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LOI NGO

Ban bién tap Epsilon

Epsilon, tic 1a rat nhé, nhung khong bang 0. Va nhiéu epsilon
cong lai c6 thé tré thanh nhiing cai dang ké. Co théla 1,1a 2, co6
thé 1a vo cung. Piéu quan trong la ta c6 biét cach két hop cac
epsilon khac nhau lai hay khong. Epsilon la t6 bao ctia cong
dong, danh cho cong dong. N6 1a mot su khéi dau. Con tiép noi
nhu thé nao sé hoan toan phu thudc vao su dén nhan, ting ho,
trg giup, tham gia ctia cong déng. D€ c6 dugce su xuat hién déu
dan, dung han, Epsilon sé khong c6 bat cit mot giéi han vé sb
trang clia mot Ky, so trang ctia mot bai, va cing khong gisi han
chu dé, khong bat buoc phai c6 muc nay, muc kia.

Chti dé ctuia Epsilon da dang nhung sé cht yéu la vé toan va
cac van dé lién quan, muc do thuong thiic phé thong, truyén
ba toan hoc.

Epsilon luén mong muén nhan dugc su dong gop tir phia cac
nha toan hoc, cac nha khoa hoc, cac thay cé gidao, cac ban sinh
vién, cac ban hoc sinh va tat ca nhirmng ngudi yéu toan va nhirng
ngudi yéu nhing ngudi yéu toan. D€ nang cao chat lugng tap
chi, chung t6i xin dudc phép sé trao déi véi tirng tac gia, cung
bién tap lai cac bai bao phu hgp.

S6 bao ma cac ban dang doc la sb6 1 ctia tap chi. Trong s6 nay,
chung t6i c6 téng cong 9 bai viét. Bén canh cac bai lién quan
dén ky thi HSG cap quéc gia (VMO) 2015 vira qua, chung toéi
ciing gi6i thiéu mot s6 bai viét thuong thic, ly thuyét Toan co
dién va hién dai.

Epsilon sé ¢ gang ra déu dan 2 thang 1 1an, vao cac ngay 13
clia cac thang chan. Chon ngay 13 dé thé€ hién su quyét tam.
Van su khéi dau nan. Chuang ta hay c6 gang khéi dau. Va cb
gang di tiép. Di nhiéu ngusi, ban sé di rat xa. . .
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sO PHUC VA PA THUC

Tran Nam Dung (PHKHTN, PHQG Tp HCM)

Tém tat
Trong ky thi chon hoc sinh giéi Toan Qudc gia nam hoc
2014-2015 vita qua, c6 2 bai toan c6 thé giai rat hieu qua
va ngan gon néu dung dén sé phic. Thé nhung, sd6 hoc
sinh ndm ving s6 phiic dé sit dung mot cach hiéu qua lai
khong nhiéu, va cac ban da rat vat va gidi cac bai toan da
cho bang cac phuong phap khac.
Trong bai viét nhé nay, chung t6i muodn gidi thiéu truée hét
la cac ung dung cuia sé phtrc trong bai toan vé da thtec,
sau do6 la iing dung ctia s6 phuc va da thuc trong cac bai
toan t6 hgp dém.

1. S6 phirc trong cac bai toan veé da thitc

Nghiém ctia da thuc dong vai tro quan trong trong viéc xac
dinh mot da thic. Cu thé néu da thuc P(x) bac n ¢6 n nghiém
X1, X2, ..., Xn thl P(x) c6 dang P(x) = c¢(x — x1)(x — Xx2) - - (x — xn).
Tuy nhién, néu chi xét cac nghiém thuc thi trong nhiéu truong
hgp sé khong c6 di s6 nghiém.

Hon ntra, trong cac bai toan phuong trinh ham da thtc, néu chi
xét cac nghiém thuc thi 16i giai sé 1a khong hoan chinh. Dinh
ly co ban ctia dai s6 vi vay dong mot vai tro hét stc quan trong
trong dang toan nay. Va ta st dung cach phat biéu don gian
nhat ctia né: mot da thirc véi hé sé phuc (thuc) ludn c6 it nhat
mot nghiém phirc. Dudi day ta xem xét mot s6 ap dung.

Bai toan 1. Tim tat ca cac da thiic P(x) khdc hang sao cho:

P(x)-P(x+1) =P(x*+x+1). (1)
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Loi giai. Gid st « la nghiém ctia P(x) = 0. Khi d6 o> + a+1 cing
la nghiém. Thay x bang x — 1 trong (1), ta thay rang

P(x —1) - P(x) = P(x*> —x + 1).
Vi P(a) =0 nén o — « + 1 cing la nghiém cua P(x) = 0.

Chon « la nghiém c6 mo-dun 16n nhat (néu ton tai vai nghiém
v6i mo-dun 16n nhat, ta chon mot trong s6 cac nghiém dé). Cach
chon « nhu vay suy ra |o® + o« + 1] < || va [&® — x+ 1| < || vi ca
o® + o+ 1va o — x+ 1 déu la nghiém ctia P(x) = 0.

Ta nhan xét rang « # 0. Tiép theo, ta c6
2] = |(oc2+oc+ 1) — (o — o+ 1)| <o + oo+ 1+ — o+ 1] < 2/

Vé dau va vé cudi ctia bat dang thic trén bing nhau nén dau
bang phai xay ra, tir day ta suy ra o® + a+1 = —A(o® — a+ 1) v6i
mot hang s6 duong A nao d6. Hon nita tit tinh 16n nhét cta |«
ta cing co |o® + o+ 1| = |0 — x+ 1| = |a|. Nhu vay A = 1 va ta ¢6

C+at+l=—(c?—a+1)

suy ra o? +1 = 0. Tir d6 « = +1i va x? + 1 1a thita s6 ctia P(x). Nhu
vay ta c6 thé viét P(x) dudi dang:

P(x) = (x> +1)™ - Q(x)

trong d6 Q(x) la da thuc khong chia hét cho x? + 1. Thé ngugc
tré lai vao phuong trinh (1), ta thay Q(x) cang thoa man:

Q(x)-Q(x+1)=Q(x*+x+1).

Néu Q(x) = 0 lai ¢6 nghiém thi ly luan trén day suy ra nghiém
c6 mo-dun 16n nhat ctia né phai la +i. Diéu nay khong thé xay
ra vi x? + 1 khong chia hét Q(x). Ta suy ra rang Q(x) 1a mot hang
s0, gia st 1a ¢. Thay vao phuong trinh ctia Q, ta dugc ¢ = 1. Nhu
vay 16p cac da thuc thoa man phuong trinh (1) 1a P(x) = (x> +1)™
v6i m 1a mot s6 nguyén duong nao do. O

Bai toan 2. Tim tat cd cac da thitc P(x) khdc hang sao cho:

P(x)-P(x+1) = P(x?).
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Loi giai. Gid st « la nghiém cta P(x) = 0. Khi d6 tir phuong
trinh suy ra o2, a, o8, ... cang la nghiém ctia P(x) = 0. Tir day
suy ra rang |« = 0 hodc |a/ = 1, vi néu ngudc lai ta sé thu
dugc day vo han cac nghiém ctia P(x). Tuong tu, bang cach thay
x = «— 1, ta suy ra (e — 1)? cang la nghiém ctia P(x). Bang cac
ly luan tuong tu, ta cing dugc |(«—1)?| = 0 hodc |(ox —1)?| = 1.

Gia st rang o] = 1 va |(«—1)%| = 1. Viét a = cosp +1i-sing, ta c6

l—a=(1—cosp)—1i-sing
. 2@ . .9 P
=92.5in?X —92i. X, s
sin 5 i sm2 cos2
=2. sing . sinE —1- cosg
2 2 2

nén (1 — «)?=—4-sin*¢ . (cosp +1i-sing), suy ra
(1— o)’ =4- sinzg =2—2-cos¢.

Do |(1—«)?| =1 nén 2-cosp = 1. Tit day suy ra cosp = 3, ta tinh
dudc ¢ = Z hoac 2F. Gia stt ¢ = .

Xét o cung la nghiém ctia P(x) = 0. Nhu vay («® — 1)? ciing la
nghiém ctia P(x) = 0 va |(«* — 1)?| =2 — 2 cosZ* = 3. Mau thuin
vi moi nghiém ctia P(x) = 0 c6 mo-dun bang 0 hodc 1. Tuong tu
vOi truong hop ¢ = 2F.

Nhu vay, ta c6 thé két luan rang o« = 0, hodc « — 1 = 0. Tix day
P(x) c6 dang cx™(1 —x)™, v6i ¢ 1a mot hang s6 khac 0 nao do6 va
m, n la cac s6 nguyén khong am khong dong thoi bang 0.

Thay vao phuong trinh da cho, ta dé dang ki€ém tra dudc rang
¢ =1 va m =n. Nhu vay 16p cac da thac thod man diéu kién da
cho 1a P(x) = x™(1 —x)™ trong dé6 m la mot s6 tu nhién. O

Nghiém phtic ctia da thitc v6i hé s6 nguyén, trong nhiéu truong
hop 1a chia khoa dé chitng minh tinh bat kha quy (trén Z va Q)
cia da thiic d6. Chung ta tim hiéu cac ly luan mau trong van
dé nay thong qua cac vi du sau:

Bai toan 3 (IMO, 1993). Chitng minh rang vdi moin > 1, da thiic
x™ + 5%~ + 3 khong thé phan tich thanh tich ctia hai da thitc ¢
béac kkhong nhé hon 1 véi hé sé nguyén.
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Loi giai. Gid st x, xo, ..., X, 1a tat ca cac nghiém ctia P(x). Khi
dotaco P(x) = (x—x1)(x—x2) - - - (x—xn ). Suyra3 = (—1)™x1Xa - - - X
Ta ¢6 v6i méi i thi xI* + 5x* ' + 3 =0, suy ra

S=P|™ x5, i=1,2,...,n (1)

Gia st ngudgc lai rang da thuc P(x) kha quy, tac 1la P(x) = Q(x) -
S(x) v6i Q(x), S(x) la cac da thiic khong hang véi hé sd nguyén.
Thé thi r6 rang Q(x) s€ la tich ctia moét s6 thita s6 x — x; va S(x)
la tich ctia cac thira s6 con lai.

Khong mat tinh téng quat, gia str:
Qx) =(x—=x1)---(x —=xx), S(x)=(x—=%k41)  (x —%xn).

Suy ra [x;xs Xk va |xii 1 -xq| 1& cac s6 nguyén co tich la 3.
Nhu vay mot s6 bang 1 va mot sé bang 3. Khong mat tinh téng
quat, gia st [x;xo - x| =3 va [xyq1 - Xn| = 1.

Trong (1) cho i chay tit 1 dén k roi nhan vé theo vé, ta duge
3% =xy - xa[™ - [(x1 4+ 5) - (xx + 5)| =371 Q(=5)].

Suy ra k > n— 1. Nhu vay S(x) la nhi thic bac nhat, suy ra P(x)
c6 nghiém nguyén. Nhung nghiém nguyén ctia P(x) chi c6 thé
la —1, 1, —3, 3. Kiém tra lai thi chiing déu khong la nghiém ctia
P(x). Mau thuan. Diéu nay chung t6 diéu gia st 1a sai, tuc la da
thuce P(x) bat kha quy. O
Bai toan 4 (Nhat Ban, 1999). Chitng minh rang da thirc:

f(x) = (xX*+1H(x*+2%) - (x*+n?) +1

khong thé phan tich thanh tich ctia hai da thitc hé sé nguyén béc
l6n hon hay bdang 1.

Lai giai. Gia st ngugc lai f(x) = g(x) - h(x) v6i g(x), h(x) la cac
da thtc v6i hé s6 nguyén c6 bac 16n hon hay bang 1. Khi d6, dé
yrang f(+ki)=1véik=1,2, ..., n, taco

1=g(ki)-h(ki), k=1, £2, ..., £n.

Chu y rang 1 chi ¢6 4 cach phan tich thanh tich ctia cac sb
nguyén trong Z[i]la 1-1, (—1)-(—1),i-(—1i) va (—i) -i nén ta co
v6i moi k € {1, £2, ..., £n} thi

(g(ki), h(ki)) € {(1, 1), (-1, —1), (i, —1), (-1, 1)}

12
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Nhu vay trong moi truong hgp ta déu cé6 g(ki) = h(ki) = h(—ki).
Nhu thé da thuc g(x) —h(—x) ¢é 2n nghiém phan biét, trong khi
bac ctia n6 nhd hon 2n. Vay ta phai c6 g(x) — h(—x) la da thitc
hang 0, tic 1a g(x) = h(—x). Tit do6 deg(g) = deg(h) =

Vi f(x) la da thitc don khéi nén ta co6 thé gia sir g(x), h(x) don
khéi. Khi d6 da thic g*(x) — h%(x) c¢6 bac nhé hon 2n. Pa thuc
nay cé it nhat 2n nghiém ki v6i k € {£1, £2, ..., +n}. Suy ra
g%(x) — h?(x) = 0. Ta khong thé c6 g(x) = —h(x) vi g va h don
khéi. Vay ta phai c6 g(x) = h(x). Nhu thé f(x) = g*(x).

Tit day suy ra g 2(0) = f(0) = (n!)? + 1. Piéu nay la khong thé vi
g(0) 1a s6 nguyén van > 1. N

Bai toan 5. Chitng minh rang néu da thitc P(x) = (x? —Tx+6)"+13

c6 thé phan tich thanh tich ctia hai da thiic Q(x), S(x) v6i hé sb
nguyén thi Q(x) va S(x) déu cé bac 2n.

Lai giai. That vay, gia st P(x) = Q(x) - S(x). Goi x1, Xz, ..., X4n
la cac nghiém phuc ctia P(x) thi Q(x) va S(x) sé la tich ctia cac
thira s (x —x¢). Panh s6 lai néu can, ta gia su:
Qx)=(x—x1)(x —x2) -+ (x —x) v6i 1 < k < 4n.
Ta co [(xi —1)(x; — 6)]2TL = —13. Tix day suy ra
(i — 1) (x —6|—132n. (%)

Mat khac, (1—x;) -+ (1—x) = Q(1) nguyén nén |(1—x;) - - (1—x)|
cung nguyén. Tuong tu (6 — x;) - - - (6 — x;)| nguyén. Tt day suy

ram = |(x — D0 = 6)0x = D —=6)- - (x = Dlx — 6)| nguyen.
Nhung theo (%) thi m = 132x. Suy ra k = 2n. Vay Q(x), S(x) déu
phai c6 bac la 2n. O

Chu y tit két qua bai toan nay dé dang suy ra két qua bai 2 ctia
dé thi hoc sinh gi6i Toan Qudc gia nam hoc 2013-2014:

Bai toan 6 (VMO, 2014). Cho da thitc P(x) = (x* — Tx + 6)2" + 13
v6i n la s6 nguyén duong. Chitng minh rang da thiic P(x) khéng
thé biéu dién duoc dudi dang tich ctian+ 1 da thitc khac hang sé
vGi hé sé nguyén.
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Néu da thuc P(x) chia hét cho da thuc Q(x) thi moi nghiém ctia
Q(x) déu la nghiém ctia P(x). Tinh chat don gian nay la chia
khoa dé giai nhiéu bai toan vé su chia hét ciia da thirc. Chung
ta xem xét mot so6 vi du.

Bai toan 7. Vdi gia tri nao ctia n thi da thitc x*™ +x™ + 1 chia hét
cho da thitc x> +x + 12

Loi giai. Taco e = —; + 1‘[ = cos?f +1-sin®F la nghiém ctia da
thue Q(x) = x*+x+1. Vl da thue x? +x+1 la bat kha quy nén da
thice P(x) = x>™ +x™ + 1 chia hét cho Q(x) khi va chi khi P(¢) = 0.
biéu nay tuong duong véi

Int . . 4nm nt . . 2nm
cos— +1-sin—— +cos— +1-sin— +1 =0,
3 3 3 3
hay
cos2TL7T 2 costT+1 =
3 3 N
nm 2nm
Slﬂ% (2 . cos% + 1) =0

Tit hé phuong trinh trén, ta dé dang suy ra 2 - cos2%” + 1 = 0,
tic n phai la s6 khong chia hét cho 3. Vay v6i n = 3k + 1 hoac
n = 3k + 2 thi P(x) chia hét cho Q(x). O
Trong vi du dudi day, mot lan nita, can ctia don vi lai dong vai
tro then choét trong viéc di dén 16i giai.

Bai toan 8 (USAMO, 1976). Cho P(x), Q(x), R(x), S(x) la cac da
thitc sao cho

=

P(x®) 4+ x-Q(x*) +x* - R(x*) = (x* +x* + x> +x + 1) - S(x). (1)
Chitng minh rang P(x) chia hét chox — 1.
Loi giai. Pat w = e thi w’ = 1. Thay x 1an lugt bing w, w?, w?,
w?, ta dudc cac phuong trinh:

P(1) + w- Q(1) 4+ w?-R(1) =0,
P(1)+ w? - Q(1)+w*-R(1)=0
P(1) 4+ w?® - Q(1) + w® - R(1) =0,
P(1) + w*-Q(1) + w®-R(1) = 0.

14
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Nhan cac phuong trinh tir 1 dén 4 lan lugt véi —w, —w?, —w?3,
—w?, ta duge cac phuong trinh sau:

—w-P(1) —w?-Q(1) —w?® - R(1) =0,
—w? P(1) —w*- Q1) —w - R(1) =0,
—w?-P(1) —w-Q(1) —w* - R(1) =0,
—w*-P(1) —w? Q1) —w?-R(1) =0.

Cong tat ca 8 phuong trinh lai theo vé va st dung tinh chat ctia
wlal+w+w+w?+w! =0, tadude 5-P(1) =0, titc x—1|P(x). O

Bai toan 9 (VMO, 2015). Cho day da thiic f,(x) dugc xdac dinh
béi fo(x) = 2, f1(x) = 3x, fr(x) = 3x - fa_1(x) + (1 — x — 2x3)f_a(x)
v6i moin > 2. Tim tat cd cdc gia tri n dé da thiic f,(x) chia hét
cho da thitc x* — x? + x.

Lai giai. V6i méi x ¢b dinh, ta xét day s6 a; = fi(x), khi d6 ta
o ap =2, a; =3, an = 3xan_; + (1 —x —2x?)an_o V6i moi n > 2.
Xét phuong trinh dac trung X* — 3xX 4+ 2x> —x — 1 = 0 ¢6 hai
nghiém 1a x + 1 va 2x — 1. Tir d6 ta c6 dang téng quat cta (a,)
la ap = ¢ (x + 1)™ + c2(2x — 1)™. Tix cac diéu kién ban dau ta suy
rac, =c, =1, tacla a, = (x +1)™ + (2x — 1)™. Diéu nay dung véi
moi gia tri ctia x, doddé ta co f,(x) = (x + )™ + (2x — 1)™

Bay gio, ta tim n sao cho f,,(x) = (x + 1)™ + (2x — 1)™ chia hét cho
da thuc Q(x) =x* —x*+x. Vi0va o = % la nghiém cuia Q(x)
nén diéu nay xay ra khi va chi khi 0 va « 1a nghiém cta f,(x).
D€ c6 diéu nay ta phai co:

i) 1™+ (—1)™ =0, suy ra nlé.

‘ 1i) (%g)Tl + (i\/g)n =0, tuc (%)n +1i" = 0. Chuyén cac sb6
phuc sang dang lugng giac va dung cong thuc luy thua, ta
dugc cosT +1-sin®* 4 cost +1- sinit = 0, tiic n phai l1a

so6 chia hét cho 3.

Két hop hai diéu kién i) va ii), ta suy ra diéu kién can va di dé
f(x) chia hét cho Q(x) 1a n = 6m+3 v6i m nguyén khong am. [
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2. S6 phitc va da thitc trong bai toan dém

S6 phiic ¢6 nhiung ung dung rat hiéu qua trong cac bai toan
dém. Va vai tro trung tam trong ky thuat ang dung s6 phtic vao
cac bai toan dém tiép tuc la can nguyén thuy ctia don vi. Chua
y la néu ¢ 1a can nguyén thuy bac n ctia don vi thi ta c6

i) 1+e+---+em =0
ii) 1+ek+. 4+ =0v6i (k,n) =1.

bay chinh la tinh chat quan trong cia can nguyén thuy thusng
dugc st dung trong giai toan.

Bai toan 10 (Chon doi tuyén PTNK, 2009). Tim so tat ca cac sé
c6 n chit sé lap tit cac chir sé 3, 4, 5, 6 va chia hét cho 3.

Lai giai. Goi ¢, la s6 cac s6 c6 n chu sb lap tir cac chir s
3,4, 5,6 va chia hét cho 3. Goi « 1a mot nghiém ctia phuong
trinh o® + oc+1 = 0. Khi d6 o® = 1 va o®* + o* + 1 nhan gia tri = 0
néu k khong chia hét cho 3 va = 3 néu k chia hét cho 3.

Xét da thirc P(x) = (x* + x* + x® + x5)™. D€ thay c,, chinh la bang
tong cac hé sb cia cac s6 mu chia hét cho 3 trong khai trién

ctia P(x). N6i cach khac, néu P(x) = 5 0" apx* thic, = Y ™, as.
Mat khac ta co
6n 2n
P(1) + P(a) 4+ P(e®) = Z ap(l4+ o+ «?) = 3Z A
k=0 k=0

Cudi cung, do P(1) = 4™, P(«x) = P(«?) = 1 nén ta co

cn:Zagk:4n+2. O

Bai toan 11 (VMO, 2015). Cho K € N*. Tim s6 cdc sé tu nhién n
khong vudt qua 10X théda man dong thdi cac diéu kién sau:

i) n chia hét cho 3.

ii) Tat cd cdc chir sé trong biéu dién thap phan ctuian déu thudc
tap hop A ={2, 0, 1, 5}.
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Loi giai. Vi 10X khong chia hét cho 3 nén ta chi can xét cac sb
ttr 0 cho dén 99---9 (K chir s6 9). B6 sung cac chit s6 0 vao trude
néu can thiét, ta dua vé xét cac sé c6 dang a;a, - ax Vi q
thuoc {2, 0, 1, 5}. Ta can dém cac s6 nhu vay va chia hét cho 3.

Chu y la a; -~ ax chia hét cho 3 khi va chi khi a;+- - -+ag chia hét
cho 3, ta dua bai toan vé viéc dém sb cac bd (a;, as, ..., ax) € A¥
sao cho a; + as + - - - + ax chia hét cho 3.

Tiép theo, hoan toan tuong tu nhu & bai trén, xét da thuc:

P(x) = (x2 +1+x+x)K.

Ta co
P(X) = (X2 +x+1+ X5)k = Z Xa1+02+~-~+aK‘
(a1, as,...,ax)EAKX
Tong cac hé sé ctia P(x) bang sé cacbo (ay, ..., ax) € AX va bang
4¥. Hon nita s6 cac bod (ai, ..., ax) € A€ sao cho a;+ax+- -+ ax

bang téng cac hé sb cia cac s6 mu chia hét cho 3 trong P(x).
Dat P(x) = ag + aix + asx? + asx® + ayx* +--- . Ta can tinh:
S:a0+a3—|—a6+~- .

Goi ¢ 1a nghiém ctia phuong trinh x> + x +1 =0 thi ta c6 ¢ = 1.
Tt d6 dé dang suy ra 1 + €* + ¢2* nhan gia tri bang 0 véi moi k
khong chia hét cho 3 va bang 3 véi k chia hét cho 3. (%)

Ta co
P(l):a0+a1+a2—l—a3+a4+~-‘,

P(e) = ag+ aje + aze? + aze® + aget +-- -,
P(e?) = ag + aje? + aze* + aze® +aue® +--- .

Ap dung tinh chat (+), ta suy ra

P(1) 4+ P(e) + P(e?) = 3ag + 3as + 3ag + - - -

JHP(e)4P(e2) _ 4kpe2Ky etk

Suy ra § = PU*PL = = . Cubi cung, lai ap dung

tinh chat (), ta suy ra S = 4KT*1 néu K khong chia hét cho 3 va
S = 452 néu K chia hét cho 3. O
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Khi ta lam viéc v6i cac tap con, tic 1a cac té hgp khong lap thi
mo hinh nhing da thic trén day khong st dung duge nta. Véi
cac bai toan nay, ta can dén mot mo hinh khac.

Bai toan 12. Cho X ={0, 1, ..., 25}. Tim s6 cdc tap con 7 phan tir
c6 tong cdac phan tir chia hét cho 19.

Loi giai. V6i méi tap con A C X, goi S(A) la téng cac phan ti
cia A. Ta cang quy uéc S(f) =0. V6iméii=0, 1, ..., 18, dat:

P(i) = {A C X||A| =7 va S(A) =1 (mod 19)}.

Ta can tinh P(0). Goi a 1a can nguyén thuy bac 19 ctia 1. Khi do
l+a+a?+---+a®=0vax?—1=(x—1)(x—a)---(x—a'®).

Xét da thue Q(x) = (x—1)(x—a)(x—a?)--- (x—a?). Ta tinh hé s
ctia x'? trong Q(x) bang 2 cach. Mot mat, néu khai trién Q(x) ra
thi dé€ duge x*, ta can lay x tir 19 dau ngoic, con 7 dau ngoac
Kkhac s€ lay cac s6 c6 dang a* véi k thuoce {0, 1, ..., 25}. Nhu thé,
ta sé co6 téng cac sb c6 dang a**) v6i A chay qua tat ca cac tap
con 7 phan ttr cia X. Chu y rang a®*) chi phu thuoc vao s6 du
khi chia S(A) cho 19 (d6 1a 1y do tai sao ta lay can bac 19 ctia
don vi) nén tir day dé dang suy ra téng noéi trén bang:

—UP(O)\ +P(1)-a+---+P(18) - alg].

Mat khac, P(x) = (x* —1)(x — 1)(x — a) --- (x — a®). Suy ra hé sb
cua x' bang —1-a-a?---a% = —a? Tir day suy ra

}P(O)‘ + |P(1)}a+ HP(2)| — 1} (12 4+ ’P(18)‘a18 0.
biéu nay dung véi moi a la nghiém ctia phuong trinh:
T+x+x" 4 +x* =0

Suy ra da thuc |[P(0)] + |P(1)|x + [|P(2)] — 1]x*+ - + |P(18)[x"® ty
1é v6i da thuc 1+ x + - - - + x!® va vi thé:

P(0)| = [P(1)] = [P(2)] =1 ="+ = [P(18)].
Nhu vay, tat ca cac |P(i)], i # 2, bing nhau va bang “i2-!. Rieng
[P(2)| 16n hon dung 1 don vi! Vay dap sb 1a —szg* L ]
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Cubi cung, ta ap dung hiéu qua phuong phap trén day vao mot
bai toan thi vo dich Quoc té, mot bai toan dep ctia IMO 1995.

Bai toan 13 (IMO, 1995). Cho p la mét s6 nguyén té 8. Tim sé
cac tap con A cua tap hop {1, 2, ..., 2p}, biét rang:

i) A chita ding p phan tit;
ii) Tong cac phan tit ctia A chia hét cho p.
Loi giai. Xét da thiic P(x) = xP~1+xP~2+...+x+ 1. Pa thic nay
c6 p — 1 nghiém phtc phan biét. Goi « la mot nghiém bat ky ctia

P(x). Chu y rang «, o, ..., «P~! la p — 1 nghiém phan biét ctia
P(x) va «? = 1. Do d6, theo dinh ly Vieta:

xP—1l=(x—1Dx—a)(x—a) - (x—aP 1.
Xét da thuc Q(x) = (x — &) (x — o) - - - (x — &*P) va goi:
H={AC{1,2 ..., 2p}|Al =p}.
Gid st Q(x) = Y 7, aix'. Khi doé:

ap = — Z > S(A) = Zx.

A€H XEA

Vinéu S(A) =1 (mod p) thi oA = o' nén

p—1
_ 2 i
ap = — nix,
i=0

trong dé n; la s6 cac A € H sao cho S(A) =1 (mod p). Mat khac,
Q(x) = (x? —1)?, suy ra a,, = —2. Thanh th:

p—1
Znioci = 2. (*)
i=0

Xét da thic R(x) = 3P~ nixt +ngy — 2. Tit ddng thic (+) suy ra o
la mot nghiém ctia R(x). Vi degP = degR va « la mot nghiém bat
ky ctia P(x) nén P(x) va R(x) chi sai khac nhau hang s6 nhan.

Thadon, =n, o=---=n;=np—2,suyra
ne—2— Mot Myt mAnem2 Cop =2
P P
2 ° <. . - P _
Vay dap so cua bai toan la ng =2+ &;—2. O
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3. Bai tap
Bai toan 1. Tim tat ca cac da thuc P(x) thoa man diéu kién:
P(x)-P(x+1) = P(x* + 1).

Bai toan 2. Cho n la s6 nguyén duong. Ching minh rang da
thuc x™ + 4 kha quy khi va chi khi n chia hét cho 4.

Bai toan 3. Chung minh riang da thuc (x2 — 7x + 6)>" + 13 bat
kha quy v6i moi n nguyén duong. (Chu y rang bai nay méi chi
la gia thiét, ban doc c6 thé pht1 dinh bai toan néu két qua sai.)

Bai toan 4. V6i gia tri nao ctia n thi da thuc (x + )™ +x™ + 1
chia hét cho da thuce x> 4+ x + 1?

Bai toan 5. C6 bao nhiéu tap con cta X = {1, 2, ..., 2015} co
tong cac phan tu chia hét cho 3?

Bai toan 6 (IMO 2014 Training Camp). C6 bao nhiéu sb6 tu
nhién c6 9 chit s6 khong chia chir so 0 va chia hét cho 11?

Bai toan 7. Cho ba s6 nguyén duong m, n, p, trong dé6 m > 1
van+2=0 (mod m). Tim s0 bd (xi, X, ..., Xp) gom p sO nguyén
duong sao cho tdng (x; +xs + - - - + x;,) chia hét cho m, trong d6
moi sO X1, Xz, ..., X, déu khong 16n hon m.
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THUAT TOAN
PHUC HOI SO HUU TI

Nguyén Hung Son (University of Warsaw)

1. MG dau

Cach day khong lau to6i c¢6 do cac ban tré mot bai toan dé nho,
nhung mang tinh thuc té, nhu sau:

Mbt vi gido su toan-tin rit can than nhung ding tri. Cich day
vai hdm ngan hang gii 6ng mét bic thu théng bdo méat khau
cla thé tin dung. Mat khau I3 mét sb c6 6 chit sb: abcdef. (A)ng
khong mudn gilr lai bdc thu vi sg n6 ¢ thé lot vao tay ké gian.
Vi vy dng d3 diing 1 chiéc may tinh xach tay don gian (gém 4
phép tinh +.—, x, = va 10 chif s6) dé tinh ti s abc = def. Ong
d3 nhan duoc két qua gan dang 13 0,195323246 va ghi nhé lai
lén mot to gidy.

Lam thé nio dé vi gido su cb thé tim lai dugc mat khau trong
thoi gian ngdn nhit néu dng chi c6 trong tay chiéc maéy tinh
x4ch tay don gidn va mat khau 13 gi?

Thuc ra bai toan nay lién quan dén mot s6 tiing dung ctia thuat
toan Euclid va ly thuyét vé phan s6 chudi trong s6 hoc. Sau day
chung ta sé 1an lugt tim hiéu cac ly thuyét lién quan, 16i giai
cua bai toan trén, va thi lam cac bai tap tuong tu.

2. Thuat toan Euclid

bay la mot trong cac phuong phap tim uéc s6 chung 16n nhat
USCLN(q,b) ctia hai s6 tu nhién. Khoang 300 nam truéc Cong
Nguyeén, Euclid - nha toan hoc ¢d ngusi Hy lap — da mo ta thuat
toan nay trong cudn "co sé” (Elements).
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Y tuéng chinh ctia thuat toan nay la:

Néu k, v la hai sé nguyén sao cho a = kb + r thi:

USCLN(a, b) = USCLN(r, b).

Trong thuat toan Euclid, ta s€ chon k 1a phan nguyén ctia phép
chia a cho b (k = |a/b]), con r la phan du khi chia a cho b
(r = a— |a/b] - b). Thuat toan nay dudc mo ta dang biéu d6 &
Hinh 3.1. Vi du néu mudn tim USCLN ctia 2 s6 324 va 918 thi
cac budc cta thuat toan sé nhu sau:

STT| a| b||la/b]|[r=amodb| d
1.]324 | 918 0 276
2.1918 | 324 2 270
3.1 324 | 270 1 54
4.1270| 54 5 0
5. | o4 0 54

Nhap 2 s6 tu nhién a, b

Kiém tra
b+ 07

PE——
ol

b
= ..
O
-+
SIS

]—> STOP;

Hinh 3.1: Thuat toan Euclid dé tim udc sb6 chung 16n nhat cta

hai s6 tu nhién a, b.
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3. Lién phan so

Lién phan s6 hitu han la mot biéu thic cé dang:

1
ap + 1
a; + 1
a + Ta%‘
trong d6 ao € Z, ai, ..., a, la cac s6 nguyén duong va a, > 1.
Lién phan s6 trén dugce ky hiéu 1a [ag : ai, as, ..., an], trong dé

n chinh 1a d6 dai ctia lién phan so6.

Nhu ta da biét moi s6 hitu ti déu c6 thé dudgc viét dudi dang £,
trong do6 a € Z la s6 nguyén con b € N —{0} 1a s6 nguyén duong.

Mot phan sé c6 thé chuyén thanh lién phan sé theo phuong
phap lap di lap lai 2 budce (1) va (2) sau day: (1) tach ra phan
nguyeén, (2) nghich ddo phan phan sb6.

. 1517 . ’ 2
Vi du phan s60 ——— c6 thé chuyén thanh lién phan so6 nhu sau:

1073
O U S I
1073 1073 185
2+ 2%_57;222
1 1
=1+ — =1+ -
2+§:;%% 2+2+;§

Nhu vay ta da chuyén 1217 thanh lién phan s6 [1: 2, 2, 2, 2, 2].
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Ban doc tinh y c6 thé thay nhiéu diém tuong tu gitta phuong
phap tim lién phan sé va thuat toan Euclid. Thuc vay, néu ta
ap dung thuat toan Euclid cho hai s6 1517 va 1073 thi qua trinh

tinh toan sé nhu sau:

STT a b||la/b/]|r=amodb| d
1. 1517 | 1073 1 444
2.11073 | 444 2 185
3. 4441 185 2 74
4.1 185 74 2 37
D. 74 37 2 0
6. 37 0 37

Dé dang nhan ra su trung hgp gitta lién phan soé [1: 2, 2, 2, 2, 2]
va cot |a/b| ctia thuat toan Euclid. Nhu vay néu ap dung thuat
toan Euclid cho a va b, nhung trong méi budc ta viét ra gia tri
cta |a/b| thi ta sé dugc khai trién ctia phan sé ¢ thanh dang

lién phan so.

Nhap 2 s tu nhién a,b

STOP

(trai) va cho s6 thuc x € R (phai).
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Hinh 3.2: Thuat toan Euclid tim lién phan s6 cho phan s6

Nhapx € R

ap == |z;
= T — ap;
n = 0;
Xuat ap;
—
n:=n-+1;

[1/r];
1/r —

ﬁ
[

] STOP

Qn;

a
b
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Thuat toan trén dugc mo ta 6 Hinh 3.2.a (trai). Dua vao thuat
toan do6 ta c6 thé ching minh dinh ly sau:

Moi sé hitu t{ déu cé thé khai trien dudi dang mot lién
phan sé hitu han [ag : ai, as, ..., a,], 6 day a, la phan
nguyén cua sé hitu ti da cho.

Lién phan s6 da dugc cac nha toan hoc nhu Rafael Bombelli
(1572), Pietro Catldi (1613), Daniel Schwenter (1625), Wallis (1695)
hoac nha thién van hoc Christian Huygens (1698) biét dén tir
thé ky XVI va XVII.

Tuy nhién phai dén thé ky XVIII nha toan hoc Leonhard Euler
(1707-1783) méi bat dau nghién cttu mot cach hé théng lién
phan s6. Euler khong chi dua ra thuat toan ma con tim ra rat
nhiéu lién phan so.

Thuc ra thuat toan ctia Euler 1a trudng hdp téng quat cia thuat
toan chuyén sé hiru ti thanh lién phan sé. N6 c6 thé ap dung
cho mot s6 thuc x bat ky (xem Hinh 3.2.b (phai)). Ap dung thuat
toan nay cho x = /2 ta sé co:

1 1 1
V2=14V2—1=14——=14— " =14 ——
V2+1 24v2-1 2+
1+ L 1+ !
2+2+\/§—1 2+2+ﬁ

Nhu vay s6 v/2 c6 thé biéu dién duéi dang lién phan sé vo han
tuanhoan =1(1:2,2,2,..]1=1[1:2].

Euler da phat hién ra rang néu mot sé6 cé6 thé biéu dién duéi
dang lién phan s6 vo han tuan hoan (tir mot vi tri nao do) thi sé
do phai cé6 dang a+b+/c, a, b, ¢c € Q (hay con goi 1a s6 dai s6 bac
hai). Vi du ti 1¢ vang ¢ = ¥5-! ¢6 thé biéu dién & dang lién phan
sO gom toan s6 1 (xem bai tap 2).

Hodac néu x = [2:2,2,2,..] =[2:2], thitacox =2+ 1 tix d6
suy ra x = 1 ++/2. Nhung phai 20 nam sau dich ly ddo méi dugc
chiing minh béi Lagrange (1768):

Moi sb6 dai sé bac 2 déu cé thé khai trién thanh lién
phan sé tuan hoan (bat dau tic mot vi tri nao do).
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Chuing ta vira nhan ra riang khai trién lien phan sé ctia cac sbé
httu ti va ca cac s6 vo ti trong c6 vé nhu tién 1gi hon khai trién
thap phan. Mot cau héi co6 tinh triét ly va lich st duge dat ra la:
tai sao trong truong phé thong chung ta st dung sé thap phan
nhung lai khong dung lién phan s6? Cau tra 16i c6 1€ 1a do phép
cong va nhan cac lién phan s6 khong hé dé dang gi. Ma cung
c6 thé thiéu cac phuong phap (thiéu cac thuat toan hiru hiéu)
l1a do cac nha toan hoc (tin hoc) chua tim ki. Ta chi c6 thé két
luan rang hinh anh ctia toan hoc ngay nay khong phai la duy
nhat, va n6 hoan toan da cé6 thé chuyén sang huéng khac.

4. Phuc hoi s6 hiru ti

4.1. Vi du minh hoa

Chung ta hay quay lai bai toan ban dau. Vi gido su c6 thé kiém
tra tat ca cac phan s6 dang abc +def cho dén khi tim dugc phan
sO ¢6 gia tri nhu yéu cau. Tuy nhién phuong phap nay khong
hiéu qua vi mat qua nhiéu thoi gian.

Trudc hét chung ta c6 thé chu y rang néu ? va { la hai phan
sO ¢6 tir s6 va mau s6 déu la cac so6 cé ba chit s6 va hai phan
s6 d6 gibng nhau it nhat 1a dén chit s6 thi 6 sau dau phay thi
B —£] <107°. Tix d6 suy ra

lps —qrl < gqs-107% < 10°-10%-107% = 1.

Vip,s, q,rla cac s6 nguyén va 0 < |ps — qr| < 1, tit d6 suy ra
ps — qr = 0. Diéu nay tuong duong véi ¥ = .

S

Phuong phap hiéu qua hon chinh 1a khai trién sé x = 0, 195323246
thanh dang lién phan sb x = [ag : ai, ay, .. .].

Néu dat x,, = [ag: ay, ..., x,] 1alién phan s6 dung n s6 hang dau
tién ctia lién phan s6 x = [qg : ay, as, .. .], ta sé thay x, la xap xi
cuia x va n cang 16n thi x,, cang c6 gia tri gan x. Vi vay ta sé st
dung thuat toan trén cho dén khi dugc mot lién phan s6 gan
gibng v6i phan sb can tim.
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St dung thuat toan & Hinh 3.2.b (phai) ta lan lugt cé:

ap=0 1r=0,195323246 x¢, =0

1
Q=5 1=0,119718315 x; = -
— 8 1=0,352940538 1 _ 8
2= T U5 I
9 1= 0,833338458 ! 17
ag =2 T = X3 = = —
" ’ Pbt gy 87
1 0. 199992620 1 25
e 128
1
— 5 1=0,000184506 1 _ 142
BEo T Ty =77

142

12 _ (.195323246 ... Vay ma sb vi gido

Ki€m tra lai ta thay rang

su can tim la [142727].

4.2. Trudng hop tong quat

Dé€ tong quat hoa bai toan trén chung ta xét van dé sau day:

VAN BE PHUC HOI SO HUU Ti: Cho hai s6 nguyén duong K, M
hay tim hai s6 nguyén duong u, v sao cho:

DK1: 0<u,v<N (N 1a s6 nguyén duong cho truée) (1)
u K 1 . uw Ko .
L P an sb . gan ba

DK2 T M M (2 phan so > M gan bang nhau) (2)

Paul Wang da nghién ciu van dé phuc hoi s6 hitu ti trong
truong hop N = /2. V6i lya chon nay ta c6 thé ching minh
rang néu ton tai 16i gidi cho van dé phuc héi s6 httu ti thi 1oi
giai nay la duy nhat.

Thuc vay, gia st ton tai 2 16i gidi (uy, vi) va (uy, vo) théa man
cac diéu kién (1) va (2). Ta co:

ul_ug Ul_ K ul_ K < 2
Vi Vg vi M vi M| M’
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t do suy ra

|‘LL v Uy ’ < 2\)1\)2 2N?
1V2 2Vl X M M .
Trong truong hop N = /M ta ¢6 uv, —usvi| < 1. Ngoai ra, do

lwve — usvy| 12 86 nguyén nén ta suy ra rang u;vs — uyv; = 0 hay
y+ = 32. Hon nta, tu diéu kién (2) suy ra

Vi

IMu—Kv|<v<N<& -N<r=Mu—Kv<N.,

Tit d6 suy ra néu hai phan sé %, & gan bang nhau thi ton tai
mot s6 nguyén r sao cho [r| < N va r = Kv mod M. Lac d6 K
dudgc goi la dong du véi phan s6 £ modulo M va dugc ky hiéu la
I = K mod M. Nhu vay van de phuc hoi s6 hiru ti c6 thé phat
biéu mot cach tuong duong nhu sau:

VAN PE PHUC HOI SO HUU Ti (bién thé): Cho trudc hai sb
nguyén duong K, M, hay tim cap sé nguyén (r, v) théa man dong
thoi hai diéu kién sau day:

DK3: 0<|rl<vM/2val<v<\/M/2 (3)
DK4: r=Kv (mod M) (4)

Nhap 2 s6 tu nhien K, M —*‘ 2

= P Xuat (0,0);
X D N b \7
D/}O(rl,m), JUNG | (ttc 1a “Khong ton tai”)
DAO(v1,v2); STOP;
JSAI
Q = [r1/ra); DUNG Xuét U—Q‘ra,lwl 5
r1 = 11— Qra; i - o]
o ' SAT
vy = v — Qua; STOP;

Hinh 3.3: Thuat toan phuc hoéi s6 httu ti RATCONVERT.
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Dé thay rang néu ton tai cap s6 (r, v) théa man hai diéu kién
(3) va (4) thi cap s6 (u, v), trong dé u = % cung sé théa man
ca hai diéu kién (1) va (2).

P. Wang (1981) con da dé xuat mot thuat toan giai quyét van deé
phuc hoi s6 hiru ti trong truong hop 16i gidi ton tai. Thuat toan
nay dua vao y tudng ctia thuat toan Euclid va dugc mang tén
RATCONVERT (xem Hinh 3.3).

Bang 1.1 dudgc trinh bay trang sau minh hoa thuat toan RAT-
CONVERT qua vi du 6 chuong 1.

5. Mot s6 bai tip tham khao

Bai toan 1. Chung minh rang moi s6 httu ti déu c6 thé biéu
dién bang dang hai cach khac nhau dudi dang lién phan sé
htu han.

Bai toan 2. Chung minh rang [1: 1] = */52_1.

Bai toan 3. V6i a la s6 nguyén duong hay tim khai trién lién
phan s6 ctia s6 Va2 + 1.

Bai toan 4. Hay ki€ém chung rang phuong phap phuc hoi sb
htiru ti (c& hai phuong phap trinh bay 6 chuong 4.1 va 4.2) van
hiéu qua khi ta chi dung 6 chit s6 sau dau phay (tirc 1a 0, 195323)
nhung néu chi dung nam chi s6 (0, 19532) thi sé khong thé phuc
hoi dudge ma s6 ban dau.

Bai toan 5. Ap dung thuat toan phuc héi s6 hitu ti dé tim xap
xi hitu ti 2 clia s6 v/2 = 1,414213562373 sao cho |2 —v/2| < 0,001.
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TOAN HOC GIAI TRi VA
CAC BAI TOAN POI NON

bang Nguyén Duc Tién (Trento, Italy)

1. Toan hoc giai tri

Toan hoc giai tri (Recreational Mathematics) 1a mot thuat nga
chung cho nhiing van dé toan hoc ma muc dich chti yéu dung
dé giai tri. Poi khi nhiing bai toan giai tri nay dugc xuat hién
dudi dang giai thoai hay nhiing cht1 dé c6 lién quan dén nghé
thuat va toan, nhung phé bién nhat 1a duéi dang nhing cau dé
ma 10i giai da phan chi can nhing kién thuc toan hoc so cap.
Tuy khong phai 1a mot nganh nghién ctu nghiém tuc, nhung
xuyén subt chiéu dai phat trién ctia toan hoc, ta luén thay su
song hanh ctia nhiing bai toan giai tri di cing v6i nhing phat
minh ctia toan hoc, doéi khi mot bai toan dé cting c6 thé la dé
bai mé dau cho cad mot linh vuc nghién ctu.

Nhiing vi du tiéu biéu c6 thé k€ dén bai toan doan tudi ctia Di-
0-phang (Diophantus, nha toan hoc Hi Lap, thé ky thu 3 sau
cong nguyén) va su ra doi ctia phuong trinh nghiém nguyén;
hay bai toan dém thé ctia Leonardo Bonacci cung moi lién hé
v6i day s6 mang tén 6ng: Fibonacci; roi mot truong hop khac 1la
bai toan bay cay cau & Koénigsberg (hay con dudc goi 1a bay cay
cau Euler) véi ly thuyét do thi; va rat nhiéu vi du khac.

Nguon goc tuy da tir xa xua nhu thé, nhung toan hoc giai tri chi
that su dudc hé thong va phd bién vao khoang cubi thé ky 19
nh6 cong ctia nhiing ngudi tién phong nhu Charles Lutwidge
Dodgson (1832-1898), nha van, nha toan hoc, nha than hoc,
nhiép anh gia ngudi Anh dudgc rat nhiéu ngudi biét dén véi but
danh Lewis Carroll, tac gia ctia “Alice lac vao xut than tién”; roi
tiép theo la Yakov Perelman (1882-1942), nha toan hoc Xo6-Viét,
tac gia ctia cac bo sach “Toan hoc vui” hay “Vat ly vui” rat quen
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thuodc véi doc gia Viét Nam; hay béi Samuel Loyd (1841-1911),
nha toan hoc, ky thtl ¢6 vua ngusi My, da c6 cong tap hgp
va sang tao hon 5000 bai toan gidi tri; va cubi cung thi khong
thé khong nhic dén Martin Gardner (1914-2010), nha toan hoc
ngudi My c6 cong dong gop cé thé noi la quan trong nhéat trong
lich sir phat trién ctia toan hoc giai tri.

Hinh 4.1: Thap Ha Noi, mot trong nhiing bai toan kinh dién
cuia toan hoc giai tri, lan dau tién dugc dang bdéi nha toan
hoc ngudi Phap Francois-Edouard-Anatole Lucas (1842-1894),
trong “Toan hoc giai tri” (Récréation Mathématiques).

2. Cac bai toan doi non

Toan hoc giai tri xuat hién rong khap ciac nhanh cta toan hoc,
va ca trong cac nganh khoa hoc khac. Trong chuyén muc md
dau nay, chung to6i gisi thiéu véi doc gid mot nhom bai toan
kinh dién, thudng dudc goi 1a nhom “Bai toan doi non”.

Dang thuc chung ctia cac bai toan doi néon nhu sau: mot sb
ngudi sé duge doi mot hoac mot s6 nén. Cac nén nay c6 mau
trong mot tap hgp cac mau cho trude. Ca nhan moéi ngusi khong
biét mau noén ctia minh, nhung c6 thé thay dudc nén ctia cac
ngudi khac. Nhiém vu ctia ho la phai doan dugec mau nén ctia
minh, va khong dudc trao déi thong tin sau khi non da dudc doi.
Bai toan doi khi xuat hién dudi dang tro chdi trén truyén hinh
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v6i nguoi dan tro va ngusi tham gia tro choi; c6 khi xuat hién
dudi dang bai toan vé nhiing nha logic; ¢6 khi la cai nguc va
ti nhan. .. nhung c6t 16i bai toan la tim chién lugc cho nhiing
ngudi nay truée khi duge doi non, sao cho khi nhin thay mau
noén cua nhimg ngudi trong nhoém thi ho sé c6 chién thuat dé
doan dung cang nhiéu mau noén cang tot.

Co6 rat nhiéu co s6 cho thay rang bai toan da dudc luu truyén
trong dan gian tir rat 1au, nhung ké tir nam 1961 nhom bai toan
do6i nén méi duge chinh thic ghi nhan béi Martin Gardner. Bai
toan sau d6 dudc phat trién véi rat nhiéu bién thé, véi cac két
qua va phuong phap giai rat khac nhau. Mot trong nhing phién
ban kinh dién ctia bai toan dugc dé xuat bdi Konstantin Knop
trong ky thi Olympic toan toan quéc 6 Nga lan tht 23, nam
1997. Sau d6, bai toan dugc khao sat chi tiét trong luan an tién
si ctia Todd Ebert vao nam 1998.

bén nam 2001, bai toan dugc dang lai bdi cay but Sara Robin-
son trong chuyén muc Khoa hoc ctia thai bao New York s6 ngay
10 thang 4. Bén nam 2009, moét lan nita mot mé rong cuia bai
toan dudgc dang lai cang 6 thoi bao New York, s6 ngay 23 thang
3. Cho dén nam 2011, Lionel Levine lam mdi bai toan véi truong
hgp v6 han nén, thu hut duge nhiéu phuong phap giai méi la.
Gan day nhat, vao nam 2013, trong mot ky thi toan tai Nga, mot
lan nta bai toan dugc lam mdéi véi mot phién ban tuyét dep ctia
Konstantin Knop. Pay cung la phién ban mé rong cudi cung ma
chung t6i ghi nhan dugc tinh dén thoi diém viét bai nay.

V6i nhiing phat biéu vén kha kho khan, nhu mot tro choi trén
truyén hinh, hay tham chi phi ly nhu thit thach gita cai nguc
va ti nhan, vi sao cac bai toan giai tri vé doi non lai thu hut su
quan tam ctia cac nha toan hoc dén nhu vay? Vi su hap dan,
tinh sang tao cuia ban than bai toan ctng nhu 16i giai? Hay vi
két qua ctia bai toan dan dén nhirng tung dung quan trong, dac
biét 1a trong ly thuyét ma hoa? Chung toi xin maoi doc gia hay
cung tim ra cau tra 16i bang mot cudc du ngoan qua nhirng bai
toan doi non nay.

a9 » P » 2 ° IS 2
2.1. Bai toan doi non so 1: Hai chang re

Pay c6 1é 1a phién ban cd nhat trong s cac bai toan doi nén. O
day, chung t6i gidi thiéu mot di ban nhu sau: Ngay xua c6 nha
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dai gia kén ré cho hai c6 con gai. Kén chon mai dugc hai chang
tuan ta van hay chir tét. Ngusi cha moét lan ntta mudn thit tai
tri ctia hai chang ré tuong lai bén bay ra thach dé.

Ong cho méi ngudi mot chiéc nén. Méi ngudi khong duge nhin
thay nén ctia minh ma chi nhin thiy nén ctia ngusi con lai. Sau
d6 cung luc ca hai phai viét ra mau nén ctia minh cho ngusi
cha xem. Néu it nhat c6 mot ngusi doan dung, ong sé chon ca
hai chang ré, néu ca hai déu doan sai thi phai ra vé khong.

Biét 1a non c6 hai mau, trang hoac den.
Hai chang trai tré von la ban ctia nhau. Trudce khi thach dé bat
dau, ho ngdm ngam trao daéi chién thuat va cubi ciing cuéi duge

hai nang ti€u thu xinh dep.

Theo doc gia, hai chang trai da néi gi véi nhau?

-

wr | x
> &2

2.2. Bai toan d6i non s6 2: Bach nién thuong tho

Bai toan s6 2 1a mot dang mé rong ctia bai toan sbé 1, ¢c6 mot
di ban nhu sau:Vao nam miing thugng tho tram tudi ctia nha
vua, ngai moi dén mot tram ngusi khach, phat cho méi ngusi
mot chiéc noén ¢6 mau trang hodc den va bay mot tro chai véi
noén. Mo6i ngudi chi thay mau cta 99 ngusi khac nhung khong
thay dugc mau noén ctia minh. Cung lac ho phai doan mau nén
ctia minh va khong dudc c6 bat ky trao déi gi v6i nhau. Ai doan
trung sé dugc ban bang loc.

Bdng 1oc clia nha vua rat 16n nén c6 mot ngusi khach la ma
manh nhanh chéng nam bat thsi co. Han ri tai nhing ngudsi
khach khac rang chi can lam theo cach ctia han thi sé6 ngudi
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gianh dugc phan thudng sé€ la cao nhat. Va moéi ké nhan thudng
phéi chia moét phan tién cho Ké La doé.

Cach ctia han 1a gi dé c6 duge mon 16i to nhat? Ban doc hay
cung doan thu xem.

2.3. Bai toan d6i non s6 3: Mat na cudi clia quy

Trong ritng sau c6 mot con quy dit nim nao cung bat vé musi
linh hon song. N6 gom hét dam linh hon lai v6i nhau, deo cho
moi linh hoén mot chiéc mit na cudi mau sac ruc ré. Luén co
mudi mau, nhung s6 lugng cac mau thi thay dai theo titng nam.
C6 nam mudi cai mat na c6 musi mau, c6 nam lai xen ké, co
nam lai hoan toan giéong nhau. D6 la nhiung chiéc mat na danh
cho tro choi cua quy.

Tro choi quy dinh ké deo mat na chéng thé€ nhin thay mau mat
na ctia minh ma chi c¢6 thé nhin thdy mau mat na ctia nhiing
linh hén xung quanh. Va thé la tat ca cung bat dau tro phong
doan. Cung mot luc cac linh hon phai néi 1én mau mat na ctaa
minh. Chi can duy nhat mot ké doan dung thi tat cad dugce tha,
bang khong tat cd nhiung linh héon d6 mai mai phai tré thanh
no 1é cho quy du.

Mot nam no, ¢6 mot nhém linh hon thong minh, truée khi tro
choi bat dau, ho da noéi v6i nhau. ..

Va roéi nhing linh hén da thang.

Chién thuat ctia ho 1a gi? Ban doan dudgc khong?

2.4. Bai toan d6i noén s6 4: Thi thach 3 chiéc nén

Pay la mot phién ban rat ndi tiéng cia nhém bai toan nay. O
day chung toi giéi thiéu véi doc gia phién ban trén thoi bao New
York ngay 10 thang 4 nam 2001: Co 3 ngusi tham gia mot tro
choai, trong d6 mo6i ngusi dugc doi ngau nhién mot néon c6 mau
do6 hoac xanh duong. Ho nhin thay mau nén ctia 2 ban minh
nhung khong biét mau ctia minh. Mo6i ngusi can phai doan ra
mau nén cuia minh, hoac chon bé qua néu khong doan dugc.

Néu it nhat mot ngusi doan dung mau nén va nhirng ngusi con
lai khong doan sai, ho thang tro choi. Ho sé thua néu c6 ngusi
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doan sai hodc ca 3 cung chon bd qua. Ho dudc trao déi chién
thuat v6i nhau trude khi choi nhung trong khi tham gia thi
khong dudc trao ddi bat ci thong tin gi. Tim chién thuat cé xac
suat thang cao nhat.

2.5. Bai toan d6i non s6 5: Bai ca cta 15 ga say

Bai toan s6 5 1a mot truong hgp téng quat ctia bai toan sé 4 véi
mot di ban nhu sau: Quanh mot chiéc hom cudp bién, c6 mudi
lam ga say rugu doi nén ngoi cusi. Mot ga vita cudi vira hat vé
mau noén cua nhirng ké ké bén. Bai hat nhu sau:

Trang va den hay im lang
Nay nhung ga say
Hoac noi hoac cam lang

Ngoai bién khoi kho bau quy dang chdo.

Truyén thuyét néi dé la mot bai hat va cang 1a mét cau dé6. Moéi
ngudi chi thay nén ctia 14 ngusi khac va khong thay non cua
minh va c6 ba lua chon d€ noéi 1én mau nén ctia minh, trang
hodc den, hodc b6 qua. Chi can tat ca cac ga noi trung mau
noén ctia minh thi chiéc hom cudp bién sé md ra.

Hay tim chién thuat t6t nhat cho mugi 1am tén say.
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2.6. Bai toan d6i nén s6 6: Ngudi dan tro choi
“Xao quyét”

O bai toan nay, chung to6i moi doc gia ciing quay lai bai toan
doi non s6 4. Véi bai toan nay, néu mot ngusi chon ngau nhién
mau non bat ky va 2 ngudsi con lai chon bo qua, ho sé thang véi
xac suat ;. Tuy nhién, luan an ctia Ebert da trinh bay moét 16i
giai tét hon, trong dé néu mot ngusi thay 2 ban minh déi non
khac mau nhau, sé chon bd qua va néu 2 ban doi cung mau
noén, ngudi nay sé chon mau con lai. V6i chién thuat nay, xac
suat thang tro la 2.

Loi giai trén da khéi nguon cho bai toan doi nén so6 5: sau nhiéu
lan choi di choi lai, ngusi dan tro lau ca hon va thay rang ngudsi
choi sé thua néu ca 3 doi néon cung mau, do vay ngudi dan tro
chon cach doi nén khong that su ngau nhién ntra. Liéu rang
c6 chién thuat nao dé ngudi choi van gitt dugc kha nang chién
thang la 2 trong tinh huéng nay?

Ca 6 bai toan doi nén dudc gidi thiéu 6 trén déu cé cung diéu
kién la méi ngudi chaoi déu thay duge mau non ctia tat cd nhing
ngudi choi khac, do vay, nhom bai toan nay con hay dudc phat
biéu duéi dang ngusi choi xép thanh vong tron. Bai toan hién
van con dudc phat trién va cac 16i giai dep hién chi xuat hién &
cac truong hgp dac biét, vi du truong hgp bai toan doéi nén sb 5.
Cac trudng hgp tdng quat véi n ngudi choi va m mau non hién
chi diing 6 muc xac dinh chan trén ctia kha nang chién thang.

Tiép theo day la ba bai toan doi non ma & dé, ngusi chai chi
dugc thay nén ctia mot s6 ngudi khac, thong thuong 1a nhing
ngudi dung truéc minh khi xép thanh hang.

2.7. Bai toan d6i non s6 7: Bai toan 100 ngudi

Bai toan nay véi truong hgp 2 mau va 3 mau lan dau tién duge
dua ra bdi Konstantin Knop 6 ky thi Olympic toan toan quoc &
Nga 1an tha 23, nam 1997. Phat biéu ctia bai toan nhu sau:

C6 100 nguosi dudgc xép thanh mot hang, moéi ngusi duge doi
mot non ¢6 mau trang hoac den. Méi ngusi chi nhin thay mau
noén cuia nhiing ngusi dung truéc minh ma khong thay non cua
minh va nhiing ngusi ding sau. Lan lugt moéi ngudi sé phai
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doan mau noén ctia minh va ho to cho nhitng ngusi khac nghe.
Nguoi ding cudi cung (la ngusi thady mau nén ctia toan bo 99
nguosi truée) 1a ngusi bat dau phai doan.

Ngudi choi khong dudc trao déi bat ky thong tin gi v6i nhau
ngoai trir lang nghe mau noén tir ngusi doan trudc. Bung sai
cung chi dugc biét khi ngusi cudi cuing da doan xong. Hay tim
chién chuat sao cho s6 ngudi doan sai la it nhat.

Hay giai bai toan véi truong hgp 100 ngusi chai, 3 mau nén. Liéu
c6 thé tong quat lén véi N ngudi choi va M < N mau non?

2.8. Bai todn d6i nén s6 8: Vao cong thién dang
moi thién than déu phai cai hoa!

Tuong tu v6i bai toan doi nén s6 6, nhung bai toan nay c6 mot
tich chuyén kha thu vi véi mudi thién than xép hang vao cong
thién dang. Méi thién than déu cai trén toc mot doa hoa trang
hodc d6 va chi nhiing thién than ddang sau méi nhin thay mau
hoa trén téc nhing thién than ding truée. D€ thir thach long
nhan nhin va tinh doan két ctia cac thién than, nha Troi ra lénh
cho ho lan lugt doan mau hoa trén téc ctia minh theo thi tu
tir sau ra truéc. Tuy nhién cac thién than van cé quyén khong
doan ma chon b6 qua. Tat ca sé dudgc vao cong thién dan néu
khong c6 ai doan sai va it nhat mot thién than doan dung. Trong
qua trinh doan mau cac thién than khong dudc trao déi bat cu
thong tin gi v6i nhau. Nhiing thién than nay da qua céng nha
Troi bang phuong thic nao?

vl v vl vQ v v

<
.,v)
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2.9. Bai toan d6i nén s6 9: Bai toan 101 mau

16 nam sau khi bai toan doéi non véi 100 ngudi va 2 mau non
(bai toan doi nén s6 7) ra doi, Konstantin Knop lai 1am méi bai
toan véi 101 mau, phat biéu nhu sau:

C6 100 ngusi xép thanh hang, méi ngudsi dudgc déi mot non trong
s0 101 n6n khac mau nhau. M6i ngudi chi thay nén ctia nhiing
ngudi dang truéc minh va khong thay nén ctia minh cang nhu
nhiing ngudi ding sau. Lan lugt mo6i ngudi tir sau ra truée phai
doan mau noén ctia minh va ho to cho moi ngudi cung nghe.
Mau nao da ho roi sé khong dudc ho lai nira. Ngudi choi khong
dugc trao doi thong tin v6i nhau. Tim chién thuat sao cho kha
nang tat cd déu doan dung la cao nhat.

Trong 9 bai toan doi non trudce, ngusi choi déu tham gia véi vai
tro hé trg cho nhau. Tiép theo, dudi day chung toi xin gigi thiéu
mot dang khac cuia bai toan, ma 6 dé ngudi choi sé phai canh
tranh vGi nhau.

2.10. Bai toan déi nén s6 10: Kho bau nha vua

Bai toan dugc ghi nhan tir rat sém béi Martin Gardner vao nam
1961. Mot di ban ctia bai toan duge thuat lai nhu sau: Ba nguai
dao mo dudc than chét bit mat dan vao vao mot ham mo téi.
Trén dau méi ngusi dugc quan mot bang dé hoac bang den.
Cubi duong ham la kho bau ctia nha vua.

Py
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Than chét cho phép ba tén trom moé mdé mat ra. Khi mé mat
bon chung chi thay dugc mau khan ctia hai dong bon va khong
thay mau ctia minh. Than chét néi ké nao doan dung s6m nhat
mau khan cia minh sé gianh dugc kho tang. Bang khong sé bi
giét. Luat choi ctia than chét con quy dinh néu c6 ké nao thay
khan bit dau ctia hai tén dong bon c6 mau den thi phai gioc tay
lén. Theo ban c6 tén trom mo nao c6 thé lay dugc kho bau caa
nha vua khong?

2.11. Bai toan d6i nén s6 11: Qua ai t& than

C6 20 tir t1 duge nhan mot co hoi dé cung séng s6t nhu sau: 20
ngusi nay dugc xép thanh vong tron, bi che mat va méi ngudsi
duge doi non trang hodc den. T tu chi duge biét c6 it nhat
mot non den trong s6 20 nén da duge doi. Sau khi mé mat, méi
ngudi thay dugc mau nén ctia 19 ngudi con lai. Sau moéi phiit,
néu c6 ngusi nghiém ra dugc mau nén ctiia minh thi ngusi nay
sé dudc phép doan. Néu sau 20 phut, néu khong ai doan ra,
toan bo sé bi xir t&t. Néu nhu trong 20 phut c¢6 ngudi doan sai,
ho cung bi x1t tir. Ho chi dugce tu do néu nhu trong 20 phut phai
c6 ngusi doan, va tat ca cac ngusi doan déu phai doan dung.
Hay tim chién thuat sao cho tat ca déu song sét.

O hai bai toan doi nén tiép theo, ching téi gidi thiéu cac truong
hgp mé rong ma 6 dé sbé lugng hoac ngusi choi, hodc s6 non
dugc nang lén vo han (dém dugce).

2.12. Bai toan déi nén s6 12: V6 han ngudi choi

Co6 vo han (dém dugc) ngudi choi xép thanh mot hang, trong do
moéi ngusi duge doi mot non c6 mau trang hoac den va ngudsi
dung sau thay dudgc toan bo nén ctia nhirng ngusi dung trudc.
Lan lugt moéi ngudi tir sau ra truée sé noi 1én mau noéon cua
minh. Hay tim chién thuat dé sé ngudi doan duang la cao nhat.
Luu y, dé co6 16i gidi cho bai toan nay, doc gid can phai sit dung
tién dé chon.

2.13. Bai toan d6i nén s6 13: V6 han nén

Bai toan nay dugc dé ra bdi Lionel Levine (dai hoc Cornell) vao
nam 2011 nhu sau: Bén ngudi cung tham gia mot tro choi doan
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nén nhu sau: Ngusi dan tro sé doi vo han cac nén c6 mau trang
hoac den 1én dau moéi ngusi véi xac suat non trang va den la
nhu nhau va bang ;. Cac nén ctia méi ngusi duge danh s6 lan
lugt 1, 2, ... Mbi ngudi choi chi thay dugc toan bo nén cua 3
ngusi khac nhung nén ctia minh thi ho khong thay.

Moi ngudi sé€ dudgc phat mot to giay va ho duge phép ghi vao dé
mot con s0, tng véi chi s6 clia non ciia ho ma ho doan la mau
den. Sau khi nhan du tra 16i, ngusi dan tro sé kiém tra s6 dugc

ghi trén giay ctia méi ngudai.
_— =
O Q

Néu ca 4 ngudi cung doan dung (ttc 1a 4 ngusi déu ghi duge con
sb ting v6i néon mau den ctia minh), ho thang tro choi, ngugc lai,
chi can mot ngusi doan khong dung, ho thua. Bon ngusi duge
thdo luan truéc chién thuat truée khi choi va khong cé bat ky
trao déi nao sau d6. Ho ciing khong biét dudc thoi diém ma
nhiing ngudi khac dua gidy cho ngusi dan tro. Hay tim chién
thuat d€ xac suat thang la cao nhat.

Vi du: ho déu ghi s6 2015 vao cac manh giay. Khi do, co hoi chién
thang sé la - vi xac suat nén thit 2015 ctia méi ngudi la 3.

Tong quat hoa cho N ngudi liéu cach giai c6 khac?

Nhung bai toan d6i non khac: Trong nhing bai trude, tat ca
déu lién quan dén viéc doan mau ctia nén, trong nhém bai cudi
cung nay chung toi giéi thiéu véi doc gia mot vai dang khac ctia
bai toan doéi non.

2.14. Bai toan d6i non so6 14: Bai toan 3 chi€éc non
Ba ngudi choi, méi ngusi dudc doi méi chiéc noén, trén moi chiéc

noén cé6 ghi mot s6 nguyén duong. Méi ngudsi chi thay 2 s6 cuia 2
ngusi choi khac ma khong biét s6 ctia minh. Ho dudc cho biét
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la 1 trong 3 s6 la tc‘?ng cuia 2 s6 con lai. Lan lugt tiing ngudi,
hoac doan ra con so cua minh, hoac chon bd qua. Sau day la
doan doan so cua ho:

e Nguoi 1: bd qua.

e Ngudi 2: bd qua.

e Nguoi 3: bé qua.

e Ngudi 1: bd qua.

e Nguoi 2: bd qua.

e Nguoi 3: bd qua.

e Nguoi 1: bd qua.

e Ngudi 2: bd qua.

e Ngudi 3: sb cua toi la 60.

Héi rang con s6 trén 2 non con lai c6 thé 1a bao nhiéu?

2.15. Bai toan déi nén s6 15: Xép hang

C6 10 ngudi tham gia tro choi nhu sau: moi ngusi sé duge doi
mot chiéc non, trén dé c6 mot con s6 nguyén duong. Nguai choi
khong dugce cho biét gigi han ctia cac so, ho chi biét 10 s6 nay
phéan biét v6i nhau. M6i ngusi khong biét s6 cia minh nhung
thay dugc s6 ctia 9 ngudi con lai. Sau khi quan sat xong cac so6
cua nhing ngudi khac, moi ngudi sé phai chon nén ctia minh
la mau trang hoac den. Viéc chon mau nay cung khong dugc
cho cac nguosi choi khac biét.

Sau khi chon xong mau noén, nhiing ngudi choi sé dugc vxép
thanh moét hang, theo tha tu tang dan cta gia tri con sé trén
non. Néu nhu ho c6 thé xép thanh mot hang trang/den xen ké
nhau, ho chién thang tro choi, ngudc lai ho that bai. Hay tim
chién thuat d€ xac suat chién thang la cao nhat.
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3. Loi két

Bai toan doi nén thu 15 6 trén cang da két thuc chuyén muc
ky nay. Chung toi hi vong rang sau cudc du ngoan xuyén sudt
hon ntta thé ky phat trién ctia nhiing bai toan do6i non, tap chi
ctia chuing t6i da c6 thé gidi thiéu dugc véi doc gia vé dep va su
hap dan ctia nhém bai toan nay. Ban than moéi bai toan doi nén
thuong 1a nhiing thit thach toan hoc hang tuan, nén dé tranh
lam mat di cAm xac ctia nhitng doc gid mong mudn thit stc,
chung toi chi chon dang goi y hoac dap an van tat ctia moéi bai
va sé trinh bay 16i gidi chi tiét vao nhiing s6 tiép theo.

Chung to6i tin rang v6i phan 16i gidi, doc gia sé dugc tiép tuc
chuyén hanh trinh ky thu cung nhing ung dung thuc té tu
nhom bai toan giai tri nay. Chung t6i cang rat hoan nghénh
moi déng gop ctuia quy vi doc gid vé 16i gidi cing nhu nhiung
phién ban khac ctia nhom bai toan doi nén.

D€ thém phan thu vi cho mot sé bai toan, chung toi da dat lai
phan 16n tinh tiét dé bai nhung van gitt nguyén ban chat toan
hoc. D€ tién tra cttu va tham khéo, doc gid c6 thé truy tim lai
nguon goc cuia tung bai thong qua nhing tai liéu sau:

1) A Dozen Hat Problems: Chocacbai l, 2, 3, 4,5, 8, 10, 11.

2) Colored Hats and Logic Puzzles: Cho cac bai 1, 2, 3, 4, 5,
6,8, 10va 11.

3) A Line of Sages: Cho cac bai 7 va 9.

4) An introduction to infinite hat problems: Cho bai 12, 13.
5) Problem of the week 1179: Cho bai 13.

6) The Three-Hat Problem: Cho bai 14.

7) Another black and white hats puzzle: Cho bai 15.
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4. Goi y 19i giai

Bai 1. Ngudi 1 chon mau ngudc lai véi mau nén ctia ngudi 2;
Ngudi 2 chon mau ctia ngudi 1.

Bai 2. Ghép thanh tung cap va ap dung bai 1.

Bai 3. Gan s6 cac mau tit 0 dén 9 va tung linh hon tir 0 dén 9.
Khi d6 linh hén thit k sé doan mau sao cho mau dé va téng 9
mau khac bang k (mod 10).

Bai 4. Dap an 6 phat biéu tir bai 6.
Bai 5. Dua trén tu tuéng tir bai 3, lién két véi ma Hamming.

Bai 6. C6 8 truong hgp cho 3 ngudi véi 2 mau nén, khi dé chién
thuat hién tai sé that bai 6 2 truong hgp cac nén cung mau Dé-
D6-bo6 hodac Xanh-Xanh-Xanh va thanh cong 6 6 truong hgp
con lai. Liéu c6 chién thuat luén that bai 6 cap truosng hgp
Xanh-bo6-boé va bo-Xanh-Xanh nhung thanh cong 6 6 truong
hop con lai? V6i 2 cap con lai (Xanh-bBé-Xanh, Bé-Xanh-bo) va
(Xanh-Xanh-bo, B6-Do6-Xanh), liéu c6 chién thuat tuong tng?
Khi d6, néu ta ngau nhién chon chién thuat xuat phat thi viéc
chon gia tri ban dau khong ngau nhién sé gap that bai. Xac
suat thanh cong dugc bao toan la 75%.

Bai 7. Cho truong hgp 2 mau: ngusi cudi sé néi mau den néu
s6 non den anh ta thay la s6 1€ va néi trang néu sé non den la
chan. Nhiing nguoi khac, can cit vao dé sé doan dudgc.

V6i truong hgp M < N mau, ngudi cudi sé chon mau la tdng
(mod N) nhiing mau anh ta quan sat dugc.

Bai 8. V6i lua chon bé qua, kha nang thang lén dén 15s2. Chi sai
khi tat cd non déu cung mau trang (hoac den).

Bai 9. Sttr dung t6 hop thay vi modulo. Chung toi sé phan tich
bo ba bai 7, 8 va 9 nay trong nhiing so tiép theo.

Bai 10. Néu tat cad déu non trang, sé khong co tén nao gio tay,
va bon chung sé suy ra dugc nén minh mau trang.

Néu chi ¢6 mot non den, ca hai tén doi non trang sé cung luc
biét n6n minh mau trang vi tén con lai khong gio tay.
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Néu c6 hai nén den, ca ba tén sé cung gio tay. Luc nay, nhing
tén doi non den sé cung biét minh doi nén den, vi chung sé suy
luan: “néu noén minh mau trang, thi tén doi nén den kia khong
thé gio tay”.

Tinh huéng khong thé doan dugc ngay lap tiuc la khi ca 3 déu
doi non den. Nhung sau su chan chit ctia ca 3, cad 3 sé cung
doan dudc tat ca déu doi non den.

Bai 11. Néu mot ngusi thay k nén trang, anh ta sé doan non
minh mau den & phut tha (20 — k). Sau khi da ¢6 ngusi doan
thi khong ai doan nua.

Bai 12, 13. Chung t6i s€ phan tich chi tiét vao cac sb tiép theo.
Bai 14. Cac dap an co6 thé co la:

25, 35, 60], [35, 25, 60], [42, 18, 60], [18, 42, 60]
[10, 50, 60], [50, 10, 60], [44, 16, 60], [16, 44, 60].

Bai 15. Ton tai chién thuat luon luén thang. Hay thi v6i nhiung
truong hgp nho.
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VE BAI HINH HOC THI VMO 2015

Tran Quang Hung (Truong THPT Chuyén KHTN, PHQG Ha Noi)

Tom tat
Bai viét sé xoay quanh khai thac bai hinh hoc thi quéc gia
Viét Nam ngay dau tién.

Ky thi hoc sinh gi6i qudc gia Viét Nam nam 2015 c¢6 bai toan
hinh hoc nhu sau:

Bai toan 1. Cho dudng tron (O) va hai diém B, C ¢ dinh trén
(O) véi BC khong la dudng kinh. Mot diém A thay doéi trén (O)
sao cho tam giac ABC nhon. Goi E, F lan lugt la chan dudng cao
ké tir B, C cua tam giac ABC. (1) la duong tron thay déi di qua cac
diémE, F va cé tam la 1.

a) Gid su (1) tiép xtic BC tai D. Chitng minh rangpe = /%8,

b) Gid stz (1) cat canh BC tai M, N. Goi H la truc tam tam gidc
ABC va P, Q la giao diém ctia (1) véi dudng tron ngoai tiép
tam giac HBC. Pudng tron (K) di qua P, Q tiép xiic (O) tai
T v6i T, A cting phia BC. Chitng minh rang phan gidac trong
cuia géc ZMTN luon di qua diém cb dinh.

Nhan xét. Day 1a bai toan & vi tri so 4 la bai dugc danh gia la
khé. Hai y ctia bai toan khong lién quan nhiéu téi nhau, chung
toi sé gidi va phan tich ting y. Véi y b) ctia bai toan thuc chat
cac yéu to6 vé truc tam va chan duong cao la khong can thiét.
Chung t6i xin dua ra mot bai toan tdng quat hon va thuc ra vé
mat cau hinh sé don gidn hon déng thoi phat biéu lai cho thay
y nghia thuc ctia noé.

Bai toan 2. Cho BC la day cung ctia dudong tron (O). Pudng tron
(K) bat ki qua B, C. P, Q la hai diém thuéc (K) va & trong (O).
DPuong tron (L) qua P, Q tiép xuc trong (O) tai A sao cho A, K
khac phia BC. Pudng tron (S) qua P, Q cat BC tai M, N. Chitng
minh rang ZBAM = ZCAN.
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Loi giai. Theo tinh chat tam ding phuong dé thay tiép tuyén
chung tai A ctia (O) va (L), PQ va BC dong quy tai T.

Tir d6 dé c6 TA? = TP.TQ = TM.TN. Tix d6 d€ suy ra dutng tron
ngoai tiép tam giac AMN cung tiép xac (O). T day, ta dé dang
suy ra /BAM = ZCAN (diéu phai chiing minh). O

Nhan xét. Bai toan la ap dung truc tiép ctia cac tinh chat vé
phuong tich va truc ding phuong. Bai toan cé thé thay thé diéu
kién tiép xuc thanh cat nhau nhu sau

Bai toan 3. Cho XY la day cung ctia dudng tron (O). Pudng tron
(K) bat ky qua X, Y. Pudng tron (L) cat (O) tai Z, T va cat (K) tai
P, Q. Buong tron (S) qua P, Q cat BC tai M, N. Chiing minh rang

LXIM = ZYTN.
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Loi giai. Ta cang dé thay XY, ZT, PQ déng quy tai R. Suy ra

RM - RN = RP - RQ =RZ - RT.

Két qua nay chung to6 tir giac ZTMN noi tiép. Tir do, ta co
IXIM = /RZIM — /RZZ = ZTNM — LZTYM = ZYTN.
Ta c6 diéu phai chung minh. O

Nhan xét. Bai toan md rong tiép theo nay xem ra con don gian
hon ca truong hgp tiép xac. Thuc ra diéu chang téi mudn néi
& nhiing bai toan sau nay la khi tdng quat bai toan thi d6 cung
la mot cach hay cho chung ta tim ra 16i giai don gian hon la cac
truong hop riéng. Khi nhin qua cai nhin téng quat bé bét cac
du kién khong can thiét bai toan tré nén khong khé ntra. Ta c6
thé viét lai bai toan theo cach khac mang tinh déi xiing hon:
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Bai toan 4. Cho duong tron (K) va (L) cat nhau tai A, B. Mot
duong tron bat ky cat (K) tai M, N cat (L) tai P, Q va cat AB tai
S, T. Mot duong tron qua M, N cat (L) tai E, F. Mot dudng tron qua
P, Q cat (K) tai G, H.

a) Chitng minh rang E, F, G, H ciing thuéc mét duong tron.
b) Chitng minh rang /SEA = ZTFB va ZSGA = ZTHB.

¢) Gia st G, E, M, P, S, A cuing phia véi KL. Chitng minh rdang
/HBF+ ZGAE = ZHTF + ZGSE.

Loi giadi don gian chi ap dung bai tap trén. Chung téi nhan thay
bai toan nay y nghia nam nhiéu 6 cau a). Tuy rang theo danh
gia thi y a) la y dung dé gé diém nhung thuc ra 4n sau né cé6
nhiéu yéu té thu vi. Chung ta thay la viéc phat biéu két luan
bang mot biéu thic luong giac khong dep. Ta hoan toan c6 thé
thay thé bi€u thuc lugng giac <42 = *2 v6i AK dudng cao tur

A, nhu vay ta can chiing minh 2B, = XB_ pén day ta c6 thé dé

xuat bai téng quat hon nhu sau:
Bai toan 5. Cho tam gidac ABC. Mot duong tron (K) qua B, C cat
CA, AB tai E, F. BE cat CF tai H. AH cat BC tai D. Mot dudng tron
qua E, F tiép xtic doan BC tai T. Chitng minh rang

T8 _ DB

TC2  DC
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Lai giai 1. Goi duong tron ngoai tiép tam giac DEF cat CA, AB
tai M, N khac E,F.

Ta c6 ZEMN = ZEFN = ZECB, suy ra MN || BC. Tux do:

TB> BF-BN BF AN BF AE DB
TC2 CE-CM CE AM CE AF DC

Ta c6 diéu phai chung minh. O
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Lai giai 2. Goi EF cat BC tai G. Goi S d6i xiing T qua G. Tix tinh
chat phuong tich ta thay GS? = GT? = GE- GF = GB - GC, suy ra
hang (ST, BC) = —1 cang dé c¢6 hang (GD, BC) = —1. Tir d6 ta co
CB-CG=CT-CSvaBC-BG=BT:BS, suyra

DB BG BG-BC BT.BS BT BS  TB?

DC CG CG-CB CTCS Cr cs TCr

Tt d6 dé€ c6 diéu phai chiing minh. O

Nhan xét. Loi giai tha nhat mang nhiéu tinh hinh hoc va so
cap. Tuy vay khi bai toan nhin qua cach ctia hang diéu hoa kha
dé hiéu, tat ca hoan toan la bién ddi ty sé trén dudng thang.
Co thé giai ma khong dung diém S tuy vay viéc dung thém hang
diéu hoa (BC, ST) dé stt dung cac hé thtic da biét trén hang diéu
hoa lam ta gidi quyét bai toan nhanh hon. Bai toan hoan toan
chua dirng lai 6 viéc tong quat. Néu ta dé y ky & bai toan goc,
khi dung ra cac tiép diém tuong tu trén CA, AB sé dan dén mot
bai toan dong quy rat thu vi nhu sau:

Bai toan 6. Cho tam gidc ABC nhon, duong cao AD, BE, CF.
Puong tron qua E, F tiép xiic doan BC tai X. Tuong tu co Y, Z.
Chitng minh rang AX, BY, CZ dong quy.

Y tudng tuong tu khi tiép diém & ngoai canh:

Bai toan 7. Cho tam gidc ABC nhon, dudong cao AD, BE, CF.
DPuong tron qua E, F tiép xiic BC tai X & ngoai doan BC. Tuong
tu co Y, Z. Chitng minh rang X, Y, Z thang hang.

Két hgp ca hai y ctia bai toan trén ta c6 mot bai toan rat thu vi
nhu sau (tham khao [2]):

Bai toan 8. Cho tam gidac ABC nhon, duong cao AD, BE, CF déng
quy tai H. Hai dudng tron dudng tron qua E, F tiép xtic BC tai
X1, X5 sao cho X; nam gitta B, C. Tuong tu cé Yy, Y, Z1, Z,. Chitng
minh rang:

a) AX,, BY;, CZ, dong quy tai P.
b) X,, Ys, Z, thang hang trén dudng thang d.

c¢) PH va d vuéng goc.
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Lai giai. Cacy a) va b) da c6 6 cac bai trén, ta tap trung ching
minh y c¢) 1a y tha vi nhat ctia bai toan nay. Theo tinh chat tiép
tuyén dé thay EF cat BC tai G la trung diém X;X,. Goi M 1a trung
di€ém BC chu y E, F, D, M cung nam trén dudng tron Euler clia
tam giac ABC nén ta c6 GX? = GX2 = GE- GF = GD - GM. Tt d6
hang (X; Xy, DM) = —1. Ta cung c6 hang (BC, DG) = —1. Suy ra

DH-DA =DB-DC =DG:-DM = DX, - DX,.

n

E
A\
J
X, \ X,
G B D ¢
A

Tir do H 1a truc tam tam giac AX;X; nén XoH vuong goc AX; tai
K. Goi Q la hinh chiéu ctia X, 1én PH, tit két qua trén, ta cé

HP-HQ = HK-HX; =HD-HA = HB-HE = HC - HF = k.

Tt day, bang cach chung minh tuong tu, ta c6 hinh chiéu cta
Y, Z, 1én PH cung la Q. Nhu vay PH vudng goc d tai Q. O

53

https://tieulun.hopto.org



Ta hoan toan cé6 thé c6 bai toan dio nhu sau:

Bai toan 9. Cho tam giac ABC véi cac diém D, E, F thudc canh

BC, CA, AB sao cho AD, BE, CF dong quy. Gid sit c6 duong tron
. 2 - . 2 - .

(K) qua E, F t}ep xtic doan BC tai T sao cho 12 = ge. Chitng minh

rang bon diem B, C, E, F thuéc mét duong tron.

Loi giai 1. T gia thiét AD, BE, CF dong quy va chu y ti giac
MENF noi tiép, ta suy ra
TB2 DB EA FB_EA-AM FB AN FB AN

- -, = 22 1
TC2 DC EC FA FA-AN EC AM EC AM 1)
Mat khac, ta lai co
TB®*  BF-BN @)
TC2  CE-CM’

Tu (1) va (2) suy ra &&= 44r. Vay MN || BC. Tut do:
ZACB = ZAMN = ZEFA,
suy ra ta giac BCEF noi tiép. Ta c¢6 di€éu phai chung minh. [

Loi giai 2. Goi (L) la duong tron qua B, C va tiép xuc dudng
tron ngoai tiép tam giac TEF tai S. Tiép tuyén chung tai S cat BC
tai G. Ta dé thay ST la phan giac /BSC, suy ra

GB SB> TB? DB

GC SC2_ TC?2 DC
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Nhu thé, ta ¢6 (BC, DG) = —1 ma AD, BE, CF dong quy nén suy
ra EF diqua G. Tt d6 GE- GF = GS? =GB-GCsuyra E, F, B, C
thuoc mot dudng tron. Ta c6 dieu phai ching minh. O

Tit bai toan tong quat trén, ta lai c6 thé€ téng quat bai toan déng
quy hon nua nhu sau:

Bai toan 10. Cho tam gidc ABC cdac diém K, L, N lan lugt thuéc
trung truc BC, CA, AB sao cho AK, BL, CN dong quy. Pudng tron
(K) qua B, C cat doan CA, AB tai Ay, A.. Puong tron qua Ay, A.
tiép xtic canh BC tai A,. Tuong tu c¢é By, C.. Chitng minh réang
AA, BBy, CC. dong quy.

Néu thay cac yéu td tiép xuc thanh cat nhau, ta cing c6 mot s
bai toan tuong tu, cac ban hay lam nhu cac bai luyén tap:

Bai toan 11. Cho tam gidc ABC c6 E, F lan luot thuéc doan
CA, AB. BE cat CF tai H. AH cat BC tai D. S la mét diém trén
doan BC. Pudng tron ngoai tiép tam gidc SEF cat BC tai T khac S.
Chutng minh rang ¢3¢+ = pe khiva chi khi B, C, E, F cting thudc
mot duong tron.
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Bai toan 12. Cho tam gidac ABC nhon ¢6 dudng cao AD, BE, CF
doéng quy tai H. Cac diém X, Y, Z thuéc doan BC, CA, AB sao cho
AX, BY, CZ dong quy. Pudng tron ngoai tiép tam giac XEF cdat BC
tai U khac X. Tuong tu ¢ cac diém V, W. Chitng minh rang:

a) AU, BV, CW déng quy tai P.

b) YZ, ZX, XY lan luot cat BC, CA, AB theo ba diém thudéc mot
duong thang vuéng géc véi PH.

Tai liéu tham khao

[1] Pé thi VMO nam 2015.

[2] Cac bai viét ctia Buratinogigle:

artofproblemsolving.com/Forum/viewtopic.php?f=47&t=620287
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VE BAI BAT PANG THU'C
TRONG PE THI VMO 2015

Vo Québc Ba Can (Ha Noi)

Tém tat
Trong ky thi chon hoc siph gioi Quoc gia mpn Toan nam
2015, de thi ngay thir nhat c6 bai toan bat dang thuc sau:
Bai toan 1. Cho a, b, ¢ > 0. Chitng minh rang
3(a®+b*+cH) =P > (a+b+c)
v6iP = (a+b+c)(Vab+vbe+y/ca)+(a—b)?+(b—c)?+(c—a)?

Bai viét nay chung to6i trinh bay cac y kién ctia minh vé bai
toan ciing nhu néu ra cac huéng tiép can khac nhau dé di
dén 16i giai. Bén canh cac phan tich binh luan, chung toéi
cung sé dé xuat mot s6 bai toan véi y tudng tuong tu cho
titng huéng tiép can dé ban doc c6 thé tu rén luyén thém.
G cubi bai viét, chung toi sé gidi thiéu ngudn gbc, phat
biéu va giai bai toan téng quat cia bai VMO noi trén.

1. Nhan xét chung

V6i y kién chi quan cia minh, chung to6i cho rang day 1a mot
bai toan kha hgp ly tuong xtng véi vi tri ctia no trong dé thi.
Trong thoi gian 180 phut, cac thi sinh phai lam 4 bai toan véi
cac thé loai: Gidi tich, Pai s6, T6 hogp va Hinh hoc.

S6 lugng cau héi kha nhiéu nhung thoi gian lam bai lai han
ché, thé nén cac bai toan dau tién khong thé ra qua khé vi nhu
thé sé tao ap luc cho thi sinh.

Bai toan nay 6 muc do trung binh, khong dé cang khong kho.
Hinh thtc phat bi€u cing gon gang, don gian chit khong cong
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kénh phtec tap so v6i dé VMO nam 2014. Ngoai ra, bai toan nay
cung c6 kha nhiéu huéng dé tiép can chit khong meo muc phtic
tap nhu dé thi nam ngoai. Chinh vi thé, viéc chon né lam bai
s6 2 1a kha phu hop.

Tuy nhién, diéu d6 khong c6 nghia 1a bai toan nay thuc su tot.
Y tudng ctia n6 khong méi néu khong muén néi la da kha quen
thuoc v6i cac em hoc sinh. Vi vay, do quen dang nén nhiéu em
“trung ti1” ¢6 thé nhin vao ngay va giai ma khong can phai nghi
suy nhiéu. R6 rang diéu nay sé khién cho viéc danh gia chat
luong cung nhu két qua sé khong dudgc khach quan. Sé that
tuyét néu dé thi la nhiing bai toan véi y tuéng méi mé nhung
lai nhe nhang, tinh té va khong meo muc. Mong rang cac dé
VMO sap t6i sé dap ung dugc diéu nay.

2. Cac huéng tiép can cho bai toan

Vé trai ctia bat dang thuc kha don gidn. Dang phat biéu cua
noé véi téng cac binh phuong goi cho ta nghi dén déong nhat
thiic Lagrange - mot hing dang thic quen thudc duge diing dé
chitng minh bat dang thic Cauchy-Schwarz:

(i a%) (i b%) — (i aibi)z = > (aibj—a;b)* > 0.
i—1 i=1 i=1 1<i<j<n
Cu thé hon, ta c6 ding thic sau:
3(a®+b2+c?)—(a+b+c)2=(a—b)?+(b—c)*+ (c—a)
Do d6, bat dang thiic vé trai c6 thé dugc viét dusi dang:
(a+b+c)? > (a+b+c)(Vab+ vVbe + Vea).

Dén day thi c6 1€ ban nao cung sé nghi dén viéc st dung bat
dang thic quen thuoc x* +y? + 22 > xy +yz + zx (ap dung cho
x =/a, y = vb va z = /c) dé hoan tat phép chiing minh.

O day, ta sé danh su quan tam nhiéu hon cho bat ding thiic
vé phai. Nhan xét ban dau cho thay day la moét bat dang thirc
tuong d6i chat vi dau bang xay ra tai hai trudng hgp a =b =c
va a=Db, ¢ =0 (cung cac hoan vi tuong tng). Do do, ta can phai
rat can trong trong cac danh gia ctia minh.
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Ngoai ra, ta cung thay rang ché khé ctia bai toan chinh 1a & cac
can thuc. Néu ta c6 thé pha dudc dau can dua bat dang thuc
vé dang don gian hon thi chac chan bai toan cing sé tré nén
sang sua hon. Bén day, c6 hai y tuéng chinh nhu sau:

1. Pat dn phu dé khit can: Day 1a mot huéng di kha tu nhién
vi cac can thic 6 day cung don gian, cac biéu thuc dudi
dau can chi c¢6 dang bac mot. Do dé, chi can moét lan dat
dn phu x = va,y = vb, z = /¢ la ta c6 thé khir duge hét
cac cian thic va dua vé xét mot bat dang thic thuan nhat
bac 4 déi véi x, y, z. Bac cia bat ding thiic méi ciing khong
qua cao nén day la huéng di hoan toan kha thi.

2. Stt dung ddnh gia dé khit can: Pay 1a y tudng thuong thay
khi x1t ly cac bai toan c6 can. Van dé dudc dat ra & day la
ta phai lua chon danh gia d1 chat sao cho cac diéu kién
dau bang phai dugc dam béo.

Cac hudng tiép can dugc trinh bay dudéi day hau hét déu st
dung hai y tudng trén lam tu tuéng cht1 dao:
2.1. Huéng 1: Khai trién truc tiép

bay c6 1€ 1a hudng di tu nhién nhat cho bai toan nay. Ta chi
viéc diat x = v/a,y = vb, z = \/c rdi nhan tung hét ra. Khi do,
bat ding thiic can chiing minh c6 thé dudc viét lai dusi dang:

Zx4+xysz+ny(x2+y2)>4Zx2y2. (1)

Pén day, néu ban nao c6 tim hiéu sé nghi ngay dén bat dang
thic Schur bac 4:

X(x—y)(x—z) +y*(y—2z)(y —x) + 2% (z—x)(z—y) > 0.

Dang khai trién ctia n6 chinh la:

Zx4+xysz>ny(x2+y2). 2)

Su tuong déng gitta hai bat dang thirc (1) va (2) goi cho ta nghi
dén viéc dung (2) dé danh gia cho (1). Ngoai ra, (2) cing c6 dau
bang tai x =y =z va x =y, z = 0 (cung cac hoan vi) tuong ing
v6i truong hop dang thic cta (1). Do d6, day sé 1a mot danh gia
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kha 6n va ta c6 thé yén tam vé do an toan ctia né. That vay, sau
khi danh gi4, ta chi can xét bat dang thuec:

2) xyP+u) >4) ¥KyPe ) xy+y?)=2) Xy
va né chi 1a mot hé qua truc tiép ctia bat dang thiic AM-GM:
ny(x2—|-y2) >Z(xy-2xy) :2Zx2y2. O

L&i binh. Dat 4n phu la moét trong nhitng ky ning co ban can
c6 trong bat ding thiic. Nhiéu bai toan c6 hinh thiic cong kénh
phtc tap, tuy nhién sau nhtng buéc dit an phu don gian, ta
c6 thé dua bai toan tré vé dang méi ma & d6 nhiéu y tuéng (ma
trong do6 cting c6 thé 1a géc cia bai toan) sé dugc phoi bay ra.

C6 nhiéu kiéu dat an phu, trong d6 c6 ba kiéu sau rat thong
dung: bat an phu d€ lam don gian hinh thtc bai toan, dat an
phu dé thuan nhat héa hoac déi xiing héa, va dat an phu lugng
giac dua vao dau hiéu tir diéu kién gia thiét.

Duéi day 1a mot so6 vi du:

Bai toan 2. Cho x, y, z la cac sé thuc duong. Chitng minh rang

Z\/(X+y)(><+2) >x+y+z+/30xy+yz+2zx).

Loi giai. Pata=.y+z, b=+yz+xvac=,/x+y. Khido, ta dé
thay a, b, ¢ 1a ba canh ctia mét tam giac va:
b4t —a? A4 a?-b? _a?+br—c?

o YT T P
Thay vao, ta viét dugc bat dang thiic duési dang:

2Y ab- Y @tz f3(2) @ Y a),

hay

ZZab—Za2> V3a+b4c)b+c—a)lc+a—b)la+b—c).

bén day, talaidat a =n+p, b=p+mvac=m+nvéim, n, p > 0.
Bat dang thic dudc viét lai thanh:

mn +np +pm > /3mnp(m+n+p).
Mot két qua da qua quen thudc. O
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Bai toan 3 (IMO, 2001). Cho a, b, ¢ > 0. Chitng minh rdng

a b c

+ + > 1
vaz+8bc vb2+8ca %+ 8ab

<o 8% - . . b < . c . .
L\dl glal. D?t X ')— \/ﬁ, Yy = m va z = \/Tm' Khi dO,
bang cac bién doi don gian, ta dé thay 0 < x, y, z < 1 va:

T do suy ra
512x%y%2% = (1 —x3) (1 —yH) (1 —22).

Theo yéu cau ctia bai toan, ta can chitng minh x+y+z > 1. Néu
diéu nay khong dung, tiac x +y +z < 1, thi ta co

1—x*>(x+y+z)P?—x*=Hy+2z)(2x+y+2z).

Panh gia tuong tu cho cac biéu thiic con lai, ta thu dudgc
512x%y222 > [H(g + z)} [H(Qx ty+ z)] .

Biang cach st dung bat ding thiic quen thudc:
(m+n)n+p)lp+m)>8mnp, Vm,n,p>0

lan lugt cho cac bd (x, y, z) va (x+y, y+z, z+x), ta co

[[x+y+2) >8] [(x+y) > 64xyz.

T do suy ra

[H(y + Z)] [H(QX +y+ Z)] > 8xyz - 64xyz = 512x*y*z>.
Mau thuan nhan dugc cho ta két qua bai toan. u

Bai toan 4. Choa, b, ¢ la cac sé thuc théa man diéu kién abe = 1.
Chitng minh rang

1 1 1
2
1+a+a2+1+b—|—b2+1—|—6—|—02
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Loi giai. Do abc = 1 nén ta c6 thé ching minh dugc ton tai cac
s6 thuc x, y, zthéa man a = %5, b = Hvac=12 (chang han, ta

Ve Y= v 2= 7). Khi do, bat dang thiic can
ching minh c6 thé dugc viét lai thanh:

c6 thé chon x =

X4 y 4 Z4

4 2 22+ 4 2 22+4 2 2221
xX* +x*yz +y-z Y* +y“zx + z°x z* + z°xy + X7y

Pén day, bang cach st dung bat dang thiic Cauchy-Schwarz:

VT > (x* +y* +2%)?
T (xt oyt +zY) +xyz(x +y + z) + (Y2 4 y22? + 22x2)

ta dua dugc bai toan vé xét mot két qua da qua thuoc:
x*y? +y2z? + 257 > xyz(x +y + z2). O

Bai toan 5. Cho x, y, z la cac sé thuc duong théa man diéu kién
Xy +yz + zx + 2xyz = 1. Gid sit z = max{x, y, z}, chitng minh rang
11 1 (22— 1)2

-4 > =
x+y+z (x+y+z) z(2z+1)

Loi giai. Gia thiét xy+yz+zx+2xyz = 1 c6 thé dugc viét lai duéi
d‘amg =+ ﬁ + 5 = 2. Tix 46, ta dé dang ching minh dugc
ton tai cac so6 duong a, b, ¢ sao cho:

«— a b C
“b+reo Y

= , Z )
c+a a+b

Ngoai ra, do z = max{x, y, z} nén ta cé ¢ = max{a, b, c}. Bat dezmg
thuc can ching minh dugce viét lai thanh:

b+c+c+a+a+b 4< a . b L >>(2c—a—b)2
a b c b+c c+a a+b/ 7 c2c+a+b)

Do & + & — A& = g&’Tﬂ nén bat dang thiic tuong duong véi:

alc—b)2 blc—a)? cla—Db)? o (2c —a—Db)?
bc(b+c) calc+a) abla+b)” c(2c+a+b)
Va ta sé chiing minh bat dang thitc manh hon la:

a(c—b)> b(c—a)? < (2c —a—Db)?
be(b+c) ca(c+a)” c(2c+a+Db)’
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hay
a(c—b)> b(c—a)? < (2c —a—Db)?
b(b+c) alc+a)  2c+a+b

Str dung bat dang thic Cauchy-Schwarz dang cong mau, ta c6

[VEe—b)+y/2e—a)|

VT
2c+a+b

WV

Tir d6, bai toan duge dua vé ching minh

b
\/E(C_b)-i-\/j(c—a) >2c—a—b,
b a
a b
(\/%+\/;—2)c+a+b—2\/ab>0.

Bat dang thic nay hién nhién ding theo AM-GM. O

Bai toan 6 (Viet Nam TST, 2001). Cho x, y, z la cdc sé thic
duong théa man 2x + 4y + 7z = 2xyz. Tim gia tri nhé nhat cua:

hay

P=x+y+z

Loi giai. Patx =+7a,y = gb, z= %‘ﬁc, taco a+b+c = abc va:

p = YT a1+ 70+ 40)

14
Doa,b,c>0vaa+b+c=abcnéntontaiA, B, Ce (0, Z) théa
man A+ B+ C=mnvaa=tanA, b =tanB, c =tanC, suy ra

P— g(léltan}\ + 7tanB + 4 tanC).
Biéu thic P c6 dang téng ham. Diéu nay goi cho ta nhé dén bat
dang thiic tiép tuyén nhu sau: Néu ham sé f(x) khd vi bac hai
va 16i trén khodng (a, b) thi véi moix, y € (a, b), ta déu co

f(x) = fly) +f'(y) - (x —y).

Do ham s6 f(x) = tanx kha vi bac hai va 16i trén (0, Z) nén theo
bat dang thuc trén, véi moi x, y € (0, 2), ta c6

[\

tanx > tany + (tany)’(x —y) = tany + (tan®y + 1)(x —y).
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Trong bat dang thuc trén, 1an lugt thay cip sé (x, y) béi cac cip
(A, arctan%), (B, arctan%) va (C, arctany/7), ta thu duge

= \/_ 7 \/_ Y
tanB > — + —(B - alCtan—>
= \/_ \/_ y

tanC > V7 + 8<C — arctanﬁ).

Tit d6 suy ra (chu y rang arctan - + arctan - + arctany/7 = n):

P> ﬂ [15ﬁ + 32 (Z A — mctani — arctani — arctan\ﬁ)]

14 VT VT
7 15
=1£[15\/7+32(A+B+C—71)} =
Déng thuc x4y ra khi va chi khix =3, y=2,z=2. O

Nhén xét. Bat dang thic tiép tuyén 1a mot trong nhiing két qua
quan trong ctia ham 16i. N6 14 mau chét dé xay dung nén bat
dang thic Karamata, mot cong cu rat manh dé xi Iy cac bat
dang thic dang téng ham. Ban doc c6 thé tim doc thém vé hai
két qua thua vi nay trong bai viét chuyén dé ctia chung t6i 6 Tai
liéu Chuyén Toan, Gidi tich 12 (Nha xuat ban Giao Duc, 2011).

Cac sd arctan -, arctan-J-, arctany/7 dugc sit dung & trén khong

77
phai 1a nhing sé ngau nﬁién “mo” dugc. Vi yéu cau bai toan la
tim min nén ta can phai danh gia P 16n hon hoac bang mot
hing sé nao d6. Do d6, khi st dung bat dang thuc tiép tuyén
dé danh gia, ta can chon cac hing sb thich hdp sao cho hé sb
ciia A, B, C phai bang nhau dé c6 thé tan dung dudc gia thiét
A + B + C = 7 va bién ddi vé bé thanh hang s6.

Nhu vay, cac s6 dude stt dung trong 16i gidi trén thuc chat chinh
la nghiém thu dugc tu hé phuong trinh:

T
0<X,U,Z<§,X+U+Z=7T

14(tan*x + 1) = 7(tan®y + 1) = 4(tan’z + 1)
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Bai toan 7 (Kién Giang, 2014). Cho 2014 s6 thuc x,, Xa, ..., X2014
thuoc doan [—1, 1] théa man |y ! x;| > 1. Chiing minh rang tén

tai mot s6 nguyén duong k sao cho:

Kk 2014
E X; — E xi| <1
i=1 i=k+1

Loi giai. Ta thay 2014 bdi mot sd n > 2 tdng quat hon. Vi méi
1<k<n, tadat a, =Y 5, x;, khi d6 tir gid thiét suy ra

lax —ar 1| <1 <|an], Vk =1, ..., n (6 day qy = 0).
Theo yéu cau deé bai, ta can ching minh tén tai k € N* sao cho
lan — 2ax] < 1. (3)
Néu c6 s6 1 <k <n—1sao cho (a, —2ax)(an —2ay;) <0 thi
lan—2ax|+lan—2ax41] = |(an—2ax)—(an—2axs1)| = 2lax 1 —ax| < 2.

Tit d6 suy ra s6 nho nhat trong hai s6 |a,, — 2ay/, |[an — 2ay, 1| S€
co gia tri khong vugt qua 1 va bai toan dugc chiing minh.

Xeét truong hop (a, —2ay)(an —2ax1) >0véimoi 1 <k <n—1.
Ta chiing minh (3) bang phan chuing. Gia st khong ton tai s k
noi trén, khi do ta co

la, —2ax| >1, vVi<k<n-—1. (4)

Néu a, > 2a,_; thi do (a, —2a,_1)(a, —2a,) > 0 nén ta suy ra
a, < 0. Mat khac, do |a,| > 1 nén ta cé a, < —1.

Do a, —2ay va a, —2ay,; ¢6 cung dau véi moi 1 < k < n—1 nén
tir bat dang thic a, > 2a,_;, ta ciing suy ra a, > 2a; va do dé
1+ 2a; < a, < —1 (theo (4)), tic a; < —1. Két qua nay dua dén
la;| > 1, mau thuan véi gia thiét bai toan.

Ly luan tuong tu, trudng hdp a, < 2a,_; ciing khong thé xay ra.
Nhirng mau thuan thu dugce cho ta két qua ctia bai toan. O
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Sau day la mot s6 bai toan khac danh cho ban doc tu luyén:

Bai toan 8 (VMO, 2005). Xét cdc sé thuc x, y théa man diéu kién:
x—3vVx+1=3yy+2—y.

Hay tim gida tri l6n nhat va gia tri nhé nhat ctia biéu thiic P = x+v.

Bai toan 9 (Olympic Nt sinh Trung Quodc, 2004). Cho a, b, ¢ la
cac sé thuc duong. Tim gia tri nhé nhat cua biéu thirc:

a+ 3c n 4b B 8c
a+2b+c a+b+2c a+b+3c

Bai toan 10 (Thé Nhi Ky, 2006). Chox, y, z la cdc sé thuc ducng
théa man xy +yz + zx = 1. Chitng minh rang
27

T D) > (Fy+VuTz+vVzey) > 6V,

Bai toan 11. Cho a, b, ¢ la cdc sé thuc duong. Chiing minh rang

—_

a b c
+ + < -
4a+4b+c 4b+4c+a 4c+4a+b 3

Bai toan 12 (IMO, 1983). Cho a, b, ¢ la do dai ba canh ctia mét
tam giac. Chitng minh rang

a’b(a—b) +b%(b—c)+c?alc—a) > 0.
Bai toan 13 (Chon doi tuyén Moldova, 2006). Cho a, b, ¢ la do

dai ba canh ctia mét tam gidac. Goi p la nita chu vi cia tam giac
do, chitng minh bat dang thitc sau:

a\/(p—b)(p—C)+b\/(p—c)(p—a)+C\/(p—a)(p—b) -

bc ca ab

Bai toan 14 (IMO, 2008). Chox, y, z # 1 la cac sé thuc théa man
diéu kién xyz = 1. Chitng minh rang

() + () + () =
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Bai toan 15. Cho a, b, ¢ la cdc sbé duong théa man abe = 1.
Chitng minh rang

1 1 1 2
Atz 0102 01 Oraltbire "

Bai toan 16. Cho a, b, ¢ la cac sé thuc duong théa man abe = 1.
Chitng minh rang

1 1 1
+ + <1
) vVha+4  bb+4  /bc+4

1 1 1
+ + < 1.
1+v3a+1 14++v3b+1 14+V3c+1

b)

Bai toan 17. Cho xy, Xs, ..., X la cac sé thuc duong théa man:

Lo b
1+x 1+ %9 I+xn

Chitng minh rang

V¥i+ X+ yxn =2 (n—1) (\/L_+\/L_+ +¢%>

Bai toan 18. Cho xy, Xs, ..., X la cac sé thiic duong théa man:
S P B
T4+4x  14%x 14+%, 2

Tim gia tri nhé nhat cua biéu thiic:

Bai toan 19 (Nga, 2004). Cho sé tu nhiénn > 3. Xét cac sé thuc
duong xi, X, ..., Xn €6 tich bang 1. Chitng minh rang

1 1 1
+ + -+
1+x%x; +x1X2 1+ X9+ XoXs 1+%Xq + XXt

> 1.
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Bai toan 20 (Trung Quéc, 2004). Cho a, b, ¢, d la cdac sé thuc
duong théa man abced = 1. Chitng minh rang

1 1 1 1
> 1.
Ita2 (1102 Oxo2 T axar

Bai toan 21. Cho a, b, ¢ > 0 théa man abc = 1. Chitng minh rang

a N b n c S 1
a+b+1 b+c+1 c+a+17

Bai toan 22. Chox, y, z la cdac sé thuc duong théa man diéu kién
X +y?+ 22+ 2xyz = 1.
Chtitng minh cdc bat dang thitc sau:

a) <1
XYz & —.
YEs g

DO

b) x+y+z<

c) xy+yzt+zx <> <X +y? +22%

N = W

d) xy +yz+zx < - + 2xyz.

Bai toan 23. Chox, y, z la cac sé thuc duong théa man diéu kién
xyz=x-+y-+z+2.
Chtitng minh cdc bat dang thiic sau:

a) xy+yz+zx > 2(x+y +z).

B) VA -+ +VE < VRE

Bai toan 24 (APMO, 2004). Cho a, b, ¢ la cdc sé6 thuc duong.
Chitng minh rang
(a® +2)(b% +2)(c* 4+ 2) = 9(ab + bc + ca).
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Bai toan 25 (Trung Quoc, 1996). Chon € N* xq = 0, x; > 0 véi

moii=1,2, ..., nvax; +x;+--+x, = 1. Chitng minh rang
- X4 T
1< k < .
\;\/1+XO+X1+---+xi_1\/xi+---+xn 2
Bai toan 26 (Trung Quéc, 2003). Cho a;, a, ..., as, la cdc sé

thuc théa man Y 2", '(a; — ai;1)? = 1. Tim gid tri [6n nhat cua:

P=(ani1+aniat -+ am)—(ar+ay+---+an)

Bai toan 27 (IMO, 2006). Tim s6 M nhé nhat dé bat dang thic:
lab(a? — b%) + be(b? — ¢) + calc? — a?)| < M(a? + b + ¢2)?
diing véi moi sé thuc a, b, c.

Trude khi két thuc phan nay, xin duge néi thém mot chuat ve bat
dang thirc Schur bac 4:

Zx4+xysz > ny(x2+y2).

Pay la mot bat ding thiic rat chit (chit hon ca bat dang thic
Schur béac 3), né dung v6i moi bo sbé thuc x, y, z chit khong
doi hdéi cac bién phai khong am. That vay, bang cach st dung
phuong phap SOS dugc trinh bay & phan sau, ta viét dugc

1

> Rx-yx—z) =35 x—yPx+y—2°>0.

Chinh vi diéu nay, bat dang thiic c6 thé dugc diung dé xu Iy rat
hiéu qua cho cac bai toan déi xing ba bién véi dau bang bién,
dac biét 1a cac bat dang thic thuan nhat bac 4.

Dudéi day 1a mot s6 vi du:

Bai toan 28. Cho a, b, ¢ la cdc sé thuc duong. Chitng minh rang

(b+c)? (c+ a)? (a+b)2>6
a2+bc  b2+ca  c24ab
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Loi giai. St dung bat dang thic Cauchy-Schwarz, ta cé

[(b+¢)2+ (c+ )2+ (a+b)?]’

V= (b+c)2(a?2+be)+ (c+a)?2(b?2+ca) + (a+b)2(cz+ ab)’

Tt d6, bai toan duge dua vé ching minh
2(a’+b”+c®+ab+betca)®>3) (b+c)*(a®+be).

Sau khi khai trién va rut gon, bat dang thic trén cé dang:

2Za +Zab 24+ 1?) +2acha GZaQb2

hay

2 [Z a4+ach a—Z ab(a2+b2)] +3Z ab(a®+b?) > 6Z a’b?.
Dén day, bang cach st dung bat ding thic Schur bac 4 va mot
s0 danh gia don gian, ta dé c6 diéu phai chiing minh. O
Bai toan 29. Cho a, b, c la cdc sé thuc kkhong am théa man khong
¢6 hai sé nao dong thdi bang 0. Chitng minh rang

1 1 1 8
+ + > :
202 +bc  2b2+ca  2c2+ab " (a+b+c)?

Loi giai. St dung bat ding thic Cauchy-Schwarz, ta cé

4(a+b+c)?
(b+c¢)?2(2a2 +be) + (¢ + a)?(2b2 + ca) + (a +b)2(2c2 + ab)’

VT >

Tir d6, bai toan duge dua vé ching minh

(a+b+c)* > 2[(b+c)*(2a’+be)+(c+a)*(2b°+ca)+(a+b)*(2c*+ab)].

Sau khi khai trién va rat gon, bat dang thiic trén cé dang:
Za +QZab 2 +b?) +4acha GZa%2

Pén day, bang cach st dung bat dang thitc Schur bac 4, ta dua
dugc vé xét mot bat dang thirc méi la:

3) ab(a®+b*)+3abc) a>6) a’b’

Mot két qua kha hién nhién. O
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Nhén xét. Cach danh gia bing bat dang thitc Cauchy-Schwarz
c6 mot ky thuat rieng ctia né chu khong phai ta ngau nhién
chon thém cac dai lugng (b +¢)?, (c + a)?, (a + b)? dé nhan vao.

Chu y ring bat dang thic da cho c6 dau bing tai truéng hop
a = b, ¢ =0 (va cac hoan vi) nén néu danh gia theo 16i thong
thuong (chang han nhu ) ;31— > s@arpey): ta s€ khong dam
bao dudc dau bang. Thé nén, ta can phai c6 st diéu chinh.
D€ thu dudc 16i gidi nhu trén, chung téi da st dung Cauchy-
Schwarz v6i kem thém tham sé phu:

(Z ﬁ) [Z(%Zerc)(m<1+nb+nc)2 > (m+2n)2(a+b+c)?

roi chon m, n sao cho hé ti 1é khi xét diu bang cung thdéa man
tai truong hgp a = b, ¢ = 0 (va cac hoan vi). Ky thuat nay giong
nhu mot phép can bing hé s cho cac bat dang thiic ma ta da
doan truéc duge dau bang.

Giéng nhu 6 trén, chung to6i cing xin dua ra mot s6 bai tap dé
ban doc tu rén luyén thém ky nang nay:

Bai toan 30. Cho a, b, ¢ la cdc sé thuc duong. Chitng minh rang

1 21
P .
Zc12—|—ab+b2 2(a2 + b2+ c2?) +5(ab + be + ca)

Bai toan 31. Cho a, b, ¢ la cdac sé thuc duong. Chitng minh rang

1 9
> :
Z4c12—ab~|—4b2 7(a? 4 b2 + c?)
Bai toan 32. Choa, b, c la cac sé thuic khong am théa man khong
¢6 hai sé nao dong thdi bang 0. Chitng minh rang
1 1 1 1
+ + > :
22a? +5bc  22b2+5ca  22c2+5ab T (a+b+c)?

Bai toan 33. Choa, b, ¢ la cdc sé thuc kkhong am théa man khong
¢6 hai sé nao dong thoi bang 0. Chitng minh rang
2a% — be 2b% — ca 2¢? —ab
+ + > 3.
b2—bc+c? c2—ca+a? a’—ab+b?

Bai toan 34. Choa, b, c la cdc sé thuc kkhong am théa man khong
6 hai sé nao dong thdi bang 0. Chitng minh rang
a? —bc b? —ca c?—ab
+ + > 0.
2b?2 —3bc+2c?  2c?2—3ca+2a®> 2a?—3ab+ 2b?
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2.2. Huong 2: Phuong phap SOS

Pay la huéng di tu nhién thi hai sau phuong phap khai trién.
Truéce hét, ta cang sé dat an phu x, y, z nhu huéng 1 & trén dé
Kkht can tién cho viéc quan sat. Ta dua bai toan vé ching minh:

4y + )y tyz+a)+ Y =y > 6 +y 272

Trong bat dang thic trén, c6 hai sé6 hang ciing chita nhan ti
x?+1y?+z2. Mot cach tu nhién, ta nghi dén viéc ghép hai s6 hang
d6 véi nhau. Luc nay, bat dang thirc duge viét lai thanh:

> =y > 0+t + 2 (P Y’ + 2 —xy —yz—zx).

Su xuat hién ctia téng binh phuong 5 (x> —y?)? bén vé trai va
phan tich da qua quen thudc:

Y -y =33 (x—yy

goi cho ta nghi ngay dén viéc dung phuong phap phan tich
binh phuong SOS dé xtt ly bai toan. Cu thé, ta viét dugc bat
dang thitc can ching minh duéi dang:

Sx(y—2z)*+Sy(z—x)* +S.(x —y)* > 0,

trong do6 S, = f(x, y, z) = 2(y+2z)*— (x> +y?+2%) = y?* + 22 +4yz—x?,
con Sy = f(y, z, x), S; = f(z, x, y) dugc dinh nghia tuong tu.

DPén day, ta chi viéc st dung cac tiéu chuan ctia phucng phap
la dugc. Gia st x >y > z, khi d6 ta cé

Sy=22+x*+4zx—y? 20, S,=x"+y*+4dxy—2z2>0

va
Sy + Sy = 22* + 4zx + 4yz > 0.

Dox—z>y—z>0nén (z—x)? > (y—z)? T dé suy ra
Sx(y—2z)? +Sy(z—x)* +S.(x—y)* = (Sx + Sy)(y —2)* = 0. O

Lai binh. Mot diéu can chu y 1a khi st dung phuong phap SOS,
cac ban can phai chiing minh lai cac tiéu chuan ctia né. Nhiéu
ban cdu tha chi ghi gon1a S, +S, > 0, Sy, +S. > 0 réi suy ra diéu
phai ching minh. Nhu thé 1a chua dudgc.
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Ngoai cach st dung cac tieu chudn SOS nhu trén, ta ciing c6
cach bién d6i ma khong phai st dung tiéu chudn nao dua trén
dong nhat thuc don gian:

D (x—y)Plx—z)(y—z) =0 (3)
C6 thé thay diém mau chét gay kho khan trong viéc xit ly tong:
D> x—y)PC Y’ +axy —2°) >0

chinh 1a phan s6 am & méi s6 hang, chang han nhu —z? trong
s6 hang (x — y)?(x®> + y? + 4xy — z?). Néu ta dem cong véi tong
> (x—y)2(x—2z)(y—z) v6i mot s6 lugng thich hgp vao sé lam tang
so luong z? 1én 6 s6 hang nay va rat c6 thé sé thu dudc mot dai
lugng khong am. Cu thé, ta hy vong sé c6 sb k sao cho:

x2+y?+dxy — 22 +k(x—z)(y—2z) =0
& (x4+y)2+ (2+k)xy —kz(x+y) + (k—1)z* > 0.

Quan sat mot chut, cho thé thay ngay néu chon k = 2 thi ta sé
viét dugc biéu thuc (x +y)? —kz(x +y) + (k— 1)z? dusi dang binh
phuong. Tix d6, ta thu dudgec mot 16i giai ngan gon thu vi sau:
Bat dang thic can ching minh tuong duong véi

D =y + Ay —2) +2) (x—y)Plx—z)y—2z) >0,

hay
Z(x—y)2[(x+y —z)* +4xy] > 0.

bong nhat thuc (3) da giup chung ta xt Iy duge bai toan theo
mot 16i SOS rat thu vi d€ dua dén mot bat dang thirc hién nhién.
Pay ctang la mot kinh nghiém ctia chung toi tich lay duge khi
tim hiéu vé phuong phap SOS. Tat nhién, dong nhat (3) chi hieu
qua & cac bat dang thirc déi xiing bac 4. V6i cac bat dang thuc
bac cao, chung ta can mot déng nhat thic tong quat hon dé
tang cuong tinh hiéu qua. Chung ta c6 mot két qua thu vi sau
(ban doc c6 thé tu ching minh): Cho f(x, y, z) la mét da thitc dbi
xiing véi hai bién x, y. Khi dé, ta cé thé phan tich:

Y [x—y)(x—2z)(y—2)-f(x, y, 2)] = (x—y)*(y—2)*(z—x)*-g(x, y, 2)
trong doé g(x, y, z) la mét da thiic dbi xitng véi ba bién x, y, z.
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Nho vao dong nhat thuc trén ma chung t6i da xtr Iy thanh cong
rat nhiéu bat dang thic bing phuong phap SOS rat don gian
chit khong can phai dung tiéu chuan phiic tap nao.

Duéi day 1a mot s6 vi du:

Bai toan 35. Cho a, b, ¢ > 0 ¢6 téng bdang 3. Chitng minh rang

111
9(=+=+-—3) >8(a®+b*+c?—3).
a b ¢

Lai giai. Ta c6 cac bién ddi quen thuoc sau:
1 1 1 11 1 (a— D)2
T R S
— (atbte)(—++2 > —
1 1
2 2 2 2 2 2 2 __ 2
a“+b*+c"—3=a"+b*+c —g(a+b+c) —§Z(a—b).

Do d6, bat dang thitc c6 thé dudc viét lai dusi dang:

9
2
)2 —8) >
Y la—b)*(=—8) >0,
hay
Y cla—b)*(9—8ab) > 0.
Dbén day, ta c6 dé y rang:
9—8ab=(a+b+c)*—8ab
= (a+b)*—8ab +2c(a+ b) + c?
=(a+b)>—6c(a+b)+9c*—8(a—c)(b—rc)
=(a+b—3c)*—8a—c)(b—c).

Tir d6, ta c6 thé viét lai bat dang thiic nhu sau:
Zc(a—b)Q(ajUb—30)2 —SZc(a—b)2(a—c)(b —¢c)>0.

Vi) cla—b)*(a—c)(b—c)=0va) cla—b)?*(a+b—3c)? > 0nén
bat ding thiic cudi hién nhién dung. O

Bai toan 36 (Iran, 1996). Cho a, b, ¢ la cdc sé thuc khong am

théa man khong cé hai sé ndao dong thoi bang 0. Chitng minh réng

1 1 1 9
>

(@+b2 (b+c? (ctaZ| 1

(ab 4+ bc + ca) [
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Loi giai. Bat ding thiic can chiing minh tuong duong véi

¥ [febbee ]
faco VT — Z 4bc + 4ca _a?fb) 3b2 —2ab
_ Z (c—a)(3a +(t;);é;— c)(a+ 3b)
D R e I
=) (a=b) [ ibjc; B (?;a:; ]
_y (a—b 3ab+(§c++)bc—c )

Tir d6, bat dang thirc dIIQC dua vé chung minh
Z(a2 —b?)?(3ab + ac + bc —c?) > 0.

Do 3ab+ac+bc—c? =4ab—(a—c)(b—c) nén bat dang thtic trén
c6 thé dugc viét lai thanh:

4) ab(a®—b*)? =) (a®—b*)*(a—c)(b—c)>0.
Mat khac, ta lai co
> (@ —=b)(a—c)(b—c)=(a—b)*(b—c)*(c—a)?
nén bat dang thitc trén tuong duong véi
4) ab(a® > (a—b)%(b—c)*(c—a)*
Pén day, st dung bat dang thitc Cauchy-Schwarz, ta c6

4[abla? — b?) + be(b? — ?) + calc? — a?)]

VT >
ab+bc+ca
_ 4a+b+c)(a—Db)?*(b—c)*(c—a)?
N ab+bc+ca
> 12(a—b)*(b —c)*(c — a)?,
tir d6 dé dang suy ra két qua can chung minh. O
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Bai toan 37. Cho a, b, ¢ la cdac sé thuc. Chitng minh rang

ab n bc n ca <§
a?+b2+3c2 b2+c2+3a2 c2+a2+3b2 5

Loi giai. Bat ding thiic can chiing minh tuong duong véi

5ab
1——) >0
S (- o se

bén day, bang cach tach SOS tuong tu nhu trén, ta viét duge
bat ding thiic duéi dang:

D (a—1b)*(9a®+9b + 5¢* — 2ab — 10ac — 10bc)(a” + b* + 3¢?) > 0.
Ta co

9a* 4 9b? +5¢? —2ab —10c(a +b) = (3a+3b—5¢)? —20(a—c)(b—c)
va

Y (a—b)*(a—c)(b—c)(a’+b*+3c’) =2(a—b)*(b—c)*(c —a)’,
do d6 bat dang thiic trén tuong duong véi

Y (a—b)*(3a+3b—5c)*(a”+b”+3c?) > 40(a—b)*(b—c)*(c — a)*.
Stt dung bat dang thic Cauchy-Schwarz, ta cé

1
VT > =) (a—b)*(3a+3b—5¢)(a+b—3c)’
1

2
> _ _ _
> =[Y (a=D)(Ba+3b—5¢)(a+b—3c)]
= bb— e — 0,
15
tir d6 dé dang suy ra két qua can chuing minh. O

Chu y ring méi mot bat ding thiic trong ba vi du néu trén déu
¢6 nhirng hai truosng hgp dau bang. Piéu nay chung té chung
la nhitng bat dang thiic kha chit. Thé nhung, véi phuong phap
tach SOS méi nay, cong viéc x1 ly lai tré nén kha nhe nhang.
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Duéi day, chung t6i xin duge néu thém mot sé bai toan ap dung
khac d€ ban doc thit stic va so sanh véi phuong phap ct.

Bai toan 38 (Viét Nam TST, 2006). Cho a, b, ¢ la dé dai ba canh
ciia mot tam giac. Chitng minh rang

(a+b+c)<1+1+1>>6< = b +—= )
a b ¢/7 \b+c c+a a+b/

Bai toan 39. Choa, b, c la cdc sé thuc kchong am théa man khéng
¢6 hai sé nao dong thdi bang 0. Chitng minh rang
1 1 1 6
+ + > :
2a2+bc  2b?2+ca  2c?+ab” a?+b%2+c?+ab+bc+ca

Bai toan 40. Cho a, b, ¢ la cdac sé thuc duong. Chiing minh rang
a b c >3(a2+b2—|—c2) 1

b+c+c+a a+b” (a+b+c)? 2’

Bai toan 41 (Lam chat Viét Nam TST 1996). Cho a, b, ¢ la cac
s6 thuc. Chitng minh bat dang thite sau:

4
(a+b)4+(b—i—c)4+(c+a)4>?[a4+b4+c4—|—(a+b+c)ﬂ.

Bai toan 42 (Tong quat dé chon Olympic Iran 2009). Cho cdc sé
thuc a, b, ¢ cd tong bang 3. Chiing minh rang véi moik > £, ta c6
1 1 1 3
+ + <
a?+b2+k b24+c2+k c24+a?+k " 2+k
(Truong hop k = 2 kém thém diéu kién a, b, ¢ > 0 chinh la bai bat
dang thiic trong dé chon doéi tuyén Iran nam 2009).

Bai todn 43 (Tong quat dé Olympic Toan Ba Lan 1996). Cho
a, b, ¢ la cac sé thuc ¢ tong bang 1. Chitng minh rang véi moi sé
thuc k théa man 9k?> — 26k + 1 < 0, ta déu cé
a n b n c 9
a2+k b24+k cZ+k 149k
(Truong hop k = 1 kém thém diéu kién a, b, ¢ > —% chinh la bai
bat dang thiic trong dé thi Olympic Todn Ba Lan nam 1996).

Bai toan 44. Chop > 0 va cdac soé thuc a, b, c. Pat:
p(3—pla® +2(1 —p)bc  3(1+p)(2—7p)
Fla, b, ¢) = - -
(a, b, c) Z pa?+ b2+ c? 2+7p
Chitng minh rang (p — 1) - F(a, b, ¢) > 0.
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2.3. Hudng 3: Panh gia khu can

Mot hudng di khac thay cho dat an phu la tim cach danh gia
pha can thic. Cu thé, ta sé tim cac danh gia thich hgp cho
Vvab, Vbe, y/ca véi chiéu > dé€ pha dau cin. Thuong thi véi cac
dang can tich nhu thé nay, cach pha can thong dung la st
dung bat ding thiic AM-GM. Tuy nhién, & bai toan nay, né lai
cho danh gia véi chiéu ngudgc lai:

Vab < “;b, @gb;‘i ¢c—a<°;“

khong phai chiéu ta can. C6 cach nao dé diéu chinh khong nhi?
Mot y tudng thu vi 6 day 1a stt dung nghich ddo. Nhu da biét,

v6i bat dang thic duong thi nghich ddo cia né sé dao chiéu.
Do d6, ta c6 thé nghi dén viéc viét v/ab thanh 22 roi danh gia:

2ab
Vab > aib. (4)

Nhu vay la sé pha dudc can thuc véi chiéu ta mudn. Tuy nhién,
mot diéu can luu y 6 day 1a s6 0 khong c6 nghich ddo. Thé nén
néu mot trong cac can thic c6 mot sé bang 0 thi ta khong thé
dung cach nay dugc. Do do6, can phai xét truong hgp d€ loai trir
tinh huéng ngoai y mudn nay.

Néu trong a, b, ¢ c6 mot sé bang 0, chang han ¢ = 0, thi bat ding
thuc can ching minh sé tré thanh:

(a+b)Vab+ (a—b) +a’*+b*> (a+b)
Cong viéc 6 day la kha don gian vi ta da c6 (a + b)vab > 2ab.

Tiép theo, ta xét truong hop a, b, ¢ > 0. Lic nay, ta da c6 thé st
dung dudgc (4). Bai toan dugc dua vé ching minh

2<Z a> (Z acfb) +) (a—b)’> (Z a>2.

Sau khi thu gon, no c6 dang:

(o) (X 5) 21X
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Vi a+b +c co thé tach ra cac dai lugng a +b, b +c, c + a lién
quan dén mau cta cac s6 hang ctia téng )_ 2% nén ta c6 thé
xu ly rat gon vé trai theo cach sau:

Vi=2y ab(‘:f;“) =QZab<1+ aib>

:2Zab+2achﬁ.

Khi d6, bat dang thiic c6 thé viét lai thanh:

1+1+1
a+b b+c c+a

2abc( ) > 2(ab +bc+ca) —a? —b* —c2

Pén day thi y tudng tu nhién la st dung bat dang thic Cauchy-
Schwarz dang cong mau dé lam giam sb lugng cac phan thiic:

1 N 1 N 1L 9
a+b b+c c+a” 2a+b+c)

va dua bai todan vé xét mot bat dang thirc méi:

b
_dabe > 2(ab +bc +ca) —a? — b — 2
a+b+c

Tuy nhién, day chinh la bat ding thitc Schur bac ba. O

L&i binh. O day, ching t6i mudn cha y véi cac ban vé cach tach
cac tich ab, be, ca, abe dude st dung trong 10i giai trén.

Nhu ta da biét, nhitng bat dang thiic ma trong cac truong hop
dau bang ctia chung c6 truong hop khong tai tam thi thuong
khé danh gia hon cac bat ding thirc binh thuong. Nguyén nhan
1a & cac bo hoan vi. Mot bat dang thitc déi xtiing (hoac hoan vi)
néu c6 dau bang tai bo (A, B, C) thi cung sé dat dugc dau bang
tai cac hoan vi cia né 1a (B, C, A) va (C, A, B). Do d6, dé danh
gia thanh cong thi ta phai tim dugc mot danh gia sao cho né
dam bao dugc ca ba truong hgp. Ro rang rat kho!

Dodi v6i cac bai toan c¢6 dau bang tai bién thi cach tach trén
cho ta mot ky thuat xit ly dac biét hiéu qua. That vay, gia s
ta can chung minh bat dang thiic f(a, b, ¢) > 0 vé6i dau bang la
a =kb(k # 0), c = 0 (va cac hoan vi) ching han (6 day chi xin
lay vi du mot truong hgp cu thé dé phan tich, con nhiéu trusng
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hop khac ciing c6 thé xtt Iy tuong tu). Khi d6, néu viét dugce bat
dang thtc trén dudi dang:

ab-g(a, b,c)+bc-g(b,c,a)+ca-g(c,a b)=>0

thi ta chi cAn quan tam danh gia bi€u thic dai dién g(a, b, c)
theo dau bang a = kb, ¢ = 0 1a d1 ma khong can chu y nhiéu
dén cac hoan vi cia bo nay. Néu danh gia thanh coéng thi sau
khi nhan thém ab vao hai vé, ta sé€ thu dugc mot danh gia
cho s6 hang ab - g(a, b, ¢) v6i dau bang xay ra tai ab = 0 va
a = kb, ¢ = 0. Hién nhién danh gia nay sé dam bao dudc ca ba
truong hgp hoan vi cia a = kb, ¢ = 0.

Tir day, ta thay rang cac diéu kién sé cang thuan 1¢i hon néu ta
tach ra dudgc s6 hang c6 dang abc - h(a, b, ¢). Lac nay, h(a, b, ¢)
c6 thé dudc danh gia kha la “vo tu”, bdi 1€ tai truong hop bién
thi tich abc da bang 0 mat rdi, thé nén khi nhan vao thi kiéu gi
cung dadm bao dugc dau bang bién. Sau day la mot sé vi du ma
chung toi da ap dung thanh cong y tuéng nay dé xir ly:

Bai toan 45 (VMO, 1996). Cho a, b, ¢ la cac sé thuc duong thoa
man diéu kién ab + be + ca + abce = 4. Chitng minh rang

a+b+c>ab+bc+ca.
Loi giai. Diéu kién gia thiét c6 thé dugc viét lai thanh:

1+1+1_
a+2 b+2 c+2

1.

Tir d6, ta ching minh dugc ton tai cac sé6 thuc duong x, y, z

sao cho a = 2 b = 2% vi ¢ = 22 Khi d6, bat dang thitic can
y+z z+x X+y

chiing minh c6 thé dugdc viét lai thanh:

X y z Xy
+ + > 2 :
y+z z+x x4y Z(y+z)(z+x)
Stt dung bat dang thic AM-GM, ta c6
1 1 Xy Xy
VP < =
[ o] R Moy A W v,
Xy zX Xy + zx
Z(y +z)? Z(&HZ)? Z(y +z)?

Bai toan dugc chung minh xong. O
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Bai toan 46. Cho a, b, ¢ la cdac sé khéng am. Chitng minh rdng

Za\/a2+2bc2 (2—\/§)Za2+2(\/§—1)2ab.

Loi giai. Dé thay bat dang thiic hién nhién ding néu trong
a, b, ¢ ¢6 hai s6 cung bang 0, do d6 ta chi can xét truong hgp
(a+b)(b+c)(c+ a) > 0. Khi d6, bat dang thiic can chitng minh
c6 thé dugc viét lai duéi dang:

> a(Var+2bc—a) > (V3-1)(2)_ab- Y o)
& 2abe ) \/W;mea > (\/5—1)(2Zab_za2).

Pén day, bang cach st dung bat dang thiic Cauchy-Schwarz:

1 9
>
Z a?+2bc+a” ) va*r+2bc+a+b+c
9

z V3 (a2+2bc)+a+b+c
9(v3-1)
2(a+b+c)

ta dua dugc bai toan vé ching minh:

b
_dabe > 2(ab +bc +ca) — a? — b — 2
a+b+c
Pay chinh 1a bat dang thitc Schur bac ba quen thudc. O

Bai toan 47. Cho x, y, z la cac sé thuc duong. Chitng minh rang

(x+y+2)2(32 +y*)(y? + 25 (2% + %) = 8(x*y* +y?2* + 22x%)°.

Loi giai. Pat a =x?, b =y? va ¢ = z2. Khi d6, sit dung bat dang
thtc AM-GM, ta co6
(x+y+z)?2=a+b+c+2vVab+2vVbc+2vca
4ab 4bc 4ca

>a+b+c+ + + :
a+b b+c c+a

Do d6, ta chi can ching minh:

(a+b+c)(a+b)(b+c)(c+a)+4 ) ablatc)(b+c) > 8(ab+be+ca)’.
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Sau khi khai trién va rut gon, bat dang thic trén cé dang:
ab(a® 4+ b?) + be(b? 4+ ¢?) + cal(c® + a?) > 2(a®b? + b2c? + c%a?),

hay
ab(a—b)?>+be(b—c)*+calc—a)* > 0. O

Bai toan 48. Cho a, b, ¢ la cdc sé thuc duong. Chitng minh rang

[ =

b c

a
< =
+4c+4a—l—b 3

4a—|—4b—|—c+4b+4c—|—a

Loi giai. Nhan hai vé bat ding thiic cho 4(a + b + ¢) véi chu y:

_ 3ca

4a(a+Db+c) -
N da+44b +c’

4a+4b +c

ta bién déi dudc né vé dang:

ab bc at+b+c

ca
Jatdbtc Totdcta detdarp S 9
Pén day, st dung bat dang thiic Cauchy-Schwarz, ta c6
1 B 1 <1< 2 1 )
da+4b+c  2(2a+b)+(2b+c) 9\2a+b  2b+c/’
T do suy ra
2 ca 1 ca
VT < = —
9ZQc1+b+ Z2b+c
:_ZQbJrc Z2b+c
2ab
a +Ca_VP.

:_Z 2b + ¢

Bai toan dugc chung minh xong.

Bai toan 49 (IMO, 1999) Cho sé tu nhiénn >
nhé nhat sao cho bat dang thiic:

Z Xin(X%—l—X?)gC(x1+X2+_‘_+Xn)4

1<i<j<n

]

2. Tim hang sé C

diing véi moi x,, ..., x, > 0. Vi hang sé tim dudc, hay xdc dinh
xem dang thitc xay ra khi nao?
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Loi giai. bat A = Y |, xix(x} +x7). Khi d6, bang cach st
dung bat dang thirc AM-GM, ta c6

A < Z xixj(xi2+x]-2+ Z Xi):( Z Xixi)(ixiz)

1<i<jg<n ki, k#j 1<i<jgn i=1
2
n n 2
_1 9 Z XX sz < 1 221<i<]‘<n XiXj + )iy X{
2 e ACard A, 2
1<igjg<n i=1

2

e je=s)) 3w

i=1

Dau bang xay ra khi va chi khi xix; (xf +x3) = x5 (xF+x3+- - - +x2)
voi MOi i < j va xi + x5+ -+ x4 =23 5, xiX. DE c6 duge
diéu nay thi trong cac sb x; phai c6 n — 2 sb bang 0, hai s6 con
lai bang nhau. Vi c6 thé tim dudc bo sb x; dé dau bang co6 thé
xay ra nén ta dé dang suy ra C,i, = % O]
Sau day 1a mot s6 bai toan khac dé ban doc tu rén luyén:

Bai toan 50. Cho a, b, ¢ la cac so6 khong am. Chitng minh rang

av/a? + 3bc + bvb2 + 3ca+ cvc? + 3ab > 2(ab + be + ca).
Bai toan 51 (My, 2001). Cho a, b, c la cac sé thuc khong am théa
man diéu kién a® + b% + ¢ + abc = 4. Chitng minh rang
0 < ab+bc+ca—abec < 2.
Bai toan 52. Choa, b, ¢ la cac sé thuic khong am théa man khéong
¢6 hai sé nao dong thdi bang 0. Chitng minh rang

a?+b%2 b2+t c?24+a®  3(a?+b?4c?)
+ + < .
a+b b+c c+a a+b+c

Bai toan 53. Cho a, b, ¢ la cdc sé thuc khong am thda man diéu
kién ab + bc + ca = 1. Chitng minh rang

a b c 9 5 o 3abc
- - >a?+ b2+ + - .
b+c c+a a+b V(a+b)(b+c)lc+a)
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Bai toan 54. Chon € N*. Xét cdc sé thuc khéng am a, b, ¢ thay
doi théa man a +b + ¢ = 1. Tim gia tri I16n nhat ctia biéu thiic:

P_(ab)“ (be)™  (ca)™
~1—ab 1—bc 1—ca’

Bai toan 55. Cho a, b, ¢ la cdc sé thuc khong am théa man diéu
kién a® + b% + ¢? = 1. Chitng minh rang

a+b b+c c+a

< .
l1—ab 1—bc 1—ca\3(a+b+c)

Bai toan 56. Cho a, b, ¢ la cdc sé thuc khong am théa man diéu
kién a + b + ¢ = 3. Chitng minh rang

[a(b +c¢) b(c+a) cla+b)

>4(ab+ Db 3abc.
] b1 1 ] (ab + bc + ca) + 3abc

Bai toan 57. Cho a, b, ¢ la cdac sé thuc duong. Chitng minh rang

at b? ct a+b+c
-~ + + > )
ad+b3 b3+4+c¢d 3+ ad 2

Bai toan 58. Cho a, b, ¢ la cdc sé thuc khong am théa man diéu
kién a +b + ¢ = 1. Chitng minh rang

3
avb?+4c2+bve2+4aZ2+cva?+4b2 < 1

2.4. Huéng 4: S& dung ham loi

Chéc han ban doc yéu Toan déu biét dén tinh chat thua vi sau
ctia ham 16i: Néu ham sé f(x) lién tuc va 16i trén doan [a, b] thi
gia tri l6n nhat ctia né sé dat dudc mot trong hai diém x = a hodic
x = b, con dbi véi ham lém thi sé la gia tri nhé nhat.

Thé nhung, lai khong c6 nhiéu ban nghi dén viéc st dung tinh
chat nay vao giai toan. Mot trong nhiing nguyén nhan c6 1€ la
6 tinh chat ctia ham 16i. Nhu 6 trén da dé cap, ham 16i sé dat
cuc dai tai bién va ham 16m sé dat cuc tiéu tai bién. Nhung &
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bai toan nay thi lai khong cé bién ré rang, cac bién c6 bién dudi
nhung lai khong co6 bién trén.

Mot diéu nira cung can phai néi dén la hau hét cac ban hoc
sinh déu chi ¢6 tam nhin “vi m6” ma chua cé dén cai nhin “vi
mo”. C6 nghia la dé bai cho bat ding thiic bao nhiéu bién thi
cac ban chi nhin bang dung bay nhiéu bién chit khong nghi dén
tam nhin khac di. P6 1a mot tAm nhin sai 1am. Trén thuc té, dé
c6 dugc 16i gidi thanh cong thi ta nén bat dau bang nhiing tha
nho nhat nhat, cha y dén moi khia canh.

Bat dang thic da cho c6 dang déi xiing véi ba bién a, b, ¢, thé
thi né ciing l1a bat ding thic déi xing véi hai bién bat ky nao
d6 trong ba bién trén. Chin hin cic ban van con nhé ching
ta da hoc tit cap 2 rat nhiéu rang cac bai toan déi xung hai
an c6 thé dudc xit ly hiéu qua bang phép dat an phu téng-tich
S =x+y, P = xy nho vao quan hé ctia chung: S? > 4P.

Cu thé hon, néu ta cé dinh c thi bat dang thiic sé c6 dang d6i
xung v6i a va b. Khi do, nho phép dat S = a+ b, P = ab, ta co
thé chuyén bat dang thic vé dang:

g(S, P) > 0.

Khi d6, néu ta c6 dinh S nita thi day sé chi con 1a mét bat ding
thic v6i mot bién l1a P va luc nay P da duge chan mién véi da
bién trén 1an bién duéi 1a [0, 5.

Dén day, néu ta c6 thé suy xét dugc tinh don diéu hodc tinh 16i
16m ctia gp(S, P) thi ciing ¢6 thé dua ra dugc két luan vé tinh
chat cac cuc tri ctia n6 dé réi tir d6 di dén 10i giai.

Loi gidi chi tiét theo huéng nay nhu sau: bat f(a, b, ¢) = VT-VP.
Khi d6, ta phai ching minh f(a, b, ¢) > 0. CO6 dinhcva S=a+b.
Dat P = ab thita c6 0 < P < 5. Ta c6 bién ddi:

\/E+\/E:\/a+b+2\/ﬁz S+2VP

va (a—b)2+ (b—c)2+ (c— a)?— (a+b+c)2 = h(P), trong d6 h(P)
la mot biéu thiic bac nhat ctia P. Do do:

fla, b, ¢c)=(S+c) (\/5+ \/ S+ Q\FP) +h(P) = g(P).
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Néu ca hai sb a, b déu bang 0 thi bat ding thiic hién nhién dung
nén ta chi can xét trusng hgp S > 0 1a du (ly luan nay la dé dam
bao khoang (0, $2) tén tai, ddm bao cho viéc xét dao ham ctia
g(P)). Dé thay ham s6 g(P) lién tuc trén [0, 572] Ngoai ra, v6i méi
P e (0, 3), ta tinh dugc:

/ 1 \/1P
P) = (S k
9P =1 +C)<2ﬁ+2 S+2\/5>+

trong do k 1a hé s6 cao nhat ctia h(P). Ro rang g’(P) 1a ham giam
ngit trén (0, ) nén g(P) 1a ham 16m trén [0, 5°]. Tt d6 suy ra

2 2
g(P) >min{g(0), g(sz)} VP e [o, Sﬂ

Nhu thé, d€ ching minh bat dang thiic da cho, ta chi cAn ching

minh g(0) > 0 va g(3-) > 0. Mat khdc, ta lai dé thay:

g(0) = (5, 0, c), g(%) _ f(g S c).

Do do6, tit nhing ly luan & trén, c6 thé thay rang ta chi can xét
bat ding thiic tai hai truodng hop: c6 mot so bang 0 hodc co hai
s6 bang nhau, la da. O huéng 3, ta da chung minh dugc bat
ding thic dung tai truong hop thit nhat. Nhu vay, ta chi con
phai kiém tra trusng hop thi hai nira 1a dudc.

Gia st a = b. Khi d6, bat ding thtic trd thanh

(2a+c)(a+2vac)+2(a—c)* = (2a+c)*
Sau khi khai trién va rut gon, ta phai ching minh

4ar/ac + 2cv/ac + ¢ > 7Tac.

Vé 16n c6 dang téng, con vé bé c6 dang tich goi cho ta nghi ngay
dén bat dang thiic AM-GM dé danh gia:

tavac + 2ev/ac + ¢ > 7/ (av/ac) (evac)’e? = 7ac. O
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Loi binh. Bang cach st dung ham 16i va bat dang thiic Kara-
mata', ta sé c6 thém cach nhin nhan téng quan hon cho nhiéu
van dé, nam bat dudc ban chat tét hon.

Bai toan 59. Cho a, b, ¢ € [1, 2]. Chitng minh rang

1 1 1
(a+b+c) (++) < 10.
a b ¢

Lai giai. Co dinh b, c. Pat f(a) =(a+b+c)(1+++1) taco

1 1 b 2(b
fla)= Lyl Bre gy 20t
b ¢ a a

Do vay f(a) la ham 16i, suy ra gia tri 16n nhat ctia f(a) trén doan
(1, 2] sé dat dudc tai bién, tac la tai a =1 hoac a = 2.

Lap luan tuong tu, ta cang c6 két luan nhu thé véi b va c. Tir dé
v6i cha y 6 su doi xing clia cac bién, ta suy ra chi can kiém tra
tinh dung din ctia bat ding thiic trong cac trusng hop sau:

1. Ca ba bién bang nhau (cung bang 1 hoac 2);
2. Co hai bién bang 1 va mot bién bang 2;
3. C6 hai bién bang 2 va mot bién bang 1.

Nhitng tinh toan don gian cho thay trong ca ba trusng hgp nay,
bat dang thuc cta ta déu dung. O

1Bat dang thic Karamata dude xay dung dua trén khai niém bo tréi va
tinh chat tiép tuyén ctia ham 16i:

Cho hai b6 s6 khoéng ting A = (ai, as, ..., an) VAB = (by, by, ..., by), trong dé
ai, by déu cting thudéce vao mot mién 1. Ta néi rang A tréi hon B, ki hiéu A > B,
néu cac diéu kién sau dudc théa man déng thoi:

a; > by
a;+az = by +by

ai+as+---+an1=2by+bo+---+bn 1
a+a+---+an_1+ay=by+bs+---4+bn_1+by

Lic nay, néu f(x) la mot ham kha vi bac hai va 16i trén 1 thi:

flai) +flag) + -+ flan) = f(by) + f(ba) +-- - + f(bn).
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Bai toan 60. Cho x4, Xs, ..., xn € [0, 1]. Chitng minh réng

(T+x 4+ x4 +x)7 =403+ %2+ +x2).

Lai giai. Co6 dinh x,, ..., x,,. Dat:
f(x1) =403 x5+ +x2) — (1 + X2+ +xn +1)%

Ta thay ngay f”(x;) = 8 —2 =4 > 0, suy ra f(x;) 1a ham 16i. Va
nhu vay, f(x;) dat gia tri 16n nhat khi x; = 0 hoac x; = 1, suy
ra ta chi can xac lap tinh ding dan ctia hai bat dang thiic, thu
dudgc bat dang thiic ban dau véi x; = 0 va x; = 1.

Lip lai cac ly luan nay véi méi mot trong hai bat ding thic
thu dudc, ta nhan dugce két qua tuong tu: chi can ki€ém tra tinh
dang dan ctia méi mot trong hai bat dang thirc tai x, = 0 va
x = 1. Tiép tuc ly luan tuong tu, ta thu dudc la chi can kiém
tra tinh dung dan ctia tat ca 2" bat dang thiic, thu dugc tir bat
dang thiic ban dau v6i mot phan (c6 thé 1a réng) cac bién sb6
bing 0 va phan cén lai bing 1. Do tinh déi xing ctia bat dang
thic ban dau, c6 thé xét:
X1 =Xg=:=Xx =1, Xgi1=%Xks2=--=%x,=0, 0<k<<n.
V6i cac gia tri nhu vay ctia bién s6, bat dang thiic cé dang:
(k+1)* > 4k.
Mot két qua hién nhién, né tuong duong véi (k —1)* > 0. O

Bai toan 61 (Bat dang thuc Turkevici). Cho a, b, ¢, d la cdc sé
thuc khong am. Chitng minh rang

a* +b* +c* + d* + 2abed > a®b? + a’c? + a’d® + b*c? + b*d? + c*d*.
Loi gidi. Pat x = o,y = b, z = ¢* va t = d°. Khi d6, bat dang
thuc can chung minh tuong duong véi
X2+ y? 4+ 22 + 1% + 2¢/xyzt = xy + xz + xt +yz + yt + zt,
hay
(x+y)2+22+t2+2\/@2 3xy+ (x+y)(z+1t) + zt.

88

https://tieulun.hopto.org



Cod dinh z,t, x +y =Svadat xy =P thitaco 0 < P < 5. Bat
dang thtic trén cé thé viét lai duéi dang:
f(P) =2VztP + S* + 22 +t* =3P — S(z + t) — zt.

Vi g(P) = /P 1a ham lién tuc va 16m trén [0, +c0) nén ta ctng dé
thay f(P) cung la ham lién tuc va 16m trén [0, +co). Do dé:

f(P) > min{f(O), f(SZQ) }, VP € {O, SZT

Nhu vay, dé chiing minh bat dang thiic da cho, ta chi can xét
hai bat ddng thic f(0) > 0 va f(5) > 0. Mot cach tuong ung, ta
dua dugc bai toan vé xét tai hai truong hgp: xy =0va x =y.

Tuong tu, ta cing chi can xét hai truong hgp: zt = 0 va z = t. Két
hgp cac ly luan lai, ta thay chi can xét 2 truosng hgp 16n sau:

Truong hop 1: Trong 4 s6 x, Yy, z, t ¢c6 mot s6 bang 0. Gia st
t = 0, khi d6 bat dang thiic tré thanh:

x> +y?+2° = xy +yz+zx
Mot két qua da qua quen thudc.

Truong hop 2: x =y vaz = t. Khi d6, ta dé thay bat dang thiic
c6 thé viét duge duéi dang (x —z)? > 0. O

Bai toan 62 (VMO, 1992). Chon (n > 2) sé thuc x;, Xa, ..., Xn
thuéc doan [—1, 1] ¢6 téng bang n — 3. Chitng minh rang

XT+xs+ x5, <n—1
Lai giai. Do tinh d6i xting nén khong mat tinh téng quat, ta co6
thé gid stt 1 > x; > --- > x, > —1. Ta chitng minh:
(]-7 17 Tty 17 07 _1) - (Xh X2, v oy Xn—2; Xn—1, Xn)‘ (5)
Dé thay, tir gia thiét ta co

127(1
14+12%x +x%

I1+1+--4+12>2x1+Xeo+ -+ Xn_2
1—|—1—|—---—|—1+0—|—(—1)=X1+X2+"‘+Xn—2+xn—1+xn
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Do vay, dé ching minh (5), ta chi can chiing minh
n—2=1+1+---+14+02x1+%xX2+---+Xpn1 =N —3 —Xn.

Bat dang thic nay tuong duong véi x,, > —1, hién nhién dung
theo gia thiét. Vay (5) dugc ching minh.

Tir d6, st dung bat dang thic Karamata véi chu y rang ham
f(x) = x? lién tuc va 16i trén R, ta dudgc

(N—=2)f(1)+F(0)+f(=1) = f0x1) +f(x2)+- - - +F(xn—2) +F(xn—1) +F(xn),

hay
XT+xs+ x5 <n—1.

Bat dang thic duge chiing minh. O

Bai toan 63 (Viet Nam TST, 2011). Cho sé tu nhiénn > 3. Xétn
s6 thuc X1, X, ..., Xn théa man dong thoi cac diéu kién:

i) xi 2% 2> 2>xp;

ii) x +x 4+ +x, =0;

iii) x]+x3+ - +x%4 =n(n—1).
Tim gia tri l6n nhat va gia tri nhé nhat ctia téong S = x; + x».
Lai giai. a) Tim max S: Tir gia thiét, ta co6

X1+ X =—(X3+ X4+ +Xn).
Tir d6, st dung bat ding thic Cauchy-Schwarz, ta thu dugc
SP=(xg+x4+ - +x)? < (M—=2)(x5+x]+ - +x})

=Mm=2)nn—1)—xf+x3)] < (n—Q){n(n—l)—S;}

Giai bat phuong trinh trén, ta duge S < /2(n—1)(n—2). Mat
khac, dé thay dang thic xay ra khi:

V2n—1)(n—2) _\/Z(n—l)(n—2)

X] =Xg = 5 ;o X3 = =Xn = n_2

Do d6, ta di dén két luan maxS = /2(n—1)(n —2).
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b) Tim min S: Ta xét hai truong hgp sau.

Tru’b’ng hqp n — 3: Do X1 2 X9 = X3 nén ta co (Xg—Xl)(Xg—Xg) = 0,
tlr d6 suy ra x2 — (x; +x2)%x3 +x1%2 = 0. Ma x3 = —(x; +X) nén bat
ding thiic trén cho phép ta udc lugng:

XiXa = —2(x1 + X2)%.

St dung danh gia nay va gia thiét x? + x3 + x2 = 6, ta thu dugc

2(X1 + X2)2 = (Xl + X2)2 + (Xl + X2)2 = (Xl ‘|—X2)2 + Xg
= W1Xs 4+ 6 > —4(x1 + %) + 6.

Tt do suyra S =x,+x; > 1 (chuyrang S > 0). Mat khac, dé thay
dau bang c6 thé dat dudc khi x; = 2 va x; = x3 = —1 nén dap sb
cua bai toan trong truong hgp nay la 1.
Truong hop n > 4: Dé thay véi gia thiét ctia dé bai thi:

(X2> X2y ovey X2, Xg X3 4 -+ Xy — (n—Q)XQ) = (X2, X3, ..., Xn).

Mat khac, ta lai ¢6 chu y rang ham sb f(x) = x? lién tuc va 16i
trén R. Do d6, theo bat dang thiic Karamata thi:

A4 A <M =202+ o+ x5+ -+ xn — (N —2)x9]”
=Mm—=2)x3+ [xs+(n— 2)x2}2.
Két hop véi gia thiét iii), ta thu dugc
2 9142 _ 2 _
X7+ (n—2)x5 + [xl +(n 2)x2} >n(n—1). (6)
Bay gio, ta sé chuing minh:

nn-—1)

1 (x1+%)° =%+ (M —2)x3 + [x1 + (n— 2)x2]2. (7)

Co6 dinh x, va dat g(x,) = VT — VP. Ta thay g(x,) 1a ham bac hai

v6i hé s6 cao nhat bang "~ — (n—2)—(n—2)? = ~n=n=8)

nén no la ham 16m. Ta lai c6 chua y rang:
X1+ M—1)xs 2% +Xx+ - +xn =0,
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thé nén tir gid thiét ta suy ra — 2 < xp < x;. V1 g(x2) 1a ham 16m

nén gia tri nhé nhat ctia n6 sé la gia tri nhé nhéat cta g(—>*45)
va g(x;). Ki€ém tra truc tiép, ta c6

X1 ) _ n?(n —4)x?

> 0.
4n—1)

g(x1) =0, 9<—n_1

Do d6 g(x2) > 0, Vx, € [—2, x;]. Panh gia (7) dugc ching minh.

Két hop hai bat dang thiic (6) va (7), ta thu dude ngay S > 2 (chu
y rang S > 0). Mat khac, dé thay dau bang c6 thé dat dugc khi
X] =Xy =+ =Xn_1 = 1Vvax, =1—nnén ta suy ra két qua cua
bai toan trong truong hop nay 1a 2. O

Sau day la mot s6 bai toan tu luyén:
Bai toan 64. Cho a, b, ¢ € [0, 1]. Chitng minh rang

a b C

be <
1+bc+1+ca+1+a’bjLCL ¢

Do | Ot

Bai toan 65. Cho a, b, ¢ € [0, 1]. Chitng minh rang

@ v ,_c
l+b+c l4+c+a l4+a+b

(1—a)(1-b)(1—c)<1.

Bai toan 66. Choa, b, ¢, d € [1, 2]. Chitng minh rdng

a+b+c+d_a+c<§
c+d a+b b+d 2

Bai toan 67. Cho a, b, c la cac sé thuc khong am théa man diéu
kién a +b + ¢ = 3. Chitng minh rang

2(a® 4+ b%+c?) +3abc > 9.

Bai toan 68. Choa, b, c la cdc sé thuc kchong am théa man khéng
6 hai s6 nao dong thoi bang 0 va a +b + ¢ = 1. Chitng minh rang

(b %) (cat 2 ) (v —<) < ]
b+c c+a a+b/ "4
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Bai toan 69. Cho a, b, c, d la cdc sé thuc khéong am théa man
diéu kién a +b + ¢ + d = 4. Chitng minh rang

1+1+1+1+1+1<
10—ab 10—ac 10—ac 10—bc 10—bd 10—cd 3’

[\]

Bai toan 70. Cho a, b, c la cdc sé thuc kkhong am théa man khong
¢6 hai s6 nao dong thdi bang 0. Tim hang sé k I6n nhat sao cho
bat dang thitc sau luén diing:

a b c 3 k-max{(a—1b)% (b—c)? (c—a)?}
T -
b+c c+a a+b” 2 ab +bc+ca

Bai toan 71 (Ki€ém tra doi tuyén KHTN, 2014). Chitng minh bat
dang thitc sau ding vé6imoia >b > ¢ >d > 0:

<1+bj—c><1+c—td><1+dia)(1+aib) 251;_613'

Bai toan 72. Cho x;, Xy, ..., X, la cac sé thuc duong théa man
diéu kién x, +x; + - -- + x = 1. Chitng minh rang

14+x1 14x%x9 1+xn> n+1\"
1—X1 1—X2 1—Xn/ n—1 .

Bai toan 73 (Trung Qudc, 2005). Cho a, b, ¢ la cac sé thuc
duong cé tong bang 1. Chitng minh rang
10(a®+ b3 +¢3) —9(a®+ b +c°) > 1.
Bai toan 74. Cho x4, Xo, ..., xn la cac sé thuc khong am théa
man diéu kién x; + x, + - - - + xn, = n. Chitng minh rang
20 + x5+ X)) P < (2n+ 1) F x5+ -+ xE).
Bai toan 75 (Trung Quoc, 2013). Cho sé tu nhiénn > 2. Xét hai

b6 sé thuc khong am bat kij (ai, as, ..., an) va (by, by, ..., by).
Chitng minh rang
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Bai toan 76 (My, 1994). Cho a;, a,, ..., a, la cdc sé thuc duong
thda man diéu kién a; + ay + -+ a > Vk véimoik =1, 2, ..., n.
Chitng minh rang

Qi s (1ele oyl
1 2 n 4 2 n :

Bai toan 77 (Trung Quoéc, 1997). Chox,, X, ..., X197 € [—%, V3]

théa man diéu kién x; + xo + - - - + x1997 = —318v/3. Tim gia tri l6n
nhat cua tong S = xi2 +x32 + - - - + xi2,,.

Bai toan 78. Cho a, b, ¢ la cdc sé thuc khong am théa man diéu
kién a + b + ¢ = 1. Chitng minh rang

\/1—a+\/1—b+\/1—c<1+ 2
l+a 1+b 1+c = V3

3. Xuit x& cua bai toan

Qua tim hiéu va nghién cttu tai liéu, chung toi suy doan rang
bai toan nay c6 xuat xu tit bai toan sau day:

Bai toan 79. Cho a, b, c la cac sé thuc khong am théa man diéu
kién a + b + ¢ = 1. Chitng minh rang

Va+(b—c)2+vb+(c—a)2++/c+(a—b)2> V3. (8)

Tat nhién, day chi la nhiing suy doan c6 tinh chi quan, nhung
néu suy xét ky, cac ban sé thay bai VMO 2015 chinh 1a mot
mau chét quan trong trong chiing minh bat dang thtc (8). That
vay, binh phuong hai vé ctia (8), ta thay né tuong duong véi

2y Jlatb—c?][b+(a—c2]+Y (a—b?>2
Pén day, st dung bat dang thiic Cauchy-Schwarz, ta c6
> Jlatb—cp]b+(a—c)?] > Y [Vab+(a—c)(b—c)]
=> Vab+) (a—c)(b—c)
=Y Vab+ Y (a-b)
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Do d6, dé chiing minh (8), ta chi can chiing minh dugc
Y Vab+) (a—b)’=>1,
hay
(¥ o) (X vab) + Tia-vr> (Xa)

Pay chinh la bat ding thiic vé phai trong bai sé 2 ctia dé VMO
nam nay. Con vé trai co 1€ tac gid da dat thém ra véi muc dich
“gd diém” cho cac thi sinh tham du ky thi.

N6i riéng vé bat dang thic (8), né ciing c6 mot xuat xu rat thu
Vi... tit hinh hoc. Chinh xac hon 1a tir su tuong tu héa mot bat
dang thic vé dudng trung tuyén ctia tam giac. Ta biét rang,
trong mot tam giac voi do dai ba canh la a, b, ¢ thi:

Mg + My +m¢ < 2p.

Xét cac tam giacconttachuvip=1.Pata=y+z, b=z+xva
c=x+yvloix,y,z>0.Khido,tacox+y+z=1va:

o _2P+2P—a®  20z+x)°+2x+y) - (y+2)°
a 4 4
—7)2 —7)?

:x(x+y+z)+(y 4Z) :x+(y 4Z)-

Tir phép bién ddi nay, ta thu dudc bat dang thric

\/X+(y;z)2+\/y+(z—4x)2+\/z+(x—49)2 <2

C6 thé thay bat dang thic (8) chinh 1a mét su tuong tu héa
bang cach thay déi hé sé ctia cac binh phuong duéi dau can.
V6i cach lam nay va mot s6 thtl thuat thay ddi cau tric biéu
thtic, ta cling c6 thé tao ra dugc nhiéu bat dang thirc “anh em”
khac ctia (8) nhu sau (ban doc c6 thé thit stc):

Bai toan 80. Cho a, b, ¢ la cdc sé thuc khong am théa man diéu
kién a + b + ¢ = 1. Chitng minh réng

> \a+ (b;C)Q < \/3+;Z(a—b)2.
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Bai toan 81. Cho a, b, ¢ la cdc sé thuc khong am thda man diéu
kién a + b + ¢ = 1. Chitng minh rang

Y far O i (12 V) Y 0

Bai toan 82 (Crux Mathematicorum). Cho a, b, ¢ la cdc sé thuc
khong am théa man diéu kién a + b + ¢ = 1. Chitng minh rang

1 1
_|_
)2

1
_ >,
Ja+ o= \/b + lemap \/c 4+ (acb)

Bai toan 83. Cho a, b, ¢ la cdc sé thuc khong am théa man diéu
kién a + b 4+ ¢ = 1. Chitng minh r&ng vGimoi0 <k<1— %g, ta co

Va+k(b—c)2+/b+k(c—a)?Z++/c+k(a—b)2<V3.

4. Bai toan tong quat

Nhu da dé cap, 6 phan cudi nay, chung t6i xin dugc dé xuat
mot tdng quat cho bat dang thiic vé phai trong d¢ VMO nam
nay nhu sau (truong hop bai VMO chinh la ing v6i n = 3):

Bai toan 84 (Tong quat VMO 2015). Cho sé tu nhiénn > 2. Xét

n sé thuc khong amx,, xs, ..., xn. Chitng minh rang
2 n n
H(ZXQ ( S wixj) fne)Y @4 Y e
i=1 1<i<j<n i=1 1<i<j<n

Loi giai. Dat a; = /x;, Vi = 1, 2, ..., n. Khi d6, bat dang thuc
can ching minh tuong duong véi

n n

2B ) 5 wo)naFenn ¥ a

i=1 1<i<jgn i=1 I<i<jgn
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Néu tat ca cac sb6 a; déu bing 0 thi bat dang thiic trén hién
nhién dung. Do d6 ta chi can xét truong hgp a; +--- + a, > 0.
Ldc nay, véi chui ¥ 6 tinh thuan nhat ctia bat ding thic, ta c6
thé chuan héa cho a; + ay+--- + a, =n.

V6i diéu kién nay, ta dé dang danh gia dudgc

n<a?+a§+---+ai<n2.

Do vay, ta c6 thé dat a®?+ a2+ - +a?2 =n+nn—1)t?v6i0 <t < 1.

n 2 n ~
Vi 221<i<j<n aid; = (Zizl ai) — 2,0 =n(n—1)(1—1t?) nén
bat ding thiic (1) c6 thé dudc viét lai dudi dang:

n’[1+ (n—1t*](1—t%) —I—nZ ai >2n°[1+ (n— 1)t2}2,
im1

hay
ai+ay+---+ay =>n[l+n—1D] 1+ (2n—1)t*].

Bay gio, ta chiing minh cac b6 dé sau:

Bo dé 1. Gid st ay, s, ..., a, la cdc sé thuc théa man dong thoi
cac dieu kién a;+a+- - -+a, =nvaal+ai+---+a? =n+n(n—1)t
(t>0). Khido, v6imoii=1,2,...,n, taco

I—-n—It<ag; <1+ (n—1)t.

Chitng minh. Do cac bién c¢6 vai tro nhu nhau nén ta chi can
chiing minh bat ding thiic ding véi i = 1 1a d0. St dung bat
dang thic Cauchy-Schwarz, ta c¢6

as+ -+ an)? n—aq)?
%_'_(2 n) :a%_’_(n_ll)

n+nn—Dt>>a
n—1

Giai bat phuong trinh vé6i an q,, ta thu dudc ngay két qua. H

B6 dé 2. Gid st a;, as, ..., an la cac sé thuc théa man cdc diéu
kién ctia bo dé 1. Khi do, ta c¢6 bat dang thitc sau:
drai+o 4 >m—D1+0P+[1— (-1t

n
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Chiing minh. D€ thay v6i t =0 thi a; = a; = --- = a, = 1 va bat
dang thiic hién nhién dung nén trong chiing minh duéi day (va
cho ca bd dé sau), ta chi xét trudng hgp t > 0. Ta c6

> o

i=1 i

n

alai+m—1t—1]+[1-(n—1t] ) o

1 i=1

I
I\/];«

ailai+ (m—1t—1] +n[l—(n—Dt][1+ (n—1)t?].

I
.I\/I;e

i=1

Theo b dé 1, dé thay a; + (n—1)t—1 > 0. Do vay, ta c6 da diéu
kién d€ st dung bat ding thitc Cauchy-Schwarz nhu sau:

n

{ia?[ai-i-(n—l)t—l}}{Z[ai—i-(n—l)t—l]} >

i1 i1
n 2
> {Zai[ai—k(n—l)t—l}} .
i1
Do Y ! [ai+(n—1t—1] =n(n—1)tva:

iai[ai-i-( —1)t—1] Za—i— —1)t—1}iai
i=1 i=1

=n+n( — Dt +n[(n—1)t—1]
=nn-—1)t(1+1)

nén tu danh gia trén, ta suy ra
> aai+ (n—1)t—1] >n(n— 1+
i=1

Va nhu thé, ta cé

D dl> 1+t +nfl— (n—1t][L+ (n— 1)t7]
i=1
— -1+t +[1—(n-1t]". m
Bo dé 3. Gid sitay, ao, ..., a, la cdc sé thuc khéng am théa man
cac diéu kién cua bo dé 1. Khi dé, néu 0 < t < — thitaco

aj+ay+---+ay = m-1)1+t)"+ [1—(n—1)t]4-
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Chitng minh. Ta c6 bién ddi sau:

n

> ai=) dlai+m-Dt—1+[1-n-1t] > o} (2

i=1 i=1 i=1

St dung bat ding thiic Holder, ta c6

{ia?[ai —1t—1}{§1 —1t—1}}2>
> {; ai[ai+(n—1)t—1}}3,

Tt do, st dung cac két qua bién ddi ciia bo dé 2, ta suy ra:

Z ailai+ (m—Dt—1] >n(n—1Dt(1+t)°

i=1
St dung két qua nay két hgp véi bd dé 2 vao bién déi (2), ta thu
dugc ngay két qua can chung minh. |

Tré lai bai toan da cho, c6 th€ thay rang: Néu 0 < t < L5 thi
bang cach st dung bo dé 3, ta chi can chitng minh

m=DA+t) '+ [1—m—1t]" >n[1+n—-Dt2] 1+ (2n—1t?].
Bat dang thic nay tuong duong véi
tl—m—-1Dt[Bn—4—(n—1)(n—4)t] >0,
hién nhién dung do 0 <t < 1.
V6i —L- <t < 1: St dung bat dang thuc Holder, ta c6

(Let)(Zo) = (2)

i=1 i=1

tu do ta suy ra
tal+-td >n[l+n-1"
Va nhu thé, ta chi can chung minh dugce
n1+m—1) > n[1+n -] 1+ 2n—Dt?.
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Bat dang thic nay tuong duong véi
t[n—Dt—1)[(n—1t+1] >0,
hién nhién dung do t > - O

Nhén xét. C6 thé thay bai toan téng quat 1a mot bat dang thic

kha chat v6i diu bang xay ra tai hai trusng hdp a; = --- = a,, va
a, =--=day_1, a, =0 (va cac hoan vi). Ngoai ra, cac cong cu xix

ly cho bat ding thic nhiéu bién van con nhiéu han ché. Chinh
diéu nay da tao nén do khé ctia bai toan.

Ngoai 10i gidi trén, chung ta ctng c6 thé st dung ham 16i va
mot bd dé dén bién phu dé chiing minh. Loi giai theo cach nay
sé gon gang hon. Tuy nhién, & day chung to6i chon cach dai hon
dé trinh bay ctung c6 nguyén nhan ctia no.

BS dé 1 trong 16i giai cho phép ta chan mién bién theo tham
s0 v6i nhitng danh gia rat chat, tit d6 néu ta biét cach st dung
hop 1y sé thu dugc nhiéu két qua thu vi. Chang han, trong cac
bé dé 2 va 3, chung to6i da st dung ky thuat thém — bét ctia
bat dang thic Cauchy-Schwarz két hgp véi bé dé 1 dé lam tang
tinh hiéu qua cua cac danh gia.

Ban doc nao quan tam c6 thé tim doc bai viét “Nhé ma khong

nhd” ctia chung toi trong Chuyén dé Toan hoc sé 9 ctia truong
PTNK (Tp. H6 Chi Minh), phat hanh thang 10 nam 2010.
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PHAN TICH VA MG RONG
TRONG CAC BAI TOAN TO HOP

Lé Phuc Lit (Tp HCM)

Tém tat

Nhu chiing ta déu biét, cac bai toan t6 hop doi héi tu duy
nhiéu, nhat la tu duy tritu tugng, sang tao khong theo
16i mon. Trong phong thi ¢6 thai gian it, ap luc cao, it c6
thi sinh nao dam mao hiém lam té hop khi cac cau dai
s0, gidi tich (thuong c6 mo hinh san) van chua xong. Tuy
nhién, néi di thi cing phai nai lai, t6 hgp cting nhu hinh
hoc va s6 hoc, bén canh cac noi dung dinh tinh thi van cé
cac cau dinh lugng. Ching han nhu xét riéng trong chii dé
hinh phing, néu ban nao hoc hinh chua tét nhung lai st
dung tét cac cong cu phu trg nhu dai so, lugng giac, toa
do, ... vao bai toan thi chi can mot ti ¢6 gang nao do dé
dua bai toan dinh tinh thuan tuy vé dinh lugng 1a coi nhu
c6 thé tu tin xit ly dudce rat nhiéu bai kho. Tuy nhién, doé
lai 1a mot cau chuyén dai khac.

bi vao van dé chinh, chiung ta c6 thé thay rang té hgp
cung thé, bén canh cac bai ching minh doi hoéi st dung
cac lap luan logic, cac nguyeén ly t6 hop mot cach bai ban
thi van c6 cac bai dinh lugng nhu thé.

-~ . a? o LY ) [ [
1. Phan tich de tim 1oi giai
Trong phan nay, chung ta sé cung xem xét mot so6 bai toan lién
quan dén cuc tri roi rac va thong qua cac danh gia véi sé6 nho,
truong hgp dic biét dé cé gang phat hién ra quy luat réi tir do
giai quyét duge van dé. Chu y rang c6 mot so bai chi néu hudéng

xu ly cht khong di sau vao 16i giai chi tiét.

Bai toan 1. Trén mot ban tron, cé n > 3 ngudi ngoi. Biét rang
trong so ho, ai cung luén noi doi hoac luén noi that va ngay luc
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nay, ho néi rang: “Ca 2 ngudi ngoéi canh téi déu la ké néi déi”. Hoi
trén ban co6 nhiéu nhat va it nhat bao nhiéu nguoi noi doi?

Lai giai. Day 1a mot bai minh phat trién tit mot cau dé vui danh
cho hoc sinh Tiéu hoc trong truong hop n = 5 (hoan toan c6 thé
thir cac truong hgp nho).

Tat nhién bai toan nay khong phai qua dé dang d€ nhin vao la
ra ngay, nhat la khi doi héi phai xay dung mot cach bai ban.
Chung ta hay thi v6i cac truong hop nho dé cbé gang tim cach
xtt ly va c6 thé dé dang hinh dung cach tiép can hon.

e V6i n = 3 thi min = 2, max = 2. (Chu y rang phu dinh ctia
v6i moi la ton tai!)

e VGi n =4 thi min = 2, max = 2.

e VG6i n =5 thi min = 3, max = 3.
Cac gia tri dau thi 16n nhat va nho6 nhat bang nhau roéi, nhung
nhu thé thi dong nghia véi viéc ton tai duy nhat s6 lugng ngudi

noi doéi trén ban, cé6 vé khong hop ly 1am, ta thi tiép tuc:

e VGi n =6 thi min = 3, max = 4.

V6i n =7 thi min =4, max = 4.

V6i n = 8 thi min =4, max = 5.

V6i n = 9 thi min =5, max = 6.

V6i n = 10 thi min =5, max = 6.

bén day chic cac ban c6 thé dé dang nhan ra quy luat ctia hai
day min va max. V6i day min thi 2, 2, 3, 3, 4, 4, 5, 5 rat dé nhan
ra. Tuy nhién, phai mo ta dugc cong thiic tong quat ctia n6 chua
khong thé diing lai 6 d6. Mot kinh nghiém cho thay rang khi su
thay daéi theo cac cum c6 do dai 2 nhu thé thi 90% cong thiic c6
dang phan nguyén ctia mét ham tuyén tinh theo n khi chia cho
2. Ta c6 thé lam cham hon mot chut:

e VGi n = 2k thi min = k.

e V6in =2k —1 thi min =k.
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Nhu thé, cong thuce c6 thé viét gop lai la: min = [,

Tuong tu véi day max, ta doan duge max = [Z].

Nhu thé, dén day, ta da cé dudc gi trong tay? Néu viét hét noi
dung & trén vao thi c6 diém nao chua? That kho néi nhung c6
1é mudn c6 diém thi ta phai c6 gang thém nua. Co6 thé ching
minh cac gia tri kia tét nhat 1a diéu khong dé nhung truée mat,
viéc xay dung da kha don gian.

Ta chi can chia truong hgp ra va "bat chuéc" theo cach da lam
v6i cdc s6 nhé. Chang han trudng hop n = 2k thi cho nhitng
ngudi noéi doéi that ngoi xen ké 1la cé6 duge ngay két qua. bay
cung la moét kinh nghiém nta khi xt ly dang nay. Khi chiang
minh diéu kién du, tuc la xay dung cau hinh théa man thi phai
chia tiing trudng hgp ra xét cho dé. Néu dé nguyén cong thitic
dang phan nguyén thi rat kho, nhiéu khi khong xay dung dudgc.

Con phan chiing minh diéu kién can thi cung tuong déi nhe
nhang va c6 thé noéi chinh két qua trén da ggi y cho phan nay.
Ta chi néu nhan xét duéi day la coi nhu xong:
1. Trong 2 ngudi lién tiép, phai c6 it nhat mot ngudsi noéi doi.
2. Trong 3 nguodi lién tiép, phai cé it nhat mot ngudi nai that.
Hai nhan xét nay co6 vé rat hién nhién nhung dé nghi ra dugc
hay khong thi cung tuy ngusi. Tinh kho dé dén day cang khong

con khach quan ntta khi moi chuyén da ré rang ca. O

Bai toan 2. Téo ding n > 2 que diém dé xép thanh cac con sé
nhu hinh bén dudi:

01 2 3 45 6 7

0123956789

Héi s6 16n nhat va sé6 nhé nhat ma Téo c6 thé nhan dudce kchi xép
cac que diém la bao nhiéu?
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Loi giai. O bai nay, ta chi can diing mot y tuéng tham lam
(greedy strategy) don gian sau: s6 cang c6 nhiéu chi s6 thi
cang 16n va c6 cang it chir s6 thi cang nhé. Nho dé ma truong
hop sbé 16n nhat, Teo ¢6 thé dé dang thuc hién dugc nhu sau:

e Néu n chan thi xép 2 s6 1.
e Néu n 1é thi xép 1 s0 7 & dau tién va 22 s6 1.

RO rang cach xép nay cho nhiéu chir sé6 nhat va hién nhién sbé
tuong ung sé 16n nhat.

Tuy nhién, truong hgp nhé nhat lai khéong don gian nhu vay.
Minh da phai viét dén n gan 30 méi du doan dude quy luat. Con
1i do tai sao c6 su khac nhau nay gitra 16n nhat va nhé nhat thi
dé thai, vi dac diém ctia s6 lugng cac que diém dé xép cac so.

Goi f(n) 1a s6 nho nhat thu dudc. Ta thir liét ké cac két qua xép
dugc bang tay nhu sau:

£(2) = ( ) =7, f(4) =4, £(5) =2, £(6) =0, £(7) = 8, £(8) = 10,
£(9) = 18, £(10) = 22, f(11) = 22, f(12) = 28, f(13) = 80, f(14) = 88,
£(15) = 8 £(16) = 188, f(17) = 200, f(18) = 208, f(19) = 288,
£(20) = 688, £(21) = 888, £(22) = 1088, f(23) = 1888, f(24) = 2008.

bén day ta méi thay dudec c6 mot quy luat bat dau ro rang tix
14 va no ¢6 chu ky 7. Viéc ching minh hau nhu chi mang tinh
hinh thtc (quy nap) vi két qua trén da qua cu theé. O]
Chung ta thit stic v6i mot bai tuong tu duéi day d€ thay ro hon
y nghia cuia viéc liét ké nay:

Bai toan 3. Cho s6 nguyén duong n. Tim s6 nguyén duong nho
nhat cé n chir sé va chia hét dong thdicho 2, 3, 5, 7.

Loi giai. Chu y rang s6 chia hét cho 2, 3, 5, 7 thi chia hét cho
210. Cang bang cach thit tuong tu nhu trén, ta goi f(n) la so6
théa man ung véi n cho trudce thi c6 két qua nhu sau:

f(1) = 0, f(2) khong tén tai, f(3) = 210, (4) = 1050,
£(5) = 10080, f(6) = 100170, £(7) = 1000020, f(8) = 10000200,
£(9) = 100000110, £(10) = 1000000050.
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Dén day, ta thay ngay dac di€ém ctia cac sb6 can tim l1a gébm 1 chix
s0 1 6 hang cao nhat, tiép theo la mot loat so 0, s6 cudi cung la
0 va cac s6 hang chuc, hang tram sé thay déi phu hgp dé€ duge
so chia hét cho 7. Dén f(10), ta thay quy luat da quy vé giong
f(4). Ly do don gian la vi 10%7% — 10% = 10%(10° — 1):7 v6i moi k
nguyén duong, theo dinh ly Fermat nho.

Nhu vay, bang viéc xay dung nhu trén va tinh tuan hoan ctia
cong thtc, ta c6 thé dé dang hoan tat bai toan. O

Ta xét vi du tiép theo, cong thic phuc tap hon nhiéu:

Bai toan 4. C6 mot con thé ann ctl ca rét trong mot sé ngay theo
quy luat sau:

1) Ngay dau tién va ngay cudi cung, né phai an 1 cu cai.

2) Hai ngay lién tiép nhau, con thé phdi an sé cti cdi chénh léch
kkhong qua 1.

Hdi sé ngay it nhat ma con thé an hét sé cu cdi la bao nhiéu?
Lai giai. Mo ta ctia bai toan kha ro rang va viéc xay dung tuong

d6i don gidn, tham chi la trong trusng hgp n kha 16n. Goi f(n)
la sb6 ngay it nhat can tim, ta c6 day sau:

f(1) =1, f(2) =2, (3) =3, f(4) = 3, f(5) = 4, £(6) =4, f(7) = 5,
f(8) =5, f(9) = 5, f(10) = 6, f(11) = 6, £(12) = 6, £(13) =7,
f(14) =7, £(15) = 7, £(16) = 7, £(17) = 8, f(18) = 8.

Quan sat quy luat ctia day so, ta thay rang:
e Gia tri cia f thay ddi tai cac sé c6 dang k? + 1.

e Trong khoang tir (k —1)° + 1 dén k2, gia tri ctia f thay ddi
mot 1an nta tai di€m chinh gita.

T do suy ra:
o VGi (k—1)°+ (k—1) +1 < n < k2 thi gia tri f(n) = 2k — 1.

e V6i k2 +1<n<k?+kthigia tri f(n) = 2k.
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Cach xay dung thi cting dé thay do ta c6 thé dua theo m6 hinh
tam giac Pascal va lua chon khi nao can phai c6 tam giac dinh
nhon, dinh bang phu hop.

Néu tim cong thiic trén mot cach tong quat thi ta cé [v4n — 3].
R6 rang bang mot 1ap luan tha vi nao do, ta c6 thé tim ra dugc
cong thiic nay nhung & day, moi viéc hoan toan c6 thé lam mot
cach thl1 cong va trong thoi gian khong qua lau. R6 rang cong
viéc nay dang dudc xem xét va ap dung! O]

O vi du duéi day, chinh viéc kiém tra két qua trong trusng hop
nhé da cho minh cach chiing minh cho bai toan.

Bai toan 5. Cho s6 nguyén duong n. Xét day sé nguyén duong
hitu han (a,) gom k s6 hang sao cho véi moi 1 < i < j < n thiton
tait voil <t < k sao cho a;y =1, ayy; =j hoac ay =j, ayy1 = 1.
Héi gia tri nhé nhat cua k la bao nhiéu?

Loi giai. Bai toan phat biéu hoi ridc réi nhung néu ngdm nghi
ki thi moi chuyén ctang tuong déi ro rang (dé yéu cau rang moi
cap so tir 1 dén n déu phai la hai s6 canh nhau nao dé cta day).
Ta thit xét cac truong hgp nho:

e VGin=1thik=1.

e VGin =2 thi k =2 ung vdi day 1, 2.

o V6in =3 thi k =4 ting véi day 1, 2, 3, 1.

o Voin=4thik=8tngvéiday 1, 2, 3,4, 1, 3, 2, 4.

o Voin=>5thik=11tungvéiday 1,2, 3, 4,5, 1,4, 2, 5,3, 1.
Trong qua trinh xay dung nay, ta s€ gap mot sb6 van deé sau:

Do c6 tat cad C% cap sd va ¢6 C3 =1, C3 = 3 nén du doan két qua
la C2 + 1. Truong hgp n = 5 hoan toan hgp ly nhung n = 4 thi lai
khong xay dung dugc véi k = 7.

D€ kiém tra can than va truc quan, thit vé ra mé hinh c6 cac sb6
va cac canh néi chang néu cap dé thdéa man diéu kién dé bai.
Tir d6 phat hién ra bai toan nay co6 lién hé mat thiét véi bai toan
vé chu trinh Euler trong do6 thi day du va day so6 (a;) trén chinh
la su liét ké tha tu dinh trong chu trinh do.
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Viéc cong thém 1 § day la do day khong tao thanh mo hinh khép
kin nén can liét ké du ra 1 dinh. Tit diéu kién vé ton tai duong
di Euler, ta thay can phai chia thanh 2 truéng hgp chan 1€ mai
c6 thé giai quyét dugc bai toan. Cu thé la:

e Néu n 1€ thi tat ca cac dinh déu bac chan nén théa man

diéu kién c6 chu trinh Euler, 86 k can tim 1a C2 1 = =142,

e Néu n chan thi tat ca cac dinh déu bac 1é nén phai thém
vao 2 canh nira d€ c6 duge da d6 thi c6 cac bac déu chan
va s kcan timla C2 + & = 1%, O
Bai toan 6 (VNTST, 2006). Trong khoéng gian cho 2006 diém ma
trong do khong cé 4 diém ndao dong phang. Ngudi ta nbi tat ca cdc
diém dé lai béi cac doan thang. Sé tu nhién m goi la sé tot néu ta
c6 thé gan cho méi doan thang trong cac doan thdng da néi béi
mot sé tu nhién khong vuot qua m sao cho méi tam gidc tao bdi
ba diém bdt ki trong sé cac diém dé déu cé hai canh dugc gan béi
hai s6 béng nhau va canh con lai gan béi sé 16n hon hai sé6 do.
Tim s6 tot c6 gia tri nho nhat.

L@i giai. Cang nhu nhiéu bai toan khac, & bai nay, ta thay sb
2006 khong c6 y nghia 16n lam va thi téng quat trong trudng
hop n > 2 tay y. Tu tudng “chia nhi phan” la mét trong cac dai
dién quan trong ctia ting dung chién ludc chia dé€ tri, thay vi xi
ly bai toan 16n, ta chia né ra va giai quyét tirng phan nho.

O bai nay, ta sé chi ra mot tinh huéng ma khi khong phan tich
thau dau, dua theo cac xay dung cuc bo va thir véi vai s6 nhd,
ta sé dé dang roi vao mot ngé nhan nao dé dan dén két qua sai.
Ta cung tién hanh tuong tu nhu cac vi du da néu, xét cac tinh
huéng véi s6 nhé:

e VGi n = 2 thi chi can m = 0 1a dugc.

e V6i n = 3 thi can dén 2 s6 dé danh nén chon m = 1.
e VGin =4 thi cing chi can 2 s6 nén m = 1.

e V6in =5 thita can 3 s6 va m = 2.

Pén day dé thay rang luon ton tai mot canh nao do duge danh
80 0, gia stt canh d6 ndéi A va B. Ta chia n — 2 dinh con lai thanh
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2 phan thi ré rang méi dinh d6 déu phai noi véi A hoac B béi
canh danh s6 0. Ta lai chia chung thanh 2 tap hogp: X chua cac
dinh noi v6i A béi canh danh sb6 0, Y chita cac dinh noéi véi B béi
cac canh danh so 0.

Khi d6 ta cé6 thé cho:

e Tt méi dinh tap X sang méi dinh tap Y, canh néi véi nhau
danh s6 0.

e Tit dinh A sang tap Y va tir dinh B sang tap X, canh ndi v6i
nhau danh so 1.

e Con lai trong X va Y, ta can stt dung max{f(|X|), f(|Y]) }. Tuy
nhién, do can chon nho6 nhat nén

f(n) = 2+ min{max{f(IX)), £(IV))} }.
Hon nua, f(n) la ham don diéu va |[X| + |Y| =n — 2 nén

min{max{f(X), 1(V))} } = f([“T‘l])

Tir d6 di dén két luan:

f(n) :2+f([“T_1D.

Lap luan c6 vé phu hgp nhung dang tiéc la két luan nay lai sai
va véi phan vi du khi xay dung trong truéng hgpn =7,n =38, ta
dé dang phat hién ra van dé nam & ché cach xay dung mé hinh.
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Trén thuc té, ta c6 thé chia ra ngay tit ddu chi khong can phai
xét thém diém A, B va cong thic dung la:

f(n)zl—l-f([nT_lD.

Ban doc hay thtt tu phan tich xem tai sao cong thuc truy hoi
lai dugc thay thé nhu trén nhé!

Bai nay cho ta thay rang trong nhiéu truong hgp, ta xay dung
cac mo hinh dua theo kinh nghiém nhung ctng c6 luc can phai
xét cac gia tri cu thé trong truong hop nhoé thi méi phat hién ra
dugce van deé. O

Ngoai ra, viéc xay dung cho cac gia tri nhé tao thanh day roi
tim quy luat nhu da néu trén khong chi ap dung dudc cho dang
toan cuc tri roi rac ma mot so6 bai toan dinh tinh khac van dugc.
Thit thit xét bai toan kinh dién sau:

Bai toan 7. C6 hai nguoi A, B choi tro choi béc séi va ban dau
cé n vién sdi, A di trude. Moi ngudi cé thé boc 2, 3 hodic 6 vién va
ai boc dudc vién cubi cung thi thang. Néu chi con 1 vién thi nguoi
choi 6 lugt dé bbc va thang luon. Héi véi nhitng gia tri nao ctia n
thi A c6 chién ludc thang?

L@i giai. Truée khi tién hanh xay dung tuong tu nhu trén, cac
ban c6 thé can hai dinh nghia sau vé tro choi t6 hgp can bang
(tac 1a hai bén c6 cach choi nhu nhau):

e Vi tri thang: 1a vi tri ma ton tai mot cach di dén vi tri thua
(vi tri & day y néi gia tri n hién tai, thang nay chi nguoi
choi hién tai va di dén chi s6 s6i con lai sau lugt choi do).

e Vi tri thua: 1a vi tri ma luén phai di dén mot vi tri thang.

Co6 vé hoi mo hé, ta thitr phan tich v6i bai toan cu thé & trén. Bat
f(n) : N* — {0, 1} va n6 nhan gia tri 1 khi A c6 chién lugc thang,
0 khi B c6 chién ludc thang. Hién nhién A thing thi B thua va
ngudc lai nén ta co f(1) =1, f(2) =1, f(3) = 1.

Dén day dé€ tinh f(4), ta thay rang néu A bbc 2 hoic 3 thi déu

dan dén vi tri thang ctia dé6i phuong nén theo dinh nghia 6 trén,
4 chinh la vi tri thua va f(4) = 0.

109

https://tieulun.hopto.org



Cu thé, ta tinh tiép dugc:

f(5) =0, f(6) =1, f(7) =1, f(8) =1, f(9) =0, f(10) =0, ...
Dé€ thay quy luat: néu n chia 5 du 0,1,2 thi A thang; va ngugc
lai thi B thang. O

D€ nghi ra dudc diéu nay thi ré rang khong dé nhung dé doan
ra dugc thi lai qua dé dang. Chung minh dugc thuc hién mot
cach nhanh chéng bang quy nap.

Bai toan 8 (Cuoc thi Brilliant.org). Trén mdt phang toa dé Oxy,
xét tap hop S gébm cdc diém thda man:
{(x, Y10<x,y<999 x, y € 2}

Hai ban A, B choi moét tro choi nhu sau: Ban dau, c¢é 1 quan cd 6
vi tri nao dé thudc tap hop S va ho di chuyén quéan cd theo cach
sau:

e Ban A di truéc va cé thé di chuyén quan cd xuéng duéi 1
don vi hodac sang trai 2 don vi.

e Ban B di sau va cé thé di chuyén quan cd xudng dudi 2 don
vi hodac sang trai 1 don vi.

Hai ban luan phién choi va ai buéc phdi di chuyén quan co khdi
goc phan tit thit nhat thi thua. Héi ¢6 tat ca bao nhiéu vi tri ma A
c6 chién lugc dé thang tro choi?

Loi giai. Ta sé thuc hién kiém tra truc tiép cac vi tri gan goc
toa do dé thir tim mot quy luat nao do:

O O @ @) o] ®

] @)
o] [ ]
[ ] ®)
e @)
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Trong hinh trén, ta quy uéc cac diém trang la ngudi A c6 chién
lugce thang, diém den la ngusi B ¢6 chién luge d€ thang. Ta thay
rang dua vao mot sbé kiém tra truc tiép vét can véi cac vi tri
(0, 0), (0, 1), (1, 0), (2, 0), ... thi ¢6 quy luat la cac vi tri thang
thua 6 hinh vuong 3 x 3 6 ngay sat goc toa do dugc lap lai.

Dbiéu nay c6 thé gidi thich dudc thong qua dac diém: A sang trai
1 don vi thi B sang trai 2 don vi, tong cong la 3 don vi; tuong tu
khi di xuong dudi. Tir d6 dé dang giai quyét dugdc bai toan. [

Dudi day 1a mot sé bai toan tuong tu, cac ban cé thé tu lap lai
cac thao tac trén dé du doan két qua, mot cong viéc hét stic thu
vi, tht1 cong nhung lai mang dén nhiing hiéu qua bat ngo.

Bai toan 9. C6 n chiéc céc duoc tip thanh mot vong tron va dudi
1 trong cdc chiée cbc nay, cé6 mét dong xu. O méi ludt, ngudi choi
c6 thé chon ra 4 chiéc céc lién tiép va md lén. Néu cé déng xu thi
tro choi Iét thiic. Néu khoéng thi ngudi chdi sé tra 4 chiéc coc vé vi
tri cti va bang mot cach nao dé, dong xu sé di chuyén sang mot
trong hai céc ké né. Nguoi choi luén suy luan, phan tich ki trong
qua trinh béc. Héi trong truong hogp xau nhat thi sé lan can phai
thao tac la bao nhiéu?

Bai toan 10. J mot cita hang no, ngudi chii chi sit dung cdc dong
tién cé gia tri la liy thira tu nhién ctia 3. C6 mét ngudi khdch can
mua moét mén hang cé gid tri lan. Dt da chudn bi san mot sé loai
dong tién c6 gia tri la lity thita cua 3 (méi loai cé sé luong tiy y)
nhung khong may la véi cac loai dong tién dé khong thé nao tra
dugc vita dung gia tién n. Ngudi ban cung khong muén thoi lai
tién thita. Thé la ngudi kchach danh phdi tra nhiéu hon gia tri ctia
mon hang. Pé tiét kiéem, 6ng da tra sé tién m > n véi m nhé nhat
c6 thé. Hdi trong cdc cach tra sé tién m do, sé doéng tién nhiéu
nhat da st dung la bao nhiéu?

Bai toan 11. Pé mé mot canh cita, tén trom can phdi bam diing
thit tu cla n cai nit ma nguoi chil quy dinh trude. Néu bam nuit
diing thit tu thit thi cdc nut sé gitt nguyén vi tri, néu chi can bam
sai moét ntit thi toan bé cdac nit da bam sé bi bat lén va tén trom
sé phai thit lai tir dau.

Chdng han véi n = 3 va thit tu cdc nit can bam la 2,3,1. Néu
ban dau, tén trom bam nit 1 hodc 3 thi niit sé bat lén ngay lap
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titc. Néu han bam nuit 2 thi nut sé giit nguyén (do ntit 2 ¢é thit tu
dau tién). Tiép theo, néu han bam niit 1 thi do sai thit tu nén cd
nut 2 da bam truée dé va niit 1 sé bi bat lén. Néu han bam nuit
3 tiép theo nut 2 thi cd hai niit sé gitt nguyén va con lai han chi
can bam nut 1. Du mét tén trom cé théng minh dén dau thi trong
tinh huéng xau nhat, han ciing phai bam nit 7 lan. Héi v6i n nuit
trong trudng hop xau nhat, tén trom phdi bam nuit bao nhiéu lan
dé md dudc cdi ctta?

Bai toan 12. Hai nguoi choi mot tro choi nhu sau: Pau tién, cé
mot s6 n dugc chon tit tap hop {2, 3, 4, ..., 999}. Ngudi choi thit
nhat chon mot diém trong mat phdng cé toa doé la (x, y) sao cho
—n < x, y < n. Hai ngudi thay phién nhau chon dun sé théa man
diéu kién trén. Tiép theo, ho tién hanh néi cac diém nay lai. Ngudi
thit nhat chon ra hai diém vao néi chung béi mét dudng cong sao
cho duong nay khong di qua bat cit diém nao trong cac diém con
lai va cting khong cdt bat cir dudng cong nao cé trude do. Cit nhu
thé. Héi trong 998 s6 ban dau, cé bao nhiéu sé6 dé ngudi thit nhat
c6 chién lugc thang?

2. Xay dung mo hinh trong giai Toan

Song anh la mot cong cu manh dé giai nhiéu bai toan ching
minh va bai toan dém trong t6 hgp. Y tudng chinh ctia phuong
phap nay chinh la thay ddi cach tiép can trong dé bai bing mot
con duong, mot cach nhin khac cé cac dac diém tuong dong véi
gid thiét ban dau ma véi no, ta c6 thé dé dang xit 1i hon. Dué6i
day, chung ta sé cung phan tich mot sé6 dang Toan vé viéc xay
dung mo hinh thuong gap.

2.1. S& dung biéu d6 Venn

Bai toan 13. C6 bao nhiéu cdach chia tap hop S ¢6 n phan tit
thanh 2 tap con (cé tinh tap réng) sao cho hop ctia chiing bang S?

Loi giai. Ta thay rdng van dé dat ra ¢ day kha tong quat va
cac y tudng dém bang truy hoi, ching minh bang quy nap xuéat
hién dau tién trong truong hgp nay. Tuy nhién, néu chuang ta
thit vé mot mo hinh ra d€ hinh dung thi van dé c6 thé sang to6
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hon: Ta c6 thé biéu dién hai tap A, B nhu thé béi cac vong tron
va cong viéc can lam la tng véi méi phan tt x € S, xXép no vao
trong cac vong tron dé. Ro rang ta c6 4 cach dé xép:

e x thudc A nhung khong thudc B.

e x thudoc B nhung khong thudc A.

e x thuoc ca A va B (nam trong phan giao).

e x khong thuoc ca A va B.

Nhung vi yéu cau cuia bai toan la “hgp cua hai tap con la S” nén
khong thé tinh trudng hop tha 4 6 trén dude. Do d6, ting véi
moi phan ti, ta c6 dung 3 cach xép vao hai tap hop.

Tt day, ta c6 thé tinh ra dap sb ctia bai toan la:

Gt PN AL

2 2

Giai thich thém vé két qua nay, ta thay rang c6 mot van dé can
giai quyét khi dém 1a cac truong hgp bi trung nhau. Néu dé ban
dau da cho san hai tap con A va B roi thi két qua sé 1la 3™ ro
rang. Tuy nhién, yéu cau 6 day la chia tap S ra thanh hai tap
con, nhu thé thi viéc chia & day c6 tinh d6i xing gitta A va B
(tic la cach dém “x thudéc A nhung khong thuéc B”, “x thudc B
nhung khong thuoc A” & trén la giong nhau).

Chu y thém co6 mot truong hop dac biét 1a khi A = B thi buodc
phai c6 A = B = S nén chi c6 mot cach chia. Bo truong hop do
ra, chia do6i s6 truong hgp roi lai cong né vao thi sé duge so
cach chia can tim.

Cong thiic 6 day hoan toan c6 thé kiém tra véi cac gia tri n nho.
Dua vao phan tich trén, cac ban th giai cac bai toan sau: “Cé
bao nhiéu cach phan hoach tap hop S gom n phan tit thanh hai
tap con?” (tap hdp S phan hoach thanh hai tap hdp A va B khi
ANB=2,AUB=2S). 0
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Mo hinh quen thuoc trén chinh 1a biéu dé Venn trong ly thuyét
tap hgp, tiép theo la mot bai toan lién quan dudc giai bang cach
vé mo hinh tuong tu:

Bai toan 14. Khi diéu tra két qua hoc tap ctia mot I6p hoc cé 45
hoc sinh & cac mén Toan, Li, Héa, ngudi ta thay rang:

e C6 8 hoc sinh gidi ding 1 trong 3 mon.
e CO 17 hoc sinh giéi mén Toan va Ly nhung khéng gioi Hoa.
e C0 6 hoc sinh gioi Ly va Héa nhung khong giéi Toan.
e C6 12 hoc sinh gioéi Héoa va Toan nhung khoéng gioi Ly.
e C0 1 hoc sinh khéng giéi mén nao.
HOdi ¢6 tat ca bao nhiéu hoc sinh gidi & ca 3 mon?
Loi giai. Dudi day 1a mot 16i giai theo huéng lap luan truc tiep:
Goi T 1a tap hop cac thi sinh va A, B, C lan ludt la cac thi sinh
giai dugc cau Toan, Ly, Héa. Theo gia thiét thi:

IA\(BUC)|+|B\(CUA)|+|C\(AUB)| =19
(A UB)\C| =18, |(BUC)\A| =10,|(CUA)\B| =12
IM\(AUBUC)|=1

Suy ra [AUBUC|=45—1=44. Ta cang c6

IAAN(BUC)|=IA|=|AN(BUC)=I|A]=([A|+BUC|-=]AUBUC]|)
=AUBUC|—|BUC|=|AUBUC|—|B|—|C|+|BnNC]

va

I(IBNCN\A|=|BNC|—|(BNC)NA|=BNnC|—|ANnBNC|.
Do do:
IA\(BU C)|+|(BUC)N\A|=|AUBUC|-|ANBNC|—|B|-|C|+2|BNC].
Tuong tu, ta cung co
IB\(CUA)|+|(CUAN\B|=]|AUBUC|-|ANBNC|—|C|-|A|+2|CNA],

|IC\(A UB)|+I(AUB)\C| =|AUBUC|-|ANBnNC|—-|A|—|B|+2|A N BJ.
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Cong cac dang thuec trén lai, ta dugc
3JAUBUC|—3|IANBNC|I—2(AUBUC|—]ANBNC|) =43,

hay

IAUBUC|—|ANBNC|=43.
Tir két qua nay, ta suy ra |JANB N C| =44 — 43 = 1. Vay c6 dung 1
hoc sinh gidi ca 3 mon. O

Cach khac. R6 rang viéc 1lap luan trén khong sang sua lam va
doi héi bién ddi cac phép tinh trén tap hgp kha phuc tap. Ta sé
dung bi€u dé Venn dé€ giai quyét bai toan nay nhanh gon hon.
Ky hiéu tap hgp cac hoc sinh giéi nhu cac vang trong mo hinh
trén. Theo gia thiét, ta co6

a+b+c=38

f=17,d=6,¢=12

a+b+ct+d+e+f+g=45—-1=44
Suy ra

g=44— (8+17+6+12) = 1.

Vay c6 dung 1 hoc sinh gi6i ca 3 mén. O
Bai toan 15. Trong mot ki thi Toan, ngudi ta cho 3 bai 1, 2, 3 va
¢6 100 thi sinh gidi dugc it nhat mot bai. Trong cac thi sinh gidi
dugc bai 2 thi sé thi sinh gidi duoc bai 1 nhiéu gap doéi sé thi sinh
gidi dugc bai 3, con sé thi chi gidi dudc bai 2 thi nhiéu gap ba lan
s6 thi sinh con lai. Sé thi sinh giai dugc it nhat mot bai nhung
khong giai dudc bai 2 la 40. H6i ¢6 it nhat bao nhiéu thi sinh giai
dudc ca bai 2 lan bai 3?

Todn

Hoa
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Lai giai. Tuong tu bai trén, ta ky hiéu cac vang nhu hinh veé.
Ta sé bi€u dién lan lugt cac quan hé trong dé bai cho. Sé thi
sinh giai dugc it nhat 1 bailaa+b+c+d+e+f+g=100.

Trong cac thi sinh gidi dugc bai 2, s6 thi sinh gidi dugc bai 1
nhiéu gap doi so6 thi sinh gidi duge bai 3 thi:

f+g=2(d+g)ef=2d+g.

Trong cac thi sinh gidi dugc bai 2, sb thi chi giai dugce bai 2 thi
nhiéu gap ba lan s6 thi sinh con lai thi b = 3(f + g + d).

S6 thi sinh giai dugc it nhat mot bai nhung khong giai dugce bai
2laa+e+c=40. Dodo, b+d+f+g==60va:

ftg+d=15
{ J = 3d+2g = 15.

f=2d+g

Ta c6 s6 thi sinh giai dugc bai 2 va 3 la:

1 1
d+g =3 (3d+3g) > (3d+29) =5.
Vay co6 it nhat 5 thi sinh gidi dugc ca bai 2 1an bai 3. O

Duéi day 1a mot s6 bai tap tuong tu:

Bai toan 16 (IMO, 1996). Trong moét cuéc thi toan, cé tong céng
3 bai todn la A, B, C. Biét rang c6 25 thi sinh giai dudc it nhat mot
trong cdc bai. Trong cac thi sinh kkhong giai dudc bai A, sé thi sinh
giai dudgc bai B nhiéu gap doéi sé thi sinh gidi dugc bai C. Sé thi
sinh chi giai dudc bai A nhiéu hon 1 don vi so véi sé thi kkhdc giai
dugc bai A va mét bai khac nita. Ngodi ra, c6 moét nita trong sé
cdc thi sinh giai dudc chi mét bai la khong giai dudce bai A. Hoi ¢
bao nhiéu ngudi gidi dugc bai B?
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Bai toan 17. Cho tap hop S = {1,2,3, ..., n} la tap hop n sé
nguyén duong dau tién.

a) Hay tim so cach chia S thanh 3 tap con A, B, C sau cho A N
B2, BNC#g, CNA#g3vaANBNC=0g.

b) Hay tim sé cdc bé ba cac tap con A, B, C théa man

AUBUC=SvaBnNnS=g.

¢) Hay tim sé cac bo bén cdac tap con A, B, C, D théa man
AUBUCUD=SvaBnNnSnND =g.
d) (Gap g6 Toan hoc 2013) Chitng minh rdang cé 5™ bé ba tap
hop co6 thit tu (X, Y, Z) théa man dong thdi cac tinh chat:
i) X.Y,ZCS.
i) X C (YN Z)U(S\Y))
i) Y C (ZNX) U (S\2))
iv) ZC (XNY) U (S\X)) .

2.2. Xay dung bang 6 vudng

Tiép theo, chiing ta sé tim hiéu mot mé hinh kha thong dung
nia dé giai cac bai Toan dém la xay dung mot bang thich hgp
va dém theo hai chiéu ctia bang d6. Trudc tién, ta thir xét bai
trong dé thi chon doi tuyén ctia trudng Phé Thong Nang Khiéu
TPHCM nam 2011:

Bai toan 18. Cho ham s6 f: N x N — N théa man f(0,0) = 0 va

f([g] BD Ihia+b:2

f(a,b) =
1+f([9}, FD Jchi (a+b—1):2

2 2
a) C6 bao nhiéu soé tu nhién m sao cho (2011, m) = 5?

b) Chosélép vasébn € N saochol <p < 2™ va A la tap hop
gomp sb tu nhién khong vugt qud 2™ — 1. Chitng minh rang

Z fla,b) <n (p24— 1) .

{a,b}CA
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Loi giai. a) Ta xét 16i giai bang cach xay dung bang nhu sau:
e Hang 1 gom 2 6: 2011 va k.

e Hang 2 gom 2 6: 1005 va [£].

e Hang 3 gom 2 6: 502 va | 42|

Cu nhu thé, ta c6 9 hang tiép theo ma cac s6 & cot dau tién
1a 251, 125, 62, 31, 15, 7, 3, 1, 0 va cac sb & cot tiép theo duge xay
dung bang cach lay phan nguyén ctia mot nira s6 lién truéce.

Ta c6 (2011, m) dung bang s6 hang ma trong 2 sb trong hang dé
khac tinh chén 1€ (chu y rang v6i méi cach quy dinh tinh chin
1é cho s6 6 moi hang thi luén ton tai k théa man). Cé C3, cach
chon ra 5 hang nhu thé va day cung la dap s6 can tim.

b) Gia st p s6 chon ra la ay, as, ..., a,. Khi dé:
e f(ai, a5) =f([%], [§]) néu ai, a; c6 cung tinh chan 1é.

e flai, a5) =1 ([$], [§]) +1néu a;, a; khac tinh chan 1é.

Ta lai tiép tuc xét bang nhu sau (c6 p cot, va nhiéu nhatlan+1
hang, trong dé 6 hang cubi cung thi cac s6 déu bang 0).
e Hang dau tién gom a, va a;.

e Hang thit hai gom [] va [£] va cu thé.

Xét hai s0 ai,, a;, tai hang bat ki ma hai phan tit tuong tng cta
ai, a; khac tinh chan 1€ thi f ctia hai phan tt d6 bang f cta hai
phan tt ngay dudi n6 cong 1. Hién nhién sau nhiéu nhat n buéc
thi dat dén f(0, 0) = 0.

Do dé, f(ai, a;) dung bang véi sb lugng phan ti tuong ang ctia
hai s6 d6 nam trong cung mot hang ma khac tinh chan 1é.

Xét 1 hang bat ki gom p 6 (trir hang cubi cuing), d€ cé sbé luong
cac sO doi mot khac tinh chan 1é nhiéu nhat thi sé c6 21 sb
khac tinh chan 1€ v6i 2! s6 con lai. Khi d6 qua hang nay, thi
Y f(a, b) ting thém ]’24—_1 Vi c6 n cot nhu vay nén

mafo(a, b)=n (p24— 1) .

Ta c6 diéu phai chiing minh. O
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Bai toan tiép theo kha dién hinh cho phuong phap nay xuat
hién trong ki thi chon doi tuyén Viét Nam du thi IMO 2001 (sb6
2001 xuat hién trong bai toan c6 thé thay bang mot s6 nguyén
duong bat ki nao khac).

Bai toan 19 (VNTST, 2001). Cho day sé (a,,) théa man
0<ani1—an, <2001.

Chitng minh rang téon tai v6 sé cap s6 nguyén duong (p, q) thdéa
man néup < q thia,|a,.

Loi giai. Tu cach xac dinh day, ta thay rang s6 hang tiép theo
sé khong 16n hon s6 hang lién truée né cong thém 2001 don vi.
Nhu thé, chi can xét 2002 s6 nguyén duong lién tiép thi sé co it
nhat mot s6 hang thudc day, dat s6 dé la a. Ta xay dung bang
nhu sau (v6i ky hiéu a; ;) 1a s6 6 hang i, cot j):

[ a(l,l) =aq, (1(172) =a-+ ]., ceey (1(172002) =a-+ 2001,

o apy =107 g +au, aee =120 an +ag2). -

2002
a,2000) = [ [iZ1 @) + @, 20013

cey

2001
® ((2002,1) = Hizl QA(2001,1) T Q(2001,1)5 « - -
(2002,2002) = | Li—1 @(2001,1) + C(2001,2002)-

Bang nay co tat ca 2002 cot va 2002 hang; trong dé, moéi s6 hang 6
hang thu 2 tré di bang tich ctia tat ca s6 hang 6 hang lién truée
né cong véi sd6 hang cung cot véi né. Ro rang, trong moi hang,
c6 it nhat mot s6 hang thudc day da cho. Tix d6 theo nguyén 1i
Dirichlet, ta c6 diéu phai ching minh. O

Bai toan 20. Petya va Vasya choi tro choi nhu sau: Ban dau trén
ban cé 11 déng séi, méi déng cé 10 vién séi. Hai ngudi thay phién
nhau di, bat dau tit Petya. Méi mét nude di, ngudi choi boc 1,2
hodic 3 vién séi, nhung Petya méi lan boc tat ca cdc vién séi tic
mot dong séi bat ki, con Vasya luén bbce cac vién sai tit cac dong
khac nhau (néu nhu Vasya béc nhiéu hon moét vién). Ngudi néo
dén luot minh khong di dugc nita sé thua. Héi ai la ngudi luon
ddam bdo dugc thang loi, khong phu thuéc vao cach di ngudi kia?
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Loi giai. Ta xép 11 déng sbi do thanh bang 10 x 11 (11 cot tuong
ung v6i 11 dong séi va moéi dong c6 10 vién so6i) roi goi 10 vién soéi
6 cot dau 1la bo A, 10 vién séi trén dudng chéo ctia hinh vuong
tao béi 10 cot sau 1la bo B.

Ta sé chiing minh rang Vasya c6 chién lugc thang bang cach
boc s6i nhu sau: Méi khi Petya boc x vién s6i 6 A thi Vasya sé
boc tuong ung x vién séi 6 B. Khi Petya boc x vién séi 6 mot
trong 10 cot con lai (theo chiéu doc) thi Vasya sé boc x vién soéi
tuong ung (déi xiing qua duong chéo theo chiéu ngang). O

Tiép theo, ta xét bai toan trong dé thi VMO 2015 vita qua. Mot
bai toan kha dai va rac réi ma théng qua viéc mo hinh hoa, ta
c6 thé xtt Iy mot cach nhe nhang hon rat nhiéu.

Bai toan 21 (VMO, 2015). Cé m hoc sinh nit va n hoc sinh nam
(m, n > 2) tham gia mét lién hoan song ca. Tai lién hoan song ca,
mébi buoi biéu dién mot chuong trinh van nghé. Méi chuong trinh
van nghé bao gom moét sé bai hat song ca nam-nit ma trong do,
moi doéi nam-nit chi hdat véi nhau khéng quda mét bai va méi hoc
sinh déu dudgc hat it nhat mot bai.

Hai chuong trinh dudc coi la khdac nhau néu cé6 mét cap nam-
nit hat véi nhau 6 chuong trinh nay nhung khéng hat véi nhau
& chuong trinh kia. Lién hoan song ca chi két thiic khi tat ca cac

chuong trinh kkhdc nhau cé thé cé déu duoc biéu dién, méi chuong
trinh duoc biéu dién ding mot lan.
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a) Mot chuong trinh dudc goi la lé thuéc vao hoc sinh X néu nhu
hiy tat ca cac bai song ca ma X tham gia thi cé it nhat mot
hoc sinh khac khong dugc hat bai nao trong chuong trinh
dé. Chitng minh rang trong tat ca cac chuong trinh 1é thudc
vao X thi sé chuong trinh ¢6 sé 1é bai hat bang sé chuong
trinh c6 sé chan bai hat.

b) Chitng minh rdng ban té chiic lién hoan cé thé sap xép cac
budi biéu dién sao cho sé cdc bai hdt tai hai buéi biéu dién
lien tiép bat ky khong cung tinh chan 1é.

L@i giai. a) Ta danh sbé cac hoc sinh nit theo thu tu tir 1 dén m
va cac hoc sinh nam tir 1 dén n. Ung v6i méi chuong trinh van
nghé, ta biéu dién viéc ghép cap clia cac cip nam nit song ca
thanh moét bang m x n gom m hang n cot. Bang sé dugc danh
s6 1 hoac 0, trong d6 6 nam & hang i cot j duge dién so:

e SO 1 néu ban hoc sinh nit thi i va ban hoc sinh nam thu
j c6 hat song ca vGi nhau.

e SO 0 néu ban hoc sinh nir thit i va ban hoc sinh nam thu
j khong hat song ca v6i nhau.

0/(0(1/10]1
111]10]010
0(0]1]0]0
110]1]1]1
110]1(1]1

Mot bang goi 1a tot néu trén méi hang va méi cot déu phai c6 it
nhat mot sé 1. R6 rang theo dé bai thi tat ca cac bang bi€u dién
cho chuong trinh déu la tét vi hoc sinh nao cting c6 biéu dién.

Xét mot hoc sinh X nao do, gia st dé 1a nii; truong hop hoc sinh
nam chung minh tuong tu. Chuong trinh nao do 1€ thuoc hoc
sinh X néu nhu trén bang tuong tng ctia no, toén tai it nhat 1
coOt c6 dung mot s6 1 nam trén hang cua X, ta goi bang nay 1a 1é
thuodc X va cot nhu thé 1a cot 1é thuoc X.

Ta can chung minh rang, trong cac bang lé thuoc X, sd bang c6
s0 céac sb 1 chan bang s6 bang ¢6 sb cac s6 1 1é.
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That vay, xét truong hgp trong bang cé k cot 1é€ thuoc X thi ro
rang k < n vi néu khong, ngudc lai, k = n thi toan bo cac 6 trén
hang X déu la 1, con tat ca cac 6 con lai clia bang déu 1a 0. Do
m > 2 nén ton tai mot dong toan la s6 0, mau thuan.

Vé6i k < n, ta bd k cot dé ra khdi bang thi trén bang sé mat di
dung k s6 1. M6i 6 trong n — k 6 con lai ctia hang X sé dugce
dién s6 0 hodc 1 tuy y vi cac cot con lai déu con it nhat mot sb
1 nita khong thuoc hang X. Do dé, néu ta b luén hang X di thi
bang con lai van la tot. Suy ra sé bang 1é thudc X trong truong
hgp nay sé la 2" % nhan v6i s6 lugng bang toét c6 kich thude
(m —1) x (n— k) con lai. Trong méi bang dé, ta chon mot 6 bat
ky ctia hang X va thay déi s6 tir 0 — 1, 1 — 0 thi sé dan dén thay
dai tinh chn 1é ctia sb cac sb 1 trén bang. Do d6, o rang tén
tai mot song anh di tir tap hop cac bang 1€ thuoc X c6 sb cac so
1 chan dén tap hgp cac bang 1é thudc X c6 s6 cac so6 1 1€.

Do d6, s6 lugng hai loai bang nay la bang nhau. Ung v6i méi
k = 1,n—1 va cac cach chon k cot phu thudc X thi s6 lugng
bang c6 sb 1 1€ va chan déu bang nhau, vi thé nén téng sé bang
c6 sb cac sb 1 1€ bang véi bang c¢o sb cac sb6 1 chan. Ta co diéu
phai chiing minh.

b) Tiép theo, ta dat f(m, n) va g(m, n) lan lugt 1a sé cac bang tot
m x n ¢6 chan va 1€ cac s6 1. Xét mot hoc sinh nt tuy y, dat la
X. Ta xét cac truong hop sau:

e Néu ton tai mot cot nao doé 1é thuoc X thi theo cau a, sb
bang c6 sb cac 1 chan bang sb bang c6 sb cac so 1 1é, dat
gia tri nay la h(m, n).

e Néu khong ton tai cot nao 1é thudc X thi bd hang tuong
ung cuia X di, ta con lai mot bang tét c6 m — 1 hang, n cot.

Mat khac, s6 truong hop ma hang X c6 s6 1€ va c6 sbé chan 6
dién so 1 lan luct l1a

va

C= > C¢ (do hang X khong thé toan la sb 0).

a=0 (mod 2),a>0
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Ta biét rang (1 +x)" = C%, +CLx+C2x*+-- -+ Cx™ nén véi x = —1,
ta co ngay L = C+ 1. Chu y la tinh chan 1€ ctia s6 cac s6 1 thudc
dong X sé quyét dinh dén tinh chan 1é ctia bang con lai nén ta
c6 cong thuec truy hoi sau:

flm,n)=h(m,n)+L-glm—1,n)+C-f(m—1, n)
gm,n)=h(m,n)+L-flm—1,n)+C-g(m—1,n)

Do do:

f(m,n) —g(m,n)=(L—C)[g(m—1,n) —f(m—1, n)]
=gm—1,n)—f(m—1,n).

Lap lai qua trinh nay dén khi s6 hang va sé cot nho nhat co thé,
ticlam=n=2,taco

f(m, n) —g(m, n) = (—1)™ " [f(2, 2) — g(2, 2)].

bém truc tiép, ta thay cé f(2, 2) = 3, g(2, 2) = 4 nén suy ra

f(m, n) —g(m, n) = (=)™,

Tir d6 ta thay rang sé lugng ctia hai loai bang khong vugt qua
1 va c6 thé sap xép cac bang theo thu tu chan, 1é dan xen dé
dugc diéu kién dé bai. Ta cing c6 diéu phai ching minh. O

DE€ tién hanh xit ly bai toan, ta can phai tim cach mo hinh héa
né thanh dang thich hogp, trong d6, moi rang budc déu cé thé
biéu dién dude. O day, viéc lap thanh bang nhi phan cho mot
chuong trinh cu thé nhu trén co6 1€ 1a lua chon sang sta, don
gian nhat. Cach nay cang quen thudc véi hau hét cac hoc sinh
vi bai toan vé t6 mau bang, dién sb trén bang cung tuong doi
quen thuoc (it nhat 1a trong dé kiém tra ctia Vién Toan trong
thang 12 vita qua cing c6 moét bai nhu thé).

Bén canh do, ta cing c6 thé dung cac cach tiép can khac nhu:

e Dung bipartite graph hay con goi la do6 thi luéng phan, do
thi 2 phe roéi thao tac trén cac dinh va canh.

e Dung cach chia thanh cac bé (nam, ntt, chuong trinh) roi
dém biang 2 cach va tinh tdng, hoac cach néi khac la xét
ham so f(a, b, c¢): (A xBx C) —{0, 1} v6i A, B, C lan luct 1a
tap hop nu, nam va cac chuong trinh.
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Suy cho cung, cac cach nay cung la song anh, chuyén déi cach
tiép can nhung ban chat van thé: bang tét chinh 1a mot ma tran
canh ké ctia dé thi va né cung chinh la téng hgp cac gia tri ma
ham § trén nhan dugc véi ciing mot gia tri ¢ € C.

Mot nhan xét co ban nhung mang tinh quyét dinh trong ca hai
y a va b clia bai toan la: Trong cac tap hgp con ctia mot tap hop
co6 n > 1 phan ti, s6 tap hop con c6 1é phan tir bang sé tap hgp
con ¢6 chan phan ti va ciing bang 2"'. Y nay c6 thé giai quyét
dé dang bang song anh hoac dém truc tiép va dung nhi thic
Newton.

So sanh véi cac bai toan trong nhimng nam gan day, co6 thé coi
day la bai toan ma phan a hé trg rat tét cho phan b véi viéc chia
mot “truong hop 6n” thanh hai truong hgp nhé. Phan a vira c6
tac dung ggi y, vita déng gop mot phan vao lap luan ciia phan
b. Cai kho ctia bai toan nay cé 1é 6 cho st dung y tudng truy
hoi quy nap, va di dén cung.

Chung ta sé dat ra cau hoi sau day mot cach tu nhién: “Co
tat ca bao nhiéu chuong trinh trong lién hoan van nghé?” bay
la mot bai toan khong dé va khong cho ra két qua dang tuong
minh nhung c6 thé da c6 thi sinh nao dé ma trong bai thi ctia
minh, da cé gang dém s6 lugng nay.

Ta c6 thé gidi quyét bang nguyén ly bu trit nhu sau (ta van xét
bang c6 m hang va n cot): Ta goi mot bang ma méi hang déu c6
it nhat mot s6 1 1a bang “tét theo hang”, goi tap hop cac bang
nay la P. Goi A 1a tap hgp cac bang tét theo hang nhung lai c6
mot cot nao dé6 khong c6 s6 1 nao, A; la tap hop cac bang tot
theo hang nhung cot tha i lai khong c6 s6 1 nao. Ta thay:

A=A UAUA3U---UA,.

RO rang sb bang tot can tim chinh la |P| — |A[. Trudc hét, ta tinh
sb6 bang tét theo hang. Chu y rang méi 6 ¢6 hai cach dién 1a 0
hoac 1 nén hang c6 n 6 sé c6 2™ cach, tuy nhién, loai tru truong
hgp tat ca cac 6 déu la 0 ra thi c6 2™ — 1 cach. Cac hang khac
cung tuong tu thé nén c6 téng cong (2™ — 1)™ bang tét theo hang
hay |[P| = (2" — 1)™. Do céc cét binh dang véi nhau nén ta c6 thé
dém dai dién mot trudsng hop nao dé dé suy ra cac truong hop
con lai.
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Gia st ¢6 k cot nao dé trong cac cot 1, 2, 3, ..., n la khong chaa
s6 1 nao v6i 1 < k < n. Trén méi hang sé con lai n — k 6 dé dién
vao cac sb 0 hoac 1 sao cho ¢6 it nhat moét s6 1 (do k 6 thudc
cac cot kia déu dugce dién sbé 0), sé6 cach dién cho méi hang la
2"—% _1va cho cAd bang la (2" % —1)™. Tit d6, theo nguyén ly but
tru, ta co

Al =1ATUA UA;U---UAL =) CR(=DF (2™  —1)™.
k=1

Do do6, ta dugc s6 bang tot can tim la:

n

(2" —1)™ — i Ch—D*@r* =" =) ci(—n e~ -n"

k=1 k=0

V6i tinh binh dang cia m, n, ta ciing suy ra dudc két qua sau:

Y Ck=nFerR T =) Ch(=nFEemt -1

n m
k=0 k=0

Duéi day 1a mot s6 bai tap ap dung:

Bai toan 22. Cho cdc soé thuic duong phan biét x, Xa, X3, ..., Xn.
Chitng minh rang tén tai sé thuc a sao cho cdc téng sau a + x,
a-+xg, a+xs, ..., a+x, déula cdac so vo ti.

Bai toan 23 (Russia, 1996). O Duma, ¢é 1600 dai biéu tham
gia vao 16000 iy ban va méi iy ban ¢é ding 80 ngudi tham gia.
Chitng minh rang, trong cdc Uy ban trén, ¢6 2 1y ban ndao dé ma
c6 it nhat 4 dai biéu tham gia chung.

Bai toan 24 (CMO, 1996). C6 8 ca si tham gia vin nghé véi tong
cong m buéi hoa nhac. Méi budi ¢6 4 ca si tham gia va sé lan tham
gia ctia méi cap ca si la nhu nhau. Tinh gia tri nhé nhat ctia m.

2.3. Chuyén d6i mé hinh
Trén thuc té, nhiéu bai toan cé6 thé c6 su chuyén déi qua lai

gitta viéc phat bi€éu dang tap hop nhu trén va viéc xay dung mo
hinh. Pién hinh nhu bai toan trong dé VMO & trén c6 thé da
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xuat phat tir mot bai toan trong dé thi nao dé dé€ xay dung theo
tinh hudng thuc té & trén. Viéc chuyén d6i mo hinh d6 c¢6 tinh
té hay khong tuy thuoc vao tinh huéng st dung tuong dong bao
nhiéu so véi bai toan goc.

Xuat phat tir bai toan quen thuéc: “Chitng minh rang khéng thé
lat mot nén nha 10 x 10 béang cach vién gach 1 x 4.”

Cach giai ctia bai nay la t6 mau cac 6 cé6 dang (1é, 1é) trong bang,
nhu thé thi té duge 25 6. Tuy nhién, méi vién gach 1 x 4 nhu trén
phéi chiém 2 6 dugc t6 mau, tirc 1a s6 6 duge t6 mau nam trong
d6 phai chin. Piéu mau thuan nay cho thay ta khong thé lat
gach nén nha theo cach trén dugc.

Bai toan nay c6 thé€ thay s6 10 (s6 chan nhung khong chia hét
cho 4) thanh cac s6 tuong tu nhu 50, 2010, 2014, ... thi van cho
cau tra 16i tuong tu véi cach giai tuong tu.

Ta th thay déi bai toan theo kiéu ndi cac diém trong mit phang
dé thu dugc bai toan sau:

Bai toan 25. Trong mdt phdng, cho tap hop A gom 2010° diém
phan biét duoc danh sé tix 1 dén 2010% sao cho ba diém bat ki ndao
trong chiing cting khong thang hang. Mot tit gidc (16i hodc l6m)
dudc goi la “dep” néu cdc dinh ctia né thuéc A va dudc danh soé
béng 4 sé6 théa man moét trong hai diéu kién sau:

e D6 la 4 sé tu nhién cach nhau 2010 don vi.

e D6 la 4 sé tu nhién lién tiép va néu trong do co chita sé chia
hét cho 2010 thi s6 dé phdi la 16n nhat.

Nbi tat ca cac diém thudc tap hdp A lai véi nhau sao cho diém
nao thuoc A ciing thuéc diing moét tit giae. Tim s6 16n nhat ti gidac
“dep” dudc tao thanh.

R0 rang cach néi cac diém nhu trén c6 thé dugc moé phong bang
4 $6 nam trén mot vién gach 1 x 4 nhu trén.

Ta c6 thé giai chi tiét bai toan nay nhu sau:
Loi giai. Xét mot bang 6 vuong gdm 2010 x 2010 6 vudng con

dugc dién cac sb theo tha tu tir trén xudng va tir trai sang (xem
trang tiép) nhu sau:
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1 2 3 ... 12009 | 2010
2011 | 2012 | 2013 | ... | 4019 | 4020
4021 | 4022 | 4023 | ... | 6029 | 6030

20102

Truéc hét, ta sé chiing minh rang khong thé chia tat ca 20102
diém da cho thanh cac tir giac “dep” dugc. R6 rang 4 sé trén
cac dinh ctia cac tua giac “dep” tuong ung véi 4 sb bi che di trén
bang 6 vudong khi dat mot manh bia hinh ch@t nhat kich thudc
1 x 4 vao do. Ta sé chiing minh rang khong thé che hét toan bo
bang 6 vuong nay bang cac hinh cht nhat 1 x 4. That vay, ta
td mau cac 6 vuéong nam & cot chan va hang chan. Do bang c6
2010 6 vudng nén s6 6 vuong bi to mau la 21 1a sb 1é.

Gia st ngugc lai rang ta co6 thé lap kin dugc ca bang 6 vuong
bang cac manh bia. Khi d6, méi manh bia sé che di hoac hai
0 vuong hoac khong c6 6 vuéng nao ctia bang 6 vuong, tuc la
luén c6 mot sé6 chan 6 vuong bi che di; do d6, s6 6 vuong bi
che di trén bang 1a mot s6 chan. Tir d6 ta thay c6 mau thuan.
Do d6, khong thé che hét bang 6 vuong nay bang cac hinh chir
nhat 1 x 4 dudgc.

Bay gio, goi k 1a so tit giac dep 16n nhat can tim thi k < 1010024.
Ta s€ chung minh k = 1010024 bang cach chi ra cach dung cac
manh bia che kin bang 6 vuong. That vay, chia bang 6 vuong
thanh hai phan:

e Phan 1 gom 2008 cot dau, ta xép cac manh bia theo cac
hang, méi hang c6 dang 502 manh bia. Khi do, ta sé c6 thé
che kin hét phan 1 bdi cac manh bia.

e Phan 2 gom 2 cot cudi, ta xép nobi tiép cac manh bia tir trén
xudng dudi thi cudi cung sé con lai mot 6 vuong 2 x 2 6 goc
duéi cung cua bang.

Nhu vay, ta dung 1010024 manh bia che dugc tb6i da 2010* — 4 6

vuong cua bang. Tt do, ta thay, s6 ta giac “dep” 16n nhat can
tim 1a k = 1010024. 0

Chung ta thi xét bai toan sau: C6 bao nhiéu cdach lat mét hinh
chit nhat kich thudc 2 x n bdi cdc vién gach: hinh chit I (hinh chit
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nhat kich thuée 1 x 2) va hinh chit L (hinh vuéng 2 x 2 bé di mét
6)? Néu thay hinh chit nhat 2 x n bang mét hinh khac thi sé cach
lat thu dudc sé la bao nhiéu?

Qua do6, ta thay rang viéc chuyén déi cac mo hinh, tir cac diém,
cac hinh trong mit phing dén cdc s6 trong mot tap hop va
ngudc lai giup cho bai toan c6 mot dang vé méi kha thua vi.
Chung ta tht nhac dén mot bai toan trong ki thi IMO 1983: To
tat cA cac diém nam trén canh cua tam gidc déu béi hai mau la
xanh va dé. Héi véi moi cach té6 mau nhu thé, cé luén ton tai mot
tam giac vuéng cé ba dinh dugc té6 cung mau hay khong?

Bai toan nay co thé gidi quyét khong qua khé khan bang cach
xét cac diém chia cac canh ctia tam giac ABC theo tis6 2:1, ¢c6
kha nhiéu tam giac vuong dugc tao thanh tir 6 di€ém nay va nho
vay ma ta c6 thé ap dung nguyén li Dirichlet d€ gidi quyét bai
toan. Tuy nhién, néu chung ta thay déi cach phat biéu thanh
toa do trong mét phang thi bai toan sé thu vi hon nhiéu.

Trong mat phrfmg toa do Oxy, mot tam giac déu ABC c6 toa do
ctia cdc dinh lan lugt 1a A(0, v/3), B(—1, 0), C(1, 0) thi phuong
trinh dudng thang chita cac canh AB, AC c6 thé viét 1a |v/3x| +
y = v/3, dudng thang chita canh BC triing véi truc Ox. Hon nita,
ro rang do dai ctia BC c¢6 thé thay bang mot s6 bat ki nao khac
nén ta co bai toan sau:

Bai toan 26. Trong mat phang toa dé Oxy, xét phan mdt phdng
gi6i han bdi do thi ctiay = v/3(a—[x|), trong dé a > 0 va truc
hoanh. Goi S la tap hop cac diém nam trén bién ctia mién do.
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Chitng minh rdng véi moi cach chia S thanh hai tap hop con roi
nhau thi luén tén tai ba diém la dinh ctia mét tam gidc vuong.

Cach giai bai nay cung hoan toan tuong tu nhu bai kia. Van dé
mau choét & day 1a nhin nhan dude bao 16i 6 trén thuc chat la
mot tam giac déu va cach chia tap con cung giong nhu viéc to
cac di€m bdi hai mau.

Xuat phat tir bai toan phan hoach s6 nguyén: “Héi c6 bao nhiéu
cach biéu dién sé nguyén duong n thanh téng cé tinh thit tu cac
cua cac sé nguyén duong khéong vugt qua k?”, ta c6 thé phat
biéu thanh mot bai toan kha thu vi nhu sau:

Bai toan 27. Cho moét cay k-phan day di ma moi dinh khéong
phdi la déu c6 dung k dinh con. Méi canh néi 1 dinh véi cac dinh
con ctia né dugc danh sé tir 1 dén k. Hoi c6 bao nhiéu duong di tit
goc dén la sao cho tong cac sé6 danh trén cdc canh thuéc dudng
di diing bang n?

Tat nhién c6 nhiéu cach dé chuyén mé hinh ma cach dac sac,
thu vi nhat van la chuyén dai theo graph, tuy nhién, doé 1a mot
cau chuyén dai khac. O day, ta chi xét mot sé6 moé hinh chuyén
dai va bai toan mo6 phong mot goc do nao dé ctia van dé nay.

3. Khai thac va md rong bai toan

Trong phan nay, ta sé xét mot sb6 bai toan don gidn va tu do
phat trién lén thanh cac bai kh6 dan dan hodc cac dang lién
quan. Khai thac cac bai toan luén giup ta chti dong hon trong
qua trinh xt 1y cac bai toan, khong sg gap cac dang Toan la va
c6 thé tim dudc cac lién két gitra bai toan méi v6i nhing hiéu
biét c6 san ctia minh.

Bai toan 28 (Mot s6 van dé vé td6 mau va dién so).

1) Ban cd 7 x 7 ¢6 cac 6 dugc dién cac sé la —1, 1. H6i ¢6 xay ra
truong hdp téng cdc sé & cac hang, cot va dudong chéo déu
phan biét hay khong?

Khong thé xay ra do gia tri ctia cac tong nhan dugc la tu
—7 dén 7, c6 15 s6; trong khi cac gia tri can phan biét ctia

7 hang, 7 cot va 2 dudng chéo thi c6 dén 16.
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2)

3)

4)

5)

Cau héi tuong tu néu kkhong tinh hai duong chéo.

Ta chiing minh dugc truéng hgp trén cung khong thé xay
ra do cac téng trén chi nhan gia tri 1é tir —7 dén 7. Ro6 rang
c6 tat ca 8 gia tri nhu thé la —7, —5, -3, —1, 1, 3, 5, 7.

Tuong tu 2) nhung tim sé gia tri phan biét 16n nhat ma cac
tong cua hang va ctia cét cé thé nhan duge.

Ta sé xay dung mot bang dé chi ra rang tén tai mot bang
s0 ¢6 thé nhan 8 gia tri da liét ké & trén nhu sau:

1 1 1 1 1 —1
1 1 1 1 —1] -1
1 1 1 —1|-1|-1
1 1 —1|-1]-1]-1
1
1

U YU TN WY YUY | Y

—-1|-1]1 1 -1 -1

Ta thay rang 6 cot dau nhan cac gia tri 1é tir 7 dén —3, cot
cudi nhan gia tri la —7; trong khi dé, hang cudi nhan gia
tri la —5 nén thoa man.

Cau hoi tuong tu 3) nhung thay bang 7 x 7 béi 2015 x 2015.

Tit bai toan trén, ta du doan két qua la 2016. Van dé 1a phan
bb cac sob thich hgp sao cho ddm bao nhan d 2016 sb.

Ta c6 thé ap dung y tudng xay dung cho bang 7 x 7 vao bai
toan nay; cu thé la cho cac cot nhan cac gia tri thich hgp
tir 2015 dén —2011, thém sbé —2015  cot cudi. Chu y rang sb
con lai 1a —2013 tao thanh béi 2014 s6 —1 va 1 s6 1 va dudc
sap xép cho xuat hién 6 hang cudi bang cach dua cac s6
—1 6 moi cot xudng cudi la hoan tat.

van la van dé dién sé vao bang 7 x 7 nhung gid ta sé quan
tam dén tich. Hoi c6 thé xay ra trudng hop tich cac sé thudc
cac hang déu la 1 va cac cot déu la —1 hay khong?

Khong dudc do néu lay tich ctia cac hang nhan lai véi nhau
thi dugc A = —1; con lay tich ctia cac s ctia cac cot nhan
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6)

7)

8)

lai v6i nhau thi dugc B = 1. Tuy nhién, A, B lai déu la tich
cua tat ca cac s6 trén bang nén vo ly.

Cau hdi tuong tu 5) nhung thay diéu kién thanh tich méi
hang va méi cot déu la 1. Héi c6 bao nhiéu bang nhu thé?

Ta thay rang trong tinh hudéng nay, bang la ton tai (vi it
nhat, ta c6 bang gom toan s6 1). Quan sat cach dién vao
bang véi kich thude nhé hon, chang han 3 x 3,4 x 4, ... ta
thay rang viéc dién sb chi phu thuodc vao bang con & goc
trén bén trai; hang cudi va cot cubi déu co thé dién mot
cach xac dinh va duy nhét (cha y rang 6 6 cudi cung dién
dugc). Tir day suy ra s6 bang can tim la 23 (do méi 6 ctia
bang 6 trén c6 hai cach dién la 1 hoac —1).

(Pé thi thit VMO Vién Toan) Cho bang m x n véim, n € Z+.
Hoéi ¢6 bao nhiéu cach té6 mau cac 6 vuéng cua bang sao cho
s6 luong 6 dudc t6 & méi cot va méi hang déu chan?

RO rang bai nay vé6i bai trén 1a mot, ching qua khac nhau
& cach xay dung van dé. Bang cach lap lai 1ap luan tuong
tu, ta c6 dap s6 1a 20m—xn—1),

(Colombia MO) Cé bao nhiéu cach dién sé vao ban cd kich
thuéc 8 x 8 béi cac s6 —1 va 1 sao cho téng cdc sé & cac hinh
vuong con 2 x 2 déu bang 0?

Tuong tu y tudng ctia hai bai trén nhung 6 day, yéu to6
quyét dinh khong phu thudc vao bang 6 vuéng nhu trén
nita ma lai 1a moét hang nao dé ctia bang, chang han la
hang dau tién. Néu hang doé co cac s6 —1, 1 xen ké nhau
thi r6 rang cac hang con lai cung sé dugc dién tuong tu
hodc ngudc lai va nhu thé thi méi hang sé c6 hai cach
dién, ta sé€ c6 28 cach dién.

Trong truong hop ton tai hai sé6 giong nhau ding canh
nhau thi dé thay cac sb6 con lai xac dinh duy nhat theo
hang do6, 6 day ta c6 28 — 2 cach dién (loai di hai cach dién
xen ké). Vay tdng cong co6 28 + 2% — 2 = 510 cach dién.
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Con lai 1a hai bai tap tu luyén:

9) C6 bao nhiéu cdch dién sé vao ban ¢d 4 x 4 bdi s6 —1 va 1
sao cho tong cdc sé 6 méi hang va méi coét déu bang 0?

10) (AIME, 2007) C6 bao nhiéu cach té6 mau 12 6 cua bang 6 x 4
sao cho moi hang c¢é hai 6 va moi cot ¢6 ba 6 dugc t6?

Bai toan 29 (Vé tap con va hoan vi).

1) Chotap hop S ={1, 2, 3, ..., 2n}. Héi c6 bao nhiéu tap con T
cua S sao cho T khong chita hai phan tita, b ma|a—b| =n?

Ta chia cac s6 vao bang nhu bén dudi:

1 2 3 ... n
n+ln+2n+3|... | 2n

RO rang moi cot sé cho ta 3 cach tao tap con la: chi chon
s6 6 trén, chi chon s6 6 dudi hodac khong chon s6 nao ca.
Chu y thém rang chung c6 mot yéu té quan trong la cac
cOt doc lap véi nhau nén dap s6 bai toan sé la 3.

2) Cau héi tuong tu néu thay diéu kién laa +b = 2n + 1.

Xay dung bang tuong tu nhung déi viéc ghép cap trong cac
cot lai (cac s6 iva 2n+1—1 sé dude ghép v6i nhau), dap sb
bai toan van la 3.

3) Cau hdi tuong tu 1) néu thay 2n béi sén tiy y, cu thé la: Cho
tap hop S ={1, 2, 3, ... n}. Héi ¢6 bao nhiéu tap con T ctia S
sao cho T khong chita hai phan tit a, b mala —b| = [2]?

Ta xét hai truong hop:

e Néu n = 2m la s6 chan thi tuong tu 1, dap so la 3™.

e Con néu n = 2m + 1 la s6 1é thi ro rang cac so trong
bo (1, m+1,2m+ 1) sé co lién hé véi nhau; ta thay c6 5
cach chon cho cac s6 trong bo nay: chon titng s6 hoac
khong chon s6 nao hoac chon s6 1 va 2m + 1; cac sb
con lai van nhu cta. Pap s6 1a 5-3m™ 1.
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4)

5)

6)

Cau héi tuong tu 2) néu thay 2n béin tiy y.

Trong truong hgp chan, dap s6 van nhu cii; néun = 2m+1
1é, ta thay s6 m + 1 cé dugc chon vao tap con hay khong
cung khong anh hudng nén dap s6 1a 2 - 3™.

Giadi lai cau dau tién bang cach st dung nguyén 1y but trit.

Ta thay rang y tuéng chia bang nhu trén la mot dang xay
dung mé hinh kha tét. Tuy nhién, ta hoan toan cé thé su
dung mot cach dém tu nhién la dung nguyeén ly bu trir dé
thuc hién cong viéc nay.

Goi A la tap hop cac tap con chua it nhat mot cap sé (a, b)
ma |a — b] = n. Goi A; la tap con c6 chua cap (i, i +n) voi
1 <1< n.Khido, taco

A:A1UA2UA3UUAn

Theo nguyén ly bu tru thi:

’A’:Z’A1|_Z !AiﬂA]-!+Z|AimAijky_...

1 set 2 sets 3 sets

Tuy nhién, do tinh binh ding nén ta chi can tinh dai dién
mot tap hop nao dé. Ta c6 |A| = 222 (do da c6 dinh hai s6
1 van+ 1 vao tap con, cac phan tit con lai c6 2 cach chon
la thudc tap con hay la khong). Tuong tu |A; N A,| = 2204
va cu nhu thé. Khi do, s6 tap hdp con can tinh sé la:

22 |A| =22 -l 2t 3 O O (1) 20,

Chu y rang tong cudi chinh la khai trién nhi thic Newton
cua (22—1)" =3™.

(IMO, 1989) Cau héi tuong tu néu thay tap con béi hai phan

it lién tiép ctia hoan vi. Chitng minh rang sé hoan vi nay
nhiéu hon sé hodn vi khong théa man tinh chat tuong ting.

Ta cung thuc hién viéc dat tuong tu trén va dugc két qua
laCl.2.-(2n—1)1—C2 22 (2n—2)l+ C3 - 28 (2n —3)l — - --
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7)

8)

Tuy nhién, dé danh gia truc tiép cho téng nay la khong dé.
Ta c6 thé “cat” tong ngay doan tritr va dua vé danh gia:

cl.-2-2n—1)!—-C%.22.(2n—2)! >%-(2n!).

Tuy nhién, diéu nay c6 thé dudc thuc hién dé dang bang
cac bién ddi dai sé.

Véin > 2, tinh sé hodn vi ctia a,, a, as, ..., A, cua cac sé
(1,23, ... n}théaai, —a; <1vdimoii=1,2,3, ... n—1.

Goi S,, 1a s6 cac hoan vi dang nay. Gia stt a; = n thi do
diéu kién a;;; —a; < 1 nén a;_; = n— 1 va cua thé, suy ra
a, =n—1i,cacsbceonlailal, 2 3, ..., n—1—1 tao thanh
hoan vi théa man diéu kién da cho nhung c6 n—1i—1 phan
tdvalaS, i 1. Dol<i<nnéntaco

Sn= Sni =851 +S2+S3+---+ 5,1,
i=0

Ta cung c6 S; = 0, S; = 2 nén bang quy nap, ta chung minh
duge S,, = 2™ v6i moi n > 1.

(Dé chon doi tuyén KHTN, 2010) Cau hdéi tuong tu 7) nhung
b6 sung thém diéu kién a; #ivéimoii=1,2,3, ..., n.

Pay la mot bai kho va dé tim duge dap sé6 dung cang vo
cung rac roi. Dé gidi quyét, ta sé dém cac hoan vi théa man
diéu kién 6 bai 7) nhung khong théa man diéu kién 6 bai
8), dat la diéu kién T, tac la trong hoan vi ¢6 it nhat mot
chi s6 ima a; =1i.

Ta thay rang néu ton tai i #j ma a; =i, a; = j thi véi moi k
ma i < k <j thi a, = k. Goi x, y lan lugt 1a s6 nhé nhat, 16n
nhat théa man a; =1, 1 <1 <nvéi 1 <x <y < n. Tanhan
xét rang voi cac s6 a, ma k < x thi chi c6 thé nhan cac gia
tri tit y + 1 dén n; tuong tu, véi cac sé a, ma k >y thi chi
c6 thé nhan cac gia tri tir 1 dén x — 1.

Khi d6, dé thay rang néu hai dai lugng x — 1, n — y khac
nhau thi khong thé tén tai cach sap xép nén ta phai luon

cox—l=n—yhayx+y=n+1
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9)

V6i méi x ma 1 < x < [, tuong tu cach tinh s6 hoan vi
théa man diéu kién bai 7) 6 trén, ta thiy s6 hoan vi théa
man la 22:72) néu x > 2 va bang 1 néu x = 1. Khi do, s6
hoan vi thdéa man diéu kién T la:

[n+1

]
1+ ) 20 =14

N [
i=2

2]

i]4x_2:1+4[2]—1 ol +2
i=2

3 3

Vay s6 hoan vi can tim chinh la:

n+l1

4= 49
—

2n—4

(VMO, 2009) Cho s6 nguyén duong n > 1. Ki hiéu T la tap
hop 2n sé nguyén duong dau tién. Hoi cé bao nhiéu tap con
S ctia T théa man tinh chat: trong S khong ton tai hai sé6 a, b
mala—bl e{l, n}?

bap sb ctia bai toan nay la:

B+v2)(1+v2)" +(3—v2)(1—v2)" —2(-1)"
y .

Bai toan 30 (Mot sb bai toan dém hinh hoc).

1)

2)

3)

Cho bdng 6 vuéng 6 x 6. Co bao nhiéu hinh chit nhat?

Chi can chon ra 2 hang, 2 cot trong bang la dugc hinh ch
nhat, dap sé 1a (C2)°.

Cau héi tuong tu néu thay hinh chit nhat bdi hinh vuéng.

Dém cac loai hinh vuéng kich thuéc 1 x 1, 2x2, ..., 6 x6 dé
phat hién ra quy luat vé s6 lugng ctia chung la 62, 52, 42, ...,
1% roi cong lai.

Cau héi tuong tu 1) néu hinh chir nhat thay béi tam gidc
vuong, tam giac vuoéng can.

Chu y sb lugng hinh vudng gap 4 lan s6 tam giac vuong
can va s6 lugng hinh chit nhat cang gap 4 lan s6 tam giac

vuong thong thuong.
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4)

5)

6)

Cau héi tuong tu néu thay béi hinh vuéng cé canh khéng
nhat thiét song song véi canh ctia hinh vuéng ban dau.

Chu y rang sé c¢6 mot sé hinh vuong nghiéng, chung sé noi
tiép trong cac hinh vudéng thong thuong. Ta chi can tinh
xem v6i moi hinh vuéng thong thuong, cé tat ca bao nhiéu
hinh vuong nghiéng la c6 dugc cau tra 16i.

Cho i tam giae nhu hinh vé bén duéi. Hoi trong do ¢6 bao
nhiéu hinh binh hanh?

Ta chiéu cac diém lén mot dudng thing song song véi 1
trong cac canh ctia tam giac da cho, gia st la canh BC.
bém cac hinh binh hanh c¢6 2 canh song song véi 2 canh
con lai ctia tam giac ban dau, gia st 1a AB, AC bang cach
chon ra 4 diém theo thit tu trén dudng thang da chiéu.

RO rang v6i tam giac c6 canh duge chia thanh n phan thi

s6 cach sé la C%_, nén tong cong c6 tat ca 3Ch ,.

Cung léi tam gidc trén, héi cé6 bao nhiéu tam giac déu?

bém bang truy hoi va bu trur, dat S, 1a sé tam giac trong

truong hgp chia canh thanh n phan thi ta c6 cong thuec la:
S2n)=3-S(2n—1)—3-S(2n—2)+S(2n—3) + 2
S2n+1)=3-S2n)—3-S2n—1)+S(2n—2) +1
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7)

8)

9)

10)

Cong thiic trén c6 thé hi€éu dé dang la viéc thu nho s6 canh
lai 1 don vi thi tuong ung v6i moéi dinh, ta c6 1 tam giac; khi
thuc hién cong sb tam giac & cac dinh thi c6 phan chung,
trit ra, roi lai bu vao. Sau cung, ta cong thém tam giac 16n
4 ngoai. Tuy nhién, cha y rang trong trusng hgp sé chan,
tam giac tao béi trung diém 3 canh chua dudgc xét vao nén
thay vi cong 1, ta cong thém 2. Bap s6 bai toan sé€ la:

S(n) = Mt 2)8(2“+ Do 120 (mod 2)
S(n) = n(n—l—2)(28n+ - 1, n=1 (mod 2)

Cau hoi tuong tu 6) nhung cho phép vé thém canh.

bap sb cuia bai toan nay kha thu vi. S6 tam giac déu bang
5 s0 hinh binh hanh va la Cj, ,.

Khi chia mét da giac 16i hodc 16m cé n canh thanh cdc tam
giac thi c6 bao nhiéu tam giac tong cong?

DPap s6 bai toan 1a n—2. C6 thé ching minh bang quy nap.
Héi ¢6 bao nhiéu cach chia mét da gidc 16i thanh cdac tam
giac mot cach tuy y?

bay 1a mot bai toan kha rac réi, ching minh bang quy nap
va dap s6 chinh la sb Catalan ndi tiéng —C». .

Cau hoi tuong tu 9) nhung thay tam giac tiy y bdi tam gidc
c6 it nhat mot canh la canh cua da giac ban dau?
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CAC VAN BE
CO PIEN VA HIEN DAI

Tran Nam Dung (PHKHTN, PHQG Tp HCM)

Chuyén muc nay danh cho cac van dé c6 dién va hién dai dudc
trinh bay duéi dang cac bai toan xau chubi. P6 c6 thé la chubi
cac bai dé giai bai toan dang chu, ching minh dang thic Euler
ky hiéu 1+ 2% + 3% +.= %2, mot chudi bai toan van tru. . . Cach
trinh bay xuat phat tit nhiing van dé don gian, dé hiéu, nhiing
khai niém méi sé dugc dinh nghia luén trong bai dé co6 thé doc
tuong doéi doc lap. Va moéi mot chudi bai sé néu ra nhiing van
dé nhat dinh, c6 th€ la giai quyét mot bai toan kinh dién hay
néu ra nhing gia thuyét méi, nhiing van dé méi.

1. Phuong trinh Diophant 1

bé toan dé nghi cho Hoi nghi muia hé ctia cudc thi toan gitra cac
thanh phé nam 2013, dé xuat bdi S.Grigoriev, K. Kuyumzhiyan,
A.Petukhov, A.Semchenkov.

Pinh Iy 1 (Gauss). Mot s6 nguyén duong co thé biéu dién duogc
duéi dang tong ctia ba binh phuong khi va chi khi né cé kkhéng co
dang 4™(8m — 1).
Bai toan 1. Chung minh rang cac phuong trinh

2x* +2xy —y* =1, (1)

X —xy+y*=2 2)
khong c6 nghiém nguyén.
Bai toan 2. Chung minh rang phuong trinh:

x* + 1000xy + 1000y* = 2001

c6 vo s6 nghiém nguyén.
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Bai toan 3. Chung minh rang cac phuong trinh:

x? — 2y2 =1, (1)
x? —3y? =1, 2)
x? —6y* =1 (3)

c6 vo s6 nghiém nguyén.

Bai toan 4. C6 dinh s6 nguyén t6 1é p. Chiing minh rang phuong
trinh x*> — py? = —1 ¢6 nghiém nguyén khi va chi khi p c6 s6 du
la 1 khi chia cho 4.

Bai toan 5. Chung minh rang v6i moi m, s6 nghiém ctia cac
phuong trinh sau la nhu nhau:

x* —xy+y*=m, (1)
3x? + 9xy + Ty? = m. (2)

Bai toan 6. Chung minh rang v6i moi n € Z, phuong trinh:
x*+y’=n

c6 nghiém nguyén khi va chi khi né ¢6 nghiém htru ty.

Bai toan 7. Hay néu vi du mot phuong trinh bac hai véi hé sb

nguyén, c¢6 nghiém hiru ty nhung khong cé nghiém nguyén.

Bai toan 8. Chung minh rang véi moi s6 nguyén duong a, b, ton
tai vo s6 cac s6 tu nhién m sao cho phuong trinh ax? + by? = m
khong c6 nghiém nguyén.

Bai toan 9. Chung minh rang v6i moi s6 nguyén m phuong
trinh x? + 2y? — 3z> = m khong c6 nghiém nguyén.

2. Cac dang toan phuong

Mot da thirc thuan nhat bac hai ctia n bién s6 duge goi la mot
dang toan phuong. Theo dinh nghia, dang toan phuong f dai
dién s6 m néu phuong trinh f = m c¢é nghiém nghuyén khac
0 (tac la nghiém ma trong d6 khong phai tat ca cac bién déu
bang 0, luu y, khong phai dang toan phuong nao cang dai dién
0). Hai dang toan phuong dudc goi la tuong duong néu chang
cung dai dién mot tap hgp so.

140

https://tieulun.hopto.org



Bai toan 10. Hay mo ta tat ca cac s6 nguyén, dudc dai dién béi
cac dang x> +y? x* —y? va x? + xy + y>.

Bai toan 11. Chung minh rang cac dang toan phuong: f(x, y),
f(x—y, y), f(x, y—x), f(—x, y), f(x, —y) d6i moét tuong duong nhau.

Bai toan 12.

1) Ching minh rang cac dang toan phuong x%+y?, x*+xy +y?
khong tuong duong.

2) Chung minh rang cac dang toan phuong 4x? — 6xy + 5y?
khong tuong duong véi dang toan phuong ax? + by? véi moi
sO nguyén a va b.

Pinh nghia 1. Dang toan phuong dugc goi la:
1) Xdc dinh duong néu né chi dai dién cho cdc sé duong.
2) Xac dinh kkhong am néu né chi dai dién cho cac s6 > 0.
3) Xac dinh Gm néu né chi dai dién cho cac sé am.
4) Khong xdc dinh néu né dai dién ca sé duong lan sé6 am.

Bai toan 13. Hay néu vi du mét dang xac dinh khong am ma
khong phai xac dinh duong.

3. So hoc md rong: so p-adic
Pinh 1y 2 (Legendre). Moi s6 nguyén duong déu co thé bieu dién
duéi dang tong binh phuong ctia 4 sé6 nguyén.

Bai toan 14. Cho m va n la cac s6 nguyén khong chinh phuong.
Néu phuong trinh:
22 —mx* —ny?* =0 (1)

c6 nghiém htru ty khac 0 thi cac diéu kién sau dugc théa man:
1) It nhat mot trong hai s6 m, n duong.
2) m la thang du binh phuong theo modulo n.
3) n la thang du binh phuong theo modulo m.
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Bai toan 15. Hay dua dinh ly tong quat vé dang toan phuong
hai bién vé 16i giai ctia phuong trinh dang (1).

Pinh nghia 2. Biéu thiic dang:
ap Ctaaqp T anpt 2)

(k la sé nguyén bat ki, a; € Z) dudce goi la sé p-adic. Néu k < 0,
thi ta goi (2) la sé nguyén p-adic.

Bai toan 16. Chung minh rang phuong trinh véi hé s6 nguyén
f = 0 c6 nghiém trong Z, néu va chi néu né cé nghiém trong hé
thang du modulo p™ v6i moi n € Z>,.

Bai toan 17. Khi nao s6 p-adic dang (2) bang 0?

Bai toan 18. Chung minh rang tich ctia hai s6 p-adic khac 0
khong bang 0.

Bai toan 19. Chung minh rang Q C Q, v4i moi s6 nguyén to p
(chuing minh rang v6i moi cap sé nguyén (m, n) khac 0, ton tai
s6 p-adic x sao cho nx = m).

Bai toan 20. Chung minh rang —1 la s6 chinh phuong trong
tap hogp cac s6 p-adic khi va chi khi p dong du 1 theo modulo 4.

Bai toan 21. Hay mo ta cac so6 p-adic 1a s6 chinh phuong.

Bai toan 22. Chung minh riang moi s6 3-adic khac 0 c6 dang
x2, hay 2x?, hay 3x?, hay 6x? v6i s6 3-adic x nao dé.

Bai toan 23. Cho p la s6 nguyén t6 1&, con x4, ..., x5 la cac so
p-adic khac 0. Chiing minh rang % la so chinh phuong trong
tap cac s6 p-adic v6i i, j nao dé (1 <i<j <5).

Bai toan 24. Chiing minh rang v6i moi s6 nguyén t6 1€ p ton
tai cac s6 p-adic khac 0 1a x4, x2, X3, ..., X,—1 sao cho:

XT+x3 4 +x0  +1=0.

Bai toan 25. Chung minh rang phuong trinh x> + x +1 =0 ¢6
dung hai nghiém trong tap cac s6 nguyén 7-adic.

Bai toan 26. Chung minh rang phuong trinh x*> +y% = —1 ¢6
nghiém trong cac s6 p-adic v6i moi s6 nguyén t6 1é p.
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Pinh ly 3 (Nguyén ly Minkowsky-Hasse). Phuong trinh bac hai
f = 0 ctla mét sé bién c6 nghiém hitu ty khi va chi khi né dong
thoi co nghiém trong:

e Tép hop cac sb thuc.

e Tap hop cac sé p-adic (:= Q,) v6i moi s6 nguyeén té p.

Bai toan 27. Chung minh nguyén ly Minkowsky-Hasse cho
phuong trinh 1 hodc 2 an so.

Pinh nghia 3. Pdt (a, b), = 1, néu z’ — ax’ —by* = 0 c6 nghiém p-
adic, va dat (a, b),, = —1 trong truong hgp nguoc lai. Gia tri(a, b),,
dudc goi la ky hiéu Hilbert ctia cap (a, b) dbi véi s6 nguyén té p.

Bai toan 28. Chung minh rang véi ky hiéu Hilbert, ta c6:
1) (a, b)]D = (b, a)p.
2) (a,c?), =1,
3) (a, —a)p =1, (a,1— a)p =1

4) (a,b), = (a, —ab), = (a, (1 - a)b)p.

Bai toan 29. Gia st (q, b), = 1. Ching minh rang v6i moi a’, ta
déu cé (a’, b), = (aa’,b),.
Pinh nghia 4. D€ viét gon cong thiic tudng minh cho ky hiéu
Hilbert, ta can dén ky hiéu Legendre (%) xdc dinh v6i moi so
nguyén x va sé6 nguyén té p. N6 bang 1, —1 hay 0 tay thudc vao x
c6 phdi la thang du binh phuong, khéong thang du binh phuong
hay 0 theo médun p. Véi sé nguyén té 18 p, ky hiéu Legendre dugc
tinh theo cong thitc (%) =x" (mod p).

Bai toan 30. Cho p la s6 nguyén t6 1€, a = p*u, b = pPv, trong
doé «, B, u, v 1a cac s6 nguyén sao cho u va v nguyén toé cung
nhau véi p. Ching minh rang

B Iod
(@), = (0 (2) (2
p) \p

Bai toan 31. Tim cong thirc tuong minh cho (a, b), v6i moi cap
sO nguyeén a, b.
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Bai toan 32. Chung minh rang (a, b), - (a, b'), = (a, bb’), véi
moi s6 nguyén a, b, b’.

Bai toan 33. Chiing minh rang phuong trinh ax? + by? = ¢
(a, b, ¢ 1a cac tham s6, con x, y la cac an s6) c6 nghiém trong
tap hop céc so p-adic néu va chi néu (¢, —ab), = (a, b) .

Bai toan 34. C6 dinh da thic thuan nhat:
f=ax’+ay+-+ax2 (n>2),

trongdo ay, ..., ay #0. Patd =aq1ay---a, va
€=H(ai7 aj),. (3)
i<j

Chung minh rang phuong trinh f = 0 ¢6 nghiém khac 0 trong
tap cac so p-adic khi va chi khi xay ra mét trong cac diéu sau:

1) n =2 va d la s6 chinh phuong trong Q,,.
2) n=3va(—1,d) =e.
) n=4vad#o’ hodclad=o’vae= (-1, 1),

4) n > 5 (tic la néu f phu thuoc vao 5 hay nhiéu bién thi
phuong trinh f = 0 c6 nghiém khac 0 trong Q, v6i moi p.)

Tu dinh ly 34 hay suy ra ménh dé sau:
Bai toan 35. C6 dinh da thuc thuan nhat:
f=ax]+axs+- -+ anxy (n>2),

trong d6 ai, ..., a, # 0 va s6 nguyén a # 0. Pinh nghia d va ¢ béi
cong thuc (3). Chung minh rang phuong trinh f = a c6 nghiém
trong tap cac s6 p-adic khi va chi khi moét trong cac diéu kién
sau day dugc théa man:

1) n =1, va s6 § la s6 chinh phuong trong Qy;

2) n=2va (a, —d)p =g,
3) n = 3 va ad khong chinh phuong trong Q,, hoac la ad chinh
phuong va ¢ = (—1,—d) ;
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4) n > 4 (di€éu nay cé nghia la néu f phu thudc vao 4 hay
nhiéu hon bién s6 thi phuong trinh f = a ¢c6 nghiém khac
0 trong Q, v6i moi p).

Bai toan 36. Chung minh nguyén ly Minkowsky-Hasse.

Bai toan 37. St dung bai toan 35 va nguyén ly Minkowsky-
Hasse, hay ching minh ring sé nguyén n biéu dién dugc duéi
dang téng binh phuong ctia ba s6 hiru ty khi va chi khi né
khong c6 dang 4%(8b — 1), tic la khi —n khong phai 1a s6 chinh
phuong trong Q..

Bai toan 38. C6 dinh s6 nguyén n. Chiung minh rang néu tén
tai cac s6 hittu ty x, y, z sao cho x* + y2 + z? = n, thi cang ton tai
cac sb nguyén x’, y', 2 sao cho (x')’+(y’)* +(z/)* = n. Tir day hay
suy ra két luan cua dinh ly Gauss.

Bai toan 39. Tir dinh ly Gauss hay suy ra dinh ly Legendre.
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BAI TOAN CHUYEN XE BUS

Lé Ta bang Khoa (Pai hoc FPT, Tp HCM)

1. Mé dau

Xe buyt 1a mot trong nhiing phuong tién giao thong huyét mach
cua thanh pho, xap xi 1én dén 33 nghin chuyén moéi ngay. Vi vay,
lap tuyén xe buyt méi va toéi uu tuyén xe buyt ca la mot trong
nhing uvu tién hang dau cta thanh phé.

Mbi tuyén xe buyt thuong dudc biéu dién béi mot doan thang cé
do dai c6 dinh va mot sbé tram xe buyt nam gitra hai dau mut.
Nguoi dan mudn cac tram nam sao d6 d€ téi uu thoi gian di
chuyén ctia ho. Vi vay, déi tugng can dudc téi vu la thoi gian di
chuyén trung binh ctia tat ca ngusi dan.

2. Mo hinh

Chung ta xét mo hinh sau:

Gia stt ¢6 mot con dudng dai L km. Dan s6 duge phan bo déu
nhau trén suét con duong nay. Chung ta can tim sé tram xe
buyt va vi tri téi uu cia chung dé giam thi€u thoi gian di chuyén
trung binh ma mot hanh khach phai bo ra, dé di tir mot diém
bat ky trén duong dén mot diém bat ky khac.

D€ di tit P dén Q, mot hanh khach phai di bo dén tram xe buyt
gan P nhat, sau do lén xe va dirng lai 6 tram xe buyt gan Q nhat,
roi di bo dén Q. Néu c6 hai tram xe buyt cach P mot khoang nhu
nhau, hanh khach sé chon tram dé€ giam thiéu sé tram phai di
(tuong tu néu c6 hai tram cach Q mot khodng nhu nhau).

Toc do di bo 1a W km/h, téc do ctia xe buyt la B km/h, va mot
chiéc xe buyt phai danh khoang S git d€ nhan thém hoac bo ra
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cac hanh khach & méi tram. Chung ta ky hiéu T(P,Q) la thoi
gian ma hanh khach phai bo ra dé di tit P dén Q.

Chang han ta xét ban d6 sau véi do dai quang dudng L = 20 km:

0 5 10 15 20
i T N B e e G T T T A T T T 11 G_G P,
1 2 P Q 3 R 4 5
O bus stops

Q sample points

Co 5 tram xe buyt va 3 vi tri ngau nhién trén ban do, ta tinh
thoi gian di chuyén gitia cac vi tri nay:

1. PE di tir P dén R, hanh khach can di 1 km dén tram 2, sau
d6 qua 2 tram v6i do dai 14 km xudng tram 4, roi di bo 1
km dén R. Tong thai gian la:

1 14 1 2 14

T(P’R):W+§+QS+V_V:W+§+2S'

2. Tuong tu, dé di tir Q dén R, ta can thoi gian:

1 3 14
— S 2 s
T(Q,R)=T(P,R) W W—I-B—I- S
3. Dbé di tit P dén Q, hanh khach sé di bo 1 km dén tram 2, di
xe buyt 0 km dén tram 2 (nghia la khong lam gi ca), roi di
bo 2 km dén Q. Tong thoi gian la:
1 0 2 3
T(P,Q) —W—l—E—FOS—Fw—V—V.
(Truong hop nay chi dung dé minh hoa thuat Toan di,
khong cé y nghia thuc té.)

Chung ta théng nhat mot vai diéu kién va ky hiéu:
e Ludn c6 mot tram xe buyt 6 2 dau mut ctia doan duong.

e Gidsttvitrichacactramla 0 =x; < --- < xp_1 < Xp = L,
khi do6 ta biéu dién tuyén xe buyt A qua bo sap xép tram
la A = (x1, X2, ..., Xn—1, Xn).

148

https://tieulun.hopto.org



e Tuyén xe buyt A cing c6 thé dudc biéu dién thong qua bod
A= (dl, dg, ceey dnfl, dn), vGi di =Xi — Xi-1 vai=— 1,2,...,1’1.

e Ky hiéu E (A) la thoi gian trung binh dé di tir mot diém bat
ky nay dén mot diém bat ky khac trén tuyén xe buyt A, khi
bo sap xép tram ctia tuyén nay dugce c6 dinh.

3. Cau hoi
Bai toan 1.

1) C6 dinh n va bé qua thoi gian don va tha hanh khach &
moi tram. Ching minh rang bo sap xép téi uu xay ra khi
cac tram xe buyt cach déu nhau. Nghia la E(A) dat gia tri
téi thifukhid, =dy = ... =dn_1 = dy.

2) Xét truong hop L = 20, W = 5, B = 20, S = 0.05. Tim gia tri
ctia n dé t6i uu hoa E(A), biét A c6 n+ 1 tram xe buyt cach
déu nhau. (Do S khac 0 nén khong dam bao day la cach
sap xép tbéi uu nhat véi mot gia tri n bat ky.)

Bai toan 2. M6 hinh ctia chiing ta con nhiéu khuyét diém:

1) Hanh khach hoan toan c6 thé di bo truc tiép néu 2 diém
di va dén gan nhau.

2) Hanh khach thuong xuyén dén mot s6 noi nhu siéu thi, co
quan, nha riéng, .v.v. hon mot sé6 diém trung gian khac.

3) Dan sb phan b6 chua han da déng déu trén toan tuyén.

Dua trén cau 1.1) va 1.2), hay dua ra mot moé hinh c6 thé giai
quyét ba van dé trén. D€ don gian, ban van c6 thé gia sir tuyén
xe buyt 1a mot dusng thang.
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NHAN XET VE KY THI VMO 2015

1. Ve de thi

Ky thi chon hoc sinh giéi quoc gia mon Toan nam hoc 2014-
2015 (VMO 2015) dién ra trong 2 ngay 08 va 09/01/2015. Vé
tong quan, ta c6 thé thay rang dé thi nam nay hay, phi1 hgp véi
viéc tuyén chon hoc sinh gioi.

Cac van dé dat ra trong dé kha can ban, quen thudoc nhung
ciing c6 nhiing khé khan nhat dinh § tirng bai. Vi du bai té
hop khai thac chtt dé quen thuodc vé cac s6 chia hét cho 3 c6
cac chit s6 thudc 1 tap hgp (dung can bac 3 ctia don vi hoac
truy hoéi), nhung dua cht s6 0 vao gay chut rac roi. Bai 6 sb
hoc thi khai thac dinh ly Sylvester vé bi€éu dién dang t6 hop
tuyén tinh ax + by. Bai bat dang thic rat nhe nhang (so véi bat
dang thiic khting nam ngoai), cé thé gidi bang kién thic THCS
nhung cung gay kho cho khong it thi sinh.

Nam nay c6 mot di€m dic biét 1a chi ¢6 mot bai hinh hoc, lai 1a
bai kha kho nén c6 thé sé khién mot sé6 ban gidi hinh chua c6
co hoi boc 16 hét sé truong ctia minh. Thay vao mét bai hinh la
mot bai té hop dai, khong qua kho vé ban chat nhung doi hoi
kha nang doc hiéu cua thi sinh. Nhiéu thi sinh da chia sé rang:
"Em khong hiéu bai t6 hgp ho hdi gi?”. Qua that, kha nang doc
hiéu, xay dung va chuyén d6i moé hinh la diém yéu c6 httu ctia
hoc sinh Viét Nam.

Di vao chi tiét, ta c6 thé diém qua ting bai nhu sau:

Ngay 1 kha co ban, gom cac van dé it nhiéu déu da c6 gidi thiéu
trong chuong trinh Toan chuyén mot cach dai tra.
e Bai 1 (day sd) c6 cau a qua dé va quen thuoc, cau b lai

khé khan ky thuat nhat dinh, can sit dung dinh 1y kep,
don diéu hoac bé dé anh xa co. Nhiéu thi sinh bi 1an sau
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vao cau b clia bai toan dan dén thiéu thoi gian dé giai
quyét cac cau con lai.

o Bai 2 (bat dang thirc) thi khong qua dé cung khong qua
kho, né 1la mot bat dang thic déi xing, déng bac, dang
tuong d6i phd bién véi cac hoc sinh. D6i bién dé khit can
xong la c6 thé nhin ngay ra bat dang thic Schur bac 4 va
AM-GM. Bai nay c6 rat nhiéu cach giai nén sé rat tiéc cho
hoc sinh nao bo6 vé sau, vi day la vé chinh ctia bai toan.
Pay la mot bai toan kha hgp ly tuong xing véi vi tri ctia
no trong dé thi.

e Bai 3 (to hop) khai thac chii dé quen thudc (da xuat hién
trong cac dé thi Romania 2003, Phé thong ning khiéu
2009, Lam Dong 2014). C6 hoi rac réi 6 ché sé6 0 nhung
lai dugc "giai" bang diéu kién n < 10¥ (cha khong phai c6
m chir s6). Phuong phap can don vi giai quyét gon nhung
cung can trinh bay chat ché. Phuong phap truy hoi sé gay
kho mot chut vi ¢6 dén 3 day. O bai nay, c6 1é thi sinh lam
tron ven khong nhiéu, nhung giam khao cham sé kha mét.

e Bai 4 (hinh hoc phang) l1a bai hinh duy nhét, c¢6 hai cau
déu & muc do trung binh kho, nhung s6 hoc sinh lam tron
ven bai nay sé khong nhiéu. C6 thé thay chi1 dé vé phuong
tich, truc ding phuong van déng vai tro chti dao trong suét
cac nam gan day.

O ngay thi thit hai, dé thi so véi ngay dau tién da "gay séc", kho
ca vé ky thuat 1an tu duy. Nguyén nhan la khong cé bai hinh
va bai t6 hop phat biéu qua dai. Hai bai 5, 6 tuy quen thudc
nhung lai 12 phan ma céac thi sinh it d€ y. Vé y tuéng thi dé ngay
2 hay hon ngay 1.

e Bai 5 (day s6, da thic) tuong ddi co ban. Dung phuong
trinh dac trung hoac quy nap dé dang tim dugc cong thuc
fo = (2x — )™ + (x + 1)™. Kiéu bai toan chia hét nay kha
gibng véi nhing bai chia hét trong s6 nguyén. Cach lam
truyén thong la khai thac tinh tuan hoan ctia sé du. Tuy
nhién, thuc té nhiéu thi sinh khong cé6 phuong huéng gi.

e Bai 6 (s6 hoc) sé khong khé khan dé lam néu da quen
vGi dinh ly Sylvester. C6 hai bai toan mau truée do6 1la IMO
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1983 va Vietnam TST 2000. Cuiing nhu cac nam, bai s6 hoc
it khi xuat hién, nhung néu c6 thi né sé€ la mot bai kho.
Tuy nhién, néu chua biét dinh huéng st dung dinh ly nay
thi day qua la mot thit thach thuc su.

e Bai 7 (t6 hop) dé kha dai, quan heé giita cac khai niem kha
r6i va dé dan dén hi€u nham. Hoc sinh can chuyén vé mot
mo hinh toan hoc nao do6 (bang, graph hoac ham s6) dé
thay ro hon van dé. Thuc ra vé ban chat thi né chi 1a mot
bai toan dém co6 thé giai bang song anh va quy nap.

Nhu vay, nhin chung thi dé nam nay hay. Ngay 1 ra that co
ban va quen dé cho dai tra. Ngay 2 gay kho va phan loai. Qua
khéo sat mot s6 doi tuyén, thi sinh danh gia dé nay vira stc
va it nhiéu cung giai quyét dugc mot s6 ndi dung trong dé bai.
Du doan nam nay diém dat giai khuyén khich sé 6 vao khoang
13-15, con diém lot vao vong 2 dé thi chon doi tuyén IMO la 24.
Nam nay chac sé it giai nhat.

2. Ve két qua

Cong tac cham thi dugc trién khai 1 tuan sau ky thi. Két qua
cho thay du deé bai ngay 1 kha co ban nhung cac thi sinh van
gap rat nhiéu khé khan. Véi ngay 2, bai s6 7 hau nhu bi bd
trang. Mot sb thi sinh c6 tiép can nhung khong c6 tién trién gi
dang ké trong 1oi giai. Piéu nay mot mat noi lén diém yéu cb
httu cia hoc sinh Viét Nam vé t6 hop nhung cung ggi 1én mot
suy nghi rang viéc dua bai toan 6 mirc do tritu tugng cao nhu
bai 7 6 muc do thi HSG quoc gia la chua can thiét.

Thuc té cham thi cho thay bai toan nay hoan toan khong co6 y
nghia trong viéc phan loai hoc sinh, ké cac cac hoc sinh & top
trén. No6i cach khac, c6 thé bdé bai nay ma khong anh huéng
dén thit bac. Véi tinh hudng la thuc té chi con 34 diém nhu vay,
diém trung vi roi vao 12-13 diém, chinh la diém ma BGK chon
lay dé xét giai.

Két qua c6 téng cong 222 giai, trong dé c6 1 gidi nhat (danh cho

cac thi sinh ¢6 di€ém tir 30.0 tré 1én), 47 giai nhi (danh cho cac
thi sinh c6 diém tix 21.5 dén 29.5) 80 giai ba (danh cho cac thi
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sinh c6 di€ém tir 17 dén 21.0) va 94 giai khuyén khich (danh cho
cac thi sinh c6 diém tir 13 dén 16.5).

Trong ky thi nam nay, thanh tich xuat sac nhat thudc vé truosng
THPT chuyén DPHQG Ha Noi véi 1 gidi nhat, 3 giai nhi, 5 giai
ba, 1 khuyén khich. Giai nhat duy nhat PHQG HN, cung la duy
nhat ctia ky thi thuoc vé Nguyén Tuan Hai Pang, hoc sinh 16p
12 chuyén Toan.

Cac doi khac cung cang c6 thanh tich an tugng bao gom: Nghé
An (8 nhi, 1 ba, 1 KK), ba Nang (4 nhi, 3 ba, 1 KK), PHSP Ha Noi
(4 nhi, 1 ba, 4 khuyén khich) Ha Tinh (3 nhi, 6 ba, 1 KK). Tiép
theo la cac doi PTNK BPHQG Tp HCM, Nam binh, Hai Duong,
Bac Ninh. Dac biét Binh Dinh, sau nhiéu nam c6 thanh tich
khong may néi bat cing c6 2 giai nhi, 2 giai ba, 2 giai KK.

Ky thi nam nay ghi nhan su vuon 1én ctia cac doi von it duge
nhac tén 6 muc do thi HSG qubc gia mon Toan: Tuyén Quang,
bién Bién, Lai Chau, Lao Cai, Binh Duong, Vinh Long, Lam
Dbéng. Dac biét doi tuyén Dak Nong (mot trong nhimng doi tuyén
tré nhat) da cé 2 giai quoc gia dau tién vé mon toan: 2 gidi
khuyén khich. Mot su khich 1€ 16n lao cho cac ban tré yéu toan
vung cao xa xam.

Tiép ndi theo ky thi HSG quéc gia, theo ké hoach ctia Bo giao
duc va Pao tao, vao cubi thang 3 téi day, 49 thi sinh bao gom
cac hoc sinh dat gidi nhat va giai nhi ctia ky thi HSG qubéc gia
va em Nguyén Thé Hoan, thanh vién doi tuyén Viét Nam du
IMO 2014 (huy chuong vang) sé tham du ky thi chon doi tuyén
Olympic Toan Viét Nam (Vietnam TST) tham du IMO 2015 t6
chuc tai Thai Lan vao thang 7-2015.

Phan bd dia ly ctia Top 49 nhu sau: Cac truosng THPT chuyén
cap BoO chiém 11 suat, cac truong dong bang Bac Bo va duyén
hai chiém 17 suét, cac truong Bac Trung bo chiém 12 suat, cac
truong tit BDa Nang tré vao (trit PTNK thuoc DPHQG Tp HCM)
chiém 9 suat. Véi tinh chat hoan toan doc lap cta ky thi chon
doi tuyén, kha nang la ca 4 khéi nay déu sé dop gop dai dién
vao Top 6 nam nay.
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