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Loi gidi thiéu

Tui chinh todn (Mathematical Finance) hay thudng dudc goi 1a Todn tai chinh
la mot nganh khoa hec mdi xudt hign va phét trién trong khodng 4 thap ky
tré lai day. Cling vdi sit phét trién elia ede cong cu tinh todn ngdu nhién, Todn
tai chinh da va dang phdt trifn manh mé va thu dige nhimg thanh tuu rie
13, Nhidu gidi thudng Nobel Kinh té di dat dugc trén linh vie nay. Ngdy nay
bo mén khoa hoc nay duge phit trién manh & hdu khdp cdc nudc phit trién
trén thé gidi. (J nude ta, trong khodng 10 nim trdt Iai diy, nganh khoa hoc
nay duge nhiéu nha nghién ctn quan tam tuy nhién cdc két qua «p dung con
khiém tén. Nam 2000 dédnh ddu mot bude ngodit 1dn trong nén kinh té mitdc
ta voi sy ra doi ciia Thi truong chiing khodn. La mét thi trudng non tré, thi
truomg ching khoan Viét Nam thu hit dude su quan tam ctia khd nhidu nha
déu tu v ca nhimg nha nghién ciu trong va ngoai nude. Thi trudng ching
khodn i trd thanh mot kénh huy dong vén rat hiou qua cho nén kinh té dit
nude, mot sin choi hép déin nhung ciing tiém dn khong it bién dong riii ro.

Todn tai chinh nghién citu hoat dong ciia th trudng tai chinh trén co sd
Giii tich ngu nhién vdi gid dinh riing cac qud trinh gia ¢d (ciia cdc hgp dong,
tai sdn, ...) trong thi truong 13 cdic qua trinh nglu nhifn diudi hai dang co ban:
thai gian roi rac v thoi gian lien tuc. Sy bién dong cla thi trudng thé hi¢én
qua sy bién ddi gid tri cic hdp ddng tai chinh treng thi truong do. Vin dé dit
ra I lam thé nao dé nim bit va du bdo duge su bién déng nay dé lwa chon
phudng dn dau tu hop Iy nhim thu lgi nhuan cao va trdnh rii ro? Toin tai
chinh sé gitip chiing ta trd 16i cAu héi dé. Trong pham vi gido trinh nay, chiing
toi gidi thiéu nhimg cd sd tinh todn tt dinh va nglu nhién trong tai chinh
nhiim giip ngudi doc cé nhing hidu biét co s¢ ban diu v& Toan tai chinh, ¢
d6 c6 thé tiép can duge cdc ly thuyét cao hon.

Néi dung gido trinh gdm:

Chuong 1. Céic tinh todn tai chinh co ban.

Chuong nay trinh bay mot s& khéi niém co bén trong tai chinh ma dac biét

|



6 Lai gidi thigu

1a thi truong chimg khoan nhdm gittp nguoi doc ¢6é duge hinh dung ban diu
vé thi trudng tai chinh. Chiing toi ciing gidi thidu mdt s6 tinh todn tai chinh
co bdn v mot s6 nghiép vu thuding giip trong nhiing giao dich tai chinh.

Chuong 2. Mo hinh ngéu nhién trong tai chinh vdi thoi gian rdi rac.

Trong chuong ndy chiing t6i gidi thiéu mot sé khai niém vé qua trinh ngiu
nhién vdi thoi gian rdi rac véi minh hoa la cde qua trinh trong tai chinh.
Chudng nay ciing gidi thiéu mét sé phéi sinh tai chinh nhr: quyén lua chon
kiéu Au, kidu M, ... v mgt sé phuong phép dinh gid trong mé hinh thi truéng
vdi thai gian réi rac.

Chuong 3. M6 hinh nia lién tuc va chuyén dong Browr.

Churong nay gidi thigu cic mo hinh nia lién tuc, mot s6 khdi nigm vé qué
trinh ng&u nhién vdi thai gian lién tuc va dic biet 1a chuyén déng Brown - mot
qué trinh thudng duge sit dung dé mé ta nhiing bién déng ngéu nhién trong
rit nhiéu linh vite ma dic bigt Ja trong mé hinh tai chinh vdi théi gian lién
tuc.

Chuong 4. Tinh todn ngdu nhién va itng dung.

Chuong nay nghién citu cd sd tinh todn ngiu nhién: Tich phan It, edng
thute Ité, tich phan ngéu nhién Stratonovich, ... thudng dugc sit dung trong tai
chinh.

Chueng 5. Phuong trinh vi phan ngiu nhién vi iing dung.

Chuong nay gidi thiu vé phuong trinh vi phaa ngdu nhién, mot céng cu
thudng gip dé xay dyung cic mo hinh tai chinh vdi thoi gian lién tuc. Trén co
sd tinh todn ngdu nhién d chuong trudc, ching tdi gidi thiéu phuong phép gidi
m@t s8 1dp phuong trinh vi phan nglu nhién thudng gip. Dé gidi quyét cée
bai todn thire té, dic biét 1a cde bai todn trong tai chinh, ching toi ciing gidi
thigu d diy mét sé phuong phép gidi sé cdc phuong trinh vi phan ngdu nhién
via mé phdéng 101 gidi cdc mé hinh tai chinh thudng gip.

Dé xay dung mét gido trinh ca sd ban déu vé Todn tai chinh véi khbi hrgng
kién thifc todn hoc khong niing 1im nhung di dé c6 thé nghién citu cdc chuyén
mén sdu hon, phii hgp véi déi tugng I3 sinh vién céc trudng kinh té va mgt
sé truong khéng chuyén vé kinh té Ia didu khong dé dang. Qua nhidu budi
Seminar, thdo lufin tai Khoa Todn kinh té - trudng Dai hoe Kinh té Quéc dén,
chiing t6i quyét dinh chon céch tiép can ciia Steven Shreve: Mo hinh rdi rac
— M0 hinh nita lién tyc — M6 hinh lién tuc. Do lin diu dugce bién soan nén
gido trinh ndy khong trénh khéi nhitng thiéu sét. Kinh mong nhén dugc sy
g0p ¥ va chi bo cia quy vi déc gi.

Ha Ngi, thdng 10 nam 2010




Chuong 1

C4c tinh toan tai chinh co ban

Chuong ndy gidi thigu mot 6 khai niem md diu vé efiu trdc thi trudng thi
chinh va cac tinh toén cd ban nhlim gitp ngudi doc ¢6 duge hinh dung ban dau
v nhitng quy téc tinh todn thudng gip trong nhimg giao dich tai chinh (xem
cde tai Yigu [11, (7], [4]). Mot 58 vAn & tai chinh cang ty ciing duge dg cap cing
véi viéc sit dung bang tinh Excel. Da sb cac cong thic tinh toan duge xem xét
& day déu tap trung vao su thay ddi ciia phuong phap chiét kbéu dong tién.
chi phi vén du tu vA £y sufit ma dong tién mat cla cdng ty duge chift khéu
so véi gia tri cia céng ty. Trong tam I céc vén d3 vé thug/mua co ban, ¢b
sit dung phuong phép cho vay tuong duong. Phéin cudi clia chuong nay di cap
dén phan tich tai chinh cita céc hgp dong thué ti chinh ¢6 vay nd; t¥ 1& hoan
vén theo phuong phap nhidu giai doan véi ty suht noi hoan hén hop (IRR), va
vige sit dyung Excel d& x4c dinh ty 1§ niy. Nai dung cu thé clia clutong gom:

o Gidi thigu v thi trubng tai chinh.
« Mot sb tinh todn tai chinh co ban:
—  Lai don, lai gop.
_  Gi4 tri hign tai rong (NPV).
_ T subt ngi hoan (IRR).
_ Qi tri tuong lai.
_  Tidn huong va céc vén dé tich luy.
_ L& sufit lay tién lién tuc.

o Mot s6 nghiép vu chimg khoén.
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1.1 Gi6i thiéu vé thi trudng tai chinh va mét
s6 khai niém co ban
1.1.1 Gi6i thigu vé thi trudng tai chinh

Thi trugng tai chinh thudng duge cdu tric nhi hinh 1.1, trong d6 cae t8 chie
va ca nhan tham gia thi trutng c6 thé chia thanh cic nhém sau:

Nha déu tu (Individuals): La nhing ngudi thie sy mua vi bén ching khon
trén thi trudng chitng khodn. Nhi ddu tu c6 thé duge chia thanh 2 loai: nha
déu tu c4 nhan va nha diu tu cé td chite.

Nha phét hanh (Corporations): La cac t6 chitc, eong ty ¢d phin thye hién huy
dong vén théng qua thi trutng ching khodn. Nha phat hanh 1a nguoi cung
cp cac chitng khodn - ngudn hang hod ciia thi trudng chimg khoin. Cé6 mét
30 loai nha phat hanh sau:

- Chinh phu va chinh quyén dia phuong phat hanh cac trai phiéu Chinh
phii va tréi phifu dia phuong.

- Cong ty phat hanh céc cé phiéu va trai phiéu cong ty.

- Cic t6 chifc thi chinh phét hanh cdc cong cy tai chinh nhi céc tréi phiéu,
chitng chi quy, ... phue vy cho hoat dgng cia ho.

Céc trung gian tai chinh (Financial Intermediates): Bao gom:

- Céc td chie kinh doanh trén thi trudng chimg khodn: Cong ty chiing
khodn, Quy déu tu chimg khoan, Cac trung gian tai chinh: Ngan hang dau tu.
cong ty bo hiém, ...

- Céc t6 chite ¢6 lien quan dén thi trudng chimg khoan: Co quan quan

Iy Nha nuéce, S& giao dich chiing khoén, Higp héi cac nha kinh doanh chimg
khoan, T8 chitc luu k§ vi thanh todn bt trit chitng khodn, Cong ty dich vu
mdy tinh chimg khoén, Céc t3 chiic thi trg ching khoan, Céng ty danh gid he
s6 tin nhiém, ...
Thj trudmg chimg khodn (Security Markets): Thi trudng chitng khoan dude
quan nigm la noi dién ra céc hoat dong giao dich mua ban ching khoén trung
va dai han. Viéc mua ban nady duge tién hanh § thi trudng sd cAp khi ngudi
mua mua duge chimg khoan ldn diu tit nhitng ngudi phét hanh, va & nhitng
thi trudmg thit cap khi c6 sy mua di bén lai cic ching khoan da dugc phét
hanh ¢ thj truding so cip.
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O O

Nha dau Nha phat hanh

Thi trufing chiing Khodn

Ocm trung gian ti chinh

Hinh 1.1: Chu tric thi trudng tai chinh

Nhu véy, xét vé mat hinh thife, thi truding chimg khoén la noi dién ra cic hoat
dong trao d6i, mua ban, chuyén nhuong cac gify 10 co gid tri thudng goi la
chitng klhioan nhu: tréi phiéu, 6 phiéu, quyén lya chon, hop ddng tuong lai, ...
qua do thay déi chil thé ndm gilt chimg khodn.

Thj trudng ching khodn 6 nhimg chifc ning cd ban sau:

- Huy déng vén dau tu cho nén kinh té.

- Cung cip mai triemg déu tit cho cong ching.

- Tao tinh thanh khoan cho cic chimg khoan.

- Danh gia hoat dong eia doanh nghiép.

- Tao moi truong gitp Chinh phi thye hién céc chinh sach vi mo.

Thi truong chiing khodn hoat dong theo cac nguyén tac co ban sau:

- Nguyén téc cong khal.

- Nguyeén téc trung gian.

- Nguyén téc diu gid.

Nguoi ta thuding phan loai thi trudng ching khoan theo mot s6 cach sau:

o Can ct vao sy luén chuyén céc ngudn vén, thi trudng ching khoan duge
chia thanh thi trudng so cAp va thi trubng thi chp.
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- Thi truong so cip la thi trudng mua ban céc ching khodn mdi phit
hinh. Trén thi trudmg nay, vén tit nha diu tie sé duge chuyén sang nha
phét hanh théng qua vigc nha diu tu mua cdc chimg khodn mdi phat
hanh.

- Thi trudmg thit cfip 1a nai giao dich cAc chiing khoan da dige phat hanh
trén thi trudng so cfp, dam bio tinh thanh khodn cho cée chitng khoan
da phéat hanh.

o Can cit vho phuong thite hoat dong clia thi trugng, thi truéng chimg
khoan duge phan thanh thi trudng tap trung (Sé giao dich chimg khoan)
va phi tap trung (thi truang OTC).

e Cin ctf vio hing ho4 trén thi trudng, thi trudng chimg kho#n cling c6 thé
duge phan thinh: thi trudng ¢d phiéu, thi trudng trai phidu, thi truong
cac cong ey chimg khoén phai sinh.

- Thi trutng c& phiéu la thi trudng giao dich v& mua bén céc loai b
phidu, bao gdm c¢d phiéu thdng, ¢d phidu w dii.

- Thi trudng trai phiéu la thi truding giao dich vA mua bén céc tréi phiéu
da duge phat hanh, céc trai phiéu nay bao gdm céc trai phiéu céng ty,
trai phiéu do thi va trai phiéu Chinh phad.

- Thij trudng céc cong cu chitng khodn phéi sinh 1a thi trudng phét hanh
v mua di ban lai cce chimng tit tai chinh khée nhu: quyén mua cd phiéu,
chitng quyén, hgp déng quytn chon...

1.1.2 Mot s6 khai niém trong thi truding chiing khoan

Trong thi truong chitng khoan, hai loai tai san nguyén thuy thudng dude dem
ra mua ban 1a ¢d phiéu va trdi phiéu.

Cé phiéu (Stock, Share) 1a loai chimg khoan phét hanh bdi cong ty dé tich
huy déng vén cho hoat dgng kinh doanh ciia ho. Gi4 ¢ phiéu bién dong phu
thude vao tinh trang x& hai va hoat dong kinh doanh cilia céng ty. Nguisi giit
cd phifu c6 quyén tham gia hoat dong kinh doanh cila cong ty (thudng theo
nguyén 1y “mgt cd phiéu - mat 14 phiéu”) va nhan cd titc.

Tréi phiéu (Bond) la gifly ghi ng phat hanh bdi nha nude, ngan hang, cong
ty b phéin, v cdc t8 chifc tai chinh khac. Trdi phiéu gén lidn véi cac chimg
khoén vj thé dai han, gid trj clia tréi phiéu ting len theo thai han voi mot 1ai
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suét cé dinh hodc thay déi. C6 nhiéu loai tri phiéu nhu: tai khodn ngan hang
(bank account), trai phiéu Chinh phii (treasury bond), trdi phiéu ciia cic cong
ty (corporate bond), ...

Theo tap quén, ngudi ta thudng goi tréi phiéu va ¢d phiéu la cic ching
khodn eo sd (Underlying securities) hodc tat sdn co sd {Underlying asset). Trén
thi truong ching khoan, ngohi cac tai sén co 84, ngudi ta thudng giao dich nhiéu
loai tai san khéc goi 1a cic ching khodn phdi sinh.

Chitng khodn phéi sinh (Derivative securities) Ia mot ching khodn ma gid tri
cia n6 phu thude vio chc thi sén co sd: ¢ phiu, tral phiéu...

Khéng giéng nhy cdc chimg khoan cd sd, céc chimg khoan phéi sinh lién
tuc sinh soi 6 Wuong, céc phat sinh mdi duoe kién tao lién tue. Do vay, viée
xay dung Iy thuyét dinh gid céc chiing khoén phéi sinh va quan Iy i ro cia
chitng mdi la mue dich chinh cita linh vire Toén tai chinh.

Hai loai chimg khoén phéi sinh thutng gip 1a quyén chon va hyp ding
tueng lad.

Quyén chon (Option) 12 mat hop ddng thi chinh cho phép ngudi gitt né duge
quyén mua hofic bén (nhung khong bt budc) mét tai sin cd s (ching han:
6 phidu, tidn t@, ...) tai mot thoi diém nhét dinh vai gia da xée dinh.

Quyén chon tai chinh bao gdm quyén chon mua v& quyén chon ban. Mat
quyén chon mua (call option) hodc ban (put option) 1a hgp ddng ma cho phép
ngudi gitt n6 quydn mua (hotic ban) mot tai sin da quy dinh, duge bidt nhu
mét tai sin cd ban, tai mot ngay Xac dinh (ngay do han) véi mot gié xAc dinh
(goi chung la gié thuc hign hay gid thuc thi (exercise price, strike price). Vi
ngudi giit quyén chon o quyén nhung khong cé nghia vy mua hodc ban mot
tai sén, anh ta sé dua ra quyét dinh phu thude vao sy thod thudn cé lgi cho
anh ta hay khéng. Quyén chon goi la duge thye hign khi ngudi git nd chon
mua (hofic bin) tai sdn. Néu quyén chon chi ¢6 thé thye hién vho ngay déo
han thi quyén chon dé dugc goi L& quyén chon kigu Au (European option), néu
aquyén chon duge phép thue hicn tai bét ki thoi dicm ndo tit nghy k¥ hgp ding
cho dén ngay déo han, thi nd duge gol 1a mot quyén chon kiéu My (American
option). Quyén chon mua va ban don gidn ma khong c6 diic trung nao die bigt
goi chung & quyén chon vanilla (plain vanilla options). Ta ciing thutng gip
mot sé dang quyén chon khéc nhu: quyén chon kiéu A (Asian option), quyén
chon ngugc (lookback option), quyén chon rao cén (barrier option), v.v...

Gi4 quy?n chon phy thuge gié cla thi san co ban. D& minh hog, ta xét mdt
quyén chon mua ma ghn thdi didm déo han vi gis hop ddng 1a 100 USD. Gid
sit gié hign tai ciia thi sin 13 98 USD, khi d6 gid quyén chon mua ghn véi 0 vi

Y
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gid tai sAn khong tang vugt qua 100 USD trong mot thdi gian kha ngin. Tuy
nhién khi gia thi sin 1a 102 USD thi gia quyén chon mua gin két thiic khoang
2 USD. Do d6, gid quyén chon mnua biéu déng theo gia tai san. Néi cach khéc,
khi ngudi diu tu budn ban cdc tai sin cd ban din dén tdc déng tdi gid cd clia
quyén chon.

Khi thuang théo hop dong, ngudsi tham dif k¥ hdp déng vdi ngudsi git quyén
chon goi la ngudi phat hanh hay ngudi ban (writer) quyén chon. Ngudi giir va
ngudi phat hinh quyén chon tuong ng goi 1a vi thé dai han (trudng vi) va vi
thé ngin han (doan vi) ciia hgp dong quyén chon. Khong gidng nhu ngudi gik
quyén chon, ngudi phat hanh cé bdn phan quan tam téi hep déng quyén chon.
ngudi phét hinh cAn phai ban tai sin néu ngudi mua chon mua tai sin. Day
la mét trd chui c6 tdng bing khong (zero-sum). Ngudi giit quyén chon kiém
duge tit sy thua 16 ciia ngudi phat hanh hosc nguge lai. D& dang nhan thay
gid quyen chon con phu thude vao gid hap ddng (thyue hien), thoi gian téi this
diém dao han va gia hién tai (gia thuc té) clia tai san.

Hgp déng tuong lai (Futures contract) 1a mot hop déng giita hai bén dé mua
ho#ic ban mot tai sin tai mot thii didm tit dinh trong tuong lai vdi mot gia
da xac dinh.

Thu hoach (Terminal payoffs): Xét mot quyén chon mua kidu Au vai gid thue
hign X va gid sit ky hiéu Sr 14 gid ciia tai san co ban vao ngay déo han T. Néu
Sr > X thi ngudi giit quyédn chon mua sé chon thue hién hop déng vi anh ta
¢6 thé mua tai sin cd gia tri Sr voi gid X. Ngudi gitt kidm dude tir quyén chon
mua nay Sy — X don vi tién t&. Tuy nhién, néu Sy < X, thi ngudi giit quyén
chon mua s& bi mét quyén thyc hién quyén chon vi anh ta c6 thé mua tai san
nay trén thi trudng véi gid nhd hon hoiic bing gia thye hién X da biét. Thu
hoach tit vi thé dai han (vi thé clia ngudi gi) trong mét quyén chon mua kidu
Au nay 1a:
max(Sr — X, 0).

Tuong ti, thu hoach tir vi thé dai han trong mét quyén chon ban kidu Au la:
max(X — St,0),

vi quyén chon ban sé& chi duge thye hién néu Sy < X, khi ma, thay vi Sr,

thi sAn duge ban vdi gid X cao hon. Trong cd quyén chon mua va quyén chon

bén, thu hoach la khong am. Céc tinh chét nay ciia quyén chon rit tu nhién
béi chiing chi dude thite hign néu thu hoach 14 duong.
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Phi quyén chon (Options primeum): Vi ngudi phat hanh quyén chon ¢d trach
nhiém trong tuong lai, anh ta cin phii duge nhan mot khodn phi do ngudi
giit quyén chon tra trude Kkhi ca hai ki vo hgp déng quyén chon. Mat quan
difn lua chon la: ngudi gid quyén chon duge bao dam nhan mot thu hoach
khéng am, anh ta cén phai trd mot khoan phi khi nhip vao trd chal quyén
chou. D@ dang nhan théy phi quyén chon phu thude vho gia hop déng (thye
hign). thai gian téi thdi diém déo han, gia hign tai (gid thue té) clia thi san,
lai sudt (interest rate) hign hanh va mic 42 ngau nhien - goi chung 1 dé bidn
ding gid (volatility) clia gid thi sén. Mot cau héi tut nhien 1a: Phi quyén chon
(thiimg goi 1 gid quytn chon hay gid tri quyén chon) la nhu thé naw cho dep
d2 trd choi la cong bing cho cd hai bon ngudi phat hanh va ngudi g quydn
chon? Ching ta sé trd 18i cau héi nay trong cic phin sau.

Danh mue diu tu (Portfolio) 14 vige két hop sO hiru tit hai trd lén cac khodn
dau tu: cd phiu, tréi phiéu, hang hod, bt dong san, cong cu tudng duong 1ién
mit, hay cac tai sén khac bdi nha ddu tie o4 nhan hay nha diu tie th clnte.
Muyc dich etia danh muce din ta 1a L gidim i vo by cach da dang hod cice
loai hinh diu tu.

Chién luge déu tur (Trading strategies ) 1a chién luge phan bd von déu tu (xay
g danh mue dan te) nhiim dat mue dich din tie.

Chién htge tu diéu chinh tai chink (Sell-financing strategies) Ta chién luge diu
tit 1ma khéng c6 ngudn tai chinh dige thém vao hodc it ra tit nguén diu ti
ghe. Chi phi dé gianh duge them mot sé dom vi chig khoan trong danh mue
dau tu mdi duge dém bao tai chinh béi viec ban mot vai don vi chimg khoan
khéc trong danh muc déu tit cl.

Nguyén Iy khong co lgi (khéng mua bin song hanh-Nonarbitrage Principle):
Mot yéu clu co ban trong céc mo hinh dinh gid tai chinh hop 1§ 1a khong co
céc co hai co lgi (co hoi diu cd true I6i), ma dude goi 13 nguyén lyj khang cu
lgi hay cdn goi la khong mua bén song hanh. Nhu mot vi du cho mdt co hoi
ca lgi, gia st gid cla mot chitng khoén da cho trong céc thi truong A va B la
99 USD va 101 USD tuong ing. Qid sit khong c6 chi phi giao dich, ngudi ta
¢6 thé khod loi nhuan riii ro la 2 USD cho mdt ¢6 phiéu bing cdch mua tai
A vai gia 99 USD va bén tai B véi gia 101 USD. Nha moi gidh, ngudi ma tién
hanh méi giao dich, dige goi 1 mat ngudt cd lgri. Néu thi truong tdi chinh
hoat dong ding, méi co hoi co lgi khang thé xay ra vi nhi ol gidi rét tinh
tao va ho phén ing lai ngay lap titc dé canh tranh trong méi mot co hoi. Tuy
nhién, khi ¢6 chi phi giao dich, mot su khéc bigt nho trong gié ci co thi vin

A
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con. Vi duy, néu chi phi giao dich cho mua va ban trong cé hai thj trudng A va
B la 1,5 USD, thi téng chi phi giao dich 12 3 USD cho mot cd phiéu sé khéu
trit vin may ciia ngudi mua bén song hanh trong co hoi co lgi do su sai khac
gia ¢d phidu la 2 USD.

Mot cd hoi cd ldi ¢6 thé dinh nghia nhu mot chién luge mua ban ty didu
chinh tai chinh khéng yeu cdu dau tu ban dau, khéng cé kha nang gia tri am
tai théi diém ddo han, vA con o6 kha néng dat 1di suft duong.

Phong ho (Hedging): Néu ngudi phét hanh quyén chon mua khéng déng thei
56 hitu bt ky mét lugng thi san co ban ndo, thi anh ta goi 1a mat vi thé trin
(naked position) vi anh ta ¢ thé thing lgi 16n ma khéng cin phong hé khi gia
tai sin tang 1én dot ngdt. Tuy nhicn, néu ngudi phat hinh quyén chon s3 him
mot Iugng tai sdn co ban nao do, sit thua 16 trong vi thé ngén han cla quydn
chon mua khi gi4 tai sin tang c6 thé duge dén by béi 181 1ai kiém duge trong
vi thé dai han cla thi sin co ban. Chién luge nay duge goi l1a phong hd, ¢ do
sut rlii ro trong danh muc dau tu duge gidm sét bdi hai mat déi 1ap trong hai
tai sdn ma cé tuong quan am vdi nhau. Trong mot trang thai phong ho hoin
chinh, nguoi phong ho phéi hgp mét quyén chon rii ro va mdt tai sin co ban
riii ro theo mot ty 1é thich hgp dang mot vi thé rii ro ma bidu difn gitng nh
mat trii phidu tur do mie dinh kiém duge 1ai snit riii ro. Nguyén 1 phong ho
riii ro la nén tang cla ly thuyét dinh gid quyén chon ma ching ta s& nghién
cliu sau nay.

1.2 Cac tinh toan tai chinh cd ban

1.2.1 Mot sbé nghiép vu tai chinh
Tién lai (interest)

Tién 141 1a mot khai nigm dude xem xét dudi hai gée do khae nhau: gée do
clia ngudi cho vay va ciia ngudi di vay.

- O goc d ngudi cho vay hay nha diu tu vén, tidn 1ai 1 sb tidn tang them
trén s6 von du tu ban déu trong mdt khodng thi gian nhét dinh. Khi nha
din it dem dau tuf mot khoan vén, nhi diu tu sé thu duge mét gia tri trong
tuong lai 16n hon gid tri da bd ra ban diu va khoan chénh lech nay duge goi
Ia tién 1ai.

- O goe do ngudi di vay hay ngudi sit dung vén, tién lai 14 s6 tidn ma ngudi
di vay phai trd cho ngudi cho vay (la ngudi chil s hita vén) dé dugce sit dung
viin trong mat théi gian nhit dinh.
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Khoan tién di vay (hay bo ra dé cho vay) ban dau goi 1a von ghe. S6 tién
nhan dutde tir khoan vén ghe sau mot khodng this gian nhét dinh goi la gia tri
tich lug. Trong thai gian cho vay, ngudi cho vay c6 thé gip phai nhimg tii ro
nhi: ngudi vay khong tré lai hode khéng hoan tra vén vay. Nhimng rii ro niy
s& dnh hudng dén tidn 1ai ma ngudi cho vay dy kifn trong tudng lai.

Lai sufit (interest rate)

Lai suéit 1a t§ sb gidta tién 1ai thu dude (phai trd) so véi von diu ti (vén vay)
trong mét don vi thai gian.
Lai thu dugc (phai tra) trong mat don vi thdi gian

Vén gbe

Lai sufit =
Don vi thoi gian la nam (tri truong hop cu thé khac).

Lai don (Simple Interest)

V& phucng dién tai chinh, 1ai 1a khodn tidn sinh ra tit khoan vén da bo ra trong
qué trinh dau tu (chiing han: cho vay, dau tu san xudt, kinh doanh, ..) sau
mét thai gian xac dinh. Phuong thic tinh 13i theo lai don la phueng tlite tinh
todin ma titn 1 san mdi ki khong duge uhap vao vén (¢ tinh lai cho ki saw.
Tidn 1ai cia mdi ki déu duge tinh theo véu gbe ban diu va déu bing nhau.
Q6 tidn 1ai phy thude trice tiép vao: S4 vén, thi gian diu tu va lai suit.

Néu ta goi Co la 6 von ban du, r |3 1ai suét cia 100 don vi tignte, T la
thisi han tinh theo nim, I 1 s5 tién 1ai, thi cong thitc tdng quét dé tinh s6 1ai
don nhu saw:

Fas CoxrxT
100
Trong truang hop g? dai thii giarnl tinh theo théng. nghy thi trong cong thite
trén ta thay T = 5 hosc T = 350 tuong img voi m, n 13 6 thing, sb nghy

diiu tu (Quy udc mbi ndm 360 ngay va méi théang 30 ngay, trong mot s6 truiing
hop cu thé, ¢6 thé tinh sb ngay chinh xéc ciia ddu tuf va quy dinh s6 ngay clia
i nam 14 365 déi véi nam thubng va 366 déi véi nim nhudn).
Vi dy 1.2.1. Mat khodn vén gbe 1a 5 trieu VND dwde dau tt trong 3 nAm
i 1ai sudt don 1a 7% /nam. Gié tri tich luy cita khodn vén nay vao cubi nam
thit 3 la:

Cox (1+3x71)=5(1+3x% 0,07) = 6,05 trigu VND.

e
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Vi du 1.2.2. Vao nghy 08/03/2006, mét ngusi diu tir gii vao ngan hang 40
tridu VND vdi 1ai suéit don la 8%/nam va rat tién ra vho ngay 11/09,/2006
(183 ngay tinh theo quy wdc trén). Tidn 14i anh ta thu duge la:

40 x 8 x 183
——————— = 1,626667 tricu VND.

0 rigu V1
Vi du 1.2.3. M6t ngudi diu tu gii 30 tridu VND vAo ngin hang véi 1ai subt
8,2%/nim.

S6 titn ciia ngudi 46 sau 45 nghy la:

30 x 8,2 x 45

30
* 36000

= 30,3075 trieu VND.

86 tién clia ngudi dé sau 1 nam la:

30x8,2x1
+—

o 100

= 32,46 trigu VND.

Chiét khéu theo lai don

Nghizgp vy ¢hiét khiu thudng duge p dung cho cée thuong phiéu (ki phiéu
thuong mai).

Thuong phiéu la ching tif biéu thi mot quan hé tin dung, mét nghia vu
tra tién duge lap ra trén co sd cic giao dich thuong mal. Tuy theo luét phap
cia titng nudc ma thuong phiéu c6 thé gdm toan bo hay mot sb loai sau: héi
phiéu, 1énh phiéu, séc, phiéu lwu kho.

Héi phiéu: La mgt to lenh tré tién va didu kien ciia mét ngudi (duoe goi la
ngudi ky phéat) gl cho ngusi khac (goi 13 ngusi bi phéat) dé yeu ciu ngudi
nay tré ngay hay tri trong mgt thai han xdc dinh s6 tidn ghi trén héi phiéu
cho chinh ngudi ky phat hofic cho mét ngudi xdc dinh duge goi 1a ngudi duge
hudng.

Lénh phiéu: La mét gifly cam két v6 didu kign do mét ngudi lap ky ton. gi
cho mot ngudi khéc, cam két minh s& trd, vao lic xuét trinh hoiie vao mat
ngiy ¢é dinh mét khodn tifn cho ngioi dé hoiic cho ngudt cdhige hntdng.

Séc: La tés lenh tré tidn vo didu kign clia ngudi chil tai khoan tién gii khong
k¥ han tai ngan hang, ky phat cho ngan hang, yeu ciu ngan hang nay chi tra
s6 tidn ghi trén séc cho ngudi duge hudng,

Phiéu huu kho: La ching tir do ngudi chit kho cbng cdng hodc do ngudi phy
trich cang efp cho clit hang hoa, xdc nhan da nhan haing héa dé L kho.
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Phiu lru kho 13 mot ching tit s& hitu hang héa ¢6 thé duge chuyén nhugng
bling céch ky hau va trao tay.
Chiét khéu theo lai don: La nghiép vu qua dé ngan hing danh cho khéch hang
duge quyén sit dung cho dén ky han clia thuong phiéu mat khodn tién cia
thuong phiéu sau khi da trit khoén 151 phai thu (tdc tién chiét khiu va cac
khoén chi phi chiét khéu).
Ménh gi: La khoan tidn dudc ghi trén thuong phiéu, ky hieu: C.
Gid trj hign tai: La khoan tién sau khi da khén trit chiét khdu, ky hisu: V.
K¢ hieu E la sb tién chiét khiu, ta ¢6: V = C = E.
Thuong ¢6 hai loai chiét khfu: Chiét khéu thuong mai (k§ higu Ec) va
chiét khéu hgp 1y (ky hiéu Er)
Cxrxn
Ec= 5000 " V=C-Ec
Vixrxn
T 36000
trong dé n 1a sb ngay giao dich va
. 36000 % C
T 36000 +7rxn

Er C=V'+Er

Thx dé:
© Cxrxn

T 36000+ xn’

Vi dy 1.2.4. Mgt thuong phiéu cd thoi han 45 nghy, néu chiét khéu theo
phuong phép hop 1y véi lai sudt 2,5%/ndm thi tién chiét khéu cia thuong
phiéu la 85,25 nghin VND. Ménh gia chia thuong phitu d6 la:

Er

2
o Brx (36000 + 7 n) _ 85,25 x (36000 + 2,5 % 48) _ e o0 o ynp

rXn 2,5 % 45

Lai gop (Con-l.posed Interest)

Mét khon vén (g ngan hang) duge hudng 1ai gop khi sau ky gl ban diu

titm 183 thu duge sé ditge gop vio klodn vén ban ddu va chinh khoan lai dé lai

tao ra s6 1 ¢ thi ky tiép theo va tiép tyc nhut vay cho dén ky giti cudi cling,

Nhu vay, phuong thdc tinh 1ai theo lai gop 14 phuong thitc tinh toin ma tién

1ai sau mdi ky duge nhép vao vén dé diu tu tiép va sinh 1ai cho ky sau. Théng

thudng, dbi véi céc giao dich tai chinh, lai suét dude sit dung 12 1ai gop.
Npudi ta goi dé la trudmg hop 1ai duge von hod.
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Vi dy 1.2.5. Mot ngudi ddu tu giti 10 triu VND vio ngan hang va huéng lai
sudt 5%/nam. Dén cubi nam thit nhét ong ta duge 1ai 0,5 tricu VND dé gop
vAo khoan von ban dau thanh 10,5 trieu VND. Dén cudi nam thit hai ong ta lai
g0p thém khoan 1ai 0,525 trieu VND va ¢6 10,5 + 0,525 = 11,025 trigu VND.
Khoan vén nity dén cudi ném thit 3 sé duge khoén 1ai 0,55125 trigu VND. Vay
néu ngudi déu tu giti trong 3 nam thi ngudi dé sé nhan dude khoan tidn L
11,025 + 0,55125 = 11,57625 trieu VND.

Mat. céch tdng quét ta c6 cong thite tinh s6 tién thu dude theo lai gop Cn
sau 1 thai ky nhu sau:
Cn=Cox (147 (L1)
hay dudi dang logarit:
log C, = log Cy + nlog(1 + 1),

trong o Cy Ja 56 vén ban diu, n 1 s6 thoi ky g vén (tuong tng véi thei ky
ciia 1di sudt), r 12 141 sut ciia mot don vi tidn té.
Néu goi I, 1 s6 1ai cho dén cudi thai ki thit n, ta c6:

In=Co—Co=Cox (147)" = Co = Co x [(1+1)" —1].

Vidu 1.2.6. Mot khoan vén gbe 1a 5 tricu VND dude diu tir trong 3 nam vdi
1ai sudt gop 7%/nim. Gié tri tich luj ctia khodn vén nay vao cudi nam tha 3
1a: R
Cox (1+7)° =5x (1+0,07)° = 6,125215 trigu VND.

Vi du 1.2.7. Mét ngudi dau tw gl 10 triéu VND vao ngan hang véi 1ai suét
5%/nam va s6 lai gbp vao vén 6 thang mét lan. Tinh s6 tidn thu duoe cha
ngudi dé sau 8 nAm.

Gidi: Do lai gop vao vén 6 thang mot 1an nén 1ai suit clia mot don vi tidn te
la T = 0,025 va s6 thi ky 1ai gop vao vén 1a n = 16. Theo cong thitc (1.1), sé
tién thu duge ciia ngudi dé sau 8 nam la:

Cle = 10 x (1 +0,025)'8 = 14,84506 tricu VND.

Vi du 1.2.8. Mgt ngudi diu tu mong mudn thu duge 37,0061 tricu VND sau
10 nam. Tinh s6 vbn ngudi dé phai ddu tir biét 1ai suét 1a 4% /nam.
Gidi: Tit cong thite (1.1), 56 vbn ngudi d6 cin diu tu la:

37,0061

mﬁ =25 trigu VND.

0=



Chucng 1. Céc tinh toan tai chinh cd bin 19

Chiét khéu theo ldi gop

Trong nghiép vu tai chinh dai han (trén mét nam), viée sit dung nghicp vu
chift khiu thiong mai la khong phit hdp vi né dén dén sai s6 lan; vi vay. ngudi
ta chi sit dung nghiep vu chiét khéu hop 1y theo 1ai gop dé tinh sb tidn chiét
khéu tir gia tri hién tai hop 1.

Coi E 12 sb tién chiét khau theo 1ai gop, V" la gid tri hién tai hop 1§ clia
thitong phiéu, Ty 12 56 1ai gop clia V7, n 1a sb thai ky g vén. Ta co:

CaV' by =V AV X (14T =1 =V x (1 +7)"

Do vay:
"= _-—g—— (cong thite hién tai hod mot khoan vén).
1+
Tit dé ta cé:
B B c C{(l+r)“—1]'

TlFer T
Vi du 1.2.9. Mot thuong phiéu 15 tridu VND ¢6 thai han 5 nam, duge chiét
Khéu theo lai sufit chiét khiu 6,5%/nam. Tinh gi trj hién tai clia thuong phitu
dé va s6 tidn chiét khau.
Giéi: Gi4 tri hién tai ciia thuong phiéw:

15

Vi = @7 0,000

= 10,9482 trieu VND.

S6 tién chift khau:

E = 15— 10,9482 = 4,0518 triéu VND.
Vi dy 1.2.10. Mot chiing khodn ¢6 gia 25 trigu VND duge chidt khau vai lai
sufit 8%/nam. Tinh thai han cita chitng khoan dé, biét gia tri hign tai cha nod
12 19,111 trigu VND.

Gidi: Ta ¢6
25
11l = ————.
19, (1+0,08)"
Suy ra

19,111
n = 1081 05) 95 /-

Do dé n = 3,5 nim.
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i A - T I T - W )
L Table 1.1

2 | Ty 1& chidt khdy . 10%
3 /Gid tn hign tas $379.08 4------ =NPV(B2,BTB11}

6 |[Nam Dbng tidn

) 100
100
100
100
100

L T

Hinh 1.2: Béng 1.1.

1.2.2  Gi4 tri hién tai va gia tri hién tai rong

Mot nghiép vy quan trong trong tai chinh 1 xac dinh gid tri hién tai cia cac
dong tién nhan duge theo thai gian. Vige nhan duge tidn mat (hay déng tién
nhur ching ta hay goi) c6 thé phi ngfu nhién hoiic ngiu nhién. Ca hai khai
niém, gia tri hién tai (Present Value - PV) va gié trj hién tai rong (Net Present
Value - NPV), déu lién quan dén gia tri hom nay cfia cde dong tién mit trong
tudng lai. Gia sit ching ta dinh gia mgt khoan dau tu 100 USD/nam vao cubi
nim nay vd trong 4 nim t6i; gia sit ¢6 5 lan thanh todn, m&i lan 100 USD,
chilc chin s& ditge thye hign. Néu ngan hang tri lai suét hang nam 10% trong
thai han 5 nam thi lai sudt 10% nay chinh 14 chi phi co hsi ciia khoan dau tu.
12 1gi nhuén dé chiing ta so sanh céc lya chon dau tu. Ching ta 6 thé xac dinh
gid tri cia khodn dau tu bing cach chibt khéu céc ddng tidn mat véi chi phi
co hoi 12 ty 1@ chiét khu (xem bang 1.1). Gia tri hién tai (PV) 379,08 USD
chinh 14 gid tri hém nay ciia khoan déu tit, Gia sit khodn dau tu nay duge dem
béan véi gia 400 USD. Ré rang chiing khéng déng gia dé mua, béi vi so vdi loi
nhugin thay thé hudng 1ai sust 10% (ty 18 chiét khén). khoan dau tu nay ehi
déng gid 379,08 USD. O day, ching ta phii 4p dung khéi niém gia tri hign tai
rong (NPV). Goi r la ty 12 chiét khéu ciia du tu thi NPV duge tinh nhy sau:

PV =
NPV =CFy+ z T }l,
trcng dé CF, Ja dong tién mét ciia vigc diu tu tai thai didm £ va CF, 1a dong
tién mit hién tai (xem bang 1.2).

Chu ¥ 1.2.1. Ngon nga Ezcel vé dong tién mdt chiét khéu khdc véi ngon ngit
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Sl e O T S-S Y o 5 B
Tﬁ & chiét khdu 10% :

2| Ty ndi hoan (RR) 7.931% =IRR{B6.B11)

3 1Gia tn hign tai thudn (NPV) §20,924----=------ =BE+NPV(B1,87.812)

5 :Nam Dong tién
-400
100
100
100
100
100

B WA O

BANG VAY .

-B6 Vén géc Thanhtoan  Phan chia thanh todn
bs] ghunamcubimdl  thanhtrd gbe va rh 1ai
16/Nam nam La Gé
117] 1 400 68,28+ =C17-D17
18| 2 372 7369
[ 58,03 7954
20 4 178,50 8584
21 5 9285 9265
2
{517 ET -$852'B17

Hiph 1.3: Béng 1.2

trong thu@t ngit tai chinh tiéu chudn. Ercel sit dung cdc chit cdi NPV dé chi
gid tri hign tai (chit khong phdi gid tri hién tai rong) ciia cdc dong tién mii.
Muén sit dung Excel dé zdc dink gid tri hién tai rong tai chinh cua cdc dong
tién mat, ching ta phdi tinh gid tri hign tgi cia cdc dong tién mdt tuong lai
(st dung chitc ning Bacel NPV) 11 trt di domg tién tei thoi diém O (théng
thuimg ddy la chi phi cia tai sdan dang s dung).

1.2.3 Ty 1& ndi hoan va bang vay

Chiing ta tiép tuc vdi bai toén & muc trén. Gia sif chimg ta ird 400 USD cho
dong tidn mit nay. T 1& ni hoan (IRR) dugc xéc dinh nhu tj 1¢ lai gop (r)
sao cho gi4 tri hign tai clia dong tién (NPV) biing 0:

N
CF,
CFgrf;m =0.

Ham IRR ciia Excel s gidi quyét vAn & nay. IRR la t§ 18 hoan vén hdn hap
cita khoan dau tu. Luu § ring IRR bao gdm tét ci car khoan tién mit trong
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AT B8 T € T 0 ToouSeeksus

|1] e s cepreiy

2 |Crphi -1000 o g s catass

3[IRR? 24.44% | mdascisea, Rl
4] | Tagetvaice: 0 e
5 i Currentvalue: 0,00

5 !

7 |BANG VAY A i
8 1=82 Véngéc Thanhtodn Phin chiTTRERRTEER T
9 ddunam cudimd  thanntd géc va tra a

10 !Nam nam La Géc

1 1 1000 300 24436 5564+ =C11.D11
[12] 2 94438 0,76 3076

1] 975,13 38,28 88,28

14 4 106341 25986 34014

15, 5 72326 176,74 72326
[16] 6 000

17 =B1-E11 =$B$3'B11

Hinh 1.4: Bang 1.3.

dhiu tu, ké cé khoan tidn mat thit nhét clia qué trinh ndy (trudng hap ndy I
s - 400, xem bang 1.2).

Béng vay chia mdi thanh toén tai sin thanh phén tién lai vi phin vbn gbc
hoan tra. Titn lai cubi mdi nim bang ty 16 IRR nhan vé von ghe vae diu nam.
Vén gbe ciia ddu nam cudi ciing (trong vi du trén 1 92,65 USD - xem bang
1.2) phai dang biing tidn trd vén gbe vio cudi nam dé.

Cliing ta hoin toan c6 thé sit dung bang vay dé tim tj 13 n6i hoan. Hay
xem x6t mot dau tu hign tai véi chi phi 1000 USD ma s¢ duge hoan trd 1oan
b{ vio cudi cde nam thi 1, 2, ..., 5 vdi lai suét dy kién la 15%. Theo vi du
trém, ty 16 IRR efia khodn ddu tu nay s& 1dn hon 15%. Trong vi du nay ching
ta thém & (B16). Néu lai suét trong & B3 chic chin bling IRR thi 6 B16 phai
14 0. Bay gid chiing ta cé thé sit dung chic ning Goal Seek ctia Excel (nkm
trong thanh cong cu Tools) dé xdc dinh IRR (xem két qua trong bang 1.3).

1.2.4 Ty 1& ndi hoan hén hgp

Dong tién m#t doi khi c6 hon mét gia tri IRR. Trong vi du sau, ching ta c6
thé néi ring dong tién mét trong céc 5 tit B35:B40 co 2 gia tri IRR do db thi
NPV cit truc hoanh tai 2 diém (xem bing 1.4). ’

Ham IRR ciia Excel cho phép ching ta duge thém mét tham sé dé tim ca
2 IRR. Thay vi viét IRR(B8:B13), chiing ta viét (B8:B13, bién du bao). Bién
dif béio 13 tham s6 bt diu cho thuat toan ma Excel sit dung @ tim IRR; bing

i
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& T 8 e T o I ET ¢ 1 =
5 DATYLE ROIHO) € 1 F T & .1
Tyie criétkndu  6,00%

NPV _§3,99 =+NPV(B3B9B13}+B8 Séhéu
% Tyie
b cudtkhdu NPV
ng tidn =+NPV(F8 3B59:58513)
-145 %n,ooo
100 3% 10,508
6% 3985

[ SERY U]

9% 0241
129% 2,693
15% 3774
18% 3,801
21% 3,020
245 1623
27% 0237
30% 2441
33% 4,898
36% 1526
39% 10,275

Chigt khau

RR thiy nndt B.78% =IRR(B8'B13.0}
RR thi hai 26.65% =IRR(BS B13.0 3)

Hinh 1.5: Bang 1.4.

cach didu chinh bifn dy béo, ching ta c6 thé xdc dinh ca 2 IRR. O B32 va
B33 minh hoa cho didu dé.

V2 thao téc trén, ching ta cAn luu ¥ 2 didu:

L. Bién duy béo it khi sat véi IRR do chiing khong duy nhét. Trong vi du,
dat bién dy bao biing 0,1 va 0.5, ching ta vAn s& 6 két qud IRR gibng nhu
trén.

9. D x4c dinh sb va gia tri xAp xi ciia ce IRR, viée sit dung bién dif bio
cho phép nhan dude tien ich nh dd thi NPV clia khodn dau tu nhae 1 ot
hivn chia cic ty 18 chiét khéu (nhy ching ta da lam). Khi d6, ty 1¢ ndi hoan 1a
nhimg diém ma dd thi cit tal true hoanh, v vi trf ghn nhing diém nay dde
sit dung nhu bién dy béo trong ham IRR.

XKét tir quan diém ky thuat, dong tidn mit ¢o thé ¢6 IRR phite hgp chi khi
6 it nhat 2 1An thay déi déa. Nhidu dong titn mit “dién hinh” chi thay débi
1 lin diu. Chiing han, chiing ta xem x&t dong tién mat tir viee mua mot trai
phiéu c6 gid tri danh nghia 1000 USD véi ty 18 1ai (coupon) 10%/nam, va thoi
gian déo han 8 nam. Néu gid thi trudng hién tai cia tral phiéu la 800 USD thi
dong tidn mit chi Dbién ddi 1 Vin (tir am cia nam thit O sang duong ciia cae
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VAR, - T R o T E I F < SO R i e )

1 [DONG TiEN TRAI PRIEU

L2 Bang sé ligu

3 |N&m  Déngtién Tdc déng clia ty 18

n o 800 chiét kndu ien NPV

£ ; :gg i ;} ggg-gg 12001 Gidt hign tai coa tréi phidu
7] a 100 2% §78604 | Y%

] 4 100 4% 560396 |  see

0 5 100 6%  $448.39 | "V s

10 8 100 8% 31403 [ g

1 7. 100 0% s20000|
[12] 8 1100 12%  $10065 o

1 14% $14.45 ;
[4|RR 14,36% 16% (3r062)|  sme] P 01 oz oz
REH s 18% (312621 sae0 T 1@ chiét khiu

B
§

{£183,72)

Hinh 1.6: Bang 1.5.

ném thit 1 dén thit 8). Vi vay ma ddng tién mat dé chi s 1 IRR (xem bang
1.5).

1.2.5 Lich thanh toin nhitng khodn nhu nhau

Mgt vin dé khéc: Ban di vay 10000 USD vdi lai suét 7%/nam. Ngan hang
muén ban chon mot day thanh todn dé tra hét ca tidn vay lén tién lai trong
6 nam. Ching ta c6 thé sit dung ham PMT cila Excel dé xéc dinh mdi nam
phéi thanh todn bao nhicu (xem béng 1.6).

Luu ¥, ching ta dit “PV”, thuat ngi cho tién gbe clia khoan vay ban diu
trong Excel biing déu trit. Néu khong Excel s3 cho gid tri am (mot chiit phién
todi nhd). Ta c6 thé xdc nhan két qua trén bing céch tao ra bang vay (ban
doc ¢6 thé xem nhu mot bai tap).

1.2.6 Gi4 tri tudng lai va 4p dung

Chiing ta bit ddu vdi mot truding hop phé bién. Gia sit ban gti vao thi khodn
1000 USD véi thai han 10 nim va tai khoan dé6 duge huéng muae & subt
10%/ndm. Vay dén cudi nam thi 10 ban sé ¢6 bao nhisu tién? Theo nhu béng
1.7 dudi day, b tidn d6 s& Ja 2593,74 USD.

Gié trj tuong lai clia 1000 USD trong 10 n&m véi lai suft hang n&m
10%/nam ciing c6 thé duge tinh trye tiép nihu sau:

FV = 1000 x (1 -+ 10%)° = 2593, 74.
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r A O - A O - P [ I T O O VR

K LICH THANH TOAN
2
3 {Vay gbe 10000
|4 L& suat 7.00%
Thon gian trd hét ng

8
Trhhangnam  $2007.95 =PMT(B4B5-B30)

[ Fancvan argurmems ki
PHT
Rate 84 [ =007
R Hper B5 . e
LR @ - 10000
B -
e [
1 . = w9957

Pvis the present vahue: the total amount that 8 series of fullre payments is
worth now.

Formua result = 2097 357958

e v |

-

Hinh 1.7: Bang 1.6.

W Y B TS O |
Gia tr] trong lal don glan
3|Lasult  1000%

CandbiTK Lsithu  Tongdu TK
diunam  trongndm  Cudi ndm
\ o =5B83'B8
0 1000 100" 1100

1 Mo om0 TsBEsce
2 1210 21 13

3 1331 1331 14641

4 14641 148,41, 1610,51

5 181051 161,051 1771568

§ 1771561 17,1561 194872

7 10487171 19487174 214359

B 21435608 214,35888 235795

9 2357,0477 23579477 259374

10 25037425

Hinh 1.8: Bang 1.7.

25
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e R N - S 2 - T
{1 Gia trj tiromg lai clia khoan tién g hang nam

2
13 |Laisudt 10%
L4
L5 |Na&m  Canddi TK Tidn govi L& thu Séaw
iy ddunam  dAunam trong nam  cubi nam
T : ¢ =(B8+C8)"$BS3
L8] 0 1] 1000 100 1100 +—— =B8+C8+D8
191 1 1100 1000 210 2310

10 2 2310 1000 331 3641
1] 3 3641\ 1000 4641 5105
112 4 5105,1 1000 61051 6716
i) 5 671581 | 1000 771561 @487
g 6 8487171 1000 9487171 10436
15! 7 1043589 1000 11435888 12579
18 8 1257948 | 1000 13579477 14937
A7) 9 1493742 1000 1593,7425 17531
8] 10 1753117
itg =E8
.20 | Gi& trj trong lai $17.531,2 +——=FV(B3,A18,.1000, 1)

Hinh 1.9: Bang 1.8.

Béay git chiing ta xem xét trudng hop sau phic tap hon mét chit: ban dy
dinh md tiép mét tai khoan tiét kism. Tidn g ban diu cia ban trong nam
nay 1a 1000 USD va vio diu cie nam thit 1, 2, dén 9 ciing nint viy. Néu lai
suét hang nam 10% thi dén ddu ném thit 10 trong tai khodn ciia ban sé c6 bao
nhiéu tién? Trudng hop nay c6 thé dé dang lap bling Excel (xem béng 1.8),

Vi viiy, theo bing 1.8, vio diu nim thi 10 chilng ta s& ¢6 17531,17 USD
trong tai khodn. Ching ta ciing c6 thé thu duge két qua tuong tu bang ap
dung céng thite tinh téng cc gié trj tuong lai ciia mdi khoan tidn gifi.

Téng s6 tién vio diu ném thit 10 la:

10
1000 (14+10%)'7+1000 (1+10%)°+... +1000 % (1+-10%)" — 31000 (1410%).

t=1

Lutu y réing trong 6 D20 ciia Excel c6 chic ning FV tinh téng niy. Hop
thoai cita chitc niing FV ¢6 dang nhu trong bang 1.9.

Vé chite ning nay ching ta luu ¥ 3 didu sau:

1. Chite néing FV sé cho lai am déi véi khoan tidn gl duong. Cé thé giai
thich cho viéc tai sao lai dat chuang trinh thye hién chite néng theo cach nay.
nhung nhin chung ciing khong r5 rhng. Vi vay, dé tranh cac con sé am, ching
ta dat Pmt bing -1000.

2. Dong PV trong hip thoai sp dung cho trutng hop tai khodn cé gid trj
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Function Arguments 3 =™
e
Rate 83 Ao
Nper A18 . =1
Pmt 1000 (%) = 1000
- -
Tope | R
= 17531,16706
Retums the future valae of an pvestment based o1 periods, constant sayments and 3
constant interest rate.
Typeis2 the timng t
o the period = 1; payment ot the and of the period = 0 or omitted.
Formua rest = 7534,174
ton i ecion o) (o )

Hinh 1.10: Béng 1.9.

ban diu khac 0 khi tién hanh giti tién, Trong vi du nay, dong nay duge dat
bén tréi, chi riing gié tri tai khodn ban déu bing 0.

3, Nlur chiing ta thiy trong hop thoai, “Type” (bing 1 hofic 0) chi viee gii
titn ditge thue hign vao dau hay eubi mdi thoi k.

1.2.7 Tién luong va anh huéng dén gié tri tudng lai

Ta xét mét vi du dién hinh: Gia sit hign nay ban 55 tudi va dy dinh v& huu
khi 60 tudi, D& dam béo tai chinh khi v& i, ban dit dinh md mét tai khodn
huu tri:

+ Vao dAu céc ném thit 0, 1, 2, dén 4 (chdng han bét ddu ti hém nay va
trong 4 nam tiép theo), ban dy dinh gl tién vao tai khodn hwu trf v duge
hudng 1ai subt 8%/nam.

+ Dén 60 tudi khi vé& huu, ban dy doén sé phai song them 8 n&m nita (tAt
nhién 1a ban con muén séng 1au hon thé!). Trong mdi ndm nay, ban mudn rat
30000 USD tit tai khodn huu tri va sé du tai khodn vin sé tifip tuce dige hudng
14i suéit 8%/nim.

Viy hang nam ban sz phi gifi bao nhiéu tidn vao tai khoin? Bing tinh
1.10 sau day s& chi ra ciach ma ban 6 thé d2 dang bi nhim truée vén dé nay.
Trong trudng hgp ndy, ban tinh todn riing trong vong 8 nim dé mdi nim c6
30000 USD, ban cin gli vho mdi nim 240000/5 = 48000 USD trong 5 ném
dau tian. Theo bing tinh, sau 8 nim ban sé c6 it nhidu titn (1 do 12 ban da
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] A .8 L€ 1 0 TF [ 7 | 5 177
1 i Bai toan lvong huu
2
| 3 [Lai sudt 8,00%
{4 Tiéngoinangnam 29387 e o
ﬂLumlghwhéngném 30000 ! =(D10+C10)"5853
6 x |
2 _Nam  Canddi Tién g Lai thy Sodr :
8y Gy nam ddu ndmbong nam | ' cudi nam =C10+D10+E10
g ! 2 i
|10 i 0 0 48000 384000 51840,00
[51] . 151840 48000 798720 10762720 ; !
12§ B 2 107827 48000, 1246618 168293,38 H
j] o 3168203 4B000' 1730347 23350685
1] . 4 2335097 48000 2252775 304124 59
ﬂ 5 304125 -30000 2192997 296054 50
I i 6296055 30000, 2128435 287338,03
L P T | 7287339 30000 20587,11 277926,04
18] . 82717926 30000 19834,08 267760,12
Wl 9267760 30000 1902081, 256780,93 _
20 ) i 10 256781 -30000] 18142,47 24492341
al o 11244923 300001 1719387 23211728 i
2] Lo 12 2020170 30000, 16169,38 21828666 ;

Hinh 1.11: Bang 1.10.

bd qua anh hudng rét 16n clia 13 sut tinh £0p, néu trong bang tinh dit 13
sudt biing 0 thi ban sé thiy réing ban lam ding).

C6 2 cach dé giai quyét vin d3 nay. Cach dau tien 13 s dung Solver ciia
Excel trong thanh cong cu Tools. Click vao Solver, hop thoai xuét hién va
chiing ta didn vio cac gid trj da cho. Néu biy gi¥ chiing ta click vao hop Solve,
ching ta s& thu duge két qua (xem bang 1.11).

St dung céc céng thite tai chinh dd gidi quyét vin da tién luong
Chiing ta c6 thé ap dung giai phap thong minh hon cho vén d& nay néu hidu
duge qué trinh chiét khiu. Gia tri hign tai ciia toan b cic ldn thanh toan
duge chiét khiu 8% phai béing 0:

4

e X P 12
Z Tién gini bﬂ:l diu _ Z 30000{ _
e (1,08) — (1,08)
12 30000

= Tién gl ban diu = —:=—5— ll.tl)ﬁ).
t=0 (T08)F
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S N [-ESEe Y e et i G - L R
Bai toan lweng huu
2
(278 sult 8,00%
| 4 Tiéngiri hang ndm 29387
| 5 |Luong huu hang nam 30000 =(D10+C10)"$853
L}
11| Nim  CandbiTK Tidngdi Laithu [ Sbdv
Le] dduram  ddunam trong nam| cudinam . =C10+D10+E10
k]
[0 0 0 293865 235092 3173748
[11] 1 31737475 293866 488992 6601395
{12 2 66013948 203866 763204 10303254
(1] 3 10303254 203866 1059353 14301262
[1a] 4 14201262 293866 1379193 18619110
[1s] 5 1851911 -30000 1249529 16868630
|16} 6 16868630 -30000 1108491 14978130
17 7 1497813 -30000 958250 12936381
[a] 8 12936381 -30000 7949,10 10731291
1] ) 9 10731291 30000 618503 8349794
20 10 83407.942 30000 427984 5777778
21| 11 STTTTI78 30000 2222,22 30000.00
[22] 12 30000 -30000 0.00 0,00
23
24|Tir sb 26719 +———— =1/(1+SBS31"4"PV(B3 8 -30000)
| 25 {mdu sb 431 «———=PV(B35.1,1)
26 Tiénglihangndm 29387 +——— =B24/B25

Hinh 1.12: Béang 1.11.

Chiing ta c6 thé sit dung chitc nang PV cia Excel dé tinh cA tit s6 phia
bén phai:

12 8

30000 1 30000
E = E &) ba A1),
X oy om 2 owy Z oy (xem bing 111

1.2.8 Lai gop lién tuc

Gid sif ban giti 1000 USD viwo tai khodn ngan hang véi 1ai sust hang nim 5%.
Dén cudi nim ban sé 6 1000 x (1,05) = 1050 USD. Gia sit bay gié mdi ndm
ngan hang thanh toén cho ban 2 lin theo lai suit 2, 5% Sau 6 thing, ban cé

i ;5) — 1050,625 USD. Theo

1025 USD, va sau 1 nam s& 13 1000 x (

logic nay, néu mdi ndm ban nhan duge n lan thanh toén thi dén cudi nam tidn
0,

clia ban s& ting 1én 1000 x (1 + 05) = 1050, 625 USD. 86 n cang ldn thi

tidn cia ban s& cang 16n, tifn dén (rit nhanh nhu ban s& dude théy ngay sau
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o A e Y - S =, O e ] S
[1 Lai gdp nhiéu ky

2
3 Tidn gvi ban sdu 1000
|4 |Lai sudt 5%

5 |84 Iy hudng Iat gép trong ndm_ 2 Sbkj  Gidtn
6 | Lai sudtmdi ky 0025 hurdng i cudi nam
7| Cong ddntrong 1 ndm 1050,63
| 8_Lai gop kén tuc véi ham Exp() 105127 1 1050,00
(sl 2 105063

1081.50 10 105114
i 20 108121
= 50 105124
£ 100z 100 105126
L 105000 150 1051.26
= 1950 300 105127
[ 400 105127
104800

12 10 20 50 100 150 300 800
84 ki tinh 13 trong ndm

Hinh 1.13: Bang 1.12.

day) bing ¢ ma trong Excel s& sit dung ham Exp. Khi n din tdi vo han,
chiing ta nhiin duge mat qua trinh lai £6p lién tuc. Nlut ban thiy trong bing
1.12, trong 1 nam vdi lai sudt 5% sb tidn 1000 USD dude liy tién licn tiép dén
cudi nam s thanh 1000 x ¢% = 1051, 27 USD. Luy tién lién tiép trong ¢ nim,
s6 tién sé tang len 1000 x ®05x¢ S,

Quay trd lai vAn d& tai chinh - Chiét khiu lign tuc

Néu trong qué trinh luy tién lien tiép, vdi lai suét r trong thai han ¢ nim, sé
tién tang din dén e thi trong chift khiu lién tiép, sb tién gidm dan trong
cing k¥ 1a e”™. Vi vay, dong tién mat C hién tai trong ¢ néim va duge chiét
khéu véi tj 18 phitc hop lién tiép r 58 11 €, x et (xem minh hoa trong bing
1.13).

Tinh 1ai gop lién tuc tir dit lidu vé gis

Gid st tai thai didm 0, ban e6 1000 USD trong ngan hang va 1 nim sau ban
€6 1200 USD. Vay phdn trim lai 13 bao nhicu?
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PN 0 0 i =S PO s e |
2a)Ldisudl  B%
Gid I hign tai

Nam  Dongtién chidt khdu hén tuc
100 9231163
200 170,4288
300 2359884
350 254,1522
400 268,128

2
|Gt hientai 1021,009 =SUM(E27.E31)

Hinh 1.14: Béng 1.13.

Néu mdi nim ngan hang chi thanh toén 1 lin thi 1ai s¢ la 20%:

1200
o0 ~ 1 =20%.

Tuy nhien, néu ngan hing thanh toin mdi nam 2 lan thi ban sé cAn dp
dung céng thie sau dé xéc dinh lai:

3 1200\ /*
1000 x (1 + g) =1200=r = (m) —1=9,5445%.

Do d6, % lai hang nam khi mi nim duge thanh toan 2 1an la:
2% 9,5445% = 19, 089%.

Tom lai, nén mdi nim duge thanh toan n 1an thi ban s& cé:
al,

1200\ /"
r=|—= =1
1000 -
va khi dé 1ai hang nam duge nhén len tuong ing. Néu n vo ciing 16n thi két

qua hoi tu dén:
1200
= — ] = 2322%.
r lu(wng) 18,2322%

Lai gop va chift khiu lign tuc thuing duge st dung trong céc tinh todn
vé tai chinh, tinh lai trong danh muc ddu tu vh dac bigt 1a chc tinh toan vé
quyén mua ¢6 phin. Mot 1y do dé sit dung lai gop licn tuc la vi phuong phap

nay dua ra két qua nhanh. Ching han, gid si sau 1 niim 9 théng, vén 1000
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B P8 T e 1 Db. 1 E J-% 1 6 [ 8 ]
[37iTiénghibandiu 1000 L& suat nam vén
[#|Gidwicudingm 1200 _.cAchlinh gdp n ky
[ 3956 ky tinh 141
[40]Laisudtnam  19,089%——— =({BIB/BITNUB3G}YBIAS 19,089%
EL. S i 1420,000%
[42 Laisultiéntuc  18,232% +—— =LN(8381837) 19,089%
[43] ; . 4 18654%
|44 ; ; 8 18,442%
48] 20 18,316%
m ; ; . 50 18,265%
47] - o 100 18,249%
48] b =((SBSIBSBSITI(1/G41)-1)'G41

Hinh 1.15: Bing 1.14.

USD ciia ban tang thanh 1500 USD. Vay ty 18 lai hang nam 14 bao nhigu? bé
tré 161 cau hoi nay, céch d& nhit va cang phit hgp nhit 13 tinh lai hang ndm
duge gop lign tuc. Sau 1 ndm 9 thang tic 1,75 nam, lai bling:

1500

1
¢ 75] = 15 =a——In =
1000 x exp[r x 1,75) = 1500 = = 7 In [1000

J = 23, 1694%.

1.3 M@t sd nghiép vu giao dich chiing khosn

Ta da biét thi trudmg ching khofin 13 noi mua bén cac gidy td c6 gid tri nhuw
cb phiéu, trai phiéu, ... cic mua ban nay thuéng duge thye hign qua sd giao
dich chiing khodn. Day la mét thi trudng 6 td chitc chit ché, tai d6, chi nhitng
thanh vién ciia s& méi duge mua ban cho ban than minh hotic cho ngudi khée.
Vige mua ban dude tién hanh theo nhimg thé 18 nhét dinh. Cac thank vien ciia
s giao dich ching khoén dude,chia lam hai loai: Nguai méi gidi chitng khodn
va ngudi kinh doanh chiing khoén.

Ngudi méi gidi chitng khodn hoat déng véi tu cach Ia ngudi dai 1y mua hodic
ban chitng khoan cho ngudi khac: cho cbng ching, cho ngudi moi gidi chimg
khoan khae hofic cho ngudi kinh doanh ching khoan. Nguti méi gigi chimg
khodn khéng duge mua ching khoén cho minh, ho duge hudng hoa hdng maéi
gi6i quy dinh sdn theo timg loai ching khoan mua, ban.

Ngui kinh doanh ching khoan hoat dong khong phai véi tu céch 1a ngudi
dai 1y trung gian nhu ngudi moi gidi chitng khoan ma ho mua, ban ching
khoan cho ban than minh.
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84 giao dich chitng khoén 1a mot loai thi trudng tu ban cho vay dai han, tai
46 ngfo mua, ban chi ybu la cée ching khoén dai han (6 phidu, trai phiéu).
Giao dich tai 56 giao dich chitng khodn thudng mang tinh chéat déu co.

Hang ngdy sd giao dich chimg khoén cong bé gi4 ca cia nhing giao dich
mua, ban chimg khoéin da dién ra trong nghy, trong d6 bao gbm gid mad cilta vi
gi4 déng cita, gis thAp nhét va gid cao nhit. Thong thudng gid cing khoan
duge x4c dinh cho mét ching khoan. T4t cé cAc nghigp vu trén thi trudng
chitng khoan déu phai ginh chiu ¢ac chi phi di la d6i véi ngudi mua hay ngudi
bén bao gdm: Hoa hdng moi gidi danh cho nhimg ngutii mai gii, thué ciia sd
giao dich, 1¢ phi tinh trén hoa héng moi gidi.

1.3.1 Nghiép vu trao ngay

Vige chuyén giao ching khoén ciia ngudi ban thong qua moi gidi cla nguoi
ban va viec ngudi mua tréd tién thong qua ndi gidi clia ngudi mua duge thye
hién tic thoi hoc trong théi han rét ngin. Vige chuyén giao ching khoén va
thanh todn tidn ching khoén ciing cé thé thyc hign trye tiép gilta ngudi mdi
gidi chimg khoan véi ngudi kinh danh ching kho4n. Didu nay tuy thuje vio
quy dinh ciia méi nude.

Ngudi moi gidi trao cho khéch hing mdt bang ké mua ching khoédn holic
bang ke béan ching khodn néi chi tiét vé sb tidn, vé hoa hdng moi gidi va nhitng
chi phi khée.

Vi du 1.3.1. Mot nguti mua theo nghiép vu trao ngay 50 ¢b phiéu clia cong
ty ABC vai gid 108000 VND/cé phitu. Tinh b tién ngudi d6 phéi tri bidt
ring hoa hdng moi gidi a 0,007, 18 phi dia phuong tinh 2,83% trén s6 tién hoa
héng va thué sd giao dich tinh 6% trén sb tién hoa hdng.

Qidi: S6 tién clia 50 cd phiu Ja 108 x 50 = 5400 nghin VND, Npudi do phai
tra thém:

N .. 5400 x 7
- Hoa héng méi gidi:

= 37,8 nghin VND.

1000
78 % 2,83 .
- Lé phi dia phuong: = 1’(‘)0 = 1,07 nghin VND.
37
- Thué 58 giao dich: 3'_1%0& — 32,4 nghin VND.

Vay ngudi d6 phéi tré téng cong la: 5400 + 37,8 + 1,07 + 32,4 = 5472,27
nghin VND.
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1.3.2 Nghiép vu ky han

Trong nghigp vy k¥ han ciia thi trudng chimg khoan, nguti ban va ngudi mua
thod thuan tic thai tinh chét, sé lugng, gid cd ciia ching khoan nhung vige
trao chiing khodn va thanh toan sé duge thye hién vao mot ngay sau dé goi 1a
ngly thanh todn.

Sau vigc thanh toén, ngudi moi gidi chiing khoan cé tréch nhiém trinh bay
véi khach hang clia minh vé tai khodn thanh toén da thuc hign.

Thi trutng c6 ki han 1 linh vye ddu co. Méi nha diu co ddu hy vong cé
siz bién déng vé gid ca chiing khosn ¢6 1gi cho minh dién ra gitta thoi didm két
thitc giao dich va th&i diém thanh toan, nhu vay ho sé kiém duwge mdt khoan
11 do chénh léch gi4 ma khong cAn bo vén. Ré rang day la mnot trd choi ma
ngudi thing kiém duge dya trén sy rii ro cia ngudi khée. Vige xay dyng chién
luge déu tuf efing nhit chi phi hop 1y trong cac hop déng dé tranh riti ro luén
dudge quan tdm trong thi trutng. Ching ta s& trd lai vin d& nay trong céc
chudng sau.

Ngudi ta thuding phéin chia céc ngh](;‘p vu 6 ki han trong thi trudng ching
khoan nhu sau:

- Nghiép vu c6 k¥ han ditt didm.

- Nghiép vy ¢6 ky han bl hodn mua.

- Nghiép vy cé ki han c6 tién cuge.

- Nghiép vu phéi hop.

BAI TAP

Bai tap 1.1. Ban duge chio mua mdt tai sin c6 gid 600 USD ma vao cudi
méi nim trong vbng 10 ndm cé dong tién mat 100 USD.

a) Néu ty 18 chiét khéu thich hop ciia thi san dé 1a 8% thi ban cé nén mua hay
khong?

b) Ty 1¢ IRR cla tai sdn dé biing bao nhigu?

Bai tap 1.2. Ban di vay 10000 USD tmng 5 nam. Thanh todn vao cudi mdi
nam khéng thay déi (m01 ném déu gmng uhau) theo 1ai suat 15%/nam. Hay
tinh bang vay diing, bidu thi chi tiét vén gbe va 1ai ciia titng nam.

Bai tap 1.3. Ban giip mot tinh hudng déu tu véi cae didu kién sau:
+ Chi phif déu tu 13 1000.
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 Cudi nzun diu tién, ban diu tu mot khodn X; trong 11 nam khoén tién diu
ta ting theo ty 18 10%/nim. Néu ty 1¢ chiét khéu la 15%, hay tinh s6 titn X
bé ra nho nhét sé hép din ban dé mua tai sin.

Bai tap 1.4. Hiy x4c dinh thanh toin phai tra déu hang nam dé tra hét
khoén vay 100000 USD theo thdi han 5 ndm va chiu mife 1ai suat 13%/nim.

Bai tap 1.5. Ban vay 15000 USD mua 0to. Khoén vay nay c6 thosi han 48
thang véi 1ai sudt hang nim 15% (ngén hang sé chuyén thanh lai suit théng
15%,/12 = 1,25%/théng). 48 lan thanh toan (dudc thye hign vao cubi mdi
thang) ddu bing nhau.

a) Hay xéc dinh thanh toén hang thang phéi tré cua khodn vay.

b) Trong bang vay, hay xdc dinh vén ghc con lai vao diu méi thang va gid tri
trung binh thanh toén hang thang cla lai vh tién hoan trd von goc.

¢) Hay chi ra vbn gbe vao dAn mdi théng 1A gia tri hicn tad eia cAc thanh todn
khodn vay con lai theo 1ai suét (dung chitc ning PV).

Bai tap 1.6. Ban dang xem xét vigc mua mndt 6t6 cha mdt nha dai 1y dia
phueng. Nha dai 1§ dua cho ban liza chen 1 trong 2 céch thanh toén sau:

+ Ban c6 thé thanh toén biing tién mit 30000 USD.

4+ “Ké hoach tra cham”: Ban cé thé thanh toAn ngay cho nha dai 1 5000 USD
tidn mat vb 1050 USD vao cudi moi thang ciia 30 thang tiép theo.

Céch khéc dé thanh todn cho nha dai 1y 14 ban phai tiép can vii mgt ngan
hang dia phuong ma sn long cung cép cho ban mdt khoan vay 25000 usD
mua 6t6 theo 141 suit 1,25%/théng.

a) Gia sit riing chi phf cd hoi 12 1.25%, hay xéc dinh gid tri hign tai clia tht cd
cac 1an thanh toan theo k& hoach thauh todn tra din ciia nha dai 1y 616.

b) Nha dai 1y s& tinh 1ai sufit 4p dung bao nhitu? Hay xdc dinh lai sufit nay
bing céch 1ap trude bing tinh cho toan ba 30 thang va tinh ty 18 IRR.

Bai tap 1.7. Ban dang xem x¢t mot ké hoach gt tift kigm theo dé vao cudi
mdi nam trong thai han 5 nam ban sé giti 15000 USD. Néu dé an dua ra mitc
|37 sut 10%/nam thi dén cubi nam ban sé tich uy duge bao nhigu? Hay xac
dinh sb titn nay biing céch lap bang tinh thye hign tinh 2 1an, mot 14n sit dung
chite nang FV va mét 1an sif dung bang dou gidn thé hien sb tién tich luy vao
dau mdi nam.

Bai tap 1.8. Lam lai bai tap 1.7 nhung 1an niy gia st ban gii 5 14n vao déu
ndi nfm trong 4 nam lién tiép. Vay dén cudi nim thi 5 ban sg tich Iny dude
bao nhigu tién?
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Bai tap 1.9. Mot quy tuong hd da va dang quing cdo ring néu mdi thang
trong 10 nAm ghn day ban da gii 250 USD thi bay gi¢ ban da e6 85000 USD.
Gia sit réing vao diu mdi thang trong thai han 240 théng ban thyc hién gii
tién, héy xac dinh lidu mdi ndm cac nha diu tr thu dige bao nhisu lai.

Gai ¥: Lap bang tinh rdi sit dung Goal Seck. Chiing ta c6 thé tinh lai hang
niim theo mgt trong hai cich sau:
1) (1 + lai hang théng) =12 — 1 : Day 1a lgi nhuén hang nam phie hop, va cch
nay duge dung nhidu hon vi n6 cho phép tai diu tir s tidn kiém duge ciia méi
thang.
2) 12x lai hang théng: Phuong phap nay thudng dude cdc ngan hang sit dung.

Bai tap 1.10. Ban mdi budc sang tudi 35 va du dinli lap vén tiét kiem cho
viéc vé huu. Trude kia, ban nghi trong vdng 30 nam nita khi v& hwu (lic iy
ban s& 65 tudi), ban mong mudn trong 20 n&m t6i méi nam thu nhap cla ban
s& 14 100000 USD. Hay xéc dinh tit nay dén lac 65 tudi, dé c6 ngudn tai chinh
cho vige v& huu ban sé phai tiét kidm bao nhigu? Gia sit nhu sau:

+ Tht ca tidn tiét kiém sé& duge hudng 1ai suit liy tién 10%/nam.

+ Lin thanh todn déu tign ban trd ngay va lan cubi cing vio ngay ban budc
sang tudi 64 (30 lan thanh toan).

+ Ban rat tién lan diu tién khi ban 65 tudi va rit 1&n cubi ciing khi ban 84
tudi (20 lin thanh toén).

Bai tap 1.11. Ban ¢6 25000 USD trong tai khodn tiét kigm ciia ngan hang
duge hudng mie 1ai suit 5% /n&m. Cong viée kinh doanh ciia ban cin 25000
USD, va ban dang xem xét 2 kha ning:
a) St dung tién trong tai khodn tiét kigm ciia ban.
b) Vay tién ciia ngan hang theo 1ai suit 6%/nim ma vin giit tidn trong thi
khoan tiét kigm.

Nhi phan tich tai chinh elia ban dé xuét chon cach (b). Giai thich rila anh
&y la: Tdng sb tién 1ai phai tra cho 15 suit 6%/nam thap hon sé tidn thu dugc
tir khoan tién gii 25000 USD trong ciing ky. Theo ban gidi thich nay c6 ding
khéng? Hay lip bang tinh minh hoa.



Chuong 2

M6 hinh ngiu nhién trong tai
chinh véi thoi gian rdi rac

Chuong nay trinh bay nhimg khai nigm co ban eha thi trudng thi chinh dudi
dang edc md hinh ngu nhién. Céc mo hinh nay dude mé ta dya trén cac qué
trinh ngfu nhién. Dé don pian, ching ta chi xét cde qué trinh nghu nhién véi
thoi gian 1oi rac va minh hoa bdi md hinh nhj phan.

2.1 Mo hinh nhi phan

Trong muc nay, ching ta xét mot md hinh don gidn mé t3 gis cning khoén
goi 1a mé hink nhi phan. M6 hinh nay sé nhit mot chu ndi giita 1y thuyét qui
trinh ngiu nhién va cac qua trinh tai chinh, ddng thoi cung cip mot cong cu
hitu fch d& nghien citu Iy thuyét dinh gia co loi (arbitrage) va 1y thuyét xéc
sudt.

Xét mat md hinh nhi phan mé ta gis ching khoén trong thoi gian rési rac,
tai mbi budc thoi gian gid chimg khodn s& thay déi thanh mot trong hai gia
tri c6 thé. Gia skt ta khi dau véi mot gis chitng khodn ban diu duong Sp va
¢6 hai s6 duong d va u v6i:

O<d<u (2.1)
sao cho tai thoi difm ké tiép, gia chimg khodn s& 1 dSg ho#ic uSp. Ching ta
8 liy dvauthéamin 0 <d <1l <wu & bidu difn gi4 chimg khoén ting tit

Sp t6i Sy vh gidm tir Sp xudng dSo- Thong thudng ta 18y d = = trong hiu
hit cée vi du trong gido trinh nay. Tay vay, dé chiit cha, ta cin gia thiét (2.1)
v (2.2) 5@ néi tGi sau nay.
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Di nhién syt bién dong gia chimg khoan trong thic té phite tap hon nhidu
sc véi md hinh dinh gid ti sin nhi phan. Ta x6t mé hinh don gidn nay vi ba
ly do: Thit nhét, véi mo hinh nay, khai niem gid co lgi va lign hé cfia né voi
gia trung hda il ro duge soi sang 16 rang. Thit hai, mé hinh duge sit dung
trong thye t& vi v6i mot sb di cac bude thisi gian, né cho mot xép xi tét cho
mé hinh véi thai gian lién tyc. Thit ba, véi mé hinh nhi phan chiing ta c6 thé
phét trién 1y thuyét ki vong didu kign va martingale-nhimg 1y thuyét trong
yéu ctia mo hinh véi thdi gian lién tye.

Gid sit réing gia chitng khoan di 1én, hay di xuéng & méi thai didm ké tiép
ting vdi trudng hop ta tung mot déng xu va thiy xuét hién mat ngita (Head-ky
hiéu t&t 1a H) hosc mat sép (Tail-ky hicu tét 1a T). Ky hicu gis tai thai didm
1 bdi S1(H) = uSy néu két qua clia phép thit 12 ngla, va bdi $1(T) = dS; néu
két qua la sip. Sau lin tung thi hai gia sé 1a:

Sy(HH) = uSy(H) = u®Ss, Sa(TT) = dSy(T) = d*Sq,

S(HT) = dSy(H) = duSo, S2(TH) = uSy(T) = udSp.

Sau lan tung thi ba, c6 8 kha nang c6 thé cho ddng xu, nhung khong phai tAt
cd cac gi4 chitng khoan tuong ting tai thai diém 3 khac nhau.

Bay gio ta gid st riing 1in tung thit ba la 14n cudi cing vi ky higu tap cia
tht cA céc két cyc o thé clia lin tung thit ba bdi:

QO ={HHH HHT,HTH HTT,THT,THH,TTH,TTT}.

Tap © tht ca céc két qui c6 thé cla phép thit ngdu nhién dude goi la khong
gian mAu ciia phép thi, va bién cb w € Q dude goi 1a cde didm mau. Trong
trudng hgp nay mdi diém mau w 12 mot day c6 do dai 3. Ta ky higu thanh phin
thit k clia w bdi wy. Ching han, khiw = HTH, ta c6 wy = H,wy = T,w; = H.

Gié chig khoan Sy tai thdi diém k phu thuge vio c4e phép tung déng
xu. Viét mot cich khic ta ky hiéu Si(w). Thye ra, ky hiéu nay khéng néi cho
chiing ta todn b sit viée khi ma Sy phy thude vio moi w, Sy chi phy thude vio
hai thanh phén du tien ciia w va S khong phu thude vdo w. Dai khi ching
ta s& sit dung nhimg ky higu nhu Sp(w;,ws) dé ghi nhé chinh xac sy phy thuse
cia Sz vao w = (wy, wg, ws).

1
Viduy 2.1.1. Gidsit Sp = 4,u = 2,d = 3 Khi d6 ta 6 cay nhi phin mé ta

gid ching khoén trong Hinh 2.1. M&i diém mau w = (wy, ws,wy) bidu didn mot
duding cla cdy. Vi vy ta c6 thé coi khong gian mau 2 nhy tap cha tht ci cac
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5i(T) =2

\

Hinh 2.1: Cay nhi phan cho gid ching khosn v6i So = 4,u =2,d = %

két cuc c6 thé tit ba 1An tung déng xu hofe nhu tap ciia tht ci cac dudmg cd
thé cla cay.

D& xay dung md hinh dinh gid thi sin nhj phan diy di, ta gi¢i thidu mot
thi trutng tién t@ véi 1ai subt r - Diu it 1 USD vao thi trudng tién ta dé trd
thanh (1 +r) USD trong thoi diém ké tiép. Ta lay r 1a lai sult cho ca vay va
tré {didu nay rt ty nhién vi trong nhidu mé hinh tmg dung, mot ngudi méi
giéi vay hotic trd (khong cd hai) v biét sy ting gid md Ong ta s& lam, trong
méi ing dung, ong ta phai lay r 1 ty 16 1ai sudt cho hoat dong efia minh).
Chiing ta gia sit ring

d<l+r<u. (2.2)

M hinh s3 khong ¢6 § nghia néu ta khong c6 didu kién nay. Chéng han, néu
1+ r > u thi lgi sufit trén thi trudng tidn ta luon {t nhét 12 16n hon loi suft
clia chiing khoan vi khong ai muén du tu vio chimg khoén nita, BAt ding
thie d > 1 + r khong thé xay ra trif khi r 1a &m hotic d > 1. Trong trudng
hop sau, chimg khoén khong thie st di xudng néu ching ta nhan duge mat
miit shp, né di 1én mot chat néu ching ta nhan duge mit nglia. Ngudi ta 58
vay tidn véi lai suft 7 va dAu tu vao cd phibu vi ngay ca trong trudng hap xfu
nhft, gid cé phiéu tang {t nhat nhanh hon 6 ng duge sit dung d& mua né.
Véi b phiéu 1a mot thi sén chinh, gid sit ta x6t mot quyén chon mua kiéu
Au véi gia K > 0 va thdi gian hét han 1. Quyén chon nay cho phép mua cé
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phiéu tai thai didm 1 véi K USD va vi thé thu dude Sy — K tai thi didm 1
néu S; — K > 0 va la 0 trong truong hep con lai. Ta k¥ higu gid tri clia quyén
chon nay tai thoi didm dao han la:

Vi(w) = (Si(w) — K)* = max{8i(w) — K,0}.

Di nhign Vi(w) thuc ra chi phy thuge vao w; vit déi khi ching ta c6 thé viét
Vi(wr) thay cho Vi(w). Nhiém vy trude tieén ciia ching ta la tinh toin gi4 co
lgi ciia quyén chon nay tai thoi diém 0.

Gia sit ring tai thoi diém 0 ban ban quyén chon mua vdi gid vy USD, & d6
Vo da xéc dinh. Bay gis ban o6 nghia vu tra (uSy — K)* néu w; = H va tra
(dSo — K)* néu wy = T. Tai thai diém ban bén quyén chon, ban chua biét w,
s& 1y gid tri ndo. Ban bao ho gid tri tam thai ciia ban trong quyén chon biing
céch mua Ag c8 phiéu ehitng khoén, & dé Ag vin chua xac dinh. Ban c6 thé sit
dung doanh thu V; cfia vige ban quyén chon cho myc dich nay. Néu V¥ nhidu
han s6 cn thift d& mua Ag ¢d phifu ching khodn, ban diu tu tién con du
(residual) vio 181 sult r. Trong ca hai trudng hop, ban sé cé V) — AySy USD
diu tu trong thi trudng tidn t&, trong dé lugng ndy ¢6 thé am. Ban ciing sé sd
hitu Ay ed phiéu chimg khosn. Néu chitg khon ting, gia tri danh muc diu
tu clia ban (loai trit vi thé ngdn han trong quyén chon) la:

BoSy(H) + (1 +7)(Vo — AoSo),
v ban cdn ¢6 V;(H). Do d6, ban muén chon V, v Aq dé cho
Vi(H) = DoSu{H) + (1 +7)(Vo — AoSo). (2.3)
Néu chitmg khoén gidm, gi trj danh mue ddu tu cda ban la:
AoSi(T) + (14 7)(Vo ~ AoSa),
v ban cin ¢6 V4(T). Do d8, ban muén chon V5 va Ay dé cling ¢c6
VA(T) = AoS1(T) + (1 +7)(Vo — AoS0). (24)
Hai phuong trinh ndy 1 chua biét vh chiing ta giai ching sau.
Trit (2.3) cho (2.4), ta thu duge:
Vi(H) = W(T) = Ao(Si(H) - $y(T)), (25)

do dé
_WH) -w(1)

T S(H) - &S(T)

(2.6)
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Day 1a mot phien ban vdi thoi gian i rac cita cong thie ndi tiéng “delta-
hedging” cho chitng khoan phéi sinh. Mot phong ho cAn nfim gitt cho mdi e
phiéu ciia tai sin co bin la dao ham (theo nghia tinh todn) cia gia trj clia
chitng khoan phéi sinh déi véi gia cia thi san cd ban do. Cong thidce nay bao
haun khi mét giao dich vién (practitioner) néi “delta’. § co Ay 1a mot dao ham
(theo nghia tinh toan) vita duge mo ta. Déu viy, dé ¥ ring dinh nghia clia
chiing ta v& Ap 1a sb cia céc ¢é phiéu chimg khodn ngudi ta ndm gilt tai thoi
didm 0, vA (2.6) 12 mot he qué ciia dinh nghia nay. Khéng phai Ag ty dinh
nghia. Viée nay phy thudc tAt yéu vao md hinh, nd c6 thé la trutmg hop trong
mdi s6 cb phifu ching khodn mgt phong hd cAn ndm giit khong la dao ham
(tinh toén) clia ching khoén phéi sinh déi véi gid cla tai san uu dai.
D& hoan thanh nghiém cta (2.3) va (2.4), chung ta thay thé (2.6) vao (2.3)
hoic (2.4) va gidi voi Vp. Sau mot vai tinh todn don gian, ta duge cong thie:
1 [l+r—d u—(1+71)
oh e [ u—d Wil + =g

vlm] < )

Day la gié co lgi ciia quydn chon mua Kidu Au vai thu hoach V4 tai thai didm
1. D& dun gidn cong thic nay, ta dinh nghia:

_ l4r-d . u—(l1+7) o
Sk A Y _—r 2.
fi=—ai o= 3 7, (2.8)
khi d6 (2.7) trd thanh:

) =

Vo= = pVilH) + GWi(T)]. (2.9)

+T
Vi chiing ta 1y d < u, c& 7 va § dude xdc dinh, tic 1a mbu sb trong (2.8)
Khéc khong. Do didu kién (2.2) ¢ p v § thuoc khodng (0; 1), va vi téng clia
chiing bing 1, ching ta c6 thé coi ching nhu xic sut clia H va T tudng Gng.
Chiing i céc x4c sulit trung hoa riii ro. Chiing xuét hign khi ching ta gidi hai
phuong trinh (2.3) va (2.4), v khong ¢6 viée gi dé Jam véi cac xac sult xuét
hign H va T clia phép tung déng xu. Thye ra, vd diém nay, ching khong c6 gi
hon mét cong cu thich hop dé viét cdc cong thite (2.7) va (2.9).

Bay gi chiing ta xét mot quyén chon mua kidu Au ma trd K USD tai thoi
didm 2. Tai thoi difm déo han, thu hoach cho quyén chonnay 1a Vs = (52—K)*,
& d6 Vo v Sy phu thuge vao wy va wy, lan tung déng xu thi nhét va thit hai.
Chiing ta muén xéc dinh gid co loi cho quydn chon nay tai thoi di¢m khong.
Cia sit mét nha dau tu ban quyén chon tai thai diém khong véi K USD, & dé
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Vo ven duce xac dinh. Sau dé 6ng ta mua Ag cé phiéu chitng khoan, diu tu
Vo — AgSo USD trong thi trudng tién té dé kinh doanh. Tai thai didm 1, nha
déu tu c6 mgt gid tri danh mue dau tu (logi trit vi thé ngén han trong quyén
chon) 1a:

= NSy + (14 (Vo — AgSo). (2.10)

M#c diz ching ta khong biéu thi né qua kg higu, S va X, cin phai phu thuge
vao két qué clia 1&n tung thit nhét w,. Vi thé, c6 hai pheong trinh 4n trong
(2.10):

Xy (H) = DoSi(H) + (L +7)(Vo — AaSy),

Xi(T) = 80851(T) + (1 + 1) (Vo — ApSo).

Sau lin tung thit nhit, nha diu tu cé X, USD va e6 thé didu chinh lai (readjust)
s\ phong h{ clia dng ta. Gid sit ¢6 Ay quyét dinh béy gié gitt A, ¢d phiéu ching
khoén, d d6 A; duge phép phu thuge vio w; vi nha diu tu biét nhing gia tri
nao wy da ldy. Ong ta ddu tu phin tai sin con lai (remainder) X; — A1 S vao
thi trudng tién t&. Trong thoi diém ké tiép, tai sin clia ¢ &y sé duge cho béi
vé phai cia phuong trinh sau, v ong ta mubn né 1a Vz. Vi thé cho nén 6ng ta
mubn cb:

Vo= ASa+ (1+7)(X1 — ALS)). (2.11)

Mic dit ching ta khong bidu thi trong ky higu, Sz va Vi ciin phai phu thude
vio két qud ciia hai 1dn tung déng xu diu titn w, va wy. X6t tht ca bbn kha
niing c6 thé, ching ta ¢6 thé viét (2.11) nhyt bén phudng trinh:

Va(HH) = Ay(H)Sy(HH) + (1+0)(X2(H) — Ay (H) S (1),
Va(HT) = 8y(H)Sy(HT) + (1 + r)(X1(H) — Ay(H)S (H)),
Vo(TH) = &y(T)Sy(TH) + (14 r)(X,(T) = 8a(T)S1(T)),
Va(TT) = Au(T)S(TT) + (1 + r)(X2(T) = Au(T)SU(T)).

Bay gits chiing ta c6 sau phuong trinh, hai phuong trinh bidu dién bai (2.10) va
bén phuong trinh bigu dién bdi (2.11), trong séu phuong trinh Vp, Ag, Ay (H),
A(T), X, (H) v X, (T") chua biét,

D& giai céc phuang trinh nay, vd do d6 xdc dinh gid co lgi V5 tai thai didm
0 clia quyén chon va phéng hd danh muc dau tu Vo, Ay(H), va Ay(T), chiing
ta bdt ddu véi hai phuong trinh cuéi:

Va(TH) = Ay(T)S3(TH) + (14 7)(Xa(T) — A(T)SI(T)),
Va(TT) = Ma(T)So(TT) + (1 + ) (X2 (T) ~ Ay(T) 8 (T)).
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Trit mot trong ching tit phudng trinh khac v gidl véi A;, ching ta thu duge
cong thite “delta-hedging”™

Va(TH) = V(TT)

AT = :
(T} (T H) = SalTT)’ (2.12)
va trit phuong trinh nay vao cée phuong trinh khée, ta c6 thé giai voi
1
X(T) = m[ﬁ‘é(TH) + gVa(TT)). (213)

Phuong trinh (2.13) cho gia trj phong ho danh mue dau tu cén phai c6 thoi
han 1 néu chimg khoén gidm gita 0 va 1. Ta dinh nghia déng thic nay 1a “gia
tri eo 1gi cha quydn chon tai thoi didm 1 néu w; = T, va ky higu bdi Vi(T).
Chiing ta vita chi ra ring:

Vi(T) = l_f;[;svzmn +Va(TT))- (2.14)

Phong ho danh myc ddu b cla ong ta cin chon sao cho tai san X;(T) cla
ong ta (nfuw, =T) g Vi V4(T') xac dinh béi (2.14). Cong thiic nay tuong
it cong thie (2.9). Bing phudng phép tudng ti, hai phudng trinh &n diu tién
(implicit) trong (2.11) dén dén cong thite:

_ Va(HH) — Va(HT)
MH) = g Y = 5y(HT)’ (2.15)
va X, (H) = Vi(H), 6 d6 Vi(H) Ta gié tri cia quyén chon tai thoi didm 1 néu
wy = H, x4c dinh bdi:

Vi(H) = 1—}; VAl H) + TVa(HT)). (2.16)

Céng thitc nay clng tuong ty cong thite (2.9). Cubi cing, ta thé cac gié tri
Xy(H) = W(H) va X,(T) = VA(T) vao hai phuong trinh an trong (2.10).
Nghigm cita céc phuong trinh nay véi Ap va Vg 12 giéng nhu nghigm cilia (2.3)
va (2.4) va két qué lai Ta (2.6) va (2.9).

M hinh trén vAn con nhuge diém 12 s6 thoi didm duge xét con han ché.
Mat céch téng quét, néu kg higu Vi 14 gié tri tai thoi didm k chia chimg khodn
phéi sinh, vh gi4 trj nay phy thue vao k 1&n tung dong xu diu tién wy, ..., Wk
thi tai thoi diém k — 1, sau k — 1 lan tung, w, ..., wk-1 dé duge biét, danh
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myc dau tu dé phong hg mot vi trf ngdn han cAn ndm giit Ag_y(wy, ..., we1)
¢é phiéu chiing khoan, trong dé
_ Vel oo wiey, H) = Vi(wn, oy wiem1, T)

e e Si(wr, oy whey, H) = Sewr, w1, T)'

(2.17)

va gid tri tai thoi diém k — 1 cla chiing khoén phai sinh, khi k — 1 14n tung
déu tign cho két qui wy,...,wi_; duge xde dinh bdi:

1
Vici(wy, o) = Ty (Vi (w1, - s, H) + §Vi(wn, s wi-1, T)]. (2.18)

2.2 Ky vong diéu kién
2.2.1 Thong tin

Xeét khong gian xé&c sudt trong mo hinh nhj phan & muc 2.1 véi n thai ky. O
day ching ta khong dé § dén xéc suft xuit hien mat ngita. Gié chitng khodn
ban diu duge ky higu 1a Sp. Tai méi thai didm:

- G chimmg khofin tang véi he s6 u néu déng xu xufit hién mat ngia (H);

- Gid chiing khoén gidm v6i he sb d néu ddng xu xuht hién mat sép (7).

Mot day ky tu clia Q s& duge ky hidu o w = (wy,ws, «..yty). Ta ky higu
Si(w) 1 gid ching khodn tai thai didm k (tdc s sau & lan tung 1 < k < n)
ting véi két cyc w. Nhan théy riing Si(w) chi phy thude vao wy, ws, wy; mbi
Sk 1a mat bién ngiu nhién xac dinh trén tép 2. Chinh x4c hon nita, gia sit
F =P(Q) 1a ho tht ca cc tap con clia €, khi d6 F 1a mot o-dai 56 viu (Q,7)
12 mgt khong gian do duge. M&i S; 1a mot ham F-do duge tir 2 — R, titc la
S;! 1a mat ham B — F 3 d6 B 1a mot o-dai s6 trén R.

Viduy 2.2.1. Xét md hinh nhj phan vdi ba thdi ky (xem hinh 2.2). Ho tét ci
céc két cuc ¢6 thé thu duge la:

Q= {HHH HHT HTH, HTT,THH,THT, TTH, TTT}.
Vi thé, ta cé thé viét:
Si(w) = Si{wy, wy,wy) = Sifun),

Sa(w) = Sa(wy, wa, ws) = S1(wr, wa).
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Sa(HHH) = w5,

&
I
3
|
£
&

/ Sy(HHT) = u*dSo
\ SaUHTH) — u?dSs
/
S,(HT) = udSo
Y
S(HTT) = udS,
\
"
-
Sy(TT) = d*Sp
~

Hinh 2.2: Md hinh cay nhi phan cho gid chitng khodn vdi ba thai k.

Dinh nghia 2.2.1. Ta néi ring mot tap A C Q l4 zde dinh bdi lin tung dong
zu thit k néu chi biét kéi qud ciia k lin tung déu tién ta co thé quyét dinh 6
hay khéng cdc két cuc cia tdt cd cdc lén tung trong A. Trong truing hgp téng
qudt, chiing ta ky hiéu ho cila cdc tip zdc dinh bdi lén tung thi k bdi F. Dé
ding kiém tra duge Fe 1o mot o-doi sd.

D& dang nhan théy ring céc bién ngau nhien Sk 1a Fi-do duge. véi méi
k=1,2,.,,m

Vi dy 2.2.2. Trong vidu 2.2.1, ho F, cée tap xéc dinh bdi lAn tung déng xu
tha nhét bao gbm:
\ Ay = (HHH, HHT, HTH, HTT}, Ar = (THH,THT,TTH,TTT},
2.0, va S
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Ho F3 cc tap x4c dinh bdi hai 1n tung déng xu du tién bao gom:
L Aun = {HHH, HHT), Aur = {HTH, HTT},
Ary = {THH,THTY}, Arr = {TTH,TTT),
2. Phén bi1 clia cac tap & trén,
3. Hop tuy ¥ ciia céc tap & trén (bao gdm cé chc phén bi),
4. 0va Q.

Dinh nghia 2.2.2. (Théng tin mang bdi mot bién ngiu nhién). Gid
st X la mpt bién ngdu nhién: Q — R. Ta ndi riing mpt tip A C Q duge zdc
dinh bdi bién ngdu nhién X néu chi cin bidt gid tri X(w) cia bién ngdu nhién
ta c6 thé khdng dinh w € A hay w ¢ A. Noi cich khdc, vdi moi y € R, hogc
X~My) C A hoe X' ()N A = B. Hp cde tdp con cia ) zde dinh bdi X la
mét o-dgi s6, v goi la o-dai 56 sinh bdi X, ky higu I3 o(X).

Néu bién ngu nhien X 14y hitu han gi tri khac nhau, thi ¢(X) dude sinh
bdi ho céc tap:
(XX € Q);

cic tap niy duge goi 1 nguydn tit ciia o-dai s6 a(X).
Trong trudng hop tdng quat, néu X 1 bién nghu nhién @ — R, thi o(X)
cho bdi:
a(X) = {XY(B)|B € B).

Vidu 2.2.3. (Cac tap xac dinh bai 52). o-dai 6 sinh bdi S, trong vi du
2.2.1 chita cic tap sau;
1 Aun = {HHH, HHT} = {8)(w) = 425},
Arr = {TTH,TTT} = (8 = &Sy}, Aur N Ary = {8, = udSp},
2. Phin bl clia céc tap & tren, N
3. Hop tuy ¥ ciia cc tap 4 trén (bao gdm ca céc phiin bit),
4 0={Sw) et} a0 = {S(w) e R}.

2.2.2 Dinh nghia k¥ vong didu kién

X¢t khong gian xdc sullt clia phép thir gico ba ddng xu trong cac vi dy trudc.
Goi S, la bién ngau nhien chi gis trj cfa cd phifu tai thei diém i, (i = 1,2).
Ky higu ude lugng clia 5y va S, 1a E(5.]5;). Khi dé E(S1]S2) 1a mat bién ngiu
nhién ¥ ma gié trj tai w duge xdc dinh bi;

Y(w) = E(51]5: = y),
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8do y = Sa{w).
Céc tinh chét clia E(51]9,) :

s E(5)|S2) cin phy thudc vio w, titc 1a mdt bién ngiu nhién.

« Néu da biét gis trj ciia Sy, thi gia tri clia E(S1|S,) ciing cin duge biét. Ditc
biat:
- Néu w = HHH hoiic w = HHT, thi S3(w) = u?Sp. Néu ta biét ring
Sy{w) = u2Sy, thi ngay cé khi khang bibt w, ta biét Si(w) = uSo. Ta
dinh nghia:

E(S1|S2)(HHH) = E(5,[S:)(HHT) = uSo.
- Néuw = TTT hotic w = TTH, thi Sy(w) = d?S,. Néu ta biét ring
Sy(w) = d2S,, thi ngay ci khi khong biét w, ta biét §(w) = dSo. Ta dinh

nghia:
E($)|S2)(TTT) = E(5]S2)(TTH) = uS,.

_Néuw € A= {HTH HTT,THH,THT}, thi S;(w) = udS,. Néu ta
bigt Sa(w) = udSp, thi ta khong biét $)(w) = uSp hay Si(w) = dSo. Ta
14y trung binh:
P(A) = p*q + p* + P'q +pa” = 2pg.
Hon nifa,
f $1dP = p*quSy + pg*uSo + p*qdSo + pg*dSo
A
= pg(u + d)So.

Vi w € A ta dinh nghia:

J451dP

B = S = 5

Khi dé:
/ E(S1|S)dP = f 5.dP.
A A
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Viy ta co thé viét
E(51]82)(w) = g(Sa(w)),

4 doé:
uS, néu r = u?S,
9(z) = { J(u+d)S; néu z=udS,
dSy néu z = d%5,

Néi cach khéc, E(S1]Sz) 12 bién ngiu nhién chi phy thuge vao S;. Ta ciing viét
E(51]82 = 2) = g(x),

4 dé g 1a ham xac dinh nhv 4 trén.
Ta nhan thiy bién ngiu nhién E(S$|S,) ¢6 hai tinh cht cg ban:

o E(51]S5) 12 0(Sy)-do duge.

e Voi moitép A € o(Ss),
[ s - [ s
A A

Mot cach tdng quat ta cé dinh nghia sau;

Dinh nghia 2.2.3. Gid st (0, F,F) la mét khong gian zde sudt, va G la mot
o-dgi 86 con cia F. Gid s X 1a mot bién ngdu nhién trén (Q,F,P). Khi dé
E(X|G) duge zdc dinh I mot bién ngdu nhién YV thod man:

a, Y la G-do duge,

b, Véi mei A € G ta cé:

/Yd?:fXle.
A A

Ky vong didu kien E(X|G) lutn t3n tai va duy nhét, that vay:
Sy tdn tai. Luon lusn ¢6 mot bién ngu nhién Y thod mén cée tinh chét trén
(mién la E|X| < co).
Sy duy nhit. C6 thé c6 nhidu hon mot bién ngdu nhign Y thod min céc tinh
chéit trén, nhung néu ¥’ 1a mot bién ngau nhign nhy vay thi Y = ¥ hau chic
chiin, tite 13, Plw € O ¥ (w) = Y{w)}=1
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Chu thich 2.2.1. Vdi cdc bién ngdu nhién X, Y ta viét:
E(X|Y) = E(X|o(Y)).

Di#u kign (b,) trong dinh nghia trén con goi 1 “tinh chét trung binh rigng’,
tinh chit nay c6 thé viét nhi sau:

L E(X|G)dP = L XdP, VA€G.

hay
E[1, E(XIG)) = E[Ls.X).
Chil y riing 4 1a ham chi tiéu ciia bién cb A, tife la:

T 1 néuweA,
T 0 nduw g A

do d6 1,4 13 mat bién ngiu nhien G-do dude. Tir d6 ta c6 bd dé sau day:
B& d3 2.2.1. Néu V la bién ngdu nhién G-do dugc bit kg, thi
E[VE(X|G)] <co v E[VE(X|G)) = E[V.X].
Trén cd s bé d nay, ta c6 thé thay thé didu kien thit hai trong dinh nghia
trén béi:
b, Véi moi bién ngdu nhién G-do duge V, ta cb:

E[VE(X|G)] = E[V.X].

9.9.3 Céac tinh chét ciia ky vong diéu kién
Tit dinh nghia clia ky vong didu kign ta d& dang suy ra cfe tinh chét sau:
(a) E(E(X|G)) = EIH{} Suy ra tit tinh chit (b,) trong Dinh nghia 2.2.3.

(b) Néu X la G-do duge thi
E(X|G) = X.
That vay, néu thong tin chita trong G 1a dit dé x4c dinh X thi wde lugng
t6t nhbt clia X trén cosd G la X.
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(€) (Tuyén tinh)
E(a X1 + 02X0/G) = a,E(X:|G) + aE(X2|G).
(d) (Khang am) Néu X > 0 hu chéc chin thi
E(X|G) > 0.

That vay, 1y A = {w € Q: E(X|G)(w) < 0}. Tap nay thudc G viné Ia

G-do duge. Ta co
jIE(X\G)d]P:/XdIP.
A A

Vé phai ciia ding thic trén khéng 8m va vé trai &m trir khi P(A) = 0.
Vi thé cho nén P(A4) = 0.

(e) (Bét ding thitc Jensen) Néu ¢ : R — R 1 ham 13i va E|$(X)| < +o0, thi
E(¢(X)|G) > S(E(X|G)).
Nhdc lai bit déng thic Jensen thong thutng: E(¢(X)) 2 $(ELX)).
(f) (Tinh chét thap) Néu M 1a mot o-dai s con ciia G, thi
E(E(X|G)|H) = E(X|H).

That vay, H 1a o-dai s6 con ciia § ¢6 nghia ring G cha nhidu thong tin
hon M. Néu chiing ta u6c lugng X trén co so théng tin clia G, va sau do
ude hugng trén co sd mot lugng théng tin nhé hon Ia H, thi ta nhan duge
cling mot két qua nhu néu ta udc lugng tryc tiép X trén co s théng tin
clia H.

(8) (Léy ra ugodi nhing gi da biét) Néu Z 1a G-do dugc, thi
E(Z.X[0) = ZE(X|G).

Khi &y didu kign trén G, mot bién ngiu nhién G-do duge Z gibng nhit
mot hiing sé.

That vay, gid sit Z 1a G-do duge. Mét bién nghu nhien ¥ 1a E(ZX|G)
néu va chi néu

(i) ¥ 12 G-do dugc.
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(b}

(i) [, YdP = [, ZXdP, YA€ G.
Liy Y = Z.E(X|G), khi d6 Y thod man (ii) (tich clia cAc bién nghu nhién
G-do duge 1A bién ngdu nhien G-do duge). Y ciing thod min tinh chét
(i1), vit
/ YdP = E(14.Y)
A
- E{L0.ZE(X|)]
=E[04.2.X] tinh chit (b') vai V =142

= / ZXdP.
A

(Vai trd ciia sy doc lap) Néu H doc lap véi o{e(X),G), thi:

E(X|o{G, H)) = E(X|G).
Trong trudng hop dac bigt, néu X doc lap vai H, thi:

E(X[H) = E(X).

Néu H dac lap vdi X va G, thi khong thu duge gi hon khi ta bift thém
théng tin cha H trong udc lugng X.
Thit vay, dé don gian ta ching minh ding thite thit hai. Trude titn ta
nhan thiy ring EX 12 H-do duge viné 12 hing s6. Ta cAn kiém tra “tinh
chat trung binh riéng”

/EXd'IP‘:/XdIP vai moi A€ H.
A A

Néu X 1a mot ham chi tiéu cfia tap B ndo dé ma doe lap véi H, thi “tinh
chét trung bink rieng” cAn phi kiémn tra trd thanh:

f P(B)dP = f T pdP.
A A
Vé tréi ciia ding thic ndy 12 P(A)P(B), va vé phai la:
f Tl pdP = [ TanadP = P(AN B).
4} Q@

Do A va B doc lap nén P(A)B(B) = P(AN B) va ta thu duge déing thic
trung binh riéng & trén. Vi bién ngiu nhién X tdng quét, doe lap vai
H, diing thite nay duge suy ra tuong it
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2.2.4 Céac vi du ti¥ md hinh nhi phan
Xét m6 hinh nhj phan trong cdc muye trude v o-dai s6 Fy = {0, Ay, Ay, Q}.

Nhan théy ring E(S,|7) phai la hiing s6 trén Ay v Ar. Bay gio vi E(Sy| 7))
céin phai thod man tinh chiit:

[ Esiryar= [ s,
An

An

[ Bsirie= [ s
Ar Ar
Ta tinh
/; E(S2|F1)dP = P(AR)E(Se|F) (w)
H
= pE(5:|F1)(w), Vw e Ay.
Mit khéc
[ S2dP = p*u’ Sy + pqudSo.
An
Vi thé cho nén
E(S:|F)(w) = puSy + qudSy, Yw € A
Ta ciing c6 thé viét

E(S2|71)(w) = pu®S + qudSy
= (pu + qd)uSy
= (pu+qd)Si(w), Yw € Ay
Tuong tu
E(So|F1){w) = (pu + gd)S1(w), Yw € Ap.
V1 viy, trong c hai trudng hgp ta cé;

E(82]F1)(w) = (pu + qd) 81 (w), Ve € Q.
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2.2.5 Mactingale véi thdi gian rdi rac
Gia sit (Q,F,P) 1a mot khong gian xéc sufit.
Dinh ngbia 2.2.4. Mot ddy cic o-dgi 56 Fo, Fry s Fu 500 cho méi o-dai s6
trong diiy chife tdt cd chc tap thujc cde o-dai $6 trude, tic la:
FoCcFRC.CFaCF
duge goi la mét bo loc hay lich sik.
Dinh nghia 2.2.5. Mgt ddy cde bién ngdu nhién Mo, M, .oy My, dude goi la
mét qud trinh ngdu nhién vdi thoi gian roi rec (hay qud trinh ngdu nhién réi
rac).
Dinh nghia 2.2.6. Mt qud trinh ngéu nhién duge goi la m@t martingale (vdi
thi gian i rac) néu:
1. Méi My la Fe-do duoc. Néu ta biét thong tin trong Fi, thi ta biét gid tri
ctia My. Ta néi riing qué trink My la thich nghi vdi loc {Fi}.
2. Vai mbi k, B(Mgs1|Fi) = Mi. Martingale dan tdi cin bing, khong ting
hodc gidm (trd choi cong bing dén theo thei gian).
Néu diéu kign thi hai @ trén duge thay thé bdi: E(Mis|Fe) < My ta c6 mot
mariingale trén (supermartingale).
Néu diéu kién thit hai & trén dude thay thé bdi: B{Mis1|Fx) = My ta cé mat
martingale dudi (submartingale).

Vi du 2.2.4. Trong mo hinh nhi phan & cdc myc trude, voi k=1,2 ta cb:
E(Ses1)Fe) = (pu + qd) S

Vi k = 0, ta dat Fo = {#,92} va goi 1 “o-dai s6 thm thudng”. o-dai s6 nay
khong chita théng tin no, V& bét ky bién ngiu nhién ndo Fo-do duge déu la
hiing s6 (khong ngdu nhién). V1 thé cho nén, theo dinh nghia E($1|Fo) 1a hiing
s6 ma thod man tinh chét:

f E(S1|Fo)dP = f S.dP.

0 1]

Vé phai cla ding thite trén 1a ES; = (pu + qd)So, Vi vay ta cb:
E(8:|F0) = (pu+ qd)So.

Do dé:
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o Néu (pu+qd) =1 thi {Si, Frk=0,1,2, 3} 14 mat martingale.
* Néu (pu + qd) > 1 thi {Si, Fi;k = 0, 1,2,3} la mét martingale dudi.
o Néu (pu+qd) < 1 thi {Sy, Fu k = 0,1,2,3} 1a mét martingale trén.

2.3 Dinh gia Arbitrage

2.3.1 Dinh gia trong mé hinh nhi phan
Vi dy 2.3.1, (Dinh gi4 mdt quyén chon mua). Xét mé hinh nhi phan
trongmuc 2.1. Gidstu = 2,d = 0.5,r = 25%, Sp = 50. Ta luén gia sit trong vi
du nay vA cde vi du sau ring ty 1¢ Jai sudt vA gia chimg khoan So, 8y, ... duge
danh s6 béi cing mét don vi thai gian. Ta di biét ring:
_J 100 néu wy, = H

Si(w)= { 25 néu wy =T
Bai todn dat ra 1a: Tim gia tri tai thai didm 0 cga mgt quyén chon mua mét
cd phiéu tai thi didm 1 véi 50 USD (tite 1a gia thye hien la 50 USD).

Gid tri ciia quyén chon mua tai thoi didm 1 la:

_ e+ J 0 ndu o= H
Vi) = (5i) - sy = { 30 1 n = B

Gid sit gid quydn chon tai thoi didm 0 la 20 USD. Ta céu tric mot danh mue
dau tu nhit sau:

1. Bén 3 quyén chon vdi gia 20 USD mot quyén chon. Tidn chi phi la —60
usD.

2. Mua 2 ¢6 phiéu vdi gia 50 USD mot ¢t phidu. Tién chi phi 1a 100 USD.
3. Vay 40 USD. Tién chi phi la —40 USD.

Danh mue ddu tu nay khang yéu ciu diu tu ban dau, Véi danh muc diu tu
ndy, higng tién chi phi tai thai didm 1 (dan vi USD) la:

Ww=H w=T
Trd cho quydn chon 150 0
Bén ¢d phiéu -200 -50
Tra ng 50 50

Téng 0 0
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Cid tri ciia quyén chon tai thai diém 0 1a ¥ = 20.

Vi du tréu cho ta mot hinh Anh vé ly thuybt dink gia co lgi (arbitrage
pricing theory - APT). Cdc gi thiét cia APT la:

» Khong gidi han viée ban khéng cac cd phiéu.
» Khong gidi han sif cho vay.
» Khéng c6 chi phi giao dich.

» Mai tac nhan 1a st ngudi diu tu nho, tic 14, viee hudn bén cia cé nhin
éng ta khong lam thay doi thi truong.

Nhan xét: Gis trj APT cta quyén chon khong phu thuge vao xic sufit ctia H

vaT.

2.3.2 Mot bude APT téng quét

Gié sit mot ching khoén phii sinh trd mot lugng ¥y tai thai didm 1, 3 d6 W
12 mot bién ngiu nhién Fi-do duge. Ta xay dyng mot phuang an ¢au tu nine

sau:
» Bin ching khoan véi gié Vp tai thai diém 0 (V; duge xac dinh sau).
e Mua Ay cd phifu tai thai didm 0 (Ap duge xée dinh sau).

o Diu tu Vy — AoSp vho thi trudng, vai ty 16 1ai suét khong rii ro la r
(Vo — ApSo ¢6 the am).

o Khi dé gi tri tai sin tai thoi diém 1 1a:

AgSy + (1+7)(Vo — HaSo)
= (1+1)Vo+ Ag(S1 — (L+7)5)

X

e Ta muén chon ¥y vir Ap sao cho:
Xi=W

1& ca khi ¢6 phiéu ting bolic giam.
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Diéu kién cudi ciing & trén c6 thé bidu didn béi hai phudng trinh:

(1+ 1)V + Ag(S1(H) — (1 +7)8p) = Vi(H) (2.19)
(1+7)Vo + Ag(Si(T) = (1 + 7)50) = W(T) (2.20)

Chu y réng, & day, gid tri V; ciia chiing khodn phai sinh 1a mat ham cia Sk,
tie 14, khi da biét Sy voi mét w da cho thi Vi eting duge bidt tai w dé (va vi
thé cho nén khong ngiu uhién). Trit vé véi v& hai phuong trinh & trén ta dugc

Vi(H) - B(T)

0= 5 “5u()

(2.21)

Thay Ay trong cong thic (2.21) vao cong thire (2.19) ta c6:

I+l = VA(H) = Do(S1(H) — (1 +7)85,)
_ Vi -y
= W) - = e S -1 1S

= gl Vi - (A - Vi =1 - )

1+r— 1

d u—1-r
= —qu(H)-o——ZTVl(T}.

Ta da 6 gid thibt u > d > 0, Baygistagidstd < 1+r <y (trong trudmg
hap khac sé ¢6 co hsi co lgi). Dinh nghia:

a l+r—d
T Tu-d

au—-1l-r

? S

Kmdéﬁ>0vaq>n.v1p+q=1,tac60<5<1vaq=1-;3(vnhé

p,§ gibng nhu nhimg xée subt). Tit d6 gia cia quyén chon mua tai thai didm
0 duge cho bai:

Vo= = BViCH) + qui(r)]. (222

2.3.3 D& do xac suit trung hda rai ro

Gid st © a tap chc két cuc c6 thé ti n 1&n tung déng xu. Ta chu tric mot dé
do xéc suét P trén O bai cong thic:

Plur, wg, ..., w0n) 2 PHUi=H) gt =T}
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P dugc goi 12 do do xéc suéit trung hoa rii ro. Ta ky higu E 1a ky vong dudi
dé do P. Phuong trinh {2.22) cho ta:

VG:E( : VI).
147

Dinh ly 2.3.1. Dudi do do B, qud trink gid cd phiéu da chiét khdu

{(1+7) %8, Alig
la mét martingale.
Chitng minh. Ta cé:

E [(l +1) D G| Fi (1+ )" (up + dG) Sk

_ (1+T)—(k+1)(”(1+""‘” +d(u71#r))sk

u—d u—d
_ (1+T),(,‘“)u+ur—ud+du—d—drsk
u—d
_ ~ep (u—d) (1 +7)
= (1+4r1) BT — Sk
= (1+7)7* S

Vay qué trinh gié o8 phibu da chiét khéu {(1+7) %Sk, Fi}iy 1b mot martin-
gale, a

2.3.4 Qua trinh danh myc déu tu tu diéu chinh tai chinh
X6t mot qua trinh danh muc diu tic A = (Ag, Ay, ... Any), trong dé:

« Ay la 56 cb phibu nguoi diu tu giit trong khodng thai gian gita k va -
k+1.

o MBi A la Fi-do dudc.
Ta xay ding mot danh mue dAu tu ty didu chinh thi chinh A nhu sau:

« Bt diu véi thi sin nguyén thuy khong ngdu nhién X, # 0.
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e Dinh nghia hdi quy
Xipr = ApSer + (1 +7)( Xk — AxSi)
= (1+1)Xk + Ap(Seer — (1 + 1) Sk). (2.23)
» Mi X 1a Fi-do dugc.
Ta cé dinh 1y sau:

Dinh ly 2.3.2. Dudi dé do ﬁ, qud trinh gid tri danh muc ddu tu ¢ diéu chinh
tai chinh da chiét khédu {(1 + )% Xy, F}io, lé mot martingale.

Chaing manh. [a c6:
(47 X = @+ X+ 8 (477 S = (L4174 84).
Vi thé cho nén
E (14 ) ®+D X*H].ﬁ] = E f(1+ T)"kXHFk]
+E [(141) %0 A50)7]
B[+ AvsidA]
= (1+7)7* X, (do (b) trong dinh nghia)
+ AR [(1 + f‘}_(k+l)5k+l‘fk}

- 1+ " A,
= (1+7)7* X (do dinh Iy 2.3.1),

2.3.5 Cdc chimg khoén phai sinh kiéu Au don gian

Xét mo hinh nhi phan véi n thai ki. Goi Vi la gid trj clia qud trinh danh muc
diiu tu, S la gié ching khoan tai thi ky tha k va Ag_; 1a danh muc diu tu
6 phong hé trong thoi ki dé. Ta da bidt vai k=0,1,...,n— 1:

Vilwy, oy i, H) = Vilon, ooy i1, T)

By (wy, o) = ]
k-1 (Wi, o wiet) Siwr, eery iy, H) — Selwn, ., w1, 1)
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Dinh nghia 2.3.1. Mét ching khodn phdi sinh kiéu Au don gidn vt thin diém
ddo han m ld mot bién ngdu nhién Fp-do dige (m < n).

Dinh nghia 2.3.2. Mt chiing khodn phdi sinh kidu Av don gidn V,, duge goi
la 6 thé phong hé néu ton lai mt hing s6 Xo va mot qud trink danh muc
diu ft A = (Ng, oy Amet) sa0 cho qud trink gid i)t didu chinh tai chinh
Xo, X1, ... Xon cho bdi (2.23) thod man:

Konlw) = Vi [0) , Vw € Q.

Trong truimg hop ndy, véi k = 0,1,...,m, ta goi Xy la gid tri APT tai thoi
diém k cia Vi,.

Dinh 1y 2.3.3. Néu mét chung khodn phdi sinh kidu Au don gidn Vi, duge
phong ho, thi vdi méi k = 0,1,...,m gid tr1 APT tai thoi diém k cia Vi, la:

V2 0+ B[+ Val ] - (2.24)

Chitng mink. Trude tién ta quan sat ring néu {My, Fis k = 0,1,...,m} la mot
martingale, tic 1a thod man tinh chiit martingale

B (M| Fil = M

voi mdi k= 0,1,...,m— 1 thi ta cling cé:

E[MalF) = My, k=0,1,..,m — 1. (2.25)
Khi k = m—1 thi phuong trinh (2.25) suy ra tnfc tiép tir tinh chit martingale.
Véi k = m —2 ta sit dung tinh chit thap dé viét:

EMalFnsl = E[EIMnlFnni] | Fns]

E [Mn-1| Frnd]
= Mp-2.

Ta cé thé tiép tuc bing phuong phip quy nap dé thu duge (2.25).

Néu chimg khodn phéi sinh kidu Au don gian Vi, duge phong hg, thi cé
mot qué trinh danh muc ddu tu ma qué trinh gia tri tu didu chinh tai chinh
Xo, X1, ..., X thod man Xpm = Vin. Theo dinh nghia, X la gié tri APT tai
thai didm k cta V. Tit dinh 1y 2.3.2 ta co:

Xo (U4 Xey o L+ X
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la mét martingale, vA vdi mdi k
A+ X =E[0+7) " XulF] = B[+ 7) ™ Vi)

Vi thé cho nén: }
X =1+ E[(1+7) " ValA] .

[sa(eH) = 14

-<

(HT) =4
5,(TH) = 4

-<

[SATT) =1]

Hinh 2.3: Gid chimg khodn Lookback Option.

Vi du 2.3.2. (Lookback Option). Chou =2, d = 0,5 r=0,25 Sy =4

- l1+r—

i T - 0,5, ¢ = 1-~p=0,5 Xét mot ching khoan phéi sinh den
gidn kiéu Au véi ki han 2 (xem hinh 2.3), thu hoach cho béi:
Vo = 01151@(2(.5‘.‘ - 5)*.
Chii y ring:
Va(HH) = 11, Va(HT) = 3 # Vo(TH) = 0; Vy(TT) = 0.
V1 thé gid thu hoach ¢6 “quy dao doe 13p”. Tinh nguge theo thai gian, ta cé:

Vi(H) =

T[ﬁVz(HH) +gVa(HT)] = ?—’[0.5 x1140,5 x 3] = 5,60;
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4
Wi(T) = g[on5 x0+0,5x0]=0;
4
Vo= 20,5 5,60 + 0,5 x 0] = 2,24,
Sit dung céc gi tri nay, bay giv ching ta c6 thé tinh:
_ Vi(H) - V()
S1(H) - 5i(T)

 Va(HH) - Vo(HT) _,
M) = gm0
 W(TH) - W(TT)
Ml = gEm-—san ~ >

Tinh ngude theo thai gian, ching ta co thé kiém tra ring:

Ay = 0,93;

Xu(H) = DoSi(H) + (1 +7)(Xo — ApSo) = 5,59 Vi(H) = 5,60;
X1(T) = 8oSi(T) + (1 +7)(Xo — 8oSp) = 0,01, W(T) =0;
X (HH) = A (H)S(HH) + (1+r)(Xi(H) - M(H)Si(H)) = 11,004
Vi(HH) = 11.
Vi du 2.3.3. (European Call). Gid sit cho v = 2;d = 0,5;r = 0,25; 5 = 4;
5 =g =0,5 va xét mt quyén chon mua kifu Au véi ki han 2 va ham thu

hoach:
Vo= (S2—5".

Nhin thiy riing:
Vo(HH) = 11; Vo(HT) = B(TH) = I Vp(TT) =0;
4.1 1
=-[= — % 0) = 4,40;
Vi(H) 5[2x11+2x | = 4,40;
41 1
= =[= = =0;
VA(T) 5)[2 X0+ x 0] =0;
41 1
= —[= x4, 4 ~x0]=1,76.
Vo= zlawd 04 g ]
Dinh nghia v(r) la gid trj clia quyén chon mua tai thai diém k khi S, = z.

Khi dé:
va(z) = (2 - 8)%
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U:{l"):g

[é x va(22) + %Uz(Il’z)];

il g[%vl(h‘) + %m(r/?)].

Dic biat
v2(16) = 11; w(4) = 0; w(l) =0

sl o e s =, 40
52
4.1 1
u1(2)mg[5x0+5xﬂi_0,
4.1 1
w =315 % 4,40 + 2 x 0] = 1,76.

Gid sif 6x(z) la s6 cée ¢ phiéu trong danh mye ddu tu 6 phong ho tai thisi
diém & khi Sy = z. Khi dé:

Su(z) = Y128 — men(§)

v k=01
2r-3%

2.4 Qua trinh Markov

Trong muc nay, ching ta chi xét cdc him trén R va cic tép con cia R ma do
duge Borel, tite 13, chi xét nhitg tap con A cia R ma thuge B va cac ham
g:R — R sao cho g~! 1a mét ham: B — B,

Dinh nghia 2.4.1. Gid s¢ (0, F,P) la mét khong gian zdc sudt vi {Filpo la
mgt loc trong F. Gid sit {Xe )7, 1o mot qud trink ngiu nhién trén (0, F,P).
Qud trinh nay dugc goi la Markov néu:

i) Qud trink { X} thich nghi véi loc {F},

ii) (Tinh Markov). Véi méi k = 0,1,...,n — 1, phan phéi cia Xiey1 vdi
diéu kién trén Fy tring phan phéi clia Xiy vdi didu kien X,.
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2.4.1 Céc phudng phép khéc nhau bidu dién tinh Markov
(a) (Cung phan phéi). Véi moi A € B = B(R), ta cé:
P(Xip € A|F) = E[La(Xer1)| F3)

= E[T4(Xk41)| X4)
= P[Ia(Xns1)| Xi)-

(b) (Cing k¥ vong).
Vi moi ham (do dude Borel) h: R — R ma E[h(Xi41)| < o0, ta cé:

E[R(Xk+1)|Fi] = E[h(Xks1) | X)-

(c) (Ciing bién ddi Laplace). Vdi moi u € R ma Ee*Xe+1 < 00, ta c6:
E[eXer | 7] = B[e* | X,].

(Néu chiing ta ¢d dinh u vh dinh nghia h(x) = e**, thi cAc phuong trinh
(b} va (c) la gibng nhau. Tuy vay, difu kién trong (b) thu dude vdi moi
ham h, con trong {c) ta gid thiét didu kign nay chi véi cac ham h cé dang
h(z) = e**. Mot két qua chinh trong ly thuyét bién ddi Laplace 1a néu
phuong trinh thu duge voi moi h cé dang déc bigt, thi né thu duge vdi
moi h, titc 1a (c) suy ra (b)).

(d) (Ciing céc ham dac trung). Vi moi u € R, ta cé:
E[eXe+r |7] = lE[e"‘X'“ | Xi]-
§d6i = =TI (Vi]e"] = |cosz +sinz| < 1 chiing ta khong cin gia
thiét ring Ele™*| < 00).
Cée didu kien (a)-(d) la tuong duong. Tinh chét Markov trong (a)-(d) bao
gdm qud trinh tai thoi didm “hicn tad” k v mot thoi didm tuong lai k+ 1. Céc

didu kien (a)-(d) cling ding vdéi che didu kign bao gdm qud trinh tai thoi diém
k va céc thoi didm tuang lai khéc.

Cha § 2.4.1. Tt cd edc tinh chit Markov nay con ding vdi cdc qud trinh gid
tri vector.
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Dé thiy ring qud trinh gis ching khodn trong md hinh nhi phan 1a mat
qué trinh Markov. Néu ta muén udc luong phan phéi clia Siyy trén co sd théng
tin trong F, chi mot thong tin & gia trj cGa Sk ¢6 lign quan. Ching han:

E[Sks1|Fe] = (Pu + §d)Si = (1+7)Sk (2.26)

la mt ham eda S. Tuy vay, tinh chét Markov (b) manh han (2.26). Tinh
chit Markov yéu cu vdi bét ki ham h, E[A(Sk41)|Fi] 1a ham cia Si: trong
khi phuong trinh (2.26) chi 1a truting hap h(z) = z.

Vi du 2.4.1. Xét mot md hinh nhj phan véi 66 thai ky va mot ching khoan
phai sinh kiéu Au don gian ma thu hoach tai thai ki 66 la:

1
Vs = 5(354 + Sgs + Sss).

Vi qud trinh gid chimg khodn 1a Markov, gid tri ctia chimg khosn, ching han
tai thai ky 50 Ia:

Vo = (1 +7)™E[(1 4+ )% Vj51 5]
= (1+1)7E[Ves|Ssa], (siz dung tinh chiit Markov (b)).

2.4.2 BS dé va sy doc lap

Gid st X v Y la cdc bién nghu nhien trén mot khong gian xédc subt ((, F,P)
va G la mot o-dai 56 con cha F. Gid sit f(z,y) 1a mot ham hai bién, dat:

a(y) = E[f(X,y)].

Ta ¢6 bd dé sau:

Bé dé 2.4.1. Gid st X doc lap véi G va Y I G-do duoe. Khi do, ta co:
E[f(X,¥)|G] = g(Y).

Chi ¥ 2.4.2. - Trong b6 dé nay va cde thio luin sau, cdc chiz vidt in hoa ki
higu cho bién ngdu nhien va chit viét in thueng ky hidu cho bién khong nglu
nhién.

- B4 dé nay thuimg ding dé chi ra mét qud trinh la Markow.
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Vi du 2.4.2. (Qua trinh gia ¢6 phiéu la Markov). Xét mét mo hinh nhi
phin n thai ky. C6 dinh mot thai diém k va dinh nghia X = ;“ va G = F.

k
Khidé X = u néu wipy = H va X = d néu weyr = T. VI X chi phu thude
vao 1an tung thit (k + 1) nén X doc 1ap vi G. Dit ¥ = S, thé thi Y 1a G-do
ditge. Gia sit k1A mot ham tuy ¥ va dat flz,y) = k(zy). Khi do:

a(y) = E[f(X,v)] = E[h(Xy)] = ph{uy) + ghdy).
Theo bd dé 2.4.1, ta c6

Elh(Sk) 1] = ElR( 2 50)1

= E[f(X,Y)|G]
=g(¥)
= ph(uSy) + gh(dSk).

Didu nay chimg td qué trinh gia ¢& phiéu la Markov. Thyc vay. néu lay k¥

vong didu kign ca hai v eiia phuong trinh trén vai didu kign o(Sk) vi sit dung

tinh chét thap trén vé trai, dé y ring vé phai 1a a(Sk)-do duge, ta cé:
E[R(Sks1)|Sk] = ph(uSk) -+ qh(dS)-

Vi thé B[h(Sks1)|Fr) = E[R{Ski1)|S:] va theo (b) tinh chat Markov duge chimg
minh.

2.4.3 Ung dung cho Exotic Option (Quyén chon ca bigt)

Xét mot md hinh n-thdi k¥, vai do do xée sufit trung hoa rii ro P. Dinh nghia
maximum chay ctia gi chitng khodn 1a:

M= 225 S
Xét mot chimg khoan phii sinh kidu Au don gidn vdi thu hoach tai thei didm
1 12 vn{Sny M)

Vi du 2.4.3. + a(Sn, Ma) = (Mn — K)* (Lookback option);
+ Un(Sns My) = Tag,28(M, — K)* (Knock-in Barrler option).
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B6 dé 2.4.2. Qud trinh hai chidu {(Si, Mi)}7_, & Markov.
Chiimg mirh. C6 dinh k, ta c6:
My = My V g,
trong d6 ' bidu thj maximum ciia hai dai lugng, Gid sit Z = 5, khi d:
BZ=w=p BzZ=d=y
v Z doc lap véi Fi. Gid st h(z,y) 12 mt ham hai bién, ta cé:

h{Sker, M) = WSier, M V Siir)
= h{Z8k, M V (Z5)).

Dinh nghia
9(z,y) = Eh(Zz,y v (22))
= ph(uz,y V (uz)) + jh{dz, y v (dz)).
Tit bd dé 2.4.1 suy ra
ElA(Ses1, Mert)| 7] = 9(Sk, Mi) = ph(uSe, M V (uSk)) + Gh(dSe, My).

trong d6 déng thic tht hai suy ra tit he thie My A dSy = M. Vi vé phai clia
dang thite trén 1a mét ham cda (S, My), tinh chit Markov (dang (b)) cia qué
trinh hai chidu ndy duge ching minh. [m]

Xét mot quyén chon cé biét trong B dé tren. Ky higu V; la gia tri cla
chimg khodn phéi sinh tai thoi diém k. Vi (1+r)~*V; 1a mot martingale dudi
dg do P, ta co:

1 o~
Ve = l—nlE[Vj;.,.;I.Fg],k =0,1,..,n-1.
Tai thai didm cubi cing, ta cé:

Vo = (S, My).

Quay lai trude d6 mot budc, ta cé thd tinh:
1
1+r

Varr = ——E[0a(Sn, M,)| Foy)

—_

1+ T[ﬁ”ﬂ(usn—hﬂsn—l V Mp_1) 4 Gua(dS,-1, M)l
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Diéu nay din ta dén dinh nghia:
l
Ve (7,4) = 7o [Bra(uz, vV Y) + Jua(dz, y)]

vi
Va1 = ¥n-1(Sn-1, Mn-1)-
Mot céch tdng quat ta co:

(T,y) = [Pﬂm uz, uzV y) + quiri(dz, y)),

v gi4 tri ciia quyén chon tai thai didm k 1a ve(Sk, Mi). Vi day 1a mat quyén
chon kiéu Au don gidn, danh muc déu tu c6 phong ho trong trudng hdp nay

la:
Vi1 (uSk, (uSk) V My) = vis1 (dSk, M)
(w= d)5 :

By=

2.5 Thai didm ditng vA cic quyén chon kidu
My

2.5.1 Dinh gida mjt quyén chon kiéu My
Xét mo hinh nhi phan véi n thefi ki. Gid sit ¥, = g(Sa) la thu hoach cilia mot
quyén chon kidu Au trong mé hinh, Dinh nghia béi phép dé quy ngude:

vn(z) = g()

g .

v(z) = mh’“kn(ﬂ!) + Gues1(dz)].
Khi do v(Se) 1 gié tri ciia quydn chon tai thai diém k, va danh muye diu tu
phéng ho cho bdi:

Vpe (uSk) — i1 (dSk)

k=0,1,2,..,n-1
-0 I

ﬁk=

Bay gis ta xét mdt quyén chon kiéu My v ham g nhu & trén. Khac véi quyén
chon kidu Au, ngudi giit quyén chon kiéu My 6 thé “thyc hign” trong thai k¥
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Sy(HH) = 16, 1(16) = 0

/

-_/ g SalHT) = 4,09(8) = 1

Sp=4

) s a Eoa
S(TT) = 1,wa(1) = 4

Hinh 2.4: Gid ching khodn va gié tri cufi cling cia mét quyén chon bén kidu
My véi gia hop déng la 5.

k bat k¥, v nhan duoe sé tidn la 9(Sk). Vi thé, danh muc dau tu phong ho
cén phai tao ra mét qué trinh thu nhap thod mén:

Xi = g(S:), Yk, hiu chic chin.

Didu nay 12 bdi vi gi tri ciia quydn chon tai thei didm k it nhét 1a g(Se), va
qué trinh ti sin tai thti diém d6 cdn phai bling gid tri ciia quyén chon.
Gié trj clia mot quydn chon kidu My c6 thé xéc dinh theo thuat todn sau:

n(e) = g(a)
k() = max { ﬁ[ﬁvm(‘uz) + Guea (dz)], g(z) }

trong dé vi(Sk) la gid tri ciia quydn chon tai thi didm k.

Vidy 2.5.1. Cho Sp = 4;u =2 d=0,5 r=0,25 f=§=05 n=2.
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Dt va(z) = g(z) = (5 — 2)* (xem hinh 2.4). Khi dé:

v (8) = max{ [ x0+= ><1] (5-8)*"})
:max{é;o}
= 0,40
n(®) = max{3lz x 1+ 3 x 45~ 2*)

= max{?,G}
= 3,00,
(4)7111&({ [ x 0,4+ 2 ><3ﬂ] (5—-4)"}
= 11133({1,36, 1}
=1,36.

Bay gid, gia sit ching ta cau tric mdt danh muc du tu phdng ho cho quydn
chon ndy. Bt dAu véi vén Xo = 1,36. Ta tinh Ag nhu sau:

0,40 = vi(5:(H))
= Si(H)Ag + (1+7){Xo — BoSo)
=80y + 2(1,36 ~4Aq)
=37g 41,70 = Ag = —0,43.

Tuwong ty ta cling cé

3,00 = v, (Sy(T))
= S1(T)Ag + (1 + r)(Xo — AoSa)

5
= 280 + (1,36 — 480)
= —3Ap+1,70 = Ay = —0,43.

Sit dung Ag = —0.43 cho két qua

Xy(H) = wi(Su(H)) = 0,40, X(T) = vs(S(T)) = 3,00.
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Bay gio gid sit ching ta tinh A; (Nhéec lai rhng §,(7) = 2):

1 = vy(4)
= S(TH)A(T) + (1 + r}{ Xy (T) - L(T)5.(T))

=440(T) + %(3—2&1(’1"))
=1,54:(T) + 3,75 = A(T) = —1,83.
Ta ciing ¢

4= 1y(1)
= 5(TT)A(T) + (1 +r)(X(T) — AYT)S:(T))

= AT) + 45(3 —20,(T))
=—L5A(T) +3,75 = Ay(T) = —0,16.

Chiing ta nhan duge nhimg cau tra 18i khéc cho AT)! Néuta ca X,(T) =2,
gié tri clia quyén chon ban kidu Au, ta sé c6

1=1,54,(T) +2,5 = A(T) = —1;
4= L, 5AUT) +2,5 = AT} = —1.
2.5.2 Thdi diém dimg
Cho khong gian xdc subt (2, F,P) va {Fr}izo 12 mot b loc,
Dinh nghia 2.5.1. Mgt thoi diém ding Ia mot bién ngdu nhién
7:0—{0,1,2,...,n} U {o0}
c6 tinh chét: {w € Q;r(w) = k} € Fy,Vk = 0,1,2,...,m, co.
Vi dy 2.5.2. Xét mot mo hinh nhj phan v6i 2 thai ki, Sp = 4; v = 2;
d=0,5 r=0,25khidé =g =0,5 Gidsit vo, v1, v la chc gia tri cda bam
thu hoach cho quyén chon bin kidu My véi gié thye hién 13 5. Dinh nghia:

7(w) = min{k; v(54)}, véi v(8k) = (5~ Si)*.
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Thési didm dimg 7 bidu dién “thai diém déu tién gia tri cla quyén chon can
bling vdi gid tri thie chit cha ng”. Day 1a mét thai didm thye hieén t6i wu. Ta
nhan thay ring:
1 nduwed
T(w) = { “

2 néu we Ay
Ta kidm tra duge ring 7 qui thye 13 mgt thei didm ding:
{w:r(w}=0}=@€5‘-’u
{w:Tlw)=1}=Are R
{w:T{w) =12} = Ay € Fu.

Vidu 2.5.3. (Mot thai diém ngiu nhién ma khong la thai didm dimg).
Trong cing md hinh nhi phan & vi du trude, dinh nghia:

a

p(w) = min {k ; Sew)} vai Selw) = ma(w) £ min, 5;()

0<j<2

Néi céch khéc p dimg khi gid ¢d phifu cham t6i gid trj nhd nhit clia né. Bitn
ngdu nhign nay duge cho bai:

0 nfu we Ay
plw)=4¢ 1 néu w=TH
2 néu w=TT

Ta kiém tra riing p khong 1a mot thai diém ding:

{w: plw) =0} = Au ¢ Fo
{wipw)=1}={TH} ¢~
(w:plw) =2} = (TT} € .

2.5.3 Thong tin tang téi mot thai diém dimg

Dinh nghia 2.5.2. Gid si 7 la mot thai diém ditng. Ta néi ring mét tp
A € Q duge zdc dinh bdi thai diem ding 7 néu thod mdn

An{w: 7(w) = k} € Fe, V.

Ho ciia cdc tap zdc dinh bdi 7 & mot o-dai 56, kyj higu la Fr.
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Vi du 2.5.4. Trong mé hinh nhj phan da xét trude day, dat:
T(w) = min {k we(Se)}, v6i w{Si) = (5 - Si)*,
tic la:
b 1 nfuwe Ar
W= 2 ntwwe Ay
Tap {HT} xéc dinh béi thai didm 7 nhung tap {TH) thl khang. Thye viy,

{HT}n{w:r(w)=0}=0€e 7

{HTYN{w:r(w)=1}=0e 7

{HT} N {w: r(w) =2} = {HT} € 7,
nhung

{TH}IN{w:r(w) =1} = {TH} ¢ F.
Céc nhan tif cla F; 1a:

{HT},{HH}, Ar = {TH,TT}.

Nhan xét (Gis tri ciia qué trinh ngiu nhien tai mat thai didm dimg): Néu
(%, 7, P) la mot khong gian x4c sult, {Fi}2_, 1a mat loc dudi Fo{ X}, x
mdt qué trinh ngiu nhien thich nghi véi bo loc nay, vi 7 la mét thoi diém
dimg déi véi ciing loc, khi dé X, Ia mdt bién ngdu nhién F,-do dude ma gia
trj tai w dude cho bai:

X,(w) = X,.(w)(w).

Dinh Iy 2.5.1. (Optional Sampling). Gid si ring {Ye, )2 la mot mar-
tingale dudi (hodic {Ys, Fi}i_, la mot martingale dudi). Gid st T va p la cde
thai diém dimg bi chan, tic I3, c6 mot sé khong ngdu nhién n sao cho:

7L< n, p<n, hiu chdc chdn.

Néu T < p hdu chdc chdn, thi
Y, SE(Y,|F). (2.27)

Léy ky vong hai vé (2.27) ta thu duge E(Y;) < E(Y,) va trong trudng hop
rieng, Yo = E(¥p) < E(Y,).
Néu {¥i, Fi}2, 1a mot martingale trén, thi 7 < psuy ra ¥, > E(Y,,F,).
Néu {Vi, Fi}2, 1 mot martingale, thi 7 < p suy ra ¥, = E(Y,, F,).
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Vi du 2.5.5. Trong vi du 2.5.4, ta dinh nghia p(w) = 2 v6i mei w € 0. Dudi
d6 do xdc subt trung hda rii ro, qua trink gia cd phitu da chiét khau (3)7*S,
la mot martingale. Ta tinh

]E[(%)ESE‘}}],

Nhén tif cia F, 1& (HHY}, {HT}, va Az. Vi thé cha nén:
E K(%’)zsg) | f,] (HH) = (%)ZSZ(HH)‘
i [((%)252) | F,] (HT) = (E)ZSQ(HTJ,

va vii w € Ar,

[(ds) a3 o3 e

1
==-x2,50+ 3 x 0,064
= 1,60.

B -

Trong moi trudng hop ta c6 (xem hinh 2.5)

B K(f‘s—)’sz) | =] ) = (3) i

2.6 Céc tinh chit ctia chitng khodn phéi sinh
kieu My

2.6.1 Céac tinh chit

Dinh nghia 2.6.1. M§t ching khodn phdi sinh kiéu My (American Derivative
Securities) la mgt day cdc bién ngdu nhién khong am {Gi}hg 00 cho méi Gy
la Fy-do duge. Ngudi s¢ hitu mét ching khodn phdi sinh kiéu My 6 thé thyc
hién tai bét ky thoi didm k, va néu anh ta thyc hign, anh ta nhan duge thu
hoach Gy.
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(3)S(HH) = 10,24

(£)S2(HT) = 2,56

(1)8,(TH) = 2,56

Al
.

()S5(TT) = 0,64
Hinh 2.5: Minh hoa djnh ly Optienal Sampling.

Tir dinh nghia ta cd:
(a) Gié trj V4 clia chitng khoan tai thai didm k 1a:
Ve = max(1+r*E [(1+ )76, | R,

& dé maximurn ldy trén tAt ch cée thai didm dimg 7 thod man 7 > k,
héu chic chin.

(b)  Qua trinh gid tri chiét khiu {(1 + r)"*V;}7_; | martingale trén nhé
nhét thod man:
Vi 2 Gk, Yk, hiu chic chin.
(e) Bét ky thai diém dimg 7 thod man:
V%=E[1+n7a)
la mot thai didn thye hién t&i uu. Trong trudng hop rigng
Témin{k i Vi =G}

la mét thai didm thue hign t6i wu.
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(d) Véik=12..,n-1,danh muc diu tu cé phong hd cho bai:

Vipr(wh, oy wi, H) = Vi (w1, . o, T)

A o = :
rlwr, o wi) Bert @1y s H) — Brst (W13 eoes by T)

(e) Gid sit véi k va w niw d6, ta 6 Vi(w) = Gi(w). Khi d6 ngudi sd hitu
chitg khoan phéi sinh cAn phii thie hign né. Néu ong ta khong thye
hién, thi ngudi ban chimg khoan ¢6 thé titu thy mot céch trye tiép:

Vi) = T E Vel @)

va vin duy tri phong hd.

2.6.2 Chitng minh cédc tinh chét

Gié sit {Gx}P_y 16 mot diy céc bién ngiu nhién khong am sao cho mdi Gy la
Fi-do dude. Dinh nghia T} 1a tap cia tit ca cic thoi diédm ditng 7 thod man
k < 7 < n hiu chic chiin. Cing dinh nghia:

V.2 @ +r)"r11éa%: E[(1+7)7CAFR]-
Bé d& 2.6.1. Vi > Gy vdi moi k.
Chiing minh, Liy 7 € Ty 12 hiing s6 k. [m}
Bé d3 2.6.2. Qud trinh {(1+1)7*Vi}i_ la mot martingale trén.
Chitng minh. Gidsit 7" dat duge maximum trong dinh nghia cla Vi, tie 1a:
(1 + 1) E Ve = E[(1+7)77 Gre | Frsa]

Vi 7* cing thude Ty, ta cb

E[a+n) Wenlm] = E[E[0+177CrrlFun] V7]
E[(1+7)™"Cr|F]

< maxE [(147)77G,|F]
TETe

1]

(1477 .
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B8 d& 2.6.3. Néu {Yi}P_, ld mét qué trinh khde thod mdn
Yi 2 Gy, k=0,1,...,n, hdu chdc chin
vé {(1+7)"*Yi}f_, 18 mot martingale trén, th
Yi 2V, k=0,1,....,n, hdu chdc chdn

Chatng minh. St dung dinh 1y 2.5.1 (dinh ly Optional Sampling) vdi martingale
trén {{1 + )%V, }2_, ta cé:

E[1+0)YIA] < (1 +1) "%, Vr e T
Vi thé cho nén:

Ve

(1) max B [(1 +1)7Gr| 7]

< (4 max E[(1+0) 7Y |R]
< (471 + )Y
= Y.
o
B dé 2.6.4. Dat:
1 o~
Cp=Vi— T rE[VIHII]:kl

= ()L + 7)™ = El(1 4+ 1)=&y, | )

Vi {(1+7)"*Vi}i_o & mot martingale tren, Cy can phdi khong 6m héu chic
chan. Dinh nghia:

Ve (i, ..o w, H) = Viga (0, ooy wi, T)

Ap{wyy oywy) = ]
e ‘) Se1 (@1 ey iy H) = Siyr(wr, .o w0, T)

Dit Xo = Vo va dinh nghia héi quy
X1 = DS + (1 + ) Xx - Ci — AgSi).
Khidé X, = Vi Vk.
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Chiing mink. Ta chitng minh bng quy nap theo k. Gia thiét quy nap riing
Xy = Vi, véi k € {0,1,2,...,n— 1} nio dé, tite 12 vdi mdi {wiy .oy W) ta co:

X (wiy ooy wie) = Vilwn, ony wi)-

Ta cAn chi ra ring;

Kesr (@, oonwin H) = Vi (wn, - we H),

Xisr(wiy e T) = Visr(wiy oo T)-
Ta chimg minh déng thie thit nhét, ding thitc thit hai nhan dude tuong tu.
Trude tién nhan théy ring:

1 -
Visa (@i, oo i) — Cilwry o) = mE[Wm-ll}_k] (wiy -y wk)

1
= l‘;(ﬁvk+l(wl--‘-xwkx H) + Ve (@, -y wi, T)).

Vi (wi, . wy) 58 duge cd dinh trong chiing minh, ta s¢ bo di ky higu nay.
Chéng han, phuong trinh cubi clng c6 thé viét don gidn nhu sau:

| S -
Vi —Ck = 1—_;_(.0‘4-»1(1'1') + qVen(T))-

Ta tinh

Xpt(H) = ApSpa(H)+(1+r)(Xx—Ch— ALSk)
Ve (H) = Ven(T) . _
= Sk; ) =S 7 (Sen(H) = 1 +7)8k) + (14 ) (Ve = C)

= M“*l((f’.}}’gj‘(T) (uSk — (1 +1)Sk) + PYewr (H) + TVier(T)

= (Vipr(H) = Vit (T)T + PViesr (H) + GV (T))
= Vi (H).

9.6.3 Cac chitng khoan phai sinh phic hdp kiéu Au

Dé d& hinh dung vé thoi didm dimg t8i 1u cho mot chimg khodn phéi sinh kidu
My, ta nghién cttu cée chiing khodn phai sinh phitc hgp kidu Au.
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Mot ching khoin phai sinh phite hop kidu Au chitan+ 1 ching khosn phai
sinh don gidn kiu Au (véi cling cb phiéu co ban) dao han tai céc thai didm
0.1, ... m; clutg khodn ma déo han tai thoi diém j ¢6 thu hoach Cj. Vi thé,
mot chiing khodn phai sinh phite hop kidu Au duge thod man bdi qué trinh
{Ci}10 6 d6 méi C; la F; do duwc, tite 13, qua trinh {C}}}=o thich nghi véi
b0 loc {Fi}fa. .
Phong hé mét doan vi (mdt thu hoach - one payment): Ta cé thé
phong hg cho mat vi thé ngén han trong chimg khoén phéi sinh kidu Au th
k. Gié tri ciia chitmg khoén phai sinh kiu Au j tai théi didm k cho béi:

Vi=+nfE[1+n)7elA] k=0,...j,
va danh myc diu tir phong hg cho chiing khodn nay dwde cho bdi:
Vit (@, i H) = VO @, e T) |

A wy, .. wy) = XL ) k=0,1,...,5— 1
SE (w1, ey, H) — 58, (wr, ooy T)

Thue vay, bit ddu véi V¥ v sit dung danh mue din tu (a%,..,89) tacs
thé chdc chén riing tai théi didm j ta o6 Cj.

Phong hé mét dodn vi (tt ci cdc thu hoach - payments): Bay git ta
tim edch phong hé cho méi thu hoach, Bit dau vai =31, VP Tai mdi
thai diém k € {0,1,...,n — 1}, trudc tien lam mot thu hoach Cy va sit dung
danh mue déu tur:

Ay Aik“]'*'aik”)"'---*'ﬁinj

biéu didn tAt ca céc thu hoach trong tuong lai. Tai thai didm n sau khi lam
thu hoach cubi ciing C,,, ta s& ¢ chinh xac gia trj ban diu.
Gia sit ban 56 hitu mot ching khosn phéi sinh phitc hop kidu Au {Ci}ioo-

Tinh

n n

V=3 v -E [Z(z + r)*fc,}

=0 j=0
va st dung danh muc dAu tu ¢6 phang ho 1a {Ak}223- Ban c6 thé vay V, va
ticu thy n6é mot cdch tryc tiép. Ban bé ra Xo = —Vp. Trong mbi thai ky &,
nhén thu hoach Cy va sau dé sit dung danh muyc ddu tu —A,. Tai thi didm
cudi ciing n, sau khi nhan thu hoach C,, ti sn ciia ban s& trd v& 0, tic 1 ban
& khong mic n¢ nita.
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2.6.4 Thai diém thuc thi t8i wu ciia chiing khoan phai
sinh kidu My

Trong muyc nhy, chiing ta tim thai diém thiye hign téi wu cho ngudi s6 hiru mot
chitng khoén phéi sinh kidu My. Gia st {Gi}}_, 1 mot chimg khodn phéi sinh
kidu My. Gid sit 7 1a thai didm dimg ngudi sd hitu 6 ké hoach sit dung (Chiing
ta gid sit riing mdi G 1a khong am, vi thé khong giam tinh tdng quat ta c6
thé gia thiét ring ngudi sd hitu dimg tai thai diém ddo han n néu khong thyc
hién trude dé). Sit dung thai didm dimg 7, trong thoi ki j ngudi sd hiru nhan
dutgge thu hoach
Cj = M=y G

Néi céch khic. mdi khi 6ng ta chon mat thai diém dimg, ngudi sd hitu ¢6 mot
chimg khoan phéi sinh kiéu M§ nhu mat ching khodn phii sinh phie hop kidu
Au ma gié tri cha no la:

n

Vo

E [Z(l v r)-?cj]

=0

E [i(l - r)-fn(,:,)c,l

=0

= E[(1+r)77C].

Ngudi s§ hitu chitng khoén phéi sinh kiéu My ¢6 thé vay lugng tién ny ngay
lap titc, néu ng ta chon, vi du tif vio thi trudng bing thu hoach {C"-,};':El da
uhan duge. Vi thé, hudng t6i wu cia éng ta la sit dung mt thai diémn ditmg 7
ma téi 1u V™

B3 d& 2.6.5. V{7 duge ti wu bdi thoi diém ditg:
7 =min{k ; Vi = Gi}.
Chitng minh. Nho lai dinh nghia

a B - . yin
Vo= rrne%]E[(H—r) G:) maxVg

Gid st 7' 1 mot thdi didm dimg w 161 wu V{7, tie 2 Vo = B [(1+7)77G.]
Vi {(1 + r)‘*Vk}::D 1 m&t martingale trén, tit dinh 1y 2.5.1 va bét déng thic
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Vi = Gi ta cé:
Vo > E [(1 4 r)‘T'm;fa]
E[a+nv]
> E[(1+n)7GR)
Vo.
Vi thé cho nén:
%=E[1+n %] =E[a+ne],

va
Ve = Gy, hau chic chin.

Ching ta vita chi ra ring, néu 7/ dat t6i maximum trong cong thic:
Vo= max E[(1+7)7G], (2.28)
thi
Vo = G, , hiu chic chin.
Nhung ta da dinh nghia
7" = min{k ; Vi = Gi},
va vi vay ta cdn phéi ¢6 7 < 7' < n hiu chéc chén. Tir dinh 1y 2.5.1 suy ra:
407G = (14T
B[40 VelF,]
Blo+ G lF.].

1%

Lay ki vong ca hai vé ta duge:
E[1+r)"Gn] 2E [(1 + r)"’G,,] =V

Didu d6 suy ra ring 7" ciing dat t6i maximum trong (2.28) va vi thé cho nén
16 13 mot thoi didm thye hign téi wa cho ching khosn phai sinh kidu My. O
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2.7 Dinh 1y Radon-Nikodym

2.7.1 Dinh ly Radon-Nikodym

Dinh nghia 2.7.1. Gid si P vi P la hai dé do zdc sudt trén khong gian
(2, F). Ta néi rdng P tuyét déi lien tuc déi vdi P néu vdi moi A € F thod
min P(A) = 0, ta cting cd P(A) = 0.

Dinh 1§ 2.7.1. (Radon-Nikodym). Gid sit P tuyét déi lien tuc déi vdi P.
Khi d6, c6 mdt bién ngdu nhién khdng ém Z sao cho:

P(A) = fA ZdP, VAEF, (2.29)

va Z duge goi I dgo ham Redon-Nikodym etia P ddi vdi P.
Chi § 2.7.1. Phuong trinh (2.29) suy ra didu kign mank hon
E[x] = E[X 2|
vdi moi bién ngdu nhién X ma E|XZ| < co.
Dinh nghia 2.7.2. Ta néi rdng P va §~tuang dutgng néu P tuyét déi lién tuc
déi vdi P va P tuyét déi lién tuc d6i vdi P. Néi cich khic, P va P tuong duong
néu va chi néu:
P(A) = 0 mgt cich chinh zdc khi P(4) = 0, VA€ F.
Cha y 2.7.2. NéuP va P tuong dugng va Z la dao ham Radon-Nikodym cia
B a8i vsi P tht % la dao him Radon-Nikodym ciia B di véi B, tic la:
E[X] = E[XZ], VX, (2.30)
~ ~ 1
E[Y] = E[y 5], V- (2.31)

(Gid sit X va ¥ duge lien hé bdi phuong trinh Y = XZ, dé nhan thiy ring
(2.30) va (2.91) la tuong duong).
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Vi du 2.7.1. Gid st Q = {HH,HT,TH,TT} 1a tap ciia cac két CEC do dai 2
clia phép tung déng xu. Gid sit P bidu dién xéc suét % vai H va F VT, v

gid sit P bidu dién xéc suft 1 vai H va l voi T. Khi d6 Z{w) = ]PEU)‘ Vay:

]

Z(HH) = ;3 Z(HT) = g 2(TH) =3, Z(IT)= %

2.7.2 Martingale Radon-Nikodym

Gia sif 2 12 tAp ciia tét cd cac két cyc khi tung n 1dn mot déng xu. P 1a do do
xéic sult thi trudng vi P 1a d5 do xac sufit trung hda rii ro. Gid sit

Pw) >0, Pw)>0, Ywen,

va do d6 P va B tuong duong. Dao ham Radon-Nikedym: ciia P déi véi P 1a:

_ Plw)
Z(w) = o)
Dinh nghia P-martingale
=E|Z|F), k=0,1,..,n (2.32)

Ching ta c6 thé kiém tra dugc Zy thue sy 1a mgt martingale:
E[Zey1|Fy] = E[E[Z]|Fia]| Fi]
=E[Z]|7]
=2z
Bb d& 2.7.2. Néu X la Fi- do dugc, thi E[x] = E[X Zy).
Chitng minh.
E(x] = E|x 2]
~ E[E[XZ|7)
= E[XE[Z|F]|
=E[XZ].
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Chi ¢ réing B6 d 2.7.2 suy ra ring néu X 1a fk-do dude, thi vdi bat ky

A€ Fe, _
E[I,X] = E[Z:14X],

fxau“»:]xzkdp.
A A

Bd dé 2.7.3. Néu X la Fi-do duge va 0 < j < k, thi:

hodc tuong duong

—~ 1
E[X|F)] = ZEIXZ|F).
4]
Chitng minh. Truée tién ta nhan thiy ring ZL]IE[XZ;(L.?}] la Fj-do duge. Vi
vay, voi bit ky A € F;, ta cé:

f S EIX 24| 7] = f SEXZIFIE (b d2 272)
AL A4
= f XZdP (Trung binh riéng)
A
- f P (vb ad 2.7.2).
A
a
Vi dy 2.7.2. (Dinh 1y Radon-Nikodym). Hinh 2.6 chi ra céc gia trj cla
martingale Zy. Ta ludn ¢ Zo =1, vi:

2, =E[Z] = /nzcnp:ﬁ(m =1

2.7.3 Qud trinh mat 46 trang thai gid

Nhim xéc dinh gid tri ciia mdt chitng khodn phéi sinh theo céc dai ludng cia
thi truong c6 tinh xdc suiit, ta xay dung qué trinh mét d3 trang thai gid sau:

Go=(1+7r)*2, k=01,

trong dé Zj x4c dinh bai (2.32). Ta c6 ce cong thitc dinh gié sau:
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2(HH) = 9]

Za(HT) = 9/8

~. __ Emm

Hinh 2.6: Chi ra gid trj Z trong md hinh nhj phan 2 thii ki u =
Xdc suft chi ra la B, khong phai P.

\

2
d=5.

Q-Ib—‘

Vi gt chimg khodn phéi sinh don gidn kidu Au, thu hoach Cj tai thoi
didm k -

Vo = E[(1+7)7*Cy)
=E[(1+7r)*2Ci] (b8 d22.7.2)
= E[¢Cy.

Téng quat hon nita, véi 0 < j < k,

=(1+rVE[(1 + ) CuF)
=8 ”) B[+ )2 CHE] (bd dd 2.7.3)

- C—le[cka]F,-].

Chua § 2.7.3. {G;V;}5_y 1a mt martingale dudi d do P.
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That vy, ta cé thé kiém tra nhu sau:

E[G1 V| Fs] = E[EGCkFi] 1 F5)
= E[¢G:Ci|F3]
=GV
Bay gid véi mot chitng khoén phai sinh kigu My {Gx )i
Vo= sup[E{(l +7)7"G,]
reTy a

=sup E((1 +1)7"Z:G,]
T€To

= sup E[&,G-].
T€To

Téng qué hon nita, vdi 0 < j <n,

Vi=(QQ+r)y suplE[1+r VTG F)

el

=(1+7) sup —]Ei(l + 1) 2G| F;]
ety Zj

Cl sup]EF(rG |F5).

5 TeT)
Cha ¥ 2.7.4. Nhin thdy ring:
(a) {¢;Vi}i—o 1& mot martingale trén dudi o do P,
(b) (Vs = GGy V4,
(c) {¢;V;}i 1o quéd trink nhé nhét cé cde tinh chdt (a) va (b).

Ta hink dung Ce bing cach quan sét ring (k ll"(u) la gié trj tai thei didn

khong cia hgp dong ma tra 1 USD tai thi didm k néu w xdy ra.

Vi duy 2.7.3. (Pinh 1y Radon-Nikodym). Ta minh hoa vigc sit dung cic
céng thite dinh gid cho ciing khoén phéi sinh kidu Au va kiéu My trong cic
dai Iugng cua thi trudng. Nhé&c lai ring p = 397 Gi4 trj trang théi gia ¢, |

duge chi ra trong hinh 2.7
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Xét mét quydn chon mua kidu Au véi gia thie thi 5, thai gian déo han 2
ta cb:

Va(HH) = 13, (HH)V(HH) = 1,44 x 11 = 15,84
Vao(HT) = Vo(TH) = WB(TT) = 0.

1.4

Vo=-x=x1 =1,76;

0] 3x3x 5,84 L 76;

(2(HH} _ L4

G(HE) Va(H )——120x117120><11_1320
W(H) = —x1320—440

So sdnh vdi cong thic dinh gi4 trung hoa rii ro:
2 2 2
Vi(H) = ng(HH)+ EVL(HT) =g 11 = 4, 40;

W(T) =

lew

Vi(TH) + I/1(TT)

2 2
Vo= SV(H) + ZA(T) = 25x 4,40 =1,76.

Zy(HH) =
G(HH) —1 44
G(H) =1, 20/
Si{H) =
/ \ GHT) = 0,72
Sp=4 Sy(HT) =4
Co=1,00 Sy(TH) =4
\ /(;2 TH)=0,72
85i(T) =
G(T) = 0 6
gg TT) _n 36

Hinh 2.7: Chi ra gié trj trang théi ¢, u = = d =- Xéc suéit chi ra ]alP‘ khong
phéi P.
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Bay gid xét mot quyén chon ban kidu My véi gia thyc thi 5 va thoi gian
déo han 2. Hinh 2.8 chi ra gid tri cha ¢(5 — Si)*. Ta tinh gid tri cha quyén
chon ban dudi cac thoi diém dimg khac nhau:

(0) Dimg tryc tiép: gié trj la 1.
(1) Néu r(HH) = 7(HT) = 2,7(TH) = 7(TT) = 1, gié tri la

x%xO,?2+§x 1,80 =1, 36.

[

(2) Néu ta dimg tai thdi diém 2, gié trj la

2 22
Ex(] 72+§x3x0?2+§§><144—095

wl>—‘

Ta nhan théy ring (1) la thai diém dimg téi wu.

(5 - Zo(HH)* =0
G(HH)(5 - Z2(HH)*Y =0

GH)(5 - Si(H)F =0
1 1 5 /'

(5-8i(H ))
/ HHTIG — SHTY = 0,72
(5= 8)* = (5 — S2(HT))* =1
5-5) =1 (5— S(TH)) =
Co(5 — So \ g,(THZ)(g —S(TH)* = 0,72

(5-8(T))* =
GIT)(E = ST = 1,80,
GTT)(5 - S(TT)F = 1,44
(5 - So(TT)* =4

s — - 1
Hinh 2.8: Chi ra gid tri (x(5 — Se)* cho mgt quyén chon bén kigu My, u = 2

d= %- Xac sufit chi ra Ia P, khéng phai P.
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2.7.4 D3 bién dong nghu nhién trong ms hinh nhi phan

Gid st 2 1 tap céc két cyc clia n lan tung mot ddng xu va 0 < dy < 1+7% < w,
& dé vdi mdi k, di, ui, ri 18 Fi-do duge. Dat

_lame—de L w— (147

=y

ug — dy ug — di
Gia st P 1a d¢ do xdc sufit trung hoa rii ro:
Plwi = H) =,
Plwy =T) = o,
vavii2Z<k<n,
Blurn = HIR) = B,
Pl = T|Fy) = G-
Gia st P 1a do do xéc suft thi trudng, va gid sit P(w) > 0, Yw € 0. Khi d6 P
va P la tuong duong. Dinh nghia

Blw)
Z(w) = ——= Q
(w) ) Yw € 0,
Zy =E[Z|F, k=0,1,....,n.
Ta dinh nghia qué trinh gia thi truong nhit sau:
My =1,
M= (141 )My, k=1,...n.
Nhén thay riing My la Fi_;-do duge.
Ta dinh nghia qué trinh gis trang thai 1a:
Q= L.Z k=101
= M, ky R=U1,.,n.
Qué trinh danh muc déu tu {Ag}F=). Qua trinh gi4 tri tu didu chinh tai chinh
(qué trinh tai sin) gdm c6 X, tai sin ban diu khéng ngdu nhién, va

Xirr = BiSir + (14 1)(Xg — AeSy), k=0,..,n—1.
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Khi d6 céc qua trinh sau 14 martingale didi d6 do P

1 i 1 el
—85 vh —X i
{‘M* k}k=u {M‘: k}k=u

va cac qué trinh san la martingale dudi doé do P
{68k v {GXkbimo-

Vi thé ta cé cong thitc dinh gid sau:
Chiing khoan phai sinh kiu Au don gian véi thu hoach Ci tai thai diém

k:
/]

= ZE[GGHF)
G

;

1
~ L aup ElG G/ 15
CJ' T€T;

b i C“
V;= M;E [T&
Chiting khoan phii sinh kidu My {Gi}3i_o!

o
V; = Mjsu E[i
i M

Céc cang thitc phéng ho danh muc diu tut thudng dimg vin con ding.

2.7.5 Mot iing dung khac ciia dinh Iy Radon-Nikodym

Cho (£, F,Q) 1a mét khong gian xdc sufit. Gia sit G 12 mgt o-dai s6 con cia
F, v gid sit X 12 mdt bién ngdu nhién khong 4m véi f, XdQ = 1. Ta cbu tric
ki vong didu kien (dusi @) clia X d6i véi G.

Tren G, dinh nghia hai do do xéc suft:

P(A) = Q(A) VAEG
B(4) = [ XdQ VA€G.
A

Khi ¥ 13 mot bién nghu nhién G-do duge, ta cé:

LYd]PﬂAYdQ;
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néu Y = Iy véi A € G ndo do. Néu A € G v P(A) = 0, thl Q(4) = 0, vy
ﬁ(A) = 0. Néi céch khac, do do P tuyét déi lién tuc dbi véi do do P. Dinh Iy
Radon-Nikedym suy ra riing tdn tai mét bién ngu nhién G-do duge Z sao cho

Pra) = / ZdP, VA€G,
A

tire 1a

fxm:fzfﬂp VAeg.
A A

Didu nay chimg t5 réng Z ¢6 tinh chét “trung binh riéng”, va vi Z 1a G-do
duge, n6 1a ki vong didu kign (dudi do do xac suiit Q) cla X vai G. Sy tdn tai
cla ki vong didu kién 1a mét he qué cda dinh 1y Radon-Nikedym.

BAI TAP

Bai tap 2.1. Mot cd phiéu c6 gid hign tai 12 40 USD. Biét riing vao thi diém
cudi thang nay né s& c6 gia la 42 USD hoiic 38 USD. Lai suit phi riii ro la
8% /nam dugc tinh theo lai g0p lién tyc. Tinh gia trj clia mét quyén chon mua
kidu Au véi thai han 1 thang v gid thye hién 1a 39 USD.

Bai tap 2.2. Mot e phiéu c6 gid hien tai 1a 50 USD. Biét ring vao thai didm
cubi clia 6 thang tdi né & c6 gié la 44 USD hosic 55 USD. Lai suét phi riii ro
1a 10%/nam duge tinh theo lai gop lién tuc. Tinh gia tri ciia mgt quydn chon
ban kidu Au véi thai han 6 thang va gi4 thyc hién 1a 50 USD.

Bai tap 2.3. Mot cd phibu cé gid hién tai la 100 USD. M3i 6 thang sau né
duge ky vong s¢ tang 10% hofic gidm 10%. Lai suft phi rii ro 1a 8% /nam duge
tinh theo 1ai gop lien tye. Tinh gid trj ciia mdt quyén chon mua kiéu Au véi
théi han 1 ném va gia thye hien 1a 100 USD.

Bai tap 2.4. V6i gid thiét nhur bai tap (2.3), tinh gia tri ciia mgt quyén chon
ban kidu Au véi thai han 1 nam va gid thue hién Ia 100 USD.

Bai tap 2.5. Mgt cd phiéu c6 gi4 hien tai 12 50 USD. Biét, rang vao thai didm
cudi clia 2 théng tdi 6 sé c6 gia 1a 53 USD hoiic 48 USD. Lai sufit phi rii ro
14 10%/nam duge tinh theo lai gop lién tyc. Sit dung nguyan Iy khong co loi
hay tinh gid tri clia mot quyén chon mua kidu Au véi thai han 2 théng va gis
thire hién la 49 USD.
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Bai tap 2.6. Mot co phiéu c6 gia hién tai 13 50 USD. M&i 3 thang sau né
duae ky vong sé tang 6% hosc gidm 5%. Lai sult phi rii ro 1a 5% /nam dige
tinh theo 1ai gdp lién tyc. Tinh gia tri clia mot quyén chon mua kidu Au vdi
thai han 6 thing vd gia thite hién la 51 USD.

Bai tap 2.7. Mat cd phiéu c¢6 gia hién tai 1a 40 USD. Mdi 3 thang sau n6
dude ky vong sé tang 10% hofic giam 10%. Lai sudt phi rii ro la 12%/uam
ditge tinh theo 1ai gop lién tue.

a) Tinh gi4 tri clia mét quyén chon mua kidu Au véi thoi han 6 thing vh gia
thite hién 14 42 USD.

b) Tinh gid tri ciia mot quyén chon bén kidu Au véi thoi han 6 théng va gid
thyc hien la 42 USD.

Bai tap 2.8. Mgt cd phifu c6 gid hién tai la 25 USD. Biét ring vio cudi 2
théng sau nd sé 6 gia 1a 23 USD hotic 27 USD. Lai suét phi rii ro la 10%/nidm
duge tinh theo lai gop lien tuc. Gia sit ring St 1a gia cd phiu tai thai didm
cuéi ca 2 thang sau. Tinh gia tri cia mat ching khodn phéi sinh ma trd S3
tai thai didm nay.

Bai tap 2.9. Xét mé hinh nhi phan véi 2 tai san, gid hgp ddng K = 3, lai
sufit r = 0 va qud trinh gid nhu sauw:

7 [ 5af0) | Sa(D)(wi)  Sa(){wn)  Sa(l)(ws)
1] 4 8 6 3

2| 7 10 8 4

Clii ra thng ton tai mot chién lude diu tu troi va théa man ludt mot gid.

Bai tap 2.10. Xét md hinh nhi phén véi 2 tai san, gid hop dong K = 4, lai
sut 7 = 1/9 va qua trinh gié nhu saw:

7 [ 5(0) | Sall)(ws)  Sn(1)(wz) Sa(D)ws) Sa(1)(ws)
N 60/9 £0/9 10]9 20/9
2 10 40/3 80/9 80/9 120/9

a) Xéc dinh qué trinh gid di chiét khiu
b) Chi ra rhng ton tai mot chifin huge ddu tu tréi nhung ¢6 co hoi od lgi.

Bai tap 2.11. Goi W = {X € RX : X = danh mue 1gi nhuan da chiét khiu
tng véi mjt chiens luge ddu tu ndo do}. Ching minh riing W va WX la cac
khong gian tuyén tinh con cia R
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Bai tap 2.12. Chi ra céc tip W va W7 trong bai tap (2.10)

Bai tap 2.13. Gia st K =2, N =1 va lai suit la mot tham sb r > 0. Gia sit
Sp =1, Si{w1) = u (up) v& Si(w;) = d (down) vdi u > d > 0. Vi gia trj nho
clia r,u,d thi tdn tai mat dé do xdc suét trung hda i ro khong? C6 thé néi
gi vé do do nay? Vi cac gid tri con lai clia cée tham sé c6 tdn tai co hoi ca lgi
khong?



Chuong 3

Mo hinh nita lién tuc va chuyén
dong Brown

Chuong nay gdm cac vin dé sau:
s Ma hinh nita lién tuc.
¢ Qué trinh ngiu nhién véi thi gian lién tyc.

« Chuyén dong Brown.

3.1 Mo hinh mia lién tuc

3.1.1 Chuyén dong Brown vdi thdi gian rdi rac

Cho {Y;}2, 1a mot ho clia cée bién ngdu nhién chudn A(0;1), doc lap xdic
dinh trén khong gian xé4c suét (Q,F,FP), & d6 P 12 do do thj trudng. Ky hiéu
Y = (¥i,Ya, ..., Ya)7; khi d6 véi béit ki véc to (thue) u = (uy,ug, .-, ua)7, ta

<6
E[Y]2E {exp {E uj}'}}} = exp {Z %uf} 3
=1 =0

Ta dinh nghia:
By =0,

:
Bi=3YY, k=1l..n

=1
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Qua trinh ngdu nhién {By}_, duge goi la mét chuyén dong Brown rdi rac
(xem hinh 3.1). Ra rang, néu ta biét Y3, Ys, .., ¥;, thi ta bit By, Bo, ..., By va
nguge lai, néu ta biét By, By, ..., By, thi ta biét ¥, = B,,Ys = By~ By,...,
Yi = Bx — Bi_y. Ta xay dung mot bo loc:

Fo={9.9},

Fr=0Y,Ya,.., ¥a) = 0(B1, By, ..., Bi) k=1, ..., n.
Dinh Iy 3.1.1. {B}}_, la mat martingale.
Chiing minh. DE thdy {Bx}_, 1a mot qua trinh thich nghi vdi bo loc {Fitico-
Véi mbi k =0,1,...,n— 1, ta cé:

E[BunlA] = E[Vis + Bu 7]

= E[Yiu]+ B
= B
Vay {Bx}}7_p |2 mot martingale. a
Bk

: n 4 ‘

] 4 P

v A S

[} 1 2 3 4
k , i

Hinh 3.1: Chuyén dong Brown véi thei gian rdi rac.

Dinh Iy 3.1.2. {By}}, lé mot qud trinh Markoo. |
Chitng mink. Nhan thiy riing: |

E [h(3k+1)|ﬁ]‘ =B [h(Yius + B[R] |
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Sit dung bd dé 2.4.1, ta dinh nghia

1 +00 '
o) =V +0) = 5 [ bty + D P ay.
Khi dé
B [A(Yirs + Bu)| 5] = 9(B2)
12 mot ham clia By, Vay {Br}i_, 12 mot qué trinh Markov. a

3.1.2 M5 hinh thi trudng véi thoi gian rdi rac

Cho khong gian xéc suét (2, F,P). Gia st { By} 1a mat chuyén dang Brown
véi thai gian roi rac. Ta ky higu:
e 4 € R, Ial¢i sudit trung binh ctia chitng khoan.
e o > 0, ladé bién dong gia chitng khodn.
s Sy >0, la gia chiing khoan gbe.
Qué trinh gid ching khoan (xem chuong 5 cho trutng hop tong quat)
duge cho bdi:

1
S*:SUQXD{”Bk+(1I—§02) k}, k=0,1,..,n (3.1)
Nhan thy ring:
1
Sk = Seexp {aYk.,.l + (‘u - 552)} (3.2)
]E{Sk+| 7] = SE [EUYH-l |-Fk] 'e:A-§rr9
= Skg%"’e’kia!
= e’
Do do:
E Sk Fil St ]
T o 3.
pu=log A log E 5 L.’Fk (3.3)
va g .
Var [log %] = Var [UYJ:-H + (u - 502)] =g (3.4)
k

Céc qué trinh khéc trong m6 hinh thi trudng ndy xéc dinh nhu sau:



g
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Qua trinh tién t§ trong thi trudng:
My=¢€™* k= 0,1,...,n.

trong d6 r 1a lai suét.
Qua trinh danh muc diu tuw:

® Ap, Ay, By,
o Mdi A 13 Fi-do dude.
Qua trinh tai sin:

® Xg da cho, khéng ngiu nhién,

Xisi AkSiq1 + € (Xi — ASi)

Ak(Sks1 — €"Sk) + €™ Xy,

* Mai X, 1a Fi-do duge.

Qua trinh tai san da chiét khiu:

Kir1 o i (SH—I B Sk) s X

=]+ =X, (3.5)
My Miyr My My

3.1.3 Do do xdc suit trung hda rii ro

Dinh nghia 3.1.1. Gid sz P Ia mot dg do zéc sudt trén (Q, F), tuang duong
vdi dg do thi truing B. Ta néi ring P 1a mot d do irung hoa riii ro néu
S

W }H la mot martingale dudi dj do P.

Dinh 1y 3.1.3. Néu"n”» la mot d3 do trung hoa riti o, th moi qud trinh tai sdn
dd chiét khdu {"_);t}k—o la martingale dudi B, khong phy thuge vao qud trinh
danh muc ddu tu sinh ra ne.
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Chiing minh. Tit (3.5), & thhy {%‘t}g—u 1a m5t qué trinh thich nghi véi bs
loe {Fr}pop. VOi mdi k=0,1,....,n— 1,_ta co:

= [ Xgta =~ Sk+1 Sx Xk
E|—F| = A I el
[ﬂ’fkﬂt k] E]: 5 (Mkn Mi:) + MJF,‘]

= [ Sks1 Sk Xk
= A |E P, B il
g ( [meﬂl Mk) T My

o AR
=3 ]
n 5
Vay qua trinh {%}:}k , 14 mot martingale dudi d¢ do P. m]

Trd lai mo hinh thi truong di xét & trén, gid sit V;, 12 thu hoach tai thoi
didm n, V, 12 Fn-do dude (chd ¥ ring V,, cé thé ¢6 qu dgo doe 1ap). Ta phong
ho cho mot dodn vi nhu sau:

o Bin mét ching khoan phai sinh don gidn kitu Au V.
o Nhan Xp tai thoi diém 0.

« Chu tric mot qué trinh danh mue diu tu Ag, ..., Ap_y ma bt déu véi
Xo va két thie véi X, = Va.

e Néu c6 mat do do trung hoa rii ro ﬁ, thi:
= [ X, ~ [V
Xo=FBl2] = |=].
(5] -2 [52]

Cha y 3.1.1. Ta thuing khing thé phong hé trong mé hinh “nita lién tuc” vi
khéng cé di ngdy giso dich. Kho khdn nay sé khéng zudt hign khi chiing ta zét
mé hinh lién tuc day di.

3.1.4 Arbitrage

Dinh nghia 3.1.2. Mt Arbitrage la mgt danh muc déu tw ma bdt diu vdi
Xo =0 va két thic véi Xn thod man:

P(X, 2 0) =1, P(X,>0)>0.
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(P & day 1a d6 do thj truong).

Dinh Iy 3.1.4. (Dinh Iy cd ban ciia dinh gia tai sin). Néu trong thi
trudng c6 mot df do trung hoa mii ro th khong ¢6 Arbitrage.

Chitng minh. Gia sit P 1 mot dg do trung hda rili ro, Xo = 0, vb gid stt X, biéu
dién gi4 tai sén cubi cling ing vdi mot danh myc dau tu nao dé. Vi {%}k—n

la mdt martingale déi vdi dé do P nén ta cé:

~[X.] _=[X]
E[2]-[%] -0 @)
Gid sit B(X,, > 0) = 1. Ta c6
P(X, <0)=0=P(X, < 0)=0=B(X, > 0)=1. (3.7)

Tit (3.6) va (3.7) suy ra ﬁ(X =0)=1 Suyra
B(X, > 0) =0 = P(X, > 0) = 0.
Didu nay chiing t3 thi trung khong c6 Arbitrage. O
Vén dé dat ra 1a c6 3n tai mot do do trung hda riii ro trong mé hinh thi

trudng “nifa lién tue” ciia ta hay khéng? i
Tit cde cong thitc (3.1), (3.2), v6i mdi k = 0,1,..,n— 1, ta c6: '

Skr1 _ S 1,
S exp {a)"kﬂ + (,u —f=so ) } . (3.8)

Do dé:
Sk41 Sk 1
E [m‘.ﬁ] = A xE [uxp {0Yen} |}'k] X exp {,u —-r— 502}

= S 12 12
= Eexp{aa}xexp{p—r—ﬁa}

k

Néu g2 = r, d6 do thi trudng la dé do trung hda rili ro cdn tim.
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Néu p # r, ta viét lai cong thic (3.8) dudi dang:
Sk-}-l Sk ( 12
Mo © M exps oY + | p—1— 37
Sk p—r 1,
= —u¢ Y —] -z
Mkzxp{cr( ket +— ) 57
S - 1
= Ei GXP{UYJ:+1 - 502} ]

trong do

?i:+1=yk+1+p_

ST T K B
va goi la gid mii ro cie thi trudng.

Ta ky higu 8 = £
Biy gid ta di tim mt dp do xéc sudt P sao cho Y3, ¥z, ..., ¥ 12 cde bién
nghu nhién doc 1ap, chuén héa va
Sk+1 _ ik o 1,
{M&H |.F] M xE [exp {oVin} |ﬂ] xexpq -0
. 5] {-nia"’
=, PP R P17z
&_
M

-

=

Y tudng cia Cameron-Martin-Girsanov: Xéc dinh mot bién ngAu nhign:
Z 1
Z = exp {Z (761’,- _ 582)}
j=1
¢6 céc tinh chit sau:

. Z
. EZ)

z ;2 [exp {i{—an)} x exp{_ggz}]

J=1

exp{gbﬂ} x exp{—gb”} =1

ﬁ(A):fzdnv YAEF.
A

It

Dinh nghia
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Khi dé P(A) > 0 véi moi A € F v
PQ) =E(Z] = 1.
Tit d6 suy ra P 1a mat do do xéc sult.
Ching ta sé chi ra ring P 1a d6 do trung hoa rii ro. D& lam diu nay, ching
ta chi cdn chi ra riing cac bién ngiu nhién
Yi=Y+06..V=Y+0

dac lap, chufin héa dbi vi dj do B.
That vay tit dinh nghia cla Y,k =1,...,n va Z ta ci:

e Y1, Y2, ..., ¥, Ia céc bién ngdu nhién dge lap, chudn hoa dudi do do P va

()} -2}

o E[X] = E[X Z] véi moi bién ngiu nhién X.

» Ham sinh moment cta (¥, Y2, ..., ¥3) dudi d6 do P:

tofi)

= E [ex]:l {z::uj(}? +8)+ i (79}3 - %92) H

=1

B S o)

j=1

= exp {i -;(uj - 032} X exp {z": ("ng = %92)}

=1 =

= o{ 5 [(3-u0 3o) (s )]}

= exp {Zn: é“}’}-

=1
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Vay ¥1 = Y1 +6,.... Yo = ¥, + ¢ 12 céc bién ngAu nhién de 1ap, chuan hoa dbi
vdi do do P.

Vi du 3.1.1. (Dinh gia quyén chon mua kidu Au). Xét mot mo hinh thi
truong nita lien tue. Gia cd phiéu tai thi diém n la:

S, = Spexp {aBﬂ + (u - %az) n}
i 1
= Spexp {(IZYJ + (i_,,fi,,?) n}

i=1

= Sgexp{ci(yj+ ,ur;_r) —(p—-mn+ (p— %n‘z) n}

=1

" o 1
— Soexp{azﬂ+(r—§gz) n}.
=

Thu hoach tai thai didm n 14 (S, — K)*. Gié tai thdi diém 0 1a:

e

W
a2 R 1
E [e""" (Snexp {n ZI:Y_., + (r - 502) n} - K) ]
=
+oa = 1.3 i + 1 ‘§3d
[We (S:)EXD{O’I+(T—-§U)H}— ) x 21Tﬂe dz

(v Z?, & bién chun véi trung binh: 0, phuong sai: n, dudi B).

=1

1

3.1.5 Chuyén dong Brown hinh hoc

1. Chuyén déng Brown hinh hoc
Tung mgt déng xu vé han &, khong gian méu Q 13 tap clia tht ch cac duy
v6 han w = (wy,w, ) clia H va T. Gia sif cac 1an tung 14 déce lap, trong mbi

1
lin tung, xac suét ciia H va 'T déu bﬁ.ng Z. Dinh nghia:

1 néu w; = H,
Hylpy = {—1 néu w; =T.
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My

Hinh 3.2: Qua trinh buéc ngiu nhién M,.
Dat:
My=20

k
Mc=3"X;, k2L
=1

Qua trinh { M )32, goi 12 mot bude ngiu nhien (random walk). Quy dao ciia
n6 la mot hinh &nh don gidn cda mot chuyén dong Brown trong thai gian lién
tuc (xem hinh 3.2).

Qua trinh { M}, c6 mot sb tinh chét sau:
Dinh Iy 3.1.5. (Luat sé ldn).

%Mk -— 0 hdu chdc chin, khi k — oc.
Chitng minh. Ta c6

o) = E[exp {04 }]

k
E [Exp {Z %Xj}] (Dinh nghia ctia Mj)

=1
k

= Il [exp{%)(_;}] (Sy doc 18p cia cdc X;)

=1
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Tir dé suy ra:

Diat z = jl;’ khi dé&:

log gx(u) = klog (%e* e %e'*) .

log (3e** + lem)

Jim logpi(u) = lim
B e 4 i
= EL’},W ( Quy tée L'Hopital )
= 0

Vi thé cho nén:

I& him moment sinh ciia hiing s6 0. Tit d6 ta c6 didu phai ching minh.

lim @e(u) =€ =1,
k=00

Dinh 1y 3.1.6. (Dinh Iy gidi han trung tam).

1

vE

Chatng minh. Ta cé:

vi

M — Bién ngdu nhién chuin héa, khi k — co.

o = 2]

1 1-xY
(58ﬁ+§e 51) ;

log wi(u) = klog (%eﬁ + %e"#) .
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bat = 7}72‘ khi dé:

log (1e™ + e
. i = i —BAIE T9eT)
fmpene) = p St
’ il - s
= lim —t et
=0 21 {ie"“ + 3em)

(Quy téc L'Hapital)

: 1 e — gemw
=l Xll_l.g2 2’
30 (1ewr + le—wr) "z z
our U, —ur
o Bewr _ ¥,
= lim2 2
=0 T
W ouz
= lim 22— 2°
-0 2
1 2
= =—=u.
2

Vi thé cho nén:

Jim gi(u) = e,

1a ham moment sinh ciia mét bién ngau nhign chudn héa. Tir d6 ta c6 didu
phéi ching minh. O

2. Chuyén dong Brown nhu mot gisi han ciia cdc budc ngiu nhién
Gi sit n 12 mot s6 nguyen duong. Néu ¢ 2> 0 va c6 dang £, khi dé dat

k
n

1
BOE) = =My, - %Mk.

Néu t > 0 khang c6 dang £, thi dinh nghia 5™ (2)

bdi phép noi suy (xem hinh
3.3).

Sau day 1a mot s6 tinh chét cia B0} ) .
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k:/n k+1)/n

Hinh 3.3: Phép 0l suy tuyén tinh dé xde djnh B{™

Céc tinh chét cia BU%(1):

100
BU9(1) = —1- ZX, (X&p xi chudn),
j=1

100

E[B(®(1)) = E ELX;] =
Var[BI9)(1)] = 'ﬁ vax,] =1
j=1

Céc tinh cht ciia BEOO(2) :
B9)(2) = E X; (X4p xi chudn),

E[B"(2)] = 0,
Var[B199(2)] = 2.

Ta ciing nhan thdy ring:
o BUOO)(1) va BUOY(2) — BUOO(1) 1A doe Lp.
e  BU00)({) Ja mbt ham lien tuc cla t.

Dé# nhan duge chuyén dong Brown, cho n — oo trong Bn(t), t=0
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3.2 Qua trinh ngiu nhién v4i thoi gian lién tuc

Trong chuong 2 ching ta di lam quen voi cde qua trinh ngiu nhién vdi thai
gian roi rac. Trong muc nay ta md réng cac két qua do eho cac qué trinh ngéu
nhién vdi thei gian lien tyc.

3.2.1 Khai niem

Cho (2, F,P) 12 mot khong gian xéc suit.

Mot qué trinh ngdu nhién (X,), t > 0 la mot ham hai bién X (¢, w) xéc dinh
trén tich R* x € liy gia tri trong R, va la mot ham do duge dbi véi o-truding
tich Bg+ x JF, trong dé Bg+ la o-trudng céc tap Borel trén RT = [0, 00).
Nhian xét:

(a) V@i mbi ¢ > 0 thi X(#,w) 1A mdt bién ngiu nhién.
(b) Khi ¢b dinh mot w € £, thi &nh xa riéng phin:

t— X(t,w)

tit R* vao R duge goi 12 mdt quij dao clia qué trinh ngdu nhign X = (X)),
t > 0, ting véi yéu t6 nglu nhién w &y.

(c) Néu X lay gi tri trong khéng gian B™ (n > 1) thi ta c6 mot qué trinh
ngiu nhién n-chidu.

(d) Trong tai chinh, cic qué trinh gié chimg khoan Sy, gia trai phiéu P, gid
sin phdm phai sinh C, ... ddu dude xem la cac qué trinh nglu nhién.

3.2.2 Qua trinh ngiu nhién thich nghi véi mét bo loc

Mgt ho céc o-trudng con (F), ¢ > 0 clia F, F, C F, dude goi 1a mdt bo loc
thoa man céc diéu kién thong thuing néu:
* D6 la mgt ho ting theo ¢, tic 1a F, C Fy ndu s < t,
* Ho dé 1a lién tuc phai, tic 1a F, = Qo'ﬂ“’
E.

o Néu A€ F vaP(A) =0 thi A € F, (va do dé A n¥m trong moi F).

Cho mdt qué trinh ngiu nhien X = (X;), ¢ > 0. Ta xét o-truong F¥ sinh
bi tht cé cde bién nghu nhien X, vii s < t: FX = ¢ (X,, s € 1). o-truing
nay chita dung moi théng tin v& dién bién qua kht cla qué trinh X cho dén
thi difm ¢. Ngudi ta goi d6 1a bp loc tu nhién ciia qué trinh X, hay 1a lich st
clia X, hay ciing cén goi la trudng thong tin vé X.
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|
Mot khong gian xéc suit (52, F, P) trén d6 ta gin them vao mot bg loc (Fo), |

dioc goi la mat khang gian zdc sudt dude loc va ky higu la (Q, F,(F),P). |
Cho mot khidng gian xéc suét duge loc (2, F, (F),P). Mot qué trinh ngiu

nhign X = (X;), t > 0 duge goi la thich nghi véi bg loc (Fe)ezo néu voi mdi

t > 0, X; la F;-do duge.

3.2.3 Thai diém Markov va thoi diém dimg

Cho mgt khéng gian xde suft duge loc (2,7, (Fi), P). i
Mot bién ngau nhién 7 duge goi 1a mot thai didm Markov néu véi moit > 0 '
ta cé
{weQ:r(w) <t} € F

Mat thai didm Markov 7 duge goi la thai diém dimg néu 7 Ia hita han hau

chéic chén, tifc la:
PlweQ:r(w) <oo}=1

3.2.4 Ky vong c6 didu kién liy doi véi mot o-trudng
Cho (£, F,P) 1a mot khong gian xéc suft, G la mot o-trudng con ciia F, G C F
v X la mot bién nghu nhién, tic 1a mot anh xa do dude tif (Q,F) vao (R, Bg),
trong dé By 1a o-trudng cic tap Borel trén dudng thing R.

Mot bién ngiu nhien ¥ sé duge goi 12 ki vong co didu kién clia X dbi véi
o-tntdng G, néu:

« ¥ 13 bién ngiu nhién do duge déi véi G,

» Véi moi tap A € G thi ta cb:

/YdP:fXdP.
A A

Bién nghu nhién ¥ nay s& dugc k¥ higu 1a E(X |G).

Néu ta chon o-trudng G la o-trudng o(Z) sinh ra bdi mat bién ngdu nhién
Z ndo dé, thi khi d6 ki vong 6 didu kign cia X 18y d6i vai o(Z) ciing duge
ky higu 1a E(X | 2).

Y
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3.2.5 Céc tinh chit ciia kj vong c6 didu kién

Céc hé thie phét bidu dudi day déu duge hidu theo nghia hdu chdc chdn:
(1) Néu G la o-trudng tim thudng {¢, 2} thi:

E(X |G) = E[X].
(2) Néu X va Y la hai bién ngiu nhién thi:
E(X +Y|G) =E(X|G) +E(Y|G).
(3) Néu X 1a do duge déi véi G thi:
E(XY |G) = XE(Y |G).
Néi riéng, néu c 1a mot hiing 6 thi
E(cY |G) = cE(Y | G).
(4) Néu G, C G, thi:
E(E(X|G:)|Gi) =E(X|Gy).
N6i riéng
E(E(X |¢)) = E[X).
(5) Néu X doc lap déi véi G thi:
E(X |G) = E[X).

(6) Néu G v H la hai o-trudng con clia F vi doc lap déi v6i nhau, va X 1a
bién ngiu nhién dac lap déi véi G thi:

E(X|o(G,H)) =E(X | H),
trong dé o'(g, H) 14 o-truding nhé nhét chita ci G 1an H.
(7) Bit ddng thic Jensen déi vdi kj vong 6 didu kign
Néu g(z) 1a mot ham 1i trén tap 16i I C R, tic la:
9(Az + (1 - M) < Aglz) + (1 - Na(y)
vi moi z,y € I va moi A € [0,1), v néu X 1a mot bién ngdu nhien 14y gid tri

trén I thi:
9(E(X |9)) < E(g(X)|G).
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Néi riéng, vdi g(z) = |z| thi:
[E(X |6)] < E(1X119).
(8) Su hoi tu don digu déi vai kj) vong ¢é diéu kien
Néu 0 < X v X T X (Xp don difu téng dan téi X khi n — oo) vdi

E|X| < oo thi:
E(X.|6) TE(X|Q).

(9) Bé dé Fatou déi vdi ky vong 6 diéu kién
Néu 0 € X, thi:
E(limﬂinf X l g] < lim inf E(Xn {g)

(10) Su hoi tu chan déi vdi ky vong cd diéu kién
Néu lim X,, = X hiu chic chin va |Xa| € ¥ véi E[Y] < 00 thi:
oo

Y}E&E(X,, |Gy =E(X [G).

(11) Cho X va Y la hai bién nghu nhién doc lap v ¢(z,y) 1a mot ham hai
bién sao cho E|¢(X,Y)| < oo. Khi dé:

E(s(X,Y) |Y)= [E.(¢(X,Y)).

326 Xac suit co ditu kién
X4c suft co didu kign B(A | G) clia mot bién cb A € F 1a mot bién ngdu nhién
xéc dinh bai:
P(A|G) =E(L4 |6).

D& thiy xéc sufit P(A|G) c6 mot s6 tinh chit sau (hdu chic chdn):

(1) PG =1

(2) vAeF: B(A|G)= 1-P(4|G).

(3) VA5, As.- €  rdi nhau timg d6i mot thi

rw(f_')mg) =imnim.

n=1 n=l
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3.2.7 Martingale

Cho mét qué trinh ngau nhién X = (X,), t > 0 thich nghi vdi b3 loc (F) va
kha tich: E|X,| < oc vdi moi t > 0.

Vdi s va t 13 hai s6 thuc khong am sao cho s < £, khi dé:
(1) Néu E(X; | F,) € X, thi X goi la martingale trén (supermartingale),
(2) Néu E(X; | F.) > X, thi X goi la martingale dudi (submartingale)
(3) Néu E(X, | 7.} = X, thi X goi la martingale.

Khi khong chi r5 b3 loc ndo thi ta hidu ring (F,) 1a bo loc ty nhign clia
(Xo) tie 1a Fy = o (X,, s < t) va thudng ky higu 13 7.

Mét s6 vi du vé martingale

Vi du 3.2.1. Cho Z |2 mét bién ngiu nhién bt ky sao cho E[Z] < oo (kha
tich) va cho (F;) 1a mot bo loc bét ky trén (£, F, ). Khi d6 qué trinh ngu
nhien X = (X,), t > 0 xéc dinh bdi:

X =E(Z I-rt)
1a mgt martingale déi vdi (F;).
Vi du 3.2.2. Cho X = (X,), ¢ > 0 la mdt qu4 trinh ngiu nhién kha tich,
thich nghi véi b6 loc (), va gid thir ring;
Véi moi s,t > 0 sao cho s < ¢ thi X, — X, doc lap véi F,..

Tinh chit nay duge goi 1a tinh chit ¢ sé gia dgc lgp vdi qud khit. Khi d6,
qué trinh ngdu nhién Z = (Z,, t > 0) xde dinh bai:

Ze= X, - E[X,)
1 mét martingale déi véi ().

Vi du 3.2.3. Cho (X;) 12 mot qua trinh ¢6 6 gia doc lap, khong nhiit thiét
phai kha tich. Goi py, (u) la ham dac trimg cia X, tic la:

px,(u) = E [e™%] :[ Xt gp,
R

Khi dé qua trinh nglu nhién ¥ = (Y:, t > 0) xéc dinh béi:

eiuXt

Y, =
! i (u)

1a mot martingale déi véi b loc ty nhién ciia X - FX=0(X, s<t).
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Vi du 3.2.4. Trén khong gian xac sudt (2, F,P) cho Q 12 mot dj do xac suét
lién tuc tuyét déi déi vai P: Q < P.
Goi cdi han ché ciia P trén F, 12 P, va cdi han ché ciia Q trén 7, 12 Q. Khi

d! R
a6 dao haun Radon-Nikodym L, = % ton tai, v qua trinh L = (L), £ 20
t

12 mét martingale déi vai (Fe).
Ta c6 dinh 1y sau:

Dinh 1y 3.2.1. (Khai trién Doob-Meyer). Néu X = (X,), t >0 la mot
martingale dudi déi vdi (Fi), khd tich (titc E[X] < oo, Vt > 0) va lien tyc

phéi thea t, thi X c6 thé khai trién dudi dang:
Xe= M+ A

trong do M, la mot martingale ddi vdi (F) lién tuc phdi va Ay la mét qud trink
tang va thich nghi vdi (Fe).

3.3 Chuyén dong Brown

Mgt qué trinh nghu nhién B = B(t,w): [0,00) % © — R, viét tét 1a B(t) (xem
hinh 3.4) duge goi la mot chuytn dong Brown néu no thoa min cac tinh chit
sau:

L B(0) =0, tic 18 P {w; B(O,w) = 0} = 1.

2. B(t) 1a ham lién tuc theo ¢.

3. B(t) c6 che sb gia doc lap, phan phéi chudn; tie la: Néu

D=ty <t <tz <..<tn
va
Y; = B{t)) — B(to), Ya= B(tz) - Blt), - Y= B(tn) — B(ta-1),
thi: .
. Y, Y., Yo la cic bién ngiu nhién doc lap, cé phan phéi chudn;

o ElYj)=0 Vi
o VarlVj)=t;—tion Vi
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B{t)=Bit,0)

NANIVA

W

(2F.F)

Hinh 3.4: Chuyén déng Brown vdi thoi gian licn tuc.

3.3.1 Hiép phudng sai ctia chuyén dong Brown

Gid s 0 < s < t dé cho, khi dé B(s) va B(t) Ia cc bién ngdu nhién c6 phan
phéi chudn. Hon nita, B(s) déc 1ap véi B(t) — B(s) va ta cé:

=0, Var[B(s)] = s,
0, Var[B(t)] =t

Do dé

E[B(s)B(t)] = E[B(s)[(B(t) - B(s)) + B(s)]]
= E[B(s)(B(t) - B(s))] + E[B%s)]
N
=
V1 thé vai bt ki s > 0,¢ > 0 (khéng cn s < t,) ta c6:
E[B(s)B(t)] = s A t.
Tit d6 suy ra ham higp phuong sai:

R(s,t) = Cov[B(s), B(t)] = s A . (3.9)
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3.3.2 Phan phdi hitu han chiéu ciia chuyén déng Brown

Gid st 0 = tg < #, < ta < ... < t, 12 mot phan hoach nao dé cia doan [0,t] d&
cho. Khi d6 (B(#,), B{ta), ..., B(ta)) 1a vector nghu nhién chudn véi ma trgn
hiép phuong sai:

E[Bt:)]  E[B(t)B(t2)] .. E[B(t1)B(ta)]

o - | EB@BE) EE) . EBG)B)
E(B(t)B(t)] EBEBE) -  EB(t)
oo b

- t; t2 i2
to ts o tn

3.3.3 Loc sinh bdi mét chuyén déng Brown

Trong myc niy ching ta xay dyng mot bg loc {F(t)}e20, thod man cc tinh
chét:

o Véi méit, B(t)1a F(t)-do dude,

o Véi méi t va v6i t < b1 < ta < ... < tn, che 5 gia clia chuyén dong Brown

B(t)) - B(t), Blta) = B(ts),..., B(ta) = Bltn-1)

1a dgc lap véi F(t).
Ta c6 thé chu tric F(t) nhu sau:
Tride tion ta cb dinh t. Gia sit s € [0,#] va C € B(R) da cho. Dat tap

{B(s) € C} = {w: B(s,w) € C}

vao F(t). Lam nhu vay véi moi sb duong s € [0,4] va C € B(R). Sau 16 hd
sung thém cac tap khac dé F(¢) trd thanh o-dai sb voi mdi ¢ > 0.

Ré rang F(t) chita cdc thong tin c6 duge bdi quan sét chuyin dong Brown
cho té thai diém ¢. Ho {F(t)}s0 duge goi 12 loc sinh béi chuyén dong Brown.
Trong céc muc sau, néu khong noi gi thém ta ludn hidu cc qué trinh thich
nghi duge xét véi bo loc nay.
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3.3.4 Tinh chit Martingale
Dinh ly 3.3.1. Chuyén dong Broun la mét Martingale.

Chatng minh. Df. théy chuyén dong Brown B(t) 1a mét qué trinh thich nghi
voi b loe {F(t)}eso. V8 0 < s < ¢, ta cie

E[BM)IF(s)] = E[(B(t) - B(s)) + B(s)|F(s)]
E[B(t) - B(s)| + B(s)

= B(s).

Dinh 1y 3.3.2. Gid s¢ 6 € R da cho. Khi dé:
Lo
Z(t) = exp{ ~0B(t) - 56‘ t

1 mat martingale.

Cluing minh. Tit dinh nghia suy ra Z (t) 1a mjt qué trinh thich nghi véi bo
loc {F(t)}izo. V6i méi 0 < s < t, ta cé:

E[2(t)|F(s)]
- [ap{ 9B = B(6)+ Bs) - 32 (1= )+ 9} [ 700
- E [2(5 exp{ ~6(B(t) - B(s)) - %ﬁ"(t - .9}} IF(S)J
- Z(E [exp {-e(sm - B(s)) - 30 - 3)} '.F(s)]
= Z(s)exp {%(—6‘)2\/&’[3(1) - B(s)) — %ﬂ?(t - s)}

= Z(s).
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3.3.5 Gidi han ciia mot md hinh nhi phan
Xét mét md hinh nhi phan n thoi ky, trong mdi thai ky thit k,1 <k < nta
gid thiét céc tham séo_nhu sau:

oy =1+ T la nhan tit “Tang” (¢ > 0).

F
o dp=1- TE 1a nhan ti “Giam”.

o 7=10

. ‘1—&'.;: G/\/E 1
. fr= ——0 = =,
Pe= e—d 20/VE 2
z 1
® Q= 5-

Gia sit ky hicu fx(H) 13 s6 H trong k lan tung déng xu dau tien, va §i(T)
las6 T trong k lan tung déng xu diu tien. Khi dé:

f(H) + §(T) = £
fk(H} — 8e(T) = My

do dé suy ra:

k
Trong mo hioh thit n, lay n bude don vi thdi gian. Dt Sf)"’ =1 Gidsit= =

véi k nao do, vi gid sit

2 & Lnt+Mne) g\ 3{Mne)
S““’=(”ﬁ) (l‘ﬁ) -

Dudi do do P, qué trinh gia S 1a mgt martingale.
Dinh 1y 3.3.3. Khin — o, phin phéi ciia S™(t) hi tu tdi phan phéi cla

exp{aB(t)f %n’t},

. S ol
trong d6 B(t) la m@t chuyén dong Brown. Sy higu chinh ia‘: & day la cin
thiét dé c6 mgt martingale.
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Chatng minh. St dung khai trién Taylor ta c6:

1
log(l+z) =z - 51:2 +0(z%).
Do vay:

1 o 1 a
(n) = e i . g
log S™(t) = E(nt + My)log (1 + n) + z(nt Mpe) (l =

 se{bis (1) ~ B 1--2))

vn
1 o 1 o
+ My (élog (I + _n,) - 5103 (] - ﬁ))
10?

lo 12 1o _3/2
= "‘(éﬁ‘z;‘m*ﬁ“’(" )

p

le 10 16 102
Myl s 2gen s =2
+ ,u(zﬁ by - e L)
1
= ~zo%+0(nh)

e (%Mm) +@O(n'%).

—-B.
Khi n — oc phan phéi cia log S™(t) din t6i phan phéi ciia o B(t) - %aﬂt. o
Cha y 3.3.1. (Bt diu tai didm khéc 0). Vi mot chuyén déng Broun
B(t) zudt phdt tit 0, ta cd:
P(B(0) = 0) = 1.
Vi mot chuyén dong Brown B(t) zuft phdt tai © # 0, ky hiéu d6 do zdc
sudit tuong ing bdi P* (zem hink 3.5), ta cé

P(B(0) =) = 1.
Nhén théy ring:

* Néuz #0 th zdc sudt P* trén tht cd cdc tp khdc P.
* Phan phéi ciia B{t) dudi P* gidng phan phéi ciia z + B(t) dudi P.
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/\ Bit=Bl1a)
RN

% }“\J v

(AF.PH

Hinh 3.5: Chuyén dong Brown vdi thii gian lien tye, bis diu tai z #0.

3.3.6 Tinh chit Markov ciia chuyén dong Brown

Ta ¢é dinh 1y sau:
Dinh 1§ 3.3.4. Chuyén dong Broun cd tinh Markov.
Chiing minh, Gidsts >0, t=0dacho {xem hinh 3.6)

E [hw(s +1)) |}'(s)] —E |n(B(s+1t) - B(s)+ \B_@ W F(s)
Doéc lap voi F(s) F(s) do duge

Sit dung bé dé 2.4.1, dinh nghia
g(z) = E[h(B(s)~ B(s)+a)]

—- E|hz+ B(t) )
——
cing phan phéi voi  B(s+t)—B(s)
— E°h(B(t)).

Khi dé:
E [n(B(s+0)|Fl9)] = o(B)
= EPOA(B(Y)).
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restart

Hinh 3.6: Tinh chiit Markov ciia chuyén dong Brown.

Ta cdn ¢6 thé chi ra chuyén dong Brown e tinh Markoy manh.
Vi du 3.3.1. (Tinh chit Markov manh). C6 dinh z > 0 va dinh nghia
(xem hinh 3.7)
T=min{t >0, B(t) =z}, (3.10)
Khi d6 ta cé:

E [(B(r +1)|F(n)] = o(8(r) = E(B()).
Chi ¥ 3.3.2. (Mat dé x4c suit chuyén). Gid st p(t,z,y) la zdc sudt ma

chuyén dgng Broun chuyén gid tri ti = tdi y trong thoi gian t va gid st T wmdc
dinh nhy trong (3.10). Ta cq:

Sl
p(t,z,y) = o i
Dit:
400
9(2) = Eh(B) = [ hyiptt 2,
Ta cé:

+oo
B [bBto+ 0| Fo)] = atate = [ hnte, Bs) e

i
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restart

Hinh 3.7: Tinh Markov manh ciia chuyén dong Brown.

E [h(B(r + t))|F(’r)] = /_ :q h(y)p(t, =, v)dy.

BAI TAP
Bai tap 3.1. Vai mdit > 0 chuyén dong Brown B, la mgt bién ngfu nhién c6
phan phéi chudn N(0,1).
1
&) Chitng minh ring E[e"®!] = exp (., au’t) vai moi u € R.
b) Tim ham mat do xéc suét cia bién ngdu nhien B2
¢) Chitng minh ring véi moi ham f ta c6:
1 s
E[f(B =——f z)e” Tdz.
@I = 5= /@

d) Chitng minh rang E[B{] = 3¢% tit d6 suy ra:

(26 .
St keN.

E[B¥) =

Bai tap 3.2. Mot qua trinh ngiu nhién X, duge goi 1a dimg néu {X;} c6 cling
phan phéi véi {Xi+s) véi bét ki h > 0. Chiing minh réng chuyén déng Brown
B, c6 s6 gia ditng, tic 12, cdc qué trinh {Beyn — Ba}aso c6 clng phan phéi voi

moi t.
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Bai tap 3.3. Cho B, la mét chuyén déng Brown va ty < 0 ¢b dinh. Ching
minh riing qué trinh: By = By 4 — By, ¢ > 0 ciing 13 mot chuyén dong Brown.
Bai tap 3.4. Cho B; la mot chuyén dong Brown 1-chidu va ¢ > 0 1a mot hling
s6. Chimg minh ring qua trinh; B, = :];Bcz,,t > 0 ciing 1a mét chuyén dong
Brown.
Bai tap 3.5. Cho (B;),t > 0 1a mot chuyén dong Brown. Xét xem céc qua
trinh ngéu nhién sau day c6 phai 14 mét martingale hay khong:

a) X; = By + 4t.

b) X; = B:.

¢) Xy=Bl-t.
Bai tap 3.6. Chimg minh riing qua trinh: M, = B} — 3tB,,t > 0 la mot
martingale.

Bai tap 3.7. Cho B, 12 mot chuyén déng Brown 2-chidu va dat:
D,={zeR%|z|<p} véi p>0.

Hay tinh P[B, € D,).

Bai tap 3.8. Cho B; 12 mot chuyén dong Brown n-chidu bt diu tai 0 va dat:

U € R™™ & mot ma tran trye giao, tic 1a UUT = I. Ching minh ring qué
trinh: B, = UB,,t > 0 ciing | mpt chuyén déng Brown.



Chuong 4

Tich phan ngiu nhién va @ng
dung

Trong chwang nay ching ta tim hidu nhimg vAn dé sau:
e Tich phan ngéu nhién It5.
e Cong thite [t0.

e Tich phan nghu nhién Stratonovich.

4.1 Tich phan ngu nhién Ito

Gia sit da cho khéng gian xéc sudt (2, F, P) va B(t) 1a mot chuyén dong Brown.

4.1.1 Bién phan bac nhét

Vi du 4.1.1. Xét ham sb f(t) co dang trong hinh 4.1
Bién phan bac nhit FV(f) cia ham s6 f(t) trén khodng [0, 7] duge xéc

dinh nhu sau:
FVian(f) = Uf(ts) — FO)] = [Flta) = Flen)} + F(T) = f(ta)]
ty , g ; i o ;
[ o [ (- (et + [ o

)
[ e
0
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» ﬂt)

Hinh 4.1: Minh hoa bién phan bac nhéit eGa ham f(2).

Mot céch hinh dnh, c6 thé néi, bién phan bac nhat la tdng cée lugng ting va
gidm cla quy dao.

Ta ¢6 dinh nghia téng quét nhy sau:
Dinh nghia 4.1.1. (Bién phén bac nhét). Gid ¢ Tl = {to, t1, ..., t,} ld mét
phin hoach ciia dogn [0,T)

D=t <t <..<t, =T,

va goi ||TI|| = n‘:Tngl(ttH — &) & dudng kinh cia phan hoach dé. Bién phan
bic nhiit cia hm 56 f trén doan [0,T), ky hicu FViory(f) zdc dinh bii:

- —

n-1
FVon(£) = lim 371f(tksa) = f(8R)].
k=0

Vi du 4.1.2. (Bién phan bac nhit ciia ham kha vi). Gia s f la mt
him khi vi. Khi d6, theo dinh 1 gi4 trj trung binh trong mdi doan [f, ]
c6 mot diém t} sao cho:

Fltkrr) = f(t6) = F(ED) (tasn — ti). (4.1)
Do dé:

n

=1 n-1
oIt = 18] = T 1F ) e — te),
=0

k k=0
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va

FVon(f) = Jim 3 1G] (e = ta)
k=0

I
=
=

4.1.2 Bién phan béc hai

Dinh nghia 4.1.2. (Bién phan béc hai). Bién phan bic hat cla hdm f trén
doan [0, T}, ky higu (f) (T') zdc dinh bdi:

n(r Z £ (b} = it

III'III

Vi du 4.1.3. (Bién phan bjc hai ciia ham kha vi). Gid sit f 12 mot ham
kha vi, khi dé

(H(T)=0.
That vay, tit (4.1) ta cb:
n—1 n-1
3 1f () - fF = Z 1t (B — )
k=0
< | = z 1N (tierr — te)-

k=0

Chuyén qua gidi han khi |[TIj — 0, ta c6

n—1

0< (N £ bm|fx m Zlf () (trer — 1)

qimjt =0

hmﬂﬂ"xf |f (®F dt

i —o

Tir dé suy ra {f) (T) =
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Ta c6 dinh Iy sau:

Dinh Iy 4.1.1. (Bién phan bac hai cia chuyén dgng Brown).

hay chinh zdc hon
Plwe® (Bw)H(T)=T}=1.
T dé suy ra quf dao ciia chuyén déng Brown khong khé vi hdu khip noi.

Chiing minh. Gid st I = {ty,4,...,,} 12 mdt phan hogch ciia doan [0, T Dé
dan gidn ky higu, ta dit Dy = B(tes,) — B(ty) va

n-1
Qu=3 DL
k=0
Khi dé ta cé:
n=-1
Qu-T= Z (D} - (topr — t)] .
k=0

Ta sé chi ra ring:
Ii -T)=0.
i o (@u=T) =0

That vay, vdi mbi k = 0,1,...,n - 1, xét s6 hang
D} = (tesr = 1) = (Blties) — B{ta)]® = (thar — ta).
Méi s6 hang nay c6 ki vong bing 0, do viy:
n-1

EQn-T]=E {Z [Dlze = (tkr — tr:)] =0.

k=0
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Véi j # k céic sb hang D? — (41 — t;) v D} — (tes — i) déc lap, do vay:
Var [Qn — ZVar [D} = (tiesr — 1))

B ZE = 2(tke1 — te)DF + (tksr — fk)z]
k=

= Z [Bltert = t)? = 2(tesr — ta)® + (tesr — te)?]
k=0
(do X ~ N(0,0%) nen E [X7] = 30%)

n-1
= 2 Z(fiaﬂ —ty)?

k=0
< 2jmj nzl(tm - tk)
k=0
= 2|O|T.
Khi [|TT]| — 0, Var [@n - T] — 0. Vay:
g|r111}m (Qn-T)=
Chi ¥ 4.1.1. (Biéu dién vi phéan). Ta biét ring:
E [[B(ts+) — B(te)]* - (tesr — ta)] = 0.
Ta lpi c6:
Var [[B(tes1) = BUR)® = (e = te)] = 2(tkr1 — )%
Khi (teq, — tx) khd nhd, (tep — ti)? sé rit nhd; do dé
(Bltes1) — B(t)) = (trsa — t),
i chiing ta c6 thé viét mat cdch hink thitc nhif sau:
dB(t)dB(t) = dt.
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4.1.3 Bién phan bic hai cia hai qua trinh ngéu nhién

Dinh nghia 4.1.3. Ta goi bién phan bac hai cia hai qud trmfi ngdu nhién
tién tuc (Xi)eo va (Vi)ezo, ky hicu (X,¥) & mot qud trink ngdu nhien zdc !
dinh bdi gidi han héu chde chin sau déy:

n1

(X, Y} () e !‘ }Eu’ig 3 (K — X)) (Y - 2)
k:

néu gidi han nay tén tei vdi moi phan hoach 11 cia dogn [0,¢]
O=tfhy<ti< - <t,=t.

Khi X = ¥ thi (X, X) = (X).
Tit dinh nghia d& dang suy ra bién phan bac hai ciia hai qué trinh ngiu
nhién e¢6 mét sé tinh chit sau:
a, (X,Y)(0)=0.
b, {X,Y)=(Y,X).
¢, {@1Xi+a2X3,¥) = a, (X1,Y) +a, (X2, Y).

4.1.4 Chu triic cfia tich phan It

Trong myc nay, ching ta xay dyng mét loai tich phan duge ldy d6i véi chuyén
déng Brown B(t), t > 0, c6 chu tric nhu sau:
* Bién lAy tich phan la chuyén dong Brown B(t), cling vdi b loc F(t),t > 0
¢6 cdc tinh chét:

L. B(t) 1a F(t)-do dugc, Vt;

2. Vdi mi phan hoach: ¢ < #; < .. < ¢, thi cdc 56 gia B(t,) — B(1),
B(ts) - B(t1), .., B(ta) — B(t, 1) doc lap vai F(t).
¢ Ham lay tich phan 14 4(t), ¢ > 0 thda man:

L. &(t) 1a F(t)-do duge, Vi (titc Ia & thich nghi);

2. d(t) binh phuong kha tich

E MTaﬂ(:)dtJ < o0, WT.

Tich phan cu tric nhu trén do nha tosn hoc K. It dua ra nim 1940 va
g0i 1 tich phan ngu nhien Its (hay tich phan 1t6), ky hisu:

f(t)=/ulr5(u)d5(u), t>0.

7’
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Tich phan Itd cho mdt eong eu hiru higu trong tinh toan ngiu nhign va duge
ing dung trong nhidu nganh khoa hoc, ky thuat, dac bigt la trong todn tai
chinh.

Cht § 4.1.2. Tu biét riing, trong Gidi tich c6 dién, néu f(u) la ham khd vi
thi ¢d thé dinh nghla
t t
[ st = [ st
0

Diéu nay khong con ding khi bién lay tich phan la chuyén dpng Brown, bdi 1i
qui dao ciia chuyén dong Brown khong khd vi hdu khdp noi.

4.1.5 Tich phan Ité clia ham ddn gian
Gid st I == {to, t1, ... ta} 12 m0Y phan hoach ciia doan [0,7), tic la:
0=tr<t1 ... Stn=T.

QGid st ham §(£) luon nhan gis tri 1 hiing sb trén mdi doan con [ties trra]
k=0,1,...,n—1, (xem hinh 4.2). Khi d6, ta goi § = 4(t) 1a mot ham don glén
(hay qué trinh don gidn).

5(t)=35(%;)
-—0 S(ty=235(3)
s(tY=25(f0) e
*—
o=1g LB 13 I3 t,4=T
5(t)=3(12)
*————0

Hinh 4.2: Mot ham don gian 4.

Ta c6 thé hinh dung B(t) va &(ti) nhu saw:

« B(t) nhu la gid mot don vi cé phibu chia mot tai san tai thii didm &;
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® ip,t1, ..., tn nhir cée ngly giao dich clia thi sin;
® 8(tx) nhu 1a s6 don vi cd phiu ciia tai sin thu dude tai ngay giao dich
li v gilt cho tdi ngay giao dich 5.
Khi dé tich phan It I(t) la loi nhuan tit giao dich tai thai diém t, lgi nhuan
nay cho bai:
d(ta)[B(t) — B(to) ], 0<t<y
=B(0)=0

I{ty={  d(to) [B(t:) — B(ta)] + 8(t:) [B(t) - B{ty)], t<t<t
8(to) [B(tr) ~ B(ta)] + 8(t:1) [B(t2) — B(t1))]
+d(t2) [B(t) - B{ta)], la<t<tis

Trong trudng hop tdng quat, néu &, <t < by, thi

k-1

() = 8(t;) [B(tyon) ~ B(t;)] + 6(t) [B() — B(ts). (4.2)

=0

4.1.6 Tinh chit cta tich phén Its déi vdi ham don gian
Tit dinh nghia, d8 dang suy ra cac tinh chét sau:
Tinh thich nghi. Véi méi t, I(¢) 1a F(t)-do duge.
Tinh tuyén tinh. Néu
t 13
I(t) = f §(w)dB(x),  J(t) = / +{w)dB (),
0 1]
thi :
10250 = [ (60 £ 1) dbta),
0
va
{1
el(t) = / cB(u)dB(w).
1]

Martingale. I(t) la mgt martingale.
‘That vay, gid sit 6(¢) 1a mot ham don gidn, véi phan hoach T1 da cho, ta ¢6
dinh Ij sau:
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Dinh 1§ 4.1.2. (Tinh chit martingale).

k-1
() = Y 8(t;) [Bltja) — B(t)] +6(t) [B) - Bita)l,  tk S ten

la mét martingale.

1 hy 77 1, 1"

Hinh 4.3: Minh hoa s v t trong céic doan con khéc nhau ciia phén hoach.

Ching minh. Gid sit da cho 0 € s <t v s, t thuje cée doan con khéic nhau
chia phan hoach 11, titc 1a, c6 cic diém phan hoach t; V& ti sao cho s € [t ti]
vat € [tk thsa] (xem hinh 4.3).

Ta viét tich phan I(t) dudi dang:

-1
It) = 6(t,) (Bltjer) — Bt + 8(t;) [B(tig) — B(th))
=0
k-1
+ 3 8(t5) (Bltin) — B(t;)] +6(t) [B(2) - Bte))
j=i+1

LAy ky vong céc s6 hang & vé phéi vdi didu ki¢n F(s), ta cb:

{-1 -1
E { 6 (Blts) ~ B&)) |s=(s)} = 3 6(t5) (Bltsn) = Blts));
0 §=0

j=l

I

3(t) (B [Blus)|F(s)] - B(t)

E [t (Bltnr) - B(t)) [7()]
= 8(t)[B(s) - Blta)];
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k-1
ELZ 8(43) (Blts4r) — B(t; [f(s)]

=l

5" B £ [5(6) Bty - B6) 7] |7 6]

j=l+1

ZE[ JE Btz (t))] - Bits)|F(s)
j=t+1

5t

0;

i

5() (B() - Blt) | F(s)] = E [a(mtwta)afm - B(t)|F(s)
=0

= 0.
Tir dé suy ra:
E[()|F(s) =I(s), ¥ 0<s<t.
Diéu dé chimg t I{t) 12 mot martingale. u]
Tinh déng cy. Ta cé dinh 1y sau:

Dinh Iy 4.1.3. (Tinh ding cy Its).

E[P(t)] =E [ [m ‘ 62(u)du] :

Chitng minh. D& don gidn ky hiéu, gid sit t = t;, viy

k
=3 8(t;)[B(ts1) - B(t;)].
Jj=0 :

D;

Mai D; c6 k¥ vong 0 va cac D; khac nhau 1a dge lap.

k
I(t) = (Za(:,) ) 262({,)[)2 +225(: )8(t5)DiD;.

=0 i=0
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Vi céc sd hang chéo c6 ki vong 0, nén ta c6
K

S E[5(t)D5)

=0

= SR [RE (B - B[]
j=0

E [12(t)]

k

5 fl‘ " a’(u)du]

k
= EIE [6%(25) (L2 — t;)] =E [
=0 5

= E [ L : 62(u)du] . B

4.1.7 Tich phan Itd ciia ham téng quat
Cé dinh T > 0. Gia sit & 1a mgt qua trinh ndo d6 thod mén cac didu kign:
o 4(t) 1a F(t) - do duge, vt € [0,T],

. E[fgé’(u)du] < 00.

Ta ¢é dinh 1y sau:
Dinh 1y 4.1.4. C¢ mt day cdc qud trink don gign {8n}or, sao cho:

Jim { fu T 16.8) — SR dt] =0

Chitng minh. Hinh 4.4 chi ra ¥ tudng chinh. [m}
Bay gits vdi m&i n € N°, ching ta dinh nghia:

T
I(T) = [ S.(8)dB(t)
a
Tit d6 ta dinh nghia:

> ¥ T
f 5(1)dB(t) = lim f 6a(t)dB(t).
oo

0
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path of 5, path of &

0=1Ig 1 & 1, ty=T
Hinh 4.4: Xép xi qua trinh tdng quét béi mdt qua trinh don gién trén doan
[0,T].

M@t khé khin 1 ching ta cén chi ra sy tén tai cda gidi han nay. Gid st n v
m 13 cac s6 nguyén duong khé 16n. Khi dé:

T 2
Vat [In(T) = In(T)] = E [ JACZORA0) dB(s)]

0

IE[ T[Jn(i)kﬁm(t)]?dt] (Tinh ding cu Itd)
0

E [ / " 6ult) — 2)) + (800) - ém(:mzdt] .

Sit dung bt dng thite quen thudc: (o + b)® < 2a? + 2b? trong tich phan cubi,
ta c:

Var I (T) = I {T)] < 2E UOT [8a(t) = 8(8) dt] +2E U: [6(tm) = 8(8) dt] .

Khi n — 26 tdng & v& phai din ti 0 (theo dinh ly 4.1.4). Didu nay bio dam
rang déy {In(T)};2, cb gii han.
4.1.8 Tinh chit ciia tich phan It6 (téng quat)
Xét tich phan:
t
It) = f §(u)dB(u)
1]

trong d6 ¢ la qua trinh thich nghi, kha tich bac hai, Tir dinh nghia dé ding
chi ra céc tinh chét sau:
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Tinh thich nghi: Véi mbi ¢, I(t) la F(t)-do dugc.
Tinh tuyén tinh: Néu

o= [ swisw, o= / " wdBw),

I(6) £ J(t) = fu (8(u) % y(v)) dB(u),
s t
cl(t) :f cb(u)dB(u).
0

Tinh chit martingale: {t} la mot martingale.
Tinh lién tuc: I(t) 12 ham lién tuc cla t.
Tinh ding cy Ito: E[(6] =E [f; 62(u)du] .

Vi dy 4.1.4. Xét tich phan Ito:
T
f B(u)dB(u).
[

Ta xp i tich phan nh chi ra trong hinh 4.5

Ti4 27 14 éfld T

Hinh 4.5: Xép xi tich phan B(w) vdi & trén [0, 7).

Véi mdi n € N* ta c6
B(0)=0 0<u<T/n;
B(T/n) T/n<u<2T/n;
Salu) = .

(e T)k'-_:JISu o
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Theo dinh nghia

[[ov- 250 (2) p(522)o(2)]

2 kT
Dé don gitin ky hieu, ta viét B, 2 B (?) Tit dé ta cé:

T n-1
f B(u)dB(u) = lim 3" By (Bkyr — By).
0 ey
Ta lai ¢c6:
1 n-1 5 1 n-1 n-1 1 n-1
5 D (Buin-B) = EZBLl =Y BB + > > B
k=0 k=0 k=0 k=0
1 1 n-1 n=1 1 n—-1
= 5}33_+§ ‘ Bj-ZB@,H +§EBE
= =0 k=0
1 -1
= ‘52 + ZB: Z By By
k=0 =0
n—1
= —B = Bu(Bin — By).
k=0
Vi thé cho nén:
1 n-1
=R o - 2
;Bk Biy1 — By) = g (Bi+1 — Bi)",

hotic tuong duong:
n-1
k
22 (D) [ (5) -5 ()]
e n n n
Ay 13 (k+1)TY (k\]*
= o= [ () ()]
Cho n — oo vA sit dyng dinh ngha clia bién phan béc hai ta nhan dugc:

f T B(u)dB(u) = Lpyry - Lp
0 2 2 '



Chuong 4. Tich phan ngu nhién vi ing dung 135

Chti § 4.1.3. (L¥ do xuft hién sé hang %T), Néu f la khd vi vdi f(0) =0
thi

T
[ rrwa
1 T
= 3w,

1
= /).

.
[ Flu)df(u)
0

Naguge lai, vdi chuyén dgng Brown, ta co:
T j 1
B(u)dB(u) = =BY(T) — < T.
A 2 3

54 hang thém wio 1T do bién phan bic hai cia chuyén dong Brown khdc khang.
NG cdn phdi cd mit & dé, bdi vi:

* i
E U’ B(u)dB(u)] =0 (Tich phan Ito la mot martingale)
o
nhung

E [%52(1")] =3T.

4.1.9 Bién phan bac hai ciia mgt tich phan Itd
Dinh 1y 4.1.5. (Bién phan béc hai cila tich phén Ita). Gid sik:

I(t)=/;5(u}d3(u).

Khi dé: .
Iy = j; 6% (u) du.

Diéu nay thu duge ngay cA khi § khong la mat qué trinh cd ban. Cong thite
bién phan bc hai néi ring, tai mdi thai didm u, do bién dong tuygt dbi tie
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thai cha I(t) la 82 (u). Mot cach hinh thie, ching ta ¢ thé viét cong thitc
bién phan bic hai dudi dang vi phan nhu sau:

dI () dI (t) = 6* (u)dt.
Trong trudng hop §(u) = 1 ta thiy lai céng thie da biét trong muc trudc
dB (t)dB(t) = dt.

Chitng minh. (V6i mot qua trinh co bén d) Gid sit IT = {to,t1, .., 1a} 12 phin
hoach cia doan [0,), sao cho d(u) = 4 (tx) v6i tp < u < tesr Khidét =t, va
ta cé:

n-l
) =3 UD) (ten) — (1 ()]
k=0

Véiméik =0,1,...,n—1, tatinh {I} (te1)— () (t) . DEL Z = {50, 81y veey Bm)
la mot phan hoach clia doan [tx_;, ]
t=s50<8 ... € 8m =ty

khi dé:
Tosen) =) = [ 80 2B(6) = 8(04) [Blasur) = B(e)-

45

Vay
m-1
(Dits) = (D) = [ (s51) = 1 (s))°
J=0
m-1
= &)Y [Blsin) - B(s)l
§=0
12— 0 &(t) (b —t).
Tit d6 suy ra:
n-1 n=1 gy
MHEy = Y E -t =Y / 82 (u) du
i=0 =0 7t

t
Il -0 f # (u) du.
(1]
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Chii 7 4.1.4. Néu X va Y [& hai qud trinh Ito cho bdi:
t it
X= X0+] hl(s,u)ds-i—/ fils,w)dB(s),
0 0

Y=Y+ [; ha(s,w)ds + I fols,w)dB(s)
(X,Y) () = fu (s, w) fals,w)ds.

4.2 Céng thic Itd

4.2.1 Coéng thic Itd mot chidu

Trong muyc ndy ta tin mét cong thic “vi phan” cho f(B(t),ado f(z) 1a
mot ham kha vi. Néu B (t) cang kha vi thi cong thite vi phan cta ham hgp
thong thuang cho ta:

ICIORSICIOEICR

hay viét du6i dang vi phan nhu sau:

(B = FBENB (B

= f(B(t)dB(t)
Tuy nhien, B () 12 khong kha vi, va trong thye té né c6 bién phan bic hai
khéc khang, vi vay, bidu dién chinh xéc vi phan df(B(t)) ¢b them mdt s6 hang
dang:

]

1
!
df (B(t)) = (B)dB)+ 5 (BE) g - (4.3)
4B(1)dB(1)

Cong thitc trén goi la cong thitc 1td dang vi phan (st ton tai clia s6 hang them
vao & duge gidl thich trong céc muc san). Dé c6 mét c4i nhin tdng quat, trde
tién ta tim hidu khai nigm vi phéan Ité:
Dinh nghia 4.2.1. (Vi phan 1t5). Gid s& X = (Xi), t = 0 la mgt qud trinh
ngéu nhién sao cho:
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(a) Héu hét cic qui dao t — X, la lién tuc,
(b) Héu chdc chin X, c6 biéu dién:

4
Xe = Xo+ /:h(t,u)ds +‘[u f(s,w)dB, (4.4)

trong dé h va f li cde qud trink ngdu nhién do duge ddn sao cho cdc tich phin
trong biéu dién tdn tai thi ta ndi ring X 1a mat qud trink It6 va 6 vi phin
Ité dX.

Vi phan Ité dX la mét biéu thic hinh thic dude viét nhu sau:

dX, = h{t,w)dt + f{t,w)dB, (4.5)
hay  dX = hdt + fdB.

Chi ¥ 4.2.1. (a) Khi ta viét mét vi phin c6 dang (4.5), ta hiéu réng diéu dé
¢é nghia la ta c6 he thic (4.4) hdu chdc chdn.

(b) Trong khi thyc hién edc tinh todn trén cc vi phén, ta cé thé dp dung cdc
qui tdc sau:

dt.dt =0, dt.dB = dB.dt =0, dB.dB = dt.
Ngudi ta da ching minh duge dinh 1y sau (xem tai ligu [6]):

Dinh ly 4.2.1. (Cong thitc 1t6 mot chidu)., Cho X li mét qud trinh It
vdi dX = hdt + fdB. Gid thit g(t,z) : R® — R 6 mt ham hai bién khd vi
lién tuc chp 1 theo bién thit nhét t, khd vi lién tuc chp 2 theo bidn thit hai z.

Khi dé qud trinh ngdu nhien Y, = glt, X:) la mét qud trink Ité c6 vi phan Ité
cho bdi:

8g 8g 182
(h)  dYi= (2, Xt + g (b X)X+ Ea_zg(‘* X)fA(tw)dt.  (4.6)
hodic dang tuong duong sau:

() Ym0, X0) + [ 2205, Xt

3 a it
+[ gexact s} [ Lo xo s @)

Céng thic It6 thie chét 1a mot céng thic ddi bién trong Gidi tich ngéu
nhién: T mdt qué trinh ngiu nhien It6 (X,) néu ta bién déi thauh (¥;) véi
Yi = g(t, X) thi vi phiin dY s tinh theo cong thitc (4.6). Cong thic nay rit
cn thiét dé tinh tich phan ngdn nhién, thie hi¢n cAc phép bién ddi ngau nhien
va gidi céc phuong trinh vi phan ngiu nhien,
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Chi § 4.2.2. (a) Trong cdc cong thic (1) va (I2) thi dX cot nhu da biét, va
ta cé thé thay dX = hdt + fdB.

(b) Trong trudng hap f(t,w) = f(B:) thi cong thatc Ité (4.7) c6 thé viét dudi
dang don gidn nhu sou:

B(8) - F(B(O) ff V) dB () + = ff”B(u) . (48)
Trong vé phdi cia (4.8), tich phan thit nhét
[ rewasw
1a mot tich phén Ité di zdc dinh trong muc trudc, tich phan thit hai
[ 1@,

la ot tich phan Riemann quen thudc trong gidi tich ¢d dién.

Vi dy 4.2.1. Tinh tich phan I = andB
Gidi: Chon X, = B, va g(t,z) = z2. Khi dé:
Yo = glt, X.) = glt, B) = B}
_ dg _ g - &g
g(tz)z:ba—,a 21:,6-.
Ngoat ra, vi X, = Be = Jo 1.dB, cho nén f & day biing 1; 4p dung cong thic
Itd (12) ta dugc:

t 13 t
=53=/ zs,ds,+l[ 2.ds=2/ BudB, +1.
o 2 /o 0

Do dé: . " .
we A P
fu B,dB, = 2B¢ 7
Vi duy 4.2.2. Tinh tich phan I= Jrc: f(s)dB, trong d6 f la mdt ham tét dinh,
kha vi cap L.
Giai: Chon g(t, z') f(t)x, dodd Yy = fO)Xe = f(t)Be.

—roe B=i Foe-o
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Theo edng thie 1td (1)), ta cd
dY; = f'(t) Xedt + f(t)dX, + 0

hay la
d[f(t)B.] = Budf(t) + f(t)dB,.
Vay:
¢ ¢
j; f(s)dB, = f(t)B.—/ B,df(s).
o
D6 1a cdng thite tich phan timg phin ciia tich phan ngau nhién It6 trong trudng
hgp ham dudi diu tich phan la tat dinh.
Chi y ring, theo gid thiét f 13 kha vi nén né c6 bién phan gidi noi trén
doan [0,] va do d6 tich phan [} B,df(s) 1a c6 nghla. Trong truing hop téng

quat, néu f(t,w)} 1& mot qué trinh nghu nhien vdi quy dao c6 bién phan gidi
ndi, thi ta cé cong thice tich phan timg phin sau:

13 t
[ 18, = 0,008, - [ B -3y,
0 Q

trong d6 (f, B) (t) la bién phan bac hai clia qua trinh f va B.

4.2.2 Ngudn gbc clia cong thic Itd
Xét ham f(z) = 322, ta c6:
flo)=z, f'(z)=1

Gié st T, Tr41 12 chc 86 thye. Theo cong thite Taylor, ta c6:
1
f(zear) = f (@) = (2 ~ zo) ' (2) + 3 (o — 2isa)® 7 (k) (4.9)

(trong trudmg hgp nay, cong thic Taylor téi bic hai 13 chinh xéc vi f la mdt
ham béc hai). Trong trudng hop tdng quat, phuang trinh (4.9) chi la xp «d,
va sai 86 12 luy thita cia (zk ~ Z441)° . Tuy nhién, téng sei s6 s& c6 dan t6i 0
khi [[TT]| — 0.
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Bay gio cb dinh T > 0 va gid sit 1 = {to,t1, ..., ta} 12 mdt phan hoach cla
[0,T]. Sit dyng cong thite Taylor, ta co:

£(B (1) - £ (BO)
= %B’(T) - 380

= z [f (B (tesr) — B (te)]

Z[B(th-l ~ B(t) (Bt} + 3 ZlB (tesa) = B (&) £ (B (t)

k=0

n-1 n-1
= 3 B [Bltn) - B+ LS 1B () - B
k=0 k=0

Cho ||TT}| — 0 ta thu dwge:

T
FEEy-1EO) = [ BEBE 5B 0
T lT T
- [[rmese g [ @@

Déy la cong thie Ito dang tich phan cho trudng hop diic bigt:

T2

BI -

flz)=

4.2.3 Chuyén dong Brown hinh hoc

Dinh nghia 4.2.2. (Chuyén dong Brown hinh hoc). Chuyén déng Brown
hinh hoc la qud trinh €6 dang:

S(t) =50 exp {aB(t) + (u— %aﬂ) t} .

trong dé p va o > 0 la cde hiing s6.
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Dat: .
ft,z) = S(0)exp {az + (,u - 502) t} s
ta cd:
S(t)=f{B({).
Ta lai c6:

1
fi=(u=37)10 fimot . =
Ap dung céng thic Its, ta duge:

df (t, B (t))
N 1 "
fide+ [ldB + 5 fﬂdidB

s (t)

]

(g - %62) fdt + o fdB + %a‘* fdt
= uS(t)dt+oS(t)dB(t).
Vi thé cho nén, dang vi phan ciia chuyén dong Brown hinh hoc 1a:
dS (t) = pS(t)dt + oS (t)dB (t),

va dang tich phan ciia chuyén déng Brown hinh hoc la:

5(t) = 5(0) +f“3(u)du+fg.q(u)d3 .
1] 0

4.2.4 Bién phan bac hai ciia chuyén dong Brown hinh
hoc

Trong dang tich phan ciia chuyén déng Brown hinh hoe:
t t
S(t)=5(0) +/ 1S (1) du+j oS (u)dB (u),
0 0

tich phan Riemann

F(t) i./u 1S (u) du
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1a kha vi v@i F'(t) = pS(t), do d6 sb hang ndy c6 bién phéan bac hai bing
khéng. Tich phan Ité :

t
G(t) = f a8 (u)dB (u)
o
khong kha vi va né c6 bién phan béc hai
t
©) (1) = f o257 (u) dus.
1]
Vi thé, bién phan bac hai ciia § 1a cho bdi bién phén bac hai ciia G- Trong ky
hi¢u vi phan, ching ta viét:
45 ()45 (1) = (uS (®)dt + oS (1)dB (1))* = a5 (B} dt.
Chi § 4.2.3. (D5 bién dong ciia chuyén déng Brown hinh hoc). Gid

sitta cd dinh 0 < Ty < Te va Tl = {to, 11, ..., ta} la mét phan hoach cia [T, T3] -
D¢ bién dong tuyét déi bac hai ciia § trén [Ty, Ta) la:

1 n-1 4 1 Tz 202
ﬁg[mm) s = TI_TJ;‘ o287 (u) du

~ o?SE(Th).

Khi T, | Ty, zhp zi trén trd thanh chinh zde. Néi cdch khdc, d§ bién dong tic
theri cia S la 0. Day cing thuimg duge goi la dé bién déng don gidn cia S.

4.2.5 Nguén gbc chia cong thic Black-Scholes

Tai san chia mdt ngudi diu tu. Gia sit mot ngudi déu tu bit diu vai tai san
ban dau khong nghu nhign Xo va tai mdi thai didm ¢ 53 hiru A (t) ed phiéu.
Gi4 ¢8 phiéu duge mé hinh bdi wot chuyén dong Brown hinh hoc:

dS(t) = uS (t)dt + oS () dB (2}
A(t) ¢6 thé ngdu nhién, nhung ¢An phai thich nghi. Ngudi diu tu thye hitn
vige dau tu cha ong ta biing cach vay hoic cho vay vdi & suét 7.
Ky higu X (£) Ja tai sin cha ngudi diu tu tai thei didm t, ta cé:

X(t)=A(t)S(t)+r[X(t}-A(t)S(t)l.
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dX (t) = A(8)dS(t)+r[X(t) - A(t)S(0)] de
A () (1S (£)dt + o8 (£)dB (8)] + X (£) ~ A (2) 8 (£)] dt
X (A +ADSE) (u-r) di+AR)SE) odB(2).

Phiin b rii ro

Gi4 tri eha mdt quyén chon. Xét mét quyén chon kidu Au ma tra ¢ (S (7))
tai thoi didm T. Ky higu v (¢, 7) 14 gia tri cia quyén chon nay tai thoi diém ¢
néu gia ¢b phiéu 1a S (t) = z. Néi cach khae, gia trj cia quydn chon tai mdi
thai diém ¢ € [0, 7] la:
v(t, S(t).
Vi phan cla gié tri nay la:
du(t,5(8) = vidi+vdS+ 1u" d5dS

= vidt + v [uSdt + ¢SdB] + v" *S*dt

= l:v, + pSvl + 502320;',] di + oSvldB.
Mot danlxl muc dau tit ¢6 phong ho bit dau véi tai san ban diu X nao dé va
diu tu d¢ nhén dugc thi san X (t) tai mdi thoi didm ¢. Tit trén ta c6:

dX (t) = [rX + A(p—1) S]dt + 0SAdB.

D& bao dam rﬁng‘X (t) = v (¢, S (t)) véi moi t, ta can biing hé sb cac vi phan
clia chiing. Cén bing céc h¢ sé dB ta thu duge cong thitc A-hedging:

Aty =, (t,5(1)).
Can blng cac hé sb dt, ta thu duge:

1
v} + pSul, + 502521};’, =rX+A(p-r)8

Nhung ta dé dat A = v/, va ta dang tim kiém nguyén nhan X bing vdi v. Két
hgp céc phuong trinh nay ta thu duge:

v + pSvl, +—0232 fe=Tv+vl(u—1)8,
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(@dov=wv(tS(t)vas= S(t)). Tit dé suy ra:
v+ S+ %nﬁs&v';z =rv.
Vay, gid sit v 1a nghiém ciia phuong trinh dao ham riéng Black-Scholes:
v (b, ) + T2SY, (8, 2) + %a”ziv'l', (t,z) =rv(t,x)
thoé man didu kién ban dau:
v(T,z) = y(2)

thi mat ngudi ddu tu bdt dau véi Xo = (0,5 (0)) va st dyng phong ho
A(t) = v (t, S(t)) 52 co tAi shn X (t) = v(t,5(t)) véi moi ¢, trong thyc té
X(T)=g(8(T)-

4.2.6 Trung binh va phudng sai cia qua trinh Cox-
Ingersoll-Ross

Cox-Ingersoll-Ross dua ra md hinh ngfu nhién cho dong hoc ctia 1ai suft r(t)
béi phuong trinh sau:

dr (t) = a(b—cr () dt +o/r (B (), (4.10)

trong d6 a,b,c,0 V& r(0) 1a céc hing s6 duong va B(t) 1a mot chuyén déng
Brown, Dang tich phan cia phuong trinh nay 1&:

r(t)=r(0)+a/;(b—c1'(u))du+crj; Vr(u)dB (u).

Ap dung cong thite Ito dé tinh & () = df (r (1)), v6i [ (z) = 2%, ta duge:
ar*(t) = df(r(®)
PO @)+ 3l ) dr i@
= or(p) [ao-er(Ndt+ a+/r (0)dB (t)]
+[ot-erena+ o /r@)dB (t}]z

— abr(t)dt — 2acr’ (t)dt + oord (£)dB (t) + o?r (t)dt
(2ab + o) 7 (t) dt — 2aer” () dt + 20r3 (£)dB (t).



146, Co 53 Toén tai chinh

Trung binh cia r{t). Dang tich phén ctia phuong trinh (4.10) la:
¢ ¢

r(t) = r(0) +af (b—er(u)) du+a/ A7 (u)dB (u).
0 o

Léy ky vong hai vé va hru § riing ki vong cia mot tich phan Ité biing khong,
ta thu duge:

+
Elr ()] = (0) +af (b= cEfr (w)) du.
0
Dao ham hai vé cho ta:
LElr (0] = a b cElr (8]) = ab - cBr (1),
tir dé suy ra:
= [e‘“’E[r @)]] = e [acE[r @)+ %E[r (i)]J = e®%qh.
Tich phan hai vé cho ta:

e*Elr (t)] — r (0) = ab[ e*du =

nrcv-

(e*t-2).
Ta gidi véi E[r(t)]:
_ b —act b
Elr (1)) = C+e (r([)}-;) .
b B b
Néu r(0) = = thi Efr ()] = = v6i moi ¢. Néu r(0) # z thi 7(£) thod méan
im Efr ()] =
t—oo ¢
Phudng sai ctia r(t). Tit dang tich phan cia phuong trinh ta cé:
13 t t
72 (£) =12 (0) + (2ab + a"’)/ T (u) du—?acf r? (u) du+2crf r# (u) dB (u).
o 0 0
Léy k¥ vong hai v&, ta thu duge:

2 () = (0) + (2ab + o?) _/UIE[r (u)]du — 2ac[:!E[r2 (u)]du
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Dao ham cho ta:
Lgip? 1) = (2ab + 0%) Bfr ()] — 200l ()

suy ra

il

(2uct [2&0&!{1’2 )+ %E{# (a)]}
= &% (2ab+o®) Elr (t)].
Sit dung cong thitc tinh Efr (t)] va tich phan phuong trinh cudi, ta thu duge:

bo? B b A
]E['l‘2(t)] = EQ—CE‘FE'*'(T‘(O)*E) (-Z—C-F?)em

b\ o? _ it 2 /b i
-?—(7“(0)42)?.—;22 +:—C(£fr(0))e2“°’,
Varlr(8)] = Ep? (8] - (Elr (0)])°
2 2 2
L

%EzumEirz (t}]

|

42,7 Chuyén dong Brown nhiéu chidu
Dinh nghia 4.2.3. (Chuyén dong Brown d chidu). Mgt chuyén dong
Brown d chiéu la mgt qud trink ngdu nhién
B(t)=(Bi(t), ... Ba(t))

vdi cdc tinh chdt sou:

o Méil <i<d, B;(t) la mot chuyén dong Brown;

o Néui#j thicdc qud trinh By (t) va B; (t) doc lap.

Cing véi mot chuyén dong Brown d chiduy, ta c6 mot bd loc {F (t)}:;n sao
cho

e Vi mBi ¢ véc to ngu nhién B (t) 1a F (t)-do dugc;

o Véimdit <t <. < tochic véc tosb gia

B(t) = B{t) .y B(ta) = B {tn-1)
1a doc lap vdi F (t).
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4.2.8 Bién phan chéo ciia cic chuyén déng Brown

Xét mot chuyén dong Brown d-chidu B (t) = (B, (t),..., Bz(t)). Vi mi thanh
phéin B; 1a mat chuyén déng Brown mét chidu, ta c6 phuong trinh hinh thic:

dB, () dB; (t) = dt.
Tuy nhién, ta c6:
Dinh Iy 4.2.2. Néui # j,
dB;(t)dB; (t) = 0.
Chitng minh. Gi sit II = {t5, ...,t,} 12 mot phan hoach ciia [0,7]. Véi i # 7,
ta xdc dinh bién phan chéo eiia B; va By trén [0, T) la:
n-1
Cn =) [Bi(tin) = B (t)] [B; (ten) — B; (te)].
k=0
Céc s6 gia xult hign trén vé phai ciia phuong trinh trén lusn doc lap véi mét
trong chiing va ¢6 trung binh bling 0. Vi thé cho nén:
E[Cu] = 0.
Ta tinh Var [Cp]. Trude tién, nhan théy ring:

n-1

Ch = 3 [Bi(twrs) = Bi () [B; (tnsa) — By (ta)]?
k=0
n—-1
+ 3 {[B: (ta) — Bi (1)) [B; (tis1) — B; (80)]
<k

* [Bi (tes1) = Bi ()] By (t41) ~ B; (ta)]} .

Tés cé céic 88 gia xult hign trong téng ciia cc 56 hang chéo 1a dc lap véi mot
trong ching va 6 trung binh biing 0. Vi thé cho nén:

Var[C] = E[C3)

n-1
= E| Y Bi(tes) - Bi () 1B (tenn) - B; (8] -
k=0
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Nhung [Bi (tg41) — Bi (¢ va [Bj (tees) — Bj (te)]* doc lap véi mot trong
chiing va mdi s& hang c6 ki vong (tk+1 — k) - Diu dé suy ra ring

Var (Cal = 3 (tees = 607 < Y (b = 8) = LT
k=0 k=0

Khi |[TT]| — 0 thi Var [Cn] — 0, vi véy Cy hoi ty téi hing s6 E[Cn}=0. O

4.2.9 Cong thitc Itd nhidu chidu

Trude tign, dé don gian, ta xay dyng cong thie 1t6 cho hai qua trinh didu
khién b chuyén dong Brown 2-chidu.
Gid st X va Y la cac qué trinh c6 dang

X(t):X(U)+/;a(u)du+Ltéu(u)d&(u)+£‘612(u)d32(u),

t t
Y (t)=Y(0) + folﬁ(u)du+[u 891 (u) dBy (u) +fu 8 (u)dBz (u).

Mai qué trinh bao gdm mét didu kién ban dAu khong ngiu nhién, cong them
mét tich phan Riemann, cfng mot hofc nhidu tich phan Its, duge goi 1 che
semimartingale. Céic ham duéi dfu tich phan a(u), ) va &; (u) c6 thé 1a
qué trinh thich nghi bAt ky. Tinh thich nghi cla céc ham dudi déu tich phan
bao dam ring X va ¥ ciing thich nghi. Dudi dang vi phén, ta viét:

dX = adt 4 811dBy + 612dBa,

dY = fdt + 6ndBy + 022dBs.
Véi hai semimartingale X va Y ndy, cac bién phan béc hai va chéo la:
(@dt + ddB1 + 8124Bs)",
- ,dBdB, + 2511512@?% oy 532.132:32

=
>
1

I

at

(62 + 6%)" dt,

(Bdt + 621dB1 + 522dBs)

(63, +6%)" ez,

— (adt + 8udBy + 82dBy) (Bdt + bndBy + dBy)
(612621 + O12022) dt.

o

&

=9

=
I

%
[~
=

|

1
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Gid sit g(t,z,y) la mot ham clia ba bién, va gid sit X (f) va Y(t) 1a cac
semimartingale. Khi dé ta c6 cng thitc Its:

9(6,2,9) = gide + G,dX + gd¥ + 3 [dXdX + 24/, dXdY + gl dYay].
Duéi dang tich phan, céng thitc niy ¢ dang:
't
IOX (@Y ) -90.X©).Y0) = [ [ +ag, + Al
o

1 " "
# 3 (0h 8) o+ G+ b + 6+ 08 |

¢ ¢
+/ [6119; + bng))| dBy 'f'/ [d120, + b22g,] dBs,

o o

trong dé f = f {u, X (u),Y (u)) véimoii, j € {1,2) 10ij = 85 (u), By = B; (u).

Mot cich téng quat, ta xay dung cong thite 1t6 nhidu chidu nhu sau:

Cho Xy = (Xi(t), Xa(t), .., Xa(t))T, ¢t > 0 13 mot qué trinh ngdu nhién
n-chiéu va B, = (By(t), Balt), ..., B4(t))T, t > 0 12 mét chuyén dong Brown
d-chidu. Vi phan 166 dX, = (dXi(t), dXa(t), ..., dXa(t))T c6 thé viét hinh thitc
nhu sau:

dX, = h(t,w)dt + f(t,w)dB, (a11)
hay  dX = hdt + fdB.

vai h(tw) = (ha(t,w), halt,w)..., halt,w))T , dBy = (dBy(t), dBa(t)..., dBe(t))"

Tova

Mtw) faw) .. Sralt,w)
Fltw) = falt,w) falt,w) .. St ,w)

It w) fralt,w) ... foalt,w)
Ta ¢6 dinh 1y sau (xem chi tiét trong tai ligu [6]):

Dinh ly 4.2.3. (Céng thite Its nhidu chidu). Cho B, Ia mgt chuyén dong
Brown d-chidu va X, & mot qué trinh ngdu nhién n-chidu e6 vi phan Ité dang
(4.11). Gid st ot.z) = (gl(t'z)-gz(i»x)----,gm(i‘x)); T = (21,23, ..., ) € R
la m@t ham vecto sao cho cdc ham g;(t, z) = 9i(t, 21,23, ..., x,) khd vi céip I
theo t va khd vi cép hai theo cdc bién z,. Khi dé qud trinh ngdu nhién m-chiéu
Yi = g(t, Xe) = (Vi(t), Ya(t), .., Yu(t), £ > 0 ciing cd vi phan Ito

dY; = (dYi(t), dYa(t), ..., d¥m(2)
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trong dé vwdi méi j = 0,1,...,m, vi phin dY;(t) zdc dinh nhu sou:

ag;(t, X = g, (t, X, 1~ gt X
dYJ (i) =i —gj—(at—t)dt + Z —gj—é‘l_—{zd){i{i) + 5 —%{,h_Tl)dXi(t)d\Xk(t)
L k=1 *

=1

(4.12)

Vi du 4.2.3. Tim vi phan It cla qud trinh ngiu nhién X, = (Xi(t), Xa(t))
véi X, = cos By, Xa(t) = sin B; va B, 1a mot chuyén dong Brown.

Gidi: Xét ham vecto g(t,z) = (g1(t, z); go(t, ) trong dé ai(t,z) = cosz;
g2t z) = sinz. Ta cé:

dar(t,3) _ o Bnltim) _ g 2000 o, fgitt.2) _

a0 oz ™ Sl T P
dga(t,z) . Oga(t,z) _ Oglt,T) _ dgit,x) _
T R A T T By

Ap dung céng thifc 1td nhidu chidu ta ¢6 dX, = (dXi1(t); dXa(t)), trong do:

1
dX,(t) = —sin BydB: — e Bydt;

dX,(t) = cos BidB; — %sin Bydt.

Vi du 4.2.4. Tim vi phén Itd clia qué trinh ngdu nhién X, = (X1(t), Xo(t))
voi Xy = B2(t) + B3(1), Xalt) = tB,(t)Ba(t) va By = (Bu(t); Balt)) 1a mot
chuyén dong Brown 2-chidu.

Gidi Xét ham vectd g(t,2) = (g1(t, )i ga(t, z)) trong a6 g(t, z) = 23 + zh;
g2(t, z) = tz122. Ta co:

boltr) . dalts) _, Bata) o
e e
aiit,z) _, d6fle) _, 00i(ta) _ o 00t
9zt ) ' Bz10za Oz20z1
dgat,z) _ Bga(tyz) _ Bga(tx) _
= T13: 'ﬂﬂxl = tTo; ——H—azz = 121;

g3 (t, z)
or}

—0 dga(t, x) b ga(t, x) ix agi(t,z)
' 813 ' Bzq8xy dz10za
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Ap dung cong thitc 1ta nhidu chidu ta c6 dX, = (dX1(t); dX2(t)), trong dé:
dX,(2) = 2B (8)dBy (1) + 2By(t)dBa(t) + %(m + 2dt)
= 2By(t)dBi(t) + By(t)dBa(t) + dt);
dXa(t) = By()Ba(t)dt + tBo(#)dB (2) + LBy (H)dBat) + %(tdBl (t)dBa(t)
= B\(t) By(t)dt + t(Ba(t)dBr(t) + By (t)dBa(t)).

Coéng thic It6 nhidu chidu thudng duge ding d& thye hign cée phép bién
d3i ngéu nhién v gii cée phuong trinh vi phan ngdu nhién nhidu chidu; nhis
d6 c6 thé xay dyng cac mé hinh dinh gié véi nhidu tai sin tai chinh.

4.3 Tich phan ngiu nhién Stratonovich

4.3.1 Khai niém

Véi dinh nghia tich phan [t6 néu & phin trén, thi gia tri clia qua trinh f trong
tdng tich phan S, &y tai diu mat ben trai tx clia mbi doan nho [ty t11) clia
ph&nhuachﬂ:ﬂ:tg<tl<...<t“=t

n—1
Su=13" f(ta)[By,, - By).
k=0

i t P
Bay gid, thay vi diu muit trai, ta chon didm chinh gida Bt b cia mdi

doan nhé dé, khi d6 ta c6 dinh nghia clia mét loai tich phan ngdu nhign mdi,
goi la tich phan Stratonovich.

Dinh nghia 4.3.1. Tich phan Stratonovich dugc dinh nghia bdi gidi han theo
nghia binh phuang trung bink cia ting

T et tepn
Su=3 f(2E1)(B,,, - B,].
> I(5) (B, - B

kki |TL)| — 0, vd kg hicu béi

f‘ f(s,w) 0 dB,.
o
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4.3.2 Lién hé giita tich phén Stratonovich va tich phin
1td

Tit dinh nghia, ta d& dang suy ra cong thite lién hé gitta tich phan Stratonovich
va tich phan Ité nhu sau:

fot 7, i) sy [f(s,w)ds, * % (f, B) (0).

Dic bigt, khi A(z) 1a him mot bién kha vi lién tyc véi nguyén ham U(z) thi
ngudsi ta chiing minh duge cong thie sau (Cong thic kidu Newton-Leibnitz déi
véi tich phan Stratonovich):

¢
f h(B,) o dB, = U(By) — U(Bs,)-
ty
That vay, ca hai vé déu bang:
¢ 1
[ h(B,)dB, + Ef R'(B,)ds.
to t

Nh céng thifc trén, c6 thé &p dung duge cc quy téc ciia tich phan xéc
dinh trong Giai tich 8 dién cho tich phan Stratonovich, chang han:

t
f B,0dB,
0

i

Br_ ...,

?‘H_
@
o
o
-9
=
I
@

Ciing nhd vay, 46 khi vige tinh mgt tich phan Ito sé trd nén d& dang hon néu
ta chuy2n sang tich phan Stratonovich.

Vidu 4.3.1.

] ¢ 1 1, 1
f B.dB, = [ B,odB, — ~(B,B)(t) = =B} — 5t.
A 4 2 373
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BAI TAP

13
Bai tap 4.1. St dung dinh nghia tich phén It5, tinh tich phan: / sdB,.
(4]

1]
Bai tap 4.2. Sit dung céng thite 1td, tinh tich phan: f exp (B;Z) dB;.
i

Bai tap 4.3. St dung céng thitc Itd, chimg minh ring:

t 1 t
f BB, = -B} - f B,ds.
o 3 0

Bai tip 4.4. Cho dX; = f.dB, v ¥, = g(t, X,). St dung cong thitc Its, chi
ra ring:

a) Néu g(t,z) = exp(z) thi: dY; = % 2Y,dt + f,Y:dB,.

4 1
a) Néu g(t,z) = exp (:c - 5_/ ffds) thi: dY; = f,Y:dB,.
0
Bai tap 4.5. Sit dung tinh chit ciia tich phan Its, xét xem cac qué trinh sau
c6 phai 14 martingale hay khong:
a) M, = exp (%t) X cos By, t>0,

b) M, = exp (%t) xsinB, t>0.
¢) Xy = (By+ ) x exp (—Bl - %f)

Bai tap 4.6. Céc qua trinh sau day c6 phai 1a martingale déi véi bs loc J‘:}B
hay khong:
a) X, = BL
t
b) X; =B, — 2[ sBds.
0
) Xe = Bi(t) Ba(t) trong dé (Bi(t}, Ba(t)) 1a chuyén dong Brown 2 chitu.

Bai tap 4.7. Tim vi phan It6 ciia cic qua trinh sau:
a) X, = B2
b) X; = 2+t + exp{B,).
¢) X, = exp(at + fBy), a,8 la cac hiing sb.
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Bai tap 4.8. Tim vi phan It6 clia cac qué trinh saw:
a) X, = B3(t) + B3(t), véi (Bi(t), Ba(t)) 1a chuyén déng Brown 2-chiu.
b) X, = By(t)Ba(t), v6i (Bi(t), Ba(t)) 12 chuyén dong Brown 2-chidu.
¢) X, = (to +t, Be), véi B la chuyén dong Brown 1-chidu.
d) X, = (Bi(t)+ By(t) + Ba(t), BX(t) = Bu(t) Ba(1)), véi (Bu(t), Balt), Ba(t))
14 chuyén dong Brown 3-chidu.
e) Xy = exp (ct + Eajﬂj(t)), vii ¢, a1,Q3, ..., @, 12 céc hiing sb thyc,
j=1
(By(t), .., Ba(t)) 12 chuyén déng Brown n-chiéu.
Bai tap 4.9. Chimg minh réng, néu f(t,w) la mot qui trinh ngiu nhién vdi
quy dao c6 bién phan gidi ngi, thi ta 6 cong thite tich phin timg phin sau:

/" F(5,)dB, = f(t,w)B — j B.df(s) - {f, B) (¢),
0 1]

trong dé (£, B) () 2 bién phan bac hai cla qué trink f va B.
Bai tap 4.10. Ching minh ring: Néu X 1a mot qua trinh Poisson tiéu chudn
thi martingale Poisson ¥; = X; — ¢ ¢6 bién phan bac hal I3 Yy(t)=¢t
1
Bai tap 4.11. Tinh tich phén: [ exp(B,) o dB,.
[

Bai tap 4.12. Bién ddi cde vi phan Stratonovich sau day thanh vi phan Ito:
a) dX, = aX.dt + yX¢ 0 dBy.
b) dX, = sin X, cos X,dt + (2 + cos X;) 0 dBe.

Bai tap 4.13. Bién ddi che vi phan 1t6 sau day thanh vi phan Stratonovich:
a) dX, = rX.dt + aX.dB,.
b) dX; = 2exp(—X.)dt + X{dB.

Bai tap 4.14. Cho X;,Y; la céc qua trinh ngiu nhién trén R c6 cic vi phén
dX,, dY, viét dudi dang chudn. Ching minh ring:

d(X.Y}) = XedY: + YidX, + dXidYi.

Tit d6 ritt ra cong thite tich phan timg phén téng quat

] t t
/ XY, = XiYi - XoYo — / dX,dY, — f Y,dX,.
] a 1]
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Bai tap 4.15. Cho X, 1A mgt qua trinh ngdu nhién ¢6 vi phan It6:
dX, = f{t,w)dB,.
a) X7 c6 phai la mot martingale khong?
b) Chimg minh ring
t
R
o

la mdt martingale.
¢) Chitng minh ring [ |f,[%ds = (X, X};. Tit d6 suy ra X? — (X), It mot
martingale.
Bai tip 4.16. Cho W, W? la céie qua trinh Wiener déc 1ap, chimg minh ring:
d(WWR) = Wad} + W) aw?,
tréi lad, khi W} = W2 = W, thi

d ((We)?) = 1dt + 2W,dW,.



Chuong 5

Phuong trinh vi phan ngau
nhién va ing dung

Nhidu qua trinh tai san tai chinh la cac qué trinh ngiu nhién ma dong hoc clia
né cho bdi cée phuong trinh vi phén ngéu nhién. Do vay dé nghién citu céc dac
tinh cfia céc qué trinh nay ching ta cAn gidi cae phuong trinh vi phén ngau
nhién vh md phéng duge quy dao nghiém cla né. Trong chuong nay ching ta
tim hidu nhitng ndi dung sau day:

« Phuong trinh vi phan ngdu nhién.
e Tinh chit Markov va mot s6 md hinh tai chinh.
¢ Phuong trinh vi phan ngiu nhién nhiéu chiéu.

s Mo phong nghu nhién.

5.1 Phuong trinh vi phan nghu nhién

5.1.1 Khai nigm
Phuong trinh vi phan ngdu nhién (Stochastic Differential Equations - viét gon
]a SDE) la phuong trinh c6 dang:

dX (t) = a(t, X (1)) dt + o (&, X (£)) dB(D), (5.1)

trong d6 a(t,z) va o (t,7) 1a chc ham da cho, B(t) la chuyén dong Brown.
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Gid sit (to, ) da cho. Nghigm (con goi 1a 18 gidi) cdia phuong trinh (5.1) vai
di¢u kién ban dau (fo, z) la mot qua trinh ngfu nhign {X (£)},5¢, thod man:

X (to) = =,
13
X (t) :X[tu)+j

a{s, X (s))ds + [Ea(s,X(s)) dB(s), t=tp.
ta

ty
Qué trinh nghigm {X (t)},5, thich nghi voi loc {F ()} sinh bdi chuyén
dong Brown. Néu ta biét quy dao cla chuyén déng Brown téi trude thii diém
t, thi ta biét gia tri X (t).

Gia sit X = (X,), t > lo 1d mot 161 gidi cia phuong trinh (5.1). Ta néi lai
gidi d6 1a duy nhét theo nghia sau: Néu cé mot qué trinh ¥ = Y1), t =2 tg
ciing 1& mot 13t gidi clia phuong trinh trén thi

P{snpl){g - Y}| = []} =1
t=tp
Ta thita nhan dinh 1y sau (ching minh chi tiét ¢6 thé tham khio trong tai
ligu [6]):

Dinh 1y 5.1.1. (Dinh 1y tén tai va duy nhét). Néu tén tai mét héng sé
K >0 sao cho vdi moit > 1, va moiz,y € R

lalt,z) - alt.y)| + |olt,z) - alt,y)| < Kz — 3| (5.2)
la(t,2)[" + |att, ) < KX(1 + [2?) (5:3)
thi phwong trink (5.1) tén tei va duy nhdt mot I gidi.

Vi dy 5.1.1. (Dich chuyén ciia chuyén déng Brown). Gia sit a la mot
hiing s& va ¢ = 1, xét phiong trinh:

dX (t) = adt +dB(t).
Néu (tp, z) di cho va didu kien ban diu
X (o) = z,
thi
XM =z+alt —to)+ (B(t)— B(to)), t>to.

Day la nghiém cila phuong trinh vi phan ngéu nhién da cho. D& tinh vi phan
déi véi t ta coi nhit o va B (to) 1 cic hiing sb, ta c6:

dX (t) = adt+ dB ().



Chuong 5. Phudng trinh vi phan ngu nhién va tng dung 159

Vi du 5.1.2. (Chuyén dgng Brown hinh hoc). Gid st p va o 1a cac hiing
sb. Xét phuong trinh:

dX (t) = pX (t)dt + o X (t)dB(t).

Cho didu kién ban dau
X (to) =z,

khi dé nghigm ciia phudng trinh la:

X (t) = vexp {g (B(t) - Bto)) + (,u - %af) (t- to)} .

Tinh vi phan déi véi t mét lan nita, coi nhu to va B (tq) la céc hiing s6, ta c6:

[l

dX (t) (,u - }?:02) X (t)dt +oX (t)dB(t) + %azx (t)dt

- pX ($)dt+oX (£)dB ().

Chit § 5.1.1. Dé dan gidn, trong gido trinh nay ta [uon gid thiét a(t,z) va
o (t,x) la cdc ham lign tuc theo (t,x) va lien tuc Lipschitz theo z, tafe la cé
m@t hiing sé L sao cho:

la(t,z) —a(t,y)l < Lle—yl, loltz)—olty)l < Llz- vl (54)
véi moi t, o,y v khi d6 cdc diéu kién (5.2), (5.3) lon dugc thod man.

Cha § 5.1.2. Cing nhu di vdi phuong trinh vi phan thuong, ta khong cd mot
phuang phdp chung dé gidi cdc phuong trinh vi phdn ngdu nhién. Trong cdc
muc sau, ching ta sé vay dung phuong phdp gidi cho m@t s ldp phuong trink
vi phan ngdu nhién cd loi gidi dudi dang hién.

5.1.2 Phuong trinh vi phan ngiu nhién tuyén tinh

Dinh nghia 5.1.1. Phuong trinh vi phan ngdu nhién tuyén tinh la cdc phudng
trinh cd dang:

dX, = as (£) X + a2 ()] dt + [bs (8) Xe + b2 (8)] dBe, (5.5)

trong dd ay, az, by, by 1 cdc ham no dd cia thoti gian t hodc la cdc hdng 56 con
B, la mpt chuyén dong Brown.
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Céch giai. Dé don gidn ta xét ¢t € [0,T] va gid sit cAc hé sb ay, ag, by, by thod
maén céc didu kién (5.2), (5.3) trén doan [0, 7] ; khi dé phuong trinh (5.5) ¢6
18 giai duy nhét,

Trudc tién, ta xét hai trudng hgp diic bigt cia phuong trinh (5.5):
» Trudng hogp 1. Néu ap (t) = 0 va by (t) = 0 thi phuong trinh (5.5) trd thanh
mét phuong trinh vi phan ngiu nhién tuyén tinh thudn nhit:

dX; = a) (t) Xidt + b, (t) X,dB,. (5.6)
Tét nhign, X, = 0 1a mot 13i gidi tAm thudng ctia (5.6) . Sau day ta sé di tim
mot loi gidi khong phéi d dang tdm thudng clia phuong trinh dé.
Ta viét (5.6) dudi dang:

axX,

= = a (t)dt + b () dB,. (5.7)

LAy tich phan hai vé clia (5.7) ta c&:

jol d;‘z' =L‘ﬂl (3)d5+‘/:61 (s)dB,. (5.8)

Ap dung cong thiic Ito cho ham g (£, z) = Inz, ¥; = g (t, X;) = In Xi;

g G ). Fp 1.
at z 1’ Oz %'
ta c6:
dX, 1 ft-1
i = InXo+ 1 -)—(—+§/03(—25§(3)X3d3
tdx, 1 [t
sy = 1nx+f—i--fb2sds
t 0 ; X, 2 1(}
hay
] t
X, = InXo+ %-% B (s) ds
t

tdX, X 1 P
(5 = m3+g fo B (s) ds. (5.9)
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Két hop (5.8) va (5.9) ta cé:

t 1 t 4 t
z Lal(t)ds—ajo bl(t)ds+j; by () dB,

X, t t t
3, exp {fo al(s)ds-%fo b7 (s)a‘.erf0 by (s)d}.?,]
t t t
= Xgexp [j; ay (s)ds — %f b3 (s)ds + [ by (s) dB_,] .
o 0

Vay li gidi cfia phuong trinh (5.6) la:

X, = Xgexp U; (a, (s) — %b'{' (s)) ds + fu' by (s) dB,} s (5.10)

Vi du 5.1.3. Xét phuong trinh vi phén:

|
1

>
=
|

dX; = pXdt + 0 X dBy,

trong d6 u,o la cac hiing s6, Xg = .
Giai: D& thay, day la phuong trinh vi phan nghu nhién tuyén tinh dang (5.6)
véi @y (t) = p, by (t) = 0. Theo cong thitc nghiem (5.10) 1oi gidi cha phuong

trinh la: 7
Xi = T.exp {(u - %) t4 aB,] .

Phudng trinh trén mo ti mo hinh Black-Scholes trong tai chinh ma sau nay
ta s& xét dén.

o Trudng hgp 2. Néu b (t) = 0 thi phuong trinh (5.5) c6 dang:
dX, = [a) (t) X + a2 ()} dt + b2 () dBy, (5.11)

trong d6 tifng dn xuht hien dudi dang cong tinh. Khi d6, ngudi ta néi réng,
phuong trinh vi phan nglu nhién 1a tuyén tinh theo nghia hep.

Ciing nhu khi tim nghigm ciia phudng trinh vi phan thudng, dé tim nghiém
cfia phuong trinh vi phan nghu nhién tuyén tinh (5.11), trude tién ta tim
nghiém cfia phuong trinh vi phén nghu nhién thuin nhét tuong ing dang:

dX, = ay (t) Xudt. (5.12)
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Ta goi lai giai eta phuong trinh (5.12), théa man didu kign diu Xo = 1 1a 13
gidi co ban va ki higu la ¢ D@ thiy:

‘]
¢ = exp] a, (s)ds.
0
dung cong thite It cho ham g (¢, ) = ¢; 'z, Y = g (t, Xi) = &7 Xe,

dg g _ . &g _
o = (0 5 g =9 5 =0,

ta o

dY, = (¢7h) Xedt + ¢71dX,
= (") Xedt + 67" [(ax () X, +ag (8) dt + by (£)dBy) . (5.13)

Mat khac (¢71) = —¢7la; (t) thay vao (5.13) ta duge:

dYe = —¢7an (8) Xudt + ¢ [(ay () Xe + az () dt + ba () dBY)
& dYy = ag(t)¢dt + ba (t) 97 dB,

t ]
s %= % [m@ets [ et
0 t ¢ 13
w0tk = dXot [a(ords+ [ ba(s)o'aB,
0 0

Vigg =1 nén

.3 t
K= ¢ [Xo + f az () ¢; 'ds + [ ba (s) gs;‘dB,] (5.14)
[} o
1a 10i gidi ciiz phuong trinh tuyén tinh theo nghia hep (5.11).
Vi du 5.1.4. Xét phuong trinh vi phan cé dang:
dX; = —aXdt + bdB,

trong d6 a, b la cdc hiing s6, phuong trinh nay goi 1a phuong trinh Langevin.
Gidi: Day la phuong trinh vi phan ngdu nhign tuyén tinh da.ng (5.11) vai
a1 (t) = —a, az (t) = 0, by (t) = b. Vay theo cong thitc {5.14) 18i gidi co ban la:

¢, = exp(—at),
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va 131 gidi tong quat:

¢
Xy =eXo+ e‘“'f e*bdB,.
0

Bay gios lgi dung céch gidi hai dang phuong trinh dac bigt da trinh bay &
trén, ta xay dung phuong phap gidi phuong trinh (5.5) trong trudng hop téng
quét nhu sau:

Xét cae phuong trinh:

Vi = a, (8) Vidt + by (2) Vid By, (5.15)
dU, = a (t)dt + B (t)dBy. (5.16)

Léi gidi co ban cha phuong trinh (5.15) la:
L bl t
Vi = ¢ = exp U ('11 (s)— #) ds +f by (s)dB.] . (5.17)
(1] 0

Ta tim nghiém ciia phuong trinh (5.5) dang X, = ViU. Ta c6:
dX, = VidU, + UpdV; + dU.dV;
Vil (8) dt + B (¢) dBel + Ut as (£) Vit + by () VidBl] + b (£) 3 (8} Vadt
[or () Vi + iU Ve + By (1) B (8) Vel di + [B(8) Ve + by (¢) U V2] d By
fay (£) X; + o (8) Vi + by (8) B () Vil de + b (8) Xo + B(t)Vi] dB,.
So sénh véi (5.5) ta cé:
a®)Vi+b ()8 Vi=a:(t), (5.18)
Bt)Ve=ba(t). (5.19)
Thé V, trong (5.17) vao (5.18) va (5.19) oi gial ta duge:

{ o () ="y (8) it — bu (8) 6",

I

Bty =ba (B

Thay trd lai phuong trinh (5.16) rdi 14y tich phan hai vé ta c&:

U

]

¢ {3
Vot A 67 [aa () — br () Ba ()] ds + jﬁ $;'ba(5)dB,

=X,

4 4
[o% [Xn + L ;" a2 (s) — o (8) by ()] ds +/0 &7t (s)dB,] g



164 Cog s¢ Todn tai chinh

Vay loi gidi clia phuong trinh (5.5) la:

£
Xt = ¢ [Xo + Alq&;‘ laz(s) — b1 (s) ba (s)] ds +fn @7 b2 (s) dB‘.] (5.20)

¢ = exp U; (al(s)— "’fT(s)) ds+j:bl(s}d}3,].

Trén day, ching ta da xay dung dudce cach gidi phuong trinh vi phan nglu
nhign tuyén tinh tdng quat. Trong thye té, tiy thude vio titng vin dé cy thé,
ta thudng gip mdt sb dang phuong trinh vi phan ngiu nhién tuyén tinh sau
day:

vai

Phudng trinh tuyén tinh véi nhidu cong tinh

a, Hé s6 khong déi: Trudng hgp thudn nhat.
dX; = —aX,dt + odB,, (5.21)
trong dé: a, o 14 cic hiing 6.

Theo céich gidi phuong trinh (5.11) véi @) (t) = ~a;aa (£) = 0; b2 (t) = o ta
¢6 101 gidi clia phuong trinh (5.21) 1a:

t
Xe=e™ (Xn + U[ e"'dB.) 5
L]

b, Hé s6 khong déi: Truomg hop khong thudn nhét.
Xét phuong trinh

dX, = (aX, + b) dt + cdB,, (5.22)

trong dé: a,b,c 1a cic hing sb.

Tuong tu cich gidi phuong trinh (5.11) ta c6 13i gidi céia phuong trinh
(5.22) la:

¢
X, = e [Xg+ g (1-e) +cf e'“‘dB,] «
0
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¢, He s6 bién déi:
Xét phuong trinh:

dX, = [a(t) Xe + b(2)]dt +c(t)dB.. (5.23)
Day chinh la phuang trinh (5.11) d& glal ¢ phén trude.
Loi gidi tdng quét 1a:
1 t
Xomin[Xo [ o001+ [ e a.]
o - )

v6i 11 gidi co ban: ;
P = exp[ a(s)ds.
o

Vi du 5.1.5. Xét phuong trinh vi phan nglu nhién tuyén tinh véi nhiéu cong
tinh va véi che h@ s6 bién ddi sau day:

dX, = [I_“X‘ +a(l+ t)2] dt +a{l +1) dBy,

trong dé o la mot hing s6 cho trude. Nhan théy, day la phuong trinh dang
(5.23) v6i a(t) = T%-_f: b(t) = afl +t); eft) = a(l +1)? do dé phuong
trink nay co 1oi gidi co ban la:
de=(1+1t),
va 10i gisi tdng quat:
X, =1+t Xo+a(l+t)Y (Be+t).

Phuodng trinh tuyén tinh véi nhidu nhan tinh
a, He s6 khong déi: Truong hop thudn nhét.
dX, = aXydt + bX,dBr. (5.29)

Tuong ty phuong trinh (5.6) , phuong trinh (5.24) 6 loi gidi:

X = Xoexp [(u - i?) t+ bB,] :
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Hai dang quan trong nhit thude trudng hgp nay la:
* Phuong trinh mi Ito:

dX; = %X‘dt + XdBy,

véi 13 gidi la:
X, = Xoexp (By).
s Phuong trinh dich chuyén ty do:

dX, = X,dB;,
véi loi giai Ja:
Xi = Xoexp (Bl - é) i

b, Hg 6 khong ddi: Truimg hgp khong thudn nhét.
Xét phuong trinh:

dX, = (a.X, +c)dt + (bX, + d) dB,. (5.25)

Day 1a phuong trinh tuyén tinh 6toném da trinh bay cdch gidi & phan trudc.

Loi gidi co ban:
2
@y = exp [(a— %) t+bB;:| i

' +
Xe= ¢y [Xu +(c— bd}f &7 'ds + dj c&;ldﬂ,} .
il 0

Lai giai tong quat:

¢, HE s6 bién déi: Trutmg hgp thuin nhit.
Xét phuung trinh:

dX; = a(t) X,dt + b(t) X,dB,. (5.26)

Phuang trinh nay da 6 céch giai trong myc 5.1.2, nén lai giai la:

X = Xpexp Ij/u.t (a(s) - %bz(t)) ds+/|:b(t)d3,] §
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d, Hé s6 bién déi: Truomg hgp khéng thudn nhét.
Xét phuong trinh:

dX, = la(t) Xe+e(t)dt +[b(t) X +d (t)] dBe. (5.57)

Phuong trinh nay da c6 cach gidi trong mue 5.1.2, nén 18i gidi co bén la:

¢y = exp [[OL (a(s) - bj_z(s—)) ds+/;b(s)dB,].

L gidi téng quat la:

]

i
i
4

t 3
X, = [xr, / é7! [n(s)-b(s)d(s)]d&+[ p;ld(s)dB,
Q o

Trong myc nay, ching ta da xay dyng duge 13i gial cla phuong trinh vi
phan tuyén tinh téng quat vk hé théng 10 gidi cha cac 1ép phuong trinh vi
phén tuyén tinh thuong gip. Nhimg phuong trinh nay c6 rat nhidu ng dung
trong thye té, dc bigt 1 trong tai chinh. Vén da dit ra la ta 58 gis: quyét nhu
thé nao vai céc phuong trinh vi phan nghu nhién khang phai tuyén tinh dang

dY, = a(t,Y)dt +b(t, V) dB.?
Ligu ta cé thé dua vé dang tuyén tinh dé gial khong? Trong chc muc san Jay
ta sé trd 131 cau hoi dé.
5.1.3 Dua mot s phudng trinh phi tuyén vé tuyén tinh
Cho mot phuong trinh vi phan ngdu nhién phi tuyén:
Y, = a(t,Y;)dt + b{t, i) dBy. (5.29)

Ta & tim cach dua phudng trinh vé dang phuong trinh vi phan nghu nhién
tuyén tinh bing céch dit Xy = U (t,Y;) trong d6 U (£, y) 1a ham hai bién.
Néu %g (t,y) # 0 thi theo dinh Ij ham ngudc, tén tai mot ham nguge dia

phuong y = V (t,x) cia ham z = U (t,y) bite 1a voi z = U (t, V (t, )) thi:

1= V(t:U(tsy))'
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Mt 10i gidi ciia (5.28) khi 6 c6 dang: ¥; = V (£ X,) trong d6 X, cho b
(5.5) vai hé sd ay,ag, by, by thich hdp nao dé.
Ap dung cong thite Itd cho ham U (¢, 3) véi v = Vi, ta cé:

U au 1 U
dU(ty) = Zr(tY)di+ %;{:,Y,)d}’, + 552 (1) a—y;(tﬂ) dt

ot
1 i)
+§bz (t,Yy) W (t,Ys) dt

- *"—”a,mdwg—ja,m[au,muw,mdm

&FU

au ou 1
[E (Y1) +a(t, V) oy (t.Y) + Ebz (t.Ye) 7 (t, V)| at
+b(t,Y;) ‘;—g (t,Y:)dB,. (5.29)

Muén cho (5.29) tring v6i phuong trinh tuyén tinh (5.5) thi ta phai c6:
au au 1,  &U
7 (bw+alt, L‘)a—y(t, y+3b tY) gz by =a (U (Ly)+e: () (5:30)
" ou
bit,y) i by () U (t,y) + by (2). (5.31)
Véi mite 43 tdng quét ndy ta khong gidi quyét duge gl them, Vi thé ta di
xét céic trudng hgp dac bist.

Xét trudng hop o, (t) = 0 v by (t) = 0, khi dé tir (5.30) va (5.31) vdi
e (t) = ap(t), B(t) = b2 (t) ta c6 céc cong thic ddng nhét sau:

U 3 ou 1, 8
a1y 9 = g5 (o0 5y )+ 30 58 )],

> [b 05 (s.y)] =0,

2,
b3) gy )+ 30 ) 3 () = 50,

Bay gid ta gid thiét b(t,y) # 0. Khi d6 khit U va edc dao ham cia U trong
hé thite trén ta duge:

_ 1 ab d (alt,y) 18%
50 = 30800 [ 5 e - 1 (388) 12 ).




Chuong 5. Phuong trinh vi phan ngiu nhién va ing dung 169

Vi vé tréi cita ding thite nay khong phu thude vao y nén sau khi bd 3 (t) thi
vé phai khong phu thude vio y, do dé:

ay _
B ty) =0

N L TA 8 [(atw)) _12
s = pag e e 2 [(548) - 55 6n] . G

D6 1a mat, didu kien dé dua phuong trinh vi phan ngau nhién phi tuyén vé
phuong trinh vi phan ngdu nhién c6 thé gidi duge dudi dang hién sau:

dX, =« (t)dt + B (t)dB;

biing mat phép ddi bién z = U (t,y) xac dinh bdi (5.30) va (5.31) , trong trudng
hop nay céc diéu kign duge rit gon thanh:

au au 15 U B
B (t.y) +a(f.y)a—y (ty)+5b (t,y) W (ty)=alt),

Vi
b T () = B0,

Cidi ra déi vai U (¢, y) ta duge:
t 8 1
Ulty)=C j ) f — = g
(ty)=Cexp | ¥ (s,y)ds Ay em
trong dé C 1a mot hiing sb thy ¥.

5.1.4 Rt gon phudng trinh vi phan nghu nhién tuyén
tinh 6t6ném

Trong myc nay, vin dung chch gidi quyét da néu d muc trén ta s dua mot

phuong trinh vi phan ngdu nhién phi tuyén 5t6nom:

dY; = a(Y:)dt + b(Y) dB; (5.33)
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vé phuong trinh vi phan nglu nhién tuyén tinh 6t6né6m dang:

X = (@ X, +az) dt + (BLX, + bo) dB (5.34)
bing mot phép déi bién X, = U (¥,) hay = = U (y) khong phu thude vio thai
gian t.

Trong trudng hgp nay cdc hé thite (5.30) va (5.31) co dang;
1, PU
0(&‘)@7*"55 KU)F—GIU(JI)*-% (5.35)
dUu
b(y) == = U (y) + ba. (5.36)
Y
Gia thiét b(y) # 0 va by # 0 thi tir (5.36) suy ra:
UG) = CoplhBW) - 2, (537)
1

vod
trong dé B (y) = / Zfac hng sb tuy .
o b(s)

Thay thé bidu thite cia (5.37) vao (5.35) ta dude:
1
(haw+ gt -a) CombBEN =a-a 39
1

trong dé A(y) = a) Leh

bly) 2dy
Dao ham hai vé ciia (5.38) ta c6:
n3cep B W)+ [hAm) + 28— a] 0t ephBE) 0. (5.39)
dy Rl T

Nhan hai vé cia (5.39) véi blb (y) exp[-bB (y)] ta cé:
1

dA 1
b(y) =t (b:A () + Ebf - a;) =0. (5.40)
Dao ham hai vé clia (5.40) ta duge:

dA d dA
kN v D
"%y + ¥ (bdy) 0. (5.41)
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Hé thitc nay thoa méan néu nhit

d (pea
dA d | (b,Ty) .
@ =0 hoiic @ {—%—— =0, (5.42)

mién 1a chon duge by sao cho:

d (pda
4 (%)
= -
dy

Néu by # 0 thi phép bién ddi thich hop Ia:

U (y) = Cexp[0:B(y)], (chon by = 0). (5.43)
Néu by = 0 thi tit (5.36) ta suy ra:
Uly) = bB(y) +C. (5.44)

Vi du 5.1.6. Xét phuong trinh vi phan pghu nhién phi tuyén

4, = — L oxp(~2¥) db + exp (- V) dB, (5.45)

4 day a(y) = —% exp (—2y) va b(y) = exp (~y) clio nen:

Vay he thite (5.41) duge thoa mndn véi mei by
Vi by = 0 vd by = 1 thi do (5.44) ta nhan thiy co mat 181 giad U (y) cia
phuong trinh (5.36) 1a:
U(y) =exp(y).
Thay U (y) ndy vao (5.55) ta di tdi két qui @, = ap = 0. Tir d6 ta 6
X, = U (¥;) = exp (¥;) va phuong trinh (5.34) cubi cimg trd thiwh:
dX, =db,
nib 19 gidi 1a X, = By + Xo = By + exp (Vo).
Vay phuong trinh (5.36) cé 10i gidd la:
Y, = In B, + exp (Yo)] .
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5.1.5 Mot sb phuong trinh dua duge vé dang Stratonovich
a, Phudng trinh dang

aX, = 2 (X B db +b(X,) dB, (5.46)

trong dé b (z) 1a mdt ham khd vi cho tritde. Phuong trinh nay c6 thé gidi biing
cée céch sau day:
Céch thit nhit: Day 1a mét phudng trinh 6t6ném

dX, = a(X,)dt + b(X,)} dBy,

viia = ébb’ nén c6 thé ap dung phuong phap déi bién nhu da néu ¢ muc 5.1.3.
Cach thit hai: Dita vio méi lién hé giita tich phén Ité vh tich phan Stratonovich
ta thiy réing phudng trinh (5.46) c6 thé dua vé& phuong trinh Stratonovich don
gian dang:
dX, = b(X:)odB,. (5.47)
Tich phan trite tiép phuong trinh theo quy tée clia gidi tich ¢ didn thong
thudng ta duge nghiém:

Xy =0 B+ h(Xo)), (5.48)
trong dé y = h(x) = jl L la mét nguyén ham ciia w]—
o b(u) b(z)

Vi du 5.1.7. Xét phuong trinh

1 o <
dX, = za(a-1) X, dt +aX, *dB.

1-1

Theo cdch giai phuang trinh (5.46) véi b (X,) = aX, *, b (X,) = (a - 1) X, *
thi tir {5.47) phuong trinh da cho duge dua vé phuong trinh Stratonovich don
gldi sau:

dX, = aX\ % 0 dB, (5.19)
P * du * dy 1 3
O day hiz)= | — -=f —— =z+. Do dé tit (5.48), phuong trinh

o b(w) Jo aui-i
(5.49) c6 11 gidi:
18
X, = (B¢ + xl;) .
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b, Phuong trinh cé dang
1
dX, = [ab(X,) e Eb(X.}b’(X,._)] dt +b(X,)dBy, (5.50)

trong d6 a 13 mot hing sb con b(z) 1a mot ham khi vi. Dya vac mbi lien
hé giita tich phan Ito vdi tich phan Stratonovich, phitong trinh (5.50) tuong
duong véi pluong trink Stratonovich sau diy:
dX, = ab(X)dt +b(X,) o dB: (5.51)
va ¢6 thé rit gon thanh phuong trinh:
dY; = adt + odB,

nhd mot phép bién ddi Y; = h(Xe) trong d6 h duge cho bdi (5.47) . Khi dé,
tuong ty (5.48), 1 gidi tdng quét cla (5.51) la

X, =h ' at+ B+ h(Xo)).
Vi du 5.1.8. Gii phuong trinh
dx, = (1+X) (1 + XP) dt + (1+ X7) dB,.

Theo céch giai phudng trinh (5.50) v6i o = 1, B(X:) =1+ XP V(X)) =2X,
thi phuong trinh da cho duge it vé phuong trinh Stratonovich sau:

dX, = (1+ Xy at+(1+ X})odB,. (5.52)

& day h  f —f: du = arctanz
BpRGLe b ) Sy 1+ ’ .
Nhis phép dbi bién ¥, = arctan X, phuong trinh (5.52) c6 thé rit gon thanh

phuong trinh:

dY, = dt+odB
Y, = Yn+t+3¢.

Do d6 phiong trinh di cho c6 Vi gidi 1

X, = tan (¢ + B; + arctan Xo) .
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5.1.6 Phuodng trinh cé thé dua vé dang phudng trinh
Langevin

Xét phuong trinh vi phan nglu nhién Ito ¢6 dang:

['z)ct = [ab(X;}h(XJ-f— Ly (x) v (x| @+ b(x) 4By, (5.53)

la mot nguyén him ciia

* du 1
tr 16 hz) = — :
rong d6 h(z) /0 B 5 ()

Nho phép ddi hién ¥; = h(X,) phuong trinh nay cé thé dita v& phudng
trint. 7. ngevin cé cang:
Y} = aYdt + odB, = aYdt + dB,.
Nha dé tim dude 161 gidi tdng quat cia phuong trinh (5.53) .
Vi du 5.1.9. Gidi phuong trinh

1
dX, = - (stx‘ + g sin 4)(,) dt + v2cos® X,dB,.
Ta viét phuong trinh & dang:

dX, = [7ﬁ8032 XL.% tan X, + % 2 cos® X, (—2\/§cosX, sinXt)] dt
+VZ cos? X dB,
la mat phuang trinh ¢6 thé dua v& phuong trinh Langevin:
dYi = ~Yidt + V20 dB, = -Yidt + V3dB,,
voi e = —1; b(X,) = vVZcos? X; h(X,) = tan kz;

B(Xy) = —2v/2cos X, sin X,.
Do dé, phuong trinh da cho c6 13 giai:

13
Xi = arctan [e™ tan Xg + \/‘Ee"/ e‘dB,,] .
o
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5.1.7 Phuong trinh rit gon dugc thuge dang hén hgp

Trong muyc nay, ta sé nghién ciu mot vai vi dy v& phuong trinh vi phan ngiu
nhién rit gon duge nhimg khong thuse vé cde trnitang hop da néu d trén,
a, Phuong trinh cé dich chuyén la mot da thic bac n.

Xét phudng trinh

X, = (aX] + bXP)dt + cX,dBy. (5.54)
Dig phép déi bién k(z) = 2™ tacd thé dia (5.54) v&@ mot phuong trinh vi
phan ngiu nhién tuyén tinh voi nhiéu nhén tinh.
That vay, ap dung cong thite Ito cho ham y = 2'™™ ta co:
1
0+ (1—n) X "dX, + E(1 —n) (-n) X[ X L

s
= Q-mX™ {(aX,‘" +bX,) dt + X} "B, - “‘—21) Lﬂxg-"dtl

d¥y

l e
(1-n)fa+ (px{7™)] dt+ (1 =n) eX}"dB; — ﬂ—z-f—)czngwz

2
(1-n) [a + (b - ’l;—) X}*“l dt+ (1 = n) X} "dB,

dy,=(1-n) [a+ (b - %) Y:] dt + (1 —n) c¥idB..

Day la phuong trinh vi phéan nglu nhién tuyén tinh véi nhiu nhan tinh, 13
giai:

Y=o [Yo+a(1—n)£¢;1ds]

22
¢, = CXP H(b# n—;z) (1-n)- (l—wzl)—c—] t+(1 —n)th]

2 —_m)ie
= exp [(b—Ei) (1—n)t- Ll—;)—j] + (1 = mn)eBy.

véi

2
Trd lai bién X, ta cé:

X,_l -n

il

ot
[ [Xé'"Jra(l -n)j[| gb;lds]

t e
o = o (X rat-m / ¢;‘ds) !
1]
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trong dé 8, = exp [(b~ %) t+ th] i
Trudng hgp n = 2 ta 6 phuong trinh vi phan ngdu nhién Verhulst:
dX; = (AX, — X2) dt + 0 X\dB.. (5.

=
o
=

Lai gidi:
Xoexp l(A - %z) t+ UB,}
1+ Xp f;cxp [{(A - %2) s+ rJBs)] ds
Trudng hop n = 3 ta c6 phuong trinh vi phan ngiu nhién Ginzburg-Landau:

Xe

axX, = {—Xf + (a— + 7) X,] dt + 0 X,dB,. (5.56)

Lai giai:
Xoexp (ol + o By)
X =

T
[1 +2Xo f; exp (20 + 20 B,)) ds} :
b, Phuong trinh ¢6 dich chuyén 13 mot ham mi.

dXy = [cexp (cX;) + bl dt + odB,. (5.57)

Ding phcp bién ddi ham mi y = h (:1:) = exp (—cz) ta sé di tdi mét phuong
trinh tuyén tinh.
That vay, ép dung cong thitc Itd cho ham h (z) ta c6:

dY; = 0-cxexp(—cX;)dX, + lr ? exp(—~cX,) o?dt
= —cxexp(—cX;) [aexp !:Xt) + b dt + odB,o? exp (~cXy)
= —cadt - beexp (—cX;) dt — coexp(—cX,) dB, + %c’cr"' exp (—cX) dt

1
[—m + (: be + gc’az) exp(-cX,)] dt — co x exp (—cX.) dB,

I

[*C(X + (: be + %0202) K] dt — co x YidB,.

Day 1a ot phuong trinh vi phéu ngiu nhién tuy(_u tinh vdi nhiéu nhan tinh
mi ta di co edch gidl & mue 5.1.2. Do dé, 15 gidi eta phuong trinh la:

Yi=¢ [Yﬂ— ccnj ¢;‘d3} y (5.58)
0

-
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&y = exp [((wbc+ %5202) = %czai) t— CO'B:}

= exp [—bct — co By -

vai

Tit 6, trd lai bién X, ta c6 phuong trinh (5.58) tuong duong phuong trinh:

{1
exp(—cB;) = oxp|-bet —ecoByl. [(\xp (—eXy) — m[ exp [bes — co. B, ds]
o

& —cX,

t
|=bet — coBy] +In [exp(—c)(gj - caf exp [bes — ¢a. By ds]
o
& —cX; = =—bet—-coB,;
i
+1n {exp(-c)(u) [I - m/ exp [cXg + bes — co.By) u‘.s] }
o

o

t
o —cX, = —bet—ecoB—cXo+1n [1 i m_/ exp [eXo + bes — c0.B,) ds]

1 i3
e X, = Xo+bt+oB:— Eln [1 - m[ exp[eXo + bes — ca'.B,]ds] ;
0
Vay phuong trinh(5.57) 6 16 giai:

13
X, =Xo+bt+0oB— Eln [1-caf exp[ch+bcs—co.B,lds].
]

Vi du 5.1.10. Giai phudng trinh vi phén sau:
dX, = exp(2X;) di + 3dB:.

Theo céch giai phuong trinh (5.57) O trén véi @ = 1,b = 0,¢ = 2,0 = 3 thi
phuong trinh da cho c6 181 gidi:

& t
X, =Xo+3B; - %ln [lf 2] exp(2X0+ﬁB,)ds] i
o
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5.2 Tinh chit Markov va mot s mo hinh tai

chinh
5.2.1 Tinh chit Markov
Gia st 0 < tg < #) dé cho va k (y) 12 mot ham nao d6. Ky higu:

E® [k (X (t1)))
la ki vong ciia k(X (t1)), X (to) = z. Bay gids gid sit £ € R da cho va bit diu
véi diéu kién gbe:
X =¢

Ta c6 tinh chit Markov:

CER [ (X (20) |7 (t0)] = ESX) (h (X (1),
Néi céich khée, néu ta quan sat quy dao cila chuyén déng Brown tix thoi didin
0 t6i thoi didm to, va trén co sd théng tin nay, ta mubn wéc lugng h (X (t)),

thi chi c6 mgt thong tin thich hgp la X (to) . Tir d6, néu bt diu (5.1) tai thai
dim ty véi gis tri X(f), ta tinh duge gié trj cla A (X (1)) .

5.2.2 Mat do chuyén

Cho 0 < £p < #1, ki higu:
P(to, t1; 7,y)
1a mat d6 (theo bién y) cla X(t,), véi didu kién X (ty) = z. Ta cé:

E9 (A (X ()] = [R R (®)p(to, i 7,v) dy.
Tinh chét Markov néi riing véi mei £,
B (X @) £ 6] = [ hw)ptto i X (10 ).

Vi dy 5.2.1. Xét phuong trinh vi phan ngéu nhién
dX (t) = adt +dB(t),
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véi didu kisn X (f5) = . V6i 0 < to < t,, bién ngdu nhién X (t;) c6 phan phéi
chudn véi trung binh z + a(t; — to) vA phuong sai (t) — o), titc 1a

. - 1 (y— (z+alt—t)
pltot1; . 9) = \‘/‘ml—tg}exp{ 2(t; — to) }

Nhan théy ting p phu thude vio tp vh #; chi qua higu (2) — to) clia ching.

Vi du 5.2.2. Ta da biét ring nghiém ciia phudng trinh vi phan nghu nhign
dX (t) = pX (t)dt + o X (t)dB (1),

véi didu kign diu X (to) = z, la mdt chuyén dong Brown hinh hoc:
1
X (t1) = zexp {J(B (t1) — B (to)) + (il - —0'2) (ty — tg)}.

Bién ngdu nhién B (1) — B (to) c6 ham mat do:

plto bz, v)dy = P{X (t) € dy}

e et () -]

o nd ——— gL —{p-zo?) (-t dy.
oy Zw(tl-tg)exp{?(h—iu)”z [Dgf o i Ua=a) v

Sit dung mat dé chuyén va mat chiit tinh toén, ngudi ta co thé tinh thu hoach
ki vong tit mot quyén chon mua kidu Au:

B [(X (T) - K)¥]

/ (y— K) plto, Ti2,y) dy

Jo

= e"(T-']a:N(% [h)gf-k,u(T—t +59 (Tut)])

_KN (o\/Tl‘—_ [i"h} +p(T-t) -3 Ly (T'"fn)})

trong do - i o
N(n) = L’/’ e 1y = ——f e~ i7dx.
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Vi thé cho nén:
E% [0 (X (1) - K)* F (8)] = e T-OEMX® [(x (7) - K)*]

= 1 x(t) O S
_X{t)N(ﬁ [lug ¥ +u(T t)+2u7(T z)D
X (t)

1 1
w**‘fT*"KN( ! +u{T -t ——2T—-t]).
e o s TR(T =) - 5ot (T =)
Loi gidi ctta mot phuong trinh vi phin ngdu nhién bao gi¢ ciing 1a mot qua
trinh Markov. Diéu d6 duge khdng dinh bdi dinh 1y sau day:

Dinh ly 5.2.1. Gid s X = (X,) ld mft qud trinh ngdu nhién théa mdn
phuong trinh

dX, = a(t, X;)dt + o(t, X,)dB, (5.59)
trong dd cdc hé sé a(l,z) va o(t,z) thda man edc diéu kign tén tai va duy nhdl
lot gidi nhy dd néu trong dinh bj (5.1.1).

Khi dé X = (Xi) la mét qud trink Markov ma zde sudt chuyén duve zdc

dinh bdi:

Pz st A) = P{XZ(t) e A}
trong dé X7(t) 13 i gidi ciia phuong trink (5.59) vdi diéu kién ban ddu z ly
tai mét théi diém ban déu s < t, tic la X, = z; noi cdch khic XZ(t) la loi gidi
duy nhét cia phuong trink:

t 13
X:(t}=x+f a(u,Xf(u))du+[ o (u, X (v))dB,.

Trong thyc hanh ki thuat toan ti chinh, ngudi ta thudng quan tdm xem l3i
gidi ciia mot phuong trinh vi phan ngau nhign nao dé cé phai 12 mot martingale
hay khong. Ta 6 két qua quan trong sau day:

Dinh Iy 5.2.2. Gid s (X,) la loi gidi ciia phuong trinh v phan ngdu nhién
dX = alt, X)dt + o(t, X)dB,
trong dé o(t, ) la lién tuc va

E [Lraz(t,X)dt] < o0.

Khi dd, qud trinh (X,) la mgt martingale néu va chi néu dp dich chuyén bing
0, titc la a(t,z) = 0.
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5.2.3 Phudng trinh Kolmogorov ngugc
Xét phuong trinh
dX (t)=a(t, X (1)) dt + o (t, X () dB(t),
va gia st p(fo,ti;,y) 12 mat do xée suét chuyén. Khi dé6 phuong trinh Kol-
mogorov ngudc la:

o 1 &
(to, triz,y) = a(io, ® )ap(fo,h;-’ﬂ.‘y)"F §ﬂz(fn‘iﬂ) —B?p(fo.tl;rwy)-

a
Bt
(5.60)

Céc bidn to va = trong (5.60) duge goi 1a bién nguoe.

Trong trudng hop a va o la céc ham clia mot bién z, ;D(f[),tl, ,y) chi phu
thudc vao tg va ¢ qua higu chia ching 7 = ¢, — to. Thi ta viét p(r; 2,y) thay
cho p(to, t1; 7,y) v phuong trinh (5. 60) trd thanh:

rp(f zy)=alz) 5 p(‘f z, ‘y)+ o(z) 5 ,;n(1r z.y)-

Vi dy 5.2.3. Xét phuang trinh:
dX (t) = adt +dB (t).

- 2
plriz,y)= ﬁlw—TEXP {Jj’_%*ﬂ} .

a a 1 (y—nv—a'r)2
ar B (5 Zﬁf)exp{ 2r

B(y-x—ar) 1 (y—z—ar}""

(BT o 55
aly— :1:-»:11-) (y—z—ar)

[fzr }“"

|
b=
|

= T 272
a y—z—ar
sz P = = P
& _(By-z—ar y—1z-—ar
Zo = s (o

2
—r—ar
L )p

=P 72
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Vi thé cho nén phuong trinh KBE la:

1
apz + EP::

a(y—zfu'r)_L (y—z—ar)?
[ T 2'r+ 2r? £

= 7.
Vi du 5.2.4. Xét phuong trinh:

dX (t) = pX (t) dt + o X (£)dB (1),

o 7 1 y 1\ 7P
p(riz,y) = - { Tad [logx (,u 57 ) T:[ .
Tir dé ta ¢6 thé chi ra rfing p thod méan phuong trinh KBE:

! 22
Pr=JLEP:+EO'IPm-

5.2.4 Lien hé gitta tinh toan ngiu nhién va KBE
Xét phuong trinh:

dX (t) = aX (t)dt + o X (£)dB (t). (5.61)
Gid sit h(y) 1a mat ham nao dé, ta dinh nghia:
v(t,2) = B [h (X (T))
dd60<t<T. Khidé:

vito) = [R)p(T -tz v,
wit) =~ [T -tz
w(ta) = [h)pe (T -tz )y,

Vee (t,7) = [ (W) pee (T ~ :2,9) dy.
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Vi thé cho nén, phudng trinh KBE suy ra:
v (t, z)+a(z)ve (t,2) + %62 {z) vze (£, 7)
= [hwln -tz

fh(y [a(r)pz( t'.x,y)+lu’(w)pm(T—t;x,y)] dy

Gia st (0, {) 13 mét didu kien ddu cia SDE (5.61), dé don gidn, ta ky hleu E
thay cho EO¢.

Dinh 1y 5.2.3. Bit diu vdi X (0) = &, qud trinh v (s, X (s)) thod man tinh
chdt martingale:

E[p@X()|Fe)]=veX (@)  0Ss<tsT
Chiing minh. Theo tinh chit Markov:
E [h (X (1) |7 ()] = BXO X D)) = v (X @),

vy
efpex@ |F@)] - E[Epexm|Fo][Fo)
- E [h (X (T ]f(s)}
= E**@[h(X(T))] (tinhchit Markov)
= wv(s,X(s)) .
Dinh 1y duge ching minh. 0

Theo cong thite Ito ta co:
du (2, X (1)) = vedt + v2dX + %azvmdt;
hay dudi deng tich phén:
w(t, X (1) = v(0,X(0)+ fﬁ [t (1, X () + 0 (X (w)) v (1, X (w))] du

o [ 107 X ) e X )]

+f a (X (w))ve (u, X (u)) dB (u).

o
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Ta biét réng v (¢, X (£)) 1o mot martingale, vay tich phan

t
/ [m +av, + lozu,,] du
0 2

cBn phéi bling khong véi mei £. Tir d6 suy ra ham dudi déu tich phén biing
khéng, tic 1a:

1
U+ Uz + =020 = 0.

2

Vi thé, tir hai phudng trinh géc khac nhau, trén co sd KBE va cong thite Ito,
ta c6 cling mot két luan.

Dinh Iy 5.2.4. (Feynman-Kac). Dat

v(tz) =E[R(X(T)], 0<t<T,

trong do:
dX (t) =aX (t)dt +oX (t)dB(2).
Khi d6 ta co:
v (8, T) + avy (£,7) + %azvzw(t, z)=0
va
v(T,z) = h(x).

Phuong trinh Black-Scholes 1a mét trudng hop déc biét ciia dinh 1y nay
{ching ta sé chi ra trong mue sau).

Chii y 5.2.1. (Dao ham ciia KBE). Tu o6 thé st dung cong thiic Jto dé
ching minh Dinh I Feynman-Kae, va st dung dink W nay dé suy ra KBE.

5.2.6 M5 hinh Black-Scholes
Xét phuong trinh vi phan ngiu nhien:
S (t) = pS () dt + 08 () dB (1) .
Véi didu kien ddu
S(t)=z,
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nghiém clia phuong trinh Ja:

S(u):xexp{r;(B(u)—B(t))-?—(,u-—%eﬂ) (u—t)}, u>t

E** [h (8 (T))]

E {h (a:exp {U(B(T) B(t) + (#_ =0 ) (T- }})] ;

trong d6 h 12 mt ham s& duge chi ra sau.
Theo bé d& vé su doc lap, ta da biét: Néu G 12 mot o-trudng, X 14 G-do
duge, v Y doe lap dbi vai G, thi

Dat:

v(t,z)

E [ 1]g] =7 (),

trong do
v(z) =Efa(2,Y)].

Vi chuyén déng Brown hinh hec, 0 <t < T, ta ¢é:

S(t)= S(O}exp{aB(t) + (;‘ " %a’z) t},

S(T) = {S (0)expaB(T) + (u - %‘72) t}
= w exp{a{B(T)—B(t)) (,U.——J)(T }
g e doc lap vai F(1)
Vi thé ta c6:
S(T) =
trong dé
X=5(),

Y:exp{ar(B(T)—B(t))+ (#— o ){T :)}
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Bay gits
E[h(zY)] = (t,z).

B dé vé su doc lap suy ra:
E [h ($(T)) |ﬂt)] = E [h(X, Y) |}'(t)]

= u(t,X)
= v(t,S(t).

Vay ta da chi ra ring:
v(t,8(t) =E [h(S () \F(:)} L 0<t<T.
Nhan théy ring, ky vong diéu kign cfia bién ngiu nhien h (8 (T)) khéng phu

thugc vao ¢. Do dé, tir tinh chét thép suy ra v (¢, S (t)) 1A mot martingale. Vi
0<s5<t<T,tacé:

I

E [u (t,S () J.J‘:'(s}] E [E [h (5(1)) l}'{t)] |f(s)]
E {h(s (T |}_(s)]

= v(s,5(s).

Day la mot trudng hop dic biét clia Dinh 1y Feynman-Kac.
Viw(t, §(t)) 1a mot martingale, tdng ciia céc sé hang chia dt trong dv (t, S (t})
cn phai bling 0. Theo céng thie Ita:

dv(t, S(t) = |u(ts () dt + uS (v (8,5 (t)) + %‘7232 () v (8, S (t))J dt
+ 0S8 (t)v: (£, 5(t))dB(t).
Diéu nay dua dén phuong trinh:
v (8, @) + pzv, (t,x) + %mzz’v,, (t,z)=0, 0<t<T, z>0.

Day la mét trudng hgp dac bigt ciia Dinh ly Feynman-Kac.
Theo phuong trinh vi phan dao ham rieng & trén, ta c6 diéu kién gidi han

v(T,z)=h(z), =z>0.
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Hon nita, néu S(t) = 0 véi ¢ € [0,T] ndo dé, thi S(T) = 0. Diéu nay cho ta
didu kign bj chin
v(t,0)=h(0), 0<t<T

Cubi ciing, ta nhan thiy ring gid tri tai thdi diém ¢ clia myc tiu ngau nhién
(S(T)) 1a
u(t,z) = e TIEM [(S(T))
eHT=Dy (t, )
tai thoi didm ¢ néu S (t) = z. Vi thé cho nén:
v(t,z) = T u(t, ),
v (t, 2) = —eH Ty (t,3) + e TV, (8, 2),
vz (t,z) = T, (8, 2),
vz (t,7) = T g, (8,2).
Thém cong thite ndy vio phdng trinh dao ham riéng véi v va bd eT 1) xuft
hién trong moi s hang, ta thu dugc phuong trinh dao ham riéng Black-Scholes:
1
—pu (8, z) + ue (¢, 7) + prug (t,2) + 502.7:21.:,, (t,z)=0, 0<t<T, z>0.

Day chinh 1a phuong trinh dao ham riéng Black-Scholes da néu trong muc
4.2.5.
Trong céc s6 hang ciia mat do chuyén

Pt Tz y) = ay\/zTr—t) {72(’1‘-1-:)03 [1og§_ (uﬁ%gz) (T—t)r}.

véi chuyén dong Brown hinh hoc (xem vi du 5.2.2), ta c6 biéu dién nghu nhién
ult,z) = eMTTUE R(5(T))
)
= g Y [ h(y) p{t, T;2,y) dy.
0

Trong trudng hgp clia mdt quyén chon mua:
hiy) = (y— K)*
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va
u(t,z) = N (0\/% []og%+u(T—t)+%g2(T—t)])

1 z 1
—_e—Hl(T-t) oy M St (s
M KN(gm {105K+,u(§[ t) 5 (T t)]).

Ngay ca néu h(y) la ham nao dé khéc (chdng han h(y) = (K -y)*, véi
mdt quyén chon ban), u(¢,z) vin duge cho bdi phuong trinh dao ham riéng
Black-Scholes nhan dude & trén.

5.2.6 Mo hinh Black-Scholes vdi d bién dong gia doc
lap
Xét md hinh:
dS (t) = uS (£) dt + AS (1) B (1),
v(t,z) = eHTYEN [(S(T) - K)Y].
Dinh 1y Feynman-Kac suy ra riing:
—#v (£, 2) +ve (¢, 2) + pavy (t,2) + %aizgvu (t,z)=0, 0<t<T, z20.
v ciing thod mén didu kién cudi:
v(T,z)=(z—-K)*, z>0,
va diéu kign bi chan:
v(t,0)=0, 0<t<T.
Mot vi du 1 qué trinh cho bdi Cox (1975):
dS(t) = uS (t)dt +oS° ()d(B(t)), 0<t<T,
trong d6 0 <4 < 1. Dg bién dong 05°~" (t) gidm khi gié ¢4 phidu tang. Bidu
dién ctia phuong trinh Black-Scholes 13:
—TU + ¥y + rTU; + %azz"’vu =0, 0<t<T, >0
u(t,0)=0, 0<t<T
v(T,z)=(z~ K)*, z>0.
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5.3 Phudng trinh vi phan ngiu nhién nhiéu
chiéu

Nhidu bai toan trong thi chinh dua dén vige gidi cac phuopg trinh vi phan

ngAu nhign dang vecta:

dX, = hdt + fdBy, (5.62)

trong dé X, = (X}, X2,... X)), By = (B}, B,....,B™T, M, N la céic ma trén
hy fu f2 oo fim
- ha ) f fa f2 o fom
hn far faz o fam

Phuong trinh (5.62) luon c6 thé viét dudi dgng mot hé phuong trinh vi phén:

dX; = hydt + fudB} + f12dB} + ... fimdB{"
dXy = hodt + f2dB! + fandB} + ... fomdB"

dX = hodt + furdBY + faadB2 + . famd B

Trong pham vi ciia gido trinh nay, chiing t5i chi gidi thidu mot sb phuong trinh
vi phan ngu nhién veets dang don gian it nhiéu ¢é dng dung trong thi chinh.
Dé gidi cac phuong trinh nay chiing ta sit dung cong thitc Ito nhidu chiéu hosic
sit dung cac bién ddi dai sb dua hg da cho v& he che phuong trinh mat an sb dé
tit dé e6 thé ap dung cée phuong phép giai phuong trinh vi phan nghu nhién
mat chidu da biét.

Vi duy 5.3.1. Gidi phuong trinh vi phén ngiu nhién:

x| _ 1] Xa Xy
[dxz]_a[xl]dt+[xz]dﬂb

trong dé (Xi; Xa) = (X1(t); Xa(t), 20, (X1(0); X2(0)) = (1;0).
Giéi: Ta viét lai phuong trinh da cho dudi dang he phudng trinh:

dX, = letL’é + X,dB,
dX = Edet + XqdB:
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Tit d6 ta c6 hé phuong trinh twong duong:
A1+ X) = 3K, + Xt + (X, + Xo)dB,
d(X: - X) = -%()a — Xa)dt + (X, - X)dB,
Mai phuong trinh cla hé c6 dang (5.6) nén nghiém téng quét cla he la:

X1+ Xz = (X1(0) + X2(0)) exp (B,) = exp (B,;)
Xy = Xa = (X1(0) — X2(0)) exp (=t + B;) = exp(—t + By)

Tit d6 suy ra 16t gidi cia phudng trinh da cho la:
1
Xi(t) = exp(By) (1+ exp (—1))
Ka(t) = S exp(By) (1 - exp(~1)).

Vi du 5.3.2. Gii phuong trinh vi phan ngiu nhién:

ax;] [ 1 0 x] Jo
[de‘[—xg]d”[e-xa]dB“ [X—,.(O) =loJ
Gidi: Ta viét lai phuong trinh da cho dudi dang hé phuang trinh:
dX, =dt
dXz = —Xaodt + e~ X1dB,

Tich phan phuong trinh thit nhét cia ha ta c6:
Xi(t) =t
Thay vao phuong trinh thit hai ta cé:
dXy = —Xodt + e7'dB,.
Day la phuong trinh vi phan ngéu nhién tuyén tinh dang (5.11) nén 1oi giai 1

1
Xo(t) = et [Xg([)) +f e"e’dB_.}
0
=e™'B,.

Tit dé ta c6 1oi giai cia phuong trinh da cho.
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Vi du 5.3.3. Giai phuong trinh vi phan nghu nhién:

aX 1 1 0 dB
(%] [ e o 2 ][5
trong d6 (X1(0); X2(0)) = (0;0); (Xu; Xa) = (Xa(t); Xa(t)), va chuyén dong

Brown hai chidu (By; By) = (Bi(t); Ba(t)), t > 0.
Gidi: Ta viét lai phuong trinh d& cho dudi dang hé phuang trinl:

dX; = dt +dB,
dX = dt + X,dBy
Phuong trinh thit nhét ciia hg c6 dang (5.11) nén dé thiy nghi¢m clia phuong
trinh nay la:
Xi(t) =1+ B1(t).
Thay vao phudng trinh thi hai ta duge:
dXy = dt + (t+ B1)dB,.

Tich phén hai vé ta duge nghiém cla phuong trinh nay la:
¢
Ml na j (s + By(s))dBa(3).
o

Tit d6 suy ra 13i giai cla phutang trinh da cho.
Vi du 5.3.4. Gidi phuong trinh vi phén nghu nhién:
ax, ] _[1 t 01[dB
FIRHER
trong dé (X:1(0); X2(0)) = (0;0); (Xy; X2) = (X1(2); Xa(t)), va chuyén dong
Brown hai chidu (Bi; Ba) = (Bi(); Balt)), t = 0.
Giai: Ta viét lai phuong trinh da cho duéi dang hé phuong trinh:

dX, = dt + tdB,
dX; = dt + dB + 2dB,

Tich phan phuong trinh tha nht cia he ta co:

X,(z):uf sdBy(s).
0l
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Sit dung cong thitc tich phan timg phin ta cé:
Xi(t) =t +tBy(t) — fnz Bi(s)ds.
Tuong ty véi phuong trinh tha hai ta c6:
Xoft) =t + By(t) + /: 2sdBy(s)
=t + Bi(t) + 2tBo(t) - 2]: Bafs)ds.

Tit d6 suy ra loi gidi clia phwdng trinh da cho la:

Xi(t) =t + tBi(t) — [} Bi(s)ds
Xa(t) = t + By(t) + 2 By(t) — 2 [ By(s)ds.

5.4 Mo phong ngiu nhién

5.4.1 Mo phong céic qua trinh ngiu nhién

Trong phan tich tai chinh, ta thudng gip nhu ciu phai ma phéng céic qué trinh
ngdu nhién nh: gia S; trong mo hinh Black-Scholes, ty gia clia mgt ngoai té
so véi ddng Vit nam, loi suit cia danh muc déu tu,... tix d6 6 thé dy dodn
xu huéng dién bién ciia qua trinh trong tuong lai cling nhut dénh gia duge dg
bién dong ciia cAc qua trinh néy. Trong muyc nay, ching ta xem xét mot sb
phuong phép s6 md phéng cac qud trinh ngiu nhien, tir dé xay dung thuét
todn md phong céic qué trinh tai chinh thuong gip. Dé ndm duge phin nay,
ngudi hoc can ¢6 hiéu biét v& phuong phép Euler, phuong phép Monte Carlo
véi phuong trinh vi phan tt dinh (xem cac tai ligu [2), [10]) va mot s6 khéi
nigm vé 1y thuyét xéc sult va qua trinh nghu nhién. Do khusn khd ciia gido
trinh nén & day chi gigi thigu mot s6 phuong phép don gidn mo phoéng chuyén
dong Brown, mé phéng céc phuang trinh vi phan ngiu nhién va mét s& chuong
trinh MATLAB don gidn mé ta cac phuong phép dé. Ngudsi hoc ¢6 thd tim
hiéu siu hon vé mé phéng ngiu nhien qua cic nghién cttu clia Desmond J.
Higham trong tai ligu [2].



Chuong 5. Phuong trinh vi phan ngdu nhién va iing dung 193

5.4.2 MSob phéng chuyén déng Brown
Nhut ta da biét, mot chuyén dong Brown tigu chudn, hodc mét qua trinh Wiener
tisu chudn trén [0, 7] 12 mot bién nghu nhién W(t) lién tuc theo t trén [0, 7]
v théa min ba didu kign:

1. W(0) = 0 (véi xac suéit 1).

2.V6i 0 < s < t<T sbgia W(t) — W(s) la bién ngdu nhién ¢6 phan phéi
chudn véi ki vong 0 v phuong sai t — s.

3.Vai0<s<t<u<v<T cicsdgia W(t) - W(s) va W(v) - W(u) la
cac bién nglu nhién doc 1ap.

Dé mé phéng chuyén dong Brown (W), ngudi ta thuong ding céc phuong
phép sau:
Phuong phédp 1:

Cho (Xi),5, 12 mot day bién nghu nhien doc 1ap va ciing phan bé bai luat

P(X,=1)=P(Xi=-1)= % = E(X)=0,E(X]) =1

Dat S, = X + ...+ Xp. Khi do ta co thé “xép xi” chuyén dong Brown (W) s
bdi qua-trinh (X}'),5q trong do
o 3
Xy = —‘/-;-Shz]:
véi [z] 1a phin nguyén cla .
Phuong phép 2:

Cho (g} 1o mot d&y bién nghu nhien chudn quy tam dac lap, néu At > 0
va néu ta dat
So=0
Sn+1 — Sn=9a
Khi d6 lugt phan b6 cia (VAES, VALS, ., VAES, ) cing Ia lust clia

(Wo, War, Waat, -+, Waa) -

=]

x;‘:»/?&"ts[tr\/ﬁ Y oo

Ta c6 thé x&p xi chuyén déng Brown béi:

At

i=1
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Dé minh hoa, sau day ching ta sit dung phuong phap 2 dé mé phéng mat
chuyén dang Brown. Diit 8t = T/N véi s nguyén duong N nao dé va ky hieu
W; thay cho W(t;) véi t; = jét. Tit didu kién 1 ta c6 Wy = 0 véi xéc suft
1, didu kien 2 va 3 cho thy ring W; = Wiy +dW,;,j = 1,2,..., N, trong
d6 méi dI¥; 1 mot bién nghu nhign dge 1ap c6 dang v/AEN(0, 1). Thuat todn
MATLAB sau day cho ta mét cich md phdng quy dao mfu ciia chuyén dang
Brown.

Vi du 5.4.1. M5 phéng quy dao chuyén déng Brown (M-file brownl.m).
randn('state’,100) % dit trang théi clia randn
T=1N=50;dt=T/N;

dW = zeros(1,N); % khdi tac mang ...

W = zeros(1,N);

dW(1) = sqrt(dt)*randn; % vong l3p diu tién ...
W(1) = dW(1); % i W(0) = 0 khdng ducc phép
forj=2N

dW(j) = sqrt(dt)*randn; % sb gia tdng quét
W(j) = W(j-1) + dW(j);

end

plot([0:dt:T),[0,W],'r-') % v& W dua vio ¢
xlabel('t",'FontSize',16)
ylabel('W(t)','FontSize', 16, Rotation’,0)

Thuat todn trong M-file brownl.m & trén mo phéng chuyén dgng Brown
rdi rac trén [0,1] véi N = 500. O day, ta sit dung thii tuc randn dé sinh sb
ngu nhién, mdi lin goi thii tuc randn cho mat sé “gid ngdu nhién” déc lap
tir bién ngdu nhién c6 phan phdi N(0,1). MATLAB cho phép dit trang théi
ban déu sinh s ngau nhién, ching han, ta dat trang théi 1 100 véi cau lgnh
randn('state’,100). C6 thé thiét lap cic ma phéng khéc bing cach dat lai trang
thai, chiing han, randn('state’,200). Céc s6 dude sinh ra tit thi tue randn véi ty
12 /3t va duge sit dung nhu cac sb gia trong vong lip ma tao ra mang 1-N ciia
W. Chi y ring MATLAB bt diu mang tit chisb 1 chit khong phai chi sé 0. Do
d6, ching ta tinh W nhu W(1), W(2), ..., W(N) va sit dung plot([0:dt:T],[0,W])
dé c6 gia tri ban didu W(0) = 0 trong hinh vé. Hinh 5.1 cho két qua ciia thugt
todn trén; chi ¥ riing dé dé hinh dung, céc didm 1di rac duge néi Lidn bii cac
doan thing. Chiing ta s& coi mang W duge tao bdi thuat toan trong brownl.m
nhu mét qui dao chuyén dong Brown 1o rac. '

Chiing ta cé thé thye hién cac tinh tosn tiong ty mot cach higu quéa hon
blng cach thay thé vong lap véi mitc do cao hdn bling céc lénh “vectd” nhu
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Hinh 5.1: R3i rac hoa quy dao chuyén déng Brown tit brownl.m va broun2.m.

trong thuat toan brown2.m dudi day. O day ta cung cAp 2 déi sb cho toan tir
sinh s6 ngiu nhién: randn(1,N) tao mot méng 1-N tit cdc méu N(0,1) dée lap.
Ham cong ddn cumsum cang téng clia cac déi sb ciia né, do vay phén tit thit
j cha mang (1,N) cia W 1a: dW (1) + dW(2) + ... + dW(j).

Vi du 5.4.2, Ma phéng quy dao Brown: vectd (M-file brown2.m)

randn(‘state'.l[}O) % dit trang thii clia randn
=1;N=50d=T/N;

dW = sqre(dt)*randn(1N); % céc sb gia

W = cumsum(dW); % téng cong dén

plot([0:dt:T].[0.W],'r-") % v& W

xlabel('t', FontSize',16)

ylabel("W(t)',"FontSize',16,Rotation',0)

Trong hinh 5.1, mic di u(W(t)) khﬁng tron doe theo quy dao gbe, trung
binh méu ciia n6 xuht hign 1 tron. Didu nay c6 thé thiét lap gid trj ky vong
w(W(t)) trd lai vdi exp(9t/8). Thudt toin trong brown3.m sau dﬁy khéng dinh
sit khac nhau trén cic ban ghi trén 16n nhit giita trung binh méu va gié tri ky
vong chinh xéc trén tht ca cac didm t;. Ching ta thiy réing averr = 0. 0504
S6 cac quy dao mau tAng déin tdi 4000 véi gia s6 0.0268.
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Hinh 5.2: Ham w(W(t)) 1y trung binh trén 1000 quy dao chuyén déng Brown
rdi rac v doc theo 5 quy dao dic bist.

Vi dy 5.4.3. Ham doc theo mdt quj dgo Brown (M-file brown3.m)
randn('state’,100) % Djt trang thdi cda randn
T=1N=50dt=T/N; t=[dt:dt:1);
M = 1000; % md phéng M quy dao
dW = sqrt(dt)*randn(M,N); % céc s gia
W = cumsum(dW,2); % t8ng céng dén
U = exp(repmat(t,[M 1]) + 0.5*W);
Umean = mean(U);
plot([0,t],[1,Umean],'b-"), hold on % v& trung binh cia M qui dao
plot([0.t],[ones(5,1),U(1:5,:)]."r—"), hold off % v& 5 quf dao c4 bidt
xlabel('t','FontSize’,16)
ylabel('U(t)'.'FcntSize'.15,'Rotation'.0,'HorizontalAIignment'.'right']
legend('mean of 1000 paths’,’5 individual paths’,2)
averr = norm((Umean - exp(9*t/8)),'inf') % sai sb m3u

Infu § ring, u(W(t)) trong hinh 5.2 12 nghigm ciia mgt phuong trinh vi
phén ngau nhién tuyén tinh. Trong mot vai ing dung, nghiém duge yéu ciu
voi mdt quy dao dé cho duge goi 1a quy dao mAu hay nghiém manh. () day,
ta chi quan tdm dang thong tin v& gia trj ki vong ctia nghiém ma khong quan
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tam dén mitc d§ yéu cia sy héi tu.

5.4.3 Mo phong tich phan nghu nhién
Cho ham khé doén h, tich phan [ h(t)dt c6 thé xAp xi bdi téng Riemann

N-1
3 At e — 1), (5.63)

=0

trong d6 cdc diém 18 rac t; = jdt. Thyc vay, tich phan c6 thé dinh nghia bai
ihy gidi han khi dt — 0 trong (5.63). Mot cach tuong tu, ta xfip xI tich phan
nghu nhien 1to J; h(t)dW (t) béi téng deng

N-1
Y hE) (W (ti) = W), (5.64)

=0

vi tich phan ngiu nhién Stratonovich J; h(t) o dW(t) duge xfp xi béi tdng
dang:

Nl et
b L35 ) (W (k) - W(E)), 5.65
g( 221 (Wle) - Wty (5.5

trong dé céc tich phan clia k 14y dbi véi chuyén dong Brown. Thuét toan xip
xi tich phan nghu nhién nhu sau:

Vi du 5.4.4. Xép xI tich phan ngdu nhién Ito va tich phan nglu nhién
Stratonovich (M-file stint.m)
randn(state’,100) % d3t trang théi cba randn
T=1;N=50;dt =T/N;
dW = sqrt(dt)*randn{1,N); % céc sb gia
W = cumsum(dW); % téng cdng dbn
ito = sum{[0,W(1:end-1)].*dW)
strat = sum((0.5*([0.W(L:end-1)]+W) + 0.5*sqrt(dt)*randn(1,N)).*dW)
itoerr = abs(ito - 0.5*(W(end)"2-T))
straterr = abs(strat - 0.5*W(end)"2)
Trong M-file stint.m & trén, chiing ta tao mot qui dao chuyén déng Brown

trén [0, 1] véi dt = 1/N = 1/500 v6i dang tdng (5.64) va (5.65) cho trudng bop
R(t) Ia W(t). Trong d6 .* biéu dién phép nhan, [0,W(1:end-1)].*éW biéu dién



198 Cd s6 Todn tai chinh

méng 1 — N ma sb hang It6 thit 5 1a W(j-1)*dW(j). Ham sum duce sit dung dé
liy téng, két qua ito = —0.2674 va strat = 0.2354. Nhan théy ring, hai “tdng
ngau nhién Riemann” (5.64) va (5.65) cho céc cau trd 1i khac bict ro rét. Hon
nita, thye nghi¢m véi dt nhé hon cho théy riing sy phéi hop nay khong cho két
qua khi §¢ — 0.

Nh ta da biét, tich phan ngiu nhicn duge xap xi trong stint.m c6 thé
dénh gia chinh x4c nhu sau:

T 1 . 1, T 1
A W(t)dW (t) = EW(T) - EI'; l W(t)odW(t) = EW(TJZ.

Sai 56 giita cac xAp xi Ttd va va xép xi Stratonovich trong M-file stint.m so
v6i cdc gid tri chinh xdc  trén 1 itoerr = 0.0158 va straterr = 0.0186. Tuy
nhién, khéng phai khi nao ta ciing 6 thé tinh chinh xdc tich phan Ito va tich
phén Stratonovich nhu trén. Do vay, trong thyc hanh, céc thuat todn xfép xi
tich phén Itd va tich phan Stratonovich & trén thutmng duge sit dung. Trong
muc sau, ching ta x8p xi nghiém ciia mot phuong trinh vi phan ngu nhién
dang Itd (truding hgp SDE c6 thé lam tuong tu bing céch sit dung lign he giita
dang It5 va dang Stratonovich).

5.4.4 M0 phong nghigm céc phuong trinh vi phan ngiu
nhién
Mot phuong trinh vi ngiu nhién dang:
AX(t) = f(X(t))dt + g(X ()W (), X(0) = Xp,0 <t < T, (5.66)

@doé, f va g 14 céic haim vo hudng va didu kign déu Xg Ia mot bién ngdu nhién.
Néu g = 0 va X 1a hling 56, thi (5.66) trd thanh phuong trinh vi phan thuong:

dX(t)/dt = F(X(1)), v6i X(0) = Xy,
Phuong trinh (5.66) c6 thé viét dudi dang tich phan:

X(t)= X0+ /0 FUX(s))ds + f " G(X(8) AW (8), X(0) = Xo,0 < £ < T
[}

(5.67)
Tich phan thit hai trong vé phai ciia (5.67) 1a mat tich phan Its. Vdi mbi k
nghigm X(t) 1a mot bién ngiu nhian, Chiing ta xay dyng mot phuong phép
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s6 dé gidi (5.67) sao cho khi ta 14y dudmg kinh cia cdc phan hoach dén t6i 0
ta thu duge X (t).

Dé 4p dung mdt phuong phap sb cho (4.2) trén [0, T, trude tién ta rdi rac
héa khodng thai gian. Gia st At = T/L véi sb nguyén duong L néo d6, va
t; = jAt. Xép xi s6 clia X(t;) & duge ky higu la X;. Phuong phép Euler-
Maruyama (EM) xac dinh nhr saw:

X; = Xyoy + f(Xo1) At + g(XG1 )W (ty) = W(tj1)),J = L2, L (5.68)

Cong thite nay thu duge tit vige xAp xi cée 56 hang tudng ing trong vé phai
clia (5.67):

£ £
X(t) = Xt + [ SX(ds+ [ o(X(NAWS)
-1 Ej-1
D& dang nhén théy, trong trudng hop tét dinh (g = 0 va X, la hiing s6), (5.68)
trd thanh phudng phép Euler véi phuong trinh vi phan thudng.
(X (t5)),50 x8p xd (X(8)) 150 theo nghia sau:

Dinh ly 5.4.1. VdimeiT > 0:
E [sup 1X(t;) - x(t)ﬁ] < Cr.AT,
t<T

trong dé Cy I hdng s6 phy thuc vao T'

O day, luat phan bb ciia ho (Wirnat — iat) déng nhét véi lut cda ho
céc bién nghu nhien chudn quy tam voi phuong sai At. Ta sit dung quy dao
chuyén dang Brown rdi rac dé sinh céic sb gia W(2;) — W (tj-1) cin trong (5.68).
D& thuan tién, ta lun chon do dai At Ia mot bgi sb nguyén clia s6 gia dt v6i
quj dao chuyén dong Brown. Ta ciing c6 thé thay thé (Wiisnae — Wiac) béi
¢; VAt trong d6 (g;) ;50 12 ho cée bién ngdu nhién chuén quy tam doc 1ap (xem
i Tieu [4], [10]).

D2 minh hoa, ta sé sit dung phuong phép EM cho phudng trinh vi phan
ngiu nhién tuyén tinh:

dX (1) = X (t)dt + o X()dW (£), X(0) = Xo, (5.60)

trong d6 p va o 1a céc hiing sb thyc. Day la trudng hop riéng ciia (5.66) véi
F(X) = puX vag(X) = o X. Phuong trinh vi phén ngdu nhién nay c6 nhidu tng
dung, chéing han, dé md t4 gié thi sin trong thi chinh (ma hinh Black-Scholes).
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Vi du 5.4.5. Phuong phéip Euler-Maruyama véi SDE tuyén tinh (M-file
em.m)

randn('state’,100)

mu = 2; si=1; Xzero = 1; % cic tham sb ciia bai todn
T=1;N=2"8dt=1/N;

dW = sqrt(dt)*randn(1,N); % céc sb gia Brown

W = cumsum(dW); % rdi rac héa quj dao Brownh

Xtrue = Xzero*exp((mu-0.5*si"2)*([dt:dt: T])+si*W);
plot([0:dt:T],[Xzero, Xtrue],'m-'}, hold on

R =4; Dt = R¥dt; L = N/R; % céc buc EM véi khodng céch Dt = R*dt
Xem = zeros(1,L);

Xtemp = Xzero;

for j=1:L

Winc = sum(dW(R*(j-1)+1:R¥)));

Xtemp = Xtemp + Dt*mu*Xtemp + si*Xtemp*Winc;

Xem(j) = Xtemp;

end

plot([0:Dt:T],[Xzero,Xem], —*'), hold off
xlabel('t','FontSize',12)
yFabeI('X','FontSize',16.'Rotation'.0,'HorizontalA[ignment'.'right')
emerr = abs(Xem(end)-Xtrue(end))

Ta dé biét ring nghiém chinh xéc ciia SDE ndy la:
X(t) = X(0)exp [(,u - %a’) t+ ch(t)}. (5.70)

Trong M-file em.m. ching ta xét (5.69) v6i p=2,0 =1, va Xy = 1 (héing sb).
Ta tinh mét quy dao Brown i rac trén [0, 1] v6i dt = 278 v& dénh gi4 nghiam
trong (5.70) 1a Xtrue. Quf dao nghism duge cho trong hinh 5.3, & day EM sit
dung mét khodng thi gian At = Rdt, vdi R = 4. Mat céch téng quat, phuong
phép EM (5.68) yeu ciu sb gia W (t;) — W(t;,), duge cho béi:

R
Wit) - Wi(tis) = WGR) - W(G - DRty = S aWi.

k=jR-R+1
Trong em.m déng thic nay cho béi Winc = sum(dW(R*(j-1)4-1:R*j)). Mang

1-L Xem hru trit nghi¢m EM, duge vé trong hinh 5.3 nhu dudng diu hoa thj. Sy
khéc nhau nhau gita nghiém chinh x4c va nghiém xAp xi tai didm cudi t = T,
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Hinh 5.3: Nghiém diing va xAp xi EM, tit em.m.

duge tinh nhu sai s6 EM, & day, sai s6 tim duge la 0.6907. Ly At = Rdt vdi
gid tri R nhé hon, ta nhan duge céc sai s6 cudi nhé hon.

5.4.5 Mod phong cdc qua trinh tai sin trong mé hinh
Black - Scholes

M5 hinh Black - Sholes
Ta da biét, md hinh Black-Scholes mé ta gi tai san S(t) nhua mdt qué trinh
nghu nhién phy thuge vao ¢

= 5(0)
dS, = 5, (udt + adWy),

trong do:

- tham b p 1& tj 16 tang trudng ky vong cilia thi san,

- tham s o 1a do bién dong cla tai sin,

- W, la mot chuyén dgng Brown.

Dé mé phong trén may tinh, ta cin biét cach sinh ra quy dao rdi rac clia
tai sén,
Céch 1: Phuong phap Euler-Maruyama
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Gia dinh cho Sg = S(0), gia S(t;) tai thai didm ¢ = t; = iAt c6 thé duge
sinh tir cong thite truy hoi:

8(tenr) = St exp [(u - Loats mfﬁa] ,

trong dé & 12 mot mdu sinh ra tit mgt s gia ngdu nhién ¢6 phan phéi chuin
N(0,1) (xem vi du 5.4.5). '
Cich 2: Sit dung 13i giai hién

2
S = S[)UX[)(('H* %) t+o’f>'g)

rdi mé phong chuyén dong Brown theo mét trong hai phuong phip néu trén.
n

Néu md phong chuyén dong Brown béi vAtZg.— ta dugce:

i=1
2 n
Sn = Spexp {(}J - %) nAt + a\/NZg.] 5
i=1

Vi du 5.4.6. Trong MATLAB, chiing ta ¢6 thé tinh va vé quy dao nhu sau:

» T =1; N =100; Dt = T/N; mu = 0.1; sigma = 0.3; Szero = 1;

» Spath = Szero*cumprod(exp((mu-0.5*sigma”2)*Dt+-sigma*sqrt(Dt)*randn(N,1)));
» plot(Spath)

Hinh 5.4 trén chi ra 50 quy dao nhu vay; trong méi trudng hep cac didm 1oi
rac (t;, S(t)) duge néi vi nhau béi cac doan thing. Tai ngay déo han, t = T,
gid thi san 1a mdt bidn ngdu nhien véi ham mat da cho bai

1 —(log(z/So) — (1 — 0?/2)T)?
ol )

f(z) =4 zovenT 22T Wiz,

0 vdi z < 0.

D& xédc thie didu nay, hinh trén cho mot bidu d3 trong dé gid cubi cimg S(T)
vdi 10000 quy dao dude mé ta. Dudng cong mat dé duge mo ta nhu mot dusng
dam.
Cong thitc Black-Scholes

Dé md rong md hinh gid tai sdn dun gidn & trén, Black vi Scholes dua ra
mdt sb gia thidt vé thi trudng. Khi d6 ca thd sit dung nguyén 1y khong co lgi
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Hinh 5.4: Quy dao gié tai sin va biéu dé tai thai diém déo han
(“no free lunch”) dé thu duge céng thie dinh gia quydn chon kidu Au tai thai
diém t vh v6i gid tai sin S :
C(S,t) = SN(dr) — Ee”" TN (da),

trong dé

Loy (T — ¢ i
dlzlog(S/E):\(/%O)( )‘_ ity VTR,

vi N(.) 1a ham phan phéi chudn N(0,1):

=g [t

Tham s r trong cang thitc 12 ty 16 1i suit. Néu gia hom nay (time zero) 12 Sy
thi céng thitc Black-Scholes cho phi quyén chen 1a C(Sp, 0). Ham MATLAB
bsf.m sau diy cho mdt phuong phap thye hién cong thic, qua viée xay dung
ham sai s6 erf.

Vi du 5.4.7. Céng thitc Black-Scholes cho quyén chon mua kiéu Au
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Mac dii bai toan dinh gid quyén chon kidu Au co ban 6 181 gidi don gidn
(v@i céc gid thiét Black-Scholes), nhung n6 rat c6 y nghia trong vige sit dyng
cac phuong phép sb. Md rang bai toan nay, ta cé thé xay dung phuong phap
s6 cho cac quyén chon ngoai lai ma thu hoach khong chi phy thude gia tai san
tai thoi diém déo han ma cdn phy thude vao xu hudng cla né trong khoang
thai gian [0, T'). Chéng han, thu hoach ¢6 thé phu thugc vio gis tai sin lén
nhéit, nhé nhat hodc gia trung binh, gid md eita, gia déng cira hofic ¢6 thé phy
thudc trén gid tai sin cd ban trude mot barrier duge xéac dinh, ...

Chi 7 5.4.1. Bing quan sdt, ta cé thé wde hgng duge cdc tham sé p va o
trong mé hinh Black - Sholes, diéu dé c6 nghia la ta udc lugng dugc gid S, cia
chitng khodn. Gid si, ta ghi nhan dugc mét sé s6 ligu vé gid chitng khodn trong
mét khodng thdi gian [0, T, cu thé nhu saw: Chia déu dogn [0,T] thanh n dogn
nhé déu nhet nhau c6 d6 dai la Ay véi Ay = t; — 1, Vi = 1,2, ..., n, vd gid st
dé biét ching khodn tai thoi diém cudi tay, ctie méi khodng nhé [t;, ti] . Vay
ta cé n+ 1 quan sdt Sy, ..., Sni1.

Budc 1. Tao ra mot diy sé ligu:

Ui=In(Siq) —In(S:), i=12,..,n, (5.71)

trong dé Uy, Us, ...,Uy, ld mt day s6. Nhung trude khi thu thap 6 ligu quan
st thi ta cing cd thé bidu thi cdc gid tri cia U; bdi:

2
Ui=0Bu,, — 0B + (u - %) At. (5.72)

trong d6 dai lwgng B,,, — By, cd cdc tinh chét sau:
o By,,, — By, la bién ngdu nhién chudn cé ki vong la 0 va phuong sai la At.
o By,,, — By, li cdc bién ngdu nhién djc lgp.
Bude 2: Tim trung binh va phuong sai cia ddy sé ligu: Uy, Us, ..., U, theo cong
thite théng ké
Trung binh mdu:

.
U:;i};u‘-,

Phatong sai méu:

D6 1 nhing e higng cho trung bink vi phuong sai lj thuyét cia bién ngdu
nhién U dya trén méu: (U, Us, ..., Uy) -
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T biéu thiic (5.72) ta tink duge trung binh vi phitng sai cia U la;
Trung binh: (p — %) At,
Phuong sai: o2At.

Budc 3. Gidi cdc phuong trinh sau day déi vdi p va o:

= o2
= (p, - ?) At,
5% = oAt
1/ 8%\ | S
Ta tim duye = Al (U + 7) vi o= :E
Vidu 5.4.8. Gié déng cita ciia ed phiéu VOG (Tdng cong ty cé phan xuét nhap
khéu va xay dung Viet Nam) trong khoang thai gian tit ngay 17/08/2010 dén
ngay 05/10/2010 duge théng ké gdm 34 6 ligu nhit seu (don vi: nghin ddng):

Ngay | Gid déng cira | Nghy | Gia déng cita
17/08 24,7 | 13/09 26,0
18/08. 24,1 | 14/09 26,4
19/08 23,4 | 15/09 25,8
20/08 22,9 | 16/09 25,5
23/08 22,4 | 17/09 27,1
24/08 21,0 | 20/09 28,8
25/08 19,7 | 21/09 28,2
26/08 20,1 | 22/09 27,9
27/08 19,8 | 23/09 26,8
30/08 21,1 | 24/09 27,0
31/08 22,2 | 27/09 27,0
01/09 23,7 | 28/09 27,3
06/09 25,3 | 29/09 26,2
07/09 26,8 | 30/09 25,7
08/09 26,1 | 01/10 25,6
09/09 27,6 | 04/10 24,0
10,09 27,6 | 05/10 23,7

(Ngudn: cophieuf8.com)
Bling cédc cong thic trén, ta tinh duge -
T

-0, 000543897;
0,017957614.
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1

Tir db, ude lugng p v o theo ty 1@ xich hing nam: At = 750
5

{mdt nim

thuéng ¢é khoang 250 phién giao dich), ta cé:

FL®
o HRE B . )
o= R 0, 095664808;
—S—— =, 283934816.

Vit

Va do dé gia ¢ phidu chitng khodn vao bit ki mét ngay ¢ ndo d6, c6 thé wédc
lugng bdi cong thic:

Q)
I

0 2
5 = e fn o x ¢ [ - O],

= Spexp{0,283934816 x B, + (-0, 135974297) ¢}.

Biy gits, md phéng cluyen dong Browii I, theo cich da chi ra d trén ta c6 thé
dyt doén dudce gid cta ¢é phiéu VOO tai mdt thi diém nao d6 trong tuong lai.
Déc gia c6 thé thue hién viée nay uhiu mot bai tap bing cach st dung cong cu
sinh sé nghu nhien (Random Number Generation) trong Excel.

5.4.6 Phuong phip Moate Carlo

Gia tri quyén chon Black-Scholes ciing ¢6 thé coi nhu mot thu hoach trung
bink, ¢6 thé chiét khAu vi mat 1ai sudt, vdi didu kién trung hoa i ro g == r.
N6i each khac, ching ta cé thé md 1a gid tri quydn chion bing cach dat p = »
trong mé hinh tai sdn va tinh thu hoach trung binh trén tht cac cac quy dao
thi san. Trong thyc té, ta cé thé lun didu nay bing phitong phap md phéng
Monte Carlo thu hoach trung binh trén mét s6 ldn cie quy dao thi sdu. VoL
mot quyén chon kidu Au chiing ta chi edin biét vé gid tai sin tai thoi didm dée
han, vi vay ta ldy At = T trong mdi quy dao. Thut toin md phéng nhf sau:
fori=1to M

set §; = gue(r—l;a“)ﬂo\ﬁa

set P, = e Tmax(S; — E,0)

end
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O day, P, 1a thu hoach tir qui dao tai san thit i, dude chidt khiu theo t¥ 13
e~"" tai thasi didm tuong lai t = T. Gi4 tri quyén chon trung binh ude hong
theo Monte Carlo 12 Preen, phudng sai duge tinh 1a Py, Tir d6 ta c6 khodng
tin cdy vai dd tin cay 95% cho gi tri quydn chon la:

(Pm,, — 1,965/ Poos [ Prcan + L.MM) ,

V6i M di 16n khodng nay sé chia gid tri quyén chon ding véi 95 trén 100 mo
phong.

Trong thil tuc me.m sau, ta xay dung mét chuong trinh MATLAB st dung
phuong phép Monte Carlo. § day chiing ta sit dung b6 sinh s6 ngdu nhién va
céc cau lenh mean va std.

Vi du 5.4.9. Dinh gisd Monte Carlo cho quyén chon mua kidu Au
S$=2E=1r=005sigma=025T=3 M= le6;
randn('state’,100)

Svals = S*exp((r-0.5*sigma”2)*T + sigma*sqrt(T)*randn(M,1));
Pvals = exp(-r*T)*max(Svals-E,0);

Pmean = mean(Pvals)

width = 1.96*std(Pvals) /sqrt(M);

conf = [Pmean - width, Pmean + width]

Chay chuong trinh nay, ta thu duge két qua nhu sau:

» mc

Pmean =

1.1453

conf =

1.1435 1.1471

Nhé lai ring cong thitc Black-Scholes véi cac tham sb nay cho C = 1,1447.
Trong hinh 5.6, ta chi ra cach xfp xi Monte Carlo véi kich thuéc miu M, liy
§=10,E = 9,7 =0,06,0 = 0,1 v&4 T = 1. Dudng cong cho hinh anh v& xAp
xi Monte Carlo vi dudng thing chi khodng tin cdy. Gi4 trj Black-Schales dudc
bidu dién bling duting dam.

5.4.7 Phudng phap nhj phan

Ma hinh gis, tai sin don gian nhét 1a mé hinh nhj phan, trong dé khoang thdi
gian [0, 7] duge rdi rac héa thanh cde didm 0 =ty < t; < ... < tyy = T véi
t; = 1At. Cho gia tai sén Sy tai thoi diém khong, gid sif ring gid tai thoi didm
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Hinh 5.6: X4p xi Monte Carlo va khodng tin cfy cho mot quydn chon mua kifu
Au

t) gidm xudng tdi dSy hofic tanyg tdi uSy, 8 d6 d < 1 va u > 1. Khi d6 tei thii
didm t, gia tai sin c6 thé giim hofic tang vh nhin cac gid trj 4?5y, duSy vi
u?Sp. Tiép tuc nhu vay, s& €6 i + 1 gié tri c6 thé tai cdc thoi didm t; = A,
duge cho bdi: )
S = d‘:"u"Sg, 0<n<i.

Tai thai diém dao han, t; = tay = T, c6 M + 1 gié thi sin c6 thé {S}}AL,.
Dit {CH}M, bidu difn lugng thu hoach tit mot quyén chon mua kidu Au tai
thai didm déo han, ta biét ring:

CM = max(S¥ - E,0), 0Sn<M.

Phuong phap nhj phén xac dinh thu hoach bing céch tinh nguge theo thoi
gian. Gid tri quyén chon Ci biéu dién gid tai sin S, tai thai diém ¢; duge tinh
nhit trung binh ¢6 trong sb ciia hai gié thi sin CEY va CRE] tix thad didm 4.
Cang thic nhu sau:

Ch=e™8 (pCit] + (1-p)Ci'), 0Sn<i<0<isM-1

0§ day, tham 56 p la xéc subt, gid tai sin ting. Cong thic cho phép tinh nguge
Y& gi4 trf quyén chon CJ tai thi diém ban ddu. Céc tham sb At u,d va p
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cén duge chon sao cho md hinh nhj phan din téi mé hinh Black-Scholes khi
At — 0. V4i At cb dinh, ta c6 hai phuong trinh véi cic tham s, va nhidu
nghigm c6 thé. Mot la chon 1a:

rat _
d=A-VE=T, u=A+VE-I, p="0

ddé A= % [e*’“ + g(""’”m).

D& minh hoa, ching ta xay dyng chuong trinh MATLAB cho mé hinh nhi
phan, sit dung phép nhan ma tran. Gid trj quyén chon xip xI W = 1, 1448 gin
véi gié trj cho bdi cong thitc Black-Scholes & trén €' = 1, 1447,

Vi du 5.4.10. Phuong phép nhi phan cho quydn chon kiéu Au
S=2E=1r=005sgma=025T=3M= 256;

dt = T/M; A = 0.5%(exp(-r* dt)+exp((r-+sigma’2)*dt));

d = A-sqrt(A%2-1); u = A + sqrt(A”2-1);

P = (exp(r*dt)-d) (u-d);

% Gid trj quyén chon tai T

W = max(S*d.*([M:-1:0]'). *u.*{[0:M]'}-E.0);

B = (1-p)*eye(M+1,M+1) + p*diag(ones(M,1),1);

B = sparse(B);

% Tinh ngugc d€ nhan duge gis tri quydn chon tai thai didm ban diu
fori= M:-1:1

W = B(L:i,Li+1)*W;

end

W = exp(-r*T)*W;

Hinh 5.7 chi ra sai s6 trong xfip xi nhj phan nhv mot ham cda M trong
trudng hop § =5, E=3, T =1, r = 0,06 v ¢ = 0,3. Hinh trén véi
100 < M < 300 va hinh duéi véi 700 < M £ 1000. R4 rang sai s6 giam khi M
l6n. Dudng dam trong hinh ¢6 dang “constant/M” - né chi ra sai sé véi tée do
hoi ty nay.

5.4.8 Mat sai phan hitu han Black-Scholes
Céng thitc Black-Scholes cho gié trj quy2n chon mua kidu Au & trén la nghiém

ctia mgt phuong trinh dao ham rigng (PDE). PDE nay 1A phuung trinh dang
parabolic véi didu kign ddu bj chan Dirichlet. Dit 7 = T — £ k¥ higu thdi diém
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Hinh 5.7: Sai s6 trong md hinh nhj phan nhu mot ham cilia M

déo han, ta c6 thé trd lai vdi mot thai diém ban ddu ty nhign xac dinh. PDE
khi dé ¢6 dang:

AC 1 ,.,0%C OC

—_——= — —rS— =

i LAl T A
vén didu kign diu

€(8,0) = max(S(0) — E,0)

v didu kién bj chan C(0,7) =0, C(8,7) = § — Ee™"" vdi S lén, trén mién
§>0va0< 7 <T. Cétmidn S thank 0 < § < L va sit dyng mot ludi sai
phan hiru han {jh, ik} v6i khodng cach h = L/N, vi k = T/N,, ta c thé tinh
nghigm roi rac V} =~ C(jh, ik). Dat
Vl“
%l

V= € R¥:-

1
VNVJ

12 nghiém s6 tai thoi diém i, ta c6 VO va céc gid tri V5 va Vi, véimoil <i< N,
thda man didu kién bien. Sit dung sai phan nguge véi dao ham theo ¢ va sai
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phan trung tam véi dao haum theo S, ta cé phuong phap chi tiét:

V:'-)—}_V_: 1 ) Vi L2V£+V"_ ) Vi —V-‘,
) = 7 *552(1’1)2( J+1 h; £ 1) 7”}3{ J+1 J l)

+r¥i=0.

Phuong phip nay c6 thé bidu dién dudi dang ma tran nhir sau:
VH =PV g, v 0<ig N -1,

trong d6 F € RW=—1x(Ne=1) |3 vecta 3-chidu va vecta p' € RN duge xac
dinh bdi diéu kign bién. Chuong trinh MATLAB trong thuat toén sau minh
hoa phuong phap nay.

Viduy 5.4.11. Mit Black-Scholes cho quy2n chon kidu Au

E=4; sigma=05r=003T=1;

Nx = 11Nt = 29; L = 10; k = T/Nt; h = L/Nx;

T1 = diag(ones(Nx-2,1),1) - diag(ones(Nx-2,1),-1);

T2 = -2%eye(Nx-1.Nx-1} + diag(ones(Nx-2,1),1) + diag(ones(Nx-2,1),-1);
mvec = [1:Nx-1]; D1 = diag{mvec); D2 = diag(mvec.2);

Aftcs = (1-r*k)*eye(Nx-1,Nx-1) + 0.5*k*sigma"2*D2*T2 + 0.5%k*r*D1*T1;
U = zeres(Nx-1,Nt+1); Uzero = max([h:h:L-h]'-E,0);

U(:.1) = Uzero; p = zeros(Nx-1,1);

for i = 1:Nt

tau = (i-1)*k;

p(end) = 0.5"‘k*(Nx—l)“((ségma"2)*(Nx—1)+r)*(L-E"exp(-r*tau));
U(:i+1) = Aftes*U(:i) + p;

end

waterfall(U"), xlabel(’j"), ylabel('i')

Hinh 5.8 chi ra mjt mat Black-Scholes sinh ra tir phuong phép ndy. Bing
céch tuong tif, ta ciing c6 thé sit dung phuong phép sai phén hitu han cho
quyén chon kidu My,

Hign nay, v6i sy phat tridn clia cong nghé thong tin, vise sit dyng phuong
phép m6 phong ngdu nhign dé gidi s6 cac phuong trinh vi phan ngiu nhign
tr8 nén dé ding hon. Ta ciing c6 thé sit dung phuang phép nay dé giai sé cac
phuong trinh vi phén ngéu nhien nhidu chidy, Bling phuong phap md phéng
nglu nhién, chiing ta con cé thé mé phéng céc qua trinh ngdu nhign trong tai
chinh tir d6 vé dugc cic qui dao ciing nhu dy bao duge xu huéng ciia cic dong
tai chinh trong tuong lai.
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Hinh 5.8: Mat sai phan hiru han Black-Scholes

BAI TAP
Bai tap 5.1. Giai cic phuong trinh vi phén ngéu nhién sau:
1) dX, = %X;dt + X.dB,. '
DS: X; =exp(B) -

1 1
2) dX; = —FXtdt + mdBt, Xo=0.
DS: Xy = T"'_leb
3) X, = —gXadt + V1-XdB,, véi t < inf{s>0;B,¢[-3.3
Bo=ae (- 3)
DS: X, = sin B;.

Bai tap 5.2. Gii cic phuong trinh vi phan ngu nhién sau:
1) dX; = la"ngt + aX,dB:.

DS: X, = Xoexp(aBy) -

9) dX, = %(m a)? X,dt + (Ina) XdB..

213

I
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DS: X, = Xpa® = Xpexp (B, Ina).
3) dX: = (2Inb)™ 57¥¢dt 4 (Inb) "' b dB,.
DS: X, = logy (B; + b¥0) .

1
4) dX, = ja?Xtdt +ay/1 — X2dB,.
DS: X; = sin (aB; + arcsin Xo).

5) dX, %u’)ﬁds - av/1 - X2dB,.

DS: X, = cos (a B, + arccos Xa) -

6) dXy=aX, (1+X7)dt +a(l+ X2)dB,
DS: X, = tan (aB, + arctan Xo).

7) dX,=a’X, (1+X2) dt — o (1+ X?) dB,.
DS: X, = cot (aB, + arccot Xp) .

8) dX, = —asin X, cos® X,dt + acos® X,dB,.
DS: X, = arctan (aB, + tan X;) .

9) dX; = a®cos X, sin® Xdt — asin® X,dB,.
DS: X, = arccot (aB; + cotXp) .

10) dX, = 1dt + 2+/X,dB,.

DS: X, = (B, + V)"

Bai tap 5.3. Gidi céc phuong trinh vi phiin ngdu nhién sau:
1) dXy=(1+X,)(1+ X{)dt+ (1 + X?)dB,.
DS: X; = tan {t + B, + arctan Xo).

2) dX, = (%X. +/1+ Xg‘-) dt + /1 + X2dB,.

DS: X, =sh(t+ B, + arcshXy).

3) dX, = —(a+£%°X,) (1 —X7)dt+B(1 - X?)dB,
trong dé a, A 13 hiing sé.

DS:

i

_ (1 + Xp) exp (~2at + 28B;) + Xo - 1
$ T U+ Xo)erp (<2at +26B) +1- Xp’

Bai tap 5.4. Giai cac phuong trinh vi phan nghu nhién sau;
a) Phuong trinh Verhulst
dX, = (AX, - X?) dt + 0 X,dB,.
DS:
X = Xoexp ((A - 1o?) ¢ + aBy)
U X flexp (- To% s 1 aB)ds
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b) Phuong trinh Ginzburg-Landau
dxX, = (—Xf + (rz - %02) X,) dt + o XdB;.
Ds:
_ Xpexp(at +oBy)
\/l +2X2 [;exp(20s + 20B,) ds

Xy

Tir d6 hay gidi phuong trinh tng quat:
dX; = (aX] +bX;) dt + cX,dB;.

Bai tip 5.5. Vdi i 1a don vi 4o, Z; 1 mt qua trinh Itd phic, hay gidi cac
phuong trinh vi phan nglu nhién phic sau:

a) dZ, = _Eng‘t +iZ,dB;.

DS: Z, = Zyexp(iBy).

b) dZ, = iZ,dB,.

DS: Z; = Zpexp ('I:Bg + %f) .

Bai tap 5.6. Cho (B]; B2) 1a mot chuyén dong Brown 2-chidu, hay giai phudng
trinh vi phan nglu nhign:

dX, = aXdt + bX,dB} + cX,dB}.
DS: X, = Xpexp ((a - % (0*+ c’)) t+bB} + ch) .
Bai tap 5.7. Giai céc phuong trinh vi phan nglu nhién nhidu chidu sau:
a)
ax; | _1[ X X,
[dXz ] T2 [Xz B | o |5

trong d6 (Xy; Xz) = (Xu(t); Xa(8)), 120, (X1(0); X2(0)) = (0;0)-
DS: (X,(t), Xa(t)) = (cosh By, sinh B:).

[]=[x]ee[2]e [R]-[0]

DS: (Xy(t), Xa(t)) = (t,€'By).

y -
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d; | _ 1|1 X, 0 =% X
{n‘Xg]_72[X2}dt+[§ o | *| x dB:,
trong d6 a > 0,b > 0.
DS: (X,(t), Xa(t)) = (acos By, bsin By).

Bai tap 5.8. Giai céc phuong trinh vi phan nglu nhién nhidu chidu sau:

a)
dX, 1 1 0 dB
[ ]-[o]e(o 2]
trong d6 (X;(0); X2(0)) = (0;0); (Xy; X2) = (X1(t); X2(t)), vA chuyén dong
Brown 2-chiéu (By; Ba) = {Bi(t); Ba(t)), t > 0.

b)
dX X adB:
(] -[Z ][5 ]
trong dé (X1(0); X2(0)) = (0;0); (X1; X2) = (X1(t); Xa(t)); «x, B 12 céic hiing
s6 va chuyén déng Brown 2-chiéu (By; Bs) = (B,(t); Ba(t)), t > 0.
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