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L3I NGO CHO EPSILON SO 8

Ban Bién tap Epsilon

Epsilon c6 gi trong s6 8 nay? Ban bién tip xin mdi ban doc hay luét qua phan gidi thiéu cia
chung toi.

Mang lich st todn hoc c6 bai ctia GS Ha Huy Khodi viét vé than thé va su nghiép ctia GS Lé Vin
Thiém ma chung ta vira ky niém 98 nam ngay sinh thang 3 vita qua. Cling mang lich st toan hoc
nhung c6 ndi dung chinh 1a gidi thiéu vé t6-pod c6 bai viét rit hém hinh, dé hiu nhung ciing rat
sau sac ctiia GS Nguyén Hitu Viét Hung véi tua dé "Rong hep nhd to vira vin ca". Cac ban sé
thiy bat ngd khi thiy ring héa ra cing v6i Leonard Euler vi dai, c6 mot nha tho Viét Nam ciing
da tim ra y tudng tdo bao clia to-pd (c6 dan trong tua dé). Cung chi dé gidi thiéu vé todn cao cip
c6 bai ctia Matt Baker vé dinh 1y hon nhan, bai vé co sé Grobner ctia Bernd Sturmfels. Epsilon
s6 8 cling gidi thiéu bai viét clia Terence Tao trén blog clia anh gidi thiéu vé bai bdo clia anh va
Vi Ha Vin vé tap tranh téng (Sum-free sets). Muc diém sach sé c6 bai ctia GS Ngo Bao Chau va
Richard Fitzpatrick gidi thiéu vé cuén Euclid va Co s6 ctia hinh hoc. Muc van cdc van dé c6 dién
va hién dai s& c6 dé thi Ti tai Phap do GS Nguyén Tién Diing gidi thiéu.

Bén canh d6 la cac chuyén muc quen thudc vé toan so cap, 16i giai cac so trude, cac bai viet cua
cac tac gia "rudt" cua Epsilon, bai toan hay, 16i giai dep, toan giai tri ...

Chung tdi diic biét mudn nhin manh dén su ting hd cla cac tic gia danh cho Epsilon. Diéu nay
néi 1én mot tinh than "Khi chuing ta déng gép vi cong dong, cdng dong sé vi ta". GS Ha Huy
Khodi da dich than gii bai dén cho Ban bién tip. GS Nguyén Hitu Viét Hung, khi ching t6i xin
bai cling da vui vé& giii ban gbc d€ chiing tdi tién bién tap chi v6i 10i nhan "véi diéu kién cac cau
khong dudc stia, dit chi mot chii”. Con Terence Tao thi tra 18i ngan gon "This is fine with me.
Best, Terry". Céc tac gia "rudt” nhu Ngo Quang Hung, Ly Ngoc Tué thi dit ban biu van ludn
gang danh thdi gian viét bai cho ching to6i. Ma cac anh thi viét qua chudn, BBT chi cin rdp vao
1a xong. Céc ban tré ciing rat hing hai viét bai (sd nay s& c6 3 bai clia cdc ban hoc sinh 1a Hoang
Cao Phong, Nguyén Tran Hitu Thinh va P Xuan Anh), sin sang nhan dich bai khi dudc nhd (s6
ndy sé ¢6 ban dich ctia ban Nguyén Vi Anh).

Ma khong chi c6 cdc ban tré sung. Liia trung nién ciing sung lam. S nay sé c6 bai ctia Trinh
Pao Chién va anh cuing Tran Minh Hién hifa sé viét 1 bai vé dinh Iy Cauchy Davenport cho sb 6.

Lio ngoan dong Nguyén Vii Duy Linh ciing hiing h4i dich bai vé co sé Grobner ciia Sturmfels.

Ban bién tip cam on su ting hd clia cdc tic gia va su don nhan ndng nhiét ctia cac doc gid. Hay
tiép tuc chung tay st canh ciing ching toi trén con dudng diy gian nan phia truéc.

Di nhiéu nguoi, ta sé di rat xa.
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XAP Xi DIOPHANTINE TREN R"- VEC TG

XAP Xi KEM VA TRO CHOI SIEU PHANG
TUYET DOI

Lg Ngoc Tué
(Dat hoc Brandeis, Massachusetts, M{)

1. Gii thiéu

Trong phan 1 va phan 2 ctia loat bai vé x4p xi Diophantine [16, 17] ching ta da chiing minh
Dinh ly Dirichlet trén R” nhu sau:

Pinh Iy 1 (Dirichlet). Vdi moi véc to vé ti X € R" ~ Q", ton tai vé s6 véc to hitu ti L
q
(ﬂ, ey &) eQ"véipelZ'vaq €Z, q # 0 sao cho:
q q
. D 1
X —= -
gl gt

Téng quat hon mot ti, ching ta goi mot ham s6 lién tuc khong ting ¥ : R.g — R.o 1a mot ham
Xap xi, va goi mot véc td X € R 1a yr-xdp xi duwoc' néu nhu tdn tai vosd p € Z",q € Z,q # 0

sao cho:
_p| _vdeD .
ql— lql
Tap cic véc to y-xap xi dudc trén R” sé dugc ky hiéu 1a WA,, (). Néu nhu ta st dung ky hiéu:
Ve o k — k™%, thi Dinh 1y Dirichlet c¢6 thé dugc phat bi€u lai thanh:

S 4
X

WA,,(w%) — R".

Ham s6 ¥ s& dudc goi 12 mdt ham Dirichlet (trén R”™) néu nhu WA, () = R”.
Cau héi vé ham s6 Dirichlet tdi uu cho R” dudc tra 18i mot phan bdi Dinh luat 0-1 sau cia
Khintchine:

Pinh ly 2 (Khintchine 1926). Ky hiéu A la dé do Lebesgue trén R":

(i) Néunhu chudi Y "y (k)" hi tu thi X (WA, () = 0.
k=1

(ii) Néu nhue chudi Y "y (k)" phén ky thi A(R" ~ WA, () = 0.
k=1

Yy -approximable
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Véi € > 0 bt k¥, theo Pinh Iy 2, A(WA(W +€)) = 0. Vi vay, 1, khong phai 1a ham
, 1 , o
Dirichlet, va soO mu (1 + —) trong Dinh ly 1 1a to1 vu. Tuy nhién, v6i nhiing ham so tién vé 0
n

nhanh hon mot ti nhu (k > k7 (log k)‘%) hay (k > k™7 (log log k)_l), Pinh Iy 2 khong thé

cho ta biét dudc rang diy c6 phai 1a ham Dirichlet hay khong. That ra nhitng ham nay khong thé
1a ham Dirichlet dudc, hay tdng quat hon nita, néu nhu ham sb v théa man:

lim kny(k) =0,

thi ¥ khong phai la mot ham Dirichlet trén R": WA, () # R".

Diéu nay c6 thé dudc ching minh biang cich chi ra su ton tai cia cic véc to xdp xi kém dudc dinh
nghia nhu sau: ¥ € R” dudc goi la x4p xi kém néu nhu ton tai mot hang s6 ¢ > 0 (tuy thudc vao
X)saochovéimoi p € Z",q € Z,q # O:

-

. P
x__
q

¢

1+1°
g™
Tap cac véc to xap xi kém trén R” s& dudc ky hiéu bdi BA,,.
Khi n = 1, cic s6 xp xi kém tuong ng véi cac lién phan sd don bi chiin, vi thé BA, khong
réng. Theo nhu Pinh 1y ctia Lagrange, ring mot sd thuc o 13 mot s6 dai s6 bac 2 khi va chi khi
md rong lién phan s6 ctia « 1a tudn hoan, moi s thuc dai s6 bac 2 vo ti déu xap xi kém. Tuy
khong c6 cong cu lién phan s6 khi n > 2, ching ta c6 thé chiing minh dudc truc tiép mé rong
cta quan sat trén cho R” nhu sau:

>

(1.1)

Pinh Iy 3. Néu nhu {1, a1, ..., o, } la mét co s6 ciia mot truong sé dai s6 thuc* bac (n + 1), thi
a = (a,...,a,) € BA,,.

Bai tap 4. Ching minh Dinh ly 3.

Vi du trén chi ra ring c6 it nhat vo han dém dudc cac véc to xp xi kém trén R”. Mai dén nim
1954, Davenport [5] chitng minh ring BA, 13 mot tip khong dém dudc, va mot nim sau day,
Cassels [4] chiing minh ring BA,, 12 khong dém dudc vé6i n bat ky.

Vay céic tap BA,, 16n nhu thé nao? Phan tich BA,, ra thanh nhu sau:

BA, = U(]R" N WA(cw%»

c>0
_ (R” N WA(k‘lwl»,
k=1
va ap dung Pinh ly 2, ta c6 dudc.
A(BA,) = 0.

N6i mot cach khac, theo do do Lebesgue thi BA,, 12 mot tip nhé khong dang ké. Hon thé niia,
cach phan tich nhu trén con chi ra rﬁng BA,, thudc pham tru thit nhét theo Baire, mot hoi dém
dudc cua cac tap khong dau tru mat.

Mot trong nhiing cong cu phd bién dé do kich c¢& cac tip nhd nhu vay 12 chiéu Hausdorff, ky
hiéu 13 dim (xem thém chi tiét & §2). St dung cach biéu dién cic sd xAp xi kém dudi dang lién
phan s6 bi chin, Jarnik [1 1] chiing minh ring tap cac sé xip xi kém BA| c6 chiéu Hausdorff
bing 1. Dén 1966, Schmidt [21] md rong két qua nay ra cho cac véc to xap xi kém:

2real algebraic number field of degree (n + 1)
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Pinh ly 5 (Schmidt 1966). dim BA, = n.

Schmidt chitng minh két qua nay dua vao mdt phuong phap hoan toan mdi ma 6ng nghi ra: st
dung mdt tro choi vo han véi thong tin hoan hao ma sau nay goi la tro chdi Schmidt (xem [19,
Phan 4]). Ap dung trd chdi nay, Schmidt chiing minh rang néu nhu y,, y,, ... 1a mot diy cac véc
to trén R”, thi giao ctia cdc tinh tién ctia BA,, bdi 1, 5, ... van ¢ chidu Hausdorff bang n:

dimpy (ﬁ (BA, +;k)) =n.

k=1
Tong quét hon, Schmidt da chiing minh rang:

Dinh 1y 6 (Schmidt 1966). Goi U la mot tdp md bdt ky trén R", { f; - U — V;}32, la mot ho
dém duoc cdc ham* tir U vao cdc tdp mé V; € R™.

o0
dim(ﬂ(f,-)_l(BAn)) = n.
i=1

Dua trén y tudng ctia Schmidt, McMullen [20] gidi thiéu mot bién thé ctia trd choi Schmidt, goi
1a tro choi tuyét déi*, va chiing minh rang tip BA 1a mot tip thang cudc dbi véi tro choi nay
(thing cudc tuyét doi°). Tuy nhién, khi n > 2, BA,, khong phai 1a mot tip thang cudc tuyét dbi.
Vi thé Broderick, Fishman, Kleinbock, Reich, va Weiss [1] da mé rong y tuéng cua McMullen ra
va gi6i thiéu tro chdi siéu phang tuyét dbi, trong ddy tap thing cudc dudc goi 1a thing cudce siéu
phang tuyét d6i®, viét tit 1a HAW. Ap dung tro choi nay, BFKRW da lam manh hon Dinh 1y 6
cua Schmidt nhu sau:

Dinh ly 7 (BFKRW 2012). Goi U la mét tdp md bdt ky trén R, { f; : U — V;}:2, la mot ho
dém duoc cdc vi phéi' C 1ir U vao cdc tdap mé V; € R™.

dim(ﬂ(f,-)_l(BAn)) = n.
i=1

Dinh Iy 5 va Pinh ly 6 déu 1a hé qua ctia Dinh Iy sau:
Dinh Iy 8 (BFKRW 2012). BA,, la mét tdp thdng cudc siéu phdng tuyét doi.

Trong phén con lai clia bai nay, chiing toi sé gidi thiéu chi tiét hon vé chiéu Hausdorff, vé tro
chdi siéu phang tuyét ddi, va ching minh DPinh 1y 8.

Mot s6 tai liéu tham khao cho chiéu va d6 do Hausdorff: Fractal Geometry: Mathematical
Foundations and Applications [6] va The Geometry of Fractal Sets [ 7] cua K. J. Falconer.

Suniformly bi-Lipschitz
“absolute game

Sabsolute winning
®hyperplane absolute winning
’C! diffeomorphism
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V6i mdi tap con khong rong U C R”, duong kinh ciia U duge dinh nghia 1a khoéng céach 16n
nhét giita 2 diém bat ky trong U

diam U := sup{| X — y|| : X,y € U}.

o0
Néu nhu {U;} 1a mot ho dém dudc céc tip c6 dudng kinh khong qua § va E C U U;, ta sé goi
i=1
{U;} 1a mot §-phu® ciia E.
V6i mdi tap E € R”, va v6i mdi s, 8 > 0, do do ngoai (8, s) Hausdorff ciia E dudc dinh nghia
la: -
3 (E) = inf{Z(diam U;)* : {U;} 1a mot §-phi cta E .

i=1
Bai tap 9. Chiing minh ring 57’ 12 mot do do ngoai, nghia la thda man 3 tinh chét sau:
(i) 5 (9) = 0.
(i) AC B = H5(A) < H5(B).
o0 o0
(iii) (U A,-) < D (A,
i=1 i=1

Khi § gidm dan vé 0, 16p céc §-pht ctia E nhd di, vay nén 77’ (E) ting dan va gidi han cla
5 (E) khi § — 0 tOn tai (c6 thé 1a +00). Ta goi gidi han nay 1a dé do ngoai Hausdorff vdi
chiéu s° cta E:
N (E) = lim 6 (E).
(E) := lim 745°(E)

Theo ly thuyét do do téng quat, khi ta gii han vao céic tap #°-do dugc, S trd thanh do do.
Hon thé nita, cdc tap Borel trén R” déu la s#*-do dudc v6i moi s > 0.
Do do Hausdorff c6 mot sb tinh chét nhu sau:

B6 dé 10. Cho E € R™,

(i) Khi s = n, dé do Hausdorff vdi chiéu n twong dwong vdi do do Lebesgue trén R": Ton tai
mot hdang sé ¢ > 0 sao cho vdi moi tdp Borel E,

H#"(E) = cA(E).

(ii) Véia > 0, ky hiéu «E = {aX : X € E}. P do Hausdorff vdi chiéu s ciia o E théa man:

HS(QE) = o H°(E).

(iii) Tong qudt hon, néu nhu f : E — R™ la mot ham sao cho ton tai hdang sé ¢, o > 0 dé' véi
moi X,y € E:
| /&) = fO)| <c|*=7]"
thi vdi moi s > 0:
AI(f(E)) < ™ (E).

8§-cover
?s-dimensional Hausdorff outer measure

10
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(iv) Néu nhu 7°(E) < oo, thi vdi moit > s, "' (E) = 0.
(v) Néunhuw 7°(E) > 0, thivéimoi 0 <t < s, " (E) = oo.
Bai tap 11. Ching minh B§ dé 10.

Tinh chét (iv) va (v) trong B& dé 10 cho thy c6 1 thdi diém s = so ma 2 (E) nhay tif oo
xudng 0, goi 1 chiéu Hausdorff ciia E:

dimg (E) := sup{s > 0: #°(E) = oo} = inf{s > 0: 7#°(E) = 0}.
Mot sb tinh chét co ban ctia chiéu Hausdorff nhu sau:
Bé dé 12. Cho E C R".
(i) Néu0 < S#°(E) < oo, thi dimg (E) = s.
(ii) Néu E la mot tép md ciia R" thi dimg (E) = n.
(iii) Néu E C F thi dimy (E) < dimy (F).
(iv) Néu E la mot da tap m-chiéu trong R" thi dimg (E) = m.

(v) Voi moi ddy {E;}:
o0
dimp (U E,-) = supdimy (E;).
i=1 i

Bai tap 13. Ching minh B6 dé 12.

Chiing ta sé thiy chiéu Hausdorff 1a mot cong cu quan trong dé mo ta céc tip c¢6 do do Lebesgue
khong dang ké thong qua mot vi du ndi tiéng vé tap Cantor.

Vi du 14. Tap Cantor'® C ¢6 thé dugc dinh nghia theo cic bude nhu sau. Biat Cy = [0,1]. O
budc thit k > 1, néu nhu tap Cx = U I ; 1a hgp cua cac doan khong giao nhau tiing cap, thi

l
Ci 41 s& dugc bing cach bd di cic doan mé & giita cac I ; c6 do dai ding bang 1/3 do dai ctia
Ii. Cu thé hon, ta sé c6 dudgc:

Co = [0,1]

1 2
C:=10,-|U]|=,1

3 3

1 21 27 8
C=0,-|U|=,=|U|=,=|U|=,1

9 93 38 9

Tap Cantor C 12 giao ctia tit ca cac tap Ck.

k=0

19Cantor middle third set

11
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0 1
Co } |
0 1/3 2/3 1
C I { I |
0 1/9 2/9 1/3 2/3 7/9 8/9 1
C I—{ —

C6 thé thiy dugc ring Cx bao gdm 2* céc doan thing c6 do dai 37%, va
Co2C2C2--2C.

Vé6i moi k > 0:
2

k
AQ) = A(Co) = (5) .

Tt d6 ta suy ra dudc rang C c6 do dai (46 do Lebesgue trén R) bang 0.
Vi Cy 1a cic tap compact, C ciing 12 mot tip compact va khong réng. Ta c6 thé mo ta cac phan ti
cia C nhu sau. V6i méi sé thuc 0 < x < 1, viét x bﬁng hé co s6 3:

o0
x = (0.a1a3...)3 = Za,-S_", ai,a,... € {0,1,2}.
i=1
Khi day:
x €C &< aj,as,... €{0,2}.

X log2 \ X
Chung ta sé ching minh rang véi s = log 3 2% (C) = 1. Vi vay tap C c6 chiéu Hausdorff bang
0g
log 2
log3’

2k
bit C, = U I, trong diy Iy ; 1a cdc doan déng c6 do dai 37, v6i mbi § > 0, chon k du 16n
i=1

sao cho 37% < §. Khi diy {I.; } 1a mot 5-phu cua C, va ta c6 dudc:

2k 2k log2

K (€)= Y (diam( ) = (37%) " = 1.

i=1 i=1

LAy gi6i han khi § N\ 0:
A7) = lim A () < 1.

P& chiing minh chiéu ngudc lai, goi {U,} 1a mdt phii bét ky ctia C. Khong mit tinh tdng quat,
chung ta c6 thé gia st rang U, 1a cdc doan thang dong. Vi C 1a mdt tip compact, ta ¢6 thé tim
dugc mot sb hitu han cac doan {Uj}1< .__phuC.

<j<m

Goi k 1a s6 nguyén duong nhé nhét sao cho véi moi 1 <i < 2% va véimoi 1 < j < m, néu nhu
phan trong cta Iy ; giao véi U; thi Iy ; € U;. Goi Z; 1a tap cac doan I ; ndm trong U;:

Ij = {Ik,i : Ik,i c Uj},
12
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va U} 1a doan dong nho nhit chita moi doan I ; trong Z;.

Ta 6 thé dé dang kiém tra dugc rang {U} ciing 12 mot phi ctia C, va:

1<j<m

m m
Z dlam U Z dlam U
j=1

j=1
Néu nhu U ' chi chita 1 doan Iy ; thi hi€n nhién: U = [k,;. Con khi:
ol < #7; <21,
ta c6 thé tim dudc mot doan dong K C U j’ sao cho:

(1) K°NCy =90,
.o . 1 . /
(i) diam K > gdlamU-,

(ii1) Uj'- ~ K° bao gdm 2 doan déng J va J’, mbi doan chita nhidu nhét 2’ doan con Iy ; trong
Z;.

Tu do ta co dudc:
(diamU})* = (diam J + diam K + diam J')’
(;(dlam J + diam J ))S
(; diam J + 2dlarnJ )S (S = izii)

1 1 s
> 2(§(diam J)’ + E(diam J') ) O<s<1)

= (diam J)* + (diam J')’
Quy nap theo /, ta c6 dudgc:

(damU})* = > (diam Ij;)".

I ;€1;

Vi {U}} la mot phii ctia C:
o0 m
Z(diam(U,-))s > Z (diam U;)) Z(dlam I;))’ = 1.
i=1 j=1

log?2
Vay 5 (C) = 1 vadimg (C) = —2

log3’

13
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Trong phan nay, chiing ta sé ky hiéu B(X,r) 1a ‘qua béng’!" déng trong R” v6i tAm ¥ va ban
kinh r:
B(X.r):={y eR": |x 7| =r}.

Mot siéu phang'? £ trong R” 1a mét tip hdp cac nghiém ctia mot ham tuyén tinh # 4n khac 0.
Khodng cach tif mot diém X dén £ duodc dinh nghia 1a:

dist(X, £) := inf{|X — j| : ¥ € L£}.
Tap hop cic diém c6 khoang cach dén £ khong qud r dudc goi 1a mot r-ldn cdn ciia L, va ky
hiéu la:
L) = {%:dist(X, L) <r}.
~ z 1 2z 2

Cho truéc mot hang s6 0 < B < 3 va mot tdp doi duge S € R”, tro choi -siéu phang tuyét
dbi gitta An va Binh dién ra nhu sau:

1. An va Binh lan lugt thay phién nhau di, va Binh la ngudi di trudc.

2. Pau tién Binh chon mot qua bong bat ky B; = B(X;, r;) v6i ban kinh r; > 0.

3. Obudc thii > 1, An chon s;-1an can ctia mot siéu ph:fmg L; saocho 0 < s5; < Br;.

4. O budc thit i + 1, Binh chon mot qua bong B; 1 = B(Xj41,7i+1) sao cho rjy; > Br; va:

B(Xit1.ri41) S BGi,r) ~ L.

B,

An sé thang néu nhu:

SN (\B@Ei.r) # 9.

i=1

!y chiing ta ding sup-norm, nén that ra B(¥, r) 1a hinh hop vudng trong R”
2hyperplane
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con néu khong thi Binh thing. Tap S dudc goi 1a mot tap B-thdng cudc siéu phing tuyét doi
néu nhu An c6 chién lugc dé€ luon ludn thiang trong tro choi B-siéu phang tuyét dbi (viét tat
la B-HAW) bét ké Binh c¢6 di nhu thé nao di nita. S dudc goi 1a thdng cudc siéu phing tuyét

ddi (viét tat 1a HAW) néu nhu S B-thang cudc siéu phang tuyét ddi véi moi 0 < B < 3

Luu y 15. Khin = 1, cdc ‘siéu phang’ £ trén R don gian 1a cac diém. Khi déy, tro choi siéu
phang tuyét d6i con dudgc goi 1a tro choi tuyét dbi dudc gidi thiéu bdi McMullen trong [20].

Luu y 16. Tro choi siéu phang tuyét dbi c6 thé dudc choi & trén mot khong gian metric tdng
quat (X, dist) ma trong day céc siéu phang £ c6 thé dugc thay thé bdi cac tap déng cho trude
trong X . Trd choi tdng quat ndy goi 1a tro choi H-tuyét ddi'® da dugc gidi thiéu bdi Fishman,
Simmons, va Urbanski [9], phat trién va dp dung trong [14].

Luu y 17. Diéu kién B < 1/3 13 d€ dui cho An c6 chon nhu thé nao di nita, Binh ciing ludn c6
lua chon hdp 18 cho buéc di tiép theo. Ta c6 thé chdi tro chai siéu phang tuyét dbi trén mot tip
con X C R” v6i moi lya chon ctia Binh déu c6 tdm nam trong X néu nhu diéu kién sau dudc
thda man: Ton tai y, ro > 0 di nhd sao cho véi moi qua béng B(X, r) c6 tim X € X va ban kinh
0 < r < ro va véi moi siéu phang L,

XN (B(fe, )~ z(y”) £ 9.

Diéu kién trén ddm bao khi B dii nhd, trd choi B-siéu phang tuyét dbi trén X sé kéo dai vo han.
Nhiing tip X thoa man diéu kién nay sé dudc goi 1a y-siéu phdng phdn tan'*. X sé dudc goi la
siéu phdng phdn tdn néu nhu ton tai y > 0 sao cho X 1a y-siéu phang phén tan. Vi du: tap R” 1a

g—siéu phang phan tan, nhung mot duong thang trong khong gian 3 chiéu R? khong phai 12 mot

tap siéu phang phan tan.

Luu y 18. Néu nhu X C R 12 mot tap siéu phang phan tan, ta sé choi tro choi siéu phang tuyét
dbi trén X bing cach bit Binh phai chon cic qua béng c6 tAm nam trong X . Khi diy céc tap
thang cudc s€ dudc goi la HAW trén X .

Mot sb tinh chét quan trong clia cac tap thang cudc trong tro chdi siéu phang tuyét d6i nhu sau:
Pinh Iy 19 ([1]). Gid sit nhu X € R la mét tdp siéu phdng phdn tdn.
(i) Néu S C R la mét tdp HAW thi dimg (S) = n.
(ii) Néu S la mot tap HAW trén X, va Y C X la mot tdp siéu phdng phén tdn, thi S HAW trén
Y.
o0
(iii) Néu Sy, S,, ... la cdc tdp HAW trén X thi ﬂ S; cing la mot tap HAW trén X .
i=1

(iv) Gid sit nhu f : R" — R" la mét vi phoi C*, va S la mét tap HAW, thi £(S) ciing la mot
tap HAW.

137{-absolute game
14y -hyperplane diffuse
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Y tudng chinh ciia chiing minh phin (i) ctia Dinh Iy 19 1a xdy dung trong S mot tip con gidng
nhu tap Cantor'> nhu sau: 3 mdi budc, ta chia nhd ‘qua bong” B(X;, r;) thanh cic qua béng con
c6 phan trong do6i mot khong giao nhau vé6i ban kinh Br; va bd di cac qua bong giao véi (Br;)-lan
can clia siéu phang £; trong chién lugc thing cudc ctia An. Tap gidng Cantor nam trong tip
HAW S nay cho ching ta mot chin dudi ctia chiéu Hausdorff ctia S, va chiin dudi nay sé tién vé
n khi B tién vé 0. Ban doc c6 thé xem thém chiing minh diy dt & [3, Pinh ly 2.2].

N 1 .
Bai tap 20. (a) Chung minh rang tip Cantor trén R la §-siéu phang phan tan.

. I N £
(b) Co thé thay so 5 bang mot so khac 16n hon hay k0?

Ap dung Pinh ly 19, ta dé dang c6 dugc Pinh Iy 8 suy ra cic Pinh ly 5 va 7. P€ chiing minh
Dinh 1y 8, chiing ta sé dung Bo'dé Don hinh'®.

B& @ Don hinh 12 mé rong cia quan sét sau trén R: Cho k > 1, néu nhu gy ﬁ: 1a 2 s6 hitu ti
khac nhau véi mau sb k' < ¢,q" < k', thi: v

1

> > k_21_2.

'z_z
qq’

q9 q

_ 'pq’ — 14
99’

. 2 A , ~ , 1 —2i— » 2, < X A N A ~, 2
Nhu vay moi doan thang trén R ¢6 ban kinh 0 < r < ik 2i=2 6 chita nhiéu nhit mot sb hitu ti
4 voi k! <q,q < k't
q
Cho (n + 1) diém Xg, X1, X2, ..., X, sao cho n véc t6 (X; — Xo), (X2 — Xo), ..., (X, — Xo) doc lap
tuyén tinh. Don hinh véi cdc dinh {Xo, X1, ..., X, } dugc dinh nghia la:

A(fo, ,)_C’n) = {)_éo + dl()_Cyl — )_C)()) + ...+ an()_c’,, — )?0) tday, ...,y = 0,a;1 + ...+ a, < 1}

Khi n = 1, A(xo, x1) 12 doan thang ndi xo va x;. Khi n = 2, A(Xo, X1, X») 12 hinh tam gidc véi
céac dinh Xg, X1, X». Khin = 3, A(Xo, ..., X3) 1a ti dién v6i cac dinh Xy, ..., X3.
Thé tich ctia don hinh c6 th€ dudc tinh don gian nhu sau:

- - 1 o o oo - o
)L(A(xo, xn)) = m|det(x1 — X0, X2 — X0, ey Xp — xo)‘.
° a . s . o x 1 . : . .
Bo de 21 (B6 dé Pon hinh [15, Bo dé 4]). Cho 0 < B < 3 Voi moi k € N, goi Uy la tdp cdc
véc 10 hitu ti ¢é mdu ndm giiia BT %D yg gtk

-

U = g:ﬁeZ”,ﬁﬁ(k“) < q < prrky,
q

15 Cantor-like set
16Simplex Lemma
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Dt V,, la thé'tich ciia qud bong don vi trong R”". Véi moi:
_1
0<r<pB@mV,)rnr

va vdi moi X € R”, ton tai mot siéu phcfng Ly sao cho:

Uy N B(?c,ﬂk—lr) c L.

Bai tap 22. Goi @ ﬂ . pn

‘]o 41 Qn

(& — @) (& — p_) doc lap tuyen tinh. Tim mot can dudi cua)&(A(

q2 4o q2 4o
Bai tap 23. Ching minh B8 dé Pon hinh 21.

la (n + 1) diém hitu ti trong Uy sao cho n véc to (

P @)
—»qO ’
)

).

1 . ) . )
Chiing minh Pinh Iy 8. .Cho0 < B < 3 co dinh bat ky. Xét tro choi B-si€u phang tuyét doi trén

R véi BA, 1a tip dbi tugng ctia An. Luu y rang BA,, tri mat, nén néu nhu ban kinh ctia cdc
lua chon ctia Binh khong hdi tu vé& 0, An sé thiang. An c6 thé di bat ky cho dén khi ban kinh

-1 A ~ R .9 2, Y - 2,
cua qua bong Binh chon nho hon B(n!V,) . Vi the ta c6 thé gia st rang By = B(xy, ry) véi

_1 < g
ry < B@'V,) 7, va lim r; = 0.
1~—>oo
Pit ¢ = B%r;. V6i méi k € N, goi iy 1a lugt di ma:

ﬁk_lrl > 1 > ,Bkrl-

V6i mbi lugt khong nam trong diy {ix}5>,, An c6 thé di bat ky. O budc di thit ix, theo B3 dé

Pon hinh 21, tdn tai siéu phiang Ly sao cho:
U NB(Xk, 1) € L.

Budc di & ludt thi i ciia An s€ 1a (ﬂk+1r1)—lﬁn cancia L. Vi

k+1
Bi,+1 € Bi; ~ C,Eﬂ rl),

o D
voimoi y € B;, 41 vavéimoi — € Uy:
q
P _
=g =pf T =

— 1 °
g\ tn

i
o0
theo dinh nghia cua BA,, (1.1),

ﬂB(x,,r,) = ﬂ B(x,k,r,k) € BA, .

k=1

Vi viy, An c6 chién ludc dé cho két qua ﬂ B(X;,r;) luon giao v6i BA,,.

i=1
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Luu y 24. Mot hé qua thi vi clia cac két qua trén 1a 2 tip rit nho 1a tip Cantor C va tip céc sb
xap xi kém BA | van giao nhau, va phan giao ciing khong nho:

log2

dimH(BA1 ﬂC) = dlmH(C) = 10g3.

Khéng nhiing thé, v6i moi diy sb a;, as, ..., cac dich chuyén ctia BA; bdi a; van giao vdi tap
Cantor:

g log 2
dimy (c N () (BA, —|—a,—)) - 122 -

i=1

Két qua nay da dudc chiing minh béi Fishman [8] st dung trd choi cia Schmidt.
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Tap chi online ctia cong dong
nhitng nguoi yéu toan

CO SO GROBNER LA GIi?

Bernd Sturmfels - Dai Hoc California, Berkeley, M{

Bai viét dugc Nguyén Vi Duy Linh dich tif bai bdo “What is Groebner basis” ctia
gido su Bernd Sturmfels dang trén tap chi Notice of AMS, volume 52, number
10, 2005.

Mot co s Grobner 1a mot tap hop cac da thic nhiéu bién c6 cac tinh chit mong mudn vé giai
thuat. Mdi tap hop cac da thic c6 thé bién d6i thanh mot co sé Grobner. Qua trinh bién d6i nay
t6ng quat héa ba ky thuat quen thudc: Phép khit Gauss d€ giai hé phuong trinh tuyén tinh, thuét
toan Euclide dé tinh u6c chung 16n nhét ctia hai da thiic mot bién va thuit toan don hinh trong
qui hoach tuyén tinh (xem [3]) Chang han, dAu vao ciia phép khii Gauss la tip cac dang tuyén
tinh sau

(={2x+3y+4z—5 3x +4y + 5z —2},

Va thuét toan bién ddi ¢ thanh co sé Grobner
o={x—z+14, y+2z—11}.

Goi K 1a mdt trudng bét ky, chang han nhu trudng s6 thuc K = R, trudng sd phic K = C,
trudng s6 hitu ti K = Q, hay 1a trudng hiiu han K = F,,. Taky hiéu K[xy, ..., x,] 12 vanh cdc
da thic n bién x; v6i hé s6 trong truong K. Néu F 1a mot tap hop bat ky cic da thiic thi ideal
sinh bdi ¢ 12 tap hop (¢) bao gdm moi t& hop tuyén tinh céc da thiic clia ¢

&)={mfh+-+pfr:fi,.... fretvapy, ..., pr € K[xy, ..., xn]}.
Trong vi du cua chung ta, tdp ¢ va cd s6 Grobner o cua n6 sinh ra cung mot ideal (o) = ({).
Theo dinh 1y Hilbert vé co s&, m&i mot ideal trong K[x;, X2, ..., x,] c6 dang I = (&), nghia la

n6 dugc sinh ra bdi mat tap hitu han ¢ cac da thic.

Mot thit tw don thitc trén K[x;, X2, ..., X,] 12 mot thd tu toan phan < trén tip hop tat ca cac

don thic x* = x{'x5%--- x%" v6i hai tinh chét sau

te < xbte vei moia, b, c € N*,

(1) N6 la nhan tinh, nghia 1a x* < x? kéo theo x*
(2) Pon thic hing 1a nhd nhét, c6 nghia 1a 1 < x? v6i moi a € N"{0}.
Mot vi du clia thi tu don thic (v6i n = 2) 1a thit tw tir dién phdn bdc

2 2 2 2
I <Xxp <X < X7 <XpX2 <X; <X5 <X{X2 <-+»

Néu chiing ta ¢ dinh thif tu don thiic <, khi d6 méi da thifc c6 duy nht mot s6 hang khdi dau
trong < (f) = x?. B¢ 1a don thiic < — cuc dai x xuat hién trong khai trién cta f véi hé s
khéc khong. Chiing ta viét cdc s6 hang clia f theo thif tf < — gidm din, va thong thudng chiing
ta gach dudi sé hang khéi dau. Chang han, mot da thiic bac hai c6 thé dudc viét nhu sau:

f = 3x§ + 5x1xp + 7xf + 11x; + 13x, + 17.
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Gia st 1 1a mot ideal cia K[xg, ..., x,]. Khi d6 ideal khdi dau ctia né trong < (1) 1a ideal sinh
ra bdi s6 hang khdi dau clia tit ca da thic trong [ :

in<(l)=(n=<(f): fel).

Mot tap con hitu han o ctia /7 12 mot co s& Grobner tuong ting vé6i thi tu theo s6 hang < néu nhu
céc s6 hang khéi dau clia cdc phan tif trong o di d€ sinh ra ideal khéi dau:

in< (/)= (in<(g):g€0).

Khong c6 yéu cau vé tinh tdi tiéu dé trd thanh mot co sé Grobner. Néu o 1a mot co s6 Grobner
ctia 7 thi mot tp con hitu han bat ky ctia I chiia o ciing 1a mot co s Grobner. PE khic phuc tinh
phi tdi tiéu d6, chiing ta goi o 1a mot cd s Grobner riit gon néu:

(1) V6imdi g € o hé sdctiain < (g) trong g 1a 1.
(2) Tap hop {in < (g) : g € o} 1a tap nhd nhit sinh rain < (1), va
(3) khong c6 sb hang theo sau v6i moi g € o nam trong in < (7).

Véi dinh nghia ndy, ta c6 dinh 1y sau day: Néu nhu c6 dinh thi ty don thitc < thi méi ideal 1
trong K[x1, ..., X,] c6 mét co sé Grobner rit gon duy nhat.

Co s Grobner riit gon ¢ ¢6 thé dugc tinh tit moi tip sinh cta I theo phucng phdp dugc gidi
thiéu trong ludn 4n ciia Bruno Buchberger ndm 1965. Buchberger goi phuong phap cua minh
theo tén ctia ngudi huéng dan Wolfgang Grobner. Sau d6 ngudi ta nhan ra ring, y tudng vé co s6
Grobner da c6 trude d6 chang han trong mét bai viét ctia Paul Gordan, mot nha nghién citu vé
bt bién. Tuy nhién Buchberger 13 ngudi dau tién dé ra mot gidi thuat dé tinh co s& Grobner.

Co s6 Grobner rat tién dung dé giai hé phuong trinh da thiic. Gia st K € C, va ¢ 1a mot tap hitu
han céc da thic trong K[x1, ..., x,]. Da tip cta ¢ 1a tap tit cd cac khong diém phiic chung

v(iO)={(z1, ..., zn) €C": f(z1, ..., zy) =0v6imoi [ € }.

Da tap khong thay d6i néu ta thay ¢ bdi mot tip cac da thifc sinh ra cing mot ideal trong
K|[x1, ..., x,]. N6i riéng, co sé Grobner giGi han o cua ideal (¢) c6 cung mot da tap:

V(&) =v((¢) = v({e) = v(0).

Uu diém ctia o 12 n6 cho biét nhitng dic tinh hinh hoc clia da tap, nhitng dic tinh ndy khong hién
16 tir ¢. Cau hoi dau tién dudc dit ra 1a liéu da tap v(£) c6 thé rdng hay khong. Pinh Iy khéng
diém Hilbert ngu y rang da tap v(¢) réng khi va chi khi o bang {1}.

Lam thé ndo dé€ dém sb khong diém ctia mot hé thdng cac phuong trinh da cho? D€ tra 18i cho cau
hdi ndy, chiing ta cAn thém mot dinh nghia. Cho mot ideal cb dinh I trong K[x, ..., x,] v mot
thd ty don thiic <, mdt don thic x* = x{'x52 - -+ x%" dugc goi 1a chudn néu nhu né trong & trong
ideal khdi dau in < (7). S6 luong cac don thic chuén 12 hitu han néu va chi néu mdi bién x; xuét
hién trong mot liy thita ndo d6 cia ideal khéi ddu. Chang han, néu in < (1) = (x7, x5, x3) thi
sé c6 sdu muoi don thic chudn, nhung trong in < (1) = (xf X5, X1X3 ) tap hgp cac don thic
chuén 12 vo han.

Da tap v(/) 12 hitu han néu va chi néu tip hop céc don thiic chuén 12 hitu han va sb lugng cac don
thiic chuin bang véi luc lugng ctia v(1) trong d6 cac khong diém bdi cip k sé duge dém k 1an.
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Khi n = 1 day chinh 1a Djnh Iy co bdn ciia Pai s6, dinh 1y nay phat biéu ring da tap v( f) cla
da thiic mot bién f € K[x] véi bac d bao gdbm d sb phlIc 0 day tap hop c6 phan tit duy nhat
{ £} 1a co s Grobner, va cdc don thic chudn 1a 1, x, x2, ..., x4

Tiéu chuin ctia ching ta trong viéc quyét dinh liéu mot da tap c¢6 hitu han hay khong téng quat
héa cong thiic sau cho s6 chidu ctia mot da tap. Xét mot tp con S cla tap cdc bién {x;, ..., x,}
thé nao cho khdng c6 don thiic nao trong S xuét hién trong in < (/), va gia st ring S c6 luc
lugng 16n nhit trong s6 cac tip con c6 cung tinh chat. Khi d6 luc lugng tbi dai | S| bang véi s6
chiéu cta v(I).

Tap hop céac don thic chuin 1a mdt co sd trong khong gian vector trén trudng sé6 K cho vanh
cdc thing dw K[x1, ..., x,]/1. Anh cia mot da thitc p modulo I c6 thé dudc biéu dién mot
cach duy nhit nhu 13 mdt K — t6 hop tuyén tinh ctia cac don thic chuin. Biéu thic nay 1a dang
chudn cta p. Quad trinh tinh dang chuin 1a thuét todn chia. Trong trudng hdp quen thudc v6i mot
bién x, khima I = (f) va f c6 bac d, thuit toan chia bi€u dién mot da thic thy y p € K[x]
dudi dang mot K— t6 hop tuyén tinh caa 1, x, x2, ..., x4 Tuy nhién thuat toan chia 4p dung
dudc cho mot cd s Grobner tily ¥ o véi s6 ludng bién tuy y.

Lam thé nao ching ta c6 thé thii nghiém liéu mot tip cac da thifc cho trude 1a mot co sé Grobner
hay khong? Xét hai da thic thy y g va g trong o. Thanh lap S— da thic m' g — mg . O day m
vam’ 12 hai da thic bac nhd nhit ¢6 thé thé ndo chom’ -in < (g) = m -in < (g'). S— da thic
m' g —mg nim trong ideal (o). Chiing ta 4p dung thuit todn chia dbi v6i co s6 Grobner tam
thoi o cho m g—m g/. Dang chuén thu nhan dugc 12 mdt K— t3 hop tuyén tinh clia cac don thic
trong d6 khong c6 don thiic nao chia hét cho mot don thifc khéi dau tir o. Piéu kién can dé o 1a
mot cd sG Grobner la

normalformg(m/ g—mg)=0vdimoig, g €o.

Tiéu chuin Buchberger phat biéu rang diéu kién can d6 ciing chinh la diéu kién di: Mot tap hop
o cic da thic 12 mot co sd Grobner néu va chi néu moi S— da thiic ctia n6 c6 dang chuén zero.
Tir tiéu chuin nay, ngudi ta dé ra thuat toan Buchberger [1] d€ tinh co s6 Grobner riit gon o tif
mot tap hop dau ra bat ky.

Tém lai, cac co s& Grobner va thuat toan Buchberger dé€ tim chiing 1a nhitng khai niém cin ban
ctia dai s6. Chiing cung cép nhiing cach tinh todn tién tién trong hinh hoc dai s6, chiang han nhu
ly thuyét kht, tinh di dong diéu, giai quyét tinh ky di, ... Cling nhu cdc mo hinh da thiic c6 mit
khap noi tlt khoa hoc dén k¥ thuat, cic cd sé Grobner dudc cac nha nghién citu st dung trong t6i
uu héa, 1ap trinh, robotics, ly thuyét diéu khién, thong ké, sinh hoc phan tii va nhiéu nganh khac.
Chiing t6i mdi ban doc thit dung qua mot trong cdc cai dit ctia thuit todn Buchberger (chang han
nhu CoCoA, Macaulay2, Magma, Maple, Mathematica, hay Singular).

[1] DAVID COX, JOHN LITTLE, and DONAL O’ SHEA, Ideals, Varieties and Algorithms. An
Introduction to Computational Algebraic Geometry and Commutative Algebra, second ed.
Undergraduate Texts in Mathematics, Springer-Verlag, New York, 1997.

[2] NIELS LAURITZEN, Concrete Abstract Algebra: From Numbers to Grobner Bases, Cam-
bridge University Press, 2003.
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[3] BERND STURMEFELS, Two Lectures on Grobner Bases, New Horizons in Undergraduate
Mathematics, VMath Lecture Series, Mathematical Sciences Research Institute, Berkeley,
California, 2005, http://www.msri.org/communications/vmath/special_
productions/.

24

https://tieulun.hopto.org


http://www.msri.org/communications/vmath/special_productions/.
http://www.msri.org/communications/vmath/special_productions/.

psilon
Tap chi online ctia cong dong
nhitng nguoi yéu toan

TAP TRANH TONG TRONG NHOM

Terence Tao - UCLA, California, M{

Trong sb nay, Epsilon tran trong gidi thidu véi doc gia mot bai viét cia nha todn
hoc Terence Tao, qua ban dich ctia Tran Nam Diing.

Toi va Vil Ha Vin vira ding 1én arXiv bai bdo “tip tranh tong trong nhém” [1] (gt ding dén tap
chi Discrete Analysis), ciing véi bai bao tdng quan dinh keém [2] (gt ding dén J. Comb.). Cho
tp con A clia nhém cong tinh G = (G, +), ta dinh nghia ¢ (A4) 1a luc lugng (s6 phan ti) cla tap
con B 16n nhét ctia A tranh tong trong A theo nghia moi tdng by + b, véi by, b, 1a cac phan ti
phan biét ctia B nam ngoai A. Vi du, néu A la chinh nhém d6 thi ¢(A4) = 1, vi khong c6 hai
phan ti ndo clia A lai c6 thé c6 tong 12 mot cai gi d6 nam ngoai A. Mot cach tdng quat, néu A4 1a
hop ctia k nhém, thi ¢p(A) t6i da 1a bang A theo nguyén Iy chudng va thd.

Néu G 1a tap hop cac sd nguyén, thi ta khong c6 nhém con thuc su nao, va ta ¢ thé du doan
riang ¢ (A) sé ting cung vi A. Vi du ta c6 két qua don gian sau:

Ménh dé 1. Néu A 1a tap hop gdm 2F s6 tu nhién thi ¢ (A4) > k.

Chting minh: Ta st dung 1y luan ctia Ruzsa [3] von dudc dua trén mot 1y luan cii cia Choi [4].
Goi x; l1a phﬁn t 16n nhat ctia A, va sau d6 mot cach dé quy, khi x1, x5, ..., x; da dugc chon,
g0i x;+1 12 phan t{ 16n nhit trong A khong bang x;, xa, ..., X; sao cho x; 1 + x; ¢ A vdi moi
j =1,...,i, vakét thic qua trinh xay dung nay khi khong tim dudc mot x; ; nhu vy. Qua
trinh nay sé cho chiing ta diy x; > x5 > --- > X, c4c phan tif trong A, tranh tng trong A va c6
tinh chat v6i moi y € A, hodc y bang v6i mot trong cic x;, hodc y + x; € A véi i nao d6 véi
x; > y. Lap lai qud trinh nay, ta thAy moi y € A déu c6 dang x;, — x;, —--- — Xi; v6i j > 1 nao
doval<i; <ip <---<i; <m. S(‘)célcbiévuthlicx,-l — Xiy — = Xy t6i da 1a 21, do d6
2K < 2™, td6m >k + 1. Vi ¢(A) > m nén ta suy ra didu phai chiing minh.

Dic biét ta co ¢p(A) >> log|A| dbi v6i cac tip con A cia tp hop cac s6 nguyén. Ta cé thé cai
thién can dudi don gidn nay, nhung sé& rat tot cong stic. Can dudi tot nhat cho dén thdi di€ém hién
nay la

$(4) = log|A|(loglog|A)'/>

mot két qua ctia Shao [5] (xdy dung dua trén cong trinh trudc d6 cia Sudakov, Szemeredi va Vu
[6] va ctia Dousse [4]). Trong chiéu ngudc lai Ruzsa [3] da xdy dung vi du mot tap hop A 16n vé6i

¢(A) < exp(O(v1og|A|)).

St dung cdng cu chuin ctia dong ciu Freiman, cic két qua trén dy cho s6 nguyén c6 thé mé
rong cho cac nhém abel khong xoan G. Trong bai bao clia minh ching t6i nghién ctiu trudng hop
ngudc lai khi G 12 nhém hitu han (nhung van abel). Trong bai bdo nay ctia Erdos [7] (ma trong
d6 dai luong ¢ (A) 1an dau tién dudc gidi thiéu), cau hdi sau day dudc dit ra: néu A 1a dd 16n so
véi ¢ (A) thi c6 suy ra ton tai hai phan ti x, y thudc A sao cho x + y = 0 hay khong? Chiing toi
da tim dugc nhitng phan vi du don gian cho ménh dé nay. Vi du, néu H 12 mot nhém hitu han
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cdng tinh tuy y, khi d6 tdp hgp: A :=[1 mod 7,2 mod 7,4 mod 7] x H C (Z/7Z) x H c6
¢(A) = 3 nhung khong c6 hai phan ti x, y € A nao c6 tong bang 0; dang vi du niy van ding
néu thay 7 bang mot s6 nguyén tb6 Mersenne 16n hon, va ta c6 phan vi du trong Z /2" Z vé6i n 16n
tiy y. Tuy nhién, theo hudng khéang dinh, ta ¢6 thé chiing minh ring cau tra 15i cho cau héi ctia
Erdos 1a khang dinh néu |G| khong c6 udc nguyén t6 nhd. RS hon 1a

Ménh dé 2. Vi moi k > 1 tdn tai C > 1 sao cho néu G 1a nhém abel hitu han c6 bac khong ¢6
wéc nguyén t6 nhd hon hay bang C va A 1a mot tap con ciia G cé bacitlanla C va¢(A) < k
thi ton tai x, y € A saocho x +y = 0.

C6 hai cong cu chinh st dung dé chiing minh két qua nay. Mot 13 “bd dé loai bd sd hoc” dude
chiing minh mdi Kral, Serra va Vena [8]. Chi y rang diéu kién ¢ (A) < k c6 nghia 1a v6i moi cic
phan ti phan biét x;, ..., xx41 € A, ton tai mdt trong cic phan ti x; + x;1<i<j<k+1,
ciing nam trong A. Mot cach ndém na, bd dé loai bd sb hoc cho phép ta “gin nhu” cé thé bo di
yéu ciu xy, ..., Xx+1 phan biét, va diéu ndy c6 nghia la tif x € A gin nhu c6 thé suy ra 2x € A.
Phép d6i xiing gan-vi tu nay khi két hop véi gia thiét rang |G | khong c6 udc nguyén t6 nhd sé
cho rat nhiéu su “phan tan” trong hé s6 Fourier ctia 1,4 ma c6 thé dudc khai thac d& chiing minh
dinh ly.

Cong cu thif hai 12 dinh 1y ciu tric duéi day, 1a két qua chinh clia bai bdo ctia ching toi, va di
duong theo hudng phan loai cac tap con A véi ¢ (A) nho:

Ménh dé 3. Cho A 1a tp con hitu han ctia mot nhém cong tinh G bit ky v6i ¢(A) < k. Khi
do6 tim dugc cac nhom con hitu han Hy, H,, ..., H, v6im < k sao cho |A N H;| >>; |H; va
|A\ (HyU---U H,,)| <<x 1. Hon nita, néu m = k thi tdp ngoai 1¢ A\ (H, U---U H,,) bang
rong.

Mot cach ndém na, dinh Iy nay chi ra rang vi du vé& hop ctia k nhém con néi truée dé dudng nhu
1a vi du “duy nhét” ctia cic tap hop A v6i ¢(A) < k theo md-du-16 bS sung vai tp con ngoai 1&
nhd va vai su 1am tbt ctia cac nhém con cho céc tip con day.

Dinh Iy nay cé mau sic cia cac dinh ly ddo khéc trong t& hop cong tinh nhu dinh ly Freiman
va qua that 1a ta c6 thé st dung dinh ly Freiman (va cdc cong cu lién quan nhu dinh ly Balog-
Szemeredi) dé thu dugc mot cich dé dang phuong 4n yéu cla dinh 1y nay. That vay, néu khong
c6 tap tranh tong clia A bac k + 1 thi ty 18 >>; 1 clia tAt ca cdc cip a, b trong A phai c6 tong
ciing nam trong A (ngudc lai ta c6 thé 14y k + 1 phan tit ngau nhién ctia A va ching sé tranh
tong trong A v6i xac suat duong). Tir diéu nay va dinh ly Balog-Szemeredi va dinh ly Freiman
(trong moi nhém abel, dudc chiing minh bdi Green va Ruzsa [10]), ta thiy rang A phai “can
xting” véi “dbi tp cAp s6” (“coset progression”) H + P cta rank chiin trén. Sau do6 ta c6 thé
kht thanh phan khong xoan P ctia dbi tap cip s6 nay bang mot s phuong phap (vi du sit dung
cac phuong 4n cda ly luan trong ménh dé 1), v6i két qua cubi cling ma ngudi ta c6 thé xac dinh
vi tri nhém H1 hitu han ¢6 phan giao 16n vé6i A.

Tt diém nay sé hap din néu loai bd H; khéi A va lip lai. Nhung ta sé giip mot kho khin ky thuat
12 loai bd mot tip hop nhu H; khdi A c6 thé 1am thay d6i dai ludng ¢(A) theo mot cach khong
thé du doan dudc, vi thé ta van can phai gilt H; lai khi phan tich tap thing du A \ H;. Khé6 khin
thit hai 12 tdp hop A \ H, c6 thé 1a nhd hon dang ké so véi A va H, nhung van con 16n theo
nghia tuyét dbi, do d6 néi riéng thi moi s6 hang sai sb c¢6 kich thudc chin trén bdi €| A| v6i € nhd
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c6 thé van 16n so v6i tap thing du A \ H;, va do d6 sb hang sai s6 d6 1a khong chip nhin dugc.
Ta c6 thé vudt qua dugc nhitng khé khin nay néu trudce tién ta thuc hién budc tién “chuin héa”
ctia nhém H, d€ cho tap thing du khong giao véi moi dbi tap ciia H; qua nhiéu. Cac ly ludn con
tré nén phtc tap hon khi ta bat dau loai bé nhiéu hon mot trong cac nhém Hy, ..., H; tit A va
phan tich tap thang du A \ (H, U --- U H,,); that vy qua trinh “quan ly epsilon” lién quan sé tré
nén phiic tap dén ndi ma chiing ta budc phai st dung cach phat biéu phan tich khong tiéu chuin
ctia bai todn d€ giit do phiic tap ctia cac ly luin & mifc chip nhan dudc (xem bai viét blog trudc
clia t6i vé chli dé nay [11]). Mot nhude diém ctia cach 1am nhu vay 14 chiing ta khong c6 gidi han
hiéu qua cho cic hang s6 trong dinh 1y chinh ctia chiing t6i; sé thd vi d& c6 dude mot n6 sé dudc
mot ching minh truc tiép hon cho dinh ly ctia ching to6i ma c6 thé sé din dén gi6i han hiéu qua.

[1] http://arxiv.org/abs/1603.03068
[2] http://arxiv.org/abs/1603.03071

[3] Imre Z. Ruzsa, Sum-Avoiding Subsets, The Ramanujan Journal, March 2005, Volume 9,
Issue 1, pp 77-82.

[4] Choi, S. L. G. On a combinatorial problem in number theory. Proc. London Math. Soc. (3)
23 (1971), 629-642.

[5] Shao, Xuancheng Finding linear patterns of complexity one. Int. Math. Res. Not. IMRN
2015, no. 9, 2311-2327.

[6] Sudakov, B.; Szemerédi, E.; Vu, V. H. On a question of Erdés and Moser. Duke Math. J. 129
(2005), no. 1, 129-155.

[7] Erd6s, P. Extremal problems in number theory. 1965 Proc. Sympos. Pure Math., Vol. VIII
pp- 181-189 Amer. Math. Soc., Providence, R.I.

[8] Kréi, Daniel; Serra, Oriol; Vena, Lluis On the removal lemma for linear systems over abelian
groups. European J. Combin. 34 (2013), no. 2, 248-259.

[9] Freiman theorem

[10] Green, Ben; Ruzsa, Imre Z. Freiman’s theorem in an arbitrary abelian group. J. Lond. Math.
Soc. (2) 75 (2007), no. 1, 163-175.

[11] https://terrytao.wordpress.com/2007/06/25/ultrafilters-nonstandard-analysis-and-epsilon-
management/
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gpsi lon

TOAN HOC CUA HON NHAN

Matt Baker — Vién cong nghé Georgia, M{

Nguyén Vii Anh dich tit blog ctia Matt Baker — Tran Nam Diing hiéu dinh.

Than ting Vé Qudc Bd Cdn, bién tdp vién ddu tién ciia Epsilon nhdn ngay cudi ciia
anh va chi Nguyén Thi Kim Anh vao ngay 27/ 3/ 2016.

Ngay 25 thang 6 nam 2014

Ciing kh4 1au k€ tir bai blog gan nhit cta tdi — mot trong nhitng 1y do d6 1a gan day toi da két
hon. PE ky niém cho su kién ny, cling nhu danh diu su trd lai clia toi trén blog todn hoc toi s&
ding bai vé dinh ly Hall vé hon nhan.

Haiy xét tro chdi solitaire (game xép bai ctia Windows): Ban c6 mdt bd bai dugc chia 1am 13 coc,
mbi coc 4 14, va ban phai chon 1 14 tif mbi coc sao cho khong c6 gid tri ndo (tif A dén K) lip lai.
Day 1a mot su kién toan hoc vo cling dep dé 12 tro chdi ludn c6 thé hoan thanh, bit chip cic quan
bai dudc chia ra sao.

Chuing ta sé suy luan diéu nay tit mot két qua tdng quat hon ctia Philip Hall, thudng dudc goi
12 dinh 1y Hall vé hon nhan. Cho hitu han tdp hdp A;, A,, ..., A, va ban phdi tim c4c phan
tu riéng biét x; € Ay, x2 € Az, ..., x, € A,. (Trong vi du tro solitaire, cho A; chia cac gia
tri ctia cac 14 bai nam trong coc thd j.) Su lua chon nay dudc goi 12 SDR (system of distict
representatives-hé dai dién riéng biét). Dudi diéu kién nao thi diéu nay kha thi? D& hé dai dién
riéng biét nay ton tai thi diéu kién can thiét 12 véi moi tap con J € (1, 2, ..., n), tip hop
Ay = UjesA; chifa it nhét |J| phan ti. Dinh ly ctia Hall khang dinh ring nhiing diéu kién trén
ciing chinh 1a diéu kién du.

Trong vi du vé trd béi bai, ta chon k coc bat ki, chita 4k 14 bai. B&i vi chi ¢6 4 14 bai mbi coc véi
moi gid tri, khi chiing ta két hop nhitng coc bai chiing ta chon, sé c6 it nhit k gia tri khac nhau.
Do d6, nhitng diéu kién ctia dinh ly Hall déu théa va dinh 1y hon nhan sé khang dinh ring chiing
ta c6 mot cach di thang.

Mot vi du khdc, xét bai todn sau c6 15i gidi don gian hon dinh ly Hall vé hon han:

[Ki thi Putnam, bai todn B-3] Mot gi4i ddu vong tron 2n doi kéo dai 2n — 1 ngay. Mbi ngay, tat
ca cac doi dau véi mot ddi khéc, trong d6 c6 1 ddi thang va 1 d6i thua trong mdi n tran. Xuyén
sudt giai dAu, 2 doi bat ki gip nhau ding 1 1an. Liéu c6 ludn chon duge mbi ngay mot doi thang
ma khong c6 ddi nao dudc chon nhiéu hon 1 1an?

Két qua ctia Hall dudc biét tdi 1a dinh 1y hon nhan vi né c6 thé phat biéu lai theo cach sau. Gia st
mdi mot tap hop hitu han chang trai quen v6i mot tip hdp hitu han cic co gdi. Piéu kién 1a gi
dé mdi chang trai déu két hon véi mot trong nhitng ngudi ho quen biét? Piéu kién can va di 1a
mbi tip hop k chang trai, dudc chon mot cach ngiu nhién, quen véi it nhét k co gdi. R4t dé dang
nhén thiy sy tuong ducng cla hai céch phét bi€u (cho A; 1a tip hop cdc cd gdi ma chang trai thd
J quen).
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Céach chiing minh don gian nhét cho dinh ly ctia Hall ma toi biét xuat hién dau tién trong bai bo
2 trang ctia Halmos va Vaughan, dudc thuc hién phép quy nap theo sd chang trai n. Ta trich din
truc tiép chiing minh cia Halmos va Vaughan:

“Voin = 1, két qud la hién nhién. Véi n > 1, néu véi moi tép hop k ban nam 1 < k < n, co
it nhdt k + 1 nguoi quen, 1 ban nam sé cuéi moét trong nhitng nguoi quen bdt ki ciia anh ta
va dua nhitng ngudi con lai vao gid thuyét quy nap. Néu nguoc lai, mot s6 nhém k chang trai,
1 < k < n, ¢6 chinh xdc k nguoi quen, thi tdp hop nay sé co thé'két hon theo gid thiét quy nap,
n — k chang trai con lai ciing théa mdn diéu kién can vdi nhitng co gdi chua két hon. Thdt vdy,
néul < h < n—k,vanéumét sé tip hop h chang trai chwa cé vo it hon h ¢é gdi chua cé chong,
thi tép hop h chang trai chua c6 vo cing vdi k chang trai da két hon sé quen it hon k + h cé gdi.
Ap dung gid thiét quy nap vao n — k chang trai chua cé vo, ta thu dugc két ludn dinh 1y diing voi
n + 1 chang trai.”

C6 mot chiing minh dep cho dinh 1y ctia Hall, dudc dé ra bdi Jack Edmonds, dua trén dai s
tuyén tinh. Pay 1a mot vi du st dung k¥ thuat dai s6 d€ gidi quyét cdc van dé & hop. Trudc khi
xem xét chitng minh ctia Edmonds, chiing ta can 2 dinh nghia:

Dinh nghia 1. Cho B la mét ma trdn m x n vdi cdc sé hang trong truong F ddc s6 0. Chiing ta
goi B la generic néu cdc sé hang khdc 0 cia né déc ldp dai sé (chiing khong théa man mot da
thitc khong dong nhdt 0, véi hé sé trong Q).

Dinh nghia 2. Cho B la mét ma trdn m x n c¢o hang r < n. Ta noi B la dang Edmonds binh
thuong (Edmonds Normal Form, hay ENF) néu B co thé'viét dudi dang mdt ma trdn c6é ma trdn
By lamatrinr x (r 4+ 1) d phia trén bén trdi ma:

(a) r + 1 cét dau tién ciia B tao thanh mot tdp hop phu thudc tuyén tinh nhé nhdt.

(b) Mbi dong cia ma trén B, phia dudi bén trdi la mét t6 hop tuyén tinh cdc dong ciia B, .

B; | Bs

B =
B, | Bs

Dé nhan thiy, moi ma tran B bac m x n c6 hang r < n c6 thé chuyén vé dang ENF bing cach
hodn vi cdc cot va dong. That viy, nhd vao viéc hoan vi céc cot, ching ta c6 thé gia st r + 1 cot
dau tién tao thanh mot tip hop phu thudc tuyén tinh nhd nhat. Ma tran hoan vi B’ xac dinh bdi
r + 1 cot dau tién c6 hang r, nén nhd vao hodn vi cac dong chiing ta cé thé gia st r dong dau
tién tao thanh mét co s§ cho khong gian dong cia B ". Ma tran két qua la mot ENF.

Bay gio ching ta cung xem phép chiing minh cia Edmonds cho dinh ly ctia Hall:

Chitng minh. Cho n 1a s6 lugng chang trai va m 1a s luong c6 gai. Cho ma trn generic m x n
v6i B;; # 0, néu cd gdi thi j quen chang trai thi j. St dung cong thic chuén cho dinh thiic cta
ma tran bang tdng cdc hoan vi, cing v6i generic clia B, ta thiy rang sé ton tai mot cach t§ chiic
cudi hanh phuc khi va chi khi dinh thidc ctia mot ma tran nhé 7 x 1 nao d6 cia B khac 0, va diéu
nay x4y ra khi va chi khi B ¢6 hang > n. Khong mat tinh tdng quat, chiing ta c6 thé gia st (bdng
cach hodn vi cdc cot va dong néu can) rang B 1a mot ENF. Vi cic cot ctia B; phu thudc tuyén
tinh, ton tai mot véc-to v khac 0 trong nhan ctia B. Bing phép khit Gauss, chiing ta c6 thé gi st
toa do clia v 12 nhitng da thiic c¢6 s6 hang khac 0 ctia B;. Nho vao tinh chit (@) ctia ENF, khong
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mot s6 hang nao clia v bang 0. Va dua vao tinh chét (b), mbi dong ctia B, déu truc giao véi v.
Vi B, la geniric, nén B, = 0. Nhung nhu vay thi tap hdp cac chang trai tuong ing véi r + 1 cot
dau tién chi quen véi cic co gdi tuong ting véi r dong dau tién, mau thuln. [

Céc chiing minh bang dai s tuyén tinh xem ra 13 qua mic can thiét so véi phuong phap t6 hop
don gian. Nhung n6 lai c6 vai tinh niing kha hip din: Vi du, viéc 1am sang t mot cach rd rang
dan t6i mot thuat toan xac suit hiéu qua dé kiém tra liéu c6 mot hé dai dién riéng biét (SDR).
(Sé thuan tién néu xem céc sd hang ctia B 1a céc 4n s6). Chiing minh trén dua bai todn vé viéc
xét xem mot da thiic c6 khac 0 hay khong. Vé mit tinh toan 13 khong kha thi d€ tinh cac dinh
thiic con ctia B nhu céc da thiic, nhung néu ching ta thay thé cac gia tri cu thé vao cic an sb,
ching ta c6 thé xdc dinh mdt cach hiéu qué céc gia tri tuong ting c6 khac 0 theo mot mo-dun
nguyén t6 di 16n hay khong. Néu diing thuat toan nhan nhanh ma tran d€ tinh dinh thic thi ta s&
c6 thuat toan tiém cin nhanh nhit d€ xac dinh bai toan hon nhin c6 nghiém hay khong (trong
thuc té, c6 nhiing thuat toan tit dinh chay nhanh hon, va con tim ra c4c ciip ghép).

Cubi cuing, chiing tdi muén dé cap dén dinh 1y Hall c6 thé md rong cho cic trudng hop c6 vo sb
chang trai (nhung s6 co gdi quen tliing chang trai vn 1a hitu han). Su tdng quat nay do Everett va
Whaples dé xuAt. Mot 1an nita ta c6 cach nao t6t hon 12 trich din “Chitng minh tiv Sach” (Proof
from the Book) ctia Halmos va Vaughn, st dung ciu tric diém - tap hop topo dé€ gidm bét trudng
hop hitu han: Néu tip hgp B cdc chang trai 12 vo han, xét mdi b € B va tap G(b) 1a nhiing ngudi
b quen, topo héa céc tip topo rdi rac, G(b) 1a khong gian compact Hausdorff. Viét G theo dang
tich Pé-céc topo cho moi G, theo dinh ly Tikhonov, G 1a compact. Néu {by, bs, ..., b,} 1a mot
tap hitu han chang trai bat ki, xét tip hop H chifa cic phan chia tit ca cic phan ti g = g(b) cia
gsaocho g; # g; v6ib; #b;, j =1,,2,..., n. Hlatip con dong cia G, va dya vao két
qua trong trudng hop hitu han, H khéc réng. Vi hop hitu han cac tap hdp hitu han nén 16p cia tat
ca tap hop nhu H c6 tinh chét giao hitu han, va do d6 c6 giao khic réng. Vi phan ti g = g(b)
trong phin giao ndy thoa man tinh chit g(b) # g(b') v6i moi b # b, phép chiing minh hoan tt.

1. Bai bdo cong bd nim 1950 ctia Halmos va Vaughan, c6 tén 1a “The Marriage Problem”,
duoc ding lai trong cudn sach “Classic Papers in Combinatorics” (bién soan bsi by Gessel
and Rota), cling v6i bai bao ban dau ctia Hall. Bai bao ctia Edmonds nim 1967 c6 tén la
“Systems of Distinct Representatives and Linear Algebra”. Poan chiing minh ciia Edmonds
ma tdi n6i dén & trén dudc 14y tir bai bdo nay [1]. Cac binh luan trén diy vé dinh thiic
va khia canh thuit todn cta bai todn hon nhan dudc trich tif budn sach “Thirty - three
miniatures” cta Jiri Matousek. Cudn sach nay chita mot s6 vi du thi vi vé ching minh cic
két qua t& hop bing dai sd tuyén tinh.

2. Loi giai ctia bai toan Putnam c6 thé xem & [2]. Néu ban thich bai toan nay, & day cé mot
bai toan vui khac dua trén dinh 1y Hall: Néu G 1a mot nhém hitu han va H 1a mot nhém
con chi sb 7. Chiing minh rﬁng ton tai cdc phﬁn td g1, g2, ..., gn thudc G sao cho ton tai
ding mot g; trong mdi 16p ké trdi ciia H va ding mot g; trong mdi 16p ké phai.

3. Richard Rado chiing minh mé rong quan trong sau day cua dinh ly Hall cho matroid: Gia
st A; 12 ho cac tip con clia tip hitu han S dudc danh s6 bdi tap 7 va M 1a matroid trén S.
Khi d6 ton tai mot hé dai dién riéng biét gdm céc phan ti doc 1ap néu va chi néu A, c6
hang it nhét 1a |J| v6imoi J C I. Nhu mdt hé qua vi du, néu Ay, Ay, ..., A, lacic tap
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[1]
(2]
[3]

(4]
[5]

con ctia mot khong gian véc-to V ¢ n chiéu sao cho dim span A; > |J| v6i moi tp con
Je{l,2,...,n},thiVcécosdiay, az, ..., an} véia; € A; v6i moi i.

. C6 mdt phién ban ctia dinh ly Hall v& hon nhan cho siéu do thi dudc phat biéu bdi Aharoni
va Haxell trong d6 c6 dua ra mot chiing minh méi ctia dinh ly Hall dua trén bd dé Sperner
(bd dé nay lai tuong duong véi dinh 1y diém bat dong Brouwer trong td-pd). Xem bai blog
[3] ctia Gil Kalai dé biét rd hon.

. C6 mdt s6 két qua ndi tiéng trong t& hop ma déu “fuong diwong” nhau, theo nghia 13 chiing
c6 thé suy ra dudc tit nhau mot cach kha don gidn. D6 14 dinh ly Hall vé hon nhan, dinh ly
Dilworth, dinh ly ludng cuc dat lat cat cuc tiéu va dinh Iy Menger. Mot dic diém chung
clia tat ca céac dinh ly nay 12 mot vai diéu kién can hién nhién thiy lai chinh 1a diéu kién
di. Co6 thé xem & day [4].

. Mot s bai toan yéu thich ctia toi lién quan dén bai toan hon nhan 12 bai todn hon nhan &n
dinh va bai toan thu ky.

7. Dinh ly Hall dong vai tro chu dao trong bai bao sau [5] cia Zur Izhakian va Louis Rowen

vé supertropical matrix algebra.

. Pinh 1y Hall vé hon nhan c6 thé dugc hi€u nhu diéu kién can va da dé ton tai cip ghép
day dd cho mot do thi hai phe. Tutte da chiing minh mé rong sau diy cho mot do thi bt
ky, khong nhét thiét phai 13 hai phe: Mot do thi G ¢6 cip ghép day di khi va chi khi vé6i
moi tap con U cic dinh, do thi cAm sinh trén phan bu ctia U c6 tot da |U | thanh phan lién
thong véi s6 dinh 18. Tir dinh ly Tutte ta c6 thé nghi dén mot dinh nghia thodng hon vé
“hon nhan”.

https://www.ima.umn.edu/preprints/Feb92Series/918.pdf
http://kskedlaya.org/putnam-archive/2012s.pdf

https://gilkalai.wordpress.com/2012/11/25/
happy-birthday-ron-aharoni/

http://robertborgersen.info/Presentations/GS-05R-1.pdf

http://arxiv.org/abs/0806.1178
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psilon
Tap chi online ctia cong dong
nhitng nguoi yéu toan

VE HANG SO LIEN THONG TREN
LUGI TO ONG

Huynh Céng Bang - Ecole Normale Supérieure de Lyon

Hing sb lién thong trén mot mang ludi 13 dai lugng lién quan dén s6 ludng dudng di khong tu cat
trén lu6i d6 (1udi c6 thé 1a 6 vudng, hay luc gidc (1uéi t6 6ng), ...) Vao nam 1982, mot 1ap luan
dua trén gas coulomb ctia Nienhuis du dodn ring trén mang 1uéi luc gidc, hing s6 lién thong

bing /2 + V2. bidu nay di dudc chitng minh chi tiét béi Duminil-Copin va Smirnov bing cich
st dung phuong phap "parafermionic”.

Ky hiéu ¢, 1a s6 dudng di khong tu cat (SAW) trén mang ludi luc gidc H véi do dai n va bat dau
tu 0. Ta co:

cn > (V2)"

Diéu nay c6 dudc bang cach dém s6 dudng di 1én phia trén va di xudéng phia dudi & budc thi

2k + 1 va s6 duong di ngang & bude thi 2k + 2 v6i k € N.

Ta c6 thé cat mot dudng di SAW c6 do dai m + n thanh hai phin SAW c6 do dai n va m. Do d6
Cm+n = Cm * Cn-

Theo bé dé subadditivity, ta c6

1
limey; = p € («/5 2) and ¢, > u",Vn
1 1
vi p = limce,; = inf(cy).
n n
Pinh ly 1. Dbi véi mang ludi luc gidc, tacé = /2 + V2.
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Mot vai ky hiéu: Ta sé lam viéc trén nhiing trung diém ctia cac canh ctia H . Tap hop tit ci nhiing
diém do6 1a H®.
Taviéta € H°,y : a — E nghia la y bat diu tai a va két thiic tai mot diém trong E C H°.
I(y) =#{a € H :a € y}1ado dai cia y (Vilasb cic dinh thuoc y).
Ta dinh nghia ham sb sau day:

z(x) = Z x'® for x > 0.

y:a—H?®

Ta co

z(x) = Z x'® = ch X = ch cx" o~ Z(Mx)”.

y:a—H?®
Do do,

1
o If x < — then z(x) < 4o0.
i

1
e If x > — then z(x) = +o0.
n

Khi dé, ta chi can chiing minh
1
2+ V2

z(x) < +o0ifx <

va
1

212

z(x) = +o0if x =

i

1 .. 2in
tadatx, = ——————=voij =e 3 .

V2+ 42

Trong muc nay, ta dinh nghia mot 16p ctia SAW 1a cau va ta sé chiing minh rang s6 cau sé ting ti
1& v6i s6 SAW (~ p™) va tir d6 ta c6 thé chiing minh ring

wp(H) = V2 + V2.

DPinh nghia 1. Mot cau n-budc 1a mdt SAW c6 n-budc y sao cho
11(0) < y1(0) < y1(n) Vi =1,2,3,...,n.
trong d6 y, (i) 12 toa do dau tién y (7).
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Ky hiéu b,, 2 mot cau n-budc véi y(0) = 0. Ta dit by = 1.

Tacé by4n > by, - by, do d6

. 1 L
up = lim b," =supby; .
n—+00 n

Hon nta, b," < ujp < u”.
Pinh nghia 2. Mot nifa mit phang n-budc 1A mot SAW cé n budc y véi y1(0) < y1(i), Vi.
Ta dit h,, 12 s6 lugng niia mét phang n bude véi y(0) = 0.
Dinh nghia 3. Do day ciia niia mit phang n buéc y 1a
max y1(i) — min y;(i)
0<i<n 0<i<n
véi by, 4 12 s6 n-budc cau véi do dai A.
n
Tacé b, = Z bn.a.
A=1
Pinh Iy 2. (Hardy-Ramanujan): Cho n € Nx, goi Pp(n) 1as6 cach dé viétn = ny+ny+---+ny
trong d6ny > ny > --- > nx > 1 cho bat ky k, khi do, ta cé

1
In Pp(n) ~ n(%)z asn — +oo.

Ménh dé 1. /, < Pp(n) - b, v6imoin > 1.
bat by = 0, ta dinh nghia
Aiy1 = max D' 1) —rin)
va )
niv = max{j > ni(=1)' (1 () =1 00) = Aisf.

Nghia 1a: n, 12 gia tri cuc dai ctia y,(j) : j > no van, 1a gia tri cuc tiéu cta y,(j), j > ny.

Ta dit h,(ay,as, . .., ax) la sb ndia mit phang n bude véi
K = k,Ai = da;.
Ta co
hy(ay,as,...,ax) < hy(a, + as,as,...,ar)
<...=<

= hn(al +ax+--+ag) = bn,a1+a2+~-~+ak~

hy =Z Z hy(ay,as,...,ax)

k>11=<a1<az<-<ag

= E E bn,a1+a2+-"+ak

k>11=<a1<az<...<ap

<Y Pp(A)-bya < Ppn)-+- Y by
A=1 A=1
b

Do do,
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Ching ta c6 dudc h, < Pp(n) - b,.

Chiing minh nay cung cAp mot phuong phap dé phan tich y thanh nhiing cau c6 do dai giam dan.
Chung ta s€ chiing minh dinh ly sau day cia Hammersley-Welsh cho mang luc giac.

. 2\2 \ . Z
Pinhly 3. Co dinh B > 7 (5) , khi do, ton tai mot hang so n¢(B) sau cho
Vn > ng(B) : cp < bpys-eBVT3,
Chitng minh. Ta sé chiing minh ring

n
Cn = E hn—m : hm+4-
m=0

bit x; = max y(i),m = max{i : u(i) = x;}. Ta x6a di y(m) va thém vao 5 diém gilia
0<i<n
ai,a,,as,dq,ds cua luc giac chia y(m).

Puong di nay (y(0), y(1),...,y(m —1),ay,a»,as, as) 1a mot niia mét phang c6 (m + 3) budc
va (as, y(m + 1), ..., y(n)) 1a mot nita mit phang c6 (n — m) bude. Do do,

Cn =< Z hn—m . hm+3
m=0
St dung ménh dé:

Cp = Zhn—m‘hm+3§ ZPD(n_m)’PD(m+3)'bn—m'bm+3

m=0 m=0

< ZPD(n—m)-PD(m+3)-bn+3
m=0

D=

1
Theo dinh ly Hardy thi: Pp(n) ~ n(g) khin — +00,dodé Jo : Pp(n) < aeB (2)? yei

1

2 2
B>B’>n(§) )

chung ta c¢6 dugc:

Pp(n—m)-Pp(m +3) < a2e3/[\/ R MTH] < q2eB'Vnt3,

Do dé:

n < (n + Do2eB V3 b,

va
3ABy(B),Vn > By(B) : ¢, < BV T3p, .
Hé qua 1. u(H) = pp(H).
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Ta co:

ey < eB«/n+3bn+3 =) <e n phTe

nén (L = Wp.

Ghi chil. Chiing ta c6 cung két qua cho mang hinh vuéng Z? bang cach thay thé n + 3 béin + 1.

2 2\2 o . )
Co dinh B > n(g) khi d6 c6 mdt gia tri ny = no(B) sao cho ¢, < bn+1eB“/ﬁ v6i moi
n = ny.

Chung ta dinh nghia B(x) = Z b,x", nhu vay

< 1
e Neux > —: B(x) = +00
i

. 1
e Neux < —: B(x) < +o0.
i

Mot mién Q 12 hop cia tat ca cac trung diém tir viéc dua ra mot tip hop clia cac dinh V().
Mot trung diém z sé& thudc vé mién © néu it nhAt mot ddu miit ctia canh lién két ctia trung diém
nay thuoc vé& V(). Trung diém nay thudc vé 9Q néu chi c6 duy nhit mot diu miit 1a nam trong
V(§2)

Dinh nghia 4. S6 gbc quay W, (a, b) clia mot SAW y gilia @ va b 1a s0 1an ré sang trdi clia y tru

o L T )
di s0 lan ré sang phai cta y, lay két qua nhan véi 3 khi y di tu a dén b.
Pinh nghia 5. Choa € 02,z € Q, ching ta dat

F(z)=F(a,z,x,0) = Z e~ ioWr(@2) 1)

yCQa—z
A A A 5 . , > ~
Bodél. Neux = x.,0 = 3’ khi d6 F thoa man:

YVoeV(Q):(p—v)F(p)+(@—v)F(@) +(r—v)F(r)=0
trong do p, g, r 1a 3 canh lién két dén v.
Chitng minh. Ta viét

(p—=v)F(p) + (¢ —v)F(g) + (r —v)F(r)
=(p—v) Z eI @) 10 4 (g — p) Z e~ ioWy(@a) (1) 4

y.a—p y.a—>q

(l’ _ v) Z e—iUW,,(a,r)xl(y)

yia—r

trong d6 p, g, r 1a 3 trung diém theo thd tu ngugc chiéu kim dong hd xung quanh v.
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Ta ki hiéu:
={yCcQ:y:a— p}
C,={yCcQ:y:a—yq}
C,={yCcQ:y:a—r}
va
Cjz {yECp:ydiquaqVér}
C)={yeCp:ychidiquagvar}
C, = {y € C, : y khong di qua ¢ ciing khong di qua r}

Ta c6 3 truong hop:

1. If y € C2, talién két y dén ¥, dugdc dinh nghia béi: 7 di qua ciing nhiing trung diém ma y
di qua va thém vao dudng p — r vao . Dic biét, 7 € C,.

2. néuy e C;, ta lién két y dén 7 va )3 di qua 2 trung diém (p, q or p,r ) bang cich mé
rong duong di thém mot budc.

3. néuy € C2,né latrong trudng hop y € C; orC!,
Ta dinh nghia: Néu mot dudng két thic tai trung diém z, C(y) = (z — v)e oW @) 1O
Trong nhitng 14p luan tiép theo, chiing ta s& xem xét mot vai trudng hop:

1. Trudng hop dau tién, ching ta sé chiing minh rang

xé()’) . (p _ U)e_iowy(asp) + (q _ U)e_iawy(a’q)X£()7) =0
We have [(y) = [(7), (¢ —v) = e = (p — v) va

0y p) = wy@) 4y p) = wy )+ (=)

wy(a, p) = wy(a,r) + wy(r, p) = wy(a,r) + 4? = wy(a,r)+ 4%

Do doé . . 5
xé(y) (p— v)e—wwy(a,p) +(q — v)e—wwy(a,q)xé(y)

= (p —v)e iolw@nN=F] | 27, y)e=iolwy@n+37]

T

= [(p—0)e™ + ™ (p—v)e” ¥ JemFren

5i Sim i
=(p—v)e W@ 7 L~ | =0
‘,_4
0

2. Trudng hop thi 2, ching ta sé chiing minh ring
c(y) + (@) +e(7) =0
No6i cach khac,
X0 (p — v)emiowr@p) 4 (g — y)emiowr @ D) 4 (p — y)emiows@n (B =
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Ta co )
I(y) =1y)=1Uy)+1
va )
wf(a, (]) = w)7(a, p) + w)7(p,q) = wy(a,p) + <_§)’
ws(a,r) = ws(a, p) + wy(p,r) = wy(a, p) + %

2im i

g—v=(p—v)e3 . r—v= (p—v)e_zT
Ta viét lai nhu sau:
XD (p — v)e i @D 4 (g — p)e o@D D) | (p _ y)emiows @0 (1) =

2im

S 14+ xe3e

2im i5m

+xce” 3e 24 =0

im,
3

ool

Jim _Tirm

<:>xc(eT+e T)—|—1:O
/4
@—2cos§xc+1:0

b1 1 V242

<:> — e e
%% T 2xe 2

Diéu nay 12 ding bdi vi V2 + v/2 = 2cos % B6 dé da dudc chiing minh
O
Ghi chii 1) Chiing ta c6 thé thiy (1) gidong nhu 1a tich phan r3i rac theo dudng tam gidc trén mot
mang ludi theo nghia sau day. Goi H * la mang Iudi "dual” cua H. Mot dudng:
y:4{0,1,2,...,n} > Hx

(v € H* néu va chi néu v 1a tAm clia cac mit cia H).
n—1
F : H° — C lamdt ham trén H. Chiing ta dinh nghia: ¢ F(z)dz := Z F(

i=0

Vi + YVi+1
T (YVi+1 — Vi)-

¥
If y(0) =a,y(1) = b, y(2) = ¢, y(3) = a va F gibng nhu trong dinh nghia 5, khi dé ta c6
b b
515 F(z)dz = (b —a)F(%) Y (c— b)F(%) t(a— c)F(a er c)

Y
— 2% (p—v)F(p) +2¢%F (g —v)F(q) +2¢F (r —v)F(r)
=0

Tong quat hon, néu y : {0,1,2,...,n} — H* sao cho y(0) = y(n). Chiing ta phan tich y thanh
nhting duong tam giac. Ta co:
¢ F(z)dz = 0.
v
2) Nhitng mdi quan hét nay thi khong thé xac dinh dudc duy nhit ham F nhu trong dinh nghia,
bdi vi s6 bién 12 16n hon s6 phuong trinh. Ching ta c6 thé dua ra hai ham ma thda man mbi quan
hét nay:
F(z)=0,Vze H
F(z)=1,Vze H
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Chiing ta c¢b dinh a € H? gidng nhu 1a gbc toa d6 clia mit phang phiic.Chiing ta xem xét mot
mién doc Q = St dugc tao thanh t 7 day lyc gidc, va phién ban hit han St cat tai do cao =L

T
va goc i?' Chung ta s€ xac dinh V(St) va V(St.1).

binh nghia «, B tuong ting la nhitng bién bén trai, bén phai S7 and €, € 1a nhitng bién phia trén
va phia duéi cua St

Chung ta c6

3T +1
Vz e f,Rez = + )
N ” 1
Bién phia trén € thudc vé duong thang c6 phuong trinh V3 y—x=3L+ 5
N ” 1
Bién phia dudi € thudc vé dudng thang c6 phuong trinh V3 y—x=-3L— 3
Do d6 N
V(ST):%ZEV(H)SOERCZS + }
V(St,L) = {z e V(H): ‘\@Im(z) —Re(z)‘ < 3L}
Chung ta dinh nghia

A= Y«

yCST.L:a—a\{a}

Bra= 3«0

yCST.L:a—>B

Erao= 3«0

yCST,.1.:a—>€Ue

o N 5
Bo de 2. For x = x¢c,0 = g,Tac()

CaAT,L(xc) + BT,L(‘XC) + CeET,L(xc) =1

, 3n T
trong do ¢, = cos R Ce = 08 7.

. . 5
Chitng minh. Chuing ta da chiing minh rang: Néu x = x.,0 = 3 khi dé

Vv e V() : (py —v)F(py) + (g — V) F(qy) + (ry —v)F(ry) =0

trong d6 py, gy, Iy 12 nhitng trung diém ctia 3 canh lién két dén v.. Ching ta cong nhitng mdi
quan hé nay trén tt c4 cich dinh v € V(S7,1) khi d6

YF@) + Y e F@) + Y eTF() + Y e T F(z) =0

zEP zZ€e€ ZE 43

= ZF(Z)—I—Ze%F(Z)—F(—1)ZF(Z)+Z€_%F(Z) =0

zEP zZ€e ZE 43

dac biét,
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elUJT + e—l(TTL'

5w
5 AT,L(XC) = —1 _COS?AT,L(XC) = -1+

e (-D)> F(2) = -

zZew

3
cos %AT,L(xC)

L4 Z F(Z) = eiU.OBT,L = BT,L .
zePB

T712:117(2)—|-e ZF(Z)—e% —3o Z x!0) e B 24 Z X

Z€€ yia—e y:a—€

mi T
e > Xl e Z Xl = (e T te T)ET,L(XC) = cos -Er.1(xe)

y:a—€ y:a—€

Do do, ta co

3 b4
cos ?AT,L(XC) + BT,L(XC) + cos ZET,L(xc) =1

Chu y. Ching ta nhan thiy ring (Ar,z(x.)); and (Br,1(x.)); 1a nhiing ddy ting, khi d6
LETOOAT,L(XC) = Ar(x.) and LETOO BT,L(xc) = Br(x.).
taco
3 b4
cos ?AT,L(xc) + Br,L(xc) + cos ZET,L(XC) =1

va (A7, (xc));, (Br,L(xc)); 1a nhiing ddy ting, do d6 E7,1(x.) 1a mot day gidm, diéu nay suy
ra ring
lim Er(x.) = Er(xc).
L—+4o00
3
Ta ¢ cos %AT(XC) + Br(x¢) + cos %ET(xc) = 1.

Bay gio, chiing ta sé trinh bay phan chiing minh dinh ly.

Trong phin 2, ching ta da chi ra ring u,(H) = p(H). Do d6, chi can chiing minh ring
z(x.) = 4oova B(x) < 400, Vx < x.

1. Chiing minh ring z(x.) = 400:

Chung ta xem xét 2 trudng hop:

+o00 +o00
o If 37y : Ex,(x;) > 0do do z(x.) > Z Erp(x.) > Z E7,(x;) = 4o00. Bdi vi
L=1 L=1
(E1y,1(x¢));, 1a mot day giam.
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3 <
o If VT : Er(x.) = 0, then we have cos %AT(XC) + Br(x.) = 1 v6imoi T. De

dang chiing minh rang
Ar41(xe) — Ar(x) < Ze Bry1(xc)?
do do
cos T A (50) + Bra(xe) — cos = Ar(xe) — Br(x0) = 0
& 0= cos T [Aria(xe) — Ar(xe)] + Broa(v0) — Br(x)

37
< cos ?chT—H(xc)z + Bry1(xc) — Br(x.)

o k¥4 .
Ki hiéu cos < = Cy,taco

CozchT-l-l(xc)2 + BT+1(XC) = BT(XC)-

Chiing ta sé ching minh riang
. 1)1
Br(xc) = mingBi(xc), — ¢ —.
CaXe) T
o na : ryr )
Gia st rang ton tai Tp sau cho Br,(x.) < min{ B;(x.), — ¢ —, khi d6 ching ta c6
CaXc 0

CocchTo(xc)2 + BTo(xc) > BTo—l(xc)

= BTO—I(xc) = CotchTo(xc)2 + BTo(xc)

. 1 )1 . 1 )?%1
< minq By (x.), — + X min { By (x,), —
CaXe TO CaXe

}TL + min{Bl(xc), L} !

1
< min{ B(x;), — —
< min B (x0), ——| ALE

ave

) 1 1 1
<min{ By (x.), —¢| =— + =
CaXe

Bing céch tuong tu, ta c6

1 1
Bt _ < min{ B , ——
To—2(Xc) mm% 1(xc) caxc§ T2

1

CaXe

Bi(x.) < min{Bl(Xc), ; < Bi(x.)

42

https://tieulun.hopto.org



Tap chi Epsilon, S6 08, 04/2016

bat dang thiic cudi cting 1a mot sy mau thuan, do dé
1 1
Br(x;) > min{Bl(xc), —}— forall 7,
CaXe) T
then

+o0 1 +00 1
2(x) = Y Br(xe) > min{Bl<xc), —} — foo
T=1 CaXe

2. Ching minh cua B(x) < 400, Vx < x.

Gia st ring x < x.. Vi By(x) 12 mot cau c¢6 do dai it nht 7 nén

T T
X X X X
Br(x) =) x'® <Y () ()P <> ()P < (—) Br(x;) < (—)
xc xC xC C
bdi vi By (x.) < 1. Nhu vay,

+o0 +o00 o T
B =Y B <Y () <o
T=1 ¢

T=1
béi vi x < x,.

Cho €2 12 mot do thi con clia mang 1udi luc gidc, chiing ta xem xét cAu hinh clia nhiing vong don
gian khong tu cat Q. Cho n > 0, x > 0: Chiing ta dinh nghia do do trén tap hop X cta ciu hinh
nhiing vong don khong tu cat:

IP’(a)) ~ n#loop(a))x#edges(w) )

Ké tlt d6, mot phan giao giita 2 viing sé dudc thém vao. Trong trudng hop ndy, ciu hinh sé dugc
hop gifta cac vong khong tu cit va giao dién tranh cdc vong tif @ vao b. Chiing ta s& mé rong
dinh nghia ctia "paraforminoic observable" trong phan 3.

Pinh nghia 6. Cho u,v € 92,z € Q,n € [0;2], x > 0, ta dinh nghia

Z e—iawy(u,z)xlwln#loop(a))
weeq(u,z)
Z e—iowy(u,v)xla)ln#loop(w)

weeq (u,v)

F(iz)=F(z,u,v,x,n,0) =

trong d6 €q (1, v) 12 mot tap hop ctia nhiing ciu hinh véi giao dién y (SAW ) tit u dén v.
Ghi chii. Cho u, v ¢b dinh, ching ta dit

c = § : e—zowy(u,v)xIa)ln#loop(w)’

weeq (u,v)

khi do6 chung ta co

1 .
F(z) = F(z,u,v,x,n,0) = - Z eio@y (4.2) ylol #loop(@)

weeq(u,z)

véi quy udc 0° = 1 vachon = 0, ta cé:
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e Néu#loops(w) > 0 then P(w) = 0.
o Néu #loops(w) = 0 then P(w) ~ x*ed8es@),

Nghiala X = {SAW}.

N R 1
Ménh de 2. Goi 2 1a mdt mién hitu han cua H vaa,b € 0Q. Pat x(n) = ———— va
2+ +2—n
3 1
on)=1- yp arccos (—n E) va F la "paraformionic observable" khi d6
b/
(p—v)F(p)+(@—-v)F(@)+(r—-v)F@F)=0
trong d6 p, g, r 1a 3 trung diém ctia nhiing canh lién két dén v.
. 2, A 5 « X N ~ > . 2 N
Ghi chu: Neu n = 0 then x = ———, 0 = —. Diéu nay da dudc ching minh trong b6 de 1.
V2+42 8

Chitng minh. Chung ta c6 thé lién két cAu hinh vy, > va y3 (V4. Vs, V)

% 7 7 7
f? I T

C6 dinh mot trudng hop (trudng hop 1, 2, ¥3) Ching ta sé chiing minh rang:

C(y1) + C(y2) + C(y3) = 0.
Noi cach khac,
X191 (p — x)e™ (u, pyn1ooPs@) L ylozl(y _ x)em0r @) pHloops(@2)
+ xlo3l(r = x)emownmnyloors@s) —
trong d6 |w,| = |w3| = |w1]| + 1 va
#loops(wy) = #loops(w,) = #loops(ws),
y,(a.q) = wy,(a. p) + wys(p.4) = wy (@ p) + (=5):

T
w)/3(Cl,}’) = wy(a’ p) + g

2iw 2iw

g-v=(p—-ves . r—v=_(p-ve 3
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Chiing ta viét lai

xllanI(p _ U)e—i(rwy1 (u,p)n#loops(wl)

4+ xrlszI(q _ v)e—iawyz(u,q)n#loops(wz)

+ x,lf’3|(r _ v)e—ivag(u,r)n#loopswa)

— xr|lw1|(p _ v)e—iawyl (u,p)n#loops(wl)

+ x’|1w1|+1(p _ v)eZiT”e—ia[wyl (u,q)—%]n#loops(wz)
2i — s
+ xllwl |+1(p _ v)e_%e 10|:wy1 (u,p)+3% ]n#loops(a)3)

2im io —2in _io
3

Xpe' 3 4+ xpe 3 e 3 =0. Chung ta thay thé o by

N6 thi dé d€ ching minh rang 1 + e
3 1
1-— i arccos(—g) and x, b6i ———, khi d6 ta co

T 24+ V2—n

=14 e%e%’—fxaccos(—% 1 + e_%i”e_éne%arccos(—i 1
V2+42—-n 2+ V2—n
- 1- e—% arccos(—% 1 _ eﬁarccos(—%) 1

V2+2—n 24+ 2—n
(1 n 1 1 n 1
=1—cos| - arccos(——) —_ — oS —arccos(——) _—
4 2 24+2—n 4 2 24+2—n

_ 2005(% arccos(—%)) _0
24+ 42—n

didu nay 12 dng. u

Dinh nghia ctia su bién ddi pha thi tuong ing dén su ton tai clia x. € (0; +00) sao cho

1. Cho x < x.: Xac suit d€ ma dinh a va b 1a trén cing mot vong giam nhanh nhu ldy thira
theo khoang cach gitrta a va b.

2. Cho x > x.: X4c sut d€ ma nhitng dinh a va b 13 nghich do ctia liiy thita theo khoang
cach gittaa va b.

Gia thuyét: Cho n € [—2;2], khi d6 x.(n) =

[1] Hugo Duminil-Copin, Parafermionic observables and their applications to planar statistical
physics models.
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[2] Hugo Duminil-Copin, Smirnov: The connective constance of the honeycomb lattice equals
V2 + V2.

[3] Hugo Duminil-Copin, R. Bauerschmidt, J. Goodman, G. Slade, Leture on the self-avoiding-
walks.

[4] Hugo Duminil-Copin, N. R. Beaton, Mireille Bousquet-Mélou, Jan de Gier, Anthony J.
Guttmann, The critical fugacity for surface adsorption of self avoiding walks on the money-
comb lattice is 1 4+ +/2.
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Tap chi online cua cong dong
nhitng nguoi yéu toan

RONG HEP NHO TO VUA VAN CA
(GIGI THIEU TOPO HOCQ)

Nguyén Huiu Viét Hung
(Truong DH Khoa hoc Tu nhién, DPHQG - Ha Nbi)

C6 nhiing vain dé ctia hinh hoc, nhung lai khong phu thuéc vao kich cd to nhd,
rong hep, dai ngdn ciia cdc déi tuong lién quan. Nhitng van dé nhu thé thudc vé
mot linh vuc dude goi 1a Topé hoc (Topology'). Trong nhitng vin dé thudc loai nay,
chuyén mot manh dét rong hay hep, vudng hay méo chang quan trong gi. (Thé c6 la
khong!) Vi thé, nhitng ngudi budn dit, budn bat dong san ché nén hoc Topo. Néu
nhu vi t& mod ma ho ¢t hoc, ho thé nao ciing ca quyét rang cac nha Topo hoc la
nhiing ké dién, him hip.

Cao dam khodt luin nhu thé khong khéo dé din dén tu bién, mu md, roi dé sinh
ra n6i nham. DE tranh chuyén d6, ta hay bat diu bang mot vai vi du. Doi khi, vai vi
du thuc chit c6 thé dé ra mot ly thuyét, c6 khi con dé ra cd mot nganh hoc.

Leonhard Euler (1707 - 1783), nha toan hoc vi dai nguoi Thuy Si, dudc xem la
cha dé ctia nganh Topod hoc, vi 6ng 12 ngudi dau tién nghién cifu hai bai todn sau day.

1. Bai toan vé bay chiéc cau

Konigsberg 1a mot thanh phd ¢d thudc Vuong qudc Phd va nude Pic cho dén 1945. Sau Pai
chién Thé giéi II, n6 thudc Lién X6 (ci) r6i Nga, va duge goi 1a Kaliningrad. Chi c6 rat it du
tich cua Konigsberg con sot lai ngay nay ¢ Kaliningrad.

O thanh ph6 Konigsberg, ¢6 7 chiée cau. Ching ndi hoic 1a hai bd song, hodc mot bd sdong va
mot trong hai cti 1ao, hodc nbi hai cii lao d6. Xem ban dd sau day:

% ]
:
__.—".g_a'?qq’{' ._; ’ ' '_‘i _ L
AL ot ] am'-r—“?“
by =) TUOE mwm-n‘
" % i .‘., Tl v | T g | I
. S i, :
r ) s

I'Tét c4 cac lién két trong bai déu ctia Ban Bién tap.
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Tir xua, cu dan & Konigsberg da dit cau hdi: Liéu c6 thé di mot 1an qua tat ca 7 chiéc cau ma
khong c6 cau nao phai lip lai hay khong?

Khong can d€ tim nhiéu 1dm dén vi tri cu thé ctia 7 chiée cau. Piéu quan trong nhit ma ngudi
ta quan sat dudc tir bai toan nay 1a nhu sau: Pdy la mot vdn dé ciia hinh hoc, nhung khéng phu
thudc vao do 1on ciia cdc yéu té tham dw (dong séng rong hay hep; nhing chiée ciu dai hay ngin,
to hay bé; cic cli lao 16n nhd thé nao). Van dé chi phu thudc hinh ddng va vi tri tuong ddi clia cac
yeu to.

Khong c6 bang chiing nao con lai ching té rang Euler da t6i Konigsberg. Tuy nhién, ndm 1735
ong da chitng minh ring mong mudn tim mdt cach di qua ci 7 chiéc cau “mot 1an, khong lip lai”
12 khong thé thuc hién dudc.

Chiing ta thi tim hiéu 18i giai ca Euler cho bai todn 7 cdy cau. Trén ban do Konigsberg hiy thay
mdi bo séng, mdi cli lao bang mot diém, goi 1a dinh, thay mbi chiéc cau bang mot duving ndi cic
dinh, goi 12 canh. Hinh thu dudc goi 12 mot dd thi. Bai todn vé 7 cdi cau & Konigsberg thuc chét
1a chuyén cd gang “vé bang mot nét” do thi sau day:

Bai todn nay rit quen thudc véi tré em qua tro choi “vé hinh bang mot nét”. C6 ai thud thiéu thoi
lai chang da tiing dau dau véi cau d6 vé cai phong bi chi bang mot nét?
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Hay bat dau v6i nhan xét don gian sau day: Mdi khi ta di qua mot dinh, thi ¢6 2 canh (2 cdy cau)
xuét phét tir dinh d6 da dugc di qua: Canh di t6i, va canh di ra khéi dinh d6. Nhu thé, méi 1an di
qua mot dinh, s6 canh ndi v6i dinh d6 ma ta chua di qua giam di 2. Cho nén, néu mot dinh c6 sb
canh ndi téi 12 mot s6 chin (goi tat 1a dinh chan) thi mdi 1an di t6i d6 ta ludn con dudng dé thoat
ra ngoai. Con tai mdi dinh 18, chang han c¢6 (2k + 1) duong ndi véi dinh do, thi sau k 1an di qua,
t6i 1an (k + 1) ta sé hét duong dé€ di khdi dinh do6.

Nhu viy, cic dinh 1€ chinh la cic can tré cho viéc “di qua” ma khong phai dirng lai. Chién
thuat cia ta 12 khong xuét phat tif cac dinh chin (néu van con dinh 18), vi néu xuét phat tir mot
dinh chin, khi di khoi dinh d6, chiing ta s& bién dinh chin nay thanh mot dinh 1é trong phan tiép
theo cua tro chai.

Ta chi can xét cac dd thi lién thong, nghia 1a do thi ma giita 2 dinh bat ky ctia né déu c6 it nhét
mot dudng ndi. (Viéc vé mot do thi khong lién thong hién nhén qui vé vé ting thanh phan lién
thong ctia né.) Dua trén nhitng nhan xét vé dinh chan va dinh 18 néi trén, ta c6 thé chiing minh:

(1) Trong mdi dd thi, s6 cc dinh 18 ludn 12 mot sb chan,
(2) Mot d6 thi lién thong khong c6 dinh 18 nao, can ti thi€u 1 nét vé.
(3) Mot d6 thi lién thong c6 2n dinh 18 (n > 0), can tdi thi€u n nét vé.

Céch vé nhu sau: Xuét phat tif mot dinh 18 bt ky (néu c6), vé tuy y cho dén khi khong vé ducc
nita. Khi d6 ta giip mot dinh 1é khac. Nét vé vita roi khit b6t 2 dinh 18 (1a di€ém dau va diém cudi
ctia nét vé&). Lip lai qud trinh trén cho dén khi khong con dinh 1é nao. Trudng hop khdng c6 dinh
1¢ ndo, hiy xuét phat tif mot dinh chin bat ky, vé tuy y cho dén khi khong vé dudc nita. Khi d6 ta
gip lai dinh xult phat.

Chiing t6i khong di sau vao chi tiét chiing minh nhitng khang dinh trén.

Cai phong bi ¢6 5 dinh, trong d6 4 géc 1a 4 dinh 18. Vi thé, khong thé vé phong bi bang 1 nét.
Can it nhit 4/2 = 2 nét d€ vé dudc phong bi.

Trong bai toan 7 ciy ciu & Konigsberg, cé boén dinh, déu 1a c4c dinh 18. Do d6, khong thé vé
dd thi d6 bang 1 nét. Toi thiéu can 4/2 = 2 nét. P 1a 1y do trong subt chiéu dai lich st, khong
ngudi dan nao & Konigsberg ¢ thé di mot 1an qua tit ca cac cdy cau ma khong chiée cau nao bi
lap lai.
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2. Bai toan vé so mat, so canh, va so dinh ciia mot da dién

L. Euler da chiing minh dinh ly sau day, thoat nhin tudng nhu trd choi tré con: Trong bdt cii da
dién 16i nao, s6 mt tric di s6 canh céng véi s6 dinh déu bang 2.

Hay 14y vai vi du.

Trong mot tif dién, s6 mit m = 4, sb canh ¢ = 6, s6 dinh d = 4;
Tacom—c+d=4—6+4=2.

Trong mot hinh hop chit nhat, s mit m = 6, s6 canh ¢ = 12, s dinh d = 8;
Tacingcom —c+d =6—-12+8 =2.

Vi sao lai ¢6 chuyén lic thi 1y dau “cong”, lic lai 1dy dau “trir” trong dinh 1y trén? Xin thua:
Miit 1a mot yéu t6 2 chiéu, dinh thi O chiéu, nhiing yéu t6 chén chiéu thi dugc mang diu cong;
con canh 12 mot yéu tb 1 chiéu, tiic sb chiéu 1é, nén né mang dau tru.

Gibng nhu bai todn vé 7 chiéc cau, bai todn nay cling 12 mot van dé hinh hoc, nhung khong phu
thudc vao do 16n cac yéu t. That vdy, mot da dién dit bé nhu hat dau hay to nhu trai dit thi s6
miit, s6 canh, va s6 dinh ctia n6 ciing khong thay d6i. Nhin xét trén goi y cho suy luin sau day:
Hay tudng tuong da dién 16i dudc 1am bang cao su. Ta hay thdi phong da dién 16i d6 thanh mot
qua béng hinh cau.
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i
@ . |
[.

Céac mit, canh, va dinh ctia da dién bién thanh cdc mit (cong), canh (cong), va dinh trén mit cau.
Nhu thé, dinh 1y trén ctia Euler vé& ban chit 1a mot dinh 1y vé& mit cau: Trong moi cdch phdn mgit
cdu thanh cdc hinh da gidc cong, sé mdt tric sé canh céng sé dinh déu bang 2. Hon nita, moi
hinh thu dudc tit mit ciu bang mot phép bién ddi lién tuc (tuong tu nhu co dan mang cao su) déu
nghiém ding dinh ly nay.

Chiing ta vira dat dugc mot budc tién quan trong trong cich nghi: Bai todn ctia Euler ban dau xét
rit nhiéu ddi tugng, 12 bt cii da dién 18i ndo. Rit cudc, né 1a mot bai toan vé chi mot déi tuong
duy nhét, d6 12 mit cau.

Pat dudc buée tién d6 1a do ching ta sit dung 14p luin vé cdc bién ddi kiéu “co din cao su”.
Ngudi ta goi d6 1a cac phép bién ddi topo.

Bay gid, thay cho mit cAu da néi & trén, hdy 14y mit xuyén (cdi sim 6td) lam thi nghiém. C6 thé
phan chia céi sam bang 2 dudng (¢ = 2), mot duding cit theo vét ming-xong, dudng kia cat doc
toan bo chiéu dai xam. Hai dudng nay cit nhau tai mot di€ém duy nhét (d = 1). Bi cit hai dudng
d6, sdm trd thanh mdt mét hinh chit nhat (;m = 1). Viy, sé6 ma Euler quan tim clia mit xuyén
(sam)lam —c+d =1—-2+1=0.
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Tiép theo, hay 1iy mot mit “xuyén kép”, c6 dugc bang cach dinh 2 chiée sim 6t vao nhau. Ban
hay tu chon mdt cach chia mit “xuyén kép” thanh cac mit gibng nhu hinh vuong (cong), cac
canh (cong), va cdc dinh. Chang han, ta chon cach chia mé ta bang hinh vé trén. Cac dudng dd
va vang cat nhau & 2 diém (1 diém nhin thiy, 1 diém la hinh chiéu thang ding ctia diém nhin
thdy), vay d = 2. Céac dudng d6 va vang dudc 2 dinh Ay chia 1am 4 canh (4 ntta dudng tron),
cong thém 2 duong mau xanh, vdy ¢ = 6. Sau khi cit theo cic dudng 4y mit xuyén kép bi chia
thanh ra 2 hinh chit nhat, viy m = 2. Tacém —c + d = 2 — 6 + 2 = —2. Nhu thé, s6 Euler
ctia xuyén kép 1a —2.

Ta c6 thé dinh nhiéu sim 6td véi nhau d€ tao thanh mot mit xuyén c¢é g 16. S6 ma Euler quan
tam ddi v6i miat d6 bangm —c +d = —2(g — 1).

Trong topd hién dai, dinh 1y Euler dugc tdng quat hod nhu sau: Néu chia bdt cit mot vt thé'n
chiéu nao thanh cdc phan “giong nhu da dién”, thi tong sé cdc phdan vdi chiéu chan trir di tong
6 cdc phdn vdi chiéu 1€ luén la mot hang s, duoc goi la ddc sé Euler, ciia vdt thé do.

Nhu thé, mdi vat thé déu 1a su tdng hoa nhip nhang cla hai phan 4m va duong, chin va 1 ndi tai
clia n6, khong thé thay ddi. Pic sb Euler, ciing con dudc goi la dic sd Euler — Poincaré (bdi vi
Poincaré (1854-1912) chinh 12 ngudi dau tién y thiic dudc chuyén nay & trudng hop s chiéu tuy
y), clia mot vat thé chinh 12 mot loai “ban thé”, mdt loai “chirng minh thu”, mot “ID Card”
ctia vat thé Ay.

Heé qua 13, néu hai vat thé c6 dic s6 Euler khac nhau, thi ching khong thé cai ndy bién thanh ci
kia sau mot phép bién ddi thuin nghich lién tuc (ki€u nhu co din cao su). Ngudi ta néi hai vat
thé d6 khong cing kiéu topo.

Nhu thé, mit ciu, mit xuyén, va mit xuyén kép khong cung kiéu topd, vi chiing c6 dic sd Euler
khéc nhau (tuong ting bang 2, 0, va —2). V& mit truc gidc, vi sao chiing khong cung kiéu topd?
Ly do that don gian: Mt cau khong c6 16 nao; mit xuyén c6 116 (1a cai chd ngudi ta vin chui
vao dé bién sim thanh phao bai); con mit xuyén kép c6 2 16. C4c nha t6pd bao mat Xuyén c6 1
16, nén c6 gidng (genus) bang 1; mat xuyen kep c6 216, nén c6 gidng bang 2; mit cau khong c6
16 nao, nén c6 gidng bang 0. A ra thé, phai 6 16 thi glong mdi khong bi triét tieu. Cac nha
topo that gidi om o.

Riemann con chiing minh mot dinh 1y that thim thuy: Moi mit 2 chiéu tron (tific min mang), bi
chiin (c6 thé giit trong mot cin phong), va c6 hudng (tiic 1a phan biét dudgc phia nao 1a ngoai da,
phia nao 1a trong thit) déu xdc dinh dudc vé mit topd chi bang cach dém sb 16 trén né. Cha cha,
phdi mai Picasso dén diy méi dugc.

Nhiing chuyén ké trén c6 thé dan ching ta dén nhitng gi? Sau day 13 mot két luan that kho tin.
thng dinh: Dii cé nhao nédn mot cuc bot, hinh cdi banh mi, ky dén mikc nao, mién la hinh clia
cuc bot liic ddau va khi théi ndn vdn la cdi bdanh mi, ndn xong lai dé cdi bdanh vao diing chdé cii,
khi do luén luon cé mot hat bot mi khong thay doi vi tri.

That viy, sau mot phép bién ddi lién tuc 2 chiéu, cuc bot hinh c4i banh mi dudc bién thanh mot
hinh cau B. Goi S 1a mit cau bao quanh B. Khang dinh trén dugc chiing minh bing cac budc

suy ludn sau day:
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1) Khong c6 phép bién d6i nao bién B thanh S va van giit nguyén moi diém trén S. (Y chiing
minh: Gid st ton tai mot phép bién ddi nhu thé. Trude phép bién ddi, S 1a bién ctia B, sau phép
bién d6i S phai 1 bién cta chinh S. Diéu nay vo ly.)

2) Gia st phan ching, sau nhao nan khong c6 hat bot mi nao gitt nguyén vi tri. Gia st hat bot
mi x dudc bién thanh f(x) sau nhao nin. Ntta dudng thang nbi f(x) véi x (kéo dai) cit mit
ciu S tai mot di€m duy nhét, ky hiéu g(x). Phép bién ddi x thanh g(x) chinh 1a mot phép bién
hinh lién tuc, bién B thanh S va giit nguyén moi diém trén S. (Néu x nam trén S, thi nita duong
thang ndi f(x) v6i x cat S tai chinh x.) Piéu nay mau thuan véi di€ém 1). Mau thuin nay bac bd
gia thiét phan ching.

g(x)

Hai bai toan dudc Euler nghién ctru néi trén 1 nhiing vi du don gidn ctia cdc vin dé hinh hoc
trong d6 kich ¢6 khong quan trong, chi c¢6 hinh dang va vi tri tuong d6i déng vai tro quyét dinh.
Nganh to4n hoc nghién cifu nhiing vin dé nhu vy ngay nay dudc goi 1a Topd hoc (Topology).

Ngim cho k¥ thi chuyén kich ¢d khong quan trong da dudgc tao hoa duy tri nhu mot trong nhiing
nguyén ly hang dau, déng vai trd “ddm bdo an ninh” khong chi cho xa hoi loai ngudi, ma cho
toan bo cac gidng loai trong tu nhién. Néu mot ngudi mua nham doi gidy, chat qua hay rong qua,
tiic 12 ngudi dy gip mot van dé vé kich cd, thi anh ta dem ddi. Thé nhung, néu ngudi 4y lay vo, va
néu nhu anh ta cling gip mot van dé vé kich cd, rdi doi ddi, thi nguy hiém vo ciing. Va néu rét
nhiéu ngudi sau khi 1y vo cling gip vin dé vé kich ¢d nhu thé, déu can phai d6i, thi xa hoi chic
chan sinh loan.

Ba chiia thd nom Ho Xuan Huong (1772-1822) chinh 1a nha Topd hoc dau tién ctia Viét Nam,
ngudi bang truc cam tuyét voi da phat bi€u tuong minh nhing y tudng tio bao ctia tdpd tit hon
200 nim trudc. Khong nghién ciiu bai todn vé 7 cdi cau hay bai toan vé sd mit sd canh sb dinh
trong da dién, nhung bang mét tiép cin ddy man cam, ba da nhan ra chuyén nay tir xua. Ba viét
that nhan van:

“Rong hep nho to viea vdan cd
Ngdn dai khuén kho cing nhw nhau”.

Hai cau thd do trich trong bai “Dét ctii” cua ba:
“Thdp ngon den lén thdy trdng phau
Con co* mdp mdy sudt canh thdu

Hai chdn dap xudng ndng ndng nhic,
Mot sudt dam ngang thich thich mau,
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Rong hep nho to vita van cd
Ngdn dai khuén khé ciing nhu nhau
Co nao muon tot ngdam cho ky
Cho dén ba thu mdi ddi mau.”

Nhu thé, H6 Xuan Huong (1772-1822) doc 1ap va gan nhu dong thdi véi L. Euler (1707-1783),
da phat biéu tudng minh quan di€ém co ban clia tdpd hoc. Nit si ho Ho qua 1a di khéi dau day
sinh khi cho ddm hau sinh 1am t6pd ctia Viét Nam, trong d6 ¢ ké hoc tro viét bai nay:

“Mdt mdt anh hiing khi tdt gio
Che ddu qudn tit liic sa mua”.

Theo dudc Ho nit s qua 1a khé. May sao,

"Mdi gbi chon chdn van mudn tréo”.
Vay ma lai bdo cdc nha Topd 12 ham thi nghe thé quai nao dudc, hd gioi.
Vi thanh:

Lao Co-nha-dét doc xong bai nay cudi phd 1én, ma rang: “Co mdnh ddt ciing khong biét né to
hay bé, vuéng hay méo, lai bdo rang nhw nhau tudt. Thé thi nghéo sudt doi la phdi. Bon topé nay
xem ra chi lo chuyén giong théi.
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Tap chi online ctia cong dong
nhitng nguoi yéu toan

CAC BAI TOAN DOAN BAI

Dang Nguyén Duc Tién
(Dat hoc Trento, Italy)

San khéu biing sang trong tiéng ho reo vang doi.
Va nha 4o thuat hién ra, sang sang noi.

“Cdc ban, cdc ban clia t6i 0i, tro do thudt bai hay nhdt dém nay dang cho doi. Pay,
hdy chon 5 ld bai ngdu nhién. Chon nao, ban t6i oi, ngdu nhién ciing duoc hay suy
tw cdn trong déu ciing chang sao.

Chon di ndo, that kin ddo khéi moi con mdt thé gian.

Lua chon xong hdy giao cho ngudi trg Iy ciia toi nhitng Id bai ciia ban. Roi anh ta sé
dua lai bén ld trong s6 do cho toi.

Xem nao, tung ld mot:
Bdy bich, dam co, tdm chuéng, cudi cing la ba ro.

Gio trén tay nguoi tro Iy chi con lai mot, duy nhdt mot ld ma thoi. Mot ld bai ma chi
anh ta va nguoi lua chon biét la gi.

Nhung con mdt ciia nha do thudt, doc dwoc thdu tam can.

Ban téi oi, do chinh la gia bich!”

Tiép nbi nhiing s6 truée, chuyén muc giai tri ky ndy tran trong gidi thiéu véi doc gia mot loat cic
bai toan dd, va ky nay 1a cac bai toan dodn bai. Nhu thuong 18, chiing t6i bat ddu chuyén muc
bang bai toan kinh dién nhit va bai toan khdi diu cta 1an nay 1a bai todn nim 14 bai cia Fitch
Cheney. Bai todn 1an dau tién dudc in trong quyén Math Miracle ctia tic gid Wallace Lee vao
ndm 1950. Trong quyén nay, tac gid da ghi nhan tac gia bai toan 1a William Fitch Cheney (1894
- 1974), van dugc goi mdt cach than mat 1a Fitch - nha 4o thuat. Theo tac gia, trd 4o thut nay
dudc Fitch sang tao vao khoang nhitng nim 1920 va ching tdi dd muon chi tiét nay dé viét lai
thanh 13i tua cho chuyén muc ky nay. D€ don gian hon cho viéc tiép cin bai toan, ching toi phat
bi€u lai bai todn & dang todn d6 nhu sau:

Hai ngudi A va B tham gia mot trd chdi nhu sau: A dugc nhan ngau nhién 5 14 bai tir bd bai
chuin 52 14 va B khong biét A nhan nhiing 14 bai nao. Sau khi xem xong, A dugc phép git
lai 114 thy y va dua 1an luct 4 14 con lai cho ngudi quan 1y tro choi. Ngudi quan 1y sé 1an
lugt dit cac 14 bai vao céc vi tri dude danh sb cho trude tir 1 dén 4. B nhin vao 4 14 bai d6
ctia A va dudc yéu ciu doan 14 bai con lai, néu doan diing, ho thiang tro choi, néu doan sai,
ho thit bai. Tim chién thuat cho 2 ngudi d€ ho ludn luén chién thing.
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Thoat nhin, diéu nay 12 khong thé vi véi 4 14 bai, chiing ta chi c6 thé t& hop thanh 4! = 24 trudng
hop khdc nhau, trong khi bd bai chuin c6 52 14. Tuy nhién, véi mot chit may mo va kién nhan,
han ban doc sé nhanh chéng tim ra cach thic d€ khdm ph4 ra bi mat doan bai clia nha o thut.
O day, chiing toi gi6i thiéu mot cach gidi don gian nhu sau:

- Vi ¢6 5 14 bai, nén chic chin ton tai it nhit 2 14 bai dong chit (cung 1a cd, clng rd, ciing chudn
hodc cung bich). Goi 2 lanay la M va N.

- Vi mbi chit bai c6 13 14 khic nhau, nén ta luén tim dugc cich ‘dém t6i” d€ khoang cach cta 2
14 t6i da 12 6 (va ti thiéu 1a 1 do M va N cung chit, khong thé bang nhau). Vi dunéu M = 7
va N =Bai thi khoang cachla 4 visau 71a 8,9, 10 va bdi, 4 14. Néu M = bodi va N bﬁng 3 thi
khoang céch 13 5 vi sau bodi 1a dam, gia, at, hai, ba, 5 14. Khong mét tinh tdng quat, ta gan M cho
14 du tién va N 1214 dugc ‘dém t6i’.

- Chién thuat 12 gitf lai 14 N va dit1a M & vi tri s6 1. 3 14 con lai, ludn c6 thi tu 16n nhd ngdm
dinh truée (vi du thi tu choi tién 1én nhu cd 16n hon rd, 6 16n hon chudn..) nén cé thé tao thanh
6 hoan vi khac nhau, mdi hodn vi ting véi 1 s cho biét khoang cich ctia M va N.

- Nhu vy, v6i cach hoan vi 3 14 con lai & vi tri 2, 3, 4 va 14 dau tién 1a 14 M, ta biét dudc chit
ctia N va khoang cich tit M dén N, nén x4c dinh dudc N.

Liéu rang ta c6 thé lam t6t hon, nghia 1 ¢6 thé tim ra 14 bai bang 4 14 con lai trong mot b bai
16n hon, vi du 100 1a thay vi chi 52 14 chang han?

Hay quay lai tro 4o thuat véi cai nhin toan hoc hon mét chit: ching ta hay xem mot bd 4 14 nhan
dugc tu trg ly 1a mot thong di€p, do vay cd 52 x 51 x 50 x 49 thong di€p khac nhau. Nha do thuat
thiy 4 14 bai va phai doan 14 con lai, diéu nay nghia 12 nha 4o thuit chi can phai doan trong td

52 .
hgp chap 5 cta 52 truong hgp. Vi ( 5 ) = 52 x 51 x 50 x 49 x 48/5! nén so lugng thong diép

ma nha 3o thuit nhan dudc 12 qua du so véi sb trudng hop, gip 5!/48 = 2.5 1an. Va thatsula ta
c6 thé giai quyét bai todn vdi 124 14 bai chi khong phai chi véi 52 14.
Chién thuat cu thé d€ véi 4 14 bai c6 thé tim ra 14 con lai trong s& 124 14 bai ching tdi xem nhu

mot bai tap danh cho doc gia. Gai y: dua trén sd du khi chia cho 5.

Téng quét héa bai todn, cho m 14 bai ldy tif 1, ¢6 thé chon gitt lai m — 1 14 d€ tir d6 xac dinh
dudgcen 14 con lai khi vachi khin < m! +m — 1.

Tiép tuc md rong, v6i bo ba (m,n, k), n > m > k, v6i m 14 bai ldy ra tli bd bai n 14, c6 thé chon

gitt lai k 14 sao cho tut d6 xac dinh dugc m — k 14 con lai khi va chi khi:

(”) <nn—=D(n—-2)...(n—k + 1),
m

V6i bai toan 5 14 bai cua Fitch Cheney tuong duong bd 3 (52, 5, 4).

Viéc chitng minh chi tiét két qua nay nam ngoai khudn khd ctia mot bai todn giai tri, chiing toi
chi gi6i thiéu y van tat thong qua ly thuyét dd thi nhu sau: Xét mot do thi hai phia G véi hai tap
phan biét S va T trong d6 S 1a tap tAt ca cdc bd m 14 bai 14y tl n 14 va T 1a tap tAt ca cic cach sap
xép k 1a. Mot cip ghép trén dd thi G chinh 1a chién thuat can tim. Theo dinh ly Kénig-Egervary,
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d6 16n cuc dai ctia mot cip ghép trén d thi hai phia bang diing kich thudc cia tap dinh phii nhd
nhét (c6 thé dan vé bai todn ludng cuc dai - 1at cit cuc tiéu), va diéu kién tdi uu sé dat dudc khi
S| =1T1.

Trong loat 3 bai toan tiép theo, ching t6i sé& trich chon gi6i thiéu tii tic gia quen thudc ctia chuyén
muc toan hoc gidi tri, Stan Wagon qua cac bai todn sd 922, 1219, va 1223.

Va day, bai toan 922, bai toan 55 14 bai:

C6 55 14 bai, dudc gan cac s khac nhau tir 1 dén 55 va dit ngiu nhién, Gp mit, thanh vong
tron. Ctt mbi 1an ta sé dudc 1at mot 14 bai va xem sé trén d6. Tim chién thudt 14t bai it nhit
sao cho tim dudc 1 14 bai chic chin c6 gid tri 16n hon 14 bai bén trdi va bén phai ctia né.

Bai todn nay dudc Stan Wagon gi6i thiéu nim 2000, va theo dng né bat ngudn tir bai toan
Sharygin dang trén trang cut the knot.

Ddp 4n ctia bai todn 1 can tbi da 10 1an md bai, ta s& ludn tim dude mot 14 ¢6 gid tri 16n hon hai
14 hai bén.

Chung t6i gidi thi€u ¢ day mot 101 giai nhu sau:

- Goi f(x) 1a gia tri ctia 14 bai tai vi tri x. Khi d6, xét mot bd 3 vi tri (m, n, k) batky, ta ludn tim
dugc mot 14 bai 16n hon 2 14 con lai. Khong mét tinh tdng quat, gia st 14 bai d6 14 n, 14 bén trai 1a
m va bén phai 12 k (do céc 14 bai xép thanh vong tron nén ta ludn tim dudc bd 3 théa man diéu
kién nay). Khi d6 f(m) < f(n) va f(n) > f(k). Ta goi mot bd 3 c6 tinh chat nhu vay 12 tinh
chit S, nghia 12 14 & gifta c6 gid tri 16n hon 2 14 bén trai va phai.

- Gia stt [n —m| > 1, nghia 12 2 14 m va n khong nim ké nhau. Chon mét 14 ¢ bat ky & giita m va
n. Cé hai trudng hop: Néu f(¢) > f(n),tacébd 3 (m,t,n) cé tinh chit S. Néu f(¢) < f(n),
taco bd 3 (¢,n, k) c6 tinh chat S. Nhu vay, du & trudng hop nao thi bd 3 méi tao vé6i ¢ déu c6 cac
chi s6 gan hon so v6i bo 3 (m,n, k). Va cit 1am nhu vy, cudi ciing ta sé thu dudc mot bd 3 ma
khoang cach cic 14 bang 0, hay néi cach khéc, 1a 3 14 lién tuc théa man tinh chét S, ciing chinh la
yéu ciu clia dé bai.

- Tiép tuc don gin héa, véi mdi bd (m, n, k) ta cé khoang cach gitta cac lala {n—m—1,k—n—1},
tiic 12 s6 14 bai & gilta c4c 14 cia bo 3 ny. Nhu vAy muc tiéu ctia bai toan 13 tim ra bo 3 c6 khoang
cach {0, 0}.

- D€ riit vé dugc {0, 0} trong tinh hudng x4u nhét thi trude dé sé 1a {0, 1} (ching ta dang xét
trong tinh huéng xau nhét, khong quan tim dén may rii). Lan ngudc tiép tuc, ta c6 bd 16n nhat
trong tinh hubéng xAu nhét c6 thé dua vé {0, 1} 1a {1, 2}. Luu y, & diy, khong mét tinh téng quat,
ta thiy khoang cach trdi hay phai 12 nhu nhau, nghia 12 {1, 2} tuong ting véi {2, 1}.

- Tiép tuc 1an ngugc ta c6: {0, 0} < {0, 1} < {1,2} < {2,4} < {4,7} < {7,12} < {12,20}.
- Nhu vy, khéi diém ta c6 thé chon 14 bai a bat ky, sau d6 chon 14 bai b cich a 12 14 bai § giita,
va sau d6 chon tiép 14 bai ¢ cach b 20 14. Khi d6, ta c6 néu f(a) hodc f(b) 1214 16n nhét trong 3
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14 thi ta chi m& thém tbi da 6 14 nita la sé chac chan dua vé dudc 0, 0. Néu f(c) 16n nhét, ta ton
thém mot 1an mé dé dua 20, 20 vé 12, 20. Trudng hop nay ta can t6i da 7 1an md bai.

- Vay trong tinh huéng x4u nhit, ta ton t6i da 10 1an md bai.

Va, v6i cach 1am nhu trén, néu dé y ta s€ théy s6 14 bai t6i da véi n 1an 14t bai ta sé chéc chin tim
duge mot 14 bai c6 gia tri 16n hon hai 14 bén canh chinh 1a s Fibonacci thi 7.

Bai todn nay dudc Stan Wagon phat biéu nhu 12 mot bai todn vé cai nguc, & day ching toi phat
biéu lai v6i dang tro choi dodn bai, nhu sau:

A va B tham gia mot tro chdi véi ludt nhu sau:
A va B dugc mdi vao mot phong riéng d€ chd goi ra tham gia trd choi.

Pau tién, ngudi dan trd sé mdi A ra va cho A xem mot bo bai chuin 52 14 duge xép ngira
mit thanh mot hang. Sau khi xem xong, A c6 quyén chon 2 14 bai bat ky, néu mudn va ddi
chd 2 14 nay. Sau d6, ngudi dan tro 14t tp lai toan bo cac 14 bai (gitt nguyén thit tu) lai va mdi
B ra. Ngudi dan trd sé n6i tén mot 14 bai T tly ¥, va cho phép B 14t céc 14 bai 1én d€ tim ra 14
bai T nay. Néu sau t6i da 26 1an 1at bai B tim dudc 14 bai 7', ho chién thang tro choi. Ngudc
lai, néu sau 26 1an 1at bai ma B khong tim ra 14 7', ho thét bai.

A va B trong qua trinh choi khong dugc c6 bt cif trao d6i gi véi nhau, va ho chi dugc trao

ddi chién thuat v6i nhau trude khi choi. Hay chi ra chién thuat cho A va B d€ ho ludn c6 thé
thang tro choi.

S6 26 trong dé bai 1a mot trong nhiing godi y quan trong trong viéc tim ra chién thuét. Trong phan
nay, ching toi gidi thiéu mot chién thuat dua trén chu trinh nhu sau:

- Pau tién A va B ngam dinh déanh s6 céc 14 bai ti 1 dén 52. Khi B dudc ngudi dan tro cho biét 14
can tim 1214 bai 7', B s m& 14 6 vi tri T. Néu 14 d6 diing 1214 7, B da tim ra va dimg. Ngudc lai,
néulado co giatri f(T) # T, B sé md tiép 14 bai & vi tri £(T') tuong dng va tiép tuc nhu viy
cho dén khi gip T.

- Mot chudi cac 14 bai nhu vy (bat dAu tit mot vi tri x, sau d6 mé tiép vi tri f(x) trén 14 bai tai x
va tiép tuc cho dén khi giip 14 x), dudc goi 12 mot chu trinh. Va vi toan bod bd bai chi ¢ 52 14,
nén chi c¢6 thé ton tai nhiéu nhit mot chu trinh ¢ dd dai hon 52/2 = 26. Do vay, chién thuat cia
A 12 tim ra chu trinh dai hon 26, néu c6, va ddi chd 2 14 bai dé cat ngan chu trinh nay thanh 2 chu
trinh khong vugt qua 26.

- Viéc "cat" chu trinh ctia A thuc hién kha don gian nhu sau: khong mét tinh téng quat, gia si
chu trinh daihon261lal -2 -3 —.--— N (nghiala f(1) =2, f(2) =3,..., f(N) = 1),
Itic nay ta chi don gian hodn ddi vi tri 14 thi 26 va 14 thid N thi ta sé ¢ 2 chu trinh ngan hon 12
1-2—-3—---—Nva27—-28—---—26.

Mot cau hoi kho hon duge ching tdi xem nhu mdt bai tdp danh cho doc gia la v6i cach lam nhu
chién thuat & trén, ky vong dé€ B tim ra 14 bai T ngiu nhién bat ky trong sb 52 14 bai £(52) 1a
bao nhiéu? Va tdng quét vdi n 14 bai thi ky vong E(n) 1a bao nhiéu? Vi du ta c6 E(2) = 1,
E@3)=11/9.
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Bai todn cubi cling ma chung tdi gi6i thiéu & chuyén muc 1an nay 13 mot phat trién ctia bai todn
trudc, phat biéu nhu sau:

A va B tham gia mot tro choi véi luat nhu sau:
A va B dudc mdi vao mot phong riéng dé chd goi ra tham gia trd choi.

Pau tién, ngudi dan trd sé mdi A ra va cho A xem 5 14 bai, ddnh s6 tir 1 dén 5 va dudc xép
ngtia mit thanh mot hang. Sau khi xem xong, A c6 quyén chon 2 14 bai bat ky, néu mudn va
ddi chd 2 14 nay. Sau d6, ngudi dan tro 14t dp lai toan bo cac 14 bai (gitt nguyén thy tu) lai va
moi B ra. Ngudi dan tro sé néi ngdu nhién mot sé nguyén 7Tty y trong khodng tii 1 dén 5
va yéu cau B tim 14 bai c6 sb tuong ting trong sd cac 14 bai dang 1at dp. Néu sau diing 1 1an
lat bai B tim dudc 14 bai T, ho chién thang trd choi. Ngudc lai, ho thit bai.

A va B trong qua trinh choi khong dudgc cé bit cif trao d6i gi v6i nhau, va ho chi dudgc trao
ddi chién thuat v6i nhau trudc khi choi. Hay chi ra chién thuit cho A va B d€ kha ning chién
thang tro choi 1a cao nhét.

Ta c6 thé thdy néu B chon ngiu nhién 1 14, khong quan tim dén A, kha ning ho thang tro chdi 1a
1/5. Néu A luén ludn ddi chd 14 bai sao cho 14 1 sé nam & vi tri 1 va chién thuit ctia B 1a néu
T = 1thi s mé 14 & vi tri 1, ngugc lai mé ngiu nhién cac 14 & vi tri tir 2 dén 5. Liic ndy, x4c suit
chién thing 12 2/5 = 40%.

Néu A va B sit dung chién thut cit chu trinh nhu & bai todn trudc, xdc suit chién thang ctia ho 1a
bao nhiéu? Ta thiy, vdi chién thuit ngay thi B s& md 14 bai & vi tri T khi ngudi dan trd cho biét
12 can tim 1a T'. Stan Wagon, do vay, ky hiéu cho chién thuat nay 13 (12345) ng véi cac vi tri
s& md bai tuong ting. Chién thuit cia A nhu sau: néu A gip 1 ciip bi hoan d6i vi tri, A s& hodn
d6i vi tri cdp nay lai cho diing. Ngugc lai (nghia 1a khong c6 cip bi hodn d6i vi tri), A sé tim
chu trinh ¢6 d0 dai k > 3 va cit thanh chu trinh nay, néu c6, thanh chu trinh ngén hon c6 do dai
k — 1 va mot 1a roi. Dé thiy, néu khong c6 chu trinh k, cdc 14 bai da nam ding vi tri tit 1 dén 5.
Vi cach 1am ndy c6 tt c 284 trudng hop B sé tim ding 14 T trong s6 5.5! kha niing, do vay xdc
suat d€ ho thing tro choi la % = 47%%, 16n hon 7%% so v6i cach lam & trén.
Stan Wagon dua ra cach tim cong thiic tdng quat dé tinh s6 trudng hop thanh cong f(n) véi n 14
bai véi chién thuat nay la:

f(n)=2n!'—1+4+ T(n)
v6i T'(n) 1a s6 luong cac hodn vi clia n sd nguyén dau tién trong d6 c6 ton tai it nhat mot ciip bi
hoan déi vi tri. Mot vai gia tri T'(n) dautién1a 0, 1, 3, 9, 45, 285, 1995. Trong truong hop dau
bain = 5,tacd f(5) =2.5!—1+ T(5) = 2.120 — 1 + 45 = 284. Chiing minh chi tiét cia
T(n) va f(n) c6 thé xem thém tai trang nha ctia Stan Wagon.

Tuy nhién, cong thiic tdng quat & trén khong phai 1a diém thd vi cla bai todn ma 1a két qua bat
ngd sau day: chién thuat (11345) sé c6 kha ning thanh cong cao hon chién thuat (12345)! Va day

cling chinh 13 chién thuat t6i vu. Chién thuat nay tém tat don gian 1a sau khi nghe ngudi dan tro
nodilabai 7', B s€ 1at 1a bai 6 vi tri T tuong Gng, trit trudng hop 7 = 2 thi B sé 1at 1a bai § vi tri 1.
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. 4 o a2
Tong so kha ning thanh cong theo chien thuét nay 1a 286 va do vdy xac suat thang 1gi la 475%,
1 ) ’
cao hon 5% so v6i chién thuét (12345). Chién thuat nay dugc Stan goi 1a double-door (cta doi).
Mot cau hdi mé van chua dudc giai ddp 13 v6i bd bai chudn 52 14, chién thuit nao 12 t6t nhat? Va

véi n tong quat? Hién tai, két hop khao st bang mdy tinh, Stan Wagon, tic gia ctia bai todn ciing
chi méi chiing minh va dé xuat dudc cach 1am tdi uu cho 7 trong pham vi tir 1 dén 10.

Doc gia c6 thé tham khéo chi tiét hon cho céc bai toan gidi thiéu & chuyén muc 1an niy & cic dia
chi va tai liéu sau:

1. Cac bai toan cua Stan Wagon tai http://mathforum.org/wagon/

2. Kleber, M., The Best Card Trick. Mathematical Intelligencer, 24 (2002).

3. Simonson, S. and Holm, T., Using a Card Trick to Teach Discrete Mathematics. Primus:
Problems, Resources and Issues in Mathematics Undergraduate Studies, 13 (2003):248-269.
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Tap chi online ctia cong dong
nhitng nguoi yéu toan

XUNG QUANH DINH LY BROKARD

Nguyén Tran Hiu Thinh
(Truong THPT Chuyén Lg Tu Trong, Can Tho)

Bai viét nay sé néi vé cc vin dé xoay quanh dinh ly Brokard quen thudc va dugc
trinh by bang cac cong cu hinh hoc phang thuan tudy.

Dinh ly Brokard [1] néi vé tam gidc dudc c6 céc dinh la giao diém cia céc cip dudng thflng tao
bdi mot tf giac nodi tiép va nhan tAm ngoai tiép cla tif gidc Ay 1a truc tAm. Ban than Brokard ciing
12 mot trong nhiing vién ngoc quy va cé nhiéu tng dung trong cic cudc thi hoc sinh gidi cac
nu6e. Sau day toi xin trinh bay lai mot cach chiing minh dinh 1y nay thong qua mot bs dé c6 kha
nhiéu ng dung nhu sau:

Pinh 1y Brokard. Cho t gidc 16i ABCD khong 12 hinh thang noi tiép dudng tron tam O.
Goi E, F, G lan ludt 1a giao diém ctia AB va CD, AD va BC, AC va BD.Khi d6 O 1a truc
tAm ctia tam gidc EFG. Loi giai sau dudc rit ra tit y tuéng ciia thay P6 Thanh Son v& van dé
giao diém cia céc tiép tuyén trong mot dudng tron.

Ta c6 bd dé sau:

Bé dé 1. Goi H,I,J,K,L, M theo thu tu 12 giao di€m clia cac cip dudng thezmg (dg;dp),
(dasdc), (da:dp). (dp:dc). (dp;dp). (dc;dp)'. Khid6 cacbd di€m (I; E; L; F), (F: M;G; H),
(E:K;G:J) thﬁng hang.

Chitng minh. Do vai trd ctia E va F 13 binh ding trén dudng thang I L nén ta c6 thé gia st E

nam trén doan thing 7 L. Goi E 1a giao diém ctia AB va I L. Ap dung dinh Iy Menelaus cho tam
giac I HL vé6i cat tuyén ABE dugc:

Goi E’ 1a giao diém ctia CD va I L. Tuong tu ta ciing dudc:

E'T Cl Al

E'L DL BL

Diéu nay chiing t6 E va E’ chia trong doan I L theo cung ti s6. Do d6 E trung E’. Nén véi E 1a
giao diém AB va CD thi I, E, L thang hang.
Tuongtu I, L, F thflng hang. Vay bd diém (/; E; L; F) théng hang.

D¢ tién cho viéc chiing minh, ta quy uéc dg 1a tiép tuyén tai K clia duong tron di qua K.
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V6i cach chitng minh nhu vy ta ciing suy ra dudc cac bo diém (F; M;G; H), (E;:K;G;J)
thang hang.

Mot cach khdc, ta ¢6 thé ap dung dinh 1y Pascal cho luc gidc suy bién thanh ti giac ABCD dé
suy ra cac bo diém néu trén thang hang. [

Quay lai bai toan,

Chitng minh. Ta c6 BOCK va AODJ 1a nhiing i gidc noi tiép. Mit khac do ti gidc ABCD
ndi tiép nén:

FC.FB = FD.FA

Nén F nim trén truc dang phuong ctia (BOCK) va (AODJ) nén OF L KJ. Ap dung b6 dé
dugc EG L OF.

Tuong tu FG L OE. Do d6 O la tryc tam cua tam giac EFG.

Vay ta c6 diéu phéi ching minh. O

Nhan xét. Viéc chiing minh cic bo diém thang hang nhu thé gitip hudng giai quyét dugc sing
stia hon va dua bai toan trd vé véi mot tinh chat quen thudc vé su vudng goc gitta duong ndi tim
va truc dang phuong ctia hai dudng tron. Vi bai toan thi vi nhu vy ta sé xét dén nhitng md rong
va ting dung quan trong ctia né trong cic bai toan quen thudc va dé thi hoc sinh gidi ctia mot sd
nudc.

Trong b dé trén ta thu dugc ba bd diém thing hang va c6 nhiing tinh chit khd dep. Mot tinh chét
dudgc suy ra truc tiép clia bd dé nay da dugc dua vao bai hinh trong ki thi China MO 1997. Ta
xét bai toan
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Bai toan 1 (China MO 1997). Cho tit gidic ABCD vdi cdc canh déi mot khong song song noi
tiép. Goi P, Q lan luot la giao diém ciia AB va CD, AD va BC. Goi QE, QF ldn luot la tiép
tuyén tai E, F ciia dwong tron ngoai tiép tit gidic ABCD. Chitng minh ring P, E, F thdng hang.

Ta thiy néu O 1a tAm dudng tron ngoai tiép ctia ti gidc ABCD thi OQ L EF. Mit khéc theo
dinh 1y Brokard thi PG L OQ véi G 1a giao diém ctia AC va BD. Do d6 néu E, G, F thang
hang thi P, E, F thang hang, ta xét b dé sau

B4 dé 2. Cho tit gidc ABC D khong 12 hinh thang ndi tiép (0). M, T 14n lugt 12 giao diém cta
AB va CD, AC va BD.Vé ME, MF 1a céc tiép tuyén ctia dudng tron (O) véi E, F 1a tiép
diém. Ching minh rang E, F, T thang hang.

Chirng minh. Goi H 1a giao diém ctia OM va EF . Ta co:
MA.MB = ME*> = MH.MO
Do d6 tif gidgc ABH O ndi tiép. Tuong tu td giac CDOH ndi tiép. Suy ra:
BHC = BHM + MHC = BAO + ODC = BHC = BTC
Nén tif giac BH T C noi tiép. Tuong tu ti gidac AH T D noi tiép. Ta co:
MHC = ODC = ODHvaTHC = TBC = TAD = THD

Do do: .
J\TH\T=§(ATIR’+ﬁI\C+ﬁ{3+@\D):90°

Nén TH 1L OM.Do d6 TH, EF trung nhau, tic 1a ba diém E, F, T thElelg hang.
Ta c6 diéu phai chiing minh. O

Quay lai bai toan,
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Chiing minh. T bd dé trén, ETF L OQ va theo dinh 1y Brokard thi ta ciing c6 PT L 0Q, vi
viy ta c6 ngay dudc E, F, P thang hang.
Bai toan da dugc giai xong. ]

Nhén xét. Loi giai trén st dung dinh ly Brokard nhu mot “chiéc cau” dé lién két cac diém véi
nhau. Hon thé sau khi thong qua 15i gidi, rd rang bai toan da dugc van dung khéo 1éo tinh chit
ctia tiép tuyén va dudc trinh by ngin gon thong qua hinh hoc phang thuan tiy.

N6i vé tif gidc thi han van d& dudc quan tim khong kém hién nay 1a tii gidc toan phan cung véi
diém Miquel ctia ti gidc nay, va chiing c6 lién hé véi dinh 1y Brokard thé nao, ta cing xét hai bai
toan sau:

Bai todn 2 (IMO 1985). Cho tam gidc ABC. Mét duong tron tdm O di qua A, C va cdt cdc
doan AB, BC theo thit tu tai hai diém K, N phdn biét. Gid sit M la giao diém thit hai clia
(ABC) va (KBN). Chitng minh OMB = 90°.

Ta dé y thiy M 1a diém Miquel ciia tif gidc toan phin ACPNFB. Chiing minh OMB = 90°
tic 1a ching minh M 1a chan dudng cao ké tit O xubng BP. Mit khac theo dinh 1y Brokard thi
OG 1a dudng cao ctia tam gidc GBP véi G 1a giao diém ctia AN va KC. Viy ta chi can chiing
minh O, G, M thang hang 1a xong.

Chitng minh. Goi M’ 1a chan dudng cao ké tir O xubng BP.

Goi D, E lan ludt 12 giao diém cta (dc¢; dk), (d4; dn). Theo bd dé cta dinh ly Brokard thi
E,B,M’, D, P thing hang.

Tt d6 ta dé dang suy ra cc ngii gidc AEM'NO va KM'DCO noi tiép. Nén:

AM'C = AM'0 + OM'C = ANO + OKC = 180° — KAC — NCA = ABC
Do d6 ti gidc ABM'C noi tiép. Tuong tu KBM'N ndi tiép. Nén M’ 1a giao diém thif hai ctia

(ABC)va (KBN). Suyra M’ trung M.
Viy ta c6 diéu phai ching minh. O
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Nhan xét. Mot bai toan khong qua khé nhung van tiép tuc 4p dung bS dé quen thudc nay. Song
d6 ta tiép tuc phat hién mot tinh chét kha hay & day, (AKNC), (AONM), (KOCM ) déu nhan
G 1a giao diém ctia hai dudng chéo. Diéu nay dé dang thu dugc thong qua khai niém tam ding
phuong clia ba dudng tron. Viy ta c6 thé chiing minh dinh ly Brokard bang két qua nay hay
khong? Ta cung quay lai v6i dinh ly thu vi nay:

M

Chitng minh. Goi N, P 1an ludt 1a chan dudng cao ké tit O, E xubng EF, FO.

Khi d6 cac ngii gidc OBNK D va AOC N H ndi tiép. Mit khéc ta cling c6 tif gidc ABCD noi
tiép. Ap dung két qua ta dudc AC, BD, ON ddng quy tai G hay O, G, N thiang hang.

Tuong tu viy ta ciing can ching minh bd ba ti gidc ABCD, APCE, BPDE ndi tiép. That vay,
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ngil gidc AM DP O noi tiép. Do do:
ACE = ACB + BCE = ACB + BAD = 90° + ADO = 90° + APO = APE

Suy ra tii gidgc AP CE noi tiép. Theo d6 ta ciing dugc EBPD ndi tiép. Ap dung két qua ta dugc
AC, BD, EP ddong quy tai G hay E, G, P thiang hang.
Viy ta c6 diéu phai ching minh. O

Nhan xét. Lai thém mot phét kién thd vi vé dinh ly nay thong qua tim diang phuong G ciia sau
dudng tron. Tham chi, qua Bai todn 2, ta con thiy diém Miquel cla t gidc toan phan 1a chan
dudng cao ké tlif tim O xubng canh EF. Khong nhiing vay, ta c6 thé thu dudc tinh chét v6i nhiéu
ung dung nhu sau:

Tinh chéit 1. Chan ba dudng cao clia tam gidc EFG chinh 1a ba diém Miquel cla td gidc
toan phan ABECDF.

Tinh chét 2. Tam O cia dudng tron ngoai tiép ti gidc A BCD nim trén duong tron Miquel ctia
t gidc toan phan ABECDF .

Ta lai nghi dén tinh chit dudng thang Steiner clia ti gidc nay di qua cic truc tim, vay diém G c6
quan hé gi v6i duong nay khong? Ta ¢ bai toan sau:

Bai toan 3. Cho tam gidc nhon ABC. Puong tron tam O di qua B va C cat AB, AC ldn luot
tai M, N. Goi P la giao diém ciia BN va CM. Goi H, K ldn luot la truc tdm ciia tam gidc
ABC va tam gidgc AMN . Chitng minh ring P, K, H thing hang.

Ta nhin thiy K, H cling nim trén dudng thang Steiner nén P cling phai nim trén dudng nay.
Nhin vao gi4 thiét dé bai thi ta khé dinh huéng dudc 16i di, nhung ta d€ y dén tinh chét clia dudng
thang Steiner ctia t gidc toan phin thong qua mot bd dé sau:

B dé 3. Cho i gidc toan phan ABFCDE. Ching minh ring dudng thang Steiner cla tif
gidc 1a truc dang phuong chung ctia (AC), (BD) va (EF).

Ching minh. Goi H,, H, la truc tim cia ACDE, AABE.
Goi H, I 1an luct 12 hinh chiéu ctia H; 1én ED,CD. Ta thély H € (AC),I € (EF).
Ta c6 ti giac HH{ID va CHIE noi tiép nén:

H,H.H,C =ID.IC = HD.HE = H,I.H,E

Nhu vdy H; nam trén truc dang phuong ctia (AC) va (EF). Tuong tu H, cling ndm trén truc
dang phuong ctia (AC) va (EF). Hoan toan theo cach 4y ta ciing suy ra H; H, 1a truc dang
phuong cia (BD) va (EF).

Ta két luan dudng thang Steiner clia tif gidc toan phian ABFCDE 1a truc dang phuong chung
cua (AC), (BD) va (EF).

Viy ta c6 diéu phai ching minh. O
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Vi b dé quan trong nay, bai todn sé trd nén nhe nhang hon, ta cing tr lai:

Chiing minh. Vi P la giao cia BN va CM nén:

PM.PC = PN.PB

Suy ra P nim trén truc dang phucng ctia (BN) va (CM). Ap dung bd dé ta thu dugc P nam
trén dudng thang Steiner ctia ti giac toan phin AMBPNC. Nhu viy P, K, H thang hang.
Vay ta c6 diéu phai ching minh. O

Nhén xét. Bai toan trén da khéo 1éo van dung mot “vién ngoc quy” trong ti gidc toan phan, td
d6 dua ta dén mot tinh chit khic nita cia dinh ly Brokard:

Tinh chét 3. Truc tim G ctia tam gidc OEF nam trén dudng thang Steiner ctia ti gidc toan phan
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ABECDF.

Do dinh ly Brokard cho ta mot hé thong tam gidc truc tAm nén thong qua bai todn sau ta
lai c6 thém mot tinh chit dep nhu sau

Bai todn 4 (Romanian Master of Mathematics 2013). Cho tit gidc ABCD khong la hinh thang
noi tiép duong tron . Goi P, Q, R lan luot la giao diém ciia AB va CD, AD va BC, AC va
BD. Goi M la trung diém ciia PQ. MR cdt o tai K. Chiing minh rdang duong tron ngoai tiép
tam gidc KPQ va w tiép xiic nhau.

Day 12 mot bai toan hay va kho, ta sé sit dung hai bd dé, truée hét dudng thang vudng goc véi
OR tai R cit o tai Py, O, nhu hinh vé

B§ dé 4. AP, cit CO; tai mot diém thude PO.
Chitng minh. Goi X, Y 1an ludt 1 giao diém cta AP, v6i CQ,, AQ, véi CP;.

Ap dung dinh 1y Pascal cho luc gidc suy bién thanh tii gidc AP;CQ; ta dé dang suy ra dudc
dudng thang XY chida P va Q nén AP; va CQ; cat nhau tai mot diém thuoe PQ.
Ta c6 diéu phéi chiing minh. O

B4 dé 5. PPy, Q0 cit nhau tai K.

Chirng minh. PP, cat w tai P,. Ta sé ching minh P,Q, diqua Q.
Ap dung dinh 1y Pascal cho luc gidc P, Q,CDAP; két hop véi bd dé 1 ta c6 giao diém ctia P, 0,
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va AD, Q,C va AP, clung véi giao diém ctia AD va P, P, 1a P thang hang. Mit khac theo bd
dé1tacé Q;C cit AP; tai mot diém thudc PQ, do d6 giao diém cia P, Q; va AD ciing nim
trén PQ, tiic 1a diém Q. Vay P,Q, di qua Q.

Ta c6 diéu phai chiing minh. O

Quay trd lai bai toan,

Chitng minh. Ap dung bd dé 4 va bs dé 5, ta c6 ti gidgc PQP; Q4 1a hinh thang, M, R 1an lugt
1a trung diém ctia PQ, P, Q; va K 1a giao diém cua PPy, Q O nén ta dé dang suy ra dudng
tron w ngoai tiép tam gidc KP, Q va KPQ tiép xic nhau.

Vay bai toan da dugc giai xong. O

Nhan xét. Viéc st dung khéo 1éo dinh 1y Pascal da gitip ta gidi quyét gon gang bai todn trén.
Nhu ta da biét, mot tu gidc ndi tiép khong 12 hinh thang bit ky chi tao ra mot tam gidc truc tim,
ta tam goi theo dnh xa tam gidc truc tAm 4y 13 anh cia t¢ gidc noi tiép thong qua mot anh xa
Brokard. Nhung diéu ngudc lai thi chua diing, tifc 1a mot tam gidc truc tAm c6 thé c6 nhiéu tao
anh. Cu thé, ta xét tam gidc nhon OEF, truc tim G, dudng cao EK. Bing cong cu phuong tich,
ta dyng dudng tron tim O ban kinh v OE2 — GE.K E, déy chinh 12 dudng tron ngoai tiép cédc
tao anh ma ta dé cap dén, véi mot cat tuyén tir P cat (O) tai hai diém sé cho ta mot tao dnh ctia
tam gidc truc tam OEF .

Tur nhan xét nay, ta c6 cach phat biéu rong hon cho bai todn 4 nhu sau

Bai toan 5. Cho tam gidc ABC truc tdm H. Puong tron duong kinh AB, AC cdt nhau tai X .
Goi w la duong tron tam A bdn kinh AX. Goi M la trung diém ciia BC. Puong thang M H cdt
o tai E, F. Chiing minh rdng duong tron ngoai tiép cdc tam gidc BCE va BCF tiép xiic w.

Bai toan trén con c6 thém mot tinh chat nhu sau

Bai toan 6. Cho tam gidc ABC truc tdm H. Puong tron duong kinh AB, AC cdt nhau tai X .
Goi w4 la duong tron tdm A bdn kinh AX. Goi M la trung diém cia BC. Duong thang M H
cdt w4 tai Ay sao cho Ay nam gitta M va H . Dinh nghia tuong tw cho By, Cy. Chitng minh rdang
AAy, BB, CC, dong quy.
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Céc bai todn trén, dic biét 1a bd dé dudc néu ra cé thé st dung dinh Iy Pascal d€ giai quyét vin
dé. Nhu thé, viéc phat trién tlf ti gidc ndi tiép dudng tron sang td gidc c6 bdn diém ndm trén mot
conic 12 hoan toan c6 thé. Phan tiép theo tac gia xin gidi thiéu viéc van dung dinh ly Pascal cho
bdn diém nam trén mot conic, tir d6 cho thiy ban chét ctia dinh ly Brokard vé tii gidc ndi tiép
trong mot dudng tron. Ta c6 bd dé sau 1a phat trién rong hon ctia bd dé da néu & dau tai liéu

B§ dé 6. Cho bdn diém A, B, C, D nim trén mot conic C tao thanh mot ti gidc 1di khong 1a hinh
thang. M, N 1an ludt 1a giao di€m ctia AD va BC, AB va CD. P, Q 1a giao diém tiép tuyén
cia C tai A va C, B va D. Khi d6 bdn diém M, N, P, 0 thezlng hang.

Chitng minh. Ap dung dinh 1y Pascal cho luc gidc suy bién thanh tit gidc AABCCD ta c6
M, N, P thing hang. Ap dung dinh Iy Pascal cho luc gidc suy bién thanh tif gisc ABBCDD ta
c6 M, N, Q thang hang. Tom lai ta c6 M, N, P, Q thang hang.

Ta c6 diéu phéi chiing minh. O

Tt bS dé trén ta c6 tiép hé qua nhu sau
Hé qua. Cho conic C tiép xtic cdc canh AB, BC,CD, DA cta tif gidc ABCD theo tht tu tai
M,N, P,Q.Khido AC,BD,MP,NQ déng quy.

RO rang bd dé trén 1a mot ma rong dep ctia b dé da néu & dau bai dbi vdéi ellipse, parabol hay
hyperbol. Trong trudng hop 1 ellipse, chi can thuc hién mot phép co thanh hinh tron thi ta lai c¢6
ngay nhiing ¢ng dung méi mé nita. B3 dé tiép theo chinh 12 md rong ctia Bo dé 2:

Goi A; Ay A3 A4 12 tif gidc khong 12 hinh thang noi tiép trong mot conic C va My, M, M3 1an lugt
la giao dlém cua A1A2 va A3A4, A2A3 va A4A1, A3A1 va A2A4. GOl va Nz, N3, Pl, P2, P3
12 giao diém cia tiép tuyén cia conic tai A; va A,, A va Ay, Ay va As, Az va Ay, Ay va
Az, Ay va Ay. Goi Uy, U, 1a tiép diém cia hai tiép tuyén cia conic di qua M,. Pinh nghia
tuong tu Vi, V, dbi véi M, va Wy, W, dbi véi Ms. B6 dé 1 cho ta ba bo diém thzzlng hang
la (Mz, M3; Nl; Pl), (M3, Ml, Nz, Pz), (Ml, Mz; N3, P3) Lﬁn IUQt gOl ba dubng thzzmg éy la
miy,nop,ms.
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Bo de 7. U,, U, nam trén my, V;, V, nam trén m, va W;, W, nam trén ms.

M

Chitng minh. Trong mit phang xa anh tdn tai phép chiéu ¢ bién conic C thanh dudng tron C'.
Nhu ta da biét, phép chiéu ¢ bao toan su thang hang ctia cic bd diém nén thong qua phép bién
hinh nay ta c6 ngay B8 dé 2 va theo d6 cdc bo diém diém (M,; Ms; Uy; Us), (My; M3; Vi Vs),
(My; M,; Wy; W,) thang hang.

Ta c6 diéu phai chiing minh. O

Mot két qua dep lai dudc ching minh. Goi O 1a tim ctia conic C, tif két qua nay ta xét tam gidc
OM M, sau:
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Khi conic C 1a dudng tron thi 1an luct theo tinh chit cia tiép tuyén ta c6 m; L OM; va
m, L OM, va nhu thé ta da hiéu dudc tai sao dinh ly Brokard lai c6 phat biéu nhu vay. Cudi
cung, tac gia xin d& xuat mot s6 bai tip dé€ ban doc c6 thé rén luyén thém nhiing tu duy khac vé
dinh ly Brokard nay.

Bai toan 7 (Trusng he Bic Trung B6 2015 - Ngay 2). Cho tam gidc nhon ABC cé duong
cao AH, truc tam K. Puong thing BK cdt duong tron duong kinh AC tai D, E (BD < BE).
DPuong thing CK cdt duong tron duong kinh AB tai F, G (CF < CG). Puong tron ngoqi tiép
tam gidc DHF cdt BC tai diém thit hai la P.

a) Ching minh rang cac diém G, H, P, E cung thudc mot dudng tron.
b) Chiing minh ring cic dudng thang BF, CD, PK ddng quy.

Bai todn 8. Cho tit gidc l6i ABCD khéng la hinh thang noi tiép duong tron tam O. Goi E, F, G
lan lwot la giao diém cia AB va CD, AD va BC, AC va BD. Goi X,Y theo thit tu la trung
diém ciia AC, BD. Kéo dai XY cdt EF tai Z. Kéo dai GZ cdt duong tron ngoai tiép tam gidc
OFE tai Q. Buong tron duong kinh GQ cdt duong tron ngoai tiép tam gidc OFE tai K khdc
Q. Goi H la diém Miquel ciia i gidc toan phan ABCDEF. Chitng minh rdang duong tron
ngoai tiép cdc tam gidic KQG va K ZH tiép xiic nhau.

Bai todn 9 (L& B4 Khanh Trinh). Cho tam gidc ABC ngi tiép (0) c6 B, C cé dinh, A chay
trén trén cung nho nho BC M, N la a trung diém AB, AC. Ldy P trén duong thing MN théa man
BPC + ABC + ACB = BAC. Duong tron (ABP) cdt AC tai E, (ACP) cdt AB tai F.
Chitng minh rang (AFE) di qua mot diém cé dinh.

Bai toan 10 (L& B4 Khanh Trinh). Cho tam gidc ABC ndi tiép (O), trung tuyén Al cdt (O)
tai D. AB cdt CD tai E. AC cdt BD tai F. (ABF) cit (ACE) tai K. (0y), (0,) la cdc dwong
tron di qua B tiép xiic véi AC tai A va di qua C tiép xuc véi AB tai A. Chitng minh ba duong
tron (01), (0,) va (OK) c6 mét diém chung.

Bai toan 11. Cho tam gidc ABC néi tiép (O), diém P nam trong tam gidc sao cho AP vudng
goc BC. Puong tron duong kinh AP cdt duong thing AC, AB lan lugt tai E, F va cdt (O) tai
diém G khdc A. Chiing minh rang BE, CF, GP dong quy.

Bai toan 11 c6 thé xem 6 [6].

Bai toan 12 (USA TST 2012). Cho tam gidc ABC nhon, duong cao AA;, BB, CCy. Goi A,
la giao diém cia BC va B, Cy. Pinh nghia B, C, tuong tu. Goi D, E, F theo thit tw la trung
diém ciia BC, CA, AB. Chitng minh rang duong thdng vudng goc ké tiv D tdi AA,, E téi BB,
va F t6i CC, dong quy.

Bai toan 13. Cho tit gidc ABCD néi tiép (O). Goi E, F ldn luot la giao diém ciia AB va CD,
AD va BC. Goi M, N theo thit tw la trung diém ciia AC, BD. Goi H, K ldn luot la truc tdm
ciia tam gidc MEF va tam gidc NEF . Chitng minh rang HN KM la hinh binh hanh.
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Bai todn 14 (Tran Quang Hing). Cho tam gidc ABC. Puong tron tam K di qua B, C ct
CA, AB ldn luot tai E, F. BE, CF cdt nhau tai H. D la hinh chiéu ciia K xuéng AH. M, N
theo thit tw di chuyén trén DE, DF sao cho BM 1. BE,CN 1 CF. Chitng minh rdng duong
doi trung xudt phdt tic dinh A ciia tam gidc ABC chia déi canh M N .

Bai toan trén c6 tham khao trong [7]. Hon nita ta con ¢6 thém hai mé rong sau

Bai todn 15 (Tré\n Quang Hung). Cho tam gidc ABC va diém P. AP, BP,CP ldn luot cdt
BC,CA,AB tai D, E, F. Trén DE, DF ldn luot ldy M, N sao cho BM || AC,CN || AB. Goi
S, T theo thit tu la trung diém ciia EF, MN. Chiing minh rang A, S, T thdng hang.

Bai toan 16 (Tran Quang Hung). Cho tam gidc ABC va diém D ndm trén canh BC. (DAB),
(DAC) cit CA, AB ldn luot tai E, F. M, N nam trén DE, DF sao cho BM | AC,CN || AB.
Goi S, T ldn luot la trung diém ciia EF, MN. Chiing minh rang ST song song véi duong doi
trung xudt phdt tir dinh A cia tam gidc ABC.

Bai todn 17 (Chon déi tuyén qudc gia Khoa hoc tu nhién 2014). Cho tit gigc ABC D ngi tiép.

. , . PD  BD? .
M, N lan luot la trung diém cua CD, AB. P nam trén CD sao cho PC = 1 AC cat BD
tai E. Goi H la hinh chiéu cia E lén PN . Chiing minh rang duong tron ngoai tiép cdc tam gidc
HMP va EDC tiép xiic nhau.

Trén day 12 tng hop cua tac gia vé dinh ly Brokard, xin cdm on anh Ngé Quang Dudng - 16p
12A2 trudng THPT chuyén KHTN di c6 nhiing trao d6i quy bau gitp bai viét dugc hoan thién
hon.

[1] Dinh ly Brokard.
http://www.imomath.com/index.php?options=334&Imm=0.

[2] Db Thanh Son, Mét sé chuyén dé Hinh hoc phdng boi dudng hoc sinh gidi Trung hoc
phd théng, NXB Gio duc, 2013.

[3] Nguyén Vin Nho, Nhitng dinh li chon loc trong hinh hoc phdng qua cdc ki thi Olympic,
NXB Giéo duc, 2007.

[4] Romanian Master of Mathematics 2013 - Problem 3.
http://www.artofproblemsolving.com/community/c6h523072p3558896

[5] IMO 2015 - Problem 3.
http://www.artofproblemsolving.com/community/c6h1112748p5079655

[6] Concurrent problem.
http://www.artofproblemsolving.com/community/c6h1161051p5527875

[7] Symmedian bisects segment.
http://www.artofproblemsolving.com/community/c6h1192618p5839116

73

https://tieulun.hopto.org



Tap chi Epsilon, S6 08, 04/2016

74

https://tieulun.hopto.org



psilon
Tap chi online ctia cong dong
nhitng nguoi yéu toan

TU GIAC NGOAI TIEP DUGNG TRON

P& Xudn Anh
(Trudng THPT Chuyén KHTN, Ha N6i)

Tt gidc ngoai tiép 12 mot chii dé khong qua mdi dbi v6i bat ky ai dam mé véi
mon todn va dic biét 13 mon hinh hoc nhung c¢é khong nhiéu nhiing tai liéu viét vé
chil dé nay. VAy nén trong bai viét ndy toi xin dé cip dén vAn dé nay véi kién thic va
nhiing ing dung co ban nhit clia ti gidc ngoai tiép.

Khi nhac t6i tif gidc ngoai tiép dudng tron, chiing ta nén dé y dén nhiing tinh chit hay st dung
nhu sau:

Cho ti gidac ABCD ngoai tiép dudng tron (7). (I) tiép xic AB, BC, CD, DA lan luot tai M,
N, P, Q.

bat AM = AQ =a,BM = BN =b,CN =CP =c¢,DQ = DP =d.

Pinh ly 1.(Pinh ly Pithot) AB + CD = BC + DA.
Pinh ly 2.
1. (Pinh 1y Newton) AC, BD, MP, NQ dong quy tai T
—a BT

¢c D

S
3=
N~
I
|
=
|
[ &

~
QU

Chitng minh. Goi 7} 1a giao diém cta AC v6i M P va T, 1a giao diém cia AC v6i NQ.
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Ta sé chiing minh 77 = T, = T. Thét vay, ap dung dinh 1i sin, ta cé:

A AM sinZCTY'M sinZAMP
T\C — sin/AT\M CP sin ZCPM
_AM
- CpP
TZA a N . A . .
Tuong tu, TC o nén Ty, T, T trung nhau. Tinh chat dugc chiing minh. [
2 C

. AV
Pinh ly 3. AC, MN, PQ dong quy tai VVQE = ﬁ’
c

—1.

b
= Tit d6 suy ra (AC, TV) =

|3
<=

, . AV ¢ s .

Chung minh. Lay V' trén AC sao cho o = C—l. Ap dung dinh li Menelaus cho AABC taco
c

M, N,V thang hang. Tuong tu suy ra P, Q, V thang hang. Vay tinh chit trén ciing dudc chiing

minh. U

Pinh Iy 4. Pudng thang qua A vudng géc véi AB cit BI tai X, duong thing qua A vudng géc
v6i AD cit DI tai Y thi XY vuong goc véi AC.
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Chirng minh. Goi F 1a hinh chiéu ctia X 1én BC: E 1a hinh chiéu cta Y 1én CD.
Tacé AX?— XC? = AX*— XF*—-FC? =—-FC?.

AY? —YC? = AY?> - YE? - EC? = —EC>.
Ma FC = BC —AB = DC — AD = EC nén AX?> — XC? = AY? - YC?>.

XA? 4+ CY? - AY? —CX? = XA? + AC?* —CX?* — (AY? + AC?* - CY?)
_— — — —
=2A4X - AC —2AY - AC

T
=2AC -YX
Do dé AC L XY. Vay ta da chiing minh xong dinh Ii 4. [

Ngoai ra, chiing ta cling nén biét mot sd cong thiic tinh cac yéu td trong tii gidc ngoai tiép dudng
tron. Viéc ching minh xin danh cho cac ban doc.

Trong cac tinh chit duéi day, ta dit r 12 ban kinh dudng tron noi tiép tif gidc ABCD va

/DAB =o, ZABC =8, /BCD =y, ZCDA = 6.

Pinhly 5. AB =

r2

NQ IA.IB
> .

Chitng minh. Goi /A4, IB 1an lugt cit QM , MN tai A’, B’ Tac6 IA.IA" = IB.IB’' = r* nén

o A'B 1A IB.A'B" IBIA NQ __ .
AIA'B" ~ AIBA suy ra = .Tudo, AB = = . . Vay dinh 1i 5
) ) AB IB 1A’ r? 2
dugc chiing minh. O
IB? ID?

Pinh Iy 6.

AB.BC CD.DA
77

https://tieulun.hopto.org



Tap chi Epsilon, S6 08, 04/2016

, . < i s . IC.ID NQ AB 1A.IB
Chung minh. Tu dinh Ii 5, ta c6 CD = - suy ra = Tuong ty

CD IC.ID’
BC IB.IC AB BC IB? IB? ID?

- A h - . 0
AD 140D V™ cp ADp T 1p2 W ABBC ~ CD.DA

Pinhly 7. IA.IC + IB.ID = VAB-BC -CD - DA

Chitng minh. Goi M’, P’ 1an lugt dbi xing M, P qua I. Tac6 AMIB ~ ANM'M suy

M'N MM’ , MM MI 2 22 22
ra hay MN = ———— = — . Tuongtu M'Q = —, P'Q = —,
MI 1B 1B 1B IA D
w2
P'N = % Ap dung dinh i Ptoleme cho t& gidc P'’NM’'Q va dinh 1i 5, suy ra [A.1C +
IB.ID = ~/AB - BC - CD - DA. Vay dinh ly dugc chiing minh. O

(@a+c)r

aty
2

Pinhly 8. /A.IC = —
Sin
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D P E

Chitng minh. LAy U trén tia M B sao cho MU = NC suyra IU = IC nén

1 1 1
Sarv = 5(a+e)r = SIAIUsin ZAIU = SIA.IC. sin LY
hay [A.IC = W—aclyr Vay dinh If dugc ching minh. O
S1in ——
2
o+ y

Pinh Iy 9.S43c¢p = VAB - BC -CD - DA.sin R

D P ¢

a@a+b+c+d)-r

s aty
S1n )

suyra Sqpcp = (@+b+c+d)-r = «/AB-BC-CD-DA.sina
ching minh. [

Chitng minh. Theodinhli7va8,tac6 IA.IC+IB.ID = = v/ AB.BC.CD.DA

Y Ta 6 didu phai

Bai toan 1. AABC cdn ngoai tiép duong tron (I). Ldy E thuéc AB, F thuéc AC sao cho EF
la tiép tuyén cia duong tron (I) va EF || BC. ED vuéng goc véi BC tai D. Goi H la giao
diém ciia BI véi duong thing qua F vudng géc véi BC. Chitng minh rang DH vudng goc véi
EC.
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B D G C

Chitng minh. Goi FH cat BC tai G. Dé thdy E, I, G thang hang va F, I, D thang hang.Ta
¢60 /BEG = /BEIl = /IEF = Z/GEF = ZEGB nén tam giac BEG céan tai B, suy ra
BE = BG.Dod6b ABEH = ABGH (c.gc)vivay /BEH = /BGH = 90" hay EH vudng
géc EB tai E. Ap dung dinh 1y 4, suy ra DH vudng géc v6i EC. Viy bai toan dudc chiing
minh. [
Nhan xét. Chiing ta c6 thé sit dung tinh chét 4 d€ chiing minh mot bai toan trong Mathley [5]
bdi thdy Tran Quang Hung nhu sau

Bai toan. A ABC, dudng tron noi tiép () tiép xic CA, AB tai E, F.Liy P di chuyén trén
EF. BP cat CA tai M, M cat dudng thang qua C vudng géc AC tai N. Chiing minh rang
dudng thang qua N vudng géc véi P C ludn di qua diém cd dinh khiP di chuyén.

Bai toan 2. Cho tit gidc ABCD ngoai tiép duong tron (I). AB giao CD tai E, AD giao BC
tai F. Chitng minh rdang duong tron noi tiép ANAEF, ACEF tiép xiic tai moét diém trén EF.
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Chitng minh. (I) 1an luot tiép xic AB, BC,CD, DA tai P, Q, R, S; dudng tron (I,) va (I»)
1an luot 1a dudng tron ndi tiép AAEF va ACEF , hai dudng tron 1an ludt tiép xic EF tai X, Y.
Ta co

FC—-CE=FQ+QC—CR—RE=FS—EP=FA+AS— AP —EA=FA—EA

1
FX = —(FE + FA— EA)

Mt khac ¢ nén, FX = FY suyra X = Y. Vay bai toan dudc
FY = S(FE + FC - CE)

ching minh. [

Nhan xét. Ngoai ra, néu d€ y ki ta thiy trén hinh vé ciing c6 hai tam gidc c6 dudng tron noi tiép
tiép xtdc nhau 1a AABC, AADC (Tuong ty 1a ciip tam gidac AABD, ACBD).

Trong bai todn, ta d€ y ring FC — CE = FA — EA chinh 1 dinh ly Pithot mé rong cho t giac
1irm ngoai tiép dudng tron. Ap dung dinh ly trén ta ¢ thé chiing minh dudc bai toan sau.

Bai toan. Tif giac A BCD ngoai tiép dudng tron (I). AB, AD lan lugt cat CD, BC tai E, F.
Goi EP, FM cit BC, CD tai Q, R; EP cit FM tai N. Chiing minh ring néu t gidc AMNP
ngoai tiép thi QN RC ngoai tiép.

Bai todn tiép theo dudc dé nghi bsi A.Golovanov trén dién dan AoPS [1].

Bai toan 3. Cho tit gidc ABCD vira ngoai tiép vita néi tiép. Puong tron néi tiép tiép xiic vdi
AB, CD tai X, Y. Puong thing vuong géc véi AB, CD tai A, D cdt nhau tai U; tai X, Y cdt
nhau tai V; tai B, C cdt nhau tai W. Chiing minh riing u,v,w thcfng hang.
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oM

Chiing minh. AD cat BC tai P, dudng tron (E) 1a duong tron ndi tiép A PAB, tiép xiic véi
AB tai F. UV cit duong thang qua C vudng géc CD tai W'. Tacé APAB ~ APCD (g.g)

uv DY BF AX

— = = = , suy ra
) w'v YC FA XB
AU | XV || BW . Tit do W' = W. Vay bai toan dugc chiing minh. O

va X, F d6i xing v6i nhau qua trung diém ctia AB. Nén

Tiép theo 12 mot két qua hét stic ndi tiéng clia tif gidc ngoai tiép.

Bai todn 4 (Dudng thing Newton clia ti gidc ngoai tiép). Cho nit gidc ABCD ngoai tiép
duong tron (I) thi trung diém hai dwong chéo AC, BD va I thing hang.
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Chitng minh. Goi M, N 1an luot 1a trung diém ctia AC, BD.Tacé AB + CD = AD + BC

1
nén Sy4p + Sicp = Stap + Sipc = ESABCD- Ta xét 2 trudng hgp:

Trudng hop 1. AB || CD thi dé thiy trung diém AC, BD va I cich déu AB, CD nén ching
thang hang.

Trudng hop 2. Gia stt AB cat CD tai E. Liy G trén tia EA, liy H trén tia ED sao cho EG =
1

AB,EH = CD.Taco Stec + Stea = Stap + Sicp = ESABCD nén Sypg = ESABCD -
. . ) Snap + Snep = zSaBcp
SeHG. Dé thay cac diem M, N co tinh chat tuong tu nén % . Suy
Smap + Sucp = ESABCD
1
SvaG = =SaBcp — SEHG .
ra Do d6 S;ge = Sy = Syagnén I, M, N thang hfll’lg.
Suuc = =Sacp — SEHG
Vay bai toan dudc ching minh. [

Toi dé xuat thém bai todn sau dé€ ban doc tng dung dinh ly trén.

Bai toan. T gidc ABCD ngoai tiép dudng tron (/). Puong tron (1) tiép xic AB, BC, CD,
DA tai E, F, G, H. Chiing minh rf?mg néu / thuéc FH thi I thuoc EG.
Bai toan sau tham khao [2]

Bai todn 5. Cho tit gidc ABCD ngoai tiép duong tron (I). (I) tiép xiic AD, BC tai P, Q.
Goi AB cdit CD tai S (A € SB). Goi (1) la duong tron néi tiép ASAD va tiép xiic véi AD tai
K. Goi (I,) la dwong tron bang tiép iing véi dinh S ciia ASBC va tiép xiic BC tai L. Ldy M,
N ldn lugt la trung diém ciia AD, BC. Biét rang S € LK. Ching minh rang I thuéc MN va
IA.IC = IB.ID.
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Loi gidi theo Luis Gonzdlez. Ta sé st dung 2 bd dé.

B§ dé 1. AABC ngoai tiép dudng tron (I). Pudng tron bang tiép (I,) dng véi goc A cla
AABC tiép xiic BC tai D. Goi M 1a trung diém ctia BC. Ching minh AD || IM. (IM dugc
goi 1a duding thang Nagel).

B§ dé 2. AABC ngoai tiép dudng tron (I). Pudng tron dé tiép xdic BC tai D. Goi I, 1a tim
dudng tron bang tiép géc A cia AABC. Goi M 1a trung diém cta BC. Ching minh ring
AD || I,M . (I,M dudc goi 1a dudng thang Gergonne).

Ap dung 2 bd dé vao bai todn, tacd IN | SL | IM || SK. Lai c6 S, K, L thang hang do
d6 I, M, N thang hang. Ta thay P, K d6i xting v6i nhau qua M (M 1a trung diém ctia AD)
va Q, L dbi xiing véi nhau qua N (N 1a trung diém ctia BC) suy ra PQ | MN | KL.
Goi AD cat BC tai T. Do d6 ATMN~ATPQ ( g.g ). Mit khic ATMN can tai T nén

o JATB )
ZTNI =90 — = /AIB (do I latam dudng tron bang tiep géc T cua ATAB ). Suy
IB NB NC
ATAB~ANIB (g.g)dodd — = — = ——. Tuong tu,tac6 AINC~ADIC (g.
ra (g.g)do °TA T NI NI ng ty, ta co (gg)
IC NC __ L IC IB . .
suyra— = ——. Tu dé,tacé6 — = — nén IA.IC = IB.ID. Vay bai toan dudc ching
b ID NI ID 1A O
minh.

Bai toan 6. Tt gidc ABCD ngoai tiép duong tron (I). Puong tron (1) tiép xiic véi AB, BC,
CD, DA lan luot tai M, N, P, Q. BQ, BP ldn luot cct duong tron (I) tai E, F. Chiing minh
rang ME, NF, BD dong quy.
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D P ¢
Chitng minh. Goi ME giao NF tai K. Tacé AC, BD, MP, NQ dong quy tai X. Ap dung
dinh 1y Pascal cho luc gidc MEQNFP suy ra K, B, X thang hang do d6 ME, NF, BD dong
quy. Vay bai toan dudc chiing minh. [
Bai toan 7 (Romania TST 2012). Cho ti gidc ABC D ngoai tiép duong tron sao cho Z ABC +

/ADC < 180" va ZABD + ZACB = ZACD + ZADB. Chiing minh rdng mot trong hai
duong chéo cuia it gidc ABCD di qua trung diém duong chéo con lai.

B

O

Chiing minh. Pudng tron ngoai tiép AAB C cat BD tai E. D& dang nhan thdy Z/DAE =

/ |) un IIl 11’1 acod
g ys sin /AED _ sin/DAE _ sin/DCE _ sin/DEC’

DA sinZAED sin ZACB R Lo . .
Suy ra = — = — = . Lai c6 tif gidc ABCD ngoai tiep dudng tron
DC sinZDEC sinZBAC B
DA  BC + DA — CD

dodo AB = BC + DA — CD.Nén BC
Hay (BC — CD)(DA—CD) =0suyra BC = CD hoac CD = DA.

Khi BC = CD thi AB = DA. Do vy AC la trung truc ctia BD hay AC di qua trung diém
cua BD. Ching minh tuong tu v6i trudng hop CD = DA. Vay bai toan dugc chiing minh. [

Dic biét, trong IMO Shortlist cling tiing xuat hién nhiéu bai todn lién quan dén t gidc ngoai tiép
va mot 6 bai todn sau la dién hinh.
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Bai toan 8 (IMO Shortlist 2009). Cho tit gidc ABC D ngoai tiép duong tron. Mot duong thing
(d) bdt ky qua A cdit BC tai M, cdt CD tai N. Goi (1), (I»), (I3) la duong tron ndi tiép
AABM, AMNC, ANDA. Chitng minh rang truc tam A1y 1,15 nam trén (d).

Chitng minh. Goi X 1a giao diém cta (d) véi tiép tuyén ké tit C véi dudng tron (I;) nén
ABCX 1a ti gidc ngoai tiép hay CX = BC + AX — AB. Lai ¢c6 ABCD ngoai tiép nén
AD = AB+CD —BC.SuyraCX + AD = AX + CD hay ti gidc AXCD ngoai tiép duong
tron(/3). Goi E, F 1an lugt di xing v6i C qua I, 13, I,1;; H 1a truc tam A1, 15. Dé thiy
E, F thuoc (d). Lai c6 FI,HI;, IsHEI, noi tiép, do d6 LFHI, = /F1,I, = /CI,I, =
/CI31, = ZEI31, = ZEHI, hay H thudc (d). Ta c6 diéu phai chiing minh. 0

Nhén xét. Trong qu4 trinh tim hiéu, t6i nhin thiy bai toan s6 5 trong dé thi VN TST 2015 dugc
coi 1a md rong tu bai toan trén.

Bai toan. A ABC nhon va c6 diém P nidm trong tam gidc sao cho ZAPB = ZAPC = a va
a > 180" — ZBAC. Pudng tron ngoai tiép AAPB cit AC & E, dudng tron ngoai tiép AAPC
cit AB & F. Q la diém nim trong AAEF sao cho ZAQE = ZAQF. Goi D la diém dbi xiing
v6i Q qua EF, phan gidc ZEDF cat AP tai T.

a) Chiing minh rang /DET = Z/ABC,/DFT = ZACB.

b) Puong thang PA cat cac dudng thang DE, DF lan luct tai M, N. Goi I, J 1an luct 1a tam
dudng tron ndi tiép cic APEM, APFN va K 1a tam dudng tron ngoai tiép ADIJ . Puong
thang DT cat (K) tai H. Chiing minh rang HK di qua tim dudng tron ndi tiép cia ADMN .

Bai toan 9 (IMO Shortlist 2007). Cho diém P ndm trén canh AB ciia tit gidc ABCD. Goi (1),
(1), (Iy) ldn luot la duwong tron néi tiép ACPD, NAPD, ACPB. Biét rang duong tron (I)
tiép xiic voi duong tron (1), (I3) tai K, L. Goi E, F ldn luot la giao diém cia AC, BD va
AK, BL. Chitng minh ring E, I, F thdng hang.
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Chitng minh. Goi M, N 1a giao diém ctia hai tiép tuyén chung ngoai ctia (1), (1;) va (1), (I).

AD + DP — AP DP +DC-PC _ CP+ BC—-BP DC +CP — DP
Ta co 5 = 7 va 7 = 5 ,

s, AD+CP =AP +CD o o
N BP L CD = DP + BC hay ti gidc APCD, BPDC ngoai tiep dudng tron.

Ap dung dinh Iy Monge & d’Alembert cho bd ba dudng tron (1), (I1), (APCD) va (I), (I,),
(BPDC)thi M, A,C va N, B, D. Tuong tu, ap dung dinh ly Monge & d’Alembert cho by ba
dudng tron (1), (1), (I5) suyra KL, AB, M N dong quy. Ta tiép tuc 4p dung dinh ly Desargues
cho AKAM va ALBN;suyra E, I, F thang hang. VAy ta c6 diéu phai chiing minh. O

Bai todn 10 (Sharygin Geometry Olympiad 2014). Cho tit gidc ABC D ngoai tiép duong tron
(I). Puong tron (I) tiép xiic BC, DA tai E, F sao cho AB, EF,CD dong quy. Duong tron
ngoai tiép tam gidc AED va BF C ldn luot cdt (1) tai diém thit 2 ldan luot la Eq, Fy. Chitng
minh rang EF || E, F;.
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Chitng minh. Pudng tron (I) tiép xtic v6i AB va CD lan ludt tai G va H. Goi P 1a diém
dong quy ctia AB, EF, CD suyra BC, AD, GH dong quy tai R. LAy EE; giao AD tai M.
MF> = ME.ME,
ME.ME, = MA.MD

raMF2 = MA.MD. Ap dung dinh ly Ceva cho APAD v6i AC, BD, PF df)ng quy, ta co
FA CD BP . o e e .
——+ ——+— = —1. Talai dp dung dinh li Menelaus cho A PAD v6i R, B, C thang hang, ta
FD CP BA

.RD BA CP -y RD FD .
co . . =1.Tudé suyra — = ——— dovay (AD, RF) = —1.
RA BP CD RA FA

Tir d6 va két hop hé thiic Newton, suy ra M 1a trung diém cta RF. Tuong tu, FF; giao BC tai
N, suy ra N 1a trung diém cia RE. Ma RE- = RF_ = RG.RH,nén AREF cin tai R. Suy

ra /NFE = /NEF. Lai c6 ti gidc EFE; F, noi tiép dudng tron (/) do d6 ti gidc EFE, F; 1a
hinh thang can. Suy ra EF || E F;. Vay bai toan dugc chiing minh. ]

Ta c6

(do M 1a tam dang phuong cta (1), (AED), (AID) ). Suy

Bai toan 11. Tit gidc ABCD ngoai tiép duong tron (I). Ldy M doi xiing A qua BD. Goi DM
cit BC tai E, BM cdt DC tai F. Chitng minh rang tit gidc CEMF ngoai tiép dwong tron.
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. BK
Chitng minh. Goi CI cat BD tai K nén CK la phan giac ZBCD suy ra BC — DC Goi

1
phén giac goc LZMBC giao CI tai J; suy ra ZIBJ; = EZABM = /ZABD = ZMBD do
dé ZIBK = ZCBJ ZMBJ,. Tu d6 ta c6 LTS (BK)2 Goi phan giac ZCDM
0 = = . 6tacd — - —— = (——=)”. Goi phan giac
: ! ic J,c ‘e’ UPMRE
IK J,K J1K LK

. DK .
cat C1 tai J,.Tuong tu, ta co c’ 7,C = (ﬁ)z. Tu nhiing di€u trén, suy ra J.C = 7,C

hay i =J,=J.Nen CJ,FJ,EJ MJ lan lugt 1a phan giac cua L/FCE, Z/CFM, ZCEM,
/FME do vay J tim dudng tron noi tiép ti gidc CEM F. Vay bai toan dugc chiing minh. [

Bai toan sau day tham khéo [4] 1a mot ting dung clia cic dinh 1y tif 6 dén 9 vé cac cong thic lién
quan dén cac yéu t6 trong mot tif gidc ngoai tiép.

Bai toan 12. Cho tit gidc ABC D ngoai tiép duong tron (I) khong cé 2 cdp canh ndo song song.
Chitng minh rang 1 la trong tam ciia ABCD khi va chi khi IA.IC = IB.ID.

Chiing minh. Trudc tién, ta chiing minh chiéu thuin cla bai todn nghia 1a néu I 12 trong tAm

td giac ABCD th1 IA.IC = IB.ID dat AM = AQ =a, BM = BN =b,CN =CP =c,
la —d| |b —c|

DP = DQ =dsuyra QH =

,NF = )
2 2

Goi E, F, G, H lan lugt 1a trung di€ém ctia AB, BC, CD, DA. Ta ¢6 I 1a trong tAm td gidc

ABCD nén I 1a trung diém HF suyra HQ = NF hay |a — d| = |b — c¢|.Truong hop 1:
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a—d =b—cnéna+c =>b+d.Theodinhly 8,tacé IA.IC = IB.ID. Trudng hgp 2:
a—d=c—bnéna+b=c+d.Tuongtia—b =c—dsuyraa =c,b =d.Dodoti
giac ABCD la hinh binh hanh (do ti giac A BC D khong c6 2 cap canh nao song song). Ta do
chitng minh xong phan thuén ctia bai toan.

Tiép theo, ta chiing minh phan ddo, tic 14 IA.IC = IB.ID thi I 1a trong tAm tif gidc ABCD.
Taco [A.IC = IB.ID suyra HQ = NF, IF = I H hay I thuoc duong trung truc cua FH.
Tuong tu I thudc duong trung truc cia EG. Ma EG va FH khong song song suy ra / 1a trong
tam cia A BCD. Vay bai toan dugc ching minh xong. [

Bai toan 13. (Sharygin Geometry Olympiad 2014). Cho I la tém dudng tron néi tiép tik gidc
ABCD. Tiép tuyén tai A va C cia dwong tron ngoai tiép AAIC cdt nhau tai X . Hai tiép tuyén
tai B va D ciia dwong tron ngoai tiép ABID cdt nhau tai Y. Chitng minh rang X, Y, I thdng
hang.

Bai toan 14. Cho tit gidc ABCD ngoai tiép duong tron (I). Goi Hy, H,, Hs, Hy ldn luot la
truc tam AIAB, AIBC, AICD, AIDA. Chiing minh riing H,, H,, H;, H,4 thcfng hang.

Bai toan 15. Cho tit gidc ABCD ngi tiép. Mot duong tron bdt ky di qua C, D giao AC, AD,
BC, BD tai Ay, As, By, By. Mot duong tron khdc di qua A, B giao CA, CB, DA, DB tai Cy,
Cs, D1, D,. Chitng minh rdng tén tai mot duong tron tiép xiic voi Ay A, B1B,, C1C,, D1 Ds.

Bai toadn 16. Cho hai duong tron (Oy) va (O,) tiép xiic trong vdi (O) tai A, B. Tir A ké tiép
tuyén Aty, At, t6i (0»), tic B ké tiép tuyén Bz, Bz, tdi (0y). Goi Aty cdt Bz, tai X, At, cdt
Bz, tai Y. Chitng minh rang AXBY ngoai tiép duong tron.

Bai toan 17. Cho tit gidc ABCD ngoai tiép duong tron. Puong trung truc cia DA, AB, BC,
CD lan lugt cdt trung truc cua AB, BC, CD, DA tai X, Y, Z, T. Chiing minh rﬁng e gidc
XYZT ngoai tiép duong tron.

Bai todn 18. Cho AABC, ldy D, E thuéc BC. Goi (1), (1), (I3), (14) ldn luot la duong tron
néi tiéep AABD, NACE, ANABE, AADC. Chiing minh rdng tiép tuyén chung ngodi khdc BC
ciia (Iy), (1), (I3), (14) cdt nhau trén BC.

Téi xin gtii 15i cdm on chan thanh nhét t6i thay Tran Quang Hung gido vién truong THPT
chuyén KHTN, Ha Noi, va anh Ng6 Quang Duong hoc sinh 16p 12A2 Toan truosng THPT
chuyén KHTN, Ha Noi, da doc ky ban thdo va dua ra nhiing 15i gop y quy bau, xdc dang dé tai
liéu dugc hoan chinh hon. Mic dui da c¢b ging hét siic nhung tai liéu con c6 nhiéu thiéu sét, toi
rit mong nhin dudc su gép ¥ phé binh ctia ban doc dé chuyén dé dugc hoan thién hon.

[1 ] http://www.artofproblemsolving.com/community/q1h490078p2747906
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[2 ] http://www.artofproblemsolving.com/community/q1h569004p3338258
[3 ] Blog hinh hoc so cip http://analgeomatica.blogspot.com/

[4 ] http://www.artofproblemsolving.com/community/c6h35309p220212

[5 ] Mathley No 1, (January 2014).

[6 ] DarijGrinberg, Circumscribed quadrilaterals revisited, 2012.

[7 ] The IMO Compendium.

[8 ] Pé thi Vietnam Team Selection Tests 2015.
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Tap chi online ctia cong dong
nhitng nguoi yéu toan

gpsi lon

MOT SO UUNG DUNG CUA cUcC VA bOI CcUC

Tran Quang Hung (Trudng THPT Chuyén KHTN, Ha N6i)
Nguyén Tién Ding (Dat hoc Ngoai thuong, Ha Noi)

Bai viét sé tom tat lai mot sb kién thic vé cuc va dbi cuc ddi véi mot dudng tron
dong thai dua ra mot s6 vi du nang cao cho thy tng dung kho thay thé clia cdc khai
niém nay trong thuc hanh giai toan.

Khai niém diém lién hgp xut phat tit viéc ta chia diéu hoa doan thing béi mot duong tron nghia
1a khi cho dudng tron cat doan thang tai hai diém thi hai diém d6 lién hop diéu hoa véi hai dau
muit doan thang. Khai niém vé cuc va ddi cuc dudc dinh nghia thong qua khai niém vé diém lién
hop, diéu d6 c6 nghia 14 né gan chit véi cac khai niém vé hang diéu hoa va chum diéu hoa. Tuy
nhién trong mot s6 bai toan viée dung cuc ddi cuc thuc su 13 can thiét ma viée st dung céac khéi
niém diéu hoa thong thuong khong thé thay thé dugc, hoidc néu c6 mudn thay thé thi lai din dén
sU rudm ra trong trinh bay. Do d6 chiing toi viét bai ndy véi muc dich tdng két lai nhitng y chinh
trong cch st dung cong cu cuc dbi cuc. Mit khéc ching t6i ciing mudn dua ra mot sb vi du xic
thuc cho thiy can thiét phai dung cuc dbi cuc chif khong mudn st dung khdi niém nay mot cach
hinh thic theo ki€u dung ciing dudc ma khong ding cling dudc.

Trong muc ndy toi sé tém tat lai mot sd y chinh tif viéc dinh nghia cuc dbi cuc cho t6i mot s6
tinh chét hay dung dé giai toan. Cuc va dbi cuc c6 nhiéu cach dinh nghia nhung véi dudng tron,
dinh nghia sau theo chiing t6i 1a hay nhat. C4ch dinh nghia nay dugc tham khéo trong [3]. Cac
khai niém cuc va d6i cuc cuing cac van dé lién quan khac cac ban c6 thé tham khéo [1,2]. Ta bat
dau tir khai niém diém lién hop

Dinh nghia 3. Cho duong tron (O) hai diém A, B goi la lién hop véi (O) néu duong tron duong
kinh AB truc giao vdi (O).

Khi niém cuc va ddi cuc dude dinh nghia thong qua khdi niém diém lién hop nhu sau

Dinh nghia 4. Cho duong tron (0) va diém P. Tdp hop tdt cd cdc diém lién hop véi P la mot
duong thdng vudng goc véi OP. Puong thing dé goi la dwong doi cuc ciia P doi véi (O). Diém
P goi la cuc ciia duong thang do doi vdi (O).

Dinh 1y sau c6 thé coi la dinh 1y c¢d ban nhit clia cdc khai niém vé cuc va doi cuc
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Dinh Iy 1 (La Hire). Ddi véi ciing mét duong tron thi A ndm trén doi cuc ciia B khi va chi khi
B ndm trén dbi cuc ciia A.

Hé Qua 2.0.1. Pdi véi ciing mot duong tron thi cdc duong doi cuc dong quy khi va chi khi cuc
ciia chiing thing hang.

Hé Qua 2.0.2. Ddi vdi ciing mot duong tron thi ty sé kép ciia chim ddi cue bdng ty sé kép ciia
hang cuc tuong ung.

Dinh 1y tiép theo 1a mdt cach khéc ngoai dinh nghia nhan biét khai niém diém lién hop

Hé Qua 2.0.3. Cho duong tron (O) va doan thing AB cdt (O) tai M, N thi A, B lién hop vdi
(O) khi va chi khi hang diém (AB, M N) diéu hoa.

Dinh Iy sau nhan biét mot s6 diém dic biét khac trén dudng dbi cuc tit d6 két hop dinh nghia ta
s& c6 thém nhiéu tinh hudéng nhén ra cuc va dudng dbi cuc

Dinh Iy 2. Cho duong tron (O) va P.

i) Nghich ddo ciia P qua (O) nam trén duong déi cuc ciia P doi véi (O).

ii) Néu ké dugc cdc tiép tuyén PA, PB tdi (O) vdi A, B thudc (O) thi A, B nam trén ddi cuc
ciia P déivei (O)

Céc ting dung ctia cuc dbi cuc c6 thé tém gon qua hai dinh nghia, ba dinh ly va hai hé qua trén.
Miic du néu trién khai cac khdi niém d6 ra thi sé con ra nhiéu dinh ly khac nhung chiing t6i mudn
danh lai su linh hoat d6 cho ban doc khi gidi todn. Ching t6i khong mudn viét vé ly thuyét mot
cach qua hinh thiic va rudm ra vi quan diém rang mudn ting dung mot khai niém va dinh ly trong
hinh hoc so cip thi trude hét khdi niém va dinh 1y d6 phai don gidn va dé hi€u, nhiing dinh ly
cang don gian ma khong tam thudng thi Gng dung trong giai toan hinh hoc sé cang cao.

Dinh ly sau tham khao [4]

Dinh Iy 3 (Dinh Iy Salmon). Cho duong tron (O) va P, Q la hai diém bdt ky. Goi K, L la
lan luot la hinh chiéu ciia P, Q lén dwong doi cuc ciia Q, P doi véi (O). Chitng minh rdng
(0) PK

00 QL
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Chitng minh. Goi S, T 12 nghich dao ctia P, Q d6i véi (O) thi S, T nam trén dudng dbi cuc ciia
P, Q dbi vé6i (0). OP, 0Q lan lugt cat KT, LS tai U, V. Ta thiy ngay tif giac STV U noi tiép

ou oV
nén 0S.0U = OV.OT miitkhic 0S.0P = 0T.0Q.Tud6 - = o0 UV | PO.Ta

PK _PU _OU _OP

dé thay hai tam gidc KPU va LQV d6ng dang g.¢ nén = = = , ta hoan
y g Q gdang g.g OL - oV _ 0V~ 00
tat chiing minh. O

Dinh 1y sau rit quen thudc véi cac ban hoc sinh phé thong & Viét Nam qua cic bai toan Olympic,
tuy nhién t€n goi cua dinh ly khong nam trong madt tai li€u chinh thic nao ma dugdc tham khao
qua [5,6]

Dinh Iy 4 (Dinh Iy Brokard). Cho ti gidc ABC D c6 thé'khong 16i noi tiép trong duong tron (O).
Goi AB cdt CD tai E. AD cdt BC tai G va AC cdt BD tai G. Chitng minh rang EF, FG, GE
lan luot la duong doi cuc ciia G, E, F dbi véi duong tron (O).

Chigng minh. Trén BC, AD lay P, Q sao cho cic hang diém (BC, PF) va (AD, QF) diéu
hoa nhu vay P, Q déu Ia lién hop ctia F d6i v6i (O) nén PQ 1a dbi cuc ciia F. Mit khac
(FP,BC) = —1 = (FQ,AD) nén AB,CD va PQ dong quy tai E. Dong thdi (FP, BC) =
—1 = (FQ, DA) nén AC, BD va PQ dong quy tai G. Tt d6 PQ di qua E, G hay EG la dbi
cuc cia F. Tuong tu FG 1a d6i cuc cia E. Vay hién nhién G 1a cuc ctia EF. O

Ban chit ctia 16 giai nay 12 viéc dung ra cic diém lién hop cta F dbi v6i (O) trén BC va AD.
Tuy nhién trong nhiéu tai liéu khi chiing minh dinh ly nay thudng dung ra céc tiép tuyén déi véi
(0) di qua F. Diéu nay khong can thiét va ciing chua thuc su chinh xdc vi véi diéu kién mot ti
gidc khong can 16i thi chua chic F dd nim ngoai (0) d€ dung tiép tuyén.

Dinh Iy sau dugc phat biéu tdng quat trén Conic tham khio [7], trong bai viét nay ching toi
ching minh cho truong hgp duong tron

Dinh Iy 5 (Dinh Iy Conway). Cho tam gidc ABC va mét duong tron (K) bdt ky. Goi X,Y,Z

lan luot la cuc ciia cdc duong thing BC, CA, AB doi véi (K). Chiing minh ring AX, BY,CZ
dong quy.
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W

Ching minh. Goi YZ,ZX, XY cat BC,CA, AB tai U, V, W, theo dinh ly Desargues ta can
chitng minh U, V, W thang hang, mit khac khi ap dung dinh 1y Menelaus cho tam gidc trung
binh thi U, V, W thang hang khi va chi khi trung diém ctia AU, BV, CW thang hang. Ta lai
dé thiy truc tam H cta tam gidc ABC c6 cung phuong tich véi ciac dudng tron dudng kinh
AU, BV, CW nén mubn chi ra trung diém ctia AU, BV, CW thaalng hang ta chi can chiing minh
cdc dudng tron dudng kinh AU, BV, CW dong truc. Do Y, Z 1an lugt 1a cuc ctia CA, AB nén A
1a cuc clia Y Z. Tt d6 hinh chiéu D clia A 1én Y Z chinh 1a nghich d4o ctia A qua (K). Tuong tu
tacd E, F. Dé théy D, E, F déu nam trén cic duong tron duong kinh AU, BV, C W mat khac
theo tinh chét nghich d4o thi KD.KA = KE.KB = KF.KC nén K c6 cung phuong tich véi
cc dudng tron nay, diéu dé c6 nghia K H chinh 1a truc ddng phuong ctia cic duding tron dudng
kinh AU, BV, CW , ta hoan thanh ching minh. O]

Diém dong quy dugc goi 1a tAm thiu xa cla tam gidac ABC va dudng tron (K). Hai tam gidc
ABC va XY Z dudc goi 1a hai tam gic lién hop d6i v6i dudng tron (K). Dinh 1y trén ciing 1a
mot tinh chét quan trong clia cuc va dbi cuc dude ing dung nhiéu trong cic bai todn vé tam gidc.
Ba bai toan sau c6 thé coi 12 hé qua truc tiép clia bai todn trén

Hé Qua 3.0.4. Cho tam gidc ABC va duong tron (K) bdt ky. Chitng minh rang déi cuc ciia
A, B, C vdi (K) cdt BC,CA, AB theo ba diém thing hang.

Hé& Qua 3.0.5. Cho tam gidc ABC va P bdt ky. D, E, F la hinh chiéu cia P lén BC,CA, AB.
Trén PD, PE, PF ldn luot ldy cdc diém X,Y, Z sao cho PD.PX = PE.PY = PF.PZ.
Chitng minh rang AX, BY, CZ dong quy.
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Hé Qué 3.0.6 (M rong tinh chét cia cat tuyén truc giao). Cho tam gidc ABC va P bdt ky.
D, E, F ldan lugt nam trén PA, PB, PC sao cho PD.PA = PE.PB = PF.PC. Chiing minh
riing duong thcfng qua D, E, F lan lugt vuong goc voi PA, PB, PC cidt BC,CA, AB theo ba
diém thing hang.

Qua dinh ly Brokard ta dé thdy rang trong mot ti gidc noi tiép thi tam gic tao béi giao diém hai
dudng chéo va cdc canh dbi tu lién hop v6i dudng tron ngoai tiép tif gidc d6. Hé qua sau c6 thé
coi 1a phat bi€u ngugc ctia dinh ly Brokard.

Hé Qua 3.0.7. Néu mét tam gidc ty lién hop doi voi mdt duong tron thi tam ciia duong tron do
phdi la truc tdm tam gidc.

Tén goi va ndi dung dinh ly quan trong sau dugc tham khao trong [13]

Dinh 1y 6 (Dinh |y Steinbart). Cho tam gidc ABC cé duong tron noi tiép (I) tiép xiic
BC,CA,AB tai D,E,F. X,Y, Z nam trén (I) sao cho DX, EY, FZ dong quy. Chiing minh
rang AX, BY, CZ déong quy.

U B M D C

Chitng minh. Goi tiép tuyén tai X, Y, Z ctia (I) 1an lugt cit BC, CA, AB tai U, V, W. Dé thiy
ba duong dong quy DX, EY, FZ lan luct 1a d6i cuc ctia U, V, W d6i véi (I) nén U, V, W thang
hang. Goi AX, BY, CZ lan luctcat BC,CA, AB tai M, N, P. Goi UX cit CA, AB tai G, H thi
t gidc BC GH ngoai tiép. Theo tinh chit quen thudc thi CH, BG va DX dong quy tai K nén ta
c6 bién ddi ty sd kép (BC,UM) = A(BC,UM) = (HG,UX) = K(HG,UX) = (CB,UD).
UB MB UC DC, MB UB?> DC .
: = : hay = -——=.Do AD, BE, CF dong quy
C MC UB DB MC UC? DB o
N 2 . . A e a & < MB NC PA
va U, V, W thang hang nén khi nhan céc ty so tuong tu ta dé thu dudc . . =
MC NA PB

do dé AX, BY, C Z ddng quy. O

Tur do ta suy ra

Chiing minh trén do chiing t6i dua ra st dung cuc va ddi cuc theo ching toi 1a rit méi cho dinh
ly kinh dién nay. Ching minh nay dua trén y tuéng xuit phat ciia ban Ngé Quang Duong hoc
sinh 16p 12 Toan THPT chuyén KHTN khi ban Duong gidi mot bai todn tong quét hon.

Mot hé qua don gian dudc it ra tif mot phan cach chiing minh dinh 1y trén nhu sau

Hé Qud 3.0.8. Cho tam gidc ABC c¢6 duong tron noi tiép (I). P thudc (I). Tiép tuyén tai P

? < . < . N MB UB2 DC
cua (I)cat BC tai U. AP cat BC tai M thi — = S ==
MC UC? DB
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Viéc phat biéu lai hé qua trén sé cho ching ra thiy tAm 4p dung rong hon ctia hé qua nay.

Hé Qua 3.0.9. Cho duong tron (K) tiép xiic doan BC tai D. Tir B, C vé cdc tiép tuyén khdc
BC cdt nhau tai X. P thuoc (1). Tiép tuyén tai P cia (I) cit BC tai U. XP cdt BC tai M
. MB UB?> DC
thi = =

MC UC?> DB

Miic du tudng chiing cach phat biéu thi hai khong c6 ¥ nghia vi né van chinh 1a hé qua thd nhét
nhung thuc chit né cé rat nhiéu gia tri trong cac bai toan thuc hanh khac nhau vi chi y ring
khi phat biéu nhu vy (K) c6 thé 1a dudng tron bang tiép tam gidc XBC chi khong bat budc 1a
dudng tron ndi tiép.

Dinh ly sau 1a mot dinh ly kinh dién ctia hinh hoc xa anh dudc chitng minh don gian bang cuc
ddi cuc va dinh 1y La Hire

Dinh Iy 7 (Dinh Iy Brianchon). Chiing minh rang cdc duong chéo chinh ciia mét luc gidc ngoai
tiép dong quy.

Chitng minh. Gia st luc gidc ABCDEF ngoai tiép dudng tron (0). Céc tiép diém cta (0)
v6i AB,BC,CD,DE,DF,FAlaM,N,P,Q,R,S. Théy ngay giao diém culia cdc cip dudng
th'fmg MN va RQ, NP va SR, PQ va SM lan luct 1a cuc cta cac dudng thfmg BE,CF va
AD dbi véi duong tron (O). Theo dinh ly Pascal cic diém nay thang hang nén AD, BE,CF
dong quy. O

Mot cach ngudc lai khi cong nhan dinh 1y Brianchon ta hoan toan c6 thé chitng minh dinh Iy
Pascal bang cuc d6i cuc bang cach dung ra céc tiép tuyén dbi véi dudng tron cat nhau tao ra luc
gidc ngoai tiép

Dinh Iy 8 (Dinh Iy Pascal). Chitng minh rang giao diém ciia cdc canh doi trong mot luc gidc
néi tiép thdng hang.
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Chitng minh. Xét luc gidc ABCDEF noi tiép duong tron (O) ta can chiing minh giao diém
X, Y, Z theo thi tu clia cic cip dudng thang AB va DE, BC va FE, CD va FA thang hang.
Goi tiép tuyén tai A, B,C, D, E, F cta (0) cat nhau lan lugt tao thanh luc gisdc MNPQORS
ngoai tiép nhu hinh vé. D& thay X, Y, Z 1an ludt la cuc cia cac dudng thing MQ, PS va NR.
Theo dinh 1y Brianchon thi MQ, PS va NR dong quy nén X, Y, Z thang hang. [

Luc gi4c trong hai dinh ly trén c6 thé suy bién khong nhét thiét phai 15i nhu hinh minh hoa va

chung ta ciing nén hiéu mot linh hoat cac khdi niém "dudng chéo chinh" va "canh d6i" cia luc
gidc trong phat biéu dinh ly.

Mic du khi dat hai chiing minh nay canh nhau ching tudng chiing nhu khong c6 y nghia vi dung
dinh ly nay d€ ching minh dinh ly kia, nhung khong phai vay. Trong hinh hoc so cip chiing ta
biét nhiéu cach khac chiing minh dinh Iy Pascal va Brianchon khi d6 chiing ta hoan toan c6 thé
dung dinh 1y nay d€ chitng minh dinh Iy kia thong qua phuong phdp st dung cdng cu cuc va dbi
cuc nhu trén. Tuy nhién muc dich chinh ctia ching t6i khi trinh bay hai chiing minh nay canh
nhau dé€ 1am ndi bat su dbi ngau cia hai dinh 1y kinh dién 13 Pascal va Brianchon thong qua hai
kh4i niém d6i ngau quan trong khac ctia hinh hoc xa anh 1a cuc va di cuc.

Nhu vay cung v6i dinh 1y co ban ctua La Hire thi cac dinh ly cia Salmon, Brokard, Conway,
Steinbart, Brianchon va Pascal ciing 1a c4c dinh Iy rit quan trong gin lién vé6i hinh hoc xa anh va
dudc trinh bay mot cach thdng nhét trong bai viét nay thong qua cac khdi niém va dinh ly cia
cuc va dbi cuc. Mit khac mbi dinh 1y trén déu 12 cc dinh ly 16n ma nhiing khai thac ciing nhu
tdng quat ching da dudgc dé cap va viét nhiéu dén miic kho c6 thé liét ké ra hét, do d6 v6i mot
bai viét nhd ching tdi chi mudn gidi thiéu cc dinh 1y cuing v6i mot cdi nhin thdng nhat duéi khai
niém cuc va dbéi cuc chii khong c6 tham vong di sau vao mot dinh 1y nao.
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Céc bai toan vi du chiing toi dé nghi trong muc nay mang hoi huéng chii dao 13 c4c bai toan thi
Olympic chii khong phai 1a cic bai toan thudc vé ddi tugng nghién ciiu chuyén sau. Trong mot
s6 bai todn ching t6i sé st dung cac dinh 1y & phan trudc nhung chiing tdi ciing khong c6 tham
vong dung hét tit ca cac dinh ly, vi mdi dinh ly d6 con c¢6 nhiing ting dung chuyén sau ma mat
bai viét dai ciing chua thé viét hét.

Bai toan dau tién tham khao [19]

Bai todn 1. Cho tam gidc ABC vdi duwong tron néi tiép (I). P la diém bdt ky. PA, PB, PC cdt
BC,CA,AB tai K, L,N. Goi X, Y, Z lan luot la cuc cia cdc duong thdzng LN,NK,KL déi
vdi (I). Chitng minh rang AX, BY,CZ lan lugt cdt BC, CA, AB tai ba diém thdng hang trén
mot duong thdng va duong théng nay tiép xiic véi (I).

Chiing minh. Goi AX, BY,CZ lan luct cat BC,CA, AB tai U, V, W. Truéc hét ta sé chiing
minh YB, CZ dong quy véi EF, tit d6 ta dé thay V W tiép xiic (/). Tuong tu thi UW, UV
tiép xtic (/) nén U, V, W thang hang trén dudng thang tiép xiic (I), that vay. Goi DE, DF
lan lugt cit KL, KN tai S, T do AD, BE, CF ddng quy va AK, BL,CN ciing ddng quy nén
D(KA,EF) = —1 = K(DA,LN) do d6 A, S, T thang hang. Vi B, Y lan ludt la cuc cla
DF,NK nén T la cuc cua BY . Tuong tu S 1a cuc cia CZ. Mat khac A 1a cuc cua EF. Vi
A, S, T thang hang nén dé thiy BY, CZ va EF dong quy. Vay d6 1a diéu phai ching minh. [

Bai toan sau tham khao [18]
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Bai toan 2. Cho tam gidc ABC néi tiép duong tron (O). Puong tron (K,) tiép xiic CA, AB va
tiép xiic trong (0). Goi D la cuc ciia BC dbi vdi (K,). Tuong tw c6 E, F. Chitng minh rdng
AD, BE,CF doéng quy.

Chiing minh. Goi (K,) tiép xtiic CA, AB tai M, N thi M N va ddi cuc ctia A d6i v6i (K,). Vay
MN cat BC tai X thi X 1a cuc cia AD dbi véi (K,). Tit d6 AD cat MN, BC tai Q, U thi
(MN,QX) =—1nén(BC,UX) = A(MN, 0X) = —1. Ti d6 tuong tu c6 cic giao diém Y, Z
va U, V. Goi I 1atam noi tiép thi /X, 1Y, 1Z theo thu tu vudng géc v6i I A, IB, I C theo bai
todn cét tuyén truc giao thi X, Y, Z thang hang. Ti d6 c6 AU, BV, CW ddng quy hay néi cich
khic 1a AD, BE, CF dong quy. O

Mot sai 1am khd phd bién trong khi giai bai nay 1a sau khi chi ra X 1a cuc ciia AD v tuong tu
véi Y, Z thi nhan xét X, Y, Z thang hang nén AD, BE, CF dong quy. Nguyén nhan ctia sai 1am
nay 1a do X 1a dbi cuc ctia AD v6i dudng tron (K,) con Y, Z tuong ting 1 cuc cia BE, CF vdi
cac dudng tron (Kp), (K.). Hé qua ctia dinh 1y La Hire chi ding khi xét cuc d6i cuc véi cuing
mot dudng tron chi khong phai véi ba dudng tron khac nhau.

Bai todn 3. Cho tam gidc ABC néi tiép duong tron (O). Puong tron (K,) tiép xiic CA, AB
va tiép xiic trong (O). Tuong tu c¢é cdc duong tron (Kp), (K.). Goi D la cuc ciia duong thdng
Ky K. voi (K,). Tuong tu cé E, F. Chitng minh rang AD, BE, CF dong quy.
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Chitng minh. Goi (K3), (K.) tiép xiic (O) tai P, Q. Theo tinh chit quen thuoc thi PI di
qua trung di€ém N cung AC chia B va QI di qua trung diém M cla cung AB chia C.
Puong thang qua I vudng géc AI cit PO tai X. D& thidy AI 1L MN nén XI || MN, do d6
/XI1Q = /NMI = ZIPQ.Do d6 XI1? = XP.XQ. Ta dé thdy tdm ngoai tiép clia tam gidc
BIC la giao ctia AI v6i (O) nén X1 1a tiép tuyén ctia (B1C) nén X 1?2 1a phuong tich ctia X
d6i v6i (BIC) mit khac X P.XQ 1a phuong tich ctia X d6i véi (0). Do d6 X nam trén truc dang
phuong ctia (O) va (BIC) chinh 1a BC. Tit viéc BC 1a tiép tuyén chung cta (K3), (K.) con
P, O ciing 1a cdc tAm vi tu ngodi cta (K3), (K,.) v6i (O) nén theo dinh ly D’lambert giao diém
X ctia PQ va BC phii 1 tim vi tu ngoai ctia (K3), (K.) nén K, K. di qua X. Theo gia thiét D
1a cuc ctia K K. v6i (K,) ma K, K. di qua X nén D va X lién hop v6i (K,). Lai dé thay A va
X ciing lién hop v6i (K,) nén AD la dudng dbi cuc clia X dbi véi (K, ). Tuong tu véi BE, CF.
Theo chiing minh bai trudc thi cdc dudng dbi cuc nay dong quy. O

Chiing ta di tiép t6i bai todn sau 1a dé thi chon doi tuyén KHTN vong 2 nim 2011-2012 ngay thi
nhét do tac gia dé xut

Bai toan 4. Cho tam gidc khong can ABC. Duong tron néi tiép (1) ciia tam gidc ABC tiép
xiic véi BC, CA, AB lan luottai D, E, F. AD giao EF tai J. M, N di chuyén trén duong tron
(I) sao cho M, J, N thing hang va M ndm vé phia nita mdt phdng chita C bo AD, N ndm vé
phia nita mdt phdng chita B bo AD. Gid sit DM, DN ldn lugt cdt AC, AB tai P, Q.

a) Gid sit MN giao PQ tai T. Chitng minh ring T luén thudc mot duwong thdng d cé dinh.
b) Gid st tiép tuyén tai M, N ciia (I) cdt nhau tai S. Chitng minh rang S thudc d.

c) Gid siw SJ giao BC tai K. Chitng minh rang 1K vuéng goc TD.
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G B k D C

Lai gidi. a) Goi EF giao BC tai G. M N giao AG tai T. Ta s& chiing minh P, Q, T thang hang
tir d6 suy ra T 1a giao ctia M N va PQ thuoc AG cb dinh, that vay, xét cuc dbi cuc véi dudng
tron (I). D& thdy G 1a cuc ctia AD nén G, J lién hop, J, A ciing lién hop nén J 1a cuc cia AG.
MN qua J cat AG tai T suyra (MN,JT) = —1 suyra D(MN,JT) = —1 = A(CB, DG)
tir day suy ra 7, P, Q thang hang.

b) S 1acuc MN suyra S, J lién hop nén S thudc d 1a dbi cuc ctia J.

c)Slacuc MN, T thuoc MN nén S, T lién hop, J, T lién hgp nén T 1a cuc SJ, K thuoc SJ
nén 7, K lién hgp, ta ciing c6 D, K 1ién hgp nén K 1a cyc cia TD do d6 1K vudng goc TD. [

Bai toan sau dugc tac gia md rong bai toan trong [8], 10i giai dua theo y tudng cia Telv Cohl
trong [8]

Bai toan 5. Cho tam gidc ABC néi tiép duong tron (O). Cdc diém E, F ldn lugt nam trén canh
CA, AB. Puong doi trung qua A cdt dwong tron ngoai tiép tam gidc AEF tai P. OP cdt EF
tai D va cdt dwong tron ngoai tiép tam gidc AEF tai Q khdc P. DA cdt (O) tai T khdc A.
Tiép tuyén tai T ciia (O) cdt BC tai S. Ldy R thuéc AD sao cho OR L AQ. Chiing minh rang
RS L OR.
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Chiing minh. Goi AQ cat OR, EF tai U,V vacat (O) tai W khac A. Dé thiy (AP, EF) = —1
nén chim Q(AP, EF) = —1 chiéu chum nay 1én dudng thang EF thi (VD, EF) = —1 nén
chum A(VD, EF) = —1, chiéu chum nay 1én (O) thi hang (WT, BC) = —1. Tu d6 néu TW
cat BC tai K thi (SK, BC) = —1 nén T, K déu lién hop véi S dbi véi (0). Néi cach khac TK
12 ddi cuc cta S d6i v6i (O) nén SW tiép xuc (0), tt d6 T, W déu thudc dudng tron dudng
kinh OS. Talai c6 ZTWO = 90° — LZTAW = ZTRO nén tii giic RTOW nédi tiép, dudng
tron ngoai tiép chinh 1a dudng tron dudng kinh OS. T dé RS L OR. [

Bai to4n sau tham khéo [9] 1a mé rong d& IMO nim 1998

Bai toan 6. Cho duong tron (I) néi tiép trong tam gidc ABC. Goi K, L va M la cdc diém tiép
xiic cuia duong tron noi tiép tam gidc ABC tuong ving véi cdc canh AB, BC va CA. Puong
thing MK va ML cdt dwong thing qua B va song song véi KL tuong ving tai cdc diém Q va R.
DPuong tron véi duong kinh QR cdt (I) tai S, T. Chitng minh rdang ST chia doi doan thing K L.

Loi gidi. Goi (D) 1a dudng tron v6i dudng kinh QR. Ta dé dang thiy ABLR ~ ABQK
nén BQ.BR = BK.BL = BK?. Gid ta c6 hai 1an phuong tich ctia I véi dudng tron (D) la
IR*+10*—RQ? = (BI*+ BR*)+ (BI*+ BQ?*)—(BR+ BQ)*> = 2(BI*— BR.BQ) =
2(BI?* — BK?) = 21 K?. biéu d6 c6 nghia la dudng tron (D) va () 1a truc giao, nén DS, DT
1a tiép tuyén ctia (1) suy ra ST 1a dbi cuc ctia D dbi vé6i (1). Mit khac néu J 1a trung diém EF
thi J 1a cuc ctia dudng thang qua B va vudng géc véi 1B dbi véi (1) nén J, D lién hop dbi véi
(I). Tt d6 S, T, J thang hang. O

Bai todn sau 12 mé rong dé thi vo dich Nga nim 2015 trong [10]

Baitoan 7. Cho tam gidc ABC c6 duong tron néitiép (I). P, Q thuéc BC sao cho (BC, PQ) =
—1. Ké cdc tiép tuyén PM, QN khdc BC tdi (1) véi M, N thuoc (I). Chitng minh rang A, M, N
thing hang.
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Chiing minh. Goi AP, AQ cat EF tai S, T.Do A(BC, PQ) = —1 nénhang (EF,ST) = —1.
Vay S, T lién hop vé6i (1), dé thiy S, A lién hop nén S 1a cuc clia AT, suy ra S, O lién hop vay
S nam trén DN . Tuong tu T nam trén DM . Tir &6 chiéu chum D(EF, ST) = —1 1én dudng
tron (/) thi hang (EF, MN) = —1 nén t gidic EM FN diéu hoa. Tit d6 M N di qua A. N

Baitoan 8. Cho tam gidc ABC cé duong tron néi tiép (I). M, N, P thuéc cdc canh BC,CA, AB
sao cho AM, BN, CP dong quy. Ké cdc tiép tuyén MX,NY, PZ ciia (I). Chiing minh AX, BY,CZ
dong quy.
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Chiing minh. Lay M', N', P' trén BC, CA, AB saocho (BC,MM') = (CA,NN') = (AB, PP') =

1. Chii ¢ tine AM. BN.CP dd . ., M'B N'C P'A MB NC PA _
oy rng AL SRS CONE A RO e "N'A PPB T MC NA PB

nén M',N’, P’ thang hang. D, E, F 1a tiép diém cta (/) v6i BC,CA, AB. Ké céc tiép

tuyén M'X',N'Y’,C’P’ cta (I) thi theo bai toan 6 ta thly AX’, BY’,CZ’ ciing chinh la

AX,BY,CZ.DX' ,EY',FZ' c6 cac cuc dbi véi (1) tuong ing 1a M’, N', P’ thang hang nén

chiing ddng quy. Ap dung dinh ly Steinbart ta cé AX’, BY', CZ’ ddng quy hay AX, BY,CZ

dong quy. O

Bai toan sau 12 mot bd dé rat thu vi ctia cuc va ddi cuc, tham khao [11]

Bai todn 9. Cho tam gidc ABC va duong tron néi tiép (I). K la truc tam tam gidc 1B C. Chiing
minh rdng duong doi cuc cia K déi voi (1) la duong trung binh ving véi A cia tam gidc ABC.
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Loi giai thit nhit. Goi hinh chiéu ctia A 1én IB, IC 1a Q, R thi d& thdy OR la dudng trung
binh ting v6i A ctia tam gidac ABC. Goi (1) tiép xtic CA tai S. BI cit CK tai L. D& thiy cic tif
gidgc ISLC va IQSA noi tiép. Tu d6 LISQ = LIAQ = LAIB —90° = ZICA = ZILS.
Vay 1Q.1L = I1S?, mit khac CK vudng goéc véi 1Q tai L nén CK la dbi cuc ciia Q dbi véi
(I). Vay K va Q lién hop ddi véi (I). Tuong tu K va R lién hop ddi vé6i (1). Vay QR chinh 1a
ddi cuc ctia K dbi véi (I). ]

Loi giai thit hai. Goi D, E, F 1atiép diém cta (/) v6i BC,CA, AB. M, N 1a giao cia BI,CI
v6i DE, DF thi dé thAdy M N 1a dudng trung binh ting véi dinh A clia tam gidc ABC. DF 1a
dbi cuc ctia B d6i v6i (1) nén B, N lién hop vé6i (/). Do d6 BK L I N 1a dbi cuc ctia N dbi véi
(I) nén K, N lién hop véi (I). Tuong tu K, M lién hop véi (I). Vay M N 1a dbi cuc ctia K dbi
véi (7). O

Bai todn sau dudc tic gia dé xult trong [12]

Bai toan 10. Cho tam gidc ABC vdi phén gidc BE va CF cdt nhau tai 1. Ldy diém M sao cho
IM 1 ABva AM 1 IC. Ldy diém N sao cho IN 1. AC va AN 1L IB. ME cdt NF tai P.
Goi K la truc tam tam gidc 1BC. Chitng minh rang AK 1 IP.
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Chitng minh. Goi (1) tiép xic CA, AB tai S, T. Goi AM, AN lan lugt vudng géc véi IC, I B
tai R, Q. Dé thay cic diém S, Q, T, R déu nim trén dudng tron dudng kinh A7. Ap dung dinh

ly Pascal cho bo ( ? ZIA ) suy ra ME, QR va ST ddong quy. Tuong tu thi NF, QR va ST
ddng quy.Tit d6 theo dé bai thi bén dudng thang ME, NF, QR, ST dong quy tai P. Chi y A la
cuc ctia EF va theo bai trén thi K 13 cuc cia QR dbi v6i (1). Ta suy ra P 1a cuc cia AK dbi
voi (I)vay IP 1L AK. ]

Baitoan 11. Cho tam gidc ABC co duong tronnéitiép (I). D, E, F la trung diém BC,CA, AB.
Poéi cuc ciia D déi véi (0) cdt EF tai X. Y, Z dwgc dinh nghia tuong tw. Chitng minh rang
X.Y, Z thing hang.
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1,

Chiing minh. Céc dbi cuc ctia D, E, F dbi véi (I) cat nhau tao thanh tam giac H, K, L. E, F
cung lién hop H dbi véi (1) nén EF 14 dbi cuc cia H d6i v6i (I). Theo bai todn 8 thi H 1a truc
tam tam giac /BC. Tuong ty K, L 1a tryc tdm cac tam giac ICA, [AB. Goi [, I, I, 1a tam
bang tiép goc A, B, C cua tam gidc ABC.Dé théy H, K, L dbi xing véi I,, Iy, I, qua D, E, F.
Chu y rang hai tam giac I, BC, 1,11, dong dang nén I, D la dudng dbi trung ctia tam gidc
I,1p1.. Tid6 dé thly DH, EK, FL dong quy tai M 1a diém Lemoine ctia tam gidc 1,15, ciing
12 diém Mittenpunkt ctia tam gidc ABC. X thudc dbi cuc ctia D, H dbi v6i (I) nén D, H cling
lién hop X ddi véi (1). Do d6 DH 1a dbi cuc ctia X d6i véi (1) nén X lién hop M d6i véi (I).
Tuong tu Y, Z cung lién hop M db6i vé6i (I). Vay X,Y, Z cling thudc dbi cuc cia M dbi véi
(7). O

Sukién DH, EK, FL ddng quy c6 thé dudc suy ra truc tiép bang viéc sit dung dinh ly Conway
cho tam gidc HK L va dudng tron (1) v6ichiy D, E, F lacuc cia KL, LH, HK d6i véi (I).
Bing viéc st dung bai toan 8, qua ling kinh cuc va ddi cuc ching ta c6 thé gidi quyét dé dang
bai toan trong [14]. Ta di t6i bai toan sau
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Bai todn 12. Cho tam gidc ABC c¢é D, E, F la trung diém BC,CA, AB. Ldy L, M, N trén
EF,FD,DE sao cho DL, EM, FN la tiép tuyén ciia duong tron néi tiép tam gidc ABC.
Chiing minh rang L, M, N thdng hang.

Ta can mot bo dé sau

B dé 1. Cho tam gidc ABC va mot duong tron (0) cdt cdc canh BC,CA, AB tai cdc cdp
dlé;’l’l A1, Az; Bl, Bz; Cl, C2 . Khi do AAl, BBl, CCl déng quy khi va chi khi AA2, BBz, CC2
dong quy.

B& dé trén da quen thudc véi nhiéu ban doc, xin khong chiing minh & day. Trd lai bai todn

M

Chiing minh. Goi dudng tron (/) ndi tiép tam giac ABC tiép xtuc v6i BC,CA,ABtai X, Y, Z.
DL, EM,FN tiép xic (/) tai U, V,W. XU, YV, ZW cit nhau tao thanh tam giac PQR. Tu
bai toan 8 dé théy P,Q,Rlacuccua EF, FD, DE dbi véi (1) va ciing la tryc tam cac tam giac
IBC,ICA,IAB. Chi y ring PX, QY, RZ ddng quy tai I, ap dung bd dé trén cho tam gidc
P QR va duong tron (1) tacdé PU, QV, RW dong quy. Xét cuc dbi cuc véi (I). L thudc cac dbi
cuc EF, DU cta P, U nén L lién hop v6i P, U. Do dé6 PU 1a dbi cuc cia L. Lap luan tuong tu
QV, RW 1a dbi cuc cia M, N. PU, QV, RW ddng quy nén cic cuc tuong tng L, M, N thang
hang. 0
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Tuong tu véi ky thuat st dung trong bai todn 11, chiing ta c6 thé gidi quyét bai todn tdng quéat do
Nguyén Pham Dat dé xuét xem [14]

Baitoan 13. Cho tam gidc ABC cé duong tron noitiép (I). Ay, By, C bdtky trén BC,CA, AB.
Ay la giao diém cia B, C, vdi tiép tuyén qua A, ciia (1) khdc BC. By, C, duoc xdc dinh tuong
tw. Chitng minh rang A, B, Cy thing hang khi va chi khi AA;, BBy, CCy dong quy.

Lai giai sau dua theo Luis Gonzalez

B!

B D A, C A’

Chitng minh. Goi (I) tiép xic v6i BC,CA, AB tai D, E, F. A1 A», B1B,, C,C, tiép xic véi
(I)tai D', E', F'. DD', EE’, FF’ cat nhau tao thanh tam gidc A9 ByCy. A, B’, C’ 1a giao diém
ctia BC, B;C;;CA,C A;; AB, A\ B,. Xét cuc dbi cuc véi (I). Ag 1a giao cac dbi cuc EE’, FF'
cua By, Cy nén By, C; cung lién hgp Ag; do dé Ay 1a cuc cia B;C;. Lap luan tuong tu By, Co
la cuc cia Cy Ay, A1 B;. A, 1a giao cic dbi cuc B,Cy, A; D’ clia Ag, D'nén A, 1a cuc ctia AgD’.
Lap luan tuong tu ta c6 B,, C, la cuc cia BoE', CoF'; A', B', C' 1a cuc ctia AgD, BoE,CyF.
Ta c6 céac khang dinh sau tuong duong

1) Ay, B,, C, thing hang

2) AgD', ByE', Cy F' ddong quy (Hé qua 1.1)
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3) AgD, BoE, CoF ddng quy (Ap dung bd dé 11.1 v6i tam gidc AgBoCo va (1))

4) A', B, C’ thang hang (Hé qua 1.1)

5) AA,, BB,, CC; dong quy (Ap dung dinh ly Desargues cho hai tam giac ABC va A, B,C;)
O

Bai toan sau tham khao [17]
Bai toan 14. Cho tam gidc ABC véi tdm néi tiép I, cdc trung tuyén AD, BE, CF dong quy tai

G.Trén EF, FD,DE ldy X,Y,Z saocho IX 1L IA,1Y 1 IB,1Z 1 IC. Chiing minh rc?ng
X,Y, Z thing hang trén duong thing vuéng goc véi I1G.

Chitng minh. Goi (I) 1a dudng tron ndi tiép tam gidac ABC. H 1a truc tam tam gidc /BC. Theo
bai toan 8 H 1a cuc cia EF vady H va X lién hop véi (I) vay dudng dbi cuc ciia X 1a dudng
thang qua H vudng goc véi I X. Goi M 1a tim noi tiép tam gidc DEF va K 1a tam bang tiép
g6c A clia tam gidc ABC. Dé thiy 1K 1a dudng kinh clia dudng tron ngoai tiép tam gidc /BC
nén K va H dbi xiing nhau qua D. Goi J ddi xting I qua M. Dé thAdy DM | I A. T d6 theo
tinh chit dudng trung binh hinh thang thi HJ || IA L IX.N6i cach khic dudng dbi cuc clia
X ludn di qua J. Tuong tu thi cac duong ddi cuc ctia Y, Z ciing di qua J. Vay X, Y, Z thang
hang va J chinh la cuc clia dudng thang qua X, Y, Z. Dé thiy 7, G, M, J thang hang nén duong
thang qua X, Y, Z vudng géc véi IG. [

Trong ky thi Romanian Masters In Mathematics nim 2012 ¢6 bai toan hinh hoc hay dudc viét lai
nhu sau
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Bai toan 15. Cho tam gidc ABC cé duong tron néi tiép (1) va tdm ngoai tiép O. Puong tron
(0,) qua B, C tiép xiic véi (I). Cdc duong tron (Op), (O.) duogc dinh nghia tuong t. Chiing
minh rdng tam ddng phuong ciia (0y), (0p), (O,) thuéc OI.

Loi giai sau dua theo Dua theo Ilya I. Bogdanov, Fedor A. Ivlev va Pavel A. Kozhevnikov trong
[15]

Chiing minh. Goi (0,), (Op), (O,) tiép xtic véi (1) tai X,Y, Z. Tiép tuyén tai X cta (/) cat
BC tai M. Tacé MX? = MB - MC nén M thudc truc dang phuong [ ctia (0), (). Goi K la
cuc ctia / d6i v6i (1) thi OI || IK L [ nén K thudc OI. Xét cuc ddi cuc véi (1). M thudc dbi
cuc [ ctia K nén K thudc ddi cuc DX ctia M. Lap luan tuong tu EY, FZ di qua K. Cc tiép
tuyén tai Y, Z ctia (1) cit nhau tai U thi AU 1a truc dang phuong ctia (0p), (O.). EF,Y Z cat
nhau tai H. H thuoc dbi cuc EF,YZ ctia A, U nén A, U cung lién hop véi H, vi thé AU 1a dbi
cuc ctia H. D& thidy H thudc ddi cuc [ cia K nén K thudc dbi cuc AU ctia H. Do d6 K ciing
phuong tich v6i (Op), (O,). Lap luan tuong tu ta c6 K c6 cung phuong tich vé6i (O,), (Op), (O,).
Vay tam dang phuong K cta (0,), (Op), (O.) thudc OI. [

Cing trong ky thi Romanian Masters In Mathematics nam 2013, c6 bai toan nhu sau

Bai toan 16. Cho tit gidc ABCD ndi tiép duong tron w cé AB cdt CD tai P, AD cdt BC tai
0, AC cdt BD tai R. M la trung diém PQ. MR cdt o tai K. Chitng minh rang dwong tron
ngoai tiép tam gidc KP Q tiép xiic vdi w.
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Chitng minh. Goi O 1a tdim clia dudng tron . Pudng thang qua O vudng géc véi MR cat
PQ., MR lan lugt tai S, T. Theo dinh ly Brokard dé thdy R 1a truc tim tam gidc OP Q. Chi
y ring M 1a trung diém PQ va T 1a hinh chiéu ctia O trén MR, theo két qui quen thudc
T thudc dudng tron (OP Q). Dé c6 PQ 1a dbi cuc cia R d6i véi w nén S lién hop R dbi
v6i w. Do d6 MR1LOS 1a dbi cuc ciia S ddi v6i w nén SK 1a tiép tuyén cta (O). Ta c6
SK? =S8T -S5O = SP-SQ nén SK ciing la tiép tuyén ctia (K P Q). Viy dudng tron ngoai tiép
tam gidc KPQ tiép xiic o tai K. U

Baitoan 17. Cho tam gidc ABC ndi tiép (O) c6 duong tron néi tiép (I) tiép xiic véi BC,CA, AB
tai Ay, Bo. Co. Ay la diém chinh gifta cung BAC ciia (0). Ldy A, trén I Ay sao cho AgA, || 1 A.
Ldy As trén ByCy sao cho AyAs L 1A, . Bs, Cs dugc dinh nghia tuong tw. Chiing minh rang
As, B3, C; ciing ndm trén duong thdng vuong géc vdi Ol .

Chiing minh. 1A, di qua tiép diém X ciia dudng tron A - mixtilinear ctia tam giac ABC véi
(0). Budng thang qua I vudng goc véi 1A cat BC tai A4. Theo tinh chat quen thudc XA, 1a
phan gidc ngoai ctia ZBXC nén XA, L X1. Xét cuc ddi cuc v6i (1). DE thiy AgA, L 14412
dbi cuc clia A4 nén A, lién hop v6i A4. Do d6 XA, L 1A, 1a dbi cuc cia A, nén X lién hop
Vi A,. Vithé A,Az L 1X 13 ddi cuc ctia X nén X lién hop v6i As. Az thude dbi cuc ByC
clia A nén A lién hop v6i As. Tor d6 AX 1a dbi cuc clia A3 dbi véi (1). AX di qua tAm vi tu
ngoai S ctia (0), (I) nén As lién hop véi S. Lap luan tuong tu Bs, C3 déu lién hop vé6i S. Vay
As, B3, C3 nam trén dbi cuc ctia S vudng goc véi OI . O
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Két thic céc vi du, chiing tdi ciing c¢6 doi 18i mudn chia sé. Cuc va dbi cuc 13 mot khai niém quan
trong trong hinh hoc xa anh ciing 12 mot cong cu quan trong trong viéc gidi toan hinh hoc so cip.
Trong mot bai viét nhd khong thé nao dién dat hét nhitng bai toan st dung cong cu nay. Pinh ly
co ban trong phan nay 1a dinh 1y La Hire dudc st dung nhiéu nhung bén canh d6 nhiing dinh ly
16n ctia phan nay nhu dinh 1y Salmon, dinh ly Brokard, dinh ly Conway cling m&i chi gi6i thiéu
qua cung véi cach chiing minh chif bai viét con chua dé cip dudc t6i nhitng ing dung hét siic
phong phi ctia cic dinh ly nay. Mit khac nhing ting dung 16n ctia cuc dbi cuc gan lién vé6i td
gidc ngoai tiép, luc gidc ciing chua dudc dé cap tdi trong bai viét. Do d6 bai viét ny mdi 1a mot
cai nhin luét qua mot s6 bai toan ting dung hay ctia cuc dbi cuc chii chua di sau khai thic cu thé.
Ma&i bai toan trong chuyén dé nay con c6 rat nhiéu khai thac ma c6 thé viét thanh mot chuyén dé
riéng. V& mit ban chat cuc ddi cuc xuit phat tir khai niém diém lién hop va hang diéu hoa va né
dugc phat trién 1én nhung van giif dudc tinh don gian nén c6 dng dung rat 16n. Néu trong mot bai
todn 16n dé tranh ding cuc dbi cuc, ngudi gidi hoan toan c6 thé 1am thém mot cong doan nita
chitng minh mot cich tra hinh céc tinh chét ctia cuc dbi cuc vi ban than céc tinh chét d6 rat don
gian. Tuy nhién ro rang 1a diéu nay khong c6 10i va vé miit su pham sé& gay ra khé hiéu, do d6
chiing t6i vAn ludn khuyén khich céc ban, nhit 12 cic em hoc sinh thi Olympic van nén dung va
nghi theo huéng nay néu thiy tién 10i.

Bai toadn 18. Cho tam gidc ABC c6 duong tron néi tiép (I). Goi H, K, L ldn luot la truc tdm
tam gidc IBC,ICA, [AB. Chitng minh rﬁng AH, BK,CL lan lugt cdt BC,CA, AB theo ba
diém thdng hang trén mot duong thdng tiép xiic (I).

Bai toan 19. Cho tam gidc ABC nhon ni tiép duong tron (O) cé duong cao AD, BE, CF cdt
nhau tai H. M la trung diém BC. M H cdt EF tai N. Tia ND cdt (O) tai P. Chitng minh
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rdng PA la phdn gidc Z/EPF.

Bai toan 20. Cho tam gidc ABC nhon néi tiép duong tron (O). P ndm trong tam gidc sao cho
AP 1 BC. D, E,F la hinh chiéu cia P lén BC,CA, AB. Puong tron ngoai tiép tam gidc
DEF cdt BC tai M khdc D. MP cdt EF tai N. Tia ND cat (O) tai Q. Chitng minh rang Q A
la phdn gidc Z/EQF.

Bai toan 21. Cho A, B, M la cuc ciia cdc duong thdng a, b, m vdi duong tron (O). Chiing minh
rdang

d(M,a) d(A,m) d(O,a) _d(B,a)
d(M,b) " d(B,m) d(0,b) d(A,b)

Trong dé d(X, d) ky hiéu khodng cdch tiv diém X téi duong thdng d.

Bai toan 22. Cho tam gidc ABC néi tiép dwong tron (O) va P nam trén phdn gidc / BAC.
E, F la hinh chiéu ciia P lén CA, AB. OP cdt EF tai Q. S thuéc BC sao cho SQ 1 0Q.
Goi AQ cat (0) tai T khdc A. Ching minh rang ST tiép xiic (O).

Bai toan 23. Cho tam gidc ABC c6 dudng tron néi tiép (I). P la diém bdt ky. PA, PB, PC
lan lugt cit BC,CA, AB tai D, E, F. Trén EF, FD, DE lcfy X,Y,Z sao cho DX, EY, FZ
tiép xiic (I). Chitng minh rang X, Y, Z thdng hang.

Bai toan 24 (Telv Cohl). Cho tam gidc ABC vdi P, Q la hai diém ding gidc. H, K la truc tam
ciia tam gidc PBC, QBC. Chitng minh rdang trung diém HK la cuc ciia duong trung binh ting
vdi A ciia tam gidc ABC doi véi duong tron Pedal ciia P, Q.

Bai toan 25. Cho tam gidc ABC duwong tron néi tiép (I). Goi H,, Hy,, H, la truc tdm cdc tam
gidgc IBC,ICA,IAB. Poan I A cdt (I) tai Ay, tiép tuyén tai I ciia A, cdt Hy H, tai A,. Tuong
tw c6 By, Cy. Chiing minh rdang A, By, C» th(fng hang.

Bai toan 26. Cho tam gidc ABC néi tiép (O). Puong cao tai A, B, C cdt duong tron tai diém
thit hai Ao, B, Cy. Tiép tuyén tai By, Cy cdt nhau tai Ay. A, la déi xiing ciia A qua O. A1 A
cdt (0) tai As. AgAs cdt tiép tuyén tai A ciia (O) tai A4. Tuong tw c6 By, Cy. Chitng minh rang
As, By, C4 thdng hang.

Bai toan 27. Cho I, K la tam néi tiép va diém Nagel ciia tam gidc ABC. D, E, F la tiép diém
cia (I) noi tiép véi BC,CA, AB. M, N, P ldn luot la trung diém BC,CA, AB. Cdc duong
thcfng qua D, E, F va vuong goc voi AK, BK,CK cdt cdc canh NP, PM,MN tai X,Y, Z.
Chiing minh rang X,Y, Z thdng hang trén dwong thang vuéng goc véi 1L trong do L la diém
Lemoine ciia tam gidc tao bdi ba tdm bang tiép.

Bai toan 28. Cho tit gidc ABCD ngoai tiép duong tron (I). Cdc tiép diém tuong iting véi
AB,BC,CD,DAla M,N, P, Q. MP giao NQ tai K. AB giao CD tai E, BC giao AD tai
F. Chitng minh rang 1K vuong goc véi EF.

Bai toan 29 (Turkey TST 2009). Cho tit gidc ABCD ngoai tiép duong tron (I,1). Goi AB cdt

CD tai E. AD cdt BC tai F. AC cdt DB tai G. K la hinh chiéu ciia I lén EF. Chiing minh
rang IK.1G = r>.
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Bai toan 30 (Bai T12/445 - s6 thang 7 nim 2014). Cho tit gidc ABCD ndi tiép duing tron
(I). Cdc canh AB, BC tiép xiic vdi (1) ldn luot tai M, N. Goi E la giao diém ciia AC va M N,
F la giao diém ciia BC va DE. DM cdt (I) tai T khdc M. Chiing minh rang F T la tiép tuyén
cua (I).

Bai toan 31 (VN TST 2003). Cho tam gidc ABC néi tiép duong tron (O). Ag, By, Co la trung
diém cdc dwong cao AH, BK, CL ciia tam gidc ABC. Puong tron (I) néi tiép tam gidic ABC
tiép xiic véi BC,CA, AB tai D, E, F. Chuiing minh rang AgD, BoE, CoF va OI dong quy .

[1] http://www.cut-the-knot.org/Curriculum/Geometry/PolePolar.shtml
[2] http://mathworld.wolfram.com/Polar.html

[3] Nathan Altshiller-Court, College Geometry: An Introduction to the Modern Geometry of
the Triangle and the Circle, Dover Publications; 2 Rev Enl edition (April 19, 2007)

[4] http://mathworld.wolfram.com/SalmonsTheorem.html

[5] http://www.mit.edu/ alexrem/ProjectiveGeometry.pdf

[6] http://www.imomath.com/index.php?options=334&Imm=0

[7] http://www.maths.gla.ac.uk/wws/cabripages/triangle/conics.htm

[8] http://artofproblemsolving.com/community/c6t48f6h1213584

[9] http://analgeomatica.blogspot.com/2015/07/nhat-ky-mot-chuyen-i.html
[10] http://artofproblemsolving.com/community/c6t48f6h1211140
[11] http://www.xtec.cat/ qcastell/ttw/ttweng/resultats/r276.html
[12] http://analgeomatica.blogspot.com/2016/02/moi-tuan-mot-bai-toan-tuan-2-thang-2.html
[13] http://web.mit.edu/ darij/www/geometry2.html
[14] http://www.artofproblemsolving.com/community/c80019h307278/

[15] On circles touching the incircle, Journal of Classical Geometry
http://jcgeometry.org/Articles/Volume2/JCG2013V2pp43-52.pdf

[16] http://www.artofproblemsolving.com/community/q1h612004p3639577
[17] http://www.artofproblemsolving.com/community/c6h260772
[18] http://www.artofproblemsolving.com/community/c6h328754

[19] http://artofproblemsolving.com/community/c6t48f6h1221797
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psilon
Tap chi online ctia cong dong
nhitng nguoi yéu toan

TINH CHAT HINH HOC CUA BDUGNG CONG
BAC BA

Nguyén Tién Lam, Ng6 Quang Duong - THPT Chuyén KHTN, Ha Nbi

Bai viét trinh bay mot sd tinh chit don gian ctia dudng cong bac ba.

Trong hinh hoc so cip, dinh 1y Menelaus 1a mot dinh 1y ndi tiéng lién quan dén bai toan chiing
minh thang hang clia cic diém. Dinh ly nay dudc chiing minh bang dinh 1y Thales. Duéi diy, ta
sé dua ra cach chiing minh bang phucng phép toa do.

Quy uéc trong bai viét, toa do Descartes ctia diém M 12 (xp7, yar).

Pinh 1y 1 (Dinh Iy Ménélaus). Cac di€ém A, By, C; lan ludt chia cic doan thflng BC,CA, AB
theo ti s6 a, B, y, trong d6 «, B, y € R. Badiém A;, B;, C; thang hang khi va chi khi afy = 1.

Chitng minh. Chiéu thudn. Gia st ba diém A;, By, C; thang hang va A la dudng thang di

qua ba diém dé. Trong hé truc toa do Oxy, dudng thing A cé phuong trinh ax + by +

c = 0vadit f(x) = ax + by + c¢. Piém A, chia BC theo ti s6 « nén toa do ctia A4; la
XBp —QXc Yp —Ud)YcC N

i : )- Vid; € Anen

l—-a 11—«
axB_axC+bJ’B_ayC+C:0’
l—« l—«
dﬁndénazf(xB).
Sf(xc)

f(xc),y _ J(xa)
fxa) f(xB)
Chiéu ddo. Gia st dudng thang M N cét dudng thang AB tai P’ va gia si P’ chia doan AB
theo ti s6 y’. Theo chiéu thuin thi @8y’ = 1 ma afy = 1 nény = y/, tiicla P’ = P. Suy ra
M, N, P thang hang. O

Mot cach tuong tu, ta cling ¢6 S =

. Tu do, ta c6 ngay affy = 1.

Tiép theo, ta xét dinh Iy Carnot 1a dang tdng quat cta dinh Iy Menelaus. Noi dung cia dinh 1y
dudc phat biéu dudi day:

Pinh ly 2 (Dinh Iy Carnot). Gia st cdc diém 4;, B;, C; lan luct chia canh BC, CA, AB theo ti
sb Bi,yi, v6ii = 1,2. Khi do, 6 diém A, A, By, B, C1, C5 thudc mot conic khi va chi khi
a1o2B1B2y172 = 1.

Dinh ly trén dugc chiing minh tuong tu nhu dinh ly Menelaus c6 st dung thém dinh ly Viete cho
phuong trinh bac 2.
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Muc nay dua ra c4c tinh chit ctia dudng bic ba c6 phuong trinh dang y = ax> 4+ bx* +cx +d.

B dé 1. Khi b = 0, gia st A, B, C 1a ba diém phan biét thudc dudng cong bac ba K. Khi dé,
A, B, C thang hang khi va chi khi x4 + xg + xc = 0.

Chiing minh. Gia stt dudng thang qua hai diém A, B c6 phuong trinh A : ax + By +y = 0.
Chiéu thudn. Gia st C thudc duong thang A B, ta can chira x4 + xp + xc = 0. That vay, toa
do A, B, C langhiém cta hé

ax + By +y =0,
ax*+cex+d =y.

Thay y tit phuong trinh thi hai vao phuong trinh dau tién, ta dugc phuong trinh hoanh do giao
diém ctia (C) va A la
ax> + (@ +b)x+y+c=0.

Vi x4, Xp, Xc langhiém cta phuong trinh trén nén theo dinh ly Viete, ta co ngay x4 +xp+x¢c =
0.

Chiéu ddo. Gia st x4 + xp + xc¢ = 0. Goi C’ 1a giao diém ctia K va dudng thang A B, theo
phﬁn thuan thi x4 + xg + x¢» = 0, dan dén x¢ = x¢ hay C = C’. Do d6, A, B, C thezmg
hang. O

T b dé trén, ta thu dugc mot két qua dep lién quan t6i dudng cong bac ba K trong trudng hop
b = 0 dugc trinh bay trong ménh dé dudi day.

Ménh dé 1. Khi b = 0, gia st A4, B, C 1a ba diém phan biét thudc dudng cong K. Tiép tuyén
ctia K tai cac di€ém A, B, C cat dudng cong K tai cac diém thi hai A’, B, C’. Chiing minh ring
A’, B', C' thang hang khi va chi khi 4, B, C thang hang.

Chitng minh. Gia st A, B, C 1a ba diém thang hang thudc dudng cong K. Phuong trinh tiép
tuyén ctia K tai 412y = (Baxy + ¢)(x — x4) + axy + cx4 + d. Do vdy, x4 1a nghiém kép
cua phuong trinh

ax®+cx+d = (3ax3 +c)(x —x4) +axy +cxqa+d

hay
(x —x4)%(x + 2x4) = 0.

Phuong trinh trén c6 hai nghiém x 4, —2x 4 nén hoanh do ctia diém A’ 1a x4 = —2x4. Mot cich
tuong tu, ta cling c6 xgr = —2xp,xXcr = —2xc.Suyraxy + xp + xcr = —2(x4 + Xp + x¢).
Tir day, 4p dung bd dé 1 ta thiy ngay A’, B’, C’ thang hang khi va chi khi A, B, C thang
hang. ]

Tiép theo, ta sé xét mot md rong ciia ménh dé 1.

Ménh dé 2 (M3 rong ménh d& 1). Khi b = 0, xét hai dudng thing d,, d,. Gia st d; cit K tai ba
diém A;, B;, C; v6ii = 1,2. Khi d6, giao diém ctia cac dudng thang A, A,, By B,, C;C, véi
dudng cong K thang hang.
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Chiing minh. Goi As, Bz, Cs tuong ting 1a giao di€m clia cdc duong thazlng A1A,, B1B,, C1C,
v6i dudng cong K va gid st a;, b;, ¢; 1an luct 1a hoanh do clia cic diém A4;, B;, C; v6ii = 1,2, 3.
Theo bd dé 1 thi ta phai c6

ar+ax+az=bi+by+bs=ci+ca+c3=0

Suy ra 21.3=1(ai + b; + ¢;) = 0. Nhung vi 4;, B;, C; thudc dudng thang d; véii = 1,2 nén
a; +b; +c¢; =0véimoii = 1,2. T d6, ta phdi c6 az + b3 + ¢3 = 0. Ciing theo bé dé 1 thi
ba diém A3, B3, C; thang hang. Phép chiing minh hoan tit. O

Trong bai todn trén, ta chi can cho hai duong thang d;, d, tring nhau thi cac dudng thang
A1As, By By, CC, sé suy bién thanh tiép tuyén ctia dudng cong K va ta thu dudc lai két qué &
ménh dé 1. Mot cu hoi dit ra 1a liéu két qua trén con diing khong v6i dudng cong K bét ky? Ta
x€t bai toan md rong sau day:

Ménh dé 3 (Md rong ménh dé 2). Xét duvng cong K : y = ax> +bx? +cx +d,vdia # 0
va hai dudng thang d;, d,. Gia st ring d; cat dudng cong K tai ba di€ém phan biét A;, B;, C;
v6ii = 1,2. Goi Az, B, C3 lan luct 1a giao di€m clia cdc duong thrflng A1A,, B1B,, C1C, v6i
dudng cong . Khi d6, ba diém A, Bs, C3 thang hang.

Hinh 12.1: A3, B3, Cs thing hang

Chuing minh. Ta chia lam hai trudng hogp.

1. A1A2, Ble, Cl C2 doi mC)t Cé.t nhau.

Goi A, B, C lan luot 1a giao diém clia cic cip dudng thzzmg (B1B3,C1Cy), (C1C3, A1 A),
(A1A,, B1 B,). Gia sti diém A; chia doan BC theo ti s6 o;; diém B; chia doan CA theo
ti s6 B;; di€ém C; chia doan AB theo ti s6 y;, v6ii = 1,2,3. Ap dung dinh ly Carnot
cho dudng cong K bac 3 v6i AABC ta co ayasraszfBiB283Y172y3 = 1. Nhung vi ba diém
A;, B;, C; thang hang (cung nim trén dudng thang d;)nén ap dung dinh Iy Menelaus cho
AABC vé6icattuyén dy tacé o Biy; = 1,v6ii = 1,2. Suy raasBsys = 1, nghiala A;,
B3, C5 thang hang theo dinh ly Ménélaus.

2. Trong cic cip (B1B,, C1C), (C1Cs, A1A3), (A1 A», B1B,) c6 it nhét 1 ciip song song.
Luc nay ta thyc hién mot phép chiéu xuyén tam bién 4;, B;, C; thanh A}, B!, C/, dudng
béac ba K thanh K. Hién nhién ton tai phép chiéu thda man A A, B} B}, C;C, ddi mot
cit nhau. Liic nay ta lai quay vé trudng hop 1.
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]

O bai todn trén, néu cho hai dudng thing d;, d» tring nhau thi cic duong thing A, A,, By B>,
C,C, sé suy bién thanh tiép tuyén ctia dudng cong K thi khi d6 két qua ménh dé 1 ciing ding
trong trudng hop b # 0 hay ding v6i dudng cong bic ba téng quat.

O trén, ta trinh bay mot s6 tinh chit ctia dudng cong bic ba cé phuong trinh quen thudc. Phin
nay sé& dé cap dén dudng cong bic ba bét ki, ma trong toa do Descartes, phuong trinh dugc cho
dudi dang ham an:

Ax3x> 4+ ay3y? + AxayX?y + axyaxy? 4+ byax? + by y? + byyxy +cxx + ¢,y +d =0

Trong d6 cac hé s ax3, ays, Axzys Axyas bx2, bya, bxy, Cx, €y, d 12 céc sO thyc VA ays, ay3, dxy,
dxy> khong dong thoi bang 0.
Noi dén dudng cong bac 3 thi ta c6 mot két qua rit ndi tiéng:

Pinh Iy 3 (Pinh 1y Cayley-Bacharach). Hai dudng cong bic 3 cit nhau tai 9 diém (theo dinh ly
Bezout, hai duong cong bac m, n cit nhau tai m x n diém). Mot duong cong bac 3 khac di qua 8
trong s6 9 diém dé thi ciing di qua diém thif 9.

Dinh ly Cayley-Bacharach [1] c6 thé dudc suy bién: thay dudng cong bac 3 bdi hop ctia 3 dudng
thang, hay hop ctia 1 conic va 1 dudng thang,... Do d6, mot trong nhitng ting dung ctia dinh
ly nay la chitng minh 3 diém thang hang, hay 6 diém thudc mot conic. Chang han nhu dinh 1y
nay mang dén mot chiing minh ngin gon cho ménh dé 2 trong 2.1: 2 dudng cong béc 3 la K
va Ay, As, A3 U By, By, B3 U Cy, Ca, C3 ¢6 9 giao diém la A;, B;, C; véii = 1,2,3. Khi do
duwong bdc 3 suy bién A1, By, C1 U A, B>, C, U A3, Bs di qua 8 trong sé 9 diém trén nén ciing
sé chita diém Cs. Diéu nay nghia la As, Bs, Cs thang hang.

Hé qua. Céc diém 4, B, C, D, P, Py, P, thudc dudng cong bac ba K. 6 diém 4, B, C, D, Py,
P, thudc mot conic khi va chi khi giao diém khac A, B, C, D cia AB, CD véi K va P thflng
hang.

Chiing minh. AB,CD catCtaiM, NvaM,N, P thazmg hang. K va cubic suy bién A, B, M U
C,D,N U P, P, P, c69 giao di€m A, B, C, D, M, N, P, P,, P,. Theo dinh ly Cayley-
Bacharach, duong bac ba suy bién ABCDP, UM, N, P (trong d6 ABCDP; 1a conic diqua 5
diém A4, B, C, D, Py)diqua P, nén A, B, C, D, P,, P, thudc mot conic.

Phan ddo, 4, B, C, D, P;, P, thudc mot conic. Xét ba dudng bacba X, A, B,M UC, D, N U
P, Py, P,, ABCDP,P, U M, N tu d6 ap dung dinh ly Cayley-Bacharach ta suy ra M, N, P
thang hang. [

Mot s6 bai toan khac c6 chiing minh ap dung dinh Iy Cayley-Bacharach tuong tu trén, ban doc
xem tai [2].
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Hinh 12.2: Mét ting dung tryc tiép cia dinh ly Cayley-Bacharach

Tai lieu tham khao
[1] Cayley-Bacharach theorem, Wikipedia

[2] Generalization of some triangle geometry results associated with cubics
http://blogcuagquangduong.blogspot.com/2016/03/
generalizations—-of-some-triangle.html
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nhitng nguoi yéu toan

gpsi lon

BIEU DIEN SO NGUYEN DUGNG DUGI
DANG TONG CAC SO CHINH PHUGNG

Hoang Cao Phong

Chuyén dé nghién cttu bai toan Waring trong trudng hop k = 2. Trong chuyén
dé, ta sé chitng minh g(2) = 4. P& 1am dudc diéu do, ta chi can chi ra c6 mot s6 s6
nguyén duong khong thé biéu dién dudi dudc dang tdng hai sb chinh phuong, mot
s6 s6 khong thé biéu dién dudc dudi dang tdng ba sb chinh phuong, nhung moi sd
nguyén duong déu biéu dién dudc dudi dang téng clia bén s6 chinh phuong. Ngoai
ra, chiing ta sé& di tim ddp 4n cho cau héi: "Nhiing s6 nguyén duong nao biéu dién
dugc dudi dang téng hai s6 chinh phucng va ba s6 chinh phuong". Cudi ciing, chiing
ta s& xem xét bai toan Waring tng quét va cac van dé md rong cho ham g (k).

Viéc tim cach biéu dién mot s6 nguyén duong dudi dang tdng céc sd chinh phuong dudc rt
nhiéu ddi tugng quan tim, tif nhiing ngudi yéu todn cho dén nhitng nha todn hoc.

Vao nim 1632, Albert Girard 12 ngudi dau tién dua ra nhan dinh: mot s6 nguyén t6 18 dong du
v6i 1 mod 4 1a tdng ctia hai s6 chinh phuong, diéu nay da dugc cong bd vao nim 1634, sau cai
chét ctia 6ng. Fermat dudc cho 12 ngudi dau tién dua ra 16i gidi cho bai toan, va né dugc dua vao
mot 1a thu cia dng gii Marin Mersenne vao ngay 25 thang 12 nam 1640.

Tuy nhién, trong biic thu, Fermat khong dua ra chiing minh cho khang dinh ctia minh. Loi giai
dau tién dugc tim ra bdi Euler vio nim 1747, khi 6ng 40 tudi. Mot cach tu nhién, Dinh 1i Fermat
vé tdng hai s6 chinh phuong dan dén cau héi: “Tim gi4 tri nhé nhét ctia n sao cho moi s6 nguyén
duong déu c6 thé bidu dién bang tdng ctia khong qué n s6 chinh phuong". Py 1a trudng hop
riéng cua bai toan Waring khi k = 2.

Trong chuyén d&, ta sé ching minh n = 4 va chi ra nhiing s6 nguyén duong nao c6 thé biéu dién
duéi dang tong ctia hai hoic ba sb chinh phuong.

Trong muc 2, ta chiing minh mot s6 nguyén t6 c6 thé biéu dién dudi dang téng clia hai sd chinh
phuong khi va chi khi n6 khong dong du véi 3 mod 4 va tréa 16i cau hoi: "Nhiing s6 nguyén duong
nao c6 thé biéu dién dugc dudi dang tdng ctia hai s6 chinh phuong?"

Trong muc 3, ta sé chiing minh moi s6 nguyén t6 déu c6 thé biéu dién dudc dudi dang tdng cia
bdn s6 chinh phuong qua d6 chitng minh moi sb nguyén duong déu c6 thé biéu dién dugc dudi
dang tdng ctia bon sb chinh phuong.

125

https://tieulun.hopto.org



Tap chi Epsilon, S6 08, 04/2016

Trong muc 4, ta chiing minh mot s6 nguyén duong c6 thé biéu dién dudgc dudi dang tong clia ba
s6 chinh phuong khi va chi khi n6 ¢6 dang 4%(8n + 7). Muc nay sé dé cap dén hinh hoc s6 hoc
va dinh 1i Minkowski.

Trong muc 5, ta sé dua ra thém thong tin va binh luan xoay quanh bai todn Waring tdng quat

Trudc hét, chiing ta quan tim dén bai toan : “Nhiing s6 nguyén td nao c6 thé biéu dién dugc dudi
dang téng cta hai sé chinh phuong?”, dap an bai todn din dén dinh 1i mang tén Fermat vé tong
hai s6 chinh phuong.

B4 dé 2.1. p la mot sb nguyén td cho trude. Néu p = 3 (mod 4) va x> + y? chia hét cho p thi
x chia hét cho p va y chia hét cho p.

Chiing minh;.,_lGié stt (x, p) = (v, p) = 1,x* = —y? (mod p)dindénx?! = (—l)pTily"_1 (mod p)
suyra (—1)"2 =1 (mod p),suyra—1 =1 (mod p) dan dén diéu vo Ii. ]

Dinh Iy 2.1 (Dinh If Fermat vé téng hai sb chinh phuong). S6 nguyén 16 p cé thé biéu dién
duoc dudi dang téng hai sé chinh phwong khi va chi khi p # 3 (mod 4).

Chiing minh. Gia st p = 4k + 3 biéu dién dugc dudi dang téng hai s6 chinh phuong x, y. Theo
bd dé 2, x chia hét cho p va y chia hét cho p. Suy ra p chia hét cho p?. Vo ly.

Néu p =2thi p = 12 + 12

Néu p = 4k + 1 thi —1 la s6 chinh phuong modulo p ([5]), ton tai @ € N théa man o =
—1 (mod p).

batg = [ﬁ],xét(l +¢g)*sbcodang x +ayvéix =0,1,...,gvay =0,1,....,q.

Do (¢ + 1)? > p, ton tai (x1, y1) # (x2,y») théa man x; + ay, = x, + ay, (mod p) nén
(x1 — x2)*> = —(y1 — y2)? (mod p).

Vi(x1 —x2) < q < /PVva(y1—y2) <q < p.tacoduge (x; — x2)° + (y1 — y2)> = p.
DPinh 1i 2.1 da dudc ching minh. [

Bay gid, chiing ta xem xét : ”Nhitng s tu nhién nao c6 thé biéu dién dudc dudi dang tdng ciia
hai s6 chinh phuong?".

BG dé 2.2. Tich ciia hai sb, voi mbi s6 1a téng ctia mot s6 chinh phuong, ciing 12 sé chinh phuong.
Chitng minh. Gidstm = a®>+b*van = c*>+d? suyramn = (ac +bd)* + (ad —bc)* O

Dinh Iy 2.2. Bgtn = 2" ]_[pfi l—[q;i véi pi = 1 (mod 4) va q; = 3 (mod 4), n c6 thé biéu
dién duoc dudi dang tong hai sé chinh phuong khi va chi khi t; chdn véi moi i
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Chiing minh. Gid st n c6 thé biéu dién dudc dudi dang hai téng hai s6 chinh phuong va ton tai
ti18:n=x>4+y>=4q'b,(b,q) = 1.

Theo bd dé 2, x = gx,,y = qy,. Diéu nay dan dén x? + y? = ¢'2b.

Sau mot s6 hitu han budc lip lai, ta thu dugc:

q(xk2 + ykz) = b,

dan dén diéu vo Ii.
Goi D 1a tap hop
{n|neN,n=x2—|—y2}

Gia st t; chan véimoii .Do2 e, p; € D, bd dé 2.2 chiraringm € D v6im = 2" pr‘.
Ton tai ¥,y € N théa min x> + y2 = m. Do t; chin v6i moi i nén ani = h%. Vi vay,
n = (xh)*> + (yh)>.

Dinh 1i 2.2 dugc chiing minh. [

Trong muc nay tam thdi chiing ta sé khong xét dén van dé biéu dién mot s6 nguyén duong thanh
tong ba s6 chinh phuong do khong c6 mot 16i gidi hoan toan so cip cho van dé trén. VA lai, 10i
giai cho dinh 1i bén s6 chinh phuong c6 phan tuong tu véi 16 giai cho dinh 1i hai s6 chinh phuong
nén ta sé quay lai sau khi chiing minh thanh cong dinh 1i Lagrange vé tdng ctia bon s chinh
phuong.

B6 dé 3.1. batD = {n|n =x2+y2+22+t2;n,x,y,z,t eN}.Néum,n e Dthimn €
D.

Chitng minh. Gidstm = a*> +b* +c* +d*van =e* + f> + g> + h?
mn = (ae+bf+cg+dh)*+(af —be+ch—dg)*+(ag—bh—ce+df)*+(ah+bg—cf —de)?

Suy ramn € D.
]

B4 dé 3.2. Gia st p 12 mot sb nguyén 6 1é cho trudc, khi d6 tdn tai 1 < k < p sao cho kp € D.

—1 —1
Chiing minh. Xéthaitgp A = {x}.x = 0.1..... Fo—vaB = {—y? = 1}.y =0.1.....F—.

Hién nhién, mdi phan tif cia A déu phan biét theo modulo p, mbi phan ti cia B ciing viy. Ta lai

c6: |A|+|B|=p+1.Suyratontaix, y € %0,1,..., p2 }saochox2 = —y2—1(mod p)

nénkp=x>+y>*+124+0>=kpeD O
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2 2
Dokp=x2—|—y2—|—1<%+%<p2nénk<p.

Pit M = {1 <k < p,kp € D}. Theobd d& 3.2, M # .
Gia st m 1a phan ti bé nhét cia tap hop M,

Dinh Iy 3.1. Ta sé ching minh m = 1 tir do suy ra p € D vdi moi sé nguyén té p.

Chitng minh. Giasi 1 <m < p,mp € D. Tacod, mp = x* + y* + 2% +t°.
Néum chanthimp = x>+ y?> +z2+1t>=a €0,2 (mod 4)
Truong hop 1: Néu x, y,z,t cung chén hoic cung 1é
xX+y x—y z+t z—1t
2 7 2 7 2 7 2

el

va
x+y)? (x—=»? @¢E+1*> (-1 m m
=—p=>—-€M
i T Tt 2P 75

Diéu nay mau thuin bsi m 1a phin t nhod nhét trong M.

Truong hop 2: Néu x, y chan va z, ¢ 1é

X+y x—=y z+1t z—t

, , , e
2 2 2 2

Lap luan tuong tu, ta ciing suy ra dugc mau thuan véi dinh nghia cta m.

) m—1 \ R
Néumlé: Xét § = 0, +1,£2,..., :I:T .Do S la mot hé thang du day di mod m, ton tai
a,b,c,d € S saochox =a (mod m),y =b (mod m),z = c (mod m),t =d (mod m). Vi
a’> + b*> 4+ ¢®> + d? = 0 (mod m) nén ton tai k théa man a® + b + ¢ + d? = km.
Tua®> 4+ b*> +c>+d*> <m?suyra0 <k <m.

Mot 1an nita, ching ta xét hai trudng hop:

Truong hop 1: k =0dindéna =b=c=d =0suyrax =y =z =t = 0 (mod p) nén
m? | x> 4+ y? + z% 4+ t? = mp ddng nghia véi m chia hét p din dén su mau thuan.

Truong hop 2: 1 < k < m. Theo bd dé 3.1, ta c6:

mp.km = (ax+by+cz4+dt)*+(bx—ay+dz—ct)*+(cx—dy—az+bt)*+(dx+cy—bz—at)?.
Do

X =ax + by +cz+dt =a*+b*+c* +d* =0 (mod m)
Y =bx—ay+dz—ct=ab—ab+ dc+ cd =0 (mod m)
zZ
T

=cx—dy—az+ bt =ca—db—ac+ bd =0 (mod m)
=dx +cy—bz—at =da+cb—bc—ad =0 (mod m)

X2+ Y?*+ 22+ T*=m* (X} + Y2+ Z7 +T?) = m*kp. kp e Ddéndén k € M. Vo
Iy. O

Dinh 1y 3.2 (Dinh If Lagrange vé bbn s6 chinh phuong). Moi sé tu nhién déu cé thé'biéu dién
duoc dudi dang téng ciia bon sé chinh phuong
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Chitng minh. Ap dung bd dé 3.1 va dinh 1i 3.1, dinh 1i Lagrange vé b6n s6 chinh phuong trd nén
hién nhién din dén g(2) < 4.

Cho dén gid, ta gan nhu da hoan thién muc dich chinh cta chuing ta. Diéu duy nhit con lai 1a
chiing minh c6 nhitng sb tu nhién khong thé biéu dién bang tdng ctia ba s6 chinh phuong. [

Nhu da néi 6 trén, khong c6 mot 18i gidi hoan toan so cip cho dinh li Legendre vé tong ctia ba s
chinh phuong. Tuy nhién, bang cach st dung dinh 1i Minkowski: "bat ki mot tap 15i trong R”
ddi xting qua gbe toa dd va c6 thé tich 16n hon 2" d (L) déu chia it nhit mot diém nguyén khéc
khong", dua vao chitng minh clia Ankeny vao nim 1957, ta c¢6 thé dua ra mot 15i giai rat dep cho
bai toan trén.

Dinh Iy 4.1. Sé tw nhién m co thé biéu dién dudi dang téng ciia ba sé chinh phuwong khi va chi
khi m khéng co dang 4 (8n + 7).

Chiing minh. Néu m 12 mot s6 nguyén duong c6 dang 4%(8n + 7) thi m khong thé biéu dién
dudc bang tdng ctia ba s6 chinh phuong:

Gia st m c6 thé biéu dién dudi dang téng clia ba sd chinh phuong: 4°(8n + 7) = m =
x% 4+ y? + z2. Bi mot s6 chinh phuong chi ¢ thé ddng du véi 0, 1 hoic 4 theo modulo 8 nén
m=x>+y>+z2=5b¢€(0,1,2,3,4,5,6) (mod 8).

Néua > 0,tacém = 0 (mod 4), x> + y> +z2 =b € (0,4) (mod 8) nén x> = y> = z?
0 (mod 4) suyrax = 2x;,y = 2y1,z = 2z; din dén x7 + y? + z7 = 4*71(8k + 7).

Sau mot s6 hitu han 1an 1ip lai budce trén, ta thu dudc:

X2+ y2+z2=8k+7=7(mod 8),

Vo ly. Sau khi chiing minh dudc chiéu "chi khi", Ta da thanh cong trong viéc chi ra rﬁng g2) =4.
Tuy nhién, ta sé tiép tuc chiing minh chiéu “khi" vén phiic tap hon nhiéu.

Néu m khong c6 dang 4% (8n + 7) thi m c6 thé biéu dién dudc dudi dang tdng clia ba s6 chinh
phuong:

Ta chi can chiing minh bai todn trong trudng hdp m 12 mot s6 chinh phuong tu do (square free)
(néu khong, ta van c6 thé coi m nhu vdy ). Do tdng ctia ba sd chinh phuong khong thé dong du
v6i 7 (mod 8), Ta giai quyét hai trudng hop riéng biét:

Truong hop 1: m = 3 (mod 8). Theo dinh 1i Dirichlet vé cip sb cong ([3]), ton tai mdt s6 nguyén
t6 g thda man —2¢ = 1(mod m) vaq = 1 (mod 4). Cong thiic sau c6 st dung ki hiéu Jacobi

([5D.
Ta co:
2y = (_—1) (ﬂ) = (T) (Do ¢ = 1(mod 4))
q g )\q q
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- (i) (Theo ludt thuan nghich binh phuong)
m

= (_;2) (I%)(Dom = 3 (mod 8))

(24,
m

=1

Ton tai s6 nguyén b thda man b> = —m (mod q) hay b> —kh = —m(k € 7).

Dol —k =1 (mod 4), k = 4k, Dan dén b* = —m (mod 4q).

Xét ludi nguyén: L = {(x, y,z)€Z?| x =y (mod m),y = bz (mod 2q)}. C6 thé tich don
vi 1a 2mq trong R? va moi vec-to (x, y, z) € L déu théa man:

2gx* + y* + mz?
= —x? + y? (mod m) = 0 (mod m)
= (bz)*> + mz? (mod 2q) = 0 (mod 2q).

, A (2. /qm)?
Hinh Ellipsoid E: 2¢X? + Y2 + mZ? < 4mgq c6 thé tich —”u, 16n hon 23 2gm. Theo
3 J2gm

dinh li Minkowski, ton tai vec-to khac khong (x, y,z) € L N E sao cho 2gx? + y* + mz? =

0 (mod 2qm) nén 2gx* + y*> + mz* = 2gm.

DE chiing minh m c6 thé biéu dién dudi dang téng clia ba sd chinh phuong ta sé chiing minh

Y2 4 mz?
2q \ ) ) )

giai quyet diéu nay. Ta chi can ching minh: Tat ca nhitng so0 nguyén to p théa man p > 2 va

v, (y* + mz?) = 2n + 1 ([6]) déu ddong du vé6i 1 (mod 4).

Néu p khong chia hét m

biéu dién dugc dudi dang tdng hai s6 chinh phuong. Pinh 1i 2.2 sé gitip chiing ta

y% 4+ mz? = 0 (mod p) dan dén y> = —mz?* (mod p)
Ton tai z’ sao cho zz' = 1 (mod p) nén (z'y)*> = —m (mod p) suy ra —m la mdt sb chinh
phuong (mod p). Hon nita, vi x*> = m (mod p) nén m la mot sd chinh phuong mod p

“()-66)-()

p=1(mod4)

suy ra

Néu p chia hét m, p ciing sé chia hét x va y, ddn d&én mz? = 2gm (mod p?)
Do m 1a mot s6 chinh phuong tu do nén 2¢ 12 s6 chinh phuong mod p va 2g = —1 (mod p), ta
thu dugc: p = —1 (mod 4)

2 2

Yo+ mz

2q
dang t&ng ctia hai s& chinh phuong dan dén m c6 thé biéu dién dudc duéi dang tong ba sb chinh

phuong.
Truong hop 2: Néum # 3 (mod 8), Chiing minh gin nhu tuong tu ngoai trit mot s6 thay déi
nho.

Trong c4 hai trudng hop, ta déu c6 p = 1(mod 4) nén c6 thé bi€u dién dudgc dudi
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Theo dinh li Dirichlet vé cip s cong, ton tai s6 nguyén t6 ¢ théa man:

1 (mod 4) khim = 1,5 (mod 8)
= —1 (mod m),q = { 1 (mod 8) khim =2 (mod 8)
5 (mod 8) khim = 6 (mod 8)

Dé dang chiing minh —m 12 s6 chinh phuong mod ¢ nén ton tai b € Z sao cho b*> = —m (mod p).

Lan nay, ta xét lu6i nguyén L = {(x, y,z) €Z® | x =y (mod m),y = bz (mod q)} va hinh

ellipsoid E: ¢X?* + Y2+ mZ?* < 2mq.

Sau mdt vai budc tuong ty, ta thu dugc: ton tai vec-to khac khong (x, y,z) € LN E: gx* 4+ y* +

mz? = gm. Viéc chiing minh ring moi s6 nguyén t6 p théda min p > 2 va v,(y* + mz?) =
2 2

y-+mz

q

2n + 1 déu dong du 1 mod 4 1a tuong tu. Cudi cling, ta vin c6 thé biéu dién duéi
dang tng cta hai s chinh phuong va két thic bai toan.

Trong c4 hai trudng hop, m déu c6 thé biéu dién dugc dudi dang tdng clia ba sd chinh phuong.
Dinh 1i 4.1 dugc gidi quyét triét dé.

Qua chuyén dé nay, ta khong chi biét n=4 13 s6 nguyén nho6 nhit thda man moi s6 nguyén duong
déu c6 thé biéu dién dudc bang téng ctia n s6 chinh phuong ma con biét dudc nhiing s6 nao cé thé
biéu dién dudc dudi dang tong ctia hai hodic ba s6 chinh phuong. Cu thé, n = 2" l_[ P 1_[ q"
v6i p; = 1 (mod 4) vag; = 3 (mod 4) c6 thé biéu dién dudc bang tong clia hai sd chinh
phuong khi va chi khi #; chin v6i moi i; m c6 thé biéu dién dudc bang téng ctia ba sb chinh
phuong khi va chi khi m khong ¢6 dang 4% (8n + 7). O

Vao thé ki 18, Waring, mdt nha toan hoc 16i lac ngudi Anh da dua ra nhan xét ring moi s6 nguyén
duong c6 thé biéu dién béi tong ctia 9 1ap phuong ding va tdng ctia 19 iy thira bac 4. Ong mé
rong gia thuyét ctia minh: Véi k 12 s6 nguyén duong cho trudc, ludn ton tai m (phu thudce vao k)
sao cho moi s6 nguyén duong c6 thé biéu dién dudc bang tong ctia m liy thita bic k. D4y chinh
12 bai todn Waring tdng quat.

Vao nam 1906, David Hilbert, mot nha toan hoc néi tiéng ngudi Diic da ching minh thanh cong
gia thuyét trén nhung 15i gii vo cling phiic tap.

Goi g(k) 1a s6 m nhé nhét, c6 nghia moi s6 nguyén ducng déu c6 thé biéu dién duéi dang tdng
cta g(k) liiy thira bac k va tdn tai it nhAt mot s6 nguyén duong khong thé biéu dién dudi dang
tong ctia (g(k) — 1) liiy thita bac k. Trong chuyén dé, ta da thanh cong trong viéc chiing minh
g(2) = 4. Gan day, ngudi ta da chiing minh duge g(3) = 9,g(4) = 19, g(5) = 37 vanéu

3
k < 471600000 thi g(k) = [(5)"] + 2k 2.

VAin con kha nhiéu cau hdi mé xung quanh ham g (k) rit dang dugc quan tim va kham pha. C6
thé xem & [9] d€ biét thém chi tiét vé bai toan Waring.
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nhitng nguoi yéu toan

MOT SO DANG TOAN
VE BAT PHUGNG TRINH HAM

Trinh Dao Chién
(Trudng Cao Ddng Su Pham Gia Lai)

Céc bai toan vé gidi bat phuong trinh ham thuong 1a nhitng bai toan khé. Trong nhiing nim gan

day, cac dang toan loai nay doi khi xuét hién trong cac dé thi chon hoc sinh gidi cic cip va

Olympic Toan quéc t&. Chang han Bai toan 3, trong IMO 2011:

Gid st f : R — R la mot ham gid tri thic xdc dinh trén tdp cdc sé thuc va théa mdn
fx+y)=yfx)+ f(f(x)

vdi moi s6 thuc x va y. Chitng minh rang f(x) = 0 vdi moi x < 0.

Bai viét nay dé cap dén phuong phap giai mot 16p cac bat phuong trinh ham dang co ban. Pay
12 mot trong nhiing phuong phap c6 thé tham khdo dé€ tim toi 19i giai cho mot bai toan vé bat
phuong trinh ham.

Xét ham bién sb thuc f thda man cic tinh chit sau

fx+y)= f(x)f).

Ta c6 thé tim dudc ham £ thda man tinh chét trén néu f thda man thém mot sb diéu kién ban
dau nao do, chfmg han (xem [1])

f(x)>a*, a>0.
D& giai bai todn trén, trude hét ta can giai cdc bai toan sau
Bai toan 32. Xdc dinh cdc ham sé f (x) théa mdn dong thoi cdc diéu kién sau
i) f(x+y)= f(xX)+ f(y)vdimgix, y €R;
i) f(x)>0vdimoix €R.

Chitng minh. Ti cac diéu kién ctia bai todn, thay x = 0 ta thu dudc £(0) > 2£(0) va £(0) > 0.
Do d6 f(0) = 0. Vay nén

0=7(0)=f(x+(=x) = fx)+ f(=x) = 0.

Suy ra f(x) = 0. Thi lai, ta thAy ham s6 f(x) = 0 thda mén diéu kién bai ra. O
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Bai todn 33. Cho trudc a € R. Xdc dinh cdc ham sé f (x) théa mdn dong thoi cdc diéu kién sau
) f(x+y)= f(x)+ f(y)vdimoix, y € R;
i) f(x)>axvdimoix € R

Chitng minh. Xét ham sb6 g(x) = ax. P y rang g(x + y) = g(x) + g(y). bt f(x) =
g(x) + h(x). Khi d6, ta thu dudc cac diéu kién

i) h(x + y) > h(x) + h(y) v6i moi x, y € R;

i) h(x) > 0 véimoix € R.
Theo Bai todn 1, ta c6 i(x) = 0 hay f(x) = ax. Thit lai, ta thdy ham sb f(x) = ax théa man
diéu kién bai ra. O
Bay gio, ta trd lai bai toan di néu ban dau.

Bai toan 34. Cho trudc a > 0. Xdc dinh cdc ham sé f (x) théa mdn dong thoi cdc diéu kién sau

i) fx+y)= fXx)f(y)vdimoix, y € R;
i) f(x)>a”*vdimoix € R

Chiing minh. Nhan xét rang f(x) > 0 véi moi x € R. VAy ta c6 thé logarit héa hai vé cac bt
dang thic cta diéu kién da cho

i) In f(x+y)>1Inf(x)+1Inf(y) véimoi x, y € R;
i) In f(x) > (Ina)x véi moi x € R.
batln f(x) = ¢(x), ta thu dugc
) o(x +y) = p(x) +¢(y) véimoix, y € R;
i) ¢(x) > (Ina)x véi moi x € R.

Ta nhan dugc dang ctia Bai todn 2. Viy ¢(x) = (Ina)x. Suy ra f(x) = a*. Thii lai, ta thiy ham
s6 f(x) = a* thda min diéu kién bai ra. O

Nhan xét ring, cdc bai todn trén van gidi dudc néu tap xdc dinh R ctia cac ham sb trén dugc thay
bdi mot khoang mé U chira 0 sao cho véimoi x, y e U thix + y € U.

Mot cau héi tu nhién dugc dit ra: Trong Bai todn 3, ¢ thé thay ham sd g(x) = a* bdi ham sb
nao dé bai toan ciing c6 nghiém khong tam thuong?

Nhan xét ring
e VGi0<a<lthia*>1+x,Vx<O0Ovaa®*<1+x,Vx>0;
e VGia>1thia*>14+x,Vx<0;a* <1+4+x,Vxe[0, )vaa*>14+x,Vx >1.

Tit 46, mot cach tu nhién, tiép theo ta xét ham s6 g(x) = x + 1. Ta c6 bai toan sau
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Bai toan 35. Gid su U la khodng md chita 0 sao cho véimoi x, y € U thi x +y € U. Xdc dinh
cdc ham sé f : U — R théa mdn dong thoi cdc diéu kién sau

i) fx+y)= fxX)f(y)véimoix,y eU;
i) f(x)>1+4xvdimoix eU.

Chiing minh. Bdi 1), ta co

X X 2(x)
=fl=4+=<)> —)>0, VxeUl.
S f(2+2>—f 2) = *
Néu f(xo) = 0, thi
X0 X0 X0
0= o =1 (3+3)= ().
S =1(3+3) 2 (5
Do d6 f(%) = 0. Quy nap, ta c6 f()zc—:) = 0 v6i mbi s6 nguyén duong n. Tuy nhién, tif ii)
suy ra rang rang f(x) > 0 v6i moi x € U va x gan 0. Do d6 diéu trén 1a mau thuin. Vay
f(x)>0, Vxel.
Tiép theo, tir i) va ii), ta sé thiy rang f kha vi tai mdi diém x € U va f'(x) = f(x). That vy,
tir i) va ii), véi & > 0 da nho, ta cod
fx+h)—f)= fx)f(h)—fx)=1f)—1]f(x) = hf(x).

Do do6
Sx+h)— f(x)
h
Mat khac, cling ti i) va ii), v6i & > 0 dd nho, ta c6

f)=fx+h-—hzfx+hf(=h) = A=) f(x+h).

> f(x).

Suy ra
(I=m)fx)+hf(x)=A—h)f(x+h).
Do do
hf(x) =z (A =m)[f(x+h)— fX)],
hay

S+ —-f) _ f)
h T 1-h

Vay, v6i h > 0 di nho, ta co

S+ - f)
S0 = h SR

Tuong tv, bat dang thiic trén ciing diing d6i véi chiéu ngudc lai, véi h < 0 di nhd. Do d6, ta c6
fx+h) - fx)
h

ton tai va bang f(x), véi moi x € U. Tir d6, véi moi x € U,

f'(x) = lim
h—0
ta cod

0.

SO\ - f)
ex - ex N
Do d6 f(x) = Ce”* (C lahing s6). Hon nita, tiri) taco f(0) > £2(0) hay f(0) < 1 va tir ii)
tacé £(0) > 1.Dodé C = £(0) = 1. Thii lai, ham f(x) = e”* thda man cic yéu cau. O
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Nhu viy, v6i g(x) = a® hoiic g(x) = 1 + x, Bai todn 3 va Bai toan 4 déu giai dudc. Mot cau
hai tiép theo dudc dit ra: Véi nhitng 16p ham g (x) nao thi bai todn téng quét 1 gidi ducc?

Ta c6 két qua sau

Dinh Iy 1. Gid st U la khodng md chita 0 sao cho véi moi x, y € U thi x +y € U. Néu ham

s6 f : U — R théa mdn dong thoi cdc diéu kién sau

) f(x4+y)=> f(x)f(y)vdimoix, y e U;

i) f(x) > g(x), Vx € U, trong dé g(x) la ham sé cho trudc khd vi tai 0, g(0) = 1,
g'(0) =k, thi f(x) = e**.

Chitng minh. Tuong tu 19i gidi Bai todn 4, tif cac diéu kién da cho, ta suy ra £ (x) > 0 v6i moi
x € U. Giastirang f(x) 1a ham s6 théa man cac diéu kién ctia dinh ly.

Thé thi, véi h > 0 dt nhd, ta c6

S+ —fx) = fx)f(h) = fx)=(0)-Dfx)=(@gh) —1)f(x).

Do do6
S+ —fx)_ glh)—g0)
h - h
Mat khac, cling t i) va ii), v6i & > 0 dd nho, ta c6

J ().

J)=fx+h—=h=zf(x+hf(=h) = fx+hg(=h).

Vi ham g(x) kh4 vi tai 0 nén né lién tuc tai diém do6. Do d6, v6i & > 0 di nho, ta cé g(—h) > 0.
Khi do, véi i > 0 da nhd, ta co

(=h) -1 _ &(=h)—g(0)

g
Sx+h)— fx) = —Wf(x) = he(=h) S ().
Vay véi h > 0 dd nhd, tir cdc két qua trén, ta c6
g(h) _g(o)f(x) S f&x+h)—f(x) - g(=h) _g(o)f(x).

h h - —g(=h)
Tuong tv, bat dang thiic trén ciing diing d6i véi chiéu ngudc lai, véi & < 0 di nhd. Do d6, ta c6

fs h}? /) ton tai va bang g'(0) f (x) = kf (x), véix € U.

f'(x) = lim
h—0
T do, v61 x € U, ta cod

(f(x))’ _ S0 —kf@) k) —kf () _

ekx ekx ekx 0.

Do dé f(x) = CeX* (C 1a hing sb). Hon nita, tir i) ta cé £ (0) > £2(0) hay f(0) < I va tit ii)
tacé £(0)>1.Dodé C = f(0) = 1. Vay f(x) = e**. Ta c6 diéu phai ching minh. O
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R6 rang f(x) = e¥* théa man didu kién i). Néu gia thiét bai todn c6 thém didu kién g(x) < **,

véi x € U, thi ham s& f(x) = ¢** théa man tt ca cac diéu kién cla bai toan.

Tur két qua trén, ta c6

Hé qud 2. Gid sit U la khodng md chita Ova f : U — R théa man diéu kién i) véimoi x, y € U
sao chox +y € U. Néu f khdvitai 0, £(0) = 1va f'(0) =k thi f(x) =" xeU.

Chiing minh. Ap dung Pinh 1y 1, v6i g(x) = f(x), Vx € U, ta c6 diéu phai chiing minh. [
Hé qua 3. Gid sit F la ham xdc dinh trén khodng md U chita 0 va thoa mdan
F(x+y) = F(x)+ F(y)

vdi moi x, y € U sao cho x + y € U. Néu F bi chdn trén bdi mot ham G khd vi tai 0 va théa
mdan G(0) = 1, thi F(x) = kx, x € U, trong do k la mot hang sé.

Chitng minh. Ap dung Pinh 1y 1, véi f(x) = e F® va g(x) = ¢ %™ ta c6 dpem. O
Tuong ti phuong phap chiing minh Pinh Iy 1, ta c6 két qua sau day

Dinh Iy 4. Gid st U la khodng md chiia 0 sao cho véi moi x, y € U thi x + y € U. Néu ham
56 f : U — R théa mdn diéu kién sau

S&x+y)=f(x0)gl), Vx,yel,

trong do g(x) la ham sé cho trudc khd vi tai 0, g(0) = 1, g’(0) = k, thi moi nghiém ciia bdt
phutong trinh ham trén déu cé dang f(x) = Ce**, C la hing sé.

Heé qua 5. Ta cé f(x) = e va g(x) = e** la nghiém duy nhdt ciia hé bdt phiiong trinh ham

fx+y)= f(x)gy)
gx+y)=gx)f(y)

vdi diéu kién £(0) = 1, g(x) la khd vi tai 0, g(0) = 1 va g'(0) = k.

Chitng minh. Ti bt phuong trinh ham thd nhét, 4p dung Pinh Iy 2 ta dude f(x) = Ce** (C 1a
hang s6). Vi f(0) = 1,nén C = 1. Do d6

f(x) = ek~.
Tuong tu, tif bt phuong trinh ham thy hai, 4p dung Pinh 1y 2 ta ciing c6
g(x) = k.

Ro rang f(x) = ek va g(x) = ¢~ théa man hé bt phuong trinh ham da cho, v6i nhiing diéu
kién da néu. Hé qua dudc chiing minh. l
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Dinh nghia 5. Ham g(x) xdc dinh trén mot khodng md U chita 0 duoc goi la ham tua badi |
tai 0 néu tén tai mot ham k(x) xdc dinh trén U sao cho k(0) = g(0), k'(0) = [ ton tai va
k(x) < g(x)vioimoi x € U.

Hé qué 6. Bdt phuong trinh ham

fx+y)= f(x)g),

trong do g la mot ham cho trudc xdc dinh trén 1 vdi g(0) = 1 va la ham tua bdi | tai 0, co
nghiém khong am f khi va chi khi e'* > g(x) trén I va trong truong hop nay moi nghiém khong
dm déu cé dang f(x) = Ce'*, trong dé6 C > 0 la hdng s6.

Chiing minh. Gia st f(x) 1a mot nghiém khong 4m cda bat phuong trinh ham da cho. Vi
g(x) > k(x) trén U, nén ta c6
fx+y)= f(X)k(y),

trong d6 k (x) thoéa man k’(0) = [ vak(0) = g(0) = 1. Ap dung Pinh Iy 2 vao bét phucng trinh
ham nay, ta c6 f(x) = Ce'*, trong d6 C > 0 1a hiing s6. R6 rang, f(x) = Ce’ 1a mot nghiém
khong 4m ciia bt phuong trinh ham dé cho néu e/* > g(x) trén U. O

Tit Hé qua 4, ta c6 thé sang tac ra cac bai toan, chang han sau day

Bai toan 36. Tim tdt cd cdc ham sé f(x), xdc dinh trén khodng mé (—e, oo), théa mdn hé bdt
phuong trinh ham sau

fx+y)= f(x)log f(y)

fx)=x+e

Chitng minh. Trén khoang mé (—e, oo), mdi nghiém ducng f dugc suy ra bdi bit phuong trinh
ham thi hai. Ngoai ra, tit hé bit phuong trinh ham dé cho, ta ¢c6 f(0) = e. Ap dung Hé qua 4
ddi véi truong hop g(x) = log f(x) la ham tua bdi ! tai 0, qua ham k(x) = log(x + e). Do
do, theo chiing minh cia HE qua 4 ,taco f(x) = ;(O)ef — ¢'T%. Thit lai, ta thAy ham sb
£ (x) = e'** thda man hé bt phuong trinh ham da cho trén khoang mé (—e, oo). O

Bai toan 37. Trén khodng md chita O c6 mét nghiém cuia hé bdt phwong trinh ham

fx+y) = fx)e!
f) = x?

Chitng minh. Gia st f(x) 12 mot nghiém xac dinh trén mot khodng mé chia 0 nao d6. Thé
thi, bdi bat phuong trinh ham thi hai, f(x) 12 khong am. Tir hé bt phuong trinh da cho suy ra
£(0) = 0. Ap dung Hé qué 4 dbi v6i trudng hop g(x) = e/ * 1a ham twa bdi 0 tai 0, qua ham
k(x) = ¢**. Hon nita, vi £(0) =0,néntacéd f(x) = 0 thdéa min bat phuong trinh ham thi hai
trén khoang khong mé chita 0. O

Dinh 1y sau day cho ta két qua vé viéc gidi mot dang bat phuong trinh ham co ban khac
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Dinh Iy 7. Gid sit U la khodng mé chita 0 sao cho véi moi x, y € U thi x + y € U. Xét bdt
phuong trinh ham

Jx+y) = f(x)gy) + f()gx), Vx,yel,

trong do g(x) la mot ham gidi noi, khd vi tai 0, g(0) = 1 va g’(0) = k. Thé thi f(x) = 0 la

X
ham s6 duy nhdt théa mdn bdt phuong trinh da cho, vdi diéu kién hrr%) ) =0.
xX—> X

Chitng minh. Gié st rang f (x) 12 nghiém ctia bat phuong trinh di cho, véi diéu kién

L@
1m

x—>0 X

= 0.

Thé thi, v6i & > 0 dd nho, ta c6

Jx+h) =z f(x)gh) + f(h)g(x)

hay
Fat+h) - F@) = g0 —DF@) + fhg).
Do do Fa+h) - f() (h) (0) £h)
= T ) + e,

Mat khac, ta c6

fx)=fx+h—h=f(x+hg=h)+ f(=h)g(x +h)
hay
g (f(x) = f(x+h) = g(=h) f(x) = f(x)+ f(=h)g(x +h)

Vi ham g(x) khd vi tai 0 nén né lién tuc tai diém do6. Do d6, v6i & > 0 di nho, ta c6 g(—h) > 0.
Vay, v6i h > 0 du nho, ta c6

S+ —fx) _ €= -Dfx)+ f(=hgx +h)

) = (1)
= EEDED ) + o P+ b,
Vay véi h > 0 dd nhd, tir cac két qua trén, ta cé
K50 ) SO J6ED -/
< SCD 8D r 4 LD g b,

Tuong tu, bt dang thic trén ciing ding ddi véi chiéu ngudc lai, véi & < 0 di nhé. Do d6, ta cé

fx+h—fx)
h

f'(x) = lim
h—0
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. . X
ton tai va bang g’ (0) /' (x) = kf (x), véix € U, vi lirr}) M = 0 va g(x) la mdt ham gidi noi.
X—> X
Tu do, v6i x € U, tacd

SO\ _ S0 —kf(x) _ kf(x)—kf ) _ 0
ekx - ekx - ekx -
Do d6 f(x) = Ce** (C 1a hing sb). Hon nia, ti )%1_1)1}) f)(cx) = 0, suy rarang C = 0. Viy
£ (x) = 012 ham sb duy nhit thda man yéu cau, v6i diéu kién lim S _ 0. O
x— X

Phan nay dé cap dén viéc gidi cdc hé bat phuong trinh ham, vé6i cdc dang sau day
e Dang “cong™ f(a+x) <a+ f(x), f(b+x) =B+ f(x),x €R;
e Dang “cong - nhan™: f(a +x) <af(x), f(b+x) <Bf(x), x € R;
e Dang “nhan - cong”: f(ax) <a+ f(x), f(bx) <B+ f(x),xel, I CR;

e Dang “nhan™: f(ax) < af(x), f(bx) < Bf(x),x € I,I C R;trongdda, b, o, B 12
céc sb thuc cho trudc.

Chu y rang, néu o = f(a), B = f(b), thi hé bt phuong trinh ham dang “cong” trén 1a su thu
hep clia bat phuong trinh ham Cauchy ¢8 dién

Ja+y)=fx)+ (). Vx,yeR

Trudc hét, ta nhic lai rang, mot tip hop M tri mét trong tip s6 thuc R néu nhu trong moi 1an
can ctia mot diém tuy y ctia tap R déu c6 it nhat mot diém cia tap M. Chang han, tip Q céc sd
hitu ty 1a tap tru mat trong tap R.

Tinh chit sau day 1a mot két qua quen thudce (Pinh 1y Kronecker), c6 thé tim thy chiing minh
& cac tai lidu 1y thuyét co ban: “Néu a va b la cdc sé thuc khong thong wdc vdi nhau, thi tdp
A ={ma +nb|m, n € Z} tru mdt trong R”.

Hon nifa, ta c6 thé chiing minh dudc cic két qua sau day
B6 dé 8. Gidsita, b € Rvaa <0 < b la cdc s6 cho truéc. Ky hiéu

A ={ma +nb|m, n € N}.
. b X .
1) Néu — ¢ Q, thi tdp A tri mdt trong R.
a
. b Coa .
2) Néu — € Q, thiton tai d > 0 sao cho A = {kd |k € Z}.
a

Dang “nhan” clia bd dé nay nhu sau
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B6 d2 9. Gidsita, b € Rva0 <a <1 < b la cdc s6 cho trude. Ky hiéu

M = {a™b" |m, n € N}.

log

b
¢ Q, thitdp M tru mdt trong (0, 00).

1) Néu
loga

. loghb
2) Néu 2
loga

€ Q, thitontaid > 0sao cho M = {dk |k € Z}.
Bay gio, ta chiing minh cac dinh ly sau day

Dinh 1y 10 (Dang “cong"). Gid sit a, b, a, B la cdc sé thic cho trudc théa man a < 0 < b,
o ? 2, o \ .« A . A A N

PR va gid su rang ham f : R — R lién tuc tai it nhat mot diém.

a

., b e
1) Néu — ¢ Q, thi f théa man hé bdt dang thiic ham
a

fla+x)<a+fx), fO+x)=p+f(x), VxeR (1)
khi va chi khi f(x) = px + £(0), x € R, trong dé p := =
a
2) Néu — € Q, thi ton tai duy nhat mot nghiém ham lién tuc f : R — R ciia hé phuong trinh

~ a 2,
ham tuong ung

fla+x)=a+ f(x). fb+x)=p+f(x), YxeR 2)

sao cho f|jo.a1 = fo. trong dé d := min{ma + nb > 0|m, n € N} ton tgi, la s6 duong
va fo 1 [0, d] = R la ham lién tuc cho trudc théa mdn diéu kién

fold) = =d + f(0).
Hon nita, néu fy la don diéu nghiém ngdt, thi no triung véi ham f trén doan [0, d].
Chitng minh. 1) Tu (1), dé dang suy ra
f(ma+x) <ma+ f(x), f(mb+x)<nB+ f(x), Vm,neN,xeR.
Trong bét déng thitc du tién & trén, thay x bdi nb + x, ta c6
f(ma+nb+x) <ma+ f(nb+ x) <mao+np + f(x).

Do d6
f(ma+nb+x)<ma+nf+ f(x), Vm,neN, x eR.

04 C s A A 2 2, N 2,0
bitp .= — = g, ta co thé vict bat dang thic nay dudi dang
a

ft+x)<pt+ f(x), ViteA xeR, (3)

141

https://tieulun.hopto.org



Tap chi Epsilon, S6 08, 04/2016

trong d6, theo B6 dé 1, tdp A = {ma + nb |m, n € N} tru mit trong R.

Gia st rang x, 1a diém ma tai d6 ham £ lién tuc va x 12 mot gid tri thuc tiy y. B&i tinh chét tru
mét clia A trong tap R, tdn tai mot ddy (z,) sao cho

t, € A(n € N), xEr—}l:lootn = X9 — X.
Tir bt dang thiic (3), ta c6

fln+x) < ptn+ f(x), VneN.
Cho n — o0, béi tinh lién tuc cia ham f tai x,, ta thu dugc

f(x0) < p(xo—x)+ f(x), VxeR.
Bay gio, dé chitng minh phan dao, thay x bdi x — ¢ trong (3), ta dudc
f(x)<pt+ f(x—1t), VieA xeR.

Chon moét diém x € R c¢b dinh tiy ¥ va, bdi tinh trii mat clia 4 trong R, mot diy (z,) sao cho

t, € A(n €N), m t, = X — Xp.

li
n—+o0o

Thé thi, ta c6
f(x)<pt,+ f(x—t,), VneN.

Cho n — oo, béi tinh lién tuc ctia ham f tai xo, ta thu dudc bét dang thic

f(x) < p(x —x0) + f(x0), VxeR.

Do d6, ta co
Sx) = px)+ (f(x0) — pxo), VxeR.
Ta c6 diéu phéi chiing minh.

2) Tt (2), dé dang suy ra
f(ma+nb+x)=g(ma—i—nb)-l—f(x), Vm,n eN, x € R. 4)
a

Theo B& dé 1, phan 2, s6 d := min{ma + nb > 0| m, n € N} 1a xac dinh va 13 s6 duong. Hon
nta {ma +nb >0|m,n e N} = {kd |k € Z}. D6 d9, (4) c6 dang

flkd +x) = 2kd + f(x), YkeZ xeR
a
Dé dang thiy ring hé phuong trinh ham nay tuong duong véi phuong trinh
fd+x)=2d+ f(x), VxeR
a
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Bay gig, ta xac dinh f; : (d, 2d] — R bdi cong thiic
filx) = gd + fo(x —=d), xe(d,2d].
Gia strang f, : (nd, (n + 1)d] — R (n € N) da dugc xac dinh. Thé thi, ta xdc dinh
ot ((n+1d, (n +2)d] - R
bdi hé thiic truy hoi
forr(x) = %d ¥ fuix—d), xe(n+1)d, (n+2)d], neN.
Tuong tu, gia st
fa()i==2d + folx +d). x€[~d.0).
Gia st rang ta c6 dinh nghia
fon(x) :=[-nd, (—n +1)d) > R(n € N).
Thé thi, ta dinh nghia
Frmen () i= —gd ¥ fax+d), xe[-(n+1)d, —nd), neN.
Dé dang kiém tra dugc rang f : R — R, xdc dinh béi
fon(x) khix € [—nd, (—n + 1)d)
f(x) =1 fo(x) khix €][0, d] (n € N),
fu(x)  khix € (nd, (n+ 1)d]
thoa man hé (2), 1a ham lién tuc va f'|jo,4] = fo. Pinh Iy dudc chitng minh hoan toan. O
Dinh Iy 11 (Dang "céng — nhan"). Gid sita, b € Rvaa, B > 0 la cdc s6 cho trudc théa man

loga  logp

a<0<b, va gid sit rang ham f : R — R lién tuc tai it nhdt mét diém.

a
Z b 2z 2
1) Neu — ¢ Q, thi f théa man hé bat dang thiic ham
a

fla+x)<af(x), fb+x)=pf(x), xeR (5)

1
khi va chi khi f(x) = f(0)e?*, x € R, trong dé p i= —E=.
a

. b . )
2) Néu — € Q, thi ton tai duy nhdt mot nghiém ham lién tuc f : R — R ciia hé phuong trinh
a
ham tuong vng

fla+x)=af(x), fb+x)=pf(x). xeR (6)

sao cho f |jo,a1 = fo, trong dé d := min{ma + nb > 0|m, n € N} ton tai, la sé duong
va fo : [0, d] = R la ham lién tuc cho truéc théa man diéu kién

fold) = fo(0)e =4,

Hon nita, néu fy la don diéu nghiém ngdt, thi né trung véi ham f trén doan [0, d].
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Chitng minh. 1) Tit (5), dé dang suy ra
f(ma+x)<a"f(x), fmb+x)<p"f(x), VYm,neN, xeR.
Trong bét dang thiic du tién & trén, thay x bdi nb + x, ta c6

f(ma+nb+x)<a” f(nb+x) <aoa"p" f(x).

Do doé
f(ma+nb+x)<a"p"f(x), Vm,neN, x eR.
lo lo ° .z A 2 P N Lot
bit p 1= 8% _ gﬁ’ ta co thé viet bat dang thic nay dudi dang

f(t+x)<ef(x), teA xeR (7)

trong do6, theo B6 dé 1, tap A = {ma + nb |m, n € N} tri mat trong R.

Gia st rang x, 13 diém ma tai d6 ham £ lién tuc va x 12 mot gid tri thuc tiy y. B&i tinh chét tru
mét ciia A trong tp R, tdn tai mot ddy (z,) sao cho

t, € A(n € N), nlir—ir-looln = Xo — X.

Tu bat d:fmg thic (7), ta cod
[ty +x) <eP" f(x), neN.
Cho n — 00, béi tinh lién tuc cia ham f tai x,, ta thu dugc
f(x0) < eP™o™ £(x), xeR.
Bay gio, dé chitng minh phan dao, thay x bdi x — ¢ trong (7), ta dudc
f(x)<e’'f(x—1t), te€A xeR
Chon moét diém x € R c¢b dinh tiy ¥ va, bdi tinh trii mit cia A trong R, mot day (z,) sao cho

t, € A(n e N),

lim 7, = x — Xxy.
n—-+o0o

Thé thi, ta ¢6
f(x) <eP f(x—1t,), neN.

Cho n — oo, béi tinh lién tuc ctia ham f tai xo, ta thu dudc bét dang thic

f(x) <e?"7%0) f(x), x €eR.

Do do, ta co
f(x) =e?¥(f(x0) — pxo). x€R.
Ta c6 diéu phai chiing minh.

2) Chiing minh tuong tu phan 2 ctia Pinh ly 4. Pinh ly dudc chiing minh hoan toan. [
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Dinh Iy 12 (Dang “nhan — cong”). Gid sia, b, a, B la cdc sé thic cho trudc théa man

o p

0<a<l1<b, = —,
loga logb

va gid sit rang ham f : I — R lién tuc tai it nhdt mot diém.

log b

1) Néu ¢ Q, thi f théa man hé bdt ddng thiic ham

loga
flax) =a+ f(x), fx)=p+[fx), xel, (8)
thi

i) Truong hop I = (0,00): f(x) = plogx + f(1), x >0,
i) Truong hop I = (—00,0): f(x) = plog(—x) + f(—1), x < 0, trong do p :=
o

loga’
log b

2) Néu € Q, thi ton tai duy nhdt mét nghiém ham lién tuc f : I — R ciia hé phuong

loga
trinh ham tuong vung

flax)=a+ f(x), fx)=p+f(x), xel )

sao cho f|[1,d] = fo, trong dé d := min{a™b" > 1|m, n € N} ton tai, I6n hon 1 va
fo i [1, d] = R la ham lién tuc cho trudc théa mdn diéu kién

o

Jo(d) = logd + fo(1).

loga
Hon nita, néu fy la don diéu nghiém ngdt, thi no trung véi ham f trén doan [1, d].
Chitng minh. 1) i) Gia st I = (0, 0o). Tut (8), chling minh tuong tu nhu cdc phan trén, ta c6

f@"b"x) <ma+np+ f(x), mneN, x>0.

bit p .= « _ b , ta c6 thé viét bit dang thiic nay duéi dang
loga logh
f(@"b"x) < plog(a™b™) + f(x), m,neN, x>0,
hay

f(tx) < plogt+ f(x), teM, x>0, (10)
trong d6, theo B6 dé 2, tap M = {a™b" |m, n € N} tra mit trong /.
Gia st rang xo > 0 1a diém ma tai d6 ham £ lién tuc va x > 0 1a mot gid tri tiy y. B&i tinh chét

tri mat cia M trong tap /, ton tai mot day (z,) sao cho

. X0
lim ¢, = —
n—-+oo

th € M (n eN),
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Tir bat dang thiic (10), ta c6

f(tnx) < plogt, + f(x), neN.

Cho n — 00, bdi tinh lién tuc cia ham f tai x,, ta thu dugc
X0
f(xo0) =< p10g¥ + f(x), x>0.
R . X 2 P, x N A ~
Bay gi0, dé ching minh phan dao, thay x bdi " trong (10), va chon mot day (z,,) sao cho

heM@meN), lim f, = .

n—-+00 X0

Thé thi, ta c6

X

f(x) < plogx— + f(x0), x>0.
0
Do dé, ta co
f(x)= f(xo)—plogxo+ plogx, x >0.

Phan i) dudc chiing minh.

i) Gia st rang I = (—o0, 0). Ta xét ham g : (0, oo) — R xdc dinh bdi cong thiic

g(X) = f(_x)v X < 0?

thda man hé (8) va chiing minh tuong ty nhu chiing minh phan i).
2) Phan nay chiing minh tuong tu nhu ching minh Dinh ly 4, phan 2. U
Hé qua 13. Gid sita, b, o, B € R théa man cdc gid thiét ciia Pinh ly 4, phdn 1. Néu ham

f: [(—oo, 0) U(O, oo)] — R théa man hé bdt ding thiic (8) va trong méi khodng (0o, 0),

(0, 00) ton tai it nhdt mot diém ma tai dé ham f lién tuc, thi

. plogx + f(1), khi x € (0, 00)
X) =
plog(—x) + f(—1), khix € (—00,0)
trong do p := .
loga
Chay 1. Gid sita, b, a, B la cdc s6 thuc cho truéc théamdan 0 < a <1 < bva = B )
loga logb

Néu 0 € I, thi khéng ton tai ham ndo théa man hé (8).
That vay, trong (8) néu dit x = 0, thi 0 < &, 0 < 8, mau thuin vdi gia thiét ¢ < 0.

Dinh Iy 14 (Dang “nhan"). Gid sit a, b, o, B la cdc s thute cho trudc théa man a < 1 < b,
loga  logp
loga  logh

, va gid s rang ham f : I — R lién tuc tai it nhdt mot diém.
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log b

1) Néu ¢ Q, thi f théa man hé bdt ddng thitc ham

loga
flax) =af(x), f(bx)<pf(x), xel, (11
thi

i) Truong hop I = (0, 00): f(x) = f(1)x?, x >0,

1
i) Trueong hop I = (—o00, 0): f(x) = f(=1)(=x)?, x <0, trong dé p := log“.
oga
; logh S G
2) Néu 1 € Q, thi ton tai duy nhat mot nghiém ham lién tuc f : I — R (I = (0, 00)
oga

hodc I = (—00,0)) cua hé phuong trinh ham tuong ving

flax) =af(x), fbx)=pf(x), xel, (12)

sao cho f|[1,d] = fo, trong dé d := min{a™b" > 1|m, n € N} ton tai, Ion hon 1 va
fo i [1, d] = R la ham lién tuc cho trudc théa mdn diéu kién

logar
Jo(d) = fo(l)d ™.
Hon nita, néu fy la don diéu nghiém ngdt, thi né trung véi ham f trén doan [1, d].
Chiing minh. 1) i) Gia st I = (0, 0o). Tu (11), ching minh tuong ty nhu cic phan trén, ta c6

f@"b*x) <a™B" f(x), m,neN, x>0.

) loga _logB o e o
bit p := = , ta c6 thé viet bat dang thuc nay dudi dang
loga logh
f(@"b"x) < (@"b"? f(x), m,neN, x>0,
hay

ftx)<tPf(x), teM, x>0, (13)
trong d6, theo B& dé 2, tap M = {a™b" |m, n € N} tr mit trong /.
Gia st rang xo > 013 diém ma tai d6 ham f lién tuc va x > 0 1a mot gia tri tuy y. B&i tinh chét
trit mat ctia M trong tap I, ton tai mdt diy (z,) sao cho

heM@meN), lim f, =2,
X

n—-+4oo

Tt bat dang thic (13), ta c6
f(tax) <t,? f(x), neN.

Cho n — o0, béi tinh lién tuc cia ham f tai x,, ta thu dugc

Xo

F(xo) < (—)pf(x), x> 0.

X
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4 . A 2 %t x > A X
Bay gio, dé ching minh phan dao, thay x bdi " trong (13), va chon mot day (z,,) sao cho

th € M (n e N), lim ¢, = —
n—-+00 X0
Thé thi, ta c6
v \?
o= (E) fa =0
0

Phan i) dudc chiing minh.
i) Gid st ring I = (—o0, 0). Ta xét ham g : (0, o) — R xdc dinh bdi cong thiic
gx) = f(=x). x<0,
thda man hé (11) va chiing minh tuong tu nhu chitng minh phan i).
2) Phan nay chiing minh tuong tu nhu chitng minh Dinh ly 4, phan 2. O
loga  logp

loga  logh’
Néu I =R hodc I = [0, 00) hodc I = (—oo, 0] va f : I — R théa mdn hé (11), thi

Chay 2. Gidswwa, b, a, B la cdc s6 thuc cho truéc théamdan 0 <a < 1 < b va

£(0) = 0.

That vay, béi mot trong hai gid thiét < 1 < B hoidic B < 1 < « va, hon nita, £(0)(1 —a) <0
va f(0)(1 — B) <0,tasuyra f(0) = 0. Tt Chad y nay, ta cd

Chd y 3.

\) Gid sit f : [0, 00) — R thda méan hé (11). Néu f|(0,oo) vaa, b, a, B théa man tdt cd
cdc gid thiét ciia Pinh ly 7, phdn 1, thi

f(1)x? khix € (0, 00),

f(x)zgo khi x =0,

log o

trong do p = 1 .
oga

ii) Gidsit f : (—o00, 0] = R théa mdn hé (11). Néu f‘(—oo,O) vaa, b, a, B théa man tdt cd
cdc gid thiét ciia Pinh Iy 7, phdn 1, thi
f(=1)(=x)? khix € (—o0, 0),
fx) = ,
0 khi x =0,

log o

trong do p = 7 .
oga

Hé qud 15. Gid sita, b, a, B € R théa mdn cdc gid thiét ciia Pinh Iy 7, phdn 1.

148

https://tieulun.hopto.org



Tap chi Epsilon, S6 08, 04/2016

i) Néu ham f : [(—oo, 0) U(O, oo)] — R théa mdn hé bdt ddng thitc (11) va trong moi
khodng (—oo, 0), (0, 00) ton tai it nhdt mot diém ma tai dé ham f lién tuc, thi
f(1)x? khi x € (0, 00)

f(x) = {f(—l)(—x)p khi x € (—o0, 0)

logo

trong do p := T .
oga

i) Néu ham f : R — R théa man hé bdt dang thitc (11) va trong méi khodng (—oo, 0) va

(0, 00) ton tai it nhdt mot diém ma tai dé ham f lién tuc, thi

f(1)x? khi x € (0, 00),
f(x)=140 khi x = 0,
f(=1)(=x)? khix € (-0, 0)

logo

trong do p = 1 .
oga

Cht y 4. Ta lubn co cdc dinh ly tuong tu nhu cdc Dinh ly 4 - Dinh ly 7, véi ham [ théa man cdc
bdt ddng thitc ¢é ddu nguoc lai.

[1]1 Nguyén Vin Mau, Bdt ddng thiic, dinh Iy va dp dung, Nha xuit ban Gido duc, 2006.

[2] Trinh Dao Chién, Mot sé dang bdt phuong trinh ham dang co bdn, Ky yéu Hoi nghi khoa
hoc vé céc chuyén dé chuyén Toan bdi dudng hoc sinh gidi Trung hoc phé thong, Ha Nai -
Nam Dinh, 26-28/11/2010.

[3] Th. M. Rassias, Functional equations, inequalities and applications, 73 - 89, Kluwer Aca-
demic Publishers, 2003.

[4] PIL. Kannappan, Functional equations and with applications, 617 - 636, Springer Monographs
in Mathematics, 2009.
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psilon
Tap chi online ctia cong dong
nhitng nguoi yéu toan

BAI TOAN HAY LGOI GIAI DEP

Tran Nam Ding - Dai hoc Khoa hoc Tu nhién - DPHQG TPHCM

LOI GIOI THIEU

Chuyén muc nay dugc 14y cdm hiing tii bai viét ctia thiy Nguyén Duy Lién vé bai
toan sb 6 trong ky thi IMO 2001 vdi 5 cach giai khac nhau. Muc nay sé dé danh viét
vé nhiing bai toan hay, 15i gidi dep va nhiing cau chuyén thi vi xung quanh nhiing
bai toan va I6i giai do.

Tén ctia chuyén muc dugc mugn tu tén cua mdt nhém nhiing ngudi yéu toan trén
Facebook do anh Nguyén Vin Ldi sang 1ap “Bai todn hay — Loi gidi dep — Pam mé

todn hoc”. Chuyén muc ghi nhin céc dé cit cia ban doc va sé chon ding mdi ky 1, 2
bai toan.

Nhu chiing ta déu biét, Euler da gi6i thiéu mot cong thiic ndi tiéng trong tam gidc, thé hién mdi
lién hé gitta ban kinh clia dudng tron ngoai tiép va noi tiép ciing khoang cach giita hai tim dudng
tron nay trong mot tam giac. b6 la

d?> = R> —2Rr

v6i (O, R), (I, r) 1an ludt 1a dudng tron ngoai tiép, ndi tiép clia mot tam gidc ndo d6 vad = OI.

Con Nicolaus Fuss, hoc tro va ciing 1a ban ctua L.Euler da gii thiéu mot cong thuc khac, tuong
tu nhung hinh thifc dep khong kém trong tif gidc ludng tam, tifc 13 ti gidc vita noi tiép dudc trong
dudng tron nay va ngoai tiép dudc mot dudng tron khac.

Bai toan 38. Trong mét tit gidc ABCD ngoai tiép duong tron (I, r) va néi tiép dwoc dwong tron
(O, R) thi
1 1 1
2t 2 T 2
(R—4d) (R+4d) r

Ong ciing da tim ra dudc cac cong thiic cho ngil gidc, luc gidc, bat gidc ludng tam,... Duéi day 1a

ching minh cho dinh ly nay.
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D ™__ " E

Goi K, L 1atiép diém ctia (I,r) 1én AB, BC. Do td gidc ABCD noi tiép nén A, C 1a hai géc
bu nhau, suy ra

/ZBAI + ZICB = 90°.
Ta ciing chii y ring /K = I L = r nén hai tam gidc AIK va CIL c6 thé ghép lai thanh mot tam
gidc vudng co6 hai canh goéc vudng la I C, I A nhu hinh ve.

Tit d6, ta thiy tong dién tich ctia hai tam gidc niy c6 thé tinh theo hai céch:
r(AK + CL) = Al - CI.
Ngoai ra, theo dinh ly Pythagorean trong tam gidc mdi & trén thi:
(AK +CL)*> = AI*> + CI>.

Tir d6 ta thay
1 1 1
AP+ CI) = AI* - CI? & — = — :
AT+ CTT) CrETarTer
Gid st A1, C1 cit dudng tron (O, R) theo thit tu tai F, E. Khi d6 EF 1a dudng kinh ciia (O, R)
vi E, F 1a trung di€m clia hai cung chung day BD.

Theo cong thic dudng trung tuyén trong tam gidc EF I thi

EF?
EI* + FI* =210% + — = 2(d? + R?).

Theo tinh chét phuong tich ctia I vé6i (O, R) thi
Al -FI =CI-EI = R*—d*.

Do do

1_r _FI?+ EI* _2(R*+d?)
r2  AI2  CI*  (R2—d?)? (R%—d?)?
_(R+d)’+(R-d)* 1 1
T R—d  R+d? | R-dF
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DPinh ly dugc ching minh.
Tir day, ta con c6 thé ching minh dudc rang trong ti gidc ludng tam, ta luén c6 R > r V2.
That vay,

1 1 1 2 2 2

2 (R d2+R dzZ :Rz_dzzﬁ
(R+d)” (R=d)" = (R4 d)*(R—dy’

nén R > r/2. Dang thifc xay ra khi d = 0 va ta dé dang chiing minh dudc lic d6, A BC D phai
l1a hinh vuong.

Dinh Iy nay ciing cho ta biét vi tri cia hai dudng tron (1, 7) va (O, R) thé ndo dé tdn tai mot td
gidc ngoai tiép (1) va ndi tiép (0).
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EUCLID VA CO SO CUA HINH HOC

Ngbé Bdo Chau, Richard Fitzpatrickn

Trong sb nay, chuyén muc diém sach ctia Epsilon tran trong gidi thiéu véi doc
gid bai diém sach ctia GS. Ngo Bdo Chau va gido su Richard Fitzpatrick cho quyén
sach vira méi ra doi "Euclide va Cd sé ctua hinh hoc".

Euclid viét sach Co sd ciia hinh hoc & Alexandria khoang 300 nim truéc Cong nguyén. Day 1a
thoi ky Hellenistic cta triét hoc c¢6 dai, thdi ky ma triét hoc ¢ dai da lan toa téi nhiing ving dat
chiu 4nh hudng ctia vin hod Hy Lap ma tiéu bi€u 1a thanh Alexandria bén bd Phi ctia Pia Trung
Hai. Nét chung ctia triét hoc thoi ky Hellenistic, phan nao thé hién trong sach Co sd ciia hinh
hoc, 1a tu duy da dat dén miic tinh tuy, nhung c6 1& da mét di tinh bay bdng ctia thdi ky trudc
Socrates va stic manh tu duy cua Plato, Socrates.

Ngudi ta cho ring hau hét ndi dung ctia sich Co sd ciia hinh hoc dugc truyén lai tif nhiing tién
nhan nhu Pythagoras, Plato, Eudoxus ... Tuy nhién, khac véi Pythagoras va Plato, Euclid loai
bo triét d€ cac yéu t6 siéu hinh dudc gan cho céc s6 va cac hinh. Cac s hitu ti khong con duge
coi 1a minh chiing cho su hai hoa ctia vi tru, cic khbi déu trong khong gian khong con dudc coi
12 y niém toan hoc nap ding sau cac pham tru siéu hinh nhu kim thuy hoa thd. .. Hé théng suy
luan logic xuit phat tlf hé tién dé ctia Plato dugc Euclid st dung mot cach triét dé, cac chi tiéu vé
tinh chat ché ctia chiing minh dugc ap dung mot cach khong khoan nhugng. Theo mot nghia nao
d6,Co s3 ctia hinh hoc 13 quyén sach thuan tuy toan hoc dau tién ctia nhan loai va 12 to gidy khai
sinh ra toan hoc nhu mot bd mén ddc 1ap, tuy van con 12 mot bo phan ciia triét hoc. Cach Euclid
xdy dung mot hé théng kién thiic cao vit dua trén s6 it tién dé nén va 1iy luat logic lam chit gan
két, da 1a hinh mAu cho sy phét trién clia toan hoc cho dén ngay hom nay.

Trai qua 2400 nim, cac ménh dé phat biéu va chiing minh trong Co sd ciia hinh hoc van con
tuoi tin mot cach dang ngac nhién. Tir hinh hoc tam gidc ma chiing ta hoc nhiing nim cip hai,
cho dén chiing minh tuyét dep bang phan chiing cho su ton tai v han nhiing sb nguyén td, tir
thuat todn Euclid tim udc s6 chung 16n nhit ma chiing ta vin phai hoc trong gido trinh cd s6 todn
hoc trong tin hoc, cho dén chiing minh khong ton tai khéi déu nao khac ngoai nim khdi déu cia
Platon, déu 1 nhitng ndi dung da dudc trién khai mot cach day du trong sach Co sd ciia hinh hoc.

DAy ¢6 18 1a nhiing 1y do tai sao Co sd ciia hinh hoc dudc coi 12 mot trong nhiing quyén sich cé
anh hudng nhit t6i su phat trién clia vin minh nhan loai. Sdch da dudgc tai ban hang ngan 1an, s6

1an tai ban c6 18 chi thua Kinh thanh. Tir thsi ky phuc hung cho dén dau thé ky hai muoi, sich
cua Euclid dudc coi 1a mot trong nhiing quyén sach ma nhitng ngudi c6 hoc phai doc.
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| S

Sdch Co s6 cua hinh hoc ciia Euclid. HTN: Cuén “Co s6 cua hinh hoc” ciia Euclid ldn ddu tién dugc
dich va xudt bdan: NXB Tri Thitc va ZenBook, Quy IV ndm 2015. Dy dn dich Euclid do Pam Thanh Son va
Nguyén Tri Diing khdi xudng thdng 5 ncim 2013.

Lén 1én tit Co 56 cuia hinh hoc, Toan hoc da di nhitng bu6e rat xa. Bay gid ban c6 thé tim dudc
v0 s6 sach todn v6i nhidu noi dung hon, trinh bay sang stia hon sich ctia Euclid. Tuy vy, tdi van
tin rang ngudi c6 hoc van can doc Euclid vao mdt thdi diém nao d6 trong cudc ddi minh, vin can
c6 Co sd cua hinh hoc dat trén gia sach.

Céam on nha xuét ban Tri Thiic va Nhém dich gia da dem sach Co sd ciia hinh hoc cta Euclid
dén véi doc gia Viét nam.

Ngé Bdo Chdu

B. Ldi gidi thiéu cha Giado su Richard Fitzpatrick cho ban
tiéng Anh[1]

Cho dén nay, Co sd cuia hinh hoc ctia Euclid 1a tic pham toan hoc kinh dién tri danh nhét, va
cling chiém linh vi tri dit biét khi 1a quyén sach gido khoa vé todn hoc ¢8 nhét dugc st dung lién
tuc. Chiing ta khong biét nhiéu vé tac gia, ngoai chuyén 6ng da song & Alexandria vao khoang
nim 300 TCN. Céc chii dé chinh ctia quyén sach bao gém hinh hoc, ty 18 thic va ly thuyét sb.
Hau hét cac dinh ly trong tac phdm khong phai 1a kham pha ctia ca nhan Euclid, ma 13 thanh
qua cua cac nha toan hoc Hy Lap tru6c d6 nhu Pythagoras (va mon dé cua 6ng), Hippocrates 6
Chios, Theaetetus & Athens va Eudoxus 6 Cnidos. Tuy nhién, Euclid dudc ghi nhan cong lao vi
ong da sap xép céac dinh 1y nay theo mdt trat tu 16-gic (cho dui phai thii nhan riang, khong phai lic
nao ciing chit ché nhu trong yéu cau dbi véi toan hoc hién dai), thé hién rf?lng chiing dugc dan ra
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tif nim tién dé don gian. Euclid ciing dudc danh gid cao do di dua ra nhitng chiing minh cu thé
tai tinh cho nhitng dinh 1y da dugc khdm ph4 trudc d6: chang han nhu Dinh ly 48 & Quyén 1.

Céc phép dung hinh dudc khai trién trong quyén sach chi gidi han trong cac thao tdc thuc hién
bing thude thing va compa. Hon thé nita, cic ching minh thuc nghiém dua vao do dac hoan toan
khong dudc st dung: tifc 12 bat cii su so sanh nao gitia hai dai lugng chi dugc phép két luan 1a
chiing bang nhau hoic 13 dai Iugng nay 16n hon dai lugng kia. Co sd ciia hinh hoc gdbm 13 quyén.

Quyén 1 néu cic dinh Iy cin ban ctia hinh hoc phing, bao gdm ba dinh 1y ciia tam gidc dong
dang, mot s6 dinh ly lién quan dén dudng thang song song, dinh ly vé tdng cac géc trong mot
tam giac, va dinh ly Pythagoras.

Quyén 2 thudng dudgc cho 1a lién quan dén “hinh hoc gidi tich”, bdi hau hét cac dinh 1y trong d6
déu c6 mot hé qua dai s6 don gian.

Quyén 3 nghién cifu hinh tron va cdc tinh chit clia chiing, va bao gdm céc dinh ly vé dudng tiép
tuyén va géc noi tiép.

Quyén 4 néi vé cic da gidc thong thudng ndi tiép — va ngoai tiép — hinh tron.

Quyén 5 xay dung ly thuyét vé ty 1é thic s6 hoc.

Quyén 6 ap dung ly thuyét ty 18 thifc vao hinh hoc phang, va bao gdm céc dinh ly vé cac hinh
dong dang [2].

Quyén 7 lién quan dén ly thuyét sb cin ban: vi du nhu s6 nguyén td, miu s6 chung 16n nhit v.v.
Quyén 8 néi vé cip sd nhan.

Quyén 9 bao gdm céc tng dung cia hai quyén trudc, va cic dinh ly vé su vo han cia céc sb
nguyén to.

Quyén 10 phan 16p céc dai luong vo udc (tif 12 vo ti) st dung phuong phap goi 1a “phucng phap
vét kiét”, 1a tién than ctia phép tich phan.

Quyén 11 lién quan dén céc dinh 1y cd ban ctia hinh hoc khong gian.

Quyén 12 tinh todn thé tich tuong ddi ctia hinh nén, hinh chép, hinh tru va hinh cau st dung
phuong phép vét kiét.

Cudi cung, quyén 13 nghién ctfu nim khdi da dién déu Platon.

An bén nay trinh bay ndi dung tiéng Hy Lap ctia tic pham — da dudc J.L.Heiberg bién tap
(1883-1885) - cling v6i ban dich sang tiéng Anh hién dai, va muc luc tif vung Hy Lap — Anh. C4c
quyén 14 va 15 gid mao, va cic binh gidi, von dugc thém vao trong nhiéu thé ky qua sé khong c6
trong 4n ban nay. Muc dich ctia ban dich 1a 1am cho céc luin diém sang stia va mach lac hon,
trong khi van bam sét y ctia ban gdc tiéng Hy Lap. Cac noi dung dit trong ngodc vuong (ca trong
phan tiéng Hy Lap va tiéng Anh) 1a ctia Heiberg, dudc suy ra tif vin ban gbc (mot s6 qua rd rang
hoic khong hitu dung da dudc bé di). Noi dung dé trong ngodic don (phan tiéng Anh) 1a ndi dung
ngu y nhung khong viét ra trong phan tiéng Hy Lap. Xin cdm on Mariusz Wodzicki (Berkeley)
da c6 van sip chit, Sam Watson & Jonathan Fenno (U. Mississippi) va Gregory Wong (UCSD)
da chi ra nhiéu sai s6t khi thuc hién Quyén 1.

Richard Fitzpatrick
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Ngudi ta khong biét nhiéu vé cudc doi ctia Buclid. Tir dién Tiéu sit Khoa hoc (Dictionary of
Scientific Biography) md dau bai viét dai vé Euclid bang nhiing 16i nay: “Mdc dit Euclid la nha
todn hoc trit danh nhdt moi thoi dai, la nguoi ma tén tudi da dong nghia vdi hinh hoc cho dén
tdn thé ky 20, nhung chi ¢é hai sw kién vé cudc doi ong duoc biét dén, ma ngay cd nhiing sy kién
nay ciing chua phdi la khong con tranh cdi”. Nhiing “su kién” niy dudc suy dién hay don doan
dua vao viéc tham khao céc tac pham c6 dai. Pau tién 13 dng sdng & thdi sau Plato (mit vao nim
347 TCN) va trudc Archimedes (sinh nim 287 TCN). Thi dén 12 dng 1am viéc & Alexandria.
Ong khong phai 1a Euclid 6 Megara, 1a mdt ngudi ban ctia Plato, 12 ngudi vin bi nham véi 6ng.

Heath[4] cho biét kha niing kha di nhét 14 Euclid (tdc gia cia Co sd ciia hinh hoc) tiép nhan gido
duc vé toan tai Athen tli cic hoc trd ctia Plato bdi vi hau hét nhitng nha hinh hoc ¢6 thé day ong
déu xut than tli trudng d6, va cac nha toan hoc ma Co s clia hinh hoc ciia Euclid dua vao déu
song va day & Athen. Néu chiing ta ddng y véi nhiing diéu nay thi chiing ta x4c dinh rang Euclid
séng sau nim 347 TCN.

Quan diém cho ri“mg ong sinh trudc Archimede 1a dua vao mdt chi muc tham khio dan dén tac
phdm V& hinh cdu va hinh tru ctia Archimede. Tuy nhién, chi muc tham khao d6 bay gio da bi
cho la dudc chen vao sau nay.

Mic du vay, mot sd ngudi van giit quan diém 1a chi c6 thé hoi chic chan rang dng sdng trudc
hoic cuing thdi véi Appollonius (1a ngudi sdng vao khoang nam 200 TCN). Mot chiit bang chiing
cho chuyén nay ciing 14 bing chiing cho viéc dng lam viéc & Alexandria 12 mot tham khéo tit
Pappus (khoang nim 320 CN). Pappus nhan xét vé Apollonius rang Apollonius “sdng khd ldu
Véi cdc hoc tro ciia Euclid & Alexandria, va nho thé ma éng cé duoc théi quen tu quy khoa hoc
nhw vdy”. Néu chiing ta tin Pappus trong chuyén nay thi ching ta phéi dit Euclid vao thai gian
trude nam 200 TCN.

Heath ciing it ra tif nhan xét ctia Pappus rang Euclid day va mé mot ngdi trudng & Alexandria.
Tuy nhién, nhiing ngudi khac phan bac rang cho dui 6 rang 13 6ng c6 hoc tro & Alexandria thi
diéu d6 ciing khong chiing minh dugc 1a 6ng 1am viéc & d6. Du gi di nita, chinh Apollinius da
tham khéo Euclid trong 15i gidi thiéu ctia Quyén 1 bd Cdc duong conic. Bbi vi Apollonious sinh
vao khoang nam 262 TCN cho nén Euclid sé phai truéc 200 TCN.

DAy la tit c4 nhiing gi chiing ta biét vé& cudc ddi ctia Euclid. Thé con tdc phdm? Heath trich
Proclus (410-485 CN) nhu sau:

“Euclid da bién soan Co sd cua hinh hoc tie viéc tdp hop cdc dinh ly ciia Euxodus, hoan chinh
nhiéu dinh ly ciia Theaeterus, va ciing chitng minh mot cdch khong thé chdi cdi dwoc nhitng dinh
Iy vén chi dwgc chitng minh mét cdch long léo bdi cdc bdc tién boi” .

Tir dién Tiéu sit Khoa hoc néi rang:
“Danh tiéng litng ldy ciia Euclid ndm & b Co sd ciia hinh hoc, trong doé 6ng viét muoi ba quyén
va da dé’lai mét dnh hudng to 1on lén tu duy ciia con nguoi manh mé hon bdt cit tac phdm ndo

khdc ngoai trir Kinh thdnh. Béi Iy do do, 6ng duoc biét dén trong thoi c¢é dai nhu la ‘Nguoi viét
nén Co sd cua hinh hoc’ va doi khi chi don gian la “Nha hinh hoc”. Pd tieng co cdc Co sd cua
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hinh hoc dwoc viét trudc Euclid — ddng chii ¥ nhdt la cdc tdc phdm ciia Hippocrates, Leo and
Theudius & Magnesia — nhung tdc phdm cua Euclid dd vuot qua ching mot cdch ngoan muc
dén ndi by gio chiing chi con dugc biét dén qua cdc chi muc tham khdo ciia Eudemus’s nhu la
Proclus da ddn lai”.

Nhiéu tac phim khac dudgc cho 1a ctia Euclid, trong thién vin hoc, quang hoc, ly thuyét 4m nhac,
ciing nhu 12 trong toan hoc. Nhiéu tac phdm trong sd d6 da khong con hién hitu nita, hoic chi
con lai nhitng méanh vé. Sau Co s ciia hinh hoc, cong trinh toan hoc quan trong nhét ctia 6ng
van con gia tri 12 Dif liéu (Data), 1a tic phdm rd rang dudc viét ra nhu mot cong cu dé giai toan
bang phép phan tich. Quyén Vé su phdn chia (ciia cdc s6) — van con luu truyén qua ban tiéng A
rip — néi vé viéc phan chia cic sb thanh céc s6 khac khong dong dang. Quyén Céc hé qua dugc
cho 1a ctia Euclid da bi mat, nhung vin dudc biét dén thong qua cic tdc phdm ctia Pappus. N6
bao gom khong phai 1a cic hé qua nhu trong Co s6 ctia hinh hoc, ma 1a theo Heath, “cdc dinh Iy
vé Iy thuyét cia cdc duong cdt tuyén va hinh hoc xa dnh hién dai” . Buclid cling dudc cho 13 da
viét mot chuyén luan vé cac mit cat v6i hinh nén, day bén quyén, 1 tic pham da vugt qua tac
pham Cdc hinh nén ctia Apollonius, von da bi mat.

Hai tidc phdm quang hoc dudc cho la ctia Euclid, Quang hoc (Optics) va Phdn xa hoc (Catropics),
da md ra truyén thdng rit dai ctia mon quang hinh hoc, duy tri cho dén tin dau thé ky mudi bay.

[...]

Nhiing gi chiing ta biét vé Eucid 1a biét qua tdc pham sang chéi ctia 6ng da d€ lai. Quyén sach
ma ban dang cam trén tay cho ban cd hoi dudc nghién ctiu tdic phdm mot cach truc tiép va tu
minh nghién ngdm xem vi sao “nha todn hoc khd kinh nhdt ciia moi thoi dai” lai duge vinh danh
trong sudt hon hai thién nién ky.

[1] Pudc su dong y ctia Gido su Richard Fitzpatrick, 13 ngudi thuc hién ban tiéng Anh ma ching
t6i ding dé dich, chiing toi ding lai nguyén vin 16i gi6i thiéu ctia 6ng d€ doc gia c6 thém thdng
tin vé tac pham. (ND)

[2] Do diéu kién xuit ban 1an nay, ching tdi chi gidi thidu ndi dung ciia cic quyén tir 1 dén 6
trong ban dich tiéng Viét. Ching t6i hy vong sé c6 diéu kién thuc hién va gidi thiéu tiép céac

quyén con lai dén doc gia Viét Nam trong tuong lai gan. (ND)

[3] D€ doc gia c6 thém thong tin vé Euclid va di sin clia dng, chiing t6i dich nguyén vin phan
tiéu st ctia EBuclid trong quyén sach Elements do Nha xuit ban Green Lion Press 4n hanh.

[4] Sir Thomas Little Heath (1861 — 1940): tac gia, nha toan hoc Anh, cling la nha nghién ctu
lich st todn hoc ¢6 dai; ban dich quyén Elements ctia dng dugc Green Lion Press 4n hanh.
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LE VAN THIEM: CON NGUOI VA SU NGHIEP

Ha Huy Khoat

1. So lugc tiéu sit

L& Vin Thiém sinh ngay 29 thdng 3 nim 1918 tai lang Trung L&, Pic Tho, Ha Tinh. Trung Lé& 1a
mot lang ¢8, thanh 1ap c4ch day khoang 600 nim trén ving dét triing, quanh nim bi de doa vi
nan han han, lut 16i. Dan Trung L& thuan nong, nghéo va hiéu hoc. Tt thé ky XV da c6 dng Tran
Tudc d6 Tién si (Khoa Binh Thin, 1496). Ho Lé & Trung L& ndi tiéng vé truyén thdng Nho hoc
va yéu nudc. Cu than sinh ra L& Vin Thiém 1a 6ng Lé Vin Nhiéu (1869 — 1929), nhiéu noi viét
12 Nhiéu (theo cdch phat am ctia ngudi Ha Tinh), dau cit nhan Khoa Canh Ty (1900). Miu than
cta cu Ctt Lé Vin Nhiéu, tiic ba ndi ctia Lé Van Thiém, 1a ba Phan Thi Pai, chi rudt nha yéu
nudc Phan Dinh Phung. Chu rudt cia Lé Van Thiém la 6ng Lé Van Huan, ddu Giai nguyén Khoa
Binh Ngo (1906), tham gia phong trao yéu nuéc Duy Tan hoi, roi Tan Viét Pang, va tu sat trong
nha lao Vinh nam 1929.

Cu nhan Lé Vin Nhiéu

Cu Lé Vin Nhiéu tuy d6 dat nhung khong ra 1am quan, ma & lai qué nha day hoc, boc thudc,
phung dudng cha me, nu6i day con céi. Cu sinh dudc 13 nguoi con, 8 ngudi con trai, 5 ngudi con
gdi. Ngudi anh ¢4 ctia Lé Vin Thiém 13 Lé Vin Ky dau Tién si nim Ky Mui (1919) trong khoa
thi cudi cing ctia Triéu Nguyén. Vay la cu Cit Nhiéu c6 mot ngudi con dau Tién si cubi cling
ctia nén Han hoc, va mot ngudi con dau Tién si dau tién ctia nén Tay hoc nudc nha! Anh thit hai
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cta Lé Van Thiém, 6ng L& Van Luan, la Bi thu Huyén uy Pang Cong san Bong Duong Huyén
Pric Tho, bi Phép xt ti hinh nim 1931. Trong sd 5 ngudi chi g4i ctia Lé Van Thiém c6 hai ngudi
tham gia phong trao cach mang 1930 — 1931, va dugc cong nhan la Lao thanh cach mang.

L& Vian Thiém la con ut trong nha, nén khi con bé, dugc dat tén la “Thém”, tic la dida con “Troi
cho thém”. Khi ra doi, ciu bé Thém rit yéu, vi ba me da sinh nd dén 1an thi 13. Me cau khong
con sifa, nén ciu phai b nho ngudi chi dau tén 12 Sam, vg ctia anh Lé Vin Luan. Vi thé, dbi véi
cu, ba Sam ciing gan nhu ngudi me thi hai. Ong Luan, ba Sim déu hoat dong cho Tan Viét
Pang. Ba déng vai ngudi ban hang to lua, 6ng dong vai ngudi chd thué, hai ngudi di khip noi
tuyén truyén cich mang, in tai liéu, rai truyén don. Khi con nhd, cdu bé Thém hoc & qué nha véi
chu rudt, Gidi nguyén Lé Vin Huan. Cau ndi tiéng hoc gidi, nhung ciing néi tiéng 1a “kho”. Lén
1én, Lé Vin Thiém theo anh c4 - 6ng Nghe Ky, di hoc & Hué, rdi 6 Quy Nhon.

Ong Lé Vin Ky Ong Lé Vin Luan

Sinh ra trong mot gia dinh giau truyén théng yéu nudc, anh thanh nién L& Vin Thiém s6m nudi
trong minh hoai bio hoc tip d€ phung su TS qudc. Nim 1941, Lé Vin Thiém thi dd vao trudng
Ecole Normale Supérieure & Phb d’Ulm clia Paris (trong tiéng Viét, ngudi ta thudng dich 1a
Truong Cao ding su pham, mot tén goi d& bi hi€u nhidm). D6 1a trudng dai hoc danh gia nhét
nudc Phép, noi dao tao nhitng nha khoa hoc ndi tiéng nhét. Thi d6 vao Ecole Normale 12 mot
vinh du 16n dbi v6i bit ky hoc sinh nao ctia nudc Phép. T6t nghiép Ecole Normale, Lé Vin Thiém
tiép tuc lam ludn 4n Tién si tai Thuy Si, r6i luan 4n Tién si quéc gia tai Phap. Ong da ting hoc
véi nhitng ngudi thay gidi nhét thdi d6, nhu Nevanlinna, Teichmuler, Valiron, va nghién ctiu mot
linh vuc thdi su nhét thoi biy gio: Ly thuyét phan phéi gia tri cac ham phan hinh. Ong bao vé
luan 4n Tién si qudc gia ndm 1949 véi nhitng két qui ma ngay nay da trd thanh kinh dién.

Nho nhitng két qua xut sic trong nghién ctiu khoa hoc, nim 1949, Lé Vin Thiém nhin dudc
mot ghé gido su tai trudng Pai hoc Zurich, Thuy Si. Ong 1a ngudi Viét Nam dau tién nhan chiic
gido su & mot dai hoc danh tiéng ctia Chau Au.
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Mot chd 1am viéc tuyét voi, mot hudng nghién ciiu thdi su, nhiing két qua dau tay da trd thanh
ndi tiéng, tat cd déu mé ra trudc mat nha todn hoc tré Lé Vin Thiém mot con dudng thénh thang
dé di dén nhiing dinh cao ctia khoa hoc.

Nhung muc dich ctia ddi 6ng trudc hét 1a déng gop stic minh cho cudc du tranh gianh tu do cta
TS qubc. Vi thé, nghe theo 15i kéu goi ctia Chii tich H Chi Minh, cubi nim 1949, 6ng da rdi bod
con dudng cong danh & Chau Au dé bi mat tré vé nudc tham gia khang chién. Tir Chau Au, ong
vé Bing Céc, 16i tif d6 qua Campuchia dé vé Nam Bo.

Gido su Lé Van Thiém, Thuy Si, 1943.

O Nam B9, Gido su Lé Vin Thiém gia nhip Pang Cong san Dong Duong va cong tic tai SG
Gido duc. Ong da gép phan dao tao nhiéu gido vién cho viung khang chién. It 1au sau, ong 1én
dudng ra Viét Bac nhan nhiém vu méi: Lanh dao trung tam dai hoc dau tién ctia nudc Viét Nam
déan chi cong hoa. Pay that 1a mot nhiém vu quan trong va phu hgp véi kha nang, y nguyén cua
ong. Sau 6 thang gian nan di bo tir Nam B9 1én chién khu Viét Bic, Gido su Lé Vin Thiém dudc
giao trong trach Hiéu trudng Trudng Su pham cao cip va Trudng Khoa hoc cd ban. Ong da 1am
hét siic minh trén cuong vi d6, va trd thanh ngudi dit nén méng cho gido duc dai hoc ciia nudc
Viét Nam mdi, ngudi thay ctia hau hét nhitng nha khoa hoc Viét Nam dudc dao tao trong hon
muoi, mudi 1im nim dau tién sau cdch mang Thang Tam.

Tut sau khi hoa binh 1ap lai, Gido su Lé Vin Thiém dudgc giao nhiéu trong trach: Giam doc Trudng
Dai hoc Su pham Khoa hoc Ha Noi (1954 — 1956), Phé Hiéu truéng Truong Dai hoc Tong hop
Ha Noi (1957 — 1970), Vién trudng dau tién cia Vién Toan hoc (1970 — 1980). Ong la Pai biéu
qudc hdi cac Khod IT va IT1. Ong ciing 1 Pai dién toan quyén ctia Viét Nam tai Vién nghién ctiu
hat nhan Pupna, Lién X6 (tit 1956 dén 1980), Cha tich dau tién ciia Hoi Toan hoc Viét Nam,
Tong bién tip dau tién clia hai td bao toan hoc ctia Viét Nam 1a Acta Mathematica Vietnamica va
Vietnam Journal of Mathematics.
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Giao su L€ Van Thiém (ngudi dung gitta) § Nam B9, 1949.

2. Nhitng déng gbp chinh vé khoa hoc

2.1. Cac cong trinh vé ly thuyét Phan phdi gia tri cdc ham phan hinh

Ly thuyét Phdn phéi gid tri cdc ham phdn hinh dugc xem 12 mot trong nhiing ly thuyét dep nhét
ctia Giai tich toan hoc thé ky XX. C6 thé xem ly thuyét nay 1a su md rong cia dinh Iy co bdn
ciia dai s6. Theo dinh 1y d6, da thiic bac n tuy y c6 ding n nghiém, ké c4 bdi. V& mit nao do,
ham chinh hinh 12 md rong tu nhién cta da thic, vi ham chinh hinh trén toan mat phang (ham
nguyén) dudc bi€u dién bdi mot chudi vo han hoi tu. Tuy nhién, khac véi ly thuyét cac da thic,
trong ly thuyét cac ham chinh hinh rit khé khai thac céc khia canh “dai s6”, ma chii yéu dua
vao cdc cong cu gidi tich. VAn dé phan bd khong diém ctia ham chinh hinh, cling nhu vin dé
phéan b nghiém cta da thifc, 12 mot trong nhitng van dé trong tim. Va ngay & vin dé nay, ta gip
phéi nhitng kho khin co ban. Do ham chinh hinh biéu dién b&i chudi v han, va c6 thé c6 vo han
khong diém trén toan mit phang, nén khong thé c6 két qua don gidn nhu trong dinh 1y co ban
ctia dai s6. VAn dé dit ra 1a 1am thé nao d€ c6 thé xét phan bd khong diém cac ham chinh hinh
tuong tu nhu da lam ddi véi da thiic.

Tt dinh Iy co bdn cia dai sb suy ra rang, da thifc ndo c6 cép ting cang cao thi cang c6 nhiéu
khong diém. Mic du cip ting 1a mot trong nhiing dic trung quan trong clia cic ham chinh hinh,
c6 thé thdy ngay rang, mé rong truc tiép clia dinh Iy co bdn cta dai s6 khong con ding cho trudng
hop cac ham chinh hinh. That vay, tdn tai cac ham chinh hinh c6 cp ting rat 16n (nhu ham e?),
nhung khong c6 khong diém nao. Trong trudng hop cic ham phan hinh thi vin dé cang trd nén
phtic tap: Him phan hinh 12 ham c6 thé nhén gi4 tri vd han tai mot sé diém hitu han, va can phéi
c6 mdt quan niém méi vé cap ting. Ly thuyét phan phdi gia tri ctia Nevanlinna ra doi nham giai
quyét cac van dé trén. Trude hét, Nevanlinna dinh nghia cac ham dém va ham xdp xi, ma ta sé
mé td mot cach so luge nhu sau. Gia s £(z) 1a mot ham phan hinh trén toan mit phang, a 1a
mot gid tri phic tuy y. Khi d6, ham dém N( f,a,r) cé muc dich “do do I6n ciia tdp hop cdc
diém nam trong vong tron bdn kinh r, tdm tai goc, ma tai dé ham nhdn gid tri a”. Nhu vy, néu
f 12 mot da thifc bac n thi khi r di 16n, gid tri nay 12 mot hiang s6 khong phu thudc a, ma chi
phu thudc bac da thic. Ham xdp xi m(f.a, r) nham dé “do d6 16n ctia tap hop cac diém nam
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trong vong tron ban kinh r, tim tai gbc, ma tai d6 ham nhén gia tri “gdn bdng a”. Ham dic trung
Nevanlinna dugc dinh nghia bdi:

T(f,a,r) =m(f,a,r)+ N(f,a,r).

Nhu vy, n6i mot cach ném na, ham T'(f,a,r) diung dé€ tinh sb nghiém cda phuong trinh
f(z) = a trong vong tron ban kinh r (k€ c4 s6 cac diém tai d6 ham nhan gi4 tri gan véi a). Khi
nghién ctiu cdc ham phan hinh, ham dic trung T'( £, a, r) dong vai trd gan gibng nhu bac khi
nghién cifu cic da thic. Diéu d6 thé hién 1o trong cac Pinh Iy co bdn ciia Nevanlinna:

Dinh Iy co ban tha nhat. Ton tai ham T (f,r) sao cho véi moi gid tri a, ta cé

T'(fia,r)=T(f.r) +0(1),
trong do 0(1) la dai lwong gidi ndi khi r tién ra vo cing.

Tu dinh Iy trén, c6 thé xem ham T'( £, a, r) khong phu thudc gi tri @, nghia 12 hAm phan hinh
nhan moi gi4 tri a (k€ ca cac gid tri “gdn” v6i n6) mot s6 1an nhu nhau. Pay chinh 12 mot tuong
tu ctia dinh 1y co bdn ctia dai s6 cho trudng hop cac haim nguyén va ham phan hinh. Tuy nhién,
dé dat dugc tuong tu dep dé néi trén, ngoai ham N( £, a, r) ta da phdi bd sung thém mot ham xép
xi m( f,a,r) ma thuc chit 1a dung dé do cic diém tai d6 ham da cho nhan gid tri “gdn” véi a.
Néu su “hiéu chinh” nay ma qua 16n thi hién nhién, Dinh ly co ban thi nhit ciia Nevanlinna tré
nén it y nghia.

Nevanlinna ching minh Pinh Iy co bdn thit hai, sau sac hon nhiéu so véi Pinh Iy co bdn thit
nhdt. N6i ném na, Pinh Iy co bdn thit hai cho thiy rang “dai lugng hiéu chinh” m( f,a,r) néi
chung rt nhd. Pinh Iy co bdn thit hai cia Nevanlinna dudc phat biéu nhu sau:

Dinh Iy co ban thi hai. Vdi moi s6 nguyén dwong q va cdc sé phiic phén biét tuy ¥ a;, i =
1,2, ..., q(cothébing o0), ta co

q
Y m(fai,r) <2T(fir) + o(log T(f.r)).

i=1

Do ¢ 1a s tuy y, ma vé phai trong bit dang thiic ctia Dinh Iy co bdn thit hai khong phu thude g
nén tir d6 c6 thé thay ring, cic dai luong m( f, a, r) néi chung rit nhé. D€ cé thé “dinh luong”
dugc tinh chat d6, Nevanlinna dua ra cac ham khuyét sau day:

o m(far)
d(a) = rlgglo 1an,
Ni(f.a,r)

f(a) = lim sup———.
(@) r—>00 p T(f.r)

trong d6 Ny ( f, a,r) la dai lugng dudgc tinh nhu N( f, a, r) nhung mdi nghiém cta phuong trinh
f(2) = a chi dudc ké mot 1an (khong tinh boi).

S6 8(a) dudc goi 12 56 khuyét ctia ham tai gid tri a. Tén goi s6 khuyét phan anh y nghia cia dai
lugng nay: §(a) do miic dd ma ta phai hiéu chinh d€ c6 tuong tu cia Dinkh Iy co bdn cla dai sb,
va d6 chinh 1a s6 nghiém bi “thiéu” (khuyét) ma ta phai thém vao bang cach cong thém ham xép
xi, tiic 12 thém cédc diém ma tai d6 ham nhan gi4 tri gan v6i a. S6 O(a) dudc goi 1a chi s6 boi, vi
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ro rang n6 phu thudc vao bdi cla cac nghiém phuong trinh f(z) = a. V6i nhiing dinh nghia do,
tt Pinh Iy co bdn thit nhdt, ta cé:

0<d(a)+0(a) <1 (1)

Tit Pinh Iy co bdn thit hai ta thu dudc bit dang thiic sau day:

Y @ +o@)<2. 2)

acCUoo

Bit dang thic (2) dudc goi 1a quan hé sé khuyét.

Tir quan hé s6 khuyét, ta suy ra rang, v6i hau hét gia tri a, dai lugng 6(a) bang 0, trii ra ciing 1am
12 mot s6 dém dugc céc gia tri cla a, dong thdi tdng cac gid tri d6 ciling bi chiin béi 2.

Céc Pinh Iy co bdn thid nhit va thi hai, cing v6i quan hé sé khuyét 1am nén “ba hon dd tdang”
ctia ly thuyét Nevanlinna.

Tir quan hé sb khuyét, mot cach tu nhién phai dit ra van dé sau day, thuong dudc goi 12 Bai todn
nguoc ciia ly thuyét Nevanlinna.

Cho day (hitu han hoic vo han) cdc diém a; trong mit phang phiic C (k€ ca diém vo cuing), va
céc s6 khong am tuong ting 0 (ay), 8(ax) thoa min cic diéu kién sau:

0<8ar) +0ar) <1, k=1,2,...
D {8(ak) + O(ar)} < 2.
k

VAn dé dit ra 12 tim ham phan hinh c6 s6 khuyét (tuong ing, chi sb boi) tai cac diém ay 1a 8(ax)
(tuong tng 6 (ax)) va sd khuyét (tuong ting, chi s6 boi) bang 0 tai cac diém con lai.

Nevanlinna (nam 1932) da cho 16i giai cta bai toan trén trong tritong hgp riéng véi nhiing gia
thuyét chiit sau day:

1. Day {ax} 1a hitu han.

2. 8(ax) 1a cic sb hitu ty.

3. B(ax) = 0 v6i moi k.
Trong khoang 15 nim tiép theo k€ tir két qua dau tién ctia Nevanlinna, bai toan trén khong tién
trién thém dugc buée nao. Cho dén nim 1949, Lé Vin Thiém da tién mot bude dai trong viéc
gidi bai toan ngugc ctia ly thuyét Nevanlinna. K&t qua chinh ma ong thu dudc 1a xay dung nghiém
ctia bai todn ngudc v6i nhitng gia thiét sau day:

1. Day {a} 1a hitu han.

2. 8(ax) va 0(ay) 1a céc s6 hitu ty.

3. Néu 6(ay) > 0 thi §(ax) + 0(ax) < 1.

4. §(ax) + B(ax) = 2.
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DPoéng g6p quan trong ctia Lé Vin Thiém khong chi 1a viéc chiing minh su ton tai nghiém ctia bai
todn ngudc trong nhiing tinh hudéng tdng quat hon so véi cong trinh ctia Nevanlinna, ma diéu
quan trong 12 1an dau tién, dong da dua cong cu dnh xa d bdo gidc va khong gian Teichmuler vao
viéc gidi bai toan ngugc. Tu tudng d6 clia dng da dugce nhitng nha toan hoc ndi tiéng khac st
dung dé€ tiép tuc thu dugc nhiing két qua méi cho bai todn ngugc: Goldberg, Weitsman, Drasin.
Cudi cting, nim 1977, Drasin cho 15i gidi tron ven ctia bai toan ngudc clia ly thuyét Nevanlinna,
45 niam sau khi bai todn dudc dit ra. Diéu ddng néi 13, trong cong trinh clia minh, Drasin cling st
dung nhitng phuong phap ma Lé Vin Thiém 1an dau tién 4p dung.

Cong trinh vé bai todn ngudc clia 1y thuyét Nevanlinna da dit Lé Vin Thiém vao hang ngi
nhiing tic gia kinh dién ctia 1y thuyét nay. Ngay khi cong trinh ra doi, ngudi gi6i thiéu né trén to
American Mathematical Reviews chinh la Ahlfors, ngudi nhan Giai thudng Fields nam 1936.
Ahlfors ciing gi6i thiéu mot s6 cong trinh tiép theo ctia L& Vin Thiém trén tap chi ndy. Cho dén
tan ngay hom nay, hau nhu cubn sach nao vé Ly thuyét ham phan hinh, khi néi dén ly thuyét
Nevanlinna déu nhic dén cic cong trinh dau tién ctia Lé Van Thiém. Khong phai nha khoa hoc
nao cling c6 cai vinh dy dudc nhic dén két qua ctia minh 60 nim sau! C6 thé tin ring, cic cong
trinh d6 ctia L& Vin Thiém sé con dugc nhé dén nhiéu nim, nhu 1a mot trong nhiing cot mbe cta
ly thuyét cdc ham phan hinh.

Bai bao Beitrag zum Typenproblem der Riemannschen Flachen (Vé vin dé phan loai dién
Riemann) ctia Lé Van Thiém dang trén t6 Commentarii mathematici Helvertici nam 1947 chinh
12 cong trinh toan hoc dau tién ctia ngudi Viét Nam cong bd trén tap chi qudc té. C6 thé xem
nim 1947 12 nim mé dau cho Lich si toan hoc Viét Nam hién dai, va that dang tu hao khi Todn
hoc Viét Nam tham gia véi toan hoc thé gidi bang mot “cong trinh ddu tay” c6 y nghia lich si!

Tré vé Viét Nam niim 1949 theo 15i kéu goi ctia Cha tich H6 Chi Minh, Gido su Lé Vin Thiém
tam diing cdc nghién ciiu khoa hoc clia minh d€ chuyén tAm vao cac nhiém vu quan trong dugc
Nha nuéc giao pho. Tuy vay, khi c6 chi truong thic ddy phong trao nghién ciu khoa hoc trong
cac trudng dai hoc, Gido su lai tré vé vdi ly thuyét dién Riemann yéu thich ciia minh. Theo 15i ké
cta O0ng, hai cong trinh dang trong tap chi Sibirskii Matematicheski Journal va Acta Scientiarum
Vietnamicarum vao cic nim 1964, 1965 1a két qua clia viéc nghién cttu mot vin dé ma ong suy
nghi ti khi con & Phap, nhung chua c6 dip thuc hién. Trong cac cong trinh do, L€ Van Thiém
dua ra diéu kién d€ mot mét phi 1a dién Riemann thudc kiéu hypecbdlic thong qua viéc ton tai
“ddu miit médula”. Ong ciing dua ra cc diéu kién d€ mot dién Riemann thudc 16p Opp, tic 1a
trén d6 khong ton tai ham diéu hoa gidi ndi khac hang s6.

Tit sau hai cong trinh k€ trén, Gido su L& Van Thiém chuyén han sang nghién ctiu cac van dé
toan hoc ting dung, theo chii truong dua khoa hoc vao phuc vu thuc tién san xuét va chién dau.

Vén 12 mot chuyén gia ndi tiéng vé ly thuyét ham phan hinh va dién Riemann, nhiing van dé cta
toan hoc 1y thuyét, Gido su L& Vin Thiém chuyén sang nghién ctiu va 1anh dao cidc nhém nghién
ctfu vé todn hoc ting dung. Diéu ddng ngac nhién Ia trong s6 nhiing cong trinh dau tién cia dng
vé toan ting dung, c6 cong trinh trg thanh kinh dién trong linh vuyc nay: Loi gidi tudng minh ctia
bai to4n thAm qua hai 16p dat.

Bai toan thAm 13 vAn dé c6 y nghia thuc tién quan trong, xuat hién khi tinh toan su bén viing cla
cac dé, dap nudc, trit luong dau trong cic tdi dau, van dé rifa min cic rudng vung ven bién, ...
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Trong nhiéu bai todn thim, chang han khi xét nuéc thim qua mot con dé dai, ta di dén mo hinh
bai toan tham phang (tic 12 khong phu thudc mot chiéu nao dé). V6i mot sb gia thiét chip nhan
dudc, viéc md hinh hod todn hoc dua bai todn thim qua mot moi trudng dong chat vé viée xay
dung mot ham chinh hinh thuc hién 4nh xa bao gidc mién thim lén ntta mit phang. D6 1a viéc rat
kh6 khin vé mit todan hoc, vi mién thim thudng hét stic phiic tap. Tuy viy, ngay trong trudng
hop do, ta da phai xét mot mo hinh khd xa vé6i thuc tién: Mai trudng ma niidc thim qua 1a “dong
chdt”, tiic 1a chi c6 mot 16p dat véi ciing mot hé sb thAm. Trong thuc tién, thudng c6 nhiéu 16p véi
hé sb thAm khac nhau nam dudi mot cong trinh thuy Igi: Lép dét sét, 16p dat cat, ... Pbi v6i trudng
hop mién thim khong dong chit, cho dén tru6c cong trinh ctia L& Vin Thiém, ngudi ta chi méi
¢6 cic phuong phédp gidi gin ding. Trong cong trinh Sur un probléme d’infiltratione a travers
un sol a deux couches. (Vé bai todn tham qua hai 1dp ddt) dang trén tap chi Acta Sci.Vietnam.
1,1964, pp. 3 — 9, Lé Vin Thiém da dung Nguyén ly d6i xiing trong giai tich phic d€ xay dung
dudc nghiém tudng minh cho bai todn thim qua hai 16p dat v6i hé s6 thim khic nhau. Pay 1a
cong trinh dau tién trong linh vuc 1y thuyét nudc thim cho phép xay dung nghiém giai tich ciia
bai todn thim khong ddng chit. Piéu d6 da dudgc khang dinh trong cubn sach Ly thuyét chuyén
dong ciia nude ngam cla Palubarinova-Kochina xuit ban & Matxcova niam 1977.

Mot huéng nghién ctiu ting dung ma Gido su Lé Vin Thiém cuing cic hoc trd ctia minh tién hanh
trong nhiéu nim 13 nd dinh huéng. Phuong phap nd dinh huéng do nha toan hoc Nga Lavrenchiep
dua ra, dua trén nguyén tac sau day: Khi c6 mot vu né 16n, dudi tic dong ciia ap suat qud cao,
cdc vat chit quanh tim ctia vu nd chuyén dong theo quy luat clia chit 16ng ly tudng, tic 12 khong
nhét va khong nén dudc. Chuyén dong ciia chit 16ng 1y tudng c6 thé mo td bang mot ham giai
tich. Néu tim dudc ham giai tich nay, ta c6 thé tinh dudc 4p luc quanh tim nd, quy dao chuyén
dong cta vat chat gan tim nS. Nhan thiy day 12 vin dé c6 y nghia thuc tién 16n, Gido su Lé Vin
Thiém da huéng dan cac hoc tro ctia minh tai Trudng dai hoc Téng hop Ha Noi va Vién Toan
hoc nghién citu 4p dung. Nam 1966, mdt nhém céc nha todn hoc tré clia hai co quan trén (gom
Ng6 Vin Lugc, Lé Vin Thanh, Nguyén Vin Lam, Ha Huy Khodi, L& Hung Son va mot s6 ngudi
khéc) 1én dudng vao Nghé An d€ tién hanh trén thuc té. Pia diém lam viéc 1a ving Hoang Mai
thudc dia phan huyén Quynh Luu. Hoang Mai 12 ndi gip nhau cta ba tuyén dudng vio Nam:
dudng bd, duong sit, duong thuy (kénh Nha Lé). Vi thé, day trd thanh mot trong nhiing trong
diém danh pha clia may bay My. Do dudng sat va dudng bd bi hu hai nghiém trong, viéc vin
chuyén qua kénh Nha Lé trd nén rit quan trong. Con kénh dugc dao tir thdi L&, dén nay da kha
can. Van dé cap thiét dit ra 1a phai nao vét 1ong kénh dé cac thuyén trong tai 16n c6 thé di qua.
Céc don vi Thanh nién xung phong dudc giao nhiém vu nay. Tuy vay, khong thé tap trung mot
luc luong 16n, vi mdy bay My ban pha ngay dém. Gido su Lé Van Thiém dé xuat dung phuong
phdp né dinh huéng dé€ nao vét long kénh. Muc tiéu dit ra 1a 1am thé nao d€ sau khi nS, hau hét
dat da ving 1én bd, chif khong roi lai xudng long kénh. Cac vu nd dudc tién hanh vao ldc thuy
triéu xudng thip nhét d€ c6 hiéu qua cao nhit. Vi viy, nhiéu lic phai nd vio nhiing “gid cao
diém”, tic 1a nhiing gi ma may bay My ban ph4 4c liét nhit. Thuc té da ching to, phuong phap
nd dinh hudng da c6 tac dung rat thiét thuc, gép phan ting kha ning van chuyén qua kénh Nha
Lé, giam nhe t&n thit vé ngudi va clia. Phuong phép nd dinh huéng d6 ciing dudc 4p dung trong
viéc xay dung céc con dudng chién lugc trong riing. Céc don vi Thanh nién xung phong da cling
nhém hoc trd néi trén ciia Gido su Lé Vin Thiém ap dung 1y thuyét nd dinh hudng trong viéc pha
d4, bat ta-luy, ht nhiing cdy to chan dudng xudng vuc trong qua trinh lam dutng. Gido su Lé
Vin Thiém da viét mot tai liéu huéng dan cho Thanh nién xung phong d€ ho tu 1am 14y sau khi
nhém nghién citu riit khoi hién truong. Tiéc rang ban tai liéu d6 ngay nay khong tim lai dudc.

Sau ngay dit nudc hoan toan gii phéng, Gido su Lé Vin Thiém chuyén vao cong tic tai Thanh
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phd H6 Chi Minh. Ong da 1ap nén Phong Toén hoc ting dung, nghién ctiu cdc vin dé toan hoc
dit ra trong ly thuyét dan hodi va chuyén dong cta chét 16ng nhét.

Céc van dé toan hoc ting dung ma gido su Lé Vin Thiém quan tAm nghién ctfu déu la nhiing van
dé dugc dit ra trong thuc tién Viét Nam: xdy dung dé diéu va cic cong trinh thuy 10, cdi tao cic
rudng nhiém min viing ven bién, tinh ton trit lugng dau khi, nao vét long kénh dé phuc vu giao
thong thoi chién. Ngay khi giai quyét cac nhiém vu ting dung trudc mat, véi trinh do cao vé khoa
hoc cd ban, 6ng da c6 nhitng dong gép quan trong vao su phat trién ctia ly thuyét.

V6i nhitng cong trinh khoa hoc xut sic, Lé Van Thiém 1a ngudi viét trang dau tién ctia lich st
toan hoc Viét Nam hién dai. Ong ciing 1a mot trong nhiing ngudi dau tién dit nén méng xay dung
toan hoc Viét Nam. Uy tin clia 6ng da tiing 1a nguyén nhan khién nhiéu thanh nién tai ning 1én
Chién khu Viét Bac dé nghién cifu va gidng day toan hoc: Hoang Tuy, Nguyén Canh Toan, ... Va
khong chi 16i cubn, khuyén khich ho bing tiéng tim ctia minh, Gido su L& Vin Thiém di don
tam stic d€ dao tao 16p thanh nién day nhiét huyét ctia nhitng ngay dau cach mang. “Vén liéng”
ctia 6ng khi d6 that it 6i, d6 chi 1a mat it sich ma 6ng va mdt s6 gido su khac da cb gang mang
theo minh sudt ching dudng tif chau Au dén chién khu. Ong ludn khuyén khich nhiing tai ning
tré di sau vao nghién citu khoa hoc, va ¢ gang tao cho ho nhitng diéu kién t6t nhit c6 thé.

Ngay ca sau khi hoa binh 14p lai, c4c trudng dai hoc & Viét Nam hau nhu chua c6 gido trinh dai
hoc vé todn bang tiéng Viét. Viy ma mot trong nhiing quyét tim I16n ctia Nha nuée Viét Nam mdi
1a gidng day tiéng Viét & bac dai hoc. Lé Vin Thiém da dich va viét cac gido trinh, tit Him bién
phiic cho dén Xdc suit théng ké. Pén niim 1964, chiing toi vin dugc Thu vién cho mucn cic gido
trinh do 6ng dich, danh mdy bang tiéng Viét khong dau: C6 1& do théi quen khi con & Phép, hoic
1a d€ tiét kiém thdoi gian khi viét, tiéng Viét ctia Gido su Lé Vin Thiém thudng khong c6 diu!
Nhan thiic rd tam quan trong ctia Todn hoc trong viéc xay dung nén khoa hoc nuéc nha, Gido su
L& Vin Thiém cung véi cac Gido su Ta Quang Btiu, Hoang Tuy da vach mot chién ludc 1au dai
phat trién Todn hoc Viét Nam. Su ra doi cia Phong Nghién cttu Toan nidm 1962 (truc thudc Uy
ban Khoa hoc va K§ thuat Nha nuéc) 1a mot cot mbe quan trong trong qua trinh xay dung nén
toan hoc Viét Nam.

Nim 1969, Thi tuéng Pham Vin Pong ky quyét dinh thanh 14p Vién Toan hoc thuoc Uy ban
khoa hoc va Ky thuat Nha nuéc. Nam 1970, Gido su Lé Van Thiém, lic d6 dang 1a Pho Hiéu
trudng Trudng Pai hoc Téng hop Ha Noi, dudc chuyén vé giit chiic vu Phé Vién trudng, Phu
trach Vién Toan hoc. Tu Iic d6, Vién Toan hoc chinh thic di vao hoat dong.

V6i su 1anh dao cua Gido su Lé Van Thi€m, tu khi thanh 14p, Phong Nghién ctu Toan, va sau nay
12 Vién Todn hoc da chii trong phat trién toan dién: Nghién cifu co ban, nghién ctiu ting dung va
dao tao. Nhiing sinh vién gioi tét nghiép Pai hoc Téng hop Ha Noi va céac dai hoc nuée ngoai
dudc chinh Gido su L& Vin Thiém tuyén chon vé Vién Toan hoc, va dudc cii di tiép tuc nghién
ctiu, hoc tap & nudc ngoai. Chinh nhd chién ludc dao tao co ban d6 ctia Gido su Lé Vin Thiém
ma Vién toan hoc, tif chd chi ¢6 hon 20 can bd nim 1970, dén nay d trd thanh mot Vién nghién
ctfu hang dau ca nude véi 100 cdn bo, trong d6 ¢6 19 Gido su va 22 Phé gido su, 28 Tién si khoa
hoc, 38 Tién si, di c6 7 Tién si khoa hoc, 119 Tién si va 200 Thac si dudc dao tao tai Vién.

Sau ngay tdi théng nhét dit nude, Gido su Lé Vin Thiém vao cong tac tai Thanh phd Ho Chi
Minh. Gio su di lap nén Phong Toan hoc ting dung, v6i nhiém vu nghién ctiu nhitng vin dé gan
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véi cdc ing dung thuc tién, dic biét 1a cac vin dé dit ra tai Mién Nam nhu thuy 10i & Pong bing
song Ctiu Long, dau khi.

Gido su Lé Vin Thiém, ciing v6i Gido su Hoang Tuy, 12 nhitng ngudi dau tién gay dung Khoa
Toén ctia Trudng Pai hoc tdng hop Ha Noi. Ong ludn kién tri phuong cham gitt viing chat luong
dao tao, ngay ca trong nhitng nim chién tranh, khi nha trudng phai so tan vao vung ndi Viét Bac.
Ong ciing di phai tri qua nhiéu cudc diu tranh gay go trong noi bd Khoa Toan va Trudng Pai
hoc Tong hop Ha Noi trong nhiing nim 60 d€ giit viing chién ludc ding dan d6. Nho thé, Khoa
Todn ctia Pai hoc Téng hop Ha Noi (nay 1a Pai hoc Khoa hoc tu nhién thudc Dai hoc Québc gia
Ha Noi) da dao tao nén nhiéu nha toan hoc hang dau trong ca nudc.

Gido su Lé Vin Thiém ciing 12 Chi tich dau tién ctia Hoi Todn hoc Viét Nam. Véi uy tin, tai
ning va diic do ctia minh, Gido su 12 ngudi lanh dao, ciing dong thdi 12 hat nhan gan két cong
ddng toan hoc Viét Nam.

Sudt doi hét long vi thé hé tré, Gido su Lé Vin Thiém 12 mot trong nhiing ngudi sang 1ap td bao
Todn hoc va Tudi tré, va truc tiép viét bai cho bdo ngay tif nhiing s6 dau tién. Ong ciing truc tiép
ra dé thi chon hoc sinh gidi toan Mién Bic nhiing nim 1963 — 1964. Ong khong né ha viéc gi,
dui to dit nhd, mién 1a ¢6 16i cho viéc diu dit thé hé tré. Nhiéu hoc sinh gidi gip khé khin khi xét
tuyén vao dai hoc do gia dinh, ho hang bi mot s dinh kién vé “Iy lich” da tim dén 6ng, va dudc
gilp d6 tan tinh. Nhiéu ngudi trong s6 ho da trd thanh nhitng nha toan hoc gidi, c6 nhiéu déng
g6p cho dit nuéc.

Ngay khi c4 nuéc dang trong chién tranh, may bay My bin pha dit doi mién Bic, Gido su Lé Vin
Thiém 12 ngudi da diing ra sang 14p td bdo Toan hoc va Vit ly bing tiéng nudc ngoai dau tién clia
Viét Nam: T Acta Scientiarum Vietnamicarum (Sectio Mathematicarum et Physicarum). Phan
toan hoc cuia td bao dé ngay nay da trd thanh t3 Acta Mathematica Vietnamica, tG bao c6 uy tin
nhét vé toan ctia viét Nam, c6 mit & thu vién clia nhiéu trudng dai hoc 16n trén thé gidi. Viéc cho
ra doi mot td bao nghién ciiu toan hoc (bang tiéng Anh, Phap, Nga, Diic) trong chién tranh 1a
diéu hiém c6 trén thé gidi. Nhiéu nha khoa hoc nuéc ngoai da té y ngac nhién va kham phuc khi
thiy Viét Nam, mot dat nudc dang phai duong dau véi cudc chién tranh tan khoc nhit & ca hai
mién, lai nghi dén viéc ra mot to tap chi nghién ctiu khoa hoc béng tiéng nuéc ngoai. Viéc 1am
d6 chiing té tAm nhin xa ctia cdc nha 1anh dao khoa hoc ctia Viét Nam, va ca su tin tuéng vao
thang 10i tit yéu ctia su nghiép cach mang.

Su phat trién ctia Toan hoc Viét Nam, va ctia khoa hoc co ban Viét Nam néi chung tir sau Cach
mang Thang TAm mang ddm d4u 4n ctia Gido su Lé Vin Thiém.

Kho c6 thé néi hét trong mot bai viét ngan tit ca nhiing gi ma Gido su Lé Vin Thiém da lam vi
su phat trién mot nén Khoa hoc Viét nam. Trong tip sach “Lé Vin Thiém — cdc cong trinh khoa
hoc”, doc gia sé tim thay nhiéu bai viét clia nhitng ngudi da tiing hoc, tiing cong tac vdi Gido su
Lé Vin Thiém. Hy vong qua nhiing bai viét d6, doc gia hiéu rd hon vé Nha Khoa hoc, Nha Gido,
ngudi Tri thic, ngudi chién si Lé Van Thiém.
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Gidao su Lé Van Thiém, 1950.

Ong thudc vao s6 nhitng con ngudi khong lip lai ctia Lich st
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Tap chi online ctia cong dong
nhitng nguoi yéu toan

gpsi lon

CAC VAN DE CO DIEN VA HIEN DAI

Tran Nam Ding - Dat hoc Khoa hoc Tu nhién - DPHQG TPHCM

LOI GIOI THIEU

Chuyén muc nay danh cho cic van dé cd dién va hién dai dudc trinh bay duéi

dang céac bai toan xau chudi. D6 c6 thé 1a chudi cac bai d€ giai bai toan dang chu,
e o 1 n? s

ching minh dang thuc Euler ky diéu 1 + » + 2 4+ .= r mot chudi bai toan
van tru ... C4ch trinh bay xuét phat tif nhitng vin dé don gian, dé hi€u, nhiing khai
niém mdi sé dudc dinh nghia ludn trong bai dé c6 thé doc tuong dbi doc 1ap. Va mdi
mot chudi bai sé néu ra nhitng vin dé nhit dinh, c6 thé 1a giai quyét mot bai toan
kinh dién hay néu ra nhiing gia thuyét méi, nhitng vin dé mdi. Li gidi va thao luin
vé cic bai todn sé ducc ding 6 s6 N + 3.

Trong s6 nay, ching tdi xin gidi thiéu véi ban doc céc bai toan trong dé thi tot
nghiép ctia Phap do GS Nguyén Tién Diing gidi thiéu va dudc hai ban Lé Phic L,
Huynh Cong Bing dich. Ngoai ra ching tdi sé ding tom tat 15i giai cdc bai toan da
ding & s6 4.
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Bai viét dudc GS Nguyén Tién Diing gidi thiéu va dugc hai ban Lé Phiic L, Huynh
Cong Bing dich.

Mot s6 thong tin vé ky thi:
1. Thoi gian lam bai 1a 5 gio.
2. Thi sinh dugc st dung may tinh bo tui.
3. Thi sinh can trinh bay 16 rang, mach lac d€ cic ban copy ctia bai 1am dé doc.

4. Pé thi c6 tdng cdng 3 bai va thi sinh c6 thé 1am theo thi tu tuy ¥.

V6i mbi s6 nguyén duong 7, ta goi n> 12 1ap phuong clia 7. Trong bai toan nay, ta quy udc rang:

e S 1a tap hop cic sd nguyén duong c6 thé biéu dién dudi dang tdng ctia cac sb 1ap phuong
phan biét.

e Sy 1a tap hop cic s6 nguyén duong c6 thé biéu dién duéi dang téng cla céc s6 1p phuong
chin phan biét.

e S 1a tap hop céac s6 nguyén duong c6 thé biéu dién dusi dang téng clia céc s6 1ap phuong
1¢ phan biét.

Vi du:
e 8,190€eSvigd=23val190 =13+ 4%+ 53
e 216,1072 € Sovi216 = 63 va 1072 = 23 + 43 + 10%;
o 1252568 € Sy vi 125 =53 va 2568 = 13 + 33 + 73 + 133,

Bing céch tra 18i cdc cau hoi sau ddy, chiing ta sé chiing minh rang moi sé nguyén duong dii 16n
déu thudc S, tiic 12 ton tai N sao cho v6i moi s6 nguyén duongn > N, tadéucén € S.

1) Chiing minh rang 2016 thudc S.
2) Chiing minh rang:
a) V6i moi sb thuc x > 5 thi

2x + 1) <202x —1)°.
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b) Véi s6 nguyén duong k > 5 khi d6 v6i moi s6 nguyén p > k taludn c6

p
Qp+ 1’ <@k—1’+) @2j-1>

=k
3) Chiing minh rﬁng ton tai 288 s 51, §2, ..., Sagg thudc S; sao chos; =i (mod 288) véi
moii =1,2,3, ..., 288.
Tiép theo, ta ¢ dinh bd s (s1, 52, . . ., S235) dd néu va dit m 1a s6 16n nhit trong chiing.

4) Goi n la sb nguyén duong théa man 288n > m va xét cip sb cong nguyén duong
Ui, Us, ..., U, cOcong saila 288. Ching minh rﬁng céc sO nguyén thudc doan [m + uy, 288n + u4]
déu c6 thé bi€u dién dugc dudi dang s; + u;, trongdé 1 <i <288 val < j <n.

5) Cho biét rang véi mdi sb thuc x, ta c6 dong nhét thifc sau
(2x +12)° + 2x +4)° + 2x +2)° — 2x + 10)* — 2x + 8)* — (2x)* = 288.
Hay chiing minh rang:

a) Ton tai mot s nguyén duong u sao cho u, u + 288 va u + 576 déu thudc S.
b) V6i moi s6 nguyén n > 2, ton tai n phan tif trong Sy tao thanh mot cap sb cong c6
cong sai la 288.

6) Cho k 1a mot s6 nguyén duong khong nhé hon 5 thoéa man (2k + 1)° > m.

a) Chiing minh rang ludn ton tai s6 nguyén duong N > 1 sao cho moi s6 nguyén ducng
thudc doan [N, N + 2(2k — 1)°] déu c6 thé biéu dién duge dusi dang s; + u v6i
1 <i<288vau €S,

b) Chiing minh rang moi sé nguyén duong I6n hon hoic bang N déu thudc S.

Goi y. Véi mbi sé nguyén duong p > k, ta xem xét truong hop cdc sé nguyén duong
nam trong doan [N , N p], trong do

p
Np=N+@k—17°+) 2j-D
=k

Mot nha tham hiém dang khdam pha mot khu riing va phat hién ra rang tit ci cac than ciy trong
d6 déu c6 cung ban kinh. Day qua that 1a mot diéu rat thd vi! Tam thdi bé qua chiéu cao clia cic
cdy, ta dit khu riing vao trong mit phang toa dd vudéng géc nhu sau:

e Nha tham hiém dang diing tai gc toa d6 va mudn tim mot géc nhin xuyén qua khu ring.

e Cic than ciy dudc xem nhu cdc vong tron c6 ban kinh R > 0 va toa do tAm dit tai cac diém
nguyén (a, b) véi a, b 1a cac s6 LE. Do tinh d6i xting nén ta c6 thé gia sia > 0,b > 0,
tic 14 chi xét cac diém thudc géc phan tu thii nhit.
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Ta néi rang nha tham hiém c6 thé “nhin xuyén qua” khu riing néu nhu c6 mot tia xuat phat tif vi
tri diing ctia anh ta (tai gbc toa do) va di qua khu riing ma khong cit bit cii gbc ciy nao (& day 1a
cac hinh tron).

o O O O

0

O vi du trong hinh, tia D bi vudng phai mot gdc cay trong khi D’ thi khong. Va do c6 mot tia D’
nhu vdy nén ta n6i nha tham hi€m c6 thé nhin xuyén qua khu ring.

Véi m € (0; +00), ta goi Dy, 1a tia gbc O ¢6 phuong trinh y = mx va x > 0.

Tiép theo, ta thita nhan tinh chat sau: Vi moi sd vo ty duong m va moi s6 € > 0 nhd tly y, ludn
ton tai hai s6 nguyén duong a, b 1é sao cho

|b —mal < e.
Hay tra 16i nhiing cau hoi sau:

1) Choa, b, m la cic s thuc duong. Chiing minh rang D,, cit dudng tron c6 ban kinh R > 0
c6 tam dat tai (a, b) khi va chi khi

|b —ma| < Rv 1+ m?.
2) Tir d6 suy ra rang néu m 1a s6 vo ty thi D,, sé vudng phai mot gbc cay.
o b . S A . X NP
3) Gia st m = — véi a, b 1a cac so nguyén duong va nguyén to cung nhau:
a
a) Gia st a, b ciing 18. Héi dudng thang D,, c6 vudng phai gbc ciy nao khong?

176

https://tieulun.hopto.org



Tap chi Epsilon, S6 08, 04/2016

b) Gia st a, b khic tinh chdn 18 va D,, bi vuéng vao mot cai ciy. Ching minh ring
1 < RVa? + b2,

4) Tir d6 ching minh ring néu tit ca cac duong thang D,, vdi m > 0 déu vuéng phai gbc ciy

nao dothi R > —.

1 ) » <
5) Gidsurang R > % Ching minh rang céc tia D,,, v6i m > 0 s€ vudng phai cac goc cay
tai toa do («, 1) hoic (1, ) véi o 12 s& nguyén duong 18.
Ta goi hang dau tién 1a tit ca cac cdy c6 tim nam & vi tri (1, @) hoidc (a, 1) v6i o 12 s 18.

6) Chiing minh rang néu ngudi quan sat c6 thé nhin xuyén qua hang dau tién nay thi c6 thé
nhin xuyén qua ca khu rung.

i

Trong bai toan nay, ta quy uéc ky hiéu j = e *5 va xdc suét ctia bién cb A4 1a P(A).
1) a)Chiing tdriang j> =1val+j + j2 =0.
b) Trong mit phang phic, ba di€ém biéu dién 1, j, j 2 tao thanh tam gidc c6 dic diém gi?
¢) Chiing minh riang néu a, b, ¢ 1a cic s6 thuc théamina +bj +cj> =0thia = b = c.

Cho mét con xtic sac ddng chét c6 6 mit (dugce danh sb tir 1 dén 6). Ky hiéu F 1a bién
ngiu nhién chi s6 xuét hién khi tung con xiic sic va Z 1a bién ngiu nhién j .

2) Chitng minh ring ta ludn c6 Z € {1,j,j2} va
1
P(Z=1)=P(Z=J')=P(Z=j2)=§-

Xét s6 nguyén n > 1 va tung con xiic sac n 1an doc 1ap v6i nhau. Ky hidu Fy 1a két qua clia
lan tung thi k vadit Z; = j5* . Pat S, = Z,+ Z, + -+ Z, va p, = P(S, = 0).

Goi Uy, V,, W, 1an lugt 1a cac bién ngau nhién chi sb cdc s6 k € [1;n] ma
Zr=1,Zr=j,Zr = j*
3) a) Tinh U, + V,, + W,.

b) Chiing minh ring
Sn =Un+ jVa+ j> Wi

¢) Ching minh rﬁng néu S, =0thiU, =V, = W,.

d) Tir d6 chiing minh ring néu n khong chia hét cho 3 thi p, = 0.
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4) Gia st rang n c¢6 dang 3m v6i m 1a s6 nguyén ducng.

a) Ching minh rang U, 1a mot phan phéi nhi thife. Xac dinh cac tham sb tuong dng ctia
phan phbi nay.

b) Tir d6 suy ra ring
2
m

P U, =m):(

33m'

Ky hiéu Py, —n(V, = m) la xdc sult c6 diéu kién cta bién cb V,, = m cho biét truéc
U, =m.

¢) Chiing minh ring

m

aeam(3m\ (2m
p3m—3 (m m |

P3m+3 _ Bm +2)3m + 1)

PUn=m(Vn =m) = 272" (zm)

d) Tur d6 suy ra

e) Chiing minh ring

P3m 9(m + 1)°
5) V6i moi s6 nguyén duong m > 1, chiing minh ring
m 2
< P3m+3 VA pam > —.
m+1 P3m 9m

Dit X, 1a bién ngiu nhién chi s6 cac s6 nguyén k € [1,n] sao cho Si = 0.
6) a) Xac dinh bién ngiu nhién Bernoulli Y v6i 1 < k < n théa man

b) Ky hiéu E(X,), E(Yy), E(Y>»),...,E(Y,) la gia tri ky vong ctia cdc bién X, Y,
Y,,...,Y, theo thi tu d6. Cho biét rang E(X,) = E(Y,) + E(Y») + --- + E(Y,), hay
chiing minh
E(Xy) =p1+p2+-+ pn.
c¢) Tu do6 suy ra
lim E(X,) = +oo.

n—>-+00
Pit g, = P(X, > 0), ciu hdi tiép theo yéu cau chiing minh rang g, hoi tu vé 1.
7) a) Chiing minh ring day s6 (g,) hdi tu v& mdt s6 thuc ¢ véi g, < g < 1 v6i moi n.
b) Véi r, n 1a cc s6 tu nhién, chiing minh ring
P(Xnzr1)=q".
¢) Tir d6 suy ra v6i moi s6 nguyén n > 1, tacé
E(Xy) <q+q*+-+4q".

d) Ruit ra két luan.
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Bai toan dugc dé xuét bdi A.K.Tolpygo, K.K.Kokhas va A.Mogileva cho Hoi
nghi mua he, cudc thi giita cdc thanh phd nim 2014.

O sb nay ching tdi xin dudc gidi thiéu 15i gidi cho cdc bai toan da dudc ding &
s6 4 clia tap chi, d€ tién cho viéc theo ddi ctia ddc gia chuing tdi xin dudc ding lai
phan dé bai.

Chon sb «, trén doan [0, 1] ta danh du cac diém {o}, {2a}, {3a}, ..., {(n — Da}.
Trong sudt bai nay, néu nhu khong néi didu ngudc lai, ta sé gia st rang « vo ty. Néu nhu @ = iy
q

ta sé gid st rang p < ¢. Nhu vay, cho dil @ bang bao nhiéu, khong c6 hai diém nao trung nhau.
Nhu thé, doan [0, 1] s& dudc chia thanh n phan. Tiép theo ta sé gid sin > 10va 0,3 < {a} <0, 7.
Céc han ché nay thuc ra khdng quan trong, ta dua ra cic diéu kién nay dé€ loai bé c4c hiéu tng
hién nhién cho céc s6 nhé. Nhung tit diéu kién nay c6 thé suy ra 1a moi phan déu nhé hon a.
Ta ciing chi y ring néu nhu thay « bang n + « hay n — « thi cic phan van nhu vay. Vi vdy trong

céc bai todn, trong d6 néi vé tinh duy nhit, ta cé thém diéu kién 0 < @ < 3

Noi dung ctia bai toan — nghién cifu xem ta c6 nhiing phan nhu thé nao va ching sap xép ra sao.
Cac bai toan
e Ty 1¢ giita doan dai nhit va doan ngan nhét ta ky hiéu 1a L = L(a, n).

Al. Gid st o = L la s6 hitu ty. Chitng minh rdng ton tai n sao cho L(n) = 1.
q

A2. Vdi nhitng sé nguyén hay hitu ty k ndo, k > 1 ta cé thé khdng dinh rdng vdi moi sé hitu ty o,
ton tai n sao cho L(n) = k?

Loi gidi. L = 2 va L = 3. Céc s khac khong théa man nhu c6 thé dé dang dua ra céac vi du:
. A1z 5 4 .

Chang han neu lay o = I vaa = e thi chiing khong c¢6 gia tri L nao giong nhau ngoai hai

gid tri noi trén. [
e Tiép theo ta khong gid sif o hifu ty nita.

B1. Chitng minh rang cho dit n bang bao nhiéu, trong cdc phdn cé khong qud 3 do dai khdc
nhau (va ciing hién nhién la néu o vé ty thi cé it nhdt 2 dé dai khdc nhau).
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Loi giai. Xét mot doan thang ma ta thu dudce & bude thi 7. Gia st ddu muit ctia né la cac diém
{ka}, {lo}. Hién nhién 1a doan thang nay ciing c6 d dai bang véi d dai cac doan gidi han béi
cac diém {(k — Da}, {(l — Da}, {(k —2)a} va {I — 2)a}, ... Vi chudi nay hitu han nén trong
d6 c6 phan tir dau tién, chang han d6 1a {(k — s)a} va {(/ — s)a}. Hién nhién chi c6 3 nguyén
nhan tai sao khdng c6 doan thang trudc do:

e hoac k = s,
e hoicl =,

e hoic, cubi ciing, doan thang {(k —s — 1)a}, {(! —s — 1)a} tdn tai nhung da bi chia ra
thanh 2 phan. Trong trudng hop cubi n6 chi c6 thé bi chia ra béi diém na, néu khong doan
thang véi dau miit 1a {(k — s)a} va {(I — s)a} cling da bi chia ra.

Hai chudi dau ludn ton tai, con chudi thii ba ¢ thé khong ton tai. Tir diy ma ta ¢6 hoic 2, hoic 3
chudi ma trong mdi chudi d6 dai cic doan thang biang nhau nhu yéu cau.

Tt ddy ciing suy ra riang cac doan thang ctia chudi thit ba (néu chiing ton tai) sé c6 do dai bang
tong do dai hai doan thang ctia hai chudi con lai. Nhu viy, do dai cic doan thang ludn bang
a < b < (a + b) trong d6 do dai thd ba c6 th€ khong co.

Tt day ciing suy ra rang diém mdéi sé ludn chia doan thang dai nhét c6 do dai a + b ra 2 phan
a, b (trong trudng hop ngudc lai ta sé c6 4 do dai khac nhau, 1a diéu khong thé).

Bay gi¢ ta nghién ctu cau héi s6 L sé thay d6i nhu thé nao khi chuyén tit # 1én n + 1. Tit nhiing
diéu da ndi & trén o rang 1a s6 n van 1a sd bac 3 néu nhu vin con cic doan thang dang (a + b),
va vao thoi diém khi doan thang cudi ciing nhu thé bién mét, sé chi con lai a va b, tic 1a sb sé tré
thanh bac 3. Khang dinh:

(a) Néun van 4 11a cdc s6 bac 3 thi L khong thay ddi.
(b) Khi chuyén tir s6 bic 3 sang s6 bac 2 (n—bac 3, (n + 1)—bac 2) L chuyén thanh L — 1.
(c) Khong c6 su chuyén déi tir s6 bac 2 sang s6 bac 2.

(d) Khi chuyén tir s6 bac 2 sang sd bac 3 c6 hai trudng hop. Gia st a < b 1a dd dai cac doan
ngan va doan dai ciia n. Khi do:

) b .
(d1) Néua < 5 thi L khong thay doi.

. b .. L
(d,) Néua > — thi L doi thanh .
2 L—1
That vay:

(a) Trong truong hop thd nhét, cic doan thang lic diu va sau d6 van thé, c6 do dai la:
a,b,a + b.
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(b) Trong trudng hop thit hai doan thang c6 do dai a + b bién mét, chi con lai a < b va néu
b
trude 6 L = 22 thi bay gio L = 2.
a a

(c) Trong trudng hop thi 3 can nhac lai gia thiét ctia ching talan > 10va 0,3 < {a} < 0,7
(néu khong c6 diéu nay thi khang dinh khong ding).

(d) Ca hai trudng hop (d,), (d») déu dudc xét gibng nhu (a) va (b).
]

e VGi sO o da cho ta s€ ndi sO n 1a bac hai néu chi ¢6 2 do dai khac nhau va bac ba néu ¢6 3
do dai khac nhau.
B2. Cho « la so vo ty, chiing minh rang khi do ton tai vé so n bdc hai va vo so n bdc ba.

B3. Cho 56 v6 ty a, va n chay qua cdc gid trin = 1, 2, ..., m. Chiing minh rdng m — oo, thi
1¥ 1é 56 bdc hai trong chiing ddn dén 0.
Goi ¢(m) la s6 cdc s6 bdc 2 trong cdc son =1, 2, ..., m. Hdy ddnh gid toc dé dan dén 0 clia

tﬁsé(p(—m)

khi m — oo.

Loi giai. Tir cdc ly luan trong bai B1 ta thiy ring tiép sau mot sb bac 2, sd bic 3 sé diing bang

s6 cac doan thang dai nhéat. Vi sb cac doan thang ting vo han, kha hién nhién 1a sb cac doan

thang c6 do dai 16n nhét ciing din dén vo cling, va d6 1a diéu ta can. O

B4. S6 « phdi bang bao nhiéu dé’ty 1é nay tién dén 0 chdm nhdt co thé? Nhanh nhdt co thé’?

(Chi cdn dwa ra mét sé vi du, nhung phdi thuyét phuc).

BS5. Hdy ddnh gid chdn trén va chdn dudi sé cdc sé bdc hai trong 1 triéu sé dau tién (cang diing

cang tot, ddnh gid “Ion hon 3” khéng duoc chdp nhdn).

Loi giai. Déanh gia chin trén: Khong qua 500.000 - va ddnh gi4 nay khong thé 1am chit hon. DE
. . \ 1 .. 1 .

thu dudc so lugng cac so bac 2 nhu vay, ta can chon o = 5~ € viie < Tos" Trong truong hop

ndy dé thiy mot nita 13 s6 bac 2.

Tir déy ciing suy ra rang ty 1& cac s6 bac 2 c6 thé tién dén 0 mot cach rat cham. Cu thé hon, trong

khi ching ta c6 nhiéu sb bac 2 & 1 triéu sd dau tién thi sau d6 chiing xuét hién it hon. Nhung néu

‘Lz X 11 ” | i A ok
nhu ta lay tiep theo la o = 3 106 € vlle < Toi® thi chung sé di rat 1au v6i tan xuat “mot
phdn H”’ ttic 12 dén mot lic nao do thi ty 1& ndy 1a 6n dinh. RS rang ciu triic nhu vy c6 thé
» L 1 1 1 2 ke o £ )
tiep tuc, lay vidu o = 27105 1010° € ... O diy ¢ mdi budc chuyén ty 1€ sb bac hai, su

that 13, sé gidm mot cach dang ké nhung sau d6 thi RAT, RAT lau trd thanh khong ddi. Va chinh
diéu nay c6 nghia la dy sé din dén 0 rit cham.

P6i v6i viée tién dén 0 nhanh nhét thi c¢6 nhitng s6 o, ma dbi v6i nhitng s6 d6 ty 1& nay gidm
theo logarit (vi du s& dugc cho duéi day), va c6 1& day 1a tbc do 16n nhat. Pay 1a toc do gidm 16n
vi diéu ndy c6 nghia la trong 1 tridu s& dau tién chi c6 khoang In 10° sb bac 2. O
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C1. Ton tai hay khong sé o, sao cho L > 10 vdi moi n, bdt dau tien = 10?

Loi giai. Khong tdn tai, vi tif cac cong thiic bién d6i s6 L ta thiy rang n6 ludn nhin gid tri nhd
hon 2. O

, 1
C2. Voi n = 2000000. Co thé xdy ra truong hop trén doan |:a, a+ 5] nao do co hon 1100000

diém ? (Nhdc lai la theo gid thiét, ta c6 0,3 < a < 0,7).

20 s N A N - .2 2 1 2 A 2 . 7 LA 2 LN - R
Loi giai. Co6, va day la vi du: Gia st o« = 3 + € trong do € rat nho. Khi do tat ca 2 triéu diém
nam gan 3 diém gom diém 0, diém 3 va diém 3 Tuong tng trén doan [0.3, 0.8] s€ chua khoang

2 o £, _1:A
5 tat cé cdc diém 16n hon 10° rat nhiéu. O
C3. Ton tai hay khéong a, sao cho L nhdn:

e Vo han.

e Hitu han cdc gid tri khdc nhau khi n chay qua cdc gid tri tir 10 dén co. Néu ton tai, hdy
dua ra cdc vi du.

Loi giai. C6, tOn tai c loai ndy va loai kia. Vi du, néu @ = +/2 thi L nhan chi 3 gi4 tri khdc
nhau (vi du nay sé dudc xét chi tiét & bén dudi). Mit khac, néu L nhan mdt gid tri siéu viét nao

oA e L
d6 (vidu L = ) thi L c6 thé bien ddi khi thi thanh L — 1, khi thi thanh 7

va ta thiy luon

nhan dudc nhiing s6 khéc, tic 1a chiing sé ¢ vo han gia tri. [

C4. Hay dua ra cdc diéu kién dii nao dé dé’ L nhdn hitu han (vé han) cdc gid tri (néu co thé, hdy
tim diéu kién cdn va dii, nhung co thé' gidi han cdc diéu kién ndao do).

Loi giai. Néu nhu L chi nhan hitu han gia tri thi dén mot ldc nao d6 cic gia tri ctia L sé vao
vong lip: Cac gid tri da xuét hién truée d6 sé lip lai.

Nhung néu sau mot s6 1an bién ddi (ma chiing ta biét ring c6 dang hodc L — L — 1 hoic

L — ta lai thu ducc gia tri L da gip true d6 thi dé thiy L phai théa man mot phuong

trinh bac 2 véi hé s6 nguyén.

Nhu viy day 1a diéu kién can va tuong ting, néu L khong phii 1a nghiém ctia phuong trinh bac
hai (vi du nhu néu L siéu viét) thi diéu nay di dé L nhan vo sb gid tri.

Diéu kién di d€ L nhan hitu han gid tri, vi du c6 thé 1a diéu kién: L>~(n + 2)L +n = 0.

Vi du s6 +/3 va s6 T ma chiing ta xét § cdc bai toan dudi day thda man diéu kién nay. O

D1. Chiing minh riang v6i moi s6 vo ty « cho trudc ton tai gid tri ma L nhan hon 1000 1an (véi
nhting gia tri n khac nhau).
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Loi gidi. L sé lién tiép nhian mot gid tri cho dén khi ta gip sb bac 3, néi cach khac sb 1an sé
bing s6 doan thang dai xuét hién & nudc di hién tai. Nhung s6 nhiing doan thang nhu thé dan dén
vO cung (nhu da néi 6 16i giai bai B3).

Hién nhién 1a khi s6 doan thang dan dén vo cung thi s6 “doan thang dai” ciing din dén vo
cung. [

D2. Mot cach logic, c6 thé xdy ra ba trudng hop:
(1) DU « bang bao nhiéu, tdn tai gia tri sao cho L nhan v sb lan.
(2) Du « bang bao nhiéu, L nhin moi gia tri chi hitu han lan.
(3) V6i mot sd « diéu nay ding, con véi nhitng o khéc diéu kia ding.

Diéu nay trén day ding ? Néu nhu diéu thid (3) ding thi v6i a didu (1) ding, v6i a didu (2)
dung?

Loi giai. X4y ra diéu thy ba. O

D3. Gia st ring v6i o ndo d6 L nhan mdi gia tri A va B it nhat mot 1an (v6i n > 10). Liéu hai
khéng dinh sau c6 tuong duong:

(a) L nhan gid tri A hitu han lan.
(b) L nhan gia tri B hitu han 1an ?

100 + /2
+ 2

, va c6 nghia la gia tri tiep

Loi giai. Khong, khong ding. Vi du néu nhu ban dau L nhan gia tri . Vi sb nay nhé

hon 2 nén gi tri tiép theo ctia L phdi dugc tinh theo cong thiic 71
theo ciia L 12 100 4+ +/2. Tiép theo L sé 1an lugt nhan céc gid tri 99 + /2, 98 + /2, ..., /2.
Sau d6 L chi nhan cdc gia tri v/2, v/2 + 1, v/2 4 2 (va khong con gid tri nao khdc), va cdc gid
tri nay déu dudc nhén vo han 1an. O

Phan nay, ta chi yéu xét céac bai toan lién quan dén céc gid tri cu thé clia a.

1+ /5
2

e Ky hidu 7 1a ty s6 vang: 7 = ~1,618...

E1. Ta dua ra 3 phuong phép viét day cac ky tu AABAABABAAB ... Hay ching minh riang ca
ba phuong phap cho ra cic két qua giéng nhau (mot cach chinh xac hon ménh dé sé& dudc phat
bi€u bén dudi day).

Cac phuong phap nhu sau:
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8~

Lo
L

(1) Trén lu6i 6 vuong ké mot tia, né bat diu tir mot niit 1udi va tao mot goc bang ¢ véi dudng
nam ngang cua ludi.

Tai diém nit dau tién ta viét ky tu A, sau d6 viét cac ky tu vio cic diém giao cia tia v6i
cac dudng thang ctia ludi: Ky tu A danh diu giao diém véi cic dudng thang ding, ky tu B
danh diu céc giao diém v6i dudng nam ngang (xem hinh).

(2) Pau tién ta viét ky tu A, sau d6 thuc hién mot s6 bude, & mdi bude, ky tu A dudc thay bdi
AAB, conky tu B dugc thay bdi AB. Vi du sau 3 budc ta thu duge
o Diutiénla AAB,
o saudola AABAABAB,
o va 6 buéc thit ba AABAABABAABAABABAABAB.

Chiing minh rang mbi mot diy sb thu dugc bang cach néi trén 1a doan diu ctia day s6 dudc
dinh nghia 6 (1).

(3) Poan [0, 1] dugc chia bing phuong phap da mo ta & phan din nhan véi, trong d6 o = 7.

Day s6 dudc xac dinh nhu sau: V&i moi 7 12 s6 bac 2, ta viét theo thi tu dd dai cac doan
thang bat dau ti cudi (tic 1a tir 1), doan dai ky hiéu 1a A, doan ngin 1a B.

Chitng minh ring trong sb céc ddy s6 hitu han, c6 vo s6 cac day s 1a doan dau cta diy s6 & (1).
Céc day sb nay v6in, = 3 < n, = 8 < --- la nhiing diy s nao ?

Loi giai. Ta sé dua cac dinh nghia 1 va 3 vé 2.

Dinh nghia 1. Ta nang diém A dang nim & dudng thang ding thii k 1én thém k don vi. Hién
nhién tit ca cac diém nay sé trdi vao mot duding thang tao véi truc hoanh géc arctgz (chit khong
phai arcctgr). Mat khac, néu sau d6 ta dit tit ca cac diém B, nhu yéu cau, thi gitta hai chit 4 sé€
c6 diing mot diém B. Ta thyc hién phép bién ddi thi hai: Tat ca céc chit A thay bing B, tit ca
cic chit B thay bing A.

Nhu vay, day cia chiing ta sé bién d6i theo quy luat: Thay A bang BA va B bang A. Két qua
hién nhién diy cta chiing ta sé khong thay ddi bdi vi néu ta 1ay dbi xiing hinh qua dudng chéo
(dudng thang y = x) thi tia clia chuing ta trd v& vi tri cii. Bay git chi cAn chu y rang néu ta thuc
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hién phép ddi hinh hai 1an thi A s& dudc thay biang AAB va B thay biang AB ma diy mot 1an
nia lai khong ddi.

Ghi chii. V& ban chit chiing ta da chiing t6 rang bién d6i A — AAB, B — AB “co thé'biéu dién
dudi dang tich”: Dau tién ta thuc hién bién d6i A — BA, B — Avasaud6 A — AB, B — A
ta thu ducc bién ddi da cho.

Pinh nghia 3. Ta ly luan tuong tu. Gia sit N 1a sb bac 2. Piéu nay c6 nghia la c6 r doan thang
dai d6 dai a va s doan thang ngan do dai C—l, r +5s = N.Khid6sdbac2tiéptheo M = N +r
va khi di chuyén vé sb nay, ta chia mdi doafn thang dai dai ra doan ngin va “ngdn nhdr” c6 46 dai
thém 7 1an nhé hon.

Khi vong lip nay két thiic, ta bat budc phai ddi doan thang ngin cii thanh doan thang dai. Trong
d6 doan thang “dai cii” sé dudc tac ra thanh “dai — ngin”, hoic “ngin - dai”. Pay chinh 1a cic
bién ddi da dudc md ta trong phan nhan xét ctia Iy luin & phan trudc. Tu day ta cling thiy rd
rang 12 tai sao khong phai s6 bac 2 nao ciing dugc: Ta phai 1y nhay cach 1 d€ thu dugc “binh
phitong” ctia phép bién ddi nay. O
E2. Day s6 dudc xac dinh theo quy tic & trén. Gia st ta 1dy hai khic, mdi khiic c6 n ky tu: Tit ky
tu thd k + 1 dén ky tu thi k + n va tir ky tu thd m + 1 dén ky tu thi m + n. Ching minh ring
s6 cac ky tu A & trong cac khic nay gan bang nhau, cu thé 1a: S6 cac ky tu A & mdi khiic cach
nhau khong qua 1.

Lui giai. Ta st dung dinh nghia 1. Gia st rang khang dinh khong ding. Khi d6 trén tia sé ton tai
hai doan thang c6 sb chit cdi bang nhau, nhung & doan nay c6 sb chit cai B nhiéu hon hay bang 2
so v6i doan kia (va sd chii cdi 4 tuong dng sé it hon).

Nhung néu trén mot doan c6 nhiéu hon 2 chit c4i B thi hinh chiéu ctia n6 1én truc tung 16n hon.
Tuong ting, néu trén d6 c6 it hon hai chit cdi A thi hinh chiéu ctia né 1én truc hoang nhd hon.
Mau thuin 12 hién nhién. O

E3. Hay tim thém mot day nao d6 ma c6 thé dudc xay dung bing ba phuong phap tuong tu (hay
it nhat 1a hai).

Loi giai. Diém miu chét trong 16 gidi bai todn 1 1a su kién khi “ndng” céc giao diém ciia tia véi
cac duong thang ditng 1én mot sd don vi tuong ing ta sé thu dudc tia ddi xiing véi tia ban dau.
Nhung ta c6 thé nang diém nam & dudng thang ding thit k khong phai 1én k don vi, ma 2k don
vi thi dé thiy tia nhan dudc sé d6i xiing véi tia ban dau néu « thda min phuong trinh

a4+ 20 —1=0.
TAt nhién 13 c¢6 nhiéu cach xy dung khac nita. O
e Trong chudi bai toan sau ta liy o = .
P1. Tim tit c4 cdc gid tri c6 thé ctia L (v6i cac n khac nhau).
P2. L c¢6 thé nhan gi4 tri nao déu n 13 s6 bac 2?
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Loi giai. Néun = 2, thi ta c6 hai doan thang va ty s6 hai doan thang 12 ty 18 vang. Tiép theo, theo
= L>=L+1.
Gia tri tiép theo ciané la (L + 1) — 1 = L, ... Tu déy ta thdy rang L chi nhan 2 gi4 tri, va néu

cong thiic da dua ra & dau (trong 15i giai bai B1), L chi c6 thé thay bing 7

nhu con ¢6 thém 7 14 s6 bac 2 thi L nhén gid tri duy nhit L = . [
P3. Tim tét ca cic s6 bac 2.

P4. Tim sb céc s6 bac 2 trong 1 triéu sd déu tién néu o = 7. Chi cn dap sb chinh x4c dén 10%.
Loi giai. Cac sb bac hai dbi v6i o da cho 1a cac sd Fibonacci, tic 1a cac s6 2,3,5,8,13, ...
(mbi sb tiép theo bang tdng hai sb trude do).

S6 Fibonacci thi k x4p xi bang tk, va sd luong ctia chiing trong 1 triéu sb dau tién gin bang
log 10° theo co s6 T, tiic 1a khoang 28.

Tat nhién 1a ta c6 thé viét ro ra 30 s6 Fibonnaci dau tién. Sb thi 28 bﬁng 832040, con sb thi 29
da 16n hon 1 triéu. [

e Trong chudi bai todn sau ta liy o = V2 1,4142...
T1. Tim tat ca céc gi4 tri c6 thé ctia L (v6i cac n khac nhau).
T2. L c6 thé nhan gid tri ndo déu n 12 s6 bac 27

Lui giai. Bai todn nay tuong ty v6i bai toan trude. Vi gia tri ban ddu ctia L (khi n = 2) bing
2—- 2
V21

s6 n bac 2 thi chi c6 hai gid tri dau). O

= /2, va céc gia tri tiép theo L sé bang hoic V2, hoac V2 +1 hodc V2 + 2 (v6i cac

T3. Tim tat ca céc gid tri c6 thé cia L cho mot s6 nao d6 khic (ngodi @ = v va o = \/5)

K1. Ta khong biét s6 o. Nhung ta biét ring du n bing bao nhiéu, sé6 L chi nhan mét trong hai
gia tri. Vi nhitng « ndo diéu nay c6 thé?

Loi gidi. Tu cac ly luan trudc day ta thdy rang L cin thda man diéu kién

L o e
1—1 = L, tu day

L 1a phép chia vang. T day dé dang tim dudc . [
K2. Bai toan dé€ nghién ctiu. Ta biét sd o nhung ta biét ring véi n 16n tuy y, s6 diém trén moi
- N N ~ 2,0 n PN 2, ~ ~ 2. N A A ~
doan c6 do dai > khac véi 5 khong 16n hon 10. Ta c6 thé noi gi vé sO « ? Cu thé:
e Hay néu vi du mot vai s6 nhu thé.

e Hay dua ra mot diu hiéu di nao d6 d€ diéu nay khong xdy ra: Néu « c6 tinh chit niy va
tinh chit nay thi khang dinh bai toan khong diing.

A . N . d , A2 2 . A g A . A N 1 v
e Hay dua ra dau hiéu nao do6 dé co thé khang dinh so di€ém trén moi doan do dai 3 nam
DEIREN A 2,0 ~ A N s 1 N A Ie A N N
trong pham vi tit @ dén b v6i cac so a, b nao d6 (a < 5 < b va ta muon cdc so nay cang
1 .
gan 3 cang tot).
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. 113 2
K3. Cho so httu ty o = 748 vannhancicgiatrin =1, 2, 3, ..., 246. Trong cic sO nay co

bao nhiéu s6 bac 2, bao nhiéu s6 bac 3 ?
N, e2 e . 2 A ~ N [N A A e A 1 13 N . - R N 7
LLoi giai. Khai trién so da cho thanh lién phan so (v6i sO 748 thi khai trién nay c6 dang

1
1

24+ 1
St
7 _
+3

Khi d6 so bac 2 sé xuat hién céch k, trong d6 k 12 mau s clia phan s thanh phan ctia lién phan

sd, tic 1a cac phan )
1 5 1 36

a2+%:ﬁ72+5+%:%,--.

7

1,

N | —

Nhu vay, cac s6 bac hai dau tién sé cach 1 (tic 1a tit ca, véin = 2 van = 3), sau dé 1a day s6
bac 2 cach 2, sau d6 1a ddy cach 11 va cach 79. Trong d6 sb cac s6 bic 2 trong ddy sé bang miu
s6 tuong tng ctia phan s6 ban dau, tic 13 & diy dau c6 2 s6, sau 1a 5 s6 va 7 sb.

Néu nhu sb o vo ty thi diéu nay sé tiép tuc cho dén vo cung, nhung dbi véi sd hitu ty thi & cudi sé
¢6 quy luat khéc: Tét ca cac sb, bat dau tir 169 sé c6 bac 2.

Dap s6:
e S62.
e $63,5,7,9,11.
e S613,24,35, ... cho dén 90.

e Cudi cling, tit ca cédc sb tir 169 dén 248.

K4. Hay néu ra phuong phap cho phép véi s6 hitu ty « cho trude

a=2 p<g<1000000,
q

tim dugc s s bac 2 va s sd bic 3, khi n chay qua cic gid tri tit 1 dén ¢ — 1, trong thdi gian cho
phép (bang tay).

K5.Chosb L = L(100, ).

Lam sao c6 thé xac dinh v6i moi gid tri ¢6 thé clia # va « cho tru6e ton tai hitu han hay v han
cac gia tri khac nhau cia L ?

No6i riéng, nghién ctiu ciu hoi nay 6 cac trudng hgp sau:
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(1) Néu L la nghiém ctia phuong trinh bac 2 véi hé s6 nguyén
L>+nL+m=0.
(2) Néu L 1a nghiém cdia phuong trinh bac 3 v6i hé sb nguyén

L>+nL*>4+mL +q =0.

K6. Biét rﬁng s6 o dugc viét thanh lién phan s v6i cadc mau sb dau tién 1a 3, 5, 12 tic 1a

_ 1
o= ) I
+ I
3+ — 1
54 — 4 ...
+ T +
Haiy tim tit cac cic s6 bac 2 nam gitta 1 va 100.
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psilon
Tap chi online ctia cong dong
nhitng nguoi yéu toan

VE KY THI VIET NAM TST 2016 VA
DANH SACH DOI TUYEN VIET NAM

Ban Bién tap Epsilon

Ky thi chon d6i tuyén Viét Nam tham du Olympic Toan qubc té (viét tat 1a IMO) 2016 dién ra
trong 2 ngdy 24, 25 thang 3. D& thi gdm 6 bai toan, mbi ngay 3 bai 1am trong 4 gio 30 phut. Cic
bai todn thudc 4 phan mdn Pai s6, Hinh hoc, S6 hoc va T6 hdp v6i mitc dd khé dé khac nhau. Cu
thé phan b céc bai toan nhu sau.

e Bai 1: S6 hoc.

e Bai 2: Nam giita t6 hop va dai sd.
e Bai 3: Hinh hoc.

e Bai 4: Hinh hoc.

e Bai 5: T hop va Pai sb.

e Bai 6: Dai sb.

Nim nay, c6 tong sd 50 thi sinh tham gia ky thi niy, gdm Vii Xuan Trung, hoc sinh 16p 12 trudng
THPT chuyén Thai Binh, tinh Thai Binh, 1a thi sinh dugc HCV tai IMO 2015 cung 49 hoc sinh
dugc tir 27,5 diém tré 1én tai ky thi HSG qudc gia dién ra vao dau nim nay. Dudi day 13 dé thi
day du.

Bai 1.1. Tim a,n nguyén duong vdi a > 2 dé’ mdi wdc nguyén té ciia a™ — 1 ciing déu la wdc

N Z » 32016
nguyén to cua a —1.

Bai 1.2. Goi A la tdp hop 2000 sé nguyén phdn biét va B la tdp hop 2016 s6 nguyén phdn biét
va K la sé cdp (m,n) co thit tw véi m thuéc A va n thuéc B ma

|m — n| < 1000.
Tim gid tri 6n nhdt ciia K.

Bai 1.3. Cho tam gidc ABC néi tiép duong tron (O) cé B, C cé dinh va A chuyén dong trén
cung BC cua (O). Cdc phdn gidc AD, BE, CF giao nhau tai 1. Puong tron qua D tiép xiic
vdi OA tai A cdt (0) tai G. GE, GF giao (O) ldn thit hai tai M, N. BM giao CN tai H.
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1. Chitng minh rang AH di qua mét diém cé dinh.

2. Gid sit BE, CF giao (O) ldn luot tai K, L. Puong thing AH cdt KL tai P. Gid sit Q la
mét diém trén EF sao cho QP = Q1. Goi J la diém nam trén (BIC) sao cho IJ L 1Q.
Chitng minh rang trung diém 1J chuyén dong trén mét duong tron cé dinh.

BAC

Z £ 2
Bai 1.4. Cho tam gidac ABC nhon co ZACB < ZABC < ZACB + . Lay diéem D

ZBAC

thuéc canh BC sao cho ZADC = LACB +
gidc ABC tai A cdt BC tai E. Phdn gidc ZAEB cdt AD va cit (ADE) tai G va F, DF giao
AE tai H.

. Tiép tuyén vdi dwong tron ngoai tiép tam

1. Chiing minh rang cdc duong tron duong kinh AE, DF, GH cé mét diém chung.

2. Trén phdn gidc ngoai /BAC va trén tia AC ldn luogt ldy cdc diém K va M sao cho
KB = KD = KM, trén phdn gidc ngoai Z BAC va trén tia AB ldn luot ldy cdc diém L
va N sao cho LC = LD = LN. Pudng tron di qua M, N va trung diém I ciia BC cdt
BC tai P (P # I). Chitng minh rang BM,CN, AP dong quy.

Bai 1.5. Cho ay,as,...,an—1,a, (n > 3), trong dé moi sé a; nhdn gid tri la 0 hodc 1. Xét n bé
sO nhu sau:

Sl = (alvaz’ e ’an—l’an)»

S2 = (a2,6l3, cooyQp, al)’

Sn = (an’als s ’an—Z’an—l)

Vi méi b6 sér = (by, by, ..., by), dit
o(r)=5b,-2" ' +b,-2"%24+ ... +b, 2°

Gid sit cdc 56 w(S1); w(S2), . ..,w(S,) nhdn ding k gid tri phdn biét.

N "—1 —
1. Chiing minh rang k | n va 1 | w(S8;) véimoii = 1,n.
2. Ki hiéu M va m ldn luot la max va min ciia w(Sy), ©(S2), ..., o(Sy,). Ching minh rang
@ - E - 1)
M—-—m > .
2k — 1
Bai 1.6. Cho cdc s6 thuc phdn biét la oy, oy, . . ., a1 Vi mdi da thitc hé s6 thuc P(x), ta ddt

V(P):P(Oll)+P(O[2)++P(O[16)

Chiing minh rdng ton tai duy nhdt da thiic Q(x) bdc 8 ¢ hé sé x® bang 1 théa man dong thoi

hai diéu kién:
1. V(QP) = 0vdi moi da thiic P co bdc bé hon 8.

2. Q(x) co 8 nghiém thuc (tinh cd bdi).
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V& dd kho thi bai 6 1a khé nhat do 12 mot bai toan lay tu tudng clia todn cao cip dem xudng (cu
thé 14 dai s6 tuyén tinh). D€ giai bai toan nay, hoc sinh phai vita bat dudc hudng di quy nap, tu
tudng truc giao héa Gram-Schmidt (hay tu tuéng tudng tu) via phai cé ky nang xu ly ky thuat
rit t6t. Bai thit hai 12 bai 3b v6i mot cAu hinh rat rdi theo dang hinh chdng hinh.

Céc bai toan con lai vé cd ban c6 do khé ngang nhau, 1am dugc hay khong 1a tiy thudce vao gu
ctia cdc thi sinh. Bai s6 hoc 12 mot bai toan c6 y tudng kha cii ma 15i giai chii yéu dua vao bd dé
(@™ —1,a" — 1) = a™™ — 1. D6 la chua ké néu ding dén dinh 1y Zsigmondy thi bai todn gin
nhu hién nhién.

Bai t& hop s6 2 ciing 12 mot bai ma két qua c6 thé doan dudc dé dang. Bai hinh s6 4 12 mot bai
toan khd dep va viia stic, mang tinh phan loai cao. Bai 5 lai tiép tuc 12 mot bai toan thuan tdy k§
thuat. Chd y 12 bai s 2 va bai s6 5 tuy khong khé nhung dé trinh bay chit ché thi khé hon bai s6
1 nhiéu.

C6 1& chinh vi ly do d6 nén mic du vé 1y thuyét thi s6 hoc sinh lam dudgc 4 bai, 4 bai rudi 1a kha
nhiéu nhung thuc té thi chi ¢6 3 ban c6 s6 diém 27 trd 1én (tiic 12 coi nhu lam dudc 4 bai trd 1én)
va diém chuin dé vao doi tuyén chi 1a 23.5, tiic 12 3 bai ++. DAy ciing 1a diéu cac thi sinh phai
hét stic riit kinh nghiém. Lam dudc bai thi luén phai trinh bay cho thit chac.

Thong tin vé ddi tuyén da dudc cong bd vao tuin viia qua nhu sau:

Ho tén ‘ Trudng, 16p ‘ Diém ‘
bao Vi Quang L6p 12 THPT chuyén Ha Noi — Amsterdam 30.5
Vi Xuan Trung L6p 12 THPT chuyén Théi Binh 29
Hoang Anh Diing L6p 12 THPT chuyén Lam Son, Thanh Hoa 27
Pham Nguyén Manh Lép 11, PTNK - BPHQG TP. HCM 24,5
Lé Nhat Hoang Lop 12, THPT chuyén Lé Quy Po6n, Binh Dinh 23,5
Vi buc Tai L6p 12, THPT chuyén Lé Hong Phong, Nam Pinh | 23,5

Ky thi IMO nim nay s& dudc t§ chiic tai Hong Kong, tlf ngay 06/7 dén ngay 16/7/2016. Xin chic
céc thi sinh c6 thdi gian 6n tap, chudn bi that tét va c6 két qua cao nhit tai ky thi nay.

Ghi chi: Ban bién tip c¢6 tham khao tur thdng tin ti trang ca nhan trén facebook. com cla
thiy Nguyén Khic Minh va dé thi tir bai viét ctia ban Nguyén Vin Linh trén mat hscope . org.
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