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Ban Bién tap Epsilon

Epsilon s6 9, ra mat vao thang 6, 2016 ky niém ching dudng mot nim rudi day nd luc ciia Ban
Bién tap, cic tdc gid va cong tac vién cling nhu diy 4n tinh tif phia doc gia da ing hd ching toi
sudt tlt budi ban dau.

S6 thang 9 dén dugc véi cac ban ciing 1a thdi diém mua heé bat dau ron rd. Nhiing ky nghi vy
goi va hoa phuong giiing diy san trudng, 16p hoc, sic d6 lan khap ning, khip nhiing con dudng
khién bat ki ai vo tinh 1u6t ngang qua déu man mac biét bao hoai niém. Khong khi thang sau
da 1am song lai trong chiing t6i, nhitng ngudi thuc hién Epsilon, rat nhiéu ky tic dep dé. Vi vay
chiing t6i mubn danh 1an ra mat nay dé gi6i thiéu vé chii dé Trung hoc Co s6.

Bén canh nhiing chuyén muc dinh ky, c4c dé tai va kién thic todn trung hoc co sd sé 1an lugt
dudc trinh bay trong s6 tap chi mua he nay.

Ban bién tip va cic cong tdc vién hy vong ring, Epsilon s6 9 s& gép thém niém vui hoc tap vao
mua he tran ngdp niém vui ciia cac em hoc sinh, cling nhu lam song lai ky tic mdt thud bang den,
muc tim véi nhiing doc gia da qua tudi hoa nién.

Tran trong.

Ban Bién tap Epsilon.
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ICH GI, TOAN HOC?

(Ha Huy Khodi)

Bai giang dai chiing, ky niém 5 nim Chuong trinh quc gia phat trién Todn hoc va
thanh 14p Vién nghién ctiu cao cip Toan (VIASM), 20/12/2015.

Trong nhiing dip ky niém 5 nim, 10 ndm, ... clia t6 chic nao d6, ngudi ta thudng liét ké nhiing
viéc da lam, nhiing két qua dat dudc. Thuc chét 1a c6 ging “chiing minh” rang, viéc thanh 1ap cai
t6 chifc d6 1a can thiét, rang né c6 ich. Viy nén cau héi “Ich gi, Chuong trinh qudc gia phdt trién
Todn hoc?”, “Ich gi, VIASM?”, néu khong dudc phat bi€u mot cach cong khai, thi chic chian
ciing 16n vén trong dau khong it ngudi, nhu né da tiing dudc dit 1én ban cta nhiing nha hoach
dinh chinh sach, cua B0 Tai chinh, Bd Gido duc va Pao tao.

Vay nén, khi dudc dé nghi 1am mot “bai gidng dai chiing”, toi da chon dé tai “Ich g1, Toan hoc?”.
Ma ngudi “mach nuéc” cho tdi chon dé tai d6 lai khong 13 mot nha toan hoc, ma 1a ... Ché Lan
Vién! Hinh nhu 6ng ciing da tung tran tr§ v6i cau hoi “Ich gi Tho ca? Ich gi, Nghé thuat?”.

Ich gi?
Ché Lan Vién — Di cao

Khéo roi mdt giong bo sita, hoa mi, ngua dua, ga choi ...
Kho gi? Ta khong giit, khéng nudi thi né mdt
Gidng cdc nha tho ciing vdy

Tuyét trén non cao khong ai thdy,

Gidng nang tién, 6ng But hién trong mo

Ma chd can ai giét

Chi théi yéu la no chét

Chi cdn bdng quo, vu vo ddt ra cdu héi
Trinh trong cdi bdng quo, vu vo dy

Hdi rang: Ich gi hoa mi?

Ich gi bo sita?

Ich gi xa huwong?

Ich gi thi si?

Ich gi cdi hon?

Ich gi gide mo?

Ong But ich gi? ...

Pén nha tho ciing kho tra 18i nhitng cau héi nhu “Ich gi cai hon? Ich gi thi si? Ich gi gidic ma?
Ich gi 6ng But?”, néi chi dén nhitng ngudi cam tdi tién dé can nhic dau tu! Nhung, néu cit ludn
ludn dit ra cau hdi “Ich gi?”, lai con “trinh trong” céi cAu héi Ay, thi dén bo sita con chét, hubng
gi hoa mi va gific mo? Véi toi, bai tho trén con thiéu mot cau: Ich gi, Todn hoc?

7

https://tieulun.hopto.org



Tap chi Epsilon, S6 09, 06/2016

Lo ling nhu Ché Lan Vién ciing phai, nhung 1am sao c6 thé 1ang tranh cau héi “Ich gi”? Nhit Ia
ddi v6i Toan hoc, khi nhin sang “bén canh”, hinh nhu chua c6 ai dit ra cau hdi: “Ich gi, Vat 1y?
Ich gi, Sinh hoc?”.

Ich gi, Vit Iy? D& tra 16i thoi, vi vat Iy hoc nghién citu vét chit va chuyén dong ciia ching trong
khong gian va thoi gian. C6 ai lai khong can nhiing kién thiic d6?

Ich gi, Sinh hoc? Dé tra 15 thdi, vi sinh hoc nghién citu céc co thé séng va tuong tic ciia ching
v6i moi trudng. C6 ai lai khong can nhiing kién thic d6?

Nhung “Ich gi, Todn hoc? Todn hoc nghién citu cdi gi?” thi lai 12 cAu hdi khong dé tra 16i. DE
hiéu d6i tuong ctia Toan hoc, phai tim vé cdi ngudn ctia né. Tic 12 phai tim dén “Co s3” clia
Euclid. Truéc khi cudn “Co s6” ra doi (khoang 300 nim truéc Cong nguyén), Toan hoc chua
phai 12 mot khoa hoc doc 1ap. N6 “1an” vao Triét hoc va Thién vin hoc.

Bit dau vé6i nhiing “dinh nghia cd ban” vé nhiing d6i tugng ctia Toan hoc, trong Co sé - cudn I,
Euclid dua ra 23 dinh nghia cd ban. Xin nhic lai ba trong s d6, dinh nghia thd 1, 2 va 15 :

of. Lnueiov Eoty, ob Ygpog oLYEy.
B. Toopun 0¢ pfixog amhateg.

€. Kbxhog €otl oyfjua Enlnedov Lo pdic ypouufic Tepleyduevov [n XONETTOL TEEZpL(PéPELO(],
TEOC NV A" EvOg onueiou @V EVTOE TOU GYAUATOC XEWEVWY T ol TEOCTITTOVC
endeion [mpog thv ol xOxhou mepLpépetay] loon dARAhoug ioiv.

Dich nghia
1. Diém la mot cdi khéng co kich thudc.
2. Puong la cdi chi cé chiéu dai, khong co chiéu rong.

15. Puong tron la mot hinh phdng chi gém mét duong duy nhdt (goi la chu vi), (sao cho) moi
duong thdng xudt phdt (dén chu vi) tir mét diém ndm bén trong hinh déu bdng nhau.

Nhu vy, Toan hoc nghién cttu nhiing su vit ... khong hé ton tai trong thuc t&! Khong thé tim ra
mot “vat thé” khong c6 kich thudc, ciing nhu khong thé tim ra mot cdi gi d6 khong c6 chiéu rong.
Va hién nhién, cai dudng tron “ly tudng” ctia Toan hoc khong thé ton tai, ngudi ta chi nhin thiy
“vanh nén tron, mit trdi tron”, hay “khudn tring day din” ctia Thuy Van tron nhu Mit tring!

Vay thi, ich gi, cdi khoa hoc nghién cifu nhiing su vat khong hé ton tai? Tim vé coi ngudn lai
khong cho ta cau tra 16i, ma ngudgc lai, hinh nhu con 1am ta bdi rdi thém. Nhung, phai ching
nhitng gi khong ton tai trong thuc té déu vo ich, déu cin phai bién mit sau cau héi “Ich gi?” Ta
thit tim vé Pablo Picasso, hoa si vi dai ctia thé ky XX. Ngudi ta nhin thiy Picaso khong chi trong
nhiing bifc tranh 6ng d€ lai, ma ca trong nhiing vat dung hang ngay. Ong lam thay d6i quan niém
clia ching ta vé cdi dep. Va diéu ky diéu d6 Picasso 1am dudc, khi dua ta vé tin cung ctia ban
chit su vat.

Mot trong nhiing dé tai thudng gip trong tranh Picasso 12 bo tét. Con bo tét, ddu bo gan nhu 1a
bi€u tuong ctia TAy Ban Nha. Nhung trong tranh Picasso, bo tét tugng trung cho siic manh u t6i
clia chli nghia phét xit Franco nhiing nim 30 ctia thé ky trudc. Ta hiy xem céch Picasso vé bo tét:
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Nhung d6 hién nhién chua phai 1a “con bo ctia Picaso” vi né hoan toan gidbng nhu con bo ta van
g z 2z z 2z ~
nhin thay trén dau trudng. Con bo noi tieng cua Picaso “don gian”, va “xau” hon nhiéu:

i
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Nhung dé di dén con bod nhu bic vé ctia tré con d6, nha hoa si vi dai da phai trdi qua mot qua
trinh sang tao nhoc nhan. Ta hiy xem céch ong di tif con bo gidng nhu that dén con bo véi nét vé
tré con:
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Nhu vay, Picaso da di tif “con bo t6t” dén “khdi niém bo”! Con bo “khai niém” ctia Picasso véi
bd sling dang so, véi bd 6¢ nhd nhu mot “diém” cta Euclid, da thé hién diy du cdi sic manh ngu
mudi ctia cht nghia phat xit nhitng nim 30. Hon hai ngan nim truéc, Euclid ciing bing cach d6
di tlf “mat troi tron, vanh tring tron” dén cdi “dudng tron” cla todn hoc.

Cai khong c6 trong thé gi6i thuc tai lai mo ta chan thuc nhit thé gi6i thuc tai, vi né dua ta vé véi
ban chit. Phai ching d6 1a 1y do giai thich viéc cac ly thuyét toan hoc cho ta cong cu md ta chinh
xéc thé gi6i tu nhién. N6i nhu Galilei, Thuong dé viét nén tu nhién bang ngdn ngii cia toan hoc.

Nhiéu ngudi hdi bac Tom (René Thom, nha todn hoc Phap, gii thudng Fields) vé nghé 1am Toan.
Thiy khé néi qud, bac beén ké chuyén sin rong. Chuyén rang, xua bén Trung Qudc, ¢6 anh chang
hoc nghé di sin. Anh chang chiu hoc sin hé, sin Ign, ma lai hoc nghé sin Rong! Nghé nay khé
1am, phai thuc tip nhiéu. B&i thé nén khi anh ta thao nghé thi trén thé gian chiang con ldy mot
con Rdng nao! C6 ngudi hodi: Bay git séng biang nghé gi? Pap: Di day nghé sin Rong! Bac Tom
n6i: Lam Todn tiic 1a di day nghé sin Rong vay! (thdo nao chang c6 chi Rong nao dam bén méang
dén nha bac Tom!).

Thé thi, lang nudc dau c6 can cai anh sin Rong iy. C6 con Rong nita ddu ma hoc nghé sin rong?
Ay chét, diing voi n6i thé. Rdng thi ching con, nhung ¢ khi vin phéi hoc nghé sin Rong déy.
Néu anh di hoc nghé sin Ion thi chic gi da ban dudc h6? Ma hoc nghé sin hé thi chic gi ban
dugc voi? Nhung néu da thao nghé san Réng thi ho, bdo, su td, voi, ... chic chian déu sin dudc
tubt! Nay nhé, Rong c6 than nhu cd sAu, méng vudt nhu hé, diu su ti, 4n hién nhu trin, vy ma
con khong thodt dudc tay anh sian Rong, thi chang néi gi dén hd, bao, voi, trin, ma sau nay c6
“nhan ban” ra con nao nifa, anh ta ciing chang s¢! Thanh ra, da dinh hoc nghé di sin thi hay ci
hoc nghé sin Rong!

Tut ca siu, hé, su td, tran, ... nguoi xua “tritu tugng héa” thanh con Réng. Ciing nhu thé, t thuc
tién, ngudi ta trifu tugng héa thanh Todn hoc. Cau chuyén don gian ctia bac Tom ma thau tom
dudc c4 cdi manh, va cdi yéu, ctia Toan hoc 12 vay.

Khi d tritu tugng hoa dé tim dén ban chét, Toan hoc khong phai bao gid ciing dé dang trd vé véi
thuc tai, von 12 noi xut phat ctia n6. Tham chi, ngudi ta con nghi ngd cdi kha ning n6 cé thé
quay vé véi thuc tai.

Bdi thé nén méi c6 ngudi hodi khich bac Tom: “May cdi anh 1am To4n gan d bia ra nhiing phuong
trinh, vi phan, tich phan,. .. gi gi nita nhi, thuc t& 1am gi c6? Bon ho chi ngdi choi cdi tro chai tri
tué diy thoi”! Bac Tom héi lai: “Nay nhé, néu anh ddnh roi cdi nhin trong géc nha kho bira bon,
tdi om, ma lai khong c6 dén, thi anh tim né & dau”? Anh chang no ngac nhién: “Hoéi la nhi, thi
chui vao d6 ma tim chi & dau nita”! Bac Tom cudi: “Thé thi c¢6 khi may thang trdi van chua tim
ra. Ct nhu toi thi t6i s€ chay ra dudi ngon dén sang ma tim vay”! Anh chang dugc mé cudi vo
bung: “M4y anh lam Todn gan qua di méit, biét tdng tong tong 14 nhan roi trong géc nha kho, ma
lai ra duéi dén tim thi c6 ma sudt doi tim cling khong thay”. fAy viy ma cdi anh d6 (To4n) gan do&
chang dai 1am dau. Nay nhé, anh ta cdm lay chiéc nhin, diing du6i ngon dén ma tha cho no roi.
Tt nhién la tim lai dudc ngay (3 d6 sang 1am). Cti nhu thé mudi 1an, hai muoi 1an, mot tram 1an,
... anh ta phat hién ra quy luat: Khi roi thi ci nhan néi chung chay theo huéng nao. Bdi thé lic
vao géc nha kho t6i om, anh ta tim ra ngay chiéc nhin. Ma khong chi chiéc nhan 4y, nha kho Ay,
ma dii chiéc nhin khdc, roi 6 nha kho khac ciing tdi om nhut vay, thi ddi véi anh 1am Todn, tim n6
cling chang khé khin gi!
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Céc phuong trinh, cac ly thuyét Toan hoc cling nhu ngon dén ctiia bac Tom vay. C6 né, ngudi ta
méi “lam Toan” dudgc, tic 13 mdi tim ra quy ludt cta sy vat. Mudn trd vé dugc véi thuc tién thi
trudc tién phai biét roi xa thuc tién, d€ khong con bi che 14p bdi cai rudm ra, khong ban chit cia
doi thuong.

Ba trim nim trudc bac Tom, Newton da tiing néi: “Khong c6 gi gan vdi thuc tién hon 1a mot 1i
thuyét dep!”

Nhung cdi cau héi “Ich gi, Toan hoc?” van cif 16n vén dau ddy, nhit 12 khi nhin nhiing nha toan
hoc hang dau nghién ctiu nhitng thi hoan toan “xa rdi thuc t&” , ma ngay ca ban than ho ciing
chua biét minh sé di dén dau.

Ngudi ta thudng héi nha Toan hoc: Li thuyét ctia anh ing dung vao dau? Khdng phai liic nio
cling ¢6 cau tra 15i. Vao thé ki thi IIT tru6c Cong nguyén, néu ai d6 hdi Apolonius ring nghién
ciu cac dudng conic (nhan dugc bﬁng cach cat mat nén bsi mat phﬁng) dé lam gi, thi chic
Apolonius khong tra 18i duge. Ong ta chi nghién ctiu cdc dudng conic vi thay 1 ching “dep”.
Khong chi Apolonius khong thé tra 13i, ma hon chuc thé ki sau ciing khong ai tra 18i dugc. Phai
cho dén Kepler va Newton, tiic 12 20 thé ki sau, ngudi ta méi biét 6ng gia Apolonius da tiing lam
tro choi véi cac quy dao chuyén dong ctia cac hanh tinh! Chinh vi bi 4m &nh bdi céc dudng conic
ngay tif thud 4u tho ma Kepler da nghi ngd két luan clia nhitng ngudi di trudc vé quy dao tron,
va dua ra gia thuyét quy dao d6 1a dudng ellip, v6i hai tiéu cu rat gan nhau. Gia thuyét da dudc
Newton chiing minh, v6i dinh luat van vat hip dan. “Cai dep”, tit chd khong biét dé 1am gi, da
tim thidy mot ting dung vao loai vi dai nhit trong lich st, sau hon hai ngan nam.

Bac Tom c6 1an néi: Ddi v6i nhitng ngudi md dudng, ditng hdi ho di dau, khi ngudi ta biét minh
di dau, ngudi ta khong di dudc xa “quand on sait ou va, on va pas loin”. That thé, néu anh dinh
di dén Thanh phé H Chi Minh thi chic 12 anh ciing chi di dén Ca Mau la cung. Ngay nhu ci
anh Armstrong, biét minh di dén Mt tring thi ciing chi dén d6 thoi, rdi vé. Con bac Tom chéang
biét minh di ddu, nén bac c6 thé di xa hon, dén tin sao Hoa, hay nhting mién dat méi cta khoa
hoc. Va chiing ta, di khong di xa dudc nhu bac Tom, nhung mudn ngay mai cé bt com ngon, thi
diing qua s6t rudt néu hom nay chua “ra ngd, ra khoai” gi! Con néu mudn “ra ngo, ra khoai”
ngay thi c6 khi ca ddi chi biét in ng, in khoai!

Vay nhung, néu cic ly thuyét Todn hoc déu phai can dén 2000 nim sau méi c6 ing dung, thi cau
héi “Ich gi, Toan hoc?” sé d& nhan dudgc cau tra 15i 1a “Vo ich”! Du “nhin xa” dén miy, ngudi ta
cting kh6 nhin dén tan ... 2000 nim sau!

Nhung Toén hoc di vao thuc tién véi nhitng con dudng khac nhau. C6 khi 2000 ndm, c6 khi chi
hai nim, tham chi chi can hai thang! Vi du ndi tiéng 14 nhitng hé mat ma khoa cong khai, nhu hé
ma RSA hay hé mi dung dudng cong elliptic. Ti trang gidy cia nha nghién cifu todn hoc dén
ting dung vao cdi dién thoai thong minh hay cdi thé tin dung gan nhu Ia tic thoi.

Khong chi 1a nhiing ting dung dé nhin thiy, To4n hoc gidp cho con ngudi ludn huéng dén sy don
gian trong tu duy. Tu duy Todn hoc chinh 12 16i tu duy loai bo tit ca nhiing gi khong can thiét,
nhiing gi rudm ra. Su tdi gian chinh 1a mot tiéu chuin cda su toi vy, va nhiéu khi, con 1a tiéu
chuén cta cai dep. Mot 1an nita, Toan hoc lai rat gan véi Nghé thuat. Nha diéu khac vi dai ngudi
Phap Auguste Rodin (1840 — 1917) da sang tao nén pho tugng bit hi Le Penseur (Ngudi suy
tu), khic hoa hinh dnh mot con ngudi ma su suy nghi cing thang hién ra trén ting thé thit. C6
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ngudi héi Rodin: “Lam thé nao ma dng c6 thé tac nén pho tudng tuyét vdi dén vay?”. Rodin tra
16i: “Don gian thoi, toi iy mot khdi dd, va thiy cai gi thita thi déo né di!”.

Nhung, tai sao sau tit ca nhitng diéu da néi, van ton tai dai déng cau héi: ~Ich gi, Toan hoc”?
Ngudi ta hang ngay dung dién thoai di dong d€ néi di thid chuyén, doi khi 1a d€ néi vé cdi su
vo ich ctia Toan hoc. Ngudi ta hang ngay diing thé tin dung dé€ chuyén tién, rit tién. Nhung sé
khong c6 dién thoai thong minh, khong c6 thé tin dung néu khong c6 mat ma khoa cong khai,
khong c¢6 Toan hoc. Vay nhung ngudi ta c6 thé van rit ngai dung tién d6 dau tu cho Todn hoc, vi
“Ich gi, Toan hoc?” Khi dung dién thoai, khi it tién, khong ai thdy “tich phén, vi phan, t& hop
hay s6 hoc” trong d6. N6i khac di, Todn hoc da dén miic “trong subt” dbi véi ngudi stt dung n6
(tAt nhién chi khi d6 né méi dugc dung cho tit cd moi ngudi).

Xem ra, su “trong sudt” doi khi lai che khuAt tAm nhin hon ngon ndi!

Nim 1674 Mayow tim thy trong khi quyén mot chét gitip cho su séng. Nam 1773 Karl Scheele
1an dau tién c6 1ap dugc chit khi d6. Antoine Lavoisier 13p lai thi nghiém d6 ctia Scheele va goi
d6 1a “oxygen”. Nhu viy, oxy dudc “tim ra” kha mudn. Tai sao? Vi né trong sudt. Ngudi ta hau
nhu khong nhén thiy minh dang can dén oxy. Va khong chiu b tién ra “cho n6”. Phai dén khi
con ngudi nhin thay nhiing hinh anh sau day:

D6 1a khong khi & Bac Kinh. N6 khong con trong subt nita. Va ngudi ta budc phai nhin thiy no,
budc phai hop nhau & Rio de Janeiro, & Kyoto, & Paris dé ban nhau tim cach bd tién ra 1am cho
n6 trong sudt trd lai. Gid nhu ngudi ta nhin thiy su can thiét tif khi n6 con trong subt!

5. “Tinh” va “Toan"

Mot ngudi ban clia bac Tom, dng F.Hirzebruch, khi tra 18i phdng van ctia cdc nha bdo, trén cuong
vi 12 Ch tich dau tién ctia Hoi Toan hoc Chau Au, di néi: “Ngudi ta thudng hay nhin manh vai
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trd ctia Todn hoc trong phit trién cong nghé, nhung ti nghi rang, sé dén lic cong nghé phat trién
dé giai phéng con ngudi, cho ho thdi gian quay vé véi tho ca, 4am nhac va Toan hoc”. Phai chiing,
Hirzebruch mudn 4m chi ring, trong Todn hoc c6 hai phan: “Tinh” va “todn”.

Néu nhu tinh rét can thiét cho cong nghé, thi Todn, ngoai chiic ning phat trién phan tinh ra, con
g6p phan 1am nén Con Ngudi, cling gidng nhu 4m nhac, nghé thuat va tho ca.

Nhung c6 thé 5 nim nita, trong dip ky niém 10 nim ctia VIASM, ching ta lai sé phai ban vé cau
héi: “Ich gi, Toan hoc?”

Phai chang dé6 la cau héi vinh ctiu, song hanh véi Toan hoc tir khi n6 ra d6i? Ciing nhu cau hoi
tuong tu cling song hanh cung Nghé thuat va Tho ca.
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Tap chi online ctia cong dong
nhitng nguoi yéu toan

HAM MOEBIUS VA DINH LY PHAN DU
TRUNG HOA

Phiing Ho Hai
(Vien Todn hoc Viét Nam)

Cau lac bo (CLB) Toan hoc Vién toan hoc dudc thanh lap cach ddy 5 nim. Pau tién CLB
sinh hoat sang chi nhat mdi tuan véi cac bai gidng todn ctia cac GS, TS, cic thdy gido chuyén
toan danh cho hoc sinh THPT. Sau d6 dé tao diéu kién cho cac hoc sinh tinh xa, CLB da t&
chic nhiing dot giang dai ngay dudi hinh thic trudng dong, trudng he, truong xuan. Gan day
CLB toédn hoc Vién todn hoc da t6 chic thém céc 16p hoc danh cho hoc sinh THCS v6i muc
tiéu dinh huéng va tao nguodn. Epsilon xin gi6i thiéu v6i ban doc bai viét ctia GS Phing Ho
Hai k€ lai budi day ngau hing ctia minh vao chiéu thd ba 7/6/2016 vita qua.

Bai viét dugc 14y tif trang facebook c4 nhan ctia gido su Phiing H6 Hai.

D€ hi€u noi dung bai viét, ta can dén dinh nghia ctia ham Moebius. Ham Moebius p(n) dugc xac
dinh trén tap hgp cac sb nguyén duong va nhan gia tri trong tap hop {—1,0,1}. Tacé u(1) = 1.
Khin > 1, p(n) sé& bang 0 néu n c6 it nhit mdt uSc chinh phuong 16n hon 1. Trong trudng hop
n khong c6 udc chinh phuong (16n hon 1) thi v6i n = pips - - - p, 12 tich ctia cdc s6 nguyén tb
phan biét ta sé c6 p(n) = (—1)". Vi du ta c6 bang gia tri cia ham Moebius véi n < 15.

n 1| 2|3 (4] 5 |67 |8/9(10] 11 12| 13 |14 |15
pun) |1 —-1}-1(0|—-1|1|-=1]0]0] 1 |—=1]0]|—-1|1]/]1

LAu rdi khong report vé Math Circle. Hom nay tdi da c6 mot budi day kha ngiu hiing. Ham
Moebius da dudc nhic t6i vai 1an. Hom nay t6i mudn thuyét phuc cc ban trong 16p rang ham
nay bing 0 tai “phan 16n” céc s6 tu nhién. N6i phai c6 sach, mach phai c6 chiing. Ta sé thi liét
ké xem ham s€ triét tiéu tai nhiing gia tri nao.

Ta biét rang ham sé triét tiéu tai n néu n chia hét cho binh phuong mdot sb nguyén t6. Nhu vay
trong 10 sb tu nhién dau tién, ham sé triét tiéu tai 4, 8, 9 - ba sb.

Trong 10 s6 tu nhién tiép theo ham sé triét tidu tai 12, 16, 18, 20 - bén s6. Tinh hinh sau d6 kém
di mot chiit: 32, 36, 40. Roi lai khd 1én: 44, 45, 48, 49, 50.

Dul sao thi cic ban trong 16p cling thiy ring tinh hinh c¢6 chiéu huéng tt 1én, nghia 1a cang ngay
thi ty 18 cdc s6 ma tai d6 ham triét tiéu cang ting. Dic biét ta thdy xuét hién ba sb lién tiép ma tai
do6 ham triét tiéu: 48, 49, 50.

- Néu chiing ta di tiép thi chiing ta c6 thé tim thdy 10 sb tu nhién lién tiép ma tai d6 ham Moebius
triét tiéu. Thay tuyén bo.

Khang dinh c¢6 vé 1am cho cdc ban hoc sinh ngac nhién. - Chiing ta da thiy & trén c6 ba s6 lién
tiép. Ban nao c6 thé chitng minh ring ton tai bn s6 lién tiép ma tai d6 ham triét tiéu?

Cau hoi ¢6 vé hai kho.

- Hay 1a thé nay: Chiing minh ring ton tai vo han cip hai sb tu nhién lién tiép ma tai d6 ham
Moebius triét ti€u.
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Ngay lap tidc c6 15i giai: xét hai s6 a®> — 1 va a?, ham hién nhién triét tiéu tai a2, chi can chon a
18 thi a® — 1 chia hét cho 4.

- Thé ba s6 thi sao, liéu c6 ton tai vo han bo ba s6 tu nhién lién tiép ma haim Moebius triét tiéu
tai d6?

Sau mdt lic trao ddi thi cac ban dé xuat 15i giai thé nay: xét s6 a® — 1, a?, a® + 1. Ham Moebius
tAt nhién triét tiéu tai @. Ta sé tim a sao cho a® — 1 chia hét cho 4 con a® + 1 chia hét cho 9. Tuy
nhién 16i giai chua chat ché.

Thay giai thich cho cic ban ring a® — 1 chia hét cho 4 khi va chi khi a — 1 chia hét cho 4 con
a® + 1 chia hét cho 9 khi va chi khi a + 1 chia hét cho 3. Vay bai toan 12 nhitng s6 a nao thoa
min cic diéu kién nay?

DAy 12 mot bai toan d& ddi vé6i cac ban, cu trd 16i c6 ngay: a chia 12 du 5, hay a = 12k + 5.

- Bai todn tim a d€ a dong du véi 3 mod 4 va dong du véi 2 mod 3 chinh 1a bai toan “giai hé
phuong trinh dong du bac nhét”, thiy gidi thich cho cac ban. Moi ngudi rit phn khich.

- Bay gio ta hay xem nguyén tic giai hé nhu thé nao: Trudc hét ta tim mot “nghiém riéng”, chinh
12 s6 5, tlr d6 ta chi cAn cong thém “nghiém tdng quat”, 1a s6 12 - boi chung nhd nhét ctia 3 va 4.
Qua dé hiéu d6i véi cac ban hoc sinh.

- Bay gi0 ta hay xét mot hé 3 phuong trinh xem sao. Chang han: a ddng du véi 1 mod 3, dong du
v6i 2 mod 4 va dong du v6i 4 mod 5.

a = 34 + 60k, chi trong vai phut cac ban da c6 cau tra 10i.

- Chung ta c6 thé giai hé trén “dan dan”, xét hai phuong trinh dau tién ta sé c6 nghiém: a dong
du v6i 10 mod 12, sau d6 ta lai xét phuong trinh ndy cling véi phuong trinh thit ba, a dong du véi
4 mod 5, dé suy ra nghiém biang phuong phép tuong tu.

- Bing cach nay ta chitng minh dugc Pinh ly phan du Trung Hoa: Moi hé phuong trinh dong du
bac nhét v6i cac modun ddi mot nguyén t6 cling nhau déu c6 nghiém. Chi can xét dan dan, mdi
1an hai phuong trinh.

- Ban nao biét tai sao hé hai phuong trinh dong du bac nhét véi modun nguyén td ciing nhau ludn
c6 nghiém?

- St dung hé thic Bezout, mot ban tra 16i ngay lap tic.

Thé 1a dinh Iy phan du Trung Hoa dudc ching minh, it nhét 13 “vé nguyén tac”. Trd lai bai todn
ban dau, phuong phap st dung a® rdi thém bét 1 khdng thé cho ta 19i gidi cho cau hdi: Tim 10 s
tu nhién lién tiép ma tai d6 ham Moebius triét tiéu. D6 1a vi phuong phap xay dung ciia ta khong
phtt hgp. Ching ta c6 thé sit dung Dinh ly phan du Trung Hoa dé€ c6 mot cach xay dung don gian
hon nhiéu. Chi can c6 5 phiit && mot ban c6 16i giai hoan chinh cho bai todn nay.
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gpsi lon

DAN NHAP VE HAM ZETA RIEMANN VA
PHEP BIEN DOl MELLIN

Ngb Bdo Chau
(Dat hoc Chicago)

Doc lich st toan hoc ta thiy ring trudc day thu tin 1a mot phuong tién trao d6i thong tin toan
hoc rit quan trong. R4t nhiéu nhiing y tudng, gia thuyét, du dodn va ca nhiing chiing minh
hay phén vi du di dugc trinh bay 1an dau tién & trong nhiing biic thu chi khong phai 1a &
trong céc tap chi va cudn sach. Newton, Leibniz, Fermat, Euler, Gauss, Jacobi, Bernoulli,
Mersenne, ... déu c6 nhiing “cong b6 & dang thu tin.

Ngay nay, vdi nhitng phuong tién giao tiép hién dai nhu blog, trang wordpress, archiv ... ta
c6 nhiéu cach dé “cong bd” céc y tudng hay tién 4n phdm ctia minh. Tuy nhién, trao ddi hoc
thuat bang thu tin, email vin 12 mot hinh thiic thong dung va hiéu qua.

Thong tin qua email c6 thé sé khong hinh thiic va chit ché nhu nhitng bai b4o, nhiing cudn
sach, c6 nhiéu y tuéng con tho rdp, ndm na, nhung chinh diéu d6 lam doc gia dé doc hon,
gan giii hon, dé hiéu hon.

Chiing t6i xin gidi thiéu v6i ban doc 14 thu ctia GS Ngo Bao Chau giti cho GS Phung Ho
Hai nhan viéc GS Hai mubn tS chiic mot khéa hoc vé ham zeta va phép bién ddi Mellin dé
chuén bi cho chudi bai gidng vé ly thuyét biéu dién ctia GS Ngo Bao Chau va GS Pham Hitu
Tiép vao thang 8/2016.

Dich bdi Nguyén Vii Duy Linh va Tran Nam Diing hiéu dinh.

From:

bai Hoc CHICAGO

Khoa Toan

5734 University Avenue, Chicago IL 60637
Ngo6 Bao Chau

To:

GS. Phung Ho Hai

Vién Toan hoc Viét Nam

18 Hoang Qubc Viét, Ha Noi

Ngay 5 thang 5 ndm 2016.
Hai than mén,
T6 chiic mot seminar hoc tap vé ham zeta c6 vé 1a mot y tudng tot.

Téi thiét nghi nén md diu bang madt vai van dé rat cin ban ctia ly thuyét sb gidi tich. Chiing ta
hiy xem xét mot ham s6 hoc tidc 1a don thuan mot diy s6 a;, as, . .. dudc dinh nghia theo kiéu
s6 hoc nao d6. Pay 1a mot khai niém tritu tuong va ngudi ta khong thé 1am dudc gi & miic do
tritu tuong nhu vay. Trén mot phuong dién khéc, ta ¢6 rat nhiéu vi du cu thé:

1. a, =1,
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2. a, = p(n) 1a ham Moebius,
3. a, = d(n) 1a s6 nhiing udc s6 clia n,
4. a, = r(n) 1a sd cach biéu dién n nhu Ia téng cda hai binh phuong,

5. a, = 1 néu n nguyén té va biang 0 néu ngugc lai,
6. a, = log(p) néu n 1a ldy thira ctia p va 0 néu ngugc lai, ...

Mic dau nhitng ddy s6 nay rat bat thudng, ngoai trit diy dau tién, tong Cesaro a; + as + - - - + a,
c6 tinh tiém cén nao d6. Chang han ching ta xdc dinh tinh tiém cin cta diy thi 5, ching ta thi
tinh s lugng s6 nguyén td nhd hon mot sd nao do.

Uéc lugng téng Cesaro ctia d(n) va r(n) 1a nhitng van dé so cp cd dién trong ly thuyét s6. Dbi
v6i r(n), d6 1a nhitng bai todn v& hinh tron Gauss: C6 bao nhiéu diém nguyén nim trong hinh
tron khi ban kinh tién vé co. Bing nhiing ly luin so cap nhu Gauss di lam, ching ta c6

Y r(n) =xX +0(X'?) 0.1)

n<X

Seminar c6 thé bat dau v6i bai toan nay va ngudi ta khong can c6 kién thiic dé hiéu cach gii. N6
da dugc gidi thich rit k§ ludng trong chuong 6 clia quyén “Nhdp mon Ly thuyét sé gidi tich” ctia
Chandrasekharan. Tai chd nay, ta can d& cap ring sai s6 O(X'/?) c6 thé cai thién ddng ké nho
mot cong cu giai tich tot hon. Chang han, nhd cong thic 1iy tong Poisson, ngudi ta cé thé dat
dugc O(X1/3).

Céch truyén théng dé€ hiéu tinh tiém can ctia tdng Cesaro 12 tao ra chudi Dirichlet

D(s,a) = Z a,n”*,

véi bién phiic s. Bang cach 4p dit diéu kién ting trudng cho a,,, chudi Dirichlet hoi tu trén mot
nifa mit phang R(s) > a nao d6. Chang han chudi Dirichlet tuong ting véi ddy a,, = 1 chinh la
Riemann ¢-function ¢(s,a) = Y. n~* hoi tu trén mién R(s) > 1.

C6 mot vai thao tic ma chiing ta nén lam quen khi 1am viéc véi chubi Dirichlet. Chang han,
trong bon vi du dau tién, a,, ¢6 tinh chét nhan tinh: a,,,, = a,,a, véi (m;n) = 1. Chudi Dirichlet
tuong ing c6 thé phan tich thanh nhan t thanh tich Euler tic 1a tich clia céc thita s& danh s6
bang s6 nguyén t6. Chang han nhu:
~1
(s)=[a-») - 0.2)

p

Mot nhan xét khac nhung theo 15i tuong tu 1a chudi Dirichlet tuong ng véi tich chap cla cic
ham s6 hoc. Chang han nhu

Z d(n)a,n=* = g(s)z, (0.3)
va
Z p(n)a,n™ = ¢(s)~". (0.4)
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Nhiing hang dang thiic nay 1a hién nhién khi xem xét nhu 1a chudi Dirichlet hinh thic. Nhu la
cdc ham phiic, chiing ¢6 thé dudc chiing minh dé dang trén mién ma chudi Dirichlet hoi tu tuyét
dbi. Tt ca nhitng diéu nay dudc gidi thich hoan hao trong chuong 2 ctia quyén “Nhdp mon Iy
thuyét s6 gidi tich” ctia Apostol.

Mot trong nhitng hudng chinh ctia 1y thuyét s6 gidi tich c6 dién 12 din ra mot udc lugng tiém cin
ctia tong Cesaro tif nhiing cuc cta chudi Dirichlet. D6 chinh 1a ndi dung ctia dinh ly Tauberian.
Mot van dé kho chiu 12 ¢6 nhiéu phién ban ctia dinh 1y Tauberian. Phién ban don gian nhit c6 thé
1a dinh 1y Wiener-Ikehara’s dudc giai thich trong chucng 11 ctia Chandrasekharan chang han.
Trong bét cti trudng hop nao, dinh ly Tauberian cho ta biét mot diéu dai loai nhu sau: Gia st riang
D(s,a) =Y a,n~* c6 thé thac trién phan hinh vugt qua dudng thing R(s) = 1 — ¢. Gia st
rang n6 chi c6 mot cuc cip 2 tai 2 va mot cuc cip 1 tai 1. Khi d6 biéu thic tiém can sé c6 dang:

D = 22X 10g(X) + 20 X7 + 10 X + - (0.5)

n<X

trong d6 ¢y 9, Co,1 12 hé s6 Laurent ctia khai trién D(a, s) thanh chudi Laurent tai s = 2. .. O day
s6 mii 2 trong X2 tuong dng vdi vi tri ctia cuc tai 2, s6 hang log(X) xuit hién 1a vi cuc tai 2 c6
cip2...

Mit nhiéu thdi gian cho cac dinh ly Tauberian ciing khong hay 1am vi trén mot phuong dién né
chi 12 van dé ky thuat, va trén mot phuong dién khac phan gidi tich it éi cin dung dé chiing minh
céc dinh ly Tauberian c6 vé 1a khong thich dang xét trén quan diém ly thuyét s6.

Néu nhu t6i khong 1am thi c6 mot céch tiép can tot hon st dung cdi goi 1a “téng tron”. Ngudi ta
c6 thé doc bai post cia Emmanuel Kowalski trén blog ctia dng ta dé€ dudc gidi thiéu vé tong tron:
https://blogs.ethz.ch/kowalski/smoothing-sums-wiki-page/

Céch tot nhit dé€ khéi dau véi téng tron 12 quay vé vé6i bai todn hinh tron Gauss. Chiing ta phét
biéu lai bai toan hinh tron Gauss tong quat nhu sau: Cho ham ¢ : R? — C, chang han nhu ham
dic trung cia dia don vi, ching ta mudn biét tiém can ctia

> o(tn) (0.6)

nez?

khi t — 0. Néu ¢ 1a ham dic trung ctia dia don vi, khi d6 Z $(tn) sé 1a s6 nhiing diém nguyén
nez?
bén trong dia ban kinh ¢t~

Diém chinh yéu cia chién ludc “tong tron” 1a nhan ra rang thay vi lam viéc véi mot ham thi
“thé”, nhu la ham dic trung cua dia don vi ¢6 nhitng buéc nhay tho trén chu vi cua dudng tron,
t6t hon ching ta 1am viéc v6i nhitng ham thi tron vé6i gia thiét compact. Ddi v6i nhitng ham tron,
tiém can clia > ¢(tn) 1a hé qué truc tiép cla cong thic 14y tdng Poisson:

D () =t ot n) 0.7)
nez? nez?

trong do gzg 12 bién ddi Fourier ctia ¢ Bién ddi Fourier ngS khong con hd trg compact nita, nhung
vAn mot ham gidm nhanh trong khong gian Schwartz. O vé& phéi, khi ¢t~ — oo, moi s6 hang,
ngoai trif n = 0, giam rat nhanh. Do vy ta c6

D (tn) =t7'$(0) + O(t"), véi moir. (0.8)

nez?
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Sé hang ¢ tuong tng véi dién tich cia dia, noi xuét hién clia sd 7 trong bai toan hinh tron Gauss.
Mic du vdy, néu ching ta 4p dung truc tiép cong thiic 14y tdng Poisson cho ham dic trung ciia
dia don vi, ching ta sé gip rac rdi to vi nhitng diém ky di 16n ctia ¢ sé dan tdi su ting nhanh cta
bién ddi Fourier ngS Tot hon chiing ta x4p xi ham dic trung ctia dia bang mot ham tron nao d6 va
cb gang khdng ché sai s6. Lam nhu vy theo mot dudng 16i thong minh, ching ta nhan dudc sai
s6 O(t~'/3). Toi nhé da thay 16i gidi thich rit dep nay & dau d6 nhung t6i khong tim thiy né nita.
Nhung né sé 1a mot bai tap that tot cho nhiing ai tham du seminar ctia anh.

Mot bai hoc riit ra tit phép gidi bai toan hinh tron Gauss 1a chiing ta c6 thé quén di ham thi tho
va thay vao d6 chi lam viéc mot ham tron. Phan ly thuyét sé hoan toan néi vé ham thi tron.

Dbi v6i mbi bai toan cu thé, ngudi ta phai cat cong xAp xi mot ham thit tho bang nhiing ham tron.
Diéu nay ciing cho ta mot hinh dung tdt hon vé cac ham s hoc va cdc chudi Dirichlet theo nghia
cdc phan bd. Méi day a,, ting viia phai c6 thé xem nhu phan bd

¢ a(¢) =Y and(n) (0.9)

n

Tich chap ctia ham s6 hoc c¢6 thé chuyén thanh tich chip ctia phan b6. Pong thdi chudi Dirichlet
> a,n~* chi 1a bién ddi Mellin cda phan bd ¢ — a(¢). Ching han néu bién d6i Mellin ctia
phan bd ¢ — > ¢(n) la ham Riemann zeta ¢(s). Ta can phai quen véi cdc phan bd mdi ¢6 thé
hiéu rd bién ddi Mellin ctia mot phan bd. Cch 1am nay c6 mot phan thudng khd 16n: Ngusi ta c6
thé tuéc bd nhitng wdc luong trung gian cong kénh ciia giai tich Fourier va xi Iy moi thit nhu
tinh toan dai sb.

Ngudi ta c6 thé dinh nghia bién ddi Mellin ctia mot phan bd loai a nhu sau. Dbi véi mot ham
Schwartz ¢, tich chip a * ¢ lai 1A mot ham Schwartz. Ca hai bién ddi Mellin ctia ¢ va a * ¢ van
con 1a ham tron véi tiém can vita phai. Khi d6 ching ta c6 thé dinh nghia bién d6i Mellin M (¢)
va M (a * ¢) 10i cho M(a) = M(a * ¢)/M ().

Y tudng nay cé vé dudc nhidu ngudi biét, mic dau t6i khong nhé 16 né dudc gidi thich trong
tai liéu nao. It nhat né dudc giai thich trong cédc bic thu ngin t6i gdi cho anh trude day vé
ham <. Néu khong thi anh c6 thé doc vé phép bién ddi Mellin trong bai gidng cia Igusa
trong TIFR: http://www.math.tifr.res.in/publ/In/tifr59.pdf.Z%agier co
viét bai gidi thiéu so cAp hon: http://people.mpim-bonn.mpg.de/zagier/files/
tex/MellinTransform/fulltext.pdf

By gid ngudi ta c6 thé tiép can ham Riemann zeta theo 16i phan bd. Cong thiic 14y tdng Poisson
c6 thé dugc phat biéu nhu sau: phan bd luge Dirac ¢ + oz(¢) = > ¢(n), 1a phép bién ddi
nez

Fourier ctia chinh né. Bay gid tinh bién ddi Mellin va bién ddi Fourier ctia o ta c6 phuong trinh
ham ctia ham Riemann zeta. Trong qua trinh tinh to4n, ngudi ta phai chiing minh rang ¢ c6 thic
trién phan hinh dua trén sy tac dong 1in nhau ctia phép bién ddi Mellin, tiém cin clia tdng Cesaro
va cong thic 1ay tdng Poisson.

Mot bai tap rat tot 1a thi téng quét héa 1y thuyét clia cidc ham zeta Riemann nhu da gidi thich
& trén d6i véi md rong bac hai F ctia Q. Chang han trong trudng hdp tach dude F = Q x Q,
ching ta can phéi quay tré lai ddy a,, = d(n). Néu nhu F' = Q[i] 1a trudng hitu ti Gauss, ching
ta can phai quay trd lai bai toan hinh tron Gauss ...

Tai di€ém nay ngudi ta c6 thé hdi, phai ching phép 14y tdng Poisson la tit ca nhiing gi chiing ta
can dé€ uéc lugng cac tdng Cesaro? Xét cho cling, chiing ta can chudi Dirichlet dé 1am gi? Cau
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tra 10i 1a phép lay tdng Poisson lam viéc véi tong c6 chi s6 nguyén va khong thé 1am gi véi tong
c6 chi sb 1a s6 nguyén td. Chang han phép iy tdng Poisson mot minh né khong thé 1am viéc véi
céc day (0.5) va (0.6). Néi cach khac phép ldy téng Poisson mot minh né khong thé chiing minh
dugc dinh 1y s6 nguyén t6.

Déi véi dinh 1y sb nguyén t, néi chung chiing ta cin phai xi 1y nhu sau: Ching ta bat dau véi
day (0.1), chiing ta tao chudi Dirichlet chinh 12 ham zeta Riemann. Chiing ta diing cong thic lay
tong Poisson dé chitng minh ring ¢ c6 thac trién phan hinh va phuong trinh ham. Chiing ta suy ra
rang d log ¢ ciing c6 thac trién phan hinh va phuong trinh ham. Gio day d log ¢ 1a chudi Dirichlet
ctia ddy (0.6). Chiing ta hoan tit cong viéc néu chiing ta biét cic cuc cia dlog s. Nhung cic cuc
ctia dlog ¢ ciin ban 1a cac khong diém ciia ¢, d6 chinh 14 1y do chiing ta mudn dinh vi cic khong
diém clia .

Chazlng han, dinh 1y s6 nguyén t6 dua trén su kién 13 ¢ khong c6 khong diém trén mot mién mé
nao dé chida R(s) > 1, diéu nay dugc chiing minh bdi Hadamard ca trdm nim vé trudc.

Néu anh c6 di thdi gian va can dam, anh hiy nghién ciu lai tit ca nhiing thi d6 ciing nhu dinh 1y
Dirichlet vé s& nguyén t6 trong cap sd cong. D6 1a chd ma chiing ta can mot luit thuin nghich
nao d6. Nhung anh khong can bat dau véi luat thuan nghich vi that su ra n6 khong phai 1a hudng
chinh trong su phit trién ban dau clia ham zeta, it ra theo y kién ctia toi. Tat nhién vé sau luat
thuan nghich sé tron 14n rat nhiéu vao ly thuyét cia ham zeta ciing nhu trong chuong trinh cia
Langlands, nhung mdi lic hoc mot thit thi van dé dang hon.

Chic anh moi diéu t6t 1anh

Chau

21

https://tieulun.hopto.org



Tap chi Epsilon, S6 09, 06/2016

22

https://tieulun.hopto.org



psilon
Tap chi online ctia cong dong
nhitng nguoi yéu toan

GIAlI NOBEL CUA EINSTEIN HAY LA SONG
DIEN THOAI CO GAY UNG THU HAY KHONG

(Dam Thanh Son - BH Chicaqo)

Bai viét dugc tham khdo tit blog ctia gido su Pam Thanh Son.

Albert Einstein c6 1& 13 nha vat ly ndi tiéng nhét ti truéc dén nay. Cong chiing thudng biét dén
ong ta nhu ngudi kham ph4 ra thuyét tuong d6i, lam thay ddi quan niém ctia chiing ta vé khong
gian va thoi gian. Thuyét tuong ddi bao gom thuyét tuong ddi hep, dudc Einstein tim ra nim
1905 va thuyét tuong ddi rong dugc 6ng ta tim ra 10 nim sau. Tuy nhién c6 thé khong phii ai
ciing biét 12 giai thudng Nobel vé vat Iy nim 1921 dugc trao cho Einstein vi mot kham pha khic
cia 6ng: Hiéu ting quang dién. Pay 12 cong trinh Einstein viét ciing vao nim 1905, cling nim
v6i cong trinh vé thuyét tuong d6i hep va mot cong trinh nita vé chuyén dong Brown. Hiéu ting
quang dién 12 dong gép 16n nhit cia Einstein vao thuyét luong td, 1y thuyét ma sau nay dudc
Bohr, Heisenberg, Schrodinger va nhiéu ngudi khac phét trién 1én nhung lai bi Einstein nghi ngo

dén cubi doi.
% o
- o = -

- -

=

Hiéu ing quang dién Ia hién tuong khi ta chiéu 4nh sdng vao mot tAm kim loai thi thinh thoang
dién t bi but ra khdi kim loai. Ta c6 thé doan 1a 4nh sdng cang manh thi cang nhiéu dién ti
bi biit ra. Phan dodn nay hoa ra 1a khong hoan toan ding: C6 nhiing ngudn dnh sang rit manh
khong gay ra hiéu tng quang dién, nhung c6 nhitng ngudn yéu hon lai gy ra hiéu tng nay. Thuc
nghiém cho thiy ring hiéu ting quang dién phu thudc vao tan s6 ctia anh sang. Vi du, vé6i cling
mot mau kim loai, 4nh sang d6 hoic tia hong ngoai khong giy ra hiéu ting nhung 4nh sang tim
hodc cuc tim lai c6 tac dung.
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Einstein gidi thich diéu nay bing cach dp dung va md rong gia thuyét lugng ti ciia Planck.
Einstein gia thuyét rang dnh sang bao gdm céc hat photon, mdi hat mang mot ning luong ti 1é
thuan véi tan s clia 4nh sang.

E = hv.

O day E l1a niang lugng ctia hat photon, v 1a tan sb clia anh sang, va h 1 hiang sb Planck. Cong
thic trén c6 tén 12 cong thiic Planck, cong thiic ma theo toi dang 18 ra phdi ndi tiéng hon cong
thic E = mc?.

Hiéu ting quang dién 12 qu4 trinh mot hat photon truyén niing luong cho mot hat dién ti. D€ biit
mot dién ti ra khoi manh kim loai ta can mot ning luong tdi thiéu nhét dinh, ta goi 1a A. Nhu
vay chi khi v > % dnh sdng méi c6 thé bt dudc dién i ra khdi khdi kim loai. Néu v < % thi
ngudn sang c6 manh thé nao ciing khong c6 photon dii ning lugng dé giy ra hiéu ing quang
dién. Ban c6 thé hdi lidu c¢6 khi nao hai hat photon, hodic nhiéu hon, cling hop stic dé€ buit ra mot
dién ti hay khong. Diéu nay vé nguyén tic c6 thé xdy ra, nhung xac suét rit thip, c6 thé bd qua.

Hiéu tng quang dién c6 lién quan truc tiép dén mot cau hdi hay dudc dit ra hién nay: Dién thoai
di dong c6 gay tac hai cho stic khoé hay khong? Mot trong nhitng diéu 1am nhiéu ngudi lo lang
12 kha niing giy ung thu clia séng dién thoai (vi du xem bai nay). Nhiéu ngudi con néi 1a séng
dién tii trong 10 vi séng ciing c6 thé giy ra ung thu.

Néu ta nh6 lai cong thitc E = hv clia Einstein thi ta sé thdy nhiing lo ling nay khong c6 cd sd.
D6 1a do tan s6 song cuia céc thiét bi dién ti qua thap d€ c6 thé giy ra nhitng bién d6i ctia phan
tt ADN. Tan sb song trong 10 vi séng 1a 2500 MHz, tan s6 ctia dién thoai di dong 12 800 MHz
hay 1900 MHz. Hing s6 Planck 1a 4 x 10~° eV/MHz, nhu vay 2500 MHz tuong duong véi ning
lugng 10 phan triéu eV, trong khi cdc qud trinh hoa hoc hay sinh hod can ning lugng ¢4 it nhét
0.1 eV, néu khong phai 1a 1 eV. Su chénh l1é&ch dén 10 — 100 nghin Ian gifta hai ¢d ning lugng
1am cho 10 vi séng hay dién thoai di dong khong thé 1am bién ddi gien ctia miéng thit d€ trong 10
hay co thé chiing ta. (Tia cuc tim thi lai khic, vi tin sd clia tia cuc tim cao hon tan s6 cia dién
thoai di dong dén c4 triéu 1an, nén né c6 di ning lugng dé giy tac hai cho té bao).

TAt nhién 1 dién thoai di dong hay céc thiét bi dién tii c6 thé c6 nhiing tac hai khac, vi du cho
tam ly hay 12 giic ngli cia ngudi dung, nhung chiing & ngoai khudn khd ctia bai viét nay.
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Tap chi online ctia cong dong
nhitng nguoi yéu toan

HE MAT MA KHOA CONG KHAI DUA TREN

X
N\

DUONG CONG ELLIPTIC - TONG QUAN VE
HE MAT MA KHOA CONG KHAI

Dang Minh Tuan
(Vietkey)

Trong s6 nay, Epsilon tran trong g dén doc gia phan dau tién cla chuyén dé
vé hé mat ma khéa cong khai dua trén dudng cong Elliptic clia tac gia Ping Minh
Tuan. Phan sau ctia chuyén dé sé dudc chuyén tii & tap chi s6 10.

Sau day 12 toan vin cda 10i mé dau va chuong 1 ctia loat chuyén dé.
LOI MO PAU

Thang 3 nim 2016, Bo Ngoai Giao Hoa Ky, ding dau 1a bo trudng John Kerry,
da dan mot doan dai biéu ti cac nuSc ASEAN trong d6 c¢6 Viét Nam dé thio ludn vé
phat trién Fintech va dic biét 1a vé cong nghé Blockchain'. Thang 9 nim 2015, Uy
ban giao dich hang hoa tuong lai My cdng bd, Bitcoin da chinh thifc dudc dua vao
danh sach hang héa dugc phép giao dich tai My>.Cong nghé Blockchain va Bitcoin
1a cong nghé tién sb ra doi nim 2009 va ngay cang c6 nhiéu qubc gia va céc td chiic,
doanh nghiép cho phép luu hanh va thanh toan bang loai tién s nay trong khong
gian mang Internet toan cau. Thang 4-2016, gi4 tri thuong mai ctia Bitcoin di 1én
dén 6.5 ty USD 3. Nén tang co s& clia Bitcoin chinh 12 1y thuyét vé mat ma ma cu thé
& day 12 ham biam va ly thuyét vé chit ky sd dua trén Hé mat dudng cong Elliptic
(ECC).

Bén canh viéc st dung trong tién s6 Bitcoin*, ECC con dugc ting dung rat
nhiéu trong thuc tién nganh Céng nghé thong tin [1]. Céc trang Web bao mat https
(http-secure) thuong dudc dung trong thanh toan dién ti hay ting dung riéng tu nhu
gmail déu st dung cac giao thiic TLS (Transport Layer Security) ma trudc d6 1a

'B. Cohen. (April 12, 2016) U.S. State Department Recommends Development of Blockchain and Dis-
tributed Ledgers to International Partners. [Online]. Available: http://www.nasdaq.com/article/us-state-department-
recommendsdevelopment-of-blockchain-and-distributed-ledgers-to-international-partnerscm605334.

2(21/09/2015) Bitcoin chinh thiic dugc M§ cong nhan 1a hang hoa. [Online]. Available: http://vnreview.vn/tin-
tuc-kinh-doanh/-/view-content/content/1654484/bitcoin-chinh-thuc-duoc-My-cong-nhan-la-hang-hoa.

3(15/4/2016) https://markets.blockchain.info/

“Pia chi vi Bitcoin dudc tinh dua trén khéa cong khai cia ECC v6i ham bim bido mat c6 do dai 256-bit
SHA256 va thuat toan Base58Encode dung dé chuyén s6 thanh dang 56 ky tu, RIPEMD (RACE Integrity Primitives
Evaluation Message Digest) 1a mot ho ham bam bao mat khac:

Version = 1(byte)
KeyHash = Version + RIPEMD(SHA256(PublicKeyEC))
CheckSum = SHA256(SHA256(KeyHash))
BitcoinAddress = Base58Encode(KeyHash + CheckSum)

25

https://tieulun.hopto.org



Tap chi Epsilon, S6 09, 06/2016

SSL (Secure Socket Layer). Trong céc giao thiic nay ECC dudc sit dung d€ trao doi
khéa phién. Céc giao dich remote access dudc st dung rit nhiéu trong thé gi6i Unix,
Linux 12 SSH (Secure SHell) cling stt dung ECC dé trao d6i khoa. Uu diém ctia hé
mat st dung duong cong Elliptic (ECC) 1a c¢6 do dai khoa nho (160 bit tuong duong
v6i khoa do dai 1024 Bit trong hé mat RSA), do st dung do dai khéa nho nén tai
nguyén phuc vu cho ECC thudng nhé hon rat nhiéu, bén canh d6 hiéu ning tinh toin
ciing dudc nang cao rd rét. Hién nay ECC dang 1a xu thé d€ thay thé RSA.

Co s6 toan hoc ctia hé mat ECC 1a nhém giao hoan Abel cic diém nam trén
duong cong Elliptic. Ngoai viéc duong cong Elliptic 1a cd s6 cho hé mat ECC, hé
mét ID-Based, dudng cong Elliptic (EC) con 1a cdng cu hitu hiéu dé phan tich sb
nguyén ra thita c6 nguyén t6 [2, 3, 4], hodc dung dé€ kiém tra tinh nguyén t6 ctia
s6 nguyén [3]. EC ciing 1a co s d€ chiing minh dinh ly Fermat néi tiéng da ton tai
nhiéu trim nim qua.

Pudng cong Elliptic 1a mot trudng hgp déc biét cua phuong trinh Diophant. Ly
thuyét vé duong cong Elliptic (EC) rit phong phu va do sd. Trong [5] tac gia Serge
Lang da phat biéu vé phuong dién hoc thuat: “Co thé'viét vé tdn vé duong cong
Elliptic”. C4c ly thuyét va khai niém lién quan téi EC c6 thé liét ké mot s6 nhu dudi
day:

e Ly thuyét nhém, vanh, trudng trong dai sb triru tugng [3, 6];

e Da tap Affine, da tap Jacobian va da tap xa anh trong hinh hoc dai s6 [7, 8];

e Di€m Torsion, Divisor, cidp song tuyén tinh Weil, Tate-Lichtenbaum [3];

e Ly thuyét trudng Galois, tu dong cAu-anh xa Frobenius [3, 9];

e Ly thuyét Baker-Feldman, Baker-Tijdeman va ly thuyét Kummer [5];

e S6 p-adic, Isogenies, ham Sigma va ham Zeta [5, 7, 10, 3, 4];

e Nhém dbi dong diéu, dbi dong diéu Galois va dbi dong diéu phi giao hoan
(Topo dai s0) [8, 41;

e Nhom Mordell-Weil, Selmer va nhom Shafarevich-Tate [8, 11];

e Phuong phép hinh hoc va Tira tuyén tinh (Quasilinear) [12].

V6i y nghia to 16n ca vé thuc tién va hoc thuat, EC 1a nén tdng toan hoc quan
trong trong dai s6 hién dai ciing nhu ly thuyét mat ma hién dai. EC ciing 12 nén tang
quan trong trong chinh phu dién t va thuong mai dién t&. Chinh vi nhiing diéu nay
ma Chuyén dé “Hé mdt md khoa cong khai dua trén duong cong Elliptic” dudc lua
chon dé€ trinh bay béo cdo.

V6i khdi luong kién thiic va khdi niém do s6 nhu da liét ké & trén viéc nghién
cifu va dao sau vé dudng cong Elliptic giip khong it khé khiin cho nhiing ngudi lam
Cong nghé thong tin (CNTT) ma toan hoc khong phai la chuyén mon chinh. Muc
tiéu ctia chuyén dé nay 1a t6ng hop nhiing khai niém va kién thic co ban nhit cia
EC lién quan dén co s toan hoc ctia Hé mat dua trén dudng cong Elliptic. Pong
thdi ngudi viét ciing chitng minh lai mot s6 dinh ly va bd dé theo cach dé hiéu hon,
tranh dung dén céc khai niém qué phiic tap va xa la v6i chuyén nganh CNTT. Céc
phép toan ctia dudng cong Elliptic dudc trinh bay trong bio cdo phan 16n dugc cai
dit bang phan cing st dung cong nghé FPGA (Field-Programmable Gate Array)
cia Xilinx trong khuon khd Pé tai cip Nha nuéc KC01-18 (da dudc nghiém thu
trong nim 2014) do ngudi viét bao cdo lam chii nghiém dé tai, két qua dudc cong bd
tai [13].
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Pham vi ctia chuyén dé ciing dugc gi6i han véi nhitng khdi niém va ly thuyét du
cho cdc ting dung co béan cta EC, cdc phat trién ctia EC thanh hé mat ID-Based,
hoic céc tng dung vé chit ky s6 tap thé, chit ky sd nhoém, chit ky ngudng, chi ky ty
nhiém, chi ky s6 mil sé& khong dugc dé cap dén trong khudn khé ciia bdo cdo nay.

Bio cdo chuyén dé dugc két cAu thanh 02 chuong, chuong 1 trinh bay céc khéi
niém, dinh nghia co ban vé dudng cong Elliptic (Phuong trinh ctia EC, nhém cdng
Abel cic diém trén dudng cong, chiing minh dinh ly vé nhém...). Chuong 2 trinh
bay vé Hé mat dua trén dudng cong Elliptic vA mdt sb ing dung trong ma héa, xac
thuc chit ky sd, trao ddi khéa du trén bai todn khé Logarithm rdi rac.

N tap hop s6 tu nhién

N* tap hop s6 tu nhién khac 0

Z trudng sd nguyén

Q trudng s6 hitu ti

char(K) dic sb clia trudng K

= diu dong du

00 duong vo cung (tuong duong voi +00)

ged udc s6 chung 16n nhét

deg bac cua da thuc

det dinh thuc

RSA Hé ma cong khai dua trén bai toan phén tich ra thira s& nguyén td
do Rivest-Shamir-Adleman phat tri€n

EC buong cong Elliptic (Elliptic Curve)

ECC Hé mat dua trén duong cong Elliptic (Elliptic Curve Cryptography)
ECDLP  Elliptic Curve Logarithm Problem

ECDH Thuat toan Elliptic Curve Diffie—Hellman

ECDSA  The Elliptic Curve Digital Signature Algorithm

ECIES The Elliptic Curve Integrated Encryption System

ECMQV Elliptic Curve Menezes—Qu—Vanstone protocol

Nim 250 sau Cong nguyén, Diophant khi gidi bai toan tim sb ting ctia thdp cic qua cau ma khi
trdi ra mit dat c6 thé xép thanh mot hinh vuong da din dén giai phuong trinh (y 12 s6 qua cau
trén 1 canh hinh vudng; z 1a sb tang cla thap):

z(zr+1)(2x+1)
6

P12 422432 =
Phuong trinh 3? = z(z + 1)(2x + 1)/6 1a mot dang ctia dudng cong Elliptic.
Nim 1637, nha toan hoc va vat Iy hoc ngudi Phép Pierre de Fermat cong bd dinh ly Fermat cubi
cung khi viét trén 1€ ban copy cdng trinh ctia Diophant: Phuong trinh sau diy 14 vo nghiém:
'yt =2" n>2
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Hon ba thé ky, da c6 rat nhidu nha todn hoc cb gang ching minh dinh 1y nay xong déu thit bai,
mii cho dén nim 1994, Andrew Wiles, gido su trudng Princeton da gy mot tiéng vang 16n
trong cong dong toan hoc thé gidi vao thdi diém d6 khi st dung dudng cong Elliptic c6 dang
y? = x(x — a™)(x + b") cung véi ly thuyét vé Modul dé€ chiing minh dinh 1y Fermat cudi cung.
Nim 1987, Trong [14], Lenstra dé xuat thuat todn phan tich s6 nguyén ra thita s6 nguyén t6 st
dung dudng cong Elliptic, d6 1a thuat todn tuong d6i nhanh, chay véi thdi gian dudi hAm mil va
12 thuit todn nhanh thi 3 trong viéc phan tich ra thita sb nguyén td, sau phuong phap sang da
thtic toan phuong va phuong phdp sang trudng sb tong quat.

Trong linh vuc mat ma, vao nim 1985, Victor S. Miller cong bd bai bdo dau tién vé ting dung
dudng cong EC trong mat ma “Use of Elliptic Curves in Cryptography” [15] va sau d6 1a Neal
Koblitz v6i “Elliptic curve cryptosystem” [16] vio nim 1987. Tir d6 cho dén nay da c6 rét nhiéu
cong bd nghién ctiu vé EC vé ly thuyét va trong thuc tién cang ngay ting dung ECC cang dudc st
dung rong rai, va da dudc dua thanh cdc tiéu chuin.

Mot sb tiéu chuin lién quan dén dudng cong Elliptic:

IEEE 1363: Tiéu chuin niy bao gdm gan nhu tit ca cic thuat toan
vé cac hé khoéa cong khai trong d6 c6 ECDH, ECDSA,
ECMQV va ECIES. Trong phan phu luc ¢6 cé cic
thuat toan co ban vé 1y thuyét s6 lién quan dén hé mat
khéa cong khai.

ANSI X9.62 va X9.63: Céac chuin nay tap trung vao dudng cong Elliptic va
cu thé vé ECDSA trong X9.62 va ECDH, ECMQV
va ECIES trong X9.63. Cdc chuén nay cling xac dinh
khuon dang cac dit liéu va danh muc cac duong cong
khuyén céo st dung.

FIPS 186.2: Tiéu chuin ctia NIST cho chit ky s6, mo ta chi tiét vé
thuat toan DSA algorithm.
SECG: La tiéu chuan dugc bién soan bdi nhém cac doanh

nghiép dan dat bdi cong ty Certicom, gin nhu 12 anh
xa ctia cdc chudn ANSI nhung dudc tiép cén trén moi
truong Web tu Website http://www.secg.org/

ISO 15946-2: Tiéu chuin mo ta vé ECDSA va ECIES (con dudc goi
la ECIES-KEM).
RFC 3278: “Use of Elliptic Curve Cryptography (ECC) Algo-

rithms in Cryptographic Message Syntax (CMS)” la
khuyén nghi st dung thuat toan ECC trong ma hoéa
thong diép van ban.

Trong tai liéu nay, da phan s6 cic dudng cong Elliptic sé dugc nghién ctiu dudi dang sau:
v’ =2 + Az + B, (2.1)

Trong d6 A va B la cac hang sb. Cac gid tri ctia x, y, A, B thudng 14 cac gia tri trén mot trudng
nao d6, vi du nhu R (sd thuc), Q (s6 hitu ty), C (sd phiic), hodc trudng hitu han F,, v6i ¢ = p"
trong d6 p 12 s6 nguyén td v6i n > 1. Néu K 1a mot trudng c6 a, b € K, khi d6 ta néi dudng cong
Elliptic dudc dinh nghia trén trudng K. Diém (z,y) trén dudng cong Elliptic véi (z,y) € K
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dudc goi 1a di€ém K—Hiiu ty. Dang tdng qudt phuong trinh Weierstrass ctia dudng cong Elliptic
sé dugc biéu dién dudi dang:

y2 + a1y + azy = 22+ agx® + agx + ag, (2.2)

Trong d6 ay, - - - , ag 1a cac hang s6. Dang (2.2) thudng dudc st dung véi cic trudng K c6 dic sb
chap(K) bing 2 hoic 3. Khi K c6 chap(K) khic 2 c6 thé bién d6i (2.2) thanh dang sau:

2 2 2
<y+%+%> =2° + <a2+%)x2—|— (a4+a12a3)x+ (%vta(,-),

C6 thé viét lai nhu sau:

2 3 /1,2 / I
Yi =27 + a2” + ayT + G,

V6iy, = y + a12/2 + as/2 va véi cac hiang sb aly, a), al. Khi K c6 chap(K) khac 3 c6 thé ding
phép thé 1, = z + a}/3 va ta co:

yi = ai + Az + B,

Trong d6 A, B 1a céc hing sd nao d6. Pudng cong (2.1) c6 dinh thiic A = —16(44° 4 27B).
Dudng cong nay sé suy bién va khong c6 dii 3 nghiém phan biét khi A = 0, trong tai liéu nay
chung ta chi xét cac dudng cong c6 A # 0.

Xét hai diém P, = (z1,y1) va Py = (2, y») trén dudng cong Elliptic E : y* + ajzy + azy =
23 + axx? + asx + ag. Phép cong gitia hai diém trén dudng cong E dugc dinh nghia nhu sau:

Ps(x3,y3) = Pi(x1,91) + Pa(22,2) 3.1)

Trong d6 P3(z3,ys3) = —P4(3,y5), di€ém Pj(z3, y5) 1a giao di€ém cla dudng cong F va dudng
thang di qua P, va P,. Vi 2 diém Ps(x3,y3) va —P4(x3, y4) déu nim trén dudng cong £ nén
(73,3) va (x3,y4) phéi thda man phuong trinh (2.2). Cong thic d€ tinh céc gid tri (z3,y3) s€
dugc chiing minh & duéi day.

Trong céc cdc tai liéu co ban va nang cao dudgc tham chiéu nhiéu vé dudng cong Elliptic nhu
[3, 7, 8] ngudi viét vin chua théa man v6i cac din dat va chiing minh cong thiic téng quét cho
cdc gid tri (3, y3), do d6 cdc cong thiic nay sé dudc chiing minh chi tiét trong tai liéu nay. Pudng
thang di qua 2 di€ém P, va P, ¢ phuong trinh la:

Y=Ar+ (3.2)

Trong d6 A 1a hé sb goc ctia duong thang di qua P, P. Ta c6:

Y1 = Ay + p (3.3)

Y2 = ATy + [ (3.4)

ys = Az + p (3.5)
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Hinh 6.1: Phép cong trén duong cong Elliptic

3.1. Trudng hdp 2 diém khéng trung nhau P, %+ Py

Tu (3.3) va (3.4) suy ra: y; — y2 = A(x1 — x2), khi Py # P,, nghia la x; # x5 ta ¢6 cong thiic:

)\:y1—y2 (3.6)
r1 — X2
— T -
p=y A =y - A gy = TR (3.7)
xr1 — To T1 — T2

Tiép theo thay y & (3.2) vao phuong trinh (2.2) ta c6:
Az + p)? + (a1 + az)(Ax + p) = 2° + aga® + agr + ag (3.8)
Tu d6 dan dén phuong trinh r(z) = 0 véi:
r(x) = 2% + (ag — N — a1 \)2? + (ag — 2\ — as\ — a1p)x + ag — p° — asp (3.9)
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Biét ring r(z) c6 3 nghiém phan biét nén c6 thé viét:

r(z) = (r —x1)(z — x2)(x — x3)
= (2 — (21 + 22)2 + 1129) (T — 73)

(3.10)
= — (21 + 22)2% + 21290 — 130° + (21 + o) 73T — 217973
=2° — (z1 + 29 + 23)2° + (2129 + 173 + T923)T — 17273

Dong nhit cac hé sb 2% cha r(x) 6 2 phuong trinh (3.9) va (3.10) ta ¢6: 21 + 15 + 73 =
—(ag — A% — a1 )\) tu day c6 thé tinh dudc x3 theo cong thic sau:

$3:>\2+CL1)\—CL2—I‘1—SL’2 (311)

Dén day can phai tinh tiép gia tri y3, lic nay x5 da tinh xong nén c6 thé coi 1a hing sb, c6 thé
viét lai (2.2) thanh dang sau:

y? + (a3 + a3)y — (23 + asx3 + agwz + ag) = 0 (3.12)
Phuong trinh bac 2 nay c6 2 nghiém la:
—(ayx3 +a3) £ VA

Y, Yy = 2 % 1 (3.13)
Cong 2 nghiém nay ta sé c6: y4 + y3 = —a173 — as, mit khic do 34 nim trén dudng thing P, P,
nén y; = \xz + p. Tu day c6 thé tinh dudc y3 theo cong thiic °:
Ys = —AT3 — p — a;r3 — ag (3.14)
Thay p tii (3.7) ta ¢6 thé tinh y3 du6i dang sau:
ys = Mx1 — x3) — y1 — a1x3 — as (3.15)

Khi ndy 2, = 25 va y; = 4, do d6 cong thic tinh A & (3.7) khong st dung dudc vi xuét hién phép
chia sb 0. Trong truong hop nay A chinh 12 hé s6 gdc ctia dudng thang tiép tuyén dudng cong F
tai P, hay P». Hé s goc ctia tiép tuyén ctia £ chinh 12 dao him g—g, st dung cic quy tic lay dao
ham ctia tich, dao ham ctia ham s6 hop va 1y dao ham 2 vé ciia phuong trinh (2.2) theo du ta cé:

d(y? + airy +azy)  d(2® + asx® + ayr + ag)

dr dz
d(y?)  d d
W) | darzy) | dot) _ 302 4 54r 4 a
dz dx dx
d(y? d d(x d
W) W) 1 o =3 200 10
d d d
2y% +ai(y + IE%) + a3£ = 307 + 2027 + a4
d
(2y + arx + ag)ﬁ = 32" + 2037 + a4 — ary
dy  3x* 4+ 2052 + a4 — a1y
de 2y + a1 + as

3Ghi chii: Céc tic gid H. Cohen va G. Frey trong cudn “Handbook of Elliptic and Hyperelliptic Curve Cryptog-
raphy” [7] trinh bay dién giai vé cach tinh y3 dua trén su dbi xing qua truc z 1a khong chinh xdc va thiéu r6 rang
dbi v6i duving cong Elliptic dang tdng quat, cach gidi thich cia ngudi viét bang cach giai phuong trinh bac 2 & day
c6 thé coi 1a ding dén va 16 rang hon.
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Nhu vay véi di€ém P (x4, ;) ta co:

\ 3x%+2a2x1—|—a4—a1y1 (3.16)
2y; + a1 + as .

Trong tht ca céac trudng hop di€ém P 1 tdng ctia 2 diém P;, P, sé 1a diém c6 toa do la:

Psy(x3,13) = (A 4+ ay\ — ay — 21 — 29, M1 — 23) — y1 — @173 — as) (3.17)
V6i dudng cong £ dang (2.1), khi d6 a; = a3 = ay = 0 va P5 s€ dugc tinh theo cong thuc:
Ps(x3,13) = (A — 21 — 29, A1 — 23) — 91) (3.18)
Trong trudng hop P, = P, (3.16) sé& dugc bién d6i thanh:
= STt (3.19)
2y

Véin € N\ {0} dinh nghia phép nhan vd hudng ctia diém P nam trén dudng cong F 1a phép
cong n 1an chinh ban than diém P:
P—nP=P+P+---+P=0Q

n lan

Pé t6i uu phép nhan vo hudng, c6 thé sit dung phuong phap Nhdn déi-va-cong, dau tién biu
dién s6 n duéi dang: n = ng + 2ny + 2%ny + - -+ + 2™n,, V6i [ng . .. n,,] € {0, 1}, sau do6 dp
dung thuat todn:

Algorithm 1 Phuong phap Nhan doi-va-cong
I Q<+ 0
2: fori =0tomdo
3:  ifn; =1 then
4 Q < Congbiém(Q,P)
5:  endif
6: P < Nhanboi(P)
7
8

: end for
: return ()

Ngoai phuong phdp Nhdn déi-va-cong, c6 thé st dung phuong phap Truot-ciia-sé. Cac phuong
phép nay cho phép nhan v6 hudng mot cach tdi uu.
Luu ¥ ciia nguoi viét:
e Khong ton tai phép nhan 2 diém trén dudng cong F, c6 nghia 1a khong ton tai P x Q véi
P.QekF.

e Khong ton tai thudt toan chia vo huéng Q : n. Biét rang Q = nP, bai toan tim s n 12 bai
toan Logarithm 13i rac sé& dudc dé cap t6i & chuong sau. Day 1a bai toan kho, thong thudng
phéi thit 1an lugt n = 1,2,...,n — 1 phép cong di€m P, cho dén khi tdng bang Q, tuy
nhién c6 mot sd thuat todn t6i vu hon dé€ tim n nhung van khong thé gidi dudc bai todn nay
trong thdi gian da thifc vi thé dua vao do khé nay c6 thé xay dung ra hé mat dudng cong
Elliptic vé6i cac giao thiic cho ma hda, xédc thuc va trao d6i khéa.
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: |
: Duong cong EIIiptic: X+ 3.25x+y* =55

Hinh 6.2: Vi du vé tinh chdt két hop trén dwong cong Elliptic

5. Nhém (+) ctia cac diém trén duong cong Elliptic

Xét dudng cong Elliptic £ dudc dinh nghia b&i phuong trinh y? = 23 + Ax + B. Xét 3 di€ém
nam trén dudng cong E 1a Py, Py, Ps 1an lugt c6 céc toa do 1a (w1, 1), (22, 1), (73, Y3).
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D€ céc di€m trén dudng cong Elliptic tao thanh nhém (+), “diém vo cung” (co) sé dudc thém
vao dudng cong, ki hidu 1a O, diém nay sé nim & trén ciing va dudi ciing cia truc y. Mot trong
nhitng thudc tinh quan trong nhét ctia dudng cong Elliptic 12 tdn tai nhém cac di€ém vé6i phép
cong nam trén dudng cong.

Dinh Iy 5.1. Phép cong véi cdc diém P, P,, Py, P; trén duong cong E théa man cdc tinh chdt
cua nhom:

1. (Giao hodn): P, + P, = P, + Py;

2. (Pién don vi): P+ oo = P;

3. (Diém nghich ddo): Ton tai P’ cia P sao cho P + P’ = oo;
4. (Két hop): (Py + Py) + Py = P, + (P2 + Py).

Chitng minh. (1. Tinh chdt giao hodn) ctia phép cong 2 diém P;, P, 13 hién nhién tif cong thiic
tinh toa do clia diém tdng, cac gid tri c6 giao hoan thi gia tri tinh bsi cong thiic nay ciing khong
thay ddi, hodc vé mit hinh hoc dudng thang di qua P;, P, dui c6 xuit phat tit P; hay P, thi déu
nhu nhau va ciing cat dudng cong F tai mot diém chung duy nhit.
(2. Piém don vi) khdng can phai chiing minh vi né xuét phat tir dinh nghia. C6 thé 1y giai rd hon
vé diém (co) va cach dinh nghia phép cong trén E (theo quan diém ctia ngudi viét) nhu sau: Khi
duong cong E khong suy bién, né sé cit mot dudng thang dugc dinh nghia bdi phuong trinh
(3.2) & 3 diém, thuc vay theo cac phép bién d6i & muc 3.1 (trang 28) phuong trinh (3.9) 7(x) sé
c6 3 nghiém phan biét. Mit khac £ dbi xding qua truc = do phuong trinh (2.1) ¢6 thanh phan 3>
nén ludn ton tai hai gid tri y, —y thda man (2.1), ciing do tinh d6i xiing nay nén dudng cong E sé
cat cac dudng thang song song véi véi truc y & 2 diém, vi néu cat thém 1 diém nita thi sé phai
cat thanh 4 diém do tinh d6i xdng, diéu nay 12 mau thuan vi phuong trinh bac 3 chi c6 tbi da 3
nghiém. O trudng hdp nay néu cong 2 diém nim trén dudng song song truc y sé khong tim dudc
diém thii 3 do vay P, + P, s& khong ton tai. Chinh vi &€ nhém céc diém trén E c6 tinh déng bat
budc chiing ta phai dinh nghia thém diém oo coi nhu 12 diém thid 3 nim trén dudng cong E, va
né sé nam & vo cyc 6 2 dau truc y.
Tiép theo, c6 thé ly gidi (ctia ngudi viét®) vé phép dinh nghia phép cong 2 diém trén E nhu sau.
Dé thda man tinh chit ton tai di€ém don vi theo dinh nghia vé nhém G v6i moi gia tri a € G ton
tai e € GG sao cho

aeec=ceq=a (5.1)

Xét diém P trén dudng cong F, khi d6 can tinh P + oo, dé thiy diém nay chic chin phai nam
trén cung dudng thang song song truc y vi néu khong sé cat E & 2 diém nita cling v6i oo tao
thanh 4 diém va diéu nay la phi ly. Néu da nam trén dudng song song y thi né sé cat F § diém
ddi xting qua truc x, néu coi diém cat nay 12 tng P + oo thi nhu viy sé ton tai P + oo = P’ va
diéu kién (5.1) sé khong dudc théa man. Vi vy sé phai dinh nghia diém tdng khong phii 1a giao

®Khi bat diu nghién ctiu vé& dudng cong Elliptic, ludn c¢6 2 cdu hdi ma ngusi viét khong thé tim thiy trong nhiéu
tai liéu ké ca nhiing cubn kinh dién vé Elliptic:

1. Tai sao phai chon co lam diém trung hoa.

2. Taisao P; + P, = P; ma P; khong nam trén duong thang di qua P;, P, ma phai la diém d6i xiing cta giao
diém qua tryc z.

Trong chuyén dé nay ca 2 ciu héi déu da dudc ngudi viét Iy giai mot cach 16 rang va day da.
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truc tiép v6i £ ma phai 14y 1a diém dbi xing dé€ dbi xiing ctia diém dbi xiing sé quay lai chinh P
vataco P+ oo = P.

(3.Diém nghich ddo) Ciing tif nhan xét rang ludn ton tai 2 diém P, P’ ndm trén cung dudng thing
song song vdi truc y va sé cat dudng cong £ & diém oo, coi 2 diém nay 1a nghich dao ciia nhau
va s€ ludn co: P + P’ = oc.

(4. Tinh chdt két hop) Chiing minh (P, + P5) + Py = P + (P, + P3) khéc han véi 3 diéu kién
khdc vé nhém, va né dic biét phiic tap. C6 2 cach chiing minh diéu nay 1a dung phuong phéap
hinh hoc hoic dai s6. C6 thé tham khéo chiing minh bf?lng hinh hoc qua céc tai liéu [3], [17] va
[4], tuy nhién chiing minh bang phuong phap hinh hoc tuong dbi khé hiéu véi mot s6 dinh ly
trong khong gian xa anh. Dudi day 1a mot s6 diém dugc sit dung dé chiing minh bang phuong
phdp dai s6. Trudc tién tinh cac diém tdng sau:

P =P + P
P3y = P3+ Py
Pz = (Pi+ )+ P3= P+ Ps
Py = (Ps+ P)+ P =P+ P

Tt céc cong thiic tinh gid tri toa do (z,y) ctia diém téng, c¢6 thé dé dang bién ddi tinh diém:

Az = (92 = 1) (5.2)
(zg — 1)
Ny = 2= 85) (5.3)
(zo — x3)
2 (3/2 - 91)2
X1 = )\12 Ty — Ty = m —T1 — T2 (5.4)
Y12 = M2 — x12) — 41 = —)\i’g + (221 + 22) A2 — W1 (5.5)
(2 —11)® | (221 4 22)(y2 — 1)
- ran -
(952 - 351) To — T
2 (y2 — 3/3)2
I32:/\32—$3—$2:m—$3—1’2 (5.6)
Y2 = A3a(T3 — T32) — Yz = — A3y + (223 + T2) A32 — U3 (5.7)
(e —ws)® | 2wz +22) (2 — s)
- 3 + — Y3
(902 - I3) To — T3
Mg = L2209 (5.8)
(3312 - $3)
Ay = Yz =8 (5.9)
($32 - 961)

Cudi cuing céch tinh toa dd clia cic diém P93, Ps; theo toa d6 3 diém Py (z1, 1), Po(w2, y2), Ps(x3,y3)
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dudgc biéu dién dudi cic dang cong thiic tir (5.10) dén (5.13).

(_ (y2 —y1)° N (221 +22) (g2 — 1) . y3)2

_ 3 _ _ 2
T1o3 = (zg — x1) v L2 — 1 _ o ((yz ?/1))2 T+ 2y — 7
(Y2 — 01 S T2 — I
—(xg o) 1 2 3
(5.10)
(va —w1)® | oy +29)(y2 — 1) ’
( (LCQ — 111)3 + To — Iq h Y
Y123 = ( )2 3 (5.11)
2(yy — y1)? — )3 2 _
< (42 3/1)2 oy — 9y +x3> (_ (y2 y1)3 n (221 + 22)(y2 —9n) " —yg)
+ (zg — 21) (w2 — x1) To — X3
(y2 — y1)2
(3;2 — (L‘1>2 I T T3
—y)® 2zt —
+ (y2 y1)3 _ (224 2) (Y2 — y1) Fu
(22 — 1) Ty — T
( (2 —y3)® (x5 + 22)(y2 — y3) )2
— =+ —ys— )
Loy = (zg — x3) T2 — I3 _ _ (v2 — y3) ¥ T3 + Ty — 14
omw (22 — 32
—(xg T ) 3 2 1
(5.12)
(y2 —ys3)* | (2w3+ 22)(y2 — y3) ’
( (x2 _ .7:3)3 + Ty — T3 Y3 Y1
Ys21 = ( )2 3 (5.13)
Y2 — Y3
((f@ — x3)? BT xl)
2(ys — y3)? —a)3 2 _
< (32 3/3)2 2y — 2y +x1> (_ (y2 y3)3 . (223 + 22)(y2 — y3) gy — yl)
+ (55'2 — 953) (1'2 — 953) Ty — X3
AT
L6 Bk ) S
(w2 — x3)
n (2 —y3)®  (2w5 4+ 22)(y2 — y3) + s

(x2 — x3)? Ty — T3
Can phai chiing minh rang P93 = Piso; diéu nay c6 nghia can phai chiing minh:

dr = T123 — T321 — 0 (514)
dy = Y123 — ys21 =0 (5.15)
Trién khai vé trdi clia (5.14), sé dugc mot phan s6 ma ti s6 va mau s bao g6m tdng.cér‘lg 1446
thanh phan, tuong ty vé trdi ctia (5.15) ¢ tit ca 10081 thanh phan c6 dang nyz} 222yl v32ys’,
trong d6 s6 mil 4y, 45, i3, 1, jo, j3 Nam trong khoang [0..12] va n;, 12 hé s ctia thanh phan biéu
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thiic trén. C6 thé kiém tra tinh diing din ctia (5.14) va (5.15) bang phan mém Maple véi cic rang
budc sau:

v =% + Az, + B (5.16)
ys =3+ Az + B (5.17)
ys =15 + Azs + B (5.18)

O

Céc (ng dung vé mat ma ciia dudng cong Elliptic da s chi sit dung cdc dudng cong trén trudng
httu han.
Xét F, 1a mot trudng hitu han (hitu han s6 phén ti s6 nguyén duong):

F,={0,1,2...,q—1}

¢ 12 mot sb nguyén td hodic c6 dang ¢ = p™ véi p 12 mot s6 nguyén td va m 1a mot sé nguyén
duong. Khi nay p dugc goi la dic sb char(q) = p va m 1a bac mé rong cia F,.

Trong thuc té va dic biét trong céc thiét bi phan ciing [ 18], ngudi ta thudng st dung trudng hitu
han Fym. Khi d6 phép cdng trong truong nay don gian chi la phép toan XOR (Exclusive OR).
Nhiéu tai liéu cho thiy 1am viéc v6i Fom hidu qua hon 40% so véi lam viéc véi trudng F,. Nhom
thuc hién Dé tai cAp Nha nuéc KC01.18 do ngudi viét lam hii nhiém dé tai da cai dit toan bo cic
phép toan vé dudng cong Elliptic trén trudng Fym cho Chip Spartan 6 ctia Xilinx cho bai todn
x4c thuc va trao d6i khéa phién trong thiét bi VPN IPSec.

Trudng Fym thudng dugc biéu dién dudi dang t6 hop tuyén tinh cla cic vector gdm m phan ti
{ag,aq, ..., Q-1 }, moi phin tif o € Fym déu c6 thé dudc bién dién dudi dang:

o = aptg + apg + ... + Qp—10m—1, a; € {0, 1}

C6 nhiéu phuong phap dé xay dung co s6 ctia Fom: da thic co s6 va co sé chudn tac. Cac thuat
todn dé€ thuc hién cac phép toan trén EC c6 thé tim thiy trong [19].

Xétdathic f(z) = 2™ + fro12™ P +.. .+ fox? + iz + fo (VO fi €Fe,i=0,...,m—1)
12 mot da thiic bat kha quy bac m trén trudng [Fy, nghia 1a khong thé phan tich f(z) thanh cic da
thiic thita s6 khdc ¢6 bac nhé hon m. f(x) goi 1a da thic rdt gon. Truong hitu han Fon sé 1a tap
tat ca cac da thic trén F, c6 bac nhd hon hoic bang m.

F2m = {a,m_l.%’m_l + ...+ a2x2 +ax+ag:a; € {07 1}}

Céc phan tl (a,,_ 2™ + ... + a2 + a17 + ag) thudng dugc biéu dién dudi dang chudi bit
(Qm—1 ... aag) c6 dO daila m.
Céc phép toan trong truong Fom:

e Phép cong:
(Cm—l ce Clco) = (am_1 ce Clla,()) + (bm—l . blbo), ¢ =a; D bz
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e Phép nhan:
(Tm,1 ce 7“1')"0) = (Clm,1 .. Gla,()).(bm,l Ce blbO)
Trong d6 (1 12™ + ...+ 1z +710) = (@ z2™ 4+ ..+ ayx +ag) X (bp12™ 1 +
oo+ bz 4+ by) mod f(x).

Pa thiic rit gon f(z) thudng cé dang sau:

e Trinomial basis (TPB):
fly=am+28+1, 1<k<m—1.

e Pentanomial basis (PPB):
fla)y=am+ak +abr +ah 41, 1<k <hy <ks<m-— 1.

Fom st dung co sd ¢6 dang {53, B%, ..., B¥" 'Y v6i B € Fym, khi d6 mbi phin ti @ € Fom déu cé
dang a = > " a;%, a; € {0,1} va ciing dugc biéu dién dudi dang chudi bit (aga; . . . ay, 1)
c6 do dai 1a m. Véi co s6 nay phép binh phuong sé thuc hién rit don gian chi bang cach quay bit.
Cac phép toan trong truong Fom:

e Phép cOng:
(0001 Ce Cm,1> = ((ZQCLl R CLm71> + (bobl ce bmfl), C;, = (CL@' + bz) mod 2.

e Phép binh phuong:

e Phép nhan:
Xétp=Tm + 1 vau € F, 1a phan td bac T, dinh nghia chudi F(1), F(2),...,F(p—1)
ta s€ co:

F(24/ modp)=i, 0<i<m-1,0<j<T—1
(coc1 ... Cm—1) = (apay ...am—1).(boby . .. bm—1)
EZj ap (1) +10F@p—k)+1,  néu T chdn.
a=430 (@hti—1bm 24 k1—1 + Qmj24kri—1brri-1)
+ 30 apgn park 4, néu T I8,

E la dudng cong Elliptic trén trudng F, bdi vi cap (z,y) v6i z,y € F, la hitu han do d6 nhém
E(Fq) cling sé 1a nhém hitu han. Céc gia tri z,y 1a cdc sb nguyén, dé dang nhan thiy khong
phai v6i moi gid tri x déu tim dudc gid tri nguyén y bdi vi khong phai bao gid /Y cling la mot
s6 nguyén ducng. Cau hoi dit ra 1a sd diém cua clia dudng cong Elliptic trén trudng F, 1a bao
nhiéu? Xac dinh s6 diém trén dudng cong £ nhiam xic dinh khong gian khéa ctia hé mat.

Sau day 12 phan trinh bay vé viéc tinh tdng s6 diém ctia dudng cong Elliptic trén trudng hitu han
F,.
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2 4A N N N mi1 a2 N1 Ni2 fr . % N
Bodé 1. MvaN la hai ma trdn 2 x 2. M = N = , VOi cdc sO nguyén
ma1 Mg Na1  MN22

a,bta co:
det(aM + bN) = a® det(M) + b* det(N) + ab(det(M + N) — det(M) — det(N))  (6.1)
Chitng minh. Theo dinh nghia vé dinh thic ta c6:

det(M) = myymaeg — marmaa,  det(N) = nyingg — nainis

amqy +bnyy amqs + bn12>

det(aM + bN) = det <am21 by iy - biisy

= (amq1 + bnll)(amaog + bnge) — (@may + bnagy)(amas + bngs)

= a®*(mi1mas — Mma1miz) + b*(n11n2e — nornaa)+

+ ab(mi1nag + n11May — Mo Ni2 — N21M12)

= a®det(M) + b*det(N) + ab(miingg + ni1mas — Marnia — Ng1M12)
(6.2)

Khi a = b = 1 ap dung cdng thuc § trén ta co:
det(M + N) = det(M) + det(N) + (m11n22 + T11Mo2 — Mo1M12 — n21m12) (63)

Nhan ca 2 vé (6.3) v6i ab sau d6 trit vao (6.2) sé dudc két qua (6.1) 1a diéu can phai ching
minh. ]

Dinh nghia 6.1. Diém n-xodn (Torsion): Cho duong cong Elliptic E duogc dinh nghia trén truong
K, cho n la sé nguyén duong, tdp cdc diém Torsion E[n] la tdp cdc diém trén duong cong co
tinh chdt nhu sau:

En)={PeEK)|nP =} (6.4)
K 13 déng dai s6 ctia K.

Dinh nghia 6.2. Divisor: Cho duong cong Elliptic E dugc dinh nghia trén truong K, voi moi
diém P € E(K) dinh nghia mot ky hiéu hinh thiic (formal symbol) [P), khi do divisor D sé la:

D= alP)], €L
J
f la mot ham trén E ma khdc 0, khi do divisor cua f séla:

div(f)= Y ordp(f)[P] € Div(E)

PEE(K)

f=upg, viir € Zva g(P) # 0,00, u(P) = 0, dinh nghia bdc cua f tai P la:
ordp(f) =r.

Dinh nghia 6.3. Cdp Weil: la mot dnh xa tix 2 diém trong nhom cdc diém Torsion thanh gid tri
bdc thit n cua don vi:

en: En] X En] = pin,  pin={rv € K |2" =1}
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B& dé 2. V6i moi tw dong cdu bdt khd tdch o trén E, va véi moi S, Sy, So, T, Th, Ty € E[n] ta
co:

Ching minh c6 th€ xem trong [3].
Gia thiét {1}, T»} 1a co s6 ctia E[n], mdi phan tii trong E[n] déu c6 thé biéu dién dudi dang t&
hop tuyén tinh m, T} + moTh. o 1a mot tu dong chu trong E[n], n 1a mot sé nguyén khong chia
hét béi char(K). Ton tai cic sb a, b, ¢, d € Z sao cho:

Oé(T1> = CLT1 + CTQ, Oé(TQ) = bT1 + dT2

Do d6 méi tu dong ciu o déu c6 thé dugc biéu dién bdi ma tran 2 x 2:
o — (@ b
" \e d

B6 dé 3. ala mot tu dong cdu trong E[n], n la mét s6 nguyén khong chia hét bdi char(K) khi
do det(a,) = deg(a) mod n.

Chiing minh. Dit ¢ = e,(Ty,T3), theo b8 dé 2 ta cé:

¢deel® — ¢, (a(T), a(Ty)) = en(aTy + Ty, bTy + dT5)

= €p (T17 Tl)aben <T17 T2)aden (TZ» Tl)Cben (T27 T2>Cd
Cad—bc _ Cdet(an)

]

Néu o, 812 2 ty dong ciu trén E, va a, b 1a cac sd nguyén thi tu dong ciu aa + b3 dudgc dinh
nghia nhu sau:
(ace + bB)(P) = aa(P) + bB(P)

Bo dé 4. deg(aa + bB) = a2 deg a + b2 deg § + ab(deg(a + ) — dega — deg 3)

Chiing minh. Biéu dién cac ty dong ciu «, 3 bang cac ma trin ay,, £, (Vi mdt sd co sd trong
E[n]), theo d6 ac + bf3 sé& dudc biéu dién biang acv, + bB3,. Ap dung cong thiic (6.1) ta co:

det(acy, + bB,) = a*det(a,) + b* det(B,) + ab(det(a, + B,) — det(a,,) — det(B,))
Theo bd dé 3 chiing ta sé& c6:

deg(aa + bfB) = a® deg(a) + b” deg(B) + ab(deg(r + §) — deg(ar) — deg(B))
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Dinh Iy 6.4. (Hasse) Néu E la duong cong Elliptic trén truong F,, va # E(Fq) la téng sé diém
trén duong cong do thi:

g+1-2/g < #E[Fq) < q+1+24. (6.5)

Chiing minh. Trudc tién xét anh xa Probenius dugdc dinh nghia nhu sau:

C6 thé viét mot cach khéc:
Pg(z,y) = (2%,y7),  Pg(00) = o0

Khi thay cic gia tri 7,y vao phuong trinh (2.1) dé thdy (x, y) ciing ndm trén dudng cong E.
Anh xa ¢, 12 mot ty ddng ciu va c6 thé biéu dién bing ham da thic hitu ty c6 bac 1a ¢. Pao ham
clia 27 1a gz9~! s& bang 0 bdi vi ¢ = 0 trong trudng F,. Do dao ham béng 0 nén ¢, 1a kha tach
(separable).

B,("ji vi ¢, 12 ty ddng chu trong F do d6 gbg = bq o’gzﬁq cling 1a tu dong cu va ¢y cung la tu dong
chu trong E. Phép nhan v6i —1 cling 1a tu dong chu do d6 tong oy —1la dong ciu trong E.

¢, 12 kha tach (separable) nhung ¢, — 1 s& 1a bt kha tach do d6 béc clia n6 sé bang s phan td
clia hach ¢, — 1 c6 nghia 1a s6 di€m trén dudng cong E sé la:

#E(F,) = deg(¢, — 1)
Véi céac s6 nguyén 7, s, ap dung bd dé 4 ta c6:
deg(ro, — s) = r* deg(d,) + s> deg(—1) + rs(deg(¢p, — 1) — deg(¢,) — deg(—1))
Bdi vi deg(—1) = 1 va deg(¢,) = ¢ nén:
deg(rg, — s) = r’q + s* + rs(deg(¢p, — 1) — g — 1))

bit a = —(deg(¢p, — 1) —q¢—1) = ¢+ 1 — #E(F,), béi vi deg(r¢, — s) > 0 suy ra
r2q + s + rsa > 0 hay véi moi r, s ta co:

o(5) -a(5) +1z0

Do d6 A = a? — 4¢ < 0 hay 1a |a| < 2,/g ciling c6 nghia la |¢ + 1 — #F(F,)| < 2,/g vadé 1a
diéu phai chiing minh. O

Tham khdo thém vé céch tinh sé diém trén dudng cong F c6 thé xem trong [20].
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pp. 157-175, 2014.

41

https://tieulun.hopto.org



Tap chi Epsilon, S6 09, 06/2016

[2] J. H. Silverman and J. T. Tate, Rational Points on Elliptic Curves - Second Edition.
Springer, 2015.

[3] L. C. Washington, Elliptic Curves Number Theory and Cryptography, Second Edition.
CRC Press, 2008.

[4] J. W.S. Cassels, Lectures on Elliptic Curves. University of Cambridge, 1991.
[5] S. Lang, Elliptic Curves Diophantine Analysis. Springer, 1978.

[6] C.Kenig, A. Ranicki, and M. Rockner, Elliptic Curves A Computational Approach. Walter
de Gruyter GmbH & Co., 2003.

[7] H. Cohen and G. Frey, Handbook of Elliptic and Hyperelliptic Curve Cryptography.
Chapman Hall/CRC, 2006.

[8] J. H. Silverman, The Arithmetic of Elliptic Curves. Springer, 2009.

[9] L. Berger, G. Bockle, L. D. M. Dimitrov, T. Dokchitser, and J. Voight, Elliptic curves,
Hilbert modular forms and Galois deformations. Birkhauser, 2013.

[10] I. F. Blake, G. Seroussi, and N. P. Smart, Advances in Elliptic Curve Cryptography.
Cambridge University Press, 2005.

[11] L. Connell, Elliptic Curve Handbook. McGill University, 1999.
[12] T. H. Otway, Elliptic Hyperbolic Partial Differential Equations. Springer, 2015.

[13] Dang Minh Tuan, “Che tao thiet bi VPN IPSec bang phan cung dau tien o Vietnam,” Tap
chi CNTT & TT, no. 2, pp. 4145, 2014.

[14] H. Lenstra., “Factoring Integers with Elliptic Curves,” The Annals of Matematics, vol. 126,
no. 3, pp. 649-673, 1987.

[15] V. S. Miller, “Use of elliptic curves in cryptography,” CRYPTO ’85, pp. 417-428, 1985.
[16] N. Koblitz, “Elliptic curve cryptosystem,” Math.Comp, vol. 48, no. 16, pp. 203-209, 1987.

[17] A. Enge, Elliptic Curves and Their Applications to Cryptography. Kluwer Academic
Publishers, 2001.

[18] D. Hankerson, J. L. Hernandez, and A. Menezes, “Software Implementation of Elliptic
Curve Cryptography over Binary Fields,” CHES2000, vol. 1965, pp. 243-267, 2000.

[19] D. Hankerson, A. Menezes, and S. Vanstone, Guide to Elliptic Curve Cryptography.
Springer-Verlag, 2004.

[20] R. Schoof, “Elliptic Curves Over Finite Fields and the Computation of Square Roots,”
Matematics of Computation, pp. 483—495, 1985.

[21] I. Blake, G. Seroussi, and N. Smart, Elliptic Curves in Cryptography. Cambridge Univer-
sity Press, 1999.

[22] H. Cohen, A Course in Computational Algebraic Number Theory. Springer-Verlag, 1993.

42

https://tieulun.hopto.org



Tap chi Epsilon, S6 09, 06/2016

[23] J. M. Pollard, “Monte Carlo Methods for Index Computations (mod p),” Mathematics of
Computation, vol. 32, no. 143, pp. 918-924, 1978.

[24] S. C. Pohlig and M. E. Hellman, “An Improved Algorithm for Computing Logarithms over
GF(p) and its Cryptographic Significance,” IEEE Transactions on Information Theory,
vol. 24, pp. 106-110, 1978.

[25] A.J. Menezes, T. Okamoto, and S. A. Vanstone, ‘“Reducing elliptic curve logarithms to
logarithms in a finite field,” IEEE Trans. Inform. Theory, vol. 39, no. 5, pp. 1639-1646,
1993.

[26] C. Research, Standards For Efficient Cryptography, SEC 1: Elliptic Curve Cryptography.
Certicom Corp, 2000.

[27] L. Gao, S. Shrivastava, and G. E. Sobelman, “Elliptic Curve Scalar Multiplier Design Using
FPGAs,” CHES 99, vol. 1717, pp. 257-268, 1999.

[28] L. Laurie, M. Alfred, Q. Minghua, S. Jerry, and V. Scott, “An Efficient Protocol for
Authenticated Key Agreement,” Designs Codes and Cryptography, vol. 28, no. 2, 1998.

[29] D. Johnson, A. Menezes, and S. Vanstone, “The Elliptic Curve Digital Signature Algorithm
(ECDSA),” 2001.

[30] T. E. Gamal, “A Public Key Cryptosystem and a Signature Scheme Based on Discrete
Logarithms,” CRYPTO ’84, vol. 196, pp. 10-18, 1985.

[31] NIST, Digital Signature Standard (DSS) FIPS 186-4. National Institute of Standards and
Technology, 2013.

[32] J. Massey and J. Omura, “Method and apparatus for maintaining the privacy of digital
messages conveyed by public transmission,” Jan. 28 1986, US Patent 4,567,600. [Online].
Available: https://www.google.com/patents/US4567600

43

https://tieulun.hopto.org


https://www.google.com/patents/US4567600

Tap chi Epsilon, S6 09, 06/2016

44

https://tieulun.hopto.org



psilon

Tap chi online ctia cong dong
nhitng nguoi yéu toan

NGHICH LY TRAI GAI

Dang Nguyén Duc Tién
(Dat hoc Trento, ltalia)

LOI GIOI THIEU

Tiép ndi cac chuyén muc Toan hoc Gidi tri & nhiing s6 Epsilon trudc, sb nay
chiing t6i gi6i thiéu véi doc gia mot nghich ly nédi tiéng trong x4c suat: Nghich ly
trai gai.

Bai toan ndy, lai mot 1an nita nhu rat nhiéu bai todn d khéc trong chuyén muc
Toén hoc Giéi tri, xuat phét tit cAy dai thu Martin Gardner' véi tén goi 12 bai toan hai
ngudi con (Two Children Problem) dang & td Scientific American vao nam 1954:
"Mot nguoi co hai con, biét rang co it nhdt mot con trai, héi khd ndng cd hai déu la
con trai la bao nhiéu?"

Chiing ta hdy bat dau vdi viéc phan tich thit 18i gidi cho bai toan vé hai ngudi con ctia Martin. D&
don gian, hdy cung thdng nhit v6i gia thiét 12 gidi tinh clia mdi ngudi con 1a ddc 1ap (nghia 1a
gidi tinh ngudi em khong phu thudc vao gidi tinh clia anh hodc chi ngudi d6) va kha ning moi
ngudi con 1a nam hay nit 12 bang nhau.

Truc quan va dé thiy, vi it nhat mot ngudi 1a trai, nén ngudi con lai sé hoic trai hodc gdi vdi kha
ning bing nhau (theo gia thiét). Kha ning ca 2 déu 1a con trai do vay 1a 1/2.

Vay dau c6 gi 1a mau thuin hay nghich ly! Nhung dirng lai mot chuit, ching ta hay thi phan tich
céac kha niing c6 thé c6 clia 2 ngudi con khi chua biét gidi tinh ctia ho. C6 thé c¢6 4 trudng hop &
day theo thii tu ngudi con thi 1 va ngudi con thu 2 1a: nam - nam, nam - ndi, nif - nam va nt - nd,
kha niing xdy ra nhu nhau. Va vi ta biét it nhit mot trong 2 ngudi 12 nam, nén trudng hop cudi nit
- nit bi loai ra, chi con c6 3 trudng hop dau va trong sd nay chi ¢ trudng hop nam - nam 12 ting
v6i yéu cau ctia cAu hdi. Vi viy, kha ning ca 2 déu 1a con trai 1a 1/3. Nghich 1y vi Iy luan & trén
chi ra kha nang la 1/2!

Nghich ly nay thu hiit dudc rit nhidu ngudi, dic biét 1a c6 thdi diém ngudi ta da chia ra lam hai
“trudng phai" d6i 1ap han nhau I3 trudng phai “nhi phan" va trudng phdi "tam phan", dng véi 2 ly
luin nhu da giai thich & trén. Va sau hon 60 nim tif khi ra ddi cho dén nay, su mau thuin giita hai
trudng phdi, hay c6 thé nhin nhan nhu mau thuin giita tryc quan va ly luan dbi v6i bai todn nay
van con xay ra vdi rat nhidu ngudi va cau tra 16i dau 1a dap an diing that sy khong phai 1a don
gian, vi thoat nhin, ai cling ... c6 ly.

Tru6c khi di vao phan tich dau la trudng phai "chién thang" & nghich 1y trai gai, ching toi gidi

thiéu tiép véi doc gia mot phién ban la clia bai toan nay, dé xuat béi Gary Foshee vao nim 2010.
Bai toan nhu sau:

'Ban doc c6 thé xem lai & Epsilon sb 3 vé cudc doi clia nha toan hoc huyén thoai nay.

45

https://tieulun.hopto.org



Tap chi Epsilon, S6 09, 06/2016

"Mt gia dinh 6 hai con, néu nhu biét rang it nhdt mét cé mét dita la con trai va sinh vao ngay
thit ba thi khd ndng dé’cd hai déu la con trai la bao nhiéu?"

Han nhiéu ban doc sé héi: "Thém vao ngay thi ba thi lién quan gi?" Va ciu tra 16i han sé lam
ngac nhién cho ban vi xdc sut d€ ca hai déu 12 con trai khong phai 1/2 hay 1/3 ma 1a 13/27.

Trudc tién, chiing t6i hé théng lai hai bai toan nhu sau:

Mot gia dinh c6 hai ngudi con, hdi kha ning ca 2 déu la con trai 1a bao nhiéu, biét ring:
1. X4c suit cia nam va nif 12 bing nhau va bang 1/2.

2. Giéi tinh cua hai ngudi khong phu thudc vao nhau.

3. Cho biét truéc mot diéu kién K.

Va tdng hop lai céc trudng hop khic nhau vao bang sau:

’ Truong hgp \ biéu kién K

THI1 Khong c6 dieu kién

TH2 Ngudi con dau la con trai

TH3 It nhit mot trong hai 12 con trai

TH4 It nhit mot trong hai 12 con trai va sinh vao ngay thi ba

Bay gi0, chiing ta hay cung xét trudng hdp don gian trudc TH1, khong gian miu & day la
Q= {TT,TG,GT,GG} v6i T 1a trai va G 1a géi. Va do viy, dé thiy xac sut T'T 1a 1/4. Véi
TH2, Q = {T'T, TG} ting v6i ngudi dau la con trai, va do vy, xdc suat 77" xdy ra la 1/2. Véi
TH3, Q= {TT,TG,GT}, nén TT xdy ra véi xac suat 1/3, chinh 1a bai toan & dau dé ctia chiing
ta. V6i TH4, 16i giai kho hon vi thong tin ngay thit 3 duong nhu khong lién quan.

Trudc tién, gia st mdi ngudi con déu thudc va mot trong hai nhém nao d6, ma tan suét ctia nhém
P 1a p va tan suét ctia nhém Q 1a g, v6i p + ¢ = n v6i n 1a tdng kha ning c6 thé c6. Vi du & TH4,
hai nhom do la P = "sinh vao ngay thi ba" va () = "khdng sinh vao ngay thd ba" co p = 1 va
q = 6. Nhu vay, khong gian mau €2 c6 16 trudng hop ting véi tin suét x4y ra nhu sau:

Hang/Cot | Cl1 2 C3 C4
H1 ToTp | Ty | TrGp | TrGo
[p?] [pq] [p?] [pq]

H2 ToTp | Tolg | ToGr | ToGo
[pq] [p?] [pq] [¢°]

H3 Grlp | GpTy | GpGp | GpGo
[p?] [pq] [p?] [pq]

H4 GoTr | GoTy | GoGr | GoGa
[pq] 4] [pq] [¢°]

Qua bang trén, ta thiy tdng tit ca cac kha ning xdy ra la n* va iing v6i mdi "khdi" 2 x 2, s6 kha
ning xdy ra 1a n2. Vi bai toan ctia Martin (TH3), ta thiy dap 4n chinh 12 t6ng s6 kha ning ctia
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khéi 2 x 2 & trén trai (1a khdi toan T') chia cho toan bo kha ning ciia bang, sau khi da loai bé
khéi 2 x 2 & goc dudi phai (tdc 1a khdi toan G) nén xdc suit xdy rala 5 = 1.

Quay lai bai toan ngay thid ba, véi rang budc kha nang P = "sinh vao ngay thid ba" phai xay ra,
khong gian mau € cla bai toan sé 12 toan bd cac 6 6 hang H1 va cot C1 cuiia bang, nghia 1a toan
b0 céac 6 co chiia T),. Va yéu cau ctia bai toan chinh 1a cac 6 (H1, C1), (H1, C2) va (H2, C1). Xac
suit (chiing ti tam ky hiéu 12 p), do vay sé la:

. p* +pa+pq _PP+2pq _ p+2¢ _2n—p 2-7
PP +pg+p*+pg+pg+p*+pg 3p +4pg 3p+4q dn—-p 4-1F

Khi p/n tién dan t6i 0, p s& bang 1/2 va khi p/n tién dan dén 1, p s& bang 1/3. Véi bai todn ngay

thii ba (TH4), p = 1 van = 7, ta c6 x4c sult bang p = Zjﬂ = 13/27. Va nhu vay, yéu td "ngay

tht ba", that su c6 anh hudng dén két qua cubi cling!

Chiing ta hdy thit cling xét diéu kién sau: "c6 it nhit mot ngudi 1a con trai va sinh vao ngay 13
thang 6 va roi vao thu ba, xac suét dé€ ca hai déu la con trai 1a bao nhiéu?" Bd qua nam nhuén,

chingtacéd p = % ~ 0.49995.

Nhu viy, ching ta da ciing nhau gidi quyét va c6 két qua clia cau héi: "Mot gia dinh c¢6 hai ngudi
con, biét ring c6 it nhit mot ngudi 1a con trai, hoi kha ning ci 2 ngudi déu la con trai 1a bao
nhiéu" v6i dap sd1a 1/3. Tuy nhién, khi bai todn vira ra ddi, van c6 nhiéu tranh cai, va ching ta
hiy thtt ciing nhau khdo sat cac phién ban khic nhau clia bai todn véi cling cau hoi "xdc suit dé
ca hai déu 12 con trai 12 bao nhiéu":

"Trong tit ca cac gia dinh c6 hai con, ma trong d6 it nhAt mot ngudi 1a con trai, mot gia dinh
dudc chon ngiu nhién dé€ héi." Pép an trong cau héi nay 1a 1/3, ciing chinh 1a cau héi gbc clia
Martin.

"Trong tt c4 cic gia dinh c6 hai con, mot ngudi con trong s6 d6 dudc chon ngiu nhién, va ngudi
do 1a con trai." Pap an luc nay lai la 1/2.

N6i cach khdc, ngoai van dé 1a mot két qua khac véi truc quan thi cach phat biéu bai toan ciing
rit dé din dén nhiing bbi rbi gay tranh cii.

Quay lai bai todn ngay thi ba, véi yéu cau "c6 it nhat mot ngudi 12 con trai va sinh vao thi ba"
thi kh4 ning c4 2 déu 1a con trai 1a 13/27. Tuy nhién, ciu hoi gbc ctia Foshee lai 1a: "Trong toan
bd cac gia dinh c6 hai con ma it nhat c6 mot ngudi 1a con trai va sinh vao ngay thi ba, hiy cho
biét ti 1 cac gia dinh ma ca hai ngudi con déu 1a con trai." Va ddp an trong ciu hdi nay, theo
chinh tac gia, 1a 1/2.

Chuyén muc ky nay ngin hon cic ky trude do theo chii y clia ngudi viét, von di cac nghich 1y da
gay rit nhiéu bdi rdi cho ngudi doc, nén néu ding qua nhiéu bai toan sé khién ngudi doc cang
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kho tiép can hon, mat di ban chit clia todn hoc giai tri. PE c6 dudc bai viét nay, ching toi tong
hop va st dung cac ngudn tham khao chinh sau:

1. Wikipedia, Boy or Girl Paradox.

2. Gardner, Martin, 1954: The Second Scientific American Book of Mathematical Puzzles and
Diversions. Simon & Schuster.

3. Peter Lynch, The Two-Child Paradox: Dichotomy and Ambiguity, Irish Math. Soc. Bulletin 67
(2011), pp. 67-73.

Chuing t6i két thiic chuyén muc tai day va hen gip lai cdc ban trong sb tdi.
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PHEP BIEN DOI FOURIER
CO Y NGHIA VAT LY GI?
Job Bouwman

(Tran Nam Diing dich)

Hiy tudng tuong ban gd mot phim dan duong cam, khi d6 diy dan sé rung 1én va
tao ra mdt séng am c6 dang hinh sin nhu ta van biét trong lugng gidc. Bay gio tudng
tugng ba phim dudc nhin cling moét Iiic, 1an séng Am nay sé khong con 1a hinh sin
nita, ma 12 mot céi gi d6 hon don va phiic tap hon. Nhung 4n trong lan séng am
thanh 16n x6n nay chi 12 mot md hinh don gidn: Sau tit c, hop 4m tao ra nay chi 1a
ba phim ddnh ciing liic, va vi vy séng Am thanh 1dn x0n chi 1a két qué cta su tng
hop ctia ba ndt (hay ba séng sin). Va d6 chinh 1a mot vi du ctia bién ddi Fourier.

Trong sb nay, Epsilon tiép tuc gidi thiéu véi doc gid phan binh luan tir bai viét ciia
tac gid clia tic gid Job Bouwman da dugc ding & Epsilon s& 7: Phép bién ddi Fourier
cO y nghia vat ly g1?

Thuc su t6i st dung phép bién ddi Fourier ... rt nhiéu.

D6 12 mdt cong cu toan hoc dé phan tich tin hidu, né khong cé mot su tuong tu chinh xdc vé mit
vit Iy IMHO). Nhung phai néi rang: Su tuong tu tot nhat ma tdi c6 thé nghi ra 1a n6 cho ta biét
gid tri tan sb trung binh cia mdt mau thi ctia, chang han nhu, mot ban ghi 4m. Nhu vdy néu nhu
d6 12 ban ghi 4m ctia mdt ban nhac, néi chung né sé cho chiing ta biét ning lugng Am thanh trung
binh (va pha) ctia mdi nét nhac trong toan bai. Nhung diéu d6 ciing khong diing han bsi vi mbi
ndt nhac c6 su hoa Am va phép bién ddi Fourier khong thé phan biét dudc su hoa 4m gitta ndt La
va ndt La trong mdt quang tdm cao hon.

Ngoai ra, nhu tdi da néi, phép bién ddi Fourier cho ban biét pha trung binh ctia mdi tan s6 ma
diéu nay thong thudng lai khong c6 mot minh hoa vat 1y nao ci (mic dau ban c6 thé nghe dudc
nhitng bién d6i pha dong). Té hon nita 13, mot ndt nhac cang gd manh (tin cong sic bén hon va
roi xudng), phd tan sd clia né cang md. Nhu vdy c6 nhitng tan sb trong phép bién d6i ¢ ning
luong ddng ké nhung lai khong tuong ting véi mot ndt nhac nao ca. Do tat ci nhitng ly do do, su
tuong tu hau nhu 12 mot sai 1am (thém vao sau do).

Téi thich cau tra 18i ctia Lionel Chiron. Ong ta dua ra nhiing vi du dich thuc vé nhiing di liéu
quan sit cu thé tuong dng vdi phép bién ddi Fourier ctia mot cdi gi d6 cu thé. Ngoai ra cau tra 15i
clia 6ng ta 1am t6i nhé rang mot biic anh toan ky 3 chiéu (thd ma bat cii ai dam mé khoa hoc déu
biét va yéu thich) 12 mot sy tuong tu & mic do cao ctia phép bién ddi 2 chiéu clia cAnh ma né xay
dung lai.
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Mot phép bién d6i Fourier (FT) mot minh né khong cé nghia gi ca. D6 1a mot ham sb. Dau ra
ctia phép bién d6i Fourier cho ta bién ctia tin hiéu trén mién tan sd. C6 khi 1am viéc v6i mién
thdi gian tién hon, c6 khi 1am viéc v6i mién tan s tién hon. Chang han nhu, néu c6 ai d6 bao véi
ban rﬁng day 1a mot bo “loc thong thap”, ban c6 thé hiéu rﬁng bd loc nay sé loc bé tat ci nhiing
tan s6 cao sau mdt phép loc tan, mic dau biéu dién trong mién thdi gian (dap ting xung) c6 thé
kha phuc tap.

High Pass Low Pass

3dB

Trong xi ly tin hiéu, tich chdp trong mién thdi gian tuong tng véi phép nhan trong mién tan sb.
Diéu nay gitp ich rit nhiéu khi ban phan tich dap ting tan sd cia mot hé thong. Vay 1a phép bién
ddi Fourier c6 thé xem nhu mot cong cu chuyén d6i qua lai gitta mién thdi gian va mién tan so.

Thém mot y vé “y nghia vat 1y, that thu vi 1 phép bién ddi Fourier (cu thé 13 duéi dang truc

giao) 1a “can bac hai” cla toan tit “ddo chieu” ¢ : f — ®(f) = (z — f(—x)) trong mdt khong
gian Ly nao do, do vay F'o F' = O.

Diéu ndy c6 y nghia gi? Vang, néu ban muén phan tich todn ti “ddo chiéu” mot ham nao d6
thanh hai toén tit gibng nhau, phép bién doi Fourier chinh 1a cdi ban mu6n tim. Dau rang con ¢6
thém mot vai vi du nita ...

Déi vé6i cau tra 15i hién c6: Phép bién ddi Fourier dugc xay dung nhd nhitng tan sb diéu hoa ...
boi nguyén ctia mot vai tn sb co ban. Mot trong nhitng diém tach rdi v6i am nhac 1a & chd cac
ndt nhac tuin theo thang ham mii (hdy nghi vé chiéc dan piano cta ban). Piéu nay khong c6
nghia 12 phé clia moi qua trinh vat Iy déu bi rang budc theo kiéu nhu vay.

Bén canh d6, cac tinh chét toan hoc ctia phép bién d6i Fourier didm bao rang né c6 thé xi ly dit
liéu Am thanh, hinh anh, vét den trén mit trdi, 4n tinh, ... va 1am 16 ra nhiing dic diém vat Iy co
ban.

Phéi ching phép bién ddi Fourier c6 mot nguyén nhan phat sinh cu thé? Vang! Joseph Fourier dia
khdi dau tit c4 khi nghién ctiu vé su truyén nhiét trong khi quyén. O day phan tich tin hiéu & tan
s6 diéu hoa 13 hét siic thoa dang ... (vang cho mo hinh tuyén tinh).

Phép bién d6i Fourier c6 y nghia vat Iy gi khong? Tat nhién 1a c6. Hay xem xét nguyén nhan ban
dau thiic ddy su ra doi ctia n6. N6i rang phép bién ddi Fourier chi don gian 1a mot van dé tritu
tuong ciing gidng nhu néi Navier-Stokes khong c6 ¢ sé nao trong thuc tai.
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Phép bién d6i Fourier (FT) 12 mot md hinh/tritu tuong héa todn hoc phén tich mot tin hiéu thanh
nhitng tin hiéu co ban cling gidng nhu mot ling kinh nhin vao dnh sang trin va tich né ra thanh
nhiing tan s6 4nh sang khac nhau. Khong c6 su tuong tu nao tét hon. Trudc hét, mdi tin hiéu c6
mot thanh phan tan s6 chi khong phai la nhiing dic diém ctia mién thdi gian. Pa s6 nhiing ai
khong phai 12 k¥ su gip khé khin véi khai niém tan sd. Hiéu khdi niém ndy trudc va phép bién
ddi Fourier sé trd nén dé hi€u hon.

N6i tém lai, phép bién ddi Fourier cho phép ban phan tich tin hiéu trong mdt mién xac dinh khac
gitp ta hi€u thiu nhitng thanh phan tin sd co ban tao thanh tin hiéu ma ta nghién ctiu. Néu nhu
ban that st mudn phan tich noi dung ctia mot tin hiéu ban phai xem xét né trong mién tan s6. Do
thi bién do va tan s6 cho ta biét tan sé nao la chi dao. Tir d6 ban c6 thé xac dinh chang han mot
tan s xac dinh chifa nhiu va thiét ké mot bo loc d€ loc nhiéu d6 di. Hodc gid ban mudn lam suy
yéu nhiing tin s6 x4c dinh va khuéch dai nhiing tin s6 con lai. N6 gitip ban tao hinh tin hiéu nhu
mong mudn.

Phép bién ddi Fourier 1a mot phép bién ddi tir mién thdi gian vao mién tan s6. Néu ban ap dung
phép bién ddi Fourier cho mot séng cosine ban sé c6 mot doan thang diing trén dd thi. Moi song
phtic tuan hoan lién tuc c6 thé tao thanh tif tong ctia nhitng chudi hinh sin truc giao. Bién ddi cla
nhiing s6ng gian doan phat sinh 13i goi 1a hién tugng Gibbs. Vai hinh anh hiu ich

x(t) = cos(r)
A
X
EX N LR ] h
} f —>
—3n T 2 3n T
Q
1 1
I(-\_,-m.--\..--\..zx\_,-’\l I."\_,.m.--\..--\..z-\_,f‘.l

|

| |II III |II |
II II II |
WY WY

Ngudn: Steve on Image Processing, Frequency domain
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Phép bién d6i Fourier do su tuong quan ctia mot tin hiéu tuan hoan va mot chudi nhitng ham
diéu hoa hinh sin. Pay 1a cach ma toan hoc 1am theo diing nghia den: tinh sy tuong quan ctia médi
ham diéu hoa d6i véi tin hiéu nhap vio.

Diéu nay cu thé c6 nghia la phép bién ddi Fourier do xem tin hiéu tuan hoan gidéng ham diéu hoa
t6i miic ndo. Pdi v6i nhitng ham diéu hoa chii dao, ban c6 thé nhén ra. Nhung néu nhu c6 nhiéu
ham diéu hoa thi diéu nay sé& khé khiin hon. D6 chinh 12 1y do tai sao ban dung phép bién ddi
Fourier d€ c6 mot biic tranh chinh x4c vé su hién dién cia tit cd cdc ham diéu hoa trong tin hiéu
nhén vao.

Can n6i thém 1a that thad vi khi ngudi chi em ctia phép bién ddi Fourier, phép bién ddi Laplace
thuc hién chinh xdc cach 1am d6 véi nhitng ham mii. N6 tinh tuong quan ctia ham mii dbi véi
nhiing thanh phan ctia hAim dau vao va biéu dién ham nay dudi dang nhitng ham mi. Vi ham mi
c6 dao ham 1a chinh né, diéu nay cho phép ban xi ly dé dang nhiéu phuong trinh vi phan.

Lam viéc trong mot xi nghiép lam giau uranium, t6i thudng xuyén ding phép bién d6i Fourier
dé 14y gia tri dinh lugng trong viéc xi 1y su ¢d nhitng mdy méc dd so st dung dau ra cia gia
toc ké. M&i van dé hién ra nhu mot tan s6 dic biét, shaft alignment, sy rung ctia chong chong
turbine, ... Bing cach 14y tich phan binh phuong ctia phép bién ddi Fourier trong mot viing tan sb
dic biét, toi c6 thé tinh dudc ning ludng ctia mdi van dé cu thé.

Toi cling c6 thé xac dinh dudc chuyén dong r6i lam giam hiéu qua clia c qud trinh. Tat c4 nhiing
thit ban can lam 1a lac nhe mot c4i van diu vao dé thay ddi phan bd dp suét lam cho chuyén dong
r6i bién mét. Mot khi sy rung trong ving rbi bién mat, ban biét ring van dudc bb tri diing.

Mot vin dé nghiém trong x4y ra véi turbine 1a khi 4p suat khong déu chung quanh chu vi ctia né
(thudng goi 12 dot bién thi cip). N6 1am cho chong chéng turbine chét may mdi khi chiing quay,
tao thanh su rung chong chéng c6 thé 1am gy chong chéng. Déi véi nhitng may 16n c6 tdc do
cao, diéu nay c6 thé khién cho toan bd cdi may nd tung diing theo nghia den.

Toi nghi rdng mot vi du trong dé tai ctia tdi, mot phan trong dé 1a xdc dinh do cao cta thiy triéu
c6 thé bd ich cho céc ban.

Thdy triéu xuét hién do Iuc hdp din clia mit troi, mit tring, ...

Vi miit tring quay chung quanh qua dit va qua dat quay chung quanh miit trdi, chiéu cao ciia
thiy triéu c6 dang ham sin / cos

To61 dung mdt phuong phap goi 1a Phan Tich Fourier R6i Rac tao thanh tru6c Phan Tich Fourier
dua trén nhiing diém dit liéu thay vi ham.

V& ciin ban ching ta sé so trung mot 16 nhiing dudng cong sin / cos, nhu 1a phép hoi quy phi
tuyén tinh dbi v6i cac diém dit liéu va bién ddi né thanh tan s6 & du ra (dd thi v& cai ban nhan
dudc sau cung).
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Két qua 13, chang han mdt tan s niia ngay, chiing ta biét rang hiéu tng thiy tridu 1a do su quay
clia trai dat, biét tan s ching ta dé dang tim ra bién do C,,.

Tir d6 ban c6 thé viét thanh mot ham dai chang han nhu C; - sin(---) + Cy - sin(- - - ) V& ham
nay ra gitp ta du dodn thily triéu trong tuong lai.

Tién hanh phép bién d6i ban cin ban 1am khi chuyén tir coi thdi gian sang khong gian tan sb.

Phép bién d6i Fourier két hop hai khdi niém vt ly: Tuan hoan va co sé (d6 1a mot tin hiéu tot ¢
thé phan tich thanh cédc thanh phan doc 1ap va cac thanh phan ndy c6 thé két hop lai tao thanh
nguyén tin hiéu ban dau).

Nhung phép bién d6i Fourier tao ra khai niém tan s6, mot phan trong su hiéu biét ctia ching ta
vé thé gi6i vat 1y, nhu viy c6 thé ciing ding khi néi rang “tim tan sb tuong dng véi tin hiéu chinh
12 y nghia vat ly ctia phép bién ddi Fourier”, néu ching ta quén di vin dé con-ga-va-qua-tring.

Trong tai trong c6 6c¢ tai cudn xoan lai. Tudng tudng né khong xoin nita va trai dai ra. N6 1a mot
hinh nén dai va hep. Khi 4m thanh vio tai, nhiing tan sd thap hon (budc séng dai nhit) tao thanh
cong hudng rung gan dau 16n mé ctia hinh nén. Nhiing tan s cao (budc séng ngin nhit) giy ra
nhiing cong hudng rung tuong tu gan dinh cda hinh nén. Nhu vy cic tan sd dugc phan loai. Méi
tan sd tuong ing véi mot khoang cach doc theo hinh nén.

Dbi véi phép bién ddi Fourier ngudc ... hiy hinh dung ra diing diéu d6, chi c6 diéu bo phim dudc
chiéu ngudc lai.

Lién quan véi ciu hdi clia ban, phép bién d6i Fourier c6 thé xem nhu mot hién tugng tu nhién..
chang han né 1a trudng hop ctia tinh thé hoc khi nhitng dém quan sat dugc 1a phép bién ddi
Fourier ctia ciu tric tinh thé duéi phép roi X-quang, d6 1a trudng hop ctia MRI khi tin hiéu ding
ky (k-khong gian) 12 phép bién d6i Fourier truc tiép ctia hinh dnh ma chiing ta mubn kham pha,
dé6 1a trudng hop ctia Quang Hoc Fourier: hién tugng nhiéu xa sinh ra (trong mot chiing muc gan
diing phu thudc vao khoang cach) mot phép bién ddi Fourier ctia hinh 4nh truéc man chan.
Diéu nay 12 kha di vi tit ca nhitng hién tuong ndi trén dua trén mot su kién 13 ¢ nhitng hién
tuong thién nhién c6 thé dugc md hinh héa mot cach chinh xac nhd mot tan s6 va mot bién do ...
Tong quat hon Co Hoc Lugng Tit st dung khai niém phép quay trong khong gian tritu tudng va
can thiép nhiéu hon so véi vat 1y c6 dién ... va do vay su xut hién tu nhién ctia phép bién ddi
Fourier von mang lai mot cach nhin méi ctia ciing mot hién tugng lai cang “tu nhién” hon nita ...
V6i Co Hoc Luong Tit, khdi niém tan sd qua that d3 mé rong sang co hoc ... R rang n6 khong
chi gidi han trong quang hoc va am thanh ...
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Tap chi online ctia cong dong
nhitng nguoi yéu toan

TAP HOP TRU MAT VA UNG DUNG

Kieu Dinh Minh, Nguyén Quang Khai
(THPT chuyén Hung Vuong, Pht Tho)

Trong bai viét ndy, cic tap hop dugc hiéu 1a tap con ciia R.

Dinh nghia 1. Cho hai tdp hop A, X véi A C X. Ta ndi rdng A trit mdt trong X néu vdi moi
x € X vamoie > 0tontaiT € A sao cho |z —Z| < e. Mgt cdch tuong duong, véi moi
r,yeX, x<yt5ntgiT€Asaoch0:c<T<y.

N6i mot cach ndém na riang, tip A tri mat trong X néu moi phan ti trong X déu bi kiém sodt bdi
nhiing phan ti trong A v6i khodng cach bé tuy y.

Dinh Iy 1.1. Tdp hop A trie mdt trong tdp hop X khi va chi khi vdi moi x € X, ton tai day (x,,)
thod man x,, € A,Yn € Nva lim z, ==z (Z: X) )

n—+00
Chiing minh. That vy, néu x € A thi chon z,, = x,Vn. Néu x ¢ A, theo dinh nghia ta c6: Vé6i
moiz € X vamoie > 0, ton tai T € A sao cho |x — Z| < . Mit khac dé thiy ton tai ddy (¢,,)
thod min 0 < ¢, < €,Vn € N sao cho méi n € N, ton tai ,, € A thod mén |z, — 7| < &,.

Suy ra
|z, — x| =2, —T+T—2| <|v, —T|+ | —T| <&, +¢ < 2¢,
dodé lim z, = x. Ngudc lai la hién nhién. O
n—-+00

Nhan xét. Néu A tri mdt trong X thi véi moi v € X, ton tai hai day (z,,,), (z,,) € A thod
man:

(i) T, < T < Tp,,¥N1,n9 € N.

(ii) lim =z, = lim z,, ==.
n1—+00 ng—+00

Dinh ly 1.2. Tap s6 hitu ty Q la trie mdt trong tdp s6 thuc R.

Chiing minh 1. Ta c¢6 nguyén ly Archimet “vdi z,y € R sao cho x > 0,y > 0 thi luén ton tai
n € Nsaochoy < nx”. Xétz,y € Rjx < y.bPatd =y — x > 0. Theo nguyén ly Archimet
ton tai n € N* sao cho nd > 1, suyra% < d.Goim = [nz]+ 1thim —1 < nx < msuyra
nx<m<nx+1,suyratiépx<%<x+%<x+d:y. [

Chiing minh 2. Ta can chira Va,b € R, 3 T (m € Z,n € Z*) sao cho a < ™ < b. That vy,
chon n € ZT sao cho doan [na, nb] ¢6 do dai 16n hon 1 hay nb — na > 1 téc n > ;. Khi d6
ton tai m € (na,nb), suy rana < m < nbsuyraa <2 <b. O
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Chiing minh 3. Khong mét tdng quat, ta cd dinh bvaditb—a = . Xéttap A = {z € Q\z < b}.
Theo dinh nghia vé Supremum: Ve > 0, 3z sao cho b — € < x¢ < b. Nhu viy ta chi can chiing
minh SupA = b. Goi SupA = s. Xétn € N* ta chiing minh
1 1
s——<b<s+—.
n n
Bit dang thiic bén trdi 13 hién nhién vi 32* sao cho s — % < zx* < b Giasu s+ % < b. Néu
s Gchis—l—% € Avés%—% > 5 (vo ly). Néu s ¢ Q thi
[(n+1)s] 1

= & ,
v n+1 +n—|—1 Q

vathoaman s < w < s+%.Dod6w< bhay w € A (v0 ly). Suy ra |b — s| <%suyratiép
lim|b—s| =0tich=s. N

Ching minh 4. Ki hiéu [a] 1a phan nguyén ctia a. Ta c6

1
d<a<+1=s DAl o)
a a
Theo dinh 1y gii han kep ta duge lim 4 — 1= lim M Cho x 1a s6 thuc duong, véi moi
a——+00 a——00
n € N*, dat z,, = [110(;?’} vax', = [10:0#. Hai day (x,) va (2/,) la cdc gid tri hitu ti gan ding

duéi va gan ding trén ctia z v6i do chinh xac 10™". Dé thiy x,,, 2, € Q va (x,,) tdng con (z',,)

gidm. Ngoaira lim z, =z va lim 2/, = 2. Néu x < 0 thi hai diy s6 1ap nhu trén sé tién t6i
n—-+00 n—-+00

—x. B6i vay hai day s6 (—xz,,) va (—1',,) sé tién tGi x. O

Chiing minh 5. Xét mot s thuc  nao d6. Ta ching minh ring Ve > 0,Ir € Q : |[r — 2| < e.
That vay, néu = € Q thi ta chi can chon r = x. Ngudc lai, x ¢ Q, xét biéu dién thap phan v6 han
khong tuan hoan clia x, T = Goa1Ga -~ Gp -~ Gog. Ta thdy Ve > 0,3n € N : ¢ > 107" Khi d6,
chon r = Gpaias - a1 € Qtathiy ngay [r — 2| < 107" < &. O

Chi y. Tdp sé vo ti la triv mdt trong tdp sé thue R. Thdt vdy, véi moi a,b € Q, a < b. Pt
e=b—a >0, luon tim dugc sé tw nhién n di lén sao cho ne > 2. Khi do n (b—a) > 2, suyra
nb > 2 + na. Chon q = V2 + nala 6 vé ti, do /2 la s6 vé 1 va na la s6 hitu ti. Ta c6

na<\/§+na<2+na<nb:>na<q<nb:>a<g<b.
n

Vady ton tai m = 4 la 5§ Vo ti thod man.

Dinh Iy 1.3. (Kronecker) Cho 0 la mét sé vé ti. Ki hiéu {x} = x — [x]. Khi do tdp hop
{{n0} | n € Z*} la tri mdt trong khodng (0; 1).

Ching minh. Xét mot khoang A = (a;b) C (0; 1), ta s€ chiing minh In € Z* : {nf} € (a;b).
That vay, ta chia (0; 1) thanh mot s6 hitu han céc nifa khodng Ay, A, ..., A, sao cho do dai
ctia mdi nita khoang déu nhé hon mot s6 thuc duong £ ma ta sé lua chon vé sau. Khi d6, vi ta c6
thé tim dugc vo han cdc gid tri n, m sao cho nf +m € [0; 1] ma lai chi ¢6 hitu han cdc khoang
nén theo nguyén 1y Dirichlet thi ton tai cac s6 nguyén duong ni, ny (n; > ng) va my, mesao cho
cac s6 n160 + my va nyf + my thude cing mot khoang Ay, nao dé. Ta ¢

0 < (ng—n2)l+ (m —mgy) <e.
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Bay gio ta chon € thod man ¢ < ”_T“ Ta co

b—a b—a

> > 2.
(n1 — TLQ) 0 + (m1 — mg) 9
Do d6 sé ton tai mot s6 nguyén k nam giita (nrm)ei(mhm) va (nl*m)ai(mhmz), tic la

a<k(n1—n2)0+(m1—m2)<b.

Bay gid chon N = k (n; — ny) thi s6 {N6} € (a;b) . Vay ta két luan {{nf} |n € Z*} tru mat
trong (0; 1). Pinh ly dugc chiing minh xong. O

Dinh Iy 1.4. (Thdc trién ham lién tuc) Cho hai ham sé f,g : X — X, trong do f lién tuc,
g lién tuc hodc don diéu va A la tdp tri mdt trong X. Khi dé néu f (z) = g (x),Vx € A thi
f(x)=g(zx), Vo e X.

Chting minh. Ta xét hai truong hop:
a) g la ham lién tyc: Theo dinh 1y 1 thi V2 € X, (), € A : lim z, = . Taco

f(zn) =g(wn),Yn € Nsuyra lim f(z,) = lim g(z,) = f(z) =g ().

b) g la ham don diéu: Khong mat tdng quat, gia sit ¢ 1a don diéu ting. Vo € X, 3z, 7,, € A

saochoz,, <z <z,,va lim z, = lim =z, =2z Taco
ng——+00 ng——+00

/ (xm) =9 (xm) <g (ZE) <g (mnz) =f (xm)
Chuyén qua gi6i han ta duge f (z) = g ().
Trong moi trudng hop dinh ly déu dugc chiing minh. O

Nhan xét. Tie dinh Iy 2 va dinh Iy 4 thi ta c6 nghiém ciia phuong trinh ham trén R khi biét ham
do trén Q va tinh lién tuc hodc don diéu trén R. Tiéu biéu la I6p phuong trinh ham Cauchy.

Vi du 1. Cho day sé thuc duong (a,), tang va khéng bi chan. Ching minh rdang tdp hop
Sy = {% |m,n € N*} trie mdt trong R,

Chitng minh. Nhan xét ring v6i moi sd o > 0 va ddy (a,,) c6 tinh chit lim a, = 4-oo thi ciing
n—-+00

c6 lim aa, = +oo. Xétp,q € Rt thod man p > ¢. Khi iy lirjrn (p — q) a,, = +00. Do do,
n——+oo

n——+00
ton tai ng € N* sao cho

(p—q) Gny > 2 = pay, > [Pan, — 1] > qan,.
Chon mg = [pay,] — 1,tacé p > ™ > ¢. Vay S) tru mét trong R*. ]
no

Nhan xét. Tir vi du nay suy ra cdc tap {2% |m,n € N*} , {%

m,n € N*} trie mdt trong R,
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Vi du 2. Gid s N* duoc chia thanh hai tdp con A va B, méi tdp chita vé han phan tir. Dt
Sy ={%]a € A, b€ B}. Ching minh rang tép Ss tri mdt trong [0; +00).

Chitng minh. Do B ¢6 vo han phan ti nén Yk € N, Ve > 0,3b € B sao cho b > 2’“—6 Do A ¢c6 vo
han phan ti nén

b(x+e)>b(x—¢e)+kVre0;+00)=Ta€A:b(x+e)>a>b(r—¢),

suy ra

x+5>%>:1:—5:>‘x——’ <e€.
Vay S3 tri mat trong [0; +00) . O
Nhan xét. Néu A trio mdt trong RY thi B = {1 |r € A} ciing tri mdt trong R*.
Vidu 3. Cho (ay),, la day 56 nguyén diong thod man 0 < a,41 — a, < \/an,¥n € N*. Dt
Sy = {‘;—’; |k, l e N* k> l} . Chiing minh rdng tdp Sy la trit mdt trong (0; 1).

Chitng minh. Ta ching minh nhén dinh sau:

Vo<z<y<l,3kleNk>l:z< <y
aj

That vy, tif gia thiét suy ra (a,,) 12 ddy s6 nguyén duong ting nén liril an = +00. Suy ra rang
n—-+00

Vr,y > 0,3l € N*saocho ¢+ <z va \/—la < y — x. Xét cac phan tif clia ddy s6 hitu han

a1 a2 ar—1 ap
—< =< < —<—==1
ay ay ap ap
Khi d6 v6iVk =1,2,...,1 — 1, tadéu co
g1 Ap A Gk A/ 1
I < < —=
ap ay aj aj \V ai

Hon nita ¢+ < 2 nén phéi ton tai k sao cho x < ‘Z—’“ <. ]

Vi du 4. Cho ddy sé duong (a,) tdng thod man lim % =k, k € R va ddy sé duong (b,)

n——+0o

tang, khong bi chdan. Chiing minh rdang tdp Sy = {“’” m,n € N*} tri mdt trong R,

Chiing minh. Xétp,q € Rt p > ¢. Do lim “T;‘—knenchon5>05aochop 1.k >¢e Ta

n—-+00
co, ton tai NV sao cho
2q 2
k‘ Pod —evn>N= L kte<c L k_cvn>N
+q pP+q n p+q

bita =

=7 i< gquk_a = . Theo vi du 1, ton tai v0 s6 b (m,n) sao cho a < - < . Chi
pT4q

y theo thi du 1 chi c6 sy ton tai hitu han, nhung sy ton tai dan dén sy ton tai vd han vi néu ta chon
a<ap <. <a, < (thigila (q;, a;) ton tai mot s6, cho n — +oo thi ton tai vo sd s6. Do

do, c6 thé chon ng > N va my sao cho

a< 2 5 @.1)
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ma
2 9
e P e Y P (2.2)
pP+q o p+q
Nhan vé theo v& (2.1) va (2.2) tac6 ¢ < ;- < ¢. Vay S5 trl mat trong R™. O
mo

Nhan xét. Ta thdy rdng:
1) Tap {m!|sin | |m,n € N*} triv mdt trong R*.

2) Néu lim o = 400 thi bai todn khong con ding nita. Thdt vdy, chon a, = 2", b, = 2™

n—-+4o0o

thi S5 khong trit mdt trong RY.

k

3) Néu lim en = () thi bai todn khong con dung nita. Thdt vdy, chon a,, = 2 néu 22" <

n—-+o0o

n <22 — 1vab,, = 2™ thi Sy khong triv mdt trong R+ .
Vi du 5. Chitng minh rdng tdp Sg = {sinn|n € N} trit mdt trong [—1;1] .

Chitng minh. Trudc hét ta ching minh rang néu o 1a mot s vo ti duong, thi tap {n — ma | m,n € N}
1a trit mat trong R*(c6 thé xem vi du 6) . D& lam diéu d6, 14y mot khoang (a;b) ,0 < a < b ta s&
chi ra ring khoang nay chia it nhit mot phan tit clia tap da cho. Pit e = b — a > 0, tdn tai phan
té R,, sao cho

1

O<R,—a<— (2.3)

@

Thuc vay, liy mot s6 7 18 va chd ¥ rang (¢, Tns1 + ¢no1) ¢n > qu. Vi lim ¢, = 00, véi n di

I6n ta co q— < e. Tu diéu nay va (2.3) suyra 0 < p, — aq, < <e V(n n du 16n, do d6 ton tai

ng € N sao cho ng (p, — ag,) € (a;b).

Cho t € [—1; 1], ton tai s6 thuc x sao cho ¢ = sin x. Tt nhan xét & trén suy ra ton tai cic day céc

s6 nguyén duong {m,,} va {k,} véi z = lilil (m,, — 27k,), St dung tinh lién tuc ciia ham
n—-+0oo

sin x ta dudc

t =sinzx =sin | lim (m, —27k,)| = lm sinm,.
n—-+o00 n—+00
Vay moi s6 thudc khodng [—1; 1] déu la diém gidi han cta tap S = {sinn|n € N}. O

Vi du 6. Cho u,v € R*. Chiing minh rdng tdp hop {au + bv|a,b € Z} trio mdt trong R khi va
chi khi = la mot 56 Vo 1.

Chiing minh. Ta ¢6 {au + bv|a,b € Z} tru mat trong R nén {v (% +b) |a,b € Z} trh mat
trong R do d6 {2 +b|a,b € Z} trd mat trong R suy ra {{a%} |a € Z} trt mat trong (0; 1)
vi thé “la s6 VO ty. O
Nhan xét. Vdiu # 0,v # 0 thi bai todn vdn diing.

Vi du 7. Cho cdc s thuc duong a,b thod mdn b[an] = a[bn]|, ¥n € Z*. Chiing minh rdang
a = b hodc cd a va b déu nguyén.
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Chitng minh. Gia st a # b va ca a, b déu vo ty, ta co
blan] = albn] < ban — b{an} = abn —a{bn} < b{an} = a{bn}. (2.4)
Khong mét tdng quat, gia st a > b, ta c6

b b b
- = M,Vn €Zt = - >{bn},VYneZ,
a {an} a

diéu nay vo 1y do b 1a s6 vo ty nén {{bn} | n € Z*} la tru mat trong (0; 1). Do d6 mot trong hai
s6 a, b1a hitu ty. Gié st a € Q, khi d6 ton tai ng € Z* sao cho ang € Z* = {any} = 0. Do d6
{bnp} =0=>be Q. bidta = §, (p,q) =1vab= 3, (s,t) = 1. Trong (2.4) cho n = q c6

0=a{bg} = {bq} =0={bq} € Z" = q:t.

Tuong tu, tacé t:q. Vay ¢ = t, do d6 (2.4) tuong ducng véi

S{Bn} :p{fn} Vn € Z7*.
q q

1 (mod ¢), suy ra

ORUESCRON:

n r r )
pn:qk+r:>s{p—}:3-—:>Z—):s.—:>p:3-r:>p:s.
q q q q

V6iq > 1,tachonn =

Tuong tu co s:p. Dodop = s, volydoa # b,do vy ¢ = 1 vaa, b € Z. Téom lai hodc a = b
hoac a,b € Z. O

Vi du 8. Cho a,b la cdc s6 thic duong thod man [2an + b] chia hét cho 2 véi moi sé nguyén
dwong n. Chitng minh rang a la s6 nguyén duong.

Chitng minh. Néu a 12 s6 vo ty thi ta c6

[2an +b] = [2{an} + b + 2[an] : 2,Vn € Z* = [2{an} +b] 12,Vn € Z". (2.5)

Laido {{an} |n € Z*} la trt mat trong (0; 1). Suy ra ton tai s6 nguyén duong n ma [b + 2 {an}]
khong chia hét cho 2. That vay:
Néu 2k + 1 > b > 2k thi chon n sao cho 2k + 2 > 2 {an} + b > 2k + 1.

Néu 2k + 2 > b > 2k + 1 thi chon n sao cho 2k + 2 > 2{an} + b > 2k + 1. Piéu nay mau
thuan véi (2.5) nén suy ra a phii la s hitu tj. Néu a khong nguyén thi dita = 2, (p,q) = 1,
geZt,g>1.Khidovietn =qt+7r, 0<r <g—1thi

[2an +b] = [2 (pt—i-]z) —O—b] 12,Yn e Zt.
q
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Chon r = 0 thi [2pt 4+ b] : 2 = [b] : 2. Do d6
2 .
@m+ﬂ=%%ﬂﬂ+%ﬂ+ﬂﬂ:ZW€Zﬂ
q

tuong ducong voi
2 :
{ or +{b}} 19Vt € 7T,

hay la
{2 l} +{b}] Lo,V € I+,

q
Ma3 > 2{ } +{b} > Osuyra [2 {pr} + {b}] € {0;2} . Ta xét hai trudng hop sau:

o Néu tdn tai o % 0 sao cho [2 {PTO} + {b}} — 0, thi

e o () 2] ) ().
2{p2qro}+{b}_4{p;”o}+{b}>2{ }+{b}

Ct 1am nhu vdy suy ra ton tai sd nguyén duong ¢ ma (vi mdi 1an thuc hién thi gia tri biéu

thuc tang 1€n)
L9t
2{p—q TO} F{) <1

.9l
2{u}+{b}> 1
q

Khi do

N EO R E e

Do d6 |
{5 -

Goi 71 12 s6 du 21+1 - 74 khi chia cho ¢, suy ra vo 1y.

e Néu khong ton tai ry # 0 sao cho [2 {pm} + {b}} = 0, thi v6i moi ry # 0 ta co

[2{pgo}+{b}] _2:>3>2{ p }+{b}>2

1 -2
1>{b}>0:>2{ }>1:>{@}>—:>{p 7’0}_{2.@}_2{@}_1<{@
q q 2 q q q q
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Ct 1am nhu vay, suy ra ton tai s6 nguyén duong i sao cho (vi méi 1an thuc hién thi gid tri

biéu thic gidm xudng) ,
.9
Q{WO }+{b}>2
q

.2i+1
2{%—} b} <2
q

Do2{p’"°T'2i} + {b} > 2, nén

2 {M'TTH}JF{b} =2 (2 {proq' Qi} - 1>+{b} =4 {proq' 2i}+{b}—2 > 2 {proq' Ql} > 1.

Suy ra [2 {pro—QH} + {b}] = 1. Chon r; 1a sb du khi chia 792"+ cho ¢ suy ra diéu vo ly.

q

Témlaia € Z™. ]

Vidu9. Bar A= {3 |m,n € Z",2™ > 3"} . Chiing minh rang inf (A) = 1.

Chiing minh. Ta dat B = {logsa|a € A} . Khi d6 ta phai ching minh inf (B) = log;1 = 0. Ta
thly b > 0,Vb € B suy rainf (B) > 0. Lai thiy v6i mdi b € B, b c¢6 dang nlogs2 — m. V6i médi
s6 nguyén duong n ma n - logs2 > 1, xét m = [nlog;2] € Z*. Khi d6, b = {nlog,2}. Lai thiy
log2 1a 86 vo ty duong nén theo dinh Iy Kronecker thi {{nlog,2} |n € Z*} trt mat trong (0; 1).
Do d6 ton tai day s6 nguyén duong n; dé b; = {n;log,2} — 0, khi i — +o0.

Do vay inf (B) = 0, suy rainf (4) = 1. O

Vi du 10. (Putnam 1995) Cho A (x) = {[nx]|n € Z*} . Ching minh rdng néu a,b,c € R* thi
A(a),A(b),A(c), khong thé’la mot phdan hoach cia 7.*.

Chiing minh. Gia st phan chiing néu a, b, c € RT thi A (a), A (b), A (c) 1a mdt phan hoach cla
7. Ta xét cac trudng hgp sau:

e Trong céc s6 a, b, c ¢6 it nhat mdt sb hitu ty, gid st 1a a. Pit a = g (p,q) =1,q€ Z*. Ta
chifng minh ton tai cic sd nguyén duong m, n sao cho

[ma] = [nb]. (2.6)
Néu b € Q thi ton tai m,n € Z* ma

ma,nb € Z*

ma = nb

Khi d6 ta c6 diéu phai chiing minh. Néu b ¢ Q thi chon m = ¢t,t € Z*. Khi d6
[ma] = [qtg] = pt. Do b ¢ Q nén theo dinh ly Kronecker, ton tai ny € Z* sao cho
{neb} < %. Khi d6

[(pno) B] = [p [nob] + p {nob}] = p[ned] + [p {neb}] = p[ned] .

Chon t = [nb] thi ta c¢6 diéu phai ching minh. Vay (2.6) ding va do d6 A (a) N A (b) # 0,
tri véi gia thiét phan chiing.
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e Cabasda,b, cdéulavoty. Xétn € Z* batky, khi d6 s céc sd thuoe A (a) ma nhd hon
hay bing n 12 s6 cic s6 m € Z* thoa man

[am| <K n&am—1<nem<

1 1
n -+ @mg{n+ ]

a a

Do d6 ¢6 [*H] sb thudc A (a) va nho hon hay bang n. Tuong ty véi b, c. Khi d6 (do gia

st)
Z[n+1] =n,Yn € Z",
a,b,c a
suy ra
Z [”TH] . n
n+l n+1

a,b,c

Chon — +oocd ). % = 1, suy ra mot trong ba s6 a, b, c nhd hon 3, gi sii 1a a.

a,b,c
Ta nhéc lai dinh ly Beatty sau:
“Choa,B eIt : é + % = 1. Khido A («), A(B) la mét phdn hoach ciia 7.©.”

Tr lai bai todn, doa € I7,a > 1nén % € [T va -% > 3 Khido A(a),A(:%) 1a

a—1
mot phan hoach ctia ZF. Khi d6 A (b)) U A (c) = A (%)

Nhan xét. Cho ac € I,a0 > 2 va 8 € R sao cho A(3) QA(a),khido’g SYAN

Chiing minh. Do A (8) € A («) nén véi mdi m € Z* thi ton tai n € Z* thod man

[mﬁ]:[na]éna—1<[mﬁ]<naz>m<n<w+l. (2.7)
a a a

Ta thay néu tdn taim € Z* ma 0 < {@} < 1 — 1 thi khong ton tai n € Z" thoa man

(2.7), do do
{M}}l_l’vaZJr@{mﬁ_—{mﬁ}}21_1@{77%_@}21_17
o o a a a a
T = B {{mx} {mﬁ}} >1- é,Vm ez (2.8)
Néuxel,khidévaiméimez+cé
{mx}—{mﬁ}>1—l {ma}>1- 1 {mﬁ} 1 {mx}}l—l
a 04 N ) a
—{mx}+{ 5} % {”;ﬁ} é—l {mz} ——1 {ma}

1) Néu 2 — 1 < 0 thi ta phdi ¢6 {mz} > 1— L Vm € Z*, trdi v6i dinh Iy Kronecker.

2) Néu%—l >0thitaco6l —% > 2 - 1doa > 2 suyravéi moim € Z* thi

« [ 27

{max} ¢ (2 —1;1— %) trdi v6i dinh 1y Kronecker.
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Dodéx ¢ [ suyraz € Q.

NéuxgéZ*,détng, (p,q) =1,¢g>1.Xétm =qk+ 1,k € Z", khi d6

Lmay - 208 [y 2} - (04D

:{{g}_%ﬁ} 2.9)

:{{x}_{kp-wrﬂ}}.

«

Via € I nénpa € I,do dd {{k(pa)} |k € Z"} trt mét trén (0;1), tit d6 suy ra
{{k (pa) + B} |k € Z*} , rt mat trén (0; 1) , dan dén {{k(pf‘xﬂ |k € Z*} tri mat trén
(O; é) . Suy ra ton tai ky € Z* sao cho

{kopa + B}
Q

1> {2} > >{ﬂ+é—1Cm1>{ﬂc»M}+é—l;é>{x}+é—1).

Khi do, tur (2.7) xét m = qko + 1, ta cd

finy - ) _ {( - Lm0

«

_ {x} . {kopO;+ 6}

<@g-<@}+$-1);1_

Y

Q|+

trai v6i (2.9) Do d6 x phai thudc Z*, hay g € 7Z" va nhan xét dudc chiing minh.

Tré lai véi bai toan, do

a— a—1

A(b)UA(c):A( “1>;»A(b),A(c)cA< ¢ )

ma — > 2 nén ton tai by € Z* sao cho b = -4 - by va ¢y € ZT sao cho ¢ = —% - ¢o. Dt
d:a;il‘bocoth\l
Ad)C A(b), Ald)C A(c).

diéu nay vo 1y do A (b)) N A (c) = 0.
Vay diéu gia st ban dau 12 sai, do d6 ta c6 diéu phai chiing minh. O

Nhan xét. Cho a; € RY (i =1, 2, ..., n) déi mot phén biét, khi dé néu A (a1), A(as), ...,
A (ay,) la mot phdn hoach cia ZF thin € {1;2}.

Tiép theo chiing ta cting nghién ctiu mot sb bai toan ma cach giai dude dung phuong phap cia
tap tru mat.

Vi du 11. (France TST 2005) Cho A C N*, A # () sao cho Vx € A thi 4z, [\/z] € A. Chiing
minh rang A = N*,
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Chiing minh. Ta goi ag 1a sO nguyén duong bé nhit thuoc A. Néu aq > 1 thi [\/ag] € A va
[\/ao] < \/ag < ap, mau thuln véi cach chon ag vi vAy ap = 1. Tl gié thiét suy ra

4" € A Vn = [\/E} — 2" e A Vn = [(2“)2%] € A,Vm,n. 2.10)

Ta c6 nhan xét sau
Vk € N*,3m,n € N*: k2" < (k+1)*"

<2
That vay, chon m € N* d€ 2™ [log, (k + 1) — logyk] > 2, khi d6
logy(k +1)%" —log,k?™ > 2 = In e N* : log,k?™ < n < logy(k+1)>",
suy ra
<o < (k1) = k= [(zn)zﬂ .
Tu (2.10) suyra k € Anén N* C A. Dodé A = N*. [

Vi du 12. (VMO 1997, bang A) Cho sé tw nhién n > 1 khong chia hét cho 1997. Xét hai ddy sé
(a;) va (bj) dugc xdc dinh nhu sau:

ni 19977
a;=1+-——,1=1,2,...,1996, b, =7+ —=,7=1,2,...,n— 1.
1997 i =T
Xeét tdt cd cdc sé cua hai ddy trén va sdp thit tw khong gidm ta duge c; < co < -+ < C19954n.-

Chitng minh rang cy — ¢, < 2,¥k =1,2,...,1994 + n.
Chiing minh. Thay 1997 bdi s& m khong 1a u6c ctia n. Xét hai day sb

:i<1+£>,i20,1,...,m, bj:j<1+m>,j:0,1,...,n
m n

Ta cé
aw=0<a <---<ap=m-+n, bp=0<by <---<b,=m+n.

Néun < m thi ;. — a; =142 <2 Véimdikmal<k< m +n — 2 thi ton tai duy nhat j
dea]<ck<a]+1vd10 j<n—1 Khi d6 ci41 < ajyq1 va

Crht1 — Cr < aj+1 — a; < 2.

Néum < n thi b — b—1+m<2V6im6ikmél < k < m +n — 2 thi tdn tai duy nhit j
deb <o <bjp v 0 < j<n—1 Khi d6 cp41 < bji1 va

Chy1 — Ck < bjp1 — b < 2.
Ta c6 diéu phai chiing minh. ]

Vi du 13. Véi a = 1 la mét s6 thitc sao cho Ym,n € N*,m i n = [ma]  [nal. Chiing minh
a € N*.

Chitng minh. Gia st o = t + r,t € N*. 0 < r < 1. T gia thiét Vk,n € N* sao cho

[knal : [na], taco

[kna] = [knt + knr] = k [nt] 4 [knr] = [knr]  (mod nt),

suy ra Vk,n € N*. Lai ¢6 [knr] } [na]. Cd dinh k, cho n — 400 ¢6 nt — +oo ma [knr] bi
chinnénsuyra {nr} =0=r =0 = o =t € N*. Ta c6 diéu phai chiing minh. O
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Vidu 14. (IMO 1997) Cho x1, xs, ..., x, € R thod man

>

Chiing minh rang toén tai mot hodn vi (y1, s, . . ., Yn) ctia (1, s, . . ., T,) sao cho

sz

Chiing minh. V6i moi hodn vi IT = (y1,ys, - . ., Yn) cla (x1, T, ..., x, ), ta ki hiéu S (II) 1a gia
tri clia tong y1 + 2y2 + - - - + ny,,. Pt r = 2L Ta can phéi ching minh réng ton tai IT nao d6 dé
|S (IT)| < 7. Goi Il 1a hodn vi dong nhit ITy = (21, 2, . . ., x,) va goi II 12 hodn vi ddo ngugc
I = (@n,Tp1,...,21). Néu |S (Ilg)| < r hodc |S (II)| < r, bai todn coi nhu dugc gidi xong,
do vay, ta gia stt |S (Ilp)| > rva |S (I)| > r. D€y

=1, |z < V1I<i<n.

2

n+1

S (o) + S (IT) = (z1 + 232 + -+ - + nwy) + (T + 2251 + -+ + n17)
=m+D)(x1+z2+-+x,).

Ta suy ra |S (IT) + S (1T )‘ =n+ 1= 2r. Nhung vi 1S (ITp)| > r va ‘S( )| > r nén ta phai
6 S (Ilp) va S (II) trai diu nhau, nghia 12 mot s6 thi 16n hon r, con mot s6 thi nho hon —r. Tir
Iy, ta c6 thé thu dugc I1,,, = II bang cach chuyén hai phan tif ké nhau. N6i cach khéc, ton tai
mot day cc hoan vi Iy, Iy, . . ., I1,,, sao cho I, = II va véi mdii (i = 0,1,...,m — 1), hodn
vi IT; 41 c6 dugc tir II; bang cach hoan chuyén hai s6 hang lién tiép. Diéu nay cé nghia ring néu
I = (Y1, %2, -, Yn) , ip1 = (21,22, ..., 2,) thi ton tai mot chi s6 k € {1,2,...,n — 1} sao
cho
2k = Yktls Zeel = Yrs 25 = Y5, £ R k4 1

Do gia thiét |z;| <7, Vi =1,2,...,nnéntacé

|S (1) — S(IL)| = k2 + (B + 1) zpy1 — kye — (B 4+ 1) yea| = Jye — Y| < 2r

Diéu nay chiing té ring khoang cach giifa hai s6 lién tiép bat ky trong day s6 S (Ily) , ..., S (IL,,)
khong 16n hon 2r. Mit khéc, c¢6 thé xem S (ITy) , S (I1,,,) 12 nhiing di€ém niam trén dudng thing
thuc, nim ngoai doan [—r; ], tit d6, suy ra rang it nhit mot trong cac s6 S (II;) phai roi vao doan
do; n6i cach khdc; ton tai IT; &€ S (I1;) < 7. O

Trén day ching toi da néi vé khdi niém tap hop tril mat ciing nhu mot s6 ting dung clia né trong
giai toan so cip nhdm phuc vu cho cac ky thi Olympic todn phé thong. Viéce tiép tuc nghién ctiu
van dé nay sé& dudc néi trong truong trinh toan & bac dai hoc va cic bac hoc tiép theo.

Bai tdp 1. Cho X,Y la hai tdp con cua R sao cho X triu mdt trong R va X C Y. Chitng minh
rang Y trie mdt trong R.

Bai tap 2. Cho X C Rva X tru mdt trong R, va A la tdp con hitu han cua X. Chitng minh
rang X\ A triv mdt trong R.
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Bai tap 3. Chiing minh rdng tén tai vé sé (m,n) € Z* sao cho [nﬂ] =2m,
Bai tap 4. (Isarel — Hungarian 1998) Tim tdt cd o € R thod madn

1
vneN*,ameZ:)a—@(<—.
n 3n

Bai tAp 5. Cho a > b la hai sé nguyén dwong thod madn 7 > 4. Chiing minh rdng ton tai s6
nguyén diong  sao cho b < ¢ (2') =271 < 2! < a.

Bai tdp 6. Cho tdp hop S = {\/_ = \/l_)| a,be N}. Chitng minh rdang tdp S trio mdt trong R.
Bai tap 7. Cho cdc ddy 56 (an), 5 va (b)), thod man dong thoi cdc diéu kién sau:

lim a, = lim b, = +o0,
n—-4o0o m——+00

va
lim  (bypg1 — bm) = 0.
m——+00

Chiing minh rang tdp S = {a, — by, | m,n € N*} la trit mdt trong R.

Bai tap 8. Cho (ay) va (b,) la hai ddy s6 duong, ting ngdt va khong bi chén. Ddc biét, tdp hop
{lans1 — an| |n € N*} bi chdn.

Chitng minh rdang tdp hop S = {‘Z—: |m,n € N*} trie mdt trong RY.
Bai tap 9. Cho ham f : Rt — R* thod mdn cdc diéu kién sau:
(i) f khd vitrén R*.
(i) xgrfoof () = 4o0.
(iii) | (z)] < M,Vx € R\ (0;1) .

Cho (b,,) la day s duong, ting va khéng bi chdn. Chitng minh khi do tdp S = { %:1) |m,n € N* }

trie mdt trong R™. Do vdy tdp {‘Q/—j |m,n € N*} trie mdt trong R

Bai tap 10. Cho a,b € Z sao cho s (an) = s (bn),Vn € Z*. Chitng minh rang log ¢ € Z.
Trong do, s () la téng cdc chit s6 cia x viét trong hé nhi phdn.

[1] Titu Andreescu, Gabriel Dospinescu, Problems from the book.

[2] Artof Problem Solving: http://artofproblemsolving.com
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ABOUT MEANS OF NON-NEGATIVE
NUMBERS AND POSITIVE DEFINITE
MATRICES

Binh Trung Hoa
(Department of Fundamental Sciences, Ho Chi Minh University of Food Industry)

Trong bai viét ngan nay, tac gia Pinh Trung Hoa sé gidi thiéu vé ly thuyét trung binh
clia cdc s6 khong am va cdc ma tran xdc dinh duong. Khéi dau tir cac khdi niém
quen thudc nhu trung binh cong, trung binh nhan, trung binh diéu hoa ctia hai s,
tac gid di dén khai quat héa khdi niém trung binh. Tiép theo bai viét gidi thiéu cac
tinh chit dic trung cia ham don diéu lién quan dén cic trung binh. Cudi cliing, tic
gia gidi thiéu dinh nghia cac dang trung binh cua hai ma tran. Tt cac dinh nghia nay
va cdc bit dang thiic sb va ham, cic vin d& tuong ting v6i ma tran sé dudc dit ra mot
cach tu nhién (va tac gia cung véi mot sd tac gid khéc ciing da thu dudc mot s6 két
qua theo huéng nay).

Bai viét nay dua trén cc bai néi chuyén ctia TS Pinh Trung Hoa tai Pa Ning (cho
nhém hoc sinh THPT chuyén Lé Quy Pon Pa Ning chuén bi du thi HSG qudc gia
ndm 2014) va trong budi seminar danh cho hoc sinh va sinh vién tai trung tim Titan
Education (nam 2015).

Pay la bai viét ngin, vin phong dé doc nén chiing to6i d€ nguyén ban tiéng Anh. D&
doc gia tién theo di, ching toi xin chuyén ngit va gidi thich mot s6 thuat ngit tiéng
Anh.

Positive definite matrices = ma tran xac dinh duong

Positive semidefinite = ntta xac dinh duong

Successive iterations = cic budc lip lién tiép

Arithmetic, geometric, harmonic means = trung binh cong, trung binh nhéan, trung
binh diéu hoa.

Two-variable function = ham 2 bién

Monotone increasing = don diéu tang

One-to-one map =dnh xa 1 — 1

Reverse Cauchy inequality = bit dang thiic Cauchy ngudc

Convex function = ham 16i

Classification = phan loai

Quantum information theory = Ly thuyét thong tin ludng ti

Matrix optimization = T6i uu héa ma tran

Hermitian matrices = ma tran Hermite
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Eigenvalues = gia tri riéng

Eigenspaces = khong gian riéng

Orthogonal projections = hinh chiéu vudéng géc

Axiomatic approach = c4ch tiép cin tién dé

Binary operation = phép toan 2 ngoi

Riemannian manifold = da tap Riemann

Weighted Heron mean = trung binh Heron c6 trong

Norht and south poles = bic cuc va nam cuc

Mathematical aspects = khia canh todn hoc

Theory of operator and matrix = ly thuyét toan tf v ma tran

In this short we introduce the theory of means for non-negative numbers and positive definite
matrices.

We list some (not all) definitions of the geometric mean as follows:

e The unique solution of za 'z = b;

e The common list of the successive iterations of harmonic and arithmetic means:

Vab = lima, = limb,,

where ag = a, by = b, a,1 = 2, bpi1 =

an+bn
an+byn’ 2

. : a T . . e . .
The maximum among real = for which ( - ) is positive semidefinite, or its determi-

b
nant is nonnegative: 22 < ab.

The unique midpoint for the metric § on R™ given by §(z,y) = ’10g b

§(a,b) = 26(a, Vab) = 25(b, Vab);

If x(t) is the solution of ' = b — a~'z with initial condition z(0) = z, > 0, then

limy o0 2(t) = Vab.

It is well-known that for two nonnegative numbers a, b and s € [0, 1]

-1 -1 spl—s 1-s7s
at4+bt a’h' % +a % a+b
(—5—) ' <Vab< <—, (1.1)
2 2 2
where (“—£t")~" is the harmonic mean, “* 2% js the Heinz mean and “£* is the arith-
metic mean.
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The AM-GM inequality states that only the square has the smallest perimeter amongst all
rectangles of equal area. At the same time, we have the following geometric interpretation: The
geometric mean and the arithmetic mean are the midpoints of curves a*b'~* and sa + (1 — s)b,
respectively, connecting a and b. And the Heinz mean is the curve connecting the geometric
mean and the arithmetic mean when s runs from 0 to 1.

Now, let us formulate a general approach of means. A mean M of nonnegative numbers is a map
from RT x RT to R such that:

1) M(x,x) = x forevery z € RT;

2) M(xz,y) = M(y,x) forevery z,y € RT;

3) Ifx <y, thenz < M(x,y) < y;

4) If x < zgand y < yo, then M (z,y) < M(xo,y0);
5) M(x, y) is continuous;

6) M(tx,ty) =tM(z,y) (t,x,y € RT.

A two-variable function M (z,y) satisfying condition (6) can be reduced to a one-variable

function
flz):=M(1,x). (1.2)

Namely, M (z,y) is recovered from f as M (z,y) = xf(z~'y). Mention that the corresponding
to M function f is monotone increasing on R*. And that relation (1.2) forms a one-to-one map
between means and monotone increasing functions on R™.

It is obvious that:

e The arithmetic mean is corresponding to %;

e The geometric mean is corresponding to v/%;

2t .

e The harmonic mean is corresponding to =5

t—1

e The log-mean L(z,y) = ——%— is corresponding to st

~ logz—logy

Let f be a monotone increasing function on [0, o), then for any nonnegative number a, b,

f(Vab) < f <“;b). (13)

It is natural to ask that if inequality (1.3) holds for any pair of positive number a, b will the
function f be monotone increasing on [0, c0)? The answer is positive, and follows from the
elementary fact that for any positive numbers a < b there exist positive number z, y such that a
is arithmetic mean and b is geometric mean of x, y.

An interesting and useful reverse Cauchy inequality is as follows: For any positive number x, ,

T+ 1
TS VE Gl =y, (1:4)

2

or

min{z, y} < /xy.
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Proposition 1. A function f on [0,00) is monotone increasing if and only if the following
inequality
T+y

1 < 1 (Vi gle- ). (15)

hold for any pair of positive number x., .

Chiing minh. Firstly, we show that for 0 < a < b < v/2a there exist positive number x, y such
that
a_x+y
2

1
We can assume that x < a. It is easy to see that for 0 < a < b < v/2a the equation
b=+z(2a—1z)+a—uz,

or,
22° 4+ 2(b — 2a)x + (b—a)* =0

has a positive solution. Consequently, if we have (1.5), then

Tty

f =50 < r (VA gle-al) = o)

For arbitrary a < D, it is obvious that there exist numbers a1, as, . . . , a,, such that
a=a <ay < <ap=>0 and a; < a1 < V2,
Apply above arguments, we can get f(a) < f(a1) < f(az) < -+ < f(an) = f(b). O

Of course we can get new characterization of monotone increasing functions by using other
inequalities in (1.1).

Let M, N be arbitrary means and f be continuous on R*. We call f to be M N-convex if for any
nonnegative z, vy,

fM(z,y)) < N(f(2), f(y))- (1.6)

If M(xz,y) = N(x,y) = sz + (1 — s)y, then we have the class of convex functions, and
inequality (1.6) is no thing but Jensen inequality for convex functions. Such functions have many
applications in optimization, in information theory etc.

If M(z,y) = sz + (1 —s)y, N(z,y) = 2°y' %, then we have the class of log-convex functions.
If M(z,y) = N(x,y) = 2%y ~*, then we have the class of geometrically convex functions.

According to applications of several kinds of convexity many mathematicians give effort to study
the problem of classification of convex functions. And a such problem is more complicated for
matrices.
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In this section we talk about the matrix means that have many applications in quantum information
theory, matrix optimizations etc.

Let M, be the space of n x n complex matrices. For A, B € M, the notation A < B means that
B —Ae M/ (e, < (B— A)x,z> >0 forany vector z). The spectrum of a matrix A € M,
is denoted by o(A). For a real-valued function f of a real variable and a matrix A € M", the
value f(A) is understood by means of the functional calculus for Hermitian matrices, i.e. if
A = > A\ P, (where \; are eigenvalues of A, P; are orthogonal projections on the eigenspaces of
Ai), then the matrix f(A) is defined as > f(\;) P;. We can understand f(A) in another way: Let
A = U*diag(A1, Az, - . ., Ap)U (where \; are the eigenvalues of A), then

Taking an axiomatic approach, Kubo and Ando [6] introduced the notions of connection and
mean. A binary operation o defined on the set of positive definite matrices is called a connection
if
(i) ASC,B< Dimply AcB < BoD;
(i) C*(AoB)C < (C*AC)o(C*BC);
(i) A, } Aand B,, | Bimply A,0B,, | AcBIf Iol = I, then o is called a mean.

For A, B > 0, the t-geometric mean of positive definite matrices A, B is
Ap B = AV? (A7V/2BAY?) A2, 2.1)

When t = 1/2, AfB = Af; 2B is called the geometric mean of A and B, and it was first
introduced in [8] and is often denoted by AfB in the literature (the problem of defining the
geometric mean of two positive definite matrices was standing for more than 25 years because
we could not just take the square root of product of two positive definite matrices AB!!).
The harmonic A!B and arithmetic AV B means are defined A!B = 2(A™' + B~!)~! and

A+ B
Avp =27
of positive definite matrices A, B.

, respectively. A mean o is called to be symmetric if Ac B = Bo A for any pair

It is well-known that the arithmetic mean V is the biggest among symmetric means. From the
general theory of matrix means we know that V > ¢ and 7 >!. And we still have the following
inequalities

AlB < AfB < AVB. (2.2)
The proof of (2.2) is not very difficult and based on the scalar case.

The t-geometric mean is interesting from the point of view of Riemannian geometry since the set
P, of positive semidefinite matrices is a Riemannian manifold with the Riemannian metric [9]:

n 1/2
§(A,B) = (Z log? )\Z-(A‘lB)> ., A BeP,
=1

which is the distance between A and B so that the curve §(t) = A#;B, 0 < t < 1, is the unique
geodesic joining A and B in P,. The picture is more interesting if we consider the weighted
Heron mean (1 — \)442 4+ XA$B(X € [0, 1]) that connects two midpoints 452 and AfB (this
model looks like the earth with A and B are the north and south poles, respectively!).
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Many properties formulated in Subsection 1.1 have been studied for matrices [10]. Some in-
teresting information related to the last part of Subsection 1.1 an be found in [ 1] (Petz is one
of the most active mathematicians in studying mathematical aspects of quantum information
theory) where the author discusses about means of more than 2 positive semidefinite matrices.
Matrix analogs of results in Subsection 1.2 recently was studied by Ando and Hiai [ |] and by
the author [12]. At that time, problems of characterization of matrix convex functions in sense of
Subsection 1.3 are still in research interests of many mathematicians. Nowadays, the theory of
operator and matrix means is one of the most studied in matrix analysis with many applications
in machine learning and quantum theory etc.

[1] D.Petz. Means of positive matrices: Geometry and a conjecture. Annales Mathematicae et
Informaticae. 32 (2005) 129-139.

[2] F. Topse. Basic Concepts, Identities and Inequalities theToolkit of Information Theory.
Entropy, 3 (2001) 162.

[3] K. M. R.Audenaert, J. Calsamiglia, LI. Masanes, R. Munoz-Tapia, A. Acin, E. Bagan and
F. Verstraete, Discriminating States: The Quantum Chernoff Bound, Phys. Rev. Lett. 98
(2007) 160501.

[4] D. Bini, B. Meini, F. Poloni, An effective matrix geometric mean satisfying the Ando-Li-
Mathias properties, Math. Comp. 79 (2010) 437-452.
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DIEM KOSNITA VA MOT SO DUGNG THANG
Dl QUA NO

Trinh Huy Vi (Lép 12 A1 Toaén, trusng THPT Chuyén KHTN, Ha No&t)

Bai viét néu ra dinh nghia va mot sb két qua vé diém Kosnita. Dong thdi bai bdo
ciing sé dua ra chiing minh thuan tiy cho mot s6 dudng thang di qua diém Kosnita.

1. Dinh nghia

Dinh nghia 2. Diém Kosnita K ciia ANABC bdt ki dugc xdc dinh la diém dong quy ciia ba
duong thdng ndi ba dinh A, B, C tuong iing vdi tam ngoai tiép ciia NOBC, AOC'A, NOAB véi
O la tdm ngoai tiép cia NABC. Diém Kosnita la Kimberling center X (54) trong Encyclopedia
of Triangle Center (ETC) [1].

Hinh 11.1: Diém Kosnita

2. M6t sb két qua quen thudc

Sau day, tac gia sé trinh bay ra mot sd két qua quen thudc vé diém Kosnita ma tic gia sé ding

trong bai viét.
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Két qua 1. AABC ¢6 tdm duong tron Euler N va diém Kosnita K. Khi dé, N va K ddng gidc
trong NABC.

Dinh nghia 3. Cho tam gidc ABC vdi tam néi tiép I. Puong thing Euler ciia ANIBC, NIC A,
NITAB, NABC dong quy tai mot diém. Piém dong quy do dugc goi la diém Schiffler ciia
NABC.

Két qud 2. Goi D, E, F ldn lugt la trung diém ciia cdc cung nhé BC,CA, AB ciia NABC.
Khi do, diém Kosnita ciia ADEF ciing la diém Schiffler ciia NABC.

Chitng minh. X Ia trung diém BC. V& duong kinh D.J. Ly cac diém D', E', F' 1an luct dbi
xting D, E, F qua BC,CA, AB.Goi N, U, V, W tuong ting l1a trung di€ém ctia IO, I D’ IE' IF'.
Ta c6 céc két qua quen thudc: D, B, F tuong ting 1a tAm ngoai tiép clia cac tam gidc IBC , IC'A
,ITAB; I, N la tryc tdm va tam duong tron Euler cia ADEF'.

Ta c6 DI*> = DB?* = DC? = DX.DJ (theo hé thiic lugng trong tam giac vudng). Tur d6
ta dugc DI> = DX.DJ = 2DX.DO = DD'.DO. Suy ra 11))_? = 1?1; Do d6, ADOI ~
ADID'(c.g.c). Ma hai tam gidc nay c6 hai trung tuyén tuong tng la DN va DU, do viy
/NDI = ZUDO. Néi cach khac, DN va DU dang giac trong /1 DO. Mit khac, do I, O tudng
ting 1a truc tim va tAm ngoai tiép ctia ADEF nén DH, DO dang gi4c trong ZEDF. Tit d6 ta
thu dugc DN va DU dang giac trong /EDF. Mit khac ta lai ¢c6 U 1a tim dudng tron Euler
ctia AIBC nén DU chinh la dudng thang Euler ciia AIBC. Vay DN va dudng thang Euler
ctia AIBC dang giic trong ADEF. Chiing minh tuong tu ta ciing dugc EN, dudng thing
Euler ciia AICA va FN, dudng thang Euler ctia AT AB 1a hai cip dudng thang diang gidc
trong ADEF. Do vy diém Schiffler S ding gidc v6i N qua ADEF. Theo Két qua 1, diém
Schiffler S cia AABC ciling 1a diém Kosnita cia ADEF O

Hinh 11.2: Diém Kosnita ciia ADEF va diém Schiffler ciia NABC tring nhau
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Nhan xét. Két qua 2 con c6 cach ching minh khéc ctia Telv Cohl trong [4]. Tit két qua nay
thu dugc hé qua la diém Kosnita ciia ADEF niam trén dudng thang Euler ctia AABC. Hon
nifa, dua su triing nhau cta diém Schiffler va diém Kosnita cia AABC va ADEF, ta ciing
thu dugc ching minh cta két qua sau:

Két qua 3. Goi D, E, F ldn luot la trung diém ciia cdc cung nhé BC, C A, AB ciia duong tron

(O) ngoai tiép NABC. H la tryc tam ciia NABC va K la diém Kosnita ciia ANDEF. Khi do,
OK R

OH  2r + 3R
ABC.

Vi R, r tuong iing la bdn kinh ciia duong tron ngoai tiép va néi tiép tam gidc

Hq

D

Hinh 11.3: Ti s6 OK/OH

Trudc hét ta néu ra mot bd dé quen thudc, tac gia xin phép khong néu chiing minh ciia bs dé nay.
B6 dé 5. Cho ANABC véi truc tam H, tdm ngoai tiép O va M la trung diém BC. Khi do,
AH =20M.

Chitng minh. L 13 hinh chiéu cta I 1én AC. X 1a trung diém BC. Goi H, la truc tAm clia
AIBC. Do K nam trén duong thang Euler cia AIBC nén K € DH,. Bt DH, cit AH tai G.

DI DB XD XD
Do ANALI ~ ABX D(g.g) nén — = = = . Tir d6 ap dung dinh ly Thales, ta
Al Al IL r
IH DI XD

= Theo bd dé thi 2DX XD
= = . Theo b6 dé thi =
AG DA XD-+r AG XD +

suy ra .Do vy, AG = 2(XD +r),
T
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suyra HG = AH + AG = 20X + 2(XD + r) = 2(r + R). Theo dinh ly Thales suy ra
OK OD R OK R

—= = hay _= . D
KH HG 2(r+R) OH 2r+3R

Trong muc nay tic gia sé phat biéu mot sd duvng thang di qua diém Kosnita. Hiu hét cac dudng
thang nay déu da dugc liét ké trong ETC [1] nén tic gia chi phat bi€u lai va ddng thsi dua ra
nhitng chitng minh thuan tdy hinh hoc cho chiing.

Dinh nghia 4. AABC véi A', B',C" twong iing la chdn ba duong cao. Ag, Ac ldn luot la
hinh chiéu ciia A’ trén AB, AC. Xdc dinh cdc diém B¢, By, Ca, Cp tuong tu. Khi do, 6 diém
Agp, Ac, Bo, Ba,Ca, Cy cing nam trén mot duong tron. Puong tron nay dugc goi la duong
tron Taylor [5]. Tam dudng tron Taylor trong ETC la Kimberling center X (389) [1].

Ba CA

Ac

B Cg A’ Be C
Hinh 11.4: Puong tron Taylor

Chitng minh duong tron Taylor. Ta thuc hién phép bién d6i goc sau:
LAABAc = LAA Ap (A, A, A', A nim trén duong tron (AA))

= /ACB (cung phu ZA'AC)

= /AC'B' (B,C, B, C’ nim trén duong tron (BC'))

= LAC,By (B',C’, By, C4 ndm trén dudng tron(B'C"))
Do vay 4 diém A, Ac, B4, C 4 cung thudc mdt dudng tron. Ching minh tuong tu thi By BoCpAp
va C,CpBeAc déu 1a céc ti gidc ndi tiép dudng tron. Gia st ba dudng tron nay khong tring
nhau thi ta thdy BoCp, CuAc, A B 1an lugt 1a cac truc dang phucng ciia 2 trong bd 3 dudng
tron {(ABACBACA); (BABCCBAB); (CACBBCAC)}, tic la BcCg, CyAc, ApBy phé.i dél’lg
quy (mau thuan). Do vay, 3 dudng tron ndy trung nhau va 6 diém Ag, Ac, B, Ba, Ca, Cs cing
thudc 1 dudng tron. O
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Céc chiing minh khac cho dudng tron Taylor tham khao thém trong [6], [7].

Dinh nghia 5. Cho ANABC véi D, E, F ldn luot la trung diém cua BC,C A, AB. Khi do, tdm
noi tiép cua ANDEF dugc goi la diém Spieker ciia NABC.

Sau day tdc gia sé trinh bay thém mot tinh chat lién quan dén tim dudng tron Taylor X (389) va
diém Spieker.

B dé 6. AABC nhon véi A', B',C" ldn lugt la ba chén duong cao. Khi do, tém ciia duong
tron Taylor cia NABC la diém Spieker ciia NA'B'C".

A
BA CA
’
D
Ac
o’
F
A
E
B CB A’ BC C
Hinh 11.5

Chitng minh. S 13 tim duong tron Taylor ctia AABC. Goi D, E, F lan ludt 1a trung diém ctia
B'C',C"A', A’ B’. Trudc hét ta chiing minh Ap A¢ di qua E, F. That vy, do F 1 trung diém ctia
C'A'nén LZEABA = LC'"A'Ap = 90° — LBC'A' = 90° — LACB = LA AA: = LACARA'.
Do d6, E € AgAc. Tuong tu v6i F suy ra AgAc di qua F, F. Ching minh tuong tu nhu
trén ta dugc B, B¢ di qua F, D va C4Cp di qua D, E. Mit khac dé thiay BoC || CzBc nén
B4C4BcCpg la mot hinh thang can, ma D = By Be N C4Cp suy ra ADB¢Cp la tam giac can
va DS la phén giac cia LB DCp = ZEDF. Tuong tu, ES 1a phan giac cia ZDFEF'. Vay S la
tam ndi tiép cia ADEF va ciing 1a diém Spieker ctia AA'B'C". O

Nhan xét. Két qua trén chi ding khi AABC 1a tam gidc nhon. Khi AABC tu 1an lugt tai
A, B, C thi tam dudng tron Taylor cia AABC sé la tam bang tiép tucng ting vdi cac dinh
D, E, F cuatam giac trung binh DEF cia AA'B'C".

TAc gia xin tiép tuc néu thém ra mot két qua ndi tiéng lién quan dén diém Spieker:

BS dé 7. AABC véi tam néi tiép I, trong tam G va diém Spieker S, va diém Nagel N,. Khi
do, I,G,S,, N, cung ndm trén mot duong thing va IN, = 215, = 3IG.

Day 12 mot dinh 1y ndi tiéng, ban doc c6 thé tham khao chiing minh ctia n6 tif trang 7-12 trong

[6].

Dinh Iy 1. Cho AABC véi truc tam H, duong tron ngoai tiép (O) va ADEF la tam gidc tao
bdi ba chdn duong cao cua NABC. S la tam duong tron Taylor cua NABC. H* la anh nghich
ddo ciia H qua (O). Khi dé, duong thang SH* di qua diém Kosnita K ciia NABC.

79

https://tieulun.hopto.org



Tap chi Epsilon, S6 09, 06/2016

H,

H*

Hinh 11.6: Dinh ly 3.1

Trong do, anh nghich ddo H* ciia H cua (O) la Kimberling center X (186) trong ETC [1].
Trong bai viét ndy tac gia sé néu chiing minh ctia dinh ly 1 trong trudng hop AABC nhon
(céc trudng hop con lai chitng minh tuong tw). Khi d6, tam dudng tron Taylor chinh la diém
Spieker ctia tam gidc DEF. Do vay, ta quy bai toan vé viéc chiing minh dudng thang di qua
di€ém Spieker cia ADFEF va anh nghich déo ctia H qua (O) di qua diém Kosnita K.

Chirng minh dinh ly. N 1a tim dudng tron Euler cia AABC va P 1a trung diém cta NO.
X,Y, Z,J, L, M tuong ting 1a trung di€ém cta EF, FD, DE, HA, HB, HC. Dé thiy H 1a tam
noi tiép ctia ADEF (két qua ndi tiéng). Goi H,, G lan lugt 1a truc tAm va trong tim cia ADEF.
Ta dudc H,, G, N thang hang trén dudng thang Euler cia ADEF va H,G, S thang hang,
HG = 2GS. Goi Q 1a trung diém ctia HK. r, R 1an ludt 12 ban kinh dudng tron noi tiép va
ngoai tiép cia ADEF.

OH AH\?> [(OH\®> NH?
Ta c6 OA2 = OH.OH* suy ra ( ) = ( ) = ——. Mit khac, dp dung

OH* ~ \ AH* 0A R
cong thic Euler va chi y 12 H, N lan lugt 1a tAm ndi tiép va tAm ngoai tiép ctia ADEF,
OH R—2 OP R—-2
thi NH? = Rr? — 2Rr = R(R — 2r). Do dé, - " vay - " hay

OH* R "7 OH* 4R
PH* 3R+2r

OH* 4R

1 .
Xét phép vi tu tdm H ti sO 7 A= J,B— L;,Cw— M; K — @, do dé ( la diem Kosnita cta
AJLM. Mit khac, ta c6 két qua ndi tiéng .J, L, M 1an ludt 1a trung diém cic cung EF, FD, DE
ctia dudng tron (DEF). Theo két qua 2.2, 2.3 thi @ 1a diém Schiffler ctia ADEF, Q € H,N va
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NQ R NQ 3R .
= : = . Mat khac, th h 1y Thal 5, OK = 2N
NH. 2 73R SuyraNG 5 3R at khac, theo dinh ly Thales ta c6, O Q
N
mSP-% Do vay,
3ING

PS o9 3NG _32r+3R _2r+3R

OK 2N@Q 4NQ 4 3R 4R
Vay O — 0K .Suyra APH*S ~ AOH*K(c.g.c)nén LPH*S = ZOH*K.Vay H*, S, K
thang hang. [

Dinh Iy 2. Cho NABC véi truc tdm H, trong tdm G va duong tron ngoai tiép (O). Cdc tiép
tuyén tai A, B, C ciia duong tron (O) cdt nhau tao thanh ADEF. I la trung diém ciia HG. L
la tam dwong tron Euler ciia ADEF. Khi do, IL di qua diém Kosnita K ciia ANABC

Trong d6, trung di€m I cia HG la Kimberling center X (381) ctia AABC, tam dudng tron
Euler L cta tam giac DEF 1a Kimberling center X (156) cia AABC trong ETC [1].
D€ ching minh dinh 1y 2, tic gia xin phat biéu khong ching minh bs dé quen thudc sau:

B6 dé 8. Cho AABC vdi tam ngoai tiép O, dudng tron ndi 1iép (I). Tiép diém ciia (I) vdi

BC,CA, AB twong iing la D, E, F. H la truc tam ADEF. R, r ldn lugt la bdn kinh ciia duong

tron ngoai tiép va néi tiép ciia NABC. Khi do, OI tring vdi duong thang Euler I H ciia ADEF
IH r

va — = —.

Ol R
Chitng minh dinh ly. Goi H*, O*, S* lan lugt 12 truc tim, tim ngoai tiép va diém Schiffler ctia
ADFEF. XY, Z tuong IIng la trung diém céc cung EF, FD, DE cta dudng tron (O ) ngoai
tiép ADEF. Theo két qua 2 thi S* chinh 12 diém Kosnita cia AXY Z. it R, R, 1in ludt 1a
ban kinh dudng tron ngoai tiép cac tam gidc ABC va DEF.

Do cung vudng géc v6i OD nén BC' || Y Z. Tuong tu ta ciing ¢c6 CA || ZX; AB || XY. Do d6
AABC va AXY Z vi td nhau, ma O, O* tuong tng 13 tAm ngoai tiép ctia AABC va AXY Z,;
K, S* tuong tng la diém Kosnita cia AABC va AXY Z. Tt d6 suy ra OK || O*S* = O*H*
‘OK—OA—EM“kh”d K&t qua 3 o*s* R,
A T o R at khac, ap dung ket qua 3 suy ra O ~ 2R+3E
o*S* 2R,
O*L 2R+ 3R,

. Vi vay, ta dugc:

OK OK 0*S* R 2R, 2R
O,  0O*S* O*IL R, 2R+3R, 2R+ 3R,

Miit khic dé thiy (O) cling chinh 1a dudng tron noi tiép ctia ADEF. Theo bd dé 4 thi OO*

. H
trung véi duong thang Euler cia AABC, n6i cach khac la O* € OH va OOO* = Rﬁ Ma [ la
7 or 2 )
trung diém cua HG nén HI = IG = GO hay — = —=. Do d9,
OH 3
or oI OH_2£_2R:>IO_ 2R
0O0*  OH 00* 3 R. 3R. I0* 2R+ 3R,
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D

Hinh 11.7: Dinh ly 2

OK _
Do vay ta dugc 0" = O L Keét hgp v6i OK || O*L suy ra AIOK ~ AIO*L(c.g.c), nén
OIK = O*IL. Tit dé ta dugc I, K, L thing hang. 0

Dé cho thuan tién, tc gia sé sit dung nhiing ky hiéu ctia da dung trong viéc phat biéu va chiing
minh dinh Iy 2 d& phét biéu dinh 1j 3

Dinh Iy 3. Goi S, la diém Spieker ciia ANDEF. Khi do, dwong thang H S, di qua diém Kosnita
K cua NABC.

Diém Spieker clia tam gidc tao bdi ba tiép tuyén la Kimberling center X (6759) ctia AABC.

Chitng minh dinh ly. Goi G* 1a trong tim ctia ADEF. Ta ¢ G* nam trén H*O* (dudng thang

Euler ctia tam gidc DEF. Theo bé dé 3, chi y O 1a tim ndi tiép cia ADEF va S, la diém

Spieker cia ADEF, suy ra O,G*, S, thang hang va OG* = 2G*S,. bat IG* cat OK tai T.

Tu phép ching minh dinh ly 2 & trén thi ta dugc OK || O*L. Ap dung dinh ly Thales, ta
or IT TK or O*G*

co e = o :O]G*L.OTTI‘I do (s)ug*ra T = oL Mait khac, do O*G* = G*L nén

OT =2TK. Tu dé6 TH-TK = G*Sp<: 2). Theo dinh ly Thales dao suy ra HK || IT va

KS, || TG*. Theo tién dé Euclid thi H, K, S, thing hang. O
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H*

Hinh 11.8: Dinh ly 3

Nhén xét. Két qué vé duong thing di qua 3 di€ém H, K, S, thyc té chi 1a mot hé qua cda dinh ly
2. Hon niia, ta cling thu dudgc hé qua:

HK 2R

HS, 2R+ 3R,

Hé qua 4.

HK OH _HS

2 . At vAG 4 : . * 5 J N

Chung minh. Tha;~ ;ay, aplzl)ung d1nh21]§ Thales cho IG* || HS,, thi T Ol o Tu

de = = = do OK || O*H*). ]
Sswyr e =76 = Tor ~ amt R, COK | )

Dinh nghia 6. Cho ANABC véi truc tdm H va tdm ngoai tiép O. Diém De Longchamps clia
NAABC dugc xdc dinh la diém déi xiing cua truc tdm H qua tdm ngoai tiép O [8]. Piém de
Longchamps la Kimberling center X (20) trong ETC [1].

B6 dé 9. Cho AABC néi tiép duong tron (O). D la trung diém cia BC va H la truc tdm ciia
NABC. Tia DH cat (O) tai J. J' la mét diém trén duong tron (O) sao cho JJ' || BC. Tiép
tuyén ciia (O) tai B, C cdt nhau tai T. Khi dé, Z/AJ'T = 90°.

Chitng minh bd dé. Dung dudng kinh AE cia (O). Pat U = AH N (O). D& thiy UE || BC ||
JJ'.Goi BB',CC" 1a cac dudng cao ctia AABC. Ta c6 két qua ndi tiéng 12 AJ, BC, B'C" dong
quy tai mot di€m, goi diém d6 1a X. Ta ciing ¢c6 A(BC,UX) = —1 (chum cd ban). Tt d6 suy ra
A(BC,UJ) = —1. Do vay, ti gidc BJCOU la ti giac diéu hoa. Vi vay J, U, T 1a 3 diém thang
hang. Mit khic, do UE || BC || J.J' nén bang phép dbi xiing qua trung truc BC, ta suy ra
J', E, T thang hang. Do viy ZAJ'T = ZAJ'E = 90°. O
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A

I

R
AR

T

Hinh 11.9: Bé'dé 5

Tit b dé trén ta chiing minh dugce mot tinh chit lién quan dén dang gidc ctia diém de Longchamps
dudi day.

Bo dé 10. Cho AABC ngi tiép duing tron (O). Piém de Longchamps L va L' la ddng gidc
ciia L trong NABC. Cdc tiép tuyén tai A, B, C ciia (O) cdt nhau tao thanh ADEF. Vé duong
kinh AA', BB',CC’ ciia (O). Khi dé, DA’ || AL', EB' || BL', FC" || CL'. Hon nita, ta da biét
DA, EB', FC'" dong quy tai diém Nagel N, ciia NDEF (két qud néi tiéng), thi N, va L' doi
xung nhau qua O.

Chitng minh bg dé. it A'H cit dudng tron ngoai tiép (O) 1An thit hai tai G. Liy G’ € (O)
sao cho GG’ || BC. Theo bé dé 5 thi D, A’, G’ thing hang. Mt khéc, L dbi xing H qua O
nén AHA’'L la mot hinh binh hanh. Suy ra A'L | AH va A’L 1. BC.Dat LN (0) = J
(J #£ A') thi LZAJA' = 90°,do d6 AJ || BC || GG'. Suy ra LZG'A'A = /ZHA'L = ZHAL
(do AH A’L 1a mdt hinh binh hanh). Ma L, L’ va H, O 1a hai cip dan giac trong AABC nén
LL'AO = ZHAL. Do vay ZL'AO = LZG'A’A. Suy ra AL || D, A',G' = DA’. Tuong ty
EB'|| BL',FC" | CL'.

Goi L* dbi xing L qua O. Ta dugc AL'A'L* 1a hinh binh hanh va A’L* || A’L. Tut d6 suy ra
L* € DA. Tuong ty L* € EB'vaL* € FC'.Vay L* = DA'N EB'N FC' nén L* = N,. Do
do, N, va L dbi xting nhau qua O. U

Dinh nghia 7. Cho ANABC véi duong tron ngoai tiép (O). Cdc trung tuyén ciia tam gidc ABC
cat (O) ldn luot tai X,Y, Z. Cdc tiép tuyén ciia (O) tai A, B, C cdt nhau tao thanh tam gidc
DEF.Khido, DX, EY, FZ déng quy tai mot diém. Diém dong quy nay duoc goi la diém Exeter
ciia NABC [9]. Diém Exeter la Kimberling center X (22) trong ETC [1].

B6 dé 11. Cho AABC ni tiép duong tron (O). Pudng tron noi tiép (I) tiép xiic BC,C A, AB
tai D, E, F tuong ung. Cdc duong tron Mixtilinear 1ing véi cdc dinh A, B, C ldn luot tiép xiic
(O) tai X,Y,Z. Ta c6 két qud néi tiéng AD, BE,CF déng quy tai diém Gergonne G, ciia
NABC va AX, BY,CZ déng quy tai mot diém J la ding gidc ciia G, trong NABC. Hon nita,

J con nam trén OI va 70 = % voi R, r tuong iing la bdn kinh duong tron (O) va (I).
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D

Hinh 11.10: B6'dé 6

Binh luin. B3 dé trén 12 mot két qua ndi tiéng nén tac gia xin phép khong trinh bay lai chiing
minh. Dua vao bd dé nay ta c6 thé chiing minh dudc tinh chit quan trong sau ciia diém Exeter.
B6 dé 12. Diém Exeter E, ndm trén duong thing Euler ciia ANABC. Hon nita, ta ciing cé ti s

E O R A 2 2 N
T = —vd6i O, 0" la tdm ngoai tiép ciia NABC, ANDEF va R, R, la bdn kinh ciia duong

E,0* R,
tron ngoai tiep NABC va ADEF.

Chitng minh b dé. Goi H la truc tim ciia AABC. M la trung diém BC va X = AM N (O).
Ta c6 cdc tit gidce BOC'D va ABXC ndi tiép nén MO - MD = MB - MC = MA- MX. Do
dé, ti giac AOX D 1a td gidc ndi tiép. Vay /X DO = /X AO = LZAXO = ZADO hay DO 1a
phan gidc cia ZADX. Suyra DA va DX = DE, 142 duong dang gic trong ZEDF . Tuong tu
EB va EE,; FC va FE, 1a cic cip 2 dudng dang gidc trong ADEF. Vay E, 1a dang gidc cia
diém Gergonne G, (cia ADFEF) trong ADEF. Theo bo dé 7 thi F, nim trén dudng thing

. . . E.O R
OO*, duong thang nay dong thai ciing la duong thang Euler cia AABC, va To - R ]
Dinh Iy 5. Cho AABC vdi diém De Longchamps L va diém Exeter E,. L* la diém dding gidc
ciia L trong NABC. E' déi xiing vdi E, qua O. Khi dé, L*E', di qua diém Kosnita ciia NABC.

Chitng minh dinh ly. Goi H 1a truc tim cia AABC. O’ dbi xiing O qua L. Céc tiép tuyén tai
A, B, C cta (O) cit nhau tao thanh tam gidgc DEF. S,, N, lan lugt 1a diém Spieker va diém
Nagel cia ADEF. O* 1a tam ngoai tiép cia ADEF. R, R* 1an luct 13 ban kinh dudng tron
ngoai tiép cia AABC va ADEF'.

E.O R OFE,

2 X R 2 2X
Th o0 de 8 thi =—nh = . Mat khac, lai th o de 4, thi O* H
eobode8t1ExO* R ayOO* R+ R at khac, lai theo bo dé 4, thi O* € O
VéHO—ﬁTﬁdésu raOE;—OEw—OEI-OO*— R AR _ R Do va
00"~ R. YMHO T HO T 00" HO  R+R. R R+R., %
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Eqy

D

Hinh 11.11: B6'dé 8

D

Hinh 11.12: Dinh ly 5
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HE, R

70 = R_i_R*,mélHO’ = 3HO nén ta dugc

HE, R HE, R

HO' " 3R+ R) B0 3R+3R WV

Chd y ring O, S,, N, 1an lugt 1a tam noi tiép, diém Spieker va di€ém Nagel cia ADEF nén

ta dugc S, 1a trung diém ON, (xem bo dé 3). Két hop véi L* dbi xiing N, qua O, nén ta
HO (ON

c6 OL* = ON, = 20S,. Tut d6 theo dinh Iy Thales, do o0 = OLI; (

HK 2R

HS, 2R+ 3R,

1
= 5) nén ta dudc

HK || L*O' va L*O' = 2HS,. Mat khic, ta lai ¢6
HK HK R

(hé qua 4). Suy ra,

= — 2 .

L*O' ~ 2HS, 2R+ 3R, @)
HE! HK
T (1) va (2) suy ra = = o Ma ZKHE, = ZL'O'E, (do HE || L*0"). Do dd,
AHKE! ~ AOL*E!. Suy ra ZHE'K = LO'E/L* = 180° — ZHE'L* hay /ZKE'L* =
/HE'K + /HE'L* = 180°. Do vay, L*, E,, K thang hang. O
A
o

BWO
Hinh 11.13: Dinh Iy 6

Dinh Iy 6. Cho tam gidc ABC véi diém Kosnita K va tdm ngoai tiép O. H la truc tam tam gidc
pedal ciia K iing vdi tam gidc ABC'. Khi do, dwong thang OH di qua diém Kosnita K.

Dinh ly trén da dudc tac gia dé xuét trén dién dan AoPS trong [2]. D€ ching minh dinh ly 6, ta
can c6 mot bd deé:

B6 dé 13. Cho AABC véi P la mét diém bdt ky. Cdc duong thing qua P ldn lugt vuong géc
vdi AP, BP,CP cdit BC,CA, AB tuong iing tai X,Y, Z. Khi d6, X,Y, Z thdng hang.

Day 1a mot két qua ndi tiéng nén tac gia sé khong trinh bay phép chiing minh.
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Trd lai chitng minh dinh ly. Ta goi NV 1a tim dudng tron Euler cia AABC. Cac dudng thang
qua N 1an luot vudng géc v6i AN, BN, CN cit BC,C A, AB tuong tng tai X,Y, Z. Theo bd
dé 1.1 thi X,Y, Z cung nam trén mot dudng thang. Sau day, dé ching minh dinh Iy, tic gia sé
chia ra chiing minh hai bai toan nho sau day:

Bii todn 1. OK L XY, Z.

Hinh 11.14: Bai todn 1

Chitng minh. Goi P, Q, R, L lan lugt 1a trung diém BC, CA, AB, OA. I, O, tuong ting 13 tim
ngoai tiép cia AANL va AOBC. Khi d6, ta cé N, L 1a tAm ngoai tiép cia APQR va AARQ.
Ma A, D dbi xting nhau qua trung diém qua QR nén L, N ciing ddi xiing qua trung diém QR.
Miit khac, LN lai trung truc cia QR. Suy ra L, N d6i xiing qua QR, néi cach khac, QR 12 trung
truc cia LN. Twdé suyra I € QR.

Liy X' dbi xtiing A qua I thi X’ € BC va AX' la duong kinh cta (ANL). Suy ra ZANX =
ZALX = 90°. Tu d6 ta duoc NX' L AN, X'L L AOvaX' = X.Dodo, XL L AO nén X
thudc trung truc cua AO.

Xét phép nghich déo I qua dudng tron (O). Goi X*, Y*, Z* 1an ludt 1a &nh clia X, Y, Z qua phép
nghich ddo I. Do X Ia giao diém cua trung truc AO v6i BC nén X* sé 1a giao diém ctia dudng
tron (A, AO) véi dudng tron (OBC'). Tt d6 suy ra AO, la trung truc cia OX*. Ma K € AO,
nén KO = K X*. Chiing minh tuong tu suy ra KO = KX* = KY* = KZ* hay K chinh la
tAm ngoai tiép ciia AX*Y*Z*. Theo tinh chit ctia phép nghich ddotasuyra OK 1 XY, Z. [

Bai todn 2. HK L X,Y,Z
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Hinh 11.15: Bai todn 2

Chitng minh. Theo két qua 1 thi N, K 1a hai diém déng gidc trong AABC. Do dé, ta c6
AN | EF,BN | FD,CN | DE.Suyra NY || FD 1 HE,NZ || DE 1 HF. Xét
AKEFvVaANYZ 6 NA L EF,YE | KE,ZF 1 KFva NA YE,ZF dong quy tai A.
Tit d6 suy ra AK EF va ANY Z truc giao. Vay cac duong thang qua K, F, F 1an lugt vudng
g6cv6i Y Z,NY,NZ dongquy. Ma EH | NY vaFH 1 NZ Tudétadugce KH 1L YZ. [

Ta da giai quyét xong hai bai toan nho, ap dung chiing ta suy ra H, K, O thang hang trén mot
dudng thing vudng géc véi X, Y, Z. Pinh Iy 6 da dugc chiing minh xong. [

Nhén xét. C4 hai bai todn nhé & trén ngoai cac chiing minh trén van con c6 cic cach tiép can va
chiing minh khéc trong [2] va [3]. Ciing trong [2], Telv Cohl da phat bi€u va chiing minh thém
mot tinh chét lién quan dén dinh ly 6 nhu sau:

Dinhly 7. HO = 3HK
Tac gia xin dan lai chiing minh ctia Telv Cohl cho dinh 1y 7 trong [2] dudi day:
Chitng minh dinh Iy 7. Goi T 1a truc tim cia AABC. K,, H, 1an lugt 13 tAm ngoai tiép va

truc tdm clia AAFEF (Xéc dinh céc diém K, K., H,, H. tuong tu). Pat J = AN N ©(ABCQ)
va K*, 0, dbi xing ctia K,, O qua EF, BC. Ta ZJBC = /NAC = /BAK = /FEK
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Oa

Hinh 11.16: Dinh ly 7

va £JOB = /NAB = LCAK = /EFK, ta dugc AJBC ~ AKEF, do d6 két hop
v6i ZCOuB = /BOC = 2/BAC = /FK.,E = /EK:F (chi y ring OB = 0,C va
K!E=K!F)— AJBCUOs~AKEFUK! dovay /ZEKK} = /Z04JB = ZACB =
LEKD — K} € DK.Vi H, doi xting K qua trung di€ém EF, nén KK;H,K,la mot hinh
binh hanh, d6 d6 tt KK* | BC tasuyra K,H, | BC = K,H, di qua trung diém M cua
KT (vi K, 1a trung diém ctia K A). Tuong tu, ta chitng minh dugc K,H, 1. CA, K .H, 1. AB
vaM e KyH,,M € K H..

Vi H,, H,, H,. tuong dng 1a dbi xing ctia K qua trung diém EF, FD, DE, nén ADEF va
A H,HyH, bang nhau (va vi tw), do vay két hop véi H,M || DK, H,M || EK, H.M | FK =
ADEF UK, va AH,H,H, U M bang nhau (va vi tu).

Goi P,(Q 1a tAm duong tron Euler va tim ngoai tiép ctia ADEF. Goi Q, la dbi xiing clia
O qua EF va D* 1a déi xing ciia D qua K. Ta KD* - DK L MH, — H,MKD* Ia
mdt hinh binh hanh, nén D* d6i xing M qua trung di€ém ctia EF, do d6 P 1a trung diém cia
DQ, — 2PK L Q,p* L QM. Ma M, Q 1a trung diém ciia KT, KN, ta suy ra 2M(Q

TN = 4PK L 20Q L TN, dovaynéu L = HPNOT taduge PK + NL — 3PK - LO

(ViNO=NT)= HO:HK =LO: PK =3:1.
O

[1] C. Kimberling, Encyclopedia of Triangle Center, Part 1,
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http://faculty.evansville.edu/ck6/encyclopedia/ETC.html

[2] HK passes through the circumcenter
http://www.artofproblemsolving.com/community/c6h1125044

[3] Geometry Problem (23)
http://www.artofproblemsolving.com/community/c6h373509

[4] Euler Lines Reflected
http://www.artofproblemsolving.com/community/c6h610293

[5] Taylor Circle
http://mathworld.wolfram.com/TaylorCircle.html

[6] Honsberger, R. , Episodes in Nineteenth and Twentieth Century Euclidean Geometry;
Washington, DC: Math. Assoc. Amer., 1995

[7] The Taylor Circle
http://www.cut-the-knot.org/triangle/Taylor.shtml

[8] De Longchamps point
http://mathworld.wolfram.com/deLongchampsPoint.html

[9] Exeter point
http://mathworld.wolfram.com/ExeterPoint.html
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Tap chi online cua cong dong
nhitng nguoi yéu toan

gpsi lon

DINH LY SAWAYAMA VA THESBAULT TRONG
CAC BAI TOAN HINH HOC THI OLYMPIC

Tran Quang Hung (T6 todn, trusng THPT Chuyén KHTN, Ha Noi)
Duong Anh Ngoc (Lép 10 A1 Todn, truong THPT Chuyén KHTN, Ha Noi)

Bai viét tap trung vao viéc phat trién cac dng dung dinh ly ndi tiéng cda
Sawayama va Thébault trong cac bai toan hinh hoc thi Olympic.

1. Mé dau

Dinh Iy Thébault 1a mot trong nhitng dinh 1y dep bac nhét ctia hinh hoc phang. Nguyén liéu chu
yéu trong ching minh dinh Iy nay 13 b dé ctia Sawayama. Vi vay ching dugc gop chung thanh
tén goi 1a dinh Iy Sawayama va Thébault xem [1,2,3]. BS dé Sawayama dugc phat bi€u nhu sau,
tham khao [2,3]

Bai todn 1 (B6 dé Sawayama). Cho tam gidc ABC néi tiép duing tron (O). D la mot diém
thuoc doan BC. Puong tron (K) tiép xiic DA, DC ldn lugt tai M, N va tiép xiic trong (O).
Chitng minh rang M N di qua tam néi tiép tam gidc ABC.
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Chitng minh. Goi phan gidc géc Z/BAC cit (O) tai E khac A. AE cit M N tai I. (K) tiép xtic
(O) tai F.Dé c6 E, N, F thing hang va EB? = EC? = EN.EF.

Talai ¢6 ZFMN = {/FKN = {/FOE = /FAEF suy ra t gidc AFIM noi tiép. Suy
ra /IFN = /MFN — Z/MFI = ZDMN — ZMFI = LAFI — ZMFI = LZAFM =
LAIM = ZEIN. Tu d6 AEIN ~ AEFI suyra EI? = EN.EF = EC? = EB?. Suyra [
1a tAm ndi tiép tam gidc ABC. Ta c6 diéu phai ching minh. O

Dinh ly Thebault 12 mot hé qua truc tiép ctia b dé trén

Bai todn 2 (Dinh Iy Thébault). Cho tam gidc ABC néi tiép duong tron (O). D la mét diém
thugc doan BC. Puong tron (K) tiép xiic DA, DC va tiép xiic trong (O). Puong tron (L) tiép
xiic DA, DB va tiép xiic trong (O). Chitng minh rang K L di qua tdm ngi tiép tam gidc ABC.

Chiing minh xem chi tiét trong [1,4]. Sau day 1a mot phat biéu khic ctia bd dé Sawayama trén ti
gidc noi tiép

Bai toan 3. Cho tit gidic ABC D néi tiép duong tron (O). Hai duong chéo AC va BD cdt nhau
tai E. Puong tron (K) tiép xiic véi doan EC, ED tai M, N va tiép xiic trong (O). Chitng minh
rang M N di qua tdm noi tiép cia tam gidc AC'D va tam gidc BCD.

Bai toan 4 (Dinh Iy Sawayama va Thébault mé rong véi tdm bang tiép). Cho tam gidc ABC
néi tiép duong tron (O). D la mét diém thugc tia doi tia C B. Puong tron (K) tiép xiic DA, DC
lan luot tai M, N va tiép xiic ngoai (O). Chiing minh rang M N di qua tdm bang tiép iing vi
dinh B cua tam gidc ABC.

Chitng minh. Goi phan gidc ngoai tai dinh A cit (O) tai E khic A. AE cat M N tai J. (K) tiép
xtc (O) tai F. D& c6 E, N, F thang hang vd EB? = EC? = EN.EF. Talai c6 ZFMN =
1/FKN = {/FOE = /FBE = /FAJ suy ra ti gidc AFMJ noi tiép. Suy ra ZEFJ =
180° — ZNFJ =180° — ZNFM — /MFJ = 180° — ZJMA — Z/MAJ = ZMJA. Tu d6
AEFJ ~ AEJN suyra EJ? = EN.EF = EC? = EB2. Suy ra J 1a tim bang tiép dng véi
dinh B cta tam gidc ABC. Ta c6 diéu phéi chiing minh. ]

Ca hai phat biéu trén déu rat hay dung trong céc bai todn hinh hoc khac nhau. Trén 12 mot vai bai
toan diém qua dinh ly Sawayama va Thébault ciing nhu mot s6 cidc mé rong.

Dinh Iy Sawayama va Thébault c6 thé coi 12 mot b dé thong dung trong cac bai toan Olympic
kho, doi khi viéc dung n6 thong dung va hién nhién t6i mic khé nhan ra vai tro clia né. Ching ta
hay bt dau cac bai toan chon ddi tuyén Viét Nam 2014, tham khao [4]

Bai todn 5 (VNTST 2014). Cho tam gidc ABC néi tiép trong duong tron (O). Trén cung BC
khong chita A ciia (O) ldy diém D. Gid sit CD cdt AB é E va BD cat AC 6 F. Goi (K) la
duong tron ndm trong tam gidc EBD, tiép xiic vdi EB, ED va tiép xiic véi duong tron (O). Goi
(L) la dwong tron nam trong tam gidc FC D, tiép xiic véi FC, F D va tiép xiic véi duong tron
(O). Goi M la tiép diém cia (K) véi BE va N la tiép diém cia (L) véi CF. Chiing minh rdng
duong tron duong kinh M N luén di qua mét diém cé dinh khi D di chuyén.
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Chiing minh. Goi (K) tiép xtic ED tai G va (L) tiép xic F'D tai H. Theo Dinh ly Sawayama
va Thébault mé rong cho tim bang tiép thi MG, N H di qua tam bang tiép .J ting v6i dinh A.
Tir d6 theo tinh cht géc ctia phan gidc goc tao bsi (EK, LF) = (LA + £D) = 90° do d6
EK L LF.Laidé ¢c6 MG L. EK 1 LF 1 NH tit d6 MG vudng géc N H tai J nén dudng
tron dudng kinh M N di qua .J ¢b dinh. O

Bai toan c6 thé mé rong thi vi hon nhu sau, tham khao [4]

Bai toan 6. Cho tam gidc ABC. Mét duong tron (O) bdt ky c6 dinh di qua B, C. D la diém di
chuyén trén (O) sao cho A, D khdc phia BC. Gid sit CD cdt AB é E va BD cdt AC 6 F. Goi
(K) la duong tron tiép xiic EB, ED ldn lugt tai M, N va tiép xiic trong (O). Goi (L) la duong
tron tiép xiic FC, F D lan luot tai P, Q va tiép xiic trong (O). Chiing minh rdng giao diém clia
MN, PQ luén nam trén mot duong tron cé dinh khi D di chuyén.

Chitng minh. Goi AB, AC 1an lugt cat (O) tai G, H khic B, C. Ap dung dinh ly Sawayama va
Thébault mé rong vao tam gidc GBC, HBC thi M N di qua tim bang tiép S tng v6i dinh G
ctia tam gidc BGC cb dinh va PQ di qua tAm bang tiép T tng véi dinh H cta tam gidc H BC
¢ dinh. Goi M N cat PQ tai Rchiy EK 1 MN,FL 1 PQ, theo tinh chit géc ctia phan gidc
thi 180° — Z(MN, PQ) = Z(EK,FL) = +(ZA+ £D). Vi (O) ¢6 dinh nén Z/D khong déi,
tir d6 /R khong ddi va S, T c¢b dinh nén R thudc dudng tron cd dinh di qua S, T'. O
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Céc ban hiy 1am hai bai toan sau dé luyén tap thém vé dang nay

Bai todn 7. Cho tam gidc ABC néi tiép duong tron (O). P la diém di chuyén trén cung BC chita
A ciia (O). PB, PC cat CA, AB ldn luot tai E, F. Puong tron (K) tiép xiic doan EA, EB va
tiép xiic trong (O). Puong tron (L) tiép xiic doan F B, FC va tiép xiic BC khong chita A cua
(0). (K) tiép xiic AC tai M va (L) tiép xiic AB tai N. Ching minh rang duong tron duong
kinh M N luén di mot diém cé dinh khi P di chuyén.

Bai todn 8. Cho tam gidc ABC va duong tron (O) ¢é dinh di qua B, C. D la diém di chuyén
trén cung BC ciia (O) sao cho D, A cung phia BC. DB, DC cdt C A, AB ldn lugt tai E, F.
Duong tron (K) tiép xiic doan EA, EB tai M, N va tiép xiic trong (O). Puong tron (L) tiép
xiic doan F B, FC tai P, Q va tiép xiic (O) tai mot diém khong cing phia A so véi BC. Chiing
minh rdang giao diém ciia M N va PQ luén thuéc mot duong tron cé dinh khi P di chuyén.

Bai toan tiép sau tham khéo [1,5]

Bai todn 9. Cho tit gidc ABC'D ngi tiép duong tron (O) c¢é AC cdt BD tai E. Duong tron (K)
tiép xiic doan EA, ED va tiép xiic trong (O). Puong tron (L) tiép xiic doan EB, EC va tiép
xiic trong (O). Chitng minh rdng truc ddng phuong ciia (K) va (L) chia déi cdc cung AB va
CD ciia (0).
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Chiing minh. Goi (K) tiép xic AC, BD tai M, N. (L) tiép xic AC, BD tai P, Q. Theo dinh ly
Sawayama va Thébault thi M N di qua tAm noi tiép I ctia tam gidc DAB va P( di qua tam ndi
tiép J cla tam gidc CAB. Goi S, T 1a trung diém cac cung AB va 0D ciia (O). Ta dé chiing
minh ST song song véi phan gidc ZAE B va vudng goc v6i phan giac Z BEC'. Cing dé ching
minh ti gidc AJ.J B noi tiép nén 1.J cat £ A, EB tao thanh mot tam gidc cannén /J 1 ST. Hon
ntta DI,CJ diqua SvaSI = SA =SB = 5J. Tudo6 tam giac SIJ can va ST | IJ nén
ST chia ddi I.J. Trong hinh thang M N P(Q) ¢6 ST || M N || PQ va ST chia doi /J nén ST la
dudng trung binh nén ST di qua trung diém cia M P, NQ, vay ST chinh 1a truc dang phuong
ctia (K) va (L). D6 la diéu phai ching minh. O
Bai toan tiép sau 1a mot hé qua ctia bai trén

Bai todn 10. Cho tit gidc ABCD néi tiép duong tron (O) c¢6 AC cat BD tai E. Pudng tron
(K) tiép xiic doan EA, ED va tiép xiic trong (O). Puong tron (L) tiép xiic doan EB, EC va

tiép xiic trong (O). Chitng minh rang cé mot tiép tuyén chung ngoai cua (K) va (L) song song
AB.

Chiing minh. Goi tiép tuyén chung ngoai clia (K) va (L) gan AB hon cit (O) tai M, N. (K), (L)
tiép xuc (O) tai P, Q va tiép xiic M N tai G, H. Theo chiing minh ctia dinh ly Sawayama va
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Thébault thi PQ, QH di qua trung diém S ctia cung M N. Lai c6 SG.SP = SM? = SN? =
SH.SQ. Tt d6 S thudc truc dang phuong ctia (K) va (L). Theo bai truéc S 1a trung diém
cung AB. Vay cung M N, AB c6 chung trung diém S nén M N || AB. Ta c6 diéu phéi chiing
minh. [

Bai toan trén lai c6 mdt hé qua thu vi khac nhu sau
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Bai toan 11. Cho tam gidc ABC néi tiép duong tron (O). D la mét diém thudc doan BC.
DPuong tron (K) tiép xiic DA, DC va tiép xiic trong (O). Puong tron (L) tiép xiic DA, DB va
tiép xiic trong (O). Tiép tuyén chung trong khdc AD cia (K) va (L) cdt cung BC khong chita
A ciia (O) tai E. Chitng minh rang ZDAB = /EAC.

Chiing minh. Goi AD cit (O) tai F khac A. Tiép tuyén chung trong khac AD cta (K) va (L)
cit (O) tai G khac E. Ap dung bai trude vao ti gidc AEFG, ta thdy BC 1a tiép tuyén chung
ngoai cla (K) va (L) gan EF honnén BC || EF. Tu d6 dé thly /DAB = /EAC. Ta c¢6 diéu
phai ching minh. ]

Chung ta thu dugc mot hé qua don gian cua bai toan trén nhu sau

Bai toan 12. Cho tam gidc ABC ngi tiép duong tron (O) véi duong cao AH. Duong tron (K)
tiép xiic HA, HC va tiép xiic trong (O). Puong tron (L) tiép xiic HA, H B va tiép xiic trong
(O). Chitng minh rang tiép tuyén chung trong khdc AH ciia (K) va (L) di qua diém déi tam ciia
A trén (O).

Bai toan sau c6 mot phan 14 dé chon doi Romani nim 2006 va b sung thém mot diéu kién tham
khao [6,7,8], 16i giai sau dya vao y tudng ctua Telv Cohl trong [6]

Bai todn 13. Cho tam gidc ABC ndi tiép duong tron (O) véi duong cao AH. Duong tron (K)
tiép xiic HA, HC va tiép xiic trong (O). Puong tron (L) tiép xiic HA, H B va tiép xiic trong
(O). Chitng minh rdng cdc diéu kién sau la twong duong

1) AB + AC = 2BC.

2) Tiép tuyén chung trong khdc AH ciia (K) va (L) chia déi BC.

3) KL di qua truc tdm tam gidc ABC.
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Chiing minh. Nho bai toan trén ta thy cac diéu kién 2) va 3) 1a tuong duong. Ta sé chiing minh
1) va 3) tuong duong la xong, that vy. Goi (K) tiép xic HC, HA tai P, Q. Goi (L) tiép xtic
HB,HAtai M, N. Theo dinh Iy Sawayama va Thébault thi M N, PQ, K L dong quy tai tim ndi
tiép I ctia tam giac ABC. Dé thiy cac tam giac HM N va H PQ vuong can nén M I 1a phan giac
ZLMH va PI 1a phan gidc ZKPH. Tit 6 dé c6 cdc doan thang bang nhau IL = [H = IK
suy ra I 1a trung diém K L. Goi D 13 hinh chiéu ctia I 1én BC thi D 1a trung di€ém M P. Goi tiép
tuyén chung trong khac AH ctia (K) va (L) cit BC tai R. Theo tinh chét tiép tuyén cit nhau
clia hai dudng tron ngoai nhau dé c6 HM = RP nén D la trung diém HR. Goi AT cit (O) tai
E khic A. Ta thdy R 1a trung diém BC khi va chi khi ER | BC khi va chi khi I 1a trung diém
AE. Theo hé qua dinh ly Ptolemy diéu nay tuong duong AB + AC = 2BC. Ta c6 diéu phai
ching minh. [

Nhan xét 2.1. Véi ¥ tudng tuong tu loi gidi trén ban doc c6 thé' dé xudt mot sé vdn dé tong qudt
hon.

Bai toan tiép tuc sau xuét hién trong ky thi Olympic chuyén KHTN niam 2015 tham khao [9]

Bai todn 14. Cho tit gidc ABC D ngi tiép duong tron (O). Goi I, J la tdm néi tiép tam gidc
BAD,CAD. Goi DI, AJ lan luot cdt (O) tai S,T khdc D, A. Puong thdng 1.J ldn luot cdt
AB,CD tai M, N.

a) Chitng minh rang SM va TN cdt nhau trén duong tron (O).

b) Goi duong tron ngoai tiép tam gidc ABN cdt CD tai P khdc N. Puong tron ngoai tiép tam
gidc CDM cdt AB tai Q khdc M. Chitng minh rang PQ di qua tam néi tiép hai tam gidc ABC
va DBC.

Chiing minh. a) Dé thly tam gidc SAI va TD.J can va c6 ZASI = ZDT.J nén hai tam giac
d6 dong dang. Lai dé chiing minh ti gidc AIJD ndi tiép nén LM AI = ZIAD = ZDJN va
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/NDJ = /JDA = ZAIM. T d6 hai tam gidac M Al va NJD dong dang. Tit d6 suy ra SM A
va TN J dong dang. Vay ZASM = ZNT.J do d6 SM va TN cit nhau tai E trén dudng tron
(0).

b) Goi AB cat C'D tai G. GE cit (O) tai F khac E. Tathdy GC.GD = GE.GF = GM.GQ. Ti
do tif gidc MQF E nditiépnén ZQFE = ZAME = /MAS+/MSA = /MBS+/AFE =
/SFA+ /ASE = ZEFS. Tudé S, Q, F thang hang. Tuong tu T, P, F' thang hang. Ti chiing
minh trén SMA va TNJ dong dang nén tam gidc GM N can suy ra GM = GN. Lai c6
GM.GQ = GN.GP nén GP = GQ suy ra PQ || MN || ST. Tit d6 dudng tron ngoai tiép tam
gidc FPQ tiép xtic (O). Vay theo dinh ly Poncelet néu PQ cit DB, AC tai U, V' thi dudng tron
ngoai tiép tam gidc FUV ciing tiép xiic (O) va tiép xiic DB, AC. Tut d6 theo dinh 1y Sawayama
va Thebaut thi PQ di qua tAm ndi tiép hai tam giac ABC va DBC. ]

Nhan xét. Day 12 bai todn st dung hai bé dé quan trong 12 dinh 1y Sawayama va Thebaut va dinh
ly Poncelet. Chii y ring v6i dinh Iy Sawayama va Thebaut thi hi€u mot cach chit ché phai phat
biéu trén dudng chéo clia ti gidc nodi tiép, do dé viée st dung dinh ly Poncelet d€ dua vé dudng
tron FUV tiép xtic véi C A, BD 1a can thiét. Ching tdi xin nhéc lai dinh 1y Poncelet

Bai toan 15 (Dinh Iy Poncelet). Cho tit gidc ABC D néi tiép duong tron (O). Puong tron (K)
tiép xiic AB,CD tai M, N. Duong tron (L) tiép xiic véi AC, BD tai P, Q. Chiing minh rdang
néu M, N, P, Q thang hang thi (K), (L) va (O) dong truc.

Chting minh chi tiét va mé rong dinh 1y ndy xem trong [10]. Bai toan gbc c6 thé phat biéu gon
lai chi con mot y nhu sau

Bai todn 16. Cho tit gidc ABC D ndi tiép duong tron (O). Goi I, J la tdm néi tiép tam gidc
BAD,CAD. Puong thing 1.J lan lugt cdt AB,CD tai M, N. Goi dwong tron ngoai tiép tam
gidc ABN cdt CD tai P khdc N. Puong tron ngoai tiép tam gidc C DM cdt AB tai Q khdc
M. Chitng minh rang PQ di qua tdm noi tiép hai tam gidc ABC va DBC.

DPay la mdt trong nhiing khai thac thu vi cia dinh ly Sawayama va Thebaut. Khai thac nay hoan
toan c6 thé viét lai trén cac dudng chéo nhu sau
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Bai todn 17. Cho tit gidc ABCD ngi tiép duong tron (O). Goi I, J la tdm néi tiép tam gidc
BAD,CAD. Puong thing 1.J lan lugt cdt AC, BD tai M, N. Goi dwong tron ngoai tiép tam
gidc AC'N cdt BD tai P khdc N. Puong tron ngoai tiép tam gidc BDM cdt AC tai Q) khdc M.
Chitng minh rang PQ di qua tam bang tiép goc LA va /D ciia hai tam gidc ABC va DBC.

Bai toan c6 mdt mé rong khac don gian nhung thu vi nhu sau

Bai toan 18. Cho tii gidc ABC'D néi tiép duong tron (O). Goi S, T la trung diém cdc cung nhé
ZE, CD. M, N ldn luot thuoc AB, CD. Goi duong tron ngoai tiép tam gidc ABN cdt CD tai
P khdc N. Puong tron ngoai tiép tam gidc C DM cdt AB tai Q khdc M. Chitng minh rdang SM
va TN cdt nhau trén (O) khi va chi khi SQ va T P cdt nhau trén (O).

Chiing ta sé chuyén sang mot vin dé tiép theo, day 1a mot bai todn quan trong lién quan téi nhiéu
bai toan khac, tham khao [21,22,23]

Bai toan 19. Cho tit gidc ABC D néi tiép duong tron (O). Hai duong chéo AC va BD cdt nhau
tai E. Buong tron (K) tiép xiic véi doan EC', ED va tiép xiic trong (O) tai P. Chitng minh rang
phdn gidc ZCPD di qua tém néi tiép tam gidgc EC D va phdn gidc ZAPB di qua tdm néi tiép
tam gidc FAB.

Chiing minh. Goi (K) tiép xtic doan EC, ED tai M, N. Goi J, L 1a tim noi tiép tam gidgc AC'D
va BC'D. Theo dinh ly Sawayama va Thebaut thi M N di qua .J, L. Hon nita cac t& giac PCM L
va PDN.J noi tiép. Goi dudng tron ngoai tiép hai ti gidc nay cat nhau tai I khac P. Ta c6
/DIP = /DNP = /NMP = /LCP. Tu d6 D, I, L thang hang. Tuong tu C, I, J thang
hang nén I 1a tam noi tiép tam gidc EC'D. Tt d6 dé ¢6 L/DPI = /INE = /IME = /CPI
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nén PI 1a phan gidc ZCPD. Xét tam gidc EAB c6 dudng tron (O) qua A, B va (K) tiép xic
EA, EB vatiép xdc trong (O) tai P. Theo phan vita chiing minh thi phan gidc ZAPB di qua
tam noi tiép tam gidc FAB. ]

Nhan xét 2.2. Bai todn cé nhiéu bién thé'khdc nhau vi du nhw sau

Bai toan 20. Cho tam gidc ABC mét duong tron (K) qua B, C va cdt canh C A, AB. Duong
tron (L) tiép xiic doan AB, AC va tiép xiic ngoai (K) tai P. Chiing minh rdang phdn gidc / BPC
di qua tém noi tiép tam gidc ABC.

Céch chiing minh céc bién thé nay cac ban c6 thé 4p dung mot cach hoan toan tuong tu cach
chiing minh bai toan trén nhung véi caic md rong cua dinh ly Sawayama va Thebaut cho cac tdim
bang tiép va tiép xuc ngoai. Bai todn trén dan t6i mot bai todn dng dung rit dep cta dinh ly
Sawayama va Thebaut dé nghi bdi, Vladimir Zajic tham khao [11]

Bai toan 21. Cho tam gidc ABC néi tiép duong tron (O). P la mét diém trén canh BC, AP cdt
(O) tai Q khdc A. Goi (Oy) la duong tron tiép xiic trong véi (O) va tiép xiic vdi hai canh P A,
PB. (O,) la duong tron tiép xiic trong vdi (O) va tiép xiic PC, PA. Goi I, I, la tdm duong
tron noi tiép cdc tam gidgc PBQ, PCQ. Ching minh rang 0104, I I,, BC dong quy.

Chitng minh. Goi (O,), (O5) tiép xidc (O) tai Ty, T. Theo chiing minh bai trudc thi phan gidc
/CT\Q di qua tam I, 12 tim ndi tiép tam giac PQC va di qua X, 1a di€ém chinh gitta cung QC.
Tuong tu phan gidc Z/BT»Q di qua tdim I; 13 tAm noi tiép tam gidc PQB va di qua X 1a diém

T, B X, p
CTy X, ) thu dugec BC cat 1115

tai S thudc I, I,. Mit khac dé thiy S thudc O;0,, nén ta c6 diéu phai chiing minh. 0

chinh gitta cung C/QE . T d6 4p dung Pascal cho sau diém (
Nhan xét. St dung hang diéu hoa, ta ciing dé chiing minh dugc O, 1;, Oo1, va AP dong quy.
Bai toan dugc tac gia mé rong hon nita, tham khao [12]
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Bai todn 22. Cho tam gidc ABC ngi tiép duong tron (O) vdi P,Q la hai diém trén doan
BC. AP, AQ cdt (O) tai M, N khdc A. Goi (1), (1), (I3), (1) la duwong tron ndi tiép cdc tam
gidc PAB,QAC,QAB, PAC. Goi (Jy),(J2), (J3), (J4) la cdc duong tron lan luot tiép xiic
vdi cdc doan PB, PM; QC,QN;QB,QN; PC, PM va tiép xiic trong (O). Chiing minh rang
11]2, ]3]4, J1J2, J3J4 va BC' déng quy.

Lai giai chi tiét bai trén cac ban c6 thé tham khao [12]. Bai toan sau tham khao trong [28]

Bai todn 23. Cho tam gidc ABC nhon néi tiép duong tron (O). Duong tron (1) tiép xiic vdi
cung nhé AB va tiép xiic vdi doan AB tai Q). Puong tron (J) tiép xiic véi cung nhé AC va tiép
xiic vdi doan AC tai N. Tiép tuyén chung ngoai khong cdt doan AQ, AN ciia (I) va (J) tiép
xiic (I), (J) lan lugt tai M, P. Chitng minh rang M N, PQ cdt nhau trén phdn gidc /BAC khi
va chi khi M P || BC.

Chiing minh. Goi M P cit (O) tai G, H va AK 1a dudng cao clia tam gidgc AGH. Goi M N cit
PQ tai R. Theo dinh ly dinh ly Sawayama va Thébault thi M N, P(Q cung di qua tim ndi tiép ctia
tam gidc AGH nén R 13 tAm ndi tiép clia tam gidc AGH. Tit d6 AR 1a phan gidc /G AH hay
ciing 1a phan gidgc ZOAK do AO, AK déang giac trong /G AH. Tit d6 AR 1a phan gidgc ZBAC
khi va chi khi AO, AK dang giic trong ZBAC hay AK 1a dudng cao ciia tam gidc AB. Tur d6
R ndm trén phan gidc ZBAC khi va chi khi M P || BC. N

Qua mdt sd vi du trén cdc ban phan nao thiy dudc cic ing dung quan trong cia dinh Iy Sawayama
va Thebaut trong cac bai toan thi Olympic.

Phan nay tdi xin d& nghi va suu tap lai mot s6 bai toan hay lién quan dén ndi dung nay c6 din
link tham khao, cac ban hay ty vé€ hinh minh hoa
Bai toan sau tham khao [13]
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Bai toan 24. Cho tam gidc ABC néi tiép (O) c6 P di chuyén trén canh BC. Puong tron (K)
tiép xiic PC tai M tiép xiic PA va tiép xiic trong (O). Duong tron (L) tiép xiic PB tai N tiép
xiic PA va tiép xiic trong (O). AP cat (O) tai Q khdc A. Chiing minh rdng duong tron ngoai
tiép tam gidc QM N luén di qua mot diém cé dinh.

Loi giai sau st dung y tuéng cua Lym trong [13]

Loi giai thit nhat. Goi X, Y 1a tiép diém ctia (K) va (L) véi (0). E, F 1a tiép diém cta (K) va
(L) v6i AP. (I) noi tiép tam gidc ABC va tiép xtic BC tai D. Goi dudng tron A-Mixtilinear ctia
tam gidc ABC tiép xic (O) tai J, D’ 1a tiép diém ctia dudng tron bang tiép £ A vé6i BC, J' 1a
giao diém ctia AD’ v6i (O). Theo tinh chit quen thudc ctia duong tron Mixtilinear thi J.J' || BC,
vi viy theo tinh chéit d6i xting thi JD di qua A’ d6i xiing A qua trung truc BC, nén PDJQ ndi
tiép. Mit khac vi Y N, X M cung di qua diém chinh giita cung BC khong chita A nén Y NM X
noi tiép.Ha PS | LK tai S, ap dung dinh 1i Sawayama va Thébault ta c6 K, L, I thang hang va
ZNIM = ZNSM = 90°. Theo tinh chit ctia hai dudng tron ciing tiép xiic dudng tron thif ba,
tacé BC, XY, KL dong quy tai T, do d6 TP.TD =TS TI =TN.TM =TY.TX = TB.TC
suy ra PY X D noi tiép. Két hop véi XY Q.J, PD.JQ noi tiép, ta chitng minh dudc @Q.J di qua T,
thu dugc TQ.TJ = TY.TX = TN.TM suy ra (QMN) di qua .J cb dinh. O

Y tudng 16i giai thi nhét kha truc tiép va tu nhién, tuy nhién véi 16i giai thit hai ta nhan thiy bai
toan thuc chat chi 12 mot trudng hop dic biét ciia mot két qua rat dep dudc dé xuat bsi Vladimir
Zajic, tham khao [26]
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B& dé 14. Goi K la mot diém bdt ki trén dwong tron ngoai tiép tam gidc ABC, X bdt ki thudc
duong thiang AK. Tit X ké hai tiép tuyén tdi duong tron ngi tiép (I) ciia tam gidc ABC, cdt BC
lan luot tai Y, Z. Khi do (KY Z) di qua tiép diém J ciia duong tron A-Mixtilinear ciia tam gidc
ABC véi (0).

Laoi giai sau dua trén y tudng cua Jean-Louis tham khao [27]

Chitng minh. Gia s K nam trén cung BC khong chita A cta (O). Goi I, 1a tim bang tiép /A
ciia tam gidc ABC, E la diém chinh gitta BC khong chia A ctia (0), T 1a giao diém ctia AX
va BC. I,T giao (BIC) tai F, IX giao I,F'tai D. T« TK.TA = TB.TC = TF.I,T suy ra
A, F, K, I, cung thudc cing mot dudng tron. Két hop véi tinh chat quen thudc clia dudng tron
Mixtilinear ZIJE = 90°,tacé LIJK + LIFK = ZIJE — /ZEJK + ZIF1, + ZKFI, =
90° — LEAK +90° + LK Al, = 180° nén JK F'I ni tiép. Ma I FC B, BOK J ndi tiép, ta thu
duge K.J, BC, IF ddng quy tai S. Mit khac, goi XY cat AB tai L, 4p dung dinh li Desargues
cho tam giac LY B va tam giac I DI, v6i LB giao I, tai A, LY giao I D tai X, BY giao [,D
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tai T, vi A, X, T thang hang nén LI, BI,, Y D ddng quy tai tam bang tiép L clia tam gidc
LBY.Do d6 Z1Y D = 90°. Chiing minh tuong tu ta c6 ZIZD = 90°, dé thay I, F,Y, Z, D
thudc cing mot dudng tron. Theo tinh chét phuong tich thi SY.SZ = SI.SF = SK.SJ, vay
Z,Y, K, J thudc cung mot duong tron. [

Loi giai thit hai. Goi D 1a tiép diém clia dudng tron ndi tiép (I) véi BC. Ké tiép tuyén N Z,
MY t6i (I). Vi tam gidc PN F can nén dé thdy /ZIN + /NFP = /NID + /PNF = 90°,
suy ra N Z song song v6i AP. Tuong tutacé MY || AP | NZ do d6 c6 thé coi giao diém cta
MY va NZ nam trén AP. Ap dung bd dé trén thi (QMN) di qua diém cb dinh 1 tiép diém
duong tron A-Mixtilinear ctia tam giac ABC' véi (O). O

Bai toan sau tham khao [14]

Bai toan 25. Cho tam gidc ABC néi tiép duong tron (O). P la mét diém thudc doan BC. Puong
tron (K) tiép xiic PA, PC va tiép xiic trong (O) tai M. Puong tron (L) tiép xiic PA, PB va
tiép xiic trong (O) tai N.

a) Chitng minh rang M N luén di qua mét diém c6 dinh khi P thay doi.

b) Chiing minh rdang duong tron ngoai tiép tam gidc PM N luén di qua mot diém cé dinh khi P
thay doi.
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Chitng minh. a) Ap dung dinh 1i Sawayama va Thébault ta ¢6 K L di qua tim ndi tiép I ctia
tam gidc ABC'. Theo tinh chit clia hai dudng tron cling tiép xiic v6i dudng tron thd ba, dé thiy
KL,BC,MN dong quy tai 5. Goi O1 cat MN tai J. Ap dung dinh li Menelaus cho tam gidc

. A ’ﬂ—QE_R(I) R(L)_R(I) ~ ~ . A qe
IOL cattuyen NJS taco <5 = Z=. 55 = R Fioy = Ry Vay M N ludn di qua J co dinh

véi J 1a dang gidc ctia diém Nagel va cling 12 tAm vi tu ngoai ctia (O) va (I).
b) Goi D 1a hinh chiéu ctia I 1én BC, tit két qua cich chiing minh thi nhét ctia Bai toan 23 ta c6
PDN M ndi tiép, suy ra (PN M) di qua D cb dinh. O

Bai toan sau tham khao [15,16]

Bai todn 26 (Bulgaria 2010). Cho tam gidc ABC ngi tiép duong tron (O). P la mét diém thudc
doan BC. Puong tron (K) tiép xiic PA, PC va tiép xiic trong (O). Puong tron (L) tiép xiic
PA, PB va tiép xiic trong (O). Chiing minh rdang bdn kinh ciia (K) va (L) bdng nhau khi va chi
khi P la tiép diém cuia duong tron bang tiép goc A véi BC.

Chitng minh. Goi I 1a tAm noi tiép tam giagc ABC, AP giao (O) tai D, S 1a diém chinh giita
cung BC khong chia A cta (0). Ha IQ L BC tai Q. (K), (L) tiép xic BC tai R, T va tiép
xtic O tai M, N, dé thiy S, T, N thang hang, S, R, M thang hang. Tiép tuyén chung trong khac
AP ctia (K) va (L) cit (O) tai E, F sao cho E, D cung phia v6i BC. Theo két qua Bai toan
11 dé thay AE, AP 1a hai dudng dang gidc. Ta ¢6 P 1a tiép diém cta dudng tron bang tiép géc
A v6i BC khi va chi khi F 1a tiép di€ém dudng tron A-Mixtilinear ctia tam gidgc ABC véi (O)
hay tuong duong véi TRDE noi tiép. Vi DE || BC nén diéu nay tuong duong véi T ddi xiing
R qua trung diém BC. Chd y dang thiic ST.SN = SR.SM nén gia thiét trén tuong duong véi
ST = 28 hay ok = 9. Diéu nay xdy ra khi va chi khi (K) va (L) ¢6 cing ban kinh. O

Bai toan sau tham khao [17]
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Bai todn 27. Cho tam gidc ABC néi tiép duong tron (O). Hai duong tron luon truc giao di qua
Ava I cdt (O) tai M, N khdc A. Chitng minh rang duong thang M N luén di qua diém c6 dinh
khi hai duong tron do thay doi.

B6 dé 15. Cho tam gidc ABC véi duong tron ngoai tiép (O), tam néi tiép I. P la mot diém
thuéc doan BC. Puong tron (K) tiép xiic PA, PC va tiép xiic trong (O) tai M. Duong tron (L)
tiép xiic PA, PB va tiép xiic trong (O) tai N. Khi d6 (AIN) truc giao véi (AIM).

Chitng minh bg dé. Goi (K), (L) tiép xic BC tai X, Y. K& tiép tuyén chung trong khac AP
cia (K) va (L) cit (O) va BC 1an luct tai A’,Q sao cho A, A’ cing phia d6i v6i BC. Ké
PS | KL, theo cach chitng minh thi nhét ctia Bai toan 24 ta c6 LK, NM va BC dong quy
tai T thi TS.TI = TN.TM = TB.TC nén dudng tron ngoai tiép tam gidc BIC di qua S. Mit
khac goi S’ 1a tAm noi tiép tam gidgc A’ BC thi S’ thuoc (BIC) va theo dinh 1i Thébault, S’ ciing
thuoc K L, suyra S’ tring S. Vi PS | KLnén IQ 1 KL.GoiJ la giao diém hai tiép tuyén ctia
(O) tai M, N. Dé thdy J thudc truc dang phuong ctia (K) va (L), két hop véi dit kién 1Q || SP
va Y P = QX suy ra dudng thang qua J vudng géc K L chia ddi cac doan thang XY, QP va
IS MaTSTI=TBTC =TN.TM suyral,S, M, N thuoc mot dudng tron, nén .J 1a tim
(NSIM). Tuddo LZAMI+ /ZANI = ZMIN — ZMAN = 180° — %AMJN—AJMN = 90°,
suy ra (ANT) truc giao v6i (AMI). O

Chitng minh. Ap dung bd dé trén dé thy ludn ton tai (K) va (L) cing ddng thdi tiép xic BC
va (O) sao cho mot tiép tuyén chung trong ctia ching di qua A. Ap dung két qué bai toan 25 ta
c6 M N luén di qua tAm vi ty ngoai cta (1) va (O) cb dinh. O

Bai toan sau tham khao [18]
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Bai todn 28. Cho luc gidc ludng tiép ABCDEF véi tam néi tiép I va tam ngoai tiép O. khi
do cdc duwong chép AD, BE,CF dong quy tai G. Goi J,K,L, M, N, P la tdm ndi tiép cdc
tam gidc GAB,GBC,GCD,GDE,GEF,GF A. Puong tron tiép xiic doan GA, GB va tiép
xiic trong (O) tai X. Tuong tu cé cdc diém Y, Z, T, U, V. Chitng minh rdng bdy duong thing
XM,YN,ZP, TJ, UK,V LvaOI dong quy.

Bai toan sau tham khao [19]

Bai toan 29. Cho tam gidc ABC' c6 tdm ngoai tiép O va tam néi tiép 1. Puong tron (K) tiép
xiic AB, AC tai E, F va tiép xiic ngoai dwong tron ngoai tiép tam gidc O BC'. Chitng minh rdang
EF chia doi Al

Chiing minh. Dé& thy (K) dugc xac dinh duy nhét nén, gia sit E'F chia doi Al. Ta sé ching
minh (K) tiép xic (BOC). Goi D la giao diém thd hai ctia (BOC) v6i AB, S 1a diém chinh
gitta cung AC khong chia B ciia (0). SB cit (BOC) tai Q thi /ZBQC = ZBOC = 2/BSC
nén QS = QC = @QD, suy ra S 1a tAm bang tiép ZB clia tam gidc BDC. Dé thiy EF di
qua S. Do d6 theo dang ddo ctia b6 dé Sawayama md rong cho tam bang tiép thi (K) tiép xiic
(BOCO). O

Bai toan sau tham khao [20]
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Bai toan 30. Cho duong tron (O,) tiép xiic ngoai (Oy) tai T. PQ la m¢t ddy cung ciia (Oy).
PT, QT cdt (0y) tai R, S. Tiép tuyén qua P cia (Oy) cdt (Oy) tai A, B sao cho A ndm gifia
P, B. Tiép tuyén qua Q cia (O,) cdt (O) tai D, C sao cho D nam giita Q, C. SA giao PQ tai
F, RD giao PQ tai E. Chitng minh ring /EAF = %LBAC.
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Chiing minh. Dé thiy S 1a diém chinh gitta cung C'D khong chiia B ciia (O,). Ma theo bd dé
Sawayama m& rong cho tim bang tiép thi PQ di qua tam bang tiép ZC clia tam gidc C AD, suy
ra I 12 tAm bang tiép tam giac C AD. Tuong tu ta c6 E 12 tAm bang tiép /B clia tam gidc BAD.
T ds /EAF = /DAE — /DAF = 90° — 2 /DAB — 90° + L/DAC = 1/BAC. [

Bai toan sau tham khéo [24]

Bai toan 31. Cho tam gidc ABC vdi truc tam H, va duong cao AD, BE. K thuéc DE sao cho
DK = DH. Puong thing qua K vuéng géc DE cdt AD tai I. M la trung diém BC. Chiing
minh rang BM = MI + IK.

Loi gidi cia Luis Gonzalez. Ké duong cao C'F clia tam gidac ABC, ta c6 H 13 tam ndi tiép
tam gidc DEF. Pudng tron tam [ ban kinh I K tiép xtic DF tai L, dé thly LK || BC. Goi
J 1a giao diém ctia KL va FC,tac6 /FJL = /FCB = /FEB = /ZHEK suyra JHEK
nodi tiép. Mit khac goi P la giao di€ém ctia F'D véi dudng tron dudng kinh BC, chi y ring
FEMD noi tiép va tam gidc DHK cén, ta ¢6 LZFJE = /ZHKE = 90° + %AHDK =
90° + }IAFME =90° + %AFPE, vi vay J la tam noi tiép tam gidc PFE. Ap dung dang dao
clia bd dé Sawayama cho tam gidc PFE, vi LK di qua J nén (I) tiép xic (M) tai T. Do do
MB=MT=MI+IT=MI+IK. O

Bai toan sau tham khao [25]

112

https://tieulun.hopto.org



Tap chi Epsilon, S6 09, 06/2016

Bai todn 32. Cho tam gidc ABC ndi tiép duong tron (O). D la diém trén doan BC'. Puong tron
(K) tiép xiic DA, DC va tiép xiic trong (O). Puong tron (L) tiép xiic DA, D B va tiép xiic trong
(O). Tiép tuyén chung trong ciia (K) va (L) khdc AD cdt BC tai S. Tiép tuyén chung ngodi ciia
(K) va (L) khdc BC cdt AD tai T. Chitng minh rang ST di qua tam noi tiép tam gidc ABC.

Gdi ¥ gidi. Goi / 1a tam ndi tiép tam gidc ABC, dp dung dinh 1i Thébault ta c6 L, K, I thang
hang. Theo cach chiing minh B§ dé 27.1 thi ST L. KL, ma ST | KL do d6 S,I,T thing
hang. O

Bai viét ndy mang mot tinh chat 1a hé thng lai, tAp hop va gi6i thiéu cc bai toan lién quan t6i
dinh ly Sawayama va Thébault trong cac ky thi Olympic nén cac tai liéu tham khao dudc ching
toi ghi rt ky. Chiing t6i mu6n ndi 16i cam on téi ban Nguyén Tién Diing sinh vién K50 Pai hoc
Ngoai thuong da giup ching toi doc lai ban thao va dua ra cac nhan xét, gop y gia tri.
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Tap chi online ctia cong dong
nhitng nguoi yéu toan

VE BAI TOAN TAM GIAC 80-80-20

Lé Phuc LT
(Thanh ph6 Ho Chi Minh)
O cép THCS, céc ban hoc sinh yéu Toan déu da quen thudc va ciing khd so khi gip bai todn tinh géc. Hau
hét c4c bai nhu thé déu doi héi phai ké thém dudng phu, diém phu méi xit ly dudc.
Trong cic bai nhu thé, c6 1& bai toan sau 13 ndi tiéng va ciing phd bién nhit:

Cho tam gidac ABC c6 géc A, B, C lan lugt 12 20°, 80°, 80°. Trén canh AC, AB, lan lugt lay cic diém
D, E sao cho
/BCE =60°,ZCBD = 50°.

Tinh sb do géc ZCED.

Bai todn nay dudc biét dén 1an dau tién vao nim 1909 do nha Toan hoc Langland ctia My gidi thiéu. Dudi
day chiing tdi sé gidi thiéu mot s6 cach chiing minh cho bai todn ciing mot s6 van dé lién quan.

Cac 161 giai chung t6i ¢6 tham khao tai trang web:
www.cut-the—-knot.org/triangle/80-80-20/Classicall.shtml

Céch 1. (day 1a cach phd bién nhét)

Qua F, dung dudng thing song song v6i BC cit AC tai F. Goi N la giao diém ctia BF, CE.
Ta c6 tam gidc BC'N can tai N c6 ZBCN = 60° nén 1a tam gidc déu. Tt d6 suy ra ZENF =
Z/BNC = 60° nén tam gidc ENF ciing déu.
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Do d6,taco EF = EN.

Tam giac BC'D c6 Z/BCD = 80°, ZC'BD = 50° nén ta tinh dugc ZBDC = 50° hay tam giac
BCD can tai C. Do d6, CD = CB = C'N hay tam giac C N D cén tai C. Tu do, ta cling c6
LZCOND = ZCDN = 80°, suy ra

/DNF =180° — (LENF + ZCND) = 40°

Suyra ZDFN = ZCDN — ZDNF = 40° hay tam gidc DN F’ can tai F.
Do dé,tacé DF = DN.

Suy ra DFE la trung truc cua N F hay E'D la phan giac cia ZNF'E.

Vay ta dugec ZCED = 3 /CEF = 30°.

Cach 2.

B C

Dung hinh binh hanh BC H E, khi d6, ta c6 BE = C'H. Trén doan C'E, 14y diém N sao cho tam
gidc BCN déuthi BC = CN = BN.
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Chi y rang tam gidc BC'D can tai C' nén BC' = C'D. Do d6, BN = CD. Ta c6

ZNBE = ZCBE — ZCBN = 80° — 60° = 20°.
Do CH || AB nén taciing c6 ZHCF = 20°.
Suyra ABNE = ACDH (c.g.c) va ZCHD = ZBEN = 40°.
Mit khac ZC'HF = 80° nén H D chinh la phén giac cua ZCHF.
Rorang ZECF = ZHCF = 20° nén C'F la phan gidc cia goc ZHCE. Do d6, D chinh la tdm

dudng tron noi tiép tam giac C H E. Tu day suy ra
1
LCOED = §AC’EF = 30°.

Cach 3. (Pay c6 1& 1a cach don gian nhit cho bai todn nay)

A

B C

Trén AB, 14y diém F sao cho CB = C'F. Khi do, ta ciing ¢c6 ZBCF = 20° va ZFCD = 60°.
Chi y ring CB = C'D nén CD = CF, tidc 1a tam gidc C DF can & C nén né ciing déu.

Do d6 DF = CF.

Bing bién d6i goc, ta ciing c6 LZFCE = ZFEC = 40° nén tam gidc FEC can tai F.

Tt day suy ra FC = FD = FE nén F chinh 1a tim dudng tron ngoai tiép tam gidc CDE.
Vay /ZDEC = $/DFC = 30°.

Cach 4.
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Goi O 1a tAm dudng tron ngoai tiép tam gidc BDE. Ta c6
/ZDBE = 30° = ZDOFE = 60°,
ma OD = OF nén tam gidc ODE déu. Do d6: EO = ED.
Bing bién d6i géc, ta ciing c6 ZDCE = 80° — 60° = 20°.
Dé thiy OC la trung truc ctia ZBC'D nén ZOCB = 8- = 40° nén
ZOCE = 60° —40° = 20°.
Hai tam giac CDE va COE c6 canh CE chung, ED = EO va ZDCFE = ZOCE.

Tuy géc nay khong nam xen gitta 2 canh tuong ting, nhung do géc ZDEC, ZOEC déu nhon
(ndm trong géc ZDEO nén nhd hon 60°), vi thé ACDE = ACOE va dan dén

/CED =/ZCFEO = %ADEO = 30°.
Cach 5. (ctia Maria Gelband, mot hoc sinh THPT)
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B

Trén tia phan gidc géc ZBC D, 1y diém M sao cho ZABM = 30°.

Khi d6, tacé MD = MBva ZMBD = ZABM + ZABD = 30° + 30° = 60°, do do, tam
giac BDM déu. Khi do, ta ciing ¢c6 C'E 1a phan giac cta géc ZDC M.

Vi BFE la phan giac cua goc ZD BM nén n6 cling la trung truc cua D M.

Trong tam giac C DM, E la giao di€ém cta phan gidc goc ZDCM va trung truc cia DM nén E
thudc dudng tron ngoai tiép tam giac DC'M.

Do do,

o

LCOED = ZCMD = 00 = 30°.
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psilon
Tap chi online cua cong dong
nhitng nguoi yéu toan

SU DUNG TONG TiCH PHAN
DE TiNH GIGI HAN DAY SO

Nguyén Tai Chung
(Truong THPT Chuyén Hung Vuong, Gia Lai)

1. Giéi thiéu

C6 nhiéu phuong phap chinh théng dé tinh gidi han diy s6, chang han nhu st dung dinh nghia
gi6i han ddy sd, sit dung dinh li Weiertrass, stt dung ddy con, st dung dinh li Lagrange,... Chuyén
dé nay sé trinh bay mot phuong phap ma néu biét van dung né mot cach linh hoat chiing ta c6 thé
giai dudc nhiéu bai toan vé gidi han diy s6 lién quan dén téng. Dic biét khi két hop v6i nguyén 1i
kep thi phuong phéap nay c6 stic cong pha rat 16n, giai quyét dugce nhiéu bai toan hay, kho va téng
quat.

2. No6i dung

2.1. Mét sb kién thic thudng dung

Co s6 clia phuong phép stt dung tong tich phan la dinh nghia tich phan xac dinh sau day.

Dinh nghia 2.1 (Dinh nghia tich phan xac dinh). Cho ham sé y = f(x) xdc dinh trén doan
[a; b]. Xét mot phdn hoach (phép chia) T bdt ky ciia doan |a; b), titc la chia doan |a; b] thanh n
doan bdi cdc diém chia:

Aa=20<T1<Tp< - < xp_1<z,=0>0

Trén méi doan [v;_1;x;] (i =1,2,...,n) ta ldy bdt ky mét diém «; € [x;_1; ;) va goi A; =
x; — x4 la dé dai cia doan [x;_1; x;]. Ddt d = max {Ay, Ay, ..., Ay} Khido

Z Fla)A; = fla) A+ fla)Ag + -+ + flan)A,

goi la tong tich phdn ciia ham s6 f(x) trén doan [a; b] iing vdi phép phdn hoach T. Tong nay
phu thuéc vao phdn hoach T, sé khodng chia n va phu thudc vao cdch chon diém ;. Néu ton tai

}lin% S flaw)A; (la mot s6 xdc dinh), khéng phu thudc vao phép phdn hoach doan [a; b] va cdch
—Ui=1

chon diém «; thi gidi han nay goi la tich phén xdc dinh ciia ham sé f(x) trén doan |a; b] va ky

b
hiéu la / f(x)dx. Khi dé ham s6 f(x) duoc goi la khd tich trén doan |a; b).
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Luuy.

e Nhu vay néu ham s6 f(z) kha tich trén doan [a; b] thi moi phép phan hoach T' ctia doan
[a; b] va moi cach chon céc diém oy, € [14_1; 2] (k 12 s6 nguyén duong), ta ludn co:

b n
/f(a:)d:z: = ng%; fla) A,

e Trong thuc hanh, ching ta dic biét chd y dén mot s6 16p ham kha tich don gian va dé nhan
biét sau day:
— Néu ham s y = f(z) lién tuc trén doan [a; b] thi kha tich trén doan do6.

— Néu ham s6 y = f(x) bi chin trén doan [a; b] va chi c6 mdt sb hitu han diém gidn
doan thi kha tich trén doan do.

— Néu ham s6 y = f(x) bi chin va don diéu trén doan [a; b] thi kha tich trén doan do6.
Chit y 2.1. Cho doan [a;b] C R. Khi dé vdi moi o > 0, [ > 0sao cho o+ =1, ta co

aa + b € [ayb)].

C6 rat nhiéu bai todn gii han diy sd ma viéc tinh téng truc tiép S, rat khé khin hoic khong thé
thuc hién dugc. Tuy nhién c6 thé bién déi tdng nay vé dang tdng tich phan (cia ham f(z) trén
doan [a; b] dng v6i mot phép phan hoach T nao d6). Vay d€ tinh gidi han ctia mot tdng nhd tich
phin x4c dinh ta thudng tién hanh theo cc budc nhu sau:

Budc 1: Bién d6i tdng S, thanh biéu thiic

n n

S, = b_aZf(a—i—ib_a).
=1

Budc 2: Chon dugec ham f(z) kha tich trén doan [a; b].
e Lap phép phan hoach déu trén [a; b] bdi céc diém chia

Q=T < T <Xy <+ < Tp_1 <, =>b.

e Lap tong tich phan cta ham f(x) trén [a; ]:

n

b— a — b—a
S, = ;f(a—i—z —).

n—-+o0o

b
Budc 3: Khi d6 lim Sn:/f(x)dx.
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Dic biét: Néu a = 0 va b = 1 thi cdc budc trén trd thanh:
Budc 1: Bién d6i téng S, thanh:

Q) sG] -1 )

Budc 2: Chi ra ham f(x) kha tich trén doan [0; 1].
e Lap phép phan hoach déu trén [0; 1] bdi céc diém chia

O=xp <1 <2< < xp_y1 <xp =1.

e Lap tong tich phan ctia ham f(z) trén [0; 1]:

1

Budc 3: Khi d6 lim S, —/f(x)d:c

n—-+oo
0

1 2
Bai toan 2.1. Cho S, = — + — + -~ +— Tim lim S,.
n® n

n—-+o0o

Loi giai. Ta co:

Sn:i<1+2+ ) Z—

Xét ham sb f(r) = z kha tich trén [0; 1]. Chia doan [0; 1] bdi cac di€ém chia x; = Li=
n
0,1,...,n, tic la chia doan [0; 1] thanh n doan déu nhau:
0 1 n—1 n
To=—=0<01=—<x=—<--<Tp_1 = <x,=—=1
n n n n n

Chon «; = L € [xi_1; 1], Vi = 1,2, ..., n. Khi d6 tdng tich phan ctia ham s f(z) trén [0; 1]
n
ung v6i phép phan hoach ndi trén la

Ta co

]

Luu y. Trong bai toan 2.1 nay, ta phai chon a; = — trung véi dau mut phai cia doan [z;_1; x;],
n

d€ cho vé6i f(z) = z thi f(oy) = :
n
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Bai toan 2.2 (Olympic toén Sinh vién toan qubc nim hoc 2007-2008). Tim lim S, biét

n—-+o0o

12008 4 92008 4 ... 4 2008
17,2009 :

Sp =

Loi giai. Ta co:

1 1 2008 9 2008 N 2008 1 n i 2008
Sn—;[(;) c(2) e () —5;(;) -

Xét ham s6 f(x) = 2%, Khi d6 f(x) kha tich trén doan [0; 1]. Chia déu doan [0; 1] bdi cic
diém chia x; = : (t=0,1,...,n) vachon
n
1 .
a;=— € lxi 1y m,Vi=1,2,...,n
n
. P L& .t ~
Khi d6 tong tich phan ctia ham s6 f(x) trén [0; 1] 1a — > f( ) = Sp. Vay
n =1
1 1
200 22009 |1 1
lim S, = :
n>hos / fla)dx / * ~ 2009, 2009
0 0
[
Bai toan 2.3. Chitng minh rang gidi han
. .2 .onm
sin [ sin ; sin n
lim ntly n¥lg.g il
n—+4o00 1 2 n

la mét sé duong.

Y héu e (0; 7]

L&i gidi. Xétham s f(z) = {

sinx

1 néu x = 0.

Vi lim f(z) = lim

z—0t z—=0t X
kha tich trén doan [0; 7|. Hon nita:

=1 = f(0) nén ham s6 f lién tyc trén doan [0; 7], do d6 ham sb f

/f(x)dx >0 (do f(z) >0, Vx € [0;7]).

Nhu vay:
n  sin Z: 1 - n  sin Zj 1
. n . n
- - n+1
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Ta c6 diéu phéi chiing minh. O
Bai toan 2.4. Tinh lim S, vdi:
n—-+0o
1 1 1 1
S, = +2+ N + +14+ V=12,
n+= nt+- n+— n
3 3 3 3

Phan tich. Ta bién ddi:

1 e 1
:—CZ _anl+6l 47

=1 i=1
n 3 3n
1
véi ¢ s& 1a do dai clia doan lay tich phan. Ta du doan ham s dudi du tich phan sé 1a f(z) = T
x
va doan lay tich phan s& 1a [d; d + c]. Xét phép phan hoach déu doan [d; d + c] bdi céc diém chia
1 2 .
Ty = d, x1:d+c—, x2:d+c—,...,xn:d—l—ﬂ:d+c.
n n n
Khido A, = x; — 241 = E,W =1,2,...,n.Gid st ; € [z;_1;x;], suy ra ; ¢ dang:
n

o; =ax;_1+bx;, v6ia>0, b>0, a+b=1.

61 —

Ta can tim a va b sao cho: = ax;_1 + bx;. Téc la tim a va b sao cho

%—i:a{d—kw]—kb[d—l—%} =M—“—C+d(a+b)

n 3n n n
Suy ra:
(a+b)c=2 c=2
CLC:Z—L docgb:1 a:z’bzl
3 3 3
dla+b)=0 d=0.

Bdi vy ta c6 10i giai nhu sau.

Loi giai. Ta co:
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2 1
Xétham so f(z) = 1 trén doan [0; 2]. RO rang f(x) lién tuc trén [0; 2] nén nod kha tich trén

+x
doan d6. Xét phép phan hoach déu doan [0; 2] bdi cac diém chia
2.1 2.2 2.(n—1 2.
o =0, r1 = —, 1'2:—,...,37”,1:L, :cn:—n:2.
n n n
s 2 . .
Khi do Az =T; —Tj—1 = —,VZ = 172,... Xét:
n
2 n 1 € ]
(%) o Li— o5 i—15 Lif-
3]7 1 3(E Ti—1,T
Kb dor 22(i—1) 12 6i—4 1
i— i i—
Oézfg- - +§-E* 3n , f (i) | 6i — 4
+
3n
Suy ra:

112 1 1
Sp = D) EZw = §Zf(az)Az
i=1 1+ i=1
3n
Day chinh 1a t6ng tich phan ctia ham s6 f(z) trén doan [0; 2] (dng v6i phép phan hoach doan
[0; 2] va phép chon di€ém «; nhu da néi & trén). Do do theo dinh nghia tich phén ta c6

lim sn:%/f(x)dx:%m?,:ln\/ﬁ.

Bai toan 2.5. Tinh lim T3 A i ( & )
n—+oo n +1

Loi giai. Ta co:

Py nk

n 2n 2n 2n '
1/i—1 i .
3 (Z + i) la trung diém cua doan

n

L
{Z ;i],izl,Z,...,n
n n

2 1N\ /3 on—3\" (o2n—-1\"\ . .
nén — — | +t|l=) +--+ + la tong tich phan cua ham
n 2n 2n 2n 2n

s0 f(x) = 2".2* trén doan [0; 1] tng vSi phép phan hoach déu doan [0; 1] béi cdc di€m chia

43kt @n—1F 1 <1k+3k+--~+(2n—1)k>
n

ri=— (1=0,1,...,n) vachon o; = 1a trung di€m clia doan

[T @], Vi=1,2,... . n.
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Nhu vay:

1
1k 3k m—1 k+1 |1 2k
g A3 @n 1) /Qk ohdr =28 2
0

n—-+o0o nkJrl k + 1 k + 1 .
O
Bai toan 2.6. Tinh lim S,, vdi:
n——+00
n—1 1
Sp=2n ,Vn=0,1,2,...
ZZI (2i + 1)* + 4n2
1 1
L&i gidi. Xét ham sb f(z) = , ta co/f / d " Ta chia doan [0; 1]
| gial. Xé x = —. i ;
& 1+a22 4 '
0 0
thanh 2n phan bang nhau bdi cac diém chia
L2 -1
To = 7x1_2n7 x2_2n7"'7x2n—1_ om 7$2n_2n_
1
Khido A; = z; — z;_1 = Q—,Vi = 1,2,...,2n. Trén cac doan [zy;; To;41] hay [T2i41; T2i42]
n
\ . 2141 ) . N A
(1=0,1,...,n — 1) ta déu chon diém «; = Tt . The thi tong tich phan ctia ham f(z) trén
n
[0;1] 1a
flag)Ar+ fla1)Ag + fao)Ag 4 - -+ + f(aon—2)Aon_1 + f(a2n-1)A2,
1 1 i 1 n n 1
" 1+— EE L, @17
4n? 4n2 4n? 4n?
1 4n? 4n? 4n? 4n?
=— + +o
2n \ 1+ 4n? 32 +4n? 52 + 4n? (2n —1)2 4 4n?
n—1
1
_2nzZ 2 + 1 +4n2 -
1 1 ;
x ™
Vay lim S, = dr = = —. O
0 0
Luuy.

e Trong cach chon & trén thi a; dudc chon chinh 12 ddu mut chung ctia hai doan lién ké nhau.
e D& dp dung thanh cong phuong phap tong tich phan, ching ta phai bién déi
Sp=x1+ T2+ -+,
thanh tdng tich phan cia mdt ham nao do:
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— Trén doan [0; 1], [0;a] hay [a; b] phtu hgp;

. 3 . X * X A s A A A N A 1
— Thudng véi phép chia déu mién lay tich phan (rat can thita sO —);
n
— Chon diém trung gian «; & muit trai, mit phai, ddu mit ctia hai doan lién ké nhau,
hay trung di€m doan tht 7, thAm chi phai chiing minh «; chinh 1a mot diém nao do6
cua doan thu 7.

e Nhiéu khi téng S,, = 2, + 5 + - - - + x,, khong phai 12 tdng tich phan, ma chi "gan nhu"
viy, trong trudng hdp nay phuong 4n dua ra thudng 1a d6i tng; thay thé cic sb6 hang trong
tong; thém bét luong thich hop d€ dua vé tdng tich phan cia mot ham sé nao d6

n
e Trong tong tich phan ctia ham s6 f ¢6 biéu thiic Y f («;), tuy nhién trong mot s6 bai tap i
i=1

khong phai 1a chay tif 1 dén n, ma 1a mot qua trinh khac. Liic d6 ta phai ddi tdng, tic 1a
thay 4 b&i mot biéu thiic nao do.

e Ciing c6 khi gi6i han can tinh khong phai 1a tong tich phan ctia bat ki mot ham nao, lic d6
ta hily c6 gang thay thé s6 hang tong quat ctia tdng bdi mot s6 hang khac. Phuong phap
& day thuong 1a st dung tinh lién tuc ctia ham s6 (xem bai todn 2.9 & trang 130) hoic st
dung dinh li Lagrange (xem bai toan 2.10 & trang 130, bai toan 2.11 & trang 130).

2n—1
< , ) 1
Bai toan 2.7. Tinh n1—1>I—£loo (n kg ﬁ)

L5i gidi. Ta sé d6i tong k chay tif n dén 2n — 1 bang tdng 4 chay tit 0 nhu sau:

2n—1 n—1
1 1
n —=n do thay £ bdi i +n
; K ; TR )
n—1 n—1
1 1 1 ?
X))
=0 (1+_) =0
n
2, N N A 1 . 2, , . R .
vGi flaham so f(x) = ﬁ Chia doan [0; 1] béi cac di€m chia
+x
=2 i=01,... .n,
n

tdc 1a chia doan [0; 1] thanh n doan déu nhau:

0 1 2 n—1
$0:—=O<I1:—<J]2:—<"'<$n_1:
n n n n

n
<z,=-—=1.
n
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Chon a; = e (25 7541], Vi = 0,1,2,...,n — 1. Khi d6 t6ng tich phan ctia ham sb f(z) trén
n

n—1 .
1
[0; 1] Ging v6i phép phan hoach néi trén la — E f (l) . Nhu vay:
n < n

. -1y . 1t i / dx
Jim ( > z) = 2 () = [ o= / L

=n

IR 1
r+1}, 2 2
O
2n—1 1
Bai toan 2.8. Tinh lim
n—+00 2k +1
k=n
2n—1 1
Loi giai. Trongun:Z%—H,thaykbéii+n,tadu’()c:
2n—1 n—1
1 1
= ;2/{ 1 &2t 2t
n—1 1
bat v, = khi d
b ;2z+2n 1eo
1 1& 1 1 1, (i
Un:§ - i 92 n =
nz:O 14+ — nz:O n
n
Gi flaham sb f(z) = L Nhu
v6i f 1a ham so — va
1+z Y
/ 1 d '
x
e 00— 8 o] < b
0 0
Lai co:
n—1
1
u”_U”|_;(21+2n+1 2i+2n)
n—1
1 n
= < Vn=1,2,...
Zo2iten)2it2n+1)| 2mn+1)
Ma nginoomnén st dung nguyén i kep suy ra nETm|u”_U”| =0.
Nhu vay:
11 2 ( )+ 11 2| <| | + 11 2
n— =11 == n — Un n — =111 S n — Un n— Z 111 .
Un — 5 Up — U Un =5 Up — U Un =5
i 1e A1 . 1
Tu day lai st dung nguyén li kep ta dudc hIJ’I_l Up = §ln 2. [
n—-+0o
131

https://tieulun.hopto.org



Tap chi Epsilon, S6 09, 06/2016

Bai toan 2.9. Tim gidi han:

_ U 20 2%
N e e
n 00 n -+ n+ - n+ =
2 n

L&i gidi. Bién ddi tong dudi dau gidi han vé dang

1 2 n n i n (2
2n 2n 2n 2n 1 2=
o B A dD D ) Doty
n—+ - n+— i=ln+4+- =1 1+ —
2 n l ni

Dudng nhu vé phéi khong phai 1a téng tich phan ctia bt ky ham nao trén doan [0; 1] v6i phép
chia déu thanh n doan va chon diém «; & muit trdi, mut phai ciing nhu trung diém thong thuong.
Tuy nhién dé chiing minh ring

i 2 2
2% :7<

i 1
<27n,Vi=1,2,...,n |dol<1+—<2).
1 nt
1+ —
ni

< A [N A A X . Z - 1 (4 ’d
Vi ham s6 g(z) = 2” lién tyc trén R nén ton tai o; € [ ; —] de
n 'n
2

2% — .
1+ L

n 1 n 1 R , . 2 R L.
Tudo S, = D, —.2%. Ma > —.2% la tong tich phan ctia ham so g(z) = 2% trén doan [0; 1] véi
i=1 7 i=1

phép chia déu doan [0; 1] thanh n doan va céch chon diém «; nhu da chi. Do d6

]

Bai toan 2.10. Gid sit ham s6 f(z) ¢6 dao ham khd tich va bi chén trén doan [a;b). Dt

S, = b_aZf <a+ib_a>.ChLZ’ngminh rdng:
no = n
b
I S dr | = 2=

Bai toan 2.11. Gid sit ham s6 f(x) ¢ dao ham cdp hai khd tich va bi chdn trén doan |a; ). Ddit

b—a b \
- Z f <a + (20 —1) 5 a)‘ Chiing minh rang:
n
i=1

Sy, =

n

n——+0o

b
lim n? /f(a:)da:—Sn
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Luru ¥. Bai toan 2.10, bai toan 2.11 14 nhitng két qua quan trong, dinh hudng cho viéc tinh gidi
han ctia mot s6 ddy s6 lién quan dén tong va xy dung hé thong bai tip. Con viéc giai bai toan
2.10 va bai toan 2.11 ban doc c6 thé tham khéo trong tai liéu tham khéo sach Chuyén khdo Ddy
s6 (NXB PHQG Ha Nai) xuit ban nim 2013 clia cling tic gia.

(Ky sau ddng tiép)
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psilon
Tap chi online ctia cong dong
nhitng nguoi yéu toan

SANG TAO VOI MOT BAI TOAN HINH HOC
TRUNG HOC CO SO

Nguyén Ngoc Giang (TP Ho Chi Minh)

O Trung hoc co sd, cac bai toan vé dudng phan gidc va bai toan vé dudng trung
tuyén chiém vai trd quan trong. S di chiing quan trong vi ching c6 mot sd tinh chét
dep va dudc dp dung nhiéu trong giai todn. Sang tao toan & bac hoc nay khé hon &
céc bac hoc cp trén vi cong cu gidi toan con tuong doi it. Pi véi hinh hoc, thi viéc
sang tao toan ngoai viéc tim cac cach giai ap dung céac dinh 1i quen thudc nhu Thales,
Menelaus, ... thi phuong phéap vé dudng phu la phuong phap dugc yéu thich. Thém
vao do, cac phuong phap tuong tu hoa, khai quat hoa ciing la cac phuong phap dugc
ua dung. Xin gidi thiéu v6i cdc ban nhitng diéu vira néi qua bai toan hay sau day

Bai toan 1. Cho AABC dudng trung tuyén BM cat dudng phan gidc C'D tai P. Chiing minh

rang
PO _AC
PD BC
Sau day la cac cach giai bai toan 1:
Cach1Ve DK || BM.Tacé
pPC  MC  MA

PD MK MK

_AB_AB+1
~ BD BC
B
D
A IR bT; c
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Cach2Ve DI || AC. Tacéo
PC  MC MA
PD DI DI
_AB AB
~ BD BC

+1

Cach 3Ké AN || BM. Suy ra PM la dudng trung binh cia AANC, tic la PN = PC. Ta cé
PC PN
PD __PD’
. ND AD AC
Ma = =
DP BD _BC
SN0 A0
DP — BC
_ PO _PN_AC
PD PD BC

(do AN || BP)

1
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Cach4Keé AH || PC.
pPC AH

Suy ra D = ﬁ(do AAMH = ACMP nén PC = AH)
B
4 | ; g
AN |
H
pPC AC
W 55 BO+1(d0DP | AH)

Cach 5 Trén tia dbi ctia tia M B 14y diém E sao cho MB = ME.
Do MA = MC = AB || CE va AB = CE.

B
{ | ; k_
A \/C
E
PC CE AB AC

Taco BD BD BC !

Cach6 Ve CS || BM.
Suy ra BM la duong trung binh cia AAC'S nén BS = AB.
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PC BS AB
Do BM || CS:PD_BD_BD'

PC _AB _AC
PD BD BC

, - PC  Sgpc . AB  Sipp
Cach7 = va = .
PD Spep BD SpBp

Hay

Ma Sypym = SlilMC» Sapy = Scpm = Sapp = Sepc

SWI 55 =5p - Bo !

Cach 8 Kéo dai AP cat BC'tai N.

MA NC DB (1)
] MC NB DA
Vi M la trung diém AC' nén M A = MC (2)

Ap dung dinh Ii Ceva ta c6
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. NC DA
Vayﬁ_ﬁ<) pPC MC NC
Ap dung dinh li van Al;ljg tacod - QO: AT NB (4)
Tu (1), (2), 3), D = D~ 1+ 5O

Suy ra diéu phai chiing minh.
Bai toan tuong tu bai toan 1 la bai toan sau

2 S AM 1 2 -
Bai toan 2 Cho AABC, M la diém nam trén AC' sao cho UC = 3 Puong thang BM cat
dudng phan gidc CD ctia AABC tai P. Ching minh ring

PC 3AC

PD BC

Cach 1 Vé DK || BM. Tacé

PC  MC 3MA
PD MK MK
_3AB _ 3AC
~ BD  BC
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K

Cach2 Ve DI || AC. Tacé

M C

PC  MC 3MA

PD DI DI
_ 3AB  3AC
~ BD  BC

Cach3Ké AN || BM.
Suy ra PM la dudng thang song

song véi canh AN cua AANC.

Theo dinh li Thales ta c6 3PN = PC.
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Ma P~ BD = BC(dOAN || BP)
Suvra SND,,_34C
uy ra —- =3
S pPC 3PN 3AC 43
T —= fnd
WH®PD T PD T BC T
Cach 4 Ké AH || PC. Theo dinh li Thales, TH = A~

A \;‘U IS

Suv ra PC  3AH
Pl 5B

) ) o MA MB AB 1
ach 5 Trén tia doi cia tia M B lay diém E h = = = —.
Cac rén tia doi cua tia ay diém E'saocho -~ = —m =~ =3
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Viy theo dinh 1i Thales dao, tacé AB || CE.

:>PC_CE_3AB_3AC

PD__BD _BD BC
Cach 6 Ve CS || BM.

o . < s 2 o . BS MC R
Theo dinh 1i Thales, ta c6 BM la dudng thang song song véi C'S nén 1B = VA 3. Ma
PC BS 3AB

BM || CS = 55 = o2 = 22 ()
. 3AB  3AC

Ta co 5D B—C+3(2)

+3

A M C

. , PC 3AC
Tu (1), (2), tacom = B—C+3

PC . SBPC’ AB . SABP
PD N SDBP’ BD B SDBP

Cach7
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. 1 1 1
ma Sapy = gSBMC, Sapym = gSCPM = Sapp = gSBPG

PC  3AB  3AC

D BD  BC 3

Suy ra

. p MA NC DB

ach 8 Kéo dai AP cat BC tai N. Ap dung dinh li ta co . . =11
Cach 8 K¢o dai c:a1 C tai p dung dinh 1li Ceva aCOMC NB DA (D)
Theo gia thiét M A = §M C

NC 3DA

Viy — = ——(2

° NB DB( ) rPC MC NC
A inh Ii van Aubel =

p dung dinh li van Aubel, suy ra D~ MA + NB(3)

PC 3AC o

Tu (1), (2), 3) = D~ 3+ BC Bai toan tong quat cua bai toan 1 va bai toan 2 1a bai toan
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N e 2, N R ™ ~ MC N 2
Bai toan 3 Cho AABC, M la diém nam trén AC' sao cho VA= n(n > 0) Buong thang BM

cit duong phan giac C'D ctia AABC tai P. Chiing minh ring

PC’_nAC’+
pD_ BCc "

Cach 1 Vé DK || BM. Tacé

PC  MC nMA
PD MK MK
nABinAC_F
BD BC "

K M C

Cach2 Ve DI || AC. Taco

PC  MC nMA
PD DI DI

_nAB_nAC+
~BD BC "
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Cach3Ké AN || BM.
Suy ra PM la dudng thang song song vdi canh AN ctia AANC. Theo dinh li Thales ta c6

PC =nPN.

Vi PC nPN

a

YD T PD
ND _AD_Ac
PP T~ BD ~ BC

(do AN || BP).
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PC nPN nAC

~PD - PD _BC "
Céch 4 Ké AH || PC. Theo dinh If Thales t PO MO suyra PO = nAH
ac c . (0] Hl 1 ales aCOAH—MA—TL. uyra =nNn .
:PC_nAH

PD  DP’

o PC_WAB _nAC
“PD~ BD ~ BC
Cach 5 Trén tia dbi cia M B 1iy diém E sao cho

+n
MC ME CE
MA MB AB

n.

Theo dinh 1i Thales dao, tacé AB || CE.
rPC CE nAB nAC

~PD _BD BD BC

+n

146

https://tieulun.hopto.org



Tap chi Epsilon, S6 09, 06/2016

Cach 6 V& C'S || BM.

Theo dinh 1 Thales, ta c6 BM la dudng thang song song v6i C'S nén

|| CS.
N PC B BS _nAB(l)
PD BD  BD
- nAB nAC

Ta co 5D B—C+n(2)

BS C .
E—m—nmaBM

B
L P
A M &
PC  nAC
Tu (2 0 — = ——
e (2,(?0051) A%C +g 1 1
Cich 7 — ZBPC = ZABP Ma Supm = —Semes Sapy = —Sopy = Sapp =
130 PD Sppp’ BD Spoop A OABM n BMCs OAPM n CPM ABP
—Sppc.
n

M C
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PC ~ nAB  nAC

“PD BD BC "
Cach 8 Kéo dai AP cat BC tai N. Ap dung dinh 1i Ceva ta c6
MA NC DB 11

MC NB DA NG nDA
Theo gia thiét MC = nMA. Viy —— NB n

DB

Ap dung dinh li van Aubel ta c6

PC_MC  NC
PD~ MA  NB

3)

Tu (1),(2),(3), 5 =n+—.

Chiing ta vita c6 mot s6 kham pha thi vi xoay quanh bai todn vé giao diém clia dudng trung
tuyén va dudng phan gidc. C4c cach giai khdc nhau, cic bai toan tuong tu va mé rong da dem
dén cho ching ta nhiéu diéu thd vi. Bai viét nay can trao d6i gi thém? Mong dugc su chia sé clia
cac ban.

Sau day 1a mot s6 bai toan luyén tap

DB 2CB
Bai toan 4 Cho AABC c¢6 trung tuyén BM. D 1a diém trén AB sao cho —— A= CA Goi P
PC CA
la giao diém ctia CD va BM. Tinh ti s6 7D theo — B
DB nCB .
Bai toan 5 Cho AABC ¢6 trung tuyén BM. D 1a diém trén AB sao cho —— A= CA Goi P
PC CA
1a giao diém ctia C'D va BM. Tinh ti s6 7D theo — B

Tai liéu tham khao
[1]Phan Pic Chinh, Ton Théan, Vi Hitu Binh, Tran Dinh Chau, Ng6 Hitu Diing, Pham Gia Diic,
Nguyén Duy Thuan(2011), Toan 8 tap 1, Nha xuit ban Gido duc Viét Nam.
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[2]Phan Dic Chinh, Ton Than, Nguyén Huy Poan, Lé Vin Hong, Truong Cong Thanh, Nguyén
Hitu Thio (2011), To4n 8 tap 2, Nha xuét ban Gido duc Viét Nam.

[3]Nguyén Pic Tan (2005), Gidi bing nhiéu cdch cac bai todn 16p 9, Nha xuit ban Téng hop
Thanh phd Ho6 Chi Minh.
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nhitng nguoi yéu toan

gpsi lon

“NEU BAN KHONG NUOI DUBNG, bAM ME
SE TU BO BAN" - TRO CHUYEN VE CON
DUGONG DEN VOI CMU CUA PHAM HY HIEU

(Trung Diing - Tap ch{ Nguoi dé thi)

Pudc Google ba 1an giii 16i mai 1am viéc. Nghién cifu trong linh vuc kha thdi su hién nay cia
cong nghé cao: Tri thong minh nhan tao. Xac dinh chi lam & Google mdt ndm, sau d6 danh thai
gian cho chuong trinh tién si ctia Pai hoc Carnegie Mellon (CMU) ... Pham Hy Hiéu 12 mot trong
nhitng trudng hop ngudi Viét tré nd luc khang dinh ban than da tim dudc vi tri cia minh trong
thé gi6i ngay cang phang va xich lai gan nhau hon nh& nhitng budc tién vil bao ctia cong nghé.

Thé nhung ciing it ngudi biét rang, d€ c6 dudc nhiing hoach dinh 4y, ngudi ban tré nay da khong
it 1an bi thach thic bdi nhiing bai toan héc buia dit ra tir chinh cudc song ...

Bdo chi trong nudc ddan nguon tin tir cdc du hoc sinh Viét Nam tai My, vé giai thoai ba lan ban
nhdn duoc 16i moi ciia Google (trong doé hai ldn ddu tiv chéi). Lua chon va con duong dén véi
“gd khong 16” Google ciia ban thuc sy nhu thé nao? 6 hdn la mét quyét dinh ddy can nhdc béi
ban ciing c6 nhung co héi dén tir Apple, Microsoft?

Con dudng dén véi Google clia toi rat dai. Toi da thay d6i tif ché mudn 1am cho Google vi danh
tiéng ctia cong ty nay dén chd dong y 1am cho Google vi nghi rang minh sé hoc dugc nhiéu kinh
nghiém co6 ich tu ho.

Nhé hodi ndm nhat dai hoc, bd ngd va thiéu thdng tin vé cic cong ty, tdi danh lidu gti ho so xin
thuc tp & Google. Ho néi “khong phdng van” vi tdi chua tiing c6 kinh nghiém 14p trinh. Thay
vay, tdi hoc mot vai 16p 14p trinh & Stanford rdi nim hai xin viéc lai. Nidm thit hai dai hoc, toi
dugc phong van va vudt qua tit ca cac ciu hdi ctia ho, nhung cudi cung khong dudc nhin vi ho
néi t6i “khdng hop véi cac dé an thuc tip”. Liic nay toi that su khong hiu Google mudn gi khi
tuyén mot ing vién niia.

Ciing trong thdi gian ndy, suy nghi clia téi vé viéc hoc dan thay d6i. Toi nhan ra minh phai hoc
cdi ma minh thich va ¢ ging d€ trd thanh mot ngudi c6 ning luc, chii khong phéi hoc dé kiém
mot cong viée hay d€ giy an tuong v6i mot cong ty ndo ca. Nghi thé, toi khong quan tam gi dén
Google nita. Toi bat diu hoc vé tri tué nhan tao, thich gi hoc dé, va cb gang dé tién bo.

Nim ba, toi lai ndp hd sd cho Google. Ho tuyén tdi vao thuc tap, nhung bing mot quy trinh ma
theo tdi 12 vo ly. Thit nhét, cc cAu hoéi phdng vain clia Google, theo t6i, 1a nhitng cau héi xuit
hién day riy trong céc sach gido khoa hoic bién ddi chiit it. Thi hai, theo suy luin clia toi, véi
cdc cau héi dé, phan 16n cac ting vién déu vugt qua vong phong vin. Google cho cic ky su ctia
minh doc lai ho so clia moi ngudi da vudt qua vong phong van dé chon xem ai hdp véi cac dé 4n
thuc tip. Nhiing ai khong hop sé bi loai. V6i toi, “hop vé6i cac dé an thuc tap” 1a mot thude do
day cam tinh va thiéu cong bang. Theo dé, néu t6i khong dudce nhan (diéu nay da xay ra ¢ nim
hai dai hoc ctia t61), t6i khong hiéu tai sao. Con khi t6i dudc nhan, to6i nghi viéc minh dudc nhan
chang c6 gid tri gi ca. Vi nghi vy nén tdi tif chéi Google, ddng thdi néi véi ho nhitng suy nghi
toi via ndi & trén.
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Sau khi t6t nghiép, t6i lai dugc Google nhan lam viéc chinh thifc. Lan nay, tdi cam thiy cic cau
héi phdng van ciia ho da bat dau lam khé minh. Nhung khi t6i héi ho con giit chinh sach “hop
v6i dé an” khong va biét ho van con gitt, tdi néi véi ho rang téi khong cam thay thoai mai néu
cbng hién cho mot cong ty dbi xit v6i ing vién clia minh nhu vay, va tdi lai tit chbi ho.

Pham Hy Hiéu trong mau 4o d6i Cardinal ctia Dai hoc Stanford tham du vong chung két Cudc thi 1ap trinh

ACM danh cho sinh vién dai hoc toan thé gi6i t6 chiic tai Nga nim 2014. Viét Nam c6 mot s6 sinh vién

tiing tham gia cuoc thi tin hoc qubc té (I0I) dudc tham gia vong chung két thé gi6i trong mau 4o cac dai

hoc MIT (My), NUS (Singapore), ... nhung chuyén tif thi toan qubc té (IMO) sang thi ACM thi Pham Hy
Hiéu 1a trudng hop dic biét - Anh CTV.

DPén thang 3.2016 vira rdi, Google mot 1an nita mai t6i 1am viéc. Toi lai hoi chinh sach tuyén
dung ctia ho, va khi biét rang ho da thay ddi, t6i bat dau cin nhic viéc lam sé vao lam cho
Google. Lic ndy, toi so sanh Google véi Facebook, Apple, Microsoft va viéc di hoc tién si & Dai
hoc Carnegie Mellon (CMU). Pay 1a mot quyét dinh khé khin. Toi hoi xin 18i khuyén tir gido su
huéng din minh & Stanford ciing nhu nhiéu bac dan anh va cé cic gido su c6 thé sé huéng din
minh 8 CMU. Cubi cung, sau khi suy nghi va nghe cac 18i khuyén, t6i quyét dinh s& 1am viéc &
Google Brain trong mot nim roi sé vao CMU lam tién si.

Bi quyét dé"“lot vao mdt xanh” ciia nhitng cong ty hang ddu do la gi? Béi thuc té ngay cd viéc
xét ho so trao hoc bong cdc truong dai hoc nhdm dén nhitng hoc sinh gidi va tai ndng chit khong
con quan niém con nha nghéo hoc gidi, trong khi dé cdc cong ty nhdm dén nhitng ving vién co
ndng lyc thuc s, ranh gidi vé viimg mién, chiing toc hay quoc gia cé vé rdt mo. Ban cé dong tinh
quan diém do?

Bi quyét clia toi 12 diing quan tim dén cic cong ty d6. C6 lan toi dude nghe mdt budi néi chuyén
ctia GS. Ngo Bao Chau & Pai hoc KHTN TP.HCM. Cé mot ngudi hdi gido su rang 6ng ¢ dit ké
hoach dén khi nao thi nhan dudc giai thudng Fields khong. Cau tra 19i clia gido su 1am tdi rat tim
dac: “Khong ban a. Toi nghi nhiing ai di nghién cifu toan vi Gidi thudng Fields thi mot 1a khong
dudc, hai 1 rit dé vao bénh vién tim than”. CAu ndi nay da trd thanh “kim chi nam” cho dinh
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huéng hoc tap cta toi. Toi hoc cai ma toi thich va hoc theo st dam mé ctiia minh. To6i hoc vi t6i
mudn nang cao ning luc ctia ban than, dé€ c6 thé cong hién cho linh vuc minh yéu thich. To6i nghi
khi ban da c6 ning luc, Apple, Facebook, Google, Microsoft, hay bat cif cdi gi tuong tu, sé tu tim
dén. Ngudc lai, néu ban hoc vi nhiing diéu d6 thi co hoi clia ban s& giam di nhiéu.

Toi khong ddng tinh v6i quan diém “ranh gi6i viing mién, chiing tdc c6 vé rit ma”. Toi tin rang
thé gidi ctia chiing ta ngay cang phang va gan nhau hon, nhung & chiing muc nao dé, cic ranh
gi6i trén vin con d6. Toi hy vong trong tuong lai, c4c ranh gi6i ndy mo dan va tién t6i chd co hoi
m& ra cho tit cA moi ngudi.

Hay ké'mét chiit vé cong viéc hién nay di ban?

Toi dang tham gia nghién cifu sau dai hoc vé tri tué nhén tao & Dai hoc Stanford. Huéng nghién
cuu cta t6i 1a cdc ing dung clia mang no-ron gitip may tinh hiéu dugc ngdn ngit ciia con ngudi.
To6i tap trung vao cac

nghién ctu da ngon ngt, ; : ; )
nhim gitip mdy tinh hiéu ’ |
va giao tiép dudc v6i ngudi
ding bang nhiéu ngdn ngit
khéc nhau. Hién nay, nhiéu
tri tué nhan tao tuong tac
v6i con ngudi bang tiéng
Anh t6t hon so véi cdc
ngoén ngi khac. Nguyén
nhan 12 do su phé bién clia
tiéng Anh, khién ngudi ta
c6 thé dé dang thu thap
du liéu cho may tinh hoc.
Tuy nhién, néu mdy tinh c6
thé sit dung cdc ngdn ngi
khdc, ciing t6t nhu tiéng
Anbh, thi ngudi din & nhiéu
nuéc trén thé gidi sé c6 thé
tiép can cic cong nghé nay.
Khi cic cong nghé da ngoén ngit tré nén hoan thién hon, toi tin rang con ngudi khong nhét thiét
phai hoc tiéng Anh chi d& nham muc dich tiép cin cong nghé. Thay vao d6, ho c6 thé dau tu thoi
gian rén luyén that giéi mot k§ ning nao do, sau d6 dua vao mdy tinh dé tiép nhan va truyén dat
kién thiic ctia minh cho toan thé gidi.

Tur thang 6.2016, toi s& bat dau 1am viéc & Google va sau d6 mdt nim s& budc vao chuong trinh
tién si cia CMU. C6 thé huéng nghién ciiu clia toi sé thay ddi. Toi khong néi trude dudce, phai
nhd vao duyén sb thoi.

Vita qua moi ngudi quan tam sy kién tri thong minh nhdn tao chién thdng con nguoi. Ban co
thé’ cho moi nguoi hinh dung mot chiit vé AlphaGo? Theo ban, tai sao chién thdng do duoc gidi
nghién cuu tri tué nhdn tao ddnh gid cao?

AlphaGo 12 mot hé théng st dung hai mang no-ron tuong tac véi nhau. Mot mang no-ron tim
ra nudc ¢ tot nhat cho mdi lugt di, con mang kia danh gid thé cd xem 10i thé hay thiét hai ciia
chuong trinh so véi dbi thii nhu thé nao.
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Chién théng cua AlphaGo dudc danh gia cao vi Go (c0 vay) la mét tro chaoi dude cho rﬁng rat
khé d6i véi tri tué nhan tao. Trudc AlphaGo, cac chuyén gia vé tri tué nhan tao van tin rang sém
mudn gi mdy tinh ciing sé chién thang con ngudi vé cd vdy, tuy nhién ho du doén ring diéu d6 sé
xay ra trong vong 10 nam, tic la khoang nam 2025.

Thanh cong ctia AlphaGo cho thiy téc do phat trién cta tri tué nhan tao da vuct qua du doan
ctia ho, vi thé né dudc danh gia cao. AlphaGo ciing md ra nhiéu huéng di méi trong nghién ciiu
tri tué nhan tao. Cac thuat todn ding trong tri tué nhan tao nay ciing c6 thé dugc ting dung dé
gidp may tinh hi€u dudc ngdn ngi tu nhién hay nhan dién dudc giong néi va hinh anh. Ngoai ra,
thanh cong ctia AlphaGo ciing khién c4c nghién ctiu vé tri tué nhan tao nhan dugc nhiéu su quan
tam hon cta cong dong. Thong qua do, cdc nghién ctiu nay c6 thé thu hit nhidu nguodn dau tu, tir
d6 tao ra tiém ning phat trién thém.

La nguoi dang gép phdn giip cho nhiing c6 mdy tré nén thong minh, biét tw duy va cdm xiic, cé
bao gio ban lo ngai con ngudi sé bi chinh mdy moc diéu kién lai? Béi, theo mét cdch hiéu nao do,
con ngudi dang lam biéng suy nghi ma phu thudc vao cong nghé; hién chitng nghién smartphone
hay mang xd héi dang lam con ngudi it giao tiép vdi nhau, tudng rdt gan nhung lai rdt xa?

Tri tué nhan tao diing 12 dang phat trién rit nhanh, nhung ching con rat xa méi dén chd c6 thé
diéu khién dudc con ngudi. Lo ling vé diéu dé trong lic nay sé chi khién cac nghién ciu tri tué
nhan tao mét tip trung mot cach khong can thiét. Ban than t6i khong cho rang con ngudi dang
lam biéng suy nghi hay phu thudc vao cong nghé. Tru6c khi c6 mdy tinh, con ngudi phéi tu thuc
hién rat nhiéu phép todn. Sau khi c4c ting dung tinh todn dugc phat trién, chiing ta st dung cic
ung dung nay thay minh, nhung chuing ta dau ¢6 néi minh phu thudc vao cac tng dung nay? Tri
tué nhan tao ciing vay. Toi nghi chiing chi 12 nhitng phan mém gitip ching ta lam viéc hiéu qua
hon, tiét kiém cong stic va thai gian dé tap trung cho nhiing cong viéc quan trong hon.

Ban c6 déi theo hoat dong ciing nhuw doi song todn hoc trong nudc? Nhitng chuyén dong do mang
lai cho ban suy nhi gi vé nhitng thé hé dan em dang tiép budc?

Toi khong c6 chuyén mdn vé toan cao cip nén khong hiéu dudc nhiéu vé cac nghién ciiu va hoat
dong chuyén siu vé todn, ca trong va ngoai nudc. Hoat dong toan hoc duy nhét trong nuéc ma
t6i con theo ddi dudgc 1a phong trao olympic toan. Toi thdy bay gid viéc day va hoc toan olympic
trong nudc da cdi mé hon. Cac em hoc sinh do d6 ¢6 nhiéu co hoi hon dé tiép xiic véi cac tai liéu
ciing nhu tham gia céc hoat dong giao luu va hoc hdi. Do dé, chit lugng day va hoc dang ting
1én. Toi nghi néu cac em biét kién tri v6i dam mé va dinh huéng cua minh, cac em s€ di xa hon
thé hé ching tdi.

Todn hoc dang hé tro cho ban nhu thé ndo trong cong viéc hién nay — nghién citu vé tri tué nhdn
tao? Thudt todn hoc sdu - Deep Learning co vé la hudng di khd thoi thuong cho viéc nghién ciiu
tri tué nhdn tao? Co hoi nay cé qud tam cho cdc ban tré Viét Nam?

Toan xiy dung cho tdi mot dau 6¢ biét tu duy logic va khong

Viéc ban budc ra s cong thic. Diéu nay c6 thé hoi budn cudi, nhung hién nay c6
kh0?l trifdn g dai hoc nhiéu ky su phan mém va tham chi 1a cdc nha nghién ciu \rét sg
£ ) nhin thay cac phuong trinh toan hoc. Diéu nay dan dén nhicu san

nhu thé hao qu.a\n pham cong nghé dudc tao ra mot cach mdy moc ma khong hiéu
trong hon rdt nhiéu tai sao minh lam nhu thé lai cho ra két qué tét. Didu nay vé lau
SO VOi Vviéc ban daisé tao rarao can cho sy phat trién cdc thuit todn va sén phim
buoc vao truon g moi. Toi cdm thy minh may mén vi ching nhitng khong sg toan
dai hoc nao. ma con thich thi dao siu tim hi€u vé ban chét toan hoc cia nhiéu

) ' thuat trong tri tué nhan tao.
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Deep learning ding 1a hudng di thoi thugng hién nay va c6 thé
12 trong nhiéu nim nita. Thuét toan nay da chuyén cac kho khin trong tri tué nhan tao tir viéc
thu thap di liéu, von mét thdi gian va ton kém, thanh viéc 14p trinh dudc nhitng mang no-ron
16n, c6 kha niing x{ 1y nhiéu dif liéu don gian mot cach nhanh va hiéu qua.Véi su phat trién cia
phan ciing mdy tinh, viéc gidi quyét nhin chung 12 kha thi hon. Vi thé deep learning mdi dat dugc
nhiéu thanh tuu nhu vay.

Deep learning ciing khong hé qua tim so v6i cdc ban tré & Viét Nam. Nguoc lai, né dang trd nén
phd bién va dé tiép can hon nhiéu. Liy vi dy, nim 2012, TS. Lé Viét Quéc cliing Google cong bd
mot phuong phdp dung deep learning d€ xay dung khai niém con méo tif cac video YouTube
bing cach két hop 16.000 CPU cia rit nhiéu mdy tinh. Gid cia mo hinh nay thdi diém d6 khoang
1 triéu USD. Tuy nhién, chi vai thang sau d6, mot nhém nghién ciiu ctia Stanford da cong bé mot
mo hinh deep learning khac, c6 thé cho ra két qué tuong tu nhung chi c6 gia khodng 20 nghin
USD. D6 1a nim 2012, con hién nay cic thiét bi nay c6 thé mua dugc v6i vai nghin USD. Chi
phi ndy, theo tdi, khong phai 1a qua tAm ddi v6i nhiéu co sé nghién cifu ctia nudc ta hién nay.
Mot khi da c6 dudc thiét bi, 1am dudc hay khong hoan toan phu thudc vao con ngudi.

Dadu la lua chon kho nhat cua ban trong céng viéc va cudc song?

Diéu kho nhit t6i tiing Iwa chon 12 ti chdi hoc bong ctia Pai hoc NUS (Singapore) dong thdi &
nha mot nim dé€ hoc tiéng Anh va tim hoc bdng d€ di My. That ra diy khong phai 1a Iya chon
ctia t6i ma la dinh huéng ctia bd me. Cang vé 1au dai, téi va gia dinh cang nhan ra day 1a mot
quyét dinh sai 1am. N6 d€ lai nhiéu hau qua cho ban than t6i ma dén bay gio tdi van dang phai
khéc phuc.

Va ban da dung hoa va giit duoc su tw ldp, thich nghi véi méi truong mdi nhu thé nao? Néu duogc
Iva chon lai, ban cé phii nhdn wéc mo trude ddy vé Singapore la hoi ldng man, mang tinh hdo
hiic cia tudi tré?

Bay gio mdi khi nghi lai chuyén Singapore, tdi vin chua vugt qua dugc cam gidc tiéc nubi. D€ di
du hoc dai hoc 6 My, ti phai tra cdi gia qua dat ddi vdi toi: mot nim khong dudc hoc va 1am
nhitng diéu minh thich. Thdi cip ba, toi chi dau tu cho cac cudc thi hoc sinh gidi nén trinh do
tiéng Anh khong di d€ vudt qua cic ky thi chuin héa vao dai hoc ctia My nhu TOEFL va SAT.
Toéi ciing khong hiéu biét gi vé phong tuc va vin héa clia ngudi My dé viét mot essay tuyén sinh
cho ho doc. Céi gi4 clia tit ca nhitng diéu niy 12 mot nim bd ra d€ hoc nhiing diéu toi chua tiing
quan tam truéc do.

Mot nim nay ddi véi toi tai hai vo ciing. Toi phdi hoc nhiing diéu toi cho 12 vo nghia. Tai hai hon,
dé hoc tiéng Anh va viin héa My, tdi phai cAm ban than minh khong dugc hoc toan, bsi chi can
dung vao toan, t6i sé dé dang bd ra vai gio d€ tim hi€u mot van dé minh thich ma quén di nhiém
vu chinh: hoc tiéng Anh. Nhiing ai da tiing thi toan olympiad déu hiéu, chi can vai tuan khong
luyén tap, k¥ ning tiing rén luyén nhiéu nim sé mat dan di, ditng néi gi dén mot nim nhu toi.

Piéu toi té nhét, tdi cam thiy 1ong tu trong clia minh bi xtic pham. Toi tham gia vao mdt vai
nhém tu van danh cho cdc ban tré xin vao cac dai hoc 16n M. Trong cdc nhém nay, tdi dudc

nghe rang cic thanh tich trong nhiing cudc thi olympiad khong c6 gia tri trong mét cac nha tuyén
sinh. Ho chi quan tdim dén diém SAT cao.
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Pham Hy Hiéu (4o tring) nhan giai thudng Ben Wegbreit danh cho luan vin t6t nghiép xuét sic nhit ctia
khoa Khoa hoc mdy tinh, Pai hoc Stanford 2015 - Anh tu liéu cta gia dinh.

Tuy nhién diém SAT ctia t6i khong cao. Toi thi 4 1an méi dugc 2.090, diém sd nam trong 25%
thip nhét trong khéa hoc tai Stanford ctia t6i. Khi t6i vao Stanford, diém SAT da khong cao ma
k¥ niing todn clia tdi cling gidm stit. H6i nim nhét, ¢6 1an mot gido su néi chuyén véi toi c6 dé
cip dén bS dé Cauchy-Davenport. Toi nhé tén clia b6 dé nay, nhung khong thé nhé ndi noi dung
ctia né. Vi gido su ndy ngac nhién vi sao toi c6 thé dai dién Viét Nam tai IMO ma khong biét bd
dé quan trong nay. Toi x4u hS vo cling. Toi ké diéu nay dé thiy ring, toi phai bd lai nhiing diéu
minh da mét rat nhiéu thdi gian va cong sic d€ hoc nhu thé nao. Toi con gip nhiéu rac r6i khic
véi Stanford. T ngon ngil, vin hod, cch sinh hoat, cich hoa nhap. Toi sdng qua thdi dai hoc véi
nhiéu budn hon 1a vui.

D4i lai, toi tin rang néu di Singapore, diéu dau tién 13 t6i khong phai mit mot nim dé hoc SAT,
TOEFL, ... Xung quanh t6i cling sé c6 nhiéu ban bé ma ti da quen tif cdp 3 hon. Nhitng ngudi
ban dé, t6i tin 12 ho hiéu t6i va c6 thé gitip toi cling hoc tap, cung tién bo, tt hon nhiéu so véi
thuc té ma toi phdi trai qua.

Téi xin gtii dén ban than tdi ctia 6 nim trudc, cling nhu nhitng ban tré dang nghi vé dai hoc, du
hoc, v.v. mdt 15i nhan nhi: Hay hdi ban than céc ban thich diéu gi va cb gang 1am diéu d6 that
t6t. Piing vi céi tén Stanford, MIT hay Harvard hay bat cd gi ma “géc lai” dam mé clia minh, dé
1am mot diéu minh khong thich. B&i vi néu ban khong nudi dudng, dam mé sé tit bd ban. Cudc
doi clia cac ban c6 khoang 4 nim & trudng dai hoc va phan sau d6 dai hon rit nhiéu. Vi thé, viéc
ban buéc ra khoi trudng dai hoc nhu thé ndo quan trong hon rit nhiéu so véi viéc ban budc vao
trudng dai hoc nao. Du céc ban thich toan, tin hoc, van hoc, piano, nhay hién dai hay hoat dong
x4 hdi, dam mé clia c4c ban déu dang tran trong nhu nhau. Hay dau tu vao dam mé d6. Chinh
nhiing diéu nay sé& 1 chia khoa d€ cic ban thanh cong.

Ai la nguoi dnh hudng tdi ban, dén luwa chon con duong di, nhitng wéc mo sau nay ciia ban nhiéu
nhdt?
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Toi nhan dugc nhiéu anh hudng trong viéc dinh hinh tinh céch tit chinh bd me ctia minh. Toi hoc
tf me toi c4 tinh phai bdo vé quan diém ctia minh cho dén khi biét dudc minh da sai. That ra
chinh sy cting nhic nay ciing khién me t6i va toi nhiéu 1an bat dong quan diém. Cang 16n, toi
cang bao vé dudc quan diém ctia minh trudc me. Ngugc lai, toi hoc tlit bd minh diic tinh coi trong
ning luc clia con ngudi va phan nio quan niém vé sy dudc - mét & doi. Khi téi 1am viée trong
mdt nhém va dat duge phan thudng, tdi thudng tu déng gép phan ctia minh vao mot cudc lién
hoan hoic vao quy chung. Béi 1é tdi quan diém ring cdi quy nhét, 1a k¥ niang d€ dat dudc phan
thudng kia, thi minh da hoc dudc r6i.

La nguoi co trdi nghiém moi truong hoc khd ddc biét, bdi trong nudc ban duoc hoc tai nhiing
truong Top ddu ciia thanh phéd, va di du hoc vdi hoc béng toan phdn dai hoc va thac si ciia
Stanford. Danh dugc nhiéu phan thudng gid tri trong thoi gian di hoc, ddic biét la bang danh dy
Stanford. Nhitng phan thudng do ngdu nhién dén véi ban hay do la nhitng muc tiéu ban ngdm
dén tir trude? Ban co thdy bdn than minh may mdn? Bi quyét séng va hoc noi xit nguoi, duy tri
duoc “phong do” la gi?

Toi nghi rang minh da gip nhiéu may man. Ngudi ngoai nhin

vao toi bay giv c6 thé sé thiy cdc gidi thudng, nhiing 181 mdi  Khi tdi lam viéc tron g

lam viéc va nhing hoc bong. Nhung bat i ai than v6i t6i s€ 136  nhom  va  dat
hiéu toi da trai qua nhitng thdi khic khé khin nhu thé nao. dbt’ oc  ph in  thu éng
. )

Toi chua tiing dam nghi minh sé dat dugc nhiing gi t6i dang
c6 hién nay. Toi cdm thiy nhiing diéu d6 dén véi tdi mot cach

t0i thuong tw dong gop

ngau nhién, nhu mot nu cudi clia sé phan, khuyén khich toi
hay tiép tuc theo dudi con dudng minh chon.

Hién tai, toi van dang tim bi quyét d€ sdng vui v& va hoc tap,
lam viéc hiéu qua & xd ngudi. Toi nghi diéu quan trong nhét
1a xdc dinh dugc mot dam mé, mot muc tiéu gin lién véi dam
mé d6 va mot dinh huéng dé€ dat dugc muc tiéu nay. Nhin vao
tuong lai, t6i chi thAy minh can bd sung nhiéu hiéu biét vé
tri tué nhén tao, trau ddi cac k¥ ning 1ap trinh va phat trién
cac k¥ thuat nghién cttu khoa hoc ctia ban than. Toéi khong

phdn ciia minh vao mét
cudc liéen hoan hodc
vao quy chung. Boi lé
t6i quan diém rang cdi
quy nhdt, la ky ndng dé’
dat duoc phan thudng
kia, thi minh dd hoc
dicoc roi.

thé biét minh sé di dén dau, nhung tdi nghi cudc ddi nhu thé

mdi thd vi.

Nhiéu nguoi ddnh gid ban la nguoi tai nhung ciing ddy cd tinh, khong ngai béc 1o quan diém cd
nhdn. Tinh cdch manh mé dé duoc hinh thanh nho nhitng yéu to gi?

Cam on nhiing ngudi da danh gia cao vé tdi. Toi chua nghi minh 1a ngudi tai ning, con c4 tinh
clia toi hinh thanh khi t6i suy nghi vé hau qua ctia nhiing 1an minh im ling. Vi du, & trén toi da
tra 10i viéc khong di Singapore gy ra cho t6i nhitng hau qua nhu thé nao. Mt trong nhiing ly do
12 vi ti im ling, khong néi 1én quan diém ctia minh khi bd me tdi néi téi phai di My. Toi nghi
néu dudc nghe nhiing diéu tdi dang 1& nén néi, bé me toi s& nghi lai va gitp tdi c6 dudc quyét
dinh t6t hon cho cudc sdng ctia minh. Vi vy, by gid toi ludn phai néi 1én nhiing gi minh nghi.
Nhu thé, du tdi c6 sai, toi cling c6 co hdi bao vé quan di€ém ctia minh cho dén khi t6i nhan ra
nhiing quan diém dé 1a sai.

Phuong chédm, hay triét Iy cudc song cua ban la gi? Ban c6 lua chon mét cau chdam ngén nao
cho riéng minh?

Toi da quan niém minh phai tim dugc mot viéc minh thich lam va lam thét gidi viéc d6. Pay la
cach tot nhit d& cong hién cho xa hoi. Toi thudng xuyén gip bé tic trong viéc tim ra con dudng
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cho minh, tif nhiing quyét dinh c4 nhan cho dén cic van dé nghién citu, hoc tap. Hién nay, toi
nghi diéu t6t nhat nén 1am 13 budc 1én phia trude. C6 thé ban sé vap nga nhung tif nhiing sai lam
ctia minh, ban sé& tim ra con dudng tot cho ban than. Vi thé, t6i rat thich cau cta L Tan “Trén
doi nay lam gi c6 duong. Ngudi ta di mai thi thanh dudng théi”. Toi cling thich mot phién ban
“van hoc mang” cua cau noéi nay, nghe c6 vé “thd” hon: “Cu di. Phia trudc sé c6 dudng.”

Danh duoc khéng it vinh quang nhung co khi nao ban thdy minh thdt bai hay bé tdc? Ban dd
vt qua diéu dé nhu thé nao?

Toi that bai nhiéu hon thanh cong rat nhiéu 1an. D6i véi toi, that bai rat khé chiu, nhung khong
bao git 1a ddu chAm hét. Thét bai ludn stia chita dudc. Toi 1am thi nghiém huén luyén cho may
tinh hoc bang mot thudt toan mdi, d€ rdi nhan ra thudt toan ctia minh hoan toan sai va may...
chang hoc dudc gi ca. D6 1a loai that bai khong lam mit qua nhiéu thdi gian d€ stia. N6 lam ting
thém kinh nghiém ctia t6i, tdi chi can ghi lai va tu néi véi minh rang sau nay ditng dung thuat
toan do nta.

Gio duc gia dinh da anh hudng nhiéu dén tinh cach ctia Hy Hiéu trong nghién citu. Trong 4nh Hy Hiéu
cing me va em trai - Anh Tu liéu gia dinh.

Ciing c6 loai thit bai can nhiéu thoi gian hon dé stta chita. Trude diy, c6 mot 1an tdi dén xin gido
su huéng din ctia minh viét thu gidi thiéu dé xin vao chuong trinh Tién si. Liic d6 kinh nghiém
nghién cifu ctia toi chua nhiéu. Thay néi thang véi toi 1a néu toi chua viét dugc mot bai bao khoa
hoc véi thay thi thay c6 viét gi di nita, co hoi toi dau vao Tién si ciing rat thip. Toi nhé hom d6
gip thiy xong, minh di lang thang khip noi, chang thiét lam viéc gi cd. Nhung ciing nhd d6 ma
t6i hiéu ra tim quan trong ctia viéc cong bd nhiing cong trinh trong chiing dudng nghién cifu clia
mdt nha khoa hoc. Mot nim sau d6, sau khi 1am va cdng bé mot s6 nghién citu, ti gip lai vi
gido su nay va héi xin thu gi6i thiéu. Thay dong y viét va toi da dat dudc nhiing gi minh mudn.
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To6i nghi diém méu chét d€ vudt qua that bai 1a kiém sodt dudc cam xtc ctia ban than, tim ra
nhiing diéu minh da 1am chua ding d€ dan dén thit bai va sau nay ditng 1am nhu véy nita. N6i thi
dé, nhung ban than t6i nhiéu khi cling khong 1am dudc.

Con trong céng viéc, muc tiéu toi thuong ma ban hudng tdi la gi? Hay chia sé vé lua chon khi
dén véi chuwong trinh Tién si ciia Pai hoc Carnegie Mellon (CMU) di Hiéu? Udc mo nao ma ban
dang tiép tuc deo dudi?

C6 nhiéu 1y do khién CMU la m6t moi trudng nghién citu ly tudng dbi véi toi. Thi nhét, s CMU
c6 nhiéu chuyén gia hang dau vé linh vuc hep clia toi 1a xi ly ngoén ngit tu nhién. Khi lua chon
trudng dé 1am tién si, khong nhitng phai nghi dén danh tiéng clia ngudi gido su huéng dian ma
con phai nghi dén viéc vi gido su d6 c6 thdi gian danh cho minh khdng, c¢6 thé quan tim dén dé
tai ctia minh khong, ... Toi thiy CMU c6 dii nhiing diéu nay. Thi hai, CMU nim & thanh phd
Pittsburgh, mot ndi tuong ddi cach biét véi cac thanh phd 16n khac cia My nhung lai khong co
1ap. Toi hy vong su céch biét nay c6 thé gitip tdi tip trung vao viéc nghién ciiu ma khong bi phan
tam vi nhitng yéu t6 bén ngoai.

Téi titng mo uc minh tré thanh mot gido su dé€ dan dit cac nghién ciu tri tué nhan tao va giang
day lai kién thiic minh tich luy dugc cho céc thé hé sau. Tuy nhién, cang ngay t6i cang nhan ra c6
rit nhiéu cach d€ cdng hién cho xa hoi. Téi khong biét liéu minh c6 thé trd thanh mot gido su
dugc khong — cdi d6 con phai nhd vao cdi duyén nita. Hién tai tdi chi mubn hoc dudc that nhiéu
dé mé rong hiéu biét, trau ddi cic ky ning.
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Tap chi online cua cong dong
nhitng nguoi yéu toan

gpsi lon

VE PHONG TRAO OLYMPIC TOAN
J SAUDI ARABIA

V6 Qubc Ba Can
(Archimedes Academy)

Hai nim trd lai day, chiing t6i c6 may man dugc sang tham va lam viéc cung ddi tuyén Toan
Saudi Arabia mot thdi gian. Nhitng ngay thang 1am viéc tai ddy da cho chiing t6i hiéu thém vé
phong trao hoc Toan phd thong & xit Hdi gido nay.

Bai viét duéi day xin dudc chia sé nhitng cdm nhén clia ching tdi vé& cach céc thanh vién doi
tuyén Olympic nudc ban hoc Toan. Nhiing chia sé & ddy c6 phan hoi chii quan nhung hy vong
rang ban doc sé ¢ cai nhin khai quat vé phong trao & nuéc ban, ciing nhu thdy dudc nhiing céi
hay, cai chua hay d€ rit kinh nghiém cho minh.

Tru6e hét, xin dugc néi qua vé cach thic t8 chidc tuyén chon va bodi dudng hoc sinh gidi & Saudi
Arabia. Trudc day, Saudi Arabia t6 chifc tuyén chon nhitng em hoc sinh c6 ning khiéu vé Toan
hoc bdi dudng & Riyadh. Sau d6, truéc mdi ky thi Quéc té quan trong, cac em sé& dudc lam bai thi
loai, nhitng ban c6 két qua 1am bai t6t nhit sé dudc chon vao doi tuyén di thi véi hy vong mang
vinh quang vé cho nuéc nha.

T nam 2014 dén nay, Saudi Arabia c6 chuong trinh hgp tic huin luyén véi thiy Lé Anh Vinh,
nhitng khéa hoc tap trung dudc chuyén vé trudng Pai hoc Khoa hoc va Cong nghé mang tén nha
vua Abdullah (goi tit 1a KAUST). Cac hoc sinh sé dudc tap huin truc tiép véi cac huin luyén
vién tit Viét Nam sang vé cic chi dé lién quan dén Olympic Toan. Va ngoai nhitng khéa hoc tap
trung ndy, hoc sinh ciing dugc rén luyén truc tuyén & nha véi nhiing bai tp dugc thay Vinh truc
tiép bién soan va dua 1én website clia minh hang tuan.

Cdc em hoc sinh level 3, 4 cung cdc huan luyén vién
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Tiép theo, chiing tdi sé phan tich nhiing diém t6t va diém chua tdt vé phong trao hoc Toan & day.

Piém t6t: Céc em hoc sinh rit than thién, ning dong, thich dao sau suy nghi nhiing vin dé& ma
gido vién giao va thuong xin thém thdi gian d€ tim cach gidi cdc bai todn khi gido vién yéu cau
dugc chita d€ tiép tuc bai giang.

Su tuong tac clia cac em vé6i gido vién thuc sy rat tt. Chiing tdi da rat bAt ngd & budi gidng dau
tién clia minh, khi hau nhu em nao ciing mudn chia sé y kién vé vin dé ma chiing toi giang. Nho
d6 ma van d& cang thém sang to, 16p hoc trd nén s6i dong hon han, khién ngudi thay ciing trd
nén hao hing hon khi giang bai.

Diéu ndy trdi ngudc v6i & Viét Nam, hoc sinh thudng rut ré hon khi trao d6i véi gido vién. Nhiéu
em chi tiép nhan bai gidng clia thiy c6 mot cach thu dong ma khong ddm dit vin dé hay duara y
kién c4 nhan. C6 1& hoc sinh Viét Nam ta nén thay ddi dan cach hoc dé tré nén tich cuc hon.

Cdc em hoc sinh level 4+ cung cdc hudn luyén vién

Piém chua tét: Tuong tac tot trén 16p 1a vay, nhung kha niing tu hoc cia hoc sinh & ddy chua
dugc tot. Hoc sinh kh4 1udi ghi chép bai v6 khi hoc trén 16p, do d6 khi vé nha thudng khong xem
lai bai d€ hi€u rd van dé hon, va cac em. .. hay quén. Sé rat khé dé nhé va hiéu nhitng ly thuyét
khé6 néu nhu ching ta khong nghién ngdm thuong xuyén. Chiing toi van thudng. .. “thi” cic em
biang céch cho lai nhiing bai toan da day & budi trudc vao cac budi tiép theo cach budi dau hai xa
mot chit, va su that 1a ¢6 rit it em nhan ra cac bai toan do.

Mot diéu ddng néi nita 1a cac em khong tu gidc cao khi & nha, khong tim kiém tai liéu dé€ doc
thém. Ciing nhu dé cap & trén, thdy Vinh c¢6 dua 1én website clia minh céc bai tap dé hoc sinh rén
luyén thém, nhung c6 rit it em chiu lam va ndp bai (du diéu d6 gan nhu 1a bat budc). R6 rang 1a
néu chi phu thudc vao nhiing diéu gido vién giang trén 16p thi kho c6 thé ¢ nhiing tién bo dang
ké dugc.

Hoc sinh & ddy chi thich thi stic nhiing bai toan trong dé thi Olympic Toan thay vi tip trung xiy
dung cho minh mot nén tang Toan that tbt roi mdi luyén cac bai Olympic. Méi khi ching toi
giang 1y thuyét, nhiéu em t6 ra ngan ngdm, khong tap trung, c6 em con lam viéc riéng. Ci bai

162

https://tieulun.hopto.org



Tap chi Epsilon, S6 09, 06/2016

toan nao thay cho ma “dang dap” khac Olympic Toan la cac em khong cb gang lam, c6 ban da
bién minh ring nhiing bai nhu thé sé khong bao gid xuat hién trong cac ky thi Toan.

Diéu nay trai ngudc vSi cadch hoc Todn khoa hoc 14 phai thAm nhuan y tudng trong cac 1y thuyét
Toén hoc réi méi “luyén” cac bai Olympic d€ tiép cin cac y tudng mdi. Mot cdi ciy sé khong thé
diing viing néu phan gbc bi sau mot.

Tuy nhién, mot diéu ddng ming 1a sau hai nim 1am viéc ciing céc ban ddi tuyén Saudi, chiing toi
ciing dan tac dong va cai thién dudgc tu tudng ctia cac em. Nhiéu em da bat dau ghi chép bai v
cin than dé vé xem lai, c6 em ciing di tim dén cdc dién dan Todn ma ching tdi gidi thidu dé tim
kiém thém tu liéu tu trau ddi, rén luyén.

C6 mot diéu han ché nita thudc vé van dé ton gido, Saudi Arabia 13 mot qudc gia Hoi gido véi
100% dan s6 theo dao Hoi, ma tin d6 Hoi gido mbi ngay phai cau nguyén 5 1an tif sang sém cho
dén tdi. Do d6, thoi gian hoc ctia hoc sinh bi anh hudng kha 16n, gain mot phan ba thoi gian cic
budi hoc chi danh cho viéc ciu nguyén.

Ngoai ra, ciing do ton gido nén & Saudi, nam nit néu khong phai ciing huyét théng hoic ¢ quan
hé v chong thi khong dudc néi chuyén tu do v6i nhau, khong dude ngdi gan nhau. C6 ca mot doi
ngil canh sat ton gido chuyén ki€m soat viéc ndy. Do d6, nam nit khong dudc hoc chung véi nhau.

O KAUST thi moi viéc thoang hon mdt chiit vi & day hoc vién da phan la du hoc sinh qudc té,
nam nif ¢6 thé hoc chung véi nhau. Nhung do tu tudng ton gido da thAm vao cic em nén hoc
sinh nam va hoc sinh nit thudng khong trao d6i y kién v6i nhau, thAm chi c¢6 nhiing bai todn céc
em nif 1am dudc, gido vién yéu cu l1én bang trinh bay lai cho cdc ban khac cuing nghe thi céc
em nam ciing thuong khong tap trung ling nghe ban trinh bay. Diéu nay ciing giy anh hudng it
nhiéu dén hiéu qué hoc tap ctia 16p hoc.

D6 1a diéu chiing t6i nhan thiy dugc khi lam viéc & ddy, tuy nhién do day 14 vAn dé thudc vé ton
gido, viin hda clia nu6c ban nén chiing ta chi ¢6 thé ton trong ma khong thé gop y.

Mi:ic du con nhiéu diém chua t6t, nhung moi viéc van dang chuyén bién theo chiéu huéng tich
cuc. Diéu d6 thé hién ro rang qua két qua ctia doi tuyén Saudi & cac ky thi Quéc té. Poi tuyén
da dat két qua tot hon so vdi cdc nim trude, thim chi da c6 huy chuong vang 6 BMO, JBMO,
APMO, diéu chua tiing c¢6 & nhitng nim trudc day.

Tin rang v6i viéc d6i méi tu tudng ctia hoc sinh, phong trao Olympic Todn & Saudi Arabia sé
ngay cang phat trién tich cuc hon. Bai viét xin dugc két thiic & day.

163

https://tieulun.hopto.org



Tap chi Epsilon, S6 09, 06/2016

164

https://tieulun.hopto.org



psilon
Tap chi online ctia cong dong
nhitng nguoi yéu toan

BAlI TOAN HAY LOI GIAI DEP

Tran Nam Diing
(Dat hoc Khoa hoc Tu nhién - DPHQG TPHCM)

LOI GIOI THIEU

Chuyén muc nay dudc 14y cdm hiing ti bai viét ctia thay Nguyén Duy Lién & s6
bdo trude vé bai toan sd 6 trong ky thi IMO 2001 vdi 5 cach giai khac nhau. Muc
nay sé dé danh viét vé nhiing bai toan hay, 15i gidi dep va nhiing cau chuyén thd vi
xung quanh nhitng bai toan va 16i giai do.

Tén ctia chuyén muc dugc mugn tu tén cua mot nhém nhitng ngudi yéu toan trén
Facebook do anh Nguyén Vin Lgi sang 1ap “Bai todn hay — Loi gidi dep — Dam mé
todn hoc”. Chuyén muc ghi nhin cic dé cti ctia ban doc va s& chon ding mdi ky 1, 2
bai toan.

S& nay chiing toi sé& gidi thiéu véi ban doc vé bai toan s6 6 trong dé thi todn qudc
té nim 1995 v6i nhiing 16i gidi sau nay da dudc dua vao nhiing sach gido khoa vé
phuong phap giai toan.

Bai toan. (IMO 1995, bai todn 6) Cho p la sé nguyén té 1é. Cé bao nhiéu tdp con A gom p phdn
tit ciia tdp hop {1, 2, ..., 2p} 6 téng cdc phdn tii chia hét cho p?

Ching minh. Pat X = {1, 2, ..., p}, Y ={p+1,p+2,...,2p}. VSitdpcon A C X ta
dinh nghia phép tinh tién theosb klak + A= {y € X : y =k + 2 (mod p), véi x € A nao
do}. Ta ciing dinh nghia diéu tuong tu trong Y.

Bay gid tachi y raing néu P C {1,2,...,2p}va|P| = pthi P = X, P = Y hoic 0 <
IPNX]|, [PNY].

Tiép theo ta xét P # X, Y va dinh nghia
k+P=((k+(PNX)U(PNY), keX.
Chi y ring vi 0 < |P N X| < p nén tdng ctia cac phan ti ctia k + P s& iy moi thiing du modulo
p, trong d6 chi c6 mot thing du 1a thda man bai todn cla chiing ta. Ta c6 thé dinh nghia quan hé
tuong duong trén céc tap hop P C {1, 2, ..., 2p} v6i p phan td, P # X, Y nhu sau:
Pr~Q& (PNY=QNY & kE+PNX=QNnX, keX).
Quan hé tuong duong nay xac dinh mot phan hoach ctia ho céc tap con p phan tiictia {1, 2, ..., 2p}
khic v6i X va Y. M&i mot 16p tuong duong ctia phan hoach ¢ p phan ti va tit méi 16p c6 diing
mot phan ti théa man diéu kién cla bai todn.
CQ

. 4 o <. . 4. CP -2
Suy ra ddp so cua bai toan la —— + 2. O
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Chitng minh. Goi w la can nguyén thiy bac p cta don vi. Khi d6

2p
H(m—wi) = (xP — 1) = 2® — 2P + 1.

=1

So sanh hé so cua x? ta co

p—1
2 = E ittty — E n;w’.
=0

Trong d6 tdng thd nhét tinh theo tt c céc tap con p phan ti {iy, ia, ..., 4,} cia {1, 2, ..., 2p}
va n; trong tong thit hai 1a sd cdc tap con sao cho

i1 +ias+---+i, =7 (mod p).
Tir day suy ra ring w 12 nghiém ctia

p—1

G(w) = (ng—2) + Y _ nja’,

J=1

1a mot da thdc c6 bac p — 1. Vi da thiic tdi tifu clia w trén trudng céc s hitu ty 1a F(z) =
1+ 2+ 4 2P, cling c6 bac p — 1. Tir day suy ra G(x) phai c6 dang k - F(z) v6i k 1a hing
s6.Nhuthéng —2=n;=ny=---=nP"1. Vi

ng+n1—|—~‘+np,1:C’§

p?

Cy,—2

p

nén tu day ta suy rang = + 2. 0

Loi gidi thid nhét, st dung phan hoach va song anh, thudc vé tac gia bai todn, Marcin Kuczma,
trudng doan Ba Lan. Loi giai thit hai, st dung sb phtic, cu thé 1a cin don vi, thuoc vé Roberto
Dvornicich, truéng doan Y. Nikolay Nikolov, hoc sinh ngudi Bulgaria da dudc trao giai dac biét
cho 16i gidi cia minh, kha giéng véi 10i giai thif hai nhung trinh bay c6 dong hon nita, chi trong 2
dong. Nikolay da doat 2 huy chuong vang va 1 huy chuong bac trong cac ky IMO trude doé va tai
ky IMO nim 1995 da doat gidi quan quan véi s6 diém tuyét ddi. Poan Viét Nam nim dé c6 ban
Ngd Pac Tuin gidi dudc bai nay.
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nhitng nguoi yéu toan

PONG NHAT THUC BRAHMAGUPTA -
FIBONACCI VA UNG DUNG

Tran Nam Diing
(Dat hoc Khoa hoc Tu nhién - DPHQG TPHCM)

Mot hoc sinh chuyén tir 16p 7 1én 16p 8 at 1a sé dudc yéu ciu chitng minh hing dang thiic:
(a4 b*)( + d?) = (ac + bd)* + (ad — be)?,

va sé ching gidp miy kho khin. Ban 4y sé khong ngd ring ngay xua, dé chiing minh nd, nha toan
hoc néi tiéng Fibonacci da phai mit dén 5 trang gidy. Va ciing khong ngd rang, hing dang thiic
nay, ma & dang téng quat hon s& c6 tén goi 1a dong nhét thiic Brahmagupta - Fibonacci, sé c6
nhiéu ung dung dep dé, hiéu qua va bit ngd. Chiing ta cung di vao mot chuyén tham quan dén
v6i lich st cia dong nhét thiic dep dé nay, nhiing ting dung kinh dién va nhiing bai todn mdi nhét
con néng héi. Piéu dic biét 1 cac ban hoc sinh THCS c6 thé hi€u dudc da s6 cac bai todn va vi
du trong bai viét nay.

Phan dan dit lich st nay chi yéu dudgc 14y tir [4].

Dong nhét thiic ma ngay nay thudng dudc goi 12 dong nhdt thitc Brahmagupta - Fibonacci rat
don gian nhung c6 mot lich st thid vi va ¢6 nhiing tng dung bét ngd

(a® + b*)( + d*) = (ac + bd)* + (ad — be)® = (ac — bd)* + (ad + be)*,

Ngudi ta tin rang ngudi dau tién da nhic dén ddng nhét thiic nay 1a Diophantus (thé ky thi III
trude cong nguyén) ngudi da viét trong cudn S6 hoc ctia minh (Quyén I11, Bai toan 19) [Stillwell,
trang 174]: “65 mot cdch tu nhién duoc chia thanh hai binh phuong bdng hai cdch ... vi 65 la
tich ciia 13 va 5, moi mét sé nay déu la tong ciia hai binh phuong”.

John Stillwell d& cap riang nim 950 sau cong nguyén, nha todn hoc ving Ba Tu al-Khazin
(900 — 971 SCN) da giai thich khang dinh ctia Diophantus trong dang tdng quat hon gin nhu
gidbng véi cong thiic néu trén. Mot giai thich tuong tu cling xuat hién trong cubn sich cia
Fibonacci Liber Quadratorum vao nim 1225. Liic d6 ngon ngii todn hoc con & vao thdi tho Au
nén Fibonacci da phai mat 5 trang gidy dé chiing minh cong thic nay.

Y tudng ctia Diophantus da dudc tdng quat héa trude d6 bdi nha toan hoc An b6 Brahmagupta
(597 — 668 SCN), ngudi da chiing minh

(a® 4+ Nb*)( + Nd*) = (ac + bd)* + N(ad — bc)* = (ac — bd)* + N(ad + bc)’.
Va st dung né d€ giai phuong trinh Pell 22 — Ny? = 1.
Cong thiic, trong dang cd ban cta né 1a trudng hop riéng (khi n = 2) ctia dong nhét thiic

Lagrange )
i=1 i=1 i=1 1<i<j<n
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bung v6i moi n > 2, vi du, v6i n = 3 c¢6 dang sau
(a® + 0% + A)(2® + 1> 4 2%) = (az + by + ¢2)” + (ay — bz)* + (az — cx)® + (bz — y)’,

va dudc st dung d€ chitng minh céc tinh chit ctia diém ddi trung.

Tuy nhién, dong nhat thic Brahmagupta - Fibonacci (n = 2) s6 hitu nhiing tinh chit diic biét
khong con ding véi dong nhét thiic Lagrange, cling nhu trudng hop n = 3 ctia né. D6 1a cich ma
Diophantus da c6 thé phat biéu tdng quat héa clia bai todn 19 ctia 6ng:

Tich ciia hai s6 nguyén, méi sé la tong hai binh phuwong, ciing la tong ciia hai binh phuong.

Ta khong thé néi diéu nay cho tng clia ba binh phucng. Nhung vao nim 1748, Euler thong béo
vé dong nhit thifc bon binh phuong:

(af + a3 + a3 + a3) (b + b3 + 05 + b7) = (axby — agby — asbs — abs)’
+ (a1by + asby + asby — 0453)2 + (a1bs — agby + aszby + a462)2 + (a1by + asbs — azbs + a4b1)2.

Truong hop n = 2 lién quan dén ly thuyét sd phiic ma & dé c6 thé dién dat nhu 12 “chuin
(mo-dun, gia tri tuyét d6i) ctia hai s6 phiic bang tich cac chudn ctia ching.” Vai trod tuong tu ciing
dugc danh cho ddng nhét thiic bon binh phuong trong 1y thuyét quaternion va ddong nhét thiic
tam binh phuong Degen trong ly thuyét octonion [Conway and Smith].

Bai tap 1. Hdy chitng minh dong nhdt thitc Brahmangupta - Fibonacci

(a> + Nb*)( + Nd*) = (ac + bd)* + N(ad — bc)* = (ac — bd)* + N(ad + bc)’.

Bai todn biéu dién s6 nguyén 1a bai todn tim diéu kién d€ mot s6 nguyén c6 thé biéu dién dudc
dudi mot dang cho trude, vi du dudi dang téng ctia hai binh phuong (s6 0, 1, 2, 4, 5 biéu dién
dugc nhung 3 thi khong), tdng ctia ba binh phuong (s6 0, 1, 2, 3, 4, 5, 6 biéu dién dudc, nhung
7 thi khong). Pinh 1y Langrange lai néi rang mot sb tu nhién bat ky c¢6 thé biéu dién dudc dudi
dang téng ctia bén binh phuong.

Tuy nhién, chiing ta s& tam thoi khong di xa nhu vay, vi cic két qua néu trén tuy 12 nhiing két qua
kinh dién nhung ciing 13 hoi qud stic d6i v6i hoc sinh THCS, déi tugng chinh ciia bai viét nay. Ta
s& di vio mot s6 vin dé cu thé va c6 gidi han hon.
Bai toan 1. Ta ndi s6 nguyén duong n la biéu dién duoc néu ton tai cdc sé nguyén a, b sao cho
n = a®+ b
a) Chitng minh rdng néu m, n la biéu dién duogc thi mn cing biéu dién duoc.
b) Ching minh rdng néu 2m biéu dién dwoc thi m ciing biéu dién duoc.

c) Xét xem trong cdc s6 2013, 2014, 2015, 2016, 2017 s6 nao biéu dién dugc.
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Chiing minh. a) Két luan nay chinh 1a két qua ma Diophantus da phét biéu va dugc chiing minh
truc tiép nhd dong nhét thiic Brahmagupta - Fibonacci.

b) Gid st 2m = a? + b? thi a, b cung tinh chan 1é, suy ra a + b va a — b 1a sb chin va ta c6

B a+b 2+ a—b\>
m=\"3 2 )

tir d6 suy ra diéu phai chiing minh.

Pang thic trén chinh 1a ddng nhit thiic Brahmagupta - Fibonacci d4p dung cho % = (%) g (%) ?
va 2m = a® + b?. Ta luu y thi thuat nhd c6 thé hitu ich cho céc tinh hudng & sau.

c) Ta c6 mdt s6 chinh phuong chia 3 du 0 hodc 1 va chia 4 du 0 hodc 1. Do d6 néu a® + b? chia
hét cho 3 thi a va b déu phéi chia hét cho 3, do d6 a® + b? chia hét cho 9. Ciing tir d6 sb c6 dang
4k + 3 khong thé biéu dién dudi dang tng ctia hai binh phuong. Ap dung tinh cht nay ta suy ra
céc s6 sau day khong biéu dién dudc:

S6 2013 (chia hét cho 3 ma khong chia hét cho 9), 2015 (c6 dang 4k + 3).

S6 2014 = 2 - 1007 khong biéu dién dudc do 1007 ¢6 dang 4k + 3 khong biéu dién dugc (ap
dung tinh chit b)). S6 2016 = 27 - 63 khong biéu dién dugc do 63 c6 dang 4k + 3 khong biéu
dién dugc (4p dung nhiéu lan tinh chit b).

S6 2017 biéu dién dudc (ta dung thuit todn dn tham dé thi ti trén xubng dudi va tim dudc
2017 = 447 + 9%). O

Bai todn 2. Cho m va n la cdc s6 nguyén duong phdn biét. Hay biéu dién m® + n8 dudi dang
tong cua hai binh phuong khdc véi m® va n®.

Chitng minh. Ta co
mS +n8 = (m?)’ + (n?)” = (m? + n?)(m* — m*n® + n*)
= (m*+n?) |(m? —n®)’ + (mn)Q] .

Bay gidi 4p dung dong nhit thiic Brahmagupta - Fibonacci cho @ = m, b = n, ¢ = m? —n? va
d = mn ta thu dudc

Pay khong phai 12 diéu ma ta mong mudn vi biéu dién nay trung v6i bi€u dién ban dau. Nhung
khong c6 gi mat mat & day néu ta d€ y ring hing dang thiic Brahmagupta - Fibonacci sé ¢6 dang
khéc di mot chiit néu ta thay d bang —d

(a® + b*)(? + d*) = (ac — bd)* + (ad + bc)®.
Liic nay ta c6 thé viét
mS +nS = (m® — mn® — mn®)> + (=m®n — m®n +n?)”
= (m® — 2mn?)” + (n® — 2m?n)”.
Day chinh 12 két qué can tim. O
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Ta c6 thé thiy rang yéu cau m va n nguyén duong c6 thé bd qua: Pdng nhét thiic ma ta thu dudc
1a déng nhét thifc dai s6 va diing v6i moi bién sb (hay 4n sd) m va n.

Bai toan trong dé thi vo dich toan Moscow sé dit ra mot van dé khé khin hon mot chuit:
Bai toan 3. (Moscow MO) Chiing minh rdng véi moi n > 3, ton tai cdc s6 1é x, y sao cho
7o+ = 2"

Chiing minh. Néu khong c6 diéu kién x, y 18 thi bai nay c6 thé gidi don gidn nhd vao quy nap.
Chiy véin = 3tacobiudién7-12+12 = 22 vavéin = 4 thi 7- 12 4+ 32 = 2% vanéu
72® + y? = 2" thi 7(2z)° + (2y)” = 2"2. Tuy nhién, véi diéu kién z, y 1 thi budc chuyén tit n
1én n + 2 khong dung dugc. Ta dung dén gidi phdp gan gidng véi gidi phdp & bai 1, v6i chi y 1a

1 /1)’
7= —| =2
() + ()
Tu d6, néu gid st 2" = 722 + 2 v6i z, y 1&, thi ap dung dong nhét thiic Brahmagupta - Fibonacci
ta cé
DA
2n+1 — 2 . 2n — 7 . - + - (7$2 + y2)
2 2
- 2 N2
_ (YN (Y
2 2
7o — )\ 2 2
_ (Tt —y 47 T+y '
2 2

Do x, y déu 18 nén cic sb & trong ngoic déu nguyén. Tuy nhién, theo yéu cau dé bai, ta cin
chiing 18. Pén day ta chi can xét 2 trudng hop

e Néu z, y ciing s6 du mod 4 thi ta chon biéu dién thi 2.
e Néu z, y khéac s6 du mod 4 thi ta chon biéu dién thi 1.

Trong moi trudng hdp phuong trinh 2" = 722 4 y? ¢6 nghiém z, y 1é. Theo nguyén Iy quy
nap toan hoc ta c6 diéu phai chiing minh. [

Bai tap 2. (Saudi Arabia TST 2016, Juniors) Cho k la s6 nguyén duong. Chiing minh rdng ton
tai cdc s6 nguyén x,y khong sé nao chia hét cho 3 sao cho x* + 2y? = 3*.

Bai tap 3. (VMO 2010) Chitng minh rdng véi moi sé nguyén dwong n, phuong trinh
x? + 15y = 4",
o it nhdt n nghiém nguyén khéng am.

Bai tap 4. (Saudi Arabia Training Camp 2016) Cho S la tdp hop tdt cd cdc sé tw nhién biéu dién
duwoc dudi dang x* + 3y* véi x,y la cdc s6 nguyén. Chiing minh cdc tinh chdt sau day ciia S

i) Neum € S, ne€Sthimn¢€S.
ii) Neu N € Sva2|N i § € S.

iii) Néu N € S, s6 nguyénté p € S va p|N thi % eSs.
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Theo mot s6 nha nghién ciiu lich st toan hoc thi phuong trinh Pell, tic 1a phuong trinh nghiém
nguyén dang

z? — Ny? =1, 3.1)
v6i N 1a s6 nguyén duong khong chinh phuong dang ra phai dudc goi la phuong trinh Brah-
magupta - Bhaskara. Tuy nhién chiing ta s& khong di sau vé khia canh lich sit d€ phan tich xem
hai 6ng da tién xa nhu thé nao trong viéc giai phuong trinh (3.1) ma chi néu ra ing dung co ban
clia dong nhit thifc Brahmagupta-Fibonacci trong viéc gidi phuong trinh Pell va phuong trinh
dang Pell.

Bai toan 4. Chitng minh rdang phuong trinh
z? — 2y2 =1, (3.2)
€6 vo 56 nghiém nguyén khong dm.

Chitng minh. Ta thdy ring néu a®> — 20> = 1 va 22 — 23> = 1 thi 4p dung ddng nhéit thiic
Brahmagupta - Fibonacci ta ¢

1= (a? — 20%) (2% — 2¢%) = (ax + 2by)* — 2(ay + bx)*. (3.3)

Tt day dé dang suy ra néu (3.2) c6 nghiém thi (3.2) s& ¢6 vo s6 nghiém. Dé thdy z = 3, y = 2 1a
nghiém cta (3.2) do d6 (3.2) c¢6 vd s6 nghiém. Hon nita, néu 4p dung (3.3)choa =3, b =2 va
7, y 12 mot nghiém nguyén khong am cda (3.2) thi ta thiy: Néu (z,y) la nghiém ctia (3.2) thi
(3z + 4y, 2x + 3y) cing la nghiém cuia (3.2).

Vi du tif cdp (3, 2) theo cach nay ta 1an ludt ¢6 cac nghiém (17, 12), (99, 70), (577,408), ... [
Diéu thu vi 1a cich xdy dung ndy sé vét hét tit ca cac nghiém nguyén khong am ctia phuong trinh

(3.2) (tit nhién phai bS sung nghiém hién nhién = 1,y = 0). Tuy nhién chiing ta sé khong
ching minh sy kién nay.

Ciing tif cach chiing minh trén, ta thiy rang phuong trinh (3.1) néu c6 nghiém nguyén duong sé
6 vo s6 nghiém nguyén duong. Hon nita, néu (3.1) ¢6 nghiém nguyén duong va phuong trinh

22— Ny =a, (3.4)

c6 nghiém nguyén duong thi (3.4) sé c6 vo s6 nghiém nguyén duong.

Ngudi ta da chiing minh dudc rang néu N 1a s6 nguyén duong khong chinh phuong trinh phuong
trinh (3.1) ludn c6 nghiém nguyén duong, va theo nhu 1ap luin & trén, c6 vo sd nghiém nguyén
duong. Hon thé nita, ta c6 thé tim dugc tit cd nhitng nghiém d6. Két qua tron ven nay thudc vé
Langrange (1767 — 1838) dua vao ly thuyét lién phan sb. Tuy nhién, ta ciing sé khong di sau nhu
viy ma xem xét mot vi du ap dung su ton tai vo s6 nghiém ctia phuong trinh dang Pell.

Bai toan 5. (EGMO 2016) Goi S la tdp hop cdc sé nguyén duong sao cho n* cé udc so

nam trong doan [n* + 1,n? + 2n]. Chiing minh rdng cé vé sé cdc phdn tit ciia S ¢6 dang
Tm, Tm+1, Tm+2, Tm+5, Tm~+6 nhung khong co phdn tit nao ciia S cé dang Tm—+3, Tm+4.
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Chitng minh. Mau chdt ctia 15 giai nay 1a nhan xét
n+k|ntent+knt - +E en+k|kK
Tiép theo, st dung diéu kién k thudc [n? + 1, n? + 2n] d€ dang suy ra nf—ik € {2,3}.

Cudi cung ta chiing minh cac phuong trinh k% = 2(n? + k), k? = 3(n? + k) khong c6 nghiém
n c6 dang 7m + 3, 7m + 4 (dung mo-dun) va ¢ vo sd nghiém dang 7k, 7k + 1,7k + 2,7k + 5
(phuong trinh thit nhit) va dang 7k, 7k + 6 (phuong trinh thi hai) bang céch st dung cong thiic
Brahmagupta - Fibonacci. 0

Bai tap 5. (VMO 1999) Cho hai ddy s6 (), (y,) xdc dinh nhu sau
r1 =1 29=4, xpio =3T,11 — Ty, Vdimoin 2> 1,

i =1, %2 =2, Ynt2 = 3Ynt1 — Yn, Vdimoin 2> 1.

Chitng minh rang cdc sé nguyén duwong a, b théa man phuong trinh a*> — 5b> = —4 khi va chi
khi ton tai sé nguyén duong k sao cho a = xy,, b = yj.

Dong nhit thiic Lagrange, trudng hop téng quat ctia dong nhat thiic Brahmagupta - Fibonacci
cho ta hé qua 1 bit dang thiic Cauchy - Schwarz, mdt bt dang thiic ¢6 dién c6 nhiéu ting dung
quan trong.
Bit dang thifc Cauchy-Schwarz trusng hop n = 2: Néu a, b, ¢, d la cdc sé thie bdt ky thi ta cé
bdt ddng thitc

(a® + b*) (2 + d*) > (ac + bd).
Déu bang xay ra khi vachikhia:b=c: d.
Ciing di theo hudng bit dang thic, nhung thién vé biéu dién, dinh 1y sau day 1a mot két qua tuong
tu véi két qua trong 1y thuyét s6 (vé diéu kién can va di d&€ mot sé nguyén duong c6 thé biéu dién
du6i dang téng binh phuong clia hai s6 nguyén) danh cho da thic. Hoéa ra diéu kién can va di dé
mot da thiic v6i hé s6 thuc c¢6 thé biéu dién dudc dudi dang tdng binh phuong clia hai da thiic
véi hé s6 thuc 1a P(x) > 0 v6i moi x. Tuy nhién, két qua nay chiing minh don gian hon két qua
trong ly thuyét s rat nhiéu. Chiing minh thuc té chi dung dén dong nhét thiic Brahmagupta -
Fibonacci.
Bai todn 6. Cho P(z) la da thitc vdi hé sé thuc sao cho P(z) > 0 vdi moi x thuéc R. Chiing
minh rdng tén tai cdc da thitc Q, () va Qo(x) vdi hé s6 thic sao cho

P(z) = Qi(x) + Q3().

Chitng minh. Vi P(z) khong am nén hodc P(x) khong c¢6 nghiém thuc, hodc moi nghiém thuc
cia n6 ¢ boi chin. T ddy suy ra

n

P(x) = cH (2 + prx + qr),
k=1

trong d6 ¢ va pg, qr, k = 1,2,...,nlacic sb thuc, véic > 0 vap? —4q, <0,k =1,2,...,n.
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Nhung véi mbi k, phuong phap gom binh phuong ding ching to rang

Py’ (@)

x2+pkx—|—qk=( —|—2 9

do dé .
H ) + Vi (@)).

Bay gid, 4p dung dong nhit thiic Brahmagupta - Fibonacci nhiéu 14n, ta c6 thé bién sb céc thita
sO tr n trd vé 1. O

Cubi cing, ta sé néu ra mot ting dung thd vi cia dong nhét thiic bén binh phuong ctia Euler.
Bai toan 7. Ching minh rdng:

a) Phuong trinh 2 + y* + 2* = T khéng cé nghiém hitu ty.

b) Phuong trinh sau khéng co nghiém hitu ty

PP+ 2 =T7+ P+ + =1 ar+by+cz+d=0.
Chiing minh. a) Piéu can chiing minh tuong duong véi “chiing minh khong ton tai nghiém
(z, y, z, t) khac (0,0,0,0) cia phuong trinh
2+ + 22 =T 4.1)

Gia st ton tai nghiém nguyén khong 4m khong dong thsi bang 0. Chon x, y, z, t 1a nghiém cta
(4.1) c6 x + y + z + t nhd nhit.

Néu ¢ 18 thi vé trdi = 7 (mod 8) trong khi 2% + y2 + 2% chi c6 thé c6 s du1a 0,1,2,3,4,5,6
(mod 8), mau thuin. Vay ¢ chan, suy ra Vé phéi dong du 0 hodc 4 (mod 8). Suy ra z,vy, 2
phai ciing chén. Nhu’ng lic d6 thi 7, %, 2, 2 ciing 1a nghiém ctia (4.1) mau thuan véi cach chon
x,v, z,t. Vay diéu gia st 1a sai, suy ra diéu phai chiing minh.

b) Gia st hé c6 nghiém hitu ty thi tif dong nhat thiic Euler ta sé suy ra

T— (@ 4+ 0+ 3+ P2+ g%+ 22+ 1)
= (az + by + cz + dt)* + (ay — bz + ct — dz)* + (az — bt — cx + dy)® + (at + bz — cy — dz)?
= (ay — bz + ct — d2)* + (az — bt — cx + dy)” + (at + bz — cy — dx)*.

Suy ra phuong trinh X2 + Y2 + Z2 =7 ¢6 nghiém hitu ty, mau thuan vdi a). O

[1] A. Shenitzer, J. Stillwell, Mathematical Evolutions, MAA, 2002.
[2] J. H. Conway, D. A. Smith, On Quoternions and Octonions, A K Peters, 2003.
[3] S. Savchev, T. Andreescu, Mathematical Miniatures, MAA, 2003, p. 6 — 7.

[4] Alexander Bogomolny:

http://www.cut-the-knot.org/m/Algebra/BrahmaguptaFibonacci.
shtml
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psilon
Tap chi online ctia cong dong
nhitng nguoi yéu toan

MOT SO BAI TOAN TRONG DE THI VAO CAC
TRUONG CHUYEN

(Ban bién tap)

Trong bai viét nay, ching toi gidi thiéu mot sb bai todn trich trong céc dé thi vao cic
trudng Chuyén trén toan Qudc vira dién ra trong cudi thang 5 va dau thang 6.

Bai 0.1. (Trich dé thi vao 10 Chuyén Phan Béi Chdu-Nghé an)
Gidi phuong trinh

VE—3r+vVr+1=+v3x2—4x +4.

\ )
Loi giai. Bieukién: —1 <z < 3

Binh phuong hai vé ctia phuong trinh ta dudc

2¢/(5 —3z) (z + 1) = 32% — 22 — 2.

bitt =+/(5—3z) (x + 1) = V=322 + 22 + 5, t > 0 ta ¢ phuong trinh

t?+2t-3=0«t=1 (dot>0).

Suy ra
1++13
\/—3x2+2x+5:1(:)3x2—2x—4:0<:>x:T.
. R 14++/13
Keét hgp diéu kién ta c6: z = —5 la nghiém cta phuong trinh. U
Bai 0.2. (Trich dé thi vao 10 Chuyén Todn PTNK)
Tim a > 1 dé phuong trinh
ar®+ (1 —-2a)z+1—-a=0

c0 hai nghiém phdn biét x1, xy théa man

ri—ar, =a’—a—1 (1).

L&i gidi. V6i bai toan lién quan dén nghiém clia phuong trinh bac hai thi cong cu ta thudng
st dung 1a dinh 1i Vi-et. V6i diéu kién 22 — az; = a®> — a — 1thi ta két hop véi diéu kién
az?+ (1 —2a)xo + 1 —a = 0(2) dé xt 1i. Dya vao dinh i Vi-et, ta c6 thé thay z; = 221 — z,

a
dé bién d6i (1) vé dang thiic chi chua x5 va a. Cu thé:

T2 —ar, =a’—a—1

2a —1
@x%—a(a —xg):aQ—a—l

a
& axs + a*ry = a® + a® — 2a (3).
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Két hop (2) vé6i (3) ta dudc
(a*+2a—1)zs=a’+a*—3a+1
=(a—1)(a®+2a—1)
Sro=a—1
(doa>1néna®>+2a—1>0).
Thay x5 = a — 1 vao (2) tatim dudc a = 1,a = 3. [

Bai 0.3. (Trich dé thi vao Truong Chuyén Lé Qiiy Pén Khdnh Hoa)
Gidi hé phuong trinh

{ (22 — zy)(zy — y?) = 25 (1)
Vil —zy+Jay -y =3x—y) (2)°

Loi giai. Tu phuong trinh (2) tacd x —y > 0 nén x,y > 0. Hon nita x = y khong 1a nghiém
cua hé, do do6 (2) tuong duong véi

VIV = 3T
Sr+y+2y/ry =9z —y)

& dr — \Jry — 5y =0

& (VI + VDAVE = 5y5) = 0

16
SY=57 (do z = y = 0 khong la nghiém).
N . i 1A 25 8
Thay vao (1) ta tim dugc nghiém cta hé: (z;y) = 53/ ]

Bai 0.4. (Trich dé thi vao Truong Chuyén Lé Qiiy Pén Viing Tau)
Cho da thitc f (z) = 2% + bx + c. Biét b, c la cdc hé sé duong va f (x) cé nghiém. Ching minh
f(2) =9y
Lsi gidi. Tir gia thiét f (z) c6 nghiém ta c6:

A=V —4c>0=0">4ceb>2/c
Va f(2) =2b+c+4 > 4\/c + ¢ + 4. Do d6, d€ chiing minh bai toén ta chi can chiing minh
dudc:

c+4y/c+4 > 9yc (1)

Dé chitng minh (1) ta c6 thé st dung bit dang thiic C si hoic bién ddi tuong duong. Chang han
ta dung bét dang thiic C6 si nhu sau

ctave+4=2(Ve+Ve+1)+ (c+1+1)>23Vc+3yc=9Vc
O

Bai 0.5. (Trich dé thi vao 10 Truong Chuyén Ly Tu Trong - Can Tho )
Cho a, b, c la dé dai ba canh cua mot tam gidc thoa man 2ab + 3bc + 4ca = 5abe. Tim GTNN
ciia biéu thiic

7 6 5
a+b—c+b+c—a+c—|—a—b'
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. 3 4 2 2
Loi giai. Ti gia thiétta co —+5—|-— = 5.Nhanthay (a + b —c)+(b+c—a) =2b,(b+c—a)+
a c
(c+a—b)=2c,(c+a—b)+(a+b—c)=2ava7=4+3,6=4+2,5=3+2nénta
phan tich

1 1 1 1 1 1
P-4 2 :
(a+b—c+b+c—a>+3(a+b—c+c+a—b)+ <b+c—a+c—|—a—b)

. £ 1 1
Ap dung bat dang thic — + — > Vz,y > 0, tacod
T Yy Tty
16 12 8 3 4 2
P>—+4+—+—=2(-4+-+-)=10.
2b 2a+20 <a+b+c>
2 I . 9 9
Dangthucxayrakhla:b:c:g(:)a::y:z:g.
Viy GTNN cda P bing 10. O

Bai 0.6. (Trich dé thi vao Truong Chuyén Lé Hong Phong, Nam Dinh)
Cho z,vy, z la cdc sé thuc théa man (x — y)(x — z) = 1 vay # 2. Chitng minh:

1 1 1
+ + > 4.

(x—y)?* (y—2)?* (z—=x)

Loi giai. Taco
(—y)+y—2)+(—2)=0,

néndata =z —y, b=x—z2tacoy —z=a—bvaab=1.Khido

SR 1
- a2 b2 a?+b2—2ab
_l_

Y
2 2, 3 M . 2
bang thuc xay ra chang han khi Vi1

Vay GTNN ctia P bing 4. O

Bai 0.7. (Trich dé thi vao Truong Chuyén KHTN Vong 2)
. ; 21 2 _ .
1) Voi z,y la nhitng so6 nguyén théa mdan dang thiic i 7 = J T Chiing minh rang:

z? — y%40.
2) Tim tdt cd cdc cdp s6 nguyén (x;y) théa man ddng thiic : x* + 22% = o>,
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L&i gidi. 1) DEé bai yéu cau chiing minh 22 — 4240 = 8.5 nén ta can chiing minh 22 — y%:5 va
x? — 8.

Ta biét: Néu z, y ciing 18 thi 22 — %8 nén ta di chiing minh z, y 18.

St dung tinh chét ti 1¢ thiic ta c6:

ot —-1 _y?-1
nén —— va

Do d6 x 12 56 18, suy ra

la sO nguyén.
2 2

1, _1
L 12 s6 chén do d6 &

12 s6 chin do d6 y? 13 s6 1é.
Suy ra z? — y*:8.

D€ ching minh 22 — 425 ta chiing 22 va y? c6 ciing sb du khi chia cho 5.

2 -1 y -1 2?4y*—2

2 3 )
Do a? =0,1,—1 (mod5) nén ta c6

Tir gi thiét ta suy ra , ti day ta c6 2% + y* — 215 .

7? = y? = 1 (mod5) = 2% — y*5.
2) Taco
2t =y e () =+ (P -y +1).
Goi
d=(y+Ly' —y+1)=@+1Lu+1)y-2+3)=(y+13)=ds3.

Do d|z? + 1 va khong ton tai 2 d€ 22 + 1:3néntacéd d = 1.
Tu do suy ra
y+1=m?
2 2
y —y+1l=n

Mat khac, tacoy+1> 0=y > 0.
+)V6iy =0tacox =0.
+) Xéty > 0, taco

(m*—2) =y —2y+1<y?—y+1=n><(y+1)7°=m"
Suyran=m?—-1=y=y?>—y+1=19y?=y =1 (khong thoa).
Vay x = y = 0 1a cip nghiém can tim. [

Bai 0.8. (Trich dé thi vao Truong Chuyén Lé Hong Phong Nam Pinh) Trén bdng ban ddu ta
ghi s6 2 va sé 4. Ta thuc hién cdch viét thém cdc sé 1én bdang nhw sau: néu trén bdng da co hai
s6, gid st la a, b; véi a # b, ta viét thém lén bdng sé c6 gid tri la a + b+ ab. Héi vdi cdch thuce
hién nhu vy, trén bdng co thé xudt hién sé 2016 dugc hay khong? Gidi thich.

L&i gidi. Tacoa+b+ab+1=(a+1)(b+ 1),dodo cic sb ghi trén bang ngoai hai s6 2 va 4

thi cac s6 khac khi cong thém 1 ta dudc mot hop s6. Tuy nhién 2016 + 1 = 2017 1a sb nguyén t6,
nén 2016 khong thé xuét hién trén bang. O
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Bai 0.9. (Trich dé thi vao Truing Chuyén Todn PTNK)
V6i méi s6 nguyén duwong m > 1, ki hiéu s (m) la wdc nguyén duong lon nhdt ciia m va khdc m.
Cho s6 tw nhién n > 1, ddt ng = n va lan luot tinh cdc sé

ny=mng—s(ng), no=n1—s(ny),...,ni1 =n; —s(ng), ..
Chitng minh rdng toén tai sé nguyén duong k dé'ny, = 1 va tinh k khi n = 2'6.14'7,

Li gidi. Ta thdy day ng, nq, ... 1a diy giam, do dé dén mot lic nao dé gid tri ciia day bang 1.
Nén dé chiing minh y thif nhit ctia bai todn ta c6 thé dung phuong phap phén ching.

Néu khong ton tai k d€ ny, = 1 thi ddy cac s6 nq, na, ..., Nit1, ... 12 ddy gidm va chifa vo han sb
nguyén duong khong vugt qua n. Diéu ndy vo li. Suy ra ton tai k dé n;, = 1.

Ta phén tich n = 26,1417 = 233717,

Bi“lng cach thit mot s6 trudng hop dic biét ta rit ra dudc cac nhan xét sau:

NX 1: V6i ng = 2t thi n; = t. Suy ra: Néu ng = 2% thi n, = 2° nénn, = 1.

NX 2: Néung = 3t, (¢,2) = 1 thinyg = ¢.

NX 3: Néu ng = 7t, t khong c6 udc nguyén td nhd hon 7 thi ng = t. Suy ran = 7% thi ny, = 1.
Ti cac nhan xét trén ta co:

Véin = 233.717 thi N3z = 717 nén N417433 = 1 hay k=4.17+4 33. O

Bai 0.10. (Trich dé thi vao Truong Chuyén KHTN Vong 2)
Cho tdp hop A = {1,2,3, ...,n}. Chitng minh rdang ton tai mét hodn vi ciia A la

B = {a17a27a3a“'7an}
sao chovoimoi 1 < i < j < k < nthia;+ a, # 2a;.

L5i gidi. Ta sé chiing minh bai toan bang quy nap mot két qua manh hon 12 :

Cho tdp hop A = {1,2, ...,n}. Chiing minh rdng tén tai mét hodn vi ciiaAla B = {ay, as, ..., a, }
duwogc xép trén duong tron sao cho trung binh céng ciia hai sé bdt ki khong dwoc ddt nam giia
hai s do.

RO rang yéu ciu 1 < i < j < k < nthia; + a; # 2a; thé hién tinh chit 1a trung binh cong clia
hai s6 khong nam giita hai s6 d6 va trong trudng hop nay la xét khi cac sb dit trén mot dudng
thang ; bai toan vita phat biéu ro rang 1a manh hon.

Ta chitng minh ring véi moi n = 2™, m = 0, 1,2, ... thi c6 thé sip xép cic s6 {1,2,3,...,n} lén
dudng tron sao cho diéu kién dugc thod man va sé quy nap theo m.

- V6i m = 0, hién nhién két qua ding.

- Gid st (a1, az, as, ..., azm ) 1a mot cach sap xép thoa diéu kién. Xét cac s6 {1,2,3,...,2mH
Ta c6 cach sip xép sau

(bl,bg, ...,bgm, ...7me+1) = (2@1 — 1, 2a2 — 1, ...726L2m — 1,20,1, ...,20,2m)

ciing thoa diéu kién.

Thay vy, xét hai s0 b;, b; bit ky. Néu b;, b; cung tinh chén 1€ thi theo gia thiét quy nap, trung
binh cong ctia b;, b; khong ndm & gitta ching. Con néu b;, b; khac tinh chin 1€ thi trung binh
cong ctia ching khong phai 12 s6 nguyén va tat nhién khong thudc diy da cho.

Do d6, trong trudng hop n = 21, ta da dién dudc thda man dé bai nén theo nguyén i quy nap
thi ¢6 thé sap xép véi moi sb tu nhién n c6 dang n = 2.

RO rang néu c6 thé dién sb ding véi s6 a thi v6i b < a, ta cling c6 thé x6a bSt mot sd sd va quy
tac cia dé bai van dugc théa man.

Nhu thé ta c6 thé sdp xép cac s6 véi moi s6 tu nhién n. Ta c6 dpem. U
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Bai 0.11. (Trich dé thi vao 10 Chuyén Todn khu vuc TP Ha néi)

Cho 2017 s6 hitu ti duong dugc viét trén duong tron. Chiing minh rdng ton tai hai sé canh nhau
duoc viét trén duong tron sao cho khi b6 hai sé do thi 2015 sé con lai khong thé chia thanh hai
nhém sao cho tong cdc sé ¢ méi nhom bdang nhau.

L&i gidi. Ta thly néu bd 1, 2o, ..., 2017 thda yéu cau bai toan thi bd k1, kxs, ..., kxog 7 cling
thda yéu cau bai todn véi & 14 s6 hitu ti duong bat ki. Do do, ta chi can chiing minh bai todn véi
2017 s6 nguyén duong va trong d6 c6 it nhat mot s6 1€ (vi cac s6 d6 déu 1a chén thi ta chia mdi
s6 cho 2).

+) Néu 2017 s d6 déu 18 thi ta c6 thé bd hai s6 lién tiép bét ki va 2015 sb con lai khong thé chia
thanh hai nhém c6 tdng cic phan ti bang nhau (vi tdng cta 2015 s d6 1a s6 18).

+) Néu trong 2017 c6 it nhit mot s6 chin thi sé ton tai hai s6 lién tiép nhau khéc tinh chén 1¢ va
hai s6 lién tiép nhau ciing tinh chén 1. Do d6, néu téng ctia 2017 s6 da cho 1a s6 chén thi ta x6a
hai s6 lién tiép nhau ma khdc tinh chn 1&, néu tdng d6 1a s6 18 thi ta x6a hai s6 lién tiép nhau
cung tinh chdn 1é. Khi d6 tdng ctia 2015 sb con lai 1a s6 18, nén khong thé chia thanh hai nhém
c6 tdng bang nhau. O

Bai 0.12 (THPT chuyén KHTN 2016 vong 1). Cho tam gidc ABC nhon néi tiép duong tron
(O) véi AB < AC. Phdn gidc ciia ZBAC cdt BC tai D va cdt (O) tai E khdc A. M la trung
diém ciia doan thang AD. Puong thang BM cidt (O) tai P khdc B . Gid sit cdc dwong thdng
EP va AC cdt nhau tai N.

1) Chitng minh rdng tit gidc APN M néi tiép va N la trung diém ciia AC.

2) Gid sit duwong tron (K) ngoai tiép tam gidc EM N cdt duong thing AC tai () khdc N. Chiing
minh rang B va Q) déi xitng qua AFE.

3) Gid sit (K) cdt duong thang BM tai R khdc M. Chiing minh rdng RA 1. RC.

P

N

AN

AN

E

Hinh 20.1

L&i gidi. 1) Do ti gidc ABEP ndi tiép nén /M PN = /BPE = /BAE. Ma AFE lai 1a phan
giac cua Z/BAC, do vay /BAE = /FEAC = ZMAN. Suyra ZMPN = ZMAN. Vay td
gidac APN M ndi tiép.
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Do P € (O) nén LZAPB = ZACB. Mt khac, ZAPM = ZANM (do t¢ giac APN M ndi
tiép). Suy ra ZACB = ZANM. Do d6 ta dugc M N || BC. Ma M lai 1a trung diém ctia AD
nén theo tinh chit dudng trung binh suy ra NV 1a trung diém cta AC.

2) Do EMNQ va APN M 1a cic td gidc ndi tiép nén LEQC = LZEMN = ZAPE = 180° —
/ABE. Suyra ZAQFE = ZABE, két hop véi ZQAE = /BAEFE ta dudc ZAEB = ZAEQ.
Ta dugc AAEB = ANAEQ(g.c.g). T d6 suy ra B, () dbi xing qua AE.

3)Do ERMN va APN M 1a cic td gidc ndi tiép nén LZERB = /ZMNE = /EAP = /EBR.
Suy ra tam gidc EBR can tai E, két hop v6i EB = EC (do F la trung diém cung BC khong
chia A), ta dugc ER = EC'. Mat khac ta cing c6 /REN = /PMN = /PAC = /NEC.
Tu d6 suy ra AREN = ACEN (c.g.c),dodd NR = NC = NA. Suy ra ZARC = 90° hay
RA 1L RC. O]

Nhan xét 1. Pdy la bai todn méi va nam & dé chung cho cdc thi sinh, ¥ 1) khd nhe nhang ¥ 2)
khé hon mot chiit va ¥ 3) ¢6 tinh phdn loai. Cdu triic dé bai chdt ché vdi 3 cdu, ¥ 2) diung ¥ 1) va
¥ 3) ding ca y 1) va 2). Két qud nay ciing nam trong mét bai todn co y nghia khi thu gon lai dé
bai nhu sau

Bai 0.13 (THPT chuyén KHTN 2016 vong 2). Cho tam gidc ABC néi tiép duong tron (O).
Phdn gidc AD cdt (O) tai E khdc A. N la trung diém AC. Puong tron ngoai tiép tam gidc
EMN cdt M B tai R khdc M. Chitng minh rang RA 1. RC.

Bai 0.14 (THPT chuyén KHTN 2016 vong 2). Cho hinh vuéng ABC D ngi tiép duong tron
tam (O). P la diém thudc cung nhé AD ciia duong tron (O) va P khdc A, D. Cdc duong thdang
PB, PC ldn luoc cdit AD tai M, N. Puong trung truc ciia AM cdt duong thang AC, PB ldn
luot tai E, K. Puong trung truc DN cdt cdc duwong thang BD, PC' lan lugt tai F, L.

1) Chitng minh ring ba diém K, O, L thdng hang.

2) Chiing minh rang duong thing PO di qua trung diém ciia doan thing EF .

3) Gid sit dwong thang EK cdt duong thing BD tai S, cdc duong thing F' L va AC' cdt nhau tai
T, duong thing ST cdt cdc duong thing PB, PC' lan lugt tai U va V. Chitng minh rdng bén
diem K, L, U,V cung thuéc mét duong tron.

1_)
I
A G M N H D
E
K O L
Vv
J
B C
Q
Hinh 20.2
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L&i gidi. 1) Goi G, H 1an lugt 1a trung diém ctia AM va DN. Tacé GK || AB(L AM) va
HL || DC(L DN). Do vay theo tinh chiat dudng trung binh suy ra K, L tuong ting 1a trung
diém ctia M B va NC. Tur day ta c6 OK va OL la dudng trung binh cia ABM D va ACN A.
Suyra OK || MDvaOL | AN. Do d6, K, O, L thang hang (tién d& Euclid).

2) Xét cic tam gidc AMFE va DNF lan luot can tai £, F, c6 ZEAM = /FDN = 45°
nén AAME va ADNF la cac tam giac vudng can, do d6 ME 1 OAva NF 1 OD. bat
ME cét PO tai I. Ap dung dinh 1y Thales cho M N || BC va MI || BD(L OA), ta dugc
]i)é = i)j\; = ];](}] Suyra IN || OC va IN J_ OD. Tt d6, I, N, F thang hang. Ta dudc
OFEIF 1a hinh cht nhat. Vi vay /0 di qua trung diém E'F. Ma I € PO, nén ta dugc PO di qua
trung diém EF.

3) Pit PO cit ST tai J. Do IM || OB vaIN || OC nén ZIMP = /ZOBP = ZOPM va
/INP = /0OCP = ZIPN,vivay IP = IM = IN hay I la tim ngoai tiép cia APM N. Mit
khac, tt M E' || SB va KM = KB, ap dung dinh ly Thales suy ra K F = K S va AOFES vudng
can tai O. Tuong tu F'L = LT va AOFT vudng can tai O. Tu d6 ta dugc AOEF = ANOST.
Suy ra ZOTS = ZOFE = ZPOF = 90° — ZPOE = 90° — £JOT, vi vay Z0JT = 90°

1
hay PO L ST. T d6 suyra ZPVU = 90° — ZIPV = Z/PIN = ZPMN = ZPKL (do ]
1a tim ngoai tiép APMN va MN || K L). Do d6 ta dudc ti gide K LV U noi tiép. u

Nhan xét 2. Pdy la bai todn mdi va nam & dé thi vao cdc I6p chuyén todn, ¥ 1) khd nhe nhang, ¥
2) kho hon mét chiit va ¥ 3) c6 tinh phdn loai. Cd ¥ 2) va ¥ 3) déu doi héi phdi dung thém hinh
phu dé’lam bai, muc dich nay lam dé thi tré nén rdt khdc biét so véi cdc dé truong khdc. Cdu
triic dé bai chdt ché vdi 3 cdu, ¥ 2) dung ¥ 1) va y 3) ding ¥ 2). Két qud nay ciing nam trong mot
bai todn c6 ¥ nghia khi thu gon lai dé bai nhu sau

Bai 0.15. Cho hinh vuéng ABC D ndi tiép trong duong tron (O). P la mét diém thudc cung nhé
AD ctia (O). PB, PC ldn lugt cdt doan AD tai M, N. Trung truc cia AM, DN lan luot cdt
BD,AC tai S,T. ST cdt PC, PB lan lwot tai U, V. Chitng minh rang duong tron duong kinh
UV tiép xiic (O).

Bai 0.16 (THPT chuyén DHSP 2016 vong 1). Cho ba diém phdn biét A, M, B thing hang va
M ném gita A va B. Trén ciing mot nita mdt phdng bo la duong thing AB dung hai tam gidc
déu AMC va BM D. Goi P la giao diém ciia AD va BC.

1) Chitng minh AM PC va BM PD la cdc tit gidc néi tiép.

2) Chitng minh rang VCP.CB +DP.DA = AB

3) Puong néi tam cia hai duong tron ngoai tiép cdc tit gidc AM PC va BMPD cdt PAva PB
tai Eva F. Chiing minh C DF'E la hinh thang.

Loi giai. 1) Taco MC = MA,MB =MD va /CMB = /ZAMD = 120°, do d6 AMCB =
AMAD(c.g.c). Tu d6 suy ra ZMCP = LMAP va ZMBP = ZMDP. Vay AMPC' va
BM PD 1a cic ti gidc ndi tiép.

2) Do ZCMD = 180° — ZAMC — ZBMD = 60° = ZMBD nén C'M tiép xiic véi dudng
tron ngoai tiép ABM D. Ta dudc ZOMP = /M BP, suyra ACPM ~ ACMB(g.g), suy ra
cp  CM
M- CB hay CM? = C'P - CB. Chiing minh tuong tu ta ciing dudc DM? = DP - DA.
Vay VCP -CB ++DP-DA=CM + DM = AM + BM = AB.

3) Goi I, J lan lugt tAm ngoai tiép cla cic ti gidc AMPC va BMPD. Ta c6 ZEPM =
ZFPM = 60° nén E, F dbi xiing qua PM va PEM F 1a hinh thoi. Do d6 theo dinh ly Thales
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Hinh 20.3

AE AM PF__AE AP
AP~ AB _ PB ayPF_ﬁa PP
/ZPJB hay APIA ~ ABJP, suy ra 7P = PB — PR

el IE [A IC _,

Tur d6 ta duge TF= 7P 7D ket hop LZCIE = ZDJF (do IC || JD(L AB)), ta dugc
ACIE ~ ADJF(c.g.c), suy ra ZCEI = ZDFJ. Do vady, CE || DF hay CDFFE la hinh
thang. 0

ta dudc .Maitkhactacdé LPIA=2/PMA=2/PDB =

suy ra AIAE ~ AJPF(c.g.c).

Nhan xét 3. Cdu hinh ciia dé ra khong méi nhung ¥ 3) mdi va phit hop vdi phdn loai. Bai todn
c6 ba y diing theo cdu triic mét bai todn thi hinh hoc ré rang két hop véi hau ¥ ddu dé va y 3)
phdn loai phit hgp cho mét dé thi chung. Két qud nay ciing ndm trong mdt bai todn co y nghia
khi tong qudt nhu sau

Bai 0.17. Cho tam gidc ABC vdi D thudc doan BC. E, F thuéc doan C'A, AB sao cho
DE || AB, DF || AC. Puong tron (K), (L) ngoai tiép tam giic DC'F va DBE cdt nhau tai G
khdc D. KL cit GB,GC tai M, N. Chiing minh rang FM || EN.

Nhan xét 4. Cdc ndm gdn ddy, phdn hinh hoc trong mét s6 dé thi vao cdc I6p chuyén todn & cdc
truong chuyén co truyén thong cé nhiéu bai todn hinh mdi cé ndi dung khdc cdc dé thi vao l6p
10 thong thuong. La mét gido vién theo sdt doi tuyén va co tham gia vao cong viéc béi dudng
hoc sinh gidi thi téi ciing cé mét doéi 1oi ban. Viéc cdc truong doi mdi dé thi theo phong cdch sdt
hon cho cdc doi twong hoc sinh giéi khong lam mdt di tinh truyén thong ciia dé thi cdp 2 vao cdp
3, vi muc dich chinh ciia thi vao truong chuyén la dé’loc ra hoc sinh gidi todn. Nhut khdo sdt qua
diém s6 mot sé truong thi van co luén diém 10 todn chuyén va phd dé 8,9 khd cao, diéu do cho
thdy dé thi van phit hop. Mt khdc nhu ddp dn dd cong bé thi ré rang cdc bai todn dé ndm hoan
toan trong chuwong trinh cdp 2. Mét s6 ¥ kién cho rdng cdc bai todn dé phit hop hon khi gidi trén
mdy tinh vdi cdc cong cu hinh hoc manh cé trén mang, liéu rang coé mdt tinh khdch quan khi bdt
hoc sinh phdi tu vé hinh va gidi. Trd 15i cho ¥ kién nay khd don gidn, bdn thén toi la mot nguoi
hay ra dé hinh thi doi vdi toi mdy tinh hoan toan chi la céng cu dé givip dé con nguoi chit chdc
chdn khéng thay con nguoi ra dé. Chdng han khi ban céng hodc nhéan hai sé 1on dé’ dé mdt thoi
gian thi bdm mdy tinh bé tiii, doi vdi cdc bai todn hinh ciing vdy, néu thiéu thoi gian vé tay cdn
chinh tay thi ding mdy cho dd mdt thoi gian. Nhung mot dé hinh hay la hoan toan nam & tinh
chdt hinh ma nguoi ra dé dat duoc va mudn kiém tra kién thiic do ciia hoc sinh. Su thie rdng
mot hoc sinh ¢o tw duy hinh tot thi ciing khong cdn vé hinh bang thudc va compa ciing co thé’
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nghi ra 1oi gidi va viét lai. Tat nhién rang vdi cdc bai todn phiic tap nhw hién nay thi sw tudng
tuong la chita dii ma phdi nhin hinh vé, nhung diéu do khong cé nghia la mdy tinh dd thay thé
con nguoi, né chi dong vai tro hé trg. Vdy nén cdi viéc cé mdy tinh hay khéng cé mdy tinh khi
gidi hinh ciing khéng quan trong bang nguoi gidi co tw duy hinh hoc sdc xdo tdi ddu.

Lai giai 3 bai toan trén la cua em Trinh Huy Vi, hoc sinh 16p 12 A1 Toan, THPT chuyén KHTN.
Phan nhén xét 1a ctia Tran Quang Hung, gido vién THPT chuyén KHTN.
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psilon
Tap chi online ctia cong dong
nhitng nguoi yéu toan

Tuyén chon cac dé thi Olympic nam 2016 danh
cho hoc sinh THCS

(Ban bién tap)

Dé thi 1. (EGMO 2016) Cho n la s6 nguyén dwong 1é va 1, T, . . ., x, la cdc s6 thuc khong
dm. Chitng minh rang

fggln (%2 + UU?-;-I) < lrgjagi (ij$j+1),

trong do xp,1 = 1.

Dé thi 2. (Saudi Arabia TST 2016, Junior) Cho a, b, ¢ la cdc s6 thuc duong théa man diéu kién
a+ b+ c = 3. Chitng minh rang

1 1 4

> —.

a2+b2+62+\/ab0/ 3

Dé thi 3. (PHSP HN, tuyén sinh 10) Cho a, b, ¢ ld cdc sé thuc khong am théa mdn diéu kién
a+ b+ ¢ = 1. Chitng minh rdang ta cé bdt ddng thitc

Vha+4+Vsb+4+Vbe+4>T.

10
Dé thi 4. (AMC 2016, 10B) Gid sit f(x) = >_ ([kz] — k[x]) trong do [z] ky hiéu s6 nguyén lon
k=2
nhdt khong vuot qud x. Néu x > 0 thi f(z) c6 thé' nhdn digc bao nhiéu gid tri?

D& thi 5. (APMOPS 2016) Biét s6 ay = 1000, ay = 1016 va a3 = 952 a, = 29 Tinh
gid tri cia |ay5| trong do | x| la phdn nguyén ciia x.

Dé thi 6. (Tournament of the towns 2016) Tét cd cdc s6 nguyén tir 1 dén 1000000 duwgc viét trén
mot bang gidy theo mot thit tw nao do. Sau do bang gidy dwoc cdt thanh cdc mdu chita hai chit s6
lién tiép. Chitng minh rdang cdc mdu gidy nay luén chita tdt cd cdc sé co hai chit s6, cho dii thit
tw ban ddu ciia cdc sé la nhu thé nao.

Dé thi 7. (SASMO 2016, G8) Tir 72 s6 1, 2. 3, ..., 72 ¢6 thé chon nhiéu nhdt bao nhiéu sé sao
cho trong cdc s6 dwoc chon, khong cé sé nao cé tich bang 722

Dé thi 8. (Moscow MO 2016, G8) Tim sé nguyén duong nhé nhdt la béi ciia 99 ma trong cdch
viét thdp phdn ciia né chi cé cdc chit s6 chdn.

Dé thi 9. (PTNK 2016, tuyén sinh Idp 10) Ldp 9A ¢6 27 hoc sinh nam va 18 hoc sinh nit. Nhdn
dip sinh nhdt ban X (la mét thanh vién ciia 16p), cdc ban trong I0p co rdt nhiéu mon qua ting
X. Ngoai ra méi ban nam ciia Idp lam 3 tdm thiép va méi ban nit xép 2 hodc 5 con hac dé ting
ban X. Biét s6 tdm thiép va sé con hac bdng nhau, héi ban X la nam hay nit?

Dé thi 10. (Purple Comet 2016) C6 16 diém dugc xép vao ludi 4 x 4 nhu hinh vé.
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& . . 4 4
L L . 4 ]
L 2 \ 4 4
® * - 2

Khodng cdch giita hai diém la sé budc di it nhdt theo chiéu ngang va chiéu doc theo cdc duong
ludi dé’di tiv diém nay dén diém kia. Vi du hai diém canh nhau cé khodng cdch 1 con hai diém &
hai goc doi nhau cia ludi cé khodng cdch 6. Goi khodng cdch trung binh giita hai diém khdc
nhau cua ludi la 7 vdi m, n la cdc $0 nguyén duong nguyén té cung nhau. Hay tim m + n.

Dé thi 11. (Moscow MO 2016, G7) Mt goc ciia tam gidc bing 60° va canh déi dién vdi géc
nay bang moét phdn ba chu vi tam gidc. Chitng minh tam gidc do la tam gidc déu.

Dé thi 12. (Tournament of the towns 2016) Cho tam gidc nhon ABC véi /C = 60°. Goi H la
tricc tdm tam gidc. Puong tron tam H bdn kinh HC cdt cdc duong thang C A va CB tai cdc
diém thit hai M va N tuong ving. Chitng minh rang duong thing AN va BM song song hodc
trung nhau.

Dé thi 13. (Moscow MO 2016, G8) Piém O la tam duong tron ngoai tiép tam gidc nhon ABC.
Puong thdng vuéng géc véi canh AC cdt doan BC' va duong thing BC ¢ cdc diém Q va P
tuong iing. Chitng minh rang cdc diém B, O va trung diém cdc doan AP va CQ nam trén mot
duong tron.

Dé thi 14. (EGMO 2016) Cho tit gidc ABC'D néi tiép. Hai duong chéo AC va BD cdt nhau
tai X. Gid sit Cy, Dy, M lan lugt la trung diém ciia CX, DX va CD. Puong thing AD; va
BC, cdt nhau tai Y, MY cdit AC va BD tai diém thit hai E, F tuong iing. Chiing minh rdng
XY tiép xiic duong trondiqua E, F, X.

Dé thi 15. (SASMO 2016, G7) Trong hinh dudi ddy, ABC'D la hinh vuéng, biét ZCDE = 72°
va ZCED = 54°.
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Tim goc ZEAD.

Dé thi 16. (APMOPS 2016) Bén dwing tron bing nhau cing di qua mét diém va tiép xiic voi
dwong tron I6n. Biét rdang bdn kinh ciia duong tron I6n bang 14.

LiyT = % Tinh dién tich phan té dam.

Dé thi 17. (SASMO 2016, G9) Cho ABC'D la to gidy hinh chit nhdt véi AB = 18 va AD = 12.
Piém E la diém trén CD sao cho DE : CD = 1 : 2. Hinh chit nhdt ABC D dugc gdp lai sao
cho A tring voi E.

A B

Tinh chiéu dai doan gdp.

Dé thi 18. (Saudi Arabia TST 2016, Junior) Cho tit gidic ABC D néi tiép dwong tron (O). AC
cdt BD tai P. Goi Q, R la hai diém trén cung AC'D khong chita cdc diém A, B. Cdc duong
thing RA, RC cdt duong tron ngoai tiép tam gidc PQR tai cdc diém thit hai L, K. PK, PL
cdt BC, AD tai M, N tuong iing. Chiing minh rang BC va AD cdt nhau tai diém ndm trén
duong tron ngoai tiép tam gidc QM N.

Dé thi 19. (Moscow MO 2016, G7) Hdy thay vdo cdc déu  sdu chit s6 phdn biét sao cho cdc
phan sé déu t6i gidn va ddng thiic diing

Dé thi 20. (SASMO 2016, G8) Trong phép tinh dudi ddy, cdc chit cdi khdc nhau dai dién cho
cdc chit s6 khdc nhau.

S A S M O
X 3
M A T H S
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Hay tim s6 c¢6 5 chit s6 MATHS.

Dé thi 21. (SASMO 2016, G9) Trong phép tinh dudi day, cdc chit cdi khdc nhau dai dién cho
cdc chit s6 khdc nhau.

X
> A
K| QO N
NSRS
S~ ~

Hdy tim sé c6 5 chit s6 SASMO.

Dé thi 22. (AMC 2016, 10A) Phép todn {) c6 cdc tinh chdt a ) (b c) = (aOb) - cvaada =1

vdi moi cdc s thyc khong dm a, bva c (6 ddy 1 -} biéu thi phép nhdn). Nghiém ciia phwong trinh

2016 O (6 O ) = 100 dugc viét dudi dang g, trong dé p va q la cdc sé nguyén duong nguyén to

cung nhau. Hay tinh p + q.

Dé thi 23. (IMC 2016, 2nd round, G8) P(x) la mét da thitc bdc 8 théa mdn diéu kién
P(1)=P("1),P(2) =6+ P(72),P(3) =24+ P("3),

va P(4) = 60 + P("4). Hay tinh gid tri ciia P(5)"P("5).

Dé thi 24. (Purple Comet 2016) Pa thitc bdc ba p(z) va q(z) théa mdn cdc diéu kién

va p(7) = q(8) + 13. Hay tim p(9) — ¢(10).

Dé thi 25. (Saudi Arabia TST 2016, Junior) Cho k la s6 nguyén dwong. Chitng minh rdng ton
tai cdc s6 nguyén x,y khong sé nao chia hét cho 3 sao cho x* + 3y* = 3*.

Dé thi 26. (Saudi Arabia Training Camp 2016) Cho S la tdp hop tdt cd cdc sé tw nhién biéu dién
duoc dudi dang x* + 3y? véi x, y la cdc sé nguyén, tiic la S = {n € N |n = x? + 3y? trong do
x, y la cdc sé nguyén }. Chitng minh cdc tinh chdt sau ddy ciia S

i) Nume&S,necSthim-ncS.

ii) NéuNESvd2|Nthi%ES.NéuNES,sénguyéntépESvdp|Nthi%ES.

iii) Cho p la s6 nguyén té dang 3k + 1. Chiing minh rdang ton tai s6 nguyén N sao cho N* + 3
chia hét cho p. Tiv dé suy rap € S.

iv) Tim diéu kién can va dii dé'mét sé nguyén duong N > 1 thuéc S.

Dé thi 27. (SASMO 2016, G7) C6 bao nhiéu cdch sdp xép cdc chit cdi ciia tit SASMO sao cho
hai chit S xép canh nhau?

Dé thi 28. (APMOPS 2016) C6 6 chit A, P, M, O, P, S. Mét cdi mdy tinh sdp xép cdc tir theo
thit tu trong tir dién: AMOPPS, AMOPSP, AMOSPP,...,SPPOMA. Héi tit POAM S P

J vi tri thit bao nhiéu?
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Dé thi 29. (Moscow MO 2016, G6) O mot thanh phd nhé chi ¢é mot tuyén tau dién. N6 chay
vong tron va tau dién chay theo vong tron theo cd hai phia. Trén vong cé 3 bén la Rap xiéc, Cong
vién va S thi. Tie Cong vién dén S6 thii thi dwong di qua Rap xiéc dai gdp 3 lan duong di khong
qua Rap xiéc. Tir Rap xiéc dén SJ thii thi duong di qua Cong vién ngdn bang moét mita duong di
qua duong di khong qua Cong vién. Héi duong di nao tic Cong vién dén Rap xiéc ngdn hon —
Qua SJ thii hay khéng qua S6 thii va ngdn hon bao nhiéu lan?

Dé thi 30. (Moscow MO 2016, G8) C6 2n vién séi (n nguyén duong cho trudc) dang dugc xép
thanh 3 déng. Méi lan thuc hién cho phép ldy mét nita sé vién séi ti dong séi co chdn vién séi va
chuyén sang déng khdc. Chiing minh rdang, dit cdc déng séi ban dau duoc xép thé nao, sau mot
s6 hitu han budc thuc hién nhu thé, ta co thé tao ra mét dong soi co diing n vién soi.

Dé thi 31. (Moscow MO 2016, G8) Xung quanh mét ban tron c6 10 ngudi dang ngdi, moi nguoi
trong ho hodc la hiép si, la nguoi luén néi thdt va ké noi déi la nguoi luén néi doi. Co hai nguoi
trong ho tuyén bé “Cd hai nguoi ngoi canh t6i déu la ké néi doi” con tdt cd nhitng nguoi con lai
deu noi “Cd hai nguoi ngoi canh toi déu la hiép si”. Hoi c6 bao nhiéu hiép si trong s6 10 nguoi
nay (liét ké tdt cd cdc phiwong dn c6 thé'va chiing minh khong con phwong dn nao khdc).

Dé thi 32. (Gulf MO 2016) Gid sit ¢ 4 nguoi A, B, C va D ddnh tennis déi véi nhau. Ho ¢6
thé'té chiic cdc trdn ddu nhu sau: Trdn ddu A va B ddu véi C va D, trdn tiép theo A va C ddnh
véi B va D, cudi cing A va D ddnh vdi B va C. Cdi hay ciia cdch sdp xép nay la hai diéu kién
sau duogc thoa man:

a) Hai cdy vot bdt ky chung dji voi nhau diing 1 lan.
b) Hai cdy vot bdt ky ddu 6 hai doi khdc nhau diing 2 lan.

Hoi c6 thésdp xép cdc trdn ddu sao cho cdc diéu kién a) va b) duwoc théa mdn trong cdc truong
hop sau? Gidi thich ré cdu trd loi.

i) Co 5 nguoi choi.
ii) Co 7 nguoi choi.
iii) Co 9 nguoi choi.

Dé thi 33. (IMC 2016, 2nd round, G6) Ong A c6 khodng hon 1000 con ga. Ong A dém sé ga
ctia minh réi bdo cho B. Ong B lai bdo cho C. Ong C bdo cho D va D lai bdo cho E. Trd tréu
la tdt cd déu nhdam ldn hodic cé tinh nham ldn: A dém thita 9 con ga so vdi thuc té. B trudc khi
bdo cho C dd doi ché hai chit s6 cudi cung. C' dd doi ché chit s6 ddu tién va chit sé thit ba trude
khi bdo cho D. D nhdn déi sé nhén dwgc roi méi bdo cho E. Ky la thay, s6 ma E nhdn duoc lai
diing bdang sé ga ma A c6. Héi A c6 bao nhiéu con ga?

Dé thi 34. (IMC 2016, 2nd round, G8) O mét khu dé thi cé 12 con duong, gém 6 con duong
ngang song song vdi nhau va 6 duong doc, cdc duong doc déu song song vdi cdc duong ngang.
12 con duong tao thanh 36 nga tw (noi giao nhau giita cdc duong doc va duong ngang). Mot
nguoi di bo dang khong ditng & ngd tw nao, va anh ta cé ¥ dinh sé di qua tdt cd cdc nga tw roi tré
vé noi dang ding. Hoi anh ta sé phdi ré it nhdt bao nhiéu lan?
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D& thi 35. (Purple Comet 2016) Co 10 vién gach ldt nén dugc sdp thanh mét hang doc, moi vién
6 thé dugc son bang mét trong 4 mau dé (P), vang (V), xanh (X), va trdng (T). Tim s6 cdch son
sao cho mdi mot bloc 5 vién gach lién tiép déu chita dii 4 mau. Vi du cdch t6 PTXTVDPXTV va
TTXVDTVXTP thi dugc nhung PTXVVXTTDV thi khong duwoc vi 5 vién gach lién nhau XVVXT
khong chita mau do.

Dé thi 36. (AMC 2016, 10B) Mot sé di bong thi ddu vong tron 1 luot, hai doi bét ky ddu véi
nhau ding 1 trdn. Méi déi thang 10 trdn va thua 10 trdn, khong co hoa. Héi cé bao nhiéu bo 3

dsi {A, B, C} ma A thing B, B thing A, C thing A?

Dé thi 37. (SASMO 2016, G6) Mét chiée xe mdt 3 gio 41 phiit A€ di tiv thanh phé A dén thanh
phé B va quay vé tir B vé A. Xe di xudng déc vdi van téc 6km/h (kilomet/gio), trén duong bdng
vdi vdn toc Skm/h va di lén ddc vdi vén toc 4km/h. Doan duong tiv A dén B co 4km duong bang.
Tinh khodng cdch gifta hai thanh phé.

Dé thi 38. (SASMO 2016, G7) Khodng cdch giita nha ciia Tom va nha ciia Ben la 36km. Vao lic
11 gio sdng, Tom va Ben bdt ddu di dén nha ciia nhau. Cii sau 10 phiit chay nhanh vdi vén toc
5m/s (mét/ gidy), Tom lai chay chdm véi vdn téc 0.5m/s trong 4 phiit con Ben thi cit sau 15 phiit
di xe dap véi vdn téc 5m/s lai nghi 3 phiit. Hoi ho gdp nhau vao liic mdy gio?
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Tap chi online ctia cong dong
nhitng nguoi yéu toan

gpsi lon

LOI GIAI DE THI TOAN QUOC TE
FORMULA OF UNITY
THE THIRD MILLENNIUM

(Ban bién tap)

Tiép theo Epsilon s6 6, Ban bién tip xin gi6i thiéu v6i ban doc 15i gii ctia dé thi
ctia ky thi Formula of Unity. Phan 1 gém cédc dé ctia khéi 16p 5, 6, 7, 8. Céc khdi
con lai s€ dugc gidi thi€u vao ky tdi.

Bai 1. Peter, Basil va Anatoly gop tién tiét kiém dé’ mua mot qud bong gid 9 do la. Biét rdng, sé
tién gop cua mdi nguoi khong nhiéu hon mot nita téng soé tién gop cia hai nguoi con lai. Hoi
Peter dd dong gop bao nhiéu tién?

Loi giai. Néu s6 tién ciia ba ban khong bang nhau thi phai c¢6 ngudi ¢ ¢6 nhiu tién nhit. Gia st
ngudi dé 1a Peter. Khi d6, s6 tién ctia Peter sé nhiéu hon trung binh cong s tién ctia hai ban con
lai. Tuy nhién, theo dé bai thi sd tién cla Peter lai khong nhiéu hon nita téng sb tién ctia hai ban
con lai. Do d6, sb tién ctia 3 ban da gop 1a bang nhau va bang 3 do la.

Bai 2. Pauline viét hai s6 A va B 1én bdng. Victoria xéa hai s A; B va viét tong C va tich D clia
chiing. Sau do, Pauline lai xod hai s6 C va D; thay bdi tong E va tich F ciia chiing. Biét rang mot

trong hai so E va F la so lé. Hoi do la so nao?

Loi giai. Theo dé bai thi:

C=A+B

D= AB
E=A+B+AB
F=(A+ B)AB

Ta thiy F ludn 12 s6 chn, vi néu trong 2 s A, B ¢6 mdt s chin thi F' chin; con néu A, B cliing
18 thi A + B chén va I ciing chén.

Do d6, néu mot trong hai s6 £, F' 18 thi s& d6 chi ¢6 thé 1a E (chang han khi A chén, B 18).
Bai 3. Tu noi rdng hoc sinh A hoc tot hon hoc sinh B néu diém ciia A cao hon diém ciia B trong
phan 16n cdc bai kiém tra. Sau 3 bai kiém tra, thdy gido nhdn xét rang hoc sinh A hoc tot hon

hoc sinh B, hoc sinh B hoc tdt hon hoc sinh C va hoc sinh C lai hoc tét hon hoc sinh A. Liéu diéu
nay co thé' xdy ra khong?

Loi giai. Dicu nay c6 thé xdy ra. Ta dua ra mot vi du sau:

1. Hoc sinh A dugc: 9, 10, 8.
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2. Hoc sinh B dudgc: 8,9, 10.
3. Hoc sinh C' dugc: 10,8, 9.

Ghi chi: bai nay c6 1€ iy y tudng tit dé IMO Shortlist 2014 nhu sau: Cé mot bod bai c6 vo sb
quan ma mdi quan dudc viét bsi 1 sb thuc; ngoai ra, véi mbi s6 thuc x thi chi cé ding mot quan
dudc viét sb .

Hai ngudi choi lIua chon tily y 2 tip hop roi nhau A, B ma mdi tip gdm 100 quén bai tit bd bai
trén. Nhiém vu ctia ching ta 12 chon mot luat choi ndo d6 dé cin ci trén céc quan bai da chon, c6
thé x4c dinh ai 12 ngudi thing cudc. Pic biét, luat d6 lai phai théa mian mot sd rang bude nhu sau:

1. N6 chi dua trén viéc so sanh cac sb dudc viét trén hai bo 100 quan bai (khdng quan tim
dén gi4 tri cu thé clia chiing 13 bao nhiéu).

2. Néll hét ké cac tﬁp hdp theo thu tu tél’lg dﬁn: A= {al, as, ..., aloo} vaB = {bl, bz, cees blOO}
Ngoai ra, tacé a; > b; v6ii = 1,2,3, ..., 100 thi khi d6 A phai thang B.

3. Néu c6 3 ngudi chai 1an lugt chon dugc ba bd 100 quan bai 1a A, B, C ma bd A thang bd
B, bd B thing bd C thi bo A ciing phai thing bd C.
Héi c6 tit ca bao nhiéu cach dinh nghia luat choi nhu thé?
Hai luat choi 1a khac nhau néu ton tai 2 tip hdp A, B ma A thang B trong luét nay, nhung lai
thua B trong luat kia.

Bai 4. Néu Leon bi diém kém & truong, cdu ta sé danh cd budi t6i dé néi doi me. Con néu nguoc
lai, cdu ta sé luén ndi thdt. Leon cé mot ¢é em gdi luén dugc me cho keo néu nhw hom do coé bé
khong bi diém kém. Mot buéi t6i, Leon néi vdi me: "Hom nay con bi nhiéu diém kém hon em".
Hoi cé em gdi cua Leon co dugc me cho keo hay khong?

Loi giai. Cau néi ctia Leon khong thé 1a cau néi that. Suy ra Leon bi diém kém va em gdi Leon
6 s6 di€ém kém bang hoic nhiéu hon Leon. Suy ra c6 géi cia Leon khong dugc me cho keo. Cau
tra 10i la phu dinh.

Bai 5. Mot 10 lich ma thudt chi diing ngay tdt cd cdc ngay chdn ciia thdng va sai ngay vao tdt cd
cdc ngay 1é. Hoi s6 I6n nhdt cdc ngay lién tiép nhau duoc ghi cing ngay trén lich la bao nhiéu?
Va ngay do co thé'la ngay nao trong thdang?

Loi giai. S6 16n nhit théa man 1a 4. P6 1a cac ngay 31, 1,2, 3 va dugc ghi 1a ngay 2.
Bai 6. C6 bao nhiéu s c6 biéu dién thdp phdan goém 10 chit s6 khdc nhau va cé chita doan 01232

Loi giai. Coi 0123 14 1 chii s6, con 4,5, 6,7,8,9 14 6 chil s6 khac. Vi 0123 khong dudc xép dau
nén c6 6 cach chon vi tri cho 0123. Sau d6 ¢6 6! cach xép 6 chit s6 con lai vao 6 chd con lai. Pap
s0 12 6.6! = 4320.

Bai 7. Hinh vuéng 8 x 8 dugc vé trén to gidy ké 6 vuong doc theo cdc duong ké. Alex cdt hinh
vuong 8 x 8 theo cdc duong ké thanh 7 phdn vdi chu vi bang nhau. Hay chi ra mét cdch cdt ciia
Alex.
Loi giai. Cach cat mé ta nhu hinh bén dudi:
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2. Dé thi cho khbi I6p R6

Bai 1. Co 14 nguoi ngoi quanh mot vong tron. Peter, Victoria, Anatoly va Genghis dang ngoi
canh nhau theo thit ty va cdc ban cé cdc dong xu ménh gid 1, 2, 5 va 10 rip. Mt nguoi bdt ki co
thé dwa mot dong xu ciia minh cho ngudi & bén trdi hodc bén phdi ciia minh néu cé diing 3 nguoi
ngoi giita ho. Sau mét liic chuyén nhu vdy, cdc ban Peter, Victoria, Anatoly va Gengis lai nhdn
duwoc cdc dong xu. Hoi liic nay, ban nao dang cam doéng xu nao? Hdy chi ra tdt cd cdc khd ndng
va chiing minh khong con truong hgp nao khdc.

Loi giai. Ta thay ngudi s6 1 sé& c6 thé lan lugt chuyén tién cho ngudi thd 5, 9, 13, 3, ... tic la
nhiing ngudi vi tri 18 sé chuyén tién cho nhau. Tuong tu, nhiing ngudi & vi tri chin chuyén tién
cho nhau. Suy ra cdc phuong 4n trén 1a tit c4 cdc phuong 4n théa man. 1, 2, 5, 10; 1, 10, 5, 2; 5,
2,1,10,5,10,1, 2.

Bai 2. Pauline viét hai s6 A va B 1én bdng. Victoria xéa hai s6 A; B va viét tong C va tich D clia
chiing. Sau do, Pauline lai xod hai s6 C va D; thay bdi tong E va tich F ciia chiing. Biét rang mot
trong hai sé E va F la s6 1é. H6i do la sé nao?

Lai giai. Xem 16i gidi ctia phan trudc.

Bai 3. Tu noi rang hoc sinh A hoc tot hon hoc sinh B néu diém ciia A cao hon diém ciia B trong
phan [6n cdc bai kiém tra. Sau 3 bai kiém tra, thdy gido nhdn xét rang hoc sinh A hoc t6t hon
hoc sinh B, hoc sinh B hoc tét hon hoc sinh C va hoc sinh C lai hoc tot hon hoc sinh A: Liéu diéu
nay co thé'xdy ra khong?

Loi gidi. Xem 16i giai ctia phan trudc.
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Bai 4. Néu Leon bi diém kém & truong, cdu ta sé danh cd budi téi dé'noi doi me. Con néu nguoc
lai, cdu ta sé luén ndi thdt. Leon c6 mot ¢é em gdi luén dugc me cho keo néu nhw hém do coé bé
khong bi diém kém. Mot budi t6i, Leon néi vi me: "Hom nay con bi nhiéu diém kém hon em".
Hoi cé em gdi cua Leon co dugc me cho keo hay khong?

Loi giai. Xem 16i gidi ctia phan trudc.
Bai 5. Mot to lich ma thudt chi diing ngay tdt cd cdc ngay chdn cia thdng va sai ngay vao tdt cd

cdc ngay 1é. Hoi s6 I6n nhdt cdc ngay lién tiép nhau duoc ghi cing ngay trén lich la bao nhiéu?
Va ngay do co thé'la ngay nao trong thdang?

Loi gidi. Xem 16i giai clia phan trudc.

Bai 6. C6 bao nhiéu sé co biéu dién thdp phdn gom 10 chit s6 khdc nhau va cé chita doan 0123
hodc doan 3210?

Loi giai. Két qua 12 6.6! + 7! = 9360. Lap luan tuong tu bai 6 ctia 16p 5.

Bai 7. Hinh vuéng 8 x 8 dugc vé trén to gidy ké 6 vuong doc theo cdc duong ké. Alex cdt hinh
vuong 8 x Stheo cdc duong ké thanh 7 phan véi chu vi bang nhau. Hay chi ra mét cdch cdt clia
Alex.

Loi giai.

Xem 18i giai ctia phan trudc.

Bai 1. Mot to lich ma thudt chi diing ngay tdt cd cdc ngay chdn ciia thdng va sai ngay vao tdt cd
cdc ngay 1é. Hoi sé 16n nhdt cdc ngay lién tiép nhau duoc ghi cing ngay trén lich la bao nhiéu?
Va ngay do co thé'la nhitng ngay nao?

Loi gidi. Xem 15i giai ctia phan trudc.

Bai 2. Hdy dién vao cdc é cia bang vuong 5 x 5 cdc s6 nguyén dwong phdn biét sao cho tong
cdc s trén mdi hang, moi cét la bang nhau va nhé nhdt co thé. Biét rang, cdc s6 1,2,3,4,2015
da dwoc dién truéc trén mot duong chéo.

1

2015
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Loi giai. Do cic s6 la phan biét nén tong 8 sd cung hang hoic cung cot véi 2015 t6i thiéu 1a
5+6+---+12 = 68. Suy ra tong chung ciia cic hang, cac cot phai it nhat bang 2015434 = 2049.
Va ta c6 thé sap dudc nhu sau:

1 7
8

3 9
4 |10
> |6 | 1112|2015

Bai 3. Hinh vuéng 8 x 8 dugc vé trén to gidy ké 6 vuong doc theo cdc duong ké. Alex cdt hinh
vuong 8 x 8 theo cdc duong ké thanh 7 phdn vdi chu vi bang nhau. Hay chi ra mét cdch cdt ciia
Alex.

Loi gidi. Xem 16i giai ctia phan trudc.

Bai 4. C6 27 con gidn tham gia mét cudc chay dua. Trong moi vong sé c6 ba con gidn chay. Moi
con gidn chay vdi téc do cé dinh, khong doi giita cdc vong dua, va toc do ciia cdc con gidn la doi
mot khdc nhau. Sau méi vong, nguoi ta ghi lai thit tw vé dich ciia cdc con gidn tham gia vong
dua do. Hoi 14 vong dua c6 dii dé xdc dinh chinh xdc theo thit tw hai con gidn chay nhanh nhdt
khong?

Loi giai. Cau tra 10i 1a khang dinh.

Ta diing 9 vong dau loai 9 con chim nhét. 3 vong tiép theo chon ra con nhanh nhét trong 9 con
nhanh nhét va loai 3 con chAm nhit. Vong 13 chon ra con nhanh nhét (vd dich) trong 3 con nhanh
nhét. Liic nay chi con 3 con c6 thé diing nhi 1a con diing nhi & vong 13, con diing nhi trong cudc
dua vé6i con vo dich & vong 3 tran va con diing nhi  cudc dua véi con vo dich & 9 vong dau.
Dung tran 14 d€ tim ra con thd nhi tit 3 con nay.

Bai 5. Tu noi rang hoc sinh A hoc tot hon hoc sinh B néu diém ciia A cao hon diém ciia B trong
phan [6n cdc bai kiém tra. Sau 3 bai kiém tra, thdy gido nhdn xét rang hoc sinh A hoc t6t hon
hoc sinh B; hoc sinh B hoc tot hon hoc sinh C va hoc sinh C lai hoc tot hon hoc sinh A: Liéu diéu
nay co thé'xdy ra khong?

Loi giai. Xem 16i gidi cia phan trudc.

Bai 6. Ta noi mot sé nguyén duong la dep néu né la tich cdc giai thita ciia cdc so nguyén to
(khong nhdt thiét phdi phdn biét). Ta goi mot sé hitu ti dwong la tot néu né la ti sé giita hai s6
nguyén duong dep. Chitng minh rang tdt cd cdc sé hitu ti duong déu tét.
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Lai gidi. Trudc hét, ta thiy rang néu mot s& hitu ti duong 12 tot thi tich va thuong ctia ching ciing
déu tbt.

Ngoai ra, mdi s6 nguyén duong n déu c6 thé viét thanh (nﬁ—'l),

Tir do, ta dua bai todn vé chiing minh moi sd nguyén duong déu tdt va ta sé thuc hién diéu nay
bing quy nap.

Véin=1,tacol = g—: 1a s6 tot.

Véin =2, tacé 2 = 22 ciing 1 s6 tot.

Véin =3, tacé 3 = 2 ciing 1a sb tt.

Khi d6, v6i n > 4, néu né 12 hop sb, ta c6 thé viét né thanh tich clia cac s6 nguyén té nhd hon va

theo gia thiét quy nap, n6 ciing 1a s tbt.

Néu n > 412 s6 nguyén td, ta viét n = (n’j—'l), van — 11a hop sd, khi d6 né ciing 1a sb t6t nén

suy ra n 1 sd tot.
Theo nguyén 1y quy nap thi nhin xét dudc chitng minh. Bai todn dudc gidi quyét.

g 5 _ 5 _ 5 _ 5 _ 5
Changhan 5 = 3 = 334~ 23 @pPE @)

Bai 7. Ta goi mét s6 nguyén duong la dep néu ddy cdc chit sé ciia né ting thuc su, vi du 1589 la
s0 ting con 447 thi khéng. Hdy tim sé nhé nhdt cdc sé nguyén duong dep vdi tong la 2015.

Loi giai. Ta sé can 3 s6 1a: 1789 + 189 + 37 = 2015. Ro rang ban than s6 2015 khong dep nén
khong thé ding 1 s6 dé bi€u dién.

Ta s& ching minh ring khong thé dung 2 sb d€ biéu dién dugc 2015.

Gia stt v + y = 2015 va x < y (hai sb nay khong thé bang nhau vi 2015 18). Dé thiy ring sb dep
16n nhit khong vudt qua 201512 1789. Suy rax < y < 1789.

Dé thay néu c4 hai s6 cung c6 4 chit s trd 1én thi khong thda nén ta ¢6 thé dit © = abe, y = 1def,
trong d60 < a < b < ¢,1 < d < e < f. Tathdy abc + ldef = 2015. Tathdy c + f = 5
hodc ¢ + f = 15, nhung néu ¢ + f = 5 thi ¢, f qua nhd, khong thdéa. Thé nén ¢ + f = 15 va
din dén b + e = 9 (vi phép tinh tru6c c6 nhd, va két qua phai tan cting 1 0). Khi d6 phép tinh
a +d =9 (tuong tu trén, phép tinh trudc c6 nhd va két qua phai tan cung 1 0). Nhung khi do, ta
c6b+e=a+d, mauthuin vi a < b, d < e. Do d6, khong ton tai 2 sb dep c6 téng 12 2015. Pap
s6 12 3. Ghi chd. S6 16n nhét khong vuot qua 2015 théa mén tinh chit: 1a téng cla 2 s6 dep 12 s6
1978. Khi d6: 1978 = 189 + 1789.

Bai 1. Hay dién vao cdc 6 ciia bdng vuéng 5 x 5 cdc s6 nguyén duong phdn biét sao cho tong
cdc s trén méi hang, moi cét la bang nhau va nhé nhdt co thé. Biét rang, cdc s6 1,2,3,4,2015
da dwgc dién trudc trén mot duong chéo.

Loi giai. Xem 16i giai ca phan truée.

Bai 2. C6 27 con gidn tham gia mot cudc chay dua. Trong méi vong sé cé ba con gidn chay. Moi
con gidn chay vdi téc do cé dinh, khong doi giita cdc vong dua, va toc do ciia cdc con gidn la doi
mot khdc nhau. Sau méi vong, ngudi ta ghi lai thit tw vé dich ciia cdc con gidn tham gia vong
dua do. Hoi 14 vong dua c6 dii dé xdc dinh chinh xdc theo thit tw hai con gidn chay nhanh nhdt
khong?
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Loi gidi. Xem 15i giai ctia phan trudc.
Bai 3. Hay tim mot s6 nguyén duong sao cho tich cdc wdc ty nhién ciia né la 10%.

Loi giai. Ta tim sd dudi dang 25", Cac udc clia sd nay c¢6 dang 2% - 5° v6i 0 < a < m,0 <
mn(m+1)(n+1)

b < n. T d6 tich cac uéc bang 10~ 7 nén ta dua vé mn(m + 1)(n + 1) = 360. Chon
m = 3,n = 5 thi ta dudc mot s6 thda man yéu cau bai todn 1a 23 - 5° = 25000.

Bai 4. John c6 12 que g6 vdi dé dai méi que la mot sé nguyén duong khong vuot qud 56. Chiing
minh rang John co 3 que co thé'tao thanh mot tam gidc.

Loi giai. Gia st nguoc lai, khong c6 3 que tao thanh tam gidc. Xép thi tu chiéu dai cic que
g0 a; < ay < ... < ay thi tir gid thiét, ta sé Suy ra a9 = Qny1 + a,. TU day lan luct suy ra
as = as+ a1 = 2,a4 = as + as = 3,a5 = ag + ag > 5 Cd nhu thé ag > 8,a7 > 13,a5 >
21, a9 > 34, a10 > 55, a1; > 89. biéu nay mau thuin, suy sé John sé ludn tao dugc tam gidc.

Bai 5. Ta noi mot sé nguyén duwong la dep néu né la tich cdc giai thita ciia cdc sé nguyén to
(khong nhdt thiét phdi phdn biét). Ta goi mét sé hitu ti dwong la tot néu no la ti sé giita hai s6
nguyén duong dep. Chiing minh rdng tdt cd cdc sé hitu ti duong déu tot.

Loi gidi. Xem 15i giai ctia phan trudc.
Bai 6. Cho tam gidc ABC vdi /B = 30°, Z/C = 105° va D la trung diém doan thing BC.

Tim géc ZBAD? Loi giai. Ha CH vudng géc v6i AB thi suy ra CHD 1a tam gidc déu va AHC 1a
tam gidc vudng can tai H. Tu day suy ra tam giac AHD can tai H va

ZBAD = ZHAD = 15°.

Bai 7. Ta noi rang hoc sinh A hoc tot hon hoc sinh B néu diém ciia A cao hon diém ciia B trong
phan [6n cdc bai kiém tra. Sau 3 bai kiém tra, thdy gido nhdn xét rang hoc sinh A hoc t6t hon
hoc sinh B; hoc sinh B hoc t6t hon hoc sinh C va hoc sinh C lai hoc tot hon hoc sinh A. Liéu diéu
nay co thé xdy ra khong?

Loi giai. Xem 16i gidi clia phan trudc.
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psilon
Tap chi online ctia cong dong
nhitng nguoi yéu toan

CAC VAN DE CO DIEN VA HIEN DAI

Tran Nam Ding - Dat hoc Khoa hoc Tu nhién - DPHQG TPHCM

LOI GIOI THIEU

Chuyén muc nay danh cho cic van dé c6 dién va hién dai dudc trinh bay dudi
dang céc bai todn xau chudi. D6 c6 thé 1a chudi cac bai d€ giai bai toan dang chu,
chiing minh dang thic Euler ky diéu 1 + 2% + 3% + = %2, mot chudi bai todn
van tri ... C4ch trinh bay xuét phat tif nhiing vin dé don gian, dé hiéu, nhiing khai
niém mdi sé dudc dinh nghia ludn trong bai dé c6 thé doc tuong dbi doc 1ap. Va mbi
mot chudi bai s& néu ra nhitng vin dé nhit dinh, c6 thé 1a giai quyét mot bai toan
kinh dién hay néu ra nhiing gia thuyét méi, nhiing van d& méi. Loi giai va thao luan
vé céc bai todn sé dudc ding 6 s6 N + 3.

Trong sb nay, chiing toi xin gidi thiéu vdi ban doc hai dé thi chinh thic va hai dé
dé nghi danh cho hoc sinh phd thong trong ky thi Olympic Todn hoc sinh vién va
hoc sinh toan quéc dién ra tit ngay 11/4/2016 - 17/4/2016 tai thanh phé Quy Nhon,
tinh Binh Dinh.
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D& thi chinh thtc

Cha dé: Dai sb

Muc tiéu clia bai thi nay 1a tim hiu mot s6 trudng hop riéng ctia dinh ly Markov: Néu P(z) 1a
mot da thiic v6i hé sb thuc va c6 bac khong vuot qua n thi

max |P'(z)| < n® max |P(z)].

lz|<1 lz|<1

Ching minh cta dinh ly Markov vugt qua chuong trinh toan THPT. Ta s€ tim cach ching minh
nhiing trudng hop riéng khi n < 3 cda dinh ly va khao st mot sd bai toan xung quanh céc trudng
hgp do.

Trong cic bai toan dudi day, bién s6 = chi nhan gid tri thuc.
A - B4t ddng thic Markov cho da thiic bac nhit

Bai PT. 1. Gid sit a, b la hai s6 thuc sao cho |ax + b| < 1 khi |x| < 1. Chitng minh rdng:
(i) laf < 1.
(ii) |bx +a| < 1khi |z| < 1.
B - B4t ding thic Markov cho cic da thic bac hai va bac ba
Bai PT. 2. Gid sita, b, c la ba sé thie sao cho cdc gid tri cua da thuc ax® +bx +ctai 1, 0, —1
déu thuéc doan [—1,1].
(i) Chiing minh rdng |2ax + b| < 4 khi |z] < 1.

(ii) Chitng minh rdng |cx® + bx + a| < 2 khi |z < 1.

Bai PT. 3. Gid sit a, b, ¢, d la bon s6 thuc sao cho cdc gid tri o, 3,y va & cua da thiic
ax® + ba? + cx + d twong ving tai —1, —3, %, 1 déu thuoc doan [—1,1].
(i) Chitng minh rdng véi moi sé thuc A, B ta cé |A + B| + |A — B| = 2max{|A|, |B|}.

(ii) Bdng cdch biéu dién 3ax® + 2bx + ¢ theo o, 3,7, 6 va x, hdy chiing minh bdt ding thitc
13az? + 20z + ¢| < 9 khi |x] < 1.

(iii) Chiing minh rang |dx® + cx® + bx + a| < 4 khi |z| < 1.
C - Hai bt ding thiic khic cho cac tam thic

Bai PT. 4. Cho a, b, ¢ la ba sé thuc va n la mét sé nguyén duong. Gid si rang da thitc
f(x) = ax® + bz + ¢ ¢6 cdc gid tri tai 1,0, —1 déu thuéc doan |—1,1]. Chitng minh
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(i) |f(2)] < === khi |z] <

4n 2n

(ii) Véimbil < M < cotaco |f(x)| <2M*" —1khil < |z| < M.

Cha dé: S8 hoc

Thi sinh dugc st dung két qué clia cic cau trudc trong chitng minh ctia ciu sau.

Su phén bé ciia sé nguyén to trong tdp hop sé tu nhién, cdch xdy dung cdc sé nguyén to la nhitng
bai todn dugc quan tdm tir rdt ldu trong Sé hoc. Dudi ddy chiing ta sé tim cdch chiing minh
tnfdng hop ddc bzet cua mot trong nhbmg ket qud dep nhat ciia §6 hoc: Dinh Iy Dirichlet vé su
t6m tai vo han s6 nguyén té trong mot cdp sé cong ma sé hang ddu tién va cong sai nguyén té
cung nhau.

A - Khai niém clp

Bai PT. 5. Cho a, n la cdc sé nguyén nguyén té ciing nhau véi n > 2. Chiing minh rdang ton tai
mot s6 nguyén duong c nhé nhdt véi tinh chdt a° = 1 (mod n).

86 nguyén c dugc goi la cdp ciia a modulo n va dugc ki hiéu la ord,,(a).

Bai PT. 6. Chitng minh rang véi moi s6 nguyén duong k, a* = 1 (mod n) khi va chi khi
ordy,(a) | k.

Bai PT. 7. Chiing minh rdng ord,(a) | p(n), trong dé o ki hiéu ham sé phi ciia Euler, dinh
nghia bdi cong thitc: (1) = Lvavdin > 1,

1
p(n) = 11 (1 - —) .
p la wdc nguyén t6 ciia n p

(Nhdc lai rang ki hiéu x |y nghia la x la mét uéc cia y).
B - Su ton tai s6 nguyén td trong mdt sb cAp sb cong

Bai PT. 8. Chitng minh rdng tén tai vé han sé nguyén té cé dang 4k + 3.

Bai PT. 9. (i) Chitng minh rdng wdc nguyén té 1é ciia mét s6 cé dang n® + 1 luon dong du véi 1
modulo 4.

(ii) Chitng minh rdng ton tai vé han sé nguyén t6 cé dang 4k + 1.

Bai PT. 10. (i) Chitng minh rdng wéc nguyén t6 khdc 3 ciia sé tw nhién cé dang n* —n + 1 phdi
dong dw véi 1 modulo 6.

(ii) Chitng minh rdng ton tai vé han sé nguyén t6 cé dang 6k + 1.

C - Su tdn tai s6 nguyén td trong cip sb cong c6 dang nk + 1
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Trong cac bai tip sau day, ta cb dinh mot s6 nguyén k > 3.

Vé6i a 1a mot s6 nguyén khac 0 va p 1a mot sd nguyén t6, ta dung ki hiéu v,(a) d€ chi s6 mi ding
clia p trong phan tich ctia a ra thita s6 nguyén td, néi cach khic p*»(¥) | @ nhung p*» @+ fa.

Bai PT. 11. Gid sit p la mot wéc nguyén té cia k* — 1. Ky hiéu c la cdp ciia k modulo p. Chitng
minh rang v,(k¢ — 1) = v,(kF — 1).

Ta nhic lai rang mot s6 nguyén dUOng dudgc goi la khong co udc chlnh phuong néu trong phan
tich ra thita s6 nguyén td ctia né, mdi s6 nguyén td déu xuit hién véi s6 mi < 1. Nhu vay, cic sb
nguyén duong khong c6 uée chinh phuong dau tiénla 1, 2, 3, 5, 6, 7, 10, 11, 13, 14, 15, 17, ...

Bai PT. 12. Ki hiéu ® la tdp tdt cd cdc wdc nguyén dwong d ciia k sao chod < k ma & k la mot
s6 nguyén khong co udc chinh phbfong Ki hiéu®, = {d € D | s6 udc nguyén t6 ciia % la le },
D, = {d € D | 50 udc nguyén té ciia & la chdn }. Dt

A= & -1, B= ] (" -

de®D1 deDy

Chiing minh rang véi moi s6 nguyén t6 p ma p | k* — 1 nhung p # 1 (mod k) thi ta cé
vp(A4) = vy(B) + v, (K —1).

(Ta qui wéc A = 1néu®, = () va tuong tw B = 1 néu D, = ().

Bai PT. 13. Chitng minh rdang k* — 1 c6 mot wdc nguyén té dang nk + 1.

Bai PT. 14. Ching minh rdang ton tai vé han sé nguyén t6 cé dang nk + 1.

202

https://tieulun.hopto.org



Tap chi Epsilon, S6 09, 06/2016

Dé thi dé nghi
Chi dé: Dai sb

Trong cac phuong phap giai toan bat dang thifc va cuc tri, phuong phap ham s 1a mot phuong
phdp hiéu qui va c6 tam ap dung rong. C6 thé ké dén viéc st dung tinh don diéu ctia ham s,
khao sit ham sb, bt dang thifc Jensen, bt dang thiic Karamata, phucng phép tiép tuyén ... Thim
chi phuong phap don bién, mot phuong phap c6 vé ngoai thuan dai s6 cling mang hdi huéng cia
phuong ham sb.

Qua viéc gidi loat bai toan dudi day, chiing ta sé hiéu sau hon vé tAm dp dung ctia cac phuong
phép ham sd, ciing nhu rén luyén kha niing 4p dung dong thdi nhiéu phuong phap dé xit 1y nhiing
tinh hubng phiic tap. Muc tiéu cudi cuing ctia ching ta 12 giai quyét bai toan sau:

Véi n la sé nguyén duong cho trudc va 1, xo, . .., Ty la cdc s thuc khong dm théa man diéu
kién x1 + xo + - - + x, = 1. Tim gid tri [6n nhdt ciia biéu thiic

3I1+1 n 3I2+1 I i SIn—f—l
5x3 —2x1 +1  5x3 —2x9+ 1 S5x2 — 2z, + 1

Trong 161 giai bai toan nay, ching ta sé st dung cac tinh chat cd ban sau day cua ham so 10i va
ham so0 10m.

Xét ham sb f(z) c6 dao ham bac 2 trén doan [a, b].

e Néu f"(x) < 0trén [a, b] thi v6i moi 1, T, ..., x, thudc [a, b] ta c6

f($1)+f(x2)+...+f(xn)gnf(x1+x2—|—...+$n)'

n
(Bt dezlng thic Jensen)

e Néu f"(x) > 0 trén [a, b] thi v6i 2, y, 2, thuoc [a, b maz <y < z <tvax +t=y+ 2
thi f(y) + f(2) < fz) + f(1).
1) Hay giai bai toan khi n = 2.
2) Pit f(x) = =221 hay tinh f'(x). Chiing minh rang véi 3 < n < 9 thi ta c6 bit ding thiic

s < (2) (a=2)+7(5):

v6i moi x € [0, 1]. Tt d6 suy ra 16i giai bai toan trong truong hgp 3 < n < 9.

3) Xét n = 10, hiy tim mot hing s6 z* > 0 sao cho bit dang thic

fl@)y<f <%) (m—%) + f (1—10>

ding v6i moi = € [z*, 1] (z* khong nhét thiét phai 1a s6 nhd nhét thda man diéu kién nay). Tur d6
giai bai toan trong hai trudng hgp sau
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e min{zy, xg,..., 210} = "
L] min{:ﬁl, o, ... ,]710} <z,
4) Tinh f"(x), ching minh ring phuong trinh £ (2) = 0 c6 2 nghiém «, 3 thudc [0, 1] véi

1 1

—<a<-<p<l

Bz <r

5) Hay st dung 4. va céc tinh chit ctia ham 15i, 1m & phan din nhép, giai bai todn trong trudng
hop n > 10.

Cha dé&: Hinh hoc

Hinh hoc tam gidc luon hip dn va ky bi. C4c nha toan hoc tif thdi ¢ dai cho dén tan ngay nay
van khong ngiing phat hién ra nhitng tinh chat tuyét dep lién quan dén tam gidc. Nha toan hoc
vi dai Leonard Euler 13 ngudi da déng gép nhiéu két qua dep vé tam gidc nhu cong thiic Euler
I10? = R? — 2Rr, dinh ly Euler vé tam gidc Pedal, duong thang Euler, dudng tron Euler, ...
Trong bai todn nay, chiing ta sé dé cip t6i mot két qua it nSi tiéng hon va cling khé hon, dé 1a
dinh 1y Feuerbach vé 5 dudng tron.

Chiing ta déu biét rang trong mot tam giac bat ky, c6 4 dudng tron tiép xic dong thdi véi cac
dudng thang chida 3 canh ciia tam gidc 1a dudng tron ndi tiép va 3 dudng tron bang tiép. Chiing
ta cling biét rang trong mot tam gidc, chan 3 dudng cao, trung diém 3 canh va trung diém céc
doan ndi truc tim H véi cac dinh cling ndm trén mot duong tron, goi 1a dudng tron 9 diém Euler.
Chiing ta cling biét ring tam duong tron Euler E 1a trung diém ctia doan O H véi O 12 tim duong
tron ngoai tiép tam giac ABC va ban kinh dudng tron Euler bing mot nifa ban kinh duong tron
ngoai tiép. Nhung két qua tuyét dep sau thi ching ta it biét hon, va néu biét ciing it ai biét cach
ching minh.

Dinh Iy Feuerbach: Puong tron 9 diém Euler tiép xiic vdi dwong tron néi tiép va cdc dwong tron
ban tiéng ciia tam gidc.

Muc tiéu ciia loat bai toan nay 1a chiing minh dinh 1y trén. C6 nhiéu cach khac nhau dé ching
minh dinh Iy nay. O day chiing ta s& sit dung phép nghich dao.

Nhic lai, phép nghich ddo tim A ban kinh % 1a phép bién hinh bién di€ém M thanh diém M’ trén
tia AM thda man diéu kién AM - AM' = k. Ta ky hiéu phép nghich dio nay 1a Inv(A, k?).
Phép nghich d4o tAm A ban kinh k c6 céc tinh chét co ban sau:

e Néu A thudc dudng tron C(O;r) tam O ban kinh r thi phép nghich d4o (tam A bén kinh
k) bién C(O;r) thanh dudng thang [ vudng goéc v6i OA.

e Néu /12 mot dudng thang khong qua A thi dnh ctia [ qua phép nghich do 12 mot dudng
tron ma dudng thang [ vudng géc véi dudng thang ndi A véi tam dudng tron do.
e Néu A khong nam trén C'(O;r) thi anh ctia C'(O;r) qua phép nghich d4o la dudng tron
C'(O;7") v6i
/ k2

AV ToZpr=Th
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e Néu M, N' tuong ting 12 anh ciia M va N qua phép nghich déo tdim A ban kinh k thi
]C2

MN = MN- N

e Cho A 1a mot di€ém khong nam trén dudng tron C(O; 7). Goi PC(A) 1a phuong tich ctia
diém A dbi v6i duong tron C. Khi d6 phép nghich dao tim A bén kinh k véi k? = PC/(A)
s& biét C'(O; r) thanh chinh no.

1) Cho tam gidc ABC. Xét Inv 1a phép nghich déo tim A ban kinh & nhu mot dnh xa tit B2\ {A}
vao R?\ {A}. Ching minh ring néu C(O; R) 1a dudng tron ngoai tiép tam gidgc ABC thi
Inv(C(O; R)) 1a dudng thang | dbi song song dudng thang BC' dbi véi géc ZBAC (tic 1a [ va
BC tao v6i phan giac ctia goc ZBAC nhiing géc dong vi bu nhau).
2) Cho tam gidgc ABC. Pudng tron ndi tiép tam giac ABC tdm I ban kinh r tiép xic vdi cic
canh BC,C'A, AB tai P, (), R tuong ung. Pat p = %b*c la ntta chu vi cia tam giac:

a) Ching minh rang CP = CQ = p“c, BP = BR=p"b, AR = AQ =p”a.

b) Gia st dudng tron bang tiép géc A tam I, ban kinh ra tiép xiic v6i canh BC va cic canh
CA, AB nbi dai 8 P,,Q,, R,. Ching minh ring BP, = p“cva CP, = p°b.
¢) Goi Az 1a chan dudng phan gidc trong ctia goc A. Chiing minh ring

ac ab
— (CA; = )
b+c P bte

BA; =

d) Goi A, 1a trung diém canh BC va A, la chan dudng cao ha tir A xuéng BC. Chiing minh

2 2
A1A2:|b C|.
2a

3) Cho C(O;r) la dudng tron tam O bén kinh r va A 1a mot di€ém khong thudc C. Xét phép
nghich ddo tAm A bén kinh k v6i k* = PC(A) 1a phuong tich ctia diém A dbi v6i dusng tron
C(O;r). Khi d6 dudng tron C'(O;r) bat bién ddi véi phép nghich dao Inv(A4; PC(A)).
4) Trong tam gidc ABC goi A;, Ay, A3 1an lugt 1a trung diém canh BC, chan dudng cao ha tit
dinh A va chan dudng phan gic trong géc A, P 1a tiép diém ctia dudng tron noi tiép véi BC.
Ching minh rﬁng AP =AAy - Al As.
5) Xét tam gidc ABC véi cac di€ém Ay, Ay, As, P, P, dugc ky hiéu nhu trén. Xét phép nghich
ddo thm A, ban kinh k v6i k? = A, P, dugc ky hiéu 1a Inv.

a) Ching minh riang C(I;7) va C(I,;r,) déu bit bién ddi véi Inv.

b) Gia st Cy 1a dudng tron 9 di€ém Euler va d 1a anh ctia Cy qua phép nghich dao Inv, d =
Inv(Cy), chiing minh ring d d6i song song dudng thang BC' d6i vé6i goc L BAC.

¢) Chiing minh riang d di qua As.

d) Goi B'C" 1a tiép tuyén chung thi hai ciia hai dudng tron C/(I;7) va C(I,,r,) véi B thudc
AB, C’ thude AC (tiép tuyén chung thi nhét chinh 13 BC). Chiing minh riang B'C" dbi
song song BC dbi véi géc ZBAC, suyrad = B'C’ vatit d6 suy ra Cy tiép xtic véi C'(I;7)
vaC(ly;ra).

205

https://tieulun.hopto.org



	Li ngo cho Epsilon s 9
	Ích gì, toán hoc?
	Hàm Moebius và inh lý phn d Trung Hoa
	Dn nhp v hàm zeta Riemann và phép bin i Mellin
	Giai Nobel cua Einstein hay là sóng in thoai có gây ung th hay không
	H mt mã khóa công khai da trên ng cong Elliptic - Tng quan v h mt mã khóa công khai
	Nghich lý trai gái
	Phép bin i Fourier có ý nghıa vt lý gì?
	Tp hp trù mt và ng dung
	About means of non-negative numbers and positive definite matrices
	Ðim Kosnita và mt s ng thng i qua nó
	Ðinh lý Sawayama và Thébault trong các bài toán hình hoc thi Olympic
	V bài toán tam giác 80-80-20
	S dung tng tích phân  tính gii han dãy s
	Sáng tao vi mt bài toán hình hoc Trung hoc c s
	``Nu ban không nuôi dng, am mê se t bo ban" - Trò chuyn v con ng n vi CMU cua Pham Hy Hiu
	V phong trào Olympic Toán  Saudi Arabia
	Bài toán hay li giai ep
	Ðng nht thc Brahmagupta-Fibonacci và ng dung
	Mt s bài toán trong  thi vào các trng chuyên
	Tuyn chon các  thi Olympic nam 2016 dành cho hoc sinh THCS
	Li giai  thi Toán quc t Formula of Unity - The Third Millennium
	Các vn  c in và hin ai



