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IIIVI/\V/\ZZ‘HIII I

MOQT SO KY HIEU TOAN HQC

Bang

Dbong nhat bang
Khong bang (khac)
Xap xi bang

Nho hon

Lon hon

Nho6 hon hoic bang
Lén hon hodc bang
Tuong duong

Gia tri tuyét dbi cua mot sb
Cong

Trur

Nhan

Chia

a liy thram

Can bac hai

Can bacn

Pon vi ao

Logarith co s6 a cia b
Logarith thap phan cua a

Logarith tu nhién (co so €) cua a

n giai thura
Tam giac

G6c phing
Cung

Poan thang AB

Vector AB
Vubng goc
Song song

a=b

a=b

azb

a=b

a<b

a>b

a<b

a>b

Ménh dé A <
ménh dé B
|al

a+b

a-b

a.b hoac axp

a:b hoac a
b

2’ =4
Ja=2
¥32=2
i>=-1
log,9=2
log10=1

41=1.2.3.4=24
AABC

ZABC

AB
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Song song va bang
bong dang .
Song song va cung chiéu

Song song va nguoc chiéu
do

phiit ; g6c phang hoic cung
gidy

AB ™ DC
AB T CD
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1. SO HQOC

1. Céc dau hiéu chia hét
Cho 2: S6 (va chi s6 d6) c6 chir s6 tan cuing chin hoic bang
khong.

Cho 4: S6 (va chi s6 d6) c6 hai chir s6 tan ciing bang khong hozc
lam thanh mét s6 chia hét cho 4 (quy uéc 4=04; 8=08).

Cho 8: S6 (va chi s6 d6) c6 ba chir s6 tan cuing bang khdng hoic
lam thanh mét s6 chia hét cho 8 (quy wéc 8=008; 16=016).

Cho 3: S6 (va chi s6 d6) c6 tong céc chir s chia hét cho 3.
Cho 9: S6 (va chi s6 d6) c6 tdng céc chir s chia hét cho 9.
Cho 6: S6 (va chi s6 d6) déng thai chia hét cho 2 va 3.
Cho 5: S6 (va chi s6 d6) c6 chir s6 tan cuing 1a 0 hoic 5.

Cho 25: Sb (va chi s6 d6) c6 hai chit s6 tan cing la 0 hozc lam
thanh mét sb chia hét cho 25.

Cho 11: Sb (va chi sé d6) c6 téng cac chit s6 & vi tri chin va
téng céc chir s6 ¢ vi tri 1¢ bang nhau hoic hiéu cua ching 1a mot
sb chia hét cho 11.

2. Cac gia tri trung binh
M, = a+a,+..+a; 1 Zai

n Nz

Trung binh nhan: M, =1/a,.a,..a,

Trung binh cong:
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n

Trung binh dieu hoa: M, = ——— -
—+—+..t+—
a, a

n

2 2 2
a’+a; +..+a
n

Trung binh binh phuong: M, = \/

I1. GIAI TICH KET HQP
A. CAC LOAI KET HQP

1. Hoén vi (khong lap)
Mot hoan vi cua n phan tir [a mot ddy cd tha ty cua n phan ti do,
mdi phan tir c6 mit trong diy ding mot lan.

S6 hoén vi khac nhau duoc tao thanh cua n phan ti ky hiéu 1a
Pn. S6 ndy bang tich tat ca cac sb nguyén lién tiép tir 1 cho dén
n, nghia 1a bang n!

Pn=1.2.3...n=n! (n giai thura)
Quy uac 11=1 va 0!=1.

2. Hoan vi lap
Cho n phan tir, trong d6 c¢6 n; phan tir gibng nhau thudc loai 1,
n, phan tir gidng nhau thudc loai 2,... n phan tir gibng nhau
thudc loai k, (n1+ny+... +m=n).

Sép xép n phan tir da cho thanh moi diy (cung do dai) co thé co.
M®bi ddy thu dwoc nhu vay goi 13 mot hoan vi lap cia n phan ti
da cho.
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S6 luong P, (N, n,,...,n, ) hoan vi lap bang:

n

Pn(nl,nz,...,nk):m
LR

(n+n,+..+n, =n,klass loai)

3. Chinh hep (khéng lap)
Cho n phan tir khéc nhau, k <n.

Ta goi mdt chinh hop chap k cua n phan ti 14 mot ddy cé thu ty
gom k phan tir chon tir n phan tar da cho, mdi phan tir c6 mat
trong ddy khdng quéa mot lan.

S6 chinh hop chap k c6 thé tao thanh tir n phan tir bang:
A‘=n(n-1)(n-2)..(n—(k-1))
=n(n-1)(n-2)..(n—-k+1)

|
Hay A‘= n

(n—k)!

Dic biét khi k=n, tacé A =nl=P,

4. Chinh hep lap
Cho n phan tir khéc nhau, c6 k 1a mot s6 ty nhién bat ky (k >n).

Trong dinh nghia chinh hop néu & muc 3 néu ta cho phép mdi
phan tir c6 thé c6 mat trén mot lan thi ta c6 dinh nghia cia chinh
hop lap chap k.

S6 lwgng chinh hop lap chap k cd thé tao thanh tir n phan tir:
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5. To hop (khong lip)
Tir n phan tir khac nhau ta tao nén nhirng nhdm gém k phan ti
khac nhau khong dé ¥ dén tha tu cua cac phan ta trong nhdm tao
thanh. M&i nhom thu duge theo cach d6 goi 1a mot t6 hop chap k
ctia n phan tir da cho (k <n).

S6 Iwong t6 hop chap k cd thé thanh Iap tir n phan tir bang:

cr AC n(n-1)..(n—k+1)

T K1
Hay:

K n! . 0o_
C, _—k!(n—k)! (quy usc C, =1)

Céc tinh chét cia C* :

Cy=C" (0.1)
Cra=Cr+Cy; (0.2)

Cy =P, (k;n—k).

6. To hop lap
Néu trong dinh nghia cua té hop & muc 5 ta cho phép mdi phan
tir dwoc c6 mat nhiéu lan thi mdi nhom thu dwoc goi 12t hop
lap chap k cua n phan tir da cho.

S6 cac to hop lap chap k c6 thé tao thanh tir n phan tir bang:

11
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(n+k-1)!

ck=ck, =~ L
R YT
Hay:

C_: =P (k;n-1)

B. NHI THUC NEWTON
Nhj thic Newton® 13 cong thtc biéu din biéu thirc (a+b)", vain
nguyén duong, dudi dang da thirc theo cac an sé a va b:

(a+b)' =a"+ na“’lb+Ma”’2b2 +...
2!

n(n-1)..(n—k+1)
k!

+ a"*p* +...+b"

Hay la:

n

(a+b)" =a"+Cla"'b+CZa"™* +...+ Cla" b* +...4+b" = > Cla"*b"
k=0

Céc hé sb:

n(n-1) n(n-1)..(n—-k+1) (0
2! k!

1n, <k <n)

Goi 1a cac hé sb cua nhj thic.

1 Sir Isaac Newton, FRS (4 January 1643 — 31 March 1727) was an English
physicist, mathematician, astronomer, natural philosopher, alchemist,
theologian and one of the most influential men[5] in human history. More...

12
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Tinh chét cua cac hé sb:

Cac hé s o cac s6 hang cach déu hai mdt bang nhau;

Biét cac hé s6 C,* va C ctia khai trién (a+b)" ta tim duoc
céc hé sé C¥,, cua khai trién (a+b)"™" theo cong thic (1.2) muc
5.

Dua vao cac tinh chat nay,ngudi ta 1ap ra tam giac sé cho cac hé
s6 cua khai trién, goi la tam giac Pascal:

1
1 1
1 2 1
1 3 3 1
1 4 6 4 1
1 5 10 10 5 1
1 6 15 20 15 6 1

Dong tht n(n=0,1,2,...) trong bang trén liét ké cac hé sb cua
khai trién (a+b)".

Cong thuc nhi thirc Newton ¢6 thé tong quat cho trudong hop lity
thira bac n nguyén duong cua téng k s hang:

n!
(a,+a,+..+3 ) =————arayr..a;
n!n,l.n!

? Blaise Pascal (June 19, 1623 — August 19, 1662) was a French
mathematician, physicist, and religious philosopher. More. ..

13
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Trong d6 lay tong () duoc lay theo moi s6 hang c6 thé c6
dang:

n! alnlanz ank
- 2 e k
n!n,l.n!

V6i 0<n <nvan-+n,+..+n, =n

111. PAI SO

1. Céc phép toan trén cac biéu thirc dai s6
Gia tri tuyét dbi cua mot sb

laj|=a néu a>0, |a|=-a néu a<0

Quy tac vé dau khi nhan va chia:

+ .+ = 4+ + o+ = +
+ . - = - + -
- .+ = - -+ = -
- - = + - . - = +

Céc phép toan trén cac da thac

(a+b+c)x=ax+bx+cx;
(a+b+c)(m+n)=a(m+n)+b(m+n)+c(m+n)
=am+an+bm+bn+cm+cn;

a+b+c a b ¢

- = 44—

X X X X

Céc phep toan trén cac phan thac

14
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§+£:ad4_rcd
b d bd
ac_ac
b'd bd

a.c ad
b'd bc

Mot s6 dong nhat thic:

(aJ_rb)2 =a’+2ab+b%

(aib)3 =a®+3a’h++3ab® +b*:

=a’+b’+c*—2ab—2ac+ 2bc;

=a’+b’+c® +6abc+

+3(a’h+ab? +b*c+bc’ +c’a+ca’);

(a,+a,+..+a,) =a? +a+..+a2 +2(aa, +aa, +..+a,.a,);
a"+b" =(a+b)(a" -a"*+a"b’ —..+b"").

15
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(néu m 1a s6 tu nhién 1¢)

Céc phép toan vai lay thira

Céc phép toan vai cin sd (néu cin c6 nghia)

16
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QD

O
%n

5

>

oo

—_— 3 >
=l S m
%I ﬁ 4\'

3 Il
[l 3 QD
=] S =
o gﬁ )
o I~

>

>
=]

Q
>
iR

%z ) (a=0);
)
«/51«/5: - (a#b).
2. Ty 1@ thic

Dinh nghia: a_t
b d
Tinh chit co ban: ad=bc

Tim céc s6 hang cua ty 1¢ thic: a= %;b ==

Céc dan xuét:
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a_bd_cd_bath_cid
c d'b ac a b d
a+b c+d ath c+d,
a-b c-d’  a c
a ¢ b d
athb c+d'axb c+d
3. S6 phiic
Cac phép toan trén sé phirc
i=+-1
iP=-1i¥=ifi=—i,i"=ifi=-ii=1..i" =1

4n+1 s 24n+2 4n+3 HA
N =-11 =

(a+bi)x(a+b'i)=(axa’)+(bxb")i;
(a+bi)(a+b'i)=(aa'-bb")+(ab+ba’)i;
(a+bi)(a=bi)=a’+b?;

a+bi aa'+bb' +ba+ab'
a'tb'i a”+b? a”’+b?’

Biéu dién hinh hoc sb phirc

y

— M
<
b |
T P
0

Hinh 1

18
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Diém M(a,b) biéu dién sb phirc a+bi (Hinh 1)
r=0M =a+bi=va’+b* |3 module cia sé phuc.

p=2XOM |3 argument cua $6 phuc,

b
tango— ;CO0SQp =———=;Sinp =

b
Dang luong giac caa sb phuc:
a+bi=r(cosp+ising)
Cong thic Moivre®:
[r(cosp+ising) ] =r"(cosng-+isinng)
4. Phuwong trinh

a) Phuwong trinh twong dwong
Néu biéu thirc C(X) c6 nghia trong mién xac dinh ctia phuong
trinh A(x)=B(x), thi:

A(x)=B(x) < A(x)+C(x)=B(x)+C(x)

® Abraham de Moivre (1667-1754) was a French mathematician famous for
de Moivre's formula, which links complex numbers and trigonometry, and for
his work on the normal distribution and probability theory. He was elected a
Fellow of the Royal Society in 1697, and was a friend of Isaac Newton,
Edmund Halley, and James Stirling. Among his fellow Huguenot exiles in
England, he was a colleague of the editor and translator Pierre des Maizeaux.
More...
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Néu biéu thirc C(x) c6 nghia va khac khong trong mién xéc dinh
cua phuong trinh A(X)=B(x), thi:

A(x)=B(x) < A(x).C(x)=B(x).C(x)
Néu n 1a s6 ty nhién (n=1,2,3,...) thi:
A(x)=B(x) =AM =[B()]"
b) Mgt sé phwong trinh dai sé
(o) Phuong trinh bac nhat

ax+b=0, a= 0; nghiém x = _b
a

(B) Hé hai phuong trinh bac nhat hai an

X+ b1y =G
ax+by=c,
Néu 2 B hé c6 nghiém duy nhat:

a, b,
¢ b

y = 1C b, _cb,—cb
Ch bl a1b2 - a2b1
a‘2 bZ
8 G

y= 8 G — 8,0, —3,G
& bl a1b2 - azbl
a‘2 bZ

20
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Néu 2 =B _ G ina vo dinh:
a’2 b2 CZ

Xtuy y

_Cl_blx
y=" (b, #0)
ytuyy
:Cl_b1Y(

Ch

X a, #0)

X C A on
Neéu izﬁ;t—l hé vd nghiém.
a’2 2 CZ

() Phuong trinh bac hai
ax’ +bx+c=0,a=0

—b++/b? - 4ac

2a

Nghiém x =

Néu b®-4ac>0: Hai nghiém thuc va khac nhau;
Néu b%-4ac=0: Hai nghiém thuc va bang nhau (nghiém kép);
Néu b%-4ac<0: Hai nghiém la cap sé phuc lién hop.
Tinh chat cia nghiém (cong thuc viét)
X +X, = —9;
a

XX, = =
%=L

21
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(6) Phuong trinh bac ba
Dang tong quat: ax’ +bx* +cx+d =0,(a#0)

Dang chinh tic véi x = y-ﬂ
y’ +py+q=0

, b> ¢ 20® bc d
Trong 4o P= 3 2T 3, a
2

Cong thuc Cardano’

2 3 2 3
y:J_L Q_+P_+§/_H_ e, »
2 4 27 2 4 27

Tinh chat cac nghiém

b

+ X, + X, =——;

X+ X, + X a
C
X1X2+X2X3+X3X1:g;

xx——9
XXy Xy = "

* Gerolamo Cardano or Girolamo Cardano (French Jerome Cardan, Latin
Hieronymus Cardanus; September 24, 1501 — September 21, 1576) was an

Italian Renaissance mathematician, physician, astrologer and gambler.
More...
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C) Phwong trinh mii va phwong trinh logarith co ban
(o) Phuong trinh mti
a*=c,(a>0)
Vé6i - ¢>0, a= 1 ¢6 duy nhat nghiém x=log, G
c=1, a=1 vb sb nghiém;
c#1, a=1 v0 nghiém;
c<0 v6 nghiém

(B) Phuong trinh logarith
log, x=c,(a>0,a#1)

Vi moi ¢ phuong trinh c¢6 nghiém duy nhat x=a".

d) Phwong trinh lwong gidc co bdan
cosSX=m

m<1 ¢c6 v s6 nghiém X =+a+ 2kz,(a=arccos m0 < a< r)

|[m[>1 vé nghiém

sinx=m

Im| <1 c6 vo sé nghigm

23
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{&=a+2&ﬁ

X, =(7—a)+ 2K,z

(a =arcsin m,—z <a< Zj
2 2

|[m[>1 vb nghiém

tanx=m

V6i moi m thuc c6 vo s6 nghi¢m:

X=a+Kkr

(a —arctanm,—Z < g < Zj
2 2

cottanx=m
Véi moi m thuc ¢6 vo sé nghiém

X=a+kr

(a =arccottanm,0<a < 7)
5. Bat diang thirc va bit phwong trinh
a) Bt ding thic
Dinh nghia: a>b(a<b)<a-b>0(<0)
Céc tinh chit co ban:
Néu a>b thi b<a; nguoc lai néu a<b thi b>a.

Néu a>b va b>c thi a>c. Ciing nhu vay, néu a<b va b<c thi
a<c.

24
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Néu a>b thi a+c>b+c
Néu a>b ba c>d thi a+c>b+d
Néu a>b ba c<d thi a-c>b-d

N&u a>b va m>0 thi am>bm. > > b
m_ m

Néu a>b va m<0 thi am<bm
Néu a>b>0 va c>d>0 thi ac>bd
b) Bét phwong trinh

(o) Bat phuong trinh twong duong
A>B<B<A

A>B<«<C+A>=B+C (V4i C co nghia trong mién xac dinh cua
bat phuong trinh A>B).

Néu C c6 nghia va >0 trong mién xac dinh cta bt phuong trinh
A>B, thi:

A>B< AC>BC

Néu C c6 nghia va <0 trong mién xac dinh cta bt phuong trinh
A>B, thi:

A>B< AC<BC

Néu B = 0trong mién xac dinh thi:

§>0C>A.B>O

25
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(B) Bét phuong trinh c6 chira gia tri tuyét doi
Gia st >0, khi do6:

IFl|<a e -a<F<a;

|F| >a @{E Zi‘a
\A<X>\<B(x)‘b{éfi)x:A(X*B(x)
B(x)<0
A(X)|>B(x) < {;\E:i:m
{A(X)“B(x)
| [B(x)20

[AC) > [B(0| = [AC] > [B(x)]

() Bat phuong trinh bac nhat mot an
ax>h,(a=0)

Néu a>0 thi x>9; néu a<o thi x<9
a a
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(8) Bat phuong trinh bac hai mot an
ax’ +bx+c>0

b? —4ac < 0 nghiém ding v6i moi X;
a>0,<b*—4ac = 0 nghié¢m diing v6i moi X # —23
a

X< X,
X > X,

b? —4ac > 0 nghié m ding v6i moi {
{bz —4ac <0vodnghiém
a<y,

b? —4ac > 0 nghiém ding véi X, < X < X,;

O day X4, X2 12 hai nghiém thuc caa tam thirc bac hai
ax’ +bx+c.

(¢) Bat phuong trinh mii va logarith co ban
Bdt phuong trinh mii 2" >a®™ véi a>1 s& tvong dwong voi
bat phuong trinh A(X)>B(X); véi 0<a<l s& tuong dwong voi bat
phuong trinh A(X)<B(X).

Bat phwong trinh logarith
log, A(x)>log, B(x)

Véi a>1 sé tuong duong voi hé:

Vi 0<a<l sé tuong duong vai hé:
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(¢) Bat phuong trinh lugng giac co ban
cosx=m

Véim < —1nghi€ém ding v6i moi X;
Véim >1vonghi€m;

Véi
trong d6 @ =arccosm,0<a <7

m| <lnghiém ding v6i—a + 2kz < x < a + 2Kk,

sinx>m

Véim< —1nghi€ém ding v6i moi X;
Véim>1vonghi€m;

Véi

m|<1nghiém ding véia + 2kz < X < (7 —a )+ 2K,

, . V4 T
trong dé o =arcsin m,—E <a< E

tfanx=>m

v6i moi m nghiém ddng v6i & + kz < x < %(Zk +1),
Z T T
trong d6 o = arctan m,—z <a< E

cottanx=>m
vdimoi m nghiém ding v6i kz < x < o + Kk,
trong d6 o =arccottanm,0 <« < 7.
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6. Cap s6; mot so tong hiru han
(o) Cap sb cong
+8;,8;,.. 8, 4,8,
a,=a+d,a,=a,+2d,..,a,=a,+(n-1)d
Trong d6 a, 1a s6 hang thtr n cua cap sb cong, d la céng sai.

(a+a,)n [2a1+ n-1)d |n
" 2 2

S, =
Trong d6 S, 1a téng cua n s hang dau tién caa cap sé (téng riéng
thir n).

(B) Cép s6 nhan

+:8,,8,,8,,...,8,4,8,,.
a, =a0,a,=2a0",... n=alq”*1

Trong d6 a, 1a s6 hang thtr n cua cap sb nhan, q la cong boi.

Tong riéng tha n:

S =a+a,+.+a =a.J _11,(q #1)

S, =na,(q=1)

Téng cua cap s nhan I0i vo han (|g| <1)
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s_ A
1q

(%) Mot s6 tong hitu han
n(n+1)

1+2+3+..+(n-1)+n=

(a+p)(a-p+1)
2

p+(p+1)+..+(q-1)+q=
1+3+5+..+(2n-3)+(2n-1)=n’
2+4+6+..+(2n-2)+2n=n(n+1)
2, o _ n(n+1)(2n+1)

1*+2°+3° +..+(n-1)

6
2 2
P42+ 4. +(n-1) +n° :$
2 2
1?+3°+5° +...+(2n—3)2+(2n—1)2 :@

P43 45 +..+(2n-3) +(2n-1)" =n’ (2n2 —1)
n(n+1)(2n+1)(3n* +3n-1)

1“+2“+3“+...+(n—1)4+n4 =
30

7. Logarith
Dinh nghia: Cho N>0, 0<b, b= 1

log, N =x<b*=N

Tinh chéat
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log, (N;N, ) =log, |N,|+log, [N,|,(N,N, >0);
Iogb:::—z: log, |N,|—log, [N,|,(N;N, > 0);
log, N* = log, N,(N >0);
Iogb%/ﬁzélogb N,(N >0);

log, N =log, a.log, N,(a>0,a=1N >0);

log, a= (a>0,a=1)

1
log, b
Logarith thdp phéan:
IgN =x <10 =N (cds6b=10)
Logarith ty nhién
INnN=x<e‘=N
trongdob=e= Lﬁ(l+%}n ~ 2,718281828...
IV. HINH HQC
A. CAC HINH PHANG
1. Tam giac

a) Tam gidc déu
a la canh, h la duwong cao, S la dién tich.
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a:%ﬁhzl,ssesh;

3

h=—a=~0,866a;
2

a’\3
4
h2J3

3

S = ~0,433a’%;

S = ~0,578h?.

b) Tam giac vubng

B ;

Hinh 2

b va ¢ la canh géc vubng; a 1a canh huyén; o va p 1a cac goc
nhon; S 1a dién tich; h 1a dudng cao ha tir dinh g6c vudng xubng
canh huyén; b°, ¢’ 1a hinh chiéu caa b va ¢ 1én canh huyén.
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a+ =90,
a’=b’+c?;
b=asina =acos f=ccottan f=ctanq;

S:Ebc;

2
c’=c'a’
b*=b'a;
h*=c'b";

1 1 1
e

C) Tam gidc thwong

a, b, ¢ 1a cac canh; a, B, v 1a cac goc ddi
tuwong tng vai cac canh; r, R la ban kinh
vong tron ndi tiép, ngoai tiép: p 1a nua
chu vi; S la dién tich.
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_a _ _b _ _c _2R:
Sine sinf  siny

a’=b’+c*-2bccose;
b® =a’ +c* —2accos f;
¢’ =a’ +b*—2abcosy;

a+pf y
a+b_tan cottang.
a_b tanﬂ tanﬂ

2 2

a+pf
a+b_COS 2
¢ sin”

2

. a-pf
a—b SN
¢ COSZ

2

abc
S=\p(p-a)(p-b)(p-c)=pr="""=
:%absiny:%acsinﬂ:%bcsina;

@ p 7.
=(p-a)tan—=(p-b)tan==(p-c)tan=;
r=(p a)an2 (p )an2 (p c)an2

Do dai dudng trung tuyén ké tir dinh A:

m, :%«/2b2 +2¢%—a’%;

Do dai duong cao ha tir dinh A:
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- _2p(p-2a)(p-b)(pc)

a ’

a

Do dai dwong phan giac ké tir dinh A:
2
9, =——/bcp(p-2a);

b+c

Tinh chat cua duong phan giac (Al 1a phan giac trong cua goc
A):

Bl _Ic.
AB AC’

Trong mot tam gidc, giao diém ba dudng phan giac 1a tam vong
tron noi tiép, giao diém ba duong trung truc 1a tdm vong tron
ngoai tiép.

2. Pa giac

a) Hinh vuodng
a la canh; d la duong chéo; S la dién tich.

\2

a:—2d ~0,707d;
2
d =/2a~1 414a:

S =ld2=a2_
a

b) Hinh cha& nhdgt va hinh binh hanh
a la canh day; h 1a dwong cao; S la dién tich

S=ah.
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¢) Hinh thoi
a la canh day; d 1a duong chéo 16n; d’ 1a duong chéo nho; S la
dién tich:

S:Edd';
2

Néu goc nhon hinh thoi bang 60° thi a=d’ va:

S :%az 3 ~0,866a%

d) Hinh thang
avab la canh day; b la duwong cao; S la dién tich

1
S== b)h.
(a+b)

e) T giac 16i bat ky
d, d, 1a d6 dai hai duwong chéo; « la goc gitra chung; S la dién
tich.

S :%dldz sina.

f) Pa gidc déu n canh
n 1a sé canh; a la canh; « 1a gdc trong cua da giac; £ 1a goc &
tam; r va R la ban kinh vong tron noi tiép, ngoai tiép; S la dién
tich.
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Hinh 4

S :ina2 cottanﬂziarn;
4 n 2
r=Ecottan@;
2 n
a a 180°
R=——— =—cossec—;
.. 1800 2 n
2sin——
n
a=2rtan£:2Rsin£;
2 2
o =""2 1807
n
360°
p==.
n
3. Hinh tron
a) Hinh tron

r 1a ban kinh; C 1a d6 dai vong tron; S la dién tich
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C =2xr ~6,283r;
C =2J7S ~3,545{S;
S = zr? =3,142r%;

Cr
==

S
b) Hinh quat tron

r 1a ban kinh vong tron; 1 1a @ dai cung; n° la sé do goc & tam;
S la dién tich

i

Hinh 5
1= 22" 0 1745m::
360°
2 o
s=""" _0.00872rn.
360°

c¢) Hinh vién phén
r 14 ban kinh vong tron; | 1a 6 dai cung; a 1a d6 dai day cung;
n° la sé do goc ¢ tdm; h 1a @6 cao cua vién phan; S la dién tich
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T r
a
Hinh 6
a:2rsinn—,
2
h=r|1-cos > =§tann—;
2 4

4. Phuong tich

a) Phwong tich
Phuong tich cta diém | d6i véi vong tron tam O, ban kinh r 1a
dai luong d*—r?, trong d6 d 1a khoang cach OI. Néu | nam
ngoai hinh tron thi phuong tich duong, | nam trong duong tron
thi phurong tich am, | nam trén duong tron thi phuong tich bang
0.
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A

Hinh 7
Ky hiéu gia tri tuyét déi ciia phuwong tich 1a p?, thi
pz _ ‘d 2 rz‘;
p’=1AIB=IT?
b) Truc dang phwong — Tam ding phwong

Truc dang phuong cua hai vong tron Oy va O, (O, #0,) 1a quy

tich cac diém M c6 phuong tich bang nhau dbi voi hai vong tron
da cho.

Truc dang phuong vudng goc véi duong ndi hai tam tai diém N,
ma:

2.2
OlN:9+rl "2
2 2d

Hoic
2.2
NOZ:9+r2 d
2 2d

Trong d6 d 1a 46 dai duong ndi tam; ry va r, 1a céc ban kinh cua
hai vong tron.
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Dic biét néu hai vong tron cit nhau tai hai diém thi truc dang
phuong di qua hai diém 4y; néu hai vong tron tiép xuc nhau thi
truc dang phuong 1a tiép tuyén chung tai tiép diém.

Tam dang phuong ctia ba vong tron 1a giao diém cua ba truc
dang phuong cua ting cip cac vong tron do.

B. THE TICH VA DIEN TiCH XUNG QUANH
Ky hiéu chung: h la duong cao; p 1a chu vi day; S la dién tich
day; Syq 1a dién tich xung quanh; V Ia thé tich.

1. Hinh lang tru
V =Sh;
S,q = bh.

2. Hinh chép déu
(Nh¢ riang chian dudng cao triing voi tam da
gidc day, day 1a da giac déu).

a 1a trung doan cua hinh chép déu:

V= 1 Sh;
3
1
Sy = 2 pa.
3. Hinh chop cut déu Hinh 9: Hinh chép déu

a 1a trung doan cua hinh chép cut déu; S; va
S, la céc dién tich day; p; va p, la cac chu vi day.
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V=%h(sl+sz+ 58, );

1
qu=§(pl+ p,)a.

4. Hinh tru
r 1a ban kinh vong tron day. Hinh 10: Hinh chép cut déu

V =Sh=r?h;
S,q = 27xrh.

5. Hinh n6n
r 1a ban kinh vong tron day; | 1a duong
sinh.

Hinh 11: Hinh tru

Vv :EShzlrzh;
3 3
SX

, =7l
=
6. Hinh nén cut
R var 1a cac ban kinh vong tron day dudi \ ot
va day trén; h 1a duong cao non cut; H 1a
duong cao hinh nén; | 1a dudng sinh nén Hinh 12: Hinh non

cut. _

v =%zzh(R2+r2+Rr);

Sxp =7Z'(R+r)|;
H :h+l.
R—r

Hinh 13: Hinh non cut
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7. Hinh cau

a) Hinh cdu
R 14 ban kinh; V 1 thé tich; S 1a dién tich
mét cau.
V= ﬂﬂ'Rg;
3 N
S = 47ZR2. Hinh 14: Hinh cau
b) Hinh chém cdu
R 1a béan kinh cau; r 1a ban kinh vong tron
day chom cau; h 1a duong cao chom cau; V
la thé tich; S 1a dién tich mat chom cau.

v :hZ(R—thzlﬁh(h2+3r2);
3 6

S=27Rh= 7;(r2 ¥ hz), Hinh 15: Chém cau

¢) Hinh déi cau
R 1a ban kinh hinh cau; ry va r, la cac béan
kinh vong tron day déi cau; h 1a duong cao
dé6i cau; V 1a thé tich; S la dién tich xung
quanh déi cau.

V= l;rhs +£7r(r2 N rz)h_ Hinh 16: Hinh déi ciu
6 2 1 2 !
S =27zRh.
d) Hinh quat cau
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R 1a ban kinh cau; r 1a ban kinh vong tron
day chom cau; h 1a duong cao chom cau; V
la thé tich; S la dién tich mat quat cau.

% =37rR2h;
3
S =7z'R(r+2h).

V. LUQNG GIAC

1. Ham sé hrong giac va dau caa no

=

Hinh 17: Hinh quat ciu

a) Ham sé Iwong giac ciia cac goc nhen

C b
sina=—; CoSa =—;
a a
C b
fana =—; cottana =—;
b C
a a
SeCa =—,; cosseCoa = —.
b C
B cotana " l
R
sino ’>I ‘\\| tana
a i
o |
c ‘\ ‘ cosa I’!iﬂ
11 v /
o \‘\ - I
a
© b A Hinh 19
Hinh 18
b) Ddu ciia ham sé lweng giac ciia mét goc bat ky
Goc phan )
ar sina cosa tano | cottana | seca | cosseca
I + + + + + +
44
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+ j—

- +

+

+

v

- +

+ —

. Ham s6 lwong giac ciia mat s6 géce dic bigt

o 0° 30° | 45 | 60° | 90° | 120° | 180° | 270°| 360°
| I IR N VN B VN B I
sina E 2 2 2
V3 V2| g 1
cosa 1 7 7 E 0 2 -1 0 1
1
tana 0 ﬁ 1 V@ o0 _*/5 0 o0 0
1 1
cottana o0 ﬁ 1 \/§ 0 \/g o0 0 o0
2
seca 1 ﬁ 2 2 o0 -2 -1 o0 1
2 2
cosseco 00 2 \E \/§ 1 \/5 o0 -1 o0
45
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3. Mt sé cong thire d6i goc

sin(~a)=-sina tan (360" £ ) = +tana
cos(~a)=cosa cot tan (360" + a) =+cottana
tan(-a)=~tana sin(90°ia):c05a
cottan(—a ) =—cottan _
_ O _ cos(90" £ ) =%sina
S|n(180 ia):isma
tan (90° + a) =+cottana
cos(180 ia)=—COSa
o cottan (90" o) =*tana
tan(180 ia):itana
sin(270°ia)=—c05a
cottan (180 + a) = +cottan &
) . ) cos(270°ia):isina
sin (360 ia):isma
tan(270°ia):icottana
cos(360 ia)ZCOSa
cottan(270 ia):itana

4. Cac cong thirc co ban
sin®a+cos’ a =1;
tana.cottana =1,
sina 1 |
cosa cottana’

CoOSa 1
cottang =——=—;

sinag tana’

tana =

1+tan’ o =—=—=sec’ ;

COS™ o

1+cottan’a = = cossec’ a.

sin‘
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5. Ham sé hrgng giac caa goc bdi
sin2a = 2sina cos a;

cos2a =2¢c0s* a—1=1-2sin®a = cos® « —sin’ a;

2t
tan2a=—an2a;
1-tan“ «
cottana—1 cottana —tana
cottan 2¢ = = ;
2cottan o 2

sin3a =3sina —4sin® a;

cos3a =4cos® o —3cosa;

tana—tan’ o
1-3tan’a

cottan®* o —3cottan«

3cottan®’ -1
sinna = 2sin(n—1)acosa —sin(n—-2)a;

tan3a =

cottan3a =

cosna=2cos(n—1)acosa —cos(n-2)a.
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6. Cong thirc ha bac

sina = %(1—005 2a);
cos’ o = %(1+ cos2a);
sina = L (3sm a—sin3a);

cos’ o ==(3cosa —cos3a);

1
2
sin’ o —% cos4a—4c032a+g];

cos’ a :%(cos4a+4cosza+g}

sina = %(sin 5 —5sin3a +10sina);

-

L

cos’ o = T (cos5a —5c0s3a +10cos ).

7. Ham s6 lweng giéc caa téng va hiéu cac goc
sin(a + ) =sinacos f+cosasin S,
cos(a + ) =cosacos f+sinasin S

tan o ttan
tan(a £ B) = “—ﬂ;
l+taneatan g
cottana cottan f 1
cottan(a + )= d s .
cottan S tcottana
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8. Bién doi tong va hiéu cia hai ham sé lwgng giac
OH'Bcosa_ﬂ;
2 2
a+ﬁﬂna_ﬁ;
2 2

sina +sin = 2sin

sina —sin § =2cos

COSa+COS,8=2COSa;'BCOSa;ﬂ;

—2sin OHﬁsin a—ﬂ;

2

sin o +Cosa = «Fsm(ow j \Fcos(——aj

sina —cosa = \/_sm(a——j \/_cos(——aj
sin(a+ ).

CoSa Cos 3
sin(a-p) .
cosacos B’
sin(a—p) .
sinasing’
sin(f-a) .
sinasing’
tan o + cot tan o = 2cossec 2«
tan o —cot tan ¢ = —2cot tan 2a.

COSax —COoS ff =

tana +tan =

tana —tan g =

cottan ¢ +cottan g =

cottana —cottan g =
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9. Bién d6i tich cta hai ham sé lwong giac
sinasin S = %[cos(a — B)—cos(a +,B)];

oS COS B = %[cos(a—ﬂ)+cos(a+ﬂ)];

sin cos =3 sin(— ) +sin 1)

tana+tan g tan o —tan S

cottan « +cottan g " cottana —cottan B’
cottana +cottan B cottana —cottan S
tane+tan B tana—tan g
cottana+tan f  cottana —tan B

tana +cottan f  tana —cottan B

tanatan g =

cottanacottan B =

cottanatan g =
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10. Cong thire goc chia doi

.o l1-cosa
sin—=+,[——;
2 2
a l+cosa
COS— =+, [——;
2 2
a sina 1-cosa 1-cosa
tan — = = — =%, |—
2 1l+cosa Sina 1+cosa
a sina l+cosa 1+cosa
cottan—= = — =+ :
2 l1l-cosa Sina 1-cosa

2tang
Sina = 2 X
1+tan? %
1-tan? &
cosa = 2.
1+tan? %
2tan &
tana = ;
1-tan? <
cottan® % -1
cosqg=——=%
2cottang
2

cosar tsina|= J1+sin2a.
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11. Mét so cdng thire d6i véi cac goc trong mét tam
giac (a, B, vy la cac goc trong mgt tam giac)

BV

. . . (04
sma+smﬂ+smy:4cosEcosEcosE;

BV

COSa +C0S +COSy = 4sin%sin Esin5+1;

B 4

. . . . a
sina +sin S —siny =4sin Esm —C0S=;

By

COSa +C0S B—COSy = 4cos%cosgsin§—1;

sin® a +sin® B +sin® y = 2c0sa cos BCOS  + 2;
sin® a +sin® B —sin® y = 2sin asin S cos y;
sin2a +sin 23 +sin 2y =4sin asin gsin y;
sin2a +sin2 3 —sin 2y = 4cos « cos Ssin y;
tana +tan S +tany =tana tan Stan y;

B Y B

cottan % +cottan 2 +cottan £ = cot tan < cot tan = cot tan £ ;
cot tan ¢ cot tan /3 + cot tan & cot tan y + cot tan B cottan y =1.

12. Mt s6 cong thirc khéc
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(04
1+cosa =2¢0s* —;
2

. o
l—cosazzsanE;

2
1+sina :(sin%Jrcos%j =2c0s’ (E_Zj;

2
1-sina=|sinZ—cos% | =2sin?| Z-Z |
2 2 4 2

sin(jiaj :\/Esin(Ziaj;

l+tana =
T
COS oS coSa
4
. T
ltcottana = - )
sina
a (2n+1)a
COS — —COS~——— 2
Sin @ +Sin 2o +in 3a +...+sin ez = —2 - 2 .
2sin—
2
. (2n+l)a . a
sin*—— 2" —sin—
COS @ + €08 20t +C0S 3 + ...+ COS Nex = p 2.
2sin—
2

asin x+bcosx =a? +b? sin(x+¢) = va’ +b* cos(x+a)
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trong dé

L—COSg/)
Ja? +b? ’
_b sin ¢;
Ja? +b? '
=sina,

a’+h?

b

=COS .

a’+b?
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13. Cong thiic lién hé gitra cac ham sé lweng giac

Ham sina. cosa tana cottana Seco Cc0osseca
tan o 1 . / 2
i tyl-cos’a | * + ysee' a1 1
Sino= - 2 2 o -
\/1+ tan“ o \/1+ cottan“ o seca COSSEC &
2
. L enia N 1 : N cot tan a2 1 N Jcossec? a -1
Jl+tan’a| +1+cottan’a seca Cossec o
i f 2
t + /—Slna ;s V=C0sa 1 +sec? -1 | * (—1
ano= P2 - _— + - 2
1-sin“« CcoS & cottan a cossec o -1
_ | Nl-sina cosa 1
cottan= | 4+ e R 1 *———=| +cossec’a -1
o sina J1-cos® tana Jsec? -1
1 1 2 cossec o
P 1 7 \1+cottan® & N
- | T 1+ l+tanta | ¢ Joossecia 1
Secor J1-sin’«a coSa cottan o cossec® o —1
cossec 1 s 1 | Nlttan’a f 7|+ %
a — - 7| T—— | tJ/1l+cottan“ o —\/27
= sina V1-cos® a tan sec’a—1
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VI. HINH HQC GIAI TICH TREN MAT PHANG

1. Piém
Khoang cach giita hai diém (X1, y1) Va (X2, Y2):

d =0 -%) +(¥, -y,

Khoang cach tir mot diém (x, y) dén géc toa do:

d=x*+y?

Dang tong quat cua khoang cach gitra hai diém (xa, y1) va (X,
y) trong hé toa do xién goc o:

d = (% =%) +(Y, = %) +2(% =% )(¥, - v, )cosp
Toa do cua diém chia doan thang theo ty 1& m/n

_nx +mx,
m+n

_ny, +my,
m+n

2. Phép doi truc toa do (Hinh 20)

{x:a+x1 3 {xlzx—a
hoac
y:b+y1 Y=Y b
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v

v

o1] x1

Hinh 20

3. Toa d9 cuc (Hinh 21)
Ox: Truc cuc;

O: Cuc;
r: Ban kinh vector;

¢. GOcC cuc.

X =TI COS ¢;
y=rsing;

4. Phép quay cac truc toa do
X,y: Toa do cii cua diém M:

X1, V1. Toa dd méi cua diém M.

a. GOc quay.

X=X Cosa—Y,sing;
y=XSina—-Yy,cosa.

57
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5. Phwong trinh dwong thang
Phuong trinh tong quat Ax+By+C=0.

Phuong trinh chinh tac y=kx+b

Phuong trinh theo cac doan chin trén cac truc toa do

Phuong trinh phap dang xcosa +ysina—p=0

Hé s6 phap dang M = T S (dau dugc chon sao cho
A%+ B?
nguoc dau voi dau caa C).
6. Hai dwong thang
Céc phuong trinh ¢ dang tong quéat
Ax+By+C =C
AXx+B,y+C,=0

Go6c giita hai duong thang da cho (véi hé s goc ki, ko)

tan @ = kz_kl — AB, - AB
1+kk, AA +BB,

Piéu kién dé hai duong thang song song

k, =k, hodc A_B
A,

2

Diéu kién dé hai duong thiang vubng goc
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kk, =-1 hoac AA, +BB,=0
Toa do giao diém cuia hai duong thang

X = C,B,-C,B
BlAZ_BZAi
_GB-CA
BlAZ_BZAi

Pudng thang tht ba Ax+B,y+C, =0 di qua giao diém cua hai
duong thang trén néu:

A B C
Az Bz Cz =0
A B C3

7. Pwong thing va diém
Phuong trinh duong thang di qua mot diém cho truéc M (X, )
theo mot hudng da cho:

Y=Y :k(X_Xo)

k =tana (a la goc 1ap boi duong thang vai chiéu duong truc
hoanh)

Khoang cach tir diém (x,, ;) t6i mot duong thang
d =x cosa+Yy,sina—p (alagdc lap boi duong thang voi

Ax +By, +C

\JA? + B2

chiéu duong truc hoanh) hoic d =+ (dau duoc

chon nguoc dau véi C).
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Phuong trinh dudng thing di qua hai diém da cho
A(Xo:Y0):B(X,,¥2):

y_yl — X_Xl
Yo=Y X, =X

Phuong trinh dudng thang di qua diém M, (X, Y,) Vasong song
v6i duong thang y=ax+b

Y=Y :a(x—xo)

Phuong trinh duong thang di qua diém M (x,, y,) va vudng goc
v6i duong thang y=ax+b

1
Y=Y, =_5(X_X1)

8. Dign tich tam giac
Tam giac c6 mot dinh ¢ goc toa do

X%
X Y2

sosl

1
5 =i§(><1y2—ylxz)

Tam gidc c6 vi tri bat ky A(X,, ¥;),B(%,,Y,),C(X;, ¥s)
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X=X Y.\
X=X Y=Y

:i%[(xz %)Y~ Y1)~ (% %) (Y.~ ¥,) ] =

P
2

:i%[xl(yz—y3)+x2(y3—y1)+X3(yl—Yz)]

9. Phwong trinh dwong tron
Puong tron c¢d tam tring véi goc toa do, ban kinh r
X2 + y2 — r2

Puong tron vai tdm cd toa do (a,b) ban kinh r
(x—a) +(y-b) =r?

Phuong trinh tham s6 cia duong tron

{x:rcost(ogszﬂ)

y=rsint

10. Ellipse (Hinh 23)
O: Tam;

AA;=2a: Truc I6n;

BB;=2b: Truc nho;

F, F1: Cac tidu diem;

FM, F1M: Céc ban kinh vector;

FF,=2c: Tiéu cu;
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y
BF=BF;=A0=4a; M |B
; rl
FM+F;M=AA,=2a; '
A F 0 F1] JAIL
a’-c*=b’. N~ —
c Bl ¢
Phuong trinh chinh tic cia 2a
Ellipse:
2 2 Hinh 23: Hinh Ellipse
a b

Tam sai cua Ellipse:

c +a?-b?
e=—="2 """ 1
a a

Bén kinh vector cua diém M(x, y) cua Ellipse
r=atex

Dién tich cua Ellipse

S=nab

Phuong trinh tiép tuyén véi Ellipse tai diém M, (x,,y,)

XX WY

a?  b?

Phuong trinh phép tuyén véi Ellipse tai diém M, (% Yo)
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Tham sb tiéu caa Ellipse

p=—
a

Phuong trinh cac dudng chuan caa Ellipse

Trong d6 k 14 hé sb gdc caa duong kinh lién hop.
Phuong trinh tham s6 cua Ellipse:

X =acost
y =bsint

11. Hyperbola (Hinh 24)
O: Tam;

F, F,. Céc tiéu diém:

FM, FiM: Cac ban kinh vector;

FM-F1M=AA;-2a; / 2 \

Hinh 24: Hyperbola
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FF,=2c;
c*-a’=h”.
Phuong trinh chinh tic caa Hyperbola

XZ y2
priet

o]
(=3

Tam sai cua Hyperbola

c a?+b?
g=-=2T" 51
a a

Bén kinh vector cua diém thudc Hyperbola

c
r=—X—-a=¢gxX—a
a

c
L=—X+a=éex+a
a

Phuong trinh cac duong tiém can cua Hyperbola

Phuong trinh tiép tuyén tai di€m M, (x,,y,)

XX_NY 4
a2 b*

Phuong trinh phép tuyén tai diém M, (% Yo)
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y
y_yo _bzxz(x_xo)
Hoaic
2 2
ax by
X Yo

2
Tham sé tiéu caa Hyperbola p = L
a

Phuong trinh duong kinh caa Hyperbola

Trong d6 k 14 hé sb gdc caa duong kinh lién hop.

Phuong trinh cta Hyperbola can
2

a . k
Xy =— hoac y=—
2 X

12. Parabola(Hinh 25)

y
K
, N
AN: Buong chuan
O: binh ALNCIF
F: Tiéu diém :

F1

P

AF=p: Tham s caa Parabola

Hinh 25: Parabola
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S: Dién tich
Phuong trinh chinh tac cia parabola
y*=2px

Dién tich cua parabola

S=E|C
3

A . FM
Tam sai cua parabola e =——=1
MK
Ban kinh vector cua parabola

F=x+2
2

Phuong trinh dudng chuan caa parabola

X=——
2

Phuong trinh tiép tuyén cua parabola
YW, =p ( X+ X1)

Hoac

V=¥ = =2 (x-%)
Yo

Phuong trinh phép tuyén cua parabola
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V- v, =-2(x-x,)
p
Hoac

Yo+ (X=%)+P(y=y)=0

VII. PAI SO VECTOR
1. Cac phép toan tuyén tinh trén cac vector

Vector A 1a mot doan thang c6 d6 dai xac dinh va hudng xéac
dinh.

A= m 1a d6 dai hoic module cua vector A.

Cac vector bang nhau (Hinh 26)

i_E A=B _A
= <:> . . —
Al B B
Hinh 26

Cong céac vector (cac hinh 27, 28, 29)
+B
+

B+C+D=E

Hinh 27 Hinh 28
Vector doi (Hinh 30)

Hinh 29
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N\, N
A=-A 5 g \
2\

Hinh 30 Hinh 31

- _ Hinh 32
Trong d6 B, =-B

Nhan vector v&i mot s6
kA=B

Vector B ludn théa min cac diéu kién:
B =k[A

By A néuk>0

BT A néuk<0

Néu k=0 hoac A=0,thi B=0

2. Phép chiéu vector Ién truc hoic vector (Hinh 33)
hc, A= thA: MN = Acos ¢ = Acos(A, B)

68
http://tieulun.hopto.org



Hinh 33

3. Céac thanh phan va toa @6 ciia vector (Hinh 34)
A=0M, +OM, +OM,

Hoic A= Xi+Yj+Zk i
M.
OM, = Xi 7
P~ EET \ éf % ‘
Trong d6 OM, =Y j la cac thanh R |
2 K
OM, = Zk |

phan cua vector;

X = Acosa,Y = Acos 3,7 = Acos y
la c&c toa do6 cua vector (chiéu X
vector nay Ién cac truc toa do).

Hinh 34

4. Céc phép toan tuyén tinh trén cac vector dwoc cho
nho cac toa do
Néu A=A +A thi X =X, +X,,Y=Y,£Y,,Z=2,+7Z,.

Néu A, = AA thi X, =1X,.Y, =AY, Z, = AZ,.

5. Tich vo hwéng caa hai vector
Dinh nghia
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(K,E) = AB=AB cos(K,E) = Ach, B = Bhc, A
Céc tinh chat cua tich v hudng

AB =BA (tinh giao hodn)

(mﬂ)ﬁ =m (KE)

(L E)é = AC + BC (tinh phan phéi)

Tich v6 hudng cia cac vector dudi dang toa do
AB =X, X, +Y,Y,+Z,Z,.

Binh phuong vo huéng cua vector

A’ = AA= AAcosO= A?

Binh phuong module cua vector

A=A =X2+Y2 422

Module (d6 dai) cua vector

A =|Al=x?+v? 422

Diéu kién dé hai vector truc giao (ﬂi ﬁ)

AB =X, X, +YY,+2,Z,=0

Goc giira hai vector A{X,,Y,,Z,} va B{X,,Y,,Z,}
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AB _ X, X, +YY, +ZZ,
AB| XZ+¥F+Z2XE+Y7 422

CoSp =

Céc cosin chi phuong cua vector A{X,Y,Z}

X

cosa =
IX24Y2 472

Y

cosf =
VX24Y%24+ 22

Z

CoSy = = = =
»\/X +Y +Z

6. Tich vector cua hai vector
Dinh nghia

Tich vector cua hai vector A, B (ky hieu AxB hoic [Z,ﬁ]) la
vector C théa min cac didu kién sau:

C= ABsin(K,ﬁ),é 1ACLB

Va cac vector A B,C lap thanh bo ba vector thuan (nghich) néu
hé toa do la thuan (nghich).

Cac tinh chat cua tich vector
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(K+§ xC=AxC+BxC
Ex(ﬂ+§ =CxA+CxB

Tich vector duéi dang toa do

ik
AxB=|X, VY, Z]|=
XZ Y2 ZZ
=(Y,Z, —Y,Z,)i+(Z,X, = Z,X,) T+ (XY, = X,Y, k.
Gac gira vector
. _. |AxB
sin(A,B):‘ﬁﬁ‘:
48]

JZ-YZ) (20X, = Z,%,) 4 (XY, = XY, )
IXEHYE 422 X2+ Y2 +22

7. Tich hén hep caa ba vector
Dinh nghia

ABC = K(ﬁ x 6)
Céc tinh chdt cia tich han hop
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ABC =BCA=CAB =—(BAC)=—(ACE)=-(CEBA

(ﬂ+ E)EB = ACD+BCD

(mﬂ)ﬁé = m(ﬂﬁé)

Y nghia hinh hoc cua tich hén hep

ABC bing thé tich cua hinh hop cé ba canh 1a ba vector y.
Diéu kién ddng phiang cua ba vector ABC =0

Tich hén hop dudi dang toa do

X, VY, Z
ABC=|X, Y, Z,|=
X, Y, Z

= X, (Y,Zy = Z,Ya )+ Y, (Z, X5 = Z,X, )+ Z, (XY, = XJYs).

N

3

VIIl. PAO HAM VA VI PHAN

1. Giéi han
lim(x+y-z)=limx+limy-limz (néu cac gisi han ¢ vé phai ton tai)

lim(xyz)=limx limy limz (néu giéi han & vé phai ton tai)

. (x) limx . .. <o
lim| — |== néutontailimxvalimy=0
y) limy
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. sinx
lim——=1

x=0 X

lim(1+a)" =e,(e=2.718281828...);

a—>o©

2. Pao ham va vi phan
Cac dao ham don gian
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(lgx)'==Ilge;
() =e
(ax)':axlna
(sinx)'=cosx;
(cosx)'=-sinx;
1
t "
(tan x) cos’ X
1
ttanx)'=—
(cottan x) Sy
(arcsinx)' = !
1-x
arccosx)'=—
(aecos)' =
1
t = ;
(arctan x) Ty

(arccottan x)‘:—1
(u“)' =vu'™ (u)+u"Inu(v)".

Vi phan caa ham va céc tinh chét don gian;

dy=y’dx
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U+v—w)=du+dv—dw;
(uvw) = (vw) du + (uw) dv +(uv) dw;

Ej_vdu udv
vl et

d(Cu)=Cdu;
d(
d

d

3. Ung dung hinh hoc ciia dao ham
Phuong trinh tiép tuyén véi duong cong y=y(x) tai diém (Xo, Yo)

Y=o =Y'(%)(x=%)

Phuong trinh tiép tuyén véi duong cong va di qua mot diém cho
truée bat ky M, (X, ;)

Y=Y, =¥'(%)(x=x)

Trong d6 xo la nghiém kép cua phuong trinh

4. Ung dung dao ham dé khao sat ham sé
Ham sé chdn, ham sé 16

Ham sé y=f(x) duoc goi la chin néu
f)=f(-x)
duoc goi 1a 16 néu

fx)=-f(x)
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Ham s tuan hoan
Ham sb y=f(x) duoc goi la tuan hoan néu c6 s duong | sao cho
f(x)=f(xxl)=f(xx2l)=..=f(xxkl)

S6 dwong p nho nhat cd tinh chét trén duoc goi 1a chu ky cua
ham so.

Ham sé don diéu

Ham sb y=f(x) duoc goi 1a don diéu ting that sy (dong bién) néu
tir X3<Xz suy ra f(x1)<f(x2);

Ham sb y=f(x) duoc goi 1a don diéu giam that su (nghich bién)
néu tir x<x, suy ra f(x;)>f(x2);

Néu & trén tat ca cac dau < (>) duoc thay bai dau <(2) thi ham
duoc goi la don di€u tang (giam) theo nghia rong;

Diéu kién dé ham sé y=f(x) don diéu ting (giam) trong khoang
xac dinh 1a f'(x)=0( f'(x)<0) trong khoang xac dinh.

Ham lién tuc

Ham s6 y=f(x) duoc goi la lién tuc tai x=a néu lim f (x)= f (a)

X—a
Cuc dai, cuc tiéu cia mot ham sé

Ham sé y=f(x) c¢6 cuc dai (cuc tiéu) tai diém xo néu c6 mot sé a
dwong sao cho f(X)< f(x,)(f(x)=f(x,)) vsi

X,—a<X< X +a
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Néu xo thoa mén hé phuong trinh:
f'(%)=0
f"(%)<0

Thi Xo 13 hoanh d6 diém cuc dai;

Néu xo thoa man hé phuong trinh:
f'(%)=0
{ f"(%)>0
Thi Xo 1a hoanh d6 diém cuc tiéu;
Ham loi
Ham s6 y=f(x) goi 1a 16i néu véi «,0 <a <1 thi

f(ax, +(1-a)x,)<af (x)+(1-a) f(x,);

Ham sb y=f(x) 16i khi va chi khi dao ham f”(x) tang theo nghia
rong (hoac tuong duong dao ham bac hai

f(x)=0)
Piém uon
Diém Xo 1a diém ubn cua do thi ham sé N

y=f(X) néu 1”’(xo)=0 va 1*’(x) dbi dau khi di
qua Xo.

Cdc dwong tiém cdn Hinh 35: Ti¢m can ngang
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Tiém cdn ngang (Hinh 35): Buong cong y=f(x) c6 tiém can
ngang y=b néu lim f (x)=b

Ti¢gm cgn xién (Hinh 36): Buong cong

y=f(x) c6 tiém can xién y=ax+b néu
lim| f (x)-ax—b]=0 /

Céch tim tién can xién y=ax+b:

_f(x)
a=Ilim—=; Hinh 36: Tiém can xién

X—00 X

b=lim[ f(x)-ax]

X—0

Tiém can ding (Hinh 37): Buong cong y=f(x) co tiém can dung
X=Xo Néu lim f (x)=o0

X—%g
Truc va tam doi ximg: D thi ham sb
y=f(x) nhan duong thang x=o. 1am truc ddi
xtng khi va chi khi f (2a—x)= f (x)

Do thi ham sb y=f(x) nhan diem 1 (a, B)
1am tam dbi xing khi va chi khi

f(2a—x)=28-f(x)

Hinh 37: Tiém cén ding
Khdo sat ham s y =ax’ +bx* +cx+d(a=0)

y'=3ax’ + 2bx +C;
y"=6ax+2b.
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, |la>0 . . . >
Neu < thi ham so6 ludn dong bién;
b®-3ac<0

. Ja<0 NI -
Neu < thi ham so ludn nghich bién.
b*-3ac<0

b?—3ac >0, y'=0 c6 hai nghiém phan biét x1, X2, ham s c6
cuc dai va cuc tiéu.

Céc giao diém véi truc hoanh: Phuong trinh
y=ax® +bx*+cx+d ludn co nghiém thuc.
. b?—3ac >0
Néu b® —3ac <0 hoic { thi phuong trinh ¢6 va chi
ycd yct > 0
c6 mot nghiém va d6 thi chi cat truc hoanh tai mot diém.

. |b®-3ac>0 :
Neéu { thi phuong trinh ¢c6 mdt nghiém don va mot
ycd yct = 0

nghiém kép; do thi cat va tiép xdc véi truc hoanh tai hai diém.

ycd yct < O
thi cit truc hoanh tai ba diém khac nhau.

. |b*-3ac>0 s
Néu { ~ thi phuong trinh ¢6 ba nghiém phan biét; do
+ R A b b N A A /. 5 A .
biémuon | ——,y| —— | | 1a tam doi xung cua do thi.
3a 3a
Hamsé y=ax’+bx*+c(a=0)
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y'=4ax® + 2bx;
y"=12ax* + 2b.

Trong truong hop ab>0 ham s6 chi c6 mat diém cyc tri la (0,c)
(cuc dai néu b<0, cyc tiéu néu b>0).

Truong hop ab<0:

Néu b<0, ham sb ¢6 cuc dai tai (0,¢) va hai diém cuc tiéu

2
(i /—_b,_b_+c].
2a 4a

Trong trudng hop nay cac diém i\/—i, y \/—3 la cac
6a 6a

diém udn.

Ham so yza}X—er',a',b';tO
a'x+b

< : . b
Ham s6 xéac dinh véi X #——;
a

. ab'-a'b
(a'x+b')2’
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ab’-a’b=0, ham sb khong doi y = —

a-
a'

ab’-a’b>0 ham s6 dong bién;

ab’-a’b<0 ham s6 nghich bién;

o a
Tiémcan ngang: y =—;
a

. b
Tiém can dung: X=-——;
a

A I .. .2 ' a , <4y ‘n
Tam dol xung la giao di€m A(——',—'j cua hai duong tiém
a a
can.

ax’+bx+c

Hamss y=———
a'x+b

a'b—ab"
+—

o n a
Tiémcan xién: y=—X —;
a a

. b
Tiém can dung X=-——.
a

Tam ddi xirng ciia d6 thi 1a giao diém hai duong tiém can.
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IX. PHEP TINH TICH PHAN

A. TICH PHAN KHONG XAC PINH
1. Pinh nghia
I f (x)dx=F(x)+C
Trong d6 F’(x)=f{x), C la hang sb tay y.

2. C4c tinh chat don gian nhat
Idx= x+C,;

ka (X)dX = k.[ f (X)dx, k12 hiing sd;
I(u +v+w+...)dx:judx+Ivdx+Ide+...
Iuv'dx:uv—jvu'dx;

judv = uv—jvdu.
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3. Tich phan cac ham hiru ty
Ixmdx =

m+1

X
m+1

+C,(m=-1);
Id—X:In|x|+C;
X

I(ax+b)n dx:%ﬂj,(n #-1);

I dx :Eln|ax+b|+C;
ax+b a

ax+b
J.cx+d

bc —ad

CZ

dx:%x+ In|ex +d|+C;

dx 1
I(x+a)(x+b)_a—b
J' dx =iln x—d

x+b|

In
x+a|

+C,(a#b)

+C;

2

x*—-a® 2a |x+a

xdx 1
J.(X+a)(x+b) - a_b(a|n|X+a|—b|n|x+b|)+C,(a¢b);

2 2

Xdx
Ix -a

:Eln‘xz—azhc;
2

j dx :larctan§+c;

x*+a? a a

d 1
IX2X+);2 =Eln(x2+a2)+C;
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dx 1 X 1 X
> == —5 5 T-arctan—+C;
(x2+a2) 2a° X“+a° 2a a

xdx 1 1 Lc:

(c+ar) 2xX+a

I dx = ! In |X |+barctan— +C;
(x*+a®)(x+b) a*+b*| ¥ +a? a

J’( xdx =— 1 (arctan —-bln MJ_'_C;

X2+a2)(X+b) a +b a *¢X2+a2

I dx _ 1 In 2ax+b—+/b? — 4ac|

ax’+bx+c  (b2—_dac |2ax+b++b?— 4ac‘

I dx  _ 2ax +b ( 4ac<0)'

ax’ +bx+c «/4ac—b2 \/4ac b2 ’
xdx 1 ) dx

I2—=—In‘ax +bx+c‘—— —

ax“ +bx+c 2a a’ax“+bx+c
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4. Tich phan cac ham vo ty

I\/ax+
J.«/ax+bdx:£(ax+b)2 +C;
e _2BCD) rc

Ix/ax+b 3a’

2 -2 3
Ix\/ax+bdx:%(ax+b) +C;

2 ax+b+C;

I dx _ 1 In \/ax+b—\/b—ac| C.(b—ac>0);
(x+c)Vax+b b-ac x/ax+b+«/b—ac‘
dx 1 ax+b
arctan,|——,(b—ac<0);
I (x+c)vax+b «/ac b ac—b( )

I/?:: =—\/ ax+b cx+d

_ad- bC|n‘[\/a(ax+b +\/a ax+b)]+C (ac>0);

I/:::: dx——\j ax+b cx+d

ad —bc a(cx+d)
- arctan
cv-ac c(ax+b)

+C,(c>0;a<0);
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2(2a-3b bx)’
Ix\/a+bxdx:— ( 4 X) (a+ X) +C;

15h2
2(8a” —12abx +15b° ) /(a+bx)’

Ixzx/a+bxdx: +C:

105b®
xdx 2(2a—bx)
= Ja+bx+C;
Ix/a+bx 3b?
w2dx 8a” —4abx +30°x" )
Ja+bx +C;
I«/a+bx 15h° X
a+bx —
I C,(a>0);
xa\/a+bx \F Ja+bx +\F
dx a-+bx
arctan +C,(a<0);
Ix\/a+bx \/3 ( )
J‘ «}a+bx J- .
\/a+bx ax x«/a+bx
I ‘a+bXdX_2«/a+bx+aj'
X a+bx
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3

m-1 2
IxmxIZax—xzdx=—X (2ax+x )2 +(2m+1)ajxm‘lx/2ax—x2dx;

m+1
I X :_xm‘1\/2ax— X2 2m 1 I x"dx .
J2ax - x2 m m J2ax—x?
3
jx/2ax—x2 dX:_(Zax—x2)5 J-»\/Zax+x
X" (2m-3)ax 2m 3)a

I dx _ J2ax — x?
X~/ 28X — X? ax

+C.
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5. Tich phan cia ham lwgng giac
Isin Xdx =—cosx+C:

jcosxdx=sinx+c;
Isinzxdx=§—lsin2x+c;
2 4
) x 1.
Icos Xdx ==+ =sin2x+C;
2 4
=3 1 3 .
Ism xdx=§cos X —C0SX+C:
3 - l - 3
jcos xdx=smx—§sm X+C:
jsin“xdx:—lsin”’lxcosx+n—_lj'sin”’2 xdx;
n n

1 . n-1 _
cos” xdx = =cos"* xsin x+—J'cosn 2 xdx:
n

n
dx X
I_—:Icossecxdx:ln tan—|+C;
sin x 2
i=.[secxdx: In|tan 5+£] +C;
COS X 2 4
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dx
[—3—=—cottanx+C;
SIn” X

dx
I 5 =tan x+C;
COS” X

Isinxcosxdx:—%c032x+c;
- 2 1 - 3
Ism xcosxdx=§sm X+C;
H 2 1 3
jsmxcos xdx:—gcos X+C:
-, , 1 1.
Ism XC€0S” XdX ==X——sin4x+C;
8 32

sin(m+n)x sin(m- )x

Isinmxsinnxdx:— 2(me ) + 2(m ) C,(m*=n®);
sin mx cos nx X=_cos(m+n)x COS( )X m°=n
Jeinmeees =) 2(mm) AT

sin(m+n)x sin(m-n)x

Icosmxcosnxdx: 2(m) + 2(m ) +C,(m2¢n2);
I dX_ 1 arcsinM+C,(a2>b2);
a+bsinx \[a2_p? a+bsinx
H 2 2
I dx. _ 1 In b+asmx—«/t? -a COSX|+C,(b2>a2);
a+bsinx /% —a? a+bsinx ‘
dx 1 . acosx+b
=+ ———+C,(a=20,b<0);
Ia+bcos a/bZ_aZ amsma+bcostr (a - )
2 2 o
.[ dx _ 1 In b+acosx++b?—a Smx|+C,(a<b);
a+bcos b? — a2 a+bcosx ‘
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J‘ dx B 1
asinx+bcosx /a? 1+ b?

" bsin x —acos X + /a2 +b? |+C

asin x+bcos x ‘

B. TICH PHAN XAC PINH

. ~ y
b 1. Pinh ngtl)na B y=f(x)
f d F =F(b)-F
J 1 (00=F (), =F (6)-F (a) A
Trong d6 F’(x)=f(x)
- O] X

Hinh 38

2. 'Y nghia hinh hoc ciia tich phan xac dinh (Hinh 38)

b

jg(x)dx: S.ns

a
3. Mt sb ing dung caia tich phan xac dinh

a) Tinh di¢n tich hinh phdang
Dién tich cua hinh gi¢i han boi duong cong y=f(x) va cac duong
y=0, x=a, X=b, trong d6 y c6 ciing mot diu véi moi gia tri cia x
trong khoang (a, b) la:

S = f (x)dx (xem Hinh 38)

D ey T

b) Tinh d¢ dai cung
Do dai (s) cia mot cung cua duong cong phang f(x,y)=0 tir diém
(a,c) dén diém (b,d) la:
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s_I 1+(gyj dx = f 1+(3;] dy

Néu phuong trinh caa duong cong x=f(t), y=g(t) thi d6 dai cua
cung tir t=a dén t=b Ia:

b
S ERGE
- |\ dt dt
¢) Tinh thé tich khéi tron xoay

Thé tich ciia khdi tron xoay duoc sinh ra do phan duong cong
y=f(x) trong khoang x=a va x=b chuyén déng quay xung quanh

b

o Trucxlav = ﬂj y2dx
d

o TrucylaVv = 7Z'I xdy

Trong d6 ¢ va d la cac gia tri ctia y twong (rng Vi CAC gid tri cua
avab cua x.

d) Thé tich tao béi tiét
dién song song
Néu mat phang vudng goc voi
truc X tai diém (x,0,0) cét vat thé
theo mot tiét dién c dién tich 1a
S(x) thi thé tich cua phan vat thé
trong khoang x=a va x=b la:

Hinh 39
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V:IS(x)dx

a

e) Dién tich mat ciia khéi tron xoay
Dién tich mat cua vat thé duoc sinh ra boi phan dudng cong
y=f(x) trong khoang x=a va x=b chuyén dong quay

o DPéivoitrucxla s = ZnIy 1+(3yj dx;

o DPéivéitrucyla S= 27r.[x 1+[dxj dy.
dy

Trong d6 ¢ va d la cac gia tri ctia y twong trng va&i Cac gid tria va
b cua x.
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CHI MUC

C

Cip s6
C3p s6 cong - 29
C3p s6 nhan - 29
C3p s6 nhan Ui vé han - 30
Cong boi - 29
Cong sai - 29
Téng hitu han - 30

D

Pai s6
Cénsd-16
Pathtc- 13
Déng thirc (ddng nhat thirc) - 14
Ldy thira - 15
Phan thuc - 13
S6e-74

Diém uén - 79
Doéng bién - 78

Ham lién tuc - 78
Ham 16i - 79

Ham s6 chan - 77
Hamsé 1é- 77

Ham tuan hoan - 78
Nghich bién - 78
Tam dé&i xirng - 80
Tiém can ding - 80
Tiém cdn ngang - 79
Tiém can xién - 80
Truc d&i xirng - 80

Hinh hoc phang

Phuong tich - 39

Quat tron - 38

Tam déng phuong - 40
Truc dang phuong - 40
Vién phan - 38

G

Gidi tich két hop
Giai thra - 8
Nhi thirc Newton - 11
Tam giac Pascal - 12

Luwgng giac

Goc boi - 47
GAc trong tam giac - 52

H

Ham s6
Cucdai- 79
Cuc tiéu - 79

S8 phtrc

Argument - 19
Biéu dién hinh hoc - 18
Module - 19
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v Tich hdn hop - 72
Tich v6 huéng - 70
Toadd - 69

Vector -
Vector doi - 67

Chiéu vector - 68
GAc gilra hai vector - 71
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