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Ta goi mdt cau nay la gid twéng vi mot nha du hanh vii try roi tw do vao 16 den sé khong thay gi & ché
nay. Tuy nhién, mot khi vieot qua mdt cau nay, nguoi dé sé khong quay tré lai dwoc. Nguoi dé sé di
vdo mot vimg ma khéng gian suy sup vao mét “ky di”, ché ma hinh hoc co lai hoan toan. Téi gan diém
ky di nha du hanh vii tru sé chét bep duoi lyc lchp dan.

Hinh hoc r6i lwong ta
» m— e x6i lugng

Thyec ra gitra toan hoc “thuan tuy” va toan hoc “ung dung” khong thé vach ra mét
ranh giGi ré rét dwoc. Vi vdy trong todn hoc khong thé phdn ra mét 16p nguoi toi cao
thién vé vé dep hoan thién ciia todn hoc va chi chii ¥ dén thién huéng do, va nhiing
nguoi phuc vu cho ho.

Logic cua Toan hoc ttng dung
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TRAN NAM DUNG
Bién tap vién:

VO QUOC BA CAN
TRAN QUANG HUNG
NGUYEN VAN HUYEN
NGUYEN TIEN LAM
LE PHUC LU
NGUYEN TAT THU
DANG NGUYEN PUC TIEN
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L3I NGO CHO EPSILON SO 6

Ban Bién tap Epsilon

Cuoi cung so0 6 cua Tap chi Epsilon ciing da dén tay cac ban. SO 6 cia nam dau tién.

Bat dau tif ngay 13/2/2015, rdi dén hen lai 1én, cif vao ngay 13 ciia nhiing thang chan, Epsilon-tap
chi online ctia nhiing ngudi yéu todn lai dudc ra mat hang tram, hang ngan doc gia.

Va d€ c6 dudc su déu din véi noi dung ngay cang phong phi va hinh thiic ngay cang dep hon
nhu hién nay 12 su nd Iuc ctia cd mot tap thé: tif nhitng ngudi viét bai dén cac bién tap vién. Tt
cd déu 1am viéc trén tinh than tu nguyén v mong mudn déng gép cho cong dong.

Dic biét, dit hoan toan dya trén tinh than tu nguyén, khong c6 quyén 1gi vt chét, cling nhu bét
ctf rang budc phap ly nao nhung tit cd moi ngudi déu 1am viéc véi tinh than trach nhiém cao, c6
nhiing dém phai thiic trang d€ hoan tt bai viét hay hoan chinh phan bién tap.

Qua cic sb bao, Epsilon di dan c6 thém dudc nhiéu tac gia hon, nhiéu cong tac vién hon va nhiéu
doc gia hon. Ddi ngil bién tap ciing dudc bd sung vé s6 lugng va nang cao vé chat lugng, vita dim
bio dudc cong tic bién tap diing tién do, viia chii dong tao nguodn bai ddi dio cho cic sb bio.

Chiing ta da di qua dudc 1 nim day khé khin nhung ciing that ti hao. C6 nim diu tién, cé nghia
la s€ c6 nam thua 2, tha 3...

Va dé Epsilon dudc tiép ndi, ngudn ning luong 16n nhét dbi véi chiing tdi van 1 su ing ho cia
cac doc gia. Nhiing su gop y, binh luan, dat hang tir phia cac doc gia sé la dong luc cho Epsilon
tiép tuc dudc an hanh. Dic biét, ban bién tap ludn chd don cic bai viét tir phia doc gia. Ching toi
tin rang nhitng bai viét clia cdc ban chic chin sé lam ting thém su phong phii ctia tap chi, vé ndi
dung dé tai 1an phong cach hanh vin.

Di nhiéu ngudi ta sé di rt xa.

Thang 12, 2015,
Ban Bién tap Epsilon.
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TINH DUY LY CUA HAM DOC TAI

Ngoé Quang Hung
(Dai hoc Buffalo, MQ)

Bai viét nay chitng minh mot dinh Iy kinh dién ctia Kinh Té hoc, goi 1a dinh ly
bét kha thi ctia Arrow. Dinh ly c6 nhiéu chiing minh ngin gon, chi kho4ng nifa trang.
Nhung chiing ta sé chon mot con dudng tuong ddi dai d€ dén cung két luan. Pich
dén, nhu ngudi ta thuong néi, doi khi khong thi vi bang dudng di.

Marquis de Condorcet 1a mot triét gia, nha toan hoc, va nha khoa hoc chinh tri ngudi Phép sdng
& thé ky 18. Nim 1785, 6ng viét bai “Essay on the Application of Analysis to the Probability of
Majority Decisions” ¢6 4nh huéng sau rong dén ly thuyét chon Iwa xa hoi, kinh t& hoc, va dén cac
thuat todn xép hang quang cdo trén mang. Condorcet 12 mot trong nhitng ngudi dau tién mang
(tinh chit ché ctia) Toan hoc vao nghién ctiu khoa hoc xa hoi. Ong tham gia cach mang Phap,
viét vai quyén sach bat hi ting ho cho tinh than Khai Sang. Ong bi bat giam gan mot nim, va
mét trong til. Nhiéu kha ning 1a do tu udng thude doc.

Ong kham ph4 ra “nghich ly Condorcet”. Dai d€ cai nghich Iy nay nhu sau. Gia st nha nudc can
dau tu vio nganh giao thong (GT), y t& (YT), hoiic gido duc (GD). Nha nuéc lam trung cau dan
y. Mbi ngudi dan bd phiéu xép hang clia riéng minh vé tAm quan trong ctia ba nganh nay. Vi du,
anh A bao t6i nghi GD trudc, 16i dén GT, rdi d@én YT. Anh B chon YT > GD > GT, van van. Thi
kha niing sau diy c6 thé xay ra: da s6 moi ngudi xép GD trén YT, da sb xép YT trén GT, va da
s6 xép GT trén GD. D6 1a tinh phi ly clia chon Iva x4 hoi. Khi biét cdi nghich 1y Condorcet roi,
chiing ta doc céc thdng ké xa hoi can than hon. Obama v6i McCain cai nhau, déu 16i théng ké ra.
Mot 6ng bao phai dau tu cdi nay do da s6 dan chiing ting hd c4i nay hon cai kia, McCain béo céi
kia hon cdi no. Chiing ta nén nghi ngay dén kha ning vo ly ctia chon lua xa hdi. C6 kha ning ca
Obama 14n McCain déu ding, nhung déu ... vo ly.

Dén nim 1950, Kenneth Arrow (giai Nobel kinh t& 1972) viét mot bai bdo rat néi tiéng vé cac
luat bau ct [ 1], trong d6 6ng chiing minh mot dinh 1y nay ta goi la dinh ly bat kha thi Arrow'.
Dinh ly Arrow néi rang “ham ddc tai” 1a luat bau cif duy nhét c6 tinh “duy ly” tuyét dbi. D€ phat
biéu dinh Iy nay, ta dinh nghia thé nao 1a “ddc tai”, va thé nao 1a “duy ly”.

DPé don gian (nhung khong mét tinh tdng quat) ta gia st xa hdi ¢6 3 chon lva A-B-C can xép
hang bang bau cit (GD-YT-GT, hoic anh Ba-anh Tu-anh Sdu, hoic banh mi-sita-bia). M&i phiéu
bau gom ba d& muc. D& muc thii nhit xép hang A hon B hoic B hon A. Dé muc thi hai xép hang
cip B, C; va dé muc thd ba xép hang cip A va C. Néu anh nao xép hang vong tron (A hon B, B
hon C, va C hon A) thi anh 4y bi chip cheng, khong cho bau. N6i cach khéc, ta gia st tat ci cic
phiéu bau déu hop 1¢, nghia 12 khong phiéu nao xép hang vong tron.

! Arrow’s impossibility theorem
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Sau khi c6 tt cd cdc phiéu bau thi xa hdi sé dua trén mot ludt bau cit &€ c6 xép hang toan xd hji
ctia bd ba A, B, va C, nghia la quyét dinh xem xa hdi thich chon lua ndo hon giita A va B, gitta B
va C, va gitta C va A. Luat bau ct sé phai thda min mot sb tién dé nhat dinh:

1. Tinh déc ldp ciia cdc chon lua khong lién quan® (IIA): viéc xa hdi xép hang A hon B hay
B hon A thi doc 14p véi viec moi ngudi xép C cao thip thé nao.

2. Tinh nhdt tri (con goi 12 hiéu sudt Pareto): néu moi ngudi déu thich A hon B thi x4 hoi
cling phai chon A hon B.

3. Tinh duy Iy: xa hoi khong thé xép hang quan quanh theo vong tron (A hon B, B hon C, va
C hon A).

4. Khoéng doc tai: xép hang clia xa hoi khong thé ludn gibng hét nhu xép hang ctia mot anh
Tam Tang nao d6 ma khong dém xia gi dén phan con lai clia xa hoi.

Arrow ching minh ring khong c6 luat biu ctf nao thoa ca bdn diéu kién trén, néu nhu tit ci cac
phiéu c4 nhan déu hop 1&. (Bai bdo ctia Arrow khd 1a dai dong vin tu. V6i mdi gia thuyét, tién dé,
ong lai d4 sang triét ly va vai két qua truée d6.) Dinh Iy cia Arrow that su 13 mot dinh 1y mang
tinh t& hdp, va c6 cac chiing minh t6 hop ngan gon.

Phan mo t4 & trén khong di cu thé vé mit Toan hoc dé ta chiing minh. Mot k§ niing quan trong
ma ngudi 1am Todn ting dung can c6 12 kha ning “Todn hoc hod” dbi tugng dudc nghién ciiu
trong nganh ing dung. Budc “Toan hoc hod” van dé nay doi khi quan trong khong kém buéc gidi
quyét van dé.

Mot md hinh Toan hoc clia vin dé chon lua x4 hoi nay nhu sau. Gia st c6 n phiéu bau. Phiéu bau
thit i dudc dai dién bang mot bd ba (x;, y;, z;) € {—1,1}3, trong d6

1 néu phiéu i chon A > B

xX; = ) )
l —1 neuphiéui chon B > A
) néu phiéu i chon B > C
= —1 néuphiéui chon C > B
1 néu phiéui chon C > A

zi = 2 "
l —1 neuphiéui chon 4 > C

(Ly do ta chon {—1, 1} thay vi {0, 1}, {true, false} sé€ tré nén ro rang hon dudi day.) Pinh nghia
ham NAE : {—1,1}3 — {0, 1} nhu sau®: NAE(a, b, c) = 0 néu va chi néu a = b = c. Khi d6,
phiéu (x;, yi, z;) 12 phiéu hop 1& néu NAE(x;, y;, z;) = 1. V6i n phiéu bau thi ta c6 ba vectors
x= ()., y= i),z = (z)'_, € {—1,1}". Biy gi6 ta m6 hinh xem bdn tinh chit trén
phat biéu vé mit todn hoc nhu thé nao:

’Independence of irrelevant alternatives
3NAE Ia viét tit ctia “not all equal”.
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1. Tinh chit ITA néi ring chon Iva ctia xa hdi c6 thé dic két bang ba ham sb f, g, h :
{—1,1}" — {—1, 1}, trong d6

1 néu xa hoi chon 4 > B
fx) = A s

—1 ncéuxahdichon B > A

1 néu xa hdi chon B > C
gly) = A A

—1 ncuxahdichon C > B

1 néu xa hoi chon C > 4
h(z) = f

—1 néuxahdichon A > C

2. Tinh nhét tri n6i 12 véi moi x € {—1,1}, thi f(x,...,x) = x, g(x,...,x) = x va
h(x,...,x) =x.

3. Tinh duy ly néi 13 khong ton tai bd phiéu hop 1¢ (x,y, z) ma lai cho ra chon lua xa hoi
khong hgp 1€ f(x) = g(y) = h(2).

4. Tinh khong doc tai mo hinh hoé nhu sau. Véii € [n], goi Dict; 1a ham doc tai* thi i, tra
vé phiéu bau ctia x;, nghia 12 Dict; (x) = x;. Tinh khong doc tai néi rang f, g, h # Dict;,
v6imoii € [n].

Tit tinh nhét tri va tinh duy ly c6 thé suy raring f = g = h. Ta lap luin nhu sau. Xét bo ba
X,y = —X,vaz = (f(x), -, f(x)). Do tinh nhét tri ta c6 h(z) = f(x). Nhu vy dé cho chon
lua xa hoi ¢6 tinh duy ly thi g(y) # f(x); nghiala g(—x) = — f(x) v6i moi x. Tuong tu ta c
g(—x) = —h(x) v6i moi x. Do d6 f = h. Lap luan d6i xing ddn dén f = g = h.

Toém lai, chon lua ciia toan xa hdi c6 thé dugec mo ta bang mét ham sé f : {—1,1}* — {—1,1}.
Va ta can tim mot ham £ sao cho

e Néu (x,y, z) 12 bd phiéu hop 1& thi NAE( £(x), f(y). f(z)) = 1. (Pay la tinh duy ly chia
chon lua xa hoi.)

e f +# Dict; v6i moi i € [n]. (Ham chon lya xa hdi khong nén 1a ham doc tai.)

Dinh ly Arrow néi rang khong c¢6 ham f nao thoa hai tinh chit trén ciing mot lic. (Luu y rang
tAt c4 cac ham doc tai déu 1 cdc ham duy ly!) Chiing ta sé chiing minh dinh ly Arrow bang phan
tich Fourier ctia cic ham nhi phan. Chiing minh nay 1a phat kién tuyét voi ctia Gil Kalai [2]. Viéc
nghién cifu cac ham nhi phan (con goi 1a ham Bool®) 1a mot dé tai quan trong trong ly thuyét
mady tinh. N6 quan trong mot cdch hién nhién vi mdy tinh x{ ly cdc bit nhi phan {0, 1}. Nhung
cu thé hon, mén giai tich cac ham nhi phan c6 ting dung rét cu thé trong 1y tuyét tinh todn hién
dai. Phuong phap gidi tich d&€ nghién cifu cac ham nhi phan 1 ta tim c4ch viét ching thanh t8
hop tuyén tinh clia cac ham don gidn hon. D& 1am dudc diéu nay ta can bién ddi Fourier rdi rac
(DFT). P mo ta DFT mot cach tdng quat ta can ly thuyét biéu dién nhém. Do d6 ta bat dau véi
ly thuyét biéu dién.

4Dictator
SBoolean functions
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Ly thuyét biéu dién nhom cho phép ta nghién ctiu cac nhém (trong dai sd tritu tuong) ding dai s6
tuyén tinh. (Pai s6 tuyén tinh van tué!) Bang cach nay, mot sd vin dé, dic tinh ctia cic nhém
triftu tugng c6 thé dugc giai quyét va tim hiéu dung cac cong cu cia dai s6 tuyén tinh. Tir géc
nhin t6 hop, quyén “Nhém dbi xing” ctia Bruce Sagan rat thi vi [3].

Trudc hét ta dinh nghia biéu dién ma trdn® cia mot nhém. Mot biéu dién ma tran n chiéu ciia
mot nhém G 1a mot phép dong cau’ p : G — GL,,(F) trong d6 F 1a mot trudng dai sd, vi du nhu
trudng sb phiic, con GL, (F) 12 nhém tuyén tinh téng quat® bac n trén trudng F. Téng quat hon,
ta khong nhét thiét phai biéu dién nhém bang cac ma tran. Goi V' 1a mot khong gian vector c¢6 sb
chiéu hitu han. Goi GL(V) 12 nhém céc bién ddi tuyén tinh trén V (nghia 1a GL(V) 1a tap hop
céc 4nh xa tuyén tinh kha nghich). Mot phép biéu dién ctia nhém G trén khong gian V 1a phép
dong ciu
p:G — GL(V).

N6i cach khac, mot biéu dién 12 mot luat gan: ta gan cho mdi phan tif g ctia nhém G mot anh xa
p(g) € GL(V) sao cho phép gan nay tuong thich v6i cac hoat dong ctia nhém G. Néu c6 mot
bd vector ¢d s6 ctia V thi ta ¢6 thé d€ dang chuyén p thanh mot phép biéu dién ma tran. (Trong
trudng hop d6, mdi phan ti g € G sé c6 tuong ting mdt ma tran kha nghich p(g).)

Vi du 1. Xét nhém G = Z,. Anh xa p : G — GL,,(R) gdn méi phan itk € {0, ..., n — 1} mot
ma trgn p(k) khd nghich m x m, sao cho, véi moi j, k € Zy,, ta co

p(j + k) = p(j)pk).

(Ddy la dinh nghia ciia phép déng cdu.) Do dé, p(0) phdi la ma trdn don vi. Va, véi moi k ta c6
p(k) = p(1)k. Nghia la, sau khi dd chon ma trdn khd nghich p(1) sao cho p(1)" = p(0) = 1,
(néu duoc) thi phdn con lai ciia p la hoan toan xdc dinh.

Trong phan con lai ctia bai nay, dé€ don gian vn dé ta chi xét V 1a mot khong gian tuyén tinh m
chiéu trén truong sb phiic (hiéu 1a V = C™). Nhu hau hét cic dbi tugng tritu tuong khic trong
to4n hoc, ta tim c4ch chia mot phép biéu dién nhém thanh c4c thanh phan nho hon, cho dén khi
“t6i gian”. Tir d6, ta c6 thé nghién ctiu mot cAu tric 16n bang cac cAu tric t6i gian, véi hy vong 1a
nhiéu cau héi dé tr3 15i hon.

Mot khong gian con W ctia V dudc goi 1a G-bdt bién néu cac phan tif gia G tuong dng vé6i cic
anh xa tit W vao W. Cu thé hon, néu v6i moiw € W va g € G tacé p(g)w € W thi W duoc
goi 1a G-bét bién. Tét nhién, néu W 1a G-bit bién thi 4nh xa thu hep ctia p trén W ciing 1a mot
biéu dién cta G.

Hai khong gian bat bién tAm thudng 1a V va {6} Néu ngoai hai khong gian tim thudng niy ra, V
khong con khong gian con G-bat bién nao khéc, thi p dugc goi 1a mot biéu dién t6i gidn cia G.

Néu V 1a tdng truc tiép” ctia hai khong gian con G-bat bién W, va W, ky hicula V = W, @ W,
thi phép biéu dién p trén V 12 tng truc tiép ctia p; va p,, Viét1a p = p; @ po, trong d6 p; va p,

®Matrix representation
"Homomorphism
8General linear group
Direct sum
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1a céc thu hep clia p trén W, va Wa, theo thi tu. Néu p 1a phép biéu dién tdi gian p khong phai 1a
tong truc tiép cia cac phép bicu dién khac, ngoai trif cdi tong tam thudng V @ {O}.

Vidu 2. Xét nhom G = Zay, va dnh xa p : G — GL,(C) dinh nghia nhu sau:

p(0) = [(1) ‘1)]=12
wi/n
o) = [T v

p(k) = p(D¥, k € Za.

(Luu ¥ rdng i la sé phitc va p(1)*"* = p(0) nhu y.) Trong vi du nay thi V. = C2. Xet

e R I R

Dé thdy Wy la mot khong gian G-bdt bién, tai vi véi moi k € Ly, va moi w = |:

ekﬂi/n 0 a aekni/n
TN A [ B

Tuwong tu, W, ciing bdt bién. Ngodi ra C* = Wy @ W, vi

b= L]0

a ,
O] e Wy, ta co

voi moi vector Z:| € C2. Vi thé, p khong phdi la biéu dién téi gidn. Hai thu hep py va p, clia p
dinh nghia nhu sau:
1 0 0 0
e™k/n 0 0 0
Pl(k) = |: 0 0] pZ(k) = |:O _enik/n]

N - o A7 « X A . - A [ N
la cdc biéu bien toi gidn co so chiéu bang 1.

Dén day ta c6 du kién thifc d€ phat biéu mot dinh ly cuc ky don gian va quan trong cia ly thuyét
bi€u dién: dinh 1y Maschke. Dinh ly nay tuong tu nhu dinh ly “phan tich ra thira s6 nguyén t6”,
hoic dinh ly co ban ctia dai sb riang cac da thic déu la tich ctia don thic tuyén tinh. Heinrich
Maschke (1853-1908) 1a mot nha Toan hoc ngudi Diic. Ong titng theo hoc céc ngudi khong 16
Weierstrass, Kummer va Kronecker. Tot nghiép nim 1880, khong tim dudc vi tri  Pic, ong di
cu sang My, nhan dugc mdt vi tri trong khoa Toan méi mé ciia Pai Hoc Chicago, néi mdt nha
Toan hoc liing danh ctia Viét Nam hién nay dang lam viéc; anh ciing 12 mot chuyén gia vé ly
thuyét bi€u dién.

Dinh Iy 2.1 (Dinh Iy Maschke). Bdt ky phép biéu dién (phiic) nao trén mét nhom hitu han G déu
la tong ciia cdc phép biéu dién toi gidn.

11
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Chiing minh. Ta chi can ching minh ring, néu p chua tdi gian thi p = p; @ p, va p1, pa c6 s6
chiéu nhé hon. Gia st W C V 1a mot khong gian con G-bét bién khong tAm thudng. Ta chiing
minh rang ton tai W+ sao cho W @ W+ = V va W+ ciing G-bat bién. Goi {-, -} 1a mot dang
Hermit'" tuy y trén khong gian V, dé ching minh ring dang song tuyén sau day sau day

1

= > {p(@)v. p(g)w}

geG

(v, w)

1a G-bat bién: (v,w) = (p(g)v, p(g)W), Vg € G,v,w € V. Tt d6, khong gian truc giao W+
ctia W dinh nghia theo dang song tuyén nay'' ciing 12 G-bat bién. O

Nhu vay, ta c6 thé nghién ctiu cac phép biéu dién dung cic phép bi€u dién “don gian hon” mot
chiit. Tuy nhién, mot phép bi€u dién vin 1a mot ddi tugng rat phiic tap d€ mo ta (n6 12 mot phép
ddong ciu thoa man mot sb tinh chit dai sd, hoic ciing c6 thé xem né 1a mdt ma tran néu ta chon
truc mot hé co s trén khong gian V). Tham chi, c6 bao nhiéu phép biéu dién (khong dang
chu'? v6i nhau) ta ciing khong biét. C6 thé c6 vo han cac phép biéu dién khong? Lam thé nao dé
phan loai chung?

D& phan loai cac phép biéu dién, c6 mot cach dé loai bo da s6 thong tin vé phép biéu dién, chi
giit lai mot vai con s6! Cac con sb niy chifa rat nhiéu thong tin vé phép biéu dién, va ta c6 thé
dung chiing d€ phan loai cac phép bi€u dién. Két qua nay 1a mot trong nhiing dinh 1y dep nhat
trong dai sb.

Céc con s6 “ky diéu” nay dugc chia trong mdt ham goi 12 ham diic trung'? ctia phép biéu dién.
Ham dic trung y ctia phép biéu dién p trén nhém G 1a mot ham y : G — C dinh nghia nhu sau

x(g) = trace(p(g)).

(Nh6 ring p(g) 12 mot toan ti tuyén tinh kha nghich trén khong gian phiic V, céi vér' trace(p(g))
cta p(g) 1a tdng céc tri dic trung clia n6. Ham dic trung y cling 1a mot vector ma céc toa dod
dudc danh chi s6 bdi cdc thanh vién cia nhém G.

Vidu 3. Lai xét nhom G = Z, va mét biéu dién p : G — GL,,(C). Goi y la ham ddc trung ciia
biéu dién nay, thi
x(0) = trace(p(0)) = trace(I,,) = m.

Va vdi moi k € Z, ta co

x(k) = trace(p(k)) = trace(p(1)*) = > " AF

i=1

trong do A; la cdc tri ddc trung cua p(1). Xét vector ddc trung v € C™ tuong vng vdi A;, thi
p(1)v = A;v. Do do, p(1)"v = A}v. Ma p(1)" = 1,,. Do do, A; la mdt trong cdc cdn bdc n cua
1.

19Hermitian form

Ml = {v|(v,w) =0,Ywe W}
12Isomorphic

13Character

“Trace
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Téng quat hon, dinh nghia sb chiéu ctia mot ham dic trung 12 s6 chiéu ctia khong gian V clia
phép biéu dién. Dinh nghia mot tich vo hudng Hermit gitta cdc ham dic trung nhu sau:

> 1K () 2.1)

geG

(X x"
IGI

(@ 12 1ién hop phiic ctia a.) Ham dic trung ctia phép biéu dién chia cuc ky nhiéu thong tin vé
phép biéu dién. Sau day 1a vai két luan quan trong:

e x(1) chinh 1a sb chiéu ctia phép biéu dién. (Luu y rang 1 12 phan ti don vi ciia nhém G.
Néu G = Z, thi 112 s6 nguyén 0.)

e x(g) = x(hgh™'), v6i moi phan it g, h € G, nghia 12 ham dic trung c6 gia tri nhu nhau
trén mdi 16p lién hop' ctia nhém.

o x(g7h) = x(g)

e Ham dic trung cta p @ p’ 1aténg y + y’ clia cac ham dic trung thanh phan y, '

e Goi N = |G|, va p1, p2, ... 1a cdc dai dién cta cac 16p dang ciu cia cac phép biéu dién
toi gian trén G, va goi y; la ham déc trung cta p;. Ta co:

— Céc vectors y; vudng goc v6i nhau va cé chiéu dai don vi. Goi ¢ 1a tdng sb cac 16p
lién hgp cia nhom. Goi C 1a khong gian vector cia cac ham f : G — C sao cho
f ¢6 gid tri nhu nhau trén mdi 16p lién hdp cua G. Ta cd, cdc ham dic trung y; tao
thanh mot hé co s6 truc chudn cia C. (Ta sé dung tinh chit nay dé€ n6i thém vé bién
ddi Fourier 10i rac trén cidc nhém Abel trong d& muc t6i.)

— Tong sb céc 16p dang ciu clia cac phép biéu dién tdi gidn bang véi tong sb cac 16p
lién hop ctia nhém G. Goi r 1 t8ng s6 nay.

— Goi d; 1a s6 chiéu ctia p;, ta c6 d; chia hét cho N, va
N=d}+---+d?>.

e Mot ham dic trung bat ky ctia nhém déu c6 thé bi€u dién (theo mot cach duy nhat) thanh
t6 hop tuyén tinh clia cdc ham dic trung t6i gian.

e Hai phép biéu dién c6 ham dic trung giéng nhau thi dang ciu véi nhau
e Mot ham dic trung y 1a tbi gian néu va chi néu n6 c6 chiéu dai don vi (nghiala (y, y) = 1)
e Néu G 12 mdt nhém Abel thi cac biéu dién t6i gian clia n6 déu c6 s6 chidu bang 1.

C6 mot hé qua tuyét dep cta Iy thuyét bi€u dién nhém khi G 13 nhém cac hodn vi ctia n phan td.
Goi f* 1a sb cac standard Young tableaux dang A. Ta co:

Y (M =n!

Abn

Dinh 1y nay ciing c6 thé chiing minh bang gidi thuat Robinson-Schensted.

13Conjugacy class
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Téi hoc vé bién d6i Fourier rdi rac (DFT) lan dau tién vao khoidng nim 1993. Hoc xong thiy
rit hoang mang, theo ki€u: néu 14y vector nay, tinh toan thé nay, thi ra cac hé s thé kia, nhung
khong hiéu y tudng ndm sau cic cong thiic d6. Sau kham phd ra 1a DFT chang qua 1a mot phép
thay d6i co s6 trong khong gian tuyén tinh. Tir d6 thiy moi thi r6 rang, d& hiéu han ra.

Céc biéu dién t6i gian ctia mot nhém Abel bat ky déu 1a cac biéu dién véi sb chiéu bang mot.
Néu nhém c6 n phan ti thi 6 n ham dic trung truc giao. Nhém tuin toan 1a mot nhém Abel.
Nhém tuan hoan Z, cé ding n ham dic trung t6i gian y,,a € Z,. M&i hAm dic trung y, 1a mot
vector trong trudng vector phic C”, dinh nghia 12 y,(b) = w?, trong d6 w, = €>™/" la cin
nguyén thuy. Cdc ham dic trung nay 1a mot hé truc chuén theo tich Hermit (2.1):

(Xa) xp) = % > Xa(©)xp(c) = Sap.

CEZn

(8ap = 1néua =bvaOnéua #b.)

Dinh 1y co ban ctia cac nhém Abel hitu han néi rang ciac nhém Abel hitu han G déu c6 thé viét
dudi dang tSng tryc tiép clia cdc nhom tuan hoan: G = Z,,, @ -+ - @ Z,y,, . Cac biéu dién tdi gién
ctia nhém G 1a ting s& clia cdc bi€u dién t6i gidn clia cic nhém tudn hoan Z,,,. Cac ham dic
trung t6i gian clia nhém G 12 tich ting so clia cac ham dic trung t6i gidn clia cdc nhém tuan hoan
Zom, . VOi moi phantia = (ai, - ,ax) € Zpm, ® - & L, , ta c6 mOt ham déc trung tbi gian
Xa cianhom G dinh nghia nhu sau: v6i mot “toa dd" b = (b1, ,bx) € Zp, @ -+ @ Zyy,, thi

k
fal0) = [ % = it .ot

m my
i=1

Mot trudng hop dic biét clia nhém Abel hitu han rit quan trong trong bai nay va trong khoa
hoc Mdy Tinh néi chung lala G = Z2 = {0, 1}". Mbi phan tii ciia G 1a mot dinh ctia khéi 1ap
phuong n-chiéu, 12 mot phép gan su that'® vio n bién nhi phan, hoic 1a mot tip con S C [n]
trong d6 S 12 tp cdc toa do bing 1 ctia phan ti. O ddy, nhém G ¢6 N = 2" phén ti, va vi thé N
ham déc trung. Do w, = —1, v6i mdi cdp a,b € Z2 tacd xa(b) = (—1)*>.

Thay vi ding a, b dé€ d4nh s c4c ham dic trung va cic toa dd clia chiing, ta c6 thé dung céc tip
con A, B cia [n] dé€ danh chi sb, trong d6 A = {i | a; = 1}, va B = {i | b; = 1}. Theo cach
nay, bo cac ham dic trung c6 thé dinh nghia bang y 4(B) = (—1)4"8l. Con néu chiing ta ding
b € Z2 lam tham s6 thi y 4(b) = (—1)%ica® Ban nén lam quen véi viéc chuyén qua lai giita
cdc tap con va cdc vectors cua ZJ.

Ly do chinh chiing ta quan tdm dén cdc ham dic trung t6i gian clia nhém Z?2 1a nhu sau. Ta can
nghién cifu cc ham nhi phan gém n bién nhi phan kiéu nhu f : {0, 1}"* — {0, 1}. Mbi ham loai
nay c6 thé xem 1a mot vector trong khong gian {0, 1}V Di nhién, chiing ciing la c4c vectors trong
khong gian R va CV. Nhu di phan tich & trén, ciac ham dic trung t6i gian 12 mot co s truc

16Truth assignment
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chuin cta khong gian CV. Vi thé, mot ham nhi phan 7 bién bat ky, néu viét thainh mét vector
trong khong gian CV, déu 12 t6 hop tuyén tinh ctia cac ham dic trung t6i gian.

Thay vi 1am viéc trén khong gian vector CV, mot cach tuong duong chiing ta ciing c6 thé 1am
viéc trén khong gian (tuyén tinh) ctia ham s6 f : {0,1}" — C.Ham f : {0,1}" — C batky
déu c6 thé biéu dién dudi dang
SO =Y fsxsy) = Y fs(=1)xiss,
SCln] SC[n]
D& cdi dam y; trén s6 mii thi hoi khé chiu. Chiing ta d6i bién. Dit x; = (—1)”. Nghia la néu
y; = 0 (FALSE) thi x; = 1, con y; = 1 (TRUE) thi x; = —1. Thi ta ¢ phét biéu sau day:
B6 dé 1. Moi ham f : {—1,1}" — C déu c6 thé viét dudi dang
S =) fsaxsx),

S<cln]

trong do (lam dung ky hiéu mot chit) ys : {—1,1}" — {—1, 1} la mét ham don thiic"’

xs(®) = xs(xr.oooxn) =[x
i€eS
Dam ham y g bay gid goi 12 hé co sé don thiic clia cac ham f : {—1,1}* — C. Nh rang cai hé
6 sG don thiic nay 1a mot hé co sé truc chudn ctia khong gian cdc ham f : {—1,1}" — C. Trong
do, “tich vo huéng" ctia hai ham f, g bt ky dudc dinh nghia 12

(f8)=5 Y f0E®=E[/0)].

xe{—1,1}"

trong d6 tri ky vong & vé phai tinh trén phan b déu ctia cac vectors x € {—1, 1}". Chung ta sé
thdy rang hiéu tich vo hudng cia hai ham la tri ky vong ctia tich nhu trén rit hitu dung vé sau.

Y tudng chinh ciia bién ddi Fourier rdi rac chi 12 mot phat biéu co ban ciia dai s6 tuyén tinh: cac
vector trong mot khong gian vector déu 12 t6 hop tuyén tinh cia mot hé co s bat ky ctia khong
gian d6. (Xem thém bai ctia Terry Tao gi6i thiéu vé bién ddi Fourier néi chung, va quyén sach
tuyét voji cia anh Vi Ha Vin va Terry Tao c6 cdc tng dung cta gidi tich dong diéu trong ton td
hop [4]).

Trong ngi canh cla ching ta, mdi ham f : {—1, 1} — R déu 1 t& hop tuyén tinh clia cdc ham
don thuc: .
f® =" fsys®).
Sc[n]

T6 hop nay 1a duy nhat. Cac hé sé fs = (f, xs) goi la cdc hé s6 Fourier ctia f. Chiing 1a cac sb
thuc vi f va yg 1a cdc vectors thuc. Tir gid trd di ching ta ¢6 thém lam viéc ludn trén khong
gian RY thay vi CV va khong can cii lién hop khi tinh tich vd huéng ctia hai vectors nita. Hé co
sG don thuc ys cing dudc goi la hé co sJ Fourier.

Hai déng thifc co ban nhit clia bién ddi Fourier 1a

"Monomial
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e dang thiic Plancherel

ELf®g®] = (f.8) = ) fsgs=N{/.8)

Scln]
e va trudng hop dic biét 1a dang thiic Paserval

E[/2®]=(f1) =D f3.

Scln]

Dé chiing minh hai dang thiic trén tif dinh nghia va tinh truc chuin cta cic ys. (Déi khi, &€ dam
b4o tinh dbi xting ngudi ta dinh nghia tich vo hudng nhu trén nhung chia cho cin béc hai ctia N .)

Trong trudng hdp ham nhi phan f : {—1,1}* — {—1,1} thi f2(x) = 1 véi moi x, vi thé dang
thic Parseval néi rang
> =1

Scln]

Mot ham nhi phan nhu mot “luat” bau cti. C6 n phiéu bau x; cho hai ting ct vién 1 va —1. Ham
f trd vé& ngudi thang cit. Sau dy 1a mot s6 ham (luat) bau cit hay thiy trén thuc té:

e Maj, la ham bau da s0, chi dinh nghia v6i n 1¢, tra vé 1 néu da so cac “phicu” la 1, va tra
vé —1 néu da so cac phieu la —1.

e Dict; 1a ham doc tai (da dinh nghia), trd vé phiéu bau cla x;, nghia la Dict; (x) = x;.

e Const; va Const_; 1a cdc ham hing sb (hay ham “dang ct, dan bau"), ludn tra vé gia tri
dang cu 1 hodac —1.

Ta ciing c6 thé dinh nghia mot s6 ham khac nhu ham chén 18, ham “electoral college” (nhu trong
luat bau cti ciia M¥), van van. Xem bai nay ctia Ryan O’Donnell d€ thém mot sb vi du.

V6i mot ludt bau ¢t nhit dinh, chiing ta muén biét nhiéu thudc tinh ctia no.

e NG 6 thién vi khong? Thién vi & day dudc hiéu nhu sau, néu ta 1y mot bo n phiéu bau
ngau nhién thi x4c suat ma két qua 12 1 hodic —1 khac nhau ¢d ndo. Mot luat bau 1a “cong
bang” néu hai x4c suat nay bang nhau. Do do, ta dinh nghia su thién vi ciia ham f bing

Pl/x)=1-Pf(x)=-1]=E[f].
Dén day thi ta thiy phan tich Fourier c6 10i thé ndo. Do ham yg = 1, do thién vi ca f 1a

ELf®)] =E[f®1(x)] = fo.

Do thién vi ciia f chinh bang v6i hé s6 Fourier thit nhat! Dé thiy rang cic ham dang
cti/dan bau c6 thién vi 12 £1. Cac ham doc tai va ham da s c6 do thién vi bing 0.
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o Anh hudng cita mot phiéu nao do ra sao? Néu Tam Tang d6i phiéu tit —1 sang 1 thi két
qua bi ddi thé nao? V6i bo phiéu x, goi x®¥ 14 bo phiéu ma ta ddi phiéu x; lai. Thi tAm dnh
hudng (Influence) ctia phiéu thi i trén két qua dudc dinh nghia 1a

Infi(f) := PLF) # f(x®)]

Trong ly thuyét chon luia xa hoi thi tim anh hudng nay con dudc goi la chi sd siic manh
Banzhaf hoic chi s6 Banzhaf-Penrose index. Chi s nay da c6 mot it anh hudng trong mot
vai phién toa vé bau cii.

Bai tap 1. Ching minh rang Infi(f) = . g fAS2

Dé thiy rang tim anh hudng ctia cic ham dang cit 14 0, tAm 4nh hudng clia ham doc tai 1a
0 cho tit ca trit anh doc tai c6 dnh hudng bang 1. TAm anh hudng clia ham da s6 thi mét

cong hon mot chit. Dung xép xi Stirling ta cling tinh dude né biang khoang /2.

o Anh hudng ciia nhiéu ra sao? Khi ghi lai ca triéu phiéu bau thi xdc suit ma mot phiéu bi
ghi sai khong bd qua dudc. Goi xdac sudt nay la € chang han. Gia st ta 14y mot bo phiéu
bau x hoan toan ngiu nhién. Goi y 1a bo phiéu dat dudc bang cach 14t mdi phiéu x; véi xac
suat €. D& thay, vé6i moi i,

Ig,[xiy,-] =1-2e.

Do d6 cip (x,y) dudc goi la (1 — 2¢)-correlated. P én dinh nhiéu cia f tai (1 — 2¢)
dugc dinh nghia la

Stabize(f) = E /W] =Elf(x) = /W] -E[f(x) # f¥)].

(1—2é)—cor
Ngudc lai:
1 1
E[f() = f(¥)] = 5 + 5Stabi2(f).

Bai tap 2. Chung minh rdng:

Stabize(f) = Y (1-2¢)%1 f3.

S<cln]

Do 6n dinh nhiéu cia ciac ham dang ci 1a 1, ciia ham doc tai thit i 1a 1 — 2¢. P9 6n dinh
nhiéu ctia ham da s6 1a thd vi nhét. C6 thé chitng minh dudc diéu sau day:

2
lim Stab;_».(Maj,) = 1 — — arccos(1 — 2¢).
n—00 T

Néu ta dung xap xi arccos(1 — 2¢) ~ 2./€ (kha t6t khi € nhd) thi ta thiy rang cai nhiéu e
dan dén xdc sult khoang 2 /€ 1a két quéa bau ctt bi thay doi.
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Gia st ton tai ham f sao cho, vé6i bat ky bd phiéu hop 1€ ndo (x,y, z) ndo, cdi chon lua xa hoi
(f(x), f(y), f(z)) ciing duy ly. Ta sé chiing minh rang f phai la ham doc tai.
Vé6i moéi cd nhan i, chon bd ba (x;, y;, z;) ngau nhién tf mot trong 6 bd ba hop 1€ (1,1, —1),
(1,-1,1), (1,-1,-1), (-1,1,1), (=1,—1,1), va (—1,1,—1). Ta s€ c6 mdt bd ba vectors
(x,y.z) hop 1&. Xac suat ma ( £(x), f(y), f(z)) 1a duy ly phai bang 1.
Khai trién Fourier ciia ham NAE la

3 1 1 1

NAE(a,b,c) = Z — Zab — Zbc — an.

Nhu viy, xéc suht ma (£(x), £(y), f(z)) Ia duy Iy s& biing
E NAE(/(). (). /@] = § — 1B/ /@] - EL ) @] - 750,
Do X, y, z ¢6 vai trd nhu nhau, ta két luan
E NAE(/®). (). f2)] = 3 = JEL/(R./ ).

Nhé rang tri ky vong dudc tinh tif cach 14y cac bod ba duy 1y x, y, z nhu mo6 ta & trén. Tur d6 dé
thdy rang x, y 1a mot cip (—1/3)-correlated. Do d6

E[f(x)f(y)] = Stab_i/3(f) = Y (—~1/3)5 /2.

SC(n]

D€ cho gon, ta dinh nghia Wi (f) = 3|5/ sz Nhé rang Y g f;? =1,dodo >, Wi (f) = 1.
Do d6, xac suit ma ( f(x), £(y), f(z)) 1a duy ly bang

3 3¢ % 3 3 1 1
i ‘_‘;,(_1/3) We(f) =3 = W)+ W) = 2 Walf) + -+

Xdc sudt nay chi c6 thé bang 1 néu Wi(f) = 1 va Wi(f) = 0 v6i moi k # 1. Nhung
Wi(f) = 1 néu va chi néu f = Dict; hoiic f = —Dict; v6i i nao d6. Nhung f phai thda tinh
nhét tri, do d6 f = Dict;. Va dé 1a tinh duy 1y ctia su doc tai.

Chiing minh dinh Iy Arrow bang phuong phap nay khong chi d€ cho vui. Chiing minh cii ctia
Arrow khong cho chiing ta biét xac suét sy phi 1y ctia chon lua x4 hdi 12 bao nhiéu. Phan tich
Fourier cho chiing ta biét, néu ta dung ham da sd, khi # tién dén vo cung thi xdc suat c6 chon lua
xa hoi duy ly 1a

3 3 2

11 (1 - arccos(—l/3)) ~ .912.
Con sb nay goi 1a 56 Guilbaud. Chiing ta khong nhiing biét nghich Iy Condorcet c6 thé xay ra ma
con biét ca x4c sult cia n6 (gia st ai ciing chon phiéu bau hgp 1& ngiu nhién, khong suy nghi).
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Tap chi online ctia cong dong
nhitng nguoi yéu toan

gpsi lon

XAP Xi DIOPHANTINE VGI DO bO
DINH LY KHINTCHINE

Lg Ngoc Tué
(Dai hoc Brandeis, Massachusetts, M{)

Trong phan 1 [5], chiing ta di c6 dudc cau tra 15i cho cau hoi vé kha ning xp xi sb thuc bdi sb
httu ti qua Pinh ly Dirichlet:

Dinh ly 1.1 (Dirichlet 1948). Vdi moi sé v ti x € R~ Q, tén tai vo sé s6 hitu ti L= Q sao cho:
q

p
x__

1
< (1.1)

q

va mé rong két qua nay ra khong gian véc td R” trong phan 2 [6]. Mit khac, Dinh 1y Dirichlet
dudc chitng minh 1a ti uu qua su ton tai clia cac sd/véc to xAp xi kém. N6i mdt cach khac, véi
moi s6 vo ti x, ta c6 thé tim dudc vd sb nghiém hitu ti 2 cho bit dang thitc (1.1). Tuy nhién,
q
Dinh ly Dirichlet xét chung tat ca cac so vo ti, néu nhu xét riéng biét ting so vo ti x thi ham xap
1 0 e 1s A o . A . . -
xi — c6 thé khong phai 1a t6i wu. Chang han nhu cac so Liouville £ dugc dinh nghia nhu sau:
q
mot sO vO ti x dudc goi la mdt s Liouville x € £ néu nhu v6i moi n > 1, ton tai mot so hiru
ti P € Q sao cho:
q

< —. (1.2)

Vao nim 1844, nha todn hoc Joseph Liouville di ching minh ring tap £ khong rdng, va 1a vi du
dau tién vé s6 siéu viét (transcendental numbers). Luu y ring néu nhu x € £ 1a mot sd Liouville

thi v6i moi n > 1, bét dazmg thiic (1.2) c6 vo s6 nghiém P € Q.
q

Trong phan nay, ching ta sé dua thém yéu t6 do do vao van dé vé kha niing xAp xi s6 thuc béi s6
hitu ti. N6i mot cach cu thé hon, néu nhu ta thay “V6i moi s6" trong Dinh ly Dirichlet bang “Véi
hau hét moi s6 (theo do do Lebesgue)" thi ta c6 thé thay ham s x4p xi — bang ham sb nao?

q
Cau hoi nay da dugc A. Y. Khintchine tra 16i hoan toan vao nam 1924 [1] va md rong ra cho

khong gian véc to R” vao nim 1926 [2]. Két quéa nay sau diy da dugc A. V. Groshev chiing minh
cho khong gian ma tran M, ,(R) vao nam 1938.

D& gi6i thiéu két qua ctia Khintchine, ching ta can mot sb ky hiéu sau: Ham sb v dugc goi 1a
mot ham xdp xi néu nhu ¥ : [1, 00) — (0, 00) 1a mot ham khong ting. Ta goi sb thuc x € R 1a
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mot s& ¥ -xdp xi dugc (Y-approximable) néu nhu ton tai vo sb sd hitu ti P ¢ Q v6i g > 0 sao
q
cho:

‘x—ﬁ‘ V@ (1.3)

q q
Tap cac sd ¥ -xap xi dudc dudc ky hidu 1a WA ().

Dinh ly Dirichlet trén R c6 thé dudc viét lai theo ky hiéu méi nay nhu sau:
. 1
Néu nhu ¥ (g) = — thi WA(y) = R.
q

Pinh Iy Khintchine cho tip s6 thuc R dudc phat biéu nhu sau:
Dinh Iy 1.2 (Khintchine 1924). Gid sit nhu  la mét ham xdp xi sao cho qy(q) la mot ham
khong tang, va ky hiéu A(E) la dé do Lebesgue cua tdp E.

(i) Néuwnhu chudi Y (n) héi tu thi \(WA(Y)) = 0.

n=1

(ii) Néu nhw chudi Y " (n) phan ky thi \(R ~ WA(¥)) = 0.

n=1

o
N6i mot cdch khdc, néu nhur chudi » ~ hoi tu thi v6i hdu hét tit ca cdc s6 thyc, bit déng thic (1.3)
n=1
¢ vo sb nghiém hitu ti; con néu nhu chudi nay phéan ky, véi hiu hét tit ca cac sb thuc, bit dang
thic (1.3) chi c6 hitu han nghiém hitu ti.

Luu y 1.3. Cac két qua dang nhu Pinh 1y 1.2 trong ly thuyét x4p xi Diophantine thudng dudc
goi la cac Pinh ludt 0-1 .

Luu y 1.4. Mot sb hé qua truc tiép thi vi cia Dinh 1y Khintchine nhu sau:
(i) Tap céc sd xap xi kém BA c6 d6 do Lebesgue bang 0.
(ii) V6i hau hét moi s6 thuc x, bat phuong trinh:

p 1
x__

< rioas
q q*loggq

¢6 vo s6 nghiém hitu ti.
(iii) V&i € > 0 bt ky va véi hau hét moi s6 thuc x, bt phuong trinh:
p 1
x-S < —
' q ‘ q*(logq)'+<
chi ¢6 httu han nghiém httu ti.

Trong phan con lai ctia bai nay, ching ta sé gidi thiéu tém tat vé do do Lebesgue, va cong cu
chinh d€ chiing minh Pinh ly 1.2: B& dé Borel-Cantelli trong ly thuyét xac suit va lién phan sb.

22

https://tieulun.hopto.org



Tap chi Epsilon, S6 06, 12/2015

C6 rét nhiéu tai liéu tham khao cho phan nay. O ddy chiing t6i chi gidi thiéu mot sd dinh nghia
va tinh chét co ban d€ din dén B6 dé Borel-Cantelli.

Db do Lebesgue trén khong gian R” 1a md rong ctia khai niém do dai (n = 1), dién tich (n = 2),
va thé tich (n > 3). Trén R, cac doan thang (a, b) 1a thudc do co ban d€ do do dai ctia mot tap
hdp, va do do doan (a, b) dugc dinh nghia béi: A((a, b)) := b — a. PO do (ngoai) cia mdt tap
E C R bt ky dudc xdy dung bang cich st dung mot s6 dém dudc cac doan thang dé pha 1én tap
E v6i tdng do dai cang nhd cang tot:

AM(E) := inf i M) E C O I; véi I; 1a cac doan thang .
i=1 i=1
Mot tap con E C R dudc goi 1a mdt tdp do duoc néu nhu véi moi A C R:
AMA) =AANE)+A(ANRNE)).

Tap cac tap do dudc tao thanh mdt o-dai s6 thda man céc tinh chét sau:

(o1) Tap rong @ va R 1a céc tap do dugc.

(02) Néu nhu E 1a mot tap do dudc thi phan bu R ~ E ciing 12 mot tap do dudc.
o0

(03) Néunhu A, A, ... 1a cac tap do dudc thi U A; ciing 1a mot tap do dudc.
i=1

Do do Lebesgue trén céc tip do dudc thda man cac tinh chit sau:

(MO) A (D) = 0.

(M1) Néunhu A C B 1a 2 tap do dudc thi A(4) < A(B).

(M2) Néu nhu A, A5, ... 1A mot diy cic tap do dudc roi nhau tliing cip thi:
o0 o0
A (U Ai) =Y M4y).
i=1 i=1

Luu y 2.1. Ap dung Tién d& chon (Axiom of Choice), ta c6 thé xay dung dudc tap con ctia R
khong do dugc chfmg han nhu tap Vitaly hoic tip Bernstein. Tap khong do dugc din dén mot s6
nghich 1y nhu nghich 1y Banach-Tarski. Mit khéc, néu nhu ta bé Tién dé chon, Solovay [4] chiing
minh ring ton tai mot md hinh cia tap s6 thuc ma trong d6, moi tap con déu 1a tap do dudgc.

Luu y 2.2. Ta néi mot tinh chit P thoéa man véi hau hét moi s6 x, néu nhu tap {x € R :
x khong thda mén tinh chit P} c6 do do Lebesgue bing 0.

Bai tip 2.3. Chiing minh ring A([a,b]) = b — a.
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Bai tip 2.4. Chiing minh ring néu E C R 1a mdt tap dén dugc thi A(E) = 0.

Bai tap 2.5. Tim d6 do Lebesgue cua tap Cantor:

o0
Ci= xe[O,l]:x:Z;l—;,a,-e{OJ} .

i=1

Bai tap 2.6. Tim d6 do Lebesgue cua tip Liouville L.

Goi X 12 mot khong gian bat ky. Mot ho 4 cic tap con ciia X thda man céc tinh chét tuong
tu nhu (01)—(0'3) dudc goi 12 mot o-dai sé ciia cdc tdp do dugc trén X . Mot ham khong am
W : B — Rso thda man céc tinh chat nhu M(0)-M(2) dudc goi 1a mot do do trén X . Bo 3
(X, A, ) dudc goi la mot khong gian do.

HE) 45 cho 1/ (X) = 1.
n(X) )
Khong gian do (X, %, u) v6i u(X) = 1 dudc goi la mot khong gian xdc sudat. Trong ly thuyet
Xéc suat, cic tap do dugc E € 2 tuong ting vdi cac su kién, va do do w(E) cia E tuong ting véi
xéac suét dé su kién E xay ra.

Néu nhu 0 < pu(X) < oo, ta cé thé thay do do u bang d6 do ' (E) =

V6i mot day céac tap con Eq, E,, ... cua X, ta dinh nghia tap limsup cua day nay nhu sau:

[e <IN el

limsup E,, := ﬂ U Er ={x € X : c6vdsdissaochox € E;}.
n—>00
Néi cich khac, néu nhu E = limsup E, 1a su kién "c6 vo s6 su kién E, xdy ra". B6 dé

n—>oo

Borel-Cantelli c¢6 thé dugc phat biéu nhu sau:

Bé dé 2.7 (BS dé Borel-Cantelli). Cho (X, B, 1) la mét khong gian xdc sudt, va Ey, E», ...,€ B
o0

la cdc st kign. Néu nhu chuéi Y ~ p(Ey) héi tu, thi:

n=1

,u(lim sup En) = 0.

n—00
Bai tap 2.8. Chiing minh B6 dé 2.7.
Bai tap 2.9. Tim phan vi du cho ménh dé dao ctia B& dé 2.7.

Tré lai véi Pinh 1y Khintchine, d€ 4p dung dugc B dé Borel-Cantelli, ta can c6 mot khong gian
x4c suét, va bi€u dién tap c6 sb6 Y-xap xi dugc WA (¥) dusi dang mot tap limsup.

Bai tip 2.10. Ching minh ring x € WA () khi va chi khi x + 1 € WA(v).
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Ap dung bai tap trén, d€ chitng minh Pinh ly Khintchine, ta chi can tip trung vao cic sb nim
trong doan [0, 1). Gi6i han do do Lebesgue trén doan [0, 1) sé cho ta mot khong gian x4c suét.

Pit

n n

En:{XER:)X—E <w(n)},

ta ¢ thé bi€u dién tap WA (y) dudi dang mot tap limsup nhu sau:

WA () = limsup E,,.

n—>oo

Bai tap 2.11. Tim do do Lebesgue ctia E, N[0, 1] (tip nay chi bao gdm hitu han cic doan thang).

o0 [e.e]
Bai tap 2.12. Ching minh riing néu nhu chudi ) " ¥ (n) hoi tu thi chudi » ~A(E, N[0, 1)) hoi
n=1 n=1

tu.

Ap dung Bai tap 2.10 va B& dé Borel-Cantelli, ta 6 dugc phan hoi tu ciia Dinh ly Khintchine.

Dé chitng minh phan phéan ky ctia Pinh Iy 1.2, chiing ta sé sit dung cong cu tdt nhit cho xap xi
ma ta c6 dudc trén tap sb thuc: lién phan sd.

Nhic lai trong phan 1 [5], chiing ta goi mot lién phan s6 hitu han c6 d6 dai (n + 1) 1a mot biéu

thic c6 dang:
1

[ao:ai, ...,an) :=ao +
ay + ———

v6i mot day so thuc hitu han ag € R, ay, ...,a, € R~ {0}.

Khiay € Z,ay, ...,a, € N, ta goi biéu thiic trén 12 mot lién phdn sé don hitu han. V6i moi day
ag € Z,ay,a,, ... € N, diy céc lién phan sb6 don hitu han [ag; ay, ..., a,] 12 mot ddy hdi tu khi
n — 00, va ta ky hiéu gidi han nay la:

[ag;ay,...] := lim [ag;ay, ..., an].
n—>oo

Mbi s6 vo ti x € R ~ Q c6 thé dudc biéu dién duy nhit dudi dang mot lién phan sd don vo han:
x = [ag;ai,...].
V6i cach biéu dién nhu trén, phan sb hoi tu thi n cda x 1a:

Pn _ Pn(x)
4n qn(x)

= [aﬂ; a17 ‘-‘?an]7
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véi 2 g dang tbi gian.
n

bat x,+1 = [an+1:; an+2, ---], ching ta c6 dugc cong thic sau:
B& dé 3.1. Vdi moin > 0:

X = Xn+1Pn + Pn—1

Xn+19n + qn—1

Tuy trong c6 vé phiic tap, nhung biéu dién s6 thuc bang lién phan sd ¢ tinh chit sau giéng véi
bi€u dién céc sb trong hé thap phan:

B& dé 3.2. Gid sit nhu x = [ag;ay,...]va y = [bo: b1, ...].
Pn <y< DPn + DPn—1
qn qn + dn—1

Hay noi mét cdch khdc, tdp cdc so co biéu dién lién phdn sé c6 phdn ddu cé dinh

khi va chi khi by = ay, ..., b, = ay.

J(ap,ay,...,an) :=4{y = lao;ay,...,an,r]:r e R,r > 1}
la mét doan thing:
J(a()’alv ~-~,an) == (&9 M)9
dn 4n + dn—1
va J(a(), ...,an) N J(bo, ,bn) 75 @ khi va chi khi b() = dy, ,bn = dy.
Bai tip 3.3. Chiing minh B6 dé 3.2.
B6 dé 3.4. Voi ky hiéu nhu trén, vdi moi ag € Z,ay, ...,a,,k € N:
1 - A(J(ag, ..., an, k)) - 3
3k2 A(J(ag, ...,ay)) k2
Chitng minh. Ap dung B& dé 3.1 va 3.2, va dang thic:

Pndn—1— Pn—14n = (=1)",

ta c6 dugc:
A'(‘](CZO’ ."’al’l)) = &—M
n dn + 4n—1
_ 1
qn(Gn + gn—1)
_ 1
q,%(l + q”‘l)
dn
k+ pn- k+1 )
A(J(ag, ...,an, k) = PnK + Pn—1 pnk + 1)+ po_y
Guk +dnot qnlk + 1) + gy
1
@k + a )@+ 1)+ Gn)
1
) n-1 1 Gn-1\
2k2 1 1 1
Luu y rang gn—1 < dn1 _ | ]
qu qk
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Van dung mot s6 tinh chat co ban ctia lién phan s6 & trén, ching ta sé chiing minh mot Dinh luat
0-1 ctia Lién phan s6. Pinh luit nay 1a mot trong 2 b3 dé quan trong dung dé ching minh phan
phan ky cia Dinh ly Khintchine.

Dinh Iy 3.5. Gid sit nhu f(n) la mét ham sé duong bat ky, ddt:
F, ={x =lap;ay,...] :a, > f(n)}.

o0

(i) Néu nhu chudi § )
n
n=1

n—00

hoi tu thi A (lim sup Fn) = 0.

. e 1
(ii) Néu nhu chudiy 7@ phan ky thi A (R ~ lim sup F,,) = 0.
n n—00

n=1

Chitng minh. Ching ta sé chitng minh phan phan ky, con phan hdi tu d€ danh lam bai tap danh
cho doc gia. Luu y riang trong ca 2 trudng hdp, chiing ta c6 thé gidi han cac s6 x € [0, 1).

Xét mot day ay, ..., dpm4n it ky saocho véi 1 <i < n:

Am+i =< f(m + l)

Ta c6 dudc:
A U JOa.amn k)= D AJ0.a1.....dmn) (BS dé 3.2)
k> f(m+n+1) k> f(m+n+1)
1 1 o o
> AU (0.1, s mn) > = (B3 dé 3.9)
k>f(m+n+1)
1 * dx
> _A,(J(O,al,...,am_l’-n)/ _2
3 flm+n+1)+1 X
1
= A(J(0,ay, ..., .
3(fmtn+ D+ (J(0,a; Am+n)
Mat khac,

J(Oval, -~-aam+n) = U J(07a17 -'-aam-i-nak)'
k=1
Tu do ta suy ra:

1
C3(fm+n+1)+1)

A ) J0.a1...amin. k) <(1 )A(J(o,al,...,am+n).

k<f(m+n+1)

Dit
Em,n == U J(O,al,...,am_l’-n),

@i,..., am+n)€Nm+n
Am+i <f(m+i),1<i<n
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bét dang thiic trén cho ta:
1
3(fim+n+1)+1)

Lan ludt ap dung bét dang thiic nay, ta c6 dudc:

n 1
)L(Em,n) < Em,l E(l B 3(f(m + i) + 1))

n

1 X
<Em’leXp<_Z3(f(m—l—i)+l)) (1+x<eb)

i=2

AEmnsr) < (1 )A(Em,n).

o0
. < 1 < <
Bai tap 3.6. Ching minh rang chuoi E m phan ky (— o0) dan dén chudi
n
n=1

z 1
;3(f(m+i)—|— 1)
phan ky (— o0) v6i moi m.
Vi vay, vé phai hoi tu vé 0 khi n tién dén +o0, va v6i moi m, n, ta c6 dudc:

A(Epn) = 0.

o0 o0
Luu y rang [0, 1) ~ U F, = U Em.n,
n=1

n=m+1

A([O, 1) ~ lim sup Fm) =A([0,1) ~ ﬁ G Fn)

m-—>00
m=1n=m

I
P
3
18
N
=
=
/
i
3
tC8
<
N—
N—

3
Il
o
3
Il
_

Il

>~
P
C 3
3
ol

3

3
N——

Bai tip 3.7. Chiing minh rang:

4
A U J@o.an k) | < ———2A((ao. -...an)).
k>f(n+1) f(n +D

Bai tap 3.8. Ap dung bai tap 3.7 d€ chiing minh ring
4
A(Fps1 N[0, 1) < —.

Va tit d6 suy ra phan hdi tu cia Pinh ly 3.5.
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Bé dé 3.9. Tén tai mot hang s tuyét doi C > 0 sao cho vdi hdu hét moi sé x = |ag; ay, ..

tai N > 0 sao cho véi moin > N,

qn < ™.

Chuing minh. Dat

E.9)= |

ajar...an=>g

J(0,aq,...,ay).

Vi

_ 1
A0, a1, o ay)) = | 22— Pn T P
dn qn + qn—1

ta c6 dudgc can trén cho do do cua E,(g):

2 1
—.
aiasz..an>g (alaz...a,,)

A(En(g)) <

Tich & bén tay phai c6 thé bi chin béi tich phan nhu sau:

Mg-11(+
1
=2 Eai(ai +1)

=" ﬁ/aﬁ_l dx;

=1

1
)a,(a, +1)

= <

], ton

1 1

(aray...a,)?

dx,

a1 pas+l antl gy, dxy
/ / / xX2x3...

Goi I, (g) la tich phan:

// /a’xldxz
X X2

X1, ..nX, >1, va

trén mién:
X1X2... Xy = &,
ta c6 dudc:
A(En(g)) <2"1n(g).
Bai tap 3.10. Chiing minh rang khi g < 1, I,(g) = 1.

Bai tip 3.11. Ching minh ring khi g > 1,

I,(g) = — Z(lng)l‘
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Dit g = ", v6i mot hiing s6 4 > 1 bit ki, ta c6 dudgc:

n—1 (Al’l)l
ME eAn <en(an—A)
< en(an—A)nM
n!
n(in2—A) n(An)"
n"e="./n

< Blﬁe—n(A—lnA—an—l)

< Be (cong thuc Stirling)

Véi A du 16n,
A—InA—In2—-1>0,
o0
va khi d6, chudi Z A(E,(e*")) hoi tu. Theo B& dé Borel-Cantelli, v6i hau hét moi s6 x trong
n=1

doan [0, 1), x chi ndm trong hitu han cdc tap E, (e*"). Hay n6i mot cach khéc, v6i hau hét moi
s6 trong khoang [0, 1), v6i moi n du 16n,

aia,...a, < e,

Khi do,

2neAn Cn

n
dn = Anqn—1 + qn-—2 < 2anqn—1 < ... <2"ayan—1...a; < =e

v6iC = A+ In2. ]

o0
Chiing minh Dinh ly Khintchine. Gia st nhu chudi Z V¥ (n) phan ky, dat:

n=1
f(X) — erw(er)’
v6i C 12 hing sb c6 dugc tir BS dé 3.9. Tich phan:
b 1 Cbh
/ f(x)dx = — Y(u)du
a C Ca
v6i 0 < a < b tién dén vo cung khi b — oo, va vi ham f(x) khong ting theo gia thuyét, ta c6

o0
dugc chudi Z f(n) phan ky.
n=1
Ap dung DPinh 1y 3.5, véi hau hét moi s6 x = [ag; ay, ...], ton tai vo sb chi s6 1 sao cho:

1
an+1 =

~ fn)

Tur d6 suy ra:
1 - 1 - f(n)

- - 2 — 2
qnqdn+1 an+19; qn
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Theo B6 dé 3.9, v6i hau hét moi s6 x = [ag;ay, ...] va v6i moi n du 16n,

In
gn < " = n > g"

Vi vay, ta c6 dudc, hau hét moi x = [ag;ay, ...], ton tai vo so chi so n sao cho:

‘ Pn Sf(n) C _ V(qn)
-x - E S - )
n q; q2 Gn
tic 1a x € WA(Y). N

[1] A.Y. Khintchine, Einige Scitze iiber Kettenbriiche, mit Anwendungen auf die Theorie der
Diophantischen Approximationen, Math. Ann. 92 (1924), pp. 115-125.

[2] A. Y. Khintchine, Zur metrischen Theorie der Diophantischen Approximationen, Math.
Zeitschrift 24 (1926), pp. 706-713.

[3] A.Y. Khintchine, Continued Fractions (1935).

[4] R. M. Solovay, A model of set-theory in which every set of reals is Lebesgue measurable,
Ann. of Math. 92 (1970), pp. 1-56.

[5] Ly Ngoc Tué, Xdp xi Diophantine trén R va Lién phdn s, Epsilon 4, (2015).

[6] Ly Ngoc Tué, Xdp xi Diophantine trén R" - Quy tdc Dirichlet va Hinh hoc ciia sé, Epsilon
5, (2015).
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Tap chi online ctia cong dong
nhitng nguoi yéu toan

HINH HOC ROI LUGNG TU

Pam Thanh Son

Dudc su dong y ciia gido su Dam Thanh Son, trong s6 nay Epsilon trin trong
glii dén doc gia ban dich ctia gido su tif bai Geometria y entrelazamiento cudntico
clia Juan Maldacena, Investigacion y Ciencia, s6 11/2015. Ban gbc doc gia c6 thé
xem tai trang nha cta gido su 6 day.

Vao dau thé ky XX di c6 hai cudc cadch mang trong vt ly: Co hoc luong tit va thuyét tuong dbi
rong. Co hoc lugng i cho ta biét cac dinh luat chi phdi thé gi6i vi mo, con thuyét tuong dbi
rong, dugc Einstein xdy dung nim 1915, 13 mot ly thuyét vé khong gian va thai gian. Theo thuyét
tuong dbi rong, khong-thdi gian c6 dd cong va khong phai tinh, ma 1a dong.

Téi nay cac tién doan clia c hai Iy thuyét déu da dugc thuc nghiém xac nhan. Tuy nhién hai ly
thuyét thudng dudc dp dung vao nhiing hién tuong rat khac nhau. Ta thudng dung co hoc lugng
t d€ mo ta cac vat rat nhé (nhu nguyén ti hay photon), va dung thuyét tuong dbi rong dé nghién
ctiu su thay ddi ctia khong thdi gian & gan cic vat ning (vi du cdc ngdi sao hay céc thién ha). DE
nghién ctiu cac hé vt Iy vira ning vita nhd, nhu vii tru ngay sau vu nd 16n, ta can mot cach miéu
ta lugng tif cho khong thi gian. Diéu nay, mot trim nim sau ngay Einstein xay dung dugc thuyét
ctia minh. van con 1a mot thach thiic 16n cho vat 1y c¢d bén.

Hai nim trudc, dudc khich 1& bdi mot cudc tranh ludn vé cac tinh chat cia 16 den, nha vat ly
Leonard Susskind ctia dai hoc Stanford va tac gia da dé xuat ra mot mdi lién hé gitta hai hién
tudng c¢6 vé nghich 1y trong co hoc ludng ti va thuyét tuong déi rong: Hién tugng rdi luong ti
(quantum entanglement) va 16 giun (wormholes). R&i lugng ti 13 mot dang tuong quan luong ti
c6 thé ton tai giita nhiing hé vat Iy cach xa nhau. L giun 1 nhiing dudng tat xuat hién trong mot
s6 nghiém ctia phuong trinh Einstein va nbi nhiing viing rat xa nhau ctia khong gian.

Dudi day ching ta sé thiy hai hién tugng niy c6 lién quan véi nhau. Su tuong duong nay tam
thoi chi ¢6 c6 th€ chiing minh chit ché trong mot vai trudng hop cu thé, nhung c6 1€ ding trong
trudng hop tdng quat. Y tudng ctia chiing tdi v& mdi lién hé giita hinh hoc va réi lugng tii c6 thé
1a mot nguyén tic ma tat ca ly thuyét luong tit ctia khong-thsi gian, hay hip dan luong ti, phai
tuan theo. Nguyén tic nay c6 nhiing hé qua quan trong. Tham chi, mot cach nao d6, c6 thé chinh
khong-thdi gian ciling xuit hién ra tif su r6i lugng ti cia nhiing thanh phan vi md co ban nhit cla
thé gi6i.

Mot diéu thu vi 13 ca hai khai niém, r6i luong tii va 16 giun, déu xuét phai tir hai bai bdo ma ban
than Einstein viét vao nim 1935. Hai cong trinh dudng nhu lién quan dén hai hién tuong rat khac
nhau, va sau nay Einstein cling khdng bao git nghi 1a chiing c6 thé ¢6 lién hé gi v6i nhau. Thuc
su ma noi, rbi lugng ti 1a mot hién tuong 1am cho Einstein hét stic biic bdi. Dudi diy chiing ta sé
xem lai hai bai bdo va giai thich moi lién hé clia ching tif quan di€m hién dai.
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Mot tién dodn dang kinh ngac ctia Iy thuyét Einstein 12 156 den. L& den dudc nhinh thanh khi ta
gom mdt khoi lugng vat chit 16n vao mdt viing nhé ctia khong gian. VAt chit nay khong can 1a gi
dic biét, vi du tir khong khi ta ciing c6 thé tao ra mot 16 den. Chi c6 diéu 1a can rat nhiéu khong
khi: Ta cAn phéi lam ddy mdt hinh ciu c6 kich thudc bang kich thudc clia hé mit trdi. Néu ta lam
dudc nhu vay thi khéi khi nay sé suy sup dudi stic ning ctia minh va nén lai cho t6i khi tré thanh
10 den.

Tht ¢4 céc 16 den déu dudc bao boc bdi mot mit ciu gid tudng goi 1a chan trdi su kién. Ta goi
mit cau nay 12 gid tudng vi mot nha du hanh vii tru roi tu do vao 16 den sé khong thiy gi & chd
nay. Tuy nhién, mot khi vuot qua mit cau nay, ngudi d6 sé khong quay trd lai duge. Ngudi do sé
di vao mot viing ma khong gian suy sup vao mot “ky di”’, chd ma hinh hoc co lai hoan toan. Téi
gan diém ky di nha du hanh vii tru sé chét bep duéi luc hip dan.

Bén ngoai viing chifa vat chét, 16 den dugc mo ta bang mot nghiém ctia phuong trinh Einstein
ma nha vat ly Karl Schwarzschild tim ra nim 1916. Muc tiéu ban dau ctia Schwarzchild 1a tim
truong hap din cia mot chat diém. Trén thuc té, nghiém clia dng ta khong c6 vat chat: N6 mo
t4 mot trudng hap dan thuan tuy vé6i ddi xing cau, khong hon khong kém. Tuy trong c6 vé don
gian, cdc tinh chat ctia khong-thdi gian nay khd kho dién giai. Chi dén nhitng nim 1960 ngudi ta
méi hiéu dugc tuong d6i ciu tric toan cuc clia nghiém nay.

Nim 1935,  mot trong hai bai bao da néi dén & trén, Einstein va Nathan Rosen, mot cong tac
vién ctia Einstein & Vién Nghién cifu Cao cip & Princeton, tim ra mot khia canh rat thi vi ciia
nghiém Schwarzschild Ho tim ra ring nghiém nay chiia hai khong gian doc 1ap ndi v6i nha bing
mot cdi “dng”. Tai mot thdi diém nhat dinh, ta ¢ thé hing dung ra hinh hoc ctia nghiém nhu’ sau:

O xa ving trung tdm, khéng glan 1a phang (khong c6 dd cong dang k&), nhung khi vao gin trung
tam, hinh hoc bi méo di va ndi vao mot khong gian thi hai, mot khong gian ciing tiém cén phang.
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Su két nbi hinh hoc ma Einstein va Rosen tim ra dudc goi 1a “cdu Einstein-Rosen” (ER), hay 16
giun. Einstein va Rosen phan tich ciu tric hinh hoc ctia mot siéu dién tai mot thoi diém cd dinh
(néi cach khac, mot khdng gian cong ba chiéu) nhiéu nim trudc khi ta hi€u dugc ciu tric toan
cuc cua nghiém Schwarzschild. Muc tiéu cta Einstein va Rosen la tim mot miéu ta hinh hoc cho
mot hat co ban khong c6 ky di. Ngay nay ching ta biét rang dién gii ctia ho 1a sai 1am.

Chiéc cAu nguyén thuy ctia ER ndi hai khong gian doc 1ap. Tuy nhién, ta c6 thé cé nhitng nghiém

gibng nhu vay nhung hai viing dudc ndi cting thudc vé mot khdng gian. Chi can thay ddi mot
chiit, nghiém Schwarzchild c6 thé dugc dién giai nhu 13 mot nghiém chia hai 16 den & rét xa
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nhau nhung bén trong lai ndi véi nhau. Ta tudng tuong 1a c6 mot 16 den & tai noi ta dang séng
va mot 16 den & mot ngan ha khac. Mot ngudi quan sat ma ta sé goi 1a Romeo diing cach chan
troi su kién ctia 16 den thid nhat 1 mét, trong lic Juliet diing cach diing cach chan trdi su kién
ctia 16 den thi hai ciing 1 mét. Néu ruot ctia hai 16 den dudc ndi v6i nhau bang mot chiéc cau
ER, khoang cach gita Romeo va Juliet qua 16 giun sé 12 2 mét, bat ké hai ving khong gian xung
quanh hai 16 den xa nhau dén mtc nao.

-_hk - - - = = 25hght-years _ _ _ _ N

Nhiing kiéu hinh hoc nay c6 vé ¢ van dé. Ta nhé lai 12 mot trong nhiing nguyén 1y cd ban cia
thuyét tuong dbi hep 1a ta khong thé gti tin hiéu di nhanh hon tdc d6 dnh sang. Thé nhung c6
vé 1216 giun cho phép vi pham nguyén ly nay vi ta c¢6 thé gti tin nhiéu qua né. Tuy nhién, nim
1963, Robert W. Fuller 6 dai hoc Columbia va John A. Wheeler & dai hoc Princeton da chiing
minh rang khong thé dung cu ER d€ gii bat ky loai tin hiéu nao. D€ thiy diéu nay ta phai xem
xét tinh chat dong clia hinh hoc trong d6 thdi gian déng mot vai trd quan trong. L6 giun ciia
ching ta md t4 hinh hoc ctia khong gian tai mot thdi diém cb dinh. Nhung hinh hoc nay tién hoa
theo thdi gian. Fuller vd Wheeler ching minh dugc rang chiéc cau ER gian ra — do dai ciia cau
trd thanh vo cung — trudc khi ngudi quan sat kip vudt né. Diéu nay c6 thé sé 1am cic nhan vat
trong cdc phim khoa hoc vién tudng that vong, vi ho vin hay dung 16 giun dé€ du hanh trong vii
tru véi tbe do 16n hon téc do 4nh sang.

Trong trudng hop hai 16 den ndi v6i nhau & bén trong bang mot 15 giun, chan trdi ctia hai 16 den
cham vao nhau tai mot khoanh khéc, nhung sau d6 rdi nhau ra qua nhanh dé cho ai d6 c6 thé kip
VUt cau sang bén kia. Nhu thé néu Romeo mubn giti mot thong diép nhanh hon tdc d6 4nh sang
cho Juliet, anh ta s& khong thé 1am dugc. Romeo c6 thé phéng mot tén ltta mang thong diép vao
16 den bén anh ta va tén lta s€ rai vao bén trong 16 den. Thuy nhién, khi da & bén trong, hai chan
trdi chay khdi nhau véi tbc do rit nhanh, va khong gian suy sup tru6e khi thong diép c6 thé t6i
chan tr6i cua Juliet.

Tuy nhién, Romeo va Juliet vin c6 co hdi gip nhau. Ho c6 thé nhdy, ngudi nao vao nhiing 16 den
clia ngudi day, va gip nhau & bén trong 15 den. Tuy nhién c6 mot van dé: Mot khi da vao trong,
ho khong thé ra ngoai nita. Day 1a mot trudng hop clia “suw cudn hiit chét nguoi”. Céi la clia hinh
hoc nay 1a n6 mo6 ta hai 16 den c6 ciing chung mot rudt. Vi thé ma Romeo va Juliet c6 thé gip
nhau & trong 16 den.
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Ta phai nhin manh 13 nhiing 16 giun ctia chiing ta rit khac nhiing 15 giun thudng gip trong cic
phim khoa hoc vién tuéng. Nhiing 16 giun trong phim (nhiing 16 giun ta c6 thé di qua dudc) doi
héi mot loai vat chét c6 ning luong am, c6 18 khong tuong thich vé6i cdc dinh luat vat 1y ta biét.
Vi vy nhiéu nha vit ly tin rang loai 16 giun trong cac phim khoa hoc vién tudng khong thé ton
tai trong tu nhién. Cac 16 den ta xét & ddy con c6 mot khia canh khac dang nhic dén. Cac 16 den
dudc tao ra do vat chit suy sup chi tuong ting vSi mot phan ctia hinh hoc Schwarzchild, bdi vi su
c6 mit ctia vat chat 1am nghiém thay d6i. Cac 15 den loai nay da dudc nghién ctiu rit rd; trong
trudng hop nay khong c6 16 giun nao hét. Loai 16 den dudc tao ra qua cic qud trinh vat ly thién
vin, vi du nhu khi mot ngdi sao suy sup, 1a loai khdng c6 16 giun ndi véi mot viing khac ciia
khong gian hay ndi chiing v6i nhau, khac v6i nghiém day di ctia Schwarzschild. Tuy vy ching
ta vin mudn hiéu rd hon dién giai vat Iy ctia khong-thoi gian Schwarzschild. Du sao, ddy cling 1a
mot trong nhitng nghiém don gian nhét ctia phuong trinh Einstein.

DPang ngac nhién 12 su giai thich cho nghiém Schwarzschild lai lién quan dén bai bdo thif hai cia
Einstein ta da nhac t6i & trén. Cong trinh nay ngay nay rit ndi tiéng va c6 anh hudng. Bai nay
dugc viét ciing nim, véi dong tac gia 1a Rosen va Boris Podolsky, ciing 12 nha nghién cifu ciia
Vién Nghién ciiu Cao cip. Céc tac gia (ngay nay dudc biét dén béi tén viét tit £PR) chi ra la co
hoc lugng tit cho phép mot loai tuong quan (correlation) rat la gitta cac hé vat Iy xa nhau, mot
mbi tuong quan ma sau nay dudc goi 1a “rdi luong tit”.

Su tuong quan gitta cic vat xa nhau c6 thé xdy ra ngay trong vat Iy c¢d dién. Gia s ban di ra khoi
nha ma chi mang theo mot chiéc ging tay vi ban quén chiéc kia & nha. Trude khi nhin vao tui,
ban khong biét minh mang chiéc nao di. Tuy nhién, mot khi ban nhin vao tdi va thiy minh mang
chiéc giing phai, ban biét ngay chiéc & nha 1a ging trai.

Tuy nhién, r6i luong i lién quan dén tuong quan gitia cac dai luong ludng ti¥, nhitng dai lugng
c6 thé phai tuan thii nguyén ly bat dinh ctia Heisenberg. Nguyén 1y niy néi rang c6 nhiing cip
bién s6 ma ta khong thé biét hoan toan chinh xac cing mot lic. Thi du ndi tiéng nhét 12 vi tri va
van toc ctia mot hat: Néu ta do chinh xdc vi trf thi van tdc trd thanh khong xédc dinh va ngudc lai.
Trong bai bdo ctia minh, £ PR hoi cdi gi sé x4y ra néu ta c6 hai hé & xa nhau va trong mdi hé ta
quyét dinh do mot ciip bién chiu nguyén ly bat dinh.

Trong vi du ma E PR phan tich, ta xét hai hat c6 ciing khéi luong va chi chuyén dong trong mot
chiéu. Ta goi hai hat d6 12 R va J va ta chuén bi hai hat d6 sao cho trong tim ctia chiing c6 toa
dd xdc dinh, tic 12 X,,, = xg + x; = 0. Ngoai ra ta c6 thé 1am cho van tbc tuong ddi giita hai
hat v,¢; = Vg — v;, 6 mot gia tri chinh xéc, vi du v,¢; = vo. Trude khi tiép tuc, ta phai lam rd
mot diéu. Ta vira dit gia tri chinh x4c cho ca vi tri va vén tdc. Diéu nay c6 vi pham nguyén ly bét
dinh ctia Heisenberg khong? Ta nhd lai 1a nguyén 1y bat dinh néi dén vi tri cia mot hé va vat toc
lién quan dén vi tri d6. Tuy nhién, néu c6 hai hé, khong gi cAm ta biét vi tri clia hé thif nhat va
van tdc clia hé thi hai. Trong trudng hop dang xét, ching ta khong xéc dinh vi tri va van tdc cla
trong tAm, ma 12 vi tri clia trong tAm va van tdc tuong dbi cla hai hat. Do ddy 1a hai dai lugng
doc 1ap, khong c6 van dé gi khi ta xét trang thdi ban dau nhu E PR mudn.

Bay gio ta gip mot diéu rit bat ngd. Gia st hai hat ctia ching ta da di ra khdi nhau rat xa va hai
ngudi quan sit xa nhau, Romeo va Juliet, quyét dinh do vi tri clia ching. Do cich nhiing hat
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nay dudc chuin bi, néu Juliet nhan dudc gia tri x; thi Romeo sé tim dudc hat ctia minh & vi tri
Xr = —x7. Mit khac, néu ho do vén tdc va Juliet nhan dugc két qua x; thi Romeo chéc chin sé
tim dudc gid tri vg = vo + vy. TAt nhién Romeo va Juliet mudn chon do dai lugng nao ciing
dugc. Nhung néu Juliet do vi tri vi Romeo do van toc, két qua ctia ho sé hoan toan ngiu nhién va
khong c6 tuong quan gi hét.

Céi la 12 néu Juliet quyét dinh do vi tri clia hat ctia minh thi hat ctia Romeo s& c6 mot vi tri hoan
toan xac dinh mot khi ta biét két qua do cta Juliet. Ciing vay néu hai ngudi do van téc. Ta c6 thé
nghi 12 khi Juliet do vi tri, hat ctia Romeo “biét” ngay 1ap tic 12 phai chiém mot vi tri xac dinh.
Méi nhin thi diéu nay c6 vé 1a mot su truyén thong tin tiic thi: Lip di lip lai thi nghiém nhiéu
1am, Juliet c6 thé gitii cho Romeo mot thong diép gdm sb 0 va 1 bang cach chon do vi tri hay tbc
do cla hat. Tuy vay, Romeo khong thé doc dugc thong diép néu khong biét két qua do ctia Juliet.
Do d6 ta khong thé dung tuong quan do r6i lugng ti d€ gtii tin hiéu nhanh hon 4dnh sang.

R6i luong tii c6 thé 1a mot tinh chit bi mat nhit ctia cac hé lugng tii, tuy nhién qua nhiéu nim
thang da dudc kiém chiing bang thuc nghiém. Trong hai muoi nim trd lai ddy, cc tuong quan
lugng ti da dua dén nhiing dng dung thuc t& va nhiing tién bo 16n trong cic nganh nhu mat ma
va thong tin lugng tu.

Ta quay lai cdc 16 den. Nam 1974 Stephen Hawking chiing minh rang cac hiéu tng lugng ti lam
cho céc 16 den phat ra biic xa giéng nhu mot vat néng. Piéu nay chiing té cic 16 den c6 nhiét do.
Nhiét d6 nay cang cao néu vit cang nhé. That su ra mot 16 den c6 thé trang. Cu thé, mot 16 den
v6i kich thuée bang mot vi khudn, véi bic xa c6 budc séng gidng nhu budc séng clia anh sang
nhin thiy, sé c6 mau trang do bifc xa Hawking. L& den nay khong phét ra nhidu 4nh sing, nhung
dén gan né ta sé thiy mot diém sang chéi. Nhung mot 16 den kich thude nay c6 mot khéi lugng
khéng 16, do d6 ta khong thé st dung né nhu mot ngudn ning luong.

P6i véi nhiing 16 den dudc tao ra mdt cach tu nhién ti su suy sup clia mot ngdi sao, biic xa
Hawking yéu dén miic trén thuc t& khong thé quan sat dudc. Nhitng vat thé nay qua to va qua
lanh d€ c6 thé cdm nhan dugc hiéu tng nay. Tuy nhién, viéc céc 16 den c6 nhiét do c6 nhiing hé
qua quan trong.

Chiing ta biét tir thé ky X7 X 1a nhiét d6 c6 dudc 1a do chuyén dong clia cdc phan ti vi md trong
hé. Vi du, trong chét khi, nhiét do nay sinh do chuyén dong ciia cic phan ti khi. Vi thé ta c6 thé
chd doi 12 mot 16 den c6 chiia nhitng thanh phan vi md ¢6 kha niing tao ra vo s cac ciu hinh,
hay 1a “trang thdi vi mé”. Ching ta ciing tin rang, it nhat nhin tif bén ngoai, cac 16 den ciing phai
hanh x{ nhu nhitng hé lugng ti binh thudng, chiu tit ¢4 cdc dinh luat co hoc va nhiét dong hoc.

Xem xét tif bén trong, khdng c6 gi cAm ta xét cac trang thai rdi luong ti ctia cac 16 den. Ta tudng
tuong hai 16 den cach xa nhau, mdi 16 den c6 mot sb 16n cac trang thdi vi md. Ta c6 thé nghi ra
mot cAu hinh trong d6 mdi trang thdi vi mo ctia 16 den thi nhat ¢6 tuong quan véi trang thai vi
mo tuong ing cta 16 den thit hai. Cu thé 12 néu ta quan sat dugc 16 den thif nhit & mot trang thdi
vi mo6 nhét dinh, thi 16 den thi hai cling & ding trang thdi nay.

Diéu hay 13, xuit phat tit mot s& xem xét nhit dinh lién quan dén ly thuyét day va ly thuyét trudng
lugng tif, ta c6 thé chiing minh ring hai 16 den véi cdc trang thai vi mo r6i v6i nhau nhu md ta &
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trén — tiic 1a & trang thai EPR — s& cho ta mot khong thdi gian trong d6 c6 mot chiéc cau ER ndi
hai 16 den v6i nhau. N6i cach khéc 1a r6i ludng tir giy ra mot lién két hinh hoc gitta hai 15 den.

Chung t6i goi cai nay la su tuong duong gitta ER va EPR, hay ER = EPR, vi no6 lién hé hai
bai b4o ctia Einstein va cong su viét nim 1935. Tt quan diém ctia £ PR, cic quan sit gan chan
trdi ctia hai 16 den c6 tuong quan vé6i nhau vi rdi luong ti. Tir quan diém ctia ER, céc do dac
c6 tuong quan véi nhau do khoang céach giita hai hé qua 16 giun 12 rat nho. D€ xic 1ap su tuong
duong, diéu quan trong 13 ta khong thé gti thong tin qua 16 giun, ciing nhu ta khong thé gi
thong tin dung rdi luong td.

Ta c6 thé nghi t6i mot tuong lai xa khi hai gia dinh thi dich mubn giit Romeo va Juliet & xa nhau.
Ho gtti Romeo dén Tinh van Tién nit va gitt Juliet  dai Ngan ha. Tuy nhién ho cho phép hai
ngudi trao ddi thong diép va cac ciip hé luong ti r6i v6i nhau. Viéc nay sé doi hoi ritt nhiéu thoi
gian, nhung ching ta dang & mot tuong lai ma tudi tho cao hon hién nay rt nhiéu. Véi su kién
nhan, Romeo va Juliet ¢6 thé 1am ra hai 16 den rbi v6i nhau. Nhiing 16 den nay nhin tif ngoai thi
hoan toan binh thudng, do d6 hai gia dinh khong nghi ngd gi. Tuy nhién, sau khi lam ra hai 15
den, Romeo va Juliet c6 thé nhay va bén trong va gip nhau trong d6 1an cudi cung trude khi chét
¢ diém ky di.

Nhiing y tudng din ta téi diy dudc nhiéu nha nghién citu phat trién qua nhiéu nim, bat dau tir
mot nghién ciiu cia Werner Israel cua dai hoc Alberta. Cong trinh cda t6i va Susskind dudc
khich 1€ b6i mot nghich ly duge Ahmed Almbheiri, Donald Marolf, Joseph Polchinski va James
Sully, tht ca Iic d6 déu & dai hoc California & Santa Barbara, phat biéu nim 2012. Ngudc lai
v6i nhitng gi moi ngudi nghi trude d6, nhitng nha nghién cttu nay dua ra y kién rang hién tugng
r6i luong tif budc ta phai thay thé chan troi su kién cia mot 16 den (mdt mit cau rat ém, theo 1y
thuyét ctia Einstein), bang mot rao chin ning lugng cao khong thé vugt qua. Tir quan diém ctia
mbi lién hé ER = E PR ta c6 thé giai quyét dudgc nghich 1y nay.

Su tuong duong ER = EPR goi y 1a bat cti khi nao c6 rdi luong tit ta ciing c6 mbi lién két hinh
hoc. Piéu nay phai ding ké ca trong trudng hop don gian nhét khi ta c6 hai hat rdi v6i nhau. Tuy
nhién trong trudng hop nay mdi lién két hinh hoc phai cé ciu tric rit nhd va rat ludng ti, rat
khong gidng khai niém hinh hoc binh thudng ctia ching ta. Du chiing ta con chua biét md ta
nhiing hinh hoc vi m6 d6 nhu thé nao, y tudng clia ching toi 1a mdi lién hé ER = EPR cho ta
mot nguyén ly ma tat ca cac ly thuyét hip dan luong ti phai tuan theo. Ly thuyét luong ti hip
dan dugc nghién ciu nhiéu nhat 12 1y thuyét day. Trong ly thuyét day, mbi lién hé ER = EPR
c6 thé dudc chiing minh mot cach chit ché trong mot sb truong hop ma su rdi lugng ti cé mot
dang nhét dinh, tuy nhién hién nay khong c6 su dong thuin 1a moi lién hé nay dugc thoa man
trong tit ca cic trudng hop.

Chiing ta da thiy 1a su rdi lugng tii c6 thé, ding nghia den, kéo hai hé xa nhau lai gan nhau. Ta
ciing biét 12 hai viing gan nhau ctia khong gian c6 rdi véi nhau. Mot cach tu nhién, ta c6 thé nghi
12 khong-thdi gian, mdt ciu tric lién tuc, c6 thé bat ngudn i rdi lugng i, mot tinh chit rat luong
td. Y tudng nay dang Ia tiéu diém ctia nhiéu nha nghién citu, nhung con chua dudc téng hop lai
thanh mot phat biéu chinh xac.
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LOGIC CUA TOAN HOC UNG DUNG

l. I. Blekman, A. D. Myshkis, Ya. G. Panovko

Bai viét nay dudc chiing i trich tit "Toan hoc Ung dung", nha xuét ban Khoa
hoc Ki thuat Ha Noi, 1985. Py la ban dich Viét ngit ctia Tran Tat Thang tif ban gbc
& tiéng Nga ctia ba tac gia I. 1. Blekman, A. D. Myshkis, va Ya. G. Panovko (doc
gia c6 thé dbi chiéu thém véi tua tiéng Anh cia sach 12 “Mechanics and Applied
Mathematics: Logics and Special Features of the Applications of Mathematics").

Phuong hudng éng dung va Iy thuyét: Vi tri hién nay ctia todn hoc ing dung sé tré nén rd rang
hon néu nhu theo ddi so bo con dudng phat trién clia ban than todn hoc. R6 rang 1a dong luc phat
trién clia todn hoc c6 hai nguodn cd ban ton tai mot cach khach quan. Mot 12 ngudn bén ngoai do
viéc can thiét phai dung cac phuong tién toan hoc d€ giai nhiing bai toan nam ngoai pham vi
toan hoc, cic bai toan ctia cdc khoa hoc khdc, ca k¥ thuat, kinh té, ... chinh day 12 ngudn dau tién
vé mit lich sit. Nguon thif hai 12 ngudn bén trong do viéc can thiét phai hé théng héa céc su kién
toan hoc da kham pha dudc, giai thich cidc mbi lién hé gitta chiing v6i nhau, hop nhit ching lai
bang cdc quan niém khai quat 1y luan, phat trién ly luan d6 theo cic quy luat bén trong né, chinh
nguodn nay & thoi di€ém d6 da din t6i chd tach toan hoc thanh mot khoa hoc.

TAt nhién do6i khi ciing khé phan gi6i cac ngudn nay. Vi du nhitng nguodn thic day ndy sinh do
viéc 4p dung cdc phuong phap ctia mot linh vic toan hoc va mot linh vic khéc ? d6i khi lai rat
gibng cac ngudn thic ddy thau nhan dudc khi d4p dung cic phuong tién toan hoc & ngoai pham vi
clia todn hoc. Mit khéc, viéc hé théng héa c6 thé 1a do ¢é nhitng nhu cau thuc tién truc tiép.

Vi viy c6 thé 1a mao hiém néu xac dinh qua chi tiét vé ranh gidi giita hai ngudn d6. Tuy nhién
nhitng dic diém ctia cic ngudn d6 va dnh hudng ctia ching trong dai bd phan cic trudng hop van
dé dang nhan thiy dudc. Hai phuong huéng phat trién ciia todn hoc ing véi hai ngudn dé dudc
goi 1a phuong huéng tng dung va phuong hudng 1y thuyét (thuan tiy).

Xin nhin manh 12 § diy mudn néi vé nhitng anh hudng chiém wu thé trong viéc xdy dung va phat
trién clia cdc phuong phép todn hoc, ctia cdc khdi niém va nhiing khang dinh. Con déi véi bat ky

Trong 15i gi6i thiéu cho mdt cudn sich phd bién néi tiéng ctia R.Courant va G.Robbins [28] di néi: “Ré rang 1a
su van dong di I1én trong linh vuc toan hoc 1a do sy xuit hién nhiing nhu cau ma & mic do nhiéu hay it déu c6 mang
mot tinh chét thuc tién. Nhung mot khi da xuét hién thi su van dong it phai c¢6 nhitng khudn khd noi tai ctia né va
VUGt ra ngoai pham vi ctia tinh hitu ich truc tiép. Chinh vi vay su bién d6i hoan toan mot khoa hoc ting dung thanh
khoa hoc ly thuyét da thiy trong lich st c§ dai va & ngay nay ciing khong phai & miic d6 kém hon: Ngudi ta da thira
nhan su ddng gép ctia cdc ky su va cac nha vat Iy vao toan hoc hién dai.”

Vi du 4p dung giai tich va toan hoc
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ban chét toan hoc nao di dugc xay dung thi van dé né thudc phuong hudng nao - ly thuyét hay
ung dung - thuong la vd nghia. Nén quy phuong phap Bubnov - Galeckin hodc khai niém ham
delta ctia Dirac, hodc cong thiic ctia Taylor thudc vé phuong huéng nao? Chi c6 thé tra 18i ducc
nhitng cAu hdi d6 néu mudn néi vé lich sit phat sinh cdc khdi niém d6 hoic vé& nhung hoan canh
cu thé trong d6 da bat gip ching. Pung 1a mot sd chuong nhu dai s6 dong diéu chang han thi
hién nay hoan toan thudc vé phuong hudng ly thuyét va mot it van d& nhu phuong phap chon xic
suit x4c dinh kha ning thuc tién cta su kién, khai niém vé tinh hoi tu thuc tién hay vo han thuc
tién thi hién thoi hoan toan thudc vé phuong hudéng ting dung (& diy khong phai ngiu nhién ma
cO cac tu “hién nay, hién thoi’).

O nhiing giai doan phat trién sém cta toan hoc thi hai phucng hudng nay c¢6 thé thdy dugc dic
biét rd nét. Bdi vi lic ddy cac phuong hudng nay tiac dong 1an nhau tuong ddi yéu nén tham chi
con ¢6 thé néi dudc dé 1a hai nganh todn hoc hau nhu tach biét nhau - toan hoc ing dung va todn
hoc 1y thuyét (thuan tiy).

Vi du todn hoc ¢8 Ai Cap cong nhién Ia toan hoc ting dung, n6 lién hé truc tiép véi viéc do dac
rudng dat, tinh toan thé tich cac binh, tinh dém thuc tién, tinh thdi gian (néi riéng 1a d€ du dodn
nhat thuc va nguyét thuc), ... Todn hoc & Mehico ¢& dai va  mdt s6 cac dan tdc khac ciing c6
tinh chét 4y. Toan hoc thuan tdy c6 1& phét sinh 1an dau tién 3 C6 Hy Lap lién hé véi khoa hoc
nguy bién va tach hang khoi todn hoc ting dung. * Chinh khoa hoc C6 Hy Lap da dé ra phuong
phap suy dién trong viéc xay dung ly thuyét. Theo phuong phap nay thi moi khang dinh trong
linh vuc nay hay khic déu c6 thé bang nhiing phuong phap khéc ctia logic hinh thic ma suy ra tit
mdt s6 nhitng khang dinh khong chitng minh dudc goi 1a tién dé (chang han xem [30]). K& tir d6
phuong phdp trinh bay nay dudc goi 12 mot trong nhiing nét tiéu biéu quan trong nhit cla toan
hoc (néu khong phai 12 mot nét duy nhat). Tinh chit ché clia phuong phap suy dién da gy dudc
mot sd 4n tuong manh mé cho nhitng thé hé sau dén ndi da c6 nhitng y d6 (n6i thém 1a khong
thanh) gan hinh théi suy dién chit ché cho cc linh vuc tri thitc khac. Y d6 iy tham chi di c¢6 ca
triét hoc (“Pao diic hoc” clia B.Spinoza).

Xin luu y mot tinh tiét dang chi y 12 tit d6 khoa hoc ¢d Hy Lap da tiép can khai niém vo han,
tinh tiét d6 vé sau da dudc x6a bod va r6i lai dudc tai sinh & miic cao hon chi & cac cong trinh
vé logic toan hoc ctia thé ky XX. Khoa hoc ¢6 Hy Lap khong thita nhan tinh v6 han thuc tai va
khong thé tim thiy & mot phat bi€u toan hoc nao thdi d6 diéu ma hién nay dudc goi 1a mot tap
hop vo han hodic mot qua trinh vo han. Mot vi du tiéu biéu ménh dé ma hién nay dudc phat biéu
12: “Tdp hop cdc s6 nguyén té la vé han” thi Euclide phat biéu dai dé 1a: “Néu cho mét tdap hop
nao dé (hiéu ngam la hitu han) cdc s6 nguyén té thi con it nhdt mét sé nguyén 16 niza” . O day ¢

3Vé diém nay F.Klein [29, tr. 146 — 147] da viét 1o “Néu bit diu tir nhitng ngudi Hy Lap c6 thdi ta sé thiy c6 su
phén gi6i ro rét giita toan hoc thuan tdy va todn hoc ting dung tif thdi Paton va Aristotel. Thudc toan hoc thuan tiy
trude hét c6 phép dung hinh Euclide quen thudc. Thudc toan hoc ing dung dic biét c6 cac phép toan vé sb goi 1a
logictic (1y§ 1a s6 chung nhét). O day toan hoc tng dung kha bi thanh kién coi thudng va trong nhiéu trudng hop
van con dén tan ngay nay, nhung dai bo phan chi thiy & nhitng ngudi tu minh khong biét tinh toan. Tinh hinh nay ctia
logictic c¢6 thé phan nao do né dudc phat trién trong mdi lién hé véi lugng gidc va véi nhitng nhu cau do dac thuc
tién rudng dit ma thoi xua la do nhitng ngudi lam nhitng nghé khong dudc cao quy 1am thuc hién. Tt nhién né lai
da dudc phuc hdi mot phan nao 1a do néu thiéu né thi khong thé lam dude khoa hoc khac, tuy c6 gibng nhu tric dia
nhung lai ngude v6i né & chd ludn ludn dude coi 1a mot trong nhitng khoa hoc cao quy nhét: D6 1a thién vin hoc”.
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thé thiy c6 su tuong tu truc tiép v6i khai niém tinh tiép tuc dudc khong han ché 1a khdi niém ma
mot trong nhitng phuong huéng hién dai ctia logic toan da dudc thita nhan 1a thay thé kh4i niém
tinh vo han thuc tai.

Moi ngudi déu biét rang khong thira nhan tinh vo han thuc tai sé kéo theo nhiing kh6 khan nhét
dinh vé& mit logic (vé diém nay ta nhé lai nhitng nguy bién clia Zenon) ma ngudi Hy Lap néi
chung da thiy ro khi ho nhan xét ring khong gian va thdi gian c¢6 thé phan chia dudgc vo han
nhung vé mit hién thuc thi khong thé phan chia dudc vo han nhu viy. Duéi day sé con thiy rﬁng
thita nhan vo han thuc tai con kéo theo nhiing khé khiin khong nhiing 16n hon vé miit logic ma
con ca nhitng kho khin thuc tién nita.

Nhiing bi€u hién cao nhit vé tinh chit ché trong todn hoc ¢ Hy Lap 1a 1y thuyét cac ty 1& va
phuong phdp vét can ctia Evdocs tuong tu nhu ly thuyét tuong tu nhu 1y thuyét hién dai vé sd
thuc va phuong phap chuyén qua gi6i han nhung khac & chd 1a & ngudi Hy Lap khong thiy néi
dén nhiing tap hop vo han cdc qua trinh vo han. *

Tuy nhién cuing v6i nhitng kiét tdc ndy vé tinh chit ché, trong logic ctia toan hoc Hy Lap con c6
ca nhitng 16 hdng ma theo quan diém hién nay thi qua r6 rang. Vi du nhiing dinh nghia ban dau
vé céac khai niém di€m, duong thing, ... thuc chit khong phai 1a cac dinh nghia (“diém la cdi
khong cé bo phdn, ... ) va vé sau da khong dudc nhac téi nita. Cac tién dé chi bao ham cac mdi
tuong quan gitta cac dai luong nhung khong phai tit ca cic mbi quan hé da dudc dung dén. Hoan
toan khong c6 nhiing dinh nghia va cic tién dé lién quan téi khdi niém thi tu cac diém trén mot
dudng thang hoic trén mot dudng tron, tic 1a khai niém nay duong nhu thudc vé sd cdc tir (giéng
nhu “cho trudc”, “ngudi ta cho” , ...) dudc ngdm hiéu khi xay dung 1y thuyét. Ngoai ra diéu déng
chi ¥ 1a nhiing ngudi Hy Lap da tinh toan chiéu dai, dién tich, thé tich clia cac dudng thang, cic
hinh, cdc vat thé khac nhau va d6i khi kh4 phiic tap nhiing van dé vé ban than su ton tai do do iy
thi lai khong dudc dat ra, ...

Trong khi d6 ngudi Hy Lap (Archimede nd6i riéng) da dung ca cac phép chiing minh dua trén
nhiing tuong tu mdt cdch mdy méc, song nhiing phép chiing minh 4y bi coi 13 khong chiit ché,
chi c6 tinh chét chudn bi, va nhiing khang dinh thu nhan dugc nht thiét vé& sau phai dugc ching
minh mot cich chat ché (chung tdi sé€ con quay lai khai ni€m tinh chat ché trong toan hoc).

C6 1€ su tach biét 6 nét gilta toan hoc thuan tiy va todn hoc ting dung ciing 12 nét tiéu biéu cho
cac nudc dao Hoi thai Trung cd. O day ly thuyét va thuc tién giai cac phuong trinh dai sb ciing
nhu giai tich t6 hop ngly cang in nhap siu vao todn hoc thuan tdy, néi riéng, nhitng phat minh
todn hoc 16n hoi d6 nhu cac hé s6 nhi thic, cdc cong thifc giai phuong trinh bac 3 va bac 4 thi
hoan toan thudc vé todn hoc thuan tiy.

4Khong loai trit mot viéc 1a do chinh da phat hién dudc rit sém nhitng khé khin lién quan t6i nhiing dai lugng
vO u6c nén da khién ngusi Hy Lap khong phat trién nghién ctiu cic phép toan vé sb ma trong nhiing thdi dai trudc
da dat dugc nhiing thanh tyu ding ké & Phuong Dong. Thay vao d6 ho da di tim phuong huéng trong con dudng rdi
ren ctia hinh hoc tién dé thuan tdy. Thé 1a bit dAu mot trong nhitng nd Iuc mod min ky la trong lich st khoa hoc va c6
thé & day nhitng kha ning sang chéi da bi nhd nhang. HAu nhu trong hai thién nién ky anh hudng ctia truyén thong
hinh hoc Hy Lap d kim ham su tién héa tit yéu ctia quan niém vé s6 va vé phép tinh bang chit ma sau nay da tré
thanh nén tang ctia khoa cic hoc chinh xac [28, Loi gidi thiéu]
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V6i giai doan dau cida thsi ky Phuc hung khoa hoc, tinh hinh da thay d6i vé co ban, tif nhiing
cong trinh ctia G.Galilei, I.Kepler va cia cic nha khoa hoc khéc. Déi vé6i ho, toan hoc 1a phuong
tién tu duy toan hoc da trd thanh mét trong nhiing v khi chinh ctia khoa hoc tu nhién. Ap luc
manh mé ctia khoa hoc tu nhién da c6 tac dung rit t6t d6i vdi su phat trién ctia toan hoc. Trong
nhiing thé ky XVI - XVIII ¢4 hai phuong huéng ting dung va ly thuyét da lién tuc tic dong 14n
nhau. Mot khung canh dién hinh 1a sy ra doi va phat trién ctia khai niém toan hoc phuc thudc vao
nhiing bai toan ctia khoa hoc tu nhién hay cua hinh hoc (lic d6 nhiing ting dung vao hinh hoc
it dugc phan biét v6i nhiing tng dung vao co hoc hay quang hoc), va sau khi khai niém do da
dudc xay dung thi chang bao lau né da c6 mot cude sdng doc 1ap va tiép tuc dudc phat trién theo
nhiing quy luat ndi tai ctia toan hoc. Mot sd nhiing két qua ctia su phat trién “thudn tiy” d6 lai
dudc 4p dung vao khoa hoc tu nhién va diéu nay lai 1am xuit hién nhiing khdi niém va bai toan
toan hoc nita. Vi du rd rang va moi ngudi déu biét vé su phat trién Ay 1a viéc hinh thanh cic phép
tinh vi phén va tich phan.

Trong thdi “hoang kim” ndy ctia phat trién toan hoc mdt cich hai hoa thi su tdch biét va hon nita,
su dbi 1ap gitta toan hoc thuan tiy va todn hoc ting dung tré nén mat hét ca y nghia. Cé dudc
diéu d6 ciing con 1a do cic nha khoa hoc 16n thdi ky d6 nhu N.Newton, L.Euler, J.Lagrange va
nhting ngudi khac khong chi 1a cac nha toan hoc ma con la nha vat ly, cac nha cd hoc nita. Trong
cdc cong trinh clia mdi nha khoa hoc d6 da phat trién ca phuong hudng 1y thuyét 1n phuong
huéng ting dung cua toan hoc.

Thai ky qua do sang giai doan tiép sau da kéo dai nhiéu thap nién va vi vy chi c¢6 thé quy udc
cho ring thoi gian bat dau thoi ky d6 1a thé ky XIX. N6 lién hé v6i hang loat cdc cong trinh xuét
sac nhét vé 1y thuyét tip hop (G.Cantor) va Iy thuyét ham (K.Weierstrass), vé xdy dung cic ciu
triic dai s6 trif tugng dau tién va phan tich céc tién dé hinh hoc. Cac cong trinh ndi tiéng va tién
bd sau sic thdi ky dé da bién mot bo phan dang ké ctia toan hoc thanh mdt khoa hoc théng nhét
c6 nhitng yéu cau thdng nhét vé cac dinh nghia, cac khang dinh va cac phép chiing minh va c6
nhiing tiéu chuin thong nhét vé tinh chit ché.

Nguyén nhan chii yéu ctia giai doan qua do nay 1a do cudi thdi ky trudc trong toan hoc da tich liy
nhiéu su kién, di ra doi hang loat cic ly thuyét khong thdng nhit véi nhau va khong c6 nhiing co
s& 1ap luan viing chic 1a diéu c6 thé phat trién nhitng ly thuyét dé mot cach tin tudng. Su phat
trién tiép sau ctia cdc bo mon giai tich trong d6 da tu phat ra doi phuong phap dua trén viéc ap
dung v han thuc tai - cdc chudi vo han, nhiing dai lugng vo cung bé - da doi hoi phéi x4c dinh
16 rang nhitng khai niém vé ham s va vé viéc chuyén qua gidi han, diéu dé6 tit nhién da kéo theo
su ra doi cia ly thuyét s6 thuc va ly thuyét cac tap hop s6, ... Quan diém ly thuyét tip hop da cho
phép phat biéu dudc 16 nét khai niém nhém, mot khai niém quan trong nhét trong dai s6 hoc va
da din t6i mot két cau logic ciia hinh hoc théa man nhiing ngudi duong thai. >

SNhu P.S.Aleksandrov da viét trong 16i néi dau ctia cubn sach [31]: “Ly thuyét tap hop va nhiing iing dung gdn
giti nhdt ciia né khéng nhitng chi hinh thanh mot ddi tugng nghién citu mdi ciia todn hoc, ¥ nghia ciia Iy thuyét tdp
hop duong nhi vo ciing to 1on vi né dua ra mét phwong phdp tong hop mdi bao trium nhanh chéng toan bé todn
hoc”. Tat nhién & day 12 néi vé toan hoc thuan tdy.
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Nhu vy bu6e chuyén tiép trong todn hoc sang quan diém ly thuyét tap hop dua trén cd sé, nhu
hién nay van néi mot cach khoan dung ciia Iy thuyét tip hop ngay tho © 12 su can thiét va vi vy
12 tién bd. Trong khi d6 viéc sap xép thu tu cac co s ciia khoa hoc, nhitng kha ning mdi va to
16n da kham pha dudc qua viéc do, néi riéng nhitng kha nang kha manh mé cua sy tuong tac gitta
cdc bd mon khoa hoc khac nhau 7 da thuc su nang cao vai tro ciia phuong huéng ly thuyét trong
toan hoc ma trong giai doan nay (kéo dai mai t6i chién tranh thé gi6i thif hai) da chiém uu thé va
quyét dinh phong cich clia toan bd toan hoc néi chung.

Con dbi v6i phuong hudng ting dung thi né tiép tuc dugc phat trién truée hét trong mdi lién hé
véi su phét trién ctia vat Iy hoc va cd hoc thién thé song c6 1€ & diy khong c6 mdt budc ngodt
nao ca. Thoi kj/ nay da mé ra nhitng con dudng ting dung méi, chang han nhu dai s6 vector va
giai tich, dai sb tenxo va giai tich va vé sau con c6 ca phép tinh toan td, 1y thuyét ham suy rong,

... nhung ban than tinh chit cta nhu’ng ung dung thi trong mdt thoi gian nao dé vé nguyén tac
van nhu cii. B mdy todn hoc ¢8 dién két hop vé6i nhitng quan niém sau xa vé mit vat ly da dan
t6i chd thuc hién dugce nhiéu kham phd ndi tiéng, nhu ngudi ta van viét trong cic sach phd bién
rang “ddu nhon ciia ngoi biit” nhiing vi du loai nay dudc moi ngudi biét dén rong rai la su tién
dodn vé cic séng dién tif ctia C.Maxwell, viéc kham pha ra cdc hanh tin Neptun va Pluton, su
tién doén ctia P.Dirac vé Positron, ... Trén co sé nay da ra doi mot trong nhiing linh vic quan
trong nhit ctia khoa hoc ngay nay 1a vat ly ly thuyét.

Nhiing thanh tuyu clia phuong hudng ly thuyét, viéc xay dung mot miic chit ché théng nhit cho
toan bd todn hoc da dan t6i phuong huéng gidi cdc bai toan todn hoc ra doi trong nhiing ting
dung ciing 3 muc chiit ché clia phuong hudéng ly thuyét. Biéu hién rd nhét ctia khuynh huéng nay
thdy 6 D.Holbert vd A.M.Liapunov ma ching toi sé néi chi tiét sau. Trong mot sb cac truong
hop, khuynh huéng nay di té ra c6 thé thuc hién dugc va ngoai ra diéu d6 da dan tdi tinh dbi
ngau khi gidi mot bai toan ting dung néi chung bdi vi viéc dit bai todn va biéu thi phép giai
dugc tién hanh & muc chit ché vat Iy (nhiing cb gang trong viéc tién d& héa tling chuong riéng 1&
ctia vat ly trén cd s& ly thuyét tip hop dudng nhu khong thanh cong cho nén & day khong thé
tranh khoi muc chat ché vat ly) nhiing phép giai toan hoc lai dugc thuc hién ¢ muc chat ché toan
hoc (su phan biét nay chinh 1a dac trung cho thai ky nay bdi vi 6 thoi ky “hoang kim” thi cac
mtic chit ché rit gin nhau néu khong phai triing nhau). Trong nhiing trudng hop phiic tap hon
cling nhu khi cac nha vat ly giai nhitng bai toan toan hoc ting dung thi trong phép giai thuong c6
nhiing luin ci vé vat ly, song cdc nha toan hoc thi coi phép giai nhu vay 1a khong dudc diy da
va tim cach thay né bang phép giai hoan toan dat muic chiit ché “Weierstrass”. Thé 1a c6 mot su
phan doi nita vé “nghé nghiép” gitta nhiing yéu cau vé mic chit ché ctia phép gidi mot bai toan
ung dung cia cac nha toan hoc va cac nha ung dung.

Gop phan vao viéc phan ddi nay con c6 thé c6 miit cac phép tinh todn ma moi ngudi déu biét 1a
hau nhu khong bao gid thuc hién dudc diy di & miic chit ché “Weierstrass”. Song riit ra khoi
nhiing ing dung truyén thdng ctia Euler va clia nhiing nhac trudng khéc trong thdi ky “hoang
kim” cac nha todn hoc clia phuong huéng 1y thuyét tip hop da ngiing viéc tinh toan va hoat dong
nay dugc dat ra cac nha thién van hoc, cac nha phao binh, ... cing nhu cho mét nhom khong 16n

®N6 dbi 1ap véi mot quan diém hién dai hon dua hoan toan vao céc phucng phap ctia logic todn.

Vi du chi dia trén cd s6 1y thuyét tap hop ma da dua ra cich 1ap luan theo tién dé cho ly thuyét x4c suit & mitc
céc linh vuc khdc clia toan hoc thuan tiy. Nhitng thanh tu niy da dan tdi mot sd cc quan diém cuc doan, vi du
F.Doob [32, tr.7] da viét: “Ly thuyét xdc sudt chi la mét nganh ciia Iy thuyét do do va khdc & ché né ddc biét chii ¥ tdi
mot s6 cdc khdi niém chuyén mon ciia Iy thuyét dy va & linh vuc iing dung ddc biét ciia né”. C6 1é trén co sé do ciing
6 thé'néi dugc rang van hoc la mot nganh ngén ngit hoc “khdc & ché no ddc biét chii ¥ tdi, ..”

43

https://tieulun.hopto.org



Tap chi Epsilon, S6 06, 12/2015

céc chuyén gia tinh to4n 1a nhitng ngudi dudc coi 1a diing & mot chd nao d6 gitta cac nha khoa
hoc va cac k¥ su. Nhiing thanh tyu ma dai bd phén cac nha toan hoc dat dudc trong linh vuc nay
da khong dudc coi trong va trong moi truéng hgp ching bi coi 1a hoan toan khong so sanh dudc
v6i nhiing thanh tyu dang ngac nhién cia phuong huéng mdi.

Hoan toan m&i gan day, trong nhiing bai gidng ctia mot trong nhiing nha dai sé hoc néi tiéng da

¢6 nhan manh mot cach hé thdng dén su khac nhau chi yéu giita khoa hoc va “tinh todn” 8.

Xin luu y 12 vé sau, khi toan hoc tinh todn da trd thanh mot roi thi lai dién ra sy phan tang tiép
sau: Theo cdch dién td hém hinh ctia R.S.Guter [1, tr.13] thi “nhitng nguoi lam viéc trong linh
vuc todn hoc tinh todn chia thanh nhitng nguoi chiing minh tinh hi tu ciia cdc qud trinh tinh
todn va sy ton tai ciia nghiém va nhitng nguoi dp dung cdc qud trinh tinh todn va tim 10i gidi”.
Chinh nhiing ngudi sau da truc tiép phuc vu hitu ich cho céc khoa hoc ting dung.

Con dbi v6i miic chit ché dat duge dua trén cd sé ly thuyét tip hop ngay tho va trong giai tich
toan thi dua trén Iy thuyét giéi han mé ta bang cai goi 12 ngdn ngit - € ° thi dudng nhu né thuc
tién da thu hiit dugc tit ca cac nha toan hoc. Diing 1a cling c6 nhiing ngudi “khong hai long”
(vi du L.Brauer, G.Weyl, ...) nhung trong hoat dong thuc tién thi ho ciing st dung mtc chit ché
ay. O chd nay chd khéc noi chan trdi ciing da c¢6 thiy nhitng mau thuan trong Iy thuyét tap hop
nhung dai bd phan cac nha toan hoc chi thiy dé chi 1a chuyén budn cudi khong dang khé chiu
bdi vi n6 chi dung dén nhiing con ngdo dp khong ai can dén nhu tap hop cia tit ca cic tap hop,
hoiic tip hop clia tht ci cic tap hop khong chita chinh né, ... Cudc thao luan vé tién dé chon (tién
dé Zermelo) da két thic v6i thoa thuan rang dé tranh dudc né, néu c6 thé, thi trong trudng hop
ngudc lai phai chi ra 16 rang viéc 4p dung né, tit nhién néu nghi cin than thi su thda thuin dé qua
12 ¢6 ngdy tho vi dudng nhu nhiing chi din nhu vay c¢6 1am thay d6i mot cdi gi d6. Trong nhiing
nim gan day trong nhiing cong trinh vé toan hoc thuan tdy, tién dé chon c6 dudgc sit dung qua
rong rai, thim chi nhitng ménh dé dudc chiing minh bang tién dé dé da dudc ding dung mot cach
c6 hé thong, diéu d6 khién ngudi ta c6 4n tugng kha rd rang 13 c6 su tiy tién ddi véi tién dé do.

Nhiing thanh tuu ctia nhitng phuong huéng ly thuyét tip hop, ngdn ngit va phucng phap ctia n6
da tré thanh quen thudc d6i v6i mot vai thé hé cic nha todn hoc va da tao ra mot quan niém vé
muc chit ché dat dudc dudng nhu tuyét déi. Nhiéu nha toan hoc (va nhit 12 nhitng ngudi khong
phéi 12 todn hoc) hién nay van c6 théi quen tin tudng vao tuyét dbi va chi dua vao toan hoc nhitng
ménh d& dudc chiing minh “chdt ché tuyét doi”, nhiing bai toan dudc dit ra mot cach “chdt ché
tuyét doi”, ...

8Cubdn sich hitu ich ctia C.Lanczos [33] da bat ddu biang nhiing 18i nhu sau: “Trong nhiéu ndm tdc gid da nghién
citu cdc linh viee cia gidi tich todn la nhitng linh vuc trude hét dwgc sw quan tam ciia cdc ky su va cdc nha vdt Iy hoc.
Viéc linh viec nay cia todn hoc lam viéc trong sudt thé ky XIX khong dwoc chii ¥ nhu nhitng cong trinh c¢é dién cia
gidi tich c6 Ié la két qud ciia mot quan niém sai lam vé mgit lich sit. Cho mdi t6i thoi Gauss va Legendre, cdc phuong
phdp lam viéc cia gidi tich mdi thu hiit duoc sw chii ¥ ciia cdc nha todn hoc néi tiéng. Phdt minh vé Iy thuyét gidi
han da lam thay déi tinh hinh. Ké'tir thoi gian dé viéc dua ra mot qud trinh xdp xi vé han dé cd thé xdc ldp duoc tinh
diing ddn ciia cdc két qud gidi tich xdc dinh déc Idp véi viéc qud trinh dp dung do c¢o duwoc thuc hién trong bai todn
hay khong, da dugc coi la théa ddng. Két qud la da dan ddn phdn cdch todn hoc thudn tily va todn hoc 1ing dung va
nhw vdy ld ta c6 cdc nha gidi tich thudn tily phdt trién tu tudng ciia ho trong thé gidi trong thé gidi két cdu thudn tily
Iy thuyét va cdc nha gidi tich sé la nhiing nguoi chuyén cdc qud trinh gidi tich thanh cdc phép tinh todn trén mdy.”

Céch néi “Pdi véi mot € > 0 bdt ky tim dugc sé n”, “vdi bdt ky € > 0, tim duge 8" da trd thanh qué quen thudc
dén ndi chit € bién thanh diu hiéu dudng nhu chi mic chiit ché “Weierstrass”.
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Trong 15i gidi thiéu da c6 néi vé nét “ddc thit todn hoc” trong giai doan hién nay, mot giai doan
c6 lién hé v6i su mé rong mot cach manh mé ngoai vi va khéi luong clia nhitng ting dung toan
hoc va mit khac v6i su xuét hién va phat trién ky thut tinh toan dién ti 1 cdi da 1am ting nhiéu
1an tinh hiéu lyc cta cdc tng dung dé. R rang 1a ngay c4 bén trong toan hoc trong nhiing nim
gan day ciing di c6 nhiing thanh twu xuét sic, vé sau ching tdi sé néi téi mot sb6 nhitng thanh tuu
d6. Song néu xét su phat trién ctia khoa hoc chang han nhu trong 30 nim lai day theo lap truong
ctia nén vin minh néi chung thi nhitng thanh tuu “bén ngoai” clia toan hoc sé thiy 1a 16n hon
nhiéu. N6i cach khdc, hién nay chinh su phat trién ctia phuong huéng ting dung trong toan hoc
(xét trong tat c4 nhitng biéu hién ctia né) da tré nén trdi hon. RS rang 1a trong thap nién t6i day,
uu thé ndy sé dugc bao ddm va thim chi sé con dudc diy manh nita.

Diéu d6 cho phép néi dudc rang sau nhing giai doan phat trién clia todn hoc ma da c6 thé quy
udc goi dudc 1a giai doan tién hy Lap, giai doan Hy Lap, phuc hung va giai doan ly thuyét tap
hop, ta da budc sang mdt giai doan mdi vé chit ciia viée “todn hoc hod tong qudt”. Cé thé quy
udc danh dau giai doan dau cda thdi ky nay 12 tif nhitng nim 40 cta thé ky XX (thdi gian xay
dung nhiing mdy tinh dién t dau tién). Budc chuyén minh vé chét trong todn hoc di va dang kéo
theo nhiing bién ddi vé chit trong nhiéu linh vuc ctia khoa hoc tu nhién, k¥ thuit, ciia cac khoa
hoc va ddi sdng x hoi.

Néu dung cic thuat ngi trong lich sit phat trién xa hoi thi c6 thé goi giai doan hién nay 1a giai
doan “ludng quyén” (trong thdi ky qua do sang giai doan dan chu).

Mot miit toan hoc ctia phuong phép ly thuyét tap hop van tiép tuc phat trién. Su két hop, phat
trién va hinh thanh nhiing quan niém mdi ctia dai s6 hoc, ctia topo dai cuong va topd dai sb, clia
giai tich ¢d dién va giai tich ham, ctia ly thuyét ham va hinh hoc da cho phép xay dung dudc
nhitng chuong méi, chin mudi ctia toan hoc, cho phép tién hanh nhiing khdi quat suy rong va tim
ra nhiing phuong phap mdi cho cdc bai todn cii va da gidi dudc nhiéu nhiing bai toan d6, cho
phép néu 1én cac 16p nhiing bai toan mdi ddng chu y. Mot su kién ndi bat 1a viéc xay dung gido
trinh “Co sd todn hoc” gdbm nhiéu tip clia N. Bourbaki, muc dich cda gido trinh nay 1a xdy dung
mot ¢ s3 tdng quat, mot ngudn tu liéu bang mot ngdn ngit thdng nhat d€ c6 thé tiép tuc phat
trién dugc toan hoc theo ly thuyét tap hop. '° N. Bourbaki con chua dé cap dén nhiéu chuong
ctia toan hoc (nhung that da vi dai!) va rit c6 thé ca nhiing chuong 4y sé khong tranh dudc su
“Bourbaki hod”. Hién nay khuynh huéng niy ctia toan hoc thuan tuy dang vang 1én mot thanh
diéu 14t 4t cac thanh diéu khéc.

Tuy nhién trong nhiing thip nién gan ddy ngudi ta con thiy c4 nhiing mit yéu ctia khuynh huéng
nay. '' Diéu d6 biéu thi theo hai tuyén — logic todn va nhiing ting dung. Tuy nhién , nhu da thiy,
chiing lai c6 lién hé v6i nhau. Trudc hét, tinh chit ché “fuyét déi” ctia ly thuyét tap hdp ngy tho
va nhiing 1y thuyét 1y né 1am co sé dudng nhu khong hoan toan 13 tuyét dbi va diéu niy c6 thé
thiy dudc tif nhitng luin cti chung nhét vi n6 khong thé khong can dén céc nha logic hoc. Khong
phai moi ngudi déu nghi riang & ly thuyét tap hop ngdy tho khong c6 mot hé thdng hop ly céc tién

'°Chi tiét xem [34].

'W.Spohn da néi vé su nguy hiém dbi véi toan hoc hién dai va xu huéng nghiéng vé phia cic chuong tritu tugng
nhét va két luan ring : “Hdy dé’cho todn hoc quay vé hudng phdit trién chinh ciia né dé'né cé thé'tré thanh ciia cdi
chung ciia moi ngudi va chiém mot vi tri thich ddng véi né vdi tinh cdch mot luc luong thong tri trong xd hoi ciia
chiing ta”.
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dé 1am co s6 va né chi dua vao su “dé thdy” va nhiing dudng ngin cim tuy tién, vi du dudc phép
coi tAp hop tit ca cdc sb tu nhién 1a c6 luc lugng nhung cdm khong dudc coi tap hop tit ca cac
s6 thit tu (siéu han) hay tip hop tit ci cic ban sb 12 ¢6 luc luong. Viéc phan tich clia cdc nha
logic vé& hé thong cic tién dé cla ly thuyét tip hop, mot hé théng da dua ra mot thit ty nao do, da
chiing minh ring mot sb cic 1ap truong quan trong nhét “tu né da dugc gidi quyét” (vi du tién dé
chon) ma thuc ra c6 thé hoiic chdp nhan hoic khong va diéu d6 c6 thé dan tdi su cuing ton tai
binh dang cac “mon todn hoc 1y thuyét tong hop” khac nhau, khong tuong duong véi nhau tua
nhu cdc mon hinh hoc khac nhau vay. Su doc 1ap clia gi thiét continum véi cic tién dé khic cia
ly thuyét tap hgp dudc phat hién tron cc cong trinh ctia K. Gidel va P. Cohen (1960) cond c6
hiéu Ivc hon : n6 c6 nghia 12 khi xay dung mot 1y thuyét nhu vy thi hodic ¢6 thé chip nhan gia
thiét nay nhu 12 mot tién dé bd sung, hodc chip nhan mot khang dinh trai ngugc nhu mot tién dé,
nhung tf d6 suy ra rang van dé gia thiét continum “thurc ra” cé diing hay khong lai 1a vo nghia !
(xem van dé nay & [39]). Néi riéng, phat kién ndi tiéng nay da chiing minh rang khai niém ton tai
ma ly thuyét tap hdp ngiy tho bam chic vao thuc ra khong phai tu né da dudc giai quyét.

Song theo quan diém dang dugc phat trién thi diéu con quan trong hon 12 mit yéu 6t clia todn hoc
ly thuyét tap hop ddi véi nhiing ting dung. Chiing ta sé khong than phién ring tit c4 nhiing khang
dinh ctia n6 déu thudc cdi ngau nhién khi mot bai toan ting dung da dudc chuyén hoan toan sang
ngdn ngi toan hoc. Piéu tdi hon 1a trong nhiéu truding hop, didu khang dinh vé nghiém chi c6
tinh chét thuan tuy vé ton tai, ttic 12 chiing minh dudc dinh ly vé su ton tai cia nghiém chi trong
dinh 1y d6 khong hé néi gi dén viéc nghiém d6 c6 thé tim thy mot cach chinh xéc hay xap xi.

Miic dau déi khi két cAu ctia nghiém c6 thé suy ra dudc tif phép chiing minh dinh ly nhung diéu
nay thudng giy thét bai, cho nén, néi vui mot chut thi ngudi ting dung gidng nhu & vao hoan
canh ctia mot ngudi dan 6ng da diang ky két hon véi mot ngudi phu nit ma anh ta chua hé dudc
trong thiy va ciing khong biét nang & dau nita. Theo cich néi rat ding ctia H. Weyl thi “Todn hoc
la mot kho tang khong 16 trong bdn vi tién gidy”. [40, tr. 106]. Trong nhiéu trudng hop, két ciu
dugc coi 1a két qua thyc hién mot qua trinh vo han nay hay khac ma khong phan tich phép xap xi
hitu han ctia né. Néu nhu cong thiic xip xi dung d€ giai c6 kém theo su danh gid vé sai s thi, trit
nhiing trudng hop qua gian don hodc nhiing vi du dudc Iva chon dic biét dé€ gidng day, su ddnh
gid 4y thudng khong ap dung dudc hitu hiéu trong nhiing vi du cu thé hién thuc (dy 1a chua néi
rang trong dai bo phan cdc ddnh gia lai c6 tinh chit gan diing va bao gém ca nhiing nhan tif hang
s6 chua biét). Nhitng tinh toan hiang s6, nhit la trén mdy tinh dién tif c6 phan déng gép ctia né
béi vi thuc hién su danh gia “tuyét doi chdt ché” vé dnh hudng ctia viéc 1am tron s6 trong nhiing
phép tinh cong kénh to ra lai rat kho khin va vi vy su danh gid nay thuc té chua hé bao gio dugc
lam ca.

Nhiing tiéu chuin cting ngic vé miic do chit ché ctia toan hoc 1y thuyét hién dai da dan t6i chd
lam tri tré khong dang mong mudn ddi vé6i viéc nghién ciiu cac khai niém todn hoc ma thoat dau
khong thod man nhiing tiéu chuan d6, vi du nhu ham denta, entropi, ...

Tét ca nhiing diéu kién nhan xét trén diy dan t6i mot tinh hinh 12 trong dai bd phan nhiing nghién
ctiu ting dung thi nhiing 14p luin todn hoc tuyét nhién khong & miic suy dién thuan tuy ma toan
hoc thuan tuy doi hdi, ching khong thé va khong can phai ¢ miic d6 nhu chiing t6i sé néi chi tiét
& duéi day vé van dé nay. C6 thé néi rang nhiing két cAu suy dién khong theo kip nhip diéu ctia
cudc sdng hién nay '? va trong qua trinh tiép can dén chan ly thi chiing thudng c6 mot hiéu suét

2<Néu nhu ngay tir ddu khoa hoc da dioc phdt trién béi nhitng bo 6c cht ché va tinh vi ¢6 & mét s6 cdc nha todn
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qué thip dén ndi nhiing nha ng dung da tu phat tim ra mot bién phap hitu hiéu hon nhiéu cho
cac 1ap luan toan hoc '* ma ching tdi sé néi chi tiét & dudi. Nhitng bién phap 1ap luin & mic chat
ché “vdt Iy”, “itng dung” d6i v6i cac nha ing dung thudc cic phuong huéng khac nhau 1a kha
gibng nhau. Nhitng bién phdp 4y ciing dic trung cho phong cach 1ap luin ciia toan hoc ting dung,
né ciing phd bién trong cc nha ing dung nhu 1a phong cach suy dién phd bién trong cic nha
toan hoc thuan tuy. D6 chinh la diéu da d& cap téi & phan trén khi néi vé su “ludng quyén”. '*
Cén phai dic biét luu y ring cac phuong hudng ing dung da anh hudng dang ké dén toan bd toan
hoc hién dai néi chung ké c4 phuong hudng ly thuyét cia né. Néi riéng chinh diéu nay da giai
thich su dic biét chi y dén vAn dé thuat toan hod ciing nhu van dé tbi uu hod dic trung cho toan
hoc hién dai va da c6 vét tich biéu hién & linh vuc da dang ctia no.

DéE két luan chiing toi xin dua ra mot dic trung ndi bat ciia phat trién todn hoc bat dau tir thai ky
phuc hung trong 13i néi dau ctia cudn sich R. Courout va G. Robin. [28] “Sau thoi ky tich luy luc
lwgng mét cdch chdm chap — vao thé ky 17 cing véi su ra doi ciia hinh hoc gidi tich va phép tinh
vi tich phdn — dd md ra mét thoi ky cdch mang nhu vii bdo trong phdt trién clia todn hoc va vdt
ly. Trong nhitng thé ky XVII va XVIII, tu tudng ciia nguoi Hy Lap vé su két tinh theo tién dé va
sw suy dién mot cdch cé hé thong da mo dan va mdt dnh hudng ciia né di rang hinh hoc ¢é dai
vdn tiép tuc c6 nhitng bong hoa né ro. Tu tudng tuyét voi vé logic xudt phdt tir nhitng dinh nghia
16 nét va nhiing tién dé “hién nhién” khong mau thuin gi nhau da ngiing nhip cing vao nhiing
nguoi khai pha mdi nhiing tri thiic toan hoc. Ham mé cudc say sua chan chinh v6i nhiing thong
doan truc quan, chuyén dich nhitng két luan bét kha xam pham véi nhitng 15i khang dinh nita
huyén bi va vo nghia, tin tudng mi quang vao luc lugng siéu nhan clia cdc thd tuc hinh thiic, ho
da kham pha dudc mot thé gidi todn hoc méi vo cling phong phi. Nhung rdi it mdt, trang thai
nhap dinh cua tu tudng bi ham mé bdi nhitng thanh tyu lam chéng mit da nhudng chd cho tinh
than nhan nai va phé phan. Trong thé ky XIX, y thifc vé su can thiét phai cting ¢d khoa hoc, nhét
1a trong méi lién hé v6i nhitng yéu ciu clia nén gido duc cao dang phd bién rong sau cach mang
Phdp da din dén viéc xét lai nhiing co s& clia mdn toan hoc mdi, néi riéng, su chi y da huéng vé
cac phép tinh vi tich phan va tich phan nham lam sang té khai niém gidi han da ngdm hiéu trong
giai tich. Nhu vay thé ky XIX khong nhiing chi 1a mot thoi dai clia c4c thanh tyu méi ma con 1a
thoi dai chiing kién su hoan lai tinh chinh x4c va do chit ché ctia cac phép chiing minh ly tudng

hoc hién nay ma téi rdt nguéng mo thi dé chinh xdc sé khong cho phép dugc ddy manh lén” L.J Mandeishtam da néi
nhu viy. [42, tr. 51] Phu hoa thém 12 1i phat biéu ctia Kapys.P.L [40, tr. 30] : “Tu duy logic sdc bén, thuc tinh clia
cdc nha todn hoc, khi tién dé hod nhitng co sé mdi thi ldp titc gdy nén phién todi vi né da lam te liét oc tudng tugng”.

13Va tham chi da c6 mot ngodn ngii riéng, trong d6 cac thuat ngl “Su hdi tu thuc tién”, “chdt luong ciia phuwong
phdp tinh”, “chdt lugng ciia mé hinh todn hoc”, ...

14V.V.Novozhilov [44] viét : Hién nay ngay cang thiy rd khuynh hudéng phan cong lao dong: C6 nhiing nha béc
hoc dang hoan thién todn hoc theo huéng logic phat trién ndi tai ciia né, ¢6 cac nha khoa hoc khéc lai nghién ciu
céac phuong phap toan hoc va dudc 4p dung mdt cach mau chéng. Nhiing dai biéu ciia hai phuong hudng nay ro rang
khac nhau khong nhiing chi & nhém cac vin dé “ciia ho” ma con & tu chit ctia tu duy.

Nha toan hoc 1y thuyét tim moi cach 1ap luan mot cach chit ché nhit cho méi mot hanh dong va ludn ludén bo
tron trong khudn khd khoa hoc clia minh trong khi céc nha toan hoc ting dung lai ding céc phuong phap ma tinh
chit ché va dd sai con chua dudc danh gia. Kha nédng tranh sai sot ciia anh ta 1a dua vao kinh nghiém, so sanh cac
két qua tinh toan véi thuc nghiém. Anh ta can lam nhu vy vi dai bd phin cdc bai toan hién nay trong vt ly va ky
thuat déu khong dudc giai quyét mot cach chit ché. Vé nhiing bai toan hoc da dang nay sinh trong cong tc thuc
tién ctia ngudi ky su hién nay, ciing nhu vé dic diém cta cic phuong phdp toan hoc tuong ting c6 dudc néi dén
trong tuyén tap [45], néi riéng xin luu y nhiing bai bio c6 tinh chit tdng hop clia N.F.Garasjuta. Ju.A Mitropolski va
A.V.Skorokhod. Vé mbi tuong quan giita toan hoc va k§ thuat, xem thém [46]. V& mdi tuong quan giita todn hoc va
vat Iy hién nay, xem thém [47-49]. V& trién vong phét trién cdia toan hoc, xem thém [50].
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6 dién. V& mit nay thi hinh anh Hy Lap qua 1a c6 troi han 1én. Lai mot 1an nita con lac lai dua
vé phia tinh tuyét vdi logic va tinh tritu tuong. C6 1€ hién nay chiing ta chua budc ra khéi thoi
ky d6 du rang dudc phép hy vong la su gian doan dang tiéc giita todn hoc thuan tuy va nhiing
ting dung sinh dong ctia n6 sé& dugc thay thé bdi mot ky nguyén hop nhit chit ché hon. Phan du
trir da co cua cac luc lugng bén trong va cung véi su cuc ky gian luge khac dat dudc trén ¢ sé
nhiing quan niém ro rang cho phép ngay nay nghién citu dudc 1y thuyét toan hoc ma khong tach
151 khoi nhitng ting dung. Xdc 1ap mot 1an nita mdi lién hé hitu co giita tri thiic thuan tuy va tri
thic ing dung, su cin bang lanh manh giita tinh tdng quat trifu tudng va tinh cu thé sinh dong —
d6 1a diéu chiing t6i thiy & nhiém vu ctia toan hoc trong mot tuong lai khong xa”. '

Toan hoc ting dung 1a cdi gi? va néi chung né c6 ton tai hay khong? Nhiing vin dé nay da dén
Iic can phai thdo luan mot cach triét d&. Pang chi y 14 thuét ngit “todn hoc ting dung” hién nay
da tré thanh mot thuat ngi rat mot (nhét 1a & nhiing ngudi khong phai chuyén gia).

C6 1& quan diém phd bién nhét ddi véi khai niém “todn hoc ving dung” trong hang ngii cac nha
toan hoc la quan diém cho rang néi chung khong cé toan hoc ting dung. Ngoai ra, cac nha toan
hoc khéc nhau lai cho nhiing tif nay mot ndi dung hoan toan khac tuy theo céc nha toan hoc iy
c6 gia nhip vao ban than moén toan hoc hay khong. '©

C6 nhitng ngudi cho rang chi nhitng két cdu thuan tuy suy dién méi dugc goi 1a toan hoc. Tit ca

nhitng gi nam ngoai két ciu d6, khdng c6 quan hé véi toan hoc hodc nhitng bd mén ctia toan hoc

thi ciing khong dudc goi 1a toan hoc. '7 Hién nay quan diém nay it dugc phat biéu Am T song mot

cach “khong chinh thitc” né van con kha phd bién, bén canh nhiing viéc khic, quan diém nay té
a “thudn tién” cho nhiéu ngudi day todn véi nhitng ngudi khong phéi cac nha todn hoc.

Thuc té quan diém nay da thu hep mot cach vo 1y va ddng ké ranh gi6i ctia Khoa hoc Toan hoc vi
dai va truée hét mang lai cai bat 16i cho chinh mon Todn hoc (va tat nhién cho chinh su nghiép
dao tao cdc nha bac hoc tré). VE van dé nay M. Las va S. Ulam da viét : “Nhitng cé gdng — tiéc
rang lai khd phé bién — nham tdch roi todn hoc “thudn tuy” khéi toan bé phdan hoat déng khoa
hoc con lai va nham chdt no lai dé ndu thanh mét loai nudc cét ddc biét chi lam nghéo nan cd
todn hoc ldn cdc moén khoa hoc khdc”. [13, tr. 234].

F. Klein ciing da phat biéu mot tu tudng nhu vay : “Nhitng quan niém logic thudn tuy phdi tao
ra, nhw nguoi ta van ndi, mét bo xwong rdan chdc cia co thé'todn hoc, dam bdo cho né dé on dinh

15 A.N.Kolmorokov di c¢é néi ring udc mo ma 6ng theo dudi tir 1au 1a thanh toan phan céch giita nhitng phuong
phép “chdt ché” clia cac nha todn hoc thuan tuy va nhiing bién phap “khdng cht ché” ctia nhiing lap luan toan hoc
clia cdc nha todn hoc tng dung, cac nha vat ly va cac ky thuét (din theo [51]).

16K hi liét ké cdc quan diém & cdc phan 6 va 7 néi riéng da ding nhiing ¥ kién néi miéng ciia M.A . Krasnoselski.

17Déy 1a mdt cau néi cye doan nhét clia 14p trudng nay “Todn hoc la su xdy dung mot Iy tri thudn tuy va vi vdy né
khong cdn cdc méi lién hé vdi nhung linh viee hoat déng khdc ciia con ngbml” (L.Mordell [52, tr. 28]). Xin din thém
13i phat biéu ctia J.Diendonne vé van dé nay (dan theo [53, tr. 18]) : . vé nguyén tic, trong co sd toan hoc hién
dai khong c6 mdt muc dich hitu dung nao va 1a mét bd mon tri luc ma 1Q1 ich thuc tién quy vé s khon, nha toin
hoc trong cic cong trinh nghién cifu cia minh khong hé vuong vén tu tudng vé mic hitu ich ctia cac két qua dat
dugc trong tuong lai (hon nita diéu d6 ciing khong thé thiy truc dugc) ma chi theo dudi udc mudn hiéu dugc hién
tuong toan hoc, mot hién tuong tu két thic & chinh né, toan hoc khong hon gi su “xa xi” ma mot nén vin minh c6
thé tu cho phép minh”. RAt tiéc ring diéu d6 lai dudc néi ra & mot ngudi, mot trong nhitng ngudi lanh dao nhém
“Bourbaki” va c6 anh huéng dang ké dén bd mit ctia toan bo todn hoc hién dai.
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va ddng tin cdy. Nhung bdn thdn cudc song ciia todn hoc, nhitng quy nap quan trong nhdt va tinh
tich cuc ciia nd lai la chii yéu lién hé véi nhitng ving dung ciia né, tiic la véi moi twong quan giita
nhiing khdch thé' tricu tuong véi toan b cdc linh vuc khdc. Loai triv nhitng ting dung khdi todn
hoc chéng khdc gi di tim mot thuc thé séng chi tiv mot hai cot, khong bép thit, khong than kinh,
khong mach mdu”. 29, tr.46].

Cudi cung chiing tdi xin dén 15i ctia A. Poincaré: “Vit Iy hoc khéng nhiing chi cho chiing ta (cdc
nha todn hoc — tdc gid) cdi ly dé’gidi quyét van dé, né con giiip chiing ta tim thdy cdc phiwong
tién dé’gidi quyét van dé nita. Piéu nay xdy ra theo hai con duong. Mot la né cho ta linh cam clia
phép gidi, hai la goi ¥ cho ta tién trinh ciia cdc ldp ludn”. [54, tr.108].

Thuc chat & day da biéu thi mot quan diém thit hai ma chiing t6i cho riang dé dang chip nhan
dudgc hon, quan diém d6 cho rang gia nhap vao linh vuc hoat dong ciia todn hoc con cé ca cac
phuong phap giai thuc tién dbi v6i cdc bai toan bit ngudn tif bén ngoai toan hoc.

Song chiing ta con phan khéi hon v6i mot quan diém thi ba, rong nhét, cho ring toan hoc khong
nhiing chi bao ham céc linh vuc suy dién ma con bao ham toan bd nhiing thuc chét toan hoc —
cac khach thé toan hoc, cic phuong phdp va tu tudng gip trong todn hoc ly thuyét ciing nhu trong
céc ting dung : tifc 12 két cAu cdc mo hinh todn hoc, thuc nghiém toan hoc, nhiing 14p luan quy
nap hay nhitng 14p luan hop 1y khac c6 tinh chét todn hoc, ...

Trong cudn sach rét hay ctia G. Polya [56, tr.309] c6 néi rang : “Gidi han ciia todn hoc la mién
nhiing ldp ludn chiing minh thuéc bdt ky khoa hoc nao da dat miic phdt trién la nhitng khdi niém
thudc khoa hoc dy co thé'biéu thi dwoc dudi dang logic todn tritu tugng”. Ching t6i mubn thém
vao & day 1a trong khai niém chiing minh khong nén gin cho né mét noi dung gido diéu, hep hoi.

Tat nhién nhiing mon sinh clia quan niém nay, mot quan niém ma ching tdi cho rang tién bo va
chin mudi hon ca dbi véi todn hoc (va diéu d6 ciing kha co ban ddi véi cac nha toan hoc) phai
khudc tit “tinh théng nhdt ly thuyét tdp hgp” clia toan hoc ma chi coi né nhu mot “hat nhdan” nio
do6 cua toan hoc ma thoi.

Trude hét ching toi 1iy 1am budn riu ma luu y rang theo y kién ctia mot sb nha toan hoc thi
nghién ctiu nhiing tng dung néi chung 1a mot diéu hé then.

VE van dé nay F. Klein da viét : “Rdt tiéc rdng ... vdn con gdp nhitng gido vién dai hoc da khong
che ddu nhitng 15i lé qud ngao man doi voi nhitng nguoi lam vé iing dung. Can phdi ddu tranh
quyét liét nhdt véi cdi tinh kiéu cdng thé’ hién trong nhitng quan diém do. Moi thanh tuu xdc
ddng, cho dit né thudc linh vice Iy thuyét hay iing dung, déu phdi dwoc ddnh gid cao nhu nhau vi
no tao cho moi nguoi khd ndng nghién ciiu nhitng vt ma minh cam thdy gdn giii hon cd. Khi dé
moi nguoi sé biéu hién da dang hon sé 1on nhitng tai ndng minh cé : vi nhitng thién tai vi dai
nhu Aschimede, Newton, Gauss la nhitng ngudi luén luén chiém linh cd Iy thuyét ldn thuc tién
nhw nhau”. [57, tr.314].

Xin dan thém 13i cta R. Courant : “Thuc ra giita todn hoc “thudn tuy” va todn hoc “iing dung”
khong thé’ vach ra mot ranh gidi ré rét duoc. Vi vdy trong todn hoc khéng thé phdn ra mét 1op

nguoi thdy tik toi cao thién vé cdi vé dep hoan thién ciia todn hoc va chi chii y dén thién huéng do
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ciia minh, va nhitng nguoi phuc vu cho ho. Su “phdn ddng cdp” dé trong truong hop tét nhdt
ciing chi la mot triéu chitng ciia nhitng bo oc hep hoi”. [12, tr.27]. N.Bailey ciing n6i vé su bét
10i ctia su dua doi Ay trong cudn sich hitu ich ctia dng [58, tr.138] khi néi vé nhiing ing dung cia
toan hoc trong vao sinh vat va y hoc.

V.V. Novozbilov viét : “Tiéc rdang nha Iy thuyét cho dén nay vin thuong coi “nha ting dung” nhu
mot nha todn hoc loai hai, mdt nha khoa hoc khéong co khd nang lam viéc mot cdch thdt chdt ché
va ldy cdi riéng lam ton thdt cdi chung. Dé dang phdt hién & cdc “nha ving dung” nhitng sai sot
trong ldp ludn xét vé tinh chdt ché, nha Iy thuyét thuong t6 ra tho o vdi nhitng thanh tiwu ciia ho -
do la viéc ho biét cdch gidi nhitng bai todn thicc tai véi mot sé chinh xdc di diimg cho nhitng muc
dich thuc tién ma ban thdn nha Iy thuyét khéong thé’gidi dugc bang cdc phiwong phdp chdt ché” .
[44]

Qua nhiing ciu trich din trén ta thiy kha ndi bat khia canh tdm 1y cdia van dé&. Nhung doc 1ap véi
diéu d6 tudng can phai nhan manh ring hién nay ngudi ta ngay cang thira nhan sy ton tai khach
quan ctia todn hoc dng dung. Song ding sau su thita nhan d6 con nhiéu quan diém khac nhau.

Vi du mot s6 ngudi cho rang toan hoc ting dung 1a mot b phan toan hoc “thuong ding hdng
ngay” v6i nghia xau cia tir d6, ton tai dusi dang mot sb cac bién phép, cac don thude va quy
tac thiéu chit ché va khong hoan thién vé mit logic (c6 thé 1a do trinh d6 toan hoc con thap ctia
cdc chuyén gia trong linh vuc nay). Nhiing thiéu sét d6 ctia todn hoc ting dung c6 thé khic phuc
dudc va két qua sé 1a cdi “fodn hoc khuyét” d6 sé dudc nang 1én mic toan hoc tiéu chudn. '8

Chiing t6i cho ring quan diém ngay tho nhung phd bién nay, néu nhu né khdng phai mot biéu
hién ctia su dua doi thi ciing 12 dua trén mot cd sé khong nhéan thiic dugc tinh hinh ding din cia
van dé. Thuc ra theo quan diém nay thi 1am thé nao c6 thé giai thich dudc mot su viée 1a cac nha
vat ly, cac k§ su nghién ctiu ly thuyét va cic chuyén gia khac trong d6 16 rang c6 khong it nhiing
ngudi kha thong minh khi 4p dung todn hoc da cb tinh né tranh ngdn ngit suy dién chit ché? Va
mic dau & cac hoc vién ho di dudc hoc ngdn ngit d6 mot cach c6 hé théng song ho van mudn
(liéu c6 hai chiang?) dudc hoc lai khi chuyén sang ngdn ngii clia todn hoc ting dung va xay dung
lai toan bo phong cach tu duy suy dién thuan tuy doi hoi nhit thiét phai c6. Chiing toi nghi rang
su xay dung lai d6 hoan toan 12 ty nhién va diéu giai thich duy nhit cho né la: Su xay dung lai d6
1a can thiét. Dudi ddy ching tdi sé cb gang chiing minh rang su ving mit yéu cau nhét thiét phai
¢6 vé su hoan thién logic hinh thic trong nhiing ting dung ctia todn hoc 12 diéu khong thé tranh
dudc, va d6 khong phai 1a mot dau hiéu cla su thua kém ma 1a mot nguodn siic manh dic biét cla
toan hoc tng dung.

Mot quan niém khac da dong nhét toan hoc ting dung vdi toan hoc tinh todn va toan hoc may
tinh. Pay 12 mot quan diém hep hoi va ¢6 xu huéng phién dién.

Bay gi¢ chiing toi xin dé cip dén mot quan diém da dudc phat biéu trong mot bai bdo clia chiing
toi [2]. Xuét phat diém clia chiing t6i 1a cho rang phép giai todn hoc nhiing bai todn ing dung c6

¥P6i khi quan diém nay thé hién su phén d6i nhiing cong trinh, va tuyét nhién, khong phai 1a hiém, trong dé6 su
nong ndi vé todn hoc da din t6i nhung sai 1am truc tiép (ma duéi day ching toi sé néi mot cich chi tiét) hoic con toi
hon, nhitng cong trinh trong d6 su kém coi vé toan hoc da dugc “dén bi” bang cach dan ra cic y nghia thuc dung
ctia cic két qua. Tiéc ring quan diém nay d6i khi ciing c6 & y thic nhiing nha ing dung khi ho ding mdt tong thé
nao d6 khong con c6 gid tri day di. Diéu nay lai din dén nhitng dong tic c6 vé khoa hoc rét 16 ling ma thudng con
1a trao phung nita.
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nhiing nét dic thu ctia né. O day, trudc hét vé& mit nguyeén tic thi khong thé tién hanh phép chiing
minh & mifc cdc cong trinh nghién cifu toan hoc thuan tuy it ra béi vi mo hinh toan hoc ctia mot
khach thé thuc tai chi c6 thé mo ta nhiing nét co ban theo nghia niy hay khéc ctia khach thé 4y
chit khong khi ndo c6 y dinh va khong thé c6 y dinh mo ta né mot cach day dd. Mit khéc trong
viéc giai nhitng bai todn thuc tién thi trudc hét c6 nhiing yéu cau ma trong nghién ctiu toan hoc
thuan tuy chi dudc coi 1a nhitng yéu cau thif cip: B&i vi mot bai todn ing dung phai dudc giai
khong nhitng ding ma con phai kip thdi, tiét kiém stic luc, nghiém phai chap nhan dugc d6i véi
céac phuong tién tinh todn hién c6 va phai thuén tién trong sit dung thuc tién va phai c6 do chinh
xdc thich hgp véi bai toan, ... 19

Chiing ti quy dinh goi viéc thuc hién tt nhét tit c nhiing yéu cau d6 ma doi khi con mau thuin
nhau nita 12 tinh t&i vu ctia nghiém (d6i v6i nhiing ting dung) dui phai Iuu y trudc rang trong giai
doan phat trién hién nay ctia khoa hoc thi khé ma chi ra dudc mdt chiic ning duy nhit vé muc
dich. Xuat phat tir diéu d6 da dé nghi mot dinh nghia 1a: To4n hoc ting dung 13 khoa hoc vé cic
phuong phép gidi tdi uu, ma vé thuc tién 12 chip nhan dudc, nhitng bai toan hoc ndy sinh tif bén
ngoai todn hoc. Nhu vy, todn hoc ting dung 1a todn hoc bi gian tiép bdi thuc tién, mot bo phan
khoa hoc hgp thanh tua nhu sinh hod hay nhiét k§ thuat. Su phat trién ctia bd mon nay dugc xéc
dinh bdi su md rong nhém nhiing ng dung cling nhu béi su thay d6i ndi dung cu thé cia khai
niém tinh t6i uu cia phép gidi bai todn, néi riéng, ndi dung niy hoan toan thay déi do anh hudng
clia cdc phuong tién tinh todn hién nay. TAt nhién néu chiing ta tim thiy nghiém t6i uu thi diéu d6
khong c6 nghia Ia ta loai b nhitng nghiém chi dap ing gan diing yéu cau ctlia tinh t6i vu. Phan
16n cac nghi€ém thuc tai ma ching ta dung thi cling 1a nhiing nghi€ém ma trong mot thdi gian nao
d6,  mot mic dd nao d6 da thoa man yéu cau do.

Vé van dé ndy ta c6 thé nhé dén mot cau cach ngdn ndi tiéng : “Todn hoc thudn tuy lam cdi co
thé'khi can con todn iing dung lam cdi can khi cé thé”™. *® Cau cach ngdn dé truyén di mot xu
hudng néi chung 1a ding, dii ring tit “cdn” duge ding & day theo nhiing nghia khic nhau. Chi dé
y dén y nghia thi hai, dudi ddy chiing toi sé c6 gang chiing minh ring toan hoc ting dung lam ci
can khi can lam.

Ciing dang chi y dén mot quan diém dudc L.V. Ovsjannikov phat biéu bang 18i: “Todn hoc iing
dung la khoa hoc vé cdc mé hinh todn hoc, chi tiét hon, co thé ndi rdang, la khoa hoc vé cdc két
cdu, nghién citu, dién td va toi wu hod cdc mo hinh todn hoc. Pinh nghia nay nhdm vao déi tuong
cua khoa hoc do va theo chiing t6i thi khéng mdu thudn gi vdi dinh nghia trén la dinh nghia ndng
Vé tinh chdt chitc ndng hon. Nhu vdy, néu mudn so sdnh twong tu - néi chung ciing khd xa — giita
todn hoc va ngén ngit thi todn hoc thudn tuy va todn hoc iing dung co thé sé lam nguoi ta lan
lugt nhé dén vin pham va ngit nghia”.

Ban vé van dé todn hoc ting dung c6 tao thanh mot khoa hoc doc 1ap khong 1a viée 1am c6 chuit it
kinh nghiém vi do tinh nhiéu nghia ctia cach néi “khoa hoc doc ldp” thi ding din hon c6 thé

19V6i tinh than nay, . Babuska, E.Vitasek va M.Phager da viét trong mot cudn sach rit hay [59, tr.9] : “... ngay
nay, mot bai todn chi dugc coi la da gidi dwoc khi 6 mdt phwong phdp hiéu luc cho mot két qud cdn thiét voi mot dd
chinh xdc dii ding trong mot khodng thoi gian nhdt dinh”. Trong cubn sach ctia N.S.Bakhvalov [60, tr.14] dugc viét
véi mot quan niém su sic vé nhiing tinh hubng ng dung thuc tai da cé néi rang: “Tim thdy mét nghiém thod mdn
bai todn ma kip thoi thi tot hon la 6 dwoc nghiém ddy dii ciia bai todn do vao liic né dda mdt y nghia”.

20V diém nay xin din 16i ctia J. Dixon: “Néu nhitng phwong phdp ddy siic manh ciia todn hoc khong cho phép
thu dugc két qud déi khi dd xdy ra thi can phdi tiép tuc tim toi. Nén nhd rdng khi phdn tich vé ky thudt thi cdn cé
dugc moét két qud bng sé bang bdt ky phwong phdp nao. [20, tr. 78].
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khong nén néi vé mot khoa hoc ma 14 vé mot khia canh clia todn hoc ra doi trong nhiing tGing
dung ctia né, va néu c6 thé, thi nén néi vé két qua ctia phép “chiéu” toan hoc mot cach doc ddo
1én nén vin minh, diéu quan trong 13 v6i phép chiéu dé thi todn hoc c6 nhiing nét méi vé chit va
phép chiéu 4y, nhiing nét 4y ciing sé dinh nghia cho toan hoc ting dung.

Do do chung t6i s€ dung cac tu toan hoc tng dung coi nhu mdt thuat ngtr lam viéc dugc xac
dinh bdi quan diém cubi ciing néu & trén va danh van dé vé tinh doc 1ap ctia su ton tai toan hoc
ting dung véi tinh cach mot khoa hoc cho céc nha triét hoc. 2! D€ phan biét vé6i diéu do, khi
néi vé toan hoc thuan tuy, ching toi trudc hét sé quan niém rang d6 1a toan hoc chinh thong tir
Weierstrass dén Bourbaki dua trén co s& ly thuyét tip hop ngay tho. >

Chiing t6i chi yéu chii y dén nhiing vin dé cu thé hon : d6 1a nhiing nét dic trung ndy sinh trong
ting dung ctia todn hoc, dic di€ém clia phuong phap 1ap luin cia toan hoc ing dung va ndi riéng
l1a nhiing 1ap luan nao dudc thua nhén la da dugc ching minh trong toan hoc ung dung do, ...
Viéc thao luan nhitng vin dé nay c6 thé 12 hitu ich, thAm chi khd s6i s6i ni trong ca cdc cong
trinh hoan toan c6 tinh chat cu thé.

Dé& két luan, chiing tdi dua ra nhiing 15i n6i sang sia R. Courant néi vé su khic nhau trong
phuong phap tiép can cic vAn dé clia todn hoc thuan tuy va todn hoc ting dung va ciing ding lam
phan gidi thiéu doc ddo cho phan trinh bay tiép sau ctia ching toi.

“Cling mot vin dé todn hoc c6 thé dudc giai quyét khac nhau, ngudi theo quan niém toan hoc
chit ché (va khuynh huéng nay d6i khi con thiy & moi ngudi nghién vé tu duy khoa hoc) thi doi
hoi mot su hoan thién khong nhan nhugng. Anh ta khdng cho phép c6 nhiing 16 hdng trong logic
ctia tu duy va trong cach gidi cdc bai todn dudc dit ra, va két qua dat dudc theo ¥ anh ta phai 1a
mot dinh cao ctia mot mat xich lién tuc nhitng 1ap luan toan thién. Va néu nhu ddi phuong ctia
quan diém nay ma gip nhiing khé khin dutng nhu khong khac phuc néi thi anh ta sé mau chéng
tim cach phat bi€u lai bai todn hodc tham chi dit né khac di nhung cung loai vé6i bai toan ci,
trong d6 c6 thé khic phuc dugc nhiing kho khin (“cdi ¢o thé'khi cdn” — tac gid). Con c6 mdt con
dudng vong khdc nita, x4c dinh lai xem cdi gi dudc coi 12 “nghiém ciia bai todn”. Trong thuc té,
cach 1am nay ddi khi 12 mot budc so bd khd dudc chiap nhan d€ di t6i nghiém chan chinh clia bai
toan ban dau.

Trong cac cong trinh nghién cttu ¢6 tinh chit ing dung thi moi thi déu khéc. Trudc hét khong
thé dé dang lam thay ddi hoic lang tranh bai toan da dudc dit ra. O ddy doi hoi mot cai khac 1a
dua ra mot ciu tra 18i ding dan va dang tin ciy theo quan diém chung clia ngudi ta. Trong trudng
hop can thiét, nha toan hoc c6 thé c6 nhan nhudng: Anh ta phai sin sang dua nhiing du doan vao

ELINNT3

21V@ diém nay con c6 mot khé khin phu nita 1a nhitng khdi niém “nghién citu ving dung”, “chiong ving dung”, ...
chi 1a tuong dbi, diéu d6 doi khi din dén su hi€u 1am khéc nhau. Vi du din dén chd c6 nhiing ngudi khong hé 1a nhu
vay nhiing ciing goi nhau 1 nhiing nha ting dung (va tuong ting 1 nhiing nha 1y thuyét). C6 nhiéu nhiing cong trinh
nghién ctiu cdc cudn sich c6 thé goi dudgc 1a ing dung (néu chiing dudc xem xét theo nhiing lap trudng tritu tugng
hon) ciing nhu goi dudc 1a todn hoc thuan tuy (gi st theo 1ap trudng ctia mot ky su). Tat nhién tinh tuong dbi clia
khdi niém “stng dung” cling c6 trong vt ly, co hoc va cac bd mon khoa hoc khéc. Vé khai niém va trién vong phat
trién clia toan hoc dng dung xem thém [61-72].

22Can nhin manh ring viéc tach ra toan hoc thuan tuy va toan hoc tng dung 1a khong cé tinh chét tuyét di vi
thuc chit d6 1a nhiing khia canh khac nhau ctia mot khoa hoc vén gift nguyén cac nét quan trong vé su thong nhét
(trudc hét chi yéu & d6i tuong nghién ciiu 1a cic cdu tridc, nhung ciing khong phai ciing chi ¢6 vdy). Trong mbi mot
khia canh nay lai nay sinh nhitng tu tudng siu sic tic dong 1an nhau mot cach tich cuc (vi vy, néi toan hoc “thudn
tuy” 12 khong dat ma nén ndi todn hoc “Iy thuyét”). Song su tuong tic dé con 1au méi ti uu dugc.
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xich céc 1ap ludn ciing nhu cho phép mot sai s6 nhét dinh trong nhiing gia tri bang sb. Nhiing
ngay ca nhiing bai todn chi yéu theo phuong huéng thuc tién, vi du bai todn vé cic dong c6 séng
va cham, cling c6 thé doi hdi mot cong trinh nghién ciu todn hoc c¢o ban dé€ xdc dinh xem bai
toan d6 dudc dit ra c6 ding hay khong. Trong cdc cong trinh nghién citu ing dung c6 thé doi hoi
ca nhiing phép chiing minh nhitng dinh 1y toan hoc thuan tuy vé su ton tai b3i vi su tin tudng 1a
c6 nghiém c6 thé ddm bao cho do tin ciy ctia md hinh toan hoc dudc st dung, (thuc ra diéu nay
c6 phic tap hon doi chuit va vé sau chiing toi sé néi lai van dé nay — tac gid). Va cudi cung, ché
ngu trong toan hoc ting dung 1 cic phép xap xi vi thiéu chiing thi khong thé chuyén dudc cic
qua trinh vat ly thuc tai thanh cac m6 hinh toan hoc.

Viéc quay lai v6i hién thuc da dudc bién d6i thanh cidc md hinh todn hoc tritu tugng va su danh
gia nhiing sy tuong tng da dat dugc ¢ day doi hdi phai cé nhiing thoéi quen truc quan hoan thién
qua kinh nghiém. Thudng can phai bién d6i nhu thé nao d6 dbi véi bai toan hoc lic dau to ra rat
phtc tap d€ c6 thé gidi dudc biang cac phuong phap hién dai. Pidu nay phan nao giai thich dugc
tinh chat rdi ro vé tri 6c va su thod min c6  cac nha toan hoc 1am viéc vé6i cac k§ su va cdc nha
khoa hoc tu nhién d€ giai cic bai todn hién thuc c6 & khip noi, tai d6 con ngudi tim cach nhin
thic thién nhién va diéu khién n6”.
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CUOC DOI VA SU NGHIEP CUA GEORGE BOOLE
SU KHGI DAU CHO KY NGUYEN KY THUAT SO

Desmond MacHale
(Dich gid: Hoang Cao Phong, Ha Noi)

Pai hoc Cork hién dang ky niém 200 nam ngay sinh nha toan hoc va logic hoc George Boole. Tu
thang 10 nim 2015, Pai hoc Cork di 1én ké hoach cho mot loat cic su kién trong nim danh cho
George Boole '. Stic 4nh hudng trong nhiing cong trinh ctia Boole dang ngay cang tré nén minh
liét trong vai thap nién trd lai day, tif khoa hoc mdy tinh cho dén cong nghé k¥ thuit s.

Cubn tiéu st méi ciia Boole viét bdi Desmond MacHale vira dugc xuat ban bdi Nha xuét ban
Pai hoc Cork. Pay 14 ban chinh sita cia phién ban nim 1985 xuit ban bdi Nha xuit ban Boole.
Ldi tua clia phién ban trudc duge viét bdi nha todn — vat 1y hoc ndi tiéng ngudi Ai-len - John L.
Synge. Lan ny, cudn sach c6 mot 16i tua mdi dudc viét bdi Ian Stewart ctia Pai hoc Warwick.
An ban dau tién nay da dugc bién tap bdi Ivor Grattan-Guinness 2.

Day 1a mot cudn tiéu st rat toan dién, déng gép vo cuing to 16n cho su hiéu biét ctia chiing ta vé
mot nha todn hoc va logic hoc ¢6 tAm anh hudng 16n ctia thé ki XIX. N6 khic hoa mot cach ddy
dua bic chan dung cua Boole, khong chi 1a mot con ngudi cua khoa hoc ma con la mot nha cai
cdch xa hoi, nha tu tudng ton gido va mot ngudi dan dng clia gia dinh. Ong ciing 12 mat triét gia
tinh tdy. Cudn sach 1a két qua ctia nhitng nghién ctiu va tim hiéu ki ludng, cong phu, k€ lai nhiing
cau chuyén vé cudc séng va su nghiép ctia Boole mdt cach c6 hé théng véi su cudn hiit bén bi.

1. Thué thiéu thoi

George 1a con ca trong mot gia dinh ¢6 4 con, 6ng 1a mot thanh nién nhit nhat nhung dac biét
thong minh. Tir thdi nién thiéu, 6ng da c6 thé sit dung thanh thao tiéng Latin va tiéng Hy Lap,
ngodi ra 6ng con tu hoc tiéng Phap, tiéng Piic va tiéng Y. Piéu nay da gitip 6ng sau nay c6 thé dé

"http://www.georgeboole.com
2Vol. 14, Sept. 1985, http://www.maths.tcd.ie/pub/ims/nll4
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dang tiép can véi su phat trién ctia nén toan hoc trén toan chau luc, cho phép dng tién xa hon hau
hét nhitng dong nghiép ctia minh. Ong d3 hoc qua 16p tiéu hoc, nhung do qua nghéo nén khong
thé tiép tuc bac trung hoc; chinh vi vdy, 6ng phai tu hoc nhiing kién thiic toan cao cip bang cach
nghién cifu cic tdc phdm cla nhitng nha to4n hoc hang dau thdi gian do.

Boole bat dau nghién cttu toan hoc mot cch thuc sy nghiém tic khi 6ng khodng 16 tudi. Sau khi
thanh thao gidi tich, dng nghién cifu sang cic tdc pham clia Newton, Lagrange, Laplace, Jacobi
va Poisson. Nhu 12 mot ngudi tu hoc, Boole di tao ra mdt phuong phéap doc 1ap khi tiép can
nhitng vin dé nghién cttu. Cam hing ban dau ctia 6ng vdi toan hoc dén tir ing dung ctia né nham
giai quyét nhitng vin dé khoa hoc khéc, nhung dan dan, 6ng bi quyén rii bdi vé dep va su thd vi
ctia toan hoc thuin tdy. Ong da cong bé mot sé cong trinh vé phuong trinh vi phan, tich phan,
logic, xac sudt, hinh hoc va dai s6 tuyén tinh.

Nim 1841, cudn sach “Ly thuyét tong qudt vé phép bién doi tuyén tinh” ctia Boole dit nén méng
cho su phat trién clia mdt nganh todn hoc méi - 1y thuyét bat bién. Cayley va Sylvester 14 nhiing
ngudi da phat trién ly thuyét bat bién 1én mot tam cao mdi, nhung ca hai déu thira nhan Boole da
khoi ngudn cam hing cho nhitng nd luc ctia ho.

Tai liéu “Vé mot phuong phdp tong qudt cia gidi tich” ctia dng da dudc xult ban vao nim 1844
trong tuyén tap cc cong trinh triét hoc ctia Hoi Hoang gia. Ciing nhd viy, dng da gianh dudc
Huy chuong vang ctia Hoi, gidi thuéng dau tién nhu vay trong linh vuc to4n hoc. Bai bdo gidi
thiéu mot phuong phép téng quat héa cich giai quyét mot 16p 16n nhitng phuong trinh vi phan va
sai phan véi hé s6 thay d6i.

Théng 10 ndm 1846, Boole ting tuyén cho vi tri gido su todn hoc tai mot trong ba trudng dai hoc
Queen: O Belfast, Galway va Cork. Pon xin xét tuyén ctia Boole 1am hdi dong hét stic sting sot
bdi dng tuyén bd: “Tdi khong phdi la thanh vién ciia bdt ky truong dai hoc nao va chua tieng hoc
tai mot truong dai hoc nao”. Tuy vay, don cia 6ng nhin dudc su Gng ho rit manh mé tif cac nha
todn hoc hang dau. Sau thdi gian tri hodn, 6ng dudc giao phé mot vi tri trong Pai hoc Cork va
lam viéc & d6 vao thang 10 nim 1849 véi mic luong khéi diém 250 bang Anh mot nim.

Céc dai hoc Queen déu 13 nhiing co s& da gido phai, va do viy da giy nén nhiing cudc tranh cai tir
dau khi bi hé thong Cong gido md ta nhu 13 nhiing trudng dai hoc vo than. Trong mot thdi gian,
Boole cb ging tranh tham gia truc tiép vao cic cudc xung dot ton gido, tuy nhién dng khong thé
khong bi dnh hudng. Mic du ban chit hoa nhi, dng ciing da dinh vao moét loat cac cudc tranh
luan gay git & trudng dai hoc. C6 18 nhiéu thong tin chi tiét dugc cung cip bdi MacHale hon 1a
thuc su can thiét, tif nhitng 14 thu dai dén cac td bao trich dan.

Trong nhiing nim dau & Cork, Boole rit c6 don va dudng nhu khong miy hanh phic. Tuy nhién,
moi thif da hoan toan thay di vao nim 1855 khi 6ng két hon v6i Mary Everest 23 tudi lic & tudi
40. Mary 1a chdu gai ctia vi gido su ngudi Hy Lap tai Pai hoc Queen va dong thoi 1a chdu gdi ctia
George Everest, nha tong trac dia hoc cta An D09, ciing 1a ngudi da dugc dat tén cho ngon nui
cao nhit thé gi6i. Mot cach ngin gon, cudc hon nhan rat hanh phiic va ho da c6 nim ngudi con
gdi, cd nim déu tai gidi hon ngudi theo mot cach nao do.
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Nim 1833, khi méi 18 tudi, Boole dd c6 mot y tudng thoang qua rang tit ca nhiing quan hé logic
déu c6 thé biéu dién dudi dang cic cong thifc. Chinh y tudng nay sau dé di trd thanh cong hién
to 16n ctia dng dbi véi nganh khoa hoc: Giai thich cho qua trinh suy nghi ctia con ngudi biang
nhiing ngdn ngii toan hoc chinh xac. Nhitng nd Ivc dé bién logic thanh mdt bd mon khoa hoc
khdi nguon tir Aristotle, va Leibniz di dit nhiing budc dau tién trén con dudng thé hién mdi quan
hé logic du6i dang mic du 6ng chua tim ra mot ky hiéu phu hop. Nim 1847, Boole viét cuén
sach “Phdn tich vé Logic hoc”, dugc miéu ta vé6i tua dé 1a “Phép tinh cho cdc ldp ludn hop 1y”.
Cubn sach nay danh diu cho su khdi dau ctia logic hinh thic.

Téc pham 16n nhét ctia Boole, “Cdc dinh ludt ciia tw tudng”, da dudc viét trong sudt thdi gian
ong & Pai hoc Queen. Mot trong nhitng nhin xét siu sac nhit clia 6ng chinh la toan hoc khong
hé gi6i han bdi con sb hay s luong, ma mang mdt y nghia 16n hon vé cach biéu dién van vat
duéi dang thiic phit hop véi mot sb quy tac nhét dinh. Muc tiéu ctia dng la chuyén héa cac ménh
dé logic thanh dang cong thiic va tit d6, nhitng két luan logic trd thanh két qua ctia nhiing phép
toan vé6i cic gia dinh ban dau. Viéc xem xét cac 16p thay vi chi tAp trung vao nhiing con s6 da mé
dudng cho ly thuyét tip hop, hién 13 tim diém cia nén tang todn hoc.

Boole 12 ngudi dau tién dung cic phép todn dai s6 dé biéu dién thay cho cdc ménh dé logic, tir d6
tao ra mot dong luc manh mé cho linh vuyc logic hinh thuc. Trudc day, khong co ai danh gia cao
ban chit todn hoc xuét hién trong ngdn ngit hang ngay. Nganh dai sb hoc phat trién bdi Boole
hién nay da trG thanh cong cu ly tudng trong viéc xu ly thong tin va hoat dong may tinh dua theo
cdc nguyén tac ctia né. Pai s6 Boolean bao gdm rat nhiéu chi dé, trong d6 c6 ly thuyét tap hop,
s6 nhi phan, khong gian xac suit, cAu tric mach dién tif va cong nghé mdy tinh. Nhiéu y tudng
ctia Boole hién gid dudc coi nhu hién nhién va dugc tim thiy trong ly thuyét tip hop va xac suét
s0 cap. N6 mang lai nhiing ting dung rong rai trong cic linh vuc nhu chan doan y té, bao hiém va
ching cu phap ly.

Boole da tling thi 1am tho, tuy nhién gidng véi ngudi ban ctia minh - William Rowan Hamilton,
nhiing tdc phim tho clia 6ng khong c6 gi dic sac. Ca mot chuong dudce danh riéng dé néi vé su
thiéu lién lac ddng ngac nhién gitta hai ngudi dan 6ng. Boole sinh sau Hamilton 10 nim va cling
qua di trong mdt nam. Ho c6 rat nhiéu s thich chung trong ca toan hoc 14n niém luat tho, va
cling c6 rat nhiéu co hoi d€ c6 thé cong tac hay it nhit 12 tuong tac. Tuy nhién, su han ché tiép
xtic gitta hai ngudi cho thiy gitta ho c6 thé c6 mot s6 kho khin dang ké hodc mot sy bat dong
quan diém, mic du khong c6 bang chiing o rang nao vé diéu nay. Vao niam 1985, MacHale viét
rang nhitng bi mat vé mbi quan hé giita ho vin chua dugc bat mi. Chuong nay c6 tiéu dé “Mot s6
cdu héi chua dwoc trd 16, Tuy nhién, diéu dang that vong 14 sau hon 30 nim, khong hé c6 thém
thong tin nao vé diéu nay.’

*MacHale da n6i véi toi ring anh 4y c6 mot suy doan méi vé su ran niit trong mbi quan hé, thé nhung chiing ta
bat budc phai kién nhan chd ddi cho dén khi thong tin vé diéu nay xuit hién & dau dé.
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Chuong cubi cling kha 12 thd vi mic du 14 thong tin ngoai 1&. George va Mary Boole c6 5 ngudi
con gdi, tAt cd déu dic biét theo nhiing cach khic nhau. Alicia di c6 nhitng khdam pha quan trong
trong hinh hoc 4 chiéu. C6 da dua vao thuat ngit “polytope” chi su tuong duong 4 chiéu clia mot
khéi da dién. GI Taylor, nha thity khi dong luc hoc tién phong ctia thé ki 20, 1 con ctia con géi
Boole-Margaret. Mot ngudi con géi khac, Ethyl Lilian (Voynich) séng mot cudc ddi phiéu luu va
12 tac gid cudn ti€u thuyét “Ruoi Trdu” vo cung phd bién & Nga. Cau chuyén vé cudc ddi co ciing
rit hip dan.

Két thic chuong cudi- “nhitng ndm thdng cudi cung”, MacHale viét vé Boole: “Tén ciia 6ng sé
séng mdi tuwa nhuw nhitng mdy tinh ky thudt sé luén phu thuéc vao dai sé Boolean dé’véin hanh, va
mién la khi cdc sinh vién todn hoc vin con nghién ciiu Iy thuyét vanh, phuong trinh vi phdn, ly
thuyét xdc sudt, phuwong trinh sai phdn, Iy thuyét bdt bién, Iy thuyét todn tit, Iy thuyét tdp hop va
tdt nhién, cuén SACH 101 logic”. Ong két but bing ghi chi rang Boole sé vo cling vui miing khi
dugc biét tit ca cac thong tin lién lac hién dai, cho du d6 1a dit liéu, viin ban hay hinh 4nh, ludn
bao gém cic chudi dai clia nhitng biéu tugng Boolean 0 va 1.

Cubn sach duge xuit ban mot cach rat ky cong va dudng nhu khdng c6 16i. Mot vin dé nhé c6
thé 1am ngudi doc kho hiéu 1a viéc nhic di nhic lai vé Lebesgue. Nha phén tich Henri Lebesgue
chua dudc sinh ra cho dén nam 1875, rat lau sau cai chét ctia Boole. Tai liéu tham khao 1& ra
thudc vé nha s6 hoc Victor-Am’ed’ee (1791 — 1875) nhung lai liét ké Henri trong phan bang
muc luc. Mot vin dé nghiém trong hon 1a viéc bd qua phu luc danh sach 27, phan “Cdc tai liéu
tham khdo bé sung”, da ting xuit hién trong phién ban dau tién nhung lai bi b di tif nhiing
phién ban tiép theo. Mot sb trich dan qua dai kem theo mot sb6 doan lac dé va tbi nghia. Vi du
nhu viéc thém vao mot danh sach dai dang dic nhiing nha tu tudng ton gido cung thdi dai da anh
hudng 16n dén Boole. Viéc 1am dé c6 nén hay khong 12 tit nhién mot van dé vé quan diém va toi
cam thiy rang n6 sé khién cho cau chuyén vé Boole ctia chiing ta bi gidn doan.

Ngudi doc tip san doi khi cdm thiy miic do chi tiét cia todn hoc 12 khong day di. That su, véi
nhitng doc gi4 toan hoc c6 cling y tudng véi clia cong trinh ctia Boole va mubn dao sau hon nita
vé mang kién thiic nay sé khong that su thiy cubn sach 1a ly tuéng cho muc dich d6, va ho sé
phai doc lai nhitng 4n pham gbc ctia Boole. Tuy nhién, c6 mot danh sach kha day dd va gia tri vé
céc van dé dudc néu trong cudn sich.

Peter Lynch Peter Lynch 1a Gido su Khoa hoc Khi tugng tai UCD. Chuyén mon cia
ong bao gdm khi dong hoc, du bdo thdi tiét s6, co hoc Hamilton va lich sit ctia khi

tuong hoc. Ong viét mot s6 4n pham toan hoc trong phan “Bdy Todn hoc” trong
“Thoi bdo Ai-len”. Xem blog clia dng tai http://thatsmaths.com

Truong Khoa hoc Toan hoc, Pai hoc College Dublin.

E-mail: Peter.Lynch@ucd. ie
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NHAN DANG CHO MEO

Binh Nguyén
(Truong Pat hoc Khoa hoc Tu nhién, DPHQG - TPHCM)

TOM TAT

To4n hoc khong khd khan nhu nhiéu ngudi ting nghi ma gan lién mat thiét véi
cudc sdng xung quanh chiing ta. DA tif 1u nay, c6 rat nhiéu dng dung thiét thuc
dudc xay dung dua trén cic c¢o sé todn hoc bao gdom cic phép bién ddi va thuat
toan co ban nhu bién ddi Fourier, bién ddi Wavelet, thuit toan SVD (singular value
decomposition), thudt toan LDA (Linear Discrimination Analysis), thuat toan phan
ra tri riéng (eigen decomposition)... Trong s6 d6, c6 thé néi dén cac ung dung lién
quan dén nhan dang hinh 4nh (image recognition) trén dién thoai thong minh (smart
phones), noi ngudi ta c6 thé quan sit hinh anh trong ngdi nha ctia minh thdng qua
mot camera, tu dong nhan dudgc tin nhin khi c6 ngudi la dot nhap vao nha, hodc biét
duogc céc thi cung & nha c6 dang 1én it 1am gi khong. Trong bai viét nay, tic gid sé
gidi thiéu doc gia xay dung mot hé thdng nhan dang ché meo don gian thong qua
cac thuat toan co ban trong Toan hoc.

1. Gidi thiéu

Bai viét tip trung vao viéc xay dung mot hé théng thong minh cé thé phan biét dudce ché va meo.
Néu nhin bing mit thung, khong khé dé bt cii ai ¢6 thé thuc hién chinh xdc viéc nay. Van dé
dat ra ¢ day la trong truong hdp ¢6 mdt bo anh ché meo cho trude, lam sao chung ta tim ra mot
phuong phép gitip cho mot may tinh c6 thé nhan biét hinh 4nh ché méo. Hé théng cang thong
minh khi dat dugc do chinh x4c gan giébng nhu con ngudi.

D& nhan biét dugc anh ché meéo tir mot bic anh, thong thudng chiing ta sé dua vao cac dudng
nét bén trong biic anh d6. Anh ché sé chita mot sb nét dic trung géc canh (edge) riéng biét gitip
chiing ta phan biét dudc v6i anh méo. Trong phan tich thdi gian - tan s, bién ddi Wavelet ducc

Hinh 7.1: Chd va méo
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Hinh 7.2: M6t s6 anh ché méo trong tap huin luyén.

biét nhu 12 mot trong nhitng phuong phép hitu ich dé bi€u dién thong tin tin hiéu theo nhiéu ti 1&
khac nhau. Khong nhiing thé, bién ddi wavelet con cuc ky hitu ich trong viéc do tim canh (edge
detection) trong mdt biic anh. Chinh vi thé, trong bai todn nay, ching toi sé st dung bién ddi
wavelet dé biéu dién thong tin trong céc anh ché méo.

Nhu da dé cap trudc do, bai viét nay sé gidi thiéu mot thuat todn don gian gitip mdy tinh c6 thé
phén biét dugc gitta ché va meéo. Thut todn sé& bao gom cac bude sau day:

e Buéc 0: cho truéc M 4nh ch6 va M anh méo trong tip huin luyén (training set).

e Budc 1: Phan ra (decompose) cac anh ché meo thong qua cac ham wavelet cd s
(Wavelet basis functions). Muc dich cua budc nay 1a thuc hién thao tac do tim canh
(edge detection) trong biic anh.

e Budc 2: Tit cic 4nh md rong wavelet (wavelet expanded images) trong tap huin
luyén, dung thuit toan SVD dé€ tim kiém cach thanh phan chinh (the principal
components) lién quan tuong ing dén ché va meo.

e Budc 3: Tim kiém mot ngudng quyét dinh dé phan biét giita ché va meo bang thuat
toan LDA (liner discrimination analysis).

e Budc 4: Kiém tra tinh hiéu qué cta thuat toan trén N &nh ché va N énh méo. Thong
thuong, nguGitachontilée M : N =4:1.

Trong nhiing phan tiép theo, doc gia sé dudc tim hiéu sau hon tiing budc trong thuat todn trén.
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Hinh 7.3: Ché Bull.

2. Xay dung thuat toan

DE minh hoa cho thuat todn, ching ta xét biic 4nh ché Bull trong Hinh 7.3. Trong tap huén luyén,
chiing ta c6 tit ca 98 anh ché va 98 anh meéo va tit ca cac anh d€ dugc diéu chinh kich cd vé kich
thuéc 64x64. Qu4 trinh tién x( Iy nay dudc mo td nhu trong ham preprocess.m dudi day.

function [newImage] = preprocess(imagePath)
oldImage = imread(imagePath);
newlmage = imresize(oldImage,[64,64]);
end

Sau d6, tit ca cac anh huén luyén sé dugc phan ra thanh cic co sé wavelet bang cach st dung
bién ddi wavelet r&i rac. Trong Matlab, doc gia c6 thé st dung ham dwt2 sau day dé thuc hién
phép bién ddi wavelet roi rac hai chiéu cho céc anh nay:

[cA, cH, ¢V, cD] = dwt2(X,wname)

O day, cA 1a ma tran hé s6 thanh phan xép xi (the approximation coefficient matrix) con cH,
¢V, va cD la ma tran hé sb thanh phan chi tiét (the detail coefficient matrix) tinh dudc thong
qué viéc phan tich anh dau vao X . Tham s wname dai dién cho tén ham wavelet dudc st dung.
Trong vi du ndy, ching ta sé st dung bo loc Haar d€ thuc hién qua trinh phan ra wavelet.

Trong hinh 7.4 va hinh 7.5, chiing ta c6 thé thiy phan rd Wavelet ctia hinh mot con ché. Sau khi
phan rd anh ché meéo bing biéu dién wavelet, chiing ta sé tim phuong phap tiép can dé c6 thé
phan biét dugc dnh ché va meéo. D€ thuc hién diéu nay, mot trong nhiing cach ching ta c6 thé
tiép can 12 phan ra tdp anh ché meo bang thuit toan SVD, nghia 14 ché meéo sé dudgc biéu dién
bing c4c thanh phan chinh (principal components). Sau d6, chiing ta sé diing phuong phap LDA
dé huan luyén mot hé thong phan biét dudc ché meo.

Nhin chung, thuit todn chiing ta sé tién hanh nhiing budc sau day:
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:l-i-

Hinh 7.4: Bién d6i Wavelet trén biic anh ché Bull (anh 7.3) tao thanh bdn ma tran: cA, cH, cV
va ¢D (tUf tri sang phai, tli trén xudng dudi).

Hinh 7.5: Trong hinh nay, tif trdi qua phai, tif trén xudng duéi 1an lugt biéu dién theo chiéu ngang,

chiéu doc, 4nh do tim canh va hinh 4nh t&ng hop lai tit bién d6i Wavelet ctia anh ché Bull ban
dau.
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dog_folder_path="./training/dog’;
cat_folder_path="./training/cat’;

dog_wave = dc_wavelet(dog_folder_path);
cat_wave = dc_wavelet(cat_folder_path);
feature=20;

[result,w,U,S,V,th] = dc_trainer(dog_wave,cat_wave,feature);

Trong thut toan trén, cac 4nh vé ché va meo sé& dugc dua vao hé thdng va sau dé dudc dua vao
thuat toan Wavelet dudc mo ta nhu sau:

function [dcData] = dc_wavelet(dc_folder_path)

allFiles=dir(dc_folder_path);

allNames = {allFiles.name};

nw=32%32;

index=1;

for i = 1:length(allNames)
filename=fullfile(allNames{i});

filename=fullfile(dc_folder_path,filename);

display(filename)
I=imread(filename);
J=imresize(I,[64,64]);
J=rgb2gray(J);

[ ,cH,cV, ] = dwt2(J,’Haar’);
nbcol = size(colormap(gray),1);
cod_cH1 = wcodemat(cH,nbcol);
cod_cV1 = wcodemat(cV,nbcol);
cod_edge=cod_cH1+cod_cV1;

dcData(:,index)=reshape(cod_edge,nw,1);

end end

Thuét todn huin luyén dugc mo ta nhu trong ham dc_trainer.m.

~

function [result,w,U, 3, V,threshold]=dc_trainer(dog0,cat0,feature)

nd=length(dog0(1,:));
nc=length(cat0(1,:));

[U,%,V] = svd([dog0,cat0],0);
animals = X*V’;

U = U(,1:feature);

dogs = animals(1:feature,1:nd);
cats = animals(1:feature,nd+1:nd+nc);
md = mean(dogs,2);

mc = mean(cats,2);

Sw=0;

for i=1:nd

Sw = Sw + (dogs(:,1)-md)*(dogs(:,1)-md)’;

end
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for i=1:nc
Sw = Sw + (cats(:,i)-mc)*(cats(:,i)-mc)’;
end

Sb = (md-mc)*(md-mc)’;

[V2,D] = eig(Sb,Sw);
[lambda,ind] = max(abs(diag(D)));
w = V2(:,ind); w = w/norm(w,2);
vdog = w’*dogs; vcat = w’*cats;
result = [vdog,vcat];

if mean(vdog)>mean(vcat)

W =-W;
vdog = -vdog;
vcat = -vcat;

end

sortdog = sort(vdog);
sortcat = sort(vcat);
t1 = length(sortdog);
t2=1;
while sortdog(tl)>sortcat(t2)
tl =tl-1;
t2 = 2+1;
end
threshold = (sortdog(t1l)+sortcat(t2))/2;
end

C6 thé thay, trong budc dau tién ctia qud trinh huln luyén, chiing ta st dung phan ra SVD trén dit
liéu tao ra tlt bién d6i Wavelet cho tiing anh huén luyén. Véi tip huén luyén gdm 98 4nh meo va
98 anh cho, sau khi thuc hién phép bién ddi Wavelet, chiing ta thu dugc mot véc to ¢é téng do
dai 32 * 32 = 1024. Két hop dit liéu huin luyén (98 4+ 98 = 196 anh), chiing ta sé tao ra dudc
ma tran mdi c6 kich thudc 1024 x 196. Pén budc nay, ching ta sé sit dung thuat toan SVD dang
riit gon trén ma tran nay dé€ c6 thé trich ra dudc cac thanh phan chinh U, Z va V.

Tuy nhién, ching ta khong nhét thiét phai st dung tit ci cac thanh phan chinh (principal
components) thu dudc tir thudt toan SVD dé lam dic trung cho viéc nhan dang. O diy, ching
ta chi can diing mot s6 lugng vita dii cac thanh phan chinh, cdi ma dudc xac dinh thong qua
bién feature. Gia st s6 lugng thanh phan chinh chiing ta chon 1a 20. Khi d6, tif ma tran U va
S V* thu dudc, chiing ta sé& trich ra 20 cot dau tién ctia ma tran U va 20 dong dau tién clia ma
tran £V*. Trong hinh 7.6, doc gia c6 thé thiy cac hinh anh minh hoa tuong ting bn thanh phan
chinh dau tién ctia 4nh ché meo trich ra tif tap huin luyén.

Mot cau héi dit ra tai sao ching ta lai st dung ma tran XV *? Nhu da biét, ¥ 12 ma tran dudng
chéo ma cic thanh phan dudng chéo ctia né chinh 12 singular value ctia ma trin 1024 x 196 ban
dau. Chinh vi thé, viéc chon ma trin £ V* sé tao nén trong s cho cac mode clia mot anh (meéo

hoic ché) cho trudc khi chiéu 1én ZV*.

Sau khi chung ta thuc hién cac budc phan ra Wavelet va SVD cho tuing biic anh ch6é meo trong
tap huin luyén, ching ta sé tim cach st dung nhiing thong tin nay dé quyét dinh xem 4nh cho
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Hinh 7.6: Minh hoa cho bdn thanh phan chinh dau tién (principal components) ctia tip anh ché
meo. Nhiing thanh phan thé nay sé dugc st dung 1am co sé dé phan loai mot dnh ché hoiic meo.

trude la anh con vat nao. Thuat toan LDA 2-16p dudc su dung trong bai toan nay. Mot trong
nhiing muc tiéu ctia thuit toan LDA chinh 1 tim ra phép chiéu hiéu qua nhét sao cho dit liéu khi
chiéu xuéng mdt khong gian con cho trude c6 thé phan chia tot.
Nhu trong hinh 7.7, véi dit liéu hai 16p cho trudc, phép chiéu LDA di tao ra mot phan bd ly tudng
cho di liéu khi gia trung binh cta di liéu hai 16p trén hé truc méi u; va p, hoan toan tach roi
nhau. Néu xét vé khia canh todn hoc, phép chiéu trén thod man:

wT Sgw
w = arg max m (2.1)
trong do, cac ma trdn phan tan gitia cac 16p Sp va trong mot 16p Sy dudc tinh nhu sau:
Sg = (2~ ) (k2 —p1)" (2.2)
2
Sw o= Y ) (r—p)x—p)" (2.3)

i=1 x

Dé thiy, nghiém ctia bai to4n 2.4 chinh 13 véc to riéng tuong ting véi tri riéng 16n nhit A clia bai
todn tri riéng:
Spw = AS,w. (2.4)

D¢ gii dudc bai todn tri riéng trén, chiing ta c6 thé ding ham eig trong Matlab dé tim gi4 tri
w tuong dng. Nhu vy véi cdc 4nh ché meo nidm trong tip huin luyén ban dau, chiing ta sé
chiéu xudng co s6 L DA d€ thu dugc phan b tuong ting. Khi d6, ching ta can tim mot ngudng
(threshold) d€ gitip phan loai mdt biic &nh ndm trong nhém con vay nao. Tuy nhién, thuit toan
van khong tranh khoéi mot s6 trudng hop 4nh méo nhan nham thanh dnh ché va nguoc lai. Cang
nhiéu dic trung st dung, chiing ta hi vong cang giam s6 16i trong qua trinh nhan dang.
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Hinh 7.7: Phép chiéu LDA tao ra mot phan bd ly tudng va dit lidu thu dugc trén hé truc méi hoan
toan c6 thé phan chia thanh hai 16p khac nhau.

Dé kiém tra chét lugng dat dudc cia hé théng vira xay dung, chiing ta tién hanh kiém tra vé6i 16
anh meéo va 16 anh ché (hoan toan doc 1ap véi tap anh huan luyén ban dau).

~

90'Test on the testing dataset:
testing_set="./testing’

% wavelet transformation

testing_wavelet = dc_wavelet(testing_set);
% SVD projection

TestMat = U’ *testing_wavelet;

9% LLDA projection

pval = w’*TestMat;

% 16 cats and 16 dogs
hiddenlabels=[1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1
,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0];

TestNum = length(pval);

Yocat =1, dog =0

ResVec = (pval>threshold)

disp(’ Number of mistakes’);

errNum = sum(abs(ResVec - hiddenlabels))
disp(’Rate of success’);

sucRate = 1-errNum/TestNum

N

V6i bo dit liéu chung t6i da xét, ti 1€ nhan dang ding dat dugc khoang 72%. Chung t6i xin nhudng
lai phan cdi tién cho doc gia ctia Epsilon trong s6 bdo nay. Poan codes tham khao c6 thé tim thay
tai: Pet-recognition.

TAc gia chan thanh cdm on TS. Lé Phong va TS. Ping Nguyén Pic Tién da sia 16i va gép y cho
ban thao.
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psilon

Tap chi online cua cong dong
nhitng nguoi yéu toan

BAI TOAN CAN TIEN

Dang Nguyén Puc Tién
(Dat hoc Trento, Italia)

LOI GIOI THIEU

Tiép nbi nhiing sb bdo trude, chuyén muc Todn hoc Gidi tri ky nay gidi thidu véi
ddc gia mot bai toan logic kinh dién: Bai todn can tién (counterfeit coin problem).

Dang thiic chung clia cdc bai todn cén tién 12 c6 mot hodc mot s6 dong tién gia
dugc dit 14n 16n véi cac dong tién that. Cac dong tién gia c6 bé ngoai gidng hét tién
that nhung khac khdi luong so vdi tién that. Can st dung can dia hoic can sb véi
mdt s6 14n can xdc dinh d€ tim ra (mot hodc mot s6) dong tién gia nay. O day ching
toi ciing nhic lai hai khai niém vé hai loai can dudc sit dung. Cén dia gitip chiing ta
so sanh khéi lugng cilia cac vat dudc dit 6 2 bén clia dia can va két qua tra vé hoic
ning hon, hodc nhe hon, hoic can thiing bing. Can s6 cho phép xic dinh chinh xic
khoéi luong ciia vat dudc dit trén can. Trong cac bai toan dudc trinh bay & s6 nay,
chiing t6i ludn gia st ring cac can dudc st dung ludn c6 do chinh xac tuyét dbi.

Tuong tu nhu bai toan doi nén, bai todn cin tién dau tién theo chiing tdi ra doi
tif rAt sém, nhung mii dén gitta thé ky 20, nhitng 15i giai dau tién mdi chinh thiic
ducc ghi nhan va cong bd. Va ciing tuong tu nhu bai todn anh em ctia minh, bai toan
can tién c6 rat nhiéu bién thé khac nhau, ma hién tai chiing toi suu tap dudc hon 53
phién ban cua bai toan nay.

Trong chuyén muc Toan hoc Giai tri ky nay, chung t6i chon loc gidi thiéu véi
ban doc 5 bai todn cin tién st dung can dia. Trong sb tiép theo, ching tdi sé& gidi
thiéu nhiing bai ton st dung cén sb.

Va bay gid, xin mdi ban doc hdy sang trang tiép theo dé dén véi bai toan can tién
dau tién ...
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1. Bai toan can tién véi 9 dong xu

Bai todn can tién dau tién c6 phat biéu nhu sau:

C6 9 dong xu gidng hét nhau, trong d6 c6 mot dong gia ning hon 8 dong con lai. St dung
can dia va khong sit dung thém qua can, bing 2 1an can, hay chi ra dong gia.

Bai toan nay kha don gian va xuét hién trong rat nhiéu tap chi ciing nhu sach vé toan hoc vui,
giai tri... Ban doc han s€ nhanh chéng tim ra phuong an cho bai toan véi cach can nhu sau:

Lan 1: Dit mbi dia can 3 ddng. Ta c6 2 trudng hop: can thing bing hodc can 1éch. Néu can
thing bing, ta suy ra dong gia thuoc vé 3 dong chua can. Néu can léch, ta suy ra dong gia thudc
vé nhém 3 ddng niing hon. Nhu vy, ta ludn x4c dinh dudc nhém 3 dong nao c6 chita dong gia.

Lan 2: Chon 2 ddng trong 3 ddng vita xdc dinh va dit 8 mdi dia can 1 ddng. Ta ciing c6 2 trudng
hop & day: Néu cén thing bang, suy ra ddng chua can 1a dong gia. Néu can léch, thi dong ning
hon 1a dong gia.

Nhu vy, véi 2 1an cin, ta x4c dinh dugc dong gia (biét trudc ning hon) trong s6 9 dong.

Ta c6 thé ning cAp bai toan 1én 27 dong véi 3 1an can, trong d6 1an dau cAn mbi bén 9 dong va ap
dung phuong phap tuong tu khi da biét dong gia & 9 dong nao. Tong quat héa bai toan véi n 1an
can, ta c6 thé x4c dinh dugc dong gia (biét trudc ning hon) trong sd 3" dong!

Bai todn trén kha don gian, nhung khi thay d6i mot it diéu kién, ta c6 dudc nhiing bai toan héc

bua va vo cling thud vi, ma tiéu bi€u 12 bai toan tiép theo day.

2. Bai toan 12 dong xu

Theo ching t6i, day 12 bai todn kinh dién va ndi tiéng nhét trong s6 cic bai todn can tién. Phién
ban dau tién ma chiing tdi tim dudc xuat phat tif Dyson va Lyness vao nim 1946 [1].

Phat biéu bai toan nhu sau:
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C6 12 dong xu gidng hét nhau, trong d6 c6 mot dong gia c6 khoi lugng khac véi 11 dong
con lai, nhung khong biét ning hon hay nhe hon. St dung cin dia va khong st dung thém
qua can, bang 3 1an can, hay chi ra dong gia.

Thoat nhin, bai toan nay kha gidng vé6i bai todn 9 dong xu dau tién. Tuy nhién, véi yéu t6 khac
biét 1a chiing ta khong biét dugc dong gia nhe hon hay ning hon so v6i dong that. Va véi yéu td
nay, bai toan tré nén khé khin hon kha nhiéu.

Trude khi budc sang phan 15i giai, ching t6i hi vong doc gia hay danh ra it thoi gian dé thi siic
v6i bai todn nay dé thdy dudc su thd vi ctia né. Mot trong nhitng khao sat chi tiét dau tién ctia
bai todn nay doc gia c6 thé xem & [2] béi Richard Bellman, mot trong nhiing nha todn hoc tién

phong vé& Quy hoach dong.

Va bay gid, chung t6i gidi thiéu 3 cach giai khac nhau cho bai toan nay ciing nhu mé rong cho
bai toan.

Chiing t6i da st dung bai todn nay & cac dién dan Toan hoc, cac chuyén muc db vui ciing nhu véi
ban be trong hon 15 nim qua va day 1a cch giai ma ching toi hay nhin dudc nhit. Vi ban chét
céch gii nay 1a chudi suy luan logic nén chiing t6i tam goi phuong phdp ndy la cach giai logic.

Céch 1am nay nhu sau: Chia 12 dong thanh 3 nhém va dit tén cho cic dong tuong ing vdi cac
nhoém la aaaa, bbbb va cccc.

Lan 1: Can aaaa va bbbb
Truong hop 1. Néu can thing bang, ta suy ra 8 dong aaaa va bbbb déu that.

Lan 2: dit 3 dong bét y trong 8 dong nay va 3 dong trong 4 dong con lai, vi du aaa va ccc. O
day sé co 2 truong hop:

Trudng hop 1.1. Néu can thing bing, suy ra ddng ¢ con lai gia. Ta cin 1an 3 sé biét ning nhe.

Truong hop 1.2. Néu can 1éch, ta biét dong gia trong 3 dong ccc, va ta biét dudc ning hay
nhe. Lan cudi don gian can 2 dong sd 3 dong ccc nay v6i nhau. Néu cn bang, ¢ con lai gia (da
biét niing nhe), néu khong can bﬁng, cing xac dinh dugc.

Truong hap 2. Néu can 1éch, ta suy ra 4 dong cccc déu that. Khong mét tinh tdng quat, gid st
aaaa < bbbb.

Lan 2: can accc va baaa (méu chdt & day 12 tich nhoém a va b ra sao cho thanh 1 bd 1 ddng
va 1 bo 3 dong). C6 3 trudng hop nhu sau:

Truong hop 2.1. Néu can bing, suy ra 3 ddng bbb con lai 1a gia ning, va v6i 1an cudi ta sé
xac dinh dudc.
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Truong hop 2.2. Néu acce < baaa thi hoidc dong a nay gia nhe, hoic dong b gid ning. Lan
cudi can ¢ va a hoic b ta sé xac dinh dugc.

Truong hop 2.3. Néu accc > baaa thi dong gia trong 3 dong aaa, va 1a gia nhe. Véi 1an
cudi ta ciing xdc dinh dudgc.

Va nhu vay, bai todn dugc gidi quyét tron ven véi 3 1an can.

Cach giai nay theo ghi nhén ctia ching tdi dudc dé xut bsi Brian D. Bundy vao nidm 1996 & [4].

Trudc khi di vao phén tich cach giai nay, chiing t6i néu mot dap 4n vi du nhu sau: gan s6 tir 1 dén
12 cho 12 ddng va thuc hién 3 1an can:

Lan 1: Can (1,2, 7, 10) va (3, 4, 6, 9)
Lan2: Can (1,3,8,11)va(2,5,6,7)
Lan 3: Can (2,3,9, 12) va (1, 4, 5, 8)
Khi d6 véi két qua 3 1an can, cach 1am nay sé& xac dinh dudc dong nao 1 gia va gid ning hay nhe!

Vi du néu nhu ta ¢6 3 két qua 1a 1an 1 bing nhau, 1an 2: bén phai ning hon, 1in 3: bén tri ning
hon, ta sé biét dong gia 1a dong 8 va dong nay nhe hon.

Lam sao c6 dudc diéu nay? Ta thdy ring mdi 1an can s& c6 3 kha ning, can bang (ky hiéu 0),
bén trai ning hon (ky hiéu 7') hodic bén phai ning hon (ky hiéu P). Va ting v6i 12 dong thi ta
c6 24 kha ning 12 mbi dong 12 gia va gia ning hay gia nhe. Do viy, cdch 1am 1a tim c4ch chia
cac qua can sao cho mdi bd két qua ctia 3 1an can sé& ting véi mot dap sd duy nhit, vi du nhu két
qua T TP ta sé c6 tuong tng dap sb “dong 1 gid ning”, két qua TP T sé c6 ddp sb “dong 2 gia
ning” ... Cach 1am nay khong nhiing chi ra dong gia, va gi ning hay nhe ma con chi ra cich xép
cc qua cAn nhu thé nao cho phu hop.

Bay gio ta cung phan tich cach lam. Xét 2 nhan xét sau:

Nhan xét 1: Ta c6 27 kha ning khic nhau ciia céc 1an can (3° = 27) va 24 két qua phan biét. Ta
loai bé trudng hop cung dit mot ddong & cling 1 bén can trong ca 3 1an can (do dit nhu vy thi sé
khong can du). Khi d6 3 trudng hgp 000, 7T T va PP P bi loai bo va ta con lai 24 kha nang
ting véi 24 dap s6!

Nhén xét 2: Ta thiy néu két qui OP T ting v6i ddp 4n “dong 8 gia nhe” thi két qua dbi xiing 1a
0T P, phai cho ra “dong 8 gia ning” do 0T P cho thiy dong 8 (gia) xuét hién & 2 1an can sau. Vi
vay ta c6 thé phan 24 kha ning thanh 2 nhém, mbi nhém ting véi 12 dong xu.

Hai nhan xét trén chinh 13 c¢d s dé tim ra cach gan: Ta ghi ra 12 phuong 4n phan biét va khong

chita phuong 4n d6i xiing thanh 12 cot, 3 dong, mbi dong c6 diing 4 0,4 T va 4 P va khong c6
cot nao ¢6 000, TT T, hodc PP P. Sau d6 gan thii ty tir 1 dén 12 ting vé6i 12 dong.
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Vi du nhu sau (d€ tim ra cdch gan thoa yéu cau khong khé nhung ciing can phéi c6 chién thuat, &
day chung t6i xin phép ludc bdt va cach gan sau day ciing chinh la gdi y):

Dé chon cac dong xu trong cac 1an can, ta dit theo tiing dong, néu 1a T, ta dit dong xu bén trai
va P, ta dit bén phai. Khi d6 néu phuong 4n ra diing véi thi tu, sé 12 gia niing va nguoc lai ta xét
ddi xiing va c6 gia nhe. V6i phuong dn nhu vi du & trén, ta co:

Lan1: (1,2,3,4)va(5,6,7,8)

Lan 2: 4,5,6,7)va(8,9,10,11)

Lan 3: (1,6,9,12)va (2,4, 7, 10)

Ta thiy day 1a mot cach khac sap xép cac dong xu khac véi cach néu ra diu tién. Thi xét vai vi
du nhu sau:

- Néu nhu két qua 1a T TP, tra vao bang da lap ta thdy sé ing véi “4”, va vi vy day 1a “4 gia
nang”.

- Néu két qua 1a POT, tra vao bang ta thay khong c6, vdy d6 1a gia nhe, va 1iy d6i xiing ta c6
TOP, ting v6i dong 2, vy day 1a “2 gia nhe”.

Va vé6i cach 1am nay, ta c6 thé tdng quat 1én véi n 16n hon 3. Cac md rong khac clia bai todn ciing

c6 thé 1am dua trén co s& nay. Tuy nhién, nhudc diém 1 v6i 7 16n, d€ tranh sai sot trong gan nhan
thudng ta can dén sy trg gitip cia mdy tinh.

Day 12 cach giai yéu thich nhit ctia ngudi viét bai nay, theo ghi nhan ctia trang Cut The Knot thi
16i gidi dugc dua ra bdi Jack Wert [5], do vay chiing t6i dung tén tac gia dé goi cho phuong phap
nay.

V& miit y tudng, cach 1am nay kha gidng nhu cach diu tién, nhung dudc tac gid phat biéu & hinh
thiic d€ hi€u hon va c6 thé tdng quat hda 1én véi trudng hop n > 3 kha dé dang.

Cach lam cua Jack Wert cho bai toan nay nhu sau:

Chia 12 dong thanh 3 nhém, mdi nhém 4 dong va trong mdi nhém chia thainh mdt "déng" 3 dong
va mot "ddng" 1 dong 18 (vi du nhu géi 3 dong nay vao mot bao gidy va gia sit khbi lugng bao
bang 0).

Lan 1: Dit ¢ mdi dia can 2 nhém dau tién va ghi nhan tinh trang can.
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Lan 2: Hodn déi céc "déng" 16n: "déng" & can bén tri qua can bén phai, "ddng" & can bén phai
dit ra ngoai va "ddng" chua can dit & cAn bén trai. Ghi nhan tinh trang can.

Néu tinh trang cén thay ddi: ta xac dinh dudc dbng nao cé chita dong gia, va gia ning hay gia
nhe. V6i 1 14n cin con lai, ta sé biét dudc dong gia nay. Néu tinh trang cin khong thay déi: ta
biét dong gia sé & vao mot trong cac dong 1é va vé6i 1 1an can, ta cling x4c dinh dudc dong gia
ndy va biét dudc gia ning hay gia nhe. Mot cach ly giai tuyét dep ma khong can phai gan nhan!

Bay gid ching ta hay thi xem lam cdch nao d€ mé rong céch gii nay cho n 16n hon, vi du 1092
dong vé6i 7 1an can: ta cing chia thanh 3 nhém, mbi nhém gom 364 dong. Sau do, trong mdi
nhom, ta “g6i” cac dong thanh titng dong 243, 81, 27, 9, 3, 1 dong (6 “ddng”).

Lan 1: Dit toan bd 6 déng ctia mdi 2 nhém 1én can. Ghi nhan tinh trang cén.

Lan 2: Hoan d&i déng 16n nhét (chia 243 ddng) tit can bén tri sang can bén phai, tit cAn bén
phai ra ngoai va tir bén ngoai vao can bén trai. Ghi nhan tinh trang can.

Néu tinh trang cin thay déi, ta biét dong nao chita dong gia va ning hay nhe tuong ting. Va ta tim
dugc dong gia trong 243 dong nay sau 5 1an can (3° = 243, do da biét gia ning hay gia nhe).

Néu can khong thay d6i, hodn chuyén dén déng thi 2 (déng chita 81 dong) va ghi nhan tinh trang
can. Néu can thay d6i, ta biét dong gia & dong nao cling véi tinh ning/nhe tuong dng, va tim ra
dudc dong nay sau 4 1an can. Néu can lai khong thay ddi tinh trang, ta lai tiép tuc hodn chuyén
dong tiép theo (27 ddng) va cii nhu vy cho dén déng cudi ciing, va ta ludn st dung t6i da 7 1an
can!

Bing cach 1am nay, dé thiy 10i giai tdng quat v6i 7 1an can, ta c6 thé xdc dinh dugc dong gia va
la gi4 niing hay gia nhe trong (3" — 3)/2 dong!
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Bai toan can tién thi 3 nay ching t6i trich ngudn quen thudc tit blog ctia Tanya Khovanova, 1a
mot bién thé kha thd vi (nhung dé hon) clia bai toan & trén.

C6 N > 2 dong xu gidng hét nhau, trong d6 c6 mot dong gia c6 khdi lugng khac véi cac
dong con lai, nhung khong biét ning hon hay nhe hon. St dung cin dia va khong st dung
thém qué can, hdy xac dinh s6 1an can it nhit d€ x4c dinh dong gi4 1a ning hon hay nhe hon
so vdi cac dong khac ma khong yéu cau phai xac dinh cu thé dong gia nay.

Sau day 12 16i gidi clia bai todn dudc ding bdi tac gid (Tanya Khovanova): Chi cn 2 1an cén 1a ta
c6 thé x4c dinh dugc dong gia 1a ning hon hay nhe hon so véi cac dong con lai.

Truong hop N = 3, don gian ta chi so sanh tling ciip hai dong xu véi nhau.

Xét trudng hop N = 4. Ta can 1an dau mdi bén 2 dong. Can khong thé can bang. Khong méat
tinh tng quat, gia st cAn bén trai nhe hon. Lan 2 so sdnh 2 dong bt ky & can bén trdi, néu can
bing, ta biét ddng gia & nhém con lai va biét dugc 1a gia ning. Néu can léch, ta biét dugc dong
nhe hon 1a gia nhe.

Nhu vay, ta c¢6 thé tong quat 1én trudng hop N = 3k vdi N = 4k véi cach 1am tuong tu.

V6i N bét ky, ta c6 thé tach N ra lam 3 nhém véi sb luong a, a, va b sao choa < b < 2a. Lan
dau ta can 2 nhém a, néu can thing bang, ta c6 2a dong déu that, va can lan 2 véi b ddong mdi
bén. Néu can léch, ta biét b ddng con lai 12 that va ta sé can tiép a dong tit b v6i mot trong 2
nhém a da can.

Céch 1am nay, con thiéu cho trudng hop N = 5, vi v6i N = 5 ta khong thé tach ra thanh 3 nhém
nhu yéu cau ctia cach gidi trén. V6i N = 5, 1an dau ta cAn mbi bén 2 dong. Néu céan thing bang,
ta can 1an cudi véi mot dong bat ky trong 4 dong nay va dong con lai. Néu can 1éch, ta 1am nhu
1an can thii 2 cho trudng hop N = 4. Va nhu vay bai toan da dudc gidi quyét.

O bai toan nay, chiing ti gi6i thiéu mot bai toan kha kho, va dudc giai quyét tir cach day gan 20
nim (1997) bdi mot nha toan hoc Viét Nam quen thudc véi Epsilon & cdc s truée: Gido su Vil
Ha Vin (ban doc c6 thé xem chi tiét hon & [3]).

Chiing t6i phat biéu bai toan nay & dang don gian véi 10 dong xu nhu sau:

Cho 10 ddng xu, trong d6 c6 mot sé dong gia. Biét rang cac dong that ning biang nhau. Cac
ddng gia cling doi mot ning bang nhau nhung c6 khéi luong khac véi dong that. Vi mot
can dia va khong st dung thém qua cén, bang 3 1an can hay cho biét 10 dong nay liéu cé
phai cung loai?
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Phét biéu tong quat hon clia bai todn nay nhu sau:

Cho mét tép gom m dong xu vdi t6i da 2 loai khoi lwong khdc nhau. Hay xdc dinh liéu tdt cd cdc
dong nay co cung khéi lugng bang it lan cdn nhdt.

Ban doc c6 thé tham khdo 15i gidi chi tiét hon & [3], trong muc nay ching toi st dung 13i giai so
cAp va cu thé trong trudng hop N = 10 nay nhu sau:

Trudc tién, danh sb cac dong xu tir 1 dén 10. Dé thiy, néu nhu trong mdot 1an can bat ky, can
chénh 1éch thi ta giai quyét dudc bai toan. Do vAy, gia st riang cin ludn cin bang trong ca 3 1an
can.

Xét 2 nhém: nhém 1 chi gdm dong 1, nhém 2 gdm 2 dong 2 va 3. Goi a va b 1an lugt 1a sb dong
gia 6 2 nhom nay. Nhu vay tacéa = O hoaca = 1 vab = 0, hodc b = 1, hoac b = 2.

Lan 1: can 3 dodng (1,2, 3) va 3 dong (4, 5, 6). Do can can biang nén ta biét s6 dong gia & 3 dong
(4,5,6)laa+b.

Lan 2: can 4 ddng con lai (7, 8, 9, 10) va 4 ddng (1, 4, 5, 6). Do can can bing nén ta biét s6 ddng
gia & 4 dong (7, 8, 9, 10) nay 1a 2a + b.

Lan 3: cAn (1,7,8,9,10) va (2, 3,4, 5, 6). Do can can bﬁng néntacod3a +b = a + 2b, suy ra
2a = b. biéu nay nghia 13 hoiic a = b = 0 (nghia la tit ca cic ddong déu that) hoica = 1 va

b = 2 (nghia la tit ca cdc dong déu gia). Trong c 2 tinh hudng, ta déu chi ra dudc tat ca cac
dong nay c6 cung khéi luong v6i nhau hay khong!

5. Bai toan 9 dong xu

Chiing toi bit dau va két thiic cho chuyén muc nay déu véi cac bai todn 9 dong xu, 2 1an can, va
bai toan cuodi cung nay nhu sau:
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C6 9 dong xu, trén mdi dong c6 ghi cac con sb tir 1 dén 9 cho biét khéi lugng tuong dng clia
chiing 1a Igr, 2gr, ... 9gr. Biét ring c6 mot dong trong sb nay bi 16i va c6 khdi lugng nhe
hon khéi lugng dude quy dinh. V6i mot chiée can dia va khong st dung thém qué cén, liéu
rang véi 2 1an cén, c¢6 thé chi ra dong bi 16i nay?

®,

©) ®) ®) ©)
DT Q) @

Ldi giai bai todn nay kha don gidn va chiing tdi xin danh cho doc gia. Chiing t6i ciing két thiic
chuyén muc tai day va hen gip lai trong s t6i, v6i chuyén dé bai todn can tién véi can sb.
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Tap chi online ctia cong dong
nhitng nguoi yéu toan

XUNG QUANH BAI TOAN HINH HOC TRONG
KY THI VMO 2014

Nguyén Tién Ding - Ha Not

Tém tit

Bai viét dua ra mot géc nhin cla tic gid vé bai hinh hoc sb 4 trong ky VMO 2014
ciing nhu nhitng khai thic xung quanh ciu hinh ctia bai toan.

Bai hinh hoc s6 4 trong ky VMO 2014 ¢6 noi dung dudc dé cap trong [1] nhu sau:

Bai toan 1. Cho tam gidc nhon ABC néi tiép duong tron (O) véi AB < AC. Goi I la trung
diém cung BC khong chita A. Trén AC 1dy diém K khdc C sao cho IK = IC. Puong thing
BK cdt (O) tai D(D # B) va cdt duong thing Al tai E. Puong thang DI cdt duong thing
AC tai F.

P . N BC
1. Chitng minh rang EF = —
2. Trén DI ldy diém M sao cho CM song song véi AD. Puong thing KM cdt dwong thing
BC tai N. Duong tron ngoai tiép tam gidc BKN cdt (O) tai P(P # B). Chitng minh rdng
dwong thang PK di qua trung diém ciia doan thing AD.

C6 thé thiy ring hai y ctia bai toan hau nhu khong lién quan t6i nhau, y 2. méi 12 y chinh ctia bai
toan. Vi viy, dé bai dugc phat biéu gon lai nhu sau

Bai toan 2. Cho tam gidc nhon ABC noi tiép duong tron (O) véi AB < AC. Goi I la trung
diém cung BC khong chita A. Trén AC 14y diém K khdc C sao cho IK = IC. Puong thing
BK cdt (O) tai D(D # B). Trén DI ldy diém M sao cho CM song song véi AD. Puong
thing KM cdt duong thing BC tai N. Puong tron ngoai tiép tam gidc BKN cdt (O) tai P
(P # B). Chiing minh ring dwong thing PK di qua trung diém ciia doan thing AD.

Loi giai thi nhét. Do 7 13 trung diém cung BC khong chita A ctia dudng tron (O) nén IB =
IC = IK. Tathdy ZAKI = 180° — ZCKI = 180° — ZICK = ZABI nén AAIB =
AAIK(g.c.g). Vi thé K déi xting véi B qua AI. Ta c6 /DCK = /ABK = /AKB =
Z/DKC nén dé thay DI la trung truc ctia doan CK. Chu y dén tinh dbi xing qua truc DI va
CM | AD tac6 ZMKC = /ZMCK = /DAC = ZKBN nén AC la tiép tuyén clia dudng
tron (BKN). Goi E 1a giao ctia DI va AC, thé thi /ZEKP = /KBP = ZEIP nén ti giic
EPIK nditiép, suy ra ZIPK = ZIEK = 90°. PK cit (O) tai F(F # P).Chd y ring K 1a
truc tim clia tam giac A DI nén ta dé dang ching minh dugc A FDK 1a hinh binh hanh. Do d6
K F di qua trung di€m AD. T d6 ta c6 dpem. O
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Loi giai thit hai. Trong 15i gidi thd nhit, ta da chiing minh duge AC 1a tiép tuyén ciia duong
tron (BK N). Tit d6, chi y dén tinh dbi xiing qua A, ta ciing c6 AB Ia tiép tuyén ctia dudng
tron (BKN). Goi L la giao cua AP va duong tron (BKN)(L # P). Vi/KLP = /KBP =
/DAP nén KL | AD. PK cat AD tai S. Bang bién ddi géc don gian, ta thu dudc cic cip
tam giac dong dang SAK va KPL, SDK va BPL. Chd y rang ti giac BPK L diéu hoa ta c6
SA KP BP SD |

= = = nén SA = SD. Suy ra dpcm. O
SK KL BL SK
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Nhan xét.

1. Trong 16i gidi thd nhét, ta c6 /ZKPN = /KBN = /DAC = /KIE = /KPE nén
P, N, E thang hang.

2. Viéc phat biéu lai 1am cho dé todn hay va c6 y nghia hon. Trén day, tac gia da trinh bay hai 10i
giai thuan tiy hinh hoc cho bai toan. Ldi gidi thi nhét 12 clia tac gia. Loi gidi thi hai dua trén y
tudng st dung cac kién thiic vé ti gidc diéu hoa va chiim diéu hoa cta thanh vién dién dan Todn
hoc Mathscope.org c¢6 nickname vinhhai (trong [3]), dudc tdc gia chinh 1i lai dé c6 dugc 10i gidi
thuan tdy hinh hoc. Chd y riang K 12 tryc tAm ctia tam gidc 1 AD, ta c6 thé phat biéu lai bai todn
2 nhu sau:

Bai toan 3. Cho tam gidc ABC néi tiép duong tron (O). Cdc duong cao ha tic B va C theo thit
tw cdt (0) tai D va E. Ké EF | BC(F € AB). HF cdt DE tai K. Puong tron (HK D) cdt
(O) tai P(P # D). Chitng minh rang PH chia déi BC.

T nhan xét 1. trong bai todn 2 va bai todn 3, ta c6 thé dé xuét cdc bai toan sau:

Bai toan 4. Cho tam gidc ABC noi tiép duong tron (O), cé truc tdm H. Cdc dwong cao BD va
CE theo thit tu cdt (0) tai F va G. Ké FM || GN | BC(M € AC,N € AB). HM va HN
theo thit tu cit FG tai K va L. Chitng minh rang DK va EL cdt nhau tai mot diém thuéc (O).
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Loi giai. Dé thiy td gidc ADHE ndi tiép dudng tron duong kinh A H. Goi P 1a giao clia dudng
tron dudng kinh AH véi (O)(P # A). Chi y rang AB la trung truc cia GH va GN || BC
taco ZHLF = Z/LGH + ZLHG = ZFBC + ZNGH = Z/HBC + ZHCB = ZBAC
= 90° — ZABF = /APH — ZAPF = /HPF nén ti giac HLPF ndi tiép. Tu do, ta c6
/LPH = /LFH = /EAH = /EPH,vi thé P, E, L thang hang. Ching minh tuong tu
P, D, K thang hang. Do d6 DK, E L cat nhau tai diém P thuoc (0). O

Bai toan 5. Cho tam gidc ABC co cdc duong cao BD,CE cdt nhau tai H. Goi F, G theo thit
tw la diém doi xiing véi H qua AC, AB. I la trung diém FG. K, L theo thit tw giao diém khdc
I ciia duong tron ngoai tiép cdc tam gidgc HID, HIE véi FG. DK, EL cdt nhau tai P. Chiing
minh rang PH chia doi BC.

Néu nhin nhan bai todn 5 dua trén ciu hinh cta cdc bai toan 3 va 4 thi vin dé trd nén rat don
gian. Nhung dé€ c6 dugc mot 18i giai dep va truc tiép cho bai todn thi khong phai 1a diéu dé dang.
Tiép tuc khai théc, ta c6 bai toan sau:
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Bai toan 6. Cho tam gidc ABC ndi tiép duong tron (O), truc tdm H, cdc duong cao BK, CL.
AH, CH theo thit tu cdt (O) tai D va F. Ldy diém M sao cho hai tam gidgc MFH va HBC
dong dang (M, A nam cung phia déi véi KL). ML cdt (O) tai N. Ké DP | KL(P € (0)).
Chitng minh rang NP chia déi K L.

Loi giai. Déthisy HM 1 AF, FM || KL. BH cat (O) tai E thi KL 1a dudng trung binh ctia
tam giac HEF nén M thuoc EF. Tu d6, theo bai toan 4 dé dang suy ra N thudc dudng tron
duong kinh AH. NH cat BC tai Q thi Q 1a trung diém ctia BC, QK va QL 1a tiép tuyén cta
dudng tron dudng kinh A H. Theo tinh chit quen thudc thi AO L KL nén AO L DP, suyra
AD = AP.Goi R la trung diém K L. Chid y rang NH 1a duong d6i trung ctia tam giac NK L
taco LZANR = ZANK + Z/KNR = ZALK + ZLNH = ZACB + ZBAD = ZACD =
ZANP nén N, R, P thang hang. Vay NP chia d6i KL. O

Tit cu hinh bai toan 4 va bai todn trong [4], ta thu dudc bai toan hay sau:

Bai toan 7. Cho tam gidc ABC néi tiép duong tron (0). Cdc duong cao ha tix B, C ciia tam
gidc ABC theo thit ty cdt duong tron (O) tai D va E. DE theo thit tw cdt AC va AB tai M va
N.KéDP | EQ | BC(P € AC, Q € AB). Chiing minh rdng:

1. Puong thdng ndi trung diém MQ va NP di qua tam duong tron Euler ciia tam gidc ABC.
2. Truec tdm cdc tam gidc ABC, AMQ, ANP thdng hang.

Loi gidi. D€ gidi bai todn nay ta can st dung dén bd dé ERIQ (Equal Ratios In Quadrilateral)
dudc phat biéu nhu sau:

b

7 A 4 2 A
Bo de ERIQ. Cho hai b ba diém thang hang A, A,, A3 va B, B>, B3 sao cho AlA =
143

N

B, B,
B, B,

. Cc.C
(1, C,, C; thang hang va 2 k.
C.Cs

= k. Néu C;, C,, Cs theo thif tu chia A;B;, A, B,, A3B3 theo cing mot ty sb thi
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B& dé ERIQ 1a mot két qua da trd nén quen thudc véi nhiéu ban doc, c6 thé tim thiy mot sb cach
chiing minh trong cic tai liéu khac nhau (chang han trong [2]), xin khong trinh bay & day.

Tré lai bai toan,

1. Chiing minh dudng thang nbi trung diém M Q va NP di qua tim dudng tron Euler clia tam
giac ABC.

Céc duong cao BK, CL cia tam gidac ABC cat nhau tai H. D& thiy KL | DE nén ta c6

LCMD = ZAMN = ZABC = /BQE, ti d6 ACDM ~ ABEQ. Ching minh tuong tu ta
. . BQ CM . LO KM . , .

cO ACDP ~ ABEN.D0d0 — = — =k va — = :GOI X,X ,Xl,Xz theo tha

. BN cp LN KP )

tu 1a trung diém BC, KL, MQ, NP. Theo b dé ERIQ, tacé X', X;, X, thang hang; X, X;, X,

XX,

thang hang va k. Tit d6 véi chud ¥ rang X X’ di qua tim dudng tron Euler ctia tam gidc

2
ABC tacé dpcm.

2. Ching minh truc tim cac tam gidc ABC, AMQ, AN P thang hang.
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AG  AG
Goi G, Gy, G, theo thu tu 1a trong tam cac tam giac ABC, AMQ, ANP. Tacé b = L =

_ AX,
AG, = % nén theo dinh ly Thales G, G, G, thiang hang va GG
AX, 3 GG,
Goi Y, Y;, Y, theo thit tu 1a hinh chiéu cia O, Oy, O, trén AC; Z, Z,, Z theo thi tu 1a hinh
chiéu cia 0,0, 0, trén AB. Taco YY, = AY, — AY = %(W—E) = %C_M va

=k.

1 l— YY, CM o
YY, = AY, — AY = -(AP — AC) = -CP nén —— = —— = k. Chiing minh tuong tu ta
2 2 YY, CP
Z7Z .
co Zl = k.Chayrang OY || O1Y; || O2Y>,va OZ || O1Z; || O,Z,, theo dinh ly Thales,
2
- 2 N N 001 . ., N A . ..
ta co O, 01, O, thang hang va 50 = k. Goi H,, H; theo thu tu la tryc tdm cac tam giac
2
HG H,G H,G 2 . GG 00 o o
AMQ,ANP thi =11 =22 _ Z Chiyring —— = —— = k, theo b8 dé
HO  H 0, H,O0, 3 GG, 00,
ERIQ thi H, Hy, H, thang hang (dpcm). ]

Nhin xét. Bai toan dudc gidi dua trén nhiing y tudng cia Nguyén Vin Linh (trong [2]) va Kostas
Vittas (trong [4]). Ta cling chiing minh dugc truc tim cua bén tam giac ABC,AMQ,ANP, AKL
thang hang. Mot cch tong quat, ta c6 két qua sau: Cac diém chia cac doan thang nbi trong tim
va tim dudng tron ngoai tiép cac tam giac ABC, AMQ, ANP, AKL theo cing mot ty s thi
thang hang.

Tu bai todn 7, ta ¢6 thé dé xuit bai toan sau:

Bai toan 8. Cho tam gidc ABC néi tiép duong tron (O). Cdc dudng cao ha tir B, C ciia tam
gidc ABC theo thit tu cdt duong tron (O) tai D va E. DE theo thit tw cdt AC va AB tai M
va N.Ké DP || EQ | BC(P € AC, Q € AB). Chitng minh rang duong thdng ndi trung diém
cdc doan MQ, NP va duong thing ndi tam dwong tron Euler ciia cdc tam gidc AMQ, AN P
cdt nhau tai mot diém thudc duong thing Euler ciia tam gidc ABC.

Gian lugc cic yéu td trong bai todn 7, tic gia da tim ra bai todn hinh hoc thd vi sau:

Bai toan 9. Cho tam gidc ABC ndi tiép duong tron (O) cé truc tam H. BH, CH theo thit tu
cdt (0) tai D va E. DE cdt AC tai F. Ké EG | BC(G € AB). Chitng minh rdng tiép tuyén
tai F, G cia duong tron ngoai tiép tam gidgc AF G cdt nhau tai mot diém thuéc CE.
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Loi gidi. Goi BK, CL 1a cic dudng cao cla tam gidac ABC. Puong tron (AKL) cat (O) tai
P khic A. Tuong tu bai todn 8, ta chiing minh dudc hai tam gidc BEG va CDF dong dang
c6 EL, DK la cac duong cao tuong ung nén % = % Chi y ring hai tam gidac PBL va
PCK dodng dang, ta c6 hai tam giac PLG va PKF dong dang suy ra hai tam giac PLK va
P GF ddng dang. T d6 ti gidc AP GF ndi tiép. Tiép tuyén tai F, G ctia duong tron (AF G) cit
nhau tai T'. Tiép tuyén tai K, L ctia dudng tron (AK L) cit nhau tai trung diém M ctia BC. Dé
thdy P, H, M thang hang. PL cat DE tai N. Tac6 /ZNPH = /LAH = /ECB = /NDH
nén ti gidc NHDP ndi tiép. Tir cdc cip tam giac dong dang PLG va PKF, LGH va KFD
dé thiy hai tam gidc PGH va PFD dong dang. Chu y ring ti gidc NHDP noi tiép ta c6
/PHG = /PDF = /PHN nén N, G, H thang hang. P T cit dudng tron (AF G) tai Q khic
P. Do hai tam gidc PLK va PGF dong dang nén ta c6 cdc cip tam gidc dong dang PLM va
PGT,PLHvaPGQ.Tud6£LGAQ = LGPQ = ZLPH = ZLAH nén Q thuéc AH.Chuy
rang KL | DE,tac6 ZAFN = ZAKL = 180° — ZAPN nén t gisc APNF ndi tiép. Ta thiy
LFNQ = ZFAQ = Z/DBC = ZFEC dovay NQ | CE.Vi ZPNG = ZPGT = ZPLM
nén NH | LM . Tacé PN = PH = suyra NQ || LT.Tuds LT | NQ || CEnén T
PL PM  PT

thudc CE (dpcm). O

Nhan xét.
1. Day 12 mot bai todn hay bdi cach phat biéu gian don va tinh khdng cin xiing clia cic yéu tb
trong gia thiét bai toan. Ldi giai trén dudc hoan thién vdi su cong tac ciia thay Tran Quang Hing
— gido vién Truong THPT Chuyén KHTN, PHKHTN — PHQG Ha Noi.

PH P N
2. Trong 16i giai trén, ta ching minh dudc oA P_g nén HQ || MT. Chu y rang Q thudc
AH néntaco MT L BC,suyra T thudc trung truc cua BC.
Khoi phuc tinh can xing clia cac yéu t6 trong gi thiét bai todn 9, ta c6 thé dé xuit céc bai toan
sau:

84

https://tieulun.hopto.org



Tap chi Epsilon, S6 06, 12/2015

Bai toan 10. Cho tam gidc ABC ndéi tiép duong tron (O). Cdc duong cao ha tit B, C cua tam
gidc ABC theo thit tw cdt (O) tai D va E. DE theo thit tw cit AC va AB tai M va N. Ké
DP | EQ | BC(P € AC, Q € AB). Tiép tuyén tai M, Q ciia duong tron ngodqi tiép tam gidc
AMQ cdt nhau tai S. Tiép tuyén tai N, P ciia dwong tron ngoai tiép tam gidc AN P cdt nhau
tai T. Chitng minh rang ST vuéng goc vdi BC.

Bai toan 11. Cho tam gidc ABC néi tiép duong tron (O) co truc tdm H. BH, CH theo thit tw
cit (0) tai D va E. Ké DM | EN | BC(M € AC, N € AB). Trung truc ciia BC theo thit
tw cdt BH,CH tai P va Q. Chiing minh rdng duong tron ngoai tiép cdc tam gidic HMP va
HNQ cdt nhau tai mét diém thuéc (O).

Lai gidi. Goi BK, CL 1a cac dudng cao clia tam gidc ABC. Pudng tron dudng kinh AH cit
(0) tai G khic A. Goi S 1a trung diém cta BC thi G, H, S thang hang. Vi /LGS = ZLAH =
ZLCS nén ti gidc CGLS noi tiép. Vi SC = SL nén GS 1a phan gidgc ZLGC. Tu cic cip tam
gidc dong dang GLH vaGSC, LHN va SCQ tacé hai tam gidc GLN va GSQ dong dang. Suy
ra hai tam gidc GNQ va GL S dong dang. Dodétacé ZNGQ = L/LGS = /LAH = /NHL
nén ti gidc HNGQ ndi tiép hay duong tron (HNQ) di qua G thudc (O). Ching minh tuong tu
ta c6 duong tron (HM P) ciing di qua G. Tur d6 ta c6 dpem. ]

Nhan xét. Tir 16i giai bai todn 11, chiing ta c6 mot cach tiép can don gian hon cho bai todn 9 nhu
sau:
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Loi giai tha hai cho bai toan 9. Goi BK, CL la cic dudng cao cua tam gidc ABC. Pudng
tron (AK L) cat (O) tai P khéac A, ta chiing minh dudc ti gidc AP GF noi tiép. Goi M 1a trung
diém ctia BC thi P, H, M thang hang. Trung truc ciia BC cat CH tai T. Tuong ty nhu chiing
minh bai toan 11, ta ¢6 hai tam giac PGT va PLM ddng dang. Chi y rang hai tam giac PGF
va PLK ddng dang, ta thiy hai tam giac MK L va TFG ddng dang. Chd y rang MK, ML 1a
tiép tuyén ctia dudng tron (AKL), suy ra TF, T G 1a tiép tuyén ctia duong tron (AFG). Ta c6
dpcm. 0

An giAu cAu hinh vé truc tam thong qua tam dudng tron ndi tiép tam gidc, chiing ta c6 thé dé
xuét nhiéu bai toan hay va khé. Chang han nhu:

Bai toan 12. Cho tam gidc ABC ngoai tiép duong tron (I). D, E, F theo thit ty la trung diém
ciia AI, BI,CI. M la trung diém BC. Ay, A, theo thit tw la giao diém khdc M ciia cdc duong
tron (IEM),(IFM) véi BC. EAy, FA, cdt nhau tai As. Bs, C3 xdc dinh tuong tu. Chiing
minh rang AAs, BBs, C Cs dong quy.
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Goiy. Goi AI, BI,CI theo thi tu cat dudng tron (O) ngoai tiép tam giac ABC tai X,Y, Z.
Thé thi 7 1a tryc tAm clia tam gidc X Y Z. Tur d6 dua vé ciu hinh bai toan 4, ta c6 két qua EA,
cit FA, tai Az 1a giao diém ctia (O) va dudng tron dudng kinh 1 X . Theo tinh chét quen thuoc,
Az 1a tiép diém clia dudng tron mixtilinear noi tiép ing véi géc A clia tam gidc ABC. Tuong tu
v6i cac diém B va Cs, tit d6 AAs, BB3, C C3 dong quy tai mot diém thuoc O1 . O

Bai toan 13. Cho tam gidc ABC néi tiép duong tron (O), ngoai tiép duong tron (I). Puong
tron (0,) tiép xiic véi AB, AC va tiép xiic trong véi duong tron (O) tai S. D, E theo thit tu la
cdc giao diém khdc B, C ciia cdc duwong tron SIB va S1C vdi BC. Pudng thding qua B vuéng
goc vdi Al cdt 1E tai M, duong thing qua C vudng géc véi AI cdt ID tai N. Ldy P, Q thujc
BC sao cho IP || AB,1Q | AC. Chiing minh ring dwong thdng ndi trung diém cdc doan
MQ, NP chia doi OI.

Bai toan 14. Cho tam gidc ABC ndi tiép duong tron (O), ngoai tiép duwong tron (I). Al cdt
(O) tai D khdc A. E, F theo thit tu la trung diém cia IB va IC. DE, DF theo thit tw cdt BC
tai M va N. Puong thding qua I vuong goc véi Al theo thit tw cit AB, AC tai K, L. Goi P, Q
theo thit ty la giao diém khdc B, C cuia cdc duong tron (BIK),(CIL) véi BC. IP cdt DF
tai R, 1Q cdt DE tai S. Chitng minh rdang duong thdng néi trung diém cdc doan MR, N S va
duong thing ndi tam duong tron Euler ciia cdc tam gidc DMR, DNS cdt nhau tai mot diém
thugc OI.

Bai toan 15. Cho tam gidc ABC noi tiép duong tron (0), cé I la giao diém cdc duong phdn
gidc. Al cdt (O) tai D khdc A. E, F, M theo thit tw la trung diém ciia IB, IC va BC. Goi
H, K theo thit tu la giao diém ciia BC véi DE va duong tron (IMF)(K # M). IK cdt DF tai
L. Chiing minh rang tiép tuyén tai H, L ciia duong tron ngoai tiép tam gidc (DH L) cdt nhau
tai mot diém thuoc C1.
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Nhu vay, tdc gia da trinh bay xong mdt géc nhin ctia minh vé bai toan hinh hoc s6 4 trong ky
VMO 2014. Tit nhitng ciu hinh rat don gian, ta c6 thé dua ra nhiing khai thac rét thd vi thong
qua nhiing géc nhin khéac nhau.

Cubi cling, tic gia xin gii 18i cdm on t6i thidy Tran Quang Hiing — gido vién Truong THPT
Chuyén KHTN, PHKHTN — PHQG Ha Nai, ngudi da doc toan bo bai viét va dua ra nhiing y
kién quy bau gitp bai viét dugc hoan thién hon.

[1] Tran Nam Diing, Lé Phic Lif va Phan Ptic Minh. Dé thi chon hoc sinh gioi cip quéc gia
THPT mon todn nim hoc 2013 — 2014, Li gidi chi tiét va binh luan. Dién dan Toan hoc
Mathscope.org.

http://forum.mathscope.org/showthread.php?t=46403

[2] huynhcongbang. [VMO 2014] Bai 4 — Hinh hoc phezlng. Mathscope.org.
http://forum.mathscope.org/showthread.php?t=46327

[3] Nguyén Vin Linh. Dinh ly ERIQ va ting dung. Euclidean Geometry Blog.
https://nguyenvanlinh.wordpress.com/2015/03/02/eriq-theorem/

[4] shobber. Collinearity of orthocentres. Art of Problem Solving.
http://www.artofproblemsolving.com/community/c6h97493p550605
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Tap chi online ctia cong dong
nhitng nguoi yéu toan

MOI LIEN HE EUCLIDE, AFIN VA XA ANH QUA
MOT BAI TOAN TRONG SACH "CAC PHUGNG PHAP
GIAl TOAN QUA CAC KY THI OLYMPIC"

Nguyén Ngoc Giang —TPHCM

Tém tat
Bai viét dua ra cac cdch giai khac nhau ciing nhu nhiing khdm ph4 va phat trién cta
mot bai todn. Qua d6, thé hién mbi quan hé bién chiing gitta hinh hoc Euclide, Afin
va xa anh.

Chuong trinh "Gip g6 toan hoc 2015" da két thiic tot dep. Ngoai nhitng hoat dong nhu day hoc,
giao luu thi viéc cho ra ddi cudn sach "Cac phuong phdp gidi todn qua cac ky thi Olympic" cling
da phan nao ndi 1én su thanh cong clia chuong trinh. V6i ndi dung phong phu, sach da dé cap dén
cac phuong phap giai va phat trién tu duy danh cho cdc em hoc sinh giodi. Trong cac dé toan ra

.....

Bai toan 1. ([1], tr. 205). Cho tam gidc ABC. Cdc diém M, N thuéc BC. Cdc diém P, Q theo
thit ty thuéc AC, AB. bdt O = MP N NQ,K = BONNP,L = CO N MQ. Chiing minh
rang: AO, BL, CK déng quy.

Day 12 mot bai toan hay va gdi 1én nhiéu suy nghi. Vi bai todn chi dé cap dén cac khdi niém, cic
tinh chit nhu "tam gidc", "ddng quy", "giao diém" nén bai toan 1a mot bai toan ctia hinh hoc xa
anh. Vi 1a mot bai toan hinh hoc xa 4nh nén hién nhién n6 1a mot bai toan hinh hoc afin va ciing
la mot bai toan trong hinh hoc Euclide.

Trong bai bdo, chiing t6i s& dé cap dén mbi quan hé gilta todn so cip va cao cip qua bai todn.
Mbi quan hé d6 thé hién mot dang tu duy rit hay d6 1 tu duy sang tao. Trong thuyét Gido duc
Bloom mdi thi tu duy sdng tao 12 tu duy cao nhét va khé nhit. Pay 1a dang tu duy rit can thiét
khong nhiing cho Gido duc ma con cho toan bd moi linh vuc khoa hoc va doi sdng. Sang tao va
sang tao hon nita d6 12 kim chi nam cho moi hanh dong ctia con ngudi trong thé ki XXI.

Pit] = BLNCK,U =BONMQ,V =CONNP.Taco

B(ALOC) = (QLUM)

= (M ULQ) (theo tinh chit ty s6 kép ctia hang diém)
= (PKVN) (xét phép chiéu xuyén tim O)

= C(AKOB).
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Ap dung dinh 1i: Cho hai chim s, a,b,c va s,a’,b’, c'. Khi do (sabc) = (sa'b’c’) khi va chi khi
ana;bNb';cNc thing hang.

V6is = BC,a = BA,a’ = CA,b = BL,b’ = CK,c = BO,c’ = CO thitacé A, I, O thang
hang. Vay A0, BL, CK dong quy. [1]

Ngoai cach giai nay ta con c6 thé gii bai todn bang cac phuong phép toa d6. Phuong phap toa
dd c6 uu diém 12 phuong phép c6 tinh chit thuat toan. Du viéc tinh todn trong nhiéu bai toan
nhiéu khi gip kho khiin nhung ngay nay ta da c6 cac phan mém trg gitip tinh toan nén cach giai
bing phuong phap toa do van 1a cach giai dugc ua dung.

Toa do khdi tam thuin nhat (Homogeneous barycentric coordinates) 1a phuong phap toa do do
Mobius tim ra. Noi dung ctia phuong phap nhu sau. Cho tam gidac ABC, di€ém P bat ki c6 toa dd
1abd bacac s6 (v : v : w) hiéu theo nghia d6 12 hé cac khoi tAm u tai A, v tai B, va w tai C
sao cho diém can bing clia tam gidc tai P. Cac khdi tam ti 1& v6i dién tich tam gisfc PBC, PCA
va PAB. Khi diém P nam ngoai tam gidc, ta stt dung dién tich c6 du ctia cdc tam gidc dinh
hudng. Cac toa do khoi tAm thuan nhit cia P vé6i tam gidc tham chiéu ABC 1a bd ba cic sb
(x : y :z) théa man

x:y:z=APBC : APCA: APAB.

Vi du: 1. Trong tAm G ciia tam gidc c6 toa do khéi tAm thuan nhat1a G = (1 :1: 1).

2. TAam dudng tron ndi tiép I c6 toa do khdi tim thuan nhatla I = (a : b : c).

Sau day la 16i giai bai todn bang phuong phéap toa do khoi tim thuin nhét.

Ta ki hiéu phuong trinh dudng thang XY ¢ cic thanh phantoa dd x, y,z1a XY =[x : y : z].
Phuong trinh dudng thang M P c6 toa do 1a

2 22 55 -

Tuong tu, phuong trinh dudng thing NP c6 toa do la

L p
m O

[1:np:—p].
Phuong trinh dudng thang NQ c6 toa do 1a

q O
1 n
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Tuong tu, phuong trinh dudng thang M Q c6 toa do la

[gm :—m : 1].
O = MP N NQ nén toa dd diém O thda man hé phuong trinh
ngxy —nx; +x3=0
X1 +mpx; — px3 =0

Giaihétaco O = (p(n —m) :npg + 1 :n(1 + mpq)).
Phuong trinh dudng thang AO c¢6 toa dd la

npq+1 n(l+mpq) |
0 0 '

= [0:n(l +mpgq) : —(npg + 1)].

n(1+mpq) p(n—m) H p(n—m) npq+1 H
0 1 : 1 0

Phuong trinh dudng thing BO c6 toa do 1a

npg +1 n(l +mpq) ' _
1 0 )

= [-n(1 +mpq) : 0: p(n —m)].

n(1 +mpq) p(n—m) H p(n—m) npg+1 H
0 0 : 0 1

Phuong trinh dudng thang CO c6 toa do 1a
npg +1 n(l +mpq) ‘ )

|77t e,

= [npg+1: p(m—n):0].

n(l+mpq) pn—m) | | p(n—m) npq+1
1 0 ' 0 0
K = NP N BO nén toa do di€m K thda man hé phuong trinh

X1 +npx, — px3 =0
—n(l +mpq)x; + p(n —m)x3 =0

Giai hé ta co
K = (np(n —m) :m(npg + 1) :n*(1 + mpq)).

Phuong trinh dudng thang CK c6 toa do 1a [m(npg + 1) : np(m —n) : 0].
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L = CO N MQ nén toa do di€m L thoéa man hé phuong trinh
(npq + Dx1 + p(m —n)x, =0
mgx; —mx; +x3 =0

Giai hé ta co

L= (pn—m):npg+1:m(l+mpq)).
Phuong trinh dudng thang BL c6 toa do 1a

[-m(1 +mpq) :0: p(n —m)]
Xét dinh thiic

m(npg +1)  np(m—n) 0
A =| —m(l + mpq) 0 p(n—m)
0 n(l+mpq) —(npq+1)
= m(npq + 1).(—=n(1 + mpq)).p(n —m) + m(1 + mpq).np(m —n).(—(npq + 1))
= mnp(npq + 1)(1 + mpg)(n —m)(—1 + 1)
=0.

Vay BL,CK, AI dong quy tai mot diém.

Céc tinh todn trong cach giai nay dudc trg gitip bdi phan mém Maple X VIIIL.

Xét muc tiéu afin {A; ﬁ, ﬁ}, taco

A =(0;0), B =(1,0),C = (0; 1).
Phuong trinh dudng thang BC la

(BC):x+y—-1=0.

M,N € BCnén M = (m;1 —m),N = (n;1 —n).
P € AC nén toa do diém P la
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P =(0; p).
0O € AB nén toa dd diém Q la
0 =1(q:0).
Phuong trinh dudng thang M Q 1a
X=X YV —IMm

X —Xo  YM— Yo
hay
m y—1+m

(MQ) 1 = —F - =0

Tuong tu, phuong trinh dudng thang M P 1a

x—m y—14m

— = 0.
m l-m—p
Phuong trinh dudng thang NQ la
— -1
X—n Yy +n —o.
n—gq 1—n
Phuong trinh dudng thang NP la
— —1
X—n 'y +n _ 0.

n l—n—p
Vi O = MP N NQ nén toa do ctia diém O thdéa man hé phuong trinh

x—m y—1+m

_ =0
m l—-m—p
X—n y—l-l—n_o

n—q 1—n

Giai hé ta co

0= (_ m(np —nqg — pq +q) _mnp—mnq—npq—mp+mq+nq+pq—q)
mq—np+pg—m+n—gq mq—np+pg—m+n—q

Phuong trinh dudng thang CO la

x(mg—np+pg—m+n—gq) y—1 .
_ _ mnp—mng—npg—mp+mq+nq+pg—q
m(np —nq — pq +q) - S e

Phuong trinh dudng thang BO 1a

x—1 y(mgq —np + pg—m+n—gq) _ 0

+ =
m(np—nq—pq+q) — — _ _
1+ e mnp —mngqg —npq —mp +mq +nq + pg—q
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L=CONMQ,néntoadddiém L1a L = (xz;y) véi

B (np —nq — pq + q)m?
m?p —2mnp + mnq + npqg —m?* +mn —nq

X1, =

B (m*p —m*q —mpq —mp + 2mq + pq — q)n
YL m2p —2mnp +mnqg +npg —m?+mn —nq’
K = BO N NP, nén toa dd diém K 1a K = (xg; yx) véi

_ (mnp —mng —mpq +mq —np +nq + pq —q)n
"~ mnp —2mnqg —mpq +n2q +mn +2mq—n2—np+pg—m+n—q’

XK

—(mn?p —mn*q —n?pq —2mnp + 2mnq + n*q + 2npq +mp —mq —2nq — pq + q)
mnp —2mnq —mpq + n>q +mn +2mq —n?>—np + pg—m—+n —q

YK = .

Phuong trinh dudng thang CK 1a

_x(mnp—Zmnq—mpq+n2q+mn+2mq—n2—np—|—pq—m+n—q)
(mnp —mnq —mpq +mq —np +nq + pg —q)n

y—1
14 (mnzp—mn2q—n2pq—2mnp+2mnq+n2q+2npq+mp—mq—2nq—pq+q) o
mnp—2mng—mpq+n2q+mn+2mq—n2—np+pqg—m+n—q

Phuong trinh dudng thang BL la

x—1

1 + (np—ng—pg+q)m?
m2p—2mnp+mnq+npg—m?+mn—nq

y(m*p —2mnp + mnq + npg —m* + mn —nq)
(m?p —m?q —mpq —mp + 2mq + pq —q)n
Phuong trinh dudng thang AO la

= 0.

(o Yo+ pg—m g
m(np —nq — pq +q)

2y ) i e

mnp —mng —npq —mp +mq +nq + pq —(q
I = CK N BL néntoa dd diém I = (x;;y;) la

Xy = _((mnp —mng=mpq +mq=np+nq+pq=a@mnf, o, 200 mn?p — mnpg
+n*pg —m*n —m®p —m*q + mn* + 2mnp — n*q — npq + m> —mn + nq)

yi = (n(m?np —m?*ng —mnpq —m?p + m*q —mnp + 2mnq + mpq + npq + mp

—2mg —nq =pq+ q))/(mznq +m?pg —mn®*p —mnpq + n*pq —m*n —m?*p
—m2q +mn? + 2mnp — nzq —npq + m? —mn + nq)
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Xéthieu A = (x4 —x7)(yo —y1) — (Ya — y1)(xo — x1).

A= ((mnp —mng —mpg +mq —np +nq+ pq— )mn(mnp—mnq—npq—mp+mq+nq+pq—q
= P q—mpq +mq—np+nq+pq—q T ———

—(n(m*np —m®nq —mnpq — m*p + m*>q —mnp + 2mnq + mpq + npq + mp —2mq —nq — pq

+q))/(m2nq +m?pq —mn?*p —mnpq + n*pq —m*n —m?*p —m*q + mn* + 2mnp — n*>q — npq + m?>

e nq)))/(mznq + mzpq —mnzp —mnpq + nzpq —m®n —mzp —mzq +mn? + 2mnp — n2q
Tacé —npg+m*>—mn+nq) + (n(m*np —m?ng —mnpg —m*p + m>q —mnp + 2mnq + mpq + npq
m(np —nq — pq +q)

+mp—2mq—nq—pq+q)(—
mgqg—np+pqg—m-+n—gq
+((mnp —mnq —mpq +mq —np +nq + pq — q)mn/(

mznq + mzpq — mnzp —mnpq + I’lzpq

—m*n —m?*p —m?q +mn* 4+ 2mnp —n*q —npq + m> —mn +”q)))/(m2nq + m2pg —mn?p

—mnpq + nzpq —m?n — mzp —mzq +mn? + 2mnp —nzq —npq + m* —mn + nq).

Pon gian héa A bang 1énh simplify ctia Maple X VIII, ta dugc A = 0.

Vay AO, BL, CK dong quy.

Xét muc tiéu xa anh {A, B, C; O). Ta c6:

A= (1,0,0);: B = (0,1,0):C = (0,0, 1).

Phuong trinh dudng thang AB 12 x5 = 0.
Phuong trinh dudng thang AC 1a x, = 0.
Phuong trinh dudng thang BC 1a x; = 0.
Vi M thudc BC nén [M] = A[B] + pu[C] hay ta c6 hé phuong trinh

mq 0 0
ms 0 1
Vay M = (0,1, m).
Tuong tu, ta cing co N = (0, 1, n).
Phuong trinh dudng thang MO c6 toa do 1a
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S S T S I
ot oo d]=ommromn

Tuong tu, phuong trinh dudng thang NO 1a [n — 1, —n, 1].
P = MO N AC nén toa dd diém P théa man hé phuong trinh

(m—1)x; —mxy +x3=0
Xp = 0

Viy P = (—1,0,m — 1).

O = NO N AB nén toa do diém Q thda man hé phuong trinh

nm—1)x;—nx, +x3=0
.X'3:O

Vay Q = (n,n —1,0).
Phuong trinh dudng thang M Q c¢6 toa do 1a

|

Phuong trinh dudng thang NP c6 toa do la

[

Phuong trinh dudng thang BO 1a x; — x3 = 0.
Phuong trinh dudng thang CO 1a x; — x, = 0.
K = BO N NP nén toa do di€m K thdéa man hé phuong trinh

0 1
n n—1

m 0
0 n

b

n—1 0

1 m ‘

m—1 -1

-1 0
1 =n n 0] 0 1

H =[1—m,n,—1].

Om—l'

(1—m)xy +nx,—x3=0
X1 — X3 = 0

Vay K = (n,m,n).

L = CO N MQ nén toa dd di€m L thoéa man hé phuong trinh

m(l —n)x; + mnx, —nxz =0
X1 — Xp = 0

Viy L = (n,n,m).
Pudting thang BL c6 toa do 1a

1 0 0 0
n m m n

0 1
n n

’

:| = [m, 0, —n].
Pudng thang CK c6 toa do 1a

0 1 1 0
m n n n

0 0
n m

9

:| = [-m,n,0].

Pudng thang A7 c6 toa do 1a
0 0
1 1)

1 10
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H = [m(l —n),mn, —n)].
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Xét dinh thic
m 0 —n
A=|-m n 0 |=mn—(—m).(—n) =0.
0 -1 1

Vay Al, BL,CK dong quy tai mot diém.

Tir mot bai toan xa anh trong khong gian xa anh, bing cich chon céc siéu phiang khac nhau dong
vai tro siéu phang vo tan ta c6 thé c6 nhiéu bai toan afin khac nhau ma céc két qua ta c6 thé suy
ra tif nhitng két qua da biét trong khong gian xa dnh.

Bing cich chon BC la dudng thang vo tin, ta dugc bai todn sau

Bai toan 2. Cho hinh bon dinh APOQ. Pudng thing qua Q song song véi PO cdt duong thing
qua O song song véi AP tai L. Puong thing qua P song song vdi QO cdt duong thing qua O
song song vdi AQ tai K. Dung hinh binh hanh OLIK. Chiing minh rdng A, I, O thdng hang.

Bing cédch chon dudng thang AC 1am dudng thang vo tan, ta dudc bai todn sau

Bai toadn 3. Cho hai tia Bx, By. Trén Bx ldy hai diém M, N va trén By ldy diém Q. Goi O la
diém trén QN. Puong thing qua N song song véi MO cdt BO tai K. Puong thing qua O song
song vdi Bx cdt OM tai L. Puong thing qua K song song vdi Bx cdt BL tai I. Chiing minh
rang O1 || By.

Tir bai todn 1, chuing tdi da tong quat hoa thanh bai todn cho dudng tron. Ta dudc bai todn sau

Bai todn 4. Cho 6 diéem M, B, Q, P,C,N ndam trén duong tron. Goi I la giao diém ciia M P
va NQ. L, K lan luogt la giao diém ciia CI véi MQ va BI véi NP. Goi T la giao diém ciia BL
va CK. Chitng minh rdng A, T, I thing hang.
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Sau day la mot so cach giai cua bai toan.

Chiing minh. Cach 1 [2]

Goi S = BM NCN.

Ap dung dinh Ii Pascal cho luc gisic MBQPCN tacé A, I, S thiang hang.

Goi X1, X,, Y1, Y5 lan luct 1a giao diém ctia BC v6i MQ, NP, MP,NQ.

DéE chiing minh A, I, T thang hang ta sé ching minh B(CATS) = C(BATS) ticla (X,QLM) =
(X2PKN) (1)

Ta c6, 4p dung dinh 1i Ménélaus cho tam gidc QX,Y, véi L, I, C thang hang

LX, MX, 1Y, CX; MQ
LO  MQ 10 CY, MX,

(X19LM) =
Tuong tu cho (X, PKN).
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Khi dé (1) tuong duong véi

1Y, CX; MQ 1Yy BX, NP
10 CY, MX, IP BY, NX,
MQ IP\ (CX, BX,\ 1Y, IY,
NP'IQ)'\MX, NX,) BY, CY,
.. CX, CQ BX, BP
Chuy = ; = )
MX, MB NX, CN
(1) tuong duong véi

=

sinQIM sinINP (CQ CN) _In 1
sinﬁ/[\Q.sinP/ITV ‘\MB BP BY, CY,
Ap dung dinh Ii sin cho tam gidgc IBY; va IBM ta cé

Iy, sinI/BE sinI/BE

BY1  sinBIM B MB.@.

1Y,
Tuong tu cho —.
CY,

Vay ta co

Iy, 1Y, sinl/Bf ' sinI/C\B
BY, " CY, in BMP sinCNQ
1 2 MB.S“T NC. n1c

€)

Tir (2), (3), ta can chitng minh

CQ NC 1Y, CY, IB NC sinIBC sinCNQ
MB BP ~ BY, 1Y,  MB IC in BMP sinICB
o (1B sinIBC) (sinCNQ) _ CQO

sinI/C-E. IC ' sinﬂ/[\P BP

C BP CcQ BP BC BC
— = — = <~
sinCNQ  sinBMP

< sin Q/B>C sin BCP sin B/Q\C sin BPC

Diéu nay 12 hién nhién. Vay, ta c6 diéu phai ching minh.

Cach 2 [3]

Goi D =BM NCN,U =BINMQvaV =CINNP.

Ap dung dinh 1i Pascal cho b6 6 diém B, Q, N, C, P, M nim trén dudng tron (O) tacé A =
BOQNCP,I =QNNPMvaD = NC N MBnén A, I va D thang hang.

Tiép theo ta chiing minh 7' nim trén dudng thang AID bing phuong phap ti s6 kép. Ta ¢

B(ALID) = (QLUM)

= (MULQ) (theo tinh chit ty sb kép clia hang diém)
= (PKVN) (xét phép chiéu xuyén tam I)

— C(AKID).

Tir d6, suy ra BL v AK cat nhau tai mot diém 7 trén AID hay A, T, I thang hang. O
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Thuc hién phép chiéu xuyén tam tif diém O’ nim ngoai mit phang t& gidy xudng mit phang
khong song song vSi mit phang td gidy thé thi dudng tron khong con la dudng tron nita ma trd
thanh thiét dién conic (elip, hypebol, parabol). Tt bai todn 4 ta thu dudc bai todn sau

Bai to4dn 5. Cho 6 diém M, B, Q,P,C,N ndm trén thiét dién cénic. Goi I la giao diém clia
MP va NQ. L, K ldn luot la giao diém ciia CI véi MQ va BI véi NP. Goi T la giao diém
ciia BL va CK. Chitng minh ring A, T, I thing hang.

Bai todn tong qudt clia bai todn 5 1a bai todn sau

Bai toan 6. Cho 6 diém M, B, Q, P,C, N nam trén conic (S). Goi I la giao diém ciia M P va
NQ. L, K lan luot la giao diém ciia CI véi MQ va BI véi NP. Goi T la giao diém ciia BL va
CK. Chitng minh ring A, T, I thdng hang.

Dé chiing minh bai todn 6, ta st dung cdch chiing minh 2 ctia bai todn 4.

Chitng minh. Goi D = BM NCN,U = BI N MQ vaV =CI N NP.

Ap dung dinh li Pascal cho b 6 diém B, Q, N, C, P, M nim trén conic (S) tacé A = BO N
CP,I =QONNPMvaD=NCNMBnénA,I vaD th:flng hang.

Tiép theo ta chiing minh T’ nam trén dudng thang A1 D bang phuong phap ti s6 kép. Ta cé

B(ALID) = (QLUM)

= (M ULQ) (theo tinh chét ty sb kép clia hang diém)
= (PKVN) (xét phép chiéu xuyén tam 1)

— C(AKID).

Tir d6 suy ra BL va AK cat nhau tai mot diém T trén AID hay la A, T, I thang hang. Vay
Al, BL,CK dong quy. ]
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Chiing ta viia ¢6 mdt sd khdm pha thd vi tif mot bai todn. Céc cach giai khic nhau, cdc bai toan
m& rong da mang dén cho ching ta nhiéu diéu bd ich. Bai viét ny can trao d6i gi thém? Mong
dudc su chia sé cta cac ban.

[1] Huynh Chi Hao (2015), "Hang diém diéu hoa", Cac phuong phap gidi todn qua cac ky
thi Olympic (Tran Nam Diing (chd bién), V6 Quéc B4 Cdn, Tran Quang Hung, Lé Phic
Lit, Nguyén Tat Thu), Chuong trinh trong diém qudc gia phét trién todn hoc giai doan
2010-2020.

[2] V& Duy Khanh, Dién dan T1K23-Huyén Thoai CHT.

[3] Nguyén Chuong Chi, Dién dan BAI TOAN HAY — LOI GIAI PEP - PAM ME TOAN
HOC
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VE BAI HINH HOC THI IMO NAM 2009
NGAY THU HAI

Tran Quang Hung — THPT chuyén KHTN, Ha Nbi

Tém tit

Bai viét xoay quanh bai todn hinh hoc thi IMO nim 2009 ngay thif hai v6i cic mé
rong va khai thac dong thdi ing dung cdc mé rong va khai thac dé véi cic cong cu
hinh hoc thuan tdy.

Trong ky thi IMO niim 2009 c4 ngay thii nhit va ngay thi hai déu c6 cac bai toan hinh hoc. Trong
khi bai todn hinh hoc ngay thit nhat 13 mot bai toan 16n da dugc khai thac rit nhiéu véi cac mé
rong va ing dung thi bai hinh hoc § ngay thu hai it dudgc chu y hon, nhung thuc ra d6 ciing la
mot bai todn vo ciing thi vi va sdu sac. Bai todn d6 nhu sau

Bai toan 1. Cho tam gidc ABC cdn tai A. Phdn gidc cdc goc ZCAB va ZABC cdt cdc
canh BC va CA lan lwot tai D va E. Goi K la tdm noi tiép tam gidc ADC. Gid sit rang
/BEK = 45°. Tim tdt cd gid tri cé thé'co ciia goc /CAB.

Bai toan nay dudc dé nghi bdi ba tic gia 1a Jan Vonk, Peter Vandendriessche tif nuéc Bi va
Hojoo Lee tit nuéc Han Qudc. Bai todn dudc xép vao vi tri thif 4 dudc coi 12 bai toan dé cia
ngay 2. Pay c6 thé coi 1a mot bai toan tinh géc rit dep mat. C6 rit nhiéu 15i giai dudc dé nghi

.....

nick name BlackMax trong [1]

B D C

Loi giai. Goi 7 1a giao clia AD va BE ciing 1a tAm ndi tiép tam gidc ABC. F 1a hinh chiéu cta
I trén AC.Néu F trung E thi BE viia 1a dudng cao viia 1a phan gidc nén tam gidc ABC déu.
Trong trudng hop nay dé thdy Z/ BEK = 45° théa man dé bai.

Néu F khong tring E. Dé thay F va D d6i xting nhau qua /C nén ZIFK = ZIDK = 45° =
ZIEK. T d6 ti gidc I FEK noi tiép, tasuy ra ZI KE = 90° vay tam gidc / EK vudng can hay
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KI = KE. Van ti tii gidc I FEK ndi tiép nén FK 1a phan gidc ZI FE. Tiu d6 K 1a tam bang
tiép tam gidc JAF ma ZIKE = 90°, ta suy ra ZIAE = 45° hay tam gidc ABC vudng can.
Trong trudng hop nay ciing dé thdy Z/ BEK = 45° théa min dé bai. [

Nhin xét. Theo chiing t6i y tudng ctia 10i gidi trén 1a ngan gon va thuan tiy hinh hoc rat dep.
Trong [1] con rat nhiéu 15i gii tinh toan khac. Diém thu vi clia bai todn nay 1a géc ZBAC c6
thé nhan hai gia tri Ung véi trudng hop tam gidc déu va tam gidc vuong can ciing 13 hai tam gidc
dic biét nhat. Chiing ta thiy rang trudng hop tam gidc déu "tim thudng" hon trudng hop tam
gidc vudng can. Vi vay ta c6 thé phat biéu thanh mot bai toan thuin nhu sau

Bai toan 2. Cho tam gidc ABC vudng cdn tai A vdi cdc phdn gidc AD, BE. K la tam ndi tiép
tam gidc ADC. Chitng minh rang ZBEK = 45°.

Maic du trong truong hdp trén bai toan hoan toan khong kho nhung trén mo hinh bai toan nay lai
¢6 rat nhiéu dic diém thu vi d€ khai thac.

Trong cach gii bai toan 1 & trudng hop khi F khong tring E ta chd y dén chi tiét thd vila D va
F dbi xting nhau qua /C. Nhd d6 ta c6 ngay mot mé rong thi vi sau

Bai toan 3. Cho tam gidc ABC c6 phdn gidc AD, BE. K la tam néi tiép tam gidc ADC. Gid
sit /BEK = /ADK. Chitng minh rang CB = CA hodc DA = DC.

A

B D C

Loi gidi. Goi F 1a dbi xing ctia D qua IC. Néu F trung E dé thiy /E, I D dbi xting nhau qua
IC nén CB = CA.
Néu F khong trung E thi bdn diém I, E, F, K thudéc mot dudng tron. Néu F niam ngoai

1
doan EC thitaco 180° = LZIEK + ZEKI + ZKIE = EZADC + ZIFA+ ZCIE =

/B /A /A /B ZC  3/A 3/C

— 4+ —+ —+ ZC = B+ —.T LA =2/Ch
> + 1 +,2 +\ + > + > 1 +q + 2 asuy ra : ay

DA = DC.Neu F nam trong doan EC ta cling c6 bi€u thuc goc tuong tu. T d6 ta ¢6 di€u phai

ching minh. [

Nhan xét. Tac gia st dung y tudng 151 gidi clia bai todn 1 d€ tim ra md rong nay tuy nhién khi
xem k¥ lai [1] thi mé rong d6 ciing da xuit hién trong [1]. Tuy nhién 13i giai trén khdc hoan toan
cac 10i giai trong [1]. Ching ta ciing hoan toan c6 thé phét bi€u thanh mdt bai todn thuan nhu sau
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Bai toan 4. Cho tam gidc ABC néi tiép (O) c6 phdn gidc AD, BE. K la tam ndi tiép tam gidc
ADC. Gid sit tam gidc DAC cdn tai D. Chiing minh rang it gidc BDK E néi tiép.

Khi phat biéu bai todn thuin nhu bai todn 2, ta ¢6 d€ y ring EK khi d6 ciing di qua diém L dbi
xting ctia I qua BC mit khac khi d6 dé thdy Z BAL = 45° = /BEL nén tii gidic BAEL ndi
tiép. Ngay 14p tic cho ta mot cau hdi 12 liéu ta c6 thé thay thé dudc tam gidc vudng cin dé din
t6i mot bai todn tdng quat trén tam gidc vudng bt ky. Cau hoi dé dugc giai quyét tron ven trong
bai toan sau

Bai toan 5. Cho tam gidc ABC vuoéng tai A. Puong cao AH véi H thuéc BC. I la tam noi
tiép tam gidc ABC. BI cdt CA tai E. K la tdm néi tiép tam gidic AHC. KE cdt I1H tai L.
Chitng minh rang tit gidic BAE L ndi tiép.

A

Loi giai. Tu cdc hé thic lugng trong tam gidc vudng, ta dé chiing minh CI.CK = CE.CH
tt d6 ACEK ~ ACIH suyra ZCEK = Z/CIH vay ti giac CEIL ndi tiép. Tt d6 ta c6

IL.IE IK IL IK CE . . 1L IB .
= suy ra — = ——.——. Ta s€ chiing minh — = —— dang thtc tuong

CL.CE KC CL KC IE CL AC
duong
IK CE IB
KCélI?E _IéclE

— = —.— (Do ACEK ~ ACIH
C k= ac k™ )

Cl IB IE

© CH ~ AC 41?/CI
BC  IBIE

© 4C? T AIZAC

< BC.AI* = IB.IE.AC.

Pang thic cudi ta dé kiém tra nhd cac hé thiic luong trong tam gidc vuong. Vay két hop
ZBIL = ZACL suyra ABIL ~ AACL suyra ZLBI = ZLAC nén ti giac BAEL ndi
tiép. Ta c6 diéu phai chitng minh. O

(Do AAIK ~ ACIA)

Nhén xét. Ta nhan thiy ngay mot hé qua don gian 1a tit BAEL noi tiép thi ZBLE = 90°. Ta lai
¢6 /ZELC = ZEIC =45°.Suyra Z/BLC = 90° 4+ 45° = 135°. Laitt ZBLC = 135° tadé
chiing minh tim ngoai tiép tam gidc BLC 1a trung diém cung BC chiia A cta duong tron ngoai
tiép tam gidc ABC.

Ta c6 ngay mot hé qua rit don gidn clia bai todn nay 12 bai toan sau
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Bai toan 6. Cho tam gidc ABC vuodng tai A voi duong cao AH va phdn gidac BE. K la tam
noi tiép tam gidc AHB. Gid sit /BEK = 45°, chitng minh rang tam gidc ABC vuéng can.

Loi gidi. Goi / 13 tim noi tiép tam gidac ABC va EK cat I H tai L. Theo bai trudc thi t gidc
BAEL ndi tiép nén /BAL = /BEL = 45° = /BAI. Tudé AL diqual hay A, H,L,I
thang hang, vay tam gidc ABC vudng can. U

Ngay lap tiic mot ciu hoi lai dudc dit ra 1a bai todn trén phat bi€u cho tam gidc vudng, vay thi
vGi mot tam gidc bat ky thi sao ? Ta c6 mdt md rong thu vi bai toan trong phan nhin xét cho tam
gidc bat ky nhu sau, bai toan tham khéo [2]

Bai toan 7. Cho tam gidc ABC c¢6 phdn gidc BE. Puong tron qua A, B tiép xiic AC cdt BC
tai D khdc B. K la tam néi tiép tam gidc ADC. EK cat duong tron ngoai tiép tam gidc ABE
tai L. Chitng minh rang tdm cua dwong tron ngoqi tiép tam gidc L BC ndm trén duong tron
ngoai tiép tam gidic ABC.

Loi giai thit nhat. Goi / 13 tim noi tiép tam gidc ABC. Pudng tron ngoai tiép tam gidc AIE
. ) CK
cat CI tai J khac I. Ta thay CI.CJ = CE.CA. Lai c6 ACKA ~ ACIB nén I -

CA CD CK
CE - AcC Tu d6 CK.CJ = E.(CI.CJ) = CE.CD nén ACEK ~ ACJD suy ra
/CEK = /CJD. Ta dinh nghia lai diém L 1a giao ctia DJ va K E vy ti giac CE JL noi tiép.

Suyra /DLK = /KCE = ZKCD suy ra ti gidc DKCL ndi tiép. Ciing tt ACKA ~ ACIB
nén ZAKJ = Z/CIE = ZCAJ.Tud6 JA*> = JK.JC = JD.JL suyra AJAD ~ AJLA

suyra ZALD = Z/JAD = /DAC — LJAC = LZABC — ZAKJ = ZABC — %(ADAB +
ZACB) = %(AABC—AACB).Suyra LALE = ZALD+/DLE = %(AABC—AACB)—F
%AACB = %AABC = /ABE. T d6 td gidc ABLE ndi tiép. Tut d6 dé chiing minh Z/BLC =
180° — %ABAC nén tim ngoai tiép S clia tam gidc BLC 1 trung diém BC chia A cta duong
tron ngoai tiép tam gidc ABC. Ta c6 diéu phai chiing minh. U
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. 1 1
Loi giai thit hai. Goi AK cat BC tai F. Tacé ZFAC = EADAC = EZABC = ZCBE

vay suy ra ti gidc AEFB ndi tiép. Do BE 1a phan gidc ZABC nén E 1a diém chinh gitta cung

. . LA KA CA
AF nén LE laphan gidc ZALB suy ra = =
_~~  LF KF _CF
tam giac ABE tai L khac M. D¢ thay cac tam gidc dong dang goc goc ACEM ~ ACLA va
ME LA LF
/ZBLC = ZCLE = EABAE. Goi N la diém chinh gitta cung BC chiia A clia dudng tron

ngoai tiép tam gidac ABC thi NB = NC va /BNC = /BAC =2/BLC.Tiud6 N la tam
ngoai tiép tam gidc BLC. O

. Goi CL cat dudng tron ngoai tiép

Lai gidi thit ba. Goi / 13 tAm noi tiép tam giac ABC. LC cit dudng tron ngoai tiép tam gidc
ABE tai N khac L. AK cat BC tai M. Dé ¢c6 ZAMB = /MAC + ZACB = ZEBC +
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ZACB = ZAEB nén M ciing nam trén dudng tron ngoai tiép tam gidc ABE. Tachiy C, K, I

ENM 2 X < 1s
ABL )suy ra A, I, N thang hang. Tir d6

1 1 .
LELC = ZCAN = EABAC vay Z/BLC = 180° — EABAC nén tdm ngoai tiep S cua tam

thang hang, 4p dung dinh ly Pascal dao cho bd (

gidc BLC la trung diém BC chia A cla dudng tron ngoai tiép tam giac ABC. [

Nhan xét. Loi giai thit nhit do tac gia dé nghi. Y tudng 15i giai nay dua vao y tudng trong 15i
gidi bai todn 5 ciling clia tdc gia. Loi giai thi hai do ban Nguyén Lé Phudc dé nghi. Loi giai thu
ba do ban Lé Thi Hai Linh dé nghi. Céc 13i gidi nay phu thudc nhiéu vao vi tri cac diém trén
hinh vé& gdc, tuy viy né c6 nét dep dic trung clia hinh hoc thuan tiy. D€ tranh viéc phu thudc
hinh vé cdc ban c6 thé dua vao cdc bién d6i goc dinh hudng tuy nhién diéu nay ciing khong thuc
su can thiét. Bai todn 5 va bai todn 7 1 cdc bai toan tong quat c6 nhiéu gia tri ting dung, c4c ban
c6 thé 1am cac bai toan sau d€ ting dung cic bai toan d6

Bai toan 8. Cho tam gidc ABC vuédng tai A véi duong cao AH. Phdn gidc BE,CF cdt nhau
tai 1. Goi K, L la tdm néi tiép cdc tam gidic AHC, AHB. J déi xiing véi I qua BC. Chiing
minh rang EK va FL cdt nhau trén duong tron ngoai tiép tam gidc JBC.

Bai toan 9. Cho tam gidc ABC vudng tai A véi duong cao AH. Phdn gidc BE,CF cdt nhau
tai 1. Goi K, L la tdm néi tiép cdc tam gidc AHC, AHB. Chitng minh rang EK, FL va 1H
dong quy.

Bai toan 10. Cho tam gidc ABC vdi duong cao AH. M, N thuéc BC sao cho AM L
AB,AN L AC. I la tdm noi tiép tam gidc AMN. NI, MI ccit CA, AB ldn luot tai E, F. Goi
K, L la tam néi tiép tam gidgc AHM, AHN. Chitng minh rang EK, FL va I H déng quy.

Bai todn 11. Cho tam gidc ABC vdi phdn gidc BE, CF. Duong tron qua A, B tiép xiic AC cdt
BC tai M khdc B. Puong tron qua A, C tiép xiic AB cat BC tai N khdc C. Goi K, L la tdm
noi tiép cdc tam gidic ACM, ABN. EK, FL lan luot cdt cdc dwong tron ngoai tiép tam gidc
ABE, ACF tai P, Q khdc E, F. Chiing minh rang P, Q, B, C ciung thuéc mot duong tron.

Bai toadn 12. Cho tam gidc ABC noi tiép (O) cé phdn gidc AD, BE. K la tdm ndi tiép tam
gidc ADC. Goi EK cdt AD tai L. LB cdt dudng tron ni tiép tam gidc ABE tai N khdc B.
Gid sit tam gidc DAC cdn tai D, chitng minh rang tam ngoai tiép tam gidc NBC ndm trén (O).

Cubi ciing, téc gia xin gii 18i cAm on t6i ban Nguyén Tién Diing sinh vién K50 dai hoc ngoai
thuong ngudi da doc toan bo bai viét va dua ra nhiing gép y gitip tac gid hoan thién bai viét nay.

[1] IMO 2009, problem 4
http://artofproblemsolving.com/community/c6h289054p 1562847

[2] M&i tuan mot bai toan: Tuan 4 thang 9 nim 2015
http://analgeomatica.blogspot.com/2015/09/moi-tuan-mot-bai-toan-tuan-4-thang-9.html
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THUAT TOAN THAM LAM
TRONG XAY DUNG CAU HINH TO HOP

Tran Minh Hién
(THPT Chuyén Quang Trung, Binh Phudc)

Thudt toan tham lam 12 tim t6i wu dia phweng & méi budc di véi hy vong rim duge 16i wu toan
cuc. Di nhién thuit toan tham lam khong ddm bao dudc tbi uu dia phuong sé cho ta 16 giai tdi
uu toan cuc. Nhung trong nhiéu bai todn, viéc nay sé xdy ra. Vi du:"Cho truéc mot tip hop S cic
dong xu. Khi d6 can 14y it nhit bao nhiéu dong xu trong S dé€ dudc tdng sb tién M cho trudc.
Khi S = {1,5,10, 25}, chiing ta c6 thé 4p dung thuit todn tham lam dé€ xay dung phuong 4n tbi
uu nhu sau:

e Thém dong xu x 16n nhét trong S sao cho x < M;
e Ap dung lai thuit todn cho M — x.

Vi dy, v6i M = 91, dau tién ta chon 25 trong S, sau d6 lai tiép tuc 4p dung thuit todn cho
91 — 25 = 66. Khi d6 ta lai tiép tuc chon s6 25.Tiép tuc 4p dung thuit toan cho 66 — 25 = 41, ta
chon s6 25. Lai 4p dung thuit todn cho 41 — 25 = 16, ta s& chon s6 10. Lai tiép tuc 4p dung thuat
toan cho 16 — 10 = 6, thi ta chon s6 5. Va cubi cung 4p dung thuat todn cho 6 — 5 = 1, ta chon
s6 1. Tur d6 tap hop 61 uu 1a {25,25,25,10,5,1}. Tic lavéi tdp S = {1, 5,10, 25} thudt toan
tham lam cho ta phuong dn téi wu. Tuy nhién thudt todn téi wu khéng phdi liic nao ciing
cho ta phuong dn téi wu. Vi du véi S = {1,3,4} va M = 6, thudt todn tham lam cho ta tip
{1, 1, 4}, tuy nhién phuong dn téi wu la {3,3)."

Dudi day 12 mot s6 bai toan minh hoa.

Céu 1 (BMO 1998). Mot dai ly vé tau héa phan phéi vé tau héa cho 200 dai ly. Trong mot ngay
dic biét, c6 tt ca 3800 ngudi 6 200 dai ly dén mua vé, mdi ngudi dugc mua mot vé.

1. Chitng minh rang c6 it nhét 6 dai 1y c6 cuing sb ngudi dén mua vé trong ngay hom do.
2. Y trén khong con ding néu thay 6 béi sb 7.

Loi gidi. 1. Goi s1, 52, ...,8200 12 8O nguoi dén dai ly thu nhét, dai ly thu hai,. . ., dai ly
thit 200 mua vé thu hda trong ngay d6. Khong méit tinh tdng quat, ta c6 thé gia st
S1 =82 =...= 5200-

bat S = 51+ 55 4+ -+ + 85200 thi § = 3800. Bay gio ta sé tim hi€u S nhé nhét bao nhiéu
khi diéu kién bai toan khong thoa, tic khong ton tal day s;, sl+1 s Sig2y 005 Sigs nao ma
§i = Sijt1 = ... = Si+5. Rorang S nhd nhét khi ta lay dugc cang nhleu s0 nho, mdi s6
nho khong lay qua 5. Do d6 S nhd nhit khi

S1:S2:...:S5:1,

S6:S7:...:S10:2,

5196:S197:...:S200:40.
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Nhung khi d6 thi tong S sé dat dugc

T4+ 14 142424 +24---+40+40 +--- 4 40 = 4100.

5sb 5sb 556

Do d6 S > 3800, diéu nay mau thuin. Piéu dé ching td phai ton tai 6 s& hang lién tiép
trong diy d6 bang nhau. Hay c6 6 dai ly c6 ciing s6 ngudi dén mua vé trong ngay hom do.

2. Ching ta xay dung mot vi du thda méin ciing bang thut todn trén. V6i méi 1 < i < 198 thi

1 —1
s = 6 + 1.

Khi d6 S1+ S+ -+ S198 = 3366. Khi d6 ChQIl S119 = S200 = 220. Khi d6 S = 3800
va 1o rang khong c6 7 phan tif lién tiép nao bang nhau, tic khong c6 7 cifa hang nao cé
cung s6 ngudi dén mua vé. Bai todn dudc gidi quyét hoan toan.

]

Cau 2 (Iran 1997). Cho hai sb nguyén duong m, k. Chting minh rang ton tai duy nhit cic s6
nguyén duong ax > ax—1 > ... > a; > 0 sao cho

_ [ak ag—1 ai

’ a Af— a . 1s C LR ) p 4
Tong (kk) + (kk_ 11) + -+ ( 11) dudc goi 1a khai trién Macaulay ctia m tng véi d.

Vi du khai trién Macaulay ctia 17 dng vé6i 3 1a

5)+ ()« ()= rovesin

trong khi d6 khai trién Macaulay ctia 16 ting véi 3 1a

() G) o) zmeromre

Loi gidi. 1. Pau tién ta chiing minh su duy nhit. Gia st m dudgc bi€u dién bsi hai diy
Ak, ...,ay; va bg,...,by. Khi d6 trong hai day ay,...,ax va {by,..., by} (theo thi ty)
phai c6 it nhat hai phan tif khac nhau. Ta goi vi tri dau tién ma chiing khac nhau, khong
mét tinh t6ng quat 1a k, tic a; # bi. Gia st ax > by ma khong 1am mét tinh téng quat
cliadé bai. Vib; < by < ... < by_; < by 1a ddy sb nguyén nén

b1 <bp—1, b <bp_1—1<br—2,....,b1 <b,—k+ 1.

. by br_1 by
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nén

Theo tinh chét nhi thiic
by br—1—1 br —k +1 by +1
o< [P
X .

Viby < apnénby +1 <ay.Dodd

1))
(8 ) ) ) )

vo ly. Vay diéu phan chiing 12 sai.

Dan dén

2. D& chiing minh su ton tai, ta st dung thuat todn tham lam nhu sau: dau tién ta tim s6 ay
16n nhat sao cho

Sau d6 lai ap dung thuat toan trén, thay vi cho m va k, thi bay gi¢ cho m — (CZC) vak —1.

Ci tiép tuc quy trinh nay ta dung dugc diy thda man. Diy {a;,a», ..., ax} 1a ddy ting dan
vi, theo cach xay dung nén

o< (1) (1)

) £ oo [ak+ 1 ak ag : ) .
do tinh chat nhi thuc r = i + i1l Nhung lai theo cach dung thi

Ak—1 ag ar—1 ak
<m-— = < = Ajp—1 < dg.
Bai toan dugc ching minh hoan toan.
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Céu 3 (Russian 2005). Trong mot bang 6 vuong kich thude 2 x n (n 1a s6 nguyén duong khong
nhd hon 2) ngudi ta dién vao mdi 6 vudng mdt s thuc duong sao cho tdng clia hai sb trén mdi
6t ludn biang 1. Chiing minh ring ta c6 thé chon ra trén mdi cot mot sb6 dé tdng clia cac sb ducc

chon trén moi dong khong vuot qua

1
, tic la yéu

N, . .« 2. X N A X A2 - A A R N A . n
Loi gidi. e Do dé bai yéu cau tong cdc so trén moi dong khong vuot qud

cau tdng cac s6 trén mbi dong cang nhd cang tot. Tir do ta nghi dén viéc chon trén moi
6t mot s6 nhé nhét thi kha ning thanh cong sé cao. Tuy nhién néu tit ca cdc s6 nhd hon
(trén mbi cot) lai nam trén cung mot dong thi sao? Khi d6 thuat toan tham lam nay sé that
bai, that vay v6i minh hoa

04,0404 ]... 104
06[06]06|... 106

thi néu ta chon trén méi cot mot sd nhd nhét, khi d6 ta chi chon toan s6 0.4 & dong dau
n+1

tién. Nhung khi d6 thi t6ng cac sb 6 dong dau tién 12 0.4n, vuot khoi

e Ta can cdi tién thuit toan nay mot chiit. Tic 14 chiing ta sé ddm bao cho ca hai dong
cung théa diéu kién mét hic. Tic 1a ching ta mong mudn bing cich nao d6 phai chon
dugc dong thoicdc s6 nhé nhdt cé thé' cé & dong ddu tién va cdc s6 nhé nhdt cé thé'cé &
dong thit hai. Bang cach thay di thit tu cc cot, ta c6 thé sap xép cac sd & dong thi nhat
theo thit tu khong giam, thi vi tong clia hai s6 trén mdi cot bang 1, nén dan dén cac s6 &

dong thit hai sé theo thit tu khong ting. Goi ay, as, . .., a, 1a cic sd & dong thi nhat ma
apr <a; =...<a.
aq an asjs ay
l—a; | 1—az|1—asz|... | 1—a,

e Vi sap thit tu nay, thi dong thit nhdt ta sé chon cdc sé ti trdi qua phdi, con dong thit hai
ta sé chon cdc s6 tir phdi qua trdi. Bay gid ta chon i 1 chi s6 16n nhat sao cho

n+1
al+az+'“+ai§T

(tikc la cdc s6 duoc chon trén dong ddu tién théa mdn). Biy gio ta chi con kiém tra

n—+1

> (1 —=ait1) + (I —ait2) + -+ (1 —an)
=n—1i)—(aiy1 t aiya+ -+ an)
hay

3n—1
— 1.

Aiy1 T dit2 + -+ dap =
Via, <a, <...a;4+1 nén

ay+az+ -+ aiq1
i+ 1

=ai1
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vadoa;1; <daj+r <...<a,nén

Ait1 +Ai4o + -+ dy
n—i

= Ai41-

Két hop hai bt dang thic trén ta c6

dit1 taivo+---+an  artart---+ain

n—i - i+1
hay
Laptax+---+aj+ . ‘nl—l
. ; . > (n— _ >n—1i)-
Aiv1+ Aiga+ -+ a, > —1) P (n l)z-i-l
n+1

(bat dazmg thiic cubi c¢6 dudce do i 1a chi sb 16n nhit thda a; +a, + -+ +a; < 2 ).
Cubi cung ta chi can chiing minh

n—i n+1 3n—1
>

T —i=>m-1)*>4i(n—i—1).

Diéu nay c6 dudc do bat dang thiic Cauchy

(i+n—i—1)>?2
4

din—i—1)<4- = (n—1)>2.

Dén day bai todn dugc chiing minh hoan toan. [

Cau 4 (IMO 2003). Cho A la mot tap con chua 101 phﬁn tdcuatip S = {1,2,...,1000000}.
Chiing minh rﬁng ton tai cac phﬁn tity,1s,...,100 trong S sao cho cac tap

Aj ={x+tjlxe A}, j=12,...,100
r6i nhau doi mot.
Loi gidi. e Ta mong mudn tim mot thuit toan xay dung t1 12, . .. Tigo. Gia st trong tay ta
da c6 t,, vay thi ¢, phai dugc chon sao cho (theo gia thict)
X+t #Fy+6HL,Vx,yeA=>tLF#H+x—y,Vx,y € A.

Pé dam bao diy {t;} phan biét thi ta sé xdy dung diy {#;} ting dan. Tt d6 ta can ¢, #
t1 + |x — y|.Vx,y € A thi sé ddm béo dugc tinh ting dan. Nhung khi chon dudc #, thi
cling phai chon 73, . . ., f199. Do d6 chon 7, phéi vita ddm bao "dd xa", tiic khdc tdt cd cdc
gid tri trudc do, nhu dd phadn tich & trén, viia ddm bao "du gan", dé’co thé xdy dung tiép
cho ts, ..., tpo. TU day y tudng xay dung ¢, dudc hinh thanh:

— Trén truc sb ta biéu dién cic phan ti cia S theo thi tu ting dan.

— Chonngay t; = 1 € S, va ta td mau sb ¢ va tat ca cc sb6 dang: {f; + |x — y| =
1 + |x — y||Vx,y € A} trén truc s (cac gid tri hiéu |x — y| c¢6 thé tring nhau
v6i cac cip sb (x, y) khdc nhau trong A, nén & budc nay ta danh diu khong qud

101 £ 12 0 4
1+ 5 = 5051s0,kécasot; = 1).
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— Sau budc ny, ta chon #, 13 s6 nhé nhét trén truc s6 ma chua bi t6 mau. Tiép tuc
ta lai t6 mau sb 1, va cic s trén truc sb dang: {t, + |x — y||x, y € A4}. O budc nay
c6 thé mot vai s6 da dudc td mau & budc trén. Khi d6 trén truc sd, sau budc ndy, c6
t6i da 2 x 5051 s6 trong S dudc t6 mau. V4i cach xay dung nay thi 7, > f;.

— Cu tiép tuc thuit todn trén, sau khi xay dung dudc cac sb 11, . . ., too thi chiing ta di
t6 mau t6i da 500049 phan tit trong S trén truc s6. Vi 500049 < 1000000 nén ta tiép
tuc xay dung dudc sb #10o theo thuit todn trén. VAy cic sd#; <t < ... < t1g0 dudc
xay dung.

e Bay gio ta kiém tra lai, v6i cdch xay dung 7,1, ..., ¢ 190 nhu thuit todn trén, cdc tap
Aj, Ay & roi nhau d6i mot véi moi 1 < j < k < 100. That vay, gia s ngudc lai, tdc ton
taix +1; =y + tx vOi x,y € A nao do. Do cach xdy dung trén dam bdo #x > ;. Do do
x > y. Piéu nay din dén

k=t +x—y=t;+|x—y|

vo 1y vi . dudc chon & budc thi k thi phai khéc tit ca cac s6 da dudc té mau trén truc sb:
{ti +|x—y|:Vi=12,...,k—1}. Vay A4; N A; = @. Bai toan dugc ching minh hoan
toan.

O

Céu 5. Cho A 1a tap hop cic s6 nguyén duong thda man: véi moi phan tif x, y thudc A thi

XYy
x—y| > =
X =yl=z 55
Hoi A chita nhiéu nhét bao nhiéu phan ti?

Loi gidi. 1. Ta nhan thiy x, y khong thé 1a s6 qua 16n. Bat dau véi tap A = {1}, ap dung
thudt todn tham lam, mdi 1an ching ta sé thit tim phan t nhé nhét tiép theo c6 thé nam
trong A. Qua trinh nay ta thu dugc 4 = {1,2,3,4,5,6,8, 11, 18,45} va sau qua trinh nay
thi khong thé thém dugc phan ti nao vao A. Ti d6 du doan A c6 nhiéu nhét 10 phan td.

2. bit A = {a;,a,,...,a,}. Ta ching minh n < 10. Khong mét tinh tdng quat, gia st
1<a,<a, <---<a,. Khdo
a;+14; 1 1 1

Ait1 —dj Z ——— = — — =
30 ai  Ai4q

,Vi<i<n-—1.

Téng tat ci cdc danh gid trén véii = 5,6,...,n — 1 ta dugc

=
as a, 30 as — 30

1 1 n—>5 1 n—>5
> > .

Via; >i,Yi =5,...,n nén tu danh gia trén ta c6
30
5§a5<—5=>n§10.

Tur d6 bai toan dudc chiing minh hoan toan.
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Cau 6 (IMO 2014). Mot tap hdp cac dudng thang trong mit phang goi 1a "tot" néu khong c6
hai duting thang nao trong chiing song song va khong cé ba dung thang nao trong ching dong
quy. Tap hdp cic dudng thang "tdt" chia mit phang thanh cdc mién, véi mot sd mién cé dién
tich hitu han goi 1a mién hitu han. Chiing minh rang v6i n dt 16n, thi véi bat ky tap hop n dudng
thang "t6t" ta ludn c6 thé td mau +/n dudng thang mau xanh dé khong c6 mién hitu han nao c6
toan bo bién la mau xanh.

Loi gidi. (Dua theo 13i gidi ctia GS Nguyén Tién Diing) Ta ciing thti lam theo kiéu thut todn,
ttic 12 tim thudt todn t6 mau xanh cdc dudng. Tai sao lai ra con sb ciin bic hai, thi chiit xiu nita sé
ro. Thuat toan don gian nhu sau:

e Dau tién to6 2 dudng tiy ¥ mau xanh (hién nhién 1a chi ¢6 2 thoi thi chua thé vay toan bod
mién nao).

e Tiép theo 1a chon dudng d€ to: néu chon dudc thém 1 dudng d€ to xanh (ma khong pham
luat ctia bai) thi t6, con dén khi khong con dudng nao nita thi diing.

Gia 1a thuét toan diing lai sau khi to dudc k dudng. Bay git phai chitng minh la n < k2. Hay la
ta chiing minh ngudc lai: néu n > k? thi t6 tiép dudc.

Néun > k? thi s6 dudng con lai chua t0 16n hon k> —k = k(k — 1), tic 12 16n hon 2 1an sb di€m
nit xanh (di€ém nit xanh = diém giao nhau ctia 2 dudng xanh). Goi 1 dudng (trong s6 cic dudng
con lai d6) l1a duong cAm néu nhu ma o thém dudng d6 mau xanh thi tao mién bi chin véi bién
toan mau xanh. By gio chi can chiing minh 1a s6 dudng bi cAm khong vuot qua k(k — 1), khi d6
s& din dén c6 it nhat 1 dudng khong bi cAm, c6 thé t6 xanh. D& chiing minh diéu d6, ta s& tim
cach 1ap mot mdi quan hé gitta cic dudng bi cAm v6i cic nit xanh, sao cho tit ca cic dudng cam
déu ng véi it nhit 1 niit, va ngudc lai thi mdi nit tng véi khong qua 2 dudng cAm. Néu c6 quan
hé nhu vy thi s6 dudng cAm khong vuot qua 2 1an s nit). Quan hé d6 nhu thé ndo?

Mot quan hé hién nhién 1a: mot dudng cAm thi tiic 12 tao ra it nhat 1 mién cAm (mién c6 1 canh
bién trén dudng d6, cic canh con lai déu xanh). LAy mién cAm d6, va 1iy 2 cdi niit xanh 12 2 dinh
mién cam d6 ma ke sat dudng cAm. 2 nit d6 c6 thé trung nhau néu mién cam la tam gidc. bé
phan biét, thi thay vi dat quan hé v6i nat , ta sé dat quan hé v6i doan cam: gom nut va canh
xanh cua mlen cam di tir mit dé cham vao duong cam. Nhu vay, mdi dudng cAm tdng vdi it
nhét 2 doan cAm.

Ngudc lai, mdi nit cho nhiu nhét 4 doan cAm, vi tif mdi niit chi c6 4 nita dudng thang xanh, va
trén moi nita dudng thang d6 c6 nhiéu nhét 1 doan cAm xuét phat tif nit (khong thé ¢ 2 doan
cAm de 1én nhau cung ti 1 nit xanh). Nhu vy, day 12 quan hé ma theo 1 chiéu thi > 2, theo
chiéu ngudc lai thi < 4, va do do ) duong cAm < 2 1an s6 nit xanh. OJ

Cau 7 (IMO 1983). Ching minh rang c6 thé chon 2048 sé nguyén duong phan biét, tit ca cac
s6 déu nho hon hoic bang 100000, sao cho khong c6 ba sb hang bit ky nao ciia tap d6 tao thanh
ba phan ti lién tiép mot cip sb cong.

Loi gidi. o O day c6 mét truc gidc 1a: s6 100.000 dudng nhu khdng thich hop va qué 16n. Do
d6 1am chiing ta suy nghi giai quyét bai toan véi so nhé réi mé rong né. Chiing ta chac

chin nén bt dau véi viéc xay dung mot diy nho bing thuat toan tham lam.

e Bit diu véi day 1, 2. Khi do
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— 3 khong thé thém vio vi tao thanh cip s6 cong 1 — 2 — 3;

Chung ta thém 4, 5 vao day.

6 lai khong thé thém vao diy dudc, vi tao thanh cip sb cong 2 — 4 — 6.
— 7 khong thém thém vao diy dudc vi tao thanh cip sb cong 3 — 5 — 7.
— 8 khong thé thém vao diy dudc vi tao thanh cip s6 cong 2 — 5 — 8.

— 9 khong thé thém vao diy dudc vi tao thanh cip s6 cong 1 — 5 — 9.

— Ching ta thém 10, 11, lai khong thé thém 12. Thém dudc 13, 14, va ci tiép tuc nhu
vay ta thém vao dugc sd tiép theo gan nhat la 28,29.

1. Ta diing lai phan tich khi c6 mot s6 khoang trong xuét hién: 2 — 4,5 — 10, 14 —
28. Tiic 1a cac s6 gip 2 1an xuét hién.

2. Ngoairaconcé 4 — 10 — 28, didunay viétlai 3' +1 — 3> +1 — 3° + 1. Tu
d6 ta nhan thiy so 3 nay déng vai tro quan trong, dic biét 1a cac lily thira cia 3.
Diéu nay goi ta dén viéc xay dung diy sd theo co s6 3, nhung trir di 1 tir mbi sb.

Do d6 day cua ta la
S =1+ {0;,13,103, 115, 1005, 1015, 1105, 1113, 10005, ..., 111111111115}
gdm tht ca céc s6 trong co s6 3 chi gdbm hai chit s6 0 va 1.
e Taco|S| =2'"" =2048 sb.
e Phan t 16n nhét trong S 1a 14+ 111111111115 < 100.000;

e Goi x, y, z 12 ba phan tif phin biét tlly y trong S, gia st x + y = 2z. Do 2z chi gdm hai
chit s6 0 va 2. Ma chi c6 su phan tich duy nhit 0 + 0 = 0,1 + 1 = 2 nén x, y phdi c6 chif
s6 0 va 1 trang nhau moi vi tri, tic x = y, vo ly. Tifc ba phan tii ty ctia S khong thé 1a ba
phan tif lién tiép ctia mot cip sb cong.

O]

CAu 8. Ching minh ring véi mdi sé nguyén duong 7, ludn ¢6 thé biéu dién dudi dang duy nhét
thanh téng ctia mot sd Iy thirta phan biét ctia 2.

Phdn tich: Ddu tién ta chitng minh su biéu dién nay co thé’su dung thudt todn tham lam. Ta chon
lity thita I6n nhdt, goi la 2, sao cho 2K < n. Néu n = 2% thi bai todn két thiic. Nguoc lai, ta dp
dung thudt todn cho sé n — 2*. Chdc chdn la cdc liy thita ciia 2 sé phdn biét trong mdi budc
chon, vi theo cdch xdy dung cho 2% n < 21 ddn dén n — 2% < 2%. Do do & bude tiép theo ta
chon dugc 2871: 2571 < p — 2k 1hi 2KV < 2K Tuy nhién khi ta viét 10i gidi sé viét dudi dang
quy nap.

Loi gidi. V6in = 1,khidétaco 1 = 2°.

Gia st bai toan dung cho véi moi sbnmal<n< 2k , VOi k > 1. Ta s€ ching minh bai toan
dingchovéimoinmal <n < 2k+1 Nhu ta biét ri“mg trén khoang 1 <n < 2k, thi biéu dién
clia n sé c6 s6 hang 16n nhit 1a 2k=1, Cong thém vao mdi su biéu dién d6 cho sb 2k ta sé dugc
su biéu dién cho moi sb6 n ma

1+ 2% <n <2k 4 2k = ok+1,
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Ngoairan = 2k ban than né 1a mot biéu dién duéi lay thtra cua 2. Do d6, bai toan ding cho
véimoi 1 < n < 2¥*1. P& chiing minh su duy nht, nhu theo hudéng quy nap, ta phai ching td
v6i mbi 2% < n < 2% phdi cé 2* trong biéu dién ciia né. That viy, gia st ngugc lai, thi trong
mbi biéu dién cia n, thi tdng 16n nhit 13

n<2042V 422 4. 4okl —ok_1_1<p,
mau thuan. [

Cau 9. Cho Ay, Ay, ..., A, la cac tap con phan biét cua {1,2,...,n} va |A;| = 3,Vi =

oy g s (2] s X
1,2,...,n. Chiing minh rang ta c6 thé t6 mau {?] phan tr cua {1,2,...,n} sao cho moi tap
A; déu c6 it nhat mot phan ti dugc td mau.

Phdn tich: Ta sé thic hién té mau cdc phan tit trong {1,2, ..., n} theo thudt todn tham lam nhu
sau: Méi budc, ta sé t6 mau phan tit x thudc cang nhiéu tdp cang tot. Gid sit x thudc vao cdc tdp
Ay, Ay, ..., Ax. Pén budc thit hai ta loai bé cdc phan tik thudc vao cdc tdp Ay, A, . .., Ak, 10i
ta lai tiép tuc t6 mau phdn tit y thuéc cang nhiéu tdp con lai cang tot, cii tiép tuc nhu vy ta sé
c6 diéu phdi chitng minh.

Loi gidi. Goi A la tp hop cic tap trong sb cic tp A;, A,, ..., A, ma mdi tap déu chua c6 phan
tif nao dudc té mau sau khi thuc hién k ldn thudt todn tham lam & trén. Ta luu y riang sau khi
thuc hién k budc, thi tit ca cic tp hop trong A déu "rdi nhau". Khi d6 rd rang thudt todn sé diing
khi thuc hién tiép k + | 4| budc (vi mbi tip hop trong A phai to6 mau mdt phan ti, do cic tip nay
10i nhau). Ta chi y rang:

n 2, N X 2, [N A - A A .2 [ A 1R N
e k < 5 baGi vi moi budc thuc hién thuat toan, so tap hgp giam di it nhat hai lan va trong

k 1an thuc hién thuat toan dau tién, ta ludn tip trung vao td mau cac phan ti thudc vao it
nhat hai tap trd Ién.

n—=k

o |A| <

loai khoi it nhit 12 k phan ti ctia {1,2,...,n}, con lai nhiéu nhit n — k phan tit lai dudc
chia thanh céc tap rdi nhau kich thuéc 3.

bdi vi sau khi thuc hién thuat toan k 1an, ta da té6 mau k phan ti, tic 1a da

Do do

=

_I_

n—=k n 2k n
373 3 3 - 3

k+ Al <k 4+—= ==
Al sk+—— =3+

, o a2
Vi k nguyén duong, chiing t6 thuét todn s€ ket thic néu ta thuc hién nhi€u nhat 1a [?] lan. Bai
toan dugc chiing minh.

Cau 10 (China TST 2015). Cho X 12 mdt tip khdc rdng va Ay, A,, ..., A, lan tip con clia X
sao cho

1. |4;| <3,Vi=1,2,...,n;

2. BAt ky mot phan ti ndo ctia X ciing ndm trong it nhit 4 tip trong s6 Ay, As, ..., A,.

X . 3 )
Chiing minh rang c6 thé chon |:7n] tap hop trong so cac tap Ay, A,, ..., A, ma hgp cia ching
bing X.
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Loi gidi. Két luan bai toan yéu ciu chon dudc mot sd tap hop, hop lai bang X, do do ta sé

1. Chon tdp dau tién cé 3 phdn tit, gid st Ay, |Ay| = 3. Sau do, ta chon tiép tdp A, ma
|Az| = 3va Ay N Ay = @. Sau khi chon duoc tdp A,, ta chon tiép tdp Az ma |As| = 3 va
AsNA; =0, A3N Ay = 0, cif tiép tuc nhuw vdy dén khi khong thé chon thém dugc tdp nao
nita vao trong hé. Trong tat ca cach cach lua chon céc tap hop trong Ay, A», ..., A,, tachon
ra hé tap hop S; cue dai, gid st S3 = {A1, Aa,..., A;} (i <n) (tifc la ho S5 chita nhiéu
tdp hop nhdt co thé’co)ma |A,| =3Vt =1,2,...,ivaAd, NA;, =0, V1 <r <s<i
(diéu nay c6 nghia, mbi 1an bd sung mot tip hdp vao S; thi tip X3 c6 sb lugng phan ti
tang 1én 3).

X3

D
&

bit X5 = U A,. Do tinh t5i dai cta tap S3, nén véi batky tdp hop A; (j > i) thi
A,€S3

|4; N (X\X3)] <2
vi néu khong thi ta tiép tuc bd sung A; vao tap S3, mau thuln véi tinh t6i dai ctia S3. Va
khi d6
X5 = 3i.

2. Bay gid ta tiép tuc chon ho S, cuc dai chia cic tdp A; con lai trong $6 A;y1, ..., Ay,
sao cho mai lan thém maot tdp hop vao ho S», thi so lugng phan ti trong hop cua ching
tang lén 2. Khong mit tinh téng quat, gia st

Sy ={Aiy1, Aiya...., Aj}
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X, = | 4 nXx\X3)
A,eSH

thi theo c4ch xac dinh clia S, ta c6 | X,| = 2j va theo tinh tdi dai cdia tap S, thi

14, N (X\(X2UX3)| <1Vt =/ +1,....n.

3. Bay gid ta tiép tuc chon ho S; chia cic tip A, con lai trong sb
Aj+l7Aj+2 e 9Ana
sao cho mdi ldn thém mét tip hop vao ho S, thi sé luong phan ti trong hdp ctia

chiing tdang lén 1 va di nhién cdc tdp hop trong ho S, chita hét tdt cd cdc phdn ti ciia
X\(X3 U X;) = X;. Khong mét tinh tdng quat, gia st

Si={4j11.Aita, ..., Ax}.
4. Khido |X| = |X1| + | Xa| + |Xa| =3i +2j +k X = X; U X, U X3 va
|S3| + [S2| +[Si|l =i +j +k=m.

N 3
Ta can chiing minh m < 7’1

e Vi mbi phin i trong X; ndm trong it nhit 4 tap hop, nhung do |4, N X,| < 1,Vr =
j+1,...,nnén
n>i+j+4k. (1)
MB&i phan tii trong X ; U X, xut hién it nhat trong 4 tap hop, nhu do |4, |N(X;UX,) <
2, Vr=i+1,...,nnén

42j +k
nzi+(]T+)=i+4j+2k. 2)

Mbi phan ti trong X xuét hién it nhat trong 4 tip hop, va |4, N X| < 3,Vr =
1,2,...,n,dodod

43i +2j + k)

n=>= .

: G)
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o Liy20 x (1) + 12 x (2) +27 x (3) tacé

59n  3n
59n > 140(i + j + k) = 140 < — < —.
n > i+j+k) m:>m_140 7
Bai toan dugc ching minh hoan toan. [

N , . 1
Céu 11 (IMO 2014). Pdng xu dugc goi 1a "may mén" néu gid tri cia né 1a —(n € Z*). Mot bd
n

suu tip cac dong xu “may man” co tong gia tri khong qua 99 + 3 Chiing minh rang c6 thé chia

céac dong xu nay vao 100 nhém sao cho mdi nhém c6 gid tri khong qua 1.

Loi gidi. Ta chiing minh bai todn tdng quat hon: "Gia st téng gid tri cic dong xu khong qua
N — > va thi ludn ¢6 thé chia vao N nhém sao cho mdi nhém c6 tong gid tri khong qua 1."

Gia st bd suu tdp co cac dong xu ménh gia la

1 — (6 thé c6 nhi€u dong xu cung ménh gia).

1 . 1 .
b 2 b 3 9 m
Budc 1. Ghép cdc dong xu ciing ménh gid: Ta ghép cac dong xu c6 cing ménh gia lai thanh mot
dong xu méi (ddng xu méi van 1a "may man") , i ghép nhu vay cho téi khi nao khong thé ghép
thi dung lai.
Chang han lic dau trong tay ta c6 tip cac ddng xu may man sau
. 1 . 1 . 1 . 1 . 1 . 1 . 1 . 1 . 1 . 1 . 1

’29272’3’3’3,3,4’4’676 .

5 1 X 1 R 1 R 1
e Ta ghép hai dong xu — thanh mot dong xu —, 2 dong xu — thanh mot dong xu —. Khi do ta
6 3 4 2

c6 nam dong xu 3’ bon dong xu X va mot dong xu 1.

e Tiép tuc ghép nim dong xu % dugc mot dong xu 1, hai dong xu % va bon dong xu % ghép
lai thanh hai dong xu 1.
e Cudi cling ¢6
S = {% %; I L 1}
khong ghép tiép dudc, tong khong d6i so vdi S.

Két thic qua trinh ghép cac ddng xu ta co:

e C6 p dong xu ménh gia 1.

. o \ . \ 1
e Neu k chan thi con lai nhiéu nhat 1 dong xu ménh gia A (k> 1).

. \ ) . 1
e Neéu k 1€ thi con lai nhiéu nhat k — 1 dong xu ménh gia A (k>1).
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Khi d6 p dong xu ménh gia 1 ta chia vé p nhém va con cac dong tién ménh gia khac 1 c6 tdng

khong qua N — 3~ p ta chia vao N — p nhém nhu sau (v6i chi y: véi mdi k € Z7 thi dong

tién ménh gid % con nhiéu nhit 12 1 dong va dong tién ménh gia 1 con nhiéu nhit 1a

(2k — 1) — 1 dong, trit trudng hop k = 1).

. . . 1
Budc 2. Chia cdc dong tién ménh gid lon hon hodc bang W vao N — p nhom. V6i cac
4
1 1 \
dongtlenmenhglazk 2k T ,k=1;2;...;N—ptachiavenhém G (k = 1;2;...; N — p)

thi tong s6 tién nhiéu nhat cia nhém Gy, 1a

1 1
(2k_2)—2k—1+ﬁ<1

Neu van con cac dong ti€én ménh gia nho hon W thi tién hanh buGc nhu sau:
—-Pp

2, A 2 4 A e X . N 2, N 2, 1 PN A
Budc 3. Ta thay rang do tong soO tién chia vao N — p nhom khong 16n hon N — 5~ P, nén ton

tai mot nhém c6 téng sb tién nhd hon hoic bing

Ly N _, 1
N—p P=a) = Taw=py

bo vao nhém doé va nhém dé c6 tong

1
2(N —p)

e Ta ldy mot dong xu c6 ménh gia nhoé hon
s6 tién khong vuot qué 1.
e Vi s6 dong tién 1a hitu han nén sau mot sb 1an thi két thiic.
O

Ta két thiic chuyén dé bang mot vi du, cho thdy thudt todn tham lam khéng cho ta dugc mot toi
wu toan cuc, tuy nhién giita chiing van xdp xi duoc vdi nhau

CAu 12 (IMO Shortlist 2014). Cho day sb thuc x;, X, ..., X,, ching ta goi "gid" ctia day sb
da cho la dai lugng

max |x; + x + ...+ Xx;|.
1<i<n

Cho trudc s6 thuc 1, Dave va George mudn sap xép thanh 1 diy c6 “gia” nho nhit. Chiam chi
hon nén Dave ki€m tra tat ci cac cach c6 thé va tim ra “gid” G nhd nhéat. Theo mot cach khac,
George chon x; sao cho |x;| nhd nhét, trong s6 cdc s6 con lai anh ta chon x5 sao cho |x; + x5
nhé nhit, ci tiép tuc nhu vay dén budc thi i anh ta chon x; trong s6 cac s6 con lai sao cho
|x1 + X2 4 ... + x;| nhd nhit, trong mdi budc néu c6 nhiing s6 hang bang nhau thi anh ta chon
bét ki. Cubi ciing anh ta nhan dudc day “gia” D. Tim hiang s6 ¢ nhd nhét ¢ thé sao cho véi mbi
s6 nguyén duong n ta ludn co:
G <c¢D.

Loi gidi. Xét day sb gdm cac sb thuc: 1, 2, —1, —2. Khi d6 ta c6 sap xép ctia Dave va George
nhu sau

Dave : -1, 2, =2, —1 hodac 1, 2,2, —-1.Khido: D =1
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George : 1, —1,2, =2 hoac 1, —1,2, —2.Khid6: G = 2.

Tir d6 ta thu dugc: ¢ > 2. Ta sé chitng minh ¢ = 2 1a gia tri cAn tim, tic G < 2D. Gia st
X1,X2,...,X, 12 ddy sb ban dau, d,, d»,...,d, va g1, g2, ..., g 12 ddy ma Dave va George
thu dugc. bat
M = ax |x,~|, S=|X1+XZ+...+X,,|.
1<i<n
Nhan xét: D > S (hién nhién do cach xac dinh D). Gid st |d;| = M ta co:

M=\|di|=|d1+dr+...+di))—(di +da+ ... +di—y)]
<|di+...+di|+]di+ ... +di-1| =2D.

Do d6 dé chiing minh G < 2D ta chi can chiing minh
G < max{M, S}.
bat N = max{M, S} tasé chuing minh G < N.DPath; = g, + ...+ g;. Khi do
G <N & |hi| <N, Vi=1,n.

Ta sé chiing minh: |#;| < N bing quy nap. V6ii = 1 ta c6

|| =[g1l =M < N.
Gia st |h;—1| < N ta sé chiing minh |A;| < N.Tacé

\hil = (g1 + ... + &i—1) + &| = |hi—1 + &il.

e Neéu trong cac SO gi, gi+1,---,&n €O 2 s0 khac dau nhau, gia st j > i 1a chi sO ma
hi—1.gj < 0.Khi do

\hi—y + gil < |hic1 + g;| < max{|hi_y],

gil} <N = |h| < N.

e Néu cic sb gi, Zit1s...,gn cung diu, khong mit tdng quat gia si ching déu la cac sb
duong. Khi do, ta co

hici <hi <hiy1 < ... < hy = |hi| < max{|hi_|, |ha]} =N
= |hi| = N

v6iVi =1,nticlaG < N =max{M,S} <2D.

Viy ¢ = 2 1a gid tri can tim.

Sau day 1a mot s6 bai toan dé bai doc c6 thé tham khdo, rén luyén thém.

CAu 13 (IMO Shortlist 2014). Cho n 12 sd nguyén duong. Tim s6 nguyén duong k nho nhit
théa man: cho trudc cac s6 thuc ay, as, ..., aq co

ar+a,+---+ag=nva0<a; <1,Vi=1,2,....d

thi Iudn c6 thé chia d s6 ny vao k nhém (mot sd nhém c6 thé 1a tap rdng) sao cho tdng cdc phan
tl trong mo6i nhém khong vuct qua 1.
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CAhu 14 (USA TST 2003). V6i cip sd nguyén duong a va b v6i 0 < a < b < 1000, tap
S c{1,2,...,2003} dudc goi 1a "tap bd qua" cho (a, b) néu v6i moi cip phan ti sq, 5, € S thi
|s1 — $2| & {a,b}. it f(a,b) 1 tap co kich thudc 16n nhit cho cip (a, b). Xac dinh gid tri 16n
nhat va nho nhét cia ham f(x, y), véi 0 < x < y < 1000.

C4u 15. Chiing minh ring v6i mdi s6 hitu ti duong x, ludn c6 thé tim dugc cdc sé nguyén ducng
phan biét ay, a,, ..., a, sao cho

Ciu 16 (IMO Shortlist 2001). Mot bd ba phan ti ciac sé6 nguyén khong am (x, y,z) v6i
x <y <z dudc goila "dep" néu {z —y,y —x} = {a,b} v6i 0 < a < b 1a cic sb nguyén duong
cho truée. Chitng minh rang tip hop N ¢6 thé viét thanh hop roi nhau ciia cac bd ba "dep".

Céu 17. Cho diy (a,) gdm cic sd tu nhién théa man: khong ton tai bo chi sb (i, j, k) ma
i < j <kthia; <a; < ax.Ching minh ring c6 thé phan hoach diy (a,) thanh hai diy con
tang.

[1] Algorithms, Cody Johnson, Mathematical Reflection volume 4, 2015.

[2] Dé thi hoc sinh gidi cac nudc trén trang Mathlinks.ro.

123

https://tieulun.hopto.org



Tap chi Epsilon, S6 06, 12/2015

124

https://tieulun.hopto.org



psilon
Tap chi online ctia cong dong
nhitng nguoi yéu toan

DINH DE BERTRAND

Luu Ba Thdng
(Khoa Todn Tin, Dat hoc Su Pham Ha Noi)

Chiing ta biét rang diy cac s6 nguyén t6 2, 3,5, 7, ... 1a vd han. D€ kiém tra khoang cach giita hai
s6 nguyén t6 lién tiép 12 khong bi chiin, tic 13 véi mot sd nguyén duong k tlty y, ludn ton tai hai
s6 nguyén t6 ké nhau c6 hiéu vuot qua k. D€ chiing minh diéu nay, ta chi can chi ra ton tai k s6
tu nhién lién tiép khong 13 s6 nguyén tb. That vy, néu ta dit N = 2.3.5.... p 1a tich tat ca cdc sb
nguyén t6 khong vuot qua k + 2 thi khong s6 nao trong diy gdm k s6 nguyén lién tiép

N+2,N+3,..N+(k+1)

12 s6 nguyén td. Nhung van c6 chiin trén cho khoang cich trong diy cac sd nguyén td. Niam 1845,
Bertrand dua ra gia thuyét, thuong goi 12 Pinh dé Bertrand (Bertrand’s postulate):
Cho s6 nguyén duong n > 1, luén c6 s6 nguyén té p véin < p < 2n.

Bertrand da ching minh gia thuyét trén cho n < 3000000. Nim 1950, Tchebychev 12 ngudi dau
tién dua ra mot chiing minh bang giai tich cho dinh dé trén. Nim 1932, Paul Erdés da dua ra mot
chitng minh dep cho Dinh dé Bertrand chi dung cac kién thiic To4n so cip, khi 6ng méi 19 tudi.
Tu tudng chinh ctia Erd6s trong viéc chitng minh dinh dé Bertrand chinh 1a viéc uéc lugng gia

tri ( . Trong bai viét nay, chung to1 s€ gidi thi€u dén cac ban hoc sinh, sinh vién va cac ban
n

tré yéu Toan chiing minh ctia Erdds cung mdt vai so két qua gan day vé van dé nay.

Ta théy rﬁng, véin > 2 thi
2n 4"
> — (0.1)
n 2n

o A2n) 3 B ’ 2n 2n 2n 2n .
That vay, 1a s hang 16n nhat trong 2n so hang + , s e cua
n 0 2n 1 2n —1

tong
2n
2
Z( .n) =1+ 1) =4,
i

i=0

Erd6s da chiing minh néu khong c6 s6 nguyén t p sao chon < p < 2n thi chiing ta sé suy ra
2n 4" e A

( ) < o trt mot sO gid tri n nho. Piéu nay chiing minh duge Pinh dé Bertrand cho s6 n da
n n

16n. D6i véi gid tri n nhd, ErdSs sé kiém tra truc tiép.
D€ ching minh cic y tudng trén, ching ta cAn mot s6 bd dé sau:

B& dé 2. Pinh dé Bertrand diing véi n < 4000.

Chitng minh. D& chiing minh diéu nay, ta khong can kiém tra tit ca 4000 trudng hgp ma chi can
kiém tra,
2,3,5,7,13,23,43,83,163,317, 631, 1259, 2503, 4001,
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la diy cac s6 nguyén t6 ma mdi sb diing sau khong vuot qua 2 1an sd diing ngay dang trude né.
Do d6, moi khoang {m : n < m < 2n} v6i n < 4000 déu chiia dung mot trong 14 s6 nguyén t6
cua day trén. ]

B6 dé 3 (Dinh Iy Legendre). Cho s6 nguyén t6 p va sé tu nhién n. Ta ki hiéu v,(n) la sé mi
[6n nhét ciia p sao cho p*»™ | n, khi do

vp(n!) = Z[%].

i>1

Chitng minh. Trudc hét ta thiy tdng trén thuc chat chi gdm hitu han sb hang vi v6i i di 16n thi
i n . ey n G AN LAr o . .2
p' > nnén |:_1] = 0. Mat khac, trong tich n! c6 ding |:—] thura so 1a bdi cua p. Do do ta viet
p p

n
[_] n
n'=p?b [;]!ql trong do (¢1, p) = 1.

Tuong tu,
n
[—]
N
; r || =]
[_]! =p v lg, trong d6 (g2, p) = 1.
p 4
[—]
Xy e R > p n A
Déekiémtrarang | — | = |:—2] nen
p P
)
n 2 [ n
1A e
p p
Suy ra

n n
2 :
nl'=p 2 414> trong d6 (q1. p) = 1.

Tiép tuc qua trinh nay ta thu dugc

n n n
SH3H3-
n!=plLP p p A trong d6 (4, p) = 1.

Viy s6 mil clia s6 nguyén tb p trong phan tich tiéu chuin cta n! 1a

w51 B 3]
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? hY 2z Zl’l n
B& dé 4. Néu p | ( ) thi p*» G < 2p.
n
Chitng minh. Dit r(p) 1a sb tu nhién théa man p™» < 2n < p" P+ Tacé

v,,(<2n”)) = 0,((2n)!) — 2v,(n!)

r(p) r(p)

2n n
= E[F] - 22[;]
r(p)
2n n
= > (51-20=D
i-1 P p
< r(p),
va do do p””((zn")) < pr(p) <2n. O

Tur BO dé trén ta thay so nguyén to p > +/2n xuat hién trong su phan tich cda ) nhiéu nhat
n

1 1an. Hon ntia, sO nguyén to p thoa man 3 < p < n s€ khong la uéc cua ( ) véin > 3.
n

B6 dé 5. Vi moi sé thuc x > 2, ta cé
[[r=4"" 0.2)

trong do tich chay qua tdt cd cdc sé nguyén té p.
Chuing minh. O

Trudc hét ta chu y rang néu ¢ 1a s6 nguyén td 16n nhét thda man g < x thi
H p = H pvad?l <451
p<x p<q

Do d6 ta chi can chiing minh cho trudng hop x = ¢ 1a sd nguyén td bang quy nap. Véi g = 2,
(0.2) hién nhién diing. Bay gid ta xem xét (0.2) cho trudng hop s6 nguyén t6 18 ¢ = 2m + 1. Gia
st (0.2) diing cho tit ca cdc s6 tu nhién x < 2m. Chog = 2m + 1,tacé

[T =11 » 1[I »

p<2m+1 p<m+1 m+l1<p<2m+1

M »r- (2mm+ 1)

m+l<p<2m+1

Ta co
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C@m+1)!
Vi—

m!(m + 1)! )
nhung khong phéi 1a u6c ctia mau s6 m!(m + 1)!. Lai ¢6

2m+1
2m + 1 _ 2m + 1 VEIZ 2m + 1 _ p2mt1
m m—+1 k

k=0

2 1

nén ( m+ ) < 22™ Do dé,
m

1a s6 tu nhién va tt ca cac s6 nguyén td & vé trdi 1a udc cia ti s6 (2m + 1)!

m

p<2m+1

R . 2n o x
By gio, ta sé ching minh Dinh dé Bertrand. Tru6c hét ta danh gia ( ) . Tu (0.1) va Bo dé 4,
n

véin > 3,taco
4" 2n
ﬂi(n)SHZn l_[ pl_[p,
p<+2n «/ﬂ<p52?” n<p<2n

hay
< T » ] »

\/ﬁ<p§27” n<p<2n
Két hop v6i B dé 0.2, ta dudc
2n
4 < @n)'+ad T p
n<p<2n

hay

4 < eV [T » (0.3)

n<p<2n
Gia st rang ton tai sd nguyén ducng n sao cho khong c6 s6 nguyén té p thdamann < p < 2n.
Theo BS dé 2, ta suy ran > 4000. Tu (0.3),tacé [[ p=1va

n<p<2n
45 < (2n)ttVn, 0.4)
hay
221 < (21)30+V20) 0.5)

Dung bét dang thica + 1 < 2%,a > 2,tacd
2 = (Y2n)° < ([¥2n] + 1) < 261%/2n) < 26%2n,

va do do
921 (2n)3(1+dﬁ) < 2?/%(18+18Jﬁ) < 920 Y2n2n _ 220(2n)2/3

véi n > 4000. Suy ra (2n)/3 < 20 hay n < 4000 (mau thuin).
Viy ta chiing minh xong Dinh dé Bertrand.

Tut cach chitng minh Pinh dé Bertrand ctia Erdds 6 trén, chiing ta c¢6 thé chiing minh két qua sau:
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Hé quéd 1. C6 hdng sé ¢, C > 0 sao cho vdi moi s6 duong x, ta co

clnx Inx
<nkx)<C—
X

trong do mw(x) la sé cdc s6 nguyén té khong vuot qud x.

Viéc chiing minh hé qua trén nhu 12 mot bai tap danh cho cic ban. Mt dinh 1y néi tiéng vé uée
lugng ham 7 (x)
7 (x)

im =
x—>+o0 x/Inx

dudc chiing minh lan dau tién bdi Hadamard va de la Vallée-Poussin nim 1896 véi cong cu
tif gidi tich phifc. Dung Dinh ly nay, ching ta ciing c6 thé chiing minh Pinh dé Bertrand. Cau
chuyén vé Pinh dé Bertrand van chua két thic khi c6 khd nhiéu cu héi tuong tu dugc dit ra.
Gan day, nam 2006 El Bachraoui [2], da dua ra mot chiing minh so cap cho vé viéc 1udn c6 sb
nguyén t6 nam giita 27 va 3n véi s6 nguyén duong n > 1. Mot két qua tuong tu nim 2011 dudc
Loo [5] da dudc chiing minh cho viéc ludn ton tai sd nguyén t6 nam gitta 3n va 4n. Mot cau
héi dit ra cho viéc chiing minh bai todn téng quat: Cho k, n 1a cic sb nguyén duong, k < n va
n > 1, khi d6 luodn ton tai s6 nguyén t6 nam trong doan [kn; (k + 1)n]. Néu tra 18i dugc cau hoi
nay, ching ta sé c6 15i gidi cho mot vAn dé rat ndi tiéng ma cho dén nay chua c6 10i giai:

Gia thuyét. Luén ton tai s6 nguyén t6 giita n* va (n + 1)* véi moi s6 nguyén duong n?

Sau day 12 mot s bai todn lién quan dén cc vAn dé ma ching toi dé cap & trén.

Bai tap 3 ([4]). Cho sé nguyén duong n, tip {1,2,...,2n} cé thé'duoc chia thanh cdc cdp
{ai, b}, ... {an, by}

sao chovdiméi 1 <i <mn, a; + b; la sb nguyén 1.

Chitng minh. Ta chiing minh quy nap theo n. Véi n = 1, két qua 1a tim thudng. Véin > 1, dit

p 1a s6 nguyén t6 théa man 2n < p < 4n. Tt 4n khong 13 s6 nguyén té nén p = 2n + m véi
2n—m + 1

1 <m < 2n vamlasb18. Rdrang tip {m, ..., 2n} dudc chia thanh — cip
—1 1
(om.2n), (m + 1,20 —1),....(n + m2 o+ m; ).
sao cho tong ctia mdi ciip 1a s6 nguyén té p. Theo gia thiét quy nap, ro rang tap {1,2,...,m —1}
m —_—

dudc chia thanh ciip sao cho téng ctia mdi cip 1a sb nguyén td. Tir d6 suy ra diéu phai
ching minh. [

Bai tap 4. Chitng minh rdang vdi moi s6 nguyén duong k., luén ton tai ddy cdc sé nguyén duong
{ay,as, ..., ax} sao cho co thé chia chiing thanh k cdp phdn biét ma téng ciia moi cdp la sd
nguyén to.

Chitng minh. Chon a; = i, theo bai trén ta c6 diéu phai ching minh. O]
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Bai tap 5. Cho p la s6 nguyén t6 va
— k k—1
n=agp" +ax-1p  +--+a1p+ao
la su khai trién ciia n trong co sé p. K¥ hiéu s,(n) = ax + ax— + ++- + ao, chiing minh rang

n—sp(n).

) =
vp(n!) P

Chiing minh. Ap dung Dinh ly Legrendre, ta c6

o) = 3L =E1 gl + ]

i>1
= (akpk_l+"'+a2p+al)+(akpk_2+---+a2)+...+ak
=ar+ax(l+p)+-+ap(pP - p+ 1)
_ n—sp(n)
p—1
O]

Tu bai tap trén, ta thly ring v6i moi s6 nguyén duong n thi s,(n) > 1 nén ching ta ludn c6 bat
déng thic: V6i moi sd nguyén duong n

n—1
p—1

vp(n!) <
Diéng thic x4y ra khi va chikhin = p’.
Tir d6, ap dung bat dang thic trén véi p = 2, ching ta cling dé dang gidi cac bai toan sau:
Bai tap 6. Vdi moi s6 nguyén duong n, ta c6 2" n!
Bai tap 7. Vdi moi s6 nguyén duong n, ta c6 2"~ | n! néu va chi néu n la lity thita ciia 2.
Ngoai ra, ban doc c6 thé tham khdo [2, 5] cho cdc két qua sau:
Bai tap 8. Cho s6 nguyén duong n > 2. Chitng minh rdang luén ton tai sé nguyén té p théa mdan

3n+1)

n < <
P 2

Bai tap 9. Cho s6 nguyén duong n > 3. Chitng minh rang luén ton tai sé nguyén té p théa mdan

4(n +2)
n<p<-———-~-
3
a A 4. X A . A 4. . N , 2 A 2 n A
Bai tap 10. Vdi moi ¢ > 0, ton tai so ny sao cho véi moi n > ng thi co it nhdt (= — €) SO
3 log, n
nguyén té nam giita n va 2n.
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psilon
Tap chi online ctia cong dong
nhitng nguoi yéu toan

CHUOI DIEU HOA

Kiéu Binh Minh
(THPT Chuyén Hung Viong, Phd Tho)

Chudi diéu hoa

oo

2:1—1+1+1+
ko273
k=1

la mét trong cdc chudi vé han noi tiéng. Tong riéng thit n,

Hy=1+ 24l 4!
S R T

duogc goi la sé diéu hoa. Day (H,) duoc goi la ddy sé diéu hoa (hay ddy diéu hoa). Chudi co
dang

€ N* con goi la chudi diéu hoa bdc m. Chudi diéu hoa téong qudt la chudi cé dang

,véia # 0,b la cdc sé thuc. Ngoai ra

voi m
o0
>

i (—FHt oo
— 23 40T

goi la chudi diéu hoa dan ddu.

Trong cdc cong trinh nghién citu ciia nhiéu nha todn hoc doi khi cé lién quan dén chudi diéu
hoa va trong cdc ky thi hoc sinh gidi chiing ta ciing hay bdt gdp né ¢ cdc bai todn kho. Co nhiéu
hwdng tim hiéu khdc nhau doi véi chudi nay chdng han nhu bai todn vé ddnh gid, bai todn vé
gidi han hay cdc bai todn vé s6 hoc. .. Bai viét nay chiing téi sé trinh bay mot sé két qud co bdn
vé chudi diéu hoa ciing nhir cdc bai todn lién quan ma chiing ta thuong gdp trong cdc ky thi
Olympic.

Vi du 1. (Péng nhdt thitc Catalan) Chiing minh rang vdi moi n € N*, ta cd:

11+11+ 1_1+1++1
2 3 4 777 2n n+1l n+2 77 2m
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Chitng minh. Bién d6i vé trai ta c6
VT = 1+1+1+ +1 21+1+ +l
N 2 3 77 2n 2 4 77 2n
—1+1+1+ +1 1+1+1+ +1 = VP
N 2 3 77 2n 23 7 )
O

Day 1a mot dong nhét thifc kha don gian, tuy nhién lai c6 nhiéu ting dung khi gii toan. Chiing ta
sé bat gip diéu nay trong phan sau.

Vidu 2. Vgin € N¥ cho

Hy=1+ v v v emyemy vm;0,=240 In
n — ) 3 n, n — 111 2 n» n ) 3 n+ 1

Chitng minh rang
=m+1)Hys1—(n+DvalU,=n+2)H,+1 — (2n +2).
Chuing minh. Ta c6:

1 11 11 1
Th=1+(1+4= QR SR R R
n +(+2)+(+2+3)+ +(+2+3+ +n)

_n+n—1+n—2+ —I—l n—+1 1)+ n—+1 A n—+1 )
1 2 3 T T 1 2 n

=(n+l)( +;+ -l-l)

=mn+1DH,—n=m+DH1—(n+1)

va
U,,=T21 T; il (Hy— 1)+ (Hs = 1) + ... + (Hpy1 — 1)
=H,+Hs+ ..+ Hyyy—n=—-H +T,+ Hyy1—n
=m+2)H,11—(2n+2)
Vay bai toan dugc chiing minh. [

Vi du 3. (Canada MO 1998, Albania BMO TST 2014) Cho n € N,n > 2. Chiing minh rdng

1 1+1+ R 1 >1 1+1+ +1
n+1 3 2n —1 n\2 4 7 2n)

Chiing minh. Ta giai bai todn nay theo hai cach sau:
Lai gii 1. Bat ding thifc can chiing minh tuong duong vdi

I &1 241 @ 1
I DIE R Z‘ Tyt

L (L (%)
e t+t—>—=-+-+...+— *
n+1 n+2 2n n\2 4 2n
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Ta co

1
VT() > — =~ > =2 S yp.
2n n

1 n
2 2

Viy bai toan dudc chiing minh.
Loi giai 2. Bit diang thiic can chiing minh tuong duong véi

L4 >(+1)1+1+ 4 (%%)

Ta sé chiing minh (%) bing quy nap.

8 9
That vay v6i n = 2 thi tré thanh 3 > 1 (dung).
Gia st (x) dung v6in = k > 2, tic la

1 1 11 1
1+-+... D=+-4...+—).
k(+3+ +2k_1)>(k+)(2+4+ +2k)

Ta co
1_|_1+ . 1 +k—l—l_ 1+1+ n 1 +1+k—|—1
307 2k —1 2k+1 \2 3 7 2k—1 2 2k +1
- 1_|_1+ +1 +l+k—|—1
2 4 T 2%k 2k + 1
- 1+1+ n 1 n k+1 n 1
2 4 T 2k 2k +2 2k +1
- 1+1+ +1 L k+2
2 4 2 2k +2
Do do 1 1 1 1 1 1 k+1
(k+1)(1+3+...+2k_1+2k+l):k(1+3+ 2k 1)+(1+3+. 2k—1) T
el 1 1 1 1 1 k+2
g (+3+ 2k 1 ( ittt )+2k+2
X 1 1 1 1 k+2
> (k + )(2+4+...+2k) (2+4+.. +2k)+2k+2
1 1 1
=(k+2)(2+4+ +2k+2).
Theo nguyén ly quy nap thi (%) ding v6i moin € N,n > 2. [

n
Vi du 4. (USA MO 1995) Cho a;.az.as . ... la mét ddy cdc s6 thuc dwong thod man » " a; >
j=1
/n véi moi n > 1. Chitng minh rdng vdi moi n > 1, ta co

1 1 1
Za > - 1+—+— R
3 n

Chiing minh. Ta bat diu bang chiing minh bt dang thiic sau:
Néuay,as,...,a,laduongvab, > by, >...> b, >0vanéuvéimoik <n,a; +a»+...+
ar > by + by + ...+ by, thi

al+ari+...+a:>b}+b3+...+ b2 (%)
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St dung cong thiic khai trién Abel, ta c6 thé viét

arby + azby + ...+ anby = ar(by — b2) + (a1 + az)(ba — b3) + (a1 +az + az)(bs —bs) + ... + (a1 + a2 + ... + an)by
> bi(by — b2) + (b1 + by)(by — b3) + (b1 + by + b3) (b3 —ba) + ... + (b1 + by + ... + by)by
=b+b3+b3+...+b)

Hay ta c¢6 (*) ding.

Ap dung bt ding thiic Cauchy — Schwarz, ta c6

(@ +a2+.. . +a2) B2+ b2+ ... +Db2) = (ar1hy + asby + ...+ aphy)? > (b2 + b2 + ...+ b2)°.
1

Trd lai bai todn, véichi y /n—+vn — 1 >
2/n

.Channzﬁ—Vn—lthiZaj > /n =

j=1

ij Tu () suy ra

j=1

; 2>n<\/_-_ e R Y A B SUR T RS SR S |
2.4 =2 =) . (2ﬁ)_4( 273 n)
J=1 Jj=1 j=1

Vay bai toan dugc chiing minh. O
Vi du 5. Chitng minh ddng thiic

1 1 n 1(n 1(n nt1l(n
1+§+...+;=(1)—5(2)4—5(3)—{-...—{—(—1) —HZ(YL)'

Chiing minh. Dua vao cic dang thiic

dar= (1) (e e e
1—(1—x)n=( ’I)x—( Z)xz-l—( ’;)x3—...+(—1)”‘1( Z)xn
Ta co
1

[0 / ((0)-( 2+ ( 2mrcr( 2)e)an

Mit khdc, dit y = 1 — x thi
1 1

I—(1—x)" oy
X y

0 0

= (y—i—lyz—i—...—i-ly”)
2 0
! 1
= +§+. +;
0
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1
1 —x"
Euler dd dua ra cong thiic gidi tich H, = / 7

0
chiing ta cung tim hiéu cdc bai todn gidi tich lién quan den chuoi diéu hoa va cdc bai todn lién
quan den hang so Euler.

dx cho chudi diéu hoa. Trong muc nay
—X

Vi du 6. Chiing minh rdang

1 1 1
l+-+-+...+—>In(n+1), Vn eN*.
2 3 n

Chiing minh. C6 nhiéu cach chitng minh bat dang thiic nay. Sau diy chiing toi gidi thiéu hai

cach chiing minh co ban nhit.
Cach chitng minh thi nhat: St dung bt dang thic In(1 + x) < x, Vx > 0, tacd

I 1 1 1 1
l+-+-+...+—>h(1+D)+Inll+=-)+...+In|1+—) =In(n+1).
2 3 n 2 n

. 1
Cach chitng minh tha hai: Xét ham s6 y = — trong doan [1;n + 1]. Goi S la dién tich hinh
X

1
thang cong dudc gidi han bdi cac duong x = I, x =n+ 1,y =0,y = —. Khi d6
X

n+1d
S=/—f:mm“=mm+n 1)
X
1

, 1
Goi A; la cac diém vdéi toa do (i; 7),1' =2,3,...,n.Kihiéu A,(1;0), A,,+1(n + 1;0). Goi
i

o1 : .

B,-(l;_ 7 ,i=2,3,...,n+ 1vaBy(1;1).
l —_

GOl Sl la dlén tich cua da gléC AlBl BzAzB3A3 . BnAan+1An+1. Khi do

1 1 1
Si=14+—+—+...+— 2
1 +2+3+ +n (2)

) 1 . .
Do ham s6 y = — nghich bién trén [1;7 + 1] nén S; > S. Do dé6 tu (1), (2) suy ra di€u phai
X
ching minh. [

Nhan xét: Tir két qua trén ta suy ra dugc

. 1 1
Iim(l+=-4+...4+4—) = 4o0. (%)
2 n

Két qua (*) c6 khoang gan 50 chiing minh (xem [2]). Tuy nhién chi yéu theo cdc huéng danh gia
troi, so sanh dién tich hinh phang qua tich phan hay st dung hing s6 Euler.
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Vidu 7. a) Chitng minh ton tai gidi han liT (H, —Ilnn) =y
n—>+0oo

b) Chitng minh rang y<H,+ H, — H,,, <1,VYn,m € N*
c) Tinh gdn diing y vdi sai s6 chua dén 0, 1.

Chiing minh. a)Pata, = H, —In(n + 1), b, = H, — Inn thi (a,) tang vi

1 1 n+1 "
ap>ap1 < —+Inn—Inn+1)>0<«< —>1In Se>|1+-
n n n n

bét dang thiic nay ding. Tuong tu thi (b,) giam. Mt khac a,, < b, va

lim (ay —by) = lim (ln ! ):0.

n—+o00 n—>—+o00 n+1

Dodétontai lim a, = lim b, = y.
n—+o00 n—+o00
b) Ta co
H, + Hy — Hyp = (H, + Hy — Hy) — (How — Hy) — (Hzp — Hap) — ... — (Hmn — Hn—1)n)
1 1 1
<H,—-n——n——...—n—=1
2n 3n mn
Laico

bmn < b, & Hppy —In(mn) < H, —Inn < H, — H,,,, + In(mn) —Inn > 0. (%)

Vi
bpw >y & Hy—Inm > y. (k)

Cong () va (xx) ta dugc
H,— Hpy, +In(mn) —Inn + H, —Inm >y & H, + Hy, — Hy, > .

¢) lay n = 100 tinh dudc a, = 0,57; b, = 0,58.Suyray ~ 0,57 O

1 1 vz
Nhu vy thi l—|—§+. ..+—=y+Inn+e,, &, - 0khin — +o0 va y dudc goi la hang so Euler
n

+o0
. 1 1
—Mascheroni. Chiyrang y = lim (H,, —Inn) = / (ﬁ — —)dx = 0,5772156649. . .. Cho
x] x
1

dén nay ngudi ta van chua biét rang y 1a s6 hitu ty hay s6 vo ty. Tuy nhién thi hing sb nay c6 vai
trd rit quan trong trong toan hoc.

. 3
Vi du 8. (Trwong dong Todn hoc 2013) Cho dady so (a,) xdc dinh bdi a, = 3 va

3n+2
— ,n —
2n(n + 1)(2n + 1)

dp+1 = Ay 1,2,...

Tinh gioi han lim a,.

n——+oo
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Chitng minh. Ta c6 dong nhét

3k +2 1 1 1
2k(k+ D2k +1) k 2k+1) 2k+1
Do do6
1 1
ay ; n—|—1+ .—I—E.
Suy ra

n
an = H2n_Hn—1 = (V +1In2n + 82n)_(]/ + ln(n - 1) + Sn—l) =In 1+(82n - 8n—l) — In 2,

n —

khi n — 4o0. O]

) .y 1 1 1 .
Cha y: Co6 thé st dung bat dang thic T < ln(l + —) < —,Vn > 1 vadinh ly gi6i han
n

n—+ n

kepdésuyra lim a, = In2.
n——+oo

Vidu 9. Gid sut x,, € (0; 1) la nghiém cua phuong trinh

1 1 1

-+ + ...+
X x—1 X—n

Chiing minh ddy (x,) héi tu. Tim gidi han do.

1 1 1
Chiing minh. Pat f,(x) = —+ —— + ...+ ——, thi f,(x,) = 0.
) x x-1 X—n
Tathay 0 < x,, < 1 nén

1

1
Jn+1(xn) = fu(xn) + = <0.
X, —n—1 X, —n—1

Trong khi d6 f,41(0%) > 0. Theo tinh chat cta ham lién tuc, trén khoang (0; x,) ¢4 it nhat mot
nghiém cua f,+1(x) , nghiém do6 chinh 1a x,,+; . Suy ra x,+1 < X, tic la day (x,) giam. Do
day nay bi chin dudi bdi 0 nén né hoi tu. Ta chiing minh gidi han d6 bang 0.

Gia st lim x, = a > 0. Khi d6, do day (x,) giam nén ta co x, > a, Vn.

Do
lﬁ—l—l-1 —I—1 +
— 4+ ...+ - =+
2 3 n

khi n — +00 nén ton tai N sao cho v6i moin > N taco

1+1+1 +1>1
2 377 n a
Khi d6 v6in > N thi
1 1 1 1 1 1 1 1 1
0=—+ o+ < —F—F—F .. F—<-——==0.
Xn  Xp—1 X, —n x, —1 -2 -n a a
Mau thuén nay chiing td phai ¢6 lim x, = 0. O
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Vi du 10. Ton tai hay khéng hai da thitc f(x), g(x) € R[x] thod man
S (x) 11 1 .
=14+-4+-+...+—-neN".
o " tat ety

Chitng minh. Gia st ton tai hai da thic f(x), g(x) € R[x] thod min yéu cau bai toan. Vi

1 1 1
lim {(l1+-4+<-+...4+4—) =+oconén lim = 400, suy radeg f > deg g. Goi
n—+00 2 3 n x—>+o0 g(x)
ao, bo 1an luct 12 hé s6 dan dau cta f(x), g(x) thi
+00
i f((x)) _ [ ao 0
xg(x bo
Mat khac v6i N > O tuy y, ta co
0< 1 ! 1+ : +...+ : + ! +...+ :
im — —+...+—=—4+—+...+ -
~ n—>+toon 2 N N+1 n
li ! 1+ : +...+ 1 + ! +...+ !
= lim - —+ ...+ = — 4.+ -
n—+oo n 2 N N +1 n
< 1 11+1—|— —|—1+1' ! 1+ +1
im — —+ ...+ = im — vt =
~ n—>+toon 2 N n>+oon \ N + 1 n
. n—N 1
<0+ lim — < —
ns>+oon(N +1) =~ N
Do d6
li ! 1+ : +...+ ! 0 )
m — —+...+—-)=
n—1+oon 2 n
Tt (1) va (2) suy ra mau thuin. Vay khong ton tai da thiic f(x), g(x) € R[x] thod man yéu cau
bai toan. O

Vi du 11. (Brazil MO 1983) Chiing minh rdng

H —1—|—1+1+ +1
n_ 2 3 .« . n
khong la sé nguyén véi moin € N,n > 1.

Chitng minh. Ki hiéu k 1a s tu nhién thoa man 2F < n < 28*1 va M 1a tich tit ca céc sb 18
khong vudt qua n. Khi dé

H -1 I 1 1 1
n = +§+§+"'+—2k+1+"'+;
Suy ra
M M 2k=tpm
25U M. H, =2¥'M + 25 2Mm +2’<—1.? tot st ¢ 7.
. 11 1 21 Al A .
Vay H, =1 + > + 3 + ...+ — khong thé 1a mdt so nguyén. [
n
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Vidu 12. (IMO 1979) Cho p,q € N sao cho

p 11 1

1 1
—=l-—-4--—-—4. . - — 4+ —.
q 2+3 47L 1318+1319
Chitng minh rdng p chia hét cho 1979.
Chiing minh. Ap dung ddng nhit thifc Catalan ta c6
r_ 1 + +...+ + :
g 660 661 7 1318 @ 1319
_ 14 + ! +...+ : + ! +...+ :
~2\660 661 7T 1319 0 6601 7T 1319
1 1 n 1 n 1 n 1 P 1 n 1
—2[\660 1319 661 1318 1319 ~ 660
1 1979 1979 1979 A
== + +.oot+ == =1979.—
21660.1319  661.1318 1319.660 B
O day B la tich ciia cac s6 nguyén khong vugt qua 1319.
Do 1979 1a sb6 nguyén td, vi vay 1979|p. O
Vidu 13. Cho p > 3 la mét s6 nguyén t6, m va la cdc s6 nguyén nguyén té ciing nhau sao cho
m 1 n 1 T 1
no T2 T o1y
Chitng minh rdang m chia hét cho p
Chitng minh. Chu y ring
m 1 1 1
—DHr— = - =+=4+...+ ——
=002 = =00 (F+ 5+t o)

12 mot sb nguyén. Ciing chi y ring

11 1
1’277 " p—1
12 mot hé thing du ddy di modulo p. Theo dinh Iy Wilson, ta c6

((p—l)!)z(%—l-i-l-... ;)

— 2112 2 2
P +(p_1)2 = (D [1P+22+...+ (p— 7]

_ (- 1)p6(2p—3) — 0(mod p)

4 —D)?

Do p > 5 va ged(6, p) = 1. Vi vdy p chia hét (p=DYm
n

Do ged((p — 1!, p) = 1, ta phai c6 p|m.

Vi du 14. (Dinh ly Wolstenholme) Cho p > 3 la s6 nguyén td. Chitng minh rang

1 1
p2|(p—1)!(1+—+...+—).
2 p—1
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Chitng minh. Dat

1 1
S = -1 4+-—+...4 —
(r )(+2+ +p_1)
thi
p—1 1 1 p—1 p
28 = — 1! -4+ — | = —1)! — = p.T
(p );[ﬁp_l} (p >;i(p_l.) P
p—1
Gaay T =(p—1)1) ——.
;l@_,)

Do 2 12 mdt sd nguyén va p 12 s6 nguyén td cling nhau v6i cidc mau sb clia cac sb hang trong
T, ban than T 1a mdt s6 nguyén. Do p > 3, ged(p,2) = 1 va p phéi chia hét S. Ta can chira p
cung chia hét T. Theo bai toan trén, ta c6

p—1 1
T=@p-10Y (_ﬁ) = (p— 1)!% = 0(mod p)

i=1
do p|m va gcd(m,n) = 1. O
Vi du 15. (Dinh ly Euclide) Chiing minh rdang co vé han sé nguyén té

Chiing minh. Dinh ly ndy c6 khoang gan 20 chiing minh va chiing minh sau 12 ctia Euler.
Gia st ¢6 hitu han sd nguyén td p; < p, < ... < p,. Diit

N=H(1+%+...+Lk+...)=]_[ 11.
i=1 !

pi i=1] — —
Pi

Miit khéc, bang khai trién va sit dung phan tich chudn tic ctia cac sd nguyén duong, ta dugc

1 1
N=1+-+-+...

2 3

Suy ra

A | 1 1 = D

:1+—+—+...—>+oo:l—[ — 4-00.
i=1] — — i=1
Pi

Mau thuin nay chiing té diéu gia st 1a sai. Vay tap cc sd nguyén td 1a vo han. O
Nhén xét: Ta c6
LS 1 1 1 i 1

=1+—+—+...—>+oo:>——>+oo:>l_[ l—-— ) —0,
J 1 2 3 ’”( 1) , Di
i=1] — — 1— — i=1

Pi i=1 Pi
-f-oo1

suy ra — =400

+o0
’ < 1
Paul Erdds cling da dua ra hai chiing minh rat dep cho su phan ky cia chuoi Z — (xem [2]).

i=1 !
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Ngay nay cé nhiéu hudng nghién citu lién quan dén chudi diéu hoa, chdng han nhu: Nghién citu
cdc cdch chitng minh su phdn ky ciia chudi, md réng hang sé Euler va cdc dong nhdt thitc, md
rong dinh Iy Wolstenholme, bai todn vé su phdn bé sé nguyén to, sé P- adic,...

Hy vong ban doc sé tim thdy nhitng di éu bé ich khi doc bai viét nay va ty tim toi thém nhitng vin
dé néu trén. Vi bai viét dugc hoan thanh trong thoi gian ngdn va su hiéu biét ciia bdn thén tdc
gid c6 han nén khong trdanh khdi thiéu sot. Tdc gid rdt mong nhdn duogc sw gop ¥ chdn thanh tic
ban doc dé bai viét dugc hoan chinh hon.

Cudi cling chiing t6i xin néu mot s6 bai todn lién quan dén chudi diéu hoa dé cung cap thém tu
liéu cho ban doc.

1. (IMO SL 1989) Chiing minh ring

Ll ot 2 1l 2_2§ 641
23475 6 4787 479 480 4= (161 +Kk)(480 — k)

2. (Canada MO 1973) Ching minh riang

n+H1+H2+H3—|——|—Hn_1:an,Vn22

3. (Rom Math Magazine, July 1998) Cho

1 1 1 1 1 1
A=—+—+...+———, B = et —
1.2 + 3.4 + + 2011.2012 1007.2012 + 1008.2011 + + 2012.1007
A
Tinh —.
B

4. (IMC, Senior Individual Contest 2013) Cho biéu thiic

1 1 1 1\> (1 1\> 1\>
bt —+ (=4 +=) + [+ =) +...+ (-
2 n 2 n 2 n n
bat dau tif ngodc don thi hai, tdng bén trong nhan dudc khi ta bd di hang tif dau tién cia

tong trong ngoidc don phia trudc. Tinh gia tri cta bi€u thic khi n = 2013.

5. (APMO 1997) Cho

1 1 1
S=1+ 1+ 1 1+...+ T 1 1
1+ 14+=-4+- l+-4+-4+.. 4+
+3 +3+6 +3+6+ +1993006

& day cac mau sb chifa tdng riéng ctia ddy cac nghich ddo ctia s6 tam gidc. Ching minh
rang S > 1001.

1 1 N .
6. (T2/198 THTT) batk, = 14+ -+ -+ ...+ . Ching minh rang v6i moi so

) i 3 5 2n —1
nguyén duong n, ta co
: + : + : +...+ 1 <2
k?  3k3  5k3 T (2n—1)k?
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10.

1.

12.

13.

14.

15.

16.

< 1
. Cho ay,a,,...,a, la cic so khong am sao cho a a,...ay > —— aor , Vk. Ching minh
ring
+ax + + ar = : + : + + 1
a a ...+a oot —
! 2 k= n+1 n+2 2n

. (IMO SL 1978) Cho ® : N — N la mot ham don anh. Chting minh rang vé6i moi sb tu

nhién n thi Z q)(k) ,; %

k=1

. (Germany MO 1980) Chiing minh rang véi cac sd tuy y n,k € N 16n hon 1, ta ¢ bat
k

n n
. 1 1
déngthﬁczf > kZ—_
= =
Chiing minh céc dang thic:

0 6.6, .6

1
V12 " 23 T34 nn+ ) 2 3 T

HOe 0

+ + .. =D = +1+1+ +1
12 22 32 n+1)2 n+l 2 3 7 n)
Oy ) n 1 1
Tinh gi6i han lim I+ =-4+...+ -
n—+oo 2 n
o e =D"
Cho day s0 (#,) xac dinh béi u; = 1, Uy = u, + ?,n >1
n

a) Ching minh r??mg Uy = Hyyy — H,y, Vi > 1.
b) Chiing minh ring day (u,) c6 giéi han hitu han va tim gidi han do.
1 1 1

Tim gidi han cuadaya, = — + ———— + ... n>1.
glorhe Yo =pt it T ayey 127

Cho day sb (a,) c¢6 gidi han lim a, = a. Ching minh riang
n—+o00

lim I T
n—>+oo \ n + 1 n+2 2n

1 1 1
. eh + 1 eh + 2 en
(Olympic 30/4/2015) Cho day so u, = + 4+ ...+ —,Vn>1.Tim
' n+1 n+2 2n
Iim wu,.
n——+o0o

1
Diy sb (x,) thod man diéu kién |x, — x| > ,Vn,m € N*;n < m. Ching minh day da
cho khong bi chan.
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17. (PTNK TST 2015) Cho day (x,) : x, =

,n > 1. Tim gi6i han
ncosn

X1+ X3+ ...+ Xop—1

lim .
Xo+ Xqa+ ...+ X2y

18. Chiing minh rang day (R,,) xic dinh bdi
R,,:1+1+ +l—ln(n+ 1 +L)
2 2 24
hoi tu téi y

19. (VN TST 1999) Cho day s thyc duong (u,)° ;. V6i mdi s6 nguyén duong n, gid st k,

k
1 kn
12 s6 nguyén duong nho nhét thod man Z - > Z u;. Chiing minh ring diy ( kH ) co
i=1 i=1 n

giGi han hitu han khi va chi khi day (u,) c6 gi6i han hitu han.

. I 1 1 1 1

20. (ITOT, Junior A - Level, Fall 2013) So 1 — 3 + 371 +...+ ﬁ 5 dudgc biéu
— n

dién dudi dang mot phan sb tbi gian. Gid st 3n + 1 12 mot s6 nguyén t6. Ching minh ring

tt s6 clia phan s niy 1a mot boi ctia 3n + 1.
N 1 1
21. Chung minh rang H (m,n) = —+—-|— o+ —¢Z,1<m<n
n

22. (IMO SL 1979) Chiing minh rang khong c6 s6 nguyén a > 1,n > 1 sao cho
1 1 1

1 €.
+l+a+1+2a+ +l+na
< 2 . 1 1 1

23. (ARML 2002) Cho a la so nguyén sao cho 1 + 2 + 3 +...+ 3= ﬁ Tim phan du

khi a chia cho 13.

< . 1 1
24. (Bulgaria MO 2004) V6i mbin € Z™, téng 1 + > +. -|— dugc viét duéi dang Pn véi

4n
(Pnsqn) = 1.
a) Ching minh ring 3 khong chia hét pg;
b) Tim tit cA n € Z* sao cho 3 chia hét p,,.
) I 1
25. (AMM E1408) Tim v,(A), v6i A latiso cua 1 + 3 + 5 +...+ 7 1,k > 1.
S A A A s s g 1 |
26. Cho p > 5 la mot sO nguyén t0. Chiing minh rang néu 1 + 5 + ...+ = = 5 thi
p
p*l(ap —b).
27. Cho p 1a sb nguyén tb 18. Dit
a _1 1 n 1 n 1 1
(p-1D! 2 3 7 p—2 p-1
Chiing minh ring a = —
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28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

. < 1 . s
Chiing minh rang chuoi Z — la hdi tu. O day 8 ¢ n tic la n khong chita chit so 8 trong
8¢n n
biéu dién thap phan

(VN TST 2005) Mot s6 nguyén duong dude goi la “ s6 Kim cuong 20057 néu trong biéu
dién thap phan ctia n6 c¢6 2005 sb 9 ding canh nhau lién tiép. Day (a,),n = 1,2,3,...1a
day ting ngit cac s6 nguyén ducng thod man a, < nC (C la hing sb thuc duong nao do).
Chiing minh rang day sb (a,),n = 1,2, 3, ... chifa vo han “s6 Kim cuong 2005”.

(VN TST 1998) Cho sb nguyén duong m > 3. Gia st py, pa, ..., px la tht ca cac sb

) X 1 1
nguyén to khong vugt qua m. Ching minh rang Z (— + —2) > In(Inm)
i=1 \1 i
(APMO 2006) Cho p > 51a mot sb nguyén tb va r 1a sd cac cach dit p quan cd dam trén
ban ¢ p x p 6 sao cho tit ci cdc quan cd khong ciing mot hang ( nhung c6 thé cung cot).
Chiing minh rang r chia hét cho p°.
p—1
(Ibero American 2005) Cho p > 3 1a mdt s6 nguyén t6. Chiing minh ring néu Z

n
— véi (n,m) = 1 thi p3|n.
m

p—1
) ) 1 )
Cho p lasonguyénto 1é. bat T (p, k) = E — k€ N*. Xét s0 du cta T'(p, k) khi chia
i
i=1

cho p.

2 . 1 .
(Canada MO 1973) Cho m > 1 la mdt sO nguyén duong. Chiing minh rang — la tong
m

o0
) . < 1
cua cac so hang lién tiép trong chuoi _—.
; JG+1D
o(n!)
Ching minh rang lim = 400

n—-+oo n

(Brazil MO 1992) Diit d(n) = ) 1. Chiing minh v6i moi s6 ty nhién n > 1, ta c6

0<d|n
1 (i) 1
Y i EG

2<i<n 1<i<n

Cho ham f : N* — N* thoi man f(1) = 1, v6i moi k € [3d—1;3d),d > 1 thi

f(k)y=kf(d).bat x, = Z % Chitng minh rang day (x,) khong bi chin.
(USA MO 2010) Cho g = véi p 1a mot s6 nguyén t6 18, va dit
Sy= g :
70234 567 7 qg+D(g+2)
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. . 1 2
Ching minh rang néu — — 2S5, = n v6i m,n € Z, thi m — n chia hét cho p.
)4 n

39. Cho day (a,) ting ngit gobm cac sd nguyén duong thoa man day (a,+, — a,) bi chin.
Chiing minh ring tap cdc uéc nguyén tb clia diy (a,) 1a vo han.

40. a) Chiing minh v6i moi s6 nguyén tb p > 3 thi (2;__11) = 1(modp?)

b) Chitng minh v6i moi s6 nguyén t6 p > 3 thi (Z?) = (Z) (modp?); a,b € N*.

¢) Chiing minh v6i p 1a mot sb nguyén tbvan = p', 1 > 2thi (2nn_—11) = (2pp__11) (modp4)

41. (Argentina MO 2014) Mot s6 nguyén n > 3 dudc goi 1a “Dic biét” néu n6 khong chia

) 1 1 . )
hét (n — 1)!(1 + > +-+...+ . Tim tat ca cac so “Pac biét” trong khoang

3 n—1
[10; 100].
p—1 3
N ne A A A A 1 _ p 4 p
42. Cho p > 3 1la mot sO nguyén to, the thi Z Hy = —?Bp_3 —p+ l(modp ) Trong do
k=1

B, 1a cic s6 Bernoulli dudc xac dinh bdi

1 1 1
BO=1,Bl=—§,BZ=6vaBn=—n+IZ( nZI)Bk,nzl

[1] T. -W. Leung, “Harmonic Series," Mathematical Excalibur, vol. 15, no. 16, 2011.

[2] S.J.Kifowit and T. A. Stamps. “The Harmonic Series Diverges Again and Again," AMATYC
Review, 2006.
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psilon
Tap chi online ctia cong dong
nhitng nguoi yéu toan

SO DU CUA A.a" + Bx

Yimin Ge, Vienna, Ao

(Nguot dich: Nguyén Tat Thu, Bong Nai)

Trong thdi gian gan day, mot sd van dé ctia 1y thuyét s6 da tré nén phd bién trong céc ki thi. Cu
thé 1a van dé tim s6 du ctia a* + bx theo modulo ctia s6 nguyén duong m. Trong bai viét nay,
chung tdi dua ra bai todn tdng quat cho cdc bai toan trén.

Chiing ta sé bat dau v6i mot dinh 1 co ban vé su ton tai thing du bac hai. Mic du trong bai toan
nay ta khong can dén né, nhung y tudng ching minh dinh 1i d6 c6 thé d4p dung trong nhiéu vin
dé va chiing tdi s& st dung né trong sudt bai viét nay.

Dinh ly 1. Cho p la s6 nguyén t6 1é, k la so nguyén duong va a la moét s6 nguyén khong chia hét
cho p. Khi do a la thang du bdc hai theo modulo pk khi va chi khi a la thdng du bdc hai theo
modulo p.

Chitng minh. Ta thiy néu a 1 thing du bac hai theo modulo pk thi hién nhién a 1a thing du bac
hai theo modulo p. Do d6, ta chi cin ching minh a 1a thiing du bic hai theo modulo p* véi a 1a
thing du bac hai theo modulo p. Ta chiing minh vin d& nay bang cach quy nap theo k.

Gié st @ 1a thiing du bac hai theo modulo p*, ta chiing minh a 1a thing du béc hai theo modulo
pk+1. That vay:

Vi a 12 thing du bac hai theo modulo p* nén tdn tai sb tu nhién x sao cho
x2=a (mod p*)
hay 12 ton tai s6 nguyén [ sao cho
x2=a+1p*

v6i x khong chia hét cho p.
Pit x' = x + y.pk, v6i y 1a mot sé nguyén. Ta chitng minh ton tai sb nguyén y sao cho

2

X k+1).

a (mod p
Ta co
X% = (x - y-p")2 = x>+2xyp*+y’p** = a+(+2xy) p* +y*p** = a+(+2xy).p* (mod p**1).
Ta chitng minh ton tai y sao cho

[ +2xy =0 (mod p).

R rang day 12 phuong trinh dong du tuyén tinh va (2x, p) = 1 nén phuong trinh luén c¢6 nghiém
nguyén y.
Vay dinh li dudgc chiing minh. 0
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Y tudng quan trong trong chiing minh trén 1a mot ki thuét rat hitu ich: Stt dung gia thiét quy nap
theo modulo m, ta xdy dung mot nghiém méi x” theo modulo m’ dwa vao nghiém x theo modulo
m bang cach thém vao bién méi y. Chi y rang x’ van bit bién theo modulo m khi y thay déi. N6
con dudc ding dé chitng minh cdc van dé khac khi chon nhiing gia tri y thich hop.

Bai toan sau xuét hién trong ki thi Olympic Brazil nim 2005.

Bai toan 1. (Brazil 2005) Cho cdc sé nguyén dwong a, b va c. Chiing minh rdang ton tai mot sé
nguyén duong x sao cho
a*+x=>b (modc).

Mot trudng hop dic biét clia bai toan trén xuét hién trong dé IMO Shortlist nim 2006.

Bai toan 2. (IMO Shortlist 2006) Chitng minh rdang véi moi sé nguyén duong n luén ton tai sé
nguyén duong m sao cho n la udc ciia 2™ + m.

Mot bai toan tuong ty da dudc dua ra trong ki thi USA TST nam 2007.

Bai toan 3. (USA TST 2007) Ton tai hay khéng cdc sé nguyén duong a, b sao cho a khéng la
wdc ciia b" — n vdi moi s6 nguyén duong n.

TAt ca c4c bai toan dudc dudc tdng quat thanh bai todn sau

Dinh ly 2. Cho A, a, B la cdc so nguyén va M la so nguyén duong. Khi do, diéu kién can va du
dé voi moi so nguyén C, luon ton tai so nguyén duong x sao cho

Aa*+ Bx=C (mod M)
la gcd(B,M) = 1.
Luu y: Ta c6 thé phét biéu dinh li trén theo mot cach khéc 1a
{A.a* + Bx mod m|x € ZT} ={0,1,..., M — 1} khi va chi khi gcd(M, B) = 1.

Chitng minh. Ta ching minh diéu kién can: Gia st (M, B) > 1, goi p 12 mot uéc nguyén tb
chung ctia M va B. Khi d6, néu p|Aa thi ta chon C = 1, ngudc lai ta chon C = 0. Khi d6,
phuong trinh A.a* + Bx = C (mod p) khong c6 nghiém x.

Ching minh diéu kién du: Ta c6 thé ching minh theo hai cich sau:

Céach 1. Gia st (B, M) = 1. Goi C 12 mot s6 nguyén bat ki va dit M = mn v6im,n € Z*
sao cho mdi udc nguyén tb cta n 1a wéc clia a va ged(a,m) = ged(n, m) = 1 (diéu nay c6
nghia lanéua = pi'.p32...pkm' va M = pf‘.pfz . ..p,’f".m v6i p; [/ m',m thi ta chon
n= p’f'.pfz . ..p,’fk). Khi d6 n|a™ véi x di 16n. Ta co

A.a*+ Bx =C (mod m)

A.a* 4+ Bx
A.a*+ Bx =C (mod m)

C (mod M) <

Tir (B, n) = 1, suy ra ton tai s nguyén duong B’ sao cho BB’ = 1 (mod n). Khi dé, véi x du
16n thdoa man x = B’C (mod n) théa man phuong trinh

A.a*+ Bx=C (mod n). (1)
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Dit x = yn + B’C, ta chiing minh ton tai s nguyén duong y di 16n thda man

A.a*+ Bx =C (mod m). (2)
Diéu nay tuong duong véi

A.a™T8C L B(ny + BC)=C (mod m)
< A.a®C.a™ + (Bn)y + (BB'C—C) =0 (mod m)

ce”+by+t=0 (modm) (3)
véic = A.a®€,e =a",b = Bn,t = BB'C — C.Rdrang ged(e,m) = ged(b,m) = 1.
bat f(y) = ce” + by + t. Bay gio ta chitng minh bai toan bang phuong phap quy nap theo m.

V6i m = 1 thi (3) hién nhién ding. Gid sit m > 1 va bai todn diing v6i moi m’ < m. Goi p la uéc
nguyén t6 16n nhét clia m va gia st m = pk.pllcl .plzcz. . pf’. batm’ = pk_l.p’fl.plzcz. .. pf’.

Khi d6, ton tai s6 nguyén duong y dé

f(») =0 (modm)

hay ton tai s6 nguyén / sao cho f(y) = Im’. Ta chon
.
Y=y+z(p-Dp [T = Dpf
i=1

v6i z 12 mot sd nguyén duong. Ta chiing minh ton tai z sao cho f(y’) = 0 (mod m). Ta cé

y+z(p—1)pk1 ] (pi—1)pii . .
S(¥) =ce = +b(y+2(p—1)p" lﬂ(pi—l)pf")w

i=1

.
_ k;
z(p—1)p*~! '1'[1 (pi—1Dp;’

= ce’e = +by +1+zb(p— Dp* ] (o = Dpf

i=1

= (ce’ + by +1) +zb(p—Dp* ' [ (i = D P}
i=1

=Im' +znm'(p—1) 1_[ (pi —1) (mod m)

i=1

,

_ k;

2(p—)p* 1 [T (pi—Dp;!
=1

(6 trén ta da st dung e i= = 1 (mod m) theo dinh 1i Euler’s).

Do do, ta chitng minh

,
Im' + zbm'(p — 1) l—[ (pi—1)=0 (mod m)
i=1
c6 nghiém nguyén duong z, tic la phuong trinh
I+zb(p—D]](pi—1) =0 (mod p)
i=1
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c6 nghiém nguyén duong z.

Diéu nay lu6n ding do day 1a phuong trinh dong du tuyén tinh va ged(b(p — 1) H (pi—1),p) =
i=1

1. Do vay budc quy nap dudc hoan tat.

O trén ta da chiing minh dudc tn tai s6 nguyén ducng y sao cho f(¥) = 0 (mod m) hay ton tai
x thda man (2). Chiing ta cin chiing minh c6 thé chon y 16n tity y théa man (3). Diéu nay ludn
thuc hién dudc vi néu y thoéa f(y) = 0 (mod m) thi y + A.m.¢(m) v6i A € Z* ciing théoa man.

Vay dinh li dudc chiing minh.

Cach 2. Gia stt ged(B, M) = 1 va C 12 mot sd nguyén bat ki. Ta c6 diy Aa', Aa?, ... 1a diy
tuan hoan xét theo modulo M. Goi T 1a chu ki ctia day, tic 1a T 12 s6 nguyén duong nhé nhét
sao cho

A.a**T = A.a* (mod M)

v6i moi x du 16n.

bit d = ged(T, M). Truée hét ta ching minh d < M v6i M > 1.

Vid|Mnénd < M.Giastd = M, khi d6 M|T nén M < T.Tuy nhién, T 1a chu ki cua day
Aa’ khi xét theo modulo M nén T < M, do d6 T = M. Suy ra ton tai s6 nguyén duong X sao
cho A.a® =0 (mod M) vanhu viy A.a* =0 (mod M) véimoi x > X.Dindén T = 1, nén
M =1.

Tiép theo ta chiing minh bai todn bang phucng phap quy nap theo M.

V6i M = 1 1a trudng hop tim thudng. Ta xét M > 1 va gia sl bai toan ding véi moi m < M,
dan dén bai todn ciing ding véi d . Tiic 1, ton tai s6 nguyén duong x sao cho

A.a*+ Bx=C (modd)
hay A.a® + Bx = C +1d vé6i [l 1a s6 nguyén. Pit x’ = x + kT véi k 1a sb nguyén duong. Ta c6

A.a® + Bx' = Aa**T + B(x + kT)
= (A.a* + Bx) + kBT
=C+1ld+ kBT (mod M).

Tiép theo ta chiing minh phuong trinh dong du
ld + kBT =0 (mod M)

c6 nghiém nguyén duong k. Chia hai vé ctia phuong trinh dong du trén cho d ta dudc phuong
trinh T Iy
| +kB— =0 (mod —
d ( d )

T M
Phuong trinh nay luén c6 nghiém nguyén duong k vi gcd(B 7 7) = 1.
Vay bai toan dudc ching minh. [
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BAI TOAN HAY LOI GIAI DEP

Tran Nam Diing
(Truong Pat hoc Khoa hoc Tu nhién, DPHQG - TPHCM)

LOI GIOI THIEU

Chuyén muc nay dudc 1y cam hing tir bai viét clia thdy Nguyén Duy Lién &
Epsilon s 3 vé bai todn sb 6 trong ky thi IMO 2001 véi 5 cach giai khac nhau. Muc
nay sé dé€ danh viét vé nhiing bai toan hay, 15i gidi dep va nhiing ciu chuyén thd vi
xung quan nhiing bai toan va 16i giai do.

Tén cua chuyén muc dugc mugn ti tén cia mot nhém nhitng ngudi yéu toan trén
Facebook do anh Nguyén Vin Ldi sang 1ap “Bai todn hay — Loi gidi dep — Dam mé
todn hoc”. Chuyén muc ghi nhin cic dé clt ctia ban doc va sé chon ding mbi ky 1, 2
bai toan.

S& nay chiing toi s& gidi thiéu véi ban doc vé bai toan s6 1 trong dé thi todn qudc
té nam 1993.

Bai toan 1. (IMO 1993, bai todn 1) Cho f(x) = x™ + 5x"~!' + 3 véin > 1. Chitng minh ring
f(x) khong thé'phdn tich thanh tich ciia hai da thitc khdc hang véi hé sé nguyén.

Bai todn nay tuy dudc dit & vi tri s6 1, tic 1a dudc coi 1a bai dé clia ngay thid nhit (va ciing 12 cla
ca ky thi) nhung thuc té thi diém trung binh ctia bai nay thip hon nhiéu so véi cac bai sb 4, s6 5
va xap xi v6i bai 2 va bai 6. Gan mot niia thi sinh khong 1am dudc gi ba khoang 20% thi sinh
khéc chi dugc 1 diém (chac 1a do y tudng phan chiing). Chinh tinh hubng bai 1 khé da ly gidi vi
sao diém chuan nim 1993 rat thip (11 cho huy chuong dong, 20 diém cho huy chuong bac va 30
di€ém cho huy chuong vang).

Trong chuong trinh chuyén todn phé thong, khong c6 nhiéu cong cu dé ching minh tinh bat kha
quy ctia mt da thifc v6i hé s6 nguyén. Thuc té chiing ta chi c6 mot tiéu chudn bat kha quy duy
nhat (diéu kién du) 12 tiéu chuin Eisentein:

Tiéu chuan Eisenstein. Cho da thifc P(x) = apx" + dp—1Xn—1 + -+ + a1x + ao € Z[x]. Gid
SU ton tai s6 nguyén té p sao cho cdc diéu kién sau ddy dong thoi xdy ra:

i) a, khong chia hét cho p.
ii) ag, ai, ..., an_y chia hét cho p.
iii) ag khong chia hét cho p*.
Khi dé P(x) bdt khd quy.
Ngoai ra, con c6 mot cach tiép cin dung dén nghiém cilia da thiic, véi vi du kinh dién sau:

Bai toadn 2. Chifng minh rang da thitc x" + 4 khd quy trén Z[x] khi va chi khi n chia hét cho 4.
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Loi giai clia bai toan IMO 1993, rét thu vi, dua trén viéc phan tich k¥ cach chiing minh tiéu
chuén Eisenstein va 15i gii bai todn 2 néi trén. Vi ca tiéu chuin Eisenstein va bai toan 2 déu rét
ndi tiéng, nén ching tdi nhic lai chiing minh va 18i gidi ma chuyén sang luon phan 16i gidi cho
bai toan 1.

Céch 1. Ta khong thé 4p dung truc tiép tiéu chuin Eisenstein cho p = 3 vi a,_; = 5 khong
chia hét cho 3 (va néu 4p dung dudc nhu vay thi da khong phai 1a dé thi todn qubc té). Tuy nhién,
ta c6 thé dung tu tudng trong chiing minh tiéu chuin Eisenstein dé giai quyét bai todn.

Cu thé, 13p lai phép ching minh tiéu chuin Eisenstein, ta c6 thé ching minh dudc tiéu chuin
Eisentein md rong nhu sau:

Cho da thitc P(x) = apx" + ap_1Xp_1 + -+ + a1x + ao € Z[x]. Gid sit tén tai s6 nguyén té p
va s6 nguyén dwong k thod mdn dong thoi cdc diéu kién sau:

1) a, khong chia hét cho p.
2) ag chia hét cho p nhung khéng chia hét cho p*.
3) ay, as, ..., ay_i chia hét cho p.

Khi do, néu P(x) = Q(x)---S(x) vdi Q(x), S(x) la cdc da thiic véi hé sé nguyén thi mét trong
hai da thitc Q(x), S(x) co bdc nho hon k.

O day theo diéu kién dé bai thi k = 2. Do d6 néu f(x) kha quy va f(x) = Q(x)---S(x) thi ap
dung tiéu chuin trén, ta suy ra mot trong hai da thic Q(x) va S(x) c6 bac 1. Tir dé suy ra f(x)
c6 nghiém hitu ty. Thé nhung ta biét moi nghiém hitu ty cta f(x) = x" + 5x" ! 4 3 déu phai
13 sb nguyén (xem bai tip 2 § muc 1), ma khi x nguyén thi x” 4+ 5x"~! 4+ 3 ludn la s6 18, khong

thé bang 0. Mau thun. Viy diéu gia st 12 sai, suy ra _f(x) bt kha quy. O

Cach 2. Gia st xq, ..., x, la cac nghiém phuc cua da thic x" + 5x"71 4+ 3. Khi d6 ta ¢6

P(x)=x"+5x"14+3=(x—x1)(x—x2)--(x—x,). Tacévéimoii = 1,2, ..., n
x4+ 5) = =3, suyra |x;|"tx; + 5 = 3. (1)

Gia st P(x) = O(x) - S(x) v6i Q(x), S(x) 1a cac da thic v6i hé sd nguyén thi khong méat tinh
tong quat, ta ¢ thé gia su

O(x) =(x—=x1) - (x —xx), S(x) = (X — Xg41) -+ (X — Xp).
Ta cd X1X2 -+« Xk VA Xg4y1 -+ Xn 12 cdc s6 nguyén c6 tich bang 3. Khong mét tinh tong quat, gia

st
|x1...xk|:3 |Xk+1"'Xk|:1. (2)'

Trong (1) cho i chay tit 1 dén k rdi nhan lai, chd y dén (2) ta dudc
371 +5) - (wk + 5)| =35

Biéu thiic trong dAu | | bing |Q(—5)| do d6 1a s6 nguyén duong, suy ra k > n — 1. Nhu vy S(x)
1a da thifc bac nhat. Va dén day ta lai 4p dung ly luan nhu & phan cudi ctia cac giai 1. O
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Véi cach gidi da ap dung & cach 2, ta c6 thé 1am manh két qua sau, 13 bai todn da xuét hién trong
ky thi VMO 2014 (va ciing da gay kho dé cho nhiéu thi sinh).

Bai toan 3. (VMO 2014) Cho da thiic P(x) = (x> — Tx + 6)*" + 13, trong do n la mot s6
nguyén duong. Chiing minh rang P(x) khong thé’biéu dién dudi dang tich ciia n + 1 da thiic
khdc hdng cé hé sé nguyén.

Lai giai chinh thic cua bai toan dya vao cac y sau:
1) P(x) khong c6 nghiém thuc, do dé céc thira s6 ctia P(x) c6 béc chin.

2) P(x) c6 bac 4n, do d6 néu P (x) phan tich thanh tich ctia n + 1 da thiic khac hang v6i hé
s6 nguyén thi mot trong cac da thifc d6 phai c6 bac 2.

Tiép theo dung dén viéc xér cic tinh chét s6 hoc ctia cac hé s6 va suy ra mau thuin.
Tuy nhién, néu xem xét k§ c4ch chiing minh va ding y tuéng ctia cach gidi thi hai thi ta c6 thé

dé dang chiing minh dugc két qua manh hon nhu sau.

Bai todn 4. Cho da thitc P(x) = (x*> — 7x + 6)*" + 13, trong do n la mét sé nguyén duong.
Chitng minh rang P (x) khong thé biéu dién dudi dang tich ciia 2 da thitc khdc hdng cé hé sé
nguyén.

Bai tap nay ching t6i xin danh cho ban doc. Hay doc ky lai cach 2 cta 16i giai trén va chu y thém
mot chi tiét 1a néu O (x) 1a mot da thic véi hé s6 nguyén thi Q(1) — Q(6) chia hét cho 5.

Nhu vy bai toan 1 ctia IMO 1993 da phat trién mot dé tai kinh dién va dit ra mot huéng phat
trién thi vi. Cac van dé vé da thiic bat kha quy ludn thu vi va khé. Va khi ching ta vudt qua ducc

mot kho khan, kho tang phuong phap cua chung ta lai dudc trang bi mot vii khi méi. C6 1€ do la
diéu khién cic dé thi IMO ludn dugc chd doi, dén nhan va binh phdm mdt cach nhiét tinh.
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gpsi lon

CAC VAN DE CO DIEN VA HIEN DAI

Tran Nam Diing
(Truong Pat hoc Khoa hoc Tu nhién, DPHQG - TPHCM)

LOI GIOI THIEU

Chuyén muc nay danh cho cic van dé c6 dién va hién dai dudc trinh bay dudi

dang cac bai todn xau chudi. D6 c6 thé 1a chudi cac bai dé giai bai toan dang chu,
e - 1 n? e

ching minh dang thic Euler ky diéu 1 + 7 + 7 4= R mot chuoi bai toan
van tri ... Cé4ch trinh bay xuét phat tif nhitng vin dé don gian, d& hiéu, nhiing khai
niém mdi sé dudc dinh nghia ludn trong bai dé c6 thé doc tuong ddi doc 1ap. Va méi
mdt chudi bai s& néu ra nhitng vin dé nhit dinh, c6 thé 1a giai quyét mot bai toan
kinh dién hay néu ra nhiing gia thuyét mdi, nhiing vin dé méi. Loi gidi va thio luan
vé céc bai todn sé dudc ding 6 s6 N + 3.

Trong s6 nay, ching téi tiép tuc ding phan cubi tém tat 15i giai cac bai toan da
ding & s6 2 va bat dau ding 15i gidi tom tit cac bai toan di ding & s6 3.

Ta dang ndi vé bat dang thic sau v6i xq, x5, ..., X, la cac so thuc duong
X1 X2 Xn—1 Xn n

> . (1)

+ + -+ +
X2+ X3 X3+ X4 Xn+X1  Xi+Xx2 2

Khi cudc thi dién ra, céc thi sinh da giai quyét kha tot c4c bai todn dé nghi 6 muc 1, va Ban t§
chiic da quyét dinh bé sung hai bai todn sau, thuc chit 12 chiing minh mot két qua rit manh cia
V.Drinfeld vé bit dang thic Schapiro (két qua manh nhét cho cdc d4nh gi dang 1.9).

1.10. a) Vi6i moi s6 nguyén duong n ton tai sé q, > 1, sao cho vdi moi sé thuc xy, x», ..., X,

1 —
thuéc doan |:—, qn] bat dang thiic (1) diing.

n

. ) ’ 1 ’
b)* Ton tai hay khong so q > 1, sao cho vdi moi so nguyén duong n va véi moi x; € |:—, q:| bat
q

ddng thiic (1) diing.

Chitng minh. a) Két qua nay thudc vé V.Cirtoaje [9]. P€ cho gon, ta dit y; = xi + xx41. Khi
d6 bat dang thiic dudc viét lai thanh

Xy X n
_1+_2+...+_nz__
Y2 )3 yi— 2
Ta bién d6i né mot chiit vé dang
n
245Xk — Vi+1
o= = > n(gp - ).
k=1 YVk+1
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Trong dé ¢, 1a tham sb sé dudc chiing ta chon sau, sao cho tit ca cdc bat dang thiic ma ta xét
dung. Vi
2qnxk — Yk+1 = (qaxXk — Xk41) + (Gpxk — Xi42) = 0,

nén theo bat dang thiic Cauchy-Schwarz, ta cé
n 2
(Z 27Xk — J’k+1)
k=1

- .
Y 2q2xk = Yi+1)Yi+1
k=1

Zn: 2q7 Xk — Yi+1 -

k=1 Yk+1

Nhu viy, ta chi cin ching minh ring

n 2 n
= |:Z Q2qpxi — J/k+1):| >n(qy —1) Z (2gpxk — Yir1) Vi1 = n(g; — 1) B.
k=1

k=1

n n
Vi Zyk =2 Zxk, ta c6 dang thiic
k=1 k=1

qy — 1) Z Vic,
= 2q; ZXkka Zyk =24, Zkak—H (g5 +1) Zyk

Tir d6 ta chi con cin chiing minh ring

n 2 n n

(g7 — 1)(2 yk) > n[zqz > yeyiar — (@2 + 1) Zyi}. 2)
k=1 k=1 k=1

Bién d6i vé trai st dung dang thiic

(> yk) ST U

k=1 i<k
bét dang thiic (2) c6 thé viét dudi dang
nY k= yer1) = (1 - ) > i =y
k=1 In i<k

Theo bét dang thiic Cauchy-Schwarz

n k—1
DOk’ =) =y =z — Z (Vj = Yj+1)
k=1 Jj=i

1

= — - — 2>— - — 2.
k_j(yz i)z i =)
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Suy ra
nin—1) « 1
— = 2 k=) = — ) i =),
k=1 i<k
. L e 1 2 N n—1
vatacothechonl — — = —— ticlag, = ——=> 1.
q; n—1) vn2—-2n-—1

Luu y. Khi n ting thi c4c gia tri ¢, tim dugc dan dén 1.

b) Hién chua c6 cau tra 16i. ]

1.11.Goi S = f(x1, X2, ..., Xp) laVé trdi ciia bét ding thitc Schapiro. Ky hiéu ay, as, ..., an
.. 2 X2 X3 X X1 % P » A

la cdc so —, —, ... = xép theo thi ty tang dan.

b
X1 X2 Xn—-1 Xn
a) Chitng minh rang

1 1 1
> + Fop————
ai(l14+a,) ax(1+a,—1) ap(1+ap)

1

— néu apdny1-k > 1
b) Diit by = { 4kdn+1-k ) , chiing minh rdng

néu aran+1—k <1
ArApt1—k + A/AkApn+1—k

28 > by + by 4 -+ by

¢) Goi g la ham 16i I6n nhdt khong vuot qud cdc ham e va 2(e* + e2)~'. Chiing minh rdng

28 > glln(aia,)] + glln(aza,—1))] + -+ + glln(aya,)] = n - g(0).

. 0) . ) ;
d) Chiing minh rang voi moi A > %) ton tai so nguyén duong n va cdc so duong xy, Xo, ..., Xy
sao cho S < An.

Chitng minh. a) Ditk; = 2L khi do

xl
1 1 1
ot D) kD kGt
1 1
= a@nt D) @+ 1)

S =

+ e —
ap(a; +1)

b) Bét déng thiic diing bdi vi

aiany1—i—1
1 1 Ut araaran o b

+ =
ai(@py1—i +1)  app1-(a;i +1) Ailpi1—i

i
trong d6 bét dang thiic cubi cung ding do (1 + a;)(1 + any1-) > (1 + Jaian11_ ).
c) Bit dang thiic

28 > glin(aan)] + gln(azan—1))] + -+ + glln(anar)],
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ding vi g(x) nhd hon cd e ™ va2(e* + e2)7L.
Con bét déng thiic

glin(aran)] + glin(azan—1))] + --- + glln(apar)] = n - g(0),
ding theo bit dang thiic Jensen, vi g 12 ham 15i.

d) Xem [2]. ]

Chiing minh cdc bét dang thiic dudi dy véi diéu kién tit ca cic s6 x; duong. Hay kiém tra ring
cdc hiang s6 dudc in dam khong thé thay thé bang cac s6 16n hon (v6i mbi n).

2.1. Bdt ddng thitc Mordell.

a) Vdi moi s6 khong am xq, X2, ..., X, ta co bdt dc%ng thiic
n 2 n n
x| > min{—,3} . Xk (Xp41 + Xka2).
(z ) 3 s + k)
k=1 k=1
b) Hdy xdc dinh véi nhitng gid tri khong dm nao ciia x1, Xa, ..., X, bdt ddng thitc Mordell

tré thanh ddng thifc.
Ching minh. Bét dang thiic nay dudc chiing minh trong [20].

a) V6in = 3 van = 5, sau khi bd diu ngoic ta thu dudc bat dang thiic

(n—1)(a; +a, +---+a,)>>2n Zaiak- (3)

i<k

Bit dang thiic nay dé dang chiing minh dua vao bit dang thiic Cauchy-Schwarz cho céc sd
(ai,az, ...,ap)va(l,1,...,1)

nai+a3+--+a2)>(a+ay+ - +a)’.
Tiép theo ta chi y rang

n(ay +az+ -+ an)’ =”(a%+a§+"'+a5)+2”2aiak

i<k

> (a1 +az+-+an)’ +2n ) aiar,

i<k
tir d6 suy ra (3). V6i n = 4 ta can kiém tra bat dang thiic
(x1 + x2 + x3 + x4)2 > 2X1X2 + 2X2X3 + 2x3X4 + 2Xx4x1 + 4x1x3 + 4X2%4.
Khai trién va riit gon cac s6 hang dong dang, ta thu dudc bét dang thic hién nhién

2 2 2 2
Xy + x5 + x5+ x5 > 2x1X3 + 2X2X4.
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Bay gio ta chuyén sang trudng hop n > 6. Hodn vi vong quanh céac s6 néu can, ta c6 thé gia st
ring X3 > X; Va X3 > X, vi du 1am cho x3 16n nhit. V6i r = 1, 2 hodc 3 ta ky hiéu a, 1a tdng
tAt ca cac s6 xx saochok = r (mod 3), k <n.Khidéx; +x, 4+ ---+x, =a; +a> +azva
theo bit dang thic (3) ta suy ra

(X1 + X2 + -+ + Xn)° = (a1 + a2 + a3)” = 3(a1a2 + azas + azay)
=3 Z X; Xk .
i—k#0 (mod 3)
n
bat A = Z XixpyvaB = Zxk(ka + Xk42) vakiém traring A > B.
i—k7#0 (mod 3) k=1
That vy, v6in = 0 (mod 3) tt c4 cac sb hang ctia tong B c6 trong tong A. V6in = 0 (mod 3)
trong tdng A so v6i tong B chi thiéu s6 hang x,x;. Nhung s6 hang nay lai khong vudt qua x,x3
12 s6 hang c6 trong A nhung khong c6 trong B, va cudi cling, véi n = 2 (mod 3) thi trong t&ng
A so v6i tdng B chi thiéu cac sb hang x,,_;x; va x,x,. Nhung nhiing s6 hang nay tuong ting lai
nhd hon céc s6 hang x,_1x3 va x,X3.

Nhu vay trong moi truong hdp A > B. Do do
n
(X1 +x24+---+ Xn)2 = (a; +a, + 613)2 >34A>3B=3 Zxk(ka + Xk42).
k=1

A A 2 N A . n N R LN 2y s 1A A 2 ~ s A v
Tinh tot nhat cua hang so mln{i, 3} la hién nhién. V61 n < 6 ta co thé lay tat ca cac bien bang 1

convéin >6,taldyx; =x, =x3=1vaxy =x5=---=x, = 0.

b) Trudng hop n < 6 hién nhién. Véi n = 6 diu bang xay ra khi x; + x4 = X, + X5 = X3 + X.
Véin > 6 dau bang xay ra trén tap hop cé dang (¢, 1, 1, 1 —¢, 0,0, ..., 0) trong d6 ¢ € [0, 1]

va cac hoan vi vong quanh cua ching. [
2.2. Vdi moi s6 khéng am x1, X, ..., Xn hdy chitng minh bdt ddng thiic
n 2 n
. (n 8
(Zxk) S LRIE SRR
k=1 k=1

Ching minh. Bét dang thifc nay dudc chitng minh trong bai bao [20]. Ta bat diu tit n < 8.
Véin = 4 van = 7 day la trudng hop riéng clia bit dang thiic (3).
Véi n = 5 bat dang thiic tuong duong véi bat dang thic

2
Z (Xk — 2Xk42 + Xk+4)” > 0.
Véi n = 6 sau khi bé ddu ngoic va rit gon ta thu dudc bit dang thic hién nhién
xf + x% + .+ xé > 2X1X4 + 2X2X5 + 2X3X6.

D& chiing minh bit dang thic trong trudng hdp n = 8, ta phd ngoic trong hé qua ctia bit dang
thiic Cauchy-Schwarz

4002 4+ x2 + x2 4+ x2) > (x1 + X2 + X3+ x4)%,
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dé dugc
3(x7 + X5 + X3+ x3) > 2(x1X2 + X1X3 + X1 X4 + X2X3 + X2Xg + X3X4).
Suy ra
3(x1 4 X2 + X3+ x4)7 > 8(x1X2 + X1X3 + X1 X4 + X2X3 + XoX4 + X3X4), 4)

chinh 13 bit dang thic can chiing minh véi n = 8. D& chiing minh trudng hop n > 8, ta ciing
gia st x4 16n nhat rdi dita,, r = 0, 1, 2, 312 téng cic xx véi k = r (mod 4), k < n. Khi d6
X1+ X2+ -+ X, =ay +ax + as + a4 vatheo (3) tacd

3(x1 +x2 + "'X4)2 = (a1 +ax+asz+ Cl4)2 > 8(aiaz + aias + ajas + aras + aras + aszaa)

> 8 Z Xi Xk .

i—k#0 (mod 4)
n
Baygiodit A = ) xixx VaB = ) x(Xkt1 + Xet2 + Xiy3). bing Iy luan hoan
i—k#0 (mod 4) k=1
toan tuong tu nhu trong bai 2.1 tasuy ra A > B va tif d6 suy ra diéu phdi chiing minh. O

2.3. a) Vdi n < 8 hdy chitng minh bdt ddng thitc
X1 + X2 4t Xn—1 + Xn
X2+ X3+ X4 X3+ X4+ X5 Xp+X1+X2 X1+ X2+ X3

n
> -
-3

b)* Bdt ddng thiic trén con diing vdi gid tri nao khdc ciia n hay khong ?

Chimg minh. a) Bt dang thiic nay dudc chiing minh trong bai bao [11], st dung phép bién ddi
Fourier. Ta dua ra cich chiing minh so cip. Theo bit dang thiic Cauchy-Schwarz ta c6

" 2
" X (Z xk) n
3 k > k=1 =3

Xk+1 + Xk+2 + Xk+3
k=1 Y Xk (Xkg1 + Xkq2 + Xky3)
k=1

trong d6 bét dang thic cubi cung suy ra tir 2.2.
b) Chua ro céu tra 16i. O
2.4. Chiing minh rang véi moi n > 4, thi

(X1 + X2 + -+ 4 X0)% = 4(x1X2 + X2X3 + +++ + Xno1 Xn + XnX1).

Chiing minh. Bai toan ctia B.Ginzburg [1, bai toan 187], dugc dé xuét cho dé thi toan Lién X0
nim 1972. Bing cach hoan vi vong quanh cic s6, c6 thé gid st x; < x,. Pit

S=xi1+x2+-+x,, S1=x14+x3+-,S2=x2+x4+---

(S1 + S)*  §?
— % = — suyra

Khi d6 S7 + S; > > =5

S2
7352—3*12—522:2 > xxk (5)
i—k#0 (mod 2)
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Néu 7 chin thi tdng cubi cling chiia tit ca cac sd hang dang xx xx 41, con néu n 18 thi tdng nay
thiéu so hang x, x; nhung lai c6 so hang x, x,. Nhu vay

2

> > 2(x1X2 4+ XoX3 4+ -+ 4+ X5 X1).
Ta c6 diéu phéi chiing minh. O
2.5. Chitng minh rdng

Z >Z Xk+1

oy k1 + Xk+2 " Xk T+ Xet1
Chiing minh. Xem 16i giai bai toan 1.3. ]
2.6. Voi moin > 4, thi
X1 n X2 L. Xn—1 Xn > 2.
Xp + X2 X1+ X3 Xp—2 + X Xp—1 + X1

Chitng minh. Day 1a bai toan ctia A.Prokopiev, cudc thi giita cac thanh ph6 1981 — 1982, [4],
cong bd trong tap chi Kvant, 1982, s6 6, bai toan M 749.

Ta goi vé trai ctia bat dang thic 1a L,,. Véin = 4, ta cé

X1+ X X7+ X 1
Ly = 1 3+2 4=a+—22.
X2+ X4 Xp+ X3 a

Véi n > 4 taly luan bang quy nap. Vi bat dang thiic 12 hodn vi vong quanh nén ta cé thé gia si
Xn4+1 nho nhét trong tit ca cac s6. Khi d6 bé di sb hang cubi cling ctia L, 1, sau d6 giam hai s6
hang khac, ta c6

Ln+12—+...+ > +...+—:Ln_
Xp+1 + X2 Xp—1+ Xnt1 Xn + X2 Xp—1 + X1

Pé chiing minh hﬁng s6 & vé phai 12 tot nhit, tachon x; = x, = 1, X3 = 1, X4 = 2, ...,
Xp =t""2rdichot — 0.

St dung bit dang thiic Cauchy-Schwarz nhu trong 15i gii bai todn dudi ddy, ban doc sé& ¢ thé
tim ra mot 19i giai khac bang cach dua vé bat dang thiic 2.4. [

2.7. Chuing minh rﬁng voi moin > 4, thi

X1 +Xx2 X2+ X3 Xn—1+Xn  Xp+ X1 -4
X1+ Xx3 X2+ X4 Xp—1+ X1 Xp+Xx2

Chiing minh. Chiing t6i 14y dé bai nay tif bai bao [10]. Pt S = x; + xp + -+ + Xx,,. Ap dung

Xk + X .
w} va {0k + 1) (0 + Xeg2)} ta duge

bét dang thiic Cauchy-Schwarz cho bd sb {
Xk + Xk42

X1+ x Xy + X Xno1+ X, Xxp+x 4(x1 + x +---+xn2
1 2_|_ 2 3_|_..._|_ 1 n 1 (x1 2 )

X1+ X3 Xy + X4 Xn—1 + X1 Xp + X2 - i (-xk + Xk+1)(xk + Xk+2)'
k=1
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Nhu vay, d€ chitng minh bit dang thiic da cho, ta chi cin xac 1ap bat dang thic
n n n n
S? > Z (xXk + Xk+1) (Xk + Xp42) = in +2 Zxkxk+1+ Z XkXk+25
k=1 k=1 k=1 k=1

Bit ddng thiic nay ding bang cach phd ngodc & vé phai, vi véi n > 4 thi cic s6 hang xgxg41 va
XkXk42 VO k =1, 2, ..., n la khac nhau.

Ta sé chiing 6 hing sb 4 khong thé thay thé bing sb 16n hon. That vay, dit x; = a*~! véi
k=1,2,....,n—1vax, =a" 2 Khia — ocothin —3 séhangdﬁudﬁndéno, con cac sbd
hang cubidandén 1, 2, 1. OJ

2.8. Chiing minh rang vdi moi n > 6, thi

X1 X2 Xn—1 Xn

Xn+ X3 X1+ X4 Xp—2 + X1 Xp—1+ X2

Chiing minh. Ching t5i 1y dé bai todn nay tif bai bdo [6]. Bai nay ciing chiing minh bang cach
ap dung bit dang thiic Cauchy -Schwarz tuong tu bai 2.7, sau d6 dp dung bét dang thiic Mordell
(bai toan 2.1).

Ta chiing t6 riing hing s6 3 khong thé thay thé bing sb 16n hon. That vay, dit x; = a*~! véi
k=1,2,...,n—2vax,_; = x, = 1. Khia — 0 thi s6 hang dau va s6 hang cubi dan dén 1,
con cac s6 hang khac dan dén 0. O

2.9. Chitng minh rdng néun > 6, thi

Xy + X X3+ X Xp + X X1+ x
2 3+3 4+“.+n 1+1 2

> 6.
X1+ X4 X2 + X5 Xp—1 + X2 Xn + X3

Ching minh. Chiing toi liy dé bai todn nay tif bai bo [5]. Ta chi cin cong hai bit dang thic &
2.8 lai (bat dang thiic § 2.8 va bat dang thiic d6 cho bd sé d4o ngudgc).

Ta chiing t6 riing hing s6 6 khong thé thay thé bing sb 16n hon. That vay, dit x; = a*~! véi

k=1,2,....,n—2vax,_; = x, = 1. Khia — 0 thi bén séhangcuéicﬁngbﬁng 1,2,2,1
tuong ting, con céac s6 hang khac dan dén 0. O

2.10. Chifng minh rdng

X1+ X2 X2+ X3 n X2004 + X1

> 6.
X1+ X4 X2+ Xs X2004 1+ X3

Chimg minh. Trong bai bdo [19], khang dinh nay dudc néu ra dudi dang gia thuyét. Chiing minh
dudi day thudc vé céc thi sinh ctia cudc thi P.Milosevic va M.Bukic.
Bit dang thic can ching minh 12 tdng cla hai bat dang thic véi n = 2004 - bat dang thic tir bai

2.8 va bét dang thic
X1 X2 Xn

+ Fot
X1+ x4 X2+ Xs Xn + X3

> 3.

Ta sé chitng minh bit dang thiic nay. V6i n = 3m né la tong ciia ba bt dang thiic
X1 X4 Xn—2

+ +eoit —2>1,
X1+ X4 X4+ X7 Xp—2 + X1
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X2 X5 Xn—1

+ to b >
X2+ X5 X5+ Xg Xp—1 + X2
X X X
. P
X3 + Xg X6 + Xo Xn + X3
M&i bét dang thitc nay déu c6 dang

1 1 1

1,

1+a; + 1+a, Tt 1+a,
trong d6 v6i aias ---a, = 1.
Bit dang thifc nay dugc chitng minh bang quy nap theo m. Cd sd quy nap m = 2, thi
1 4 1 _ 1 . 1
l4+a;, 14a, 14+a 141+

Dé€ thuc hién budc quy nap, ta chi ¥ ring

1 1 1
+ > .
1+b 1+c¢c ~ 1+bc

Ta chiing té rang hing s6 6 khong thé thay dudc biang mot hang s6 16n hon. Liy cac sb
X1 =X =x3=1, xp = aV k1l ygik = 4,5, ..., nthikhia — 0, s6 hang thi nhat va thi
hai dan dén 2, s6 hang thi ba va s6 hang cudi cing dan dén 1, cic s6 hang con lai dan dén 0. [
2.11. Chitng minh rdng

X1 X2 Xn—1 Xn

Xn+Xx4 X1+ X5 Xpn—2 + X2  Xp—1+ X3

> 4,

trong do n la s6 chdn lon hon 7.
Ching minh. Pay la ching minh cia A.Khrabrov. BPat S = x; + x; + -+ x, vaT =

2 X
E X; xx. Theo bat dang thiic Cauchy-Schwarz cho cic b {—k} va{xg(Xg—1 + Xk+3)}
i—k+#0 (mod 2) Xt Ykt3

ta thiy vé trai ctia bat dang thifc trén sé khong nhd hon

(1 +x2+ -+ x0)°
(X1X2 + X2X3 4 -+ + XpX1) + (X1X4 + X2X5 + -+ + XpX3)

Nhu viy chi can chiing minh
S§2 > 4(x1x3 + X2X3 + -+ 4+ X, X1) + 4(X1X4 + X2X5 + -+ + XpX3).
Trong 15i giai bai 2.4 ta da chiing minh dugc S? > 4T. Nhu vy, chi cin chiing minh rang
T > (x1X2 + x2x3 + -+ + x,X1) + (X1X4 + X2X5 + -+ + X,X3). (6)

Vi n chin nén moi sb hang & tdng bén phai déu chia trong téng bén trai.
k-1

Ta ching t6 hing sb 4 khong thé thay bang hing s6 16n hon. Ta xét bd sd x;x = a véi
k=1,2,...,n—=3vax,_» =X,_; = X, = 1. Khi a — 0 thi s6 hang dau tién va 3 s hang
cudi cting dan dén 1, cic s6 hang con lai dan dén 0. U
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2.12. Chitng minh rdang

" Xz n+1
2 7 = :
iy Y1 T Xk+1Xke42 X 2

Chiing minh. Chuing toi liy bai nay tif bai bdo [14].
Chi y ring a®> — ab + b* < max{a, b}*.

Gia su x;, 1a s 16n nhat trong cac sO X1, X2, «. .y X, Xi, la s 16n nhét trong hai ) tiép sau
Xi,, Xi; 1a sO 16n nhat trong hai sO ti€p x;,, ... Ta ci x4y dung day so nay cho dén khi gap

2 A A 2, A . A < A N ~ N n N N A
dugc chi so k sao cho so 16n nhat trong hai so tiép sau x;, la x;,. Ro rang k > > va vi vay

> n—+1
p— 2 .

2
Yo> k.

Lji+1

n 2 k
X X
2. ; 22
k=1 "k+ =1

2
1~ Xk+1Xk+2 + X 4

O danh gia cubi cing ta dung bat ding thic AM-GM.

Hang so |: :| khong thé thay bang hang so 16n hon vi néu ta thay x; = 1 véi k 1€ va xx = 0

n+1:|

v6i k chan thi vé tréi sé bang |: ]

Pém s6 doan thang, s6 tam gidc, s6 hinh vudng khong phai dé cho vui ma thuc ra hinh thanh cic
tu duy t8 hop rit quan trong: Biét chia trudng hop, biét phan loai, biét du doan quy luit, biét téng
quét hoa, biét loai trir ... Dudi diy 1a chudi cac bai toan dém danh cho cic hoc sinh 16p 16n ciia
ti€u hoc va céc 16p Trung hoc ¢o s6. Vi nhiing tu duy t6 hgp dude hinh thanh & miic do truc
gidc, khi dugc trang bi cac cong cu t6 hdp, hoc sinh sé dé dang hi€u nhanh, hiéu siu céc khai
niém va c6 kha nang ap dung.

1. C6 5 diém nam trén mot dwong thdng. Hoi cé bao nhiéu diém duoc tao thanh?

L ]
[
L

Pip s6. (10 diém) Ta c6 thé dém theo kiéu liét ké, hoic dung tdng hop chép 2 clia 5 phin ti.

2. C6 5 diém ndm trén mot duong thdng va 1 diém nam ngoadi duong thdang do. Hoi ¢d bao nhiéu
tam gidc duoc tao thanh?
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Pap s6. (10 tam gidc) Mot tam gidc gdm 1 dinh va 1 canh ddy. Lién hé véi bai toan 1.

3. C6 4 diém trén 1 duong thang va 5 diém trén mot duong thdng khdc. Hoi ¢é bao nhiéu tam
gidc ¢6 dinh tai cdc diém do?

L ]
[
L

L ]
]

Pip s6. (70 tam gidc) C6 2 loai tam gidc: Loai 1 1a dinh & trén, ddy & dudi va loai 2 1a ddy 6
dudi, dinh & trén. Vi loai 1 ta c6 4 cach chon dinh va 10 cach chon day (lién hé bai 2). Véi loai
2 ta c6 5 cach chon dinh va 6 cach chon ddy. Vay ¢6 4 x 10 4+ 5 x 6 = 70 tam giac. Trong bai
toan nay ta da lam quen vé6i 2 quy tic dém quan trong la quy tic cong (phan trudng hop) va quy
tac nhan (phan cong doan).

4. Trén 3 canh ciia mot tam gidc co tuong vung 3, 4, 5 diém. Hoi c6 bao nhiéu tam gidc c6 dinh
tai cdc diém do?
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Pap so. (114 tam giac) C6 4 loai tam gidc: Loai 1, 2, 3 12 ¢ canh ndm trén 1 trong 3 canh clia
tam gidc va dinh nam trén 1 trong 2 canh con lai. Loai 4 12 loai ¢6 3 dinh nim trén 3 canh. Ta
tinh tht loai 1 13 loai c6 canh nam trén canh bén bén trai. C6 6 cach chon canh nay va 6 cach
chon dinh con lai, suy ra c6 6 x 6 = 36 tam giac loai 1. Ly ludn tuong tu, véi tam giac loai 2 c6
canh nam trén canh bén bén phai, s& c6 3 cach chon canh va 7 cich chon dinh va loai 3 ciing thé.
Cudi cing, ¢6 4 x 3 x 3 = 36 cach chon tam gidc loai 4. Vay dap s6 1a

6x6+3x7+3x7+4x3x3=114.

Ta ciing thé dém bing cach 1y C;}, (1a s6 bo 3 dinh 14y tir 10 dinh) trit di s6 céc tam gidc suy
bién 1a4 + 1+ 1 = 6) ta duoc két quala 120 — 6 = 114,

5. C6 9 diém tao thanh 1 ludi vuong 3 x 3. Héi c6 bao nhiéu tam gidc co dinh tai cdc diém dd
cho?

- . -
- L] -
- - -

Pap sb. (76 tam gidc)

Céch 1. Tuong tu nhu bai 4, ta chia cdc tam gidc 1am 2 loai. Loai 1 13 tam gidc c6 2 dinh nam trén
1 dudng ngang va dinh kia nim ¢ mot trong hai dudng ngang con lai. Loai 2 1a loai ¢6 3 dinh nam
trén 3 dudng ngang. C6 3 cdch chon dudng ngang chita 2 dinh. Vi mbi dudng ngang da chon, ¢
3 cach chon 2 dinh. C6 6 cach chon dinh con lai. VAy s tam gidc loai 1 bang 3 x 3 x 6 = 54.

Véi loai 2, 16 rang s6 cach chon ra 8 mdi hang ngang 1 diém bing 3 x 3 x 3 = 27. Tuy nhién,
trong s6 nhiing cach chon nay c6 nhitng cach chon tao ra tam gidc suy bién. Dé thiy c6 5 tam
gidc suy bién nhu vay. Vay sb tam gidc loai 2 14 27 — 5 = 22. Va tdng sd tam gi4c cAn tim bing

54 =22 =76.

Céch 2. Don gian 1a C5 — 8 = 84 — 8 = 76 (ban doc hiy thit giéi thich 15i gidi nay).

6. Co bao nhiéu tam gidc trong hinh sau?
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bap $0. (90 tam gidc) Ky hiéu hai dinh & ddy 1a B, C(B bén trai, C bén phai). Ta thiy 1 tam
gidc bt ky phai nhan B hoic C lam dinh.

Ta dém s6 tam gidc nhan B lam dinh. Khi d6 hai dinh con lai phai ndm trén 1 trong 4 dudng
thang ké tit C. C6 4 cach chon dudng thang dé. Trén mdi dudng thang c6 6 dinh, do d6 c6 15
cach chon 2 dinh. Suy ra sb tam gidc nhan B 1am dinh bang 4 x 15 = 60.

Tuong tu, sb tam gidc c6 C lam dinh bang 5 x 10 = 50.

Trong s6 cdc tam gidc ndy, c6 mot sd tam gidc dudc dém 2 1an, d6 1a nhitng tam gidc nhan ca B
va C lam dinh. C6 5 x 4 = 20 tam gidc nhu viy (dinh c6 lai 13 giao ctia 5 dudng thang ké tit B
va 4 duong thang ké tit C). Suy ra c6 60 + 50 — 20 = 90 tam gi4c.

7. Trong hinh sau co bao nhiéu hinh vuoéng?

Pip s6. (30 hinh vuong) C6 4 loai hinh vudng: 1 x 1, 2 x 2, 3 x 3 va 4 x 4. Do d6 dap sb 1a
16 +94+4+1 = 30.

8. Trong cdc hinh sau co twong ving bao nhiéu hinh chir nhdt?

n=1 n=2 n=3
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Pip s6. 1, 9, 36 hinh vuong.

9. Thit dw dodn xem trong hinh & bai 7 c¢6 bao nhiéu hinh chit nhdt? Kiém tra dw dodn ciia ban
bang cdch dém truc tiép.

Pap sb. (100 hinh).

10. Co bao nhiéu hinh binh hanh trong hinh sau?

Pap s6. (45 hinh)
11. V& 9 diém trén mdit phdng sao cho cé diing 74 tam gidc cé dinh tai cdc diém nay.

Céch giai. Hay vé 1am sao c6 10 tam gidc suy bién!

K.Kokhas dé nghi cho Hdi nghi muia hé, cudc thi toan giita cic thanh phb 2002.

Gia st ta 6 bo cac sb thuc A = {ay, a,, ..., a,} (trong cic sd a; c6 thé c6 nhiing sb bﬁng
nhau). BO céc t6ng doi 1 bo cac s6 ¢6 dang a; + a; véii < j. Taky hiéu bd nay la A(2). Vidu
voi A = {1, 1,2, 7} thi A(2) = {2, 3, 3, 8, 8, 9}.

1. T cac sb ay, a,, as, as, as tacé thé tao thanh 10 tdng doi, ky hiéu ching 1a x, x5, ..., Xio.
Ching minh rang néu bi€t cac sO x1, X3, ..., X19 (nhung, di nhién, la khong biet cac so6 do la

tong clia nhitng s6 nao), ta c¢o thé xéac dinh dudc cac sO ay, as, as, as, 45.

2. Biét rﬁng bd s6 A c6 bd cac tdng doila {2, 2,2, 3,3, 3,3, 4,4,4,4,5,5,5, 6}. Hiy tim
t6ng binh phuong cic sb ctia bo A.

3. a) Néu vi du hai b, mbi bd c6 4 s6 (trong mbi bd cho phép c6 nhiing s bang nhau) c6 bd cic
tdng doi trung nhau.

b) Gia stt by < b, < b3 < by < bs < bg 1a b0 cac tong do6i ctia mdt bd 4 s6. Chiing minh riang
c6 mot bo bdn s6 nita cling c6 cling bd cac tdng doi.
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4. Ching minh rang v6i n = 2k, k = 1, 2, ... ton tai hai bd n s6 thuc c6 cling bo cac téng doi.
5. Chting minh ring v6i moi n # 2k, bd gdm n s6 hoan toan dudc xac dinh bsi bd cac tong doi
cua no.

6. a) Chi ra vi du ba bd s6 (c6 nhiéu hon 2 s6) c6 cung bd céc tdng doi.

b) Chiing minh rang khong tdn tai ba bd 4 s6 ¢6 cuing bd céac tong doi.

¢) Chiing minh ring khong ton tai bon bo 8 s6 c6 cling bo céc tdng doi.

7. Hoc trd kém Sasha nghi ra 3 s6 thuc va ghi 1én bang 3 tdng d6i, 3 téng ddi v6i du trir va tat
ca cac hiéu doi mot, tdng cong 1a 12 sb. Hdi hoc tro gidi Nadia c6 thé biét dudc tri tuyét dbi cla
cdc sd ma Sasha nghi khong?

8. Chiing minh ring ti bd {a;, a,, ..., a,} cic sd thuc phan biét, sd cic tong phan biét dang
nn-—1)

a; + a; c6 thé 12 moi sb nam gitta 2n — 1 va
J v 2
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Tap chi online ctia cong dong
nhitng nguoi yéu toan

gpsi lon

KY THI TOAN QUOC TE FORMULA OF UNITY
THE THIRD MILLENIUM

Ban Bién tap Epsilon

Ké it s tap chi thi 5, Ban bién tap sé danh mot chuyén muc dé gi6i thiéu vé cac
ky thi trong nu6c va thé gi6i. S6 thit 5 viia rdi da diém qua mot sd dé thi, 16i giai va
binh luan cho d& chon ddi tuyén ctia mot s6 trudng chuyén 16n trong ca nudc, chuin
bi cho ky thi Hoc sinh gidi toan qubc sap téi. Trong s6 1an nay, chiing toi sé tiép
tuc gi6i thiéu vé Formula of Unity - The Third Millennium, mét ky thi trong khudn
khd International Townament of the Towns (ITOT), ky thi To4n gitta cac thanh phd,
dudc t6 chiic vao gitta thang 10 tai Ha Noi vira qua. Vé dé thi chinh thifc ciing nhu
16i gidi cta ITOT, chiing t6i sé gi6i thiéu trong mot sd bdo khac.

Day ciing 1a bai cubi cung ctia Epsilon s6 6 ky nay, hen gip lai doc gi & Epsilon
s0 7!

Bai 1. Peter, Basil va Anatoly gop tién tiét kiém dé mua mot qua bong gia 9 do la. Biét rang, sb
tién gép ctia mdi ngudi khong nhiéu hon mot nifa tong sb tién gép clia hai ngudi con lai. Hoi
Peter da dong goép bao nhiéu tién?

Bai 2. Pauline viét hai s6 4 va B 1én bang. Victoria x6a hai sb A, B va viét tdng C va tich D
ctia chiing. Sau d6, Pauline lai xo4 hai s6 C va D, thay bdi tdng E va tich F cta ching. Biét
rang mot trong hai s6 E va F 1a s6 18. Hoi d6 1a s6 nao?

Bai 3. Ta néi ring hoc sinh A hoc tét hon hoc sinh B néu diém ctia 4 cao hon diém cta B trong
phan 16n c4c bai kiém tra. Sau 3 bai kiém tra, thay gido nhan xét ring hoc sinh A hoc tot hon hoc
sinh B, hoc sinh B hoc t6t hon hoc sinh C va hoc sinh C lai hoc t6t hon hoc sinh A. Liéu diéu
nay c6 thé xdy ra khong?

Bai 4. Néu Leon bi diém kém & truong, ciu ta sé danh c4 budi tdi dé néi dbi me. Con néu ngudc
lai, ciu ta sé ludn néi that. Leon c6 mot ¢d em gai ludn dudc me cho keo néu nhu hom d6 co bé
khong bi diém kém. Mot budi tbi, Leon néi v6i me: "Hom nay con bi nhiéu diém kém hon em".
Hoi ¢6 em géi cua Leon cé duge me cho keo hay khong?

Bai 5. Mot 5 lich ma thuat chi ding ngly tit ca cac ngly chin cla thang va sai ngly vao tit ca
cac ngay 1é. Hoi sb 16n nhit cdc ngay lién tiép nhau dudc ghi cing ngay trén lich 12 bao nhiéu?
Va ngay do c6 thé 1a ngay nao trong thang?

Bai 6. C6 bao nhiéu s6 c6 biéu dién thap phan gom 10 chit s6 khic nhau va c6 chiia doan 0123?
Bai 7. Hinh vudng 8 x 8 dudgc vé trén t5 gidy ké 6 vudng doc theo cac dudng ké. Alex cat hinh

vuong 8 x 8 theo cac dudng ké thanh 7 phan vdi chu vi bang nhau. Hay chi ra mot cach cit ctia
Alex.
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Bai 1. C6 14 ngudi ngdi quanh mot vong tron. Peter, Victoria, Anatoly va Genghis dang ngdi
canh nhau theo thi tu va cdc ban c6 cdc dong xu ménh gia 1,2, 5 va 10 rdp. Mot ngudi bat ki ¢
thé dua mot dong xu ctia minh cho ngudi & bén trai hodc bén phai cia minh néu c6 ding 3 ngudi
ngdi gitta ho. Sau mot lic chuyén nhu vy, cac ban Peter, Victoria, Anatoly va Gengis lai nhan
dudc cdc dong xu. Hoi lic nay, ban nao dang cAm ddng xu nao? Hay chi ra tit ca cac kha niing
va ching minh khong con trudng hdp nao khac.

Bai 2. Pauline viét hai s6 A va B 1én bang. Victoria x6a hai s6 A, B va viét téng C va tich D
ctia ching. Sau d6, Pauline lai xo4 hai s6 C va D, thay bsi tdng E va tich F cia chiing. Biét
ring mot trong hai s6 E va F 1a s6 18. Héi d6 1a s6 nao?

Bai 3. Ta néi rﬁng hoc sinh A4 hoc tét hon hoc sinh B néu diém ctia A cao hon diém clia B trong
phan 16n cdc bai kiém tra. Sau 3 bai kiém tra, thiy gido nhan xét ring hoc sinh A hoc tot hon hoc
sinh B, hoc sinh B hoc tdt hon hoc sinh C va hoc sinh C lai hoc t6t hon hoc sinh A. Liéu diéu
nay c6 thé xdy ra khong?

Bai 4. Néu Leon bi diém kém & truong, ciu ta sé danh c4 budi tdi dé néi déi me. Con néu ngudc
lai, ciu ta sé ludn néi that. Leon c6 mot ¢d em gai ludn dudc me cho keo néu nhu hom d6 cd bé
khong bi diém kém. Mot budi tdi, Leon néi v6i me: "Hém nay con bi nhiéu diém kém hon em".
Hoi c6 em gai cia Leon c6 dugc me cho keo hay khong?

Bai 5. Mot t5 lich ma thuét chi ding ngy tit ca cic ngay chin clia thang va sai ngay vao tit ca
cac ngay 18. Hoi s 16n nhét cac ngly lién tiép nhau dudc ghi cling ngly trén lich 13 bao nhiéu?
Va ngay d6 c6 thé 1a ngay nao trong thang?

Bai 6. C6 bao nhiéu sb c6 biéu dién thap phan gdm 10 chit sd khac nhau va c6 chita doan 0123
hoac doan 32107

Bai 7. Hinh vudng 8 x 8 dudc vé trén t5 gidy ké 6 vudng doc theo cic dudng ké. Alex cat hinh
vudng 8 x 8 theo cac dudng ké thanh 7 phan véi chu vi biang nhau. Hiy chi ra mot cich cit cia
Alex.

Bai 1. Mot S lich ma thuat chi ding ngay tit ca cac ngly chin cla thang va sai ngly vao tt ca
cdc ngay 18. Hoi sb 16n nhit cac ngay lién tiép nhau dudc ghi cling ngay trén lich 1a bao nhiéu?
Va ngay do c6 thé 1a nhiing ngay nao?

Bai 2. Hiy dién vio cic 6 clia bang vudng 5 x 5 cic s6 nguyén duong phan biét sao cho tdng
céc s trén mdi hang, mbi cot 1a bang nhau va nho nhit c6 thé. Biét ring, cac sb 1,2, 3, 4,2015
da duoc dién tru6e trén mot dudng chéo.

Bai 3. Hinh vudng 8 x 8 dudgc vé trén t5 gidy ké 6 vudng doc theo cac dudng ké. Alex cat hinh

vuong 8 x 8 theo cac dudng ké thanh 7 phan vdi chu vi bang nhau. Hay chi ra mot cach cit ctia
Alex.
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Bai 4. C6 27 con gidn tham gia mot cudc chay dua. Trong mdi vong sé c6 ba con gian chay. Moi
con gian chay véi toc do cb dinh, khong ddi gitta cac vong dua, va tde do ciia cac con gian 1a doi
mot khac nhau. Sau mdi vong, ngudi ta ghi lai thif tu vé dich clia cc con gidn tham gia vong
dua d6. Hdi 14 vong dua c6 dii d€ xac dinh chinh x4c theo thit ty hai con gidn chay nhanh nhét
khong?

Bai 5. Ta néi rang hoc sinh A hoc t6t hon hoc sinh B néu diém ctia A cao hon diém cta B trong
phan 16n cac bai kiém tra. Sau 3 bai ki€m tra, thay gido nhan xét rang hoc sinh 4 hoc t6t hon hoc
sinh B, hoc sinh B hoc tot hon hoc sinh C va hoc sinh C 1lai hoc t6t hon hoc sinh A. Liéu diéu
nay c6 thé xdy ra khong?

Bai 6. Ta n6i mot s6 nguyén duong la dep néu né 1a tich cac giai thira ciia cac sd nguyén tb
(khong nhét thiét phai phan biét). Ta goi mot s6 hitu ti duong 12 tot néu né 1a ti sb gitia hai s6
nguyén duong dep. Chiing minh rang tt ca cac sb hitu ti duong déu tét.

Bai 7. Ta goi mot sd nguyén duong 14 dep néu diy cic chit s6 cia né ting thuc su, vi du 1589 1a
s6 ting con 447 thi khong. Hiy tim s6 nhé nhit cc sb nguyén duong dep véi tong 12 2015.

Bai 1. Hay dién vao cdc 6 ctia bang vuong 5 x 5 cac sd nguyén duong phan biét sao cho tdng
céc s6 trén mdi hang, mdi cot 1a bing nhau va nhd nhat c¢6 thé. Biét rang, cac sd 1,2, 3,4,2015
da dugc dién truée trén mot dusng chéo.

Bai 2. C6 27 con gidn tham gia mot cudc chay dua. Trong mdi vong sé c6 ba con gian chay. Moi
con gian chay véi toc do cb dinh, khong ddi gitta cdc vong dua, va tdc do cia cic con gidn 1a doi
mdt khac nhau. Sau mbi vong, ngudi ta ghi lai thi tu vé dich cla cdc con gian tham gia vong
dua d6. Hdi 14 vong dua c6 di d€ xac dinh chinh x4c theo thii ty hai con gidn chay nhanh nhét
khong?

Bai 3. Hiy tim mot s6 nguyén duong sao cho tich cac uéc tu nhién ctia né 1a 1090.

Bai 4. John c6 12 que gb v6i do dai mdi que 1a mdt s6 nguyén duong khong vudt qua 56. Chiing
minh riang John c6 3 que c6 thé tao thanh mot tam gidc.

Bai 5. Ta n6i mot s6 nguyén duong 1a dep néu né 1a tich cac giai thira clia cac sb nguyén tb
(khong nhét thiét phai phan biét). Ta goi mot s6 hitu ti duong 1a tot néu né 1 ti s6 gitta hai s6
nguyén duong dep. Chiing minh ring tat ca cic sb hitu ti duong déu tot.

Bai 6. Cho tam gidc ABC véi ZB = 30°, ZC = 105° va D la trung diém doan thang BC.
Tim goc ZBAD?

Bai 7. Ta néi rang hoc sinh 4 hoc t6t hon hoc sinh B néu diém ctia 4 cao hon diém ciia B trong
phan 16n c4c bai kiém tra. Sau 3 bai kiém tra, thiy gido nhan xét ring hoc sinh A hoc t6t hon hoc

sinh B, hoc sinh B hoc tot hon hoc sinh C va hoc sinh C 1lai hoc t6t hon hoc sinh 4. Liéu diéu
nay c6 thé xdy ra khong?
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Bai 1. Céc dinh ctia mot da gidc déu 12 canh dugc td6 mau xanh va do. Biét rang trong 3 dinh bét
ki tao thanh mot tam gidc déu, c6 it nhit 2 dinh mau dd. Chiing minh ring ta c¢6 thé chon 4 dinh
tao thanh mot hinh vudng véi it nhat 3 dinh do.

Bai 2. Ta n6i mot s6 nguyén duong la dep néu né 1a tich cac giai thita ciia cac sd nguyén tb
(khong nhét thiét phai phan biét). Ta goi mot s6 hitu ti duong 1a tot néu né 1a ti s6 gitta hai s6
nguyén duong dep. Chiing minh ring tit ca cic sd hitu ti duong déu tot.

Bai 3. C6 27 con gian tham gia mot cudc chay dua. Trong moi vong sé c6 ba con gidn chay. Moi
con gidn chay véi toc do cb dinh, khong ddi gitta cac vong dua, va tde dd clia cac con gian 1a doi
mot khac nhau. Sau mdi vong, ngudi ta ghi lai thd tu vé dich clia cdc con gidn tham gia vong
dua d6. Hdi 14 vong dua c6 di d€ xac dinh chinh x4c theo thi tu hai con gidn chay nhanh nhét
khong?

Bai 4. Cho tam gidgc ABC véi /B = 30°, Z/C = 105° va D la trung diém doan thang BC.
Tim géc ZBAD?

Bai 5. John c6 12 que gb v6i do dai mdi que 1a mdt sé nguyén duong khong vugt qua 56. Chiing
minh ring John c6 3 que c6 thé tao thinh mot tam gidc.

Bai 6. Hay tim mot s6 nguyén duong sao cho tich cic udc tu nhién ctia né 1a 1090.

Bai 7. Tét ca ching ta déu biét 3% 4+ 4> = 52. Bén canh d6, khong phai ai ciing biét ring
10% 4+ 11% 4 12% = 132 + 142, Liéu c6 ton tai hay khong 2015 s6 nguyén ducng lién tiép sao
cho tdng binh phuong ctia 1008 sb dau tién bang tdng binh phuong ctia 1007 s6 sau d6?

Bai 1. Hai chii thd Bugs va Roger c4 cudc xem ai nhanh hon. D€ xdc dinh ngudi chién thang, hai
ban quyét dinh t& chiic mot cudc thi. M&i ban thd sé nhdy 50 mét theo mot hudng va sau d6 quay
lai d€ nhay ngudc lai. Biét rang, do dai mdi budc nhay ctia Bugs 12 50 cm va ctia Roger 14 60cm,
nhung thd Bugs nhay dudc 6 bude trong khi Roger chi nhay dugc 5 budc. Hoi ai sé gianh dude
chién thing?

Bai 2. V6i nhiing gid tri ndo clia n thi ta ¢6 thé chia mot hinh vudng thanh » hinh chit nhat dong
dang sao cho c6 it nhat hai trong s6 ching 12 khong bang nhau?

Bai 3. C6 ton tai hay khong cac s6 nguyén duong a va b sao cho
lem(a,b) = lcm(a + 2015,b 4 2016)?
O day, Icm(a, b) dude ki hiéu cho bdi chung nhd nhét ctia hai s6 a va b.

Bai 4. Cho tam gidgc ABC véi /B = 30°, ZC = 105° va D la trung diém doan thang BC.
Tim goc ZBAD?

Bai 5. Hiy dién vao cac 6 cia bang vudng 10x 10 c4c sd nguyén duong phan biét sao cho tong cac
s6 trén mobi hang, mdi cot 1a bang nhau va nhé nhit c6 thé. Biét rang, cac sd 1,2, 3,4,5,6,7,8,9
va 2015 da dugc dién trude trén mot dudng chéo.
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Bai 6. Dudng tron noi tiép tam gidc ABC tiép xiic v6i cac canh AB, BC va AC tai cac diém
C1, Ay va By tuong ting. Ching minh rang

AC CB BA

> 4.
AB + CA, + BC,

Bai 7. Tit ca ching ta déu biét 3% + 4> = 52. Bén canh d6, khong phai ai cling biét ring
10% + 112 4 122 = 13? + 14?. Khang dinh sau diing hay sai: V6i moi s& nguyén duong k, c6
2k + 1 s6 nguyén duong lién tiép sao cho tdng binh phucng ctia k + 1 sb dAu tién bang tdng
binh phuong ctia k s6 con lai?

Bai 1. Hai chi thd Bugs va Roger c4 cudc xem ai nhanh hon. Pé xac dinh ngudi chién thang, hai
ban quyét dinh t8 chiic mdt cudc thi. Mdi ban thd sé nhdy 50 mét theo mot hudng va sau d6 quay
lai d€ nhay ngudc lai. Biét rang, d6 dai mdi budc nhay ctia Bugs 1a 50 cm va ctia Roger 13 60cm,
nhung thd Bugs nhay dudc 6 bude trong khi Roger chi nhay dugc 5 bude. Hoi ai sé gianh duge
chién thing?

Bai 2. V6i nhiing gid tri ndo clia n thi ta ¢6 thé chia mot hinh vudng thanh » hinh chit nhat dong
dang sao cho c6 it nhat hai trong s6 ching 12 khong bang nhau?

Bai 3. C6 ton tai hay khong cac s6 nguyén duong a va b sao cho
lem(a,b) = lcm(a + 2015,b 4+ 2016)?
O day, Icm(a, b) dudce ki hiéu cho bdi chung nhd nhét ctia hai s6 a va b.

Bai 4. Cho tam gidc ABC véi /B = 30°, ZC = 105° va D la trung diém doan thang BC.
Tim géc ZBAD?

Bai 5. Tai mdi diém c6 toa dd nguyén trén mit phang toa do trong mot cay véi dudng kinh 1076,
Mot bac tidu phu dén cy tai gbc toa do (0, 0) va diing trén gbc ciy. Hoi phan mit phiang ma anh
ta nhin thiy c6 bi gii han hay khong? O day, cac ciy dudc coi nhu 1a mot cot hinh tru vo han véi
cdc truc chifa cac diém nguyén clia mit phang toa do.

Bai 6. Hiy chi ra mot bo 4 sb duong khong thé 1a ban kinh ctia bon hinh cau doi mot tiép xiic
nhau.

Bai 7. Tét ca ching ta déu biét 3% + 4> = 52. Bén canh d6, khong phai ai ciing biét ring
10 + 11% 4 12% = 132 + 14%. Khang dinh sau diing hay sai: V6i moi s6 nguyén duong k, c6
2k + 1 s6 nguyén duong lién tiép sao cho t&ng binh phuong ctia k + 1 s6 dau tién bang tong
binh phuong ctia k s6 con lai?
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