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Nhuw vdy nguyén ly tinh toan luong tir la viéc tac dong
todn tir Hamiltonian dé cdc bit bién chuyén theo
phitong trinh Schrédinger. Cdi khé ciia viée ché tao
mdy tinh lwong tir la & chd, ngueoi ta viva phai thiét ldp
dwoc hé cdc hat rat nhé va phdi tac dong duoc vao
trang thdi cia tirng hat mgt. Nguyén Lé Anh

(May tinh lwong tir)

Gia sir ¢6 go day la hinh vuéng xép nira tang,

bén mdt déu, cé chiéu rong trén la 7 vién gach,

chiéu rong duwdi la 12 vién, hoi tong so vién gach?

Pham Vin Hoang va céng su

(Toin go dong — Din t6i bai toan tinh tong hitu han trong cac sich toan Han Nom)
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LOI NGO

Chiing toi bat dau Epsilon s6 nay bang mot 15i ngd dic biét: 15i tri an t6i thay Lé Hai Chau
(1926 - 2022) qua mot cau chuyén nhéd do hoc tro clia thay, thdy Tran Nam Diing, k€ lai. Day
cling 12 16i chia xa ctia Epsilon dén mot trong nhiing thay gido ddng kinh nhét. Ching em sé mai
nhé dén thay!

Trong dé thi IMO 1983, c6 mdt bai todn nhu sau:
Cho a, b, ¢ 12 dd dai ba canh ctia mdt tam gidc, ching minh ring

a’b(a — b) + b*c(b—¢) + fa(c —a) > 0 (1)

Nim d6 ca doi tuyén Viét Nam bi bai nay, chi c6 Tran Tuin Hiép di xa nhét va c6 tong diém 1a
31. Toi [Tran Nam Diing] ciing dugc 1 diém & bai nay nhung lai bi trir 1 diém & bai hinh nén
cudi cung dugc 28 diém.

Thay Lé Hai Chau ké lai 12 khong ai giai dugc bai nay (doan Viét Nam ciing khong ai 1am dugc).
Cho nén khi BGK thdy c6 16i gidi chi 2 dong thi qui 4n tuong va da hop dé trao giai dic biét
cho Bernhard Leeb.

Tim hiéu thém thi truéc d6 Bernhard da 2 1an thi IMO va nim 1984 con thi thém mot 1an nita.
Cac nam 1981, 1982, 1984 Bernhard déu dugc HCB, dui diém rat cao (thap nhit 13 35). Néu 1a
bay gid thi Bernhard da dat 4 HCV, mdt thanh tich ddng né.

Bernhard rat gidi ngoai ngit. Cu biét tiéng Phdp, tiéng Anh. Sau nay khi t6i hoc & Moscow van
thinh thodng trao ddi thu tlf (vA 4nh miy cd ban gai ngudi Nga). Hién nay Bernhard Leeb 1a GS
dau nganh ctia PH Munchen, c6 nhiéu cong trinh todn hoc gid tri.

Dudéi day chung toi trinh bay 2 16i giai cia bai toan nay. Ldi giai chinh thic ciia Ban giam khao
va 16i giai 2 dong ctia Bernhard Leeb.

Vi a, b, ¢ 12 3 canh ctia mot tam gidc néntacéthé dita =y + 2, b=z +x vac = o + y v6i
x,y,z > 0.

Thay vao va thuc hién bién d6i, ta c6 bit dang thifc da cho tuong ducng véi

vy® +y2® 4 2 > ayz(r +y + 2). (2)

Ap dung bét dang thiic Cauchy Schwarz ta c6
(v +y2® + 22z + 2+ y) > ayz(y + 2 + 1)

Véi dau bang xay ra khi w — v2 oz e 1a déu bing x4y ra khi va chi khi z = y = 2. Vay
z T Yy
dau bang xay ra G bat dang thiic ban dau khi va chi khi tam giac da cho 1a tam giac deu.
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Trong 15i giai nay, mau chét 1a st dung phépthé a = y + 2, b = z + 2, ¢ = x + y (dudc goi
12 phép thé Ravi, khi di thi vio nim 1983, ching toi chua hé biét dén phép thé nay) dé dua bat
déang thic 1 chi ding véi a, b, ¢ 1a ba canh ctia mot tam giac vé bit dang thic 2 ding véi moi
x,1y,z > 0, tifc 12 gidi quyét dugc khé khin vé diéu kién rang buoc.

Li gidi clia Bernhard Leeb: Khong mét tinh tdng quat ta c6 thé gia st a = max{a, b, c}.

Khi do ta co:

a’b(a —b) +b*c(b—c)+ Fa(c—a) =alb+c—a)(b—c)* +bla—b)(a—c)(a+b—c) > 0.
Ta c6 diéu phéi chiing minh.

Loi gidi nay chinh tay Bernhard Leeb da viét cho tdi trén mot tAm buu thiép. Tiéc 1a qua nhiéu
nim vdi nhiéu 1an di chuyén, to6i khong con gilt duge tAm buu thiép quy dé ma chi nhé 16i gii
ciing nhitng ky niém vé ngudi ban trong ky tic ctia minh.

IMO 1983 di qua dugc gan 40 nim. Chiing tdi, nhitng ¢6 ciu bé 17, 18 tudi hoi d6 gio da thanh
U60. Nhiéu thay gido clia chiing t6i da ra di: Lé Dinh Thinh, Phan Dtic Chinh, Nguyén Ding
Phit, Lé Hai Chau,... Bai viét nay nhu mudn lvu giif lai nhiing ky niém vé ho, nhitng ky niém
vé mot thdi vo tu lu ngly xua clia chuing toi.

Va trudc khi dén véi loat bai chinh, ching toi ciing gti ting dén ban doc mot mén qua khéc,
mot chiing minh tuyét vdi cho bat dang thifc Cauchy tif tic gia quen thuoc Nguyén Lé Anh:

NéuO<a<d <V <bvaa+b=d+Vthiab—a't = (a—a')(b—b)+(a' /b —a/b)bl <0

Ky hiéu Z 1a trung binh cdng ciia n sb duong. Néu cac sb khong phai tit ca bang Z thi sé tim
dugc mot s6 16n hon va mot sb nhd hon Z. Gid sit ddy 1a a < Z < b. Thay chiing biang 2 sé méi
a’ < b véi tong khong d6i a + b = o’ + b’ nhung mot trong hai s6 méi 1a Z. Khi 4y, do ab < o't/
ma tich ctia n sb duong sé ting 1én. Sau khong qua n — 1 1an thay cac sd déu bang nhau va bang
Z, va khi 4y chiing ta c6 dugc chiing minh bit dang thic Cauchy.

Va by gid, mdi ban doc dén vé6i Epsilon 21!
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TU BAI TOAN TONG BINH PHUONG TOI
LY THUYET PHO

Phan Thanh Nam (Pai hoc Munich, Dtc)

G101 THIEU

Bai viét nay sé trinh by mdi quan hé tif mot bai toan phd thong quen thudc (phan tich
mot sd thanh téng hai binh phuong) t6i mot sd bai toan md quan trong trong 1y thuyét
phd (gia thuyét Pélya va gia thuyét Lieb-Thirring).

Chiing ta bat diu véi mot bai toan s6 hoc quen thudc.
Bai toan 1 (Phan tich tong binh phuong). Tim tét ca cc s6 nguyén ducng n c6 thé viét thanh
tdng clia hai binh phuong, tiic 12 phuong trinh

n—=a?+y’
c6 nghi€ém nguyén z,y € Z.
Loi gidi tom tdt. Trude hét, ta nhan xét rang néu z 1 sb nguyén, thi 22 = 0, 1 (mod 4), tic 1a
22 chia 4 du 0 hoic 1. Do d6, néu n = 22 + y? v6ix,y € Z, thin = 0,1,2 (mod 4).

Hé qué 12 ta c6 thé loai trir tit ci cdc s6 n = 3 (mod 4). Néi riéng, néu n = p® vé6i p 1a mot sd
nguyén té6 = 3 (mod 4), thi s6 mii o phéi chin.

Téng quat hon, néu trong phan tich thita sé nguyén td ctia n c6 chiia p® véi p 1a mot sd nguyén

t6 = 3 (mod 4), thi s6 mii o phai chin. Diéu nay c6 thé chiing minh tir

B§ dé: Néu p 12 mot s6 nguyén t6 = 3 (mod 4) va n = z2 + y? chia hét cho p, thi cd z v y déu
chia hét cho p.

Chitng minh b6 dé. Ban doc c6 thé tu ching minh bing cich dung dinh Iy nhd ctia Fermat
(a? = a (mod p) v6i moi a € Z). ]
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Tém lai diéu kién can dé viét n = 2% + y? v6i =,y € Z 1a ta ¢6 phan tich thira sd nguyén td
n=2"][p* []a" (1
p q

véi céc s6 nguyén t6 p = 3 (mod 4), ¢ = 1 (mod 4) va cac s6 mil k, o, 3, € {0,1,2,...} tuy y.

Ngugc lai, (1) cing chinh la diéu ki¢n dii d€ viét n = 2* +y* v6i x,y € Z. That vay, vi [], p**
1a mt s6 chinh phuong, nén ta chi can xét n = 2% [, ¢™ véi céc s6 nguyén t6 ¢ = 1 (mod 4).
Tir dang thifc Diophantus

(a® 4+ b*)(c* 4 d*) = (ac + bd)* + (ad — bc)?

ta c6 thé quy vé hai trudng hop co ban: n = 2 v n = ¢ 12 mot s6 nguyén td = 1 (mod 4). R6
rang 2 = 12 + 12, Trong trudng hgp con lai ta c6

Dinh ly (Girard-Fermat) Néu ¢ 12 mot s6 nguyén t6 = 1 (mod 4), thi ¢ = 22 + % v6i x,y € Z.

Tém lai, (1) 1a diéu kién can va dii d€ mot sb c6 thé viét thanh téng cla hai binh phuong. [

Chung ta van can phai ching minh dinh 1y Girard-Fermat. Két qua niy dudc Girard phat biéu
dau tién vao nim 1625 [1]. Sau d6 trong mdt biic thu giri Mersenne cubi nim 1640, Fermat néu
ra mot phat biéu téng quat, bao gom ca sb cich biéu dién ¢® = 22 + y?, nén két qua nay cling
dugc goi 1a “Dinh ly Giang sinh” ctia Fermat. Theo thudng 1¢, Fermat khong cung cip bt ci
ching minh nao. Ngay nay c6 hon 50 chiing minh khac nhau cho dinh ly nay. Nam 1749, Euler
dua ra chiing minh dau tién bang k§ thuat i vé han trong mot 1a thu viét cho Goldbach. Nam
1975, Lagrange dua ra mot chiing minh khac dua trén viéc nghién ctiu cac dang toan phuong.
Ong st dung két qua co ban sau day

BG dé (Lagrange) Néu ¢ 1a mot s6 nguyén td = 1 (mod 4), thi ton tai mot sd nguyén a sao cho
a® + 1 chia hét cho q.

Chiing minh b6’ dé. Ta c6 thé chona = ((¢g—1)/2)! va dung dinh Iy Wilson a® = (¢—1)! = —1
(mod q). 0

Du6i day ching ta sé két hop B6 dé Lagrange véi cac y tudng hinh hoc dé chiing minh dinh 1y
Girard-Fermat. Mot két qua rat hitu ich 12 dinh Iy Minkowski cho cac ludi.

Pinh nghia: Xét (e;)?_; 12 mot co s3 tuyén tinh ciia R, tic 1a R? = {32 | ze; | 2; € R}. Khi
d6 1u6i sinh bdi (e;)L, 1a

d
A= { Zmiei |my,...,mq € Z}.
i=1

Chu ¥ ring hai co sé khac nhau c6 thé sinh cing mot 1u6i A. Tuy nhién dinh thitc det A =

det((e; - €;)¢;_;) ludn doc 1ap véi cich chon ca s6.

7
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Pinh ly (Minkowski) Xét A 12 mot ludi trong R? va Q 12 mot tap 16i, bi chin, dbi xting tAm sao
cho
Vol(Q) > 2¢det A.

Khi d6 2 N A chifa it nhit mot diém khac 0.

Chitng minh. Ta xét trudng hop A = Z< (det A = 1), trudng hdp téng quat c6 thé chiing minh
bing y tudng tuong tu. Gia st phan ching QN A = {0}. Pt A = 30 = {32 |z € Q}. Khi d6
céc tp hop A +  1udn roi nhau véi o € Z¢ khic nhau. Liy D 1a dudng kinh ctia A va N > D,
ta co

lJ A+2)c[-(V+D,N+ D)

z€ZIN[—N,N]d

LAy thé tich hai vé ta thu dudgc

(2N)*Vol(A4) < (2(N + D))"
Chia hai vé cho (2N)? valdy N — oo ta thu dugc 1 > Vol(A) = 274Vol(Q), mau thuin véi
gi thiét Vol(Q) > 27 det A. O

Bay gid ta c6 thé két luan

Chitng minh dinh 1y Girard-Fermat. Xét mot s6 nguyén t6 ¢ = 1 (mod 4). Theo bd dé La-
grange, ton tai s6 nguyén a sao cho a? + 1 chia hét cho q.

Xét ludi A C R? sinh bdi 2; = (1,a) va 25(0, q). Tacé det A = ¢. Tap hgp
Q= {(z,y) € R?|2” +y* < 2¢}

10, bi chin, d6i xdng tim, va c6
Vol () = 2mq > 4q = 2* det A.

Do do, theo dinh ly Minkowski ton tai (0,0) # (z,y) € QN A, tic 1a (z,y) = mi21 + mozy =
(mq,amq + gms) v6i mq, my € Z va

2g > 2> +y* =mi+ (amy + gma)* =mi(1+a*) =0 (mod q).

Vay ta két luan ¢ = 22 + y? = m? + (am; + gms)?, tiic 1a ¢ c6 thé viét thanh tdng clia hai binh
phuong. 0

Mot hé qua quan trong cua dinh ly Minkowski 1a

Pinh ly (Bit dang thiic Minkowski cho vector ngan nhét) V6i moi ludi bit ky A C R, ton tai
mot vector x € A\ {0} thod man ||z, < |det A|"/%

O day ta diung chuén ||z||c = max(|zy], ..., |2z4|) V6i z = (21, ..., 24) € R
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Chitng minh. Ta c¢6 thé dp dung dinh ly Minkowski v6i Q = {y : ||yllec < ¢} va £ =
min{||z||e |z € A\ {0}}. O

Trong chiing minh dinh 1y Girard-Fermat bén trén, ta c6 thé chon (z,y) 1a vector (khac 0) ngin
nhit trén A = A(z}, z). Trong thuc t&, vector ngin nhét nay c6 thé tinh dudc rit hiéu qua nho
thut toan tim cd sd gian lugc trén ludi ciia Lenstra-Lenstra-Lovasz (LLL). Ban doc hing thu
vé thuét todn LLL va cic ing dung trong 1y thuyét mat ma c6 thé xem thém & [2].

S6 nghiém nguyén ctia phuong trinh 22 + y? = n thudng dudc ky hiéu 1a r5(n). Tu bai toan
phan tich téng binh phuong, ta biét ring r5(n) > 0 khi va chi khi n c6 dang phan tich thira sb

nguyén tb nhu (1), tifc 12
n —= 2k Hp2ap H qﬂq
p q

v6i cic sb nguyén td p = 3 (mod 4) va ¢ = 1 (mod 4). Hon nifa, ta c6 cong thiic Jacobi [3]

ra(n) =4 J(1+ 8y ()

Bai tap: Chiing minh ring v6i moi e > 0 ta c6 r5(n) < O(n®) khi n — oo.
Du6i ngdn ngit hinh hoc, ta thiy ring r,(n) 12 1i gidi cho bai toan sau (v6i R = \/n).
Bai toan 1°. C6 bao nhiéu diém nguyén nam trén dudng tron ban kinh R?
Tuong tu, ta c6 bai toan hinh tron cua Gauss.
Bai todn 2 (Gauss) C6 bao nhiéu diém nguyén ndm trong hinh tron ban kinh R?
V6i mdi R > 0, 13i giai cho bai todn 2 ¢6 thé tinh mdt cach chinh xac 1a

RZ

S(R) =) ry(n).
n=0

Du6i day ching ta quan tdm vé ddng diéu tiém can ctia S(R) khi R — oo. Vi S(R) xAp xi biang
7R?, dién tich ctia hinh tron ban kinh R, nén dai lugng cin quan sat 12 sai s6

E(R) = S(R) — nR.
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Gauss chiing minh ring |E(R)| < O(R). Diéu nay khong quéa ngac nhién, vi O(R) 1a do 16n
ctia chu vi hinh tron ban kinh R. Diéu ddng ngac nhién 1a E(R) thuc su nhé hon nhiéu.

Gia thuyét: V6i moi ¢ > 0 ta c6 |E(R)| < O(R'?*¢) khi R — oo.

O day s6 mii 1/2 + ¢ 12 t&i vu vi Hardy ching minh nam 1915 ring |E(R)| ¢ O(R'Y?log R).
Két qua t6t nhat hién nay 1a ctia Huxley [5]

131

= — = (0.6289...
208

|B(R)| < O(R’(log R)**%), ¢

Duéi day, ching ta sé chiing minh ring |E(R)| < O(R*?) bing céng thiic tong Poisson. Day
12 mot ng dung rét thi vi cla bién ddi Fourier.

Dinh nghia (Bién ddi Fourier) V6i mdi ham s6 f € L'(IR?) ta dinh nghia
fi) = [ e pa)da
R4

trongd6 i2 = —1vak-z =37 kjx;véik = (kj),x = (x;).

Dinh ly (Cong thic tdng Poisson) Néu f € C=(R?), ta c6

Y fa) =" Flk).

xeZ4 kezd
Chitng minh. Vihamsb F : R? — C,

Fx)=Y_ flz+y),

yezZd

12 mot ham tuan hoan (chu ky 1), ta c6 thé viét dudi dang chudi Fourier

F(.CL’) _ Z ak€27rik-z

kezd
where
ay = / F(x)e kg = Z fx+y)e ?™Fedy
[071]d yGZd [Ovl}d
=Y [ s@erm= [ e = )
yezd J utlo1]¢ Rd
Do do R '
D flaty)=Flo) =) f(k)em,
y€eZ4 kezd
NG6i riéng, chon z = 0 ta c6 diéu phai chiing minh. [

10
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Chu y 1a trong chiing minh bén trén, cong thtic

0 1 dF Z f 27rik-$

kezd

ban dau dugc suy ta tif dang thic Parseval trong L?([0, 1]%), do d6 vé mit nguyén tic n6 ding
hau hét ting diém. Tuy nhién, thuc ra né ding vdi moi diém Vi céc ham s6 ca hai vé déu lién tuc
va dugc ndi rong bang tinh tuan hoan. Do d6, diéu kién mau chot dé cong thiic tong Poisson diing
laFvay , ,af f(k)e2m*-= ddu lién tuc. Céc didu kién nay thod méan ching han khi f € C>(R?)

(khi d6 f(k) giam nhanh hon moi da thic khi |k| — 00).
Bay gi¢ chung ta c6 thé chiing minh

Dinh ly. Xét S(R) 1a s6 di€ém nguyén nam trong Br(0) C R?. Tacé

|E(R)| = |S(R) — 7R* < O(R*?®), R — .

Chitng minh ciia Hugh Montgomery. Budc 1. Chu y ring

R) = Z ﬂBR(O)(x

x€Z2

Dé st dung cong thiic Poisson, ta sé thay ham déc trung 1 () b6i cdc ham tron. Xét mot ham
tron dbi xdng

0 < 1 € CF(B1(0)), /dsal =1
R

va dinh nghia véi tham sO1>h>0var >0,
oulz) =W ou(a/h), f(@) = onx Lo o) = [ IRCTCOLY
(0

Khi d6 f, € C2° vata c6 thé dung cong thic tong Poisson

r€Z2 keZ?

Hon nua _ _
Jfron <o) < fren = S(R—-h)<S(R)<S(R+h)

Budc 2. Bay gio ta danh gia |§(r) — 7r2|. Chd y ring

R2 R2 R2

Do d6 trong tdng S(r) ta cAn chin D ko Fr(k). V6i k # 0, ta c6

Fo(k) = Balk) g0 (k) = Gi(hk)rg, o (rk) = @(hk)rﬂl(i?'rl;lkw

11
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vOi ham Bessel |
Ji(t) = —/ et cos0d6.
0

17T

/\

O day ta st dung 5 (k) = pr(hk), 7215, o) (k) = i(rk), v

150 (k) = o0 /(k],0) // e~ 2 M1 q ) Ay = / e~ 2milkeg, [1 — 22day

|z1]2+]z2|2<1

™ . 1 T d .
_ 2mi|k| cos @ : 2 — _ 2milk|cos €\ :
/0 e 2(sin #)“do a /0 pT <e ) sin 0d6

_ .]' /ﬂ 627ri\k:\cos€ cos 6df = J1(27T|k) .
milk[ Jo ||

Ban doc c6 thé tu chiing minh tinh chét ciin ban sau day ctia ham Bessel
Bai tip: Chiing minh ring J;(¢) < Ct~'/2 for all t > 0.

Tur do, ta co /
()] = [BEOR) o k) < oo V20,
1 (0] = LR 1K) < Gz

V6i moi tham sb K > 0, ta c6 thé danh gid

n Crl/? 1/25c1/2
> IR Y G <ok

0<[k|<K 0<|k|<K
va
ri/2
Z |fr |— Z h]k]5/2 = hK1/2
|k|>K |k|>K
Tom lai
1/2 1/2 rt/?
g&;m )| < Cr'?K +ChK1/2
va bing cich chon K > 0 t6i uu chiing ta thu dugc
, /2
| _WT‘_Z|fT‘ h1/2'

k40

Budc 3. Cubi cing, tit S(R — h) < S(R) < S(R + h) va két qui 6 Budc 2, chiing ta két luan
rang

m(R—h)? — O(R};—/@m < S(R) <n(R+h)*+ O(R;—/Z)m
va do d6 i
|S(R) — 7R*| < CRh+ C— i
Chon £ t6i uu (chang han h ~ R~/3) ta thu dugc |S(R) — 7R?| < CR*/>. O

12
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Chitng minh ctia Huxley [5] cho ddnh gi4 t6t nhét hién nay cling dua trén chién thuit tuong tu
nhu trén, tuy nhi€n budc tron hoa ham déc trung 15,0 dudc lam t6t hon (chd y 1a 131/208 =
0.6289... van tuong dbi gan 2/3 = 0.6666...). Cac ky thuat nay ciing c6 thé st dung dé€ danh gia
do ting ctia ham zeta Riemann trén dudng thang R(z) = 1/2.

Néu ban doc hiing thd véi cic tng dung ciia téng Poisson vao ham zeta Riemann, xin doc lai
bai viét [6].

Xét  C RY 1a mot tip md, bi chin. Ching ta biét rang todn ti Dirichlet Laplacian —A trén
L?(€2) ¢6 cac ham riéng tryc chuan {u, }°2,

—Aup = AUy,  Unjgo =0

véi cac tri riéng
O<)\1</\2§..., lim A\, = +o0.

n—oo

Mot trong nhitng van dé ciin ban trong ly thuyét phd 1a
Bai toan 3. Xac dinh dang diéu tiém cén cia A, khi n — oo.

VAn dé nay dudc lién hé t6i Am nhac tif cudn sich ctia Rayleigh nim 1877 [7], sau d6 n6 da
tham nhap sau rong vao nhiéu linh vuc ting dung khéc, chang han vat ly lugng tir. Nhu phan tich
trong [7], do 16n ctia \,, sé phu thudc vao thé tich cta . Nim 1910, Sommerfeld du doan rﬁng

(2m)”

Ay =
(I Bra(0, 1)[€2[)?/

n?d 4+ o(nQ/d)n_m. 3)

Sau d6, Lorentz trinh bay 6 bai gidng & Gottingen vé “Old and new problems of physics”, va
cudi bai giang thi tu 6ng da phat biéu gia thuyét (3) mot 1an nita. C6 10i don ring Hilbert tiing
du dodn 1a gia thuyét ny sé khong dudc chiing minh khi 6ng con sdng [8]. Tuy nhién, mot hoc
tro ciia Hilbert (cling c6 mit trong bai giang ctia Lorentz) 13 Weyl da chiing minh gia thuyét nay
khong qua hai nim sau d6 [9]. Két qua ctia Weyl thudng dudc phat biéu dudi dang tuong duong
12 s6 luong tri riéng nhd hon \ thoa méan

_ |BRd(O7 1)|

Mrsoor Ly = Tan “)

d
2

N = #{n: Ay < A} = L&IQIAZ + o(A
Chitng minh ctia Weyl dua trén su van dung nhuan nhuyén két qua sau.

DPinh ly (Nguyén ly min-max) Cac tri riéng cua toan td Dirichlet Laplacian thod man

[, = inf sup —fQ|Vu|2
dimM:nueM\{O} fﬂ‘uyz

&)
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trong d6 inf dugc 1y trén tht ca cac khong gian con M C C(Q) v6i dim M = n (hoic ta cling
c6 thé thay C°(€2) bing khong gian Sobolev H} ().

Nguyén ly min-max cho phép bi€u dién céc tri riéng qua phuong phdp bién phan. Nguyén ly
nay c6 thé md rong trong nhiéu trusing hop, chang han toan ti khong bi chin trong khong gian
Hilbert, va 12 mot cong cu quan trong trong ly thuyét phd.

Cung thdi gian nay, Weyl ciing dua ra gia thuyét rang s6 hang tiép theo trong (4) sé lién quan
t6i do do bé mit |09

Gia thuyét (Weyl) V6i moi tap © C R? mé, bi chiin, v6i bién 02 di tron, ta c6

1 —1 1
N(A) = LEglQNe = TL5a 1[02AT +0(AF )aee. (©)

Chuing minh gid thuyét Weyl cho hinh vuéng. Cong thic (6) dé dang kiém trakhi Q = [0, 71]? C
R2. Trong trudng hgp nay, céc tri riéng cla toan tit Dirichlet Laplacian —Ap trén L*(Q) 1a

{|lz|* = (22 + 23) |2 = (21, 22) € N* = {1,2,...}%}.

Do do 1

N = 7(S(VA) =4[V - 1)
véi |t| 1a phan nguyén ctia t (ie. [t] <t < |t] + 1 € N). Do d6 gia thuyét (6), trong trudng
hop nay la

1
N(A) = J7A — A2 4 0(A2) 500,
tuong duong véi danh gid |S(R) — mR?| = o(R)p_.0. Pay la diéu chiing ta da biét tlf bai todn
hinh tron cta Gauss. O

Kiém tra gia thuyét ciia Weyl cho cidc mién téng quat 1a mot van dé rat kho, mai t6i nim 1980
méi dude chiing minh cho mdt 16p cic mién 2 c6 bién tron bdi Ivrii [10]. Viéc mé rong két qua
nay cho cdc mién tong quét hon van c6 tinh thdi su, chang han cic mién c6 bién Lipschitz vita
dudc nghién ctiu trong mot bai bao gan day [11].

Nim 1961, trong mot bai bao tudng nhé Weyl [11], Pélya da dua ra gia thuyét sau day.
Gia thuyét (Pélya) Véi moi tip  C R? mé va bi chin, céc tri riéng ctia toan ti Dirichlet
Laplacian trén L?(£2) thoa man

(27T)2 n2/d
(IBra(0, DI|Q)>*

An > Vn > 1. (7)

14
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Nhu viy gia thuyét nay néi rang khong nhitng vé phéi ctia (7) xap xi bang A, khi n — oo theo
dinh 1y Weyl (3), ma né6 thuc su 12 mot chiin dudi cho ), v6i moi n. Gia thuyét (7) tuong duong
v6i )
N(A) < L§4lQAz, YA >0,
diéu nay cling nhét quén véi (6) vi s6 hang thi hai trong (6) 12 mot sd am.
Chitng minh gid thuyét Polya cho hinh vuéng. Gia thuyét (7) c6 thé kiém tra don gian cho hinh
vuodng Q = [0, 7]> C R2. Nhic lai 1a trong trudng hgp nay, tit ca céc tri riéng 1a
{|z[> = (21 + 23) |2 = (21, 22) € N}
Ching ta lién két mbi diém diém nguyén duong x = (1, z2) € N2 v6i mot hinh vudng don vi
Qx = (171,1'1 — 1) X (IQ,J}Q — ]_)

Vi céc hinh vudng @, nay 16i nhau va Q, C Bg(0) khi x € N? N Bx(0), taco

IN2 A BR(0)] :‘ U Q.| <27%Bal=22R|B|.
z€N2NBR(0)
e
/ ° ° . °

Hinh vé: Cac diém nguyén duong trong mot hinh tron

Mit khéc, vi day {)\,} ting nén ludn c6 it nhét n diém nguyén duong bén trong hinh tron Bx(0)
v6i ban kinh R = 1/),,. Do d6 ta két luan

22 21)2
(27) Vn > 1.

n<272\,|B)| <= \,> n = n, >
o EIRVY T
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Trong bai bao [1 1], Pélya chiing minh gia thuyét (7) cho mdt 16p céc tap hop 2 thoa man diéu
kién “mién 1t kin” (tiling domain).

Pinh nghia (Tiling domain). Mot tap Q C R? goi 12 tiling domain néu chiing ta c6 thé 14t kin
R? (trit mot tap c6 do do 0) bang cac phién ban copy rdi nhau ctia {2 (mdi ban copy nhan dudgc
tir 2 sau cac phép tinh tién, xoay hoic phan chiéu).

Chi y ring hinh vudng 1a tiling domain, nhung hinh tron thi khong.

Hinh vé: Lat kin R? béi hinh luc gidc

Pinh Iy (Pélya) Bat dang thic (7) ding khi Q C R? 1a tiling domain.

Chitng minh. Ta sé& st dung nguyén Iy min-max dé dua vé trudng hop hinh vudng. Gia st ta c6
thé dit N ban copy rdi nhau cta €, ki hiéu 1a {Q,,}2_,, vao trong mot hinh vuéng 16n ) C R,
Khi do

D€ chiing minh diéu nay, theo nguyén ly min-max cho A\, (Q) = \x(£2,,), v6i moi e > 0 van, ta
¢6 thé tim duge mot khong gian con My, C C°(£2,) sao cho dim My, = k va

Ae(Q) = \(Q,) > sup M—
et \(0} Jo, Ul

Vi céc tap {0, })_, roi nhau nén khong gian M = @Y | M;,,, € C=(Q) c6 s6 chiéu dim M =
kN. Do do, theo nguyén ly min-max

(€))

2
Men(Q) < sup fQ|VU|

= (10)
ueM\{0} fQ Jul?
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V6i moi ham u € M ta c6 thé viétu = Y,
nén tu (9) ta cod

N N
J1wal =37 [ wul < [ a@uf = n@) [ [vu?
Q n=1"8n n=1"{n Q

Vay tir (10) suy ra Ay (Q) < 11x(Q) + €. LAy € — 0 ta thu dudgc (8).

Uy, VO1 u,, € My, . Visupp u,, C 2, r0i nhau

Mt khdc, st dung két qué (7) véi hinh vudng, ta c6

(2m)*
|Bi| 4| Q[

[SUIN

e (Q) > (kN)a, Vk>1.

Vi Q 1 tilling domain, ta c6 thé chon Q = Qy sao cho |Qx|/(N|Q|) — 1 khi N — oo. T (8)
suy ra

21)? 2 27)? 2
1x(Q) > (2m) (kN)T = yooo Cr)” 13 ve>1

Bl | Qn[>/ | By 4] Q2[2/
O

Hién tai gia thuyét Pélya van chua dudc chiing minh cho hau hét cac tap 2 (khong phai tiling
domain), chang han khi € va hinh tron. Trong truong hop tong quat, tif chiing minh bén trén ta
c6 danh gia

(2m)?

ki, Vk>1
| By|2|©]2/4

() > R(Q)4
trong d6 R(€2) 1a “mat do déng g6i” clia 2, tiic 1a ti 1& khong gian 16n nhit cia R? c6 thé 14t
béng c4c ban copy rdi nhau ctia Q. Xdc dinh R(2) goi la bai todn déng géi (packing problem)
hoic bai todn xép cam. Khi 2 1a hinh tron, thi ta biét ring R(2) = 7/4/12 ~ 0.9069 trong 2

chiéu va R(Q) = 7/v/18 ~ 0.74048... trong 3 chiéu (day la gia thuyét Kepler ndi tiéng). Ban
doc quan tAm t6i bai toan xép cam xin xem thém [ 13, 14].

Néu gia thuyét Pélya 1a diing, thi ta c6 hé qua sau
N 2 N cl
S > Zn% _>/ e = By
ne1 \Bll !Q!W | By a2/ €22
v6i hang s6 ban cd dién (semiclassical constant)
2m)? 2
K = ( <1 + —).
C T ByA d

Phién ban yéu hon nay da dugc chiing minh doc 1ap béi Berezin (1972) [15] va Li-Yau (1983)
[16].

\Y
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Pinh ly (Berezin-Li-Yau) Vi moi tap 2 C R? md va bi chin, céc tri riéng clia toan ti Dirichlet
Laplacian trén L?(€2) thod man

1
Kz(i: N1+% ]

)\n Z T2
€2

NE

n=1

Chiing minh. Ly {u,}_, C HZ(Q) 1a céc vector riéng truc chuan. Ta xem {u,,} nhu la cic
ham trén toan R? (ndi rong bdi 0 bén ngoai ) va dung bién ddi Fourier

N N N
S A= Z/|Vun|2 - Z/pmf’m\? :/|27rk:\2F(k:)dk
n=1 n—le n:le Rd
véi
N N 2
0< Fihy) =Y @)=Y /un(x)e%ik-wdx < / ek |? 4 = |,
=1 n=1 Q 0

O day ta da st dung bit ding thic Bessel. Chu ¥ 1a bai toan cuc tiéu
inf /|27rk|2F(k)dk 0<F< |Q|,/ F=N
Rd
Rd

dat dudc v6i Fy(k) = Q1B 0)(k) tron d6 ban kinh R > 0 dudc xdc dinh béi

1
N \d
N:/ FO:QBR:QBIR”I@R:<—> .
[ Fo=10113x = 0B S
Ham s6 Fy(k) thu dugc tit nguyén Iy bon tdm, tic 1a khi d6 mot lugng nude cho trude ([, F =
N) vio mot bon tim (tuong dng v6i rang budc 0 < F < |Q]) thi nudc sé choang chd tdi da
(F = |9]) tt dudi 1én. Tom lai

N

Kcl
> :/|27rk;|2F(k)dk; > /|27rk;|2](2]dk: |Q|g/dN1+2/d.
n=1 R4 Br

]

Bit dang thiic Berezin-Li-Yau c6 thé phat biéu mot cach tuong duong 1 véi moi hé truc chuin
{un }N_, trong L*(Q) v6i u,, € HL(Q) ta cb

N
Kcl 1_,_% Kcl 5
2 d _ d 1+=

n=1

trong do

pla) = fun(@))
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goi 1a ham mat do cta hé {u, }_,. Két qua nay lién quan tdi

Gia thuyét (Lieb-Thirring [17]) Néu d > 3, thi moi hé truc chuén {u,}"_, trong L2(R%) véi
u, € H'(R?) thod man
N
Z/ |vun‘2 2 chll/ p1+2/d' (12)
n=1 R4 R4

R rang (12) manh hon (11) vi theo bit dang thitc Holder ta c6

1 1+2
142/d <, > (/ ) .
[ 2 foz

Mat khac, (12) khong dung véi d = 1 hodc d = 2. Trong céc trudng hdp nay, Lieb va Thirring
du dodn 12 hing s6 ban cb dién K§' sé dugc thay thé bsi hiing s6 trong bit ding thiic Sobolev

/ Vul® > K3° / D vue HYRY), | ful? =1,
R4 R4

Rd

Bing phuong phap d6i ngau, Lieb va Thirring chitng minh riang (12) tuong duong véi chian dudi
cho céc tri riéng am \; < Ay < ... clia todn ti Schrodinger —A + V trong L?(R?)

D N(AFV) =Te[-A + V(x Lcl/ |[V_|1+d/2 (13)

\i<0
trong d6 V_ = min(V,0) < 01a phan &m cta V' va

Lclzi.ﬂ'
¢ d+2 (2m)d

Tét nhién, (13) dudc du doan 1a ding khid > 3,va sbchieud = 1vad = 2 thi hf?lng s Lgl
cling can thay ddi tuong ty nhu K. Mbi quan hé gilia hai dai lugng nay trong moi chiéu luon 1a

(N (I

Trong [17], Lieb va Thirring da chiing minh dugc (12)-(13) véi cac hang sb khong t6i vu. Phién
ban nay tuy chua hoan hao nhung da c6 nhiing Gng dung quan trong trong viéc nghién ciu
tinh 6n dinh clia cdc hé lugng ti nhiéu hat tif nguyén ti, phan ti, cho téi khi Fermi va cic sao
neutron.

Chu y 1a bt dang thic (13) c¢6 thé lién hé véi dinh Iy Weyl thong qua phép xdp xi bdn cd dién
(semiclassical approximation). Chiing ta biét ring trong cd hoc ¢ dién, médi hat chét diém trong
R? ¢6 thé md ta hoan toan bdi mot cdp trang thai vi tri-dong lugng (z,p) € R? x RY. Mit
khdc, trong co hoc lugng ti ching ta khong thé xac dinh dong thdi ca vi tri va dong luong, theo
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nguyén ly bat dinh ctia Heisenberg. Do d6, mdi hat lugng ti sé dudc mo ta bdi mot ham sd
Y € L*(R?) trong d6
|¢(z)]* = mat do xdc suit cda vi tri,

(k)| = mat do xdc suat ciia dong luong,

tdc 12 ludng tinh séng-hat dugc dung hoa mot cach tu nhién thong qua phép bién ddi Fourier.
Phép xép xi ban c6 dién dé xuét viéc két ndi co hoc luong tit va cd dién bang y tudng chii dao
1a thay thé méi trang thai lugng ti bdi mot mién thé tich don vi trong khong gian pha RY x R?.
Chang han, tdng céc tri riéng 4m clia toan tif Schrodinger c6 thé xAp xi nhu sau:

Tr[—A + V()] ~ / / [127k]* + V (z)]_dkdx = —Lg/ V|72, (14)
R4 JRd Rd
Cic két qua ctia Weyl & dang tdng quat néi rang néu V_ € L'*%2(R?) thi
Tr[—A + AV (2)]- = —Lf}/ IAV_|1H2 o o(AH2), (15)
Rd

O day hing s6 \ dong vai tro ctia 1/h2 véi h 1a Planck constant. Do d6 (15) nhét quan v6i nguyén
tac tuong ing cua Born, tiic 1a co hoc lugng i suy ra cd hoc ¢6 dién khi A — 0.

Nhu vay gia thuyét Lieb-Thirring (13) néi riang xap xi ban c6 dién (14) khong chi ding trong
gi6i han A — 0 nhu (15), ma né con ding mdt cich phd qudt, it nhét 13 nhu mot chin duéi khi
d > 3. Noi riéng, khi ap dung (13) cho

Vi) =

—A ifz e,
+00 ifxdQ

ta thu dugc bt dang thiic Berezin-Li-Yau. Mit khac, ngoai trudng hop don gidn nay, bai todn
(12)-(13) van l1a mdt cau héi md quan trong trong 1y thuyét phd cho toan tir Schrodinger. Ban
doc quan tAm c6 thé€ xem thém bai bdo tong quan [18].
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MAY TINH LUONG TU

Nguyén Lé Anh

C6 qud nhiéu bai viét vé mdy tinh lugng ti nhung cc bai viét iy gay ra sy hiéu 1am cho ngudi
doc.

O Viét Nam c¢6 nhém cia anh D& Ngoc Diép nghién citu nhidu v& thuét giai chay trén mdy tinh
lugng td. Tuy nhién nhém 4y khdng quan tAm vé ban chét tinh to4n ctia mdy tinh lugng ti.

My tinh 12 thiét bi xi Iy thong tin. May tinh hién nay 12 hé thong chuyén dong clia cic dong
dién, dugc diéu khién bdi chuong trinh. Ngudi ta goi ching 1am may tinh ban din. Chit ban din
c6 thé ¢ trang thdi dan dién hodc khong dan dién. Kha ning nay tuy thudc dién dp tdc dong vao
chan diéu khién ctia mach ban din. Thong tin dau vao dudc ma héa thanh cdc xung dién. Xung
c6 dién 4p cao 1a 1, xung c6 dién 4p thip 13 0. Ngudi ta goi chiing 1a cdc bit. Chuong trinh ma
chiing ta viét sé& tac dong vao chan diéu khién khién cho thong tin dau vao dudi dang diy cic
bit chuyén thanh diy céc bit & dau ra. Do hoat dong & dang xung nhip nén tdc do tinh ctia mdy
tinh ban dan bi giéi han. Mdy tinh lugng tif hoat dong cling dua trén nguyén ly chuyén cac day
bit dau vao thanh day bit dau ra. Tuy nhién diy bit dau vio khong phai 12 cac xung dién c6 dién
4p cao hay thip ma dua trén nguyén Iy luong ti héa.

Ching ta van quen véi cd hoc Newton, & do su di chuyén ctia mot vat 1a dude xéac dinh béi luc
F theo phuong trinh phuong trinh chuyén dong 1a F' = —ma. Néu c6 nhiéu vat cing tham gia
chuyén dong thi gitta chiing c6 luc hiit va khi mot vat thay d6i vi tri sé khién cho luc tac dong
1én vt kia ciing thay d6i theo, ci thé ma hé thdng bién ddi. Piéu ma chiing ta can phai luu vy,
chuyén dong trong co hoc Newton 1a nghiém ctia hé phuong trinh vi phin va chiing c6 quy dao
la lién tuc.

P6i v6i hé gdm céac vat thé rat nhé thi chiing & dang cic luong ti. Tidc ching chi c6 thé &
dang mot trong sd nao do cic trang thai tach biét . Su bién d6i khi a4y khong con theo phuong
trinh Newton nita ma theo phuong trinh Schrodinger i0|W)/=H|¥), trong d6 H la ma tran
Hamiltonian. Nhu vdy bang viéc Iwa chon ma trin H chiing ta c6 thé chuyén vt chit & trang
thai lugng ti nay sang trang thai lugng ti kia (tdc day bit 0,1 nay thanh day 0,1 kia). D6 1a ban
chét ctia tinh todn luong ti.

LAy vi du nhu huéng tu quay ctia mot electron 1a lugng tir héa va chi ¢6 thé ¢6 2 trang thai. Mot
hé ¥ gdm n electron s& c6 2" trang thdi luong tif cho huéng tu quay ctia chiing. Thong tin dau
vao dudgc ma hdéa dudi dang mot trang thai lugng tir ciia W, tic la day nao do cac bit, sau tac
dong ctia ma trin Hamiltonian, né chuyén thanh trang thdi luong ti méi & dau ra.

Nhu viy nguyén ly tinh toan ludng tii 13 viéc tac dong toan t Hamiltonian d€ cac bit bién chuyén
theo phuong trinh Schrodinger. C4i khoé ctia viéc ché tao may tinh ludng ti 12 & chd, ngudi ta vira
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phai thiét 1ap dudc hé cac hat rat nhé va phai tac dong dudc vao trang thdi cia tiing hat mot. DE
tdc dong dudc vao tiing hat ngudi ta phai tim cach tach cdc hat ra xa ma chiing van lién quan véi
nhau nhu 12 & gan. C4i thudc tinh dé& 1am dudc diéu ndy dudc goi 12 r6i luogng tir, entaglement.
Réi lugng i cho phép thiét 14p hé vat chit & rit xa nhau ma nhu & gan, va vi thé ching tuan thi
phuong trinh Schrodinger. Viéc thay ddi trang théi lugng t duge thuc hién thong qua cdc ma
tran Hamiltonian don gian, dugc goi 1a gate. Chuong trinh cho mdy tinh ludng ti 1a viéc két ni
cac ma trin Hamiltonian don gian lai v6i nhau (c4c gate) dé thanh ma tran Hamiltonian can phai
c6 dé€ bién ddi trang thdi luong tif dau vao thanh trang thai luong ti dau ra. Chiing ta goi cdc ma
tran Hamiltonian dudc tao ra tif cadc ma tran Hamiltonian co ban 1a chuong trinh cho mdy tinh
lugng ta.

Nhoém ctia anh D6 Ngoc Diép di tim cdc ma trAn Hamiltonian, tdc céc chuong trinh cho phép
giai cdc bai toan nhat dinh nao diy trén mdy tinh luong ti.

Cudc dua ché tao mdy tinh luong ti dang dién ra rat quyét liét. Hy vong, budc vao nim mdi, cic
ban c6 thé hiéu dudc ban chit ctia tinh todn lugng ti d€ nhanh chdng di vao linh vuc nay.
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TRIEU DA LA AI?

Nguyén Lé Anh

GIOI THIEU

Lién tuc trong 8 s6 Epsilon gan diy, chiing tdi luén c¢6 chuyén muc pham phd lich st
thong qua tu duy 16-gich va phuong phap suy luin khoa hoc. Ching t6i mubn gidi thiéu
v6i doc gia ching ta c6 thé lam dudc nhiing gi véi tu duy toan hoc, thong qua nhiing
nghién cifu miét mai ctia nha toan hoc Nguyén Lé Anh. Trong s nay, chiing tdi tiép tuc
ding nhitng ghi chép ctia 6ng, nhitng n6 luc khdng ngling nghi cling v6i nhitng khdm pha
m&i. Pay ciing 12 18i kéu goi cong dong trong viéc cuing chung tay xiy dung mat tai liéu
lich st cho dan tdc ching ta - dan toc Viét Nam.

Trong s6 Epsilon nay, chiing tdi tran trong ding mot bai viét rAt méi clia dng vé mot nhan
vat rt diic biét trong lich sif dan tdc ta va Trung Qudc: Tridu Da.

80 nghin nim vé trudc c6 mot thdi diém muc nudc bién rat thip, loai ngudi thong minh 1a &
tién truc tiép clia lodi ngudi hién nay da vudt dudc bién ra khéi chau Phi d€ di cu vao luc dia
A-Au. Trong bang tuan hoan Mendeleev hai nguyén t6 kim loai héa tri 1 12 Na va Ka ding gan
nhau. Ching c6 tinh chit héa ly gan giébng nhau, cac Ion Natri va Kali ¢6 thé thay déi vi tri cho
nhau trong cdc hop chit héa hoc. Ty 1é Ton Natri va Kali chinh 13 co sé d€ ndo ngudi ding lam
bit nhS. Nhu thé loai ngudi 1a dong vat thong minh khong thé sdng thiéu mudi. Do gia stic chi
méi dudc thuan héa tir 10000 nim cho t6i 7000 nim vé trudc, va vi chi c6 thé st dung gia stic
dé€ tho hang, nén cac cudc di cu tao thanh cic vét dan cu 6n dinh theo cac con dudng vao siu
trong luc dia xa bién chi c6 thé c6 sau 10000 nim vé trudc.

Vi viy su di cu ctia loai ngudi chi ¢ thé dién ra bang thuyén doc theo bd bién d€ téi dinh cu &
cdc clia song, ndi vira c6 thé bat dudc cac loai cua dc 1am thic dn, vita cé nudc ngot dé udng.
Khoang 20 nghin nim vé tru6c muc nudc bién thap hon ngay nay 120m. Vinh Ha Long c6 do
sau trung binh khoang 70m, tt 20 nghin nim vé trudc loai ngudi tién s nay da dinh cu & viing
ma nay 12 Vinh Ha Long, doc theo con song Hong. Song Hong ngay 4y chdy ra tin phia gan
quin dao Hoang Sa. Noi diy ngoai 1gi thé vé& nudc ngot va tdm cua bc cd dé bit, con c6 cac ho
cay thudc loai va cung cip dudng va tinh bot.

Thai tiét Am dan muc nude bién dang cao, cu dan Ha Long tién st di cu dan 1én viing cao. Mot
phan cu dan tién st sdng & dong bang Ha Long di cu vé phia Bic téi cac ving nay 1 Quang
Pong Quang Tay, ho 1a cu dan Bach Viét. Khodng 10 nghin nim vé truSc muc nuéc bién da
dang cao thém 70m, nhan chim ddng bang ha Long xudng dudi lan nuéc bién, nhung phan dong
bang Bic Bo nhu chiing ta thiy ngay nay thi van kho rdo. Nhu thé Bach Viét va ching ta ciing
thudc mot chiing ngudi & ddng bang Ha Long, nhung cé vin héa khac nhan nhau vi da chia tay
nhau tif 10 nghin nim vé truéc. Piém khac biét du tién vé vin héa la hé luy cia viéc "Khic
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véi viing dit & dong bang Bac B, noi cdi dn c6 thé tim thdy quanh nim; cu dan sdng & ving
Quéng Pong Quang tay t6i mua dong khong cé cdi in, ho sé& gay chién giét ngudi dé cudp do
an!". Giao thong ciing khéc, & ving dong bang Bic Bo giao thong bang thuyén, & ving 6n ddi
Quéng Pong Quang Tay giao thong bd. Khoang 3000 nim vé trudc cu dan Bach Viét trai qua
ché do chién hitu n6 1&, nhung & viing dong bing Bic Bo thi khong. Ché do chiém hitu no 1& da
thic ddy kinh té phat trién, va vi thé tir 3000 nim vé trudc cho t6i tan ddu Cong Nguyén cu dan
Biéch Viét di cu t6i Viét Nam c6 dudc cac 10i thé nhu c¢6 chit viét, biét dugc nhiéu cong nghé
san xut, va biét thuong thuyét 1am #n kinh doanh buén bén.

Nhiéu nha nghién citu cb cong di tim ngudn gdc chit viét Viét. Trén thuc té chit viét dudc hinh
thanh mdt cach tu nhién & moi dan toc, chii yéu 12 tif nhu cau tdm linh. Thiia ban dau d6 chi 1a
céc ky hiéu d€ linh hon tim dudc dudng hoi sinh. Hé thong ky hiéu nay ciing chi gidi han & tang
16p thay Mo thay Ciing, khong mang tinh xa hoi vi khong c¢6 nhu cau. Chinh viéc chiém hitu nd
1¢ dem lai san xult va luu thong hang hod 1a tién dé thic ddy viéc st dung ngdn ngit viét.

Vung Bic Viét Nam bi bao boc bdi cac ddy ndi cao hang nghin mét, rong hang trim kilomet vdi
nhiéu loai thd dit in thit, chinh vi thé cho t6i tin dau Cong Nguyén, hau nhu khong thé cé cic
cudc di cu 16n nao tit Bach Viét t6i viing nay. D€ c6 thé thiy dudc 1o hon su that, vio dau Cong
Nguyén dan sb cu dan séng tai ddng bang Bac Bo da 1én t6i hon 700 nghin ngudi. Cac cudc di
cu nhd 1@ vai trim ngudi doc theo bd bién bi dong héa vin héa va do trude ddy ho cling mot gbe
Gen ma ho hoa dong vao thanh mot dan tdc duy nhat. Nhu thé tt ca ca cac dong ho khéc nhau,
HO, Ngo, Ly, Lé, Tran,.. ching ta déu cung thudc mot dan toc véi hé gen thuan nhat va véi véi
nén vin héa ké thira tir vin héa Go Pdng & dong bang Ha Long 20 nghin nim xua.

Cu dan Bach Viét di cu t6i Viét Nam biét cach thuong thuyét va 1am An budn ban nén ho thu
phuc dudc cac lang x6m Viét dé€ chdng lai sy d6 hd clia ngoai bang. Phai mai t6i tan thé ky thi
9, cdc chinh quyén Viét Nam méi chinh thiic st dung chit viét trong hanh chinh. Truéc d6 thi
ngudi Viét chi c6 tén dé phan biét trong lang chi khong cé nhu cau vé ho tén. Khi gianh dudc
doc 1ap va phai c¢6 tén d€ quan ly, thi hau nhu ngudi dan Viét 1ay ho theo ho cac doi vua. Chinh
vi thé ma cong dong ngudi Viét c6 cam gidc 1a dan di cu tir Bach Viét t6i. Cac ddy nii phia Bac
Viét Nam va ci Song Hong dudc sinh ra tif sy va cham luc dia, va vi thé ma noi day 1a ving
dAt rat gidu thi nguyén cung vdi khodng san 16 thién. Chinh vi thé tit 3000 nim vé tru6c cu dan
séng & vung dong bang Ha Long di cu 1én cdc ving ma nay 1a dong bang Bac Bo c6 dudc cudc
séng tot hon, do ho c6 thé trong trot dudce nhiéu loai cy cdi hoa mau luong thuc tudi tot quanh
niam. Do diéu kién tu nhién Go Ddi 6n dinh trong su6t 20 nghin nim qua ma vin héa Go Ddi 1a
thd vin héa 6n dinh. Chinh day 1 yéu t6 vin héa khién cho ngdn ngit Viét 1a mot trong nhiing
ngodn ngif giao tiép c6 kha ning md phéng tu nhién ciing nhu tu duy rat tot.

Nhu thé khong phai chiing ta 12 ¢6 gbc Bach Viét. Ching ta 1a hau dué cia cu dan séng & dong
bang Ha Long 20 nghin nim trudc day. Khi nudc bién dang cao ho da di tan vao cdc ving nui,
va khi ddng bing dudc phu sa song Hong bdi rong ra thi mot bo phan da di cu xudng viing dét
méi. Cu dan & lai viing nii 12 ngudi Mudng, va chiing ta, nhiing ngudi di cu t6i ving dat méi
& dong bang 12 ngudi Kinh. Cac déan toc khac di cu t6i Viét Nam trong qua trinh di cu tu nhién
v6i toc do 300km cho 1000 nim. Ngudi Thai va Tay khoang thé ky thit 7, va theo nhu nghién
cifu ctia anh Mai Thanh Son, ngudi Mong 1a khoang thé ky 17.

D¢ hi€u sau hon ching ta di phan tich vin héa Viét Nam. Cai tén Viét Nam ciing khong phai
do chiing ta tu dit, ddy 1a cich ma ngudi Phuong Bic st dung chit Han d€ viét vé Bach Viét &
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phuong Nam. Su hiéu biét vé dia ly vao thdi 3000 nim vé trudc chua di dé xac dinh dudc ving
d4t ma nay 1a Viét Nam, bdi khi 4y gan nhu toan bo dong biang Bic Bo chua c6, né 1a vinh nong
bi nudc bién bao phi.

R4t nhiéu nha thong thdi Viét Nam st dung ¢ st Trung Qudc dé 14p luan suy dién cb tim ra su
that, nhung ho khong hé hiéu 12 cic quyén cd st 4y 1a khong c6. Hay néi mot cach ding hon
nhiing thif ma chiing ta van coi 1a su that thi déu 1a cdc tdc phdm bia ra tif nhiing tu liéu dudc
viét bang chit Han C8. Nhiing chit Hin C§ nay, dudc viét trén cac thanh tre va cii sau mot thoi
gian bi mbi mot thi phai sao chép lai. Qua trinh "tam sao that ban" da d€ lai cc chit vo nghia
da danh ma & céc thdi dai khdc nhau cic con Hén ty ciing khdng ¢ nghia duy nhat. Vi thé cic
C6 Han Thu déu 1a céc tac pham suy doan gidi ma cic ky hiéu tli cdc cic thé tre va dugc soan
ra d€ phuc vu cho muc dich chinh tri. Nhitng su kién c6 trong tu liéu dugc cho 1a Hian C6 nhu
St Ky Tu Ma Thién dudc viét ra dua theo cac su kién truyén thuyét tir 2000 nim trudc khi Tu
Ma Thién ra doi. Pbi véi Hau Han Thu ciing thé. D6 1a tap hop cac su kién ma duge dude Pham
Bing viét lai sau nhitng 500. Hon thé nita okhai niém vé Trung Qubc nhu mot qubc gia cling
chua hé c6 d€ ma néi vé chii nhan cia C6 Han Thu va vé viéc dd ho Viét Nam. Nhu thé cac dir
liéu c6 trong C6 Han Thu chi 1a céc tu liéu ddi sanh, khong thé Ia tu liéu dang tin cdy. Céc tai
liéu c6 st Viét Nam dudc soan ra tit C6 St Trung Qudc ciing & trang thai tuong tu.

Chiing ta tim lai lich st bang mot cach khac.

Muc nude bién dang cho t6i khoang 6000 nim vé trudc thi ding lai va giff nguyén nhu vay cho
t6i tin ngay nay. Khodng 6000 vé trudc bd bién di vao t6i tin Phd Tho, ven theo chan diy nii
Tam Do va ving Hoa Binh. Pong biang Bac Bo cii bi nhin chim dudi muc nudc bién. M&i nim
cdc hé théng song 1y di tir cdc ving ddi nii Viét Nam khoang 100 triéu tin phl sa, khodng
75 triéu mét khdi dit bdi xudng ving triing va 1ap dan vinh bién. Cti mdi nim phi sa bdi thém
khoang Smm khién cho ddng bang Bic B cii bi nam & duéi 16p dat phu sa. Lép phu sa nay sau
dan tit Phd Tho ra dén bo bién. Khoan thim do ciing di tim thiy diu vét ctia thuc vat § dong
bang Bac Bo cii nay.

Xét vé mit cau tric thi toan bo dong bang Bic bo va ca ving ddy vinh Ha Long nay la do phu
sa clia song Hong boi ddp tir nhiéu triéu nim vé trudc bdi ma thanh. Dong phi sa ra téi bién
thi giip dong Hai Luu chay ngudc chiéu kim dong hod ddy trd lai von thanh cac go. Cd mdi khi
mula mua la nude cac con sdng do vé lam tran ngap khap moi noi va dua phu sa vé boi cho cic
viing dat cao thém. Trén go c6 cdy moc. Gi6 thdi bui quan vao chd c6 cic ciy bui khién cho go
dét cao dan 1én. Tai nhiing noi cao nhét thudng 12 noi chim dau, chiing tha cic loai qui vé dn va
nhiing ndi cao nhit trén go thudng 1a ndi c6 cdy thudc loai va, nhu da, sung,... Trén cic go cao
nudc ngot tu chay quanh nim nay c6 ngudi sinh séng. Cudc séng trén cac go c6 nudc ngot chay
quanh tao ra vin héa go déng. Vin héa Go Pdng khac han véi vin héa vung nii hay ving thao
nguyén. Tai noi cao nhit ctia go 13 noi ngdi nha dau tién dudc dung 1én, d6 chinh Ia dinh lang
vé sau. Dinh 12 noi nhitng ngudi dau tién t6i dinh cu tai go, nén diy 12 ndi t6 tién ctia lang. Dinh
1 noi hdi hop d€ dua ra cac quyét dinh chung. Dinh luén gin véi cay Pa vi dinh dudc dung noi
cao nhét clia go. Giéng dinh chinh 12 giéng nudc clia ngdi nha dau tién, né dude bao vé sach sé
tranh nuéc mua hay nudc lut tran vao. Khi cu dan trd nén dong dic hon ho séng doc theo cic
con dudng t6i dinh, vira tién dé€ 1iy nu6c dung va tién dé t6i dinh. Nhu thé d6i véi ngudi Viét thi
"moi con dudng déu téi Dinh Lang". Phuong thic san xuit Go Pong ning vé hai lugm. Thiic dn
¢6 quanh nim va dé kiém. Cu dan Go Pébng danh bt tom cua c4 ngay tai cic viing nuéc chay
quanh. Cac cay ho va trén go cung cép luong thuc.
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Do dudgc phii sa bdi ma vinh dong bang Bac B trd nén nong dan. Phu sa khién cho b bién 14n
dan ra va bién hep lai thanh con song Hong. Cti 1000 nim thi cifa song Hong ra bién lai chay
dan ra xa 45km. Khao c6 hoc cho thdy tinh lién tuc ctia cdc tAng vin héa tif nhiéu nghin nim vé
truée, ching to su hinh thanh ty nhién cia cu dan ban dia, khong phai la su di cu tif ndi khac téi.
Vao khoang 7000 nidm vé trudc, noi day da xuét hién cdc gidong cdy trong va vat nudi. Phuong
thic san xuit chuyén sang chiin nudi trong trot. Cho t6i tin ddu Cong Nguyén thi phuong thifc
san xuit § dong bang Bac B van mang ning tinh Go Péng. Noi ddy, tuy khong trai qua thdi ky
chiém hitu N6 Lé nhung quan hé Go Pdng trén thuc chit 12 mot thit nd 1é tra hinh.

Vao khodng thé ky 12 cho t6i thé ky 18 muc nuSc bién xudng thip khoang 0.5m, nhu thé di dé
lugng nuéc mua it hon, muc nudc song thap hon khoang 2m khién cho mot viing dam 1ay rat 16n
& ddng bang Bac BoO ngay nay trd nén kho rdo. Luong thuc vi thé 1am ra dugc nhiéu hon, dan
s6 ting nhanh hon. Py la thoi ky dan toc Viét Nam tré nén hung manh hon. Nha Tran chang
nhiing danh thing quan Nguyén Mong, ma cic triéu dinh vé sau ciing da thu phuc dudc nhiéu
qubc gia md rong bd coi vé phia Nam. Sau khi ddnh thang quan Nguyén, cac Vua Trin dua ra
quyét dinh viét sif dan tdc. R4t nhiéu tich ¢d ctia Bach Viét duge du nhap va vat thé héa thanh
tai san lich st ctia Viét Nam. Mot trong sb cédc tich st 4y 1a Triéu Pa. Khodng nim 250 trudc
Cong Nguyén cong nghé luyén kim sat xuit hién & ving doc song Duong Tit. St cho phép lam
ra vii khi va truc cho xe kéo, n6 1a nguyén nhén thic ddy su phat trién kinh t& va din t6i cic
cuoc chién tranh chiém doat ma Trung Quéc goi 12 théng nhit dit nuée. Piém cao 1a cudc chién
tranh do Tan Thdy Hoang thong nhit Trung Hoa sau khi tiéu diét sau nudc chu hau, chAm diit
thoi ky Chién Qudc vao nim 221 TCN. Triéu Pa 1a vo tuéng theo 1énh Tan Thuy Hoang, 1am
dudng vuot qua day Ngii Linh, ddn quan danh chiém lanh thé clia cac bo toc Bach Viét bao gdm
vung Quang Pong, Quang Tay.

Cic st gia Trung Qudc va Viét Nam cho rang Triéu Da c6 biét dén va danh chiém ca Bac Viét
Nam. Trén thuc té khong nhu vdy. Phuong thifc san xuat ma Triéu Da thuc hién 1a ché do chiém
hitu N6 L&. Vi thé viéc tién danh Bach Viét 1a khong dé, khong thé khong vap phai su khéang cu,
nhét 13 khi Triéu Pa khong con c6 dudc su hd trg vé miit quan su cia nha Tan. Triéu Pa danh
chiém Bach Viét 1a ndm 50 tudi. Cac tinh toan cho rang Triéu Da séng 1au 120 tudi, tuy nhién
d6 chi 1a suy dién. Viéc dn udng chdi bdi trac tang khé ma c6 thé duy tri dudc qua dudc 100
tudi. Cho du 1a Triéu Pa c6 thé sdng 1au nhung tudi tho trung binh clia ngudi thudng vao thdi
gian Ay chi khodng chua t6i 50 tudi. Ho sé chét khong phai vi déi rét thi ciing vi bénh tat. Nhu
chiing ta da luu y & trén viin héa Bach Viét 1a thif viin héa chém giét chit khong don gian 1a than
phuc. Cti cho 12 binh linh ctia Triéu Pa khi tién quan danh Bach Viét c6 tudi 12 20, thi véi thoi
gian 30 nam, v6i mdt lugng quan linh nguGi ngua it i, va véi su khac biét van hoa, thi Triéu Pa
khong di kha niing dé€ binh dinh mot viing dat rong 16n Quang Pong va Quéang Tay. Hién nhién
12 Triéu Pa phai tim c4ch hoa hodn d€ ton tai cho ban than. Nhu thé trong ca cudc doi con lai
ctia minh Triéu Da khong thé biét dén manh dit ma nay 1a Viét Nam.

Lich st nén dudc soi doi bf?mg khoa hoc. Phan dit nay 1a dong bﬁng Bic Bo khi xua 1a khu
vic Go Péng c6 nude chidy quanh. Cu dan noi ddy di lai bang thuyén. Bdi bao quanh lang 1a
rudng nudc viéc tién quan danh chiém nhanh bing ngua 1a khong thé. Kha ning tic chién lau
dai khong dé bdi khong cé di luong thuc, ngoai ra la nudc va cac bénh nhiét d6i truyén nhiém
s& 1am cho quan si ctia Triéu Da, nhiing ngudi viing dn ddi, bi bénh ma chét dan. Ngudi dan dia
phuong d thich nghi, hon thé c6 thé chay rit vao dam lay, vao riing ndi nhiéu ngdy ma khong
so chét doi.
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Ving dat nay 2500 nim vé trudc chang nhitng 1a ddm iy ma t6i tin thé ky 16 riing con bao
pht ¢4 t6i tan khu vuc Ho Tay. Noi day 2500 vé trudc chi ¢6 cdc go dong véi dinh lang 1a mot
tht chinh quyén phan tan, khong dé d€ doi quan Vién Chinh c6 thé 4p dit su thdng tri. Dit gia
st nhu Triéu Pa c6 tién danh va dit dugc 4ch thdng tri 1én manh dit nay thi hién nhién ché do
chiém hitu no 1& da dudc thiét 1ap. Va vin héa Go Péng da khong con ma thay vao dé la thi
viin héa nhu mot ban sao ctia Bach Viét. Khao c6 hoc méi chi tim thiy dau vét clia tién vao thé
ky thii 3 sau Cong Nguyén, chua tim thdy diu vét cia tién tru6c Cong Nguyén. Nhu thé cu dan
khu vuc nay van chua hé trai qua thdi ky chiém hitu no 1€, chua c6 san xuit hang héa. Cho t6i
tan ngay nay cu dan & day van tuan thii mot thd vin héa khong chip nhan su dd ho. Tham chi
cdi gbc viin héa Go Pdng dugc hun dic nang tam 1én thanh vin héa Lang X va con luu lai cho
tGi tan ngay nay.

2200 nidm vé trudc, ddng bang Bic B khi 4y phin 16n 1a dim l1ay. Noi ddy chang nhitng khong
dé tién quan ma ciing khong hé c6 mot con dudng nao di qua dugc bién gidi Viét Nam. Pudc
bao boc bdi riing nii day thd dit, cing cdc diy ndi cao ca vai kilomet, dai nhiéu nghin kilomet
va rong hon 500km viéc tién quan 13 khong thé. Con néu nhu ¢ mot doi quan nhd tién dén
dugc Viét Nam thi khong thé gay chién vdi tit ca cdc lang xa Viét. VAy néi ding hon, su hiéu
biét ctia Triéu Pa vé Viét Nam ciing chi gigi han nhu Bach Viét, va chua bao gid ¢ su d6 hod
ctia Triéu Pa 1én manh dit ma nay 1a Bac Viét Nam. C6 sit Trung Qudc mot vai yéu t6 suy dién
cho rang Triéu Pa c6 st dung qua cap biéu xén d€ lay long cac tdc trudng va céc toc trudng niy
chép nhan quy phuc Triéu Da. Trén thuc té d6 chi 1 nhiing ving dit Quang Tay & phia Bac Viét
Nam, noi 4y lac hau va Triéu Da c6 kha ning tién quan ddnh chiém. Khong c6 mot chiing minh
thuyét phuc nao cho thiy cac viing dét véi tén goi nhu thé 12 & Viét Nam ta ngay nay. Trén thuc
té bd bién Viét Nam xua la cang bién trong khu vuc. Mot vai thap ky truéc Cong Nguyén, Phat
Gido nguyén thiy da du nap vao khu vuc nay véi day cac di tich Chuia C8. Cu dan cdc ving ven
bién phia Bic ving Quang Ninh va Quang Tay van c6 giao Iuu ty nhién bang thuyén ven bién.
Su giao luu nay da c6 tif 20 nghin nim vé trudc, va vi thé nhitng thi ma Triéu Pa cho 1a qua cap
thi khong phai 12 nhitng thd di dé hip dan.

Hon thé nhitng d6 Pong nién dai Pong Son 2500 nim vé trudc dude tim thiy & trén manh dét
Viét Nam lai 12 nhiing san pham dep nhét, tinh sdo nhit ma khong mot noi nao c6 dudc. Nhu
thé kh4i niém qua cap ctia Triéu Da chi 1 su suy dién hoang tudng. Pit gia st nhu Triéu Da c¢6
st dung qua cdp dé hdi 16 dudc cac thi linh, ma ching ta tam goi 1a cac Lac Tuéng, Lac Hau
thi muc tiéu ctia viéc nay chii yéu dé Triéu Pa dudc yén than, hoan toan khong thé ding vai ba
thi qua cap dé bat mot dan tdc phai 1am no dich. Tir dic diém vin héa ma suy, cu dan Viét Nam
cho t6i tin ngay nay nhu cau in hdi 16 ngay cang 16n va viéc nhé t6i trach nhiém cta viéc dn hoi
16 thi gan nhu khong c¢6. Vy nén viéc tin vao miy thi qua cap Triéu Pa 12 16 bich.

Nhu ching ta da Iuu y, viéc nhin nhén lai lich st phai trong khudn khé khoa hoc. Truée khi
Tan sai Triéu Pa danh chiém thi ving d4t Quang Pong va Quéang Tay, thi nhiing ving dit nay
1a khong bi phuong Bic gy su. Nguyén nhan la do day la nhiing ving dong dan va c6 kinh té
phat trién. S& di Triéu Pa danh chiém dudc cac ving dit nay 12 do ho c6 dugc cong nghé luyén
kim sat. Tuy vay su chdng cu 1a khing khiép. Piéu nay thi c¢6 thé thiy dudc tir su that lich st
d6 13 viéc Han Quang Vil Bé da phai thuc thi chinh sach gidi phéng N6 Lé — ma nguyén nhan
sau xa 12 tim moi cach dé 1am suy yéu chinh quyén chu hau duong thoi. Han Quang Vii Dé sinh
vao dau Cong Nguyén, séng tho 60 tudi. Nhu thé cho t6i tin dau Cong Nguyén véi cong lao clia
Han Quang Vii Dé, viéc Han Hoa cac ving Bach Viét méi dudc thuc hién. Vay thi khong thé c6
viéc Triéu Da tién danh Viét Nam. Su thay ddi phuong thifc san xuét tit N6 Lé sang Phong Kién
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khién cho Trung Qudc trd nén hung manh. Viéc nay da dua dén hé luy 1a cac vung nhu Viét
Nam khi 4y ciing bi anh hudng. Nhu chiing ta da biét do viéc ngudi dan c6 thé tu sdng, va mdi
trudng go doi khong di rong dé thuc hién viéc chiém hitu N6 L&, vi thé ma & Viét Nam khong
trdi qua thoi ky chiém hitu No Lé. Tuy nhién quan hé con ngudi trong lang qua rang budc cling
1a mot thit nd 1¢ tra hinh. Chinh vi thé ma, do tinh uu viét clia phuong thic phong kién mang
lai, da khién cho t6i tan 500 nim sau cudc khdi nghia ctia Hai Ba Trung hau nhu khong c6 mot
cudc khang cu nao ndi day chdng lai Phuong Bic.

Tém lai Trung Quéc khong phai 1a mot Qubce gia, cang khong phai 12 mot dan toc d€ ma chiing
ta ty nhén tS tién 12 & ddy. Su kién do ho ctia Phuong Bac d6i v6i Viét Nam chi thuc su dién ra
sau Cong Nguyén, sau khi & diy da chuyén sang phuong thiic san xuét Phong Kién. Viéc dua
Triéu Pa 1én thanh mot vi vua clia ca Viét Nam ta 12 dugc thuc hién vao sau thé ky 12, c6 lién
quan t6i viéc mudn Viét héa toan bo di san vin héa ctia Bach Viét. Phuong thifc Viét héa la gan
vi tri clia Viét Nam ta cho céc dia danh dudc néi téi trong cac c6 stit Bach Viét. C6 1€ chiing ta
nén binh tinh ma nhin ra su théat lich su.
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TOM TAT

Bai viét gidi thiéu cic bai toan hinh hoc gidi dudc nhd st dung dinh 1i Pythagoras trong
cubn sach toan chit Han Y Trai todn phdp nhdt ddc luc [2] cia Y Trai Nguyén Hitu Thén.
Dé dé doc, chiing toi trinh bay 15i gidi cac bai toan két hop ngdn ngit trong [2] vdi ngdn
ngit hién dai, nhung van cb ging trung thanh véi ndi dung, phuong phap giai va céu tric

trong [2].

Dinh 1i Pythagoras dugc tim thiy trong cic bang dit sét clia ngudi Babylon. Hinh 1 1a bang
Plimpton 322 c6 nién dai khoang 1800 nam trudc cong nguyén (CN), hién nay dugc luu trit tai
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thu vién trudng dai hoc Columbia (M¥). Chi tiét xem, thi du, [12], trang 31 — 34.

Hinh 1: Plimpton 322

Bang nay chiia cic bd ba Pythagoras, tic 1a cic s6 tg nhién a, b, ¢ thda man hé thic a? =
b? + c2.
Euclid (Thé ki III tru6c CN) da phat bi€u va chiitng minh Ménh dé thuén ([4], Ménh dé 47, trang

86) va Ménh dé dao ([4], Ménh dé 48, trang 86) clia dinh 1i Pythagoras trong cudn sich Co s&
[4] ctia Ong.

Nguoi An Do ciing di biét dén dinh 1i Pythagoras tii thé ki 8 — thé ki 5 tru6c CN (xem [12]).

Cubn sach Chu bé toan kinh (& #2514) dudc coi 1a tir thdi nha Chu (Trung Qudc, 1046-771
truéc CN) da nhac t6i tam giac canh (3, 4,5) va ap dung cau cd phap (phép ciu cd, ciu, cd:

Canh goc vudng) trong do dac, tinh toan.

7
&

oy e

SeSiit s

/

Ny

)

SBR e p-T) VeRY

Hinh 2: Chu bé toan kinh in 1213

Phép cau cd (dinh 1i Pythagoras) dudc nghién cifu siu trong céc tac pham tiép theo clia cic nha
toan hoc Trung Hoa nhu Citu chuong toan thuat (/L% 5447), dugc coi la cia Tran Sanh, khoang
nim 152 trudc CN va dugce Liu Hui (2L, thé ki II1, [1]) va T6 Xung Chi (t7#2, thé ki V) bd

sung.
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Dinh i Pythagoras dugc phat biéu nhu sau: Tam gidc ABC c6 cdc canh a, b, ¢ vuéng & A khi

va chi khi a®> = b? + c2.

Ngudi Trung Qubc di c6 mot chiing minh Dinh 1i Pythagoras kha doc ddo nhu sau. Xét tam
gidc vuong canh 3,4, 5 (Hinh 3, 1a hinh vé trong Cttu chuong toan thuat cua Liu Hui [1], trang
114). Hinh vudng 16n ABCD ¢6 canh 3 + 4 = 7, do d6 dién tich bang 49.

N %

AP &
JEF T
/__.__-_._.. __ L. \
/ - [~k
A
R AT
AN /

S

T _-.._.WAQ_.-._, e A ]

Hinh 3: Cttu chuong toan thuat [1].

Néu i hinh vudng d6 cit di bén tam gidc vuong AHE, BEF, CFG va DGH bing hai hinh
chit nhat c6 tong dién tich 2 (3 x 4) = 24, ta con lai hinh vudng nhé HEF G. Nhu vy,

52=(344)>-203x4) =3%+42

hay a? = b? + 2.

D a G c
b
i I
F
H
F;J
A 'llﬂE B

Hinh 4: Ching minh Dinh i Pythagoras cia ngudi Trung Hoa [1].

Dinh 1i Pythagoras ciing di dudc cdc nha todn hoc Viét Nam tiép thu va ting dung trong gii
toan. Trong cubn sach Y Trai toan phdp nhét dic luc (Mot didu tim dic vé toan phép clia Y

Trai), Nguyén Hitu Than (hiéu Y Trai) da viét ([2], Quyén 5, trang 1 — 2): Phép cdu c6, von
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xudt xit tit Chu bé kinh, trong cudc héi ddp ciia Chu Coéng va Thiwong Cao, doi vdi sé hoc [todn
hoc] thi viéc van dung nd rdt mdu nhiém, pham vdt ndm trong vom troi ddt, khong co gi khong
ldy dé ma suy tinh. Cdu cé huyén [tén goi ba canh ciia tam gidc vuéng], nhu mot nita hinh chit
nhdt, dt c6 mot goc vuong lam khuén. Nhdn c6 goc vudng nay, ddt ra qui tdc tim téng, hiéu clia
ba canh, cé thé tir cdi nhé ma biét dwoc cdi lon, tir cdi don gidn, gan cdn ma suy rong ra nhiing

cdi cao xa...

Ngudi Trung Hoa (va Nguyén Hitu Than) thudng st dung hai tam gidc vudng cé cic sd do:
3,4, 5 hoic 8, 15, 17. Tt d6, nhd phép dong dang, biét dudc sd do cia cac tam gidc c6 s6 do 16n
(xem [2], [5]).

Duéi day 1a dinh nghia cdc tén goi trong tam gidc vudng (xem [2], Quyén 5):
Cau: “khodt” (rdong) goi la “cdu”, tam giac vudng (8, 15, 17) thi ciu la 8.
Co: “truong” (dai) goi 1 “cé™, vi du la 15 trong tam gidc vuodng (8, 15, 17).
Huyén: “ta” (canh chéo) goi 1 “huyén”, bing 17 trong tam gidc (8, 15, 17).
Cau co hoa: Tong hai canh cau va c6, vi du: 8 + 15 = 23.

Cau huyén hoa: Tong clia canh ciu va canh huyén: 8 4 17 = 25.

C6 huyén hoa: Tong clia canh ¢d va canh huyén: 15 + 17 = 32.

Cau ¢6 hiéu: Canh c§ trit canh cau: 15— 8 = 7.

Cau huyén hiéu: Canh huyén trit di canh cau: 17 — 8 = 9.

C6 huyén hiéu: Canh huyén trit di canh ¢8: 17 — 15 = 2.

Huyén hoa hiéu: Tong ctia ciu va cd, trit di huyén: 15 + 8 — 17 = 6.
Huyén hiéu hiéu: Huyén trit di hiéu cta ¢d va cau: 17 — (15 — 8) = 10.
Huyén hiéu hoa: Huyén cong véi hidu ctia c8 va cau: 17 + (15 — 8) = 24.

Huyén hoa hoa: Huyén cong véi téng ciia cau cd: 17 4 (15 + 8) = 40.

33



Tap chi Epsilon, S6 21, 02/2022

Dua vao Pinh 1i Pythagoras, biét hai yéu td trong tam gidc vuong, c6 thé tim céac yéu t con lai
(canh, dién tich,...). Trong Y Trai toan phap nhit dic luc, Nguyén Hitu Than da néu 60 bai toan
giai tam gidc vudng bang dai sd (giai hé phuong trinh bac hai). Du6i diy ching tdi trinh bay

cac bai toan nay theo [2].

Trudc tién Nguyén Hitu Than néu cac bai toan co ban. Ong viét (Quyén 5, trang 8): Chiéu theo:
Cau 3 phan, c6 4 phan, huyén 5 phan, at c6 mdt géc vudng. Cau binh phuong bang 9, ¢d binh
phuong bing 16, huyén binh phuong bang 25. Binh phuong canh huyén, bing binh phuong cia
hai canh cdu va cd cong lai, cho nén xic dinh qui tic, dung phép cong, phép trit binh phucng

clia c4c canh cau 3, c6 4, huyén 5, ma tim 1an nhau.

Léy cai viéc dinh s6 khong thay d6i ma dinh phap (quy tic) khong thay ddi.

Bai toan co ban 1 ([?], Quyén 5, trang 8). Hitu cdu hitu ¢é cdu huyén. C6 canh CAU va canh
CO. Tim canh HUYEN. Tim a, biét ¢, b.

Phuong phap (Tir dinh |f Pythagoras). Binh phuong cdc canh cau ¢, cong gop lai, dudc két
qua, khai phuong [khai cin], 1a canh huyén. 0
Bai todn co ban 2 (Trang 8'). Hitu cdu hitu huyén cdu 6. C6 canh CAU va canh HUYEN. Tim
canh CO. Tim b, biét c, a.

Phuong phap. Binh phuong cdc canh ciu va huyén. Huyén binh phuong trit di ciu binh phuong,
khai phuong két qua, dudc canh cé. O
Bai toan co ban 3 (Trang 8). Hitu c6 hitu huyén cdu cdu. Cé canh CO va canh HUYEN. Tim

canh CAU. Tim c, biét b, a.

Phuong phap. Binh phuong cdc canh ¢d va huyén. Huyén binh phuong trit ¢ binh phuong,
duoc két qua, khai phuong, 1a canh cau. O

V& sau Trich ddn [?], quyén 5, trang m s& dudc viét gon 12 trang m.
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Bai toan co ban 4 (Trang 9). Hitu cdu cé cdu tich. Cé canh CAU va canh CO. Tim dién tich.

Phuong phap. Hai canh cu, c6 nhin v6i nhau, chia doi, dudc [dién] tich, hodc canh cau va mot

nita canh c6, hodc canh c6 va mot nita canh ciu nhan véi nhau ciing dudc. O

Giai thich: Cau c6 tich 1a dién tich. Pham rudng hinh chit nhat thi 14y chiéu dai nhan chiéu rong
dudc dién tich, ma hinh ciu c6 (tam gi4c vudng) 1a nia hinh chit nhat, cho nén hai canh cau cd

nhan vé6i nhau, chia doi, dugc dién tich.

Bai toadn co ban 5 (Trang 10). Hitu cdu c6 cdu huyén cdu dung phuong. Cé CAU CO HUYEN.

Tim canh hinh vuong noi tiep.

Phuong phap. LAy hai canh cau va ¢d nhan v6i nhau, dudc mot tich, 1a “thue”. Hai canh cau,

c6 cong v6i nhau, dudc “phdp”. Thuc chia phap dugc mot canh clia dung phuong. 0

Giai thich 1: Goi cac canh ctia tam giac vudng la a, b, ¢, canh hinh vuong ndi tiép la x.

Hinh 5: Canh hinh vuéng noi tiép

Hai tam giac CDE vi CAB dong dang (hinh 5). Suy ra

CD _CA _b=x_b b b _b_b b
DE AB x  c X Cc X ¢ e
Vayx:bbﬁ.

Giai thich 2 (Phuong phap dién tich): Céac tam giac vuong ABC va HBC, BEF va BEI,
CDE va CJE tuong ting bing nhau (Hi nh 6) nén dién tich hinh vuong ADEF bing dién

tich chit nhat EJHJ. Suy ra x? = (b — x) (c —x). Vay x = 225

Vidu 1 (Trang 10). Gid sit cé cdu 5 xich ?, ¢6 12 xich, dung phuong bdng bao nhiéu?

2Pon vi do do dai: 1 xich (1 thuéc) = 10 thén = 100 phan = 1000 ly.
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Hinh 6: Phuong phap dién ich

Loi giai. (Trang 10) Léy cau 5 xich, ¢6 12 xich, nhan véi nhau, dudc 60 xich 1am thuc. GOp cau,
¢ dugc 17 xich 1am phap. Thuc chia phap, dudc 3 xich 5 thén 2 phan 9 ly, ¢6 du, 1a mot canh
cua dung phuong. ]

Giai thich: Taco
bc 5x 12 60
X = = = — ~ 3.5294117647.
b+c 5412 17

Nguyén Hitu Than ciing di néi dén chia c¢6 du, tic 12 phép chia dudc sb thap phan vo han tuan
hoan. Diing lai don vi ly thi ta dugc gan ding dén ly.

Bai todn co ban 6 (Trang 11). Hitu cdu cé huyén cdu dung vién kinh. C6 CAU CO HUYEN
cdu DUNG VIEN KINH. Biét cdc canh cdu, co, huyén. Tim bdn kinh ciia duong tron noi tiép.

Loi gidi. Cau c6 cong v6i nhau, trir di canh huyén, dudc “huyén hoa hiéu”, trong ciu cd, ¢ ban
kinh cta dung vién [tic 13, doan cAu AB, va doan c¢d AC, c6 chita mdt doan AC’ v AB’ 1a
ban kinh dudng tron noi tiép]. Cach nay don gidn va hoan chinh nhit. Hoic ldy ciu ¢d nhin véi
nhau 1am “thuc”, chia cho cau, cd, huyén, cdng vGi nhau lam “phdp”, dugc ban kinh cua dung

vién, nhan doi, dugc dudng kinh cia dung vién. O]
Gidi thich 1: Tam gidc ABC vudng & A. Goi A’, B’, C’ tuong tng la cic tiép diém véi cac canh
BC, AC, AB ctia dudng tron tam O noi tiép tam giac (hinh 7).

Ta co
r=AB = AC' = OA' = OB’ = OC'".

Suy ra
b+c—a=(AB + B'C)+ (AC'+C'B) — (BA' + A'C)
= AB' 4+ AC' =2r.
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Hinh 7: B4n kinh dudng tron noi tiép

Gii thich 2: Vi ABC 1a tam gidc vudng néntac6 S = pr = “2+¢.r va § = 2 Suyra
o= bc
a+b+c’

Vidu 2 (Trang 12). Gid sit c6 cdu 6 xich, cé 8 xich, huyén 10 xich, mudn tir dinh géc vuéng ké
duong cao dén canh huyén, chia lam 2 hinh tam gidc, héi méi hinh cé cdc sé do 16n nhé la bao

nhiéu?

L&i gidi. Cau 6 xich, ¢d 8 xich, nhan véi nhau, chia cho canh huyén 10 xich, dudc 4 xich 8 thén,
1a chiéu dai tinh theo xich, thén tif géc vudng dén canh huyén (tic 12 “trung thity tuyén” cing

v6i canh huyén tao thanh hinh chit thap, cho nén goi né la trung thily tuyén).

Van 14y canh cau 6 xich nhu ban dau, binh phuong, dudc 36 xich, chia cho canh huyén ban dau
10 xich, dugc 3 xich 6 thén, lam canh nhé dudc phan ra tit canh huyén ban déu, 1a canh cau cia
hinh tam gic nhé. Hinh tam gidc nhé [c6] canh cu ctia hinh nhd dai 3 xich 6 thén, c¢d dai 4

xich 8 thén (tic 12 trung thuy tuyén), huyén 6 xich (tiic 12 canh ciu ban dau).

Lai c¢6 canh c¢d ban dau 8 xich, binh phuong, dudc 64 xich, chia cho canh huyén ban dau 10
xich, dugc 6 xich 4 thdn, lam canh 16n hon dudc chia ra tif canh huyén, 1a canh ¢& cda hinh tam
giac 16n hon. Hinh tam gidc 16n, c6 canh ¢8 6 xich 4 thén, cau 4 xich 8 thdn (tic 1a trung thly

tuyén), huyén 8 xich (tiic 1a canh ¢8 ban dau).

Dua viao cau, c6 dé tim dién tich, hinh ban dau c6 dién tich 1a 24 xich, hinh cau c¢& 16n hon dudc
chia ra tif d6 c6 dién tich 1a 15 xich 3 thén 6 phan, hinh nhd hon dudc chia ra tir d6 c6 dién tich
12 8 xich 6 thén 4 phan, cong lai ciing dugc dién tich ctia hinh ban dau 1a 24 xich. ]

Gidi thich: “Trung thity tuyén” theo ngdn ngit hién nay 1a “chiéu cao” AD = h clia tam gidc
vuong ABC c6 cac canh huyén BC = a = 10 xich, cdu AB = ¢ = 6xich,cd AC =b =28
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Hinh 8: Tam giac vudng dong dang

xich. Goi S la dién tich tam giac vuong ABC. Tac6 2S = bc = ah.Suyrah = AD = l;—" =
&< = 4,8 (4 xich 8 thon). Theo hé thic lugng trong tam gidc vudng ta c6 AB> = BD - BC.
Suy ra

AB* = & = 3,6 (3 xich 6 thon).
BC 10

Tuong ty, AB> = CD - BC. Suyra CD = 4C = 8° — 6 4 (6 xich 4 thén).

BD =

1 6x8
Sapc = Ebc = =24 (xich vuong).
1 4,8%3,6 o
Sapp = 5AD - BD = + — 8,64 (8 xich 6 thén 4 phan).
1 4’ 8 674 - A A
Sapc = 5AD - CD = + — 15,36 (15 xich 3 thén 6 phan).

3. Cau cb huyén hoa hiéu tuong ciu chu phap (ké luc thap
diéu) CAC PHUGNG PHAP DUNG TONG, HIEU CUA
CAC CANH CAU, CO, HUYEN. TiM LAN NHAU (60

bai toan)

Trong cic Quyén 2, 4, 5 (trong s6 8 Quyén) cla [2], Nguyén Hitu Than di 4p dung dinh li
Pythagoras d€ giai kha nhiéu cic bai todn vé tam gidc vudng (60 bai toan), bing cach dua vé
gidi cac hé phuong trinh bac hai hai 4n va dp dung trong tinh dién tich cdc hinh. Muc nay trinh

bay 60 bai todn giai tam gidc vuong trong Quyén 5 clia Y Trai toan phap nhit dic luc.
Bai todn 1 (Trang 22, Hitu cu hiiu 8 huyén hoa, ciu cb huyén). Cé CAU, c6 tong ciia co

va HUYEN. Tim CO, HUYEN. Biét ¢, a + b = m. Tim a. b.

NS ) 2 _ 2 _ _02_£ A
Loi giai. Tacoa” —b* =c¢*. Suyraa —b = S5 = % Vay

@tby—(a—b) m—-% mr-c

m
= ) 1
2 2 2m M

b
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va
(@+b)+@=b m+ S m?+c
= - = . @)
2 2 2m

O

Vi du 3 (Trang 22 - 23). Gid sit c6 cdu 8 xich, tong ciia cé va huyén 32 xich, héi canh cé va

canh huyén la bao nhiéu?

¢z _ 8 _
a+b T 32 T

~ 2R . < A A P ) 32282 . N
17, b = 15. Ciing c6 thé ap dung tryc tiep cong thic (1), (2),tacé b = >3, = 15 (xich) va

a = 3248 — 17 (xich). 0

Loi gidi. Tacoec =8 m =a+b = 32.Suyraa—b = 2.Suyraa =

Bai todn 2 (Trang 23). Hitu cd hitu cdu huyén hoa, cdu cdu huyén. Co Co, téng cia HUYEN
va CAU. Tim CAU va HUYEN. Biét b, a + ¢ = m. Tim a, c.

L&i gidi. Binh phuong canh c6, 14y tdng clia cau va huyén dé 1ap phép chia, dugc hiéu ctia cau va

huyén. LAy t6ng trit hiéu, chia ddi, 1a canh cau. Liy tdng cong hiéu, chia déi 1a canh huyén. [

Gidi thich: Tac6 a® — ¢? = b%. Suyra

b? b?
a—c¢= = —.
a—+c m
Vay
_(a—l—c)—(a—c)_m—’;n—z_mZ_b2
N 2 2 2m
va

pum— m pum—
2 2 2 2m
Luu y: V& nguyén tac, Bai toan (3) va (2) giéng nhau. C6 thé phat biéu chung: Cho mot canh

(@a+c)+(a—c) m+l,’n—2 m+2 2 gp?
a= = = = .

gbc vudng va tdng clia canh huyén va canh con lai. Tim canh huyén va canh con lai. Tuy nhién,
trong céc sach toan Trung Qudc c6 dai, va sa ch todn Han Nom, mdi canh géc vudng ¢6 tén

riéng (ciu va cd), do d6 céc bai todn lién quan dén ciu hoic ¢ thudng dudc phat biéu riéng ré.
Bai toan 3 (Trang 23). Hitu cdu hitu c6 huyén hiéu, cdu cé huyén. C6 CAU, hiéu ciia HUYEN

va CO. Tim CO va HUYEN. Bi¢tc,a—b =m.Tima, b.

L&i gidi. Binh phuong canh ciu, dua vao hiéu ctia huyén va cd dé 1ap phép chia, dudgc tong
ctia huyén va cd. Liy tng trit hiéu, chia doi, 1a canh c8. Ly tong cong hiéu, chia doi, 1a canh

huyén. O
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Gidi thich: Tac6 a®> —b? = ¢2. Suyra

2
c

a+b= = —.
m

A

Vay
_(@+b)y—(a-b) S -m c-m?
- 2 2 2m

b

va

a_(a+b)+(a—b)_§n—2+m_c2+m2

2 2 2m
Bai toan 4 (Trang 23). Hitu ¢6 hitu cdu huyén hiéu, cdu cdu huyén. Co co, hiéu cua HUYEN
va CAU. Tim CAU va HUYEN. Biét b, a —c¢ = m. Tima, c.

L&i gidi. Binh phuong canh ¢8, dua vao hiéu ctia huyén va cau dé 1ap phép chia, dugc téng cia

huyén va cau. LAy tSng tri hiéu, chia doi 1a cau. Liy tong cong hiéu, chia doi, 1a canh huyén. [

Gidi thich: Tac6 a®? —c¢?> = b%. Suyraa + ¢ = % = %2. Vay

(@a+c)—(a—c) l:n—z—m b% —m?
C = — —

2 2 2m

va

m

2 2 2m

a_(a+c)+(a—c)_ﬁ+m_b2+m2

Bai toan 5 (Trang 24). Hitu huyén, hitu cdu cé hoa, cau cdu cé. Co HUYEM tong ciia CAU va
CO. Tim CAU, CO. Biéta, c +b =m. Timc, b.

L&i gidi. Binh phuong canh huyén, nhan doi, trir di binh phuong tong clia cau va cd, dudc két
qua, khai phuong, 12 hiéu ctia hai canh cau va c¢d. Lay tdng tri hiéu, chia doi, 12 canh cau. Ly
tdng cong hiéu, chia doi, 1a canh cd. O
Giai thich: Ta co

(b—c¢)* =b*—2bc + c? = 2(b* + ¢*) — (b* + 2bc + ¢?) = 24> — (c + b)* = 2a* —m>.
Suyrab — ¢ = v/2a? — m?. Vay

_(c+b)+(b—-c) m+2a*—m?

b > 5 3)
va
C_(c+b)—(b—c)_m—v2a2—m2 @

2 2
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Vi du 4 (Trang 24). Gid sit ¢6 canh huyén 17 xich, tong cdu va cé la 23 xich, héi canh cdu,

canh cd la bao nhiéu?

L&i gidi. Binh phuong canh huyén, 1a 289 xich, nhan d6i, 1a 578 xich, trit di binh phuong tong
ctia cau c§ 1a 529 xich, con 49 xich, khai ciin, dudc 7 xich, 1a hiéu ctia canh cau va canh cd. Liy
tong trir hiéu, con 16 xich, chia d6i, dudc 8 xich, 1a canh cau. LAy téng cdng hiéu, dudc 30 xich,
chia doi dudc 15 xich, 1a c6. O

Gidi thich: Ta cé
(b—c)?=2a>—(c +b)> =24 —m?>=2x 17> — 232 = 49.

Suyrab —c = 7,kéthop véib 4+ ¢ =23tacé b = 15, ¢ = 8. Tinh truc tiép theo cong thiic

(11), (12), ta dugc
23+ V2x177-23?

b =15 (xich),
7 (xich)

23 — 42 x 17?7 — 23?2
¢ = X2 —8 (xich).

Bai todn 6 (Trang 25). Hitu huyén hitu cdu cé hiéu, cdu cdu co. Co HUYEN, hiéu ciia CO va
CAU. Tim CAU, Co. Biéta, b—c =m.Timb, c.

L&i giai. Binh phuong canh huyén, nhin doi, trit di binh phuong hiéu ctia ¢6 va cau, dudc két
qua, khai cin, 12 tdng cla cau va c¢6. Lay tdng trir hiéu, chia doi 1a canh cAu. LAy tdng cong hiéu,
chia ddi, 1a canh c6. O

Giai thich: Tuong tu Bai toan 5, ta c6

(b +¢)* =b*+2bc + ¢* = 2(b* + ¢*) — (b* = 2bc + ¢?) = 2a® — (b — ¢)* = 2a* —m>.

Suy ra
b b+c)+(b—c) ~2a*>-—m?>+m
2 2 ’
va
. (b+c)+(c—b) ~2a*>—m?>—m
2 2

Bai toan 7 (Trang 27). Hiu cdu huyén hoa, hitu cé huyén hoa, cdu cdu cé huyén. Co tong
HUYEN va CAU, téng HUYEN va CO. Tim CAU, CO, HUYEN. Biéta + ¢ = m, a + b = n.

Tima,b, c.
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Loi gidi. Lay tdng (ctia huyén 4 ciu) nhan vé6i tong (ctia huyén + cd), dudc mot tich, nhan doi,
khai phuong, dudc “tong hoa” (cau + c6 + huyén)

(a+b+c) =a®+b*+c?+2ab + 2ac + 2bc
= 2a” + 2ab + 2ac + 2bc = 2(a + b)(a + ¢) = 2mn.

Viy a + b + ¢ = v/2mn. Ly “téng hoa”, trit di (huyén + cau), con lai 1a ¢6
b=(a+b+c)—(a+c)=2mn—m. (5)
Lay “tong hoa” trit di (huyén 4+ c8), con lai 1a cau
c=(@+b+c)—(a+b)=2mn—n. (6)

Liy “téng hoa”, trit di (cAu + c6), con lai 1a huyén

a=(@+b+c)—(b+c) = x/2mn—(x/2mn—n+\/2m —m) =m+n—~2mn. (7)
[

Vidu 5 (Trang 26). Gid sit cé tong hai canh cdu va huyén la 25 xich, tong hai canh c6 va huyén

la 32 xich, hoi cdu, c6, huyén la bao nhiéu?

L&i gidi. LAy tong hai canh cAu va huyén (m = ¢ +a = 8 + 17 = 25 xich), nhan vdi tdng hai
canh cd vahuyén (n = b+a = 15417 = 32 xich), dudc mn = 25x 32 = 800 xich, nhan doi,
dugec 2mn = 2 x 800 = 1600 xich, khai phuong, dudc a + b + ¢ = +/2mn = /1600 = 40

xich, 12 téng clia ca ba canh ciu, ¢d, va huyén.

Lﬁy tong hoa (a + b + ¢ = 40 xich) nay, trit di tong clia cau va huyén (25 xich), con 15 xich,

12 canh cd:
b=@+b+c)—(a+c)=~2mn—n=40—-25= 15(ich).

Ly t6ng hoa (40 xich), trit di tdng ctia huyén va cd (32 xich), con 8 xich, 1a canh ciu ¢ =
(@+b+c)—(a+b)=40—32 =8 xich.

LAy tdng hoa 40 xich, tri di canh cau 8 xich, tri¥ tiép canh ¢d 15 xich, con 17 xich, 1a canh huyén
a=@+b+c)—b—c=40—-15—-8 = 17 xich.

Tinh tryc tiép ba canh theo cong thiic (5) — (7), ta dudc
b=~2mn—m=~2x25x32—25=40-25= 15.
c=~2mn—n=40-32 =28;
a=m+n—~2mn=32425-40 = 17.
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Bai toan 8 (Trang 26). Hifu cdu cé hoa, hitu cdu huyén hoa, cau cdu cé huyén. C6 tong ciia
CAU va CO, t6ng ciia CAU va HUYEN. Tim CAU, CO, HUYEN. Biétc +b =m, ¢ +a = n.
Tima,b,c.
L&i giai. LAy binh phuong ctia hai téng, trif cho nhau

n? —m? = (c +a)> — (c + b)*> = a® + 2ac — 2bc — b>.
LAy hai tong trif cho nhau, két qua 14 hiéu ctia canh huyén va canh cd

a—b=(c+a)—(c+b)=n—m.

LAy binh phuong ctia hiéu nay, cong v6i hiéu ctia binh phuong hai tdng:

(n —m)* + (> —=m?) = (a —b)* + ((c + a)* = (c + b)?)
:a2—2ab+b2—|—(a2—|—2ac—2bc—b2):2a2—2ab+2ac—2bc
=a? + b% 4 ¢ = 2ab + 2ac — 2bc = (¢ + a — b)>.

Suy ra

c=(c+a—b)—(a—b)=\/(n—m)z—i-(nz—mz)—(n—m). ()

b=(c—|—b)—c=m—(\/(n—m)z-l—(nz—mz)—(n—m))

)
:n—\/(n—m)z—i-(nz—mz).
a:(a—l—b)—b:n—(\/(n—m)2+(n2—m2)—(n—m))
(10)
:2n—m—\/(n—m)2—|—(n2—m2).
O

Bai todn 9 (Trang 25). Hitu cdu cd hoa, hitu ¢é huyén hoa, cdu cdu c6 huyén. Co tong CAU va
CO, tong CO va HUYEN. Tim CAU, CO, HUYEN. Biétc +b=m,b +a =n.Tima, b, c.

L&i giai. LAy binh phuong ctia hai tdng trit cho nhau
n?>—m?=(b+a)*> - (c +b)* = a®+2ab —2bc — 2,
va 14y hai téng trif cho nhau

a—c=0b+a)—(c+b)=n—m.
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Binh phuong, cong véi hiéu ctia binh phuong hai tdng, khai ciin, dugc két qua 1a ¢ + huyén —

A

cau
(n —m)* + (n2 —mz) =(a—c)+ (a2 + 2ab — 2bc —cz)
=a*—2ac+c* + (a2+2ab—2bc—cz)
= 2a* —2ac + 2ab — 2bc
=a% 4+ b%*+ c* —2ac +2ab —2bc = (b + a — ¢)>.
Suy ra

b=Gb4+a—-c)—(a—c)= \/(n—m)z—l—(nz—mz)—(n—m).

c=(c—|—b)—b=m—\/(n—m)z—l—(nz—mz)-l—(n—m)
:n—\/(n—m)2+(n2—m2).
a:(b+a)—b:n—(\/(n—m)2+(n2—m2)—(n—m))

= 21— m—\Jr—m)* + (12 — m?),
O]

Bai toan 10 (Trang 29). Hitu cdu huyén hiéu, hitu ¢ huyén hiéu, cdu cdu cé huyén. C6 hiéu ciia
HUYEN va CAU, hiéu ciia HUYEN va CO. Tim CAU, CO, HUYEN. Biéta —c = m,a—b = n.

Tima,b,c.
L&i gidi. Lay hiéu huyén—ciu nhan v6i hiéu huyén—c6, nhan doi, khai cin, dudc hiéu (ciu
+c6)—huyén, ciing goi 1a “huyén hoa hiéu”:
(b + ¢ —a)* = b+ ¢? + 2bc — 2ab — 2ac + a?
= 2a% —2ab —2ac + 2bc = 2(a —¢)(a — b) = 2mn.
Viy b + ¢ —a = +/2mn. Liy hiéu d6 cong thém hiéu huyén—céu, 1a canh c&:
b=((b+c—a)+(a—c)=2mn+m.
Ly hiéu d6 cong thém hiéu huyén—cd, 1a canh cau
c=0B+c—a)+ (a—b)=2mn +n.
LAy canh c¢6 cong thém hiéu huyén—cd, 1a canh huyén
a=b+(a—->b)= (m—i-m)—i-n:m—i-m—l—n.
Hoic lay canh cau cong thém hiéu huyén—cau, ciing dudc canh huyén

a=c+(@—-c)= («/2mn +n)+m=«/2mn +m-+n.
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Bai toan 11 (Trang 29). Gid sit ¢6 hiéu gitta canh huyén va cdu la 9 xich, hiéu giita canh huyén

va canh 6 la 2 xich, hdi cdc canh cdu, c6, huyén la bao nhiéu?

L&i giai. LAy hiéu huyén—cau, m = 9 xich, nhan véi hiéu huyén — ¢8, n = 2 xich, dugc m -n =
9 x 2 = 18 xich, nhan d6i, dugc 2mn = 2 x 18 = 36 xich, khai phuong, dudc v2mm =
V36 = 6 xich, chinh 1a hiéu cia (cAu + c¢&) — huyén, con dudc goi 1a “huyén hoa hiéu’:
b+ c—a=~2mn = 6xich.

LAy “huyén hoa hiéu” 6 xich cdng thém hiéu huyén—cau, 9 xich, dugc 15 xich, 1a canh c6
b=0b+c—a)+(a—c)=~2mn+m=6+9=15.
Léy “huyén hoa hiéu” cong thém hiéu huyén —¢0, 2 xich, dugdc 8 xich, 1a canh cau
c=0b4+c—a)+@—b)=2mn+n=6+2=38.
LAy canh c6, 15 xich, cong véi hiéu huyén — ¢8, 2 xich, dudc 17 xich, 1 canh huyén hoic lay

canh cau 8 xich, cong thém hiéu huyén — cau, 9 xich, ciing dugc 17 xich, 1a canh huyén. Hoic

tinh theo cong thuc

a=V2mn+m+n=+vV2x9x2+9+2=17 (xich).
O

Bai toan 12 (Trang 55). Hitu cdu c6 hiéu, hitu cdu cé huyén tong hoa (nhdt danh huyén hoa
hoa), cdu cdu cé huyén. Biét hiéu co-cdu va téng hoa cdu + c6 + huyén (goi la huyén hoa hoa).

Tim cdu, co, huyén. Biétb —c =m,a+b+c =n.Tima, b, c.

Z 2 N . N TS N s bR 2
Loi giai. Lay binh phuong “tong hoa”, chia doi, la “truong phuong tich % =1

>
Ly 4 nhan vé6i “trudng phuong tich”, cong v6i binh phuong ctia hiéu khodt— trudng, khai ciin,
dudc tong khodt + trudng

(2a + b + ¢)* = 4a® + b* + ¢* + 4ab + 4ac + 2bc

= (b® —2bc + ¢?) + 2 (a* + b*> + ¢* + 2ab + 2ac + 2bc)

b 2

=2a+b+c=+m?+2n2.

LAy tdng cia trudng va khodt, trir di hiéu cla trudng va khodt, chia doi, dugc canh khoat, chinh

=(b-c)+

1a tdng huyén+cau:

_@a+b+c)y—(b—c) Vm*+2n*-—m

a—+c > >
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Ly tong cua trudng va khodt, cong véi hiéu cia trudng va khoat, chia doi, dudc canh trudng,

chinh 12 téng huyén+cd.

Ra+b+c)+((b—c) m?>+2n2+m

b =
a—+ 5 5

Lay “tong hoa” cau+cd+huyén trir di tdng huyén + cau, két qua 1a canh cd

Vm?2+2n2—m  2n—~m?24+2n24+m
b=(@+b+c)—(a+c)=n— 2 = 3 ) (11)

Trong “tdng hoa”, trit di tdng huyén + ¢b, két qua 1 canh cau

m?2+2n24+m 2n—m?2 +2n2—m
c=(a+b+c)—(a+b)=n-— 5 = 5 . (12)

Trong tdng hoa, tri canh cau, trif canh ¢d, phan con lai 12 canh huyén.

2n—m24+2n2+m 2n—m?2+2n2—m
2 2 (13)

a=@+b+c)—b—c=n-—

= vVm? + 2n? —n.

]

Bai todn 13 (Trang 56). Gid sit c6 hiéu c6 — cdu la 7 xich, téng hoa cdu + c6 + huyén la 40

xich, hoi cdc canh cdu, c6, huyén la bao nhiéu?

Li giai. Liy tdng hoa cau + ¢8 + huyén 1a 40 xich, binh phuong, dudc (a + b + ¢)> =1600
(a+b+c)? (a+b+c)® _
2 2

xich, chia doi, dugc
3200 xich.

= 800 xich, la trudng phuong tich, nhan véi 4, dugc 4 x

LAy hiéu ¢d — ciu, b — ¢ = 7 xich, 1am hiéu trudng — khodt, binh phuong, dudc (b — ¢)* =
49 xich, cong v6i 4 nhan véi “trudng phuong tich”, dugec (2a + b +¢)> = (b —c¢)* + 4 x
w = 49 + 3200 = 3249 xich, khai phuong, dudc 2a + b + ¢ = 57 xich, 1a tdng trudng
+ khoat.

Ly téng (57 xich) trit hiéu (7 xich), con 2 (a + ¢) = (2a + b + ¢) — (b — ¢) = 50 xich, chia
ddi, dudc a + ¢ = 25 xich, 1a canh khodt, tiic 1a tong huyén + cau.

LAy t6ng (57 xich) cong véi hiéu 7 xich, dugc 2 (@ + b) = (2a + b + ¢) + (b — ¢) = 64 xich,
chia d6i, 1a @ + b = 32 xich, 1a canh trudng, tiic 12 tdng huyén + c6.

Liy “tong hoa” (40 xich) trit di tdng huyén + cau (25 xich), conlai (a + b +¢) — (a +¢) =
40 — 25 = 15 xich, 1a canh c&.
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LAy tong hoa (40 xich), trir di tong huyén + ¢d (32 xich),conb = (a +b +¢) — (a + b) =
40 — 32 = 8 xich, la canh cau.

Léy tdng hoa (40 xich), tri di canh ciu 8 xich, trif di canh ¢6 15 xich, con 17 xich, 13 canh

huyén. 0

Nhan xét: Thay m = 7, n = 40 vao cac cong thic (11) - (13), ta dugc

_2n—«/m2—|—2n2—l—m _2x40—\/72—|—2x402+7_
— > —

b= 15.
2

2n—m2+2n2—m 2x40—+72+2x40* -7 g

cC = = == .

2 2
a=+vVm2+2n2—n=vV72+2x40>—40 = 17.
Bai toan 14 (Trang 57). Hitu cdu huyén hiéu, hitu cdu c6 huyén téng hoa (nhdt danh huyén
hoa hoa), cdu cdu cé huyén. C6 hiéu huyén — cdu va tong hoa cdu + c6 + huyén (goi la huyén

hoa hoa). Tim cdu, cé, huyén. Biéta —c =n,a +b +c=m.Tima,b,c.

Loi gidi. Lay tdng hoa ciu + ¢d + huyén trit di hiéu huyén — cau, phan con lai 12 téng 2 cau +
¢0, binh phuong 1én, dudc mdt tich
m—n=(@+b+c)—(a—c)=2c+b
= (m —n)*> = 2c¢ + b)* = 4c? + 4bc + b2,
Lai 14y tdng hoa cau + ¢ + huyén cong véi hiéu huyén — cau, dugc téng 2 huyén + c&, binh
phuong, dugc tich thu hai
m+n=(@+b+c)+@—c)=2a+b
= (m +n)> = 2a + b)* = 4a® + 4ab + b*.
LAy hai tich trit cho nhau, dudc két qué, chia cho 4, 1a “trudng phuong tich”

(m+n)>—(m—n)> _ 4a® + 4ab + b? — (4c? + 4bc + b?)
4 N 4
S mn =a*>—c*>4ab—be =b*+ab —be.

LAy hiéu huyén — cau lam hiéu khoat—trudng.
Nhan 4 véi “trudng phuong tich”, cong v6i binh phuong cua hiéu khoat-truong, khai can bac
hai, dugc tong khoat+trudng.

4mn + n® = 4(b*> + ab — be) + (a — ¢)*

& dmn +n* = a* + ¢* + 4b> — 2ac — 4bc + dab

& dmn 4+ n? = (a 4+ 2b —¢)?

= a+2b—c=+4mn + n2.
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LAy tdng khodt + trudng trir hiéu khodt — trudng, chia doi, dudc khodt, 1a canh cd

a+2b—c=+4mn + n? L VAmn +n2 —n

a—c=n 2

Trong tdng hoa ciu + cb + huyén, trit di canh cd, phan con lai 12 tong huyén + cau

Vdmn +n2—n  2m—J4dmn +n?2+n

at+c=(@+b+rc) m > >

LAy t6ng huyén + cAu trif di hiéu huyén — cau, chia déi, 1a canh cau

(@a+c)y—(a—c) 2’"—‘4’;”"2” —n  2m—+/4mn +n? —n
c= = = .

2 - 2 o 4

Ly tdng huyén + cau cong véi hiéu (huyén — cau), chia doi, 1a canh huyén

(a+c)+(a—c) 2= 4’"2"+”2+” +n  2m—+/4mn + n? + 3n
a= = :

2 - 2 2

]

Bai todn 15. Hitu c¢d huyén hiéu, hitu cdu cé huyén tong hoa (nhdt danh huyén hoa hoa), cdu

cdu c6 huyén. Co hiéu huyén — cé va tong hoa cdu + cé + huyén. Tim cdu, co, huyén. Biét

a—b=n,a+b+c=m.Tima,b, c.

Loi gidi. Lay tong hoa ciu 4 c¢6 4 huyén, trir di hiéu huyén — ¢8, phan con lai 1a tdng 2 c& +

cau, binh phuong, dudc tich thif nht

m—n=(@+b+c)—(a—>b)=2b+c
= (m —n)> = 2b + ¢)* = 4b* + 4bc + 2.

Lai 14y tdng hoa ciu 4 c¢6 + huyén cong véi hiéu huyén — cd, dudc két qua 1a téng 2 huyén +

cau, binh phuong, dudc tich thu hai:
m+n=(@+b+c)+(@a—>b)=2a+c
= (m +n)* = a + ¢)* = 4a® + 4ac + 2.
Hai tich trit cho nhau, dudc két qua, chia cho 4, 1a trudng phuong tich

(m+n)®—(m—n)>  4a® +4ac + c® — (4b> + 4bc + ¢?)
4 N 4
& mn =a*—b*+ac —bc =c? +ac — be.
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Coi hiéu huyén — cd 12 hiéu khoat — truong. Nhan 4 vé6i trudng phuong tich, cong véi binh
phuong cta hiéu khodt — trudng. Khai cin, dugc tong khoat+trudng

4mn 4+ n? = 4(c®> + ac — be) + (a — b)?

& 4mn +n® = a® + b* + 4¢? — 2ab — 4bc + 4ac

& 4mn +n? = (a—b +2c)

=a—b+2c=+V4mn + n2.

Léy tong khodt + trudng trir hiéu khoat—trudng, chia doi, dugc khodt, 1a cau

a—>b+2c=+4mn + n? vVAmn +n? —n
=C = .
a—b=n 2

Trong tdng hoa ciu + c6 + huyén trir di canh cu, phan con lai 12 téng huyén + c6

VJdmn +n?2—n  2m4+n— J4dmn + n?
a+b=@+b+c)—c=m-— 2 = 5 )

Ly t6ng huyén + ¢ tri di hiéu huyén — ¢, chia doi, 1a canh cd

_(a+b)y—(a—b) 2m+"_“24m”+"2 —n _ 2m—n—~4mn + n?

2 2 4

b

Lay tong huyén+co cong véi hiéu huyén—co, chia doi, 1a canh huyén

(a+b)+(a—b) 2= ‘24m"+"2 +n  2m+3n— /4mn + n?
a = = = .
2 2 4

Nhan xét: Nguyén Hitu Than da néu phuong phép “truong phuong tich” giai hé

a+b+c=m
a—b=n

a’ = b* + 2.
Bai toan 16. Hiu cdu cé hoa, hitu huyén dit cdu cd hiéu chi hiéu (nhdt danh huyén hiéu hiéu)
cdu cdu cé huyén. Co tong cé + cdu va hiéu huyén — (cé — cdu) (goi la huyén hiéu hiéu). Tim
cdu, cé, huyén. Biétb +c =m,a— (b—c) =n.Tima,b,c.
L&i giai. Binh phuong tdng c¢d + céu, 1a s thd nhét

(b +¢)* = m?.
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Lai lay tdng ¢8 + cau cong vdi hiéu huyén — (¢8 — cau), dudc tdng 2 cau + huyén, binh phuong,
1a s6 thi hai

m+n=bB+c)+@—(0b-c)=2c+a< 2c+a)’=m+n).

Hai s6 trif cho nhau, dudc két qua, chia doi, 1a trudng phuong tich

2c +a)®> — (b + ¢)? _ 3c¢?+4ac+a*—b*—2bc (m+n)*>—m?  n%+2mn
2 B 2 B 2 2

Lai 14y hiéu huyén — (c6 — cau) cong véi tong 2 cau + huyén, 13 tdng khoat+trudng
(a—b-c)+Q2c+a)=2a+3c—b=n+m+n)=m+2n.

Trudng phuong tich nhan 4, va binh phuong ctia tong khoat + trudng trit cho nhau, khai cin,

dugc hiéu truong — khoat

(3¢? + 4ac + a® — b* — 2bc)
2
= (4a2 + 9¢? + b% + 12ac — 4ab — 6bc) — (6c2 + 8ac + 2a* — 2b* — 4bc) = m? + 2n?

(2a +3c —b)*—4- =(m+2n)2—2(n2-|—2mn)

& 2a? + 3¢? + 3b% + 4ac — 4ab — 2bc = m? + 2n*?
& 4a? + ¢? + b? + dac — dab — 2bc = m? + 2n?
& QRa—-b+c)Y =m?+2n* < 2a—b+c=Vm?+2n2.

Lﬁy tong khoat + trudng trir hiéu khodt — trudng, chia doi, dugc khodt, 1a cau

. (2a+3c—b)—Q2a—b+c) (m+2n)—m?+2n?

7 5 (14)
LAy tdng cd + cau tri di cau, con lai 12 canh c6:
b=bB+c)—c=m—c
m+2n—m?2+2n%2  m—2n+ /m? + 2n? (15)
= m — = .
2 2
Lai lay huyén — (c6 — cAu) + (c8 — cau), 1a canh huyén
a=@—b-c)+b-c)=n+(b—-rc)
B +m—2n+\/m2+2n2 m + 2n — /m? + 2n? (16)
B 2 2
= vVm? + 2nZ2.
0
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N 7 . s A A7 N A N , .« A .« A A7 A N A N
Bai toan 17. Gid sut co tong cua canh cé va cdu la 23 xich, hiéu cua hiéu cé — cdu va huyén la 10
xich. Hoi cdc canh cdu, cé, huyén la bao nhiéu? Biétm = b +c¢ =23,n =a — (b —c) = 10.

Tima,b,c.
L&i gidi. Ly tong cla canh ¢d va canh cau 1a 23 xich, binh phuong, dudc 529 xich: m? =
(b + ¢)* =23 = 520.

LAy hiéu huyén — (c8 — cau) (10 xich) cong véi tdng ¢ + cau (23 xich), dudc 33 xich, 13 tdng
ctia 2 cau + huyén, binh phuong, dudc 1089 xich

m+n?=((a—bB-c)+ (B +c)*=(Q2c+a) =23+ 10)> = 33% = 1089.

Hai tich (hai s6 c6 dudc tit phép binh phuong) trit cho nhau, con 560 xich, chia doi, dudgc 280
xich, la truong phuong tich

3¢? + 4ac + a®> —b*> —2bc Q2c +a)®> = (b + ¢)? _ (m + n)* —m? 1089 —529
2 B 2 B 2 B

= 280.

LAy hiéu huyén — (c6 — cau) (10 xich) cong véi téng 2 ciu + huyén (33 xich), dugc 43 xich, 1a
tong khodt+ trudng

2a+3c—b=@—(b-c)+ Q2c+a)=n+ (m+n) =10+ (23 + 10) = 43.

Dung “truong phuong tich”, c6 tong khoat+trudng, tim hiéu khoat — trudng, dung céc cong thiic

cua trudng, khoat dé tinh toan.

Trudng phuong tich (280 xich) nhan 4, dugc 1120 xich, tong khoat + trudng (43 xich), binh
phuong, dudc 1849 xich, tri cho nhau, dugc 729 xich, khai can bac hai, dudgc 27 xich, 1a hiéu
truong — khoat

(3¢* + 4ac + a* — b* — 2bc)
2

Qa—b+¢)>=Qa+3c—b)*—4 = 43% — 4 x 280 = 729.

=2a—b+c=27.
LAy trudng + khodt (43 xich) trir di trudng — khodat (27 xich), dudc 16 xich, chia d6i, dugc khoat
8 xich, la canh cau

.o (2a+3c—-Db)—QRa—-b+c) 43-27
= > =—F =

8.

LAy tdng ¢ + cau (23 xich) trit di canh cau (8 xich), con 15 xich, lacanhcdb = (b + ¢)—c =
m—c=23—-8=15Suyrab—c=15-8=17.

Viya=(a—b—-c)+b—-c)=n+b-c)=10+7=17. ]
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Nhan xét: C6 thé tinh truc tiép theo cong thiic (14) — (16)

m+2n—/m?+2n%  23+2x10— 23> 4+2x10>
2 B 2 a

b_m—2n—|—«/m2+2n2 23— 2x10—|—\/232+2x102 s

= Vm2 +2n2 = V232 +2x 10> = V729 = 27.

Nguyén Hitu Than da néu phuong phap “truong phuong tich” giai hé

b+c=m
a—(b—-c)=n
2 =b% 4%

Bai todn 18. Hitu cdu c6 hoa, hitu huyén dit cdu cé hiéu chi hoa (nhdt danh huyén hiéu hoa),
cdu cdu cé huyén. C6 tong cé + cdu va tong huyén + (cé — cdu) (goi la huyén hiéu hoa). Tim
cdu, cé, huyén. Biétb +c =m,a + (b —c) =n.Tima,b,c.
L&i gidi. Tong c6 + cau, binh phuong, dugc tich thif nhat
= (b +¢)* =b%+2bc + ¢? =a® + 2bc.
Téng huyén + (c8 — cau), binh phuong dugc tich thit hai
=[a + (b —0¢)]* = a®+ b+ c* + 2ab — 2ac — 2bc = 2a* + 2ab — 2ac — 2bc.

LAy hai tich cong vé6i nhau, 13 trudng phuong tich

m? + n* = 3a* + 2ab — 2ac.
Ly t6ng huyén + (cd — cu), nhan doi, 12 hiéu trudng — khodt 2(a + (b — ¢)) = 2n.

Dua theo phép thay thé dung trudng phuong tich, c6 hiéu trudng — khodt, tim tdng trudng +
khodt, dua vao cac cong thiic cla trudng, khoat d€ tinh todn.

Trudng phuong tich nhan 4, cong v6i binh phuong ctia hiéu trudng — khoat, khai cin, dudc tong
khodt + trudng

4(3a? + 2ab —2ac) + [2(a + (b — ¢))]* = 4(m? + n?) + 4n? = 4(m? + 2n?)

& 12a” + 8ab — 8ac + 4a* + 4b* + 4c? + 8ab — 8ac — 8bc = 4(m* + 2n?)

& 16a + 4b% + 4¢? + 16ab — 16ac — 8be = 4(m? + 2n?)

& (4a +2b —2¢)* = 4(m* + 2n?)

& da +2b —2¢ = 2v/m? + 2n2.
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LAy tdng trudng + khodt trir di hiéu trudng — khodt, chia doi, dugc khodt, 1a canh huyén

2a = (4a +2b —2¢) — a +2b —2¢) = 2v/m? +2n% —2n = a = /m? + 2n2 —n.
LAy tdng huyén + (c6 — cau) trit di canh huyén, con hiéu ¢d — cau
b—c=(a+(b—c))—a:n—(\/m—n) :2n—\/m.
LAy tdng tri hiéu, chia doi, dugc canh cau

(b+c)—(b—c) m—(2n—vm2+2n2) m—2n 4+ /m? + 2n2
C = = == .
2 2 2

LAy t6ng cong hiéu, chia doi, dugc canh c6

b+ + -0 _m+<2n— Vm2+2n2) _ m+2n+ V/m? + 2n?
B 2 B 2 B 2 '

b

Nhin xét: Nguyén Hitu Than da néu phuong phép “truong phuong tich” giai hé

b+c=m
a+(b—c)=n

a’ = b? + 2.

Con tiép ...
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TOAN GO PONG
DAN T61 BAI TOAN TiNH TONG HUU HAN
TRONG CAC SACH TOAN HAN NOM

Pham Vin Hoing
Truong Pai hoc Gido duc, Pai hoc Qudc gia Ha Noi
Pham Vi Loc
Trung tam Vii tru Viét Nam, Vién Han ldm Khoa hoc va Cong nghé Viét Nam
Tran Pai An
Nghién cuu sinh, Pai hoc Su pham Ha Noi
Poan Thi Lé
Nghién cuu sinh, National Tsing-Hua University, Taiwan
Ta Duy Phugng

Cong tdc vién Vién Todn hoc, Vién Han ldm Khoa hoc va Cong nghé Viét Nam
Cung Thi Kim Thanh, Phan Thi Anh Tuyét
Thac si Hdan Nom

Todn go dong: Dang todn tinh t6ng hitu han di c6 trong céc sach toan Trung Qudc tir thé ki
XI-XVII (xem thi du trong [4], [6]). Vi dang todn nay chii yéu xuit phat tif cac bai toan xép hdp
hoiic xép qua thanh déng cao nén cac sach toan Trung Qudc va sich toan Hin Nom (sach todn
Viét Nam viét bang chit Han va chit Nom) thudng goi 1a fodn go dong.

Mot sb vat [hop, qua,...] dudc xép trén mit phang thanh hinh vudng, hinh tam gidc déu hoic
hinh chit nhat. Lép tiép theo dudc xép chong 1én 16p thd nhat véi mdi canh gidm di mot vat. Ci
nhu vay dugc k 16p. Ta goi hinh nhan dudc 1a go. Nhu vay, mo6i mit bén ctia go nhin tif ngoai
vao c¢6 dang mdt hinh thang can.

Déng dudc hi€u nhu céac vat [vién gach, qua, hop,...] dugc xép tit duéi 1én trén, mdi hang cla
16p trén giam mot vat so v6i hang & 16p duéi, gidam dan dén dinh chi con 1 vién hoic mot hang.
Péng c6 thé c6 ddy 1a mot hang (d6ng dua tudng), c6 thé day 1a mot 16p vat xép thanh hinh
vudng, tam gidc déu hodc chit nhat. Néu ddy 12 hinh vuong hoic tam gidc déu thi mbi mit bén
clia déng nhin tlf ngoai vao 1a tam gidc déu. Néu ddy 12 hinh chif nhat thi mit bén 13 tam gidc
déu hoic hinh thang can.

Bai viét nay trinh bay dang todn go dong trong 3 cubn sach toan Han Nom [ 1] - [3], din t6i cic
bai toan tinh tong hitu han.
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Dé dé dang cho ban doc va tién st dung trong cc 16p khac nhau, chiing toi két hop trinh bay
cach giai trong sich todn Trung Qudc va sich todn Han Nom vé6i nhiing giai thich va chiing
minh ti mi theo ngén ngt hién dai.

Trudc khi phat bi€u cac bai toan cu thé, Nguyén Hitu Than thudng gidi thich dang toan va
phuong phép gidi. Ong goi vat xép thanh dbng 1a vdr xép thanh ting.

Vit xép thanh tdang nhon dya tuong mot mdt ([2], quyén 6, trang 49a): Vat chi xép mot chiéu, tir
dudi 1én trén, mdi tang giam mot cai, dén chép nhon chi con mot cdi. T tAng thip nhit, dudc
mot sd vat thi tir ddy dén ting ngon, s ting ciing bang s6 vt [§ tang thap nhét] vay.

Nguyén Hitu Than ciing néu Phép tinh ([2], quyén 6, trang 49a - 49b): Ly s6 cdi [sd vat] & tang
thip nhit cong v6i ngon 1 cdi, chia nita. LAy s6 cdi & tang dudi ciing, nhan véi né dudc két qua.

Trinh Pai Vi ciing néu Qui tic tinh sb vat trong ddng nhon mot mit nhu sau.

Qui tdc ([5], trang 13a): Muon phép rudng tam gidc, dit s6 vat & ddy cong vao 1 & trén lam thuc.
Liy s6 vat & ddy 1am phdp, nhan vao chia ntta dugc két qua.

S6 vat & chan ddy ctia dong nhon ciing chinh 12 s6 tang cao.

Hinh 1: M6 hinh Péng nhon dua tuong ([5], trang 13a).

Gidi thich 1: Nhiéu cong thiic giai dang todn gd dbng (tinh tdng sb vat rdi rac) dugc mod phong
tlf cdc cong thidc tinh dién tich, thé tich da biét (dién tich hinh thang, tam gidc, thé tich khdi da
dién,...).

Gidi thich 2: Vi mbi tang b6t di 1 nén sd vat & tang dudi cung ciing chinh 13 s6 hang. Dan t6i
bai toan tinh t6ng S, cua day sdbn,n—1,...,3,2, 1 néutinh tir duéi lén trén, hoacl, 2, 3,...,
n — 1, n néu tinh tif trén xudng dudi. Ta xét bai toan tdng quat hon:
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Bai toan: Tinh tong S, = ay + a, + -++ + a, cia n sé hang dau tién cia ddy sé a,,ax, . .., a,
voiaiz1=a; +1,i =1,2,...,n—1.
Ta c6 cong thuc

(a1 +au) xn

Cong thic nay dé dang chiing minh bang nhiéu céch, thi du:

6]

DoS,=a1+a,+---+a,vaa; +ay—j+1 =@ +i—-1)+(a,—i +1) =a, + a,, nén
28, =(a1+ax+---+ap) +(an tan-1+---+ax+ap)
= (a1 +an) + (a1 + 1)+ (@ —1) + -+ (an + a1) = n(ar + an).
Viy (1) dudc chiing minh.
Trudng hop dic biét: Tong n s6 tw nhién dau tién duoc tinh theo cong thiic

nxmn+1)

Sp=14+2+-4n= >

2)

Bai toan 1 ([5], t& 13b). Nay cé dong nhon mét mdt dua tuong, chdn ddy rong 18 cdi, héi tong
s0 cdi?

Loi gidi. Dt chiéu rong 18 cdi 1am thuc. Dit riéng 18 cai thém dinh 1 cdi, duge 19 cdi lam
phéap. Nhan v6i nhau dugce 342 cai. Chia doi thi duge 171 cai. [

Gidi thich 1: Dbng nhon dua tudng c6 chan day gdm 18 c4i, mdi hang b6t di mot cdi, tao thanh
day s6 18,17,...,2,1, c6 tdng

18 x 19

Thuc va phdp & day la hai thita s6 trong phép nhan.

Gidi thich 2: Sach toan Trung Hoa va sich todn Han Nom thudng dudc trinh bay theo ciu triic:
Phat biéu bai toan, Pap s6 (Pép rang), Loi giai hay Qui tic gidi (Phdp viét, Phép tinh) dugc viét
bang 15i (chua duing cong thiic va ki hiéu toan hoc). Va gan nhu khong c6 gidi thich hay chiing
minh cong thic dugc st dung.

Bai toan 2 ([1], t& 17a). Nay c6 cdc bao gao duwa tuong mot mdt, chdn ddy 25 bao, héi cé tdt

cd bao nhiéu bao gao?

Li giai. LAy s6 chan day 1am thuc, lai 14y s6 ddy cong 1 1am phdp nhin véi né, dudge 650. Chia
doi duge 325 bao gao. [

Gidi thich: Day s6 25,24, ...,1 c6 tong
25 x 26
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Bai todn 3 ([1], t& 17a, [3], t& 95b). Nay cé mot déng gach, dudi chdn 38 vién, hdi chita bao
nhiéu gach?

L&i gidi. Ly chan 38 vién lam thuc, lai 1dy s6 chan thém dinh 1a 1, dugc tdng 39 vién, nhan véi
no6, dugc 1482 vién. Chia ddi 1ay nita dugc 741 vién, hop véi cau hoi. O

L_,l 1.1

Hinh 2: Xép gach thanh biic tuong ([ 1], t& 17a)
Giai thich: Déng gach c6 chan 38 vién, mdi hang trén bét di 1 vién, tao thanh day $038,37,36,35,...,1
(hinh 2, minh hoa véi n = 8) c6 tong

38 x 39
= 741.

Sy g=1+2+3+---4+37+38 =

Bai toan 4 ([3], to 96a-96b, [2], quyén 6, t& 57). Nay cé mot déng qud mot mdt, chan ddy rong
12. Hoi co bao nhiéu qua?

Loi gidi. Dt chan dudi 12 1am thuc, ngoai ra lay 12 cong véi dinh 12 1 cdi dudc tdng 1a 13, lam
phép nhan véi né duge 156 cai, chia doi léy ntia, hgp véi cau hoi. O

Gidi thich: Péng qua c6 chan 12 qua, mdi hang trén bét di 1 qud, tao thanh day s6 12, 11, 10, ...,2, 1
c6 tong
12 x 13

Sp=142+---412= =T78.

1.2. Dang toan 1.2: Déng cut dua tudng

Nguyén Hitu Than goi dang toan ny 12 vdt xép nita tang hay dong cut ([2], quyén 6, trang 49a):
Vit xép nifa tang tiic 1a vat xép khong dén ngon. Dang toan Pdng nita mot mdt dua tuong gidng
dang ton truc, nhung déng xép khong dén ngon, nén goi 1a déng niia (déng cut).
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Phép tinh ([2], quyén 6, trang 49a): Liy s6 cai (sd vat) & tang trén cling cong vé6i sd cdi & tang
duéi ciing, chia nita. Liy sb c4i & tAng duéi cuing tri di sb c4i & ting trén cung, két qua lai cong
v6i 1 cai r6i nhan véi né, dudc sb céi.

Gidi thich: Goi sb vat tang trén cung 13 a;, sd vat ting cudi cung 1a a, (céi). S6 ting bang

n =a, —a; + 1. Theo cong thiic (1), tdng sd vat bang

Sn=¥x(an—al+1). 3)

Bai todn 5 ([5], t& 13b). Nay c6 dong bang mot mdt, chdn ddy gom 7 cdi, trén gom 3 cdi, hoi

co bao nhiéu cdi?

Loi gidi. Dt chan dé 7 cdi trir di chiéu rong trén 3 cdi, con 4 cdi, thém 1 dudc 5 cai lam phap,
ciing 14 5 tang vay. Cong riéng chiéu rong trén dusi dugc 10 cai 1am thuc, nhan véi phap, dudc
50 cdi. Chia do6i dudc 25 cai, hgp véi cau hoi. [

Trinh Pai Vi da xét bai toan v6i déng xép thiéu hai tang trén (Hinh 3).

Hinh 3: Xép vat thanh dong cut ([5], to 14a)

Gidi thich: Tong sd vatla S =746 + 5 + 4 + 3 = THXTS+HD — 55

Trinh Pai Vi ciing viét ([5], t& 14a): Pay 1a dong nhon mot mit khong c6 2 ting trén vy (xem
hinh 3).

Dung phép hinh thang, cdng sd trén dudi lai 1am thuc. Liy sd cao 1am phép, nhan vao chia nifa
dudgc tich. S6 ddy ctia ddng bing lién quan dén sb cao ctia déng nhon ma tri di 2 tang trén, tic
dbng bang cao 5 ting vay.

Nhan xét: ([1], t& 17b) Néu chiéu rong trén dudi déu 1& hodc déu chin thi c6 thé cong lai. Chia
d6i, nhan véi chiéu cao, nhanh hon. Hoic 14y chiéu rong trén dudi nhan véi chiéu cao, rdi sau
chia doi cliing vay.

Bai toan 6 ([1], t5 17b). Nay c6 mét dong ddu ddt ddu bdng, dudi chdn rong 9 ddu, dinh réng
4 ddu, chita bao nhiéu ddu?

L&i gidi. LAy chan 9 diu gidm di trén 4 ddu con 5. Thém 1 dudc 6, 1am thuc (12 6 ting vay). Lai
cong chiéu rong trén dudi duge 13 1am phap, nhan véi nhau, dudc 78. Chia doi dugc s6 dau. [

58



Tap chi Epsilon, S6 21, 02/2022

Giai thich: Day $69,8,7,6,5,4 (vién gach tinh tu dudi Ién) hay 4, 5, 6, 7, 8, 9 (vién gach tinh tu
trén xubéng) c6a; = 4,a, =9.Vin =a, —a; +1=9—44+1 = 6nénn = 6 va tdng sd
diu ditbing S = 9+ 8 + 7+ 6+ 54 4 = CHxO=4+D 39

Luu y: Dang toan 1 véi cic vi du trong cdc sach todn Hian Nom da dudc trinh bay chi tiét trong
[10]. P& c6 cai nhin toan canh, chiing toi trinh bay lai & ddy. Luu y rang, dang toan nay van con
y nghia thdi su.

Xét bai toan sau day

Bai todn 7 ([9], Vi du 14, trang 20). Cdc 6ng sdt é mét nha mdy duoc xép nhu trong Hinh 4,
trong do hang trén cing cé 5 éng, hang dwdi co nhiéu hon hang lién trén mot éng, hang dudi
cuing co 20 éng. Hoi tdt cd co bao nhiéu ong.

\ \ /
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EEEn) X )
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Hinh 4: Minh hoa 4 hang trén cung

L&i gidi. Tongsd6ngla S =54+6+---4+194+20= (54+20)+ (6 +19) 4+ (7 +18) + (8 +
17) + (94 16) + (10 + 15) + (11 + 14) + (12 4+ 13) = 25 x 8 = 200. Tat nhién, ta c6 thé tinh
theo cong thic (3):

_ (5+200x(20—-5+1) 25x16
= 5 =

Két qua 200 dng. O

S = 200.

Nguyén Hitu Than viét ([2], Quyén 6, t5 49b): Tang nay gdm cac vt tron nhu hinh vién dan
[hinh cAu], xép trén dat bing, ddy 13 hinh vudng. Ti ting dudi 1én trén, 1an lugt mdi hang gidm
1 vat, dén ngon con ding 1 vién. Theo bén mit quan sat, mdi mit 13 hinh tam gidc.

Bai toan 8 ([5], t& 14b; [2], Quyén 6, t& 49b). Gid sit ¢d hinh vudng xép tdng nhon, bén mdt
ddy deu la 12 vién (dan), héi tong cong co bao nhiéu vién?

L&i gidi. LAy chiéu rong day 1a 12, cong thém 1, tdng dudc 13, nhan véi chiéu rong ddy 1a 12,
dugc 156. Lai liy chiéu rong ddy 12 12 cong thém nifa vién, tdng 13 12 vién rudi, nhan véi sb da
tinh dugc 1a 156, duge 1950 lam thuc. Dung phép chia 3, dudc 650 vién, tic 1a sb tich ti gidc 4
mit nhon xép tang. O
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Gidi thich: Xép vat thanh n 16p, 16p thi k 12 mot hinh vudng c6 sb vat 1a k2. Vay tdng sb vat
dudc tinh theo cong thiic

n(n+ D + 1)

Sp=1>4+224+...+n? = 3 “4)
p x13x 1
Ap dung véin = 12, tadugc S = w = 650.
Ghi chii: Cong thiic (4) trong cic sach toan hién dai thudng dugc viét dusi dang
nin+1)2n+1)
Sn = (5)

6 b
va dudc ching minh bang qui nap.

Chi dan lich si: Duong Huy nim 1274 ([6], trang 303) da tinh s& hop 1ap phuong chia trong
mot dong c6 ddy vudng theo cong thiic (4):

:nx(n—l—l)x(n—l—%)

Sn
3

DPbng c6 day vudng, mdi tang gom n2, (n — 1)2, ..., 22,12 cac lap phuong nhd. Do d6
Sp=1"+22+--+n”

Duong Huy di khong chitng minh hoic gidi thich cong thiic (4). B6n trim nim sau, Du Zhigeng
(cudi thé ki XVII), da nhan xét rang ba cdt v6i bdn goc c6 thé dugc chap lai véi nhau dé nhan
dugc hinh hop chit nhit tuong duong vé6i nita chiéu cao phut hop chinh xdc v6i miit trén ciia hinh
hop (Hinh 5). Nhu vdy ta ¢6 hop chit nhat véi s6 chiéu lan,n 4+ 1,n + 1 v6i thé tich bang ba lan
tdng da cho (Hinh 4, [6], trang 303). Day ciing 1a c4ch chiing minh hinh hoc cdc cong thic tinh
tong ctia ngudi xua (khac v6i cach chitng minh cong thic tinh téng thudng bang qui nap toan
hoc hodc giai tich nhu ngay nay).

Bai toan 9 ([1], t& 18a). Nay cé déng dd nhon bon mdt, ddy (mét mdt) rong 13 cdi, héi dong

chita bao nhiéu vién dd?

Loi gidi. Dit sd rong ddy 1a 13, lai 14y s6 Ay thém niia cai, dudc 13 cai rudi, nhan véi nhau, dudc
175 rudi. Lai 14y 13 thém 1 c4i, dudc 14, nhan vé6i né, dudc 2457 1am thuc. Chia cho 3, dudc
819 vién. O
Nhan xét: ([1], to 18a) Bai ndy néu lan dau thém 1, 1an sau thém nia, cling vay.

Giai thich: St dung cong thic (4), ta dudc

13x(134+2)x(13+1)
3 9

Sp=1>+2"4---+13* =

hoac

B3+ D) x(13+3)

n = 8109.
3
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Hinh 5: Ching minh cong thic (4)

Bai toan 10 ([2], Quyén 6, t3 49b). Gid sit cé go ddy la hinh vuéng xép nita tang, bon mdt déu,
co chiéu réng trén la 7 vién gach, chiéu rong dudi la 12 vién, héi tong sé vién gach?

Loi gidi. LAy chiéu rong trén 1a 7 vién tu nhan v6i nd, dudc 49, ghi lai. Chiéu rong dudi la 12
vién tu nhan véi nd, dudgc 144, ghi lai. Lai liy chiéu rong trén 1a 7 nhan vé6i chiéu rong dudi 1a
12, dugc 84, lai ghi nita. LAy chiéu rong trén 1a 7 trit v6i chiéu rong dudi 1a 12, thita 5. Chia
ntta dugc 2 vién rudi, lai ghi nita. Roi cong 4 s da ghi, dugc 297 vién rudi. Ngoai ra, 1ay chiéu
rong trén 1a 7 trit v6i chiéu rong dudi 1a 12, thém 1 vao 5 dudc 6, tiic 1a sb ting, nhan vdi nd,
dugc 1677 lam thuc. Dung phép chia 3, dudc 559 vién, tiic 13 tdng sb gach ctia go hinh vudng
xép niia tang. ]

Giai thich: Hinh chép cut c¢6 day dudi 1a hinh vuong canh 12, day trén 1a hinh vuong canh 7,
vay tong s vién gach 12 72 4 82 + 92 + 10% + 112 4 122 = 559.

Tuy nhién, Nguyén Hitu Than da st dung cong thiic tdng quat (6) dudi day dé tinh.

Cong thiic tong qudt tinh tong S = m> + (m + 1)? +--- + n>.

Goi canh ddy duéi ctia go hinh chép cut ddy vuong 1a n, canh ddy trén 13 m. Khi 4y tong cic
vién da xép trong dbng 1a

_m*+n?tmn+ ) —m+ 1)

S=m?+(m+ 1>+ 4n®= 3 ©)
That va
S = Xj(m—l—i)2 = Zmz—l— ZZmi +Zi2
i=0 i=0 i=0 i=0
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(n—m)x (n—m+1) N (n—m)(n—m+1)(n—m+ 1)

=m*(n—m+ 1)+ 2m

p 3
1 — 1
= (3m2-|—3m(n—m)+(n—m)(n—m+5))x%

_(m+n?+mn+ 5 —m+ 1)
= 3 _

Ap dung véi m = 7,n = 12 ta dugc

g (7 +122+7x 12+ ) x (12—=7 + 1)
N 3

= 559.

Nhan xét 1: Go hinh chép cut ddy duéi n, ddy trén m chinh 1a dong hinh chép ¢ ddy 1a hinh
vudng canh n cit di ngon la déng hinh chép ddy 1a hinh vudéng canh m — 1. Ta c6

S=8,—Spu_1=m>+-+22+1)—(m—1)2>+---+1) =m?>+m+1)>+---+n? = (6).

Nhan xét 2: Khi m = 1 thi cong thic (6) trd vé cong thic (4).

Nguyén Hitu Than viét ([2], Quyén 6, t3 49b): Tang nay hinh chép tam gidc nhu vat hinh vién
dan [hinh cau], xép bang trén mit dat thanh hinh tam gidc. Tir dudi 1én trén, mdi hang tai mdi
tang trén 1an luct gidm 1 vién, dén ngon chi con 1 vién. Tit ba mit nhin né, mdi mit ciing 1a
hinh tam gi4c, nén goi 1a tam gidc xép tAng nhon.

LAy tang thap nhit mdi canh mot s6 vién bay 1én trén. Lai liy tang thip nhat mdi canh mot sd
vién. Phép tinh cong thém 2 vién ctia hang, nhan véi nd, dudc sd 1am thuc. Dung phép chia 6,
dudc tich.

Bai toan 11. ([5], trang 14a) Nay c6 mot dong qud ddy tam gidc, ddy rong mot mdt 7 qud, hoi

co tdt cd bao nhiéu quad?

Loi gidi. Dat chiéu rong ddy 7 qua. Ly riéng 7 qua thém 1 dudc 8 cai nhan vao, dudc 56 qua.
Lai ldy 7 qua thém 2 dudc 9 qua nhan véi 56 qua dudc 504 qua lam thuc. Chia 6 hop vé6i cau
héi. O

Gidi thich: Vi ddy 1a tam gidc, cac 16p (tinh tif dudi 1én) c6 sd quala S; = 1 +2+---+7 = 28,
Se=14+2+---4+6=21,8S=1+24+34+4+5=15,8,=10,53=6,5,=3,51=1.

Viy tong s6 qua & déng tam gidc 7 tang 12

S=14+3+6+10+ 15+ 21 + 28 = 84.
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Tuy nhién, Trinh Pai Vi da ap dung cong thuc (7) duéi ddy cho n = 7 va dudc

Tx(T4+1)x(7+2)
6

S = = 84.

Céng thiic téng quat tinh dbng qua cé day tam gidc: Vi déng qua gdm n ting, tAng thi k 1a
tam giac déu mdi canh gdm k qué nén sd qua & tang thif k 1a

k(k 4+ 1)
2 b
S1:1,S2:3, S3:6, S4:10, S5:15,

Sk:1+2+“'+k:

Vay t6ng s6 qua & dong n tang ddy tam gidc la:

Ix2 2x3 nn+1) nm+1Dn+2)
Sttt = - .

Syn=S81+S+-+ 8 = (N

That vay, gia st cong thiic (7) ding vé6i n. Khi Ay
nx(n—|—1)><(n+2)+(n+1)x(n+2) _(m+ D x(n+2)x((n+3)
6 2 B 6 ‘

Ngoai ra, ta con mot chiing minh khac ntta nhu sau. Vi

Sy nt1 = Sy ntSuy1 =

1 1)(2 1
I4+24+n @ 12422 oo g2 = 20 )6(n+ )
nén
I1x2 2x3 1 1
Szn: >2< _I_ >2< +"'+M__XE lX(l"‘l)—_XE(l —I—l)

1 “ " . 1 nn+1)2n+1) nn+1) nn+1)n+2)
—X(ZZ—I—ZZ)—EX( - =)= - .
Viay cong thic (7) dugc chiing minh.

Bai todn 12 ([2], Quyén 6, trang 49b). Gid su tam gidc xép tdng nhon, ba mit ctia né moi mit
5 vién, hoi tong so.

L&i gidi. Bay xudng ddy 5 vién, cong thém 1 vién 1 6, nhan véi 5 vién, dugce 30. Lai 14y 5 vién
dudi ddy, cong thém 2, tdng cong la 7, nhan véi 30, duge 210. Dung phép chia 6, dudc 35 vién,
ttic 12 tdng sb vién trong tam gidc xép tang nhon. O

Giai thich: Ap dung cong thic (7) cho n = 5 ta dudc

554+ 1)(5 +2)

= 35.
6

SZsZ
Hoic tinh truc tiép
Sy5=85+84+8S:3+85+85=15+10+6+3+1=35.
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Bai toan 13 ([1], trang 18b). Nay c6 mét dong qud ddy tam gidc, ddy rong moi mdt 18 qud,
chita bao nhiéu qud?

L&i gidi. Dat s6 chiéu rong, lai riéng iy chiéu rong thém 1 qua, dudc 19, nhin véi nhau, dugc
342 qua. Lai 14y 18 thém 2 dudc 20, nhan vio, duge 6840 1am thuc. Chia cho 6 dudc s6 chita. [
Gidi thich: Ap dung cong thiic (7) cho n = 18 ta dudc

18(18 + 1)(18 +2
Sy 1 = ( +6)( + )=1140.

Nguyén Hitu Than viét ([2], Quyén 6, trang 49b): Go 1a tam gidc xép tAng nhon, nhung tang
khong dén ngon ma dinh trén bang.

Go dang nay c6 day la tam giac, dinh cua go ciing la tam giac, caic mat bén nhin vao 1a hinh
thang can. Ta dugc go hinh chép cut.

Bai toan 14 ([2], Quyén 6, trang 49b). Gid su co tam gidc xép nita tdng, ba mdt déu co chiéu
rong trén la 4 vién, chiéu réng dudi la 9 vién, hoi tong so.

Loi gidi. Lay chiéu rong trén 1a 4 vién tu nhan véi n6, dudc 16, ghi lai. Chiéu rong dudi 1a 9
vién tu nhan véi né, dudc 81, ghi lai. Lai 14y chiéu rong trén nhan véi chiéu rong dudi, dugc 36,
ghi lai. Gip déi chiéu rong dudi tinh nhap vao chiéu rong trén, dudc 22, ghi lai. Cong 4 sb da
ghi, dugc 155. Ngoai ra, 14y chiéu rong trén trit chiéu rong dudi, con 5.

Phép tinh lai thém 1 thanh 6 12 s tang, nhan véi né, dude 930 1am thuc. Ding phép chia 6, dugc
155 vién, tic tong sd vién trong tam gidc xép tang cut. O

Giai thich 1: Vi mdi tang 12 mot tam gidc c6sd vien1a S, = 1 +2+---+n = @ nén tong
s6 vién tif ting duéi cling (canh 9 vién) 1én tSi tAng trén cling (canh 4 vién) 1a

9x10 8x9 4x5

= 155.
2 + 2 o 2

Gidi thich 2: Vi dong 1a chép cut tam gidc nén s qua c6 thé tinh nhu “toan tich” theo cong thiic
(7) (t8ng s6 qué trong chop tam gidc So = 2 = 165), trit sO qua trong chdp tam gidc trén
dinh v6i canh ddy 1a 3 cling theo cong thic (7) (“hu tich” - khong c6 that, S3 = 322 = 10).
Suy ra

S = S8y9—Sy3=165-10 = 155.
Gidi thich 3: (Nguyén Hitu Than) Ap dung cong thiic tdng quat (8) dudi ddy véin = 9,m = 4
ta dugc

90— 441
S=(42+92+4x9+2x9+4)xT+:155.
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Cdng thic tdng quét tinh déng qua hinh chép cut: Gid sit cé dong qud hinh chop cut ddy tam
gidc. Canh ddy trén c6 m qud, canh ddy dudi cé n qud. Khi dy tong sé qud trong dong hinh
chop cut ddy tam gidc dugc tinh theo cong thiic

— 1
(m2+n2—|—mn—|—2n+m)x%. ()

Li gidi. Pdy 1a tam gidc canh n c6s6 qua bang 1 +2 4 --- +n = w Dinh 1a tam giac

N 3 9 1Y 1 A A 5 o . ., Y
canh m nén sO qua bang % Tong sO qua cua chop tam giac cut bang

n(n—|—1)+(n—l)n+m+m(m+1)

S =
2 2 2
1 n—m 1 n—m
:Ex;(m—l—i)(m—i—i-l—l):Ex;((mz—i—m)—i—(Zm—l—l)i-l—iz)

nh—m n—m

:%x((m2+m)(n—m+1)+(2m+1)xZi+Zi2)
0 0

(n—m)(n—m-|—1)+(n—m)(n—m+1)(2(n—m)+1)

— 1 2
= 5><((m +m)(n—m+1)+2m+1)x 7 G )
= % x (6(m* +m) +32m+ 1)(n —m) + (n —m)2(n —m) + 1))
= (m2+n2+mn+2n+m)x$.
Vay (8) ding. O

Nhan xét 1: Khi m = 1 thi cong thic (8) trd vé cong thiic (7).

Nhan xét 2: S& qua c6 trong go tam gidc cut chinh 13 s6 qua trong chép tam gidc c6 canh ddy n
(“toan tich”) trit di s6 qua c6 trong chép tam gidc (“hu tich”) canh ddy m — 1. Ta c6

n—m+1
S =8yn—Sym-1) = (m* +n* +mn +2n+m)xT.
Bai toan 15 ([5], to 14b, [1], t6 18b). Nay cé mét go qud tam gidc cut, moi mdt trén rong 5

cdi, ddy rong 12 cdi, hoi tong la bao nhiéu cdi?

[5], to 14b. Ciing dung phép tam gidc, trudc tién lay chiéu rong dudi 12 cdi, tinh ra tich toan
bd 12 364 cdi. Liy riéng chiéu rong 4o ctia ddng nhon trén 12 4 ci, tinh ra tich 40 12 20, trit khéi
tich toan bo con tich déng nira 1a 344 cai. U

Giai thich: Toan tich 12 t6ng sb qua trong chép nhon ddy tam gidc 12 tang, theo cong thic (7)

1X2+2X3+ +12><13_12><13><14
2 2 2 6

SZ 12 — == 364
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Hu tich 12 phin ngon, tinh theo cong thic (7) véin = 4 :

1><2+2><3+ +4><5_4x5><6_
2 2 2 6 N

Sy = 20.

Thuc tich 12 s6 qua trong chép cut bang 364 — 20 = 344 qua.

Mot phdp khdc ([5], t& 14b): Ly chiéu rong trén 5 tu nhan dugc 25, chiéu rong dudi 12 tu nhan
dugc 144. Chiéu rong trén 5 nhan chiéu rong duéi 12, dudc 60. Lai gip doi chiéu rong dudi
dugc 24, cong thém chiéu rong trén 5, dudc 29. Cong ca bdén s6 dudc 258 lam thuc. Liy chiéu
rong dudi 12 trit di chiéu rong trén 5 con 7, cong 1 dudc cao 8 1am phap. LAy phap nhan thuc
dugc 2064. Chia 6 dugc dap sd.

Giai thich: Tinh theo cong thic (8) v6i k = 5,n = 12, ta dugc

12—-5+1
S:(52+122+5x12+2x12+5)xT+:344.

Ciing c6 thé tinh truc tiép nhu sau: Vi ddy ctia ddng qua 1a tam gidc nén tdng sd qua tif tang 12
1én t6i tang 5 1a
12X13+ 11X12+10X11 +9X10+8X9+7X8+6X7+5X6
2 2 2 2 2 2 2 2
=78+ 66+ 55445+ 36+ 28 + 21 + 15 = 344.

Nguyén Hitu Than viét ([2], Quyén 6, t 49b): Tang nay ciing 1 vat hinh vién dan, xép trén dét
bing, chiéu dai va chiéu rong khong bang nhau. Vi du nhu ting trén dai 13 vién, rong 8 vién,
giam 1an ludt 1én trén, mdi tang giam 1 vién, dén ngon thi chiéu dai 12 6 vién, chiéu rong ngon
1a 1 vién, vay la chiéu dai va chiéu rong khong bang nhau.

Bai toadn 16 ([5], t& 13a, [1], t& 18a - 18b). Nay cé mét dong binh ruou, chdn dé rong 8 cdi,

dai 13 cdi. Hoi tong sé la bao nhiéu?

L&i gidi. Dat chiéu dai trit di chiéu rong con 5 céi, chia d6i dudc 2 cdi rudi. Thém nita céi thanh
3 cai, cong gdp vao chiéu dai, dugc 16 cai. LAy 8 cai nhan véi né, dugce 128 cai. Lai 1dy riéng 8
cai chiéu rong thém 1 thanh 9 cdi, nhan véi né dudc 1152 cai. Chia 3 hgp véi cau hoi. 0

Gidi thich: Pay la dang dong c6 ddy 1a chit nhat véi s6 chiéu m x n, xép dan 1én dén tang trén
cung con 1 hang cén —m + 1 cii.

Vi mbi tang mdi mit gidm di mot cdi nén téng s6 binh rudu 1a

8X134+T7x124+6x11+5x104+4x9+3x8+2x7+1x6=2384.
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Tuy nhlen Trmh Pai Vi va Pham Gia Ky da tinh theo cong thiic (9) dudi day Cong thic 1 tinh
tdng sb vat x&p thanh dong cé day 13 chit nhat: Véi déng qua xép tir dudi 1én trén, ddy 1a chit
nhat m x n,m < n ta cé tdng sd vat dudc tinh theo cong thiic

1 n—m 1 1
S=-mm+1)(——+=+n)=-m(m+ 1)Bn—m+1). 9)

3 2 2 6
Loi gidi. Ddng qua cé caclép tinh i dusilénlam xn, (m—1)x (n—1),...,1x(n—m+1).

Ta co
S=mxn+m-1)xm—-1)+---+1xm—m+1)

=Y iln—m+i) ="y ((n—m)i +i?
1 1

=(n—m)21:i+21:i2:(n—m)xm(m2+ D) +m(m+13)(m+5)

n—-m m+1 3a=m 4 om 4+ Dym(m + 1 1 n—m 1
=< > + 32)m(m+1)=( 2 32)( ):gm(m—l—l)(T—i-E-i—n).

Vay cong thuc (9) dugc ching minh. [

Ap dung v6i m = 8,n = 13, ta dugc

138
+1413)88+1) 16x8x9
S = . BE+D _ X3X — 384,

Bai toan 17 ([2], Quyén 6, t& 49a). Gid sit ¢d hinh tru vudng xép tdng nhon, ting dudi ciing
dai 12 vién, chiéu rong mdt la 8 vién, hoi to%g s6 vién?

Lsi gidi 1. ([2], Quyén 6, td 49a) LAy chiéu rong dudi 1a 8 vién trit v6i chiéu dai dudi 12 vién,
thita 4, chia nifa dudc 2. Lai cong thém nita vién, dugc 2 vién rudi. Tinh nhap vao chiéu dai duéi
12 vién, dudc 14 vién rudi. LAy chiéu rong duéi 1a 8 vién nhan véi né, duge 116. Lai iy chiéu
rong dudi la 8 vién, thém 1 1a 9 vién, nhan véi no, dugc 1044 vién lam thuyc. Dung phép chia 3
chia cho né, dugc 348 vién, tiic 1a tdng sd vién gach trong hinh tru vudng xép tang nhon. [

Nhan xét: ([2], Quyén 6, td 49b) Nhin chung hinh xép ting nay at chiéu rong trén chi c6 1 vién.
Cho nén gi st hdi c6 chiéu dai trén thi khong nhét dinh diing chiéu rong trén 1am cau héi.

Giai thich: Hinh tru vuéng (danh tit c6) & day c6 nghia 12 mot khoi c6 ddy 1a chit nhat dudc xép
thanh tang. TAng trén so vdi ting duéi thu lai mbi canh mot vién (gach).

Tang dudi cung 12 chit nhat canh 8 x 12. Vay tng sb vién 1a
8x124+7x114+6x10+5x94+4x84+3xT74+2x6+1x5=7348.
Tuy nhién, Nguyén Hitu Than da dp dung cong thiic (9) véin = 12,m = 81a

(2 +14+12)88+1)
3

= 348.
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L&i giai. LAy chiéu dai dudi 12 vién nhan 1én, dudc 24, tinh nhap vao chiéu dai trén 5 vién, tong
12 29. Ly chiéu rong dudi 8 vién nhan vdi né dugc 232, ghi lai. Ngoai ra 1y 232 nhéan véi chiéu
rong dudi 8 vién, dugc 1856. Lai 1ay s6 da ghi 13 232 cong véi 1856 dudc tdng cong 2088 1am
thuc. Dung phép chia 6, dudc 348 vién, gibng nhu trén. [

Giai thich: Nguyén Hitu Than da st dung cong thiic (10) dudi day dé tinh.

Cong thic 2 tinh téng s6 vat xép thanh dbng c6 day 13 chit nhat: Bdng qud cé cdc tang tinh
tiw dudi lén (véim < n)lamxn,(m—1)x (n—1),...,1 x (n —m + 1) vdi chiéu dai trén
h=n—m+ 1. Tong s6 vt la

_ (@n+h)mxm+ (2n+ h)m
= g :

N (10)

That vay, ta co

mm+1)Bn—m+1)  mim+1)2n + h)

§$=0)= 6 6

_ @n+hmxm+ 2n+h)xm
B 6
Apdung véin = 12,m = 8tacéchidudaitrén h =n—m+1=12—-8+ 1 = 5. Vay

= (10).

_ 2x12+5)x8x8+ (2x12+5)x8
B 6

S = 348.

Bai toan 18 ([5], trang 15b). Nay cé mét déng mdit ngang dudi réng 10 cdi, trén rong 1 cdi,
mdt trudc dudi rong 12 cdi, trén rong 3 cdi. Hoi la bao nhiéu?

L&i gidi. Dat chiéu rong dudi mit trude 12 cdi gip doi dude 24 cdi, thém chiéu rong trén 3 dugc
27. LAy chiéu rong dusi mit ngang 10 nhan vao dugc 270. Pit riéng 270 nhan véi chiéu rong
dudi (mat) ngang dugc 2700, cong vao 270 dugc 2970. Chia 6 thi dugc. ]

Giai thich: Pay 1a déng c6 ddy 1a chit nhat 10 x 12. Mbi tang tiép theo mdi chiéu giam di 1, nén
céctﬁngtiéptheolé 10x12,9%x11,8%x10,7%x9,6x8,5x7,4x6,3x5,2x4,1 ><3.T6ng
s6 vt bang

I0X12+9Xx 11 +8X10+7Xx94+6x8+5XT+4x6+3x5+2x4+1x3=495.
Tuy nhién, Trinh Dai Vi da st dung cong thic tong quét (10) d€ tinh
Ap dung véin = 12,m = 10 thi h = 12— 10 + 1 = 3. Theo cong thiic (9), ta c6

2x124+3)x10x 10+ (2x 12+ 3) x 10
6

= 495.

L&i binh: Nhu Nguyén Hitu Than da nhan xét, dau bai cho trén rong 1 cai la thira.
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Nguyén Hitu Than goi dang toan nay 1a Hinh tru vuéng xép nita tang ([2], Quyén 6, td 50a):
Tang nay bén mit dai rong khong bang nhau, ciing 12 hinh tru vuong xép ting nhon nhung xép
tang chua dén ngon da ding lai.

Cong thirc téng quat cho hinh tru vudng xép nira tang: Cho ddng vdt cé ddy la chit nhdt kich
thude m x n, moi tang tir dudi 1én trén méi canh rit di 1, tdng trén cung ciing la chit nhdt kich
thude k x h. Do méi tang mdi canh it di 1 nén m — k = n — h va téng soé vdt bang

m—k+1

S =2k +m)h+ 2m+k)n +m—k) x g

(1)

That vay
m—k

S=kxh+k+Dxh+1)+-+mn=> (k+i)h+i)

i=0
m—k m—k m—k
=Y kh+k+m))y i+ i
i=0 i=0 i=0

m—-—kyY(m—-—k+1) m—-—k)Y(m—-—k+1)Qm—k)+1)
2 + 6
m—k+1
6

=kh(m—k + 1)+ (k+ h) x

= ((6kh + 3(k + h)(m — k) + (m — k)2m — 2k + 1))

:(6kh+3km+3hm—3k2—3kh+2m2—4km-|—2k2-|—m—k)m_Tk+l
m—k+1
6
m—k+1
6
m—k+1
—

= (3kh —km + 3hm +2m* — k> + m — k)
=(2k+mh+QCm+k)Y im—k+h)+m—k)

=(Q2k+m)h+ C2m+k)n +m —k)
Vay (11) dudc ching minh.

Nhan xét 1: Khik = 1thih = n—m 4+ 1 va (11) trd vé (9). That vay, thay k = 1 va
h=n—m+ 1vao (11) ta ducc
m—1+4+1

1) =@2+mn-—m+1D)+Cm+Dn+m—1)x c

= Qn—2m+2+mn—m?+m+2mn+n -I—m—l)%

DGn—m + 1
= (3n + 3mn —m? + 1)% = Gn(m + 1) — (m? — 1))% _mm )(6” mtD _ )
Nhan xét 2: Cong thiic (11) cling c6 thé viét dusi dang
—ht1
S:((2h+n)k—|—(2n+h)m+n—h)x% (12)
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Vim—k=n—hnénm—k +1=n—h+ 1. Mat khac ta c6
QRk+m)h+Q2m+k)yn+m—k = 2kh+mh+2mn+kn+n—h = 2h+n)k+Q2n+h)ym+n—h.
Vay (11) = (12).

Bai todn 19 ([2], Quyén 6, t& 49b). Gid sit ¢ hinh tru vuéng xép nita tdng, chiéu dai dudi 12
vién, chiéu dai trén 7 vién, chiéu rong dudi 8 vién, chiéu rong trén 3 vién, hoi tong $6 vién?

Loi giai. Lﬁy chiéu dai trén 7 vién nhan ddi 1én, dudc 14, cong thém chiéu dai dudi 12 vién,
tong dugc 26. Liy chiéu rong trén 3 vién nhan véi né, duge 78. Liy chiéu dai dusi 12 vién nhan
doi 1én, ducc 24, cong thém chiéu dai trén 7 vién, téng ducc 31. Ly chiéu rong duéi 8 vién
nhan véi né, dudc 248. Cong 2 lan tich vira nhan, duge 326. Lai liy chiéu dai trén 7 vién trit véi
chiéu dai duéi 12 vién, thita 5, cong vdi téng trén, dugc 331. Ngoai ra liy chiéu dai dui 12 vién
tri di chiéu dai trén 7 vién, thira 5. Lai thém 1 vao phép tinh, dugc s tang 1au, nhan vé6i n6 dudc
1986 1am thuc. Dung phép chia 6, dudc 331, tiic 1a sb tich hinh tru vuong xép ntia tang. O

Giai thich: Vi day dudi la mat chit nhat canh mxn = 8x12, day trén la mat chit nhat k xh = 3x7
nén tong la
8x124+7x114+6x104+5%x9+4x84+3x7=331.

Nhung Nguyén Hitu Than da dp dung cong thiic (12) v6im = 8,k =3,n = 12,h =7

—h1
(2h+n)k+(2n+h)m+n—h)%
12-7+1
:(2x7—|—12)3—|—(2><12+7)x8—|—12—7)T+:331.

Bai toan 20 ([5], t& 15b - 16a, [1], t& 19a, [3], t& 97a - 97b). Nay cé mot déng binh rugu, trén
dai 25 cdi, rong 12 cdi, dudi dai 30 cdi, rong 17 cdi, cao 6 cdi. Hoi tich bao nhiéu?

[3], t6 97b. Nhan d6i thuong truong dudc 50 cai, cong v6i ha truong tdng cong 1a 80 cai. Ly
chiéu rong 12 nhan v6i né dudc 960 cai, lai nhan ddika truong dudc 60 céi cong véi thuong
truong dugc téng 85 cdi, 14y ha hoat 17 nhan v6i né dudc 1445 cdi tinh né duge 2405 cai
(1445 + 960 = 2405), lai l1ay ha truong trit di thuong truong du 5 tinh vao dudc 2410 céi,
14y chiéu cao 6 cdi nhan v6i né dudc 14460 lam thuc, 1y 6 lam phép tinh chia véi n6 1a xong
vay. [

Gidi thich: Day la dbng cut c6 ddy 1a chit nhat 17 x 30. Mdi tang tiép theo mdi chiéu giam di 1,

nén céc ting tiép theo 1a 16 x 29, 15 x 28, 14 x 27,13 x 26, 12 x 25. Tong s6 binh rudu biang
17 %304+ 16 X294+ 15x28 4+ 14 x 27 + 13 x 26 + 12 x 25 = 2410.

Tuy nhién, Trinh Pai Vi, Nguyén Hitu Than va Ta Hitu Thudng da tinh theo cong thiic (12).

Apdung véin = 30,m = 17,h =25,k = 12tadudgcm—k = 17—12 = 5 = 3025 = n—h.

Khi do
n—h-+1

S=Qh+nk+ 2n+hm+n—h) 5
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30 — 25+ 1
= ((25><2+30)><12+(30><2+25)><17+(30—25))TJr = 2410.

Nhan xét 1: ([3], t& 97b) Néu lay bai toan dong dai d€ tinh, lai tinh ra hu tich & trén, con dudi 1a
thuc tich, ciing khdp véi s nay.

Giai thich Vi ddy duéi 1a chit nhat 17 x 30 nén cic 16p qua xép dén tan dinh sé 1a 17 x 30,
1629, 15x28,14x27,13x26,12x25,11x24,10%x23,9%x22,8%x21,7x20,6x19,5x 18,
4x17,3x16,2x 15,1 x 4. Tong s6 qua la

17x304+16x29+15%x28 +14x27 +13x26+12%x25+11%x24+10%x23 +9x22

+8x21 +7x20+6x19+5x18+4x17+3x16+2x%x15+1x4 = 3774.
Tinh theo cong thtic (9)

1 1
S = cm(m + 1)@ —m+1) = Z(17(17+ DG x 30~ 17+ 1)) = 3774.

Hu tich (d6ng chép & trén) c6 sd qua 1a

11x24+10%x234-9x224-8x214+7x204+6x19+5x18+4x17+3x164+2x154+1x14 = 1364.

Tinh hu tich theo cong thuc (9) véim = 11,n = 24

_mm+1D)@Bn-—m+1) (111 +1)Bx24—-11+1)
6 6

Vay s qua that c6 (trong hinh chép cut 1) 3774 — 1364 = 2410 qua.

S = 1364.

Nhan xét: ([1], t& 19a) Bai nay tuong tu bai tinh th€ tich hinh ling tru léch. Nhung bai nay lai
14y hai chiéu dai trir di nhau, lay sb du cong vao 1am thuc vay.

Lang tru léch: Kiéu nay hai mit dai khong dbi nhau, bén mit nghiéng dbi nhau vay. Cach tinh
12 nhan ddi canh dai trén cong véi canh dai dudi, 14y canh rong trén nhan véi né; nhan do6i canh
dai dudi cong v6i canh dai trén, 1ay canh rong dudi nhan véi né. Cong hai cai 1am mot, 1iy chiéu
cao nhan véi né. Lai chia cho 6.

Pay chinh 1a cong thic dugc chiing minh trong Phu luc. Pham Gia Ky ciing c6 chit nhung:
Nhung bai nay lai ldy hai chiéu dai triv di nhau, ldy sé du cong vao lam thic vdy. Nhung Ong
cling khong giai thich r6 tai sao c6 chit “nhung” nay.

Duéi day ching t6i trinh bay chiing minh cong thic lang tru 1€ch.

Phu luc (c6ng thic tinh thé tich hinh lang tru léch): Lang tru léch 1a lang tru c¢6 hai mat la cac
hinh chit nhat song song, bon mit con lai (cic mit bén) 12 nhitng hinh thang.

Nhan xét; Lang tru 1éch khdc vé6i chop cut vi cac canh bén kéo dai khong nhét thiét cat nhau tai
mot diém.

Goi ay, by, as, b, tuong ting 1a chiéu dai, chiéu rong ctia mit dusi va mit trén, 4 1a chiéu cao
hinh lang tru 1éch (khoang cach gitra hai mat chit nhat song song, Hinh 6).

Ta c6 cong thic tinh thé tich hinh ling tru 1éch:

h
4V = ((2611 + az)bl + (2(12 + al)bz) X g (13)
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Hinh 6: Chiing minh cong thic tinh thé tich ling tru 1éch

L&i gidi. (Xem [8] trang 551 va [7]) Chiéu ddy trén (ddy nho) xudng ddy dudi. Ta c6 a, =
b+4a,+d vab, = a+ b, +c (Hinh 6). Liang tru cut bi cat thanh 9 miéng: M6t hop chit nhit c6
thé tich a,b,h, bdn ling tru ddy tam gidc c6 tong thé tich 1a %ahaz + %bhbz + %chaz + %dhbz
va bdn hinh chép ddy chit nhat c6 tdng thé tich 2abh + 1bch + Ycdh + tadh (Hinh 6).

PEéyringa, = b +a; +d vab, = a + b, + c, ta tinh dudc

1 1 1 1 1 1 1 1
V =arbh + Eahaz + Ebhbz + Echaz + Edhbz + gabh + gbch + gcdh + gadh.

Vay cong thic (13) dudc chiing minh. [

K&t luan: Bai bdo trinh bay cdc bai todn tinh tdng thong qua phat biéu tit cic bai todn thuc té
trong ba cubn sach toan Han Nom. Vin ban chid Han néi vé bai toan tinh tong trong [1]- [3] da
dudc phan tich trong [12]. Mot bai toan khéac dan t6i bai toan tinh tdng 12 bai todn bo vdt, cling
da dudc trinh bay trong [1 1].

Toan god dbng thé hién su trudng thanh ctia todn hoc Viét Nam thé ki XIX.

Miic du céc cong thiic va két qua trong sach toan Han Nom da ducc giai ma (chiing minh) day
dd va chi tiét trong bai viét, van con mot cau hoi: Ngudi xua da di dén céac cong thiic tinh tdng
(thi du, cac cong thifc (9) — (12)) nhu thé nao? - C6 thé khang dinh: Ngudi xua da di tif cac
cong thiic tinh thé tich cdc hinh d€ suy ra céac cong thic tinh tdng (tuong tu héa). Hon nita, cac
cong thiic tinh thé tich va cong thic tinh téng thudng dudc chiing minh nhd phuong phap cdt
ghép hinh, chi khong chiing minh qui nap nhu ngay nay. Vi du tinh thé tich hinh ling tru cut va
cong thiic tinh téng binh phuong cac sb tu nhién trén day 1a nhiing co s cho khang dinh nay.

Nhiing bai todn tinh téng vin con c6 y nghia thuc té trong gidng day, tham chi cho hoc sinh 16p
6. Tuy trinh do, c6 thé cho hoc sinh 1am céc bai tip vé6i cac s6 cu thé (nhu cc sach todn cd, va
da dudc trinh bay, phan tich trong bai), hodc cho hoc sinh chiing minh cdc cong thiic tdng quat
tru6e khi 4p dung vao cac bai toan cu thé.

Nghién ctu lich st toan hoc ciing cho chiing ta thiy con dudng phit trién ctia toan hoc va mbi
quan hé ctia to4n hoc véi thuc té.
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PINH LY PASCAL VA AP DUNG

Lé Viét An (Tp.HCM)
Nguyén Duy Phuéc (Thira Thién - Hué)

TOM TAT

Dinh ly Pascal cho dudng tron 12 mot trong nhiing két qua kinh dién nhét ctia hinh hoc so
cap. Trong bai viét nay, chiing t6i xin d& cip dén mot ching minh méi kha don gian dua
vao dinh ly vé tim dang phuong ctia ba dudng tron dudc chiing toi phat hién trong qua
trinh giang day. Bén canh d6 s€ néu 1én mot vai Gng dung tng véi nhiing trudng hgp déc
biét ctia n6 dé ban doc thiy dugc su ing dung tuyét voi clia dinh 1y nay.

Noi dung ctia dinh 1y Pascal thudng dudc phat biéu nhu sau:

Dinh Iy 1. Cho sdu diém A, B,C, A’, B',C’ cing nam trén mét dwong tron. Pdt X = BC’' N
B'C,Y =CA'NC'AvaZ = AB' N A’'B. Khi dé X, Y, Z thing hang.
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B/

X

X r e S, . (A B C
Hinh vé dinh ly Pascal ung v6i bd diém .
A/ Bl C/

C6 rat nhiéu cach dé ching minh dinh ly Pascal, trong d6 c6 mot cach cia tdc gia Jan van
Yzeren (xem tai [1]), 1a ding tf gidc ndi tiép dua vé hai tam gidc vi tu rat dep. Tuy nhién trong
bai viét nay, chiing t6i cling ding mdt cach ching minh bang ti gidc noi tiép két hop véi truc

dang phuong nhu sau:
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Loi gidi. V& dudng tron ngoai tiép tam gidc ZBB' cit Y Z tai P khac Z. Goi (0) 1a dudng tron
di qua sdu di€ém A4, B, C, A’, B’, C'. Xhi d6

YCB = ACB' ViY e AC)
— A'BB’ (Vi tif gidc A’BCB’ néi tiép)
= ZBB (Vi Z € A'B)
— ZPB' (vi tif gide ZBPB' noi tiép)
— YPB (ViPeYZ).

Suy ra tif giac B'Y P C noi tiép.

Chitng minh tuong tu, ciing c6 ti giac C’BY P ndi tiép.

Ap dung dinh Ii vé& tim ddng phuong cho hai dudng tron ngoai tiép ctia cic tam giac CB'Y, BC'Y
va dudng tron (0) véi chiy X = B’C N BC’ thi ba truc dang phuong B'C, BC’ va Y P dong
quy (tai X). Do d6 YZ di qua X, tic 1a ba diém X, Y, Z thang hang. 0
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Tit dinh ly Pascal, ta xem xét mot sb tinh hudng c6 thé xay ra ctia ciu hinh ctia dinh 1y, chang

han:

e Néuchoxdyra X = BC' N B'C = oo,tiic BC' | B'C thikhid6 YZ | BC' || B'C.

e Con néu cho xay ra mot cip diém trung nhau, hai cip diém tring nhau hoic tham chi ba
cip diém trung nhau trong sdu diém A4, B, C, A’, B’, C’ thi khi dé luc gi4c suy bién thanh
ngil gidc, ti gidc, tam gidc, chang han nhu A = A’ thi dudng thang AA’ trd thanh tiép

tuyén ctia dudng tron (O) tai A, ching ta con thu thém nhiéu két qua dic biét nita.

Vidu 1. Cho duong tron (O). AB, CD la hai ddy cung ciia (O). Goi E la giao diém ciia AD
va BC. MN, PQ la hai déy cung khdc AD, BC cua (0) va di qua E. Goi X la giao diém ciia
MQ va AB, Y la giao diém ciia NP va CD. Chitng minh rdng ba diém X, E,Y thdng hang.
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Loi giai. Goi Z 1a giao di€ém ctia BP va M D.

. . (A M P . .
Ap dung dinh ly Pascal cho 6 diém (Q B D) ta thu dugc ba diém X, Z, E thang hang.

_ . (M P C . .
Ap dung dinh ly Pascal cho 6 diém (B b N) ta thu dugc ba diem Z, Y, E thang hang.
Suy ra b6n diém X, Y, Z, E thang hang. O

Nhin xét 1. Chiing ta nhan thiy khong c6 bd sau diém nao d€ suy ra ba diém X, E, Y thang
hang mot cach truc tiép bang dinh ly Pascal. Diéu nay doi hdi chiing ta can dung thém diém phu
Z sau d6 chi ra bén diém X, Y, Z, E thang hang.

Vidu 2 (Lé Viét An) Cho tam gidc ABC, phdn gidc AP. Diém D nam trén doan AP sao cho
BDP > DCB va CDP > DBC. Ldy diém K ndm cing nita mdt phdng chita B ¢6 b la AP
sao cho KDP = DCB va BKD = A/@ va ldy diém L ndm cing nita mdt phdng chita C ¢6
b la AP sao cho LDP = DBC va CLD = ABC. Gia sit BK va CL phdn biét va cdt nhau
tai X. Chiing minh rang AP di qua X.

Loi giai. Kéodai DK, DL thu tu cit AC,ABtai E, F. Tasé chiing minh sau diém B, C, E, F, K, L

cing nam trén mot dudng tron.

Goi E’, F’ thi tu 1a dbi xding ctia E, F qua phan gidc AP cida BAC. Suy ra E/ € AB va
F' € AC, hon nita: E'DA = EDA = KDP = DCB va F'DA = FDA = LDP = DBC.
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Ap dung dinh 1y sin cho tam gidc ADE’, ADF’ va DBC véichiy E'AD = F'AD, ta cé:

AE' DE'

AE’ ' AF’ sinm sinA/D?’ sinm sin DCB B DB
AF' " DF’  DE' DF' sinE/’ﬂ) ' sinF/’zﬁ) ~ sinADF' sinﬁl-?? - DC’

Suy ra

AE" _ DB-DE’
AF’  DC-DF’

Mit khéc: E'DF’ = E'DA + F'DA = DCB + DBC = 180° — BDC.

Suy ra E'DF’' + BDC = 180°.

Do d6 BDF' + CDE’ = 180°. Suy ra sin BDE' = sinCDF’.

Chi y rang D ndm trén phan gidc géc BAC nén D cich déu AB va AC. Suy ra

BE'  Sppgp  PERESREPE pp.pE’

CF' ~ Scpr:  DC-DF'snCDE’  CD-CF’
>

Do do jf:: = g? Theo dinh i Thales dao, ta c6 E'F’ || BC. Suy ra AE'F' = ABC. Mat
khéc, chi y hai tam gidc AEF va AE’'F’ dbi xiing nhau qua AD nén AEF = AE'F’ nén
AEF = ABC = FBC. Suy ra ti giac BCEF ndi tiép.

Bay gi¢ chd y ring EKB = DKB = ACB = ECB nén tit gidac BKCE ndi tiép.

Chiing minh tuong tu, ciing c6 ti gidc CL BF noi tiép.

Tir d6 ta suy ra luc gidc BKLCEF noi tiép. Dén day, 4p dung dinh Iy Pascal cho sdu diém

C F
AP diqua X. [

B E L . .
( K) thibadiem X = BKNCL, A= BF NCE vaD = EK N FL thang hang hay

Vi du 3. Cho tam gidc ABC néi tiép duong tron (O). P, Q la hai diém ndm trén (O). Goi A’
la diém déi xiing voi P qua BC, A" la giao diém cia A'Q véi BC. Pinh nghia B', B",C’,C"
mot cdch tuong tw. Chitng minh rang ba diém A”, B", C” thing hang.

Loi gidi. Tru6e hét, xin phat biéu va chitng minh bs dé sau

B& dé 1. Cho tam gidc PBC néi tiép duong tron (0). A’ dbi xiing véi P qua BC. A’'B, A'C
lan lwot cat (O) tai cdc diém thit hai la N, L. Khi do BL = BP,CN = CP.
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Ldi gidi. Tacé BCA' = BCP nén BL = BP; PBC = A/BC nén CN = CP. O

Quay trd lai bai todn.

Goi M, L, N theo thi ty 1a cdc giao diém thit hai cta cdc dudng tron O(A; AP), ©(B; BP),
O(C; CP) véi (0). Ap dung bé dé 1 ta c6 ba diém C’, A, L thing hang va ba diém C’, B, M
thang hang. Goi X, Y, Z 1an lugt 1a c4c giao diém khic Q cta A'Q, B'Q, C’'Q véi (0).

- o A B C 2 2
Ap dung dinh ly Pascal cho 6 diém (M . N) thi ba diém A’, B’, C’ thang hang (dudng

thang Steiner). (1)

N < 2 A
Goi I 1a giao diém cia AX va BY. Ap dung dinh ly Pascal cho 6 diém (Y ]%) thi ba

diém A’, B’, I thiang hang hay AX, BY, A’B’ dong quy. Chiing minh tuong tu, AX,CZ, A'C’
dong quy.

Tu day, Két hgp véi (1) ta thu dugc AX, BY,CZ, A'B’ déng quy tai /.

Q
B

minh tuong tu, ba diém A”, B”, I thang hang. Viy bon diém A”, B”,C”, I thang hang hay ta

. . (A . .
Ap dung dinh ly Pascal cho 6 diém <Z thi ba diém A”,C”, I thang hang. Chiing

c6 diéu phai ching minh. O
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Vi du 4. Cho tam gidc ABC néi tiép (O) vdi cdc duong cao BE,CF giao nhau tai H. Goi
M, N ldn lugt la trung diém cia CA, AB. Chitng minh rang EN, FM, OH déng quy.

Loi gidi. Goi I, J lan luot 1a trung diém ctia BH,CH; X la tam dudng tron Euler clia tam
gidc ABC; K 1a giao diém cia EN va FM. Khi d6, ta ¢c6 X la trung di€ém cta OH va 6
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diém E, F, M, N, I, J cung nam trén dudng tron Euler ctia tam gidc ABC. Ngoai ra, dé thiy
M, NJ la hai duong kinh cia dudng tron ©(X).

. . (E M J .
Ap dung dinh ly Pascal cho 6 diém (F N 1) thi K, X, H thang hanghay K € OH. [

Vidu 5 (Iran MO - 3rd Round - 2005). Gid s H va O la truc tam va tam duong tron ngoai
tiép tam gidc ABC. w la duong tron ngoaqi tiép tam gidic ABC. AO cdt w tai diém thit hai
la Ay. A1H cdt lai o tai A" va A" la giao diém thit hai ciia o véi AH. Dinh nghia cdc diém
B',B",C',C" mot cdch twong tu. Chiing minh rang A’A”, B'B",C'C" déng quy tai mot diém
trén duong thiang Euler ciia tam gidc ABC.

Lai gidi. Goi I, J 1an lut 1a giao di€m cla cac cip dudng thang A’A” va C'C"”, AC' va A'C.
A A C”

Ap dung dinh 1y Pascal cho 6 diém (c o A//) thi ba diém H, I, J thing hang. (1)

. . [A A C . .
Ap dung dinh ly Pascal cho 6 diém (C c Al) thi ba diem H, O, J thang hang. (2)
1
Tur (1) va (2) suy ra A’A”, C'C"” va OH ddng quy. Hoan toan tuong tu, ta c6 A’A”, B'B” va

OH dong quy. Vi vay A’A”, B'B",C'C" va OH dong quy. O

Nhan xét 2. Ching ta da ching minh A’A”, B’B”, C'C" ddng quy tai mot diém nim trén OH
bing phuong phdp tinh duy nhét giao diém clia cic dudng thang cat nhau. Py 1a mot trong
nhitng phuong phap chiing minh cic dutng thang dong quy tai mot diém nam trén mot dbi
tuong dac biét nao do.
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Tiép theo, chiing ta sé& st dung céac trudng hop suy bién ctia dinh ly Pascal cho viéc chiing minh

tiép xudc hoiic song song.

Vi du 6. Cho tam gidc ABC ndi tiép duong tron (O), truc tam H. M la trung diém BC. Tia
MH cdt (0O) tai E. Puong thding qua A song song vdi BC cdt (O) tai D. DE giao OH tai T.
Chitng minh rang TA tiép xiic vdi (O).

Loi gidi. Goi K, L lan luct 1a giao di€ém thi hai ctia A0, AH vé6i (O). Tacé AL = AH L
BC || AD nén AL L AD hay DL la duong kinh cta dudng tron (O).

Tac6 KC L AC L BH nén KC || BH. Tuong tu, CH || KB. Suy ra ti gidic BHCK la hinh
binh hanh. Ma M 12 trung diém cta BC nén ba diém H, K, M thang hang.

. . (A D
Ap dung dinh ly Pascal cho bd diém (E

K 2 .
L) thi ta thu dudc tiép tuyen tai A cia (O), DE
va OH dong quy. Ma T = DE N OH vi vay TA tiép xiic vé6i (O). ]

Vidu 7 (USA TSTST 2011). Cho tam gidc nhon ABC vdi (O) la duong tron ngoai tiép va H
la truc tdm. Goi M va N ldan luot la trung diém ciia AB va AC. Cdc tia MH, NH ldn luot cdt
(O) tai P va Q. Hai dwong thang MN va PQ cdt nhau tai R. Chiing minh rang OA L RA.
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Loi gidi. Goi CO N (0) = E (E # C). Khi dd, ching minh tuong tu nhu vi du 6, ta thu dugc
tt gidc AEBH 1a hinh binh hanh nén M 1a trung di€m ctia EH .

Goi D la giao diém ciia AE va BO thi DAN = DON = 90° nén ti gisc ADON ndi tiép.
Suyra AND = AQD = ACB, dodé DN || BC. Pidu nay c6 nghiala D € MN.

. . (A B P .
Ap dung dinh ly Pascal cho bd diém (Q . A) véichuyrang AENBQ = D, BANPE =
M, R € PQ vabadiém D, M, R thang hang, suy ra RA tiép xiic v6i (0). Nén OA L. RA. O

Vi du 8 (Nguyén Hitu Tam). Cho tam gidc ABC nhon, noi tiép duong tron T. Trén hai canh
CA, AB lan luot ldy diém E, F sao cho AE = AF. Gid si duong trung truc cia BF ldn luot
cdt cung nhoé AB, cung lon AB cia duong tron T tai X, Y ; duong trung truc ciia CE ldn luot
cdt cung nhé AC, cung lén AC ciia duong tron T tai Z, T. Goi P la giao diém ciia BY va
CX, Q la giao diém ciia BZ va CT. Ching minh rang PQ | EF.

Lai gidi. Goi M, N 1an lugt 1a giao diém thi hai ciia XF, ZE véi dudng tron T'. Tacé AMF =
AMX = ABX = XBF = XFB = m.Suyratamgiéc AFM cantai A,nén AF = AM.
Tuong tu, AN = AE. Mitkhéc,tacé AE = AF.Dodé AM = AF = AE = AN hay bén
diém E, F, M, N cing nim trén mot dudng tron. Suy ra ZNEF = /NMF = /NMX =
/NZX.Vivay EF | XZ.

Chiing minh tuong ty nhu trén, tacd Y 7T || EF. Nhu vay, ta thu dugc XZ | EF | YT.
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_ . [B
Ap dung dinh ly Pascal cho 6 diém

X T
, Z) véichiy BY NCX =P, BZNCT = Q

va XZ | YT thitathudude PQ | XZ | YT | EF. O

Cudi cling, xin gidi thiéu dén doc gid mot s6 bai toan st dung dinh 1y Pascal dé tién cho viéc
khai thac cac dit kién cua bai toan.

Vi du 9. Cho tam gidc ABC ngi tiép dwong tron (O), mot diém P bdt ki ndm trong mdt phdng
va khéng thudc cdc canh ciia tam gidc. Mot duong thang d di qua P lan luot cdt cdc dwong
tron O(PBC), ®(PCA), ©(PAB) tai cdc diém thii hai la D, E, F. AP, BP, CP ldn luot cdt
(O) tai cdc diém thit hai la X,Y, Z. Chitng minh rang XD,YE, ZF dong quy tai mét diém

nam trén (O).

Loi gidi. Goi Ay, By, C; theo thi tu 1a giao diém ctia BC, CA, AB véi dudng thang d. Trudc

tién, ta sé chiing minh XA;, Y B;, ZC; ddng quy tai mot diém nam trén (O).

Goi Q la giao diém thd hai ctia ZC; va (0), B} 1a giao diém ctia YQ va CA. Ap dung dinh ly
. (Z AY o 2 . Y

Pascal cho 6 diém (B 0 C) ta suy ra ba diem C,, P, B] thang hang hay Bj 1a giao diém

clia CA va duong thing d. Do d6 B; = B} hay ZC;,Y B, cit nhau tai mot diém nim trén

dudng tron (O). Ching minh tuong tu, ta thu dudc XA, YB;, ZC; ddng quy tai Q nim trén

duong tron (O).
Dén day, AP - A;D = A\B-A,C = A, X - A;Q. Do d6 bén diém X, Q, P, D dong vién.
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Chitng minh tuong tu, ta c6 hai bo bén diém Y, O, P, E; Z, Q, P, F dong vién.

Goi R la giao diém thit hai cia QP va (0), S la diém trén (O) sao cho RS || d. Ta ¢6
bién ddi géc ¢6 huéng (DP, DX) = (QP, 0X) = (QOR,0X) = (SR, SX) (modn). Chi y
RS || d = PD. Tathu dugc ba diém X, D, S thang hang.

Chiing minh tuong tu, ta ¢6 hai bd ba diém Y, E, S; Z, F, S thflng hang.

Viy XD, YE, ZF dong quy tai diém S nam trén dudng tron (0). O

Vi du 10. Cho tam gidc ABC khéng cdn, D, E, F lan lugt la chdn duong cao ké tiv A, B,
C. P la diém bdt ki nam trén duong thiang Euler ciia tam gidic ABC. DP, EP, FP lan luot
cdt duong tron Euler cia tam gidc ABC tai cdc diém thit hai la X, Y, Z. Chiing minh rdng
AX, BY,CZ dong quy.

Loi giai. Goi H la tryc tdm cua tam giac ABC; M,, My, M., T, S lan lugt 1a trung diém clia
BC,CA, AB, AH, BH; Q latam dudng tron Euler cuatam giac ABC.

Dé thiy ba diém H, P, Q thang hang; cic diém D, E, F,M,, My, M., T, S cing nam trén
dudng tron Q; ba diém Q, T, M, thang hang; ba diém S, O, M, thang hang.
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D S

- 2 M . A 9 N ™
Ap dung dinh ly Pascal cho 6 diém ( ¢ T) ta suy ra giao diém cua M, E va My D nam

M, E
trén HQ.
M, Y
M, X
trén HQ suy ra giao diém ctia M, X va M,Y thudc HQ hay néi cach khiac M, X, MY, HQ

- 2 D . o, . 2 o N ™
Ap dung dinh ly Pascal cho 6 diém ( E) vGi chu y giao diém cua M, E va My D nam

dong quy.
Chitng minh tuong tu, ta thu duoc M, X, MY, M.Z, HQ dong quy.

Ap dung dinh Iy Ceva dang sin vao tam gidc AMyM,, ta cé

sin m sin wa sin m

— —— —— =1
sin XAM, sinXM.,A sin XMyM.,
Suy ra
sin XAB _ sinXMcA G xi, M, _ inXDF_  sin XMoM,

sin )azv o sin me sin X/I\l—b\A sin me sin XDE
c

Xay dung céc dang thic tuong tu va nhan lai, ta c6

— = =

l—[ sinm _ l—[ sinm' . 1—[ sinXmC _
sin XAC sin XDE sin XM, M,
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vi DX, EY, FZ dong quy va M, X, MY, M.Z dong quy. Tit d6, 4p dung dinh ly Ceva dang
sin vao tam gidac ABC tasuyra AX, BY, CZ dong quy. [
Vi du 11 (Nguyén Minh Ha). Cho tam gidc ABC khéng cdn tai A. Goi (I) la duong tron noi
tiép ciia tam gidc. (1) tiép xiic véi CA, AB ldan luot tai E, F. Cdc diém M, N thuéc (I) sao
cho EM || FN || BC. Goi P, Q theo thii ty la giao diém thit hai ciia BM, C N vdi duong tron
(I). Chitng minh rang BC, EP, FQ dong quy.

Loi gidi. Goi S 1a giao diém ctia EF va BC. Ta sé ching minh ba diém S, P, N thﬁng hang;
ba diém S, O, M thang hang, that vdy. Ta c6 bién d6i géc c6 hudng

(SF,SB) = (EF, EM) = (PF, PM) = (PF, PB) (modn)

Suy ra bdn diém S, F, P, B cing nam trén mot dudng tron. Tu day, chi y (/) tiép xiic v6i AB
tai F néntacé (SP,SB) = (FP,FB) = (NP,NF) (modn). Kéthop véi FN | SB = BC.
Do d6 ba diém S, P, N thang hang. Chiing minh tuong tu, ta c6 ba diém S, Q, M thiang hang.
Goi X, Y, Z 1an lugt 1a giao diém ciia cac cip dudng thang PF va QE, AB va ON, AC va PM.

" . [E P o .
Ap dung dinh ly Pascal cho 6 diém (M £ Ig) ta thu dugc ba diém Z, S, X thang hang.

0

. . [F P o .
Ap dung dinh ly Pascal cho 6 diém (N E) ta thu dugc ba diem Y, X, S thang hang.

Do d6 bén diém X, Y, Z, S thang hang. Ap dung dinh ly Desargues vao hai tam gidc BPF va
CEQc6X = PFNEQ,Y =BFNCQ,Z=BPNCE vabadiém X,Y,Z thflng hang
suy ra BC, EP, FQ dong quy. O
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Vi du 12 (Nguyén Duy Phuéc). Cho tam gidc ABC nhon (AB < AC) cé cdc duong cao
AD, BE,CF dong quy tai H. Goi S la giao diém cia AH va EF, T la giao diém thii hai
ciia duong tron duong kinh AH va duong tron ngoai tiép tam gidc ABC. Gid sit TE, TF ldn
luot cit BC tai X, Y. Puong thing qua H vudng goc véi AH cdt XS tai P. Chitng minh ring
duong tron duong kinh XY tiép xiic véi duong tron (P; PH).

Loi gidgi. DE thiy cic diém A, E, F, H, T cung nam trén dudng tron dudng kinh AH .
Ta c6 bién ddi goc (chi y tf gidc ACDF noi tiép)

XTF =180°— ETF = 180° — EAF = 180° — FDX.

Suy ra t gidc X TFD noi tiép.
Goi K 1a giao di€m thu hai ciia AX va dudng tron (AH). Ta c6

XKH = 180°— AKH = 90° = HDX

nén boén diém H, K, X, D cung nam trén mot dudng tron.

Ap dung tinh chét truc déng phuong vao ba dudng tron O(AH), O(XDHK), O(XDFT) va
chiy TF cat XD tai Y ta suy ra ba diém H, K,Y thang hang.

Tirdé, XKY = XKH = 90° hay K nim trén dudng tron dudng kinh XY .

Hoan toan tuong tu, néu goi L 1a giao diém thi hai ctia AY va dudng tron ©(AH ) thi ba diém
X, H, L thing hang va L € O(XY).

Goi S’ 1a giao diém ctia AH va KL. Khi d6, ap dung hang ti gidc toan phan thi ta thu dugc
(AH,SD) = —1 = (AH,S'D).Suyra S = S'hay AH, EF, KL dong quy tai S.
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Goi P’ 1a giao diém ciia hai tiép tuyén tai K, H ctia dudng tron (A H ). Ap dung dinh Iy Pascal
2 K H L 2 2 2 Z
cho 6 diém <H © A) ta thu dudc ba diém X, P’, S thang hang. Chi y PH la tiep tuyén

clia O(AH) va P € XS. Vivady P = P’ hay PK latiép tuyén tai K clia dudng tron O(AH).
Nén PK = PH hay K € O(P; PH).

Goi I 1a trung diém cta X Y. Tu ching minh trén, ta thu dugc H 1a truc tdm cla tam gidc AXY .
Khi dé, ta c6 két qua quen thuodc 1a 7K 13 tiép tuyén tai K ctia dudng tron ©(AH). Do d6 ba
diém I, P, K cung nam trén tiép tuyén ké tit K ctia dudng tron ©(AH ).

Viy dudng tron duong kinh XY tiép xiic v6i dudng tron ©(P; PH) tai K. O

Dé két thiic bai viét, xin dé nghi dén cac ban doc gia mot sd bai tap dé luyén tap.

Bai tap 1 (APMO 2021). Cho ti gidc 16i ABCD ndi tiép va I 1a dudng tron ngoai tiép ctia né.
Goi E 1a giao diém ctia hai dudng chéo AC va BD, goi L 1a tam clia dudng tron tiép xiic véi
cac canh AB, BC va CD, goi M Ia trung di€ém cung BC cuta I" khong chita A va D. Chiing
minh rang tim dudng tron bang tiép géc E cla tam gidc BCE thi nam trén dudng thang LM .
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Bai tép 2 (Iran MO - 3rd Round - 2004). Cho tam giac ABC c6 O la tim duong tron ngoai
tiép. Mot dudng thang qua O lan lugt cit cac dudng thang AB va AC tai M va N. Goi R va S
theo thi tu 1a trung diém ctia BN va CM . Chiing minh rang ROS = BAC.

Bai tap 3 (Australia 2001). Cho tam gidc ABC ndi tiép dudng tron (0), dudng cao ké tlf cic
dinh A, B, C lan ludt cit lai (O) tai A’, B’,C’ va D la diém nam trén (O). Gia s A”, B”,C"
1an lugt 1a giao diém cia céc cip dudng thang DA’ va BC, DB’ va CA, DC’ va AB. Ching
minh rang A”, B”, C", H thang hang (v6i H 1a truc tim ctia tam giac ABC).

Bai tap 4 (lran TST 2004). Gi4 st M va M’ 1a hai diém lién hop ding gidc trong tam gidc
ABC.Goi P, Q, R lan ludt 12 chan dudng vuong géc ké tit M dén BC,CA, AB; P’, Q’, R’ lan
lugt 13 chan dudng vuong goc ké tit M’ dén BC, CA, AB. Gia st E, F, G theo tht tu 1a giao
diém ciia cic cip duvng thang QR va Q’R’, RP va R'P’, PQ va P’Q’. Chiing minh ring cic
dudng thang AE, BF, C G d6i mot song song véi nhau.

Bai tap 5 (China TST 2003). Cho tam gidc ABC ndi tiép dudng tron tim O. Tiép tuyén PD
ké tir A, véi D thudc tia BC, P thudc tia DA. Puong thang PU (U € BD) cit duong tron (O)
tai Q, T vacat AB, AC 1an ludt tai R va S. Chiing minh ring néu QR = ST thi PQ = UT.

Bai tap 6 (Korea MO 2012). Gia st w 1a dudng tron noi tiép cla tam gidc ABC. Cac canh
BC, CA lan lugt tiép xic véi w tai D, E. Mot dudng thang di qua B va song song véi DE cat
o tai F va G (F nam giita B va G). Pudng thang CG cit o tai H khac G. Mot dudng thang
di qua G va song song v6i EH cat AC tai I. I F cat w tai J khac F. CJ cat EG tai K. Gia
str [ 12 dudng thang di qua K va song song véi JD. Chiing minh rang [, I F, ED c¢6 mot diém
chung.

Bai tap 7 (IMO Shortlist 1991). Cho di€ém P thay doi trong tam giac ABC. Goi P/, P” 1a hinh
chiéu vuong géc ctia P trén AC, BC; Q', Q” 1a hinh chiéu vudng géc ctia C trén AP, BP va
goi X = P’Q’ N P”Q". Chitng minh ring X di chuyén trén mot dudng thang cb dinh.

Bai tap 8 (China National Olympiad 2015). Cho 4, B, D, E, F, C 1a sau di€ém trén mot dudng
tron theo thu ty d6 saocho AB = AC.Giastu P = ADNBE,R = AFNCE,Q = BFNCD,

S =ADNBF,T = AF N CD. K la diém niim trén ST sao cho OKS = ECA. Ching minh

P9
OR"

ring % =
Bai tap 9 (Nguyén Vin Linh). Cho tam gidc ABC noi tiép duong tron (0). P la di€ém bat ki
nam trong tam giac ABC. Hy, H, lan luct 1a truc tim cda cac tam giac APB,APC. H H,
cat BC tai S. AP cit BC tai D. Pudng tron dudng kinh AP cit (0) tai T. Chiing minh ring

AT, S,D déng vién.
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Bai tap 10 (Nguyén Duy Phuéc). Cho tam gidc ABC noi tiép dudng tron (O), c6 I 1a tim
dudng tron noi tiép. OI 1an ludt cat BC, CA, AB tai X, Y, Z. Cac dudng thang theo thi tu qua
X, Y, Z lan luct vudng géc véi I A, IB, IC cit nhau tao thanh tam gidc PQR. Ching minh
ring dudng tron ngoai tiép tam gidc P QR tiép xic véi (O).

[1] Van Yzeren, Jan (1993), A simple proof of Pascal’s haxagon theorem, The American Math-
ematical Monthly. 100. Mathematical Association of America. tr. 930 - 931.

[2] Nguyén Vin Linh, Mot sé chii dé hinh hoc phdng danh cho hoc sinh chuyén Todn, nha xuét
ban Pai hoc Qubc gia Ha Noi.

[3] Tran Nam Diing (Chti bién), Cdc phuong phdp gidi Todn qua cdc ki thi Olympic 2020.
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MOT TONG QUAT CHO HAI BAI TOAN HINH HOC
OLYMPIC

Tran Quang Hung

Ngay 13 thang 2 nam 2022

TOM TAT

Bai viét nay gidi thiéu mot bai todn téng quét cling véi chiing minh thuan tiy hinh hoc
cho ca hai bai toan hinh hoc kha ndi tiéng, mot bai xuit hién trong ky thi Olympic Todn
hoc Quéc té (IMO) nim 2012 va mot bai xuét hién trong ky thi chon doi tuyén Mi (USA
TST) nam 2013.

Ky thi IMO (Olympic Toan hoc Quéc t€) va mot sd ky thi Olympic Toan ctia Mi nhu USA MO
(vO dich Mi) va USA TST (chon ddi tuyén Mi) déu 1a cac ky thi Olympic Todn ndi tiéng trén thé
gidi véi cac dé thi chat lugng. Pic biét Olympic Todn hoc Quéc t& IMO 1a dich phin diu cta
nhiéu hoc sinh yéu thich todn Olympic. USA MO va USA TST tuy la cac ky thi Olympic Toan
cua riéng nudc Mi nhiing cling c6 stic anh hudng rdng t6i phong trao Olympic Todn trén toan
thé gidi. Cac ky thi ndy ciing thudng c6 nhitng mbi lién hé chit ché véi nhau.

Trong ky thi IMO niim 2012, c6 bai todn hinh hoc P5 (bai toan & vi tri s6 2 trong ngay thi thi
2) dudc dé nghi bdi Josef Tkadlec tif nudc cong hoa Czech nhu sau

Bai toan 1 (IMO 2012 P5; xem [3]). Cho tam gidc ABC vuong tai A. Ly diém P nidm trong
tam gidc sao cho AP vudng géc véi BC. Trén cic doan thang PC, PB lan ludt iy cac diém
@, R sao cho BQ = BA va CQ = CA. Goi giao diém ctia BQ va CR 1a X. Chiing minh rang
XQ = XR.

Bai todn trén c6 mot 161 gidi xic tich va ngan gon, chi dung dén kién thiic phan dau ctia hinh
hoc 16p 9 (ting vé6i chuong trinh THCS & Viét Nam). Loi gidi nay da dudc tac gia bai viét trinh
bay chi tiét trong Bai todn 43 trang 75 ctia [1].

Sau d6 it 1au vao nim 2013, bai todn chon ddi tuyén Mi xuét hién va c6 thé coi 1a mdt trong
nhiing ing dung dic sic nhit ctia bai toan IMO 2012 & trén
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Bai toan 2 (USA TST P3; xem [4]). Cho tam giac ABC vuodng tai A véi duong cao AD (D
thudc canh BC). Ly di€ém P trén doan thang AD. Trén cic doan thang PC, PB lan lugt lay
cac diém ), R sao cho BQ = BA va CQ = C'A. Goi giao diém cta BC' va dudng tron ngoai
tiép tam giac DQR 1a T (khac D). Chiing minh ring AT 1a phan gidc ZBAC.

Bai todn 2 c6 thé coi 12 mot ting dung ctia Bai todn 1 va ciing ¢6 thé coi 1a "kh4" hon Bai todn
1 vi trong chiing minh ctia né can dung t6i két qua Bai toan 1 nhu mot bd dé. Chiing minh chi
tiét ctia Bai todn 2 c6 thé xem trong [4] vdi rat nhiéu 1i gidi, dic biét c6 15i giai cling chi ding
dinh ly Thales tuong tng vdi kién thiic THCS (theo chuong trinh & Viét Nam).

Nhiéu khai thac vd m& rong ctia Bai todn 1 di c6 trong mot bai viét ciia chinh tdc gia va tac gia
Ong Thé Phuong; xem [5]. Tuy nhién trong bai viét nay, tic gid mudn gi6i thiéu v6i ban doc
mot md rong gdp cua ca hai bai toan trén trong cung mot bai toan. MG rong nay tac gia da gidi
thiéu n6 trong [2] du6i dang mdt bai toan hang tuan: dé bai dudc ding & Tuan 1 thang 11 nim
2015 va 15i giai dugc ding & & Tuan 2 thang 11 nim 2015. Toi xin gidi thiéu lai bai todn d6 nhu
sau

Bai toan 3. Cho tam gidc ABC nhon c6 dudng cao AD. P 1a mot diém bat ky di chuyén trén
doan thang AD. Cic diém K va L thudc dudng thing BC sao cho AK | AC va AL 1 AB.
Trén doan thang PC va PB lan lugt 14y cac diém M va N sao cho KM = KAva LN = LA.
Chiing minh ring tim dudng tron ngoai tiép ctia tam giac DM N ludn thudc mot dusng thang
c6 dinh khi P di chuyén. (Xem Hinh 1).

A

Hinh 1: Hinh minh hoa cho Bai toan 3

Bai todn 3 1a mot tdng quat truc tiép clia Bai toan 2, khi tam gidac ABC & trong Bai toan 3 vudng
tai A, ta thu dugc Bai todn 2. Mit khéc trong 13i giai Bai toan 3 cling chifa tong quat cia Bai
toan 1.

3

Ta chi ¥, d6 dai cic doan thang trong 15i gidi nay déu 1a do dai dai s6, tuy nhién d€ trinh bay
cho gon, tic gia da ky hiéu do dai dai s6 nhu do dai thong thudng khac véi SGK & Viét Nam.
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Hinh 2: Hinh minh hoa cho 16i giai Bai toan 3

(Xem Hinh 2). Goi giao diém thi hai ciia dudng tron ngoai tiép tam gidc DM N va BC 1a Q
(khac D). Ta sé& chitng minh @ 12 diém c6 dinh. Khi d6 tAm dudng tron ngoai tiép clia tam gidc
DM N sé thudc trung truc cia doan thang D@ cb dinh, d6 chinh 14 dudng thang cb dinh cin
tim. That viy, ta chi y ring cac tam gidc ABL va ACK vuodng tai A va cé dudng cao AD. Do
do6 ta c6 thé 1iy diém R sao cho

DP-DR=DA*=DB-DL = DC - DK.

Tt dang thic trén, ta dé thiy P chinh la truc tim cta hai tam giac RBL va RCK. Vay PC, PB
1an lugt vudng goéc véi RK, RL tai S, T. Chid y td giac RSDC ndi tiép dudng tron dudng kinh
RC nén

KM?=KA*=KD -KC=KS-KR

suy ra ZK MR = 90°. Chitng minh tuong tu thi ZLN R = 90°. Két hop c4 hai diéu trén cho ta
RM? =RS-RK = RP-RD = RT - RL = RN”.

Néu K M cat LN tai I, tit dang thiic trén (RM = RN), ta suy ra hai tam gidc vudng RIM va
RIN bang nhau (ch-cgv), dan t6i /M = IN.

Chi y rang, két luan trén chinh 1a tdng quat ctia Bai todn 1.

Goi giao diém thi hai ctia IM, I N véi dudng tron ngoai tiép tam giac DM N lan luct1a E, F
(E khiac M va F khic N), khi d6 dé thAdy EM = F'N. Lai c6 céc hé thiic lugng

KM?=KA>=KD - KC.

suy ra
LMCK = /ZKMD = /ZEQD
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hay EQ || PC. Ching minh tuong tu thi F'Q || PB. Két hop dinh ly Thales, ta c6 bién d6i ty
s6 do dai nhu sau

QK QK QC QB KE QC FN EK QC

QL QC QB QL EM QB FL FL QB
_KE-KM LA QC LA KD-KQ QC
- KA LF-LN QB KA LD-LQ QB

Tur trén ta thu dugc 8—5 = KDL2 hay

QB> KD?* LA KD LB 0
QC? KA? LD? KC LD’

Lai d€ y rang hai dudng thang AK va AL dang giic trong géc ZBAC nén theo dinh 1y Steiner,

ta co
AB? _ KB-LB

= ) 2
AC?  KC-LC @)
Mat khac DB - DL = DP - DR = DC - DK hay
DK DB DK-DB BK 3)
DL DC DC-DL LC’
Tu (1), (2), (3) ta suy ra
QB*> AB?
QC?2  AC?
hay g—g = ﬁ—g. Vay AQ la phan giac goc LBAC.
Chi y rang, két luan A(Q 1a phan gidc ZBAC ciing chinh 1a tdng quat ctia Bai todn 2.
Pén day ta hoan thanh 15i giai. O

Bai todn chon ddi tuyén Mi c6 thé coi 1a phat trién hay cho bai todn IMO ndm 2012. Bai todn
IMO niim 2012 & trén diing & vi tri s6 5 trong hai ngay thi thi ciing c¢6 thé coi 1a bai todn khé
trong ky thi nim d6. T4c gia da chon viét vé& hai bai todn ndy vi ddi v6i ban than tic gia nim
2012 12 mo6t diu mdc quan trong. D6 12 thoi di€ém 1an dau tién tac gid tham gia tip huin cho
doi tuyén Viét Nam tham dy ky thi IMO. Nim thi d6, sau khi hai ngay thi két thic, tac gia da
rit quan tAm tSi bai todn s6 5 nay. Ngay trong topic [3], tdc gid da gdi 1én nhiing phat trién dau
tién ctia minh. Thoi diém sau do, tac gid cing v6i ban Ong Thé Phuong (THPT chuyén Luong
Thé Vinh, Pong Nai) da cdng tic trong mot bai viét (xem [5]), bai viét d6 dua ra va gidi thém
mot s phat trién quan trong ctia bai toan IMO. Sau nay trong vong 10 nim, tinh tdi thoi diém
tac gia viét bai viét nay 1a nim 2022, thé gidi todn so cip (nhét 1a trong mon hinh hoc so cip)
da c6 nhiéu thay ddi 16n. Bén canh chit lugng ciia nhiéu bai todn trong céc ky thi ting 1én va

96



Tap chi Epsilon, S6 21, 02/2022

vé dd kho va quy md, thi ciing ¢6 khd nhiéu "rdc thai" va nhiing bai viét kém chit lugng dugc
"ra mat" tréi ndi bdong bénh trén mang va facebook, chiing gép phan lam hong mét vé dep thi
vi ctia hinh hoc so cip. Tuy vy, néu bd qua nhiing tiéu cuc thi trong vong 10 nim trd lai day,
nhiing bai to4n hinh hoc méi & cac ky thi uy tin ngay cang hay va c6 thém nhiéu y nghia. Nhung
nhiing vn dé tif 10 nim truéc nhu bai toan IMO nidm 2012 va bai todn chon doi tuyén Mi nim
2013 thi vin dudc coi la nhiing vin dé dep, kinh dién va khong thé bi thay thé theo thai gian.
Cubi cuing, dé két thic bai viét, tic gia xin gidi thiéu vSi ban doc mot bai todn tac gia phét trién
tlf Bai todn 2. Bai todn nay tic gi da ding trong dot tap huin ddi tuyén Viét Nam du thi IMO
tlf nim 2016. Gan day tac gia cling dung né trong dot giao luu véi cic ban hoc sinh & trudng
Dong t6 thiic tai Pai hoc Vinh, Nghé An. TAc gia rat vui vi bai todn di dudc hudng ting nhiét
tinh. Chii y ring bai toan nay ciing dudc dua 1én & [6]. Bai toan nay c6 phat biéu dep, thi vi va
kh4 thach thtic nén né ciing 16i cudn nhiéu ngudi mudn "st dung" né & nhiéu noi khic nhau.

Bai toan 4. Cho hinh chit nhat ABCD va P 1a mot diém nam trén duong chéo AC. Liy @
thudc cung nhd PB ciia dudng tron ngoai tiép tam gidc PAB sao cho QB = QC. Liy R thuoc
cung nhé PD cia dudng tron ngoai tiép tam giac PAD sao cho RC' = RD. Hai canh CB, CD
cat lai dudng tron ngoai tiép tam gidc CQR theo thi tu tai hai diém A/, N. Ching minh ring
BM = DN.

Hinh 3: Hinh minh hoa cho Bai toan 4

97



Tap chi Epsilon, S6 21, 02/2022

[1] Tran Quang Hung, Nguyén Tién Diing, Pao Thi Hoa Mai, Nguyén Ping Qua, 6 Xuin
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PUONG TRON 6 D1EM

Téng Hitu Nhan
Bac si Bénh vién Trung Vuong, Tp. HCM

TOM TAT

Mot dudng tron bat ky ¢ thé cit 3 canh ciia mot tam gidc tai tdi da 6 diém. Mot trong
nhiing ’dudng tron 6 diém’ ndi tiéng nhét chinh 1a dudng tron tron Euler. Bai viét s& khai
thac mot s6 huéng chiing minh dudng tron Euler va tdng quat 1én cho cic dudng tron 6
di€ém tuong tu.

Trudc tién, dé€ thuin tién va gon gang 13i gidi cho cédc bai toan trong bai viét ndy, ta sé chiing

minh tinh chét sau.

Tinh chét 1. Cho tam gidc AABC ¢6 hai diém X, X' thudc canh BC; hai diém Y,Y' thudc
canh CA; hai diém Z , Z' thudc canh AB. Chitng minh rang néu cdc tit giacYYZZ', ZZ'X X',
XX'YY' néitiép thi 6 diem X, X',Y,Y', Z, Z' déu cing nam trén mot duong tron.

Loi giai. Gia st 3 duong tron (YY'ZZ'), (ZZ'XX'), (XX'YY’) d6i mdt phan biét thi cac
truc dang phuong ctia ching 1a XX’, YY’, ZZ’ phai dong quy hoic doi mot song song (v6 1y,
do ching tao thanh AABC). Do d6 it nhit 2 trong 3 dudng tron trén phéi tring nhau, suy ra ca
6 diém X, X',Y,Y’, Z, Z' phai cing nam trén mdt dudng tron. O

Ta sé chiing minh dudng tron Euler bing tinh chéit dbi song.

Bai toan 1 (Dudng tron Euler). Cho tam gidc ANABC néi tiép duong tron (O), cé duong cao
AD, BE,CF déng quy tai truc tam H va trung tuyén AM, BN, CP. Chitng minh rdng 6 diém
D,E,F,M,N, P cing nam trén mot duong tron cé tam la trung diém OH, goi la duong tron
Euler cia ANABC.
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Loi gidi. Theo tinh chit dudng trung binh thi NP | BC, nén EF dbi song véi NP, hay
EFPN noi tiép, tuong tu thi FDMP, DENM noi tiép. Theo tinh chit 1, ta dugc 6 diém
D,E,F,M,N, P cung thudc dudng tron (w).

Miit khéc, ta c6 EF d6i song v6i BC nén OA 1L EF. Do d6, néu goi J, K 1a trung diém
HO, HA thi K 1a tam (AEF) va theo tinh chit dudng trung binh, ta dugc JK || OA. Suy ra
JK 1 EF,hay J thudc trung truc EF. Tuong tu thi J cling thudc trung truc FD, DE, hay J
latam (w). [

Tiép theo 1a mot s6 md hinh dudng tron 6 diém khéc ciing khai thac y tudng d6i song.

Bai toan 2 (Dudng tron Lemoine thit nhat). Cho tam gidc AABC c6 diém Lemoine L. Puong
thcfng qua L, doi song véi BC cat canh AC, AB tai X, X'; cdc diém Y,Y' va Z, Z' dinh nghia
tuong tw. Chitng minh rang 6 diem X, X',Y,Y', Z,Z' cing ndm trén mét dwong tron tam L,
goi la dwong tron Lemoine thit nhdt ciia ANABC.
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Loi gidi. Tacé XX’ dbi song vi BC, ma AL 1a d6i trung ctia A ABC nén 1a trung tuyén clia
AAXX', hay L 1a trung diém XX'. Tuong tu thi L 1a trung diém YY', ZZ'.

Tit d6 YZY'Z’ 1a hinh binh hanh, nén YZ' | BC. Suy ra YZ’ d6i song v6i XX’', hay
XX'YZ' noi tiép. Tuong tu thi YY'ZX', ZZ'X Y’ ndi tiép. Theo tinh chit 1, ta dudc 6 diém
X, X',Y,Y' Z,Z' cung thuoc dudng tron ().

Do d6, YZY’'Z’ 1a hinh chit nhit, suy ra L la tim (o). O

Bai todn 3 (Dudng tron Lemoine thit hai). Cho tam gidc AABC néi tiép duong tron (O), cé
diém Lemoine L. Puong thing qua L, song song vdi BC cdt canh AC, AB tai X, X'; cdc diém
Y,Y'va Z,Z' dinh nghia twong ty. Chitng minh rdang 6 diém X, X',Y,Y', Z, Z' cing ndm trén
mot duong tron co tam la trung diém OL, goi la dwdng tron Lemoine thit hai ciia ANABC.

Loi giai. Taco LY || AC, LZ' || AB nén AY LZ’' 1a hinh binh hanh. Do d6 AL di qua trung
diém M ctaYZ'.

Ma AL 1a d6i trung ctia AABC nén Y Z' dbi song v6i BC. Suy ra Y Z’ d6i song v6i X X', hay
XX'YZ' noi tiép. Tuong tu thi YY'ZX’', ZZ'X Y’ noi tiép. Theo tinh chit 1, ta dugc 6 diém
X, X',Y,Y', Z,Z' cung thudc dudng tron (w).

Miit khic, do Y Z’ dbi song v6i BC nén AO L YZ'. Do d6, néu goi J 1a trung diém OL thi
JM la duong trung binh cia ALAO nén JM || AO.Suyra JM 1 YY,hay J thudc trung
truc Y Z'. Tuong tu thi J clng thudc trung truc ZX’, XY’, do d6 J la tim (w). O

Bai toan 4 (Ducng tron Taylor). Cho tam gidc AABC c6 duong cao AD, BE,CF. Goi X, X'
la hinh chiéu cia D lén cdc canh AC, AB, cdc diémY,Y' va Z, Z' dinh nghia twong tu. Chiing
minh rang 6 diem X, X', Y,Y', Z, Z' cung nam trén mot duong tron, goi la duong tron Taylor
cua AABC.
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Loi giai. St dung hé thic lugng trong tam giac vudng, ta co
AB-AX' = AD? = AC - AX,

nén BCXX’ noi tiép, hay XX’ dbi song v6i BC. Chid y rang YZ' | BC (cung dbi song véi
EF)nén XX’ dbi song v6i YZ', hay XX'Y Z’' ndi tiép. Tuong ty thi YY'ZX', ZZ'XY' noi
tiép. Theo tinh chit 1 thi 6 diém X, X', Y,Y’, Z, Z’' cling thudc mdt dudng tron. O

Tinh chat 2 (Téng Hitu Nhan). Cho tam gidc AABC va diém P bdt ky. Cdc duong thing
vuong géc PA, PB, PC tao thanh ADEF . Gid sit duong tron (D, DP) cdt duong thing BC
tai 2 diém phdn biét X, X'; cdc diém Y,Y' va Z, Z' dinh nghia tuong ty. Chitng minh rdang 6
diem X, X', Y, Y’ Z,Z' ciing nam trén mdt duong tron.
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Loi gidgi. Do PA 1 EF nén PA la truc dang phuong ctia (E, EP), (F, FP), do d6

AY - AY' = Payk,Ep) = PajF,FpP) = AZ - AZ',

nén YYZZ' noi tiép. Tuong tu thi ZZ'XX', XX'YY’ noi tiép. Theo tinh chit 1, ta dudc
X, X',Y,Y' Z,Z' cing nam trén mot duong tron. O

Tit tinh chét 2, cho diém P trung véi tryc tim H, ta c6 mot hudng thu vi d€ chiing minh dudng

tron Euler.

Bai toan 5 (Dudng tron Euler). Cho tam gidc ANABC néi tiép duong tron (O), cé duong cao
AD, BE, CF déng quy tai truc tam H va trung tuyén AM, BN, CP. Chitng minh rdang 6 diém
D,E,F,M,N, P cing nam trén mot duong tron co tam la trung diém OH, goi la duong tron
Euler cia ANABC.
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Loi gidi. Goi X,Y,Z 1a trung di€ém HM, HN, HP thi 1o rang (X, XH) cat BC tai D, M;
tuong tu cho E, N vi F, P. Theo tinh chit dudng trung binh thi YZ || NP || BC nénYZ L
HA, tuong tu thi ZX L HB, XY L HC. Theo tinh chit 2, ta dudc 6 diém D, E, F, M, N, P
cung thudc dudng tron ().

Goi J 1a trung diém OH thi theo tinh chit dudng trung binh, tacé JX || OM,nén JX L DM,
hay J thudc trung truc DM . Tuong tu J ciing thudc trung truc EN, FP, hay J latim (w). [

Tut tinh cht 2, tiép tuc cho diém P trung véi truc tim H, nhung ta sé thay d6i ADEF, tit d6
thu dudc 2 bai toan sau day.

Bai todn 6 (IMO 2008, Andrey Gavrilyuk). Cho tam gidc AABC néi tiép duong tron (0),
co truc tam H va trung tuyén AM, BN, CP. Puong tron (M, MH) cdt canh BC tai X, X';
cdc diemY,Y' va Z, Z' dinh nghia tuong tw. Chitng minh rang 6 diem X, X',Y,Y', Z, Z' ciung

ndam trén mot duong tron tam O.
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Loi gidi. Theo tinh chit dudng trung binh thi NP | BC nén NP | AH. Tuong tu thi PM 1
HB, MN 1 HC.Tidé, theo tinh chit 2, ta dudc 6 diém X, X', Y, Y', Z, Z' cung thudc dudng

tron (w).

Mat khac, goi O latam (ABC) thi OM 1 XX', ON L YY’', OP 1 ZZ’ nén O thudc trung
truc XX',YY', ZZ', hay O latam (w). O

Bai todn 7. Cho tam gidc AABC néi tiép duong tron (O), cé duong kinh AA', BB, CC’ va
truc tam H. Puong tron (A', A’H) cdt canh BC tai X, X'; cdc diém Y,Y' va Z, Z' dinh nghia
tuong tw. Chitng minh rang 6 diém X, X,'Y,Y', Z, Z' cung nam trén moét duong tron co tam la
diém de Longchamps ciia NABC .

Lgi gidgi. Do BCB’C’ 1a hinh chit nhat nén B'C’ | BC, suy ra B'C’ L AH. Tuong tu thi
C'A" L HB, A’B’ 1. HC. T d6, theo tinh chit 3, ta dugc 6 diém X, X', Y,Y’, Z, Z' cung
thuoc dudng tron (w).

'Piém de Longchamps ctia mot tam gidc 1a diém dbi xting véi truc tim qua tim ngoai tiép.
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Mt khéc, 14y K d6i xting véi H qua O va goi M 1a trung diém BC thi M ciing 13 trung
diém HA'. Theo tinh chét dudng trung binh thi OM | KA’, suy ra KA’ L XX'. Tuong tu
KB 1 YY', KC' L ZZ' nén K thudc trung truc XX',YY’', ZZ’, hay K la tam (w). O

Tit tinh chit 2, cho diém P tring v6i tim ngoai tiép O, ta thu dudc bai todn sau day.

Bai todn 8. Cho tam gidc AABC noi tiép duong tron (O) coé duong cao AD, BE, CF dong
quy tai truc tam H. Puong tron (D, DO) cdt canh BC tai X, X'; cdc diem Y,Y'va Z, Z' dinh
nghia twong tw. Chitng minh rang 6 diem X, X, Y,Y', Z, Z' ciing ndm trén mot duong tron tdm
H.
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Loi gidi. Do EF dbi song v6i BC nén EF 1 OA, tuong tu thi FD 1. OB, DE 1 OC. Theo
tinh chét 2, ta dugc 6 diém X, X', Y,Y’, Z, Z’ cung thudc dudng tron (w).

Mat khac, do H la truc tim AABC nén HD 1 XX', HE 1L YY', HF 1 ZZ' nén H thudc
trung truc XX',YY', ZZ’, hay H la tam (w). O

Nhan xét. Tu Bai todn 6 va Bai todn 8, ta c6 thé tdng quat 1én thanh bai toan sau :

Cho tam gidc AABC ¢6 hai diém P, Q lién hop ding gidc va ADEF la tam gidc pedal ciia Q. Puong
tron (D, DP) cdt canh BC tai X, X'; cdc diém Y,Y' va Z, Z' dinh nghia tuong tu. Chitng minh rang 6

diem X, X, Y,Y', Z, Z' cing nam trén mot duong tron tam Q.

Bai toan 9 (Tong Hitu Nhan). Cho tam gidc AABC ndi tiép duong tron (O) va diém P bdt
ky. Goi D, E, F lan luot la tdm (PBC), (PCA), (PAB). Puong tron (PD) cdt canh BC tai
X, X'; cdcdiémY,Y'va Z, Z' dinh nghia tuong tw. Chiing minh rang 6 diem X, X, Y, Y', Z, Z'

ciing nam trén mot duwong tron co tam la trung diém OP.

Ldi gidgi. Goi M, N, Q 1a trung diém PD, PE, PF thi M, N, P latam (PD), (PE), (PF).

Do dudng ndi tam vudng géc ddy chung nén EF | PA, ma theo tinh chit dudng trung binh thi
NQ | EF,suyra NQ L PA.Tuong tuthi OM 1 PB,MN 1 PC. Theo tinh chit 3, ta dudc
6 diém X, X',Y,Y’, Z, Z’' cing thudc dudng tron (o).

Miit khac, do dudng nbi tim vudng goc diy chung nén OD L BC. Goi J 1a trung diém OP thi
theo tinh chét dudng trung binh, ta cé JM || OD, nén JM 1 XX’ suy ra J thudc trung truc
XX'. Tuong tu thi J ciing thudc trung truc YY’, ZZ’, hay J la taim (). O
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Hé qua. Cho di€ém P tring véi cdc diém dic biét trong AABC, ta sé thu dudc céc bai toan thu

vi sau day :

(1) (Oral Moscow City Team MO 2010) Cho tam gidic AABC néi tiép duong tron (O), ngoai tiép
duong tron (I), ¢cé6 D, E, F la trung diém cdc cung BC, CA, AB. Puong tron (ID) cdt canh BC tai
X, X'; cdc diem Y,Y' va Z,Z' dinh nghia tuong tu. Chiing minh rang 6 diem X, X, Y,Y', Z, 7' cing

ndm trén mot dwong tron co tam la trung diém Ol .

(2) Cho tam gidc AABC noi tiép duong tron (O), c6 truc tdm H. Ldy D, E, F déi xiing véi O qua cdc
canh BC,CA, AB. Buong tron (HD) cdt canh BC tai X, X'; cdc diéem Y,Y' va Z, Z' dinh nghia twong
tw. Chiing minh rang 6 diém X, X, Y, Y', Z, Z' cing ndam trén mét duong tron déng tam vdi duong tron

Euler ciia ANABC.

[1] AoPS:http://artofproblemsolving.com/
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MOT SO DANG TOAN SU DUNG TiNH CHAT CUA
PHAN NGUYEN VA PHAN LE

Pao Xuan Luyén
Truong THPT chuyén Lé Quy Pon - Binh Dinh

Xap xi mot s thuc gan véi mot sd nguyén ma sd nguyén d6 khong 16n hon sb thuc ban dau 1a
bai toan thudng gip trong cudc sdng, nhu tinh chin s6 nim trong bai todn 13i suit hay s6 nim
trong su khdo sat ti 1 ting dan s6 cia mot dia phuong, mot qudc gia hay thé gidi. Trong cac bai
todn dé phat trién tinh dam mé todn hoc va kich thich su sdng tao cho hoc sinh thi bai todn lién
quan dén phan nguyén va phan 1é ctia mot s thuc ciing gép phan quan trong cho vain dé nay.

Céc bai toan thi Olympic cic cAp ciing dudc tao ra dé phat huy ning luc sang tao ctia hoc sinh.

Trudc tién ching ta nhic lai khai niém phan nguyén va mot s6 tinh chit c6 st dung trong bai

viét d€ ngudi doc tién theo doi.

V6i moi s6 thuc x ta goi phan nguyén cla x 1a s6 nguyén, ky hiéu [x] théa min

1. [x] < x.

2. VneZ,n <x = n < [x].

Hay n6i cich khac: Phan nguyén ctia x 1a s6 nguyén 16n nhit khong vuot qua x.

Ta goi {x} = x — [x] 12 phan 1¢ cta x.
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Nhan xét. e VGimoitacod: x = [x] 4+ {x}. Trong d6 [x] € Z,0 < {x} < 1.
e Phan nguyén va phan 1€ ctia mot s thuc x dudc x4c dinh va duy nhit.

e S6 x nguyén khi vachikhi[x] =x & {x} =0
Vi du:

-x=2,53=[x]=2,{x}=0,53
- x=-3,65=[x]=—4,{x} =0,35

St dung dinh nghia ctia phan nguyén, ta d& dang chiing minh dudgc céc tinh chit sau:

e V6i moi khong nguyén thi [—x] = —[x] — 1
e VGi moi ta co

- Néu x < y thi [x] < [y].

— Néu thi [m + x] = m + [x]

= I+ DI < x+]

— Néu m 1a s6 nguyén duong thi [M] = [ﬁ]
m m

Tiép theo sit dung tinh chét ctia phan nguyén va phan 1é, ta di xét cc dang todn sau.

Chiing ta bat dAu tif bai toan tim phan nguyén ctia mot sb theo dinh nghia

Bai toan 1. Tim phdn nguyén ciia sé sau

1 1 1 )
— 4+ — + ...+ —— ,vdi n la so nguyén duong cho trudc.

A=
1223 n(n+1)

. . 1
L&i gidi. D& dang bién ddi dugc 0 < A =1 — — < 1. T d6 ¢6 [4] = 0. O
n

110



Tap chi Epsilon, S6 21, 02/2022

Nhan xét. 1 bai toan don gian hoc sinh trung hoc co s& c6 thé dé dang giai dudc chi can hiéu
dugc khdi niém phan nguyén ctia mot sd. Tuy nhién khai thac két qua ta c6 thé dé dang tim phan
nguyén ctia céc sd sau.

Bai toan 1.1 Tim phan nguyén cia sb sau

B—1+1+ + !
12 22 T 20212

V6i hoc sinh Trung hoc phd thong ta c6 thé mé rong mot 16p céac bai todn sau:
Bai toan 1.2: Cho diy sd (u,) 12 mot cip sb cong c6 cic sd hang déu duong va c6 cong sai

duong, tim phan nguyén ciia cic téng sau:

Uk Uk+1-Uk+2

Tuong tu ta c6 thé tao ra dudc nhiéu bai toan khac.

Bai toan 2. Tim phdn nguyén cia so

1 1 1 )
Bn=1—|———|——+...—|——2Vd’inldsénguyéndbmng,n22.

V2 V3 Vn?
L&i gidi. Véi k 1a sd nguyén duong, ta c6

1 2
> —
Vk o Vk+1+Vk

2(«/ﬁ—\/ﬁ).

Va
Vk o N4+ V=1
Do do6
1
2(Vk +1— k) < N 2(vk — vk — 1) v6i moi k nguyén duong.
Suy ra
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2 2
n 1 n 1
1+2<\/n2+ —ﬁ)<Bn:Z_:1+ _<1+2(,/n2_|_ _ﬁ)
k=1 k k=2 k
Ma
1+2(\/n2+ —\/5)>1+2\/n2+ V8> 142n—-3=2n-2
1—0—2(«/}12—1):211—1.
Do do

[Bn] = 2n — 2 v6i moi n nguyén ducng n > 2

St dung két qua trén ta c6 thé sang tic bai todn
Bai toan 3. Tim phan nguyén ciia so

1 1 1 1
A= —+ —4+ — 4. +—
Ji S50 Y6 In16

. =7 X A 2 A s 1 7z A s LIRS - A 2
L1 giai. Moi so hang cua A d€u c6 dang —— vdi n nguyén duong, do do ta di tim cac bat dang

In
2 2 1
thuc ki€u sai phan dé uéc lugng —.
p ong Jn
Ta chiing minh
1

(Vor+ 17— ¥n2) < <§(3/n_2— Ya=17)

N W

§
N

Ta co

Y 2
(1)©3m_3n<2<3”—33n(n—1)2© 3m+2>3Yn+1)2 (2

3n—2>3yYn(n—-102 (3)

e Bit ding thiic (2) dé dang suy ra tit 4p dung bat dang thiic Cauchy cho ba sé khong am
n,n+1,n+1.

e Bit ddng thiic (3) dé dang suy ra tit ap dung bit ding thiic Cauchy chobasbn,n—1,n—1

Ap dung bét déng thifc 1 1an ludt véin = 4,5, ..., 63 rdi cong vé theo vé ta dudc
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;( (63 + 1)° ﬁ)<A<%( (63)? J_)

Suy ra
(5 - 45) <a < (e )

Hay 50 < A < 51. D4n dén [A4] = 50.

Bai toan 4. Vdi mbi s6 nguyén dwong a xét day sé (uy)

ulzﬁ
Upnt+1 = AV Up +a,n>1

1+ V4a + 1

Chiing minh rang u,, < — (1) v6i moi n nguyén duong.

Loi giai. Ta chiing minh bit dang thifc (1) bang phucng phap quy nap.

v aa 1+ 4a + 1

o Véin =1,0rangu; = /a = 7 < 3 ,do d6 (1) ding véin = 1.
o o . - N I+ +v4a+1 C el
e Giast (1) dung v6in = k,k > 1 nghialau; < +. Khi d6

Uk+1 = Uk T+ a <

\/ L+ VAa T \/4a+2—|—2«/4a—|—1 1+ Va1
a = = )
2 Z 2

Do d9, (1) dung véin = k + 1.
Theo nguyén ly quy nap todn hoc (1) diing v6i moi sé nguyén duong n.

O]

Tir két qua trén, chiing ta c6 thé tim dudc phan nguyén ctia mot s6 sd c6 dang \/ a++va+..+a

cO n dau can.
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Trén cac tai liéu da xuét ban c6 nhiéu dang phuong trinh, hé phuong trinh lién quan dén phan
nguyén va phan 1é, trong muc ndy tac gia chi dua vao mot s6 dang toan ma tic gia sing tdic ma

tac gia it thiy trén cac tai liéu.

Bai toan 5 (Bai T7/517 Tap chi Toan hoc va Tudi tré-Bai clia tac giad dé nghi). Tim tdt cd
2x% —5x +2

) 1 . )
cdc 50 thuc x sao cho { % =3 ,trong do {a} la ky hiéu phan lé cua so thuc a.

x2—x+1
L 2x2 —5x +2
Lai glal. 'y = _xz——_x—|—l (1)

2
Vixl—x+1= (x — %) +7> 0 véi moi s6 thuc x nén biéu thic y xdc dinh v6i moi s6
thuc x .

Xem (1) 1a phuong trinh 4n x va y 1a tham sd, ta tim y d€ phuong trinh c¢6 nghiém.

Ta c6 phuong trinh (1) tuong duong v6i phuong trinh (y —2)x2—(y —5)x+y—-2=0. (2)

e Néu y = 2 thi phuong trinh (2) c6 nghiém x = 0.

e Néu y # 2 thi phuong trinh (2) 12 phuong trinh béc hai . Phuong trinh (2) c6 nghiém khi
va chi khi biét thic A = (—y—1)By -9 >0& —1 <y < 3.

Két hop c4 hai trudng hop thi phuong trinh (2) hay phuong trinh (1) ¢6 nghiém khi va chi khi
-1<y <3

Do —1 < y < 3 nén [y] (s6 nguyén 16n nhit khdng vudt qua y) thude tap {—1;0; 1;2; 3}.

Vi {y} = y — [y] nén lan luct thay [y] = —1,0, 1,2, 3 vao va gii cic phuong trinh tuong ting,

ta dudc tap cac gia tri x can tim 1

S =

11:I:«/21_3:|:\/§'7i3\/§_—5:t«/21}
o o2 0 2 02 '

]

Nhan xét. Phuong phdp giai & ddy két hop gitta tinh chit clia phan nguyén va mién gi tri clia
ham s6. Cac ban c6 thé theo dodi cach gidi khéc trén tap chi ndi trén véi sd Thang 11 nim 2020.
1 —sinx

1
Bai toan 6. Gidi phuong trinh { — =—=. (1)
sinx +cosx + 2 2
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L
Loi gidi. Dit A = [ el ]

sinx + cosx + 2
Tt dinh nghia phan nguyén ta c6

1 —sinx

4 - 1 —sinx

" sinx+cosx+2 {sinx +cosx +2
1
2

1 —sinx —3sinx — cos x
2(sinx + cosx + 2)

sinx + cosx + 2

Khi d6,tacéd (24 + 3)sinx + (24 + 1)cosx = —4A. (2)
Phuong trinh (2) c6 nghiém khi va chi khi

(2A +3)*> + A + 1) > (—4A4)?

& 442 -84-5<0
& 1<A<5
2 ST T

Vi A nguyén nén A € {0; 1;2}.

-1
e VGi A = 0, thay vao (2) c6 3sinx + cosx = 0 <& x = arctan (T) + k.

e V6i A = 1, thay vao (2) c6 5sinx + 3cosx = —4.

. xX=o—B+k2n ‘ .4 5
Phuong trinh c6 nghiém v6i@ = —arcsin ——; § = arccos ——

x=n+o—p+k2n /34 V34
e VGi A = 2 tac6 phuong trinh 7sinx + 5cos x = —8.
XxX=¢—VY +k2m

Phuong trinh cé nghiém vOi ¢ = arcsin ——; ¥ = arccos ——

X=m—@¢—Y¥+ k2w V74 V74

O

Tuong tu ta ¢ thé sang tac bai todn sau:

e , A 2 , A |2x - 1 | } 1 ~ N , .« A
Bai toan 2.1: Tim tat ca cac so thuc x sao cho { ——; = — ,trong d6 {a} la ky hiéu
. ) { Vx2—x+1 2
phan I¢ cda so6 thuc a.
o ) ) 5x2 —4x 42 1 .
Bai toan 2.2: Tim tat ca cac so thuc x sao cho {Tﬁ_é =3 ,2trong do6 {a} la ky hiéu
X

phan 1€ ctia sb thuc a.

Bai todn 7 (Tap chi Pi). Cho hai da thiic P(x) = x> —4x% 4+ 39x — 46 va Q(x) = x3 +
3x% + 4x — 3.
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1. Chuing minh rdng cd hai da thitc déu co duy nhdt nghiém thc.

2. Ky hiéu a, B tuwong iing la nghiém thuc ciia P(x) va Q (x). Chitng minh rdng {a} > {B}*.

Loi giai. St dung tinh lién tuc va tinh don diéu cda hai da thic suy ra P(x) c6 nghiém thuc
duy nhit o thudc khoang (1;2) va Q(x) c6 nghiém thuc duy nhit B thudc khoang (0; 1). Do d6
laf =a—1;{} =p.

Vi thé, ta can ching minh o — 1 > 2 & o > B2 + 1.

Vi B langhiém ctia Q(x) nén 0 = Q(B) = B> +3B%2+48-3. (1)

Ta co:

()& B +48=301-p) & (BP+48)"=9(1-$)°0<p<) &
BS—B*+34p2—9=0. (2

Ta lai c6

PB?+1) = B2+ 1> —4(B>+1)*+39(8%2+1)—46
= B°—pB*+34p7—-10
= —1.

Do d6 P(B8%? +1).P(2) = (—1).24 < 0.
Tir d6 do P(x) 1a ham lién tuc trén va o 12 nghiém duy nhét cia P(x) nén o € (;32 + 1; 2).
Vivay a > 2 + 1 (dpcm). O

Binh ludn: Trong cach xt 1y & trén ta thiy c6 cac y rat hay:

e Chuyén bit dang thic tif phan 18 {or}, {8} v& bt dang thiic véi cic sd thuc binh thudng
bing cich udc luong nghiém «, B nhd st dung tinh lién tuc va dao ham.

e D& chiing t6 @ > B2 + 1 lai st dung tinh lién tuc va duy nhat nghiém cta P (x) d€ suy ra
o thude khodng (B2 + 1;2).

Bai toan 8 (Chon déi tuyén KHTN 2011). Chon k la s6 thuc duong théa man [k.nz] la sé
chinh phuong véi moi sé nguyén dwong n. Chiing minh rdang k la sé chinh phuong.
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Loi giai. Ta c6 nhan xét sau:

Nhan xét. Day sd nguyén c6 gidi han 12 a thi tit mot chi sd nao d6 moi sé hang cta day sb déu

bing a.

bit x, = y/[kn?] vau,11 = Xpt1 — Xn-

Khi dé
2] _ 2
limu,4; = lim (\/[k(n + 1)?] — \/[knz]) = lim [k(n D ] [kn ] )
VIk@ + DI + [kn?]
el o _ k(n +1)? —kn?
Vi S = tnen L e = Do Sk 02+ ke

Do X, u, 1a diy cic sb nguyén va (u,) c6 gi6i han 1a vk nén ké tit mot lic nao d6 tré di tht ca

céc sb hang ctia day d6 1a vk , vi thé v/k 1a sb nguyén hay k 1a sé chinh phuong. O

Bai toan 9. Cho ba canh ciia tam gidc theo thif ty la cdc s6 nguyén l,m,n théal > m > n va

3l 3m 3" \ )
{W} = {W} = %1—04§ , trong do {x} la phan I¢ cua x . Tim gid tri nho nhdt cua chu vi tam
gidc do.

Loi gidi. o [3_1] _ 3 [ﬁ] _ 3 [ﬂ]
104 104 104 104 104 104

3l = 3" =3"(mod2%) (1)

Ta c6 3! = 3™ = 3"(mod10*) & Tt (2,3) = 1 nén tir (1)
30 = 3" = 3"(mod5*)  (2)

c6 37" = 3™ = [(mod2*).

Goi u 1a s6 nguyén duong nhé nhét théa man 3% = 1(mod2*) thi moi sé nguyén ducng v ma

3V = 1(mod2%) thiu |v

Chii y rang 3 = 3(mod2*%); 32 = 9(mod2*); 3% = 27(mod2*); 3* = 1(mod2*).

Nén tacé u = 4 . Gia st ring m — n = 4k v6i k 1a mot s6 nguyén duong.

Tuong tu tif (2) ta c6 3™ = 1(mod5*) = 3* = 1(mod5*).

Bay gi ta sé tim k sao cho 3*f — 1 = (1 + 5.2%) — 1 = 0(mod5*)

C6 nghia la

k(k — 1) k(k — 1)(k —2)

ke =1k =2)

5k.2* + T.52.28 + 5222 = 5k+ 5%k 3+ (k—1).27] +

0(mod5*)

6
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Vay k = 5t thé vao bi€u thic trén ta ¢6 ¢ + 5¢ [3 + (5t — 1).27] = 0(mod5?).

k =5t =5
Khi d6 v6i s € N*. Tuong tu ta cing c6 [ —n = 500r,r € N*,r > s.

m —n = 500s
Viy ba canh yéu cau 12 ba canh ctia mot tam gidc 1a [ = 5007 + n, m = 500s + n, n tuong Ging
thbamanlan > [ —m = 500(r — s).
Khi s = 1,7 = 2 thi chu vi dat gid tri nho nhét bang (1000 4 501) + (500 + 501) 4+ 501 =
3003. O

Bai toan 10. Ki hiéu a la phdn 1€ cia sé thuc a cho trude. Chitng minh rdng ton tai vo sé cdp

SO tuw nhién n va m sao cho

o< {2}~ fn 2] < 5

Lsi gidi. Do +/2 12 s6 vo ti nén v6i hai sb tu nhién n # m thi {n ﬁ} £ {mﬁ}
[n ﬁ] - [m 2]

Ngudc lai ta co nv2— [nﬁ] =m2— [mﬁ] s V2=
1y).
Vi n 1a s6 tu nhién, tip hop cic gid tri {n «/E} la mot tap hgp vo han trong khoang (0; 1) cho

1a sb hitu ti (v

nén néu chia khoang nay thanh 2021 kho4ng con, mdi khoang c6 do dai 7 thi c6 1 khoang

con chita vo han gia tri c6 dang {n «/E} ung véi cap m, n nguyén duong ma {m \/5} Vé{n «/E}
1

thudc khoang nay thi ‘{n \/5} — {m«/i}’ < TTR

, ) 1
Vay c6 v so cap so nguyén duong m,n théa 0 < Hn \/E} — {m \/i}‘ < 2001 [

Nhan xét. Trong két qua trén ta c6 thé thay s6 2 bdi mot sd nguyén duong khong chinh phuong
bat ky.

Bai toan 11 (Toén hoc va tudi tré T10/504). Cho ddy s6 thuc duoc xdc dinh bdi:

X1:1

Xny1 =Xp +—,n2=>1
Chitng minh rang [9xg1] = 81 (ky hiéu [x] la phdn nguyén ciia sé thicc x).

1 1
s _ A w2 2
Loi gidal. Vi xpq1 = x5 + E nen X, = X, + 4x2 + 1

1 1
DatHn:1+§+...+—,VneZ+.
n
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H
Ta chiing minh n < \/nx, <n + ?nn eZt. (1)
Trudc hét ta ching minh /nx, >n & x2 >n. (2)
Chiing minh (2) bang quy nap.
e Véin = 1 thi (2) diing.
1
e Giastt (2)ding véin : x2 >n . Khidox3, , >n+1 +F > n+ 1. Vay (2) ding v6i

n
n+1.

Tiép theo ap dung (2) ta c6

xn x”_1+4x5_1 +
) n—1 1 1 n=11 1 2
1 <4 -Y —<n+-Hy, <+ ——H,

H
Suyra /nx, <n + ?n
Vay (1) dudc chiing minh.
Tiép theo, dé dang chiing minh dudc

1
7 <In(x +1)—Inx,Vx > 0.

by
1 1
Do d6 Hg, = 1+§+'"+ﬁ <14+mn2-Inl1+In3—In2+...4+4In81—-In80 = 1+1In81 <
6. (3)
H
Tir (1) va (3) ta c6 81 < +/8lxg; < 81 + % < 82.
Vay [9xs:] = 1. -
b z ~ A - . 9. N 2un +1
Bai toan 12. Cho day so u, xdc dinh boi uy = 2 va uy4+; = e Vn e N.
u
2021 ?
Tim phdn nguyén cia A = Z Uy,.
n=1
N\, =2 e . . un _1 1
Loi giai. Véimoin e Nytacodu,+1 —1 = .Suyra —— =1+
U, + Upyr — 1 U, —1

Tacoug#1=u, #1,Vn e N.

bata, =

1,‘v’n € N.Suyraag =1vaay,yy =3a, +1,Vn e N.
u J—
n3"+1—1
Suyraa, = — Vn € N.
2
Suyraun =1+3n+1—_1,‘v’n e N.
2021

1
Tacé A = 2021 + Z
n=1

3n+1 _ 1'

119



Tap chi Epsilon, S6 21, 02/2022

2021
Suyra2021 < 4 <2021 + — —.
uy + 3 ’; I

2021
Vi Z — nén din dén 2021 < 4 < 2022.
311

n=1
Vay phan nguyén ctia A 13 2021. O
uy = 2020
Bai toan 13. Cho ddy sé {u,} xdc dinh bdi
Up+1 = , Vn = 0
n
Chitng minh rang [u,] = 2020 —n vdi 0 < n < 1011.
L&i gidi. T cong thiic xdc dinh day sd, ta suy ra u, > 0, Vn.
) u? u < e A s
Tacoupy4y —u, = 7 +”un — U, = —1 —|—nu,, < 0,Vn = (up,) laday so giam.
Ta cling c6
un—uo+2(uk+1—uk) - =2020— Z( )=
k=0
n—1 1
2020 —n —|—
n—1 1 n—1 1 n

Mt khéc vi (u,,) 1a day sd giam nén < < )
: (un) la day s g ;}Huk ,;Hun_l T

N un

Mauys1 =uy————>up,—1>...>ug—(n+1).
1+ u,
Suyral +u,—q >1+2020—(n—1) = 2022 —n.
n—1

s 1

Dan dén E < " < 1v6imoi 0 < n < 1011. Suy rau, < 2021 —n véi moi
1+ ug 2022 —n

0<n<1011.
Do d60 < n < 1011 thi [u,] = 2020 — . 0

, 1 2 22 2005
Bai toan 14 (Olympic 30-4 Nam 2005). Tinh téng S = |:—] + |:—] + [?] + ...+ [ 3 i|

trong do [x] la s6 nguyén I6n nhdt khong vuot qud x.

Loi gidi. Trude hét, ta chitng minh bd dé sau: Néua > 0,b > 0 v6i a, b khong 1a s6 nguyén va
a+blasdnguyénthifa] +[p]=a +b—1.

m,n €%
i a=m-—Xx
That vay, theo gia thiét ta co voi { x,y € (0;1).
b=n-—y
x+y=1
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Khi do

[a] +[p] = [m—x]+[n—y]
= m—-—1+n-1
= m—(x+y)+n—1=a+b—1.

n 2n+1
Ta ludn co 5 +

€ N, Vn € N. Ap dung b6 d trén ta dudgc

- B FR )

20 21 22 23 22004 22005

= [+ -1)|+5+5-1)+..+ + —1
G5+ G5 )er (5+5 )
142+ ... 422005 22006 _ 1

= — 1003 = ——— —1003.
3 3

]

Ap dung b d trén va st dung ky thuét tuong t ta c6 thé sang tac va giai dudc cac bai toan sau:
i 1 3 32 2021
Bai toan 7.1 Tinh tong S = [Z] + |:4_1:| + [Z] + ...+ [

i| trong d6 [x] 12 sb nguyén 16n
nhét khong vudt qua x.

2n+1 k S
Bai toan 7.2 Vi mdi s6 nguyén duong n, dit S, = Z [?] Tim lim 4—: trong d6 [x] 1a sb

k=0
nguyén 16n nhét khdng vudt qué x.

. 1 2 22 2n+1
Bai toan 7.3 Tim s0 nguyén duong n sao cho |:§i| + |:§:| + |:?:| +.+ |: 3 ] = 1370—n

trong d6 [x] 12 s6 nguyén 16n nhét khong vudt qué x.

Bai todn 15. Cho ddy sé nguyén diong (ay)ee, ditgc xdc dinh in > 0. Tinh

A?
tong sau:

240 nal i) 242021
S =|— — —_— .
2021 [11]+|:11]+|:11]+ +|:11]
Lo gidi. Ta st dung bd dé sau: Néu a, b 1a cac s6 khong nguyén va a + b 1a mot s6 nguyén thi
W+l =a+b—1.
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29 2%+ D% (] 423
Vit— + Rtk )
TRT! 11

2ao 2a 1 202 2a3 2a2020 202021
[H]+[H]+[ﬁ]+[ﬁ]+'~+[ T ]+[ T ]
2a0 Za 1 2&2 Za 3 2“ 2020 2a 2021

= [=—+=-1 1)+ -1
(11+11 )+(11+11 )+ +(11 LT )

1
= 7O 420 4 2% L 2000 4 2002 — 1011

= 3.2% ]a sd nguyén nén 4dp dung bé dé ta co:

Do day (a,) 1a 1 cip s6 cong c6 cong sai d=5 nén day (29) 1a mdt cip sb nhan c6 s6 hang dau
(2%) = 2 va cong bdi g = 2° do d6

2021
a; a (25)2022 — 1 2 10110
DZOZIZZz :2()?:5(2 1 —1)
i=0
2
Do d6 S2021 = m (210110 — 1) —1011. U]

Nhan xét. Xuét phat tif mot bai toan thi Olympic 30-4 nghién citu khi tham khéo bai giai, tic
gia di c6 thé tdng quat héa mot 16p céc bai toan trén va md rong. Cac bai todn trén 1a mot phan
cua cac mé rong do.

.y o, [nt1 n+27 [n+2? n+ 2k
Bai toan 16 (IMO 1968). Tlnhtong|: > :|—|—|: 7 ]+|: B ]+...+|:Wi|+

Loi giai. Trude hét, ta ching minh bs dé sau: Véi a 1a s thuc, chiing minh rang

2| = Ral - ]

a+ = | =[2a] —[a].

2
bita =n + r v6in nguyén va0 < r < 1 thi [a] = n.
. 1 1
Néur<5th‘1a+§:nl+r+§,2a:2n+2r. 1 1
Do()<2r<1,0<r+§<1nén[2a]=2n,[a+§:|=nnéntacé|:a+§:|:[2a]—[a].
. 1 1 1
Néu§<r<1th‘1a+§=n—|—r—|—§=n+1+r—§,2a=2n+2r=2n—|—1—|—2r—1.
1 1

DoO<r—§<l,O<2r—1<1nén[a+§i|:n+1,[2a]:2n+1néntacﬁngcé

|:a + %] = [2a] — [a].

Quay trd lai bai todn, ta nhan xét rang tong trén thuc ra 1a tdng hitu han vi v6i k nguyén duong da

. n + 2k 2 .
16n, chang han k > log, n thic6 0 < SkTT < 1 nén céc so hang ké tit ko (ko > [log, n] + 1)
nao dé déu bang khong.
Ap dung b6 dé ta c6
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n + 2k _ n 1 _[n n
s | = (3 o = L) -]
Lan lugt cho k = 0, 1,2, ..., kg, ... va cong vé theo vé ta c6

n+1 n+2 n+ 22 n + 2k n + 2ko+1

Bai toan 17. Cho day sé (x,) xdc dinh bdi xo = 1,x1 = 5, Xp41 = 6Xy — Xp—1, Vn = 1. Tim
lim x,, {\/_xn} , trong do ki hiéu {a} = a — [a] la phdn Ié clia a.

L.5i giai. Phuong trinh dic trung cia day (x,) 1A x2 —6x + 1 =0 < x =3+ 2/2.
n n
Tacéxn:A(3+2ﬁ) +B(3—2ﬁ) .
241 2—-1
Véi xo = 1,x; = 5 ta tim dugc A = V241 V2

2041 242 ’2 1 22
(«/§+1) " +(ﬁ—1) "

Tir d6 tacod x, =

. Suy ra

ﬁxn B (\/5_ 1)211—1 _ \/_+1 2n+1 B (\/5_1)2114-1]

1
z[

1 2n+1
|20

2n+1 k 2ntl 2n+1-k
- oy — Z (v2) (-1) Cznﬂ}
= 2riCEt € Z.
i=0
2n+1 2n+1
LaicéO<(ﬁ—l) <1.Suyra<\/§xn}=(\/§—l) ,neN.
4n+2
5 1+ (v2-1)
Su rax,,{ 2xn} = .
' 22 4n42
n
()T
Tt 46 ta 06 lim x, {+/2x, | = lim =— O
" " 242 242
Bai toan 18. Cho k la s6 nguyén duong, ddt a, = |:(k + Vk2 + ) (2) ] Vn € N.
s ~ ? ~ “ 1 -, . ] ~ ~ c s ~
Xet day (sp) thoa man s, = Z ——.,Vn > 1. Chiing minh rang day (s,) co gidi han hitu
ai—14i41

i=1
han va tim gidi han do.
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Lo gidi. Xét day (by) xdc dinh bdi by = 2: by = 2k VA byyy = 2kby + by_y, ¥1 > 1.
n n
Khi d6 b, = (k+«/k2+ 1) 4 (k—«/k2+ 1) Vn eN.

n 1 n
Vlbn<(k+«/k2+1) +(5) <b, +1vab, € Z,¥n € N nén ta cé
1 n
a,,z[(k—i-\/kz-l—l)—i—(E) ]zbn,neN.

Khi do6, véimoin > 1taco

Z —Z 1 i - ,I_LX”: I \_1/1
= ai1aity b;— 1b1+1 2k —  bic1bip 2k — 1119 " bibiy) 2k \bob,

o . 1
Tu d6 suy ra lims, = TR [l

Bai toan 19 (D& thi HSG tinh Binh Dinh). Cho a > 1 va day sé (x,) xdc dinh bdi hé thiic truy

2 2
. X, —2{x . .
hoi x1 = a; Xp41 = "[—]{2"} Vn > 1, trong do [x] la phan nguyén ciua x va {x} la phan
xn
thdp phdn ciia x. Chitng minh rdng ddy sé (x,) co gidi han hitu han va tim gidi han do.

Loi gidi. Truong hop 1: a 13 s6 nguyén.
Khi d6 [a] = a va{a} = 0.Do détacod

—2{x1}*  a? .
X1=dad:xp = —— = — = 1.
‘ ’ ] @

Vay x, = 1,Vn > 2 .Do d6 limx, = 1.
Truong hop 2: a 12 s6 khdng nguyén. Khi dé6 ta c6

_a>—2{a} _ (el +1{a})’—2{a}*> _2[a]’ — (0]’ —2[a] . {a} +{a}’) _

X2 = 2 2 2
[a] la] [a]
(- @)
2 (1
{a}

Via > 1nén0<[—<1.Dodc')x2€(1;2).

a
Chitng minh quy nap ta dudc x, € (1;2), Vn = 1,2,3....
x2 =2 (x, — 1)

Do dd {x,} = x,—[x,] =1,Vn =1,2....Suyrax,4; = 1 = —x2+4x, -2,
Vn=1,2,..
Khidétaco2 —xpqp1 = (2—x,)° = ... = (2_x2)2n—1.

Suy ralim (2 — x,41) = lim (2 — xz)zn_1 =0.

Vay lim x,, = 2.
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Bai toan 4: Cho f(x) = x* + ax3 + bx? + cx + d 1a da thiic bac 4 véi hé sb nguyén va hé sb
cao nhit bling 1. Biét riing @ khong chia hét cho 4. Tim lim { Y f(n)|} khi n — 400,

Loi giai:

Taco f(x) = x* +ax3 4+ bx?> +cx +d véia,b,c,d € Z v6i a khong chia hét cho 4.

bata = 4k +r v6ir € {1;2;3}.

Ta co

f(n) = n4+an3+bn2—|—cn+d:(n+k)4+(a—4k)n3—l—(b—6k2)n2+(c—4k3)n—|—d—k4
= (m+k)*+rn®+ (b—6k*)n*+ (c —4k)n +d — k*.

Véin dalén thi rn® + (b — 6k?)n? + (c —4k*)n +d —k* > 0.

Suyra f(n) > (n + k)*.

Véin dalénthi | f (n)| = f (n).

Laic6 f(n) = n*+an®*+bn®>+cn+d = m+k+D*+[a—4k+1D]n>+ ... =
n+k+13+0F—Hn*>+ ..

Véindilénthi(r —Hn+...<0= f(n) < (n+k+1)*

Do d6 v6i n da 16n thi

4k < f)<m+k+1)* = [W]:wrk
= lim{m}zlim{m}.
Lai 6
w417 = 70
— lim [W—(n+k)]

n—+oo
: fn)—n+k)* . n*a—3k+..)
= lim = lim

[4 fn) + (@ +k)] [\/mﬂn +k>2] n3 (14 1)1+ 1)

-5

Bai toan 20. a,b la hai s6 nguyén duong cho trudc. Véi mot sé nguyén duong n ddt x, =
a*n® + bn . Hay xdc dinh lim {./X,} , ky hiéu {x} phdn € ciia s6 thuc x.
n—-oo

L&i giai. LAy b chia cho 2a ta dugc b = 2am + r.

Véi m, r 1a hai sb6 nguyén,m > 0,0 <r < 2a — 1.

Ta xét hai trudng hop:

Truong hep 1: r = 0 tifc 1a b = 2am. Khi d6 x, = a®n® + 2amn = (an +m)* —m? <
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(an +m)*.
Ta sé& chiing to ring v6i n @ 16n thi (an + m — 1)* < x, = (an + m)* —m?2.

Qua that vay, bit dang thifc trén tuong duong véi —2 (an + m) + 1 < —m?. Diéu nay ding véi

n dua 16n.
Tir cdc két qua trén ta suy ra: Voin di 16n [ /X, | = an + m — 1.
Do doé

{xn}:\/ﬂ—[\/x_n]: Vian+m32—m2—(an+m—1) =
2an — (m — 1)?

Vian +m)2—m?+ (an+m—1)

Suy ranli)rrol0 {4/xn} = 1.
Truong hop 2: r #0. Ticlal <r <2a—1.
Khi d6

Xp = a*n® + Qam +r)n = (an +m)*> +rn —m? > (an + m)* (V6i n di 16n).

Pdng thoi, ta cling ¢6 x, = a?n? + (2an +r)n < (an +m + 1)® bdi vi bét ding thic nay
tuong ducng voi

rn—m?<2(an+m)+1.

Hay 0 < (2a — r)n + (m + 1)*. Tit cdc két qué trén ta suy ra: Vi n da 16n [a/xn] =an + m.

Vay
{x,} = \/(an+m)2+m—m2—(an+m)
_ rn —m?
\/(an—i-m)z—i-rn—mz—l-(an—i-m)'
, r
Suy ra nlgglo{a/xn} =54 0

5 3 - .
Bai toan 21. Choa, = 6, a,+1 = [Zan + 1 a2 — 2:|. Ddr S, = Za,-. Tim chit so tdn cung
i=1

cia S2021.

. 5 3 5 3
Loi giai. Dethay vaa, 4+, > a, > 6,Vn € N* . Tudd tacod Za,,—l-z\/a,zl —-2< Za,,-l—é—lan =

2a,.
. 5 4\* 8 34 X )
Vadoa; —22>|a, — 3 s gan > ) (dung) nén ta co

5 3 3 5 3 4
Zan+z an_2>zan+1 an_g = 2a, — L.
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5 3
Suyraa,4; = |:Za,, + Z\/a% — 2] = 2a, — 1 v6imoin € N*,
Suyraa, = 5.2""1 + 1, Vn € N*. Do d6 a,, +~ 1(mod10) v6i moi n > 2. Suy ra
2021 2021
S2021 = Z a; =ay + Z a; = 6 + 2020 = 6(m0d10)
i=1 =2
Vay chif s6 tin cling clia S»g; 12 6. O

Nhan xét. Quan trong nhét trong bai 14 sit dung udc lugng dé c6 hé thiic truy hodi a, 41 = 2a,—1.

Bai todn 22. Ddy s6 (u,) xdc dinh nhu sau: u, = [n ﬁ] ,Vn € N. Chiing minh rdng cé vo sé
s6 hang ciia ddy la sé chinh phuong.

L&i gidi. S dung cong thic khai trién nhi thiic Newton:

(a+b)"=> Cra*p"*.
k=0

S

( + l)n = XuV2 + ¥y
(ﬁ— l)n = Xy V2 — yn
Suy ra (xn\/z-l— y,,) (xnﬁ— y,,) = 1.

Dén dén 2x2 — y2 = 1 hay 2x2 = 1 + y2.
Vithé y? + yp = yZ (1 +y2) = 2x}y}.

Doy, > 0nén yi <yt +32 < (02 +1) =02 < f 42 <32 +1= Vi +7] =
Ya- (D)

Mit khéc, lai ¢6: /Y% + y2 = X, 7, V2.  (2)

Tur (1) va (2) suy ra: [x,,yn \/5] =y2. (3

RO rang day (xny,, \/5) khin = 1,3,5,7,...1a ddy ting vd han. Do d6 tir (3) ta suy ra c6 vo sd

Ta thay, khi n 18 thi VOi X, yp € Z7T.

s6 hang ctia ddy (u,), véi u, = [n ﬁ] ,Vn € N 1a s chinh phuong. O

Bai todn 23 (Tap chi Pi). Cho sé nguyén duong k. Cho da thiic P(x) vdi hé sé nguyén, khdc

hdng va khong coé nghiém nguyén. Chitng minh rang ton tai da thitc Q(x) hé sé nguyén sao cho

0 ([%]) = 0(mod P (n)) vdi moi sé nguyén duong n.
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L&i gidi. Ta sé chiing minh da thiic Q(x) sau théa man céc diéu kién cia dé bai:
0(x) = P(kx).P(kx + 1)...P(kx + k — 1).

That vay, trudc hét, do P(x) la da thic khac hang v6i hé s6 nguyén nén Q(x) la da thic khac

da thidc 0 va c6 hé s6 nguyén. Tiép theo, véi mdi sd nguyén n, ta c6

) <r<lil+

Do doé

Hay

ne k. [%] k. [%] + 1k [g] +k—1f

Vi thé, v6i moi n nguyén ,trong cic s6 nguyén P (k. [E]) P (k. [Z] + 1) N (k. [z] +k — 1)

k k k

luén c6 mot sd1a P(n). (1)

Hon nita, do da thic khong c¢6 nghi€ém nguyén nén P (n) khac O v6i moi n nguyén.  (2)

Tur (1) va (2) hién nhién suy ra v6i moi n nguyén Q ([%]) :P(n).

Noi cach khac, bai toan da dudc chiing minh. O]

Bai toadn 24. Cho P(x), Q(x) la hai da thiic véi hé sé thie,khdc da thitc hang va théa man diéu
kién: Vx € R, [P (x)] = [Q (x)] Chitng minh rdang

P(x)=0(x),VYxeR

Loi gidi. Ta co bd dé sau: Cho da thifc P(x) khéc da thifc hang. Khi d6 tdn tai s6 thic a dé da
thic P(x) don di€u trén khoang (a; +00).
Tré lai bai toan. Xét da thiic R (x) = P (x) — O (x). Theo gia thiét ta c6

R(x) = P(x) = Q(x) = [P(X)] +{P(x)} = [Q(X)] ={Q(0)}={P(x)} —{Q(x)} Vx € R.

Dodé—1 < R(x) <1,VxeR. (1)

Néu da thiic R(x) c6 bac duong thi da thiic d6 khong bi chin, mau thuan véi (1).

Vi vay R(x) = ¢, v6i ¢ 1a mot hang s thudc khoang (—1;1) hay R(x) = P(x) — O(x)
R(x) = P(x) - Q(x). (2)

Gia st ¢ # 0. Ta xét hai trudng hgp sau:
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e Néuc > 0. Theo bd dé trén ton tai s6 thuc a sao cho P(x) don diéu trén khoang (a; +00)
. Tt d6 do P(x) lién tuc trén khoang (a; +00) nén ton tai xo > a sao cho P (xo) = k,
keZ. Tu(2)tacé Q(xg) = P(xo) —c =k —c <k.

Do d6 [Q (x0)] = k < [P (x0)], mau thuin véi gia thiét cla dé bai.

e Néu ¢ < 0. Tuong tu nhu trén, ton tai sd thuc b sao cho da thic P(x) don diéu trén
(b; +00) nén ton tai x; > b sao cho Q (x;) = m, m € Z. Tu (2) ta c6 P(x;) =
OQ(x1))+c=m+c <m.

Do d6 |P(x1)| < m = |Q (x1)] (v IY).
Viy ¢ = 0. Dan dén P (x) = O (x) véi moi x.

O
Bai todn 25. Cho sé nguyén duong n . Ky hiéu r(n) la tong cdc sé dw ciia n khi chia cho
1,2,3,4,...n. Chitng minh rdng co vé han sé nguyén dwong n théa r(n) = r(n — 1).
. 2. 2, A . . N n n
Loi giai. Ta c6 so du khi chia n cho k 1a {;} .k hay n — [;} k.

Viyrm = 3 (- [%} k).

k=1

n n—1
Ta c6 r(n)=r(n-1) khi v chi khi } | (n _ [%] .k) (n 11— {” ; 1] .k).

k=1 k=1

Ta co

k=1 k=1
n n—1
e n=Y [Z]k=m-12=) ”;1}1{
k=1 k=1
n n—1
N 2n—1=2[3].k—2[”_1]k (%)
k=1 k k=1 k
Néw k e cian i [ ] = | % |+ 1 viné [ = [ "2
Vay (¥) & 2n— 1= k.
kln

Chon n = 2™, m 1a s6 nguyén khong am. Khi d6, ham téng cic udc ctia n 1a o(n)=2"+! — 1.

RG rang khi d6 2n — 1 = 2" — 1= k.
kln
Vay néu n 12 lily thira ctia 2 thi r(n) = r(n — 1). O
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Bai viét ciing nhin dudc quan tim ctia Ban giam hiéu trusng THPT chuyén Lé Quy Pén, su
cong tac va gép y chan thanh cia cic dong nghiép trong t6 Toan clia trudng, clia cac em hoc
sinh trong ddi tuyén ctia tinh du thi hoc sinh gié qudc gia va dic biét cic em 16p chuyén Toan
khoéa 21, 22 ciia trudng, su dong vién, gitip dd va tao diéu kién clia ngudi than. Tac gia xin chan

thanh cam on.

[1] Nguyén Vii Thanh-S6 hoc (Chuyén dé bdi dudng chuyén Toan cip 2-3), NXB Ca Mau 1993.

[2] Vii Duong Thuy (chd bién)-Ly thuyét s6 cdc dinh li co ban va bai tip chon loc. NXB Gido
duc 2004.

[3] Tap chi Pi.
[4] Tap chi Toan hoc va Tudi tré.

[5] Tai liéu trén Internet.
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Tap chi Epsilon, S6 21, 02/2022 nhing ngudi yéu todn

BAT PANG THUC SVAC-XO

Nguyén Song Thién Long
(THPT chuyén Bén Tre, Bén Tre)

TOM TAT

Bit déng thic ludn 1a mot chi dé hay va phd bién trong cac dé thi Olympic, di cuing véi
d6 1a viéc st dung cac bét dang thiic kinh dién ciing nhu céc ki thuat bién ddi. Trong bai
viét nay, toi xin gidi thidu vé ting dung ctia bt dang thic Svac-xo, mdt hé qua ciia bit
dang thiic Cauchy-Schwarz trong viéc giai cac bai bt dang thiic, kha don gian nhung lai
vo cling hitu ich trong mot s6 tinh hudng. Bt dang thic Svac-xo c6 thé dugc ap dung truc
tiép hoic thong qua mot s6 phép bién ddi va bit dang thiic khac.

Z (hay Z véi cyc 1a viét tat clia cyclic): tong tuan hoan. VD: Z ab = ab + bc + ca

cyc

LHS (Left hand side): vé trai.

C6 rat nhiéu tén goi cho bét dang thiic nay nhu: Cauchy-Schwarz dang Engle, Bunyakovsky dang
phan thitc, bdt ddng thitc cong mdu, AM-GM dang céng mdu, Engle, . .. Trong bai viét nay, toi

xin dudc goi 1a bat dang thiic Svac-xo, cach doc theo tiéng Pic ctia Schwarz .

Thuc chét, bt dang thiic Svac-xo 1a mot hé qua ctia bat dang thitc Cauchy-Schwarz (hay con goi
1a bat dang thic Bunyakovsky).

'Karl Hermann Amandus Schwarz (25/1/1843-30/11/1921), 12 mot nha toan hoc ngudi Diic.
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(1) Dang t6ng quat:

Cho hai day sb thuc (a;,ax, . .

.,a,,) va (bl,bz,..

., by > 0) thi ta ludn co

a;>  a)? a,? ay +a+...+ay)?
N R (e o )"
by b, b, by +by+ ...+ b,
2 oo . ay a dp
b thu khi — = = = = —
ang thic xay ra 1b1 by b
(2) Dang cu thé:
a? b2 (a+b)? o, .a b
o Chox,y >0,taco6 — + — > —— . Dang thuc xay ra khi — = —.
X y xX+Yy X y

2 b2 2 b 2
o Chox,y,z >0,tacc’>——|——+c— > %
X+y+z

2 P ” . a b c
> . bang thic xdy rakhi — = — =
xX y z X

y oz

Cach 1.
Cho a, b, x, y 1a cac s6 thuc va x, y > 0. Khi d6
a? b? a + b)?
Tyl > g 1)
X y xX+Yy
That vay, (1) dudc viét lai thanh
a?y(x + y) + b*x(x + y) = (a + b)*xy & (ay — bx)* > 0 (hién nhién)

. b
Pang thuc xay ra khi va chi khi a_2 Vay (1) dugc ching minh.
Xy

V6i6s6a,b,c,x,y,zlacic sb thuc va x, y,z > 0. Ap dung (1) hai 1an ta cé

a’> b?
T+

2 2
< lath
X y z

cz>(a—|—b—i-c)2
X+Yy z 7~

X+y—+z

Bang phép qui nap toan hoc véi ay, as, ..., a, la cac so thuc bat ki va by, by, ..., b, la cic so

thuc duong, ta chiing minh dugc

a,> >(a1 +ar+ ...+ ay)?
by, = bi4+br+...+b,
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2 2, e . N 9 . a a
Dang thuc xay ra khi va chi khi b—l = b—2 =...
1 2

ay
b,
Cach 2.

Ap dung bit dang dang thiic Bunyakovsky cho hai bo sb

aq as [25%
(\/_b_l’ \/b—za---» \/E)’ (\/b_’ \/b—""’ \/E)’

ta co

n

a;?  a,? a,? )
— 4+ — 4 ...+ b1+br+...+by) 2 (a1 +ax+ ...+ ay)

by b, b,
a’?  a)? a,? a1 +ar+...+a,)?
:L_i_i_l_”._'_n/(l 2 n)
b, b, b, b1 +by+ ...+ b,
Piéng thiic x4y ra khi va chi khi i_f_ 9
bl b2 bn

Cho a, b 12 hai sb thuc. Khi d6 2(a? + b2) > (a + b)* > 4ab.

(@)

(@)

Cho a, b, ¢ 1a cac s6 thuc. Khi d6 3(a? + b2 +¢c?) > (a + b + ¢)? > 3(ab + bc + ca).
4

. 1 1
Cho a, b 1a hai so thuc duong. Khi d6 — + — > )
a b a+b
. oz N | 1 1 9
Cho a, b, ¢ 1a cac so thuc duong. Khidé — + -+ — > ——.
a b ¢ a+b+c

b c 3

(@)

o

) a
o Cho a, b, ¢ 1a ba so thuc duong. Khi d6 + + > —. (BDT Nesbitt) 2
b+c a+c¢c a+b 2
Bai todn 1 (Russia 1990). Cho n sé thuc duong ay, as, ... ,an, thbamana, +a>+...+a, =

1. Chiing minh rang
.2 2 2
1 as Qn S

1
+ +...+ Z =
ap + aj ar + as a, + a; 2
Hién nay c6 hon 49 cich ching minh bét dang thiic Nesbitt.
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Loi gigi. Ap dung bat déng thitc Svac-xo, ta c6

a? a? an? N (a1 +ar +...+a)? 1

+ + ...+ = =
ay+a, a4+ as a, +a, 2@ +a+...+ay) 2

) 1
Pang thic xayrakhia; = a, = ... =a, = —. O
n

Bai toan 2. Cho cdc s6 thie duong a, b, c. Chitng minh rdang
a3 b3 c3 a+b+c
+ + >
a’?+ab+b*  b24+bc+c?  c?+ca+a? 3

Loi gidi. Ta tim cach dua vé trai vé dang ding dudc bét dang thic Svac-xo

a’ b3 c3
LHS =
a2+ab—|—b2+b2—|—bc—|—02+cz+ca—|—a2
a* b* ct

a(a? + ab + b?) + b(b% + bc + c?) + c(c2 + ca + a?)
N (@ + b + )’
T a3+ b3+ c3+ab(a+b)+be(b+c)+calc +a)

Via® + b3+ c2+ab(a+b)+be(b+c)+calc+a)=(a+b+c)a?+ b*+ c?)nén

LHS > (a2 + b2 + ¢?)* _a?+ b2+ c?
“@+b+c)at+b2+c?) a+b+c

Ta can ching minh
a’> + b* + ¢? N a+b+c

> 2
a+b+c 3 @)
That vay
Q) ©3@*+b*+c*)>(@@+b+c)
& 2a% 4+ 2b% +2¢? —2ab —2bc —2ca >0
& (a—b)* + (b —c)* + (¢ —a)* > 0 (ludn ding)
Diéng thiic xdy rakhia = b = c. O

Bai toan 3 (IMO 1995). Cho cdc sé thic dwong a, b, ¢ théa man abc = 1. Chiing minh rdng

1 1 1 3
2 —
a3 + c) + b3(c + a) + c3a+b) 2

Loi gigi. Ap dung bat déng thiic Svac-xo, ta c6

1 1 1
a3(b+c) + b3(c + a) + c3(a+b)

LHS =
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2
_ ﬁ bLZ c% < (%+%—I—%) :(ab—l—bc—l—ca)2
ab+c) b(c+a) cla+b)~ 2(ab+bc+ca) 2(ab+ bc + ca)
b+b . A 2
Suyra LHS > #. Ap dung bat dang thic AM-GM, ta c6
ab + bc + ca \3/ (abc)® 3
LHS > > ==
2 2 2
Pang thic xay rakhia = b = ¢ = 1. ]

Sau day 12 mot mé rong clia bai todn trén. Bai todn da dudc ding trén Tap chi Todn hoc va tudi
tré chi véi trudng hop k 12 sb nguyén 16n hon 1.

Bai todn 4 (Ngbd Van Thai). Cho ba s6 thuc duong a,b,c théa man abc = 1 vak > 2.
Chitng minh rang

W

1 1 1
2_
ak(b +c) +bk(c+a)+ck(a+b) 2

Loi gidgi. Dit vé trai ctia baitoan1a J. Via,b,c > 0,abc = 1 nén

(LA () RN € M ) M

~ab+ac  bc+ba  catch 141

1 1 1
a 5 : 3
Khik =2thiJ = %~ + —2— + —<— > = (BDT Nesbitr).
ste cta oty 2
Khi k > 2, khong mét tinh tdng quat 0 < a < b < ¢, suy ra
1\ %2 1\ k2 1\ 2 1 1 1
B ) @) oy b g
“ b ¢ pte cta ot

Theo bt dang thic Chebyshev

1 1 1 1 1\ k2 1\ k2 1\ k2
J> |45+ 25+ ¢ - +() +(-
“3\1 1 1,1 L1 a b c
b c c a a b

Ma theo bit dang thiic Nesbitt thi

Miit khéc, theo bat dang thiic AM-GM, ta dudc

1 k—2+ 1 k—2+ 1 k—2>33 1 k—2_3
a b c - abc N

3 3 .
SuyraJ > 5.3:E.Dﬁngthﬁcxéyrakhia:b:c:1. ]

W | —
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Bai toan 5 (Dai hoc Su pham). Cho a, b, c la cdc sé thic dwong. Chitng minh rdng

2 2 2
a n b N c >l
a-+2b b+ 2¢c c+2a) 73

Loi gidi. Ap dung bat dang thiic Bunyakovsky, ta cé

(a + 2b)* < 3(a* + 2b?)

Do do, ta can ching minh
a? h? c?

>1
a2+2b2+b2+202+c2+2a2 -

Ap dung bét dang thiic Svac-xo, ta dugc

a? N b? N c? - (@® + b2 + ¢2)’ _
a?+2b2  b24+2¢2  24+2a%" a?(a? + 2b2) 4+ b2(b? + 2¢2) + c2(c? + 2a?)

Pang thic xay rakhia = b = c. ]
Bai todn 6 (Thf; Nhi Ki 2011). Cho cdc 6 thue duong a, b, ¢ théa man a® + b? + ¢ > 3.

Chitng minh rang

a@a+Db+2) B+1D+2) (c+1)(a+2)>§
b+1Db+5 (c+Dc+5 (@+D@+5 "~ 2

Loi gidi. Ap dung bat dang thic AM-GM, ta c6

xb+n@+5)<B@+1yub+$f:4w+mz

b+1Db+5) = 3 < v 3

Do dé
(a+1)(b+2)>3a+1

b+1)b+5 7~ 4b+2
Tuong tu véi hai bat dang thic con lai, ta cAn chiing minh

a+1+b+1+c+1 S

b+2 c¢+2 a+2

Ap dung bt dang thic Svac-xo, ta cé

a+l+b+1+c+l> (@a+1+b+14+c+1)7

b+2 c¢+2 a+2 (@+D)b+2)+ b+ 1D(c+2) +(c+1)a+2)
B (a+b+c+3)?
ab+bc+ca+3a+b+c)+6

Mat khac
(@+b+c+3)?*—2[ab+bc+ca+3a+b+c)+6=a’>+b>+c>—3>0
Vay ta suy ra dudc diéu phai chiing minh. Pang thiic xdy rakhia = b = ¢ = 1, O
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Bai toan 7. Cho ba sé thuc duong a, b, ¢ théa man abc = 1. Chitng minh rdng

a* b* ct

2 + 2 + 2 Z 2
(@+b)y*(a+ec) (B+o)(b+a) (c+a)(c+b) 8

W

Loi gigi. Ap dung bét déng thitc Svac-xo, ta c6

az \’
a* >(Za+b)

> (3)
Z(a—t—b)z(a—l—c) 2(a+ b +c)
Mt khéc, dp dung bat dang thiic Svac-xo, ta c6
Z a? >(a+b+c)2:a+b+c @
a+b~ 2@@+b+c) 2
Tu (3) va (4) ta suy ra dudc
Z a* N (%)2 _a+b+c>3v3abc_3
(@a+b)2@+c) 2a+b+c) 8 -8 8
Diéng thifc xdy rakhia = b = ¢ = 1. O

Bai toan 8 (Samin Riasa). Cho a, b, c la do dai ba canh ciia mot tam gidc. Chiing minh rdng

a n b n c S 1
3a—b+c¢ 3b—c+a 3c—a+b”

Loi gidi. Tacé
a 4a a+b—c
4 —_— = —:3 S
Z3a—b+c Z3a—b+c +Z3a—b—|—c

Ap dung bét ding thic Svac-xo, ta dugc

Za—l—b—c_z (a+b—c)? . (a+b+c) .
3a—b+c (a+b—c)(3a—b-|—c)/Z(a+b_c)(3a_b+c)
Vay ta suy ra dudc diéu phai chiing minh. Pang thiic xay rakhia = b = c. O

Bai toan 9 (Pham Kim Hung). Cho a, b, ¢ la cdc sé thuc khéng am. Chitng minh rdang

a’* —bc b? —ca cz—ab
+ + =0
202+ b2 +c2  2b2+c?2+a?  2¢?+ a2+ b?
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Loi gidi. Ta d€y ring
2(c2—ab) _ (a+b)
224 a2+ b2 2¢2+a?+ b2
Do d6, bt dang thic cin chiing minh tré thanh

(a +b)*
<
z:czz-l—b2—|—2cz\3 ©)

Ap dung bit dang thiic Svac-xo, ta c6
2 2 2
(a+b) < a n b
a’?+b%>+2c? " a?+4c?  b%r+c?

Nhu vay

a? b?
LHS(5)<2a2+cz +Zb2+c2 =3
Viy ta c6 diéu phai chitng minh. Pang thiic xdy rakhia = b = c hoica = b, ¢ = 0 va céc céic
hoén vi ctia né. O
Bai toan 10. Cho a, b, c la cdc s6 thic duong. Chitng minh rang

(a + b)a® (b +c)b? (c +a)c?
a?+ab+b%?  b%2+ bc+c? cz—l—ca+2/

(a-l—b—l—c)

Loi gigi. Ap dung bét déng thiic Bunyakovsky, ta c6

(a + b)a® a(a® + ab + b?) s 2 22
T > b
PIRCELLIN | RS LEL a] FYRRNER

Mat khac, ta c6

(@® + ab + b?) 2p
Yy e aj_b =Y aa+b) - Za“+b

Ap dung bét ding thiic Svac-xo, ta dudc

Z a’b Z a’b? (ab + be + ca)?

atb abibr” S a2+ ab
Vi vay
2
a(a® + ab + b?) (ab+bc+ca)2 > a*() a)
b < =
Z a+b Za(a+) Z +b Za( Za“rzab Za2+2ab
Do dé
LHs 5 @D+ ) (Z“ + ) ab) ) a®
- a(a? +ab—|—b)
Z a+b (Za)
Za +Zab)(2a) 1 X ) ,
= - a” + ab) > —(a+b +c)
3 a) 3(2 2 ) 9
Pang thic xdy rakhia = b = c. O
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Bai toan 11 (Japan TST 2004). Cho a, b, ¢ la cdc s thuc duong théa a +b + ¢ = 1. Chiing

minh rang
l+a 1+5b 1—|—c<2a 2b  2c

1—a 1-56 l—c b c a

Loi gidi. Ta viét lai bat dang thic can chiing minh dudi dang
3 a a a a 3 ac 3
. — < - & )2 — ==
T e Sy G %1 e D 2
Ap dung bt dang thic Svac-xo, ta cé
Z ac Z a*c? - (ab + bc + ca)?
bb+c) abe(b +c¢) ~ 2abc(a + b+ c)

Ta cén ching minh (ab + bc + ca)® > 3abc(ab + be + ca). Thay vy,

(ab + be + ca)® = (ab)* + (bc)* + (ca)* + 2abc(a + b + ¢)
> ab.bc 4+ bc.ca + ca.ab + 2abc(a + b + ¢)
= 3abc(a + b +c)

Diéng thifc xay rakhia = b = ¢ = 1 ]

3.
Bai toan 12 (China MO 2007). Cho a, b, c la cdc sé thuc duong théa mdn abc = 1. Chiing

minh rang
k bk k

a c

+ +
a+bhb c+a c+a

3
> =, Vk 22
2

Lai gidi. Véi gia thiét da cho, dp dung bit dang thiic Svac-xo, ta c6

2
(a% + b5 + c%)

LHS >
2(a+b+c)

Khong mét tinh téng quat, gia st
a>b>c>0=a2 b2 >c2 Yk >2.
Theo bt dang thiic Chebyshev thi

k
2

1 _ _ .
a® +b% +¢ >§(a+b+c)(ak72 +b5T 4T

Mt khdc, theo bét dang thitic AM-GM va abe = 1, ta dugc

a-l—b+c>_°>~/3ab(:=3;ak2;2 —|—bk%+ck2;2>3\3/(abc)%=3

Suy ra
2 _ _ 2
LHS > (a% +b% +c?) N (@+b+c)a= +b7 +c'7) _39 3
~ 2a+b+c) 7 18(a + b +¢) ~ 18 2
Vay ta c6 diéu phai chiing minh. Pang thic xdy rakhia = b =c = 1. O
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Bai todn 13 (Bét d:fmg thitc Vasile Cirtoaje). Cho a,b, ¢ la ba sé thuc duong. Chiing minh

rang
a? b? c?
> 1 6
a2+ab+b2+b2—|—bc+cz+cz+ca+a2 ©)
Lai gidi. Ap dung bt dang thic Svac-xo, ta c6
a? N c? S (a + ¢)?
a?+ab+b2 cla+b+c)” a?+b2+c2+ab+ bc + ca
b? N a? N (b +a)?
b2+bc+c2 ala+b+c)” a?+b2+c2+ab+bc+ca
c? N b2 . (c + b)?
c24+ca+a? bla+b+c)” a?+b2+c2+ab+bc+ca
Cong vé theo vé ciia ba bat dang trén, ta dudc
a? b? c? N (a+b)?+B+c)+(c+a)* abc® + a®be + ab’c ]

+ ‘l’ = -
a’?+ab+b%* b2+bc+c? c?4+ca+a?” a?+b>+c2+ab+bc+ca abc(a + b + ¢)
Viy ta c6 diéu phai chiing minh. Pang thiic xay rakhia = b = c. O
Nhan xét. Tir bat dang thifc (6), ta dua vé bt dang thiic tuong duong
1 1 1

b b2+ c 02+ a a2>1
+2+@)° 1+5+(G) 1+2+(0)

b ,
Bay gio taddt x = —, y = 7,z = £ thi (6) dudc phdt bieu dudi dang méi sau day:
a

Cho x, y, z la ba s6 thic duong théa méan xyz = 1. Chiing minh rang

1 1 1
> 1
x2+x—|—1+y2+y—|—l+22+z—|—l

Bai toan 14 (Nguyén Van Thach). Cho ba sé thuc duong a, b, c. Chitng minh ring

a’ b3 c3

+ + 21
a3 +abc+ b3  b3+abc+c3 3 +abe+c3

Loi giai. Bét dang thiic thuan nhét nén ta chuin héa abe = 1.

X z . . ,
bita = 3—,, b= X,c: °/ — v6i moi x, y,z > 0. Ta cé
Vy V z V x
3

x
a y x
1

a®+abc +b> X+ +§:x2+xy+yz

2

X
y
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Nhu vay, bit dang thic cin chiing minh tré thanh

x2 32 52
+ + 21
xX24+xy+yz y2+yz+zx zZ4zx+xy

Ap dung bt dang thic Svac-xo, ta cé

x2 n y2 n 72 S ()C-l-y—l-Z)2 .
X2+ xy4+yz 2 H4yz4zx z224zx+xy x24+y24+z2242xy 4+ yz +2zx)

Vay ta ¢6 diéu phai chiing minh. Péang thic xdy rakhix =y =zhaya =b =c = 1. ]
Bai toan 15 (Pham Kim Hung). Cho a, b, c la cdc sé thic khong dm. Ching minh rang

a? b? c? 1

+ + >
a2 +2a+b? b2+2(b+c¢)* c2+2c+a)? 3

N b
Loi giai. Dat x = —
a

c a A 2, .
, Y = 5 z = —. Ta can ching minh
c

1 1
DL
1+2(x+1) 3

Vi xyz = 1 nén ton tai cac sb thuc duong m, n, p thda min
_np _mp mn
= VS T
Bit dang thic cin ching minh trd thanh
4

> = > 1 )

m# +2(m? 4+ np)* ~ 3

Ap dung bit dang thiic Svac-xo, ta c6

(m2 + n2 —I—p2)2

LHS(7) > 5 3 3
m* + n* 4+ p* 4+ 2(m? + np)” 4+ 2(n% 4+ pm)” + 2(p? + mn)

Mit khac,

2
3<Zm2) — Zm“ — 22 (m* + np)” = Zmz(n —0)?>0
Ta suy ra dudc diéu phai chiing minh. Pang thifc xay rakhia = b = c. O]

Bai todn 16 (L& Minh Cuéng). Cho k vaa, b, c la cdc sé thuc duong théa mdn 2k? < 2k + 1.

2 2 2
a n b n c < 3
ka + b kb +c ke+a) ~ (k+ 1)

141
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X

c
b yz’a

ES s
| S

o ege b X i o L ) , N
Loi giai. Dat — = = —Z Bat dang thuc can chiing minh tré thanh
a z

A O

x y4 z4 3
2 T 2+ 3 2 2
(kx?2 + yz) (ky? 4 zx) (kz2 + x2) (k+1)

Ap dung bt ding thic Svac-xo, ta cé

LHS > G2 4y 4 22)°
T kx2 4 y2)? + (ky? + zx)? + (k22 + x2)°

Ta can chiing minh ring
(k + D*(x% + y2 + 22)2 >3 [(kx2 + yz)2 + (ky* + Zx)2 + (kz? + xz)z]

That vay,

(k +1)2(% + 2 + 22)% > 3 [(kx2 4 y2) 4 (ky? + 2x)° + (k22 + xz)z]

& (k+1)? Zx4 + 2(k + 1)2X:x2y2 > 3k? Zx4 + 6kxyz Zx + 3Zx2y2

& 2k + 1 —21(2)Z:x4 + (2k* + 4k — 1) szyz > 6kxyz(x +y +2)
Ta co
2k +1-2k7) Y "x*+ (k> + 4k — 1) > x?y* > 2k +1-2k>) Y " x*y* + (2k> + 4k — 1) ) x?y?

> 6k X:)czy2 > 6kxyz(x +y + 2)

Vay ta c6 diéu phai chiing minh. Pang thic xay rakhia = b = c. ]

Bai toan 17 (Pham Qubc Sang). Cho a,b,c la cdc s6 thiuc duong va k > 2. Chiing minh
rang
a b c 9
+ + =
b2+ kbc+c*?  c?2+kca+a* a*+kab+b>2" (k+2)(a+b+c)

Loigiai. Datp=a+ b +c,q = ab + bc + ca,r = abc. Vivdy pq > 9r va p* > 3q.

Ap dung bit dang thitc Svac-xo, ta c6

Z a B Z a? N (a+b+c)
b2 + kbc +b? ab? + kabc +ac? ~ Zab(a + b) + 3kabc

Ta can ching minh
(a+b+c) . 9
Y ab(a + b) + 3kabc = (k +2)(a +b +c¢)
& (k+2)a+b+c)>9a+b+c)ab+ be + ca) + 27(k — 1)abe
& (k+2)p* > 9pqg +27(k — D)r
& p(k +2)(p* —3¢) > 0 (ding)

Viy ta c6 diéu phai chiing minh. Dang thiic xay rakhia = b = c. O
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Bai toan 18. Cho cdc s thie duwong a, b, c. Chitng minh rang

\/a2+2bc+\/b2+2ca+\/cz+2ab<\/a2+b2+cz+2\/ab+bc+ca

Loi giai. Dat
A= +a?*+2bc, B = +Vb%2+4+2ca, C = +/c2+ 2ab,
D =+a?2+b%2+c% E =+ab+bc+ca

Bit dang thifc cin chiing minh tré thanh

A+ B +C<D+2E,

hay
D-A)+D-B)+(D-C)<L2(D-FE) (8)
D€ y ring
D2 — A2 A Y
D—A= :(b C),
D+ A4 D+ A
va

2(D>~E?) _ (b—c)*+ (c —a)* + (a —b)?

2(D—E) =
D+E D+E

Ta c6 thé viét (8) dudi dang

(b—c)2+(c—a)2+(a—b)2>(b—c)2+(c—a)2+(a—b)2
D+A D+B D+C ~ D+ E

Néua = b = c, bat dang thiic hién nhién ding. Xét trudng hop ba s6 nay khong dong thdi bang
nhau. Ap dung bit dang thic Svac-xo, ta cé

(b—cf (c=aP (@=b> [(b—¢)* + (c —a)* + (a—b)?]°
D+A D+B D+C ~ (b—c))(D+A) + (c—a) (D + B)+ (a—b)*(D + C)

Ta quy vé chiing minh
b-—c)E-A)+(cc—a)(E-B)+@—-b*(E—-C)>0

< % 2 / E A2 P
Ap dung bat dang thiic AM-GM, ta dugc 5 + 55 = A. Do do6

Slo-otE-a)= 3 [o-or (£- 2]

1

=~z Db —cr@—ha—o)

_(a—=Db)b—c)c—a) B
= T Y b—c)=0

Viy ta c6 diéu phai chiing minh. Pang thiic x4y ra khi @ = b, hoic b = ¢, hoic ¢ = a. O
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Bai toan 19 (Pham Québc Sang). Cho cdc sé thuc a, b, ¢ khdc 0. Chiing minh ring

a’>+3bc  b?>+3ca c*+3ab
+ + >0
b* + ¢? c* +a? a* + b?

Loi gidi. Theo nguyén 1i Dirichlet, trong ba sb thuc a, b, ¢ khéac 0 luon ton tai hai s6 cing du.

Khong mét tinh tong quat, gia s be > 0. St dung bat dang thic Svac-xo va AM-GM, ta ¢

b2 c2 a2 2b2¢? (b2 + ¢2)° 2b2¢2 4 a(b? + ¢?)
+ + - 5> 5 >2
c2+a? a?+b* b2+c? (b2 4 ¢?) 2b%¢c? + a?(b? + ¢?) (b2 + ¢?)
Ta can chiing minh
24 3bc 2b%c? N 3ca N 3ab >0
b2+ c2 (b2 +4¢2)?  2+a: a?+b>7
- 3 N 3ca N 3 N 3ab e 2bc be 2b%c?
2 c2+4a? 2 a?2+b2) 7 b2 + c2 b2 +c2 (b2 4 ¢2)?
(c+a)Y (a+b)* _ 20%>—bc+c?)b-c)?
& > =
c2+a?>  a?+b%2 " 3 (b2 + c2)?
Ta di chiing minh day bét ding thic sau
(c+a)* (a+0b)? . (b —c)? 2 (b2 —be + (b —c¢)?
c2+a?  a>+b2 7 (b+c)? 3 (b2 + c2)?
V6i bt dang thiic bén trai, ta xét hai trudng hdp sau.
1. a®> < be. Ap dung bit dang thiic Svac-xo, ta c6
(c + a)? (a+b)2> (c+a—a—b)? _ (b —c)?
c2+a% a2+ b2 7 (2+a?)+ (@ +b2)  2a%+ b2+ c?
(b—c?  (b—c)

> _
2bc +b%2+c2 (b +c)?
2. a® > be. Ap dung bit dang thic Svac-xo, ta ¢é

(c+a) (a+b)? L _bleta)—cla+ b)J?
c2 + g2 a2+ b2~ b2(c? 4 a?) + c2(a? + b?)

B a?(b —c¢)?
- 2b2¢2 4 a?(b? + ¢?)
a?(b —c)? _(b—¢)’

~ 2a%bc + a?(b? +¢2) (b + ¢)*
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Véi bat dang thic thi hai, ta viét dudi dang sau
3(h2 + )’ = 2(b% — be + cA)(b + ¢)?
Theo bt dfmg thic AM-GM, ta co
2@2—m»+8xb+@2<%{uw—bc+cﬂ+mb+cff
- z(b2 1 ¢2)? <32 + )’

Ta thu dudc diéu phai chiing minh. Pang thic x4y rakhi a = ¢,b = ¢ = —t va cdc hodn vi cia

no, trong dé ¢ 1a mot s6 thuc khac 0. [

3. Bai tap
Bai toan. Choa,b,c,x,y,z la cdc s thuc sao cho

@+b+c)x+y+2)=3 va @+b>+cHE*+y*+25) =4

Chitng minh rang ax + by + ¢z > 0.

Bai toan (USAMO 2003). Cho ba sé thuc duong a, b, c. Chiing minh rdng

Qa+b+¢)> @b+c+a) (Qc+a+b)?
22+ (b+¢)? 262+ (c+a)® 22+ (a+b)?

Bai todn (Pham Québc Sang). Cho a,b, ¢ la cdc sé thuc duong théa man ab + bc + ca =
3abc. Chitng minh rang

a+b b+c c+a o
a?+ab+b2  b24+bc+c? c2+ca+a?

Bai toan (Chon doi tuyén KHTN HN 2021). Cho cdc sé thic duong a, b, c. Ching minh

rang

3 a4 3 b4 3 C4
+ + =3
b%(a? —ab + b?) c2(b? —bc + c?) a’(c? —ca + a?)
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Bai todn (Trung Au 2012). Cho cdc sé thuc duong a, b, ¢ théa mdn abc = 1. Chiing minh

V941642 + v+ 16a2 + V9 + 16¢2 >3+ 4(a + b + ¢)

Bai toan (Vasile Cirtoaje, Crux). Cho a,b,c,d la bén sé thuc duong théa man abcd =
r* > 1. Chitng minh rang

ab+1 bc+1 c¢d+1 da+1_ 4(1+7r?
+ + - >
a—+1 b+1 c+1 d+1 147

[1] HOANG MINH QUAN, Ung dung bdt ding thiic Cauchy-Schwarz dang Engle trong chiing
minh bdt ddng thitc, Ha Noi, 2012.

[2] LE ANH VINH (CHU BIEN), Pinh hudng Boi dudng hoc sinh nding khiéu Todn - Dai so,
Nha xuit ban Dai hoc Quéc gia Ha Noi, 2021.

[3] LE HOANH PHO, VA TRAN NAM DUNG, Tuyén chon cdc chuyén dé todn phé thong (Tap
2), Nha xuét ban Dai hoc Québc gia Ha Noi, 2020.

[4] NGUYEN NGOC SON, CHU PINH NGHIEP, LE HAI TRUNG, VA VO QuOC BA CAN, Cdc
chii dé Bdt ddng thitc 6n thi vao 16p 10, Nha xuét ban Pai hoc Qudc gia Ha Noi, 2019.

[5] NGO VAN THAI, VA DAO VAN NAM, Mé réng bdt ding thiic Vasile Cirtoaje, 2021.
[6] NGO VAN THAL, Phdit trién mé réng cdu bdt ddng thiic thi quéc té nam 1995, 2021.
[7]1 NGO VAN THAIL, MJ réng mot bdt ddng thitc Trung Qudc, 2021.

[8] PHAM KIM HUNG, Secrets in inequalities (volume 1), GIL Publishing House, 2007.

[9] PHAM QUOC SANG, AND LE MINH CUONG, The art of Mathematics (Vol 3), Ho Chi Minh,
2017.

[10] TRAN NAM DUNG, Loi gidi va binh ludn dé thi cdc tinh, cdc truong dai hoc ndm hoc
2009-2010.
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M6 RONG BAT DANG THUC CUA
VASILE CIRTOAIJE

Ng6 Van Thai - Thai Binh
bao Van Nam - Ha Noi

Bit dang thiic Vasile Cirtoaje 12 mot bat dang thiic khong kho nhung rét chit. Ngoai céu tric
gon, dep né con dugc phat biéu duéi hai dang tuong duong tudng minh rat thuan tién cho viéc
ap dung d€ giai hang loat bai toan bat dang thiic khac hay va khé. Trong bai viét nay tic gia
khong dé cap dén ing dung ctia bit dang thic d6 vao gii toan, ma chi xin gidi thiéu mot sb6 md
rong mdi da dugc cic tac gia tim ra trong thdi gian gan day.

Noi dung bit dang thiic Vasile Cirtoaje nhu sau:

Bai todn 1. Cho a, b, ¢ la ba s6 thic duong. Chitng minh rdang

a? b? c?

> 1 1

a2+ab+b2+b2+bc+c2+cz+ca+a2 )

Tt bat dang thiic (1) ta dua vé bit dang thifc tuong duong:

1 1 1
b b2 T c c\2 + a a\2 > B
I+2+(2) 1+5+()° 1+2+(9)
Bay gio ta dat x = fl—’, y = £,z = 4 thi (1) dudc phét biéu dang khéc sau day:
Bai toan 2. Cho x, y, z la ba sé thic duong théa man xyz = 1. Chiing minh rang
1 1 1

(2)

> 1
x2+x+1+y2+y+1+22+z+1

Bt dflng thiic (1) va (2) da c6 vai cach chiing minh khac nhau ding trén cac dién dan Todn hoc
s0 cAp. Song tit ca cac cach chiing minh d6 déu kha dai va phic tap, ké c4 cach chiing minh clia
chinh tac gia Vasile Cirtoaje. Cach chiing minh dua ra dudi day cua ban Lé Khanh Sy 6 Long
An ¢6 1& 1a cach ching minh hay nhét, dic sic nhat & thoi diém hién tai. Xin mdi doc gia theo
doi thudng thitc. That vay theo bat dang thitc Cauchy-Schwarz sé dudc:

a? N c? - (a+c)
a?+ab+b2 cla+b+c)” a?+b2+c2+ab+bc+ca
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b2 N a? - (b + a)?
b24+bc+c2 a(a+b+c)” a?2+b2+c2+ab+bc+ca’
¢ b? (c + b)>?

+ > .
c2+ca+a?> ba+b+c)” a?+b2+c2+ab+ bc+ ca

Cong vé véi vé clia ba bit dang thic trén rdi riit gon thi (1) ding. DAu dang thic xay ra khi va
chikhia =b = c.

Theo céac tac gia dudc biét bat dang thiic (1) va (2) ciing mdi chi c6 mot md rong tim thudng
sau day ding trén mot sd sach bdo:

Bai todn 3. Cho x, y, z la ba sé thic duong théa mdan xyz = 1vat € R. Chiing minh rang

1 1 1
>1
x2t+xt+1+y2t+yt+1+22t+2t+1/

Vi yéu mén vé dep quyén rii ctia (1) va (2) cdc tic gia da bo thdi gian nghién ctiu mé rong ra
dugc cac két qua khong tim thudng dudi diy. Cac md rong nay ciing dep, ciing chit va ciing
khong dé&, hy vong riang cic mé rong do sé c6 vai tro lam cau nbi dé dp dung giai dudc nhiéu
bai toan hay, kho, hoc bua hon ntia.

Mé réng 1. Cho a, b, c la ba sé thie duong va k > 1. Chitng minh rdang

a? b? c? 3

> .
a2+kab+b2+b2—|—kbc—|—cz+c2+kca—l—a2 k+2

Loi gidi. Dt vé trdi clia bai toan 1a A. V6i gia thiét da cho ta d& dang chiing minh dugc

k+2 S 3
a? + kab + b2~ a? +ab + b?’
hay
(k +2)a? N 3a?
a? + kab + b2~ a? +ab + b?’
Tuong tu

(k+2b> 3
b2 + kbc +¢2 7~ b2+ be + 2’
(k +2)c? N 3c?
c2+kca+a?” c2+ca+a?

Cong vé v6i vé clia ba bat dang thiic trén sé dudc

3a? N 3h? N 3c?
a?+ab+b2 b24+bc+c2  c2+ca+a?

(k+2)A>
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Mat khac tur (1), ta cod

a? b? c?

> 1
a2+ab+b2+b2+bc+c2+cz+ca+a2

Suy ra
(k+2)A >3,

hay
a? b? c? 3
+ + P .
a2+ kab+b%2 b2+ kbc+c?2  c?+kca+a? k+2

Déu ding thifc ctia mé rong 1 xay ra khi vachikhia = b = c.

Dé tiép tuc c6 dudc mé rong 2, 3, 4 cho (1) ta st dung dén bd dé sau
Néu cdc sé duong x1, X2, X3, Y1, Y2, Y3 Va

yi—x1>0,y2—x2>0, y3—x3>0

X X X
T+ 242210
yi Y2 )3

thi 3
X X X t
1 2 3 S

+ + >
Yi—X1 Ya—Xp y3—Xx3 33—t

Loi giai. Tu gia thiét da cho thi
Yoo Y S0 =13
Yi — X Vi — X

Theo bét dang thiic Cauchy-Schwarz ta dudc

tuong ducng voi
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Pang thic cta bat dang thiic trén xay ra khi va chi khi
Yo, V2 )3

Y1 — X1 Y2 — X2 V3 — X3

X1 X2 X3

V1 V2 V3
Mt khdc tir gia thiét da cho thi

tlyi
Hién nhién sé dudc
3
3y H
i;yl 3t
>
R
2y

A

Vay

Pang thiic ctia bd dé xay ra khi va chi khi
X1 X2 X3 t
oy 3
B§ dé duoc chiing minh. O
Mé& rong 2. Cho a, b, ¢ la ba sé thuc duong va 0 < o < 1. Chiing minh r&ng
a? b? c? 3

+ + = .
aa?+ab+b?  ab?4+bc+c? ac?+ca+a? 24«

3)

Loi gidi. Truong hop o = 1 thi (3) chinh 1a (1).

Trudng hop 0 < o < 1. Véi gia thiét da cho thi

(A—a)VT (1 —a)a? N (1 —a)b?
— o =
DT w2 pab+b2—(1—a)a® ' b2 +be+c2— (1 —a)b?
(1 —a)c?

c24+ca+a?—(1—-a)c?
Biéu thiic vé phai clia déng thic trén c6 cac didu kién déu phi hop véi gia thiét ciia b dé va
theo (1) thi
(1 —a)a? (1 —a)b? (1 —a)c?
a?+ab+b%?  b2+bc+c?  c?2+ca+a?

z(l-a).
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Do d6 theo bd dé ta dude

3(1 —w)
1—a)VTz = ,
(I=a)Vlo > 370 g
cho nén 3
VTs 2> ,
SR + o
hay
a? b? c? 3
+ + Z .
aa?+ab+b%2  ab?4+bc+c?2 ac?+ca+a? 24«
Déu déang thifc ctia (3) xay ra khi vachikhia = b = c. O

Mé réng 3. Cho a, b, ¢ la ba sé thuc dwong va 0 < a < 1, k > 1. Chitng minh rdng

a? b? c? 3

> . 4
oea2+kab+b2+ab2+kbc+c2+ac2+kca+a2 oa+k+1 “)

Loi giai. Truong hdp o = 1 thi (4), chinh 1a mé rong 1.
Trudng hop 0 < o < 1. Véi gi thiét da cho thi

(1 —a)a? (1 —a)b?

| —a) VT =
(=) V1w az-|—kab—l—bz—(l—oz)az+bz—l—kbc—i-c2—(1—oz)b2

(1 —a)c?
c2+kca+a?—(1—a)c?

Biéu thic vé phai cia dang thic trén c6 cic diéu kién déu phu hop véi gia thiét cia bd dé va
theo md rong 1 s€ dudc

(1 —a)a? (1 —a)b? (1—a)c? >3(1—a)
a? +kab +b%  b2+kbc+c2 24kcat+a?” k+2

Do dé theo bd dé ta dude
C30-a)

k+2
(1-a)VTy > PUEETR
k+2
hay
VTy > 3
DT et k41
Hay
a? b? c? 3
+ + > :
aa? + kab +b%>  ab?>+kbc+c?  ac’+kca+a? T a+k+1
Déu déang thifc ctia (4) xay ra khi vachikhia = b = c. O

Tir cac md rong 1, 2, 3 néu ta dit x = %, y = 3,z = ¢ thi s€ lai dugc cdc bét dang thic mé
rong tuong duong tuong ung sau day:
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M& rong 4. Cho x, y, z la ba sé thic duong théa man xyz = 1 va k > 1. Ching minh rang

1 1 1 3
> .
x2+kx+1+y2—|—ky+1+22—|—kz+1 k+2

Mé réng 5. Cho x, y, z la ba sé thuc duong théa mdn xyz = 1,va 0 < a < 1. Chiing minh

1 1 1 3
+ + > :
xX24+x+a y2+y4+a z?4z4+a 24«

Mé rong 6. Cho x, v, z la ba sé thuc duong théa man xyz = 1va0 < a < 1k > 1. Chiing

minh rdang
1 1 1 3

> .
x2+kx—|—oz+y2—|—ky+oz+22—|—kz—|—a l+k+a

[1] Tran Nam Diing, 2017, Phuong phap gii todn qua céc bai toan Olympic, NXB Thé gidi.
[2] Pham Kim Hung, 2006, Sang tao bat dang thitc, NXB Tri thic.

[3] Tap chi Toan hoc va Tudi tré Viét Nam.

[4] Tap chi Epsilon Viét Nam

[5] Mang Internet.
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MO RONG CHO BAI TOAN PHUONG TRINH HAM
QUEN THUOC

Poan Quang Dang
(L6p 12 Toan, THPT chuyén Bén Tre)

TOM TAT

Trong ky thi IMO nam 1992 c¢6 bai todn phuong trinh ham sau:
“Tim tit ca ham s6 f : R — R théaman f (22 + f (y)) = y + f(2)*,Vz,y €R.”

Khi doc dé bai, ta s& nghi dén vin dé 12 néu thay 22, f(z)? bsi 2, f(x)" thi bai todn co
thé giai quyét theo tu duy cii da c6 dudc hay khong. Hay trong dé thi VMO 2004 c6 bai
todn: “Xdc dinh tit ca cac sb thuc o sao cho c6 mot va chi mot ham sé f : R — R thoéa
man f (x2 +y+f (y)) = f(ﬂz?)2 +ay,Vx,y € R.”

Cau hoi dit ra & day 1a: Liéu c6 md rong hay tong quat héa dudc cdc bai toan dang nhu
trén hay khong? Liéu ta c6 thé tdng quét bai toan thanh f (z" +y + f (y)) = f(z)" +ay
hay khong? Trong bai viét 1an nay, tdi xin dudc gidi thiéu v6i ban doc mot s6 bai toan
dudc téng quat, mS rong tif cac bai todn quen thudc.

Nhu da dé cap & trén, trong ky thi IMO nidm 1992 c¢6 bai toan phuong trinh ham sau:
“Tim tAt caham s6 f : R — R théaman f (22 + f (v)) = y + f(x)*,Vo,y € R.”

Toi xin gidi thiéu mot cach ma rong cho bai toan trén nhu sau:

Bai toan 1. Cho trudc sé nguyén n > 2. Tim tdt cd ham sé f : R — R théa mdn

f@E"+fy)=y+ f(2)"

voi moi x,y € R.

Loi giai. Gia st ton tai ham so thda man yéu cau bai toan.

Ky hiéu P (z,y) chi khang dinh f (2" + f (y)) = y + f(2)",Vz,y € R,
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bata = f(0).

Truong hgp 1: n chin. T P (0,y) ta thu dudc f (f (y)) = y + a™,Vy € R, suy ra f 1a mdt
song dnh. Khi d6 ton tai b sao cho f (b) = 0. Tu P (0,0) suy ra f (a) = a™. Khi d6 tit P (b, a)
ta dudc

a=20

f(b"+f(a)):f(b”+a”):a:f(O):>a"+b”=O:>{bzo.

Tom lai f(0) = 0va f(f(y)) = y,Vy € R. Cho y = 0 vao phuong trinh ban dau ta dudgc
f(z") = f(2)",Vx € R. Taviét P (x,y) lai thanh f (2™ +y) = f (2™) + f (y) ,V2,y € R. Do
n chdn nén 2" c6 thé nhan moi gia tri khong am, suy ra

fle+y) =f(@)+f(y),Yz >0,y e R

Thay y béi —z vao dang thic trén thu dude f 1aham 1é. Véiz < 0,y € R ta cd

—flaty)=f—r—y)=f(2)+f(~y)=—f(@)—fly)=flx+y) =flx)+f(y).

Tomlai f(x+y) = f(z) + f (y),Vz,y € R. Mit khdc, ti f (z") = f(z)",Vz € R ta dugc
f(z) >0,Vx > 0,suyra f (z) = azx,Vz € R. Thay lai vao phuong trinh ban dau dé dang tim
dugc a = 1. Vay v6i n chén thi ¢6 duy nhit ham s f () = x,Vr € R thda man yéu cau bai
toan.

Truong hop 2: n 1é (n > 3). Tt phuong trinh ban dau ta suy ra
FU@)" +y)=Ff "+ W) =a"+f(y) +a"Vo,y eR.
Trong phuong trinh trén, thay y bdi f (y) thi duge
o'ty 420" ="+ f(f(y)+a" =f(f@)"+fW)=y+ f(f@)" =y+(@+a")"

hay 2" + 2a™ = (x +a™)",Vz € R. So sdnh hé sb ding tru6cz™ ' hai vé ta suy ra a = 0.
Vay £(0) = 0va f(f(y)) = y,Yy € R. Cho y = 0 vao phuong trinh ban dau ta dugc
f(z™) = f(z)",Ve € R.Khido tit P (x, f (y)) tasuy ra

f@E"+y)=f@")+fy),Vr,y e R

Do 7 18 nén " ¢6 thé nhan moi gia tri trén tap s6 thuc. Suy ra

fl@ty)=[f(x)+f(y),Vo,y eR.

f(1). Dé dang ching minh duge f () = cx,Vz € Q. Véiz € R,y € Q ta tinh
y)

bat ¢ =
f ((z +y)") bang hai cach. Trudc hét, ta c6

F@+y)") = fla+y)" =1 (@) +zy]" ZCz
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Miitkhic ta ciing ¢6 f ((z +)") = f (z c:;x"—iyi) = 3 (Chaniy) = 3 Gy ().
=0 i=0 i=0
Suy ra

n

Z Cflf(:v)"_i(cy)i = Z Cly'f (x"’i),‘v’x eR,yeqQ.
i—0

1=0

Cb dinh z, so sanh hé sé ding trudc y™ 2 hai vé ta dude ¢ 2f(z)* = f (22),Vx € R. D& thiy
" =c=cec{-1;0;1}.Néuc = 1thi f(z)’ = f(2?),Vz € R, suyra f () > 0,Yz > 0,
do d6 f (x) = z,Vz € R, thit lai thiy ham sb nay thda man.

Néuc = 0thi f(z?) = 0,Vz € R = f(z) = 0,Vz > 0, két hgp v6i f 1 ta thu dugc
f (z) = 0,Vz € R, thit lai thly ham s6 nay khong thda man.

Néuc=—1thi f(2%) = —f(z)’,Vz € R, suyra f(z) < 0,Vz > 0do d6 f (z) = —z,Vz €
R, tht lai thiy ham s6 nay thda man.

Vay f(x) = x,Vxr € R ham s6 théa man yéu cau, va véi n 1€ thi ¢6 thém ham sb f (z) =
—z,Vz € R théa man.

Trong dé thi chon hoc sinh gidi quc gia VMO 2016 c6 bai todn: Xac dinh tit ca cac sb thuc o
sao cho c6 mot va chi mot ham s6 f : R — R théa mén

f@*+y+fy) =f2)+ayVe,y e R.

Ta tng quat bai toan theo céach sau:

Bai todn 2. Cho trude n € N*. Tim tdt cd cdc s6 thuc a dé'ton tai ham s6 f : R — R théa mdn

FE™+y+f)=fl@)”+ay

voi moi x,y € R.

Loi gidi. V6i a = 0 thi dé thly c¢6 hai ham s6 f(z) = 0,2 € Rva f(x) = 1,2 € R théa man
phuong trinh ban dau. Ta xét a # 0, gia st ton tai ham sd théa man yéu cau bai toan.
Ky hiéu P (z,%) chi khang dinh f (z*" +y + f (y)) = f(x)2n + ay,Vr,y > 0.
Tu P (0,y) ta suy ra

fly+f @) =f0)" +ay,vy €R. (1)
Ta c6 nhan xét rang vé phai ctia ding thiic (1) c6 thé nhan moi gid tri trén tap sb thuc, do d6 f
1a todn anh. Tt d6 suy ra ton tai 7o € R : f (zg) = 0.

Tu P (z,0) ta thu dugc

f (@™ + £(0) = f(x)*", Yz € R. ()
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Lan lugt thay  béi xo va béi —x¢ vao (2) thi dugc
(25" + f(0)) = fz0)™ =0
f (=3 + £(0) = f(—z0)™
tir do suy ra f (—zo) = 0.
Tiép tuc thay y bdi 2y va bdi —z vao (1) ta dudc
f (@o+ [ (z0)) = F(0)" + ao
(=0 + f (=20)) = f(0)™" — axg

suy ra

0= f(0)" + axy
0= f(0)"" — axy

hay zo = 0 va f (x¢) = 0. Vay

fla)=0sz=0. 3)

Ta viét cac phuong trinh (1), (2) lai thanh

flz+ f(x) =ax,Vr eR 4)
va

f (332") = f(a:)zn,Va: eR ®)

.Khi d6 P (z,y) tré thanh f (2** +y + f (y)) = f (2*") + ay,Vz,y € R. Do 2> ¢4 thé nhan
moi gid tri khong am nén tit dang thiic trén ta suy ra

flet+y+ ) =) +ay, Ve =0,y € R(6)

Véi x > 0 ta thay y bSi — ( ) vao phuong trinh (6) thi dugc

f(:c+ —f (= )+f( f(x)))_f(%)Jra'—f(I)_O,W20

a

Suy ra

a

x+%(x)+f(%(x)):0@—3::_f(x)+f(_f<x>>,vx>o. )

Tat (7), 1y f hai vé thu duge f (—z) = f (L” v (i))) ¥z > 0. Mit khic it (4) ta
cungcof( =) +f< )) =—f(x),Yx >0,suyra f (—x) = —f (z),Yx > O hay f la

ham 18é.

Tir dang thic (7) ta c6 nhan xét rang ham g (z) = = + f (x),Vz € R c6 thé nhan moi gia tri
bé hon hoic bang 0. Chi ¥ ring do f 1a ham 1 nén hién nhién g ciing 12 ham 18, suy ra g () Ia
toan anh.
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Do dé véix > 0,y € Rtuy y thi Jyg € R sao cho g (yo) = yo + f (yo) = y. Khi d6 tr (4) va
(6) ta suy ra

faty)=fz+y+ f(@))=f(2)+ayo=f(x)+f(yo+[f(w)=1r()+[(y).
Tom lai f (z +vy) = f (z) + f (y),¥z >0,y € R. Do f laham 1& nén véi z < 0,y € R ta c6
—flaty) =f(-e—y)=f(a)+f(-y)=—f@)—fW) = [ty =f@)+f({).
Do d6
fle+y)=f(@)+ f(y), Vo,y eR. (8)
Tur (8) va (5) ta dé dang suy ra f (x) = kz,Va € R v6i k 1a hing sb.

Thay vao P (z,y) ta dugc k (22" +y + ky) = (kz)*" + ay,Vz,y € R

" — k=0
o (B —k) 2+ (a— K —k)y=0,Va,y € R &
( )l' (a )y Y a:k2—i—k
Giai hé trén ta dé dang tim dugc a = 2. Vay tt ca gia tri can tim 1a a € {0;2} . ]

Ta dén véi mot bai todn phuong trinh ham ciing kha quen thudc sau:

Bai toan 3. Cho trudc sé nguyén duong n. Tim tdt cd ham s6 f : R — R théa mdn
fafy) —nf(x) = (n+1)f(x)+azy

voi moi x,y € R.

(Véi truong hop n = 2 thi bai todn chinh la dé thi VMO 2017).

Loi gidi. Gia st ton tai ham s6 thda man yéu cau bai toan.

Ky hiéu P (z,) chi khang dinh f (zf (y) — nf (z)) = (n + 1) f (z) + 2y, Vz,y € R.

Tu P(l,y) tasuyra f(f(y) —nf(1)) = (n+1)f(1)+y,Vo,y € R. Tu diy tasuy ra f la
mot song anh. Do d6 ton tai duy nhét sd thuc a sao cho f (a) = 0.

Tu P (a,y) ta suy ra

flaf(y)) =ay, Yy € R. (1)

Tit (1), cho y = 0 ta dugc

flaf(0)=0=f(a) = af(0) =a=

Néu a = 0 thi f (a) = f (0) = 0, khi d6 tit P (x,0) ta suy ra

f(—nf(z))=Mn+1)f(z),Vr eR.
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Két hop v6i f la song anh ta suy ra f (z) = =2z Vo € R.
Thit lai ta thdy ham sb nay khong thda man yéu cau bai toan. Do d6 a # 0 va f (0) = 1. Thay
y = a vao (1) ta dugc

a=1

flaf(a)=f(0)=1=a’=

a=-1"

Truong hop 1: = 1. Khi d6 f (0) = 1, f (1) = 0. T P (1,y) ta suy ra
f(f(y) =y, Vy eR. 2)
T P (z, f (y)) ta suy ra
flay—nf(z))=m+1)f(x)+zf(y), Yo,y €R. 3)
Vi x # 0, ta thay y béi L vao (3) thi duoc

1:(n+1)f(a:)+xf(m),Vx;«éO:>f<

,Va # 0.

T T

nf(m)) _1-(m+1)/ ()

Khi dé tu P (:z:, %(“TU ta suy ra

fA=0C2n+1)f(x)=02n+1) f(x),Vz #£0.

Suyra f () = —x + 1,Vo # —2n. T day ta suy ra f (2n + 1) = —2n két hop vé6i (2) ta thu
dugc2n+1=f(f(2n+1)) = f(2n).Dod6 f (z) = —x + 1,Vz € R. Thi lai ta thdy ham
s6 nay thda man yéu cau bai todn.

Trudng hop 2: o = —1. Khid6 f (0) = 1, f (=1) = 0. Tit P (—1,y) tasuy ra
f(=fW)=—-yVyeR. )
Tit P (2, — f (y)) ta suy ra
fl=zy—nf(x)) =(n+1)f(z) —zf(y),Vz,y €R. Q)

Vi x # 0, ta thay y bdi —L vao (5) thi duge

L= (n+1)f(2) —af <%@)),w¢ojf(_”£($)) _ntDf@ =1y,

X

Khi d6 tu P (9(:, #) ta suy ra

f(f (@) =1) = f(x), Ve #0.

Suyra f(z) =2+ 1,Vz # 0. Két hop v6i f (0) = 1 tasuyra f (x) = v + 1,Vx € R. Thi lai
ta thAy ham s6 nay khong thda man yéu cau bai toan.

Vay tit ca ham s thda man yéu cau bai toan 1a f (z) = —x + 1,Vx € R. O
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Bai toan 4. Cho trudc sé nguyén duong n. Tim tdt cd ham s6 f : R — R théa

fy+nef(y) =nyf(x)+f(y)
voi moi x,y € R.
Loi gidi. Gi st ton tai ham s6 thda min yéu ciu bai todn.
Ky hiéu P(z,y) chi khang dinh f (y + nzf (y)) = nyf (z) + f (y) ,Vz,y € R.
Xéty #0,tx P(0,y) suyra f(0) = 0.
Dé thiy f (0) = 0 théa min yéu cau bai toan. Ta xét f khong dong nhét 0.

Giasttontaia # 0 : f (a) = 0. Tu P (z,a) suyranaf (r) = 0,Vz € Rhay f () = 0,Vz € R,
voly. Vay f(z) =0 2 =0.

Tu P (—%; —%) ta thu dugc f (—%) = —%. Khi d6 tur P (—%, %) ta suy ra

(o)1)

Tu P (l % —f (%)) ta dudc

n’

(o)) () ko (0 6)-D) -oer ()
n n n n n n n n n
Khi do tit P (z, 1) taduge f (x4 1) = f(z) + L, Vy € R.

Tu P (x + %,y) ta dugc

fl+naf(y)+f)=nyf(@)+y+f(y) =f(nzf(y) +y)+yVo,y eR.

Ta thay x bdi ;;’ vao dang thiic trén thi dudc

nf(y)
fla+fy)=/f(x)+yVeeR,y#0.
Pang thic trén hién nhién ding véi y = 0, do dé
f@+f(y)=f(x)+y VeeRy#0.

Cho = = 0 vao dang thiic trén ta dudc f (f (y)) = v, Yy € R. Tir d6 ta d& dang thu dugc

flet+y)=[f(2)+f(y),Vr,y € R
T P (x, f (y)) két hop v6i f cong tinh ta suy ra ngay f (zy) = f (z) f (y),Vx,y € R. Suy ra
f (z) = z,Vz € R. Thd lai ta thly ham s6 nay théa man. O
Tiép theo ta dén véi mot bai todn mdi mé va thu vi sau:

Bai toan 5 (Baltic Way 2021). Cho n la sé nguyén duong. Tim tdt cd ham s6 f : R — R théa
man
n n+1 n
f@)" f(z+y) = (@) +a"f(y)

voi moi x,y € R.
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Loi gidi. Gia st ton tai hAm s6 thda min yéu cau bai todn.
Ky hiéu P(z,y) chi khang dinh
f@)"flz+y) = f@@)"" +2"f(y), Yo,y €R.
Néu ton tai u # 0 sao cho f(u) = 0, thi tif P(u,z) tasuy ra f(z) = 0,Vz € R. Thit lai ta thay
ham s0 nay thdéa man yéu cau bai toan.
Ta xét truong hgp f(z) # 0,V # 0. Tt P(1,0) tasuy ra f(0) = 0. Tu P(z, —z) ta thu dugc
f@)" + 2" f(—2) =0,Vz € R = f(—z) = —ax " f(2)"" Vo £ 0.
Miit khic tit P(—x, ) ta ciing thu duge f(—z)"*' + (—2)" f(z) = 0,Vz € R.
Tit hai déng thifc trén ta suy ra f(x)”2+2” — "2 Yy £ (),

Néu n 1€ thi ta suy ra f(x) = z,Vz € R. Thii lai ta thly ham sb nay thda man. Néu n chén thi
véimoiz € Rtacod f(x) =z V f(z) = —=z.

Gid st ton tai u, v # 0 sao cho f(u) = u, f(v) = —v. Ta P(u,v) tasuy ra f(u +v) = u — v,
diéu nay vo Iy do f(u+v) =u+vV f(u+v) = —u — v khi d6 ta déu thu dugc u = 0,v = 0.

Do d6 f(z) = x,Vx € R hodc f(z) = —x,Vx € R. Thi lai ta thiy hai ham s6 nay thda man
yéu cau bai toan.

Vay tht cd ham s6 thda man yéu cau bai todn la f(z) = 0,Vr € R, f(z) = z,Vz € R va
f(z) = —x,Vx € Rkhinlé. O

Pén day, toi xin gidi thiéu mot sb hudng khai thac bai toan phucng trinh ham.
Ta xin gidi thiéu mot bai toan quen thudc sau:

Bai to4n 6 (IMO Shortlist 2005). Tim tdt cd cdc ham s6 f : RT — R* théa mdan

f) - fy)=2f(x+y.f(x))

voi moi x,y > 0.
Loi gidi. Gia st ton tai ham s6 thda min
f@).fly)=2f(@+y.f(2),Ve,y>0. (1)

V6i moi s6 thuc duong x, v, z st dung (1) ta c6

) f).fz)=2f(2).f (@ +y.f(x))
=4f 2+ (x+y.f(2) .f(2)
=4f (z+a.f(2) +y.f(2).f(2))
=4f (z+x.f(2)+2y.f (2 +2.f(2)))
=2f(z+z.f(2).f (2y)
= [(2).f(x).f(2y).
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Do f (z), f(2) > 0 nén ta suy ra

fy) =1 Q2y), Yy >0, 2)
Ta ching minh f (x) la ham tang trén (0; +00)  (3).

That vay, gia st ton tai 75 > 1 > 0sao cho f (x;) > f (z;). Dity = m > 0, khi d6

21+ y.f(21) =22+ y.f(22) > Osuyra2f (z1 +y.f(21)) = 2f (22 + y.f (z2)).
St dung (1) ta thu dudc f (z1) .f (y) = f (22) .f (y) < f (z1) = f (22), mau thuin.
Ta chiing minh 12 ham héng trén . That vay, véi tiy v, tif (2) ta c6

f(a)=f(2a) = f(2%a) = ... = f(2"a) ,Vn € N*.

Do lim 2"a = +oco nén ton tai s6 nguyén duong n sao cho a < b < 2"a. Khi do tii (3) ta suy

n—+o0o
ra f(a) < f(b) < f(2%a) = f(a) = f(b). Tomlai f (z) = ¢,Vx > 0. Thay lai vao (1) ta
tim dudgc ¢ = 2.
Vay tat ca ham s thda man yéu cau bai todn 1a f (z) = 2,V > 0. O
Cau hdi dit ra 1a: Liéu ta c6 thé thay s6 2 bdi mot sd nguyén hay mot so thuc khac hay khong?

Hudng tiép can trén liéu c6 giai quyét dugc néu ta d6i phuong trinh ban dau thanh f (7). f (y) =
2f (r +y.f (z)) hay khong?

Ta xét bai toan sau: Cho trudc sb thuc (. Tim tit ca cdc ham s6 f : Rt — R théa mén
fx).fly)=f(zx+y.f(x)) véi moi z,y > 0.

V6i trudng hop 3 = 1 thi khong khé dé€ nhan ra ham s6 f (z) = ax + 1 thda man yéu cau bai
toan. Tuy nhién ham s6 nay lai khong thoa dbi véi trudng hop 3 > 1. Do do ta sé chia bai todn
trén thanh 2 bai toan nho (2 truong hgp) nhu sau:

Bai toan 7. Tim tdt cd ham s6 f : RT — R* théa man
f@) f(y)=flz+yf(z))

vai moi x,y > 0.

Loi gidi. Gi st ton tai hAm s6 thda man yéu cau bai todn.
Ky hiéu P (,y) chi khang dinh f (z) f (y) = f (z + yf (z)),Yz,y > 0,

Ta chiing minh f (z) > 1,Vz > 0. That vay, gi st ton tai zo > 0 : f (z0) € (0;1), khi d6

tu P (xo, %) ta suy ra f (xg) f <1f—mo> =f (1 o) ) = f(zo) = 1, miu thuan. Vay
f(x)>1,Yx > 0.

Truong hgp 1: Tontaia > 0 : f (a) = 1. T4 P (a,y) ta suy ra
fla)f(y)=flatyf(a) = fy)=f(y+a),Vy>0.
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Hon nita ta ¢6 f (z +yf (z)) = f(z) f(y) > f(x),Vo,y > 0 hay f la ham khong gidm
trén (0; +-00) . Bing quy nap ta chiing minh duge f (z) = f (z 4+ an),Vz > 0,¥n € N. Véi

y>z>0tachonn=[Ef] = n< 2 <pn+l=>z+an<y<z+an+1).Vif
khong giam nén ta suy ra

fl@+tan)=fy)=f(z+an+1)=flx) < fly) <flx)=flx)=Ff(y).
Do d6 f 1a ham hing trén (0; +o00). Thay vao ta tim dude f (z) = 1,V > 0.

Truong hop 2: f (z) >, Vo > 1. Khido f (z+yf (z)) = f(z) f (y) > f (z),Yx,y > 0. Suy
ra f tang nghiém ngét trén (0; +00) . Tit P (z,y), P (y, z) ta suy ra

flaetyf(e)=fly+af(y)=z+yf(z)=y+zf(y)
1 1
/(@) ——:M——,V$,y>0:>f(x):ax+1,V$>O
x x Y Yy
v6i @ > 012 hang s6. Thi lai ta thiy ham s nay thda man yéu cu bai toan. ]

Bai toan 8. Cho trudc sé thuc 3 > 1. Tim tdt cd ham sé f : RT — RY théa man
f@) fy)=B.f(x+yf(z))

vai moi x,y > 0.

Loi gidi. Gi st ton tai hAm s6 thda min yéu cau bai todn.

Ky hicu P (2, y) chi khing dinh f (+) f (4) = 6. ( + y/ (x)) Y2,y > 0.

Ta ching minh f (z) > 1,Vx > 0. Gi& st ton tai 2 : f (z0) € (0;1), khi d6 tut P (aco, %)
tasuyra f (o) = 8 > 1, mau thuan. Vay f (z) > 1,Vx > 0.

Tiép theo ta ching minh f (z) > 3,Vx > 0. Gid st ton tai yo > 0 : f (o) € (1;3), ta xét day

P v )21 >0 C il
(75) ,en- Xac dinh béi ot = 2+ yof () V0 € N* khi d6
Flowen) = (ot nf () =200 ) == (200 .

Do lim (%)n —0= lim f(x,) =0, miu thuin véi f (x,) > 1,Vn € N*.

n—-+00 n—-+00
Tu P (z,y) tasuyra f (z) < f(x+yf (z)),Ve,y > 0hay f ting trén R,
Gia st f () > [,Vx > 0 khi d6 f la ham tang nghiém ngat trén R*. Tit P (y,z), P (x,y) ta
suy ra

flatyf(@)=fy+zfW)=z+yf(x)=y+zf(y)

L S@ L W) s 0s f@) = a1 e > 0
x x Y Y

véi a > 0 1a hang s6. Thii lai ta thdy ham sb nay khong théa man yéu cau bai toan.
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Do d6 ton tai x; > 0 : f (r1) = 3. Do ham f khong gidm nén tir dy ta suy ra f (z) = 3,Vx €

Tu P (xy,21) ta thu duge f((8+1)z1) = [, 1ap ludn tuong ty ta ciing thu dugc f (z) =
B,Va € [x1; (8 + 1) x1] . Thyc hién lién tyc ta thu duge f (z) = 3,V > 0.

Thi lai ta thdy ham s6 nay thda min yéu cau bai toan.

Vay tat ca ham s thda mén yéu cau bai todn 1a f (z) = 3,Vx > 0. [

Ta dén v6i mot huéng mé rong khac. Xét bai toan sau:
Bai toan 9. Tim tdt cd ham s6 f : R — R théa man
f(f(@) +2® +y) =2+ f(z) + f(y)

voi moi x,y € R.

Loi gidi. Gia st ton tai hAm s6 thda man yéu ciu bai todn.

Ky hiéu P (,y) chi khdng dinh f (f(z) + 2% +y) = 22 + f(z) + f(y),Vz,y € R.

PitU = {f(z) +2® : 2 € R} . Khidé tacé f(x +u) = f(z) + u,Vr € R,u € U.

Tu P (z,—2? — f(z)) tasuyra f(0) — 2? — f(z) = f (—2* — f(x)) ,Vz € R.

Khi d6 tt P (z + u, —2* — f(z)) ta suy ra

f(flz+u)+ (z+ u)? —a? — f(@) = f (2uz + v*)4u = 2uz+u’+ f(0)+u, Vo € R,u € U.
Suyra f (2uz + u?) = 2ux + u® + f(0),Vz € R,u € U.

Truong hgp 1. U = {0} thi ta suy ra ngay f(x) = —22, Vr € R.

Thi lai ta thAy ham s6 nay thda min yéu cau bai toan.

Truong hop 2. Ton tai u € U sao cho u # 0. Khi d6 ham s6 g(x) = 2zu + u? 1a toan 4nh trén
R.Suyra f (z) =2 +¢,Vo € R.

Thi lai ta thAy ham s6 nay thda min yéu cau bai todn.

Vay tat ca ham sb thda man yéu cau bai toan 1a f(z) = z + ¢, Vo € Rva f(r) = —22,Vor € R.
(c 1a hang s6 thuc)

O hudng tiép can trén ta nhan thy da thic (z 4+ u)® — 22 ¢6 béc 1& nén c6 thé nhan moi gia tri
trén tap s6 thuc. Trén co s6 d6 ta c6 thé md rong bai toan nhu sau: O

Bai toan 10. Cho da thiic P(x) hé s6 thuc c6 bdc chdn. Tim tdt cd ham s6 f : R — R théa mdan

f(f(@) + P(z) +y) = fz) + Plx) + f(y)

voi moi x,y € R.
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Loi gidgi. Gia su ton tai ham so thoa man yéu cau bai toan.

Ky hiéu P (x,y) chi khang dinh f (f(z) + P(x) +y) = f(z) + P(x) + f(y),Vz,y € R. Dit
U={f(x)+ P(z):z€R}.Khidotacd f(x +u) = f(z) +u,Ver € R,u e U.

Tu P (z,—P(x) — f(x)) tasuy ra

Khi d6 tit P (x + u, —P(x) — f(z)) ta suy ra

f(P(x+u)— P(x)) =Pz +u) — Px)+ f(0),Vz e Ryu e U.

Truong hop 1. U = {0} thi ta suy ra ngay f(z) = —P(z),Vz € R.
Thi lai ta thAy ham s6 niy thda min yéu cau bai toan.
Truong hep 2. Ton tai u € U sao cho u # 0.

Khi d6 chi y ring P(x + u) — P(z) 1a mdt da thic c6 bac 1€ nén c6 thé nhan moi gid tri thuc.
Suyra f (z) =z +¢,Vo € R.

Thi lai ta thAy ham s6 nay thda min yéu cau bai todn.
Vay tit ca ham s théa man yéu cau bai toan 1a
f(z) =2 +c, Vo € Rva f(x) = —P(x),Vx € R. (c1a hing s6 thuc)
O

Bai toan 11. Cho da thiic hé s6 thuc P(x) c6 deg P =n > 1va P(z) > 0,Va > 0. Tim tdt cd
ham sé

FoRT 5 R thiaman f (f(x) + P(x) +29) = f(x) + P(x) +2f(0)
voi moi x,y € RT.
Loi gidi. Gia st ton tai ham s6 théa min yéu cau bai todn.
batU = {f(x) + P(x) : x € RT}.

Chid y ring do f : RT — R* nén f(z) + P(x) khong thé 1a ham hing, tit d6 suy ra U chia vd
han phan t(.

Ky hiéu P (z,u) chi khing dinh f(2x + u) = 2f(x) + u ding véi moi z > 0 vau € U.
Véiu>veU taP(x,u) va P(x,v)tasuyra
fQx+u)=f(2xr+v)+u—ov,Vr>0.

Suyra f(x+u—v)=f(z)+u—v,Yu>veUazx>u.
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Tir dang thiic trén ta suy ra
(fle+u—v)+Ple+u—v)—(f(z)+Plx) =u—v+Plz+u—v)— P(z)

véimoi x > v,u > v € U. Ta co nhan xét rﬁng vé trai ctia déng thic trén 1a u; — uy V61 U > us
12 phan ti¥ ctia tap hop U.

Con vé phai 1a da thiic c6 bac n — 1 ¢6 thé nhan moi gid tri t > M v6i M > 0 nao do.
Do d6 véi moi ¢ > 0 di 16n thi ta c6 thé viét ¢ dudi dang t = u; — us.
Khi d6 tit f(z + up — ug) = f(x) + up — ug, V& > ug,ug > us € U tasuy ra

flx+y) = f(z)+y véi moi z,y di 16n .

Do d6 f(y) = y + ¢ véi moi y di 16n, c 12 hing sb.

V6i z > 0 bt ky, ta chon u € U di 16n thi dude f(2x + u) = 22 +u + c.
Két hop véi f(2z + u) = 2f(z) + utasuyra f(z) =z + &.

Thay lai vao phuong trinh ban dau ta d& dang tim dudc ¢ = 0.

Vay tét cd ham s thda man yéu cau bai toan 1a f(z) = z,Va > 0. O

Bai 1. Cho n nguyén duong. Tim tit ca ham sb f : R — R thda man
f@+nf(ay) = f(z)+naf(y), Ve, y e R
Bai 2. Cho s6 nguyén 18 n > 1. Tim tAt cd ham s6 f : R — R théa mén
f@™+ f)") =y" + f(x)", Yo,y € R.
Bai 3. Cho trudc s6 nguyén duong n. Tim tat cd ham s6 f : R — R théa min
f(xf(y)+nf(x)=m+1)f(x)+ 2y véimoiz,y € R.
Bai 4. V6i s6 nguyén duong n, xét ham s6 f : R — R théa man
2020 [(z+y) f (x+y) — [ (2> + )] = 2f"(y) + yf"(z)
v6i moi z, y € R, trong d6 ky hiéu f*(z) = f (f (...f(z)...)) la ham hgp n 1an cta f.
Chiing minh ring véi moi n € Z* thi c6 khong qua 3 ham sb phan biét thda man.
Bai 5. Cho trude s6 nguyén duong n. Tim tat cd ham s6 f : R — R théa min

f(f(@)+nz+y)=f(2*) + f(y) +22°y v6i moi z,y € R.
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Bai 6. Tim tit ca ham s6 f : Rt — R* thda min
Fnat f (@) +y) = F((n+1)2) + F (5), v6imoiz,y > 0.

Bai 7. Cho trude s6 nguyén duong n. Tim tat cd ham s6 f : R — R théa min

f(na®+y+ f(y) =2y +na®f (z) véimoiz,y € R.
Bai 8. Cho trudc s6 nguyén duong n. Tim tit cd ham s6 f : R — R théa min

fla=fw)=f(+y")+f(f(y)+y*")+1véimoiz,y € R.

Bai 9. Cho s nguyén duong n > 2. Tim tit cd ham s6 f : R — R thoa min

f"+2f(y) = f(x)" +y+ f(y) véimoiz,y € R.
Bai 10. Cho «, 3 1a céc s thuc duong. Tim tit c& cac ham sb f : (1;+00) — R thda man

a € 8 Yy 4e .
F@) )=y (5) +2°f (5) véimoiz,y>2.
Bai 11. Cho P (z) 1a mot da thic hé sb thuc ¢6 bac chin. Tim tit cad ham s6 f : R — R thda
man
flx)=f(@+P(y)+ f(y) véimoiz,y €R.

Bai 12. Cho s6 nguyén duong n > 2. Tim tit cd ham s6 f : R* — R* théa min

f@)f fz)=nf(z+zyf(z)) véimoizx,y,z > 0.

[1] Lé Anh Vinh (chii bién), Dinh Huéng Bdi Dudng Hoc Sinh Ning Khiéu To4n - Pai Sé.
[2] Nguyén Tai Chung, Chuyén Khao Phuong Trinh Ham.

[3] Titu Andreescu, Iurie Boreico, Oleg Mushkarov, and Nikolai Nikolov, Topics in Functional
Equations — 3rd Edition.

[4] Dién dan Art of Problem Solving.

[5] Nhém Hudng t6i Olympic Toan VN
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GIOI THIEU VE KY THI OLYMPIC TO HOP IRAN

L& Phuc Lu
(PH Khoa hoc tu nhién TPHCM)

4

Z
=
=

Tiép theo thanh cong ctia Olympic hinh hoc Iran, cdc nha todn hoc Iran tiép tuc vé6i cudc thi
Olympic t6 hop (Iranian Combinatorics Olympiad — ICO). Nam 2020, Iran da t6 chiic thanh
cong ICO 1an 1 va nim nay, ho da md rong cudc thi ra quy md qudc té duéi hinh thiic thi dong
d6i, va BTC Iran da mdi Viét Nam tham du. Dudi ddy 1a ban dich dé va dap an ctia ky thi 2020:
https://bit.ly/340y2T0

Nim 2021, ICO c¢6 tién hanh mdi cdc nuSe tham gia mot ky thi theo hinh thiic dong doi va Viét
Nam di dong y tham gia, thanh 14p mot hoi dong t6 chic: thidy Tran Nam Diing (PH KHTN
TPHCM) 1a truéng ban, Lé Phic Lit (PH KHTN TPHCM) la thu ky. Ban giam khio bao gom:

Nguyén Tuin Anh, THPT Chuyén Nguyén Quang Diéu, Dong Thép.

Vii Hong Son, THPT Chuyén Hung Vuong, Phi Tho.

Téng Hitu Nhan, BV Trung Vuong, TPHCM.

 Nguyén Vin Thé, PH KHTN HN.

Lé Thanh bat, PHSP TPHCM.

Nguyén Thai Vi, Titan HN.

D6 Lé Hai Thuy, THPT Chuyén Béo Loc, Lam Ddng.
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ICO 2021 sé c6 3 nhém tudi: ¢d ban (I6p 9), nang cao (16p 10-11) va tu do (16p 12 trd 1én).
L6p nay tinh theo ndm hoc 2020-2021 vura qua.

Trong dot thi ICO 2021 niim nay chét thdi gian ding ky vao 23h ngay 31/7/2021 véi téng cong
c6 242 doi ding ky vdi co cAu nhu sau: 94 cd ban, 114 nang cao, 34 free.

Ky thi chinh thic dién ra ngay ngay 01/8/2021 tit 7h30.
- Team Co ban sé dudc cung cap 1 link dién ddp s6 cho 15 cau hoi.

- Team Nang cao & Free sé 1am cuing dé theo dang tu luan, 1am trén gidy va chup anh lai, hoic
g0 ra word, Latex déu dugc. Nop 1 file duy nhit dinh dang: word, PDF, RAR trén link BTC gii.

Trudng nhém nhan dudc dé sé gtii cho dong doi, thdo luan va cling nhau 1am bai, tit ca dién ra
ndi bd va khong public 1én mang hodc thao luin véi cac doi khac.

Két thuic dot thi, da c6 82 bai thi ctia khéi Elementary va 112 bai thi ctia hai khdi Advanced va
Free dudc ndp. Sang 4/8, BTC cong bd két qué so bo clia cac ddi (diém chi tiét theo cic cau).
Cic doi da ding ky cac phién thiac méc, khiéu nai dién ra tir 19h t6i 4/8 (hoat dong trén zoom).
Tai phién nay, néu cac doi c6 thac mac, giam khao giai thich tai sao lai chAm di€ém nhu vay (vi
sao khong cho diém, vi sao trit diém ...). Ngay 5/8, BTC Vietnam da hoan tat diém dé€ gti cho
BTC Iran. Ban t8 chic Iran sau d6 da cong bd giai va cac doi thi cia Viét Nam da dat nhiéu thi
hang cao trén bang x&p hang ctia cic khdi.

Iranian Combinatorics Olymiad

ICO 2021 World Gold Medalist Teams(Free Level)
* “FRA 6" from France(i )

"Boomers from Belarus(j#)

"RetiredMan” from Iran(Z=)

“2nd place on lI-nd ICO” from Belarus(i#)
“Past Glory” from Bangladesh(i)

“Con Ca Vang" from Vietnam (A1)

"FRA 7" from France(IL )

“Ajdar” from Iran(=2)

L]
W
W
W
1]
1]

1]

Website: ico-official.com
Instagram: icoofficial_com

@icoofficial
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Bai todn 1. Hdi co thé ddt duoc toi da bao nhiéu diém lén mdt phcfng toa do Oxy sao cho vdi
moi cdch chon ra mét tdp con ciia cdc diém do, ta déu co thé'vé duoc mot hinh chit nhdt co canh
song song Vi cdc truc Oz, Oy va chita tdt cd cdc diém ciia tdp con bén trong, cdc diém con lai
(khéng thuéc tdp con) thi nam bén ngodi?

Loi gidi. Dap sb1a 4.

Xét hai diém c6 hoanh d6 nhd nhat va 16n nhit va hai diém c6 tung dd min, max. Xét hinh chi
nhat #H chia cac diém nay (c6 tbi da 4 diém nhu thé, van c6 trudng hop chi c¢6 2 hoic 3 diém)
thi khi d6, néu c6 diém thd 5 thi H cling chia ca di€ém do, vo ly. Vi thé s6 diém sé khong vuot
qua 4.

Dé xay dung, ta ldy trung diém cac canh ctia mot hinh vudéng nhu hinh bén 1a dudc:

]

Bai todn 2. M¢t gidi thi ddu co vua dién ra trong 70 ngay. Méi ngay, cé diing mét trén giita hai
ky thii (hai nguoi cé thé gdp nhau nhiéu ldan). Nguoi thang méi vdn sé nghi ngoi trong khong
qud 8 ngay, con nguoi thua sé nghi ngoi trong it nhdt 9 ngay. Tim sé luong nhé nhdt cdc ky thii
ciia gidi thi ddu.

Loi gidi. Pap s61a 11.

Néu c6 khong qud 10 ngudi, ta xét 9 ngy dau thi mdi ngay c6 1 ludt thua. Chi y 2 lugt thua
trong 9 lugt nay la cia 2 ngudi khac nhau, vi 1 ngudi thua thi sau khong it hon 9 ngay ho méi
chdi tiép. Mit khic, 1 ngudi thua & 1 trong 9 ngay dau thi ngay thd 10 vin dang nghi. Do dé,
chi con tdi da 10 — 9 = 1 ngudi c¢6 thé choi trong ngay 10, vo 1i.

Xay dung nhu sau: ngudi 1 thang trong tit ca cac ngay. Con lai thi ngudi c6 s6 thit tu dong du 7
theo mod 10 thi choi cac ngy dong du i mod 10.

]
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Bai todn 3. C6 35 nguoi trong moét nhom duoc ddnh sé tic 1 dén 35 va méi ngudi trong do thi
hodic luén ndi that, hodc luén néi doi. Biét rang véi méi so6 nguyén duong i, nguoi thit i cia
nhom néi rdang: sé nguoi noi thdt trong nhom nay la mot wdc cua 2i. Tinh s6 cdc gid tri khdc
nhau co6 thé'cé ciia sé lwgng nguoi néi thdt ciia nhom.
Loi gidi. Pap s 1a 2.
Pau tién, néu c6 0 ngudi néi that thi thda man. Tiép theo, gia st c6 @ > 0 ngudi néi that.
» Néu a chén thi dit @ = 2k, khi d6 c6 ding 2k sb 12 bdi clia 2k trong cic s6 2,4, .. ., 70.
Thi thiy chi c6 k = 4 théa man.
» Néu a 18 thi dit @ = 2k + 1, ¢6 ding 2k + 1 sb 1a bdi ctia 2k + 1 trong 1,2, ..., 35. Thi
truc tiép thay khong c6 sd k nao thda man.
Vi thé nén c6 hai gid tri thda man 1a 0 va 8. [
Bai toan 4. Ta dién vao k 6 ciia bdang 8 x 8 cdc sé thuc phdn biét sao cho: mdi sé trong cdc 6
thi I6n hon t6i da mot sé dién vao é c6 chung dinh véi né. Tim gid tri lon nhdt cé thé'cé ciia k.
Loi gidi. Pap s61a 32.

Dé thay néu trong 1 bang con 2 x 2 ma c6 3 6 chifa s6 thuc thi xét s6 16n nhét a trong d6, rd
rang sé c6 2 6 chung dinh véi a va nhd hon a, vo 1y. Do d6, mdi bang con 2 x 2 ¢ khong qua 2
0 c6 dién s6. Chia bang thanh 16 bang con 2 x 2 thi sé ¢6 khong qud 32 s6 dudc dién.

Xay dung: ta dién 32 s6 vao cac hang 18 va tif trdi sang phai thi cdc sb c6 gia tri ting dan; bd
trong hang chin. D& thiy mdi s6 thi k& v6i khong qua 2 sb nén di nhién 1a thda man.

]

Bai toan 5. Hoi co bao nhiéu cdch phu hinh bén dudi bdi cdc qudn domino (la hinh chit nhdt
kich thudc 1 x 2 hodc 2 x 1) sao cho 6 nao ciing duoc ldt va khong co hai qudn de lén nhau?

L

r

Loi gidi. Dap sb 12 324.

Ta tinh s6 cach pha ting chit I, C, O.
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* * V6i chit 1, dé thiy chi c6 ding 1 cach, bdi 6 vuong cao nhit phai phii béi domino doc;
roi cuf thé di xubng, ta thiy 2 6 cao nhét & hai cot 1, 3 cling phi bi domino doc.

* V6i chit C, ta chia thanh 3 phin nhu 4nh bén duéi. Ta chi ra dugc bang phan chiing ring &
phan 2 khong c6 domino ndm ngang, tiic 12 tit ca déu doc va c¢6 1 cach phi. O phan 1,3
thi d& dang dém dudc c6 6 cach phi cho mbi phan nén c6 36 cach phi.

* V6i chit O ciling tuong tu, ta chia ra thanh 4 phan nhu bén dudi. Phan 1, 3 sé ¢6 3 cach phi
cho méi phan. Phan 2, 4 chi toan domino doc nén c6 9 cach pha.

Vi thé nén tdng cong c6 1 x 36 x 9 = 324 cach phd. O
Bai toan 6. Ta dién vao bang é vuéng 10 x 10 bdi cdc s6 1 va —1. Tim gid tri I6n nhdt ciia k
sao cho cé ding k hang co tong duong va cé diing k cot cé tong dm.
Loi gidi. Pap sd1a 8.
Trudc hét, ta chiing minh k& = 9 khong thoa (tit nhién k& = 10 khong thda rdi): gia sit rang c6 9
hang duong va 9 cot hang am. Dé thiy tdng 1 cot/hang c6 gid tri 1a sb chén.

+ C6 9 hang duong nén tong céc s6 trén bang s& > 2 x 9 + (—10) =6 > 0.

e C6 9 cot am nén tdng cac sb trén bang sé < (—2) x 9+ 10 = —6 < 0.

Pay la diéu nay mau thuan. Tiép theo, ta xay dung cho k& = 8 nhu bén dudi (y tudng 1a xay dung
cho 4 hang am, 4 c¢ot duong 6 bang 5 x 5 trudc):
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Bai toadn 7. Mot s6 nha Todn hoc tham gia vao mét cudc thi t6 hop. Méi nguoi cé thé noi mot
vai ngon ngit va co tong cong k ngon ngit trong cudc thi do. Biét rang hai nha Todn hoc bdt ky
6 thé' néi chuyén truc tiép voi nhau (théng qua ngén ngix chung), hodc can mot nha Todn hoc
khdc lam phién dich. Ngodi ra, néu bdt ky nha Todn hoc nao roi khéi cudc thi thi diéu trén sé
khong con dung nita. Tim gid tri nhé nhdt cé thé cé cua k.

Loi gidi. Pap sd1a 5.

Ta chiing minh ring k& < 4 khong thoa. Ta c¢6 cac nhan xét sau:

i) Néu c6 ngudi chi biét 1 ngon ngii thi v 1y vi bd ngudi nay di van thda man.

ii) Néu ct 2 ngudi bat ky thi déu biét chung 1 ngdn ngit thi ciing vo ly vi bé mot ngudi di
cling khong anh hudng gi.

iii) Khong c6 2 ngudi A, B ma cac ngon ngit cia A la tap con ctia cac ngdn ngit cia B.

Do d6 c6 it nhit 4 ngdn ngili, c6 2 ngudi khong biét chung ngdn ngilf nao va mdi ngudi biét it
nhét 1 ngdn ngit. Xét k = 4 thi theo theo i) va iii), mbi ngudi phai biét ding 2 thif tiéng. Theo ii)
thi ¢6 thé gia st c6 ngudi A biét ngdn ngit 1,2 va ngudi B biét ngdn ngit 3, 4. Khi d6, can thém
ngudi két ndi ho va gia st C biét 1, 3. Néu chi c6 ba ngudi thé nay thi bd di (1,2) van dugc; vi
thé nén can c6 ngudi biét (2,4) hodc (1,4) hodc (2, 3). Tuy nhién, cho du thém ngudi nao thi
viéc bd di ngudi A ciing khong anh hudng. Vi thé k& = 4 khong thda.

Xay dung cho £ = 5 : xét 5 nguoi A, B,C, D, E va 5 ngdn ngtt 1,2, 3,4, 5, trong d6: nguoi A
biét tiéng 1, 2; ngudi B biét tiéng 2, 3; ngudi C biét tiéng 3, 4; ngudi D biét tiéng 4, 5; ngudi £

biét tiéng 5; 1. RO rang mo hinh nay thda man dé bai.

]
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Bai todn 8. Co 1400 chang trai diing trén vong tron tao thanh mot da gidc déu co 1400 dinh.
Biét rdng trong s6 do, co k nguoi ddng tin cdy (luén ndi sw thdt) va con lai thi khong ddng tin
(c6 liic noi thdt, cé lic noi doi). Trong s6 ho, c6 mot ngudi tén la Nhdn (chua biét la ddng tin
cdy hay khong) dang ndm giita mot vdt quan trong va ta can tim ra ngudi nay. Moi ngudi sé cho
cho biét khodng cdch (la sé cung tron it nhdt theo chiéu kim dong ho hodic theo chiéu nguoc lai)
tir anh ta cho dén Nhdn. Tim gid tri nhé nhdt ciia k dé’co thé xdc dinh dwgc ai la Nhdn dua trén
cdu trd loi cua nhitng nguoi do.

Loi gidi. Pap sb 1a 702.

Dénh s6 vi tri trén vong tron 1a 1,2,3,...,1400. Ta chi ra sb ngudi néi that bang 701 1a van
khong du (tir d6 dé thiy néu nhé hon thi ciing thé). Xét so do bén dudi:

Xét ban Nhan 12 ngudi khong dang tin cdy, danh ddu mau do; cac vi tri khong dang tin ciy khac
ciing mau do; nhitng ngudi ndi that thi danh dau 1a diém xanh. Khi d6, ta b tri 701 ngudi néi
that nhu sau: nguoi doi dién Nhdn, ddt la Y trén duong kinh (d) va hai nguoi thudc duong kinh
vuong goc (d), ddt la Z, T thi déu néi thdt. Véi cdc cdp diém doi xiing qua duong kinh con lai,
ta t6 dé mét diém va té xanh diém con lai.

Khi d6, trudng hop xau nhét: Nhan tra 18i 1a 700, di nhién Y ciing thé; hai ngusi Z, T thi déu
tra 15i 12 350. Nhiing ngudi dbi xiing nhau qua dudng kinh thi cho ciu tra 15i gidng nhau. Khi
do, vai tro ctia Nhan va X 1a hoan toan nhu nhau va ta khong thé phan biét dudc hai ngudi nay,
dau la Nhan.

Tiép theo, gia st c6 702 ngudi néi that thi s& c6 702 ludt chi vao vi tri cia Nhan, con lai 698
ngudi thi c6 tbi da 698 + 2 = 700 lugt chi vao cting mdt vi tri (do mdi ngudi néi dbi c6 thé chi
vao cting mot vi tri toi da 1 1an, hai ngudi néi that nao dé “tinh ¢&” chi vao vi tri d6 do tinh dbi
xting) nén ciing khong thé vudt dudc gia tri 702. Vi thé dua trén cau tra 15i ctia ho, ta chi can
chon ra xem diém nao dudc chi vao nhiéu nhit thi d6 chinh 12 Nhan.

]
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Bai todn 9. Cho 5 diém trén mdt phdng tao thanh ngii gidc 16i ma hai diém bdt ky trong chiing
thi dwoc ndi véi nhau bdi mot doan thdng. Cdc diém dwoc ddnh sé tiv 1 @én 5. Héi ¢é bao nhiéu
cdch té6 méi doan thcfng do bdi mot trong ba mau: xanh, do, vang sao cho tic méi dinh, cé ba
doan thdng xudt phdt véi dii cd ba mau?

Loi gidi. Pap sb 1a 900.

Xét dinh 1, ta dém sb céch to cac doan (1 — 2), (1 — 3), (1 —4), (1 —5).

C6 dung 2 doan cung mau nén co % = 6 cach chon 2 doan nay va 3 cach chon mau cho chung.
V6i 2 doan con lai ¢6 2 cach chon mau nén sé c6 6 x 3 x 2 = 36 cach td 4 doan ndi tir dinh 1.
V6i mbi truong hop nhu thé, ta dém thi cong dude chi c6 25 cach t6 mau cho 6 doan ndi cho
cac di€ém 2, 3, 4,5 nén tong cdng c6 25 x 36 = 900. ]

Bai toan 10. Mot bang vudng co 12 dong, 13 cdt duoc ldt boi cdc vién gach kich thudc 1 x 3
(cho phép xoay ngang/doc) sao cho trén méi cot, cé diing k vién gach dt doc. Hoi s6 k c6 thé
nhdn bao nhiéu gid tri khdc nhau? (viéc ldat gach phdi dam bdo 6 nao ciing duogc ldt va khong
c6 hai vién gach chéng lén nhau).

Loi gidi. Pap sd1al.

Ta thiy rang néu c6 mot vién gach nam doc & cot 3 thi phai c6 mot vién doc & vi tri tuong ting
& cot 1 va 2. Hon nita, néu c6 mot 6 & ¢t 3 thude vién gach nam ngang thi 2 6 tuong Ung & cot
1, 2 ciing phai thudc vién gach d6, vi néu khong, chiing phai thudc vién gach doc va kéo theo sb
gach dat doc 6 cdt 1, 2 s€ 16n hon & cot 3; khong thoda.

Diéu nay cho thiy tit ca cdc vién gach & cot 1,2, 3 khong c6 phan chung véi cic cot sau. Ta bd
ba cot d6 di va xét phan 12 x 10 con lai. Thuc hién tuong tu thé cho dén khi con 1 cot 12 x 1.
RO rang cot d6 phai c6 ca 4 vién gach doc. Tir d6, theo gia thiét thi tit ca cac vién gach déu phai
dit doc va k = 4, tiic 1a chi ¢6 ding 1 cach xép théa man.
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]

Bai toan 11. C6 100 diém duwoc ddnh sé trén vong tron nhu hinh vé. Riéng & vi tri 49 ddc biét,
c6 mét s6 ddy cung/cung tron duoc vé thém két néi diém sé 49 vdi cdc diém 44 — 48 va cdc diém
50 — 53. Tinh s6 duong di c6 thé co tir diém 1 dén diém 100 (duong di cho phép di qua cdc diém
théng qua cdc ddy cung/cung tron, moi diém di qua khong qud mot lan).

Loi gidi. Dap s61a 21.

o
.
il
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2

Ta sé tinh s6 dudng di theo chiéu tlt s6 nhé dén s6 16n mot cach “tich liy”:

e Tl -2 — ... = 48: chicd 1 cach.

S6 49 : ¢6 5 cach.

S6 50: ¢6 5 cach (thong qua 49).

S6 51: ¢6 5 + 5 = 10 cach (thong qua 49, 50).

S6 52: ¢6 5 + 10 = 15 céch (thong qua 49, 51).

S6 53: ¢6 5 + 15 = 20 cach (thong qua 49, 52).

Ngoai ra, ta can phai tinh thém mot cach di truc tiép ti 1 — 100 nén tdng cong c6 21 céch.
O

Bai toan 12. C6 30 s6 thuc dugc viét 1én bdng (cdc sé khong nhdt thiét phdn biét). Biét rdang
véi moi cdch chia chiing thanh 10 nhom ba sé, sé déu cé it nhdt 2 nhom c6 cung tong. Hoi trén
bdng co téi da bao nhiéu sé phdn biét?

Loi gidi. Pap s6129. Gidstitacod a; < as < ... < agg la cac sd viét trén bang. Ta xét cach
chia nhém theo cach sau: (a;, ;4 10, @i120) V6i 1 < i < 10. DE thdy ring

a; +ap +ag < ag+ ajg +ag < - < ajg+ ax + aso.

Do c6 it nhit hai tng bing nhau nén trong day 10 tong trén, phai c6 hai tong lién tiép bang
nhau gia st a; + it10 + Q20 = Qi1 + @11+ aipo V61 < i < 9. DEy rang do viéc sap
xép ting clia cac sd nén hai tdng dé bang nhau chi xay ra dudc khi tit ca cac s6 tlf a; — @401
trén 14 biang nhau. Do d6, trong 30 s6 da cho, c6 22 sb bang nhau, con 8 sb kia c6 thé nhan gia
tri phan biét, tic 13 tdi da 9 gid tri phan biét. D€ x4y dung, ta chon 2260, conlaila1,2,...,8.
RG rang trong moi cach chia nhém 3 s6, ta thu dudgc tdi da 8 nhém c6 dang (0,0, z) véi z # 0,
dung t6i da 16 s6 0, con lai 6 s6 0 chia thanh hai nhém thi chic chin c6 téng 13 0.

]

Bai todn 13. Hoi co thé chon duoc toi da bao nhiéu sé co 3 chit sé tao thanh tiv cdc chit s6
1,2, 3,4 sao cho véi bdt ky hai s6 nao trong cdc sé chon dugc, ky hiéu la Grazas va bibabs, thi
ton tai it nhdt mét chi s6 i ma a; + b; = 57

Loi gidi. Dap sb1a 8.
Ta xay dung nhu sau: 111,114, 141,144,411, 414,441, 444. RS rang hai s6 bat ky thi phai c6
mot vi tri khic nhau, ta tai vi tri d6, sé c¢6 hai chit s6 1, 4 xuét hién véi tong 1a 5.

Ta s& chi ra 9 s6 1a khong thda méan (tit nhién 10 sd tr 1én ciing thé). Ta sé chi ra nhan xét ring
néu c6 2k + 1 s6 & mot cot ndo d6 thi ¢ thé chon ra k + 1 sd ma téng cla chit s6 bat ky trong
d6 khong 1a 5. That vay, goi s6 luong chii s6 1,2, 3,4 c6 trong d6 1an luct 12 a, b, ¢, d thi d€ y
max{a, d} + max{c,d} > 25 nén gitta (1,4), ta chon tit c& chit s6 ¢6 s6 lugng nhiéu hon;
tuong tu véi (2; 3). Khi dé, ta thu dudc it nhat & + 1 s6 doi mot khong c6 téng 1a 5.

Ap dung nhén xét trén:
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* V6i 2k + 1 = 9 chit s6 & hang don vi, ta chon dudc 5 chit s6 khong thda; tuong tng véi 5
s6 ma & hang don vi, khong thé c6 tng bang 5.

* V6i 2k + 1 = 5 chit s6 6 hang chuc ctia 5 s6 nay, ta chon dudc 3 chit s6 khong thda min,
tuong tng véi 3 s6 ma & hang don vi, hang chuc, déu khong c6 hai sb cing hang tdng
bang 5.

* V6i 2k + 1 = 3 chit s6 & hang trim, ta c6 2 sb khong c6 tdng 1a 5, vo ly.

Bai toan dudc giai quyét. O
Bai toan 14. Ta goi mét diém (x,y) trén mdt phdng toa dé la “tot” néu x,vy la cdc sé nguyén
khong am va khong vueot qud 100. Tim sé nhé nhdt cdc dwong thdng cé cing hé sé goc la % cdn
phdi vé sao cho vdi mdi diém tot ké'trén thi déu cé it nhdt mot dwong thang di qua.
Loi gidi. Pap s6 1a 989.
Puong thang di qua diém (z, y0) vA hé sb géc 3 s codang y — yo = 2(x — wo) hay

3xrg — Tyo = 3x — Ty.
Dit m = 3z — Ty € Z thi cic dudng thang sé c6 dang 32 — 7y = m va hai dudng thang khic
nhau & gia tri m nay. Tir d6, ta dua bai todn vé viéc tim sd gia tri khac nhau c6 thé ¢6 clia 3z — Ty

véi z,y € {0,1,...,100}. Pit z = 100 — y thi 3z — 7y = 3z + 7z — 700 nén ta dua vé tim tap
gid tri A ctia 3x + 7z cling véi z, z € {0,1,...,100}.

Dé thiy 0 < 3z + 72 < 1000 va néu c6 a € A ting véi cip (z, z) khi va chi khi 1000 —a € A
ting véi cap (100 — x,100 — z). Xétt 0 — 11 thicd 1,2,4, 5,8, 11 khong thoa.

Tiép theo, ta quy nap dé chi ra céc s6 tit 12 — 500 déu c6 thé viét dusi dang 3z + 7z. Tur d6
|A| = 1001 — 2 x 6 = 989.
[

Bai toan 15. HGi co thé dit duoc t6i da bao nhiéu con tuong lén ban co vua 8 x 8 sao cho moi
con tugng thi c6 thé'tdn cong téi da 3 con tuong khdc? (hai con tugng cé thé' tén cong nhau
theo dwong chéo néu giita chiing khéng cé quadn khdc cdn).

Loi gidi. Dap s6 1a 40.
Trudc hét, ta xdy dung nhu hinh vé. Chu y rang hai quan tugng dit ¢ 6 cing mau thi méi tan

cong dudc nhau nén ta chi can vé cho 20 quan & 6 den (sau d6 dbi xiing qua tAm ctia ban cd dé
dudc cac vi tri cho quan tugng 6 trang).
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Ta sé chi ra rang s6 quan tuong sé khong vugt qua 40.

Ta vé lai vi tri cdc 6 den thanh dang ngang — doc nhu hinh bén dudi, mdi diém tuong dng véi
mot 6 den va ta can dit dudc cang nhiéu cang tot cic quan tudng vao 32 vi tri do.

e
=]

Khong mit tinh tdng quat, ta c6 thé gia st hai 6 tin cling bén phai va trdi ¢ quan, vi néu khong,
ta dua quan tugng tif hang d6 vao sé khong 1am 4anh hudng dén cac quan khac; néu hang d6 chua
¢6 quén thi dat thém vao hai vi tri d6. Tuong tu cho cap 6 (C,C) hodac (D, D) vaciap 6 (A, A)
hodc (B, B), mbi cip trong chiing cling phai ¢6 quan. Nhu thé ta c¢6 thé gié st c¢6 sén 6 quan &
cac vi tri nay.

Bay gid, vi mdi quan tudng khong dn dudc theo ca 4 hudng nén ta vé tat c cdc miii tén biéu thi
cac huéng ma né khong dn thi mdi quan phai c6 it nhat 1 mii tén. M&i hang va mdi cot sé ¢
khong qué 2 mii tén. Tuy nhién, quan & vi tri (A, A) hodc (B, B) thi chiém it nhét 2 mii tén
mbi quan nén sé bi tinh tring 2 1an.

Nhu vdy s6 quan tugng dit thém sé& khong vuot qua 8 x 2 — 2 = 14, cong thém 6 quan ban dau
12 khong qua 20. Bai toan dudc giai quyét. O
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Bai toan 1 (Nhiing con &ch quanh hd.). C6 23 tdng dd duoc xép xung quanh mét bo ho hinh
tron va 22 con éch dugc ddnh sé thi tw 1,2, . . ., 22. Ban ddu, mdi con éch ngoi ngdu nhién trén
cdc tdng dd (co thé'nhiéu con cung ngoi vao mot tang dd). Cit méi phiit, tdt cd con éch sé dong
thoi nhdy theo quy tdc sau: con éch thit i nhdy vé trudc i tang dd theo chiéu kim dong hoé (khi
do, con éch thit 22 sé nhdy vé trudc 22 budc, dong nghia vdi viéc né nhdy liii 1 budc). Chiing
minh rdng ton tai mét thoi diém ma cé it nhdt 6 tdng dd khong co con éch nao.

Bai todn 2 (Bai dau xe tai.). Cho k,t la cdc s6 nguyén dwong. Bdi ddu xe la mot khuén vién
hinh vuéng (khong cé duong bao quanh) kich thudc (2k + 1) x (2k + 1) dugc chia thanh ludi 6
vuong va trong do, co t chiéc xe tdi dang ddu. Gid sit rang moi xe tdi co kich thudc 1 x (k + 1)
va mét sé xe ddu theo chiéu ngang, mot sé khdc ddu theo chiéu doc. Xe nao ddu theo chiéu doc
thi chi ¢ thé di chuyén doc (trén cot twong iing), con xe ddu theo chiéu ngang thi di chuyén
ngang (trén hang tuong ving). Mot chiéc xe tdi mdi co thé di vao bdi ddu xe & bdt ky vi tri nao
tie bién.

e V6i 3k + 1 < t < 4k, chitng minh rdng ta c6 thé di chuyén cdc xe dang cd trong bdi ddu
xe mot cdch thich hop dé’ chiéc xe tdi méi cé thé di vao va ddau dwoc trong bi.

* Chitng minh rdng két lugn & y 1) sé khong chdc diing néut = 3k + 1.

Bai toan 3 (Nhiing con kién trén hop.). Trén méi dinh ciia cdi hdp hinh ldp phuong don vi, ¢é
mét con kién. 0 phiit thit 0, nhitng con kién bdt ddau bo theo canh ciia hdp vdi vin téc 1 don vi
trén phiit. Khi no dén mot dinh khdc, né sé ré trdi hodic phdi: ban dau né chon huéng tity ¥, con
cdc ldan sau la ludn phién trdi — phdi. Néu c6 cdc con kién gdp nhau, chiing sé roi ra khéi hop.
Biét rdng ton tai mot con kién vdn con & trén hop sau 3 phiit. Chitng minh rdng tén tai mot con
kién sé khong bao gio roi ra khéi hop.

Bai todn 4 (S6 luong dudng di it nhat.). Trong mét graph don vé hudng G, duiong di don la
mot ddy cdc dinh phdn biét ma hai dinh lién tiép trén do thi dugc ndi nhau bdi mot canh. Ta
c6 nhiéu cdch phdn hoach tdp dinh cia graph thanh tdp cdc dwong di don roi nhau, va ky hiéu
0(G) la gid tri nhé nhdt ciia s6 luong duong di xét trong tdt cd cdc cdch phdn hoach trén. Ngodi
ra, trong mot graph lién thong, ta goi mét tdp con ciia cdc dinh la “tdp doc ldp” néu nhu cdc
dinh do doi mét khong ndi nhau. Bdy gio cho mot graph lién thong G ¢6 k > 1 la kich thudc
[6n nhdt ciia mét tép doc ldp ciia né, hdy tinh gid tri lon nhdt c6 thé ¢ ciia 0(G) theo k.

Bai todn 5 (Manh ghép dic biét.). Ta goi “mdnh ghép” la mot tdp hop hitu han cdc 6 vudng
don vi ma hai 6 bt ky luén c6 duong di dén nhau théng qua ddy cdc 6 lién tiép cé chung canh.
C6 nhiéu cdch dé’ ddt mot manh ghép nhu thé 1én bdng vudng vé han é, cho phép quay nhing
khéng cho phép ldat manh ghép lai. Ta goi T la mot mdnh ghép ddc biét néu nhu co thé viét cdc
s6 nguyén duong (méi sé xudt hién diing mot lan) lén bdang vuéng vé han sao cho véi moi sé
nguyén duwong n thi ton tai khong qud mot cdch dct mdnh ghép T 1én bdng dé’ sé n la lon nhdt
trong cdc sé dugc phii bdi T.

* Chitng minh rdng méi hinh vuong kich thudc tiry ¥ la mot mdnh ghép ddc biét.
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 Chitng minh rang moi hinh chit nhdt khong la hinh vudng thi khong la mdnh ghép ddc
biét.

 Chitng minh rdang T ddc biét khi va chi khi no giit nguyén hinh dang qua phép quay 90°.
Bai todn 6 (Phan chia thanh cc tam gidc va tif gidc. ). Cho da gidc 16i P va goi T la mot tam
gidc c6 cdc dinh ldy tie P. Sau khi xéa T khéi P, ta cé thé' nhdn duogc 0, 1,2 hodc 3 da gidc nho
hon (c6 thé’ cé dinh chung), va do goi la “nhom phdn chia” dwoc tie T. Ta xét cdc cdch chia P
thanh cdc tam gidc con bdi nhitng duong chéo sao cho khong cé hai duong chéo nao cdt nhau
bén trong P. Trong cdc cdch chia nhw vdy, ta goi mot cdch la “dep” néu nhu véi méi tam gidc
A sinh ra thi trong “nhoém phdn chia” ciia A, cé diing mot da gidc c6 so 16 dinh. Chiing minh
rang mot cdch chia la dep khi va chi khi ta cé thé'xéa dan dan cdc duong chéo ding trong cdch
chia do dé’ cudi cung thu duogc toan cdc mién ti gidc.

Bai toan 7 (Gitp Sherlock Holmes. ). Trong mét nhom 2021 ngudi, cé 1400 nguoi la co ké phd
hoai. Thdam tit ling danh Sherlock Holmes muén tim ra mot ké phd hoai. Cé mét s nhiém vu
duogc giao cho nhom ma méi nhiém vu can cé diing 3 nguoi thuc hién. Néu trong 3 nguoi do,
c6 it nhdt mot ké phd hoai thi nhiém vu sé thdt bai. Méi luot, Sherlock Holmes chon ra 3 nguoi,
cho ho thuc hién nhiém vu va xem két qud co bi thdt bai hay khéng. Héi s6 lan it nhdt ma thdam
tik can giao nhiém vu dé co thé' tim ra dwoc mot ké phd hoai nao do la bao nhiéu?

Pdp 4n cho khf)i nay thi BTC khong dich tit ddp 4n gbc clia Iran ma c6 tién hanh quay mot sb
video huéng dan giai nhu bén dudi:

Bai 1. https://www.youtube.com/watch?v=_2729YQipwB5U

Bai 3. https://www.youtube.com/watch?v=z5Tz9rmzn—g

Bai4. https://bit.ly/3GPutzyY

Didp 4n chi tiét clia cac bai c6 thé xem thém tai ddy: https://ico-official.com/en/
archive

1. Con ca vang (60)

e Tran Nguyén Nam Hung (12 Toan, PTNK TPHCM)
 Nguyén Dinh Thién Quang (10 Todn, PTNK TPHCM)
» L& Vi Tuong (12 Toan, PTNK TPHCM)

2. Andy(54)

e Phan Httu An (bai hoc Cong nghé¢, PHQGHN)
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 Nguyén Dinh Phiic (Pai hoc Céng nghé, PHQGHN)
 Nguyén Lé Tung Duong (Pai hoc Cong nghé, DHQGHN)
3. Lim club (43)
« Nguyén Hoang Viét (chuyén KHTN HN)
* Nguyén Pic Quin (PH Cong Nghé PHQG Ha Noi)
« Nguyén Quang DPic (chuyén Lam Son, Thanh Héa)
4. the last (43)
¢ Nguyén Pham Ngoc Diing (12 Todn, chuyén Thing Long Da Lat)
¢ Nguyén Quang Tri (12 Todn, chuyén nguyén Du, Dak Lak)
 Pham Phii TuAn Khoa (12 Toan, chuyén Hing Vuong, Binh Duong)
5. Combinated :3 (40)
* Chéau Pang Minh (Pai hoc Bach Khoa, PHQG HCM)
+ Théi Pic Duy (Pai hoc Can Tho)
6. anhem36 (38)
* L& Chi Cuong (12 Toan, chuyén Lam Son, Thanh Hoa)
 Nguyén Minh Quy (12 Toan, chuyén Lam Son, Thanh Héa)
« D6 Cao Bich Tung (12 Toén, chuyén Lam Son, Thanh Hoa)

1. Lién quan KHTN - CSP (60)
e Nguyén Minh Vuong (10 Todn 1, chuyén Su pham HN)
« Ping Quang Thang (10A1, chuyén KHTN HN)
 Hoang Tuin Diing (10 Toan 1, chuyén Su pham HN)

2. a_random_team (58)
* Poan Quéc Thinh (11A1, chuyén KHTN HN)
* Ngb Quy Pang (11A1, chuyén KHTN HN)
* Tran Dic Nhat Anh (11A2, chuyén KHTN HN)

3. Hoc t6 danh mat thanh xuan (50)

« DPinh Nhat Thanh (10A2, chuyén KHTN HN)
* Pham Viét Hung (10A1, chuyén KHTN HN)
« Duong Hong Son (10A1, chuyén KHTN HN)
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4. Hihihaha@ (46)

e Tran Qudc Thdi (10 Tin, chuyén Tran Phd, Hai Phong)

* Nguyén An Thinh (10 Tin, chuyén Tran Phi, Hai Phong)

* Nguyén Viét Quang (10 Toan, chuyén Tran Phu, Hai Phong)
5. Woosh (43)

 Nguyén Nhat Minh (11 Tin 1, chuyén KHTN HN)

e Pham Hoang Hiép (11 Tin 3, chuyén KHTN HN)

* Vi Hoang Gidp (11 Tin 1, chuyén KHTN HN)
6. namminhkhoi (40)

 Pham Tuin Minh (10 Toan 1, chuyén HN Amsterdam)

* Tran Hoang Nam (10 Toén 1, chuyén HN Amsterdam)
* Van Trong Khoi (10 Toan 1, chuyén HN Amsterdam)

1. Lép 10 CSP

« Tran Duy (Lép 9, THCS Poan Thi Diém, HN)
¢ Nguyén Duy Hung (L6p 9A1, THCS va THPT Lomonosov)
L& Manh Diing (Lép 9A1, THCS Cau Gidy)
2. CLB Toan A1 -8
¢ Nguyén Ngoc Huy Anh (7A1, Amsterdam HN)
 Nguyén Nhat Minh (7A1, Amsterdam HN)
e L& Tung Lam (7A1, Amsterdam HN)

3. Bin Pau Mim Tom

« Nguyén Khic Duy (10A1, chuyén Ly Ty Trong, Can Tho)
* Nguyén Ngoc Tric Phuong (10A1, chuyén Ly Tu Trong, Can Tho)
* Tran Ngoc Minh Thu (10A1, chuyén Ly Tu Trong, Can Tho)

4. Came team

 Nguyén Dinh Kién (9A1, THCS Hong Bang, Hai Phong)
« D6 Pham Gia Huy (8B7, THCS Nguyén B4 Ngoc, Hai Phong)
 Pham Tran Minh Pic (9A5, THCS Tran Phi, Hai Phong)

5. LTV cu
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* Nguyén Hitu Bic (9A1, THCS Luong Thé Vinh, Cau gidy, HN)
 Nguyén Nam Khanh (9A1, THCS Luong Thé Vinh,Cau gidy, HN)

6. CLB Toan A1-7

 Nguyén Tién Minh (7A1, Archimedes Academy, HN)
* Ha Manh Hung (7A1, Amsterdam HN)
« Nguyén Hoang Minh Quan (7A1, Amsterdam HN)

TAt ca ding ky déu mién phi va BTC sé c6 chiing nhan, qua cho cac doi 1am bai tot nhd tai trg
cua BM2E.

Bao goém: hon 100 thi sinh clia cic doi dugc gidy chiing nhan va ban in cla tai liéu: Cac bai
toan t& hop trong BMO Shortlist 2014-2020 (tiéng Anh) va JBMO 1997-2020 (dich tiéng
Viét). Ngoai ra, cac doi dugc thit hang cao con dudc tang thém do ICO. Duéi day 1a mot sb6
hinh anh lién quan:

m  CERTIFICATE

OF BEST PERFORMANCE AT ICO 2021

%_7 This certificate is proudly presented to

Ng6 Quy Dang

at the 2 Iranian Combinatorics Olympiad
a_random_team (Vietnam)

Nov o7, 2021 Chairman of Vietnamese committee
Ol ) Sl 5 dlaall (il o) Tran Nam Dung

Mau gidy ching nhin cia céc thi sinh
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Ao ICO cho cic thi sinh dat thit hang cao trong bang xép hang ctia Iran
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Tai liéu t6 hop danh tidng cdc thi sinh

184



Tap chi online ctia cng dong
nhtng nguoi yéu toan

gpsi lon

Tap chi Epsilon, S6 21, 02/2022

UNG DUNG MACHINE LEARNING
VAO DU BAO BENH MACH VANH

Nguyén Duy Khué
Bénh vién Truong PHYD Can Tho
Henry Tran
The Pennsvsylvania State University

TONG QUAN

Hién nay, ky nguyén cong nghé s6 dugc xem 13 mot trong nhitng xu hudng ciia thoi dai,
tdc dong dbi v6i moi linh vuc. Trong d6, linh vuc y té ciing chiu tic dong va con nhiéu
tiém ning chua dugc khai pha ciing nhu viéc ting dung cic k§y thuit khoa hoc trong cudc
cach mang 4.0. Dién hinh nhu hién nay, 1a sy bung né thuit ngii tri tué nhan tao (Al),
mdt vi du dién hinh cta linh vuc nay 12 Robot can thiép mach vanh nhd vao su phat trién
cua thuat toan “Machine Learning”.

“Machine Learning” 12 mot chuyén nghanh nho ctia Al ¢6 rt nhiéu thuit toan dng dung
nhu: Linear Regression, Logistic Regression, Neural networks, Random Forest,... n6 cé
chiic ning tu hoc héi dua trén dif liéu dua vao ma khong phai 1ap trinh sdn. Cung theo
thoi gian, bu6e tién méi clia Machine Learning 1a xit 1y cdc dif liéu khdng 16 nhu viéc
phén tich diém khéc biét trong giong néi ctia 1 ngudi, dic diém nhan dang trén mot biic
4nh gidi phiu bénh d€ dua ra chin dodn bénh, hay nhiing bt thuong trén siéu Am tim dé
goi y cho cdc Bdc si 1am sang, d6 1a dén ldc ra doi linh vuc Deep Learning. Hay, thim
chi Deep Learning c6 thé tu dua ra cic gdi y diéu tri thudc va tu van ché do dinh dudng,
du phong bénh cho tiing d6i tugng bénh nhan.

Diéu dic biét hién nay, Deep Learning tng dung trong linh vuc khoa hoc siic khoé néi chung
con nhiéu han ché va con bé ngd. Ly do gidi han ctia viéc nay 1a cic bdc si 1a nhitng ngudi bi
dong ng dung cic két qua tir cic chuyén gia khoa hoc mdy tinh. Trong khi chinh cic chuyén
gia vé khoa hoc mdy tinh khong thé nao hiéu ro hét dugc nhitng doi hoi can c6 ctia cac thuat
toan Deep Learning ting dung trong y khoa. Bac biét hon, hién nay y hoc chiing ci ngay cang
phat trién thi diéu d6 cho thiy vai tro clia “Machine Learning” ngay dudc danh gia cao trong du
doan cac bénh 1i tim mach.

Viéc chan dodn bénh nhén, diy 1a mot cdng viéc dudc thuc hién ti mi bdi cdc bdc si lAm sang.
Tuy nhién ngay nay, nhiing viéc 1am nay c6 th€ hoan toan thuc hién dudc bang cac thuat todn
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Ho tén Cholesterol toan phan

Tudi Puong huyét lic doi

Gidi tinh Dién tdm do6 khi nghi ngoi
Phan loai dau nguc Tan s0 tim

Huyét 4p tam thu khi nhap vién | Pau nguc khi ging stic

Pic diém doan ST Keét qua chung dong mach vanh
Bénh mach vanh

Bang 1: Cé4c bién s thudng thu thap trong hd so ngudi bénh

cla “Machine Learning” dua trén cac dit liéu san c6 clia bénh nhan. P& phat hién sém va chinh
xac nhitng bénh nhan c6 mac bénh hay khong.

Phan tich dit liéu 1a cong viéc bat budc phai lam trude khi thao tic cac thuit toan trong “Machine
Learning”. Dbi véi cac dit liéu vé bénh dong mach vanh & cac khoa 1am sang hién nay, ching ta
c6 thé thu thap dudc céc thong tin co ban vé cac dit lidu.

Trong d6 dit liéu bénh mach vanh dugc chon 1am bién két qua du dodn. Ddi vé6i cac bién sb con
lai, s& dudc chon 1am bién s du doan.

Day 1a dit liéu co ban dudc thu thap tit cic hd so bénh 4n clia ngudi bénh. P6i vé6i thuat toan
“Machine Learning” cic dit liéu c6 thé trinh bai tif hang nghin dén hang triéu dong, kich thudc
dit liéu c6 thé luu trit dusi dang GB. Trong viéc phan tich dif liéu, chiing ta can x4c dinh cic
kiéu bién s6 dinh tinh va dinh ludng. Ddi v6i cc ky thuat dau tién khi phan tich dit liéu, 1a can
x4c dinh cdc mbi tuong quan cla cac bién s6 véi bénh mach vanh. Ké dén chiing ta c6 thé st
dung k§ thuat ddnh kha ning phan phdi clia cac bién s6, va tim hé sb tuong quan vé6i chin doan
l1a bénh mach vanh & Hinh 1 va hinh 2.

Pair-by-pair interactions between features, and univariate distribution histograms
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Pair-wise correlation coefficients across attributes
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Hinh 2:
2. Phan tich két qua

Sau khi ddnh gid mdi lién quan, tim ra hé s tuong ciia cdc bién v6i bénh mach vanh. S& tim
dudc cdc bién sb lién quan chinh. D€ danh gia dudc gid tri AUC, thi chiing ta chuyén céc kiéu
dit liéu chit lién quan sang dang s6 lién tuc. Khi thuc hién xong thao tac niy, sé xuat hién cic
bién sb méi & cac cdt méi.

Muc dich thao tac diéu chinh cic dif liéu mang yéu t6 nhiéu d€ gitip cho mé hinh dat gia tri
AUC cao va c6 tinh du dodn cao hon. Viéc 1am nay gitp cho ngudi phan tich, ¢ thé tim ra dugc
nhiéu su két hgp cic bién v6i nhau. Dua theo su phdi hop céc bién khac nhau va cac mo hinh
du doan khéac nhau nhu: Linear Logistic, Neuro Netwok, K-nearest neighbors,... (hinh 3)

ROC curve
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Hinh 3:
Khi chiing ta c6 dit liéu méi cia mot bénh nhan vao vién, chiing ta c6 thé thuc hién thao tdc trén

187



Tap chi Epsilon, S6 21, 02/2022

mo hinh c6 d6 tin cdy cao. Tur d6 két qua sé& 1a mot gdi y cho cdc Bac Silam sang & bién bénh
mach vanh cé nguy cd 6 bénh nhan nay c¢6 hay khong?

Trén day la cach thuc hién du doan bénh mach vanh cua bénh nhéan dya vao cac thuit toan cua
“Machine Learning”. Ngoai bénh mach vanh ching ta c¢6 thé thuc hién cach thiic tuong tu dbi
v6i cdc bénh 1i khac. Ngoai mo hinh du dodn bénh tat, ching ta c6 thé thuc hién md hinh goi
y diéu tri cho bénh nhan dua vao cac bién sb trén dif liéu cia bénh nhan. Pay 1a mot trong rat
nhiéu huéng phat trién, cda tri tué nhan tao trong linh vuc stic khod.

[1] GBD 2015 Mortality Causes of Death Collaborators. Global, regional, and national life
expectancy, all-cause mortality, and cause-specific mortality for 249 causes of death,
1980-2015: a systematic analysis for the Global Burden of Disease Study 2015. Lancet
388(10053), 1459-1544 (2016).

[2] Obermeyer Z, Ezekiel JE. Predicting the future — big data, machine learning, and clinical
medicine. N. Eng. J. Med. 375(13), 1216-1219 (2016).

[3] Tsay D, Patterson C. From machine learning to artificial intelligence applications in cardiac
care: real-world examples in improving imaging and patient access. Circulation 138(22),
2569-2575 (2018).

[4] Cuocolo R, Perillo T, De Rosa E, Ugga L, Petretta M. Current applications of big data and
machine learning in cardiology. J. Geriatr. Cardiol. 16(8), 601-607 (2019).
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THAY LE HATI CHAU VA IMO 1983

Tran Nam Diing

Nim 1974, liic d6 t6i mdi hoc 16p 2, ba dem vé cudn sach 16 Ky thi todn qudc té do céac thay Lé
Hai Chau va Phan Diic Chinh bién soan. Ba mua vé cho chi Ha nhung t6i ciing doc 16m. Liic d6
t6i con qua nhé dé hiéu cac vin dé vé todn, chi chim chi doc vé chién tich ctia doan Viét Nam,
ctia Hoang Lé Minh, Vii Dinh Hoa, Nguyén Qudc Thing, Ta Hong Quéng, Ding Hoang Trung.
Poc nhu doc truyén nhung qua that 13 rit hiing thu va tao cam hing.

Liic d6 toan cla tdi mdi chi 1a miy phép tinh s6 hoc, toan trong ciy, toan dién tich khu vuon.
Nhiing quyén sich than thiét nhit cda toi lic d6 1a Em hdy tu gidi! va Em muédn gidi todn?
Nhung nhiing cubn sach todn ctia chi Ha (do thay Lé Hai Chau bién soan) ciing dudc ba me goi

ghém dem vio Da Ning (lic d6 gia tai ctia ca nha qua that chi c6 miy cdi chin bong va ... sach).

Toi vao Pa Ning, hoc ¢ mot trudng THCS binh thudng va hoc toan khong té. Pén nam 16p 8
16p 9, trudng cho di thi hoc sinh gidi nén tdi bat dau chd y hon dén hoc toan. Liic d6 tbi thich
nhét cic bai toan quy tich va dung hinh, con dai s6 thi thich phan tich ra thita s6 va bat dang
thic. Toi bat dau di lung sich bdo & Thu vién va tim dudc cdc bai viét cta thay Lé Hai Chau
trén bao Khoa hoc va Pdi séng (lic cip 2 toi chua biét dén tap chi Toan hoc va tudi tré). Thinh
thoang tdi dudc me cho 1én Hoa Khanh, chd co Ngii va cdc thdy co day todn, tdi ciing hoc mét
dugc mot chit. Pac biét 1a cac chu gido vién tré § truong Phan Chu Trinh (sau nay toi goi la

anh) Nguyén Thanh, Ping Thanh, Nguyén Nhan c6 nhiing cudn sach tit mién Bac mang vao.

Pén nam 1981 t6i may man dau vao chuyén toan, lic d6 thuc su tdi mdi tap trung hoc toan, biét
dén bao Toan hoc tudi tré va doc nhiéu hon cac bai viét, cudn sach cta thay Lé Hai Chau. Hoi
day sach bao dén in gidy xiu, sich moéng, don so, bia méng va khong cé trang tri mi thuit gi,
khong dep nhu sach by gi nhung cic cubn sach van ludn dugc nang niu, chuyén tay nhau dé
doc. Toi tap théi quen ghi chép tir dao Ay vi sdch toan ddc ban va photocopy thi lic d6 that xa
xi. Toi nghi chinh diéu kién kho khin dy khién cdc cubn sach ctia thiy Chau, thay Chinh, thay

Phi va cdc thay cd khac ldc d6 lai trd nén quy va hiéu qua hon.

DPén nim 1983, thong tin ky IMO sé dudc t& chic tai Paris, Phap 1am chiing tdi rat hao hing,

dic biét 1a tdi vi trong 16p chi c6 tdi va Tran Quy Phi hoc tiéng Phdp. T6i may man dugc gidi
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khuyén khich quéc gia, sau d6 lot vao Top 6 trong niém vui ming tot do clia nha trudng, thay
c6, ban beé, cha me. Hoi d6 mdy bay vé Pa Nang tuan chi c6 1, 2 chuyén nén thi xong tdi & lai,
dén hom thay Lé Hai Chau dén Nha khach s6 2 Trinh Hoai Diic cong bd két qua toi van con &

d6 nén toi (va hai anh Qudc hoc Hué) da & lai luon dé€ hoc chit khong vé.

Nim d6 thay Lé Hai Chau va c6 Hoang Xuin Sinh din doan, va thay Lé Hai Chau la ngudi
sap xép cho chiing tdi moi thi. Ti lich hoc (chiing t6i dudc hoc véi cac thay hdi d6 con tré va
sung siic nhu thay Lé Dinh Thinh, Nguyén Ping Phit, Phan Huy Khai, Nguyén Vin Thu, P
B4 Khang, Ta Hong Quéang,...). Thay Chau day ching t6i vai budi vé s6 hoc va luong gidc. Thay
lo cho ching t6i nhitng viéc ngoai chuyén mén nita. C6 1an chiing t6i khdng chiu n tdi vi néi
thit bi 6i, thé 12 thay phai dén néi chuyén véi toan doi, trao d6i v6i cd cap dudng dé 6n dinh tinh
hinh. Lii tré chiing tdi thi dang tudi nghich phd nén liic ndo ciing mong mat dién dé trdn di choi.

Thay khong nghiém c6 ma toang.

Dén liic sap di, ching t6i dudc thiy din dén ctia hang chd T 6 Ctia Nam d& muon va-li, gidy

tiy, 40 veste, thdy méi nha bao Ham Chau dén phong van, chup anh.

Pau thang 7, chiing tdi bay sang Moskva trén mdy bay ctia Aeroflot, nghi lai mot dém roi sang
hom sau di sang Paris. Dén Paris, chiing t6i dudc xe cia Pai si quan (PSQ) chd vé nha khach
DSQ 6 s6 2 Le Verrier. Chiing t6i ¢ day 1 tuan trudc khi vao dia diém tap trung cia IMO 1983
12 Lyccee Louis Le Grande. Hang ngay chiing toi tu in sang & nha khach. Vi biét tiéng Phap nén
thay Chau giao t6i di mua banh mi bo cho ca doan & mdt tiém gan cudi dudng. Sau d6 chiing toi
dudc xe cia DSQ dua dén PSQ. Liic d6 st quan vira xay xong, to, dep va c6 rat nhiéu ting am.
Chiing t6i dugc sdp xép ngdi hoc & sanh nhung thuc ra lic d6 ching ai con tap trung hoc dudgc

nita, chi chd thay Chau di 12 bat ti vi xem tennis, bong d4, game-show va khdm phd st quan.

Biét chiing t6i tré con nén thidy Chau phai diin do nhiéu thd, tif viéc khong dudc di 1én di xudng
bang thang mdy nhiéu, dén viéc tiét kiém dién, nudc. Thay néi chiing toi di nhd céc chd si quan

cat téc nhung khong quén dua tién dé chiing toi bd vao cdi thung 1am quy clia céc co chi 6 BSQ.

Dén khi vao trusng Lycee Louis Legrande, thay bay ching t6i cach l1dy dd in, trong bita dn ludn
héi chuyén, pha trd gitip chiing t6i dd cing thang. C6 bita thiy con chi cho chiing t6i mot ban
nita ctia doan Brazil va hdi cic em c6 thiy ban d6 dep khong. Khi ching toi néi “c6” thi thay
néi “Mdy thdy Brazil ciing héi thdy nhu vdy. Khi thdy trd 10i c¢o thi mdy ong néi "Tao dem no di
chi vi né dep ddy!”.

MAy buéi thi qua nhanh. Thiy Chéau ciing c¢6 Sinh chim bai va ludn cip nhat tinh hinh cho
chiing t6i. Pén hom c6 két qua, thay hoi budn vi khdng c6 huy chuong vang, nhung thanh tich
chung 13 6n. Thay hén hd dem td Liberation vé cho chiing toi xem, bao giut tit 186 bo 6c thi tai
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cuing 6 bai toan vd dau, trong bai c6 phéng van ban Nadia clia doan Algeria ban 4y n6i ban 4n
tuong nhat 13 doan CHLB Dric va doan Viét Nam.

Hom trao giai & Sorbonne, c6 dai dién cia Viét kidu dén cd vil va ting qua cho doan rit vui va
cam dong. Sau IMO, chiing tdi & lai Phdp thém mot tuan nita, dudc DSQ chiéu dii dudc di thim
thd, dén nha cdc co chu Viét kiéu, dic biét dudc dén thim GS Hoang Xuan Hin & mot cin biét

thy bén bd bién.

Tut Phép vé, ching toi lai ghé Moskva, nhung 1an nay & lai ding mot tuan. Anh Lé Hai Khoi con
trai thady Chau dén din di tham thd khap noi. Vi vdy nhiing dia danh nhu Quéng truong Do, doi
Lé Nin, Sum, Gum 1 chiing t5i ciing da dugc biét tir nim 1983 chif khong phai chd dén nim
di hoc Nga méi biét. Va uéc mo dudc di tau dién ngdm bang dong 5 co-péch thdi nhd da thanh

hién thuc véi cau bé 17 tudi.

Hai thang hoc tip huén, sau d6 1a chuyén di thi kéo dai 4 tuan (3 tuan & Phap va 1 tuan & Nga),
chiing t6i thi vo tim vo tu, chi biét hoc va choi, chit dau biét rang ngudi 16n da phai lo lang, sap
xép cho chiing t6i bao nhiéu thi, dic biét 1a thay Lé Hai Chau.

Trong ciu chuyén ctia minh, t6i chi tip chung néi vé dnh hudng cia thay Lé Hai Chau dbi véi
ban than toi, dic biét 1a trong cac ky thi quan trong ctia nim 1983. Nhiéu thé hé dan anh va dan
em cua toi ciing déu nhé dén thay Chau va cac cudn sach cta thay. Tham chi nhu me t6i cling

dugc hoc v6i thay va em trai clia thay.

Sau gan 100 nim sdng va cbng hién cho cudc ddi, v6i nhitng déng gép cho nganh gido duc va
dic biét 1a cho nhiéu thé hé hoc sinh chuyén toan, thay Lé Hai Chau da tif tran ngay 30/1/2022,
huéng tho 97 tudi. Sang 5/2/2022, 18 viéng va 1& truy diéu Nha gido nhan dan Lé Hai Chau vira
dudc ct hanh tai Ha Noi. Tt phuong Nam, toi viét bai niy thay mit cho céc hoc tro IMO cua

thiy dang 1am viéc va sinh séng & Sai Gon giri nén tim nhang dua tién thiy vé c6i vinh hing.

Va trén gia sach nha toi, trén ké sach thu vién trudng toi, nhiing cudn sach ctia thay Lé Hai Chau

van ludn dudc dit & nhitng vi tri trang trong. Va sé van dudc tiép tuc st dung.

Bai toan 1 (VMO 1983). Cho tam gidc ABC va sé thuc k > 0. V6i diém M ndm trong tam
gidc, goi D, E, F lan lugt la hinh chiéu ciia M 1én cdc canh BC, CA, AB tuong iing. Tim quy
tich cdc diém M sao cho dién tich tam gidc DEF bang k.
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Binh ludn. Bai todn nay sé dudc gidi dé dang néu biét dinh ly Euler vé tam gidc Pedal. Mot su
tinh ¢ 12 ding t6i hom trude khi thi, t6i 14t cudn sach cii ctia Nguyén Vin Phi va doc dudc &
trang cubi cling ctia cudn sach d6 c6 phép chiing minh dinh ly dep dé nay (phat biéu duéi dang
mot bai todn c6 nhiéu cau hdi), st dung phuong tich. Sau nay, khi ra thi chon ddi tuyén & Ha
Noi, toi dudc thay Nguyén Phong Canh & Pong Nai chép thém cho mot cach chitng minh khic
st dung véc-td va tim ty cu. Toi sé viét vé cach chiing minh nay ciing nhu cdc ting dung khéc

clia véc-td va tam ty cu ¢ mot bai viét trong Chuyén dé toan hoc PTNK t6i day.

Bai todn 2 (VMO 1983). Cho mot tit dién trong dé cdc cdp canh doi dién bdng nhau déi mot
va theo thit tw bing a, b, ¢ (vdia < b < c¢). Mot mdt phdng cdt ti dién dd cho theo mét it gidc.
Hdy tim vi tri ciia mdt phdng sao cho it gidc thiét dién c¢é chu vi bé nhat. Trong diéu kién ndi

trén hdy tim quy tich ciia nhitng trong tdm ciia cdc ti gidc thiét dién.

Binh ludn. Toi gap bi & bai nay. Toi dinh dung phuong phap tinh toan nhung khong thanh cong.
Bai nay dudgc gidi mot cach kha nhe nhang bang céch tréi tir dién gan déu ra mit phang ddy. Tuy

thét bai nhung chinh phuong phép tinh toan & bai nay da gitdp toi giai quyét tot bai TST sau do.
Bai todn 3 (Vietnam TST 1983). Cho cdc da thitc P(x), Q(x) théa mdn diéu kién
P (x) = (x> +1)Q%*(x) + 1.

Chitng minh rang P'(x) = nQ(x) trong do n = deg(P).

Binh ludn. Bai nay thudc sé trudng cla tdi. Hoi d6 chuong trinh mién Nam da hoc giai tich nén
phan gi6i han, lién tuc, dao ham t6i nam kh4 tot. Lai dudc rén luyén thém bdi cubn Vo dich todn
sinh vién ciia Lién X6 (cudn sach mau nau) do anh Tién chi Ha dem vé nén céc kién thiic vé giai
tich cia t6i kha viing vang. Piéu ny dem lai kha nhiéu 16i thé cho t6i, mic du & cac mang khac

nhu hinh hoc, s hoc, t& hop thi tdi hoi kém.

Bai toan 4 (Vietnam TST 1983). Cho tam gidc ABC c6 cdc duong trung tuyén AM, BN,
CP cdt nhau tai G. Biét rang bdn kinh duong trong ngoai tiép 6 tam gidc APG, ANG, BPG,
BMG, CNG, CMG bdng nhau. Chitng minh rdang tam gidc ABC déu.

Binh ludn. Téi giai dudc bai nay bang phuong phap tinh todn. Cac tam giac nho néi trén déu c6
dién tich bang nhau nén st dung cong thic r = % ta suy ra chu vi cdc tam giac nho bang nhau.
Tt d6, néu so sanh cho vi céc tam gidc BM G va CM G sé suy rangay BM = CM tit &6 moi
chuyén dé dang. Piéu dang néi 1a khi 1am bai thi, t6i da khong so sanh chu vi hai tam gidc nay

ma lai so sanh chu vi hai tam gidc AGP va AGN nén mic d giai ra nhung phiic tap hon han.
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Bai toan 5 (Vietnam TST 1983). Trong mdt phdng cho 3 tia Ox, Oy, Oz va doan thdng cé
dé dai p. Chitng minh rang tén tai duy nhdt bo 3 diém P thuéc Ox, Q thudc Oy, R thuéc Oz
sao cho chu vi cdc tam gidc OPQ, OQR va ORP déu bang nhau va bdng 2p.

Binh luan. Pay 1a niém tu hao khong nhd cia toi vi lic biy gid hinh nhu toi 12 ngudi duy nhat
dat diém t6i da & bai nay. Toi da giai n6 bang phuong phap dai sb-gidi tich. Pa dit Zx0y = «,
/y0z = B lacic tham s6, OA = x, OB = y, OC = z la céc 4n s6 roi dung dinh ly ham s6
cos détinhra AB, BC, CA, tit 46 thu dugc mot hé 3 phuong trinh, 3 4n sd. Dung céc phép bién
ddi dai sb toi khit dudc cac 4n, dua vé phuong trinh mot 4n, thé roi dung tinh chit ham lién tuc
d€ ching minh phuong trinh nay c6é nghiém va dung dao ham d€ ching minh phuong trinh d6

c6 nghiém duy nhét. C6 18 15i giai nay di tao 4n tuong tot vi cac vi giam khio.

Bai todn 6 (Luyén déi 1983, VMO 1984). Cho ddy sé u, xdc dinh bdi uy = 1, uy = 2,

Ups1 = 3Uy — Up—y VOimoi n = 2. Tim gidi han

n
lim Z arccotan(ug).

n—>o0

k=1

Binh luan. Bai nay lay trong dé luyén ddi 1983 va nim sau d6 dudc st dung trong d&¢ VMO
1984 v6i cach phat biéu hoi khac mot chuit. Bai ny chi yéu st dung tinh chit ctia ddy Fibonacci

va cong thuc

xy—1
arccotan(x) + arccotan(y) = arccotan ( ) ) .
X+Yy

Bai toan 7 (Luyén d6i 1983). Cho chudiay, as, ..., ay, ... hdi tu nhung khéng héi tu tuyét doi.
Chitng minh rang vdi moi s thue s, ton tai mot cdch sdp xép thi tw cdc phdn it cia chudi dé

dugc mot chudi hoi tu vé s.

Binh luan. Bai nay toi nhd thay P B4 Khang ra trong dé kiém tra. Bai kiém tra nay t6i dudc 9
diém, 12 1an hiém hoi t6i c6 diém kiém tra cao nhét doi tuyén. Hoi d6 diém kém nhét ctia toi roi

vao céac bai kiém tra hinh hoc ctia thiy Phat.

Bai toan 8 (Vietnam TST 1982). Cho a, b, c la cdc sé thuc dwong, chitng minh rdng ta c6 bdt

ddng thiic
a? N b? N c? >a+b+c
b+c¢c c¢4+a a+b” 2 '

Binh luan. Bai nay lic luyén ddi cac thay c6 cho 1am va ching t6i da xt 1y kha tot nhd dang bat
dang thiic ma sau nay goi 1a bit dang thiic Schwarz dang Engel. Hdi d6 tdi doc dugc dang nay

trong mot bai ctia thiy Lé Qudc Han (chiing minh bang quy nap), sau d6 lai c6 bai binh luan ctia
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thiy Lé Théng Nhét néi rang d6 chang qua 1a hé qua ctia bat dang thic Cauchy-Bunyakovsky.
Thu vi 12 nim 1989 khi tdi tot nghiép Pai hoc vé nudc dén tham cau Ninh t6i thi thiy bai nay

trong v hoc cua em Nhung, Iic d6 méi hoc 16p 8!

Bai toan 9 (IMO 1983). Cho a, b, ¢ la cdc s6 nguyén duong doi mét nguyén t6 cung nhau.
Chitng minh rang 2abc — ab — bc — ca la sé nguyén 16n nhdt khong biéu dién duoc dudi dang

abx + bcy + caz véi x, y, z la cdc sé nguyén khéng dm.

Binh luan. Pay la bai toan lién quan dén chu dé bai toan Frobenius vé cac dong xu: Neu aq,
Ay, ...,an lacdc sé nguyén duong théa (ay,ds, .. .,a,) = lthitontaisé G = G(ay,ax, ..., a,)

théa man dong thoi cdc diéu kién sau
(i) G khong biéu dién duoc dudi dang a1x, + arx + -+ + anX, Vi X1, X2, ..., X, ld cdc
s6 nguyén khong dm.
(i) Véi moi s6 N > G déu biéu dién duoc dudi dang a\x\ + a>x, + -+ + apx, voi

X1,X2,...,X, la cdc sO nguyén khong dm.

Véi n = 2, dinh ly Sylvester khing dinh ring G(a,b) = ab — a — b nhung v6i n > 2, hién
chua c6 cong thic nao tinh G theo cic s6 a1, a,, . . ., a, tri mot sd cic trudng hop dic biét va

bai IMO 1983 la mdt trong cac truong hop dac biét do.

Sau nay dé Vietnam TST 2000 ciing khai thac thém bai IMO 1983 d& dém sb cac sd budng binh
1a c4c s6 khong biéu dién dudc dudi dang abx + bey + caz véi x, y, z nguyén duong.

Bai toan 10 (IMO 1983). Cho a, b, ¢ la dé dai ba canh clia mét tam gidc, chiing minh rdng
a’b(a — b) + b*c(b —c) + c*a(c —a) > 0. (1)

Binh lu4n. Toi két bai nay bang phan binh luan vé bai todn nay ma tdi da viét trong Epsilon sb 5,

trong d6 c6 nhic dén nhiing ky niém vé IMO 1983, vé& ngudi ban Puc va vé thay Lé Hai Chau.

Nim d6 ca doi bi bai nay, chi ¢6 Tran Tuin Hiép di xa nhit va c¢6 tdng diém 12 31. Toi ciing dudc

1 di€ém & bai nay nhung lai bi trtt 1 diém & bai hinh nén cudi ciing dugc 28 diém.

Thay Lé Hai Chau k€ lai 1a khi phat Short list cho cic truéng doan thi khong ai gidi dudc bai
nay (doan Viét Nam ciing khong ai 1am dugc). Cho nén khi BGK thiy c6 15i gidi chi 2 dong thi
qud 4n tuong va da hop dé trao giai diic biét cho Bernhard Leeb.
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Tim hiéu thém thi truéc d6 Bernhard da 2 1an thi IMO va nim 1984 con thi thém mot 1an nifa.
Céc nim 1981, 1982, 1984 Bernhard déu dudc HCB, du diém rit cao (thap nhit 1 35). Néu la
bay giv thi Bernhard da dat 4 HCV, mdt thanh tich ding né.

Bernhard rit gidi ngoai ngli. Cau biét tiéng Phap, tiéng Anh. Sau nay khi t6i hoc & Moscow vin
thinh thoang trao ddi thu tif (va 4nh may c6 ban gai ngudi Nga). Hién nay Bernhard Leeb 1a GS

dau nganh ciia PH Munchen, c6 nhiéu cong trinh toan hoc gid tri.

Duéi day chung t6i trinh bay 2 10i giai cia bai toan nay. Ldi gidi chinh thic cia Ban gidm khao
va 10i giai 2 dong cia Bernhard Leeb.

L&i giai 1. (Ban giam kh&o) Vi a, b, ¢ 1a 3 canh clia mdt tam gidc nén ta c¢6 thé dita = y + z,
b=z4+xvac=x4+yvlix,y,z>0.

Thay vao va thuc hién bién d6i, ta c6 bit dang thitc da cho tuong ducng véi

xy2 4+ yz2 +zx3 > xyz(x + y + 2). (2)

Ap dung bét ding thiic Cauchy Schwarz ta c6
(xy> +yz> + 26z +x + y) > xyz(y + 2 + )%

V6i diu bing xay ra khi 22> = 22> — 22 Tgc 13 dAu bing xay rakhi vichikhix = y = z.
z x ¥

Vay d4u bang xy ra & bit dang thiic ban diu khi va chi khi tam giac da cho la tam gidc déu. [

Trong 16i gii nay, miu chdt 1a stt dung phépthéa = y +z,b =z + x, ¢ = x + y (dudc goi
12 phép thé Ravi, khi di thi vio nim 1983, ching tdi chua hé biét dén phép thé nay) dé dua bat
dang thiic 1 chi diing v6i a, b, ¢ 1a ba canh ctia mot tam gidc vé bit dang thiic 2 ding v6i moi

x,y,z > 0, tic 1a gidi quyét dudc khé khin vé diéu kién rang budc.

L&i gidi 2. (Bernhard Leeb) Khong mét tinh téng quat ta ¢6 thé gia sit @ = max{a, b, c}. Khi

do ta co
a’b(a — b) + b*c(b —c) + c*a(c —a) =
=ab+c—a)b—c)*+bla—b)a—c)a+b—c)>0.
Ta c6 diéu phai chiing minh. O
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Loi gidi nay chinh tay Bernhard Leeb da viét cho t6i trén mot tAm buu thiép. Tiéc 1a qua nhiéu
nim vé6i nhiéu 1an di chuyén, t6i khong con giit dugc tim buu thiép quy d6 ma chi nhé 10i giai
ciing nhiing ky niém vé ngudi ban trong ky tic ctia minh.

IMO 1983 di qua dudc gan 40 nam. Chiing tdi, nhiing c6 ciu bé 17, 18 tudi hoi d6 gid da thanh
U60. Nhiéu thay gido ctia chiing toi da ra di: Lé Pinh Thinh, Phan Diic Chinh, Nguyén Ding
Phit, Lé Hai Chau,... Bai viét nay nhu mudn Iuu giit lai nhiing ky niém vé ho, nhiing ky niém

vé mot thdi vo tu lu ngly xua clia chuing toi.

196



	Từ bài toán tổng bình phương tới lý thuyết phổ
	Máy tính lượng tử
	Triệu Đà là ai?
	Câu Cổ Pháp (Định lý Pythagoras) Trong Ý Trai Toán Pháp Nhất Đắc Lục
	Toán Gò Đống - Dẫn tới bài toán tính tổng hữu hạn trong các sách toán Hán Nôm
	Định lý Pascal và áp dụng
	Một bài toán tổng quát cho hai bài toán hình học Olympic
	Đường tròn 6 điểm
	Một số dạng toán sử dụng tính chất của phần nguyên và phần lẻ 
	Bất đẳng thức Svac-xơ
	Mở rộng bất đẳng thức của Vasile Cirtoaje
	Mở rộng cho bài toán phương trình hàm quen thuộc
	Giới thiệu về kỳ thi Olympic tổ hợp Iran
	Ứng dụng Machine Learning vào dự đoán bệnh mạch vành
	Thầy Lê Hải Châu và IMO1983

