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Tap chi online ctia cong dong
nhtng nguoi yéu toan

Epsilon - M0t chang duong

Ban Bién tip Epsilon

LOI NGO TU TONG BIEN TAP

Viy 1a chiing ta da di qua mot ching dudng cia 13 s6 Epsilon, tuong duong véi gan 800
ngly, 26 thdng va nhiéu dém thiic tring clia cdc tdc gid va cdc thanh vién ban bién tap.

Cudc téng dién tap di thanh cong. Va hon thé mot tinh than vi cdng dong da dudc lan toa.
Céc tac gia da dong gop nhitng bai viét tAm huyét ctia minh. Va cdc bién tip vién da ton
nhiéu thoi gian, cong stic d€ sap xép, trinh bay cac bai viét d6 trong mot hinh thiic dep
nhét, khoa hoc nhit. Tt ca di cling tao ra nhiing s& Epsilon dang doc va dang luu gitt.

Epsilon khong phai 1a to bdo d€ doc trong mot ngay hay mot vai ngay. Hom nay ban doc
c6 thé doc (va hiéu dudc) mot vai bai trong d6. Nhung sau vai nim, néu doc lai, ban doc
c6 thé sé tim dudc nhiéu diéu thud vi hon thé (va hiéu dudc nhiéu hon). Vi thé tuy Epsilon
sé tam diing lai & con s 13, nhitng s6 bao ctia Epsilon chic chin van sé con hién dién va
lan toa.

Va hon ca 13 s6 bao Epsilon, tinh than ctia Epsilon chic chin sé dugc tiép nbi qua nhitng
con ngudi di 1am nén né. D6 1a céc tac gia, cac bién tip vién va cic ban doc than thiét.
Tinh than d6 12 sdn sang déng g6p vi cong ddng véi tat ca nhiét huyét, tri tué va su chuyén
nghiép.

Trong 15i ngd 14n nay, tdi v6i tu cach tdng bién tap, mudn gii 18i cdm on chan thanh dén
cdc tac gia, nhitng ngudi da déng gép cdc bai viét tuyét voi ctia minh cho Epsilon, céic
cong tac vién, nhitng ngudi da gidp ching t6i dich cdc bai viét hay ti nhiéu thi tiéng, cac
ban doc, nhiing ngudi da dong vién va truyén cam hiing cho cong viéc clia ching toi. Va
tAt nhién 12 t6i mudn cam on cdc cdng su tré tudi clia toi, nhitng thanh vién ban bién tap,
nhiing ngudi da 1am viéc rit chuyén nghiép va hoan toan bét vu 10i. (Nhung t6i ciing tin
rang, tAt cA moi ngudi déu da thu dudc rat nhiéu qua 13 s6 bao Epsilon).

Trong s6 céc tic gia ctia Epsilon, tdi mubn dic biét nhic dén cic tic gia Ngo Quang
Hung, Ly Ngoc Tué, Tran Quang Hung, Nguyén Duy Lién nhiing ngudi xing dang c6
nhitng tuyén tip riéng cac bai viét danh cho Epsilon. Khong danh dudc nhiéu thsi gian
cho Epsilon nhung cac GS Ha Huy Khoai, BPam Thanh Son, Ngd Bao Chau luén c6
nhiing quan tAm dic biét danh cho chiing t6i, gdi y dé tai va tao cdm hiing cho chiing toi
tiép tuc nhiing khdi dau ctia minh. Epsilon ciing da chap canh cho nhitng bai viét hay ctia
cdc ban hoc sinh, trong d6 dic biét 12 mang hinh hoc. N&i bat trong sd céc tac gi tré tudi
c6 thé nhic dén ban Nguyén Tran Hitu Thinh, hoc sinh 16p 12 chuyén toan trudng THPT
chuyén Ly Tu Trong Can Tho. Va cic ba dd cho cdc bai viét hinh hoc 1a hai bién tap vién
Tran Quang Hing va Ngd Quang Duong.

Epsilon da hoan thanh nhiém vu giai doan thif nhit ctia minh. N6i nhu thé nghia 13 ching
dudng thid nhit di dudc di qua. Nhung ciing c6 nghia 1a s& con ching dudng thi hai.
Trong thdi gian t6i, ching t6i sé khong ra cac s6 dinh ky vao ngay 13 clia cic thang chin
nita. Thay vao d6 sé& 1 cic tuyén tap theo cdc tic gia, theo cdc chi dé, theo cdc chuyén
muc. Va nhing san phdm mdi nay sé bat dau xudt hién ngay trong nim 2017.

C6 nghia 13 Epsilon van con tiép tuc.

Va gid ddy, hiy cung chiing t6i diém lai nhiing thing trdm ctia Epsilon trong sudt 800
ngay qua.
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Tap chi Epsilon, S6 13, 02/2017

Y tudng v& Epsilon dudc hinh thanh tit khoang cubi nim 2014, va hién thuc hod vao thing 2
nim 2015, v6i s6 Epsilon dau tién. Trong phan nay, chiing tdi tam diém qua nhiing cot mbc
quan trong trong sudt chiing dudng phat trién cta Epsilon.

13/2/2015: Epsilon s 1 ra doi véi 8 tac gia, 9 bai viét qua 154 trang.

16/2/2015: Trang FB chinh thuc ra doi.

13/4/2015: Epsilon chinh thifc c6 logo va dinh dang bia méi. Tap chi bat dau nhan dudc nhiing
bai viét ctia nhitng “cdy da cay d&” trong gidi. Ban Bién tap ting 1én 5 thanh vién. Lan dau tién
s6 luot tai dat con s6 4000.

13/6/2015: Epsilon sb 3 ra doi v6i logo dudc nang cap. Pay ciing 13 logo dudc giit nguyén cho
dén sb cubi cling. Tap chi tiép tuc phat trién cling véi s6 thanh vién Ban Bién tap ting Ién thanh
6 nguoai.

13/8/2015: Epsilon sb 4 phién béan beta ra doi. Pay ciing 1a s6 Epsilon duy nhit khong c6 phién
ban chinh thc.

13/10/2015: Epsilon s6 5 ra doi, day ciing 1a mot trong nhiing s& dai nhét véi 245 trang (ding
thi 2 sau s6 cudi cliing ban doc dang xem). S6 lugng thanh vién clia ban bién tap ciing gia ting
thanh 7 ngudi. Pinh dang trang cua Epsilon ciing dudc cap nhit.

29/10/2015: S lugng ngudi ting hd trang FB cta Epsilon chinh thic vudt qua 2.000 ngudi.

13/12/2015: Epsilon s6 6 véi 18 bai viét trong 177 trang ra ddi. Thanh vién ban bién tap tiép tuc
ting thém va bat dau cb dinh & con sb 8 — 9 thanh vién. S6 ngudi quan tam 1én dén hon 20.000
va s6 lugt tai da vuot qud 2.000.

13/2/2016: Epsilon da di hon 1 nim va dén chao sd 7 v6i 200 trang bai. Pay ciing 12 s6 dau tién
Epsilon bat dau ap dung dinh dang chuin cho cdng tic vién dé dang viét bai. Bit dau tir s6 nay,
dinh dang Epsilon thong nhit trong moi mit cho dén s6 cudi cung.

13/4/2016: Epsilon sb 8 ra ddi v6i phong do dn dinh qua gan 15.000 ngudi quan tim.

13/6/2016: Epsilon s6 9 ra mat v6i 205 trang viét. Day 1 sé diu tién nhan dudc hon 200 yéu
thich tu ban doc.

13/8/2016: Epsilon s 10 ra ddi, 1an dau tién sb lugt tai vugt 10.000 lugt va tir d6 giit viing cho
dén céc sb cubi cung.

13/10/2016: Epsilon s6 11 ra mat, v6i hon 48.000 ngudi quan tdm va day van 1a mot ky luc cia
bdo, mdt thanh cong ngoai du doan ctia ban bién tap.

13/12/2016: Epsilon s 12 ra mat véi hon 12.000 luot tai tit ban doc.

10/1/2017: Tap chi Pi, ngudi anh cua Epsilon ra ddi, bao hi€u giai doan chay da cua Epsilon da
chuén bi hoan thanh.

13/2/2017: Epsilon cubi cung, Epsilon s6 13 ra mat, lap ky luc 1a s& dai nhit (327 trang), gidi
thiéu nhiéu bai toan nhét (390 bai), tif su déng gép cia 30 tac gia va dich gia.
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Ban doc cua
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thirc cudi cling,
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Epsilon 11 - Lé Phuc Lir

92 tac giava
dich gia Perng the nhi 14 "Vé bai bat dang thire trong dé thi VMO 2015
v&i 84 bai.
227 bai viét Bai viét nhiéu trang nhét: 54 trang.
"Vé bai bat dang thirc trong dé thi VMO 2015"
Epsilon 1 - V6 Qudc Ba Can.
Bdng th& nhi la "Cure tri tap hop" v&i 52 trang,
2.704 trang Epsilon 3 - Tran Minh Hién.
Chuyén dé thwong xuyén nhat: 11 s6
3.057 bai toan "C4 dién - hién dai" va "Toan hoc giai tri"

850.644 tr

Bai viét gi¢i thiéu nhiéu bai toan nhéat: 180 bai.
@ "Giéi thiéu vé ky thi hoc béng du hoc Nga"

Ban doc va ngudi a mo Epsilon & @ qudc gia trén thé gidi Ngudi ai mo Epsilon & Viét Nam
da s@ dén ttr Ha Noi va Sai Gon.

DONG BAC
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Men ] Ny
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Your Fans 15%
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28%

ARSI0[0R SG 1an quan tam ky luc véi mot tin bai.

Tac gid dong gop nhigu bai nhét:
Ch0 bién Tran Nam Diing v&i 33 bai viét.

S6 lwot téi cho mot sé bao.

Dé&n tir hai cay but quen thudc: Nguyén Tién Diing va Ly Ngoc Tué.
Day ciing la s6 lwveng bai nhigu nhat tir 1 tac gid trong mét s& Epsilon:

0 S& bai viét nhiéu nhat clia mot tac gid khéng phéi tir ban bién tap: 7 bai.
Cha bién Tran Nam Diing v&i Epsilon - 5.

4.600 S§ lwot truy cap trung binh méi ngay.

Co 2 tac gid cung c6 mat trong di 13 s6 Epsilon:
Tran Nam Diing va Tran Quang Hung.

https://tieulun.hopto.org



Tap chi Epsilon, S6 13, 02/2017

Nam mdi Pinh Dau 12 thdi diém Epsilon tron ven véi 13 ky.

Chiing tdi tin rang moi két thic ctia hanh trinh tri thiic déu chi 1 tram diing chuén bi cho nhiing
kham pha siu sac hon. Y nghia d6 dudc gtii gam trong thiét ké bia ctia s6 13: nhiing vong tuan
hoan c6 thuy c6 chung.

“Thu bt tin ngon”, 16i da tan, tAm y con chua dit. Loi két cia hom nay ctia Epsilon, ciing 14

16i chiic dau nim ban bién tip danh cho quy doc gia va ky vong ctia chinh ching toi: mot khéi
dau méi, mot hanh trinh méi chudn bi mé ra...
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Tap chi Epsilon, S6 13, 02/2017

VUoT DINH KIEN BANG LANG BA VI BO

Ng6 Quang Hung (LogicBlox)

Tuong truyén rang, nha vua & mot vuong qudc vi dai no rat yéu khoa hoc. Tén mién clia vuong
qubc nay 13 NN. Ong ta mudbn tim hiéu co dong hoc ctia tién xu vao nhiing dém nguyét thuc, vi
day 12 nhitng dém thién dia dung hoa, vii tru tiét 16 bi mat ctia né. Ctt mdi 1an nguyét thuc, dong
yéu cau mdi ngudi dan thdy mot dong xu xem né sip hay ngiia. Sau mot thdi gian, dan chiing
ciing nhiém tinh than yéu chan ly ctia nha vua, va ho dua ra nhitng mo hinh du doén sip ngtia.
Nguu tim nguu, ma tAm ma, mo hinh tim mo hinh.

Hiép hoi muoi dong xu ngita ra ddi trong hoan canh iy. M6 hinh du doén ctia hiép hoi nay rat
don gian: cac dong xu thay trong mot dém nguyét thuc ludn ra mit ngiia. Vuong qudc no c6
khoang 100 triéu dan. Hiép hoi mudi dong xu ngiia c6 trén dudi 100 nghin thanh vién. Ho ¢6
ca mot website tén 13 “xungtia.com” rat dong khach vang lai. Tat ca cac dong xu thdy bsi 100
nghin thanh vién nay trong 10 lan nguyét thuc gan day nhit déu cho ra mit ngta, vi chi 1a 1
triéu ddng xu ngira. C4c trai nghiém ctia ho hoan toan nhit quan véi mé hinh. Ho ly luan ring
X4c sudt ma cd mot triéu dong xu déu ngita 1a mot phan 2 liy thita mot triéu. Ma 2 mii 130 thoi
da nhiéu hon tdng s6 nguyén tif trén toan vii tru rdi. Do d6 ly thuyét ctia ho dugc minh chiing
bing khoa hoc, x4c suit ma ho sai gan nhu bing 0.

Troi sinh ca Du 14n Lugng. Song song vdi ho, con c6 hiép hoi mudi dong xu tp, rdi diéu tra dan
s6 thudng nién ctia nha vua cho thiy con c6 ca hiép hoi hiép hdi nim ngilia, nim sp, hiép hoi
sap ngtia nim 1an, hiép hoi sip sap ngiia nglia sip hai 1an, va ¢d chiing 1019 hiép hoi khac. Céc
hiép hoi nay tranh cdi nhau chi td, sap stia bao loan dén noi.

Ong vua no rit budn, cb gang diing ra hoa giai. Phung thién thita ménh, hoang dé chiéu ring:
dén 7 dém nguyét thuc ké tiép, tu thian vua sé thay dong xu, va hiép hdi nao dodn diing ca 7
ddng xu sé 1a ké chién thang, hdi truéng sé dudc phong chifc qubc su, tién tai quyén luc khong
biit ndo ta xiét. Nguyét thuc thi mdi nim c6 tir 0 dén 3 1an, phai chd dén 5 nim sau két qua méi
dugc cong bd. Két qua 1a: con dén ca chuc hiép hoi doan diing ca 7 dong xu! Ong vua thay thé
budn qua ngi vat ra chét lin quay cli quay, 6m xudng tuyén tai cdi mong giai thich co dong hoc
dong xu. Mic dui chiang hdi nao chiém dudc chic thai su, k€ tit ngay dé, cac hiép hoi nay danh
tiéng ndi nhu cdn, trd thanh cic trudng phai nghién citu mon co dong hoc dong xu dém nguyét
thuc ma hién nay c6 rit nhiéu mon dé t trén toan thé gidi.

10
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Tap chi Epsilon, S6 13, 02/2017

D6 1a chuyén xua. Ngay nay, & mot qudc gia khdc v6i tén mién VN, ciing c¢6 nhiéu mon phéi
16n. Chi hoi khéc 1a cdc mét dong xu & qudc gia nay dudc in nhiéu thi hon 13 sip/ngiia:

| Pong xu | Ngtia | Sap
1 Mui tet Miii tet hon
2 Lam cho Tuoi Tré Lam cho Thanh Nién
3 Thi Pai Hoc dugc > 13.5 diém (virta dau!) | Thi Pai Hoc dudc < 13.5 diém
4 Sinh ra trong gia dinh kha gia Sinh ra trong gia dinh ngheo
5 B6 me cho genes tot B6 me khong cho genes tot
6 Sinh bén nay vi tuyén 17 Sinh bén kia vi tuyen 17
7 Cao trén 1 mét 45 Cao dudi 1 mét 45
8 Vong nguc trén 72cm Vong nguc dudi 72cm
9 Cha me dit tén 1a Lé Vin Kiém Cha me dit tén la Tang Minh Phung
10

Va hiép hdi mudi xu ngtia trong qudc gia nay cé tén rat la la hiép hdi éo lit. Nhiing ngudi con
nhé vin héa vuong quéc NN ¢ xua khong thé hiéu dugc tai sao mudi xu ngia trong qubc gia
VN lai dudc goi 1a &o lit, chic 1a can thuong hiéu méi vi s¢ vi pham tac quyén. Nhung khic
nhau chi vé tén goi, con hién tuong thi vin nhu & NN: c4c hiép hoi vao In T Lét phi nhau chi
t. Tham chi thanh vién cdc hiép hdi con dung nhiing tif nhu “ngu”, “d6t”, “cong san”, “chdng
cong Bolsa”, “hén”, “déu”, van van, d€ goi nhau.

Hbi xua & vuong qudc NN ngudi ta hay chii nhau riang: “may la cdi dé sdp ngita ngita sdp”.

Trong vuong qudc véi tén mién VH, xu nglia = nha xuit ban nhén in ban thio, xu sip = nha xuét
bén tlf chdi in ban thio.

Nim 1995, mot phu nit ngudi Anh ndp ban thdo ctia minh va nhan dudc 12 dong xu sip lién
tuc. Thay vi gia nhap hoi mot ta xu sip, ba ta thit thém xu mudi ba va 1an nay 12 xu ngia tif nha
xuét ban Bloomsbury. Pong xu ngiia ndy ciing xém nita 12 sip néu khong nhd mot co bé 8 tudi
tén Alice Newton, con géi clia gidm ddc Bloomsbury, da doc chuong mot va doi bd cho xem
chuong hai. Tuy nhan in, m6t bién tip vién ctia Bloomsbury goi y rang phu nit no nén di tim
viéc khéc vi viét sach tré em rat it tién. Ngudi phu nit d6 tén 12 Joanne Rowling. Ban thdo danh
trén mdy danh chit c6 twa dé “Harry Potter va hon dd cua Triét Gia”. Pong xu ngtia sd 13 bién
Rowling thanh ngudi dau tién trong lich st thé gidi trd thanh ti phi tién do nho viét sach, va la
ngudi giau thit 1140 trén thé gidi, theo tap chi Forbes nim 2011.!

Chi trong pham vi sach tré em, ban thdo quyén “And To Think That I Saw It On Mulberry Street”
nhéan dudc khodng 27, 28 dong xu sip. D6 1a ban thao dau tay ctia Theodor Seuss Geisel, dudc

'Niim 2016 ba khong con trong danh sach ti phi, mic du kiém dugc rat nhiéu tién ti ca sach 1in phim. Vi, ba
lam tur thién rét nhiéu!

11
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biét nhiéu hon qua cdi tén Dr. Seuss. Phan con lai 1a lich si. Trong top 100 céc sach thiéu nhi
ban chay nhat moi thdi dai, 16 quyén 1a cta Dr. Seuss. Ong viét khoang 60 sach thiéu nhi, ban
dudc ¢d 220 triéu ban.

Thé nhd nhitng ngudi nhu Rowling va Dr. Seuss gia nhap hoi mudi xu sap hoi sém mot chuit thi
sao?

Mot tic gia My da nhan toan xu sip, va tu ti chét. Me ong ta dem mot ban thao dén nha vin
Walker Percy va Percy gitip dem in. Ban thdo no 1a quyén A Confederacy of Dunces. Tac gia da
chét tén 12 John Kennedy Toole. Nim 1981, tiéu thuyét nay ducc c6 méi ... giai Pulitzer.

Trong thé gidi dién dnh (DA), xu nglia = phim c6 16i nhiéu, xu sip = phim 15i it. Cac hoi sip
ngtia tuong tu nhu thé giéi VH nhiéu khong ké xiét (xem thém [6] c6 nhiéu vi du).

Chiém tinh hoc 1a mot gido phdi xu ngia c¢6 truyén thdng vai nghin nim. Cic tin dd tin ring
gid/ngay/thdng/ndm sinh va vi tri trdng sao c6 thé dung d€ doan van ménh, tinh cdch cd nhan va
céc su kién xa hoi. Khong it nghién cifu khoa hoc di cho thiy chiém tinh hoc doan chinh xic
bang véi ... doan bura [1, 5].

Gan day hon, c4c nha khoa hoc da ghi lai hanh trinh c4 nhan ctia 2000 ngudi sinh trong khoang
vai phiit cia nhau, hoi dau thang 3 ndm 1958, ma theo chiém tinh hoc thi ho s& c6 “s6 phan”
tuong tu. Ho ddnh gia khoang 100 dic diém, bao gdm chi s IQ, nghé nghiép, stc khde tinh
than, kha niing nghé thuit, todn hoc, khoa hoc, thé thao, kha niing doc, viét, van van. Day 1a tat
ca cac dic diém ma chiém tinh hoc khazlng dinh c6 thé “doan” dung ho so khai sinh. Két qua 1a
Chiém Tinh Hoc hoan toan sai [2].

Tin d6 chiém tinh hoc cii: “cdch nhau vai phiit la lam sé phdn khdc nhau ldm réi”. Thé nhung
néu ban di xem chiém tinh gia doan s phan thi ho sé& vui long lay dif liéu ngay gio sinh rat
khong chinh xdc ma ban dua ra. Ban c6 bao git di mot ci bénh vién phu san ma & d6 c6 dong
hd nguyén tit, hay dong hod caesium chua? Ma dong ho nguyén ti ciing chi ding dén 1 phan 10
mu 10 gidy thoi.

Va lai, k& ca khi c6 dong hd nguyén tif thi tinh git sinh tif Idc nao nhi? Ong b diing bén canh
cam dong ho (nguyén ti) qua lac, nham nhiam thay ba mu vira ldy con minh ra la .. bAm ngay a?
Néu tho céi diu ra thi c6 goi la “ra doi” chua? Néu phai ra ngoai han thi méi tinh vao gid sinh
thi nhitng difa bé chét trong cdc ca sinh khé khin 1a khong ¢6 “s6 ménh” a? Con nhiing dita bé
phai m& thi tinh gid sinh thé nao?

Ly luan nhu trén ctia tin dd chiém tinh thudc vé vuong qudc tit ci cac dong xu hai mit déu ngiia.
Poan kiéu nao ciing ding, bang ching ngudc kiéu gi ciing sai. Trong vuong qudc nay, hiéu iing
Forer dudc thiy & khap ndi. Nim 1948, nha tim Iy hoc Bertram R. Forer dua cho sinh vién ctia
ong mot bd cau hdi xac dinh ca tinh?. Sau khi c4c sinh vién tra 16i bo cau héi xong, thi mdi sinh
vién nhan dugc mot ban “danh gia ca tinh” dua trén cac ciu tra 16i cua ban than sinh vién ho.

ZPersonality test
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MBbi sinh vién sé chAm diém ban danh gid c4 tinh clia ban than minh xem diing hay sai, diém tir
0 (hoan toan sai) dén 5 (hoan toan ding). C4c ban ddnh gia c4 tinh nay dudc cic sinh vién cho
diém trung binh 4.26: rit 4n tuong!

Chi c6 mot vin dé nho: Ferer da phat cho tit ca cdc sinh vién ciing mét ban danh gia ca tinh ma
ong chép lai tif cac horoscopes nhan nhan trén cac tap chi. Ban danh gid ca tinh nay c¢6 ndi dung
nhu sau:

Ban c6 nhu cau la ngudi khac ngudng mo ban, tuy nhién ban kha nghiém khac véi
ban than. Mic du ban c6 mdt vai nhudc diém trong tich cdch, con ngudi ban c6
cach khac dé€ khic phuc cac nhugce diém nay. Ban c6 nhiéu kha ning tiém tang ma
ban chua chuyén chiing thanh 10i thé dugc. Nhin bén ngoai thi ban c6 ky luat, tu
ki€ém dudc ban than, nhung bén trong thi ban khong tu tin 1am. Thinh thoang ban
rit nghi ngd rang ban da c6 cac quyét dinh diing dan hay chua, hoic cé lam viéc
ding dao 1y hay khong. Ban thich c6 mot chut thay ddi va su da dang, va cam théy
khong thoa man khi bi go bo, gidi han. Ban tu hao la con ngudi suy nghi doc lap;
va khong chip nhan dé dang cic y kién ctia ngudi khac ma khong c6 bang ching.
Ban di nhin ra rang qua thanh tam bdc 16 minh khong phai 1a diéu khon ngoan.
Déi lic ban khong sdng qua ndi tm, giao thiép rong, nhung lai ciing c6 nhiing liic
séng tam trang, cb thi. Mot vai mo udc ctia ban khong thuc té 1am.

Céc chiém tinh gia 1a c4c nha tam ly dai tai, nhung kha ning du dodn tuong lai ctia ho thi bang
v6i kha ning bénh vién phu san Tir Dii ¢6 dong hd nguyén ti trén tiing giuong dé.

Vai chuc nidm truéc, mot ngudi Tay Ban Nha tring s6 sb doc dic. Chudi sd doc dic két thic
bang con s6 48. Rat tu hao vé “thanh tuu” ctia minh, 6ng ta tiét 1o bi mat: “tdi nim md thiy sd
7 trong 7 dém lién, ma 7 1an 7 14 48, do d6 toi tim mua cic sb két thic bang 48, nhd d6 triing
doc dic”. Ong nay c6 thé bau 1am vua clia vuong qudc cic dong xu 2 mit nglia.

Nam 2005, ban gido duc ti€u ban Kansas doi day “Intelligent Design” — mot thong diép ton
gido gia danh khoa hoc — trong cic trudng phé thong. P& minh hoa cho tinh nhd nhiing ctia ly
ludn ctia ban gido duc, Bobby Henderson di 1am mot cdi so d6 (Hinh 1) so sdnh téng s cudp
bién va nhiét do toan ciu (xem &nh), va sau d6 thanh lap dai gido phai Quy Mi Y Bay* c6 dén
vai chuc triéu tin d6 (d€ ché diéu ban gido duc no). Chiing ta sé ban vé gido phai Quy Mi Y Bay
trong mot dip khéc, diéu ta can 1a cai so d6 giam cudp bién thi ting nhiét dd toan ciu & trén.

Mot gido phdi xu ngiia c6 rt nhiéu tin do c6 tén 1a Objectivism. Gido chd 1a Ayn Rand, véi
Alan Greenspan la mot (cyu) gido dan. Sau vu khung hoang tai chinh nam 2008, Greenspan
thita nhan®:

3Xem Stanley Meisler, Spain lottery — Not even war stops it. Los Angeles Times, Dec 30, 1977.

*Church of Flying Spaghetti Monster

Shttp://www.nytimes.com/2008/10/23/business/worldbusiness/23iht-gspan.4.
17206624 .html
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Hinh 1: Dong bién giita sb cu6p bién va nhiét do toan cau

Global Average Temperature Vs. Number of Pirates
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“Toi da sai 1am khi tin rang vi 16i ich ban than, céc t6 chiic — dic biét 1a 1a cic ngan
hang — sé c6 bdo vé c6 dong va tién mit cia chinh ho.”

Khoan xét dén viéc Objectivism 1a ding hay sai (tin d6 ctia ho bao vé téi cling, cho ring
Greeenspan khong phai 1a free marketeer that su), trong riéng thé gidi clia Greenspan thi nim
2008 cu6p bién khong giam ma qué dit vin 4m 1én.

Pinh Iy vé han cdc con khi® dai khai néi rang, cho that nhiéu cac con khi go lung tung vao cac
ban phim, thi v6i x4c sult cuc gan véi 1, chiing sé gd dugc Hamlet ctia Shakespeare. Ta c6 thé
chiing minh diéu nay bang ly thuyét x4c suat khong khé khin gi (xem Muc 10).

Trong mot hdi nghi ndm 1996, Robert Wilensky noi:
Chiing ta titng nghe bao ring mot triéu con khi ngdi & mot triéu ban phim c6 thé go

toan bd cic tuyét tic clia Shakespeare. By git, may nhd c6 Internet, ta biét ring
diéu nay khong ding su thit.

Con khi dang g6 bai nay thay rt nhot.

Céc nha nghién cifu tai trudng dai hoc Plymouth & Anh da thi nghiém hoéi nidm 2003: bd mot
may tinh vao chudng khi & vuon thi Paignton & TAy Nam nuéc Anh. Bon khi 14y d4 dap tan loan
vao mdy tinh; sau do thi tiéu tién, dai tién vao ban phim, cubi cing méi gé mot déng chit S, va

Shttps://en.wikipedia.org/wiki/Infinite_monkey_theorem
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vai chit A, J, L, M, cho ra 5 trang sin pham. Mike Phillips, mdt trong s6 cac nha nghién ctu
nay, néi: “ro rang tiéng Anh khong phai tiéng me dé ctia khi”.

Gat duia bdn sang mot bén. Dinh 1y khi that su néi rang, bat ky ci gi — néu ton tai — thi du
hiém hoi dén miy ma c6 di ngudi tim thi tim vAn ra. ThAm chi khong cin mot “chién luge” tim
kiém gi c4. Cac con khi chi go loan cio cao 1én thdi. Bd mot ciy kim 1én bai cat. Mot ngudi
voe 10 nam cat bat ky thi kha niang tim ra kim trong d6 1a khong tuéng. Nhung néu c6 mot triéu
ngudi, mbi ngudi voc 10 nam cat bit ky, thi nhidu kha ning 12 tim dudc kim. Khi do hiém hoi
giam xubng (dén khong hiém hoi) thi téng s6 khi can thiét sé gidm xudng. Néu mot niia bai cat
¢6 kim thi chi can mot ga voc mot nam cat 1a di.

Néu mot gi nao d6 trong mot triéu ga tim kim bii cat & trén ma tim dugc kim thi khong phai
hén c6 cong ning dic di gi. Con khi gd dugc Hamlet thi van 13 con khi. Diém nay dugc Taleb
lap di 1ap lai trong hai quyén Fooled by Randomness [%] va The Black Swan [9]. Chi can su
ngau nhién, mot vai mutual funds sé cé nhiing thdi diém 15i khiing khiép, mot vai c nhan sé c6
nhiing thanh cdéng vudt buc (Bill Miller ciia Legg Mason Capital Management chéng han).

Nhiing hoi sip ngira “sdng s6t” trong vuong quéc NN 12 hoan toan ngiu nhién, c6 thé chiing
minh dugc bang 1y thuyét xac suét (xem Muc 10).

Mai sang chii nhat, ban nhin dudc mot email tit cong ty Podn Gid Xi Toc Inc. du dodn gia chiing
khodn ctia AT&T tuan tdi sé ting hay gidm. Email nay dé€ minh chiing 12 ho néi diing, va néi
véi ban rﬁng néu ban tra cho ho 100USD, ho sé gtii du dodn tuan ké tiép cho. Hon thé nita, cong
ty Podn Gia Xi Toc Inc. sé bdi hoan toan bd 100USD néu ho dodn sai. Hip dan chua?

Ban chua tin tudng 1am, vi s¢ ho lita dao gi d6. Tuan sau, ban thiy ho da doan ding tuin trudc,
va lai nhan dudc mot email y chang nhu thé. Ho dodn ding lién tuc 7 tuan lién! A ha. Chic cong
ty nay (CEO tén 1a NQH) phai s6 hitu thién tai doan gid xi tbc. Dén day thi ban tin sdi ¢d. Xdc
suit doan ngiu nhién ma tring 7 1an lién tuc 1a 1/128, rit thap!

Cong ty d6 c6 “thién tai” thé nay. Tuan dau tién ho gti email dén 128 ngudi, mot nita s6 d6 doan
stock ting, mot nita doan stock giam. Tuan sau ho chi glii email dén 64 ngudi ma ludt email dau
da dodn tring! C thé 7 tuan lién. Di nhién, ho khong chi gti ra 128 emails ma sé gui 128 triéu
email. Néu chi 1/100 sb ngudi nhan “7 1an dodn tring” nay bi lita, cho ho 100USD, thi ho da
kiém dudgc 10 triéu USD trong 7 tuan. Chang qua, ban tin “thién tai” ctia ho vi ban chi c6 bang
chiing “khang dinh” cdi thién tai d6 ma khong biét vé cac bang ching phu dinh. Tét ca cac thanh
vién hoi xu ngira trong vuong quéc NN déu mac phai 16i nay, goi 1a 15i “thién kién khang dinh”
(confirmation bias).

Bdo Tudi Tré ngay 30/8/2008 dua tin sau day:

TT (TP.HCM) — Chiéu 30-8, Cuc Canh sat diéu tra toi pham vé trat tu xa hoi (C14)
— Bo Cong an da téng dat quyét dinh khdi t bi can va dong loat thuc hién 1énh
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kham xét nha riéng, bit tam giam sdu ngudi vé& hanh vi lita d4o chiém doat tai san.
Céc dbi tuong nay la nhitng mat xich quan trong trong dudng diy lirta dao két qua
x6 6 kién thiét (XSKT) c6 qui md trén toan qudc vira bi luc lugng C14 phdi hop
v6i Cong an tinh Quéang Binh triét pha vao thang tdm vita qua. Trudc d6 da c6 bon
ngudi khac lién quan trong dudng day nay bi khdi t6, bat tam giam cung hanh vi
lita ddo. Theo diéu tra, nhiing ngudi trong dudng diy nay da mao danh ngudi cia
cong ty XSKT céc dia phuong, khu vuc trén toan qudc, hang ngay goi dién thoai
cho hang ngan ngudi ¢ khip céc tinh thanh va cho méi ngudi mot con s6. Chiing
qua quyét d6 1 sb “tring” do cong ty XSKT “lam” va yéu cau ngudi dudc cho nén
mua (vé s6) hodc danh dé 16 s6 d6. Cd mdi tén trong dudng diy c6 nhiém vu dién
thoai hon 100 ngudi/ngay va cho mdi ngudi mot s6 theo thi tu tir s6 00 dén sb 99.

8. Khi nhitng con giun d4t hién linh

Hinh 2: B6 mat trén sao Hoa, 1976

Nim 1986, phi thuyén Viking I bay quanh sao Hoa chup anh. Qua ving Cydonia phi thuyén
nay da chup dugc mot viing doi nii ma dudi bong sang tdi trong gidbng mit ngudi (gidng mot
Pharaoh Ai Cép). Anh nay (Hinh 2) lai dudc cic “ly thuyét gia” conspiracy theorists vé ra di
thi ly thuyét ling nhing cong véi ca phim anh va talk shows. Hinh 3 13 anh chup hdi 2001:

Céc nha khoa hoc 6 NASA théy thich thi vé bidc anh ... rdi thoi, vi ho ¢6 nhiéu viéc quan trong
dé lam. Trong m6t mé hén mang rong 16n, bao gid cling ¢6 cdc géc nhd c¢6 mot trat tu ndo do.
Hién tuong nay xuét hién rat nhiéu trong phuong phép xac suat, theo nghia ctia Paul Erdos, khi
ta chiing minh ring trong mot khong gian mau dii 16n thi cac trat tu cuc bd’ sé ton tai. Nhin mai
1én may sé thiy mot sb ddm may trong gidng con rong, con chd, con ... giun dat. Khong hiéu tai
sao dén bay git ngudi ta khong viét truyén thuyét vé con giun dit hién linh.

Trong mé hén mang nhin qua cla hién tuong 4m toan cau, cdi “trat tu” cudp bién gidm lam
ting nhiét d6 qua dat khong dung dé két luan ra cai gi dugc hét!

"Local pattern
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Hinh 3: Bd mat trén sao Hoa, 2001

9. Vuot dinh kién bang Ling Ba Vi Bo

Hai vién hdi xu ngiia da ¢6 mo hinh sai vi ho khai quat héa tif mét vai “miu” dia phuong. Nhiéu
dinh kién xuit phat tif cing mot 18i nhu thé. Ai d6 giip vai anh Viét Kiéu rdi két luan Viét Kiéu
& My 1am nails d4anh bai. Ngudi khac gip vai anh du hoc sinh roi két luan du hoc sinh Viét Nam
& ban va khong biét xem bong bau duc. Thit tudng tugng Rowling két luan, sau 12 1an bi tir chbi,
rang Harry Potter sé khong bao git dudc nhan xuét ban.

Nhitng dong xu trong vuong qubc NN dudc ném doc 1ap v6i nhau. Trong cudc sdng chiing ta
thudng gip cac déng xu xau lai véi nhau thanh chudi bang mot sgi diy vo hinh nao d6. Ngudi
Bic c6 nhiéu ban beé ngudi Bac, Ngudi Nam c6 nhiéu ban bé ngudi Nam, ho gitip nhau that chit
nhitng dinh kién ving mién. K&t qua ctia dong xu ké tiép “dong bién™® chit ché véi dong xu
trude. Gia dinh ba me tin vao chiém tinh hoc sé tiém nhiém cho con niém tin nay. Pong xu ctia
em bé vua ra doi da c6 mat nang mat nhe.

Gia st ta c6 mot ly nu6e chanh, ¢6 dudng & dudi nhung chua khudy 1én, thi khong thé ném nuéc
trén bé mit (cho du ném ca ngum) dé két luan 12 ly nu6c khong c6 dudng. Pau tién phai khuiy
n6 1én. Tiéc rang, trén thuc té thi khong thé “khudy” Viét Kiéu khong lam méng tay va Viét
Kiéu 1am méng tay rdi mdi 1am ban ngiu nhién v6i ho. Nhung diéu c6 thé 1am 12 ném ly nudc
& nhiéu chd: bén phai mot cdi, dusi day mot cdi, bén trai mot cdi, v.v. Phuong phap nay trong ly
thuyét x4c suit goi 1a phuong phdp Monte Carlo. Nhung lam ban véi Viét Kiéu Cali, New York,
Chicago, Ithaca, v.v. mot cach ngau nhién nhu thé ciing rat khé vi giéi han Vat Ly. C6 thé phan
nao giai quyét tinh trang nay bang Markov Chain Monte Carlo, goi ndm na 1a Ling Ba Vi Bé.

8Correlate
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Mot phan khong nhé nhiing gi dién ra trong cudc sdng va xa hoi 1a két qua clia s ngiu nhién
(NN). Trong mot mién hén mang to 16n, néu nhin vao mot géc nhd nao d6 ta cé thé tim dudc
mot trat tu nhit dinh. Trat tu d6 chang c6 y nghia gi ghé gém.

Khong thé danh gia con ngudi hay su vat/viéc chi dung két qua thanh bai dudc. S& 1a mot 15i
logic co ban néu bai nay két luan rang tit ca thanh bai déu do ngiu nhién (vi cic loai vi du ké
trén chi 1a mot sb dong tién nglia ting ho luin diém nay!). Di nhién tai ning c6 anh hudng dén
két qua, nhung con ngudi c6 xu huéng danh gia thip vai trd clia su ngau nhién.

Sé c6 it dinh kién hon néu chiing ta hiéu y nghia ctia xdc suat, khong budc trén 16i mon dinh sin
ma can “Ling Ba Vi B&” tim Thién Nga Den.

Néu thi thoang c6 gip nhiéu xu sip, thi khong nén gia nhap hoi xu sap ngay. Pay 12 1y do tai sao
nhitng ngudi kién tri thudng thanh cong, thién tai c6 thé “tu luyén” dudc. Ngudc lai, Einstein
canh bdo rang: “dinh nghia clia su dién rd 1a lam mot thit 1ap di 1ap lai ma mong doi két qua
khac nhau”.

Cudi cuing: thé nhd dau tit ca nhiing gi nhan loai ching kién/do dac dudc cho dén nay déu 1a xu
ngtia thi sao? NhG dau ba dinh luat Newton va su tién héa sinh vit ciing 13 xu nglia. Nhd dau
mai mit troi khong moc nita va qua dat xoay chiéu? Day 1a vdn dé qui nap® ctiia David Hume,
vudt qua khudn khé bai viét. Rat hy vong c6 thé quay lai dé tai nay trong mot bai viét téi.

Da dén liic chiing ta tra lai mot it chiit ché Todn hoc cho bai viét.

Gia st anh TAm Tang & vuong qudc NN thay n dong xu véi xac suit xip ngtia 1a 1/2. Thi xdc
suit c6 n mit ngiia 1a 1/2". X4c sudt ma n dong xu cho ra mot pattern xip nglia tuy y cling
1a 1/2"; bo pattern “tit cd déu ngita” chang c6 ¥ nghia dic biét gi. Néu vuong qudc NN c6 N
anh Tam Tang, thi tinh trung binh sé c6 N/2" cong dan déu thdy dugc n xu ngiia. Do dé, véi
N = 108, n = 10, ta biét 1a tinh trung binh c¢6 khoang 108 /2% ~ 100, 000 (trim nghin) cong
dan thay dugc 10 dong tién ngia lién tuc. Piéu nay ding vdi tat ca 2'° = 1024 patterns xap
ngdia. Con néu n = 17 thi van s& ¢6 ¢d 108 /27 ~ 750 ngudi c¢6 cung pattern sip ngia.

Nguyén tic nay c6 thé 4p dung & chd khac véi xdc suat khac. Gia st Tam Tang chon mua chiing
khoan ngu nhién, véi xdc suét “dau tu” c6 16i 1a 1/2 méi nam. (Khi kinh té dang phat trién thi
mua bita miy cdi ching khoan Blue Chip c6 15i con chic hon 1/2.) Vay thi xdc sudt ma Tam
Tang c6 16i 15 nim lién tuc 1a 1/2'°. Trong 100 triéu nha dau tu ngiu nhién nhu vy, s& c6
khoang 10%/2'® 2~ 3000 nha dau tu c6 18i lién tuc 15 ndm lién.

V& dinh Iy vd han khi, ta biét raing Hamlet c6 30,557 tit, mdi tif cung 1am 1a 20 ky tu, va do d6
Hamlet c6 it hon 10° ky tu. Mot con khi g6 ngAu nhién mot chubi 10° ky tu, trong bo ky tu 26

nttps://plato.stanford.edu/entries/induction-problem/

18

https://tieulun.hopto.org



Tap chi Epsilon, S6 13, 02/2017

ky tu, thi xdc sudt ma né go dugc Hamlet 1a p = 26719, Tét nhién 1a xac suét nay rit nho. Gia
st ta c6 N con khi, mdi con g& doc 1ap 10° ky tu. Goi X 1a s6 khi s6 khi go dugc Hamlet, thi
E[X] = Np (tri ky vong ctia X). G6 dugc Hamlet = xu ngtia, go linh tinh = xu x4p. Chon N
sao cho Np > 8, dung bét dang thitc Chernoff ', ta c6

1

PI‘Ob[X < Np/Z] < m

va do d6 khi N 16n, khong nhiing 1a ¢c6 mot con khi go dugc Hamlet, ma c6 it nhit Np/2 khi g
dudc, v6i x4c suit tién dén 1.

Mot party & vuong qudc NN c6 6 ngudi tham du. Ban c6 thé chiing minh ring trong 6 ngudi
d6 ludn ton tai 3 ngudi ting cip quen nhau, hodc 3 ngudi ting cip khong quen nhau (bai tap!).
Tong quat hon mdt chiit, gia sit ta mudn chitng minh mot khang dinh sau: “trong mét party N
nguoi tham du, luén co m nguoi tung cdp quen nhau hodc n nguoi ting cdp khong quen nhau”.
Ta chon (N, m, n) nhu thé nao dé€ ching minh khang dinh nay?

Ta sé ching minh riang, v6i N dii 16n (so v&i m, n), thi khang dinh trén luén diing. Khang dinh
nay 1a mot vi du ctia phat biéu & trén, rang “trong mot mé hdn mang di 16n, ludn tdn tai mot trét
tu cuc bd”. Trong mot party 16n, tim thdy mot nhém ngudi quen 1an nhau thi khong c6 gi ddng
ngac nhién ca.

Ramsey [7] tra 18i cAu héi trén bang cach goi R(m,n) la s6 nguyén N nho nhét sao cho khang
dinh trén la ding, va chitung minh mot chén trén cho R(m,n). Ta theo Erd8s va Szekeres [3]
chiing minh mdt chén trén dep: R(m,n) < R(m — 1,n) + R(m,n — 1). Xét mdt party cod
N = R(m — 1,n) + R(m,n — 1) ngudi. Chon mot anh T4am Tang bit ky va phan hoach nhiing
nguoi con lai tai hai tip: tdp X nguoi quen Tam Tang, va Y nguoi khong quen tam tang. Nhu
viy N = 1+ |X| + |Y|, va do d6 hodc | X| > R(m — 1,n) hodc |Y| > R(m,n — 1). Gia
st | X| > R(m — 1,n) thi ta tim dugc m — 1 ngudi quen 1an nhau trong tdp X hodc n ngudi
tiing cip khong quen trong tip X. Néu c6 n ngudi tiing cip khong quen thi ta xong. Néu c6
m — 1 ngudi quen 1an nhau, thi ho cing v6i Tam Tang tao thanh m ngudi quen 1an nhau. T
bét dang thic R(m,n) < R(m — 1,n) + R(m,n — 1), bing quy nap ta ching minh dugc
R(m + 1,n+1) < (™) (bai tap!). Tim chén trén cho céc s6 Ramsey R(m, n) va tdng quat
hod ctia ching 12 mot nhanh nghién cifu thud vi va rit khé clia toan t6 hop hién dai [4].

Paul Erdds chiing minh chin dudi cho R(n, n), dung ly luan sau day. C6 tat ca 2(2) cach dé chu
thanh mot t3 hop quen/khong quen cia tit ca nhiing ngudi tham du party. Goi S 1a mot tap n
ngudi nao dé; goi S 1a tap “don sic” néu nhiing ngudi trong S quen nhau tiing cip hoic khong
quen nhau tiing cip. Trong s6 2(2) 6 hgp trén, c6 dung 2 x 2(2)-(2) (8 hop ma S 1a tap don sic.
Dé dé hinh dung, twéng tugng mot b thi hai phan, bén tréi 1a 2(3) 6 hop, bén phai 1a (V) cach
chon tap S. Ta ndi S v6i mot t& hop bén trai néu S 1a tip don sic cho t6 hop do. Thi, cac dinh

bén phii ¢6 bac 12 27(2) () (Theo nguyén tic Dirichlet, ta c6 thé nghi v& S nhu mot chudng

Ohttp://www.cse.buffalo.edu/~hungngo/classes/2011/Fall-694/lectures/tail.
pdf
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X A N Xe R N A X A A (N) N 1+(N)_(”> s LA . Ny o R
bd cau, va moi to hgp la mot con bod cau.) Neu 212/ > (n)2 2)7\2) thi tOn tai mdt td hgp
khong “ndi” véi tap don sic nao, va do d6 R(n,n) > N. Gia st n > 3, tachon N = [2"/2],

Thi,
N (MY ( N™ 21+n/2 N 21+n/2 N N N
(n>2 (B1-6) < X220 < 20 T o) <o),

D6 1a cich Erdés chiing minh ring R(n,n) > [2%/2].

[1] CARLSON, S. A double-blind test of astrology. Nature 318 (1985), 419—425.

[2] DEAN, G., MATHER, A., NIAS, D., AND SMIT, R. Tests of astrology: A critical review of
hundreds of studies, 2016.

[3] ERDOS, P., AND SZEKERES, G. A combinatorial problem in geometry. Compositio Math.
2 (1935), 463-470.

[4] GRAHAM, R. L., ROTHSCHILD, B. L., AND SPENCER, J. H. Ramsey theory, second ed.
Wiley-Interscience Series in Discrete Mathematics and Optimization. John Wiley & Sons,
Inc., New York, 1990. A Wiley-Interscience Publication.

[5] MADDOX, J. Defending science against anti-science. Nature: International weekly journal
of science 368, 6468 (1994), 185.

[6] MLODINOW, L. The Drunkard’s Walk: How Randomness Rules Our Lives. Pantheon, May
2008.

[7] RAMSEY, F. P. On a Problem of Formal Logic. Proc. London Math. Soc. $2-30, 1, 264.

[8] TALEB, N. Fooled by randomness: The hidden role of chance in life and in the markets,
vol. 1. Random House Incorporated, 2005.

[9] TALEB, N. N. The black swan: The impact of the highly improbable, vol. 2. Random house,
2007.
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QUAN NIEM CUA KANT VE KHONG GIAN VA
THOI GIAN

Nguyén Ai Viét
(Vién Cong Nghé Thong Tin, Pai Hoc Qubc gia Ha Noi)

TOM TAT

Chiing ta déu nhan thifc khong gian ma ching ta dang séng gan lién v6i mot khai niém
toan hoc, d6 1a khong gian Euclide 3 chiéu. Chiing ta coi diéu d6 1a hién nhién tir gido
trinh hinh hoc khoéng gian & trudng trung hoc. Nhiing ngudi chiu khé tim hiéu hon mot
chiit, sé biét thém khong thdi gian 12 khong gian Euclide 4 chiéu, thém mot chiéu thoi
gian. Tuy nhién, gitta khai ni€ém toan hoc va khong gian, thoi gian 1a mdt khoang céch,
c6 thé dan t6i viéc xem xét lai viéc st dung khdi niém todn hoc ¢6 phu hgp hay khong.
Viéc gan ghép khong gian va thdi gian v6i cac khong gian Euclide khong hoan toan hién
nhién. Ching ta hiy xem nha triét hoc Imannuel Kant quan niém thé nao vé khong thoi
gian. T nhiing quan niém d6 ching ta ¢ thé dit nhiing cau héi gi va ¢6 thé tim nhiing
khdi niém toén hoc méi phit hgp hon ra sao. C6 thé trong tuong lai, ching ta sé phat hién
ra rang khong thdi gian ma chiing ta dang séng sé c6 nhiing ciu triic toan hoc khac xa véi
nhiing gi ching ta dang st dung hom nay.

Truéc Kant, Newton da dua ra khai niém khong gian va thdi gian tuyét dbi [1]. Leibnitz ngudc
lai, cho rang khong gian va thoi gian 1a tuong d6i, phu thudc vao vat chit, vi vy con ngudi nhan
thic dugc khong gian va thdi gian nhd quan sat vat cht van dong [1]. Khong c6 vat chit, khong
gian va thoi gian khong ton tai. Kant dua ra quan niém phiic tap hon: khong gian va thdi gian 1a
truc gi4c tién nghiém (a priori). Mic du quan niém ctia Kant vé khong thdi gian phii dinh quan
niém vé khong gian va thoi gian tuyét dbi ton tai khach quan ngoai y thic ctia Newton, quan
niém ctia dng ciing phi nhin quan niém ctia Leibnitz, khi cho riang khong gian va thdi gian ton
tai trong y thiic trudc khi c6 quan sat vé né. Quan niém cia Kant dua trén phuong phap luan rat
tinh t& vé nhan thic.

Theo Kant [2], y thiic dugc chia thanh "y thiic chd quan”, gdom céc "cidm gidc" (sensation) va "y
thiic khach quan”, gdbm "truc gidc"(intuition) va "khai niém"(concept). Viéc phan chia nay rat
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tinh t&, can phai nhan chin that ky dé tranh hiéu sai.

Véi cach phan tich nay, ching ta sé& 1an lugt xét cac cAu héi sau. Cau hoi thit nhét, "cam gidc"
¢6 hoan toan chii quan hay khong? Néu chiing ta thita nhan viéc c6 cam gidc 1a nhd tiép xiic véi
thuc té khach quan. Cau hdi thif hai cling ¢6 lién quan t6i cAu hoi thi nhat, lidu "truc gidc" 1a
hinh dung vé su vat cu thé c6 hoan toan khiach quan hay khong? Xét dong thdi ca hai cau hoi
nay, ching ta c6 thé thiy Kant da tach nhan biét clia chiing ta thanh hai phan riéng biét, phan
khéach quan dudc dinh nghia 1a truc gidc, phan chii quan dugc dinh nghia 1a cam gidc.

Tuy viy, & ddy c6 van dé viéc tdch nhan biét nhu vy c6 kha thi hay khong? Van c6 thé c6 kha
ning trong cam giac c6 thé cé6 modt phan khach quan, trong truc gidc ciing c¢6 thé cé mot chiit
chii quan. Ciing tuong tu véi viéc cdi 16 trong cuc pho mat khong thé nao cat dudc ra khdi miéng
pho mat ma khong cé mdt chut pho mét nao con lai.

"Cam gidc" hoan toan chu quan, chi phu thudc vao chi thé cdm nhan va "truc giac" hoan toan
khach quan khong chic ludn luén ton tai. Kant khong chi duge ra mot quy trinh tach bach cu
thé ma chi gia dinh c6 mot quy trinh nhu thé dé tach cam gidc khdi truc gidc. Vi thé day 1a mot
gia thuyét rat manh cta Kant.

Viéc phan biét "truc gidc" va "khdi niém" ctia Kant cing dem lai nhiéu ciu hdi. Cho dén tan gan
day, ngudi ta van con cb gang tim hiéu su khac biét giita hai loai nhan thifc nay. Néu doc that
k¥ cac tidc pham ctia Kant, c6 thé thiy dng cho "truc gidc" 1a cdc nhan thiic don thé, trong khi
"khdi niém" 12 khdi quat hda cua céc truc giac, khdng c6 tinh don thé. Vi du "con bo nha t6i"
hay "con bo den ctia nha hang x6m" 1 hai truc gidc, c6 thé khong lién quan dén nhau cho dén
khi c6 khdi niém con bo c6 thé dung dé goi ra hinh dung c6 thé lién hé véi bat ci con bod nao.
Mot céch toan hoc, khdi niém 12 bat bién véi mot sé phép bién ddi giita cac truc gidc, chang han
ddi chod "con bod cua tdi" véi "con bd clia nha hang x6m" ¢6 thé anh hudng t6i cac khai niém
khéc, nhung khong hé anh huéng t6i khai niém con bo.

Ngudc véi truc gic 1a nhan thic don thé, khai niém c6 thé chia cit dudc thanh cac khai niém
thanh phan c6 thé dinh nghia doc 1ap v6i nhan thiic vé khdi niém ban dau. Chinh vi thé khdi
niém c6 thé dinh nghia qua cac khai niém thanh phan. Chang han tam giac c6 thé dinh nghia qua
céc dinh, céc canh hoidc cdc géc. Cac canh c6 thé dinh nghia ti cdc di€ém. Vi khai niém ludn c6
thé chia cit thanh cic khai niém, viéc chia cit nay c6 thé thuc hién vo han. To6i nghi ngd & quan
niém nay ctia Kant. Hoic c6 thé t6i bd s6t 3 mot khau nao d6 chua hiéu hét vé viéc chia cit nay,
t6i van nghi rang qua trinh chia cat nay phai ding lai sau hitu han budc. Trong thuc té, khong
ai ¢6 thé nhan thic dudce vo han khai niém. Mit khac, trong vat ly ngly nay, cdc hat cd ban nhu
quark, lepton va photon khong thé chia cit. Ciing c6 mot cach phan tich khac vé nguyén tic c6
thé€ vo han, d6 1a khai niém tam gidc c6 thé tach ra thanh tam gidc can va tam gidc khong can.
Tap tam gidc can lai tich ra thanh tam gidc déu va khong déu,... C mdi 1an thém thudc tinh
chiing ta c6 thé han ché khdi niém vé mot tip cac khdi niém nhd hon. Vé nguyén tic, ching ta
c6 thé thém vo6 han thudc tinh. Tuy nhién, trong thuc tién, chi sau mot vai budc phan tich ngusi
ta sé quay tr6 lai khdi niém ban dau. Sau khi nhan thiic dugc khdi niém ban dau, ngudi ta sé lién
hé dugc v6i moi truong hop riéng.
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Kant lai tiép tuc chia cdc "khdi niém" va "truc giac" thanh hai loai "thuc nghiém" (empirical) va
"tién nghi€ém" (a priori). Ong goi cac "khai niém" va "truc giac" tién nghiém (phi thuc nghiém)
1a "thudn tdy". O déy ciing nay sinh ra cdu hoi thi tu, theo toi 1a trAim trong nhét. Lam thé nao ¢6
mot y thic khach quan don thé ma khong can dén thuc nghiém? N6i mot cach khdc, "truc gidc"
tién nghiém hinh thanh trong y thiic ctia ching ta thé nao? Theo Kant [2], khong gian va thdi
gian 12 "tryc gidc thuan tiy". Ong 1ap luan ring khong gian va thdi gian 1 cc d6i tuong ca thé,
chi c6 duy nhét nén khong thé khai quat héa. Mt khic, ching ciing khong thé chia tach thanh
cac thanh phin nho, c6 thé xac dinh trudc khi c6 hinh dung vé khong gian va thoi gian. Chang
han, thoi gian gdm céc khoanh khic, quang thsi gian, khong gian bao gdm cac dia diém, vi tri.
Chiing ta khong thé hinh dung ra dudc thé nao khoanh khic, dia diém ma khong biét trudc vé
thdi gian va khong gian. Kant nhdn manh ring khong gian va thdi gian khong dua trén quan sat
thuc nghiém. Khi ching ta néi ring khong c6 gi, chiing ta da c6 sin hinh dung vé mot khong
gian trong réng va khi néi vé mot déi tuong, né da phai & trong khong gian. Nhu vay, khong
gian 12 truc giac tién nghiém lam di€m tua cho thé hién bén ngoai. Tuong tu, thdi gian 1a truc
gidc tién nghiém bén trong. Toi c6 mdt s6 nghi vin vé phuong phdp & day. Thi nhit, 1am thé
nao dé lién két "khai niém" dudc dinh nghia 13 khai quat héa ctia nhiéu truc gidc véi quan hé
phan td-toan thé st dung trong 14p luan trén. C6 vé nhu dinh nghia khai niém va tinh chét chia
cat v han clia n6 chang dinh dang gi dén nhau hoic dim chan 1én nhau.

Nghi vén thit hai, cho dut khong gian 1a mot hinh dung khach quan khong chia cét dudc va vi
thé khong phai 12 khai niém (thdng thudng). Diéu gi sé ddm bao né phai la "tryc giac"? Lap
luan ctia Kant cho thiy hinh dung khach quan néu khong phai 1a khai niém AT phai Ia truc gidc.
Piéu dé doi hdi 1a viéc phan chia y thic khach quan cia Kant phai thanh hai phan d6i 1ap. Tuy
nhién, c6 thé dinh nghia truc gidc nhu 1a y thiic khach quan khong (chua) phai 1a khéi niém lai
dim 1én dinh nghia vé y thiic don thé va y thiic khai quat. C6 thé y thiic khach quan sé bao gom
it nhat "khai niém" "truc gidc" va "khdi niém dic biét" (khong gian va thdi gian)? Nhu vay, toi
khong hoan toan bi thuyét phuc khdng gian va thdi gian 1a céc truc gidc.

Vi vay chiing ta sé tiép tuc xem xét cac hé luan dé khang dinh cac nghi vin d6 1a c6 Iy hay khong
co ly.

Tru6e hét, quan niém ctia Kant phii nhan quan niém ctia Leibnitz vé khong gian va thdi gian phu
thudc vao vat chit, nhu vay phai dudc nhén thiic thong qua quan sat vat chit, vi vy c6 tinh thuc
nghiém. Theo Kant, khong gian va thdi gian c6 sin trong y thiic tru6c moi quan sat vé vat chat.
Diéu dé c6 nghia 1a Kant khang dinh 1ap trudng duy tim. Ngay nay ching ta hiéu riang diéu dé
gidn tiép cong nhan cé y thic thuin tdy c6 sin (mot dinh nghia tuong tuy nhu tam linh). O day
can néi thém, tuy khong gian va thdi gian 12 tién nghiém, nhung lai khach quan. C6 nghia 1a
moi hinh dung vé khdng gian va thdi gian phai 1a nhu nhau. Quan niém ctia Kant ciing phii dinh
quan niém ctia Newton vé khong gian va thdi gian tuyét dbi, 1a thuc té khach quan, do khong
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gian va thdi gian ctia Kant ton tai tién nghiém ngay trong y thiic. Quan niém khong gian va thoi
gian trong ly thuyét tuong ddi rong Khong thdi gian trong thuyét tuong dbi rong thuong dudc
xem 12 thong nhit v6i tuong tac hap dan. Ning xung luong ctia vat chit sé sinh ra hip dan, hip
dan s& lam cong khong thdi gian. Tuy nhién, ddy chua han la minh ching cho quan niém cia
Leibnitz. Trong thuyét tuong d6i, vat chit c6 anh hudng t6i metric clia khong thdi gian, tic 1a
4nh hudng t6i do dac, quan sit ctia chiing ta vé khong thdi gian chif chua phai 1 xdc dinh khong
thdi gian. Xuat phat diém cta ly thuyét tuong d6i rong 12 da tap khong thdi gian 4 chiéu, hip din
chi 1a thudc tinh ctia da tap nay va bi 4nh hudng bdi vat chit ton tai trén da tap nay. Mit khac,
trong 1y thuyét tuong dbi rong, ngudi ta vin nghién ciiu trudng hop khong cé vat chit, van c6
tuong tac hap dan. Tuong tac hip din phii dua trén khdi niém khong thai gian. Trong ly thuyét
day, khong thdi gian 4 chiéu, hip din va vat chit déu dugc suy ra tii cac sdi dy trong khong
gian nhiéu chiéu hon. Cau hai 1a vi sao cic soi ddy trong khong gian nhiéu chiéu lai khong ton
tai tién nghiém trong y thic ctia chiing ta. Kh4i niém vé khong thdi gian ctia ly thuyét day c6 vé
khong phu hgp véi quan niém cua Kant.

Chiing ta hdy thit 4p dung mot vai quan niém ctia Kant vé& khong thdi gian két hop véi mot sb
gia thuyét xem c6 nhitng mo hinh todn hoc nao phi hop.

Trudc hét, chiing ta s& khong nhét thiét phai cho rang khong gian Euclide 12 tién nghiém. Ching
ta sé gia thiét yéu hon: da tap 4 chiéu sé 1 thanh phan tién nghiém cta khong thdi gian.

Co s d€ cho thanh phan 4 chiéu 12 tién nghiém c6 thém 1y 1& néu ching ta xét tli cac quan diém
khac nhau. V& mit toan hoc, céc da tap va khong gian topo 4 chiéu cé mot vi tri dic biét va 1a bi
4n nhit. Trong vat 1y, c4c tich phan Feynman s& phan ky chi néu nhu khong thdi gian 1a 4 chiéu.
Trong ly thuyét truyén tin, khong thdi gian 4 chiéu thong tin sé dudgc truyén véi do tin cly cao
nhét.

Chiing ta sé gia thiét thém la moi hién tugng vat Iy (it nhit 1a cic tuong tac) déu quy gian dudc
vé khong thai gian. N6i mot cach khéc, khong thdi gian sé gidi thich dudc cdc tuong tac va mot
s6 quy luat nhu vi pham chin 18, vi pham d6i xing tu phat.

Bén canh d6, chiing ta sé gia thiét thém khong thdi gian phai 12 t6i thi€u va tiét kiém nhat. Nhu
viy chiing ta c6 thé xuét phat tir hinh hoc Cartan-Einstein [3] dugc khang dinh nhd thanh cong
ctia ly thuyét tuong dbi rong.

Véi céc gia thiét nhu vay, chiing ta thiy ly thuyét day trong khong gian nhiéu chiéu khong dam
bao "tiét kiém" do c6 qud nhiéu (vo6 han) ddi tuong khong quan sat dudc trong thuc nghiém,
mic di moi tuong tic, hat co ban chiing ta biét déu c6 thé quy gian.

Céc ly thuyét 5,6 va nhiéu chiéu lién tuc khong ddp ting quan niém vé khong thdi gian 4 chiéu
tién nghiém cia Kant, cic chiéu khong gian trong céc 1y thuyét nay déu binh dang, khong gian
4 chiéu khong c6 vai tro gi.
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Trudc hét, véi khong gian M*, E.-Wigner [4] da chiing té rang moi hat cd ban déu c6 thé dic
trung bang khdi lugng va spin. N6i mot cach khac cdc thude tinh dic trung cho hat co ban la
khdi lugng va spin c6 thé quy gian vé khong gian Euclide 4 chiéu.

Céc nghién ctiu gan day [5] chiing té rang khong thdi gian khong nhét thiét c6 ciu triic Euclide
M* ma c6 thé c6 chu tric dS*,AdS* hodc md rong clia chiing véi cic chiéu gidn doan Z,, Khi
d6 hinh hoc Cartan-Einstein cAn md rong st dung cc cong cu clia hinh hoc khong giao hoan[6].

Chang han 1y thuyét Cartan-Einstein mé rong cho khong thdi gian M* x Z, x Z, c6 thé gidi
thich dugc moi tuong tac, vi pham chén 18 ctia tuong tic dién yéu va giai thich tai sao cac lepton
quark tay phai lai khong tham gia tuong tac yéu.

Ly thuyét Cartan-Einstein cho khong thdi gian d.S* 1a mdt siéu cau 4 chiéu, c6 thé gidi thich chu
tric SU(2) x U(1) cla tuong tac yéu.

Nhu vay khong thoi gian Euclide khong phai 12 ciu tric toan duy nhit cho khong thdi gian, cho
dui da tap 4 chiéu 12 tién nghiém c6 sin trong ¥ thiic clia chiing ta theo quan niém cta Kant.

Qua day ching ta ciing c6 thé thy nhiing y tudng triét hoc c6 thé anh hudng t6i khoa hoc t6i
hang trdm nam sau./.

[1] A.Griinbaum, Philosophical Problems of Space and Time, 2nd ed. Boston Studies in the
Philosophy of Science. Vol XII. D. Reidel Publishing(1974)

[2] I.Kant, Critique of Pure Reason, translated by Paul Guyer and Allen Wood. Cambridge:
Cambridge University Press, 1998; Kant, Immanuel, Metaphysical Foundations of Natural
Science, in Theoretical Philosophy after 1781, edited by Henry Allison and Peter Heath,
translated by Michael Friedman, Cambridge: Cambridge University Press, 2002.

[3] Cartan, E. (1922). Comptes Rendus 174, 437-439, 593-595, 734-737, 857-860, 1104-
1107.

[4] Wigner, E. P. (1939), "On unitary representations of the inhomogeneous Lorentz group",
Annals of Mathematics, 40 (1): 149-204,

[5] Nguyen Ai Viet and K.C.Wali, Int.J.Mod.Phys. 11(3), (1996), 533; Nguyen Ai Viet and
K.C.Wali, Int.J.Mod.Phys. 11(13), (1996), 2403.

[6] A.Connes, Publ.Math. IHES 62 (1986), 41; A.Connes, Noncommutative Geometry, Aca-
demic Press, San Diego, CA, (1994), 661 p.,ISBN 0-12-185860-X;A.Connes J. Math.
Phys. 36 (i1),(1995), 6194.
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nhting ngudi yéu todn Tap chi Epsilon, S6 13, 02/2017

TOAN HOC VA PHAT HIEN ANH GIA MAO -
PHAN KET

Ding Nguyén Diic Tién
(DCU, Ireland)

GIOI THIEU

O Epsilon 12, chiing t6i da gidi thiéu véi ban doc phin diu clia bai viét vé toan hoc va
phét hién anh gid mao thong qua mot phéng su 4o. Trong phan tiép theo nay, chiing toi s&
gi6i thiéu v6i ban doc ba ky thuat dua trén toan hoc dé€ phat hién anh chinh sira.

Van tay cia anh

Ky thuat dau tién ma ching toi gidi thiéu véi ban doc & day, goi 1a ky thuat 1iy van tay ctia anh.
Nhu chiing ta vin biét ddi v6i con ngudi thi x4c suét dé hai ngudi c6 diu van tay giéng hét nhau
12 cuc thip, gan nhu khong x4y ra. Va ddi véi mdy 4nh cling vdy, may anh ciing c6 ... van tay!
Hinh 1 md t4 lai mot qua trinh tao ra mot biic anh s6 tif mdy 4nh hay dién thoai va tat ca cic
budc trong qua trinh nay nhu ching tdi da néi & bai truée, déu dé lai nhitng diu vét nhét dinh
trén anh. Trong sb d6, cam bién clia anh d€ lai dau vét 16 rét va dé khai thac nhat. Toan bo qua
trinh 1am ra cam bién, du 12 b3i nha san xuét t6t nhat, déu dé€ lai nhiing "ti vét" nhét dinh & san
phim, va nhiing 16i cuc nhd nay tao ra nhiéu khi mdy cdm tng va ghi nhan dnh sang. Chinh
nhitng mau nhiéu nay, tao nén "van tay" clia mot may anh!

CAM BIEN

Gng kinh Cacbdlocquanghoc  CFA Pattern

“ NGi suy CFA

XU Iy trén
may anh

CCD/Ci i[

Mdy anhs6 |

Can bang trang,
Hiéu chinh nét, v.v.

Hinh 1: Qua trinh tao ra mdt biic 4nh bdi mdt mdy anh ky thuét sb.
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Nhiéu cam bién dic sac & chd, né khac nhau khong chi tir hang nay véi hang khac (vi du Canon
véi Nikon) hay dong may nay v6i dong may khac (vi du iPhone 6 véi iPhone 7), ma con khac
nhau tf mdy anh nay véi may anh khdc (vi du hai mdy Nikon D700 sé c6 nhiéu khac nhau).
Chinh diéu nay di lam cho nhiéu dugc xem nhu 12 van tay clia mot mdy dnh. Va nhu vy, khi
xdc dinh dudc mau nhiéu ciia mot mdy anh, dem ra so khdp véi mau nhiéu tir mot biic anh, ta
c6 thé xdc dinh dudc biic 4nh ndy c6 phai dugc chup tif may dnh dang xem xét hay khong ma
khong can bat cii mot thong tin nao khac tir Exif (d€ biét Exif 12 gi, c6 thé xem lai & bai trudc).
Diéu nay rat quan trong, dé€ c6 thé gitip nhiép anh gia gitt dudc ban quyén clia minh, va cling
gitip cho diéu tra vién xac dinh ngudn gbc clia may anh.

Dé€ xé4c dinh dugc miu nhiéu clia may 4nh, trudc tién ta cung xem xét lai qua trinh tao 4nh &
Hinh 1. Qua4 trinh nay dudc xAp xi (va don gian hod) lai mdt cach todn hoc nhu sau:

I(x,y) = I°(z,y) + I°(z,y) K (2,y) + N(z,y) (1

Trong d6 I 12 4nh gbc ma chiing ta nhan dudc, 1° 1a 4nh 1y tudng ma néu nhu khong cé nhiéu,
chiing ta gia dinh sé nhan dugc 4nh ding nhu vy, K 13 nhifu cia cAm bién, N 13 nhiéu do cic
yéu t6 khéc, va (x,y) 1a vi tri cia diém anh.

Trong (1), ching ta c6 N khac nhau tif anh nay sang anh khac, con K giéng nhau (chi khic
nhau gitta cdc mdy anh) va d6 chinh 1 gia tri ma chiing ta can tim. I°K dugc goi 1a PRNU, viét
tat cia photo-response non-uniformity noise.

Cau hoi dit ra 1a ching ta chi ¢6 thong tin duy nhit 1 cdc 4nh I c¢6 dudc tif mdy anh, 1am sao
dé timra K?

Pé 1am dugc viée ndy, Jessica Fridrich, trong [1], di dé xuit mot phuong phdp rat don gian
nhung hiéu qua véi hai budc nhu sau:

Budéce 1. Khit nhiu cho 4nh, tic 1a v6i mot anh I, tim cach tinh I, v6i muc dich la I, gan I?
nhét. Khii nhiéu c6 thé d4p dung loc tan sd, hoic cac bién ddi khéc, trong d6 bién d6i Wiener 1a
phuong phdp dudc tic gid dé xuét. Sau d6 tinh sai biét gitta I va Ij,.

Wk(x:y) = Ik(xay> _fk(‘m?y) )
Budc 2. Xép xi K tit cac W), don gian hon tif I do trong (2) khong con chita noi dung cia I,
nita. Tir (2), ta 6 thé viét lai:

Wi(z,y)) Ni(z,y)
= K(z,y) + (3)
Ieew) O )
VA tlf n 4nh c6 dudgc tif cing mdy anh ta ¢ thé xp xi K bdi cong thic sau:
ot Wi(z, y) Ik(2,y
K(w.y) ~ b P () “
k=1 Ie(,y)
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Sau khi tinh dudc K tif mot mdy anh, tif mot anh I, bat ky, ta c6 thé xdc dinh liéu I, c¢6 phai
dudc chup bdi may dnh c6 nhiéu K hay khong néu do tuong quan clia anh nay va K di 16n. Do
tuong quan p; gitta mot anh /; va K dudc tinh nhu sau:

pr=IK oW, (5)

v6i ® 1a do tuong quan giita 2 ma tran 2 chiéu va dudgc tinh bdi cong thiic:

A®B= 2om Zn<Am_n — A)(Byn — B)
\/(Zm S (A — A)2) (32,30, (Bin — B)?)

(6)

v6i A va B 1a gi tri trung binh clia A va B tuong dng.

Va nhu vay, chi bang todn hoc, ta c6 thé xdc dinh liéu mot biic dnh bit ky c6 phai chup tif mot
mdy anh x4c dinh hay khong ma khong can thong tin Exif!

Ky thuat nay tuy rat don gian, nhung lai hiéu qua bat ngd, c6 thé 4p dung dudc vé6i ca anh nén.
Bing ky thuit nay, vao nim 2009, toa an Scotland da ching minh dudc tdi trang ctia mot ké
quay rdi tinh duc tré em. Mot trong nhiing bai tap rat quen thudc ctia ngudi viét bai nay 1a chiing
t6i yéu cau cac sinh vién sau gio giang hdy chup médi ngudi khoang 10 tAm anh khic nhau bdi
may anh hodc dién thoai cia minh. Sau d6, cac anh nay dugc tinh PRNU va so sanh do tuong
quan clia cic anh giifa cic mdy khac nhau véi nhiéu cla chiing. Két qua ludn dat dudc 13 anh
bdi méy nao thi ludén c6 do tuong quan véi nhiéu cao hon cac mdy khéc, k€ ca nhiing dién thoai
cung hang, cung dong.

Phuong phép nay ciing dugc ap dung dé phat hién anh cat ghép tit 2 ngudn anh khac nhau (xem
vi du & Hinh 2).

Hinh 2: Vi du vé st dung nhiéu cia mdy anh dé xac dinh anh ghép. Anh bén trai 1 4nh gbc,
bi stia chita xo4 di ngudi phu nit d€ dudc anh & gitta. Sau khi phan tich biic 4nh c6 nhiéu khac
nhau, viing anh bi chinh stfa da bi phat hién va thé hién & anh bén phai. Nguodn anh: [1]

Véi nhiing doc gia mudn c6 y dinh thit nghiém, chiing tdi ciing cung cip doan ma don gidn sau
day viét bang Matlab d€ tinh PRNU cho mot mdy anh.

function[PRNU] = calculatePRNU (path)
dim = 512; // chi 14y nhié&u & 512x512 diu anh.

imagelList = dir ([path filesep '*.jpg’1l);
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noOfImages = size(imagelist, 1);

I = zeros(dim, dim, noOfImages);

W = zeros(dim, dim, noOfImages);

for i = 1:noOfImages
tempImage = imread([path filesep imagelist (i) .namel]) ;
I(:, :, 1) = tempImage(l:dim, 1:dim, 1); % kénh dd
denoisedImage = wiener2 (I(:, :, i), [5 5]);
W(:, :, 1) = I(:, :, i) - denoisedImage;

end

PRNU = sum(W .* I, 3) ./ sum(I .* I, 3);

end

Sau khi tinh xong PRNU, ban doc c6 thé tinh do tuong quan ctia mot anh bét ky v6i PRNU vira

tinh dudc nhu sau:

W = testImage - wiener2 (testImage);
correlation = corr2 (testImage .* PRNU, W);

Nhu chiing t6i da nhiéu 1an dé cip, anh nén ludn ludn dé€ lai nhitng diu vét quan trong trong
viéc x4c dinh miic do chinh sita ctia mot bic anh. Trong phan nay, ching ta hiy cling xem xét

mot hién tugng rit thi vi clia mot biic anh dugc nén 2 lan.

Trudc khi bat dau, ching t6i nhic lai cd ban nguyén ly ciia viéc nén anh Jpeg:

1. Pau tién anh tir khong gian mau RGB dugc ddi sang YCbCr.

2. Tiép theo tiing kénh 4nh sé dudc nén riéng 1é (miic do 1iy mau theo kénh Y c¢6 khac so

véi 2 kénh con lai, nhung khong quan trong ddi véi ndi dung sap dé cap).

3. Mdi kénh mau tiép theo dugc chia thanh tiing khéi 8 x 8, va gid tri clia cac di€ém anh dugc

ddi sang pham vi [-128, 127].

4. Céc diém 4nh dudc chuyén sang khong gian tan s6 bdi bién ddi co-sin rdi rac (DCT).
77
F.(wg,w;) = Z Zfc(wk,wl)cos(wkm)cos(wln)
m=0 n=0

v6i f.1a gid tri di€ém anh & khong gian thudng.
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5. Tiép theo, céc tan sd sé dudc lugng hod dé gidm thong tin. DPay 1a mau chbt clia viéc nén
dnh. Mi tan sb sé& dugc lugng hod bdi mot ludng ¢ dudc chon trudc:

- {Fc(wk,wz)J

Fe(wy, wy) = (N
( g l) q<wk7 wl)

Bang gid tri ¢ dudc chon trudc véi tiéu chi cic tin sd cang quan trong thi ¢ cang nho (bang
1 dbi véi tan s6 & (0,0)) va ngugc lai. Thong thudng, d€ ting hiéu qua tinh toan thi cac
gia tri cia F, s& dugc xép dang zig-zag, nhung ching tdi tam ludc bd & day. Cong thiic
(7) d6i khi dudc 4p dung bdi ham 1am tron (round) thay vi ham phan nguyén (floor).

6. F, sau d6 dugc nén béi cac thuat toan nén khong mat mét, phd bién nhét 1a ding Huffman.

Dé giai nén anh Jpeg, qud trinh nén dudc thuc hién ngudc lai, v6i cac ham ngudc (vi du nhu
bién d6i co-sin rdi rac nguoc).

Nhu viy, diu vét clia viéc nén anh Jpeg c6 thé tim thiy & dau? Chinh 12 & budc lugng hod theo
cong thiic (7). Hay cling xét mot gia tri u, dudc lugng hod bdi gid tri a, ta sé c6 két qua 1a:

Dé 14y lai gia tri gbc u tif g, (u), ta ap dung bién ddi nghich dao: ¢, !(u) = au. Tuy nhién, bién
d6i nay khong phai 1a ham nghich déo ctia g,(u) vi ban chit ciia ham phan nguyén hay lam tron
12 bt kha nghich!

Hay xét tiép: néu nhu u dudc lugng hod 1an 1 béi 1 lugng bang b, sau dé nghich ddo va lugng
hoa 1an 2 bdi mot ludng bang a thi ta cé:

Gab(u) = U%J SJ

Diéu gi sé xdy ra & day? Histogram clia c4c gid tri sau lugng hoa sé dé lai diu vét clia 1an nén
trudc. Hay néi cach khac, khi 4nh dudc nén 2 1an, khi xem xét cdc gia tri sau luong hod & 1an
thi 2, thi cdc gid tri lugng hod & 1an thii 1 s& xuit hién trong histogram.

Hay xem vi du & Hinh 3, bat dau tif mot ddy ngiu nhién U céc s6 trong pham vi tif O dén 128,
& hinh (a) 12 historam ctia hdy nay sau bién ddi ¢»(U) va hinh (b) 1a két qua histogram sau bién
d6i ¢3(U) (lugng hoa véi 2 va 3). Ta thiy déng dap clia histogram giita 2 hinh rat gibng nhau, va
gin v6i phan phdi chudn do ham sinh ngiu nhién dua trén phan phdi Gauss. O hinh (c) va (d)
1a két qua ctia viéc lugng hoa 2 1an: & (c), ta thdy histogram sau bién di ¢o3(U) thi dau vét ctia
1an Iugng hod 1 (g3(U)) thé hién rét 16 & viec mbi 3 cot (bin) thi lai ¢6 1 cot trdng; dbi véi (d),
ta thiy diu vét & 1an Iugng hod dau (¢»(U)) thong qua viéc ct mdi 2 cdt thi c6 1 cot gid tri thap
hon, hay néi cach khéc, ta thiy ddng dap ctia 2 phan bd trong mot phan b cudi cung.

Vi sao lai ¢6 hién tugng ndy? Chiing ta hiy cling xem xét chi tiét hon hién tugng nay:

e Ddi v6i lugng hoa 1 1an, ching ta c6: f(z) — fu(x) = qu(f(x)).
Vi phép bién ddi nay, toan bo cic gia tri trong doan [av,av + (a — 1)] — v.

a

Va do vay, histogram két qua sé& 1a: k;(l) H(av + k) = H,(v). Nghia la ¢6 ding a cOt tu
histogram gbc déng gép vao mdi cot ciia histogram sau bién déi.
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Hinh 3: Ludng hod 2 1an, dau vét ctia 1an lugng hod thif 1 s& xuét hién & histogram cubi cling.

e Vi lugng hod 2 1an, ta c6: f(x) — fup(2) = qup(f(x)).
V6i H%J gJ = v, histogram s€ la:

Umax

> H(u) = Hy(v)

U=Umin

VO Upnin, = [$0] b VA Upae = [$(v+1)] b — 1
S6 lugng cdt clia histogram gbe dong gép vao cdt v clia histogram két qua (sau 2 1an lugng
hod) do vay la:

) = s =t 1= ([ o] = [0+ 1)])

n(v) =n(v +b)
Do vay, tinh chu ky sé xut hién & histogram két qua!

e Cu thé€ trong vidu 6 Hinh (3), taco v6ib = 3,a = 2thin(3k+2) =0vavéib=2,a =3
thi n(2k + 1) = 2 van(2k) =

Van dé cubi cling 1a v6i mot histogram két qua, 1am thé nao dé tinh chu ky ctia histogram, néu
c6? Cau tra 16i 1a ta c6 thé 4p dung bién ddi Fourier!
Mot 1an nita, d€ phuc vu cho ban doc mubn thit nghiém, ching t6i cung cip doan mi sau sé

minh hoa toan bo qua trinh thi nghiém da néu trong phan nay.
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ql = 3;
gz 2;

data = randn (1, 20000);
data = data - min (data);
data = round (255 * data/max (data)) ;

histogram = hist (data, max(data)) ;
subplot (411) ;

bar (histogram) ;

xlim([min (data) max(data)]);

title (/D hiéu gbc’);

cl = floor (data/ql);

histogram = hist (cl, max(cl));

subplot (412) ;

bar (histogram) ;

xlim([min (cl) max(cl)]);

title ([’ Luong hod bdi ’ num2str(gl)]);

c2 = floor(cl * gl / g2);

histogram = hist (c2, max(c2));

subplot (413) ;

bar (histogram) ;

X1lim([min(c2) max(c2)]);

title ([’ Luong hod 1lan 1 bdi ’ num2str(gl)
', 1la4n 2 bdi ’ num2str(q2)]);

subplot (414) ;

f = abs (fftshift (fft (histogram)));
plot (f);

xlabel (' Quantization’) ;

Trong phan cubi clia bai nay, chiing toi gidi thiéu mot ky thuat rat thi vi ma Hany Farid trong
[2] goi 1a hién tugng Bong ma Jpeg.

Xét mot day gia tri ¢, ¢6 dugce sau khi lugng hod bdi b, va ¢y, ¢6 dude sau khi lugng hoa bdi b
roi lugng hod 1an 2 béi a thi khac biét gilia c; va ¢4, (sau khi bién ddi nghich dao) khi a thay ddi
s& nhu thé nao? Hay cu thé hon, d(a, ab) sé bién ddi nhu thé nao?
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o]
T

Khac biét (x10%)

Hinh 4: Lugng hod 2 1an, d(a, ab) cuc ti€u khia = 1 vaa = b.

d(a,ab) = |cpb — capa| =

10 15 20
a, =17, q, téng ttr 1 dén30

0=l

25

g

30

Ta thiy riang, khac biét nay sé cuc tiéu khi @ = 1, nghia la 1an 2 khong nén/luong hoa gi ca, va
khi a = b, nghia 14 1an 2 lugng hod vé6i cling gi4 tri 1an 1. Ta ciing thay gid tri khac biét d sé ting
dan khi a ting dan (xem minh hoa  Hinh 4).

Va nhu vdy, véi mot 4nh nén mot 1an ma ta khong biét bat ky tham sb gi clia bang ludng hod, thi
bang phuong phap nay, ta ¢é thé tim ra gia tri luong hoa bang cach khao sat cac gid tri c6 thé c6
va chon gia tri ma khoang céch 1a cuc tiéu!

Mot 1an nifa, chiing t6i cung cAp ma ngudn matlab dé ban doc c6 thé thit nghiém hién tuong thi

Vi nay:
cO = randn (1, 500);
cO = cO0 - min(cO0);
c0 = round (10000 * cO/max(c0));
N = 30;
gl = 17;

cl = floor(c0/gl);

d = zeros (1, N);
for g2 = 1:N
c2 = floor(cl * gl / g2);
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diff = cl * gl - c2 * g2;
d(g2) = sum(diff .* diff);
end

plot (d/10000, ’'x-’', ’'marker’, 'o’);

xlabel (['g b = ' num2str(gl) ’, g_a tdng tu 1 dén '’
num2str (N) 1) ;

ylabel ("Khac biét (x1074)");

axis square;

Chung ta tiép tuc di dén mot hién tudng thu vi hon. Gia st chiing ta c6 ¢, 10, va ching ta tiép
tuc lugng hod 1an thu 3 béi 1 lugng x thi khoang cach d(ab, zab) sé nhu thé nao?

Khong khé doan ra, chiing ta sé c6 d(ab, xab) sé dat cuc tiéu khi 2 = 1 hodc x = a va sé ting
dan khi = ting dan. Tuy nhién, vang, tuy nhién, khi khao sét ta sé thiy ring, d(ab, zab) s& dat
cuc tri dia phuong khi © = b, va hién tugng nay goi la bong ma Jpeg, vi vung anh nay sé "10
md" xuit hién trong cach tinh khoang cich d (xem minh hoa & Hinh 5).

Khac biét (x10%)
N

0 :
0 5 10 15 20 25 30
b =28, a=17, x tang dan tir 1 dén 30

Hinh 5: Lugng hoa 3 1an, d(ab, xab) cuc tiéu khi z = 1 vd x = a va dat cuc tri dia phuong khi
x = b. Cu thé ta thdy d bang 0 khi x = 1 va 2 = a = 17 va d dat cuc tiéu dia phuong khi
x=b=23.

V6i hién tugng nay, chi bang viéc nén anh v6i nhiéu mic do khac nhau va tinh toan khac biét,
chung ta c6 thé khong chi tim ra gia tri dung dé nén 4nh ma con chi rd 4nh dudc nén bao nhiéu
1an ciing nhu phat hién ra 4nh ghép!

Chiing t6i két thic bai viét & ddy vé6i 2 vi du minh hoa (18i gidi thich dugc dit & chi thich). Hi

vong qua bai viét nay, ban doc tinh tdo hon khi xem xét mot biic dnh sb ciing nhu ¢6 thé tu minh
thit nghiém cling nhu tao ra vai cong cu dé c6 th€ phat hién anh chinh sira.
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original 35 40 45

80 85

Hinh 6: Anh gbc chua nén (gbc trén trai), dugc trich ra viing trung tim, nén véi mic nén 65, sau
d6 toan bo anh dudc nén véi miic nén 85. Qua khéo st cic miic nén khac nhau, ta thiy anh dat
cuc tiéu (den toan bo) khi nén & mic 85) va xuit hién béng ma & mic nén 65. Nguodn anh: [2].

Hinh 7: Mot biic anh ghép (trén trai), qua phan tich su khac biét cia chinh anh nay véi cac muc
nén khac nhau (50, 55, 60, 65, 70, 75, 80, 85, va 90, theo thi tu tu trdi sang phai, ti trén xuéng
du6i) cho thdy viing ghép (béng ma - may bay chién diu) dugc nén 2 1an véi lan 1 nén & miic
60 va sau d6 toan bo dnh két qua dudc nén & miic 90.
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[1] Fridrich, Jessica Digital Image Forensic Using Sensor Noise, IEEE Signal Processing Mag-
azine, vol. 26, no. 2, pp. 26-37, 2009.

[2] Hany, Farid, Exposing Digital Forgeries from JPEG Ghosts, IEEE Transactions on Infor-
mation Forensics and Security, vol. 1, no. 4, pp. 154-160, 2009.
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KIEM CHUNG LA MO HINH

Tran Thanh Hai (Vienna, Ao)

GIOI THIEU

Kiém chiing 12 m6 hinh (model checking) 1a mot trong nhiing phuong phap phd bién nhit
dé xac dinh tinh diing din ctia hé théng. Y tudng ctia phudng phép nay rit dé hiéu va hién
thuc héa: hé théng dugc biéu dién bang mdy chuyén trang thai, cdc trang thai c6 thé tdn
tai dudc sinh ra va kiém tra. Su bung nd t& hdp céc trang thai 1a khuyét diém 16n nhét ctia
phuong phdp nay. Trong bai bo nay, chiing t6i trinh bay hudng tiép can tritu tugng héa
(abstraction) dé vudt qua trd ngai nay.

Lbi 12 mot phan khong thé tranh khoi trong qua trinh phat trién cac hé thdng mdy tinh. T8 chiic
NIST (viét tit ctia US National Institute of Standards and Technology) uéc tinh cic 16i lap trinh
va thuat todn gy ra thiét hai 60 ti d6 12 mbi nim cho nén kinh t& My [7]. Ngoai ra, cic k¥ su
phan mém c6 thé danh t6i mot nita quing thoi gian 1am viéc d€ sita 16i. Thuc ra, ngay tif thud
ban dau ctia mdy tinh, cdng dong nghién cifu da phat trién nhiéu phuong phap dé€ danh tinh diing
dan ctia chuong trinh. Hai phuong phap phd bién dé dam bao ring chuong trinh khong c6 15i 1a
viét mot chiing minh thong thudng dua trén cac dinh ly va viét mot chiing minh bang cach liét
ké. Duéi day, chuing ta sé cung nhin lai uu khuyét diém cta hai phuong phép nay.

Viét mot chiing minh todn hoc 1a céch thiic tin cdy nhit d€ ddm béo tinh diing dn ctia mot hé
théng (bao gdm thuat toan, phan ciing va phan mém). Tuy nhién, viét mot chiing minh hoan
chinh 12 mot viéc khong thé d& dang vi né doi héi rat nhiéu cong siic va kién thiic. Khoé khin
dau tién 12 1am cach nao dé€ biéu dién hé théng mot cach don gian. Néu phai xem xét toan bo cic
yéu td nhu su giéi han vé tai nguyén, su tuong tac gilta cac hé thdng v6i con ngudi, cac tinh chét
ma hé thdng nén c6 .. . thi hién tai ching ta vin chua c6 mot cach biéu dién tién 1gi va chinh
x4c. Do d6, & day ching ta chi ban vé cic céach tiép can dua trén ngdn ngii tu nhién, ma gii va
luan ly.

Ma gia (pseudocode) va ngdn ngii tu nhién hién dudc st dung rong rai dé€ mo ta va chiing minh
tinh ding dan (mdt 16p) hanh vi ctia hé thdng. Tuy nhién, kiém tra cac 1ap luan dudc trinh bay
bang ma gia va ngdn ngit tu nhién khong hé dé dang. Ngay ca & nhiing cong bd khoa hoc c6 anh
hudng 16n trong linh vuc khoa hoc mdy tinh, van ¢6 nhiing sai sot trong chiing minh chi dugc
phét hién sau nhiéu nim. Céc yéu t6 nhu bat dong bo (asynchrony), t6 hop cac kich ban hoat
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dong. . . gay ra nhiéu khé khin trong viéc kiém tra c4c 1ap luan chiing minh, ngay ca dbi véi cic
chuyén gia [5].

Pé viéc kiém tra chiing minh trd nén dé dang hon, cac hé théng chiing minh véi su hd trg cia
mdy tinh (hoan toan tu dong hoic can tuong tic véi ngudi) da dudc phat trién. Cac san pham
tiéu bi€u nhu Coq, Isabelle, SMT solvers (CVC4, Z3, ...) da dudc 4p dung thanh cdng trong
nhiéu du 4n ctia gidi khoa hoc 1an gidi cong nghiép. Cac cong cu nay cho phép ngudi dung biéu
dién hé théng dudi dang cic cong thuc luan Iy (logical formulas) va hd trg cac phép suy dién
(inference rules) d€ kiém tra tinh ding dan ctia cac budc chitng minh (hay dinh 1y). Tuy nhién,
vi méi chi dugc phat trién khodng vai chuc nim gin diy nén cic cong cu chiing minh chi hd
trg mot sd tién dé trong vai linh vuc hep clia toan hoc. Mot khé khin khéc 1a khong ton tai mot
thuat toan (undecidable problem) dé tu dong tim ra chiing minh cho mot cdng thiic todn hoc bat
ky. Do vay, viét mot chiing minh hoan chinh véi sy hd tr¢ cia mdy tinh van doi hdi rit nhiéu
cong suc, tri tu€ va dac biét la thoi gian [3].

Trong nhiéu, viét mot chiing minh hoan chinh 14 diéu gin nhu khong thé, vi du nhu cho cic
thuat toan phan tan (distributed algorithms). Cac k¥ su tai Amazon da thi st dung mot cong cu
hd trg ching minh 1a TLAPS trong cdc du dn clia ho. Tuy nhién, sau cting ho danh phai bo cudc
va nghi ngd tinh kha thi clia viéc viét mot chitng minh diy dd trong cic du 4n tiép theo ctia ho

[6].

Do nhitng khé khin trén, viéc ton tai mot hudng tiép cin don gian trd nén rit quan trong. Qua
quan sat, cac nha khoa hoc mdy tinh nhin ra néu khi biéu dién hé thdng bing mot mdy trang
thdi thi sb trang thdi c6 thé ton tai cling khong phai qua nhiéu, tlf vai ngan trd 1én. Kiém tra hét
toan bod nhiing trudng hop 1a khong kha thi v6i con ngudi; tuy nhién véi su phat tri€n manh mé
clia mdy tinh thi y tuéng nay dan trd thanh hién thuc. Pau nhitng nim 1980, Edmund M. Clarke,
E. Allen Emerson va Joseph Sifakis di 1an dau thanh cong trong viéc hoan thién hé thong 1y
thuyét va phat trién cdc cong cu dua trén y tudng liét ké [4] '. Ddi v6i ngudi st dung, ngoai viée
md hinh hé thdng va céc tinh chat mong dgi thanh nhitng cong thic luin Iy (nhu khi viét chiing
minh vé6i su hd trg ctia may tinh) thi gan nhu tit ca nhiing gi ho cAn 1am 13 nh4p vai niit don gian
dé€ chuong trinh va doi két qua may tinh tra vé. Hudng tiép cin dua trén liét dugc dit tén 12 kiém
chiing 12 md hinh (model checking). Y nghia clia tén goi nay 1a kiém chiing xem mot hé thong
¢6 phai 1a mot mo hinh (model - thuit ngtt trong nganh luén ly) cia mot cong thiic luan ly (dung
dé bi€u dién cac tinh chit ctia hé théng). Di nhién, khuyét diém 16n nhit ca phuong phap nay
1 su bung n6 khong gian trang thai. D& vudt qua trd ngai nay, nhidu huéng gidi quyét da dugc
dé xuét: tritu tuong héa (abstraction), bi€u dién véi bi€u tugng (symbolic representation), . . ..
Nho cic cdi tién trén, kiém chiing 12 mo hinh da dugc st dung rong rii dé ching minh tinh diing
dan ctia cdc hé thdng phan cing 1in phan mém.

Trong nhitng phan tiép theo, chiing ta sé 1an ludt tim hi€u k§ hon vé kiém chiing 12 mo hinh va
triu tugng hoa.

'Vao nidm 2007, ca 3 nha khoa hoc Edmund M. Clarke, E. Allen Emerson va Joseph Sifakis da déu dugc trao
ting giai thuéng Alan Turing cho nhiing déng gép clia ho trong viéc phat trién phuong phdp ki€ém chiing 1a hé
thong.
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Tt nhitng nim 1980, céc thuat toan kiém chiing 12 mo hinh da 1an ludt dudc gidi thidu. Céc thuat
todn nay thudng dua trén cdch biéu dién hé thong bing nhitng cong thic trong luin ly véi thi.

P& ap dung cac thuit toan ndy, chiing ta can trai qua 3 buée [4]:

+ Mb hinh héa: Ngudi dung biéu dién hé théng theo chuin dau vao cta thuit toan. Hé thong
c6 thé biéu dién bang may automata hoic mot cong thiic luan ly véi thi. Doi khi, ching ta

can phai loai bd cic thong tin khong can thiét trong qua trinh md hinh héa.

* Dic ta: Ngudi diing md ta céc tinh chit vé hanh vi clia hé théng. Thong thudng, cac tinh

chét dugc biéu dién bang mot loai ngdn ngit véi thi nhu CTL, LTL hay TLA+.

import java.util.Random;

public class Rand {
public static void main (String[] args) {

Random random = new Random (42); //
int a = random.nextInt (2); //
System.out .println("a=" + a);

//... lots of code here

int b = random.nextInt (3); //
System.out .println(" b=" + b);

int ¢ = a/(b+ta -2); //
System.out .printlIn (" c=" + c);

(1)
(2)

(3)

(4)

Hinh 1: Chuong trinh Java minh hoa [2]

+ Kiém chiing: Cac phan mém kiém chiing sé tu dong san sinh va kiém tra cdc trang théi
c6 thé ton tai. Tuy nhién, d6i khi ngudi dung can phai tham gia vao d€ Iua chon loai tritu

tugng héa, phan tich két qua tra vé. . .

Ching ta hiy cung xem xét doan mad ngudn nhu trong Hinh 1. Cong cu kiém ching Java
PathFinder s€ san sinh ra cac truong hgp thuc thi nhu trong Hinh 2. Dya vao d6, chung ta
dé dang kiém tra ring c6 mot trudng hop ¢ < 0 va c6 18i xay ra do thuc hién phép chia bing 0 2.
D& thiy riang, néu hai bién a, b chi 12 hai s6 ngiu nhién kiu Int thi ching ta sé c6 2%* trudng

hop can xem xét.

20 day, chiing ta chi tap trung minh hoa y tuéng clia kiém chiing véi mé hinh nén khéng ban t6i viéc md hinh

héa hé thdng va dic ta tinh chit nhu thé nio véi Java PathFinder.
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start (I) Random random = new Random( )

a=0 a=

NN /N

1 b=2 b=0 b=1 b

v

0 c=0/0 c=-1 c¢=1/0 ¢
v

@ int a = random.nextInt(2)

2 @) int b = random.nextInt(3)

|| ——

1 @ int ¢ = a/(b+a -2)

Hinh 2: Cac trang thai dudc san sinh bdi chuong trinh Java PathFinder [2]

Mot vu diém khéc clia phuong phéap nay 1a cho phép chung ta gidi thich nguyén nhan 16i mot
céch truc quan va sinh dong. Vi du nhu khi giai thich 16i chia cho 0 ctia chuong trinh Java trén,
cong cu kiém chiing hoan toan c6 thé dua ra mot trudng hop cu thélaa = b = 1.

Mic du y tudng ctia phuong phap kiém chiing 12 md hinh rit don gian va gip khé khin vé s
trang thai can ki€m tra, hudng tiép can nay da giai quyét thanh cong nhiéu vin dé trong cac du
4n cua gi6i khoa hoa va gidi cong nghiép. Cac vi du tiéu biéu nhu [1]

* Su cb gidn doan mang vién thong AT&T: 16i bién dich cau 1énh brean trong ngon ngii
C.

* V3 phi thuyén Ariane 5: 16i ép kiéu float sang ki€u int.

* B0 vi diéu khién Pentium FDIV: 16i lién quan t6i phép chia sb thuc.

Tritu tuong héa 1a mdt phuong phdp phd bién dé vuct qua nhiing khé khin do su bung nd t&
hop céc trang thdi gdy nén [4]. Y tudng cd ban ciia tritu tudng héa 1a thay vi xem xét khong gian
trang thai hién c6, chung ta s€ tim va xem xét mot khong gian trang thai nho hon. Ta st dung
céc ky hiéu S dé chi khong gian hién tai va S dé chi khong gian nhé hon. S va S con thudng
dudc goi 1a khdng gian cu thé (concrete) va khong gian tritu tugng (abstract). Ta ky hiéu s, § lan
lugt 1a mot trang théi trong 5, S. Viéc chuyén ddi gitta hai khong gian S va S dugc xéc dinh dua
trén hai ham f : S — Svag: S — S. Do S 1a khong gian nhd hon nén nhiéu hai trang théi
cu thé sy, s, hoan toan c6 thé dudc dnh xa vao mot trang thdi tritu tugng 5. C6 nhiéu cach khic
nhau dé xac dinh S, f, g nhung tit ca déu phai ddm bao yéu tb viing chic (soundness):

« Néu tdn tai 18i trén khong gian S thi phai tdn tai mot 16i tuong tng trén khong gian S.

Diéu ngudc lai hay tinh toan b (completeness) khong qua quan trong. Thyc ra, trong rat nhiéu
trudng hop, chiing ta hoan toan khong thé tim dudc S f, g ddm bao ca hai tinh chit viing chic
va toan bo.

MBbi loai tritu tugng héa thudng chi phit hgp véi mot sé hé thdéng va tinh chit nhit dinh. Hién
tai, nhiéu phuong phdp tritu tuong héa da dugc dé xuét. Duéi day chiing ta sé xem xét phuong
phép trttu tugng hoa vai vi tu.
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Tritu tuong héa véi vi tii (predicate) 1a mot trong nhitng huéng tiép cin manh nhét hién nay dé
Vuot qua su bung nd khong gian trang thdi [3]. Céc vi tif dudc dung d€ tritu tudng héa céc bién
dit liéu ctia chuong trinh ban dau va duge xem nhu mdt bién bool clia chuong trinh tritu tugng.
Tap cac vi tif sé thé hién mbi quan hé gitta cac bién dif lidu trong chuong trinh ban dau. Nhu
vay, ta cé S = {p1,-..,pr} v6i p; la cac vi tit dugc chon. Hai ham [ va g s€ dugc xay dung gitta
trén moi quan hé ton tai nhu sau:

* Néu s 1a mot trang thdi bit dau trong S thi f (s) phai 12 mot trang thai bit diu trong 5.
+ Néu ton tai mot phép chuyén trang thdi tif s, t6i s, trong S thi ton tai mot phép chuyén

trang théi tit f (s;) t6i f (s;) trong S.

Vi du véi chuong trinh Java trong Hinh 1, chiing ta c¢6 thé sit dung vi tif (py = a = b) dé kiém
tra 16i chia cho 0. Néu p, = TRUE, chiing ta biét ring trudng hop chia cho 0 sé xdy ra. D€ gidi
han céc gid tri ma a, b, ¢ c6 thé nhan, chiing ta c¢6 thé st dung céc vi ti sau

pm=a>0 pr2a<?2
p3Eb>0 pi=b <2
ps=c>—2%241 pe = ¢ < 2%

Piéu ddng quan tAm 12 khi chiing ta thay ddi gid tri ma a, b ¢6 thé nhan thanh toan bd cic sb ¢6
ki€u Int, dé kiém ching trudng hop c6 trudng hdp ¢ = 0 hay khong, ta chi can thay ddi cac vi
tu P1,D2,P3, P4 thanh

a < 232
b < 232

L
L

va nhu thé khong gian trang thdi trifu tugng clia ching ta van chi ¢6 27 trang thai du khong gian
trang thai ban diu da ting thanh (252)°,

Dé thay rang, viéc chon lua vi tit dong yéu td rit quan trong vi chiing sé dudc dung dé chiing
minh tinh chit cdia hé thdng va ching ciing quyét dinh sb lugng trang thai. Trudc day, ngudi
dung s& phéi tu cung cip cic vi tif phit hop cho cac chuong trinh kiém ching. Hién nay, trong
nhiéu trudng hop, cac chuong trinh da c6 thé tu dong tim kiém cac vi tif phit hgp dé chiing minh
tinh chat mong muén [3].
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Kiém ching 12 mé hinh 12 mot phuong phap tu dong dé chitng minh tinh diing déan ctia chuong
trinh. Liét k& va kiém tra tit c4 cdc trang thdi c6 thé x4y ra 13 y tudng chinh ctia phudng phap
nay. Tuy nhién, khuyét di€ém ctia né la khong phu hop véi cac hé thdng c6 qua nhiéu hodc vo
han trang th4i. Triru tugng héa 12 mot phuong phap phd bién dé vuot qua khuyét diém trén. Tuy
nhién, mdi phuong phép tritu tugng héa chi phit hgp véi mot 16p hé thdng va tinh chit nhit dinh.
Viéc phat trién thém nhiéu huéng tiép cin d€ giam thiéu su bung nd khong gian trang théi 1a
mdt trong nhitng huéng nghién ctiu quan trong ctia linh vuc kiém ching 12 hé théng.

[1] Introduction to model checking. https://moves.rwth-aachen.de/teaching/
ss—15/introduction-to-model-checking. Accessed: 2017-01-30.

[2] Java pathfinder. http://babelfish.arc.nasa.gov/trac/Jjpf. Accessed: 2017-
01-30.
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[6] Chris Newcombe, Tim Rath, Fan Zhang, Bogdan Munteanu, Marc Brooker, and Michael
Deardeuff. How amazon web services uses formal methods. Communications of the ACM,
58(4):66-73, 2015.

[7] Michael Newman. Software errors cost us economy $59.5 billion annually. NIST Assesses
Technical Needs of Industry to Improve Software-Testing, 2002.
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CAC PHUONG PHAP SAI PHAN HUU HAN
CHO PHUONG TRINH DAO HAM RIENG (TIEP THEO)

Henry Tran
Wayne State University, Michigan, USA

LOI BAN BIEN TAP

Bai viét clia tac gia Henry Tran c6 nguyén ban 1a tiéng Anh, c6 ba phan chinh gom:

e Ly thuyét va ting dung lap trinh MATLAB trong phuong trinh Parabolic.
e Ly thuyét va iing dung 1ap trinh MATLAB trong phuong trinh Hyperbolic.

e Ly thuyét va iing dung lap trinh MATLAB trong phuong trinh Elliptic.

Chting ti da ding phan diu & Epsilon s6 11. O s6 bdo nay, ching toi sé ding tiép hai
phan con lai, vé Hyperbolic va Elliptic.

1. Cac dang toan Hyperbolic

1.1. Phuong trinh dao ham riéng dang Hyperbolic

Mot phuong trinh dao ham riéng bac hai c¢6 dang

0*u Pu 0w Ou  Ou
2b d— — =
o2 + oxy + Cay2 + ox + eay /=0

dudc goi 12 bai toan hyperbolic néu ma tran

thda man diéu kién det (M) = ac — b* < 0.

Phuong trinh séng 1la mot dang co ban ctia PDEs trong bai toan hyperbolic cua khong gian mot
chiéu véia = 1.
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Phuong trinh séng dudc viét dudi dang

0? 0?
o (z,t) = o2 (z,1)
Chiing ta c6 thé viét lai thanh

1

h2

Ta cling c6 cong thiic

L@ ht) — 2uat) + u(x — bt :%[u(x,tjtk)—2u(az,t)+u(x,t—k:)]

u(z,t+k)=pu(x+ht)+2(1—plu(z,t)+pu(x—ht)—u(z,t—Fk) (x).
1.

Piéu kién 6n dinh § day la p = & <

Phuong trinh séng va cic diéu kién ban dau 1a

g (1,8) = Foru (,1)
u(z,0) = f ()
u (2,0) =0

u(0,t) =u(l,t)=0
trongdé 0 <z <1 and 0 <t.
Nhac lai rang u, (z,t) = 1 [u(z,t + k) — u(z,1)].
Tut=0,taco

u (,0) = % w (z, k) — u (z, 0)].

Do do, ta cling c6 hé phuong trinh tuong ty
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voi0 <z <1 and 0<t.

Tut phuong trinh cla diéu kién ban dau véi diéu kién dau tién ctia u; (x,0) = 0 la
1
E [U(Z’, k) - U(.Q?,O)] = 07
ching ta c6 thé két luan diéu kién dau tién cla u (2, k) = u (x,0) = f (z). Thay t = 0 trong
(%), ta dugc
U(Q?,k) :pu(x—i—h,()) +2(1 —p)U(l’,O)—FpU(CC—h,O) —U(l’,—k)
St dung xAp xi sai s6 trung tam, ta c6
1
Do dé, ta c6 diéu kién thi hai clia hé diéu kién bién cla (z, k) 1a

u(e k)= gplf (o) + f (o= W]+ (= p) f (1),

Tt phuong trinh ban dau, bang viéc dung bién h, k 14n ludt ky hiéu cho sb gia ctia céc bién z, ¢,
chung ta c6

%[u(z+h,t)—2u(x,t)+u(x—h,t)] :%[u(m,t—i—k‘)—2u(x,t)+u(x,t—k)].

N6 ciing c6 thé viét thanh dang
u(z,t+k)=pu(x+ht)+2(1—pu(zt)+pu(x—nht)—u(zt—F).
O day, diéu kién 6n dinh 1a p = &5 < 1.

Chiing ta c6 nim diém dudc biéu dién & lugc dd sau

(x—h1 (x, 1) (x+h1
» ]
(x, 1 — k)
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a) Vidu

Ching ta c6 hé phuong trinh

u(x,0) = f(x)
uw(0,t) =u(l,t) =0

St dung phan mém MATLAB dé€ giai vé6i
f(z) =sin2rx, T =1,L =1,,n;, = 200,n, = 32.
Diéu kién ban dau la u (0,¢) = u (1,t) = 0 va
1

E[u(x,k)—u(x,O)] =0

hay

u(e, k)= 2plf (o) + f (o= W]+ (1= p) £ ()

b) Lap trinh tinh todn (xem thém phan Phu luc bén dudi)

Nghiém chinh xéac la

1
Uegact (T, 1) = 5 [sin27 (x +t) + sin27 (x — t)] tai T = 1.

Chiing ta c6 cac két qua vé nghiém xap xi bdi phuong phap sai phan hitu han va nghiém chinh

xac v6i T' = 1 trong cac hinh minh hoa.

Trong 2D:v6i T =1, L = 1,n, = 200, n, = 8,16, 32, 64.

The comparison of the finite difference method and the exact solution for h = 1/8, at T=1

Exact solution
*  Finite difference method

temperature
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Exact solution
4  Finite difference method

Exact solution
#  Finite difference method
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The comparison of the finite difference method and the exact solution for h = 1/64, at T=1

temperatura

Temperature

1r

Exact solution
0.8 4  Finite difference method

0.6

0.4

=
[

So sanh gitta phuong phép sai phan httu han va nghiém chinh xac

The the finite difference method for h = 1/32 ,at T=1

time U 0

Minh hoa ctia nghiém gan diing bdi phuong phap tudng minh v6i T = 1
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Temperature

time

Minh hoa cia nghiém chinh xac v6i T = 1

Bang cach tinh cac sai so gitta nghiém gan ding va nghiém chinh xac, ta c6 bang sau

The exact solutions fo

r h=1/32,at T=1

N The errors of The orders of
the explicit convergence the
method and the | explicit method
exact solution and exact
solution
4 1.5594e-01 0
4.0052e-02 ay, = 19611
16 1.0073e-02 gy = 1.9913
32 2.5219e-03 ty, = 1.9980
64 6.3059e-04 gy = 1.9997

2. Cac dang toan Elliptic

Phuong trinh dao ham riéng dang Elliptic Mot phuong trinh dao ham riéng bac hai c6 dang

0%u Pu O0*u  Ou  Ou
2b d— +e— =0.
ey + oxy + Cagﬂ + ox * e@y +f
dudc goi 1a bai toan hyperbolic néu ma tran
a b
=[5 d

thda man diéu kién det (M) = ac

-1 >0.
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Phuong trinh Helmholtz la dang don gian ciia PDEs trong bai toan elliptic cia khong gian mot
chiéu véia = 1.

Gia st ham s6 u = u(x, y) c6 hai bién 12 z va y, ham nay khong xac dinh dugc cu thé nhung 1a
duy nhét. Ta gia st ving R dudc cho trudc 1a mit phang hai chiéu zy

Viu+ fu=g (52)
(z,y) la biét trude trén R ’

v6i VZu (z,y) = % + %, f=f(x,y) vag = g (x,y) la cac ham dugc dinh nghia trong R.
Néu f 1a ham hang thi (*) dugc goi 1a phuong trinh Helmholtz.

Néu thay f = g = 0 vao (**), ta c6 phuong trinh Laplace:

2 2
Veu(a,y) = T8 O

ax2+a—y2—0.

Néu thay f = 0, g # 0 vao (x*), ta c6 phuong trinh Poisson

’u  O%*u
Vu(z,y) = 92 + 8_y2 =g(z,y).

Xét bai toan elliptic:
V2u + fu = g nam trong Q = [0, 1]
u =0trén 0 Q= [0,1]

Tuong tu cdc phan trudc, ta sé tim nghiém gan ding cdia bai todn trén bang phuong phap sai
phén htiu han.

Chiing ta bit diu bdi cong thifc don gian

82
fro= S L [ (a4 hy) = 27 (2.9) 4 [ (2~ hyy)

va
o= Gk~ 3 @y W) = 2f (2, + ] (g = 1)

St dung (*x), ta ¢6 5 diém trong phuong trinh Laplace

Pu 0%

2 e R

Vou = 92 + B
50
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gin bang
1
Slu@+hy) +ulz—hy)+ulzy+h)+ulzy—h)—du(zy)
72
Phuong trinh nay dugc minh hoa trong hinh bén dudi

(x,v + h)
.

x—hy (x,¥) (x+h ¥

L ]
x,y —h)

Tré lai bai toan ban dau, ta dinh nghia x; = ih, y; = jh wherei,j > 0.Tasé viét cac ham
nhu sau u;; = w (x5, y;), fi; = f(@i,9;), 95 = g(xi,y;) vab diém sé bao gom
9 1
(VZu)yy = 1 Wiy + ticg + Ui + Uiy — 4+ iy
Ciac diém nay can thé hién bdi md hinh véi 5 hé sb6. Phuong trinh (*) dudc viét dudi dang
Uil — Ui—1,5 — Uiyl — Uij—1 + (4 - hzfi,j) U5 = hzgi,j

Dang cua phuong trinh dugec mo ta trong hinh bén duéi

Xét bai todn cia elliptic trong trudng hgp n = 3. Ta sé ding do thi trong hé truc toa do cho bai
toan nay nhu hinh bén dudi
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[(00) 7(01) 3(0.2) j(0,3) §(04)

Ta c6 cac diém trén bién 1a

(40) (41} (a2) (43
Se - - ' 129
4
(3,0 1 1 (3.4)
3 5 4
(2,0 (2,4)
2
wo | T
1

[D,D}T 5{0,1} 300.2) Im,g} g{D,al}

Cic diém nay déu thudc bién nén chiing phai bang 0. Du vay, trong mdt s6 trudng hdp khac, c6
nhitng diém thuodc bién khac 0. Bang cach phan tich doc 1ap, chiing ta ¢6 9 diém trén ludi nhu

bén dudi.

M5 hinh nay bao gom 9 diém lué6i & trong. D€ xem xét cac diém trén bién, ta c6 9 phuong trinh

cua hé nhu sau

(

(
— Uz — Uy — Uy — Uz + (4 —
— Ug1 — Uy — Uzz — Ugo + (4 —
— Ugp — Uz — Urz — Upy + (4 —
— Ugy — Utz — Uz — Uy + (4 —
— Ugg — Up — Uzz — Uz + (4 —
— Uz — Uz — Ura — Ur2 + (4 —

(
(

— U3z — Uyg — Ugq — Uz + (4 —

[ — U4z — Uo3 — Ugq — U3 + (4 —
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2
— U9 — U — U2 — Uso + (4 — A f11)un =—h? g11

h2f21 Ugl = —h? 921

)

)

h* f31)

h2f12)U12

h2f22)U22
)

h2fl3)u13
)
)

h2f 23)U23 =

hzf 33)U33 =

—h? g31
—h? g12
—h? 922
—h? 932
—h? 913
—h? 923
—h? 933
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Tiép theo, ching ta sé xay dung hé phuong trinh bdi cong thic Au = b, trong d6 A 12 ma tran
ctia hé tuyén tuyén véi kich thude 32 x 3%. Ta cé

u = [Un, U1, U31, U12, U22, U32, U13, U23, U33] .

trong do

Ty =4 — h2f11,9022 =4 - h2f21,96‘33 =4 - h2f31,$44 =4 - h2f12>
Tss =4 — h2f22,$66 =4 - h2f327$77 =4 - h2f13,$88 =4 - h2f23>$99 =4 - h2f33

[ — h2g11 + w10 + uort|
— B?ga1 + usg
— h?gs1 + uso + un
— W’ g12 + uge

b= — h2922

— h?g32 + uao

— h?g13 + g + o3

— B ga3 + usa

| — h®gs3 + uss + ugz ]

tI'OIlg do U10, Uo1,U20, UW30,U41, Up2,U42, U14,U03, U24, U34, U43 la cac dlém trén bién nén Chﬁng déu
phai bang 0.

Néu f (x,y) < 0 thi A la ma tran chéo héa.

Téng quat, ta c6 hé phuong trinh Mw = b, trong d6 M 1a ma tran cta hé phuong trinh tuyén
tinh véi kich thuée n? x n?.

Ta co
u = [U11,U21,~--,Un1, Up2, U22, - - - 5 Up2, ,...,uln,u2n,...,um].
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Ma tran tong quat M la

(21 =1 0 -1 0 0 . 0]
—1 x99 —1 0 —1
o -1 . -1 0
-1 0 -1 -1 0
M= 0 0 —1 zp, -1 0
0 0 -1 l‘(n+1)(n+1) -1 0
. 0 —1 . —1
_0 0 —1 $n2n2_

trong d6 x11 =4 — W2 f11, 000 =4 — W2 for, Ty = 4 — B2 fr1, a1y (nt1) = 4 — W2 fra, Tp2p2 =
4 — h2f,,, vahai dudng chéo chiia cac s6 —1 nam bén canh dudng chéo chinh.

Néumod (i,n) #0,i=1,...,n?>sédandén M (i,i+ 1) = —1va M (i + 1,i) = —1. Ngudc
lai, néu mod (i,n) = 0 thi M (i,i +1) = M (i + 1,i) = 0. Trong hai dudng chéo con lai, sb
thuoc dong thi i va cot thii 7 + n thude vao phan trén dudng chéo chinh hoic sb thudc dong thi
i 4+ n va cot thd i nam dudi dudng chéo chinh 1a —1. Cu thé 1a

M@Gi+n)=—1,i=1,....n°vaM (i+n,i)=—1,i=n+1,...,n%
Téng quat, ta sé viét ma trin b nhu bén duéi

[ — h2911 + u19 + Uop1
- h2g21 + Ugg

— h?gnm1 + U(n+1)1 T Un—1)1 T Uno
— I’ g1 + ugn
- h2922

— W’ g2 + U(n+1)2 T U(n—1)2

— h?gin + von + UL (n+1)
— B gan + U2(n+1)

| hzgnn + U(n+1)n + Un(n41) + Un(n—1)

Néu f (z,y) < 0 thi A 1a ma trn chéo hda.
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Xét bai toan elliptic

V2u + fu = g nam trong Q = [0, 1]
u =qtrén 0 Q = [0, 1]

hodc Uepaer = q = sinm (x +y), trong d6 f = 1, hodc f = xy.

Chung ta sé dung cac ham sau day trong chuong trinh MATLAB:

va q 12 Uepeer = q = sinmx 4 cosTy

case
case
case
case
case
case
case
case
case
case

= W 00 J o U b wbh

[l i ol ol i ol e ol ol

= sin(pi*x) *sin(pi*y);
= x*y*(x-1)*(y-1);

X2 + y*2;

= x"3 + y"3;
sin (pi*x) *cos (pi*y);
sin(pi*x) + cos(pi*y);
sin(pi* (x+y));
sin(pi* (x"2+y*2));
X"2;
Xy

Ta sé vé do thi ctia nghiém gan ding véi f = 1 VA Uezeer = ¢ = SINTT + cOSTY; § = VUegact +

fuexact

U,y

Au+fu=qg

Do thi clia nghiém gan diing véi phuong phap sai phan hitu han véi n = 20
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Trong d6 thi, cac bién déu bang 0. Biang cach phan tich thém, ta c6 thé thiy ring

e VGix = 0thiu(l,y(j)) = cos(my(j))

o V6iz =1thi u(N +1,y(j)) = cos (my (j))

e VSiy = 0thiu(z(i),1) =sin(mz(i)) + 1
u(

e VGiy=1thiu(z(i), N+ 1) =sin(rz(i)) — 1

Ta s& vé dd thi ctia nghiém chinh x4c v6i hAm cu thé can xét 12 Ueyqer = Sinmx + cosTy, nghiém
chinh xac cua n6 dugc v€ trong hinh bén duéi

The exact solution of ulx y¥i= sinfpi™x) + cos(pi™y)

Do thi ctia nghiém chinh xic v6i n = 20

Ta sé& vé dd thi ctia nghiém gan diing v6i f = 1 thi
Uepact = ¢ = Sinm (T 4+ y);

g= VQU + fuea:act-

Du6i diy 1a d6 thi clia nghiém can ding tim dudc bang phuong phdp sai phan hitu han véi
n =20
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Au+fu=g

Céc giai thich bS sung thém cho diéu kién ban dau:

e Véiz =0thiu(l,y(y)) = sinmy(j)
e Véiz=1thiu(N+1,y(j)) =sinm (1 +y(j))

e Véiy = 0thiu(x(i),l) =sinmz (i)
o V6iy=1thiu(x(i), N+1)=sinn (z (i) + 1)

Tiép theo, ta sé vé do thi clia nghiém chinh Xac V6i Uepaer = sinm (z +y) ,n = 20

The exact solution of ux, )= sin(pi™(x+y])
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Ta c6 bang hdi tu ciia nghiém trong cac truong hgp sau

M The errors of the The orders of
approximate convergence of the
solutions and the | approximate solutions
exact solutions and exact solutions
2 0.0347 0
0.0093 1.9061
8 0.0023 19913
16 0 0006 19919
32 0.0001 1.9997

Vi f = 1; Uegaer = sinm (x + y)

The errors of the

M approximate The orders of
solutions and the convergence of the

exact solutions approximate solutions
and exact solutions

2 0.0246 0

4 0.0061 2.0071

8 0.0016 1.9727

16 0.0004 1.9802

32 0.0001 2.000

Phuong phap sai phan hitu han cho PDEs ctia bai toan hyperbolic v6i dang don gian nhat 13
phuong trinh séng ctia mot chiéu. Gia tri cia h va k thda man diéu kién 6n dinh 1a p = Z—z <1
Diéu nay c6 nghia 1a nz > nT va ta can chon gid tri thich hop cho n7T" va na trong chuong trinh
MATLAB.

Nghiém hdi tu khi ta ¢ dinh gia tri clia n7" nhung thay ddi gia tri cia nz. Ching ta ciing thiy

rang néu chon nx > n7T thi dd thi sé khong con diing dang niia.
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Chiing ta da tinh dudc sai s6 giita nghiém chinh xdc va nghiém gan diing bdi cac gid tri khic
nhau ctia nx. Pidu nay chiing té ring bac hoi tu 1a 1. Thong qua bang hdi tu, ta di vé dudc dd
thi d€ so sanh c4c gid tri cia nghiém chinh xdc va nghiém gan duing trén cling mot hé truc toa
do. Cudi cung, ta cling da thé hién dudc dd thi ctia ham s6 da chon trong khong gian ba chiéu.

Ly thuyét vé bai todn dang hyperbolic ¢6 nhiéu mé hinh tit don gian dén phic tap trong Toan
hoc, chang han nhu phuong trinh d6i luu, Lax, Upwind, Lax-Wendroff, phuong trinh Navier-
Stokes. Thém nifa, bai todn nay trong nhitng nim gan diy ciing dugc nghién ctiu va phat trién
phuc vu cho khoa hoc va ky thuat.

Phuong trinh séng c6 nhiéu ing dung trong vt Iy nhu cdc séng ctia chudi, séng giat trong khong
khi, séng co hoc luong ti¥, cic mo hinh Am thanh ciia séng dia chin, séng Am trong chit 16ng va
gas, V.v.

Phuong phap sai phan hitu han cho PDEs cuia bai toan elliptic phuc tap hon hai dang toan truéc.
O day, chiing ta da dung phuong trinh Helmholtz d€ xét bai todn nay. Phuong trinh d6 bao gdbm
cac phuong trinh Laplace va Poisson, phu thudc vao gia tri khac nhau cua cac ham f va g.
Chiing ta can ky hiéu cdc di€ém trén lu6i & trong va & trén bién, sau d6 xdy dung ma tran ctia hé
phuong trinh tuyén tinh téng quat rdi tim cdc gia tri ctia b. Su hoi tu clia nghiém xay ra khi ta
chon gia tri d 16n nao d6 cia N.

Véi cac gid tri khac nhau ctia N, ta c6 thé thiy rang do hdi tu ctia nghiém x4p xi va két luan
dugc diém tuong quan gitta cdc md hinh tuong ty nhau trong nghiém gan diing va nghiém chinh
x4c trén cung mot hé truc toa do. Hon niia, tif cic do thi ctia khong gian ba chiéu, ta ciling da vé
dudc cic diém trén bién va bén trong mot cach rat rd rang. Mit khéc, ta ciing c6 thé thay ddi
cac ham f va g trong MATLAB dé vé cac do thi khéc.

Céc bai toan elliptic cia PDEs c6 nhiéu tng dung trong vat 1y tinh dién, ky thuat co khi va vat
ly 1y thuyét.

MATLAB program 3: Bai toan mo hinh phuong trinh song

function hyperfdm_ sol (L, T, nT, nx)

Matlab Program : Hyperbolic problems:

Wave equation: u_xx=u_tt

where u(x,0)=sin(pi*x). Use the explicit method.

The exact solution: u_exact=(1/2)* (sin(2*pi* (x+t))+sin(2*pi*(x-t)))

o\°

o° oo oo
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L =1.; % Length of the wire
T %

%
o
°
%

= 1; Final time

Choose nT= 200. Number of time steps
dt = T/nT;
% Choose nx= 4,8, ... Number of space steps
dx = L/nx;

rho = dt”*2/(dx"2); % Stability parameter rho <= 1 when nx <= nT.
Initial temperature of the wire

o° oo

initilalize u

u = zeros (nx+1,nT+1);
u3 = zeros (nx+1,nT+1);
X = zeros (nx+1,1);
time = zeros (nT+1,1);
for 1 = 1l:nx+1

x (1) = (i-1)*dx;

u(i,1l) = £0(x(i));
end

$Temperature at the boundary (t=0)
for k =1:nT+1

u(l,k) = 0.;

u(nx+1l,k) = 0.;

time (k) = (k-1)*dt;
end

$Implementation of the exact solution
for k=1:nT+1

for 1 = 1l:nx+1
u3d(i,k) = u_exact(x(i),time(k));
end

end

$Implementation of the explicit method

for 1 = 2:nx %$k=2, the first time step
u(i,2) = (1/2)*rho* (f0(x(i+1))+f0(x(i-1)))+(1l-rho)*f0(x(1));
end

[}

% The second time step
for k = 3:nT+1 % Time Loop

for 1 = 2:nx % Space Loop
u(i,k) = rho*u(i+l,k-1)+2* (1-rho) *u(i,k-1)+
rho*u(i-1,k-1)-u (i, k-2);
end
end

disp (error2);

% Graphical representation of the temperature at different selected
times
figure

hold on

%$The graphic of the exact solution in 2D
plot (x,u3(:,1),’"-r",’MarkerFaceColor’,’ ' r")
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%$The graphic of the explicit method in 2D

plot (x,u(:,1),’”*b’", " MarkerFaceColor’,’'b")

xlabel ("x")

vlabel (' temperature’)

legend ({’Exact solutions’ ’'Finite difference
method’ },’ location’,’'NE’);

title (' The comparison of the finite difference method and the exact
solutions for h = 1/64, at T=1")

hold off

%The graphic of the explicit method in 3D

figure

mesh (x, time,u’)

title (' The the finite difference method for h = 1/32,at T=1")

xlabel (" x")

ylabel ("time’”)

zlabel (' Temperature’)

$The graphic of the exact solution in 3D

figure

mesh (x, time, u3’)

title (' The exact solutions for h=1/32,at T=1')
xlabel (" x")

ylabel (time’)

zlabel (' Temperature’)

Trong do, ta dung chuong trinh con d€ tinh u0:

function u = u_exact (x)

% Initial Condition
u =sin(2*pi*x);

Tinh nghiém chinh xdc u.xact(x)

function u3 = u_exact (x,t)

[}

% The exact solution
u3 =(1/2)*(sin(2*pi* (x+t))+sin(2*pi* (x-t)));

4.2. Cac bai toan cua Elliptic

MATLAB program 4: Bai toan mo hinh phuong trinh Helmholtz

function FDM_singlerun (N)

Solves the following elliptic PDE using a finite difference method
uxx +uyy + fu=gin [0,1]
u = exact_u on the boundary of [0,1]

o° o o°
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h = 1/N;

global x y P

X = zeros (N+1,1);
y = zeros (N+1,1);
P = zeros (N+1,N+1);

global u_type f_type

Su_type = 1; %u = sin(pi*x)*sin(pi*y)
Su_type = 2; %u = x*y*(x-1)*(y—-1)
Su_type = 3; %u = x*2 + y"2

Su_type = 4; %u = x*3 + y"3

Su_type = 5; %u = sin(pi*x) *cos (pi*y)
u_type = 6; %u = sin(pi*x) + cos(pi*y)
Su_type = 7; %u = sin(pi(x+ty))
Su_type = 8; %u = sin(pi(x"2+y"2))
gu_type = 9; Su = x"2

Su_type = 10; %Su = x

$f_type = 1; %f =0

f_type = 2; %f =1

$f_type = 3; %f = x*y

$f_type = 4; Sf = x"2+y"2

% Define the grid

for i = 1:N+1; x(i) = (i-1)*h; end
for j = 1:N+1; y(3j) = (j-1)*h; end

Enforcing boundary conditions:
For x=0 and x=1
for j = 1:N+1
P(l, j) = exact_u(0,v(J
P (N+1, j) = exact_u(l,y(
end
% For y=0 and y=1
for 1 = 1:N+1
P(i,1) = exact_u(x(i),0);
P(i,N+1) = exact_u(x(i),1);
end

))
3));

% Generate the LHS matrix A

A = zeros ((N-1)"2, (N-1)"2);
for i = 1:(N-1)"2

A(i,i) = 4;
end

o

% Add contributions from the f u term
for 3 = 1:N-1
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Sdisp ([’ ] ", num2str(j) 1)
for 1 = 1:N-1
Sdisp(['1i = ", num2str (i) ])
A((3=-1)*(N=1)+i, (J-1)*(N-1)+1i) =
A((J=1)*(N=1)+1i, (J-1)*(N-1)+1i) — h*2*f(x(i+1),y(J+1));
end
end

for 1 = 1:(N-1)"2-1
if mod(i,N-1) ~= 0
A(i,i+1) = -1;
end
end
for i = 1:(N-1)"2-3
A(i,i+(N-1)) = -1;
end
for i = 2:(N-1)"2
if mod(i,N-1) ~= 1
A(i,i-1) = -1;
end
end
for i = N:(N-1)"2
A(i,i-(N-1)) = -1;
end
%disp (A)

% Generate the RHS vector b.
b = zeros ((N-1)"2,1);

for 3 = 1:N-1
for 1 = 1:N-1
b((j-1)*(N-1)+1i) = b((J-1)*(N-1)+i) - h"2*g(x(i+l),y(J+1));
end
end

Add contributions to b from the BC
Contributions corresponding to y = 0
for 1 = 1:N-1

%
o
°

b(i) = b(i) + P(i+1,1);
sb(1) = b(1) + P(1,1+1);
end
% Contributions corresponding to y = 1
for 1 = 1:N-1
b((N-1)"2-(N-1)+i) = b((N-1)"2-(N-1)+1i) + P(i+1,N+1);
b ((N-1)"2-(N-1)+1) = b((N-1)"2-(N-1)+i) + P(N+1,i+1);
end
% Contributions corresponding to x = 0
for i = 1:N-1
b((1i-1)*(N-1)+1) = b((i-1)*(N-1)+1) + P(1,i+1);
So((i-1)*(N-1)+1) = b((i-1)*(N-1)+1) + P(i+1,1);
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end

[}

% Contributions corresponding to x = 1
for i = 1:N-1

b(i*(N-1)) = b(i*(N-1)) + P(N+1,i+1);
Sb(i*(N-1)) = b(i*(N-1)) + P(i+1,N+1);
end
u = A\b;

u_temp = zeros (N-1,N-1);
for j = 1:N-1

u_temp(:,3J) = u((j-1)*(N-1)+1:3*(N-1));
end
for 3 = 2:N

P(2:N,3) = u_temp(:,j-1);
end

% Plot the approximate solution of u(x,y) in 3D
figure; surface(x,y,P’); view(3)

title('\Delta u + £ u = g")

xlabel ("x"); vlabel ('y’); zlabel('u(x,vy)’)

% Plot the exact solution of u(x,y) in 3D

[X,Y] = meshgrid(0:1/N:1,0:1/N:1);

%72 = sin(pi*X)*sin(pi*Y); %case 1;
$7 X*Yy* (X=1)*(Y-1); $case 2;

$72 = X"2 + Y"2; %$case 3;

$Z2 = X"3 + Y3, $case 4;

%7 sin (pi*X) *cos (pi*Y); %case 5;
%2 = sin(pi*X) + cos(pi*Y); %case 6;
Z = sin(pi* (X+Y)); %$case 7;

%$Z = sin(pi* (X"2+Y"2)); %case 8;

$72 = X"2; %$case 9;

%72 = X; %$case 10;
figure

title (' The exact solution of u(x,y)= sin(pi*(x+y))")
surface (X,Y,2);

view (3)

get_error ()

Trong d6 ham Laplace la

function Laplace_u = Laplace_u(x,Vy)

global u_type
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switch u_type
case 1; Laplace_u = -2*pi”2*sin(pi*x)*sin(pi*y); % u =
sin(pi*x) *sin (pi*y)
case 2; Laplace_u = 2* (x"2+y"2-x-y); %u = xy(x—-1) (y—-1)

case 3; Laplace_u = 4; %Su = x"2 + y*2
case 4; Laplace_u = 6*(xty); %u = x"3 + y"3
case 5; Laplace_u = -2*pi”2*sin(pi*x)*cos(pi*y); % u =
sin (pi*x) *cos (pi*y)
case 6; Laplace_u = —-pi”"2*(sin(pi*x)+cos(pi*y)); % u = sin(pi*x)
+ cos (pi*y)
case 7; Laplace_u = -2*pi”2*sin(pi*(x+y)); % u = sin(pi(x+y))
case 8; Laplace_u = 4*pi*cos(pi* (x"2+y"*2)) -
4*¥pin2*y"2*sin (pi* (x72+y"2)); % u = sin(pl(x"2+y"2))
case 9; Laplace_u = 2; % u = x"2
case 10;Laplace_u = 0; % u = x
otherwise; disp('Missing u_type!’)
end
Ham g la:

function g = g(x,Vv)
% \Delta u + £f u =g

g = Laplace_u(x,y) + f(x,y)*exact_u(x,Vy);

Ham f la:

function f = f(x,V)
global f_type

switch f_type

case 1; £ = 0;

case 2; £ = 1;

case 3; f = x*y;

case 4; £ = x*"2 + y"2;

otherwise; disp(’'Missing f_type!’)
end

Tinh toan sai so:

function get_error ()
global x y P error
N = length(x)-1;

error_mat = zeros (N+1,N+1);

for 1 = 1:N+1
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for j = 1:N+1

error_mat (i, j) = abs(P (i, j)-exact_u(x(i),v(3)));

end
end
error = max (max (error_mat));

Cac ham u chinh xac:

function u = exact_u(x,Vy)
global u_type

switch u_type

case 1; u = sin(pi*x)*sin(pi*y);
case 2; u = x*y*(x-1)*(y-1);

case 3; u = x"2 + y*2;

case 4; u = x*"3 + y"3;

case 5; u = sin(pi*x)*cos (pi*y);
case 6; u = sin(pi*x) + cos(pi*y);
case 7; u = sin(pi*(x+y));

case 8; u = sin(pi*(x"2+y"2));
case 9; u = x"2;

case 10;u = x;

otherwise; disp(’'Missing u_type!’)

end

Xem trong bai viét Epsilon s6 11.
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SO SANH TOAN IMO VA TOAN NGHIEN CUU?
TRUONG HOP LY THUYET RAMSEY

W.Timothy Gowers
Ngudi dich: Nguyén Vi Duy Linh

TOM TAT

Miic du céc thi sinh IMO va cac nha nghién ctiu todn hoc déu cb ging gidi nhiing bai toan
kh6 nhung c6 nhiing su khac biét quan trong gilta hai hoat dong nay. Mot phan 1a vi céc
bai toan nghién cifu st dung cac khai niém va kién thiic ctia chuong trinh dai hoc dudc
loai bd khai céc bai toan IMO. Tuy nhién c6 nhiing khéc biét cin ban hon. D& minh hoa
diéu nay, ta s& xem xét mot s6 két qua va cau hdi trong ly thuyét Ramsey, linh vuc vira 1a
nguon dé tai cho cic bai toan IMO va cdc bai toan nghién ctiu.

Nhiéu ngudi dit ciu hdi & miic d6 nao nhiing thanh tich & cudc thi toan qubc t&€ (IMO) sé du
bdo cho nhiing thanh cong trong nghién ciiu toan hoc. Py 12 mot cau héi thu vi: Nhiéu ngdi sao
IMO sau d6 da c6 mot su nghiép nghién ciu rat thanh cong, trong khi nhitng ngusi khac sau dé
bé todn hoan toan (va thudng cling c6 nhitng thanh cong ndi bat & cac linh vuc khéc). C6 1& diéu
ding nhat ma ta c6 thé néi 1a kha ning 1am bai tot & cudc thi IMO tuong thich véi kha niing 1am
nghién ciu tbt, nhung khong hoan toan. Piéu nay khdng cé gi ngac nhién, bdi vi hai hoat dong
ndy c6 nhiing diéu tuong dong va nhiing su khac biét quan trong. Piém tuong dong chinh 1a rat
16 rang: Trong c4 hai trudng hop ngudi ta déu cd gang gidi cac van dé toan hoc. Trong bai viét
nay, téi mudn dit trong tim vao nhitng su khic biét bﬁng cach xem xét mot linh vuc cia toan
hoc, ly thuyét Ramsey von 12 ngudn dé tai ctia ca cac bai toan Olympiad va cdc bai toan nghién
cdu quan trong.

Toi hy vong chi ra rang c6 mot con dudng kha lién tuc tif vin dé nay sang van dé khac, nhung
hai diém két thiic ctia con dudng nay lai hoan toan khic nhau.

C4c tai lidu trinh bay vé 1y thuyét Ramsey thudng mé dau bang bai todn sau day.

Bai toan 1. C6 sdu nguoi trong phong, hai nguoi bdt ky trong sé ho hodc la ban ciia nhau hodic
la ké thit ciia nhau. Chitng minh rdang hodic la c6 ba nguoi sao cho hai nguoi bdt ky trong sé ho
la ban ciia nhau, hodc la c¢6 ba ngudi sao cho hai nguoi bdt ky trong sé ho la ké thi ciia nhau.
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Néu ban chua gip bai todn nay (tdi van nghi rang hau hét thi sinh IMO déu gip phai), ban nén
giai né trudc khi doc tiép. N6 khong khé, nhung ngudi ta hoc hdi dugce nhiéu khi ty giai no.

Pé cho tién, chiing ta phat biéu lai bai toan trudc khi giai né bang cach lugce bd di nhitng yéu td
khong lién quan téi toan hoc (d6 12 ngudi, tinh ban va tinh thl) va chi xem xét dén yéu td tritu
tuong mau chét clia bai toan. Mot cach 1am 1a biéu dién mdi ngudi bang mot diém trong do thi
va nbi mbi cip diém bdi mot dudng (khong nhét thiét phai 1a dudng thang). Chiing ta dugc mot
dbi tuong goi 1a d6 thi day da bac 6. DE biéu dién tinh ban va tinh thu, ching ta ndi hai ngudi
ban bang mot dudng mau dé va nbi hai ké thu bang mot dudng mau xanh. Nhu vdy chiing ta ¢é
6 diém ma mdi cip diém dudc ndi bang mot dudng mau dé hay mau xanh. Thuat ngii chuin cla
ly thuyét d6 thi goi cic diém 1a dinh va cdc dudng la canh. (Chiing ta chon cdc tlf nay vi c6 mot
16p d6 thi quan trong sinh ra tif cic dinh va canh ctia mot da dién. Trong vi du nhu viy sé& c6
cdc cip diém khong nbi v6i nhau bang cdc canh trir khi da gidc 12 mot td dién: Do vdy chiing 1a
nhiing dd thi khong day du).

Cong viée ctia ching ta gio 1a chiing minh rang phai c6 mot tam gidc mau dé hay mot tam gidc
mau xanh trong d6 tam gidc trong ngit canh nay 1a mot tip hop clia ba canh néi lién ba dinh.

D€ chiing minh diéu nay, hay 1iy mot dinh bat ky. Dinh nay dudc ndi v6i nim dinh khac bing
céc canh, nhu vay theo nguyén ly chudng bd cau c6 it nhit ba trong c4c canh nay c6 cling mau.
Khong 1am mét tinh tdng quat, gia st d6 1a mau dé. Nhu vy c6 ba dinh nbi véi dinh diu tién
bang canh dd. Néu hai trong s6 ba dinh nay nbi véi nhau bang canh dd, chiing ta sé c6 mot tam
gidc d6. Néu khong, c4 ba ciip diém tao thanh mot nhém nbi v6i nhau bang canh xanh va cho ta
mot tam giac xanh tir d6 thu dudc diéu phai chiing minh.

Chiing ta hdy dinh nghia R(k,[) 1a s6 nho nhit n théa min néu ban t6 xanh hay dé mdi canh
ctia mot do thi day dd bac n thi ban c6 thé tim thiy k dinh trong d6 hai dinh bat ky trong chiing
nbi véi nhau bang canh dé hay / dinh trong d6 hai dinh bat ky trong chiing n6i véi nhau biang
canh xanh. Chiing ta vita méi chiing minh xong R(3, 3) < 6. (Néu ban chua thit, ban c6 thé tim
dudc mot cach td xanh hay dé cdc canh mot do thi day dd c6 nim dinh thé nao cho khong ton
tai mOt tam giac xanh hay do).

Diéu nay chua cho chiing ta thiy ré ngay dinh nghia trén 1a hop ly: Dinh ly Ramsey khang dinh
rang R(k, ) ton tai va hitu han cho m&i k va /.

Mot tdng quat hoa don gidn clia Iy ludn ma chung ta dung dé chiing minh R(3,3) < 6 ¢6 thé
dugc dung dé chiing minh két qué sau ctia Erdos va Szekeres, két qua nay ching minh dinh ly
Ramsey va cho chiing ta thong tin vé do 16n ctia R(k, /).

Dinh Iy 1. Vi médi k va 1, chiing ta c¢é bdt ding thicc R(k,1) < R(k —1,1) + R(k,l —1).
Mot 1an nita, néu nhu ban chua thiy két qua nay bao gio, ban cin tu minh ching minh né (bai

todn nay dé hon mot bai todan IMO dién hinh). Va ban c6 th€ dung ly luan quy nap chiing minh

ring bit ding thic trén suy ra R(k,!) < (*F7?) (chi yéu dé y ring R(k, 1) = 1, hay an toan

hon mot chiit R(k,2) = k, va tit 46 bat dau phép quy nap).

Diéu nay cho chiing ta biét R(3,4) < 10. Dau vy, trén thuc té ciu tra 15i chinh xac 14 9. Chiing
minh né 12 mot bai toan thi vi hon — khong khé 1am, nhung can thém y tudng.
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Tir diéu nay va bit dang thiic ctia Erdos va Szekeres, chiing ta cé thé suy ra R(4,4) < R(3,4) +
R(4,3) = 18, day la cau tra 18i chinh x4c: D€ thay rd ban can xem xét mot do thi dy di bac 17
¢6 cdc canh dudc td xanh hay do sao cho khong c6 bén dinh nao nbi lai v6i nhau bang canh do
va ciing khong c¢6 bén dinh nao ndi v6i nhau bang canh xanh. Mot dd thi nhu vay 1a ton tai va
hon thé kha dep: Nhu moi khi, t6i sé khong 1am hong cudc vui bang cach néi ra dé 1a cdi gi.

Chiing ta s& khong phai di xa hon thé trudc khi ching ta budc vao vuong quc clia nhiing diéu
chua biét. Ap dung bét dang thiic Erdos—Szekeres mot 1an nita, ta c6

R(3,5) < R(2,5) 4+ R(3.,4)=54+9=14.
Gia tri nay la chinh xac. Va ngoai ra
R(4,5) < R(4,4) + R(3,5) = 32.

Nim 1995, McKay va Radziszowski, véi su gitip d5 ctia mdy tinh, chiing minh rang, trén thuc
té R(4,5) = 25. Cho dén nay, ngudi ta van chua tim ra gia tri chinh x4c cta R(5, 5). Diéu ma
ta biét tot nhét vé R(5, 5) 12 n6 nam trong khoang 43 va 49. Ngay c4 khi gid tri nay 1a 43, phép
fim kiém tho trén mdy tinh duyét qua 2() phép t6 mau xanh do db thi ddy dii bac 43 1a qué lau
dé€ kha thi. TAt nhién 13 c6 nhiing cach gidm nhe phép tim kiém nhung cho t6i nay van chua kha
thi trén mdy tinh. K€ c4 khi c6 ai d6 tinh dudc R(5, 5), ching ta ciing khé biét dudc R(6, 6) 1a
bao nhiéu (chiing ta biét n6 nam trong khoang 102 va 165).

Céac ban c6 thé hai tai sao ching ta khong dé ra mot 1y thuyét chit khong phai 1a kiéu suy luan
x4u xi kiém tra mot lugng 16n cac do thi trén mdy tinh?

Ly do 1a nhiing dd thi 16n nhét khong c6 k dinh ndi v6i nhau bang canh d6 hay / dinh ndi véi
nhau bing canh xanh thudng khong cé tinh ciu tric.

Do d6 nhiing d6 thi cho thiy R(3,3) > 5, R(3,4) > 8 va R(4,4) > 17 thudng lam léch hudng
suy luan vi chuing rat c6 cAu tric. Py c6 vé 13 vi du cta cai goi 12 “ludt ciia nhitng s6 nhé” (vi
du don gian hon 12 ba s6 nguyén t6 dau tién 2, 3 va 5 1a ba s Fibonacci lién tiép. Su kién nay
khong c6 gi dang k€ khi nhiéu s6 nhd trung khdp ngiu nhién).

Do vay chiing ta cam thy khong théa man khi khong c6é mot 1y thuyét nao dua ra cong thifc
chinh xéc cho R(k,[), va diéu t6t nhit ma ngudi ta c6 thé 1am 12 dua ra mot phuong phdp tim
kiém thong minh trén mdy tinh cho k va / nhé. Piéu niy c6 vé nhu 1a mot thit bai, nhung Godel
da day chung ta rang chuing ta khong thé gia st moi thi ma chiing ta mudn biét déu c6 ching
minh. Trong trudng hop cla nhitng s6 Ramsey nhd, ching ta khong hoc dudgc gi truc tiép tir
dinh 1y Godel, vi vé nguyén tic chiing ta c6 thé tinh ra ching bing cic phuong phép tim kiém
tho mic dau ching khong thuc té 1am.

Mic dau vy thong diép tdng quat bio ring nhiing su kién dep dé khong nhét thiét phai c6
nhitng chiing minh dep dé van ducc 4p dung va c6 mdt tdc dong dén cudc sdng clia nhitng nha
nghién citu toan hoc, né cé thé dudc tém tat trong chién ludc gidi quyét vin dé tong quat sau
(t6i khong dé nghi chién lugc nay cho nhiing thi sinh thi olympic toan).

Chién luoc 1. Khi mot vén d@é lam ban bé tdc, doi khi diéu tét nhdt la ddau hang
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Trén thuc té, toi cling khong hoan toan dé nghi chién lugc niy cho nhiing nha nghién ctiu todn
hoc trit khi né di ciip véi nguyén tic lac quan hon sau day (mot 1an nita toi khong dé nghi chién
lugc nay cho nhiing thi sinh thi olympic toan).

Chién luoc 2. Néu ban khong thé'trd 15i cdu héi thi hdy thay déi né.

Mot trong nhiing dudng 16i chung nhit dé thay ddi mot cau hoi toan hoc khi chiing ta roi vao
mdt tinh hudng nhu trén, nhu khi ching ta khong thé tinh mot dai luong mot cach chinh xdc, 1a
tim xAp xi t6t nhit cho né, hay 1a it nhit chiing minh rang dai luong d6 phai nam gitta L va U,
trong d6 chiing ta cd gang 1am cho L (goi 1a chin dudi) va U (goi 1a chiin trén) cang gin nhau
cang tot.

k+l—2).

Chung ta vita méi tim dudc chan trén cho R(k, /) d6 chinh la ( b1

Dé cho don gidn, ching ta xét trudng hop k = /. Khi d6 ching ta thu nhan dudc chin trén

(%72). Liéu chiing ta c6 thé tim duge mot chin dudi so sanh dudc véi n6?

Trudc khi tra 16i cau hoi nay, chiing ta thi nghi xem (37%) 16n ¢& bao nhiéu. Mot xap xi kha
t6t (nhung khong phai bang nhiing phuong tién tot nhat dugc biét) dugc cho bdi cong thiic
(kn)_% - 41 6 tde do ting tuong duong véi 4% (vi ty sd cac gid tri lién tiép cia ham s6 nay
ngay cang gan 4).

D6 1a mot ham kha 16n theo k. Li€u c6 hy vong gi tim dugc mdt chan dudi cia mot cai gi d6 co
nhu vay?

Néu thudt ngit “fim kiém” c6 nghia la viét xudng mot qui tac khi nao té mot canh dd va khi nao
td canh 4y xanh thi cau tra 15i sé 1 tim kiém chiin duéi 16n ¢ ham mii 12 mot bai todn vo cling
kho6 khong giai dudc (mic dau ta cling ¢6 vai két qua thi vi néu di theo hudng nay). Tuy vay vao
nam 1947, Erdos da tim ra m0t phuong phap don gian ma hiéu qua cho phép tim ra chan dudi
¢6 d6 16n ham mi ma khong di theo huéng trén. Thay vi trinh bay chiing minh cta Erdos, t6i sé
cho céc ban biét y tudng ctia chitng minh do.

D& thuin tién chiing ta dua vao thuat ngif sau. Néu ching ta c6 mot do thi diy di bac n ¢6 cac
canh dugc t6 mau xanh dé thi chiing ta s& goi tip hop cdc dinh 1a don sdc néu hai dinh bat ky
ctia tap hop d6 dudc ndi bang cac canh cling mau.

Y tudng chiing minh. Ditng cé gdng tim mot cdch té6 mau thod man bai todn. Vi vy, chon cdc
mau mot cdch tuy ¥ va chitng minh rang soé trung binh ciia cdc tdp hop don sdc cé k nhé hon 1.

Néu chiing ta c6 thé lam dudc diéu nay thi phai c6 mot dd thi khong c6 tip hop don sac cd k
vi ngudc lai s6 trung binh sé it nhat bang 1. Ly luan nay can mdt luong tinh todn don gian dén
ngac nhién, va chiing cho thiy R(k, k) t6i thiéu phai biang V2K (trén thuc té, ngudi ta dat dugc
mot ude lugng 16n hon mot chit, nhung khong di 16n dé anh hudng dén vin dé dang ban cai).
Tin t6t 1a chin dudi c6 do 16n ham md. Tin x4u la V/2% nhé hon 4% rat nhiéu. Liéu c6 ai do co
thé cdi thién chin trén hay chin dudi khong? Day 12 mot trong nhiing vin dé md trung tim cia
ly thuyét t& hop.
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Bai toan 2. Liéu cd ton tai hing sé o > ~/2 thé nao cho vdi moi k dii 1én chiing ta cé chdn
dudi R(k,k) > oo*, hay la hang sé B < 4 thé nao cho véi moi k dii I6n chiing ta cé chén trén
R(k.k) < p*?

Sau day 1a mot cau héi tham vong hon.

N / N . 1 L7 As 2 a e 4 N . N ;1Y
Bai toan 3. Liéu dai luong R(k, k)% co hdi tu vé mot gidi han va néu co thi gidi han do bang
bao nhiéu.

C6 khé ndng R(k, k)* dan vé mot gidi han. Ba khé ning c6 thé x4y ra la gi6i han d6 bing v/2, 2
hay 4. Toi khong c6 mot ly 18 thuyét phuc nao cho thiy s nao c6 kha niing hon hai sb con lai.
Trong vai chuc nim ngudi ta chi dat dugc mot chut tién bo d6i v6i nhitng vin dé nay. Nhu vay
chiing ta diu hang sao? Chic chin khong. C6 mot su khac biét rat 16n gitta nhiing vin dé rét
kh6 khin nay va van dé rit kho 1a tinh toan R(6, 6) ma ngudi ta mong doi mot ly thuyét dep dé:
Chi 13 qua kho khiin d€ tim ra n6. Pau hang véi cac phuong phap tim kiém chang qua chi vi né
qua khé ddi véi tinh than nghién ciu todn hoc. (P6i khi mot nha toan hoc don 1é dudc khuyén
nén dau hang mot vin dé sau khi phi mot thdi gian dai cho né ma khong di dén dau. Nhung &
day t6i n6i dén nd luc tap thé: Tit ca cdc nha t6 hop lic nay hay hic khac c¢b ging cai thién chin
trén chin duéi ctia R(k, k) va toi néi rang diéu nay nén tiép tuc cho dén khi thuc hién xong).

Mot dinh 1y dién hinh cta ly thuyét Ramsey lién quan dén mot ciu triic c¢6 nhiéu cAu tric con
tuong tu nhu ciu triic ban dau. N6 néi rang néu ban t6 mau cac phin tif cia ciu triic chinh bing
hai mau (hay tdng quat hon bang » mau véi r 1a mot s6 nguyén duong nao d6), thi ban at phai
tim thy mot cAu tric con ¢6 tit ca cdc phan ti dugc td bing cing mdt mau. Chang han, dinh 1y
Ramsey khang dinh trong trudng hop k = 1, céu triic chinh 1a dd thi day da bac R(k, k) (hay
n6i mot cach chinh xac hon, cic canh ctia dd thi ddy di) va cic cAu triic con 12 tit ca do thi con
day di bac k. Vai dinh Iy Ramsey con cho biét kich thudc ctia ciu triic con phu thudc nhu thé
nao vao kich thudc ctia ciu triic chinh va sb lugng cac mau.

Pay 1a mot vi du khdc, dinh 1y ndi tiéng ctia Van der Waerden.

Dinh Iy 2. Cho r va k la hai sé nguyén dwong. Ton tai sé tw nhién n sao cho néu ban té6 mau
cdc $0 cua mot cap so cong X c¢o chiéu dai n bang r mau thi ban at phdi tim thdy mét cap so
cong Y bén trong X co chiéu k sao cho moi so cua Y duoc té bang cung mdt mau.

Toi c6 thé noi nhiéu vé dinh ly Van der Waerden va céc nhanh ré ctia nd, nhung diéu do sé lam

md nhat cac bai toan IMO va cdc bai toan nghién cifu ma tdi quan tim. Thay vao d6, téi mudn
di theo mdt huéng khac.
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Cho dén gio, cic cAu tric ma ching ta to6 mau — cac do thi day di va cic cip sb cong — déu 1a
hitu han. C6 mot phién ban ctia dinh Iy Ramsey diing cho cdc d thi diy di vo han (phét biéu va
chitng minh dinh 1y nay 12 mot bai tap thd vi danh cho céc ban), nhung t6i mubn quan tam téi
mot ciu tric phiic tap hon: Khong gian ctia moi day nhi phan vo han tin ciing bang khong. Vi
du vé mot day nhu vay 1a

001001110110000000000000000000000000000000000000000000000000 . . .

Néu s va ¢ 1a hai diy nhu vy, va néu chit s6 1 cudi cling trong s diing trudc chit s6 1 dau tién
trong ¢ thi ching ta viét s < ¢. (Mot cach hinh dung cho dé 12 moi hanh dong trong s déu da
cham diit khi hanh dong trong ¢ bat diu.) Trong trusng hop d6, s + ¢ sé 1a mot day nhi phan vo
han khéc tin cung bﬁng céc chit s6 0. Chazlng han ban c¢6 thé cong

001001110110000000000000000000000000000000000000000000000000 . . .
vao

000000000000000110001100011000000000000000000000000000000000 . . .
Va ban s€ nhan dugc day

001001110110000110001100011000000000000000000000000000000000 . . .

By git gia st rang ching ta c6 cdc diy s; < 5, < 53 < S4 < --- Diéu nay c6 nghia 12 mdi s
12 mot ddy cac chit s6 0 va 1, va tt ca nhiing chi s6 1 trong s;; di sau tit cd nhiing chit s6 1
trong s;. (D& y ring (51, 52, 53, ...) 1a mdt ddy clia cac ddy). Do vy néu ching ta 1iy tSng clia
hitu han cédc day s; phan biét, ching ta sé nhan dugc mot diy khac ndm trong khong gian ctia
chiing ta. Chang han chiing ta c6 thé 1y tdng s; + s», hay 1a 53 + 55 + 56 + S201. Tap hop ciia
moi tong c6 thé c6 ki€u nhu vay goi 1a khong gian con sinh béi 51, s, 53, ...

Gio day toan bo khong gian ctia nhitng ddy ma chiing ta n6i dén c6 thé xem nhu khong gian con
sinh bdi cac day 1000000 ..., 0100000 ..., 0010000. .., 0001000.. ., va ct thé tiép tuc. Vay
cAu triic ctia toan bo khong gian dang nao di nita ciing ddng nhat véi mot khong gian con bét ky
ctia né. Pay 1a ing ct vién ly tudng cho dinh Iy kiéu Ramsey. Chiing ta thAm chi con dodn dugc
dinh ly nay néi gi.

Dinh Iy 3. Gid si cdc ddy nhi phén tdn cing bang khong duogc té bang hai mau. Thé thi dt phdi
c6 mot tdp hop vo han cdc ddy s1 < s» < 3 < --- sao cho tdt cd moi ddy trong khong gian con
sinh bdi s; duoc té bang cing mot mau.

D6 1a cho du ban td mau cdc day bang cach nao di ching nita, ban c6 thé tim dugc mot day cac
day s; sao cho sy, $2, 81 + 82, 53, §1 + 83, 52 + 83, 51 + 52 + 53, 4, ... cO cung mOt mau.

Pay 1a dinh ly do Hindman tim ra, né qua khé dé c6 thé xem nhu mot bai tip. Dau vy, c6 mot
bai tp don gian 1a mot khi ban da ¢ dinh ly Hindman cho hai mau, ban ¢6 thé suy ra dinh ly
tuong tu nhu vay cho httu han mau.

Dinh ly Hindman thudng dudc phét biéu dudi dang tuong duong dé hiéu hon nhung it lién quan
dén diéu to6i dé cap liic nay. Chitng minh su tuong duong gitta hai dinh ly nay 12 mot bai tap khac
khong kho 1am.
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Dinh Iy 4. Gid sit nhitng so6 nguyén dwong duogc t6 béi hai mau. Thé thi co thé tim dugc nhiing
$6 nguyén duong ny, < n, < n3 < --- sao cho téng hitu han cdc n; cé ciing mau.

Phién ban nay cta dinh 1y lién quan dén phép cong. Diéu gi xay ra néu ching ta quan tim dén
phép nhan? Chiing ta hau nhu khong biét chic, vi ciu hdi ¢6 vé ngay tho sau day 1a mot bai toan
khong giai dugc.

Bai toan 4. Gid sit cdc s6 nguyén duong dwoc t6 bang hitu han mau. Phdi chdng luon ludn
6 thé' tim dugc cdc s6 nguyén n va m sao cho n, m, n + m va nm cé cung mot mau? Liéu it
nhdt cé thé’bdo dam rang m + n va mn co cing mét mau (ngoai trir truong hop tam thuong
m=n=2)?

Bai to4n nay c6 vé gidng nhu mot bai todn IMO. Piém khac nhau 13 & chd né khé hon rét nhiéu
(va ngudi ta khong biét da c6 ai d6 gidi né chua va nghi ring né phit hop véi mot cudc tranh tai
toan hoc).

Chung ta trinh bay khong gian ba chiéu nhd toa do. Mot khi da 1am xong diéu d6, ching ta dé
dang dinh nghia khong gian d chiéu véi d 1a mot sb nguyén duong bat ky.

Tht ca nhiing diéu ma chiing ta phai lam Ia trinh bay cac khdi niém bang thuét ngi toa do va ké
d6 ting sd luong céc toa do. Chang han mot hinh 1ap phuong bdn chiéu c¢é thé duge dinh nghia
nhu tip hop cac diém (x, y, z, w) trong d6 mdi s6 x, y, z v w niam trong khoang 0 va 1.

Néu chiing ta mudn (nhu chiing ta thudng 1am véi cdc bai todn trinh d6 dai hoc), chiing ta con
c6 thé md rong cac khai niém ctia chiing ta ra khong gian vo han chiéu. Chang han, mot hinh
cu vd han chiéu ban kinh 1 c6 thé dugc dinh nghia 1a tap hop cta moi day (a1, d», as,...) sd
thuc thoa man

ai+a3+a3+---=1.

(O day toi dung chit “hinh cdu” theo nghia 1a mit ngoai ctia qua ciu chit khong phai 1a mot khoi
cau dic).

Trong thé gidi vo han chiéu ctia ching ta, chiing ta ciing mubn néi dén dudng thang, mit phang
va nhiing “siéu phdng” da chidu. N6i riéng, ching ta quan tim dén nhiing siéu phang vo han
chiéu. Lam thé nao d€ chiing ta dinh nghia chiing? Vang, mot mit phang di qua gdc toa do
trong khong gian ba chiéu c6 thé dugc dinh nghia bang cach 14y hai diém x = (x;, x5, x3) va
y = (¥1, y2. y3) va thanh 1ap moi t& hop Ax + wy ctia hai diém nay. (O day, Ax + wy, khi viét
duéi dang toa do sé 1a (Ax; + py1, Axs + Aya, Axsz + Ay3)). Chiing ta c6 thé tién hanh tuong
tu trong khong gian vd han chiéu. Chiing ta lay diy cac di€ém pi, p», ps,... (6 diy mdi p; sé
12 mot dy vo han cic sb thuc) va chiing ta 14y tat ca cac t& hop (trong mot s diéu kién nao do
6 tinh ky thuét) c6 dang
Aipr+Aapsr + Azps + -

Giao clia mot mit cau vd han chiéu véi mot siéu phang vo han chiéu hod ra 12 mot mit cau vo
han chiéu khac. (Tam gic yeu to vo han chi€u, di€u nay cing giong nhu khi chung ta cat mot
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mit cau bang mot mét phang, ching ta sé duge mot dudng tron). Ching ta hdy goi ddy 1a mat
cAu con ctia mit ciu nguyén thuy. Mot 1an nita chiing ta cam thiy ring day la diéu kién 1y tudng
cho mot dinh ly kiéu Ramsey vi chiing ta c6 mot ciu triic (mdt mit cau) véi nhiéu cu tric con
(cdc mit cau con) giéng vdi cAu triic ban du mot cach chinh xdc. Gia st ring ching ta td mot
mit cau v han chiéu v6i hai mau. Liéu ching ta ¢6 thé tim dugc mot mit cau con dudc td bdi
mot mau?

C6 mot vai Iy do d€ mong dgi mot két qua nhu vay 13 ding. Sau hét, né kha tuong tu v6i dinh
ly Hindman & chd ca hai phat biéu déu lién quan dén viéc t6 mau mot dbi tugng vo han chiéu
nao do, dinh nghia bdi toa do, va tim kiém mot dbi tugng con vo han chiéu cung loai don séc.
N6 gidng nhu trong dinh ly Hindman khi moi toa do déu 12 0 hay 1.

Mic dau vay, khdng may cu tra 18i 1a khong. Néu p thudc vé mot mit cau con thi —p phai thudc
vé chinh mit cau con d6. Nhu vay chiing ta ¢6 thé t6 mau p d6 néu toa dd dau tién khac khong
1a duong va to p xanh néu toa do dau tién khic khong 1a Am. Bing cach nay p va —p ludn ludn
nhan mau khac nhau. (Vi tdng binh phuong cdc toa dd ctia ching bing 1, chiing khong thé bang
khong tit ca).

Nhan xét khé chiu ndy 1am 6 mot diém khac nhau nita giita c4c bai todn IMO va cic vin dé
trong nghién ciu toan hoc.

Nguyén Iy 1. Mot ty Ié Ion cdc gid thuyét phdt sinh trong qud trinh nghién citu ciia mot ai do
hod ra la dé dang hay la duoc phdt biéu sai. Nguoi ta phdi may mdn ldm mdi gdp phdi mot bai
todn thii vi.

Mic dau vay, trong nhiing trudng hop ndy, ching ta c6 thé 4p dung mot phuong an ctia chién
lugc ma toi dé cap trudc do.

Chién luoc 3. Néu vdn dé ma ban suy nghi hod ra la khong thii vi, hdy thay déi né.

Day 12 mot thay d6i nhé trong bai toan td mau cdc mit cau bién bai todn nay tif mot bai todn dé
thanh mot bai toan tuyét voi. Ching ta hay goi mot mit cau con 1a c-don sic néu nhu c6 mot
mau sao cho mdi diém ctia mit cau con nam trong khoang cach c tinh tit mot diém nao d6 dudc
t6 mau nay. Ching ta xét ¢ nhd, nhu vay vé co ban chiing ta khong yéu cau moi diém cta mit
ciu con déu 1 dd (chang han viy), ma chi don thuan mdi diém ctia mit cau con gan véi mot
di€m do.

Bai todn 5. Néu nhw mdit cau vé han chiéu dwoc t6 bdi hai mau, va ¢ la mot sé thuc duong, lidu

chiing ta luén luén co thé tim duoc mét mdt cdu con vé han chiéu c— don sdc?

Pay 12 mot van dé md trong mot thdi gian dai va trd thanh mot ciu héi chi diém trong 1y thuyét
khong gian Banach, n6 chinh thiic hoa y tuéng clia khong gian vo han chiéu va 1a mot trong
nhiing khdi niém chi dao clia toan hoc & tam nghién ciu.

Khong may thay, n6 ciing da c6 cau tra 16i phia dinh, nhung phan vi du cho vin dé nay 1a thu vi

hon nhiéu va kém rd rang hon nhiéu so v6i phan vi du cho phién ban x4u ctia van dé. N6 dudc
tim ra bdi Odell va Schlumprecht.
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Vi du ctia Odell va Schlumprecht lam tiéu tan hy vong tim ra mot dinh 1y kiéu Hindman cho
khong gian Banach (ngoai trtt mdt khong gian dac biét kha tuong tu véi khong gian cac day nhi
phan ma t6i ¢6 tim dugc mot dinh ly).

Miic dau vay, n6 khong pha v hoan toan mdi lién hé gitta Iy thuyét Ramsey va ly thuyét khong
gian Banach nhu chiing ta thiy trong phan ké tiép.

Tru6e khi ching ta chim dift phan nay, cho phép toi dé cap thém mot su khac nhau gitta cac bai
toan IMO va céc bai toan nghién ciu.

Nguyén Iy 2. Mot vdn dé nghién citu co thé thay déi tic ché khong thé dat dugc mét diéu gi hét
sang mot muc tiéu thyc tién.

Ddi v6i ai d6 chi c6 kinh nghiém véi nhiing bai todan IMO, diéu nay c6 vé ky la: Lam sao ma
cai khé clia bai toan c6 thé thay ddi theo thdi gian? Nhung néu ban nhin lai kinh nghiém toan
hoc ctia chinh minh, ban sé thiy nhiéu vi du ma cac bai todn “trd nén dé dang”. Chang han xét
bai todn tim sb thuc duong x sao cho XF cuc dai. Néu ban biét dung diing cong cu, ban s& 1y
luan nhu sau. Logarithm cia x¥ 1a lo%x, va logarithm 1a mot ham tang, cho nén bai toan tucong
duong véi cuc dai hod 105 X, L4y dao ham ta duoc 1_;3”, dao ham nay triét tiéu khi x = e va
ham sb gidm tai d6. Nhu vay cuc dai dat dugc tai x = e. Li gidi ndy néi chung khong phiic tap
trén c4 hai phuong dién hiéu dugc né va tim 18i gidi nhung chi danh cho nhiing ai hi€u biét mot
chiit vé& gidi tich. Cho nén bai todn la ngoai tam tay nhiing ai khong biét gii tich va muc tiéu
thuc tién ma nhitng ngudi biét giai tich 1am. Mot diéu tuong tu nhu vay xdy ra trong nghién ctiu
to4n hoc, nhung diéu ma tdi mudn nhin manh thém 1 né c6 thé 12 mot hién tudng tap thé chi
khong chi 12 mot c4 nhan don 1. D6 14 ¢6 nhiéu bai todn ngoai tam tay don gidn chi vi ngudi ta
chua phat minh ra ding thd cong cu can dung.

Ban c6 thé thac mac rang diéu nay khong thuc sy c6 nghia 12 bai todn ngoai tam tay: N6 chi c6
nghia 12 mot phan cia viéc gidi todn 1a phat minh ra ding k¥ thuét can dung. Trén mot phuong
dién, diéu nay diing, nhung ching ta da khong nhan thdy mot su kién 14 nhitng k§ thudt todn hoc
thudng dung d€ gidi nhiéu bai toan, nhung cac bai toan nay lai khong phai 14 chinh céc bai toan
da thic ddy ngudi ta phat minh ra nhitng k§ thuat nay. (Chang han, Newton va Leibniz khong
hé phat minh ra gidi tich d€ ching ta cuc dai hoa ham x % ). Nhu vay, c6 thé xdy ra 1a Bai toan B
tré thanh mot muc tiéu thuyc té bdi vi ¢ ai d6 da phat minh ra ding k¥ thuat can dung trong khi
suy nghi Bai toan A.

Toéi dé cap tat ca nhitng diéu nay tai day vi Odell va Schlumprecht xay dung phan vi du cia minh
bing cach stra ddi (theo cach thong minh nhét) mot vi du ctia Schlumprecht xay dung vai nim
trudc day vi mot muc ti€éu hoan toan khac.

Téi nhan thy t6i chua giai thich that ro rang khong gian Banach 1a gi, va toi cin nhin manh riang
kh4i niém khoang céch trong khong gian vo han chiéu chi 1a su tdng quét hod dinh ly Pythagore
va khoang cach ctia mot diém (a;, a,, as, . ..) dén gbc toa dd dudc dinh nghia 12

\/a%—i—a%-l—a%-l—---
75

https://tieulun.hopto.org



Tap chi Epsilon, S6 13, 02/2017

Mic dau vay, cdc khai niém khoang cach khac c6 thé dugc dung va tién dung. Chflng han véi
moi p > 1 chiing ta c6 thé dinh nghia khoang cach tii (a1, a», as, ...) dén gbc toa do 1a

1
(la11? + laz|” + las|?)>.

TAt nhién c6 nhitng diy ma con s6 nay 1 vo han. Ching ta xem nhu nhiing diy nay khong thudc
vé khong gian.

Ban diu khong dé nhan ra riang khdi niém khoéng cach 12 hgp 1y, nhung ho4 1 n c6 nhiéu tinh
chét rit hay. Ky hiéu a va b cho céc diy (a1, a»,as,...) va (by, by, bs,...), va ky hiéu ||a|| va
||b|| cho cac khodng cach tit @ va b dén gbe toa do (thudng dudc goi 1a chuin ctia a va b), chiing
ta c6 thé dién dat lai cac tinh chit d6 nhu sau.

() ||la|| = 0 néuvachinéua = (0,0,0,...).
(ii) [[Aall = |A] - [|a[| v6i moia.

(iii) |la + || < ||al| + ||b]] v6i moi a va b.

Ca ba tinh chét nay déu quen thudc vé6i ching ta gidng nhu khdi niém khoang cach thong thudng
trong khong gian. (D€ y ring chiing ta c¢é thé dinh nghia khoang cach tit @ dén b 1a ||a — b|)).
Mot khong gian Banach day 1a tap hop cac ddy trang bi mdt chuan thod cac tinh chét (i) — (iii)
néi trén, cling véi mot didu kién c6 tinh chét k§ thuat (goi 1a tinh ddy dii) ma toi khong thao luin
g day.

Mot vi du dic biét khi ||a|| dugc dinh nghia bang Y ;2| @? 1a mot loai khong gian Banach rat
dic biét goi 1a khdng gian Hilbert. Toi sé khong n6i khong gian Hilbert 12 gi ngoai trit dic di€m
khong gian nay c6 cic tinh chat dbi xing rat tét. Mot trong nhiing tinh chét ly thd nay 1a mbi
khong gian con clia khong gian Hilbert vé cin ban rit giébng véi khong gian sinh ra né. Chiing
ta da thiy chuyén nay: Khi ching ta cit mot mét ciu vo han chiéu bdi mot siéu phang vo han
chiéu, ching ta nhin dugc mot mit cau vo han chiéu khéc. Tinh chit moi khong gian con déu
“ddng cdu” v6i ca khong gian ban dau c6 vé nhu khong ding cho moi khdng gian khéc, do vay
Banach tu dat ra cho minh cau hoi sau ddy vao nhitng nam 1930.

Bai toan 6. Phdi ching mdi khong gian ding cdu véi moi khéng gian con vé han chiéu ciia né
thi dang cdu véi mét khong gian Hilbert?

Phat bi€u gidm nhe hon 13, phai ching khong gian Hilbert 12 khong gian duy nhét c6 dic tinh ly
thd nay? Cai kho clia ciu hoi nay 1a hai khong gian vo han chiéu c¢6 thé dang ciu véi nhau theo
nhiéu cach, do vay loai bo chiing ra d€ chon ra mot khong gian phi Hilbert va mot khong gian
con khéo chon nao d6 c6 vé 1a diéu kho khin.

DPay 12 mot vi du khdc cho thidy mot bai todn c6 thé thay ddi tir chd khong gidi dugc sang
chd ¢6 thé gidi dugc nhd phat trién lién hé véi nhiing bai toan khdc, va c6 thé ndi tdi vira
dd may man & vao ding vi tri va vao ding thoi di€ém. Mot cong trinh ctia Komorowski va
Tomczak—Jaegermann (mdt cach ngiu nhién, tdi dé cap tSi vai nha toan hoc ma tén goi khong
¢6 ¥y nghia 1am vé6i hau hét nhitng doc gia ctia bai bdo ny, nhung tdi quyét dinh chéng lai cach
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gidi thiéu ho bang cach md diu “mot nha todn hoc goi 1d”) cho thiy néu nhu ton tai mot phan
vi du cho bai todn thi n6 kha 1a hi€m héc theo mot nghia nao do.

Khong chic 1a ¢6 mot khong gian hi€ém héc dén mifc thda man yéu ciu, nhung vai nim trudc
day Maurey va tdi da xay dung mot khong gian rit hiém héc, va khong gian hiém héc ctia ching
t6i hiém hoc dén mic v6i moi Iy do khic nhau né khong thé 12 phan vi du cho ciu hdi cia
Banach. N6 lam ting kha ning cau tra 15i khang dinh cho cau héi clia Banach bdi vi vi du dep
khong thod man, vi du hiém héc ciing khong thod mian. D& c6 mdt céch tiép can nhu cong trinh
nay, toi can phai chiing minh mot phat biéu loai sau day.

Phat biéu 1. Mdi khong gian Banach vé han chiéu cé mot khong gian con vé han chiéu thod
man moi khong gian con ciia né la dep hay moi khéng gian con ciia né la hiém hoc.

Bay gid chiing ta da thiy hoi huéng ctia ly thuyét Ramsay: Chiing ta c6 thé xem cac khong gian

con dep 12 “ds” va cac khong gian con hi€ém héc 1a “xanh”.

Mic dau vay, c6 mot diém khac biét quan trong giita phat biéu 1 va cic phat bi€u ban dau cia
chiing ta vé 1y thuyét Ramsey, d6 1a dbi tugng ma ching ta t6 mau la nhitng khong gian vo han
chiéu chii khong phai la 1a cic diém. (Tuy nhién t6i mudn chi ra rang trong dinh Iy Ramsey
chung ta t6 mau cic canh chit khdng phéi cic diém, do viy y tudng td6 mau mot cai gi d6 khong
phai 1a diém khong phai 12 hoan toan méi) Chiing ta lam sao dé dua chiing vao chuong trinh
lam viéc cua chuing ta?

Trén thuc té diéu nay khong khé 1dm. Céc cau tric ma ching ta td mau cé thé xem nhu “cdu
triic ciia moi khong gian con ciia mot khéng gian dd cho”. Néu chiing ta 1y mot khong gian
con tuy y thi moi khong gian con clia né tao thanh mot ciu triic tuong tu nhu ciu tric ban dau,
do vay chung ta c6 thé suy tinh ching minh mot dinh 1y ki€u Ramsey.

Diéu t6t nhit ma ching ta hy vong chiing minh sé 12 mot cai gi d6 nhu sau: Néu ban t6 mau
xanh hay d6 tit ca cac khong gian con ctia mot khong gian thi at phai c6 mot khong gian con ma
moi khong gian con ctia né dudgc to bang cung mot mau. Tuy nhién, khong ngac nhién 1am khi
diéu nay hod ra qud vién vong dé€ hy vong do nhiing nguyén nhan budn té va ly thd. Ly do budn
té tuong tu nhu ly do chiing ta khong thé td cdc diém clia cia mot mit cau vo han chiéu va hy
vong 1 ¢6 thé tim dugc mot mit cau con don sac vo han chiéu. Ly do 1y thd 1a ngay ca khi chiing
ta phat biéu lai bai toan di tim nhitng khong gian con ma chiing gan nhu tt ci c6 cing mot mau
(chit “gan nhu” hi€u theo mot nghia thich hop), cac két qui ctia Odell va Schlumprecht, dé cap
t6i viéc td mau cac diém, c6 thé dude dung d€ chi ra mot cach kha dé dang rang chiing ta khong
nhét thiét tim dugc ching.

C6 vé nhu chiing ta da t6i dudng cung, nhung trén thuc t& chua t6i miic nhu vay, ly do 1a toi
nghi rang minh khong can dén toan bo stic manh ctia dinh ly Ramsey. Thay vao d6, tdi c6 thé
giai quyét van dé véi mot “dinh Iy Ramsey yéu” ma toi sé trinh bay ngan gon sau day.

D€ bit dau, toi can phai gi6i thidu mot tro chai ¢ vé ky la. Gia st ta c6 mot tip hop Y céc
day c6 dang (ai, a»,as, ...) trong d6 tit ca cac a; 1a cac diém ctia khong gian Banach. (Tai chd
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nay va nhiéu chd trudc dé, diéu quan trong la can phai nhé dbi tugng ma tdi néi téi 1a gi. Piéu
nay hoi khé hiéu: Nhu toi viia méi n6i, Y 1a tap hop cac ddy, nhung céc sd hang trong mdi day
lai 12 c4c diém trong khong gian Banach, va méi diém 12 mot diy s6 thuc, d6 1a tai sao toi viét
ching bang chit in dam. Vay > 1a tip hop céc diy ctia cdc ddy sb thuc. Ngudi ta ¢6 thé tién xa
hon khi néi ring mdi s6 thuc duge biéu dién bing s6 thap phan vo han, do vay Y 1a tip hop clia
nhiing ddy ctia nhitng day ctia nhiing diy sb tit 0 dén 9. (Nhung c6 vé nhu dé hon khi xem cic sd
hang a, nhu 1a cic diém ctia khong gian vo han chiéu va quén ring chiing c6 toa dd). Cho tap
hop >_, cdc ngudi choi 4 va B, va trd choi nhu sau. Ngudi choi 4 chon khong gian con S;. Ké
d6 ngudi chdi B chon diém a; trong S;. Ngudi choi A gid day chon khong gian con S, (khong
phéi 12 khong gian con clia S1) va ngudi choi B chon di€m a, trong S,. Va ci thé tiép tuc. Két
thic qua trinh vo han ndy, ngudi choi B chon dudc mdt day (a;, d,, as, ...). Néu nhu diy nay
12 mot trong cic ddy ctia Y thi B thing, ngudc lai A thing.

RO rang 12 ai thing trong trd choi nay phu thudc rit nhiéu vao Y . Chang han nhu néu c6 mot
khong gian con S sao cho khong thé tim cac diém a, trong S tao thanh day (a;,a,,as,...)
trong >_ thi A sé thing mdt cach dé dang bing cich nudc di nao ciing chon S, nhung néu >
chiia hau hét cac ddy thi B cin c6 mdt chién ludc chai d€ thang.

O day dinh Iy Ramsey yéu hod ra 1a dii dé chiing minh mot phién ban phit hp chinh xac cia
phat bi€u 1 va do vy tra 13i cau hdi ciia Banach (bai toan 6). Toi da don gidn hod phat biéu mot
chut.

Trudc khi toi dua ra chinh phat biéu, ching ta hdy tién hanh dinh nghia sau. Néu S 12 mot khong
gian con, han ché clia tro chdi trén S 1a trd choi ma tht ca cac khong gian con Sy, S, ... chon
bdi A phai 1a khong gian con cta S (va do vy moi di€m chon bdi B phai la di€ém trong S).

Dinh Iy 5. Vdi méi tdp hop Y bao gom cdc ddy trong khéng gian Banach, ton tai mét khong
gian con S sao cho hodic la B c¢6 mdt chién lugc chién thdng véi han ché ciia tro choi trén S
hay la khong c6 day nao trong > dugc tao thanh tix cdc diém ciia S.

D& hiéu tai sao ngudi ta goi n6 1a dinh 1y Ramsey yéu, ching ta hdy t6 mau dé mot diy néu nhu
n6 thuoc vé& Y va to mau xanh néu ngudc lai. Khi d6 dinh Iy néi ring ching ta c6 thé tim dugc
mot khong gian con S thé ndo cho hoic 1a tit ca cdc ddy tao thanh tif cic diém ctia S 12 xanh,
hoic 1a c6 rit nhiéu diy do tao thanh tif cic diém trong S dén mic néu tro choi gi6i han trén S
thi B c6 mot chién ludc chién thang d€ sinh ra cac diy do.

N6i cach khac, ching ta da thay “moi ddy trong S déu mau dé” bang “trong S co nhiéu day
mau dé dén mitc B c6 mét chién luge chién thing dé’sinh ra chiing”.

D6 1a mot cach tao thanh phat biéu va ching ta thdy riang né vita di cho muc dich ciia ching ta,
nhung chiing minh né lai 12 mét chuyén khéc. Diéu nay cho t6i thiy mot diém khic nhau gitta
céc bai toan IMO va c4c bai todn nghién ctiu, d6 1a chién lugc giai quyét vin dé sau day c6 vai
tro chu dao trong céac bai toan nghién cttu hon la céc bai toan IMO.

Chién luoc 4. Néu ban c6 gdng chiing minh mot phdt biéu todn hoc, ban hdy tim kiém mét phdt
biéu twong ty da dwoc chitng minh réi va cé gdng sita doi phép chitng minh mot cdch thich hop.

Toi khong dam néi rang diéu nay ludn ludén dp dung dudc trong nghién ctiu hay 1a khong bao
gid ding dugc trong mot bai todn IMO, nhung dbi véi toan IMO thong thudng phai bat dau tir

con sO khong.
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Quay trd lai v6i dinh 1y Ramsey yéu, hod ra 1a n6 giéng véi dinh Iy Ramsey vo han dugc tim ra
bdi Galvin va Prikry. Chiing gidng nhau dén miic t6i c6 thé stta ddi ly luan va chiing minh céi
t6i can. Va may man thay, téi c6 tham du khod hoc tai Cambridge vai nim truée day trong dé
Bela Bollob da giang dinh ly ctiia Galvin va Prikry.

Toi khong c6 gi d& néi nhiéu trong phan két luan ma toi chua dé cap. Mic du vy, c6 mot diém
dang chd y. Néu ban 12 mot doc gia tiing tham du IMO, c6 vé nhu tai gidi todn ctia ban da phat
trién ma khong can ban phai 1am gi: Mot vai ngudi chi don gian 12 gidi toan. Nhung néu ban c6
tham vong trd thainh mdt nha nghién ctiu toan hoc thi sém hay mudn ban ciing phai Iuu tim dén
hai nguyén tic sau.

Nguyén tic 1. Néu ban cé thé gidi mdt bai todn nghién citu trong mot vai gio thi bai todn dé ¢
thé'la khéng thii vi ldm.

Nguyén tic 2. Thanh céng trong nghién citu todn hoc phu thudc nhiéu vao sw né luc lam viéc.

Diéu nay 12 r6 rang tii chinh nhiing vi du ma t6i da dua ra. Khi du dinh giai mot bai toan nghién
cifu thi vi va sdng tao, ngudi ta thudng chi cé6 mot y niém mo hod sé bat dau tir dau. Tir mot y
niém mo ho dén mot ké hoach tin cong rd rang can thdi gian, dic biét 1 hau hét ké hoach tin
cong ro rang sé€ bi bd qua vi ching don gian khong ap dung dudc.

Nhung ban ciing can sin sang dé€ y dén nhitng mébi lién hé va cic diém tuong dong v6i nhiing
bai todn khic va phai phat trién nhiing k§ thuat va bd dd nghé ctia minh, mot chiit kién thifc
toan hoc, ...

Ding sau bit cif nghién cifu thanh cong nao, nha toan hoc phai bé ra hang ngan git suy tu vé
toan hoc, chi c6 vai gid trong s6 d6 truc tiép dan dén phat minh. That la 1a mdi ngudi déu chuin
bi cho nhting gid nhu vdy theo mdt cach nao do. Co 1€ 1a vi mot nguyén tac khac nhu sau.
Nguyén tic 3. Néu ban thuc su quan tdm dén todn hoc thi viéc lam todn ndng nhoc khéng giong
nhuw viéc nha: o la cdi ma ban mudn lam.

boc thém

1. Ron Graham, Bruce Rothschild, and Joel Spencer, Ramsey Theory. Wiley-Interscience
Series in Discrete Mathematics and Optimization. Wiley, New York (1990).
Quyén sich nay chita nhiéu tai liéu vé dinh Iy Ramsey, dinh ly Van der Waerden, dinh ly
Hindman, va nhiéu két qua khac. Pay 1a diém khdi dau nén c6 cho bat cii ai quan tim dén
chii dé nay.

2. B’ela Bollob’as, Linear Analysis: An Introductory Course, second edition. Cambridge
University Press, Cambridge (1999), xii+240 pp.
Khong gian Banach thudc vé mdt nhanh ciia Todn hoc goi 1a Giai tich tuyén tinh. Pay
1a sach nhap mon cho lanh vuc nay, rit hap din cho nhiing thi sinh IMO (Hay xem qua
nhiing bai tdp ddnh diu hai sao, ...)
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3. Edward Odell and Thomas Schlumprecht, The distortion problem. Acta Mathematica 173,
259-281 (1994).

Bai bdo nay c6 vi du ctia Odell va Schlumprecht dudc dé cap trong phan 5.

4. W. Timothy Gowers, An infinite Ramsey theorem and some Banach-space dichotomies.
Annals of Mathematics (2) 156, 797-833 (2002).
Bai bao nay c6 két qui cia toi vé trd choi vo han va nhitng hé qua ctia né. Hai bai bdo trén
doi hoi ban phai biét vé khong gian Banach va do vay sé 1a rit khé cho nhiing doc giai
chua hoc qua dai hoc. Mot kha ning khéc tot hon chiit dinh 12 bai bao sau ctia toi viét vé
mbi lién hé gitta ly thuyét Ramsey va khong gian Banach.

5. W. Timothy Gowers, Ramsey methods in Banach spaces. In: William B. Johnson and
Joram Lindenstrauss (editors), Handbook of the Geometry of Banach Spaces, volume 2,
pp- 1071-1097. North-Holland, Amsterdam (2003).

Néu ban doc ca quyén mot thi chuong dau tién 1a cc khai niém co ban ctia chi dé, n6 c6
thé bo ich, n6 1a quyén nay.

6. William B. Johnson and Joram Lindenstrauss, Basic concepts in the geometry of Banach
spaces. In: William B. Johnson and Joram Lindenstrauss (editors), Handbook of the Ge-
ometry of Banach Spaces, volume 1, pp. 1-84. North-Holland, Amsterdam (2001).

Bai viét dudc dich tit nguyén ban tiéng Anh, How do IMO Problems Compare with Research
Problems? Ramsey Theory as a Case Study cta tac gia W.Timothy Gowers. Trich tif cubn sach
An Invitation to Mathematics — From competitions to research do Schleicher va Lackmann lam
chu bién.

W. Timothy Gowers Department of Pure Mathematics and Mathematical Statistics, University
of Cambridge, Cambridge CB3 OWB, UK. e-mail: W. T. Gowers@dpmms . cam.ac.uk

D. Schleicher, M. Lackmann (eds.), An Invitation to Mathematics, DOI 10.1007/978-3-642-
19533-4 5, (© Springer-Verlag Berlin Heidelberg 2011.
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Tap chi online ctia cng dong

Tap chi Epsilon, S6 13, 02/2017 nhang ngudi yéu todn

NHUNG BAI TOAN CAN TIEN - PHAN KET

Ping Nguyén Diic Tién
(DCU, Ireland)

G101 THIEU

Can tién lu6n ludn 1a mot trong nhitng dang toan db hap din nhit va trong sb cubi ciing
nay ctia Epsilon, ching tdi trin trong gti dén ban doc phan cudi cung ctia chuyén muc
“Nhiing bai todn can tién” v6i nhitng bai toan cuc ky mdi la. Tat ca cdc bai todn ciing
nhu 13i giai va binh luin trong phan nay chii yéu dugc chiing toi tdng hop, va dich tir cac
nghién citu ctia Khovanova va cong su.

Nhu chiing ta van quen thudc véi cdc bai toan cin tién trude dy, muc tiéu ludn ludn 12 xac dinh
dugc tién gia c6 khdi lugng LUON khac céc dong tién that du bé ngoai gidng nhau. Trong phan
két nay, chiing t6i gidi thiéu 3 bai toan khd mdi va khac véi thong 16, ma muc tiéu doi khi chi 1a
x4c nhan c6 tién gia hay khong (ma khong dudc phép chi ra dau 1a dong gid), hoidc phai tim ra
nhiing dong tién c6 khéi lugng doi khi ... khong khic véi dong that.

Bai todn la. Bai todn bdo mit tién gid [1]. Bai todn dau tién ching t6i mubn gidi thidu la bai
todn yéu cau xac dinh c6 tién gia hay khong ma khong dugc chi dau ra 1a dong gia. Bai toan
nhu sau:

Mot nguoi suu tdp tién mua mot b suu tdp gom 80 dong tién, va dng ta biét rang trong sé nay
c6 2 hodc 3 déong gid. Biét rdang cdc dong tién thdt ndng bang nhau va cdc dong tién gid ndng
bang nhau, va hon nita, cdc dong tién thdt ndng hon cdc dong tién gid. Mot chuyén gia gidm
dinh biét rang chinh xdc co 3 dong tién gid trong sé 80 dong nay va biét ré do la nhitng dong
nao. Tuy nhién vi ly do bdo mdt thong tin, cita hang khéng cho phép vi chuyén gia chi ro cdc
dong do.

Chi véi mét chiéc cdn dia, lam thé nao dé’vi chuyén gia co théchi ré cho nguoi mua la c6 ding
3 dong gid trong s6 80 dong nay ma khéng duoc chi ra do la nhitng dong nao?

Bai toan 1b. Bdo mat thong tin. Bai todn niy c¢6 phat bi€u gidng nhu bai todn trén, nhung khic
biét & chd 12 thong tin ctia moi dong tién phai dudc bao mat, nghia 1a khong dudc phép dé ngudi
mua tién x4c dinh dugc dau 12 dong that dau 12 dong gia nhung van c6 thé biét dudc trong s6 80
dong tién c6 ding 3 dong gid (v6i gia thiét 1a ngudi nay biét c¢6 hoic 2, hodc 3 dong gia trong
s6 80 dong nay).
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Bai toan 2. Bai toan dong tién trdo trd [3]. Bai todn nay c6 phat biéu gan nhu gidng vdi bai todn
can tién truyén théng, nhung khac biét 1a dong tién & ddy 1a mot dong tién c6 trang thdi thay ddi
lién tuc. Bai toan nhu sau:

Cé6 N dong tién bé ngoai giong hét nhau. Trong dé c6 N — 1 dong thdt cé khéi luong cdc dong
déu bdng nhau va 1 dong "trdo tré", cé khéi luong thay doi, hodc bang diing dong thdt hodc
bdng vdi dong gid, nhe hon dong thdt. Biét rang sau moi ldan cdn, trang thdi ciia dong "trdo trd"
sé thay doi ludn phién (nghia la tiv khoi luong ciia dong thdt no sé chuyén thanh khéi luong ciia
dong gid va nguoc lai). Hoi phdi ding it nhdt mdy ldn cdn dé"tim ra dong trdo trd nay?

Bai todn 3. Bai toan dong tién xdo quyét [2] DAy ciing 1a mot bai toan vé mot dang tién mdi:
dong tién "xao quyét", ¢ kha ning tu chon khdi ludgng cho mdi 1an can. Bai to4n nhu sau:

C6 6 dong tién bé ngoai giong hét nhau. Trong do co 4 dong thdt co khdi luong cdc dong déu
bang nhau, 1 dong gid, coé khéi luong nhe hon 4 dong thdt va 1 dong "xdo quyét", co thé'ty thay
doi khéi luong tuy ¥ ¢ méi lan cdn, hodc bang dung dong thdt hodc bang diing dong gid. Dé
thdy dong xdo quyét nay khong thé'tim ra néu né vdin luén giit trong luong bang dong thdt. Cdu
héi ddt ra la trong 3 lan cdn, liéu c6 thé xdc dinh dwoc 2 dong ma trong sé chiing chdc chdn cé
chita dong gid?

Nhu thudng 1€, chiing tdi khuyén khich doc gia hdy danh thoi gian thi gidi nhiing bai todn nay
trude khi di vao cac phan 15i giai va binh luan tiép theo.

Dé giai quyét bai toan la: chi cin ddm béo thong tin khong tiét 16 dau 1a dong gia, 10i giai ctia
bai todn khong qua kho dé€ tim ra dugc. Mot cach giai goi y ¢6 thé 1am nhu sau:

e Chuyén gia chia tién 1am 2 phan: phan 1 gom 40 dong, trong d6 c6 1 dong gia va phan 2
c6 40 ddng (c6 chiia 2 ddng gia) con lai va dit 1én can. Khi d6 can chic chan sé 1éch vé
phia c6 2 dong gia. Khi d6, ngudi suu tap tién sé chic chin biét can nhe c6 chita dong gia
va budc phai nghi téi 2 kha ning: phia cin niing hon hoic khong chifa dong gia nao, hoic
néu c6 thi chi c6 diing 1 dong gia.

e Lan 2 vi chuyén gia chi don gian chia 40 dong bén phia can ning thanh 2 phan, méi phan
20 ddong va dit 1én can. Céan chac chan khong thing bang do c6 chiia dong gia. Nhin vao
két qua nay, vi chuyén gia biét chic chan trong tong s6 80 dong c6 diing 3 dong gia.

Tuy nhién, cach 1am trén khong thé d4p dung vao bai toan 1b. vi khi d6 & 1an can thi 2 ching ta
da tiét 16 it nhat 1 phia cAn chiia toan tién that, diéu nay trai véi yéu cau bai toan 1b. 1a phai bao
mat thong tin cia moi dong tién. Va day 1a mot yéu cau khong don gian. Hay thi gidm nhe yéu
cau cua bai toan 1b, nhu sau:

"C6 80 dong tién, trong d6 ngudi mua tién biét c6 1 hodc 2 dong gia, nhe hon cic dong that. Vi

chuyén gia biét chinh x4c c6 2 dong gia va biét d6 1a cac dong nao. Lam thé nao chi ra c6 diing
2 dong gia nhung khong tiét 106 bét cid thong tin clia bt cif dong nao?"

82

https://tieulun.hopto.org



Tap chi Epsilon, S6 13, 02/2017

V6i yéu cau nay, ta thiy 15i gidi khd don gian 1a chia 80 dong nay thanh 2 phan, mdi phan 40
ddng va mbi phin chita ding 1 ddng gia. Khi d6 can sé thang biang va ngudi mua tién sé biét
chic chin c6 2 dong gia nhung khong thé xac dinh dudc tinh that gia ctia bt cif ddng nio trong
s6 80 dong nay!

Quay lai bai toan ban dau, chiing ta di dén 13i gidi chinh thiic (ctia chinh tdc gi4): Chia 80 dong
thanh 5 phan nhu sau: A, B, mi phan chifa 10 dong; va C, D, E, méi phan chifa 20 dong. Trong
cac phan A, D, va E, mdi phan chia ding 1 dong gia. Sau d6 tién hanh 3 1an can nhu sau:

e Lin 1: Can C + D vd A + B + E, cin nhe hon & phia A + B + E (do 2 dong gia 6 A va E).
e Lin 2: Can A + B va E, can thing bing.
e Lin 3: Can A + C va B + D, can thiing bang.

Hay cling phén tich cich can nay. O 1an can dau tién, do can 1éch nén chic chin A + B + E phai
chifa tién gid. Lan can thi 2, ta biét sb tién gia & nhom nay phai bang 2, do can thing bang, va
do vay E phai chia 1 ddng gia va A + B chifa dong gia con lai. Do 1an can thid 3 cin bang, suy
ra C + D phai chita dong gia cudi cung. Do viy xac dinh dugc 1 dong gia 6 E, 1 dong gid 6 A +
B va 1 dong gia  C + D, hon nita, néu A c6 dong gi thi D c6 dong gid, va néu B c6 dong gia
thi C ciing sé c6 dong gia. Tuy vay, ta khong thé xac dinh dudc chinh xdc dong nao 1a dong gia
va dong nao 1a dong that vdi tiing dong cu thé. Va nhu vay bai todn da dudc gidi quyét.

Bai toan dudc téng quat hod 1én thanh (n, f, d) véi sd dong 1a n, sb dong gia that su 1a f va sd
lugng dong gi ta phai loai bd nghi ngd 1a d (nghia la ngudi mua tién biét ring c6 hoic f, hoic
d dong gia trong s6 n dong va ta can phai chiing minh c6 diing f dong gid). Khi d6, bai toan
chinh ta can gidi quyét sé 1a (80, 3, 2), vdi 80 dong c6 3 dong gia va can loai bé trudng hop c6 2
dong gia. Bai toan riit gon 1a (80,2, 1).

Trong [ 1], cdc tic gia da tim cdch gidi quyét mot sb trudng hop cho bai toan téng quat nay, va
mot trong nhiing két qua quan trong 1 néu HJ > 4va0 < d < f thibai todn ludn c6 15i giai,
nghia 14 ludn c6 chién thuat chi ra c¢6 ding f dong gia trong sb n dong ma thong tin clia tiing

dong ludn dugce bao mat. Chi tiét hon, ban doc c6 thé xem & [1].

Nhic lai bai todn kinh dién: C6 N dong tién, trong d6 c6 1 dong gia nhe hon cac ddng con lai,
can it nhét bao nhiéu lan can d€ tim ra dong gia? Pap 4n cho bai toan nay 1a [logs(N)]. DE thy,
néu mdi 1an can & bai todn kinh dién nay, ta thuc hién 2 1an (thay vi chi can 1 1an), thi ta ludn
tim dudc dong tién trdo trd. Hay ndi cach khac, can trén ctia s6 1an can 1a 2 [logs(N)].

Liéu ta c6 thé giam s6 ludng cAn phai can? Hay xét chi tiét hon: goi s6 1an can v6i N dong 1a
a(N) (do tac gia dung thuat ngit anternator cho dong tién "trao trd"). a(NN) sé phu thudc vao
trang thdi bat diu clia dong trdo trd, ta s& goi ¢(N) 1a s6 1an can it nhit néu dong trdo trd bit dau
la ddng gia va t(IV) 1a s6 1an can it nhit néu dong trdo tré bit du 12 dong that. Hon nita, ta goi
dong trdo trd & trang thai g, néu 1an can tiép theo né c6 khbi lugng ctia dong gia, 1a trang théi ¢
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néu tiép theo n6 c6 khdi luong clia dong that, va & trang thai a néu ta khong biét trang théi cia
n6 1a gi. Dé thiay a(N) > t(N) vaa(N) > g(N).

Hay cung xét cac gia tri N nho:

e Néu N = 2,3, tachi c6 1 cach lam duy nhit 12 so sdnh 2 dong v6i nhau. Véi t6i da 2 1an
can, ta sé xdc dinh dugc dong tréo trd. Do vay g(2) = ¢(3) = 1 vat(2) = t(3) = a(2) =
a(3) = 2.

e Néu N = 4,5, ta can it nhét 3 1an can vdi trang thai bat dau a va t va it nhét 2 1an véi
trang thai bat dau 1a g. Ta c6 thé 1am nhu sau: can 142 va 3+4 v6i nhau. Néu can khong
bang nhau, dong trdo trd & vé bén nhe va can ding 2 1an nita d€ tim ra né (do trang thai
tiép theo ctia n6 1a ¢). Néu can thing bang, 1an thi 2 can 1 va 2, va lan thid 3 can 3 va 4.
Va van dé dugc gidi quyét. Do vay a(4) = t(4) = a(5) = t(5) = 3 va g(4) = g(5) = 2.

e Liéu ban doc c6 con nhé céach giai bai todn 12 dong tién & phan 1 clia loat bai toan cin
tién? Y tudng nay c6 thé ap dung & day, trong trudng hop 4 dong, nhu sau: 1an 1: can 1 va
2;1an 2: can 2 va 3; 14n 3: can 1 va 3. Néu ¢6 1 1an can khong thing bang trong 3 1an cén,
ta phat hién dugc dong trdo tré. Néu tit ca déu can bang, ta thiy rang mdi dong trong sb
3 dong dau déu dugc can diing 2 1an, do d6 ca 3 déu phai la dong that, va do vay dong thi
4 con lai 12 dong gia.

Trong céc trudng hop nhé nay, ta ludn thiy a(N) = t(N) = g(N) + 1, liéu diéu nay ludn ding?
Va that vay, trong [3], cac tac gia da chiing minh dudc:
a(N) = t(N) = g(N) +1

va hon nita, x4c dinh dugc v6i w 1an can, c6 thé tim ra dong trdo trd trong tdi da N = J,.,
dong, véi J 1a sb Jacobsthal, duge dinh nghia: J,, = (2" — (—1)")/3. Chi tiét két qua nay, ban
doc c6 thé xem & [3].

Trudc khi di vao bai toan chinh, mot 14n nita chiing ta hiy cting khio sit phién ban don gian hon
clia bai todn: néu chi c6 3 dong: 1 that, 1 gid, va 1 xdo quyét, hdy tim ra 2 dong chic chin c6
chita dong gia.

Ta c6 thé can 2 1an can véi thuit toan & dang bang nhu sau:

’ Lan can - TH ‘ Can ‘ Bﬁng nhau ‘ Bén trai nhe hon ‘ Bén phai nhe hon ‘

| 1.1 [1va2| =>21 | =>22 \ (-tt-) |
2.1 1va3| (2,3 (1,2) ?3)
2.2 1va3| (1,3 ) ?3)
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trong d6 1an can c6 dang "X.Y" dng vdi 1an can thd X, trudng hop Y, vi du "2.1" cho biét day
12 14n can thi 2, truong hop 1. Ky hiéu "=> A.B" cho biét néu két qua cin roi vao trudng hop
nay thi sé di dén 1an can A, trudng hop B. Ky hiéu (M, N) cho biét dong gia phai 1a cic dong &
trong ngoic, (- tt -) cho biét trudng hgp nay da cd, chi can lam tuong tu. (()) cho biét kha ning
nay khong thé xay ra.

Giai thich cho bang nay nhu sau: Lan 1, can 2 dong 1 va 2, néu bing nhau, 14n 2 can theo cich
2.1 (tic 1a can 1 va 3); néu 1 nhe hon 2, 14n 2 can theo cdch 2.2 (vAn 1a can 1 va 3); néu 1 ning
hon 2, 1am tuong tu nhu khi 1 nhe hon 2 vi khong mét tinh tdng quat ta c6 thé danh sb lai 1 va 2.

Xét ¢ 14n can 2.1, néu 1 bang 3 suy ra dong 1 1a dong x4o quyét, do viy dong gia phai & trong 2
dong (2, 3).

Téng hop lai, ta ¢6 6 trudng hop nhu két qua & bang:

e 1 =2val=3:suyradong 112 dong x4o quyét, nén ddng gia & trong 2 hoic 3.

e 1 =2val <3:ddng 3 khong thé 1a dong gia, do vy dong gia phai & trong 1 hoic 2.

e 1=3val>3, dong 1 khong thé 1a dong gia. Néu dong 2 1a gia thi dong 1 lic nay phai 1a
dong xao quyét va dong 3 1 that (mau thuin vi 1 > 3), do viy trudng hop nay dong 3 1a
gia.

e 1 <2val =23, tuong tu nhu trudng hop (1 =2 va 1 < 3), suy ra 2 khong thé 1a dong gia,
nén dong gia & trong 1 hoic 3.

e 1<2val<3,suyradong 11a dong gia.

e 1 <2val>3,dong 1 phaila dong xdo quyét va suy ra dong gia 1a 3.

Cach 1am nay, ta c6 thé tdng quat hod 1én cho trudng hop 3" dong, lic nay ta sé can 2n lan can
v6i chién thuét tuong tu bang cach chia thanh 3 nhém X, X5, X5 bing nhau va ci thé tiép tuc.

Nhu viy v6i 2 1an can, cach 1am trén ta c6 thé xdc dinh 2 dong c6 chifa chiac chan dong gia tir
N = 3 dong, nhung véi 2 1an can, ta c6 thé 1am dugc v6i N = 4. That viy, ta c6 thé can nhu
sau:

’ Lan can - TH ‘ Cén ‘ Bing nhau ‘ Bén trai nhe hon ‘ Bén phai nhe hon ‘
| 1.1 | 1va2 [ =21 | =>22 \ (-tt-) |
2.1 1+2va3+4 (3,4) 1,2) (3,4
22 3va4d (1) (1, 3) (1,4)

Giai thich chi tiét hon mot chiit, ta ¢6 thé thdy gid st 1an 1 ¢6 1 = 2, nghia la néu 1 trong 2 dong
1a gia, thi dong con lai phai 1a dong xao quyét. Do vay, 1an thii 2 (trudng hop 2.1 trong bang)
ta can 1 + 2 va 3 + 4. Néu can khong thing bang thi bén nhe hon phai chita dong gia! Néu can
thing bang thi dong gia phai & phia d6i nghich véi dong xio quyét. Pidu nay nghia la 1 va 2
khong thé dong thdi déu khong phai 1a dong that, hay néi cach khdc, 3 va 4 phai chiia dong gia.

Néu 1an 1 can khong bang nhau va 1 < 2, nghia l1a ddng 2 khong thé 1a dong gia va dong 1 phai
hoic 12 dong gia hoic 1a dong x40 quyét. Lan 2 ta cin 3 va 4. Néu 3 = 4, rd rang khong thé c6
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dong gia & ddy, do vay chi c6 thé 1a 1 gid. Néu khong thing bang, dong gia phai & trong 1 va
dong nhe hon (gitta 3 va 4).

Va day, chiing ta di dén 10i gidi ctia bai toan chinh thiic véi 3 1an cin va 6 dong:

’ Lan can - TH ‘ Can ‘ Bang nhau ‘ Bén trai nhe hon ‘ Bén phai nhe hon ‘
| 1.1 [1+2va3+4] =>21 | =>2.2 \ (-tt-) |
2.1 1+3va5+6 =>3.1 =>3.2 (5,6)

2.2 I1va?2 =>33 =>34 (-tt-)

3.1 2+4va5+6 () 2,4) (5,6)

3.2 l1+4va2+3 (1,3) (1,4) 2,3)

33 1+2va5+6 (5, 6) (1,2) (5,6)

34 Svab (1) (1,5) (1, 6)

Va nhu vy chiing ti két thic loat bai todn can tién & ddy. Cac két qua téng quat hon cla bai

todn ndy, doc gia quan tdm c6 thé tham khéo & [2].

[1] N. Diaco, T. Khovanova, Weighing Coins and Keeping Secrets, 1-14. arXiv: 1508.05052,

(2015).

[2] T. Khovanova, K. Knop and O. Polubasov, Chameleon Coins, arXiv:1512.07338
[math.HO], (2015).

[3] B. Chen, E. Erives, L. Fan, M. Gerovitch, J. Hsu, T. Khovanova, N. Malur, A. Padaki, N.
Polina, W. Sun, J. Tan, and A. The, Alternator Coins, arXiv:1605.05601 [math.CO], (2016).
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VAI NET VE PHUONG TRINH NAVIER-STOKES

Duong Duc Lam
University of Sussex, United Kingdom

GIG0I THIEU

Phuong trinh Navier-Stokes 1a mot trong nhiing phuong trinh quan trong nhét ctia Vat ly.
Du dugc biét dén va nghién cidu tir thé ki XIX, nhung cho dén nay, nhiing hiéu biét ctia
chiing ta vé& phuong trinh nay con qua it éi. Vién Clay di dua phuong trinh ndy vao danh
sach 7 bai toan thién nién ki cung giai thudng 1 tri€u d6 cho ngudi kham pha ra nhiing bi
mit 4n chiia dang sau n6. VAy phuong trinh Navier-Stokes 1a gi, c6 lién quan thé nao dén
cudc sdng chiing ta, va tai sao lai dugc cdc nha todn hoc quan tAm nhu vay? Bai viét sé
diém vai nét chAm phd xung quanh cic vén dé nay.

C6 bao gid ban tu hoi, cidc dong nudc chuyén dong sau dudi tau dang chay, hay cac dong khéi
tda ra tit mot diéu thudc dang chay, liéu chiing c6 tuan theo mot quy lut nao dé hay khong? Cau
tra 10i 1a c6. Nhiing hién tuong xay ra trong cac chit 16ng va chit khi' nay tudng nhu chang lién
quan gi dén nhau, thuc té& lai cing dudc md ta bdi phuong trinh Navier-Stokes. Céc hién tudng
nay dudc goi chung 13 dong chay rdi>. Dong chay rdi c6 thé quan st thiy & moi noi trong tu
nhién 14n trong cudc sdng hiang ngay nhu tif dng khéi nha mdy, cac ddm may troi trén bau troi,
tran gi6 xody cudn cét bui 1én cao, luu lugng khi chuyén qua cidch mdy bay, séng v6 bén man
tau, nudc chay xiét trén song hay cic dong chdy trén dai duong rong 16n ... va hau hét cac dong
chdy xay ra trong tu nhién va trong cdc ting dung k¥ thuat khac (xem mot sb hinh dnh dudi day).

Phuong trinh Navier-Stokes, bdi thé, chinh 12 mot su mé hinh héa bang cic cong thiic toan hoc,
mot md phéng chung cho su chuyén dong hon loan ctia cac dong chay rdi. D€ nam dudc cac quy
luat ciia nhiing hién tugng tu nhién va ki thuét nay ciing nhu van dung chiing vao phuc vu cudc
s6ng loai ngudi, chang han d€ du bdo thdi tiét, hay tranh thidm hoa thién nhién, viéc nghién ctiu
phuong trinh Navier-Stokes 1a diéu vo cling can thiét.

'g0i chung la chét luu.
hay su r6i loan cia dong chdy, tiéng Anh 12 turbulence.
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Hinh 1: Cac dong chay roi sau du6i hoac bén canh man tau.

L ) TR

Hinh 2: Mot con 16¢ xody xdy ra ¢ bang Manitoba (Canada) vao ngay 22/06/2007, dudc ghi
nhan 12 con 16¢ xody 16n nhét trong lich sit Canada. Anh: Wikipedia
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i ’ .-

Hinh 3: Hinh 4nh ctia mot mat bao. Cac dong chdy r6i xung quanh dudc md ta bdi phuong trinh
Navier-Stokes. Anh: NASA

Hinh 4: Con bio supercell, dudc coi 13 “qudi vat bau trdi”, dién ra vao thang 5/2013 & bang
Montana, My. Anh: Sean R. Heavey
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Phuong trinh Navier-Stokes 1an dau tién dugc Claude-Louis Navier® thiét 1ap vao nim 1821 cho
céc chit 1ong khong nén dudgc, va nim 1822, cho cic chit 16ng nhét. Tuy nhién, Navier di dén
phuong trinh nay ma chua hoan toan nhén thiic rd tim quan trong ctia cic yéu td xuit hién trong
phuong trinh. Cho dén khi George Stokes* thiét 14ap lai dua trén nhiing gia thiét chinh x4c hon,
trong mot bai bdo twa dé On the theories of the internal friction of fluids in motion, Xuét ban
nam 1845.

Hinh 5: Claude-Louis Navier va George Stokes.

V& ban chit, phuong trinh Navier-Stokes chinh 1a mot 4p dung truc tiép ctia Dinh lut 2 Newton
F = ma quen thudc’. Cu thé, né c¢6 dang nhu sau

v

p|—+v-Vo| =—-Vp+ uVa
l ot
M a Fpreaeloﬂ Fv%aﬁueuée

trong do

3Claude-Louis Navier (10/02/1785 — 21/08/1836), nha todn hoc ngudi Phap.
4Sir George Gabriel Stokes (13/08/1819 — 01/02/1903), nha toan hoc va vét ly ngudi Anh.
SLuc tac dung vao mot vt F biang khéi lugng m clia vt nhan véi gia téc a ciia né.
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p lakhdi luong chit luu trén mot don vi thé tich (hay mat do ctia chit luu)

e v 12 van tdc clia dong chiy
av R . . A 2 N 9 6
° 5% +v- Vv Dbiéu thi gia toc cua dong chay

p ladp suét, Vp md ta ing suit cat’

1 1a hé sb nhét, dic trung cho do nhét® (d6 can trd) cla chit 16ng.

Chia hai vé ctia phuong trinh cho p, va goi f 1a tdng cdc ngoai Iuc bén ngoai tac dung 1én chét
luu, ta nhan dugc dang thudng gap ctia phuong trinh la

0 1

a—;’ :—(’U-V)-U—;Vp-i-,uVQU-i-f.

Tir day ta c6 thé néi, phuong trinh Navier-Stokes mo ta su thay d6i van tdc dbi véi thoi gian dua
trén 4 dai lugng sau [1].

e Dai lugng dau tién 1a lugng — (v - V) - v. Pai lugng nay cho biét cach ma divergence tac
dong 1én van téc v. D€ dé hinh dung, hiy lién tudng dén mot con song. Néu trén dong
chdy clia dong song iy c6 mot chd hep lai, khi d6 téc do dong chay sé ting 1én & do.
Ngudc lai, néu dong sdng c6 xu huéng md rong ra, luong nudc sé ting nhung toc do dong
chay s€ bi giam lai, xem hinh veé.

1 o 5 . X .o A
e Dai lugng thu hai la ——Vp. Pai lugng nay mi€u ta su su di chuyén cua cac phan t chat
p

luu khi dp suét thay ddi, cu thé, dong chay c6 xu hudng di tit noi c¢6 dp suét cao vé noi cé
ap suat thap. Diéu nay ciing tuong tu nhu mot dan chim dang bay (d6ng vai 1a tip hop chit
luu v6i cac phan ti chat Iuu 1a cac chi chim) thi bi tAn cong bdi mot con dai bang (déng

. D .
oMot cach 16 hon, néu ki hiéu Di l1a dao ham hitu hinh (hay dao ham chat luu, material derivative), thi ta c6
v

D . 2 S
—+v-Vu= F:, day chinh 1a gia toc cia dong chay (theo dung dinh nghia, gia toc 1a dao ham cia van toc theo
thoi gian).
"shear stress
8viscosity
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vai 12 4p suét p). Nhitng chii chim s& c6 xu hudéng bay tan ra xa con chim dai bang kia (ra
khdi noi c6 4p suit cao). Néu mat do dan chim cang cao (cc chi chim bay gan nhau) thi
chiing cang khé bay tan ra xa nhau va ngudc lai, néu mat d6 dan chim cang thua, chiing
cang dé dang thodt than hon khi con dai bang tin cong. Xem hinh vé.

e Dai lugng thi ba 1a V0. DE hinh dung su anh hudng cla dai lugng nay, liy vi du c6
hai chét 18ng 1 sird (c6 d6 nhét cao) va nudc (c6 dd nhét nhd hon). RS rang su chuyén
dong ctia mdi phan ti siro tic dong nhiéu dén cac phan tit xung quanh (né kéo cac phan
ti xung quanh di theo) hon 1a so v6i nudc, xem hinh ve.

e Dai luong cudi cung 13 ngoai luc f.
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Qua céc vi du da dén ra & trén, c6 thé thiy phuong trinh Navier-Stokes gép mit & hau nhu moi
ndi cta doi sébng, va quan trong khong kém céc phuong trinh nén tang ctia vat ly nhu cic dinh
luat ctia Newton hay phuong trinh Einstein’, mic di khong c¢6 co hoi ndi tiéng va quen thudc
nhu céc phuong trinh nay. Diéu nay c6 thé hiéu dudc vi cach phat biéu ctia n6é khong qui don
gian (khong phai dang “nhin phat hiéu ngay” nhu cic phuong trinh kia!). Va quan trong hon,
sau bao nhiéu nd luc ctia cdc nha toan hoc 1an vat ly, phuong trinh nay van con an chita nhiing
bi mat ma cho dén nay van chua dudc 1am sang té. Vay bi mat do6 1a gi?

Mot trong nhiing diéu c6t 16i dudc quan tim nhit cia mdt phuong trinh vi phan dé 13, n6 c6
nghiém'® hay khong, va néu c6 thi nghiém c6 chinh quy'! va duy nhét khong.

Déi véi phuong trinh Navier-Stokes, van dé da dudc giai quyét trong trudng hop hai chiéu. Trong
khong gian ba chiéu (12 khong gian ching ta dang sdng ma & d6 c6 cac bai toan thuc té nhu
néi & trén), van dé phiic tap hon rit nhiéu. Cho trudc mot gia tri ban dau bat ki ctia van toc
v(t = 0) = vy, chiing ta khong biét liéu c6 tdn tai mot nghiém v(¢) xac dinh v6i moi gid tri sau
d6 cta thoi gian ¢ hay khong!?2.

Nha vat ly Richard Feynman'?® da goi phuong trinh Navier-Stokes 12 vin dé quan trong nhét
chua giai quyét dugc cta vat 1y cd dién.

Con vién Toan Clay [2] da liét ké n6 1a mot trong bay bai toan cua thién nién ki méi. Keém theo
d6 1a gidi thudng 1 triéu do la cho ngudi dau tién: hoic chitng minh dudc su ton tai toan cuc ctia
nghiém, hoic chi ra dudc mot phan vi du, nghia 13 tim mot gia tri ban dau vy sao cho nghiém
toan cuc khong ton tai.

Vay tai sao phuong trinh Navier-Stokes lai kho?

V& mit todn hoc, su phiic tap dén tit viéc phuong trinh nay 12 mot phuong trinh vi phan phi
tuyén. Pai lugng phi tuyén —(v - V) - v sinh ra nhitng khé khin ma phuong trinh tuyén tinh (nhu
phuong trinh dao dong cia con lic da quen thudc véi hoc sinh phd thong, hay phuong trinh
truyén nhiét) khong c6. Khi van toc thay ddi, dai luong nay khong thay ddi déu din ma thay ddi
mot cach “phi ma”, khé kiém soat. Do d6 rat khé danh gid dai lugng nay. Cac doc gid toan hoc
to moO hon c6 thé xem thém bai viét ctia Terence Tao [5] d€ biét chi tiét.

V& mit vat ly, phuong trinh Navier-Stokes m ta chuyén dong cla chat Ivu. Chét luu & day c6
thé 1a dong dau #n khi dudc rét vao chai, hodc 1a dong chat khi chuyén dong sau canh ctia mot
mdy bay dang cét canh. V6i chuyén dong ctia dau in, dong chét 18ng di chuyén mot cach déu
din va nhit quan. Nhung véi dong chit khi sau cdnh mdy bay, né 1a mot su chuyén dong hdon
loan. Su hdn loan nay tuong ng vdi dai lugng phi tuyén dudc néi dén & trén. Xem hinh vé [4].

°F = mc?

0Trong nhiéu trudng hop, nghiém dudc hiéu theo nghia rong hon, ching han nghiém yéu (weak solution), do
khong ton tai nghiém diing.

"regularity, c6 thé hiéu 1a tinh tron, tinh bi chin.

1290i 14 x4c dinh toan cuc.

3Richard Phillips Feynman (1918 - 1988), nha vt ly ngudi My gbc Do Thdi, giai thudng Nobel vé vit Iy (1965).
Ong dugc coi 1a mdt trong mudi nha vat 1y xuit sac nhit moi thdi dai theo tap chi Physics World ctia Vién Vat 1i
1IOP, Anh.

93

https://tieulun.hopto.org



Tap chi Epsilon, S6 13, 02/2017

Hinh 7: Su nhiéu loan sau canh mdy bay c6 thé quan sat thiy khi sit dung khéi mau.
4. Ai sé gianh giai thuédng mot triéu do?

Cho dén nay, két qua tot nhat dugc biét dén vé phuong trinh Navier-Stokes van 1a mot két qua
clia Leray'# tir dau thé ki tru6c. Ong dua ra trong mot bai bdo xuét ban nim 1934 [3] mot chiing
minh vé sy ton tai ciia nghiém yéu ctia phuong trinh Navier-Stokes (mic di khong chiing minh
dudgc tinh duy nhét, va cho dén nay diy van con la mot bai toan md).

Hang thé ki troi qua, rit nhiéu nha toan hoc (va khong it nhiing nha to4n hoc “nghiép du”) da
tAn cong bai todn bang moi cach nhung né van siing siing nhu mot toa lau dai kién cd. Tir cac
nha toan hoc lao thanh nhu Luis Caffarelli, Robert Kohn, Louis Nirenberg, Gregory Seregin,
Vladimir Sverak. . . d&n nhiing nha todn hoc tré nhu Terence Tao, Nader Masmoudi. . . dit c6 mot
vai két qua nhd 18, nhung van chua thé tim dudc budc tién dot pha.

Gan day, vao cubi nim 2013, mot nha toan hoc ngudi Kazakhstan, Mukhtarbay Otelbaev, cong
bd mot ban thao “day cop”, trong d6 néi da chiing minh dudc su ton tai nghiém manh ctia bai
todn. Khong 1au sau, cdc thanh vién trén dién dan Math Stackexchange da tim ra mot 16 hong
trong chiing minh nay. Otelbaev tuyén bd sé sém “va” lai 16 hong. Nhung cho dén nay, vin
khong c6 thém mot tin tic méi nao dudc cap nhat tir 6ng.

Vao thang 2 nim 2014, Terence Tao dua 1én trang ca nhan mot bai bdo gy x6n xao cong dong,

14Jean Leray (1906 — 1998), nha todn hoc ngudi Phép.
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Hinh 8: Danh hoa Leonardo da Vinci (1452-1519) va biic tranh minh hoa dong chay r6i.

trong d6 anh c6 dua ra mot két qua cho phuong trinh Navier-Stokes trung binh héa", ddng thoi
dé nghi mot chuong trinh c6 thé cho phép tin cong phuong trinh Navier-Stokes ding. Két qua
nay hién da dugc dang trén tap chi “Journal of the American Mathematical Society”’, mot trong
nhiing tap chi t6t nhit vé toan. Tuy nhién, dé€ di dén dugc dich van con rét xa.

Thay 10 két

Chi méi c¢6 duy nhat mot trong bay bai toan triéu do da dudc giai, d6 1a gia thuyét Poincaré!®. Va
c6 1& van con lau nita vién Clay mdi lai phai chi tién. Dau sao, véi mot sb thanh tuu budc ngoit
gan day lién quan dén mot bai toan ciing 1au doi khong kém 1a gia thuyét s6 nguyén td sinh doi,
v6i két qua mang tinh dot pha lai dén tif mot nha todn hoc “vd danh” Yitang Zhang, ciing nhu
su tri ddy ctia mot thé hé cac nha toan hoc tré méi déi muoi day hita hen (Peter Scholze, James
Maynard, Alessio Figalli, Maryna Viazovska...), toan hoc dang c6 nhting budc di ngay cang
mau le. Hay hi vong rang, nhiing lan gié méi d6 sé bao hiéu cho nhiing budc tién xa hon trong
hanh trinh chinh phuc 6 ngon nui tri€u do, noi riéng la phuong trinh Navier-Stokes.

Saveraged Navier-Stokes

16Tiéc thay ngudi giai dudc gia thuyét nay, Grigori Perelman, lai tif chbi nhan giai.
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[1] Steven Dobek, Fluid Dynamics and the Navier-Stokes Equation, Lecture Notes, 2012.
Mot ban dich tiéng Viét c6 thé xem & trang http://math2it.com/hieu-y-nghia-thuc-te-cua-
phuong-trinh/

[2] Charles L. Fefferman, Existence and smoothness of the Navier—Stokes equation, The Mil-
lennium Prize Problems, pp. 57-67, Clay Math. Inst., Cambridge, 2006.

[3] Jean Leray, Sur le mouvement d’un liquide visqueux emplissant I’espace, Acta Mathemat-
ica 63: 193-248, 1934.

[4] Science Etonnante, Le blog de David Louapre, Site
https://sciencetonnante.wordpress.com/2014/03/03/1a-mysterieuse-equation-de-navier-
stokes/

[5] Terence Tao, Why global regularity for Navier-Stokes is hard? Blog post
https://terrytao.wordpress.com/2007/03/18/why-global-regularity-for-navier-stokes-
is-hard/

[6] Terence Tao, Finite time blowup for an averaged three-dimensional Navier-Stokes equa-
tion, J. Amer. Math. Soc., 29, 601-674, 2016.
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VE MOT BAI TOAN TRONG KY THI OLYMPIC
HINH HOC SHARYGIN NAM 2014

Tran Quang Hung - THPT chuyén KHTN

TOM TAT

Bai viét md rong va phat trién mot bai toan hinh hoc trong ky thi Olympic hinh hoc
Sharygin nim 2014 vé6i cdc cong cu hinh hoc thuan tiy.

Trong ky thi Olympic hinh hoc Sharygin nim 2014 cho khéi 16p 8 ngay thi thi 2 [1], tac gia
Tran Quang Hung da dé nghi bai toan sau

Bai toan 1. Cho M la trung diém diy cung AB cta duong tron (O). K dbi xiing v6i M qua O.
P 1a mot diém trén (O). Pudng thang vudng géc v6i AB tai A cit dudng thang qua P vudng
géc v6i PK tai Q. H 1a hinh chiéu vuong géc ctia P 1én AB. Chiing minh ring B(Q chia doi
doan thang PH.

Hai 16i giai thid nhit va thif hai sau dudc tham khéo trong [2]

Loi giai thit nhat. Goi QA cit (O) tai C khac A. Tit BC 1a dudng kinh ciia (0), ta thu dugc
BC va MK cat nhau tai trung diém mdi dudng ciing 13 tim dudng tron, diéu d6 nghia 1a ti giac
CK BM la mot hinh binh hanh. Hon nita, M 1a trung diém cta AB, vay thi C KM A 1a hinh
chit nhat. Ta sé ching minh M (@) vudng goc véi PC'. Ta co

(MC? — MP?) — (QC? — QP?) = (CK* + MK?*) — (20P* + 20K* — PK?)
— (QK* — CK?) + (QK? — PK?)
(dinh ly Pythagoras va cong thiic trung tuyén)
=2CK? 4+ MK? — 20P* — 20K*
=20K?* +40K?* — 200? — 20K*
=2(CK?*+ OK?* — OC?)
=0
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Do d6, MQ vudng goéc véi PC. BP cit QA tai R. Chi y rang C'B 1a dudng kinh ctia (O) nén
BR vudng goc PC. Nhu vay kéo theo M song song v6i BR. M la trung diém AB nén Q 1a

trung diém BR. Tt d6, QB chia d6i PH. O
R
P
AR w
%
C ,:\‘1 S K
-0

I Lt

A H M B

Hinh 1.

Loi gidi thit hai. Chi y ring Z/PBA # 90°; vi trong trudng hop PK || AB, thi Q khong ton
tai. Vay thi BP cit AQ tai R. Do tam gidc BPH va BRA c6 canh tuong ting song song, ta
huéng t6i chiing minh ring @ 1a trung diém cta AR. Goi P’ 1a dbi xiing ctia P qua O. Thi
PA 1 P'A, PR 1L P'B, AR 1 AB, do d6 céc canh tuong tng cua hai tam giac P’AB va
PAR vudng géc. Vay hai tam gidc nay dong dang hon nita céc trung tuyén tif P va P’ 1a vudng
géc. St dung ddi xing tam O ta thu dugec P'M || PK L PQ. Vi viy PQ la trung tuyén cda
APAR. O

Hinh 2.

Loi gidi thit ba. Pudng cao AE, BF clia tam gidc PAB cét nhau tai L. EF cit BC tai R.
(A, B; H, R) = —1 nén theo cong thic Maclaurin HA- HB = HM - HR.Ma HA- HB =
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—~HP-HLsuyra HM - HR = —HP - HL, dong nghia vé6i L 1a truc tAm ctia tam gidc PRM.
PL ||= 20M nén PL |= KM kéo theo PIK ML 1a hinh binh hanh.

Dodé PR L LM | PK L PQ dodé P, Q, R thing hang. Tut d6 chum Q(A, B; H, R) = —1
ma PH || QA nén QB chia d6i PH. O

Hé qua. Piém  ndm trén dudng trung binh ting véi A clia tam gidc APDB.

Chitng minh. Day c6 thé coi 1a hé qua truc tiép tir 18i giai thd nhit. Néu xult phat tir 10i giai
thd ba ta thiy (4, B; H,R) = —1 ma M la trung diém AB nén theo hé thiic Maclaurin thi
RA -RB = RH - RM hay g—g = g—ﬁ = % do d6 QM song song P B, ndi cach khac () ciing
nam trén duong trung binh ung v6i A cua tam giac PAB. ]

Nhin xét. Lai giai thi nhét 12 15i gidi tac gid dé xuit khi gdi bai toan nay cho ky thi Sharygin.
Trong 15i giai st dung ky thuat vé dinh Iy Carnot. Ldi giai thd hai 12 do ban t& chic dé nghi,
ding tam gidc truc giao, ddy ciing 1a mot 10i giai rat dep va don gian, chi ding cic kién thiic
hinh hoc 16p 8. Loi giai thd ba st dung phuong phdp vé hang diéu hoa ciing rat ngin gon va
gitip chiing ta thu dugc mot hé qua thi vi. Mdi 16i giai cho mot y nghia riéng. Néu day AB 1a
dudng kinh cta (O) thi ta thu dugc bai toan chia doi doan thang rat kinh dién ciing xuét phat tir
nudc Nga, ching ta sé tim hiéu k§ hon bai toan nay & cubi bai viét.

Bai toan trén 12 mot bai toan c6 nhiéu gid tri 4p dung, ching ta bat dau tif bai todn sau

Bai toan 2. Cho tam giac ABC noi tiép dudng tron (O). M la trung diém ctia BC. K dbi xing
M qua O. Pudng thang qua A vudng géc véi AK cat dudng thang qua B, C vudng goc véi BC
tai P, Q. CP cat BQ tai R. Chting minh rang AR 1 BC.

Hinh 3.
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Loi gidi. Goi AH 1a dudng cao cia tam gidc ABC. Theo bai toan 1 thi CP, BQ déu di qua
trung diém AH néi cach khéc giao diém hai duong thang d6 phai la trung diém AH do d6 R 1a
trung diém AH nén AR | BC. O

Bai todn 3. Cho tam gidc ABC noi tiép dudng tron (O) cb dinh véi B,C c¢b dinh va A di
chuyén trén (O). C'A, AB 1an ludt cit cac dudng thang qua B, C vuong géc véi BC tai M, N.
Goi P, ) 1a trung diém BM, C'N. Chiing minh rang dudng thing qua A vudng géc PQ ludn
di qua diém cb dinh khi A thay déi.

Hinh 4.

Loi gidi. Theo tinh chét hinh thang dé thdy PQ di qua A. Tt d6 goi AH la dudng cao ciia tam
gidc ABC. Vay BQ, C'P du di qua trung diém AH. Theo bai toan 1 thi dudng thang qua A
vudng géc PQ di qua diém dbi xiing trung diém M ctia BC qua O cb dinh. O

Bai toan 4. Cho tam gidc ABC c6 tam ngoai tiép O. D, E, F lan lugt 1a trung diém C' A, AB.
M, N lan lugt déi xiing v6i E, F qua O. LAy cic diém U,V sao cho CU L. CN, BU 1. BA va
BV 1 BM,CV 1 CA. AU, AV lan ludt cat DE, DF tai @, P. Ching minh ring bén diém
P, Q, U,V cung thuoc mét dusng tron.
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Hinh 5.

Loi giai thd nhat. Goi BK, C'L 1a dudng cao ciia tam gidgc ABC. Theo bai todn 1 thi AU, AV
1an lugt di qua trung diém cta BK, C'L ma trung diém BK, C'L theo thi tu nam trén DF, DE
do d6 P, @ chinh la trung diém cta BK, C'L. Ta thdy c4c tam giac ABK va AC'L dong dang
c6 trung tuyén 1a AP, AQ nén hai tam gidc AQL va APK dong dang. Lai c6 CV || BK va
BU || QL nén ta c6 cic cip tam gidc dong dang AAQL ~ ANAVC va AAPK ~ ANAUB. Tu
d6 492 = 4L — AK — 2P hay AQ - AU = AP - AV. T d6 ti gide PQUV ndi tiép. O
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Cich giai sau do ban Pham Ngoc Khanh 16p 12 Toan, THPT chuyén Su pham dé xuét.

Loi gidi thit hai. Theo hé qua ctia bai toan 1 thi U, V 1an lugt nam trén DF, DE. /VEC =
/UFB = /BAC nén cic tam gidc vudong VCE va UBF dong dang g.g ma E, F 1an ludt la
trung diém ctia C A, BA do d6 hai tam gidc VEA va UF A dong dang c.g.c. Suyra ZFUA =
ZEV A nén ti gidc PQV U ndi tiép. O

Nhan xét. Trong 15i gidi thi nhét, viéc st dung bai toan gbc dé chi ra P, () ndm trén cac dudng
cao clia tam giac dong vai trd quyét dinh trong viéc gii bai todn nay. Mit khac trong 15i gii
thi hai thi viéc st dung hé qua clia bai toan 1 ciing dé chi ra U, V 1an ludt nam trén DF, DE
dong vai trd quan trong. Tur viéc U, V 1an lugt nam trén DF, DF ta sé dua ra mot bai toan hé
qua kha thu vi nhu sau

Bai toan 5. Cho tam gidc ABC c6 dudng cao BE, C'F cat nhau tai H. K, L la trung diém
cia CA, AB. M, N lan lugt d6i xting F, F qua K, L. Trén CA, AB lan lugt lﬁy P, () sao cho
LP 1 LH,KQ 1 KH.S, T dbixting C, B qua P, Q.

a) Ching minh ring bon diém M, N, S, T cing ndm trén mot dudng tron (.J).

b) Chiing minh ring trung truc BC chia doi AJ.

¢) Goi ST cit M N tai R. Chting minh ring AR || BC.

Loi giai thi nhét. a) Liy X, Y, Z 1an luot déi xting véi A, B, C qua trung diém ciia BC, C'A,
AB. Dé théy M, N chinh 1a hinh chiéu vuong goc cua Y, Z 1én C'A, AB. Mat khac H 1a tim
ngoai tiép tam gidc XY Z. Vi tu tam B ty s6 2 thi H, K lan ludt bién thang U, Y va @ bién
thanh T'. Mit khac @ dugc dinh nghia 1a giao diém cla dudng thang qua K vudng géc K H va
AB nén T chinh 1 giao diém clia dudng thang qua Y vudng géc YU vé6i duong trung binh AB

ctia tam gidc XY Z. Tuong tu v6i S. Viy dp dung bai toan 4 vao tam gidc XY Z dé suy ra bén
di€m M, N, S, T cung thudc mdt dudng tron.

b) Vi tu tam A ty s6 2 ta cAn chitng minh X.J | BC. Chi y ring ciing theo bai todn 4 ta c6
ZT L ZX,YS 1 YX,tido6 ap dung hé thic lugng trong tam gidc vudng thi BZ? = BN - BT,
CY?=CM -CS. Tu dé ta c6 bién ddi

BJ*-CJ*=(BJ*~R%)—(CJ*~R%) = BN-BT-CM-CS = BZ*-CY? = XB*- X(C?
trong d6 R; 1a ban kinh cua duong tron di qua M, N, S, T nén XJ L BC.
¢) Theo 16i giai thd nhét bai toan 4 thi TM, SN di qua X. Lai do ti gidc STM N ndi tiép c6

hai dudng chéo cit nhau tai A nén theo dinh Iy Brocard .J 1 truc tim tam gidgc ARX nén JX
vuong goc v6i AR. Theo caub), JX L BC nén AR || BC. O
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Hinh 7.

Céch giéi sau do céc ban Pinh Céng Duy 16p 11 Todn va Tran Minh Tién 16p 12 Toan, THPT
chuyén KHTN dé xuAt.

Loi giai thit hai. a) Goi BY 1a dudng kinh cta (O) thi ta thiy cic tam gidc QKL va HY C

c6 céc canh tuong tng vudng goc nén dong dang Do d6 €& = KL — KL Ching minh
tuong ty £E = KL pep EE — 8L 4o d6 42 = 368 = 1o = o5 = ‘o tu diy suy ra

AN - AT = AM - AS nén ti gidc STM N ndi tiép.

b) X dbi xing véi A qua trung diém BC, ta can ching minh JX L BC. Ta thdy 4% = 22L —

o dp =St A5 =15 45 = 75 £5 = £5 = iro- Tw d6 theo dinh 1y Thales déo
thi 7', M, X thang hang. Tuong tu S, N, X thang hang. To d6 LBXN = ZNSC = ZNTX
do d6 BX? = BN - BT = BJ? — R}. Tuong ty CX* = CM - CS = CJ? — R}. Vay
JB? — JC? = (JB? — R}) — (JC? — R3) = BX? — CX?nén JX L BC.

¢) Trong tam gidc X ST thi A(M,N;X,R) = —1 ma AX di qua trung diém BC nén AR ||
BC. O
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Hinh 8.

Nhan xét. Trong 16 gidi thi nhét thi y b) clia bai todn ciing c¢6 thé cho vao bai todn 4 tuy nhién,
rd rang viéc viét lai bai toan 4 nhu trong bai todn 5 thi khi giai ta can phai dung lai cac di€ém X,
Y, Z va gidi thong qua viéc 4p dung ca bai toan 1 va bai todn 4. D6 1a thach thic khong hé nhd
khi gidi c4 hai y ctia bai toan nay. Noi dung ¥ ¢) va cach chiing minh y ¢)  cach giai thd nhit 1a
ctia ban Pham Ngoc Khanh 16p 12 Toan, THPT chuyén Su pham dé xuét. Tuy nhién céch gidi
tha hai la cach giai doc 1ap dua hoan toan trén md hinh méi va y c¢) nhin theo 16i giai thu hai
ciing rat don gian va c6 thé dung n6 chitng minh ngugc lai y b). Loi gidi thii nhit cac y a) va b)
1a cach tac gia tao ra bai toan nay tuy nhién trong qua trinh giang day n6 da dugc giai theo cac
cach khac nhau bdi cac ban hoc sinh 6 chuyén KHTN va chuyén Su pham nhu trén. Pay 1a cac
doéng gép vé mit y tudng hay va gid tri clia cac em cho bai toan.

Bai todn 6. Cho tam gidc ABC noi tiép dudng tron (O) dudng kinh AD, CF. AL la dudng
cao va H 1a truc tim tam gidgc ABC. Liy P sao cho DP 1. DH va CP L CB. I la trung diém
AL. Chiing minh riang C1 || FP.
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Hinh 9.

Loi giai. BHCD la hinh binh hanh nén H, D ddi xing qua trung diém M cta BC. Goi K
1a di€ém dbi xing M qua O. Phép dbi xing tim O bién D thanh A va bién dudng thang qua C
vuong géc C'B thanh duong thang qua B vudng géc C'B. Do d6 giao diém P cia dudng thang
qua D vudng géc DM va dudng thang qua C vudng géc C'B bién thanh giao di€ém () ctia dudng
thang qua A vudng géc AK va duong thang qua B vudng géc C'B. Theo bai toan 1 thi CQ di
qua I/, ma PFQC la hinh binh hanh nén C1 || F'P. O

Dung bai todn trén c6 thé gidi bai todn dudi day

Bai toan 7. Cho tam gidc ABC noi tiép dudng tron (O) véi BP, CQ 1a duong kinh ctia (O). H
12 truc tAm tam giac ABC. LAy cic diém M, N sao cho CM 1. CA, PM 1 PH, BN 1 BA,
QN 1 AH.Ching minh rang QM, NP va AO ddng quy.

Hinh 10.
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Loi giai th nhit. Goi AD, BE, CF la dudng cao cla tam gidc ABC. R, K, L 1an lugt 1a
trung diém AD, BE, C'F. Tu céc tinh chét tam gidc dong dang cia truc tim dé thiy R la dang
gidc clia giao diém J ctia BL va C'K do d6 J nam trén AO. Theo bai todn 5 thi hai dudng thang
QM va CK dbi xing qua O, hai dudng thang NP va BL ciing dbi xiing qua O do d6 giao
diém I ctia QM va PN dbi xiing véi giao diém J cia BL va CK qua O. Ma J thudc AO nén
I thuoc AQ. Ta thu dugc diéu phéi chiing minh. O

A

Hinh 11.

Cach giai sau do ban Tran Thi Ha 16p 12 Toan, THPT chuyén Lé Hong Phong, Nam Pinh dé
Xuét.

Loi giai thit hai. Goi AK 1a dudng cao cua tam gidc ABC. R, E, F 1a trung di€m HA, CA,
AB. AD la dudng kinh ctia (O). Tt gidc CEPM ndi tiépsuyra /CEM = /CPM = /RPH.
Tt d6 ta c6 hai tam giac vudng dong dang 1a ACEM ~ ARPH. Suy ra %—% = g—g = % =
AL, Chiing minh tuong ty g—g = 2’40—%. Tir d6 dé suy ra £ = L€ hay MN | L?C’. Tu d6 hai
tam gidc AQP va DM N c6 céac canh tuong tng song song nén QM , NP, AO dong quy. [
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Hinh 12.

Céch gii sau do ban Tran Minh Khoa 16p 12 Toan, THPT chuyén KHTN dé xuét.

Loi giai thit ba. Goi AD la dudng kinh cta (O) thi MC, N B di qua D. Goi Z, T la trung diém
QB, PC. X, Y dbi xing F, E lan luot qua Z, T. Do NF, Y E 1a duong kinh clia (NQB),
(MPC)nén X, Y latruc tam cdc tam giac NQB, MCP.Tasuyra NX, MY || BC. Mat khac
do EF | BC'|| ZT nén XY || BC. Tit d6 XY || BC. Vay M, N, X, Y thang hang trén dudng
thang song song BC. Viy hai tam gidc AQP va DM N cé cac canh tuong ting song song nén
QM, NP va AO dong quy. O

Nhan xét. Loi gidi thi nhat cing 1a c4ch tic gid tao ra bai toan nay hai cach giai sau chiing minh
ddng quy bing cach st dung cac tam gidc cé canh tuong ing song song, mot hé qua ctia dinh ly
Desargues. Céch giai thi hai chi can t6i tam gidc dong dang, dic biét cach gidi thi ba chi can
céc kién thiic vé phan dau chuong trinh 16p 8, d6 1a cac cach 1am c6 gia tri.

Ta di dén tiép mot ing dung kha la mat nhu sau

Bai toan 8. Cho tam gidc ABC nhon ndi tiép dudng tron (O) cb dinh v6i B, C' c¢b dinh va A
di chuyén trén cung 16n BC. P la trung diém cung 16n BC cua (O). I la thm noi tiép tam gidc
ABC. M la trung diém I B. BI cit (O) tai N khac B. Q 1a trung diém M N. S d6i xting B qua
Q. R dbi xiing M qua O. Puong thang qua N vudng géc RS cit duong thang qua P song song
IB tai T. Chiing minh riang dudng thang 7'Q) ludn di qua diém cb dinh khi A thay ddi.
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H
Hinh 13.

Loi gidi. AI, CI cit (O) tai H, G khac A, C thi [ 1a truc tAm tam gidc GHN. HP la dudng
kinh cta (O) nén PT di qua G. Goi L la trung diém G H, J d6i xiing v6i L qua O. Vay X dbi
xting R qua J thi X thudéc M N mit khiac X ciing la dbi xiing ctia M 1a hinh chiéu vuong géc
cta O trén BN hay X la dbi xing ctia M qua trung diém BN. Tt d6 XN = BM = NS, nén
RS || JN. Vay duong thang qua N vuong géc RS la duong thang qua N vuong géc JN. Ap
dung bai toan 1 vao tam giac NG H thi T'H chia d6i NM hay T'H di qua () n6i cach khéc la
TQ di qua H cb dinh. O

Bai toan nay c6 thé dudc md rong theo nhiéu cach khac nhau dong thsi két hop véi cac md hinh
khéc. Ching ta hdy xét mé rong dau tién nhu sau

Bai to4an 9. Cho tam gidc ABC ndi tiép dudng tron (O). Mot dudng tron (K) di qua B, C cit
CA, AB lan ludt tai E, F. BE giao C'F tai H. AH cat BC tai D. P dbi xing véi K qua O.
Puong thang qua A vudng géc AP cit duong thang qua B song song AD tai (). Chiing minh
rang C'() chia doi AD.
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Loi giai thit nhat. Goi (L) la dudng tron ngoai tiép tam gidgc AEF. (L) cét (O) tai G khac A.
Ta dé thiy AL | BC nén AL || OK va LK || AO do cung vudng goc EF. Tu d6 ALKO la
hinh binh hanh kéo theo APOL la hinh binh hanh. Do AG la ddy cung chung cta (O) va (L)
nén AG L OL || AP. Tit &6 AG di qua Q. Theo tinh chét truc dang phuong, AG, EF, BC
dong quy tai S. Mit khac hang (B, C; D, S) = —1 nén chiéu song song theo phuong AD 1én
AS ¢c6 (A,8;Q,T) = —1 trong d6 dudng thang qua C' song song AD cat AS tai 7. Suy ra
chum C(A, S;Q,T) = —1 nén CQ chia d6i AD. O

5 "'7 I:)E
i

Hinh 15.
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Céch gidi sau do ban Tran Minh Khoa 16p 12 Toan, THPT chuyén KHTN dé xuét.

Loi giai thit hai. Goi EF cat BC tai S. Goi AL la dudng cao ctia tam giac ABC. Do O 1a
trung diém PK nén A(P,K;0,L) = —1 = S(A,H;F,D). Ma AO L SF, AL 1 SD
vi AK 1 SH theo dinh ly Brocard, tit d6 suy ra SA L AP hay A, S, Q thing hang. Vay
Q(B,C;D,S)=—1maAD || @B nén C(Q) chia ddi AD. N

Nhan xét. Loi gidi thi nhit ching minh A, @, S thang hang bang cach thuin tiy hinh hoc. Loi
gidi thi hai ciing chiing minh A, @, S thang hang nhung bing phuong phap chiim truc giao rit
ngan gon tuy nhién phai ding qua dinh Iy Brocard. Ca hai 15i gidi déu c6 nét dic sic riéng.

Bai toan 10. Cho tam gidc ABC va P la diém bat ky. Cac diém @, R 1an ludt thudoc C A, AB
sao cho PQ || AB, PR || AC. Lay I sao cho IQ 1. CA, IR 1 AB. J dbi xting P qua I.
Puong thang qua A vudng géc QR cat BC tai H. Pudng thang qua B song song AH cat dudng
thang qua A vudng géc AJ tai G. Chitng minh rang C'G chia d6i AH.

Hinh 16.

Loi giai thit nhat. Goi BG cit AC tai K. Ta cAn ching minh G 13 trung diém BK. Goi L 1a
dbi xiting ctia A qua I va E, F 1a hinh chiéu cta L 1én CA, AB. Do d6 E, F ciing 1a d6i xing
cia A qua Q, R suy ra RQEP va RQPF 1a hinh binh hanh nén P 1a trung diém cta £ F. Mit
khéc cdc tam gidc ABK va LFE c6 cc canh tuong tng vudng géc nén dong dang. Ciing do
dbi xiing L qua trung diém I ctia P.J nén PL || AJ L AG. Vay cic tam gidc ABK va LFE c6
céc canh tuong ing vudng géc nén trung tuyén tuong ting cling vudng géc néi cach khac AQ 1a
trung tuyén ctia tam giac ABK. Viy ta hoan tit chiing minh. O
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Hinh 17.

Cach giai sau do ban Tran Minh Khoa 16p 12 Toan, THPT chuyén KHTN dé xuAt.

Loi giai thit hai. E, F dbi xing véi A qua Q, R dé thly RQEP va RQPF 1a hinh binh hanh
nén P 1a trung di€ém ctia EF va I 1a tAm ngoai tiép tam gidac ABC. AH cit EF tai K, AG
cit EF, BC tai S, T. Ap dung céch 15i giai thit ba ctia bai toan 1 vao tam gidc AEF thi
(E,F;K,S) = —1 do d6 chiéu bing tim A xudng duong thang BC thi (B,C; H,T) = —1
nén G(B,C;H,T) = —1.Ma AH || BG nén CG chia doi AH. O

Cach giai sau do ban Truong Manh Tuén 16p 11 Toan, THPT chuyén KHTN dé xuit.

Lai gidi thit ba. AC cit BG tai K. Ta can chiing minh G 1a trung diém BK thi CG chia doi
AH, that vdy. AQPR la hinh binh hanh nén AP va QR cit nhau tai trung diém M ctia mdi
doan. Dung IL || QR thi I(Q, R, M, L) = —1.Laic6 AC' L IQ,QB L IR, AG L AJ || IM,
AH 1L QR|| ILdod6 A(B,C;G,H) = —1ma BK || AH do d6 G la trung diém BK. [J

Nhan xét. Y tudng 16i gidi thit nhét 1a dua trén 16i giai thi hai clia bai toan gbc, 10i giai thi hai
trong trudng hop tdng quat nay rat c6 hiéu luc. Mit khéc ta thiy bai todn hoan toan khong ding
t6i dudng tron trong phat bidu va 16i giai nay. Loi giai thd hai dua trén két qua trong 10i gii thi
ba ctia bai todn gbc. Tiép can theo huéng nay ciing rat tu nhién. Céch giai thii ba dung truc tiép
chim vuéng géc ciing rit dic sic. Cac bai toan tong quat c6 rat nhidu huéng ap dung hay tuy
nhién do khudn khé bai viét c6 han toi chi xin néu ra mot ting dung dep nhu sau [7]

Bai toan 11. Cho tif gidc ABC D ndi tiép dudng tron (O). AC cit BD tai P. Goi J, K, L lan
lugt 1a tAm ngoai tiép cdc tam giac PC D, PAD, PBC. @ 1a trung diém OP. Trén dudng thang
qua P vuong goc JQ ldy cac diém S, T sao cho DS, CT cung vudng géc véi K L. DT, C'S cat
cac duong tron (PAD), (PBC) tai M, N. Chiing minh rang bon diém C, D, M, N cung thudc
mot duong tron.
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Hinh 18.

Loi giai thi nhét. Goi I 1a di xing ciia O qua J, nhu vay ST di qua P va vudng géc véi P1.
AD cat BC tai F, PF cat C'D tai R. Theo bai todn 9 thi DT, C'S di qua trung diém X cta
PR. D& thiy PR la truc ding phuong ctia (K) va (L). Dodé XM - XD = XN - XC ta thu
duogc tif gidc C DM N noi tiép. O

Cach giai sau do ban P6 Xuan Long 16p 11 Toan, THPT chuyén KHTN d& xuit.

Loi giai thit hai. Goi R 1a tim ctia (APB). DU, CV la dudng kinh cta (O) va PT la dudng
kinh ctia (R). Ta ¢6 U, B, T thang hang va V, A, T thang hang. Vi ABUV noi tiép nén
PR 1 UV,kéthop PR L CD suyra PR || OJ. Tuong tu thi JPRO la hinh binh hanh nén
R, Q, J thing hang va L, K, ) thang hang. AB cit CD tai E, AD cit BC tai F. Ap dung
dinh ly Brocard ta ¢c6 FP L OF | KL. Goi FP cat SC, CD tai I, X thi £2 = $5. Wi
(E,X:D,C) = —Lnén 15 = 2L suyra FP, SC, DT dong quy tai I. (K) cit (L) tai Y khéc
P,tacé F, P,Y thang hang, tasuyra IY -IP = IN-IC = IM-1D hay DN MC ndi tiép. [
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Hinh 19.

Céc ban 16p 9 & Viét Nam hén da quen thudc véi bai todn sau, day ciing 1a bai toan s 75 trang
104 trong [3]

Bai toan 12. Cho duong tron (O) dudng kinh AB va diém P nam trén (O). Tiép tuyén tai A va
P ctia (O) cit nhau tai ). H 13 hinh chiéu ctia P 1én AB. Ching minh ring BQ chia d6i PH.

Pay 12 mot bai toan vao loai kinh dién cta tinh chit hai tiép tuyén cat nhau. N6 c6 mot 15i giai
rit don gian nhu sau
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R
P
Q
A H 0 B
Hinh 20.

Loi gidi. Goi PB cat AQ tai R thi theo tinh chét tiép tuyén cit nhau QA = QP ma tam giic
PAR vuong tai P nén Q 1a trung di€m AR do d6 theo dinh Iy Thales thi BQ chia doi PH. [

Mic du phat biéu va chiing minh hét siic don gian nhu viy nhung day c6 thé coi 1a mot bai todn
kinh dién va nhu cac ban da thiy thi bai todn 1 12 mdt mé rong dep cho bai todn nay. Néu trong
bai todn nay ta coi P 1a truc tam tam gidc PAB thi bai todn ndy con ¢ thé mé rong theo céach
khac nhu sau

Bai toan 13. Cho tam gidc ABC ndi tiép dudng tron (O), dudng cao AD, C'F. Puong thiang
qua B vuong géc OC cat dudng thang qua F' vudng géc OF tai P. Chiing minh ring C'P chia
doi DF.

Hinh 21.

D& gidi bai todn nay ta can hai bd dé sau, bd dé thi nhit tham khao [4]
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BG dé 13.1. Cho tam gidc ABC néi tiép dudng tron (O) v6i cac dudng cao AD, CF. AD cit
(O) tai K khac D. GoiK F cit (O) tai L khiac K. Pudng thang qua A vudng géc OC cit OL
tai N. Chting minh rang F' N vuong géc véi FO.

Hinh 22.

Chitng minh. Tasé chingminh AFNA ~ AFOC désuyra AFNO ~ AFAC thi /ZNFO =
90°, that vay. /ZNAC = LZABC = LZALC, ti d6 LZNAF = /NAC — ZBAC = LZABC —

/BAC = /FCO. AD cat CF tai H va P la hinh chiéu cta F 1én AD, M dbi xung voi

H qua P. Tac6 LFMH = /FHM = ZABC = /NAC va ZFKM = ZACN do d6

AKFM ~ ACN A. Ta cling c6 tam gidc AFAL ~ AFKBva AFDP ~ AACF. Goi Q) la

trung diém AC. Tur d6 ta c6 bién d6i ty s6

NA NA LA NC KB HB NC 20Q AC
FA LA FA AC FK AC FK AC MK
. 20Q 0Q OC CF BF 0OC AC OC
~2DP OC CF DP BC CF FD CF
Tt d6 suy ra AFNA ~ AFOC theo suy luan phan trén c6 diéu phai chiing minh. O

B§ dé thif hai sau tham khao trong [5,6]

BG dé 13.2. Cho tam giac ABC nhon ndi tiép dudng tron (O). Pudng cao BE, C'F cit nhau tai
H. AH cit (O) tai D khac A. DE cit (O) tai G khac D. Ching minh rang BG chia doi EF.

Lai giai sau 14y y tudng trong [6] 12 clia oneplusone 1 nick ctia Jeck Lim [2]
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Hinh 23.

Chitng minh. Goi AH cit BC tai K thi K 1a trung diém H D. Tit d6 chi ¥ hai tam gidgc EF B
va FHK déng dang (g.g). Goi M la trung diém EF tacé ££ = LE suyra % = 2L hay
% = %. Két hop LBFM = ZDHEF suy ra hai tam giac BF'M va DHFE dong dang. Tu
d6 suy ra ZFBM = LHDE = /FBG. Ti d6 B, M, G thang hang. Ta c6 diéu phéi ching

minh. O]

Hinh 24.

Loi giai thit nhat. Goi BE 1a dudng cao va H la tryc tim cla tam gidc ABC. BE cit (O) tai
K khic B. KF cit (O) tai L khac K. Theo b dé 13.1 thi P ndm trén LC. Vay theo bd dé 13.2
thi C'L chia doi DF. Viy ta hoan tit chiing minh. [
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Loi giai truc tiép sau do ban Nguyén Lé Phuée dé xuét.

A

Hinh 25.

Loi giai thit hai. Goi BE 1a dudng cao, C'F cit (O) tai G khac C. Goi K, L 1a giao diém ctia
PF va BC, AG. Theo bai toan con buém thi 'L = FK ma FG = FH nén KH || GA nén
/FHK = /FGA = ZFBC. Goi ) 1a giao diém ctia K H va AB thi ZQHC = ZQBC nén
td gidc QBHC ndi tiép suy ra &8 KB = gg gg Liy M thudc BC sao cho FM || BP suy ra
FM 1L OC L DE nén FM || DE Tu d6 LFMD = /ZEDC = Z/BAC = ZFDM nén
FM = FD. Vay /ZFQC = L/FHB = ZFDB = AFMC’ suy ra M FCP noi tiép. Tt do
b - MB _ MB LaldoACBHNACFDnen = DL vay KB — DL MB _ MB 'y

QC — MF HC’ DC* KC = DC " FD — DC

d6 lai do M F H BP nén $2 = B — PE gy ra gg LK =1.Goi CP cit FD tai I, dp dung
dinh ly Menelaus cho tam giac F K D vdl P I, C thang hang thi % = g—g.% = 1. Ta hoan tat
ching minh. [

Dua vao dinh ly con buém thi bai toan 13 c6 mdt cach nhin tdng quat hon nhu sau

Bai toan 14. Cho tam giac ABC véi P batky. PA, PB, PC cat BC,CA,ABtai D,E,F. G
d6i xiing v6i P qua F. Pudng thang qua P song song AG cit BC tai K. Liy Q trén FK sao
cho BQ || DE. Chiing minh ring CQ chia d6i DF.

Ta st dung céc bo dé sau

B§ dé 14.1. Cho tam gidc ABC véi P bat ky. PA, PB, PC cit BC,CA, AB tai D, E, F.
Puong thang qua B song song DE cat dudng thang qua C song song DF tai ). Chting minh
rang P() chia doi EF.
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Hinh 26.

Chitng minh. Ta c6 bién ddi dién tich

[PQE] _ [PQE] [BQE] [CQF] _ EP [BQD] CF _EP DB CF _
[PQF] ~ [BQE]) [CQF] [PQF] EB [CQD] PF EB DC PF

Pang thiic cubi c6 do dinh Iy Ceva cho tam gidgc PBC' va diém A. ]
B6 dé 14.2. Cho tam gidgc ABC vé6i P bat ky. PA, PB, PC cat BC,CA,AB tai D, E, F.
Puong thang qua B song song DE cat dudng thang qua P song song EF tai (). Chiing minh
rang C'(Q chia ddi DF.

Hinh 27.

Chitng minh. Goi dudng thang qua C song song DF cat BQ tai R. Theo bd dé 13.4 thi PR
chia d6i EF ma PQ || EF do d6 chum P(B,C;Q,R) = P(E,F;Q,R) = —1do B,Q,R
thang hang nén C(B,Q; FR) = P(E,F;Q,R) = —1 ma CR || DF do d6 CQ chia doi
DF. O]
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B& dé 14.3. Cho tam gidc ABC véi P batky. PA, PB, PC cit BC,C A, AB tai D, E,F. L
d6i xing A qua F. PL cat BC tai K. Puong thang qua B song song DE cat duong thang qua
P song song EF tai Q. Chting minh rang F, Q, K thang hang.

A

Hinh 28.

Chitng minh. Liy R thudc E'F sao cho DR | AB. Do F(BC, DE) = —1 nén FC chia déi
DR do d6 R, P, L thang hang. Goi DE cit AB tai Z. Tit lién hé giita ty s6 don va ty s6 kép ta
thly B(F,P; K,Q) = (ZE; D) = (FE;R) = P(F, B; K,Q) nén F, Q, K thang hang. O

Loi giai thi nhit. D& thdy PK di qua L 1a déi xting ciia A qua F. Do F, Q, K thing hang nén
theo bd dé 14.3 thi PQ | EF. Tut d6 theo bd dé 14.2 thi C(Q chia doi DF. [

Lai gii truc tiép sau do ban Nguyén Lé Phudc dé xuét.
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Hinh 29.

Loi giai thit hai. PK cit AB tai L; M thuoc BC sao cho FM song song v6i DE; DE cat
AB tai T; N la trung diém FT. CQ cat F'D tai I. Theo dinh Iy Menelaus

IF _QF CK
ID QK CD

Dé chiing minh C() chia ddi F'D, hay noi cach khac 1a chiing minh I 12 trung diém FD, ta

F CD F BM
s€ chiing minh g—K = oK Theo dinh ly Thales, g_K = 5K Nhu vay ta s€ chiing minh
KB BM
KC CD’

Ap dung dinh 1y Menelaus

KC PC LF
KB PF LB
_EC BA LF

~ EA BF LB

F 1a trung diém PG, ma AG song song v6i PL nén theo dinh Iy Thales thi F ciing 1a trung
didm AL FL FA TA , LF AT

FB FB TB™" 1B~ 4B

:>KO_EC BA AT
KB EA BF AB
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CD DC BD

BM DB BM
_EC FA BT
~ EA FB BF
_EC TA BT
 EA TB BF
_EC TA
 EA BF

KB BM

celmiaii) bédng bién déi tuong duong

Ta chiing minh
<:>EC' BA AT EC TA

EA BF AB FEA BF

@AB AT

AT AB

= 1 (ludn dung)

Viy ta c6 diéu phai chiing minh.

]

Dua vao bai todn trén ta c6 thé thu dudc thém cac md rong c6 rat nhiéu y nghia cho bai todn 13.

Bai toan 15. Cho tam gidc ABC ndi tiép dudng tron (O). P la diém bét ky trén dudng tron
dudng kinh OC. @) dang gidc P trong tam gidc ABC. QA,QB,QC cit BC,CA, AB tai
D, E, F. Pudng thang qua F vudng géc FO cit dudng thiang qua B song song DFE tai R.

Chiing minh riang C'R chia d6i DF.

N ;

Hinh 30.
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Bai todn nay 1a mot bai todn ma tic gia da tdng quat tif mot dé toan quen thudc trong chuong
trinh hoc ma thuc chit 12 tif trong tri nhd clia tac gia tif nhiing ngay con di hoc cip 2. Cu thé d6
chinh 12 bai todn s6 75 trang 104 trong siach "Nang cao va phat trién todn 9", tip 1 clia thay Vil
Hiru Binh, mot cudn sach ma chic chan ring da quen thudc véi hau hét cac ban hoc sinh cép 2
& Viét Nam. Ciing that vinh du cho tdi khi bai todn nay da dudc chon vao dé thi Sharygin mot
cudc thi Olympic hinh hoc uy tin nhit thé gidi. Trong bai viét cudi cho bdo Epsilon 13, toi lai
c6 dip dudc viét vé mot bai toan ctia chinh minh, viét vé nhitng y tudng bat ngudn cach day rét
nhiéu nim tir hdi con 1a hoc sinh cap 2 kéo dai cho dén tin nhiing ngay di 1am hién nay. D6 thuc
su 12 cdm xtc rit vui va hanh phic khi tdi dugc chia sé nhiing y tudng ctia minh véi ban doc
Epsilon nhitng ngudi ludn Gng ho tdi v6i nhitng bai viét ciia minh trong tt ci cdc s6 bao truée
day. Do d6 trong bai viét cubi trén bdo toi xin dudc néi 16i cdm on chan thanh téi tit ca cac ban
doc Epsilon, nhiitng ngudi da danh thdi gian clia minh dé theo ddi bdo noi chung va nhiing bai
viét ctia tdi néi riéng trong 13 sb bdo vita qua. D6 thuc su 1a niém dong vién va khich 18 to 16n
cho t6i trong viéc ¢ ging tim toi d€ cho ra doi nhiing bai viét chit lugng cho bio.

Cubi cung tac giad mudn néi 16i cdm on t6i ban Ngé Quang Dueng ngudi hoc trd can min ciia
tac gia, da gitp tac gia doc lai toan bd bai viét nay va dua ra cic gop y gia tri.

[1] Pé thi Olympic Sharygin 2014 vong cubi
http://jcgeometry.org/Articles/Volume3/JCG2014V3pp60-62.pdf

[2] Loi giai dé thi Olympic Sharygin 2014 vong cudi
http://geometry.ru/olimp/2014/final_sol_e.pdf

[3] Nang cao va phat trién todn 9, tap 1, Vi Hitu Binh.

[4] Mbi tuan mot bai toan: Tuan 1 thang 8 nim 2015
http://analgeomatica.blogspot.com/2015/08/
moi-tuan-mot-bai-toan-tuan—-l-thang-8.html

[5] Vé mot bai todn hinh hoc tit dién dan AoPS, Tran Quang Hung, Nguyén B4o Ngoc, tap chi
Epsilon 3.
http://analgeomatica.blogspot.com/2015/06/
ve-mot—-bai-toan-hinh-hoc-tu-dien—-aops.html

[6] Topic Divide in two eqal segments.
http://www.artofproblemsolving.com/community/h386417

[7] Topic Concyclic points
http://artofproblemsolving.com/community/c6hl1362268
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HAI PIEM BROCARD

Ng6 Quang Duong
Pai hoc Khoa hoc Tu Nhién - Pai hoc qudc gia Ha Noi

TOM TAT

Bai viét nay dé cp va chiing minh céc tinh chat kinh dién cta hai diém Brocard.

Xuyén sudt bai viét, ta st dung céc ki hiéu a, b, ¢ cho d6 dai cia BC, C A, AB va Sapc 1a dién
tich tam giac ABC.

Bén canh viéc st dung c4c cong cu hinh hoc thuan tdy, bai viét con két hop st dung hé toa do ti
cu trong tam gic.

Pinh nghia 1. Trong mdt phdng ciia NABC, cho mét diém P, khi do luén ton tai ba sé thuc
a, B, vy khéng dong thoi bang 0 sao cho 04P—1>4 + ﬁﬁ + *yﬁ = ﬁ

Bo ba s6 (o : 3 : ) nhuvdy dugc goi la toa do ti cu ciia P véi NABC. Hon nita (ko : kj3 : k)
vdi k # 0 ciing la toa dé ti cy cua P. Ta ki hiéu P = (v : B : 7).

Vé toa dd ti cu, chiing ta c¢6 nhiing cong thiic cd ban sau

Ménh dé 1 (Jacobi, Lagrange). P = (x : y : 2) thi vdi M bdt ki, ta 6

I. (x+y+2)MP=xMA+yMB+ zMC
2. (x+y+2)MP?=xMA*> + yMB? + zMC? — xPA? + yPB? — 2PC?

a’yz + bzx + Aay

3. tPA? + yPB? + 2PC? =
rT+y+z

Viéc dua ra hé toa do ti cu khong chi d€ ki hiéu cho gon ma con dé thiét 1ap phuong trinh cac
duong. Cu thé trong bai viét nay, ta sé dung dén phuong trinh dudng tron trong hé toa do ti cu.
Sau déy ching ta sé xdy dung phuong trinh trong toa do ti cu. Phan nay tac gia da tham khao
trong [3]
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Ménh dé 2. Trong mdt phing tam gidc ABC, cho diém P = (x :y: z) va duong tron (K,r).
Khi do
wPay) + YPr) + 2Poyy)  a’yz + Vza + Py

r+y—+z (l’—l—y—i—z)2 .

trong do ki hiéu Pp k) la phwong tich ciia P vdi duong tron (K, ).

Prx) =

Chiing minh. Vi P = (x : y : z) nén ap dung cong thic Jacobi ta dugc
vKA? 4+ yKB* + 2KC? = tPA? + yPB? + zPC? + (v + y + 2) K P?

a’yz + b*zx + Aay

Theo cong thiic Lagrange vé tAm ti cu thi s PA? + yPB? + 2 PC? =
rT+y+z

sau
d6 trir hai vé clia dang thic trén mot lugng bang (z + y + 2)r? dan dén

a*yz + b?zx + Aoy
rT+yt+z

(x4+y+2)(KP*—1?) = 2(KA* —r*) +y(KB* —r*) 4+ 2(KC? — r?)

D6 ciing chinh 12 diéu phai chiing minh. ]

Tix dinh 1y trén, cing v6i nhan xét, P thubc dudng tron (K, r) khi va chi khi phuong tich cia P

v6i (K, r) bang khong dua ta dén viéc két luan phuong trinh cla dudng tron (K, 7) 1a
(xPasry + YPr)x) + 2Peyo) (@ +y + 2) — (aPyz + bPzx + Pay) = 0

Ngudi ta goi d6 1a phuong trinh chinh tic ctia dudng tron (K, r) trong hé toa do ti cu.

Pinh nghia 2. Cho AABC. DPuong tron qua A, tiép xiic BC tai B cdt duong tron qua B, tiép
xiic CA tai A cdt nhau tai Q khdc B. Puong tron qua A, tiép xiic BC tai C cdt duong tron
qua B, tiép xiic C A tai A cdt nhau tai Qs khdc C.

01 va Qy lan luot duoc goi la diém Brocard thit nhdt va thit hai ciia NABC.

Tir dinh nghia, cuing véi tinh chat géc ndi tiép va goc tao bdi tia tiép tuyén va diy cung cling
chan mot cung thi bang nhau, ta suy ra

ZQlBC = ZQch == ZQlAB = Wi
ZQQCB = ZQQAC = ZQQBA = Wa

Hon thé nifa, ta con c6 w; = wy. Nhé lai cong thifc tinh cot A cia AABC 1a cot A =
AB? + AC? — BC?
+ , ap dung cho ba tam giac 2, BC, Q;C A, Q, AB, ta dugc

4SaBc
AB2 4+ AQ2— BQ?  BC?+BO2— 002  CA24C02 — AQ?
cotwy = = =
450, 4B 450, BC 450,04
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Theo tinh chit day ti s6 bang nhau

BC? + CA% + AB?

cotwy =
4SaBc
. . ) BC? + CA? + AB? | . .
Do tinh tuong tu, ta cling c6 cot wy = 1S , kéo theo viéc w; = wo, lai suy
ABC

ra rang hai di€ém Brocard la hai diém dang gidc. Tt gio ta dit chung hai géc nay 1a w, w
PN ) 2 2 2 2 2 < A X A A 2 P
dudc goi l1a goc Brocard. Bang thic cotw = W truc tiep dan dén bat dang thuc

w<E, dAu bang x4y ra khi va chi khi tam gidc ABC déu - c¢6 dugc diéu nay tir bat dang thiic
BC? + CA? + AB* > 4v/3S4pc

Piém Brocard, géc Brocard dudc dit tén theo nha khi tuong hoc, nha hinh hoc ngudi Phap Henri
Brocard(1945-1912). C)ng dugc biét dén nhiéu nhit qua hai diém Brocard - hai diém dic biét
trong tam gidc c6 nhiéu tinh chét dep dé, lién quan dén rét nhiéu ddi tuong khac ctia hinh hoc
tam gidc. Cho dén nay, rat nhiéu tinh chit clia hai diém Brocard van tiép tuc dudc tim thiy. Vi
cac dbi tuong hinh hoc tam gidc lién quan dén hai diém Brocard 12 rit da dang nén da ra doi
mot nhanh cua hinh hoc tam giac 1a hinh hoc Brocard.

. A . N B 1 -
Trong tam gidc, trong tim G cé toa do ti cy (1 : 1 : 1), tic la GA + @ + C@ = 0.
Diém Lemoine K - dang gidc cda trong tim c6 toa do 1a (a? : b% : ¢?); truc tAm c6 toa dd
(tan A : tan B : tan C); ... By git ching ta sé tim toa d9 ti cu cla hai diém Brocard.
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Chi y rang néu P 1a diém thudc mién trong cia AABC thi toa do ti cu ctia P 1a (Sppe :
Spca : Spag)-

Soyca  AQ - ACsin /Q,AC
SﬂlAB N AQl - ABsin ZQlAB

_ ACsin(A —w)

~ ABsinw

b sin Acosw — cos Asinw

T sin w

= g - (sin A cotw — cos A)
b ra(a®>+0*+c*) b2+ —a?
E. ( 2R‘4SABC B 2bc >
b (a®+b*+ ) — (b* + 2 —a?)

T 2bc
a2

=3

S, c? ) . L o
hBC _ =k Do do ta két luan toa do cua di€ém Brocard thit nhat
Q1CA

o= (o)

Tuong tu, ta chi ra dudc ring

Tuong tu v6i di€m Brocard thi hai

1 1 1
%=z )
T toa do ti cu cla hai diém Brocard, trong tim, diém Lemoine ma ta thu dugc sau bo ba dudng
dong quy ki la:
(AQy, BK,CGQ) (AQy, BG,CK)

(AG, B, CK)  (AK, BQs, AG)
(AK,BG,CQ,)  (AG, BK,CQy)

Hién nhién 1a tliing cip trong ba cip diém d6 lién hop dang gidc. Cu thé hon toa do clia ching
lan lugt la
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i li
i /
/
A /
i i
P!
i !
i 1
L]

Ngoai ra ta con c6 thé chiing minh dudc A; Ay, By B,y, C,C, dong quy tai trung diém  cda
1. C6 thé chitng minh khang dinh nay bang vector nhu sau. Tif toa do ti cu ctia hai diém A,
A, ta st dung hai dang thiic

204 + 208 + 200 = (2a* + CQ)Q—Al>
20 A + VOB + 2QC = (2a* + bQ)@
St dung toa dd ctia hai diém Brocard.
c2a29—11>4 + a%%ﬁ + b%%ﬁ S
aszm + b%%ﬁ - cZanﬁ S
= (0% + ) (DA + BA) + 03+ ) (B + BB) + A+ 1) (0l + ) =0
o @B+ A+ H(E +a)QB + A+ )00 = 0
& 62((12{?4 4208 + 02@) + cz(anTZl L ROB + &2@) _
& b2 (2a® + cz)g_l;l_l) + *(2a® + Z)Q)ﬁ;l_g> -7,
Ping thiic cudi chiing té ring A;, Ay,  thing hang.
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Tit dinh nghia cia hai diém Brocard, cling véi biéu thiic toa dd, ta thiy rang ching hodn vi vong
quanh. Hon nita, su hoan vi clia hai di€ém lai ngudc nhau nhung khi di cing nhau, chiing lam
nén tinh déi xiing. Cac két qué sau dy sé 1am minh chiing cho nhan dinh do.

Pinhly 1. AD1E\Fy va ADyEsF, la tam gidc pedal ciia Q4 va Qs véi NABC thi NFy D E, =
AFyFy Dy va dong dang véi NABC.

P Ey
Ey

F1 QQ

tong ba goc trong tam gidc bang 180°, ta c6

LONWA = LAQ,B = 180° — LA
ZAQlB - ZBQQC - 1800 - ZB
ZBQIC - ZCQQA - 1800 - ZC

Bdi ; va Qs deamg gidc nén AQ,, BQ,, CQ, 1an lugt vudng goc v6i EyFy, FyDy, DyFsy va
AQQ, BQQ, CQQ 1?11’1 hI(jt Vllél’lg g()C vGi ElFla FlDl’ D1E1~ Dﬁn dén

ZFlDlEl - ZEQFQDQ == 1800 - (1800 - ZB) == ZB
(DyE\Fy = [FyDyEy = 180° — (180° — £C) = /C
[E\F\Dy = /DyEyFy = 180° — (180° — LA) = /A

Do d6 AFlDlEl, AEQFQDQ va ANABC df)ng dang Ma AFlDlEl va AEQDQFQ C]:ll'lg n61 tlép

mot dudng tron(tinh chét ctia hai diém dang giac), két hop hai diéu trén ta suy ra AFy D, F; =
ANFEyFyDs. O

V6i nhan xét 1a tam gidc pedal va tam gidc circumcevian dong dang, ta thu dudc hé qua sau day.
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Hé quﬁ 2. AQy, BQy, COy cdt (ABC) tai X1, Y, Z3. AQQ, BQ,, CQ, cdt (ABC) tai Xo, Y5,
ZQ thi AZleifl - AY'QZQXQ == AABC

Hé qué 3. OQl = OQQ
Chitng minh. AF,D,E; = AFE,F, D, nén chiing c¢6 dién tich bang nhau. Theo cong thic Euler
vé tam gidc pedal thi

R* — 003 R* — 093
4—R21 -~ Sapc SpyEaF; = 4—}%22 - Sapc

ta suy ra O€); = Of€),. L]

SDlElFl =

Pinh ly 4. Cdc cdp bang nhau khdc.

1. Tam gidc cevian ciia hai diém Brocard cé dién tich bdng nhau.
2. Tam gidc antipedal ciia hai diém Brocard bdng nhau.

3. Tam gidc anticevian ciia hai diém Brocard cé bdn kinh duong tron ngoai tiép bang nhau.

Trong 3 y trén, y thit 3 1a mot bai todn md(chua cé ching minh thuan tdy hinh hoc). O day chi
néu ra chiing minh cho hai y dau tién.
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Chuing minh.

B& dé 5. P ndm trong AABC va ¢6 toa do (x :y:z), ADEF la tam gidc cevian ciia P vdi
NABC, khi do

g B 2xyz g
T ety T
Yy _AFE z . Sapr yz(y + 2)

. s AF
Chiing minh boé dé. Ta co = va = nén = .
8 AB x4y AC x4z Sapc  (y+z2)(z+2)(z+y)

SBFD A SC’DE

Tuong tu, ta tinh dugdc theo x, y, 2

Sapc  SaBc
Sper - yz(y +2) +zx(z+ o) fayle +y) 2xyz

Saso (y+2)(z +2)(z +y) (Y +2)(z +2)(z +y)
Quay trd lai bai toan, ap dung cho hai toa do cta hai diém Brocard, ta tinh dudc dién tich cia
hai tam gic cevian clia ching déu bang
2a%b%c?
(02 + 2)(c® + a?)(a® + b?

] - Sapc
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B6 dé 6 (Pinh ly Peletier). A, By, C thudc cdc duong thing BC, CA, AB. Ay, B,, Cy théa
man BQCQ, CQAQ, AQBQ lan lbfqt song song VOi BlCl, ClAl, AlBl thi

2
SABC = SAIBICI ' SAQBQCQ

Quay trd lai bai toan, ki hiéu AD, Ey Fy, ADyEyFy 1a tam giac pedal cua €y, o, ADE}FY,
AD;E, Fj 1a tam gidc antipedal ctia €2y, £2,. V6i chi y rang B\ F|, F|D}, D\ E}, E4Fs, FyD),
D} FY, 1an lugt song song v6i FoFy, Fy Do, Do Fy, F1Fy, Fy1 Dy, D1 Ey. Nén theo dinh ly Peletier

2 2
Sipc _ Sipc
SD1E1F1 SDZEQFQ

SpiejF, = SpyEyR, =

Hon nita AE! F/ D, ~ AF,D,E}, ~ AABC nén AE|F|D}, = AF,D,E),. O

Tiép theo, chiing ta dén v6i mot hé thong cic tinh chit kinh dién khac ctia hai diém Brocard.

Dinh nghia 3. By cdt Q) tai Qla; )y cdt AQQ tai le, AQl cdt B, tai Qlc-

(Qch) CCil (QQAB) tai an khdc A, (QlAB) Céit (QQBC) tai ng khdc B, (QlBC) ccft (QQCA)
tai Qo khdc C.

A Q10 duwge goi la tam gidce Brocard thit nhdt, /\Q2qQ0 s, ditoc goi la tam gidc Brocard
thit hai.

Chu y rang tén goi tam gidc Brocard thi nhit khong c6 nghia 1a tuong ng véi diém Brocard
thd nhét, tam gidc Brocard thi hai khong c6 nghia 13 tuong tng véi diém Brocard thif hai. Tam
gi4c Brocard thi nhét va tam gidc Brocard thi hai déu bi phu thudc binh dang véi ca hai diém
Brocard.

Pinh ly 7 (Toa do cac dinh cda hai tam giac Brocard).

Vo = (a®: 2 ) Do = (D + 2 —a®:b*: &?)
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Chiing minh. T toa do clia hai diém Brocard:

2 2
S01,AB N So, 4B N b Sa,,cA N Sa,04 _c

2 2

SQMBC Sach a SQMBC SQQBC a

Do d6 4, = (a?: % : b?).
DEé tinh toa do ctia Qy,, ta cin tim ra tinh chét hinh hoc khac clia diém nay.

/B5C = 360° — /A B — /A, C
= 360° — LAQ,B — LAQ,C
= 360° — (180° — LA) — (180° — LA)
=2/A = /BOC

Dezlng thic trén cho thiy (., O, B, C dong vién. Goi ,;, va Qg 1an lugt 12 tAm clia hai dudng
tron (A, B) va (AQy,C). AC tiép xic (AQy,B) tai A va AB tiép xiic (A, ) tai A nén
A0, 12 hinh binh hanh, din dén O dbi xiing v6i A qua trung diém Q4 ... Hon nita, A va
e d6i xiing qua Q4,0 nén Oy, vuong goc véi Ay,. Do d6 néu goi OT 1a dudng kinh clia
(OBC) thi A, Qy,, T thiang hang. Ta da biét AT chinh 1a dudng dbi trung ctia tam gidc ABC
nén )y, chinh 1a hinh chiéu vudng goc cta O 1én K A.

Vi A, K, Q, thang hang nén toa do cta s, c6 dang (p : b% : ¢?). Bay gio ta can thiét lap
phuong trinh dé tinh p - diéu nay dua vao viéc 0y, 12 hinh chiéu vudng géc ctia O 1én K A. Ly
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K, 1a giao diém khéc A cia K A véi (ABC). (ABC) ¢6 phuong trinh a?yz + bz + 2xy = 0
nén tir d6 ta tinh dudc p, nén ta két luan toa do cia K, 1a

2

(—% b2 c2>

Viy toa do clia )y, — trung diém ctia AK, 1a

—a?
Q= b2 2
1+ 2 o 3 < a2>:(b2+c2—a2:b2:c2)
ez pie2_ % o pio_ O
+c 5 +c 5 +c 5

]

Pinh ly 8 (Dudng tron Brocard). 6 dinh ciia hai tam gidc Brocard, 2 diém Brocard, diém
Lemoine K, tdm dudng tron ngoai tiép O ciing thudc duong tron duong kinh KO.

Chitng minh. /1 BC = /,C'B = w nén )y, thudc trung truc cia BC. Tuong tu, {2y, thudc
trung truc ctia C' A, Q. thudc trung truc ciia AB. Xét bon diém B, C, K va ), tacé CQy, cat
BK tai C va BQy, cat CK tai B,. Ma B,C, di qua trung diém BC nén K, song song vdi
BC, dan d&én KQ;, vudng goc véi trung truc cia BC. Nhu viy Q1,, Q1p, Q1. 1an luct 12 hinh
chiéu vuong géc ciia K 1én trung truc cia BC, C A, AB nén Q4,, Q1, 1. thude dudng tron
duong kinh KO.

Qoa, Qap, Qo 12 hinh chiéu vudng goéc ctia O 1én KA, KB, KC nén cic dinh clia tam gidc
Brocard thu hai thuoc dudng tron duong kinh KO.

133

https://tieulun.hopto.org



Tap chi Epsilon, S6 13, 02/2017

Bay gid ta chi can chi ra n6t hai diém Brocard ciing thudc dudng tron nay. Van bing viéc cong
goc

ZleQlQlc - ZAQlc
=180° — /A
= /1,04, (Vi OS2qp, O vudng goc véi AC, AB).

Nhu vdy di€ém Brocard thit nhat thudc (O,€2;.) - dudng tron dudng kinh KO. Hoan toan
tuong tu, diém Brocard thif hai ciing thudc dudng tron dudng kinh K O. [l

Pinh 1y 9. AABC va AQ1,Q1,80, dong dang nghich va co cing trong tdm.

Chiing minh. Khi chiing minh mot cip tam gidc 12 dong dang thuan hay nghich, ta can dén géc
dinh huéng. V6i viéc O thudc dudng tron ngoai tiép tam gidc Brocard thi nhit va cic dinh ctia
n6 1an lugdt ndm trén trung truc cia BC, CA, AB, tacé

(Qlanb7 Qlanc) = (Ole, OQlc) = (AC, AB) (rnod 7T).

Tuong tu, (1,01, A ia) = (BA, BO) (mod 7) nén AABC va AQ1,Q1,Q,. dong dang
nghich.

Viéc ching minh hai tam giéo trén c6 cung trong tam :[ufdng> duong véi viéc ta can chi ra ring
A0+ B, +CQ. = 0 - hay AQup + B+ CQyp = (. Tasé chiing minh diéu nay bang
phép quay vector[5]

Khong gidm tong quat, gid st AABC ¢6 huéng duong. Khi d6

(1B, 01aC) = (0, Dy A) = (oA, 0o BB) = 20

Phép quay vector géc 2w — 7 lan lugt bién AQy,, By, CQy, thanh CQy, AQy., By, tic
1a bién AQy, + BQy. + CQy, thanh CQy, + AQ. + BQy.. Ma AQy, + BQ., + CQy, =
CQyp+ AQy. + BQy, vi didu nay tuong duong ﬁ—i— CA+ zﬁ = 0. Phép quay géc 2w — 7 lai

khong 1am thay ddi vector thi vector d6 phai 1a vector khong. D6 1a diéu phai chiing minh. [

Pinh Iy 10. ©,,Q9,, Q15Q0, Q1.0 dong quy tai trong tam ciia ANABC.

Chiing minh. Theo phan ching minh trén:
Qg = (a®: 2 %) Qog = (B> + 2 —a?: b : P)

(a® + V% + )Gy, = 2GA + AGB + GO
(2% + 2¢% — a?) Gy = (B + % — a2)G—1>4 +BGE + AGC
— (@ B+ )G+ (202 426 — )G = (P + ) GA+GB+GC) =T,
Vay ta két luan ;,8s, di qua G. ]
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Ta c6 mot két qua rit ki la nhu sau

Pinh ly 11 (Pudng tron Neuberg). Cho AABC. Tdp hop cdc diém P théa mdn géc Brocard
ciia ANPBC va ANABC bdng nhau la hop ciia hai duong tron doi xiing nhau qua BC.

Quy tich déc biét nay dudc dat tén theo nha hinh hoc ngudi Luxembourg - Joseph Jean Baptiste
Neuberg. Xin néi thém, tén tudi ong ciing gan vdi nhitng d6i tuong hinh hoc khac nhu duong
tron Neuberg - Mineur cua tit gidc, duong bdc ba Neuberg - day la mot trong nhiing dudng bac
ba ndi tiéng va hip din bac nhit trong hinh hoc tam giac.

Nham muc dich chit ché, & ddy xin dua ra mot chiing minh bing toa do ti cu.

Chiing minh. Piém P thda man géc Brocard ctia tam gidc ABC va PBC bing nhau, tic 1a

a2 +bv*+c2  ad®>+ PB?>+ PC?

= (D
4SABC 4SPBC
Dét toa d6 cua Pla (.T Y Z) thi SPBC = SABC . % va
T+y+z
PR x? +a*2? + (a* + A = V)2 Pee — v’a? + a*y? + (a* + b* — )y
(x 4+ y+ 2)? (x4+y+2)?

c4 hai dang thiic trén déu thu dugc tir cong thifc Jacobi vé tim ti cy. Quy ddng va binh phuong
(1), ta thu dugc

(a®> + 0>+ A2 (x+y+2)? — (> + PB* + PC*H*(z +y+2)* =0

Biéu thtic & vé trdi c6 thé phan tich thanh nhan t vi 13 hiéu hai binh phuong. Cubi cling ta thu
dugc dang thuc tuong duong la

((azy +a*2)(z +y+ 2) — (aPyz + bPzx + chy))

X <((a2 + b0+ Ax+d’y + d’2) (v +y + 2) — (aPyz + bPzx + c%y))z 0
Nhu vay quy tich diém P 13 hdp ciia hai dudng tron v6i phuong trinh 1an lugt 1a
(a®y +a*2)(x +y+2) — (a*yz + b*2x + Cay) =0

((a* + 0> + A)x + a*y + a®2)(z +y + 2) — (ayz + b’z + Fay) =0

St dung dinh ly 12, cho céc diém thudoc BC(c6 toa do ti cu tai A bang 0), ta thdy moi diém trén
BC' déu nam ngoai ca hai dudng tron trén. Lai nhan xét rang néu P thudc quy tich thi d6i xting
cua P qua trung truc cia BC' hay la qua BC' ciing thudc quy tich nén BC va trung truc cua BC'
12 hai truc d6i xdng ctia quy tich. Tir diéu nay ta két luan hai dudng tron trén bang nhau va dbi
xtng nhau qua BC'. [
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A¥
/

So véi nhiéu dudng tron khic trong hinh hoc tam gidc, phuong trinh ctia dudng tron Neuberg
dudc coi la don gian va dep.

Ta goi dudng tron A-Neuberg di qua A 1a dudng tron A-Neuberg thif nhit, dudng con lai 1a
duong tron A-Neuberg thi hai. C6 mot phép dung don gian(viéc giai thich hoan toan dua vao
dinh nghia ctia diém Brocard) cho hai dudng tron nay: duong tron di qua A, B va tiép xiic BC
tai B cdt AC tai D, duong tron qua A, C va tiép xiic BC tai C cdat AB tai E thi (ADE) va
déi xiing cia né qua BC' chinh la hai duong tron A-Neuberg. Ngoai ra cling c6 mot phép dung
ciing rit dic sac nhu sau

0
Dy ¢

DPinh ly 12 ([4]). Tdm ciia duong tron A-Neuberg thit nhdt la diém N, théa mdn N, thudc trung
truc cua BC, /BN,C = 2w, Ava N, cung phia vdi BC.

Chitng minh. N, 13 tAm dudng tron A-Neuberg thii nhit. Theo chiing minh ctia dudng tron
Neuberg & trén thi dudng tron nay nim hoan toan vé mot phia cia BC nén A va N, cung phia
véi BC.

Taldy D la giao diém khic B ctia AB véi dudng tron (N,, N, B) va E 1a giao diém khic A cta
AB v6i dudng tron A-Neuberg thit nhét. Theo phuong trinh ctia dudng tron Neuberg thi phuong
tich ciia B véi duong tron A-Neuberg thd nhét 12 a2, suy ra

2 AD
@>=BA-BE=BA-AD = — = =—.
c BA
, 1 1 1 D,C 2 AD  D,C
AQ, it BC tai D1 Vi Q) = (— gy —) én 2~ — % Nhuviy 2= = =~ Theo
b? 2 a? B c? AB DB
dinh ly Thales dao, C'D song song véi A2y nén /BDC' = w, tic la /BN,C = 2w. O

Vi két qua trén, ban doc c6 thé kiém ching dugc cong thic dep dé sau:
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» t2 — 3
Dinh ly 13. Bdn kinh duong tron A-Neuberg la @

V6i ca ba dudng tron Neuberg thii nhit, ta c6 két qua sau
Dinh ly 14 (Diém Tarry — Xog,[0]). AN,, BN,, CN, dong quy trén (ABC)).

c B’

Chitng minh. Ta chiing minh diéu nay qua budc trung gian — chi ra AN,, BN,, C'N, lan luot
vudng géc Vi cac canh clia tam gidc Brocard thi nhat. Thé nhung nhan xét d6 lai 1a trudng hop
dic biét cia két qua sau, khi ma tam gidc can dudc dung vao phia trong tam gidc va c6 goc &
day bang w.

B6 dé 15. Cho AABC, dung ADBC, AECA, ANFAB lan luot cdn tai D, E, F va dong dang
thudn. D' la truc tam ANDBC thi AD' vuéng goc véi E'F.

Chiing minh b6’ dé. Dit

(DBC =/DCB =/FCA=/FAC =/FAB=/FBA=yp

Khong gidm tong quat, ta gid st ADBC va AABC cung huéng. A’, B’, C' 1a trung diém BC,
CA, AB.

> > —
AD' = AA' + A'D' = AB' + AC" + cot® pA'D
Mot lan nita ta sit dung phép quay vector. Xét phép quay géc vudng Rz

— — — —
Rz(AD') = Rz(AB') + Rz (AC") + cot? ¢Rz (A'D)

— — c
zcotgp-C'F+cotgp-EB'+cotgp-T

= cot o(C'"F + EB'+ B'C")

zcotgp-ﬁ
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Diéu nay chiing t6 AD’ vuong goc véi EF. O
Quay trd lai chiing minh chinh, ta suy ra AN,, BN, CN, 1an lugt vudéng goéc véi Q1,0
QICQIGa Qlanb-

(Aﬂib - AQ%C) + (BQ%C - BQ?a) + (OQ%CL - CQ%I;)

= (21,0 — D1, B?) + (QpA* — Q,C*) + (Q1.B* — Q,.A%) = 0.

Theo dinh ly Carnot, AN,, BN,, C'N, dong quy tai mot diém T. Hon nita (TB,TC) =
(106, 21aQ1) = (AB, AC) (mod 7) nén T thudc dudng tron ngoai tiép tam gidgc ABC.
O

Trén day tac gia da tdng két nhitng két qui dep dé, kinh dién vé hai diém Brocard. Moi gép ¥,
cau hdi xin gti vé dia chi gmail: tenminhladuong@gmail . com

[1] Brocard points, First Brocard triangle, Second Brocard Triangle, Brocard circle, Wolfram
Mathworld

[2] R.Honsberger, Episodes in Nineteenth and Twentieth Century Euclidean Geometry

[3] Tran Quang Hung, Blog hinh hoc so cip, Tdm ti cu va cdc bai todn phuong tich
http://analgeomatica.blogspot.com/2014/01/
tam-ty-cu-va-cac-bai-toan-phuong-tich.html

[4] Neuberg cirkel, http://www.pandd.demon.nl/lemoine/neuberg.htm
[5] Tran Vin Tan, Bdi tdp ndng cao va mot sé chuyén dé hinh hoc 11

[6] C.Kimberling, Encyclopedia of Triangle Centers
http://faculty.evansville.edu/ck6/encyclopedia/
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MOT SO KET QUA VE PANG CU TRONG TAM GIAC

Nguyén Tran Hitu Thinh
Truong THPT Chuyén Ly Tu Trong, Can Tho

TOM TAT

Trong bai viét nay, tic gia sé trinh bay cac tinh chét, bai todn vé dudng dang cu dudc tong
hop lai tf nhiéu ngudn khic nhau, ciing v6i nhitng phat hién ctia chinh tic gia.

Pinh nghia 1. Cho doan thing AB. Ta ndéi hai diém D, va D, la hai diém ding cu trén doan
AB dd cho néu chiing ndam trén AB va déi xitng vdi nhau qua trung diém ciia AB.

Pinh nghia 2. Cho AABC. Goi D, E la hai diém ndam trén duong thang BC' sao cho chiing
ddi xitng nhau qua trung diém ciia canh BC. Khi d6 ta goi AD va AE la hai dwong ddng cu
cua goc A trong NABC.

B D Mpe E C

Vidul. (i) Mot truong hop tam thuong la: Puong trung tuyén dang cw véi chinh né.

(ii) Néu NABC ngoai tiép duong tron (I) va co tam duong tron bang tiép goc A la I, thi
hinh chiéu vuéng géc ciia I va I, 1én BC' la hai diém ddng cu trén BC.

- A7 e A A , X N - , A
Ban doc co thé kiém tra mot cdch de dang cdc vi du trén.
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Pinh Iy 1. Cho AABC va hai diém D, E trén canh BC. Khi dé, AD va AF la hai duwong ddng
cu cia goc A khi va chi khi:

sin(@,@) ' sin(zﬁ,ﬁ) B (AC'>2 0
sin(@,@) sin(ﬁ, 1@) AB
A
B D Mpc E ¢
Chiing minh.
DB [ADB] AD-AB sin(AD,AB)  AB sin(AB, AD) o
DC [ADC]  AD-AC sin(/ﬁ, 1@) AC sin(@, /ﬁ)
Tuong tu, ta cling c6:
EB AB ' sin(@,ﬁ) 3)
EC AC sin(ﬁ, E)
Nhén vé v6i vé ctia hai déng thic trén, ta dudc
DB EB _AB® sin(AB,AD)-sin(AB, AE)
DC EC AC? sin(@,@) -sin(/ﬁ,@)
AD, AF 1a hai dudng dang cu khi va chi khi DB EB _ 1, tuong duong véi
DC EC
sin(@,@) . Sin(ﬁ,ﬁ) B (AC)2
sin(AD, AC) sin(AE, AC) \AB
[

DPinh ly 2. Cho AABC. Goi M, N, P lan luot la trung diém cia BC, CA, AB. Goi D, E la
hai diém bat ky trén canh BC. Khi dé AD la duong ding cw véi AE ciia géc A néu va chi néu
AM, NE, PD déng quy hodc déi mot song song.
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Chitng minh. Goi T 1a giao diém cta NFE va PD(khi ching song song thi giao diém tai vo
cuing). Ta da biét A, T, M thang hang khi va chi khi:

(PN, PA,PM,PT) = (NP,NA, NM, NT)

Tuy nhién véi viéc N P song song véi BC' thi

BD
(PN,PA,PM,PT) = (PN, PB, PM,PD) = —
BM
CE
(NP,NA,NM,NT) = (NP,NC,NM,NE) = i
Do d6 hai ti s6 kép trén bang nhau khi va chi khi BD = EC, tiic 1a AD, AE dang cu. O

Hén ban doc da phan nao nhan ra mot sé diém tuong dong giita dudng dang cu va dudng dang
gidc thong qua hai tiéu chuin nay. Puong dang gidc lién quan dén hai géc bang nhau va mot
dinh 1y Steiner quen thudc vé tiéu chuin dé hai duong thang la dang gidc ctia mdt géc. Pudng
dang cu ciing tuong tu, nd lién quan dén hai canh bang nhau va thay vi la tich ti s6 giita cic canh
nhu trong dinh ly Steigler thi chiing chinh I tich ti s6 gitta sin c4c géc, va thid vi hon chiing déu

cho ta két qua 1a YTk Phan tiép theo tic gia xin gidi thiéu dén ban doc mot sb tinh chét ctia

dudng dang cu.

Pinh Iy 3. (Pinh 1y con buém mé réng véi cip duvng thang) Cho AABC. Goi D va E la
hai diém ddng cu trén BC. Mot duong thang bdt ky di qua D cdt AB, AC' ldn luot tai Dy, D.
Mot duong thdng bdt ky di qua E cdt AB, AC lan lugt tai Ey, Es. Gid sit D1 F, va DyF, cdt
BC theo thit tw tai X va'Y. Chitng minh rang X va Y la hai diém ddng cu trén BC.
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A
D, &
C
Xo 2] ) 5 Y
Dy
Ey
XB YC
Chitng minh. Diéu can chiing minh tuong duong véi viec — =
XC _YB

Ap dung dinh 1y Menelaus cho AABC véi cic cét tuyén X, Dy, Fy vaY, Dy, E; ta co:

XB E)C DlA_1 XB EQA DB

. . = 1
XC E;A DB XC EQO DA )
YC FE\B DA YC FEA D)C
A2 22T e _ e 2 )
YB EA Dy)C YB E\B DA
Ap dung dinh Iy Menelaus cho AABC véi cac cat tuyén Dy, D, D, va Ey, E, E ta cé:
DB D,C DA _ | D.C_DC DB -
DC D,A DB D,A DB DA
EC E\B FE)A EsA  EB FEA
it St ke RNt Ll et (4)
EB EA E)C E;C EC EB
XB YC
Tir (1), (2), (3) va (4) két hop véi viec D va E 1a hai diém dang cu trén BC suy ra =75
suy ra diéu phai ching minh. O

Pinh Iy 4. Cho AABC. Cdp duong thing d,,d., la hai duong ding cu iing vdi géc A, dinh
nghia tuong tu voi dy, d) va d., d.. Khi dé diéu kién cdn va dii dé'd,, dy, d. déng quy tai P la d.,
dy, d. déng quy tai P'.
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Chiing minh. Goi X, X' 1an lugt la giao diém ctia d,, d, véi BC, dinh nghia tuong tu cho Y,
Y'va Z, 7Z'. Tu day ta c6 dugc:

XB YC ZA XC 7B Y'A
XC YA ZB XB Z7ZA Y'C

Do d6 dp dung dinh ly Ceva ddo ta két luan d,, d;, d. dong quy tai P khi va chi khi d,, d}, d.,
dong quy tai P’. Dinh ly dudc ching minh. [

Pinh nghia 3. Hai diém duoc goi la hai diém lién hop ddng cu néu cdc cdp duong thing ndi
chiing vdi méi dinh la nhitng cdp duong ddng cu.

Vi du 2. Trong mét tam gidc thi diém Gergonne va diém Nagel la hai diém lién hop ddng cu.

Pinh ly 5. Cho NABC. Mot cdt tuyén bdt ki cdt ba canh BC, C A, AB lan luot tai Ay, By, C,
thi cdc diém Ay, By, Cy ldn luot ddng cw vdi chiing ciing thdng hang.

A

A B C Ay

Chitng minh. Theo gia thiét ta c6:

4,0 OB ByA A B BC CA
A,B CbA B,C A C B,A CB

Do d6 theo dinh 1y Menelaus ddo thi Ay, B, C, thang hang. ]
Pinh Iy 6. Cho AABC, duong trung tuyén AM cdit (ABC) tai K. Tir A ké duong thing song

song BC cdt (ABC) tai H. Trén tia HK ldy T bdt ki nam ngoai (ABC). Tic T ké tiép tuyén
TD vaTE ciia (ABC). Khi d6 AD va AE la hai dwong ddng cw vdi nhau.
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Chiing minh. Do T D va T'E 1a cic tiép tuyén ctia (ABC) va HT cit (ABC) tai K nén HDK E
1a td gidc diéu hoahay (AD, AE, AK, AH) 1a chim diéu hoa. Do AH || BC nén theo tinh chit
cd ban vé chiim diéu hoa thi BC dinh ra trén ba dudng AD, AK, AF hai doan thang bang nhau.
Ma AK la dudng trung tuyén clia tam giac ABC nén AD va AE 1a hai dudng dang cu clia tam
giac nay. O

Pinh Iy 7 ([?]). Cho AABC va diém P di chuyén trén (ABC). Goi P' la diém lién hop ding
cu ciia P @i véi NABC. Khi d6 P’ luén di chuyén trén mot duong thdng cé dinh khi P thay
doi.

Chitng minh bdi nickname Colorful trén AoPS. Goi P, Py, P, 1aba diém bét ki nam trén (ABC).
Goi P, P}, P, lan luct 1a di€ém lién hop ding cu cia P, P, P, dbi véi AABC. Ta dugc
(AP] AP, AP' AB) = (AP, AP,, AP, AC). Vi A, B, C, P, P, P, cing nam trén mot
dudng tron nén (AP, AP,, AP, AC) = (BP,,BP,, BP, BC). Lai do tinh dang cu nén ta
ciing ¢ (BP,, BP,, BP, BC) = (BP!, BP, BP', BA). Nhu thé (AP}, AP, AP', AB) =
(BP!, BP}, BP', BA). Diéu nay chiing minh t6 P, P/, P thang hang. Ta c6 diéu phai chiing
minh. [
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Hé qua 1. Puong thang qua A song song BC cdt (ABC) tai X. Tiép tuyén tai X ciia (ABC)
cdt BC tai A'. Pinh nghia twong tw cho B', C'. Khi do P' ndm trén duong thing di qua A', B/,
.

Puong dang cu qua la mot trong nhiing dudng thang dep. Ta cung lién hé dén mot s6 két qua
khéc d€ thiy dudc tinh ing dung ctia duding thang nay.

Pinh nghia 4. Trong mot tam gidc, dwong ddng cu vdi duong phdn gidc xudt phdt tic mot dinh
duwoc goi la duong doi phdn gidc ciia tam gidc.

Puong d6i phan gidc 1a dudng dang cu v6i phan gidc nén sé c6 cdc tinh chit ctia cip dudng
dang cu. Tt cac dinh 1y da néu ta c6 cac tinh chit sau:

1. Cho AABC.Tacé AP (P € BC) la dudng dbi phan gidc khi va chi khi:

(a) E = —A—C;
PC AB

) sin(zﬁ,ﬁ) _ <AC’)2_
sin(ﬁ,m) AB) "’

d(P, AB) (AC)%

© 4P ac) ~ \an

2. Cic dudng d6i phan gidc giao nhau tai mot diém goi 1a diém d6i phan gidc. C6 ky hiéu
X (75) trong ETC'.

Mot két qua truc tiép tir tinh chét (c) chinh 1a vi du sau:
Vidu 3. Cho AABC, duong phdn gidc trong géc A cdt BC tai D. Dung bén ngoadi tam gidc

AX  AB?
cdc hinh chit nhdt ABPY va ACQX sao cho oV = Ace Goi O la tam cia (AXY). Khi do

AO chinh la dwong doi phdn gidc géc A ciia NABC.

Pinh ly 8. Cho AABC, duong phdn gidc trong goc A cit BC tai D. Goi E la diém ding cu
ciia D trén BC. Tia AD, AE ldn luot cdt (ABC) tai P,Q khdc A. Chiing minh ring (EPQ)
tiép xiic BC.

"Encyclopedia of Triangle Centers, http://faculty.evansville.edu/ck6/encyclopedia/
ETC.html
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Chitng minh. Pudng thiang qua A song song BC cit (ABC) tai S. Vi S, E 1an lugt dbi xiing
v6i A, D qua trung truc ctia BC nén S, E, P thang hang. Do D, E dang cu trén BC va chid y
PA = PSnén (DA,DB) = (EC, ES). Thong qua bién déi géc:

(EB,EP) = (EC,ES) = (DA,DB) = (CA,CP) = (QA,QP)

Nhu vay BC la tiép tuyén tai E cta (EPQ) hay (EPQ) tiép xiic BC. O

Dinh 1y 9 ([?]). Cho tii gidc ABCD ngoai tiép (I). Goi Ty, Ty, T3, Ty ldn luot la tiép diém
ciia (I) déi véi AB, BC, CD, DA. Goi N1, Ny, N3, Ny ldn luot la diém ddng cu ciia T, Ts,
Ty, Ty trén cdc canh tuong iing. Diém Nagel N cua ti gidc ABC D duoc xdc dinh la giao diém
cia N1 N3 va NoNy. Goi G, Gy, G, G4 lan lugt la trong tam ciia NBCD, NACD, NABD,
AABC. Goi G la giao diém ciia GG, va GyGy. Khi dé NG = 2G1.

Loi giai sau day sit dung vector dé chiing minh:
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Chiing minh. Pat AT, = AT, = a, BTy = BTy, = b, CTy, = C13 = ¢, DT3 = DT,
dinh ly con nhim

a—i—bﬁ—l—b—i—cﬁ—l—c—i—dﬁ—l—djLaﬁ ﬁ

@(bﬁ4+al‘§)+(cl‘§+b[@)+(dl‘8+cl‘ﬁ) al‘ﬁ—l—dﬁél

o b+ dIA+ (a+)IB+ G+ dIC+(a+)ID=10

Cac dlém Tl, TQ, T3, T4, Nl, NQ, Ng, N4 théa man

oi Oi OL S

bﬂ‘i‘aﬁ:ﬁ CLNlA‘i‘le}?

cﬁ%—b@:ﬁ DN, —i—cm
AT5C + cToD = 0 eNsC + dNsD =
aﬁ—i—dﬁ:ﬁ ﬁ—l—a NA =

Vi Vé.y, N = N1N3 N N2N4 val = T1T3 N T2T4 thi

aNA+bNB + ¢NC + dND =
%.ﬂ+%-ﬁ+%.ﬁ+$-ﬁ_

—

= d. Theo

1 1 ? ? 1 1 ? ?
Ngoaira, — - TA + — - T'C' cung phuong véi AC, con 3 ﬁ + 7 T'D cung phuong véi B
a c

nén

Theo dinh ly Newton vé tf gidc ngoai tiép thi AC, BD, T\ T, T>T, dong quy. Liy P 1a trong

tim cda 4 diém A, B, C, D thi
— — — —
PA+3PG. = PB+3PG, — PC+3PG. = PD+3PGo= 0
do d6 PT + 3PC = 0 nén cGG, + aGG, —

:C(@+C@+@)+a(@+@l+c@):

éa@+(@+c}@+c@+(a+0)@:ﬁ
Tuong tu, (b+ d)GA + bGE + (b + d)GC +dGD = 0

$(a+b+d)GT>4+(a+b+C)G?+(b—i—c—l—d)G@-‘r(a—i—C—l-d)G@:ﬁ

o (b+d)GA+ (a+)GB + (b+d)GC + (a + )GD
+aa+b@+c@+d@:ﬁ
s2atbtetdGl+(atbretrdGN =10

— N
Vay, 2G1 + GN = 0, d6 1 didu phéi ching minh.
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4 A 4 —%
DPinh nghia 5. Cho AABC, trong tdm G va diém P bdt ki. Diém P’ théa mdn PG = 2GP

dwoc goi la diém Complement cia diém P doi véi ANABC.

2 A 4 ? ~ —_>
Pinh nghia 6. Cho AABC, trong tdm G va diém P bat ki. Diém P’ théa man P'G = 2GP
duwoc goi la diém Anticomplement cia diém P doi véi ANABC.

Pinh nghia 7. Diém Isotomcomplement ciia diém P doi véi NABC' la diém Complement ciia
diém lién hop ddng cu ciia diém P.

Pinh Iy 10. Cho AABC va diém P bdt ki trong mdt phdng. Goi ANA'B'C" la tam gidc Cevian
ciia P déi véi NABC. Goi Ay, By, C, theo thit tu la trung diém ciia B'C', C'A', A'B'. Khi do
AA,, BBy, CC, déng quy tai diém Isotomcomplement ciia diém P doi véi NABC.

Chiing minh. Goi G 1a trong tim ctia AABC. Goi @ 1a diém lién hop dang cu ctia P dbi véi
AABC. Goi (' 1a diém Complement ctia diém Q dbi v6i AABC. Goi AXY Z 1a tam giac
Cevian ctia () ddi véi AABC. Goi D, E, F lan lugt 1a diém dbi xting ctia A, Y, Z qua trung
diém ctia BC. B'E, C'F lan ludt song song véi AB, AC nén dp dung hé qua ctia dinh ly
Pappus cho céc cip dudng thang BE va C'F ta c6 A, giao diém cta BF va C'E, giao diém cla
B'E va C'F dong quy. Ma giao diém ctia B'E va C'F 1a dbi xing ctia A qua A; nén AA;,
BF, CE dong quy. Do tinh dbi xiing cla trung di€ém cta BC nén ta dudc AA; | DQ. Mit

GD G
khac vi == G_g’ = —2 nén theo dinh ly Thales dao ta c6 AQ’ | DQ. Nhu viy AA; di
qua Q'. Tuong tu BB;, CC, ciing di qua @’. Ta két luan AA,, BB,, CC, dong quy tai diém
Isotomcomplement cia diém P d6i véi AABC. ]

Hé qua 2. Goi M, Mg, M¢, M), My, M, lan luot la trung diém ciia BC, CA, AB, AA,
BB, CC". Khi dé MM, MMy, McM], dong quy tai diém Isotomcomplement cia diém P
déivoi NABC.
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Pinh nghia 8. Cho ANABC va diém P bdt ki. Goi ApBpCp la tam gidc Cevian cia P dbi
voi NABC. (APBPCP) ldl’l ll[O't Cd:l‘ BC, CA, AB tai AQ, BQ, CQ. Khi do AAQ, BBQ, CCQ
dong quy tai Q. Q duoc goi la diém lién hop Cyclocevian cia P déi véi NABC.

Pinh Iy 11 ([?]). Cho AABC va diém P bdt ki. Goi Q la diém lién hop Cyclocevian cia P dbi
voi ANABC. Goi P', Q' lan luot la diém Isotomcomplement ciia P, Q déi véi NABC. Chiing
minh rdng P, Q' la hai diém lién hop ddng gidc trong NABC.

Chiing minh. Goi ANApBpCp, AAgBgCo lan lugt 1a tam gidc Cevian cta P, QQ ddi véi
AABC. Goi Ay, A, lan lugt 1a trung diém ctia BpCp, BoCq. Do BpCp ddi song BoCq
nén AA, va AA, la hai dudng dang gidc géc A trong AABC. Mit khéc theo Pinh Iy 12 thi
AA, di qua P, AA, di qua @'. Suy ra AP’ va AQ’ dang gidc géc A trong AABC. Tuong tu
BP', BQ' dang gidc goc B, CP', CQ' dang giic goc C trong AABC. Ta két luan P’, Q' 13 hai
diém lién hop dang gidc trong AABC. O

Hé qua 3. Cho AABC, truc tam H, diém Lemoine L. Khi dé diém lién hop ddng cu ciia H'
chinh la diém Anticomplement clia L.

Pinh Iy 12. Cho AABC néi tiép (O), truc tam H. Goi H' la diém lién hop ddng gidc ciia diém
lién hop ddng cu ciia H déi véi ANABC. Khi dé H', O, H thdng hang.
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B/

Chitng minh. Goi D, E, F lan ludt 1a giao diém cta AH, BH, CH vé6i BC, CA, AB. Goi
A’, B', C' 1an lugt 1a giao diém cta tiép tuyén tai B va C, C' va A, A va B cta (O). Goi X,
Y, Z lan lugt 1a hinh chiéu ctia H 1én EF, FD, DE. Goi V 1a hinh chiéu cia A 1én EF. Do
H, Alan luot 1a tim dudng tron noi tiép, tim dudng tron bang tiép géc D cia ADEF nén X,
V dang cu trén EF. Suy ra H' nam trén AX. Tuong tu H' nam trén BY va C'Z. Mit khic vi
AA'B'C" U AABC dong dang véi ADEF U AXY Z nén H' 1a tam vi ty cia AA'B'C’ va
ADEF. Hon nita ta ciing c6 H, O 1an lugt 1 tim dudng tron ndi tiép cia ADEF va AA'B'C’
nén H’, O, H thang hang. Dinh ly dudc ching minh. [

Hé qua 4. Goi Oy, H, lan lugt la diém lién hop ding cu ciia O, H déi vdi NABC. Khi do O,
H', H thing hang.

Pinh Iy 13. Cho AABC ngi tiép (O), tam duong tron Euler N. Goi N' la diémn lién hop ding
gidc ciia diém lién hgp ddng cu ciia N dbi véi ANABC. Chitng minh rang N' la trong tdm tam
gidc pedal cua truc tdm H.

B& dé 1. Cho AABC, tam duong tron néi tiép I. Goi M, N ldn luot la tdm duong tron ngogi
tiép, tam duong tron Euler ciia ABIC. Puong thing qua M song song IN cdt BC tai X. Khi
dé X ndam trén duong thding Nagel ciia NABC.
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Chitng minh. Goi D 1a trung diém cta BC. Goi Ay, I, M, lan ludt 1a diém ddi xdng cta A,
I, M qua D. Theo tinh chét ctia dudng tron Euler thi N 1a trung diém cta IM; va I, M, X
thang hang. Goi G, T 1an lugt 12 trong tim, diém Nagel cia AABC. Do G? = 27@ nén ta suy
ra T nam trén A;, I 1, M;. Goi V 1a hinh chiéu ctia [; 1én BC. Theo dinh nghia cia diém Nagel
thi V nidm trén AT. Do I 1a diém Complement ctia T' d6i v6i AABC nén tacé DI || VT nén
ADIM va AVTI, ddng dang. Do d6 BC, IT, I, M ddng quy hay X nam trén dudng thing
Nagel ctia AABC. B& dé dudc chiing minh. O

Quay lai bai todn,

Chitng minh. Goi AH,, BH,, CH, 1a cic dudng cao cia AABC va O,, N, lan ludt 12 tAm
dudng tron ngoai tiép, tAm duong tron Euler ctia AAH,H,. Goi D la giao diém ctia AN’ va
HyH,.Do AD di qua diém lién hop dang cu ctia N, dbi véi AAH,H.,, chi y diém dbi xting ctia
O, qua HyH, nam trén AN, nén AN, || DO,. Do A la tam dudng tron bang tiép géc H, cia
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AH,H,H, nén ap dung Bo dé 1tacé AN' di qua trong tdim cia AH,HyH,.. Tuong tu BN’ va
C'N’ cling di qua trong tam cia AH,H, H. nén N’ la trong tam cia AH,HyH.. O

Bai toan 1. Cho tam gidc ABC vdi hai diém D, E lan luot ndam trén AC, AB sao cho DE doi
song BC. Goi H, K ldn lugt la hai diém ddng cu ciia D, E trén AC, AB. Goi X, Y theo thit tu
la giao diém ciia BC véi (AH B) va (AKC). Chitng minh rang AX va AY la hai duong ding
cu trong tam gidc ABC.

Bai todan 2. Cho tam gidc ABC ngoai tiép duong tron (I). Buong trung tuyén AM cia tam
gidc ABC cdt (I) tai L va K. Tit L, K ké duong thdng song song BC cdt (I) lan luot tai X,
Y. Chitng minh ring AX va AY la hai dwong déng cu trong tam gidc ABC.

Bai toan 3. Cho tam gidc ABC. Goi D la mét diém di chuyén trén canh BC. Goi E la diém
ddng cu ciia D trén BC. AD va AE ldn luot cdt (ABC) tai P, Q. Chitng minh PQ luén di qua
mot diém co dinh khi D thay doi.

Bai toan 4. Chitng minh rdng duong thdng di qua A', B', C' dugc dé cdp ¢ Pinh 1y 7 vuéng
goc vdi duong thdng Euler ciia NABC.

Bai toan 5. Cho AABC va diém P bdt ki nam trén (ABC). Ké duong kinh PQ ciia (ABC).
Goi P', Q' lan luot la hai diém lién hop ddng cu ciia P, Q déi véi ANABC. Chitng minh rdng
P'Q cdt PQ' tai mét diém thuéc (ABC).

Bai toan 6. Chiing minh rdng duong thing néi diém lién hop ddng cu ciia hai diém Brocard
trong mot tam gidc vuong goc vdi duong thing Euler ciia tam gidc dy.

Bai toan 7. Cho AABC néi tiép (O), tdm duong tron Euler N va diém Kosnita K. Goi N, K’
lan luot la diém lién hop ding cu ciia N, K déi véi NABC. Chitng minh ring KN cdt K'N'
tai mét diém thuéc (O).

Bai toan 8. Chiing minh rang diém lién hop Cyclocevian ciia mot diém la diém lién hop ddng
cu ciia diém Anticomplement ciia diém lién hop ddng gidc ciia diém Complement ciia diém lién
hop ddng cu ciia diém dy.

Bai toan 9. Cho ti gidc ABCD. Goi A, B!, C', D' lan luot la diém lién hop ddng cu ciia A, B,
C, D déi véi ABCD, ACDA, ADAB, ANABC. Chitng minh rang trung diém ciia cdc doan
thing AC, BD, A'C", B'D’ thing hang.

Trén déy 12 tong két ciia tac gia vé mot sd két qua dbi v6i dudng dang cu. Hi vong ban doc thiy
bai viét 1a mot tai liéu hitu ich va sé tim toi nhiing Gng dung dep dé vin chua dudc khai thic
hét ddi v6i dudng thang nay. C6 thé bai viét chua thuc sy day di, moi gép y xin gti vé email
chuyentoanlttl1417@gmail.com d€ tac gid hoan thién hon.
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[1] Isotomic conjugate, Complement, Anticomplement, Cyclocevian conjugate, Wolfram Math-
world

[2] D.Grinberg, Cyclocevian conjugate
http://mathforum.org/kb/message. jspa?messageID=1071639

[3] Nguyén Tran Hitu Thinh, Isotomic Problem
http://artofproblemsolving.com/community/c6h1366001p7504596

[4] A.Myakishev, On two remarkable lines related to a quadrilateral, Forum Geometricorum,
6 (2006) 289-295 http://forumgeom. fau.edu/FG2006volume6/FG200634.
pdf
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gpsi lon

MOT MO RONG CHO DUONG TRON MIXTILINEAR

Nguyén Dinh Hoang - Nguyén Duc Béo
THPT chuyén Phan Bdi Chau, Nghé An

TOM TAT

Bai viét ngin nay dua ra mot mé rong cho dudng tron mixtilinear véi cach chiing minh
thuan tdy hinh hoc.

Bai toan. Cho tam gidc ABC, duong tron Q qua B, C khdc (ABC). Gid st ton tai duong tron
w tiép xiic C A, AB va tiép xiic trong vdi Q) tai X. Tiép tuyén tai X ciia Q2 cdt BC tai S, AX
cat (ABC) tai T khdc A. Chiing minh rang ST di qua diém tiép xiic ciia duong tron Mixilinear
ing voi dinh A cua tam gidc ABC.

Ta phat biéu va chitng minh mot s6 b deé.
B& dé 1 (Pinh 1i Protassov). Cho tam gidc ABC va mét duong tron (K) di qua B, C. Puong

tron (L) tiép xiic canh C' A, AB va tiép xiic ngoai (K) tai P. Khi dé phdn gidc / BPC di qua
tdm noi tiép tam gidc ABC.

B& dé 1a mot két qua quen thudce va di c6 trong nhiéu tai liéu, ban doc c¢6 thé tham khio chiing
minh trong [4].
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BG dé 2. Vdi ki hiéu nhu bai todn md rong, goi M, N la diém tiép xiic ciia w véi CA, AB. P la
diém chinh giita cung l6n BC ciia Q). Khi dé M N, BC, X P dong quy.

Chitng minh bé' dé. Goi A, 1a giao diém ctia M N véi BC'. Ap dung dinh Iy Menelaus cho tam
giac ABC véi cét tuyén A;, M, N ta thu dugc :

AB NA MC _ | AB MC_ | AB_NB
AC NB MA~~~ AC NB ~ AC MC

Goi E, F lan lugt la giao di€m ctia CA, AB v6i Q. K, L lan lugt 1a diém chinh gitta cung C'E,
BF ctaQ.Déthdy X, M, K va X, N, L thezlng hang. Tt d6 AKMC ~ AKCX suyra:

MC KM _ KC _ (MC * KM
XC KC KX

XC) KX
NB\2 LN MC NB XB NB AB
Tuone t thi (—> — % hén theo dinh If Thales thi A =
et X B px MNOAMAE IS YE T XB T X0 T MC T AC
Do d6 X A, 1a phan giac ngoai cia ZBXC ticla Ay, X, P thang hang. ]

B dé 3. Ciing trong cdu hinh bai todn md rong, goi 1, la tdm duong tron w, I la tdm duong
tron noi tiép tam gidc ABC. Goi P la giao diém khdc A ciia duong tron duong kinh Al, véi
duong tron O. Khi do bén diém P, I, 1,, X cing thuéc mot duong tron va duong tron do di qua
diém tiép xiic ciia duong tron mixilinear iing véi dinh A ciia tam gidc ABC.
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Chiing minh b6’ dé. Goi R 1a giao diém cta X I véi BC, Q 1a giao diém ctia Al véi dudng tron
(ABC).Do /PNA = /PMA, /PBA = /ZPCAnén APNB ~ APMC két hgp véi bd dé

2 ta suy ra
PB NB XB

PC  MC XC

Mait khac theo bd dé 1 thi X7 1a phén giac Z/BXC nén PQ, X1 cit nhau trén BC tic 1a P, R,
@ thang hang. Do d6 QI? = QB> = QR - QP nén ARIQ ~ AIPQ suyra ZPIQ = ZIRQ.
Mit khiac do BC' 1a dudng dbi song ctia tam gidc APQ nén ZQRC = /PAI suyra ZIRC =
ZIRQ—ZQRC = LPIQ—/ZPAI = /ZIPAdodé LIPI, =90°—ZIPA =90°—ZIRC =
90° — /XRB = /RXI, (do X1, di qua taim dudng tron ngoai tiép tam giac BXC). Tt d6 td
gidc PI1,X noi tiép.

Goi X, 1a diém tiép xic ctia dudng tron mixilinear ing véi dinh A cta tam gidc ABC'. Theo b
dé 1 thi X,I di qua diém chinh gitta cung BC chia A cda (O). Mit khac P1, di qua diém déi
xting ctia A qua O va dudng thing nbi hai di€ém nay song song v6i Al nén ti giagc PI1,X, noi
tiép. B dé dudc chiing minh. O

Tré lai bai toan. Goi A, 12 giao diém ctia SX v6i AP, khi d6 A, thudc dudng tron ngoai tiép
tam gidc PI,X. Theo bd dé 3, luc gidc PA, X X, 1,1 noi tiép mot dudng tron. Ta c6 bién ddi
goc: LSXX, =90° 4+ LI, XX, = 90° + £X,I1,. Theo bd dé 1, X,I 1a phan giac Z/BX,C
nén /X, 11, = 180° — LAIX, = 180° — LIX,C — LIAC — LZACX, = 90° — LACX, =
90° — ZXTX, suyra ZXTX, = 180° — ZSX X,. Do d6 SX la tiép tuyén tai X ctia dudng
tron ngoai tiép tam gidc 7X,X. Ap dung dinh Iy v& tim dang phuong cho bd ba dudng tron
(ABC), (XTX,), Q ta thu dugc S, T', X, thang hang.
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Tap chi online ctia cong dong

nhting ngudi yéu todn Tap chi Epsilon, S6 13, 02/2017

SONG LUU PONG VA UNG DUNG VAO MO HINH
LAN TRUYEN DICH BENH

Vo6 Hoang Hung, Nguyén Diang Minh Huy, Vo Hoang Trong, Vo Anh Kiét

1. PHUGNG TRINH SONG LUU DONG

Phuong trinh Fisher sau khi viét gon cac tham s6 sé c6 dang:

85_325
5_%4—5(1_6) (D

Trong d6 4 1a ham s theo hai bién z, ¢ va 3, z, t khong phu thudc tham sb.
RO rang I}ghiém ctia phuong trinh phu thudc vao diéu kién dau va diéu kién bién. Chiing ta dit
nhiing diéu kién doé theo thoi gian nhu sau:

B(z,t) = Bioo khi z — 00 va B(z,t = 0) = fo(z) (2)
Trong d6 B+, o 12 nhiing hing sb.

1.1. Mét s6 diém chinh
1.1.1. Xa&y dung phudng trinh séng luu dong

Phuong trinh 1 c6 thé c6 rit nhiéu nghiém, tuy nhién trong phan nay ta sé tim nghiém c6 dang
séng luu dong (don gidn c6 thé hiéu 1a ham khong thay ddi vé hinh dang va chuyén dong véi
van toc v sé dudc xac dinh sau). Y nghia ctia nghiém séng luu dong sé dudc gidi bay ro hon &
muc 1.1.3.

Xét phép bién ddiy = z — vt vaham s6 B : R — R théa B(y) = B(z,t). St dung quy tic dao
ham ham hgp ta dudc:

083 0B 0B oy OB _9*8 0 (0B o0 (0B\ 8°B oy 9B
w2 non vl w(5) we e ©
03 OB OB Oy OB
a- o oy oy @
Thay vao (1) ta dugc
B"+vB"+B(1-B)=0 (3)

véi B 1a ham sb theo biény va’ = d% va B(y) — B(400),y — F00 1a cdc hing sd.
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Ta chi tim B(y) € [0,1],Vy € R

e Ta can diéu kién bién thda B(+00), B(—c), B'(+00), B'(—0oc) la cac s hitu han. Khi
d6 B(+0o0), B(—o0) hoic bing 0 hoic bing 1. That viy, gid st B(+oo) € (0;1) hay
lim B(y) = a € (0;1) véi e = min {; 5%} > 0, ton tai yo > 0 sao cho [B(y) — a| <
Y—r00
e, Yy > 1yo.

=a—e<Bly)<a+e, Yy>yo

By) >a—e>a—5>%>0
{ 1 (yiB 1 S 12 l—a _ 1-a VY 2 Yo
—By)>1l-a—e=1-a—-5*=352>0
a(l—a
= B(y)-(1- Bly) > LY vy >
T [ a(l - a)
a —a
= [ Bu)0- Bz [ -
Mic khéc ta c6 B”(y) + vB'(y) + B(y)(1 — B(y)) = 0, 14y tich phan 2 vé ta dugc
+oo
/ (B + 0B + B(1 — B)|dy 0 ©)
—+00
W) +vB)'E + [ B)(1 - Bl)dy=0 ™

Do B'(+0), B'(—), B(+00), B(—00) 1a cdc s6 hitu han va két hgp véi (6) ta dugc vé
trdi (7) vd han dua dén diéu vo ly.

Véy a = 0 hodc a = 1. Tudng tu cho trudng hgp B(—o0).

e Khong mét tinh téng quat va dua trén nhitng quy luat dugc tién dodn trén thuc té ta c6 thé
gia stt (B(—o0), B(+00)) = (1,0). Khi d6 ta phai c6 v > 0, khi d6 sé€ c6 v > 0.

e Bay gid ta sé chiing minh diéu kién bién cubi ciing 12 B'(+o00) = 0.
— Trudc hét ta chiing minh B(+o00) = 0.
Ta c6 lir+n B(y) = 0nén véie, = + > 0,n > 2 thi ton tai §, > 0 sao cho:
y——+o00
1B(y)| < en,Vy >0,
hay
1
0< B(y) <-—

n
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do B(y) € [0;1].
Xéthamsb g(t) =t — %, € (0; 1)

1 1
Jgt)=1-2t,d(t) =0t = 5> —,Vn > 2
n
K& bang bién thién
t 0 1
g@) +
I_ 1
n n?
g(t)
0"
Qua bang bién thién ta thiy
1 1
O0<glt) < ———
9(t) < = —
hay
1 1
n o n
lai c6
B"(y) +vB'(y) = =B(y)(1 — B(y))
nén ] ]
- " /
i < B"(y) +vB'(y) < 0,Yy > 4,
Xét
u(y) = e B'(y), y € (0n; +00)
khi d6

u'(y) = e”(B"(y) + vB'(y)) < 0,Vy > on
nén v 12 ham s6 gidm trén (,; +00).
Suy ra
u(y) < u(dn), Vy > on
=B (y) < " B'(6,)
=B'(y) < e”"B'(6,).e”"

Cho y — +o0 ta dudc

B'(+) <0
Xét
h(y) =e"™ | B'(y) + o)t Y € (0p; +00)
n n?jv)’ ’
khi do

1 1
h'(y) = e™ (B”(y) +vB'(y) + —- ﬁ) > 0,Yy > 0,
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nén u 12 ham s6 ting trén (6,,; +00).
Suy ra

h(y) > h(5,), Yy > o,

jwywﬂ(l—i)i>mm

n n?j) w

C6 dinh n, cho y — +oo ta dudc

1 1\1
B'(+00) + <— — —2) ->0,Vn > 2
n n?/w
Cho n — 400 ta dugc
B'(+00) >0 )

Tir (8) va (9) ta dugc B'(+00) = 0.
— Trudng hgp B'(—o0)

Dit B (w) = B(—w) = B(z,t);w = z — vt, § ddy ta phai hiéu (23,5) la mot cap
nghiém cua (5), khi d6

ta s& chiing minh B'(+00) = 0 dé suy ra B'(—o0c) = 0.
Thiét 14p tuong tu nhu phan 1.1.1, ta dudc

~

B"(y) +7B'(y) + B(y)(1 - B(y) =0

Luc nay ta co

khi d6 v > 0. Nhu vy
B"(y)+vB'(y)+ By)(1—B(y) =0

véi v > 0.
Ap dung truong hop trén, ta dudc
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Mot két qua ndi tiéng ciia nha toan hoc ngudi Nga Kolmogorov da chitng minh dudc rang, khi
t — 00, nghiém cia phuong trinh (1) va (2) that su tién vé nghiém séng Iuu dong thda (5) néu
va chi néu v > 2, véi diéu kién dau cho truée c6 dang 13 mot ham sd c6 gid compact hoic ¢6
dang Heaviside. Tuy nhién nghiém ctia phuong trinh séng luu dong (5) khdng phai 1 duy nhét
vi dé thiy ring néu B(y) 1a mdt nghiém cta (5) thi B(y + A) v6i A 1a hing sb bat ki cling 1a
nghiém cua (5). That vay, dat G(w) = B(y + A),w = y + A ta dugc

G'(w) = B'(y+A), G"(w)=B"(y+ A) (10)
Thay y bdi y + A vao (5) va két hop véi (10) ta dugdc

G"(w) + vG'(w) + u(w)(1 — u(w)) = 0.

Ta sé kiém tra sy ton tai nghiém ctia phuong trinh Fisher (5) véi diéu kién bién (B(cc), B(—00)) =
(1,0) va v > 0 dua trén y nghia ctia cdc bai tip md rong lién quan mét phang pha (5, B).

Xét phuong trinh song luu dong:

B"(y) +vB'(y) + B(y)(1 — B(y)) =0 (11)
trong d6 (B(0), B(—o0)) = (1,0) vav > 0.
bat

v = B'= f(B,7)
—vy—B(1-B) =+"=g(B,7)

Bai tap 1. Ching t6 ring di€ém can bing (stationary point) (5, 3) = (1,0) luon la diém yén
ngua (saddle point) va diém can bang (3’, 3) = (0,0) la diém 6n dinh (stable node) khi v > 2
va la diém &n dinh theo hinh xo4n 6c¢ (stable spiral) khi v < 2.

Gidi. Bang céch viét 8/ = v ta dugc

5(0)5) (n-o-a)

Ma tran Jacobi dudc cho bdi

o 0 1
(D) )

Tai diém (0, 0) ta c6
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-2 1
|J—/\]|_’_1 _U_A'
= MN4+uA+1=0
Suy ra
—vE+V2 -1

A:
2

Do d6, néu v < 2 thi A 1a nghiém phtic c¢6 dang A = —v/2 £ iunén (3, 8) = (0,0) 1a diém 6n
dinh theo hinh xoan bc.

Néu v > 2 thi
VI —d < v +V2 = —v+v=0
nén
v =V -4 < —v+V2—-4<0
dan dén (3, 3) = (0,0) 1a diém &n dinh.

Tai diém (1,0) ta c

—A 1
|J_)\I|_‘ 1 —v—/\‘

=M 4+od—1=0

Suy ra
N —v+V2+4
2
Dé thiy
v+ VR Ad> v+ V2= —v40v=0
nén

—v—V1P4+4<0< —v+Vv2+4
Do d6 (3, 3) = (1,0) la di€ém yén ngya.

Bai tip 2. Hay giai thich tai sao nghiém ctia phuong trinh séng luu dong Fisher phai tién vé
diém 6n dinh khi y — 400 va nghiém cia (4) v6i v < 2 khong thuc t&?

Gidi. Theo 1.1.2, tacd
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do do

(B,7) ¥ (0,0)
Yy——00

<B77) - (170)

Néu v < 2 thi (0,0) la diém &n dinh theo hinh xo0dn bc, do d6 vét (B, ) tién vé (0;0) theo hinh
xoan 6c thi B(y) < 0 tai mot vai diém trén vét va diéu nay khong thuc té.

Bai tap 3. Hay chi ra ring gradient ctia da tap khong 6n dinh tai (B,v) = (0, 1) 1a hai phan
dudng di xuit phét ti diém (B, v) = (0, 1), xdc dinh bdi cong thiic

1
E(j:v—l— \/U2+4)

Gidi. Ta tim vector riéng ctia ma tran Jacobi tai (1;0), tic la

J(1,0). (if) — ) (if)

0 1 AB AB
(0 2) (3) (%)
Ay =AB.\, v Ay =AB.)_
AB — vAvy = b\, AB — vAvy =b\_

Ay =AB.)\ Ay =AB.)_
@{ v + v{ v

=

A7:AB.ﬁ szAB.ﬁ
thay
—v+VvE+4
Ay = —Mm—
2
ta dudc
Ay =AB.\, Ay =AB.)_
TN S RN i
Ay =AB.)\, y Ay =AB.A_
Ay = AB.2=2H T Ay = AB.vhH
Ay =AB.)\; v Ay =AB.)_
Ay =AB.\, Ay =AB.(\)
Khi d6 ta dudc
v’Av' v EVVR 44| v+ Vo 44
- |AB| 2 B 2

Bai tap 4. Hay gidi thich tai sao bt ki quy dao (B, ) hitu han phai di ra tit diém (1;0) trén da
tap khong 6n dinh theo huéng gidm B?
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Gidi. Nhac lai gan & nhitng diém rit gin diém 6n dinh, ta cé:

(7)-()- (&)

=a_eMYv_ + apeMlu,

= a_e/\iy 1 1 5
(v —Vv?+4
1
Aty
Tu d6 ta dudc:
B(y) —1=a_e*¥ +aer?
Y(y) = a_eMYA_ +aeMYN,
V6i y < 0 da bé thi ta co
By) —1=~a_e*V¥
Y(y) = a_erY A
do A\, > 0. Mit khdc, do B(y) € (0;1) nén a_ < 0, khi d6 B'(y) = v(y) = a_e*¥.\_ la ham
s6 gidm, ma B’(—o0) = 0 din dén B'(y) < 0, ndi cach khic quy dao (B, ) hitu han phai di ra
tr di€ém (1;0) trén da tap khong on dinh theo hudng giam B.

Bai tap 5. Xét v > 2, hdy chi ra ring
D
dB

khiy = —B; B € (0;1]

Gidi. Ta co
dy —vy—B(l1-DB)
dB B

do do

Lol = v+(1-B)=(—v+2)—(1+B)<—1
dB| __

Bai tap 6. Chi ra ring khi v > 2 thi da tap khong 6n dinh r0i khéi (B’, B) = (1;0) va di vao
mién B’ < 0, B < 1 sé khong bao gi¢ 13i khoi mién.

R={(B,y):v<0,Be0;1],y > -B}
Gidi. Trén mit phang (B, ), R chinh 12 mién hinh tam gi4c tao bdi 3 canh

Ll :{(877> :7:0736 (071)}
L= {(B.): B=1 € (-10))
LSZ{(B77> :y=—-B,B¢€ (Ovl]}

Theo bai tap 4 thi quy dao xuét phat tit diém (B, B') = (1;0) theo hudng giam B (ta goi la (C))
sé di vao mién R vi

Bly)=~1+a_e¥<1
Y(y) = a_eMY.A_ <0
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Ta sé chiing minh (C') khong thé di ra khoéi R bang céch chi ra riang khi né tién dén gan hay
cham vao mot trong 3 canh ctia R theo huéng ra thi né sé& khong thé di tiép ra ngoai R ma phai
di vao trong R.

e Néu (C) tién dén L, tit bén trong R, khi d6

d _
dB v
doy—0;B € (0,1).

Lic d6 (C) sé quay ngugc vao R theo huéng hgp véi truc OB mot goc —90° theo chiéu
luong giac.

e Néu (C) tién dén L, tit bén trong R khi d6

d B(1—-B
dB|, ¥

Lic d6 (O) sé tiép tuc di theo hudng hop véi OB mot géc a € (90°;180°) hodc a €
(270%; 360°) theo chiéu lugng gidc. Tuy nhién do lic nay B’ = v < 0, do d6 (C) phai
tiép tuc di theo chiéu gidm B nghia 1a theo goc a € (90; 180), néi cach khac (C) tiép tuc
di trong RR.

e Néu (C) tién dén Lj tit bén trong R, khi d6 theo bai tap 5 ta c6

dy
— < —1

dB| __,

lic d6 (C) sé tiép tuc di theo hudng hop véi OB mot goc a € (90%;135°) hodc a €
(270°; 315°) theo chiéu lugng gidc. Tuy nhién do lic nay B’ = v = —B < 0, do d6 (C)
phéi tiép tuc di theo chiéu gidm B nghia la theo goc a € (90°; 135°), néi cach khac (O)
tiép tuc di trong R.

Bai tap 7. Ching minh ring ton tai nghiém don diéu B > 0 thda phuong trinh (1) véi moi gia
triv > 2.

Gidi. D€ thoa diéu kién bién ctia phuong trinh (1) thi nghiém B phai ¢6 do thi trén hé truc toa
do (B, B') xuét phat tit diém (1;0). Theo bai tap 4 thi quy dao (C') cia mot ham B nao d6 thda
(1). Véi v > 2 cho trude thi chi x4c dinh dugc mot ham nhu vay. Quy dao (C') sé di vao mién R
nhu da 1y luan & bai tap 6, n6 sé khong thé di ra khéi R d€ roi tién vé (0; 0) khi y — oo nhu da
trinh bay & bai tap 2. Trong qua trinh di trong R luoén ¢c6 B’ = v < 0 nén nghiém B sé don diéu
giam va duy nhit néu v cho trudc cb dinh.

Chiing ta da thiy ring, v6i v cb dinh, mit phang biéu dién nghiém ctia phuong trinh séng luu
dong Fisher 12 duy nhit. Tinh khong duy nhit dé thiy vi 3(y) 1a nghiém ctia phuong trinh Fisher
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Do thi minh hoa nghiem song luu dong, t=10,20,30,40,50, v=2

0.9}

0.8

0.7

0.6}

0.4

0.3}

0.2+

01

-200 -180 -100 -50 0 50
d

Hinh 1: D6 thi minh hoa nghiém séng luu dong dng véi ¢ = 10, 20, 30, 40, 50 ding véi v = 2

; Do thi minh hoa nghiem song luu dong, t=10,20,30,40,50, v=3
Ll 1

09F \

0.7 |

04r
031

|

L I .
-200 -150 -100 -50 0 50

Hinh 2: D6 thi minh hoa nghiém séng luu dong tng véi t = 10, 20, 30, 40, 50 dng véi v = 3
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thi 3(y + A) ciing 1a nghiém v6i A 1 hing s, v& mit hinh hoc, diéu nay tuong tng véi su di
chuyén ctia séng doc theo mit phang bi€u dién.

Hai hinh trén minh hoa nghiém ctia hé (1) va (2) tai cac théi diém ¢ = 10, 20, 30, 40, 50 v6i cac
van téc khac nhau v = 2 vav = 3.

V6i ciing van tdc, ta nhan xét do thi cia nghiém hé (1) va (2) ¢6 hinh dang khong thay ddi theo
thdi gian gidng nhu mot "con séng" 6n dinh vé bién d6 dang chuyén dong trong mit phang toa
do. Pong thdi véi khi van toc v thay d6i, thi téc do chuyén dong clia séng ciing thay ddi, cu thé
1a tai cung thoi gian ¢ = 10, con séng dai dién cho nghiém ctia hé (1) va (2) véi v = 3 chuyén
dong nhanh hon con séng v6i v = 2 (nhanh hon theo nghia di chuyén sang phai nhiéu hon).

Kolmogorov da xét phuong trinh sau

dp Py
F_Zr 1—
or 022 ¢l ?)
v6i diéu kién bién
©(z,7) = 1khi z - —oo va ¢(z,7) — 0 khi z — o0

va diéu kién du thda man diéu sau: Ton tai K v6i 0 < K < oo sao cho ¢(z,7 = 0) = 0 véi
z> Kvap(z,7 = 0) = 1v6i z < —K. Ong di chiing minh dudc o(z, 7) tién t6i nghiém cia
phuong trinh séng luu dong Fisher v6i v = 2 khi t — oo . Ching ta chip nhin diéu nay va
khong chiing minh.

Vao giita thé ky 14, & chau Au xuét hién dai dich “Cai Chét Pen” quét qua luc dia nay. Nhiing
nghién cifu gan day cho thiy “Cdi Chét Pen” hinh thanh do loai bo chét truyén tlt chudt sang
ngudi, gdy nén bénh dich hach. Pai dich nay xuit phat 3 Y vao khoang thang 12, nim 1347
tif nhitng chuyén tau cip bén tit phuong Pong. Vai nidm sau d6, dai dich lan rong khoang 200
dén 400 dim mdi nim, khién cho mot phan ba dan s6 chau Au thiét mang va 80% nhiing ngudi
nhiém bénh sé& chét trong 2 dén 3 ngay téi. Hinh 3 mod ti mic do lan truyén theo dang séng cla
bénh dich nay.

Trong bai ndy, ta nghién cttu mot mo hinh don gian cla su lan truyén va cach xap xi trong thuc
té véi gia dinh rang lugng tong thé sinh vat ludn c¢d dinh. Gia st c6 mot dich bénh lan truyén
trong mot khu vuc, bénh nay cé thé dugc citu chita, nhung ngudi mic bénh cé thé chét, ta khong
loai bd s6 lugng ngudi chét ra khéi tdng dan sb trong ving. Ta phan tdng s6 ngudi trong viing
dé6 thanh 3 16p:

e L6p dé bénh S: Nhing ngudi trong 16p nay chua hé mic bénh va c6 nguy co nhiém bénh.
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Hinh 3: Anh minh hoa su lan truyén dai dich “Cai Chét Pen” & chiau Au vao nim 1347 — 1350
e L6p nhiém bénh I: Nhiing ngudi trong 16p nay da mic bénh va cé kha ning truyén bénh
sang ngudi khac.

e L&p hét bénh R: Nhiing ngudi trong 16p nay da dudc tri khéi bénh hoiic da chét vi bénh.

bay 1a mo hinh S7R ma ta sé nghién ctiu sau day.

e Bénh dich xay ra trong khoang thdi gian di ngin dé€ luong dan s6 ludn cb dinh, tinh ci
ngudi da chét vi bénh dich nay vao tdng sb dan.

e Chu ky 0 bénh khong déng ké.

e Néu ngudi nhiém bénh da hét bénh thi ngudi nay khong con kha niang nhiém bénh. Do
do, ngudi nay sé 6 lai 16p R.

e Mau dén sb du 16n d€ c6 két qua xap xi ding.

e Ta xdc dinh mic do lan truyén dich bénh bang dinh luit tic dung khoi luong nhu sau:

S+ 15921
ISR
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Y nghia:
S+ 1521

O vé trai, ngudi trong 16p S bi ngudi trong 16p I 1ay bénh véi te do > 0, khién ngudi dé
chuyén sang 16p I, thu dugc vé phaila [ 4 I = 21.

ISR

Ngudi trong 16p I sau mot thoi gian sé hét bénh (hodc chét vi bénh nay) va chuyén sang 16p R
v6i toe do a > 0.

Ta xem mi 16p 12 mot ham s6 theo thdi gian t gdm S (¢), I (¢) va R (t) c6 tinh chét:
(i) L6p nhiém bénh c6 tdc do ti 1& thuan véi s6 lugng ngudi nhiém bénh va ngudi dé bénh,
tic ST, v6i r > 0 la tham s6 hang, d6 ciing la tbc dd mat di s6 ngudi trong 16p dé bénh.

(ii) Tbc d6 hét bénh clia ngudi nhiém bénh ti 1& thuan véi s6 lugng ngudi nhiém bénh, tic al,
véi a > 012 hiang s6, 1/a 1a do do thdi gian mdt ngudi & trong trang thai nhiém bénh.

(iii) Chu ky 4 bénh ngén, tic ngudi d& bénh khi tiép xtic v6i mam bénh s& nhiém bénh ngay.

T cac tinh chét trén, ta c6 dudc md hinh c6 dién Kermack — McKendrick, do W. O. Kermack
va A. G. McKendrick cong bb vao nim 1927.

dsS

- — _rSJ 12
7 rS (12)
dl

— =7rSI —al 1
o rS a (13)
dR

— =al 14
T (14)

v6ir > 01a tde do lay nhiém va a > 0 13 téc do hét bénh ctia ngudi nhiém bénh. Ta mudn tim
nghiém khong am véi mdi S, I va R, tic S (t),1 (), R(t) > 0 v6i moi t > 0. Do tdng kich
thu6c dan sb ludn cb dinh nén ta cdng cac phuong trinh tir (12) dén (14) thu dudc:

ds dI dR

St =0= SO+ +R(H) =N (15

v6i N 1a téng kich thu6c dan sb.

Gia st ta c6 diéu kién dau S (t = 0) = Sy, I (t = 0) = Iy, R(t = 0) = 0, tic tai thdi diém bat
dau khao sat, ta c6 Sy ngudi chua mac bénh, [, ngudi da nhiém bénh va chua c6 ai khéi bénh
(hoic chét vi bénh d6). Tir phuong trinh (15), ta dudc:

%(S+I+R):OS(O)+I(0)+R(0):SO+IO (16)
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Hinh 4: Nghiém s6 ctia md hinh SIR ctia phuong trinh (6.2.1) — (6.2.3), dudng nét diit1a S+ 1 =
So + 1y, dudng tron la quy dao pha, » = 0.01,a = 0.25

Trong bat ky dich bénh nao, ngudi ta thuong hoi rang néu biét 7, a, Sy va I, ngudi nhiém bénh
thi

1. Dich bénh c6 lan rong nita khong? Miic do lan rong theo thdi gian nhu thé nao? Khi nao dich
bénh két thic?

T phuong trinh (12)
as
— =-—rS51 17
L r 7)

Do vé phai khong thé duong nén S gidm, hay néi cach khac, s6 ngudi d& bénh giam theo thdi
gian. Do d6 S < 5.

Mat khéc, tu phuong trinh (13)

dI

%:rSI—aI:](TS—a)<](7“So—a) (18)
Vay dich bénh s& khong con lan rong, it nhét 1a giit nguyén néu I (rSy — a) < 0 va dich bénh
sé lan rong néu I (rSy — a) > 0.

Néu Sy < a/r thi

dl

—=1(rS—a) 0¥ >0 (19)
Khi d6 Iy > I(t) — 0khit — oo, tiic s6 lugng ngudi nhiém bénh ngay cang giam, dan dén
dich bénh khong con kha ning lan rong. Mit khéc, néu Sy > a/r thi I (t) ting, din dén dich
bénh lan rong. Khdi niém “lan rong” c6 nghia riang I () > I, v6i mot vai gid tri ¢ > 0, tir d6 ta
6 khdi niém ngudng hién tugng, néu Sy > S, = a/r thi dich bénh lan rong, con néu Sy < S,
thi khong. Tham sb t6i han p = a/r con dugc goi 1a tc do hét bénh tuong doi.

2. Néu dich bénh lan rong thi c6 nhiéu nhit bao nhiéu ngudi s& nhiém bénh ting véi thoi gian
cho trude bat ky?
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Tit bi€u thiic dinh luat tac dung khdi luong
S+ 1521

Ta nhan thdy su thay ddi s6 ngudi nhiém bénh c6 phu thudc dén su thay d6i sé6 ngudi d& bénh.
Do dé, ta 1y phuong trinh (13) chia cho phuong trinh (12), thu dudc toc do6 thay ddi tic thoi
clia ngudi nhiém bénh theo ngudi dé bénh

dl — (rS—a)l p. _a
o= g =t ge=_ (I#0) (20)

Ly tich phan phuong trinh (20), ta dudc mit phang quy dao pha (I, S), hinh 4 1a dd thi ciia
mit phang nay:

dI
5=t
@d[:<—1+g>d5

;»/cu:/(—ug)ds

= [+ const = —S + pln S + const
=1+4+5—pInS = const = I+ 5y — plnSy 2D

Dé tim gia tri cuc dai, truéc hét ta tim nghiém cda phuong trinh dI/dS = 0

dl p
- _ 1+ £ = =
7S 0< +S 0=S=p

Trong trudng hop Sy < p, khi d6 dich bénh khéong lan rong, s6 lugng ngudi nhiém bénh c6 xu
huéng gidm xudng. Tir do6, ta dudc L. = o, tic s ngudi nhiém bénh nhiéu nhit x4c dinh tai
t = 0 v6i [y nguoi.

Trong trudng hdp Sy > p, thay S = p vao phuong trinh (21), ta dugc:

I+p—plnp=1I1+Sy—plnSy
SI=I1)+Sy—pnSy+plnp—p

@I:N—p—i—pln(ﬁ) (22)
So

Ta chiing minh biéu thic (22) cla I chinh 1a gia tri 16n nhét, ta c6 mién xéc dinh ctia S € [0, Sp).
Do In S khong x4c dinh tai S = 0 nén ta tim gidi han cta I & biéu thiic (21) khi S — 0

. S
g_n)% (N—p—i—pln <S_O>>

_ S
e ((5))

= — 00

172

https://tieulun.hopto.org



Tap chi Epsilon, S6 13, 02/2017

Vé bang bién thién:

dI/dS + 0 -

Tit bang bién thién, két hop I, > 0, ta két luan trong trudng hop Sy < p thi I = Iy + Sy —
pIn Sy — pln p — p Ta c6 két luan vé s6 ngudi nhiém bénh nhiéu nhit nhu sau:

Iy ;S0 <p
Imax: 23
{Io+So—plnSo—plnp—p;So>p (&3)

3. Tong cong c6 bao nhiéu ngudi nhiém bénh?

Vi truc I = 0 13 dudng ky di nén moi quy dao I tién dén 0 khi ¢t — oo. Mit khéc, ngudi trong
16p I sau mot thoi gian sé hét bénh (hodc chét vi bénh nay) va chuyén sang 16p R. Do do, tdng
s6 ngudi mic bénh biang R (o) xdc dinh bing cach chuyén vé phuong trinh (15) véi ¢t = oo nhu
sau

R(c0) =N —5(c0) —1I(00) =N —5(00) (24)

Ta tinh S (00) bing cédch thay ¢ = co vao phuong trinh (21) nhu sau
I (00) 4+ S (00) — plnS(c0) =1y + Sy — pln Sy
& S(00) —plnS(c0)=N—pln s, (25)
Ta giai phuong trinh (24) d€ tim S (c0), v6i 0 < S (c0) < Sy. Ta chiing minh phuong trinh

(24) ludn c6 nghiém bing cach dit z = S (00), véi 0 < 2 < S, ta tim nghiém phuong trinh
f(x) =0 véi

fx)=x—plnzr—N+plnSy (26)
Léy dao ham f (), gidi phuong trinh f’ () = 0 nhu sau
f(z)=0
—1-2-9
x
Sr=p
Vé bang bién thién
x |0 p Sy
f'(@) - +
+00
\\\\*(f(p) ~

Ham f () lién tyc trén mién [0, Sy], ti bang bién thién, ta dugc f (p) < Sp— N < 0. Mit khéc,
¢6 f(0) > 0, do d6, phuong trinh f (z) = 0 ¢6 nghiém trén doan [0, p]. Vay phuong trinh (24)
luon ton tai nghiém S (co), thay nghiém nay vao phuong trinh (24), ta thu dugc téng sb ngudi
nhiém bénh.
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Hinh 5: D6 thi nghiém xAp xi ctia S (t) va I (¢) véi dit liéu dich cim (dim chim tron den) tif tap
chi The Lancet

Vao niam 1978, tap chi y khoa Anh The Lancet c¢6 bai viét cung cAp mot s6 dit liéu thong ké
vé dich ctim tai mot trudng nodi tri nam sinh. Trudng nay c6 tdng cdng 763 nam sinh, tif ngiy
22/1/1978 dén ngay 4/2/1978 c6 tdng cong 512 em nhiém bénh va ngudi ta du doan ban dau c6 1
em bi bénh. Tir dit kién trén, ta dugc N = 763, Sy = 762, 1 = 1.p = 202,r = 2.18 x 1073 /ngay,
xép xi phuong trinh (12)-(14) dugc nghiém S (¢) va I (t), nghiém R (¢) ty 1& v6i dién tich dudi
duong cong I (t).
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Hinh 6: D6 lan truyén bénh dai trén dong vat & chau Au tir 1969 dén 1977

Bénh dai 1a bénh c6 tinh lan truyén trén khap Thé Gidi. Khoang vai trim nim trd lai dy, cic
nuée chau Au phai hiing chiu nhiéu dot bénh dai, don cit nhu dich xay ra trén cac loai dong vat
bit dAu tai Ba Lan vao nim 1939 va lan truyén vé& huéng Tay véi tbc dd 30 — 60 km mdi nim.
Hién nay, bénh nay da dudc kim ham va loai s6i d6 1a vat chi truyén bénh ciing nhu 1 loai
nhiém bénh trong sudt dich bénh tai chau Au. D6 lan truyén bénh dai c6 dang giéng nhu séng
luu dong nhu hinh 6. Loai s6i d6 chiém dén 70% trudng hdp ghi nhan dudc & phia Tay Au. Mic
dit Anh Qudc khong con bénh dai k€ tit nim 1900, nhung chinh sach nhap khau thd cung mang
lai nguy cd bung phat bénh nay, dac biét khi Anh c6 mat do loai s6i, ch6 va meo & muc cao. Tai
Bristol, mat do loai séi 12 12 con/km?®. Do d6, d€ kiém soat ciing nhu ngin ngira su lan truyén
bénh dai, ta can biét bénh dai lan truyén nhu thé nao. Ta nghién cttu mo hinh don gian dudi day
v6i cac gia thiét gibng v6i mo hinh SIR, cong thém gia thiét

e So6i khoe (dé bénh): Loai s6i ndy ¢6 1anh thd riéng va nhin chung ching khong di chuyén
ra khoi lanh thd.

e S6i dai (nhiém bénh): Loai s6i nay do nhiém bénh nén tinh cich thay ddi thit thudng va
hay di khip ndi véi hé sb khuéch tan D km?/ nim.

e Virus bénh dai nam trong con séi dai dugc truyén ti séi dai sang s6i khoe véi toc do
nhiém bénh r1, v6i r 1a hé s6 truyén bénh.

e Bénh dai rit nguy hiém nén séi dai sé chét véi toc dd a, tic thoi gian séng clia séi dai 1a
1/a.

175

https://tieulun.hopto.org



Tap chi Epsilon, S6 13, 02/2017

Tit cac gia thiét trén, ta dugc mo hinh SIR xét trong mdt chiéu

oS

Y o

T rlS

ol 01
E—D@—i"f’fs—a[
OR

ol

o ¢

Ta viét gon 3 phuong trinh trén bang cac cach dit

1 S D a
.[*: 75*: 9 * — 7t*: St?A:
So S() o ’I“Sox "0 TSQ

1. Bién ddi phuong trinh (27)
Ta co:

S = 5.5 = 0S5 = 5,05,

1 1
t = —1. t = —01,
T‘SO — 0 T’Soa
I =125
Thay vao phuong trinh (27), ta dugc
0S
— =—rl
5 rlS
Sp0S,
o 2 o = —1(1.50) (S.50)
rsp Ot
& 7“(5’0)285 Y — —r(Sy)° LS,
ot
08,
= _-[* *
& o1 S

2. Bién ddi phuong trinh (28)
Ta co:

I = I*So = 0] = 5081* — 821 = 5082[*

1 1
_ S 2 . D 2
x*—\/Dx:>(9x—rsoax*
S = 5.5
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Thay vao phuong trinh (28), ta dugdc

ol 0?1

52_D55+THL%H
Soa]* 5'082]*
Lot D%axg + 7 (L.Sp) (S+S0) — al.Sy
o0 So

01, 0%I,

oL, L a

= LS, — —1.
at* (91:3 + S TS(]
oL, 01,

© 5 = (S, = \) 31)

Thay S, = S, I, = I,t, = t, ta thu dugc hé rit gon
9 — I8

o1 _ o1
S =53 1(S—=))

(32)

va lic nay S, I, z va t khong c6 thd nguyén va A = a/r.S; 1a mic do tdc dd chét so sanh vdi tbe
do truyén bénh. Nghiém séng Iuu dong ctia (32) c6 dang
S(x, t)=S5(y), I(zt)=1(y),y=z—ct (33)

v6i ¢ 1a toc dd séng. Tur dang nghiém séng, ta viét lai hé (32) nhu sau

a5 _ oI _ 921
e e 7t At
—cS' ' =—-IS —cI'=1"+1(5S—-))
S0=cS—-1S| ©«0=I"+cl"+1(S—-))

Viy ta dugc hé
0=¢S—-1S8
O0=1"+cl'"+1(S—-N)

Ta gid st A = a/ (rSy) < 1 nhim dam bao diéu kién dich bénh dang lan rong.

(34)

Piéu kién dau cta nghiém séng lIuu dong 1a

S(o00)=1,58(-0) =0,1(c0)=1(—00)=0
Luu y ring S’ (—o00) = 0 vi ta mudn u6c doan s6 luong s6i khde con séng sot sau dich bénh.
Ta viét S = 1 — P va viét lai hé (34) dudi dang tuyén tinh

0=cS"—1S
O0=1"+cl'"+1(5S—))
N O0=—cP —I+1P
O0=I0"+cl'"+1—-IN—1IP

0=—cP -1

Fo=I" el +T(1—)) (35)
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Ta tim nghiém ctia hé (35) bang cach dit v = I, khi d6 ¢/ = I" = —cI’' — I (1 — \).

{ ]/:'y:f(]7fy)
fl=—cy—=T(1-X)=g(l,7)

SN (0
=10 o) ={—a-.
ol oy —(1=A) —c

Ta tim tri riéng p ctia .J bang cach giai phuong trinh

Ta dudc ma tran Jacobi

det|J —pl|=0

& det <_ (1_/i N _Cl_ M) =0

Splec+p)+(1-X)=0
et t+cep+(1-X) =0

Tinh biét thic A = ¢ — 4 (1 — \), khi d6 ta dugc 2 tri riéng

—cEt\/2—4(1-))
2

ILL:

Hé (35) c6 nghiém tap trung &n dinh tai (1, I’) = (0,0) néu p 1a s6 phiic, khi d6 A < 0 va ton
tai nhiing vi tri d€ I < 0, diéu nay 13 khong thuc t&, do d6 A > 0, suy ra ¢ > 2v/1 — .

Bay gid ta s& tinh miic do nghiém trong ctia dich bénh bing cich tinh S (00) véi y nghia uéc
lugng khi dich bénh kéo dai thi con bao nhiéu con s6i khoe. Tit phuong trinh dau ctia hé (34), ta
dugc I = ¢S’/ S, thay xubng phuong trinh thif hai, ta dudc:

I"+cl"+1(S—X)=0

/ JE—
(:)]”_’_C]’_}_M =0
S
s+l = -5 1—i
N S

Nguyén ham hai vé, ta dudc:

/(["+c1’)dy: —c/S’ (1—%) dy

— I' + ¢l + const; = —cS 4+ cA\In S + consty
= (I' +cl) +c¢(S — AIn S) = constant (36)

St dung diéu kién dau khi y — oo, véi S (c0) = 1,1 (00) = 0 va véi I’ (co0) = 0, thay vao (36),
thu dudc hang s 1a c.

Ta tinh S (—o0) bing cach thay I (—oo) = 0, I’ (—o0o) = 0 vao phuong trinh (36) v6i hing s6
bing ¢, ta dudc phuong trinh

S(—o0) = AlnS(—o0) =1 (37)
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Hinh 7: o 12 mat do s6i khde con sbéng sot sau khi trai qua soéng dich bénh dua vao ham sb do
nghi€ém trong (37)

Ta chiing minh phuong trinh (37) c6 nghiém S (—

00).
f (o) =0 — Alno — 1, ta tim nghiém phuong trinh f

bit 0 = S (—o0), thay vao (37), ta dugc
() =0v6i Ao < 1.

Tim nghiém [’ () =0

f(e)=0
A
= 1——=0
o
So=A
K& bang bién thién, ta dudc:
o |0 A 1
/(o) - 0+

+oo

f(o) \f(o—) /0

Tu bang bién thién, ta dudc f (o) < 0. Mit khéc, ¢6 f (¢ — 0) > 0, két hgp ham f (o) lién
tuc trén (0, A\ nén phuong trinh f (xo) = 0 c¢6 nghiém o € (0, A]. Do d9, (37) c6 nghiém véi
0 < S(—o0) < A < 1. Khi \ cang nhé thi cang it loai s6i séng sét, hay néi cach khéc, dich
bénh cang trAm trong. Hinh 7 minh hoa s6 luong s6i khée theo phuong trinh (37) theo bién
o = S (—o0). Thong thudng, séng sé& c6 toc do nhd nhit ¢ ~ cpin = 2¢/1 — .

Hinh 8 biéu dién nghiém x4p xi ctia séng luu dong cho S va I tit hé (32), véi A = 0.5. O hinh
7 véi A = 0.5 thi ti 1& s6i séng s6t 1a o = 0.2. Ta so sanh két qua x4p xi ctia s6 luong s6i khde
trong dich bénh vé6i két qua dit liéu thuc té thu dudc & chau Au & hinh 9. D6 thi cia két qua
xap xi va dit liéu thuc té c6 trang thdi khac biét rd rang. M6 hinh (32) chi bdo dam tir giai doan
"front" trd di. RO rang sau mot doan song thi sb loai séi khoe bat dau ting 1én do loai sé6i da tim
dudc moi trudng d€ tri 4n, hay noi cach khac, thang do thdi gian clia md hinh (32) dudc mo ta
ngan hon so véi dd dao dong trong hinh 9.
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Hinh 8: Nghiém song luu dong ctia hé (32) v6i mat do s6i khoe (S) va séi bénh (1) véi A = 0.5

va toc do song ¢ = V2.

- >

= Directi f of epizootic >
% irection of progress p »
=
= .
[, Enzootic phase Front] Uninfected zone
65-80%
" Mortalit;
SG _________________________ el Y
Silent

// phase

s, Z—}*T‘:_:‘/;/&t: Y
~ Time 200-600 km 100-300 km | 100-300 km | 40-100 km Distance
6-12 Years 3-6 Years 3-6 Years 1-3 Years

Hinh 9: Dit liéu tit Centre National d’Etudes sur la Rage vao nim 1977. C6 bién dong & sbd
luong séi khoe biéu dién theo ham sb dich bénh dai theo thdi gian.
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Tap chi online ctia cong dong

nhting ngudi yéu todn Tap chi Epsilon, S6 13, 02/2017

SO FERMAT - TINH CHAT VA UNG DUNG

Tran Minh Hién (THPT Chuyén Quang Trung)

1. DINH NGHIA

Nhu ta da biét s6 2™ + 1, v6i m nguyén duong, 13 s6 nguyén t6 thi m = 2", n € Z*. That vay,
vinéum = 2".k, v6i k 1a sb nguyén duong 18 thi

41 =27 1= 27 1= (2 +1).B
12 hop s6.
Dinh nghia 1.1. V6i mbi sd nguyén duong n, dit
EF,=2"+1
thi F,, goi la s6 Fermat thif n. Néu F), nguyén t6 thi ngudi ta goi d6 12 s6 nguyén té6 Fermat thit

n.Chi y Fy, Fy, Fy, F3, Fy déu 1a cc sd nguyén td, nhung F; khong 1a sb nguyén t.

Sé Fermat cé rdt nhiéu iing dung. Nam 1796 nha todn hoc Gauss dd tim ra moi quan hé giiia
phép dung da gidc déu bang thudc va compass va sé nguyén té Fermat la: "Mot da gidc déu
n canh dyng dugc bdng thudc ké va compass khi va chi khi n = 2'pypy...p; véin > 0,i >
0,7 >0vapi,ps,...,pjlacdc sO nguyén to Fermat".

2. CAC DANG THUC DAI SO

Ménh dé 2.1. Cho s6 Fermat F,, = 2% + 1. Khi do:
1. Voimoin > 1thi
Fy=(F1—17%+1.

2. Voimoin > 1thi
F,=Fy...F,_ 1+2.

3. Voimoin > 2 thi
F,=F* —2(F,,—1).

n
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4. Voi moin > 2 thi
271,71

Fn == n71+2 FO--'Fn72-

Chuing minh. 1. Taco
n— 2 n
(Fpoi — 1% +1= (22 1+1—1) +1=2"41=F,.

2. Quy nap theo n. Gia st ding dén n, thi véi n + 1 ta cé
Fy...F,+2=F,...F, 1.F,+2
= (F, —2)F,+2 (gia thiét quy nap)
=2 -1 +1)+2
— 22n+1 + 1 _ Fn+1

3. Tacod

n— 2 n— 2
F2 —2(F, ,—1)7%= (22 1+1) —2(22 2+1—1)
=922 1292 11 202"
=2 4+1=F,.

4. Quy nap theo n, gia st ding dén n, khi d6 v6i n + 1 thi

Fo+2"Fy.. . Foy = F,+ 2" (¥ Ry Foa) Fo
=F,+2"F, (F, — F,_1) (gia thiét quy nap)
— 92" 41492 ( 92"t )(22" 92"~ 1)
=22 142 (2 )2 (20 )
=2 +1+2 (2% - 1)
=9 41427 ¥
=22 1 =F,.

Ménh dé 3.1. Cho s6 Fermat F, = 22" + 1, khi d6 ta ¢ mét sé tinh chdt sé hoc ddng chu y
sau:

1. Véimoin > 1thi F,, = 2(modFy),Vk=0,1,2,...,n— 1.
2. Vi moin > 2 thi chit s6 tan cung ciia F,, la 7.
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3. Khoéng co s6 Fermat nao la sé chinh phuong.
4. Moi 56 Fermat F,,(n > 1) déu cé dang 6m — 1.

5. Vi moin > 2, moi s6 Fermat F, déu co vé han cdch biéu dién dudi dang x> — 2y?, vdi
x,y la cdc sé nguyén duong.

6. Voimoim # nthi (F,,, F,) = 1.
7. Khong c6 sé Fermat F,,(n > 2) ndo c6 thé biéu dién thanh tong ciia hai sé nguyén to.

8. Khong c6 s6 nguyén té Fermat nao cé thé biéu dién dudi dang hiéu ciia hai liiy thita bdc
p, VOi p nguyén to lé.

9. Khéng co6 sé Fermat nao la lity thita thuc sw cia mot s6 nguyén duong, tiic khong co dang
x* véi x nguyén duong va k > 2.

10. Tap tdt cd cdc sé nguyén khong la thing du bdc hai ciia sé nguyén té6 Fermat F,, bang voi
tdp tdt cd cdc cdan nguyén thiy ciia no.

11. Néum < 2" —1thi F,,|2F — 2.

Chiing minh. 1. Tinh chit nay suy ra tit b6 dé 21.3.2y 1, do F,, = FyFy ... F,_; + 2.

2. Theo y trén, suy ra F,, = 2(modF; = 5). Vi tt ca céac s6 F,, déu 1é nén dan dén F, =
7(mod10).

3. Vi Fy = 3, F} = 5 ro rang khong 12 s chinh phuong. V6i n > 2, theo ¥ trén ta vita ching

minh F,, = 7(mod10). Ma mot sb chinh phuong thi tan cing 12 0,1,4,5,6,9. Do d6 F),
ciing khong thé 1a s6 chinh phuong khi n > 2.

4. Piéu nay ddng nghia véi chitng minh F,, + 1:6,Vn > 1. Theo ménh dé 2.1 y 2 thi

Fo4+l1=FF.. F 1 +2+1=3F..F,+2+1=3(F\F,...F,+1):6
doFy...F,lasblénén F,...F,+ 1chan.
5. Theo ménh dé 2.1y 3, thi
(0, yo) = (Fn-1, Foz — 1)
cho ta mot biéu dién nhu vay. Chd y dang thiic
(3z 4+ 4y)* — 2(2x + 3y)* = 22 — 22,

Chii y néu z,y nguyén duong thi 3z + 4y > z va 2z + 3y > y ciing 1a cdc sd nguyén
duong. Diéu nay c6 nghia 12 ta c6 thé thiét 1ap quan hé hoi quy

(25, 9:) = (3zi—1 + 4yi1, 2051 + 3yi1) -
Vay cac di€ém (z,,, y,,) nhu trén 12 vo han, cing biéu dién cho F,.
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6. Gia st mau thudn, tic 1a ton tai i, j d€ (F}, F;) = a > 1. Gia stt F; > Fj, khi d6 theo
ménh d& 2.1 y4tacé

Fj=F; 1 +2¥  F.F ... F.. . F,.

Vi a|F;,a|F; nén suy ra a|F;_; vado d6 a|F} ... F;_1. Khido a|F; = F,... Fj_; = 2
(theo ménh dé 2.1y 1). Suy ra @ = 2, nhung diéu nay vo ly vi moi s6 F,, déu 1é nén a phai
1a 56 18.

7. Gia st ton tai s0 F,(n > 2) c6 thé biéu dién thanh F,, = p + ¢ vdi p, ¢ nguyén t6. Do F,
18 nén mot trong hai s p, ¢ phai bang 2. Gia st p = 2, khi d6
g=F,—2=2"—1=(2""+1) (2" —1)

12 mot hop s6, mau thuin.

8. Gia st ngudgc lai, ton tai s6 nguyén t6 Fermat F), d€ F,, = a? — bP(a > b) va p nguyén td
1é. Khi do
Fo=(a—0)(a" " +a" b+ - +abl > +0"").

Vi F,, nguyén td nén a — b = 1. Ngoai ra theo dinh ly Fermat thi
a’ = a(modp), O’ =b(modp) = F,, =a” — b’ = a— b= 1(modp).
Tit day dan dén p|F,, — 1 = 2%", vo Iy vi p 1a s6 nguyén t6 1&.

9. Do F = 3 va 3 khong 1a liiy thita thuc su cia mot s6 nguyén duong. V6i n > 0, theo
ménh dé 2.1y 1 thi
F,=(F,_1—17+1

nén F), khong thé 1 binh phuong ctia mot sd nguyén duong (vi chi ¢6 hai s6 chinh phuong
lién tiép 12 0 va 1). Bay gid gia st
F, = z*
v6i k 12 s6 nguyén duong 18, k > 3. Do n > 0 nén F,, 18, do d6 x cling 1a s6 18. Khi d6
2 =F,—1=2"-1=@-1)(""+2"?+-  +2+1).

Do

xk_l_i_..._f_aj +1:

—_————

gdm k — 1 (chén) thira s6 18 nén 1a s chin

12 56 18. Trong khi d6 vé trai 12 mot lily thira cdia 2, din dén phai xay ra

k
1
v : 1= 1=2-1=k=1

et =1
x_

mau thuln véi k > 3. Vay diéu phéan chiing sai, két qua dugc chiing minh.
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10. Goi a 1a mdt s6 khong 12 thédng dw bdc hai cia F,, va goi h = ordg, (a). Theo dinh 1y
Fermat thi
a’ ! = 1(mod F},).
Theo dinh nghia ctia cap thi h|F, — 1 = 22". Do d6 h = 2* véi k nguyén duong k < 2".
Vi a khong 1a thing du bac hai modulo F},, theo tiéu chuan Euler thi

Fp—1 22”71

az =a = —1(modF,).

Vay néu k < 2" thi 2¢[22"~1 nén
o = 1(modF},)
mau thuln. Vay k& = 2" hay ordp, (a) = 22" nén a la mdt cén nguyén thiy theo modulo
F,. Ngudc lai, néu @ 12 mot cin nguyén thiy theo modulo F), thi
Fp—1

a~z # 1(modF,).

Tir d6 theo tiéu chuén Euler thi a khong 1a thing du bac hai theo modulo F,.

11. Taco
2fn —2 =221 — 1)
=2(2% -1)
=2(Fon —2)
=2 F, ... Fony (ménhdé2.1y4).
Tt day c6 diéu phai chiing minh. O

Meénh dé 3.2. Cho q = p™ la liy thita ciia mét sé nguyén 6 16 p, véi m > 1. Khi dé
F,:q < ord,(2) = 2"

Ching minh. 1. Gia st ¢|F,, = 22" + 1. Khi d6
gl (2% +1) (2" - 1) =2"" —1= 2" = 1(modg).

Dit h = ord,(2), thi 2" = 1(modq). Theo dinh nghia ctia cp thi
hl2"tt = h=2% (k<n+1).

Ta sé chiing minh k& = n + 1. Néu k < n + 1, khi d6
k<n=>n—k>0=2"">1

Do dé, v6i h = 2F thi

2" = 1(modq) = (22k> 2" % = 1(modq) = 2*" = 1(modq).

T day suy ra ¢|22" — 1, ma ¢|22" + 1 nén ¢|2, mau thuln vi ¢ 1a s6 18.
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2. Ngudc lai, néu ord, (2) = 2"+, titc 1a 2>*"" = 1(modg), hay

(22n + 1) (22n — 1) g =p™.

Do p 12 s6 nguyén t6 18, nén p chia hét chi mot trong hai s6 22" + 1 hodc 22" — 1. Tu day
dan dén

22" +1:¢q hoic 22" —1:q.
Tuy nhién ¢ { 22" — 1 do ord,(2) = 2"*!. Do d6

q)2*" —1=F,.

O
Ménh dé 3.3 (EULER). Néu p la udc nguyén té cua F), thi p cé dang p = k.2 + 1, tiic la
p=1(mod2"™)

voi k nguyén duong.

Chuing minh. Theo dinh ly Fermat thi
2P~! = 1(modp).

Theo dinh nghia cda cp, thi ord,(2)|p — 1. Ddn dén ton tai s6 nguyén duong k sao cho
p—1=k.ord,(2).

Theo ménh dé 3.2 thi ord, (2) = 2"*!. Do d6

p—1=k2"™ =|p=Fk2"" 41|

Ta con c6 mot két qud chdit hon nhu sau.

Ménh dé 3.4 (LUCAS). Néu p la udc nguyén 16 ciia F,(n > 1) thi p cé dang p = k.2"" + 1,
voi k nguyén duong.

Chitng minh. Vi p|F, nén theo 3.3 thi p = 1(mod2"™!). Vi

p—1:2""1:8 (n>1)

Dén dén p c6 dang p = 1(mod8). Theo két qua thang du béc 2 thi 2 1a thing du bdc hai theo
modulo p, tiic ton tai s6 a nguyén dé

a® = 2(modp).
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Khi d6 )
n+1 " n n+2
a®" = (a®)” =2* = ~1(modp) = *" = 1(modp).
Do d6 néu goi h = ord,(2) thi h|2"+2. Lip lai cach chiing minh trong ménh dé 25.4, ta c6 két
qua h = 2""2. Vay
2"2 = ord,(2).
Theo dinh 1y Fermat thi a?~! = 1(modp), nén theo dinh nghia cla cp thi

2" p—1=|p=1 (mod2”+2> :

Dinh ly dugc chiing minh hoan toan. ]

Chii y: S6 a 6 thé chon tudng minh 1 @ = 22"~ (22%1 — 1) . Ngoai ra tit cdc két qud trén suy
ra
p—1

272 :F, vdimoipl|F,.

Hé qua 3.5. Néu d la mét uéc sé bt ky cia F,(n > 1) thi d ¢ dang d = k.2"*% + 1, vdi k
nguyén duong.

Chitng minh. Theo ménh dé 3.4 thi moi uSc nguyén td cia F, déu c6 dang k.2"+2 + 1. Mit
khéc, xét tich ctia hai s6 nguyén t6 dang nay

(k22 + 1) (127 + 1) = (k2" + k+ 1) 272 +1
ciing 1a mot s6 c6 dang k272 + 1. Tt d6 moi udc sb cia F, déu c6 dang nay. O

B6 dé 3.6. Vdi n > 0 va sé Fermat F,, chia hét cho sé cé dang 2" +1(m > 1) thi F,, = 2™+ 1,
tuc lam = 2™,

Chiing minh. V6i mdi m nguyén duong, dit Q,,, = 2™ + 1, khi do6
F, = Q.
Theo khai trién nhi thic Newton thi
Qy=2"+1=(2) +1=(Q; — 1)) +1 =1+ (=1)"(modQ,).
Tir day dan dén
1 néu i chan,

(%)

Qj néu 11é.

Theo b dé 25.3, y 6 thi
(Fy, Frp) =1 v6i k#m. (k)
Gia st m < 2" (khong thé xdy ra m > 2" vi lic d6 2™ + 1 > F,). Vim < 2", nén m c6 thé
phan tich duéi dang m = i.2%, v6i i 1a s6 1€, va k < n. Theo (¥), véi j = 2F va i 18, thi
Theo gia thiét thi Q,,|F,, nén suy ra
Qm| (Fm Fk)
mau thudn véi (¥%). Vay diéu gia st 12 sai, do d6 m = 2". B8 dé dugc chiing minh. O
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B0 dé trén cho ta tinh chdt, s6 F, khong cé udc sé thue su nao dang 2™ + 1.

Heé qua 3.7. Véin > 3 thi F,, khong c6 wdc sé dang 22 + 1.

Chitng minh. Theo bd dé 3.6, néu F), ¢6 udc s6 dang 272 + 1 thin + 2 = 2". Nhung vin > 3
nén 2" > n + 2, mau thuan. O
Hé qua 3.8. Vdimoin > 11thi (n, F,) = 1.

Chitng minh. Theo ménh dé 3.6, thi moi u6c s6 ctia F, déu c6 dang d = k.2"*2 4 1, véi k

nguyén duong. V6i n = 1 thi két qua 1 hién nhién. V6i n > 1, thi moi duéc sb d ctia F,, déu c6
dang d = k.2"" + 1, v6i k nguyén ducng. Nhung

d=k2"2 4 1>2"2 41 >n,

tic moi udc s ctia F), déu 16n hon n, do d6 (n, F,) = 1. O

n

Heé qua 3.9. Vii s6 nguyén duong n > 2 thi F}, cé khong qud 3 wdc nguyén to.
n

Chiing minh. Theo ménh dé 25.6, thi moi udc nguyén t6 ctia F}, déu c6 dang p = k.2"2 + 1,
v6i k nguyén duong. Do n > 2, nén theo hé qua 3.7 thi £ > 1. Gia stt F;, c6 dang phan tich
chinh tic thanh j thita s6 nguyén t6

Fo= (k.22 + )" (k272 + 1), (on,...,05 € Z7).

Khi d6
27 +1> (227 + )" . (22" + 1) (dok; > 1,Vi=T,7)
> (2.2"12 4+ ) (2 2" +1)  (doa; > 1,Vi=1,))
— <2n+3 + 1)
~ 97 j(n+3) +1.
Vay

n

22n+1>2j("+3)+1$2n>j(n+3):>j<n
]

B§ dé 3.10. Cho p la s6 nguyén té 1é va a > 2 la s6 nguyén duong. Néu t la sé nguyén duong
l6n nhdt sao cho

ordy: (a) = ord,(a).
Khi doé véi moir € {1,2,...,t} thi ordy (a) = ordy(a) va ordy,-(a) = p"t.ordy(a).

Chiing minh. Pitord,: (a) = ord,(a) = h. Via?~' = 1 (modp) nén hjp—1dandén h < p—1.
Do tinh chét s6 ¢, 1a s6 nguyén duong 16n nhét sao cho

ah—lfpt:>vp(ah—1>:t.
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Dit ord, (a) = k. Néur = 1,7 = ¢ thi két qua 12 hién nhién. Khir € {2,3,...,p — 1} do

a" —1:p':p" = a" =1 (modyp").
Theo dinh nghia cta k thi k|h. Néu k < h, dat h = k.2 v6i2 > 1. Khi d6

v, (a" = 1) = v, ((ak)i — 1) = v, (aF = 1) +v,(i) = t = v, (a" — 1) + v,(3).

Chd y v, (ak — 1) < t, vinéu v, (ak — 1) = t, tc aF — 1:p':p, mau thuln véi h 1a clp cta a
theo modulo p ma k£ < h. Khi do
vy (1) :t—vp(ak—1> >0=1i:p,

mau thudn vii < h < p — 1. Vay k < h din dén vo 1y. Do d6 k& = h. B& dé dugc ching minh.
Truong hgp r > ¢ chiing minh tuong tu. [

Ménh dé 3.11. Cho n > 1 nguyén duong. Gid sit F,, ¢6 udc nguyén t6 p. Khi dé
PE, 2t =1 (modp2> :

Ching minh. 1. Theo ménh dé 3.6, thi p|F,, nén p c6 dang p = k.2"*2 + 1, v6i k nguyén
duong. Néu p?| F,, thi

2n+l

22" = —1(modp?) = 2 = 1(modp?).

Din dén 22" = 1(modp?) va 252" = 1(modp?) hay
2r~! = 1(modp?).

2. Ngudc lai, gid st 2¢~! = 1 (modp?). Khi d6 ord,:(2)|p — 1 (*). Pit ord,(2) = k. Goi ¢ la
s6 nguyén duong 16n nhit sao cho 2% = 1(modp’). Néu t = 1, khi dé, theo b3 dé 25.12
va (*) thi

ord,2(2) = p* ord,(2) = p.ord,(2) = p.ord,(2)|p — 1,
vO 1y vi p — 1 khong thé chia hét cho p. Tir d6 ¢ > 1. Khi d6 lai theo bd dé 3.10 suy ra
ord,2(2) = ord,(2).

Tu day suy ra
ok =1 (modpQ) & 28 =1 (modp) (2).

Lai do p|F, nén 22" = —1 (modp) hay 22" = 1 (modp). Theo (2) suy ra
2" =1 (modp?) = p?| (2% +1) (2¥" —1) = F.. (2" = 1)  (3).
Ngoai ra p t 22" — 1, vinéu p|22" — 1, lai do p|22" + 1 nén suy ra p|2 (vd ly véi p nguyén

t6 18). Do d6 tir (3) suy ra
P*|F.
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Dinh ly 3.12. Néun > 4, va p la uéc nguyén té I6n nhdt cia F,, khi do

p> (4n+9)2"2 4 1.

Chiing minh. V6i n > 4, theo ménh dé 3.6, moi udc nguyén t6 p|F,, déu c6 dang p = 1(mod
2"+2). Viét F,, & dang chinh tic
F, = plil .. .pf,’f
V6i by, . .., by, 12 cdc s& nguyén duong va py, pa, . . ., pm 12 cac s6 nguyén t6 dang
pi=k2"?+1, Vi=1,2,....m

va k; 1a cac s6 nguyén duong. Do n > 4, nén theo hé qua 25.9 thi k; > 1,Vi = 1,2, ..., m. Khi
do

2n+2

2 1> (2 1) .
- 1 1 , ]
Tir ddy din dén, véi viee sit dung WY MY g iy s 0 > 1 (kér qud nay dé dang
In(z+1) Inz

1 1
suy ra do ham so M la ham tdng)
nx

In(22"+1)  In(2*) on
= .
by + by + +bm<1n(2n+2+1)<1n(2n+2) — 1

Theo khai trién nhi thiic Newton thi

p;)i _ (ki2n+2 + 1)52' — 2n+2kibi +1 (mod22n+4> .

Vin > 4nén 2" > 2n + 4, nén 22" : 2274 do d6

F, =2" +1=1(mod2™™).

Suy ra
1= [T (2""2k;b; + 1) (mod2?™*) = 14 2" k;b; (mod 22" +4)
=1 i=1
hay
223 " ki = 0 (mod2”* ™) = kiby + - - - + Knbn, = 0 (mod2"?) .
i=1
Tt day dan dén

kiby + kabo + -+ + kb, > 2772
Khi do6, su dung (1) ta co
g2
n+2

22 < kyby 4 -+ kb < max{ky, ..., kn}. Zbi < max{ky, ..., kn}-
i=1

suy ra
max{ky,...,kn} >4(n+2) =4n+ 8 = max{ky,... , kn} > 4n+9.

Do d6, néu p 1a u6c nguyén tb 16n nhit ctia F), thi
p=max{ky,... kn}2"2+1> (4n+9)2"2 + 1.

Dinh ly dugc chiing minh hoan toan. ]

191

https://tieulun.hopto.org



Tap chi Epsilon, S6 13, 02/2017

Vi du 4.1. Chiing minh rdng toén tai sé nguyén k sao cho 2".k + 1 la hop sé véi moi s6 nguyén
duong n.
Phdn tich gidgi. 1. Xét n viét dudi dang n = 2.1, [ 1a s6 tu nhién 1é. Khi d6

Mk +1=2"""%+1=—k+1(mod2*" +1).

Do d6 ta sé tim k dé
—k + 1= 0(mod2*" +1).

2. Trudc héttaco Fy, Fy, Fy, F, Fy 1a céc s nguyén td va Fy = 641 x 6700417 va (F;, F) =
1,Vi # . Dit p = 641, ¢ = 6700417.

3. Theo dinh ly thing du Trung Hoa, ton tai s nguyén duong k théa man

k
k
k
k=
k
k
k

4. Néum < 5 thi
2" = 22" = —1(modF,,) = 2"k = —1(mod F},,) = 2"k + 1: F,,.
5. Néum =5 thi
2" = 2% = —1(modF5) = 2"k = —1(modp) = 2"k + 1:p.
6. Néum > 5 thi
m] 25 2m75l .
2" =92" = (2)7 = 1(modFy) = 2"k = —1(modg) = 2"k + 1iq.

]

Vi du 4.2. Cho trudc cdc sé nguyén duong n, s. Ching minh rdang tén tai n s6 nguyén duong
lién tiép ma méi s6 déu coé wdc la lity thita bdc s ciia mot s6 nguyén duong lén hon 1.

Phan tich gidi. 1. Xét day s6 Fermat F,, = 22" + 1(n = 1,2,...). Lién quan dén s nay c6
tinh chit dang luu y 1a
(Fyn, Frn) = 1,Yn # m.
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2. Ap dung dinh ly thing du Trung Hoa cho n s6 nguyén t6 cing nhau F7, F3, . . . Fivan
s6r; = —i(i=1,2,...,n) thi ton tai s6 nguyén z, sao cho
xo+i: FY.

Vay day {zo+ 1,20 +2,..., 20 +n} gdm n sd nguyén duong lién tiép, s6 hang thi i chia
hét cho F?.

]

Vi du 4.3 (IMO SHORTLIST 1998). Xdc dinh tdt cd sé nguyén duong n sao cho véi n nay
ton taim € 7. dé
2" — 1jm* + 9.

Phdn tich gidgi. 1. Viét n dudi dang n = 2°.t(s,t € N), t lasb 1&.
2. Néut > 3thi2! — 12" — 1nén 2! — 1|m? + 9. Ta c
2! — 1= —1(mod4).

Tiic 1a s6 2! — 1 ¢6 dang 4k + 3, do d6 n6 c6 uSc nguyén t6 p ma p = —1(mod4). Di
nhién p # 3 vi
3128 —1,Vt1é.

T d6 suy ra
plm? +9 = m? = —9(modp).

Ching t6 —9 1a thang du bac hai theo modulo p, tuy nhién

()-GO e -

phai 12 s6 chén, tic 1a p = 1(mod4), vo ly.

. D
nén

3. Tir day suy ra t = 1 hay n = 2°. Ta chiing minh day 1a tit ca cdc sd cAn tim bing cach chi
ra s6 m d€ 2" — 1|m? + 9. Ta ¢6

2 —1=2" —1=(2-DE2+1)22+1) (2¥ +1)---(2¥ " +1).
Tur do dé
2" —1m?>+9=2" +1m>+9,Vk=0,1,...,s— 1.
Miit khéc cac s6 Fermat c6 tinh chét
(2" +1,2°" +1) = 1,Vm #n.
Theo dinh ly thing du Trung Hoa thi ton tai nghiém x théa man hé dong du
r = 2(mod2? + 1)

r = 2%(mod23 + 1)
r = 23(mod2* + 1)

r =22 (mod2¥ " +1).
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Tu do suy ra
2t+1

2 +1=0(mod2*" +1),Vt=0,1,2,...,5— 2.
Tu day suy ra
2" —1|9(zf + 1) = m*> + 9

v6i m = 31, day chinh 1 gid tri m can tim.

]

Vi du 4.4 (KOREA 1999). Tim tdt cd cdc sé tw nhién n théa man 2" — 1 chia hét cho 3 va ton
tai s6 nguyén m dé’
2" —1

4m? + 1.
3 |4m* +

Phdn tich gidi. 1. Néun = 1(mod?2) thi n = 2k + 1(k € N), khi d6
2" = 2%+ = 2 4F = 2(mod3) = 2" — 1 = 1(mod3)

khong thda man 2" — 1: 3.
2. Néun = 0(mod2), dit n = 2¥.u (u 12 s6 tu nhién 18). Néu u > 3 thi
20— q2r —1vi2" —1 =21 = (29 —1.

Do do
24 — 1)4m? + 1.

Mat khac, vi u > 3 nén
2% — 1= —1(mod4).

Khi d6 ton tai p nguyén td, p = —1(mod4), la uéc ctia 2* — 1. Khi do
pldm? + 1.
St dung tinh chit "Néu p 1a s6 nguyén tb dang 4k + 3 va a + b*: p thi ca a va b déu chia
hét cho p". Ap dung vao dang thiic trén thi
2m:ipvalip,
vo ly. Do dé u = 1, tdc n c6 dang . Ta chiing minh day 1a tit ca c4c sb can tim.

3. Khin = 2* thi .
2"—1 2% -1
33
v6i Fj 1a s6 Fermat thii 7 : F; = 2% 4 1. Theo dinh ly thing du Trung Hoa thi hé

z = 2(mod2? + 1)

r = 2%(mod2® + 1)

r = 23(mod2* + 1)
z=22"(mod22" " +1).
r = 0(mod?2).
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c6 nghiém, goi nghiém d6 1a z, thi 2o chin, dit z; = 2m thi
AmP 41 =22 +1:2" — 1.

O

Vi du 4.5 (IRAN TST 2009). Chitng minh rang tdp cdc wéc nguyén t6 cia 2*" + 1 véi n =
1.2,...1lavo han.

Chitng minh. Ta ching minh két qua trén ding cho 22" + a, v6i a nguyén duong. Goi v,(a) 1a
liiy thita 16n nhét ctia s& nguyén t6 p trong phan tich clia a. Gia st tp cic uéc nguyén tb clia cac
s6 22" + a 1a hitu han. Goi cé4c thita s6 nguyén t6 13 p;, pa, . . ., py. Khong mit tinh téng quit,
c6 thé gid stip; < py < ... < py. Khi d6 ton tai z € Z* di 16n sao cho

2

P, >a* +a.

Va ton tai sO ng du 16n sao cho

n n
vP1(22 +a) va(22 ta)

22 £ 1> (p1...pn)", do 2%° +1=np N
nén sé ton tai mot i, sao cho
Upy, (2% +a) > r.

Liy N +1 bat dang thiic, véi cac gia tri ng, no+1, . .., ng+N. Vichi cé N thita s6 nguyén t6, moi
mot gia tri xdy ra cho mot sb nguyén tb p; nao d6, theo Dirichlet, ton tai i, k, [ (0 < k,I < N)
nguyén duong dé hai bt dang thic ciing xay ra cho mot thira sé nguyén td p; nao do, tic la

vpi(22"0+l +a) >, Upi(22"0+k +a)>r.
Khong mét tinh téng quat, gid st k > [. Ta c6
ong+l _ r ong+l r
2 +a = 0(modp]) < 2 = —a(modpy]).

Ma

22" 4 a4 = 0(modp}) < 22" .28 4 a = 0(modp!) & (—a)*" " + a = 0(modp})
= " ta>p>p;>a¥ +1.

Piéu nay vo Iy vi k — [ < N. Vay diéu gia st 12 sai, tiic tip cdc uSc nguyén t6 clia diy nay 1a vo

han. L]

Bai 5.1. St dung s6 Fermat, hiy chiing minh ton tai v han sb nguyén t6.
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Bai 5.2. Cho s6 Fermat F), 12 hop s6. Gia st
Fo= (k2™ +1) (1.2 +1)
V6i k, [ 1a cac s6 18, thi k > 3,1 > 3.

Bai 5.3. Cho n > 1. Chiing minh ring sb Fermat F,, 12 s6 nguyén t6 khi va chi khi né c6 thé
bi€u dién duy nhét thanh tdng cda hai sb chinh phuong 1a F, = (22"71 )2 + 12

Bai 5.4. Chiing minh ring

trong trudng hdp a = 3 véi moi n > 1 va véi a = 5,a = 7 thi ding v6i moi n > 2 (Ky hi¢u

trong bai todn la ky hiéu Jacobi). Hon ntia hay chiing minh

F, Fn
p— p— > .
(Fm> (Fn> 1L,Vn>m>2

Bai 5.5 (Tiéu chuin Pepin). 1. V6imdin > 1,6 F, 1a sb nguyén t6 khi va chi khi

a
b

Fp—1

372 = —1(modF,).

2. Gia st ton tai s6 nguyén duong a sao cho
T =1 (mod F},)
thi F, 12 s6 nguyén té.
3. Gia st ton tai s6 nguyén duong a sao cho
a’' =1(modF,) nhung aT # 1 (modF,).
Khi d6 F), 1a sb nguyén t.

Bai 5.6. Chiing minh riing ton tai v han cip sd nguyén td (p, ¢) thda man diéu kién

Pl _1:q va 2971 —1:p.

Bai 5.7 (BULGARI 2006). Cho p 12 s6 nguyén t6 sao cho p?|2°~! — 1. Chiing minh ring véi
moi sd nguyén duong n thi s6
(p—1) (p!+2")

c6 it nhat 3 udc nguyén tb phan biét.
Bai 5.8. Chon > 5va F, = F.C v6i F, C la cic s6 nguyén duong > 1. Néu
3571 £ 351 (mod 0)
thi C 12 hop sb.
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Bai 5.9. Cho s6 nguyén duong n va F,, 1a hdp s6. Cho k.2™ + 1 1a mdt udc sb thuc su cta F,,
v6i k nguyén duong 18. Chitng minh rang

1. k> 3;

n

2. n+2<m< 5;
3. Ton tai s6 nguyén duong [ 18, > 3, nguyén td cing nhau véi k dé
F, = (k2" + 1) (12" + 1)
va vg (k + 1) = n. Ngoai ra max{k,l} > [}, _».

4. Chi c6 mot trong hai thira s6 k hoiic [ chia hét cho 3. Tir d6 suy ra v6i moi hop sd F},, ludn
ton tai mot sd nguyén duong 18 h sao cho 3h2" + 1|F,.

1. M.Krirek, F.LLuca va L.Somer, 17 lectures on Fermat numbers: From number theory to
geometry, Springer 2001.

2. F.Rothe, Selected chapters from number thoery and algebra, lectures notes on Internet.
3. C.Stang, Fermat number, lectures notes on Internet.

4. B.C.Tun, Cdc sé ddc biét: Fermat, Mersenne, hoan hdo, bai giang tip huin chuyén mén
he 2016.

5. Trang mang mathlinks.ro.
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gpsi lon

NHUNG Bif AN CUA SO NGUYEN TO

Ian Stewart
(Pai hoc Warwick, Anh)

GIOI THIEU

Bai bao dugc Tran Nam Diing trich dich tif quyén séch “Nhitng cdu dé hoc biia ciia gido
sw Stewart” clia tac gia Ian Stewart, ban tiéng Nga.

Trong toan hoc c6 nhitng bi mat va thach dé cia minh, va nhiing nha toan hoc mudn gidi ma
nhiing bi mat d6 nhiéu khi ciing giébng nhu nhiing tham ti. Ho tim nhiing dau hiéu, st dung
cac suy dién logic, dua ra cic két luan va tim kiém cic chiing minh cho su ding dan ctia minh.
Ciing giéng nhu trong cdng viéc clia nha tham t liing danh Sherlok Holmes, budc quan trong
nhét trong nghién ciu 12 bat dau tir dau va theo hudng suy nghi nao dé€ di dén thanh cong. Trong
nhiéu trudng hop cho dén nay chiing ta ciing chua biét phai lam thé nao. C6 thé tuyén bd nay
giéng nhu 15i thd nhan sy bat kha tri ctia chinh ching ta, va & mot mic do nao do6 thi ding 1a
nhu vay. Nhung diéu nay ciing c6 nghia 12 todn hoc mdi cho dén bay gid van chd doi nhitng phat
hién méi, v c6 nghia Ia linh vuc khoa hoc nay khong bao gid can van dé. Céc sb nguyén td 1a
mot mién dit gidu c6 cho nhiing gia thuyét hitu 1y ma chiing ta chua biét 1a ding hay sai. Dudi
day ching ta sé ké dén mot s6 gia thuyét nhu vay. Trong bai ndy, p, ky hiéu s6 nguyén t6 thii 7.

SO p 1a s6 nguyén t6 khi va chi khi pB,_; + 1 chia hét cho p, trong d6 By 1a s6 Bernoulli thi
k (Takashi Agoh, 1990). Néu nhu ban thuc sy thiy thi vi, thong tin vé nhiing sd niy c6 thé xem
trén Internet. O day ta dua ra nhitng s6 Bernoulli d4u tién

1 1 1 1
~ By=-,By=0 By=—-,Bs=0 Bg=-—, B, =0, By = ——.
P T s M )
Con day 1a mot khang dinh khac, tuong duong véi gia thuyét trén: S6 p 1a s6 nguyén t6 khi va
chi khi 1771 42771 ... 4 (p — 1)’ + 1 chia hét cho p (Guiseppe Giuca, 1950).

BOZI,Blz

Phan vi du, néu c6, phéi c6 it nhit 13800 chit s6 (David Borwein, Jonathan Borwein, Peter
Borwein and Roland Girgensohn, 1996).

Chu y, khi ki€m tra gia thuyét nay, sau khi tinh pB,_; theo nghia thong thudng, ta s& tiép tuc
tinh toan trong modulo p. Vi du

1

5 1
SB4+1:_8+1:650 (m0d5),7B6—|—1:8—|—1: =0 (mod 7).

AN
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Néu p,, 1a s6 nguyén t6 thii n thi /pur1 — /Pn < 1 (Dorin Andrica, 1986).

Imran Gori st dung thong tin vé khodng cach 16n nhit giita nhitng s6 nguyén td di kiém tra
khang dinh nay véi nhitng 7 dén 1, 3002 x 10'®. Hinh duéi day chiing ta thdy su phu thudc ctia
N/ Pn+1— +/DPn vao n cho 200 s6 nguyén t6 dau tién. S6 1 1a s6 16n nhat trén truc tung con tit ci
cdc dinh khéc trén d6 thi déu ndm dudi 1. Va chiing r6 rang 1a gidm khi n ting, nhung chiing ta
van khong thé tin chic rang khong xay ra tinh hubng véi 7 16n nao dé lai cé mot dinh 16n hon
1. D€ gia thiét da cho 12 sai, ta can c6 mot khoang cach 16n gitta hai s6 nguyén t6 rit 16n. Diéu
nay c6 vé rat khé xdy ra nhung hién nay ta van chua thé loai trit hoan toan kha ning nay.

o 0 20 30 40 50 &0 70 S0 90 100 110 120 130 140 150 180 170 180 190 200

Mpadmk 3aBUCUMOCTIA /3, —+/P, OT n Ana nepsbix 200 NPOCTLIX YACen

Moi s6 nguyén a, khac —1 va khong phai 1a s6 chinh phuong 1a cin nguyén thuy theo modulo
ctia vo sb sd nguyén td. C6 nghia 1a moi s6 nguyén tit 1 dén p — 1 néu bang hiéu ctia mot luy
thita nao d6 ctia @ va mot bdi nao dé ctia p. Ton tai nhitng cong thiic tudng minh cho ty 1é cic
s6 nhu vdy theo chiéu ting ctia ching (Emil Artin, 1927).

V6in > 1 ton tai it nht 4 s6 nguyén t6 ndm gitta p2 va p2 +1 (Henri Brocard, 1904). Dy doan
la gi4 thuyét nay ding, hon nita c6 thé cé nhiing khang dinh manh hon.
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2000

1500

1000 ‘I ‘
500 | |

il .

50 100 150 200

3aBMCUMMOCTb YMCNa NPOCTLIX YACEN MEXOy P, W Pl oTn
(Eric W. Weisstein, «Brocard's Conjectures, ¢ caita MathWorld —
http://mathworld.welfram.com/BrocardConjecture. html)

5. Gia thuyét Cramér

Khoang cich p,41 — p, giita hai s6 nguyén t lién tiép v6i n di 16n khong vust qua (In p,)?
v6i hé s6 cb dinh (Harald Cramér, 1936).

Cramer ching minh khing dinh tuong tu ma trong d6 thay vi (In p,)* 1a /p, In p, v6i didu
kién la gia thuyét Riemann, mot trong nhiing vin dé mé quan trong nhét ctia toan hoc, diing.

6. Gia thuyét Firoozbakht

Dai luong pi/" giam nghiém ngit (Farideh Firoozbakht, 1982). Didu niy c6 nghia la p./"

,lli(?jrl) v6i moi s6 nguyén duong n. Khang dinh nay ding véi moi sd nguyén ducng nhé hon
hay bang 4 x 108,

>

7. Gia thuyét Hardy — Littlewood thit nhat

Gia st 7, (x) ky hiéu s6 cac s6 nguyén td p < x, sao cho p + 2 ciing 1a s6 nguyén t6. Dinh
nghia hing sb cac s6 nguyén t6 sinh doi

= T122=2 — 0.66016
p>3 (p_l

(trong d6 ky hiéu 7 1a tich theo tit ca cac sb nguyén té p > 3). Khi d6
n
ma(n) ~ 2C,——,
2(n) > an)?
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trong d6 diu ~ c6 nghia 12 ty sb gilta hai dai lugng dan dén 1 khi n dan dén vo cung (Godfrey
Harold Hardy va John Edensor Littlewood, 1923).

Ngoai gia thuyét trén con c6 gia thuyét Hardy-Littlewood thif hai (xem & dudi).

Chiing ta bat du tif cdc sd nguyén tb
2,3,5, 7,11, 13, 17, 19, 23, 29, 31,...
va tinh hiéu gitta cac s6 hang lién tiép cla day sb nay:
1,2,2,4,2,4,2,4,6,2,...

Lip lai c4c tinh toan nhu vy v6i day sd mdi, khong quan tim dén diu ctia cic s6, va i tiép tuc
theo cach d6. Nam day s6 dau tién sé nhu thé nay:

1,0,2,2,2,2,2,2,4,...
1,2,0,0,0,0,0,2,...
1,2,0,0,0,0,2,...
1,2,0,0,0,2,...
1,2,0,0,2,...

Gilbreath va Proth dua ra gia thuyét ring s6 hang dau tién cta cac diy s nay ludn ludn la 1,
cho du ta c6 1ip lai qud trinh bao nhiéu 1an (Norman Gilbreath 1958, Francois Proth, 1978).

Vao nim 1993 Andrew Odlisko da kiém tra gia thuyét nay cho 3,4 x 10!! diy s dau tién.

Moi s6 nguyén chin 16n hon 2 déu c6 thé biéu dién dudi dang tdng hai s6 nguyén t (Christian
Goldbach, 1742).

T.Oliveira-i-Silva da kiém tra gia thuyét niy trén mdy tinh cho n < 1, 609 x 1018,

Mbi mdt phan ti clia tip hop cac hop sb lién tiép c6 thé cho tuong dng véi cac sb nguyén td
phan biét 1a uSc cua nd (C. A. Grimm, 1969).

Vi du, néu lay cic hop sb 32, 33, 34, 35, 36 thi ta c6 thé cho tuong tng véi 2, 11, 17, 5, 3.
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Nim 1912 Edmund Landau da liét ké b6n bai todn nén tang lién quan dén cc s6 nguyén té6 ma
ngay nay dudc goi 1a cac bai todn Landau. Ba bai toan dau la gia thuyét Goldbach (xem & trén),
gia thuyét vé cic s6 nguyén t6 sinh doi (xem dudi day) va gia thuyét Legendre (xem duéi day).
Bai toan thd tu nhu sau: Phdi ching ton tai vd sd s6 nguyén td p, sao cho p — 1 1a sb chinh
phuong? Néi cach khac p = x2 + 1 véi x 12 sb nguyén.

bay la mot sb s6 nhu vay: 2, 5, 17, 37, 101, 197, 257, 401, 577, 677, 1297, 3137, 4357, 5477,
7057, 8101, 8837, 12101, 13457, 14401 va 15377. Va day la s6 16n hon (nhung khong phai la
s6 16n nhit)

p = 15241578753238836750495351562566681945005334557625361987875019051998750190521,
x = 1234567890123456789012345678901234567890.

Vao nim 1997 John Friedlander va Henryk Iwaniec chiing minh dudc ring c6 vo sd sb nguyén td
dang x24+y*voix, yla %) nguyén. Day la cac ) hang dau tién cua day ) nay: 2, 5, 17, 37, 41,
97, 101, 137, 181, 197, 241, 257, 277, 281, 337, 401 457. Iwaniec chiing minh dudc rﬁng co
vo s6 s6 c6 dang x2 + 1, c6 khong qud hai udc nguyén to.

Gan vay nhung khong phai 1a gia thuyét ctia ching ta.

Adrien-Marie Legendre dé xuét gia thuyét v6i moi sd nguyén duong 7 ton tai sd nguyén t6 nam
gitta n2 va (n + 1)2. Khéng dinh nay 12 hé qua cta gia thuyét Andrica (xem & trén) va gia thuyét
Oppermann (xem dudi day). Tir gia thuyét Cramer (xem & trén) suy ra rang gia thuyét Legendre
diing v6i cac s6 di 16n. Hién nay gia thuyét da dudc kiém chiing cho dén 10'8.

Moi sb nguyén 18 16n hon 5 déu c6 thé viét dudi dang téng clia mot sd nguyén t6 18 va hai 1an
mot sd nguyén t6 khac (Emile Lemoine, 1894, Hyman Levy, 1963).

D. Korbitt kiém tra tinh diing din ctia gia thuyét nay cho dén 10°.

Vo nim 1644 Marin Mersenne thong bdo rang cic s6 2" —1 languyén td véin = 2, 3, 5, 7, 13,
17, 19, 31, 67, 127 va 257 va 1a hop sb véi tit ci cac s6 nguyén con lai n < 257. Sau ny ngudi

202

https://tieulun.hopto.org



Tap chi Epsilon, S6 13, 02/2017

ta chi ra rang Mersenne sai 6 5 trudng hop: Cac s6 n = 67 va 257 cho ta cac hdp sd, con
n = 61, 89, 107 lai cho ta cc sb nguyén t6. Gia thuyét Mersenne din dén gia thuyét Mersenne
méi va gia thuyét Lenstra, Carl Pomerance and Samuel Wagstaff sé dudc dé cap duéi day.

V6i moi s6 nguyén t 1€ p néu hai diéu kién dudi dy ding thi diéu kién thi ba ciing diing:

1. p =2% + 1 hoic p = 4k + 3 véi sb nguyén duong k nao dé.
2. S6 27 — 1 nguyén t6 (s6 nguyén tb Mersenne).

3. S6 21’3—+1 nguyén td (s6 nguyén tb Wagstaft).

(Paul Bateman, John Selfridge and Samuel Wagstaft Jr., 1989)

Ton tai v s6 s6 nguyén té6 Mersenne, trong d6 s6 cac sd nguyén to Mersenne nhé hon x, xip
xi bang e” Inln x/In 2, trong d6 y — 1a hang s6 Euler, gan bang 0, 577 (Hendrik Lenstra, Carl
Pomerance and Samuel Wagstaff Jr., khong cong bd).

Véi mdi sb nguyén n > 1 ton tai it nhat mot sd nguyén t6 nam gitta n(n — 1) va n? va it nhét
mot s6 nguyén t6 nam gitta n? va n(n + 1) (Ludvig Henrik Ferdinand Oppermann, 1882).

V6i moi s6 nguyén duong chin n ton tai vo sb cip s6 nguyén td lién tiép véi khoang cach 1a n
(Alphonsede Polignac, 1849).

Véi n = 2 khang dinh nay tuong ng véi gia thuyét vé& cic sb nguyén td sinh doi (xem dudi
day). V6i n = 4 n6 khang dinh ring c6 vo s sb cip sb nguyén 6 1a “anh em ho” (p, p + 4).
Véi n = 6 gia thuyét nay c6 nghia 1a c¢6 vo sb ciip sd nguyén td (p, p + 6), dudc goi la sexy (tir
tén goi la-tinh ctia s6 6), trong d6 nam giita cac s& p va p + 6 khdng c6 s6 nguyén t6 nao.
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Moi doan [x™, y"] (tdc 12 tp hop cac s6 tif x™ dén y™) déu chia it nhit mot sd nguyén t6, ngoai
tru [23, 32], [52, 33], [2°, 62], [112, 53], [37, 133], [5°, 562], [1812, 21°], [433, 2822], [46°, 3122],
[224342, 55°] (Stephen Redmond and Zhi-Wei Sun, 2006).

Gia thuyét nay dudc kiém chiing 13 diing cho tit ca cic doan [x™, y"] cho dén 10'2.
Yy y g g

Néu nhu 7(x) la sb cac s6 nguyén td nhd hon hay bang x, thi m(x + y) < n(x) + 7(y)
vOix, y > 2 (Godfry Harold Hardy and John Littlewood, 1923).

Ton tai cic suy luan k¥ thuat ma theo d6 ta c6 thé du dodn ring gia thuyét ny sai, nhung phan
vi du dau tién, néu c6 sé xdy ra vdi x rit 16n, c6 thé 1a 16n hon 1,5 x 1074, nhung nhé hon
2,2 x 101198,

Ton tai vo s6 s6 nguyén tb p, sao cho p + 2 cling nguyén t.

Thang 9 ndm 2016 céc “du dn tinh todn phdn bé” Twin Prime Search va PrimGrid, ma trong

d6 st dung cac ngudn luc nhan rdi cic mdy tinh clia cic tinh nguyén vién mong mudn tham gia

vao du 4n da cong b cip s6 nguyén td sinh doi 16n nhét tinh t6i thdi diém hién nay:
2996863034895 - 21290000 4 1,

Mbi s6 nay c6 388, 342 chit sb.

Trong doan tir 1 dén 108 c6 tit ca 808675888577436 cip s6 nguyén td sinh doi.
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PINH LY VAN DER WAERDEN VE CAP SO CONG VA
MOT SO TONG QUAT HOA

M. A. Lukomskaia
Ngudi dich: Hoang Buc Tan

Pinh ly Van Der Waerden dugc phat bi€u nhu sau.

Dinh Iy 1. Déi véi moi cdp sé tw nhién k, | luén tén tai sé tu nhién n(k,l) sao cho néu mot
doan bdt ky ciia ddy sé tw nhién c6 do dai n(k, 1) dwgc phdn chia theo mot phwong phdp bat ky
thanh k 16p thi sé c6 it nhdt la mot I6p trong k 16p dé ma trong 16p dy ta luén tim duoc mot cdp
sO cong co do dai l.

Ta sé chiing minh dinh 1y t6ng quat hon dinh Iy trén.

Dinh Iy 2. Cho trudc mét ddy vé han cdc so tw nhién nao do

Holas oo tg, ... (1)

D6i véi méi cdp sé tw nhién k, 1 luén tén tai mét sé tw nhién n(k, 1) sao cho néu mét doan bdt ky
ciia ddy sé tw nhién c6 do dai n(k, 1) dugc phdn chia theo mét phuwong phdp bdt ky thanh k 16p
thi sé co it nhdt la mot I6p (trong k 16p dy) ma trong ldp dé ta luon tim dugc | sé ¢y, ca, ..., c;
théa mdn diéu kién sau

(ca—c1):(cz—ca)ieeri(cr—crm) =ty ity il
Ta sé noi mot cdch ngdn gon la | s6 do tao thanh mot cdp sé cong tong qudt cé dé dai | dwoc
tao ra bdi ddy so (1).
Dinh ly Van Der Waerden sé 12 trudng hop riéng cta dinh ly vita dugc phat biéu chi trong trudng
hopty =t =+ =t,=---=1.

Chitng minh ma t6i di thong bdo cho Vién si Khinchin A. Ya ma ban c6 thé doc trong cudn “Ba
vién ngoc trong Iy thuyét s6” do dng viét that su 12 mot trudng hop riéng ctia chitng minh nay.
Ta sé ching minh dinh 1y bang phuong phap quy nap toan hoc theo [ tiic 1a bang cach gia thiét
dinh 1y 13 diing d6i véi mot / nao d6 va d6i véi moi k va ta cAn phai ching minh ring dinh ly
cling ding d6i véi [ + 1 va dbi véi moi k.

Trudc tién ta dit s6 hang dau tién ctia ddy (1) bang don vi: #; (vé sau nay ta sé thiy rang c6 cach
d€ thodt ra khoi rang budc nay).
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Dinh Iy I hién nhién d6i vi I = 2 va déi v6i moi k (b6i vi s6 n(k, I) c6 thé nhan gid trj k+1).
Vay tuan theo gi thiét clia ta thi dinh ly 13 ding ddi v6i s6 [ > 2 nao d6 va dbi véi k bat ky.

bat
qo =1, no =n(k,l)gs = (1 + t;)ns_1q5—1, ns = n(k?,1) >0 2)

Ta hay ching minh rang sd n(k, [ + 1) c6 thé 1y bang gx.

Viy gia st doan A ctia ddy s6 tu nhién c6 do dai g dudc phan chia theo mot phuong phap bat ky
thanh k 16p. Hai sb a va b ctia doan A d6 dudc goi 1a cuing loai néu ching cling nam trong mot
16p va s& dugc viétlaa ~ b. Haidoan A'(a,a +1,...,a+r)vaA"(a’,a’ +1,...,a’ +r)cbd
d6 dai bang nhau va cing nam trong doan A sé dudc goi 1a cung loai va dugc viét 1a A’ ~ A"
nua+j ~a +j, j=0,1,..., r. RO rang ddi v6i cac doan c6 do dai m thi sd cac loai
khéc nhau c6 thé c6 sé bang k™.

Vigr = (1 +t;)nk_1gx—1 nén doan A c6 thé dudc xem nhu 12 gdm hai phan khong bang nhau:
Phan bén trdi 12 mot ddy gdm ny_, doan c6 do dai gx_;, con phan bén phai 1a mot diy gom
tinx—1 doan c6 do dai gx_;. Ta s€ noi rﬁng cac doan c6 do dai bi“mg nhau sé tao nén mot cap sb
cong tdng quat néu cip s6 d6 dudc tao nén bdi cac sd dau tién cta chiing. Do dinh nghia cia
s6 nx_1 nén ta c6 thé khang dinh dudc rang phan bén tri ctia doan A c¢6 chita mot cip sb cong
tdng quat tir / doan cung loai v6i nhau Ay, A,, ..., A; vacling c¢6 do dai la gx_;. Ky hiéu cac
khoéang cach giita cidc dau mut bén trai ctia hai doan ké nhau (tiic 1a hiéu giita hai s& dau tién
cia hai doan ké nhau) 1a: dy, dita, ..., dit;—;.

Déi véi cip s6 tong quat tir cic doan cung loai d6 ta gan thém vao né phan ti thd [ + 11a Ajy,
ma phan ti 4y c6 thé khong cling loai véi cac phan tif diing trudc va né c6 thé sé vudt ra ngoai
phan dau tién cta doan A, nhung né van luén nam trong doan A.

Bay gi¢ ta lay mot phan ti A;, bt ky ti / phan td cta cap sb téng quat do, d6 1a doan c6 do
dai gx_;. Chiing ta s& tién hanh trén doan d6 tuong tu nhu di tién hanh véi doan A (tdc 1a coi
doan A nhu 1a ddy (1 + #;)nx_; doan c6 do dai gx_;) do dinh nghia ctia s6 nx_; ma ta c6 thé
khang dinh ring trong phin bén tréi ctia doan A;, bao gdm ny_; doan c6 do dai gx_» c6 chiia
clp sb cong tdng quat tir / doan cung loai A; ;,(1 < iy < [) c6 cung do dai gx—;. Ta ky hiéu
céac khoang cach giita cac dau muit trdi cda hai doan ké nhau Aii, qua da, doty, ..., datj—;.

Mot 1an nita ta lai n6i thém vao cip sd cong tdng quét nay phan ti thi / + 1 va rd rang phan
tif 4y cling vin niam trong doan A;,. Viéc xay dung d6 dudc ta tién hanh véi tit ca cac A;, (1 <
i1 <[+ 1) va trong tit ca cac doan do6 ta sé liy tuong ing cac doan Aj i, (1 < iy <1 +1) theo
vi tri tuong dng. B&i vi tht ca cdc 1a cing loai nén rd rang gitta ching véi nhau va tht ¢ A;,;, s&
lacungloainéul <i; <1/, 1<i, <.

Qua trinh x4y dung d6 dudc tiép tuc kéo dai k 1an. Két qua ctia 1an cudi cling ta sé nhan dudc
céac doan c6 do dai gy = 1 tiic 1a mot doan don gidn A ma mot cach téng quat ta c6 thé ky hiéu
12 Ajyiyeip (1 < iy, 0y ooy i < 1+ 1). Nhu vy ta dé thiy rang véi 1 < s < k, 1 < i, <
L1<il <I(1<r<s)thi

A ~ Ai;izmié' (3)

i1i2-is

Hai nhan xét sau day 1a rit quan trong d6i véi phan con lai trong chiing minh dinh 1y cia ta.
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D) Gastl <s <k, 1<i, <L1<ii<I(A<r<s), 1 <ip <I+16+1<m<k).
Khi d6

AiliZ"'isis—i-l"'ik ~ Al‘iié"'iéi;_i_l"'ik' (4)

That vay do hai s6 d6 ding & céc vi tri gibng nhau trong céc doan cung loai A;;,..;, va
Ajris iy
172°%s

2) Véis < k,is < [,i] = is+ 1 thicdc doan A;,.. s va Ajy i, 1 s€ la cac doan ke
nhau & bu’dc xay dung thi s ctia chiing ta. Cho nén dbi véi m01 chi s6 isyq, ..., ix thisd
Ajjineg_igigprix VA A s& chiém céc vi tri gidng nhau trong ha1 doan ké

nhau sao cho:

il 12"'x—llsls+l ik

A

iis—1igis 1 ik

— Ai1i2"'s—1isis+1"'ik = ds[is- (5)
D€ cho ngén gon, tadit [’ = + 1. Xétk + [ s6

a’”:Al---ll'---l”r:O’ 1,...,k. (6)
N————

r k—r

Trong céc sd d6 ta ludn tim dugc hai sd a, va ag cling nim trong mot 16p

Al---ll/--l/”Al ALl Q)
N N———
r k—r S ks
Xét cac sbd
ar=A1. ;... A<i <), (®)

Va ta sé ching minh ring chiing cling nam trong mot 16p va tao thanh mot cip sb cong téng
quat.

That vy céc s6 ¢; va ¢; 12 cuing loai do (7). Con tt ca cic sd ¢; (i < I’) 1a cung loai do (4). Vi
viy tat ca cdc sd ¢; (1 < i < I’) 1a cing ndm trong mdt 16p. Phan con lai 13 ta can phai chi ra
rang cac s6 d6 tao ra mot cap sb cong, tic la:

(co—c1):i(cz3—cp)i--i(cyr—c))=1:tp:---:1p. 9)

D€ cho ngén gon ta dit i’ = i + 1. Ta dua vao xét cic sb sau

Cim =081 1.1 ...7 Osm< <s—7)
‘\/—/‘\/—’W—‘\/—/
r m s—r—m k—s

S—r

Khidociy1 —c¢; = E (¢im — Cim—1) bOI Vi ci o = ¢; Vacjs—r = ci+1. Nhung do (5) ta ¢
m=1

Ci,m_ci,m—lel,,,ll’ l/i' ll, .l,_Al...li/...i/i...l l/ l/_dr+mtl
N ———— —— N ——— N — \,_/
r m S—r—m k—s r m—1 s—r—m+1 k—s

Co nghia la
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s—r
Nhung do Z d, +m khong phu thudc vao i va do d6 diéu kién (9) 12 thoéa man.

m=1

Do d6 dinh ly da dudc chiing minh véi gia thiét rang phan ti dau tién ctia ddy s6 (1) bang don
vi (ttic 1a bang 1). Néu #; khac don vi thi ta hay xét day s6 sau day

Lty .oty ... (10)

Khidé! +1sbc;(i =1,2,...,] +1)taora cép ) cong tdng quét c6 do dai [ + 1, dugc
tao ra bdi ddy s6 (10), cing ndm trong mot 16p, vi thé duong nhién 1a né chiia / s6 tao ra cip
s6 cong tong quat ¢ do dai /, dudc tao ra bdi diy s (1) va cling nam trong mot 16p (cu thé 1a
ciing cdc sd ¢; d6, 6 day bang 2, 3, ..., [ + 1).

Va dinh ly da dugc chiing minh hoan toan.

Thong tin lién hé véi dich gia
Email: hdtan54@gmail.com

Dia chi: S6 3 Hém 147/89/29 phd Tan Mai, Quan Hoang Mai, Ha Noi
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MOT SO PHUONG PHAP GIAT BATI TOAN TON TAI
TRONG SO HOC

Lé Xuan bai
(Truong THPT chuyén Vinh Phuc, Vinh Phuc)

Da c6 kha nhiéu chuyén dé vé s6 hoc dudc viét va thudng tip trung vao cic chi dé nhu phuong
trinh nghiém nguyén, dong du chia hét, cip clia phan tii, s6 chinh phuong, ... Tuy nhién trong
céc dé thi hoc sinh gidi hién nay xuét hién khd nhiéu bai todn vé su ton tai ctia mot tap hop sd
thda man diéu kién cho trude. Day 1a chii dé rit kho bdi tinh da dang ctia né va ciing gidng nhu
trong t& hop thi cach xay dung khong hé tu nhién chiit nao. C6 thé thiy cdc chuyén dé vé bai
todn ton tai trong s6 hoc va td hop rat it va chua dude quan tim ding mic. Chinh vi vy tac gia
manh dan viét vé mot s6 phuong phép ciing nhu huéng tiép cin vé6i bai todn vé su ton tai trong
s6 hoc.

Tu tudng quy nap dé chiing minh sy ton tai cia mot s6 nguyén thda man diéu kién cho trudc rd
rang rat tg nhién va phd bién. Viéc xay dung mot tip hop cac sd thdéa min yéu cau ciia bai toan
dua trén nguyén ly quy nap sé khién van dé trd 1én don gidn hon.

Bai todn 1. (IMO 2013) Chitng minh rdng véi méi cdp sé nguyén duong k va n luén ton tai k
50 nguyén duong my,my, ..., my thoa man

2k 1 1 1 1
1+ =(14+—){14+—)---[1+—]).
n mi mop mp

Loi gidi. Tir viée can biéu dién vé trai theo cac nhan ti dong dang, ta nghi téi phuong phap
chiing minh bing quy nap theo bién k.

That vay, véi k = 1 thi két qua 13 hién nhién. Gia st bai toan diing dén k — 1, ta can chiing minh
n6 dung véi k. Xét cac trudng hgp sau:

e VGin =2t —1,taco

1+2’6—1_2(r+2’<-1—1) 2t 1+2k‘1—1 . )
20—1 2t 2t —1 t 20 —1)°
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Theo gia thiét quy nap thi ton tai cdc sd m, mo, ..., mg_; sao cho

k=1 _ 1 1 1 1
4+ —={1+—)(14+— -1+ .
t mu mop Mig—1

Khi d6 ta chon my = 2t — 1 sé théa min yéu cau bai toan.

e VGin = 2t,tacod

1+2’6—1_2z+2k—12z+2’€—2_ - 1 1+2’<—1—1 2
20 2a+2k-2 2 2t +2k -2 t '

Theo gia thiét quy nap thi ton tai cac sd my, mo, ..., mg_; sao cho

k=1 _ 1 1 1
4+ ——={14+—)(14+— )1+ .
t mi mop Mik—1

Khi d6 ta chon my = 2¢ + 2¥ — 2 sé thoéa man yéu ciu bai toan.

Tir d6 suy ra diéu phai chiing minh. ]

Nhan xét. MAu chdt ctia bai toan 1a quy nap theo bién k va hai dang thiic quan trong (1), (2)
ting vé6i trudng hop n 1€ va chan. D€ budc quy nap dugc don gian ta thudng phai sit dung thém
cic dang thiic dic biét lién quan dén cAu tric bai todn, ta xét bai toan tiép theo sau day.

Bai toan 2. (Bulgarian MO) Chitng minh rang véi moi s6 nguyén n > 3, ton tai cdc sé nguyén
duong lé x, y sao cho
7x% 4 y* = 2",
L&i gidi. Ta sé chiing minh ton tai cdc sd nguyén duong 18 x,,, v, sao cho
Ix2+y2=2"n>3.
V6in = 3, ta co thé chon x3 = y; = 1.

Gia st ménh dé ding vé6i n. Ta can xay dung mot cip (X,41, Yut1) cdc s6 nguyén duong 18 sao
cho 7xj ; + vy =2"10

That vay, ta c6 dang thifc sau

n v\ (T F o\
7(¥) +(XTH) = 2(7x2 4 y2) = 2,

xn+yn |xn_yn| xn+yn

Chii y 12 mot trong hai s6 B 5 la1é, gia st 1€ thi
7)Cn_yn = 3x + Xn —Vn
2 " 2
ciing 12 sb 18, do d6 ta chon
_ Xnt _IXp = Yn
Xn+1 = > Va Ynt1 = 5
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. — 7
Neéu Xn = In 1€, thi w = 3x, + Xn + In cling 1é, do d6 ta chon
X _ |xn_ynlvé :7xn+yn
n+1 —2 Yn+1 —2 .
Ta c6 diéu phai chiing minh. O

Mot s6 bai tap tuong tu

Bai toan 3. Chitng minh rang véi moi sé nguyén n > 2, ton tai cdc sé nguyén duong 1é x, y sao
cho |x* —17y?| = 4"

Bai toan 4. Chitng minh rdang vdi moi sé nguyén duong n, ton tai cdc sé6 nguyén x,y sao cho
x2+xy+y*=7"

Bai toadn 5. Chitng minh rdng véi moi s nguyén n, tén tai cdc sé nguyén dwong lé x, y, z sao
cho x* + y? + z2 = 59",

Bai toan 6. Chitng minh rang vdi moi s6 nguyénn > 3, tén tai cdc s6 nguyén dwong x,, X2, . . ., Xn,
Xn+41 Sao cho
1 L 1 T 1 n+1
xiox; T
Loi gidi. Xétn = 3, tr 52 = 32 + 42 ta dudc : : : suy ra
I giai. =3, = i — = — + —,
. 122 152 202

1_1+1_1+(1+1)1_ S S
124 7 122157 122202 122152 \152  20%) 20> (12-15)2 (15-20)®> (20-20)

Do d6 (x1, X2, x3, x4) = (12-15, 1520, 20%, 2 12?) théa man.

Gia st ton tai bd (x1, X2, ..., X,, Xp41) thoa min
1 1 1 n+1
A A
Khi d6 ro rang
1 1 1 1 n+2
G e T T
nén ménh dé ciing diing v6i (n + 1). Bai toan dudc chitng minh hoan toan. O

Mot sb bai tap tuong tu

Bai toan 7. Ching minh rang vdi moi s6 nguyénn > 6, ton tai cdc sé nguyén dwong x1, X2, . . ., Xn
sao cho
! + ! + -+ ! 1
x; % Xz
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Bai todn 8. Chitng minh rang vdi moi s6 nguyén n > 412, ton tai cdc sé nguyén duong
X1,X2,...,X, sao cho

1 n 1 P 1 i
xp x5 xR
Bai toan 9. Chitng minh rdng vdi moi sé nguyén n > 2, ton tai cdc sé nguyén dwong xo < x; <

-es < X, Sao cho
11 11
—3+—3+"'+—=—§-

3
Xy X3 X, X

Bai toan 10. (Gdp go todn hoc 2015)

a) Tim tdt cd cdc sé nguyén duong lé t théa man tinh chdt: Véi moi sé nguyén duong k, ton
tai s6 nguyén duong ay, sao cho a,2C + t chia hét cho 2.

b) Chitng minh rdng ton tai mét ddy sé nguyén duong (ay) sao cho a,% + 7 chia hét cho 2%
2 2
LAt

vaszchiahe‘tchOZ—kvd’im,oik =1,2,3,...

L5i gidi. a) Ta sé chiing minh ring cdc sb ¢ cAn tim c6 dang 8m + 7.

e Diéu kién can: Ta phai c6 a; = —t (mod 2%) v6i moi k > 1. RO rang mét sb chinh
phuong khi chia 8 chi ¢6 cac s6dulao, 1, 4, déng thdidos1las61énén 1 = —¢ (mod 8),
nghia la ¢ chi c6 thé c6 dang 8k + 7.

e Diéu kién du: Gi st ¢ c¢6 dang 8k + 7, ta sé xdy dung day céc sb a; bang quy nap.

Véik =1,2,3,chona; = a, = asz = 1 thi dé thiy cdc gid tri nay théa man.

s P o ag+to oo
Gid st ta c6 a; = —t (mod 2%) vaax 1€ véi k > 3. Khido d = o 1a so chan hoac
1é. Ta xét hai trudng hop:

-Néu d chén thi a? + ¢ = 0 (mod 2*1), lic d6 ta chon ax4+1 = ax la xong.
-Néu d 1€ thi a? + 1 = 2% (mod 2F*1), lic d6 ta chon ag41 = ax + 2F71. Ta c6
2
_ k-1\2 |, _ k k— _ ok [T k—
ap +t=(axr+2"") +r=a; +2" axr + 2% 41 =2 S Tak+2 2)
= 2K (2 4+ 2F72) = 0 (mod 2¢*1).

Do d6 s6 ax; ciing thda man. VAy theo nguyén ly quy nap thi c¢6 thé xay dung dudc diy
(ax) théa man véi k tiy y. VAy cac sb ¢ can tim c6 dang 8m + 7.

b) Ta ciing xdy dung bang quy nap theo phucng phap trén. Pau tién vin chona; = a, = a3 = 1.
ai —2ai +7

2

Gia st a? + 7:2% voi k > 3. Xét cong thic ag41 = . Khi d6

2_2 +7 2 2+7 2—4 +11
ai+1+7=(—ak 261k ) + 7 (ak )(ak4 Lk )
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Suy ra
agg +7 ap+7 ai—4a;+ 11
kAT T4 8 '

Ry _ap—dag+11 . - A s
Ta chi can ching minh S e— la s0 nguyén. That vay, do ax 1é nén dat ay = 2by + 1
ta dudc

a; —4ag + 11 = 4by (b — 1) + 8 = 0 (mod 8),

_ap —dag +11 s - P S

do d6 ———— € Z, tuc la so hang a4+ cing thoa man. Bai toan dugc ching minh. [

Nhan xét. Pay 1a bai todn dién hinh trong s6 hoc vé viéc xdy dung diy cac s6 ma phd bién 1a
a; —2ar +7

3 ta c6 thé thit cdc trudng

quy nap nhu trén. O y (b) dé tim dudc cong thifc g4 =
hgp nho:

611:612:613:1, a4=3, 615:5, a6=11, d7:53.
Ta sé tim méi lién hé gilta ay ., va ax. Dé thiy rang ax 41, ax khong c6 quan hé tuyén tinh, ta di
tim quan hé béc hai dang ax 1y = maj +nax + p véim,n, p lacic s6 hitu ty. Thay k = 3,4,5
vao ta co hé

1
m+n+p=3 m=s
m+3n+p=5 & n=-—1
25m +5n + p = 11

a; —2ax +7
2

Tur d6 c6 quan hé ax41 = nhu trén.

Bai toan 11. (Shorlist 2014) Cho trudc sé nguyén duong n > 1. Chiing minh rdng ton tai vo

k
% n
han cdc s6 hang cua day (ax);~, la lé, trong do ay = [?] )

Loi gidi 1. Néun 18, ditk =n™ véim =1,2,...thiay = n™" =™ 1a 86 1é véi moi m.

Taxétn chin, datn = 21 véit > 1. Khi d6 véiméim > 2 thi n®" —2m = 2m (22"~ . 12" — 1)
c6 mot udc nguyén td 1& p,do 2™ —m > 1. Véi k = p-2™, tacod

n* = (n*")" = @MF = 29" =27 (mod p).
Mit khac tit n¥ — 2" < nk < n* 4 2™ (p — 1), suy ra

nk —om nk<nk—|—2’”(p—1)

< —_
p2" k p2"
Do do
nk
nk nk —om om 1
a = | — | = = .
k p2" p
k 7z
Vi 7 1 1a mot sO nguyén 1€ nén ay 1é, bai toan dugc chiing minh hoan toan. ]
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L&i gidi 2. Ta sé tim céch chi ra cdc s6 k nhd st dung mot bd dé sau:

B& dé 1. Cho n chédn, n > 2 va goi p la mot wdc nguyén té ciia n — 1. Khi dé p**+' la wdc cia

i L. ..
n? —1véimoii =0,1,...

Ta chiting minh bing quy nap theo i > 0. That vay, trudng hdp i = 0 diing theo cach chon p.
Gia st ménh dé ding vé6i i. Ta c6

npi-H = (npf _ 1) [npi(p—l) _|_np"(p—2) + ... _|_nPi + 1],
Don? =1 (mod p) nén
pP =D L= L L =0 (mod p),

suy ran? "' — 1 chia hét cho p'*2. Vay bd d& dugc ching minh.

Tré lai bai toan. Xét n chin, n > 2. Theo b3 dé trén ta chi cin chon k = p' s& c6 ngay

n?' npi—l\A TP
— | = — la sO nguyén 1€ v6i moi i > 1.
r r'

Bay gid xét n = 2: Ta thy ngay 2*4 — 4/ :3, vi moi i > 1. Mit khdc do 3-4° > 2i nén
23 44 Dodo (22 —4) i (3-4), suy ra

|:23-4f :| 034l _gi o342

3.4 3.4 3
12 s6 nguyén 1& v6i moi i > 1. Bai toan dudc ching minh hoan toan. [

Nhan xét. Trong trudng hop n chén, n > 2 ta cling c¢6 thé xay dung day chi sd (k;) théa min
theo cich sau: k; = 1 va k4 = n% —1véii > 1. Khi d6 (k;) 1a ddy ting ngit cic sb nguyén
duong va bang quy nap dé ching minh dugc k; | (n* — 1) véimoii > 1. Nhu vy k; thda man
yéu cau bai toan.

Mot sb bai todn tuong tu.

Bai todn 12. Chiing minh rdang néu n nguyén duong va n = 1,2 (mod 4) thi tén tai cdc s6

nguyén khong dm ay, as, . .., a, théa man diéu kién
1 1 1 n _1
o T T T Tttt =

Bai toan 13. Tim tdt cd cdc sé k nguyén duong sao cho ton tai 2015 sé nguyén duong phdn biét
théa man tong ciia 2015 sé nay chia hét cho téng cia k sé phdn biét bdt ky trong 2015 s6 do.

Bai toan 14. Vdi mbi s6 nguyén dwong n, ki hiéu S (n) la tong cdc chit s6 cia né. Chitng minh

rdng ton tai cdc sé nguyén duong phédn biét ny,n,, . .., N1 sao cho
ny+ S ny) =ny+ 8 n2)=--=nzie+ S (N2016) -
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Ngay ndi dung ctia dinh ly vé phan du Trung hoa da chiia dung yéu t6 ton tai vé nghiém ctia mot
hé dong du, do d6 viéc st dung dinh 1y nay 1a viéc 1am hét siic quen thudc va hay dudc st dung
trong céc bai todn vé su ton tai.

Bai toan 15. (Truong he todn hoc 2015) Ta goi moét sé la liy thita diing néu né cé dang
a™ véi a,m nguyén Ion hon 1. Tim tdt cd cdc s nguyén dwong n > 1 sao cho tén tai cdc
s6 nguyén dwong by, b, ..., b, khong dong thoi bang nhau dé’ véi moi k nguyén dwong thi
(b1 + k) (by +k)---(by + k) la lity thita diing?

L&i gidi. Ta chitng minh moi hop s6 n thda man yéu cu bai todn.

e Diéu kién da: Gid st n lahop s6, n = rs véir > 1,5 > 1. Ta chon cé4c sd nhu sau:
by=by=---=b, =1, byy1 =bryo=---=b, =2.

Khi do, véi moi k ta co
(b1 + k) (by + k) -+ (by + k) = (k + 1) (k +2)¢7"",

la Ity thua dung bac r.

e Diéu kién can: Ta chiing minh néu n nguyén t6 thi n khong thda man.

That viy, gia st ton tai b s6 (by, by, . . . , b,) thda man diéu kién dé bai, c6 thé gid st by, bs, ..., b
1a c4c s& do6i mot phan biét, con mbi mot trong cac s6 by 11, b 42, . .., b, 12 su ldp lai ctia cac s6
trudc, ta cé ngay ¢ > 1 vi cic sd khong dong thdi biang nhau.

Gia st trong cac $6 by, by, ..., b, c6s; sdbang b;, trongd6 1 <i <t vas;+so+---+5 =n.

Theo dinh ly phan du Trung hoa thi v6i moi a;,ds,...,a; nguyén td cung nhau va moi sd
nguyén khong am ry,rp,...,r, v6i 0 < r; < a;,i = 1,t, ton tai ) nguyén duong m sao cho
trong phép chia cho a1, as, ..., a; cho sb du tuong ung lary,ra, ..., 1.

Xét ¢ s6 nguyén td phan biét py, pa, ..., p;, mdi s6 déu 16n hon tit ca cic sb6 b; va dit a; =
p2ri = pi—b; v6ii = 1,1. Céc sd p? d6i mot nguyén t6 cing nhau va 0 < r; < p; < p? nén
diéu kién cta dinh ly phan du Trung hoa dugc théa man.
Xét sb nguyén duong m thda man diéu kién m chia a; du r;, ta sé ching minh ring néu

(b1 +m) (ba +m) -+ (ba +m) =u”,

thi v = 1. Xét chi sbi batky v6i 1 <i < t.Sb b; + m khi chia cho pi2 chosbdur; +b; = p;
nén suy ra b; + m chia hét cho p; nhung khong chia hét cho p?.

V6ij #ival < j <t,taco0 < !bi —bj| < p;i nén suy ra b; + m khong chia hét cho p;.
Do dé trong phan tich tiéu chuén ctia

(by +m) (by +m)---(by +m),

mdi s6 p; s& c6 mit véi s6 mil s;. Vi tich nay bang u¥ nén v 1a udc sb clia tt ci cdc s; va cling
12 uGc cla tdng clia ching, tic 1a n. Ngoai ra n 1a s6 nguyén td va v < n nén v = 1. Do vay s0
n khong théa man. Bai toan dugc chiing minh hoan toan. [
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Nhan xét. Day 1a mot ing dung hay ctia dinh 1y thing du Trung hoa. Budc dau tién kiém tra vé6i
hop s6 thi kha rd, dén sb nguyén td thi can x ly nhiéu hon, khai thac tinh c¢6 nghiém ctia cac hé
phuong trinh dong du dé chi ra phan vi du.

Bai toan 16. Cho sé nguyén duong n. Chitng minh rdng ton tai vo han cdp sé nguyén duong
(a, b) vdia, b > n sao cho

[[@+i)b@®+2016). [Ta+i) fb. [J@a+i) } (b+2016).

i=1 i=1 i=1

L&i giai. Ta sé chitng minh bai todn tong quat sau:

Cho trudc cdc sé nguyén dwong m, k. Goi ki, ks, ..., ky la cdc s6 nguyén duong. Chitng minh
m

rang ton tai vo han cdp sé nguyén duong (a, b) sao cho [] (a + k;) | b (b + k) nhung

i=1

[[@+k) fbva [[@+k) f (b+k).

i=1 i=1
Pitk < p; < p» < --- < pm 12 m sd nguyén t6 phan biét. Theo dinh ly phan du Trung hoa,
ton tai vo han s6 nguyén duong a > m sao cho

a =—k; (mod p;), Vi =1,m.

m

bat M = [] (a + k;) thi
i=1

M =0(mod pips--- pm) -

Ta viét

M = p§ - p3plm gt b qbs
véia; > 1,1 =1,_mvél,3j >1,j=1,5vaq1.92,....4q;s 12 s uSc nguyén td ciia M khac véi
P1, P25+ Pm-

Theo dinh 1y phan du Trung hoa, ton tai vo han s6 nguyén duong b > m sao cho

M
b=0 (mod am)
DPm
= —k (mod pm)
Chiyk < py <p,<---<pmnéntacongay: M fb,M [fb+kvaM|b(+k).
Bai toan dugc chiing minh hoan toan. [

Bai toan 17. (Iran TST 2015) Cho ddy by < b, < by < --- la ddy cdc sé tw nhién ma
moéi s6 hang la tong ciia hai sé chinh phuwong. Chitng minh rdng ton tai vé han m sao cho
bm+1 — by = 2015.

216

https://tieulun.hopto.org



Tap chi Epsilon, S6 13, 02/2017

Loi gidi. Xét 2014 sb nguyén td py, pa, ..., paois sao cho p; = 3(mod 4), Vi = 1,2014.
Theo dinh ly phan du Trung hoa, ton tai vd han x sao cho:

x = pi—i (mod p?)
x = 2 (mod 8)

Khi d6 x = 2 (4k + 1)va x 4+ 2015 = 4h + 1. Do cic s c6 dang 4k + 1 déu viét dugc thanh
téng clia hai s6 chinh phuong nén ton tai m dé€ by, ; = x + 2015.

Ta cé X
5:a2+b2=>x:(a—b)2—|—(a—|—b)2,

suy ra ton tai h dé by = x.
Ta s€ chiing minh £ = m. Théat vay do
xX+iip;

x+i [ p}
pi =3 (mod 4)

suy ra khong ton tai u,v ma x +i = u? + v2. Do d6 £ = m, tic 1a b,y — b,, = 2015. Bai
toan dugc ching minh. O

Bai toan 18. (APMO 2011) Chitng minh rdng véi méi k nguyén dwong, k > 2, luon ton tai

a an
mot cdp sé cong bl b2 - cdc sé hitu ty, trong do a;,b; € 7%, (a;,b;) = 1 va cdc sé
1 2 n
ai, bl, as, bz,..., ay, b deuphdn blé[
Lsi gidi. Goi p1, pa, ..., pr lak sb nguyén td phan biét sao cho k < px < px—1 < --- < p1.

biat N = py1pz--- pk- Theo dinh ly phan du Trung hoa, ton tai x nguyén duong sao cho x =
—i (mod p;) v6imoii = 1,k vax > N2
Xét diy gom k sb sau:
x+1 x+2 x+k
N N N

Hién nhién ddy nay 1a mot cip s6 cong. Ta cé ngay, v6i mdii = 1,k thi x + i : p;.

Néu ton tai j # i ma x +i:p;thili —j|:p;. Tuy nhién p; > k > |i — j|, nén ta c6 diéu
mau thuan.

Do d6 x + i chia hét cho p; nhung khong chia hét cho p; véi j # i.

. N L .
bata; = X-l-l’ b = — v6ii = l,k.Khidéx+l :ﬂva(a,, b)) = 1.
Di Di N b;
Cubi cung ta con phai ching minh cic sé ay, by, aa, ba, ..., a,, b, phanbiét. Tacé x > N2
suy ra
N2 N
a,-:x+l nsN v
pi Di Pj
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R rang cic sb b; phan biét. Ta c6
x+j x4+i x+i
aj = > >
Dj Pj Di

=a;, Vi < J.

Vay ay, by,as, b,, ..., a,, b, phan biét. Bai toan dugc ching minh. ]
Bai toan 19. (Tap chi Crux 2015) Cho p nguyén té 1é. Chiing minh rang tén tai moét sé tw nhién

x sao cho x va 4x deu la cdn nguyén thity modulo p.

Loi gidi. Do p nguyén td nén ludn ton tai cin nguyén thily modulo p. Goi a 1a mot ciin nguyén
thdy modulo p. Khi dé ton tai s6 nguyén duong r sao cho a” = 2 (mod p), suy ra a®*" =
4 (mod p).

Dit py, pa, ..., pe 12 cac uc nguyén td phan biét cia p — 1. V6i mbi 1 < k < £, ki hiéu s
12 mot s& nguyén théa man s Z 0 (mod pi) va sy Z —2r (mod pg). Theo dinh 1y phan du
Trung hoa, ton tai mot sb tu nhién m sao cho

sk =m (mod pg), V1 <k < L.

Khi d6 ca m va m + 2r déu khong chia hét cho py, suy ra ca m va m + 2r déu nguyén td cling
nhau véi p — 1.

Tir d6 cac sd m, 2m, 3m, ..., (p — 2)m déu khong chia hét cho p — 1, cling vay céc sb
(m+2r),2(m+2r),3(m+2r),...,(p—2)(m+ 2r),
déu khong chia hét cho p — 1. Do a 14 cin nguyén thiy modulo p nén ta dudgc

a™ a®,...,a®P=dm £ 1 (mod p),
amtar q2m+2r) g (p=2m+2r) £ | (mod p).

Tir d6 suy ra a™ va a™ 2" = 4a™ (mod p) 1a ciin nguyén thiy modulo p. Do d6 s6 x = a™ la
s6 thda man yéu cau bai todn. O
Mot s6 bai todn tuong tu

Bai toan 20. Ton tai hay khong tdp hop X thod mdn dong thoi hai diéu kién sau:

i) Tap X gom 2016 s ty nhién phdn biét.

ii) Tong ciia mot s6 phan tik bdt ki trong X déu c6 dang luy thita bdc I6n hon 1 cia mét s6
nguyén duong.

Bai toadn 21. Cho tdp S = {ay, aa, ..., a,} gom cdc sé nguyén. Chitng minh rdang ton tai sé
nguyén b sao cho tdp bS = {bay,bas,,...,bay,} chita toan nhitng lity thia bdc lon hon 1 cua

mot so nguyén nao do.

Bai toan 22. (Tap chi Crux 2015) Cho p nguyén té 1é. Chiing minh rdng tén tai moét sé tw nhién
x sao cho x va 4x déu la cdn nguyén thity modulo p.
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Mot tinh chét co ban va hay st dung nhit cia hé thing du 13 néu H 1a hé thing du diy du
mod m thi v6i mdi sd nguyén x, ludn ton tai duy nhat n € H d€ x = n(mod m).

Bai todn 23. (THTT 2010) Cho m, n, d la s6 nguyén dwong théa min m < n va (m,d) =
(n,d) = 1. Chiing minh rang trong mot dday gom n sé6 nguyén bdt ki tao thanh mot cdp sé cong
Vvdi cong sai d luodn ton tai hai sé khdc nhau ma tich ciia chiing chia hét cho mn.

Loi giai. Xét cap so cong cong sai d laa,, as, ..., a,.

Nhan xét. V6i moi k nguyén duong, k < n va (k,d) = 1 thi trong k s6 hang lién tiép ctia diy
ludén c6 mot sd chia hét cho k. That vy, nhan xét nay ding v6i k = 1. Véi 2 < k < n, hiéu hai
s6 bat ki trong k s6 hang lién tiép sé c6 dang jd,0 < j <k —1.Do (k,d) = 1 nén jd khong
chia hét cho k. Do d6 k sb trén tao thanh mot hé thing du day di (mod k), suy ra c6 ding mot
s6 chia hét cho k. Nhan xét dudc chiing minh Tit nhan xét suy ra trong cip s6 cong nay c6 ding

mot s6 chia hét cho n va c6 it nhat mot s6 chia hét cho m. Gid st a; in vaa; im.
Néui # j thia;a; imn, ta dugc diéu phai ching minh.

4. c s N n . A A A -
Neui = j thiag;: [m,n]. Vim < nnént = (m,n) < > Do do trong cap so cdng s€ co ¢
s6 hang lién tiép khong chifa a;. Theo nhan xét trén thi trong t s6 hang niy c6 mot sb chia hét

chot. Giastia, 't (u #i). Khidé a;a, :st, ma st = mn. Suy ra a;a, : mn, ta dudc diéu phai
ching minh. [

Bai todn 24. Cho s6 nguyén m. Chiing minh rdng ton tai cdc sé nguyén a, b, k, a, b 1é va
k > 0 sao cho

dm = q2015 4 p2015 |} 72016
L&i gidi. Ta st dung hai bd dé co ban sau:
B6 dé 2. H6 H = {1,3,5,...,2" — 1} la hé thang du ddy dii (mod 2").
B& dé 3. Vi n, r nguyén duong, r 16 thi

x =y (mod2") & x" = y" (mod 2").

Trd lai bai toan. Tir hai bd dé trén ta suy ra H' = {17,3",5",...,(2" — 1)"} ciing la hé thing
du day di (mod 27).
Ap dung két qua nay v6i r = 2015 van = 2016 suy ra ton tai a 18 sao cho

2m — 1 = a3 (mod 22°19),
Khi d6 ta chon a = ay (mod 22°16) sao cho 2m — 1 — a?°'> > 0 thi bd

2m — 1 —q?01°
(a, b, k)= (a, 1, 72016 )

s€ thoa man yéu cau bai toan. O
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Bai toan 25. (VN TST 2001) Cho ddy s6 nguyén duong duwoc xdc dinh bdi ag = 1 va

ap = Ap_q +a[n , Yn > 1.
g

Chitng minh rang véi moi sé nguyén té6 p < 13, tén tai vo sé sé nguyén dwong k sao cho ay : p.

L&i gidi. V6i cac s6 nguyén td p < 13 thi ludn ton tai mot s6 hang ctia day chia hét cho p.
Cu thé
a1, =2:2, ay =33, a3=5:5,a,=7:7, a;;1 =33:11, ayo = 117:13.
Tiép theo, goi n la s6 nguyén duong sao cho a, : p. Ta sé chiing minh c6 vo s6 s6 tu nhién
m > n sao cho a,, : p. That viy, tif cong thiic x4c dinh diy sb ta c6

aszp = A3p—1 + Ay,
A3p41 = A3p + Ap = A3p—1 + 24y,

A3p4+2 = A3p4+1 + Ay = d3p—1 + 3a,.
Tu d6 suy ra asy, Azp+1,a3n+2 €O CUng s6 du khi chia cho p, goi s du dolak.
Néu k = 0 thi nhan xét dugc chiing minh.
Néu k # 0 thi ta xét cdc sd hang sau cia dy:

Aop—4 = Aop—4 = Aop—4 (Mod p),
Aop—3 = Aop—4 + A3p—1 = Aop—4 + a (mod p),
Aop—3 = Aop—3 + A3p—1 = Aop—4 + 2A3,—1 = dop—4 + 2a (mod p),

Aop+8 = Aop+7 + A3pt2 = Aop—4 + 12a (mod p).

Do k # 0 nén p sb dau tién trong day 13 sb dony_4, don—3, Gon_2, ..., Gonyg 13p thinh mot
hé thing du day di mod p va nhu vay ton tai mot sd chia hét cho p. Chd y 1a 9n — 4 > n nén
nhén xét dudc ching minh. O

Nhan xét. Trong bai todn trén, ta c6 thé khai quat héa bang cach thay sb 3, 13 tuong ting bdi
n, n?> +n + 1 va cé 16i giai hoan toan tuong tu.

Bai toan 26. (China Girl MO 2010) Chitng minh rdng vdi moi n nguyén dwong luén tén tai sé
nguyén té p va sé nguyén duong m théa man dong thoi ba diéu kién sau

i) p=>5(mod 6).
ii) p khong la udc cuan.

iii) n = m? (mod p).
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Loi gidi. Dau tién, ta chon p khong 1a udc cia n. Chd y diéu kién (i) ta nhé t6i két qua co ban
sau: Ton tai vd han s6 nguyén té dang 64 + 5 (viéc ching minh két qua nay danh cho ban doc).
Tir két qua nay suy ra ton tai s6 nguyén t6 p dang 64 +5ma p > n.

Ciing d& chiing minh dugc ring véi p = 6h + 5thihé H = {13, 23 ..., (p—1)*} lap
thanh mot hé thing du thu gon mod p. Do d6 ton tai mdt sé m € {1,2, ..., p — 1} sao cho
n = m?> (mod p). Viy bai toan dudc chiing minh hoan toan. U

Mot sb bai todn tuong tu.

Bai todn 27. Cho p nguyén t6 1é va da thitc Q (x) = (p — 1) xP — x — 1. Chitng minh rdng ton

tai vo han sé nguyén duong a sao cho Q (a) : p”.

Bai todn 28. (China 2008). Chiing minh rdang:

a) Néu n la so nguyén duong sao cho 2n — 1 la s6 nguyén té thi véi moi bo sé nguyén duong
a; + aj

> 2n — 1.
(a,- ) aj)
b) Néu n la sé nguyén duong sao cho 2n — 1 la hop sé thi ton tai b s6 nguyén dwong phdn
a; +aj

(@)

phdn biét (ay,a,, ... ,a,) déutontaii,j € {1,2,3,...,n} sao cho

biét (ay,as, ...,a,) sao cho <2n—1lvoimoii, j € {1,2,3,...,n}.

Noi dung ctia phuong phap phan chiing 12 gia sit ménh dé ctia bai toan sai, khi d6 ta tao ra mot
gi thiét méi va dung céc suy luan d€ din dén mot diéu mau thuin. Vi bai todn vé su ton tai thi
phuong phap phan chiing thudng dung dé giai quyét cac bai todn c6 cau tra 18i 1a khong cho cic
cau hdi “ton tai hay khéng”, hoic “chiing minh rdang khong ton tai” mot s6 nguyén thda man
yéu cau nao do.

Bai toan 29. (Iran TST 2013) Ton tai hay khong cdc sé nguyén duong a, b, ¢ théa mdn
2013(ab + bc + ca) |a* + b* + 2.
Loi giai. Ta sé chiing minh khong tdn tai 3 s6 théa man yéu ciu bai todn biang phuong phap
phan chiing. That viy, gia st ton tai a, b, ¢ thda man. Khong mat tinh tdng quat, c6 thé gia st
gcd (a,b,c) =1.Taco
a’ 4+ b* + ¢*> = 2013k(ab + bc + ca), k € 7.

Suy ra
(2013k +2) (a® + b* + ¢*) = 2013k (a + b + ¢)*. (1)

Do 2013k + 2 ¢6 dang 3¢ + 2 nén tOn tai s6 nguyén t0 p = 2(mod 3) ma v, (2013k + 2) 1&.
Ta xét hai truong hop sau:
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*Néu p = 2, do a, b, c khong thé cung chin nén v, (a® 4+ b% + ¢?) < 1va
v (> +b*+c*)=0&v(@a+b+c)=0.
+ Néu v, (k) > 2 thi v, (2013k 4 2) = 1. Xét s6 mii ctia 2 trong hai vé ctia (1) ta dudc:
vy (k) +2v(a+b+c)=1 —I—vz(az—l—bz—l—cz).
Tir d6 suy ra va(k) = 2, va(a + b +¢) = 0vav, (a? + b? + ¢?) = 1, diéu nay vo I
+Néu v,(k) = 1 thi v, (2013k +2) > 1. Tacé
vy (k) +2vy(a+ b+ c) =vy(2013k +2) 4+ v, (a2 + b+ c2) . (2)

Do v, (2013k + 2) 1€ nén v, (a® 4+ b* + ¢?) chén, suy ra v, (@ + b? + ¢?) = 0. Thay trd lai
(2) ta dugc 2v, (a + b + ¢) = v, (2013k + 2) — 1 > 0, mau thuan.

*Néu p > 2,do p|2013k + 2 nén gcd(2013k, p) = 1, thi (1) suyra p | (a + b + ¢).

Ma
Vp 2013k +2) + v, (@> + 0> +¢?) =2v,(a+ b +0),

va v, (2013k + 2) 1€ nén v, (a? + b% + ¢?) > 1.
Dodépl(a+b+c)vap| (a®>+b*+c?),suyra
pl (@ +b*+ (a+b)%),

hay
1
ply ((2a + b)* + 3b%).

Do a, b, ¢ khong cung chia hét cho p nén suy ra —3 1a s6 chinh phuong modp, suy ra p =
1(mod 3), méau thuin. Vay khong ton tai 3 sd a, b, ¢ thda min yéu cau bai toan. O

Bai toan 30. (China TST 2015) Cho a,,as,as, ... la cdc sé nguyén duong phdn biét va so
c € (O, ;) Chitng minh rdng ton tai vé han sé nguyén duong k sao cho [ay,ar+1] > ck,
trong do ki hiéu [x, y] chi béi chung nhé nhdt ciia x va y.
L&i giai. Phan chiing rang ton tai s nguyén duong L ma
l[ak,ar1] < ck, Vk > L.

Trudc hét ta di chiing minh

ax + agy1 + agso <2c(k+2), Vk > L. (1)
Tu giai thiét suy ra dg, dg+1 < [ak,ar+1] < ck va

k42 < [akt1,ap2] <c(k+1).
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Ta sé st dung két qua don gian sau: Xét hai sé nguyén duong u, v vau } v, khi d6

[u, v]
u, v <
2

Ta xét cac truong hgp sau:
Trudng hop 1. Néu ay = max {ax, ax+1, ar+2}, khi d6 xét tiép cac trudng hop nho:

< . ar _ ck
+ Néu Ak+1 |Clk thi Ak+1 < ? < 7

. ck
-Neu a4z | agyq thiagi, < — > Suy radg + g1 + arpo < 2ck < 2c(k+2).

4 . clk+1
-Neu ak2 [ ag+1 thi agqz < (T)’ suy ra ax + ag+1 + ag+2 < 2¢ (k +2).

) c
+Neuagy1 fag thiag < — > Suy raa + ak41 + ag42 < 2¢c(k+2).
Truong hop 2. Néu a1 = max {ax, dxs1, Ax42}, khi d6 xét tiép cac truong hop nhd

. . ck 3
+Neuag fag+r thiagqy < 7 SUY Ta di + dicsr + dier2 < ECk <2c(k+2).

. ck 3
+ Neéu ay | ag4+q thiax < > tuong tu nhu trén ta cé ax + dx+1 + Ag+2 < ECk <2c(k+2).

Truong hop 3. Néu axy» = max {ax, arxy1. diso}, tUong tu cac trudng hop trén ta c6 diéu phai
chiing minh.
L+n—1

Tiép theo ta xét tong S = (a;i + ajy1 + aj12). Ap dung (1) ta dugc
i=L

L+n—1 L+n—1

S = Z (ai + ai+1 + ait2) < 2c Z (i+2)=
i=L i=L

2cn (n + 2L + 3)
, N
2

ez,

Mat khac

S =3(aL42+ -+ arsn—1) +ar +arint1 +2@p+1 + arn)
>3042+--+n—-2)+2n—-14+n)+m+1+n+2)
_ 3n*43n+8
i —

3n%2+3n+8

Tudoéc > .
2n(n 4+ 2L + 3)

, mau thuan gia thiét.

Chon — +ootadudcc >

[\SHROS]

Viy ton tai vo han s6 nguyén duong k sao cho [ay, ax41] > ck. ]

Bai todn 31. (Bulgaria 2012) Cho ddy sé nguyén duong (a,) xdc dinh bdi a; = 2, a,4, =
a, + 2t(n), trong do t(n) la sé wéc duong ciia n. Hoi trong ddy (a,) co thé chita hai s6 hang
lién tiép déu la sé chinh phwong dugc khong?
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Loi gidi. Tacoa; =2, a, =4, a3 =8, ...t d6 c6 thé du dodn cau tra 15i 1a khong. Dé thay
t(n) = 2 v6i moi n > 2 nén dé quy nap dudc a, > 2n. Bay gid phan ching ring ton tai hai s6
hang lién tiép 12 s6 chinh phuong va goi d6 12 a, va a,4 . Dé thiy a,, a,,; cung tinh chin 18
nén ta co

2t(n) = ay+1 —a, = (./an + 2)2 —a, > 4./a,.

Do d6 t2 (n) > 4a, > 8n.

D€ din dén diéu mau thuén ta s& ching minh 7(n) < 24/n. That vy, n c6 ti da [/n] udc sb

nguyén duong ma khong vugt qua /n. V6i mdi uéc d > /n cia n thi ta c6 tuong tng mot udc
2 N n -4 A 2, o ~ ~

nho hon /n 1a ' Do d6 tong s udc ciia n khong vugt qua 2./n.

Do d6 diéu giai st 12 sai, tlf d6 suy ra trong day khong thé c6 hai sb hang lién tiép nao déu 1a sd
chinh phuong. O

Nhan xét. RO rang phuong phap phan chiing té ra rit hiéu qui vé6i cac bai toan cung dang nay.
Tuy nhién kich ban khong phai lic nao ciing vay, nhiéu khi ta can chi ra (xay dung) mot tap hop
céc s6 théa man yéu cau nao d6 va diéu nay gidi quyét cho cac bai toan vé chitng minh su ton
tai truc tiép. Ta c6 thé dua ra mot bai toan sau.

Bai todn 32. (Serbia TST 2014) Ta noi mét sé tw nhién n la sé ki di néu ton tai hai sé nguyén
dwong a,b > 1 sao chon = a® + b. C6 ton tai hay khong 2014 sé tw nhién lién tiép ma trong
do co diing 2012 s6 la sé ki di?

Loi gidi. Trude hét, ta c6 thé chi ra duge 2012 s6 ki di lién tiép. That vay, xét 2012 sb lién tiép
saw: N +2, N +3,..., N 4+ 2013, trong d6 N = 22°!3 thi N luén viét dugc dudi dang a!,
voii € {2,3,...,2013}. Do d6 2012 sb nay 1a sb ki di.

Tuy nhién bang céch nay ta chua thé truc tiép chi ra 2014 sd thda man yéu ciu bai todn, nhung
ta c6 thé ching minh su ton tai ctia né. Pit f (n) 1a sd cac s6 ki di trong 2014 s6 lién tiép
n,n+1,...,n+2013. Tacéngay | f (n+1)— f (n)| < 1,va f(N)>2012, f (1) <2012
(don = 1,2 déu khong 1a sb ki di).

Do d6, tli cac gid tricia f (1), £ (N)suyratontaisdm, 1 <m < N d€ f (m) < 2012. Khi
d6 2014 sb lién tiép m,m+1,...,m+ 2013 sé thoa man yéu cau bai toan. OJ

Bai toadn 33. Cho sé n nguyén dwong. Ton tai hay khéng 6n sé nguyén diong déi mot phan biét
thoa man
a) Boi chung nhé nhdt ciia hai sé bdt ki trong 6n sé do déu khong vigt qud 32n%?

b) Boi chung nhé nhdt ciia hai sé bdt ki trong 6n s6 do déu khong vuot qud 9n*?

L&i gidi. Cau trd 16i cho phan (a) 12 ¢6 va phan (b) 1a khong.

a) Xét 6n sO sau: 1,2,3,....,4n,4n +2,4n + 4,...,8n, gf)m 4n sb lién tiép ti 1 dén 4n va
2n s6 chén lién tiép tit 4n + 2 dén 8n. Xét hai s bat ki a, b trong 67 sb trén.
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+ Néu ton tai mot trong hai séa, b € {1,2,3,...,4n} thi
lem [a,b] < ab < 4n - 8n = 32n>.

+ Néu cé hai s6 a, b > 4n thi theo cich chon céc s6 ta thdy a, b cing chén, suy ra

ab 8&n - 8n

Icma,b] < — < = 32n2.
2 2

Vay 6n sO nay thda man yéu cau bai toan.

b) Ta sé chitng minh khong tdn tai 6n s6 théa man bang phan chiing. That vay, gia st ton tai cac
0 ay < ap < -+ < agy théa man lem [a;,a;] < 9n?. Taco

1 1 :ai+1—a,~> 1 S 1

= = .
a; ajyq a;a;yq lcm [a,-,aj] 9n2

Do d6
1 - (6n—3m). | 1
R >(6n—-3n) — = —.
as, den 9n?  3n

1 1 X x e < s Aoy o
Mait khac az, > 3n nén — < In nén dan den di€u mau thuan. Vay khong ton tai 6n so thoa
dsp n

min dé bai. [
Nhan xét. Trong ca hai bai 18 va 19 déu dua vé viéc danh gia bat dang thic d€ din dén mot
diéu vo li, tir d6 cho ta 15i giai bai toan. Ta tiép tuc xét mot bai todn c6 st dung viéc danh gia
bét dang thic thong qua diy sb nhung & mic do khé hon.

Mot sb bai todn tuong tu.

Bai toan 34. (IMO Shorlist 2013) Ton tai hay khong mot ddy vé han cdc chit sé ay, a», as, . . .
khdc 0 va mét s6 N nguyén duong théa man diéu kién véi moi k > N thi sé axar—_i - G2d1
Iuén la sé chinh phuong.

Bai toan 35. Cho k nguyén duong I6n hon 1. Ton tai hay khong cdc s nguyén duong ay, as, . . ., an
sao cho ay + az + -+ +ay va ¢ (ay) + ¢ (az) + -+ + ¢ (a,) déu la liiy thita bdc k ciia cdc s6
nguyén duong.

Bai toan 36. (Turkey JBMO TST 2016) Cho n la sé nguyén dwong va p,q la hai sé nguyén to
théa mdan pq |n? +2van + 2| n? 4+ qP. Ching minh rdng ton tai mét sé nguyén dwong m sao
choq|4™m-n+2.

L&i giai. RO rang bai toan 1a hién nhién khi ¢ = 2. Xét g > 2. Ta c6
qI4" 26 g (@ n+2) 276 q| (277 n+277) & g (n+2F),
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trong d6 k 12 mot s6 1é nao do.
Taco p|n? +2= p|ln+2,suyrap|n? +q? = p|ln+q.Tudé p|q—2.

Vay gcd (¢ — 1, p) = 1. Goi x 12 phan ti nghich ddo ctiap (mod g — 1), tific px = 1 (mod g — 1),
dé thiy x 18.

Do d6 g | n? — (=2) = g |n?* — (=2)*. Suyraq |n + 2%, nhu vy k = x thda man. O
Bai toan 37. Cho trudc s6 nguyén té p. Chitng minh rdang vdi moi sé nguyén duong m luén ton
tai s6 n nguyén duong sao cho khi viét & dang thép phdn thi s6 p™ c6 chita it nhdt m chit s6 0
lién tiép.
Loi giai. Ta xét cac truéng hgp sau:
Trudng hop 1. Véi p = 5, ta thdy ring véi a > b bat ki, ta ludn c6

5b+2a _ Sb — Sb (52a _ 1) )

Mat khac
v2 (5% = 1) 2 v, (2% =a,

suy ra
5672 = 5P (mod 10%), (a > b). (1)

Khi d6 néu ta chon b dii 16n théaman a > b va b — blog5 > m thi ti (1) ta suy ra 5272 ¢6 it
nhét m chit s6 0 lién tiép.

Truong hgp 2. V6i p = 2, tuong tu nhu trén thi
1627 = 16°(mod 10*?), Va > 4b. ()

Khi d6 néu ta chon b di 16n théa min a > 4b va 4b — blog 16 > m thi tl (2) ta suy ra 16215
c6 it nhat m chit s6 0 lién tiép.

Truong hop 3. Véi p # 2,5 thi ged(p, 10) = 1. Do ¢(10) = 4, nén theo dinh ly Euler ta dugc
p* = 1(mod 10). Tix d6 bing quy nap ta dudc

p‘”ok = 1(mod 10**1).

Khi d6 néu chon k > m thi ta sé duge p*1%° ¢ it nhit m chit s 0 lién tiép. O

Nhan xét. Véi cach chitng minh bai todn trong trudng hop ged(p, 10) = 1 ta thiy khong can p
nguyén t6 ma chi can véi q nguyén duong thda man ged(g, 10) = 1 thi ludn ton tai n d€ ¢" c¢6
it nhat m chit s6 0 lién tiép. Ciing d& thiy rang néu g chia hét cho 10 thi g™ c¢6 diing m chit s6 0
tan cung.

Trong bai toan trén ta da sit dung thém dinh ly Euler dé tao ra cc quan hé dong du, gitip sém
tao ra cac dbi tugng can xdy dung. Ta xét tiép mot sd bai todn tuong tu c¢6 sit dung cic dinh 1y
co ban ctia s6 hoc nhu dinh ly Fermat, Euler, ...

Bai toan 38. (IMO 2003) Cho p la sé nguyén té. Chiing minh rdng tén tai sé nguyén té q sao
cho n? — p khéng chia hét cho q vdi moi s6 nguyén duong n.
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Loi giai. Taco

pP—1 p—1 _ 2
p_l—l—i-p-l—---—i-p = p+ 1 (mod p°).
\ Z r—1
Suy ra ton tai mot u6c nguyén to b clia thda man

b # 1 (mod p?).
Dit ¢ = b, ta sé chiing minh ¢ thda min yéu cau bai todn.
That viy, gia st ton tai n sao chon? — piq, suyran? = p (mod g). Do d6
n? = p? =1 (mod q).
Theo dinh Iy Fermat n9~! = 1 (mod ¢). Theo (1) thi (p*,q — 1) | p, suy ra
n? =1 (mod qg) = p =1 (mod q).
Khi d6

I+ p+-4pPt=p(modg)= p=0(modq) = piq,

mau thuan. Bai todn dudc chiing minh hoan toan.

(1)

]

Bai toan 39. (Truong hé Bdc trung bo 2015) Gid sit N > 1 la s6 nguyén duong, d < N la udc
dwong tity ¥ ciia N. Chitng minh rdng véi moi k > 0, ton tai x nguyén duong sao cho N* — d

c6 wdc nguyén té p > k.

L&i gidi. Ta can chiing minh tap hodp cic udc nguyén té cia N* —d, x = 1, 2, ... 1a tip hop

vO han.
Gia st ngudc lai, tht ca cac uéc nguyén td cia N* —d, x = 1, 2, ... déu thudc tap hitu han s6
nguyén td {py, pa. ..., pr}.Do N > 1 nén rd rang tap d6 khéc rong.

Liy x =2taco
N?—d = p{'p5*---p%, a; > 0.

PitX = ¢ (pfl“p;z“ p;"“) + 2, trong d6 ¢ 12 ham Euler. Khi d6 ta c6

NX —d :pll’lpgz---pf’,bi > 0.

A AT X N¥ . NY e
Vit N* —d =d|———1 .DoX>2nen70hlahetchopilemoll.

d

Néu p; 1a mot u6c clia d thi do céach viét trén day, dé thay pf “|d. Suyra pf’ " lauéc cia N2 —d,

ticla b, < a;.

Néu p; khong 1a u6c ciia d thi p; khong 1a ue cla N, tic 1a (pl’.“ﬂ, N) = 1.

Tit Pinh 1y Euler suy ra ring

NX—d=N?-4d (mod pfi’Ll).

227

https://tieulun.hopto.org



Tap chi Epsilon, S6 13, 02/2017

Do p? "' N2 — d nén dong du kéo theo pf "' N¥X — d, ticlab; < a;.
Nhu vdy trong moi trudng hop ta déu cé b; < a;, voly vi X > 2. [

Bai toan 40. (IMO Shorlist 2007) Cho hai s6 nguyén duwong b va n > 1. Biét rang vdi mbi s6

nguyén k > 1, ton tai s6 nguyén ay sao cho b — all :k. Chiing minh rang b la lity thita bdc n
ciia mot s6 nguyén.

L&i giai. Gia st phan tich tiéu chuén cta b ¢6 dang b = p{' - p5*--- p%, trong d6 p; nguyén
to phan biét. Ta can ching minh o; :n, v6i moi i = 1,s.
Xét s6 k = b2, theo gia thiét ton tai ax sao cho b —a} i b2.

20;

Suyrab —alip;™, véimoii = 1,s. Do dé

al=b=0 (mod pizai) vaaj =b # 0 (mod pf‘i+l).
Tuc 1a vy, (aZ) = ;. Ban than af} ciling 1a mot iy thita ding bac n. Suy ra o; :n, Vi = 1,s.
Bai toan dugc ching minh hoan toan. [
Bai toan 41. (IMO 2008) Chiing minh rdng ton tai vé han cdc sé6 nguyén dwong n sao cho

n? + 1 ¢6 mot uéc nguyénté p > 2n + /2n.

Lsi giai. Xét sb nguyén N > 2, p 1a mot uc nguyén td ciia (N1)* + 1, ré rang p > N. Goi x
12 s6 tu nhién sao cho 0 < x < g sao cho x = = N! (mod p).

Khid60 <x < p—x < pvax?=—1 (mod p),suyra

(p—2x)"=—4 (mod p) = (p-2x)>>p—4=p=>2x+.p—4

Tanhan thdynéu p > 20thi p—4 > 2x + /p —4—4 > 2x = p > 2x + +/2x.

Chon p > N, N 16n tlly y, ta dudc vo han sd nguyén x ma x2 + 1} p thda mian p > 2x + +/2x.
Bai toan dugc chiing minh. 0

Nhan xét. Loi giai clia bai todn 12 viéc xdy dung lai mdt tinh chit co ban va kinh dién trong sb
hoc, d6 1a tinh chét sau:

Chitng minh rdng néu p la s6 nguyén té dang 4k + 1 thi ton tai sé nguyén duong N sao cho
N2 + 1 chia hét cho p.

Chiing minh rang sé N* + 1 khéng co wdc nguyén t6 dang 4k + 3.

Mot sb bai todn tuong tu.

Bai toan 42. (India TST 2009) Chiing minh rdng ton tai vo sé sé nguyén dwong n sao cho n?+ 1
khong la wdc cua n!.
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Bai todn 43. Chitng minh rdng ton tai vé sé sé nguyén duong n sao cho wic nguyén to 1on nhdt
cia n?® 4 1 16n hon 2n.

Két qud manh hon: Chitng minh rdang ton tai vé han cdc sé nguyén duong n sao cho n?> + 1 ¢
mot wéc nguyén té p > 2n + +/10n.

Bai todn 44. (China TST 2012) Cho n la sé phi chinh phuong chdn va s6 nguyén té p théa mdn
cdc diéu kién sau

i) (n,p) = 1.

ii) p < 2/n.

iii) Ton tai k nguyén sao chon + k2 p.

Chitng minh rang tén tai a, b, ¢ nguyén dwong phdn biét sao chon = ab + bc + ca.

Loi giai. Déy/lé mot bai tOéI/l k}}() va khépg hé don gian d€ chi ra su ton tai ctia cac sd a, b, c.
Trudc tinh hubng nay ta sé cb gang dua vé cac dang cd ban hon, cu thé § day néu dé€ y dang thiic
(a +b)a+c)=a*+ (ab + bc + ca)

ta ¢6 thé bién ddi nhu sau:
n+a’=@+b)(a+c)=xy. (1)
Nhu vy can x, y > a. RO rang (1) da cho ta mot hudng di 16 rang va don gian hon rit nhiéu.

Ta chuyén vé bai todn tuong duong sau: Chifng minh ton tai a, x, y nguyén duong théa mdn (1),
trong do x,y > a.

Tir gia thiét ton tai k sao cho n + k2 p, ta nghi dén viéc chon hai trong ba s6 a, b, ¢ c6 tdng
bing p, diéu nay ciing didm bao hai s6 d6 phan biét vi p 18. Ta lan luct thuc hién cic budc sau:
Buéc 1. Chon a tu nhién nhd nhit sao chon 4+ a?: p vaa 18.

That vay, véi k thoa man (iii), gia st k = m (mod p),0 <m < p — 1.

Tu(n,p) =1van+k?:psuyra(n,k) =1= m > 0.Cing tit (n, p) = 1 suy rap1é, do d6
p—mF#m.

Néu m 18 thi chon ngay @ = m, néu m chén thi chona = p — m.

Budc 2. Bit n + a?> = p - x. Vi n 1a square-free chdn nén n = 2 (mod 4), suy ra px khong
n+a® N 2a-/n N 2a-/n

p _ p T 2yn

khong thé xdy ranén x > a. Ditb = x —a, ¢ = p — a thi ta dugc

chinh phuong, ticlax # p. Tacé x = = a. DAu dang thiic

n+a*>=(a+b)(a+c).

Nhu vay ta di chi ra su ton tai clia cdc s6 a, b, c¢. Tacanchiraa, b, ¢ do6i mot phan biét. Ta
congay a # ¢ do p 1é, cing do x # p nén b # c. Mat khac do x 1é nén a # b. Bai toan dugc
ching minh hoan toan. ]
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Nhan xét. Viéc mo hinh héa lai cdc yéu cau d€ chuyén bai toan phiic tap vé bai todn don gidn
hon 13 mét tu duy quan trong khi gii toan. Bang cach chuyén vé su ton tai cia x, y thdéa man
n + a? = xy, moi viéc da don gian hon rat nhiéu.

Bai toan 45. (IMO shorlist 2011) Cho da thitc P(x) = (x + a1) (x + az)--- (x + ao), vdi a;
la cdc s6 nguyén phdn biét. Chitng minh rdng ton tai sé6 nguyén N sao cho véi moi x > N thi
P (x) chia hét cho mét sé nguyén té lén hon 20.

Li giai. Ta c6 thé gia st cac s6 a; déu duong. Ta c6 nhin xét rang c6 8 sb nguyén td nhé hon
20 1a cac sb cia tap S = {2, 3, 5, 7, 11, 13, 17, 19}, trong khi P(x) cé 9 nhan ti bac nhét,

va day chinh 1a chia khéa d€ gidi quyét bai toan nay. Pita = max {a;, a,,..., as} va N = ab.
Ta sé chitng minh N théa mén yéu cau bai toan. That vdy, gia st ton tai x > N ma P(x) chi ¢
céac uéc nguyén td thudc S. V6imdii € {1,2,...,9} cic s6 x + a; chi c6 biéu dién dang

x+a; =2%3%...19% «a; > 0.

Do x +a; > x >a® > ab, Vi = 1,8 suy ra trong x + a; c6 mdt nhan ti f; 16n hon a. Theo
nguyén ly Dirichlet thi ton tai hai s6 i # j sao cho f; va f; tuong tng la lily thiia ctia ciing
mot s6 nguyén t0, c6 thé gid st f; < f;. Xét hai s6 x + a; va x + a; déu chia hét cho f;, suy

raa; —aj: f;.

Tuy nhién 0 < |a; —a;| < max (a;,a;) < a < f;. Tu diéu mau thudn nay dan t6i diéu phai
ching minh. [

Nhan xét. 1) Bai toan c6 thé dugc tong quat nhu sau:

Cho da thic P(x) = (x +ay) (x + az) -+ (x + ax), trong d6 a,, as, . .., a; 1a cic s6 nguyén
phan biét. Khi d6 ton tai s6 nguyén duong N sao cho v6i moi s6 nguyén x > N thi P(x) chia
hét cho mot s6 nguyén t6 16n hon py.

2) St dung bai todn trén ta c6 thé giai quyét dudc bai todn sau:

Cho A 1a tap con vo han ctia tip cdc s6 nguyén duong. Chiing minh ring ludn ton tai hai sb
a, b€ Amaa + b cé uéc nguyén td 16n hon 20162°17.

Mot sb bai tap tdng hop.

Bai tap 1. (IMO Shorlist 2009) Tim tit c4 cic sd nguyén duong n sao cho ton tai mot diy céc
2
a
k

s6 nguyén duong ai, ds, . .., a, thda man: a; | = —1v6imoi2 <k <n-—2.

ag—1 +1

Bai tap 2. (IMO Shorlist 2012) Chitng minh riang v6i mdi sé nguyén to p > 100 va véi mdi sb
nguyén r ludn ton tai hai sé nguyén a, b sao cho a? + b> — r chia hét cho p.

Bai tap 3. Tim sb6 nguyén duong n 16n nhét sao cho véi n s6 nguyén a;,d-, . ..,a, phan biét
bat ki, ta luon chon dudc m nguyén duong sao cho cac sbm—ay,m—as,,...,m—a, lacac sb
nguyén duong déi mot nguyén t6 cling nhau.

Bai tap 4. Ching minh ring ton tai vd han sé nguyén duong a sao cho diy (x,) véi x, =
n* 4+ a,n > 1khong chita mot s6 nguyén tb nao.
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Bai tap 5. Xét ddy cac s6 nguyén duong (x,) théa man x,4; = gcd (x,, X,41) + 2016. Chiing
minh ring ton tai ddy (x,) nhu viy ma c6 it nhat 20162°!7 s6 hang d6i mot phan biét.

Bai tap 6. Chiing minh ring ton tai vo sb s6 nguyén duong n saochon f2"+1van |22 141,
Bai tap 7. (USA TST 2008) Chiing minh ring véi mdi sd nguyén duong 7, tdn tai cic s6 nguyén

td cung nhau d6i mot kg, k1, ..., k, (ki > 1) saocho ko -k -- -k, — 1 1a tich ctia hai sb nguyén
lién tiép.

Bai tap 8. (IMO Shorlist 2002) Tim ciip sd nguyén duong (m,n), m,n > 3 sao cho ton tai vo
a™ +a—1

1a s6 nguyén.
a" +a?—1

han s nguyén duong a ma
Bai tap 9. (IMO Shorlist 2005) Cho da thiic P (x) = a,x" + -+ + a;x + ao hé sb nguyén,
a, > 0,n > 2. Ching minh ring tdn tai sb nguyén duong m dé P (m!) 1a hop sb.

Bai tap 10. (IMO Shorlist 2008) Cho cac sb nguyén duong phén biét a;,a,,...,a, (n >
3). Chitng minh ring ton tai i # j sao cho a; + a; khong 1a udc cda sb nao trong cic sb
3ai,3a,,...,3a,.

Bai tap 11. (China TST 2012) Cho trudc s6 nguyén n > 2. Ching minh rang ton tai hitu han
cdc bd n s6 nguyén duong (a,, ds, . . ., a,) thda min dong thdi ba diéu kién sau:

i)a1 >dy > > Ay,

ii) ged (ayg,as,...,a,) =1,

n
iii)a; = ) (@i, ai+1), coi a1 = ay.
i=1

Bai tap 12. Tim tit ci cic s6 nguyén duong n sao cho ton tai sé6 nguyén m thda man 2" —
1|m?+9.

Bai tap 13. Chiing minh ring ton tai ddy sd nguyén duong (@n)y>o tha man diéu kién: Véi moi
s0 nguyén duong k, ddy (k + a,),, chi chita hitu han cdc s6 nguyén 6.

Bai tap 14. a) Ching minh rang ton tai mot cip sb cong c6 do dai hitu han tlly y sao cho moi
s6 hang ctia cAp s6 cong nay déu 1a Iy thita ctia mot s6 nguyén t6 nao do.

b) Chitng minh rang khong ton tai mot cip s6 cong vo han thda man diéu kién trén.

Bai tap 15. Cho da thiic f (x) = 64x2+21x 4+ 27. Chiing minh rang véi mdi sé nguyén duong
n ludn ton tai sb tu nhién x sao cho f (x) chia hét cho 2".

[1] Ha Huy Khodi. Nhiing chiing minh kh4c nhau ctia dinh ly Euclid vé su ton tai vo han cla
tap hop s6 nguyén t6.

[2] Mot sb dé thi hoc sinh gidi va dé chon doi tuyén clia cac tinh nim 2015 - 2016.
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[3] Titu Andreescu, Dorin Andrica, Zuming Feng October 25, 2006. 104 Number Theory Prob-
lems.

[4] Titu Andreescu, Dorin Andrica, Ion Cucurezeanu, An Introduction to Diophantine Equa-
tions.

[5] Titu Andreescu, Dorin Andrica. Number Theory Structures, Examples, and Problems.

[6] Tap chi Crux nam 2015, 2016.

[7] Tai liéu tu Internet: www.matlinks.ro, diendantoanhoc.net, matscope.org,
imo.org.yu.
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SU DUNG GIOI HAN TRONG GIAI TOAN

Lé Phic Lit
(FPT Software, TP.HO Chi Minh)

Chiing ta déu biét ring gidi han diy sb 1a mot noi dung dic thii clia gidi tich. Tuy nhién, khong
phéi vi thé ma n6 khong thé ing dung & cic phan mon con lai. Trong phuong trinh ham, ta ¢
thé dung phép thé lién tuc d€ xay dung nhiéu rang budc ddi v6i cac ham sb. Trong sb hoc, ta c6
thé dung gi6i han d€ kep gitta mot dai lugng nao dé va tir d6 uSe luong gia tri ciia né. Trong bat
dang thiic, viéc cho cac bién tién dén 0T hoic +oo ciing 12 cach quen thudc d€ tim hing sb tot
nhét. Va trong bai viét ndy, ching ta sé ciing diém qua mot sb tinh hudng nhu thé.

D6 vui. Harry Potter mudn luyén vang tif cat. Biét ring
1. Tt @ gam cét, anh 4y c6 thé luyén ra b gam chi.

2. Tit ¢ gam chi, anh 4y c6 thé luyén ra d gam vang.

3. Tit e gam vang, anh 4y c6 thé luyén ra f game cit.

Véia, b, c,d, e, f > 0hiy tim diéu kién gitta ching dé Harry Potter c6 thé luyén ra vo han luong
vang tu mot lugng cat tuy y cho trude.

Loi gidi. DE y rang tif 1 gam cat, thong qua cc qua trinh cat — chi — vang — cit, ta c6 dudc

Y gam cat. Ngoai ra, néu mubn c6 vo han luong vang thi phai ¢ vo han lugng cét va chi. Do
ace

n
do, sau n lan luyén, ra c6 (—) gam cét va d€ gid tri nay tién ra vo cuc, can c6 bdf > ace. [
ace

Chiing ta bat dau chi dé nay bang mot bd dé kha quan trong dudi diy vé chudi sd (tdng ctia
nhiéu s hang ctia day).

Bai toan 1. Ddt s, = 1% + 2% + -+ n—lk voi k > 0va n nguyén duong. Khi do,

o Néuk <1this, — +oo.
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o Néuk > 1thi s, bi chdn, titc la c6 gidi han hitu han.
Loi gidi. Truée hét, ta ching minh rang khi k& = 1 thi s, — +00.

That vay, biang dao ham, dé& dang c6 dugc In(x + 1) < x v6i moi > 0. Thay x béi %, ta co
In 2 < Lhay L > In(n + 1) — Inn véi moi n. Suy ra

Sp > Zn: (In(i +1) —Ini) = In(n + 1),

ma lim In(n + 1) = +o0o nén khang dinh ding.

n—+o0o
Tir day dé thy ring khang dinh ciing diing véi moi k < 1 vi n—lk > % voi k < 1.

Tiép theo véi k > 1, ta c6 thé dung dinh ly Lagrange:

Xétham s6 f(z) = =7* véi z > 0,k > 1. Chon ham s6 F(z) = 2= thi F'(z) = f(x).

Ham s6 F(z) lién tuc trén cac doan [n,n + 1] va kha vi trén (n,n + 1) nén dp dung dinh 1y

Lagrange, ta c6 3c € (n,n + 1) d€

F(n+1)— F(n)
n+1-n

F'(c) = = f(c)=F(n+1) — F(n).
Chd y ring f(c) 1a ham nghich bién nén f(c) > f(n + 1) hay f(n +1) < F(n+1) — F(n).

Tu do, chon = 1,2, 3, ... ta thu dudgc

n—1

1 1 1 ) .
ﬁ—i—?%—---—%ﬁ<1+Z(F(z—|—1)—F(z))
=1
ke — 1-k
— 14+ Fn+1) - F1)=""" "
k—1
Dé thiy limn'=% = 0 vi 1 — k& < 0 nén gia tri cda s,, bi chin. N

Nhan xét 1. Chi ¥ rang véi k > 1 thi cdc day dé déu co gidi han hitu han (tdng va bi chén trén)
nhung tim ra chinh xdc cdc gid tri dé la diéu khong dé. Bang cdch tuong tu, ta ciing gidi quyét
duoc cdc bai todn sau

1. Ching minh rang 535 + 5305 + 7107 T+ + 7 — 00

+o00o
2. Chiing minh rang #le > n vdi moi so nguyén duong n > 2.
i=1

Bai toan 2. Biét rang véi k la s6 nguyén nao do, da thirc P(x) = 2™ +ka" 43122 +122+2016
co nghiém nguyén voi vo han gid tri nguyén duong n > 3. Tim k.
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Loi gidi. Da thiic ndy c6 nghiém nguyén thi cic nghiém do chi c6 thé 1a uée ctia 2016.
Gia st a 1a mot nghiém nguyén nao doé thi

a" M+ ka™ + 31a® + 124+ 2016 = 0
31a% + 12a + 2016

an

Sa+k=—

Véi |a| > 2 thi khi n dd 16n (vi ¢6 vo han gid tri n), gié tri cia vé phdi sé khong con nguyén
nita (mAu 16n hon ti&) va vi thé khong thé théa man. Do d6, nghiém nguyén & diy chi c6 thé 1a 1
hodc —1. Ta xét cac truong hgp

I. Véia=1,tacol+k+ 31+ 1242016 = 0 < £ = —2060.

2. Voia=—1,tac6 (—1)"" + k(—1)" + 31 — 12+ 2016 = 0 hay k = 7252 + 1. Néun

chn thi ta c6 k = —2034; con n 1é thi k = 2036. Tuy nhién ciing c¢6 vo han sd chin va 1&
nén khang dinh van ding.

Vay 6 tAt ca 3 gid tri k 1a 2060, —2034, 2036. O

Nhan xét 2. Tdt nhién ldp ludn trén chi dp dung diwgc voi nghiém nguyén. Khi hoi trén nghiém
thie, dé dang thdy cho dit k bang bao nhiéu thi vdi n 16, da thitc trén vdn co nghiém.

Bai toan 3. Cho ddy sé thuc duong (u,,) xdc dinh bdi

ur,ug > 0va Unso = {3+ 2v2) Yngr + {3 = 2v2) Yun véin =1,2,3, ...

1

Chiing minh rang ton tai n sao cho |u, 2017 — Un| < 5555 trong do ky hiéu {x} la phan Ié ciia

50 thite .

Loi gidi. Ta c6 nhan xét rang néu 2 sb vo ty x, y théa man diéu kién = + y nguyén thi

e} + = 1.

Khai trién nhi thic Newton, d& dang c6 (3 +2v/2)" 4+ (3 —2v/2)" € Z v6i moi n. Dit ¢ =
3 —2v/2 € (0;1) thi chi y ring 0 < ¢" < 1 v6i moi n

Unta = (1 — ¢")Upt1 + Un € Upio — Ups1 = —q" (Upg1 — Up)
hay
1 1\"
]un+2—un+1|<§|un+1—un\<...< 5 lug — uq.

Tur d6 suy ra lim |u,11 — u,| = 0. Do d6, ton tai N di 16n d& Vn > N thi |u, — u,| <

1 . 1z .
2016.2017 " Khi dO, ta co

[Un+2017 — Un| < |[Unt2017 — Unt2016] + [Unt2016 — Unto015| + -+ + [tn1 — un| < —.
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Nhan xét 3. O bai nay, dé chitng minh imw,, ton tai la diéu khong dé (va ciing chua chdc
diing). Tuy nhién, ta chi cdn cé mot két qud yéu hon la lim |u, 1 — u,| = 0 la dii.

.- , 4. < _a b c —a [« b
Bai todn 4. Véia,b,c>0,datm =§¢+2+ < n="24¢ 42

1. Chiing minh rdng ton tai bé a, b, c dé'm — +o00,n — 400, = — +oo.
2. Tim tdt cd cdc sé k dé bdt d(fng thiic sau dung vdi moi m,n (voi cdch ddt nhu trén)

(m —n)k* + (2m +n — 9k — 15m + 2n + 39 < 0.
Loi gidi. 1)Chona=1,b=xz,c=2?vdiz >0thim=2+2%van= % + 2z.

Khi dé, dé thiy rang néu x — +oo thi m — +00,n — +00, ™ — +00 va bd s & trén thda
man dicu kién.
2) Bét dang thic da cho viét lai 1a
(K +2k —15)m + (—k* + k+2)n — 9k + 39 < 0 (x).
Chia hai vé cho n > 0, ta cé

—9k + 39 <

(k2+2k—15)%+(—k2+k+2)+ 0.

n

Vi % — 400 nén ta diéu kién canlak?+2k—15<0< —5<k<3. Mot cach tuong tu, ro
rang néu cho a = 1,b = 22, ¢ = x thi c6 m — 400, n — +00, - — +oo nén khi chia hai vé
chom > 0, ta ciing can ¢6

P+k+2<0e b2
- E<-—1
Két hop lai, ta cé k € [—5; —1] U [2; 3].
D€ chitng minh diéu kién du, ta chd y ring
a b ¢ a ¢ b
m=—-+-+->3n=—-—+-+-2>3
b ¢ «a c b a

theo BDT AM-GM nén ta dua vé 3(k* + 2k — 15) + 3(—k? + k + 2) — 9k + 39 < 0. Tuy nhién,
day 1a dang thiic nén cic s k& nhu trén thda man.

Vay k € [—5; —1] U [2; 3]. O
Nhan xét 4. O bai todn trén, néu dé thém diéu kién abc = 1 va thay
m = a*c+ b+ b*a,n = a’b + V’c + c*a

thi ta vdan chon duoc gid tri a, b, ¢ théa man cdc gidi han. Chcfng han a = %, b= ;%2’ c=a T

loi gidi trén, ta co thé gidi quyét bai todn sau:
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Tim tdt cd cdc sé thie r sao cho bdt ddng thitc sau diing vdi moi sé thie duong abe

a b c 1\’
r+ r+ r+ >|\r+=.
a+b b+c c+a 2

bdtm = { + g +on= g + 2+ 3. Bdng cdch bién doi thich hop, ta dua vé

1 1 1
—i(m—n)r2—Z(Bm—n—6)r—§(m+n—6)20.

S4m—n)r* +2B3m—n—6)r+(m+n—6) <0

Dén day, gidi quyét tuong tu bai todn trén va ta cé duogc

24+ 6r+1<0
—4r?—2r+1<0

Bai toan 5. Tim sé thue k 16n nhdt sao cho
(a*+2)(b* + 2)(¢® + 2) > k(a® + b* + ) + (9 — k)(ab + be + ca)

dung vdi moi a, b, c > 0.
Loi gidi. Xéta:x,b:c:%thikhix—>+oo,tacéb,c—>0,a—>—|—oo.

Ta viét lai bat dang thic thanh

<1+%) (b2+2)(c2+2)2k(1+b2tc2) + (9 — k) (b+c+@).

a a a?

Chon bd nhu trén véi x — +o00, ta co
(1+0)(0+2)(04+2)>k(1+0)+(9—-k)(0+0) =k <4
Ta s€ ching minh k£ = 4 théa man, tic la
(@® +2)(b* +2)(c® +2) > 4(a® + b* + ) + 5(ab + be + ca)

hay
a’b*c® + 2(a®b* + b*c® + c*a*) + 8 > 5(ab + be + ca).

batab = x,bc = y, ca = z thi
ryz + 22 + >+ 2%) +8 > 5(x +y + 2).
B6 dé: Véi x,y, z > 0 thi
22 2+ 22 2y + 1> 2wy +yz + 2x).
Khi d6, ta dua bt dang thic da cho vé
2vyz +4(x* +y* +2%) + 16 > 10(z +y + 2)

thi can c6
3z +y* 4+ 22) + 2(wy +yz + 22) + 15> 10(x + y + 2)

e @+y+z—107 42 —-1)7+20y -1 +2(z—1)>>0.
Bit dang thiic cudi diing nén ta c6 dpcm. Vay gid tri 16n nhit ctia & 1a 4. O
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Nhan xét 5. B6'dé trén co thé chiing minh dé dang bdng cdch dp dung Dirichlet nhu sau: Khong
mdt tinh tong qudt, gid sit (v — 1)(y — 1) > 0thizy > v +y — 1 = 2xyz > 212 + Y2 — 22.
Suy ra

Py 2oy 1> A 2w 2y — 224+ 1
> 2y + (2 — 1)° + 2z2 + 2yz = 2(zy + yz + 2x).

Do do, b6’ dé dwgc chitng minh.
Bai toan 6. Tim tdt cd cdc ham s6 f : [1;+00) — [1; +00) va théa man déng thoi
i. f(x) >z vdimoix> 1.

ii. f <@> = 2% vdi moi x > 1.

Loi gidi. Trong didu kién i, thay z — L% ta c6
X

P() s 1

%
3
=
=
A
8
w

T
Gia st ta da c6 f(x) > 2¢ thi d& dang bién ddi dugc f(r) < z"a .

b+2

Tuong tu, néu c¢6 f(x) < z° thitaciing c6 f(z) > x7b .

Uy = 1, Uy = 3,
Tu d6, xét day sb Up + 2 va bing quy nap, ta chiing minh dugc
Upyp = ——,n=1,23, ...
u

n
i1 < f(x) < 22k v6i moi k nguyén duong.

Hon ntia, ta chiing minh dugc u,, > % v6i moi n > 1 nén

Uy — 2
|un+1_2|zw

<2| 2/ < < 2 n| 2|
_un_ DY —_— u- .
3 3)

n

Tur day suy ra lim u,, = 2 va theo nguyén ly kep, ta phai c6 f(z) = x* v6i moi = > 1.

Thit lai ta thdy thda, vi chid ¥ rang f(z) = 2> > z v6i moi z > 1. O

Nhan xét 6. Bai todn sau ddy vdn co thé'gidi quyét tuong tu: Tim tdt cd cdc ham s6 f : 75 — 7T
sao cho f (@) = n? vdi moi n nguyén duong.

Bai toan 7. Tim tdt cd cdc ham sé f : RT — RT théa man
2 2
f( |z +a;)y+y > _ f(x);rf(y) Vi x.y > 0.
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N . . . 2 2 N X s = 2
Loi gidi. Xét phép toan x x y = \/% thi theo dé bai, v6i x1, o, x3, x4 > 0, tacd

f(x1) + f(z2) + fw3) + f(24)
4

f((@ixxy) * (2 % 1)) =
v6ii, j, k,1 € {1,2,3,4}. Do d6, ta chon (1, 2o, v3, 74) = (a?, a,a, 1) va dit

{g(a):(a2*a)*(a*1)

h(a) = (a®* x 1) x (a * a)
thi dé thiy g(a) # h(a); f(c- g(a)) = f(c- h(a)) véi moi a > 0 va c 1a s6 duong tuy y.

Vig(l) = h(1) = 1 va h(2) < g(2) nén 22 = k > 1. Do tinh lién tuc ciia ham sé 2% trén

[1; k] nén n6 c6 thé nhan hét céc gid tri thug(CZ)[l; k]. "
V6i moi u,v > 0ma % € (1; k] thi ton tai z > Odé% = Y. chonc = ;5. tacé
s =1 (0 280 ) =1 (55 -9@)) = 1 (55 i) ) = £l0)
h(z) h(z) h(z)
Cb dinh 2, € R* thi tit khang dinh trén, ta thiy rang f(x) = f(z,) v6i moi
x € (20; ko] U (kzo; K2wo] U ... U (K" ag; k™)

v6i n c6 thé 16n tly vy.
Cho n — +oo thi f(z) = f(x) v6i moi z > xo.
Chiing minh tuong ty, ta ciing c6 f(x) = f(zo) v6i moi

x € [k 2o z0) Uk 220; k two) U -+ U [k "wg; k"l
v6in 6 thé 16n ty y. Cho n — +o0) thi f(z) = f(x0) v6i moi 0 < z < .
Viy f(x) 1a ham hing, thi lai ta thiy thoa. O

Nhan xét 7. Cdch thém bién cho bai nay cé thé'la cdch tot nhdt dé’tiép cdn, vi hdu nhuw khong
thé’ldp ludn véi chi hai bién ban ddu. Y tudng mdu chot la xdy dung duwoc hai gid tri co ti 1é co
thé'lon tity ¥ ma f tai chiing bang nhau, tit dé c6 dinh mét s6 va dua sé con lai ra vo cuc.

Bai toan 8. Vdi mdi s6 nguyén duong n, xét phuong trinh 2n*z = logy(n*x + 1). Tim diéu kién
ciia a,b, c > 0 dé'véi mdi nghiém x,, # 0 ciia phuong trinh trén thi ta luén cé

a® + b*" + ¢ > 4x, + 3.
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Loi gidi. Trudc hét, v6i a, b, ¢ > 0, ta sé chiing minh rang

lim (C/a—i_ \Z[;+ %) = Vabc.

n——+0o00
bity = (W) = Iny=nln (W) Do d6 theo quy tic L Hospital thi

hl (aerszrcz)
lim Iny= lim 3 = lim
n—+00 z—0t T z—0t

*1 b*Inb+ c*1 —
vl —i:lw#»bl:’[icx—i_ i =1In y a/bC.
3

Tt day ta c6 ligl_l y = v abc.
n—-+00

Trd lai bai toan, xét phuong trinh 2n2x = log,(nx + 1). Pdt t = n?z thi

2t = logy(t+1) < 4" =t + 1.

Khéo st ham s6 tuong tng, dé& thiy phuong trinh nay c6 hai nghiém lat = 0,¢ = —%. Do do,
Tp = —55. Tacan c6
9 I S 5
2n 2n 2n
a‘ﬁ+b_2i2+c_ﬁ2——+3@a i te > ——— + 1.
n? 3 3n2

Néu 14y gi6i han truc tiép sé khong 1am phat sinh diéu kién ctia a, b, c. Ta 1ay mii 2n? hai vé roi
p dung b6 dé & trén

(%2 (1/a)+ o2 (1/b)—|— 2nm> > (_l_‘_1>2n.

3 3n?

Diéu kién da cho ding v6i moi n nén ciing phai ding khi n — +o00. Ta c6

2 2 2 2n
(Y A+ YT\
va 2 212 2 _Snz'%
2 _4
LU (—m + 1) =t (1 - m) e
Do d6, ta can c6 w— > e~ 3 < abe < e*.

Véi abe > e* thi
1
1 1 1 " on __2_
a 202 +b 22 4+ ¢ 2T > 3(\/3 abc) 2 > 3e” 32,

A . . N . n 5 1 -2 20 5 .
Ta can chung minh di€u kién du la 3e™ 3:2 > —% +3haye >t+1v6it= —3%. Khao sat
ham sb nay, ta c6 dpcm.

Viy diéu kién can tim 13 abc < e*. O
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Nhan xét 8. Trong bdi trén, ta cé sit dung quy tdc L'Hospital la: Néu ham sé f(x), g(z) théa

man f(c) = g(c) = 0 va gidi han lim P@) y6n tai thi lim L2 = 1im £ T4 c6 thé'viét quy tdc
ze 9'(@) 9(@) @

r—c z—sc 9'(@)

nay theo kiéu so cdp hon nhu sau:

flzy . LEEE g

lim =22 — _zme Ll

T—C g(x) z—c 9(x)—g(c) T—C g’(x) '
2017
“ = 9016’
Bai toadn 9. Cho ddy sé (ay,) xdc dinh béi cong thiic 9 . Hoi

n
An+1 :an+2\/an+_7n2 1
Qn

co ton tai hay khong sé nguyén dwong n dé’

trong do ki hiéu [x] la phan nguyén ciia so thuc x?

Loi gidi. Ta sé& chiing minh biang quy nap ring n? < a,, < (n + 1)2 v6i moi n. Xét hiéu

2

an+1—(n+1)2:an—n2—i—2(\/@—n)+z——1

( 2) an—1+ 2
=(a, —n
any, /Ay + N

Ngoai ra, a; > 12 nén bing quy nap, dé dang chiing minh dudc ring a,, > n? véi moi n.

Khi do
Unt1 < Qp + 24/an, +1 = /a1 < a, + 1.

Ta ciing ¢6 a; = 2 < 22 nén ciing bing quy nap, ta ¢6 a,, < (n + 1)* véi moi n > 1. Tir d6,

v6i moi n nguyén duong, ta co

2 2 A 1 n n 1
n"<a, <(n+1)"nén—>—>—vo5 > —.
n Qp, (n+1) 4dn

Dits, =L+ 2+ 2+ +this, >3 ({+5+5+ - +;)néns, — +oc. Do do, ton

as as

tai n d€ s, > 2016.

Goi n 1a chi s6 dau tién d€ s,, > 2016 thi s,_; < 2016. Ta phai c6 s,, < 2017 vi néu khong thi

o — 5, — 8,_1 > 1, mau thun. Diéu nay cho thiy ring[s,| = 2016.

Un

Vay ton tai s6 nguyén duong n dé [s,] = 2016. Ta c6 dpcm. O
Nhan xét 9. Ngoai cdch ddnh gid trén, ta cé thé quy nap dé chiing minh n? < u, < n(n + 1)
vdi moi n > 1. Néu thay cong thitc truy hoi thanh

n
n . 1
un+1:un—|——va3nzg —
Up, i1 U;

thi ta ciing co bai todn tuong ty vin < u, <n+ 1.
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Bai toan 10. Cho ham s6 f : R — R théa man

flx+y) <yf(x)+ f(f(x)) véi moi x,y.

1. Ching minh rang f(x) < 0 véi moi x.

2. Chitng minh rang f(z) = 0 vdi moi x < 0.
Loi gidi. 1) Thay z = 0,y = f(z),taco f(f(x)) < f(2)f(0)+ f(f£(0)). Két hop véi gia thiét,
ta suy ra

flx+y) < f(@)(y+ f0) + f(f(0) (x)

Gia st ton tai ¢ € R sao cho f(c) > 0 thi trong ddnh gid trén, thay = ¢,y — —o0, ta c6

lim f(z) = —o00. Do d6, véi o am di nhd thi
Tr—r—00

f(@o)(e = zo + £(0)) + f(f(0)) <0.
Tuy nhién, véi khi dé thi
0< f(c) = f(zo+c— o) < f(xg) (¢ —xo + f(0)) + f(f(0)) < 0, mau thuan.

Suy ra f(x) < 0 véimoi x € R.

2) Trong (%), thay y = f(0) — z, taco
F(f(0)) < f2)(2f(0) — ) + f(f(0)) hay f(x)(2f(0) —z) > 0.
Khi d6 véi < 2f(0) thi f(z) > 0, theo cau a thi lai ¢6 f(z) < 0,V nén
f(x) = 0v6imoi z < 2£(0).
Ta sé& chiing minh f(0) = 0 dé két thdc bai toan. Trong (%), thay y = — f(0), z = 3f(0) — 1 thi
f2f(0) = 1) < f(£(0)).

Ma f(2f(0) — 1) = 0 nén f(f(0)) > 0 hay f(0) = 0. Trong gié thiét, thay y = 0, ta dudc
f(z) < f(f(x)) nén
£(0) < £(£(0)) < f(f(£(0))) = £(0).

Suy ra f(0) = f(f(0)) = 0. Tu day ta c6 dpcm. O

Nhan xét 10. Pdy la bai todn rdt thii vi trong dé IMO 2011. Ta c6 thé xdy dung duge mdt ham
6 théa man dé bai nhuw sau:

g(x),z >0

Xeét g : (0;+00) — (0;+00) ma g(x +y) > yg(z) "‘ﬁx,y>0vaf(“’):{o 2 <0
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Trong phan tiép theo, ching ta s& phan tich tiép mot sd bai toan tS hop, s6 hoc can ding dén
gi6i han dé giai quyét.

Bai toan 11. Cho ddy sé nguyén duong (a,) tdng ngdt théa mdn cdc diéu kién:

1. Cdc sé hang cia ddy déu lon hon 1.

2. Cdc sé hang ciia ddy déi mot nguyén té cung nhau.

3. Tong lim Z

n—-+00

1 _
V@it Fo0.

=1
Chitng minh rdng trong ddy nay cé vé han sé nguyén to.
Loi gidi. Gia st ngudc lai rang ddy nay c6 hitu han s6 nguyén t6. Khi do, gia st véi n > N thi

tat ca cac sd hang a,, déu 12 hop s6. V6i mdi a,,, ta goi p,, 12 uéc nguyén t6 nhd nhit cta né thi
a, > p? va cac sd p, déu phan biét (do cic sb hang clia ddy nguyén td cting nhau). Do d6

1 1 11 (1 L] )
\/azaz—i-l NG pipi+1_2 P pia/)

Suy ra

n

N
Z DI Dy i +Z
Q; az+1 . a; aerl i=N it az

CL
i=1 i=1 1+1

trong d6 c 1a hang s6. Thay dnh gia & trén vao, ta c6

Zn: +Z ( ) i1 ( Lt ) I I I
C =C -
5 Vit P pz+1 2 PN pgz—&-l p?V+1 p?\f+2 P2

Mt khéc, tong phia sau khong vuot qud s, = 7 + 3 + 35 + ... + -5 (v6i n di 16n). Nhung cho

dll n — oo thi tdng trén van bi chin nén tong Z bi chin, mau thuin véi tinh chét da

=1 \/ai(li+1
cho cuia day.

Do d6, diéu gia st 12 sai va ddy nay chifa vo han s6 nguyén t6. O

Nhan xét 11. Ddy s6 dd cho la ton tai. Thdt vdy, ta cé thé chon a,, la sé nguyén té thit n. Sau
do, ding két qud % + % + % + % + ... = 00 Vdi téng tinh trén cdc s6 nguyén té. Tuy nhién, viéc
chiing minh nay khong don gian. Ta cé thé dung khai trién Taylor dé chitng minh

1
Z— >Inlnn — +oo.
b

p<n

Cdc ban c6 thé'tim hiéu thém vdi tit khoa: "divergence of the sum of the reciprocals of primes".
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Ngodi ra, ciing vdi viéc phdn bé ciia so nguyén t6, nguoi ta con udc liwgng dugc phdn bé ciia cdc
s square-free bang gidi han. Mot s6 duoc goi la s6 square-free néu né khong chia hét cho binh
phuong ciia bdt ky so nguyén té nao. Goi s, la s6 cdc s6 sé cdc sé square-free khong viot qud

+oo
nthi lim 2 = %. Dé chiing minh dugc diéu nay, can bién doi vé lim 22 = [] (1 — %)

n——+o00 n—+oo hel Py
+o0 R
va dimg bo' dé Euler ((s) = Y L = [] 1_;1775. B0 dé nay co thé chitng minh bdng ldp ludn
n=1 p prime
bién déi don gidn nhu sau
+oo
1 1 1 1 1
S N e RO
((s) 2 tontntetet
:>1C() 1+1+1+1+1+
—((8)=—+—+—+—
28 25 45 65 8 10°

1 1 1 1
1—— =1+ —+—+—+—+..
:( S>C(S> M T T SR

Sau ldn nhdn ddu tién, tdt cd cdc sé hang chdn bi triét tiéu. Ta tiép tuc véi (1 — 3i) thi tdt cd
cdc s6 hang chia hét cho 3 bi triét tiéu, va cit nhu thé. Tir do, ta suy ra rdang

1=((s) (1—2—15> (1—%) (1-%) ...é<<s)=c‘(s)=§%= 11 1_1p_s-

p prime

Bai toan 12. Trong mdt phcfng toa do, tai méi diém ma tung do va hoanh dé déu la cdc sé tu
nhién, cé ddat mot gbc cdy co bdn kinh la 1075, Mot nguoi diing tai goc toa dé O va nhin vao
goc phan tw thit nhdt ciia mdt phdng theo mdt hudng cé dinh. Héi tam nhin ciia ngudi ndy cé bi
gidi han béi gbc cdy nao hay khéng?

Loi gidi. Trudc hét, ta sé chiing minh bs dé quan trong sau:
V6i mbi s6 vo ty o > 0 va sb nguyén duong N, ton tai p € N, ¢ € Z* sao cho [ga — p| < +.
That vay,

Xét cic phan 18 {a}, {20}, {3a}, ..., {(N + D)a} va (0; %), (

) (i)l (B ).

Do c6 N doan ma c6 N + 1 sb nén phai ton tai hai s6 thudc ciing khoang, gid st 1a {ra}, {sa’}
vil <r<s< N+ 1.Khido

2[-

Hra} — {sa}| < %hay |(s —r)a — ([sa] — [ra])| < %

bitq = s —r,p = [sa] — [ra], ta cé dpem.
Trd lai bai todn, gia st ngudi nay nhin theo huéng ctia dudng thing y = kz véi k > 0.

lyo—kzo|
2z 2 1+k2
la sO hitu ty thi bai toan hién nhién vi duong thang nay ludn di qua mot di€ém nguyén nao do.

Khi d6, mot diém c6 toa dd (zo; yo) cich dudng thang mot khoang . Ta thiy rang néu k
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Néu k vo ty thi theo bd dé trén, ton tai cac sb p, ¢ d€ |gk — p| < —Ls. Khi d6, ta chon

W.
= = ¢ thi khoang cach tu dié ;o) s€ nhd h ! 107°
xo = p, Yo = ¢ thi khoang cach tit diém (z¢; yo) s€ nhd dnm< :
Do d6, tam nhin ctia ngudi nay ludn bi gidi han bdi mot gbc cdy nao do. O

Nhan xét 12. Trong dé thi THPT ctia Phdp vita qua, c6 mot bai todn tuong tw nhu sau: Mot nha
tham hiém dang khdm phd mét khu ritng va phdt hién ra rdng tdt cd cdc thdn cdy trong do déu
c6 cung bdn kinh. Ddy qud thdt la mét diéu rdt thii vi! Tam thoi bé qua chiéu cao ciia cdc cady,
ta ddt khu ritng vao trong mdt phdng toa dé vudng géc nhu sau:

o Nha thdam hiém dang diing tai gbc toa dé va mudn tim mot géc nhin xuyén qua khu ring.

e Cdc thdn cdy dugc xem nhuw cdc vong tron co bdn kinh R > 0 va toa dj tam ddt tai cdc
diém nguyén (a,b) vdi a, b la cdc s6 LE. Do tinh doi xiing nén ta co thé'gid sita > 0,b > 0,
tikc la chi xét cdc diém thudc goc phan tu thit nhdt.

Ta noi rdang nha thdm hiém cé thé "nhin xuyén qua" khu ricng néu nhuw cé mét tia xudt phdt tir vi
tri diing ciia anh ta (tai goc toa do) va di qua khu rieng ma khong cdt bdt ci goc cdy nao (6 ddy
la cdc hinh tron).

Xét duong di cvia nha tham hiém la y = max véi m > 0. Ta goi hang dau tién la tdt cd cdc cdy
c6 tam ndm 6 vi tri (1, ) hodc (o, 1) vdi a la s6 1. Chitng minh rang néu nguoi quan sdt co
thé’ nhin xuyén qua hang dau tién nay thi cé thé' nhin xuyén qua cd khu rimg.

Bai toan 13. Vdi méi s6 thuc x € (%, 1), cdc s6 nguyén duong n sao cho [nz) la sé chdn dugc

viét thanh mot ddy ting a, < ay < az < ...

1. Hdi c6 ton tai sé nguyén dwong m dé'm, m + 1, m + 2 deu khong thudc day hay khong?

n

2. Chiing minh rang . ——— = +oc.

=1 i1 %

Loi gidi. 1) Cau tra 18i 1a phd dinh. That vay, gid st ¢6 sb m dé [mz], [(m + 1)z], [(m + 2)x]
déu 1a cac s6 18. Khi d6, ta c6 hai trudng hop:

e Néu{ma} > ;thi[(m+1)z] = [[ma] + {mz} + 2] = [ma]+[{ma} + z]. Vi {mz} > 1
vaz > inéntacdl < {mz}+x <2hay [{mz} +2]=1
Tu d6 suy ra [(m + 1)x] 1a s6 chin, mau thuén.

e Néu {mz} < 5 thi d€ c6 [ma], [(m + 1)x] déu 1é, ta phéi ¢6 [ma] = [(m + 1)z], tic Ia
{maz} + 2] = 0.

Suy ra [(m+2)x] = [(m+1)z]+[{mz} + z] = [(m+1)z] = [mz] nén [{mz}+2z] = 0.
Tuy nhién, diéu nay khong ding vi 22 > 1.
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Do d6, khong ton tai m thda man.

2) Theo ciu a, trong ba sd bat ky lién tiép, ludn c6 it nhat mot s thudc ddy. Piéu nay chiing té
hai s6 hang lién tiép ctia day hon kém nhau khong qué 3 don vi.

Chiyringa; = 1vi[z] =0néntacéa, <1+ 3(n— 1) = 3n — 2 véi moi n. Do d6

az —a; = (aip1 — a;) (a1 +a;) <3[B(i+1) —2+3i — 2] = 3(6i — 1) < 18i.

Tu do ta cod

Z": Lot/ v 11

~g? ,—a? —18\1 2 3 7 n)

=1

Dbén day dé dang c6 dpcm. O
Nhan xét 13. Bai todn tong qudt sau vdn diing: Véi méi so thuc x € (0; 1) va s6 nguyén duong
m > 2, cdc s6 nguyén duong n sao cho [nx] chia hét cho m duogc viét thanh mot day ting
a1 < as < as < ... Khi do, tong tuong tw nhu trén van tién dugc vé vo cuc.

+o0
Thdt vdy, do (0;1) = | [k+1,k) nénvdi x € (0;1) thi ton tai k > 0 dé" k+1 <z < 1. Khi do,

bang cdch twong tu, ta chitng minh dugc rang trong khong qud d = f(k, m) s6 nguyén lién tiép,
Iuén ton tai mét sé thuéc ddy da cho. Tir do, co thé xdp xi né véi mét cdp sé céng va coé ddnh
gid nhu trén.

Bai todn 14. Cho cdc sé vo ty duong a, 3 > 1 sao cho hai ddy so:

[a], [2a], [3a], ... va [B],[25],[30], - - -

la phdn hoach ciia tdp hop sé nguyén duwong. Chitng minh rdng

1 1

S i1

a * B
Loi gidi. V6i mdi sb nguyén duong k, goi m, n 1a cac s6 nguyén duong théa min

ma] <k < [(m+1)a]va[nB] <k <[(n+1)4].

Khi d6, dit A = {[ia],1 < i < m}va B = {[j5],1 < j < n}thi|A =m,|B| =nva
ANB=@,AUB = {1,2,3,...,k} theo dinh nghia clia dé bai.
Do d6m +n = k.

Theo bat dang thiic phin nguyén thi
1 m+1

m < <
k+1 « k

ma—1<k < (m+ 1)anén

Tuong ty 2 < + < 2. Suyra

k+1 B
m+n<1 1<m—|—n—|—2ha k <1 1<k+2
K+l Sa B85 k1 Yy Bkt
Cho k — 400, ta thu duge ;- + 5 = 1. O
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Nhan xét 14. Pdy la dinh ly ddo ciia dinh Iy Beatty vé phdn hoach cua tdp hop so nguyén
duwong. O dinh Iy thudn, ta dwoc cho trudc ddng thiic é + % = 1vdi o, B vé 1y va can chiing
minh su phdn hoach. Ta c6 thé chitng minh phdn chitng rdang

1. Néu co m,n,k dé'[ma)] = [nB] = k thivo ly.

2. Néucom,n,kdé'ma) <k < [(m+1)a]va[np] <k < [(n+1)p] thi ciing vé Iy.
Dinh Iy nay cé nhiéu iing dung, chdng han ta cé mét bai trong dé APMO:

Véi méi s6 nguyén duong goi ay, b, la sé viét trong hé nhi phdn va hé 5-phdn ciia 10". Chiing
minh rdang véi méi s6 nguyén dwong k > 2 thi c6 mot s6 cé k chir s6 xudt hién & diing mot trong

hai day (a,), (by).

Bii todn co thé duogc gidi quyét dé dang véi chii ¥ rdng: sé chit sé ciia n viét trong hé k— phdn
la [log;n] + 1, ngoai ra ov = 1og,10, 3 = log;10 théa man + + % =1.

Bai toan 15. Cho cdc s6 nguyén diong a, b sao cho ged(a,b) = 1. Goi t,, la s6 cdch viét cdc s6
nguyén duong n > ab thanh dang n = au + bv véi u,v € Z*. Chiing minh

Loi gidi. V6i mdi sb nguyén duong n, ton tai duy nhit s6 nguyén duong k sao cho
kab < n < (k + 1)ab.

D€ ¢6 cdp (u, v) thoa man thi phai c6 s6 u sao cho
n
u< —
a

au=mn (mod b)

au =n (mod b)
u<(k+1)b
cling chinh 1a gia tri t,,. V6i m&i m, trong day s6 ma, (m + 1)a, (m+2)a,...,(m+b—1)alap
thanh mot hé thiang du day dd modulo b vi ged(a, b) = 1 nén né c6 chia ding mot s6 dong du
n theo modulo b. Chd y ring u < (k + 1)b nén

Taco kb < 2 < (k+1)bnénu < (k + 1)b, s6 lugng cdc s6 u théa man {

u<(k+1)b—1=0<wua<[(k+1)b—1]a.
Ta tién hanh chia cdc bdi ctia a trong (0; ((k + 1)b — 1)a] thanh k + 1 doan 1a
(0, (b — 1)al, [ba, (2b — 1)al,- - - , [kba, ((k + 1)b — 1)a].
Trong mdi doan, c6 ding mot s6 dong du » modulo b nén trong k doan cudi, sé c6 ding k sd

ua, doan dau chua chac da c6 nén

k<t,<k+1nén

n n
Do kab<n < (k+1)abnéntacd & — L <& <l <kl oL — L Chon — +o0, dé dang
. . 1 a n n n n al n
¢6 duge lim ‘== - O
n—)—i—oon a
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Bai toadn 16. Cho hai s6 hitu ty duong phdn biét u, v théa man u™ — v™ la s6 nguyén vdi vo han
gid tri n nguyén duong. Chitng minh rang u, v la cdc s6 nguyén.

Loi gidi. Pitu = 2,v = ¥ v6i ged(z, y, z) = 1. Theo gid thiét thi 2" —y” = 0 (mod z") ding
v6i vO han gid tri n.

Néu z > 1 va gia st z c6 mot uéc nguyén td p 1é. Goi r 1a sd nguyén duong nhd nhit dé
2" = y"(modp) thi r|nhay n = rk, k € Z*.

bita = vy(n),b=v,(z" —y") thi
w7 = v, () = W) = o — )+ p(B) < bt ) = a+ b
Tuy nhién, v, (2" — y"*) > v,(2") > n. Do d6, a + b > n nén
pt < pttt=pp® < mp,

diéu nay khong thé ding véi vo han n. Do d6, z khong c6 udc nguyén tb 1é va né phai 1a liy
thura cda 2, suy ra x, y cung Ié.

Ta co
2n| " — yn — (.T o y)<xn71 =+ xany et l,yan 4 ynfl)'

Khi d6, néu n 1€ thi nhan td thd hai ctia vé phai 1é, ddn dén 2"|x — y vé6i vo han gid tri 1é cta
n,khong thé xdy ra dudc.
Suy ra n chdn, dit s = v (2? — y?),t = vy(n) thi
ve(z" —y")=c+s—1=n<c+s—1<logyn+s—1.

Tuy nhién, v6i n dd 16n thi ddnh gid trén s& sai. VAy u, v phai déu 1a cdc s6 nguyén duong. [
Nhan xét 15. Cdch tiép cdn trén ciing khd phé bién véi cdc bai todn yéu cdu chitng minh mot
6 hitu ty théa man diéu kién cho trude vdi vé han gid tri n thi phdi la sé nguyén, chdng han:

o Mot hang sé chia hét cho p™ vdi vé han n.

e Dung dinh Iy LTE véi chii y v,(n) < log,(n), ta so sdnh n vdilog,(n).
Bai todn 17. Hoi cé bao nhiéu by sé nguyén cé tinh thit tw (a, b, c,d, e, f) théa mdn dong thoi
cdc diéu kién sau

i. Cdc séa,b,c,d,e, f € [-2016,2016] va abedef # 0.

ii. a"+0"+c"+d"+ e+ [ = 0vdi vo han gid tri n nguyén duong?
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Loi gidi. Ta thdy ii) chi ding v6in 18 vinéun chinthicéa =b=c=d =e = f = 0, khong
thda man.

Trudc hét, ta sé chiing minh ring trong 6 s6 nay sé c6 ba ciip c6 tdng bang 0. That vay,

Khong mit tinh tdng quat, gid sta < b < c<d<e < fthirdranga < 0 < f. Néu nhu
|f| > |a| thi

lm " (2)"+<9>"+(£)"+(ﬂ)”+(E)"H ~ too
Y / / / ;)T

-~

>0

Tuong tu néu | f| < |a| thi gi6i han & trén bing —oo, ciing khong thoa.

Do d6 phdi ¢6 |f| = |a| hay a + f = 0. Con lai 4 s6 12 b, ¢, d, e nén thuc hién tuong ty, ta c6
b+e=c+d=0.

Tiép theo, d&€ dém sb bd nay, ta thiy ring trong cic sb, phdi c6 3 s6 duong va 3 s6 am. Ta xét
cac truong hop:

6! __

e Néu c6 3 s6 duong gidng nhau thi 3 s6 am ciing phdi gidong nhau, s6 bd 1a Ciy6 - 331 =

2016 - Cg.
e Néu c6 3 s6 duong khéc nhau thi 3 s6 &m ciing phdi khéc nhau, s6 bo 1a C3) 4 - 6!.
e Néu c6 2 s6 duong gidng nhau thi 2 s6 Am nao d6 ciing phai tuong ting giébng nhau

6!
2- 022016 ol 022016 - 360.

Vay dap sb 1a
2016 - C2 4 C3)16 - 6! + Ciyy - 360.

]

Nhan xét 16. Két qud J trén khong chi diing cho s6 nguyén ma ciing diing vdi sé thuc tity V.

[1] Nguyén Pinh Toan, Cdc bai todn dé nghi truong Dong TPHCM, 2012-2013.
[2] D6 Minh Khoa, Cdc bai todn trén group "Bai todn hay — Loi gidi dep".
[3] Trin Hoang Anh, Y tudng phat trién, md rong mot sd bai toan.

[4] Vu Van Tan, Cdc bai todn thi Olympic chon loc.
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PHAN TiCcH BINH PHUONG
BANG TAM THUC BAC HAI

Nguyén Vian Huyén
(Thanh phé Ho Chi Minh)

G101 THIEU
Bai viét gi6i thiéu mot ing dung nho ctia Maple trong viéc biéu dién céac bat dang thiic
thanh tdng cac dai lugng khong Am thong qua tam thiic hai.
Trong chuong trinh gidao khoa Toan 9 chung ta da dudc gidi thiéu cach giai phuong trinh bac hai

mot an dang tong quat thong qua phan tich

b\?> 4ca—b>
) | dea=b® 0

2
ax bx+c=al|lx+ —
+bx + ( + 5 -

Ngoai cong dung dé tim nghiém thi dang thic (1) con c6 tng dung rat 16n trong chiing minh
bét dang thitc. Chang han nhu bai toan dudi day

Bai toan 1. Vdia, b, ¢ la ba sé thuc duong. Chitng minh rdang
a*b + b%c + c*a > 3abc. 2)

Lsi gidi. S&1a mot bai toan don gian néu ap dung bat déng thic AM-GM. O day véi y tudng sit
dung tam thic bac hai ching ta sé c6 mot 16i giai kha la mat sau

Trudc hét viét (2) lai du6i dang
b-a*+ (¢ —3bc)a + b%c > 0. (3)
Ap dung (1) ta bién d6i (3) thanh

2 2 3. (.2 2
b(a—|—c 3bc) +4bc (c*—=3bc) -

2b 4b > 0.

Gia st ¢ = min{a, b, c} vachiy

4b3¢c — (c* —3bc)? = c[b*(4b — ¢) — 2bc(4b —¢) + c2(4b — ¢)]
=c(4b—c)(b—c)* > 0.

Bit dang thic dugc chiing minh. O
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Nhu vdy néu mot bat dang thiic c6 dang tam thifc bac hai v6i hé s6 @ > 0 thi ta sé tim cach chi

ra 4ca — b? > 0 bang cdc danh gia hoic n6 thanh tdng ctia nhiing dai lugng khong

am. Tuy

nhién cdng viéc nay khong phai lic nao ciing c6 thé thuc hién dé dang, c6 nhiing bai toan ma
viéc phan tich 4ca — b? s& vo cling phtic tap va vat va, nhung dbi v6i may tinh thi lai khac, né
chi don gian 1a mdt 1énh factor (). Bing ngdn ngit 1ap trinh Maple tic gia da viét mot ham

gratic () cho phép ta thuc hién cong viéc mot cach nhanh chong nhu sau

gratic := proc(f, x)
local a, b, c;
a := coeff(collect(numer(f), x), x"2);
b := coeff(collect(numer(f), x), x);
c := numer{f) - a*x"2 - b*x;

L Y I

=l

end:

5u55{{Factur{a”{x + b/(2*a))"2) + factor((4*a®c - b*2)/(4%a)))/denom(f));

C6 thé viét doan ma trén truc tiép & Worksheet Mode ctia Maple hoic Iuu lai vao notepad. O
day tdc gia luu ¢ 6 C va dit tén 1a gratic.txt. Bay gi¢ hay xem cach ham nay hoat dong

(Iénh read "C:/qgratic.txt" dédoc file gratic.txt daluu).

;‘.‘> read "C:/qratic txt"
> qmrz'c(x: — 5x—+ 3, :c]
1 13
—(2x—5)F— —
7 (2x=3 r
r 2
> qmrz'c(x‘ +4 x+4 _r]
(x+2)°
r 2
> qran’c{ -3x"+4x— 8, _!c]
L (3x—2)*— 20
i 3

Ap dung cho bai toan 1 & trén

;:} read "C:/gratic txt"
>f==a:-5+5:-c+c:-a—3-a-5-c
a . . l .
Ff=a b—3abct+ac+5c
> gratic| [, a)
N R 742
2ab—3bc+
(ab=35c+2) |

c(4b—c) (b—c)?

1 1
4 b 4 b

Bai toan 2. Cho a, b, c la ba sé thuc duong. Chitng minh rang

274> (b +c¢)?
+
c a

> 12b.

Lsi gidi. DE thay bai toan 12 mot tam thiic bac hai theo b diéu nay gdi y ta biéu dién né thanh

téng cac biéu thifc khong am khi phén tich theo b (goi tat 1a biéu dién theo b) nhu sau
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;‘.‘> read "C:/qratic txt"

gl -
27.
> fom 27d  (b+e)
c a

o

—12-5

274 b+ c)?
fm 2, (b0

c o

~ e
gratici f. b) ] . .
cl-b+6a—c)"+3alla—2c)°

ca

Tic la
27a? N b+ 19p — c(6a —b —c)?> + 3a(3a — 2¢)? S 0.
c a ca
Ding thiic x4y ra khi va chi khi 9a¢ = 2b = 6¢. Ta c6 diéu phai ching minh. O

Nhan xét. Mot diéu luu y rang dbi v6i bai toan nay va ké ca cac bai todn minh hoa tiép theo dudi day déu
ton tai cac 16i gidi rat dep va so cip, chang han véi bai toan nay dp dung bt dang thiic Cauchy-Schwarz
va AM-GM, ta cé

mﬂ+}b+@2>@a+b+o2_3ma+@+bﬁ

c a %-i—a 3a +c¢

> 12b.

Nhitng chiing minh va phan tich do6i khi kha cong kénh trong bai chi 1a mot cach nhin khéc véi bat dang
thifc bang cong cu may tinh do d6 hi vong khong lam mét di vé dep ctia bt dang thiic.

Bai toan 3. Cho x, y, z la cdc s6 thiuc khéng am. Chitng minh rdang

(y+2)° +dxyz+x*(y +2) = 2x(y +2)*> + 3yz(y + 2).
(Liu Qian Bao)

L&i giai. Biéu dién hiéu hai vé theo x, ta dudc

;‘.‘> read "C:/qratic txt"
> f= (y+ 2]3 —3Jyz(y+z)+4xyz—2x(y+ z)l + y+2z)
f=(yv+z)" —3yz(y+z)+4xyz—2x(y+ 2)2 + 2 (y+2z)
[> gratic| f x)
l al 1 al
(xy+xz—3"—7) L yz(-z+y)°
yt+z yt+z

Tt d6 suy ra diéu phai chiing minh. O]

Bai toan 4. Védia, b, ¢ la ba sé thuc dwong. Chitng minh rdang

1 1 1 24(a? + b? + ¢?)
F = b -+ -+-]-1-
(a + +o(a+b+c) @bt
(Vasile Cirtoaje)
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Loi giai. Viét bai todn vé dang chuén tic ctia S.0.S nhu sau

(a®? + b% + ¢?> —6ab + 2bc + 2ca)(a — b)?
>

= 0. 4
ab(a + b + ¢)? @)

Chi y riang v6i moi k ta luén c6

> k(a—b)*(b—c)(c —a) =0.
Xét
(a® + b* + c*> —6ab + 2bc + 2ca) + k(b —¢)(c — a).

Biéu dién theo a ta ducc

|:> read "C:/qratic txt"

> fi=(d —6ab+2ac+ B +2bc+ ) +k(b—c)-(c—a)
fimd —6ab+2ac+ B +2bc++k(b—c)(c—a)

al

|:> gratic| f a)

(-bk+ck+2a—6b+2¢) (k+8) (b—c) (Bk— ck+ 4b)

1 _1
4 4

Chon k = —8 thi
(a*> 4+ b*> 4+ ¢*> —6ab + 2bc 4+ 2ca) —8(b —c)(c —a) = (a + b — 3¢)>.

Tir d6 c6 thé bién ddi (4) nhu sau

Z [(a? + b? + ¢ — 6ab + 2bc + 2ca) — 8(b — ¢)(c — a)](a — b)? + 8(a — b)*(b — ¢)(c — a) N

0,
ab(a + b + ¢)?
tuong duong véi

(@a+b—3c)*(a—b)*+8a—b)*(b—c)c—a)
Z ab(a + b + ¢)? >0

b

hoac

(@ +b—3c)*(a—b)? 8(a —b)*(b —c)(c —a)
2 ab(a +b + c)? t2 ablatbrop O ©)

Z 8(a—b)*(b—c)(c—a) 0
ab(a + b + ¢)? -
cho nén (5) tuong ducong véi

(@ +b—3c)*(a—b)?
Z ab(a + b + ¢)? >

tic 1a
e Z (@ +b—3c)*(a—b)?
ab(a + b + ¢)?
Ding thifc xay ra khi va chi khia = b = ¢ hoiic a = 2b = 2¢ clng c4c hodn vi. O]
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Bai toan 5. Cho a, b, c, d la bén sé thuc bdt ky. Chitng minh riing

(@a—c)2(b—d)*+4(a—Db)b—c)c—d)d—a)>0.

Lsi gidi. Biéu dién vé trai theo a, ta dudc

|:> read "C:/qratic txt"

> fi=(a—c) (b—d)  +4(a—b)(b—¢)(c—d)(d—a)
fi=(a—c) (b—d’+4(a—b)(b—c)(c—d) (d—a)

|:> gratie( f a)

(ab—2ac+ad+ bec—2bd+ cd)?
Pang thic xay ra khi va chi khi (a —b)(c —d) + (b —c)(d —a) = 0. Chiing minh hoan tit. []

Céc bai toan tiép theo chung ta sé can dén nhiéu hon mot 1an phan tich
Bai toan 6. Vdia, b, ¢ la ba sé thuc. Chitng minh rc%ng

F=(@+2)b*+2)(c*+2)—3a+b+c)=0.

L&i gidi. Biéu dién F theo a, ta dudc

;1} read "C:/qratic txt"
> fi= (@ +2) (B +2) (£ +2) —3-(a+b+0)

-

2

f=(@+2) (F+2)(F+2) —3(a+b+0)
(> gratic| f a)
(2822 + P —6be+E+2)
FH2F+25+1

(@B 4248 420l 4a—3b-3c)"  (F42) (¥
—+

2 a 4+
i e | | a e |
Fe+254+25+1 o

Chu y rang
2b%c* + b% —6bc +c* +2 = (b—c)* + 2(bc — 1)?,
Do d6

[a(b?c? +2b% +2¢2 + 1) —3b — 3(:]2 + (2 +2)(b* +2) [(b —¢)* 4+ 2(bc — 1)?]

F =
b2¢2 +2b%2 4+ 2c2 4+ 1

Dé thiy biéu thiic nay khong 4m nén ta c6 diéu phdi chiing minh. O

Nhan xét. Ta con mot cich dé€ chiing minh 2b2¢? + b? — 6bc + ¢? + 2 > 0 bing cach biéu dién n6
theo b nhu sau

e e | ] o 2 .
> gratic(25° ¢ + B* —6bc+ ¢ + 2. b)
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Bai toan 7. Cho bén sé thuc a, b, ¢, d théa mdn ab = c* + 4d? = 4. Chiing minh rang

(a—c)+b-d)?>=

| oo

L&i giai. Loi gidi sau day ctia Ji Chen ! trén dién dan Art of Problem Solving

7 7
OV (b—d) + — (2 4+4d>)— L ab
(@=c)"+(b=d)"+ 35 (c"+4d%)—ga 60 540 108

Thoat nhin thi phéan tich nay trong rat 4o va khong biét Ji Chen da tim ra né nhu thé nao

—12d)*>  (20a —27¢)* 7(2a —3b)?
_ (5b—12d)>  (20a—27¢)*  7(2a—3b)*

0.

! Nhung

néu dé y chiing ta sé thiy P la nhiing tam thiic bic theo a, b, ¢ hoic d va tit d6 du doan ducc

con dudng ma Ji Chen da tim ra phan tich trén.

Xét biéu thuc . .
P=(a—c)+(b-d)?+ E(c2 +4d?%) — §ab.

Trudc hét biéu dién P theo d

;> read "C:/gratic txt"

> f=(a= o+ (b= - fab+ o (& +4d)
gt Tape 12,12
f=la—c)"+(b—4d 9a5+ 70 &+ S d
E gratic( f d)
L ond+set+d—Lab—2ca+ LB+ 2L
60 - ’ 9 - 12 20
Tiép dén bifu dién a? — Zab — 2ca + Lb?* + 2c? theo b
(a1, 7 227 31,
>qraf!c[a"—?ab—_ca+ﬁb‘+ﬁc‘__b
7 B 5 1 5
L (-3b42a)P + —— (-27c+20a)°
108 | A" 5y (27 +204)

Nhu vay
p— (5b — 12d)? n (20a — 27¢)? n 72a — 3b)2,

60 540 108
va day chinh la phan tich cta Ji Chen.

]

Nhan xét. Tay thudc vao bién ban dau dudc chon dé biéu dién ma ta c6 nhiing phén tich khac nhau, vi

du nhu bai nay vin con nhiéu phan tich khic nhu
p=l (5b —12d)? + ! (18a —7b — 18¢)% + ! (106 — 9¢)?
= —(5b— —(18a —7b — 18¢ — —9¢)~,
60 324 1620
hay

1 1 21
P =—(18a—7h—18¢)> + ———(275b — 324d — 126¢)*> + —— (3¢ — 8d)?,
324184 )"+ go100" "+ 1100 3¢ —3)

va nhiéu két qua khac nira.

'Pai hoc Ningbo, Trung Quéc.
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Bai toadn 8. Cho bén sé thuc tiy ¥ a, b, ¢, d. Chitng minh rdang

F=6a*>+b>+c*+d*>)+@+b+c+d)?*—12(ab+bc+cd)>0
(Vasile Cirtoaje)

Loi giai. Thuc hién tuong tu nhu bai toan trén, ta c

;> read "C:/qratic txt"
>f=6(d+F+E+d)+(atbtct+d’ —12-(ab+bc+cd)
- - 2 - - Fl
f=6d +6F +6+6 + (a+b+c+d)*—12ab—12bc—12¢d

B gratic( f a)
24 60 24 48 2 72

%(?a—)b+c+d} +TS‘—TSC+TSO’+TC‘—T (.1'-'-—61L
>qranc[%bz—%bc+%ba+%cl—% a+ﬂa’a15]
S (b=sc+2d’+ 3 (e -2
Vay
1 2, 3 2, 3 2
F:;(7a—5b—|—c+d) —I—H(4b—5c+2d) +§(c—2d) >0
Ding thiic x4y ra khi va chi khi 2a = b = ¢ = 2d. Bai todn dugc chiing minh. O]

Nhan xét. Mot sb phan tich khac

1 3 3
F=-(a=5h+c+ d)? + 25 (5b =8¢ + 6d)* + G —2d)?,

hay
1 3
F = ;(7a—5b+c+d)2+§(b—3c+4d)2+3(b—c)2.

Bai todn 9. Cho sdu s6 thuc a, b, ¢, x, y, z théa mdn diéu kién xy + yz + zx > 0. Chiing
minh rang

[a(y +2) + b(z +x) +c(x + y)]*> > 4(ab + bc + ca)(xy + yz + zx).
(Ukraine MO 2001)

L&i gidi. Biéu dién hiéu hai vé theo a, ta dugc

;> read "C:/gratic txt"
> f=laly+z)+biz+x) + c-(x—|—}'])1 —4(ab+bectea) (xy+yz+zx)

'E

-

(aly+z)+b(z+x)F+clx+y)) " —4(ab+acH+ be) (xy+xz+y2)
> gratic( f a)

~ ) B B B 7 ~ 2 B ~
(a}" +2ayz+az —bxy—bxz— byz+ b —cxy—cxz+c) — C_].JZ} . 4{bz—cy) (xy+xz+y2)

(y+2)° (y+2)°
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Dang thic xdy ra khi va chi khi £ = J = £, Bai toan dugdc chiing minh. O

Bai toan 10. Cho x, y, z la cdc sé khong dm va a, b, ¢ la ba sé thuc bdt ky. Chitng minh rdng

[a(y +2)+b(z+x)+c(x+ )] >4(x +y + 2)(xbc + yca + zab).
(Vasile Cirtoaje)

Lo gidi. Tuong tu bai trén biéu dién hiéu hai vé theo a, ta dugc

| > read "C:/gratic txt"
> f=la(y+z)+biz+x) +c(x+y) ): —4ix+y+z)(xbect+ycatzalb)
:

i f=lalyv+z)+blz+x)+ecix+v)) " —4(x+y+2z) (abz+acy+ bex)
> gratic| f a)

2 3

[a}:+2a}'z+az’:+.5_‘c}'—5:cz—5}'z—5z:—c:cy+ CIZ—C}:—C}'Z}‘ L dxyz(b—c) (x+y+2)

(y+2)° (y+2)°

Tt d6 suy ra diéu phai chiing minh. O

Bai toan 11. Cho x, y, z la ba s thuc duong. Chiing minh rang

2422 VG2 +12?)
2x2 4+ yz T 2(x2+ y2 4 22)

L&i giai. Bai nay c6 mot chiit khic biét so vdi cdc bai todn trude, ta khong thé biéu dién né
theo x, y hay theo z dugc ma phéi biéu dién theo x2. Binh phuong hai v& va gian udc cho
y? 4 z2 > 0 bét dang thiic trd thanh

2(x* +y% + 2% 2 300 + 2°)(2x” + y2).

Ta co

;> read "C:/gratic.txt"
.
> f=2(F 4+ +72) -3 (P +F) (24 +y2)

=> qmi."fc( iA ‘cl]

Tt d6 suy ra diéu phai chiing minh. O

Nhan xét. Ti bai nay c6 thé suy ra
x2+ 2 2+22 22+x2
AP A + /5> > V6
222 + xy 2x2 + yz 2y% + zx
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Bai toan 12. Cho a, b, ¢ la ba sé thuc khéng dm théa mdan a + b + ¢ = 2. Chitng minh rdng

bc ca ab

< 1.
a2—|—1+b2+1+02+1

(Pham Kim Hung)

Lsi giai. Bai todn nay ban dau dudc anh Pham Kim Hung gidi thiéu ¢ muc bét dang thiic chua
c6 16i gidi clia dién dan toan hoc Mathlinks ? (hién nay 12 Art of Problem Solving) va nhin dugc
mot s6 18i rét co bdp clia cac thanh vién trén dién dan khi d6. Niam 2009, trong quyén sach “Bdt
ddng thiic va nhitng 10i gidi hay” anh Vo Qubc B4 Cin da dua ra chitng minh dep mat hon khi
chi ra danh gia
bc o be(b +¢)
a?+1 " ab(a+b)+bcb+c)+calc+a)

bing cach sit dung bt dang thiic AM-GM két hop véi viée chia truong hop. Tuy nhién néu dé
y chiing ta sé& thiy (6) chinh 1a mot tam thifc bac hai theo a va do d6 ta c6 thé ap dung ham
gratic () nhu sau.

(6)

Néu bc = 0 thi bit dang thiic tré thanh dang thic. Xét be > 0 thuan nhét hai vé dong thoi gidn
udc cho be bt dang thiic (6) trd thanh

[4a® + (a + b + ¢)*](b + ¢) > 4[lab(a + b) + be(b + ¢) + ca(c + a)].

Biéu dién hiéu hai vé theo a, ta dudc

;‘.‘> read "C:/qratic txt"
> fi= (4 + (a+b+c)?) (b+c)—4(abla+b)+bc(btc)+calcta))

fi= (4 + (a+b+c)?) (b+c) —4bec(b+c) —4cala+c) —4abla+ b)
> gratic( f a)

o

- ] - Iy £ - . bl
(ab+ac— 5 +2bc—c) 4bc(b—c)?
b+c b+

Pang thic xdy ra khi va chi khia = b = 1, ¢ = 0 cling cc hoan vi. Ching minh hoan tit. [

Bai toadn 13. Cho ba sé thuc a, b, ¢ théa man diéu kién a® + b? + ¢ > 0. Chitng minh rdng
2a? + bc 2b2% + ca 2¢% +ab 9

F=(1+4+——— 14+ —— 14—+ )—=2>0. 7

(+b2—|—cz)(+cz—|—a2)(+a2—l—b2) 2 "

(Nguyén Hoang Thudn)

Loi gidi. Pdt p =a+ b +c¢, g =ab + bc + ca var = abc dong thdi viét (7) lai nhu sau

2[[2a® + 6% + be + ) = 9(a® + b*) (b + ) (c® + a?).

’http://artofproblemsolving.com/community/c6h57558
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hay la

2[8r% = p(p* 4+ 2q)r +2p° —10p*q + 17p*¢> — 9¢°| = 9[p*q* — 2¢° — 2p(p* — 2q)r — 1],
hoac

25r% + 8p(2p* — 59)r + 4p°® —20p*q + 25p*q¢* > 0.
Biéu dién vé tréi theo r, ta dudc

| > read"C:/gratic txt"

> f=257+8p (207 —5q) r+4° —205 g +25 7 ¢

a a - 6 _1 a a
257 +8p(2p —sq)r+4p —20p g+ 250 &
> graticl f, r)

R
9

5= (87 —20pg+257)" + = (24 - 59)

a

Ln

Bai toan dugc chiing minh. [

Nhan xét. Tu 1oi giai trén thu dudc

(8Za3 +4Zab(a +b) + 13abc)2 +9(a+ b +c)? (2Za2—2b0)

50(a? + b2)(b?% + c?)(c? + a?)

2
F = .

Bai toan 14. Cho ba sé thuc duong a, b, ¢ théa mdn diéu kién a®> + b? + ¢? = 1. Tim gid tri
[6n nhdt ciia biéu thiic

ab + bc + 2ca.

Lsi giai. Béan chit clia bai todn 1a tim hiang sd k 16n nhét dé bt dang thiic sau ludn diing
a? + b* + c* > k(ab + bc + 2ca).

Ta co

| > read "C:/gratictxt"
>f=d+b+—klab+bc+2ca)

fi=d + B+ —k(ab+2ac+ be)
> gratic( f a)

- el o ] bl
(-bk—2ck+2a)" —bck+ b +c —

)

1 (BF +2cK +2ck—45)

3 (k—2) (k+2) - (k—2) (k

|

-

- e
> gratic|] —beck+ b5 + ¢ —

R‘J

%53;8—5:;3—8
)

Nhu vy ta can chon k sao cho hé phuong trinh dudi diy c6 nghiém

k>0
k—2<0
k2 4+2k—2=0

Tic k = +/3 — 1. By git kiém tra lai
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> read "C:/qratic txt"
[ q
>f=d+b5+— (V3 —1)(ab+bc+2ca)
f=d+8+F—(J3 —1) (ab+2ac+ be)

-

|:> gratic( f a)

%[\;{T5+2¢qc—2a—5—25]2+%\.'T{\.’Tc—é—c]

Vay
ab + bc 4+ 2ca <

1 5 1+4/3
b2 2:
ﬁ—l(a + b+ ¢%) — (

Pang thic xay rakhic = a = %b. Cho a? + b% + ¢? = 1 ta thu dugc bai toan ban dau. [

a’ + b* + c?).

Bai toan 15. Cho a, b, ¢, d la bon sé thuc khong dm. Ching minh rang

(@+b+c)b+c+d)?>4a+b)b+c)(c+d).

Loi giai. Bai toan nay ¢6 mot chut khac biét

;> read "C:/gratic txt"
> fi=(a+b+c)’ (b+c+d —4(a+b)(b+c) (c+d
. 2 " bl - " 2
f=la+b+e) (b4+c+d) " —4(a+d)(b+e) (c+4d)
> graticl f. d)
2 2 2, o . 13 ) I P | P 3 7 a2 - 2 N N ) 2
(b+dc+dd+2abd+2acd—b —Fc+ Bd+bl+2bcd+7 +24d) L 4ad+o)’(a+?) (ab+ 5" —2)
(a+ b+ c)* (a+ b+ c)?
(> graticl f, a)
] . . . '\ Y a _3 ] P ] . a 3 a 2 . - a ] a )
(ab +2abc+2abd+ac +2acd+ad + 5 + P c—bl+bd —c +cd)  4dic+d) (b+c) (=& —cd)
(b+c+d)r (B+c—+d)?
Tu day de thay

e Néub? > c? thigratic (£f,d) > 0.
> 0.

e Néub? < c?thigratic (£, a)
Tém lai, trong moi trudng hop bai todn déu dudc chitng minh. O

P& két thiic bai viét xin gidi thiéu mot s bai tap d€ ban doc ren luyén

Bai tap 1. Véia, b, ¢ 1a ba s6 thuc duong. Tim gid tri nhé nhit ctia biéu thic?

13a2 + 2b% + 2017c¢2
ab + bc + ca ’

313/2/2017 1a ngay phat hanh s bdo cudi cling ctia Epsilon.
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Bai tap 2. Cho a, b, c 12 ba sb thuc khong 4m sao choa + b + ¢ > 0.

, . Y a’ az
a) Chiing minh riang pPER > 2Ll

(Vasile Cirtoaje)
b) Ching minh r a <
ng minn ran NS .
8 32t (b+o)? Satbte
(V6 Qubc B4 Cin)
) Chiing minh r3 a < a
C ng minn ran NS .
8 882+ (b+c¢) S4a+b+o
(Nguyén Vin Huyén)

Bai tap 3. Cho x, y, z la cdc s thuc khong 4m. Chiing minh céc bit dang thifc sau day

a) 25x2(y +z) + (v + 2)3 + 2lyz(y + z) > 10x(y + z)? + 6xyz.

b) 22432 +22)(y + 22 2 20+ 2% + (1= &) (v - 22@x2 + 3% + 22).

(Liu Qian Bao)
Bai tap 4. V6ia, b, ¢ 1a ba sb thuc bat ky. Hay ching minh
(a®> + b*> +¢c?)? > 2(a — b)*(b —¢)*(c —a)*.
Bai tap 5. Véia, b, ¢ 1aba s thuc. Chiing minh rﬁng
(@ +3)b*+3)(c*+3)=>4(a+b+c+ 1)~
Bai tap 6. Tim hing s6 duong k 16n nhét d€ bat dang thiic
a’> +b*>+c*>+d?* > k(ab + bc + cd),
ludn ding véi moi so thuc a, b, ¢, d bat ky.
Bai tap 7. Cho bdn sb thuc a, b, x, y thdéa man diéu kién ay — bx = 1. Chiing minh ring

a®> +b* 4+ x>+ y? +ax + by > 3.

(V.N.Murty)

Baitap 8. Véia, b, ¢, d 1abdn sb thuc. Dita+b+c+d = 4u,abc+abd+acd +bcd = 4w?
ab + ac + bc + ad + bd + cd = 6v? vaabcd = t*. Chiing minh ring

302 — duw? + t* > 0.
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(Liu Qian Bao)
Bai tap 9. Véia, b, ¢, d, e 1a cac sb thuc bét ky. Ching minh ring
V5@ +b2+c2+d)+@+b+c+d+e)? =5+ V5 ab+bec+cd +de+ ed).
Bai tap 10. Cho sdu sb thuc a, b, c, x, y, z bét ky. Chiing minh céac bat dfmg thac sau

4(a? + x> (b* + y*)(c? + z%) > 3(xbc + zab + yca)?.

(Titu Andreescu)

2
ax—l—by+cz—|—\/(a2+b2+(:2)(x2—|—y2—|—22)>5(a—|—b—|—c)(x—|—y+z).

(Vasile Cirtoaje)
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Tap chi Epsilon, S6 13, 02/2017

DON BIEN BANG QUY NAP

Vo Qubc Ba Can
(Truong Archimedes Academy)

Nhu chiing ta da biét, don bién 1a mot phuong phap rit hitu hidu dé xir Iy cac bét dang thic d6i
xting. Y tudng ctia phuong phap 1a thiét 1ap cic ddnh gid trung gian dang

a; + a, (a1 + a»
f(al,az,as,...,an)>f( / ,as,...,an)

2 2
hoidc
flar, az, as, ..., an) = f (Vaiaz, Jaraz, as, ..., a,)

hoic céc ddnh gia tuong tu khac, tily vao gia thiét clia bai todn. Tir d6 dua bai todn vé xét tai cac
truong hop véi sb bién it hon, va d& dang hon trong viéc tim cac huéng tiép can tiép theo.

Y tudng chinh la vdy, tuy nhién, khi van dung vao cac vi du cu thé, c6 1& ban doc déu thiy ring
phuong phap nay hau nhu chi “d&” st dung trong céc trudng hdp clia cac bét dang thiic hai, ba
bién, va dudng nhu rat khé d€ st dung phuong phap khi sé bién dugc nang 1én nhiéu hon ba.
Viy van dé dit ra & day 13, c6 cach nao d€ nang cao pham vi ting dung ctia phuong phap don
bién cho cdc bit dang thifc n (n > 3) bién s6?

Noi dung bai viét nay, gibng nhu tén ctia né, ching t6i mudn chia sé ciing ban doc cich phbi
hop gilta quy nap (mdt cong cu quen thudc, thudng dudc st dung dé giai cac bai todn téng quat)
va don bién d€ tao ra mot phuong phap don bién méi.

Chiing ta sé bat dau bang bit dang thiic ¢d dién sau
Bai toan 1 (BAt ding thiic AM-GM). Cho ay, a, ..., ay > 0. Chitng minh rdng

a1+a2+---+an
n

Day 12 mot bat dang thic ndi tiéng va quan trong. N6 c¢6 kha nhiéu cach chiing minh hay va thi
vi bang quy nap. Dudi ddy, ta xét cach tiép can sau
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Loi gidi. Ky hiéu P(n) 12 ménh dé can ching minh!. D& thiy P(1) hién nhién diing. Gia st
ménh d&& P(n — 1) (n > 2) ding, khi d6 theo gia thiét quy nap, ta c6

ayt+axy+---+ap1=>m—1)"Yayar---a,—. (1)

Nhu vay, d€ chiing minh P(n) diing, ta sé chiing minh
(n—=1)"Yaraz---ap—1 +an = najasz - ap—1ay. (2
bitx = "Vaja,---a,—1 vay = /a,. Tacod

VI —VP = (n—1x" +y" —nx""'y
=nx""Hx —y) + (" —x")
= (x = ) [na" = (" 4 "2y e i)
=(x - Pa -y + "=y + -+ T = y"h] =0

Tir d6 suy ra diéu phai chiing minh. O

Nhan xét. Néu dit f(ay, as, ..., an) = ay +a, + -+ a, —n 2/a a, --- a, thi viéc stt dung
danh gid (1) d€ dua bai toan vé chitng minh bat dang thiic (2) tuong duong véi viéc chiing minh

flar, as, ..., an) 2 f("Yaiaz-an_1, ..., "araz-an_1, a) = 0.

RO rang, vé ban chét, day chinh 12 mot ddnh gia don bién (don n — 1 bién vé trung binh nhén).
DPiém thu vi & day chinh la thay vi phai di tim cdc ddnh gia trung gian thich hdp, ta st dung
chinh bit dang thiic can chiing minh tai trudng hdp trude ctia né dé lam danh gia trung gian don
bién cho trusing hop sau. Pay ciing 1a tu tudng cbt 16i ciia phuong phap don bién bang quy nap.

Bai toan 2 (Bét ding thic Ky Fan). Cho x1, X, ..., X4 € [0, 1]. Chitng minh ring
'\l/ X1X2 Xy < X1 +x2—|—...+xn
1—=x)(A—=x2)-- (1 —xy) = n—xl—xZ_..._xn'

Lsi giai. DE thay P(1) ding. Bay gid, gia st P(n — 1) (n > 2) ding. Ta sé chiing minh P (n)
ciing ding. Khong mét tinh tdng quat, ta c6 thé gid st x,, = max{x;, xs, ..., X,}. it

[_X1+X2+"'+Xn_1
B n—1

thitacé 0 <t < x, < 2. Theo gié thiét quy nap, ta c6

1
3

n_{/ X1X2 ***Xp—1 < t
(I=x)(I=x2) (1= xpy)  1—12

Tu do suy ra

X1X2**Xp—1 < ( t )n—l
(I—x)(I—=x2) (1 —xpmg)  \1—1 .

I'Tir c4c bai todn sau, ta mic dinh P (1) 12 ménh d& can chitng minh.
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Nhu vy, d& chitng minh ménh dé& P (n) ding, ta chi can chiing minh

n t el Xn < (I’l — l)t + Xn
(I——I) (1—xn)\n—(n—l)t—xn'

R rang bit dang thic nay ding néu ¢+ = 0. Do do, ta chi cin xét truong hop x,, > ¢ > 0. Khi
do, bat dang thiic trén c6 thé viét dudc dudi dang

(1=t =l —x >n—(n—1)t—x,,
() ()= e
A1 —=e\""'1—x . n

(T) ( X )+ T (n—=Dt +x,

Mot cach tuong duong, ta phai chiing minh

S () o=

bita = (/L vab = /X thidos, x < 3 néna > b > 1. Bit dang thic dugc viét lai thanh

a1 n—1 1
b+1 > n,
(a +)(a"+l+b"+1) n

hay

hay
@ b+ 1D[a"+ n—1Db" +n]=n@@" + D" +1).

Sau khi thu gon, ta can chiing minh
a"'b[a" + (n— Db" —nab" ' —[(n — D)a" + b" —na""'b] > 0.
Ta co

VT —VP > a"'b[a" + (n— 1)b" —nab" '] —ab"' [(n — 1)a" + b" —na""'b]
ab(aZn—Z _ b2n—2) _ (n _ 1)an—1bn—1(a2 _ b2)
a

b(az _ bZ) [aZn—4 + a2n—6b2 4ot b2n—4 _ (l’l _ l)an—an—Z] )

Theo bt dglng thiic AM-GM cho n — 1 sb, ta ¢6
a2n—4 + a2n—6b2 R bZn—4 > (n _ l)an—an—Z.
Tt d6, véi chii y a > b, ta d& dang suy ra diéu phai chiing minh. O

Nhan xét. Bit dang thic Ky Fan c6 thé dugc chiing minh truc tiép kha don gian bang bt dang
thic Jensen (chi can chi ¥ ham f(x) = In 1= lom trén (O, %]) O day, chiing toi mubn gidi
thiéu céch tiép can so cap, stt dung cac bién ddi thuan tiy cho bat dang thiic nay. Muc dich chinh
1a d€ minh hoa cho y tudng don bién bang quy nap (cu thé 1a don bién vé trung binh cong).
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Véi céc bai toan khong c6 diéu kién rang budc gilta cac bién nhu hai bai todn trén thi cich don
bién kha linh hoat, ldc thi ta c6 thé don bién vé trung binh cong, ldc thi trung binh nhan, 1am
sao d€ don gidn nhat c6 thé 1a dudc. Tuy nhién, vSi cdc bai todn c6 diéu kién thi ta khong dudc
tu do nhu thé, phép don bién phai bam vao diéu kién gia thiét. Vay lic nay, ta sé st dung quy
nap nhu thé nio? Mai ban doc cuing theo ddi vi du tiép sau day

Bai toan 3. Cho ay, as, ..., a, la cdc sé thuc duong co tong bdng n. Chiing minh rdang

(n—1)(ai +a5+--+a2) +narar---a, >n’.

Loi giai. RO rang P(1) ding. Gia st P(n) (n > 1) ding, ta s€ chiing minh P(n + 1) cling

ding. Khong mit tinh tdng quat, gia st a,4, = min{a,, da, ..., dn4q). Ditt = W

vab; =% v6ii =1,2,...,nthitacé by + by + -+ b, = n. Do d6, theo gié thiét quy nap,
(n—1)(b] + b3 +---+b2_)) +nbiby---b, >n.

Bay gid, chuyén cédc bién trd lai theo a;, ta dudc

(n—1(a}+a3+---+a?) | Mz dy

2
12 " Zn
hay tuong duong
aj+a3+--+a;> " t? — " aaz---a (1)
b " n—1 (n— "= a
Nhu vay, d€ chitng minh P(n + 1) diing, ta sé chiing minh
n* n 2 2
n p— lt — = l)ln_zalaz---an +a, |+ @+ Dajaz---apap = (n +1)7,
hay
n? 2 n® 2
aias---day (n + 1)a,,+1 — m = (n + 1) — mf —l’lan+1. (2)

St dung bét dang thiic AM-GM, ta c6

2 PR .
suyrat"2a,, < tiz <1< 2= (chiyrangt > 1 > auy). Do do

n+1) ! <0
n a —_
n+1 (l’l _ 1)1,‘"_2

Lai c6 ajas ---a, < t" (theo bat dang thiic AM-GM) nén

2

n , n?
aa,---dy (n + 1)Cln+1 — m >t (l’l + l)an+1 - —(I’l _ l)t”—z .
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Nhu vay, ta chi can ching minh
n? n3
n 2 2 2
|:(n + Dany1 — m} zn+1)" — n—lt —Nnan i,

hay

n’t* + na,f_,_1 + (4 Dt"ape1 > (n + 1)
Bit dang thiic nay tuong duong véi

n*t? +nay  + (n 4+ Di'aggy > (01 + apg1)?,
hay
(n—Days1 + (n + D" > 2nt.

Thay a,4+1 = n 4+ 1 — nt vao va bién déi, ta dua dudc bt dang thiic vé chiing minh

t"+n—12>nt
Bit dang thiic nay diing theo bt dang thitc AM-GM cho n s (dp dung véi t* van—1s61). [

Nhan xét. O bai nay, d€ st dung dudc gia thiét quy nap, ta can tao ra n bién c6 tong béng n.
Mot y tudng 1a dit 4n ¢ 1a trung binh cong cla cac sb ay, as, ..., a, roi dit b; <+ thi s€ ¢6

by 4+ by + -+ + b, = n. Tir d6 ma thiét 1ap dudc bat dang thiic (1).

BAt dang thic (1) 1a mot danh gid trung gian quan trong trong qua trinh giai bai nay. N6 gitip
dua bai toan vé xét (2), mot bat dang thiic ma viéc don bién dé hon ban dau rat nhiéu. Ta ciing c6
thé kha yén tam khi sif dung (1) vi ddnh gia trung gian nay “bam theo” diu bang a; = --- = a,,,
cling tuong thich vé6i y tudng don n bién vé biang nhau va bang trung binh cong .

O day, xin dudc néi thém vé ngudn gbe clia bai toan nay. Goc clia né 1a mot bai toan dugc dé
xuét trén tap chi Kvant (tap chi Toan Ly ctia Nga) nhu sau: Cho x1, X2, ..., X, (n > 2) la cdc
6 thuc dwong. Chitng minh rdng

(m—1D)(xZ+ x5+ +x2) +nyx2x2-x2 > (x; + Xxp + -+ xp0)° (3)

Pay la mot bat dang thiic thuin nhit, do d6 ta c6 thé chuin héa x; + x» + --- + x, = n. Lic
nay, ta cling c6 X1 x5+ -+ X, < 1 nén {/x?x2---x2 > x1x; - Xx,. Nhu vdy, mot y tudng d€ tiép
can bat dang thic (3) 1a xét bat dang thic chit hon

(n— 1) (x] + x5 + -+ X7) + nx1x2++ Xy > n°.

Dbay chinh la cach ma bai toan nay dudc dat ra.
Bai todn 4. Cho ay, as, ..., a, (n > 2) la cdc s thuc cé tich bang 1. Chitng minh rdng

2 2 2 2n

ay+a; +---+a,—nz> —————(a +ay +---+a, —n).
Y —1)n-1
L&i gidi. RO rang ta chi can xét ay, as, ..., a, > 012 dd (vi ta c6 thé thay ay, a,, ..., a, bdi
lai|, |asl, ..., |an|, gia thiét va vé trai van gilt nguyén, con vé phéi ting 1én). D& cho don gian
trong céc bién ddi tinh toan, ta dit
2n
kn == - .
vV (n— 1)1
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Xét P(2), bat dang thic can chiing minh trd thanh
ai +a3—2 > 4(a; +ay—2).
Do a? +a? —2 = (a; + az)®> —2aja; —2 = (a; + az)*> — 4 nén
VI —VP=(a;+a,—2*>0
Do d6 P(2) dung. Bay gio, gia st P(n — 1) (n > 3) dung, ta sé ching minh P(n) ciing dung.
Khong mét tinh tong quét, gid st a, = min{ay, as, ..., a,}. Pitt = "Yajay---a,—; thi

tacodt" la, = 1vaa, <1 < t. Bay gio, dit b; = Zovit =1,2,...,n—1thitaco
biby-+-b,_; = 1 nén theo gia thiét quy nap,

bi+b;+-+b  —n+12ky1(by+by+--+ by —n+1).

Tu do suy ra

ai +az+-+ag —(n=D1* = kytfar +az + -+ apoy — (0= 1],
hay

a%+a§—|—---+a5_l >k,,_1t[a1 +ay+---+a—1—(n— l)t] + (n — 1)t>.
Nhu vay, d€ chitng minh P (n) diing, ta sé chiing minh
kn—it[ay +az+ -+ an_1 — (n—Dt]+ (n — Di* +a, —n > ky(ay + a + -+ + a, —n),
hay
(kp—qt —k,,)[al +ay+---+a,—1—(n— l)t] +(n—-Dt*+a>—n> k,,[(n -1t +a, —n]
Chi ¥ rang ham f(x) = T nghich bién trén (2, +00) nén k,_1¢t > k,_, > k,. Lai c6
ay +a, + -+ an—_1 > (n — 1)t (theo bt dang thiic AM-GM) nén ta chi can chiing minh

n—Dt>+a>—n> [(n—l)t—l—an—n]

—n:| > 0.
2(n— )

(n—l)(t”—l)(Zt”+2 kn)

Thay a, = t”;_l ta phai chung minh

Dit g(¢) 1a vé trdi cia bat dang tén, ta c6

t2n 1
Theo bt dang thiic AM-GM,
2 1
hp = —— <141 —— | =4<2" 2.
V(n—1rt n—1

Do d6 g’(t) > 0. Suy ra g(¢) 1a ham ddng bién, tir dy ta c6 g(t) > g(1) = 0. Bt dang thiic
da cho dugdc chiing minh xong. [
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Bai toan 5. Cho cdc sé duong ay, a,, ..., a, (n > 2) théa mdan
2 2 2
ait+a;+---+a n—1

/ i)

Chitng minh rang
1 n 1 - 1 o
l—a, l—a l—a, 1—.r

L5i gidi. Ta chiing minh duge P(2) diing va cach ching minh tuong tu nhu bit dang thic (1)
dugc ching minh bén duédi. Bay gio, gia st P(n) (n > 2) dung, ta s€ ching minh P(n + 1)
ciing ding. Khong mét tinh téng quat, gid st a; < ar < --- < a, < any1. Khi d6, tacé

a?+ai+--+a: at+ai+---+ai,, n
— < <

" nEl i)

Ta sé chiing minh

(zfz—i—lr;\/ﬁ)z< <n+n4/n_l_1)2© nil(n_'_m)g'H_H—ﬁ’

hay

n <n-+1.

n—1

Bit dang thifc cudi ding dotacéd (n + 1)2(n — 1) —n3 = n? —n — 1 > 0. Nhu vay, ta c6

_a%+a§+---+aﬁ< n—1

~

T ey

nén theo gia thiét quy nap,

1 N 1 - 1L __n
l—a; 1—a l—a, 1—x

Dé chitng minh P (n + 1), ta can chiing minh

n 1 n—+1

+ < ; 1
l—ﬁ l—an+1 1—ﬁ ()

hay
1 1

1 1
1—an+1‘1—ﬁ<(”+”(1—ﬁ‘1—ﬁ)'

Mot cach tuong duong, ta phai chiing minh

(1= V/7) (@ns1 = V) < (1 + D1 =) (V7 = V5).
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Chu ¥ ring
(m+Dr—m+Dx _ ay, —x

R Y F OV V. oV

nén bit dang thiic trén duong duong véi
(1= 7) (ant1 — Vx) (Vx + V1) <A = ant1) (ant1 — V) (an+1 + V).

Néu a, 1 = +/x thi bt dang thic trén hién nhién ding. Xét trudng hop a,41 > /X, rit gon
hai vé cho a, 41 — +/x, ta phai chiing minh

(1_\/7)(\/;"‘\/7)g(l_an-i-l)(an-}-l"‘\/;),

hay
(a1 = V7) (1 = dpss = V7 = /%) 0

Chi y rang a,41 > +/r. Ngoai ra, theo bat dang thiic Cauchy-Schwarz, ta ciing c6

VTt e+ VT < ﬁ+\/(1+1)(ai+1+nx)=#ﬁ
n+1+\/_\/

\

n+l+\/_)

Bit dang thifc dugc chitng minh xong. O

Nhan xét. Trong truong hdpn = Svar =
dugc diéu chinh lai i 1€ c4c bién sb): Cho a,
phuong bang 5. Chiing minh rang

ta thu dugdc bt dang thic dep va kho sau (da
c d, e la cdc s6 dwong théa man co tong binh

@‘Alh

1 1 1 1 1

< L.
7T—2a +7—2b+7—2c+7—2d +7—2e

DAu bang x4y ra tai hai trudng hop: tit ca cac sb cung bang 1 va 4 sd biang % s6 con lai bang 2.

R& rang néu phai “dbi mit” trudng hop riéng trén, chiing ta sé gip kha nhiéu khé khin. Tuy
nhién, néu biét bai todn téng quat thi moi viéc sé dé dang hon.

Tu duy t8ng quat héa bai toan rat can thiét trong nhitng trudng hop nhu thé nay. Ta hdy cliing xét
mot vi du khac nhu sau

Bai toan 6. Gid sitay, as, ..., a, la cdc sé dwong sao cho aya, ---a, = 1. Chiing minh rang

(a1 +ar+ - +ay)* 2

2n
(I +a)(1+a3) (1 +ay) < —=

L&i gidi. Ta sé chiing minh két qua téng quét hon: Cho ay, as, ..., a, la cdc s thuc duong coé
tich bang 1. Khi do, vdi moi k,, € (0, 1], ta déu co
(kp, +1)"

(kn + ai)(kn +a3) -+ (kn + a3) < (a1 +az + -+ a,)*" >

2n2
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Gia st P(n) ding, ta sé ching minh P(n + 1) cling dung, tic ta phai chiing minh

(kns1 + D"

(knt1 4 a7) -+ (kns1 + ap)(kng1 +apyy) < @i+ -+ an + ans1)*"

(n + 1)*"
v6éi moi ay, as, ..., ay+1 > 0saochoajas---a,+; = 1vak, € (0, 1].
Khong mat tinh tong quét, gid s a, > ar = -+ > a4 vaditt = /aja,---a, thit > 1. Lai
dit tiép b; = Shvéimoii = 1,2, ..., n. V6i phép dit nay, ta c6 byb, ---b, = 1 nén dp dung

gia thiét quy nap cho k, = k”+‘ < kny1 < 1, ta duge

k! +
(ki +b3)--- (k, +b2) < (n b’ (by + -+ b,)*" 2.

Tu day, ta suy ra

(knt1 +12)"

2n—2
n2n— 2t2n2(a1+---+a,,) :

(kpt1 + a%) (kpy1 + az) <
Pitx =a, +---+a, > nt > na,41. St dung bat dang thiic trén, ta chi cin chiing minh dudgc

(kns1 +12)"

n2n—2t2n—2

(kn+1 + 1)n+1

AR

xzn_z(km—l + aﬁ+1) <

hay tuong duong

(Knt1 +1%)" (kni1 + D" [(x + ans)" ]
n2n—242n—2 (kn1 +an+1) (n + 1)2n =1 :

Xét ham sb f(x) = GHane)” ) o6 fl(x) = Ctane )" m=Dansi] o () pap f(x) 1a ham

N B g . xh— xn
dong bien v6i moi x > nt, vi the

(nt + ant1)”

fx) = fnt) =

(n[)n—l
Nhu vay, ta chi can ching minh
(kn+1 + 12" K (kngr + D" [ (0t + angr)” 2
panzgan—z Kt & i) < (n + 1)*" (n)"™"! ’

hay tuong duong

(kn-H ‘I’ )n+1
(n + 1)*"

Thay a,+1 = - vao rdi liy logarith népe hai vé, ta c6 thé viét lai bat déng thic cudi dudi dang

(kn+1 + tz)n(kn-i-l + a,21+1) (n + an+1)2n

kn n+1 1 1
gt) = ln% 4+ 2nln (nt -+ ) —nln(k,41 +t?) —In (an + IE) > 0.
n—+
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Ta co 5
n n

nt+ -+ _l2+kn+1+kn+1+t%ﬂ
2n [n(t"T1 —1) 12 1
B { RS R Sy S TR 1]
_2n(@"t 1) n knir ("1 +1)
a 4 |:mn+1 + 1 2+ kpn) kg 12" + 1):| '

g'(t) =

Ap dung bét ding thifc Cauchy-Schwarz, ta c6

knir ("1 4 1) s n
(12 + kpyr)(kpprt?2n +1) 41 5 gl 4 17

nén v6i ¢t > 1, ta dé thdy g’(¢r) > 0, suy ra g(¢) 12 ham dong bién trén [1, +00). Va nhu thé,
taco g(t) > g(1) = 0, V¢ > 1. Nhu vay, néu P(n) ding thi P(n + 1) ciing diing. Do d6, dé
hoan tit phép chiing minh, ta chi can chiing minh P(2) ding, hay

(k2 + 1)2

2
n (ay + a»)”.

(kz + a})(ky + a3) <
Thay a, = - vao roi bién ddi tuong dudng, ta thiy bat dang thitc nay tuong duong véi

(@l =12 = 1)’
4a? > 0.

Bit dang thifc cudi diing nén ta c6 diéu phai chiing minh. [

Ta sé két lai phan nay bang bai toan bat dang thic hay va khé sau
Bai toan 7. Cho ay, as, ..., ay > 0. Ching minh rdang vdi moi k > 0, ta déu co

(l’l — I)Xn:af_‘+n +aas---ay ialk > (iai) (Zn:af_c-l-n—l) )
i=1 i=1 i=1

i=1

Loi giai. Ro rang P(1) ding. Gia stt P(n) dung, ta sé ching minh P(n + 1) ciing dung, tdc la
n+1 n+1 n+1 n+1
n Zaf””“ 4+ aias - apaniq Zaf > (Z a,-) (Z af”) .
i=1 i=1 i=1 i=1

Khong mit tinh tdng quat, gid st a,; = min{a;, as, ..., dy41}. Do bt dazlng thic trén cé
dang thuan nhit nén ta c6 thé chuan héaa; +a, +--- +a, = n, khidétacing cé a,; < 1.
Bit dang thiic dugc viét lai dudi dang

n+1 n+1 n+1
k+n+1 k k+n
n E a; +aias - Anantq E a; = (n+ap41) E a; ,
i=1
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hay

k+n+1 k k+1 k+n+1
nY aftt L agay - anang Yy af +aiasr--apalty + (n— Dagit
i=1 i=1

k k k
nan:[{’—l—an_,_l E a; m4n E a; tn

i=1 i=1

St dung gia thiét quy nap, ta c6
n n n n n
”Zazﬁn: Za" Za{_chn <(n—l)Zaer"H+a1az"'anzaf+l.
i=1 i=1 i=1 i=1 i=1
Do d6, ta chi can chiing minh
k+n+1 k gkl k+n+1
Zai " —|—a1a2---anan+12ai +ajaz---apa, + (n —a, |

i=1 i=1

n n
k+n k+n k+1
>nanJrl + an+1 E a; +aia---ay E a;, ',

i=1 i=1
hay

n n n n

k+n+1 k Z k+1 k+n
E a; +aiaz---ap | an+1 E a; — a; —dui1 E a;
i=1 i=1 i=1 i=1
k+1 n n—1
+ayiilaraz---an + (n — Dalt,, —na}}] > 0. (1)

DO apy1 Y iy al =370 a" T =31 aF(ans1 —a) <Ovaayay---a, < 1nén

n n n n
k 1 k k+1 k
E a; et +aiaz---ap | Apt1 E a; — E a; ) - Ap+1 E a; o

i=1 i=1 i=1 i=1

n n n n
k+n+1 k k+1 k+
= E a; """+ apg E a; — Zai — dn+1 Zai "

i=1 i=1 i=1 i=1

n n n
_ k+n+1 _ _k+1 k k+
= Z(ai T —ai™) +Cln+1zai —an+1zai "

i=1 i=1 i=1

n n n
k+n k k k+n
= Z(ai _ai)+an+lzai _an—HZai

i=1 i=1 i=1

= (I =anen) | Y_af™ = af

i=1 i=1

(Pénh gia thit hai trong diy bién ddi trén diing do ta c6 xk++1 — xk+1 > xk+n _ vk y6i moi
x > 0.). Lai c6, theo cdc bat dang thitc Chebyshev va bit ding thifc trung binh liy thita thi

n 1 n n Zn a: n n n
St (S ) (et ) > (25 (Xet) = 2at
. n\- ; n ; ;
i=1 i=1 i=1 i=1 i=1
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Do dé

n

n n n
k 1 k k+1 k+
E a; "+ aya, - ay (Cln+1 E a; — E a; )—an+1 E a;"™" > 0. (2)
i=1 i=1 i=1

i=1

Mait khac, ta cling co

aray--ap = [ang1 + (@1 — ang1)|[ans2 + (@2 — any1) |-+ [ans1 + (@n — any1)]

n
n n—1 _ n—1 n
Z yyy +dpyg E (a@; —ans1) = na, , —(n—Na, .,
i=1

suy ra
araz--an + (n— Daj . —nap} > 0. (3)
Két hop (2) va (3), ta thu dudc ngay bat d:fmg thic (1). Bai toan dudgc ching minh. ]

Nhan xét. Bai toan trén dugc tong quat tif bai todn sau dudc dé nghi bdi Suranyi trong ky thi
Miklos Schweitzer nim 1968: Cho ay, as, ..., a, la cdc s6 duong. Chiing minh r&ng

(n—1)@} +a5+---+ap) +najay---ap > (ay+az+---+a) @™ +a5 +---4a).

Bay gio, chiing ta sé cliing xét cac ding dung quy nap trong cic bai todn ddn bién vé bién. O day,
xin dugc gidi thiéu cung ban doc mdt cach don bién vé bién ddc ddo (dua trén dao ham) nhu sau

Bai todn 8. Cho x1, X2, ..., X, (n > 4) la cdc sé thuc khéng dm. Chiing minh rang

Loi giai. Xét P(4), bit dang thiic cin ching minh ¢ dang
(X1 + X2 + x3 4 x4)% = 4(x1x2 + X2X3 + X3X4 + X4x7),

hay
(x1 + X3 — X2 —x4)> > 0.

Do d6 P(4) dung. Gia su P(n) (n > 4) dung, ta s€ chung minh P(n + 1) ciing ding. Khong

mét tinh téng quat gia st x,,; = min{x;, X, ..., X,41}. Dit
n+1 2 n+1
F(x1, x2, ..oy Xp, Xpy1) = (in) - 4ZXixi+1-
i=1 i=1
Xéthamsb f(t) = F(t + X1, t + X2, ..., t + Xp41) V6it > —X,41,tacod
n+1 n+1 n+1
flO)=2004+1)) (¢t +x)—4 [Zm +0)+ ) (i + z)}
i=1 i=1 i=1
n+1

=2 =3)) (xi +1)>0.

i=1
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Do d6 f(¢) 1a ham ddng bién, tit d6 suy ra f(0) > f(—x,41), hay
F(x1, x2, ..., Xpg1) 2 F(X1 — Xp41, X2 — Xng1s oo s Xn — Xpt1, 0).

Nhu vay, ta chi can chiing minh dudc F(yy, Y2, ..., Yn, 0) = 0 Vi y; = x; — Xpy1 = O,
i=1,2,...,n, hay

D1+ 244y =4(1ya + y2ys + o+ Yno1Vn)-

Ap dung gia thiét quy nap, ta c6

T2 4(1y2+ y2y3 + -+ Yn1Yn + yny1) = VP
Bai toan dugc chiing minh xong. O

Nhan xét. Phuong phap danh gia f(xy, x2, ..., Xp) = f(x;1 —t, X —t, ..., X, —t) VGi t
thich hop nao d6 dudc goi la phuong phap don bién toan mién. Phuong phap nay thich hop dé
stt dung giai quyét cdc bat dang thifc da thic dang thuin nhit (khong nén dung cho cac bit dang
thic c6 diéu kién rang budc gitta cac bién vi bo s6 dugc don vé thudng sé khong thdéa man diéu
kién rang budc d6). Pay 1a mot phuong phap ddy bién vé bién kha dic biét, chiing ta hiy cliing
xem xét tiép céc ting dung ctia né qua vi du tiép sau day

Bai toan 9. Cho x1, X2, ..., X, (n = 3) la cdc sé thuc khong dm. Chitng minh rdang
(le) m1n{3 3§le(x1+l + Xit2 + Xiy3).
Li giai. V6in = 3, ta c6 ddu dang thiic. Véi n = 4, ta phai chiing minh
4 2 4l
(Z Xi) > 3 in(xi-l-l + Xig2 + Xiy3),
i=1

i=1
hay
4
32)6-222 Z X;Xi.
i v
i=1 1<i<j<4

Bit dang thiic nay ding do ta c6

2 Z Xixj < Z (x? +x2)—32x.
1<i<j<4 1<i<j<4
V6i n = 5, ta phai chiing minh
5 2 5
3 (Z xi) > Sin(xiH + Xip2 + Xit3),
i=1 i=1

hay
5 5 5
32361-2 + inxi—i-l - 4inxi+2 =0
i=1 i=1 i=1
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Ta co

5 5 5
2VT = 62)6,-2 + 2inx,~+1 — Sinxi+2
i=1 i=1 i=1
5 5 5
=4) X2+ Y (i +xip)? =4 ) xi(Xiga + Xiga)
i=1 i=1 i=1
5
= Z(2xi — Xit2a —Xi43)> =0
i=1
Véi n = 6, ta phai chiing minh

6 2 6
(Z Xi) > 23 i (Xig1 + Xiga + Xiga),
i=1

i=1

hay
6 6
ZX? = inxi+3-
i=1 i=1
Bit dang thifc nay tuong duong véi
(x1 — x4)> 4+ (2 = x5)> + (x3 —x6)> > 0
Vé6i n = 7, ta phai chiing minh

7 2 7
3 (Z )Ci) > 7 in(xi—i—l + Xiy2 + Xiy3),
i=1

i=1

hay
7 7 7 7
E E XiXi41 + E XiXiy2 + E XiXi43.

Bit dang thifc nay diing do ta c6

7 2 2 2 2 2 2 7
Xi+ X, Xi + X, Xi + X3 2 _
Py T P e 4 SN 23

i=1 =1 i=1

~.

Véi n = 8, ta phai chiing minh

8 2 8
3 (Z x,') > 8 in(xi—f-l + Xiy2 + Xiy3),
i=1

i=1

hay

8 8 8 8 8
2
3 E x; +3 E XiXjtq — 2 E XiXit1— 2 E XiXjit2 — 2 E XiXi+3 2 0
i=1 i=1 i=1 i=1 i=1
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bita = x; + x5, b = x5 + X6, ¢ = x3 + x7vad =X4+Xg.Khidé,déthéy

8 8 8
ZinxiH + 2inx,-+2 + 2Zx,-xi+3 = 2(ab + ac +ad + bc + bd + cd)

i=1 i=1 i=1
va
8 8
3in2 + SZx,-x,-H =3(a® + b* + c* + d?).
i=1 i=1

Do d6, bat dang thifc can chiing minh tuong duong véi
3(a® + b* + c* +d?) = 2(ab +ac +ad + bc + bd + cd).

Day chinh la trudng hop n = 4 & trén. Biy gio, gia st bat dang thiic ding véi n > 8, ta sé chiing
minh no ciing dung véin + 1, tic la

n+1 2 n+1
3 (Z Xi) > ZZXi(XiH + Xig2 + Xiy3).
i=1

i=1

Khong mét tinh tong quat, gid st x, 41 = min{x;, X2, ..., X,41}. Dit

n+1 2 n+1
F(xi, x2, ..., Xp11) =3 (Z Xi) - ZZXi(xiH + Xit2 + Xit3).
i=1 i=1
Xéthamsb f(t) = F(t 4+ X1, t + X2, ..., t + Xpq1) V6it > —X,41,tacod

n+1 n+1 n+1

F1@) =60 +1) Y (5 +1) =8 (i + Xiga + Xigs +30) =24 ) (x; +1)
i=1 i=1

i=1
n+1

=6(n—T7)) (xi+1)>0.

i=1
Do d6 f(¢) 1a ham dong bién, suy ra £(0) > f(—x,+1), hay
F(x1, X2, ...\ Xpt1) 2 F(X1 — Xpt1, X2 = Xpt1, -+ Xn = Xpt1, 0).

Nhu vay, ta chi can ching minh dudc F(yy, Y2, ..., Yn, 0) = 0 V6i y; = x;i — Xpy1 = O,
i=1,2,...,n, hay

n 2 n—3

3

g(E yi) >E Vi(Vit1+Vit2+Yit3) F Yn—2Vn—1+Yn) + Yn-1(Vn + 1) + Yy (y1 + y2).
i=1

i=1

St dung gia thiét quy nap, ta c6

2
n n
3
VP <) yi(yis1 + Yiga + yits) < 3 (Z yi) :
i=1 i=1
Tt d6 suy ra diéu phai chiing minh. O
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Nhan xét. Mot van dé thd vi danh cho ban doc 1a: Dau dang thiic xay ra khi nao? Pay cing
chinh 12 noi dung ctia dé kiém tra trudng Xuan Toan hoc mién Nam niam 2013.

Ngoai cach don bién nhu trén, ta ciing c6 thé st dung don bién theo 16i c6 dién két hop véi quy
nap dé xi ly cac bat dang thic tdng quat. Ching ta hily ciing xem xét cac vi du sau
Bai toan 10. Cho cdc sé khong dm ay, as, ..., a, (n > 2) co tong bdng 1. Chiing minh rdang

n

1
Z afZaj gﬁ.

i=1 j#i
Loi giai. Xét P(2), bat dang thiic can ching trd thanh
4 4
ajaz +aya; < 0
v6ia; + a, = 1, hay

1

3 3
aiaz(a; +a;) < —.
12(1 2) 12

St dung bit dang thiic AM-GM, ta c6

1
12°
Do d6 P(2) ding. Gia su P(n) (n > 2) ding, ta s€ chiing minh P (n + 1) cling dung, hay

1 1
VT = 3’ 3ajaz(ay + az) - (4] + a3) < 12 [3a1az(a1 + az) +ai + ag]z =

n+1

1
4
3 [y < L
i=1 i
véiay, as, ..., ay, Apyq = 0thdamina; +a, + --- + a, + a,+1 = 1. Khong mét tinh tdng

quat, gid st a; > ap >+ > dp_1 = Ay > ap41. Bt dang thic trén c6 thé viét lai duéi dang

n—1 n—1 n—1

1
21: a; ;aj + ananr(ay + agi ) + (@n + ans1) izla? + (ay + ayyy) ;ai < I
1= JFl = =

Ta sé chiing minh

n—1

n—1
anan+1(a3 + a,z_H) + (a: + a:_H) Zai < (an + an+1)4 Zai’ (1)
i=1

i=1

hay

n—1

3 3 2 2
anan+1(a;, + a,, 1) < 2apan+1(2a; + 3anan+1 + 2a,, ) E a;.
i=1

Bit dang thifc trén diing do ta c6

n—1
(2a£ + 3ana,4+1 + 2afl+1) Zai > an(Za,zl + 3a,a,+1 + 2a,21+1) > afl + a;:’“.

i=1
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St dung (1), ta dua dudc bai todn vé chitng minh

n

I
2 (bt <53

i=1 j#i

Véiby =ay, by =as, ..., by_1 = an_1 va b, = a, + a,,1. Bit dang thic nay ding theo gia
quyét quy nap. Ta c6 diéu phai chiing minh. [
Bai toan 11. Cho ay, ..., a, (n > 2) la cdc s6 khong am cé tong bang 1. Ching minh rang

1 < 1—611+ 1—612+ 4 1—a,,< 24 2
n— n— —.
S\il+4a 1+as 1+a, V3
Loi gidi. Bang cach st dung danh gid don gian

1—x
1+ x

>1—x

v6i moi x € [0, 1], ta dé€ dang thu dugc

n 1 a: n
> l—a;)=n-—1.
S \ira 20w =

i=1

Vi thé, bat dang thiic bén trai dudc chiing minh, va cong viéc clia ta by gio chi la ching minh
bét dang thifc bén phai. Ta sé sit dung phuong phap quy nap theo n. Gia st P(n) ding, ta sé
chiing minh rang P(n + 1) ciing ding, tdc ta phai chiing minh

n+1

Z 1 — a; < | n 2
n — —
= \V1+a = V3
véimoiay, das, ..., d,, dy,+1 thbamana,+ar+---+a,+a,+, = 1. Khong méttinhtf;ng quat,
gidstia, > -+ > a, > a,4, khi do6 tir gia thiét, ta dé dang suy ra dudc a, + a,4; < % < %

(don > 2). Bay gid, ta sé chitng minh riang véi moi @, b > 0 théaman a + b < 2 thi
y g g g 0 3

I—a [1—b 1—(a+b)
N <14 — 477 1
1a Vito S "Vixw@ro) D

That vay, binh phuong hai vé, ta ¢ thé viét lai bit dang thiic nay dudi dang

(l—a)(l—b)_ l—a-»b <1+1—a—b_1—a_l—b
(1 +a)(1 +b) l+a+b |~ l+a+b 14+a 1+5b

Ta co
(1—a)(1-0>b) l—a—-»> 2ab(a + b)

A+a)(1+b) 1+tatb (+a(d+b)(1tath)”
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va

l—a-b 1-a 1-b 2ab(a + b +2)
l4+a+b 14a 1+b_(LHm1+mu+a+by
Bay gid, d€ y rang véimoi x > y > 0, tacd /x — JY < Do do
(1-a)(1-b) _ 1—a—b
(1-a)(1-Db) l—a-b 0+;a+m'_1+iw
(1+a)(1+b) 1—|—a+b 5 [1=a=b
1+a+b
ab(a + b)

(1 +a)(1+b)(1+a+b), 12

nén ta chi can chiing minh dugc

2ab(a + b) o 2ab(a +b +2)

(1 +a)(1 +b)(1+a+b)Jizt T+ A+ +a+b)

hay la
l—a—-»>b < a+b
l+a+b~ a+b+2

Doa + b < 2 nén

l—a-— a+b —2 % 1 >0
l4+a+ b a+b+ 2 % 2+ J5 47
Bit déng thiic (1) dudc chiing minh. Tir két qua nay, ta dudc
1 —a, n 1l —apsq <1+ 1_(an+an+1).
1 +ay, I+ aps1 1+ (an + an+1)

Mt khéc, ap dung gia thiét quy nap véi n s6 khong am ay, a,, ..., an_1, (an + any1) c6 tdng
bing 1, ta thu dugc bit dang thifc

Z l_al 1_(an+an+l) 24 2
1+ az 1+ (an + an+1) ﬁ

Tu day suy ra

nt 1—a; 1—a; 1—a, 1 —ans1
Y e e [ [
P 1 +a; — 14+ a; 1+a, 1+ aps
1— 1—
Z a; n (an + ans1) 41
I +a; 1+ (an + an-l—l)
2

2
<n—2+4-"—41l=n-1+—".
V3 V3
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Nhu vay, néu P (n) ding thi P(n + 1) ciing diing. Véi 1ap luan nay, ta thiy rang ta chi can chiing
minh P(2) ding la du, tic 1a ching minh

véi a, + a, = 1, hay

N

a n 2 ) aas <
ay +2a, a,+2a, Qay + a2)2ar +ay) 3’
St dung bét dang thiic AM-GM, ta c6

vrg 2y %2 34182 +
Say+2a,  ay+2a; (a) +2ay)(ax+2a;) 33

Bai toan dugc ching minh xong. [

Trén day 1a mot sd kinh nghiém sit dung quy nap d€ don bién trong chiing minh bét dang thiic,
phan kién thic chia sé & ddy chic chin van con nhiéu thiéu sét. RAt mong nhén ¥ kién ctia ban
doc gan xa. Sau diy 1a mot s6 bai todn 4p dung khac, danh cho ban doc thi stic.

Bai tap 1. Choay, aa, ..., a, (n > 3) la cic s6 khong 4m c6 tong bang 1. Ching minh rang
2 2 2 4
aya +aszaz +---+a,a; < —=.
27
Bai tip 2. Cho ay, as, ..., a, la cac s6 duong thdéa man aa, - --a, = 1. Ching minh ring
1 1 1
ar+n—1 a,+n-—1 ap+n—1 "
Bai tap 3. Tim hang sb k, nhd nhét sao cho bit dang thiic
N S
) _— n — .
Vkynxi+ 1 Vknpxa + 1 Vkpx, + 1 h
dung v6i moi aq, as, ..., a, > 0théoamanayay---a, = 1.
Bai tap 4. Cho céc s6 khong am x;, x5, ..., X, (n > 2). Chiing minh rﬁng

n 2 n

n
E i|] = '{—,3}2 i (xi i+2)-
(iZI X ) min > Xi(Xi41 + Xit2)

i=1
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XAY DUNG DAY NGHIEM TRONG
PHUONG TRINH HAM DA THUC

Kiéu Dinh Minh
(THPT chuyén Hung Vuong, Phu Tho)

GIOI THIEU

Day sb c6 nhiéu ting dung rong rai trong Toan hoc. Viéc xay dung day sb trong khi giai
to4n 12 quan trong. Bai viét nay chiing t6i dé cAp dén viéc xay dung diy nghiém trong céc
bai toan gidi phuong trinh ham da thic. Hy vong ban doc sé tim thiy nhiéu diéu b ich
khi doc bai viét ny. Dic biét sé gitip ich cho cédc ban hoc sinh chuin bi tham du ky thi
chon hoc sinh giéi Qudc gia.

Bai toan 1. Tim tdt cd cdc da thitc P(x) € R[x] théa mdn P(0) = 0 va
P(x>+1)=(P(x))*+1, Vx eR.
Loi giai. Lap day (o) xdc dinh bSi: g = —, oty = o2 + 1, n = 1,2, ... Khi d6 () 1a day

tang. Mit khac, bang quy nap ta chiing minh dudc P(,) = a,. Do dé da thitc Q(x) = P(x)—x
c6 vo sd nghiém a,. Vdy O(x) = 0, Vx € Rhay P(x) = x, Vx € R. Thii lai théa man. [

Nhan xét. MAu chdt ctia bai toan 12 biét sit dung tinh chit co ban ciia da thic: Néu P(x) = Q(x)
v6i vO s6 x thi P(x) = O(x) véi moi x. Tur d6 xay dung day sd v han («,) phu hop.

Bai toan 2. Tim tdt cd cdc da thitc P(x) € R[x] théa mdn P(0) = 6 va

P(x)=Px2+1)—7+6,Vx >0.

Loi gidi. Tu gia thiét ta cé P(x? + 1) = (P(x) — 6)> + 7, Vx. Lap day («,) x4c dinh bsi

oo =0, a4 :ozﬁ—l—l,n =0,1,...
Bing quy nap ta chiing minh duge P(a,) = a, +6, Vn > 0. Tudésuyra P(x) = x + 6. [
Bai toan 3. Tim tdt cd cdc da thitc P(x) € R[x] théa mdn

P(x)P(x +1) = P(x*+2), Vx e R.
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Loi gidi. Néu P(x) =cthic?=c,tdcc =0hodcc =1.Tacé P(x) =0, P(x) = 1.

Xét P(x) # c, kiém tra truc tiép da thic P(x) = x? — x + 2 thda méin bai toan. Ta thiy
néuP(x) théa man thi (P(x))", n € N* ciing théa man.

Dit deg P = n. Khi d6 néu n 1€ thi P(x) c¢6 nghiém x, suy ra P(x) = 0 do d6 P(x2+2) = 0.
Do d6 day s6 duong (x,) : Xu+1 = x2+2, Va =0, 1,... cing la nghiém. Diéu nay khong xay
ra. Viy n = 2m, dé thiy hé s cao nhét ctia P(x) bang 1.

it P(x) = (x2 —x +2)" 4+ QO(x), deg QO = g < 2m, thay vao phuong trinh ban dau c6
2 +x+2)"0x)+ (x> =x+2)"0(x+ 1)+ 0(x)0(x +1) = O0(x* +2), Vx e R.

Néu Q(x) # c thi bang cich so sanh bac hai vé din dén g = 2m vo ly. Vay Q(x) = ¢, do dé
P(x) = (x>—x+2)™.

Tém lai P(x) =0, P(x) = 1 hodc P(x) = (x> —x +2)", Vm € N*, [
Bai toan 4. Tim tdt cd cdc da thiic P(x) € R[x] théa mdn

Px)P(x +1)=P(x*+x+1), Vx eR.

Loi gidi. Néu P(x) =cthic?=c,tdcc =0hoicc =1.Tacé P(x) =0, P(x) = 1.
Xétdeg P =n > 1. Néu n 18 thi P(x) c6 nghiém thuc x,. Lap diy s6 («,) xac dinh bdi
o1 = Xg, Opt1 =ai—|—an+1,n =1,2,...

Bing quy nap thi P(a,) = 0, Vi = 1,2,... Ma (a,) ting thuc su nén P(x) = 0 c6 vo s
nghiém, diéu nay 1a vo ly.

Néu n chin n = 2m. bit P(x) = Q(x) + (x? + 1)™. Thay vao phuong trinh ban du va so
sanh bac hai vé, ta dudc P(x) = (x2 + 1)™.

Tém lai P(x) =0, P(x) = 1 hodc P(x) = (x> + 1), Vm € N*, O
Bai toan 5. Tim tdt cd cdc da thiic P(x) € R[x] sao cho
P(x)P(2x*) = P(2x® 4+ x), Vx e R.

Loi gidi. DE thay P(x) = 1, P(x) = 1 thda man. Xétdeg P = n > 1. Néun 18 thi P(x) c¢6
nghiém x¢. Lap day (o) xac dinh bdi

o] = Xg, Opt1 = 2043 +o,,n=1,2,...
Tacé P(a,) =0, Vn = 1,2, ... Suy ra diéu vo ly.
Xétn = 2m, dit P(x) = Q(x) +x2 + 1. T dé suy ra P(x) = x> + 1. O
Bai toan 6. Tim tdt cd cdc da thitc P(x) € R[x] sao cho

P(x)P(2x%) = P(x*+x), Vx e R.
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Loi gidi. DEco P(x) =0, P(x) = 1théaman. Néudeg P =n > 1. Dit
P(x) = apx" +a1x" " + -+ ay_1x + an, ap # 0.
Cho x = 0 thi P(0) = a, = 0 hoac P(0) = a, = 1.
Néu a, = 0thi P(x) = x"Q(x), Q(x) # 0, m € N*. Thay vao phuong trinh ta c6
2x*)"Q(x)0(2x%) = (x* + D" O (x> + x),
thi Q(0) = 0, trdi vdi gid thiét. VAy a, = 1, Dong nhat hé s6 cao nhit ta dudc ag = 5.
Néu n 18 thi P(x) c6 nghiém x,. Lap day s («,) xac dinh bdi
o =x9 0, oppq :a,f—l—an, n=12,...

Thi diy (o) don diéu ting khi xo > 0 va don diéu giam khi xo, < 0. Tir d6, néu da thic da
cho c6 mot nghiém thuc khéc 0 thi né s& c6 vo sd nghiém thuc. Diéu nay khong thé xdy ra. Vay
P(x) # 0, YxR. Suyra P(x) chi c6 nghi€ém phic z;, z,, ..., z, va|zy|-|z2| -+ - |zx| = 2". Do
d6 ton tai zx v6i |zi| > 2. Didunay ddn dén |z + 1| > |z7| — 1 = 3vavi vay |z} + zi| > |zk|.
Ta thu dudc P(x) c6 vo s6 nghiém, diéu nay khong thé xay ra.

Tomlai P(x) =0, P(x) = 1. ]
Bai toadn 7. Tim tdt cd cdc da thitc P(x) € R[x] théa mdn P(x) = 0 va

P(x>—x+1)=(P(x)*—P(x)+1,Vx eR.

Loi giai. Thay x bdi x — 1 ta dugc
P(x =1’ =(x—=D+ 1D =(Px—-1)°-Px—-1)+1,

tuong duong
Px*—x+1)=(P(1-x)>-Px—-1)+1.

Theo gia thiét, ta c6
(P(x))*> = P(x) + 1= (P(1-x))* = P(x—1) + 1,

hay la
[P(x—1)+ P(x)—1][P(1 —x) — P(x)] = 0.
Do d6 mdt trong hai da thic P(x — 1) + P(x) — 1 hoac P(1 — x) — P(x) c6 vO han nghiém
hay P(x — 1) + P(x) —1 =0, Vx € Rhoac P(1 —x)— P(x) =0, Vx e R.
Thay x = 1 vao phuong trinh da cho, tac6 P(1) = 1, vay
Pl—x)+ P(x)—1=0,Vx eR.
1 1

Thay x = 5 vao phuong trinh trén, ta c6 P (%) = 5.

Chii y rang v6i x € (0,1) thi 0 < x < x2 —x + 1 < 1. Xét day sb (x,) xc dinh bsi
1
Xo = 3 €(0,1), x, = x,%_l —Xp—1+1, Vo > 1.

Bing quy nap, ta dugc P(x,) = x,, Vn > 0. Suy ra da thiic Q(x) = P(x) — x c6 v s
nghiém. Do d6 Q(x) =0, Vx € Rsuyra P(x) = x, YVx € R. O
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Nhan xét. Day s6 (x,) : xo = 0, X, = x2_, — Xy—1 + 1, ¥n > 112 tudn hoan nén ta khong

th€ 1am tuong ty nhu cdc thi du trén. MAu chdt cla bai todn nay Ia chi ra duge P (1) = 1.
Bai toan 8. Xét tdp hop cdc da thitc P(x) # 0 ¢6 hé s thuc va théa mdn
P(x*—1) = P(x)P(—x), Vx € R.

Hay tim trong tdp hop dé mét da thiic c6 bdc bé nhdt nhung cé nghiém lon nhit.

L&i giai. Goi xo 1a mot nghiém ctia P(x). Khi d6 P(x3 — 1) = P(xo) P(—xo), suy ra xj — 1
cling 1a nghiém cua P(x).

Xét xog > # ta ¢c6 x — xo — 1, thanh th{, t mot nghiém xo > 1+2*f5 ta xay dung dudgc mot
ddy vo han cic nghiém phan biét ctia P(x). Diéu nay vd 1y vi P(x)la mot da thiic khac 0 nén
¢6 s6 nghiém 12 hitu han.

1+
2

15

Nhu vdy néu xo 12 mot nghiém ctia P(x) thi xo <

Xét da thiic P(x) = x2—x —1,taco
Px*—1)=x*=-1)?—-x*-1)—1=x*=-3x>+1,
PxX)P(—x) = (x*—x—-1Dx*+x—-1) =x*—3x2 + 1.
Hon nita 1+T\f5 1a mot nghiém cia P(x) = x2 —x — 1.

Xét da thic bic nhit P(x) = ax + b, (a? + b? > 0) thi P(x) khong thda man dé bai. Tém lai
P(x) =x?>—x—1. O

Bai toan 9. Ching minh rdng néu da thitc P(x) théa mdn
2 1 2
P2x*—1) = E(P(x)) —1, Vx € R,

thi P(x) phdi la hang so.

Loi gidi. Xay dung day uy = 1, up = —1, u, = /%2514 ¥n > 3.
Tacoup < unyr <1, ¥n = 2va P(uy) = 3(P(uns1))* =1, Vo > 1.

Chii y rang P(u,) # 0, Yn > 1. Vinéu P(u,) = 0 thisuy ra P(u,—_1), P(Un_2), ..., P(uy)
12 hitu ty, nhung P(1) = 1 & /3. Ly dao ham hai vé ctia phuong trinh da cho, ta c6

4x - P'(2x?—1) = P(x)P (x).

Chox = 1do P(1) # 4tacé P'(uy) = P'(1) =0.Suyra0 = P'(uy) = P'(u3) = --- Vi
viy P’(x) la da thic 0 va vi viy P(x) la da thic hang. ]

Bai toan 10. Cho P(x), Q(x) € R[x] thoa man
Pl+x+0x)+(Qx)*) =0+ x+ P(x)+ (P(x))?), Vx e R.

Chitng minh rang néu phuong trinh P(x) = Q(x) cé nghiém thuc thi P(x) = Q(x), Vx € R.
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Loi giai. Giastta € Rma P(a) = Q(a). Xét

b=14a+ 0(a)+ (0@)*=1+a+ P(a) + (P(a))>.
Tu gid thiét suy ra P(h) = Q(b). Chi y tiing b = 3 +a + (Q(a) + 1)* > a. Do d6 xét ddy sb
(x,,) xac dinh béi

X0 =a, Xpy1 = 1y + Q(xn) + (Q(xn))%.. n=1,2,...

Bing quy nap thi (x,) 1a day sb vo han ting. Tt d6 P(x,) = Q(x,),n = 1,2,... Suy ra
P(x) = Q(x), Yx e R. ]

Trén day, ching to6i da trinh by mot sb tinh hudng khac nhau co ban vé viéc xay dung diy
nghiém dé giai cac bai toan phuong trinh ham da thic. Ching toi hy vong nhan dugc nhiing trao
d6i va gop ¥ tran thanh tif phia ban doc dé bai viét nay day di hon nita. Cudi cung xin giii dén
cac ban mot s6 bai todn tu luyén tap.

Bai tap 1. Tim tét ca cac da thiic P(x) € R[x] théa man
PO) =0, P(®+ 1) = (P(x))* + 1, Vx € R.
P(x)P(x—1) = P(x?), Vx € R.

P(x)P(x +1) = P(x> +x), Vx € R.
P(x)P(3x?) = P(3x*+ x), Vx € R.

P(x)P(2x2—1) = P(x?)P(2x — 1), Vx € R.
Bai tap 2. Chiing minh ring khong ton tai da thiic P(x) € R[x] c6 bac 998 sao cho
(P(x))>—=1=Px*+1), Vx eR.
Bai tap 3. Cho P(x), Q(x) € R[x] c6 bac 1é va thda man
P14+ x4+ (0(x)*) =00 +x+ (P(x))?), Vx e R.
Chitng minh rang P(x) = Q(x), Vx € R.
Bai tap 4. Cho P(x), O(x) € R[x] khic hiang s6 thda min
P(=1)+ P(0) + P(1) = OQ(=1) + Q(0) + Q(1),

va
P(1+x*+(Q(x)Y) = 0(1 +x* + (P(x))"), Vx € R.
Chiing minh rang P(x) = Q(x), Vx € R.

Bai tAp 5. V6i mdi da thic P(x) € R[x], ki hiéu A, 1a tap hop cac sb thyc x sao cho P(x) = 0.
Tim s6 phan td nhiéu nhét c¢6 thé c6 clia 4, khi P(x) thudc tap hgp cac da thic hé sd thuc véi
bac it nhat 12 1 va thda méan

P(x*—1) = P(x)P(—x), Vx € R.
Bai toan 11. Tim tdt cd cdc da thitc P(x) € C[x] chi véi cdc khong diém thuc va théa man .

P(x*>—1) = P(x)P(—x), Vx € R.
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Tap chi online ctia cong dong

ahiing ngui yéu todn Tap chi Epsilon, S6 13, 02/2017

SO HOAN HA0O VA NHUNG SO BAN BE

Nguyén Duy Lién
(Truong THPT chuyén Vinh Phiic)

Phat minh ra nhiing con s6 1a mot trong nhiing thanh tyu to 16n ctia nhin loai. Nhiing con s
xuat hién & tit ca cac linh vuc, tit nghién cifu khoa hoc dén kinh té, tai chinh, ... Trong bai viét
nay tdi mudn dua dén cac ban mot géc nhin méi vé nhiing con s, mot s6 it bai toan xung quanh
né dé cac ban thich va sip thich nhiing con s6 nay dé trai nghiém.

Dé nhin nhin mdt cach don gian hon vé cic con sb nay, tdi xin bd sung mot chuit kién thiic nén
0 s8 vé sb cac udc, tdng cac uSc nguyén duong ciia mot sd nguyén duong.

Dinh nghia 1. Ham téng cdc wdc sé cua sé nguyén dwong n, ki hiéu la o dugc xdc dinh bdi
o (n) bang toéng moi wéc dwong ciia n.

Viduo(12) =14+2+3+4+6+ 12 =28,
Dinh nghia 2. Ham sé cdc wdc sé cia soé nguyén dwong n, ki hiéu la T dugc xdc dinh bdi T (n)

bang s6 cdc wdc duong ciia n.

Viduz(1)=1,t(2) =2, t(12) =6.
Ta c6 thé bi€u dién cac ham 1 (n), o (n) dudi dang: o (n) = Zd vat(n) = Z 1.
d|n dln

Dinh Iy 1. Vi m, n la hai s6 nguyén dwong théa mdan (m,n) = 1 thi o (mn) = o (m) o (n).

Chitng minh. Néu d 1a u6c ctia mn thi theo dinh 1y co ban ctia s6 hoc, d c6 thé biéu dién mot
cach duy nhit dudi dang tich ctia mot udc sb ciia ctia m véi mot udc sb ctia n (vi n va m khong
c6 ubc sd chung khac 1). C6 nghia 1a moi s6 hang ctia o (mn) déu xuat hién ding mot 1an trong
tich o (m) o (n) (tich ctia tt ci cic udc sb ctia n va m). Pidu ngudc lai ciing diing, moi tich nhu
vy déu 1a udc ctia mn, nhu vay hai tich bang nhau. Dinh ly dugc chuc minh. [

Tuong ty ta chiing minh cho ham 7 (). Tt dinh ly trén déy suy ra rang cac ham t (n), o (1) c6
tinh chit nhan. Vi thé ta c6 thé viét cong tiic clia ching khi biét phén tich thanh thira sb nguyén
t6 clia n.

Dinh Iy 2. Gid sit p la s6 nguyén t6, a la sé nguyén duong. Khi dé

pot—i-l -1

0@ﬂ=1+p+p”%~+p“=—;jra

vat(p*) =a+ 1.
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Chiing minh. Cdc u6c ctia p® 1a 1, p, p?,..., p® Do d6 p* c6 ding o + 1 u6c duong. Cho
nén ta cé t (p*) = o + 1. Mit khac

pot—i-l -1

o(p*)=1+p+p>+---+p° =TT
Dinh ly dudc chiing minh. [

Dinh ly 3. oGid sit s6 nguyén duong n cé phdn tich ra thita s6 nguyénté n = p3' p3*--- p%, khi
do ta co dang thiic sau

i (n) li[ paj“l‘l _ 1 p(13(1+1 1 pa2+1 1 N pgs+1 1
pji—1 pi—1 p2—1 ps—1°~

Jj=1
va
S

tm) =[]l +1) =@+ D@+ (+1).

Jj=1

Chitng minh. Do hai ham 7 (1), o (n) d&u c6 tinh chét nhan nén ta c6

om)=a(p") o (p3?)--o(p®), t(m) =1 (p") v (p5?) - 7 (p™).

Chiing minh hoan tit. O

Dinh Iy 4. Néu N la udc ciia N thi %2 < 8 ddu béing khi va chi khi N’ = N.

Chiing minh. Chd y rang néu d | N thi kd = N véi k nao d6, vi thé k = % | N, lap luan nay
ciing ding cho diéu ngudc lai, vi thé d | N khi va chi khi % | N, tudo suy ra

a(N):Zd:Z%ﬂvZé.
d|N d|N d|N

Do dé néu N’ 1a uéc thuc su cia N thi ta c6

U(N) Z Z—:U(N/

le d|N’

Dinh ly dudc chiing minh. [
Tur d6 ta c6 hé qua

c 1
Dinh Iy 5. S0 N la hoan hdo khi va chi khi Z —=2.
d|N
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Dinh nghia 3. 86 nguyén duong n duoc goi la sé hoan hdo (perfect) néu 2n = o (n) .
Vidu2-6=14+2+3+6nén6laséhoan hdo, hoic2-28 =142+ 4 + 7+ 14 4+ 28 nén
28 12 s6 hoan hdo.
S4u s6 hoan hao dau tién 12 6, 28, 496, 8128, 33550336, 8589869056.
Tu dinh nghia trén va cong thiic thu dudc trong qua trinh chiing minh dinh ly 4, ta suy ra
Dinh Iy 6. S6 N la hoan hdo khi va chi khi )" + = 2.
d|N
Dinh ly sau md ta toan bd cac sd hoan hao chin
Dinh Iy 7. Sé nguyén dwong chdn n la s6 hoan hdo néu va chi néun = 2™~ (2™ — 1) trong do

m la sé nguyén duong sao cho 2™ — 1 la s6 nguyén 16.

Chitng minh. Trudc tién, gid st n = 2™~1 (2™ — 1), trong d6 2™ — 1 1a s6 nguyén t6. Vi
2™ — 1 las61énéntaco (2!, 2™ — 1) = 1. Do o la ham ¢6 tinh chit nhan nén o (2"7!) =
2™ o (2™ — 1) = 2™ vi 2™ — 1 1a s6 nguyén t6.

Viy o (n) = 2™ (2™ — 1) = 2n va n 1a s6 hoan hao. Nguoc lai, gia st n 12 s6 hoan hdo chin.
Taviétn = 2%, (s,r € Z*,(1,2) = 1). Vi (2°,1) = 1, theo dinh 1y 5 ta dugc

on)=0R2t) =020 (t) = (2Sle —1)o ().
Do 1 12 s6 hoan hao nén o (n) = 2n = 25+t T d6 ta c6
2 =1 o@)=2"" (1)

Do (2571 —1,25%1) = 1, tir (1) suy ra 2°7! |0 (r). Nhu vdy ton tai s6 nguyén ¢ sao cho
o (1) = 25t1g.

Do d6 tir (1) ta duge (251! — 1) 25F1g = 25F s suyra (25T — 1) g = 1. Vay g |t vaq # t. Tu
dé ta co

t_l_q:(2s+1_1)q+q:2s+lq:0(t)
Néu g # 1 thi ton tai it nhit ba u6c nguyén td khac nhau cta ¢ cu thé 1a 1, ¢, t. Khi d6
o(t) >14+qg+t, mauthuin. Vayg = 1,vat = 27! — I suyrao (f) =t + 1,nént lasd
nguyén td, vi 7 khong ¢6 udc duong nao ngoai 1 vat. Vay n = 25 (25! — 1) trong d6 2511 — 1
12 s6 nguyén t6. O

Tt dinh ly nay ta thiy rang, d€ tim cic s6 hoan hdo chan, ta tim cac sb nguyén t6 dang 2™ — 1.
Trudc tién ta c6 nhan xét rang néu sd c6 dang nhu trén 12 sd nguyén t6, thi sé6 mii m phai 1a sb
nguyén to.

Dinh Iy 8. Néu 2™ — 1 la sé nguyén té thi m la s6 nguyén to.
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Chiing minh. Gia st ngudc lai m = ab, trongdé 1 <a <m, 1 < b < m khi d6
2m—l :2ab_l — (2&_1) |:2a(b—1)_|_2a(b—2)_+_.“_|_2a+ 1]

Vi mdi nhén t & vé& phai déu 16n hon 1, nén 2™ — 1 12 hop s6 (mau thuin). O

Dinh Iy 9. Néu n la s6 nguyén duong thi M, = 2" — 1 duoc goi la sé Mersenne thit n. Ddc biét
néu p la sé nguyén té6 va M, = 27 — 1 ciing la s6 nguyén té thi M, dutgc goi la s6 nguyén té
Mersenne.

Vidu M7 = 27 — 1 1a mot s6 nguyén t6 Mersenne, trong khi My, = 2! — 1 = 2047 = 23-89
12 hop s6.

Cac sb Mersenne c6 vai trd quan trong trong viéc tim ra nhiing s6 nguyén t6 16n (van dé c6
nhiéu ting dung trong 1y thuyét thong tin, mat ma, ... Vi thé ngudi ta nghién ciu rat nhiéu thuat
toan dé xac dinh xem mot s6 Mersenne c6 phai 1a sb nguyén t6 hay khong.

Dinh Iy 10. Gid sit p la mét s6 nguyén 6 1é. Khi dé moi udc ciia s6 Mersenne M, = 2P — 1
deu c6 dang 2kp + 1, trong do k la s6 nguyén duong.

Chitng minh. Gia st ¢ 1a mot uéc nguyén td cia M, = 2?7 — 1. Theo dinh 1y Fermat ta c6
gl (277" = 1), tacé (271 — 1,22 — 1) = 247D — 1. Vi ¢ u6c chung 16n ctia 22 — 1 va
271 —Inén (2971 = 1,22 —1) > 1.

Vay (p,q — 1) = p (ngudc lai (p,q — 1) = 1 suyra (21’— 1,207 — 1) =1).Dodo p|q—1.
Tiic 12 ton tai s6 nguyén duong m d€ ¢ — 1 = mp. Vi g 1é nén m chin, gidsig = mp + 1 =
2kp+1.Vayg =mp + 1 =2kp + 1. O

Nho dinh 1y nay dé€ kiém tra s6 Mersenne M c6 phdi 1a s6 nguyén t6 hay khong, ta khong can
chia n6 cho moi s6 nguyén t6 bé hon /M , ma chi can chia cho cac sd nguyén t6 c6 dang da néi
trong dinh ly va nh6 hon v M .

Vidu M3 = 2'3 — 1 = 8191, d€ xem 8191 c6 phai 1a s& nguyén t6 hay khong, ta chi can xem
8191 c6 udc nguyén tb nao dang 26k + 1 va bé hon +/8191 = 90, 50, ... hay khong.

Nhu vay chi can 1am phép chia 8191 cho 53 va 79 suy ra 8191 1a s6 Mersenne.

My; =223 — 1 = 8388607, /M = 2896.309. .. s6 nguyén t6 bé nhit c6 dang 46k + 11a 47.
Lam phép chia 8388607 cho 47 ta ducc 8388607 = 47 - 178481. Vay s6 Mersenne M3 khong
phii 1a s6 nguyén to.

Vidu 1. Cho a, b la hai s6 hoan hdo chdn. Chitng minh a® + b? khong la sé chinh phuong.

L&i gidi. Via, b 1a hai s6 hoan hao chin néna = 2771 (27 — 1), b = 2971 (29 — 1) trong d6
p. q, 2P —1, 29 — 1 1a cic s6 nguyén t6. Gia st rang p > ¢ > 2 va a® + b? 1a s6 chinh phuong,
cho nén

2 = a? 4 b? = 22D [22<P—q>(zp 1) (27 — 1)2] L ceZr.

Tu day suy ra
220D (2P _ )2 4 (29— 1)> =d?, d e 7™ 2)
Tir day thiy ring
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e Néu p, g cing I8 tir (2) suy ra 2 = d? (mod 3), vo Iy.
e Néu p, ¢ khac tinh chan 1é vay ¢ = 2, p > 3, p 1é. Pang thiic (2) trd thanh

222 (2P _1)2 4+ 9 = g2, (3)
Suy ra (d,3) = 1 véi d 1é. Khi d6 tu (3) ta dugc
d=3)(d+3) =222 -] (4)
ma(d —3,d +3) =2nén
d —3=2x?
VveEZT x>
d-|-3=2y2 (xy o y)

Suyray?—x?>=3= y=2,x=1= d = 5. Thay vao (4) ta dudgc
16=[272027 - )] & 4 =222 — 1),

vo ly.
Tt d6 suy ra diéu phai chiing minh. O

Mic du céc s6 hoan hao va sé6 Mersenne da dugc nghién ciiu hang trim nim nay, nhung con
van ton tai nhiéu gia thuyét chua dugc chiing minh.

e Khong ton tai so tu nhién 1é nao 1a so hoan hao.

e TOn tai vO han sO nguyén to Mersenne.

Dinh nghia 4. §6 nguyén duong n duoc goi la sé thita (abundant) néu o (n) > 2n, va duoc goi
la s0 thiéu (deficient) néu o (n) < 2n.

Sau s6 nguyén duong thira dau tién 1a 12, 18, 20, 24, 30, 36.

Sau sb nguyén duong thiéu dau tiénla 1, 2, 3, 4, 5, 7.

Vi du 2. Chitng minh rdang moi lity thita ciia s6 nguyén té la sé thiéu.

Loi gidi. Goi p 1a s6 nguyén tb, k 1a sb nguyén duong thi

k+1
p —1
n=p=00(p"="—"—
p—1
Taco2pF —1 < pF*lvip > 2suyra
pk+1 -1
prt 1 <2(pk+1—pk) =2pk(p—1)¢>—1<2pk:2n.
p—
Vay n 1a s6 thiéu. O
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Vi du 3. Chitng minh rang moi béi ciia mot sé thita hodic s6 hoan hdo ma khdc chinh no la mot
s0 thira.

Loi gidi. Goi n 1a sb thita (hodc 6 hoan héo) theo dinh nghia 2% > 2.

Xét mot boi cuan la N (N # n) suy ra n la uéc thuc su cia N. Theo dinh ly 4 ta c6

o (N) - o (n)
N

>2 4 o (N) > 2N,

suy ra N 1a s6 thra. [
Vi du 4. Chitng minh rang néun = 2™~ (2™ — 1) vdi m la sé nguyén duong théa mdn 2™ — 1
la hop s6 thi n la sé thira.

Loi giai. Taco

2" —
2—1

omy=c(2"'Q2"-1D)=0(2"o (2" -1) > ( 1) Q2" —1+1)=2n,

do d6 n 1a sb thua. O]

Dinh nghia 5. Hai s6 nguyén dwong m, n duoc goi la cdp sé ban bé (amicable pair) néu
o(m)=o0(n)=m++n.

Vi du 5. Chitng minh rang moi cdp sé nguyén duong sau ddy la cdp sé ban be.

e 220, 284.

e 1184, 1210.

e 79750, 8873.
Loi giai. Taco

0 (220) = 504 = 0 (284),
o (1184) = 2394 = ¢ (1210),
o (79750) = 168480 = o (88730) .

Tir d6 thu dugc diéu phai chitng minh. ]

Vi du 6. Chon > 2 la sé nguyén dwong sao cho 3-2""' —1,3-2" — 1 va 322*"71 — | déu
la cdc 56 nguyén t6. Chitng minh rang 2" (3-2"~' —1) (3-2" — 1) va 2" (322*""' — 1) la cdp
s ban be.
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Loi gidi. Patx =27 (3-2"7'—=1)(3-2"—1), y =2"(322*""" —1). Tac6
o(x)=0(2"(3-2""-1)(3-2" - 1))
=020 (3-27"'-1)0(3-2" - 1)

2mH -1 n—1 n
= (ﬁ)(:s-z —14+1)(3-2"=1+1)

— 32_227[—1 (21’[-’1‘1 . 1) )
o(y)=0(2"(3>2>""1-1))

=0 (2")o (32> 1 1)

— (2n+1 . 1) (32‘22}1—1 -1 + 1)

— 32.2271—1 (2n+1 _ 1) )

x+y=2"(3-2"""-1)(3-2" = 1)+ 2" (3>2*" 1 —1)
— 2n (32'22}1 _ 32'211—1)
— 32.2211—1 (2n+1 _ 1) )
Viy o (x) =0 (y) = x + y, nén ta cé x, y 1a cip s6 ban be. ]
Vidu 7. Chon, s > 1 la cdc s6 nguyén duong. Chitng minh rang n va (2° — 1)n + 1 khéng
phdi la cdp sé ban be.
Loi gidi. Patm = (2° —1)n + 1 gid st m, n 1a cip sd ban be
e Néu n 18 thi m chin, ta c6 o (n) = m + n 1é suy ra n 12 s6 chinh phuong, o (n) = m +n
18 suyram = 2ka? véia, k € ZF, (a,2) = 1
o (m) =a(2k)0(a2) =2n+1=m+n.
Ta cé 3
o(m)21+%+m<:>2sn+l25[(2s—l)n+1]+1. )

S __
Vis > lnen%

> n. Tu (5) suy ra
2Z’n+1>22°—-Dn+14+n+1=2n+2,
vo ly.

e Néunchinthim 18, tidSo(m) = m+nldsuyram = 2°—1)n + 1 = a? véi
acZt (@2 =1,0(n)=m+nlésuyran =2Kp2v6ib, k € Z+, (b,2) = 1.

Tac6 2¥ [nsuyrao (25) |0 (n) & 2541 —1]a? + 2Kb2, do d6
K+ 122 4 2K F1p2 = 202 4 p? 4 <2k+1_1) b2,
Suy ra tiép 251 — 1 |2a% + b%. Gia st p 1asé nguyén td p |2k — 1 = p|2a% + b2, do
(m,n)=1=(a,b)=1=p fa, p [b.
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Ma 2a? + b? =0 (mod p) & b? = (-2)a? (mod p)

) p=1 (mod8) 21 _1=1 (mod 8)
—|=1= — = | k1
D p =3 (mod 8) 21 _1=3 (mod 8)

ma4|nsuyrak > 2 (voly). Vay n va (2° — 1) n + 1 khong phai 1a cip s6 ban be. ]

Dinh nghia 6. Mot sé nguyén dwong n duoc goi la k—hoan hdo (k—perfect) néu o (n) = kn,
chii ¥ s6 hoan hdo duwoc goi la 2—hoan hdo.

Mot s6 nguyén dwong n duoc goi la k—thita (k—abundant) néu o (n) > (k + 1) n.

Vi du sd 120 = 23 -3 - 51a s6 3—hoan hao do o (120) = 360 = 3 - 120.
S6 30240 = 2°-3%.5.71a s6 4—hoan hio do o (30240) = 120960 = 4 - 30240.
S6 908107200 1a s6 4—thira do o (908107200) > 5 - 908107200.

Vi du 8. Tim tdt cd cdc s6 3—hoan hdo c6 dang n = 2 -3 - p, vdi p la s6 nguyén té 1é va k la
56 nguyén duong.

Loi gidi. Neuk =1tio(n)=3n<0(2-3-p)=3-2-3-p = p =2 (loai).

Néuk =2tio(n)=3n<0(22-3-p)=3-2%-3-p = 2p =7 (loai).

Néuk >2,tac63n=3-25.3.p
a(n):o(zk-3-p)=(2k+1—1)-4-(p+1).

Ma3n = o(n),din dén 3.2 .3.p = (21 —1)- 4. (p+ 1), hay 1a 9-252. p =
(2¥*1—1)-(p + 1), din dén

p- (2k—2 + 1) — 2k+1 -1 (6)
tr (6) ta thdy p < 8.
e Néu p =3 thi (6) < 5-2F"2 = 4 (v 1y do v& tréi chia hét cho 5).
e Néup=5thi(6) ©3-282=6sk=3=n=2%3-5=120thoa man.
e Néup=7thi(6) & 28q2=8 k=5=n=2-3.7 = 672 thda man.
Vay c6 hai s6 3—hoan hio thda min 12 120 va 672. O
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Vi du 9. Chitng minh rdng néu n la sé6 3—hoan hdo va 3 khéng la wdc cia n thi s6 3n la sé

4—hoan hdo.

L&i gidi. Theo gia thiétta cé o (n) = 3n va (n,3) = 1, nén ta c6
o(3n)=0B)o(n)=403n),

hay s6 3n 12 s6 4—hoan héo. O

Dinh nghia 7. S6 nguyén duong n dwoc goi la iéu hoan hdo (superperfect) néu o (o (n)) = 2n.

S6 16 1a s6 Siéu hoan hao bsi vi o (0 (16)) =32 =2-16

Vi du 10. Chitng minh rang néun =24, (g € Z*) va 29" — 1 la s6 nguyén 16 thi n la 56 siéu
hoan hdo.

Lai gidi. Vio (29) =291 —1 = m lamot sé nguyén td, suyrao (m) = m+1 = 2971 = 2p,
dodo o (o (n)) = 2n.

Vaynéun =29, (g € Z*) va 29+ — 1 1a s6 nguyén 6 thi n 1a s siéu hoan hao. O
Vidu 11. Chiing minh rdng moi s6 siéu hoan hdo chdn cé dangn = 24, (g € Z*) véi 2911 — 1
la mot s6 nguyén to.

Loi gidi. Nhanxétnéur, s € Zt thio (rs) > 14+r + 5 +rs.

Gia st rang n = 29¢ 1a siéu hoan hao vdi ¢ 1a s6 nguyén duong 1é vat > 1. Taco

2n =21 =0 (0 (27)) = o (277" — 1) 0 (1))
> 2" 1)o@+ 2 1) +0(1)+1
> 2o (1) =29t (1 + 1),
din dént >t + 1, v li. VAy diéu gia st 12 sai, ta c6 diéu phai ching minh. O

Vi du 12. Chitng minh rang néun = p?, p la s6 nguyén té 1é thi n khéng la sé siéu hoan hdo.

L5i gidi. Gia st rang n 1a s6 sidu hoan hio. Ta c6
2n = o (o (n)) <:>2p2=(7(p2—|—p—|—1).
Gidstringg = p>+ p+1=py' - p3*---pi*,a; e Nvap; (i = 1,2, ..., k) lasd nguyén

td 1é
k al+1

k
20 =0 (p>+p+1) =[]0 (pf ]_[ . (7)
i=1

296

https://tieulun.hopto.org



Tap chi Epsilon, S6 13, 02/2017

Néu ¢; 1é khi d6

p;'xi+1_1 _ o o;i—1
%) ﬁ =v2\p;" +p; +--+pi+1)21,
1

va v; (2p?) = 1 nén ¢ duy nhat mot o; 1é chang han o tir d6 suy ra

q=py -1 ®)
v6i t 1a s6 nguyén duong 18 va (¢, p;) = 1.
Ta c6 (7) tuong duong véi

2p*=0(@=0(py'??) =+ p1+-+pi")o(c?),

tuc la
L+ pi+-+pi' =2p
2 &)
o(*)=p
hoiac
L+ pi+-+pit =2p°
t_fl P1 p (10)

Trudng hop (9): Do oy 1€ suyra2p: (p; +1)dod62p = 1+ p; hay a; = 1. T (8) ta ¢6
p>P+p+1=Q2p—1)t2 Suyra

pPP+(1-2%)p+*+1=0,
= A, =(1-22)" 4> +1)=4(>-1)" -T=d* a e 2",
& (22 =2+4a)(2°-2-a)=T.
Suyrat? =3, v ly.
Truong hop (10): Ta co

pi+1=2p vp +1=2p?

22 (D)
q=p;i

q=p;'

Xét hai truong hop

ep+l=2p=2a;=1=qg=p =2p—1LTu®tac6p>+p+1=©2p—-1),
hay p>2—p +2=0,voly.

e p1+1=2p2=¢q=2p*>—1.Tu(8) tacod
P+p+1=02p*-1) & p*—p-2=0=p=2,
vo ly.
Viy diéu gia st 12 sai tif d6 ta c6 diéu phai chitng minh. O
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Bai tap 1. Tim sb hoan hio thd 7 va thi 8.
Bai tap 2. Tim s nguyén duong thira 18 nhd nht.
Bai tap 3. Chiing minh rang moi udc ctia mdt s6 thiéu hodc sé hoan hao 1a sb thiéu.

Bai tap 4. Chiing minh rang 7, ¢ (n) khong la cip s than thuong (v6i n € Z+ va ¢ (n) 1a ham
Euler cua n).

Bai tap 5. Chiing minh rang s6 141824339040 = 27 -3*.5.7.11%.17 - 19 1a 5—hoan hao.
Bai tap 6. Tim mdt sd nguyén 3—thiia.
Bai tap 7. Chiing minh ring véi moi sd nguyén duong k ton tai v han sd nguyén k—thia.

Bai tap 8. a) Chiing minh rang néu 7 1a sb hoan hao 1é thi n = p%m vé6i p 1a s6 nguyén t6 18
a, m 1a cac s6 nguyén duong sao cho p = a (mod 4).

b) sit dung gia thiét phan a) chiing minh rang néu n 1a s6 hoan hao 1é thin = (mod 4).

Bai tap 9. Chiing minh ring néun = p®m? (véi p 1a s6 nguyén t6 1& a, m 1a cic sb nguyén
duong) 1a s6 hoan hdo 1é thi p = n (mod 8).

Bai tap 10. Cho n 1a s6 nguyén duong. Xét diy sd nguyén duong n,, n,, ns, ... xac dinh bdi
ny=o0Mm)—n, ngy1 =0 M) —ngvéik =1,2,3, ...
a) Chung minh rﬁng néunlasbhoan hdothin =ny =n, =n3 =---

b) Chiing minh rang néu n va m la cip sb than thuong thi n; = m, n, = n, n3 = m,
n4 = n, ...vahon nita tudn hoan véi chu ky 2.

¢) Tim diy sd nguyén dudc tao thanh néu n = 12496 = 24 - 11 - 71.

[1] Elementary Number Theory And Its Application, KennethH.Rosen.
[2] Sé hoc, Ha Huy Khodi

[3] Tap chi Epsilon s6 7 nim 2016.
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Tap chi online ctia cng dong

Tap chi Epsilon, S6 13, 02/2017 nhang ngudi yéu todn

TuO1 TRE CUA MOT NGUOI PHU NU
POAT HUY CHUONG FIELDS

Michael Joswig
L& Nam Trudng dich tif ban tiéng Piic

GIOI THIEU

Michael Joswig (6ng 12 mot trong nhiing “Gido su Einstein” “) nghién ctiu vé todn roi

rac va hinh hoc tai trudng dai hoc ky thuat Berlin. Ong da tham gia viét phan mém

“polymake” ma ngly nay la chuong trinh tiéu chuin trong viéc nghién ctiu hinh hoc roi
b

rac.

“http://www.einsteinfoundation.de/de/personen—-projekte/
einstein-professoren/
bspektrum.de/artikel/1420974

Chdn thanh cam on GS.Dam Thanh Son dd gidi thiéu bai viét véi doc gid.

DPéng gép ctia Mirzakhanis cho Toan hoc da bat dau bang mot cong trinh lién quan dén bai toan
bdn mau: V6i bén mau, ¢ thé t6 mau ci cac nude trén mot ban dd bat ky sao cho khong c6 hai
nudc ¢6 chung bién gidi dugc td cung mau? “Bién gidi chung” & day dugc hiéu 1a phéi c6 hon
mot diém chiing.

D€ giai bai toan nay, trudc tién ta hay dit lai vin dé theo mdt cach khac. Thay cic nudc bang
mot diém (mdt dinh) va ndi hai dinh véi nhau bang mot dudng thflng (mot canh) khi va chi khi
hai nuéc d6 c6 cung bién gi6i. Qua d6 mot ban do trd thanh mot “do thi”.

Ly thuyét do thi trong Toan hoc dudc ing dung rat nhiéu, bdi vi cac thanh phan clia né rat téng
quét nén dudc ting dung & nhiéu linh vuc: Dinh va canh trudc hét khong cé mot tinh chit nao ca
ngoai trif chiing dugc két nbi v6i nhau. Hon nifa, trong nhiéu ting dung, bé qua nhiing tinh chét
khong quan trong va chi tap trung vao su két nbi gitip ta gidi quyét dudc cic van dé.

Bai to4n néu trén khong chi thiét thuc v6i nhitng nha san xuit ban ddo ma con dugc ing dung
vao nhiing linh vuc khac. Vi du nhu, trong mang vién thong hai mdy phat séng ma luu vuc hoat
dong phii 1én nhau thi khong dudc dung cung tan sé dé tranh hién tuong giao thoa. Nhiing su
xung dot nhu thé ngudi ta cling gip phai khi thiét ké cdc chuong trinh mdy tinh, thi nguyén c6
han & day la cac thanh ghi, bd nhé cuc nhanh trong céac vi xu ly.

Ban do, mang vién thong hoic cic hé thdng tuong tu 12 nhitng do thi don gian. Tic 13, do thi
chifa hitu han céc dinh, khdng c¢6 canh nao nbéi mot dinh véi chinh né, gitta hai dinh c6 nhiéu
nhét 12 mot canh, va cic canh khong c6 thém nhiing tinh chit khac nhu trong s6 hay hudng.
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Trong bai todn td mau ban do va cac bai toan tuong tu, nhiém vu 12 ta phai gan mot tinh chét
nao dé cho mdi dinh, ma & day 1a mau. Tai mdi dinh, mot sb cidc mau da dudc cho trude va ta
phéi chon mdt mau, sao cho khong c6 hai dinh ma dugc ndi v6i nhau bdi mdt canh dudc to cling
mot mau.

Mot trong sd nhiing dinh ly quan trong & trong linh vuc nay dugc Kenneth Appel va Wolfgang
Haken (cting véi John B. Koch) chiing minh vao nim 1976/77. Pinh Iy nay néi ring, tit ca cic
dd thi phang (biéu dién dugc trén mdt mit phiang ma cac canh khong chéo nhau) déu ¢ thé
dugc td diing cach bang 4 mau (tai tit ca cac dinh ta déu dudc Iva chon mot trong 4 mau giéng
nhau cho truéc). Boi vi viéc chitng minh dinh 1y nay c6 mot phan 16n dudc dua vao tinh toan
trén mdy tinh, da c6 mot sd tranh luin vé su chinh xdc ctia né. Cudi cuing vao nim 2005 moi
viéc dudc 10 rang khi ma Georges Gonthier va Benjamin Werner dua ra mot 16i giai chinh thic
cho dinh 1y bén mau trong ngén ngit 1ap trinh Cogq.

Maryam Mirzakhani

Nudc cong hoa hoi gido khong chi truong hd trg cho cic nghién ciiu khoa hoc va nhit 13 véi
cac phu nt. Tuy nhién Maryam Mirzakhani, sinh nam 1977 tai Teheran, khong xem minh 1a nan
nhén ctia hé théng d6. Hon nita su két thiic ctia cudc chién vé6i Irac vao nim 1988 1a mot thdi
diém thuan 1di cho c6. C6 hoc sinh Mirzakhani da tham gia IMO 1994 va 1995, ca hai 1an co
déu danh dugc huy chuong vang. C6 t6t nghiép dai hoc vao nim 1999 tai Iran, tai trudng dai
hoc cdng nghé Scharif. Sau d6 ¢ sang Harvard d€ 1am tién si duéi su huéng dan cta Curtis
McMullen, ngudi da nhan huy chuong Fields vao nam 1998. Trong bai ludn van cia c¢6 vao nam
2004 co da tra 16i dugc cac cau hdi duge bo ngo6 bsi Edward Witten (cling tung duge Fields) va
Maxim Kontsevich. Sau mét thoi gian lam viéc & vién toan hoc Clay va Princeton thi tif nam
2008 c06 la gido su tai truong dai hoc Standford. Trong hdi nghi toan hoc 6 Seoul vao nam 2014
¢6 nhan dudc huy chuong Fields, dudc coi la giai Nobel cho toan hoc.

Mirzakhani da nghién cifu vé bai toan bdn mau trong nhiing cong trinh dau tién cta cd. C6 thé
tim dudc cach to mau ding néu nhu tai cac dinh su lua chon mau 13 khong nhu nhau? Bai toan
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nhu 1a mot trd choi gitta hai dbi thii: Ngudi thd mudn td mau ding tit nhitng mau anh ¢6 tai cic
dinh, ngudi cung cip dua mau dén céc dinh véi muc dich ngin cin ngudi tho tim dudc mot cach
t6 mau ding (khong c6 hai dinh lang giéng nao dudc td cing mdt mau). Ai thang phu thudc vao
cAu tric ctia do thi. Mot do thi goi 1a k-list-color néu ngudi thd ludn ludn thiang khi tai mdi dinh
ngudi cung cip dua dén ding k mau.

Moi do thi k-list-color déu 1a 1a k-color, b&i vi d6 12 mot trudng hop dic biét khi tai cic dinh ta
déu c6 k mau gidng nhau. Chiéu ngudc lai thi khong ding: Vi du nhu & hinh: Do thi hai phia
K2, 41a 2-color (ta td mau bén trai vang va bén phai xanh) nhung khong phai la 2-list-color,
bdi vi khong c6 cach t6 mau ding nao ca tir nhitng mau da cho trong hinh.

Trong cdng trinh clia 6 vao nim 1996 Maryam Mirzakhani da cong bd mdt do thi phang —
theo dinh ly ctia Appel va Haken thi hién nhién do thi nay 1a 4-color — véi 63 dinh 12 mot do thi
khong 4-list-color. Su ton tai ctia nhitng do thi nhu thé da dudc du doan bdi Paul Erdos, Arthur
L. Rubin va Herbert Taylor vao ndm 1979. Vao nam 1993 Margit Voigt, bay gid la nt gido su
tai truong dai hoc ky thuat va kinh té Dresden, di ching minh diéu d6 v6i mot do thi c6 238
dinh. Cong trinh ctia Mirzakhanis da mang dén mot su cai thién khi vi c¢6 dung it dinh hon. Dic
sac hon 1a & dd thi ctia Mirzakhanis, ngudc lai v6i dd thi ctia Voigts, 1a dd thi 3-color. Va diéu
nay da tra 15i dudc vin dé dang bd ngd vao thsi diém dé. Ngay sau d6 Carsten Thomassen & dai
hoc k¥ thuat Pan Mach & Lyngby da chiitng minh riang moi do thi déu 1a 5-list-color.

w—©®
)

4

CHAISTOPH POPPE, MACH: MICHAEL JOSWIG, INSTITUT FOR MATHEMATIE, TECHMISCHE UNNERSITAT BEALIN

)

Der Graph B mit einer Listenfarbungsaufgabe ohne Lésung.

Bing cich nio Mirzakhani da tim dugc mot do thi 3-color ma khong phai 1a 4-list-color. Yéu to
quyét dinh & day 1a mot do thi nho hon, ta goi 12 B (xem hinh bén trdi, dudi). 17 dinh cta do
thi thudc vé hai nhém khac nhau: “Trong” v6i bon dinh ké va bdn mau Iua chon, 12 tit ci nhiing
mau c6 trong dd thi, va “ngodi” véi ba mau va cé ba hoic bay dinh ké.

Tt mot viéc khong thé tim dugc cach t6 mau ding cho mdt dd thi nhd, Mirzakhani da tim dudc
161 gidi cho mot dd thi 16n hon. Viéc B 1a mot do thi 3-color ta c6 thé dé dang thay dudc: To
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mau do tit ca cdc dinh “trong” va véi cic dinh “ngodi” ta t6 mau vang va xanh dam luan phién.
Tuy nhién, véi nhitng mau da cho trong hinh thi ta khong thé tim dudc mot cach td6 mau ding
nao. PE chitng minh dugc diéu do, ta phai thi hét tit ca cac cach to mau. Nhung viéc d6 cling
rit dé dang do tinh dbi xing ctia dd thi va su tdng quat clia cac mau.

Der Mirzakhani-Graph /M ist 3-farbbar,
aber nicht 4-listenfarbbar. Zur Ver-

deutlichung der Konstruktion sind in
den Farblisten der dul3eren Knoten in
den (verschmolzenen) Kopien von B
diejenigen Farben mit Sternchen
versehen, die festlegen, zu welcher
Kopie von B der jeweilige Knoten
gehort.

CHRISTOPH POPPE, NACH: MICHAEL JOSWIG, INSTITUT FR MATHEMATIK, TECHNISCHE UNIVERSITAT BERLIN

Ta sé dan dat tGi 10i giai tir d6 thi B nay. Ta sé dung mot dd thi mdi tit bdn ban sao ctia B va
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mot dinh thém. Ta ni dinh thém véi tht cac cac dinh ngoai. Tiép theo ta 1y thém bén mau méi
a, b, ¢ va d, sao cho tdng cong ta c6 8 mau. Trong ban sao dau tién cta B ta thém mau a vao
tat ca cc dinh ngoai 1am mau thi tu, va véi cac ban sao tiép theo ta sé thém mau b, ¢ va d. Con
& dinh ta da liy thém ta s& cung cAp bén mau a, b, ¢ va d. Nhu thé ta sé c6 dugc mot do thi
phang v6i 4 - 7 + 1 = 69 dinh v mdi dinh c6 4 mau.

St dung cdc mau di cho ta sé khong thé tim dugc mdt cach t6 mau ding. Ly do nidm & vai tro
dic biét ctia dinh ma ta da 1ay thém. Khong mét tinh tdng quat gia st ta t6 mau dinh d6 1a a.
Nhu viy trong tit ca cic ban sao ctia B, cdc dinh ngoai khong thé dugc t6 mau a. V6i ban sao
ma da dugc thém mau a vao cac dinh ngoai khi ta xay dung dd thi méi, sé khong ton tai mot
cach t6 mau ding (da dugc chiing minh cho d6 thi B). Nhu vy do thi méi nay véi 69 dinh 1a
khong 4-list-color.

Miit khdc, ta d& dang chiing minh né 1a 3-color: Ta t6 mau dé dinh thém giébng nhu cic dinh
“trong” va td cac dinh con lai 6 cac ban sao nhu cach da mo ta & trén cho dd thi B.

Nhu vay 1a viéc chiing minh da hoan thanh. V6i mat it tinh chinh ta c6 thé ghép bbn ban sao lai
v6i nhau, qua d6 ta bé di dudc sau dinh (xem hinh bén trdi). D€ 1am dudc diéu d6 ta ciing phii
stta mdt s& mau trong cac ban sao nhu trong hinh. Cubi cling ta ¢6 mot do thi véi nim mau ma
ta goi 1a do thi M véi 63 = 69 — 6 dinh.

Loi giai ngan gon va xiic tich ctia Mirzakhanis da néi 1én vé dep ctia toan hoc. Két qua ctia ¢
van 12 t6t nhit cho téi ngy nay. Khong ai c6 thé tim ra mot do thi 3-color nao nhé hon ma khong
phai 1a 4-list-color. Ta dé dang thiy dudgc tai ning cia Maryam Mirzakhanis qua diéu nay, viéc
xdy dung 1én 161 giai that qua don gian.

[1] Gonthier, G.: Formal Proof — the Four-Color Theorem. In: Notices of the American Math-
ematical Society 55, S. 1382—-1393, 2008.

[2] Mirzakhani, M.: A Small Non-4-Choosable Planar Graph. In: Bulletin of the Institute of
Combinatorics and its Applications 17, S. 15-18, 1996.

[3] Thomassen, C.: Every Planar Graph Is 5-Choosable. In: Journal of Combinatorial Theory
Series B 62, S. 180-181, 1994.

[4] Voigt, M.: List Colourings of Planar Graphs. In: Discrete Mathematics 120, S. 215-219,
1993,
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MYTS - CUOC THI TIM KIEM TAI NANG TOAN HOC

Pham Vin Thuén, Ban t6 chiic cudc thi MYTS

LOI BAN BIEN TAP

Ky thi tim kiém Tai ning Toan hoc tré (MYTS) gianh cho thi sinh tit 10 dén 16 tudi, dugc
Hbi Toan hoc Viét Nam va Hexagon of Maths & Science t3 chiic thudng nién nham tao
san choi khuyén khich hoc sinh yéu mén mén toan hoc.

Ky thi c6 hai vong va dudc t3 chiic 1an dau tién vao nim 2016 danh cho céc khéi 16p tir 4
dén 8 tai Ha Noi. Nim nay, Ban t3 chifc da quyét dinh bS sung thém hai khéi 16p 12 9 va
10, ngoai ra thém dia diém thi  TP.HCM. Ky thi sé dién ra vao ngay 26/03/2017 sap tdi.

Céc thong tin vé& cudc thi c6 thé xem thém tai trang web: http://www.hexagon.
edu.vn/myts.html

Dudi day chiing toi xin gidi thiéu dé thi va ddp 4n dé vong 2 ctia khdi 16p 7, 8 cia MYTS
lan 1.

1. Dé thi khoi I6p 7

Bai todn 1. M¢t hinh vudng va mot hinh ngii gidc déu dugc vé ra phia ngodi ciia mot tam gidc
deu. Tinh sé do goc duoc ddnh ddu.

Bai toan 2. Ba s thuc x,y, 2 théa man
|| —3 =yl +4 =10 —|z|.
Tim gid tri lon nhdt cia K = y(z + 2).
Bai toadn 3. Tam gidc ABC cdn c6 AB = AC = 8 cm. Puong trung tuyén BD = 6 cm. Néu

BC? = x cm, tinh gid tri ciia x.
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B C

Bai toan 4. Trong mét cdn phong ¢ 26 ngudi gom nhiing ngudi la nguoi thdt tha (la nguoi
luén néi thdt) va nhitng nguoi la nguoi déi trd (la nguoi luén néi doi).

Nguoi ddu tién néi  :  "Trong phong khéng c6 ai la nguoi thdt tha'".
Nguoi thit hai noi : "Trong phong co khong qud mot nguoi thdt tha'.
Nguoi thit ba noi : "Trong phong co khong qud hai nguoi thdt tha'.
Nguoi cudi cung néi  :  "Trong phong khéng co qud 25 nguoi thdt tha".

Hodi trong phong c6 tdt cd bao nhiéu nguoi thdt tha?

Bai toadn 5. Gid sit K la mot bo s gom muoi s6 (khong nhdt thiét khdc nhau) sao cho méi sé
trong K déu bang téng binh phuong cua tdt cd chin sé con lai. Hay tim tdt cd nhitng bo sé K
nhu vady.

Bai todn 6. O xit 56 Magic Wood chi cé ba lodi vit: ¢6 12 con rdn, 23 con chudt va 31 con méo.
H¢ khi con rdn dn con méo, thi no bién thanh con chudt, nhung khi con méo dn con chuét thi né
bién thanh con rdn. Hon nita, khi con rdn dn con chudt, né bién thanh con méo. Hoi nhiéu nhdt
co bao nhiéu con vdit d Magic Wood khi khéng con nao dn con nao nita?

Bai toan 7. Tam gidc ABC ¢6 géc ZBAC = 70°. Pudng trung truc cia canh BC' cdt phdn
gidc ngoai cia goc A tai T. Biét rang géc ZBAT ti, con géc ZC AT nhon, hdy tinh sé do goc
/ZTBC.

Bai toan 8. Xung quanh mét bo ho hinh tron c6 trong 5 cdy dita. Nguoi ta nhdn thdy rang cdc
do léch chiéu cao giita hai cdy lién tiép bdt ky luén bang nhau. Chitng minh rdang cd ndm cdy
déu co cung chiéu cao.

Bai toan 1. Mét hinh vuéng va mét hinh ngii gidc déu duoc vé ra phia ngodi ciia mot tam gidc
déu. Tinh sé do goc duwoc ddnh ddu.
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Loi gidi.. DE thiy tam gidc CAF can tai A vi AC = AF. Mdi gbc trong clia ngil gidc déu la
108°, nén ZC'AF = 60° + 108° = 168°. Do do,

LCFA= /FCA= u s
Thanh ra, Z/BCTI = 60° — 6° = 54°.
Tuong tu, ta tinh dudc goc LF B A cua tam giac can ABFE.

ZABE = ZAEB = M — 15°.

Tut d6, ZCBI = 60° — 15° = 45°. Vay, géc can tim (d4nh d4u) chinh 1a géc ngoai clia tam gidc
C'BI tai dinh . Thanh ra,
ZBIF = 45° + 54° = 99°.

C B

Bai toan 2. Ba sé thuc x,v, z théa mdn
|| =3 =ly|+4=10—|z|.

Tim gid tri [6n nhdt ciia K = y(z + 2).

Chiing minh. Tu gi thiét suy ra |z| + |z| = 13. Luu y ring
x4z <|z|+|z| =13, véimoiuz, z e R.
Laivi |y| +4 =10 — |2| < 10 nén |y| < 6. Thanh ra
K<13x6=78.
C6 thé chon z = 13,y = 6, z = 0. Pap sb: 78. ]
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Bai todn 3. Tam gidc ABC cdn c6 AB = AC = 8 cm. Puong trung tuyén BD = 6 cm. Néu
BC? = x cm, tinh gid tri ciia x.

Loi gidi.. Ha dudng cao BE, va goi DE = k. Ap dung dinh ly Pythagore cho hai tam gidc
vudong ABFE va BDFE ta dugc

BE? = AB?> — AE?, va BE® = BD? - DE”.
Thay cac gia tri do dai cho ta
BE* =8 — (4+k)? va BE®=6*— k.

Trit tiing vé ta dudc
82— 62— (4+k)?+k*=0.

Khai trién va tinh toan ta dugc k = 3/2. Tu do,

135 25
BE? =" EC?=—".

4 4
Do dé. 135+25 160

+

BC? = 22120 Ty,

4 4

Dap sb: x = 40. O

Bai todn 4. Trong mét cdn phong ¢ 26 ngudi gom nhiing ngudi la nguoi thdt tha (la nguoi
luén noi thdt) va nhitng ngudi la nguoi déi trd (Ia nguoi luén néi doi).

Nguwoi ddu tién noi  :  "Trong phong khéng cé ai la nguoi thdt tha'.
Nguoi thit hai noi : "Trong phong co khong qud mdt nguoi thdt tha'.
Nguoi thit ba noi : "Trong phong co khong qud hai nguoi thdt tha'.
Nguoi cudi cung néi  :  "Trong phong khéng co qud 25 nguoi thét tha".

Hoi trong phong cé tdt cd bao nhiéu nguoi thdt tha?

Loi gidi.. Ta c6 nhiing nhan xét sau:
Néu mot ai d6 néi dbi, thi tit c4 nhitng ngudi truc d6 ciing néi dbi.

Trong phong chic chin c6 ngudi dbi tra, vi néu ngudi dau tién néi that thi theo ding 13i anh ta,
trong phong khong ¢ ngudi n6i that (mau thun).
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Tuong tu, ta ciing két luan dudc trong phong c6 ngudi that tha.

Gia st trong phong c6 x ngudi dbi tra. Ngudi cudi cuing néi dbi da néi: "Trong phong khong c6
qua = — 1 ngudi that tha", nghia 1a trong phong c6 it nhit x ngudi that tha. Mit khdc ngudi thi
x + 112 ngudi that tha va tir 18i anh ta ndi suy ra c6 khong qua = ngudi that tha. Tom lai, c6 tat
ca x nguoi that tha. Nhu vdy  + = 26 hay x = 13.

Vay trong phong c6 tit ca 13 ngudi that tha. O
Bai toadn 5. Gid sit K la mot bo s6 gom muoi sé (khong nhdt thiét khdc nhau) sao cho méi sé
trong K déu bdng tong binh phiong cua tdt cd chin sé con lai. Hay tim tdt cd nhitng bo sé K
nhu vay.

Hudng ddn. Khong mit tinh tong quat c¢6 thé gia st mudi sb trong tip K c6 thi tu nhu sau

a; <az < --- < ap.

Tir gia thiét rang mdi s6 a; déu c6 thé viét dudi dang tSng binh phuong ctia chin s6 con lai nén
ta c6 thé chon j = 1 va j = 10. Thanh ra

2, 2 2 s 2, 2 2
CL1:CL2+CL3+"'CL10,Vaa10:a1+a2+"‘+a9
Tir dy c6 thé suy ra ngay rang tat ca cdc s6 trong K déu khong am. Vi a; < a0 nén suy ra
2, 2 2 2, 2 2
a2+a/3+"'+a10Sa/1+a2+"'+a/9~

Tic 1a a2, < a?. Suy raayg < a; vi céc s6 déu khdong am. Tiic 12 ¢6 thé suy ra tit ca cdc s6 trong
A b A a2 . v 1 AL
tap K bang nhau. Cho nén a; = 9aj, hay a; = 0 hodc a; = 5. Pap so:

K:{(0,0,...,O), (%%é)}

]

Bai toan 6. O xit s Magic Wood chi ¢é ba lodi vét: ¢6 12 con rdn, 23 con chudt va 31 con méo.
HE¢ khi con rdn dn con méo, thi né bién thanh con chuét, nhung khi con meo dn con chuét thi no
bién thanh con rdn. Hon nita, khi con rdn dn con chudt, no bién thanh con méo. Hoi nhiéu nhdt
co bao nhiéu con vt ¢ Magic Wood khi khéng con nao dn con nao nita?

Loi gidi.. Nhiéu nhit 12 mot loai sé ton tai. D6 khong thé 12 loai meo, vi tinh chin 18 cia méo
va chuot luén gidng nhau. vi vy, tit cd s6 meéo sé bién mat, tiic 1a can 31 1an in. Kéo theo 35
con vt sé& tOn tai. Mit khac, néu 23 con meo an 23 con chudt, bién thanh con ran, thfi sé c6 35
con ran va 8 con meo. Tiép theo, 4 con rin sé dn 4 con meo, bién thanh con chudt, va sé bi 4
con meo in nét. Tiic 1a sé con ding 35 con ran. 0
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Loi gidi 2.. Goi so lan ran an meo la a, me¢o an chudt la b va ran an chuét 1a c. Goi z, y, z lan
lugt 1a so ran, sO meo, va so chudt. Ta co

12—a—c+b= =z,
3l—a—b+c= vy, (D
23—b—c+a= =z

Khong con nao in con nao khi trong ba sb x, /, z ¢6 hai s6 bang 0. Do y, z cling tinh chén 18, va
x thi khac tinh chan 1€ vé6i y, z nén suy ra

3l—a—b+c=0, va 23—b—c+a=0.

Giai hé nay chota b = 27. Do d6, a — ¢ = 4. Sé6ran1a12+27—a—c =39 —a — c. D€ sb
lugng rin 12 16n nhét thi @ + ¢ phai nhé nhét. Tic 1d a + ¢ = a — ¢ + 2¢ = 4 + 2¢ nhé nhét, tic
la ¢ = 0. Vay nén, dap s6 12 39 — 4 = 35. O

Bai toan 7. Tam gidc ABC c¢6 goc ZBAC = 70°. Puong trung truc cia canh BC' cdt phéin
gidc ngoai ciia goc A tai T. Biét rang goc ZBAT ti, con géc ZC AT nhon, hdy tinh s6 do goc
ZTBC.

Loi gidi.. Ké TH,TK lan ludt vudng goc véi AB, AC. Do géc ZBAT tu va ZAHT = 90°
nén H thudc tia d6i cta tia AB.

Vi ZC AT nhon va /T KC vuong nén K thudc tia AC'. Vay nén, /HAT = /TAK.

Suy ra, hai tam giac bé”lng nhau ATAH = ATAK.Dan dén, TH = TK, ma TB = TC nén
suy ra hai tam giac bang nhau TBH va TCK. Suy ra

/TBH = /TCK,
thanhra /T BA = Z/TC A.

Do Z/C AT nhd hon géc BAT nén T, B thudc hai nita mit phang bd AC. Poan BT cat AC tai
I.Do LZAIB = /TIC va ZABI = /TCI,suyra Z/BAI = ZCT1I.

Suy ra, ZBTC = ZBAC = 70°, suy ra ZT BC = 1810 — 55¢°,

Do Z/C AT nhd hon géc BAT nén T, B thudc hai nita mit phang bd AC. Poan BT cat AC tai
I.Do LAIB = /TIC va LZABI = /TCI,suyra ZBAI = ZCT1I.

Suy ra, ZBTC = ZBAC = 70°, suy ra ZT BC = 1810 — 55°,

309

https://tieulun.hopto.org



Tap chi Epsilon, S6 13, 02/2017

]

Bai toan 8. Xung quanh mét bo ho hinh tron co trong 5 cdy dita. Nguoi ta nhdn thdy rang cdc
do léch chiéu cao giita hai cdy lién tiép bdt ky luoén bang nhau. Chiing minh rdang cd ndm cdy
déu co cung chiéu cao.

Chiing minh. Bét|la—b| =|b—c|=|c—d|=|d—e| =|e—a] =k > 0,thitacéa —b = €k,
b—c=ek,c—d=esk,d—e=esk,e—a=esk, véie; = £1. Cong tiing vé cho ta

O:k<€1+€2+€3+64+65).

Do t6ng céc ¢; trénlas6 1 nén ti do suyrak = 0, kéotheoa =b=c=d = e. O]

Bai toan 2. Cho luc gidc déu ABCDEF, véi G la trung diém cia FA, con I la diém trén
duong chéo C'F sao cho IC = %]F. Chitng minh rang tam gidc IGE déu.

s}
Q

D

Bai todn 3. Biét rang o la nghiém duy nhdt ciia da thiic P(x) = 2 + 92 — 5; va 3 la nghiém
thue duy nhdt ciia da thitc Q(z) = 2 — 1522 + 84z — 165. Chiing minh rdng o + 3 = 5.

Bai todn 4. Bdc Du chép lén bdng cdc sé tw nhién tir 1 dén n. Do so sudt, bdc Du quén viét mot

§O tw nhién nén trung binh cdng cua cdc so trén bdng la %9. Hoi bdc Du dd quén viét so nao?
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Bai toan 5. O xit s Magic Wood chi cé ba lodi vit: co 12 con réin, 23 con chudt va 31 con méo.
H¢ khi con rdn dn con méo, thi né bién thanh con chudt, nhung khi con méo dn con chuét thi né
bién thanh con rdn. Hon nita, khi con rdn dn con chudt, né bién thanh con méo. Héi nhiéu nhdt
c6 bao nhiéu con vit 6 Magic Wood khi khéng con nao cé thé'én con nao nita?

Bai toadn 6. Gid sit K la mot bo s6 gom muoi s6 (khong nhdt thiét khdc nhau) sao cho méi sé
trong K déu bang tong binh phwong cua tdt cd chin sé con lai. Hdy tim tdt cd nhitng bo sé K
nhu vay.

Bai toadn 7. Cho tam gidc ABC véi D, E, F lan luot la trung diém cia BC,CA va AB. Mot
duong thing di qua A cdt DE, DF tai M, N tuong itng. Goi P la giao diém ciia BM, va CN.
Chitng minh rdng ba diém E, F, P thdng hang.

Bai toan 8. Xung quanh mét bo ho hinh tron co trong 5 cdy dita. Nguoi ta nhdn thdy rang cdc
do léch chiéu cao giita hai cdy lién tiép bdt ky luoén bang nhau. Chiing minh rdang cd ndm cdy
deéu co cung chiéu cao.

Bai toan 9. Xdc dinh tdt cd cdc s6 nguyén dwong n sao cho

m—12  2n—14  24n
_|_

=1
2n 3n + 6"

Bai toan 2. Cho luc gidc déu ABCDEF, véi G la trung diém ciua FA, con I la diém trén
duong chéo C'F sao cho IC = %IF. Chitng minh rang tam gidc IGE déu.

s+
Q
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Loi gidi.. Goi O la trung diém cta CF. Vi luc giac ABCDEF déu va tinh d6i xiing nén O
ciing 12 tAm cta luc gidc. Ta sé ching minh hai tam giac /OF, GF E bing nhau.

Taco OF = OF. Lai c6 OI = OC/2 = AF/2 = GF. Matkhac, ZEFG = ZEOI = 120°.
Suy ra hai tam gidc EFG va EOI bang nhau. Suy ra EG = EI, va ZGEF = ZIEO. Suy ra
/GEI = /ZFEO = 60°. Vay nén, tam giac IGE déu.

Céac khac 1a vé ludi tam gidc déu.

Ngudi dé xuét: Pham Vin Thuan. O

Bai todn 3. Biét rang o la nghiém duy nhdt ciia da thiic P(x) = 2® + 92 — 5; va (3 la nghiém
thitc duy nhdt ciia da thitc Q(z) = x® — 152% + 842 — 165. Chitng minh rdang o + 3 = 5.

Chitng minh. Vi o 1a nghiém ctia da thic P(z) nén ta c6 a® + 9o — 5 = 0. Luu y ring 1a 3 1a
nghiém cia Q(x) nén

Q(B) = B — 154 + 848 — 165 = 0.

Ta sé ching minh 5 — « cling 1a nghiém cta Q(x). Thyc vy, ta c6
QB —a)=0(B-a)’-15(6—-a)* +84(5—a) — 165 = —a® — 9a + 5 = 0.

Tiic 1a 5 — o 1a nghiém ctia Q(x), ma 3 ciing la nghiém cta Q(x). Vi tinh duy nhét nghiém thuc,
suyra 5 —a = 3, tiic1a a + 3 = 5. Ngudi dé xuét: Nguyén Tién Lam, Pham Vin Thuan. [

Bai todn 4. Bdc Du chép lén bang cdc sé tw nhién tir 1 dén n. Do so sudt, bdc Du quén viét mot

$O tu nhién nén trung binh céng cua cdc so trén bdang la %. Hoi bdc Du dd quén viét so nao?

Chitng minh. Gia st sb bo sét 1a d. Khi do, tdng S cac sb tu nhién con lai 1a

n(n+1)

S=1+2+43+ - 4n—d=——

—d.
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Vi trung binh cong ctia cdc sO trén bang 14 599/17 nén ta ¢6 S = 22 (n — 1). Vay nén
1 599
nnt+1) 2 —1).
2 17
Luuyd < nnén
599 n(n+1)
-1 > — g,
A "
BAt dang thiic nay cho ta n < 70. Lai ¢ %(n —-1) < @ — 1. Bét dang thiic nay cho ta
n > 69. D& S 1a sb tu nhién thi n — 1 phai chia hét cho 17. Nghia la n = 69. Tt d6 suy ra
d = 19. bap sb: 19. O

Bai todn 5. O xit s Magic Wood chi c6 ba lodi vit: c6 12 con rdn, 23 con chudt va 31 con méo.
Hé khi con rdn dn con méo, thi né bién thanh con chuot, nhung khi con meo dn con chudt thi no
bién thanh con rdn. Hon nita, khi con rdn dn con chuét, no bién thanh con méo. Hoi nhiéu nhdt
co bao nhiéu con vt ¢ Magic Wood khi khéng con nao dn con nao nita?

Loi gidi.. Nhiéu nhit 12 mot loai sé ton tai. D6 khong thé 1a loai meo, vi tinh chin 1é cia méo
va chuot ludn giong nhau. vi vay, tat ca sO meo s€ bien mat, tic la can 31 lan an. Kéo theo 35
con vat s€ ton tai.

Mat khac, néu 23 con meo an 23 con chudt, bien thanh con ran, thfi s€ c6 35 con ran va 8 con
meo. Tiep theo, 4 con ran sé an 4 con meo, bien thanh con chudt, va sé bi 4 con meo an not. Tic
la s€ con dung 35 con ran.

]

Loi gidi 2.. Goi so lan ran an meo la a, meo an chudt la b va ran an chuét 1a c. Goi z, y, z lan
luat 1a so ran, sO meo, va so chudt. Ta co

12—a—-—c+b= =z,
3l—a—b+c= vy, 2)
23—b—c+a= =z

Khdng con nao dn con nao khi trong ba sd z, y, z c6 hai sb bang 0. Do y, » cing tinh chin 18, va
x thi khéc tinh chan 1€ véi y, z nén suy ra

3l—a—b+c=0, va 23—b—c+a=0.

Giai hé nay chotab = 27.Dod6,a —c =4.S6ranla12+27 —a—c =39 —a — c. D€ sH
luong ran 12 16n nhét thi a + ¢ phai nhd nhit. Tic 1a a + ¢ = a — ¢ + 2¢ = 4 + 2¢ nhd nhét, tic
1a ¢ = 0. Vay nén, ddp s6 12 39 — 4 = 35. O
Ngudi dé xuat: Dusan Djukic.

Bai toan 6. Gid sit K la mot bo s6 gom muoi so (khong nhdt thiét khdc nhau) sao cho méi sé
trong K déu bang tong binh phiong cua tdt cd chin sé con lai. Hay tim tdt cd nhitng bo s6 K
nhu vay.
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Hudng ddn. Khong mét tinh tong quat c6 thé gia st mudi sb trong tip K c6 thi tu nhu sau
a; < ax <--- < ag.

Tir gid thiét ring mdi s6 a; déu c6 thé viét dusi dang tdng binh phucng ctia chin s& con lai nén
ta c6 thé chon j = 1 va j = 10. Thanh ra

2, 2 2 s 2, 2 2
ap =ay;+az+---ajy, vaayp =aj; +as+ -+ ag.
Tir day c6 thé suy ra ngay rang tat ci cac s6 trong K déu khong am. Vi a; < ajo nén suy ra
2, 2 2 2, 2 2
ay +az+---+ajp < ay+ay+ -+ ag.

Tic 1a a?, < a?. Suy ra a9 < a; vi cdc sd déu khong am. Tuc 1a 6 thé suy ra tit ca cdc sO trong
A N A . 2 . v 1 , A
tdp K bang nhau. Cho nén a; = 9aj, hay a; = 0 hodc a; = 5. Dép so:

K:{(0,0,...,O), (%%%)}

Ngudi dé xuét: Nguyén Tién Lam. O

Bai toadn 7. Cho tam gidc ABC vdi D, E, F lan luot la trung diém cia BC,CA va AB. Mot
duong thing di qua A cit DE, DF tai M, N tuong iing. Goi P la giao diém ciia BN, va CM.
Chiing minh rang ba diém E, F, P thing hang.

Chiing minh. Néu M N song song v6i BC' thi dé thiy AM DB, AN DC 1a hai hinh binh hanh.
Suy ra MN = BC, din dén M N BC ciing 1a hinh binh hanh. Nén hai duong chéo BM,C N
cat nhau tai trung diém méi dudng. Suy ra PM = PB, lai ¢6 F la trung diém AB nén F P
song song v6i AM, dan dén song song v6i C'D. Tuong tu ta ciing cé PFE song song v6i C'D. Tt
day két luan dudc P, E, F 1a ba diém thang hang.

Néu M N khong song song véi BC' thi K 1a giao diém ctia M N véi EF (kéo dai). Goi P’ 1a

giao di€ém ctia BM véi EF. Theo dinh 1y Thales dp dung cho hai tam gidc dong dang K AF va
KME,tacd
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KE ME ME PE
KF AF BF PF’

Laico $Z = 4E — KE

NEF — NF — KkpoSuyIa

CE PE
NF  PF’
tic 1a P, N, C thang hang. Suy ra P’ tring v6i P. Viy nén P, E, F' thang hang.
Ngudi dé xuét: Nguyén Lé Phudc, Tran Quang Hung. O

Bai toan 8. Xung quanh mét bo ho hinh tron co trong 5 cdy dita. Nguoi ta nhdn thdy rang cdc
do léch chiéu cao giita hai cdy lién tiép bdt ky luén bang nhau. Chiing minh rang cd ndm cdy
deéu co ciung chiéu cao.

Chiing minh. Pét|la—b| =|b—c|=|c—d|=|d—e|=|e—a| =k >0, thitacoa—b = ek,

b—c=ek,c—d=e3k,d—e=esk,e —a= ek, v6i ¢; = £1. Cong tiung ve cho ta
0=F(e;+ e+ €3+ €4+ €5).

Do tdng cdc €j trén la s6 18 nén tu dé suyrak =0,kéotheoa=b=c=d=ce.

Ngudi dé xuét: Nguyén Tién Lam. O

Bai toan 9. Xdc dinh tdt cd cdc s6 nguyén dwong n sao cho

=1.

7n—12+2n—14+24n
2n 3n 6"

Chiing minh. RO rang, nghiém clia phuong trinh phai 1a mot sé nguyén duong. Viét lai phuong
trinh dudi dang
(Tn —12)3" + (2n — 14)2" + 24n = 6",

sau khi bién déi ta ducc
(2" —n?)(3" —2n + 14) = (3" — 2n)(3 — n)(n — 4).
Giastin € N. Thi 3" = (1 + 2)" > 1 + 2n sao cho 3" — 2n va 3" — 2n + 14 déu duong.

Vi 2" > n? ding v6i moi n, trit véi n = 2, 3, va 4. Suy ra rang néu n 16n hon 4 hoic n = 1 thi
hai vé trai diu (vé trai duong, v& phdi 4m). VAy nén ta chi can xét cic trudng hop n = 2, 3, 4.
Thi truc tiép cho ta n = 4 1a nghiém duy nhét. Pap s6: n = 4.

Ngudi dé xuat: Michel Bataille. U
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BA LAN VA CAC KY THI TOAN KHU VUC

Nguyén Hung Son

GIOI THIEU

Ba Lan la mét trong cdc nudc co truyén thong lau ndm vé t6 chiic cdc ky thi todn danh
cho hoc sinh. Ldu doi nhdt la ky thi olympic todn quéc gia (OM) duwoc t6 chiic ldn ddu
vao ndm 1950. Ba Lan ciing la mdt trong 8 nudc dong sdng ldp ra ky thi Olympic Todn
Quéc Té (IMO) vao ndm 1959. Trong bai bdo nay t6i xin gidi thiéu téi ban doc mét sé
ky thi todn thuong nién ma Ba Lan ciing t6 chiic véi cdc nudc ldng giéng trong khu viec
Trung Au va Bdc Au.

Pay 1a ky thi toan hoc danh cho hoc sinh do hai nuéc Ao va Ba Lan 1an lugt thay nhau t chiic
vao khodng cudi thang sdu dau thdng bay hang nim.

Y tudng t& chiic cudc thi Ao-Ba Lan dudc dé xuit 1an dau tién trong thdi gian td chiic cudc thi
IMO lan thi 18 tai thii d6 Vién vao nim 1976. Ngay 16 thang 5 nim 1977 Bo trudng Gido duc
hai nuéc Ao va Ba Lan da ky cong ham quyét dinh t3 chiic cudc thi hang nim cho hoc sinh hai
nuée va ky thi dau tién sé dién ra vao nim 1978 tai Ba Lan. Mot trong nhiing ngudi truc tiép
chi dao thuc hién va da lién tuc gan bé véi cudc thi nay 1a gido su Gerd Baron, truéng ban gidm
khéo ky thi Toan Qudc t& IMO 1976.

Tham gia cudc thi 1a doi hinh “du bi” clia hai nudc. Mbi doi gdom 6 thi sinh (cdc thi sinh déu
chua qua 17 tudi va khong phai 12 thanh vién doi tuyén qudc gia thi IMO trong nim hoc do).

Céc thi sinh tham gia hai vong thi c4 nhan (viét trong 2 ngay, mdi ngay phai giai 3 bai todn) va
mot vong thi dong doi (gdm tir 3 dén 4 bai todn). Céc thi sinh viét 16i giai bang ngdn ngit ciia
nuéc minh. Mdi nim ban t8 chiic trao tit 5 dén 9 giai thudng c4 nhan cho céc thi sinh c6 diém
cao nhét va giai thudng dong doi cho ddi thang cudc & ky thi dong doi. O giai dong doi, khi hai
doi c6 cuing s diém thi sé xét thang thua tiy theo thdi gian 1am bai ctia mdi doi.

Can phai nhic lai mot chiit vé bdi canh lich st Iic by gid. Khi dé Ao va Ba Lan dai dién hai
phia ctia "btic man sit": Ba Lan dai dién cho khdi Pong Au trong khi Ao 1a dai dién cia phia
Tay Au. Vi viy cudc thi nay ciing 1a mot trong sb it cac co hdi dé cac nha toan hoc c6 dip giao
luu va tim hi€u 14n nhau. Cdc cuu thi sinh (hién 1a céc gido su ctia PHTH Warszawa) cho toi
biét rang chuong trinh ctia cc ky thi dau tién thudng phong phi hon rat nhiéu so véi cac ky thi
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IMO cung nim. Ngoai 3 ngay thi, cic thi sinh con dugc di tham quan rit nhiéu noi va thudng
ducc cac vi 1anh dao cao cp cd bd trudng ctia nudc chii nha dén tiép.

MGt sb théng ké vé ky thi Ao-Ba Lan

Ky thi | nim | Noi to chiic S6 thi sinh dudc gidi | Giai
(qubc gia, thanh phd) Ao Balan dong doi

I 1978 | Ba Lan, Koszalin 3 4 Ao

II 1979 | Ao, Graz 6 2 Ba Lan
111 1980 | Ba Lan, Krakow 3 4 Ao

vV 1981 | Ao, Salzburg 2 5 Ba Lan
A\ 1982 | Ba Lan, Torun 3 4 Ao

VI 1983 | Ao, Klagenfurt 2 4 BaLan
VII 1984 | Ba Lan, Poznan 3 2 Ao
VIII 1985 | Ao, Hollabrunn 4 3 Ba Lan
IX 1986 | Ba Lan, Wroclaw 3 2 BaLan
X 1987 | Ao, Obsteig 3 4 Ao

XI 1988 | Ba Lan, Koszalin 2 4 Ba Lan
XII 1989 | Ao, Eisenstadt 3 4 Ao
XIII 1990 | Ba Lan, Poznan 2 6 Ao
X1V 1991 | Ao, Bad Ischl 2 5 Ba Lan
XV 1992 | Ba Lan, Nowy Sacz 1 6 Ba Lan
XVI 1993 | Ao, Graz 3 5 Ba Lan
XVII 1994 | Ba Lan, Pogorzel Warszawska | 3 5 Ba Lan
XVIII | 1995 | Ao, Hollabrunn 1 6 Ao
XIX 1996 | Ba Lan, Zajaczkowo 2 5 Ba Lan
XX 1997 | Ao, Salzburg 1 5 Ao
XXI 1998 | Ba Lan, Przysiek 3 4 Ba Lan
XXIT | 1999 | Ao, Spittal 2 5 Ba Lan
XXIII 2000 | Ba Lan, Baranow Sandomierski | 3 5 BaLan
XXIV | 2001 | Ao, St. Georgen im Attergau 3 6 Ba Lan
XXV 2002 | Ba Lan, Pultusk 1 6 BaLan
XXVI 2003 | Ao, Graz 2 5 Ba Lan
XXVII | 2004 | Ba Lan, Wladyslawowo 2 5 Ao
XXVIII | 2005 | Ao, Otz 4 4 Ba Lan
XXIX | 2006 | Ba Lan, Brok nad Bugiem 1 5 Ba Lan

Ky thi Ao-Ba Lan dudc t& chiic 29 1an lién tuc tit nim 1978 dén 2006. Hinh thiic 14n ndi dung
ctia ky thi nay dugc cdc nuéc khac trong khu vuc ddnh gia rit cao. Pay c6 thé coi 1a mot
cudc thi co xat mang tinh qubc té cho cic thanh vién tuong lai ctia ddi tuyén qubc gia. Rét
nhiéu thi sinh, sau khi tham gia ky thi Ao—Ba Lan da dugc chon vao doi tuyén qubc gia di thi
IMO vao nhiing nim sau dé. Trong s rat nhiéu thi sinh d6 c6 thé ké ra mot sd tén tudi ndi
tiéng ctia IMO. Trong s6 ho c6 thé liét ké mot s6 thi sinh c6 thanh tich cao nhit ca Ba Lan
nhu: Grzegorz Bobinski va Tomasz Schreiber (c4 hai déu dugc 42/42 tai IMO’1994), Michal
Pilipczuk, Tomasz Hrycak, Marcin Stefaniak (ca 3 déu 3 1an tham gia IMO va dat tat ca cic
mau huy chuong: Vang, Bac, Pong), Marcin Pilipczuk (2 1an tham gia IMO dat 2 huy chuong:
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Vang va Bac), Eryk Kopczynski (Huy chuong vang IMO). Nhiéu thi sinh ctia Ao tham gia cudc
thi Ao-Ba Lan sau d6 ciing giang dudc céc thanh tich déang né tai IMO nhu Josef Schico (2 Huy
chuong Vang va Bac), Guenter Pollak (1 Vang, 1 Pong).

Ngoai ra con c¢6 rat nhidu thi sinh da tiing tham gia cudc thi Ao-Ba Lan va sau nay da trd thanh
céac nha khoa hoc ndi tiéng thé gidi.

Vi vay ké tit nim 2007 ti nay, ky thi nay dudc md rong dé€ nhiéu qudc gia tham gia va dugc ddi
tén thanh Olympic Todn cdc nuée Trung Au (MEMO — Midle Europe Mathematical Olympiad).

Ky thi Olympic Todn céc nuéc Trung Au (MEMO), dudc t§ chic 1an dau tién tai thanh phd
Eisenstadt (Ao) v6i su tham gia cua cac nudc: Ao, Ba Lan, Croatia, Séc, Slovenia, Slovakia va
Thuy sy. Thé thiic ctia cudc thi khong thay ddi: mbi nude dude cir mot ddi tuyén 6 ngudi gom
céc thi sinh tré (ndm hoc sau d6 van phéi I1a hoc sinh phd thong) va la céc thi sinh khong tham
du ky thi IMO ciing nim. S6 lugng bai thi c6 mdt chiit thay d6i. Cac thi sinh thi 2 ngay, ngay
thd nhét 14 ngay thi c4 nhan, cic thi sinh phai giai 4 bai ton trong thdi gian 5 gio. Ngay thit hai
1a ky thi dong ddi cling gdm 4 bai toan. Cac thi sinh dugc quyén viét bai giai bang ngdn ngit me
dé. Méi bai thi dugc danh gid tir 0 dén 8 diém.

Tt ndm 2008 tham gia MEMO con ¢6 Diic va Hungary. Sau d6 Litva cling tham gia MEMO ké
tif nam 2009. Ciing ké tif nim 2009, s bai toan trong phan thi dong doi dudc ting 1én 8 bai.

Tiép tuc truyén théng clia cudc thi Ao-Ba Lan, céc thi sinh cia MEMO thudng dudc tham
gia vao doi tuyén qubc gia & nhitng nim sau d6. Trén trang web (https://skmo.sk/
poradia.php?jazyk=ensrocnik=59&sutaz=_MEMO) ta c¢6 thé theo doi thanh tich
cua cac thi sinh tham gia MEMO 2010 trong cac ky thi IMO vao nhiing nam sau dé. Ho da
dat dudc téng s6 23 huy chuong trong céac ky thi IMO 2011, IMO 2012 va IMO 2013. Trong s6
céc thi sinh nay c6 1& can phai nhic dén Domagoj Cevid (Croatia), ngudi da dat 2 huy chuong
vang va 1 huy chuong bac tai 3 ky thi IMO. Wojciech Nadara (Ba Lan) tham dg MEMO 2010
va MEMO 2011. Tai MEMO 2011, anh da dat diém tuyét d6i (32/32) va nim 2012, anh da
dat 2 huy chuong bac tai IMO 2012 va IOI 2012 (Olympic Tin hoc qudc té). Nim 2016, Woj-
ciech Nadara 12 thanh vién ctia doi tuyén trudng Pai hoc Tong hop Warszawa dat huy chuong
bac (diing thi 5 trén thé gi6i) tai ky thi v dich thé gi6i vé 1ap trinh ACM ICPC (International
Colegiate Programming Contest (https://icpc.baylor.edu/).

Baltic Way 14 cudc thi toan dong doi dudc td chifc 1an dau tién vao nim 1990 véi su tham gia ctia
3 nudc cong hoa X6 Viét cii 1a Litva, Latvia va Estonia. Tén cudc thi c6 xuat xu tif su kién mang
tén “Con dudng Baltic” dién ra vao ngay 23 thang 8 nim 1989 khi x4p xi hai triéu ngudi cling
nam tay tao thanh mot chudi dai hon sau trim cdy sb trdi qua ba nuéc ving Baltic 1a Latvia,
Litva va Estonia dé doi doc lap.
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MGt s6 thong ké vé ky thi Baltic Way

Baltic T6 chic S0 doi | 3 doi ding dau
Way | Nam | Quoc gia | Thanh pho | tham gia
III 1992 | Litva Wilno 8 | Dan mach, Petersburg, Ba Lan
v 1993 | Latvia Ryga 8 | Ba Lan, Latvia, Estonia
A% 1994 | Estonia Tartu 9 | Petersburg, Latvia, Ba Lan
VI 1995 | Thuy Dién | Viisterés 9 | Ba Lan, Latvia, Thuy Dién
VII 1996 | Phan Lan | Valkeakoski 10 | Ba Lan, Latvia, Thuy Dién
VIII | 1997 | ban Mach | Kopenhaga 11 | Ba Lan, Diic, Estonia i Thuy Dién
IX 1998 | Ba Lan Warszawa 11 | Latvia, Estonia, Ba Lan
X 1999 | Iceland Reykjavik 10 | Estonia, Thuy Pién, Na Uy
XI 2000 | Na Uy Oslo 10 | Ba Lan, Latvia, Estonia
XII 2001 | buc Hamburg 11 | Izrael, Estonia, Latvia
XIII | 2002 | Estonia Tartu 11 | St.Petersburg, Na Uy, Litva
XIV | 2003 | Latvia Ryga 11 | St.Petersburg, Ba Lan, Estonia
XV 2004 | Litva Wilno 12 | Petersburg, Ba Lan, Belarus
XVI | 2005 | Thuy Pién | Sztokholm 12 | Ba Lan, Phan Lan, St.Petersburg
XVII | 2006 | Phan Lan | Turku 11 | St.Petersburg, Ba Lan, Litva
XVII | 2007 | ban Mach | Kopenhaga 11 | Ba Lan, St.Petersburg, Duc
XIX | 2008 | BaLan Gdansk 11 | Ba Lan, Duc, St.Petersburg
XX 2009 | Na Uy Trondheim 11 | St.Petersburg, Ba Lan, Phan Lan
XXI | 2010 | Iceland Reykjavik 10 | Ba Lan, Latvia, Puc
XXII | 2011 | buc Greifswald 11 | Ba Lan, Latvia, Buc
XXIII | 2012 | Estonia Tartu 11 | St.Petersburg, Ba Lan, Litva
XXIV | 2013 | Latvia Ryga 11 | Latvia, St.Petersburg, Ba Lan
XXV | 2014 | Litva Vilnius 12 | St.Petersburg, Puc, Ba Lan
XXVI | 2015 | Thuy Dién | Stockholm 12 | St.Petersburg, Ba Lan, Estonia
XXVII | 2016 | Phan Lan | Oulu 11 | Ba Lan, St.Petersburg, Thuy Dién

K& tif nim 1992, khi tinh hinh chinh tri & chau Au da thay ddi, cudc thi dudc mé rong véi su
tham gia clia c4 nudc cong hoa xung quanh bién Baltic nhu Ba Lan, Pan Mach, Puc (céc land
phia bic), Na Uy, Phan Lan, Thuy Dién (diing theo y nghia tén goi ctia né). Ngoai ra con cé
doi Iceland (vi Iceland 13 nudc dau tién cong nhan doc 1ap clia 3 nudc Latvia, Litva va Estonia)
va ddi tuyén clia thanh phd Saint Petersburg (Lién bang Nga). Ngoai ra, d€ thay ddi khong khi,
thinh tho4ng ban t§ chifc clia nu6c chii nha c6 thé mdi thém mot qudc gia ngoai ving Baltic
tham gia cudc thi.

Cuoc thi Baltic Way dudc t3 chiic vao dau thang 11 hang nim. Mdi qudc gia ct mot doi tuyén
5 ngudi gdm cac thi sinh 12 hoc sinh tiéu hoc hoic trung hoc trong thdi diém dién ra cudc thi.
Cac doi phai gidi trong thdi gian 4 gi 30 phiit 20 bai toan (gom 5 bai dai s, 5 bai hinh, 5 bai
t6 hop va 5 bai 1y thuyét s6). Mdi bai déu c6 diém sb 1a 5 diém nén cac doi c6 thé dat tbi da 1a
100 diém. Trong lich st cudc thi, chi duy nhat c6 mot 1an c6 doi dat diém tdi da 100/100. D6 1a
tai cudc thi Baltic Way t6 chic vao nim 2001 tai Hamburg (Diic), doi tuyén khéch Israel da 1ap
nén ky tich nay.
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Dai vo dich cudc thi sé dugc giit cip luan Iuu (sé phai trao lai cho doi vo dich 1an thi nim sau).
Ban gidm khéo ciing c6 thé trao giai dic biét cho nhiing 15i giai sang tao.

Sau khi khéi bong Au tan ra, nhiéu nudce lién bang thudc khbi bong Au nhu Lién X6, Nam Tu,
Tiép Khic ciing tan ri theo. Ngay 1 thang 1 nim 1993, Tiép Khic phan chia trong hoa binh
thanh 2 nudc la Cong hoa Séc va Slovakia. Cung véi su phéan chia do, ky thi Olympic Toan
Tiép Khac (Czechoslovak Mathematical Olympiad) ciing bi thay d6i theo, tuy nhién su thay
d6i nay khong sau sic nhu chiing ta tuéng. Tuy 1a c6 hai ky thi toan qubc gia mdi 1a “Czech
Mathematical Olympiad” va “Slovak Mathematical Olympiad” nhung thuc ra ban td chiic cac
cudc thi nay van lam viéc chung va cdc hoc sinh ctia Cong hoa Séc va Slovakia van giai céac bai
toan nhu nhau (chi khic 1a viét bang ngdn ngit ctia nuéc minh va két qua thi dugce danh gia riéng
cho tung nudc).

Ngoai ra, vi muc dich thit chit tinh hitu nghi giita 2 nudc, ban td chiic toan qubc gia clia hai
nude con td chifc “tran thi diu todn hoc” hang nim (k€ ti 1995) gitta hai doi tuyén qudc gia
cia Séc va Slovakia v6i muc dich chuén bi cho ky thi todn qudc té€ IMO. Cudc thi niy thudng
dugc t8 chic vao cudi thang 6 va dugc coi 1a 1€ tdng két trai luyén thi toan qudc t& ctia hai nudc
(thudng t3 chiic vao 2 tuan dau ctia thang 6).

Tuy nhién Ba Lan ciing t§ chiic trai luyén thi todn quéc té cho cdc hoc sinh dudc gidi vao
cung thoi gian tai thanh phd Zwardon (cach bién gidi Slovak khodng 200m va cich bién gidi
Séc khoang 9km). Vi vdy, nhd c6 su két nbi cia gido su Jaroslav Svrek (Slovakia) va Jézef
Kalinowski (Ba Lan), trin du tay doi Séc-Slovakia da chuyén thanh trin d4u toan hoc tay ba
Séc—Ba Lan—Slovakia va dugc viét tit 1a (CZE-POL-SLO).

Khac véi cac ky thi khu vuc khac nhu MEMO hoéc Baltic Way, ky thi CZE-POL-SLO dam
nhiém vai trd tuong tu nhu céc tran diu giao hitu ctia cac doi bong trudc khi tham gia cic cudc
thi d4u quéc té. Véi thé thiic tuong ty nhu IMO, tai ky thi ndy cac thi sinh phai 1am bai trong 2
ngay, mdi ngay 3 bai trong thdi gian 4 gid 30 phit. Céc bai cling dudc chdm tir 0 dén 7 diém,
giébng nhu tai IMO.

Muc dich chinh cia ky thi Olympic toan hoc cta Ba lan 1a khich 1€ phong trao hoc toan 6 cac
trudng phd thong ciing nhu cac trudng ning khiéu va tim ra nhitng nha todn hoc tré. Tham gia
ky thi Olympic toan 1a tu nguyén vi vy, chi sé quan trong nhit d6i v6i iy ban Olympics todn
hoc ctia Ba Lan 1a s6 Iudng hoc sinh tham gia olympic va s6 hoc sinh chon nganh Toan/Tin &
Dai hoc. Hang nim con s6 nay thudng dao dong trén dudi 5000 hoc sinh.

Phan thudng dé khich 1é cac hoc sinh tham gia olympic to4n hoc chinh 1a cic gidi qudc gia,
céc giai khu vuc va cic gidi qubc té. Cac hoc sinh dudc gidi qubc gia sé dudc tuyén thang vao
céc truong dai hoc (khong nhat thiét chi 1a khoa Todn). Tai Viét Nam doi tuyén Qudc gia chi
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gdm 6 thanh vién va muc dich duy nhét ctia ho 13 tham gia thi IMO. C4c hoc sinh khong dudc
chon vao ddi tuyén qubc gia (diing thi 7 trd di) cling 12 nhitng nhan tai toan hoc nhung ho
thudng c6 cadm gidc chdn nan va chuyén sang 1am viéc khac. Khic véi Viét nam, hang nim Ba
lan chon doi tuyén Qudc gia gom 17 thanh vién tham gia IMO, MEMO va Baltic Way. Ngoai
ra, trong nhiing nim gan day c6 4 hoc sinh nif dugc chon tham gia EGMO (European Girls’
Mathematical Olympiad). Theo t6i day 12 mot huéng di ddng quan tim cho nén Toan hoc Viét
Nam nham giam bét nan chdy mau nhan tai Toan hoc.

Pé thi va 10i gidi ctia 16 ky thi dau tién ctia cudc thi Ao-Ba Lan dugc ding trong cudn sach:
“144 problems of the Austrian-Polish Mathematics Competition, 1978-1993" do tién s§ Marcin
Kuczma lam téc gia (xuAt ban nim 1994). Cac dé thi hang nim ctia cac ky thi trén c6 thé tim thiy
dé dang tren cdc trang web ctia cudc thi hodc tai (https://www.artofproblemsolving.
com/community/cl4_international_contests).

MBoi céc ban doc thi stic véi dé thi Ao-Ba Lan 1an thd 27 nim 2004.

Phan thi c4a nhan

Bai 1. Goi S(n) 1a tdng céc chit s6 ctia n trong hé thap phan. Goi

102004 1

N= Y Sk

k=102003
Hay tinh gia tri cda S(N).

Bai 2. Cho tam giac ABC'. Goi D la giao di€m ctia phan gidc trong ctia géc C' v6i canh AB va
goi 7 1a dién tich tam giac ABC'. Chiing minh ring bt dang thiic sau day ludn ludn diing

1 1
| == —-—=—=) < AB
g (AD BD)“
Bai 3. Hay tim céc sb thuc z, ¥/, 2, t thda man hé phuong trinh:
r—1-p?+VI—22=1t
y—V1i-22+V1-t*=z

z—V1-84+V1—22=y
t—V1I—224+/1—y2=2

Bai 4. Hiy tim tit ca cic sd nguyén duong n sao cho n'® + n° + 1 1a s6 nguyén td.
Bai 5. Hiy tim tt ca c4c sd nguyén duong n sao cho hé phuong trinh sau day:
{x1+$2+xn:27

x1~x2'...-xn:(%)24

c6 nghiém z1, ..., z,, trong tap s6 thuc duong.

Bai 6. Cho n = 2™ (véi m la sb nguyén duong). Ching minh riang cic phan tif cta tap
M(n) = {1,2,...,n} c6 thé sip xép thanh chudi a,, as, , ..., a, sao cho véi moi 1, j, k
saochol <i < j <k <ntaludbncoa; — a; # a, — a;.
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Phén thi dong doi:
Bai 7. Hay tim tit c4 cdc ham f : Z, — Z thda man diéu kién
fle+y) =fle+1)+fly+1)
v6i moi cip sb z, y nguyén tb cling nhau.
Bai 8.

a) Chiing minh ring v6i n = 4 hodc n > 6, moi tam gidgc ABC déu c6 thé cit thanh n
tam gidc dong dang v6i ABC.

b) Chitng minh ring tam gidc déu khong thé cat ra thanh 3 hodc 5 tam gidc déu.

c¢) Hay xac dinh xem c6 ton tai hay khong tam gidc ABC' sao cho c6 thé cit né thanh 3
cling nhu thanh 5 tam gidc dong dang véi ABC.

Bai 9. Cho cac day so 2 chiéu véi cac s6 hang duong:
<' -y A-2,G_1,00,01, A2, - . '>7 < R b*?’ b*l; bOa b17 b27 . '>7 < -+,C-2,C1,Cp,C1,C2, . . >
thda man diéu kién: véi moi sO nguyén n ta co:

bn+1 + Cp—1 .

Cpt1 + Q1 Gpi1+ b1
ap > 5 : bn>"+—”- > oAl T nol,

2 9 i Cn Z 9 ;
Hﬁy xac dlnh glé. tri cua a2005 b20057 C2005 blét I‘Ell’lg a5 = 267 bo = 6, Co = 2004.

Bai 10. V6i mbi da thic Q(n) ta goi M (Q) la tap cac sd nguyén khong am z sao cho 0 <
Q(x) < 2004. Ta hay xét cac da thic P,(x) dang:

Puz)=2"+ax" '+ .. a2+ 1

trong d6a; = £1v6it=1,2,...,n— 1.
V6i moi s6 tu nhién dang n = 3%, k > 0 hdy tim:

a) m, = gid tri 16n nhét ctia s6 phan td ctia tap M (P,) véi moi da thic P,;
b) Tét ca cic da thic P, sao cho |M(Q)| = m,.

322

https://tieulun.hopto.org



psilon
Tap chi online ctia cng dong
nhtng nguoi yéu toan

Tap chi Epsilon, S6 13, 02/2017

BAI TOAN HAY LOI GIAI DEP

Ban bién tap

G101 THIEU

Chuyén muc nay dugc liy cdm hing tir bai viét ctia thay Nguyén Duy Lién & sb bdo thi
3 vé bai toan sb 6 trong ky thi IMO 2001 v6i 5 cach gidi khdc nhau. Muc nay sé dé danh
viét vé nhitng bai toan hay, 15i gidi dep va nhiing ciu chuyén thi vi xung quanh nhiing
bai toan va 16i giai do.

Tén cua chuyén muc dugc mugn ti t€n cia mot nhdm nhitng ngudi yéu toan trén Facebook
do anh Nguyén Vin Loi sdng 1ap “Bai todn hay — Loi gidi dep — Pam mé todn hoc”.
Chuyén muc ghi nhin cic dé cl cia ban doc va sé chon ding méi ky 1, 2 bai todn.

S& nay chiing t6i xin gidi thiéu v6i ban doc mot bat dang thic ctia nha todn hoc ngusi My
Jack Garfunkel va bai todn vé tong kép cling v6i nhiing 19i gii thu vi.

Bai toan 1. Cho ba sé thuc khong dm a, b, ¢ théa man ab + bc + ca > 0. Chitng minh rdng

a’+ b? + ¢? 8abc

ab—l—bc+ca+(a+b)(b—|—c)(c—|—a)22' 1

Loi gidi 1. Trudc hétta cé nhan xétnéu A > B > 0va C > 0 thi 4 > 4%,

Gia st ¢ = min{a, b, ¢}, tif nhan xét trén ta thiy
a*+ b% + 2 a’?+b* +c2+¢? a? + b% + 2¢?

ab+bc+ca” ab+bc+ca+c?2  (cH+a)c+b)

Do d6 chi can chitng minh

a’>+ b% +2c? N 8abc S5
(c+a)c+b) (a+b)b+c)c+a)

tuong ducng voi

[a® + b®> —ab(a + b)] + (4abc — 2a%c — 2b%¢)
@+ b)b+o)c+a)

> 0,
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hoiac
(a —b)*(a +b—2c) N
(@+b)b+c)ct+a)”
Hién nhién diing theo gia thiét cta c. O
Loi giai 2. Giasta > b > ¢ khi d6
8abc dca 4cala—Db)(b—c)
(a@a+b)b+c)c+a) (c+a)? (@+b)b+c)c+a)?~
Viy ta can chi ra dudgc
a’ + b% + c? 4ca
+ = 2,
ab +bc+ca (c+a)?
bét dang thiic nay c6 thé thu gon thanh
(a* —ab — bc + c?)?
(ab + bc +ca)(c +a)® ~
Tt d6 suy ra diéu phai chiing minh. O
Loi giai 3. Tit cc dang thiic co ban
2a®> +b*>+c*—ab—bc—ca) = Z(a —b)?,
(a+b)(b +c)(a+c)—8abc =) a(b—c).
Ta c6 thé viét (1) lai nhu sau (dang chudn tic ctia S.0.S)
1
3 - : (a —b)>.
2(ab +bc+ca) (@a+b)b+c)c+a)
tuong duong voi
Z(a —b)?[(a + b)(b + c)(c +a) —2c(ab + bc + ca)]
(ab + be + ca)(a + b)(b + ¢)(c + a) -
hay la
Z(a —b)Y[cla+b—c)*+@+b—2c)b—c)c—a)]
(ab + bc + ca)(a + b)(b + ¢)(c + a) -
hoic
Y cla+b—c)*@—b>+) (a+b—2c)a—b)*(b—c)c—a)
> 0, 2
(ab + bc +ca)(a+b)(b +c)(c+a) )
Chi y ring
> (a+b—2¢)a—b)*(b—c)c—a)=0,
nén (2) tuong duong véi
Zc(a +b —c)*(a —b)?
2 0. (3)
(ab+bc +ca)a+b)b+c)c+a)
Tt d6 suy ra diéu phai chiing minh. O
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Nhan xét. Y tuéng thay thé bang cdc danh gia trung gian trong 15 giai 1 va 2 1a kha tu nhién: Néu ta
dé nguyén cic mau sé nhu vay thi do ab + bc + ca “nguyén té ciing nhaw” vé6i (a + b)(b + c¢)(c + a)
nén mau sb chung s& c6 bac 5, va nhu viy sé& dugc mot bat ding thiic bac cao. St dung hing dang thiic
c2 4+ ab + bc 4+ ca = (¢ + a)(c + b) va mdt tinh chét co ban clia phan s6, ta da tim dudc cach thay
a>+b’+c? » @24b242¢2 4ok oi3i 2 ciing ¢6 ¥ tudng tuong tu, nhun
ab+bctca (c+a)(c+d)" g gcoy g g u, g
khong tu nhién bang cach giai 1.

thé phan s6 bing phan sb “tét hon

Bit dang thiic nay thu vi béi né da ghép mot biéu thiic > 1 véi mdt biéu thic < 1 d€ dude mot tong > 2.
Vi nhiing bai toan nhu thé, S.0.S ciing 12 mot phuong phap hiéu qua dé xi 1y. Trong 16i giai 3, sau khi
nhén dugc dang SOS Y. S, (b — ¢)? > 0, chiing ta da tiép tuc bién d6i dé dua vé dang téng cac biéu thiic
hién nhién duong. Néu khong di theo huéng d6 ma sit dung trudng hop co ban clia dinh 1y S.0.S, ta sé chi

cin kiém tra Sg + Sp > 0 ma diéu nay thi twong duong véi bat ding thic 3o — CramTe = 0
hién nhién diing.
Luu ¥ ring bit dang thiic Jack Garfunkel 1a “t6t nhdt” theo nghia sau: Néu bdt ding thiic sau
2 2, .2
a*+b*+c 8kabc
Ty > 14k,

ab+bc+ca (a+b)b+c)c+a)
ding vdi moi a, b, ¢ duong thi k < 1.
Vi mot bo sb nguyén A = (ay,d,,...,a,) véia, < ar < --- < ap, talap bo céc tong a; +a;

voi 1 < i < j < n vaxép theo thd ty ting din thi dudc mot bd méi, ky hiéu 1a AP . Mot
cau hoi thu vi dit ra 12 néu biét A® ta c6 thé xdc dinh dudc A hay khong? Xét vai trusng hop
nhd ta thiy véi n = 2 16 ra khong dudc, v6i n = 3 ta ludn xdc dinh dugc (day 1a mot bai toan
don gidn nhung c6 nhiéu ting dung), véi n = 4, ta lai tiép tuc khong xac dinh dudc (vi du véi
A= (1,4,4,5), B =(2,3,3,6) thi A® = B® = (5,5,6,8,9,9)), véi n = 5 ta ludn xéac
dinh dudc (bai nay rat thd vi, mdi ban doc thit stic) ... Tif nhitng nghién ctiu so bd ban dau nhu
vay, ta c6 thé di dén hai két qua yéu hon so véi bai todn dit ra ban dau nhu sau:

Bai toan 2. Néun = 2% thitontai A # B, Ava B déu cé n sé hang sao cho A® = B@®,
Bai toan nay c6 thé chitng minh kha dé dang bang quy nap toan hoc. Két qua nay cho ching ta

cau tra 18i phu dinh trong cho ciu hoi dit ra & trén, theo nghia véi n = 2* thi néu biét A® ta
khong thé xac dinh dudc A mdt cach duy nhat.

Mot cAu hdi tu nhién dit ra 12 phdi ching ménh dé ddo ciing diing? Pung 12 ménh dé dio ding,
va d6 ciing chinh 12 bai toan véi 16i giai doc ddo ma ching t6i mudn giii dén ban doc.

Bai todn 3. Cho n la s6 nguyén dwong. Biét rang ton tai cdc bo A, B gom n sé nguyén sao cho
A # B nhung A® = B® . Chitng minh rdng n = 2%.

Loi giai. Bang cdch cong vao tit ca cac s6 mot hang sb, ta c6 thé gia sii tit ca cac sb thudc A, B
déu nguyén duong. Xét cc da thiic

F) =Y xm, g(x) = 3.

i=1 i=1
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Ta co
(f(x)) ZXZa,_l_z Z xa,+a, _ f(x2) +2 Z xa,+aj
1<1<1<n 1<z<]<n
(g(x)) Zxﬂwz Z xPithi = g(x?) + 2 Z xbit?
1<i<j<n 1<i<j<n
Tir diéu kién A® = B® tasuy ra (f(x))> — f(x2) = (g(x))* — g(x?), hay 1a
(f(x) =g (f(x) + g(x)) = f(x?) — g(x?). “4)

DPEy ring f(x), g(x) déu la tdng ctia n don thic véi hé s6 bang 1 nén tacé f(1) = g(1) = n.
Tir d6 suy ra da thiic f(x) — g(x) cé nghiém 1a 1. Tidc 12 f(x) — g(x) chia hét cho x — 1. Pt
f(x)—g(x) =k(x — 1)h(x) v6i h(1) # 0. Thay vao (4), ta c6

(x = DFR@)(f(x) + g(x)) = (2% = D) h(x?).

Riit gon hai vé cho k(x — 1), ta dudc

h(x)(f(x) + g(x) = (x + DFr(x?).

Thay x = 1 vachiy (1) #0va f(1) = g(1) =ntacé2n = 2¥ hay n = 2k~1. O

Mot 16i giai rit 4n tuong! Tat ca cac budc tir xét f(x), g(x) dén viéc st dung diéu kién A® =
B® @€ suy ra (4) déu rat bit ngd. Va bude cubi cung, st dung (4) d€ suy ra két qua cudi cing,
cho du 12 mot k§ thuét quen thudc trong cac bai todn da thic (k¥ thuat tach thanh phan nghiém),
ciing that huyén 4o0. Pay 1a mot bai hoc tuyét voi vé cach sit dung da thifc d€ giai cac bai toan
lién quan dén céc tong.

Két qua bai toan 3 cho ta thiy véi n # 2% néu cho truéc bo B gdm 2 (” D $6 hang thi chi c6

nhiéu nhit mot bo s6 A sao cho A® = B. Tuy nhién, diéu d6 khong c6 nghia la ta di chiing
minh dudc néu biét AP thi c6 thé tim dudc A. Ngudi ta ciing da chiing minh dudc tinh chét
nay, nhung ching minh 1a kh4 k¥ thuat va nim ngoai pham vi bai viét nay.
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Tri An

Epsilon sé khong thé 1a Epsilon néu thiéu cac doc gia than yéu, va hon hét, cic tic gia va cic
cong tac vién da cong hién nhitng bai viét hay nhit cho tap chi v6i mot tinh than vi cong dong,

khong man dén 1¢i ich c4 nhan.

Chiing toi, Ban Bién tap Epsilon, xin dugc mdt 14n nita cdm on nhiing tac gia, dich gia, va cong
tac vién da dong hanh sit canh véi chiing toi trong sudt 800 ngay qua.

Xin dudc tri an cung 92 tac gia, dich gia:

Vandanjav Adiyasuren
Nguyén Vi Anh

D6 Xuan Anh
Nguyén Qudc Anh
Huynh Cong Bing
Nguyén Pic Bio
Vo Qubc Ba Can
Ngo6 Bao Chau
Nguyén Chuong Chi
Trinh Pao Chién
Nguyén Tai Chung
Lé Xuan Dai
Nguyén Hai Ping
Enkhee Davaadulam
Tran Nam Diing
Nguyén Tién Diing
Trung Dung

Lé Anh Diing

Ng6 Quang Duong
Chuyén san EXP
Richard Fitzpatrick
Nguyén Ngoc Giang
Phung Ho Hai

Tran Thanh Hai
Tran Minh Hién
Dinh Trung Hoa
Nguyén Dinh Hoang
Tran Quang Hung
Ngbd Quang Hung
Nguyén Hitu Viét Hung
Nguyén Ptic Hung

Tran trong.

Vo Hoang Hung

D6 Tran Nguyén Huy
Nguyén Diang Minh Huy
Nguyén Vin Huyén
Luong Van Khai
Nguyén Thanh Khang
Nguyén Qubc Khanh
Nguyén Dzuy Khanh
Lé Ta Pang Khoa

D6 Minh Khoa

Ha Huy Khodi

Vo Anh Kiét

Nguyén Tién Lam
Duong bic Lam
Nguyén Duy Lién
Nguyén Vin Linh
Nguyén Vi Duy Linh
Hao Linh

Nguyén Vin Loi

Lé Phuc Lu

Nguyén Hong Lit
Luu Trong Luan
Hoang Mai

Trinh Xuan Minh
Kiéu Pinh Minh
Nguyén Bdo Ngoc
Duong Anh Ngoc
Tran Minh Ngoc
Binh Nguyén

bao Thanh Oai

L& Phong
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Hoang Cao Phong
Phan Anh Quén
Bold Sanchir
Nguyén Hung Son
bam Thanh Son
D6 Thanh Son
Hoang Duc Tan
Duong Trong Tan
Trin Tt Thang
Luu B4 Thing
Tran Ngoc Thing
Lé Tu Qubc The“ing
Lé Thi Minh Thao
Nguyén Vin Thé
Nguyén Tran Hitu Thinh
Nguyén Tt Thu
Pham Van Thuan
bing Nguyén Diic Tién
Huynh Xuan Tin
Henry Tran

Vo6 Hoang Trong
L& Nam Truong
Nguyén Vin Tuan
Ding Minh Tuén
Ly Ngoc Tué

Vi Thanh Tung
Vi Ha Van
Nguyén Ai Viét
Vo Nhét Vinh
Trinh Huy Vu

Dinh Dau, 13/2/2017,

Ban Bién tap Epsilon.
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