co -
cdu) + huyéh, la 24 xich. Hoi cdc canh cdu, co, huyén la bao nhiéu?

Loi gidi (Trang 76 - 78 ). Ldy téng (co - cdu) + huyén la 24 xich tric di hiéu huyén - co
la 2 xich, duoc 22 xich, tic la to”ng ( co - cdu )+ co, binh phuong, duoc 484 xich:

a—b=2,a+(b—c)=24
=2b—c=(a+(b—c)—(a—b)=22= (2b—c)*> =484

Lai ldy tong (c6 - cdu) + huyén, 24 xich, binh phuong, dwgc 576 xich:
(a+ (b—c))? =24% = 576.
Ldy hai két qud trén tri cho nhau, dugc 92 xich:
(a+ (b—¢))* = (2b—¢)? = 576 — 484 = 92.
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Ldy binh phuong cua tong (cé - cdu) + co tri di 92, duoc 392 xich, la truong phuong
tich:

(2b—¢)® = [(a+ (b—c))* — (2b— ¢)*] =484 — 92 = 392.
chy to”ng ( co - cdu )+cé, 22 xich, nhdn doi, duoc 44 xich, tro di hiéu ( huyéh - ¢0), 2 xich,
con 42 xich, la téng truong + khodt:

5b—a—2c=2(2b—c)—(a—b) =2x22—-2=42.

Duca theo quy tdc, ldy 4 nhdn truong phicong tich, duoc 1568 xich, cung vdi binh phuong
cua (truong + khodt), la 1764 xich, tric cho nhau, con 196 xich, khai cdn, dugc 14 xich,
la hiéu truong - khodt:

(2b — ¢)? — [(a +(b—¢))? —(2b— 0)2} = 7b* — a® + ¢ — 6bc — 2ab + 2ac.
Vi
(5b—a—20)2—4(7b2—a2+02—6()c—2ab+2ac) = (b+ 2c — a)?

nén (2c +b—a)? = 422 — 4 x 392 = 196. Suy ra 2c + b — a = 14.
chy tOA?ng truong + khodt 42 xich, trw di hiéu 14 xich, con 28 xich, chia doi, duoc 14 xich,
la khodt. Ldy khodt 14 xich, chia déi, duoc 7 xich, la hiéu cé—cdu:

(5b—a—2¢) — (2c+b—a) 42—-14

b—rc 5 5 7.

Ldy tong (cé-cdu)+huyén, 24 xich, triv di hiéu (c6—cdu), 7 xich, con 17 xich, la canh
huyén:
a=(a+(b—-c)—(b—c)=24—-7=1T.

chy canh huyén trie di hiéu huyé\n-cof 2 xich, con 15 xich, la canh cé:
a=a—(a—b=17T—-2=15

chy canh co triv di hiéu co-cdu, 7 xich, con 8 xich, la canh cdu:
c=b—(b—c)=15-7=8.

Nhan xét. Co thé'tinh truc tiép theo cong thiic (2.2.11)-(2.2.14) vdia —b =m = 2,a +
(b —¢) =n = 24 nhu sau:

C2n+3mAVmP4dmn  2Xx24+3x2+4 V2 +4x2x24 4846414
B 4 B 4 N 4 B
S 2n—m+vVm?+4dmn  2x24-2+V224+4x2x24 48-2+14

4 4 4
m+\/m2+4mn_ 2414
2 2

17

a

b 15

=38
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Nhan xét. Nguyén Hitu Thdn dd néu phuong phdp truong phuong tich gidi hé

Tiéu két. Tiéu két Nguyén Hitu Thén da gidi 60 bai todn nho sit dung Pinh Ii Pythagoras.
Mot s6 bai todn dd co trong cdc sdch todn Trung Hoa. Thi du, cdc bai todn co bdn 2.1.1,
2.1.3,2.1.5, 2.1.6 va cdc bai 2.2.2,2.2.3,2.2.4,2.2.5,2.2.6 da co trong Chuong 9 cua [1].
Rdt co thé'trong sé 60 bai todn néu trén dd co trong cdc sdch Trung Hoa (xem [11, trang
294]). Tuy nhién, cong sitc ciia Nguyén Hitu Thdn la ddng ké: Ong dd sdp xép cdc bai
todn theo thit tw kho ddn, cudi cing la cdc bai todn kho (ngay cd véi gido vién va hoc
sinh ngay nay). Dudi ddy la bang sdp xép 60 bai todn dd trinh bay & trén.
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Bai s6 | Biét Tim | Bais6 | Biét Tim
221 |ca+b=m a,b 2231 |a+b+c=m,a+b=n a,b, c
222 |ba+c=m a,c 2232 |a+c=m,a+b+c=n a,b,c
223 |ca—-b=m a,b 2233 |a+b=mya+(b—c)=n a,b,c
224 |ba—c=m a,c 2234 (a+c=mya—(b—c)=n a,b,c
225 |ab+c=m b, c 2235 la—b=m,(b+c)—a=n a,b, c
226 |ab—c=m b, c 2236 |a—c=m,(b+c¢)—a=n a,b,c
227 |a+c=mya+b=n |abec| 2237 |a—c=m,a+(b—c)=n a,b,c
228 |c+b=m,c+a=n a,bc| 2238 |a—b=m,a—(b—c)=n a,b,c
229 | c+b=m,b+a=n a,b,c| 2239 |[b+c=m,(b+c)—a=n a,b,c
2210 (a+b=mya—c=n |abec| 2240 |[b—c=m,a—(b—c)=n a,b,c
2211 |a+b=m,b—c=n a,b,c| 2241 |b+c=m,a+b+c=n a,b,c
2212 (a+c=mya—b=n |abec| 2242 |b—c=mya+(b—c)=n a,b,c
2213 (a+c=m,b—c=n |a,b,c| 2243 | (b+c)—a=m,a—(b—c)=n|a,b,c
2214 | b+c=m,a—b=n a,bc| 2244 | b+c—a=m,a+(b—c)=n |a,b,c
2215 |b+c=m,a—c=n a,b,c| 2245 |a+b+c=mya+(b—c)=n |a,b,c
2216 |(a—c=m,a—b=n |abc| 2246 |a+b+c=m,a—(b—c)=n |a,bc
2217 |b—c=mya—b=n |a,bc| 2247 |a+(b—c)=m,a—(b—c)=mn|a,b,c
2218 |b—c=m,a—c=n a,bc| 2248 |a+b+c=m,(b+c)—a=n a,b,c
2219 (a=m,a+b+c=n |bc 2249 |b—c=m,a+b+c=n a,b,c
2220 la=m,a+(b—c)=n|bc 2250 (a—c=n,a+b+c=m a,b,c
2221 [a=m,(c+b)—a=n|bc 2251 |a—b=n,a+b+c=m a,b,c
2222 la=mya—(b—c)=n|bc 2252 |[b+c=m,a—(b—c)=n a,b,c
2223 |[b=m,a+b+c=n a,b 2253 |b+c=mya+(b—c)=n a,b,c
2224 (b=m,a+(b—c)=n |a,c 2254 (a+c=m,(b+c)—a=n a,b,c
2225 (b=m,(b+c)—a=n |a,c 2255 [a+c=m,a+(b—c)=n a,b,c
2226 |b=m,a—(b—c)=n | a,c 2256 |a+b=m,(b+c)—a=n a,b, c
2227 [c=m,a+b+c=n a,b 2257 [a+b=mya—(b—c)=n a,b,c
2228 | c=m,a+(b—c)=n|a,b 2258 [b—c=m,(b+c)—a=n a,b,c
2229 (c=m,(b+c¢)—a=n|a,b 2259 (a—c=mya—(b—c)=n a,b,c
2230 [c=m,a—(b—c)=n | a,b 2260 (a—b=m,a+(b—c)=n a,b,c

48



Tap chi Epsilon, S6 22, 08/2022

Ngoai cac bai toan c¢d ban va 60 bai toan giai tam giac vuong da néu trong muc 2, trong
[2], Nguyén Hitu Than con trinh bay mot s6 bai toan khéc lién quan dén tam gidc vuong.

1. Tam giac vuong dﬁng dang: Nguyén Hitu Than coi tam gidc vudng Pythagoras
(3,4, 5) 1a chinh, goi la chinh cu c6. Dua vao chinh cau c6 va sit dung hé s6 dong
dang, Nguyén Hitu Than da giai 13 bai todn vé tam gidc vudng dong dang. Chi tiét
hon xem [2], [5].

2. St dung dinh li Pythagoras trong tinh dién tich: Dinh li Pythagoras dudc Nguyén
Hitu Than st dung dé€ giai quyét c4c bai todn tinh dién tich hinh chit nhat hodc tam
gidc vudng nhd gidi hé phuong trinh bac hai bang phuong phdp Trudng phrong
tich. Chi tiét da dudgc trinh bay trong bai nay va [8].

3. Pinh li Heron: trong Y Trai toan phdp nhét dic luc Nguyén Hitu Than da phat
biéu va ap dung Dinh 1i Heron nhu hé qua cta Dinh 1i Pythagoras (xem [6]).

4. Tinh gan ding s6 = Nguyén Hitu Than 12 mot ngdi sao sang trén biu trdi todn hoc
Viét Nam. Ong 12 ngudi Viét Nam dau tién biét tinh gan ding s Pi va v/2 dén 8
chit s6. Tham chi sau Ong ciing khong ai dat dudc trinh do nay. Chi tiét hon xem
[7].

Két luan. Két lugn Trong Y Trai todn phdp nhdt ddc luc, Nguyén Hitu Thdn dd hudng
ddn sit dung dinh li Pythagoras khd chi tiét va ti mi, mang tinh su pham cao. So véi [1]
thi noi dung phdn nay trong [2] chi tiét hon, thdm chi vugt tréi hon cd so vdi cdc sdch
todn Hdn Nom viét sau [2] (xem, thi du [3]).

Ngoai ra, Ong con sit dung dinh li Pythagoras trong phdt biéu va dp dung Pinh Ii Heron,
trong cdc bai todn tinh dién tich, tinh cdc yéu t6 trong tam gidc nho chinh cdu cé va ti
s6 dong dang, va tinh gan diing sé Pi dén 8 chit s6. Nhitng dang todn nay duwoc trinh bay
trong cdc bai bdo [5], [7], [8].

Nha todn hoc Y Trai Nguyén Hitu Thén va cudn sdch Y Trai todn phdp nhdt déc luc dd
duwoc so luge gidi thiéu trong [9]. Vin bdn va ndi dung Y Trai todn phdp nhdt ddc luc da
duogc phan tich trong [10].

[1] Liu Hui, JLEH K Ciru churong todn thuit (viét nim 263). Ban dich va binh
chi tiéng Anh: The Nine Chapters On the Mathematical Art: Companion And
Commentary From Brand, Oxford University Press, USA, 2000; Ban dich va
binh chu tiéng Nga ctia E. 1. Berezina, trong: Nghién ciru lich st toan hoc, Tap
X, Nha xuét ban Qudc gia sach Li thuyét—Ki thuat, Moscow, 1957, trang 423584.
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[2] BT Nguyén Hitu Than, & 8B 1%—15 Y Trai toan phap nhit dic luc (hoan
thanh nam 1829), Thu vién Vién nghién ctu Han Nom: A.1336; VHv.1184; A.
982; A.1336/a. Poan Thi L& va Cung Thi Kim Thanh dich A.1336 va A.982 nam
2017.

[3] BLEE Nguyén Cén, L F5 74 Bit todn chi nam, Ha Noi, 1909), Thu vién Vién
nghién citu Han Nom: A. 1031 .

[4] Euclid, Co s& ctia Hinh hoc, Nha xuét ban Tri thic, 2016.

[5] Poan Thi L€, Lé Thi Nhan, Ta Duy Phugng, Cung Thi Kim Thanh, Phan Anh
Tuyét, Chinh cu c§ trong cubn sach Y Trai toan phap nhét dic luc, Tap chi Toan
Tudi tho 2, s6 224+225 (thang 11-2021), trang 54-57.

[6] Doan Thi Lé, Ta Duy Phuong, Cung Thi Kim Thanh, Phan Anh Tuyét, Mai Van
Thu, Pinh 1i Heron trong Y Trai toan phap nhit dic luc, Tap chi Pi, Tap 5, sb
11 (thang 11-2021), trang 48-53.

[7] Boan Thi Lg, Ta Duy Phugng, Cung Thi Kim Thanh, Phan Anh Tuyét, Mai Vin
Thu, S6 Pi trong cac sach toan Han Nom, 6 trang (Ban thio).

[8] Poan Thi Lé, Ta Duy Phuong, Cung Thi Kim Thanh, Phan Anh Tuyét, Mai Vin
Thu, Phurong phap Truong phrong tich giai cac bai toan dién tich trong Y Trai
toan phap nhit dic luc, 6 trang (Ban thao da hoan thanh).

[9] Ta Duy Phugng, Boan Thi Lé, Cung Thi Kim Thanh, Phan Anh Tuyét, Doi nét
vé nha todn hoc Viét Nam dau thé ki XIX Y Trai Nguyén Hiu Thén va cudn sich
Y Trai toan phap nhét dic luc ctia Ong, Tap chi Toan hoc va Tudi trée, S6 481
(7/2017), trang 39-42.

[10] [10] Ta Duy Phuong, L& Thi Nhan, Boan Thi Lé, Cung Thi Kim Thanh, Phan
Anh Tuyét, V& vin ban va noi dung cudn sach toan Y trai todn phap nhit dic
luc EH % —75 cia Nguyén Hu Than, in trong Thong bdo Han Nom hoc 2016,
Nha xuit ban Thé gi6i, Ha Noi, 2017, trang 456-466.

[11] Jean-Claude Marzloff, History of Chinese Mathematics, Springer-Verlag,
Berlin, 1997, 2006.

[12] Uta C. Merzbach and Carl B. Boyer, A History of Mathematics, Third edition,
John Wiley & Sons, Inc., Hoboken, New Jersey, 2011.

50



psilon
Tap chi online ctia cong dong
nhtng nguoi yéu toan

Tap chi Epsilon, S6 22, 08/2022

GIAI MOT SO BAI TOAN HiINH HOC PHANG NHO
PHEP QUAY TRONG GEOGEBRA

Nguyén Hoang Vi (Vién Sinh thdi mdi trudng Dong Duong, Ha Noi)

Vii Thi Thu Ha (Trudng Trung hoc PhS thong Pham Hong Théi, Ha Noi)
Chu Thi Minh Chau (Trudng Trung hoc Phé thong Quang Trung, Ha Noi)
Ta Duy Phugng (Cong tac vién Vién Toan hoc)

Pham Vin Hoang, Tran Lé Thiiy (Pai hoc Gido duc, Pai hoc Qubc gia Ha Noi)

1. Dit van dé

Céac phép bién hinh c6 vai trdo quan trong trong day va hoc toan. N6 chiém mot thdi luong dang
ké trong chuong trinh todn phd thong chuyén. Bai viét nay minh hoa cich st dung GeoGebra
trong giai toan hinh hoc phang nhd phép quay. Cac vi du dugc 1dy chii yéu tir tai lidu [10] va cac
tai liéu thi Olympic.

2. Mot s6 tinh chit cd ban cta phép quay

Dinh nghia 1. Phép quay tam O (hay quanh tam O) mét géc a la phép bién hinh trén mdit
phdng bién diém X thanh diém X' sao cho

(a) OX' = OX.

— —
(b) Goc quay tir vecto OX tdi vecto OX' bang «.

Phép quay quanh tdm O mdt goc « thudng dudc ki hiéu la R¢, (rotation) hodc Q 0? (quay).

Tinh chat 1. Phép quay bién duong tron thanh dudong tron.
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Dinh nghia 2. Tich cua hai phép bién hinh G va F duogc ki hiéu la F o G, dugc hiéu la
(FoG)(X)=FI(G(X)).

Tinh chét 2. Tich ciia hai phép quay R'Z va R% véi o + B # k360° la mot phép quay RY. :=
RS o R4, viiy =a+ fva/BAC =2, /ABC = &.

Chii y. Trong mbi bai todn, chiing toi thudong trich xuét ba hinh tit GeoGebra

e Hinh thi nhit bén trai, ki hiéu 1a Hinh a), 1a dé bai.
e Hinh thu hai § gitia, ki hiéu 1a Hinh b) 1a hinh trung gian (dang thuc hién phép quay).
e Hinh thi ba bén phai, ki hiéu 12 Hinh c) 14 hinh cudi cung (két qua ctia phép quay).
Ban doc c6 thé tu minh vé va thuc hién phép quay trén gidy hoic trén GeoGebra hoiic tham

khao cac files .ggb (file GeoGebra) trén trang web cua: https://www.geogebra.org/

m/vaxnmyfqg

3. Mét sb bai toan st dung phép quay va GeoGebra

Bai toan 1. Trén cdc canh CD va DA cua hinh vuéng ABCD lan lugt chon cdc diém E va F
sao cho DE = AF. Chitng minh rdng hai duong thing AE va BF vudng géc véi nhau.

52



Tap chi Epsilon, S6 22, 08/2022

L&i gidi. Goi O 1a tam hinh vudéng. Quay hinh vudéng quanh diém O mdt géc 90° ngudc kim
dong ho. Khi Ay cac diém A4, B, C, D bién thanh c4c diém B, C, D, A (Hinh 1b va Hinh 1c). Vi
DE = AF nén E trung v6i F hay AE 1a 4nh ctia BF sau phép quay géc 90° ngudc kim dong
hd. Vay BF vudng géc v6i AE.

Thay doi di€ém E va diém F trén CD va DA sao cho ta van ¢c6 DE = AF. Va thuc hién lai
thao tdc phép quay, ta van c6 BF vudng goc véi AE. [

Bai toan 2. Trén cdc canh BC va AC cua tam gidic ABC dung ra phia ngodi cua tam gidc
hai hinh vuéng BCDE va AC GF. Chitng minh ring cdc doan thing AD va BG bdng nhau va

vuong goc voi nhau.

= B

Hinh 2

L&i gidi. Quay tam gidac GBC quanh diém C mot géc 90° ngudc kim ddng hd. Piém G bién
thanh diém A, diém B bién thanh diém D. Canh CG trd thanh canh CA, canh CB trd thanh
canh CD, doan GB tr§ thanh doan AD. Vay hai dudng AD va BG vuong goc v6i nhau. [

Bai toan 3. Goi O la tdm hinh vuéng ABCD va E la diém bdt ki trén doan thing CD. Cdc
diém P va Q la hinh chiéu vuéng goc ciia B va D 1én duong thing AE. Chitng minh rdng tam

gidc POQ la tam gidc vuong cdn.
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Hinh 3

L&i gidi. Quay tam gidc APB quanh diém O mot géc 90° cling chiéu kim dong hd. Diém A trd
thanh diém D, diém B trd thanh diém A, canh BA trd thanh canh AD, diém P trd thanh diém
Q. Suyra OP = OQ. Vi phép quay goc 90° nén tam gidc POQ la tam gidc vudng can tai .O

Thay di vi tri diém E trén CD. Thuc hién lai thao tac quay, ta van c6 POQ la tam gidc vudng
can tai O. [

Bai toan 4. Goi O la tam hinh vuéng ABCD va E la diém bdt ki trén doan thing CD. Cdc
diém P va Q la hinh chiéu vuong goc ciia B va D 1én duong thing AE. Chitng minh rdng tam

gidc POQ la tam gidc vuong can.

D E C D E C o A r; C
Q ’ i Q F /f IDF'1
.‘.c ;
[} ]
' & )
*A' H 1
\
P ‘\ 3 ‘.\ i
Y \
\\ \" B\
A B A ko ) B
A B Sy e T S
Hinh 4

L&i gidi. Quay tam gidac APB quanh diém O mot goc 90° cung chiéu kim dong hd. Diém A trd
thanh di€ém D, diém B trd thanh diém A, canh BA trd thanh canh AD, diém P trd thanh diém
Q. Suyra OP = OQ. Vi phép quay géc 90° nén tam gidc POQ la tam gidc vudng can tai O.
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Thay déi vi tri diém E trén CD. Thuc hién lai thao tac quay, ta van ¢c6 POQ la tam gic vudng
can tai O.
]

Bai toan 5. Piém P ndm trén canh CD ciia hinh vuéng ABCD. Phdn gidc ciia géc BAP cdt
canh BC tai Q. Chiing minh ring BQ + DP = AP.

PG

Hinh 5

L&i giai. Quay tam gidc AQB quanh diém A mot goc 90° ngugc chidu kim dong ho (Hinh 4b
va Hinh 4c¢). Pi€ém B trd thanh diém D, canh AB trd thanh canh AD, di€ém Q trd thanh diém
Q' nam trén tia d6i ciia DC. Do AQ 1a phan giic ctia ZBAP nén

/PO'A=90°— /DAQ' = /DAP + /PAB — /DAQ' = /DAP + /DAQ' = /PAQ/,
hay tam giac Q' PA can dinh P. Ching td

BQ + DP = DQ' + DP = PQ’ = AP.
Thay d6i vi tri diém P trén CD. Thuc hién lai thao tac quay, ta van c6 BQ + DP = AP. [

Nhan xét. Tat nhién, c6 thé gidi bai nay ma khong dung ngon ngit phép quay: Trén tia dbi cia
DC dung DQ’ = BQ. Hai tam giac ADQ’ va ABQ bang nhau (hai tam giac vudng c6 hai
cip canh géc vudng tuong tng biang nhau). Suy ra

APQ'A=90°-/DAQ" = (L/PAD +2/BAQ)—/DAQ' = /PAD+/DAQ’' = /PAQ’.
Ching té tam giac AP Q' can dinh P. Vay

AP = PQ' = DP + DQ' = BQ + DP.
Tuy nhién, y tudng “quay” c6 vé tu nhién hon y tudng trén tia ddi cia DC dit DQ’ = BQ.
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Hinh 6

Bai toan 6. Cho tam gidc nhon ABC véi ZABC = 45°. Cdc duong cao ha tw dinh A va C
gdp nhau tai H. Chiing minh rang BH = CA.

Loi gidi. Quay tam gidc CKA quanh diém C mot géc 90° ngudc kim dong hd. Poan CK trd
thanh doan CK’ vuong goc v6i CK, diém A trd thanh diém A’. Poan CA tré thanh doan CA’
vudng goc v6i CA. Do ZABC = 45° nén CK' = CK = BK va Z/CKB = ZKCK' = 90°
nén CK BK’ 1a hinh vuéng. Do /K'CA' = /KCA = ZHBK nén ZA'CB = ZHBC. Do d6
CA’//BH va CKBA’ 1a hinh binh hanh. Suy ra BH = CA’ = CA. [

Nhan xét 1. C6 thé chitng minh truc tiép khong dung phép quay nhu sau: Do ZABC = 45°
nén CK B la tam giac vuong can hay CK = BK. Mat khac, ZACK = ZHBK (gbéc c6 canh
tuong ung vudng goc). Ching t6 AACK = AHBK.Dodé CA = BH.

Nhan xét 2. Ta c6 ZABC = 45° khi va chi khi CA = BH. Thit viy, néu CA = BH thi
ACAK = ABHK. Suy ra CK = BK hay CKB la tam giac vudng can. Do d6 ZABC =
ZKBC = 45°.

Bai toan 7. Trén cdc canh AB va AD ciia hinh vuéng ABCD ldn lugt chon cdc diém P va Q
sao cho AP = DQ. Chiing minh rang /PBQ + Z/PCQ + ZPDQ = 90°.

L&i gidi. Quay tam gidac DAP va tam gidc CBP quanh diém O géc 90° cung chiéu kim dong
ho (Hinh 6b va Hinh 6¢). Piém D bién thanh diém C, diém A bién thanh diém D, diém B bién
thanh diém A, diém C bién thanh diém B. Géc ADP trd thanh géc DCQ va géc PCB trd
thanh goc OBA. Suy ra

/PBQ + /PCQ + /PDQ = ZABQ + /PCQ + /PDA
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Hinh 7

— /BCP + /PCQ + /QCD = /BCD = 9.
Thay d6i vi tri diém P va Q trén AB va AD sao cho AP = DQ. Thuc hién lai thao tc quay,
ta vin c6 ZPBO + /PCQ + /PDQ = 90 . 0

Bai toan 8. Cho hinh thang ABC D vdi cdc canh ddy AB va CD théa mdn diéu kién: Z BAD =
ZABC = 60° va CD < BC. Trén canh BC ldy diém E sao cho BE = CD. Chiing minh
rang AE = BD va goc giita chiing bang 60°.

Li gidi. Kéodai AD va BC catnhautai S. Vi ZBAD = ZABC = 60° nén SAB 1a tam giic
déu. Goi O 1a tam tam gidc SAB. Khi 4y ZAOB = ZB0OS = /SOA = 120°. Do AB//CD
nén SDC ciing la tam gidc déu. Do d6 SD = CD = BE. Quay tam giac ABE quanh diém O
mot géc 120° ngude kim dong ho.
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Qua phép quay nay thi diém A bién thanh diém B, diém B bién thanh diém S va diém E bién
thanh diém D. Nhu viy doan BD la dnh ctia doan A B qua phép quay 120°. Vay AE = BD va
gdc tu gitta ching bang 120° hay géc nhon giita chiing bang 60°.

Thay d6i vi tri diém D va diém C sao cho A BCD van la hinh thang can c6 géc & day bang 60°.
Thuyc hién lai thao tic quay, ta vin c6 AE = BD va géc giita chiing bang 60°. U
Phép quay cling c6 thé gitip giai cic bai todn dung hinh nhu minh hoa trong bai tap dudi day.

Bai toan 9. Cho hai dwong thdng a va b cdt nhau va mot diém C khong thudc hai duong thdng
nay. Hay dung hai diém A va B tuong iing trén a va b sao cho ABC la tam gidc déu.

Hinh 9

Lsi gidi. Goi A 1a mot diém bét ki trén dudng thang a. D€ tim diém B trén b sao cho ABC la
tam gidc déu, ta cAn quay a quanh diém C géc 60° ciing chiéu hoic ngudc chiéu kim dong ho.

Goi a; va a, lan ludt 1a 4nh clia a qua phép quay quanh diém C géc 60°.

Khi A chay trén dudng thang a, 4nh ctia A qua phép quay géc 60° chay trén dudng thang a; va

. Anh ctia diém A can tim chinh 12 diém B, 1 giao diém cta a, (hoic a») véi dudng thing b.

Nhu vay, dé dung tam gidc déu A BC ta quay duong thang a géc 60° quanh diém C theo ca hai
huéng (cting chiéu va ngudc chiéu kim dong hd), dugc dudng thang a; va a,. Goi By va B, 1a
giao diém clia dudng thang a; va a, vdi dudng thang b. DE xac dinh cac diém A, va A, ta chi
can quay diém B, va B, géc 60° quanh diém C lan ludt ngudc chiéu va cling chiéu kim dong

ho. Bai toan ndi chung c6 hai nghiém. [
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Bién luan. Néu mot trong hai duong thﬁng ay hoac a, trung v6i dudng thﬁng b thi bai toan sé
6 vo sb 16i giai. Néu mot trong hai dudng thang a; hodc a, song song véi duding thang b thi

bai todn sé c6 duy nhit mot 10i gidi.
C6 th€ dung phép quay d€ gidi cdc bai todn qii tich nhu minh hoa trong bai tap dudi day.

Bai toan 10. Cho nita duong tron duong kinh AB. Diém C chuyén dong trén nita duong tron.
Tim tdp hop cdc diém I trén tia AC sao cho AI = BC.

t=1 2 I\
t=0 L, t=1.570796326
/ \ -
/ \
/ \

Hinh 10

L&i gidi. Gia st O la diém chinh gitta cung A B. Phép quay tAm O géc 90° theo chiéu kim dong
ho bién diém B thanh diém A, diém A bién thanh di€ém A; ma AA; LAB va AA; = AB, diém
C bién thanh diém /, doan thing BC thanh doan A/, doan AC thanh A;/. Suy ra ZAIA; =
Z/BCA = 90°. Anh ciia nita duong tron dudng kinh A B chinh I dudng tron dudng kinh AA4;.
Suy ra khi C di dong trén nita duong tron duong kinh AB thi I di dong trén nira dudng tron
duong kinh AA4;. U

C6 khodng 400 chiing minh dinh 1i Pythagoras, trong d6 c6 mét sd chiing minh nhd phép quay.

Céc ching minh nay dé dang minh hoa trén GeoGebra.

Dinh Iy 1. (Binh ly Pythagoras) Cho tam giic ABC vuéng d C co cdc canh tuong ung la
a,b,c. Khidy c? = a® + b2.

Chitng minh 1. (Thabit Ibn Qurra, 836 — 901) Pau tién vé hai hinh vudng canh a va b. Tong
dién tich hai hinh vudng bang a? + b2. V& hai tam gidc vuéng ABC va ADE. Quay tam giic
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Hinh 11

ABC va ADE géc 90° ngudc chiéu kim dong hd quanh tim B va tim E tuong dng, dudc anh
1a tam gidc BCA’ va tam gidc ED’A’. Nhu vy, hai hinh vudng c6 tong dién tich a? + b2. da

dugc bién d6i thanh hinh vudng c6 dién tich ¢? hay ¢? = a? + b2.

C6 thé thay d6i vi tri diém A, thi du, d€ dudc tam gidc ABC mdi v6i a > b. Ta van ludn ludn

c6c? =a® + b2, O
C6 thé két hop phép quay va phép tinh tién d€ chiing minh dinh li Pythagoras nhu duéi day.

Chitng minh 2. Quay tam gidgc ABC (dién tich Lab) géc 90°, 180°, 270°.

e |/ S L

d

Hinh 12

Sap xép lai (tinh tién) bén tam gidc vuong. Ta dudc mot hinh vudng canh ¢ bang mot hinh vudng

canh a — b va bdn hinh tam gidc vudng canh a va b. Ta c6
ab
c? = (a—b)2+4-7 = a® —2ab + b* + 2ab = a* + b

]

Ching minh 2. Dung hai hinh vuéng AECD canh a va C GBF canh b. Tinh tién hai tam gidc
ACF va CBF doc theo dudng AB d€ dudc hai tam gidc C'BD’ va AC'F’
2 (N2 ab 5 2 2012
¢ =(a—>b) —|—4-2—a 2ab + b* + 2ab = a“” + b”.
Trong hinh ddnh diu hai tam gidc AF'E va BGD’
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Hinh 4.3a Hinh 4.3b Hinh 4.3c

Hinh 13
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Quay tam gidac AF’E quanh diém E va tam gidc BGD' quanh diém D’ géc 90° ngudc kim
dong ho dé€ dugc tam gidc A’ FE va tam gidac D'CF.

Ta c6 Hinh 4.3d va Hinh 4.3e, chinh 13 hinh vudng canh ¢. Nhu vay, ta cé ¢? = a? + b%. [

Bai tdp 1. Céac diém M va N la cic trung di€ém cta cac canh AB va BC cua hinh vudng
ABCD. Cic doan DN va CM cit nhau tai P. Chiing minh ring doan PA bang canh hinh

vuong.

t = 15707963268
®

> @

Hinh 15

L&i gidi. Dung phép quay tam O géc quay 90° ngudc chiéu kim dong hd, khi d6 A, B,C, D
tuong ng bién thanh B, C, D, A. M bién thanh N, N bién thanh Q (diém giita doan CD).
DPoan M C bién thanh ND, do d6 M C LND. Poan ND bién thanh QA4 nén NDLAQ va vi
vay AQ//CM. Gia st H 1 giao diém ctia doan AQ va DP. Khi iy do Q la diém giita doan
DC nén H la diém giita doan DP. Poan AH viia 1a dudng cao vita 1a dudng trung tuyén clia
tam gidc APD nén tam gidc APD can vado do AP = AD. U

Bai tap 2. Cho tam giac déu ABC. M 1a mot diém tiy ¥ trén mit phang. Chiing minh rang do
dai mot doan bét ki trong ba doan M A, M B, M C khong 16n hon t8ng hai doan con lai. Khi nao

thi xay ra diu bang?
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M
.

t=0 t=0.6964 t=1.0471975512
e — e

Hinh 16

Li giai. C6 dinh M C va thay cic doan thang M A, M B béi cic doan thang 12 4nh cta ching
qua phép quay tim A géc quay 60°. Khi 4y di€ém M bién thanh diém M’, B bién thanh C, BM
bién thanh CM’.

Tam gidc AMM’' déu, suy ra MM’ = AM. Ti tam gidc MCM' tacé6 MC + CM' > MM’
hay MB + MC > MA. Tuong tu, BM + MA > MC, MC + MA > MB.

Déu bing xay ra khi va chi khi M’, C, M thang hang. Liic 6 ZAMC = ZAM'C = 60° hay
M thudc dudng tron ngoai tiép tam giac ABC. O

6. MOt so bai toan thi Olympic sir dung phép quay cé thé
minh hoa trén GeoGebra
Bai todn 11 (Olympic Lomonosov, Nga, 2014). Tam gidc LOM vdi goc ZLOM = «a dugc

quay quanh O mot géc nhon. Piém L bién thanh diém N nam trén duong LM, diém M bién
thanh diém K sao cho OM LNK. Tim sé do géc quay.

Hinh 17
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Li giai. Kihiéu goc quay 1a ¢p. Khi iy ZLON = ZMOK = ¢. Vi ON = OL (tinh chit ctia
phép quay) nén ZOLN = ZONL = 90° — ¢/2. Do hai tam gidc LOM va NOK bang nhau
(tinh cht ctia phép quay) nén ZONK = ZOLN = 90° — ¢ /2. Theo gié thiét, OM L. NK nén
ZNOP =90° - ZONK = ¢/2. Hay @« = 3¢p/2, nghiala ¢ = 2c/3. O

Bai toan 12 (Olympic toan Nga, 1961). Hai diém A va B chuyén déng déu véi vén téc goc
bang nhau theo duong tron tam Oy va O, tuong iing (theo chiéu kim dong ho). Chiing minh

rang dinh C ciia tam gidc déu ABC ciing chuyén dong déu trén duong tron nao do.

t=6.2748
&

Hinh 18

Loi giai. Gia st vectd O 05 la anh cuia vectd O; O, mot goc 60° theo hudng cung hudng véi
hudéng ctia AB thanh AC. Céc di€ém A’ va B’ 1a &nh ctia A va B qua phép quay quanh di€ém O.
Khi quay déu ctia cac vectd 01 A va O, B véi ciing van tdc goc thi tam gidc O; A’ A quanh diém

0, céc vectd O3B’ va B'C = A’ A, nghia Ia tong ctia ching O3C quay quanh Os. O

Bai tap 3. Cho tam gidc déu A BC ndi tiép trong dudng tron. M 12 mot diém tly y trén cung
BC db6i dién dinh A. Chitng minh rang BM + MC = MA.

Bai tap 4. Dung vé phia ngoai cia AABC céc tam giac déu A’BC, AB'C, ABC’. Ching minh
ring AA’ = BB’ = CC’ va cic dudng thang AA’, BB’, CC’ cit nhau tai mot diém.

Bai tip 5. Cho ba diém A, B, C thing hang (B niam giita A va C). Dung cdc tam gidc déu
ABE, BCF nam trén cing mdt nita mit phang c6 bd 1a AC. M, N tuong dng 1a trung di€ém cia
AF va CE. Chiing minh raing BM N 1a tam giac déu.
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Bai tdp 6 (Thi vao 10 PTTH chuyén Dai hoc Qudc gia Ha Nai, 1993). Cho tam gidc déu
ABC ndi tiép dudng tron tAm O ban kinh R. Quay tam gidac ABC géc 90° quanh tam O dudc
tam gidc A; B;C,. Tinh dién tich phan chung cta hai tam giac ABC va A, B;C; theo R.

Bai tap 7 (Tap chi Komal, B. 3387, 2000). Hay x4c dinh géc a, Ibiét ring v6i mot vecto p
khéc vecto 0, tdng ctia p va vectd thu dudc tit p nhd phép quay géc 2« bang vectd nhan dudc
tlr p nhS phép quay goc a.

Bai tap 8 (Olympic Toan lan thit 12 Lién bang Nga). Hai tam gidc vuong ABC va A’B'C’
bing nhau (/C = ZC’ = 90°) dugc dit trong mit phang sao cho trung diém M cia cdc canh
AB va A’B’ tring nhau va cdc dinh clia hai tam gidc dudc danh s6 theo cling chiéu duong. Goi
D 1a giao diém ciia cac duong thang BC va B’C,’ E 1a giao diém ctia cac dudng thang AC va
A'C’. Chiing minh ring bén diém C, D, M, E cliing nam trén mot dudng tron.

Bai tap 9 (IMO shortlist 1992). CHo td gidc A BCD thda man diéu kién AC L BD. Vé ra ngoai
tt gidc ABCD bbdn hinh vuong ABEF, BCGH,CDIJ, DAKL. Giao diém ctia bon dudng
thang CL, DF, AH, BJ dudc ki hiéu 1an luct 1a Py, Q1, Ry, S1, con giao diém ctia bén dudng
thazmg Al, BK,CE, DG dudc ki hiéu lan luct 1a P, 0>, R,, S,. Chiing minh ré”lng hai ti gidc
P1Q1R,S; va P,Q, R, S, bing nhau.

Bai tap 10 (V6 dich Bungari 1979). Cic dinh cla ngii gidc 16i dugc sip xép sao cho cic tam
gidc ABC va CDE la nhiing tam gidc déu. Ching minh ring néu O 12 tim clia tam gidc ABC,
con M va N 1an lugt 1a trung diém ctia BD va AE thi cac tam gidc OM E va OND dong dang.
Bai tap 11 (Dé thi HSG Qubc gia nim hoc 2012). Cho tam gidc ABC cb dinh trén dudng
tron O (BC khong di qua tAm O ) va di€ém A thay d6i trén cung 16n BC sao cho AB # AC.
DPudng tron noi tiép (1) clia tam gidc ABC tiép xic véi BC tai D. Goi I, 1a tAm dudng tron
bang tiép goc BAC. L 1a giao diém cta I, D v6i OI va E 1a diém trén (1) sao cho DE song
song véi Al.

(a) Pudng thang L E cit dudng thang A/ tai F. Chiing minh ring AF = Al.

(b) Trén dudng tron (J) ngoai tiép tam gidc I, BC iy diém M sao cho I, M song song véi
AD,MD cit lai (J) tai N. Ching minh ring trung di€ém 7 cta M N ludn thudc mot
dudng tron cb dinh.

Trén day chi 1a s rat it cac bai tap st dung phép quay va GeoGebra trong giai todn hinh hoc. Hy

vong bai viét gay su chii ¥ va hiing thu ctia ban doc st dung GeoGebra trong day va hoc todn.
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Céc ban c6 thé st dung céc tai liéu [ 1], [2], [9] - [13] d€ luyén tap st dung GeoGebra trong gii

cac bai tip vé phép quay néi riéng, phép bién hinh néi chung. GeoGebra con c6 thé trg gitip day

va hoc trong khd nhiéu linh vuc khac (Phan tich mot s6 ra thira sé nguyén t6 [3], Hinh thanh
khdi niém tich phan [7], Ki€m tra c4c gia thuyét hinh hoc [5], Qui tich [8], Phan tich da thiic
thanh nhan i [4], Dung thiét dién [6],...).
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Tap chi online ctia cong dong

ahiing ngui yéu todn Tap chi Epsilon, S6 22, 08/2022

VE BAI HiNH Hoc IMO 2022

Nguyén Ngoc Giang - Lé Viét An - Nguyén Duy Phudc

GIOI THIEU

Trong ky thi hoc sinh gidi toan qudc t& nim 2022 vao ngay thi thi hai c6 duy nhit mot
bai todn hinh 12 bai sb 4. Trong bai viét ndy, ching ta cling xem xét va tim hiéu vé bai

todn nay.

Bai toan 1 (Bai 4, IMO 2022). Cho ngi gidc l6i ABCDE véi BC = DE. Gid st rdang c6
mot diém T ndm trong ABCDE sao cho TB = TD,TC = TE va /ZABT = /TEA. Puong
thing AB cdt cdc dwong thing CD va CT lan luot tai cdc diém P va Q, trong do cdc diém
P, B, A, Q ndm theo thit tu trén duong thing. Puong thing AE cdt cdc duong thing CD va
DT lan luot tai cdc diém R va S, trong do cdc diém R, E, A, S nam theo thit tu trén duong

thing. Chiing minh rang cdc diém P, S, Q, R ndm trén mot duong tron.

Chiing minh. T TB = TD,TC = TE va BD = CE thi ta thAy ngay ATBC = ATDE

(c-c-¢c). Suyra ZBTC = /DTE.Dod6 ZQTB = /STE,kéthop ZTBA = ZTE A c6 ngay
T TB TD

AQTB ~ ASTE (g-g). Suy ra —Q = —=—Suyra ATQS «~ ATDC (c-g-c). Do dé

TS TE TC
/TQS = /TDC.
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Chuy ZTQB = ZTSE (vi AQTB -~ ASTE) nén

/PQS = /TQS - /TQB = /TDC — /TSE = /SDP — /DSR = /DSR (tinh chit géc
ngoai tam giac) = ZPRS.

Do d6 tif giac PSQR noi tiép.

Nhan xét. Ta c6 thé giai bai todn theo hudng ding bd dé Reim nhu sau:
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GoiG = TCNAE va H = TDNAB.XKhi d6 dé dang c¢6 dudc AHBT «~ AGET (g-g) d€ suy
TH TG
ra/BHT = ZEGT va T8 = TR Tudésuyra ZQHS = Z/BHT = ZEGT = ZQGS

TE
.TH TH TG TG _. .. . ..
va = = = .Dan dén cac diém S, Q, G, H cung nam trén mot duong tron va
TD TB TE TC

GH || CD. Ap dung bd dé Reim cho dudng tron ©(SQ GH) véi hai cittuyén Q, H, P, S, G, R
v6ichiy GH || PQ thi dudc P, S, Q, R cing nam trén mot dudng tron.

Nhan xét. Bai todn 1 13 bai todn dé. Tuy nhién, néu chi d€ gii xong bai toan nay thi chiing ta
chua cdm nhén dudc cai hay ctia bai toan. Do d6, viéc md rong cho bai todn mot cling 1a cach dé
chiing ta nim dudc ban cht bai toan va 1a mot cach d€ ching ta rén luyén tu duy quan sat. Bing
viéc quan sat lai 15 gidi thi nhét bai toan nay 1an nita thi chiing ta thiy rang méu chét ctia 16i giai

thd nhét 1a thu dugec Z/BTC = /DTE d& tit d6 c6 dudc quan hé dong dang clia hai tam gidc
TS TB

QBC va SED va nhan dudc ti s6 T0 = TE Tit 46 dan dén quan hé dong dang hai tam gidc
N A A A <X N . , N 2 A TS TD X N
TQS va TDC. Nhung mau chot nhian dugc di€u nay lai chinh Ia ti so @ = 7c biéu nay
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din dén 1a ta phai ddm béo c6 dugc % = % Nhu bai toan 1, d& cho TB = TD,TC = TE
1a nhan dudc hai ti s6 nay bang nhau. Do d6 ta téng quat 1én 1a TB - TC = TD - TE. Lai
dén day chi y /BTC = /DTE tuong duong v6i /ZBTD = /CTE. Suy ra Stgp = SrcE-
Do d6 gia thiét TB = TD,TC = TE c6 thé thay bang gia thiét Sypp = Srcp va gia thiét
BC = DE c6 thé thay bing gia thiét /BTC = /DTE. Ta di dén mé rong dau tién cho bai

toan nay:

Bai todn 2 (M rong bai 4, IMO, 2022). Cho ngi gidc 16i ABCDE véi BC = DE. Gid su
rang c6 mot diém T nam trong ABCDE sao cho /BTC = /DTE, ZABT = /TEA vadién
tich hai tam gid@c TBD va T CE bdng nhau. Puong thing AB cdt cdc dwong thing CD va CT
lan luot tai cdc diém P va Q, trong do cdc diém P, B, A, 0 ndm theo thit tu trén duong thcfng.
Puong thing AE cdt cdc duong thing CD va DT ldn luot tai cdc diém R va S, trong dé cdc
diém R, E, A, S nam theo thit tu trén duong thcfng. Chiing minh rc?ng cdcdiém P, S, Q, R ndam

trén mot duong tron.

Chimg minh. Viéc giai bai toan 2 chi la viéc thuc hién hoan toan tuong tu bai toan 1 véi chu y

tt /BTC = ZDTE,suyra ZBTD = ZCTE nén:

28 28 TB TD
TB.TD = 2182 _ “°CTE  _ 7C.TE vatathu dude — = ——.
sinZBTD sinZ/CTE TE TC

Nhan xét. Bai todn 2 chi 12 mot md rong don gidn ma bat cii ban doc ¢6 k¥ ning hinh hoc tét
1a c6 thé nghi dén. Véi kinh nghiém day va hoc hinh nhiéu nim, ching ta con c6 thé tdo bao
md rong hon bang cach "tach 1 diém" thanh "nhiéu diém". Cu thé & day, bang cach kiém chiing
va van dam bio dugc mot s6 yéu t6 then chdt clia gia thiét, ching ta c6 thé tach diém T thanh

nhiéu diém hon nhu sau:

Bai toan 3 (Mé& rong bai 4, IMO, 2022). Cho ngii gidc 16i ABCDE. Gid sit ¢6 T nam bén
trong ABCDE sao cho dién tich cdc tam gidc TBC va TDE bang nhau. Ldy cdc diém U va
V lan luot ndm trén cdc doan TC va TD théa man ZABU = /VEA va /BUC = /DVE.
Puong thing AB cdt cdc dwong thang CD va CT lan luot tai cdc diém P va Q, trong dé
P, B, A, Q ndm theo thit tu trén duong thing. Puong thing AE cdt cdc duong thing CD va
DT lan luot tai cdc diém R va S, trong do cdc diém R, E, A, S nam theo thit tw trén cdc duong
thing. Chitng minh ring cdc diém P, Q, R, S ndm trén mot duong tron khi va chi cdc diém

C, D, U,V ndm trén mot duong tron.
Chitng minh. Ta xay dung mot s6 tinh chét sau day:

o U Sv
(i) Dé& thly ZBUQ = ZEVS nén AQBU «~ ASEV (g-g) nén g—U =
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1 1
(i) Vi Stec = StED nénE-BU-TC -sinZBUC = E-EV-TD-sinADVE.
SuyraBU -TC = EV -TD.

. U SV
Ket hgp v6i (i), suyra QU - TC = Q—-BU-TC =—-FEV.-TD =SV -TD.
BU EV
. TC SV
Do d6: — = —.
TD QU

(ili) Chd ¥ ring ZCQP = /DSR := «a thi ZPQS = L/COS — ZCQOP = ZCQS —a va
/PRS = /DRS = /CDS — /DSR = /CDS — a.

Tt cdc tinh chét trén ta suy ra:

(=) Néu P,Q,R,S nam trén mét duong tron. Khi d6: ZPQS = /PRS. Tu (iii) suy ra
ZCQS = ZCDS, suy ra tii gidc CDQS noi tiép. T d6 TQ - TC = TS - TD, dan dén

TC TS TS SV

—— = ——. Kéo theo — = ——. Do d6 theo dinh li Thales ddo,co UV || OS. Suy ra

TD TQ TQ QU

LTUV = /2CQS = ZCDS = ZCDV nén b6n diém C, D, U, V nam trén mot dudng

tron.

; NI . . L re

(&) Neu C, D, U,V cung nam trén mot duong tron. Khido TC -TU = TD - TV hay D =

TV . o s sv. TV o . 5

——, ket hgp véi (ii), suy ra —— = ——. Theo dinh 1i Thales ddo c6 UV | OS. Dan

TU QU TU
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dén LCQS = LTUV = LCDV = ZCDS. Do d6 ti (iii), c6 ngay ZPQS = ZPRS,
tic 12 P, Q, R, S cung nam trén mot dudng tron.

Két thic ching minh!

Nhan xét. O bai todn 3, ching ta tich diém 7 thanh ba diém 7, U, V va dam bao C, D, U,V
cung nam trén mot dudng tron (hién nhién qua ba diém khong thang hang xdc dinh cho ta duy
nhét dudng tron ngoai tiép tam gidc x4c dinh bdi ba diém d6). Py 1a mot su md rong kha la véi

céc ban chua quen viéc tdng quat hda bai todn tif tam gidc sang ti gidc ndi tiép.

Tuy nhién, lidu ring chi c¢6 thé tich di€ém dé md rong bai toan tlf tam gidc sang ti gidc ndi tiép
thoi sao! Cau tra 15i 1a van con huéng mé rong tach diém theo hudng khac. Nhé lai rang chiing
ta da biét rang trong tam gidc va hinh thang déu c6 dudng trung binh. Thi ta ciing c6 thé xem la
viéc md rong khai niém dudng trung binh tam giac sang dudng trung binh hinh thang hay néi
cach khac dudng trung binh tam giac 1a mot truong hgp dac biét cua tam giac trong d6 c6 mot
day bang 0 don vi. Do d6 d6i véi bai toan 1, chiing ta thit manh dan mé rong tich di€ém 7 thanh
hai di€ém U, V sao cho UV || CD xem sao. D€ viéc m& rong nay c6 thé thuc hién dugc, chiing

ta quan sat lai mot chit xiu nhu sau & bai toan 1:

(i) RO rang hai tam gidc TBC va TDE dong dang ciing hudng, kéo theo hai tam gidc TBD
va TCE ddong dang cung hudng.

.. . x» . s+ IB TD
(i) Talaicanti sO0 — = —.
TE TC

Lam thé nao dé tir (i) d€ suy ra hai (ii). Liéu tdng quat I1én thi can gi d€ thu dugc diéu nay! Chi
y 12 hai tam gidc TBD va TCE déu can tai T. Do d6 ta c6 ngay hai tam giac TBD va TEC
dong dang ngudc hudng, diéu nay thu dudc ngay (ii). Ta di dén md rong tiép theo:

Bai toan 4 (M& réng bai 4, IMO, 2022). Cho ngii gidc l6i ABCDE. Gid st c6 cdc diém U
va V nam bén trong ABCDE sao cho dién tich cdc tam gidc UBD va VEC dong dang nguoc
hudng va ZABU = LAEV. Puong thing AB cdt cdc duong thang CD va CV lan luot tai
cdc diém P va Q, trong dé P, B, A, Q ndm theo thit tu trén duong thing. Puong thing AE cdt
cdc dwong thang CD va DU lan lugt tai cdc diém R va S, trong dé cdc diém R, E, A, S ndm
theo thit ty trén cdc duong thdng. Chiing minh ring cdc diém P, Q, R, S ndm trén mot dwong

tron khi va chi cdc diém C, D, U,V nam trén mot duong tron.
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Chiing minh. Goi M = DU N AB va N = DU N AE. T hai tam giac UBD va VEC dong

dang ngudc huéng va hai goc ZUBA va /VAE bing nhau ngugc hudng, ta nhan dugc hai tam
\ UM VN
giac MBD va NEC dong dang ngugc hudng. Hé qua la D = e Ma UV || CD nén theo

dinh Ii Thales, co ngay MN || UV || CD.

Lai tif hai tam gidc MBD va NEC dong dang, c6 ngay /BMD = /CNE. Do dé ti giic
SQNM noi tiép. Va do d6 Z/SQP = /SQM = /SNM = /SRP nén ti gidc PSQR ndi
tiép.

Nhan xét. Bai todn 1 tuy dé nhung c6 nhiéu huéng mé rong thd vi, va van con nhiéu huéng mé

rong nifa, tuy nhién phan viéc nay chiing toi xin danh lai cho ban doc.

Ngoai nhitng md rong & trén, xung quanh bai 4, IMO 2022 con c6 mot sb tinh chit thi vi khac.
Chiing ta nhin thiy cAu triic nay dudc xay dung tif nhiing gia thiét vé géc, vi vly mot huéng tu

nhién d6 1a chiing ta sé khai thac cédc yéu t6 lién quan dén géc, cu thé d6 1a dudng tron.
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Bai toan 5. Cho ngii gidc 16i ABCDE. Gid sit rang cé mot diém T nam trong ABCDE sao
cho /ZBTC = /DTE va ZABT = /TEA. Puong thing AB cdt duong thing CT tai Y
(trong d6 A nam giita Y va B), duong thing AE cdt duong thing DT tai X (trong dé A ndm
gitta X va E). Chitng minh rdng truc ddng phiong ciia hai duong tron ngoai tiép cdc tam gidc
AEY va ABX di qua diéem T.

Ching minh (Chirng minh). Goi M 1a giao diém thi hai ciia dudng tron ©(ABX) va dudng
thang TX, N la giao diém thi hai ctia dudng tron ©(AEY) va duong thang TY . Ta c6

ZTNE =180°— ZENY = 180° — LZEAY = 180° — ZBAX
= 180°—- 4/BMX = Z/BMT.

Va/ETN = 4ZNTD — Z/DTE = ZMTC — ZBTC = ZMTB. Suy ra hai tam gidc BMT
va ENT dong dang véi nhau.

Ngoai ra, d& thdy Z/YTB = /XTE va Z/YBT = ZXET. Do d6 hai tam giac BYT va EXT

dong dang véi nhau.
L IM _TB TY NS
Vivdy, — = — = ——hayTM -TX = TN -TY. Suyratd gidc M NYX ndi ticp. Tur d6
TN TE TX
ta thu dudc diéu phai ching minh.
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Nhan xét. Pay la mot bai toan kha dé&. Chiing ta hoan toan bo di dugc gia thiét cic canh bang

nhau & bai todn gbc.

Sau day 12 mot két qua vdi hinh thiic tuong tu nhung khé hon so véi bai todn 5.

Bai toan 6. Cho ngii gidc 16i ABCDE sao cho BC = DE. Gid sit c6 diém T nam trong
ABCDE sao cho TE = TC, TB = TD va ZABT = /TEA. Puong thing AB cdt duong
thing TC tai X (trong do A ndm gitia X va B), duong thing AE cdt dwong thing TD tai Y
(trong dé A nam giiia Y va E). Puong thang AB cdt duwong thing CY tai Q, duong thing AE
cdt duong thang DX tai P. Chitng minh rdng truc ddng phuong ciia hai dwong tron ngogi tiép
cdc tam gidc PEX va QBY di qua diém T.

Ching minh. Gia st duong thang 7C lan lugt cit AE, O(PEX) tai K va M (M # X); dudng
thang 7D 1an ludt cat AB, ©(QBY) tai L va N (N # Y). Dé thly /XTB = ZYTE va

/XBT = /YET. Nén hai tam gidc XBT va YET dong dang véi nhau. Suy ra ZTXB =
rTx TB TD _ | . <

LTYE va — = —— = ——. Diéu nay chung t6 hai ti giac DCYX, KLY X ndi tiep. Nén de
Ty TE TE

dang chung minh dugc KL || CD.

Taco LZXKP = 180°—4XKY = 180°—4ZKLY = /YLQ,Z/KXP = ZCXD = ZCYD =
ZQY L. Nén hai tam gidc XKP va YLQ dong dang. Ngodira, /KET = /LBT, ZEKT =
/XKY = /XLY = /ZTLB.Nén hai tam gidc TKE va TLB ciing dong dang.
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KP-KE LB-LQ
PSS IN = E
KX LY

KM KP KE LY KX TK LY TK
NL LQO LB KX LY TL KX TL’

Miit khéc, dé thiy KM = . Suy ra

Nén 4p dung dinh ly Thales ddo, tacé MN || KL || CD. Ma ti gisdc DCYX noi tiép. Vi vay
t gidc MN Y X cling noi tiép hay TM - TX = TN - TY. Tu day ta thu dugc diéu phai chiing

minh.

Nhan xét. Y tudng chiing minh hoan toan tucng tu nhu bai toan 5. Cai khé & day 1a chiing ta
cin phai thong qua nhiéu két qua trung gian d€ di dén dang thic chinh. Trong 15i gii nay, chiing
ta da st dung lai mot s6 két qua dic trung cho bai toan gbc, ma chi yéu dé 1a cic cip tam gidc

dong dang.

Tiép theo, néu thay ddi cach nhin vao bai todn, cu thé 1a thay ddi viéc thiét 1ap cic dudng tron

ngoai tiép cho cdc tam gidc thi sé thu dugc bai toan sau.

Bai toan 7. Cho ngii gidc 16i ABCDE sao cho BC = DE. Gid si ¢6 diém T nam trong
ABCDE sao cho TE = TC, TB = TD va ZABT = /TEA. Puong thing AB cdt duong
thing TC tai X (trong dé A ndm gita X va B), duong thing AE cdt duong thing TD tai Y
(trong do A nam giita Y va E). Puong thing CE cdt ©(CBX) tai diém thit hai la M. Puong
thing BD cdt O(DEY) tai diém thit hai la N. Puong thang M N lan luot cdt cdc duong thing
AB, AE tai K, L. Chitng minh rdng bén diém B, E, K, L ciung nam trén mot duong tron.

Chiing minh. Dé thdy /BTX = /ETY va /XBT = /YET.Nén /BXT = ZEYT. Suy
ra/ENB =/END = /EYD = Z/CXB = ZCMB = ZEMB. Do d¢ ti giac BEM N ndi
tiép.
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TacoTB =TD, TC =TEva/ZDTB = ZDTC+4BTC = 4ZDTC+4DTE = ZETC.
Nén hai tam gidc can TDB vai TEC dong dang. Do d6 /TBD = /TEC.Suyra ZABD =
ZAEC.Vividy /ZKBN = Z/LEM .DPén day, ta c6 bién ddi goc

/ALK =180° - ZLEM — Z/LME = /ZEBN — Z/KBN = /KBE.

Vay tii gidc BE LK ndi tiép.

Cudi cung, ching ta sé st dung phuong phéap dic biét héa dé khai thac ciu hinh nay. Nhin
chung, ciu hinh nay kh4 téng quat, nén ching ta c6 thé dic biét hoéa dudc. Pau tién, ta cin quan
sat bai toan gbc va can chi y dén céc gia thiét mang tinh tdng quat. Chang han, ta thiy trong bai
toan 1 c6 gia thiét hai géc dbi bang nhau (LABT = ZTEA). Diéu nay lam ta lién tudng dén
hinh binh hanh, tir d6 thu dugc bai toan sau.

Bai todn 8. Cho tit gidc 16i ABCD. Gid si rang c6 diém T nam trong ABCD sao cho
/BTC = ZATD. Puong thing qua A va song song véi TB cdt dwong thing TD tai X
(trong d6 T nam giiia X va D), duong thing qua B va song song véi TA cdt duong thing T C
tai Y (trong d6 T ndm giiia Y va C). Puong thdng néi trung diém ciia hai doan thing BX
va AY ldn lugt cdt cdc dwong thing AX, BY tai K, L. Chitng minh rdng bén diém A, B, K, L

ciing nam trén mot dwong tron.

Chitng minh. (D4 Dai Phong, hoc sinh 11T1, trudng THPT Chuyén Qubc Hoc - Hué) Goi M, N
1an luot 1a trung diém ctia BX, AY; G, H lan luot 1a diém dbi xing ctia T qua M, N. Khi d6

78



Tap chi Epsilon, S6 22, 08/2022

BGXT va AHYT la cac hinh binh hanh. Lai ¢c6 AX || TB va BY || TAnén G € AX va
H € BY.

Vi AX | TB va BY | TA nén LTAX = /TBY.Mit khic, d& dang chiing minh dudc
/ATX = /BTY.Dod6 AAXT «~ ABYT.Suyra ZAXT = ZBYT. Vi vay

LAGB = ZAXT = ZBYT = ZBHA.

Nén tif gidc AGH B ndi tiép. Mit khiac, do MN || GH nén KL | GH. Tit d6, 4p dung bd dé
Reim, ta thu dudc bén diém A4, B, K, L cung nam trén mot dudng tron.

Chiing minh. Goi I 13 giao diém ctia AX va BY ; P, O, S lan luot1a trung diém ctia AY, BX, AB;
J 1a giao diém thit hai ctia hai dudng tron ©(AY 1) va ©(BXI).
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Dé thAy AT BI 1a hinh binh hanh nén S 1a trung diém ctia AB va ZTAI = ZIBT. T do, ap
dung bai todn 5, ta c6 ba diém T, I, J thang hang. Hay bdn diém 7, J, S, T thang hang.

Ta nhan thiy hai tam gidc JAY va JXB dong dang cung hudng. Nén hai tam gidc JYP va
JBQ dong dang cung huéng. Vi thé hai tam gidc JPQ va J Y B ciing dong dang ciing hudng.
Suyra ZLQJ = ZLBJ.Nénbbn diém J, B, Q, L cing nam trén mdt dudng tron. Ti do, ta
dudc J 1a diém Miquel cla tif gidc toan phan tao bdi bdn dudng thang (AX, BY, BX, PQ).
Nén J € ©(IKL).

Chiy IX || TB nén SQ || I1X. Do d6, ta dé dang chiing minh dugc bon diém J, S, Q, B clng
nam trén mot duong tron. Khi d6, ndm diém J, S, L, Q, B cung nam trén mot duong tron.
Suyra, ZIKL = ZIJL = /SJL = ZSBL = ZABL. Vay b6n diém A, B, K, L cung nam

trén mot dudng tron.

Nhan xét. Loi gidi & cach 1 12 mot 15i gidi dep. Céc yéu t6 nhu song song va trung diém da goi
cho viéc dung cic di€ém phu & cach 1. Trong khi do, 16i gidi & cach 2 xult phat tir mot két qua

lién quan t6i md hinh vi tu quay va di€m Miquel.

Chiing ta vita c6 mot s6 kham pha xoay quanh bai toan IMO 2022. Cé4c bai toan IMO ludn 1a
cdc bai todn dudc nhidu ngudi quan tim va nghién ciu. Bang cac thao tac tu duy nhu khai quat
héa, khai thac céc tinh chit, dic diém cha bai toan, ching ta da thu dudc nhiéu két qua hay va
b6 ich. Ngoai ra, chiing t6i con st dung thao tic tu duy tim nhiéu cach giai. Day 1a cach thiic
quen thudc va quan trong trong sang tao cac bai toan IMO noi ri€ng va toan hoc noi chung. Hi
vong véi cac tim tdi ma ching t6i da dua ra & trén dd mang dén cho cac ban nhiéu diéu bd ich.

Bai viét nay can trao ddi gi thém? Mong dudc su chia sé clia cac ban.

Bai toan 9. Cho ngil gidc 16i ABCDE sao cho BC = DE. Gid sit rang co diém T nam trong
ABCDE sao cho TE = TC, TB = TD va ZABT = /TEA. Puong thing AB cdt duong
thing TC tai X (trong dé A ndm gita X va B), duong thing AE cdt duong thing TD tai
Y (trong dé A ndm giiia Y va E). Puong thiang BD lan luot cdt O(CBX), ©(DEY) tai cdc
diém thit hai la P, Q. Puong thing CE lan lugt cdt O(CBX), ©(DEY) tai cdc diém thit hai
laR,S.
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a) Chitng minh rdng tit gigc XY SP la hinh binh hanh.
b) Chitng minh rdng trung diém ciia cdc doan thing XY, PS, OR thdng hang.

Bai toan 10. Cho tam gidc ABC nhon, khong cdn. Goi X, Y ldn luot la cdc diém dobi xvng ciia
B, C theo thit tuw qua CA, AB. Pudng thing qua X va song song véi AY cdit AC tai M, duong
thing qua Y va song song vdi AX cdt AB tai N. Chitng minh ring trung diém ciia doan thdng
néi hai truc tam ciia tam gidic AMX va ANY la tam duong tron Euler cia tam gidc ABC.
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gpsi lon

VE BAI TOAN PUONG THANG SONG SONG VOI
PUONG THANG EULER SINH RA TU TAM PUONG
TRON NOI TIEP

Tran Quang Hiing

Ngay 13 thang 8 nam 2022

TOM TAT

Bai viét nay gi6i thiéu hai 15i giai cho bai toan dudng thiang song song véi dudng thing
Euler sinh ra tif tAm noi tiép dé nghi bdi tac gia trén dién dan aops. Cuing véi d6 1a mot s6
phén tich, binh luin va d6i 16i tan man.

Trong cing mot tam gidc thi khai niém dudng thang Euler va tim noi tiép "dudng nhu" khong
mdy lién quan. Thudng thi dudng thang Euler chi lién quan tSi cdc diém nhu trong tam, truc
tam, tAm dudng tron ngoai tiép, tim dudng tron Euler, hoidc xa hon 1a mot s6 diém nhu de
Longchamps, diém exeter v.v... Diéu nay kha dé hi€u bsi dudng thang Euler hdu nhu khong lién
quan téi tia phan gidc clia cdc goc tam gidc. Tuy vay it khong c6 nghia 1a khong "ton tai". Bai
viét nay gidi thiéu véi cac ban mot bai todn dung mot dudng thang song song véi dudng thang
Euler tif tAm dudng tron ndi tiép tam gidc.

Cuoi bai viet nay, tac gia cung c6 doi 10i ban ve toa do trong hinh hoc.

Trong [3], tic gid Tran Quang Hung dé nghi bai toan sau

Bai todn. Cho tam gidc ABC véi tim dudng tron noi tiép 1. N la tim dudng tron Euler cta
tam gidac /BC. K 1a tAm ngoai tiép cla tam gidc NBC. L 1a diém dbi xiing cia K qua BC.
Chiing minh riang N L song song v6i dudng thang Euler ctia tam gidc ABC.
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Thoat nhin bai todn nay trong c6 vé kha "dé" khi dé bai ngan gon vdi toan cac "nguyén liéu"
quen thudc d6 1a tim dudng tron ndi tiép, tim dudng tron Euler, tim dudng tron ngoai tiép, dbi
xiing truc v.v... Tuy vy khi thuc hanh phan tich ky d€ giai thi bai toan trén khong phéi "dé".

Chung t6i xin gidi thiéu & diy hai 15i gidi, 15i giai thd nhit dung toa do phic cla tic gia bai
ton, 10i gii thif hai dung hinh hoc thuan tiy cla tac gia Nguyén Cung Thanh. (Thanh hién 1a
hoc sinh 16p 11A1 Toan truong THPT chuyén KHTN, bPHKHTN, BPHQGHN).

Loi giai thid nhat tham khdo tir [3]

Loi gidi thit nhdt. Trong mit phang phiic, chon hé truc sao cho dudng tron ngoai tiép (O) clia
tam gidc ABC 1a dudng tron don vi véi toa do cac diém A(a?), B(b?), C(c?). Khi d6 theo [4]
tam dudng tron noi tiép c6 toa dd I(—ab — bc — ca). Giao diém ctia AT va (O) la diém c6 toa do
J(—bc). J ciing 1a tAm dudng tron ngoai tiép tam gidc I BC. TAm dudng tron Euler N clia tam
gidgc IBC 1a trung di€m cta doan 1.J' v6i J' ¢ toa dd j' = b* + ¢* — b*c? - 7= = > 4+ + be
(chinh 14 déi xing ctia J qua BC). Nhu vy, toa do N 1a

i+j b+ —ab—ac

n =

va lién hgp cia n la

1
1
1| a?b® +a%c® — ab® — ac® + b3c + bc?
1 2(bc + a?) ’
1

1
va khi d6 lién hgp cuia & 1a

a?b?® + a?c® — ab® — ac® + bPc + b
20%¢2(be + a?)

E:

Diém L dbi xiing K qua BC thi toa d clia L 1a (xem cong thifc ddi xting truc trong [4])

a’b? + a’c® + ab® + ac® + bc + Ab

=824 ¢ — B2 =
e ¢ 2(be + a?) ’

va lién hgp ctia / la

- a’b?* + a*c® + ab® + ac® + b3c + b
B 20%2¢2(be + a?) '
Goi H 1a tryc tim tam gidc ABC' thi h = a® + b* + * valiénhdpcia hlah = L + & + 4.
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Vay ta xét

l-n  alb+c) I-n

h 20bc+a®) b
Tir déing thifc trén dé thiy =2 Ta mot sé thuc k, noi cdch khac N = kOH hay hai dutng thing
N L va OH song song. [

Loi gidi thit hai dén tlr trao d6i email truc tiép clia tdc gia bai bao nay va tac gia Nguyén Cung
Thanh.

Loi gidi thit hai. Trudc tién, ching ta chiing minh 3 b3 dé sau

B dé 1. Cho tam gidc ABC ndi tiép (O), véi cac dudng cao BE, C'F giao nhau tai H. CH, BH
cit lai (O) 1an thd hai tai P, Q. J 1a tryc tam tam gidc H PQ. Khi d6 AJ di qua tam (BOCO).

Chitng minh. Goi G 1a tam (OBC'), O’ dbi xting O qua BC. L la tam (JPQ),K 1a truc tim
tam giac AEF, M 1a trung diém BC. Vi P, Q dbi xing H qua AB, AC nén A la tim (H PQ),
két hop véi H 1a truc tAm tam gidc JPQ nén AH.JL la hinh binh hanh va L, A déi xiing nhau
qua PQ. AHO'O ciing 1a hinh binh hanh nén OL.JO’ 1a hinh binh hanh. Lai vi P, Q d6i xiing
H qua AB, AC nén PQ di qua K (PQ la dudng thang Steiner ciia H ting véi tam gidc AEF),
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PQ 1a trung truc AL nén K 1a trung diém AL. D€ chitng minh A, G, J thang hang thi ta chiing
minh:
A0 0G
AL LJ
_ Ao oG
AL OO
. A0 _0G
AK  OM
R R
4 = -
AK  AH -sin ZOBC

& A—K =sin ZOBC

AH
AK
& T = Sin ZABE
L AK _AE
AH  AB
Diéu nay ding do AAEFU{K} ~ ANABC U{H}. O

BG dé 2. Cho tam gidc ABC noi tiép (O) ngoai tiép (I). Pudng tron noi tiép (1) tiép xic
BC,CA,AB tai D,E,F. K la diém Kosnita cia tam giac DEF. Khi d6 IK song song
dudng thang Euler tam gidc ABC.

M,

Chitng minh. Goi M,, My, M, 1an ludt 1a cac diém chinh gitta cung BC, C A, AB clia tam gic
ABC. H,, H,, H,14n lugt 1a truc tAm cac tam giac I/ BC, IC A, I AB. Véi chd y rang M, M,, M,
12 tAm cdc dudng tron ngoai tiép cac tam giac IBC, IC' A, IAB nén M,H,, M,H,, M.H, dong
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quy tai S nam trén dudng thang Euler cia tam gidgc ABC (S la diém Schif fler ciia tam gidc
ABC'). Mit khéc thi d4p dung bd d&& 1 cho tam gidac M,M,M. véi chi y rang I 13 truc tim
tam giac M, M, M, ta ciing c6 M, H,, MyH,, M.H, dong quy tai diém Kosnita clia tam gidc
M, M, M,. T day S 1a di€m Kosnita cta tam giac M, M,M...

Hai tam gidc DEF va M,M,M, vi td nhau lan ludt nhan I, K va O, S la tim dudng tron ngoai
tiép va diém Kosnitanén IK || OS hay I K song song dudng thang Euler tam gidac ABC. [

B& dé 3. Cho tam gidc ABC ndi tiép (O) dudng cao AD, C'F. Pbi xiing O qua AC 12 O,. E 1
hinh chiéu ctia C'1én BO.,, dbi xtiing D qua AB 1a P, Q la trung diém AC. Khi d6 PQ || EF.

Chitng minh. Goi Q' dbi xﬁng Q qua AB va G 1a giao ctia BO, va PQ. Dé thAdy AABD ~
AAOQ nén i—% = ﬁg = B = AOC , it d6 AAQ'D ~ AAO,B. biéu nay cho ta ZABG =
LABO, = LADQ' = AAPQ AAPG hay APBG ndi tiép. Tu day 5 diém A, G, D, B, P
thudc cung mot dudng tron nén LDPG = ZDBG = ZCFE ma DP || CF nén PQ ||

EF. ]

Tré lai bai toan.

Goi G 1a tam dudng tron Euler cta tam gidc BNC thi G 1a trung di€ém N L. Goi Y, Z 1a trung
diém IB,IC va EY cat FZ tai X thi X la diém Kosnita clia tam giac DEF. Nhu viy theo
bd dé 2 ta c6 1.X song song véi dudng thang Euler cia tam gidc ABC. Ta chi can chiing minh
IX || NG. Goi EF cit IB,IC tai Hy, H. thi /BH.C = /BH,C = 90°. Tit d6 goi C' H, cit
BH, tai H thi H la tryc tdm tam giac BIC'. Goi J la truc tdm tam giac BNC va BJ,, CJ, la
dudng cao cta tam giac BNC. Goi P,(Q 1a trung diém IH, NJ va H,J, giao H,.J, tai S. Xét
cuc va dbi cuc dudng tron duong kinh BC thi chi y ring PH,, PH,, QJ,, QJ, tiép xiic (BC)
nén P, S, ) thang hang vi cling nam trén dudng d6i cuc ctia diém W 1 giao ctia HyH, va J,.J..
Mt khac 4p dung bd dé 3 cho tam giac BIC thi X E, X F song song SH., SH,. Nhu viy hai
tam giac SHbH Vé X FE vi tu nhau nén goi X S cat EF tai T thi T 1 tim vi tu hai tam gidc.
Tir day TT = f Dieunay chota TE - TH, = TF - TH_ hay Pry(1p) = Pry(c)- Quadé T

nam trén I D.
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Puong thang qua 7" song song BC cat AC, AB tai U, V. Khi @6 vi ITV F va ITEU noi tiép
nén ZIVT = LZIFT = ZIET = ZIUT hay tam gidc IV U can tai I. Tit b6 dé hinh thang ta
suy ra AT di qua trung diém M cta BC. Vi Hy, nam trén dudng trung binh tng vé6i dinh C ciia
tam gidc ABC nén H,M || AB. Goi M, la diém chinh gitia cang BC khong chia A cta (O)
thi M, la tim (BIC). Nhu vy, ta s& ¢6 M,M = 1IH = IP. T day, dp dung dinh i Thales
thi £ = ﬁ = 4L — If—gb = 2=. Nhuvay X7 || PS = PQ ma qua phép vi tu tim M ti sb
2 thi NG bién thanh PQ. Nhu vay X I || NG nén ta ¢6 diéu phai chiing minh. O

Tac gia bai bao ciing luu y ring tic gia con c6 mot 19i giai khac dung toa do Barycentric kha
ngan gon, tuy nhién ban doc c6 thé ty kham ph4 1i giai nay. Mot y tudng gidi khac dung "diém
dong" c6 thé xem & [3]. Mot 18i giai khac diung bd dé cta Telv Cohl dbi véi tAm dudng tron
Euler ctia tam gidc /BC ciing c6 thé xem trong [3].

Bai todn nay dudc tic gia dung trong qua trinh tip huin doi du tuyén 16p 10 truong THPT
chuyén KHTN. Trong qua trinh 1am viéc, t6i da nhan dudc hai 16i gidi khac nhau, mot trong s
dé 1a cua ban Thanh nhu trén. Nhan viéc nay thi t6i cling ¢6 mot vai cam nhén riéng. Trude tién
t6i miing vi cac em hoc sinh THPT chuyén KHTN da chiu khé tim toi sau gio hoc, két qua la da
thuc hién dudc 15i gidi trén véi ba bs dé. Viéc tich 1y kién thifc dé tao ra ba bd dé doi hdi tic
gia 16i gidi phai doc nhiéu. Tuy nhién, 15i gidi cling ¢ thé con ddi chd chua dudc qua chit ché,
nhung tic gia bai viét mong ban doc hiy chim truéc mot sd "16i" nay vi tdc gia clia 16 gidi con
tré tudi va da rat cb ging.
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Néu so sanh vé mit ciu chif thi cam gidc nhu 15i gidi toa do ngian gon hon. Nhung thuc chét
trong 15 giai toa do, da st dung nhiéu bd dé phdi hdp ma cé thé khi doc ta khong dé y, viy néu
dién gii ro cdc b dé nay thi ham luong kién thidc st dung ctia 16 giai toa do khong ngan hon.
Ban doc ciing khong vdi dua ra thém nhiéu so sdnh hon giita hai 15i giai vi tac gia bai bao khi
dua ra c4 hai 16i giai chi mudn néi mot diéu, d6 1a cac cach tiép cin cho mot bai toan rit phong
phu. Ching ta c¢6 thé di hai con dudng hoan toan khac han nhau nhung van téi cing mot dich.

Qua bai todn nay tic gi ciing nhin manh mot diéu, viéc dua ra mot vai bai todn thach thic "da
tot" cho cac em hoc sinh chuyén todn 1a mot viéc 1am quan trong trong viéc giang day hoc sinh
chuyén To4n. Tuy nhién toi xin phép ban vé chii dé "giang day hoc sinh chuyén toan" & mot bai
viét khac.

Ngay trudc, toi da c6 dip dudc doc hai cudn sich vé s6 phiic trong hinh hoc phang viét bang
tiéng Viét, mot cubn ctia GS Poan Quynh va mot cubn cia TS Nguyén Hiru Pién. Phéi ndi
rang tic gia An tugng va thich thd hai cudn sach nay. Py ciing 12 hai cubn sach ma tic gia
khuyén céc ban hoc sinh chuyén todn nén doc dé€ c6 kién thic vé toa do phiic. Gan diy nhiéu
tai liu sb phiic trong hinh hoc phang viét bang tiéng Viét tran lan. Toi c6 tiing nhin qua mot
tai liéu thi cam nhan ngudi viét d6 khong hiéu 1am vé toa d6 va chi yéu di dich va chép lai y
nguyén tai liéu nuéc ngoai. Trong sudt bai viét ndy, t6i chi tham khao tai liéu [4] cho phuong
phép toa do phuc.

Bai toan trén dudc sdng tac trong liic tac gia c6 dip dudc dong hanh véi doi tuyén Viét Nam du
thi Olympic Todn quéc té (IMO) nim 2022 & Na Uy. T4c gia xin bay to su biét on chan thanh t6i
thay Lé Anh Vinh va thiy Lé Ba Khanh Trinh, hai ngudi thay 16n da dong hanh véi Olympic
ctia Viét Nam sudt nhiéu nim qua.

[1] Tran Quang Hung, Nguyén Tién Diing, Pao Thi Hoa Mai, Nguyén Ping Qua, P6 Xuin
Long, Tuyén chon cdc chuyén dé bdi dudng hoc sinh giéi Toan 9 hinh hoc, NXBPHQG
ndm 2021.

[2] Tran Quang Hung, Mdi tuan mot bai toan hinh hoc, NXBPHQG nim 2017.

[3] Tran Quang Hung, Topic: Line is parallel to the Euler generating from the incen-
ter, tf dién dan AoPS, https://artofproblemsolving.com/community/
gqlh2883440p25768960.

[4] Evan Chen, Bashing Geometry with Complex Numbers, https://web.evanchen.
cc/handouts/cmplx/en—-cmplx.pdf.
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PINH LY VAN AUBEL
MOT DINH LY DEP

Nguyén Song Thién Long
Lép 11T, Truong THPT Chuyén Bén Tre

Céc bai toan lién quan dén da gidc khong thudng xut hién trong cac dé thi Olympic. Hau nhu
céc bai toan ching minh lién quan dén da gidc (hoic tap hop nhiéu diém) thudng khai thac cic
tinh chat don gian nhung rat dep, khong yéu cau qua nhiéu kién thic chuyén sau nhung lai can
mot tu duy tot. Trong bai viét nay, tdi xin gi6i thiéu lai mot bai toan chiing minh dinh ly Van
Aubel vd cing dep va cic mé rong dinh ly ma thy Nguyén Vin Lgi va thay Tran Viét Hung da
titng ddng trén nhém BAI TOAN HAY - LOI GIAI PEP - PAM ME TOAN HOC. Qua d6 dua ra
mot sd bai todn lién quan dude ching minh bang dinh 1y Van Aubel.

Sau day 12 nguyén vin bai toan dugc ding bdi thay Nguyén Vin Loi

Bai toan 1. Ve phia ngoai it gidc ABCD, ta dung cdc hinh vuéng ABUI, BCQP, CDJW,
DAFE vdi cdc tam tuong vng la T, N, V, M. Khido ta co TV va M N vuéng goc vdi nhau.

Loi gidi 1. Loi gidi ndy dung hoan toan céc kién thic 16p 8, 9 nhu tam gidc dong dang, tif gidc

ndi tiép, ki thuat bién ddi goc, c6 thé dé dang tiép can.
Xét truong hop tam giac A BC nhon.

Goi X, Y, Z lan luot 1a trung diém ctia AC, AB, BC; M 1a giao diém cta TV va MN.

) AB
Trong tam gidc BTA vudng tai T ¢c6 TY la trung tuyén nénsuyra 7Y = N

) BC
Tuong tu,taco NZ = —
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O O

J w

Dé dang chitng minh dugc XY, X Z 1a hai dudng trung binh ctia tam gidc ABC.

Mt khac, ZTYX = 90° + LZAYX = 90° + LXZC = ZXZN (do XY || BC,XZ | AB,
dinh ly Thales).

TY = XZ = (42)

Xét ATYX vaAXZN c6\ LTYX = LXZN = ATYX = AXZN (c.g.0).

YX = ZN = (£5)
= TX = XN; ZTXY = ZXNZ.

Tathdy /TXY = /TXY+/ZXN+/YXZ = (L/XNZ + LZXN)+/XZC = (180° — ZXZN)+
/XZC =180°— /NZC =90°nén TX L XN.

Tuongtutaco XM L XV; XM = XV.

MX =VX
Xét AMXN va AVXT cé IMXN = ZVXT = (LTXM + 90°)
XN =XT

= AMXN = AVXT (c.g.c).
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= ZLMX = ZLVX.

= T\ gidc LM VX ndi tiép.

= /IMLV = /MXV = 90°.

Truong hgp tam giac ABC tu ching minh tuong tu.

Phép chiing minh dugc hoan tat. O
Loi gidi 2. Loi gidi nay dung kién thiic lién quan dén s phic va phuong phép toa do héa trén

mit phang s phiic. Tir day, ta c6 thé thiy dudc mot ting dung tuyét voi clia s6 phiic trong viée

chiing minh hinh hoc phang.
Khong mit tinh téng quat, ta biéu dién cic diém trén mit phang toa dd phiic nhu sau

A=0; B =2xp+2yp.i; C =2x.+4+2yc..i; D =2x45+42yq4.i
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Do do taco

—

AB = 2xp + 2ypi = 2a; BC = 2(xe — xp) + 2(ye — yp)i = 2b;

—_-

CD =2(xqg —x¢) +2(ya — ye)i = 2c; DA = —2xq4 —2yqi = 2d.

Goi H la trung diém AB.

Ta co

. AB — 1 —. ) —
THJ_ABvaTP=7nénTH:§ Bi =ai = AT

Ching minh tuong tu, ta c

AN =2a+ (1 +i)b: AV =2a+2b+ (1 +i)c
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Do dé tacod

T—>V=a+2b+c—|—(c—a)i
= (=xp+xc+Xa + b+ Ve —ya) + (=yb + Ye + Ya — Xp — Xc + Xq)i
= X; + 1.
MN =2a+b+d+(b—d)i
=Xp+Xc—Xa +Yb—Ye—Ya) + Vb + Ve — Ya — Xp + Xc + Xa)i
= X, + Yai.

Ta co

TV L MN & X,1.Y,+Y1.X, =0
S (=xp + X +Xg + Y+ Ye — Ya) (Vb + Ye — Ya — Xp + X + Xa)
+(=yp + Yo+ Ya —xp — Xc + xq)(Xp + Xe —Xg + Vb — Yo — ya) = 0. (ding)

Phép chiing minh dudc hoan tat. [

L&i giai 3. Pay chinh 12 16i gidi ma thay Nguyén Vin Loi da dé xuét cho bai toan nay. Cich lam
nay yéu cau kién thiic vé phép vi tu quay, can mot tu duy quan sat tot va ddi lai sé gitp 16 giai

tré nén ngan gon nhung vin ddm bao dudc yéu cau ctia bai toan.
Goi L 1a trung diém AC.
Ta ki hiéu phép vi tu quay tdm X, co dan k, quay goc ¢ 1a S(x k,¢)-

Tacod

S(A,%Aso):B_)T;

= 8 =8(C,v3459) © (41 4s0) N > T
S(C,\/QASO) : N - B. ( V2 )

/2

Ta thay S 13 phép quay géc 90° véi ti s6 12 1, ma diém L cb dinh nén S 1a phép quay tam L gbc
90°.

Chung minh tuong tu, ta dugc S : M — V.

TudosuyraTV L MN. ]
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Bai todn trén tuy yéu cu rat don gian nhung c6 nhiéu cach tiép can khac nhau, sit dung kién
thic tlf co ban dén nang cao. Va viéc quyét dinh dung phuong phap nao dé chitng minh con phu
thudc vao tiing dbi tugng ciing nhu quan diém nhin nhan trong cach chiing minh hoc hoc phang.
Nhung nhin chung, du 1a cach 1am nao thi diy van la mot bai todn (dinh ly) thé hién dugc vé

dep ctia hinh hoc phang.

Trong bai todn trén, ta thiy dudc su xuat hién ctia rat nhiéu tam gidc vuong can thong qua viéc
goi thém céc trung diém va viéc st dung cdc tam gidc nay chinh 12 y tudng din dén 15i gidi cho
bai toan. Theo thay Nguyén Viin Loi, bai todn tam gidc vudng cin dudc phat biéu nhu sau 1a linh

hon cua bai toan.

Bai todn 2. Cho tam gidc ABC, vé phia ngodi ciia tam gidc dung hinh vuéng canh BC tim 'Y
va hinh vuéng canh AB tam X. Khi doé, XZY la tam gidc vuong cdan véi Z la trung diém BC.
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A Z C

2. Dinh ly Van Aubel

2.1. Dinh ly Van Aubel cho tam giac

Dinh Iy 1. Trong tam gidc ABC, néu cé ba duong thcfng AA', BB',CC’ cdt nhau tai mot diém

K ndm trong tam gidc thi

AK _ AB' N AC’
KA B'C  C'B’

D A E

B/

B A C

Ching minh 1. Goi E, D 1an lugt 1a giao diém ctia BB’, C C’ véi dudng thang qua A song song
véi BC.

Theo dinh ly Thales, ta c6
AK DA AE DA+ AE DA AE  AC' AB’

KA~ AC ~ BA BC BC + BC C'B * B'C’
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Ta c6 diéu phéi chiing minh. O

Chitng minh 2. Ap dung dinh 1y Menelaus cho tam gidc ABA’ va cét tuyén C'KC, ta c6

AC' BC AK _ _ AC' _CA KA 0
C'B'CA" KA C'B  BC AK’
Ap dung dinh 1y Menelaus cho tam gidc ACA’ va cat tuyén B’K B, ta c6
AB'" BC A'K AB’ BA" KA
il RN il )
B'C BA' KA B'C BC A'K
Tu (1) va (2) taco
AC' AB'_ AK (CA' BA'\ _ AK
C'B B'C AK\BC BC) AK
]
Chiing minh 3. Theo b& dé quen thuoc, ta c6
AC" _ Sac'k _ Sakc.
C'B  Spc'xk  Ssrc’
AB"  Sapx _ Saks
B'C  Sckp  Spkc
Suy ra
AC'’ AB’ S + S
4 _ Sakc AKB. 3)
C'B B'C SBxC
Lai c6
AK _ SakB _ Sakc _ SakB + Sakc _ SakB + Sakc @)
KA"  Sprka  Scka  SBra + Scka SBkc '
Tu (3) va (4) suy ra
AK _ AC' B’
AK C'B  BC’
]
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Dinh 1y Van Aubel vin con ding trong trudng hop diém A’ nam trén canh BC con hai diém

B’, C’ 1an lugt nam trén tia ddi cta hai tia CA, BA.

That vay, ta c

AK  Sapxk  Sack  Sask + Sack  SaBkc

KA Spxa  Scxa  Spka + Scxka  Spkc

Lai c6
AC"  Sacc  Sac'k  Sacrc +Sack  Sakc

C'B Spcc Spcxk Secc +Spexk Serc

Tuong tu, ta co

B'C  Spxc’

Hay
AC" ~ AB"  Sakc | Sakp _ Saskc

C'B + B'C  Spkc  Sskc  Skc

Suy ra
AK  AC' AP’

1K _CB T BC
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Dinh |y 2. Vé phia ngoai tit gidic ABCD, ta dung cdc hinh vuéng. Goi P, Q, R, S la tdm cdc
hinh vuéng do. Khi dé, ta cé duong thing PR = QS va PR 1. QS.

DAy chinh 12 bai toan da trinh bay & phan 1.

Theo nhan xét ctia Gido su Yutaka Nishiyama', dinh 1y Van Aubel 1a mot dinh ly dep trong céach
phat biéu 14n trong céch chiing minh né! ("The beauty of this theorem lies both in the theorem

itself and also in its proofs.”).

Vé6i S 1a dién tich, p la ntta chu vi va a, b, ¢ 1a d6 dai ba canh cua tam giac ABC.

Hé qud 1. Cho AABC c6 ba duong trung tuyén AD, BE,CF dong quy tai diém G. Khi dé
AG 2

AD 3

B D C

Chiing minh. Ap dung dinh 1y Van Aubel, ta c6

AG AE AF
=y =2
GD EC ' FB

~o AG _ _AG __ _ 2
Vay 45 = 46+6p = 3 u

"Yutaka Nishiyama (sinh ngay 21 thang 10 nim 1948) 1a mot nha todn hoc Nhat Ban va gido su tai Pai hoc
Kinh té Osaka. Poc gia ¢6 thé tim hiéu thém vé toan hoc trong doi séng hing ngay, dudc 6ng chia sé tai http:

//yutaka—-nishiyama.sakura.ne. jp/.
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Hé qud 2. Cho tam gidc ABC c¢6 ba duong cao AD, BE, CF dong quy tai diém H. Khi do,

AH \/ (be)” —4s? | \/(bc)2—4S2

HD (ab)* — 452 (ac)® — 482

ST

Chiing minh. Tacé

_ 28 _ 25
Slly ra BE = 5 CF = ~ -

Mit khic,
2

48
AEZ:ABZ—BE2:CZ—?:>AE:

\ (be)* — 452;
V (ab)* — 4S2.

2

48
EC* = BC*—BE> =a*— - = EC =

S| = S| =

Tuong tu, ta cling co

1 1
AF = =\/(bc)®> —4S82: FB = - 2 _ 482,
C\/( c) C\/ (ac)

Ap dung dinh 1y Van Aubel, ta c6

AH  AE N AF _ |(bc)* — 482 N (bc)* — 482
B (ab)? — 482 (ac)® — 482’

HD EC FB
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B D C

H& qud 3. Cho tam gidc ABC ngoai tiép duong tron cé cdc tiép diém vdi cdac canh BC,CA, AB
lan luot la D, E, F. Cdc cevian AD, BE,CF déng quy tai diém 1 goi la diém Gergonne. Khi
do,

Al a(p—a)

D~ (p—b)(p—c)

Chiing minh. Theo tinh chét cia hai tiép tuyén cit nhau, tac6 AE = AF, BF = BD, DC =
CE.Suyra

b
AE+DC+BF=BD+AF+EC=¥=ID.
Vi BF = BD nén AE + BC = phay AE = p —a.
Tuong tu, EC = p—cva BF = p —b.
Ap dung dinh 1y Van Aubel, ta c6
Al AE AF p—-a p-—a p—b+p—c a(p—a)
ID EC FB p—c p—b (p—D)p—c)) (p=b)(p—c)

O
Hé qud 4. Cho tam gidc ABC. Goi AD, BE lan luot la trung tuyén va cevian Gergonne ciia
tam gidc ABC. S la giao diém cia AD va BE. Khi do,

AS  2(p—a)
SD p—c

Chiing minh. Goi F la giao di€ém cta CS va AB.
Vi AD 1a trung tuyén nén BD = DC.
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A
F E
B D C
Theo chiung minh Aé qud 3, ta dugc
AE =p—a; EC =p—c. 5)
Ap dung dinh Iy Céva, ta c6
BD CE AF
——— = 1. (6)
DC EA FB
Tu (5) va (6), taco
AF p-—a
FB p—c’

Ap dung dinh 1y Van Aubel, ta c6

AS AE n AF  2(p—a)

SD EC FB p—c
O

Hé qua 5. Cho tam gidc ABC, cdc doan thcfng AD, BE, CF lan luot néi cdc dinh A, B, C vdi
tiép diém cuia cdc canh BC,CA, AB vdi duong tron bang tiép goi la cdc cevian Nagel. Cdc
cevian Nagel dong quy tai diém S goi la diém Nagle. Khi do

AS  a

SD  p—a’

Chitng minh. Goi céac tiép diém nhu hinh vé.
Theo tinh chét ctia hai tiép tuyén cat nhau, ta c6
2AD' = AD' + AD" = AB + BD' + AC + CD" = AB + BD + AC + CD = 2p.
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Suyra AD' = AD" = p.
Tuong tu, ta dudc

AD = AD" = BE' = BE" = CF' = CF" = p.

Lai co

AE=AC—EC=AC—CE”=AC—(BE’—BC)=b—(p—a)=p—C.

Tuong tu, ta suy ra dugdc

CE=BF=p—a;, AF=CD=p—-b; AE=BD =p—c.

Ap dung dinh 1y Van Aubel, ta c6
AS AE AF_p—c+p—b_p—c+p—b_ a

SD EC FB p—a p-—a p—a p—a
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KA, K theo cdc ti sb A,% Va AC = VOi AA’, BB',CC'’

ddng quy tai K. Ta thiy rang c6 rat nhidu bd ba cic dudng cevian ddong quy trong tam gidc ching

Dinh ly Van Aubel cho tam giac cho phép tinh ti s6 45

han nhu céc cevian trong tdm, cic cevian truc tdm, cac cevian tdm duong tron noi tiép, cac ce-
vian Gergonne, cac cevian Nagel, cac cevian Lemoine, cac cevian dcfng gidc, ... nénta co rat
nhiéu bai todn 12 hé qua cta dinh 1y Van Aubel. Ngoai ra, ta c6 thé t6 hop cac cevian khac nhau
trong ciing mot bai todn chang han cevian trong tdm véi cevian Gergonne, cevian trong tam voi

cevian Nagel, . . . d€ tao ra céac bai todn mdi.

Cac hé qua da trinh bay & trén chinh la vi du.

Bai tap 1. Cho tam gidc ABC c6 ba dudng phan gidc AD, BE,CF dong quy tai diém /.

Chitng minh ring
Al b+c

ID 4
Bai tap 2. Ching minh ring trong tam gidc ABC, ba dudng cao AD, BE, CF ddng quy tai

tryc tim H cua tam giac va

HA _ cos ZBAC
HD  cos ZABC cos ZACB’

Bai tap 3. Cho tam giac ABC. Goi AD, BE lan lu’dt 121 trung tuyén va cevian Nagel clia tam

giac ABC. S 1a giao diém ctia AD va BE. Tinh ti s6 SD

Sau day cac md rong cia dinh 1y Van Aubel ma thay Trdn Viét Hung da tiing gidi thiéu & [ 1]
Nhin chung, cdc bai toan déu rat dep va “cé hudng”, doc gia c6 thé thit chitng minh.
M& réng 1. Bén ngoai tam gidc ABC vé cdc tam gidc ABA' vuéng tai A'; ACC’' vudng tai

C'; BCB' ¢6 Z/CBB' = LA'BAva Z/BCB' = £C'CA. Chiing minh rdng

a) A€ =sin(LA'AB + ZCAC").

b) (A'C'; B'A) = (AA’; AB) + (CC'; CA) (modr).
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C/

B/

Mé& rong 2. Cho A, B, C, D la bon diém bdt ky, ABA’ la tam gidc vuéng tai A'. Vé cdc tam
gidc CBB', CDC' va ADD' sao cho CBB’ va ABA’ déng dang nguoc hudng; CDC' va ABA’
dong dang ciing huéng; ADD' va ABA’ dong dang nguoc hudng. Chitng minh rdng

a) AAC'=B'D'.

b) (A'C’; B'D') = 2(AA"; AB) (modn).

Mé réng 3. Cho A, B, C, D la bén diém c6 dinh bdt ky. Vé tam gidc ABA' vuéng tai A’ va cdc
tam gidgc CBB', CDC’ va ADD’ sao cho CBB' va ABA’ déng dang nguoc hudéng; CDC' va
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ABA’ dong dang ciing huéng; ADD' va ABA' dong dang nguoc huwong. Chitng minh rang M
ndm trén mot dwong tron cé dinh khi A’ thay doéi, voi M la giao diém ciia dwong thing A'C’ va
B'D’.

Mé réng 4. Cho A, B, C, D la bon diém c6 dinh bdt ky. Mét duong tron (O) cé dinh qua A, B,
A’ la mot diém trén (O) (khdc A, B). Vé cdc tam gidgc CBB’, CDC' va ADD' sao cho CBB’
va ABA' déng dang nguoc huong; CDC' va ABA' déng dang cing huéng; ADD’ va ABA'
dong dang nguoc hwéng. Chitng minh rang M nam trén mét duong conic c¢é dinh khi A’ thay
doi trén (0), véi M la giao diém ciia duong thing A'C' va B'D’.
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Mé& rong 5. Tam gidc ABA’, BCB' va CAC' déng dang ciing huéng va M, N, P lan luot la giao
diém ciia AB' va BC'; BC' va CA’; CA' va AB’. Chitng minh rang néu AB' = BC' = CA’
thi MNP la tam gidc déu (hodc M, N, P trung nhau).

B/
Mé rong 6. Cho tit gidc ABCD, vé cung bén ngoai (hodc cung bén trong) tit gidc nay cdc
hinh vuéng co cdc canh ldan luot la AB, BC,CD, DA va goi tdm cdc hinh vuéng tuong iing la
A',B',C',D'. M,N, P, Q lan luot la trung diém ciia AB, AB', A’'C’, BD'. Chitng minh rang

MP va NQ bang nhau va vudng géc vdi nhau.

M& réng 7. Cho cdc tam gidc ABA', CBB' va CAC’, trong do ABA' va CBB' dong dang
nguoc huong; ABA' va CAC' dong dang ciing hudng. M, N, P, Q ldn luot la trung diém clia
AB', A'C’,CA va AB. Chitng minh rdng M, N doi xitng nhau qua P Q.
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Mé& rong 8. Cho A, B,C, D la bon diém bdt ky. Vé cdc tam gidc ABA’, BCB', CDC' va
DAD’ sao cho

(AA’; AB) = (AD; AD') = a (modx); (BB';BC) = (BA; BA') = B (modr);
(CC/;CD) = (CB;CB/) =y (modm); (DD/; DA) = (DC; DC’) = § (modr);
a+p+y+35=mn(modnm).

Chiing minh rang
a) (AC';B'D") =a + y (modmn).

b) A'C’ __ sin(6+a) __ sin(B+y)
B’D’ T sin(B+a) — sin(§+y)”
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Mé& réng 9. Cho A, B, C, D la bon diém bdt ky, ABA' la tam gidc vudng tai A'. Vé cdc tam
gidc CBB', CDC’ va ADD’ sao cho CBB' va ABA' déng dang nguoc huéng; CDC’ va
ABA’ déng dang ciing huong; ADD' va ABA’ dong dang nguoc hudng. M, N, M', N' lan luot
la trung diém ciia AC, BD, A'C’, B'D’. Chiing minh rdng

a) Tam gidgc MNM' va ABA' dong dang ciing hudng.

b) MN la trung truc ciia doan thing M’ N'.

Mé rong 10. Cho ndm diém A, B,C, D, E tiy ¥, M, N, O, P, Q lan luot la trung diém ciia
AB,BC,CD,DE,EA, AMA' la tam gidc vuong tai A'. Vé cdc tam giaic NCC', OPE’, EQG’
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va AMA' dong dang cung hudng. Vé cdc tam giic MNB', COD’, PEF’, QAH’ déng dang
cing huong dong thoi tam gidgc MNB' va AM A’ dong dang nguoc huéng. X,Y, Z, W lan luot
la trung diém cia A'E’, B'F',C'G’, D'H'. Chitng minh rang XY ZW la hinh chit nhat.

Mé rong 11. Cho ngii gidc ABCDE. Vé cung bén ngoai (hodc cung bén trong) ngii gidc nay
cdc hinh vudng co cdc canh lan lugt la AB, BC,CD, DE, EA va goi tdm cua cdc hinh vuéng
tuong iing la A', B',C', D', E'. M, N, P, Q lan luogt la trung diém ciia A'D, BD', B'E’, AC'.
Chitng minh rang MP va NQ bdng nhau va vuéng goc vdi nhau.
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Mé& rong 12. Cho ngii gidc ABCDE. Vé cung bén ngoai (hodc cung bén trong) ngii gidc nay
cdc hinh vudng co cdc canh lan luot la AB, BC,CD,DE, EA va goi tdm cua cdc hinh vuéng
tuong iing la A', B',C', D', E'. M, N, P, Q lan luot la trung diém ciia A'D, BD', B'E’, AC'.

Chitng minh rang M P va NQ bdng nhau va vuéng géc vdi nhau.

Mé rong 13. Cho luc gidc ABCDEF. Vé cung bén ngoai (hodc cung bén trong) luc gidc nay
cdc hinh vuong co cdc canh lan luot la AB, BC,CD, DE,EF, FA va goi tdm cua cdc hinh
vuéng tuong iingla A', B',C', D', E', F'. M, N, P, Q ldan luot la trung diém ciia A’D, BD', B'E’,C'F’.

Chitng minh rang M P va NQ bdng nhau va vuéng goc vdi nhau.

Mé rong 14. Cho thdt gidc ABCDEFG. Vé ciing bén ngoai (hodic cuing bén trong) thdt gidc
nay cdc hinh vuéng cé cdc canh lan luot la AB, BC,CD, DE, EF, FG,GA va goi tdm ciia
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cdc hinh vuéng tuwong iing la A', B’,C',D',E', F',G'. M, N, P, Q ldn luot la trung diém ciia
A'D’,BE',B'F',C'G’. Chitng minh rang MP va NQ bdng nhau va vuéng géc vdi nhau.

M& réng 15. Cho tdm diém A, B,C,D,E,F,G,H tiuy y, ABA' la tam gidc vuoéng tai A'.
Vé cdc tam gidic CDC’', EFE', GHG' va ABA’ dong dang cing hudng. Vé cdc tam gidc
CBB’', EDD', GFF', AHH' déng dang cing hudng dong thoi tam gidc CBB' va ABA’ dong
dang ngugc huong. M, N, P, Q ldn luot la trung diém cia A'E', B'F',C'G', D'H’. Chiing

minh rang

a) MP = NQ.

b) (MP;NQ)=2(AA"; AB) (modr).
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Mé& rong 16. Cho tdm diém A,B,C,D,E,F,G,H twyy. A',B',C',D' E' . F',G', H' ldn
Iwot la trung diém ciia AB, BC,CD,DE,EF,FG,GH, HA. Tam gidc A'B'A" vuong tai
A". VEé cdc tam gidc C'D'C", E'F'E", G'H'G" va A'B'A" dong dang cing hudng. Vé
cdc tam gidc C'B'B", E'D'D", G'F'F", A’H'H" déng dang ciing hudng dong thoi tam
gidc C'B'B" va A’B'A" dong dang nguoc hudng. M, N, P, Q ldn luot la trung diém ciia
A"E" B"F" ,C"G",D"H". Ching minh ring

a) Tam gidc QNM va A’ B’ A" déng dang cing hudng.

b) MNPQ la hinh chit nhat.

O
Dl/

Mé rong 17. Cho tii gidc 16i ABCD. Cdc dudng phdn gidc trong ciia cdc goc A, B, C, D khong
tring nhau va theo thit ty cdt nhau tai B',C’, D', A'. Tiép tuyén tai A ciia duong tron (DAA’)
cdt duong tron (ABB') tai E (khdc A). Puong thiang BE cdt duong tron (BCC') tai C" (khdc
B). Puong thing ddi xing ciia AE qua AA’ cdt (ABB’) tai D" (khdc A). Chiing minh rdng

a) AC" va CD" cdt nhau tai mot giao diém ciia (ABB') va (BCC").

4 ’ 1
b) A'C AC

B’'D’ — CD’*
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o»
o
Q-
H
@]
O\
-

4. Ap dung dinh Iy Van Aubel vao giai mét s

lién quan dén tam giac

Bai toan 3. Cho mot tam gidc Py P, Ps, P la mot diém 6 trong tam gidc do; P, P, P, P, P3P
cdt cdc canh déi dién tai 01, Oz, Q3. Chiing minh rﬁng trong cdc ti sé ﬁ‘—in, %, I%IZ co it

nhdt mot ti s6 khong I6n hon 2 va it nhdt mot ti sé khéng nhé hon 2.

Loi gidi. Goi G la giao diém cla ba dudng trung tuyén. Ba trung tuyén P, L, P,M, P3N chia
tam gidc Py P, P3 thanh sau tam giac nh6 GP1M, GP,N,GP,N,GP,L,GP3;L,GP;M.

Khong mit tinh téng quat, gia st P ndm trong tam gidc nhd GP, M.

Ap dung dinh 1y Van Aubel, ta c6

PP P P P
L 1Q2+ 1Q3<2(v‘1 10>

PQ, B 0, P; 03P, =

<1 D@

AN ’ AN 1)'
0, P3 0s P,

Mat khac, ta lai co pp p P
20 2Q3+ 2Q1>2.

PQ, Q3P Q,P3

Déu bing & cic biéu thic trén xay ra khi P = G (khi P 1a trong tim ctia tam gidc Py P, P3).
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P,

Viy ta suy ra dudc diéu phai chiing minh. [

Bai toan 4. Chitng minh rdng hiéu giita tich ba ti s6 Céva va tong cia chiing la mot hing sé,

bang 2.

Lsi giai. Dat

AB' ca_  BC'_.

= m; n;
B'C A'B C'A

Ap dung dinh 1y Van Aubel, ta c6

AK  AB' . AC’ !
KA~ B'C ' C'B P
BK BC' BA' 1
KB _Cca ac 'ty
CK_CA/+CB/_ L
KC' 4B BA "
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Téng ba ty sb
1 1 1
S=m+n+t+—+-—+-.
m n t

Tich ba ty s6
( 1)( 1)( 1) 1 I 1 1
P=\m+-)\(t+—-)|n+—)=mnt+—+m+n+t+—+—+—.
t n m mnt m n t

Ap dung dinh 1y Céva, ta c6

mnt = — = 1.

Vay P — S = 2. O

Bai toan 5. Xdc dinh dién tich tam gidc A’ B'C’ ¢6 cdc dinh la chdn ciia mdt bo ba cevian cdt
nhau trong mét tam gidc, theo dién tich S ciia tam gidc ABC va cdc ti s6

AB’ cA BC’

BC " 4B C'A

Loi giai. Taco

Sap'cc Spac  Scap
S IRICT = S 1 — — .
A'B'C ( 5 S S )

Theo b dé quen thudc, ta c6

SAB’C’ _ AB/AC/ . AB’ AC, . m 1
S  AC.AB  AB'+ B'C ' AC'+C'B  1+4+m' 1+t
Tuong tu,
Spacr 1 1 Scap  n 1
S 1+t 1+n S 14+ nl4+m
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Suy ra
Super = S [1 B m B t B n ]
A4+mA+t) A+)A+n) A4+n)(1+m)
_ 1+ mnt
T +m)A+n)(1+1)
28

(vimnt = 1).

T A+mA+md+0)

Céc truong hgp dac biét

1. Céc cevian 1a cac cevian trong tdm:
m=n=t=1;

SA/B/C/ =

2. Céc cevian 1a cac cevian tdm duong tron ni tiép:

a.
c b’
28abc
(a+b)b+c)c+a)

c
m=-, n=-—, =
a

SA/B/C/ =

3. Cac cevian 1a cac cevian truc tdm:

ccos A bcosC ; acos B

e s n —= E— == —,

acosC ccos B bcos A
28abc cos A cos B cosC

S IRICT = :
ABC (bcos A+ acosB)(ccos B+ bcosC)(acosC + ccos A)

Sapc =28 cosAcos BcosC.
(viccosB +bcosC =a, acosC +ccosA=b, bcosA+acosB = c).

4. Khi cac cevian la cac cevian Gergonne, cac cevian Nagle, tinh S 4/g/¢/?
Bai toan 6. Cho tam gidc ABC, trén ba canh BC,CA, AB lan luot ldy ba diém A’, B', C' sao
cho AA’, BB',CC' dong quy tai K. Goi N, M ldn luot la giao diém cia A'B’' va CC’, A'C’ va
BB'. Tia AM, tia AN lan luot cdt BC tai E, F. Chitng minh rdng

a) EN,FM, AA’ dong quy tai I.

b) TA.KA' = 31A".KA.
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B E A F (&

L&i giai. a) Ap dung dinh 1y Menelaus cho tam gidc ABE véi cat tuyén A’MC’, ta c6

AM EA BC' N AM _C'A A'B
ME A'B'C'A ME  BC' EA"

Ap dung dinh 1y Menelaus cho tam gidc AF C véi cat tuyén A’NB’, ta c6

FN AB' CA" = FN _A'F B'C
NA B'C A'F NA CA AB"

Theo dinh ly Céva, ta suy ra dugc

AM EA' FN _(C'A A'B\ EA' (A'F B'C\ C'A AB B'C _
ME AF NA \BC' EA) AF \CA" AB’"] BC''CA AB

Ap dung dinh Iy Céva ddo, tacé AA’, EN, FM ddng quy tai .

b) Ap dung dinh ly Van Aubel cho tam giac ABA’, ACA’, AEF,tacé

AM  AK N AC’
ME KA C'B’
AN  AK  AB"

NF KA T BC
Al AM N AN
1A  ME NF’

Thay (1) va (2) vao (3) ta dugc

AK N AC’ N AB" Al
KA C'B  B'C 1A’
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Ap dung dinh 1y Van Aubel cho tam gidac ABC, ta c6

AC’ N AB'"  AK
C'B  B'C KA

Thay vao (4) ta dugc
AK Al
—— = — = 3]A.AK = KA. Al
KA TA =

O
Bai toan 7. Cho K la diém ndm trong tam gidc ABC. Goi D, E, F lan luogt la giao diém ciia
AK va BC; BK va AC; CK va AB. Chitng minh rc\ing

AK+BK+CK>
KD KE KF~

B D C

Lsi giai. Ap dung dinh 1y Van Aubel cho tam gidc ABC, ta c6

AK AE AF BK FB BD KC EC DC

KD _ECVFB KE _AF "DC' FK_ 4aE T BD

Cong vé theo vé cia cdc dang thiic trén, ta dudc

> 6.
AM-GM

AK+BK+KC_ AE+EC AF+FB BD+DC
KD KE FK \EC AE FB AF DC  BD

Déau bi‘lng xay rakhi E, F, D lan lugt 1a trung diém cta cdc canh CA, AB, BC (khi K 1a trong
tam cua tam giac ABC). ]
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B A, C
Bai toan 8. Cho tam gidc ABC, A, la diém trén canh BC sao cho ﬁ;—g =3 Goi X va Y lan
luot la cdc diém trén canh AB va AC, M la giao diém ciia doan thing XY véi AA,. Chiing

minh rang
AM

MA -

YC XB
O[ﬁ"F,Bﬁ—(O["‘,B)

Loi giai. Pau tién gia st rang X Y song song véi BC. Khi d6
XB YC MA,

XA YA MA

nén két qua diing véi moi B, y.

7z B P C

Gia st XY va BC cat nhau tai Z.

Ap dung dinh Iy Menelaus cho tam gidc AA; B véi cat tuyén M X Z, ta c6

YC MA ZA; _
YA MA, ZC
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Suy ra
XB Yc  MA,.ZB MA,.ZC

Pxa Y 7va =Puraza, TV maza,
— #f;fh (BZB + yZC)
= % (BZA, — BBA; + yZ Ay + yA,C)
=Pty )MA thZA1 v jllg - %)
=B+l

Bai toan 9. Cho tam gidc ABC co ba cevian AA,, BBy, CCy giao nhau tai M. Gid si
AIB_)/ B]C_O[ CIA_IB

AIC_,B’ BlA_)/’ ClB_O[.

Néu X va Y lan luot la hai diém trén canh AB va AC thi M nam trén doan XY khi va chi khi

5 B+ YC
yYA—a

Loi giai. Ap dung dinh 1y Van Aubel, ta c6

AM _AC1+ABI B
AiM  C;B B, C «
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Bay gi¢ gid st M nam trén doan XY . Theo bai todn 8, ta dugc

XB  YC AM «
ﬁﬁ+Vﬁ—(ﬁ+V)m—(ﬁ+V)—ﬂ+y—a

Ngudgc lai, gia st XY va AA; giao nhau tai M’. Ta s€ chi ra M’ trung v6i M .

Theo bai todn 8, ta cod

XB YC A M’
'Bﬂ+yﬁ_(’3+y)M/A'
Theo gia thiét, ta c6
IBXB N Yc
x4 Tya T
Do d6
AlM . [0
AM — B+vy’
nén M va M’ tring nhau. Do d6 M phai niam trén doan XY . O

Hé qua 6. Néu G la trong tdm ciia tam gidc ABC thia = B =y = 1, va G ndm trén duong

thing XY khi va chi khi
XB YC

|
XA YA
Hé qud 7. Néu I la tam duong tron noi tiép tam gidc ABC thi cdc gid tri cia a, B va y dugc

xdc dinh bang dé dai cdc canh cua tam gidc

Hé qud 8. Néu H la truc tém cia tam gidc ABC thi ti s6 cdc canh duoc xdc dinh bdi

a =tan/BAC; p =tan/ZABC; y =tan/ACB.

Khi dé H nam trén duong thing XY khi va chi khi

XB YC
—tan ZABC + —tan LZACB = tan Z/BAC.
XA YA
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Bai tap 4. Néu ba dudng thang AA’, BB’, CC’ cit nhau tai mot diém K nam trong tam gidc

ABC thi

KA KB KC'_ AK  BK CK _,
aAr BB Tcc T Y Aa " BR Tco T~

Bai tip 5. Tit cac dinh A, B, C ctia mot tam giac ABC, ké cac dudng thang 1an ludt song song

v6i cac canh B'C’,C’'A’, A’B’ cia tam gidc A’B’C’. Chiing minh ring néu cic dudng thang
nay dong quy thi cic dudng thang ké tit A, B’, C’ va theo thd tu song song v6i BC,CA, AB
ciing dong quy.

Bai tap 6. Trén ba canh BC,CA, AB clia tam gidc ABC 1an luot lay ba diém H, M, N sao
cho ba doan thang AH, BM,CN dong quy tai G. Goi P, Q lan luct 1a giao diém ctia HN va
BM, HM va CN.Tia AP vatia AQ cit canh BC lan ludt tai E va F. Chiing minh ring
)
PE  QF NB MC

Khi G 1a trung diém AH , tinh 4% + 22,

Bai tap 7. (Intervarsity Ireland 2006) Cho tam giac ABC, X va 'Y lan luot 1a cac diém trén
canh AB va AC sao cho dudng thang XY chia doi dién tich tam gidc, cac diém X va Y chia

do6i chu vi tam gidc A BC. Ching minh ring tim dudng tron noi tiép / nam trén doan XY .
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ahiing ngui yéu todn Tap chi Epsilon, S6 22, 08/2022

gpsi lon

UNG DUNG CUA TRUGNG HOU HAN
VAO GIAI BAT TOAN DAY SO

Duong Thai Bao
Truong THPT Chuyén Nguyén Quang Diéu, Dong Thap

GIOI THIEU

Su khac biét 16n nhét giita tap sd nguyén va tap s6 hitu ti hay sb thuc 1a & chd phép chia.
Ban chit ctia phép chia 12 phai c6 nghich d4o. Rong ra hon mot ti, chiing con su khéc biét
& phép todn ldy cin bac hai. Chinh vi phép chia va phép 14y ciin khong thuc hién dudc
(chi mdt vai trudng hop dic biét nhu nghich dao ctia &1 hay cin bac hai ctia s6 chinh
phuong) nén khi gip mot s6 bai toan diy sdé ma & dé cong thiic téng quéit c6 chifa cin
chiing ta lai khong thé st dung dong du. Nhiing trd ngai nay budc chiing ta dua bai todn
tir xét trén tap sO nguyén vé trudng hitu han Z, hay trudng mé rong Z , [v/d] v6i d khong
thing du chinh phuong modulo p. Thé nhung trong bai viét nay ching ta ciing sé tiép can
theo huéng dan dit hoc sinh (d6i tugng chua dudc hoc vé cac khai nhiém nhém, vanh,
truong) nam dugc tinh than cta truong httu han.

Bay gio ta xét n > 112 s6 nguyén va tip

Zn =1{0,1,....,n—1}".

Tap trén ciing c6 thé hiéu 1a hé thing du diy di modulo n. Liy x, y € Z,, ta dinh nghia

e x & y = z v6i z 1a s6 du ctia x £ y khi chia cho n.

e xy = z véi z 1a s6 du ctia xy khi chia cho n.

'6 mot s6 tai liéu van ki hiéu Z,, = {0, 1,..., n—1}
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Cach dinh nghia cdc phép toan nay hoan toan dua trén phép toan ctia dong du. Hon nita, x +
V,Xy € Zy v6i moi x, y € Zj - tinh chdt dong. Liic nay tip Z, cung vi hai phép toan “+” va
“x” dugc goi la vanh Z,. Ban doc hdy tht so sanh gitia Z va Z,. Moi ngudi sé c6 mdt su so
sanh khac nhau, tuy nhién chung ta s€ c6 cam nhan Z, nhu mot sy phan hoach Z thanh n 16p:
i 1216p céc s6 chia n du i. Do d6 thay vi lam viéc trén toan bo tap Z ta chi can 1am viéc v6i s6
daidién 0,1,...,n — 1.

Tap Z c6 mot “diém yéu”: mdi s6 thude Z khong c6 nghich dao, chang han phuong trinh ax = 1
vO nghiém trén Z néu a # +1. Ban than Z, ciing chang khd hon: véi n = 6, sb 4 khong c6
nghich dao trong Ze vi phuong trinh 4x = 1 (mod 6) vo nghiém. Trai lai, 5 ¢6 nghich dao 1a 5
vi5 x5 =1 (mod 6). Khai niém nghich d4o hoan toan giébng nhu khai niém nghich do theo

modulo n. Vi thé s6 phan ti kha nghich trong Z, 13 ¢(n).

__9

Chiing ta biét rang p(n) < n — 1, dau chi xay ra khi va chi khi n 12 s6 nguyén t6. Khi n 12
mot sd nguyén td thi ta néi Z, 1a truong Z, - moi sé khdc khong déu khd nghich. Xét p 1a sd
nguyén t0, 13y x, y € Z, vi y # 0, ta dinh nghia “phép chia” nhu sau: 3 = z v6i z la tich ciia
x v6i nghich ddo ctia y (theo mod p). O ddy y # 0 tacé thé hiéula p y, do d6 y c6 nghich

dao.

Sau khi mo ta dudc tap Z, c6 hai phép todn co ban la cong va nhan, ching ta s€ ndéi thém mot

ti vé viéc chuyén khai niém trén Z sang khéi niém trén Z,: véi a € Z, khi d6

p|akhivachikhia =0trénZ,.

a =b (mod p) khi vachi khia = b trén Z,,.

a 12 thing du chinh phudng modulo p khi va chi khi ton tai x € Z, théaa = x2.

p a khi va chi khi ton tai @’ € Z, sao cho aa’ = 1 (a’ ciing chinh la nghich ddo theo
modulo p).
Nghiém nguyén thiy g ctia modulo p c6 tinh chit
lg.g%....g"™"}
12 hé thing du thu gon mod p. Diéu nay viét lai thanh
Dinh Iy 1. Ton tai mét s6 x € 77, sao cho

Z; = {x,x?, ..., x?71.
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S6 x 6 day con dudc goi 1a phdn tik sinh ctia 7.
Vidu 1 (VMO 2011). Cho day s6 {ay} théa man

dg = 1,611 = -1

a, = 6a,,_1 + Sa,,_l, Vn = 0.

Chitng minh rang a»o1, — 2010 : 2011.

Bai to4an hoan toan c6 thé gidi dua vao cong thiic tdng quét clia day

_ (1-2V1HGE+ V14" + (7 +2V14) (3 - V14"

an
14
_ (T4 VIHE+ VI = (74 V14 (3 - V14!
14
= —u, + 2v,

vii

G+ V14" + 3 — V14! LG+ Vidt — (3 — J14)m!
2 T 214 '

Tir day xét dong du theo ting day {u,} va {v,}.

Uy, =

Cong viéc trén c6 diém chua hay 1a viéc tach u, va v,, hon nita viéc tong quat ctia bai toan sé
khé khin. Bay gio ta sé xét day {a,} trén trudng Z ,. Ay thé, dé cho ngudi doc dé dang tiép can,
chiing ta sé viét dusi dang dong du.

Xét phuong trinh dong du X2 —6X —5 =0 (mod p), khi d6 (X — 3)2 = 14 (mod p). Ta dé
dang kiém tra dugc 14 1a thing du bac hai modulo p (dung tinh chét ctia ki hiéu Legendre). Tifc
latdntaia € {1,..., pT_l} sao cho a®> = 14 (mod p). Lic nay phuong trinh dang xét c6 hai
nghiém

X=34a (mod p)

X=3+a (modp)'

Tiép theo ta xét diy {X,} théa X, = c1(3 +a)" + c2(3 —a)" v6imoin > 0, trong d6 c,, ¢, 1a
hai s6 nguyén ta s& chon dé

Xo=1 (mod p)

X;=-1 (mod p)

Giai hé nay ta dugc

cr=%* (mod p)
= (mod p)
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Bing qui nap ta dé dang ching minh dudc ring
Xp12 =6Xp41 +5X, (mod p) va a,=X, (modp), Vn=0O0.
Tuy nhién, ta co6
X, =c13+a)’ +c2(3—a)?
=c1(3+4+a)+c2(s—a) (mod p)
(a—4)3B+a) 4 (a+4)(3—a)

2a 2d
=—1 (mod p).

(mod p)

Vay a, — (p — 1) chia hét cho p.

Trong y tudng thuc hién 16i giai trén, cach tim day { X, } thuc ra la ching ta dang tim {a,} trén
trudng Z,. Lic nay c6 mot diéu thd vi /14 khong 1a s6 nguyén tuy nhién no lai “ton tai” trong

Z,! Vay trong Z, c6 cin bac m cia mot s6 nguyén? Xét n, m > 1 1a hai s6 nguyén.

Dinh nghia 1. Cho a la sé nguyén, néu phuong trinh dong duw X™ = a (mod n) c6 nghiém thi

ta ndi a cé cdn bdc m trong Z,. Ki hiéu "/a la mét cdin bdc m cua a theo mod n.

Nhan xét 1. Cho p 1a sd nguyén td, khi d6 néu a 1a thing du chinh phuong mod p thi a c6 cin
béc hai trong Z,. Ngudc lai a khong c6 cin béc hai.

Viéc dung ki hiéu ciin & day 13 dang hinh thifc. Tuy nhién c4c tinh chét ciia mi trong Z, c¢6 thé
thuc hién nhu trong tap s thuc. Pién hinh nhit, & vi du trén, viéc ki hiéu % chi 1a hinh thuc.
Chiing ta phai hi€u d6 1a tich ctia a + 4 véi nghich déo ctia 2a theo mod p. Viéc tuong dong vé
phép todn gilia tap sd hitu i va Z, cho phép chiing ta viét nhu thé.

Chiing ta biét rang s6 nguyén a lam cho phuong trinh X2 = a (mod p) v6i p la sb nguyén t6,
c6 nghiém thi @ dudc goi la thang du chinh phuong. Tuy nhién & khia canh ngudc lai, nghiém
ctia phuong trinh nay thi chua dudc khai thac nhiéu.

Vidu 2 (VMO 2020). Cho day 6 (ay) xdc dinh béi a, = 5,a, = 13 va
Ap+r = 50,41 — 6a, voimoin = 2

Chiing minh rdng néu p la wdc nguyén t6 ciia a,x thi p — 1 chia hét cho 2% véi moi s6 tw

nhién k.
Vi du 3. Cho k la s6 nguyén dwong va ddy sé {x,} théa

X0:1,X1:3

Xn42 = 6xn+l — Xn, VYn >0

Goi p la wdc nguyén té 1é ciia x,x. Chitng minh rdang
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a) 2 la thang du chinh phuong mod p.

b) 2%*3 la wéc ciia p — 1.
Trong hai bai nay thi bai sau khé hon & chd phuong trinh dic trung cho nghiém v ti. Tuy nhién
chiing ta vAn c6 cich khic phuc dé 10i giai bai sau khong khac gi miy 16i gidi bai trudc.
L&i gidi. Ta c6 cong thiic tong quat clia diy sd

U e e U i
" 2

, Vn>=0.

Tu day ta co
2x§k_l =1+ xgk =1 (mod p)

suy ra 2 la thang du chinh phuong mod p.

Xét phuong trinh dong du X2 —6X + 1 = 0 (mod p), khi d6 (X — 3)? = 8 (mod p). Do 2
ciing 12 thing du chinh phuong mod p nén ton tai sd nguyén a dé€ a> = 2 (mod p). Lic nay
nghiém cua phuong trinh la

X =342a (mod p)

X =3-2a (mod p)'
Chiyring (a + 1)> =a?> +2a+1 =3+ 2a (mod p), tuong tutacd (a — 1)2 = 3 —2a
(mod p).
Xét diy {X,} thda X,, = c1(1 + a)?>" + c2(1 —a)?" v6i moi n > 0, trong d6 ¢y, ¢, 12 hai sd
nguyén thoa

c1+c;=1 (mod p)
c1(3+2a)+c(3—2a) =3 (mod p)

C1 =
Cyr =

Goi ¢ la nghich dao ctia 2 theomod p,x =1 +avay =1—a.Tacd

hay
(mod p)

N= D=

(mod p)

Xp=c(x*+y*"), Vn>0.
Dé dang nhan thiy X, = 6X,41 — X, vix, = X, (mod p) v6i moin > 0.

Dit h = ord,(x), vix?y? =1 (mod p) nén

2k+1 2k+1 2k+2

Xor =0 (mod p) & x +y =0 (mod p) & x =—1 (mod p)
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suy ra

2 (mod p).

Rorang i | 2513 néuh = 2" véir < k + 2 thido x2 =1 (p) nén ta ci binh phuong s 1an dé
dudc t + 5 = k + 2, lic nay ta c6 diéu mau thuin. Vay i = 2k+3, O

Xét p 1a sb nguyén t6 18 va sd nguyén duong d khong 1a thing du chinh phuong modulo p.
bat
F,» = Z,[Vd] = {a+bvd :a,b e Z,}.

10 rang 7Z p[\/g ] ¢6 ding p? phan tir. Ching ta dinh nghia cdc phép toan trén F > nhu sau:
x=a+b«/3,y=m+n\/gelﬁ‘pz

e x = ykhivachikhia =m,b = n.

exty=a+m+ (b+n)Vd.

e xy =am+ bnd + (an + bm)/d

Tir dinh nghia nay ching ta thiy rang: véi moi x, y € F p2 thi
oxxyel,.
oxy € Fp.

Liic nay xét x € F7,, tic la ton tai a, b € 7, khong ddng thai bing 0 sao cho x = a + b/d.
Khi d6 a®> — db* € Z. That vy, néu a® — db> = 0 (mod p?) thi a*> — db* = 0 (mod p).
Néu b = 0 thi suy raa = 0 (mau thun vé6i x # 0), do d6 b # 0. Vi thé ta c6

d = (ab_l)2 (mod p)
Diéu nay mau thufn véi gia thiét d khong 1a thing du chinh phuong. Tiép dén ta xét
y = (a®—db*) " (a—bVd) € F%,

suy ra xy = 1. Diéu nay ching t6 néu x # 0 thi x ludn c6 nghich dao trong F 2. Diéu nay gitp

cho FF 2 ¢6 tinh chét hoan toan tucng tu nhu Z ,, vi thé né cling duge goi 12 trudng.
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Trong Z ,, moi s6 khéc 0 déu c6 cip va cp clia né 1a uéc clia p — 1. Lay batki x € F*,, xét day
p

2_
x,x2, ..., xP L

lic nay céc so trén déu thude IF;Z. Neu ton tai x” = 1 thi ta chon ra so0 n bé nhat thoa man diéu

m-—n

nay. Nguoc lai, ton tai n < m sao cho x™ = x", kéo theo theo x”" = 1. Vi thé ta sé ludn chon

dudc sd nguyén ducng bé nhat d€ x" = 1, rdrangn < p? — 1.

Dinh nghia 2. 86 nguyén duong bé nhdt théa man x™ = 1 thi dugc goi la bdc ciia x trong IF;T
Ki hiéu ord(x).

Goi h = ord(x), ltic ny ton tai ¢, 7 v6i 0 < r < h sao cho p?2 — 1 = hq + r. Khi d6
1= xP°71 = xhatr — (xM)4 5" = x*
suyrar = 0.
Ménh dé 1. Cdp ciia moi phdn tit khdc 0 déu la wdc ciia p?> — 1 va x?°~1 = 1 vdi moi x € F2o.
Ménh dé 2. Cho x € IF;Z va k > 1 la sé nguyén duong

ord(x)

ky _
ord(x™) = ged(ord(x), k)’

Chiing minh. D€ thuan tién cho ching minh, ta ki hiéu
t =ord(x) va d = gcd(ord(x),k),

khi do

(x*y7 = (x’)§ =1.

bit ¢ = ord(x¥), ldc nay ta cé x¥*' = 1 suy ra
| ()
d
Mit khéc khac vi x¥*" = (x¥) = I nén¢ | kt' suy ra
t kt,
d|d
Vi k
t
dl—,—-) =1
* (d d)
nén
t
—t'. 2
p (2)
Tir () va(2)tacot’ = L. O

Tir tinh chét nay ta thiy ord(x¥) = ord(x) khi va chi khi ged(k, d) = 1.
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Ménh dé 3. Cho x € F;z ¢ cdp la d, khi dé x* c6 cdp la d khi va chi khi ged(k,d) = 1.
Moi phan i cia Z, déu c6 thé biéu dién thanh lily thira ciia nghiém nguyén thiy. Bay gid ching
ta cling sé di tim mot s6 thudc F;z c6 tinh chit tuong tu nhu nghiém nguyén thay.

Goi ¥ (d) 1a tap hgp céc phan ti thudc ]F;;2 ma c6 cip 1a d. Chu ¥ ring mdi phan tif thudc IF;Z
déu thudc ding mot ¥ (d), suy ra

> v =p -1

0<d|p2—-1

Néu x c6 cap 1a d thi tht ca

déu phan biét va c6 clp la d. N6i cach khdc, tat ca déu la nghiém cia phuong trinh X4 = 1,
ma phuong trinh nay chi ¢6 t6i da d nghiém nén day trén 1a tit ca cic nghiém ctia phuong trinh.
Néu a # x ciing ¢6 cip 1a d thi a 1a nghiém ctia phuong trinh X¢ = 1, suy ra ton tai k dé
a = x*. Theo tinh chét trén thi ged(k, d) = 1. Vay sb phan tii c6 cAp 1a d bing ¢(d), suy ra

v(d) = ¢(d)
v6i moi u6c d cia p? — 1. Vay ¥ (p? — 1) = o(p? — 1).

Ménh dé 4. Ton tai x € F*, dé'ord(x) = ¢(p? — 1). Néi cdch khdc, moi phdn tit thuéc F* , déu
) P P
duoc biéu dién thanh mét lity thita cia x.

Vidu 4 (IMO SL 2003). Cho ddy sé aq, a1, as, ... duoc dinh nghia nhu sau
ap =2, ak+1 =2a; —1 véimoik > 0.
Chiing minh rang néu p la wdc nguyén t6 1é ciia a, thi 23 la wéc cia p* — 1.
1
L&i gidi. Xét phuong trinh @ + — = 4, khi d6 ta chon a = 2 + v/3 kéo theo 1 =2 — /3. Chu
a
y rang

a—+
2

Q=

dog =
suy ra
2 1
2

a;=2a5—1=

Tiép tuc ta thu dugc

'+ g 2+ 23
=

, Vn>=0.
2

a, =
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Bay gid xét uéc nguyén td 1€ p cha x,. Vip | a, = 2alzp_1 — 1 nén
2¢5_ =1 (mod p)
kéo theo 2 Ia thing du chinh phuong modulo p. Thé nén p = £1 (mod 8) hay 8 | p% — 1.

Néu 3 1a thing du chinh phucng modulo p thi ta s& xét day {a,} trén trudng Z,. Mit khéc ton
tai x € Z, sao cho x? = 3. Khi d6

Q+x)?¥ +2-x)*
an = 2 =

0

< _ 1 A
Vi2 —x = 5— nénsuy ra

2+ x)2"" =-1

ma 2 12 thing du chinh phuong nén ton tai y € Z, sao cho y? = 2, suy ra

442 1)2 1 2
24 x = —|—x:(x—|—): X .
2 2 y
1
batz = +x,tacé
y
22'1“:—1 va 22n+3=1.

Liic nay ord(z) = 2° v6ii < n + 3. Néui < n + 2 thi ta binh phuong hai vé z' = 1 cho dén
khi nao bang v6i n + 2 ta sé gip ngay mau thuin. Vi thé ord(z) = 23, Vay 2"*3 | p — I, suy

ra diéu phai chiing minh.
Néu 3 khong 1a thiing du chinh phuong thi ta sé xét ddy {a,} trén trudng
Fp={u+ v/3lu,v e Zp}

Via, = 0 nén
Q+V3)" +2-v3)" =0
mﬁZ—\/g;éOtrén]sz nén

(2 n «/§)2n+1 — 1.

Mit khic, 2 = y? = (y 4 0+/3)2 nén 2 ciing 1a s6 chinh phuong trong F,..Ditz = 1+y*/§, khi

d6 z2""* = —1. Lap luan tuong tu nhu trén ta ciing c6 ord(z) = 273, Vi thé 2"+3 | p2 — 1.

Vay c4 hai trudng hop ta déu c6 diéu phai chitng minh. O

Vi du 5 (China TST 2008). Ddy s6 {x,} dugc dinh nghia x; = 2,x, = 12 va xp4o =
6Xn+1 — Xn, Vi moi n = 1. Goi p la s6 nguyén 16 1é, q la udc nguyén 16 ciia x ,. Chiing minh

rang néuq # 2,3 thiq > 2p — 1.
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L&i gidi. Ta c6 cong thiic tdng quat cho diy sb

(242
n — 2\/5 s

Goi p l1a s6 nguyén t6 1& va g 1a uéc nguyén t6 cia x,. Tiép theo ching ta c6 thé thyc hién

Vn > 1.

giéng nhu trong vi du 4 la xét trén Z, va F,> d€ ching minh p | g> — 1. Khi d6 p | ¢ — 1 hodc

p | g + 1, ma plasdnguyén td 1é nén

q-—1 . qg+1
I ~ n i - *
P | > oic p | > (*)
suy ra
g—1 g+1

< —— hoac < —
p ) ac p 5

Vay ticahaitacog > 2p — 1.

Ngoai ra ching ta c6 thé tiép can bai toan theo hudng sau: vi x, = 0 (trong cd Z, hay [F,2) nén
2
Va-1\"
V2-1

ma p 1a s6 nguyén duong bé nhét thda diéu trén nén p 1a cip cla (

\/5—1 2n_1
V2—1)
V2 -1
V2-1

hoac x at1 chia hét cho p 1a c6 thé dan dén (*). D€ 1am dudc diéu nay ching ta ciing ching

V2 -1

V2 -1

) .Giast x, =0,
khi do

2
suy ra n phai chia hét cho cip clia ( ) hay p | n. Thé nén ta chi can chiing minh x =

minh x4—1 = 0 trén Z, hodc xg+1 = 0 trén [F 2. ]
2 2

Tit Iy thuyét va cac vi du bén trén ta c6 thé chuyén dinh 1i vé day s6 nguyén: cho day sd nguyén

{x,} thda Xp42 = AXp41 — Xp v6i moi n > 1. Khi d6 n6 c6 cdng thic tdng quat

xn=c'(ln_lin), Vn

trong d6 ¢, A € Q[v/A], A = a® —4. V6i p 1a s6 nguyén t6 1&, néu A 1a thing du chinh phuong

WV

1

modulo p thi xét Z, va ngudgc lai xét IF ,2. Luc nay dinh 1i trén dugc phat biéu lai thanh: néu k

1a chi s6 bé nhét d€ p | xx thi véi moin ma p | x, tacé k | n.
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Nhan xét 2. Cho p la sb nguyén t6 1& va A 1a s6 nguyén bat ki. Xét Z, va
Fpo = {a+bvAlab e 2,

O cdc van dé trén chiing ta thudng phan chia ra hai trudng hop 14 A 1a thing du chinh phuong
va ngudgc lai. Khi A khong la thing du chinh phuong thi IF,> mdi trd thanh trudng. Tuy nhién
khi A 1a thing du chinh phuong thi v/A thudc Z p» ltc nay ta c6 thé xem

F, =7,

ma khong gy ra hi€u lam.

Bai tap 1. Cho diy s6 (a,) thdéa min

a0=1,a1:4

ap+1 = 2a, +3ap—1, VYn>1
Chiing minh rang trong diy s6 trén khong c6 s6 nao 1a boi ciia 2017.
Bai tap 2. Cho p = %3 (mod 8) la sd nguyén t6. Goi tap {x1,...,x,2_;} 1a tap tAt c cdc sb

c6 dang a 4+ b~/2 véi a, b 1a cic sb khong am khong vudt qua p — 1 va khong dong thoi bang 0.

a) Chiing minh ring ton tai cac sd nguyén u, v sao cho

nxi:u+v\/§.

p>-1
i=1
b) Tim sd du ctia u, v khi chia cho p.

Bai tap 3 (Iran MO round 3 2005). Cho k 1a mot sb nguyén va p = 3 (mod 4) 1a mot sb

nguyén t6, ching ta dinh nghia day {a,}°, nhu sau
ap =0, ar=1, a,=2kan_1—k*+ Dap—n, (1 >2).
Chiing minh rang Apyp2—1 = ay (mod p) véimoin > 0.

Bai tap 4 (Poland 2005, IMO Shortlist 2004). Cho k 1a s6 nguyén 16n hon 1 vam = 4k? — 5.
Chiing minh rang ton tai cic sé nguyén duong a va b sao cho day (x,) dugc dinh nghia bsi

Xo=a, x1=b, Xpyry=Xxp+1+x, V6i n=0,1,2,...,
¢ tat ca cac so hang déu nguyén to véi m.
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Tai liéu tham khao

[1] Z. X. Wan, Lectures on Finite Fields and Galois Rings, 2003.

[2] https://artofproblemsolving.com/community
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Tap chi online ctia cong dong

ahiing ngui yéu todn Tap chi Epsilon, S6 22, 08/2022

HAI DAY SO SINH BOI
CAC DAI LUONG TRUNG BINH

Truong Ngoc Péc
Truong THPT chuyén Lé Quy Don, Binh Dinh

Céc day sb thong thudng c6 dang x, = f(n), trong d6 f(x) 12 mdt ham s6, hodic cho bdi mot
cong thic truy hdi x,4; = f(x1, X2, ..., X,) va viéc xdc dinh cong thic téng quét ctia diy sd
da cho phai sit dung dén phuong trinh sai phan (chuong trinh todn cao cip). Trong phan nay,
chiing ta xét hai diy s6 ma cdc s6 hang ctia chiing c6 quan hé dan xen nhau bdi cic dai lugng

trung binh va 1am thé nao x4c dinh dudc cong thiic tong quét cta day.

1. Hai ddy s6 xac dinh bdi trung binh cong va trung binh

nhan

Ta xét hai day s6 x4c dinh bdi cong thiic truy hdi dang trung binh cong va trung binh nhan.
Bai toan 1. Cho ddy sé (uy) va (v,) xdc dinh bdi

Ug =a,vg =1
U, + vy,
2

Un+1 = A/Un+1.Up

Xdc dinh cong thiic ciia hai ddy sé (uy,) va (v,) tity theo tham s6 thuc a € [—1, +00) .

Upy1 = Vn € N.

Ta thy

e Neua=1=u,=v,=1,VneN.
e Neua=—-1=u,=v,=0,Vn > 2.
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e Néua € (—1,1) thi viéc x4c dinh cic phan ti ban dau cta day sb nhu: u,, vo, U3, v, ...

khong gitp ta xdc dinh dudc quy luat d€ xdc dinh dudc cong thic ctia day sb.

Nhan thiy

1
ulzuo-zl—vo:a;- = s = J/U1.V9g = Vv A2.1 A, A>0.
Khi d6 a = 242 — 1 c¢6 dang mot cong thiic ludng gidc, ta dit

a=c0s<p=20052§—1, pe0,m).
e S6 thuc a > 1 déu ton tai sd thucm = a + Va2 —1 > 1, (m—|- ) a.
Loi giai. Ta xét cac truong hgp sau:

e Nbua=1=u,=v,=1,YneN.
e Nébua =—1=u, =v, =0,Vn € N*.

e Néua € (—1,1), dita = cos g, v6i ¢ € (0, ). Khi dé

_cosp + 1 5@ . 2P y
ul_T_cos 5 V1 = ,/coS E-I—COSE,

u; + v cos? ——I—COS— © 5 @
Uy = = = COS — : COS~ —,
2 2 2 22
¢ ¥ ¢ ¢ '
= UV = {/COS = - COS? — - COS — = COS — - COS —.
v2 = Vil 2 2 % 2 P2
Tir d6 ta du doan va chitng minh bang phuong phap quy nap
Uy = cosf-cosﬁ-cosﬁ---cos22
2 22 23 2n Vl’l = N*
_ ¢ ¢ @ ¢
Uy = COS — + COS — + COS —¢ **+ COS —
2 22 23 2n
1. ¢
Up = — SN @ cot —
2}1 n
< 1 1 Vn € N* (1)
v, = — sin
n = o MM =

Thay vy, v6in = 1,n = 2 thi (1) diing. Gia st cong thiic (1) ding dénn > 2.

Tit cong thiic truy hodi clia hai ddy s6 va dp dung gia thiét quy nap, ta c6:

u, +v, 1/(1 1) 1 1 1 cos 7 + 1
Upy1 = = — —Slngacot——i-—Sl @ :2n+1 sing | —=———

2 2\ 2" on - Qn sin o sin 2
2
1. 2¢08% 55+ 1 t
= sin @ — = sin ¢ co .
27+l 2sin 57 €08 5gy 27! 2n+1
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Tuong tu, ta cling co:

| 1 . 1
Unt1 = A/ Un+1Un = \/2n+1 sin ¢ cot St -2—nsm<psin2%
1 . coszgr 1 . 1 [ 1
= sin - —sin = sin :
2n+l gDsinzn% 27 i ST COS ziey 21T (psinzn"ﬁ
Vay theo nguyén ly quy nap, cong thic (1) ding véi moi n nguyén duong.
Chu y cong thic (1) ciing dung khin = 0.
e Néua € (1, 4+00) . Khi d6 ton tai s6 thuc
1 1 m% + 1\ 2
1 1 1+35(m+ - i
m=a+~va*—-1>1, —|\m+—)=a=u; = 2( '”): m2
2 m 2 2
mz + %
V1 = ) m2 .
mb 4+ L\T (mb gL mb 4+ 1\ [ m2 +
U+ v 1 m? m3 m3 m22
u2 = = — + =
2 2 2 2 2 2
1 1 L 1
m?z2 —|— - mz2 + %
Uy = JJURV1 = m2 m2 .
2 2
Khi d6, ta du doan va chitng minh bang phucng phap quy nap:
1 2
mb A\ (mE ) (w4
U, = m2 . m22 m?2"
" 2 \ 2 )\ 2
1 N 1 1 Vn € N*
m2 + ¢ (m= + 1 (m? +
vn fr m2 . m22 Y mzn
2 \ 2 ) \ 2
o 1
1 m—n% mz +m2+1
Up = —
" n 2 mzlﬂ — L
& m 2" Vn e N* (2)
1 (m—+ 2
T o _ 1
ma7 — —
m?2"
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Thay vay, véin = 1,n = 2 thi (2) ding. Gia st cong thiic (2) ding dén n > 2. Tit cong

thic truy hodi ctia hai ddy s6 va dp dung gia thiét quy nap, ta cé:
1

1
i, + v, 1 m—% mzn+m2%+2
Upy1 = =
" 2 ntt |\ 2 mar — L
m2"
1 2
1 m— -~ (man t o )
_ m m2n+l
 onl 2 1 1 1 .
m 2+l + : mant+1i —
m2"+1 m2n+l
T 41
ma"
_ 1 m — % m2nl+1
2n+1 2 manFT — 1l
m2n+l
ST 41
m?2n 1
1 (m— ! 1 (m—21 2
m m2n+1 m
Upn+1 = N/ Un+1Vp = —
" it on+l ( 2 ) T 1 AN ma — L
mﬁ m?27
1
2 [ mantl 1
o (m = %) T Y o 4
- n+1 1 ) T ontl
2 2 man+I n1+1 ) 2 (mznl—&-l + 11 ) (mznl-i-l — 11 )
m?2 m 21 m 21
N
_ 1 nm — m 2
on+1 2 mﬁ . :
\ m2n+l
Vay theo nguyén ly quy nap, cong thic (2) ding véi moi n nguyén duong.
Luu y cong thic (2) ciing ding khin = 0.
]

Xét hai diy s xdc dinh bdi hé cong thiic truy hdi dang trung binh diéu hoa va trung binh nhan
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Bai toan 2. Cho ddy s6 (u,) va (v,) xdc dinh bdi

Ug=a,vg =1
2U,Vy,

Upt1 = Vn e N
Uy + Uy

Un+1 = A/ Un+1 " Un

Xdc dinh cong thiic cia hai ddy s6 (u,) va (vy,) tity theo tham sé thuc duong a.

Phan tich

e Hai diy s6 nay dugc xdc dinh bdi hé cong thiic truy hoi dang trung binh diéu hoa va trung
binh nhin 1a mot dang méi, d€ xac dinh dudc cong thiic cia hai day doi hdi hoc sinh phai

¢6 k¥ ning thuc hién thanh thao cic phép bién ddi.
e Nhung véi cach nhin clia bai todn 1, ta thuc hién phép bién ddi:

2 1 1 1
Untl = T = .

e + o Up Un+1 Un

e Tadit - =x,, L =y,,Vn e N.Khido, tacé
U U

Xo=—,y0=1

b = 23 e

Yn+1 = A/ Xn+1"°Yn

e Hoan toan tuong tu cach giai bai toanl, ta thuc hién 16i giai bai todn 2.

Loi gidi. Taddt ;- = Xu, o~ = Ya, Vn € N hai ddy da cho trg thanh

. yo =1

Yn+1 = /Xn+1"Yn

Theo bai todn 1, ta xét cac truong hgp sau:

Xg =

e Nua=1=2x,=y,=1,VneN=uy,=v,=1,VneN.
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e Néua e (1,400) :a = Cols(p,q) € (0,%), thi
1 %
Xy = z—nsm(pcotz—n
1 . 1
= — sin
Yn = om (psinz%
Viy cong thiic xdc dinh hai day sb
1
U, =2" -tanﬂ- .
2" sing
1
Uy =2”-sin£- .
2" sing

Chu y cong thuc (3) cling ding khin = 0.

1

e Néua € (0,1) = 1

Vb%2—1>1va

= b e (1,4+00).

1L

Vn € N*

Vn € N* 3)

Theo bai todn 1, ton tai sb thuc m = b +

1

_1 m2" + —
Xp = — m 1 m?2"
2n 2 m27 — 11
m2" Vn € N*
1 (m— 2
Yn = on 2 ma — 1l
Vay cong thiic xac dinh hai dy sb (u,) va (v,)
i
2" L
U, = m 2
1 2 Vn € N*
m =
v, = -
B ﬁ
0.

Chu y cong thuc trén cling ding khin =

Xét hai diy sb xéc dinh bdi cong thiic truy hoi dang trung binh binh phuong va trung binh nhan
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Bai toan 3. Cho ddy s6 (u,) va (v,) xdc dinh bdi

2 2
[uz +v
— n n
Ug=a, vy =1, upy1 = — Upnt1 = JUn+1Vy, YneN.

Xdc dinh céng thitc ciia hai ddy s6 (u,) va (v,) tity theo tham sé thuc duong a.
Phan tich

e Néu bién ddi thong thudng dé tim ra quy luat xac dinh cong thiic hai diy s6 1a viéc lam
rt phic tap va khé thuc hién dudc.

e Nhung v6i gia thiét da cho, ta nhan thiy cédc sb hang ctia hai diy s6 déu duong va thuc
hién phép bién ddi:

2 2
us +v

2 _’'n n 2 _ 2 2

“n+1——2 s Upp1 = \Uni1-V5, YneN.

Va dit u? = x,, v2 = y,, ¥n € N, theo bai todn 1, ta 6 13i giai sau.
Loi giai. Ta xét cac truong hgp sau:

e Neua=1=u,=v,=1,VneN.

e Néua € (0,1). T cong thic truy hdi truy hdi cta hai diy s6, ta nhan thiy u, > 0,
v, >0, Vn € N* va

2 2

u; +v
2 _ "n n 2 _ 2 L2 *
un-‘r—l - D) ) vn+1 — un+1 vy, Vn e N,

Pitu? = x,, v = y,, Vn € N

n

Xn + Vn

= Xo = az,yo =1, xp41 = 5 Yn+1 = /Xn+1.Yn, Vn €N 4)

Theo bai todn 1, ta cod

T
xo=a’>=cosp, ¢c (0,5),

va cong thic xdc dinh hai day sb

1 . ¢
Xp, = —sing cot —
an an %
= —sin
Y= o S >

142



Tap chi Epsilon, S6 22, 08/2022

Tir d6, suy ra cong thic xdc dinh ddy s6 (1) va (v,)

¢ 1 . t ¢
U, = — SN Cot —
n =\ gn SO,
1 Vn € N*

/ 1
Uy = | —sing
P
n sin 55

Chu y cong thiic (5) cling dung khin = Okhia € (0,1).
e Nbua>1—-a?>c(l,+o0)= ImeR:m=a*+~a*—-1>1, S (m++)=a?

&)

Theo bai todn 1, ta c6 cong thidc (4) xac dinh hai day s6 (x,,), (y,)

1
x,,=i(m 3') "
2n 2 mar — L
m2" Vn € N*
1 (m= 2
Yn = o > o L
m?27
Suy ra cong thic xac dinh diy s6 (1) va (v,)
1 mZL”—l- 1
2n 2 man — L
\ ">’ ¥neN* (6)

Uy = 2_n

1
I(Wl—a) 2
1 1
m}’l

Chu y cong thuc (6) ciing ding khin = 0 khia > 1.

Ta xét hai day s6 xac dinh bdi hé cong thic truy hdi dang tua trung binh binh phudng va trung

binh nhan
Bai toan 4. Cho ddy s6 (u,) va (v,) xdc dinh bdi
UpV
r Unt1 = SUn+1 - VUp, VYneN.

ug=a,vo =1, up4 = ———,
u,21+v%
V 2

Xdc dinh céng thitc ciia hai ddy s6 (u,) va (v,) tity theo tham sé thuc duong a.
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Phan tich

e Hai diy s6 c6 céc s6 hang quan hé dan xen giita trung binh tua trung binh binh phuong va

trung trung binh nhan, dé xac dinh dudc cong thiic clia hai day s6 12 mot viéc 1am rat kho.

e Nhung néu bién d6i hai cong thiic truy hdi ctia diy vé dang

1 1
T R A ! :
= , = , VneN",
u? 2 v2 u2, . -v2
n+1 n+1 n+1 n

va st dung phép dit dua vé bai todn 1.

Loi giai. Ta xét cac truong hgp sau:

e Nbua=1=u,=v,=1,YneN.

e Néua € (1,+00) : a®> = ——, ¢ € (0, %) . Tit cong thiic truy hoi truy hoi ciia hai day so,

cos@’

ta nhan thdy u, > 0, v, > 0, Vn € N* va

Xn + Yn

1
=X = 5 V0= L Xpp = — Yt = N Xnt1 ns VneN  (7)

Theo bai todn 1, tii (7) cong thiic xac dinh hai day s6 (x,,), (y,)

1 . @
Xp = — singcot —
n n "
= —sin
I on ¢ sin 2%

Tt d6, suy ra cong thic xdc dinh hai day s6 (u,) va (v,)

2n . tan 2%
Up = —_—
sin ¢
Vn € N*

)
2”-sm2—n

sin ¢

®)

vn:

Chu y cong thuc (8) cung dung khin = O khia > 1.
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e Néua € (0,1), thi &5 € (1, 400), ton tai sb thuc

1+ +1—a*
m=——

a

1.m2—|—1_1
" 2m

a2

Theo bai todn 1, tii (7) ta c6 cong thic xdc dinh hai dy sb (x,), (y,)

1
X, = i m- % me mZL”
a2 ma — L
m2" Vn € N*
1 (m— 2
Yn = - 1
2” 2 mzn J— 11
mam
Tir d6, suy ra cong thic xdc dinh ddy s6 (1) va (v,,)
2 ma — >
U, = |2» ; - m2
NI L
"2 Vn € N* ©)
1
— n 2 mzn B MIZLn
Up = |2 :
Chu y cong thuc (9) ciing dung khin = O khia € (0,1).
O

Qua cic bai todn trén ta thiy néu ta chon cdc gia tri dit biét ctia tham sb a thi viée xdc dinh

cong thifc clia hai diy s6 hodc tim gidi han ciia cac day s6 ta dudc nhiing bai toan vé day sb c6

tinh chit “dep”.

Khi biét dudc cong thiic xdc dinh diy s, ta xiy dung cc bai toan vé tinh chét cdc phan ti cia

ddy sb hoiic xdc dinh gidi han ctia cdc ddy sb, tao 16p bai tap vé diy sé thém phong phi, tao

hiing thu cho cac em hoc sinh c6 nang khi€u vé toan say mé nghién ctiu.

[1] V.Adiyasuren 2010, A Note on integral inequalities involving several convex function, web:

iom.num.edu.mn/journal/2010/V.Adiyasuren.pdf
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[2] Nguyén Vin Mau 2002, Mét sé bai todn chon loc vé ddy s6, NXB Gido Duc.

[3] Nguyén Vin Mau 1997, Phuong trinh ham, NXB Giao Duc.
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Tap chi Epsilon, S6 22, 08/2022 nhing ngudi yéu todn

BAI TOAN PHU BANG O VUONG

Nguyén Tat Thu
Pong Nai

TOM TAT

Céc bai toan vé pht ban co thudng xuit hién trong céc ki thi hoc sinh gidi cic cip va
trong cic tap chi vé Toan hoc. Li gidi cdc bai todn nay rat da dang va hoc sinh thuong
gip khé khin khi gidi quyét bai toan nay. Trong bai viét nay, chung t6i gi6i thiéu mot sb
thuat toan thuong hay st dung khi giai quyét cdc bai todn vé phi ban co.

Vi bai toan vé phii ban cd ta thudng gip cic cau hdi sau:

e Xic dinh tit ca céc gia tri clia kich thude (ban ¢ m x n ) sao cho c6 thé phi dugc ban cd
bdi cac mino cho truée.
Dé tra 161 cau hoi nay ta thuong thuc hién theo hai buéc.
Budc 1: Bing cac lap ludn ta tim ra diéu kién can d6i véi m, n.
Budc 2: Vé6i diéu kién tim dugc & trén, ta chi ra cdch pht bang. Thudng dé€ chi ra cich
phu bang ta chia bang 16n thanh cac bang c6 kich thudc nho hon va chi ra cach phu trén
cac bang nho.

e C6 thé phii dudc bang cho truée bdi ciac quan cd cho trude hay khong?
Vi bai todn nay, néu cau tra 16 12 ¢6 thi ching ta can chi ra mot cach phi va thong thudng
ta chia bang da cho thanh cac bang nho hon va chi ra cach phu cac hinh nho do. Vi vay, ta
thudng ding quy nap dé chi ra cach phua.
V6i cau tra 15i 12 khong thi ta thudng tao ra cic bat bién dé dan dén diéu vo 1i. D€ tao bat
biét ta thuong dung cach t6 mau hoic dién sb.

e Néu khong phi kin dudc ban cd thi hdy x4c dinh tit ca cac vi tri clia cac 6 con trong.
e Cho truc mdt ban cd vé6i kich thude xac dinh, néu phii duge ban cd thi sé nhd nhét (hoic
16n nhét) mot loai mino nao dé(trong s6 cac mino da cho) can dung 1a bao nhiéu?
Sau day, ta xét mot s6 vi du.
Bai toan 1. Tim tdt cd cdc sé nguyén duong n dé co thé' phii bang n x n béi cdc qudn co mino

1. T'—mino. 2. L—mino 4 6 vudng. 3. 1x4.
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] HEEN

T —mino L—mino 1 X 4—mino

Loi gidi. 1. Ta thdy mbi T—mino c6 4 6 vudng don vi, do d6 d€ phi ducc bang n x n thi

trudc hét s6 & vudng trén bang ( c6 n? 6 vudng) phai 12 boi cia 4, tic 1a n? : 4, hay n 1a

s6 chan. Vay ta da tim dudc diéu kién cin clia n, phia ching rang v6i n chin ta cé thé phi
ban cd? Bing cach xét cac gia tri cu thé n = 2 ta thiy khong phi dugc, v6i n = 4 ta c6
th€ pha dugc theo hinh dudi day

Tir day, ta thay véi n = 4k thi ta c6 thé phi dudc bang cach chia bang n x n thanh k2
bang hinh vudng 4 x 4 va mdi hinh vudng nhd ta phi dudc theo cach trén. Do do, ta cé

du doan n : 4 mdi phi dugc. DE 1am diéu nay, ta can ching minh v6i n = 4 (mod 4) thi
khong thé phii dugc, ta xét trudng hop n = 6. D€ chitng minh khong phi dudc ta can tao
ra mot diéu mau thuin va dé 1am diéu nay ta tao ra mot bat bién biang cach t6 mau dang
ban co vua (cc 6 dude t6 mau den trang xen ké nhau). Khi d6, ta thiy c6 tt ca 18 6 dudc
t6 mau den. Hon nifa, ta thAy mbi quan ¢ T—mino chi phii ding 1 6 den hoic 3 6 den.
Hon nita, d& phd bang 6 x 6 ta can dung 9 quan cd. Do d6, gia st néu phii dugc thi sb 6
den trén bang phai 1a sb 1é. Piéu nay khong thé xdy ra. V4i cach 1am tuong tu ta ching
minh dudc trong trudng hop tong quat.

O trén, ta da dung cach t6 mau xen ké dé tao ra bit bién s6 6 den trén bang 1a s6 1&. Dua

vao cach td mau do, ta thiy sd quan ¢ T'— mino chi c¢6 hai loai chifa 1 6n den (loai 1) va

chita 3 & den (loai 2). Do d6, néu goi z, y 1a 6 quan ¢ T—mino loai 1 va loai 2, ta c6 hé

phuong trinh

n2

rt+y= T
n? 8"
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Doy € N,néntacén?:8, hay n: 4.
Véi n : 4 thi ta phi dudc theo cach trén.

2. V6i trudng hop phii quan ¢ L—mino ta ciing thiy dudc n 1a s6 chan, hay n = 2k va bing
cach xét cic gid trin = 2, n = 4 ta cling thdy chi c6 n = 4 12 pht dudc, do d6 v6i n = 4k
ta phii dugc. Do dé, ta du dodn n = 4k + 2 khong thé phu dudc. Véi cach t6 mau nhu
trén ta thiy c6 tit cd 2(2k + 1) 6 den va mdi quan ¢ L—mino chifa diing 2 6 den, nén ta
khong din dén mau thuin nao ca! Vi vay cach t6 mau trén khong hiéu qué trong bai todn
nay. Ta tim cdch t6 mau khac. Bay gio ta td cac cOt xen keé.

Khi d6, mdi quin c¢d L—mino chita 1 6 den hodc 3 6 den. Véi cdc 1am tuong tu nhu trén
ta cling dan dén n : 4.

3. Véi quan ¢S 1 x 4 ta ciing thiy n chin va v6i n = 4 ta c6 thé phii, do d6 véi n = 4k ta
phii dudc. V6i n = 2 ta khong thé phu do do, ta du doan n = 4k + 2 khong thé phad. Hai

céach td mau & trén khong dan dén mau thuin nao c4, nén ta tim cich t6 mau khéc. Ta to
den cac 6 nam hang chan va ¢4t chan bdi mau den, cac 6 con lai t6 mau trang.

Ta thay sb 6 trang 1a k2. Hon nita méi quan ¢ domino 1 x 4 chiia 0 hoic 2 6 tring. Do
d6, s6 6 trang phai 1a s6 chn, hay & chin. Tir d6, ta cé n = 4m.
V6i n = 4m ta chiing minh c6 thé 14t badng n x n bdi cdc quan ¢ domino 1 x 4. Ta chia
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hinh vudéng 4m x 4m thanh m? hinh vuong 4 x 4. R6 rang mdi hinh vudng 4 x 4 ludn
phu kin dudc bdi cac quan ¢ domino 1 x 4.

]

Bai todn 2. Mot bdng 6 vuéng kich thude n x m co6 thé phii kin bdi cdc qudn co 6 vuéng 2 x 2
va qudn co chit nhdt 1 x 4. Hoi c6 thé thay mot qudn co mino vuéng bdi qudn cd chit nhdt va
bang cdch chuyén ché cdc quadn co con lai dé’co thé phii kin ban co hay khong?

Loi gidi. V6i bai toan nay ta du doan 1a khong thé. Vi néu c6 thé thi ta can chi ra cach phi, &
day ta khong biét kich thudc ctia bang va vi tri cdc quin cd mino, nén viéc chi ra cach pha rat
khé dé thuc hién. D€ chiing minh khong phii dudc ta can tao ra bt bién va tit bat bién d6 ta suy
ra dugc diéu mau thuin. By gio ta td mau cac 6 (2k; 2r) clia bang bdi mau den.

Ta thiy mdi quan cd mino-vudng chiém 1 6 den, con mbi quan ¢ mino-chit nhat chiém 2 6 den
hoic 0 & den. Do d6, khi thay mdt quan ¢ mino-vudng bdi mot quan co mino-chit nhat thi s6 6
den trong bang sé ting 1 hodc gidm 1. Diéu nay vo li.

]

Bai todn 3. Nguoi ta diung cdc domino L va hinh vuéng 2 x 2 dé phu kin bdng 6 chit nhdt
4 x 2019. Chitng minh rang s6 qudn co domino L ding dé’ldt la sé chdn.

Loi gidi. Ta dién cic s6 1 va 5 vao bang nhu hinh dudi

1 1 1 1 1 1
) ) ) ) ) )
1 1 1 1 1 1
5 5 5 5 3 5
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Khi d6 tdng cac sb ghi trén mdi quan ¢ domino L chia hét cho 8, con tdng cic sb ghi trén quan
cd 2 x 2 chia 8 c6 sb du 12 4. Hon nifa téng céc sd ghi trén bang 13

12-2019 =4 (mod 8)

va c6 tit ca 2019 quan cd. Do d6, néu s6 quén cd 2 x 2 1a s6 chin, thi tdng cac sb ghi trén cic
quin ¢S 2 x 2 chia hét cho 8, suy ra vo 1i. Do d6, s6 quan cd 2 x 2 dung phai 1a sb 18, diéu d6
dén t6i s& quan cd L phai 1a s6 chén.

Cach 2. Ta t6 mau céc coOt 1 bdi mau den. Khi d6, mdi quan cd 2 x 2 chia 2 6 den va mdi quan
¢0 L chita 1 hoac 3 6 den.

Goi x, y, z lan luot 1a sd quan cd 2 x 2 va s6 quan ¢ L chifa 1 6 den va 3 on den. Ta c6

20 +y+ 32z =1010 - 4.
Suyray+3z=0 (mod 2),hay y + z =0 (mod 2).
O

Bai todn 4. Phii hinh vuéng 5 x 5 bang cdc qudn domino hinh chit L sao cho cdc é khong
chuom lén nhau thi con thita 1 6 khéng duoc phii. Hoi 6 do c6 thé nam & vi tri nao?

Loi gidi. Ta danh sb 25 6 vudng clia bang: cic 6 vudng & s6 hang 1é va sb cot 18 12 s6 7 (c6 9
0); 16 6 vuong con lai ta ddnh s6 —4 (nhu hinh vé bén dudi).

Nhan xét khi ta lat mot quan domino L bat ki vao bang bén thi tdng ba 6 sb trong quan domino
L 4y hién nhién 12 s6 am.

Tit nhan xét trén: Néu 6 khong dugc 1at 1a 6 s mang sd —4 thi tdng cic 6 con lai 1a: 7 - 9 +
(—4) - 15 = 3 > 0. Va do d6 phan con lai khong thé 14t kin bang cdc quan domino L.

Do d6 céc 6 khong dudgc lat chi c6 thé ndm trong s6 cac 6 mang s6 7. Ta sé chi ra cac 6 nay déu
c6 thé 1a & khong dugc 14t.

Do tinh dbi xting ctia hinh vudng 5 x 5 ta chi can chi ra cach lat trong 3 trudng hop :
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Cach 2: Ta t6 mau nhu hinh vé

Néu 6 c6 mau trang khdng dudc ph thi ca 9 6 den déu dudc phi. Ma mdi trimind chi phi ding
mot & den. Suy ra c6 it nhit 9 trimind dugc dung. Khi d6 sb 6 it nhit dudc phii 1a 9x 3 = 27 > 25.
Vo 1i.
Viy khong dudc phu phai 1a 6 den.

N

Bai toan 5. C6 thé'phii bdang 2023 x 2023 bdi cdc qudn co hinh vuéng 3 x 3 va 4 x 4 hay khong?
Loi gidi. V6i nhitng bai toan nay thudng cu tra 15i 1a khong phii dudc va ching ta can tim mot
bat bién d€ din dén diéu mau thuin néu phii dudc. Ta c6 thé thuc hién theo cic cach sau:

Cach 1:(Truong Thu Nghia - PTNK, Pham Lé Huy Hoang - Chuyén Luong Thé Vinh)
Ta ghi 1 vao cic 6 hang 18 va s6 —1 va cic 6 hang chin.
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Khi d6, ta thiy tong cdc s6 ghi trén mdi hinh vudng 3 x 3 bang 3 hoic —3 va tdng cic sb ghi
trén mdi hinh vudng 4 x 4 bang 0. Do d6, néu phii dudc bang 2023 x 2023 bdi cac hinh vudng
3 X 3 va4 x 4 thi tdng cic sb ghi trén bang 1a mdt s6 chia hét cho 3. Tuy nhién tdng cac sb ghi
trén bang bang 2023 khdng chia hét cho 3. Do d6, cau tra 15i 1a khong thé phu.

Cich 2: (Nguyén Xuan Phiic - Chuyén Ly Tu Trong, Can Tho)

Trude hét ta ghi vao bang cac s6 1 va —1 xen ké nhau va 4 6 vudng don vi & 4 géc déu ghi s6 1.

1 (=11 /-1 1]-1]1

Khi d6, tong céac s6 trén bang 4 x 4 bang 0 con tdng cac s6 trén bang 3 x 3 bang 1 (loai 1) hoic
—1 (loai 2). Do tdng cic sb trén bang bang 1, nén sb hinh vudng 3 x 3 loai 1 nhiéu hon s6 hinh
vudng 3 x 3 loai 2 ding mét hinh vudng. By gio ta danh s6 lai nhu sau
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Khi d6, ta thiy tong cic sb ghi trén bang 3 x 3 loai 1 bang 0, loai 2 bang —9 va tdng cic sb trén
hinh vudng 4 x 4 biang —20. Goi x 1 sb hinh vudéng 3 x 3 loai 1 dung d€ phii. Khi do, ta c6
phuong trinh

2023% — (22— 1) -9
16

-0+ (z—1)(=9) + < ) - (—20) = 1011% - (—8) 4 2023* — 10112
Giai phuong trinh trén ta dudgc = & Z.

Cach 3: Ngoai hai cich & trén ta c6 thé dién s theo cich sau:

o 2r 21 2r L 2m A A i oo
bat x = cos £l + 281n 3 va Yy = cos e + 2sin Vi Tai 6 vudng (i; 7), ta dién s6 z* - x7. Xét
bang & vudng m x m va gia si & 6 goc trdi clia bang gi s6 3%, Khi d6, téng cic sd dugc ghi
trong cac 6 cua bang nay la

m+4a—1m+p—1

) ]Z/; xiyjzx“yﬁ'x;n__ll'ym_l

= y_l

Ta co
" —1=0&m:3vay" —1=0&m:4.

Tt d6, ta suy ra tdng cac sb6 dudc ghi trong cac bang 6 vudng 3 x 3 va 4 x 4 bang 0.
Do d6, néu phii dudc thi téng céc sb trong bang bang 0. Tuy nhién, tdng cac s trong bang bing

I2023 -1 2023 1

Yy
: 0.
y—1 7

Ty r—1

]

Bai toan 6. Tim s6 nguyén duwong n nhé nhdt sao cho cé thé' phii ban 6 vuéng n x n bdi dong
thoi hai loai 6 vuong 40 x 40 va 49 x 49.

L5i vidi. Dit 27r+. . 2w N 27r+. . 2w
i gidi. T =008S— +i-8in— vay =cos— +1i-sin—.
grat. 4 40 Mg Y 49 49
Ta dién vao 6 (i, j) ciabang so z' - ¢’ v6i 1 <i,j < n.
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Xét bang 6 vudng m x m va gia st § 6 goc trai ctia bang gi sd 2*y°. Khi d6, tdng cic sd dudc
ghi trong cac 6 cia bang nay la

m+a—1m+p-—1

i, J @ -1yt -1
; ; 'y = yﬂ.xx—l .yy—l

Ta co
" —1=0&m:40vay™ —1=0 < m:49.

Tir d6, ta suy ra tong cac sb dudc ghi trong cac bang 6 vudng 40 x 40 va 49 x 49 bing 0.

Do d6, téng céc sd ghi trong bang n x n bang 0 hay n * 40 hoic n : 49.
Goi a 12 s6 bang 40 x 40 va b 1a s6 bang 49 x 49 Khi do, ta c6

40%a + 49%h = n?.

e Néun:40thitacéb: 40> = b > 40% suyra

n® > 40° (a +49%) > 40% - 49° = n > 40.50 = 2000.

(Do n : 40).
e Néu n :49 thitacéd

a'49? = a > 49> = n > 40 - 49 = n > 41 - 49 = 20009.

Ta chi ra cach ghép bang 2000 x 2000 bdi cac quan cd 40 x 40 va 49 x 49.
Ghép bang 1960 x 1960 bdi 402 bang 49 x 49 va phan con lai bdi cdc bang 40 x 40.
Vay nmin = 2000.

]

Bai toan 7. Mot hinh chit nhdt 9 x 7 duoc phu bdi cd hai 2 loai gach nhu hinh bén dudi: chit L
va hinh vuong.

Tim tdt cd cdc gid tri o thé co cua sé luong cdc vién gach hinh vuéng da dwoc ding.

Loi gidi. Goi x 12 s6 vién gach chit L va y 12 s6 vién gach hinh vuong 2 x 2. Ta t6 mau den céc
0 vudng giao cua hang 1€ va cot 1. Ta c6 20 6 vudng dudc td mau.
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R6 rang moi vién gach sé chita khdng qud mot 6 t6 mau den. Suy ra z + y > 20.
Ngoai ra ta cling c¢6: 3z + 4y = 63.

Tir d6 suy ray < 3 va y chia hét cho 3, dua theo diéu kién thi hai.

Suy ra y = 3. Dudi day 12 mot cach 14t théa man diéu kién do.

]

Bai todn 8. Bdng (2n + 1) x (2n + 1) duoc ldt béi cdc hinh vuéng 2 x 2 va 1 x 1. Héi s6 nhé
nhdt cdc hinh vuéng 1 x 1 duoc ding déldt la bao nhiéu?

Loi gidi. Goim, k1as6 hinh vudng 2 x 2 va 1 x 1 dugc dung dé 14t. Vi bang (2n+1) x (2n+1)
c6 dién tich bang (2n + 1)2, nén ta c6
dm+k = (2n 4+ 1)%

Ta t6 mau do céc 6 (24;27) v6i i, 7 = 1,n. Khi d6 mdi hinh vudng 2 x 2 chita ding mot 6 O
mau. Do d6 m < n?. Suy ra

k=2n+1)*—4m> 2n+1)* —4m® = 4n + 1.
Gid ta 1at hinh vudng 2n x 2n bdi n? hinh vudng 2 x 2. S& 6 vudng con lai diing bing
2n+1)+2n=4n+1

va ta dung 4n + 1 hinh vudéng 1 x 1 d€ lat cac d nay.
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Bai toan 9. Goi (H) la bang 2™ x 2™ bé di mot 6 vuéng bat ki. Chitng minh rang ta cé thé'phii
(H) bdi

1. cdc L—mino 3 6 vuong.

2. cdc mino 1 X 3 va khong qud n qudn co L—mino.

Loi gidi. 1. Ta chiing minh bai toan bang quy nap.

e V6in = 1 ta thiy bai todn hién nhién diing.

e Gia sti bai toan ding v6i bang 2% x 2% véi k = 1,...,n— 1. Xét bang 2" x 2", ta chia
bang nay thanh 4 bang 6n vudng 2"~ x 2"~!, Khi d6 c6 mdt trong bdn hinh vudng
nay c6 mot & vudng don vi bi x6a, theo gia thiét quy nap ta c6 thé lat hinh vudng nay
bdi cac quan Domino L. Ba hinh vudng con lai, ta s€ lat mot quan Domini L 6 tam
ctia hinh vudng ban diu, sao cho mdi 6 vudng don vi ctia quan Pomino L nam trong
mot hinh vudng 2"~ x 27!, Theo gia thiét quy nap ta c6 thé It c4c hinh vudng nay
bing quan Domino.

2. Trudc hét ta chiing minh cac bd dé sau:

Nhan xét 1. Moi hinh chit nhdt co kich thudc mot canh chia hét cho 3 thi ldt duoc bdi cdc
vién dd hinh dé-mi-né 1 X 3.

B§ dé nay 1a hién nhién.
Nhan xét 2. Moi hinh L dugc tao béi ba hinh vudng kich thitc 2" x 2" déu ldt dwoc bdi

mot so vién dd hinh do-mi-né va 1 qudn co L.

Ching minh:

Két luan hién nhién ding khin = 1.

Gia st két luan diing cho n = k — 1 thi ta chia mot hinh L tao béi 3 hinh vudng kich thuéc
2F % 2% thanh c4c hinh chit nhit c6 mot canh chia hét cho 3 va mot hinh L tao bdi 3 hinh
vuodng kich thuée 281 x 2¥~1 (nhu trong hinh 1).
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Hinh 1 Hinh 2

Dé thiy céc hinh chif nhat thu dudc déu c6 do dai mdt canh chia hét cho 3 nén ching dudc
14t bdi ciac mino 1 x 3 theo B dé 1.

Hinh L gdm 3 6 vuong 25! x 2F~1 theo gia thiét quy nap lat dudc bdi cac mino 1 x 3va
mot mino L. Trd lai bai toan.

V6i n = 1 thi bai todn hién nhién diing.

Gia st két luan ctia bai todn diing v6i n = k — 1 > 1. Xét mot hinh vudng kich thuéc
2F x 2F & vudng. Chia hinh vuong nay thanh 4 hinh vudng bang nhau thi 6 trong sé roi
vao mot trong 4 hinh vudng nay, chang han rdi vao géc phan tu thi nhét (hinh 2). Theo
gia thiét quy nap thi can khong qua & — 1 mino L d€ lat hinh vudng & géc phan tu thi
nhat. D€ 1at hinh L gdm 3 hinh vudng kich thic 257! x 2#=1  thi theo B dé 2 ta cAn mot
mino L. Do do, ta can khong qua (k — 1) + 1 = k mino L d€ 1at cin phong kich thudc
2F x 2F,

Viy bai toan dudc chiing minh.

]

Bai todn 10. Cho bdng 6 vuong (2n + 1) x (2n + 1) vdi n > 3, ta dién vao cdc é vuéng don
Vi ciia bdng cdc s6 0, 1 xen ké nhau. Biét bon 6 vuéng ¢ bon goc ciia bdang déu duwoc dién so 1.
Tim s6 k nhé nhdt cdc hinh chit L (hinh vuéng 2 x 2 bé di mét 6 vuéng bdt ky) sao cho cé thé
phii tdt cd cdc 6 vuong chita s6 1 béi k hinh chit L khong chong lén nhau.

Loi gidi. Ta sé& chiing minh biang quy nap s6 hinh chit L it nhét can ding 1a (n + 1)2.

That vay, véi bang (2n + 1) x (2n + 1) 6 vudng ta xét cac 6 vuodng vi tri (i, j) véi 7, j 1. RO
rang cic 6 d6 chita s6 1 va mdi hinh chit L chi chifa dudc mot 6.

Maiit khéc sb cac 6 vudng vi tri (i, j) v6i i, j 18 1a (n + 1)2. Vi vay sb hinh chit L can dung tbi
thi€u 1a (n + 1)2.

Ta sé chiing minh c6 thé ding (n + 1)? dé phi dugc theo yéu cau clia bai toan.

Khi n = 3 ta dé thiy phii dudc bang 6 vudng 7 x 7 bang 16 hinh chit L.

Ciach vé nhu & bang bén duéi (thé hién 8 hinh chit L & phan trén, phan con dudi 1am tuong tu
bing cach ldy dbi xiing qua 6 & vi tri (4; 4)).
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Gia st v6i bang (2n + 1) x (2n + 1) c6 thé phi duge bdi (n + 1)? hinh chit L théa man. Xét
bang (2n + 3) X (2n + 3), chia bang nay thanh 4 bang con d¢ la

2n+1)x(2n+1);2x2;2x (2n+1); 2n+1) x 2.

Ta thly m&i bang (2n + 1) x 2 va 2 x (2n + 1) c6 thé phii dugc biang n + 1 hinh chit L, cu thé
nhu sau:

Dbi v6i hinh 2 x (2n + 1) chia 1am 2 phan gdm 1 hinh 2 x 3 va (n — 1) hinh 2 x 2. Hinh 2 x 3
phti bdi 2 hinh chit L; mdi hinh 2 x 2 pht béi 1 hinh chii L, nhu vay ¢6 n + 1 hinh chit L phi
hét céc chit s6 1 ctia hinh 2 x (2n + 1). Tuong tu cho hinh (2n + 1) x 2.

Bang 2 x 2 c6 thé phi dugc bang mot hinh chit L.

Do d6 theo gia thiét quy nap thi s6 hinh chii L c6 thé dung dé phii 1a

(n+1)*+2(n+1)+1=(n+2)%

Do d6 ta c¢6 diéu phai chiing minh.
Kétluan k = (n + 1)2.

0.0.1. Bai tap

Bai 1 (VMO 1992). Cho bang 1991 x 1992. Ki hiéu (m, n) 1a 6 vudng nim & giao cla
hang thi m va cdt thi 7. T6 mau cic 6 vudng clia bang theo quy tic sau: Lan thd nhit to 3
0(r,s), (r+1,5+1),(r+2,s+1),1<r <1989, 1 < s < 1990. Tt 1an thd hai, mdi lan
t6 ding 3 6 chua c6 mau nam canh nhau trong ciing mdt hang hoic ciing mot cot.Hoi bang cach
d6 c6 thé t6 mau dugc tit ca cic 6 clia bang hay khong ?

Bai 2. Xét bang 6 vuong kich thuée 5 x n, n € N* (bang gobm 5 hang va n cot). Hdi véi n nao
thi c6 thé lat dudc bang bdi cac vién gach c¢6 dang nhu hinh bén dudi (hinh c6 thé xoay theo
huéng bt ki).
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Bai 3. Ban co 2020 x 2022 bi mat di 2 6 6 2 goc dbi dién. Hoi c6 thé phi kin phan con lai cia
ban cG bdi cac domino 1 x 2 dudc hay khong?

Bai 4. Cho bang 6 vudng 2023 x 2023. Hoi ¢6 thé phu kin bang bdi cic quan ¢ 2 x 2 va 3 x 3.

Bai 5. Goi hinh chit nhat 2 x 3 (hoic 3 x 2) bi cat bd mot & vudng 1 x 1 & géc dudc goi 1a hinh
chit nhat khuyét don (Hinh 1). Hinh chit nhat 2 x 3 ( hodc 3 x 2) bi cat bd hai hinh vudéng 1 x 1
nam & hai géc d6i dién 1a hinh chit nhat khuyét kép (Hinh 2). Ngudi ta ghép mot sb hinh vudng
2 x 2, mot s6 hinh chit nhat khuyét don va mot s6 hinh chit nhat khuyét kép sao cho khong c6
hai hinh nao chdm Ién nhau dé tao thinh mot hinh chit nhat kich thuéc 1993 x 2000. Goi s 1a
téng s6 hinh vudng 2 x 2 va hinh chit nhat khuyét kép trong mdi cach ghép néi trén. Chiing
minh ring s < 994000.

Hinh 1 Hinh 2

Bai 6. Cho tam gidc déu canh n dugc chia thanh cdc tam gidc déu c6 canh b??lng 1 bdi cach
dudng thang song song véi canh. Ngudi ta phi kin tam gidc déu bdi cac hinh dudc ghép ti 6
tam gidc déu nhu hinh bén sao cho c4c hinh khong chdm 1én nhau (c6 thé xoay hodc 14t cac hinh
nay).

Hay xac dinh céc gia tri cia n d€ c6 thé thuc hién dudc diéu d6?

Bai 7. Ta dinh nghia vién gach hinh méc cau 12 hinh gom 6 6 vudng don vi nhu vé bén, hoic
hinh nhéan dudc do 14t hinh d6 (sang trai, sang phai, 1én trén, xudng dudi) hoic hinh nhan dudc
do xoay hinh dé di mot goc.
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Hay xac dinh tat c4 cc hinh chif nhat m X n, trong d6 m, n 1a cic sd nguyén duong sao cho c6
thé 14t hinh chit nhat d6 bang céc vién gach hinh méc cau?

Bai 8. Cho m, n 12 hai s6 nguyén duong m < n. Xét bang 6 vudng n x n bd di bing 6 vudng
m x m & goc trén cung bén trdi. Tim cdc cip (n, m) sao cho ta cé thé phi bang bdi cic quan ¢
1 x 3.

Bai 9 (Romania TST 2000). Tim tAt c4 cac cdp sd nguyén duong (m, n), sao cho bing m x n
c6 thé lat dudc bdi cac quan hinh chit L nhu hinh bén (cting véi cac hinh tao béi bang cach quay
di mot goc tuy y)

Bai 10 (VMO 2006). Xét bang 6 vudng m x n (m,n > 4). Thuc hién tro choi sau: mdi 1an dit
4 vién bi vao 4 6 ctia bang (moi 6 mot vién) ma 4 6 do tao thanh mot trong cac hinh du6i day

Hoi sau mot s 1an thuc hién c6 thé nhan dudc bang ma s6 bi & mdi 6 bang nhau dugc hay khong
néu

1. m = 2004, n = 2006, 2. m = 2005, n = 2006.

Bai 11. Mot bang 8 x 8 dudc bao pht bdi 21 vién gach 1 x 3 va mdt hinh vudng don vi. Tim
tAt ca cac vi tri c6 thé c6 ciia hinh vudng don vi.

Bai 12. Cho n 1a s6 nguyén duong. Chiing minh rang s cach phii bang 2n x 2n bdi cac hinh
chit nhat 1 x 2 it hon s6 cach phii bing 3n x 3n bdi cac hinh chif nhat 1 x 3.
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gpsi lon

VE HAI BAI TOAN TO HOP TRONG PE KIEM TRA
TRUONG HE 2022

L& Phuc Lu
(PH Khoa hoc tu nhién TPHCM)

TOM TAT

Trong bai viét ngan nay, tic gia gidi thiéu va phan tich vé hai bai todn T6 hop kha thu
vi trong d& kiém tra clia hai ky Olympic trong hé 2022: Duyén héi Bic Bo va truong he
VIASM.

Trong dé Olympic Duyén hai Bac Bo 2022, khdi 10 c6 bai t6 hop rit thi vi do trudsng THPT
Chuyén Lé& Hong Phong (Nam Pinh) dé xuét v6i ndi dung (dugc tom tit lai) nhu sau

Bai toan 1. Chon > 3 la s6 nguyén duong va S la tdp hop tdt cd cdc xdu nhi phdan dé dai n.
Xét R C S sao cho véi moi cdp xdu nhi phdn a,b € R thi d(a,b) > 3, trong dé d : S* — R cho
biét sé vi tri khdc nhau giita hai xdu. Chiing minh rdang

2TL
n+1

IR| <

Binh luin va 18i gidi. Kho4ng cach d trong dé bai chinh 1a khodng cdch Hamming giiia hai xau
nhi phan. Bai todn khio sat kich thudc 16n nhit ctia R ciing 12 mot bai toan kinh dién ctia Khoa
hoc mdy tinh, lién quan dén ly thuyét “ma siia sai” va c6 ting dung trong thuc tién. Chin dudi 3
cling dugdc wa chuong nghién ctiu hon so véi cac chan khac vi kich thuée cua tap xay dung duge
tuong dbi tot theo nhiéu nghia.

Tham kho y tudng ctia ddp 4n dé thi tai [4], bén dudi 13 phan trinh bay lai theo huéng dém
bang hai cach (c6 thé sé dé hiéu hon)

Loi gidi. Ta dém sdbd (z,y) trongdéx € R,y € Smad(x,y) < 1.
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1. Cach 1, dém theo z: chon # € R tuy ¥ c¢6 |R| céch, chon y € S d€ d(z,y) = 0 hoic
d(x,y) = 1, dé thdy 1an lugt ¢6 1 va n cdch (ta thay d6i tiing vi tri trong xau 2 d€ thu dugc
xau méi). Do do, s6 bo ¢ day 1a |R| (n + 1).

2. Cach 2, dém theo y: chon y € S tlly y ¢6 2" cach, chon z € R d€ ¢6 d(x,y) < 1 thi ¢
khong qua 1 cach. That vay, néu c6 z1, 75 € R dé d(z1,y) < 1, d(x2,y) < 1 thi dé thdy
hai xau 1, 25 chi khac nhau & t6i da 2 vi tri, khong thda cach chon tap hop R.

N s A A~ A 2 on 3 2y ~ , n on
Tir d6 s0 b sé khong qud 2". So sanh véi cdch 1, tacé ngay |R| (n+1) < 2"hay [R| < -=. [

Nhan xét. Qua 10i giai trén, bang cach lam tuong tu cho bai toan tdng quat, ta c6 thé phat biéu
két qua sau: Cho n, £, ¢ 12 cac s6 nguyén duong va S 12 tap hop tit ca cic xau ¢—phan do dai n
(mdi vi tri ¢6 thé nhan gid thudc {0, 1,...,¢—1}). Xét R C S sao cho v6i moi cip xau g—phan
a,b € R thi d(a,b) > £. Khi d6

n

4q

‘R’ = (e—-1)/2 '
> Chg—1)"

k=0
Tiép theo, trd lai vin dé& & Bai todn 1, ta c6 thé dit ra cau hoi: “vay tap R c6 thé c6 kich thudc
16n khodng bao nhiéu?”. D€ trd 16i, ta ¢6 th€ tim cach xdy dung cu thé mot tdp R thda man,
nhung diéu nay khong dé va theo [1], ta phai ding dén ma trin Hadamard 12 mot y tudng cao
cip. Bén duéi, ta c6 mot hudng so cip hon dung k¥ thuat cuc han quen thudc.

Goi Ry 1a tap hop nhiéu nhét cdc xau nhi phan c6 thé c6, dit |Ry| = k va |S\Ry| = 2" — k. Ta
thiy ring véi mdi xau iy € S\ Ry, ton tai it nhit mot xau x € Ry ma d(x,7) < 2; vi néu khong
¢ xau z nao nhu thé, ta hoan toan ¢ thé thém y vao Ry va dudc tdp mdi nhiéu phﬁn tt hon,
mau thuan véi tinh 16n nht.

Cach danh gia. Ngoai ra, véi mdi xau x € Ry, ta c¢6 ding

n2+n

C? =
n+0C, 5

xauy € S\Ry ma d(x,y) € {1,2}. Do d6, bing cach d&m s bo (z,y) véi € Ry,y € S\ Ry
ma d(z,y) < 2, ta suy ra dugc

n?+n g+l

k >2" —khayk > ———.
2 n24n+2

TAt nhién, danh gid chiin dudi trén khd yéu va chi méi chi ra su ton tai chi ciing chua xay dung
cu thé dugc. Tham khao trong [1], ban doc ¢6 thé tim ra mdt chiin dudi tét hon 1a
2n72

|R0| > 2n—[10g2nj—1 >
n

Viéc tim ra chinh xac gia tri | Ry| cho moi n nguyén duong tlly y van con 1a bai todn mé ma cdc
nha Toén hoc theo dudi hang miy chuc nim nay [1].

163



Tap chi Epsilon, S6 22, 08/2022

1.2. Céac van dé lien quan khac

Chii y rang & khia canh tap con, ta c6 mot lién hé kha thu vi v6i khoang cach Hamming & trén
nhu sau: mot xau nhi phan s = ajas...a, véi a; € {0,1},Vi = 1,2,...,n dng véi tip con
B C A cho biét tiing phan t ctia tap nguon A = {1,2,...,n} c6 thudc B hay khong. S6 xau
nhi phan 13 2" ciing ting vé6i sb tap con d6. Nhu thé, véi hai tap con X,Y C A thi khoang cach
Hamming gitta hai xAu nhi phan tuong ting chinh 1a s6 phan ti ctia “hiéu d6i xiing” (symmetric
difference), cu thé 1a

XAY = (XUY\(XNY) = (X\Y)U(¥\X).

Bén duéi, ta xét hai bai toan c6 lién quan vé viéc udc lugng ndy trong cac dé Olympic

Bai todn 2. (Chon doi tuyén PTNK 2013) Cho sé nguyén duong n va tdp X = {1,2,...,4n}.
Xét ho Q) gom m tdp con ciia X doi mot cé hiéu déi xing kich thuéc khong nhé hon 2n + 1.
Chitng minh rang

netl

Loi gidi. Néu thuc hién dém bing hai cach thuan tuy, ta chi c6 udc lugng m < 2n. Cu thé la

dém s6 bo ({A, B}, c) trong d6 A, B € Qvac € AAB.

Dém theo cip tap con {A, B}, ta ¢6 C? céch; chon phan ti ¢ thi ¢6 > 2n + 1 nén s6 bd sé
> (2n+1)C2,.

DPém theo phan tii ¢, ta c6 4n cach. Chd y rang néu phan ti v € X thudc vé z tip va khong
A A N A2 ~ 1s 2 . A 1A 1N
thudc m — x tap thi s6 cach chon {A, B} sé 1a 2(m — x) < "~ kéo theo s0 bo 1a

2
m
§4n-T:nm2.

Do d6 nm? > M@n 4+ 1) hay m < 2n + 1. Chd y 1a diu bang khong xay ra vi khi
m = 2n + 1 12 s6 18 thi dang thic 2(m — z) = ng khong dat dudc. Do d6 ta phai c6 m < 2n.

Ta sé cai tién thém ddnh gia nhu sau: chi y ring

|AAB| = |A| + |B| — 2|AN B|
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¢6 cung tinh chin 18 véi |A| 4 |B|. Do d6, néu bing céch nao do, ta c6 thé diéu chinh dugc
|A| + | B| chén thi sé c6 ngay |[AAB| > 2n + 2. Cy thé nhu sau: “mugn” thém sb 0 cho vao tap
ngudn X, ta dugc

X'={0,1,2,...,4n).

Trong ho €2, néu tap con A c6 s6 phan ti chin thi giit nguyén; néu tip con A c6 1é phan ti thi
bd sung thém 0 vao. Khi d6, ho ' méi vin c6 m tip con ma s6 phan ti mdi tap déu chin, ta c6
ngay |[A’AB’'| > 2n + 2 v6i moi A’, B’ € €. Thuc hién hoan toan tudng tu trén thi

nz Aot

Ta c6 mot ting dung truc tiép ctia danh gia trén vao dé Olympic Todn toan Nga 1a

Bai todn 3. Mét loai thitc vdt c6 100 ddc trung va phong thi nghiém dang cé chita m mdu cdy
ciia thuc vit do, sao cho méi cdp mdu sé co giong nhau it hon 50% ddc trung. Chitng minh rdng
m < 34.

Tiép theo 1a mot bai toan kha thu vi khac
Bai toan 4. (Dé kiém tra truong Dong Vinh 2021) Xét sé nguyén duong n va tdp hop X gomn
s6 nguyén dwong dau tién. Gid sit ton tai ho ) gom diing /2" tdp con ciia X sao cho vdi moi
A C X, ton tai duy nhdt B € Q) dé

|AA B| €{0,2,4}.
Xdc dinh tdt cd gid tri co thé co cua n.
Loi gidi. Trude hét, vi | = v/2" nén 5|n. Xét A, B C X va tuong ting v6i hai xau nhi phan

biéu dién 1a z, y. Ung v6i mdi xdu B € Q, bang cach chon ra k vi tri bit ky trong xau va ddi
trang thai 1 < 0 la sé dugc mot xau mdi, tuong Gng véi mot tap A C X ma |[AAB| = k.

Do d6, 1an luct cho & = 0,2, 4 va chon ra c4c phan ti nhu trén, ta sé sinh ra dudc khong qua
CP + C2 + C2 tap hgp A c6 tinh chit |AAB| € {0, 2,4} (do céc tap sinh ra c6 thé trung nhau).
Dén day, goi ® 12 ho tt ca tap con clia X. Ta sé dém s6 cip tip hop (A, B) véi A € ®, B € 0
sao cho |[AAB| € {0,2,4}.

» Dém theo A : chon A c¢6 2" cich, chon B c6 duy nhit 1 céch.
» Dém theo B : chon B ¢6 v/2" cach, mdi tap B c6 khong qua CO° + C2 + C2 tap A.
Nhu thé, ta c6 danh gia
2" < V2 (14 C2 + C)
hay
V16" < (14 C2+ Cy).
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Duing quy nap, ta chi ra dudc bat ding thic trén sé sai véin > 15. Dodén < 10 van € {5,10}.
Ta xét cac truong hop sau day:

Véin = 5, tacd |Q2] = 2 nén chon 2 = {&, X} ting véi 2 xau nhi phin
x = 00000 vay = 11111.

Dé thiy ring v6i moi xau nhi phan z ¢6 do dai 5, ta luén c6 d(z, z) + d(z,y) = 5 nén c6 ding
mot trong hai s6 nay 1a chén, tic 1a thudc {0,2,4}. Do d6 n = 5 thda man.

Véin = 10, ta cé |Q2| = 4 nén chon
O ={2,{1,2,3,4,5},{6,7,8,9,10}, X}

14n lugt dng véi cac xau nhi phan xx, yx, vy, yy ghép dudc tir hai xau 2 = 00000 va y = 11111.
Xét mOt xau z = 2129 VOi 21, 29 dO dai 5, 10 rang ta cling ¢

d(Zla I’) + d<Z17 y) =5 va d<227 l’) + d(227 y) = 9.
Suy ra trong d(zy, x), d(z1,y) c6 mdt s6 chdn va mot s6 1&. Tuong tu v6i d(20, ), d(zo,y). Tong

ctia cip s6 chén va cip s6 18 déu chén va di nhién c6 ding mot trong hai téng nhé hon 5 nén c¢6
ding mot trong 4 xau théa man khoang céch dén z thuoc {0, 2,4}.

Vay tit ca cdc gid tri n can timlan = 5 van = 10. O

Pé két thic chii dé nay, ta sé thao luan vé van dé hiéu ddi xiing trén nhiéu tap. Bing quy nap, ta
c6 thé chi ra dudc rang néu 1iy hiéu d6i xiing lan ludt ctia k tap X, Xo, ..., X, thi

r€ (X1 AXyA ... AXy) < xthudc 1€ tip trong k tap trén.

Chi y 1a diéu nay khé dinh nghia hon 8 Hamming distance. T y tudng trén, mdi ban doc chi ra
su tuong duong clia hai bai toan sau va giai quyét chiing (tham khao thém tai [7])

Bai toan 5. (Chon doi tuyén Phii Tho 2018) Cho tdp hop S = {1,2, ... ,n}. Chiing minh rdng
trong n+ 1 tdp con khdc réng bdt ky ciia S thi ta luén co thé chon ra mot sé tip X1, Xo, ..., Xy,
(voi 2 < k <n+1)sao cho

X1 AXoA ... AX,=0.
Bai todn 6. Mot I6p co n + 1 hoc sinh, tham gia vao n cdu lac bo. Chiing minh rang cé thé’

chon ra mot tdp hop khdc réng cdc ban hoc sinh sao cho trong moi cdu lac bd, sé hoc sinh dwgc
chon la chdn.
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Trong dé kiém tra Thit thich mua he trong khuon khé chuong trinh trudng heé ciia VIASM 2022,
c6 bai 8 v6i ndi dung nhu sau:

Bai todn 7. Mot cdu lac bo hoc thudt ¢ n thanh vién mudn té chitc mot sé buéi chuyén dé. 0
tung budi, méi thanh vién sé phu trdch diing mét trong ba mon: Todn, Ly, Héa (mdi mon co it
nhdt mot nguoi). Biét rang vdi hai thanh vién bdt ky, ton tai it nhdt mot budi chuyén dé ma ho
khong cung phu trdch chung moét mon.

a) Véin =9, gid sit rang cdu lac bé t6 chiic dugc diing 2 budi chuyén dé. Hoi sau khi to
chiic xong budi ddu tién, cdu lac bo cé bao nhiéu cdch phdn cong thanh vién cho budi thii
hai?

b) Véin = 2022, tim gid tri nhé nhdt c6 thé co cia sé budi chuyén de.
Loi gidi. (tham khao [3])

a) Ta thiy trong mbi budi, khong thé c6 mon nao c6 nhiéu hon 3 ngudi vi néu khong, trong budi
sau, do chi c6 3 mon nén theo nguyén ly Dirichlet, sé ¢ hai ngudi tiép tuc phu trach cling mon,
khong thda man. Diéu nay cho thiy ring méi mon phéi c6 ding 3 ngudi phu trach.

Dénh s6 cic thanh vién 1a 1,2,...,9. Khong méit tinh t6ng quat, gia s budi dau tién thi cic
nhom (theo thi tu mén Toan, Ly, Héa) s€ la:

(1,2,3), (4,5,6),(7,8,9).

Trong budi tiép theo, cac thanh vién clia m&i mon sé khong dudc thudc cling mon nita, vi thé sd
cach xép cho ba ngudi trong mdi mon sé sé 1a 3! = 6 va sd cach phan cong 1a 63 = 216.

b) Goi k 1a s6 budi chuyén dé ma cau lac bd td chiic dudc. Trong budi chuyén dé thi i véi
1 <i<k,goiA; B;,C;lan ludt 1a tap hop cac thanh vién tham gia phu trach tiing mon: Todn,
Ly, Héa. Khi d6, v6i mdi 7, ta c6 A;, B;, C; 1a phan hoach clia c4c thanh vién cta cau lac bd.

Trong mbi budi thi cic thanh vién s& c6 3 cach chon mon dé phu trach nén tdng cong sé c6 tat
ca 3% cach chon. Néu n > 3* thi theo nguyén ly Dirichlet, sé c6 hai thanh vién phai c6 cach
chon gidéng nhau & tit ca k budi. Tuy nhién, lic d6 hai thanh vién sé& ludn ludn thudc cing mot
mon trong moi budi, khong thda man nén phai c6 n < 3*.

Ta sé chitng minh ring véi n < 3 thi luén xdy dung dudc. That vay, ddi cac sd thif tu clia cdc
hoc sinh tir 0,1,2,...,n — 1 sang hé cd s6 3 thi mdi s6 sé tng v6i mot xau tam phan ¢ do dai
khong vuot qua k — 1. D& ddng bd hda cho cic xdu do, ta thém 0 vao diang trude dé tit ci cac
x4u ¢ cung do dai k. Ta dinh nghia quy tac sau: trong budi chuyén dé thi i v6i 1 < i < k, ta
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cdc xAu ma chit sd thif 7 cling 12 0 thi vao nhém mén Todn, tuong tu, cing 1a 1 thi vao nhém
mon Ly va cung la 2 thi vao nhom mon Hoa.

Khi d6, v6i hai xau bt ky khac nhau, ta thiy chiing phai khac nhau tai mot vi tri nao do, va sb
thi tu ctia vi tr d6 sé 12 budi chuyén dé ma hai thanh vién tuong dng tham gia vao hai mon khac
nhau, théa man rang budc. Ung véi n = 2022, ta c6 ngay k > [log;2022] = 7 va k = 7 la gid
tri nhé nhét can tim. O

Néu theo céc y tudng dém bang hai cach thong thuong, ta d& c6 dinh huéng sai cho y b) khi du
doan sb budi chuyén dé vao khodng /n. Viéc phat hién ra danh gid chin dudi 1a logsn va xay
dung thuén Igi biang cach ding xau tam phan l1a diéu kha bét ngo.

Khong khé dé thiy rang bai toan bén dudi day chinh 1a y tudng gbc ctia Bai toan 2 & trén:

Bai todn 8. Cho graph don, vé hudng day di G = (V, E) ¢6 |V| = n. Can t6 mau méi canh
cua G bdi mét trong k mau sao cho khong co cdc canh nao cung mau tao thanh chu trinh lé.
Tim gid tri nhé nhdt cia k.

N6i cich khdc, ta can phan hoach cic canh ctia G ra k graph con ludng phan (tinh chit quen
thudc cua graph ludng phan la khong ¢ chu trinh 1¢), tham khao [2].

Tai sao c6 su lién hé? Ta thdy rang néu nhu phan hoach dudc cic canh ctia G thanh cong thi
v6i hai dinh bét ky, s& ludén c6 mot graph con ludng phan ma & do, ching khong duge ndi nhau.
Phat bi€u lai thanh ngon ngit hoc sinh — ciu lac bd va diéu chinh lai kich thudc tif 2 — 3.ta c6
ngay Bai toan 2 & trén. Nhu thé, Bai toan 2 va ca 15 giai ctia né di “che gidu” dugc thanh cong
ban chat Iy thuyét graph ctia né. Mot cach tdng quat, ta c6 thé thay diéu kién nhi phan, tam phan
thanh k—phan bét ky, tdc 1a thay ba mon Toan-Ly-Hoéa bdi k& mon hoc. Pap sb sé 1a [log,n].
Ngoai ra, trong [2], tic gia bai viét cling c6 dua ra 10i gidi nho viéc du doan trudc két qua va st
dung quy nap cho ca hai chiéu chiin dué6i va xay dung, nhung kha dai dong.

Y tudng st dung hé nhi phéan, tam phan dé viéc xdy dung hiéu qua, triét &€ hon ciing ¢ xuét
hién trong bai todn tuong tu sau dy tif cudc thi Olympic vé Tin hoc — Technocup ctia Nga vao
thang 12/2021, tham khdo [5]. Bai toan d6 da dudc st dung trong dé kiém tra doi tuyén VMO
2022 véi ndi dung nhu sau

Bai todn 9. Cho cdc sé nguyén duong n > k > 2. Trong mot quoc gia, cé n thanh phd
Ay, Ay, ..., A,.Giita hai thanh phé A; va Aj, co tuyén duong bay tiv A; dén A; khi va chi khi
i < §. Mét hanh trinh la moét day gom nhiéu tuyén duong bay lién tiép nhau va do dai ciia né la
6 tuyén duong bay trén do. Nguoi ta cdp phép khai thdc cho cdc dudng bay trén bdi cdc hdng
hang khong sao cho moi duong bay chi dugc cdp phép cho diing mot hdang, dong thoi moi hanh
trinh c6 do dai k déu co chita hai tuyén dwong bay duoc cdp phép cho hai hdng khdc nhau.
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a) Chon = 5, hdy tim gid tri nho nhdt ciia sé hdng hang khéng ting véi k = 3 va vung vdi
k= 2.

b) Chitng minh rang sé luwong nhé nhdt cdc hang hang khéng dugc cap phép la [log,n] ,trong
do ky hiéu [x] la s6 nguyén nhé nhdt khéng nhé hon x.

Ta c6 thé tém tat dé bai lai 1a: Cho graph don G' = (V, E) ¢6 huéng, |V'| = n va mbi dinh ting
véi diing mot trong n s6 nguyén duong diu tién, ngoai ra canh ndi tir i — j khi va chikhii < j.
Can t6 cdc canh béi 1 trong k sao cho khong c6 dudng di don do dai k c6 cac canh t6 cing mau.
Tim gid tri nho nhét cda k.

Loi gidi. (tham khéo [6]). Trong 13i giai bén dudi, d& don gidn, ta quy udc goi sb thif tu dai dién
cho céc thanh phd.

a) V6in = 5,k = 3, c6 hanh trinh 1 — 2 — 3 — 4 dd dai 3 nén trén d6 phai c6 it nhat hai
dudng bay dudc cip phép cho hai hang khac nhau. Khi d6, sb hing hang khong it nhét 1a 2. Ta
¢6 phuong an nhu sau, mbi mau dai dién cho mot hang hang khong:

Véin = 5, k = 2, rd rang phai c6 it nhat 2 hing hang khong X, Y. Gid st chi c6 hai hiang nhu thé,
xéthanh trinh 1 — 2 — 3, 2 — 3 — 4va 3 — 4 — 5 thi cc tuyén (1,2),(2,3),(3,4), (4,5)
phéi dugc clp phép xen k&, gia st 1a X, Y, X, Y. Khi do, xét 1 — 2 — 4 thi (2, 4) cAp phép cho
Y; khi d6 2 — 4 — 5 lai ¢6 tuyén (2,4), (4,5) cung cap phép cho Y, khong thda. Do dé, sb
hing hang khong it nhit 1a 3 va ta xay dung nhu hinh:

b) Pau tién, d& chiing minh s6 hang hang khong it nhit 1a [log,n], ta sé chi ra ring néu c6 m
hang hang khong thi phai c6 s6 thanh phd n < k™ bing cach quy nap theo m. V&i m = 0 thi rd
rang khong thé c6 dudng bay nao nén n = 1 = k°. Gi4 st néu c6 khong qua m — 1 hang hang
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khong thi s6 thanh phd khong qua k™!, Bay gio xét m hang hang khong va gia st cip phép
dugc cho cic tuyén bay cta n thanh phd. Xét mot hing hang khong X trong d6 va ta chia cic
thanh phd ra cac nhém. Cu thé 12 nhém thif i gdm cic thanh phd a c6 tinh chét: hanh trinh bay
dai nhit chi di qua cic tuyén dudc cip phép cho X, két thic tai a thi c6 do dai diing bang i. Khi
do, theo rang budc ctia dé baithitasé c6 0 < i < k — 1.

Ta thiy ring trong moi nhom i, gia st ¢6 hai thanh phd b, ¢ v6i b < ¢ ma ching (b, ¢) dudc cip
phép cho X. Theo dinh nghia thi c6 hanh trinh do dai i két thiic tai b, két hop thém tuyén (b, c)
nita thi dudc hanh trinh d6 dai 4 4+ 1 két thic tai ¢, mau thuan. Vi thé, trong méi nhom, khong
c6 tuyén nao dudc cip phép cho X. Tiép dén, dé thiy riang trong méi nhém, ta cip phép cho
khong qua m — 1 hang hang khong nén sb thanh phd trong d6 sé khong qua k™, tit d6 c6
n < k- k™' = k™. Quy nap hoan tit.

Cubi cling, d€ xay dung, ta bi€u dién cdc s6 0,1,2,...,n — 1 theo hé co sb k thi rd rang, mdi
s6 s& ¢6 do dai khong vugt qua m = [log,n] chit s6. D& chuin héa do dai cung 1a m, véi
cic biéu dién k—phan chua di s6 lugng chit s6 nay, ta viét thém 0 vao trudc. Ung véi hai sb
a,b € {1,2,...,n} machi s thii i dau tién tinh tlf trdi sang phdi cta ching 1a khac nhau, ta sé
cp phép dudng bay giita a, b cho hiang hang khong thit . Chu y rang néu a;, b; 1an ludt 1a hai
chit 86 d6 thi a; < b; < a < b (do céc vi tri trude da dé bﬁng nhau).

Q= Q-1 ... 201 Q0

b - bm,1 ...... b2b1b0

Ta sé chi ra cach cip phép nay 13 théa man. That vay, gia st ¢c6 k£ + 1 thanh phé ma hanh trinh
bay qua chiing c6 do dai & va dugc cip phép cho cling mot hiang hang khong thi 4. Gia sit hanh
trinhdolax; — 29 — -+ = T thizy < 29 < ... < .y vatai vi tri thd ¢ cua cac s nay,
ta cling c6 mot diy k + 1 chit s sap ting ngit, diéu nay vo Iy vi trong hé k phéan chi c6 k chit
s6. Nhu thé, cach xdy dung trén thda man diéu kién. Bai toan dudc giai quyét. O

Cubi cung, ta phan tich thém vé diém chung ctia hai bai toan néu trén: ta thiy cich danh gia,
cch xay dung va ca dap sb ctia hai bai toan 8 va 9 1a rit giébng nhau. Ciing c6 thé chi ra ring
khi k = 2 thi Bai todn 8 ciing tuong duong véi Bai todn 9. That vdy, bdi vi ta c¢6 thé tién hanh
“v6 huéng héa” graph G trong Bai 9 va st dung tinh chit khong c6 chu trinh 18 ctia graph ludng
phan nén c6 thé thiét 1ap dudc song anh, tham khéo [8]. Dang tiéc 1a véi k > 2 thi khé c6 thé
chi ra su tuong duong nita.

Mot diém chung khac 1a cdc cach xay dung ctia ca hai bai cting ¢6 nhudc diém 1a chua c6 tinh
balanced, tiic 12 sy can bing giita cac tap trong phan hoach, cé tap con c6 kich thudc 16n, c6 tap
c6 kich thu6c nhé. Néu tim ra dude mot cach xay dung khac dam bdo dugc thém yéu td nay thi
biét dau hai bai todn sé ¢ cac ng dung thuc té thd vi. Tinh cin bing d6 ciing c6 thé hién trong
bai toan sau day (tham khao thém tai [9]):

Bai toan 10. Cho cdy nhi phdn hoan hdo c6 chiéu cao la h, c6 tong cong 2" — 1 dinh. Chiing
minh rdng co thé' phdan hoach cdc dinh ciia cdy ra thanh h phédn sao cho khong cé hai dinh nao
cung phan la to'tién ciia nhau.
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TO HOP QuA CAcC DINH LY VA BAI TOAN

Tran Nam Diing
Truong PH KHTN PHQG Thanh phé H6 Chi Minh

Cho F 12 ho cdc tap con ctia X. V&i x thudc x, ta goi d(x) 1a s6 phan i cia F chifa x.

Dinh Iy 1. Cho F la ho cdc tdp con cua tdp hop X. Khi do

Y dx) =) 14].

xeX AeF

Chiing minh. Xét ma trin ké M = (m,, A) ca F. Nghia 1a M 12 ma trin 0 — 1 v6i | X | dong
déanh s6 béi cic diém x € X va | F| cot danh s6 béi tdp A € F sao cho m, 4 = 1 khi va chi khi
x € A. Dy ring d(x) biang s6 s6 1 trén dong thi x con |A| 12 s6 s6 1 trén cot thi A. Nhu vay

ca vé trai va vé phai déu biéu dién s6 s6 1 ctia M. O
Néu ta xét d6 thi G = (V, E) trén tip dinh V nhu mot ho cdc tip con 2 phan tii cia V' thi ta c6
dinh ly Euler.

Dinh Iy 2 (Euler, 1736). Trong moi do thi, tong bédc cdc dinh ciia né bdng hai lan sé canh clia
no va nhu thé, luon la mot sé chdn.

Dinh 1y sau c6 thé dudc ching minh bang cach tuong tu

Dinh 19 3. Y ey d(x) = Y 4ep Y NA| vdimoi Y C X.

Y dx)?=>>dx)=)Y_ Y |AnB|

xeX A€eF x€A A€F BeF
(Hai tong & ddng thitc ddu ving vdi s6 sé 1 trén cdc hang Y. Cdc tong J ddng thiic thit hai dém

s6 ldn xudt hién ciia x trong cdc tdp cé dang AN B).
Truong hop ddc biét khi F = E la tdp con 2 phan tit, ta co
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Dinh Iy 4. Véi do thi G = (V, E), ta co

D dx)? = ) (dx)+d(y).

xevV (x,y)eE
Dinh Iy 5 (Hall, 1935). Cho do thi hai phe X, Y. Véi méi tdp con A thujc X, goi G(A) la tdp
cdc dinh thuéc Y ké véi mét dinh nao do thudc A. Khi do diéu kién can va dii dé’ton tai mot don
dnh f : X — Y sao cho x ké f(x) la|G(A)| > |A| vdi moi A khdc réng thuéc X .

Chitng minh. Diéu kién can 12 hién nhién: Néu ton tai don anh f thi véimdi A = x1, X5, ..., X,
thudc X, ta c6 G(A) chida cic phan ti phan biét f(x;),..., f(x,), dod6 |G(A)| > r = |A].

Ta chitng minh diéu kién di bang quy nap theo | X|. Khi | X | = 1, khang dinh 12 hién nhién. Gia
st dinh ly da dung véi cac tap X véi | X | < n. Gia su bay gid | X| = n. Ta xét hai trudng hgp:

(1) Giastt véimoi A C X (A # X), tacé |G(A)| > |A]. Chon mot phan i xo bat ky thudc
X, theo diéu kién |G(xo)| > 1, do d6 tdn tai y, thudc Y ké v6i X. Ta dit f(xo) = yo. Biy
giogxét X = X\ {x}vaY =Y \{y}, 4 C X vaG'(A4) latap cic dinh thuoc ¥’ ké véi A.
Khi d6 |G’ (A)| > |G(A4)| — le|A|. Vi |X'| < |X| nén theo gia thiét quy nap, tdn tai don anh
f X — Y saocho f(x)ké x vSi moi x thudc x". BS sung thém f(xo) = yo ta dudc don
anh f : X — Y théa man yéu cau dinh ly.

(2) Trong trudng hop ngudc lai, tdn tai A C X (A # X) sao cho |G(A4)| = |A|. Khi d6, do
|A| < |X|néntdntaidondnh f : A — G(A). Xét X = X \ A4, Y =Y \ G(A4). Xét B thudc
X' va G(B) la tap cac dinh thudoc Y’ ké véi B. Néu |G(B)| < |B| thi ta c6

|G(AU B)| = [G(A)| + [G(B)| < |A| + |B| = |[AU B|.

Piéu nay méu thufin véi diéu kién dinh 1y. Nhu viy ta ¢6 |G(B)| > |B| v6i moi B thudc X .
Theo gia thiét quy nap, ton tai don dnh g : X' — Y sao cho g(x) k& v4i x. Nhu viy, ta ¢ thé
xay dung dudc don danh & : X — Y sao cho A(x) ké véi x : Cu thé h(x) = f(x) néu x thudc A4
va h(x) = g(x) néu x thuoc X \ A.

Quan hé < trén tip hop X dudc goi 1a mot quan hé thif ty néu thda min dong thai cac diéu kién
sau:

(1) x < x v6i moi x thudc X (tinh phan xa).

(i) Néu x < y, y < x thi x = y (tinh phan xtng).

(iii) Néu x < y, y < z thi x < z (tinh bic cau).
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Mot tap hop ma trén do xac dinh mot quan hé tha tu dude goi la mot tap sa"ip thu tu.

Cho X 1a mot tap sip thit tu, hai phan ti x va y thuéc X dudc goi 1a so sanh dugc néu x < y
hodc y < x. Trong trudng hop ngudc lai, ta n6i x va y khong so sanh dudgc.

Mot tap con C ctia X dudc goi 12 mot xich néu hai phan t bat ky thuoc C déu so sanh dudc.
Mot tap con A clia X dudc goi 1a mot dbi xich néu hai phan ti bat ky thudc A déu khong so
sanh dudgc.

Phan ti x thudéc X dudc goi 1a phan tif cuc dai néu tif x < y suy ra y = x. Phan ti x dudc goi
1a cuc ti€u néu tir y < x suy ra y = x. Phan td x thudc X dudc goi 12 16n nhat néu x > y véi

moi y thudc X va dugc goi 1a nhd nhat néu x < y véi moi y thudce X.

Xich C dudc goi 1a cuc dai néu nhu khong ton tai mot xich C' chita C véi [C'| > |C|. Tuong
tu ta dinh nghia dbi xich cuc dai. O

Dinh 1y 6 (Dilworth 1950). Cho mét tdp sdp thii tu X. Sé phdn tit In nhdt ciia mét déi xich cia
X bdng s6 nhé nhdt cdc xich roi nhau hop thanh X.

Loi gidi. Goi M = max{|A|| A la d6i xich} va m 1a sb nhd nhit céc xich rdi nhau hgp thanh
X. Nhu vay ton tai dbi xich A ctia X chita M phan tii. Vi mot xich chi chita dugc nhiéu nhét 1

phan tt cia 1 doi xich nén ro rang tacé m > M.

Ta chiing minh m < M bing quy nap theo | X |. Goi a 1a mot phan i cuc dai cia X va M la
kich thude ctia dbi xich 16n nhit trong X = X \ {a}. Khi d6, theo gia thiét quy nap X 1a hop
cta M xich r&i nhau Cy, Cs, ..., Cy. Tacan ching minh rﬁng hoic X chia dbi xich vé6i M + 1
phan ti, hodic X 1a hop ctia M xich. Bay gid, moi ddi xich kich thuéc M (M - dbi xich) trong
X' chita mot phdn ti tit mdi C;. Goi a; 13 phan ti 16n nhit trong C; thudc vao mot M —dbi
xich nao d6 trong X . D& dang thiy ring A = {a;.a» ..., ax} 12 mot dbi xich (néu ching han
a; < a; thi vi a; thudc vao mot M - dbi xich nao d6 va dbi xich nay lai chita mot phan i b;
clia C; nén theo tinh 16n nhit cta a;, ta c6 b; < a; < a; diéu ndy mau thuln vi b; va a; cung

thudc mot déi xich).

Néu A U {a} 12 mot dbi xich trong X thi ta c6 diéu phai chitng minh. Trong trudng hdp ngucc
lai, tacd a > a; v6ii nao d6. Khido K = {a} U {x € C; : x < ai} la mdt xich trong X va
khong c6 M —ddi xich trong X \ K (vi a; 12 phan t 16n nhét ctia C; tham gia trong cac dbi xich
nhu vay), vi thé X \ K 12 hop ctia M — 1 xich. O]

Chiing minh 2. (Theo H. Tverberg 1967)
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(1) Hién nhiéntacém > M.
(2) Taching minh M > m bing quy nap theo | X|.
(3) biéu nay 12 hién nhién néu | X| = 0.
(4) Giasu C la xich cyc dai trong X.
(5) Néu moi déi xich trong X \ C c6 nhiéu nhit M — 1 phan t{ thi xong.
(6) Giasti {ay,...,ap} 12 mot ddi xich trong P \ C.
(7) Pinhnghia S™ ={x € X :Ji[x <]}, ST{x € X :3i[a; <x]}.
(8) Vi C la cuc dai, phan tif 16n nhét ctia C khong nam trong S ™.
(9) Theo gia thiét quy nap, dinh 1y diing v6i S ™.
(10) Vithé, S~ l1a hop ctia M xich rdi nhau Sy, ..., S,,, trong dda; € S; .

(11) Gid stirdng x € S; va x > a;. Néunhu ton tai a; vdi x < a;,tasécéa; < x < a,

(méu thuln). Vi vdy a; 1a phén tii 16n nhit trong S;, i = 1,..., M.
(12) Lam tuong tu dbi véi S;', ta ¢6 a; 12 phan tif nhd nhét trong S;*.

(13) Két hop céc xich lai ta c6 diéu phai chiing minh.

]

Dinh Iy 7 (Erdos-Ko-Rado). Mt ho giao nhau cdc k - tap con cua N, trong dé n > 2k chiia
n—1

t6i da tap hop.
k—1

Chiing minh. Y tudng la tinh cich cip (i, S) trong d6 S 13 mét tap hop trong ho, 7 1a hoan vi
vong quanh (7(1), 7(2), ..., 7(n)) va S 1a mot “khodng” lién tuc d6i véi 7.

Mot mit ta c6 (n — 1)! hodn vi vong quanh va dé dang thiy ring v6i m&i mot hodn vi nhu vy,
ta c6 thé chon dudc nhiéu nhit k “khodng” ddi mot giao nhau. Mit khac, v6i mdi tip hop S c6

k!(n — k)! hoan vi vong quanh ma trong d6 S 1a mot khoang lién tuc.
Nhu vay | F | k!(n — k)! < (n — 1)!k va diéu nay cho chiing ta dinh 1y Erdos-Ko-Rado.

Quay tré lai mot chit vé cau “dé dang nhdn thdy”. Phan nay st dung diéu kién n > 2k. Mot

cach Iy luan cho phan nay nhu sau: Xét khoang J ma phan ti tin cung bén trdi 1a nam & bén
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trdi nhat va chu y rang c6 k khoang giao v6i J ma phin ti tin cuing bén trai nam bén phai z.
Mot cach khéc 1a xét mot khoang J bao d6 c6 do dai k va chii y rang 2k — 2 khoang c6 giao véi

khoéang nay dugc chia thanh k — 1 ciip ma mdi cip chia hai khoang khong giao nhau. ]
Dinh Iy 8 (Sperner, 1927). Kich thudc ldn nhdt ciia ho F cdc tdp con cia N la mot doi xich

. . n
doi voi quan hé bao ham la hé so nhi thiic ( 5 ) .
n

Lai giai. (Lubell) Goi F 1a mot dbi xich nhu viy va gi st ring né c6 s tap hop k phan tii. Ta
tinh cac cap (m, S) trongdo w = ((w (1), 7(2),...,7w(n)) lamdthoan vicua {1,2,...,n}va S
12 tap hop thudc ho c6 khéi dau la 7, cu thé1a S = {n (1), w(2),...,nw(k)} véi k nao dé. Véi
mbi hodn vi 7 ta tim dugc nhiéu nhat mot khdi dau S trong ho F(do diéu kién dbi xich). Néu

S 12 mot tap hop k phan ti, ta c6 thé tim dudc ding k!(n — k)! hodn vi r véi S 1a khdi dau. Két
n

hop hai sy kién nay, ta c6 > _, skk!(n — k)! < n! hay n6i cach khac > _, s/ ( . ) < 1.

Bit dang thiic nay (dudc goi la bt dang thic LY M) suy ra két qua can ching minh. O

Dinh Iy 9 (Bai todn chia keo cla Euler). S6 nghiém nguyén khong ém ciia phuong trinh
Xi+Xp4+xe=n bing CKI,.

Y tudng chitng minh 1a cho tuong ting bd nghiém (x;, X», .. ., xz) v6i xau nhi phan gdm # bit 1

vak —1bit0:x;861,0,x,861,0...,0,xz s0 1.

Dinh ly 10 (Dudng di ngén nhit trén ludi nguyén). Sé dwong di ngdn nhdt trén ludi nguyén tir

diém A(0,0) dén diém B(m,n) bang CJ,.

Y tudng chiing minh 14 cho tuong ding mot dudng di véi bd ma gdm m budc di ngang va n budc

di 1én.

Dinh Iy 11 (Nguyén Iy bao ham va loai trix). Vdi Ay, Aa, ..., Ay la cdc tdp hop bdt ky, ta co

n n
UA,‘ mAz
i=1

i=1
Cdc truong hop ddc biét

=Y lAil= D JAnAl+ ) |AinA; 0 A+ (=D
i=1

1<i<j<n 1<i<j<k<n

(i) |[AU B| = |A| + |B|—|AN BJ.

(i) [AUBUC| = |A|+|B|+|C|—(ANB|+|BNC|+|CNA)+|ANBNC|.
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Dinh 1y 12 (Ore). Cho G la do thi don vé hudng bdc n. Néu vdi hai dinh khong ké nhau u, v
bdt ky ta c6 d(u) + d(v) > n thi G la do thi Hamilton.

Dinh Iy 13 (Euler). Vdi mot da dién 16i bdt ky ta luén co
M—-C+ D =2.
Trong dé M la sé6 mdt, C la sé canh va D la sé dinh.

Dinh Iy 14 (Redei). Mot tournament bdt ky déu cé mot duong di Hamilton (do thi cé hudng dady
du).

Chitng minh. Xét duong di dai nhét trong tournament. Gia st d6 12 P = A; A, --- Ax. Néu tit
ca cac dinh ctia do thi da thudc P thi P 1a dudng di Hamilton. Néu c6 dinh A khong thudc
P thi: AA; khong la canh, vi ngudc lai ta c6 P’ = AAA,--- Ay dai hon P, mau thuan. Suy
ra A; A 1a canh. Lic d6 AA, khong 1a canh vi néu ngudc lai ta c6 P’ = A AA; As... Ay
dai hon P. Suy ra A, A 1a canh. Ci tiép tuc nhu thé, ta di dén Az A 1a canh. Nhung khi d6
P’ = A{A, ... Ax A dai hon P, mau thuan.

Nhiéu bai toan trd chdi hay bién ddi trang thai dudc giai quyét mot cach kha hiéu qua nhd khai

niém bat bién, don bién. O]

Dinh nghia. Cho tip hop Q (tdp hdp cic trang thai) va tip hop T (tdp hop céac phép bién ddi)
ciac anh xa tf Q@ — Q. Hams6 f : @ — R dudc goi 1a bét bién ddi véi cip (2, T) néu ta c6
f(t(w)) = f(w) véi moi w thudc 2 va véi moi ¢ thudc 7.

Nguyén ly bat bién. Néu f 12 mot bat bién ciia (2, 7) va f (o) # f(w) thi ’ khong thé thu
dudc tif  thong quan cac phép bién ddi T'.

Nguyén ly Dirichlet, nguyén ly cuc han, phép quy nap toan hoc ciing la nhiing cong cu thutng
dudc st dung trong phép gidi cdc bai toan t6 hop.

Nguyén ly Dirichlet. Nhét ng + r(r > 0) con thd vao n céi chudng thi c6 mot chudng chifa it

nhat g + 1 con tho.

Nguyén ly Dirichlet dudi dang tap hop: Cho |E| = n. Néu A va B 1a hai tap con cia E sao cho
|A| 4+ |B| >nthi AN B # 0.

Ménh dé. (Co s& ctia nguyén ly cuc han)

(a) Néu A 1a mot tap con hitu han bat ky ctia R thi A ¢6 phan tif 16n nhat va phan ti nhd nhét.
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(b) Néu A 1a mot tap con bat ky ctia N thi A ¢6 phan ti nhd nhat.

Dinh Iy 15 (Dinh Iy Pick vé dién tich da gidc trén ludi nguyén). Cho P la mét da gidc c6 dinh

la cdc diém nguyén trén mdt phdng, khi dé dién tich ciia P cé thé'tinh bdi cong thitc
B
S(P)=1+ 5—1.

Trong do B la s6 diém nguyén ndam trén chu vi cua da gidc, 1 la sé diém nguyén ndm bén trong

da gidc.

Dinh 1y 16 (Turan). S6 I6n nhdt cdc canh (ky hiéu la t,(n)) ctia dé thi n dinh khéng chiia do thi
con ddy dii (r+1) dinh dat duoc tai dé thi r phe ddy du vdi n dinh, trong do kich thudc ciia cdc

phdn cang gan nhau cang tot.

Chitng minh. Thuc su dinh 1y Turan khong khé, gan nhu céch tiép can nao ciing c6 thé thanh
cong. Sau day 1a mot céach tiép can nhu vay: DE don gian, ta xét trudng hop tam gidc. Xét dinh
v v6i bac 16n nhét va chia cac dinh con lai ctia d6 thi thanh hai phan: A - c4c dinh ké véi v, B
- 1a cac dinh con lai. Bay gio chu y la cac dinh thudoc A 1ap thanh mdt tdp hdp doc 1ap (tic la
khong c6 canh ndi giita cac dinh ctia A). V6i mdi dinh thudc B ta xoa di tit ci cac canh chia
dinh nay va thay vao d6, n6i dinh nay vdi tt ca cac dinh thuoc A. Pé y rang trong do thi méi,
bac ctia mdi dinh déu khong nhé hon bac & d thi ban dau. Va, hon nita, dd thi méi 1a dd thi hai
phe (trong d6 A 12 mdt phe). Cudi cung ta chi can ching minh 12 v6i do thi hai phe thi s6 canh

12 16n nhit khi hai phin c6 s6 dinh cang gan nhau cang tot.

Sau day 1a mot chiing minh khic. Xoa di mot dinh ctia d6 thi G v6i n + 1 dinh khong chua K.
S6 canh ctia d6 thi con lai khong vudt qua ¢,(n). Thuc hién diéu nay dbi véi tit ca cac dinh va
chi y rang mot mot canh dudc tinh n — 1 1an. Ta thu dudc riang s6 canh trong G (va nghia la

tr(n)(n

t-(n + 1)) khong vuot qua phan nguyén trén cla n_1+1). Danh gi4 nay cho chiing ta két qua

chinh x4c cua bai toan. O

Bai toan 1. Trong mét gidi bong dd co 20 doi tham gia, thi ddu vong tron mét luot (két thiic gidi
méi doi dd véi méi doi con lai diing mot trdan). Tim sé k 16n nhdt sao cho sau méi k vong ddu

(médi déi ddu k trdn) luén tim duoc 3 doi déi mdt chua dd vdi nhau.

L&i giai. Ta chiing minh k = 8 théa man yéu cau dé bai. Trudc hét ta chi ra rang ton tai mot

cach sap xép lich thi diu d€ sau 9 vong, trong ba ddi bit ky déu c6 2 ddi da thi déu véi nhau.
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That vay, chia 20 doi thanh 2 bang, mdi bang 10 ddi. Ta c6 thé sap lich thi du gdm 9 vong cho
tiing bang, va sau 9 vong tt ci cac ddi trong mot bang déu da thi ddu v6i nhau. Khi dé véi 3
doi bong bat ky, theo nguyén ly Dirichlet, ton tai hai doi cung chung mot bang va nhu vy da

thi d4u véi nhau.

Bay gid ta sé chiing minh sau 8 vong diu thi luén tim dugc 3 doi doi mot chua thi diu véi nhau.
Vi 8 vong du thi ¢6 80 tran nén ta chi can ching minh mot két qua manh hon: Néu giai dau

m6i chi ddu 80 tran (bét ky) thi chic chin sé c6 3 dodi doi mot chua dau véi nhau.
Ta ching minh bd dé quen thudc sau:
Do thi 2n dinh (n > 1) ¢6 nhiéu hon hodic bang n? + 1 canh chita it nhdt mét tam gidc.

That vay, véi n = 2 khang dinh ding vi d6 thi 4 dinh va 5 canh 16 rang 12 chiia tam gidc. Gid st
ménh dé da diing dén n = k. Xét d6 thi G, 2k + 2 dinh c6 nhiéu hon hoic bing (k + 1) + 1
canh. Xét hai dinh A, B ké nhau va xét G’ = G\{A, B} (dd thi thu dugc tit G bang cich x6a di
hai dinh A, B, canh A B va tit ca cac canh c6 mot trong 2 dau muit 12 A hoidc B). G’ ¢6 2k dinh.
Néu sb canh ctia G’ > k? + 1 thi theo gid thiét quy nap, G’ chia tam giac va do d6 G chia tam

gidc, ta c6 diéu phai chitng minh.

Néu s6 canh ctia G’ < k?+1 thi s6 canh bi bo di phéi 16n hon (k +1)*+1—(k? + 1) = 2k +1.
Suy ra s canh c¢6 ding mét trong hai diu mit 1a A4 hodc B > 2k. Ap dung nguyén Iy Dirichlet
ta c6 ton tai C ma CA, CB déu la canh clia G va nhu thé A, B, C tao thanh mot tam gidc trong
G. Viy trong moi trudng hop ta déu tim dudc tam gidc trong G. Theo nguyén ly quy nap todn
hoc, bé d& dudc chiing minh.

Ap dung bd dé vao bai toan. Xét d6 thi G c¢6 dinh la cdc doi bong. Hai dinh dugc nbi véi nhau
bdi mot canh néu chiing chua diu véi nhau. Sau 8 vong du c6 80 tran, suy ra c6 190—80 = 110
tran chua dau, tific 12 G ¢6 110 canh. Vi 110 > 10? + 1 nén theo bd dé, G chiia tam gidc. Va d6

chinh 12 3 ddi béng ddi mot chua diu v6i nhau.

Bai toan dudc giai quyét hoan toan. O
Bai toan 2. C6 20 nguoi xép thanh moét vong tron. Héi c6 bao nhiéu cdch chon ra 5 nguoi sao
cho khéng c6 hai nguoi ké nhau dugc chon.

L&i giai. Ta giai cdc bai todn tong quét sau

Bai toan 2.1. C6 n nguoi xép thanh mét hang doc. Cé bao nhiéu cdch chon ra k nguoi, sao cho

khong c6 hai nguoi ké nhau duogc chon?
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Cich 1 (Phuong phap song anh). Bit E, = {1,2,...,n}. Goiu; < up < ... < uy lasd thif tu

cua nhiing ngudi dugc chon thitacd ;4 —u; > 2véimoii =1,...,k—1.
bat A = {(uy,uz, ..., ug) € E*n | ujr1 —u; =2v6imoii =1,...,k—1}.
Xétanhxa f : A - B, trong d6 B = {(vl,vz,...,vk) € Ekfn—«+1l vy <vy <.+ < vk} xac

dinh nhu sau
f (U ua, .o ug) = (v1,02,...,0%), v =u; — (@[ —1).
Ta ki€m tra (v, v2,...,v%) € B :
(i) Ro rang
Vi1 — Vi = Wjp1—1)—ui—@G@—=1) =ujpr1—u; — 1> 1.

(i) vi =uy = Log = up —(k—1) <n—k+ 1. Takiém tra f 12 mot song anh. Néu

(U1, un, ... ug) # (u1',us', ..., ug’) thi ro rang anh cta ching khac nhau. Suy ra f
la mdt don anh. Ngugc lai, v6i (vq, va,..., V) thudc B, ta chon u; = v; + i — 1 thi
(U1, Uz, ..., ug) thudc A va f (uy,...,ux) = (v1,vs,...,0%). Suy ra f latoan anh.

Vay |A| = |B|, ma | B| 6 rang bang sb céc tip con k phan ti ctia E,, i1, do d6 bing Crf—k-l—l

Ciach 2 (St dung bai todn chia keo ctia Euler). Gia st ta chon dudc k ngudi. Goi x; 1 s6 ngudi
tinh tiing ngudi dau tién dén trudc ngudi thit nhit dude chon, x5 14 s6 ngudi nam giita ngudi thi
nhét va ngudi thit hai, . .., xx 12 s6 ngudi nam giita ngudi thid k — 1 va ngudi thd k va xx o 1a

s6 ngudi nam sau ngudi thit k dén cudi. Khi d6 ta c6

X1+ Xo + o+ X1 =n—k, (1)
VA X1, Xk 12 cac s nguyén khong am, con x,, ..., x; la cic sb nguyén > 1.
Ngudc lai, néu (xq,..., Xx41) 12 mot nghiém cda (1) v6i x1, xx41 > 0,X,...,x¢ > 1thita

cho tuong ung véi cach chon ngudi thd 1 + x1,2 + x; + x2,...,k + X1 + - -+ + X thi r0 rang
do(i+xy +---+x;)— (@ —14+x14+---+xi—1) =1 + x; > 2 nén khong c6 2 ngudi lién
tiép dugc chon.

Cubi cung, dé hoan tat 16i giai bai toan, ta dat y; = Xy, Ygk41 = Xk41 vVa y; = x; — 1 véi
i =2,...,k thi dugc
Yit 2+t Y =n—2k + 1, )
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vGi y; 1a cac sO nguyén khong am.

Theo két qua cta dinh ly chia keo ctia Euler, ta ¢6 s6 nghiém cia (2) bing Cf_, .

chinh 12 két qua ctia bai toan ban dau ctia chung ta. ]

b6 ciing

Bai toan 3. C6 n nguoi xép thanh mot vong tron. Cé bao nhiéu cdch chon ra k nguoi, sao cho

khong c6 hai nguoi ké nhau duogc chon?

L5i gidi. Bai toan nay c6 thé gidi bang két qua ctia bai toan trén va phuong phap “cdt duwong

tron”.

Gia st n ngudi d6 dudc danh s6 1,2, ..., n. Ta xét cic trudng hop sau:

(1) Ngudi sb6 1 dudc chon. Khi d6 ngudi s6 2 va sd n khong duge chon. Nhu vy ta phai chon
thém k — 1 ngudi tit 3 dén n — 1 sao cho khong c6 hai ngudi ké nhau dudc chon. Vin — 1
khong ké 3 nén c6 thé coi day 1a n — 3 ngudi xép theo mot hang doc. Theo két qua ctia

bai todn trén, sd cach chon bang C*7! .

(2) Ngudi s6 1 khong dugce chon. Khi d6 ta can chon k ngudi tir s6 2 dén n sao cho khong cé
2 ngudi ké nhau dugc chon. Vi 2 va n khong ké nhau nén c6 thé coi diy 1a n — 1 ngudi

xép theo mot hang doc. Theo két qué clia bai todn trén, sd cach chon bang C* , .

Vay dap so cua bai toan la

el v (n—k=1) (n—k)! _ (n—k—1!
Cnemt + Coie = (k — D'(n—2k)!  kl\(n—2k)!  kl(n—2k)!

(k +n—k) = gc,f:,g_l.
0

Bai toan 4. Chitng minh rang trong mot nhom co 17 nguoi, trong dé méi ngudi co diing 4 nguoi

quen, tim duoc 2 nguoi khéng quen nhau va khong co nguoi quen chung.

L&i gidi. Ta chuyén sang ngodn ngit do thi, mdi ngudi tuong dng véi 1 dinh va hai ngudi quen

nhau dudc ndi bang 1 canh.

Gia st ngudc lai v6i khang dinh bai toan, moi dinh X déu dudc ndi véi 1 trong 16 dinh con lai,
hoic 1a truc tiép, hodc 1a qua mot dinh thi 3. Vi X dudc ndi véi ding 4 dinh v mdi mot dinh
nay dudc nbi véi ding 3 dinh khdc, trong do thi sé khong con dinh nao khac va tit ca cac dinh da
nhac dén déu khac nhau. Ngoai ra cic canh con lai ctia dd thi c6 s6 luong1a 17-4/2 — 16 = 18

chi ¢6 thé ndi cic dinh ngoai.
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Mobi mot trong 18 canh nay cho chiing ta mot chu trinh d6 dai 5 di qua X. Vi X 12 mot dinh bét
ky, qua moi mot trong 16 dinh con lai ciing c¢6 ding 18 chu trinh nhu viy. Mdi mot chu trinh di
qua ding 5 dinh, suy ra s6 chu trinh bing 18 - 17/5 (mau thuin). Nhu vy khang dinh bai toan
dugc ching minh. O

Bai toadn 5. Trén ban co quoc té c6 8 qudn xe, ddi mot khong dn nhau. Chiing minh rdng trong
cdc khodng cdch déi mot giita cdc qudn xe, co hai khodng cdch bang nhau. Khodng cdch giita

hai qudn xe bang khodng cdch giita tdm cdc é vuéng ma qudn cdc qudn xe diing.

L& gidi. Trude hét ta md hinh hoa bai toan. PE y ring khoang cach gita o(p, q) va & (m, n)
bang (p — m)? 4+ (¢ — n)?. Ta can chiing minh rang néu py, pa, ..., ps 1a mot hoan vi clia

(1,2,3,...,8) thi ton tai cic tap chi sb {m,n} # {p,q} sao cho

m =12+ Pm—1a) =P -0+ (pp— g)-

Ta thiy 8 quén xe tao ra 28 khoang cach. Nhung néu ta tim 2 khoang cich bang nhau giita ca 28
quan xe nay thi ta s& gip kho khin. Ta gidi han trong viéc tim céc cip chi s6 dang {n,n + 1}.
C6 7 cap nhu vay. Khi d6, ta chi cAn tim n % m sao cho (ppts1 — pn)> = (Pms1 — pm)>. Vi
1 < pi < 8néu (ppy1 — pn)* chicothéla 1 trong 7 gid tri 12,22, ..., 72. Vi thé chi c6 thé xay
ra hai truong hgp.

e Ton tai n # m sao cho (Put1 — Pn)> = (Pms1 — pm)>. Khi d6 cic cip quén xe tai 6

(n9 pn) ’ (n + 11 pn+1) va (m1 pm) ’ (m + 13 pm-l—l) la cac Cép Xe Cﬁn tim.

o Cic sb (ppi1 — pn)* doi mot phan biét. Khi d6 ton tai n sao cho (pp41 — pu)® = 4.

Lic nay, xoay hang thanh cot, ta lai di dén viéc hoic tdn tai n # m sao cho (¢n41 — gn)> =
(Gm+1 — ¢m)* hoic tdn tai k sao cho (gx4+1 — gx)> = 22. Trong trudng hop thi nhét, bai todn
dugc gidi quyét tuong tu nhu trudng hop 1 & trén. Trong trudng hop thit hai, cdc quan xe tai 6
(n,pn).(m 4+ 1, ppy1) va (qes1. k + 1), (qx, k) 12 cic cip xe can tim. O

Bai toan 6 (Tran du todn hoc Nga 2010). Mot qudc gia cé 210 thanh phd. Ban ddu giita cdc
thanh phé chua cé duong. Nguoi ta mudn xdy dung mot sé con duong mot chiéu néi giita cdc
thanh phé sao cho: Néu cé duong di tiv A dén B va tiv B dén C thi khong coé duong di tiv A dén
C. Héi c6 thé' xdy dung dugc nhiéu nhdt bao nhiéu duong?

L&i giai. Goi A la thanh phd c6 nhiéu dudng di nhit (gdm ca dudng di xuat phat tif A va dudng
di dén A). Ta chia c4c thanh phé con lai thanh 3 loai. Loai I - C6 dudng di xuét phat tir A. Loai
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II - C6 dudng di dén A. Loai III: Khong c6 dudng di dén A hoic xuét phat tit A. Dt m = |1,
n=|U|, p=|IlIl.Tacom+n+ p = 209.

Dé thiy gitta c4c thanh phd loai I khong c6 dudng di. Tuong tu, gitta cdc thanh phd loai I khong
c6 duong di.

S6 cac duvng di lién quan dén céc thanh phd loai III khong vugt qua p(m + n) (do bac cia
A = m + n 13 16n nhit ).

Téng sb dudng di bao gdm:

e Cic dudng di lién quan dén A : m + n.
e Cic duong di lién quan dén I1I: < p(m + n).

e Cac duong di gitalvall: < mn.

Suy ra téng s6 dudng di nhd hon

(m+n+p+1)> 2107

mn+ (p+1)m+ (p+ Dn < 3 3

Déu bing xay ra véi dd thi 3 phe, mdi phe c6 70 thanh phd, thanh phd phe 1 c¢6 dudng di dén
thanh phd phe 2, thanh phd phe 2 c6 dudng di dén thanh phd phe 3, thanh phd phe 3 c6 dudng
di dén thanh phd phe 1. O

Nhan xét. Bai toan nay con c6 thé giai bang cach 4p dung dinh Iy Turan (chiing minh giita 4

thanh phd bat ky c6 tbi da 5 con dudng).

Bai tap 1 (Vietnam TST 2001). Cho s6 nguyén duong n > 1. Trong khong gian vudng goc
Oxyz, goi T 1a tap hop tht cd cac diém c6 toa do 1a (x, y, z) Vi x, y, z 1a cac sb nguyén duong

thbaman 1 < x,y,z < n.

T6 mau tat ca cac diém thudc tip hop T sao cho: Néu diém A4 (xo, yo, Zo) dudc té mau thi nhitng
di€m c6 dang B (x1, y1,2z1) v6i x1 < X0, V1 < Yo.Z1 < Zo s€ khong dudc td mau. Tim gid tri

16n nhét cic diém dudc té6 mau thoa man diéu kién trén.
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Bai tap 2 (Vietnam TST 2010). Trong mot hdi nghi ¢6 n nude tham gia, moéi nude ¢ k dai
dién (n > k > 1). Ngudi ta chia n - k ngudi nay thanh n nhém, mdi nhém c6 k ngudi sao cho

khong c6 hai ngudi ndo cing nhém dén ti cling mot nude.

Chiing minh rang c6 thé chon ra mot nhém gém 7 ngudi sao cho ho thudc cac nhém khéac nhau

va dén tu cac nudc khac nhau.

Bai tap 3. Trong mot da gidc 16i c6 chita khong it hon m? + 1 diém nguyén. Chiing minh rang

trong da gidc 16i nay tim dugc m + 1 diém nguyén cling ndm trén mot dudng thang.

Bai tap 4. Chiing minh rang trong 9 ngudi bat ky, hodc c6 3 ngudi déi mot quen nhau, hoic c6
4 ngudi doi mot khong quen nhau.

Bai tap 5. Chon ra 69 s6 nguyén duong tif tap hop E = {1,2,...,100}. Chiing minh ring ton
tai 4 sda < b < ¢ < d trong 4 sb dugc chon sao cho a + b + ¢ = d. Két luan bai toan con

ding khong néu ta thay 69 bang 68?

Bai tap 6. Mot qubc gia c6 16 thanh phd va c6 36 tuyén bay ndi giita chiing. Chting minh rang
ta ¢6 thé t6 chiic mot chuyén bay vong quanh gitta 4 thanh phd.

Bai tap 7. Trong mot nhém 7 ngudi ¢6 3 ngudi ddi mot quen nhau va mbi mdt ngudi ny quen

nhiéu hon 1 ntta s6 ngudi trong nhém. Tim s6 it nhat c6 thé sb bd ba ngudi ddi mot quen nhau.

Bai tap 8 (Vietnam TST 2009). Mt hoi nghi toan hoc c6 tit cd 61 + 4 nha todn hoc phai hop
v6i nhau diing 21 + 1 1an (n > 1). Mdi 1an hop, ho ngdi quanh mot cai ban 4 chd va n cdi ban
6 chd, cac vi tri ngdi chia déu khap mdi cdi ban. Biét rang hai nha todn hoc da ngdi canh hoic
dbi dién nhau & mot cudce hop nay thi sé khdng dudc ngdi canh hodc dbi dién nhau & mot cude
hop khac.

(a) Chitng minh rang Ban t8 chiic c6 thé xép dudc chd ngdi néun = 1.

(b) Héi rang Ban t8 chifc c6 thé sap xép dudc chd ngdi dude hay khong véi moi n > 1?

Bai tap 9. Trong mot nhém 12 ngudi gitta 9 ngudi bat ky c6 5 ngudi doi mdt quen nhau. Chiing

minh ring trong nhém nay c¢é 6 ngudi d6i mdt quen nhau.

Bai tap 10 (ARO 2004). Trong mdt qudc gia c6 1001 thanh phd. Hai thanh phd bét ky dugc
ndi véi nhau bdi mot con dudng mot chiéu. Tai mbi thanh phd c6 diing 500 con dudng di ra va
ding 500 con duong di vao. C6 668 thanh phd clia nudc nay tich ra thanh 1ap mot nudc cong
hoa doc 1ap. Chitng minh ring tit mot thanh phd bat ky ciia nuéc cong hoa nay cé thé dén mot

thanh phd bat ky khac ctia nuéc cong hoa ma khong ra khéi pham vi ctia nudc cong hoa.
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Bai tap 11. Trong khong gian c6 2n diém, trong d6 4 diém bét ky khong nim trén mot miit
phang. Ta nbi n? + 1 doan thang véi ddu muit tai cac di€ém nay. Chiing minh ring cac doan thang

tao thanh:

(a) It nhit mot tam gidc.

(b) Khong it hon n tam giac.
Bai tap 12. Trong hinh chit nhét dién tich 1 c6 5 hinh dién tich % mdi hinh. Chiing minh rﬁng
ton tai:

(a) Hai hinh c6 dién tich phan giao khong nhd hon %.

(b) Hai hinh c¢6 dién tich phan chung khéng nhé hon é

N Ot AL er Py A 5 1
(c) Ba hinh c0 dién tich phan chung khong nho hon 5.

Bai tap 13 (ARO 1999). Cic s6 tir 1 d&n 1000000 dudc td bang hai mau tring va den. Mdi budc
di, cho phép chon ra mot sé bat ky tir 1 dén 1000000 va ddi mau tat ca cac s6 khong nguyén tb
cung nhau véi sb d6 thanh mau ngudc lai (den thanh tre“ing, tre”ing thanh den). Hoi ¢ thé sau mot

s6 hitng han budc di bién tit ca cac s6 thanh mau trang ducc khong?

Bai tap 14 (Vietnam TST 2003). Cho 4 s6 nguyén dudng m,n, p,q véi p < m vaq < n. Xét
4 diém A(0,0), B(p,0), C(m,q) va D(m,n) trén mit phang toa do. Xét cic dudng di f tir A
dén D va cic dudng di g tf B dén C sao cho khi di trén f hoic g, ta chi di theo chiéu duong
clia cdc truc toa do va chi d6i hudng tai cic diém c6 toa do nguyén. Goi S 1a sd cic cip dudng
di (f, g) sao cho f va g khong c6 diém chung. Chiing minh ring

S=c!, cCl -ct, cr

m-+n>~m+q—p m+q-~m+n—p-*

Bai tap 15. Tim sb céc tap con 5 phan ti cta {1,2,3,...,2000} c6 tdng cac phan ti chia hét
cho 5.

Bai tap 16. Tap con M cda {1,2,...,15} khong chifa ba phan ti c6 tich 1a s chinh phuong.
Tim s phan ti 16n nhét ctia M.

Bai tap 17 (lran 1999). Giasut S = {1,2,...,n} va Ay, A,,..., Ay la cac tip con cua S sao

cho v6imoi 1 < iq,i,,03,i4 < ktacd
|Ai1 UAi2 UAi3 UAi4| < n—2.

Chiing minh rang k < 2" 2.
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BAI TOAN HAY - LOI GIAI BEP

Nguyén Duy Lién

GIOI THIEU

Chuyén muc nay dudc 14y cam hing tir bai viét ctia thdy Nguyén Duy Lién & sb 6 vé bai
todn s6 6 trong ky thi IMO 2001 vé6i 5 cach giai khac nhau. Muc nay sé d€ danh viét vé
nhiing bai toan hay, 16i giai dep va nhiing ciu chuyén thu vi xung quan nhiing bai toan va
16 giai do.

Tén ctia chuyén muc dugc mugn ti té€n ciia mot nhdm nhitng ngudi yéu toan trén Facebook
do anh Nguyén Vin Ldi sang 1ap “Bai toan hay — Loi gidi dep — Pam mé toan hoc”.
Chuyén muc ghi nhin cc dé ci ctia ban doc va sé chon ding méi ky 1, 2 bai todn.

S6 nay chiing t6i sé gidi thiéu vdi ban doc bai viét clia thay Nguyén Duy Lién véi 5 cach
giai cho bai toan sb 5 trong dé thi IMO 2022, mdt bai toan vita c¢6 thé giai biang lap luan
rit so cép, vira c6 thé tiép cin mot cach bai ban hon bang cic cong cu va dinh Iy manh

ctia Ly thuyét sd.

Bai todn 1. Tim tdt cd cdc bé sé nguyén duong (a,b,p) vdi p nguyéntéva a? = bl +p.

Loi giai 1. Ta chia hai truong hop sau:

o Xét p = 2, phuong trinh ban ddu trd thanh: a®> = b +2 (1)

— Néu b > 3 thi vé phdi ciia (1) chia 3 du 2 suy ra a*> = 2(mod3) vé L.
— Néub =2 suy ra a®> = 4 hay a = 2 vdy ta dugc bo (a,b,p) = (2,2,2).

— Néub=1suyraa®=3voly.

o Xétp > 2
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— Néub < pthido (p,b!) = 1 nén (a?,b!) = 1 suy ra a > b.
Khidé a? —p > (b+1)P — p > WP > b\, mdu thudn.

— Néub > p. Khi dé b! + p chia hét chop = a :p = a > p.
Mt khdc vo(b!) = 1 ( nguoc lai vo(b)) > 1 tir d6 suy ra p:p* vé Iy) suy ra b < 2p,
kéo theo a > p. Do p > 2 nén ta co

a? = bl +p < (2p)! < p*? = a < p?

Pata=kp(ke N 1<k<p)thia?: kb :ksuyrapk.Dodok=1= a=p,
khi do phuong trinh tré thanh p (pP~! — 1) = b (2)
Theo dinh Iy bé dé LTE ta co

vy (PPt = 1) =2wm(p—1)+va(p+1)—1

Ma tie phuong trinh ta co b > p + 1 nén b ! chita cdc udc la 2, p%l,p —1,p+ L
Hon nita tong sé mii diing clia cdc wdc trén la 2vy(p — 1) + vo(p + 1).

Tir do dé’ 2 biéu thitc bang nhau thi 4 s trén bdt budc phdi c¢é cdc sé giong nhau,
thit cdc truong hop ta duoc p — 1 = 2 = p = 3, thay vao ta duoc b = 4.

Khi dé ta dugc bo (a,b,p) = (3,4, 3).

Véy c6 hai by s6 nguyén duong (a, b, p) théa man bai todn la (2,2,2) va (3,4, 3).

L&i gidi 2. Gid sit ta cé bo ba (a, b, p) théa man yéu cdu bai todn. Xét hai truong hop sau:
o Truong hop 1: b < p

Khidoa? =b+p<bWP =a<b=b:a=p:a=a=1
T dé taco b +p=1(véLy).

o Truong hop2: b > pKhidob! :p=a’:p=>a:p=uv,(bl+p)>p=10,0)=1=
p <b<2p.
Tir dé ta c6: a? = b! +p < p** = a < p*
Gid sit a c6 udc nguyén té q # p, khi do b = —p(modq) = b < q. Suy ra

p®> > a > pq > pb > p® (Vo Iy)

Védy a khong co wdc nguyén té khdc p, ma a < p* nén a = p.
Viy phuong trinh da cho trd thanh b! = pP — p  (3).

— Néup = 2 thi (3) trd thanh : b! = 2 suy ra b = 2 ta duoc bé (a,b,p) = (2,2,2).

— Néu p = 3 thi (3) trd thanh : b! = 24 suy ra b = 4 ta dugc bo (a,b,p) = (3,4, 3).
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— Néup > 5thitaco

v (PP —p) = (PP = 1) =wa(p—1) +v2(p+1) +v2(p—1) =1

Uy ((p — 1)2) ,p = 1(mod4)
vy (p* — 1) ,p = 3(mod4)

Mt khdc vy(b!) = b — s9(b) > b — logy b — 1 ( Legendre’s).
Tir do suy ra
2b

b—log, b—1 < max {v, ((p — 1)%) ,v2 (p° — 1) }0b°—1 > p*—1 > gb—logy b—1 _ %

Suy ra
20° —2b > 2" (4)
Kiém tra duoc vdi bdt dcfng (4) sai voi b > 12. Dodo b < 11 = p < 11.
x Viip = 5tacovy(bl) = vy (5°—5) =4, tirdd c6 6 < b < 7 ta thit lai thdy
khong thoa man .
x Voip = "Ttacovy(b) = vy (77T —7) =4, ti do c6 6 < b < 7 ta thit lai thdy
khong théa man .
x Voip = 11tacovy(b) = vy (111 — 1) =3, tiw dé c6 4 < b < 5 ta thit lai thdy

khong thoa man.

Vady c6 hai by s6 nguyén duong (a, b, p) théa mdn bai todn la (2,2,2) va (3,4, 3).
Loi giai 3. Trudc tién, ta co nhdn xét nhu sau:

Nhan xét 1. Vdi moi s6 nguyén t6 p ta cé bdt ding thitc 1 <1 +p <20 &1 < (1 —i—p)% <2
Tir ddy ta c6 b = 1 khong thoa man phuong trinh a? = b! + p. Ta xét hai truong hop sau dady.

o Truong hop 1: Néu?2 < b < p.
Goi q la s6 nguyén té bdt ky théa méan q | b + p = aP thi ¢ > b.
Tir dé ddn dén : b +p < WP < ¢P < aP khi 2 < b < p, mdu thudn.

o Truong hop 2: Néub > p
Thi tir dé bai: a? = bl +ptacéa: pddita=kp(véik € Z*). Luuy v, (a? — p) = 1 vi
vay b < 2ptwddytacol <k < p.
Néu k > 1 tir dé bai ta c6 (kp)? < (2p — 1)! + p. Ldy mét s6 nguyén té r < p,r | k thi
b > r, nhung (kp)? > (r — 1)! + p, mdu thudn .
Viy k =1 hay a = p.
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Khi do phuong trinh ban ddu tré thanh p? = bl +p < pP —p=10!
Ta c6 vy (pP — p) < 2logy(p — 1) ( b6 dé LTE) va

va(D) > va(p!) = p — s2(p) = p —logy(p+ 1)

( Legendre’s). Suy ra p —logy(p+ 1) < 2logy(p — 1) = p < 10, kiém tra cdc truong hop
hitu han trénp = 2,3,5, 7 tathu duocp =2 =a;b=2vap=3 =a;b=4.

Védy c6 hai bo s6 nguyén duong (a, b, p) théa man bai todn la (2,2,2) va (3,4,3)
Loi giai 4. Trudc tién, ta co nhdn xét sau:
Nhan xét 1. a khong chia hét cho bdt ki sé nguyén sé nao q < p.

Ching minh. Gid su nguoc lai q | a, suy ra g\a”? —p = bl = b < q. Dodo b < (¢ —1)! <

@t < ¢P — p, vivdy a < q, mdu thudn.
Bay gio, chung ta xét hai truong hop sau:

o Truong hop 1: Néu p Ja.
p fa=p Jbl = b<p nhuviybd < (p—1)! < pP~! < pP — phodc a < p mdu thudn.

o Truong hop 2: Néup | a. Do v, (a? — p) = 1 = p? JaP —p = b < 2p, dp dung bdt ddng
thite AM — GM ta dugc
o< (2p—1)!
=1-@2p-1)2-(2p—-2)--(p—1)-(p+1)p
2 2
<@)- @) () p

_ ! (p2>P —p
Suy ra a < p*. Véy tir ddy ta dugc a = p.
Khi do phuong trinh dd cho trd thanh a? = bl +p < p’ —p=1>0 /.

— Néu p = 2 dé dang ta tinh duoc a = 2,b = 2 ta duoc b (a,b,c) = (2,2,2)

— Néu p 1é, khi do ta c6 vy (b)) > b_Tl—i- I’TTS > %v&

vy (P —p) =2v2(p— 1) +v2(p+1) — 1 <logy(p+1) +1logy(p — 1) < 2log, p

3p5

Do do chiing ta phdi co < 2logyp & p > 275" , bt ddng thitc nay chi diing

voip < 7.
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Tuy nhiénnéup =7=5|7 —T7(voly)vap=>5= b =5 —5= 3120 ( vo Ly).
p=3=0b=3—3=24=b=4taduoch (a,b,c) = (3,4,3).
Vdy c6 hai by s6 nguyén duong (a, b, p) théa man bai todn la (2,2,2) va (3,4, 3).
Loi giai 5. Trudc tién, ta co hai nhdn xét sau:
Nhan xét 1. Ta phdi co b > p.

Chiing minh. Gid sit nguoc lai b < p. Vdi moi s6 nguyén té ¢ < b, chiing ta cé q | b!vaq fpvi
vay q fa ké'tic’ a > 1.

Diéu nay cé nghialaa > b+ 1va (b+ 1)? < bl + p.

Véi méi p > 2 chiing ta cé (b+1)P > b +pbP~L > 0P +p >b/+ pvély.

Nhan xét 2. Ta phdi co a = p.

Chiing minh. Do b > p = p | bl + p, diéu nay cé nghiala p° | b +pvivayp | avab < 2p — 1.
Bdy gio ta luu ¥ rdang khong co sé nguyén té nao q < p co thé'q | a vi s6 nguyén t6 q do déu
chia hét b\, nhung khong chia hét p nén a? = b! + p khong xdy ra.
Néua # p = a > p* vap® < (2p — 1)! + p. Mdit khdc
2p—1
2p-D'= [ tep—t]-p< @) p=p*"(bdt AM-GM)
t=1,t£p
Diéu nay cé nghia la p* — p*~1 = p**~Y(p — 1) < p ( mdu thudn ).
Vdy a = p.
Khi dé phuong trinh ban ddu tré thanh pP = b +p < pP~t(p — 1) = b, cho mét s6
p<b<2p-1

e Néu p > 5 thi theo dinh Iy Zsigmondy t6n tai mgt s6 nguyén t6 ¢ ma ord,(p) = p — 1, khi
dog|blvag>2p—1(dop—1]q).
Vi vdy chiing ta phdi co b = 2p — 1, nhung khido 2p—1)! > 2p—1)(2p—2)---p > p*
( mdu thudn,).

Vayp < 3.
e Néu p = 2 dé dang ta tinh dugc a = 2,b = 2 ta dugc bo (a,b,c) = (2,2,2).
e Néup=3=b=3%—3=24=b=4taduocbhé (a,b,c) = (3,4,3).

Védy c6 hai bo s6 nguyén duong (a, b, p) théa man bai todn la (2,2,2) va (3,4, 3).

190



Tap chi Epsilon, S6 22, 08/2022

2. Cac bai tap dé nghi

Tu nhiing cach giai trén cac ban van dung vao giai cac bai toan tuong tu sau day nhé.
Bai toan 1 (BulgariaMO 96). Tim tdt cd cdc sé nguyén khong dm x,y, z sao cho:
57 - TV + 4 = 3%,

Bai toan 2 (USAMO 1998). Tim tdt cd cdc s6 nguyén khong dm x5, z sao cho: 3% —2Y = 19%.
Bai toan 3 (VN TST 2019). Tim tdt cd cdc s6 nguyén duong x,y, z sao cho: 2° +1 = 7Y + 2%,
Bai todn 4 (EuroOM 2014). Tim tdt cd cdc so nguyén duong x,vy, z,t théa man:

20" + 14% = (z + 2y + 2)*".
Bai toan 5 (Bilkent University Turkey -3/2022). Tim tdt cd cdc s6 nguyén té p, q théa man

2P = 2172 4 ¢l

Va céc bai toan trén li€u cé bao nhi€u cach giai cac ban hay tim toi va suy nghi cung toi.
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