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LGOI NGO CHO EPSILON SO 5

Ban Bién tap Epsilon

Y tudng vé tap chi Epsilon dugc khdi ngudn vao khoang cudi nam 2014, dén nay da di dugc
hanh trinh gan mot nim. Nhin lai suét chiing dudng do, chiing tdi ludn nhan ra rang stic séng ctia
Epsilon gin lién véi su Ging hd va dong gép clia cac doc gia cuing cic tdc gia.

Dé ddp lai thinh tinh ctia dong dao doc gia, Epsilon s6 5 sé c6 ndi dung kha hip din véi nhiéu
bai viét & cac thé loai va chuyén muc khéc nhau. Ngoai cac chuyén muc dinh ky nhu lich st todn
hoc, cac van dé cd dién va hién dai sé c6 cac bai viét thu vi khac.

Phian mé dau cia Epsilon s6 5 sé 12 bai viét vé Chuan Euclid ciia Ngd Bao Chau — tém lugc phan
dau ctia bai giang & trudng he Ly thuyét s6 tif c¢b dién dén hién dai.

Tiép theo do:

Vé xép xi Diophantine: néu nhu & phan trudc, ching ta di c6 dudc cau tra 16i cho cau hdi "Céc
s6 hitu ti c6 thé xap xi cdc sd vo ti tot dén thé nao?" thi & sd 5 nay, mot 1an nita Ly Ngoc Tué sé
gidi thidu v6i nhitng vin d& con thi vi hon vé kha ning x4p xi cdc véc td trén R” bing cic véc to
huu ti Q.

Vé nhip cu két ndi giita toan cao cip va toan s cip sé c6 cdc bai: T Euclid dén Lobachevsky
ctia Nguyén Ngoc Giang va Cén bang Nash cta Vladirmir Gurvich. Phan 2 bai viét Chiing minh
va su tién bo ctia William P. Thurston qua 15i dich cia Nguyén Dzuy Khanh s& dé cap dén mot
cau héi rit thu vi va quan trong "Diéu gi khich 1& con ngudi nghién ciiu todn hoc?"'.

Vé trung gian gitta ly thuyét va iing dung sé 12 bai viét vé luat Benford va nhiing ting dung thu vi
ctia Tran Nam Diing & Ping Nguyén Pic Tién.

Ngoai ra trong mang toan so cip, phong phi nhét van 1a chii d& hinh hoc véi bai viét "Diéu kién
ngoai tiép cia mot tif giac khong 16i va ting dung" ctia D& Thanh Son, bai viét vé cong thiic tinh
khoang céach gitta tim dudng tron Euler va tdm dutng tron Apollonius cua Trinh Xuan Minh va
bai "Téng quét héa mot bai hinh vo dich Nga 2005" ctia Tran Quang Hung va Phan Anh Quan.

Phén giai tich va dai s6 sé c6 bai "Ap dung diy s vao gidi cdc phucng trinh va bit phuong trinh
ham" ctia P4 Minh Khoa va Vo Qudc B4 Can va bai "Giai tich va cac bai toan cuc tri" cia Tran
Nam Dung.

Phan s6 hoc va t6 hop sé c¢6 bai "Thing du bac hai modulo M" ctia Nguyén Hong Lit va bai
"Phan hoach tip cac s6 tu nhién thanh hai tip hop c6 tdng bang nhau" ctia Nguyén Vin Ldi,
Nguyén Hai Ding va Nguyén Thanh Khang, va “Téi uu t& hop” cia Gil Kalai.

Chuyén muc Bai toan hay 15i giai dep sé gi6i thiéu bai bt dang thitc ctia IMO 1983 qua phan

binh luin ctia Phiing H6 Hai. Phan lich st toan hoc sé gidi thidu véi doc gia doi diéu vé hinh hoc
phi Euclid.
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Dic biét trong sd nay, ching toi sé& gidi thiéu mot sd dé thi (cuing 13i giai va binh luan) chon ddi
tuyén ctia mot s6 trudng va mot sd tinh cho VMO 2016.

Cubi cung phan két ctia Epsilon s6 5 sé& 12 bai Ma tran ngiu nhién ctia Vi Ha Vin — noi thong
bdo hang loat céc gia thuyét da dugc chinh phuc bdi Vii va cac dong nghiép ctia anh.

Hy vong riang, Epsilon sé vin nhan dudc su ting hd ctia doc gia, va nhiing déng gép cia cac ban
s& ludn 1a dong Iuc dé nhitng ngudi thuc hién tiép tuc con dudng dai phia truéc.

Thang 10, 2015,
Ban Bién tip Epsilon.
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CHUAN EUCLID

Ng6 Bdo Chau (Vién nghién cliu cao cap vé todn - VIASM)

Bai viét nay trich tir bai gidng "Ly thuyét s6 tif c6 di€n dén hién dai" & Vién
nghién ctu cao cap ve toan, he 2015. Noi dung cua bai viet tap trung vao khai niém
chuén Euclid trong vanh s6 nguyén, vanh s6 nguyén Gauss va cac hé qua s6 hoc cla
no.

Ddi tugng nghién ciiu cla ly thuyét s6 vé co ban 1a tip cac s6 tu nhién N = {0, 1,2, ...}. Vi cic
s6 tu nhién dudng nhu qua quen thudc, chiing ta it c6 y thifc ring ban than cac s6 tu nhién ciing
can dudc dinh nghia, dugc xiy dung, mot cach chit ché. Xay dung céc sd tu nhién mot cach chit
ché 12 mot vin dé trung tim héc bua clia cd s toan hoc. O ddy ta sé khong dé cap dén van dé
nay mot cach c6 hé thong ma chi diém lai mot sb tinh chit clia tip cac s tu nhién ma ta s& cong
nhan nhu nhiing tién dé.

Tap s6 tu nhién N chia it nhat hai phan t 0 va 1. Tap nay dudc trang bi phép cong (x, ) > x+y.
Quan hé thif ty x < y, cho béi x < y khi va chi khi ton tai z € N v6i z # 0 saochox +z = y,
12 mot quan hé thit tu tuyén tinh theo nghia véi moi x # y, hodc x < y hodc y < x. Tap N,
v6i quan hé thit tu tuyén tinh, thod man nguyén ly trat tu (well-ordering principle): moi tap con
khong réng S C N déu chita mot phan ti cuc tiéu i.e. ton tai @ € S sao cho a < x v&i moi
x € S. Nguyén ly trat ty thyc chit 1a mot phién ban clia nguyén ly quy nap quen thudc.

Phép chia c6 du ctia Euclid 12 mot phép todn co ban ctia s6 hoc. Su ton tai clia phép toan nay dua
vao khang dinh: cho a, b 13 hai s6 nguyén véi b # 0, khi d6 ton tai duy nhét g, r € Z véi

a=bqg+r; (2.1)
sao cho r thoaman 0 < r < |b]|.

D€ chiing minh khing dinh nay, ta xét tip S tit cac s tu nhién x € N sao chox =a mod b
(ta theo quy udc 0 12 s6 tu nhién). Tap S chia @ cho nén né 1a tip khong réng. Theo nguyén ly
trat tu, S chita mot phan tif cuc ti€u ma ta sé ky hiéu 1a r. Ta sé chiing minh r < || bing phan
ching. That vay, néu r > |b| thi » — |b| sé 1a mdt phan tit ciia S, nho hon han r va do d6 mau
thuln vé6i gia thiét r 13 phan td cuc tiu cia S. Vir = a mod b, ton tai duy nhit g € Z sao cho
phuong tinh (2.1) thoa man.

V6i moi cip sd nguyén a, b € Z, u6c chung 16n nhit ged(a, b) 12 s6 nguyén ducng d 16n nhét
sao cho ca a va b déu la boi ctia d.
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Thuc hién nhiéu 1an phép chia c6 du ctia Euclid 1a mot phuong phap hiéu qua dé tinh udc
chung 16n nhét. Néu a = bg + r nhu trong phuong trinh (2.1), ta dé dang kiém tra gcd(a, b) =
gcd(b, ). Thay vi tinh udc chiing 16n nhit cia a = ag va b = by, ta chi can tinh uéc chung
16n nhit cia b = a, vir = b, v6i 0 < r < |b|. Tiép tuc nhu vy, ta sé c6 cac cip sd nguyén
(ap, bo), (ay, by), ... sao cho

ged(ag, bo) = ged(ay, by) = - -

Vvéi |bo| > by > by > --- > 0. Day s6 nay bat budc phai ditng & mot thai diém nao d6, gia st né
ditng & (ay. b,). Ta chi khong thuc hién dudc phép chia Euclid nita khi sb chia bing khong, c6
nghia 12 b, = 0. Hién nhién néu b, = 0 thi ta ¢6 gcd(a,, b,) = a,, cho nén

gcd(a,b) = --- = ged(ay, by) = ay.

Giai thuat trinh bay 6 trén goi la thuit toan Euclid. Nhin tu géc do thuc hanh, thuit toan Euclid
12 mot gidi thuat hiéu qua dé tinh u6c chung 16n nhit ciia hai s6 nguyén 16n. Nhin tif géc do 1y
thuyét, thuat toan Euclid kéo theo dinh ly sau, thudng goi 1a dinh ly Bezout:

Dinh |y 2.1. Vi moi sé nguyén a,b € Z, wéc chung lén nhdt d = ged(a, b) biéu dién duoc dudi
dang d = xa + ybvdi x,y € Z.

That viy, theo quy nap, tat ca cac s ao, bg, a1, b1, ..., a,, b, = 0 xuit hién trong thuit toan
Euclid trinh bay & trén déu biéu dién dugc dudi dang xa + yb va dic biét d = a, c6 dang nay.

C6 mot chiing minh hai khéac trong d6 st dung nguyén ly trat tu thay cho thuét toan Euclid. Xét
tap S céac sb6 nguyén duong n c6 dang n = xa + yb véi x, y € Z. Tap ny c6 mot phan tif cuc
tiéu ky hiéu la e € S. Ta can ching minh ring d = e.

Vid|a vad|bchonénd|n véimoin € S. Viviy d|e. D€ chiing minh d = e, ta chi cAn chiing
minh ring ban than e ciing 12 mot uéc chung clia @ va b. Gia st khong phai nhu thé, chang han
nhu e khong la udc cua a. Khi dé thuc hién phép chia c6 du Euclid cta a chia cho e ta s€ c6
a=gqge+rv6i0 <r <e. Hiénnhiénr € S vicing c6 dang xa + yb cho nén diéu niy sé mau
thuin véi tinh cuc ti€u cia e. Vi vy e phai 1a udc chung cta a va b.

Dinh Iy 2.2. Néu d|ab va ged(d,a) = 1 thi d|b.

Néu ged(d,a) = 1 thi sé ton tai x, y € Z sao cho xd + ya = 1. Khi d6 b = (xd + ya)b hién
nhién 1a bdi cua d.

Dinh Iy 2.3 (Dinh Iy co ban cha s6 hoc). Moi s6 tw nhién n > 1 ¢6 thé phdn tich mét cdch duy
nhdt thanh tich cdc sé nguyén to.

Phan ton tai c6 thé suy ra tif nguyén Iy trat tu. Phan duy nhét c6 thé suy ra tit khang dinh: néu p

1a mot s6 nguyén td udc ciia ab thi hoic pla hodc p|b. Ban than khang dinh nay 1a mot trudng
hgp dac biét cia Pinh 1y 2.2.
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Vi dinh ly co ban ctia s6 hoc thuc su 13 cong cu co ban nhit d€ giai cac bai toan s6 hoc, ta mudn
tim cach mé rong né ra mot sd vanh giao hoan khac. P mé rong 1ap luan trinh bay & phan trudc
ra mot vanh R, ta can trang bi cho R mdt chuin Euclid. Gia st R 1a mot mién nguyén (integral
domain), K 12 trudng cac thuong (fraction field) ctia R, chuin Euclid cia R 12 mot dong cAu
nhém

||: KX — Ry (3.1)

tif nhém cac phan ti kha nghich trong K vao nhém nhén cic sé duong thuc sao cho
e v6imoia € Rtacé |a| € N,
e vimoi x € KX, tdntaia € R saocho |x —a| < 1.

Vi cac gia thiét nay, phép chia c6 du Euclid trong vanh R ludn ton tai, dau rang c6 thé khong
duy nhit: véi moia,b € Rv6i B # 0, tdn tai ¢, 7 € R véi |r| < |b| sao cho phuong trinh (2.1)
dugc thoa man. That vay, ta chon ¢ € R sao cho |3 —¢| < 1, khi d6 r = a — bq s€ thod méan
[r| < 1bl.

Dinh Iy 3.1. Trong mét vanh Euclid R, moi ideal déu la ideal chinh.

Ta cén chitng minh rang moi ideal / C R déu chita mot phan tii sinh @ € 7. Theo nguyén ly
trat tu ton tai @ € I sao cho v6i moi x € I tacé |a| < |x|. P& chiing minh ring a 13 mot phan
tii sinh, ta chiing minh rang moi phan t x € I déu 1a boi ctia a. Néu khong nhu thé, ton tai
g,r € Rsaochox = qga + r vé6i |r| < |a| va diéu d6 mau thuin véi tinh cuc tiéu cla |a|.

Trong mdt mién nguyén R ma moi ideal déu 12 ideal chinh, ta c6 thé dinh nghia ged(a, b) cia
hai phan ti a, b € R batky. Xétideal I = {xa + yb|x,y € Z} sinh bdi a,b € R. Ideal nay
chifa it nhit mot phan i sinh d va ta dit d = ged(a, b). Vi hai phan ti sinh cia d, d’ € [ sai
khac nhau mot don vi ¢ € R*, c6 nghiala d = cd’, cho nén ged(a, b) 13 mot phan ti ciia R
dugc xac dinh véi sai khdc 1a mot phan ti ¢ € R*.

Tuong tu nhu trong trudng hop vanh cic s6 nguyén, c6 thé chiing minh riang cic phan tiin € R
c6 thé phan tich thanh tich cdc phan ti nguyén td; phan tich nay la duy nhét véi sai khéc 1a cic
phan t& kha nghich ctia R (mdt phan ti @ € R dudc coi 1a nguyén t6 néu trong moi phan tich
a = bc a thanh tich hai phan tii b, ¢ € R, hoiic b hoic ¢ phai 1 phan tif kha nghich).

Ngoai Z, vi du cd ban ctia vanh Euclid 1a vanh cac da thidc k[¢] mot bién ¢ trén mot trudng k.
Vanh céc s6 nguyén Gauss 12 mot vi du thu vi khac:

R={x+iylx,y € Z}. (3.2)
v6i i thod man phuong trinh i? = —1. Trudng cac thuong ctia R 1a
K ={x+iylx,y € Q}. (3.3)

Ta chon chuén cho béi |x + iy| = x? + y2. Dé thiy véi moi a € R tacé |a| € N va v6i moi
x € K*, hoic tdng quat hon, véi moi x € C, ludn ton tai a € K, sao cho |x —a| < 1. That vay
v6i moi diém x trong mit phang phiic, ta ludn tim dugc mdt mét trong 1udi nguyén R véi khoang
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céch t6i x khong qua 1/+/2. Vi vdy ta c6 thé ching minh khing dinh manh hon: véi moi x € C,
ludn tdn tai a € K, sao cho |x —a| < 1/2.

Nhu viy vanh cac s6 nguyén Gauss R 1a vanh Euclid, moi ideal ctia n6 1a ideal chinh. C4c phan
t cia R c6 thé phan tich mot cach duy nhét thanh tich cdc phan ti nguyén td véi sai khéc
R* ={£1, £i}.

Lap luan tuong tu, ta c6 thé chitng minh dugc cac vanh
Ry={x+yv-2|x,y €Z} (3.4)

va

1+ /-3
2

ciing c6 chudn Euclid. That vay, néu xem cic phan ti R, (hodc R3) nhu mat ctia mot ludi trén

mit phang phiic, thi lu6i nay di diy dé sao cho moi s6 phic z € C, ton tai it nhit mot mit ctia

ludia € R, (hoac a € R3)saocho |z —al| < 1.

Ry={x+y—|x,yeZ} (3.5)

Lap luan nay khong con dung nia véi
Rs={x+yv-5|xyelZ (3.6)

vi lu6i Rs qua thua trong mit phang phic: ta khong thé dam bao dudc véi moi z € C, tdn tai
a € Rs sao cho |z —a| < 1. Khong nhitng chudn thong thudng |x + y~/—5| = x2 + 5y2 cia
Rs khong phai 1a chuan Euclid, ma Rs khong thé c6 chuin Euclid vi tinh chit phén tich duy nhét
ra thita sb nguyén t6 khong dugc thoa man trong Rs. That vy ta c6 dang thiic

6=23=(+vV=5)(1-+v=5) (3.7)

trong d6 2, 3,1 4+ +/—5, 1 — v/—51a c4c phan ti nguyén t6 cia Rs. Nhu viy 6 c6 hai cach phan
tich khac nhau thanh tlch céc phan ti nguyén t.

N6i chung céc vanh giao hoan rt hiém khi c6 chuin Euclid, nhung khi c6, chiing s& dem dén
cho ta mot s6 két qua s6 hoc don gian va thd vi.

Diophantus trong sach Arithmetica nhan xét rang mot s6 nguyén c6 dang 4n + 3 v6in € Z
khong thé viét dugc thanh tdng cla hai binh phuong. Néi cach khac, véi moi n € Z, phuong
trinh

X2+ y2=4n+3 4.1)

khong c6 nghiém x, y € Z.

Phuong trinh trén thuc ra khong c6 nghiém & trong vanh Z/47 céac 16p dong du modulo 4. That
vay néu x 1A mot s6 chin, tacé x =0 mod 4, con néunélamotsd 1€, tacé x =1 mod 4. Vi
viy trong moi trudng hop x2 + y2 chi c¢6 thé dong du véi 0, 1 hodc 2 modulo 4. Nhu vay, phuong
trinh (4.1) khong c6 nghiém x, y € Z/47 va cang khong thé c6 nghiém trong Z.

Fermat tim ra diéu kién can va di &€ mot s6 nguyén c6 thé viét dugce dudi dang téng clia hai binh

phuong.
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Dinh Iy 4.1. Mét s6 tw nhién n viét duoc thanh téng ciia hai binh phuong n = x? + y? vdi
X,y € Z khi va chi khi trong phdn tich n thanh tich cdc thita s6 nguyén té

n=2°pi"...p (4.2)

VOi P, ..., pr la cdc s6 nguyén té 1é déi mot khdc nhau, moi thita sé nguyén to p; dong du véi 3
modulo 4, déu cé s6 mii e; chdn.

Trudc hét ta nhan xét rang néu hai sé nguyén biéu dién dugc dudi dang tong hai binh phuong thi
tich ctia chung ciing nhu thé. Néu ny = x? + y? van, = x2 + y2 thitacé

2 2

niny = (X1x2 — y1y2)° + (x1y2 + x2y1)°. 4.3)
Trong trudng hop x1, X2, Vi, y» 1a cdc sd nguyén, néu z; = x; + iy, VA 2o = X + i)2
1a cac sb nguyén Gauss tuong ting, thi ta c6 n; = |zy|, no = |z5| va nyny, = |z,25| Véi

2125 = (X1X2 — y1¥2) + i (X1 Y2 + X2y1). Nhd vao nhin xét ndy, dinh ly Fermat vé tdng hai binh
phuong c6 thé quy vé hai khang dinh lién quan dén s nguyén t6 18.

Dinh Iy 4.2. Néu p la mot s6 nguyén té 1é véi p =3 mod 4 va x,y € Z sao cho x> + y?> =0
mod p thi cd x va y déu la bdi ciia p.

Dinh Iy 4.3. Néu p la mot s6 nguyén té 1é véi p = 1 mod 4 thi téon tai x,y € Z sao cho
24y =p.

St dung Pinh 1y 4.2, ta chting minh dugc rang néu n 1a tdng hai binh phuong ma phan tich thanh
tich céc thita s6 nguyén tb nhu trong cong thiic (4.2), thi moi thita sé nguyén t6 p; dong du véi 3
modulo 4 trong sb céc thita s6 nguyén tb py, ..., p, déu c6 sd mil e; chin. Ngudgc lai néu moi
thira sb nguyén t6 p; dong du véi 3 modulo 4 déu c6 sb mii e; chin thi ta ¢ thé sit dung Pinh ly
4.3 @€ ching minh rang 7 c6 thé biéu dién thanh tdng hai binh phuong.

Dinh ly 4.2 1a mdt bai toan dong du. Ta thyc chit 1am viéc trong trudng I, cac 16p dong du
moduo p. Gid sit y khong 12 boi clia ctia p, khi d6 16p dong du ctia y 1a mot phan tif khac khong,
cho nén khé nghich, ctia F,. Khi d6 phuong trinh x2 + y? = 0 mod p kéo theo sy ton tai ctia z
mod p sao cho

z2=—-1 mod p 4.4)

Theo Dinh ly Fermat nhd, ta c6 dong du z?~! = 1 mod p. Pong du (4.4) kéo theo
(—1)"7 =1 mod p. (4.5)

Vi dong du nay khong diing véi cac s6 nguyén té p = 3 mod 4, cho nén trong trudng hop d6
quan hé dong du x2 + y2 = 0 mod p sé kéo theo p|x va p|y.

Budc dau tién trong chiing minh Dinh 1y 4.3 12 nhat xét trong trudng hop p = 1 mod 4 phuong
trinh dong du (4.4) c6 nghiém. C6 it nhét hai phuong cich d€ chiing minh khang dinh nay.
Phuong cich thif nhét 12 st dung dinh 1y Wilson:

(p—D!'=—-1 mod p. (4.6)

Phuong cdch thi hai 1a st dung nhan xét nhém I cac phan ti kha nghich 12 nhém xich, tic 1a
nhém Abel chifa it nhit mot phan ti sinh. Phuong cach thit nhét so cAp hon, con phuong cach
thif hai thi phan nao thuc chit hon.
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D€ suy tif viéc ton tai nghiém ctia phuong trinh dong du (4.4) ra viéc phuong trinh p = x? 4 y?
¢6 nghiém nguyén, ta can diung dén chuin Euclid ctia vanh cdc sb nguyén Gauss R = Z[v/—1].
Cho z 12 mdt sd nguyén sao cho z2 4+ 1 = 0 mod p. Néu cin thiét thay z bang z + p ta c6 thé
gia thiét

z241%#0 mod p?. 4.7)
Xét uSc chung 16n nhét ctia z + i va p trong R. Vi R 13 vanh Euclid, u6c chung 16n nhit ton tai
va duy nhét véi sai khdc 14 phan ti cia R* = {£1, i}, vi vay tacé

ged(z +i,p) = x + iy (4.8)
Khi d6 ta co
x* 4 y* = |x +iy| = ged(|z +i], p) = ged(z® + 1, p?) = p. (4.9)

Nhu vay phuong trinh x2 + y? = p c6 nghiém nguyén v6i moi sd nguyén td p v6i p = 1
mod 4.

Phuong trinh n = x2 4 2y? ¢6 thé dudc giai bang phuong phdp hoan toan tuong tu nhu véi
phuong trinh n = x2 + y2. Cic s6 phiic c6 dang x + y+/—2 v6i x, y € Z tao nén mot mién
nguyén ky hiéu 1a R = Z[+/—2]. Trudng cdc thuong cta R 1a trudng K cic sb phic c6 dang
x + y+/—2v6i x, y € Q. Ta cé anh xa chudn K* — Q* cho béi

z=x4+yvV=2 |x + yv/=2| = x* +2y°. (5.1)

Vi chuén 12 mot dong cAu nhém: véi moi z1, 2z, € K* ta cé |z122| = |z1]|z2| cho nén, vé co ban,
gidi phuong trinh n = x2 4 2y? quy vé trudng hop n 1a sé nguyén t6.

Dinh Iy 5.1.

1. Néu p la mét s6 nguyén té6 dong du voi 5 hodc 7 modulo 8, phuong trinh dong du
x +2y?2=0 mod p kéo theo p|x va p|y.

2. Néu p la mét sé nguyén té dong du véi 1 hodc 3 modulo 8, phuong trinh x> + 2y? = p
co nghiém nguyén.

3. Sé tw nhién n véi phdn tich thanh tich cdc thita s6 nguyén té & dang (4.2) c6 thé'biéu dién &
dang n = x? + py? khi va chi khi moi thita sé nguyén té p;, dong du véi 5 hodc 7 modulo
8, déu co s6 mii e; la sé chan.

Khang dinh thi ba c6 thé dé dang suy ra tif hai khang dinh dau.

Khang dinh thi nhit quy vé bai toan dong du: khi nao phuong trinh dong du z2 = —2 mod p
c6 nghiém. Loi gidi cia bai todn dong du nay thuc ra 13 mot bo phan ctia luat thuin nghich cip
hai (quadratic reciprocity law) ctia Gauss. Ciing chinh vi vdy ma bai todn dong du x2 + dy? = 0

mod p ¢6 thé giai dugc cho moi d € N dua vao luat thuin nghich.
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Khang dinh thi hai c6 thé dugc chiing minh hoan toan tuong tu nhu v6i bai toan p = x2 + y2,
dua vao su tdn tai cia chuan Euclid trén Q[+/—2] va su ton tai ctia u6c chung 16n nhét trong
vanh nay.

Vi chuén thong thudng trén Q[+/—3] van 1a chuin Euclid cho nén bai todn n = x2 + 3y2 ¢ thé
giai dugc bang phuong phap hoan toan tuong t nhu trén. Tuy vy d6i véi mot sb tu nhién d tong
quét, dic biét véi d = 5, chuén thong thudng trén Q[+/—d ] khong con la chudn Euclid nita. Té
hon nita, vanh cdc phén ti nguyén ctia Q[+/—d] khong 1a vanh chinh, né ¢6 nhiing ideal khong
thé sinh bdi chi mot phan ti. Vi vay 1ap luan co ban nhu trong khang dinh thi hai st dung khai
niém uSc chung 16n nhit khong con diing trong céc trudng hop nay.

P& khic phuc khé khin nay, truée hét can nhan thy ta van c6 thé dinh nghia dugdc "udc chung
16n nhét" nhu mot ideal thay vi nhu mot s6: udc chung 16n nhét ctia @ va b chi don gian 12 ideal
sinh bdi @ va b. Nhan xét nay c6 thé xem nhu diém khdi thuy ciia ly thuyét cac mién Dedekind.
Trong c4c mién Dedekind, ma dién hinh 12 mién cic phan t nguyén trong mot md rong hitu han
K cta Q, dinh ly phan tich duy nhét thanh tich cic thita s6 nguyén t6 khong con diing nita. Tuy
thé, dinh ly tuong tu véi cac sb dudc thay bang céc ideal, cac sb nguyén td bang cac ideal nguyén
t6, thi van ding.

Nho vao ly thuyét cic ideal trong mién Dedekind, ta c¢6 thé dinh vi cdi "khé" clia ta nhu mot
phan ti ctia nhém cac 16p CI(K) cac ideal modulo céc ideal chinh. Nhém céc 16p C1(K), ma
khdi thuy 1 chd chifa cai kho, cai "khd" ctia ly thuyét s6 so cép, sé tré thanh dbi tugng nghién
cttu chinh, cdi "sudng", ctia ly thuyét s6 dai s6. Ching ta sé dé cap dén van dé nay trong mot bai
viét khic. Trong liic chd ddi, ban doc c6 thé tim doc quyén sach rét thud vi ctia D. Cox c6 nhan dé
"On primes of the form x2 + ny2.
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psilon
Tap chi online ctia cong dong
nhitng nguoi yéu toan

XAP Xi DIOPHANTINE TREN R” - PHAN 2:

QUY TAC DIRICHLET VA HINH HOC CUA
CAC SO

Lg Ngoc Tué - Dat hoc Brandeis, Massachusetts, M

1. Dinh ly Dirichlet

Trong phan trudc [11], v6i cong cu chinh 1a lién phan s6, ching ta da c6 dugc cau tra 16i cho cu
héi: "Céc s hitu ti ¢ thé xap xi cac s6 vo ti tét dén thé nao?" qua dinh ly sau ctia Euler:

Dinh Iy 1.1 (Euler 1748 [4]). V&i moi s6 vo ti x € R ~ @, ton tai vo sb sd hitu ti 2 ¢ Qvéi
q
q > 0 sao cho:
1
< pex (1.1)

4
x__

q

Tuy nhién, cho dén tin bay gid van chua cé dugc mot cach xay dung lién phan sb trong khong
gian nhiéu chiéu R” c6 day du cdc tinh chét d€ c6 thé tra 10i cau hdi vé kha niing xap xi céc véc
to trén R” bang cdc véc to hitu ti Q". Phai dén gan 100 nim sau, Pinh ly 1.1 méi dudc md rong
1én R” bdi nha todn hoc Peter Gustav Lejeune Dirichlet. K&t qua nay dudc xem nhu 1a xuét phat
diém cho 1y thuyét x4p xi Diophantine phat trién. Vi thé nén Pinh 1y 1.1 van thudng dudgc goi 1a
Dinh ly Dirichlet (trén R).

Trén khong gian véc to R”, gid tri tuyét d6i trén R trong bat dang thiic (1.1) sé dudgc thay thé bdi
sup norm:
%] := max{|xi], ... |xal} VO X = (x1,....x,) € R".

Luu ¥ rang sup norm tuong duong véi Euclidean norm:
], = VE-F = a2+ 3+ 22
van thudng dung dé€ dinh nghia khoang cach trén R” nhu sau:

150, = %] = v - %],

Dinh ly Dirichlet cho R” ¢6 thé dugc phét biéu nhu sau:

Dinh Iy 1.2 (Dirichlet 1842 [3]). V6i moi véc to ¥ € R” ~ Q", ton tai vd s véc td hiu ti
P _ (ﬂ,&,...,&) eQ"voipelZvaqg eZ,q #0,sao cho:
q q9 4 q
1
ST
g™

(1.2)
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Dirichlet chiing minh Pinh ly 1.2 thong qua Dinh ly sau:

Dinh Iy 1.3 (Dirichlet 1842 [3]). V6imoi Q > 1 vavéimoi X € R”, tontai p € Z" vaq € Z,
0 < |g| < Q" sao cho:
- - 1
gx —p| < —. (1.3)
Joi - 7] <

Chitng minh Pinh Iy 1.2 dwa vao Pinh Iy 1.3. V6i mbi Q > 1 cb dinh, 4p dung Dinh 1y 1.3, ta
c6 thé tim dudc p € Z" vag € Z, 0 < |g| < Q" sao cho:

-

S 4

q

1 1
< < -
Qlgl = jq**n

= Ljgz- 5]
I

Vl)??é@”,fc—g;éO,nénVéi Q' > 0 sao cho
q

1
§<

P’ va ¢’ tim dudc theo Pinh ly 1.3 tuong ting v6i Q' thdéa man diéu kién:

4

q

l

=/ -

- 1 -
o K/ < ! = %Y < B E '
q Q'lq'l — Q q

Diéu nay din dén:

p,p

= F

q q
Vi vay, khi O — o0, ta sé c6 dudc vo sb ? xhéc nhau théa man (1.2). O

q

Luu y 1.4, Pinh ly 1.3 con dugc goi 1a Pinh ly Dirichlet manh va Pinh ly 1.2 con dudgc goi la
Pinh Iy Dirichlet yéu .

Pé chitng minh Pinh 1y 1.3, Dirichlet st dung quy tic nhdt thd vao chudng (Dirichlet goi la
Nguyén tdc ngedn kéo - Schubfachprinzip), hay con goi 1a nguyén 1y Dirichlet nhu sau:

Nguyén Iy Dirichlet. Néu nhu ching ta c6 k con thd bi nhét trong / cdi chudng, va k > [, thi sé
c6 mot chudng c¢6 it nhit 2 con tho.

Luu y 1.5. Nguyén tac trén da dugc biét dén bdi cac nha todn hoc trude Dirichlet (ss. [8]), nhung
bai bdo ctia Dirichlet 1a 1an diu tién nguyén tac nay dudc ap dung vao chiitng minh mot két qua
quan trong trong toan, nén n6 da dugc gan véi tén cua Ong.

D€ minh hoa y tudng chinh, ching ta sé chiing minh Dinh 1y 1.3 cho trudng hgp n = 1 nhu sau:

Chiing minh Pinh Iy 1.3 véin = 1. Véi mbi s6 thuc x € R, ching ta st dung ky hiéu phan
nguyén va phan thap phin ctia x nhu sau:

x| :=max{a € Z:a <x} va {x}:=x—|x].
16
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Khong mit tinh tdng quat, ta c6 thé gia st nhu Q 13 mot s6 nguyén duong (thay Q bdi | Q| néu
can), va chia doan [0, 1) ra thanh Q doan:

oo (2[5
Q) LQ 0 0

Xét O + 156 thuc 0, {x}, {2x},....,{Ox}. Vi O + 1 > Q, theo Nguyén ly Dirichlet, ton tai mot
1
doan [ﬁ,a h ),O <a<Qva0=gq1,92 <0, q1 # g2 sao cho:
a a—+1
farx faax € | 5.5
0 0

Vay néu dit p; = |g1x], p» = |g2x], ta s€ c6 dugc:

modi doan c6 do dai —.

(@ = 1) — (@2x — p2)] = [{grx} — {gax}] < é.

Va(1.3)s€ thbaman véiqg = q; — g va p = p; — p». ]
Chiing minh trén c6 thé d& dang mé rong ra cho n > 1 bat ky nhu sau:

Chitng minh Dinh Iy 1.3 véi n > 1. Tuong ty nhu trén, ta c6 thé gia st rang Q > 0 12 mot sb
nguyén ducong. Chia hinh hop vuong [0, 1)” ra thanh Q" hinh hdp vudng nhd hon c6 do dai moi

canh bing —:

[a_é’%) X ... X [%’an;-l) v6i0 <ay,...a, < Q. (1.4)

Va xét Q" + 1 véc td dang:

09 ({xl}a see {xn})v ({2X1}, ceey {2xn})’ seey ({anl}v seey {ann})

Theo Nguyén ly Dirichlet, ta sé tim dugc 2 véc to cing nam trong mot trong mot hop vuong
nho (1.4). Va lap luin tuong tu nhu & trén, ta ¢6 thé tim dudc p € Z" vaq € Zv6i 0 < |g| < Q"

sao cho: .
P43 L
g% + 5] < 5

]

Bai tap 1.6. Goi M, ,(R) la tap cdc ma tran m dong n cot v6i hé s6 thuc. Dinh ly 1.2 c6 thé
dudc mé rong ra M, ,(R) thanh dang ménh dé nhu sau: Néu nhu ma trin 4 € M, ,(R) thoa
min AG ¢ 7™ v6i moi g € Z" ~ {0}, thi ton tai v s (p,q) € Z™ x Z" v6i G # 0 va

N 1
|44 = 5| < ==
4]
Tim k cho DPinh ly Dirichlet trén M,, ,(R).
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4- R — 1 . P LR . . ot
Ciing nhu trén R, tinh toi vu cia ham |g| (1+5) trong Dinh ly 1.2 ¢6 thé dugc chiing minh bdi
su ton tai clia cdc véc to X xdp xi kém dudc dinh nghia bdi tinh chét sau: ton tai ¢ > 0 sao cho
Vi moi véc to hitu ti £ € @,
q
c

144

2.1)

4]
Tuy nhién khong giéng nhu trong trudng hop R, khi n > 1, ching ta khong cé dugc cong cu
lién phan sb d&€ mo ta va qua d6 chiting minh sy ton tai clia cdc véc to xAp xi kém. Tép céc véc to
x4p xi kém trén R” 1a mot dbi tugng nghién ctiu quan trong trong 1y thuyét xip xi Diophantine.
Chuing t6i s& c6 mot bai viét riéng vé tap nay trong mot s6 bao sau.

Ciing bdi khdng c6 cong cu lién phan sb hoan thién trong khong gian nhiéu chiéu, chiing ta sé
phai st dung cong cu khac d€ cdi thién hing s6 1 trong Pinh ly 1.2. Céng cu ma chiing tdi s& gi6i

thiéu trong phan con lai ctia bai 1a Hinh hoc céc s6 (Geometry of Numbers) ctia Minkowski.

Hinh hoc s6 (Geometry of Numbers) dudc phat trién vao cudi thé ky 19, dau thé ky 20 bdi nha
toan hoc Hermann Minkowski [7] nham dua dai s6 tuyén tinh va hinh hoc vao gidi mot s van dé
trong 1y thuyét s6 dai s6 . Hinh hoc s6 ctia Minkowski nhanh chéng tim dudc ting dung trong xAp
xi Diophantine, va trd thanh mot trong nhiing cong cu cd ban vo cung quan trong.

Mot s6 tai liéu tham khao cho Hinh hoc sd: Cassels [2], Siegel [10], Gruber & Lekkerkerker [5].

Mot trong nhitng dbi tugng nghién cttu chinh ctia Hinh hoc céc s6 1a céc tap [di trong R” dudc
dinh nghia nhu sau: Tap hop E € R” dudc goi 1a tap I6i néu nhu vé6i 2 diém batky X, y € E bét
ky, doan thang nbi X va y ciing nam trong E:

X, yeEE=tX+(1—-1t)ye E v6imoi0 <t <1.
E dudgc goi 1a doi xitng tdm néu nhu:

X€eE=-X€eE.

Bai tap 2.1. Phan loai tit ca c4c tap 16i trén R.
Vidu22. (i) Tap {(x,y) € R*:x* + > < 1} la mot tap 16i trén R*.

(i) Tap {(x,y) € R?: x> + y* = 1} khong phai 1a mot tap 16i trén R>.

(iii) Tap

n
XeR": Y || < 1} 12 mot tap 15i trén R”.
i=1
n
XeR":[[lxl < 1} khong phéi 1a mot tap 16i trén R” v6in > 2.

i=1

(iv) Tap
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Bai tap 2.3. Ching minh vi duy 2.2.
V6i méi tap E C R”, ky hiéu y g 1a ham dic trung ctia E:

1 ,XeE

XE(X) = {O ¢ E

va vol(E) 1a thé tich trén R” cua E (dd do Lebesgue cla E):
vol(E) = / xE(X)d(X).
Dinh 1y sau ctia Minkowski, mot trong nhiing két qua ciin ban trong Hinh hoc cic s, cho ta biét

dugc diéu kién di d&€ mot tap 10i c6 chiia diém c6 toa dd nguyén:

Dinh Iy 2.4 (Dinh Iy hinh 18i clia Minkowski ). Goi E C R" Ia mot tap 18, déi xing tam va bi
chin trén R”. Néu nhu:

(i) vol(E) > 2", hoac
(ii) vol(E) = 2" va E compact,
thi E c6 chia it nhat mot diém toa do nguyén khac 0:
ENZ"~{0} # 0.

Dé ching minh Dinh ly 2.4, ta sé can dén Quy tac Blichfeldt trong Hinh hoc s6 (Pinh ly 2.6) va
B6 dé sau:

B6 dé 2.5. Gia st nhu f(¥) 1a mot ham kha tich khong am trén R” vdi:
f(X)d(X) < 0.
Rﬂ

Ton tai y € R” sao cho:
Y G+ = | FEAR).
Rn

pELN

Chitng minh. Néu nhu chudi & vé bén trai khong bi chiin déu theo y thi két luan ctia BS dé 1a
hién nhién. Gia st nhu chudi & vé& bén trai bi chin déu theo ¥, theo Pinh 1y hdi tu manh ctia
Lebesgue, ta c6 dugc:

| reac = 3 IE PG

pELN 0.1)"

= > G+ )

n
[091) ﬁeZ”

<vol([0.1)") - sup > f(¥+ p)

Felo.n" 527

= sup Y [+ P).
Xel0,1)" 5y
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Néu nhu:
[ GG < sw ¥ fG+p)

gelo,n” 527,
thi ta c6 thé tim dudc y € [0, 1)” sao cho:
[ = Y 1G+p < sw Y G+ )
Rn

ﬁGZ” )_56[0,1)” ﬁGZ”

Con néu nhu:

| S@d®) = sup > G+ D)

gelo.n” 52,
thi
wil {5 [ f@ao =Y G+ | =1
R ﬁEZ”
nghia 12 hau hét y € [0, 1)” thda man B& dé. O

Dinh Iy 2.6 (Blichfeldt 1914 [1]). Néu nhu E 1a mdt tap do dudc trén R” v6i vol(E) > 1 thi ton
tai 2 véc to khac nhau X, X, € S sao cho X, — X; € Z".

Chiing minh. Ap dung B8 d& 2.5 véi f = yg, ta cé thé tim dudc y € R” sao cho:

S xeG+5) = [ ¥p@dE) = vol(E) > 1.

pELN R
Vi viy, ton tai p;, p» € 7" khac nhau sao cho y + p;,y + p» € S. Dt X, = ¥ + pi,
X2 = Y + pa, ta céd dugc 2 véc té thoa man Dinh ly. O

Chitng minh Pinh Iy Vit 16i ciia Minkowski 2.4. Pau tién ta sé ching minh cho trudng hop
vol(E) > 2". Pt § = {X : 2X € E}, thé tich cta S la:

1
vol(S) = 2—V01(E) > 1.

n

Vi thé theo DPinh 1y 2.6, ta c6 thé tim dudc X1, X» € S khac nhau sao cho X; — X, € Z". Vi §
cling dbi xiing tAm, —X, € S, va vi S ciing 12 mot tap 16i:

X1+ (1—1)(—X2) €S v6imoi0 <7 <1.

- 1
Véit = —,
2

L L eS
—X1 — —X .
2t

Theo dinh nghia cua tap S

1 1
2l =X — =X, | =X — X € E.
(2 175 2) 1— X2
Vay, véc t6 p = X1 — X, 1a mot véc to toa dd nguyén trong E.
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1 -
V6i truong hop vol(E) = 2" va E compact, xét day Ey = (1 + —)E = {x ;

k

1

+k

?ceE}.

vol(Ex) > 2" v6i moi k, nén ta c6 thé 4p dung trudng hop dau tién cho E; dé cé dugc 1
diy pr € Z" N Ex. Vi céac tp Ej bi chin déu, ddy p; 1a mot day bi chiin, nén theo Pinh ly
o0

Bolzano-Weierstrass, ton tai mot day con hdi tu. Vi Z" 12 mot tap rdirac va E = ﬂ Ex, mdi

day con hoi tu cua py s€ cho ta 1 véc to toa do nguyén trong E.

k=1
[

Luu y 2.7. Diéu kién vé thé tich trong Dinh Iy 2.4 1a tdi vu qua vidu sau: thp £ = {¥ € R" : || x| < 1}

1a mot tap 16i, dbi xiing tam va c6 thé tich bang 2", nhung E N Z" = {0}.

Xét hé bat phuong trinh tuyén tinh n 4n n bt phuong trinh nhu sau:

|al,1X1

|an—1,1X1

|Cln,1x1

_|_

+
+

_|_

al,nxnl

+ an—l,nxnl

+

A nXn|

< C1
< Cn-1
= G

(2.2)

Ap dung két qua vé tap 15i cho phép ta tim dudc nghiém nguyén khong hién nhién cho hé bit
phuong trinh tuyén tinh trén:

Dinh Iy 2.8 (Dinh Iy Dang tuyén tinh ctia Minkowski ). Gia sit nhu ma trin A = (ai,j)

1<i,j<n

n
co |det(4)| =1, ¢1,¢2, ..., > 0 va 1_[ ¢; > 1. Thi hé bat phuong trinh tuyén tinh (2.2) co it

nhat 1 bd nghiém nguyén khac 0.

i=1

Ching minh. V6imdi 1 <i <n, goi A; = (a;1,di2,...,a; ) véc t6 dong thi i clia ma tran A.
Vavéi k = 1,2, ..., xét cac hinh binh hanh nhiéu chiéu sau:

Ey = {fceR”:}Ai-?c|<c,~v6i1§i§n—1,|A,,-7c|<cn+

vol(Ex) = 2"¢cqca...cn—1 (cn +

k

1
)>2”.

o
Bai tap 2.9. Chiing minh ring cac tip Ej 1a tip 15i, d6i xing tAm, va c6 thé tich:

Theo Dinh ly 2.4, ta ¢6 thé tim dugc mot day céac véc to toa dd nguyén Z; € Ej khac 0. Lap luan

nhu trong chiing minh ctia Pinh 1y 2.4 ta ¢ dudc véc to toa dd nguyén can tim.

]

Chiing ta c6 thé dp dung Dinh ly Dang tuyén tinh d&€ c6 mot ching minh khac cho Dinh ly

Dirichlet:

Chitng minh khdc cho Dinh Iy 1.3. Vi mdi véc t6 X € R”, xét ma tran A € My, 41 ,+1(R) nhu

Sau:

1
0

o O
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V6imdi Q > 1, ap dung Pinh ly 2.8, ta c6 thé tim dudc mot véc to toa dO nguyén:

P1

7 — : c 71 L0
DPn
q

sao cho
5 1 L. } . >
axi—pl=[4iE| <5 wil=i=n v lgl=[Aun 2= 0"

Ta chi can phai ching minh ring ¢ # 0. Gid st nhu ¢ = 0, vi Z # 0, nén ton tai p; # 0. Diéu
d6 dan dén:

1
1 <|pil = |4 - Z| <§§1 (Vo Iy).

Vay ta c6 dugc véc to p = (pi, ..., pn) € Z" vaq € Z, ¢ # 0 can tim. ]

Dinh 1y 2.10 (Minkowski 1910). Véi moi véc to X € R"” ~ Q", ton tai vo s6 véc to hitu ti
P _ (ﬂ,&,...,&) eQ"véipelZ'vaqg € Z,q # 0, sao cho:
q 4q q

q

4 n
<—"— V6iC, = :
|q|1+z n—+1

(2.4)

1 X Lz 1
Luuy 2.11. Khin = 1, ta ¢6 dudge C; = X khong phai 1a hang so toi uu % nhu trong Dinh ly

ctia Hurwitz (xem trong [11]). C6 mot s6 két qua cho ra hing s6 cho Pinh ly Dirichlet tot hon
Dinh ly 2.10, chdng han nhu Blitchfeldt [1] thay thé C, bing:

1
n n—1\""\ "

|1+ )
n+1 n+1

Tuy nhién hing sb t6i uu cho Dinh ly Dirichlet trén R” v6i n > 2 van 1a mot cau hdi mé quan
trong trong ly thuyét xap xi Dirichlet va Hinh hoc s.

D€ ching minh Pinh Iy 2.10, v6i mbi Q > 0 va C > 0, xét tdp hgp E ¢ ¢ dugc dinh nghia bdi:
Egc =1{(,2) = 1, yn,2) e R 07"z + Q|5 | = C}.

BS d& 2.12. V6imdi Q > 0va C > 0, Eg ¢ 1a mot tap compact, 15i, di xting tam, va c6 thé
tich:
(2C)n+1

n—+1
Chiing minh. Xétham f : Eg.c — Eic, (7,2) = (075, 0"z).

VO](EQjc) =
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Bai tap 2.13. Chiing minh ring f 1a mot ham tuyén tinh, v6i dinh thifc bing 1, va la song anh
gifIa EQ,C va El,C~

Vay nén f va f~! sé bao tdn cdc tinh chit compact, 15i va dbi xing tam, va ta chi can chiing
minh trudng hop Q = 1.

Tinh compact va ddi xing tdm cda tp E; ¢ 1a hién nhién. Goi (¥, z) va (y/', z') 1a 2 diém trong
Eic,v010 <t <1, apdung bat dﬁng thiic tam giac, ta c6 dudc:

2+ (=0 4 15+ (=0 | = izl + [ =02+ 5] + [0 - 07|
= t(lzl+ [5]) + (= (=] + 7))
<C

Vay t(y,z) + (1= 1)(y',2') € Eic.
Cudi clng ta c6 thé tinh thé tich cta E; (cling 1a ctia moi Ep):

Cc—z| Cc—|z|
VO](El)—/ f . / dyy...dy,dz
|z|-C |z|—-C

= 2”"'1/ (C —2z)'dz
0

B (2C)n+1
on+1 7
]

Chiing minh Pinh Iy 2.10. PatC = (n + 1)# va ma tran A dudc dinh nghia nhu trong (2.3).
Theo BS dé 2.12, tip AEg ¢ 1a tp compact, 10i, d6i xting tim, va c6 thé tich vol(AEg ¢) =
2"+1 Ap dung Dinh 1y 2.4, ta c6 thé tim dudc mdt véc td toa do nguyén ( Po.qo) khac 0 nim
trong AE¢ ¢, nghiala (pg, go) thoa man:

07"qo| + Q| g0% - po| = C.
Luu ¥ rang véi mdi véc to toa dd nguyén (p, g), chi ton tai hitu han Q > 0 thda man:
07"lql + Q|l¢x —p| =C
Vay nén ngoai trit mot s6 dém dugc cac Q > 0,bd ba Q, po,qo théa man bat déang thiic:
07" |go| + Q|q0% — po < C. (2.5)

V6i nhitng bd Q, po, o thda mén (2.5), 4p dung bat ding thic trung binh cdng va trung binh
nhan cho ta:

o] lao® = Fol" = " (™" lac ) - (1407 ~ 7ol )

S +1
<n". (Q_”‘qQ| + QHqu_pQH)n

- n—+1

< n
" (n+1)
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tuong duong véi (2.4).

Néu nhu ta chon Q < C thigg # 0, vinéunhu gp = 0, pp # 0 va bit dang thic (2.5) dan
dén:
lgox — po| = | pe| <CO™' <1 (voly).
Luu y thém rang véi méi (p, q), tap:
{0 >0:(p.q) € AEgc} =10 >0: 07"|q| + Q|q% — p| = C}

bi chin. Vi vay khi Q — o0, ta ¢6 thé tim dudc vo sb (p, g) thda man (2.4). Va véi 1ap luin
tuong tu nhu trong chiing minh ctia Pinh ly 1.2 dua vao Dinh ly 1.3, ta ¢6 thé tim dudc vo sb véc

to hitu ti £ théa man (2.4). 0
q
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Tap chi online ctia cong dong
nhitng nguoi yéu toan

CAN BANG NASH

Vladimir Gurvich

Pé dé xuit cho Hoi nghi mua he, Cudc thi gita cac thanh phd tif ngy 3 dén
11/8/2012.

Diéu gi 12 chung giita cd vdy, cd vua, cd nhay va cd ca r6? Tat ca chiing déu 1a nhiing trd choi
hitu han vi tri v6i théng tin hoan hio va khong c6 vi tri ctia co hoi. Y cudi ¢ nghia 1a “#dt cd cdc
nguoi choi déu biét tat cd moi thit” va do d6 ho biét nhiing diéu gidng nhau. Piéu nay khong
gidbng nhu choi bai hay choi domino, noi ma mot ngudi choi khong biét quan bai ctia ddi thi.
Trong c& cd ngua, c¢6 vi tri ctia co hoi, khi ta tung con xtic sac.

Tt “vi tri”” ¢6 nghia c6 nhitng budc di tir vi tri nay dén vi tri khac.

Tt “hitu han” c6 nghia 14 c6 hitu han cic vi tri. Bit ky cAu hinh ndo ctia nhitng vién séi 1a mot vi
tri trong cd vay. C6 rat nhiéu (nhung hitu han) cac vi tri nhu vay. Mot van cd bat dau tif mot vi
tri ban dau nao d6 va két thiic & vi tri chung cudc (ma ta goi 1a vi tri két thiic). Vi du, mot nudc
chiéu bi 12 mdt vi tri két thic trong c& vua. Diéu quan trong 1a phai nhan thiy rang vi tri c6 thé
dudc 1ip di lip lai va mot van du c6 thé c6 vong 1dp. Tat ca céc tro choi néi trén déu 12 nhitng
tro choi hai ngudi ¢6 tdng bang khong (zero-sum).

Tit “zero-sum” c6 nghia 12 chién thang ctia mot ngudi 1a that bai clia ngudi con lai. Va néu mot
ngudi dugc mot s6 diém sb thi ngudi kia mét cing mot diém sé d6. Mot ciip chién lugc 1a tdi uu
néu chiing tao thanh mat trang thai cin bang, nghia la cac két qua tuong ting khong thé dudc
cai thién bdi bt cit mot trong hai dbi thii. Tuy nhién, moi thit trd nén phiic tap hon nhiéu khi c6
nhiéu hon hai ngudi choi (hoic hai ngudi choi nhung trd choi khong phai 1 zero-sum). C6 thé
xay ra rang moi ngudi chdi chi c6 thé didm bao mot két qua rat kém, vi anh ta sé rat khé khin dé
chién dAu chdng lai lién minh cta tt ca cac du thi khéc.

Bai tap 1.1. C6 10 que diém va 3 ngudi choi 1an luct xoay vong bbc cac que diém, mbi 1an ¢6
thé bée 1, 2, 3, 4, hoic 5 que. Ngudi nao bdc que diém cudi cling s& phai di rira bat. Chiing
minh ring hai ngudi bat ky, néu thda thuan véi nhau, c6 thé budc dau thi thi ba di rira bat. Gia
st rita bat dudc tinh 1a —2, trong khi nhitng ngudi con lai +1. Tong trong mdi van déu bang 0.
Ta ciing muén xac dinh mot trang thai can bang trong trudng hop nay, nghia 13, dé xuét 3 chién
ludc sao cho néu mot ngudi choi thay d6i chién lude ctia minh, ngudi dé sé khong dudc 10i gi
néu hai ddi thi gitt chién lugc cii ctia ho. Khdi niém nay da dudc gisi thiéu bsi John Nash vao
nam 1950 va né dugc goi 1a can bang Nash.

Bai tap 1.2. Pé xuit ba chién thut cho trd chdi néi trén. Ho cac chién thuat ma ngudi duy nhat
khong choi theo chién thuit dudc goi 13 can biang Nash (dinh nghia nay ciing van dung dudc cho
ca cdc tro choi khong dbi khang). Van dé chinh ciia chiing ta 12 1am sao hiéu tro choi nao 12 Nash
- giai dudc (c6 nghia 13, ludn ludn cé diém can biang Nash) va trd choi nao khdng c6. Can bing
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Nash c6 thé mo ta 1a nhitng quy luat ma viéc tuan thi né c6 thé dudgc thoa thuian ma khong can
co ché 4p budc tif bén ngoai.

Bai tap 1.3. “Gap go trong siéu thi:” Hai (hoac ba) ngudi bi lac nhau trong mdt siéu thi ma
khong c6 séng dién thoai di dong. Ho c6 thé gdp nhau 6 mot trong 3 cilra ra vao, mdi mot ngudi
sé& lua chon di ra ctia ndo dé& di mot cach doc 1ap va khong biét lua chon clia nhiing ngudi con lai.
Néu tt c4 gip nhau, mdi ngudi nhan dude + 1, néu khong mdi ngudi —1. Can bang Nash trong
tro choi nay la gi?

Luu y 1. Tro choi nay dudc cho trong hinh thic binh thudng (tt cd ngudi chdi dua ra lua chon
ciing mot lic ma khong biét lua chon clia nhau. Sau khi nhitng ngudi choi Ia chon xong thi xic
dinh thang hay thua).

Luu y 2. Mot s6 siéu thi treo cic tAm bang “Néu lac nhau hdy gdp nhau & qudy tinh tién s6 17

Bai tap 1.4. C6 hay khong can bang Nash trong trd choi ca-ro trén mot ban co kich thude 3 x 3.
Hay mo ta ching.

Pau tién, chiing ta hay ching to rang rang bat ky trudng hop khong lip (trong d6 khdng c6 vi tri
nao dudc lip lai ) 1a Nash - gidi dugc. Chiing ta hdy gdn cho mot trd chdi mdt do thi c6 huéng,
ma dinh la céc vi tri va cac canh c¢6 huéng (cung) la cac nuée di. Cac vi tri ma tir d6 khong di
chuyén dugc nita goi 12 vi tri két thiic. Ta gan cho mdi mot vi tri két thic sb di€m ma ngudi choi
nhan dugc khi di vao vi tri nay. Cac vi tri con lai dugc chia gitia nhitng ngudi choi, moi vi tri ta
déu biét ngudi choi nao sé di ra tli vi tri d6. Gid st tif vi tri P moi nu6c di déu dan dén vi tri két
thic, va ngudi choi chon nuéc di thuan 10i nhit cho anh ta vé vi tri 7. Piém ctia T c6 thé chuyén
vé P. Vabay gid P ciing trd nén x4c dinh nhu 12 vi tri két thiic. C4ch phan tich tit cubi nhu vay
s& 1am cho moi vi tri déu xéc dinh, trong d6 c6 ca vi tri dau tién. Chién lugc tdi uu sé 1a nudc di
ctia ngudi choi dén vi tri ma diém s6 clia anh ta 16n nhit.

Bai tap 1.5. Chiing minh rang v6i bit ky tro chai khong lip nhitng chién ludc tdi uu néi trén tao
thanh mot trang thai can bang Nash.

Bay gid chiing ta xay dung mot do thi ciia tro choi cd vua. Chiing ta da hiéu rang vi tri khong chi
12 mot cach sap cac quan cd, ma con la thif tu nude di (dén lugt bén nao di). Ngoai ra ta cling can
biét c6 quyén nhap thanh, in t6t qua dudng hay khong, hay vi tri nay da dudc lip lai trude dé
chua. Mot trong nhiing gidi phap dé cung cip cho vi tri cac thong tin can thiét 13 ta nhd n6 cling
v6i lich st trude d6. Khi d6 cac vi tri 1ip lai sé khong c6, do thi khong 1ip va trong d6 ca hai
ngudi choi déu c6 chién thuat tdi vu.

Nhung c4ch hiéu nhu vay 13 khong thd vi di v6i chiing ta. Luat 1ip lai ba 1an ctia mot vi tri hiéu
vi tri mot cach khac. Cu thé, su sap xép clia cic quan cd, thit ty nudc di, c6 hay khong quyén
nhap thanh, bat t6t qua dudng. Khi dé trong do thi c6 nhitng chu trinh c6 huéng, va phan tich tit
cudi khong thé thuc hién. Ta 1am r6 khai niém chién thuat.

Ta goi quy tac chon mét nude di xac dinh trong mdi vi tri dén lugt di clia ngudi chai 1a chién
thuat &n dinh. Vi du trong tro chdi véi nhitng que diém chién thuat tham lam chi dao mdi 1an béc
nhiéu s6 que diém nhét c6 thé.

Ta chi y ring chién thuit &n dinh khong phu thudc vao lich st trude d6, vi thé, néu mdi ngudi
chdi chdi theo chién thuin &n dinh, thi khi mot vi tri 1p lai van dau sé lip lai. Ta biét rang trong
¢ vua thi su ldp lai nghia 12 hoa. Tuy nhién ta c6 thé thoa thuan 1a vong lip ciing c6 gia clia nd
(vi du khi xay ra lip thi tit ca ciing thua). Trong cic trd chdi cé vong lip ta biét rat it v& can bang
Nash.
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Bai tap 1.6. C6 hay khong can bang Nash trong cd vua? Va néu nhu bd di luat hoa néu mot vi
tri 1ip lai 3 1an hay 50 nu6c khong dn quan hodc tan t6t?

Tir dau dén nay ta méi chi xét cic tro choi c6 két thic, khi ma két qua cta tro choi (chi tra) dudc
xéac dinh chi bdi vi tri két thiic hodic vong ldp. Trong mot sb tro chdi, ngoai diéu nay, ngudi chdi
con dudc nhan hoiic phai tra qua titng nudc di, va két qua cudi cung dudc xac dinh cho ngudi
chai 12 téng tit ca cac thu chi.

Bai tap 1.7. Trén ban c6 5 que diém. Ba ngudi 1an luct bdc 1 hoic 2 que diém. Ngudi bdc que
diém cubi cling sé dudc thudng 3 que diém. S6 diém sé biang sb que diém bdc duge. Hay xay
dung d thi tro choi va tim chién thuat tdi wu cho tit ca cic ngudi choi.

Néu tro choi két thiic bdi vong lip thi ta sé gia st rang vong lip sé dién ra vo han 1an. Khi d6 két
qua ctia ngudi chdi sé hitu han khi va chi khi tong thu chi ctia anh ta bang 0. Trdi lai tong sé bang
400 hodc —o0.

Bai tap 1.8. C6 100 tén cudp khit mau cudp nha biang dudc 1 tridu do-la va ngdi chia tién. Dau
tién, ngudi thi nhit dé xuat phuong 4n: Toi dudc chiing nay, ngudi thi hai dugc chiling nay, ngudi
thid ba dugc chiing nay ... sau d6 ca 100 ngudi biéu quyét. Néu c6 it nhit 1 nita dong y thi dé xuét
dudc chip thuin va ho sé chia tién theo phuong dn d6 va giai tan. Néu c6 trén mot nita chéng,
bon cudp sé tha tiéu ngudi thi nhat va ngudi thi hai lai dé xuat phuong 4n chia méi, ¢t nhu thé
... M6i mot tén cudp dugc chi dao bdi mong mudn trude tién 1a dudc sdng, sau d6 (néu mang
s6ng khong bi de doa) 1a dugc nhiéu tién va cudi cling (néu nhu mang séng va sb tién khong bi
4nh hudng) — thu tiéu dudc cang nhiéu cang tot (dan xa hoi den ma). Hoi tién sé dugc chia thé
nao néu tit ca cic tén cudp déu hanh dong va suy luin hoan toan logic (tic 1a hay tim cn bang
Nash).

Ta xét cau hdi sau: Nhitng tro choi vi tri vdi ddy dii thdng tin ndao cd cdn bang Nash trong cdc
chién thudt thudn tity 6n dinh? Trong mot sd trudng hop cau tra 16i da dugc biét. Ta di€ém qua cic
trudng hgp nhu vay, bdé qua cac dinh nghia chinh xac.

Can bang Nash ton tai cho cic 16p sau:
(1) Cdc tro choi khéng ldp : Trong cdc trd chdi nay, cdc vi tri khong thé 1dp lai. Trong trudng

hop nay ludn ton tai can bang. Thé nhung trong C3 vua va ngay ca C3 vay thi c6 su lip lai
cua cac vi tri.

(2) Cdc tro choi déi khdng hai nguoi choi : L6p nay c6 ca Cd vua va CS vay. Nhung néu 10i
ich ctia hai bén khong dbi khang thi sao? Hay s6 ngudi choi 16n hon 2 thi sao?

(3) Néu nhu nudc di ciia nguoi choi phu thudc vao lich sit trude dé : Tuy nhién ching ta gi6i
han ngudi choi chi ding cic chién thuat 6n dinh. N6i cach khic, mot nudc di chi phu thudc
vao vi tri hién tai va dugc chon hoan toan x4c dinh, khong c6 mot su ngau nhién nao. Vi
du céc tro chai c6 dung quén xic sac bi loai bo.

Chii y ring trong céc trudng hop (1), (2) va (3) can bang ton tai ngay ca khi ¢6 nhiing nudc di
ngau nhién. Tuy nhién ta biét ring cin biang c6 thé khong ton tai trong cac trd choi khong ¢
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thong tin day du (vi du cdc trd choi bai hoiic domino). Nhung ta sé khong xét nhiing trd chdi nhu
vay, tham chi con khong dinh nghia ching.

Tém tat lai: Ta gidi han viéc xem xét cdc tro choi vdi thong tin ddy dii, khong cé cdc nudc di
ngdu nhién va vdi chién thudt thuan tiiy én dinh. Trong do s6 ngudi choi co thé'lon hon 2 va trong
truong hop 2 nguoi thi loi ich ciia ho khéng nhdt thiét phdi doi khdng.

Rt ding ngac nhién 1a ngay cé trong trudng hop nay ta ciing chua c6 nhiéu tién trién. C6 mot sb
cach tiép can, trong d6 don gian nhit chinh la can bang Nash (ta sé dinh nghia dudi day). Mic du
cac cong trinh vé can bang Nash da dudc dén 5 giai thudng Nobel vé kinh té nhung c6 cam nhan
rang nhitng cAu hdi toan hoc “don gidn” va tu nhién nhét cho dén nay van 1a nhiing cau héi mé.
O day t6i sé d& xuét hai cau hoi - gia thuyét nhu vdy. Cic gia thuyét nay da dudc kiém ching, véi
su trg giup cua may tinh véi nhitng vi du da 16n (nhung khong qua 16n). Toi hy vong sé c6 nhiing
cau tra 16i khang dinh, nhung ciing khong ngac nhién néu c6 nhiing phan vi du. Trong nhiing gia
thuyét niy c6 nhiing trudng hop riéng tuong d6i don gidn ma ta c6 thé luyén tap. Tuy nhién, cic
trudng hop riéng khac kha phtc tap va c6 mot sd trudng hop ta chua biét két qua giébng nhu &
trudng hop téng quat.

Toi ¢6 cam nhén rang cac dinh nghia dudi day déu hién nhién mot cach truc gidc. Tuy nhién,
cch phat biéu hinh thic c6 thé 1am ai d6 “s¢”. Néu qua 1a nhu vay, hiy bd qua viéc doc phan
nay trong lan doc dAu tién va hay st dung né nhu tif dién hoic sé tay tra ciu.

Cho mot do thi ¢6 huéng hitu han G = (V; E). Mdi mdt dinh v € V 12 mot vi tri clia trd choi
va canh c6 huéng e = (v, v ) 1a mot nudc di c6 thé & vi tri v. Cac vi tri V7 C V, ma & d6 khong
¢6 nuéce di, dugc goi la cac vi tri két thic. Ta cling chon vi tri khéi dau vy € V V7.

Mbi mot vi tri khong két thiic v € V \ Vr ta cho tuong ting v6i ngudi choi i
lel={1,2,...,n},

ngudi sé chon nudc di & vi tri v. Ta sé ndi i kiém sodt v va viét i = ¢ (v). N6i cach khic, anh xa
¢ : V \ Vr — I phan phdi céc vi tri khong két thiic cho c4c ngudi choi. Bo ba {G, ¢, vy} dudc
2oi 1a cAu tric vi tri.

Chién thuat x; clia ngudi choi i € I 1a ké hoach cho phép chon nude di e = (v, v) trong
moi vi tri v € ¢! (i), diém kiém soat bdi i, néi cach khac 4nh xa x; cho tuong tng mdi vi tri
v e @ (i) mdtnude die = (v, v) tiX v. DAy chinh 1a chién thuit thuan tdy &n dinh. Nhu da
néi trude day, cdc chién thuat khéc ta sé khong xét dén va ciing khong dinh nghia.

Cac van dau : Ta gia st ngudi choi thi i sé chon chién thudt x;, va bd cdc chién thuit x =
(x1, X2, ..., X,) dudc goi 12 gbi chién thuat hay tinh hudng. Mdi mot tinh hudng mot xac dinh
mot cach duy nhit van ddu p(x), vi moi ngudi choii € I trong moi vi tri v € ¢! (i) biét anh ta
phai di nu6c no (ngudi tuong ting véi chién thuat x;). Van diu p(x) bat diu & v va hoic sé& két
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thiic & mot vi tri két thiic v € V7 hoic bi lip, tiic 1a xuét hién chu trinh ¢6 huéng C ma sau d6 sé
lip lai vo han (van d4u p(x) khong thé thoat khdi C, vi tat ca cac chién thuat 1a 6n dinh).

Nhu vy chiing ta thu dudc d4nh xa g : X — P ma mdi mot tinh hudng x € X dudgc cho tuong
ting v6i mot van dau p € P. Cac anh xa nhu vy dudc goi 1a thé thiic choi.

Mbi mot ngudi chdi i € I sau mdi nudc di e € E tra mot khoang phi ¢(i, e) € R. Sb thuc nay
goi 12 gia dia phuong (néu nhu c(1, e) < 0, thi i khong trd ma ngugc lai dudc nhan ‘c(l, e) ‘).

CAu triic vi tri va thanh todn dia phuong xéc dinh trd choi trong hinh thiic vi tri. Gid hiéu qua
ctia van diu p = p(x) dudc dinh nghia cho tiing ngudi choi i € I nhu sau. Néu p két thiic & vi
triv € Vp thigiactand c(i, p) = Z c(i, e) la cong tinh, tic 1a bang tdng gia cuia tit ca cac
e€p
nudc di ciia p. Néu p bi lip, thi ta can tinh gid c(i, C) = Z c(i, e) cia xich C tuong ting d6i
ecC

v6ii. Néunhu c(i, C) > 0, thic(i, p) = oo vac(i, p) = —oo, néunhu c(i, C) < 0.

Dinh nghia nay 1a tu nhién, vi chu trinh sé& 1ip lai v6 han 1an, con cic gid dia phuong sé dugc cong
lai. Tuy nhién, néu nhu van diu bi lap & “chu trinh 0”, ¢(i, C) = 0, ta van dit c(i, p) = oo.
DPay chi la mdt quy udce cho tién 1di.

Thé thic choi g va gia hiéu qua ¢ x4c dinh tro chdi (g, ¢) 6 dang chuin. TAt nhién, moi mot
ngudi choi i déu cb gang toi thiéu hoai gia hiéu qua c(i, p) clia minh.

Trd choi két thic: Nude die = (v, v') duge goi 12 nudc két thic néu v € Vr.Chi y ring nudc
két thiic khong thé thudc vao mdt chu trinh nao. Ham ludng gid (va ca trd choi) dudc goi 1a két
thic néu c(i, ) = 0 v6i moi ngudi choi i va véi moi nude di khong két thiic e. Trong trudng
hop nay, gid ctia tro chdi sé chi phu thudc vao vi tri két thiic. Néu van dau p bi lip thi gid sé bang
oo hodc —oo.

Tro choi véi tong 0: Ham lugng gid (va chinh trd choi) c6 tdng 0 néu Y " c(i, €) = 0 v6i moi
iel
nudc e € E. Trod chdi cho 2 ngudi, n = 2 véi tdng 0 déng mot vai trd rit quan trong ca vé miit
lich st 14n theo ban chit. Moi trd chdi véi n ngudi cé thé chuyén dé dang thanh tro choin + 1
ngudi véi tdng 0. Chi can dua vao ngudi chai thid n + 1 — “6ng tdm” (ngudi khong kiém soat mot
n

vi tri nao) va xac dinh gia dia phuong cua anh ta theo cong thic c(n + 1, e) = — Z c(i, e).
i=1
Trd choi & dang chuin: Dinh nghia chung.

Tagiasi I = {1, 2, ..., n}1a tap hop cdc ngudi chdi, X; — tap hitu han céc chién thuit ciia
ngudichoithii € I va X = X; x X, x --- x X, 1a tich Pé-cdc clia chiing, tiic 12 tip hdp céc
tinh hudng.

Tiép theo, gia st P 1a mot tap hop bat ky cac két qua ctia trd choi (trong trudng hop clia chiing ta
12 van diu). Moi 4nh xa g : X — P dudc goi la thé thifc choi.

Cubi cung, gia st c6 ham luong gid ¢ : I x P — R. Cac gi4 tri thuc c(i, p) ctia n6 sé cho ta
biét ngudi choii € I sé phéi trd bao nhiéu tién cho van diu p € P. Cip (g, ¢) xéc dinh tro choi
& dang chuin.
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Can bing Nask va diém yén ngua: Tinh hubng x = (x1, X2, ..., Xn) X X1 X+ X X, = X
dudc goi 1a can bang Nash néu nhu sy thay ddi chién thuat bdi moi ngudi chdi i € I (nhung chi
mot ngudi) déu khong dem lai 16i ich cho anh ta, tiic 12 khong 1am gidm gia d6i vdi anh ta. Mot
hinh hinh thifc c6 thé viét thé nay: c(I, g(x)) < c(I, g(x)) véi moi nguoi chdi i € I va moi
tinh hudng X eXm moi toa do (chién thuat) clia n6 van gidng nhu clia x ngoai trir ¢ thé 1a
tai toa do I, nodi cach khac, chi co x; c6 thé khac x;.

Khai niém nay dudc dua ra ndi John Nash nam 1950. Trong trudng hop céc tro choi 2 ngudi véi
tong 0 can bang Nash c6 tén la di€m yén ngua. Khdi niém nay da ra doi tif 200 nim trude do.

Khac véi diém yén ngua, khai niém can bang Nash kha nhay cam ddi vé6i céc chi trich. Thong
thudng thi hai ngudi chai c6 thé thay ddi chién thuat cing mot lic va ca hai déu dodn. Hon thé,
thinh thoang diéu nay c6 thé xay ra vdi ca n ngudi choi. Tinh hubng can bing (trong cic chién
thuat thuan tiy) c6 thé khong ton tai néi chung. Va néu ton tai thi chin c6 thé c6 nhiéu. Hon ni,
khong chi 1a cac cin bang ma céc thanh todn cin bang ciing c6 thé c6 nhiéu. Piém yén ngua
khong c6 da sd nhitng di€ém yéu nay. Tuy nhién, d4 phd Nash khong phai 12 muc tiéu cta ching
ta (ching ta cling nho vé 5 giai Nobel).

Can bang Nash thuan nhit: Tinh huéng x € X dudgc goi 1a cn bang Nash thuin nhit néu nhu
n6 can bing khong nhung chi véi vi tri khéi diu da cho vg € V, ma véi moi vi tri két thic vy € V
khac.

Chiing ta sé quan tdm dén cac dinh ly ton tai can bang Nash (tic 1a giai dudc theo Nash) ctia cic

tro choi vi tri da dudc dinh nghia & trén (d6 phtc tap ctia bai todn toi danh gia bang sb diém toi

viét & trong ngoic).

Gia thuyét 1 (500). C6 phai ching moi tro chdi vi tri cho 2 ngudi déu giai dugc theo Nash?

Bai toan 1 (10). Hay chiing t6 ring, khong mét tinh tdng quét ta c6 thé gia st rang khong c6 cic

“chu trinh 0”, n6i chit ché hon 1a cc chu trinh c¢6 huéng véi tong gid dia phuong bang 0. Néi

cac khdc, c¢6 thé khong mét tdng quat gia st rang Z c(i, e) # 0 v6i moi chu trinh c¢6 huéng C
ecC

va v6i moi ngudi choii € I = {1, 2}.

Nhic lai 1a gia hiéu qua ctia moi van du c6 lip bang +o0o hodc —oo.

Day 1a mot gia thuyét hoan toan mdi. Vladimir Udalov da viét chuong trinh khang dinh gia thuyét

diing cho nhiéu d6 thi c6 huéng véi 10 — 18 dinh.

Bai toan 2 (25). Gia thuyét 1 khong tdng quat dugc 1én cho trudng hop 3 ngudi choi. Hay xay

dung vi du.

Dbi véi cac tro choi cho 2 ngudi vé6i téng bang 0 gia thuyét 1a ding nhung chiing minh rat phiic

tap. Hon thé, trong trudng hop nay c6 thé dua vao gid hiéu qua hitu han ctia mdi van dau p, két

thic bang “chu trinh 0” C, sao cho diém yén ngua ludn tdn tai (nhac lai rang theo dinh nghia

c(i, p) = +oo trong trudng hdp nay). Tuy nhién mot tai dinh nghia nhu vay khong don gian.

Bai toan 3 (70). Hay thii tim dinh nghia d6 va ching minh tinh giai dudc. Chiing té rang cac “cd

gang don gidn” khong qua dugc clra ndy. Vi du néu dit c(i, p) = 0 hay c(i, p) = Z c(i, e)

eep
thi c6 th€ khong c6 di€ém yén ngua. Hay xay dung vi du.
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Gia thuyét 2 (500). C6 phéi ching moi trd choi vi tri v6i n ngudi choi, trong d6 moi gid dia
phuong déu khong am déu giai dugc theo Nash?

Bai toan 3a (5). Chiing minh ring ta chi can xét trudng hop gia dia phuong 16n hon 0. Gia thuyét
nay chua dudc chitng minh ngay ca trong cac trudng hop “rdt riéng”.

Gia thuyét 2a (300). Thanh todn két thiic. Trong d6 gid hiéu qua ctia moi van diu lip dbi véi
moi ngudi choi bang +o0.

Gia thuyét 2b (400). Thanh toan két thic. Trong d6 van nhu ciing moi chu trinh déu tao ra ciing
mot két qui, NHUNG khong nhét thiét 1a két qua té nhit cho moi ngudi chdi. Thay vi diéu nay,
by gi¢ ta sé gia st rang mbi mot ngudi choi dé sap xép tit ca cac vi tri két thic va két qua chu
trinh mot cach tuy y.

Gia thuyét 2c (300). Truong hop hai ngudi chdi n = 2. Trong trudng hop nay ta gom hai Ménh
dé ctia gia thuyét 1 va 2 lai.

Bai toan 4 (100). Chitng minh rang trong trudng hdp hai ngudi choi va ham gia két thic Gia
thuyét 2 vén diing.

Két qui nay c6 thé dudc suy ra tif mot dinh 1y cii ciia tdi, nim 1975.

Theo dinh nghia, thé thic trd choi cho n ngudi g : X; x X, x --- x X, — P gidi dugc
theo Nash néu tro chdi tuong dng (g, ¢) c6 it nhat mot cin bang Nash véi moi ham ludng gid
c:IxP — R.Odayc(i, p)—giaciakét qui p € P chongudichoii € I.

Trong trudng hop 2 ngudi choi I = {1, 2} bén canh véi dinh nghia tdng quat vé tinh giai dudc ta
cling xét c4c tinh chit yéu hon: Thé thic choi hai ngudi g dudc goi 12 gidi dudgc d6i khang néu né
gidi dugc trong 16p cic trd choi véi tdng 0. Cubi cling g dudc goi la £ 1 gidi dudc néu né giai
dudc trong 16p céc tro choi 2 ngudi véi tdng 0, trong d6 ham lugng gid chi nhan 2 gid tri: +1 hay
—1.

Bai toan 5 (100). Chiting minh ring tit c4 ba tinh chét (gidi dudc, giai duge dbi khang va giai
dugc £1) la tuong duong.

Su tuong duong ctia hai tinh chit cubi cung t6i da chitng minh nhiéu nim truéc diy, vao
nam 1973, nhung con trudc d6 hon ntta, Edmonds, J.; Fulkerson da ching minh dudc. Ed-
monds, J.; Fulkerson, D. R. (1970), “Bottleneck extrema”, Journal of Combinatorial Theory
8 : 3(1970) 299 — 306. Rat dang tiéc, két luan clia bai toan 5 khong tdng quat héa dudc 1én cho
trudng hop trd choi 3 ngudi. Ta phat biéu diéu nay chit ché hon. Moi thé thiic choi n ngudi,
I ={1,,2, ..., n}co thé cho tuong ting véi n thé thiic chai cho 2 ngudi, trong d6 ngudi choi i
choivéi I \ {i} v6ii € I.

Bai toan 5a (50). Hay néu vi du mot thé thic choi véi 3 ngudi choi, khong gidi duge theo Nash,
sao cho 3 thé thiic choi 2 ngudi tuong ing véi nd gidi dudc.

Bai toan 5b (20) Hay néu mot vi du ngudc lai, mot tro chai 3 ngudi giai duge theo Nash nhung
céc thé thiic choi 2 ngudi tuong ting v6i né khong giai dudc.

Bai toan 6 (20). Hay ching td rang bai toan 4 c6 thé dua vé bai toan 5.

Bai toan 7 (15). Chiing minh ring can bing Nash ton tai néu nhu do thi G khong lip (khong c6
chu trinh ¢6 huéng).

Huéng dan: Hay st dung quy hoach dong. Trong 1y thuyét tro chai vi tri cdi nay goi 1 “quy nap
nguoc”.
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Két qua nay thu dudc bé Harold Kun (1952) va David Geil (1953) ngay sau khi Nash dua ra khai
niém can bang.

Bai toan 7a (20). Chiing minh rang véi cac tro choi khong ldp can bang Nash ton tai ngay ca
trong trudng hop cho phép c6 nhiing vi tri may man (trong dé dudc cho phan phdi xac suét). Tt
nhién, dé gidi dudc ca hai bai nay ta chi dugc 20 diém t6i da, chif khong phai 35.

Bai toan 8 (40). Chiing minh ring can bang Nash (di€ém yén ngua) ton tai cho cic trd chai vi tri
hai ngudi véi tong 0.

N6i riéng két qua nay dp dung cho cd vua va cd vay. Két qua nay Ernst Zermelo da bdo cdo trén
Pai hdi todn hoc thé gidi 1an thi 5 vao nim 1912. Bdo cdo ctia dng c6 tén “Vé itng dung ciia ly
thuyét tép hop vao co vua”.

Téi lIuu y rang la ngay trong trudng hdp nay, két qua c6 thé md rong, cho phép céac vi tri may
man. Tuy nhién diéu nay sé dua chiing ta di xa vé phia cac tro choi ngau nhién. Vi vdy sau nay ta
dé huéng nay qua mot bén, danh cho 1an khac.

Bai toan 9 (10). Ta quy udc két thic trd choi ngay tif 1an dau tién vi tri dugc lip lai. Va két qua
ctia tro choi chinh 1a chu trinh thu dugc. Hiy chiing minh ring trong trudng hdp nay do thi hitu
han c6 thé dugc thay thé bdi cay hitu han (trong d6 sé khong chi khong c6 cac chu trinh ¢6 huéng,
ma néi chung 13 khdng c6 chu trinh). Tai sao Gia thuyét 1 va 2 khong thé suy ra tii bai toan 7?

Bai toan 10 (15) Hay néu vi du tro chdi két thiic ctia hai ngudi choi trong d6 chi ¢6 1 chu trinh
va khong c6 can bang thuan nhit (chu trinh khong nhét thiét phai 1a két qua té nhét cho ca hai
ddi thd. M&i mot ngudi trong ho sap xép cac vi tri két thic va chu trinh mot cach tuy y).

Bai toan 11 (100) Hay néu vi du mot tro choi két thiic hai ngudi choi trong d6 khong c6 can
bang thuan nhit va chi cé diing mot chu trinh, 1a két qua té nhat cho ca hai dbi thi.

Bai toan 12 (25) Hay néu vi du tuong tu mot tro choi két thic 3 ngudi choi: Trong d6 khong ¢
cin bang thuin nhit va chi c6 mdt chu trinh 1a két qua té nhit cho ca 3 ngudi choi.

Céc vi du nhu vay dugdc xay dung cach day khong lau: Bai toan 11 vao ndm 2003, con bai toan
12 nam 2008. Tt nhién, trong tit ca 3 trudng hop (Bai toan 10, 11, 12) dbi v6i moi vi tri khéi
dau cb dinh, can bang ton tai. Néu khong thi Gia thuyét 2 da bi bac bo rdi.

32

https://tieulun.hopto.org



Tap chi online ctia cong dong
nhitng nguoi yéu toan

gpsi lon

MO RONG CAC BAI TOAN HINH HOC EUCLID THANH

CAC BAI TOAN HINH HOC CAU VA HINH HOC
LOBACHEVSKY - MOT PHUGNG THUC SANG TAO
CAC BAI TOAN MOl

Nguyén Ngoc Giang — TP Ho Chi Minh

TOM TAT

Sang tao cac bai toan mdi ludn 12 niém dam mé va dich t6i clia cac nha toan hoc.
Tuy nhién mot cau héi ludn dit ra 13, 1am thé ndo d€ phat hién dudc cic bai todn
m6i? D€ tra 16i cAu héi nay, chiing ta cin dén phuong phap phat trién va mé rong
cac bai toan. O bac dai hoc, chiing ta da dudc hoc mdt trong cic phucng phap nhu
thé, d6 1a phuong phép afin-xa anh. Tuy nhién, phuong phép afin-xa anh khong phéi
12 phuong phap duy nhét. C6 mot phuong phap con hay hon va hip dan hon phuong
phdp afin-xa anh, d6 12 phuong phap md rong cac bai toan hinh hoc Euclid' thanh
céc bai todn hinh hoc cau va hinh hoc Lobachevsky. Noi dung ctia phuong phap 1a
di tim va chiing minh bai todn téng quat ctia hinh hoc Euclid trong hinh hoc cau va
hinh hoc Lobachevsky. Trong bai bdo nay chiing ta sé tim hiéu cdc bai todn, cac khai
niém, tinh chit va so sanh ching bing ca ba thit hinh hoc. Pic biét, cac bai todn, cic
khai niém, tinh chit déu dudc nhin bang “con mat” Euclid nén dé hiéu, dé tiép nhan.

Trong hinh hoc cau, ban kinh ciu R cho ta biét mot diéu, ban kinh R cang 16n thi hinh hoc trong
pham vi d6 cang gan hinh hoc Euclid. Vi vy ban kinh mit ciu R con dugc goi 12 ban kinh cong.
Ngudi ta da chitng minh dudc ring 23 12 d6 cong toan phan khong ddi ctia mit cau va 2 1a

dd cong toan phan ctia mit phang Lobachevsky. Ta thém dAu trir d€ chi sy khéc biét v6i hinh
hoc Euclid. Hinh hoc Lobachevsky dién ra theo huéng ngudc véi hinh hoc cau so véi hinh hoc
Euclid. Hinh hoc Euclid (hai chiéu) 1a hinh hoc trén mdt mét phang cé d cong toan phan bang
khong. Nhu viy, hinh hoc Euclid 1 trudng hop gi6i han cta hinh hoc trén mot mit cau (khi
R — 00) va ciing 12 gi6i han ctia hinh hoc trén mot mit cong c¢6 do cong toan phan 4m khong

.. 1 .
doi Rz (khi R — 00).

Ta quy udc céc khdi niém thong thuong nhu duong thang, tam gidc, tiép tuyén, dudng tron, cung

'Ghi chii: Thuat ngit hinh hoc Euclid trong tiéng Anh 14 Euclidean Geometry. D6i chd van c6 tai liu ghi la
Euclide thay vi Euclid. O déy, dé théng nhit véi hai bai viét trong cling s6 Epsilon nay, ciing nhu phit hdp véi tén
tiéng Anh ctia nha toan hoc ling danh ngudi Hy Lap, chiing t6i chon tén Euclid va hinh hoc Euclid cho toan bo bai
viét. Chd thich cia Ban Bién tap.
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tron ... ma khong noi gi thém c6 nghia 1a cdc khdi niém nay J trong hinh hoc Euclid. Ta quy uGc
cdc khai niém dudng thang, dudng tron . .. trong hinh hoc Lobachevsky sé c¢6 thém ki hiéu L di
kém. Vi du dudng thang L — A, L — AB c6 nghia 1a dudng thang di qua A, dudng thing AB
trong hinh hoc Lobachevsky, duong tron L — (O; OA) la duong tron tdm O ban kinh OA trong
hinh hoc Lobachevsky. Pudng thang, dudng tron, .. . trong hinh hoc ciu s& ¢6 thém ki higu S di
kém. Vi du dudng thang S — AB c¢6 nghia la dudng thang A B trong hinh hoc ciu. Ta ciing quy

.. AB __AB . ( ﬁ)(ﬁ).ﬁ AB . .

udc sin —, tan — lan lugt la sin[ S — — |, tan{ § — — |; sinh —, tanh — lan luct la
R R R R R R

(=57l

sinh{ L — — |,tanh|{ L — — |].
R R

Ta quy udc cac muc 1.1, 2.1, 3.1, ..., n.1, ...1a cac khai niém, dinh 1i trong hinh hoc Euclid;
cac muc 1.2,2.2,3.2,...,n.2,...1a cac khai niém trong hinh hoc cau; cac muc 1.3, 2.3, 3.3,
..., 1.3, ...1a cac muc trong hinh hoc Lobachevsky. Sau day la cdc muc so sanh cac khai ni€ém,
tinh chét, hé thiic, dinh i cling nhu cach dung cic ddi tugng clia ba thit hinh hoc Euclid, cau va
Lobachevsky [4]:
1.1. Diém.
1.2. Piém nam trén mit cau.
1.3. Piém nam phia trén truc-x cho trudc.
2.1. Piém & vo tan (trong mit phang Euclid md rong).
2.2. Khdng c6 gi tuong ung.
2.3. biém thudc truc-x.
3.1. Khong c6 gi tuong ung.
3.2. Khong c6 gi tuong ung.
3.3. Piém nam phia dudi truc-x.
4.1. Puong thang AB.
4.2. Pudng tron 16n di qua A, B 1a giao ctia mit phang (OA B) véi mit cau chinh 12 dudng thang
S — AB.

4.3. Nita dudng tron c6 tam trén truc-x di qua A, B la duong thang L — A B. Céch dung nhu sau:
- Dung dudng trung truc cia doan A B cit truc-x tai O. Nita dudng tron (O; OA) di qua A, B 1a
ntia dudng tron can dung.

- Ntta dudng tron nay 1a duong thang L — AB
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5.1. Poan thang AB.

5.2. Cung AB (cung nhd) la doan thing S — AB.

5.3. Cung AB cla nia dudng tron c6 tam trén truc-x di qua A, B 1a doan thang L — AB.
6.1. o dai doan thang AB.

6.2. Do dai cung A B 1a do dai doan thing S — AB.

6.3. - Dung cung A B ciia nifa dudng tron c6 tam trén truc-x di qua A, B cat truc-x tai hai diém
évotan P, Q.

- Po d9 dai cac doan thang AP, AQ, BP, BQ.

AP/AQ
BP/BQ
-Pitd = |In(AB, PQ)| thi d 1a do dai doan thang L — AB.

- Goi t 56 kép ctia (AB, PQ) 1a (AB, PQ) =

B

D8

7.1. Binh 1i: C6 mot va chi mot dudng thiang qua mot diém va song song véi dudng thang cho
trude.

7.2. Khong c6 dudng thang song song trong hinh hoc ciu. Hai duong thang bét ki ludn cit nhau.
7.3. - C6 hai duong thang di qua mot diém va song song véi mot dudng thang cho trude.

- Hai duoing thang bét ki hoic 1a cat nhau, hoic 1a song song hoic 1a phan ki.

- C6 vo s6 dudng thang di qua mot diém va khong c6 diém chung v6i dudng thang cho trudc.
8.1. D9 16n géc ACB

8.2. - Cho hai cung tron CA,CB thudc cac dudng tron 16n cia mit cau.

- D9 16n clia gée tao bdi hai tiép tuyén CA’, CB' v6i hai cung CA,CB tai C 1a do 16n cia
S — ACB (hinh v¢).
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8.3. - Dung hai cung tron CA, CB 1a hai doan théng L — CA, L — CB. (Xem 5.3).
- Dung hai tiép tuyén CA’, CB’ véi hai cung tron tai C (BB’ LCB’, AA’LCA').
- D0 16n goc A’CB’ chinh1a do 16n L — ACB.

9.1. Dudng phan gidc CC CC’' cla a goc ACB.

9.2. - Dung goc S — ACB 1a A/CB/

- Dung phén gidc CC’ ctia géc ACB'.

- Durﬁgufdng tron 16n (OCD) qua C tiép xic v6i CC’ tai C thi CD la phan gidc clia géc
S — ACB.

9.3. - Dung géc L — ACB bing géc A'CB’ véi CA', CB’ dugc dung nhu 8.3.
- Dung phan gidc CC’ cta géc A'CB’.
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- Dung dudng thang d L CC’.
- d cit truc-x tai O'.
- Ntta trén cta dudng tron (O’; O'C) chinh 1a dudng phén giac CC’ cia L — ACB.

10.1. Pudng thang vudng géc véi dudng thang cho trude tai diém nam trén dudng thang.

10.2. - Pudng tron 16n di qua hai diém B, C 1a dudng thang S — BC.

- Goi A 1a diém nam trén dudng thang S — BC.

- Qua O dung dudng thang d vudng géc véi mit phang chita dudng tron 16n qua hai diém B, C.
- Mit phang (A4, d) cat mit cau theo giao tuyén la dudng tron 16n qua A. Pudng tron nay chinh
1a dudng thang L — A di qua A4 va vudng géc véi BC.

10.3. - Dung duong thang L — AB.
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- Goi O la tam dudng tron nam trén truc-x di qua hai diém A, B.

- Nbi OA.

- Goi O’ 1a diém trén truc-x sao cho O’A_LOA.

- Dung dudng tron (O’; O’ A) thi nifa dudng tron trén truc-x di qua A 1a dudng thing L — A cin
dung.

— /_ $ : .

11.1. Puong thang vudng géc v6i dudng thang cho trudc tai mot diém khong nam trén dudng
thang.

11.2. - Budng tron 16n di qua hai di€ém B, C 1a duong thang S — BC.

- Goi A l1a diém nam ngoai dudng thing S — BC.

- Qua O dung dudng thing d vudng goc véi mit phang chita dudng tron 16n qua hai diém B, C.
- Mit phang (A, d) cat mit ciu theo giao tuyén la dudng tron 16n qua A. Pudng tron nay chinh
la duong thang S — A di qua A va vudng géc véi S — BC.

11.3. - Dung dudng tron (O) di qua hai di€ém A, B ¢6 thm O trén truc-x. Nita dudng tron phia
trén truc-x nay la dudng thang L — AB.
- Dung duong tron (O; OC).
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- Dung qua O dudng vudng géc véi OC cit nita dudng tron phia trén (O; OC) tai F.

- OC, OF lan ludt cat duvng thang L — AB tai D, E.

- Dung qua E dudng thiang song song véi DF cit OC tai G.

- Goi O’ 1a giao cta dudng trung truc doan C G véi truc-x.

- Nita dudng tron (O’; O'C) phia trén truc-x chinh la dudng thang L — C di qua C va vudng
g6c v6i L — AB can dung.

12.1. Trung diém M ctia doan thang CD.

12.2. - Cho doan thang S — CD.

- Goi M’ 1a trung diém cta doan thang CD.

- Tia OM’ cit doan thang S — CD tai M thi M chinh Ia trung diém ctia doan thang S — CD.
12.3. - Goi dudng tron di qua hai diém C, D ¢6 tim nam trén truc-x 12 (O). Nita dudng tron phia
trén chita C, D chinh 1 dudng thang L — CD.

- Puong thang CD cit truc-x tai O’.

- Goi H 1a trung di€ém ctia 0O0’.

- Puong tron (H; HO) cit dudng thang L — CD tai M thi M 1a trung diém can dung.

C

13.1. Trung truc ctia doan thang CD.

13.2. - Dung trung di€ém M cia doan thang S — CD nhu cach dung 12.2.

- Dung dudng thing qua M vudng goéc véi S — CD tai M nhu cach dung 10.2.

13.3. - Dung trung diém M ctia doan thang L — CD nhu cach dung 12.3.

- Dung dudng thang L — M di qua M va vudng géc véi L — CD tai M nhu cach dung 10.3.
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14.1. Anh d6i xting A’ ctia diém A qua dudng thing di qua M va vudng géc véi AM cho trudc.
14.2. - Dung dudng thang S — AM; S —m vudng géc véi S — AM tai M.

- Dung dudng thing qua A vudng géc véi OM cat dudng thang S — AM tai A’. Thé thi 4’ 1a
diém sao cho cdc doan thang S — AM, S — A'M bing nhau, nghiala S — AM =~ S — A'M.

14.3. - Dung dudng thiang L — AM.

- Dung duding thang L — m qua M vudng goc v6i dudng thang L — AM nhu cach dung 10.3.
Puong thang L — m 1a nita trén dudng tron ¢ tm trén truc-x 1a O.

- Dung dudng thang OA cit duong thang L — AM tai diém A’. Thé thi A’ 1a diém can dung.

15.1. Buong tron tdm O ban kinh OP.
15.2. - Dung miit phang qua P vudng géc v6i dudng ndi tim mit cau va diém O. Mit phang
cat mit ciu theo giao tuyén la dudng tron trén mit ciu thi dudng tron nay chinh la dudng tron

S —(0; OP).
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15.3. Cho diém O va diém P. Dung dudng tron L — (O; OP).

- Dung dudng thang [ di qua O va vudng géc véi truc-x.

- Dung P’ 1a 4nh clia P qua dudng thang L — O vudng goc véi dudng thang L — OP tai O nhu
cach dung 14.3. Thé thi L — OP =~ L — OP’.

- Dung dudng trung truc doan PP’ cit/ tai O’

- Pudng tron (O’; O’ P) 1a dudng tron can dung.

;'-rf_,er
3’\\ A;'(\j-’t”_/'}‘.\

i l
Y

1

16.1. Pudng tron tim O c¢6 ban kinh R bing doan thang A B cho trudc.

16.2. Cho diém O va doan thang S — AB.

- Dung dutng trung truc S — d cia doan S — OA nhu cach dung 13.2.

- Ly diém P d6i xiing véi diém B qua mit phang chiia dudng trung truc S — OA.
- Pudng tron S — (O; OP) chinh 1a dudng tron can dung.
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16.3. Cho diém O, dung duong tron L — (O; OP) véi OP bang do dai doan thang A B cho trudc
L—OP =L —AB.

- Dung doan thang L — OA. Dung L — [ 1 dudng trung truc ctia doan thang L — OA nhu cach
dung 13.3 & trén.

- Dung dudng thang L — m qua B va vudng goc v6i dudng thang L — [ tai diém M.

- Goi P 12 anh ctia B nim trén dudng thang L — m di qua M.

- Pudng tron L — (O; OP) 1a dudng tron can dung nhu cach dung 15.3.

17.1. Binh 1i ham sb cosin: a? = b? + ¢ — 2bc cos A.
b b
17.2. Pinh 1i c6sin-S': cos 4_ COS — COS < + sin — sin < cos A. (Chiing minh: [2])
R R R R R

17.3. Pinh 1i c6sin-L: cosh 4 _ cosh — cosh < sinh — sinh < cos A (Chung minh: [1])
R R R R R
a b o

sinA _b sinB ~ sinC’

sin4  sin2  sin$
18.2. Pinh lisin-§: — & = — & = —__ R
sin A sin B sinC
sinh % sinh % sinh &

18.1. Pinh 1i ham sb sin:

18.3. Binh li sin-L: — = — = — .
) sin A sin B sinC
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19.1. Pinh li Phuong tich ctia mot diém dbi véi mot duong tron: Néu tir diém P ta ké hai cét
tuyén PMM’, PN N’ t6i dudng tron cat dudng tron tai cac cip diém M, M’; N, N’ thitacé
hé thifc

PM.PM' = PN.PN'.
19.2. Néu tir diém P ta ké hai cit tuyén S — PMM’, S — PNN' t6i dudng tron cit dudng
tron tai cac cap diém M, M'; N, N’ thi ta c6 hé thic:
PM PM’ PN PN’

tan ——. t =tan —.t .
an R an R an R an R

19.3. - Néu tir diém P ta ké hai cat tuyén L — PMM’, L — PN N’ t6i dudng tron cit dudng
tron tai cdc cap diém M, M’; N, N’ thi ta c6 hé thiic

PM PM’ PN PN’
tanh ——. tanh —— = tanh .tanh .
2R 2R 2R 2R

20.1. binh 1i Ménélaus.
20.2. biéu kién can va di dé ba diém A’, B’, C’ theo thd tu nam trén ba canh S — BC, S —
CA, S — AB ctia tam gidc S — ABC thang hang 1a

A'B ;. BC 'A
R Sin R S

AC’ B’A° C'B
SIDT SIHT Sll’lT

20.3. Piéu kién can va du dé ba diém A’, B’, C’ theo thi ty nam trén ba canh L — BC, L —
CA, L — AB ctia tam gidc L — ABC thang hang la

sin

A’'B B'C _: C’A
hT h == Sll’lhT

C'B
h R

sin sin

sinh % sinh B—I;A sin
21.1. Binh 1i Céva.
21.2. Piéu kién can va di d€ ba duong thang S — AA’, S — BB’, S — C C’ theo thi tu nbi cic
dinh A, B, C v6i cac diém A’, B’, C' nim trén bacanh S — BC, S — CA, S — AB ciia tam giic
S — ABC dong quy 1a

A’B B'C . C'A

sin R sin sin =g _
AC’ B’ C’'B
R R R

21.3. Piéu kién can va du dé ba duong thang L — AA’, L — BB’, L — CC’ theo thit tu nbi cic
dinh A, B, C v6i céc diém A’, B’, C' nam trén ba canh L — BC, L — CA, L — AB ciia tam giic
L — ABC dong quy 1a

sinh % sinh € sinh %

sinh % sinh BT?A sinh C%

22.1. Binh 1i ba duong cao.

22.2. Ba dudng cao trong hinh hoc-S dong quy.

22.3. Ba dudng cao ctia mot tam gidc trong hinh hoc-L dong quy nghia la ba dudng cao cung
thudéc mot chum. Piém dong quy c6 thé 1a mot diém thong thudng, diém 1y tudng hay diém & vo
tan. Cu thé la:
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- Néu hai dudng cao nao d6 cit nhau & mot di€ém O thi duding cao thi ba ciing di qua O.

- Néu hai dudng cao nao d6 phan ki thi dudng cao thi ba ciing phan ki véi ching. C4 ba nhan
chung mot dudng vudng goc.

- Néu hai dudng cao nao d6 song song v6i nhau vé mot phia nao d6 thi dudng cao thi ba ciing
song song vdi chiing vé phia do.

23.1. Pinh 1i ba dudng trung tuyén.

23.2. Ba dudng trung tuyén-S clia tam gidc-S dong quy.

23.3. Ba dudng trung tuyén-L clia tam gidc-L dong quy.

24.1. Pinh 1i ba duong phan giac trong.

24.2. Ba dudng phan giac trong-S clia tam gidc-S dong quy.

24.3. Ba dudng phan gidc trong-L clia tam gidc-L dong quy.

25.1. Binh 1i hai duong phan giac ngoai va mdt duong phan giac trong.

25.2. Trong mdt tam gidc-S, hai dudng phan gidc ngoai-S va duong phan giac trong-S thu ba
dong quy.

25.3. Trong mdt tam giac-L, hai duong phan gidc ngoai-L va duong phan giac trong-L thud ba
dong quy.

26.1. Dinh 1i ba duong trung truc.

26.2. Trong mot tam gidc-S, ba dudng trung truc-S dong quy.

26.3. Trong mot tam gidc-L, ba dudng trung truc-L dong quy.

Dé chitng minh mot dinh Ii trong hinh hoc Lobachevsky, ta c6 thé chiing minh dinh Ii trong hinh
\ .a b c

hoc cau nho cdc ham luong gidc cua cdc ti s0 TR R v,v,...V6ia,b,c ladbdai cdc doan

thing cdu. Bdy gio, trong chitng minh dé ta thay moi R bdng Ri thi ta lai duoc mot chitng minh

khdc cho phép ta khdng dinh, dinh Ii trong hinh hoc Lobachevsky ciing diing.

Bai toan 1. (Dinh ly Céva-L).

Diéu kién cdn va di dé'ba duong thing L — AA’, L — BB', L — CC’ theo thit tu ndi cdc dinh
A, B, C vdi cdc diém A', B',C' ndm trén ba canh L — BC,L — CA, L — AB ciia tam gidc
L — ABC dong quy la

. AB ... BC .:1.CA
sth sth sth _

. AC . 1. BA .1 CB
sth sth s1nhT

Loi giai. D€ chitng minh dinh 1i Céva-L ta sé di ching minh cho dinh 1i Céva-S. Trong chiing
minh dinh 1i Céva-S§, ta chi st dung cac ham lugng giac. Sau do thay R bdi Ri ta dugc ching
minh cho dinh li Céva-L.
Bai toan 2. (Pinh li Céva-S).
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Piéu kién can va dii dé’ba duong thiang S — AA’, S — BB', S — CC’ theo thit tw ndi cdc dinh
A, B, C vdi cdc diém A', B',C' nam trén ba canh S — BC,S — CA, S — AB ciia tam gidc
S — ABC dong quy la

o / . 4 .
S1n % S BC Sin

R
AC’

C’A
R — 1.
C’B
R

. . B'A .
s1nT Sin R Sin

Diéu kién can: Céc truong hdp dugc biéu dién nhu hinh vé

B A C
0
o
o
A
c
o] A
T T /S,
B' o]
. / . . ’
NP L, o . sindZ sin%8 sin4f
Tu cac hinh vé dang xét, bo qua viéc xét dau, ta co: — = va =

Coc sinBOA’  sinOA'B  sinCOA’
sin %= _— — .

— R (bdivicic géc S — OA'B va S — OA’C 1a bang nhau hoac la bu nhau).
in OA’B . ¢

sin

Tuong tu, ta co:

~ A’'B  sin %.sin@ .. AC sin OTC.sinC/OE
sin = ————vasin = —.
R SinOA'B R sin OA’B
. sin &= sin == sin BOA’
Tiep theo: — AI,QC = — ORC ——(1)
sin = sin == sin COA’
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Céc tam giac S — OCB’ va S — OAB’ cho:

’
BRC sin % sin COB/

= ——(2
sin B—RA sin % sin AOB’
C'A
sm— A0C
Cic tam gide S — AOC'va S — BOC': "o B S0k $mA9C7 5,
sin = sin =~ smBOC/

Nhan vé theo vé cac hé thiic (1), (2) va (3), ta co:

o P
sin ARB sin % sin CRA sin %. sin OTC. sin %. sin BOA’ sin COB’.sin AOC’

A'C B'A C'B — . . L . ——"
sin = sin 2%, sin == sin 2€ sin 24 sin 22 5in COA’ sin AOB’. sin BOC’
R R R
A'B .. BC ‘A
NGi cich khic: SR R R _ 1(4) (bdi vi cdc goc S — BOA',S — AOB': S
01 cac ac: YR 1 C'B (4) (boi vi cac goc S — , S — S —

R R R
COB',S — BOC';S — AOC’, S — COA' hoic d6i mot bang nhau hoic d6i mot bt nhau).
Hé thiic nay ta da ching minh ding trong trudng hop gia tri tuyét d6i. Bay gio ta can xét dau cia
no.
Trong trudng hop hinh vé dau tién bén trai, cac ti s6 & vé trai clia (4) déu Am, nén tich ching lai
la am.
Trong trudng hop hai hinh vé con lai, hai ti s6 trong ba ti s6 & vé tréi ctia (4) duong con ti sb con
lai 1a &m nén tich chung lai 1a am.

. 4
. e s1n% sm% sin £4
Cuoi cung ta c6 thé viet: — T — = —1.
. SIHT SIHT sin
Diéu kién du:
. 4
. o .. sin ARB sm% sin CRA
Gia st ta da c6 dudc hé thic: TR e —1(5)
sin T sin QR sin R

Goi O la giao diém ciia cac dudng thang S — AA’ va S — BB’. Goi giao diém cta S — CO véi
dudng thang S — AB 1a C”.

. / . 4 4
" s s . sm% sin BRC sin CRA
Ap dung diéu kién can ta co: = —1(6)
sin € gin B4 i €78
R_ R R
. 7 .
. . _ sin % sin €4
T (5) va (6) ta co: = ——(7)
. C//B . C/B
sin = sin =

Tir hé thic (7) ta c6 cac diém C’, C” trang nhau.
Thay R bdi Ri ta dugc chiing minh cho dinh 1i Céva-L. Viy ta da chiing minh dugc dinh 1i
Céva-L bing cach st dung chiing minh dinh li Céva-S.

Dé chiing minh bai todn trong hinh hoc Lobachevsky, ta cé thé sit dung mé hinh Poincaré dé dua
bai todn trong hinh hoc Lobachevsky vé hinh hoc Euclid. Sau do ta chitng minh bai todn hinh
hoc Euclid. Nhu thé ta da chitng minh dwgc bai todn trong hinh hoc Lobachevsky.
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Bai toan 3. (Dinh li Pascal Lobachevsky).
Cho 6 diém A, B,C, D, E, F ndm trén duong tron L — (0). Gid st L — ABN L — DE =
X:L-BCNL—EF=Y,L-CDNL-—FA=Z.Ching minh rdng X,Y, Z thing hang.

L&i giai. PE chitng minh dinh 1i Pascal-L, ta st dung md hinh Poincaré dé dua vé bai toan Euclid.
Bay gi0, ta ching minh bai todn sau

Bai toan 4. Cho 6 diém A, B,C,D,E,F nam trén duong tron (0). [ la duong thdng
bdt ki khong di qua tdim O.(O4), (OpEg), (Ogc), (Oer), (Ocp), (Or4) la cdc duong tron

co tam thuéc | va di qua A,B; D, E;B,C;E,F;C,D; F,A. Gid su (O4p) N (Opg) =
X,X,; (OBC)H(OEF) = Y, Y,; (OCD)H(OFA) = Z,Z/.Chb’[ngminhrc\ing X,X,; Y, Y’;Z,Z,
cung thudéc mot duong tron co tdm thuoc [.

Chiing minh cia Ngb Quang Duong. Goi U, V, W 1a giao diém cta AB va DE, BC va EF,CD
va FA.

D& thdy X X' 1a truc dang phuong ctia (O4g) va (Opg).

Phuong tich ctia U t6i (O4p) va (Opg) lan luct 1a UA.UB va UD.UE.

Do A, B, D, E dong vién nén UA.UB = UD.UE suy ra X, U, X’ thang hang va UX.UX' =
UA.UB = UD.UE.

Diéu nay din t6i phuong tich ciia U t6i (XX'YY’) va (O) bang nhau. Tuong tu, phuong tich
cia V t6i (XX'YY'), (O) bang nhau nén UV 1a truc dang phuong ctia (O) va (XX'YY').
Hoan toan tuong tu UV W la truc dang phucng ctia (YY'ZZ'), (ZZ'XX') vé6i (0).

Suyra (XX'YY"),(YY'ZZ'),(ZZ'XX') dong truc, hay 6 diém X, X', Y,Y’, Z, Z’ dong vién.
V6i nhan xét don gian 1a X, Y, Z va X', Y’, Z' dbi xiing nhau qua /, thi tim dudng tron di qua 6
di€ém nay thudc /.
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Nhan xét.
1. D€ cho thuén tién, tif gio trd vé sau ta goi dudng tron (XX'YY'Z Z’) 1a ”dudng tron Pascal”
cia 6 diémco thitu A, B,C,D, E, F.

2. Khi dudng tron (O) nam trén / va ta chi 14y cdc nia trén ctia cac dudng tron (O 4z), (Opk), (Opc),
(OEF), (OCD)» (OFA), (OXX’YY/ZZ/) va tuong giao cua Chﬁng (hinh vé)

thé thi bai toan 4 trd thanh bai todn 3. VAy ta di ching minh dudc bai todn Pascal trong hinh hoc
Lobachevsky.

Bai toan 5. (Pinh li Steiner-L).
Cho 6 diém A, B,C, D, E, F thuéc duong tron L — (O). Chitng minh rang cdc duong thing
Pascal-. ABCDEF,EDAFBC,CEFBAD déng quy.

D& chitng minh dinh 1i Steiner-L, ta st dung mo hinh Poincaré dé& dua vé bai toan Euclid.

Bay gig, ta ching minh bai toan sau trong hinh hoc Euclid

Bai toan 6. Trong mdt phdng cho 6 diém A, B,C, D, E, F thudc duong tron (0) va l la duong
thing khong di qua tam. Chitng minh rang “duong tron Pascal” ciia cdc bo 6 diém c6 thit tw
ABCDEF, EDAFBC,CEFBAD dong truc.

Chiing minh cia Ngé Quang Duong.
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A\ A /

A

[\ V:“

B
A\ SN
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r o F
U D

OY%h e
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Theo chiing minh ciia bai toan 4, dudng thang Pascal ctia ABCDEF 1a truc dang phuong ctia
(O) v6i duong tron Pascal cita ABCDEF .

Puong thang Pascal cia EDAFBC la truc dang phuong cia (O) véi dudng tron Pascal ciia
EDAFBC.

Pudng thang Pascal cia CEFBAD 1a truc dang phuong ctia (O) véi dudng tron Pascal ciia
CEFBAD.

Theo dinh ly Steiner, dudng thang Pascal cia ABCDEF, EDAFBC,CEFBAD dbng quy. Ta
goi diém dong quy 1a S. Vay nén S c6 cung phuong tich v6i 3 ”dudng tron Pascal”. 3 ”dudng
tron Pascal” c6 tdim thudc / nén néu liy m 1a dudng thang qua S vudng géc véi [ thi m 1a truc
déng phuong ctia 3 ”dudng tron Pascal”. Diéu nay ¢ nghia 1a 3 “dudng tron Pascal” dong truc.
Nhan xét. Khi dudng tron (O) nam phia trén dudng thang / va ta chi liy cdc ntia trén ctia tit ca
cac duong tron (trtt dudng tron (O)) nhu(O4p), (OpEg), (Opc), (Ogr), (Ocp), (OF4), ... va
tuong giao cua cac ntiia duong tron thi bai toan 6 trd thanh bai toan 5. Vay ta da chiing minh dugc
bai toan Steiner trong hinh hoc Lobachevsky.

Xudt phat ti bai todn trong hinh hoc Euclid, md réng bai todn thanh bai todn trong hinh hoc cdu
va hinh hoc Lobachevsky. Chii y su dung phuong phdp chiing minh Euclid dp dung cho chiing
minh hinh hoc cdu va hinh hoc Lobachevsky (néu dugc).
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Bai toan 7. (Bai T4/285 — Tap chi todn hoc va tudi tré).

Cho tam gidc ABC véi diém M ndam trong tam gidc. Cdc tia AM, BM,CM cdt cdc canh
BC,CA, AB tuong ung tai D, E, F. Goi K la giao diém ciia DE va CM, goi H la giao diém
ciia DF va BM . Chiing minh rdng cdc duong thing AD, BK, CH dong quy.

Ta chiing minh bai toan nhu sau

Ap dung dinh 1 Ménélaus cho tam gidc AM C (v6i b ba diém thang hang E, K, D) va tam giic
AM B (v6i bd ba diém thezmg hang F, H, D) tacé

KC EA DM 'HM DA FB

KM EC DA ﬁDMﬂ_l

KM EA DM HB _ FB DA(I)
] KC EC DA'HM FA DM o
Ap dung dinh li Céva cho tam giac A BC v6i bg ba duong thang dong quy AD, BE,CF:

Suy ra:

DC FB EA _
DB FA EC
DC FA EC
TH dé: o = ———.—(2)
DB FB EA
T (1) va(2) tacd
KM HB DC _
KC HM DB

Vay theo phan dao ctia dinh 1i Céva, BK, CH, M D dong quy. Hay AD, BK, CH dong quy.

Bai toan 8. (Md réng bai todn 7 trong hinh hoc cdu).

Cho tam gidc S — ABC véi diém M ndam trong tam gidc. Cdc tia S — AM,S — BM,S — CM
cdt cdc canh S —BC,S —