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Ban doc than mén,

S6 hoc 1a mot phan mon quan trong trong toan hoc da gan bé véi
chiing ta xuyén su6t qué trinh hoc Toan tit bac tiéu hoc dén trung hoc
phé thong. Ching ta duge tiép xtc v6i S6 hoc bit dau bing nhing
khai niéem don gidn nhu tinh chia hét, u6c chung 16n nhat, boi chung
nhé nhat... gitp lam quen dé dang hon véi si ki diéu ctia nhitng con
s6 cho dén nhitng van dé doi héi nhiéu tu duy hon nhu dong du, sb6
nguyén to, cac phuong trinh Diophantine ma ndi tiéng nhéat 1a dinh 1y
16n Fermat..., dau dau tit tam vi mo dén vi mo, tit cau bé 16p mot bi
bo 4 chia hét cho 2 dén Gido su thién tai Andrew Wiles (ngudi gidi
quyét bai toan Fermat), chiing ta déu c6 thé thay dugce hoi thé ctia S6
hoc trong dé.

S6 hoc quan trong nhu vay nhung la thay s6 chuyén dé viét vé né lai
khong nhiéu néu dem so véi kho tang dd so cac bai viét vé bat déng
thitc trén cac dién dan mang. Xuat phat tit sy thiéu hut dé ciing nhu
dé ki niém tron mot nam DIEN DAN TOAN HOC khai truong trang
chtt méi (16/01/2012 - 16/01/2013), nhém bién tap ching toi cung véi
nhiéu thanh vién tich cyc ctia dién dan da chung tay bién soan mot
chuyén dé gii dén ban doc.

Chuyén dé 1a tap hgp cac bai viét rieng 1é clia cac tac gia Nguyén Manh
Trung Duong (DUONGLD) , Nguyén Tran Huy (YEUTOAN11), Nguyén
Trung Hiéu (NGUYENTRUNGHIEUA), Pham Quang Toan (PHAM QUANG
TOAN), Tran Nguyén Thiét Quan (L LAWLIET), Tran Trung Kién (Is-
PECTORGADGET), Nguyén Dinh Tung (TUNGC3SP)... cling sy gop stc
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ii

gian tiép ctia nhiéu thanh vién tich cyc trén DIEN DAN TOAN HOC nhu
NGUYEN LAM THINH, NGUYENTA9S, KARL HEINRICH MARX, THE
(GUNNER, PERFECTSTRONG...

Kién thitc dé cap trong chuyen dé tuy khong mdi nhung cé thé gitp
cac ban phan nao hiéu sau hon mot s6 khai niem co ban trong S6 hoc
ciing nhu trao déi cling cac ban nhiéu dang bai tap hay va kho tit cap
do dé dén cac bai toan trong cac ki thi Hoc sinh gidi quoc gia, quobc té.

Chuyén dé gom 7 chuong. Chuong 1 dé cap dén cac khai niem vé Uéc
va Boi. S6 nguyén t6 va mot sd bai toan vé né duge gidi thieu trong
chuong 2. Chuong 3 néi sau hon vé Cac bai toan chia hét. Phuong
trinh nghiém nguyén, Phuong trinh dong du dugc phéac hoa trong
cac chuong 4 va 5. Hé thang du va dinh 1y Thang du Trung Hoa
sé dugce gii dén ching ta qua chuong 6 trude khi két thic chuyen dé
bing Mot s6 bai toan sé hoc hay trén VMF & chuong 7.

Do thai gian chuan bi gap rit noi dung chuyen dé chua duge dau tu
that sy ti mi cling nhu c6 thé con nhiéu sai s6t trong cac bai viét,
ching t6i mong ban doc thong cadm. Moi sy ung ho, dong gép, phé
binh ctia doc gid sé 14 nguon dong vien tinh than to 16n cho ban bién
tap ciing nhu cho céc téc gid dé nhing phién ban cap nhat sau ciia
chuyén dé dugc tot hon, déng gép nhiéu hon nita cho kho tang hoc
thuat ctia cong dong toan mang. Ching toi hi vong qua chuyén dé nay
sé gitip cac ban tim thém dude cAm hing trong s6 hoc va thém yéu vé
dep ctia nhitng con s6. Moi trao déi goy y xin gii vé dia chi email :
contact@diendantoanhoc.net.

Tran trong,
Nhom bién tap Chuyén dé So hoc.
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Chuong

1

Uéc va Bai

1.1 Uéc sb, uéc sb chung, uéc sb chung
I6n nhit 1

1.2 Ba&i sb, bdi sb chung, boi sb chung
nhé nhit 4

1.3 Baitap dénghi 6

Nguyén Manh Trung Duong (DUONGLD)
Nguyén Tran Huy (YEUTOANI1)

Uéc va boi 1a 2 khai niém quan trong trong chuong trinh s6 hoc THCS.
Chuyén dé nay sé gidi thieu nhitng khai niém va tinh chit co ban vé
uée, wéc s6 chung, wéc chung 16n nhat, boi, boi s6 chung, boi chung
nho nhat. Mot sé bai tap dé nghi vé cac van dé nay ciing sé dude dé
cap dén & cudi bai viét.

1.1 Uéc sb, udc sb chung, udc sb6 chung 16n nhit

Trong phan nay, ching t6i sé trinh bay mot s6 khai niém vé uée so,
u6c sd6 chung va u6ce s6 chung 16n nhat kém theo mot vai tinh chat ctia
chiing. Mot s6 bai tap vi du cho ban doc tham khio ciing sé duge dua
ra.

1.1.1 Dinh nghia

Dinh nghia 1.1 S5 ty nhién d # 0 dugc goi 1a mot udc sb ciia s6 tir
nhién a khi va chi khi a chia hét cho d. Ta néi d chia hét a, ki hieu d|a.
Tap hgp céc udc cia a la: U(a) = {d € N : d|a}. A

1
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2 1.1. Udc s6, u6c sd6 chung, wée s6 chung 16n nhat

TiNg CHAT 1.1- Néu U(a) = {1;a} thi a I3 s6 nguyén té. O

Dinh nghia 1.2 Néu U(a) va U(b) ¢6 nhiing phan tit chung thi nhiing
phan tit dé goi la udc s6 chung ctia a va b. Ta ki hiéu:

USC(a;b) = {deN:(dla)A(d]b)}
= {deN:(deU(a)AN(deU(D))}.

TiNH CHAT 1.2- NéuUSC/(a;b) = {1} thia va b nguyén tb ciing nhau.[]
Dinh nghia 1.3 S6 d € N dugc goi la wéc s6 chung 16n nhat ctia a va b
(a;b € Z) khi d la phan tit I6n nhat trong tap USC(a;b). Ky hiéu udc
chung 16n nhat cta a va b 1a UCLN (a;b), (a;b) hay ged(a;b). A
1.1.2 Tinh chit

Sau day 13 mot s6 tinh chat clia u6c chung 16n nhat:

e Néu (aj;az;....;a,) = 1 thi ta néi cac sé ag;as;...;a, nguyén
t6 cling nhau.

Néu (am;ar) = 1,Vm # k,{m;k} € {1;2;...;n} thi ta noi cac
ai;as;...;a, doi mot nguyén té ctiing nhau.

c € USC(a;b) thi (a; b) - (“Cb)

c C

d=(a;b) < (Z;Z) ~ 1

e (ca;cb) = c(a;b).
e (a;b) =1 va blac thi b|c.
e (a;b) =1va (a;c) =1 thi (a;bc) = 1.
e (a;0;¢) = ((a;b); ¢).
e Choa>b>0
— Néu a = b.q thi (a;b) = .
— Néu a = bg + r(r # 0) thi (a;b) = (b;7).
DIEN DAN TOAN HOC Chuyeén dé& S6 hoc
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1.1. Uéc s6, u6e s6 chung, wée s6 chung 16n nhat 3

1.1.3 Céch tim udc chung 16n nhit bing thuat toan Euclide

Dé tim (a;b) khi a khong chia hét cho b ta ding thuat toan Euclide
sau:

r a=b.q+r thi (a;b) = (b;r1).

rb=ri.q1 + 7o thi (byr1) = (ri;72).

P

P rp—2 = Tn_1.gn—1 +rn thi (rp_2;rn—1) = (rp—1;7n).
P Tpe1 = Tn.qn thi (rp_1;7) = 1.

r (a;b) = ry.

P (a;b) la s6 du cudi cung khac 0 trong thuat toan Euclide.

1.1.4 Bai tap vi du

Vidu 1.1. Tum (2k — 1,9k + 4), k € N*. A
L&i gidi. Ta dat d = (2k — 1;9k + 4). Theo tinh chat vé u6c s6 chung
ta 6 d|2k — 1 va d|9k + 4. Tiép tuc ap dung tinh chat vé chia hét ta lai
c6 d|9(2k — 1) va d|2(9k + 4). Suy ra d|2(9% + 4) — 9(2k — 1) hay d|17.
Vay (2k — 1,9k +4) = 1. [ |

Vi du 1.2. Tum (123456789; 987654321). A
Loi gidi. Dat b = 123456789; a = 987654321. Ta nhan théy a va b déu
chia hét cho 9.

Ta lai co :
a+b = 1111111110
10
&9a+9 = 101 —-10
Mat khac :
10b4+a = 9999999999
— 1010 1. (12)
Chuyén dé Sé hoc DIEN DAN TOAN HOC
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4 1.2. Boai s6, boi s6 chung, boi s6 chung nhé nhét

Tru (1.2) va (1.1) vé theo vé ta duge b—8a = 9. Do d6 néu dit d = (a;b)
thi 9:d.
Ma a va b déu chia hét cho 9, suy ra d = 9. [

Dura vao thuat toan Euclide, ta c6 161 giai khac cho Vi du 1.2 nhu sau :
Loi giai. r 987654321 = 123456789.8+9 thi (987654321; 123456789) =
(123456789;9).

r 123456789 = 9.1371421.

r (123456789;987654321) = 9. |

N . 1
Vi du 1.3. Chiing minh rang day so A, = in(n +1),n € N* chia
nhitng day s6 vo han nhiing s6 doi mot nguyén to cung nhau. A
L&i gidi. Gia st trong day dang xét c6 k s6 doi mot nguyén to cliing
nhau 1a t; = 1;t2 = 3;...;t, = m(m € N*). Dt a = t1t. .. tg. Xét s6
hang to,41 trong day A,:

1
tog+1 = 5(2@4—1)(20,4-2)

(a+1)(2a+1)
tx

AV

Mt khac ta c6 (a+ 1;a) =1 va (2a + 1;a) = 1 nén (teg41;a) = 1.
Do d6 t+1 nguyeén t6 cing nhau véi tat ca k sd {t1;to;. ..t }. Suy ra
day sd A, chia vo han nhitng s6 doi mot nguyén td cling nhau. [ |

1.2 Bbi s, bdi s6 chung, bdi s6 chung nhé nhét

Tuong tu nhu cau tric da trinh bay & phan trudc, trong phan nay
chiing to6i cling sé dua ra nhitng dinh nghia, tinh chat co ban ctia boi
s, boi s6 chung, boi s6 chung nhé nhat va mot s6 bai tap vi du minh
hoa.

DIEN DAN TOAN HOC Chuyén dé Sé hoc
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1.2. Boi s6, boi s6 chung, boi s6 chung nhé nhat 5

1.2.1 Dinh nghia

Dinh nghia 1.4 S6 tu nhién m dugc goi la mot boi s6 cia a # 0 khi
va chi khi m chia hét cho a hay a la mot udc s6 clia m. A

Nhan zét. Tap hgp cac boiso ciaa # 01a: B(a) = {0;a;2a;...;ka}, k €
7.

Dinh nghia 1.5 S6 tir nhién m dugc goi la mot boi s6 ctia a # 0 khi
va chi khi m chia hét cho a hay a la mot uée sé ctia m A

Dinh nghia 1.6 Néu 2 tap B(a) va B(b) c6 phan tit chung thi cidc phan
tit chung dé goi la boi s6 chung ctia a va b. Ta ky hiéu boi s6 chung
cia a va b: BSC(a;b).

Dinh nghia 1.7 S6 m # 0 duoc goi la boi chung nhé nhat ctia a va
b khi m la phan tit duong nhé nhat trong tap BSC/(a;b). Ky hiéu :
BCNN (a;b), [a;b] hay lem(asb). A

1.2.2 Tinh chit

Mot s6 tinh chat ctia boi chung 16n nhat:
. M M
a

e [a;b;c] = [[a; ]; c].

e [a;b].(a;b) = a.b.

1.2.3 Bai tap vi du
Vidu 1.4. Tim [n;n+ 1;n+ 2]. A

L&i giai. Dat A = [n;n + 1] vi B = [A;n + 2]. Ap dung tinh chét
[a; b; c] = [[a; b]; ], ta c6: B = [n;n+ 1;n+2].
Dé thay (n;n+1) =1, suy ra [n;n+ 1] =n(n +1).

Chuyén dé Sé hoc DIEN DAN TOAN HOC

http://tieulun.hopto.org


http://www.diendantoanhoc.net
http://diendantoanhoc.net/

6 1.3. Bai tap dé nghi

. b 2
Lai 4p dung tinh chat [a;b] = (aib) thé thi
a;

nn+1)(n+2)
(n(n +1);n+2)

[nsn+1;n+2] =

Goid= (n(n+1);n+2). Do (n+ 1;n+2) =1 nén
d = (n;n+2)
(n;2).
Xét hai truong hop:

4 g 1 2
e Néu n chan thi d =2, suy ra [n;n+ 1;n+ 2] = n(n + 2)(n+ )

e Neunléthid=1,suyra [m;n+Lin+2=nn+1)(n+2). M

Vi du 1.5. Chitng minh rang [1;2;...2n] = [n+ 1;n+2;...;2n]. A

L&i gidi. Ta thay dudc trong k s6 nguyeén lién tiép c6 mot va chi mot s6

chia hét cho k. Do d6 bat trong cac s6 {1;2;...;2n} déu la u6c clia mot
s6 nao do trong cac s6 {n + 1;n +2;...;2n}. Do d6 [1;2;...n;2n] =
[n+1;n+2;...;2n]|. [ |

1.3 Bai tap dé nghi

Thay cho 15i két, chting toi xin giti dén ban doc mot s6 bai tap dé nghi
dé luyen tap nham gitp céc ban quen hon véi cac khai niem vi cac
tinh chat trinh bay trong chuyén de.

BArl. a. Cho A = 5a + 3b; B = 13a + 8b(a;b € N*) ching minh
(4; B) = (a;0).

b. Tong quat A = ma+nb; B = pa+qb thdéa man |mq—np| =
1 v6i a,b,m,n,p,q € N*. Ching minh (A; B) = (a;b).

BA1 2. Tim (6k + 5; 8k + 3)(k € N).

DIEN DAN TOAN HOC Chuyén dé Sé hoc
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1.3. Bai tap dé nghi 7

BA1 3. Tt cac chit s6 1;2;3;4;5;6 thanh 1ap tat ci s6 c6 sau chit s6
(mdi s6 chi viét mot lan). Tim UCLN clia tat ca cac s6 do.
1

BA14. Cho A=2n+1;B = M(n € N*). Tim (4; B).

BA15. a. Chitng minh riang trong 5 s6 tit nguyén lién tiép bao gio
ciing chon duge mot s6 nguyén to6 cling nhau véi cac sd
con lai.

b. Chting minh rang trong 16 sé nguyén lién tiép bao gio ciing
chon duge mot sé nguyeén t6 ciing nhau véi cac sd con lai.

BA1 6. Cho 1 <m < n(m;n € N).

a. Chiing minh riang (22" — 1;22" +1) = 1.
b. Tim (2™ — 1;2" — 1).
BA1 7. Cho m,n € N v6i (m,n) = 1. Tim (m? + n?;m + n).
BA1 8. Cho A =2"+3; B=2"" 43" (n e N*);C = 2""24-3""2(n €
N*). Tim (A4; B) va (4;C).
BAI1 9. Cho sau s6 nguyén duong a; b; a’; b'; d; d’ sao cho (a;b) = d; (a’;b)
d’'. Chiing minh rang (aa’; bb'; ab’;a’b) = dd'.
N . 1
BAr 10. Chiing minh rang day s6 B, = gn(n +1)(n+ 2)(n € N*) chia
vo han nhitng s6 nguyén t6 ctiing nhau.
BAI1 11. Chitng minh rang day s6 2" — 3 v6i moi n € N va n > 2 chita
day s6 vo han nhitng s6 nguyén t6 ciing nhau.
BAT 12. Chitng minh day Mersen M,, = 2" — 1(n € N*) chita day s6 vo
han nhitng s6 nguyén té cing nhau.
BAI 13. Chting minh ring day Fermat F,, = 22" + 1(n € N) la day so
nguyén té cliing nhau.
BAI 14. Cho n € N;n > 1 va 2" — 2 chia hét cho n. Tim (22";2" — 1).
Chuyén dé Sé hoc DIEN DAN TOAN HOC
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8 1.3. Bai tap dé nghi
N . 21 1 .
BA1 15. Chitng minh rang v6i moi n € N, phan so ﬁig toi gian.
BAI1 16. Cho ba s6 ti nhién a; b; ¢ d6i mot nguyén t6 cing nhau. Chitng
minh rang (ab + be + ca; abe) = 1.
BAI1 17. Cho a;b € N*. Chitng minh ring ton tai vo s6 n € N sao cho
(a+n;b+n) =1
BA1 18. Gia st m;n € N(m > n) théa man (199k—1;m) = (1993—1; n).
Chiing minh réng ton tai ¢(t € N) sao cho m = 1993'.n.
N . . N P o fam—1
BA1 19. Chtng minh rang néu a;m € N;a > 1 thi 1 a—1) =
a/ [e—
(m;a—1).
BAI 20. Tim s6 nguyén duong n nhé nhat dé cac phan s sau t6i gian:
1
a.
nl996 4 1995n + 2’
b 2
" 1996 419950 + 37
1994
c.
n1996 1+ 1995n + 1995’
d 1995
" 1996 4 1995n + 1996
BAI1 21. Cho 20 s6 tu nhién khac 0 1a aq;as;...a, c6 tdng bang S
va UCLN béng d. Chitng minh rang UCLN cta S — a; S —
as;...; S — a, bang tich ciia d v6i mot u6c ndo do6 cia n — 1.
DIEN DAN TOAN HOC Chuyén dé Sé hoc
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Chuong

2

S6 Nguyén T6

2.1 M6t sb kién thirc co ban vé sb
nguyén tb 9

2.2 M&t sb bai toan co ban vé sb nguyén
t6 13

23 Baitap 19

2.4 Phu luc: Ban nén biét 24

Nguyén Trung Hiéu (NGUYENTRUNGHIEUA)
Pham Quang Toan (PuHAM QUANG TOAN)

2.1 M@t sbé kién thifc cd ban vé sb nguyén tb

2.1.1 Dinh nghia, dinh ly co ban

Dinh nghia 2.1 S6 nguyén t6 la nhiing s6 tu nhién I6n hon 1, chi c6 2
udc s6 1a 1 va chinh né. A

Dinh nghia 2.2 Hogp s6 la s6 tu nhién 16n hon 1 va c6 nhiéu hon 2
uéc. A

Nhan zét. Cac s6 0 va 1 khong phai 1a s6 nguyeén t6 ciing khong phai
13 hop s6. Bat ky s6 tu nhién 16n hon 1 ndo ciing ¢ it nhat mot wdc

s6 nguyen to.

DINH LY 2.1~ Ddy so nguyén to la day so6 vé han. U

http://tieulun.hopto.org
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10 2.1. Mot s6 kién thiic co ban vé s6 nguyén to

Chiéing minh. Gia sit chi ¢6 hitu han s6 nguyén t6 1a p1;po; ps;...; Pn;
trong d6 p, 1a s6 16n nhat trong cic nguyén to.

Xét 6 N = p1p2...pn + 1 thi N chia cho mdi s6 nguyén t6 p;(i = 1,n)
déu du 1 (%)

Mat khac N 1a mot hgp s6 (vi né 16n hon s6 nguyeén t6 16n nhat 1a p,,)
do d6 N phai c6 mot uwdc nguyén t6 nao do, tiic 14 N chia hét cho mot
trong céac so p; (**).

Ta thay (**) mau thudn (*). Vay khong thé c6 hitu han s6 nguyen t6.1

DINH LY 2.2 Moi s6 tu nhién lén hon 1 déu phan tich dudc ra thia
s6 nguyén t6 mot cach duy nhat (khong ké thit tu cdc thita s6). O

Chitng minh. * Moi s6 ty nhién 16n hon 1 déu phan tich dudc ra thita
sO nguyén to:

That vay: gia sit didu khing dinh trén 14 ding véi moi s6 m thod man:
1 < m < n ta chiing minh diéu d6 dung dén n.

Néu n 1a nguyeén to, ta c6 diéu phai chitng minh.

Néu n la hgp sb, theo dinh nghia hgp s6, ta ¢6: n = a.b (v6i a,b < n)
Theo gia thiét quy nap: a va b 1a tich cac thita s6 nhé hon n nén n 1a
tich cué cac thita s6 nguyeén to.

* St phan tich 14 duy nhat:

Gia stt moi s6 m < n déu phan tich dudc ra thita s6 nguyén t6 mot
cach duy nhat, ta chitng minh diéu dé ding dén n:

Néu n 1a s6 nguyéen t6 thi ta dude diéu phai chitng minh. Néu n 1 hgp
s6: Gia stt ¢6 2 cach phan tich n ra thita s nguyén t6 khac nhau:

n=p.q.r...
n=yp.¢d.r..

Trong d6 p,q,r..... va p',¢',7".... 1a cac s6 nguyen t6 va khong c6 sb
nguyén t6 nao cling ¢6 mat trong ca hai phan tich d6 (vi néu c6 s6
thoad man diéu kién nhu trén, ta c6 thé chia n cho s6 dé lic do thudsng
sé nhoé hon n, thuong nay c6 hai cach phan tich ra thita s6 nguyén t6
khéc nhau, trai véi gid thiét ctia quy nap).

Khong mét tinh téng quat, ta co thé gia thiét p va p’ lan lugt 1a céc s6
nguyén t6 nhoé nhat trong phan tich thi nhat va thit hai.
Vinlahgpsénenn>p?>van>p2 Dop#p=n>pyp
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2.1. Mot s6 kién thitc co ban vé s6 nguyén to 11

Xét m = n — pp’ < n duge phan tich ra thita s6 nguyén t6 mot cach
duy nhat ta thay:
pln = pln — pp’ hay p|m

Khi phan tich ra thita s6 nguyén t6 ta c6: m = n —pp’ = p'p.P.Q... véi
P,Q € P ( Platap cac s6 nguyén t0).

= pp'|n = pp'lp.q.r... = plg.r... = p 1la u6c nguyen t6 cta q.r...

Ma p khong tring v6i mot thita s6 nao trong g, r... (diéu nay trai véi
gia thiét quy nap 14 moi s6 nhé hon n déu phan tich dugc ra thita s6
nguyén t6 mot cdch duy nhat).

Vay, diéu gia sit khong dung. Dinh 1y dudce chitng minh. [

2.1.2 Cach nhan biét mét s6 nguyén t6
Cach 1
Chia s6 d6 lan luct cho cidc nguyén to tit nhé dén lén: 2;3;5;7...

Néu c¢6 mot phép chia hét thi s6 d6 khong nguyen to.

Néu thyc hién phép chia cho dén lic thuong sd nhoé hon s6 chia ma cac
phép chia van c6 s6 du thi s6 do6 1a nguyeén to.

Cach 2

Mot s6 ¢6 hai wde s6 16n hon 1 thi s6 d6 khong phai 1a s6 nguyeén to.

Cho hoc sinh 16p 6 hoc cach nhan biét 1 s6 nguyén té6 bang phuong
phap thtt nhat (néu & trén), la dya vao dinh 1y co béan:

Uéc s6 nguyén t6 nhé nhat ciia mot hop s6 A 1a mot s6 khong vugt

quéa VA.

V6i quy tac trén trong mot khoan thdi gian ngan, véi cadc dau hiéu chia
hét thi ta nhanh chéng tra 16i duge mot sé c6 hai chit s6 nao do6 1a
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12 2.1. Mot s6 kién thiic co ban vé s6 nguyén to

nguyén t6 hay khong.

HE QUA 2.1- Néu c6 s6 A > 1 khong cé6 mot wdc s6 nguyén té nao tu
2 dén VA thy A la mot nguyeén té. 0

2.1.3 SO cac udc so va tong cac udc so cia 1 so

Gia sti: A = pi'.p52.....ppaxy; trong d6: p; € Pyx; € Nji=1,n
TiINH CHAT 2.1- S8 cdc udc sb cia A tinh bing céng thifc:
T(A) = (x1+ 1) (z2+1).....(xy + 1)
Vidu2.1. 30=235thh T(A) = (1+1)(1+1)(1+1)=8. Kiém tra:
(30) = {1;2;3;5;6;10;15; 30} nén (30) cé 8 phan ti. A
TiNH CHAT 2.2— Téng cic udc mdt sb ciia A tinh bing cbng thic:
n el

_TT1 %
U(A)_.l_[l pi—1

2.1.4 Hai sb nguyén tbé ciing nhau

Dinh nghia 2.3 Hai s6 tu nhién duge goi la nguyén t6 ciing nhau khi
va chi khi chiing ¢6 u6c chung 16n nhat (UCLN) bang 1. A

TINH CHAT 2.3~ Hai sb tu nhién lién tiép luén nguyén té cing nhau. [
TINH CHAT 2.4— Haisb nguyén té khdc nhau lubn nguyén té ciing nhau.CJ

TiNH CHAT 2.5~ Cécsba,b, ¢ nguyén tb ciing nhau khi va chi khi (a, b, c)

=1. O
Dinh nghia 2.4 Nhiéu s6 tu nhién dugc goi la nguyén t6 sanh doi khi
chiing doi mot nguyén té ciing nhau. A
DIEN DAN TOAN HOC Chuyén dé Sé hoc
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2.2. Mot s6 bai toan co ban vé s6 nguyeén to 13

2.1.5 Mot sb dinh ly dic biét
DiNH LY 2.3 (DIRICHLET)— Ton tai vo s6 s6 nguyén té p c6 dang:

p=ax+b (v,a,b €N, a,b la 2 s6 nguyén té cing nhau). O

Viéc ching minh dinh 1y nay kha phiic tap, trit mot sé truong hgp diic
biét, chéng han c6 vo s6 s6 nguyeén t6 dang: 2z — 1; 3z — 1; 4z + 3; 62 +
;...

DINH LY 2.4 (TCHEBYCHEFF-BETRAND)— Trong khodng ti s6 tu nhién
n dén so tu nhién 2n cé it nhat mot s6 nguyén to (n > 2). O

DINH LY 2.5 (VINOGRADOW)— Moi s6 Ié l6n hon 33 la tong cia 3 s6
nguyén to. ]

2.2 M@t sb bai toan co ban vé sé nguyén tb

2.2.1 C6 bao nhiéu sé nguyén té dang ax + b

Vi du 2.2. Chitng minh ring: cé vo s6 s6 nguyén to cé dang 3x — 1.1\
L&i gidi. Moi s ty nhién khong nhé hon 2 ¢6 1 trong 3 dang: 3z; 37+ 1
hoac 3x — 1

e Nhitng s6 c6 dang 3z (v6i > 1) 1a hop s6

o Xét 2 56 c6 dang 3z + 1: d6 14 s6 3m + 1 va s6 3n + 1.
Xét tich (3m 4+ 1)(3n + 1) = 9mn + 3m + 3n + 1. Tich nay c6
dang: 3x + 1

e Liy mot s6 nguyén t6 p bat c6 dang 3z — 1, ta lap tich cta p
v6i tat cd cac sO nguyén té6 nhé hon p roi trix di 1 ta c6: M =
2.3.5.7...p — 1 =3(2.5.7....p) — 1 thi M c¢6 dang 3z — 1.

C6 2 khé nang xay ra:

1. Kha nang 1: M 1a s6 nguyeén t6, d6 la s6 nguyén to c6 dang
3x — 1 > p, bai toan dugc chiitng minh.

Chuyén dé Sé hoc DIEN DAN TOAN HOC
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14 2.2. Mot s6 bai toan co ban vé s6 nguyeén to

2. Kha nang 2: M 134 hop s6: Ta chia M cho 2, 3,5, ...., p déu ton
tai mot s6 du khac 0 nén cic wdc nguyén té cia M déu 16n
hon p, trong céc wéc nay khong c6 s6 ndo c6 dang 3z +1 (da
chitng minh trén). Do d6 it nhat mot trong cac wéc nguyén
t6 ctia M phéi c6 dang 3z (hgp s6) hodc 3z + 1

Vi néu tat cd c6 dang 3z +1 thi M phai c6 dang 3z +1 (da ching
minh trén). Do d6, it nhat mot trong cac wdc nguyen t6 ctia M
phai ¢6 dang 3z — 1, w6c nay luon 16n hon p.

Vay: C6 vo s6 s6 nguyén té dang 3z — 1. [

Vi du 2.3. Chitng minh rang: C6 vo s6 s6 nguyén té c¢é dang 4x + 3.\
Loi giai. Nhan zét. Cac s6 nguyen t6 1é khong thé c6 dang 4z hoic
4x + 2. Vay ching chi c6 thé ton tai dudi 1 trong 2 dang 42 + 1 hoic
4z + 3.

Ta sé chitng minh c6 vo s6 s6 nguyén t6 c6 dang 4z + 3.

e Xét tich 2 s6 c6 dang 4o + 1 1a: 4m + 1 va 4n + 1.
Ta c6: (4dm~+1)(4n+1) = 16mn+4m+4n+1 = 4(dmn+m+n)+1.

Vay tich ctia 2 s6 ¢6 dang 4z + 1 14 mot s6 ciing c¢6 dang 4x + 1.

e Liy mot s6 nguyen to p bat ky c6 dang 4x + 3, ta lap tich ctia 4p
v6i tat cd cac s6 nguyén to6 nhoé hon p réi trit di 1 khi d6 ta c6:
N =4(2.3.5.7.....p) — 1. C6 2 kha nang xay ra

1. N la s6 nguyén t6 = N = 4(2.3.5.7....p) — 1 ¢6 dang 4z — 1.
Nhitng s6 nguyén t6 c¢6 dang 4z — 1 cling chinh 14 nhiing s6
c¢6 dang 4x + 3 va bai toan dugc chitng minh.

2. N 1a hgp s6. Chia N cho 2,3,5,....,p déu dudc cac s6 du
khac 0. Suy ra cic udc nguyén t6 ciia N déu lén hon p.

Céc u6c nay khong thé cé dang 42 hoic 4x + 2 (vi d6 1a hap s6).
Ciing khong thé toan cac udc c6 dang 4x + 1 vi nhu thé N phai
c6 dang 4z + 1. Nhu vay trong cidc uéc nguyén to ctia N c6 it
nhat 1 uéc c6 dang 4x — 1 ma uSc nay hién nhién 16n hon p.
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2.2. Mot s6 bai toan co ban vé s6 nguyeén to 15

Vay: C6 vo s6 s6 nguyen t6 c6 dang 4z — 1 (hay c¢6 dang 4z +3). W

Trén day 1a mot s6 bai toan chitng minh don gidn ctia dinh 1y Dirichlet:
C6 vo s6 s6 nguyen t6 dang ax + b trong d6 a, b,z € N, (a,b) = 1.

2.2.2 Chdng minh sb nguyén tb

Vi du 2.4. Chitng minh ring: (p — 1)! chia hét cho p néu p la hgp so,

khong chia hét cho p néu p la s6 nguyén to. A

L&i giai. e Xét truong hop p 1a hgp s6: Néu p 1a hgp s6 thi p 1a tich
clia cac thira s nguyén t6 nhé hon p va s6 mil cac luy thita nay
khong thé 16n hon s6 mil clia chinh céc luy thita ay chia trong
(p—1)!. Vay: (p — 1):p (dpem).

e Xét truong hop p 1a s6 nguyen té: Vi p € P = p nguyén to clng
nhau véi moi thira s6 ctia (p — 1)! (dpcm). [

Vidu 2.5. Cho 2™ — 1 la s6 nguyén t6. Chitng minh rang m cing la
50 nguyén to. A
L&i gidi. Gia sit m 1a hop s6 = m = p.q (p,q € N;p,q > 1)

Khi d6: 2" —1 = 2P4—1 = (2P)9—1 = (2P —1)((2P)9 1 4 (2P)9 2 4....+1)
Vip>1=20—1>1va ()T (2P)9 24 . +1>1

Dan dén 2™ — 1 1a hgp s6 :tréi v6i gid thiét 271 1a s6 nguyen to.
Vay m phai 1a s6 nguyén t6 (dpcm) [

Vi du 2.6. Chitng minh rang: moi udc nguyén to cia 1994! — 1 déu lon
hon 1994. A

L&i gidi. Goi p 1a u6c sd nguyén t6 ctia 1994! — 1
Gia st p < 1994 = 1994.1993.....3.2.1:p = 1994!:p.
Ma 1994! — 1:p = 1ip (vo ly)

Vay: p > 1994 (dpcm). [ |
Vi du 2.7. Chitng minh ring: n >2 thi gitta n va n! cé it nhat 1 so6
nguyén to (t dé suy ra cé vo s6 s6 nguyén to). A
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16 2.2. Mot s6 bai toan co ban vé s6 nguyeén to

L&i gidi. Vin >2nén k=n! —1> 1, do d6 k c6 it nhat mot uGe s6
nguyén té p. Tuong ty bai tap 3, ta chitng minh dudge moi wéc nguyén
td p ctia k déu 16n hon k.

Vay: p>n=n<p<n!—1<n! (dpcm) [ |

2.2.3 Tim sb nguyén té théa man diéu kién cho trudc
Vidu 2.8. Tum tit cd cdc gid tri cia s6 nguyén to p dé: p + 10 va
p + 14 ciing la s6 nguyén to. A
L&i gidi. Néup=3thip+10=3+10=13vap+14=3+ 14 =17
déu 1a cac s6 nguyeén t6 nén p = 3 14 gia tri can tim.

Néu p > 3 = p c¢6 dang 3k + 1 ho#ic dang 3k — 1

e Neup=3k+1thip+14=3k+15=3(k+5):3

e Néup=3k—1thip+10=3k+9=3(k+3):3

Vay néu p > 3 thi hosic p + 10 hodc p + 14 14 hgp s6 : khong théa man
bai. Vay p = 3. n

Vidu 2.9. Tim k € N dé trong 10 sé tu nhién lien tiép:
k+1;k+2k+3;...k+ 10

c6 nhiéu s6 nguyén to nhat. VAN
Ldi gidi. Néu k& = 0: tit 1 dén 10 c6 4 s6 nguyen to: 2;3;5; 7.

Néu k = 1: tir 2 dén 11 c¢6 5 s6 nguyén to: 2;3;5;7; 11.

Néu k > 1: tit 3 trd di khong c6 s6 chén nao la s6 nguyén t6. Trong 5
s6 18 lien tiép, it nhat c6 1 s6 14 boi s6 ciia 3 do d6, day sé c6 it hon 5
sO nguyén to.

Vay vé6i k = 1, day tuong tng: k + 1;k + 2, .....k + 10 ¢6 chita nhiéu s6
nguyén t6 nhat (5 sd nguyen t0). [ |

Vi du 2.10. Tim tdt cd cdc s6 nguyén té p dé: 2P +p? cing la s6 nguyén
to. A

Loi gidi. Xét 3 truong hop:
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2.2. Mot s6 bai toan co ban vé s6 nguyeén to 17

e p=2=20+4p?=22422=8¢P

e p=3=2+4+p*=234+32=17€P

ep>3=p /3. Tacé2P +p?>=(p>—1)+ (2" +1).
Viple =22 +1383vap? —1=(p+1)(p—1)3=2+p> &P

Vay c6 duy nhat 1 gia tri p = 3 thod man. [ |

Vi du 2.11. Tum tdt cd cdc s6 nguyén to p sao cho: p|2P + 1. A
Lai gidi. VipeP:p|2P+1=p>2= (2;p) =1
Theo dinh ly Fermat, ta cé: p|2P~1 — 1. Ma

pl2P +1=p22P ' —1)+3=>pl3=>p=3

Vay: p = 3. [ |

2.2.4 Nhan biét s6 nguyén t6

Vi du 2.12. Néu p la s6 nguyén té va 1 trong 2 s6 8Sp+1 va 8p — 1 la
50 nguyén to thi so con lai la s6 nguyén to hay hop s67 A
Loi giai. e Neup=2=8p+1=17cP;8—-1=15¢P

e Néup=3=8p—-1=23cP;8p—-1=25¢P

e Néu p > 3, xét 3 s6 ty nhién lien tiép: 8p — 1;8p va 8p+ 1. Trong
3 s6 nay at c¢6 1 s6 chia hét cho 3. Nén mot trong hai s6 8p + 1
va 8p — 1 chia hét cho 3.
Két luan: Néu p € P va 1 trong 2 s6 8p + 1 va 8p — 1 1a s6 nguyén t6
thi s6 con lai phai 1a hgp sb. [

Vidu 2.13. Néup > 5 va 2p + 1 la cic s6 nguyén to thi 4p + 1 la
nguyén té hay hop s67 A
L&i gidi. Xét 3 s6 tuyr nhién lien tiép: 4p;4p + 1;4p + 2. Trong 3 s6 at
c6 mot s6 1a boi cia 3.

Ma p > 5;p € P nén p c6 dang 3k + 1 hodc 3k + 2

e Néu p =3k +1thi2p+1=6k+ 3:3: (trai v6i gia thiét)
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18 2.2. Mot s6 bai toan co ban vé s6 nguyeén to

o Néup=3k+2 Khidodp+1=4(3k+2)+1=12k+93 = 4p+1
13 hop s6 [

Vi du 2.14. Trong ddy s6 tu nhién cé thé tim duge 1997 sé lién tiép
nhaw ma khong cé s6 nguyén té nao hay khong ? A
Lai gidi. Chon day s6: (a;) : a; = 1998! +i + 1 (i = 1,1997) = a;:i +
1Vi=1,1997

Nhu vay: Day s6 a1; az;as; .....a1997 gom c6 1997 s6 tu nhién lién tiép
khong c6 s6 nao 1a s6 nguyén to. [ |

Vi du 2.15 (Téng quat bai tap 2.14). Ching minh ring cé thé tim
dugc 1 day s6 gom n so ty nhién lien tiép (n > 1) khong c6 s6 nao
la s06 nguyén to ? A

Ldi gidi. Ta chon day sb sau: (a;) :a; = (n+1)!+i+1=a;ii+1Vi=

1,n.
Ban doc hay ty ching minh day (a;) & trén sé gom c6 n s6 ty nhién
lién tiép trong doé khong c6 sd nao 1a sd nguyén to ca. [ |

2.2.5 Cac dang khac

Vi du 2.16. Tim 3 s6 nguyén té sao cho tich ciia ching gap 5 lan tong
cta ching. A
L&i gidi. Goi 3 s6 nguyeén t6 phéi tim 1a a, b, c. Ta c6: abc = 5(a + b +
¢) = abc:h

Vi a,b,c c6 vai tro binh ding nén khong mét tinh tdng quat, gid si:
ab=a=>5

Khi dé: 5bc =5(5 +b+c) & 5+b+c=bc= (c—1)(b—1)=6

b—1=1 & b=2 chon
c—1= c=1T j

Do vay: b1 — N b—3 .
c—1=3 c=4

Vay bo s6 (a;b;c) can tim 1a hoan vi ctia (2;5;7). [ |

Vi du 2.17. Tim p,q € P sao cho p?> = 8¢ + 1.
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2.3. Bai tap 19

Loi giai. Ta co:
PP=8¢+1=8=p’—1=(p+1)(p—1) (2.1)

Dop?=8¢+1:16 =p?:18 = p:1é Dat p =2k + 1.
Thay vao (2.1) ta co:

8¢ = 2k(2k +2) = 2¢ = k(k + 1) (2.2)

Néu ¢ =2 =4 = k(k + 1) = khong tim dugc k € N
Vay ¢ >2. VigeP= (2,q) = 1.
Tu (2.2) ta co:

a) k=2vaqg=k+ 1= k=2;¢=3. Thay két qua trén vao (2.2)
taco:p=224+1=5

b) g=kva2=k+1=q=1 :loai.

Vay (¢;p) = (5;3). L

2.3 Bai tap

2.3.1 Bai tap c6 hudng dan

BAI 1. Ta biét ring c6 25 s6 nguyéen td nhé hon 100. Tong ctia 25 s6
nguyén t6 nhé hon 100 13 s6 chin hay s6 187

HD :Trong 25 s6 nguyén t6 nhé hon 100 c6 chita mot sé6 nguyén
t6 chan duy nhat la 2, con 24 s6 nguyén t6 con lai 1a 56 16. Do
dé tong ctia 25 s6 nguyén té 1a s6 chin.

BAI 2. Téng ctia 3 s6 nguyén t6 bing 1012. Tim s6 nguyén t6 nhé nhét
trong ba s6 nguyén to do.

HD: Vi téng ctia 3 s6 nguyén té bing 1012, nén trong 3 s
nguyén t6 d6 ton tai it nhat mot s6 nguyén té chidn. Ma so
nguyén té chidn duy nhat Ia 2 va la sé nguyén t6 nhé nhat. Vay
s6 nguyén t6 nhé nhat trong 3 sé nguyén té dé Ia 2.
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2.3. Bai tap

BA1 3.

BA1 4.

BA1 5.

BA1 6.

BA1 7.

Tong clia 2 s6 nguyeén t6 c6 thé bing 2003 hay khong? Vi sao?

HD: Vi tong ciia 2 s6 nguyén té bing 2003, nén trong 2 sb
nguyén to doé ton tai 1 s6 nguyén té chin. Ma sb6 nguyén to
chin duy nhat la 2. Do dé s6 nguyén té con lai 1a 2001. Do
2001 chia hét cho 3 va 2001 > 3. Suy ra 2001 khong phai la sb
nguyén to.

Tim s6 nguyén t6 p, sao cho p + 2;p + 4 ciing 1 cac s6 nguyén
t0.

Cho p va p + 4 1 cac s6 nguyén t6 (p > 3). Chiing minh rang
p + 8 1a hop sb.

HD: Vi p la s6 nguyén té va p > 3, nén so6 nguyén té p cé 1
trong 2 dang:

e Néup=3k+2thip+4=3k+6=3(k+2)=p+43va
p+4>3. Do dép+ 4 la hgp so: trai dé bai.

e Nbup=3k+1thip+8=3k+9=3k+3)=p+83va
p+8>3. Do dép+ 8 la hop sb.

Chting minh réng moi s6 nguyeén t6 16n hon 2 déu c6 dang 4n+1
hodc 4n — 1.

N A ~ A S N A z N 2 2 . A ~
Tim s0 nguyén t0, biet rang s6 dé bang tong clia hai s6 nguyén
t6 va bang hiéu ciia hai s6 nguyén t6.

HD: Gi4 st a,b,c,d, e la cac s6 nguyén té va d > e. Theo dé
bai:
a=bt+c=d—e (%)

T (*) = a > 2 nén a la s6 nguyén t6 1é = b+ c;d — e la s6 Ié.
Do b, d 1a cac s6 nguyén té = b, d 1a 56 16 = c,e 1a s6 chan.

= c=e =2 (do c,ela s6 nguyén t6) =>a=0b+2=d—2 =
d=>b+4.

Vay ta can tim s6 nguyén t6 b sao cho b+ 2 va b+ 4 ciing la
cac s6 nguyeén to.
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2.3. Bai tap 21

BAI 8. Tim tét ci cac sb nguyén t6 x, y sao cho: 22 — 6y = 1.

BA1 9. Cho p va p+ 2 la cac s6 nguyén t6 (p > 3). Chiing minh réng
p+ 1:6.

2.3.2 Bai tap khong c6 hudng dan
BAI 1. Tim s6 nguyén t6 p sao cho cac s sau ciing & s6 nguyén t6:

a
b

p+2vap+ 10.
p+ 10 va p + 20.
p+10 va p+ 14.

)

)

c)

d) p+ 14 va p + 20.
)
)

D

p+2vap+8.
f) p+2vap+14.
g) p+4vap+10.
h) p+ 8 va p+ 10.

BAI 2. Tim s6 nguyén t6 p sao cho cac s sau ciing & s6 nguyén to:

a) p+2,p+8p+12,p+ 14
b) p+2,p+6,p+8,p+14
c) p+6,p+8p+12,p+14
d) p+2,p+6,p+8,p+12,p+ 14
e) p+6,p+12,p+18 p+24
f) p+18,p+24,p+ 26,p + 32

g) p+4,p+6,p+10,p+12,p+ 16
BAI1 3. Cho truée sd nguyén t6 p > 3 thoa
a) p+4 € P. Chitng minh rang: p + 8 14 hgp sb.
b) 2p + 1 € P. Chitng minh réng: 4p + 1 1a hgp so.
¢) 10p + 1 € P. Chitng minh réng: 5p + 1 1a hgp s6.
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22 2.3. Bai tap

d) p+ 8 € P. Chitng minh rang: p + 4 1a hop sb.

e) 4p + 1 € P. Chitng minh réng: 2p + 1 1a hgp sb.
f) 5p+ 1 € P. Chiing minh rang: 10p + 1 1 hgp sb6.
g) 8p+ 1 € P. Chitng minh riang: 8p — 1 1a hgp s6.
h) 8p — 1 € P. Chitng minh réng: 8p + 1 1a hgp so.

i) 8p? — 1 € P. Chitng minh rang: 8p? + 1 1a hgp sb.

)
j) 8p* +1 € P. Chitng minh ring: 8p? — 1 1a hgp sb.

BAT 4. Chitng minh rang:

a) Néu p va ¢ la hai s6 nguyén t6 16n hon 3 thi p? — ¢2:24.
b) Néu a,a+ k,a+ 2k(a,k € N*) la cdc s6 nguyén t6 16n hon
3 thi k:6.
BA1 5. a) Mot s6 nguyeén t6 chia cho 42 ¢6 s6 du 7 1a hgp s6. Tim s6
du r.
b) Mot s6 nguyén t6 chia cho 30 ¢6 s6 du r. Tim s6 du r biét

rang r khong la s6 nguyén to.

BAI 6. Tim s6 nguyén t6 c6 ba chit s6, biét rang néu viét s6 d6 theo
tht tu ngudc lai thi ta duge mot s6 1a lap phuong ctia mot s6
tu nhién.

BAI 7. Tim s6 tuy nhién c6 4 chit s6, chit s6 hang nghin bang chit s6
hang don vi, chit s6 hang tram bing chit s6 hang chuc va s6 do6
viét duge dudi dang tich clia 3 s6 nguyeén to6 lien tiép.

BAI 8. Tim 3 s6 nguyeén t6 1a cac s6 18 lien tiép.
BA1 9. Tim 3 sb nguyeén to lien tiép p, ¢, r sao cho p? + ¢®> + 12 € P.

BAI 10. Tim tat ca cidc bo ba s6 nguyen to a,b,c sao cho abc < ab +
bc + ca.

BA1 11. Tim 3 s6 nguyén t6 p, ¢, sao cho p? + ¢? = r.
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2.3. Bai tap 23

BAr1 12.

BAr1 13.

BAI 14.

BA1 15.

BA1 16.

BAI1 17.

BAI 18.

BA1 19.

BA1 20.

BA1 21.

Tim cac s6 nguyén t6 ,y, z thod man ¥ + 1 = z.

Tim s6 nguyeén t6 abed thoa ab,ac la cac s6 nguyen to va b* =
cd+b—c.

Cho cac s6 p = b¢ +a,q = a® + ¢, = ¢® + b(a,b,c € N*) la
cac sO nguyén t6. Chitng minh riang 3 s6 p, ¢, r ¢6 it nhat hai s6
bang nhau.

Tim tat ci cic s6 nguyén té z,y sao cho:

Chitng minh ring diéu kién can va dua dé p va 8p? + 1 1a cac s
nguyén to la p = 3.

Chitng minh ring: Néu a? —b? 13 mot s6 nguyen t6 thi a? —b? =
a+b.

Chitng minh rang moi s6 nguyén t6 16n hon 3 déu c6 dang 6n+1
hoéc 6n — 1.

Chitng minh ring téng binh phuong ciia 3 s6 nguyén t6 16n hon
3 khong thé 1a mot sé nguyen to.

Cho sb ty nhién n > 2. Goi p1, pa, ..., pn 12 nhitng s6 nguyéen to
sao cho p, < n+1. Dat A = p1.ps...p,. Chitng minh ring trong
day s6 cac s6 ty nhien lien tiép: A +2,A+3,..., A+ (n+ 1),
khong chita mot s6 nguyén té nao.

Chitng minh réng: Néu p 1a s6 nguyén t6 thi 2.3.4...(p — 3)(p —
2) — 1:p.
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24 2.4. Phu luc: Ban nén biét

BAI1 22. Chitng minh réng: Néu p la s6 nguyeén t6 thi 2.3.4...(p — 2)(p —
1) + Lip.

2.4 Phu luc: Ban nén biét

Mudi sb nguyén té c6 93 chir sb 1ap thanh cip sb cong
Sau day 13 mot s6 nguyén t6 gom 93 chit so:

100996972469714247637786655587969840329509324689190041
803603417758904341703348882159067229719

Ky luc nay do 70 nha toan hoc lap dugc nim 1998 that khé ma danh
bai duge. Ho mat nhiéu thang tinh todn mdi tim duge mudi s6 nguyen
t6 tao thanh mot cap s6 cong.

T muc tro choi trong 1 tap chi khoa hoc, hai nha nghién cttu & trucng
Dai hoc Lyonl (Phap) da dao sau y tuéng: Tim 6 s6 nguyén t6 sao cho
hiéu 2 s6 lién tiép luon luén nhu nhau. Diéu d6 1 dé ddi vdéi cac chuyén
gia nhung ho mudn di xa hon. Ciing khong c6 van dé gi khé khan doi
v6i mot day 7 s6. Ho can sy hd trg mot chit dé dat duge 8 s6, mot su
hé trg hon nita dé dat t6i 9 s6. Cudi cliing thang 3 nam 1998 c¢6 70 nha
toan hoc tit khap trén thé gidi ciing vdi 200 may dién toan hoat dong
lien tuc da tim ra 10 s6, mdi s6 ¢6 93 chit s6, ma hiéu s clia 2 s6 lien
tiép luon luon 1a 210. Tit s6 nguyén t6 & trén chi can thém vao 210 13
dude s6 nguyeén to thit 2....

Ky luc c6 18 dimng & d6: Theo u6e tinh clia cac nha khoa hoc mudn tim
duge 1 day 11 s6 nguyén t6 thi phai mat hon 10 tf nam.

“Sinh ba” rat it, phai ching “sinh d6i” lai rat nhiéu

Ta biét ring cac sd nguyen t6 “cé thé xa nhau tuy y”’ diéu nay thé hien
G bai tap:
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2.4. Phu luc: Ban nén biét 25

Bai toan 2.1. Cho trudc so nguyén duong n tuy y. Ching minh ring
ton tai n so tu nhién lién tiép ma moi so trong ching déu la hop s6./\

Vay nhung, cac s6 nguyén to ciing “c6 thé rat gan nhau”. Cap s6 (2, 3)
13 cap s6 tu nhién lién tiép duy nhat ma ca hai bén déu la s6 nguyén
t6. Cap s6 d(p, q)ugc goi 1a cap so6 “sinh do6i”, néu ca 2 déu 1a s6 nguyén
to va ¢ = p+ 2. Bo 386 (p,q,r) goi la by s6 nguyén to6 “sinh ba” néu
ci 3 s6 p,q,r déu la cac s nguyén to va q =p+ 2,7 = ¢+ 2.

Bai toan 2.2. Tim tat cd cdc bo s6 nguyén to “sinh ba”? A

Day 1a mot bai toan dé, dung phuong phap chitng minh duy nhét ta
tim ra bo (3,5,7) 1a bo ba s6 nguyen t6 sinh ba duy nhéat, cac bo 3 s6
18 16n hon 3 ludn ¢6 1 s6 1a hdp s6 vi né chia hét cho 3.

Tt bai toan 2.2 thi bai toan sau tré thanh mot giad thuyét 16n dang cho
cau tra 1oi.

DU DOAN 2.1 Ton tai vo han cdp so sinh doi. ]

S6 hoan hao (hoan toan) clia nhitng ngudi Hy Lap c6 dai
Ngudi Hy Lap c6 dai c6 quan niém than bi vé cac s6. Ho rat tha vi
phat hién ra cac s6 hoan héo, nghia la cac sb6 tu nhién ma tong cac udc
s6 tur nhien thyc sy ctia n6 (cac ude s6 nhé hon s6 d6) bang chinh né.
Chéang han:

6=1+2+3 28=1424+44+7+14

Ngudi Hy Lap co dai da biét tim tat ci cac s6 hoan hao chin nghia la
ho da lam dugc bai toan sau day:

Bai toan 2.3. Mot so tu nhién chin n # 0 la s6 hoan hdo néu va chi
néu: n = 2™t (2™m — 1), Trong d6 m la s6 tu nhién khdc 0 sao cho
2™ — 1 la s6 nguyén to. A

Tt d6 ta c6 gia thuyét
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26 2.4. Phu luc: Ban nén biét

DU DOAN 2.2— Khong ton tai s6 hoan hdo Ié. O

O bai toan 2.3 trén, sb nguyen t6 dang 2™ — 1 goi 1a s6 nguyen td
Merseme. Cac s6 nguyén t6 Merseme c6 vai tro rat quan trong. Cho
dén nay nguoi ta van chua biét c¢6 hitu han hay vo han s6 nguyén t6
Merseme.

DU DOAN 2.3~ Ton tai vo han so nguyén to Merseme. ]

Nam 1985 s6 nguyeén t6 16n nhat ma ngusi ta biét 1a s6 2132049 — 1 gém
39751 chit s6 ghi trong hé thap phan. Gan day 2 sinh vien My da tim
ra mot sd nguyeén t6 16n hon nita dé 1a s6 2219091 — 1 gém 65050 chit sb.

Ta biét ring véi hoc sinh 16p 6 dé thit xem s6 A c6 it hon 20 chit s6
c6 1a s6 nguyéen t6 khong bang cach thit xem A c6 chia hét cho s6 nao
nhé hon A hay khong, thi dé tim hét cac s6 nguyén t6 véi chiéc may
siéu dién toan can hang thé ky !!

David SlowinSky da soan mot phan mém, lam viéc trén may siéu dien
toan Gray-2 , sau 19 gio ong da tim ra sd nguyen t6 2726839 — 1. S5 nay
viét trong hé thap phan sé c6 227832 chit s6- viét hét s6 nay can 110
trang van ban binh thuong. Ho#ic néu viét hang ngang nhitng s trén
phong chit .VnTime Size 14 thi ta can khoang 570 m.

Loi Két

Thong qua dé tai nay, ching ta c6 thé khidng dinh ring: Toan hoc c6
mit trong moi cong viéc, moi linh vic clia cudc séng quanh ta, nod
khong thé tach roi va lang quén dude, nén ching ta phai hiéu biét va
nam bat duge né mot cach ty giac va hiéu qua.

Muc dich ctia dé tai nay la trang bi nhitng kién thic co ban c6 dao
sau c6 nang cao va rén luyén tu duy toan hoc cho hoc sinh, tao ra nén
tang tin cay dé cAc em c6 von kién thitc nhat dinh lam hanh trang cho
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2.4. Phu luc: Ban nén biét 27

nhitng nam hoc tiép theo.

Véi diéu kién c6 nhiéu han ché vé thsi gian, vé nang luc trinh do nén
trong khuon khé dé tai nay phan chia dang toan, loai toan chi cé tinh
tuong doéi. Dong thdi cling méi chi dua ra 18i gidi chit chua c6 phuong
phép, thuat lam ré rang. Tuy da c6 c¢d gang nhiéu nhung chnsg toi tiy
thay trong dé tai nay con nhiéu han ché. Chtng t6i rit mong nhan
dugce nhitng ¥ kién déng gép ctia cac thay co gido ciing ban doc dé toan
hoc that st ¢6 ¥ nghia cao dep nhu cau ngan ngit Phap da viét:

“Toan hoc la Vua cta cic khoa hoc”
“S6 hoc la Nt hoang”
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Bai toan chia hét

3.1 Ly thuyét co ban 29
3.2 Phuong phap gidi cac bai todn chia
hét 31

Pham Quang Toan (PHAM QUANG TOAN)

Chia hét 1a mot dé tai quan trong trong chuong trinh S6 hoc ctia bac
THCS. Di kem theo d6 1a cac bai toan khé va hay. Bai viét nay xin
gidi thieu v6i ban doc nhitng phuong phap gidi cac bai toan chia hét:
phuong phap xét s6 du, phuong phap quy nap, phuong phap dong du,
V.V...

3.1 Ly thuyét cd ban

3.1.1 Dinh nghia vé chia hét

Dinh nghia 3.1 Cho hai s6 nguyén a va b trong dé b # 0, ta luoén tim
dugc hai s6 nguyén q va r duy nhét sao cho

a=bg+r

voi 0 <r <b.
Trong dé, ta néi a la s6 bi chia, b 1a sb chia, q 1a thuong, r 1a s6 du./\

Nhu vay, khi a chia cho b thi ¢6 thé dua ra cdc s6 dur € {0;1;2;--- ; |b|}.

Dic biet, v6i r = 0 thi a = bg, khi d6 ta néi a chia hét cho b (hodc a 1a
boi ciia b, hodic b 1a ube ctia a). Ta ki hiéu b | a. Con khi a khong chia

29
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30 3.1. Ly thuyét co ban

hét cho b, ta ki hieu b1t a.

Sau day 1a mot so tinh chat thuong diing, chitng minh duge suy ra tryc
tiép tir dinh nghia.

3.1.2 Tinh chit

Sau day xin gi6i thiéu mot s6 tinh chat vé chia hét, viéc chiing minh
kha 13 dé dang nén sé danh cho ban doc. Ta ¢6 véi a,b, c,d 1a cac sb
nguyén thi:

TiNH CHAT 3.1~ Néua #0 thia|a, 0]a. O
TiNH CHAT 3.2- Néub|a thib | ac. O
TINH CHAT 3.3~ Néub|a vacl|bthic|a. O

TINH CHAT 3.4~ Néuc|a vac|b thic| (ax+by) vdiz,y nguyén.
TiNg CHAT 3.5~ Néub|a vaa|b thia=b hodca = —b.

TiNH CHAT 3.6 Néuc|avad|b thicd|ab.

TINH CHAT 3.7- Néub|a,c|a thi BCNN(b;c) | a.

TiNH CHAT 3.8~ Néu c|ab va UCLN(b,c) =1 thic| a.

TiINH CHAT 3.9~ Néu p | ab, p 13 s6 nguyén té thip|a hodcp|b. [
Tit tinh chat trén ta suy ra hé qua

HE QUA 3.1- Néu p | a™ vdi p la s6 nguyén to, n nguyén duong thi
p" | a™. O
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3.1.3 Mot s6 diu hiéu chia hét

Ta dat N = apa,—1...a1a0
Dau hiéu chia hét cho 2;5;4;25;8;125

2|N & 2|ag<ap€{0;2;4;6;8}
5‘N = 5|a0(:>ao€{0;5}
4;25 | N < 4;25 | ajag
8125 | N <« 8;125 | azaiag

Dau hiéu chia hét cho 3 va 9
3;9]N<:>3;9](ao—i-al—i--'-—l—an_l—i—an)

Mot s6 dau hiéu chia hét khac

11|N & 11|[(ap+az+---)— (a1 +ag+--+)]

101 | N < 101 | [(arao + asas + - -+ ) — (@3az + azag + - - - )]
;13| N & 7;37| [(azarag + agarag + - - - ) — (@5a2a3 + G11a10a9 + - -
37‘N & 37](a2a1a0+a5a4a3+-~+m)

19N & 19] (an + 2an-1 + 2%an—2 + - - - + 2"ao)

3.2 Phuodng phéap giai cac bai toan chia hét

3.2.1 Ap dung dinh Iy Fermat nhé va céc tinh chit cia chia
hét

Dinh ly Fermat nho

DiNH LY 3.1 (DINH LY FERMAT NHO)— Vi moi s6 nguyén a va so
nguyén to p thi a? = p (mod p). O

Chiéng minh. 1. Néup|athip]| (a® — a).

2. Néu p { a thi 2a,3a,4a,--- ,(p — 1)a ciing khong chia hét cho p.
Goiry, 72, -+ ,mp—1 lan lugt 1a s6 du khi chia a, 2a, 3a,-- - , (p—1)a
cho p. thi ching sé thugc tap {1;2;3;--- ;p— 1} va doi mot khac
nhau (vi ching han néu 7 = r3 thi p | (3a — a) hay p | 2a,
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32 3.2. Phuong phap giai cac bai toan chia hét

chi ¢6 thé 1a p = 2, ma p = 2 thi bai toan khong ding). Do do6
rry-rp—1=1-2-3---(p—1). Taco

a=ry (mod p)
2a =71y (mod p)

(p—1)a=r,—1 (mod p)
Nhan vé theo vé ta suy ra
123 (p—1)-a* ' =rirg---rp ;. (modp) =a” ' =1 (mod p)
Vi UCLN(a,p) = 1 nén o = a (mod p).
Nhu vay v6i moi s6 nguyén a va s6 nguyen t6 p thi a? = a (mod p).H

Nhan zét. Ta c6 thé chitng minh dinh 1y bing quy nap. Ngoai ra, dinh
1§ con dugce phat biéu duéi dang sau:

DINH LY 3.2— Vi moi s6 nguyén a, p la s6 nguyén to, UCLN (a,p) =
1 thi a?~' =1 (mod p). O

Phuong phap sit dung tinh chat chia hét va ap dung dinh ly
Fermat nhé

Co sé: Stt dung cac tinh chat chia hét va dinh 1y Fermat nhé dé gii
toan.

Vi du 3.1. Choa vab la hai s6 tu nhién. Ching minh rdng 5a*>+15ab—

b2 chia hét cho 49 khi va chi khi 3a + b chia hét cho 7. A

Ldi gidi. =) Gia st 49 | 5a® + 15ab — b? = 7| 5a® + 15ab — b* = 7 |
(14a® + 21ab) — (5a + 15ab — b?) = 7| (9a® + 6ab + b?) = 7 |
(Ba+b)?=T7]|3a+b.

<) Gia st 7| 3a+b. Bat 3a+b="7c (c € Z. Khi d6 b = 7c — 3a. Nhu
vay
= 5a + 15ab — b* = 5a® + 15a(7c — 3a) — (7c — 3a)?
= 49(c* + 3ac — a?)
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3.2. Phuong phap giai cac bai toan chia hét 33

chia hét cho 49.
Vay 5a? + 15ab — b? chia hét cho 49 khi va chi khi 3a + b chia hét cho
7. [ |

Vi du 3.2. Cho 11 | (16a + 17b)(17a + 16b) vdi a,b la hai s6 nguyén.
Chiing minh rang 121 | (16a + 17b)(17a + 16b). A
L&i gidi. Ta c6 theo dau bai, vi 11 nguyén to nén it nhat mot trong
hai s6 16a + 17b va 17a + 16b chia hét cho 11. Ta lai ¢6 (16a + 17b) +
(17a + 16b) = 33(a + b) chia hét cho 11. Do d6 néu mot trong hai s6
16a + 17b v 17a + 16b chia hét cho 11 thi s con lai ciing chia hét cho

11. Cho nén 121 | (16a + 17b)(17a + 16b). [
Vi du 3.3. Chiing minh ring A = 130 + 239 +. + 1130 khong chia hét
cho 11. A
Lai giai. V6i moi a = 1,2,---,10 thi (a,10) = 1. Do d6 theo dinh ly

Fermat bé thi a!® = 1 (mod 11) = a* = 1 (mod 11) v6i moi a =
1,2,---,10 va 113 = 0 (mod 11). Nhu vay

A=141+---4140 (mod 11)
—_—

10 s6 1
=10 (mod1l)=11tA

Vi du 3.4. Cho p va q la hai s6 nguyén to phan biét. Chiing minh rang
pd~t + ¢! — 1 chia hét cho pq. A
L&i giai. Vi ¢ nguyén t6 nén theo dinh 1§ Fermat nho thi

p"'=1 (mod q)

Do dé
pT 4¢Pl =1 (mod q)

Vi ¢ va p 6 vai tro binh déng nén ta ciing dé dang suy ra
@ 1+pTt=1 (modp).

Cudi cing vi UCLN(g,p) = 1 nén pi~! + ¢»~! = 1 (mod pg) hay
pq—l + qpfl — 1 chia hét cho prq. .
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34 3.2. Phuong phap giai cac bai toan chia hét

Bai tap dé nghi

BAI 1. Chitng minh rang 11a+2b chia hét cho 19 khi va chi khi 18a+5b
chia hét cho 19 véi a, b 1a cac sd nguyen.

BAI 2. Chiing minh ring 2a + 7 chia hét cho 7 khi va chi khi 3a? +
10ab — 8b°.

BAI 3. Cho p la s6 nguyén t6 16n hon 5. Chitng minh ring néu n 1a s
tu nhién c6 p — 1 chit s6 va cic chit s6 d6 déu bang 1 thi n chia
hét cho p.

BA1 4. Giad st n € N,n > 2. Xét cac sO tu nhién a,, = 11 -1 dudc viét
bdi n chit s6 1. Chitng minh ring néu a,, 14 mot s6 nguyén to
thi n 1a uéc cua a, — 1.

BA1 5. Gia sit a va b 1a cac s6 nguyén duong sao cho 2a — 1,20 — 1 va
a + b déu la s6 nguyén t6. Ching minh ring a® + b va a® + b
déu khong chia hét cho a + b.

BAI 6. Chitng minh ring v6i moi s6 nguyén t6 p thi ton tai s6 nguyén
n sao cho 2™ + 3™ 4+ 6™ — 1 chia hét cho p.

3.2.2 Xét s6 du

Co s8: Dé chitng minh A(n) chia hét cho p, ta xét cic s6 n dang
n=kp+rvéire{0;1;2;---;p—1}.

Ching han, véi p = 5 thi s6 nguyén n c6 thé viét lai thanh 5k; 5k +
1;5k + 2; 5k + 3; 5k + 4. Ta thé mdi dang nay vao cac vi tri ctia n roi
Iy luan ra dap s6. Sau day 1a mot sé vi du

Vidu 3.5. T'm k € N dé ton tai n € N sao cho

4|n?—k

vdi k € {0;1;2;3}. A
Lai gidi. Gia sit ton tai k € N dé ton tai n € N théa man 4 | n? — k.
Ta xét cac Truong hgp: (m € N*)
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3.2. Phuong phap giai cac bai toan chia hét 35

1. Néu n = 4m thi n?2 — k = 16m?2 — k chia hét cho 4 khi va chi khi
4| kneén k =0.

2. Néun =4m+1thi n2—k=16m2+8m + 1 — k chia hét cho 4
khi va chi khi 4 |1 — k nén k = 1.

3. Néun =4m+2thin?—k=16m2+ 16m + 4 — k chia hét cho 4
khi v& chi khi 4 | £ nén k = 0.

Vay k=0 hoac k = 1. [ |

Vi du 3.6. Ching minh rang vdi moin € N thi 6 | n(2n+7)(Tn+1).A

L&i giai. Ta thay mot trong hai s6 n va Tn + 1 14 s6 chdn Vn € N. Do
d6 2 | n(2n+7)(7Tn+1). Ta sé ching minh 3 | n(2n+ 7)(7n + 1). That
vay, xét

1. V6in =3k thi 3| n(2n+7)(Tn+1).

2. V6i n = 3k + 1 thi 2n +7 = 6k + 9 chia hét cho 3 nén 3 |
n(2n+T7)(Tn +1).

3. V6i n = 3k + 2 thi 7n + 1 = 21k + 15 chia hét cho 3 nén 3 |
n(2n+7)(Tn +1).

Do d6 3| n(2n+7)(Tn+1) ma (2,3) = 1 nén 6 | n(2n+7)(Tn+1) Vn €
N. |

Vidu 3.7. (HSG 9, Tp Ho Chi Minh, vong 2, 1995) Cho x,vy, z la cdc
50 nguyén théa man

(x—y)y—2)z—z)=x+y+=z (3.1)

Chaing minh rang 27 | (x +y + 2). A
Lai giai. Xét hai truong hgp sau
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1. Néu ba s6 z,y, 2z chia hét cho 3 c6 cic s6 du khac nhau thi cac
hi¢u z —y, y— 2, 2 —x cung khong chia hét cho 3. Ma 3 | (z+y+2)
nén tu (3.1) suy ra vo i .

2. Néu ba s z, ¥, z chi ¢6 hai s6 chia cho 3 ¢6 cling s6 du thi trong ba
hi¢u z—y, y—z, z—x c6 mot hiéu chia hét cho 3. Ma 31 (z+y+2)
nén tu (3.1) suy ra vo li.

Vay z,y, z chia cho 3 ¢6 cuing s6 du, khi d6 x —y,y — 2, z — 2 déu chia
hét cho 3. Tu (3.1) ta suy ra 27 | (z +y + 2), ta ¢6 dpcm. [ |
Bai tap dé nghi

BAI 1. i) Tim s6 tu nhién n dé 7| (2" — 1).
ii) Ching minh réng 71 (2" +1) Vn € N.

BAr1 2. Chiing minh ring véi moi sé nguyén a thi a(a® — 1) chia hét
cho 7.

BA1 3. Tim n dé 13 | 32" + 3" 4 1.

BAI 4. Chting minh ring v6i moi a,b € N thi ab(a® — b?)(4a® — b?) luon
luon chia hét cho 5.

BA1 5. Chiing minh rang 24 | (p — 1)(p + 1) v6i p la s6 nguyen t6 16n
hon 3.

BAI 6. Chting minh ring khong ton tai sé nguyen a dé a? + 1 chia hét
cho 12.

BA1 7. Chitng minh rang véi moi s6 nguyén x,y, z néu 6 | z +y + 2 thi
6| 2%+ y3 + 23.

BAI 8. Cho ab = 20112°'2, v6i a,b € N. Héi téng a + b c6 chia hét cho
2012 hay khong ?

BA1 9. S6 3™+ 2003 trong dé n 1a s6 nguyén duong c6 chia hét cho 184
khong ?
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3.2. Phuong phap giai cac bai toan chia hét 37

BAI 10. Cho cac s6 nguyen duong z,y, z théa man 22 + 32 = 2. Chiing
minh réng xyz chia hét cho 60.

BAI 11. Cho cac s6 nguyén duong z, v, z théa man z? 4132 = 222. Ching
minh ring 2% — 42 chia hét cho 84.

BA1 12. Chon > 3, (n € N). Chiing minh riang néu 2" = 10a+b, (0 <
b < 9) thi 6 | ab.
3.2.3 Phan tich

Phan tich thanh tich

Ca s38: Dé chitng minh A(n) chia hét cho p, ta phan tich A(n) = D(n)p,
con néu trong ta khong thé dua ra cach phan tich nhu vay, ta c6 thé
viét p = kq.

e Néu (k,q) = 1 thi ta chitng minh A(n) cung chia hét cho k va q.

e Néu (k,q) # 1 thi ta viét A(n) = B(n)C(n) va chiing minh B(n)
chia hét cho k, C'(n) chia hét cho gq.

Vi du 3.8. Cho n la mot s6 nguyén duong. Ching minh ring
2" | (n+1)(n+2)---(2n).
Loi giadi. Ta co

(n+1)(n+2)---(2n) = (2:!)! _ (1.35..(2n _nl!)) (2.4.6...2n)

n!
= 135...(2n = 1).2".—
=1.3.5...(2n — 1).2".
Dod6 2" | (n+1)(n+2)---(2n). [ |
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38 3.2. Phuong phap giai cac bai toan chia hét

Vi du 3.9. Chiing minh ring vdi moi s6 nguyén n thi 6 |n3 —n. A
Loi giai. Phan tich

n*—n=nn?>-1)=n(n—1)(n+1)

Biéu thtic 1a tich ba s6 nguyeén lién tiép nén ton tai it nhat mot trong
ba s6 mot s6 chia hét cho 2 va mot s6 chia hét cho 3. Ma (2,3) = 1 nén
6| n —n. [ |

Vi du 3.10. Chitng minh ring n% —n* —n? 41 chia hét cho 128 vdi n
lé. A
Loi giai. Ta c6
nd—nt—n?4+1=02-13%n+1)=mn-1)>*n+1)>
Vin lé nén dat n = 2k, k € N, suy ra
(n? = 1)* = [(2k + 1)? — 1] = (4k* + 4k)? = [4k(k + 1))

Vay 64 | (n? —1)2. Vin 1é nén 2 | n + 1, suy ra dpcm. [ |

Vi du 3.11. Cho ba s6 nguyén duong khdic nhau x,vy,z. Ching minh
ring (z—1y)°+ (y — 2)° + (v — 2)5 chia hét cho 5(z —y)(y — 2)(z — 2).A

Loi giai. Ta c6

(@ —=y)°+(y—2)°+ (v - 2)°
= (z—2+z-y)’+y—2)P5+(z-12)
(= 2)° +5(x = 2)"(z — y) +10(z — 2)*(z — y)°
+10(z — 2)*(z — y) + 10(z — 2)3(z — y)?
+10(z — 2)%(2 — y)3 + 5(z — 2)(2 — y)*
= 5z —2)(z —y)x
x [(z =2 +2(z = 2)*(z —y) + 2(x — 2)(z —y)* + (z — y)*].
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3.2. Phuong phap giai cac bai toan chia hét 39

Nhung ta ciing co:

(z—2P+2x—2>%(z—y) +20—2)(z—y)*+(z—y)
(z—y+y—2)P°+20@—-y+y—2)>*z—y)

2z —y+y—2)(z—y)*+(z—y)°
(z—y)P?+2(x—y)2y—2+3@x—y)(y—2)?

+(y—2)° +2(x —y)*(z —y)

4z — )y —2)(z —y) +2(y — 2)*(z — v)

2z —y)(z -y +20y—2)(z -y’ + (z —y)?

(z—y)? +3(x—y)2(y—2) +3(z —y)(y — 2)*

2z —y)*(z—y) + 4z —y)(y — 2)(z —y) +2(z —y)(z — y)?,

Biéu thitc cudi cting ¢6 nhan ti chung (z — y). Ta suy ra diéu phai
chiing minh. |

Bai tap dé nghi

BAI 1. Chitng minh ring néu a,k la cic s6 nguyén, a 1é thi 2F+1 |
Qk

(a®" —1).

BAI 2. Chiing minh riing n® — n chia hét cho 30 véi moi n € Z.

BAI 3. Chting minh ring 3n* — 14n3 + 21n? — 10n chia hét cho 24 véi
moi n € Z.

BAI 4. Chting minh riing n® — 5n3 4 4n chia hét cho 120 véi moi n € Z.

BA1 5. Chiing minh rang n® — 3n? — n 4 3 chia hét cho 48 véi moi n
1é, n € Z.

BAI 6. Chting minh rang n® — n% — n* + n? chia hét cho 1152 v6i moi
s6 nguyén n 18.

BAI 7. Chiing minh ring n* — 4n3 —4n2 4+ 16n chia hét cho 348 v6i moi
n 1a s6 nguyén chan.

BAI 8. Chiing minh ring n* — 14n3 + 71n? — 154n + 120 chia hét cho
24 v6i moi s6 tu nhién n.
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40 3.2. Phuong phap giai cac bai toan chia hét

BA19. Cho z,y,2 la cdc s6 nguyen khac 0. Ching minh ring néu
2?2 —yz = a,y® — zx = b,2%2 — vy = c thi téng (ax + by + c2)
chia hét cho tong (a + b+ c).

BAT1 10. Cho m,n la hai s6 chinh phuong 1é lién tiép. Chitng minh réng
mn —m — n + 1 chia hét cho 192.

BAr 11. (HSG 9 TQ 1970) Chiing minh ring n'? —n® —n* + 1 chia hét
cho 512 v6i moi s6 tu nhién n 18.

BA1 12. (HSG 9 TQ 1975) Chitng minh riang n* + 6n3 4+ 11n? + 6n chia
hét cho 24 v6i moi s6 nguyen duong n.

Tach téng

Co s6: Dé chitng minh A(n) chia hét cho p, ta bién ddi A(n) thanh
tong nhiéu hang ti roéi chiing minh mdi hang tit déu chia hét cho p.

Ta c6 thé sit dung mot sé hiang dang thic ap dung vao chia hét, vi du
nhu:

Cho a,b 1a cac sb thic va n 1a s6 nguyén duong. Khi dé ta
co

A" — b= (a—b)(a" ' +a" 24 4 ab" 2 )
Ta sé c6 hé qua la:

HE QUA 3.2 Néua —b#0 thi a™ — b" chia hét cho a — b. O
HE QUA 3.3~ Néua+b#0 van lé thy a® + b" chia hét cho a +b. [

HE QUA 3.4- Néua+b#0 van chin thi a™ —b" chia hét cho a+ bl

Vi du 3.12. Chitng minh ring ax?® +bx +c € Z, Yx € Z khi va chi khi
2a,a+b,c € Z A

DIEN DAN TOAN HOC Chuyén dé Sé hoc

http://tieulun.hopto.org


http://www.diendantoanhoc.net
http://diendantoanhoc.net/

3.2. Phuong phép giai cac bai toan chia hét 41

Loi giai. Phan tich

2 _ar+(a+bzr+c

z(z—1)
2

ar’> +bx +c=ax

= 2a. +(a+br+ceZ, Vrel.

Vi du 3.13. Chiing minh ring 6 | (a® + 5a) Va € N. A

Ldi gidi. Phan tich a®+5a = (a®—a)+6a. Hién nhien ding vi 6 | n3—n
(chitng minh 6 vi du Equation 4.27). [

Nhan zét. Tt vi du Equation 4.27 ta ciing c¢6 thé dua ra céc bai toan
sau, ching minh ciing bang cach van dung phuong phap téch téng:

Bai toan 3.1. Cho m,n € Z. Chiing minh ring 6 | m*>n?(m —n). A

Bai toan 3.2. Cho a,b,c € Z. Chitng minh ring 6 | (a® + b + ¢*) khi
va chi khi 6 | (a +b+c) A

2 (13

a
—+ez A
+5 €

a

Bai toan 3.3. Cho a € Z. Chitng minh ring 3

Bai toan 3.4. Viét s6 20112012 thanh tong cdc s6 nguyén duong. Dem
tong lap phuong tat cd cic s6 hang dé chia cho 3 thi duoc du la bao
nhiéu ? A

Vi du 3.14. Cho m,n la cdc s6 nguyén théa man:

m 1 1 " 1 1 n 1 n 1

n o 2 3 4 1334 1335
Chaing minh rang 2003 | m. AN
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42 3.2. Phuong phap giai cac bai toan chia hét

Loi giai. Dé y riang 2003 1a s6 nguyén to. Ta c6

mo 1 1 1 1 1
n 2 3 4 1334 1335
= 1+7+1+ +i 7+1+1+ +i
- 2 3 1335 2 4 6 1334
= (1+=+ L 4t L + L + L 4t L
- 2 3 1335 2 3 667
1 1
= 668 660 335
= 1 + 1 + 1 + 1 +o 4 1 + L
— \668 1335 669 1334 1001~ 1002
1 1 1
= 2 R
003 668.1335 + 669.1334 Tt 1001.1002
= 2003.=
q

O day p la s6 nguyéen con ¢ = 668 - 669 - - - 1335. Vi 2003 nguyeén t6 nen
(¢,2003) = 1.

Do d6 tut (%) suy ra 2003pn = mgq.

Vi p,n nguyén nén suy ra 2003|mg ma (g,2003) = 1 nén 2003|m. N

Vi du 3.15. Chiing minh rdng vdi moi so tu nhién n thi A = 2005" +
60" — 1897™ — 168"™ chia hét cho 2004. A
L& gidi. Ta c6 2004 = 12 x 167. Vi (12,167) = 1 neén dé chiing minh
A chia hét cho 2004 ta chitng minh A chia hét cho 12 va 167.

Ap dung tinh chdt a” — b" chia hét cho @ — b v6i moi n tu nhién va
a—>b # 0 suy ra 2005 — 1897 chia hét cho 2005 — 1897 = 108 = 12 x 9,
hay 2005™ — 1897™ chia hét cho 12. Tuong ty thi 168™ — 60™ chia hét
cho 12. Vay A chia hét cho 12.

Tiép tuc phan tich

A = (2005™ — 168") — (1897" — 60™).

Lap luan tuong tir nhu trén thi 2005 — 168" va 1897" — 60™ chia hét
cho 167, tic A chia hét cho 167. Vay ta c6 diéu phai chiing minh. W
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3.2. Phuong phap giai cac bai toan chia hét 43

Vi du 3.16. (Dé thi tuyén sinh DHKHTN-DHQG Ha Noi, vong 1, nam
2007-2008) Cho a,b la hai s6 nguyén duong va a+1,b+ 2007 déu chia
hét cho 6. Chitng minh rdang 4* 4+ a + b chia hét cho 6. A

Loi giai. Phan tich

4°+a+b=(4"+2)+ (a+ 1)+ (b+2007) — 2010
4942 =4 -1+3=>4-1)4* 1 4+---1)+3

Nhu vay 3 | 4% 4+ 2. Do d6 4% + a + b 1 téng ciia cac sb nguyén duong
chia hét cho 6 nén 4% + a + b chia hét cho 6. [ |

Bai tap dé nghi

BAI 1. Dua ra cdc md rong tit bai tap dé nghi ctia phuong phap phan
tich thanh tich thanh cic bai todn van dung phuong phap tach
tong (gidng nhut cach mg rong ciia vi du 1.9).

BAI1 2. (Hungary MO 1947) Chiing minh rang 46™ + 296.13" chia hét
cho 1947 vé6i moi sb tu nhién n 1é.

BA1 3. Chiing minh réng 20" + 16™ — 3™ — 1 chia hét cho 323 v6i moi
s6 tu nhién n chin.

BAI 4. Chitng minh riang 2903" — 803" — 464™ +261™ chia hét cho 1897
v6i moi sb tu nhién n.

BAI 5. Chiing minh ring véi moi sé nguyén n > 1 ta c6 n™ + 5n? —
11n + 5 chia hét cho (n — 1)2.

BA1 6. (HSG 9 Tp Ha Noi, vong 2, 1998) Chiing minh réng 1997 | m
v6i m,n € N théa man
m 1 1 1 1 1 1

A - .
n 2+3 4jL +1329 1330+1331

BAI 7. Chting minh rang 32"*! + 27+2 chia hét cho 7 v6i moi n € N.
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44 3.2. Phuong phap giai cac bai toan chia hét

BAI 8. Chting minh ring 20032°% + 20172°1% chia hét cho 12.

BA1 9. Cho p la s6 ti nhién 18 va cac s6 nguyén a, b, c,d, e théa man
a+b+cHd+evaa®+b®4c?+ d? + e? déu chia hét cho p.
Chitng minh ring s6 a® + b° + ¢® + d® + € — 5abede ciing chia
hét cho p.

BA1 10. (Canada Training for IMO 1987)
Ki hiéu:
3:-5---(2n—1)=(2n— 1!
2:4-6---(2n) = (2n)!\.

Chiing minh rang (1985)!! + (1986)!! chia hét cho 1987.
BAI 11. Chitng minh ring s6 2222°%55 4 55552222 chia hét cho 7.

BAI1 12. Cho k 1a s6 nguyén duong sao cho s6 p = 3k + 1 1 s6 nguyén
t6 va
1 1 1 om
R S TR 17,
v6i hai s6 nguyén duong nguyén t6é cting nhau m va n.Chitng
minh m chia hét cho p.
(Tap chi Mathematics Reflections, dang bdi T.Andreescu)

3.2.4 Xét dong du
Dinh nghia va mot s6 tinh chat

Dinh nghia 3.2 Cho a,b Ia cac s6 nguyén va n 1a s6 nguyén duong. Ta
néi, a dong dur v6i b theo modun n va ki hiéu a = b (mod n) néu a va
b c6 cuing s6 dur khi chia cho n. A

Nhu vay a =n (mod n) <= n | (a—b). Vidu: 2012 =2 (mod 5).

Tinh chat (ban doc ty chiing minh)
Cho a, b, c,d,n 1a cic s6 nguyen.

a (mod n),
b (mod n) < b=a (mod n),
b (mod n), b=c (mod n) = a=c (mod n).

a
TiNH CHAT 3.10- a
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3.2. Phuong phap giai cac bai toan chia hét 45

TiNH CHAT 3.11— {azb (mod n) N {aiczbid (mod n)

c=d (mod n) ac = bd (mod n)
TiNH CHAT 3.12- a =b (mod n) = a* =¥ (mod n), Vk > 1.

TINH CHAT 3.13— a =b (mod n) = ac = be (mod mc), ¢ >0

o o o

TINH CHAT 3.14— (a+b)" =" (mod a), (a > 0).

TINH CHAT 3.15~ Néu d 13 udc chung duong ciia a,b va m thia = b

= g (mod m)

d thi
(mod m) thi 7

SRS

TINH CHAT 3.16— a = b (mod m), ¢ /1a udc chung ciaa vab, (c,m) =1

b
th & =" (mod m).
c ¢

Phuong phap dong du thic dé gii cic bai toan chia hét

Co s6: Stt dung céc tinh chat va dinh nghia trén dé giai cac bai toan
chia hét.

Vi du 3.17. Chiing minh rang vdi moi s6 ty nhién n thi 7| 8" +6. A
Lai gidi. Tac6 8" =1 (mod 7) = 8" +6=7=0 (mod 7). [

Vi du 3.18. Chimg minh rang 19 | 7- 52" + 12 - 6™. vdi moi s6 nguyén
duong n. A
Lai gidi. Ta c6 52 = 25 =6 (mod 19) = (5%)" = 6" (mod 19) —
7-52"=7-6" (mod 19) = 7-5"+12-6"=19-6" =0 (mod 19).H

Vi du 3.19. Viét lien tiép cdc s6 111,112,--- 888 dé dugc s6 A =
111112 - - 888. Chitng minh ring 1998 | A. A
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46 3.2. Phuong phap giai cac bai toan chia hét

L&i gidi. Ta thay A chdn nen 2 | A. Mat khac
A =111-1000""" 4112 - 1000770 + - - . 4 888.
Do 1000F =1 (mod 999), V& € N nén
A=111+112+---4+888=0 (mod 999).

Suy ra 999 | A, va (999,2) = 1 nén 1998 | A. |

Vi du 3.20. Chaing minh ring 7 | 55552222 + 22225555, A
Loi giai. Ta c6
2222 = —4 (mod 7) == 222259 = (—4)% (mod 7)
5555 =4 (mod 7) = 5555?22 =4 (mod 7)
= 55557222 4 22225557 = 45955 4 42222 (mod 7)

Lai c6
_4PB55 4 42222 42222 (43333 _ 1)

— _42222 (641111 _ 1)
Va64=1 (mod 7) = 64111 —1=0 (mod 7).
Do d6 7 | 5555222 + 22225555 [
Bai tap dé nghi

BAI 1. Mot s6 bai tap ¢ phuong phap phan tich c6 thé giai bang phuong
phéap dong du thiic.

5777

BAr 2. Chitng minh riing 333%%""" + 777555 chia hét cho 10.
BAl 3. Chiing minh ring s6 111" — 1 chia hét cho 101968,
BAr 4. Cho 9| a®+b%+¢3, Va,b,c € Z. Chitng minh réng 3 | a-b-c.

BAI 5. Chting minh rang 222333 + 333222 chia hét cho 13.
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BAI 6. Chitng minh réng 9" + 1 khong chia hét cho 100, Vn € N.

BAI 7. Ching minh ring v6i moi s6 nguyén khong am n thi 2573 4+
57 - 3"+1 chia hét cho 17.

BA1 8. Tim n € N sao cho 2n3 + 3n = 19851986.

BA1 9. Viét lien tiép 2000 s6 1999 ta duge s6 X = 19991999 - - - 1999.
Tim s6 du trong phép chia X cho 10001.

77
BAI 10. Chting minh ring 100 | 777 — 77",

BAI 11. Cho b? — 4ac va b? + 4ac 13 hai s6 chinh phuong véi a,b, ¢ € N.
Chitng minh rang 30 | abc.

3.2.5 Quy nap

Co s6 : Dé chitng minh ménh dé ding v6i moi sé ty nhién n > p, ta
lam nhu sau:

e Kiém tra ménh dé ding véi n = p.

e Gia stt ménh deé dung v6i n = k. Ta di chitng minh ménh dé ciing
dang véin =k + 1.

Vi du 3.21. Chiing minh rang A = 4™ + 15 — 1 chia hét cho 9 vdi moi
n € N*, AN
L&i gidi. V6in =1 = A = 18 chia hét cho 9.

Gia st bai toan dang v6in = k. Khi d6 9 | 4¥+15F—1, hay 4 +15%F -1 =
9¢ v6i ¢ € N*. Suy ra 4* = 9¢ — 15k + 1.

Ta di chting minh bai toan ding véi n = k-+1, titc 9 | 44T 4-15(k+1)—1.
That vay:

AR 15k +1) —1=4-4" 4+ 15k + 14
=4(9q — 15k + 1) + 15k + 14
= 36¢ — 45k + 18

chia hét cho 9. Ta c6 dpcm. [
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Vi du 3.22. (HSG 9 TQ 1978)Chiing minh ring so dudc tao bdi 3" chit
50 giong nhau thi chia hét cho 3" vdi 1 <n, n € N. A
Loi gidi. V6i n = 1, bai toan hién nhién ding.
Gia sit bai toan ding véi n = k, tic 3F | ga-~a.

——

3" s6a

Véin=k+1 ta co:

3k+1 3Ic 3k 3k
=aa---ax100---000---01
3k 3k—1  3k—1
chia hét cho 351, Ta c6 dpem. [ |

Vi du 3.23. Chiing minh rang vdi moi n € N*, k la s6 tu nhién 1é thy
2n+2 ‘ ]{32” -1

Lai gidi. Véin=1thi k*" —1=%k>—-1= (k+1)(k—1). Do k 1é,nén
dat k = 2m + 1 v6i m € N*, thi khi d6 (k +1)(k — 1) = 4k(k 4 1) chia
hét cho 23 = 8.

Gia st bai toan ding v6i n = p, tic 272 | k¥ — 1 hay k%" = ¢-2Pt2 +1
véi g € N*,

Ta ching minh bai toan dang véi n = p + 1. That vay

A= 1= - 1= () -1
= (k¥ — 1) (k*" +1)
:q.2p+2_(2+q,2p+2)
=q- 277 (1+4¢-211)

chia hét cho 2P13. Ta c6 dpcm. [
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Bai tap dé nghi

BAI 1. Mot sb6 bai toan & cac phuong phap néu trén cé thé giai bing
phuong phép quy nap.
BAI 2. Chitng minh réng 255 | 16" — 15n — 1 v6i n € N.
BAr1 3. Chiing minh ring 64 | 323 4 40n — 27 v6i n € N.
BAI 4. Chting minh rang 16 | 32"*2 +8n — 9 véi n € N.
BA1 5. Chiing minh ring 676 | 3373 — 16n — 27 véin € N, n > 1.
BAI 6. Chting minh ring 700 | 29" — 140n — 1 v6i n € N.
BAI1 7. Chitng minh rang 270 | 2002" — 138n — 1 v6i n € N.
BAI 8. Chiing minh ring 22 | 32" 4+ 23" 45 v6in e N.
BAI 9. Chting minh ring s6 23" + 1 chia hét cho 3" nhung khong chia
hét cho 3"*! véi n € N,
BAI 10. Chitng minh ring s6 20012" — 1 chia hét cho 2”4 nhung khong
chia hét cho 2"*° véi n € N.
BAI1 11. Chitng minh ring v6i moi s6 tif nhién n > 2, ton tai mot s6 tu
nhién m sao cho 3" | (m? + 17), nhung 3"*! { (m3 4 17).
BAr1 12. C6 ton tai hay khong mot sé nguyén duong 1a boi ctia 2007 va
c6 bon chit s6 tan cung 1a 2008.
BAT 13. Chitng minh réng ton tai mot s6 ¢6 2011 chit s6 gom toan chit
s6 1 v& 2 sao cho s6 dé chia hét cho 22011,
BAI 14. Tim phan du khi chia 32" cho 2"*3, trong dé n la sb6 nguyén
duong.
BAr15. Chone N, n> 2. Dat A = 7 (lty thita n lan). Chiing minh
rang A, + 17 chia hét cho 20.
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3.2.6 S« dung nguyén li Dirichlet

Noi dung: Nhét 5 con thé vao 3 chudng thi ton tai chudng chita it nhat
2 con.

DINH LY 3.3~ Nhot m = nk + 1 con thé vao k chuong (k < n) thi ton
tai chuong chita it nhdat n + 1 con thd. O

Chiéing minh. Gia st khong ¢6 chuong nao chita it nhat n + 1 con thd,
khi d6 méi chudng chita nhiéu nhat n con thd, nén k chudng chita nhiéu
nhat kn con thé, mau thudn véi s6 tho 1a nk + 1. [

DINH LY 3.4 (AP DUNG VAO $O HOC)— Trong m = nk + 1 s6 c6 it
nhdt n+ 1 s6 chia cho k c6 cung so du. O

Tuy nguyén 1y duge phat biéu kha don gidn nhung lai ¢6 nhiing tng
dung hét sttc bat ngd, thi vi. Bai viét nay chi xin néu mot s6 ting dung
clia nguyén li trong viéc giai cac bai toan vé chia hét.

Vi du 3.24. Chitng minh rang luén ton tai s6 cé dang
20112011 ---201100---0

chia hét cho 2012. A
L&i gidi. Lay 2013 s6 c6 dang

2011; 20112011, ---, 20112011 ---2011.
2012 s 2011

Lay 2013 s6 nay chia cho 2012. Theo nguyén 1i Dirichlet thi ton tai hai
s6 ¢6 cting s6 du khi chia cho 2012.
Gia st hai s6 d6 1a 20112011 ---2011 va 20112011 ---2011  (m > n >

) m sb 2011 n sd6 2011
0).
= 201220112011 ---2011 — 20112011 - - - 2011
m s6 2011 n sc;r2011
DIEN DAN TOAN HOC Chuyén dé Sé hoc

http://tieulun.hopto.org


http://www.diendantoanhoc.net
http://diendantoanhoc.net/

3.2. Phuong phap giai cac bai toan chia hét 51

— 2012 | 20112011 ---201100---00
< iy —_——
m—n s6 2011 n s6 2011

Vay ton tai s6 thoa man dé bai. [

Vi du 3.25. Ching minh ring trong 101 sé nguyén bt ki cé thé tim
dugc hai s6 c6 2 chit s6 tan cung giong nhau. A
Ldi giai. Lay 101 s6 nguyén da cho chia cho 100 thi theo nguyén i
Dirichlet ton tai hai s6 ¢6 cting s6 du khi chia cho 100. Suy ra trong
101 s6 nguyen da cho ton tai hai s6 ¢6 chit s6 tan ciing giong nhau. W

Vi du 3.26 (Tuyén sinh 10 chuyén DHSPHN, 1993). Cho 5 s6 nguyén
phan biét tiuy 4 a1, as, as, aq, as. Ching minh rang tich

P = (a1 — ag)(al — ag)(a1 — a4)(a1 — a5)(ag — a3)><

X (a2 — CL4)(CL2 — a5)(a3 — a4)(a3 — a5)(a4 — a5)

chia hét cho 288. A
Loi giadi. Phan tich 288 = 2° - 32.

1. Ching minh 9 | P: Theo nguyén li Dirichlet thi trong 4 s
ai,az,as c6 hai s6 ¢6 hiéu chia hét cho 3. Khong mét tinh tdng
quat, gia sti: 3 | a; — az. Xét 4 s6 as, as, ay,as cling c6 hai s6 c6
hiéu chia hét cho 3. Nhu vay P c6 it nhat hai hiéu khac nhau
chia hét cho 3, tic 9 | p.

2. Chting minh 32 | P: Theo nguyén 1i Dirichlet thi téng 5 s6 da cho
ton tai it nhat 3 sd c6 cing tinh chin 18. Chi c6 thé c6 hai kha
nang sau xay ra:

e Néu c6 it nhat 4 s6 c6 cting tinh chin 1&, thi tit bén s6 c6 thé
lap thanh sau hiéu khac nhau chia hét cho 2. Do d6 32 | P.
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e Néu c6 3 56 c6 cuing tinh chin 1é. Khong mat tinh téng quat,
gid sit ba s6 d6 1a a1, a9, a3. Khi d6 a4, as ciing cling tinh
chén 1¢é nhung lai khac tinh ch8n 1é cua a1, as,a3. Khi do
cac hiéu sau chia hét cho 2: a1 — as, a1 — a3, as — a3, as — as.
Mzt khac, trong 5 s6 da cho c6 it nhat hai hiéu chia hét cho
4, cho nén trong 4 hiéu a; — as,a; — a3, as — as,aq — as co
it nhat mot hieu chia hét cho 4. Vay 32| P.

Ta c6 dpem. [ |

Vi du 3.27. Cho 2012 s6 tu nhién bat ki ay,as, - - ,as012. Chiing minh
rdng ton tai mot so chia hét cho 2012 hodc té)ng maot so so chia hét cho
2012. A

Loi giai. Xét 2012 6
Sl = a

Sy = a1 + as

S2012 = a1 +az + - - + az12

Trudng hop 1: Néu ton tai s6 S; (i = 1,2,---,2012) chia hét cho
2012 thi bai toan chitng minh xong.

Trudng hop 2: Néu 2012 1 S; v6i moi ¢ = 1,2,---,2012. Dem 2012
s6 nay chia cho 2012 nhan duge 2012 s6 du. Cac s6 du nhan gia
tri thuoc tap {1;2;---;2011}. Vi ¢6 2012 s6 du ma chi ¢6 2011
gia tri nén theo nguyén 1i Dirichlet chic chan c6 hai s6 du bang
nhau. Gia st goi hai s6 d6 14 S,, v& S, ¢6 cuing sd du khi chia
cho 2012 (m,n € N, 1 <n < m < 2012) thi hiéu

Sm_Sn:an+1+an+2+"'+am

chia hét cho 2012. [ |
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Nhan zét. Ta c6 thé rat ra bai toan tdng quat v bai todn md rong
sau:

Bai toan 3.5 (Bai toan téng quat). Cho n 6 ai,az,--- ,a,. Chiing
minh rdng trong n s6 trén ton tai mot so chia hét cho n hodc téng mot
s0 so chia hét cho n. A

Bai toan 3.6 (Bai toan mé rong). (Tap chi Toin Tuoi Tho s6 115)

Cho n la mot so6 chuyén duong va n s6 nguyén duong ai,as, -+ ,a, cé
tong bang 2n — 1. Ching minh ring ton tai mot sé sé trong n so da
cho c6 tong bang n. A

Bai tap dé nghi
Bar 1. Chitng minh riing c¢6 vo s6 s6 chia hét cho 201317"" ma trong

biéu dién thap phan ctia cac sd dé khong c6 céc chit s6 0, 1,2, 3.

BA1 2. (HSG 9 Ha Noi, 2006) Chitng minh rang ton tai s6 ty nhien
n # 0 théa man 313%™ | (13579" — 1).

BAI 3. Chitng minh ring trong 52 s6 nguyén duong bat ki luon luon
tim dugc hai s6 c¢6 tdng hoic hiéu chia hét cho 100.

BA1 4. Cho 10 s6 nguyén duong ai,as,--- ,a1g. Chiing minh rang ton
tai cac s6 ¢; € {0,—1,1}, (i = 1,---10) khong dong thoi bang
0 sao cho

A = cra1 + c2a2 + - - + c10a10

chia hét cho 1032.

BAI 5. Chting minh ring ton tai s6 tu nhien k sao cho 2002% — 1 chia
hét cho 20031°.

BAI 6. Biét rang ba s6 a,a + k, a + 2k déu 1a cac s6 nguyén t6 16n hon
3. Chiing minh rang khi d6 k chia hét cho 6.
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3.2.7 Phan ching
Co s6: Dé chitng minh p{ A(n), ta lam nhu sau:
e Gia st ngugc lai p | A(n).

e Chitng minh diéu ngudc lai sai.

Vi du 3.28. Ching minh ring vdi moi s6 nguyén n thi n®>+n+1 khong
chia hét cho 9. A
Ldi gidi. Giast 9| (n?+n+1). Khidsn?+n+1=(n+2)(n—1)+3
chia hét cho 3. Suy ra 3 | n+2 va 3 | n — 1. Nhu vay (n+ 2)(n — 1)
chia hét cho 9, tiic n?2 +n + 1 chia 9 du 3, mau thuin. Ta c6 dpcm. W

Nhan zét. Bai toan nay van c6 thé giai theo phuong phap xét s6 du.

Vidu 3.29. Gid st p = k.28 + 1 la s6 nguyén t6 1é, t la s6 nguyén
duong va k 1o s6 tw nhién 1. Gid thiét x va y la cdc s6 tw nhién ma
D | (CCQt =+ y2t>. Chatng minh rang khi dé x va y dong thoi chia hét cho
p. A
Lai gidi. Gia st tréi lai p{x, suy ra p{y.

Do p la s6 nguyén t6 nén theo dinh 1y Fermat nhd ta c6

1
{y” !

Theo gia thiét thi p — 1 = £.2¢, do d6

2*?" =1 (mod p)
¥R 2" =1 (mod p)

1 (mod p)
1 (mod p)

Tu do ta co
t t .
¥ 4+ 8% =2 (mod p). (1)

Theo gia thiét thi
t
22 +9y* =0 (mod p).
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Do k 1é nén

k k .
AL (x2t> 4 (y2t> :(th +y2t>
= (:Uk'Qt + yk‘2t> =0 (mod p) (44)

T (¢) va (i4) suy ra dieu mau thudn. Vay gid thiét phan ching sai. Do
d6 x,y dong thsi chia hét cho p. [ |
Bai tap dé nghi

BAI 1. Chiing minh n? 4+ n + 2 khong chia hét cho 15 véi moi n € Z.
BAI 2. Chiing minh n? + 3n + 5 khong chia hét cho 121 v6i moi n € N.

BAI 3. Ching minh 9n3 + 9n? + 3n — 16 khong chia hét cho 343 véi
moi n € N.

BATI 4. Chiing minh 4n3 — 6n2 + 3n + 37 khong chia hét cho 125 véi
moi n € N.

BAI 5. Chting minh n3 4 3n — 38 khong chia hét cho 49 v6i moi n € N.
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Phuong trinh nghiém
nguyen

41  Xét tinh chia hét 57
42 Stk dung bAt ding thic 74
4.3 Nguyén tic cuc han, IUi vé han 86

Tran Nguyén Thiét Quan (L LAWLIET)
Pham Quang Toan (PuAM QUANG TOAN)

Trong chuong trinh THCS va THPT thi phuong trinh nghiém nguyén
van luon 1a mot dé tai hay va khé déi véi hoc sinh. Cac bai toan nghiém
nguyén thuong xuyén xuat hién tai cdc ki thi 16n, nhd, trong va ngoai
nude. Trong bai viét nay t6i chi mudn dé cap dén cac van dé co ban clia
nghiém nguyén (cac dang, cdc phuong phéap giai) chit khong di nghién
cttu sau sac vé no. Toi cling khong dé cap t6i phuong trinh Pell, phuong
trinh Pythagore, phuong trinh Fermat vi né c¢6 nhiéu trong cac sach,
cac chuyén dé khac.

4.1 Xét tinh chia hét

4.1.1 Phat hién tinh chia hét cia 1 an

Vi du 4.1. Gidi phuong trinh nghiém nguyén

13z + 5y = 175 (4.1)
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L&i gidi. Gia st z,y 1a cac s6 nguyén théa man phuong trinh (4.1). Ta

thay 175 va 5y déu chia hét cho 5 nén 13x:5 = x:5 (do GCD(13;5) = 1).
Dat x = 5t (t € Z). Thay vao phuong trinh (4.1), ta duge

13.5t + 5y = 175 < 13t +y = 35 < y = 35 — 13¢

Do d6, phuong trinh (4.1) ¢6 vo s6 nghiém nguyén biéu dién dudi dang

(x;y) = (5t;35 — 13t), (t € Z)
Bai tap dé nghi
BA1 1. Giéi phuong trinh nghiém nguyén 12z — 19y = 285
BA1 2. Giai phuong trinh nghiém nguyén 7z + 13y = 65

BA1 3. Giéi phuong trinh nghiém nguyén 5z 4+ 7y = 112

4.1.2 Dua vé phuong trinh uéc sb
Vi du 4.2. Tim nghiém nguyén cia phuong trinh
Jxy+6x+y—52=0 (4.2)

Loi gidi. Nhan zét. D6i v6i phuong trinh nay, ta khong thé ap dung
phuong phép trén 1a phéat hién tinh chia hét, vay ta phai gidi nhu thé
nao?

Ta giai nhu sau:

(42) e 3zy+y+6x+2-54 = 0

SyBzx+1)+2Bx+1)—-54 = 0
e @Br+1)(y+2) = 54

Nhu vay, dén day ta c6 o va y nguyén nén 3x + 1 va y + 2 phai 1a uée
ctia 54. Nhung néu nhu vay thi ta phai xét dén hon 10 truong hgp sao?
Vi:
4=154=227=3.18=6.9
= (—1).(=54) = (=2).(-27) = (=3).(-18) = (-6).(-9)
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C6 cach nao khac khong? Cau tra 15i 1a c6! Néu ta dé ¥ mot chit dén
thita s6 3z + 1, biéu thitc nay chia cho 3 luon du 1 v6i moi x nguyeén.
Véi lap luan trén, ta dugc:

3r+1=1 ol = 0

y+2=54 y =52

y+2=-54 = —56
Vi du 4.3. Gidi phuong trinh nghiém nguyén sau:

2z + 5y + 3xy =8 (4.3)
Laoi giai. Ta c6
(4.3) & x2(2+3y) +5y =238
< 3x(2+ 3y) + 15y = 24

& 32(2+ 3y) + 5(2+ 3y) = 34
& (32 +5)(3y +3) =34

Dén day phan tich 34 = 1-34 = 2. 17 16i xét cac truong hgp. Cha y
rang 3x + 5, 3y + 2 13 hai s6 nguyén chia 3 du 2, van dung diéu nay ta
c6 thé gidm bét s6 trudng hop can xét. [ |
Vi du 4.4. Gidi phuong trinh nghiém nguyén

x? —y? = 2011 (4.4)
Loi gidi. (4.4) & (v —y)(z + y) = 2011. Vi 2011 14 s6 nguyén t6 nén
wéc nguyen clia 2011 chi c6 thé 1 +1,42011. Tt d6 suy ra nghiém
(33) 1 (1006; 1005); (1006; —1005); (—1006; —1005); (—1006; 1005). M

Vi du 4.5. Tim cic s6 nguyén x,y thod man diéu kién

P24y =(x—y)(zy+2)+9 (4.5)
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Lai giai. Dat a =z — y,b = zy. Khi d6 (4.5) tré thanh

Viz,y € Znén a,,a—

> +2b=a(b+2)+9< (a—2)(a—b) =9

truong hgp sau:

a—2=9
a—b=1
a—2=3
a—b=3
a—2=1
a—b=9
a—2=-1
a—b=-9
a—2=-3
a—b=-3
a—2=-3
a—b=-3

2,a

a=11
=
{ble
a=>5
=
s
a=3
=
i,
a=1
=
{ble
a=-—1
=
{2
a=—1
=
{2

—y=11
- vy
xy = 10

rT—Yy=>5
y=2

¢

w—y—3
Ty = —

¥
{
{x—y—l
U

¢

¢

zy = 10
z—y=-—1

¢

y=2

r—y=-—1
- Y
{xyzQ

(4.6)

— b déu la cac s6 nguyen. Tu (4.6) ta ¢ cac

(4.10)

(4.11)

(4.12)

Dé thay cac he (4.7),(4.8),(4.10) khong c6 nghiém nguyen, hé (4.9) vo

nghiém, hé (4.11) ¢6 hai nghiém nguyén (1;2) va (—2;
c6 hai nghiém nguyén (—1;6)

va (—6;1).

—1), he (4.12)

Tém lai phuong trinh (4.5) c6 cac cip nghiém nguyén (x;y) 1a (1;2);
(=2;—1); (—=1;6); (—6;1).

Vi du 4.6. Tim nghiém nguyén cia phuong trinh:

(22 +1) (P +1) +2(z—y) (1 —ay) =4 (1 +zy)

(4.13)
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Lai giai. Phuong trinh (4.13) tuong duong véi:

2+ 2?4+ y? + 14 22 — 22%y — 2y + 2xy? = 4 + 4oy
& (@®+22+ 1)y -2+ 20+ Dy+ (22 +22+1) =4
& (@+1)Xy—1)2=4
{ (x+1)(y—1)=2
(x+1)(y—1)=-2

Véi (z+1)(y — 1) =2 ma z,y € Z nén ta c6 cac truong hgp sau:

r+1=1 z=0
* { y—1=2 (i’{y—?,
. z+1=2 o z=1
y—1=1 y =2
r+1=-2 T =
° { y—1=-1 @{y—O

. r+1=— o r=—2
y—1=-2 y=—1

Véi (x +1)(y — 1) = =2, tuong tu ta cing suy ra dugc:

. r+1=-1 - r=—2
y—1=2 y=3
. r+1=1 o z=0
y—1=-2 y=-—1
r+1=2 rz=1
'{y—1:—1 (:’{yzo
r+1=-2 T =-3
'{;,—1:1 <Z>{yz2

Vay phuong trinh da cho c¢6 cac cap nghiém nguyén:
(3y) = {(0;3); (1;2); (=35 0); (=2; =1); (=2;3); (0; =1); (1;0); (—3;2)}

Vi du 4.7. Tim nghiém nguyén ciua phuong trinh

2 4+ 323 +1 =94 (4.14)
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L&i gidi. Nhan hai vé clia phuong trinh (4.14) cho 4, ta dugc:
425 41223 4+ 4 = 49*
& (425 +1223 +9) — 4yt =5
& (223 +3)2 —4yt=5
& (20% -2y +3)(22% +2y% + 3) = 5.

V6i luu y rang 5 = 1.5 =5.1 = (—1).(=5) = (=5).(—1) va x,y € Z nén
ta suy ra dugc cac trudng hop sau:

3_ 9,2 _ 3_ .2 3 _
.{2:1: 202 +3=1 {m y 1@{1’_0

203 + 22 +3=5 B +y?=1 =1
[:U:O
y=1
< =0
y=-1

S 2 -3 =-1  [a2¥-y=-2  [aP=-3 (loai)
223 + 2y +3 = -5 3 2 = y? = i

. 223 — 22 +3=5 - -yt =1 PN =0 (loai)
208 + 22 +3=1 3 4+y?=-1 y?=—1 ;
223 — 292 +3= -5 3 —y?=—4 z3 = -3 .
{ 223 +2y2 +3= -1 34+ y? =2 < y? =1 (loai)
Vay phuong trinh da cho c¢6 cac cap nghiém nguyén:
[(w5y) = {(0;1); (0; - 1)} |
Nhan zét. Bai toan nay ciing c6 thé gidi bing phuong phap kep.
Vi du 4.8. Gidi phuong trinh nghiém nguyén duong:
1 1 1
-+ -—-=- (4.15)
xT Yy p
trong dé p la so6 nguyén to. A
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Lo gidi.

(4.15) & zy = pz +py = (z —y)(y — p) = p*.
Vi p 14 s6 nguyen t6 nén udc sé nguyen clia p? chi c6 thé 1a 1, £p, +p?.
Thit 1an lugt véi cac wde trén ta dé tim duge két qua. Phan trinh bay
xin danh cho ban doc. [ |

Nhan zét. Phuong phap nay can hai buéc chinh: Phan tich thanh uéc
s6 va xét truong hgp dé tim két qua. Hai budc nay c6 thé néi la khong
qué khoé déi véi ban doc, nhung xin néi mot s6 luu ¥ them vé buée xét
truong hop. Trong mot sd bai toan, hing s6 nguyén & vé phai sau khi
phan tich 14 mot s6 c6 nhiéu u6e, nhu vay doi héi xét truong hgp va
tinh toan rat nhiéu. Mot cau héi dat ra la: Lam thé ndo dé gidm sb
truong hop bi xét day? Va dé tra 16i duge cau hoi do, ta sé tham khao
vi du dudi day.

Vi du 4.9. Tim nghiém nguyén cia phuong trinh:
2?4 122 = 52 (4.16)
Ldi giai. (thong thuong) Phuong trinh (4.16) da cho tuong duong véi:
(462 —9y* =36 (x+6+y)(r+6—y) =236

Suy ra x +y+ 6,2 + 6 — y la uc clia 36. Ma s6 36 c6 tat ca 18 ude
nén ta phai xét 18 trudng hgp tuong tng véi

r+6+4+y e {£l;+2;£3;+4; +6; £9; +12; £18; +36}
. Két qua 1a ta tim dugc cac cip nghiém nguyeén (z;y) 1a

(0;0); (—=12;0); (—16;8); (—16; —8); (4;8); (4; —8)

Nhan zét. Ding nhu van dé ma ta da néu ra & trén, sé6 u6c qua nhiéu
dé xét. Cho nén ta sé c¢6 cac nhan xét sau dé thuc hién thao tac "sieu
pham" chuyén tit con s6 18 xudng chi con 2!
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Vi y ¢6 s6 mii chin trong phuong trinh nén c6 thé gia sit y > 0. Khi
dox+6—y < z+ 64y, dovay ta loai dugc tam trudng hgp va con
lai cac truong hop sau:

r+6+y=9 r+6+y=-9 r+y+6=-1
T4+6—y=4 r+6—-y=—-4 |r+y—6=-36

)

r+y+6=236 T+y+6=-2 r+y+6=18
r—y+6=1 |z—y+6=-18 |z—y+6=2

)

r—y—+6=-—-12 r—y+6=3 r—y+6=—6

r+y+6=56
r+y—6=206

{x+y+6=—3 {x+y+6:12 {m+y+6:—6

Bay gio ta da c6 10 truong hop, ta sé tiép tuc luge bdé. Nhan thay
(x+y+6)—(x+6—y)=2ynénx+6—yvazr+6+y cocung tinh
chén 1é, do d6 ta loai thém 6 truong hgp, chi con

z+y+6=18 r+y+6=-2
z4+y—6=2 |r+y—6=-18

I

r4+y+6=—6 r+y+6=06
t—y+6=—6 |lz+y—6=6

rT—y+6=-6 r+y—6=06
hai phuong trinh nay déu tim duge y = 0. Vay sao khong dé don gidn
hon, ta xét y = 0 ngay tit dau. Phuong trinh c6 dang x(x + 12) = 32,
xét hai kha nang:

. 6 =—6 6=26
Tiep tuc xét hai phuong trinh {x Ty va {x Tyt

e Néu y =0 thi z = 0 hosic x = —12.

e Néuy # 0thi 2+6+y > x+6—y, ap dung hai nhan xét trén ta chi
T+y+6=—2 \{x+y+6:18
va

¢6 hai truong hgp:
rT—y+6=-18 rT—y+6=2
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Phuong trinh da cho ¢6 6 nghiém nguyén

(3y) = (—16;8), (0;0), (—12;0), (—16;8), (4;8), (4; —8)
Nhan zét. Nhu vay bai toan ngan gon, chinh xac nhd linh hoat trong
viéc xét tinh chin 18, giéi han hai s6 dé gidm s6 truong hop can xét.
Ngoai cac cach danh gia trén ta con cé thé ap dung xét s6 du ting vé

dé danh gia (day ciing 13 mot phuong phap giai phuong trinh nghiem
nguyen).

Bai tap dé nghi

BAI 1. Thit bién d6i cac bai toan giai phuong trinh nghiem nguyén
& phuong phap Biéu thi mot an theo an con lai bing phuong
phap dua vé uée sb.

BA1 2. Tim do dai canh mdt tam gidc vudng sao cho tich hai canh
huyén gap ba lan chu vi tam giac dé.

BAr1 3. Giai phuong trinh nghiém nguyén z — y + 2zy = 6
BAI1 4. Giéi phuong trinh nghiém nguyén 2x + 5y + 2zy = 8

BA1 5. (Thi HSG 16p 9 tinh Quéng Ngai nam 2011-2012) Giai phuong
trinh nghiém nguyén 6x + 5y + 18 = 2zy

BAI 6. Tim nghiém nguyen (zy — 7)% = 22 + 2
BAI 7. Tim z,y € Z théa man 22?2 — 2zy = 5z — y — 19.

BAI 8. Tim nghiém nguyén ctia phuong trinh 22 +6xy+8y>+3x+6y =
2.

BAI 9. Tim nghiém nguyén duong cia phuong trinh 2% — 32 = 2y + 61

BA1 10. Tim nghiém nguyén ctia phuong trinh 422y? = 22 + 2(1 + z) +
y(1+y)

BAr 11. Giai phuong trinh nghiém nguyen z(z 4 1)(z + 7)(z + 8) = .
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BAr1 12.

BA1 13.

BAI1 14.

BAI 15.

BA1 16.

BAI1 17.

BA1 18.

BA1 19.

BA1 20.

BA1 21.

BA1 22.

Tim nghiém nguyén duong ciia phuong trinh 623 — zy(11z +
3y) + 2y3 = 6 (Tap chi TTT2 s 106).

Tim nghiém nguyén duong ctia phuong trinh z(z +2y)% —y(y +
22)3 = 27 (tap chi THTT s6 398).

Tim nghiém nguyén ctia phuong trinh v/922 + 162 + 96 = 3z —
16y — 24.

Tim nghiém nguyén duong ctia phuong trinh
2+ + L + + !
T+ = T+ - =
o TV T

Tim s6 nguyén x dé z? — 4z — 52 1a s6 chinh phuong.

Giai phuong trinh nghiem nguyén 2 + 2y? + 3zy — 2o —y = 6.
Giai phuong trinh nghiém nguyéen 22 + 3zy — 3% + 2 — 3y = 5.
Giai phuong trinh nghiém nguyén 222 + 3y% +zy — 3z —3 = 4.
(Tuyén sinh vao 16p 10 THPT chuyén truong KHTN Ha Noi
nam hoc 2012-2013) Tim tat cad céc cip s6 nguyén z,y théa
man dang thic (z +y+ 1) (zy + 2 +y) =5+ 2(z + y).

Giai phuong trinh nghiem nguyen x? — 2y* — 22y? — 42 — Ty? —

5=0.
(Thi HSG lop 9 tinh Hung Yén nam 2011-2012)

(Romanian 1999) Chiing minh rang phuong trinh sau khong c6
nghiém nguyén

2° — zty — 1323y% + 13223 + 362y* — 36y° = 1937
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4.1.3 Biéu thi mét an theo an con lai roi sir dung tinh chia
hét

Vi du 4.10. Tim nghiém nguyén cta phuong trinh
20 —zy+3=0 (4.17)

Loi gidi. Nhan xzét. 0 phuong trinh nay ta khong thé 4p dung céc cach
da biét, vay ta phai lam sao? Chi ¥ hon mot xfu nita ta thay co thé
biéu dién y theo x dugc rdi van dung kién thic tim gia tri nguyen &
16p 8 tim nghiém nguyén ctia phuong trinh, thi lam theo ¥ tudng dé6
xem sao.

(417) e 2y =2x+3

Néu z = 0 thi phuong trinh (4.17) da cho vo6 nghiém nguyeén y.
Néu x # 0 thi

_2e+3 3

x
. )
Nhu vy muodn y nguyén thi ta can — nguyén hay néi cach khac = la
x
udc ctua 3. V6i moi gia tri nguyén x ta tim duge mot gia tri y nguyen.
Tt d6, ta c6 bo nghiém cia (4.17) 1a
(z3y) = (=3;1); (=1, —1); (1;5); (3 3)

Vi du 4.11 (Thi HSG 18p 9 Quang Ngai nam 2011-2012). Tim cdc s6
nguyén duong x,y sao cho

62 + by + 18 = 2zy (4.18)

Nhan zét. Hudng phan tich va dinh huéng 16i gidi. Da xac dinh duge
phuong phap ctia dang nay thi bay gio ta sé biéu dién an z theo v.
. —by — 18 . .
Khong kho dé viet thanh z = 63/72 Ta duong nhu nhan thay bieu
— 2y
thitc nay rat kho phan tich nhu biéu thitc & vi du dau. Tuy nhién, néu
dé y ki sé thay bén mau la 2y va ti 1a 5y, do dé ta manh dan nhan 2
vao tit dé xuat hien 2y giéng nhu & mau.
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Loi gidi. Ta c6

5y — 18
418) o= _H—°°
(4.18) & 62y
—10y — 36
9y = 40
&2 63y
66 +5(6—2y)  —66
* 6— 2y 62y

@23::3_ﬁ+5

Nhu vay mudn 2 1a sd nguyén duong thi 3 — y 1a phai 1a wéc cia —33.
Hay 3 —y € {£1;£3;411,433}. Lai dé y ring viy > 1 nén 3 —y < 2.
Do d6 chi ¢6 thé 3 —y € {£1;-3; —11; —33}. Ta c6 bang sau:

3—y| 1 |-1]-3]-11] -33
y 2 | 4| 6 | 14 | 36
x | —14[19] 8 | 4 | 3

Thit lai thay céc cip (x;y) nguyén duong théa man (4.18) la (x;y) =
(19;4), (8;6), (4;14), (3; 36). u

Nhan zét. Bai nay ta cling c6 thé sit dung phuong phap dua vé phuong
trinh wdc s6. Ciing xin chd § v6i ban rang & 10i gidi trén thi ta da nhan
2 ¢ x dé bién doi, do d6 phai c6 mot bude thit lai coi gia tri x,y tim
dugc c6 thoa man (4.18) hay khong roi méi c6 thé két luan.

Bai tap dé nghi

BAI 1. Giai phuong trinh nghiém nguyén 22 — zy = 6z — 5y — 8.

BAI 2. Giai phuong trinh nghiem nguyén 22 + z + 1 = 2zy + .

BAI 3. Giai phuong trinh nghiem nguyén z3 — 2%y + 3z — 2y — 5 = 0.

BAr 4. (Vao 10 chuyén THPT DHKHTN Ha Noi nam 2001-2002) Tim
gia tri ,y nguyen théa man ding thic (y — 2)2% + 1 = 32,
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BA1 5. (Vao 10 chuyén THPT DHKHTN Ha Noi nam 2000-2001) Tim
cap sb6 nguyén (z,y) thdéa man déng thitc y(z — 1) = 22 + 2.

BAI 6. Tim s6 nhd nhét trong cac s6 nguyen duong 1a boi ctia 2007 va
c6 4 chit s6 cudi cung 1a 2008.

BA1 7. Tim nghiém nguyén ctia phuong trinh 5z — 3y = 2zy — 11.

4.1.4 Xét sb du tirng vé

Cd s phuong phap. Doc ngay tiéu dé phuong phéap thi chic ban sé
hiéu ngay phuong phap nay noéi dén viec xét sé6 du & ting vé cho cling
mot s6. Vay, tai sao lai phai xét va xét nhu vay c6 1¢i ich gi trong "cong
cuoc" giai toan? Hay cling tim hiéu qua vi du dau sau:

Vi du 4.12. Tim nghiém nguyén cia phuong trinh
2?4+ y* = 2011 (4.19)

Loi gidi. Ta c6 2%;y? chia 4 c6 thé du 0 hosic 1 nén tong ching chia 4
chi c6 thé du 0; 1 hoac 2. Mit khac 2011 chia 4 dua 3 nén phuong trinh
(4.19) vo nghiém nguyen. [

Nhan xét. Qua vi du dau nay thi ta da thay ré sd du khi chia cho 4 ctia
hai s6 khac nhau thi phuong trinh vo nghiem. Do dé ta lai cang hiéu
thém muc dich clia phuong phap nay. Bat mi thém ti nita thi phuong
phéap nay chtt yéu dung cho cidc phuong trinh khong c6 nghiém nguyeén.
Cho nén, néu ban bat gip mot phuong trinh bat ki ma ban khong thé
tim ra dugc nghiém cho phuong trinh d6, thi hay nghi dén phuong
phap nay dau tien. Con bay gio ta tiép tuc dén véi vi du sau:

Vi du 4.13 (Balkan MO 1998). Tim nghiém nguyén cia phuong trinh
a2t =y° —4 (4.20)

Lai gidi. Ta c6: 22 = 0;1;3;4;5;9 (mod 11). Trong khi d6 y° — 4 =
6;7;8 (mod 11): vo ly. Vay phuong trinh (4.20) vo nghiém nguyén. W
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Nhan zét. Mot cau hoi nita lai 16e 1én trong dau ta: Lam thé nio lai ¢6
thé tim dugc con s6 11 dé ma xét dong du duge nhi? Dap an ciia cau
héi nay ciing chinh 14 cai cbt 161 dé ban van dung phuong phap nay, va
d6 ciing la nhitng kinh nghiém sau:

1. D6i v6i phuong trinh nghiém nguyén c6 sy tham gia clia cac binh
phuong thi ta thuong xét dong du véi 3,4,5,8. Cu thé la:

a’?=0,1 (mod 3)
a’=0,1 (mod 4)
a’=0,1,4 (mod 5)
a?=0,1,4 (mod 8)

2. D6i vé6i cac phuong trinh nghiém nguyén cé6 sy tham gia ciia cac
s6 lap phuong thi ta thuong xét dong du véi 9, vi 23 = 0;1;8
(mod 9) v& dong du véi 7, vi 23 =0,1,6 (mod 7).

3. Déi v6i phuong trinh nghiém nguyén c6 sy tham gia ctia céac
liiy thita bac 4 thi ta thuong xét dong du véi 8, nhu: 2* = 0,1
(mod 8).

4. Mot van dé cudi cung la dinh 1i Fermat: D6i v6i phuong trinh
nghiém nguyén c6 syt tham gia ctia cac lity thita c6 s6 mil 14 mot
s6 nguyeén t6 hay 14 mot s6 ma khi cong 1 vao s6 d6 ta duge mot
s6 nguyén t6 thi ta thuong sit dung dinh i nhé Fermat dé xét
dong du.

Trén day 14 mot sd kinh nghiém ban than, con néu cac ban mudn van
dung dugc phuong phap xét s6 du nay, yéu cau hay ghi nhé kinh nghiém
trén va tim cach chitng minh né. Ngoai ra, néu ban muén mé rong tam
hiéu biét hon nita, ban c6 thé tim cac dong du véi lity thira khac nhau
(chéng han qua vi du 2 ta da rat ra dugec modun 11 cho liay thita bac
hai, bac nadm). Con bay gis, hay thit xem kinh nghiém trén c¢6 hiéu quéa
khong nhé!

Vi du 4.14 (Bai toan trong tuan - diendantoanhoc.net). Ching minh
rang phuong trinh sau khong cé nghiém nguyén

2+ ¢ = 214199
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Nhan zét. Thuong thuong cac bai toan khi diat cau hoi phuong trinh
c6 nghiem hay khong thi thudng cé cau tra 18i 1a khéng. Do do dé
chiing minh phuong trinh trén khong c6 nghiém, thi ta sé tim mot con
s6 sao cho khi chia VT va VP cho con s6 nay thi duge hai s6 du khac
nhau.

Nhu vay, cong viéc bay gid ciia ta la tim con s6 dé. Dé y dén s6 mii 10
thi sé khién ta lién tudng con s6 11 1a s6 nguyeén t6. Nhu vay 10i giai
clia ta sé ap dung dinh 1y Fermat nhé cho s6 11 dé chiing minh hai vé
phuong trinh chia cho 11 khong ciing s6 du.

719=0,1 (mod 11)
Loi gidi. Ap dung dinh 1y Fermat nhé thi { y0 = 0,1 (mod 11)
219=0,1 (mod 11)

Do d6 !9 + 40 — 210 =0,1,2,10 (mod 11) ma 199 = 8 (mod 11) nén
phuong trinh vo6 nghiém nguyén. |

Vi du 4.15 (Dé thi chon HSG toan quéc gia nam 2003 - Bang B).
Heé phuong trinh sau cé ton tai nghiém nguyén hay khong:

4yt =(r+1)?+ul=(+2% 4P =(x+3)%+2 (421

Nhan xzét. Ta du doan phuong trinh trén cliing sé vo nghiém. Do dé
can tim mot s6 va khi chia ca 5 vé dudc cac s6 du khac nhau. Dé § bai
toan nay c6 binh phuong nén ta nghi téi viéc sit dung cac tinh chat
nhu: a? = 0,1 (mod 3), a®> =0,1 (mod 4), a®> =0,1,4 (mod 5), a® =
0,1,4 (mod 8). O bai toan nay, ta sé chon 8. Bay giv chi can xét tinh
du khi chia cho 8.

Lai giai. Gia st phuong trinh (4.21) ¢6 nghiém nguyén (xg, yo, uo, vo, to),
tic la:

w24 yr = (zo+ 1)+ ud = (w0 +2)2 + 03 = (o +3)2 +13  (4.22)

Véi a € Z thi a®> =0,1,4 (mod 8). Ta xét cac kha nang sau:

Chuyén dé Sé hoc DIEN DAN TOAN HOC

http://tieulun.hopto.org


http://www.diendantoanhoc.net
http://diendantoanhoc.net/

72 4.1. Xét tinh chia hét

1. Néu 2o =0 (mod 4) thi 23 + 92 =0,1,4 (mod 8). Va

zo+1=1 (mod 8)=
2o+2=2 (mod 4)

zo+3=3 (mod 4) 1

+12=1,2,5 (mod 8)
Nhan thiy {0,1,4} N {1,2,5} N {0,4,5} N {1,2,5} = 0 nén do dé
phuong trinh khong c6 nghiém nguyén véi x = 0 (mod 4).

2. Tuong tu véizg =1 (mod 4),2¢9 =2 (mod 4) vi zg = 3 (mod 4)
ta cling thyc hién tuong ty va ciing cho két qud phuong trinh
khong c¢6 nghiém nguyén.

Vay phuong trinh (4.21) da cho khong c6 nghiém nguyén. [

Nhan zét. Vi du 4 ta c6 thé tdng quat len:

Vi du 4.16. Tim s6 nguyén duong n lon nhat sao cho hé phuong trinh
(@+1)°+f =@ +2°+y5=...=(@+n)’ +y;

c6 nghiém nguyén. A

Day ciing chinh 1a dé thi chon doi tuyén HSG qubc gia toan nam 2003
- Bang A. Loi giai xin gianh cho ban doc. Cling xin néi thém mot thira
nhan ring, & phuong phap xét sé6 du ting vé nay, ching ta ci tudng
chiing nhu don gidn, nhung thie chat khong phai thé. Dan ching 1a
cac vi du & trén, déu 1a cac bai todn hay va kho 1y tir khac cuoc thi
trong nudc va ngoai nudc.

Bai tap dé nghi
BA1 1. Cho da thiic f(z) c6 cac he s6 nguyen. Biét rang f(1).f(2) 1a s6

18. Chitng minh rang phuong trinh f(0) = 0 khong c6 nghiem
nghiém nguyén.
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BA1 2.

BAI1 3.

BAI 4.

BAI1 5.

BAI1 6.

BAI 7.

BAI1 8.

BA1 9.

BAI 10.

BAr1 11.

BA1 12.

BA1 13.

BA1 14.

BA1 15.

BAI 16.

Ton tai hay khong nghiém nguyén ciia phuong trinh 2 +y'2 +
212 -9 (372012 + 20141995) .

Giai phuong trinh nghiem nguyéen 312% + 122% 4+ 19972 = ¢2.
Giai phuong trinh nghiém nguyén duong 7% = 2% - 3¥ — 1
Giai phuong trinh nghiém nguyén duong 2% - 3¥ = 1 + 57

GiAi phuong trinh nghiem tu nhien 197 +5Y + 1890 = 19754 +
1993.

Giai phuong trinh nghiém nguyén z2 + 3 + 23 = 1012
(Tuyén sinh vao 16p 10 chuyén Tran Phd, Hai Phong nam hoc
2012-2013) z* + y* + 2 = 2012

n

9 v6i moin € N

10
le —yl+ly—z|+|z—2| =

Tim nghiém nguyén ctia phuong trinh (2% + 1)(2% + 2)(2* +
3)(2% + 4) — 5 = 11879

Tim nghiém nguyén ctia phuong trinh 22+ (z+1)2 + (v +2)% =
2

y2.
(Tuyén sinh vio THPT chuyéen DHKHTN Ha Noi nam 2011-
2012) Chiing minh réang khong ton tai bo ba s6 nguyén (z;y; 2)
théa man 2* + y* = 72* 4 5.

Giai phuong trinh nghiém nguyén xf{+z3+- - - = x$;+20122015.
Cho p 1a s6 nguyén t6 18. Chitng minh rang phuong trinh 2P +
y? = p[(p — 1)!]” khong c6 nghiém nguyen

2012 _ 2010 7

Tim nghiém nguyén ctia phuong trinh z Y
Chitng minh ring khong ton tai s6 nguyén z,y théa man z° +

v+ 1= (z+2)°+ (y—3)>°.
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4.2 Sit dung bt ding thirc

4.2.1 S3p thd tu cic an
Vi du 4.17. Gidi phuong trinh nghiém nguyén duong sau

11 1
—t-4-=1 (4.23)
x Yy z

Loi gidi. Khong mat tinh tong quat, ta co thé gia st
1 1 1 3
1<z<y<z=-+-+-=1<—-=x<3
Ty oz T
e V6i x =1 thi (4.23) khong ¢6 nghiém nguyén duong.
1 1 1 1 1 1 2
b =le-—F-=-<Z=y<4Mat
2y =z Yy oz 2 7y
khéc, y >z =2 =y € {2;3;4}. Ta thit 1an lugt cac gia tri cta y

e V6iz =2 thi

% V61 y = 2 thi (4.23) vo nghiém nguyén.
* V61 y =3 thi 2 = 6.
* V61 y =4 thi z =4.
1
3
khédc,doy>zx=3=y=3=2=3

11 11 .
+-+-=1-—+-=-<-=y<3Mat
y oz y z

2
e V6ix =3, taco 3

S

Vay nghiém nguyén (x;y; z) cia (4.23) 1a hoan vi ctia cac bo (2;3;6);
(2;4;4); (3;3;3). -

Nhan zét. Phuong phap nay dude st dung & chd sip thi tu céc an
1 <2 <y < z rdi gi6i han nghiem dé giai.

Ta chi sit dung phuong phap sip thi tu cac an khi vai tro céc an la
binh ding véi nhau. D6 d6 khi van dung phuong phap nay céc ban can
chit ¥ dé tranh nham 1an. Cu thé, ta sé dén véi vi du sau:

Vi du 4.18. Gidi phuong trinh nghiém nguyén duong

r+y+1=uzyz (4.24)
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Loi giadi (L&i gidi sai). Khong mat tinh tong quat, gid st 1 <z <y <
z.Khidé x+y+1 < 3zhayzyz < 3z,suyrazy<3. Maz>y>zx>1
nenx=y=z=1.

Nhan zét. Cai 16i sai 6 161 giai nay la do x,y, z khong binh dang, nén
khong thé sap thit tu cac an nhu trén. Sau day la 15i giai ding:

Loi giai. Khong mat tinh tong quét, gia st 1 < x < y. Ta xét truong
hop:

e Néu x = y thi

(4.24) & 2y +1 = %2
syz—2)=1

e Néu z < y thi tir (4.24) suy ra 2y + 1 > xyz. = 2y > zyz =
xz <2=xz € {1;2}.

x* Voizz =1 =2 =2z=1,thay vao (4.24) suyray+2 =y

(v0 nghiém).

=1 =2
* VOi xz = 2 = “ hoac “ . Tu day ta tim

dugc nghiem x =1,y =2,z=2hoacx =1,y =3,z = 1.

Vay phuong trinh ¢6 nghiém nguyén duong la (1; 1; 3), (1;2;2), (2;1;2),
(2;3;1), (3;2;1). u

Nhan zét. Bay gio ban da hiéu vi cach sip xép cac an nhu thé nao.
Nhung tai sao & bai nay lai xét x = y va & < y ma lai khong di vao phan

Chuyén dé Sé hoc DIEN DAN TOAN HOC

http://tieulun.hopto.org


http://www.diendantoanhoc.net
http://diendantoanhoc.net/

76 4.2. St dung bat dang thiic

tich luon nhu bai truée. Néu ban dé ¥ rang néu khong phan chia thanh
hai trudng hgp nhuu trén thi phuong trinh (4.24) s& thanh 2y+1 > 32z,
rat kho dé tiép tuc phan tich ra nghiem. Do dé viéc xét nhuu trén la
hgp 1i.

Bai tap dé nghi
BA1 1. Giai phuong trinh nghiém nguyén duong 2(x+y+2)+9 = 3zyz.
BAI1 2. Giéi phuong trinh nghiém nguyén duong zyz = 3(x + y + 2).

BA1 3. Giai phuong trinh nghiém nguyeén duong 5(z+y+z+t)+10 =
2xyzt

BAT1 4. Giéi phuong trinh nghiém nguyén duong z! + y! = (x + y)!
(K{ hieu z! 1a tich cdc s6 tu nhién lien tiép tit 1 dén x).

BAI 5. Tim nghiém nguyén duong ciia phuong trinh 22 + 7y = y3 4 7x.
BA1 6. Tim nghiém nguyén duong cta phuong trinh x1+xo+- - -4+x12 =
T1T2 -+ T12.
BAI 7. Tim tat cd cic nghiém nguyén duong ciia phuong trinh % +
Y4z

Yty =t
22 2

BAI1 8. Tim nghiém nguyén duong ctia phuong trinh ! + ¢! + 2! = ul.

4.2.2 S dung bat ding thic

Nhan zét. Dé gidi phuong trinh nay, ta thuong sit dung cac bat ding
thitc quen thugc dé danh gid mot vé ctia phuong trinh khong nhé hon
(hodc khong 16n hon) vé con lai. Muén cho hai vé bang nhau thi bat
déng thitc phai tré thanh dang thrc.

Cu thé, ta c6 mot sd bat dang thiic co ban thudng ding:

1. Bat dang thic Cauchy (hay con goi la bat ding thic AM-GM):

Néu ai, a9, -+ ,a, 1a cac s6 thyc khong am thi
ay+ag+---+an
> {aiaz---an
n
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Déu dang thitc xay ra khi v chi khi a1 = as = -+ = a,.

2. Bat dang thitc Bunhiacopzki (hay con dugc goi la bat dang thitc
Cauchy - Bunyakovsky - Schwarz): Véi hai bo s6 thyc bat ki
(ala az,:--- 7an) va (b17 b27 e abn)a ta co

(af+a3+---+a2) (b3 + b3+ +b2) >
> (arby + agbg + - - - + anby)?.

Déng thtic xay ra khi va chi khi ton tai sé thuc k sao cho a; = kb;
v6i moi i =1,2,--- ,n.

3. Bt ddng thic Trebusep (hay con viét la bat dang thitc Chebyshev):
Cho day hitu han céac sd thuce duge sap theo thit tu a; < as <
e <apvab <by <-...<b,. Khidb ta co:

n(a1by +agbe+---+apby) > (a1 +as+---+an) (b1 +ba+---+by)

DAu ding thitc xéy ra khi v chi khi | 91~ %27 77 %
by =by=---=b,

Bay gio ta sé cling xem xét mot s6 vi du sau:
Vi du 4.19. Gidi phuong trinh nghiém nguyén duong sau:
28 + 23 — 15222 = 32%y%2 — (y* +5)3 (4.25)

Loi giai. Nhan xét. 0 phuong trinh nay khi méi nhin vao hin da s6
cac ban sé c¢6 phan réi, khong xac dinh duge phuong phap lam, khong
van dung dugc cac phuong phap da hoc. Tuy nhién néu dé ¥ ki mot
xi thi ta thiy 2% = (22)3 diéu nay c6 gi diic biet? Ta thay (22)3, 23 va
(y? + 5)3 déu c6 ciing bac ba va dé bai da cho nguyén duong nén ta
nghi ngay dén mot Bat dang thic kinh dién: Bat dang thic Cauchy
hay con goi 1a bat dang thitc AM-GM.

Ta gidi nhu sau

(4.25) & ()3 + (y? +5)% + 2% = 32%2(y® + )
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Ap dung Bat ding thitcc AM-GM cho bo ba s6 duong (22)3, 2% va (y? +
5)3 ta dudc:

(@) +(y7+5)+2° > 33/ (22)3.(y2 + 5)3.2% = 32”2(y*+5) = V P(4.25)
Dau bing chi xdy ra khi 22 = y?> + 5 = 5.
Mat khac ta co:

=y 455 (z—y)(z+y) =5

bay 1a mét dang phuong trinh nghiém nguyén quen thudc ta da hoc,
toi tin chic cac ban déu c6 thé dé& dang gidi phuong trinh trén, va ti
x;y trén ta co thé tim dugc z mot cach dé dang.

Dap s6: Nghiém nguyeén ctia phuong trinh (4.25) 1a (z;y;2) = (3;2;9).1

Vi du 4.20. Tim nghiém nguyén cta phuong trinh
(r+y+2)?=30a"+y*+1)

Loi giai. Ap dung bat ding thitc Bunyakovsky cho hai bo s6 (z,,1)
va (1,1,1) ta co

(@+y+1)? < (P+ 12+ 1)@+ +1) = 3% +y° + 1)

Déng thic xay ra khi va chi khi z =y = 1.
Vay phuong trinh c¢6 nghiém nguyén 1a (z,y) = (1,1). [

Nhan zét. Cac bai Toan vé phuong trinh nghiém nguyén ma gidi bang
cach st dung Bat ding thic rat it dung vi rat dé bi 1o dung ¥ néu
ngudi ra dé khong khéo léo. Tuy nhién, ta vAn phai thanh thao phuong
phap nay khong dude xem thuong né dé tranh nhing sai lam dang tiéc
khong thé sta dugce.

Bai tap dé nghi

BAr1 1. Tim nghiém nguyén duong x,y théa man phuong trinh (22 +
1)(2? + ¢?) = 4a®y

N . . o, I z  zx
BAI1 2. Tim nghiém nguyén ctia phuong trinh il + Yz + —=3.
z x Y
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BA1 3.

BAI 4.

BAI 5.

BAI 6.

BAI 7.

BAI1 8.

BA1 9.

BA1 10.

BAr1 11.

(D@ thi tuyén sinh vao dai hoc Vinh) Tim nghiém nguyén ctia
phuong trinh

(22 + 1)y + 4) (2% + 9) = 48zy=
Giai phuong trinh nghiém nguyén

4 n 1 n 25
Ve—2 Vg1 Vo5

=16—vVz—-2—\y—1-vVz—-5

24+ 22=9
Tim nghiém nguyén ctia hé phuong trinh { y? + > = 16
rt+yz =12

Tim nghiém nguyén duong ciia phuong trinh 23 +1y3 —6zy+8 =
0.

=12
Tim nghiém nguyén ctia hé phuong trinh 1:4y + yf + Zf
xt 4yt + 25 =48
Cho phuong trinh 23 + y3 4 23 = nayz.

a, Chitng minh réng khi m = 1 vA m = 2 thi phuong trinh
khong c6 nghiém nguyén duong.

b, Giai phuong trinh nghiém nguyén duong khi m = 3.

Giai phuong trinh nghiem nguyén duong (23 +y3)+4(2? +y?)+
4(x +y) = 16xy.

Giai phuong trinh nghiém nguyén duong

3ty +at P +2) =20 —x+ 1)y —y+1)

Giai phuong trinh nghiém nguyén duong véi z, vy, z 1a cac s6 doi
mot khac nhau

PP+ = (w+y+2)°
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4.2.3 Chi ra nghiém

Nhan xzét. Phuong phap nay danh cho nhing bai todn gidi phuong
trinh nghiém nguyén khi ma ta da tim dugc chinh xac nghiém nguyén
va muén chitng minh phuong trinh chi c¢6 duy nhat cac nghiém nguyén
d6 ma thoi.

Vi du 4.21. Tim nghiém nguyén duong cia phuong trinh
2 4 3% =5" (4.26)

L&i gidi. Chia 2 vé clia phuong trinh (4.26) cho s6 duong 5%, ta duge:

waoye (2) 4 (2) =1

2 3
Véi x = 1 thi ta dugc 5 + 5= 1:ding nén x = 1 1a 1 nghiém cta

(4.26).
(0 203

Vé6i x > 1 thi

Do d6 moi gia tri x > 1 déu khong 1a nghiém ctia (4.26). Vay nghiém
nguyen duong cta (4.26) 1la x = 1. [
Nhan zét. O vi du tren, ta dé& nhan thidy z = 1 1a nghiem duy nhét
ctia phuong trinh nén chi can ching minh v6i x > 1 thi phuong trinh

vo nghiém. Ngoai ra, tit bai toan trén ta c6 thé md rong thanh hai bai
toan méi:

Bai toan 4.1. Tim nghiém nguyén duong cia phuong trinh

Biang cach gii tuong tu ta ciing tim duge nghiém duy nhat clia phuong
trinh trén la x = 4.
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4.2. Stt dung bat ding thiic 81

Bai toan 4.2. Tim nghiém nguyén duong cta phuong trinh
3" +4Y =5°

Bai toan 4.2 r6 rang da duge nang cao lén ro rét, nhung 16i gidi clia bai
toan nay 1a st dung phuong phap xét s6 du da hoc. Sau day 1a 1oi giai
rat dep ctia khanh3570883 hién 14 Diéu hanh vien THPT ctia VMF:
Loi gidi. Xét theo module 3 ta c6:

5 =(=1)* (mod 3) = 4¥=(-1)* (mod 3) = z=2h(h€N)
= (5" —2v)(5h +2v) = 3°

Do 5" — 2¥ va 5" + 2¥ khong dong thoi chia hét cho 3 nén 5" + 2V = 3
va 5 —2v =1,

Tacé 5" +2Y = (1) +(=1)Y =0 (mod 3) va 5" —2¥ = (—1)"—(—1)¥ =
1 (mod 3) = h 1é va y chan.

Néuy > 2 thi 5" +2Y =1 (mod4) = 3* = 1 (mod 4) = 3* = 1
(mod 8).

Miit khac 5 = 5" + 2Y (mod 8) = 5 = 3% (mod 8) = 5 =1 (mod 8):
vo 1.

Dodéy=2.Suyrax=y=2=2. |

Phuong phap nay thuong hay sit dung cho cac phuong trinh c¢6 an & sb
mi va cac phuong trinh c¢6 nghiém nho.

4.2.4 S dung A cta phuadng trinh bac 2

Nhan xét. Viét phuong trinh dudi dang phuong trinh bac hai déi véi
mot an, dung diéu kien. A > 0 hoiic A 1a s6 chinh phuong. Ta sé tity
truong hgp dé chon mot trong hai cach xét A vao viec gidi toan.

Vi du 4.22. Gidi phuong trinh nghiém nguyén

3224+ 3y — )z +3y> —8y =0 (4.27)
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Lai giai. Coi (4.27) 1a phuong trinh bac 2 an z. Xét A, = —27y% +
9y + 1.
Dé (4.27) ¢6 nghiem z thi

Ay >0 —212+9y+1>0s —0,01 <y<3,3=ye{0;1;2;3)}

Neuy=0=322-2=0=2=0vizcZ
Neuy=1=322+2x-5=0=>z=1vizcZ

Néu y = 2 hodc y = 3 thi khong tim dudc x nguyén nén loai.

Vay (4.27) c¢6 nghiém nguyeén (z;y) = (0;0); (1;1). [

Vi du 4.23. Gidi phuong trinh nghiém nguyén
322 —y? — 20y — 20 — 2y +8=0 (4.28)
Loi gidi. Ta c6

(4.28) & y? +2(x+ 1)y — (322 —22+8) =0
A =(z+1)* 432" —20+8 =42 +9

Dé (4.28) c6 nghiem thi A], = 42%+9 1a s6 chinh phuong. Dt 42249 =
k% véi k € N, ta dua vé phuong trinh wée s6 va tim duge z € {2;0; —2}.

e V6i x = 2 ta duge y2 + 6y — 16 = 0 nén y € {—8;2}.
e V6iz=0thiy?+2y—8=0neényc {—4;2}.
e Véiz=-2thiy? -2y —24=0nényc {—6;4}.

Két luan. Vay phuong trinh (4.28) c¢6 nghiem (z;y) 1a (2;-8), (2;2),
(O; _4)¢ (0;2)7 (_2;6)7 (_2; _4) u

Nhan zét. Hai bai toan trén déu c6 thé st dung phuong phap dua vé
phuong trinh uéc s6 dé giai.
Bai tap dé nghi

BAI 1. Tim & cac phuong phéap trude (nhat 1a 6 phuong phap dua vé
phuong trinh u6c s6) céc bai toan dé gidi bing phuong phap
nay.
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BAI 2. Tim nghiém nguyén ctia phuong trinh = + zy + y = 22 + 2.
BAI 3. Giai phuong trinh nghiem nguyén 10z2 + 5y + 38 — 122y +
16y — 36z = 0.
BAI 4. Tim nghiém nguyeén phuong trinh 922 + 22 4 4y + 34 — 122y +
20y — 36z = 0.
BAI 5. Tim nghiém nguyén duong ciia = + 2y + 3xy + 3z + 5y = 14.
BAI 6. Tim nghiém nguyén phuong trinh 22 —2y—6y?42x—6y—10 = 0.
BAI 7. Tim nghiém nguyén ctia phuong trinh 22 +2y62+3zy+3x+5y =
15.
BAI 8. Tim nghiém nguyeén ctia phuong trinh 222+ 6y? + 7oy —x —y =
25.
BAI 9. Tim nghiém nguyén ctia phuong trinh 922 — 10y? — 92y + 3z —
5y = 9.
BAr1 10. Tim nghiém nguyén ctia phuong trinh 1222 46xy+3y? = 28(z+
Y)-
(Thi vao ldp 10 chuyén, DHKHTN-DHQGHN nam 1994)
BAr1 11. Tim nghiém nguyén ctia phuong trinh 3(2? 4+ 2y +y?) = 2+ 8y.
BAI 12. Tim nghiém nguyén ctia phuong trinh 7(2? + 2y +32) = 39(x +
y)-
BAI 13. Tim nghiém nguyén ciia phuong trinh 222 + 32 + 32y + 3z +
2y+2=0.
BAI 14. Tim nghiém nguyén ctia phuong trinh 22 +2y%+3zy—2x—y+3 =
0.
BAI 15. Tim nghiém nguyén clia phuong trinh 322 +4y? 4122+ 3y+5 =
0.
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4.2.5 Phuaong phap kep

Nhan zét. Stt dung tinh chat lily thita cting bac clia s6 nguyén lién
tiép hoiic tich cac s6 nguyeén lién tiép ... dé dua phuong trinh nghiem
nguyén can gidi vé dang phuong trinh khac it an hon va quen thudc
hon. Phuong phap nay con c6 cach goi khac 1a phuong phap khit an.
Ta thuong van dung cac nhan xét sau:

1. X" <YY" < (X +a)" (a € N thi Y" = (X + a — )" vdi
1=20;1;2;--- ;a.
Vi du v6i n = 2 thi:
e Khong ton tai x € Z dé a® < 2% < (a+1)? v6i a € Z.
e Néu a? < 22 < (a+2)? thi 22 = (a + 1)?
2. XX+ (X4+n)<YY+1)---(Y+n) < (X+a) (X +a+
- (X4+a+n)thhY(Y+1)--- (Y +n) = X+)X+1+
i) (X+a+i)v6ii=0;1;2;--- ;a.
Vi du:
e Khong ton tai b € Z dé a(a+1) <b(b+1) < (a+1)(a+2)
véi a € Z.
e Véiala+1) <bb+1) < (b+2)(b+3) thi bbb+ 1) =
(b+2)(b+3).
Vi du 4.24. Tim cic s6 nguyen duong x dé biéu thic sau la so chinh
phuong
A=z +223 422 + 2+ 3 (4.29)
Loi gidi. Vi A I s6 chinh phuong nén ta c6 thé dit

A=z 4203+ 202 + 2+ 3=12(y €N)

Ta thay
2 = (@*+223+2%) +22+2+3
1\ 11
= (22 +2)%+ <az + 2> + vy
> (22 +12)?
=y > (¥ +2)% ()
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Néu xz =1 = A = 9: 13 s6 chinh phuong nén thda de.
Néu z > 1 thi xét hieu

(P 42+1)2—y? = 22 +2—2 = (2+2)(z—1) > 0 = ¢* < (®+a+1)?, (ii)
T (i) va (i), ta ¢
(2% +2)? <y? < (2% + 2 +1)?

Suy ra, khong ton tai y € N dé y? = A khi z > 1.
Vay = = 1 1a gia tri can tim. [ |

Vi du 4.25. Gidi phuong trinh nghiém nguyén
st ra=9%—y (4.30)
Lai giai. Ta c¢6 danh gia sau
2@+ 1) <2t a2t 44 < (22 +2) (22 4 3) (4.31)
T (4.30) va (4.31) suy ra
22 (2? +1) <yly—1) < (2 +2)(2* + 3). (4.32)
Vi z,y, z nguyén nén tit (4.32) suy ra
yy—1) = (a*+1)(=*> +2) (4.33)
Tit (4.30) va (4.33) thi
2 a=2+ 1)@ +2) el =1 r==+I

Tur day dé tim duge y = —1 hoac y = 3.
Vay pt da cho c¢6 bon cap nghiém

(1‘, y) = {(17 _2)7 (17 3)7 (_17 _2)7 (_17 3)}

Bai tap dé nghi
Tim nghiém nguyén cia cac phuong trinh sau:
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BArl. 2+ 224+ 1=1¢?

BAr2. 3(zt +yt+ 22 + 2 +2) =222 -z + D)y -y + 1)
BAr3. 222 +322+1—-9%2=0

BAr 4. 22+ (z 4+ y)* = (z + 9)?

BAr5. y? —a® =2z +1

BA1 6. 2% — gy + 24 + 22222 + 322 + 4224+ 1=0
BAI7. 23 — 42 =242 -3y —1=0

BAr8. a2t + (z+ 1) =92 + (y + 1)?

BA1 9. 9% — 3% = ¢y + 2¢° 4 9% + 2y

BA110. z* + 22 — > +y+10=0

BA1 11. 26 — 4¢3 — 4y* = 2+ 3y + 632

BAr 12. (z —2)* — 2% = o3

BAI1 13. 23 + 822 — 62 +8 = ¢

4.3 Nguyén tic cuc han, lbi v han

4.3.1 Lui vo han

Vi du 4.26 (Korea 1996). Gidi phuong trinh nghiém nguyén sau:
22+ + 2% = 2xy2 (4.34)

Lai giai. Gia st (z0;y0;20) 1a bo nghiém nguyén ctia (4.34) thi ta co

x4+ g + 25 = 2x0y0%0

R6 rang VT (4.34) chan do VP (4.34) chan nén c6 2 trudng hgp xay
ra:

DIEN DAN TOAN HOC Chuyén dé Sé hoc

http://tieulun.hopto.org


http://www.diendantoanhoc.net
http://diendantoanhoc.net/

4.3. Nguyén tac cic han, Iti vo han 87

o Truong hop 1. Trong xo; yo; 20, c6 2 50 1é, 1 s6 chin. Khong mat tinh
tdng quat, gia st zo;yo 16 con zy chin. Xét theo module 4 thi

VT(4.34) =2 (mod4), VP(4.34) =0 (mod 4) : vo ly!

Vay truong hgp nay khong xay ra.
o Truong hop 2. xo; yo; zo déu chdn. Dat x¢g = 2x1; yo = 2y1; 20 = 221
V6l 21;y1;21 € Z. Thay vao (4.34) va rat gon, ta thu duge

.%'% + y% + 2% = 4[1313/12’1

Lap luan nhu trén, ta lai duge x1; y1; 21 déu chén.

Qué trinh d6 dién ra tiép tuc nén zo; yo; 20 :2* v6i k tu nhien tiy .
Diéu d6 chi x4y ra khi va chi khi g = yg = 29 = 0. |

4.3.2 Nguyén tic cuc han

Dinh nghia 4.1 Nguyén tac cuc han hay con goi 1a nguyén Ii khdi dau
ciue tri. Vé mat hinh thitc thi phuong phap nay khac véi phuong phap
i v6 han nhung cach sit dung déu nhir nhau déu chitng minh phiuong
trinh chi c¢6 nghiém tam thuong (nghiém tam thuong la nghiém bing
0). Phuong phap gidi nhu sau:

Gia st (wo;yo; 20; -..) 1a nghiém cta f(x;y;2;...) véi mot diéu kién nao
dé rang buoc bo (zo; yo; z0; -..). Chang han xo nhé nhat hodc xo +yo +
20 + ... nhé nhat va sau dé bing cac phép bién doi s6 hoc ta lai tim
duge 1 bo nghiém (x1;y1; 21;...) trai véi nhitng diéu kién rang buoc
trén. Vi du ta chon bo (zo;yo; 20; -..) v6i dieu kién xo nhé nhat sau dé
ta lai tim dugc 1 bo (x1;y1;21;...) v6i 21 < z9 dan dén phuong trinh
c6 nghiém tam thuong. A

Vi du 4.27. Gidi phuong trinh nghiém nguyén sau
8zt 4 4y + 224 =t (4.35)

L&i gidi. Gid st (wo; yo; 20; to) 12 nghiém nguyen khong tam thuong clia
(4.35) véi 2o nhé nhat.
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88 4.3. Nguyén tac ciic han, Iti vo han

Tu (4.35) suy ra to chdn. Dat ¢ = 2t1(¢1 € Z) thé vao (4.35) va rat gon,
ta dugc
4ot + 2ys + 2o = 8t}

Do vay 2o chdn. Dat 29 = 221(21 € Z), thé vao va rut gon ta duge
28 + ya + 821 = 4t}

Do vay yo chén. Dit yo = 2y1(y1 € Z), thé vao va riut gon ta duge
xh+ 8yt + 421 =2t}

Do vay x¢ chén. Dat xg = 2z1(z1 € Z), thé vao phuong trinh ta duge
8z + 4yt + 221 = t]

Suy ra (z1;y1; 21;t1) cing 1a nghiem cta (4.35) . Dé thay x1 < zo (vO
If v6i dieu gia sit). Do d6 phuong trinh ¢6 nghiém nguyén duy nhat la
(395 z;1) = (0;0;0;0). u

Bai tap dé nghi

BAI 1. Gidi cac phuong trinh nghiém nguyen 22 + y? = 322

BAI 2. Gidi cac phuong trinh nghiém nguyen a3 4 2y3 = 423

BAI1 3. Giai cac phuong trinh nghiém nguyén 32 4 6y% + 1222 = ¢2
BAI 4. Gidi cac phuong trinh nghiém nguyen 22 + 6y? 4 222 = 4¢>
BAI 5. Giai phuong trinh nghiem nguyén z2 + y? + 22 + t? = 22y?22.

BAI 6. Giai phuong trinh nghiem nguyén 523 + 11y3 4+ 1323 = 0.
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phuong trinh dong du 96

5.7 Baitdp 101

Tran Trung Kien (ISPECTORGADGET)
Nguyén Dinh Tung (TUNGC3SP)

5.1 Phudng trinh dong du tuyén tinh

Dinh nghia 5.1 Phuong trinh dong du dang ax = b (mod m) dugc goi
14 phuong trinh dong du tuyén tinh véi a, b, m 1a cac s6 da biét.

xo 1a mot nghiém ciia phuong trinh khi va chi khi axg = b (mod m).
Néu o 1a mot nghiém ctia phuong trinh thi cdc phan tit thuoc 16p =g
cting 14 nghiém. A

Vi du 5.1. Gidi phuong trinh dong du sau: 12x = 7 (mod 23)

L&i gidi. Do (12;23) = 1 nén phuong trinh luon cé nghiém duy nhat.
Ta tim mot s6 nguyén sao cho 7+ 23k chia hét cho 12. Chon k = 7
suy ra 12x = 7.24 (mod 23) = x = 14 (mod 23) |

89
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90 5.2. Phuong trinh dong du bac cao

Vi du 5.2. Gidi phuong trinh 5z =2 (mod 7) A
Loi giadi. Vi (5;2) = 1 nén ton tai s6 k = 4 sao cho 2 + 7k chia hét cho
5. Khi &y 5z = 2 + 6.7 (mod 7) ta dugc nghiem z = ? =6 (mod 7)
hay © =6 + 7k [ |

Vi du 5.3. Gidi phuong trinh: 5x =4 (mod 11) A
Loi gidi. Ta c6:

5¢ =4 (mod 11)

4=4 (mod 11)

Ap dung tinh chat bic cau ta c6: 5z =4 (mod 11) = 5z = 11t + 4
Ta c6 thé 1ay t = 1; 2 = 3. T d6 phuong trinh c6 nghiém duy nhat 1a
x =3 (mod 11) [ ]

Nhan zét. Cach xac dinh nghiém nay 1a don gian nhung chi dung dugc
trong truong hop a 14 mot sd6 nhé hoac dé thiy ngay so k.

5.2 Phuong trinh dong du bac cao

Vi du 5.4. Gidi phuong trinh 223 +4 =0 (mod 5) A
Lai gidi. Ta thiy z = 2 suy ra 223 = —4 (mod 5).
Nén x = 2 1a nghiém duy nhat ctia phuong trinh da cho. |

5.3 Hé phuong trinh déng du bac nhit mét an

Dinh nghia 5.2 Hé phuong trinh c¢6 dang sau dugc goi la hé phuong
trinh dong du bac nhat mot an

x=b (modmy)
x =by (mod my)

x =br (mod my)

V6i m1; ma; ...my, la nhitng s6 nguyén 16én hon 1 va by; by; ...; by, 1a nhiing
s6 nguyeén tiy y. A
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5.3. Heé phuong trinh dong du bac nhat mot an 91

Nhan xét. e Trong trudng hop tong quét, ching ta c6 thé ching
minh duge ring: Diéu kién can va dit dé he phuong trinh (5.2) c6
nghiem 1a UCLN (m;;m;) chia hét b; —b; v6ii # j(1 <4,j < k).

e Gid stt m = p$1pd?..p2* 1a phan tich tiéu chuan ctia m. Khi

dy phuong trinh dong du f(x) =0 (mod m) tuong duong véi he
phuong trinh dong du f(x) =0 (mod p¢t),i = 1,2,....k. T d6
suy ra rang néu x = b; (mod p¢!) 14 mot nghiém ctia phuong
trinh f(x) =0 (mod p;),7 = 1,2, ...,k thi nghiém ctia hé phuong
trinh ctia hé phuong trinh dong du

x = by (modp?)
x = by (modp5?)

x = by ('I‘?;lodpgk)

cho ta nghiém ctia phuong trinh f(z) = 0(modm).

Vay trong e Truong hop tong qudt gidi mot phuong trinh dong
du dan dén gidi hé trén. Vi cic module my, ma, ..., my doi mot
nguyén to cung nhau.

Phuong phap chung dé giai:

e Truong hop 1: hé 2 phuong trinh

x=b; (mod my)
x =by (mod my)

V6i gid thiét d = (myq, mg) chia hét cho by —by. Trudc tién ta nhan
xét rang, moi s6 x = by +mqt,t € Z la nghiém ctia phuong trinh
thit nhat. Sau d6 ta tim cach xac dinh t sao cho x nghiém ding
phuong trinh thi hai, nghia 1a hé hai phuong trinh trén tuong
duong v6i hé phuong trinh

x =by +mt
by + mit =be  (mod mg)
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5.3. He phuong trinh dong du bac nhat mot an

Vi gi& thiét d = (my, mg) 1a wéc by — by nén phuong trinh: by +
mit = b (mod mg) tuong duong véi phuong trinh:

mi b2 — b1 mo
—t= d —
d g (wod =)
Nhung (ﬂ:ll 722) = 1 nén phuong trinh dong du nay cho ta
nghiém ¢ =ty (mod 17; ), 1a tap hgp tat ca cic s6 nguyen

t—t0+duu€Z

Thay biéu thic ctia t vio biéu thite tinh x ta dugce tap hop cac
gia tri clia x nghiém dung c hai phuong trinh dong du dang xét
la:

m
T = by +my(to + 7271) = b1 + matog + "2 u, hay = 29 +my

vOi g = by + mytg, m = BCNN(my, mg).

Vay x = 29 (mod m) 1a nghiém ctia h¢ hai phuong trinh dong du
dang xét.

Truong hop 2: Hé gom n phuong trinh. Dau tién gidi hé hai
phuong trinh ndo dé ctia hé da cho, roi thay trong hé hai phuong
trinh da giai bang nghiém tim thay, ta sé dugc mot he gom n — 1
phuong trinh tuong duong véi v6i hé da cho. Tiép tuc nhu vay
sau n — 1 budc ta sé duge nghiém can tim.

x =26 (mod 36)
x =62 (mod 60)

Vi du 5.5. Gidi hé phuong trinh: 2 =92 (mod 150) A
x =11 (mod 231)
Loi gidi. Hé hai phuong trinh:
x =26 (mod 36) x = 26 + 36t te7
=62 (mod 60) 26 + 36t = 62’ '
26+ 36t = 62 (mod 60)
<36t = 36 (mod 60)
<t = 1 (modb)
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5.3. Heé phuong trinh dong du bac nhat mot an 93

Vay nghiém ctia hé 1a: x = 26+ 36.1 (mod 180) hay = = 62 (mod 180)
Do dé hé phuong trinh da cho tuwong duong véi hé:

x =62 (mod 180)
=92 (mod 150)
x =11 (mod 231)

Vi du 5.6. Gidi hé phuong trinh

r =62 (mod 180) x =624 180t te7
=92 (mod 150) 62 4+ 180t =92 (mod 150)’ '
Loi giai. Ta co:
62 + 180t = 92 (mod 1)50)
<180t =30 (mod 150)
<6t=1 (mod5b) < t=1 (mod 5)

Vay nghiém ctia hé la:
x =624 180.(14) (mod 900) < x =242 (mod 900)
Hé da cho tuong duong véi:

x = 242 (mod900)
x =11 (mod231)

Hé nay c¢6 nghiem z = 242 (mod 69300) , va day cting 1a nghiém cta
hé da cho can tim. [ |

Vi du 5.7. Tim s6 nguyén duong nhé nhat théa tinh chat: chia 7 du 5,
chia 11 du 7 va chia 13 du 3. A
Loi gidi. Ta c6: ny = 7; Ny = 11.13 = 143;ny = 11; Ny = 7.13 =
91;n3 =13; N3 =711 =T77.

Ta c¢6 N1by =3by =1 (mod 7) — by = —2. Tuong tu by = 4;b3 = —1
Vay a = 143(—2)5+ (91)(4)(7) + (77)(—1)(3) = —1430 4 2548 — 231 =
887 vay cac sd can tim c¢6 dang b = 877 + 1001k.

Vay 877 1a s6 can tim. [ |
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Vi du 5.8 (Chon do6i tuyén KHTN). Xét hé dong du gom 3 phuong

trinh:
xy = —1 (mod z2) (5.1)
yz = 1 (mod x) .
zz = 1 (mod y) (5.3)

Héy tim s6 bo (z,y, z)nguyén duong phan biét vdil trong 3 s6 la 19./\
L&i gidi. Tt ba phuong trinh, theo tinh chat dong du ta lan lugt c6

xy + 1iz vi yz — iz v 2z — Ly
Suy ra

(xy +1)(yz — 1) (22 — 1):zy2
:x2y2z2 - x2yz — a:y2z + :Uyz2 +ay —yz — 2x + Lizyz

=xy —yz — 22 + lizyz

Nhan thay do z,y, 2 nguyén duong cho nén xyz > 1. Suy ra zy — yz —
zx +1 < 2zyz

Mat khac yz 4+ zz — 2y — 1 < 2zyz = —(yz + 2 —zy — 1) > —2zy2
Do d6 ta c6 bat phuong trinh kép —2zyz < 2y —yz — 2o + 1 < 22yz

Ma zy—yz—zr+1lizyz = xy—yz—za+1 = 2zyz, loyz, 0, —lryz, —2wy2
e Trudng hop 1: 2y —yz —zx + 1 =2z2yz = 2y = —1 (mod 2),yz =1
(mod z),zx =1 (mod y)

Cho nén ta chi can tim nghiém ctia zy — yz — 2z + 1 = 2xyz 1a xong.

Vi 2,9, 2z ¢6 mot s6 bang 19 nén ta thay 1an lugt vao.

Néuz =19 = 19y —yz — 192+ 1 = 38yz = 39yz — 19y + 192 = 1
= (39y 4+ 19)(39z — 19) = —322 V6i y = 19 hodc z = 19 thi tuong tu.

o Truong hop 2,3,4,5: zy—yz—zx+1 = layz,0, —lxyz, —2xyz lam hoan
toan tuong t, ta day dude vé phuong trinh c6 dang au+bv = ab+uv+z
véi x 14 hing sb.

Dua vé (a — v)(b — u) = z va giai kiéu phuong trinh u6c sb6. Bai toan
hoan tat. [ |
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Nhan zét. Bai toan nay ma khong cho diéu kién mot s6 bang 19 thi
khong dua duge dang au + bv = ab+wv + z <> (a —v)(b—u) = x lic
d6 suy ra vo han nghiém.

5.4 Bac cia phuong trinh dong du

Dinh nghia 5.3 Xét phuong trinh dong du f(x) = 0 (mod m) vdi
f(x) =apz™ + a2 '+ ... +an,a; €EN,i=0,1,....n

Néu ag khong dong dur 0 (mod m) thi ta néi n la bac ctia phuong trinh
dong dur. A

Vi du 5.9. Xdc dinh bac ctia phuong trinh 1525 —82* + 22 +62+8 =0
(mod 3) A

L&i gidi. Ta thay 15 = 0 (mod 3) nén bac ciia phuong trinh khong
phéi 1a bac 6. Phuong trinh trén tuong duong véi —8z + 22 +2 =0
(mod 3)

Vi —8 # 0 (mod 3) nén bac phuong trinh la n = 4. |

5.5 Bai tap

BA1 1. Giai cac phuong trinh sau: a) 7z = 6 (mod 13) b) (a + b)z =
a? +b? (mod ab) véi (a,b) =1 ¢) 17z = 13 (mod 11) d) 2? +
x—2=1 (mod 3)

z =1 (mod 3)
\ L - x =4 (mod 4)
BAI 2. Giai cac hé phuong trinh: a) =2 (mod 7)
=9 (mod 11)
5z =1 (mod 12)
b) S5z =2 (mod 8)
7z =3 (mod 11)

BAI 3. Tim a nguyén dé hé phuong trinh sau c6 nghiém

Chuyén dé Sé hoc DIEN DAN TOAN HOC

http://tieulun.hopto.org


http://www.diendantoanhoc.net
http://diendantoanhoc.net/

96 5.6. Ung dung dinh 1y Euler dé giai phuong trinh dong du

a)

e 1101
Q = = W

)

o

o,

W
\]\_/\_/

8 8 8 8

2z = a (mod 3)
b) { 3z =4 (mod 10)

BA1 4. Mot 16p gom 40 hoc sinh ditng thanh vong tron va quay mit
va trong vong tron dé choi béng. Méi hoc sinh nhan dugce bong
phai ném qua méit 6 ban & bén tay trai minh. Chiing minh rang
tat ca hoc sinh trong 16p déu nhan dugec béng ném tdi minh
sau 40 lan ném bong lién tiép.

5.6 Ung dung dinh Iy Euler dé giai phuong trinh
dong du

Qua bai viét nay toi xin giéi thieu mot phuong phap dé giai phuong
trinh dong du bang cach khai thac dinh 1y Euler

Trude hét, xin nhac lai vai kién thic quen thuoc.

Dinh nghia 5.4 Ham Euler ¢(m) vdi s6 nguyén duong m la cac sb tu
nhién nhé hon m 1a cac s6 nguyén té véi m. A

5.6.1 Dinh ly Euler.

DiNH 1Y 5.1 (EULER)— Cho m la s6 nguyén duong va (a,m) = 1 thi
a?™ =1 (mod m)

Ham ¢ c6 tinh chat sau:
o o(mn) = p(m)p(n) véi (m;n) =1

e Néu p nguyén t6 p(p) =p — L;p(p") =p" —p"(n > 1)
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5.6. Ung dung dinh 1y Euler dé giai phuong trinh dong du 97

e Néum = p?lpgz...pgk,pi 14 cac s6 nguyén to thi

st = (1) (1= 1) (1= 1)

Bay gio ta xét m = a.b trong d6 (a;b) = 1 thi c¢6 cac két qua sau

DiNH 1Y 5.2
a?® + 9@ =1 (mod ab) (5.4)

Chirng minh. Theo dinh Iy Euler ta c6: a¥®) =1 (mod b) ma b¥(@ = 0
(mod b)

Neén a?® + b9 =1 (mod b).

Tuong tu ta c6:a?® + 9@ =1 (mod a)

Theo tinh chat dong du thi : a®® + b#(®) =1 (mod ab) ]

DINH LY 5.3~ Gid st ¢6 k(k > 2) s6 nguyén duong my;ma;...my va
chiing nguyén té véi nhau tung doi mot. Dat M = mq.ma...my = mst;
voi1=1,2,3...,k ta cé

£ geme) @) = 1 (mod M) (5.5)

Chitng minh. Tu gia thiét ta c6 (m;,t;) =1 v6imdii = 1,2,...,k nén
theo dinh 1y Euler thi

tf(ml) =1 (mod my) (5.6)

Mat khéc véi i;j thuoe tap 1;2;...:k va ¢ # j thi ¢; chia hét cho m;
nén (t;;m;) = m; hay

t;‘-}(mi) =0 (mod my) (5.7)
Dat § = 7™ 4 45m2) o qgplme)
T (5.6) va (5.7) c6 S =t =1 (mod m;)
Vi my;ma;. .. my nguyén to6 v6i nhau titng doi mot, nén theo tinh chat
dong du thiic co
S —1=0 (mod mi.my..mi) < S =1 (mod M), tic la c6 (5.5). W
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98 5.6. Ung dung dinh 1y Euler dé giai phuong trinh dong du

Khi mé rong (5.4) theo huéng nang lén liy thita cac s6 hang ta c6 két
qué sau.

DINH LY 5.4— Vdi (a,b) = 1 va n,v la hai s6 nguyén duong nao dé thi
a™?®) 4 pv2(@) =1 (mod ab) (5.8)

Chiéng minh. Dé tien lap luan dat z = a®®.

Theo dinh 1y Euler thi z = a¥® =1 (mod b) & 2z —1 =0 (mod b)
Dong thoi z = a¥® =0 (mod a).

T décoz(x—1) =0 (mod a) vaz(z—1) =0 (mod b) nén z(x—1) =0
(mod ab)

Tt d6 22 = 22.2 = 2.2 = 22 = = (mod ab) va cit 1ap luan nhu thé c6
2" =z (mod ab) hay a™® = a#®) (mod ab)

Tuong tu ta co: b*?(@) = p¥(@ (mod ab) nén theo (5.4) c6 a™(®) +
boe(@) = pe(@) 4 q#() =1 (mod ab).

(5.8) duge chiing minh. [

2

HE QUA 5.1- Vdi (a;b) =1 thi a™® + ™94 =1 (mod ab) O

Hé qué nay c6 thé ching minh truc tiép khi nang hai vé cia hé thic
(5.4) len lity thita bac n (stt dung khi trién nhi thitc Newton) va chi y
rang ab = 0 (mod ab). Nén luu ¥ riang trong dong du thic thi a # 0
(mod ab)!

V6i ki hieu nhu 6 dinh 1y 5.3 ta c6 ¢;.t; = 0 (mod M) v6i i khac j va moi
i;j thuoc tap 1,2,...k (nhung ¢t Z 0 (mod M) véi moi i = 1,2,3,...k)
T d6 khi nang hai vé ctia (5.5) lén liiy thita bac n ta c6 két qua sau.
DINH LY 5.5~ Vdi cdc gid thiét nhu dinh lij 5.3 ta co:
gretma) g gnetma) et = 1 (mod M) (5.9)
Véi céc ki hiéu nhu trén ta ddat a = m; va b = t; thi theo (5.4) c6
m?‘p(ti) + t;w(mi) =1 (mod M) (5.10)

Cong timg vé ciia k dong thitc dang (5.10) va st dung (5.5) ta dugc
két qua sau:

DIEN DAN TOAN HOC Chuyén dé Sé hoc

http://tieulun.hopto.org


http://www.diendantoanhoc.net
http://diendantoanhoc.net/

5.6. Ung dung dinh 1y Euler dé giai phuong trinh dong du 99

DINH LY 5.6— Vdi cdc gid thiét & dinh ly 5.5 ta co:
mf(tl) + mg(tz) + ...+ m;“p(tk) =k—1 (mod M) (5.11)

Khi nhan 2 vé caa (??) véi m; ta dugc

L+e(t;)

my + mi.tf(mi)+ =m; (mod M) (5.12)

Do mi.tf(mi) = mi.ti.tf(mi)_l = M.tgmi)_1 nén

1 t
mi+<P( 1) —

m; (mod M),i =1k (5.13)
Cong ting vé k dong thic dang (5.13) ta dugc két qua sau:
DINH LY 5.7 Véi cdc gid thiét nhu dinh lij 5.3 ta co:

1+o(tr)

m}—w(tl) + mg—m(h) + ..+ my =my +ma+...+my (mod M)

(5.14)

Khi nhan 2 vé ctia (5.10) v6i t; ta duge

m}+<p(t1) 4 mgﬂa(tz) 4.+ m}jw(t’f) =my+mo+...+my, (mod M)
(5.15)
= tiﬂa(mi) =t; (mod M),i=1,k (5.16)

Cong timg vé clia k dong du dang (5.16) ta dugc két qua sau
DINH LY 5.8~ Vdi cdc gid thiét nhu dinh lij 5.3 ta co:
prelm) itelme) g e =y oty (mod M) (5.17)

Cha ¢ réng t;.t; = 0 (mod M) nén khi nang lén liy thia bac n cla
tong t1 + to + ... + 3, ta c6 két qui sau.

DINH LY 5.9~ Véi cdc gid thiét nhu dinh lij 5.3 ta co:

T +ty+ ...+t =t +ta+ ... +t)" (mod M) (5.18)
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Kha ning tim ra cac hé thic dong du mdi chua phai da hét maoi ban
doc nghién citu thém. Dé nim 16 dudc nhitng phan trén ta tim hiéu
qua mot s6 vi du sau day.

Vi du 5.10. Tum it nhdt bon nghiém clia phuong trinh dong du:
22 +9y7=1 (mod 30) (5.19)
1

Lai gidi. Do 30 = 5.6 va (6;5) = 1 nén theo (5.4) c6 57(0) + 6¥0) =
(mod 30)

Vi (6) = ¢(2).0(3) = 2 va p(5) = 4;6% = 6 (mod 30).

Tuong tu ta c6: 257 = 25 (mod 30) va 63 = 6 (mod 30) nén 63+ 257 =
2646 =1 (mod 30)

Néu phan tich 30 = 3.10 véi (3; 10) = 1 thi theo (5.4) ¢6 3910 410¢3) =
1 (mod 30). Tinh toan twong ty nhu trén ta c6 3*+10%2 = 1 (mod 30).
Vi 3% = 81 = 21 (mod 30) va 102 = 10 (mod 30) nén theo (5.8) c6
(33 +(10%)" = 1 (mod 30) va (3*)7 + (10%)> = 1 (mod 30)

Suy ra phuong trinh trén c6 it nhat bén nghiem (z;y) 1a (25;6); (6;25);
(21;10); (10;21). [ |

Vi du 5.11. Chiing minh rang phuong trinh dong du sau cé nghiém
(x;y; 2;t) khac (0;0;0;0):

syt + 2+ tt=143 (mod 60).

Loi giai. 60 = 3.4.5 va (5;3) = 1;(5;4) = 1;(3;4) = 1 nén ddt m; =
3;mo = 4;mg = 5yt = 15;t9 = 1;t3 = 20 theo (5.18)

15 412" 420" = (15 +20+12)* =1 (mod 60)

Vi du 5.12. Tum it nhat mot nghiém cia phuong trinh dong du x'7 +

y¥ =1 (mod 35) A
L&i gidi. Ta c6: 35 = 5.7 ma (5;7) = 1 nén theo (5.4): 5" + 79" =1
(mod 35))

Vi ¢o(5) = 4;(7) = 6 nén 5* + 7 =1 (mod 35)
Theo (5.8): 1417 +30'9 = 144+ 30 = 1 (mod 35)
Vay phuong trinh dong du ¢6 it nhat mot nghiem (z;y) = (14;30) MW
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5.7 Bai tap

BA1 1. Chitng minh réang phuong trinh dong du sau c6 nghiem (z;y; 2; t)
khéc (0;0;0;0):
a) 2% +y3 + 22 =13 (mod 210)
b) 2%+ y° + 25 =5 (mod 1155)

BAI 2. Tim it nhat mot nghiém ciia phuong trinh dong du sau:

498 =1 (mod 45)

BAI 3. Chitng t6 rdng moi phuong trinh sau c6 nghiém nguyén duong.
a) 2% +3Y +5° + 7t = 3 (mod 210)

b) 3% +5Y + 77 = 2 (mod 105)
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Chuong

Hé thang du va dinh ly
Thang du Trung Hoa

6.1

6.2
6.3
6.4

M6t sb6 ki hiéu st dung trong bai
viét 103

Hé thang du 104

Dinh Ii thang du Trung Hoa 117

Bai tap dé nghi & goi y — dép sb6 125

Nguyén Dinh Tung (TUNGC3SP)

Bai viét nay trinh bay vé Hé thang du va dinh 1y Thing du Trung Hoa.
Mot s6 ki hieu st dung dude phac hoa trong Phan 6.1. Phan 6.2 gidi
thieu dén ban doc mot sd kién thic co ban vé Hé thang du day da
va Hé thing du thu gon kem theo bai tap ting dung. Dinh 1y Thang
du Trung Hoa kém tng dung ctia né gitp gidi quyét mot sd6 dang toan
duge trinh bay trong Phan 6.3. Phan 6.4 két thic bai viét bao gom
mot s6 bai tap dé nghi kém goi ¥ hodc dap so.

6.1 M@t sb ki hiéu sit dung trong bai viét

khong noi gi thém).

[z,y] : boi chung nhd nhat clia hai s6 nguyén duong x,y (néu

(x,y) : u6c chung 16n nhat ctia hai s6 nguyén x,y.
r 2y (mod p):  khong dong du véi y theo module p.
HDD: hé thing du day du.

103
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104 6.2. Hé thang du

e HTG: hé thing du thu gon.

e PP: tap cic s6 nguyén to.

®(n): ham Ole cta n.

|A|: 86 phan tit clia tap A.

{z}: phan 18 ctia s6 thyc z, duge xac dinh nhu sau: {x} = = — [z],
trong do6 [z] 1a phan nguyen clia s6 thyc = (1a s6 nguyén 16n nhat
khong vugt qué x).

)

n
i Pi = P1P2---Pn
=1

6.2 Heé thang du

6.2.1 Kién thiéc co ban
Hé thing du day da

Dinh nghia 6.1 Cho tap A = {a1;a;...;a,}. Gidsitr;, 0 <r; <n-—1
la 56 du khi chia a;cho n. Néu tap s6 du {ri;ra;...;r,} trung véi tap
{0;1;2;...;n — 1} thi ta néi A 1a mot hé thang du day da (goi tat la
HDD) mod n.

Nhan zét. Tu dinh nghia, dé thay:
> Néu A = {ay; as;...; an} lap thanh HDD (mod n) néu va chi néu:
i # j = a; #aj (mod n).
> Néu A = {a1;a9;...;a,} 14 HDD (mod n) thi tit dinh nghia dé
dang suy ra:
— Véi moi m € Z, ton tai duy nhat a; € A sao cho a; = m
(mod n).

— V6i moi a € Z, tap a + A = {a+aj;a+ag;...;a+ay} la
mot HDD  (mod n).
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6.2. Hé thang du 105

— V6i moi ¢ € Z va (¢;n) = 1; tap cA = {cay;cag;...;cap} 1a
mot HDD  (mod n).

Cha y: tap A* = {0;1;2;3;...;n — 1} 1a mot HDD (mod n) khong am
nho6 nhat. S6 phan ti clia tap A 1a |A| = n.

Vidu 6.1. Cho hai HDD (mod n): A = {a1;a2;...;a,} va
B = {b1;b2;...; by }.

a. Ching minh rang: Néu n chan thi tip A+ B = {a1 + by;as +
ba; ...;an + by} khong hop thanh HDD (mod n)
b. Két lugn & cau a. sé thé nao néun la sé 1é AN

Loi gidi.  a. Tac6 mot diéu kién can sau day doi véi HDD  (mod n),
khi n chan. Gid st C = {c1;¢2;...;¢n } la mot HDD  (mod n). Khi
d6 theo dinh nghia ta c6:

n(n+1)

cat+e+..+ep=0142+...4+(n—-1)) 5

(mod n)
Do n chén nén n = 2k, suy ra:

1 .
”(”;) —k2k+1) fn = k(2k+1)20 (mod n)
=c+ct ..+, 20 (modn) (6.1)

Ta c6:

A+B = {ai+bi;aa+by;..;an+ by}
= {(mta+..+a)+(br1+ba+..+by)} (modn)
_ {n(n+1) n(n+1)

5 + 5 } (mod n)
= [n(n+1)] (modn)

= A+B=0 (modn) (6.2)

(O day ta ciing sit dung gia thiét A va B 1a hai HDD mod n).
T (6.1) va (6.2) ta suy ra dpem.
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b. Xét khi n 1é: Lic nay chua thé két luan gi vé tinh chéat ctia he
A+ B.

That vay, ta xét n = 3; A ={1;2;3}; B = {4;5;6}.

Khi d6 A+ B = {5;7;9} 1a mot HDD mod 3.

Nhung, xét he A = {1;2;3}, B = {5;4;6}.

Khi d6 A+ B = {6;6;9} khong phai 13 mot HDD mod 3. [ |

Hé thang du thu gon

Dinh nghia 6.2 Cho tap B = {b1;bs;...;bx} 1a mot tap hop gom k s6
nguyén va (bi;n) =1 véi moi i = 1;2;...; k.

Gid sit: b; = gin + r; v6i 1 < r; < n. Khi dé dé thay (ri;n) = 1.

Néu tap {ri;ra;...;rn} bing tap K gom tat ca cdc s6 nguyén duong
nhé hon n va nguyén tb cing nhau véi n thi B dugc goi 1a hé thing
du thu gon mod n, goi tit la HTG (mod n). A

Nhan zét. Ta c¢6 thé rat ra hai nhan xét:

> D@ thay tap B = {b1;bo;...;b;} gom k s6 nguyén 1ap thanh mot
HTG khi va chi khi

i. (bizm) =1
ii. by #b; (modn) véil<i#j<k
iti. |B| = ®(n)

Diéu kien (4i7) tuong duong véi (ii’): v6i moi x € Z; (z;n) = 1
ton tai duy nhat b; € B sao cho z = b; (mod n).

> Tu dinh nghia ta suy ra: cho tap B = {b1; b;...; br} 1a HTG mod
nvac € Z;(c;n) =1 thi tap ¢cB = {cby; cbe; ...; cby } cing 1a HTG
mod n.
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6.2. Hé thang du 107

Vi du 6.2. Cho hai s6 nguyén duong m,n vdi (m;n) = 1. Gid st A =
{a1,a9,...;ap}; B = {b1,ba, ..., by} tuong dng la cic hé thu gon mod m
va mod n. Xét tap hop C = {an+bym};1 <i < h;1 <j <k.. Ching
minh ring C la mot hé thu gon HTG mod mn. A

L&i gidi.  + Ta ching minh (a;n +bjm,mn) =1Vi=1,h; j =1,k

_l’_

(didu kien (7).
Gié st ton tai 4,7 va s6 nguyén t6 p 1a uéc chung ciia a;n + bjm
va mn.

Ta ¢6 a;n + bjm:p va mn:p.

Do mn:p ma (m,n) = 1 nén c6 thé gia st nip, suy ra

a;nip = bjmfp = bjfp

Vay p la uéc nguyeén t6 chung ctia n va bj. Dieu ndy mau thuén
v6i gia thiét. Nen diéu gia st la sai. Vay (a;n+bjm,mn) = 1Vi =
Lh; j=1,k

Chiing minh diéu kién (ii).
Gia st ton tai @ € A; b € B sao cho an + bm = a'n + b'm
(mod mn)

=an=an (modm)=a=d (modm) (do (m,n)=1)

(diéu nay mau thuan).

Vay an 4+ bm £ a'n + b'm (mod mn).
Chiing minh diéu kien (ii7’).

Gia st (z,mn) =1= (x,m) = 1;(x,n) = 1.

Vi (m,n) =1 nén tap B = {mby, mby, ..., mbi} 1a mot HTG mod
n.

Vay ton tai duy nhat b € B dé x = mb (mod n).
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Tuong t, ton tai duy nhat a € A dé x = na (mod m).

T d6 suy ra = na + mb (mod n) va x = na + mb (mod m).
Tu d6 két hop véi (m,n) =1 suy ra x = na +mb (mod mn). W

Nhan zét. Tt day, ta co thé suy ra cong thitc tinh ham Ole ®(n).

6.2.2 Ung dung
Trong cac bai toan vé da thic, day sb

Vidu 6.3. [THTT, s6 340] Cho p la s6 nguyén to 1é va da thic Q(x) =
(p— 1)aP — x — 1. Chitng minh rdng ton tai vo han s6 nguyén duong a
sao cho Q(a) chia hét cho pP. A
L&i gidi. Thay cho viéc chiing minh ton tai vo han s6 nguyén duong a
sao cho Q(a) chia hét cho pP, ta sé ching minh tap

H ={Q(1);Q(2);..;Q(r")}

la mot HDD mod pP.

Ta c6 nhan xét sau: trong tap s6 {1;2;...;p} gom pP s0, gid sit ¢6 hai
s6 u,v khac nhau thi Q(u) £ Q(v) (mod pP).

Ta chitng minh diéu nay bang phan chiing. Gia st ¢6 Q(u) = Q(v)
(mod pP)

sp-DHuP—u—-1=(p-1)0"—v—-1 (mod p”)

< (-1 —vP)—(u—v)=0 (mod p) (6.3)
Theo dinh 1i Ferma nhé thi v = u (mod p) va vP = vp (mod p) véi p
1a 86 nguyén t6 nén u? — vP = u — v (mod p).
T (6.3) suy ra
p—2)(u—v)=0 (modp)=u=v (modp) (6.4)
Cung tur (6.3) ta co:

(u—v)((p— )Wl +uP 20+ .. +urP 2 +0P" 1) —1) =0 (mod pP)
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Két hop véi (6.4) suy ra
(w—v)((p—1DpuP™t —1)=0 (modp?) =u—v=0 (mod p?)

Diéu nay mau thuin véi gid sit v = v (mod pP). Vay nhan xét dugc
chiing minh.

e Tu nhan xét trén suy ra H = {Q(1); Q(2);...; Q(pP)} 1a mot HDD
mod pP. Tt d6 suy ra trong tap s6 {1;2;. ,pp} gom pP s6 thi ton

tai duy nhat mot s6 a sao cho Q(a) =0 (mod pP) hay Q(a):p”.
e Ta xét diy s6 hang ar, = a + k.pP v6i k = 0,1,2..., dé thay rang:

Qa”) = Qa) =0 (mod p?),

Nghia la ton tai vo han s6 a (k= 0,1,2,...) thoa man Q(ay):p”.
|

Vi du 6.4. Cho da thiic P(z) = 2% — 1122 — 872 +m. Chitng minh ring
vdi moi s6 nguyén m, ton tai s6 nguyén n sao cho P(n) chia hét cho
191. A

Loi gidi. Y tudng ciing tuong tu Vi du 6.3, ta sé st dung HDD. Trudc
hét ta dua ra bd dé sau:

BO bk 6.1- Cho p I3 sé nguyén t6, p = 2 (mod 3). Khi dé,véi moi sb
nguyén x, y ma 3 = 4® (mod p) = z =y (mod p) O

Chdng minh. That vay:

e Néuz =0 (modp)=4y>=0 (mod p) =y =0 (mod p) & z =
y(modp)
e Néu z,y cing khong chia hét cho p, do p = 2(mod3) = p =
3k + 2(k € 7).
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Theo dinh li Ferma.:
Pl =231 =1 (mod p)

351 =1 (mod p)

= 3 = 3L (mod p)  (6.5)

yl=y

Ma theo gia thiét, 23 = > mod p = %% = ¢ (mod p).
Tit d6 suy ra o =y (mod p). Vay bo dé duge chitng minh. W
Tré lai bai toan, ta sé ching minh P(n;) = P(ng) (mod 191) véi
ni;ng € Z thi ny = ny (mod 191).
That vay, vi
27P(ny) = (3n1 — 11)> — 11.191.ny + 113 + 27m

27P(ns) = (3ny — 11)% — 11.191.ny + 113 + 27m

nén
P(ny) = P(na) (mod 191)
<27P(ny) = 27P(ng) (mod 191)
&(3n —11)° = (3ny —11)®  (mod 191)
&3n; — 11 =3ny — 11 (mod 191)(suy ra tit bo de)
&ng =ng (mod 191)

V6i moi nq,no = {1;2;3;...;1991} (A la mot HDD mod 191),
ny # ng ta cod P( ) é P(ng) (mod 191)

= A* ={P(1); P(2);...; P(191)} 1a mot HDD mod 191.

T d6 suy ra In € A = {1;2;3;...; 191} sao cho

P(n) =191 (mod 191) < P(n):191
[

Vi du 6.5. Cho p la mot s6 nguyén to. Chitng minh rdng vdi moi s6 m
nguyén khong am bat ki, luon ton tai mot da thic Q(x) 6 hé s6 nguyén
sao cho p™ la wdc chung lén nhat cia cic s6 a, = (p+1)"+Q(n); n =
1,2,3... A
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Loi gidi. Ta c6 bo dé sau:

BO bk 6.2— Vk € N,k < m thi tén tai by, € 7 sao cho byp™ + p*'k! O

Chdng minh. Gid st k! = p® My, v6i (My;p) = 1.

Khi e chay trong tap {0;1;...; My — 1} thi cac s6 {epm*k} lap thanh
mot HDD modM, thanh thi ton tai by € Z sao cho byp™ F = —1
(mod My,)

& (bep™F 4+ 1)iMy,
& (bpp™ + pF)ipt My

Mat khac
[k =k
Vay (bpp™ + p*):p®* .My, = k!. B& dé duge chitng minh. [
Tré ve bai toé?. w ) ( )
5 Cz(e—1).(z—i+1) [ CY(néun>i
Dat fi(x) = 7! thi fi(n) = { 0 (néu n < z)

m—1 ) ..
bat R(x) = — > fi(z)(bip™ + p") thi theo Bo de 6.2, R(x) la da thc
=0

c6 hé s6 nguyen.

Ta co:
n o m—1 ) m—1
un = (p+1)"+Rn) =Y _Cip' = > filn)p’ —p™ Y _ fi(n)b;
i=0 i=1 i=0
o0 . m—1 .
= :Z()fi(n)pl— 21 fi(n)p"  (mod p™)

3 filn)p' =0 (mod p™) Vn =1,2,3...
=0

Dac biet uy = (p+ 1)+ R(1) = ep™
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Ta chitng minh da thic Q(z) = R(z)+p™(1—e) 1a da thitc can tim.That
vay,
an = (p+1)" +Qn) = (p+1)" + R(n) +p™(1 —¢)
=u, +p"(1—e)p™, ¥n=1,2,3... (6.6)

Mat khac

a=@p+1)+Q1)=p+1+RA)+p"(1—¢)=ep™ +p"(1 —e)p"
Do d6 p™ 1a UCLN ctia a, véi moi n =1,2,3... [ |

Vi du 6.6. Cho p > 3 la mot s6 nguyén té va ay, as, ..., ap—2 la mot day
cdc s nguyén duong sao cho p khong la wdc sé cia ay va ap® — 1 vdi
moik =1,2,3,...,p—2. Chitng minh rang ton tai mot s6 phan ti trong
day ai,az, ...,ap—a c6 tich dong du vdi 2 module p. A
Loi gidi. Ta c6 bd dé sau:

BO bk 6.3~ V&i mbi sé nguyén k =1,2,...,p— 1 toén tai mot tap cic sb
nguyén {by.1,br.2,...,bix} thda man hai diéu kién sau:

1. Méiby; hodc bing 1, hodc bing tich ciia mét sb phan ti trong day
at, a2, ..., Ap—2,
2 by =bg; (modp) véil<i#j<k. a

Chitng minh. Vé6i k=2 chon by = 1;b92 = a; 2 1 (mod p) (do a} — 1
khong chia hét cho p).

Gia st voi 2 < k < p — 2 ta da chon dudc tap {by 1,bk2,..., b} thoa
méan hai tinh chat trén.

Vi aj, /p nén hai phan t& khac nhau bat ki trong tap

{arbi1, arbi 2, ..., arby i}

la phan biét theo mod p.

af = 1(modp) = (arbr1)(arbr2)...(akbrx) 2 by 1be2..bex  (mod p)
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Tt hai dieu trén suy ra ton tai chi s6 j(1 < j < k) sao cho agby ; ¢
{br,1,br,2, -5 b 1 }-

Xét tap {br,1,bk,2, -y Ok, arbi j }-

Sau khi danh s6 lai cac phan ti ta thu dugc tap

{0k+1,1,0k41,25 -+, Okt 1 ko D1 1}

. Ta thay tap nay c6 k + 1 phan ti thda man hai tinh chat trén nén
theo nguyeén li quy nap, bo dé duge chitng minh. [

Quay lai bai toén, 4p dung b dé 6.3, x6ét tap {bp—1.1, bp—1.2, -, bp—1,p—1}
ta thay tap nay 1a mot HTG mod p nén né chita ding mot phan ti
dong du v6i 2 mod p. Vi phan tit nay khéac 1 nén né phai dong du vdéi
tich ctia mot s6 ag. Suy ra dpem. |
Trong tap con tap sd nguyén duong, bai toan sé hoc chia hét

Vi du 6.7. Cho p > 3 la s6 nguyén to cé dang 3k + 2.
a. Ching minh ring tap A = {23 —1;3% - 1;4% — 1;..;p% — 1} la

HTG mod p.
p
b. Chitng minh rang [] (i +i + 3) = 3(modp). A
i=1
L&i gidi.  a. Ta sé chiing minh tap A théa man 3 diéu kién da néu

6 Dinh nghia 6.2.
e Hién nhién mdi phan ti& cia A déu khong chia hét cho p
(théa méan diéu kien (7)).
e Gidsttton tai 1 <i < j <p— 1 sao cho
i’—~1=7—-1 (mod p)
= 3 =33 (mod p)
= ?* =43 (mod p)
Mit khéc, theo dinh 1i Ferma, ta c6: i3*+1 = j3+1 (mod p)

Tw d6 suy ra ¢ = j (mod p) = ¢ = j (mau thuan). Vay A
thoéa man diéu kien (44).
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e Vi &(p) =p—1=|A]| nén diéu kién (ii7) thoéa man. [ ]
Vay A la mot HTG mod p.

b. Vi B={1;2;3;...;p— 1} 1a mot HTG mod p. Ma A ciing la mot
HTG mod p (theo phan a.) nén ta co:

L@ =1=@p-1! (modp
& i (i?+i+1)=1 (mod p)
i=2
& lg[(iQ—i-i—i—l)E?) (mod p)
i=1

Nhan zét. Ta c6 thé mé rong Vi du 6.7 nhu sau:

Vi du 6.8. Cho p la s6 nguyén té 1é c6 dang mk + 2 (m,k la cic s6
nguyén duong, m > 2). Tim s6 du ctia phép chia

T =
t

cho p. A

P
™t Lt )

=1

Vi du 6.9. Chitng minh rdang vdi moi s6 nguyén dwong n, ton tai so tu

nhién n gom n chit s6 déu lé va né chia hét cho 5n. A

L&i giadi. Xét s6 x, = a1az...a, = 5".a théa man (v6i a; € Z*T 1& vé6i

moi i =1,2,...,n vaa€Z")

Ta sé chitng minh bai toan bang phuong phap quy nap toan hoc.

V6i n =1 = Ja; = 5:5'. Vay meénh dé diang véi n = 1.

Gia st ménh dé dung véi n < x,, = a1az...a,, = 5".a, can chitng minh
ménh dé ding véi n + 1.

Xét 5 s6 sau day:

a1 = Taraga, = 5" ( )
az = 3ajas...ay, = 5" ( )
ag = bajaz...ap = 5" (5.2" + a)
ay = Ta1as...an = 5" ( )
as — 9a1a2...an = n( )
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Do B =11,3,5,7,9} la mot HDD mod 5 cho nén
B*={1.2"+4+1;3.2" 4 a;5.2" +a;7.2" + a;9.2" 4+ a}

ciing 12 HDD mod 5 nén ton tai duy nhat mot sd trong B* chia hét
cho 5.

= Trong 5 s6 ay; ag; as;ag; as c6 duy nhat mot s6 chia hét cho 5(n+1)
ma s6 nay gom n + 1 chit 6 18. Vay meénh dé dang véi n + 1.

Theo nguyeén i quy nap, ménh dé ding véi moi n nguyén duong. Vay
v6i moi s6 nguyén duong n, luoén ton tai mot s6 tir nhién gom n chit s6
déu 1& va chia hét cho 5n. [ |

Trong mot s6 dang toan S6 hoc khac

Ngoai cac tng dung néu trén, hé thang du con duge ding trong nhicu
dang toan s6 hoc khac, don biéu nhu trong cac bai toan lien quan téi
tinh tong, gidi phuong trinh nghiém nguyén (phuong trinh Diophant
bac nhat). Sau day xin néu ra mot s6 vi du.

Vi du 6.10. Vdi moi cip s6 nguyén to cung nhau (p,q), dat

o[ 2] 52

N —1 -1
a. Ching minh rang: S = (10)2((1)
b. Xdc dinh gid tri cia p,q dé S la sé nguyén to A
| kg Tk o s _ L
Lai giai. a. Ta c6 ¢ — p = —, 6 day rp la s0 du trong phép chia g
p q
chop (0 <7 <p—1).
Ta c6:
2 —1 T T Tp—
g—9,2, @l <1+2+...+”1>
p p p p p p

Vi(p,q) =1=ry#0Vk=1,2....,p—1, tit d6 ta thay tap A =
{r1;72;...;7p—1} chinh la mot hoan vi ciatap A = {1;2;...;p — 1}.
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That vay, nguge lai, gid st 3 4,5 € {1;2;..;p—1},i < j ma

i =T
1<j—i<p—2 <j—i<p—2
=94 9 (vo Iy)
(j—i)gp j—ip
Ta co
r r Tp—_ 1+2+...+p—1 —1
D D D 2
—1)(g—1

b. Tt (6.7) suy ra dé S la sd nguyén t6 can c6 p,q > 1 va it nhat
mot trong hai sb p, ¢ 18.

e Truong hdp 1: p,q cing 1é = p,q > 3,p # q (do (p,q)=1),
két hgp v6i (6.7) = S 1a s6 chén 16n hon 2 = S khong phéai
13 s6 nguyén to.

e Truong hop 2: p 14 s6 chin, ¢ 1a s6 1&

(p,q) =1
p—1=1
-1
1~ cp
ScP« 2
(p,q) =
p—1leP
qg—1
L 2

p=
- { gigh—i-l (h eP) (6.8)
{ p=t+1(te P, t=22 (mod 3))
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e Truong hop 3: ¢ 1a s6 chén, p 1a s6 1é. Tuong tiy truong hop

2, ta co:
{ p=2m+1(m e P)
q=2
g=n+1n€P,n22 (mod 3))
Tu (6.8) va (6.9) ta c6 céc cdp sb p,q can tim. [

Vi du 6.11. Cho a,b,c la cic s6 nguyén duong théa man a < b < c
va (a,b,c) = 1. Chitng minh ring néu n > ac + b thi phuong trinh
n = ax + by + cz co nghiém nguyén duong. A
Ldi gidi. Goi (a,¢) =d = (b,d) =1= A= {bi}_, 1a HDD mod d

= Jy e {1,2,...,d} sao cho by = n (modd) < (n — by):d.
Do (a,¢) =d = a = a1d; ¢ = cid (ar,c1 € ZT;5 (a1,c2) = 1) = B =
{a15}5L, 1a HDD mod c;.

—b
= Jdz € {1,2,...,c1} sao cho a1z = i

(mod ¢1) = 3z € Z sao cho
n — by

d
Mait khac, ta co:

=a1x+ c12.

ca; — b

n—by>ac+b—by_

d ] +aicr > aic; >ar=z2€Z"

(d-1)

Tu day suy ran — by = ax 4+ cz & n = ax + by + cz.
Vay néu n > ac+b thi phuong trinh n = ax +by + cz c¢6 nghiém nguyén
duong. |

6.3 Dinh li thang du Trung Hoa

6.3.1 Kién thic cg ban

DINH LY 6.1- Cho k s6 nguyén duong ni,na, ...,n; doi mot nguén to
cung nhau va k s6 nguyén bat ki a1, as, ..., a. Khi dé ton tai s6 nguyén
a théa man a = a; (mod n;),Vi =1,k.
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56 nguyén b théa man b = a; (mod n;),Vi = 1,k khi va chi khi b = a
(mod n) vdi n = ning...ny. O
Loi giai. e Dit n = ning..n; va dat N; = n
n;
Do (n;,n;) = 1,Vi # j nén suy ra (N;,n;) = 1 Vi = 1; k.
Do (Nj,n;) = 1,Vi = 1;k nén v6i mdi i(1 < i < k) ton tai b; sao
cho
Nib; =1 (mod n;) (6.10)

Nhu vay ta c6 bo by, b, ..., b,. Do Nj =0 (mod n;) khi i # j, tit
do6 di nhién suy ra

Véi méi i (1 <i<k)tacod

k
a = N;bja; + Z ijjaj (612)
J=L#

Tt (6.10),(6.11),(6.12) suy ra a = a; (mod n;),Vi =1, k.

e Dé thay, vi ny,ns, ..., n; doi mot nguyén toé ctiing nhau nén ta cé6
ket luan sau: S6 nguyén b théa man b = a; (mod n;),Vi = 1,k
khi va chi khi b = a (mod n) véi n = ning...ng. [

Nhan xét. 1. Ngoai cach chiing minh trén, ta con cé thé st dung
phép quy nap dé chitng minh dinh i thing du Trung Hoa.

2. binh li Thang du Trung Hoa khing dinh vé su ton tai duy nhét
ctia mot 16p thing du cac s6 nguyén théa mian dong thoi nhicu
dong du tuyén tinh. Do d6 c6 thé dung dinh Ii dé gidi quyét nhing
bai toan vé sy ton tai va dém céac s6 nguyén théa man mot hé cac
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diéu kién quan heé, chia hét,..., hay dém s6 nghiém clia phuong
trinh dong du. Viéc stt dung hgp 1y cac bo va (trong dinh 1y) cho
ta rat nhiéu két qua tha vi va tit d6 c6 thé dua ra nhiéu bai toan
hay va khé.

Vi du 6.12. Cho my,ma,...,my, la cic s6 nguyén duong, r1,72,...,7n
la cdc so nguyén bat ki. Chimg minh ring dieu kién can va di dé hé
phuong trinh dong du

x = r1 (modmq)
r = 1o (mod me)
xr = 1, (modmy)

c6 nghiém la r; = r; (mod GCD (my,mj)); V1 <i < j < n.

Néu zg va x1 la hai nghiém théa man hé phuong trinh trén thi vo = x1
(mod m) vdi m = LCM(my,ma,...,my). Tic la hé phuong trinh da
cho c6 nghiém duy nhat theo module m. A

Ldi gidi. Tru6c hét ta gid sit hé phuong trinh da cho c6 nghiém zg. Dat
GCD (m;, m;) = d, ta cé:

To—1i =0 (mod my)
o —1; =0 (mod my)

Suy ra r; = r; mod (GCD (m;, m;)). Do 4,j tuy chon nén r; = r;
(mod GCD(m;,m;)),V1 < i < j < n. Day la diéu kién can dé he
phuong trinh cé nghiém.

Ngudc lai, ta sé ching minh bang quy nap theo n ring néu diéu kién
trén dudc théa man thi hé phuong trinh luén c6 nghiem duy nhéat theo
module m véi m = LCM (my, ma, ..., my).

Véi truong hop n = 2, dat GCD (mq, mg) = d = my = ddy; mo = dds
véi GOD (dy,ds) = 1.

Suy rar; =rj =r (mod d). Dat ri =7+ kid; ro =1 + kad.

Chuyén dé Sé hoc DIEN DAN TOAN HOC

http://tieulun.hopto.org


http://www.diendantoanhoc.net
http://diendantoanhoc.net/

120 6.3. Dinh 1i thang du Trung Hoa

Ta co:
x =711 (mod my) (x — 1) — ki1d:dd;
v=rz (mod m; (1) — kodidds
T  —ky (mod dy)
S 2%, (6.13)
= kQ (mod dg)
d
Do (dy,d2) = 1 nén theo dinh 1i Thiang du Trung Hoa, ton tai mot s6
duong T sao cho T = k; (mod di); T = ka2 (mod dg). Vi T va 37 ; !

x=k (moddy) . x—r
x = ko (mod dy) ey
(mod dyds) hay = Td + r (mod dd;ds).

Do m = LCM (my, ma) = ddydy nén theo dinh li Thiang du Trung Hoa,
hé c6 nghiem duy nhat module m.

Gia st dinh 1f ding dén n — 1. Ta sé ching minh dinh 1i ding dén n.
Diat m; = LOM (my,ma,....;mp_1); mhy = mp; 7y = . Vi =
r;(modGCD (m;,m;)) v6i moi 1 <14 < j < n nén theo gid thiét quy
x =r; (mod m;)
1=1,n—1

i3

la hai nghiém cta phuong trinh {

nap, hé phuong trinh { ¢6 duy nhat nghiem z = r

(mod mj).
Mat k%léc tit r; = rj(mod GCD(mi,mj)) v6imoi 1 <1i < j <mnsuyra
ry = ry (mod GCD(m),my)).

Theo ching minh trén cho truong hgp n = 2 ta ¢6 hé phuong trinh
{ x =7] (mod m))

2=} (mod mb) ¢6 nghiém duy nhat theo module

m=LCM (m’l,m’Q) = LCM (my1,ma,...,my)
. Theo nguyén li quy nap ta c6 diéu phai chiing minh. |

Nhan zét. Day chinh 1a dinh i Thing du Trung Hoa dang mé rong,
n6 hoan toan chiing minh dya trén co sé dinh li Thing du Trung Hoa.
Trong bai viét nay, ta sé khong di sau vao tim hiéu dinh i dang mé
rong ma chi di sau vao cac ung dung cta dinh 1{ Thing du Trung Hoa
(dang thuong).

DIEN DAN TOAN HOC Chuyén dé Sé hoc

http://tieulun.hopto.org


http://www.diendantoanhoc.net
http://diendantoanhoc.net/

6.3. Dinh li thang du Trung Hoa 121

6.3.2 Ung dung
Trong Ly thuyét sb

Vi du 6.13. Ching minh rdang vdi moi so tu nhién n, ton tai n s6 tu
nhién lién tiép ma moi so trong n so6 dé déu la hop so. A

Loi gidi. Y tudng: ta sé tao ra mot he phuong trinh dong du gom n
phuong trinh dong du. Dya vao dinh 1i thing du Trung Hoa, ta két
luan duge sy ton tai nghiém ctia hé do.

Gia st p1,p2, ..., pn 12 n sd nguyén t6 khac nhau titng doi mot.

Xét hé phuong trinh dong du z = —k (mod p?)(k =1,2,...,n).

Theo dinh 1i thing du Trung Hoa, ton tai zg € N* sao cho g = —k
(mod p3?),Vk = 1,2,...,n.

Khi d6 cac s6 xo + 129 + 2, ...; 29 + n déu 1a hgp s6.(dpem) [

Vi du 6.14. Chitng minh rang vdi moi so tu nhién n, ton tai n so tu
nhién lién tiép sao cho bat ki s6 nao trong cic s6 dé cing déu khong
phdi liy thita (vdi s6 mi nguyén duong) ciia mot so nguyén to. A

Nhan zét. Bai nay ciing gan tuong tif v6i ¥ tudng clia bai toan & vi du
cting c6. Tuy nhién viéc tim ra hé phuong trinh dong du khé hon mot
chut.

L&i giai. V6i mdi s6 ty nhién n, xét n s6 nguyén té khac nhau ting doi
mot p1, P2, -+, Pn-

Theo dinh li Thing du Trung Hoa, ton tai a € N* sao cho a = p;, — k
(mod p3) (k=1,2,...,n).

Khi d6 dé thay ring cac s6 a + 1,a + 2, ...,a + n déu khong phai liy
thita v6i s6 mit nguyén duong clia mot s6 nguyén t6 (dpem). [ |

Vi du 6.15. Cho trudc cdic s6 nguyén dwong n,s. Chitng minh rang ton
tai n so6 nguyén duong lién tiép ma moi s6 déu cé udc la liy thia bac

s ctia mot s6 nguyén duong lén hon 1. AN
Lai giai. Xét day Fj, = 22" +1,(n =0,1,2,...). D& chitng minh bé dé
sau:

B6 pE 6.4 Néun #m thi (F,, F,) =1. O
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Ap dung dinh lf Thing du Trung Hoa cho n s6 nguyéen t6 cing nhau
F{ Fs, .. FSvansdbr,=—i(i =1,2,..,n) ta c6 ton tai s6 nguyeén c

sao cho ¢ + z'fFZ-S.
Vay day {c+ i}, 1a n s6 nguyén duong lien tiép, s6 hang thit ¢ chia
hét cho F?. [ |

Vi du 6.16. Ching minh rang ton tai mot da thic P(x) € Z[z], khong

c6 nghiém nguyén sao cho vdi moi s6 nguyén duong n, ton tai s6 nguyén
x sao cho P(x) chia hét cho n. A

Lai gidi. Ta c6 thé xét da thitc P(z) = (3z + 1)(2z + 1).

Véi mdi s6 nguyen duong n, ta biéu dién n dusi dang n = 2F(2m + 1).

Vi GCD(2*,3) =1 nén ton tai a sao cho 3a = 1 (mod 2¥). T d6
3r=-1 (mod2*) & z=—-a (mod2¥)

Tuong tu GCD (2,2m+1) = 1 nén ton tai b sao cho 20 = 1 (mod (2m+
1)). Tt d6

2c=—-1 (mod 2m+1)) < x=-b (mod (2m+1))

Cubi ciing, do GCD (2%,2m+1) = 1 nén theo dinh 1y Thang du Trung
Hoa, ton tai s nguyén x 1& nghiém cia he:

i

Va theo ly luan trén, P(x) = (3z + 1)(2z + 1):n. [

—a  (mod 2F)
—b (mod (2m+ 1))

Vi du 6.17. Trong ludi diém nguyén cia mat phing toa do Oxy, mot
diém A vdi toa do (xo,90) € 72 duogc goi la nhin thay tw O néu doan
thang OA khong chita diém nguyén nao khdc ngoai A,O. Ching minh
ring véi moi n nguyén duong lon tuy 1, ton tai hinh vuong n X n cé cdc
dinh nguyén, hon nita tat cd cic diém nguyén ndm bén trong va tréen
bien ciia hinh vuong déu khong nhin thay duoc ti O. AN
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Loi giadi. D& thay diéu kién can va da dé diém A(zo, o) nhin thay dugce
ti O la ged(zo,yo) = 1.

Dé giai quyét bai toan, ta sé xay dung mot hinh vuong n x n véi n
nguyéen duong 16n tlty ¥ sao cho v6i moi diém nguyén (z,y) nim trong
hoiic trén hinh vudng déu khong thé nhin thay duge tit O.

That vay, chon p;; 1a cac s6 nguyén t6 doi mot khac nhau v6i 0 < i, j <
n. Xét hai hé dong du sau:

x = 0 (mod po,po,---Po,)
r+1 = 0 (mod p1,p1,...p1,)
r+2 = 0 (mod pz,p2,...p2,)
z+n = 0 (mod pp,pny---Pn,)

va

y = 0 (mOd p01p02"'p0n)
y+1 = 0 (mod py,p1,..p1,)
y+2 = 0 (mod pz,pa,...p2,)
y+n = 0 (mOd pnlpnz"'pnn)

Theo dinh 1y Thing du Trung Hoa thi ton tai (z0,yo) thdéa méan hai he
dong du trén.

Khi d6, r6 rang ged(zo + 4,50 +4) > 1, Vi, 5 =0,1,2,...,n.

Diéu d6 c6 nghia la moi diém nim bén trong hodc trén bién hinh vuong
n x n xac dinh béi diém phia dusi bén trai 1a (z9,yo) déu khong thé
nhin thay dugc tit O. Bai toan duge chiing minh. |

Trong tim s6 lwong nghiém nguyén ctia mot phuong trinh
nghiém nguyén

Vi du 6.18. Cho s6 nguyén duongn = p*p5?...pp*, trong dé p1,pa, ..., Dk
la cdc s6 nguyén toé doi mot khdc nhau. Tim s6 nghiém cia phuong
trinh:

> +2x=0 (modn)
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124 6.3. Dinh 1i thang du Trung Hoa

z(x+1)=0 (mod pj)

x = 0 (modpf»“i)‘
= r = —1 (mod p¢) (6.14)

Theo dinh 1i Thang du Trung Hoa, mdi hé phuong trinh 22 + 2 = 0
z = a; (mod p;*)

(mod n) & < a; € {—1;0} c6 duy nhit mot nghiem va ta c6 2%
i=1k

he (bang s6 bo (ay,as, ...,ar), a; € {—1;0}), nghiem clia cac he khac

nhau. Suy ra phuong trinh da cho ¢6 dung 2F nghiem. |

Vi du 6.19. Cho m = 2007208 | HGi ¢6 tat cd bao nhiéu s6 tu nhién
n<m sao cho mn(2n+1)(5n+2) . A

L&i giai. Dé thay GCD (m;10) = 1. Do d6:

n(2n+1)(5n + 2)
< 10n(10n 4 5)(10n + 4)

0 (mod m)

0 (mod m) (6.15)

Ta c6: m = 34016 2232008 D& cho thuan tien, dit 10n = z; 34016 =
qi; 2232008 = qo.
Khi d6 GCD (q1,q2) = 1 nén (6.15) tuong duong véi:

z(z+5)(z+4)
z(x +5)(z+4)

(mod ¢1) (6.16)

=0
=0 (mod g2) (6.17)

Dé thay:

e (6.16) x&y rakhiva chikhiz =0 (mod ¢1) hodcz = —5 (mod ¢1)
hoac x = —4 (mod ¢).

e (6.17) x&y ra khi va chikhix =0 (mod ¢2) hodc x = —5 (mod ¢2)
hodc x = —4 (mod ¢2).
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Do d6 tur (6.16) va (6.17), v6i luu y rang x = 0 (mod 10), suy ra n la
s6 tu nhién thoéa man cac diéu kién dé bai khi va chi khi n = %, vOi x
14 s6 nguyén théa man hé diéu kién sau:

z=0 (mod 10)

z=1 (mod q1)

x=ry (mod g2) (6.18)
0 <z <10q192

r1,1r2 € {0; —4; =5}

Vi 10; q1; g2 doi mot nguyén t6 cing nhau nén theo dinh 1i Thang du
Trung Hoa, hé (6.18) ¢6 nghiém duy nhét.

Dé thay sé c6 9 s6 x 1a nghiém ctia 9 he (6.18) tuwong ting. Vi méi s6 x
cho ta mot sb n va hai s6 = cho hai s6 n khac nhau nén c6 9 s6 n thoa
man cac dieu kién dé bai. [ |

Nhan zét. Vi du 6.19 chinh 1a truong hgp dic biét ciia bai toan tong
quat sau:

Vi du 6.20. Cho s6 nguyén duong n cé phan tich tiéu chuan n =
Pt ps?..phk. Xét da thic P(x) ¢6 hé so nguyén. Nghiém xq cia phuong
trinh dong du P(z) =0 (mod n) la ldp dong duzg € {0,1,2,...,n — 1}
théa man P(xg) =0 (mod n). Khi dé, diéu kién can va di dé phuong
trinh P(z) = 0 (mod n) ¢é nghiém la véi moi i = 1,2,..., s, phuong

trinh P(z) = 0 (mod p*) ¢ nghiém. Hon nda, néu vdi méi i =
1,2,...,s, phuong trinh P(x) = 0 (mod pj*) cd r; nghiém module p;"
thi phuong trinh ¢ r = r1ra...Ts nghiém module n. AN

6.4 Bai tap dé nghi & goi y — dap so

Bai tap dé nghi

BA1 1. a. Ching minh ring: Néu (a,m) = 1 va z chay qua mot
hé thing du day did modulo m thi ax + b, v6i b 1a mot

sO nguyeén tiy ¥, ciing chay qua mot hé thing du day du
module m.
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126 6.4. Bai tap dé nghi & ggi ¥ — dap so

b. Chiing minh rang: Néu (a,m) = 1 va x chay qua mot he
thang du thu gon modulo m thi ax cing chay qua mot hé
thang du thu gon module m.

BAI 2. Mbi s6 nguyén duong T' dude goi 1a s6 tam giac néu né c6 dang
k(k+1 )
T= u, trong dé k 1a mot so nguyén duong. Chitng minh

rang ton tai mot HDD module n gom n s6 tam giac.

BA13. a. Cho mq,ms la hai s6 nguyén duong nguyén t6 cting nhau.
Chitng minh rang:

@(mlmg) = @(ml).é(mz)

b. Gid sit s6 nguyén duong m c6 phan tich chinh tic thanh
tfch cac thira s6 nguyen t6 m = pi"p3?...pp*. Ching minh
rang:

O(m) = p{* s>t (o1 — 1) (p2 — 2).(pr — 1)
BAI 4. Tinh tong sau:

2012 ok
17
=% |-
k=6
BA1 5. Cho s6 nguyén duong n va s6 nguyén t6 p 16n hon n+ 1. Chiing
2 D
x T x

inh riing da thic P(z) = 1
minh réng da thic P(z) =14 223 4 oomg + -+ 2o

khong c¢6 nghiém nguyén.

BA1 6. Cho p la s6 nguyén t6 c¢6 dang 3k + 2 (k nguyén duong). Tim

P
s6 du khi chia S = Y (k? + &k + 1) cho p.
k=1

BAI 7. Cho cac s6 nguyén duong a, b théa méan (a,b) = 1. Chiing minh
rang phuong trinh az + by = 1 ¢6 vo s6 nghiém nguyen (z,y)
v (2,0) = (3,5) = 1.
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6.4. Bai tap dé nghi & goi y — dap sb 127

BAI1 8.

BA1 9.

BAT1 10.

BAr 11.

BAI1 12.

Tim s6 nguyén duong nhdé nhat c6 tinh chat: chia 7 du 5, chia
11 du 7, chia 13 du 3.

Chiing minh réng ton tai mot day téng {a, },. ; cic sd tu nhien

sao cho v6i moi s6 tu nhién k, day {k + a,} chi chita hitu han
cac s6 nguyén to.

S6 nguyén duong n dude goi 1a ¢6 tinh chat P néu nhu véi cac
s6 nguyén duong a,b ma a®b + 1in thi a® 4+ bin. Ching minh
rang s6 cac so6 nguyen duong c6 tinh chat P khong vigt qua 24.
Tim tat ca cac sd tu nhién n théa man 2 — 1 chia hét cho 3 va

2" —1
3 |4m? + 1.

c6 mot s6 nguyén m ma

Chitng minh ring ton tai s6 tu nhién k sao cho tat ci cac s
k2" +1 (n=1,2,...) déu la hgp sb.

Goi y — dap sb

BA1 1. Chitng minh tryc tiép dua vao dinh nghia.

BAI 2. Ta ching minh n phai c¢6 dang n = 2F. Phan chimng, gia st
n = 2F.m véi m 1é vi m > 1. St dung tinh chét hé thiang du
day dit.

BAI 3. Ta c6 thé chitng minh dya vao kién thitc vé hé thing du day
di, ciing c¢6 thé chitng minh dya vao dinh li Thing du trung
Hoa.

BA1 4. St dung HTG.

BA1 5. Biéu dién P(z) dudi dang P(x) = apa? +ap_ 127~ +...+ a2’ +
a1z + ag. Phan chiung, gid st P(z) c¢6 nghiém nguyén = = wu.
Suy ra mau thuan.

BAI1 6. Tién hanh tuwong tu Vi du 6.7.

BAI 7. St dung kién thiic HDD.
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128 6.4. Bai tap dé nghi & ggi ¥ — dap so

BAI1 8. Dap s6: 887.

BA1 9. Goi p 1a s6 nguyén t6 thi k, & > 0. Theo dinh 1i Thing du
Trung Hoa, ton tai day s6 {a,},-; thoa man a1 = 2;a, =
—k(modpy+1), Vk < n.

BAT1 10. Dinh Iy Thang du Trung Hoa.

BAI1 11. Ching minh n c¢6 dang 2F. St dung tinh chét ctia s6 Fecma
(xem lai Vi du 6.15).

BA1 12. Viduy 6.15 va BAI1 3.
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Chuong

7

Mot s6 bai toan s6 hoc
hay trén VMF

7.1 mP+ 173" 129
72 clac+1)? = (5c+2)(2c+b) 136

Phan nay gom mot s6 bai toan hay dudc thdo luan nhiéu trén DIEN
DAN TOAN HOC. Ban doc c¢6 thé vao truc tiép topic ctia bai toan dé
trén DIEN DAN TOAN HOC, bang cach click vao tieu dé ciia bai toan
do.

7.1 m?+ 173"

Bai toan 7.1. Ching minh rang vdi moi so6 nguyén duong n, ton tai
mot s6 tu nhién m sao cho

(m3 + 17) :3n
A

Dau tién, chiing ta dén véi ching minh dé xuat cho bai toan dau bai.
Chiérng minh. Ta sé chitng minh bai toan bang quy nap.

Véin =1, ta chon m = 4.

Vé6i n = 2, ta chon m = 1.

Gi4 st bai toan ding dén n = k, hay 3m € N: m? + 17:3%

Ta chitng minh rang ddi véi trudng hop n = k+ 1 ciing dung tiic 13 ton
tai mot s6 m’ sao cho m’ + 17:3k+1,

Pat m® +17=3n = n /3.

129
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130 7.1. m3+17:3"

n=2 m? 4+ 17 = 2.3 k+1
= n=1 (mod3) = m 4 17 = 3 (mod?) >

e Truong hop 1: m3 +17 = 2.3 (mod 3¥+1)
Xét:

(m+3k—1)3 — m3+m23k+m32k—1+33k—3 = m3+m23k (mOd 3k+1)

(Do k > 2 = 32k~ 1i3k+1 yp 33k=3:3k+1),
Suy ra:

3
(m + 3’“*1> F17=m+m23 417 =23+ m23* =0 (mod 3¥*1)

(vim 3=m?=1 (mod 3) = 2+ m23 = (2 +m?).3~:3k+1),

Nhu vay, & truong hop 1, ta co: (m + 3k_1)3 + 17:3F+1,
o Truong hop 2: m> + 17 = 3% (mod 3++1).
Xét:

3
(m — 3’“71) =m3—m?23F4+m3%F 1 —33F=3 = ;3 23k (mod 3’““)

(Do k > 2 = 32k—Ligh+1 vy 33k=313k+1)
Suy ra:

3
(m - 3k_1> +17=m® —m?3* +17=3"—m?23* =0 (mod 3F*1)

(vim /3= m?=1 (mod 3) = 1 —m?*3 = (1 —m?).3k:3k1),
Nhu vay, & truong hgp 2 ta co: (m — 3’“71)3 + 17:3F+L,

Toém lai, ta déu tim duge s6 nguyen ¢t /3 ma ¢3 4+ 17:3F+1,
Ta da ching minh duge van dé ding trong truong hop n =k + 1.
Theo nguyén 1y quy nap, ta c6 dpcm.

Mau chét bai toan nay 1a bo dé sau:
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7.1. m3 4+ 17:3" 131

BO pE 7.1~ Cho a,b, q I3 cdc sb nguyén thda (a;q) =1 va q > 0.
Khi 8y, luén tén tai k € Z sao cho ak + b'q. O

Chitng minh. Ta ching minh dai dién cho trudng hop ak + biq. Truong
hgp con lai tuong tu.

Xét A ={1;2;3;...;4} 1a 1 he day dt HDD mod q.

Theo tinh chéat ctia He thang du, ta c6 tap B = {a;2a;3a; ...; qa} cling
la HDD mod q.

= C ={a+b;2a+b;3a+0;...;qa + b} ciing la HDD mod q.

Do dé6, ton tai k € [1;¢] sao cho ak + biq. [

Nhan xét. Bai toan da cho thuyc chat 13 yéu cau tim 1 s6 x nguyén sao
cho x + 17:3" va x 1 lap phuong 1 s6 nguyén. Bo dé trén da cho thay

st ton tai clia x nguyéen dé x 4+ 17:3”. Con viec tim z dé la z 1a lap
phuong 1 s6 nguyén thi ta sé ding phuong phap quy nap nhu trén.
Déi véi 1 ngudi yéu toan, ta phai khong ngtng sang tao. Ta hay thi
tong quat bai toan da cho:

e thay vi m3, ta thit thay m” véi k 1a s6 nguyen duong cb dinh.
e thay vi 3", ta thit thay p" vé6i p 1a 1 s6 nguyeén to.
e thay s6 17 béi y € N véi y ¢ dinh.

Két hop cac thay doi trén, ta c6 1 bai toan "tong quat" hon

DU DOAN 7.1 Cho p la s6 nguyén té. y,k € N va y,k co dinh.
thfng dinh hodc phi dinh meénh dé sau

Vn e N,z e N: 2% +yipn (7.1)

Ta thit thay mot vai gia tri p, k, y vao dé thit xem (7.1) c6 ding khong.
Khi thay k = 2,y = 1,p = 3 thi ménh dé (7.1) tré thanh

Vn eN,3z e N: g% 4 1:3" (7.2)
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RAt tiéc, khi nay, (7.2) lai sailll. Ta sé& chiing minh (7.2) sai khi n > 1.

That vay, dé ching minh du doan 7.1 sai, ta can c¢6 bd dé sau

BO DE 7.2— Cho p 13 sb nguyén tb dang 4k + 3 va a,b € Z. Khi dé
a? +b%p < (aip) A (bip)

Tit (7.2), suy ra 22 + 1:3. Ap dung b6 dé 7.2 véi p = 3, ta suy ra 1:3:
vo 1y.

Vay khi n > 1 thi Ar € Z: 2% + 1:3".

Khong nan long, ta thit them mot vai dicu kien dé (7.1) tré nén chat
hon va dang. Néu ban doc ¢6 ¥ kién nao hay, xin hay gt vao topic nay
dé thao luan. Sau khi them mot sé diéu kien, ta c6 1 bai toan hep hon
nhung luén dang.

DINH LY 7.1- Cho p nguyén to lé. y,k € N va y, k co dinh.
Biét ring ged(k,p) = ged(k,p — 1) = ged(y,p) = 1.
Chatng minh rang:

VneN,Jz e N: gk 4 yipn (7.3)
Chirng minh. Trudc hét, dé chiing minh (7.3), ta can c6 bo dé sau
BO bk 7.3~ Cho p 3 sb nguyén tb 18. k nguyén duong thda

(kip) = (k—1ip) =1

Khi dé, {1%:2F: .. (p — 1)*} 1a HTG modp. O
Ching minh. Goi g la can nguyén thiy cia p tic 1a ord,(g) =p — 1.
Khi day thi ¢', g2, ...,¢g?~! lap thanh 1 HTG modp v& 16 rang
9, 9", ...,9% 1 1a HTG modp & a1, as,..,ap—1 1a HDD cta p — 1.
V6i 1 < i < p—1 thi ton tai a; dé ma i = g% (mod p) va 16 rang
a; lap thanh 1 HTG modp nén he 1%,2%, .., (p — 1)* c6 thé viét lai la
g*, g%, ...,g®P=V% n6 la HTG modp khi va chi khi k, 2k, ..., (p — 1)k 1a
hé thang du day du ctia p — 1, tiic 14 k nguyén t6 cting nhau véi p — 1.
B6 dé dugce chitng minh. [ |
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7.1. m3 +17:3" 133

Quay lai bai toan. Ta chiing minh (7.3) bang phuong phap quy nap.
Véi n = 1, theo bé dé 7.3 thi

Jzo €{1;2;...;p— 1} : xlg =—y (modp)= J:IS +yip

Gia sit bai toan dung dénn hay ton tai = + yip”
Ta sé chitng minh n+ 1 cling dting hay ton tai zf + y:p"+!
That vay, tit gia thiét quy nap suy ra zF +y = p".q
e Trudng hop 1: ¢:p = dpcm
e Truong hop 2:
ged(q,p) =1 (7.4)
Khi dé ta chon xg = v.p" 4+ x
Do do

a:g—ky:(v.p"—i-a:)k—i-y

1 k—1
= okt 4 <k> R 4 < ).v.p".xk_l + (2% +v)

k
(7.5)

Dé dang chitng minh

P | o pnk <]1> kL D) gy (k ; 2) W2 pn k2

Do vay ta xét

k-1
( k >'U'pn'xk_1 + (2" +y) = kopha" 4 ptg=p"(kva 4+ q)

Nhan théy gia st k.2*~! = ¢ (mod p) ma ged(k,p) = 1 va ¥ + yip =
gcd(z,p) =1 (do ged(y,p) = 1) suy ra ged(t,p) =1

Do d6 (k.v.z*~14q) = tv+¢ (mod p) ma tir (7.4) ta da co ged(q,p) = 1
Cho nén Iuén ton tai v théa man tv + ¢:p. Do dé bai toan duge khing
dinh véi n + 1.

Theo nguyén 1y quy nap, bai todn da dudc chiing minh.
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Chua ding lai & day, néu trong (7.3), ta thay k bdi z, ta sé duge 1 bai
toan khac:

DINH LY 7.2~ Cho p nguyén to 6. y € N va y co dinh. Biét ring
gcd(y,p) = 1. Khi do:

Vn € N,3z € N: 2% + y:p" (7.6)

Chitng minh. Ta ching minh bai toan nay bing phuong phap quy
nap. Ta coi dinh ly 7.1 nhu 1 bd dé. D& thiy néu x théa (7.6) thi
ged(x;p) = 1.

Khi do6, v6i n = 1, ta xét he dong du (I)

{mzkz (mod (p—1))
x=xz9 (mod p)

trong do, xg; k € N théa xlg + yip.

Do ged(p — 1;p) = 1 nén theo dinh ly Thang du Trung Hoa thi hé (I)
luon c6 nghiem x’.

Chon = = 2/, ta chtiing minh x théa (7.6) khi n = 1. That vay

ged(z;p) =1=2P"1 =1 (mod p) = z¥ =2 (mod p)
2" +y=a+y=af+y=0 (mod p)

Vay 3z € N : 2% + yip.

Gia sit (7.6) ding dén n — 1, tic 1a ton tai xo dé x¢® + yip L.

Theo cach ching minh quy nap & (7.6), ta chon duge =, = ap™ + zo
théa x%0 + y:p™.

Khi d6, d& nhan thiy x, = zo (mod p"~!). Ta xét hée dong du (II)

{ X=mz (mod (p"i(p—1)))
X =z, (mOd pn)

Do ged(p™~t(p—1);p") = 1 nén theo dinh 1y Tha ng du Trung hoa, hé
(IT) c6 nghiém X. Ta ching minh z = X thoa (7.6). That vay
Do (p—1)p"~ !t = ¢(p") = XX = X? (mod p") (dinh ly Euler).
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7.1. m3 +17:3" 135

Mit khac X*° =z, (mod p™) (do cach chon trong hé (II)).
= XX 4+y=2,4y=0 (mod p")
Theo nguyén 1y quy nap, bai todn da dudc chiing minh. |

Mé rong ciia bai todn dau dé van con nhiéu, nhu ting thém diéu kien
dé chan nhu (m3 +17:3") A (m? +17 /3"*1) v.v. R4t mong nhan dugc
v kién déng gép cho viéc mé rong.

Loi cam on

R4t cdm on Nguyen Lam Thinh, Karl Heinrich Marx,nguyenta98, The
Gunner da doéng gop ¥ kién va md rong cho bai viét nay.
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7.2 clac+1)? = (5c+2)(2¢ + b)

Bai toan 7.2. Cho 3 s6 nguyén duong a;b; c thod man dding thic:
clac+1)? = (5¢ + 2b)(2¢ + b) (7.7)
Chatng minh rang : ¢ la s6 chinh phuong lé. A

Nhan zét. Thoat nhin vao bai toan, that khé dé tim 1 phuong phap
cho loai nay. Nhan xét trong gid thiét 6 VP (7.7), thi b xuat hien véi
bac 14 2. Thé la ta c6 1 huéng nghi 14 dung tam thitc bac 2 cho bai toan
nay. Ta khong nén chon ¢ vi bac cia ¢ la 3, khong chon a vi phuong
trinh méi theo a hién nhien tré lai (7.7)

Chidng minh (Chdng minh 1).

¢(ac+1)* = (5¢+ 2b) (2¢ + b)
& 20% 4 9bc + 10¢2 — ¢ (ac+ 1) =0
Ay =81c? — 4.2, (1062 —c(ac+ 1)2) =2 +8c(ac+ 1)

:>Ab:c[c+8(ac+1)2} =22, (r € N¥)

d=GCD(c;c+ 8(ac+1)?) = d|8 (ac + 1)
Dat = d|8

dlc = ((ac+ 1)2;d) =1

e Truong hop 1: = (g, g + (ac+ 1)2) =1

c[c+8(ac+1)2} 2xeN) &
= 8|z = x = 8xg (2 € N¥) =
,:tQ
=

g—l-(ac—i-l =p?

N c = 8t?
12+ (8t2a+1)* = p?
Ma dé chitng minh

(8t2a+ 1) < 2+ (8t2a+1)* < (8t%a +2)*
= (82a+1)* < p? < (8t2a+2)” : mau thuin
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Do dé, d = 8 bi loal.
° Trufbnghdp :> (4 4+2(ac+1)2) =1

= Z 4 €19 (ac+1)? 1a nhimg s6 chinh phuong (*)
Néu < 1 1 s6 chén = z +2(ac+1)*12
= (i 4 +2(ac+1) ) = 2: mau thuan.

Do do, 1 la s6 1&. Ma 2 1a s6 chinh phuong = — =1 (mod 4)

=0

Mit khéc, do ¢ chin nén ac + 114 56 18 = (ac+1)> =1 (mod 4)
= E +2(ac+1)>=1+21=3 (mod 4): vo Iy do (*¥).
Do dé, d = 4 bi loai.

e Truong hgp 3:

Tuong tu tu Trudng hop 2, ta co 5 16 = — =1 (mod 8)

€
2
od 8)

c chin nén ac+118 = (ac+1)2 =1 (m
:>g+4(ac+1)251+4.155 (mod 8) : vo ly

Do dé, d = 2 bi loai.

e Truong hop 4:

Tuong tu trudng hop 2, ta c6 ngay ¢ 1& va do (c;c + 8(ac +1)?) = 1
nén c 1a sé chinh phuong.
Vay ta c6 dpcm. [ |

Nhan xét. Ta thay trong bai nay, b va ¢ ¢6 1 mdi lién quan kha chit
ché véi nhau nén ta thit giai theo b, ¢ sit dung ki thuat GCD tic la dat
d = GCD(b;c) ta c6 cach ching minh thit 2.

, . , . e c=dm m;n € N*
Chidng minh (Chdng minh 2). Diatd = (b;¢) = { b— dn < (min) = 1 )
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Khi dé

(7.7) < m (dam + 1) = d (5m + 2n) (2m + n)
= d|m (dam + 1)*
(d;dam +1) =1

(7.7) < p (d*ap + 1)2 = (bdp + 2n) (2dp + n)
= p| (5dp + 2n) (2dp + n)
(p;2dp+n) =1

(pin) =1=pl2=pe{1;2}

}:>d|m:>m:dp:>(p;n):(d;n):1

} = p|5dp + 2n = p|2n

o Truong hop 1: [p=2], khi d6 2 (2ad? +1)* = (10d + 2n) (4d + n),
suy ra (2ad® + 1)2 = (5d 4+ n) (4d + n). Nhung vi (5d + n;4d +n) =
(d;4d +n) = (d;n) = 1 Cho nén ta phai c¢6

(z;y € N*, (z;y) = 1)

5d +n = x?
4d +n = >

Suy ra d = x? — y?. Mat khac

xy—1  azy—1
22 2(a? - y2)°

2ad’* +1 =2y o a=

Ta ching minh 2(m2—y2)2 > (:L‘+y)2 >ay—1

That vay
(z+y)® > day > ay — 1
2(a? =2’ — (w4 y)’ = (@ +9)* (2 —9)* 1) >0
:>2(x2—y2)2>xy—1:>a<1: Trai gt

Vay p = 2 bi loai.

e Truong hop 2:

_ ¢ =&, (i)
=>d=m= b— dn
(7.7) & @ (ad? +1)* = (5d2 + 2dn) (242 + dn)
& (ad®+1) = (5d+ 2n) (2d + n) (7.8)
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(5d +2n;2d +n) = (d;2d +n) = (d;n) =1
5d + 2n = 22 x;y € N* d = 2% — 2>
2 = 2 2
2d+n=y (x;y) =1 n = by* — 2x

d =42 — 2y?

Néua::2zvéiz€N*:>{ n = 5y? — 822

(7.8) & (ad® + 1)2 = 42%y* & a (427 — 2y2)2 +1=2zy

Phuong trinh cudi cing vo nghiém nguyén do 2 vé khac tinh chén 1é.
Suy ra, z 16 = d 1é = c 1é. (i7)
K&t luan: (i), (44) = c la s6 chinh phuong 18. |

Khong ngiing tim kiém, ta sé tim mot 10i giai khac sic tich hon. Néu
ta biét dén cong cu vp(n) thi sé thy né sé rat hieu qua cho bai toan
nay, ta c6 cach chiing minh tha vi sau.

Chdng minh (Chidng minh 3). Gié st ¢ chdn khi d6 ta co:
va(c) = va(5c + 2b) + v2(2¢ + b)

Néu b 18 thi ta c6 ve(c) = va(5e + 2b) = vo(5e) = va(be) < v2(20) = 1.
Diéu nay vo li!

Do d6 ¢ 1é. Xét p|c 1a mot uGc nguyen t6 cla c.

Ta c6 vy(c) = vp(5e + 2b) + vy (2¢ +b).

Ta thay rang v,(c) > v,y(5¢ + 2b),v,(2¢ + b) > 0.

Do d6 vp(5¢ + 2b) = minfvy(c); vp(4e + 2b)]

= vp(5c + 2b) = vp(4e + 2b) = vy(2¢ + b)

= vp(c) = 2v,(5e + 2b): 86 chdn nen suy ra ¢ 1a s6 chinh phuong. M

Va hi vong con nhiing 16i giai khac hay hon, sang tao hon tit cac ban.
Mong ban doc thao luan thém va déng gép v kién cho bai toan.

Ldi cdm on

Rat cdm on Karl Heinrich Marx,nguyenta98, Vuong Nguyén Thity
Duong va perfectstrong da déng goép v kién cho bai viét nay.
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I Tai liéu tham khao

Vi Hitu Binh, Phuong trinh nghiém nguyén va kinh nghiém gidi

Phan Huy Khai, Cdc chuyén dé boi dudng hoc sinh gidi todn trung
hoc. Chuyén dé 5: Phuong trinh nghiém nguyén

Pham Minh Phuong va nhém tac gié chuyén todn Dai hoc Su pham
Ha Noi, Cdc chuyén dé S6 hoc boi dudng hoc sinh giéi Trung hoc
co S0

Titu Andreescu, Dorin Andrica, Number Theory: Structures, Ex-
amples and Problems

Tap chi Toan Tudi Tho, Toan hoc v Tudi tré, Mathematical Re-
flections, v.v

Cac dé thi hoc sinh gidi, tuyén sinh vao THPT, TST, IMO,v.v

Tai nguyeén Internet, dac bigt:
HTTP://DIENDANTOANHOC.NET/FORUM/,
HTTP://WWW.ARTOFPROBLEMSOLVING.COM/,
HTTP://BOXMATH.VN

Gv THPT chuyéen DHKHTN Ha Noi, Bai gidng So hoc
Dang Hung Thang, Dong duv va phuong trinh dong du
Phan Huy Khai, Cdc bai todn co bin cia So6 hoc

Ha Huy Khoai, Chuyén dé boi duong HSG THPT S6 Hoc

K¥ yéu ctia cac hoi thao Toan hoc, Tap chi Toan hoc va Tudi tré,
tap chi Crux,v.v
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142 Tai lieu tham khéo

[13] Nguyén Trong Nam, Ly thuyét dong dv va ting dung trong ma sia
sai
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