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LGOI NGO

Ban bién tap Epsilon

Epsilon s6 2 ra mat ban doc dung han vao ngay 13/4 da lam
cho Epsilon khong thudc vao doi nga cac Tap chi 1 s6. Tirc la
nhing tap chi don céng stic ra dugc s6 dau rat hay, rat toét
nhung cung la duy nhat.

Co6 s6 2 tuc la sé hy vong c6 sb6 3. Va ban doc dang doc s6 3 ciia
tap chi Epsilon - tap chi online ctia nhirng ngudi yéu toan.

Qua 2 s6 dau tién, chung ta vui mimng vi ngudi doc Epsilon dang
nhiéu 1én, ngudi biét dén va ing ho Epsilon nhiéu lén, ngudi viét
bai cho Epsilon ciing nhiéu lén. Trong budi udng bia trua 10/6
tai quan Hai Xom gan Vién Toan hoc, chung t6i cam thay vui
vui khi moi ngusi nhac dén Epsilon. “Hom trudc giap hoi anh
Nguyén Thanh Nam, cé néi chu vira ra t6 Epsilon. Truéc dé Ngo
B4o Chau cung cé néi anh ranh thi viét bai cho Epsilon” - GS
Pham Hiru Tiép, ngudi vira trinh bay chuyén dé & Vién toan néi
vGi t6i. “Anh ranh viét cho em luén bai Random walk di anh”,
“Chua biét anh c6 viét duge bai d6 khong, nhung chac sau tran
bia nay anh v6i chu di ramdon walk vé vién Toan”. Thay moi
ngudi ban tan rom ra vé Epsilon, PGS tré Pham Hoang Hiép,
nguoi vita dudc giai thudng Ta Quang Btru, con néi dua “Co khi
anh Dung phai ddi tén tap chi thanh 1/epsilon cing nén”.

N6i vui 1a thé, chit cong viéc ctia Epsilon thuc su la cong viéc
di gom nhing li ti d€ tao nén mot sdn pham nhoé ma y nghia,
dé ngusi doc luon c6 thé tim duge mot diéu gi d6 cho minh qua
mot so tap chi.

V6i suy nghi nhu vay, chung téi mong mudn, tran trong va ghi
nhan moi su déng gop dén tir cac tac gia. Epsilon hy vong su c6
mat ctia minh sé lam cho moi ngudi chiu khé viét bai hon. Cac
GS thi ¢6 gang nghién ctu cach viét don gian, dé hi€u d€ c6 thé
dén v6i s6 dong. Cac ban hoc sinh, sinh vién cang cbé gang viét
bai c6 chat lugng hon, c6 dinh huéng hon, bude dau lam quen

3

https://tieulun.hopto.org



Tap chi Epsilon, S6 03, 06/2015.

vOi phong cach nghién ctru va trinh bay bai bao khoa hoc. Cac
thay gido cting c6 dong luc hon trong viéc tong két cac chuyén
dé mot cach hé thong hon, thay vi cac bai viét nho véi cac y
tudng don 1é.

Epsilon s6 3 lan nay quy tu 14 bai viét chinh véi cac cha dé
phong phu: Cac bai viét ctia Vi Ha Van “Ma tran ngau nhién”
va Ngo Quang Hung “Vinh thuc va dinh thuc Pfaff” sé giGi thiéu
v6i ban doc nhiing van dé néng héi ctia toan hoc hién dai. Muc
lich st toan hoc sé danh cac trang viét ctia minh cho cac nha
Vat ly qua bai “Nhing triét ly séng ctia Einstein” do BBT suu
tam va “Thu cuia Kapitsa vé khoa hoc” do GS Pam Thanh Son
dich va gi6i thiéu. Muc Gidng day toan hoc lan nay cé bai ctia
GS Nguyén Tién Dung “Tu hoc 1a tét nhung c6 thay tét hon”.
Nguyén Qudc Khanh tiép tuc chuyén muc diém sach day hap
dan ctia minh qua bai “Pém truéc ctia nhiing ban thao sap in”.
bang Nguyén Dirc Tién thi tam gac chii dé vé nhiing chiéc ma
dé gisi thieu vé mot trong nhitng nha truyén ba toan hoc néi
tiéng nhat thé giéi — Martin Gardner. Chuyén muc Cac van de
c6 dién va hién dai sé gici thiéu chudi bai toan dém tam giac
(danh cho hoc sinh ti€éu hoc va THCS) va chuéi bai toan vé khéi
vuong Rubik (tir tro choi dén ly thuyét nhom).

Mang toan so cap, nhu thuong 1€ van rat rom ra véi bai viét rat
cong phu “Cuc tri tap hop” ctia thay Tran Minh Hién, mot tiéu
phdm xinh xinh ctia thay Nguyén Duy Lién xung quanh mot
bai toan thi IMO 2001. Cac hoc sinh chuyén toan dang chudn
bi cho céac ky thi HSG ctia nam hoc sau chac chan sé tim dugc
nhiéu diéu bé ich qua bai binh luan vé 4 bai con lai trong ky thi
chon doi tuyén Viét Nam 2015 ctia thay Tran Nam Dung.

Dac biét mang hinh hoc lan nay sé giéi thiéu mot chum hoa
dep gom ba bai viét do cac thanh vién ctia nhom Bai toan hay
— Loi gidi dep - Pam mé toan hoc (Vi Thanh Tung, Nguyén
Chuong Chi, Nguyén Ngoc Giang) phéi hgp cung bién tap vién
Tran Quang Hung va cac hoc tro (Nguyén Bao Ngoc, Trinh Huy
Vi). Nhiing bai toan va dinh ly xinh xan, nhing ching minh
nhu ao thuat chac chac sé lam hai long nhiing doc gia yéu
thich hinh hoc, con nhiing ngusi chua thich sé bat dau... thich.
Lam cho nhung ngudi da thich toan thém thich toan. Lam cho
nhiing ngusi chua thich toan bat dau thay thich toan. Néu hoan

4
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thanh dugc 10% nhiém vu doé thi nhung ngudi lam Epsilon qua
d6i vui mung.

Va sé lai ¢6 nang lugng d€ budc tiép.

Dbi nhiéu ngudi, ban sé di rat xa ...
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MA TRAN NGAU NHIEN

VU HA VAN
(Pai hoc Yale, My)

Loi gi6i thiéu

Ly thuyét ma tran ngau nhién c6 muc tiéu chinh la dua ra
nhing hi€u biét sau sac vé cac tinh chat da dang ctia cac ma
tran ma cac thanh phan ctia chung dugc chon ngau nhién tir
cac phan phoéi xac suat khac nhau.

Tir khi ra doi dén nay, ly thuyét ma tran ngau nhién da c6 nhing
phat trién manh mé, thuc ddy béi nhiing ting dung trong Thong
ké va Giai tich s6, Khoa hoc may tinh, Diéu khién téi uu, va dic
biét la cac iing dung trong Vat ly hat nhan.

O Viét Nam, ly thuyét ma tran ngau nhién la mot khai niém
tuong doi méGi. Nam 2009, ngudi viét 16i gidi thiéu nay, khi dang
day cho doi tuyén Olymic Toan ctia Viét Nam chudn bi cho ky
thi toan qudc té IMO 2009, da dan toan bo doi tuyén dén du bai
néi chuyén ctia GS Vi Ha Van vé Ma tran ngau nhién. Thu thuc
la mic du thay va tro déu chi hiéu 16m bém vé nhing diéu GS
Van noéi, nhung tat ca déu rat an tugng khi hang loat cac gia
thuyét da dugc Vi Ha Van cung Terence Tao chiing minh dugc
vGi toc do chong mat.

Trong Epsilon s6 3 nay, dudgc su dong y ctia tac gia, chung toi
trich giéi thiéu noi dung 3 chuong dau trong bai bao cao cua
GS Vi1 Ha Van tai Dai hoi Toan hoc Thé gisi 2014 (ICM 2014).
D€ giup doc gia c6 thé ndm bat dudc noi dung chinh, chung to6i
cb gang chu giai chi tiét nhat c6 thé, déng thoi dang nguyén ban
tiéng Anh dé déi chiéu. Vi day la linh vuc méi, it c6 tai liéu tiéng
Viét nén trong dich thuat c6 thé c¢6 nhiing ché chua chuan, rat
mong nhan dudc y kién dong gop ctia ban doc dé cac phan sau
dugc dich tot hon.

Ban Bién tap.
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Tém tat noéi dung

Trong bai viét nay, chuing ta sé trao déi vé mot sb bai
toan trong ly thuyét ma tran ngau nhién cé ban chat
to hop.

Ly thuyét ma tran ngau nhién la mot manh dat mau mé trong
toan hoc. Bén canh nhiing van dé noi tai tha vi, ma tran ngau
nhién déng moét vai tro quan trong trong nhiéu linh vuc nhu
Théng ke, Vat ly Toan, T6 hop, Khoa hoc May tinh...

Trong khao sat nay, chung toi tap trung vao cac bai toan co
ban chat t6 hgp. Cac bai toan nay dac biét thu vi khi cac ma
tran dugc lay mau tit mot phan phoi roi rac. Cac mo hinh thong
dung nhat la:

e (Bernoulli) M,: ma tran ngau nhién bac n ma cac thanh
phan la cac bién ngau nhién doc lap dong nhat theo phan
phoi Bernoulli (nhan cac gia tri +1 véi xac suat 1/2). Ma
tran nay doi khi con dudc goi 1a ma tran dau ngau nhién'.
Téng cong co tat cA N = 2" ma tran véi tat ca cac thanh
phan la +1, méi ma tran cé xac suat 1/N.

e (Bernoulli déi xting?) M™: ma tran doéi xing ngau nhién
bac n ma cac thanh phan trén va trong dudng chéo la
cac bién ngau nhién doc lap dong nhat theo phan phoi
Bernoulli. S6 ma tran déi xung véi thanh phan +11a M =
27(n+1)/2 ya mébi ma tran co6 xac suat 1/M.

e Ma tran ké ctia mot do thi ngadu nhién. V6i moéi do thi ta
c6 mot ma tran ké dinh nghia nhu sau: Gia st do thi G
c6 n dinh {1,2..,n}. Ma tran ké ctia G 1a mot ma tran doi
xung va tai vi tri ij ta viét 1 néu ij la canh ctia G va 0 trong
truong hdp ngudc lai.
Vé cac mé hinh doé thi ngau nhién. Trong bai viét nay, chung toi
xét trén hai mo6 hinh: Erdos-Rényi va do thi déu ngau nhién.
Chi tiét hon vé cac mo hinh nay, xem [6, 35].

Random sign matrix. Toan bd chu thich trong bai nay déu ctia Ban
Bién tap.
2Symmetric Bernoulli.

10
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e (Erdos-Rényi) Ta ky hiéu G(n,p) 1a do thi ngau nhién trén
n dinh, dudc sinh ra bang cach vé canh néi hai diém bat
Ky véi xac suat p mot cach doc lap.

e (D06 thi déu ngau nhién®) Do thi déu ngau nhién c6 n dinh
vGi bac d thu dude bang cach chon ngau nhién véi xac suat
déu trén tap hogp tat ca cac don do thi déu bac d* trén tap
cac dinh {1,2,...,n}. Ta ky hiéu do thi nay la G,, 4.

C6 mot chu y quan trong 1a cac canh cua G,, ; khong doc 1ap®. Vi
vay, mo6 hinh nay thuong kho nghién ctitu hon mé hinh G(n,p).
Ta ky hiéu A(n,p) 1a ma tran ké ctia do thi ngau nhién Erdds-
Rényi G(n,p), va A, 4 la ma tran ké ctia G, 4 tuong ung.

Vé Iy hiéu: Trong subt bai nay, n luéon duge gia si la rat I6n.
Cac ky hiéu tiém can® nhu o,0,0 déu dudgc hiéu khi n tién toi
vo cung. Ta viét A < B néu A = o(B). ¢ ky hiéu cho hang sb
chung’. Tat ca cac logarit déu la logarit tu nhién néu khong néi
khac di.

Bai toan td hdp néi tiéng nhat vé ma tran ngau nhién co 1é la
bai toan suy bién®. Goi p, 1a xac suat ma tran M, suy bién (mot
ma tran vuong suy bién néu dinh thic bang 0). Hién nhién la:

pn >27"

vi vé phai la xac suat dé€ hai dong dau ctia ma tran bang nhau®.

Vi ta c6 thé chon hai dong (cot) bat ky (thay vi chi chon 2 dong
dau) va co thé thay dau bang béi dau bang khi cung nhan véi

3Random regular graph.

4P6 thi déu bac d (d-regular graph) 1la dé thi ma moi dinh déu c6 bac bang
d. Vi du dé6 thi déu bac 0 c6 moi dinh déu la dinh c6 lap, do thi day da K, 1a
do thi déu bac n — 1.

SNghia la xac suat tén tai cia cac canh cia G,, 4 khong doc lap véi nhau,
trong khi xac suat & cac canh cta G(n,p) la doc lap.

6 Asymptotic notation.

"Universal constant. P6i khi van dugc dich 1a hang s6 phé dung hay hiang
s6 doc lap.

8Singularity problem.

9Ma tran c6 2 dong bat ky bang nhau c6 dinh thic bang 0.

11
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+119, ta ¢6 dudge can dudi tdét hon mot chut:

Pn > (4—0(1)) (Z) 27" = (% +o(1))" 2.1)

Mot gia thuyét dugce dat ra la:

Gia thuyét 2.1. [Gia thuyét vé suy bién] p, = (L + o(1))".

Gia thuyét 2.1 van la bai toan md, nhung ta c6 thé phat biéu
nhiing gia thuyét chinh xac hon (xem [4]), dua vao nhing "niém
tin" sau:

Hién twong I.!! Ly do chil yéu dé mdt ma tran ngau nhién suy
bién la su phu thudc ctia mét sé it hang/cot.

Thuc su thi ngay ca viéc ching minh p, = o(1) da 1a khong don
gian. Két qua nay lan dau tién duge chirng minh béi Komlés [38]
vao nam 1967 (trong phan 3 ctia bai nay, chung toi sé dua ra
mot ching minh ngan gon cho dinh ly Komlés). Sau d6 Komlos
(xem [6]) tim dudc chiing minh méi cho can trén: p, = O(n~'/?).
Trong mot bai bao quan trong, Kahn, Komlos va Szemerédi [37]
lan dau tién da dua ra dudc can trén theo ham mau:

Pinh 1y 2.2. p, < .999".

Lap luan ctia Kahn, Komlés va Szemerédi da dudc don gian hoa

béi Tao va Vi trong bai bao [66] nam 2004, dan dén mot can
trén tot hon 1 chut O(.958"). Sau do6 it 1au, cac tac gia nay [67]
két hop cach tiép can trong [37] v6i y tudng ctia cac dinh ly dao

(xem [71, chuong 7] hay [53]) da dat két qua rat quan trong:
Pinh 1y 2.3. p, < (3/4+ o(1))".

Khong dung lai & d6, Bourgain, Vi1 va Wood & bai bao [9] da
dung thém mot y tuéng vé khong gian c6 chiéu phan sb dé tiép
tuc cai thién can trén:

. 2 1
Pinh ly 2.4. p, < (7§ +o(1))".

10Nghia 1a ta c6 thé chon 2 dong (hoac cot) bat ky c6 cung tri tuyét doéi
thay vi bang nhau.

11( day tac gia ding "Phenomenon" nén chung toi déi dich 1a "Hién tugng'.
bay 1a mot cach dung la, vi né mang tinh truc giac nhiéu cho van dé dang
XEt.

12
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Hai phuong phap trén [67, 9] cho phép chung ta thu dudc cac
can trén cua p, truc tiép tir cac uéc tinh lugng giac don gian. Vi
du can trén 3/4 c6 dugc tu:

3 1
|cosz| < 1 + 100821‘,

trong khi can 1/v/2 thu dudgc tir
|cosz|? = 1 + 1COSQx
202 '

binh ly 2.2 § [9] da dua ra mot moi lién hé hinh thuc gita cac
udc lugng suy bién va cac udce lugng lugng giac. Cac lién hé
nay mac du chua thé dung dé gidi bai toan suy bién téng quat,
nhung c6 thé st dung dé uéc tinh kha chinh xac cac can trén
trong mot sé truong hop, chiang han nhu xac suat suy bién ctia
ma tran ngau nhién véi cac thanh phan (0, +1).

D€ két thiic muc nay, chung t6i dé cap dén mot cong cu rat httu
ich: dinh ly Littlewood-Offord-Erdés. Goi v = {vy,...,v,} la tap
hgp gom n s6 thuc Khac 0 va &, ...,§, 1a cac bién ngau nhién
Bernoulli doc lap phan bo dong nhat. Binh nghia S := " &,
va py(a) = P(S = a) va py = sup,cz pv(a).

Vao nhung nam 1940, Littlewood va Offord da dua ra cach uéc
tinh py (6 [45]) nhu thanh t6 ky thuat chinh trong cac nghién
cau cua ho vé nghiém thuc ctia da thic ngau nhién. Erdos,
bang cach cai thién két qua cta Littlewood va Offord, da chung
minh dinh ly sau ma chung ta goi 1a bat dang thiic qua béng
nhé Erdés-Littlewood-Offord (xem [53] d€ r6 hon vé cai tén nay).

Pinh ly 2.5. (Bat dang thic qua béng nhé) Gia st vy, ..., v, la
cac s6 thuc khac 0 va &, ..., ¢, 1a cac bién ngau nhién Bernoulli
doc lap phan bo dong nhat. Khi dé:

pv < (“;;f) = 0(n'?).

binh ly 2.5 1a mot két qua kinh dién trong t6 hgp va c6 rat nhiéu
nhiing mé rong va hé qua sau xa (xem [7, 34, 53], [71, Chuong
7] va cac tai liéu tham khao 6 d0).

13
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Pé doc gia c6 thé cam nhan dudc lam sao bat dang thiic qua
bong nho c6 thé co ich trong viec danh gia p,, ta xép cac dong
cua M, ting dong mot tir trén xuéng dudi. Gid st rang n — 1
dong dau la doc lap va tao thanh mot siéu phang véi véc-to
phap tuyén v = (vy,...,v,). Khi do, xac suat dé€ M, suy bién la:

PX -v=0)=P(&v +  + v, =0),
trong d6 X = (&,,...,¢,) 1a dong cudi cung.

Trong phan 3, doc gia sé thay mot ting dung cuia dinh 1y 2.5 dan
dén két qua gbc ctia Komlos: p, = o(1). D€ thu dugc cac danh
gia manh hon cac két qua 6 dinh ly 2.3 va 2.4, ta can thiét lap
cac dinh ly Littlewood-Offord dao, dua trén nguyeén ly téng quat
sau:

Hién twong II. Néu P(X - v = 0) la tuong dbi lén thi cac hé sb
v, ..., U, C6 MOt cau triic cong tinh manh.

Cac dinh ly nay dudc thuc day béi cac dinh ly d4o ki€u Freiman
trong t6 hop cong tinh'? ma viéc thado luan nam ngoai pham vi
ctia khao sat nay. Poc gia quan tam c6 thé xem chi tiét & [53].

Ta hay bat dau tir mot tinh chat don gian. Tit day vé sau véc-to
Bernoulli dudc hiéu 1a véc-to véi toa do +1.

Tinh chat 3.1. Cho H la khong gian con 1 < d < n chiéu. Khi
d6 H chtra nhiéu nhat 2¢ véc-to Bernoulli.

D€ thay diéu nay, ta chu y rang trong khong gian con d chiéu,
ton tai mot tap hop d toa do xac dinh cac toa do con lai'®. Tinh
chat nay suy ra:

—_

n— n—1

X 2
Pn < P(X;;1 € H;) < 221% <1l-—.

2n
1 =1

i

12Additive Combinatorics.
13Trong khong gian d chiéu, c6 thé dung d véc-to co sé dé biéu dién moi
véc-to trong khong gian do.
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Rat khong hay 1a diéu nay do6i nghich véi két qua chang ta mudn
chiing minh, nhung diing voi nan chi, man hay hay con 6 phan
sau! D€ thu dugc can trén o(1) mong muén, ta can ching minh
ring téng ctia mot sd hang tit cudi, chang han loglogn, khong
vugt qua (chang han) v Dé chiing minh diéu nay, ta sé st
dung tinh chat H; dugc sinh bdi cac véc-t6 ngau nhién.

B dé€ sau sé suy ra dinh ly Komlos thong qua dinh ly can hgp'*:

B6 dé 3.1. Cho H la khong gian con sinh béi d véc-to ngiu
nhién, trong dé d > n—loglogn. Khi d6 véi xac suat it nhat 1 -1,
H chita nhiéu nhat bg%%ﬂ véc-ta Bernoulli.

Ta noi rang tap hgp S gdm d véc-to 1la k-phé dung néu véi bat
ky tap k chi sé6 khac nhau 1 < iy,...,i, < n va bat ky tap dau
€1,..., €6, (6 = £1) nao, téon tai mot véc-to v thude S sao cho dau
cuia toa do thu i; ctia v bang ¢;, v6i moi 1 < j < k.

Tinh chat 3.2. Néu d > n/2 thi 1 — ! 1a xac suat thap nhat cho
tap hop gém d véc-to ngau nhién 1a k-phé dung véi k := logn/10.

D€ chiing minh diéu nay, ta chu y rang xac suat that bai, theo
dinh ly can hgp, sé khong vudt qua

n 1 1., _
<k)<1‘27>d§”k<1‘2—k> L

Néu S 1a k-phd dung, thi mot véc-t6 v khac 0 trong phan bu
truc giao ctia khong gian con sinh béi S sé c6 nhiéu hon k véc-
to khac 0 (néu khong, sé c6 mot véc-to trong S ¢6 tich trong!'®

14Union bound. Con dudc goi bat dang thiic Boole, phat biéu rang véi moi
tap hiru han hoac dém dudc thi xac suat dé it nhat mot su kién xay ra nho
hon tdng xac suat cua tat ca cac su kién, nghia la néu Fy, F,,... E,,... la
cac su kién thi:

P{3i: E; xay ra} = P{[j E;} < iP{Ei}

=1 i=1

G mot sb tai lieu union bound con duge goi 1a dinh ly téng xac suat.
15Inner product.
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duong v6i v). Néu ta co dinh véc-to v nay va gia st X la véc-to
ngau nhién Bernoulli thi theo dinh ly 2.5

1 1

P(X € Span(S)) <P(X v =0) = Olz) < g

va bo dé 3.1 cung dinh ly dugc chiing minh.
% ok ok
Phan bai viét sé dudc tiép tuc gidi thiéu 6 cac sé Epsilon tiép

theo. Chung t6i ciing dinh kém ban goc tiéng Anh dé ban doc
tién theo doi 6 phan sau.

16

https://tieulun.hopto.org



(Van H. Vu)*

Keywords. General mathematics, collection of articles.

Abstract. In this survey, we discuss several problems in Random Matrix theory of combinatorial
nature.

1. Introduction

The theory of random matrices is a very rich topic in mathematics. Beside being
interesting in its own right, random matrices play fundamental role in various
areas such as statistics, mathematical physics, combinatorics, theoretical computer
science, etc.

In this survey, we focus on problems of combinatorial nature. These problems are
most interesting when the matrix is sampled from a discrete distribution. The
most popular models are:

(Bernoulli) M,,: random matrix of size n whose entries are i.i.d. Bernoulli
random variables (taking values +1 with probability 1/2). This is sometimes
referred to as the random sign matrix.

(Symmetric Bernoulli) M ¥™: random symmetric matrix of size n whose
(upper triangular) entries are i.i.d. Bernoulli random variables.

Adjacency matrix of a random graph. This matrix is symmetric and at
position 77 we write 1 if 75 is an edge and zero otherwise.

Laplacian of a random graph.

Model of random graphs. We consider two models: Erdos-Rényi and random reg-
ular graphs. For more information about these models, see [6, 35].

e (Erdds-Rényi) We denote by G(n, p) a random graph on n vertices, generated
by drawing an edge between any two vertices with probability p, indepen-
dently.

*Yale University.
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e (Random regular graph) A random regular graph on n vertices with degree d
is obtained by sampling uniformly over the set of all simple d-regular graphs
on the vertex set {1,...,n}. We denote this graph by G, 4.

It is important to notice that the edges of G}, 4 are not independent. Because of
this, this model is usually harder to study, compared to G(n,p).

We denote by A(n,p) (L(n,p)) the adjacency (laplacian) matrix of the Erdés-Rényi
random graph G(n,p) and by A,, 4 (Ly,q) the adjacency (laplacian) matrix of Gy, 4,
respectively.

Notation. In the whole paper, we assume that n is large. The asymptotic notation
such as 0,0, © is used under the assumption that n — oco. We write A < B if
A = o(B). ¢ denotes a universal constant. All logarithms have natural base, if not
specified otherwise.

2. The singular probability

The most famous combinatorial problem concerning random matrices is perhaps
the ”singularity” problem. Let p,, be the probability that M, is singular. Trivially,

P >27",

as the RHS is the probability that the first two rows are equal.

By choosing any two rows (columns) and also replacing equal by equal up to sign,
one can have a slightly better lower bound

Y\, _n 1 n
oz (4= o) ()27 = (5 +o1)" )
It has been conjectured, for quite sometime, that

Conjecture 2.1. [Singularity Conjecture] p, = (3 + o(1))™.

Conjecture 2.1 is still open, but one can formulate even more precise conjectures
(see [4]), based on the following belief

Phenomenon 1. The dominating reason for singularity is the dependency between
a few rows/columns.

It is already non-trivial to prove that p, = o(1). This was first done by Komlds
[38] in 1967 and in Section 3, we will give a short proof of this fact. Later, Komlds
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(see [6]) found a new proof which gave quantitative bound p,, = O(n~'/?). In an
important paper, Kahn, Komlés and Szemrédi [37] proved the first exponential
bound.

Theorem 2.2. p(n) < .999™.

Their arguments were simplified by Tao and Vu in 2004 [66], resulting in a slightly
better bound O(.958"). Shortly afterwards, these authors [67] combined the ap-
proach from [37] with the idea of inverse theorems (see [71, Chapter 7] or [53] for
surveys) to obtained a more significant improvement

Theorem 2.3. p(n) < (3/4+ o(1))™.

With an additional twist, Bourgain, Vu and Wood [9] improved the bound further

Theorem 2.4. p(n) < (% +o(1))".

The method from [67, 9] enables one to deduce bounds on p,, directly from simple
trigonometrical estimates. For instance, the 3/4-bound comes from the fact that

] x] < 3 L 2x
Ccos 1 + 1 cos 2z,
while the 1 / ﬂ bound come from

1 1
|cosz|? = 3 + §COS2IL’.

[9, Theorem 2.2] provides a formal connection between singularity estimates and
trigonometrical estimates of this type, which, while not yet solve the Singularity
Conjecture, does lead to sharp bounds in other situations, such as singularity of
random matrices with (0,+1) entries).

To conclude this section, let us mention a very useful tool, the Littlewood-Offord-
Erdés theorem. Let v = {v,...,v,} be a set of n non-zero real numbers and
&1,...,&, be iid random Bernoulli variables. Define S := "7 | &v; and py(a) =
P(S = a) and py = sup,cz pv(a).

The problem of estimating py came from a paper of Littlewood and Offord in the
1940s [45], as a key technical ingredient in their study of real roots of random
polynomials. Erdés, improving a result of Littlewood and Offord, proved the
following theorem, which we will refer to as the Erdos-Littlewood-Offord small
ball inequality; see [53] for an explanation of this name.

Theorem 2.5. (Small ball inequality) Let vy, ..., v, be non-zero numbers and &;
be i.i.d Bernoulli random variables. Then
pv < 7“;/”% =0(n~'?).
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Theorem 2.5 is a classical result in combinatorics and have many non-trivial ex-
tensions with far reaching consequences (see [7, 34, 53], [71, Chapter 7] and the
references therein).

To give the reader a feeling about how small ball estimates can be useful in esti-
mating p,, let us expose the rows of M,, one by one from top to bottom. Assume
that the first n—1 rows are independent and form a hyperplane with normal vector
v = (v1,...,v,). Conditioned on these rows, the probability that M, is singular
is

P(XVZO) :P(flvl—l—-'-—i—gnvn :0),

where X = (&1,...,&,) is the last row.

In Section 3, the reader will see an application of Theorem 2.5 that leads to Komlos’
original result p, = o(1). In order to obtain the stronger estimates in Theorems 2.3
and 2.4, one needs to ebstablish Inverse (or structural) Littlewood-Offord theorems,
based on the following general principle

Phenomenon II. If P(X -v = 0) is relatively large, then the coefficients vy, ..., vy,
posses a strong additive structure.

These theorems are motivated by inverse theorems of Freiman type in Additive
Combinatorics, the discussion of which is beyond the scope of this survey. The
interested reader is referred to [53] for a detailed discussion.

3. A simple proof of Komlés’ Theorem

Let us start with a simple fact. Here and later Bernoulli vectors mean vectors with
coordinates £1.

Fact 3.1. Let H be a subspace of dimension 1 < d <n. Then H contains at most
2% Bernoulli vectors.

To see this, notice that in a subspace of dimension d, there is a set of d coordinates
which determine the others. This fact implies

n—1 n—1

p”SZP(XiJrl 6Hz‘)§22i_n§1—3

2n’
i=1 i=1

While this bound is quite the opposite of what we want to proof, notice that the
loss comes at the end. Thus, to obtain the desired upper bound o(1), it suffices to
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show that the sum of the last (say) loglogn terms contribute at most (say) —g—.
log!/3 n
To do this, we will exploit the fact that the H; are spanned by random vectors.

The following lemma implies the theorem via the union bound.

Lemma 3.1. Let H be the subspace spanned by d random wectors, where d >
n — loglogn. Then with probability at least 1 — %, H contains at most M;W
Bernoulli vectors.

We say that a set S of d vectors is k-universal if for any set of k different indices
1 <iy,...,ix < n and any set of signs €1,...,€, (¢, = +1), there is a vector v in
S such that the sign of the 7;th coordinate of v matches ¢;, for all 1 < j < k.

Fact 3.2. If d > n/2, then with probability at least 1 — %, a set of d random vectors
is k-universal, for k = logn/10.

To prove this, notice that the failure probability is, by the union bound, at most

n 1 1., _
Q)“‘zﬂdf"k“—zw Fen

It S is k-universal, then any non-zero vector v in the orthogonal complement of
the subspace spanned by S should have more than k non-zero vectors (otherwise,
there would be a vector in S having positive inner product with v). If we fix such
v and let X be a random Bernoulli vector, then by Theorem 2.5,

1 1

< Y
k1/2) = logn

P(X € Span(S)) <P(X -v=10)=0(

proving Lemma 3.1 and the theorem.
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psilon
Tap chi online ctia cong dong
nhitng nguoi yéu toan

VINH THUC

NGO QUANG HUNG
(Pai hoc Buffalo, My)

T6m tat néi dung

Vinh Thuec, dinh thuc, va dinh thac Pfaff 1a cac da
thuc da bién trén cac ma tran. Chung c6 lién hé mat
thiét v6i nhau, va c6 iung dung trong Vat Ly thong ke,
Kinh té hoc, toan Té hop, do phiic tap tinh toan, ly
thuyét dé thi, va thuat toan. Bai viét nay diém qua
lich st va chiing minh ctia moét so6 két qua lién két cac
déi tuong T hop ky thu nay.

Goi A = (a;;) la mot ma tran vuong n x n. Vinh Thitc! ctia A dugc
dinh nghia nhu sau:

Perm(A) = Z ﬁaiﬂ(i),

TESy 1=1

trong d6 S, la tap tat ca cac hoan vi ctia [n]. Nhu vay, cong thirc
tinh vinh thtc rat gibng cong thic Leibniz d€ tinh dinh thtc
cuia A, chi khac 6 diém duy nhat 1a ta khong nhan sgn(r) vao
méi s6 hang trong téng trén.

Ham vinh thiic ¢6 nhiéu tng dung. Vi du, mot van dé co ban
trong toan T hop la tim s6 cach lat mot hinh chir nhat véi cac
quan do-mi-no6 kich thuée 2 x 1. Méi cach lat hoan hao tuong
ung v6i mot bat cap hoan hdo? ctia dé thi luéi tuong ung. (Xem
hinh 3.1.) Lam thé nao dé ta dém tong s6 cach bat cap hoan
héo ctia d6 thi lu6i? Dé thay do thi luéi 1a d6 thi hai phan?. Gia

lPermanent. Sau thao luan véi cac anh Pham Hi Puc va Phung Ho Hai,
toi quyét dinh chon tit vinh thic dé dich permanent.

2Perfect matching. Con dudc goi la cap ghép hoan hao (ban Bién tap).

3Bipartite graph.
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st do thi hai phan nay c6 n dinh bén trai va n dinh bén phai.
(Néu mot bén ¢6 s6 dinh it hon thi ta thém vao cach dinh don 1€
cho hai bén bang nhau.) Sau d6, ta xay dung ma tran A = (a;;)
trong d6 a;; = 1 néu dinh i bén trai c6 canh dén dinh j bén phai;
va a;; = 0 néu khong c6 canh ij trong do6 thi. Khi d6, Perm(A)
bang dung tong sbé cac cach bat cip hoan hao ctia dé thi — va
noé cung la so6 cach lat d6-mi-né ma ta can tim.

Hinh 3.1: Lgp hinh chit nhat 8 x 5 bang cac hinh d6-mi-no 2 x 1,
va bat cap hoan hao tuong ung ctia d6 thi ludi.

Van deé tim s6 cach lat d6-mi-n6é khong phai 1a bai toan giai tri
hoac T6 hop thong thuong. Pay 1a mot van dé co ban trong Vat
ly théng ké va Hoa hoc trang thai ran [17, 16, 18]. Chung ta sé
quay lai v6i mo hinh dimer trong Vat ly dudi day.

Vinh Thitc khéi nguyén nam 1812, do cac nha Toan hoc ngudi
Phap Jacques Philippe Marie Binet va Augustin-Louis Cauchy
dinh nghia. Trong thé ky 19 da c6 khoang chuc nha toan hoc
nghién cttu cac dang thiic va bat dang thic lién quan dén vinh
thirc, bao gom Arthur Cayley va Thomas Muir ctia Vuong Quoc
Anh. Cai tén “permanent” c6 1€ bat ngudn tir Cauchy (1812),
nhung ngusi dau tién that su dung va lam “chét tén” no la
Muir (1882). Tuy nhién, cac nghién ctru vé vinh thuc chi that
su “néng” lén tit nhitng nam 1960 do cac dong gop ctuia toan
hoc Ha Lan.

1.1. Gia dinh van der Waerden

Nam 1926, nha Toan hoc ngudi Ha Lan Bartel Leendert van der
Waerden dat mot cau hoi 1a vinh thic nhé nhat cia mot ma
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tran ngau nhién kép* 1a bao nhiéu [35]. Truc quan cho thiay ma
tran J,, = %J c6 1é 1a ma tran c6 vinh thuc cuc ti€u. (Ma tran J
1a ma tran vuong n x n gém toan cac sb 1.) Tir d6, bat dang thuc
sau day dugc goi la gid dinh van der Waerden®:
n!
Perm(A) > — (3.1)

nn
vG6i moi ma tran ngau nhién kép A kich thuée n x n.

Van Lint [37] ké rang, nam 1969 c6 mot lan van der Waerden
dén du mot budi hoi thio vé toan T6 hgp. Ong von la dan Pai
s0, hau nhu it lam toan té hgp. Mot dién gia tré 1én bao bao
mot van dé lién quan dén gid dinh van der Waerden. Van der
Waerden gio tay 1én hoéi “gia dinh dé néi gi vay?” Cubi budi dién
gia xubng ... xem bang tén ngusi dat cau hdéi.

Van Lint, von 1a mot nha toan hoc cit khoi cung ngusi Ha
Lan, da truy van van der Waerden xem gid dinh nay c6 xuat
phat di€m tu dau. Van der Waerden nhé lai rang hdi 1926,
ong noi chuyén véi O. Schreier, va Schreier cho ong biét G. A.
Miller c6 ching minh rang c6 mot hé dai dién chung® cho cac
I6p ké’ trai va cac 16p ké phdi cia mot nhom con H ctia mot
nhom htru han G.

Van der Waerden quan sat rang bo cac 16p ké trai la mot phan
hoach (Ry,...,R,) cua G, trong d6 Ry U---UR, = G, va |R;| =
|G|/n v6i moi i € [n]. B0 cac 16p ké phai la mot phan hoach
(Ch,...,C,) cua G, cang thoa |C;| = |G|/n v6i moi j € [n]. HE dai
dién chung cho hai boé phan hoach nay la mét bo cac phan t
S=A{g1,...,9.} € Gsaocho |R,NS|=|C;NS|=1,v6imoii,j € [n].
Bay gio néu ta xay dung ma tran A = (a;;) trong d6 a;; = |R;NC}|
thi su ton tai ctia hé dai dién chung tuong duong véi phat biéu
Perm(A) > 0. Do tdng ctia cac hang va cac cot ciia A déu bang
|G|/n, ta “thutng hod™® A béng cach dat a; = 7. Khi d6 A
la ma tran ngau nhién kép. Ta c6 thé chiing minh Perm(A) > 0
dé dang bang dinh ly Koénig-Hall. Nhung mot cau hoi khac caung

4Doubly stochastic matrix. Mot ma tran vuong goi la “ngau nhién kép”
néu né khong am, va téng méi hang va méi cot déu bang 1.

5Van der Waerden conjecture

6Common system of representatives.

“Coset.

8Normalize.
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tu nhién khong kém la gia tri nhoé nhat Perm(A) c6 thé dat téi
la bao nhiéu. Pay chinh la nguon goc ctia gia dinh van der
Waerden.

Trong quyén “Permanents” (1978 [23]), Henryk Minc ghi rang
hoi 6ng nop mot s6 bai bao vé vinh thuc gitrta thé ky 20 thi c6
mot binh duyét vién noi rang “ché ra cai tén gi 16 bich thé"?
Gia thiét van der Waerden cudi cung cung dugc chung minh,
nam 1981, doc lap béi hai bai bao khac nhau ctia G. P. Ego-
rychev [8] va ctia D. I. Falikman [9]. C4 hai déu dung mot bat
dang thic hinh hoc goi 1a bat dang thitc Alexandroff-Fenchel
[1]. Egorychev va Falikman dudc gidi Fulkerson nam 1982 veé
bai nay. Nam 2006, Leonid Gurvits [11] ching minh mot bat
dang thuc rat téng quat véi ching minh ngan gon, bao gom
mot hé qua la binh ly van der Waerden.

Gia dinh van der Waerden noi vé chian dudi ctia vinh thirc ctia
mot 16p cac ma tran nhat dinh. Vé chan trén thi nam 1963
Minc [22] c6 mot gid dinh nhu sau. Goi A 1a mot ma tran 01,
nghia 1a a;; € {0,1} v6i moi i,j € [n]. Goi m; la s6 s6 1 trén
hang i cia ma tran, thi ta c6 Perm(A) <[], (m;!))/™. Nam 1973
Lev M. Brégman [4] ching minh dudc gia dinh nay, va bay gio
né thuong dudc goi la Pinh Iy Brégman.® Nam 1977, mot nha
toan hoc 16i lac khac ngusi Ha Lan, Alex Schrijver, trinh bay
mot ching minh cuc gon va thanh lich [28]. Ngoai ra, Schrijver
cling téng quat hoa dinh ly cho cac ma tran nguyén khong am.
Dudi day chung ta ghi lai ching minh cho trudong hgp ma tran
01 cta Schrijver.

Pinh 1y 1.1 (Binh ly Brégman). Goi A la ma tran 01 kich thuéc
n x n. Goi m; 1a s6 cac s6 1 trén hang i ctia A. Ta co,

Perm(A) < [ (mi)"/™. (3.2)

=1

Chitng minh. Cho mét cap i, € [n], goi A;; 1a ma tran dat dudc
bang cach bo hang i va cot j ra khoi A. Tir dinh nghia (va tir gia

9Pay cang chinh la Bréegman ctia phan ky Brégman (Bregman divergence)
trong xac suat thong ke.
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thiét A la ma tran 01), dé thay

Perm(A) = Z Perm(A;;), v6i moi i € [n]. (3.3)

Jiaj;=1

(Khai trién nay giéng nhu khai trién Laplace tinh dinh thtc.)
Do vé phai ctia (3.2) la mot cai tich, ta tht chan Perm(A) bang
cach chuyén vé phai ctia (3.3) thanh mot cai tich ctia cac ham
ctia Perm(A;;), roi sau d6 ap dung quy nap. Cach tu nhién nhat
dé€ chan trén tdng bang tich 1a diing bat dang thic Jensen. Cu
thé hon, tir tinh 16i cia ham zlnz trén mién = > 0, bat dang
thuc Jensen cho ta biét

t 4+t ti+--+t, tiInty + - -t Int,
— " |In <
m m m

Y

mién 1a t; > 0 v6i moi i € [m]. Tir d6, ta chan dugc téng bang
tich:
(tl 4t tm)t1+--~+tm S mt1+---+tmt§1 L tf;n

Va ciing dé thay ring bat dang thic nay dung véi moi t; > 0,

cha khong can t; > 0 nhu truée naa. Ap dung vao (3.3), ta dugc

mot chan trén cho Perm(A) ma vé phai 1a mot tich:
Perm(A)Perm(A) < mPerm(A) H Perm(Aij)Perm(Aij). (3.4)

7
Jiazi=1

Bat dang thic (3.4) dung v6i moi i € [n]. Budc tu nhién ké tiép
la ta nhan chung v6i nhau dé c6 vé phai déi xing, va dé cho cac
vé phai “trung hoa” 1an nhau khi kich thuéc chang khac nhau.
No6i cach khac, ta dung trung binh nhan ctia cac vé phai:

Perm(A)"Perm(A) < (Hmiperm(A)> : H H Perm (A ;)Perm(Ai)

i=1 i=1 jia=1

(3.5)
Phat trién tu nhién ké dén la ap dung bat ding thic (3.2) cho
Perm(A;;) bén vé phai. Tuy nhién, diéu phién phuc la cé ca
Perm(A;;) trén s6 mu — ap dung vao sé lam loan vé phai. Cho
nén, ta tim cach viét lai thira sé thi hai bén vé phai cta (3.5)
mot chut. Pinh nghia,

S = {7T S Sn | Qiz (i) = 1}
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Sy = {mesS|ni)=j}.

Tt dinh nghia cta vinh thuc, dé thay rang |S| = Perm(A) va
S;j| = Perm(A;;) néu a;; = 1. Pay la mot “dién giai t6 hgp” clia
ham vinh thtec. Ngoai ra, néu a;; = 0 thi |S,;;| = 0. Do dé, ta co
thé viét lai thita s6 thit hai bén vé phai ctia (3.5) nhu sau:

H H Perm(A; Perm(A”) = H H Perm(A |S”‘

i=1 j:a;;=1 =1 jia;;=1

= H H Perm(A |S”‘ H Perm(A |S”‘

i= 1](11]71 j:a;5;=0

= H H Perm(A |S”|

=1 j=1

Dbén day ta dung cai meo “dinh tri mot dai lugng bang hai cach”
cuc kij phé dung trong toan T6 hop. Trong vé phai § dang thiic
trén, véi moi cap (4,;) thi Perm(A;;) xuat hién |S;;| lan. Bay gio
tuéng tugng ta xay dung mot do thi hai phan ma cac dinh bén
trai la cac cap (i, ), va cac dinh bén phai la cac hoan vi = € S.
Sau d6, ta ndi dinh (i,;) bén trai véi dinh = bén phai néu va
chi néu 7(i) = j. V6i méi canh nhu vay ta cho “can nang” bang
Perm(A;;), thi cai tich []7, []}_, Perm(A;;)!¥s| chinh la tich ctia
can nang cua cac canh tudéng tugng no nhom theo cac dinh
bén trai ctia dé thi hai phan. Thé thi, mot cach khac dé nhoém
cai tich cac can nang nay lai véi nhau la nhém theo cac dinh
7 € S bén phai. Véi méi dinh 7 ta lay n canh ké vé6i né, dé la cac
canh noéi 7 véi cach dinh (i, 7(i)) bén trai. Nhu vay ta suy ra

H H Perm(A |S”| = H ﬁ Perm(Axq)).

i=1 j=1 meS i=1

Con thira s6 dau tién ctia vé phai ctia (3.5) thi dé viét lai thanh

n

H Perm(A) Hm|S| H ﬁmz

i=1 mes i=1
Dén day, ta c6 thé viét lai toan bo bat ding thic (3.5) 6 dang dé
chiu hon nhiéu:
Perm(A)”Pe"“(A) < H H m; - Perm(Air ). (3.6)

meS i=1
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Vé phai cuia (3.6) da rat can doi, dén luc ta ap dung gia thiét
quy nap dugc roi:

HPerm in(i)) <H H ((mk_l)!)l/(mk—l) H (my! )1/mk

=1 k#i k#i
Akr(i)=1 ARy (i)=0

(3.7)
Vé phai ctia bat dang thic nay tréong cé vé kinh di, nhung lai
c6 dang rat don gian. N6 1a tich “can nang” ctia cac cap i # k.
Can nang nay bang ((m; — 1))=Y néu a;,; = 1, va bang
(my!)/™ néu ay,; = 0. V& phai ctia (3.7) nhém cac tich nay theo
i. Ta ciing ¢6 thé nhom noé theo k (nhé dung cai dd thi hai phan
tudng tugng — bén trai la i, bén phai l1a k, va noéi (i, k) néu i # k).
Nhom theo & thi c6 cai 1gi 1a can nang ctia mot cap 7 # k chi phu
thuoc vao k. Luu y rang « € S, do d6 ay.x) = 1. Do d6, sb cac i
sao cho ¢ # k va ap.;) = 1 chinh la m;, — 1, va sO cac i sao cho
i # k va apr;) = 0 chinh la n — m;. Do d6, vé phai ctia (3.7) bang

n

I ((me = 1t (e ).

k=1

Két hgp véi (3.6) niia thi ta co

s < () o))

TeS k=1
- T (T )
mesS
nPerm(A
- (H(mk!)l/mk>
k=1
Do 1a ching minh tuyét voi ctia Alex Schrijver. ]

Tir thé ky 18, Gauss da cho chung ta biét cach tinh dinh thuc
trong thoi gian O(n?®). Chi khac nhau 6 cai dau, nhung vinh
thuc kho tinh hon dinh thic nhiéu. Nam 1979, Leslie Valiant
dinh nghia 16p do phuc tap #P va ching minh rang van dé

35

https://tieulun.hopto.org


http://www.math.washington.edu/~billey/colombia/references/valiant.permanent.1979pdf.pdf

Tap chi Epsilon, S6 03, 06/2015.

tinh Perm(A) ctia mot ma tran 01 1a van dé #P-kho [33]. Day la
mot trong nhitng céng trinh ¢t méc mang dén giai Turing nam
2010 cho Valiant. Ong ¢6 hai con trai la Greg Valiant (gidao su
khoa May tinh & Stanford), va Paul Valiant (gido su khoa May
tinh 6 Brown).

O day chung ta chi mo ta rat ném na két qua ctia Valiant. Mot
van dé quyét dinh'® 1a van dé ma cau tra 10i 1a c¢6 hoac khoéng
ton tai 16i giai. Lop P 1a 16p cac van dé quyét dinh ma ta c6 thé
tim 16i giai hoac tra 16i khong ton tai 16i gidi trong thoi gian da
thue. Vi du, cho mot dé thi G = (V, E), van dé bat cdap 16n nhat!'!
héi G c6 tap canh khong giao nhau c6 kich thudc it nhat k hay
khong. Pay la van dé quyét dinh, va thuat toan tré hoa'? cua
Edmonds nam 1965 giai n6 trong thoi gian O(|V|?) [7]. Lép NP
la 16p cac van dé quyét dinh ma viéc xac minh mot 16i giai cé
that su la 16i gidi hay khong c6 thé lam nhanh dudc trong thoi
gian da thuc, nhung viéc tim ra 16i giai thi chua chac. Vi du,
néu ai dé t6 mau mot do thi G va noéi “day la mot t6 mau hgp
lé duing 3 mau” thi ta dé dang kiém tra dudc trong thoi gian da
thuc xem ngusi d6 c6 thanh that hay khong. Nhung néu cho
trude do thi G thi ta khong biét cach nao dé tra 16i cau hai “co
ton tai cach t6 G dung 3 mau hay khong?” trong thoi gian da
thac. D€ thay rang P C NP, nhung ching minh P # NP la mot
cau hoéi trieu do. Hién nay, dé ching minh mot van dé quyét
dinh nao dé la khoé (nghia 1a khé c6 kha nang ton tai thoi gian
da thuc dé€ giai no) thi thudng la ta ching minh rang né kho
hon tat ca cac van dé trong NP. Cu thé hon mot chut, ta c6 thé
chung minh rang néu tra 16i duge cau héi “G c6 t6 bang 3 mau
dudc khong?” mot cach hiéu qua thi tat ca cac van dé trong NP
déu co6 thuat toan hiéu qua dé giai. Vi thé, van dé t6 3 mau la
van dé NP-kho.

Cac van dé quyét dinh la cac van dé tinh toan 1 bit thong tin:
bit 0 (tra 16i khong) hoac bit 1 (tra 16i cd). Pay la giai phap ky
thuat d€ chiing minh do khé. Nhung tat nhién cac van dé thuc
té khong chi 1a cac van dé ma output chi cé 1 bit thong tin. Vi
du ta can tinh xac suat ma mot mang may tinh la lién thong,
cho biét truée xac suat 16i ctia cac két nodi. Bai toan nay goi la

10Decision problem.
U Maximum matching. Con dugc goi 1a cap ghép cuc dai (ban Bién tap).
12Blossom algorithm.
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van dé do tin cay'® ctia mot mang. Hodc, ta can tinh Perm(A)
ciia mot ma tran A cho truéc. Ro rang la trén thuc té c6 hang
ti cac van dé nhu vay. Lép #P dudc Valiant dinh nghia dé nam
bat do kho ctia viéc tinh mot con sé (thay vi chi mot bit thong
tin): #P 1a 16p cac van dé ma cau tra 1oi la sé 0i giai ctia mot
van dé NP. Vi du, van dé tim s6 cach t6 do thi dung 3 mau hay
van dé tim s6 tap canh khong giao nhau véi kich thude n/2 1a
cac van deé trong 16p #P.

RO rang 1a néu ta dém dudgc so6 16i giai, thi ta s€ quyét dinh dugce
1a c6 16i gidi hay khong. Do d6, cac van dé trong #P kho hon cac
van dé tuong ung trong NP. Dém s6 cach t6 3 mau khé hon xac
minh xem c6 cach t6 3 mau hay khong. Dém s6 cach bat cap
hoan héo khé hon xac minh xem c6 cach bat cap hoan hao hay
khong. Tuong tu nhu NP-khé, #P-khé 1a 16p cac van dé ma -
néu ta giai dugc bat ky van dé nao trong 16p nay mot cach hiéu
qua, thi ta gidi dudc tat cd cac van dé trong 16p #P mot cach
hiéu qua, va do d6 ta ciing giai dudc tat cd cac van dé trong NP
mot cach hiéu qua.

Tom lai, mot thuat toan thoi gian da thic cho bat ky van dé
#P-Kho6 nao sé dan dén hé quéa la P = NP. Trong ngit canh ctia
bai viét nay thi diéu nay c6 nghia la rat khé c6 kha nang ton
tai mot thuat toan tinh Perm(A) trong thoi gian da thuc - cho
diu ma tran A 1la ma tran 01. Khong tinh duge hiéu qua thi ta
c6 hai chon lua tu nhién: mét 1a tim thuat toan xap xi né (trong
thoi gian da thtc), hai 1a tim 16p cac ma tran A ma van ton tai
thuat toan hiéu qua. Chon lua tha hai dan ta dén cau héi ctia
Polya va khai niém dinh thuc Pfaff. Tuy nhién, trudc khi thao
luan cau héi ctia Pélya va dinh thic Pfaff, ta cAn chudn bi mot
it kién thtrc nén vé hoan vi.

Cho hoan vi 7 € S,,. Ta c6 thé biéu dién 7 thanh dang mot do
thi ¢6 huéng, véi tap dinh [n], va canh (i, 7(i)). D6 thi nay 1a mot
tap hop cac chu trinh khong giao nhau, va cac chu trinh nay
phu toan bo [n]. (Xem hinh 3.2.)

13Reliability.
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Ly

T=(83612574)

Hinh 3.2: Hoan vi va cau trac chu trinh ctia né. Hoan vi nay cé
mot chu trinh chan.

Mot nghich thé'* ctia 7 1a mot cap (i, ;) sao cho i < j va «(i) >
7(j). Goi Inv(r) 1a tdng sb cac nghich thé ctia 7. Dau ctia 7 dugc
dinh nghia la

sgn(m) = (—1)"™),
Mot chuyén vi ké'® lahoanvim = (1 ---i—1i4+1i4i+2---n) véi
i € [n — 1] ndao do6; hoan vi nay thuong dugc viét 1a (i i + 1). Néu
ta hgp thanh 7 va mot chuyén vi ké (i ¢ + 1) thi ta dudc hoan vi

o=mo(iti+1)=(w(l)---7(i—1)w(i+1) w(i) (i +2)---mw(n)).

Moi hoan vi ¢ tuy y déu c6 thé dat dén titr mot hoan vi 7 tuy y
bang cach ap dung nhiéu chuyén vi ké. Diéu nay tuong duong
v6i thuat toan sap xép bong bong'®. Trong thuat toan sap xép
bong bong, ta dung chuyén vi ké dé phan tt nhé nhat trong
mot day sé cho trude “ndi” 1én dau tién, réi phan tit nhé nhi néi
lén vi tri tha nhi, van van. Nghia 1a moi hoan vi déu chuyén vé
hoan vi don vi dugc bang chuyén vi ké. Va nhu thé thi moi hoan
vi déu chuyén vé hoan vi khac dudc dung chuyén vi ké.

Dé€ thay rang sgn(c) = —sgn(w) néu ¢ 1a hgp thanh ctia 7 va mot
chuyén vi ké. Con chuyén vi ké thay déi ciu truc chu trinh ctia
mot giao hoan = nhu thé nao? Néu i va i + 1 nam trén cuing mot
chu trinh ctia 7, thi sau khi chuyén vi chu trinh nay sé bi bé
thanh hai chu trinh. Néu i va i + 1 nam trén hai chu trinh khac
nhau thi hai chu trinh nay sé dugc tron thanh mot chu trinh.

Hnversion. Con dudgc dich 1a cdap trat tu ngugc (ban Bién tap).
15Adjacent transposition.
16Bubble sort. Con dugc goi 1a sap xép néi bot (ban Bién tap).
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Cac khang dinh vira réi ciing dung cho chuyén vi bat ky (i j),
khong nhat thiét 1a chuyén vi ké. Tix do, ta chiing minh dudc
bai tap sau day, 1a mot bai tap co ban ctia toan T6 hgp dém.
Bai tap 2.1. Chung minh rang sgn(r) = (—1)¢™, trong d6 e(n)
la s6 cac chu trinh chan trong ciu truc chu trinh ctia 7. (Chu
trinh chan 1a mét chu trinh ¢6 mét sé chan cac dinh.)

Mot tinh chat thu vi nita ctia cac hoan vi 1a hai hoan vi lién hgp
c6 cau truc chu trinh giéng hét nhau. Cu thé hon, hoan vi 7 va
o goi 1a hai hodn vi lién hgp'” néu m = Tooo7~! v6i 7 la mot hoan
vinao do6. Vidu, néun = (ii+1)ooco (ii+1)"! thi cau trac chu
trinh ctia 7 va cau truc chu trinh ctia ¢ giong y nhau, chi déi
ché i va i + 1. Hinh 3.3 minh hoa diéu nay.

SRy

Hinh 3.3: Ciu truc chu trinh cia o0 = (5 T) oo (5 7)7!, 7 1a hoan
vi 6 Hinh 3.2

Nam 1913, George Polya [24] quan sat rang

a b a b

det [C d] = Perm [—c d] ,
nghia 14 v6i moi ma tran 2 x 2 thi c6 cach déi dau mot (vai)
phan tt cia ma tran dé€ bién vinh thiic thanh dinh thic. Polya
thac mac la diéu nay c6 dung véi moi ma tran hay khong? Cu
thé hon, cau héi ctia Polya nhu sau. Cho truéc mot ma tran
A = (a;;). C6 ton tai mot ma tran B = (b;;) sao cho b;; = +a;;, v6i
moi i,j € [n], va, v6i moi hoan vi = € S, ta cé

1 ¢y = sen(@) [ [ bince) (3.8)
i=1 i=1

17Conjugate permutations.
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Trong do, sgn(n) € {41, —1} la dau ctia hoan vi 7, da dinh nghia
trong phan trudc. Theo khai trién Leibniz thi

det(B) = > sgn(m) [ ] bis-
TESn =1
Do d6, néu ton tai ma tran B nhu trén thi Perm(A) = det(B). Tu
nay, ma tran B thod tinh chat nay s€ dugc goi la ma tran Polya
ciia ma tran A.

Cung trong nam do6, Gabor Szeg6!'® [31] tra 16i 1a khong, vi véi
moi n > 3 ludn ton tai mot ma tran n x n khong c6 ma tran Polya

tuong ung.

Bai tap 3.1. Goi J; 1a ma tran 3 x 3 gom toan cac so 1. Chiing
minh rang J; khong c6 ma tran Pélya. Dua vao do, chiung minh
rang v6i moi n > 3, ton tai ma tran n x n khéng c6 ma tran Pélya
tuong ung.

Cau hdi tu nhién tiép theo, cing la cau hoéi chinh ctia phan nay
cua bai viét, nhu sau:

Cau héi 3.2 (Cau hdi ctia Pélya). Ma tran A phai nhu thé nao
thi méi c6 ma tran Polya cho no?

Gia st A ¢6 ma tran Polya B. Thi ta c6 thé viét B = A oL 1a tich
Hadamard ctia A va mot ma tran L = (¢;;). Trong do6 b;; = a;;{;;
vOi m01 Z,] S [n], Eij S {—1,0,1}, va Eij 7£ 0 néu Q5 7é 0. T (38)
ta suy ra ma tran L phdi thod man tinh chat sau day. Néu
H?:l am(i) 7§ 0 thi

sgn(m) Hém(i) =1, (3.9)
=1

nghia la tat ca cac sé hang khac 0 trong khai trién Leibniz ctia
dinh thirc cia L déu bang 1.

Mot ma tran L véi cac phan tit trong tap {—1,0,1} duge goi la
ma tran khong ki di vé dau'® néu né thoa diéu kién la tat ca cac
s6 hang khac 0 trong khai trién dinh thiic ctia L déu c6 cung
dau, va ton tai it nhat mot s6 hang khac 0. Tap cac cap (i, j) sao
cho a;; # 0 dugc goi 1a gian tua®® ctia A. Phan tich vira roi cho
thay cau hoi ctia Pélya tuong duong véi cau hoi sau day:

18pglya thi khong can phai gici thiéu. Ban than Szegd cung la mot nha
Toan hoc 16n ngusi Hungary, da ting kém thém cho John von Neumann.

19Sign nonsingular.

20Support.
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Cau hoi 3.3. Cho truéc mot ma tran A, khi nao thi tén tai mot
ma tran L c6 cung gian tua nhu A, va L 1a ma tran khong ky di
vé dau.

Mot diéu rat thu vi la day 1a cau héi c6 ung dung trong Kinh Té
hoc, dudc chinh Paul Samuelson (Nobel Kinh té, 1970) dat ra
trong quyén “Nén tang ctia phan tich Kinh Té” nam 1947 [27].

D€ tim cach tra 16i cau héi 3.3, ta sdp xép noé lai thanh mot
bai toan T6 hop. Truée hét, xay dung mot dé thi hai phan G =
(RUC, E), trong d6 R = [n] 1a tap cac hang ctia A, C = [n] la tap
cac cot ciia A, va ¢6 mot canh (i,j) € E trong do thi G néu va
chi néu a;; # 0. M6i ma tran L c6é cung gian tua nhu A tuong
ung vGi mot phép gan cac hé s6 {—1,+1} vao cac canh cta do
thi G. Bat ké ta gan hé s6 nhu thé nao, khai trién dinh thtc
ctia L c6 mot s6 hang khac 0 néu va chi néu ton tai mot bat cap
hoan héo trong do thi G; tai vi méi sé6 hang khac 0 trong khai
trién dinh thuc tuong ung v6i mot bat cap hoan hao. Nhu vay,
khong mat tinh téng quat ta c6 thé gia sir 1a G c6 it nhat mot
bat cip hoan hdo. Bat cap hoan hao (néu co) ctia mot doé thi
hai phan G c6 thé tinh dudc biang nhiéu thuat toan, vi du nhu
thuat toan néi dai duong dan?! hoac thuat todan Hopcroft-Karp
[12] véi thoi gian chay 1a O(/|V(G)||E(G)|) = O(n®/?).

Goi 7™ € S, 1a mot bat cap hoan hao ctia G, nghia la cac canh
(i,m(7)) thudc vé bat cap nay. Néu ta xdo tron cac hang hoic cac
cot clia mot ma tran L thi ta khong thay déi tinh chat khong
ky di vé dau ctia n6. Do d6, khong mat tinh téng quat ta c6 thé
gid st 7(i) = i bang cach danh s6 lai cac dinh trong tap R. Con
ntta, khi ta nhan mét hang hoac mot cot bat ky cua L véi gia tri
—1 thi ta cang khong thay dai tinh chat khong ky di vé dau ctia
L. Do do, ta c6 thé gia st rang phép gan hé sb vao cac canh ctia
G gan so 1 cho tat ca cac canh (i,4) cta G.

Tiép tuc v6i hanh trinh sap xép lai bai toan. Bay gio ta xay
dung mot do thi ¢c6 huéng D = ([n], E(D)) bang hai budc: (1)
dinh hudng tat ca cac canh (i, j) € E(G), i € R, j € C, bang cach
ddi n6 thanh mot mai tén tir i dén j; va (2) sau d6 nhap dinh
i € Rva dinh i € C cia G lam mot. Sau khi lam diéu nay thi do
thi D c6 n dinh, méi dinh i ¢c6 moét cai vong?? 1a mot mai tén tré

21 Augmenting path algorithm. Con dugc goi 1a Thuat toan tim dudng tang
(luéng) (ban Bién tap).
22L00p
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tlr « dén 4. Tai vi, 6 trong G thi c6 mui tén tr i € R vao i € C.
Ngoai ra, moi hoan vi = € S,, sao cho (i,7(i)) € E(G),Yi € [n],
tuong tng v6i mot bo cac chu trinh khong giao nhau ctia do thi
D, va cac chu trinh nay pht toan bd cac dinh cta D. Mot tap
cac chu trinh (c6 huéng) nhu vay ctia D dugce goi la mot phu
chu trinh?3 cta D.

Tom lai, bai toan ctia ta da chuyén tir gan hé s6 {—1,1} vao cac
canh vo hudng ctia G thanh viéc gan hé s6 w : E(D)o{—1,1} vao
cac canh c6 hudng ctia D. VGi phu chu trinh 7, dinh nghia “can
nang” ctia no la

w(r) = sgn(r) [ w(i, = (i)).

i=1

(O day ta lam dung ky hiéu, va diing luén w dé ky hiéu ham can
nang cua cac phu chu trinh.) Va ta muén tim moét phép gan hé
s6 sao cho w(r) = 1, v8i moi pht1 chu trinh 7 cia D. That ra bai
toan chi doi héi cac s6 hang nay cung dau, nhung vi 7(i) =i la
mot trong cac phu chu trinh, va can ning ctia né bang 1, nén ta
biét tat ca cac can nang ctuia cac phu chu trinh déu phai bang 1.

Mac du1 da chuyén van dé tir ma tran vé van dé d6 thi phan nao
dé hinh dung hon, chung ta van tuyét nhién khong biét cach
nao dé€ (bang thuat toan) kiém tra xem c6 phép gan hé sé6 nhu
mong mudn hay khong. Vazirani va Yannakakis [40] lai sap xép
tiép bai toan nay.

Bo dé 3.4 (Vazirani-Yannakakis, 1988). Cho mot do thi c6 huéng
D = ([n],E) véi n vong (i,i) € E. Ton tai mot phép gan hé so
w : E6{—1,1} sao cho tat cd cac phu chu trinh ctia D déu cé
can nang bang 1 néu va chi néu ton tai mot phép gan hé sé
w : E6{—1,1} sao cho, v6i moi chu trinh C ctia D, thi c6 mot so
1é cac canh ctia C véi hé sb bang 1.

Chitng minh. Gia st ton tai phép gan hé s6 sao cho méi chu
trinh C ctia D déu c6 mot s6 1€ cac canh v6i hé s6 bang 1. Nhu
vay, mot chu trinh 1 ¢6 mot s6 chan cac hé s6 —1; va mot chu
trinh chan c6 mot s6 1€ cac hé s6 —1. Goi 7 1a mot phti chu trinh

23Cycle cover.
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bat ky ctia D. Tir Bai tap 2.1, ta biét sgn(7) = (—1)° trong do ¢ 1a
s6 cac chu trinh chan cua 7. Tit do, dé thay w(r) = 1.

Ngugc lai, gia st ton tai mot phép gan hé sb sao cho tat ca cac
phti chu trinh déu c6 can nang la 1. Goi C la mot chu trinh bat
ky ctia D. Néu ta lay C, cung véi cac vong (i,i) v6i moi i ¢ C, thi
ta c6 mot phti chu trinh 7. Néu C 1a chu trinh 1€, thi sgn(r) = 1 -
do 7 khong c¢6 chu trinh chan. Vi thé, phai c6 mot s6 chan cac
hé s6 —1 trén chu trinh C. Ngugc lai, néu C l1a chu trinh chan
thi sgn(m) = —1. Vi thé, phai c6 mot s6 1é cac hé s6 —1 trén C. [

Dén day thi van dé ro rang hon mot chut. Tuy nhién, ké ca khi
ai d6 cho ta mot phép gan hé soé thi ta cang khong biét cach
nao dé€ kiém tra mot cach hiéu qua xem phép gan hé sbé doé co
tot hay khong. Tai vi, téng s6 cac chu trinh ctia mot dé thi cho
trude c6 thé lam ham mu. Ta khong th€ di kiém tra tiing chu
trinh mot duge. Do 1a chua néi dén chuyén phai di qua tat ca
cac phép gan hé s6 {-1,1}.

Pinh nghia 3.5. Mot do thi ¢6 huéng D dugc goi 1a do thi chan
néu, véi moi phép gan hé s6 {—1,1} vao cac canh cta D, luon
ton tai mot chu trinh ctia D ¢6 mot sé chan cac hé so 1.

B4 dé Vazirani-Yannakakis & trén da cho ta biét cau héi cta
Polya tuong duong véi cau hoi kiém tra xem mot dé thi c6 huéng
c6 phai doé thi chan hay khong. Nam 1987, Paul Seymour va
Carsten Thomassen [29] nghién cttu cac ma tran khong ky di
vé dau, va da chung minh rang, tén tai mot do thi ¢c6 huéng H
sao cho D la do6 thi chan néu va chi néu H ¢6 mot chu trinh véi
mot s6 chdn cac canh. Va H c6 thé xay dung dudc tit D trong
thoi gian da thuc. Nhu vay, ta co

Pinh ly 3.6. Cau héi ctia Pélya tuong duong vé mat thuat toan
vGi bai toan xac minh xem moét do thi c6 huéng H c6 mot chu
trinh v6i s6 chan cac canh hay khong.

Chung minh dinh ly trén khong tam thudng, mac du cung
khong phai qua khé. Xem thém phan Chu Thich 6 cudi bai va
cac tham khao tir d6. Cau héi ciia Pélya da tré thanh mot cau
hoi rat ré rang vé mat té hop, nhung ta van hoan toan khong
biét cach tra 16i cau héi trong thoi gian da thtec.

Cudi cung, dén nam 1999 thi Robertson, Seymour, va Thomas
[26] thiét ké thuat toan tra 16i cau hoi nay trong thoi gian da
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thuc. Bai bao nay & t6 Annals of Mathematics. Nhu vay la sau
86 nam, cau hoéi cta Pélya da dugc tra 16i thoa dang. Khong
nhiing thé, nhu sé duge dé cap 6 phan téi ctia bai, cau héi nay
6 lién quan mat thiét dén mot doéi tugng dai sé tuyén tinh khac
— dinh thitc Pfaff — quyén ra khong kém dinh thitc va vinh thtec.

Cung nhu vinh thuc va dinh thuce, dinh thac Pfaff 1a moét da
thiic da bién, véi cac bién la cac phan tt cia mot ma tran
vuong. Trong phan nay ctia bai viét, toi sé giai thich tai sao
Dinh thuc Pfaff lien quan dén dinh thic, dén téng sé cach bat
cap hoan hao ctia mot do thi cho trude, va do dé lién déi dén
vinh thtc.

Goi n la mot sé6 nguyén duong chan. Goi F, la tap tat ca cac
phan hoach ctia [n] thanh n/2 cap s6. Nhu vay, méi thanh vién
F € F, lamoét tap n/2 cap (i,7), i < j, sao cho tat ca cac sb trong
[n] diéu thudc vé mot cap nao dé6 ctaa F. Hai cap (i, j), (i, 5) € F
dudc goi 1a hai cap cat nhau®* néu

i<i<j<j.

Don gian 1a néu ta vé hai cung tir 7 dén j va tir i’ dén 5’ thi chung
cat nhau, nhu hinh sau day.

Goi y(F) la téng sb cap cat nhau trong F.

binh thuc Pfaff dudc dinh nghia nhu sau. Goi A = (a;;) 1a mot
ma tran phan xitng®®, nghia la A = — A7, thi dinh thitc Pfaff caa
A, ky hiéu 1a Pf(A), dugc dinh nghia la

Pf(A) = Z (_1)X(F) H ij. (3.10)

FEFn (ij)eF

24Crossing.
25Anti-symmetric, ciing goi 1a skew-symmetric
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Bai tap 4.1. C6 mot cach khac dé dinh nghia “dau” ctia mot
thanh vién F € F,. Gid st F = {{i1,j1}, - {inj2, jnj2} }. trong do
iy < je voi moi ¢ € [n/2]. Goi 7 1a hoan vi sau day

7T_1234---n—1 n
g1 f2 J2 vt dps2 Jng2

Chimng minh rang (—1)X¥) = sgn(7). (Trong mot sé sach ban doc
sé thay ho dung sgn(r) thay vi (—1)X") @€ dinh nghia dinh thtc
Pfaff.)

Theo quyén “Ching minh va khang dinh”?® ctia David M. Bres-
soud [5] thi cac tong dang dinh thuc Pfaff xuat hién dau tién
tt mot bai bao ctia Johann Friedrich Pfaff tit nam 1815. Ong
mo ta mot phuong phap giai mot hé 2n phuong trinh vi phan
bac nhat bang cach dung bién va phuong trinh phu trg. Cac
phuong trinh phu trg nay gom téng ctia mot sé ti 1é ma tir s6 la
cac dinh thtc Pfaff. Luc do6 Pfaff da gan 50 tudi, va cong trinh
cuia 6ng cung khong duge doc rong rai cho dén khi Carl Gustav
Jacob Jacobi viét mot bai vé phuong phap cua Pfaff. Dinh thic
Pfaff lién hé mat thiét dén cac ma tran phan xing. Cac nguoi
khong 16 Poisson, Lagrange, Laplace, va Monge da lam viéc véi
cac ma tran nay trong ntta dau thé ky 18. Nhung phai dén Ja-
cobi mdi nhan ra dugc lién hé gitta dinh thuc Pfaff va dinh thuac
clia mot ma tran. Ma ké ca nhu vay, thi cing phai cho dén
Arthur Cayley (1847) thi ngusi ta méi biét dén dang thic quan
trong det(A) = Pf(A)2. Trén Wikipedia thi néi dang thiic nay do
Thomas Muir chiing minh trong quyén sach ctia ong vé dinh
thic nam 1882. Nhung toi tin Bressoud dung! Duyét nhanh
qua quyén sach ctia Muir thi hoi khé khang dinh vi 6ng khong
viét theo ki€u ai da chiing minh cai gi.

Chung ta chiing minh dang thiic nay & day dung phuong phap
t6 hop ctia John Stembridge [30]; day 1a mot bai bao that su la
tuyét hao trong toan té hgp dém.

Pinh 1y 4.2 (Cayley, 1847). Goi A la mot ma tran phan xing
n x n v6i n chan. Ta cé,

det(A) = Pf(A)2.

26Proofs and confirmations
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Chitng minh ctia John Stembridge. Truéc hét, chung ta viét lai
vé trai ctia dang thuc trén diing thém kién thic 1a A 1a ma tran
phan xtng. Khi ta khai trién dinh thitc

det(A) = 3 san(m) [T airs

thi s€ c6 nhiéu cap s6 hang bu trir lan nhau vi A la ma tran
phan xting. Cu thé hon, gid st ¢6 mot chu trinh C ctia 7 1a chu
trinh 1é (nhu chu trinh (1 8 4) trong Hinh 3.2). Goi 7’ 1a hoan
vi ¢6 cac chu trinh giong hét nhu 7, ngoai trir chu trinh 1é C bi
ddo chiéu. Khi d6, sgn(m) = sgn(n’), va [\, @iy = — [Ty @imi)-
Nhu vay hai s6 hang tuong tng v6i © va «’/ bu trit 1an nhau. Ta
c6 thé bat cap cac hoan vi trong S, bang cach nay. Néu 7 c6 mot
chu trinh 1€, thi ta lay chu trinh 1€ c6 chia sb bé nhat trong cac
chu trinh 1¢, ré6i dao chiéu chu trinh 1é nay d€ lay =’. Day la mot
bat cap hoan hdo gitta cac hoan vi ¢6 (it nhat mot) chu trinh 1€.
Do do, goi E, C S, 1a tap tat ca cac hoan vi ctia [n] véi toan chu
trinh chan, ta co

det(A) = Y (=1 ] aino- (3.11)
TEE, i=1

(Nhé rang, nhu da dinh nghia trong Bai tap 2.1, e(r) la s6 chu
trinh chin ctia 7.) Bay gio ta viét lai vé phai clia dang thiic can
chiung minh.

PRAY = | >0 [ || 0 [T aw
(

FeF, 1,j)EF FleF, (i',4")eF’

_ Z (_1>X(F)+X(F’) H ai | - H iy

(B FNEFn X Fn (i,j)eF (i j))EF'
= Y. )OI gy
(FF)eFnxTFn (4,§)EFUF’

Ké hoach la tim mot song anh gitta E, va F, x F, sao cho, véi
moi 7 € FE, c6 duy nhat moét cap (F, F’) tuong tng (va ngudc lai)
dé c6 dang thiic sau day la xong:

n

(_l)e(ﬂ) H iz (i) = (—1)X(F)+X(F/) H Ajj- (3 12)

i=1 (1.4)EFUF’
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Tim mot song anh gitta £, va F, x F, la diéu rat dé hang. Mot
cap (F,F') € F, x F, 1a mot cap (c6 thut tu) bat cap hoan hao
cac sob trong [n]. Ta goi cac canh cuia F' la canh xanh va canh
cua F’1a canh d6. C6 tat ca n/2 canh xanh, n/2 canh do, va tap
cac canh cung mau la mot bat cap hoan hao. Khi ta vé ca cac
canh xanh va do6 vao cung mot do thi véi [n] 1a tap dinh, thi moi
dinh c6 bac bang dung 2. Cu thé hon thi méi dinh ké véi mot
canh xanh va mot canh dé. Do dé, tap n canh nay tao thanh
mot phti chu trinh ctia [n]. Méi chu trinh trong pht chu trinh
nay co6 chiéu dai chan, vi néu ta di vong theo méi chu trinh ta
gap cac mau xanh va dé luan phién nhau.

Cho dén day thi ta van chua duge mot hoan vi vi phti chu trinh
nay chua c6 huéng. Bé dinh huéng cho méi chu trinh thi ta
bat dau tir dinh nhé nhat ctia chu trinh, va di theo canh xanh
trude. D€ thay day 1a song anh, vi cho truéc mot phti chu trinh
7 € E,, talam ngudc lai: di tit dinh nhé nhat ctia méi chu trinh,
va t6 mau xanh dé thay phién nhau cho cac canh. Hinh 3.4
minh hoa song anh nay. Ta goi song anh nay la song anh Stem-
bridge.

OoJoNGBoRONOBGEC

Tuong tng véi hoanvim = (541276 8 3)
Hinh 3.4: Song anh giua £, va F, x F,

Nhu vay, diéu duy nhat con lai dé chiing minh 1a chitng minh
rang sgn(r) c¢6 cung “dau” véi cap anh (F, F’) clia né6 trong song
anh Stembridge. V6i 7 € E,, goi r(r) = {i | n(i) < i} thi dang thic
can ching minh (3.12) tuong duong véi

e(m) +r(m) = x(F) + x(F") (mod 2). (8.13)

Vi du, dang thiic nay tat nhién la dang véir = (2143 ...nn—1)
vi khi d6 e(7) = n/2 va r(r) = n/2.

Bay gio gia st (3.13) dung v6i mot hoan vi 7 nao doé, ta chuang
minh 1a n6 cang dung véi hoan vilien hopo = (i i+ 1)omo (i i+
1)~!. Goi (F, F’) 1a &nh ctia 7. Ta phan biét hai truong hgp:
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e Néu i va i+1nam ké nhau trong ciing mot chu trinh cta ,
thi hoan chuyén i va i + 1 ta sé thay déi r(r) mod 2, nhung
gitt nguyeén e(7). Khong kho dé€ thay riang ta cung thay doi
hoac 1a x(F) mod 2 hoac 1a x(F’) mod 2, nhung khong thay
ddi ca hai. Vi du, néu gitra i va i +1 c6 mot canh mau xanh,
thi hoan chuyén vi tri cia i va i + 1 sé khong thay déi so
diém cit nhau ctia cac canh mau xanh. Con i va i + 1 sé
ké v6i hai canh mau dé khac nhau. Néu chung khong cat
nhau thi sé cat nhau sau khi hoan chuyén, va néu chung
da cat nhau thi sé khong cat nhau sau khi hoan chuyén.

e Néu i va i+1 khong nam ké nhau trong cung mot chu trinh
ctia 7 thi hoan chuyén i va i + 1 sé gitt r(7) (va e(r)) nguyén
trang; nhung 1an nay ca y(F) va x(F’) déu thay déi.

Nhu vay, dé chiing minh (3.13) dang cho , ta chi can chiing
minh (3.13) dang cho ¢ — mién la ta c6 thé chuyén = thanh o
bang (nhiéu 1an) déi ché hai s6 nguyén lién tiép. Ma bang cach
ddi ché hai s6 nguyén lién tiép thi ta c¢6 thé chuyén = thanh
mot hoan vi ma chu trinh th nhat ¢, chia cac s6 nguyén nho
nhat {1,2,...,|C1|}, chu trinh thu hai chta cac s6 nguyén ké
tiép, theo cung tha tu, van van. D€ thay rang (3.13) dung véi o
thoda tinh chat nay. O

Goi A = (a;;) la ma tran ké?*’ ctia mot do thi vo hudng G = (V, E),
nghia 1a a;; = 1 néu ij la mot canh. Mbi s6 hang (- 1)) [, ai
cuia khai trién dinh thiic Pfaff ctia A khac 0 néu va chi néu F
la mot bat cap hoan hdo cua G. Tiéc la A 1a ma tran déi xung
chit khong phai ma tran phan xting. Nam 1961, cac nha Vat ly
Pieter Kasteleyn [14, 15] (ngusi Ha Lan), Harold Neville Vazeille
Temperley va Michael Fisher [32] (ngudi Anh) nhan ra mot y
tudng don gian. Gia st ta dinh huéng cac canh ij cua G, va
gan a;; = 1 néu i6j con a;; = —1 néu joi, thi ma tran A cta dinh
hudng ctia G la ma tran phan xung. Khi dé, néu ton tai mot
dinh huéng ctia G sao cho tat ca cac s6 hang khac 0 ctia khai
trién dinh thuc Pfaff ctia A déu c6 cung dau, thi khi d6 Pinh
Ly 4.2 sé cho ta cach dém nhanh s6 cac bat cap hoan hao ctia
do thi G dung dinh thire! Mot dinh huéng ctia G thoa tinh chat

27 Adjacency matrix.
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nay goi la dinh hudng Pfaffian ctia do6 thi. Va, thuat toan nay
bay gio ta goi la thuat toan FKT.
Hai cau hdi ta can tra 1oi la:

e Khi nao thi ton tai mét dinh huéng Pfaff cho G?

e Néu biét dinh huéng Pfaff tén tai, thi lam thé nao dé tim
no6 mot cach hiéu qua?

D€ tim cach tra 16i cac cau héi nay, ta tim mot miéu td mang
tinh t6 hop hon ctia dinh huéng Pfaff. Mot chu trinh C ctia G
12 mot chu trinh tét néu noé c6 sé chin cac dinh va c6 mot bat
cap hoan hao trong do thi G — C. Cho mét dinh huéng G ctia G
thi chu trinh C dugc goi 1a chu trinh dinh hudng 16 néu di vong
quanh C theo mot chiéu nhat dinh thi s6 mui tén xudi chiéu
ta thay la s6 1é. Tat nhién, vi C' chan nén khi ta di theo chiéu
ngudc lai thi sé6 mai tén xudi chiéu cang la so6 1€.

B§ d& 4.3. Cho ¢ 1a mot dinh hudng cta G, thi ¢ 1a dinh
huéng Pfaff néu va chi néu tat ca cac chu trinh tét ctia G déu
duge ¢ dinh hudng 1&.

Chitng minh. Goi A la ma tran ké cta 8 nghia 1a a;; = 1 néu
(i,7) € E(B), a;; = —1 néu (j,1) € E(a), ngoai ra thi a;; = 0. Goi
F va F’ 1a hai bat cap hoan hio ctia G, thi G 1a dinh huéng
Pfaff néu va chi néu

(—1)x(F) H a; = (=1)XUE H ayji,
(

i,j)EF (i',g")eF’
v6i moi cap (F, F’). Pang thiic nay tuong duong véi

(_1)X(F)+X(F’) H a; = 1. (3.14)

(i,j)eFUF’

Luuyrang F,F' € F,,vanéu (i,j) € FUF' thii < j. Goi 7 1a &nh
ctia (F, F’) trong song anh Stembridge. Tir dang thuc (3.13), ta
suy ra (3.14) tuong duong véi

()@ ] ey =1 (3.15)

(3,§)eFUF’

Dén day, ta bat diu ching minh chiéu thuan cta bé dé. Gia
st G 1a mot dinh huéng Pfaff ctia G. Goi C' 1a mot chu trinh
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tot. Goi M 1a mot bat cap hoan hao ctia G — C. Ta c6 thé tach
C ra thanh hai bat cap C; va C, bang cach di vong theo C, bd
mot canh vao C), canh ké vao C,, luan phién nhau. Binh nghia
F=MUC,vaF' = MUC,, thi F va F’ 1a hai bat cap hoan hao
cua G. Goi 7 la anh cta cap (F, F’) qua song anh Stembridge,
thi nhu phan tich & trén dang thiic (3.15) dude thod man. Goi
V(C) la tap cac dinh cta C, va F(C) la tap cac canh. Pinh nghia

r(C) =[{i e V(C) | m(i) < i},
Dé€ thay rang

e(r) = |M|+1
r(m) = |M|+r(C).

binh nghia
. I i<y
s(i,j) = { o

-1 52>

Do A la ma tran phan xing, néu i < j ta co6 a;; = s(i, j)a;; va néu
j <itaco Aj; = S(Z',j)&ij. Vi thé,

Il = II a- 114

(¢,§)eFUF’ ijeE(C) ijeM
1<j

- H (2, 7(4)) * @ini)

eV (C)

= (0" [ ane

1€V (C)

Céc dang thic vita rdi, cong véi dang thic (3.15) dan dén [Levc) Gint) =
—1, nghia la C dugc dinh hudng 1é.

Cho chiéu ngugc lai, gia st moi chu trinh tét déu dudc dinh
huéng 1é. Ta chitng minh dang thic (3.15) dung véi moi cap bat
cap hoan hao F va F'. Dé thay rang F'U F’ 1a hoi cia k chu trinh
tot C; U - - - U Cy. Tuong tu nhu trén,

k
) = Z (Cy) +1) (mod 2).
=1
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Va
k k
=[I |0 II amw| =TT I=0" - (-1)]
(i,j)eFUF’ =1 eV (C) =1
Do do (3.15) da dugc chung minh. O

Ban doc han da nhan ra su tuong dong gitra bai toan tim dinh
huéng Pfaff cia mot do thi va cau héi ctia Pélya. Diéu nay khong
phai 1a ngau nhién. Hai bai toan nay tuong duong v6i nhau (vé
mat thuat toan) néu G la do thi hai phan; xem chung minh
trong bai ctia Vazirani va Yannakakis [40].

Tuy nhién, két qua ctia FKT di mot buée theo huéng khac, rat
dep. Ho chiing minh rang luon ton tai mot dinh huéng Pfaff néu
G 1a do thi phdng,?® nghia 1a ta c6 thé vé G trén mét phang sao
cho khong c6 canh nao giao canh nao.

Pinh 1y 4.4 (FKT, 1961). Néu G 1a mot dé thi phang thi luon
ton tai dinh hudéng Pfaff cho no.

Chittng minh. Ta xét moét cach vé G trén mat phang tuy y.2°
Khong mat tinh tong quat ta gia st G 1a d6 thi lién thong. Do
thi G sé chia mat phing ra thanh nhiéu mat*°, trong dé6 phan
v han ngoai G dudgc goi la mdt vé6 han cua G. Cac mat con lai
la cac mat hitu han. Néu G khong phai la cay thi sé cé it nhat
mot mat hitu han, va mat vo han rap gianh v6i mot sé6 mat htru
han. Xem Hinh 3.5

Trude hét, ta chiing minh rang tén tai cach dinh huéng cac
canh ctia G sao cho diéu sau day dung: khi ta di theo chiéu
kim déng hé vong quanh mot mat httu han bat ky, thi téng sb
mui tén xudi chiéu ta gap la s6 1é. Tam goi tinh chat nay la tinh
chat Ié dia phuong chia cac mat. Luu y rang, do ta dang lam
viéc v6i mot cach vé G cu thé trén mit phang, ta c6 thé dung
“thuan chiéu kim dong ho” ma khong nguong mom. Véi mot do
thi chua dudc vé trén méit phang, khai niém “thuan chiéu kim
dong ho” khong c6 dinh nghia r6 rang.

28Planar graph.
29Embedding of G.
3OFace
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Fy

Mat vo han F; ¢

Cong thuc Euler: 12 - 15+5 =2

Hinh 3.5: Mot db thi phang, 12 dinh, 15 canh, 5 mét

Ta chiing minh khang dinh nay bing quy nap. Néu G la cay thi
tat nhién diéu nay dang vi khong c6 mat httu han nao. Néu G
khong phai la cay. Goi e 1a mot canh nam & bién gici gitta mot
mat vo han va mot mat htru han (vi du canh e trong Hinh 3.5).
Theo quy nap thi ta c6 thé dinh hudng tat ca cac canh cuia G
cho thod tinh chat “1é dia phuong” 6 trén. Bay gio, ta rap canh
e vao lai va dinh huéng e sao cho mat hitu han chaa e cung 1é
dia phuong.

Ké dén, ta chitng minh rang mot dinh huéng 1€ dia phuong la
dinh huéng Pfaff. Theo Bé Bé 4.3, ta chi can ching minh rang
moi chu trinh tét ctia ¢ déu dugce dinh huéng 1. Goi C 1a mot
chu trinh nhu thé. Gia st C pht1 f mat hitu han bén trong no.
Goi we 1a s6 canh thuan chiéu kim dong ho vong theo C. V6i
mo6i mat httu han F}, i € [f], bén trong C, goi w; 1a s6 canh thuan
chiéu kim dong ho trén mat dé. Thi ta co6 w; 1a 1é v6i moi i € [f];
do d6 3>/ w; = f (mod 2). Trong cai tdng 3", w; thi méi canh bén
trong C dugc dém dung mot 1lan, vi né thuan chiéu véi mot mat
ké né thi sé ngudgce chiéu v6i mat bén kia. Do do, néu ta goi ec la
tong s6 canh trén chu trinh C, va e; 1a tdng s6 canh bén trong
C, thi ta co
f

Zwi =we + e =we + (e; +ec) (mod 2).

i1
(Nhé 1a C 1a chu trinh tét, nén noé la chu trinh chan.) Goi v 1a
tong s6 dinh nidm trén C hoac nam trong C, thi v 1a s6 chin
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vi G — C ¢6 mot bat cap hoan hao; nghia la cac dinh bén trong
C ¢6 thé bat cap hoan hao véi nhau. Theo cong thitc Euler thi
v— (ec +e7)+ (f +1) = 2. (Vi ta phai dém c4 mat vo han trong
cong thuc Euler.) Do do

f

chZwi—(€[+€c)Ef—(ej—l—ec)Ev—lEl (mod 2).
i=1

[]

Cong thuc sau day 1a mot trong cac cong thic trong toan To hop
dém ma mot s6 nguyén (minh can dém) lai biéu dién thanh ham
cuia cac so6 vo ti. Cong thuce Fibonacci 1a mot vi du khac. Nhung
cong thuce “ngau” nhat co 1€ 1a cong thirc ctia Ramanujan dém
tong s6 phan hoach ctia mot s6 nguyén — né bao géom tich phan
Cauchy trén mién s6 phuec.

Pinh ly 4.5. Goi G 1a mot d6 thi luéi m x n véi mn 1a sé chan.
Thi, tdng s6 cach bat cap hoan héo cia G 1a

1
T T 7k 4 4
978" 2 2
2 ’H}_[l(cos (m+1)+cos (n+1))

Chitng minh. Khong mat tinh téng quat, ta gia st n chadn. Dinh
hudéng nhu trong Hinh 3.6 thod man tinh chat 1a cac mat htru
han déu dugc dinh hudng 1é. Do d6, day cang la dinh huéng
Pfaff ctia d6 thi lu6i. Ta sé danh s6 cac dinh nhu trong hinh;

Hinh 3.6: Dinh huéng Pfaff ctia d6 thi luéi 5 x 8
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moi hang c6 n = 8 dinh va moéi cot c6 m = 5 dinh. Ma tran ke
cuia dinh hudéng nay c6 thé viét duéi dang sau day.

(X I,
-I, - X I,
-1, X I,
A= -1, -X I,
. I,
I -1, ( 1)m‘1X_
trong do, X la ma tran n x n c6 dang:
0 1 ;
-1 0 1
-1 0 1
X = ~10 1
1
-1 0

Ma tran X la ma tran ké ctia cac hang ctia do thi lugi. Hang thu
nhat cac mai tén tré tir nho dén 16n, ta c6 X. Hang thit hai cé
cac mui tén tré ngugc lai, ta c6 —X, va luan phién nhu vay. Ma
tran I 1a ma tran don vi, chi ra su ké nhau ctia cac dinh ctia
cac hang canh nhau trén ma tran ludi.

Chung ta can tinh det(A). D€ don gidn hoa bai toan, ta viét lai
A mot chut. Néu ta nhan mot hang nao dé ctia A v6i —1 hoac
mot cot nao dé véi —1 thi ta chi thay déi dau ctia det(A) chua
khong thay doi tri tuyét déi. Ta tim cach nhan dé cho ma tran
A d6i xing. Cac ma tran déi xing thi dé tim tri dac trung. Va
dinh thtec thi bang tich ctia cac tri dac trung.

D€ bién A thanh ma tran déi xing, ta d6i dau khéi n cot thu
nhat ctia A, rdi ddi dau khéi » hang thu ba va thi tu, réi déi
dau khéi n cot thu tu va thit nam, réi déi dau khéi hang thit 7
va tha 8, van van. Ta sé dat dudc ma tran

X 1,
I, -X I,
I, -X I,
M = I, -X I,
L
- In _X_
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binh nghia Y la ma tran m x m

[0 1
101
101
10 1

Thi dé thay
M=-L,9X+Y®L,

trong d6 ® la tich Kronecker ctia hai ma tran. Ma tran M con
dudc goi la tong Kronecker ctia hai ma tran —X va Y. Nho Bai
tap 4.6, tac vu ké tiép cuia ta la di tim bo tri dac trung ctia X va
Y.

Ca X va Y déu la cac ma tran Toeplitz c6 ba duéng chéo. Theo
bai tap 4.7 thi Y c6 bo tr1 dac trung la 2 cos -2, k € [m], va X co

bo tri dac trung 1a 2icos =, ¢ € [n].

et
T

Nhu vay, véi moi k € [m] va £ € [n] ta ¢6 mot tri dac trung cho M
la 2 (cos —o —Lcos %) Do cos gjrrl = —cos ("HTf khi nhan tat
ca cac tri dac trung nay v6i nhau ta dugc

1/2
2mn H H (cos + cos? ngj 1)

k=1/{¢=1

L]
Bai tap 4.6. Goi A 1a ma tran n x n, B la ma tran m x m, a la
mot tri dac trung cta A, va 8 la mot tri dac trung ctia B. Chuang
minh rang o + $ 1a mot tri dac trung ctia téng Kronecker
AeB=1,2A+BaI,.

Boi cta tri dac trung (a + ) la gi?

Bai tap 4.7. Chung minh mot két qua co ban ctia dai so6 tuyén
tinh, dudc dung rat phd bién trong cac phuong trinh vi phan va
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phuong trinh sai phan. Ma tran n x n

[a
b

RO
RO
SIS
@)

C

b
c6 bo tri dac trung 1a a + 2v/becos nk—ﬂ 1 <k <n. GOiy: gia st
v = (v,...,v,) la mot vector dac trung véi tri dac trung A. T
phuong trinh Zv = \v, ta c6 phuodng trinh sai phan

Vgt1 T Vgp—1 = )\’Uk, VOi k € [TL],

trong dé cac diéu kién bién l1a vy = 0,v,,; = 0. Tir d6 tim dugc n
nghiém \. Hoi: cac vectors dac trung la gi? C6 phu thuoc vao
a, b, c khong?

Nhiéu bai bao va sach chu gidi cac ching minh khac nhau cta
gia thiét van der Waerden [39, 19, 36, 37, 38]. Cac chung minh
nay déu kha ngan gon va dé hiéu.

Co6 hai chung minh khac ctia dinh ly Brégman, déu dua trén
chiing minh ctia Schrijver. Mot chiing minh dung phuong phap
xac suat trong sach ctia Alon va Spencer [2]. Chung minh kia
dung entropy c6 diéu kién ctia Radhakrishnan [25]. Tuy nhién
cac chung minh nay khong tu nhién nhu ching minh cta
Schrijver.

Quyén ctia Arora va Barak [3] 1a tham khéo hién dai vé do phtc
tap tinh toan. Poc théem Mark Jerrum [13] dé biét thém vé #P
va cac cach xap xi cac van dé #P-kho.

Quyén sach ctia Lovasz va Plummer [20] van 1a mot trong nhiing
tham khao t6t nhat vé dinh thic Pfaff trong toan T6 hop.
William McCuaig [2 1] liét ké khoang 40 cau hoi tuong duong véi
cau héi ctia Pdlya.

Quyén “Chung minh va khang dinh” ctia David M. Bressoud [5]
la mot quyén sach tuyét hdo vé mot bai toan néi tiéng trong t6
hgp dém. Trong d6 c6 mo ta vai tro ctia dinh thuc Pfaff trong
mot ching minh mot gia dinh goi 1a gid dinh ma tran dao dau®!.

31 Alternating sign matrix conjecture.
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Kasteleyn cting 1a chit K trong bat dang thitc FKG c6 rat nhiéu
ung dung trong toan T6 hop ma chung ta sé tim dip viéng tham.
Nhu da viét, chung ta biét cach kiém tra trong thoi gian da thiic
xem mot do thi hai phan cé dinh huéng Pfaff hay khong. Nhung
bai toan nay van la bai toan mé cho dé thi téng quat: chung ta
khong biét van dé nay nam trong P hay né 1la NP-kho.

binh thuc Pfaff dong vai tro quan trong trong Holographic al-
gorithms [34, 6], va trong cac mo6 hinh db thi xac suat phang
trong hoc may [10].
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psilon
Tap chi online ctia cong dong
nhitng nguoi yéu toan

TU HOC LA TOT NHUNG CO THAY
TOT HON

NGUYEN TIEN DUNG

(Pai hoc Toulouse, Phap)

GiGi thiéu

Nguyén Tién Dang la gidao su Dai hoc Toulouse, Phap. Thoi con
hoc sinh, Nguyén Tién Dung da tung tham gia ky thi Olymic
Toan hoc quéc té danh cho hoc sinh phé thong (IMO) nam 1985
va dat huy chuong vang khi méi 15 tudi. GS Nguyén Tién Dung
c6 nhiéu bai viét vé toan hoc va giang day toan hoc dang trén
trang web ca nhan zung.zetamu.net. Vira roi, thong qua cong
ty Sputnik, Nguyén Tién Dung da phat hanh mién phi ban dién
tlt ctia cudn sach “Hoc toan va day toan nhu thé nao?” dé chia
sé nhiing quan diém ctia anh vé van dé rat thuc té nay.

Pugc su dong y ctia GS Nguyén Tién Dung, chung téi xin trich
dang 2 muc trong chuong 1 ctia cuén sach. Toan van cudn sach
v6i nhiéu quan diém rat thang thin va thua vi nay ban doc cé6
thé tai tai cac dia chi sau:

e Trang ban hang trén mang cuiia Sputnik Education.

e Tai http://sputnikedu.com/.

Vi sao c6 nhiing ngudi, khi 6 truéng hoc toan toan bi diém kém,
nhung khi di chg hay ban hang lai tinh nham nhanh nhu gio,
xac dinh rat gioi cac tha lam an sé 16 lai ra sao, v.v.? D6 la béi
vi, cai tht toan ma ho phai dung la “toan c6 nghia”, va mot
khi né c6 nghia véi ho, thi ho trd nén quen thudc véi n6. Con
tha toan & truong hoc déi véi ho nhiéu khi la toan “vo nghia”,
“thtra”, “khong dung vao dau ca”, va do d6 hoc khong vao.

61

https://tieulun.hopto.org


zung.zetamu.net
http://shop.sputnikedu.com/files/MathTeaching2015.pdf
http://sputnikedu.com/wp-content/uploads/2015/05/MathTeaching2015.pdf

Tap chi Epsilon, S6 03, 06/2015.

Mot vi du la phép tinh tich phan (c6 trong chuong trinh toan
PTTH). Trong cudc tham do y kién trén trang facebook ctia Sput-
nik Education vao dau nam 2014, hau hét nhiing ngudi tra 1oi
néi ring ho ching can diing dén tich phan khi nao ca. Cau héi
dat ra la: day tich phan, sé phtec, v.v. trong chuong trinh phé
thong lam gi, néu nhu chang may ai sau nay diung dén chuing?
Trong thao luan vé cai cach gido duc, da c6 nhiéu ngusi néu ra
y kién nén bé nhing tha nay di.

Khong chi 6 Viéet Nam, ma trén thé gidi c6 nhiéu ngudi, ké ca
nhiing bo trudng gido duc, cho rang chuong trinh toan phé
thong 6 nuéc ho hién nay qua nang, qua thita. Ho muén cat
gidm b6t chuong trinh va sé gio hoc toan phd thong di, tham
chi dén mot ntira, va thay vao dé 1la nhiitng moén hoc khac, vi
du nhu moén chan ngua. Trong sb6 cac ly do ho dua ra, ngoai
chuyén nhiéu thi toan day & phé thong 1a khong can thiét, con
c6 thém mot ly do nua la thoi dai may tinh, cac tinh toan da co
may tinh la cho roi, can hoc toan nhiéu lam gi nia.

Ca hai ly do trén (da c6 may tinh lam toan thay, va chuong
trinh toan chua nhiéu tha “vé dung”), tuy thoat nhin cé vé cé
ly, nhung thuc ra déu khong hop ly.

Hoc toan khong chi don thuan 1a hoc may phép tinh, ma con la
hoc nhiéu kién thuc va ky nang quan trong khac, nhu la kha
nang suy luan 16-gich, chién luge, phan biét dung sai, mé hinh
hoéa cac van dé, v.v. nhu da ban phia trén. May tinh c6 thé giap
chung ta tinh toan, tra ctu, v.v., nhung khong thé hi€u thay
chung ta. Chung ta van can phai hiéu toan, d€ giao dugc dung
dau bai cho may tinh thuc hién, va hiéu dugc dung y nghia ctia
két qua ma may tinh dua ra. Va néu luc nao cung phai y lai vao
may tinh thi con ngudi sé ngay cang ngu dan di, tr6 thanh mot
tha no 1€ méi.

Cac khai niém toan hoc trong chuong trinh phé thong hién tai
né6i chung thuc ra déu la nhirng khai niém kinh dién, co ban
va van nang, chia khong hé “v6 nghia” teo nao. Viéc chung tré
nén “voé nghia” khong phai do 16i cia ban than cac khai niém
d6, ma la do cach day va cach hoc qua hinh thuic hoac thién vé
meo muc tinh toan, ma khong cha y dén ban chat va va ung
dung ctia cac khai niém. Tham chi, theo t6i biét, c6 ca nhing
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ngudi hoc toan dén bac tién si réi van chua hiéu ban chat ctaa
khai niém tich phan.

Viéc day va hoc toan theo 16i “toan vé nghia” (khong thay cong
dung dau) c6 tac hai la lam cho nhiéu ngudi tréd nén chan ghét
mon toan, con nhirng ngusi ma “thich nghi” dugc véi 16i hoc dé
thi lai dé bi tu ky hoac hinh thiuc cht1 nghia.

Béi vay, can tang cuong tim hiéu vé ban chat va y nghia ctia
cac khai niém khi hoc toan, vé su hinh thanh ctia chung va cac
ung dung ctia chung, ly do vi sao chung ton tai. Cau héi “né
dung dé€ lam gi” quan trong hon la cau héi “né dudc dinh nghia
thé nao”. C6 nhu vay thi cac kién thitc toan hoc mdéi tré nén co
nghia va htu dung.

Quay lai vi du vé khai niém tich phan. Einstein c6 noéi: “Chuaa
khong quan tam dén cac kho khan toan hoc ctia con ngudi, béi
vi Chua tinh tich phan mot cach thuc nghiém”. Trong cudc séng
hang ngay, nhiéu khi chung ta cang “tinh tich phan theo cach
cua Chua”, khong phai la dung cong thic toan hoc dugc viét ra
mot cach chi li hinh thirc, ma la bang quan sat, uéc lugng truc
giac, v.v. Vi du nhu, khi chung ta uéc lugng dién tich ctia mot
cai nha, thé tich clia mot thung rugu, thoi gian dé lam viéc gi
d6, v.v., 1a ching ta ciing “tinh tich phan”. Tich phan ching qua
la téng ctia nhiéu thanh phan lai v6i nhau, véi s6 thanh phan
c6 thé€ 1a vo han (chia nhé ra thanh téng ctia cac thanh phan
“nho li ti”), va la cong cu dé tinh toan hay uéc lugng do 16n cta
van vat: thé€ tich, dién tich, do dai, van téc, trong lugng, thoi
gian, tién bac, tang truéng dan so6, bénh dich, v.v. Ban than cai
ky hiéu ctia phép lay tich phan chinh la chit S kéo dai ra, ma S
& day c6 nghia la summa (téng).

Khi hoc tich phan, quan trong nhat l1a hiéu dudc y tuéng tich
phan chang qua la tdng va la cong cu d€ tinh toan uéc lugng cac
thi qua cac phép bién déi. Pay la mot y tudng rat trong sang,
chang c6 gi khé khian d€ hiéu né. Nam dudc y tuéng do, va biét
dudc vai nguyén tic co ban dé bién déi tich phan, 1a c6 thé coi
1a hi€u tich phan, chi khong can phai hoc hang tram cong thiic
tinh cac tich phan ram réi loang ngoang (nhu c6 trong mot so
sach cho hoc sinh phé thong é Viét Nam). Nhiing cong thiic qua
phtc tap d6 rat hiém khi dung, va Itc nao can dung cé thé tra
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cuiu, néu cut phai hoc chung thi dung la sé dé c6 cam giac hoc
phai cai vo dung.

Khi ma khong nam dudc y nghia ctia viéc lay tich phan, thi viéc
tinh tinh phan cac phan thic nhu la cai may, nhé mot dong cac
cong thuc tinh tich phan sé hoan toan la phi thdi gian vo ich.
bay chinh la mot dieu khong may ma nhiéu ngudi gap phai:
hoc vé phép tinh tinh phan nhu la mét tha “thanh bao vay thi
né phai vay”, rat giao diéu ma khong dung dudc vao dau. Trong
khi d6, ngay nganh tai chinh trén thé giéi cing dung tich phan
“nhu com bua”.

Cac mo hinh tai chinh hién dai dung toan hién dai, khong
nhiing chi la tinh tich phan theo nghia thong thutong nhiéu
ngudsi biét, ma la con tinh cac tich phan ngau nhién, la tha
toan hoc phat trién tir gitta thé ky 20. Chinh vi vay ma nhiéu
ngusi goc toan tré thanh cac “at chu bai” cta thi truong tai
chinh, va chuong trinh cao hoc tai chinh 6 cac ngi c6 toan kha
nang. C6 nhiing sinh vién Viét Nam sau khi t6t nghiép xuat sac
d cac truong kinh té hay tai chinh, dudc hoc bong sang Phap
hoc cao hoc, bi “gdy cau” khong theo duge, mot phan chinh
vi khong thé nhai néi phép tinh tich phan ngau nhién nay, do
khong dudce chuin bi tét kién thirc vé toan.

6} Viét Nam c6 tinh trang hoc sinh phai di hoc qua nhiéu, tix
sang dén dém, hét hoc chinh thitic trén 16p lai di hoc thém. Viéc
dén 16p qua nhiéu nhu vay phan tac dung: né cé nguy co lam
cho tré tr6 nén mu mam, thu dong, khong c6 thoi gian dé tu
suy nghi va tiéu héa kién thuc, va cang khong c6 thoi gian cho
cac hoat dong khac nhu ngt, vui choi, thé thao, am nhac, hoc
lam viéc nha, v.v. cing quan trong cho su phat trién. Mot phan
chinh vi dé tranh van nan hoc thém nay ma nhiéu ngusi mudn
cho con vao truong quoc té hay di “ti nan giao duc”.

O mot thai cuc khac, thay vi xu huéng “nghe giang qua nhiéu,
tu hoc qua it” 1a xu hudng “d€ hoc sinh tu hoc la chinh” ma mot
s6 ngudi mudn dua ra cho cai cach giao duc. Theo xu hudéng
nay thi gido vién cing khong con vai tro giang bai ntta, ma chi
con vai tro “hudng dan hoc sinh tu sang tao kham pha tim ra
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cac kién thuc”. Xu huéng nay tuy tuong doi méi & Viét Nam
nhung da xam nhap vao cac chuong trinh cai cach giao duc &
cac nudc tién tién trén thé giéi nhu Anh, Phap tir nira thé ky
nay, dua trén chu thuyét “constructivisme” (“tu xay dung kién
thirc”) ctia Jean Piaget, mot ngudi tirng “lam mua lam gio” trong
giao duc.

Theo cht1 thuyét “constructivisme” ctia Piaget, thi hoc tro “tu
xay dung” cac kién thuc ctia minh, thay néi chung khong giang
kién thic ma chi goi y cach tim. Chti thuyét nay, cung véi nhiing
cau nghe bui tai nhu “lay hoc tro lam trung tam”, va khoac
chiéc 4o “khoa hoc, déi mé6i”, da nhanh chéng lam “mui long”
cac quan chuc gidao duc va cac chuyén gia giao duc ctia nhiéu
nudc. Tuy nhién, két qua n6é dem lai hoan toan trai ngudc véi
mong dgi: dau tu cho gidao duc nhiéu lén nhung trinh do cta
hoc sinh giam di.

Vi du, 6 Phap, theo mot bao cao cuia Vién Han lam Khoa hoc
nam 2004 do 7 nha bac hoc 16n ky tén (xem tai day), trong 30
nam ké tir thoi diém bit dau cai cach giao duc 6 Phap theo
hudng “constructivisme” vao nhung nam 1970, chuong trinh
mon toan da bi thut di 1,5 nam, tdc la tinh trung binh thi hoc
sinh hoc dén 16p 12 ngay nay chi con trinh do vé mon toan bang
hoc sinh hoc 16p 10 thoi nhung nam 1970! Trong khi do thi su
phat trién ctia khoa hoc va cong nghé ngay cang doi héi nhiéu
hiéu biét vé toan.

Nha toan hoc ndi tiéng Laurent Lafforgue cuing cac tac gia khac
c6 viét cd mot quyén sach vé bi kich ctia nén gido duc Phap vao
nam 2007: Laurent Lafforgue, Liliane Lurccat et Collectif, La
débacle de I'école: une tragédie incomprise, 09/2007. (Su “d6
v6” clia truong hoc: mot bi kich khong dudgce thau hiéu).

Mot trong cac nguyén nhan cht chét ma Lafforgue dua ra dé
giai thich tinh trang suy sut ctia nén giao duc Phap chinh la:
cht1 thuyét “constructivisme” ctia Jean Piaget khi dudc cac nha
chuc trach ép st dung da pha hoai hé thong giao duc. Nhiing
ngudi theo “constructivisme” qua chu trong khia canh “tim toi
sang tao” ma coi nhe khia canh “truyén dat, luyén tap, tiép thu
bang cach bat chude lam theo”, dan dén hau qua 1a hoc sinh bi
héng kién thtc, thiéu nén tang, va nhing kién thiic don gian
nay bong bién thanh phtec tap.
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Khong chi mon toan, ma cac mon hoc khac 6 Phap cang hing
chiu hau qua nghiém trong ctia cht1 thuyét Piaget, ngusi ma
mot thoi duge nhiéu noi tung ho nhu 1a moét nha cai cach giao
duc 16n cua thé gigi. Vi du, trong mon tiéng Phap, thay vi day
chia dong tr nhu ngay ua, véi chu thuyét “constructivisme”
ngudi ta bat hoc sinh “quan sat nhiing su thay dai trong dang
dong tu”. Hé qua: mot ty 1é kha 16n hoc sinh Phap dén khi vao
dai hoc ciing khong biét chia dong tit cho dung. Trong mén lich
st1, kién thuc lich st trang bi cho hoc sinh thi han ché, nhung
lai doi héi hoc sinh binh luan vé cac tai liéu ca y nhu la cac
hoc sinh d6 1a cac nha st hoc. Két qua 1a cac “binh luan tu do”
d6 thuc ra la cac cau giao diéu da dudgc viét truée (béi hoc sinh
c6 biét gi dau dé ma binh luan). Mon lich st duge day hai hot
dén muc hoc sinh 1an 16n vé tha tu thoi gian (chronology) ctia
cac su kién, ké ca cac hoc sinh “kha” PTTH cung khong biét cac
hoang dé Napoleon va Louis XIV ai sinh trudc ai sinh sau.

O cac nuéce khac chiu &nh hudng ctia Piaget, tinh hinh ciing t6i
tuong tu. Mot nghién ctu théng ké 6 Canada (xem tai day) cho
thay trong cac phuong phap giang day khac nhau thi phuong
phap theo “constructivisme” la phuong phap luon cho két qua
t6i té nhat. O Thuy Si, qué huong ctia Piaget, ngudi ta phai kéu
troi rang, nén giao duc phé thong ctia Thuy Si truéc nhitng nam
1970 dugc coi 1a mau muc thé, ma tir khi bi nhiém “construc-
tivisme” da tré nén suy sut nang.

G Viet Nam, c6 mot s6 ngusi mudn cai cach giao duc theo huéng
“constructivisme” ctia Piaget, coi né nhu la “kinh thanh”, to
diém thém cho n6 thanh nhung ly thuyét véi nhing cai tén rat
kéu nhu la “cong nghé gidao duc”, nhung vé co ban thi tuong
tu nhu la nhiing cai ma 6 cac nudéc khac nguci ta da trai qua
va da va dang phai huing chiu hau qua. Cac bac phu huynh va
nhiing nguosi lam trong nganh gido duc nén hét stic dé phong
chuyén nay, khong phai cai gi khoac ao “khoa hoc, cong nghé”
cting la khoa hoc, cong nghé, ké ca trong giao duc.

Vi sao hoc theo kiéu “tur xay dung kién thiic” lai cham hon nhiéu
so0 vGi c6 dugc nghe thay giang? Thuc ra day 1a mot diéu co ban
ma ti xua ngudi ta da biét, c6 dieu mot sé6 hoc thuyét “lang
bam” da lam nhiéu ngusi quén di mat diéu co ban nay.

Ngusi Viét Nam c6 cau “Khong thay dé may lam nén”. Ngudi
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Trung Qubéc c6 cau “Nghe thay mot gic hon tu may mo ca
thang”. Theo udc tinh, trung binh hoc c6 thay giang giai nhanh
gap 3 lan la tu hoc. Dac biét 1a déi véi cac hoc sinh ¢6 hoc luc
trung binh, viéc dugc nghe giai thich kién thic mot cach ro
rang la rat can thiét, trong khi chi c6 mot ty 1€ nho cac hoc sinh
thong minh dic biét 1a c6 thé dé dang tu tim ra cac qui luat.

C6 nhiing ngusi lam tudng rang, kién thic da co6 san trong sach
v6 hét roi, thi can gi thay gidng cho nuta, ct doc la xong. Kién
thic 6 trong sach khong c6 nghia 1a né cé thé nhay vao dau
minh mot cach dé dang. Néu khong c6 ngusi huéng dan, thi
hoan toan c6 thé doc ma khong hiéu, hoac la tuéng minh da
hiéu tuy thuc su chua hiéu gi, din dén tau hod nhap ma. Te
hon nita, thi c6 thé doc phai nhiing sach nham nhi, sach viét
sai, v.v.

Qua trinh tu di tim ra kién thuc, tim ra chan ly bao gio cang
khé khan lau dai hon la qua trinh tiép thu lai tit nhing nguoi
da nam dugc né. Nhing kién thic ma hoc sinh duge hoc bay
gio la nhiing thi ma cac nha bac hoc ctia nhiing thé ky trude
phai méat ca doi ngusi dé tim ra. Khong thé bat hoc sinh di lai
con duong kham pha dé, vi nhu thé sé mat qua nhiéu thoi gian.
Va tat nhién khi lang phi qua nhiéu thai gian tam tri vao viéc
“phat minh lai cai banh xe”, hoc sinh sé khong con di thoi gian
dé tiép can cac kién thic can thiét khac.

Dbiéu trén khong c6 nghia la hoc sinh khong nén nghién ctu va
sang tao. Nghién cttu va sang tao cung la can thiét, nhung phai
dua trén mot nén tang co s6 da c6 chu khong thé réng rudt ma
nghién ctiu sang tao dugc cai hay ho. D€ hoc nghién ctiu sang
tao, thi nhiing ngudi thay tét nhat cho viéc dé chinh la nhing
ngudi da nghién cuu va sang tao: cac nha khoa hoc, nha sang
ché, nghé si, v.v. (cht khong phai la nhiing ngusi day nghién
ciu ma ban than chua c6 coéng trinh nghién cttu quan trong
nao). Cung chinh béi vay ma dé hoc van va hoc tiéng, thi hoc
sinh nén doc cac bai tho, mau truyén hay ctia cac nha van dé
nh6 dé ma thich hoc doc, thay dudc cai hay cai dep su sang
tao ctia ngdn nglr chir khong phai ngay tir 16p mot da hoc cac
khai niém ngoén ngu phuc tap nhung trén cac vi du nhat nhéo
vO nghia.

“Constructivisme” 1a kiéu “tu hoc 1a chinh tuy c6 thay dung
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bén canh”. Con mot kiéu tu hoc “oach hon”, 1a tu hoc khong
can thay. O day toi khong néi dén viéc 6n bai hay lam bai tap vé
nha, vi dé 1a nhiing luc tu hoc nhung van theo mét chuong trinh
c6 thay huéng dan. Toi mudn néi dén viéc tu hoc ma khong cé
thay hudng dan, thi két qua sé ra sao?

C6 mot vi gido su 6 Viét Nam rat tu hao vé viéc minh “tu hoc
thanh tai”, viét sach day ca ngan trang vé viéc tu hoc, véi vi du
chinh la ban than vi ay. Toi khong nghi ngo gi vé su thong minh
cta vi gido su nay, va ngoai ra vi gido su nay con tung la mot
nha quan ly kha thanh cong. Chi ¢6 diéu dang tiéc rang, vi nay
hoan toan ao tuéng vé minh trong khoa hoc: vi tu coi minh la
thién tai khoa hoc, moét trong may tram bo 6c¢ vi dai nhat cua
thé giéi, sanh ngang tam véi cac nhan vat liing danh toan cau,
trong khi cong trinh ctia vi chiang dudc ai trén thé giéi quan
tam trich dan. Pay chinh 1a mét vi du vé su rui ro cta viéc tu
hoc ma khong c6 ngudsi huéng dan: dé bi “dam vao ngo cut”, dé
bi hoang tuéng vé minh.

Ban than to6i cang tiing tu hoc nhiéu thu, véi cac muc do thanh
cong hay that bai khac nhau: tit hoc boi, cho dén hoc thién
van, tiéng Tau, tiéng Anh, v.v. déu cht1 yéu la tu hoc, khong co
thay. Khi méi sang Phap lam viéc, téi chidng hé néi dugc mot
cau tiéng Phap nao, va tir d6 dén nay ciing chang di hoc mot
gio tiéng Phap nao c6 ngudi day, toan tu hoc. Ca4 luan an tién
si ctia t6i cang la tu lam, khong c6 ngusi huéng dan. No6i thé
khong phai dé khoe, ma dé lam vi du cho thay kha nang tu hoc
cua con ngudi cung khong nhd.

Cang nhiéu tudi hay cang hoc lén cao chuing ta cang can dén
kha nang tu hoc, vi diéu kién d€ hoc c6 thay c6 16p cang it di,
trong khi nhu cau va niém vui hoc tap 6 tudi nao cung co6. Noi
thé khong c6 nghia la tu hoc thi tét hon 1a hoc ¢6 thay huéng
dan. Toi dén lac di day hoc cho sinh vién van thinh thoang néi
sai tiéng Phap. Néu c6 diéu kién vé thai gian va tién bac dé hoc
tlr té thi chac la tiéng Phap ctia toi da tét hon nhiéu chit khong
“ngong” nhu hién tai.

Vay, néu khong c6 duge thay, thi ta c6 thé lam thé nao dé tu
hoc cho hiéu qua? Sau day 1a mot s6 bién phap toét ma toi biét:

Tim thay & xa, & trén mang.
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Ngay nay, trong thoi dai internet, ngay cang cé nhiéu bai giang
hay ctia di1 cac mén, ctia nhiing ngudi thay gioéi nhat, cé6 thé tim
dén ma xem. Pung ngai tiép can trao déi qua thu tit véi nhing
thay & xa c6 thé chi bdo cho minh. Cac thay gidi thuong la rat
ban, nhung néu minh t6 ra thanh tam thi cang c¢6 nhung luc
s€ danh dugc chut thoi gian cho minh. Péi v6i mot s6 moén hoc,
c6 thé tim thay day truc tiép qua mang v6i gia ca phai chang.
Vi du, c6 thé hoc tiéng Tay Ban Nha mot thay (c6 tiéng me dé la
Tay Ban Nha) mot tro qua skype véi gia 10$/tiéng.

Tim ban thay thay.

Tiéng Viét c6 cau “hoc thay khong tay hoc ban”. Ban be, dong
nghiép tuong tr¢g dudc cho nhau rat nhiéu trong chuyén hoc.
Co6 nhiing khi ban giai thich lai dé hi€u hon thay giai thich. C6
thé két ban trén internet cho viéc cting hoc mot cai gi d6 cing
dudgc. Viéc d6 cang ngay cang tré nén dé dang. Trong viéc hoc
tiéng, thi két ban, noéi chuyén véi nhiing ngusi ban xa 1a mot
phuong phap rat hiéu qua.

Nhung minh trong méi truong thuan loi.

Hoc cai gi, ma xung quanh minh c6 nhiéu thua lién quan vé cai
do, thi sé vao hon: sach v4, phim anh, do6 thi nghiém, v.v. déu
tot

Khong sg sai.

“Ai khong lam gi thi mdéi khong bao gio sai”. Cu lam di, dung sg
sai, trir khi cai sai dé la cai sai gay tai hoa cho ngudsi khac. Tat
nhién, can phai quan sat kiém tra d€ biét minh sai 6 dau ma
con sua.

Lam tu tw, vira lam vira quan sat cam nhan va suy nghi.

Khi hoc mot cai gi méi, khong nén voi vang doi két qua nhanh.
Nén lam tir tir (khong c6 nghia la lusi it lam, ma la lam véi tée
do cham), vira lam vita quan sat nghi nggi dé cAm nhan xem
minh lam hu thé cé dung khong, sai & dau, v.v. Vi du nhu khi
tu hoc boi: c6 thé quan sat nhiing ngusi xung quanh boi thé
nao, roi khi minh bai thi lam cac dong tac that tir tir, thir nhiéu
kiéu khac nhau, dé cAm nhan va suy nghi xem dong tac nao
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lam nhu thé nao thi boi duge, cac cit dong phai an khép véi
nhau nhu thé nao, v.v. Sau khi da lam cham nhung ma dung
roi thi méi lam nhanh dan 1én.
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Tap chi online ctia cong dong
nhitng nguoi yéu toan

THU cUA KAPITSA VE KHOA HOC

DAM THANH SON
(Pai hoc Chicago, Hoa Ky)

Loi gisi thiéu

GS. bam Thanh Son hién la GS Vat ly ly thuyét tai truong bai
hoc Chicago, Hoa Ky. Ong titng doat huy chuong vang toan quoc
té voi s6 diém tuyét déi 42/42 khi méi 15 tudi. Pam Thanh Son
rat quan tam dén viéc truyén ba niém dam mé khoa hoc cho thé
hé tré. Blog cia ong https://damtson.wordpress.com ludn cap
nhat nhiing bai viét hay, nhiing bai toan (vat ly) thua vi 6 dang
thuong thic phd thong hay nhing goi mé cho cac nha khoa hoc
tuong lai. Pugc su cho phép ctia GS bam Thanh Son, chung toi
chon dang loat thu ctia Pyotr Kapitsa vé khoa hoc do 6ng chon
dich va gidi thiéu trén blog ctia minh.

Nguon cua cac buc thu:

Kanuma I1.JI., Ilucema o mayke, 1930-1980 — M.: Mock. pabounii, 1989.

Ban Bién tap.
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T6m tat néi dung

Pyotr Kapitsa (trai) va Nikolay Semyonov, hai nha vat
ly dat giai thudng Nobel vat ly (tranh chan dung ctia
Boris Kustodiev, 1921).

Pyotr Kapitsa (1894-1984) la mot nha vat ly rat nai
tiéng ctia Nga. Ong lam viéc duéi sy huéng dan cua
Rutherford 6 Cambridge, Anh, trong nhiéu nam. Nam
1933 ong tré thanh giam doc dau tién cia phong thi
nghiém Mond. Nam 1934 ong bi giu lai Nga trong mot
chuyén di vé Nga. Nha nuéc Nga Xoviét mua lai toan
bo thiét bi ctia phong thi nghiém ctia 6ng 6 Anh va xay
cho 6ng mot Vién nghién cttu méi, Vién cac van dé vat
ly, 6 d6 ong la giam doc dau tién. Nam 1937 ong phat
hién ra tinh siéu chay ctia héli 16ng, cong trinh sé
dugc giai thuéng Nobel nam 1978. Trong nhiing nam
1937-1938 den t6i 6ng la ngusi ciu Fok va Landau
ra khoi tu. Trong chién tranh thé giéi thit 2 ong phat
hién ra va dua vao san xuat mot loai may mdéi dé ché
tao oxy long, va dudgc trao danh hiéu Anh hung lao
dong Lién X6 nam 1945. Do mau thuan vé6i Beria 6ng
bi mat tat ca cac chic vu nam 1946. Ong dudc phuc
hoi chuc giam doc Vién cac van dé Vat ly nam 1955.
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Ong la ngudi dau tién dua ra y tuéng thanh lap mot
tap chi chuyén vé khoa hoc cho thé hé tré, sau nay
chinh 1a tap chi Kvant.

R4t nhiéu thu ctia 6ng da duge cong bo. Nhiéu buc
thu lién quan dén khoa hoc, gido duc rat dang doc va
van con gitt tinh thoi su. Toi sé dich mot s6 buc thu
cua 6ng va dang trén blog nay.

13 thang 12 nam 1935, Moskva

Hom qua anh danh co véi Aleksei Nikolaevich Bakh !. Cu rat
dé mén, nhung anh khong déng y v6i cu 6 mot di€ém ... Anh
néi véi cu la tinh trang khoa hoc & nuéce ta dang rat xau, thi cu
bao: "Bung thé, nhung lam gi dudc, bay gié ¢6 nhiéu tha quan
trong hon la khoa hoc ..." Pay la moét vi du dién hinh ctia mot
nha khoa hoc tu nguyén ddy minh xuéng hang uu tién thu nhi,
tham chi tha ba. Anh cho rang phai coi khoa hoc 1a mot viéc hét
stc quan trong va 16n lao, va cai inferiority complex nay (tiéng
Anh trong nguyén ban - mac cam tu ti, tu cho minh la khong
quan trong) dang giét chét nén khoa hoc & nuéc ta. Cac nha
khoa hoc phai ¢6 gang chiém vi tri hang dau trong viéc phat
trién van hoa nuéc nha va khong 1am bam "6 nudce ta c6 nhimng
tha quan trong hon'". Panh gia cai gi la quan trong nhat, va can
phdi chu y dén khoa hoc ky thuat dén mtc nao la cong viéc
ctia cac nha lanh dao. Con cong viéc ciia cac nha khoa hoc la
tu tim cho6 dung ctia minh trong dat nuéc va trong ché do mdi,
va khong dgi ngudi khac chi cho minh phai lam gi. Cai thai do
nhu vay rat kho hiéu va xa la d6i véi anh . ..

Khi anh néi chuyén véi nhiéu nha khoa hoc, anh rat ngac nhién
khi ho tuyén boé "Cau dugc nhiéu nhu thé thi cau lam gi cha
dé dang ..." Va ctt nhu thé. Ho cit lam nhu la khi méi bat dau
su nghiép, nhing co hoi ban dau ctiia anh va ctia ho khong
gibng nhau. Ho ct lam nhu la nhing gi anh c6 la roi tir trén
troi xudng, khong phai la do anh da bo ra bao nhiéu cong stc,
bao nhiéu noron than kinh méi dat duge. Vé khia canh nay con

IA.N. Bakh (1857-1946) 1a mot nha hoéa sinh 16n ctia Nga, ban than ctia
Kapitsa.
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ngudi that hen ha, ho cho rang cudc doi khong cong bang, rang
xung quanh ai cang c6 16i trir ho. Nhung dau tranh lam gi, néu
khong phai chinh 1a dé ta I¢i dung hoan canh sin c6 quanh
ta cho viéc phat trién tai nang ctia minh va tao diéu kién lam
viéc cho minh? Néu chap nhan quan diém ctia Bakh va Co. thi
khong di xa dudgc ...

6 thang 4 nam 1939 2
bong chi Molotov,

Trong thoi gian gan day, khi nghién cttu héli 16ng & gan do khong
tuyét d6i, toi da tim ra mot loat cac hién tuong méi c6 thé sé
lam sang té mot trong nhiing linh vuc bi an nhat cta vat ly hién
dai. Trong nhiing thang téi téi dinh cong bé6 moét phan nhing
cong trinh d6. Nhung d€ lam dudc viéc nay, téi can dugc mot
nha ly thuyét giup dé. O Lién X6, ngudi hoan toan lam chti linh
vuc ly thuyét ma toéi can la Landau, nhung hiém mot néi 1a anh
ta da bi bat tit mot nam nay.

Toi van hy vong la anh ta sé dugc tha, vi toi phai néi thang
ra rang to6i khong thé tin Landau lai 1a mot tén toi pham quéc
gia. Toi khong thé tin dugc diéu dé6 vi mot nha khoa hoc tré, tai
nang va choéi loi nhu Landau, méi 30 tudi da néi tiéng chau Au,
ngoai ra lai rat hao danh, va c6 day nhiing chién tich khoa hoc
dén miic d6 thi khong thé co suc luc, cam hing va thoi gian
cho nhung cong viéc khac. bung la Landau c¢6 mot cai miéng
rat doc, va vi lam dung né anh da tao ra nhiéu ké thu ludn san
sang gay kho dé cho minh. Nhung du c6 tinh cach kha xau ma
toi budc phai luu y dén, toéi chua bao gis thay anh ta lam diéu
gi khuat tat.

Tat nhién, néi ra tat ca nhing diéu do, to6i dang can thiép vao
nhting viéc khong phai clia minh, vi linh vuc nay la tham quyén

2Landau bi bat ngay 28/4/1938. Ngay hom do6 Kapitsa viét mot buc thu
cho Stalin, nhung khong c6 tac dung. Sau buc thu trén day, ngay 26/4/1939
Kapitsa dugc moi dén NKVD dé viét don bao lanh cho Landau ra ti1. Cac hién
tuong méi duge nhac dén & dau buc thu trén 1a cac hién tugng lién quan
dén tinh siéu chay. Landau xay dung ly thuyét siéu chay ctia héli trong hai
bai bao nam 1941 va 1947.
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cia NKVD (Bo No6i vu). Nhung du sao to6i van nghi la téi phai
néu lén nhing diém bat thuong sau:

1. Landau da ngoi ti mot nam, ma viéc diéu tra van chua két
thuc, thoi gian diéu tra 1au mot cach khong binh thuong.

2. Toi, v6i tu cach giam doc co quan ctia anh ta, hoan toan
khong dugdc biét anh ta bi cao budc toi gi.

3. Quan trong la da mot nam nay, khong biét vi ly do gi ma
khoa hoc, ca Xo-viét 1an thé gisi, khong duge c6 cai dau
cua Landau.

4. Landau rat 6m yéu, néu anh ta bi bttc hai mot cach khong
can thiét thi rat dang xau hé cho nhing ngusi Xo-viét
chung ta.

Vi vay t6i mudn giii t6i dong chi nhiing yéu cau sau day:

1. C6 thé dé nghi NKVD dac biét chu y xuc tién vu Landau
khong;

2. Néu khong dudc, thi liéu c6 thé st dung cai dau cta Lan-
dau cho cong viéc khoa hoc trong lic anh ta bi giam 6 Bu-
tyrki [trai giam cach ly d€ diéu tra] dugc khong. Toi nghe
néi cac ky su duge doéi xtt nhu vay.

P. Kapitsa

Sau khi tré thanh giam doéc Vién cac van dé Vat ly, Kapitsa
da viét nhiéu thu cho lanh dao Xo6-viét than phién vé co ché
tai chinh qua cong kénh va cung nhac & Nga. Trong mot thu
Kapitsa co viét 1a cong viéc ké toan ma thu ky ctia ong é Anh
lam chua dén 2 tiéng mot ngay thi 6 Nga phai 5 ngusi lam méi
hét. Trong doan sau 6ng dé nghi ap dung mét co ché tra luong
4 Vién ong giong nhu 6 Anh.

Trich thu cua Kapitsa gui cho V.I.Mezhlauk, phé chu tich
Hoi dong Dan ty Lién X6, 26/10/1936
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... Nguyén tac co ban dé danh gia lao dong & Lién X6 dudc quy
dinh rat ré rang va chinh xac trong Hién phap Stalin ® hudng
theo lao dong va nang luc 4. Nguyén tac nay dugc ap dung hét
stc nhat quan trong phong trao Stakhanov va dua dén nhiing
thanh qua chéi loi. N6 cho moi ca nhan mot khoang khong rong
16n dé phat trién; mot ngusi cong nhan xuat sic, biét t6 chtc
lao dong va vugt muic khoan nhiéu lan, sé dudgc tra cong theo
lao dong dung nhu nang luc ngudi do6 thé hién trong cong viéc.

Cach tra luong theo thang luong nha nuéc nhu hién hanh mau
thuan véi nguyén tac nay. Cac cd quan hanh chinh quan liéu
thuong hay tuyén nhiing ngudi thich lam viéc yén 6n, khong
thich c6 sang kién, tham chi trai lai chi c6 gang 1am cang chinh
xac chi thi tir trén cang tét. V6i nhiing ngusi nay, hé thong tra
luong theo thang nha nudc co 1€ 1a hoan toan binh thuong. Hé
théng nay dudgc ap dung & ta truée day va cac nude Tay Au hién
nay va dan dén mot té quan liéu dudc [Guy de] Maupassant mo
t4 song dong ma chua nudéc nao tranh dugc.

Dang tiéc 1a chua ai tim dugc cach nao dé ap dung dugc phuong
phap Stakhanov cho cac nhan vién hanh chinh van phong, tiuc
la can cud vao nang suat lao dong dé tang luong.

Ap dung thang bac luong nha nuéc ciing nhac dbi véi cac
vién khoa hoc 1a hoan toan sai. Chung t6i khong chap nhan
dudc ki€u lam viéc cong chiic: cong viéc ctia chung téi mé ra
khong gian rong 16n cho viéc hoan thién lao dong, phat trién
ca nhan va phat huy nang luc riéng ctia tiing con nguci. Hé
théng tra luong cing nhac theo thang luong nha nuéc hoan
toan khong phu hgp 6 day. Nhung ap dung hé théong tra luong
ki€u Stakhanov trong cac cé quan nghién cttu khoa hoc cung
khong thé dugc. Trd ngai chinh 1a & ché cong viéc ctia chung toi
khong phai la san xuat, nén khong dua ra dudc nhirng chuan
muc cung dé danh gia cong viéc theo san pham. Vi thé can tim
nhiing phuong phap khac. b6 1a diéu co ban.

Phuong phap dang tin cay duy nhat dé danh gia cong viéc trong
mot vién khoa hoc 1a dua vao y kién ctia ban giam doéc vién, y
kién ma theo t6i 1a duy nhat c6 tham quyén dé dinh mtic luong,

SHién phap Lién X6 niam 1936.
4Pung ra phai la: lam theo nang luc, hudng theo lao dong.
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béi vi ban giam doéc la ngudi giao nhiém vu, biét muc do kho
khan ctia nhiém vu, va chi dao cong viéc cho nén cé thé danh
gia cong viéc tot hon bat cu ai. Khong c6 16i thoat nao khac.

Hé thong thang luong nha nuéc nhu hién nay khong thich hgp,
va bang ching ngay truée mat la tat ca cac co quan khoa hoc
dang tim moi cach dé€ lach khoi hé théng nay. Cac muc luong
dudc xao xao, thdi phéng bang mot kiéu toan té hgp rat phic
tap dé lam réi va trén khoi con méat thanh tra ctia co quan tai
chinh. Phuong phap nay dang dudc chao don nhu mot cong cu
tu vé tét nhat dé khoi phai tuan theo ky luat ngan sach nghiém
ngat, cai ky luat di ngugc lai cac nhu cau co ban ctia nén khoa
hoc. Kiéu tu lita déi nhu thé lam t6i vo cung ghé tém ...

Trich thw gwi Yuri V. Andropov, chu tich Uy ban An ninh
Quéc gia (KGB)

Ngay 11 thang 11 nam 1980, Moskva
Yuri Vladimirovich kinh mén,

Cung nhu nhiéu nha khoa hoc khac, t6i vo cung lo lang vé
tinh canh va s6 phan ctia hai nha vat ly 16n  nuéc ta — A. D.
Sakharov va Yu. F. Orlov. Tinh hinh hién nay c6 thé dudc mo
t4 don gidn nhu sau: Sakharov va Orlov da dem lai nhiing cong
hién to 16n bang hoat dong khoa hoc, nhung nhiing hoat dong
ctia ho nhu nhiing ngusi bat dong quan diém bi coi 1a c6 hai.
Hién nay ho dang bi dit vao hoan canh khong thé c6 bat ky mot
hoat dong gi. Tom lai, ho khong thé mang lai 1gi ich cing nhu
tac hai. Tht héi lam nhu thé c6 1gi cho dat nuéc hay khong?
Trong buc thu, nay téi sé tht phan tich that khach quan cau
héi da néu.

Néu héi cac nha khoa hoc, thi ho sé tra 16i dut khoat la viéc
nhiing nha khoa hoc 16n nhu Sakharov va Orlov bi tuéc mat
kha nang nghién cttu khoa hoc binh thudng dang dem lai thiét
hai cho loai ngusi. Néu hoi cac nha hoat dong xa hoi, nhing
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ngudi thuong it khi biét dén hoat dong khoa hoc ctia cac nha
bac hoc nay, thi ho sé€ dua ra nhan dinh ngugc lai vé tinh trang
hién nay.

Trong lich st van hoa loai nguoi, tit thoi Socrat dén nay, co6
khong it truong hgp nguosi ta kich liét chong nhiing ngusi bat
déng quan diém. D€ giai quyét khach quan van dé dat ra tat
nhién can can nhic né trong béi canh xa hoi cu thé ctia dat
nudc. Trong hoan canh chung ta dang xay dung mot ché do
xa hoi mai, toi nghi dung dan nhat 1a can cu vao quan diém
ctia Lénin, vi d6 1a quan diém toan dién ctia mot ngusi khong
nhiing 14 mot nha tu tudng ndi tiéng, mot nha khoa hoc, ma
con la mot nha hoat dong xa hoi 16n. Cach déi xitr ctia Lénin véi
cac nha khoa hoc trong nhiing trusng hop tuong tu dugc nhiéu
ngudi biét dén. Piéu nay dudc thé hién ro rang va day da nhat
qua cach Lénin d6i x véi 1. P. Pavlov.

Sau cach mang, ai cung biét vé su bat dong quan diém ctia
Pavlov, khong chi § nudc ta ma ca ¢ nuée ngoai. Ong ¢ tinh
phoi bay cong khai thai do khong tan thanh cht nghia xa hoi
ctia minh. Ong da phé phan, tham chi chiii lanh dao khong e
de bang nhting 16i phat bi€u rat gay gat; ong lam dau thanh khi
di qua nha thg, deo cac huy chuong ctia Nga Hoang trao tang,
nhiing huy chuong ma truéc cach mang 6ng khong them dé y
dén, v.v. Nhung Lénin khong may may dé y dén nhiing biéu hién
bat déng quan diém ctia Pavlov. D6i v6i Lénin, Pavlov 1a mot nha
khoa hoc 16n, va Lénin da lam tat cad nhiung gi c6 thé dé€ dam
bao diéu kién lam viéc tot cho cong viéc khoa hoc ctia Pavlov. Vi
du, moi ngusi déu biét, cac thi nghiém quan trong vé phan xa
c6 diéu kién dudc Pavlov tién hanh trén ché. Vao nhitng nam
1920, thuc pham & Petrograd thiéu tram trong, nhung theo chi
thi cia Leénin, thic dn d€ nudi cac con ché thi nghiém cta
Pavlov van dugc cung cap binh thuong . ..

Toi con biét hang loat nhing truong hop khac ma Lénin quan
tam dac biét t6éi cac nha khoa hoc. Diéu nay dugc biét qua
nhing thu Lénin gii K. A. Timiryazev, A. A. Bogdanov, Carl
Steinmetz v.v.

... Can phai d6i xt v6i nhiing nguoi bat dong chinh kién mot

cach tran trong va than trong nhu Lénin da lam. Su bat dong
quan di€m lién quan chat ché dén hoat dong sang tao ctia con
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ngudi, ma hoat dong sang tao trong moi linh vuc van hoa lai
dam bao su tién bo ctia nhan loai.

Co6 thé nhan ra dé dang la ngudn goc clia tat ca cac linh vuc
hoat dong sang tao ctia con ngudi chinh la su bat man véi hién
trang. Vi du, nha khoa hoc khong thoa man véi trinh dé6 nhan
thuc hién tai trong linh vuc khoa hoc ma anh ta quan tam, va
anh ta di tim nhung phuong phap nghién cidu mdéi. Nha van
khong hai long véi méi quan hé gitta ngudi v6i ngudi trong xa
hoi hién tai, va anh ta c6 gang dung nghé thuat dé tac dong
lén ciu truc xa hoi va dén hanh vi ctia con ngudsi. Ngusi ky su
khong thoa man véi giai phap ky thuat dang co6 va di tim nhiang
dang két cAu méi d€ giai quyét van dé. Nha hoat dong xa hoi
khong bang long véi cac van ban luat va uée 1é dang duge st
dung d€ xay dung nha nuéc, va di tim nhtng hinh thic méi dé
van hanh xa hoi, v.v.

Tom lai, dé xuat hién uéc muébn sang tao, thi co ban la phai
c6 su bat man véi hién trang, nghia 1a can tré thanh nguoi bat
dong y kién. Biéu nay dung trong moi linh vuc hoat dong ctia
con ngudi. Tat nhién, ngusi bat man thi nhiéu, nhung dé co
thé th€ hién minh mot cach c6 hiéu qua trong hoat dong sang
tao thi con can c6 tai nang. Cudc séng cho thay la co rat it tai
nang 16n, va vi thé can toén trong va nang niu bao vé ho. Ké ca
khi c6 lanh dao t6t thi di€u nay ctung khé thuc hién. Kha nang
sang tao 16n con doi hoi tinh cach manh, va diéu dé dan dén
nhiing cach thé hién bat man gay git, vi thé ngudi tai thuong
la "ngang". Vi du, hién tugng nay hay thay 6 cac nha van 16n, vi
ho rat thich tranh cai va thich phan khang. Trén thuc té, hoat
dong sang tao thuong khong dudgc tiép dén nhiét tinh 1am, vi
da s6 moi ngusi 1a bao tht va ua mot cuoc séng phang lang.

Két qua la bién chung phat trién van hoa ctia loai ngudi bi ket
trong mau thuan gitra su bao thu1 va su bat déng quan di€ém, va
diéu nay xay ra 6 moi thoi dai va trong moi linh vuc hoat dong
van hoa ctia con ngudi . ..

... Cong viéc sang tao 16n thuong mang tinh chat tu tudng va
khong bi lung lay bdéi nhiing bién phap hanh chinh hay bao
luc. Lénin da chi rat ré6 phai xi ly thé nao trong nhing truong
hgp nhu thé qua cach ong déi xit véi Pavlov. Lich stt chung
minh rang Lénin dung khi da 16 di nhing biéu hién bat dong
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quan diém gay gat ctia Pavlov trong cac van dé xa hoi, trong khi
van rat tran trong ca nhan cung nhu hoat dong khoa hoc ctia
Pavlov. Diéu d6 dan dén két qua la trong thoi Xoviét, Pavlov véi
tu cach 1a nha sinh ly hoc da khong hé gian doan nhiing nghién
cuu xuat sac ctia minh vé phan xa c6 diéu kién, nhiing nghién
ciu cho dén nay van con vai tro dan dat trong khoa hoc thé
giGi. Con vé nhitng van dé lién quan dén xa hoi thi tat cd nhing
gl Pavlov noi da bi lang quén tu lau.

Khong biét tai sao bay gio chung ta lai quén nhing di huan ctia
Lénin trong cach déi xtt v6i cac nha khoa hoc. ..
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nhitng nguoi yéu toan

gpsi lon

NHUNG TRIET LY SONG CcUA
EINSTEIN

BAN BIEN TAP EPSILON

L&i gisi thidu

Albert Einstein khong chi néi danh vé6i thuyét tuong d6i ma ong
con d€ lai cho nhan loai nhiing triét ly séng vo cung tham thuy.
Tat c4 moi ngudi déu c6 thé hoc dudc diéu gi dé tir nhitng triét
ly nay, cho du ho 1a hoc sinh, sinh vién, phu huynh, thay co
giao, nha khoa hoc hay doanh nhan. Chung toi trich dang mot
s cau noi ctia Einstein va cac binh luan dugc cac bao Tudi tré
va Doanh nhan Sai Gon gidi thiéu.

Mot s6 cau noi khac ctia Einstein cang duge Nguyén Tién Dung
trich dan trong bai viét ctia tac gia nay trén cung s6 bao nay.
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"T6i chdng cé tai ndng déc biét nao ca. Toi chi ham thich to mo".

To mo giap cung cap tri tuéng tugng cho chung ta. Khi chung
ta dat cau hoéi vé nhing thi khac, ching ta c6 thé tim dudgc
thong tin quan trong giup giai quyét van dé, mé ra nhing canh
ctta méi va hinh thanh cac méi lién két. Khi chung ta dat cau
hoi vé chinh ban than, chung ta ¢6 thé danh thuc niém tin, tiét
16 nhitng ham muén sau tham nhat ctia minh va tao nén su
thay dai tich cuc. Nhiuing cau hdi chua c6 16i giai nao dang xuat
hién trong dau ban ?

"Khong phdi toi qud thong minh, chi la téi danh thoi gian lau hon
dé nghién ngam cac van de."

Néu ban c6 mot gidc ma, ban sé phai dé6i mat véi nhiing tré ngai;
nhung bang viéc kién tri v6i né, nhu Einstein noi, ¢6 thé mang
y nghia la su khac biét gitta that bai va thanh cong. Mot s6 cach
dé bat dau luyén tap kién tri 1a cam két giAc mo clia ban, gitr
thai do tich cuc, ludén tap trung vao nhing gi ban mudén moéi
ngay va tré lai tir nghich canh.

"Nguoi dan ong nao lai xe an toan trong khi dang hén mét cé gai
xinh dep thi don gian la ngudi do khoéng trao cho nu hén su tap
trung xitng dang'.

Einstein da st dung mot vi du that tuyét voi dé minh hoa cho
tam quan trong | clia viéc tap trung vao hién tai. Chung ta c6 thé
b6 16 nhing niém vui hién tai bang viéc qua ban tam téi qua
khu va/hodc tuong lai. Nhac nhé ban than méi ngay rang hién
tai s€ mang dén cho chung ta su binh an va niém vui nhiéu hon
cung nhu biét tran quy cudc séng hon.
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"Tri tudng tuong la tat ca. Tri tudng tuong la ban xem thit clia
nhitng dia diém tham quan sap dén trong cudc séng. Tri tudng
tuong con quan trong hon ca kién thirc".

V6i mot y tudng, mot dé ché co6 thé dude hinh thanh. Lay vi du,
Walt Disney, mot chuyén gia dich thuc trong viéc tuéng tugng.
Ong lay cam hung cho nhan vat chuot Mickey tit mot con chuot
tha cung da gia trong nong trai ctia 6ng. Cha chudt trang den
do6 tré thanh huyén thoai hoat hinh. Tri tuéng tugng sé mé canh
clra dén véi vuong quoc cuiia nhirng kha nang.

"Mot ngudi chua bao gid mac sai lam sé khéng bao gio lam nhiing
diéu méi la".

Sai lam 1a diéu chac chan xay ra dac biét khi ban theo dudi diéu
gi d6 dang gia. Chung c6 thé gay that vong va khé khan cho su
tu tin, nhung thuong can thiét d€ kiém tra cam két thuc su cia
chung ta v6i muc tiéu cudi cung. Lam gi c6 nhing diéu tuyét
voi nao duge hoan thanh ma khong gap that bai lac dau theo
cach nao do. That bai that su la khi khong bat dau hodc khong
hoan thanh.

"T6i chdng bao gid nghi vé tuong lai, né sé dén sém thoi".

Nhu ho néi, khoanh khac nay la tat ca nhing gi chung ta thuc
su nam gitr, mot khai niém kho nam bat. Eckhart Tolle timng
néi trong quyén sach ciia 6ng, Power of Now (Quyén ning ctia
Hién tai), rang su thanh coéng cia moét ngusi trong khoanh
khic hién tai c6 thé thuc su duge do bang su binh an ma anh/
c0 4y cAm nhan dudc. Bang viéc tré nén y thirc dugc thoi diém,
chung ta c6 thé tap trung vao van dé quan trong nhat.

Ban chi c6 thé chac chan vé nhiing gi dang dién ra trong hién
tai. Ban ¢6 quyén lo lang cho tuong lai va xay dung mot ké
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hoach, nhung hau nhu moi thua sé khong dién ra nhu ban du
tinh. Van dé quan trong nhat la séng hét minh ngay hom nay.
Lam moi tha toét nhat trong kha nang va sé khong phai lo lang
gl vé ngay mai.

"Né luc khong chi dé thanh céng, nhung diing hon la dé cé gia
tri".

Ban dinh nghia thanh cong nhu thé nao? Lam gi dé c6 cudc
song thanh cong? Nhiing cau hoéi nay c6 thé la nhiing cau rat
hay d€ ban tu chat van ban than. D6 c6 thé 1a nuodi day nhimng
duaa con khée manh va hanh phuec, c¢6 nhing méi quan hé y
nghia va tron ven, chinh xac trong cac cudc hoi thoai , viét mot
cudn sach, yéu cong viéc, cam thay khoe moéi ngay — bat ca
diéu gi gianh cho ban, dé6 1a noi dé dat hoac tiép tuc trong tam.
Nhiing gi chung ta tap trung vao sé phat trién thuc su.

"Pién 16 : lam cting mot viéc lap di lap lai nhiéu lan va mong dgi
két qua khdc nhau'".

Néu ban khong hanh phuc trong bat ca linh vuc nao trong
cudc séng nhu tai chinh hay cac méi quan hé, hay chon lam
mot viéc kKhac vao ngay hom sau. y tuéng nay nham danh thtc
théi quen. Néu ban c6 mét cong viéc khong tron ven hoac lam
nan long ¢ muc do nao d6, hay suy nghi ban c6 thé lam gi dé
thay déi tinh hinh. Doéi khi mot cai nhin méi vé cung van dé la
tat cad nhiing gi can thiét d€ nhan ra nhiing gi c6 thé xay ra.
Budc dau tién 1a nhan ra su bat man va sau doé chi viéc huéng
t6i muc tiéu duy nhat doé la su hai long.

"Thoéng tin khong phdi la kién thitc. Nguon kién thitc duy nhat la
kinh nghiém'".
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Kinh nghiém thuc té tao ra kién thuc s€ dugc ton trong va danh
gia cao bdi ngudi khac. Chuing ta c6 thé doc sach, nghe bang, va
di hoc nhung nhiing kinh nghiém chung ta cé trong cudc song
c6 th€ mang lai bai hoc tét nhat cho ngusi khac. Cau chuyén
cudc song cua ban chita dung nhiéu kién thirc va moi ngusi
san sang lang nghe bdi vi do6 1a cach hap dan va dang tin cay
nhat dé tao su khac biét v6i mot ai do.

"Ban phdi biét quy ludt ctia tro choi. Va sau dé ban phdi choi tét
hon bat cit ai'.

D€ tré thanh chuyén gia 6 mot linh vuc nao do6, can tim hiéu
tat cd nhung gi c6 thé vé van dé do6, nghién ctu thanh cong
cliia ngudi khac va dat muc tiéu lam to6t hon ho. Su cam két va
niém dam mé véi né luc cang manh mé thi su quyét tam dén
voi thanh cong cang Ion.

"Néu ban khong thé gidi thich cho dita tré 6 tudi hiéu duoc, thi
chinh ban cting khéng hiéu gi cd".

C6 lam cho moi tha phtc tap dong nghia véi viec ban khong
hiéu ban chat ctia van dé. Hay nhé dén nhiing thay co gido da
ting day ban. Ho da giai thich tat ca nhiing trang sach day chur
cho ban bang nhtng 16i 1€ gian di va dé hiéu nhat. Ban cung
nén ghi nhé diéu nay khi giao tiép hoac huan luyén nhan vién.

"Sdang tao ¢6 tinh lay lan, hay truyén né di!".

Hay khoi nguon cadm hiing cho moi ngudi lam diéu ma ho yéu
thich. Hay st dung kha nang sang tao dé tao ra nhing cong
viéc va niém vui. Pa dén lac ban danh tam tri cho cac y tuéng
va tao ra hiéu ung domino dén moi ngusi xung quanh.
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"Cach duy nhat dé tranh sai lam la ditng cé y tudng méi'".

Sai lam la tha xay ra hang ngay hang gic véi bat ky ai. Va tha
thuc su lam thay déi thé giéi, khong phai 1a mot quy trinh hoan
hdo ma la nhiing y tuéng méi. Do dé, hoc cach chap nhan sai
lam va mao hi€ém véi sang tao 1a diéu can thiét dé€ tao ra su thay
dai tich cuc trong bat ky té chiic nao.

"Ban khoéng bao gid that bai cho dén khi ban ngiing né luc".

Einstein danh ca doi d€ nghién cttu cac ly thuyét vat ly va nhiéu
nghién ctu trong s6 dé khong di dén két qua nao. Chung ta
khong thé chiac chan vé két qua ctia moi viéc chung ta lam,
nhung Kién tri chinh 1a chia khéa. Tat ca nhiing gi chung ta c6
thé€ lam la cham chi theo duéi muc tiéu. That bai chi tén tai khi
ta dimng lai & ngay d6 ma khong cd gang buéc nhing budce tiép
theo dé dén thanh cong.

"Téi chua bao gio kkham pha ra diéu gi bang cdch tu duy hop 1"

Nhiing tha tuyét voi nhat dén luon dén tir viéc nghi "ngodi chiéc
hop" va lam nhung viéc khac thuong. Moi ngusi thuong kho
chiu v6i nhiing ké nghi khac, nhung dé6 ciung la ly do vi sao chi
co rat it ngusi kiét xuat. Khi gap van dé nan giai, hay cé gang
nghi theo hudng khac, biét dau ban sé c6 cau tra 1oi.

"Tudng tuong la dang thitc téi cao ctia nghién cuu". "Toi cé kha
nang dé vé thodi mai nhu mét hoa si chi nhd vao tri tudng tugng
ctia minh. Tri tudng tuong quan trong hon kién thitc. Kién thitc thi
6 gidi han. Tri tudng tugng bao trum thé gidi".
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Sau khi tuéng tugng vé mot diéu gi dé khac, ban bat dau chia
sé no6 v6i moi ngudi. Sau d6, moi ngudi sé c6 thé nhin thay thé
gi6i ma ban tudéng tuong va ho sé lién két va hoé trg ban. Hay
danh thoi gian d€ mo mong, tudng tugng va nhé chia sé y tuéng
cua ban véi nhitng ngusi xung quanh.

"Chi nhitng ai né luc hét minh mdéi c6 thé dat ducgc nhitng diéu
tudng chitng khoéng thé"'.

Néu ban san sang d6i mat v6i kho khan thi ban méi tién gan
hon dén diéu khong thé. "Piéu khong thé" cang chi 1a mot khai
niém tuong doéi. Ban sé ngac nhién khi dam vugt qua nhing
diéu hgp ly ma moi ngusi van nghi.

"Tit cudc soéng thuong ngay, chiing ta biét rang song - trudc hét la
cho nhitng nguodi xung quanh, cho nhitng ngudgi luén né nu cusvi
va khién ta hanh phtc".

"Cuoc doi sé chdng dang séng, trir khi ta séng vi nhitng ngudi
kchac".

Hay quan tam dén moi ngudi trudce tién. Danh it nhat mot vai
phut méi ngay dé tap trung két ndi, tro chuyén véi ngusi khac.
Hay cho ho biét rang ban tran trong ho. Cam on va gii tang ho
nhiing 16i khen ma ho xing dang dugc nhan. biéu nay khong
chi giup tam trang ctia ho tot hon ma ca tam trang ctia ban
nua.

"Hoc hoi chinh la kinh nghiém. Nhitng thit Ichac chi la thong tin'".

Hoc la mot hanh trinh chit khong phai 1a viéc dam minh trong
tat ca cac thong tin. Hay "lan tim kho bau" va luén ghi nhé rang
chi c6 mot s6 diéu httu ich cho ban, con s6 khac thi khong. Viéc
hoc khong phai 1a thu cé6 thé phit hgp véi tat ca moi ngudi, hay
tim ra cach riéng ctia ban.
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"Luén lam diéu dung. Viéc nay sé lam hai long moét sé ngudi va
lam nhutng ngudi con lai ngac nhién'".

Khi ban ding gitta mot nga ba dusng, hay chon viéc dung dan
ma lam. Cac lua chon khac c6 thé dé dang thuc hién hon hodc
mang dén cho ban nhiéu tién hon. Nhung néu ban nghi lua
chon con lai tuy khé khan sé cho ban nhiéu co hoi trong tuong
lai, hoac chi don gian dé la diéu dung dan can lam thi ban hay
chon no.

Do6i khi nhitng con duong khé khan gap ghénh sé tét hon con
duong mon nhiéu ngudi da di. Hay danh thai gian dé theo doi
nhing gia tri dat duge va lam nhtng diéu dung dan dé giap
ban néi troi trong dam dong.
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nhitng nguoi yéu toan

gpsi lon

LGI GIAI VA BINH LUAN
4 BAI TOAN TRONG DPE THI
CHON POI TUYEN VIET NAM 2015

TRAN NAM DUNG
(Pai hoc KHTN, Tp. Ho6 Chi Minh)

Tém tat néi dung
Trong s6 trude, ban Tran Quang Hung da dua ra 16i
gidi cho hai bai toan hinh hoc trong dé chon doi tuyén
Viét Nam nam 2015 cung v6i nhung phan tich binh
luan thu vi lién quan. O day, trong sb nay, ching toi
sé tiép tuc gidi thiéu cung ban doc 16i giai cho 4 bai
toan con lai cuia dé thi.

Bai toan 1. Goi o la nghiém duong ctia phuong trinh 22 + 2 =
5. Gid st n la s60 nguyén duong va cac s6 nguyén khong am
Co, C1, Ca, .., ¢, thoa man dang thuc

co+ cra+ ca® + - - 4 cpa™ = 2015. (%)
a) Chuang minh rang ¢y +c¢; + ¢ + -+ + ¢, = 2 (mod 3).
b) Tim gia tri nho6 nhat ctia téng ¢y + ¢; + ¢ + -+ + ¢p.
Loi giéi. a) Cach 1. Ta chung minh bﬁng quy nap theo n. V6i
n = 0, ta c6 ¢y = 2015, nhu vay ménh dé dung. Véi n = 1, do «

1a s6 vo ty nén dang thuc ¢y + ¢ = 2015 chi c6 thé x4y ra khi
c1 =0, ¢p = 2015, ménh dé van dung.

Gid st ménh dé da dung dén n > 2. Xét cac s6 nguyén khong
am co, 1, s, ..., Cpn, Cnyr théa man dang thirc

Co+ cra + cd® + -+ e + cn+1oz”+1 = 2015.

St dung dang thitc a® = 5 — o, ta ¢6 ¢, 10" = ¢y 0" 15 — a).
Suy ra

co+catcaa? + o4 (Caot + 5Cu1)a" Tt + (¢ — )™ = 2015.
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Ap dung gia thiét quy nap, ta c6
cot+crt+ceat o+ (o +51) + (6 — cur1) =2 (mod 3).
Nhung day cung co6 nghia la
ottt 1tent+cenpr =2 (mod 3).

Vay ménh dé dung véi n + 1. Theo nguyén ly quy nap toan hoc,
ta c6 diéu phai chiing minh.

Xét da thuc P(x) = ¢y + ez + coz? + -+ - + ¢,z — 2015 thi
P(a) = 0. Ta chung minh rang P(r) chia hét cho Q(z) = 2?4+ —5,
tuc la P(z) = Q(z) - S(z) v6i S(z) 1la da thuc véi hé s6 nguyén.
That vay, gia st P(z) = Q(x) - S(z) + Az + B, v6i A, B nguyén.
Thay z = « vao ta dugc Aa + B = 0. Do « 1a sb vo ty nén diéu
nay chi co6 thé xay ra khi A = B = 0. Vay P(z) = Q(x) - S(z). Thay
r=1vaotadudccy+c;+co+---+¢, —2015=-3-5(1), suy ra

CO+Cl+CQ+"'+Cn52 (mod 3)

V6i moi bo s6 nguyén khong am (co, ¢y, ¢, - .., ¢,) théa man
(%), ta goi co+c1+co+- - +c, 1a gia ctia bd s6 d6. Do tinh sap thu
tu tot ctia tap cac sb tu nhién, ton tai bo sb (co, ci, ¢, ..., Cn)
théa man (x) véi gia nho6 nhat.

Ta ching minh nhan xét quan trong sau:

Néu (cy, c1, Ca, ..., ¢,) la bo ¢6 gia nhé nhdt thic; < 5
vGimoii=0,1,2, ..., n.

Chitng minh. Ta ching minh bang phan chung. Gia st ton tai i
sao cho ¢; > 5. Khi d6 dua vao dang thiic 5 = a® + a, ta c6

cia' = (¢; — 5)a’ + (o + a)a’ = (¢; — 5)a’ + o't + a2,

Nhu Vay, bé 36 (Co, C1, Coy ..., Cj — 5, Ciy1 + 1, Ciy2 + 1, R Cn) Cﬁng
théa man (x) va co gia

cotcr+-H(ci=5)+(civ1+1)+(cipo+ 1)+ -+ =coter+---+c—3

nho hon gia ctia bo (¢, ¢y, .. ., ¢,). Diéu nay mau thuan véi cach
chon (¢, ¢1, ..., ¢,) 6 trén. |
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Bay gio, giong nhu phan a) ta dat:
P(z) = co + 10 + co2® + - - - + o™ — 2015
va Q(z) = 2* + r — 5 thi theo a), P(z) = Q(z) - S(x). bat:
S(x) = by + byw + byx®* + -+ + b, 2" 2.
So sanh hé so hai vé, ta dudc

co — 2015 = —5by,
c1 = by — 5by,

¢y = by + by — Sbo,
c3 = by + by — 5bs,

ey

Cp = bn—2-

Tir diéu kién 0 < ¢y < 4, ta suy ra dugc ngay ¢, = 0 va by = 403.
Tiép tuc sang dong tha hai, ta tim dugc ¢; = 3 va b; = 80. N6i
chung day (c¢;, b;) dudc xac dinh moét cach duy nhat theo cong
thic Ci = bi_g + bi_1m0d5 va bz = %

St dung cong thirc nay, ta lan lugt tinh duge

I, 0
cC 0|3 (3|1 |1]1|3[4]0[{03|1
B 4038096352612 73210

Tir d6 tim dude bo ¢6 gia nhdé nhatla (0, 3, 3,1, 1, 1,3, 4, 0, 0, 3, 1),
va gia nhé nhat 1a 20. Vay gia tri nhé nhat ctia c¢g+c¢; +---+¢, 1a
20, dat dugc & bo (0, 3,3, 1, 1, 1,3, 4,0, 0, 3, 1). [

Y tuéng quy nap trong cach gidi 1 ctia phan a) la
kha tu nhién. Va su kién P(z) chia hét cho Q(r) ma ta dung
trong cach giai 2 khong phai 1a mot diéu gi dac biét. Ta c6 hai
tinh chat don gian nhung quan trong sau:

Néu P(z) va Q(z) la cac da thitc véi hé s6 nguyén,

ngodi ra Q(x) don khdi, titc la c6 hé sé cao nhat bang 1 thi ton tai
duy nhat cdac da thiic v6i hé sé nguyén S(x) va R(x) sao cho

P(z) = Q(x) - S(z) + R(x);
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deg(R(z)) < deg(Q(z)).

Cho P(z), Q(x) la cac da thiic véi hé sé nguyén,
trong do Q(x) bat kha quy, cting nhan sé thuc o lam nghiém. Khi
dé, P(x) chia hét cho Q(z).

Trong phan b), ta da dung phuong phap tim tinh chat ctia bo
s0 t6i uu, sau d6 dung tinh chat nay dé xay dung bo sé téi uu
do6. Loi gidi phan b) lién hé chat ché dén ca hai cach giai 6 phan
a). bay la mot bai toan kha thu vi vi n6 lién hé dugc nhiéu van
dé trong cung mot bai toan: da thuc, sé nguyén, hé dém co so,
chia hét, thuat toan.

(Nga 2014) Kho bac nha nuéc ctia nude Cong hoa toan hoc
chon moét s6 a > 2 va san xuat cac dong xu c6 ménh gia
1 rap va o* rap véi moi k£ nguyén duong. Ngudi ta nhan
thay rang moi ménh gia (tritr ménh gia 1) déu vo ty. Co thé
xay ra tinh hudng la moi sé6 nguyén duong n, ta déu c6 thé
chon ra mot s6 déng xu c6 téng bang n va méi mot ménh
gia dugc chon khong qua 6 lan?

(IMO 1976) Tong ctia mot sd sé nguyén duong bang 1976.
Hoéi tich ctia chung 16n nhat bang bao nhiéu?

Mot s6 nguyén duong k c6 tinh chat 7' (m) néu nhu
v6i moi s6 nguyén duong a, ton tai s6 nguyén duong n sao cho

42" 43" 4.4+ nfF=a  (mod m).
Tim tat ca cac s6 nguyén duong k c6 tinh chat 7(20).
Tim s6 nguyén duong k nho nhat cé tinh chat 7(20%).

Loi giai. a) Dat S.(n) = 1% + 2% + - .- + n”* thi theo cac cong thic
quen thuoc, ta co

n(n+1 n(n+1)2n+1 n*(n +1)°
Su(my = "I gy = MDY gy D
va
Sa(n) nn+1)2n+1)(3n*+3n—1)  6n° + 150t +10n% —n
n) = = :
! 30 30
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St dung tinh chat n*** — n* =0 (mod 20) v6i moi k > 1 ta suy ra
k > 1 théa man tinh chat 7'(20) khi va chi khi k + 4 théa man
tinh chat 7(20). (%)

D€ c6 tinh chat T(20), truéc hét ta phai c6 tinh chat T(5). Lap
bang mo-dun 5 nhu sau

N [1[2[3]4[5]6[7[8]9
Sy [1]3[1]0f0[1[3]1]0
Ss(n)[1]0[4]0[0[1[0[4]0
Ss(n) [1[4[1]0]0[1[4][1]0

Ta thay k = 1, 2, 3 khong théa man. Vi n® =n (mod 5) nén k =5
cung khong théa man. Vay tat ca cac s6 khong 1a boi ctia 4 déu
khong théa man tinh chat 7'(20).

Ta chung minh & = 4 théa man tinh chat 7(20), tir d6, st dung
(x) suy ra moi boi s6 ciia 4 déu thdéa man tinh chat 7'(20). Ta
thay bang dong du mo-dun 20 cta n* la

N 1|2 |34 |5]6 |7|8]9|10|11
nt|1]16[1]16|5[16 116 |1] 0 | 1

Suy ra bang dong du mo6-dun 20 ctia Sy(n) la:

N [1]2[3[4][5]6]7]8]9]10]11
Sy(n) | 1 |17 |18 |14 19| 15|16 |12 | 13|13 | 14
N |12[13]14 151617 | 18|19 |20 21 | 22
() |10[11 |7 [12] 89|56 6] 7] 3
N | 23|24 252627
Siny | 4 [0 [ 5 |12

2

Nhu vay tat ca cac s6 du déu xuat hién. Vay tat ca cac sb thoa
man diéu kién 7'(20) la cac boi s6 ctia 4.

Theo két qua cau a) thi k = 1, 2, 3 khéng théa man diéu kién
T(20'%). Ta ching minh rang k = 4 théa man diéu kién 7(20™)
v6i moi m. Tix d6 suy ra k = 4 1a gia tri nho6 nhat can tim.

D€ chiing minh diéu nay, ta ching minh v6i moi a« nguyén, ton

tai n sao cho 6n° + 15n* + 10n3 — n = 30a (mod 30 - 20™).
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Ta lan lugt ching minh rang véi moi ¢ nguyén:

1) Ton tai n sao cho 6n° + 15n? 4+ 10n® — n = 30a (mod 3), gid s
lél ni.

2) Ton tai n sao cho 6n° + 15n* +10n3 —n = 30a (mod 22™*1), gia
su la Nao.

3) Ton tai n sao cho 6n° + 15n* + 10n® —n = 30a (mod 5™*!), gid
su la ns.

Khi d6, theo dinh ly Trung hoa vé sb du, ton tai n sao cho
n=n; (mod3), n=ny (mod?2*"™), n=ns; (mod5"")

va khi d6 v6i n nay thi 6n° + 15n* + 10n® —n = 30a (mod 30 - 20™)
va ta co6 diéu phai ching minh.

Ménh dé 1) é trén 1a hién nhién, ta c6 thé chon n = 0.

D€ chiing minh 2), ta chiing minh quy nap theo n rang v6i moi
a nguyén va véi moi m nguyén ducng, ton tai n sao cho

6n° + 15n* + 10n® —n = 30a (mod 2™).
V6i m = 1 diéu nay dung, ta c6 thé chon n = 0. Gid sit tén tai n
sao cho 6n° + 15n* + 10n* —n = 30a (mod 2™). Ta chiing minh tén
tai n sao cho 6n° + 15n* + 10n® — n = 30a (mod 2™*1). Dat:
6n° + 15n* 4+ 10n® — n = 30a + u - 2™
va chon N =n+ v -2™. Khi do, ta co

6N° + 15N* - 10N®> = N =6n° + 15m* +10n°> —n —ov - 2™
=30a+ (u—2v)-2™ (mod 2™,

Nhu vay chi can chon v = u la ta ¢c6 N can tim.
Ménh dé 3) dugc chiing minh bang cach hoan toan tuong tu.

Ta da hoan tat viéc chung minh k = 4 théa man diéu kién 7°(20™)
v6i moi m € N*. Vay k = 4 1a gia tri nho nhat can tim. O
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Cac hé s6 cuia da thuc 6n° + 15n* + 10n* — n dong vai tro
kha quan trong trong buéc chuyén tit m 1én m + 1, chang
han khi tir mo-dun 2™ 1én mo-dun 2™, cac hé s6 6 va 10
l1a chan nén méi c6 cac dong du:

6N° =6n" (mod 2™™), 10N® =10n® (mod 2"*).

V6i dong du thuc 15N* = 15n* (mod 2™1) ta dung dén nhi
thic Newton. Tuong tu cho truong hop tu mo-dun 5™ 1én
5m+1 cac hé sbd 15 va 10 chia hét cho 5, con véi hé thic

6N° = 6n° (mod 5™,
ta dung dén khai trién nhi thiic Newton.

Viéc stt dung nang lay thita va dinh ly Trung hoa vé s6 du
la nhirng ky thuat rat co ban trong s6 hoc mo-du-la. Vi thé
bai toan nay chi khé déi véi cac ban chua quen véi cac ky
thuat nay, ngudc lai dé 1a mot bai tap kha don gian. bay
cuing la diém yéu ctia bai toan. Trong thuc té cham thi, s6
hoc sinh lam dang phan b) rat it.

(VMO 1997) Chung minh rang v6i moi s6 nguyén duong n,
ton tai s6 nguyén duong k sao cho 19* + 97 chia hét cho 2".

(Saudi Arabia TST 2015) Cho n va k la cac s6 nguyén
duong. Ching minh rang néu n nguyén té cung nhau véi
30 thi ton tai cac s6 nguyén a va b, méi sd6 déu nguyén to
cung nhau véi n, sao cho a? — V? + k chia hét cho n.

C6 100 sinh vién tham du mot cudc thi van dap.
Ban giam khao gom 25 thanh vién. Moi sinh vién dugc héi thi
b6i mot giam khao. Biét rang moi sinh vién thich it nhat 10 giam
khéo trong sb cac thanh vién trén.

Chimng minh riang c6 thé chon ra 7 giam khao ma maéi thi
sinh déu thich it nhat 1 trong 7 nguoi do.

Chung minh rang c6 thé sap xép lich thi sao cho méi thi
sinh dugc dung 1 giam khao minh thich héi va moi giam
khao hoéi khong qua 10 thi sinh.
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Loi giai. Goi A, la giam khao dudc nhiéu sinh vién
thich nhéat va a, 1a sb sinh vién thich A;. Khi d6, do médi sinh
vién thich it nhat 10 giam khao, ta co

100-10

40.
- 25

a1

Ta chon giam khéo A; va loai di tat cd cac sinh vién thich A,
con lai 100 — a; sinh vién. Ta lai xét A4, 1a giam khdo dudc nhiéu
trong cac sinh vién con lai thich nhat va goi a, la sé sinh vién
trong sb sinh vién con lai thich 4,. Ta cang c6

(100 — ay) - 10
> .
@2 = 24

Ta c¢6 luc nay

(100 —a1) - 10 14a; + 1000 S 14-40+ 1000

24 24 - 24 05.

a1~|—a22a1+

Ta chon giam khao A, va loai di tat ca cac sinh vién thich A2,
con lai 100 — a; — a, sinh vién.

Tiép theo, ta xét Az 1a giam khao dudc nhiéu trong cac sinh vién
con lai thich nhat va goi a3 la s6 sinh vién trong sé sinh vién
con lai thich A;. Ta c6

as Z (100 — a; — CLQ) . 10
23
Ta co luc nay:

(100—&1—@2)'10
CL1+(12—|—CL32G1+CL2+ 23

~ 13(a1 + as) + 1000 - 13- 65 + 1000
- 23 - 23

Suy ra a; + as + az > 81. Hoan toan tuong tu nhu vay ta co

= 80, 22.

(100-&1-@2-@3)’10
CL1+CL2+CL3+0J4ZCL1+CL2+CL3+ 99

_ 12(ay + ag + az) + 1000 - 12 - 81 + 1000
a 23 - 23

— 89, 63.

Suy ra a; +as+az+as > 90. Tiép tuc nhu vay, ta cé a, +- - -+as > 95,
a1+---+a6298Vaa1+a2+---—|—a72100.
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Cuang nhu cach 1, ta goi A4; 1a giam khao dugc nhiéu
sinh vién thich nhat va «, 1a sé sinh vién thich 4,. Khi do, do
moi sinh vién thich it nhat 10 giam khao, ta c6

100 - 10
> = 40.
25

a1

Ta chon giam khéo A; va loai di tat cd cac sinh vién thich A,
con lai tbi da 60 sinh vién. Néu s6 sinh vién khong phai la 60, ta
s€ b6 sung thém mot sé sinh vién “40” cho du 60. Cac sinh vién
4o nay thich tat ca cac giam khao. R6 rang néu ta chon duge 7
giam khdao cho cac sinh vién ké ca cac sinh vién 4o thi cung la
7 giam khao phu1 hop cho 100 sinh vién ban dau. Bé sung nhu
thé, ta c6 60 sinh vién, moi sinh vién thich it nhat 10 giam khdo.

Ta goi A, 1a giam khao dugc nhiéu sinh vién trong s6 60 sinh
vién nay (ca that 1an 4o, néu co) thich va a, 1a sé sinh vién thich
giam khao A,, ta c6
60 - 10
> —— = 25.
a9 =~ 24 5
Ta lai chon giam khéo A, va loai di tat ca cac sinh vién thich A,.
S6 sinh vién con lai tbi da 1a 60 — 25 = 35. Ta lai bd sung mot sb
sinh vién 4o néu sé sinh vién nho hon 35, va tiép tuc goi As, as
co dinh nghia tuong tu nhu trén. Ta co

35-10
23

as > = 15,21.

Suy ra az > 16. Ta lai chon A3 va loai di tat ca cac sinh vién thich
As. SO sinh vién con lai khong qua 35 — 16 = 19. Cu tiép tuc nhu
vay ta dugc

e a, > 9, s6 sinh vién con lai sau khi chon A, va loai di tat ca
cac sinh vién thich A, khong qua 10.

e a5 > 5, sO sinh vién con lai sau khi chon A; va loai di tat ca
cac sinh vién thich A; khong qua 4.

e as > 2, s6 sinh vién con lai sau khi chon Ag va loai di tat ca
cac sinh vién thich A¢ khong qua 2.

e a; > 2, s6 sinh vién con lai sau khi chon A; va loai di tat ca
cac sinh vién thich A; khong qua 0.
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Vay sau khi chon 7 giam khao A, A, ..., A; thi khong con sinh
vién nao, tirc 1a moéi sinh vién déu thich 1 trong 7 giam khao da
chon (dpcm).

Ta ct sap xép lich thi cho cac thi sinh sao cho méi giam khao
héi thi khong qua 10 thi sinh, dén khi khong thé thuc hién dudgc
nra thi dung lai. Gia st con mot thi sinh A chua dugc thi. Vi
A thich it nhat 10 giam kh&o nén ta xét 10 trong s6 giam khao
ma A thich. Theo gi4 st thi ta khong thé cho A thi nira do do6
cac giam khao déu da di “quota”, tuc la da hoi dua 10 thi sinh.
Vi méi thi sinh chi duge héi bdi mot giam khao nén s6 thi sinh
da dugc hoi thi la 10 x 10 = 100, mau thuan. Vay khong con thi
sinh nao khong dudc hoi thi va ta cé diéu phai chiung minh. [

Cau a) bai toan nay c6 thé mé hinh hoéa duéi dang bai
toan tap hop: Co6 100 tap con A, A,, ..., A cta tap hop
X =1{1,2,...,25}, |A] > 10.Khidé tdn tai Y C X, |Y| = 7
sao cho A;NY # @ v6i moi i = 1, 2, ..., 100. V6i mo6 hinh
nay, ta c6 thé chuyén sang mé hinh ma tran thuoc. Chang
han, ta c6 thé di theo huéng ching minh phan chiing va
dém s6 bo 7 sb6 0 trong ma tran thuoc: Gia st ngudgc lai,
khong ton tai Y thdéa man yéu cau deé bai. Khi d6 véi moi 7
cOt ta ludn tim dudce it nhat mot dong ma giao ctia dong dé
vGi 7 cot 1a cac s6 0. Suy ra s6 bo 7 s6 0 trén dong it nhat
la C};. Mat khac, trén moéi dong c6 nhiéu nhat 15 s6 0 nén
s6 bo 7 s6 0 trén dong nhiéu nhat la 100C7;. Néu ta c6 dugce
CJ. > 100CT, thi s€ suy ra mau thuan. bang tiéc (!) 1a § day
thi ta lai c6 CF; < 100CT; nén cach nay khong kha thi. Thu
vi 1a chi can gidm sé giam khao tir 25 xudng 24 thi qua that
C3, > 100C], va cach giai nay trét lot. Ngugce lai, néu thay
25 bang 26 thi quy trinh giai trén day sé cho s6 giam khao
can thiét la 8. Nhu vay s6 25 duge chon kha c6 chu .

V6i cac chua y 6 trén, c6 hai cau héi dudce dat ra la:
1) Néu c6 dinh cac théng s6 100 (s6 sinh vién), 25 (s6
giam khao), 10 (s6 giam khao t6i thifu ma mot sinh
vién thich) thi c6 thé thay 7 bang 6 dugc khong?

2) Néu c6 dinh cac thong sb 100 (s6 sinh vién), 10 (s6 giam
khao t6i thiéu ma mot sinh vién thich) va 7 (s6 giam
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khéo can chon) thi c6 thé thay 25 bang 26 dugc khong?
Va c¢6 thé thay bang s6 16n nhat l1a bao nhiéu?

Cach giai cau b) trinh bay 6 trén cho thay két qua cau b)
kha tam thuong va nhu vay bai 4 thuc su la bai dé nhat
cuia ky thi. Xét tong thé trong bdi canh ngay thi thit hai thi
diéu nay la hgp ly. Tuy nhién, két qua bai lam ctia thi sinh
4 bai 4 mot 1an nira cho thay té hgp van la yéu diém then
chét ctia hoc sinh Viét Nam.

(IMC 2002) 200 sinh vién tham du mot cudc thi toan. Ho
phai giai 6 bai toan. Biét rang méi bai toan dugc giai dung
bdi it nhat 120 sinh vién. Chung minh rang ton tai hai sinh
vién ma hdp lai giai dang ca 6 bai toan.

(Putnam) Cho tap httu han X c6|X| > 10. Ay, Ay, ..., Ajpes 12

cac tap con ctia X sao cho |4;| > %V@i moii=1,2, ..., 1066.

Chung minh rang ton tai tap con A gom 10 phan t cia X
saocho [ANA;|>1v6imoii=1,2, ..., 1066.

(Nga 1993) Mo6i mot cu dan thanh phd N quen véi it nhat
30% cu dan ctia thanh pho. Mot ngudi dan sé di bau ci
néu nhu ngusi quen ctla ngudi do6 tranh ctt. Chung minh
rang c6 thé té chic bau clt thi truéng thanh phé gém hai
ung clt vién, sao cho c6 it nhat mot nlra cu dan di bau.

Tim s6 nguyén duong n nhé nhat sao cho ton tai n
s6 thuc ay, as, ..., a, théa man diéu kién:

at+as+---+a, >0, al+ai+---+al <0, al+a)+---+a)>0.

Ta ching minh n = 5 1a gia tri n nhé nhat théa man
diéu kién dé bai. Ta nhan xét rang néu ton tai n s6 thuc thoa
man diéu kién dé bai thi véi moi m > n cang ton tai m s6 thuc
thoéa man diéu kién dé bai (chi cAn bé sung thém m — n s6 0).

Vi vay, dé ching minh n = 5 1a gia tri nhé nhat théa man diéu
kién dé bai, ta chi can chung minh:

1) Khong ton tai 4 s6 thuc ay, as, as, ay sao cho

ay+aytaz+a; >0, ad+aitaz+al <0, a+a+aj+al >0.
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2) Ton tai 5 s6 thuc a;, as, as, a4, as sao cho

aitag+--+as >0, aj+as+---+ad <0, aj+ad+---+al > 0.

Ta lan lugt ching minh 1) va 2). D€ ching minh 1), ta gia st
ngudc lai rang ton tai 4 s6 thuc a,, as, a3, as théa man

ay+ay+az+ay >0, al+ad+as+a;<0, a+a+al+al>0.

Khi d6 trong cac sb ay, ay, as, ay 6 it nhat mot s6 duong va it
nhat mot s6 am.

Truong hop 1: C6 1 sbé duong, 3 sb khong duong. Khong mat
tinh téng quat, gia st a; > 0 > a, a3, ay. Dat b; = —a; thi ta co6
aq >b2+b3+b4 suy ra

a? > (by 4 by +by)* > b5 + b3+ b3 = —(ad + ad +ad).

Mau thuan.

Truong hop 2: C6 3 sé khong am, 1 sé am. a,, as, as > 0 > ay. Dat
b4 = —Aay. Ta co

ap +as+az > by, a +as+al <b, a)+a)+al> b
Tir bat dang thiic tha hai suy ra ay, ay, as < by va

ai + aj + a3 < ajb; + ayb; + a3b; = (af + a3 + a3)b; < bs.
Mau thuan.

Truong hop 3: C6 2 s6 duong, 2 s6 am. Goi hai s6 duong 1a a, b,
hai sé am 1a —¢, —d thitacé a, b, ¢, d > 0 va

a+b>c+d, "+ >+, B+ <E+

Ta chung minh diéu nay sé dan dén mau thuan. Khong mat
tinh tong quat, gia st a > b va ¢ > d. That vay, do

a®+b* = (a+b)(a® —ab+b*) < (c+d)(c® — ed + d?)
vaa+b>c+dnén ¢® —cd+d* > a* —ab+ b?, suy ra
(c+d)?*+3(c—d)?> (a+0b)*+3(a—b)>
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suyrac—d>a—b. Néuc<athititday s€ suyrab—d >a—c >0,
suy ra b > d. T d6 a® + b* > ¢ + d®, mau thuan. Vay ¢ > a. Va
nhuvaytacoc>a>0b>d.

bén day ta c6 mot s6 hudng giai khac nhau nhu sau:

PatC =< A=24 B="thiC > A, B. Xét ham s6

< o
d’ T d

flz)=C"+1— A — B
thi theo diéu kién ta c6 f(1) < 0, f(3) > 0, f(5) < 0. Ngoai ra, do
C > A, B nén f(+00) = +oc. Theo dinh 1y vé tinh chat ham lién
tuc, phuong trinh f(z) = 0 c6 it nhat 3 nghiém. Ap dung dinh ly
Rolle, suy ra phuong trinh f’(z) = 0 c6 it nhat hai nghiém. (x)
Nhung ta lai co

f(z)=C"InC — A*"InA— B"In A
AN” B\"
ol (A wa () ]
Ham trong ngoac la ham lién tuc va dong bién trén R* dong
bién nén chi c6 nhiéu nhat 1 nghiém, suy ra f/(r) c6 nhiéu nhat
1 nghiém, mau thuan véi (x).
Taco b< (<54)" vaa < (¢ +d* - )% Do de:
(¢ +d — 1) 4+ > &+ dP. (%)

2

,l
Xét ham s6 f(z) = (3 + &3 — x3)% + 2° trén (d, (M> 3) . Ta c6

| o

f,(x) = (Cg + dS - $3)§<—3I2) + 5.T4 = 5(132 |:.I‘2 — (03 -+ d3 _ x3)§i| < 0

c3—i2-d3> °.Vivay f 1a ham nghich bién va ta c6

/N w

doz <
flx) < f(d)y=c"+d*

Do do6 (+#) khong thé xay ra. Mau thuan.

Cubi cung, d€é hoan tat phép chiing minh, ta sé ching minh

ton tai 5 s6 thuc ai, as, ..., as sao cho a; +as + -+ +as > 0,

ad+ad+--+ai<0vaal+aj+---+ad>0.
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Ta sé chi ra 5 s6 duong a, b, ¢, d, e sao cho a +b+c¢ > d + e,
B+ +S < dB+ed ad®+ b+ > d°+ 5. Pau tién ta chon
a=2r,b=c=1,d=e=x+1thia+b+c=d+e.

Ta s€ chon z sao cho (2z)342 < 2(z+1)? va (22)54+2 > 2(z+1)°. Giai
cac bat phuong trinh nay, ta c¢6 thé chon z = 1,5. Sau d6 diéu
chinh d mot chut, tacéthéchona =3, b=c=1,d = e = 2,45.
Bai toan dugc giai quyét hoan toan. O

Bai toan nay kha thu vi vé cach dat van dé, kha méi mé cho
di1 hién nay bat dang thic duge nghién citu mét cach kha
ram ro va c6 nhiéu cong cu manh dugce trang bi cho hoc
sinh. D€ giai dudc bai nay, hoc sinh can ap dung mot chut
tu duy t6 hdp (trong viéc phan trudng hop), phép ching
minh phan ching va nhing bién ddi dai s6 (hoac giai tich)
kha tinh té. Viéc xay dung vi du cang doi héi kha nang du
doan va khoanh vung.

Tuy nhién day la mot bai toan hoi nang vé ky thuat, khong
that phit hgp cho mét bai toan olympic, khi thi sinh phai
lam bai trong diéu kién thoi gian han ché va khong dugce
st dung cac cong cu trg giup.

Trong qua trinh di tim vi du cho truong hop » = 5, mot cach
tu nhién ta phat hién ra bai toan sau: Néua, b, ¢, d, e la cac
s6 thuc duong sao choa+b+c=d+e, a® +b0° +c =d° + ¢
thia® + b3+ < d® + .

Mot cach tu nhién, ta c6 thé dat cau héi téng quat: Tim sé
n nhé nhat sao cho ton tain sé thuc ay, as, ..., a, o tong cac
luy thita béc 4k + 1 duong (k = 0, 1, ..., m) va téng cdc liy
thita bac 4k —1 am (k=1, 2, ..., m).

Loi giai cho bai toan téng quat c6 1€ 1a rat kho. Ngay ca
truong hdop m = 2 da la kho.

Mot cau héi khac cung xuat phat tir 16i giai bai toan trén:
Cho ay, as, ..., Gp; b1, ba, ..., by, lam +n sé thuc duong. Hoi

phuong trinh Y7 af = Y7 ¥ ¢6 nhieu nhat bao nhiéu
nghiém thuc?
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(Ucraina 2014, 16p 9) Tim tat ca cac s6 nguyén duong n sao
cho ton tai n s6 thuc théa man diéu kién a; + --- +a, > 0
vaaj+---+ad <0.

(Bai nay kha don gian: V6i n = 1, 2 r6 rang khong thoa
man, con véi n = 3 thi chon a; = a; = %, ag = —1)

(IMC 2006) Cho a, b, ¢, d, e 1a cac s6 thuc duong sao cho
a2+ b2+ =d>+e2 a' + b+t = d* + ¢*. Hay so sanh cac s6
ad 4+ b+ vadd+ el

(Tournament of the Towns, 2006) Cac s6 thuc duong z,, . . .,
7;, thoa man diéu kién

T+
2

T+

2 2 1
i+ Fa < ;o Tt x < 5

a) Chung minh rang k > 50.
b) Tim vi du mot b nhu vay vGi mot gia tri £ nao do.

c¢) Tim gia tri nho nhéat ctia k dé tén tai 1 vi du nhu vay.
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MARTIN GARDNER -
NGUGI LAM VUGN CUA TOAN HOC

DANG NGUYEN DuUc TIEN

(Pai hoc Trento, Italy)

Roses are red,
Violets are blue,
Sugar is sweet,
And so are you.

C6 mot bai dong dao nhu thé, va ¢6 mot vi nhan da nguéch
ngoac viét thém vao bai bao ctia minh nhu sau:

Roses are red
Violets are blue,
One point 414 ...
Is the square root of two.

Gioi thiéu

Nén toan hoc ctia thé ky hai muci da san sinh ra rat nhiéu
cay dai thu nhu John Nash, Andrew Wiles, Grothendieck, Paul
Erdos, Alan Turing... Ho déu la nhiing cai tén vi dai ma tam
anh hudng da vugt xa khéi thoi dai ciia minh. Nhung trong bai
viét nay chung to6i lai muodn gidi thiéu dén mot vi nhan khac:
Martin Gardner, mot nhan vat trong yéu cua lich st toan hoc
nhung ban than lai khong phai la mot nha toan hoc, tham chi
cung chua ting kinh qua dao tao bai ban vé toan.

Trong sudt su nghiép ctia minh, 6ng khong phai 1a ngusi déong
gop nhiing cong trinh nghién ctu hay phat kién vugt bac. Nhung
ong la mot ngudi truyén cam hung, mot nha lam vuon da gieo
trong niém vui va dam mé toan hoc cho rat nhiéu thé hé nhiing
ngudi tré tudi. Giong nhu Richard K. Guy da viét: “Gardner, hon
bat ky ai, da dem toan hoc dén hang triéu nguoi”, va theo Don-
ald Knuth, “Rat nhiéu nguoi da hoc duge nhiéu i tudng toan hoc
hay tit Gardner hon bét ky ngudi nao khac trong lich sit thé gidi.”
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1. Giai toan theo cach Martin Gardner

Trudc tién, chung ta hay khéi dong véi ba bai toan theo phong
cach ctia Martin Gardner nhu sau:

Bai toan 1. Goc gitta hai dudng thang mau dé dugc vé tir hai
mat ctia mot khoéi hop nhu hinh duéi 1a bao nhiéu?

Bai toan 2. Xét mot vong kim loai nhu hinh bén duéi khi dugce
dot nong va bi nd ra. Diéu gi sé xay ra véi 16 bén trong ctia n6?
N6 sé co lai, né ra hay gitt nguyén kich thuéc?

Bai toan 3. Hai bu-loong giong hét nhau dugc dat lai d6i nhau
dé ranh xodn 6c cia chung dinh vao nhau nhu hinh duéi day.
Néu ban cung luc xoay ca 2 bu-loong theo chiéu ctia no (gitr
chac tay tranh lam chéch huéng) thi hai dau ctia chung sé tién
lai gAn nhau hay ra xa nhau, hay khoang cach khong dé6i?
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DPay la mot sé bai toan phé bién theo phong cach Martin Gard-
ner. Néu ban doc da tirng doc qua sach ctia Martin, chac han
da nam r6 cau tra 16i. Tuy nhién, diéu thu vi nhat ctia ba bai
toan nay la ching khong phai chi danh riéng cho nhing ngudi
nghién ctu vé toan. Chung cé thé dudc gidi bdi bat ci ai c6 kién
nhan, dam mé va tat nhién v6i mot chut kién thiic pho thong vé
vat ly. Chung cung khong hira hen trao cho ban mot kham pha
vugt bac nao, ma don gian, chung mang lai mét cam giac thoa
man ngot ngao cho nhung ai tim ra 16i dap. bung nhu Robert P.
Crease da viét: “Tim kiém cau tra 16i bang Google khong phai la
phong cach Gardner. Cach ctia Gardner la tu minh dot chay niém
dam mé va trai nhiém niém vui vao lic tu minh tim duodc cau tra
loi.”

Va bang cach do, trong sudt 25 nam véi chuyén muc “Cac tro
choi toan hoc” & to bao khoa hoc thuong thuc danh tiéng Sci-
entific American, Gardner da gieo mam dam mé toan hoc cho
hang triéu ngusi 6 moi lira tudi, 6ng da dem toan hoc dén véi
nhiéu ngusi hon bat cu ai trong lich st toan hoc da tirng lam.

“Martin da bién hang ngan dita tré thanh nhitng nha toan hoc
va hang ngan nha toan hoc thanh nhitng dita tré”

Ronald Graham, trich Thoi bao New York s6 ngay 19 thang
10 nam 2009.
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2. Cuoc doi va su nghiép

Martin Gardner sinh vao ngay 21 thang 10 nam 1914 tai Tulsa,
Oklahoma, va mat ngay 22 thang 5 nam 2010, khong xa noi
ong da sinh ra, tai thanh phé Norman, Oklahoma.

Ti trai sang phai: Em trai, cha, va Martin Gardner.

Cha ong c6 bang tién si dia chat va me 6ng da tung di day
ti€u hoc 6 Lexiton, nhung sau d6 ba nghi viec d€ cham séc cho
ba anh em 6ng. Thué nhoé, Gardner thich choi bai, cac tro ao
thuat va doc nhirng tac pham phiéu luu nhu “Phu thay xi Oz”
ctiia nha van Braum, hay “Alice lac vao xtt than tién” ctia Lewis
Caroll... Chinh thu dam mé nhung tro choi tri tué va nhung
cau chuyén phiéu luu la lung ctia thud du tho da anh hudéng
rat 16n dén quyét dinh gan bé véi Toan hoc gidi tri trong cuodc
doi Gardner. Ong ké rang:

“Me toi doc “Phu thily xit Oz” cho t6i nghe khi t6i bé, va toi da
nhin qua vai me méi lan ba doc né. Téi da hoc chit nhu vay day.”

Nam 1936 Gardner tét nghiép khoa triét tai truong Pai hoc
Chicago. Sau khi lam viéc mot thoi gian ngan tai phong truyén
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thong ctia Pai hoc Chicago, nam 1937 6ng tré lai Oklahoma
va tré thanh phong vién cho t6 bao Tulsa Tribune. Sau d6 ong
chuyén dén lam viéc cho tap chi Humpty Dumpty, mot tap chi
danh cho thiéu nhi. Ong viét déu dan hang thang nhing cau
truyén ngan va nhing bai tho dua ra nhiung 16i khuyén vé dao
duc cho thiéu nién.

bén nam 1956, ong dugc mai viét bai cho chuyén muc cac tro
choi toan hoc (Mathematical Games) v6i Scientific American.
Cung tit d6 su nghiép huyén thoai clia Gardner da bat dau.
Cung v6i niém say mé 4o thuat va dau o6c hiéu ky, Gardner da
tru vitng 6 tap chi khoa hoc ¢6 uy tin nay va déu dan dua ra
nhiing cau d6 lam boi réi doc gia. La lung, méi mé, sinh dong va
dé hiéu la nhiing yéu t6 da khién nhiing chuyén muc xuat hién
déu dan tir 1956 dén 1980 ctia Gardner dugc nhiéu ngusi don
doc nhat. Chuyén muc ctia 6ng da mé ra canh céng dan dén
mot thé gidi toan hoc day ray nhiing diéu thu vi. Chung khong
chi mang lai niém vui cho nhiing ngudi yéu toan hay nhing
nha toan hoc ma con goép phan nudi dudng tinh yéu toan cho
mot thé hé tré tudi, truyén cho ho cdm hiing va niém say mé
giai quyét cac van de.

SCIENTIFIC SCIENTIFIC SCIENTIFIC
AMERICAN AMERICAN AMERICAN

Gardner da phat bi€u vé thanh cong ctia minh nhu sau: “Bi mat
I6n nhat cho su thanh céng cua téi véi vai tro chil buit ctia chuyén
muc la téi kkhong biét nhiéu vé toan.”
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Martin néi véi téi rang éng danh 25 ngay méi thang cho chuyén
muc cua minh trén to Scientific American.

Persi W. Diaconis

Mot con bo khéng cé kij ndng gidi quyét van dé cua mot con
tinh tinh, chiing da biét cach diing gay dé choc vao to dé duoi
ddam méi ra khdi mat dat. Su tién héa da phat trién khd néang
ciia bé nao dé gidi quyét van dé, va tai cting mot thoi diém
niém vui ctia viéc gidi quyét van dé da dudc tao thanh trong
nao cua chung ta.

Martin Gardner. Science Good, Bad and Bogus (1981), 123.

Ong tin rang trong giay phut con ngusi tan hudéng niém vui khi
tim ra dap an ctia mot van dé la mot diéu cuc ky quan trong
trong van hoa ctia nhan loai. Ong cung tin rang diéu lam nén
su khac biét gitrta xa hoi cong nghiép hién dai véi thoi ky Hy Lap
c6 1a kha nang giai cac cau d6. Mot man hinh tivi ctia thai hién
dai, khong thé chi la né luc ctia mot ca nhan ngay mot ngay hai
ma la thanh qua ctia hang tram ngudi da gop tri luc vao giai
nhiing cau d6 nho. D6i v6i 6ng niém vui dén tit nhing cau dé
nho nhat. Mot tha niém vui cang thuan khiét va diéu ky khong
kém gi mot nha khoa hoc phat kién ra mot diéu vi dai. bo la
tht niém vui ma Gardner truyén vao nhimng chuyén muc ctia
minh su6t moét phan tu thé ky.

Ong don gian hoa nhiung phat kién toan hoc 16n lao. Ong nhin
nhirng van dé vi dai v6i con mat ctia mot nha kham pha va viét
lai chung theo cach mot nha van ké chuyén vé xit Oz. Ong dat
nhirng ngon ltta dan dudng cho mot thé hé tré tu minh may mo
va say dam trong thé gidgi than tién ctia toan hoc.

Sudt su nghiép ctia minh, ong da dong vai tro la mot ngudi
truyén cdm himng, mot nha ao thuat bién nhitng diéu phtc tap
cao siéu tré thanh nhiing mén qua bi 4n va thu vi cho tat ca
nhung ai giau long say mé kham pha.
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Trong 1€ hoi Toan hoc (1975) ong viét: “Toi chac rang cach tot
nhat dé danh thitc mét sinh vién la dua cho ho mot tro choi
toan hoc hap dan, mét cau do, cac tro do thuat, cau néi dua,
nghich ly, mé hinh, hay bai tho 5 cau (limerick). .. Khong phai
toi dang dé nghi gido vién khong nén lam gi khdc ngoai tric
gidi thiéu cac tro choi gidi tri cho sinh vién. R6 rang rang co
mot su hodn déi giita su nghiém tiic va tinh gidi tri. Gidi tri giit
cho ngudi doc tinh tdo. Su nghiém tic lam cho tro choi dang

2

gia.

Martin Gardner va vag.

Bén canh Scientific American, Martin Gardner con la tac gia
ctia hon 70 dau sach, vé cac tro choi, vé 4o thuat, triét hoc,
thién van, ton gido... Ong c6 ban bé va dong nghiép ctia ong
trong khap cac linh vuc sang tao, tit cac nha logic hoc, toan hoc
nhu Raymond Smullyan, Roger Penrose, Piet Hein dén cac nha
van nhu Isaac Asimov va Vladimir Nabokov, va cac nghé si M.
C. Escher va Salvador Dali. Vi vay khong c6 gi ngac nhién khi
tac phdm ctia 6ng bao ham nhiéu linh vuc khac nhau. Ngoai ra
ong cuang la chuyén gia hang dau 8 My vé Lewis Carroll - tac
gia ctia “Alice lac vao xut than tién”...

Ngay 22/5/2010, Martin Gardner qua ddi tai bénh vién Nor-
man, Oklahoma.
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Trong mot phan tu thé ky (1956-1980), duéi dé muc chung Cac
tro choi toan hoc, Martin Gardner da lam say mé khong biét bao
nhiéu ban doc bang nhiing tro choi tri tué vira dé hiéu vira sau
sac va goi mé ra nhiéu khi canh méi mé. Tat cd chung khong
la nhiing tro choi do 6ng sang tao ma phan 16n la nhing gi 6ng
tim thay trén sach vé. Sau do6 thong qua su trao déi véi cac nha
khoa hoc dé ndm bat dudc y tudng, ong da trinh bay lai chiing
dudi dang nhiing tro choi don gian.

Trong phan nay ctia bai viét, chung t6i muodn giéi thiéu dén doc
gid mot vai bai toan kha quan trong va ndi tiéng da tirng dudc
Gardner gidi thiéu qua chuyén muc “Cac tro choi toan hoc" trén
to Scientific American hoac qua mot s6 sach ctia 6ng.

Flexagon la bai viét dau tién tinh tit khi Gardner chinh thtc
tham gia Scientific American (6ng cé6 mot bai truée do vao nam
1952 la “Cac may logic” khi con lam viéc 6 Humpty Dumpty).
Bai viét nay dugdc hoan thanh vao thang 12 nam 1956, va nho
vay, vao thang Giéng 1957, chuyén muc cac “Cac tro choi toan
hoc” chinh thtc ra doi.

Flexagon la nhitng mau giay/vai phang, cé6 thé gap nép hay uén
cong dé c6 thé lat ca hai mat trude va sau mot cach sang tao,
doc dao. Vi du sau day cho thay cach tao ra mot Flexagon véi
nhitng manh hinh tam giac dugce gap va “udén cong” lai thanh
mot luc giac. Sau d6, bang mot vai dong tac, cac mat nay c6 thé
thay d6i hoac hoan dai vi tri cho nhau dé tao thanh cac hinh
dang khac nhau. D6i khi ngudi ta viét 1én cac mat ctia Flexagon
nhiing con s6 hay nhiing 16i tién doan van may va dung né nhu
la mot tro choi.

Doc gia c6 thé lién tudng Flexagon véi tro choi “dong tay nam
bac” quen thuoc & Viét Nam.

Flexagons c6 mot lich sit phong phu, duge phat minh moét cach
tinh ¢6 vao nam 1939 béi Arthur Harold Stone, duong thoi la
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mot nghién ctru sinh 6 dai hoc Princeton. Chuyén la trén duong
di tit Anh sang My, Stone da tinh ¢6 cat mau bao 16n va gap no,
thé l1a Flexagon ra doi. Stone sau dé cung véi cac ban ctia minh
tai Princeton 1a John Tukey (néi tiéng v6i phép bién déi Fourier
nhanh (FFT)), Bryant Tuckerman (nha t6-p6 hoc, ngusi phat
hién ra s6 nguyén td6 Mersenne tha 24), va Richard Feynman
(nha vat ly xuat sac, cha dé ctia s6 d6 Feynman) da khai pha
cac tinh chéat toan hoc ctia Flexagon. Nhung chién tranh no ra
ngay sau dé da khién bai bao ctia ho chim vao quén lang. 15
nam sau, Martin Gardner da lam song lai né, dat nén tang dua
ong vao giai doan thanh cong nhat trong su nghiép ctia minh.
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Nam 1960, cang trén to Scientific American, lan dau tién Mar-
tin Gardner da gidi thiéu bai toan nhu sau:

“Yéu cau mot ngudi lay mot s6 manh gidy tuy y va viét vao moéi
manh mot sé nguyén duong khac nhau. Cac s6 nay c6 thé rat
nhd nhu bang 1 hay 16n dén kich thuée ctia mot googol (bat dau
béi 1 va theo sau 1a mot tram s6 0) hodc tham chi 16n hon. Cac
manh nay dugc dat up mat xudng va sap xép ngau nhién trén
mat ban. Tai mot thoi diém ban duge phép chon mot manh va
lat 1én. Muc tiéu ctia bai toan 1a tim ra thoi diém két thuc viéc
lat s6 nay dé chon dudgc manh gidy co6 sb 16n nhat. Ban khong
thé quay lai va chon mot trong cach manh giay da lat truée do.
Néu ban da lat tat ca cac manh giay thi manh cudi cung chinh
la manh dugce chon."

Mot bai toan tuong tu dude dé xuat béi Arthur Cayley vao nam
1875 va c6 thé bai toan da dudc dua ra tir truée d6 kha lau béi
Johannes Kepler. Vé sau, bai toan sau thuong dugc biét dén véi
cai tén "bai toan thu ky", chi tiét doc gia c6 thé xem tai day.

Bai toan co ban trén c6 mot 16i gidi dep. Pau tién chon va lat
hét n/e manh dau tién (trong doé e 1a co s6 ctia 1ogarit tu nhién).
Sau do6 sé chon manh dau tién trong s6 nhiitng manh con lai cé
gia tri 16n hon tat ca cac manh da dudc lat. Néu ap dung thuat
toan nay thi xac suat chon dugce manh c6 s6 16n nhat 1a khoang
1/e va day cang la xac suat to6i uu.

Bai toan thu ky la mot bai toan néi tiéng trong ly thuyét ding
toi wu. Bai toan nay da dugc nghién ctu trong xac suat ung
dung, thong ke, va ly thuyét quyét dinh.

Cac bai toan dugc chon bdéi Gardner bao gom rat nhiéu linh
vuce, va cac nghich ly 1a moét trong nhiing van dé yéu thich ctia
ong. Mot bai toan kinh dién thutng dugc nhic dén trong cac
gido trinh xac suat hién nay la nghich ly ngay sinh:

Trong mét nhém ngudi dude chon ngdu nhién, xdc sudt dé cé hai
nguoi co cung ngay sinh la bao nhiéu?
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Trai v6i nhiing du doan cam tinh thong thuong (theo nguyén
ly Dirichlet chang han), xac suat kha cao va néu nhu budi tiéc
c6 70 ngudi thi xac suat c6 2 ngudi c6 cung ngay sinh 1én dén
99.9%. Chi tiét hon, doc gia co thé xem tai day.

Mot nghich ly néi tiéng khac dugc Gardner gidi thiéu vao thang
7 nam 1974 ma ngay nay chung ta van goi la "Nghich ly New-
comb", bat nguon tir nha toan hoc William Newcomb. Bai toan
nay nhu sau:

Gia sit ban tham gia moét tro choi va truée mat ban cé hai chiéc
hop duoc day kin. Hop 1 chac chan cé chita 1.000$, hop thir 2 cé
thé tréng, hodc chita 1.000.000$. Ban dudc phép chon hodc ca
hai hop hodc chi chon hop thit 2. Ludt choi con cho biét thém la
nguoi dan tro sé du dodn trudéc dé xem ban sé chon phuong dan
nao: néu ho dodan ban chon cd 2 hop thi sé dé trong hop thit 2,
va néu ho doan ban chon phuong dn chi chon hop thit 2, ho sé
dadt vao dé 1.000.000$. Néu ho dodn ban chon ngau nhién gitta
hai phuong an, ho ciing dé hop 2 tréng. Va quan trong hon, ngudi
dan tro luén doan diing y dinh cia ban!

Cac truong hgp co6 thé c6 cho nghich ly Newcomb

| | Du doan | Lua chon | S6 tién nhan dugc |
THI1 | Ca 2 hop Ca 2 hop 1.000
TH2 | Ca 2 hop Chi mé hop 2 0
TH3 | Chi mé6 hop 2 | Ca 2 hop 1.001.000
TH4 | Chi m& hop 2 | Chi m hop 2 1.000.000

Bai toan dudgc goi 1la nghich ly vi ¢6 hai cach suy luan trai nhau
ma ca 2 déu co vé rat hgp ly. Lap luan tha nhat cho rang, bat
ké chién thuat ctia ngudi dan tro ra sao, lay ca 2 hop luén c6 1gi
hon. Diéu nay xay ra vi néu ngudi dan tro doan ban chon ca 2
hop (TH1 va TH2) thi téi da ban ctung chi lay duge 1.000 $ (ing
v6i TH1) va trong tinh huéng ngusi dan tro doan ban chon hop
2 (TH3 va TH4) thi khi chon ca 2 hop (ang v6i TH3) ban dugc
1.001.000 $. Lap luan thitr hai cho rang, chi chon hop 2 méi la
phuong an dung dan, vi ngusi dan tro luén doan dung y dinh
cua ban, nén chi c6 TH1 va TH4 xay ra, do vay chon phuong an
chi mé hop 2 sé c6 1gi hon v6i phan thuéng 1.000.000 $. Chi
tiét hon va giai dap cho nghich ly nay, doc gia cé6 thé tim hiéu
thém tai day.
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Trén Scientific American s6 thang 4 nam 1975, Gardner da
dang mot ban do giay va dat ra yéu cau dung 5 mau khac nhau
d€é to6 cho céac viung sao cho hai viing ké nhau phai dugc t6 bang
hai mau khac nhau. Trong tro chaoi nay ong da cé tinh chai tro
"Ca thang tu" va néi rang ban dé6 véi 110 ving nhu bén dudi la
phan vi du cho dinh ly 4 mau.

Nguon: Wolfram.

Bai toan t6 mau dugc néu ra khoang nam 1840 bdi Mobius, cha
dé ctia dai bang Mébius ndi tiéng. Gia thuyét dau tién vé dinh ly
4-mau dugc phat biéu chinh thiic 1an diu tién béi Guthrie vao
nam 1852, do vay con dugc goi la dinh ly Guthrie, phat biéu
ring véi moi ban dé phang déu t6 dugc bang 4 mau sao cho 2
vung c6 cung duong bién khong dugc t6 giong mau nhau.

Hai trong s6 nhing ngudi tién phong ching minh dinh ly nay
la Alfred Kempe, mot ngudsi nghién ctru luat, vao nam 1879,
va Peter Tait, mot nha vat ly, vao nam 1880. Nhung 10 nam
sau, Percy Heawood da chi ra sai lam trong cach ching minh
cua Kempe va dong thoi dua ra dinh ly 5-mau. bén nam 1891,
Julius Petersen chi ra sai 1am trong cach ching minh ctia Tait.

Hon mot thé ky ké tir khi ra doi, dén nam 1977, cudi cung thi
dinh ly cting dugc chitng minh béi Kenneth Appel va Wolfgang
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Haken tai truong Pai hoc Illinois vé6i su trg giup ctia may tinh.
Mac du vay rat nhiéu nha toan hoc khong chap nhan két qua
nay do nghi ngs vé tinh dang dan ctia bo x1t ly clia may tinh va
cac van deé lién quan. Nam 1996, mot ching minh doc lap, va
ngan gon hon dugc dua ra béi Robertson va cong su. Chi tiét
hon cho bai toan ndi tiéng nay, doc gia c6 thé xem tai day.

Duéi day 1a mot cach t6 mau ctia ban do duge dat ra trong cau
héi ctia Gardner, dugc tim thay béi Stan Wagon, mot nha toan
hoc quen thuoc véi Epsilon hai s6 dau tién. Mac du bat ky ban
d6 phang nao ciing duge ching minh 1a té6 dugc béi 4 mau,
trong thuc té viéc tim ra mot cach to véi 4 mau cho mot ban dé
cu thé thuong la mot thach thuec.

Loi giai cho bai toan t6 mau ban do ctia Martin Gardner véi 4
mau. Nguon: Wolfram.

3.5. Phan dang

Phan dang, hay quen thudc hon la Fractal hay hinh (hoc) Frac-
tal, 1a cac hinh c6 cau truc tu dong dang, dugc giGi thiéu béi
Gardner vao thang 12 nam 1976, véi tén goi ban dau la "duong
cong quai vat" (Monster curve).

Cac nha toan hoc bat dau nghién cttu cac hinh tu déng dang ti
thé ky 17, khi Gottfried Leibniz xem xét cac duong gap khuc va
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dinh nghia duong thang la duong phan dang chuan: "cac duong
thang la dusng cong, bat ky phan nao ctia né ciing tuong tu véi
toan bo". Benoit Mandelbrot 1a ngudi dau tién dua ra khai niém
fractal, bat ngudn tir tiéng La-tinh fractus nghia la "dut gay".

The first three ordery of Benoil Mardelbrot's square snowflake

Mandelbrot séng khong xa Gardner khi bai nay dugc viét, va
trong thoi gian nay, tai nha riéng ctia minh, Gardner giéi thiéu
Mandelbrot v6i Conway, nha toan hoc nguti Anh chuyén nghién
cttu ly thuyét s6, ma hoa, té hgp... va dac biét la ngudsi phat
minh ra "tro choi cudc doi". Nhu Gardner thuat lai trong hoi
ky ciia minh, "Conway da cé nhiing phat hién méi cho bai toan
ghép hinh Penrose (Penrose tiling), va Mandelbrot da rat quan
tam dén cac phat minh nay vi nhirng mau ghép Penrose c6 dang
Fractals. Ban c6 th€ mé rong hoac thu hep chung, chung luon
ludn c6 hinh dang tuong tu."

3.6. Ma hoa RSA

Thang 8 nam 1977, Martin Gardner cho dang bai “Mot cach
ma hoa méi sé mat hang triéu nam d€ giai ma". Bai viét nay
da gidi thiéu phuong phap ma hoa RSA, mot phuong phap ma
héa cong khai méi ma trudc day khong ai tin rang c6 thé thuc
hién duge. Khi nhan dugce bai viét tir 3 tac gia Ron Rivest, Adi
Shamir va Leonard Adleman, Gardner da rat thich tha va cé
an tugng sau sic. Ong da pha vé nguyén tic thong thuong ctia
minh, chudn bi bai dang tir truéc dé nhiéu thang ma ngay lap
tic xuat ban bai viét vé phuong phap RSA.
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Y tudng co ban ctia RSA doc gia c6 thé tim hiéu & day. D€ chiing
té kha nang ctia RSA, cac tac gia da gui cho Gardner mot thong
diép E da dugc ma hoa gom 128 Ky tu, cung véi khéa cong khai
s = 9007 va trao giai thudng 100 $ cho ai gidi ma dugc thong
diép goc cua E.

9686 9613 7546 2206
1477 1409 2225 4355
8829 0575 9991 1245
7431 9874 6951 2093
0816 2982 2514 5708
3569 3147 6622 8839
8962 8013 3919 9055
1829 9451 5781 5154

Thong diép da duoc ma héa trong thdch thitc Gardner giti dén
doc gia.

Mat ma RSA da tré thanh mot tieu chudn cong nghiép va cac
bién thé cia n6 van dang dudc st dung cho dén ngay hom nay.
Trong thoi gian gan day cac cau héi vé do an toan né da dugc
xem xét lai. Va du cho bai viét nay ctia Gardner mang tinh chat
dot pha, nhung tiéu dé ctia né da khong hoan toan chinh xac.
Thong diép trong thach thuc da duge giai ma thanh céong vao
khoang thang 4 nam 1994, chi 17 nam sau khi bai toan dugc
dang thay vi hang triéu nam.

Ngoai nhiing van dé néu trén, nhiéu bai toan ndi tiéng va quan
trong khac cung da dugc Gardner phd bién dén dong dao doc
gia nhu dinh ly 16n Fermat, tro choi cudc doi, gia thuyét 3n +
1... va han doc gid hay con nhd, "bai toan déi nén" ma ching
toi da giGi thiéu 6 hai s6 Epsilon dau tién cing dugc wom mam
tlr ngudi ban tot nhat ma toan hoc tirng cé.

1. Chu giai tac pham Alice lac vao x1t than tién (The Annotated
Alice) (1960) 1a tac phdm ban chay nhat ctia 6ng. N6 phan anh
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tinh yéu ctia Gardner déi v6i cac tac pham ctia nha van néi tiéng
ngudi Anh, Lewis Carroll (cuang chinh la nha toan hoc Charles
Dodgson). Nhiing chu giai cia Gardner da giai dap cac an y vé
16-gic va toan hoc trong “Alice lac vao xa than tién” va "Through
the Looking-Glass".

Gardner va Alice tai Central Park.

2. Bén canh niém say mé toan hoc, Gardner la cay but nhiét
tinh trong viéc 1én tiéng chéng lai hién tugng mao danh khoa
hoc. Trong s6 100 cudn sach, cudén “Nhiung tro 16 bich nhan
danh khoa hoc” da néi rat nhiéu vé nhiing 16i khoa hoc cung
nhing tro tht doan. Nam 1976, Gardner tham gia vao nhom
cua Carl Sagan, Isaac Asimov va nhiéu ngusi khac thanh lap
Uy ban diéu tra nhitng hién tugng huyén bi, siéu nhién.

3. Ong da xuat ban bai bao khoa hoc (c6 binh duyét) dau tién &
tudi 74! Bai bao ctia 6ng viét chung v6i cap vd chéng Fan Chung
va Ronald Graham dugc dang trong tap chi Mathematics Mag-
azine. Hon hai thap ky ké tiép, nhiéu bai bao khac dugc dang
trén MAA, bao gom bai bao da dat giai thuéng Math Horizons
“The Square Root of Two = 1.41421 35623 73095...” (Can bac
2 cua 2 1a 1.41421 35623 73095...) khao sat vé tinh vo ty cta
can bac 2 ctia 2 ma chung t6i da st dung bén cau "dong dao"
dau tién trong bai ctia 6ng lam 15i "dé tit" cho bai viét nay ctia
minh. Pay cting la diém két cho bai viét ctia chung toi gidi thiéu
vé Martin Gardner, ngudi lam vuon vi dai ctia toan hoc.
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Vi bai viét trich dan va dé cap dén rat nhiéu nha khoa hoc, nha
van, nghé si khac nhau nén chuing t6i lién két truc tiép tiéu st
cua tung ngusi thong qua Wikipedia ma khong st dung chu
thich.

Bai viét nay dudgc téng hgp va bién dich tit cac ngudn sau:

1. BBC - Martin Gardner, puzzle master extraordinaire. Tham
khao cht1 yéu cho phan 1.

2. Huffingtonpost - Martin Gardner — The Best Friend Mathe-
matics Ever Had - Colm Mulcahy. Tham khéao cht1 yéu cho
phan 2.

3. AMS - Magical Mathematics - A Tribute to Martin Gardner
- Joseph Malkevitch. Tham khéo cht1 yéu cho phan 3.

4. Tia sang - Martin Gardner Ngudi goi cam hung cho niém
say mé toan hoc - Ngoc Ta. Tham khéo cht1 yéu cho phan
2.

5. New York Times - Martin Gardner, Puzzler and Polymath,
Dies at 95 - Douglas Martin. Tham khao cht1 yéu cho phan
2.

6. Scientific American (blog) - The Top 10 Martin Gardner
Scientific American Articles - Colm Mulcahy. Tham khao
cht1 yéu cho cac phan 3 va 4.

7. Tro choi cudc doi - Ha Duong Tuong. Tham khao chii yéu
cho phan 2.

8. Recreational Mathematics Magazine No. 2 2014 - Martin
Gardner’s Mathemagical Life - Tereza Bartlova. Tham khao
cho toan bai.

Tat ca cac tai liéu tut Internet déu dugc truy cap vao thang 6
nam 2015.

121

https://tieulun.hopto.org


http://www.bbc.com/news/magazine-29688355
http://www.huffingtonpost.com/colm-mulcahy/martin-gardner_b_4125273.html
http://www.huffingtonpost.com/colm-mulcahy/martin-gardner_b_4125273.html
http://www.ams.org/samplings/feature-column/fc-2014-04
http://tiasang.com.vn/Default.aspx?tabid=113&CategoryID=6&News=3281
http://tiasang.com.vn/Default.aspx?tabid=113&CategoryID=6&News=3281
http://www.nytimes.com/2010/05/24/us/24gardner.html
http://www.nytimes.com/2010/05/24/us/24gardner.html
http://blogs.scientificamerican.com/guest-blog/the-top-10-martin-gardner-scientific-american-articles/
http://blogs.scientificamerican.com/guest-blog/the-top-10-martin-gardner-scientific-american-articles/
http://www.chungta.com/nd/tu-lieu-tra-cuu/cau_chuyen_khoa_hoc-tro_choi_cuoc_doi.html
http://rmm.ludus-opuscula.org/Home/ArticleDetails/117
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gpsi lon
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CuUcC TRI TAP HQP

TRAN MINH HIEN

(Truong THPT Chuyén Quang Trung, Binh Phudc)

Pinh nghia 1.1. Cho F la mét ho cac tap hgp con ctia mot tap
n phan tt X. Khi d6 F dudc goi 1a ho giao néu v6i moi 4, B € F
taco AN B #0.

Pinh ly 1.2. Cho F la mét ho giao cia mot tap »n phan t X.
Khi do | F| <271

Chitng minh. Lay mot tap con A C X. Khi d6 v6i mdi cap tap
con (A4, X\A) cia X, thi nhiéu nhat 1a mét trong hai tap A hoac
X\A thuoc vao F (vi néu ca hai tap A, X\ A déu thudc vao F thi
do
AN (X\A) = 0
mau thuan véi F la mét ho giao cac tap con cua X). Vi X c6 2" tap
con, va moéi cap tap con (A4, X\ A) cé6 nhiéu nhat mét tap thuodc
F. Do do .
Fl<5-2"= 2n 1,

]

Pinh ly 1.3 (Pinh ly Erdos-Ko-Rado). Mot ho F cac k_tap (mot
tap hop c6 k phan tr goi la k_tap) ctia mot tap n phan t X

(kgg).Khido
n—1
< .
|f|_(k_1)

Chitng minh. 1. Véi n, k 1a cac s6 nguyén duong véi n > 2k.
Mot k_cung 1a mot tap {i,i + 1,...,i+ k}, v6i cac s6 nguyén
lay theo modulo n. Mot cach hinh dung cho mot £_cung
nhu 1a k doan cung tron lién tiép, ndi hai difém i va i +
k(modn) trén dudng tron. Ta néi hai cung A va A’ giao nhau
néu chung c6 chung nhau mot doan cung tron (k_cung va
hai cung giao nhau dugc minh hoa béi hinh duéi day).
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cung chung

2. Mot ho {4, Ay, ..., A;} cac k_cung giao nhau do6i mot cta
[n] thi ¢ < k. That vay, méi diém i (di€ém gin cho mot cung
tron) la diém két thuc cta hai cung: mot cung nhan i la
di€m dau tién va mot cung nhan i 1a diém cudi cung.

k — cung

k — cung

Do hai cung nay khong giao nhau, dan dén nhiéu nhat
mot trong hai cung nay thuéc vao ho F. Xét mot cung
A; cho truéce. Vi cac cung con lai déu phai giao véi A; mot
doan cung chung. Do d6 cac cung con lai phai nhan mot
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trong cac diém trong ctia cung A, 1a cac diém iy, iy, . .., i1,
la diém két thuc. Vi méi diém két thiic c6 khong qua mot
k_cung thudc F, nén co k — 1 diém két thuc sé c6 khong
qua k_cung thuoc F, cong vGi cung A; thi co khong qua
k_cung thudc tap F.

3. Bay gio xét mot hoan vi ctia [n] c6 dang (a1, as,...,a,). Ta
danh dau cac doan cung tron béi cac sé a¢; nhu hinh vé
ban dau. Méi mot tap clia F xem nhu la mot k_cung cua
hoadn vi nay. Theo két qua trén, thi véi mot hoan vi nay ta
co < k cac k_cung.

e LAy tong hét tat ca cac hoan vi [n] trén duong tron, co
(n — 1)! hoan vi, thi ta thay c6 nhiéu nhat l1a k(n — 1)!
cac tap nhu thé nay.

e Tuy nhién, khi sap xép trén duong tron va trong cach
dém trén, tap A, dugc dém lam nhiéu lan (vi sap xép
trén duong tron, thi tap A, hay bat ky tap nao lay dé
lam thua tu la giong nhau). Vi trong nhiéu lan hoan vi
cuaa (n—1)!, sé tao ra nhitng hoan vi khac nhau, nhung
phan tit ctia A4; van nhu vay. Do doé ¢6 k! cach sap xép
cac phan tt ciia A, va (n — k)! cach sap xép cac phan
ti bu cua tap A;. Do dé

|Flkl(n — k)! < k(n—1)!
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k(n —1)! n—1
V= ga = (k—l)‘

]

Pinh ly 1.4 (Bollobas). Cho A;, A,,..., A, va By, Bs,...,. B, la
cac tap con ctia S = [n]. Bat a; = |A;| va b; = |B;| v6i moi i =
1,2,...,m. Gid stt A; N B; = § khi va chi khi i = j. Khi d6

) e
i=1 i

Chitng minh. 1. V6i méi hoan vi trong s6 n! hoan vi cac phan
tlt ciia S, ta n6i mot hoan vi 7 1a chita B sau A néu tat
ca cac phan tr ctia A déu ditng truée cac phan t ctia B
trong .

2. V6i mot hoan vi 7 ¢6 tinh chéat chita B; sau 4;, ma cung cé
thém tinh chat chta B; sau 4;, khi dé A; N B; = 0 (néu A;
dung trude Bj, minh hoa hinh dudi)

céc vi tri cho cac phan ti cla A, cac vi tri cho cac phan t& cla B;

/\ /\
l |

R —

céc vi tri cho cac phan ti clia Aj céc vj tri cho cac phan ti cia B

hoac A; N B; = ( (khi A; két thiic sau B;). Nhung diéu nay
mau thuan véi gia thiét A, N B; = () khi va chi khi i = j. Do
d6, véi méi hodn vi w, tén tai nhiéu nhat mét chi sé i dé =
chua B; sau A;.

3. Ngudgc lai, v6i méi i € {1,2,...,m}, ta dém sb hoan vi ma A,
dung trudc B;.
e Chon a; + b; vi tri d€ sap xép cho 4; va B;, ta c6 ()
cach.

e Dat ¢; phan tit ctia A; vao q; vi tri dau tién trong a; + b;
vi tri vita chon ¢6 q;! cach, sau dé sap xép b; cac phan
t ctia B; vao cac vi tri con lai ¢6 b;! cach. Vay cé a;!.b;!
cach sap xép A4; truée B;.
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e Sap xép n — a; — b; phan tir con lai ctia S vao n —a; — b;
vi tri con lai ¢6 (n — a; — b;)! cach.

Vay ta co
n n!
<a¢ +bi> bt (= b= (GZQTZ)

4. Lay téng sb tat cac cacchiséi=1,2,...,mta co

m

m -1
Z((Iin—Ji)i)Sn!éZ(ai:bﬁ <1

=1 a; i=1

binh ly dudc chung minh.

O]

Pinh nghia 1.5. Cho S 1a moét tap hop httu han. M6t ho cac tap
con A, Ay, ..., A, ciia S dudc goi 1a mot xich néu

A; C Ai+1 va |Ai+1| = |Az| +1 Vi=1,2,....,n.
Do d6 mot xich trong mot poset 1a mot tap hop {z1, xq, ..., 2}
thoa man

T < a9 < ... < T
Pinh nghia 1.6. Cho P la mét tap hop htru han. M6t ho cac tap
con Ay, A,, ..., A, ciia S dudc goi 1a mot phan xich néu
A & Aj Y F# G

Khi d6 mot phan xich trong 1 poset chinh 1a mot tap cac phan
ta y1,v2,. ..,y MA y;,y; Khong thé so sanh theo quan hé cua
poset v6i moi ¢ # j.

Pinh 1y 1.7 (Bat dg.ng thadc LYM, Lubell, Yamamoto, Me-

shalkin). Cho F' la mot phdn xich trong [n] (ta dung ky hiéu
[n] thay cho {1,2,...,n}). Khi d6 ta cé bat dang thiic

2 <|Zu)_l =t

a€eF
Chitng minh. 1. Goi C la tap hop tat ca cac xich C, moéi xich
C gom n tap hgp, méi tap hgp la moét tap con cua [n] va
day la xich chia nhiéu phan tt nhat, ¢, ¢ G, C ... C C,,
|Ci| =i, Vi = 1,2,...,n. H6i C c6 bao nhiéu phan ti? (méi
phan tit thuéc C la mot xich do dai n). Xét mot xich C € C thi
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e C6 n cach chon cho tap ;. That vay, vi |C;| = 1 nén
Cy € {{1},{2},...,{n}}.

e VG6i moéi cach chon tap €, ¢6 n — 1 cach chon tap C,.
That vay, minh hoa cho C; = {3}, khi do

Cy € {{3,1}, 13,2}, {3,4}..... {3.n}}.

e Cut tiép tuc nhu vay, ta c6 n — 2 cach chon tap Cs, n—3
cach chon tap C,,... va cudi cung la 1 cach chon tap
C, viC,, = [n].

Vay C c6 n! phan tu.

2. Mot tap A C [n] thi A ¢6 thé vita thuodc vao xich C, vita
thuoc vao déi xich F. Do dé6 ta di dém sé cap N gom cac bo
(A,C) véi C € C va Ala mot tap hgp vira thudc xich C vira
thuodc déi xich F.

e V6i moi C € C, c6 nhiéu nhat mot tap A ma A € C va
A € F. That vay, gia st co hai tap A, A, vira thudc vao
C, vira thudc vao F. Vi A;, A, thudc xich C' nén hoac
A; C As hoac A; C Ay, nhung khi do thi A, A, khong
thé thuoc vao F dugc, vi cac tap con ctia F khong co
tap nao la tap con ctia tap khac. Vay

|IN| < n!

e VGi moi tap A € F' ma |A| = k. Khi d6 c6 k! cach chon
cac tap Ay, Asy, ..., Ay (cach dém giong hé y 1) ma

Al CAC...CA 1 CA, |Al=iVi=12,...)k—1
va c6 (n — k)! cach chon cac tap Aj.q,... 4, ma
ACAC...CA,, |Aj|l=43Yi=k+1k+2,... n
Suy ramoi A € F ta co
El(n — k) = |A]l.(n — | A])!

cach chon xich C chua A. Do do

NI = Al — AL

AeF
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Tir hai cach dém trén, ta co
All(n — |A])!
E:MWn—MWth$§:Lu£?LQ§1
AeF A€eF G
day chinh la diéu phai ching minh. O

Nhan xét 1. Bat dang thiic LYM c6 thé dé dang suy ra tit dinh
ly Bollobas, dinh ly 1.4 bang cach, dat F = {A;, As,..., A, } va
dat B; = [n]\A;. Khi d6 diéu kién A; N B; = () théa man va diéu
kién A;NB; # 0 tré thanh A; € A;, tic 1a diéu kién ctia mot phan
xich. Cha y la b; = n — a;. Dén day thi

m n—l n az+bz —1
S (i) =2 (") =t

Pinh 1y 1.8. Mot ho F cac tap con cta tap n phan ti X dugc
goi la khong so sanh dudc néu A, B 1a hai phan tt bat ky ctia
FthiAZ B.

Pinh ly 1.9 (Pinh ly Sperner). Cho F la mot ho khong so sanh
dudc cac tap con cua tap n phan tir X. Khi dé

7 < el

Chitng minh. Mat khac, theo tinh chat ctia nhi thitc Newton thi
hé sb trong khai trién (1 + 2)" théa tinh chat

(0) < ()< () == () =< (1)

Thay vao (*) ta c6 danh gia

1
RGEE

j=1

—_

IN

m.

(

Tut day ta c6 diéu phai ching minh. Dau bang xay ra khi B chua
tat ca cac tap con gom co [g} phan tt ctia tap B. O

w33
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Hé qua 1.10 (Bat dang thitc Lubell). Cho 7 la mot ho khong
so sanh dudc cac tap con cuia tap n phan tir X. Goi a;, 1a s6 cac
k_tap con thuoc F. Khi do

Qy
@Sl.

k=1 "

Cho n la s6 nguyén duong, ky hiéu
0,1]" ={z122. .. 25|z € {0,1},0=1,2,...,n}
la tap tat ca cac xau nhi phan do dai n.

Pinh nghia 2.1. Cho hai xau nhi phan =z = z;...2, va y =
Y1 ... yn. Khi d6 khoang cach gitta hai xau = va y

d(z,y) = s6 vi tri i ma xz; # y;.

Khoang cach nay goi la khoang cach Hamming théa tat ca cac
diéu kién

o d(z,z)=0,Yz € [0,1]";

e d(x,y) > 0,Vx #y € 0,1

o d(x,y) = d(y,z), Y,y € [0,1]";

o d(z,2) <d(x,y)+d(y,=z),Vx,y,z € [0,1]".

Pinh nghia 2.2. Cho d la s0 nguyén ducng. Goi C la tap hop
tat cac cac xau nhi phan trong [0, 1]" sao cho

d(z,y) > d Yz #y e C.

Pinh ly 2.3 (PLOTKIN). Cho n,d la cac s6 nguyén dudng. bat
M = |C|. Khi d6
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1. Néu d chan, 2d > n thi

2. Néu d 1é, 2d + 1 > n thi

M§2[ d+1 1

2d+1—n

Pé chitng minh dinh 1y, ta sit dung mét sé6 nhan xét sau:

BG dé 2.4. Gia stt N, M la cac sb nguyén duong va 0 < N < M

thi )
M_ 2 <
worwy < [, e arandn
. neu M le.

B6 dé 2.5. Néu z € R thi [2z] < 2[z] + 1.

B6 dé 2.6. Cho v 1a xau nhi phan € [0, 1]. Khi d6 d(v + w) bang
vGi 86 s6 1 xuat hién trong v + w.

Chitng minh. Bang viéc kiém tra tat ci cac kha nang cta v; va

w;, ta thay
0 néu Vi = W;
(v+w); = { )
1 neéu vy % W;.

Do do

d(v, w) = [{ilv; # wi}|
= [{il(v + w); = 1},

O

Chiing minh dinh Iy véid chan. Ta viét ma tran A = (¥

méi dong 1a mot phan t u + v, v6i u,v € C. Ta dém s6 lan xuat
h<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>