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Ban doc than mén!

Dai S6 T6 Hop ngay nay da tréd thanh mot mon hoc khong thé thiéu
trong chuong trinh trung hoc phd thong. Khi néi vé cac bai toan T
hop, chiing ta khong thé khong nhic t6i mot dang toan rat hay va quen
thuoc do6 la: Dang thic t6 hop.

Déang thitc t6 hgp (DTTH) la nhitng ding thitc c6 chita céc hé sé nhi
thiic thuong duge phéat biéu dusi dang tinh téng. Cé thé néi DPTTH
13 mot trong nhitng dé tai khé nhat va hap dan nhét ctia Dai S6 T6
Hop. Viec DTTH xuat hién thuong xuyén trong céc ky thi Dai Hoc,
hoc sinh gi6i nhitng nam gan day, ciing la mot dau hiéu cho thay su
quan tam va dau tu mot cach tich cyc hon vé van dé nay.

Nhan sy kién dén xuan Quy Ty va ky niém tron mot nam DIEN DAN
TOAN HOC khai truong trang cht mdéi (16/01/2012 - 16/01/2013),
nhém bién tap ching toi cting nhiéu thanh vién tich cic ctia dién dan
da chung tay bién soan mot chuyén dé giti dén ban doc.

V6i mot s6 phuong phép tit co ban dén nang cao vé Dai S6 T6 Hop néi
chung va DTTH néi riéng, chiing t6i, nhitng ngusi thyc hién chuyén dé
nay, mong mudn dem dén cho ban doc mot chit gi d6 méi mé trong cac
bai toan vé DTTH, ching han nhu phuong phép Sai Phan, Sai phan
ting phan, v.v... Ban doc sé tim thay trong chuyén dé nay mot s6 dang
bai toan quen thudc duge nhin nhan va tiép can theo phong cich hoan
toan méi, qua nhitng vi du va bai tap dién hinh.
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Chuyeén dé 1a tap hgp cac bai viét clia cac tac gid: Tran Qudc Nhat
Han (perfectstrong), Bui Dic Loc (supermember), Hoang Xuan Thanh
(hxthanh), Lé Kim Nha (gogo123), Nguyén Béo Phuc (Dark Templar),
Tran Trung Kién (Ispectorgadget), Luu Giang Nam (namheo1996),
Hoang Minh Quan (batigoal), Nguyén Hién Trang (tranghieu9s) ...
cling sy gop stic ctia nhiéu thanh vién tich cyc khéac trén DIEN DAN
TOAN HOC nhu thay Chau Ngoc Hung (hungchng), Lé Hitu Dién Khue
(Nesbit), Dinh Ngoc Thach (T*genie*), HeilHittler, trungpbc, ...

Chuyén dé gém 6 chuong. Chuong 1 téom tit Téong quan vé hé sb
nhi thitc. Phuong phap can bang hé s ctia khai trién nhi thic
quen thudc sé dude nghién ctiu 6 chuong 2. Tinh téng bing Sai
Phan va Sai Phan Ting Phan chiém vi tri § chuong 3. Chuong 4
viét vé Ham Sinh va nhitng ttng dung manh mé trong chitng minh
DTTH. Chuong 5 1a Mot s ttng dung ctia nhi thiic trong cac bai
toan S6 Hoc. Khép lai chuyén dé la chuong 6 Phuwong phap dém
biang hai cach.

Nhitng phuong phap va bai tap dugc gi6i thiéu trong chuyén dé nay
c6 thé chua phai 1d hay nhét, chua phai la tong quat nhat. Nhung hy
vong ban doc hidy tiép tuc nghién citu, sang tao. D6 méi 1a tinh than
hoc toan ma chuyén dé muén mang tdi.

Tai lieu nay cling thay cho 16i chic ming nam mdéi cia DIEN DAN
TOAN HOQC giii dén quy ban doc!

Do thoi gian chuan bi gép rit, mot sé noi dung chua duge dau tu mot
cach ti mi va khong thé tranh khoi sai sét, ching toi mong ban doc
thong cdm. Moi si ting ho, déng gép, phé binh ciia doc gia sé 14 nguon
dong vien tinh than to 16n cho ban bién tap ciing nhu cac tac gia dé
nhitng phién ban cap nhat sau ctia chuyén dé dude tét hon. Moi trao
doi gép ¥ xin giii vé dia chi email : contact@diendantoanhoc.net.

Tran trong!
Nhém bien tap Chuyén dé Dang Thitc T6 Hop.

DiEN DAN TOAN HOC A Chuyén dé Ding Thic TS Hop
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Chuong

1

Tong quan veé
hé s6 nhi thic

1.1  Mét sb khai niém 1
1.2 C4c tinh chit co ban 4

Hoang Xuan Thanh (hxthanh)

Tém tat ndi dung

Déng thiic t6 hgp (DTTH) duge gidi thieu trong bai viét nay dudc
hiéu 1a cac déng thiic c6 chita cic hé sé nhi thitc (binomial coefficient)
<Z> DTTH la mot dé tai rat hay va kho, cing v6i dé 1a rat nhiéu
phuong phap tiép can khac nhau cho mot bai toan.

Trong phan nay, tac gia sé hé théong cho ban doc mot s6 khai niem va
nhitng cong thic thuong st dung.

1.1 M6t sb khai niém

1.1.1 Heé sb nhi thic
Dinh nghia 1.1 (Hé sb nhi thirc)

A . 2, - PN n ~ ~ X 2 . + 2 2 . 2,
Heé so nhj thiic ky hiéu I la hé so cua z" trong khai trién ctia nhj thic

http://tieulun.hopto.org
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2 1.1. Mot s6 khai niem

(14+2)" = Z <Z>xk
k=0
(Z) doc la s6 t6 hop n chap k (n choose k). A

Luu ¥ réing, mot s6 qubc gia Chau A trong dé c6 Viet Nam, thuong ky
hiéu t6 hgp n chap k 1a C,’fb.

Trong toan bo chuyén dé nay ching ta st dung ky hiéu quoc té (Z)

TiNH CHAT 1.1 (QUY UGC)—
<Z>:0né/‘uk:>n20hoa”ck<0§n. OJ

DiNH Ly 1.1 (CONG THUC GIAI THUA)—
Véi moi s6 nguyén khong am n va k ta cé

(D - kwnnlw (L.1)

vdi n! = 1.2..n trong dé quy wéc 0! = 1. U

1.1.2 Luy thora giam, luy thira tang
Dinh nghia 1.2 (Luy thiura giam)

Liy thtra giam n cta x 1a

t=z(x—1)..(x —n+1)
nnl:gn ti

Quy uéc % =1. A

Dinh nghia 1.3 (Luy thira tang)
Liy thira tang n cia x 1a

() =2(x+1)...(x+n—-1)

n nhan ti

DIEN DAN TOAN HOC A Chuyén dé Dang Thicc T6 Hop
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1.1. Mot s6 khai niem 3

Quy uéc (x)p=1 A

n\ nf  (n—k+1) (-1)*(-n)
k)__ ko k =

k! k! k!

TiNH CHAT 1.2— (

1.1.3 Khai trién nhj thic suy réng véi s mii thuc

DINH LY 1.2— Vdi moi s6 thuc x va s ta ¢

(1+2)° = ’i(z,)x’“ (1.2)
1 2 k

= 1+Za+2224 42040 (13)
1! 2! k!
U
Ching minh. Dat f(z) = (1 + x)*, ap dung khai trién Maclaurin cho
f(z), ta c6 lan lugt

F0) = (1+a)|,_, =
') = s(1+ x)s_l‘wzo = st
F10) = S4a)? =4

ORI

Do do6

Y AUUNITEE < C
f = . = — .
@)= " e Z;)k! ! =

>
Il
o
>
I

Vi Iy do trén nén ngudi ta mdé rong hé s6 nhi thitc cho “co s&” thuc s
bat ky nhu sau:

Dinh nghia 1.4 Visc R vakeN

<s) sk s(s—1)...(s—k+1)

T k!
S . . ~ c 18 1A £ . . [P
( k) xac dinh nhu trén dugc goi la hé so nhi thitc md rong. A
Chuyeén dé Ding Thic T6 Hop A DiEN DAN TOAN HOC
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4 1.2. Cac tinh chat co ban

1.2 Céc tinh chit co ban

TiNH CHAT 1.3 (TiNH CHAT DOI XUNG)—
VGi moi s6 nguyén n, k thod mdn 0 < k <n ta cé

(1) =(.") ;

TiNH CHAT 1.4 (CONG THUC PASCAL)—

n n n _(n+1

k k+1) \k+1 O
Chiérng minh. Ching minh tryc tiép tit cong thitc giai thita. [

Tit cong thitc Pascal, ngudi ta lap duge bang sé sau, duge goi 13 Tam
giac Pascal

(o) () G) () () ()

0l 1
1] 1 1 *— o
2| 1 2 1 +
30 1 3 3 1 .
41 1 4 6 1

50 1 5 10 10 5 1

Tam giac Pascal cho phép ta tinh dan dudc cac hé s6 nhi thic. Mai
s6 trong tam giac Pascal dudc xac dinh béi tong ctia hai s6 hang hang
trén gan nhat phia bén trai (theo huéng miii tén)

TiNH CHAT 1.5 (TONG THEO COT)-
z”: (k:) B <n + 1>
=0 m m 4+ 1 n

DIEN DAN TOAN HOC A Chuyén dé Dang Thicc T6 Hop
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1.2. Cac tinh chat co ban 5

Vi du 1.1.
n n n
n
1 2 3
2 1
3 3 1+3+6+10+15=35
4 6
5 10
6 15
7 A
Ching minh.

;Z:O CZ) = En: [(:;11) - (m’i 1)] (Theo cong thite Pascal)

k=0

_ (Zj‘rll) _ <mi 1) (Sai phan)

1
(" m
m+1
TiNH CHAT 1.6 (TONG THEO DUONG CHEO CHINH)—

e

k=0

Chuyeén dé Ding Thic T6 Hop A DiEN DAN TOAN HOC
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6 1.2. Cac tinh chat co ban

Vi du 1.2.
n n n n n
"Io) 1) \2) \3) 4
2 1
3 3 1+3+6+10+15=35
4 6
5 10
6 15
7
A
Chdng minh.
n n
k k .
Z <m + ) = (m N ) (Doi xting)
k m
k=0 k=0
1 .
- <mT:Z'1" > (Tong theo cot)
1 P
- (m Tt ) (Déi xting) n
n
TiNH CHAT 1.7 (TONG THEO DUONG CHEO PHU (SO FIBONACCI))—
n
n—=k
> (") =
k=0 U
DIEN DAN TOAN HOC A Chuyén dé Dang Thicc T6 Hop

http://tieulun.hopto.org


http://www.diendantoanhoc.net
http://diendantoanhoc.net/

1.2. Cac tinh chat co ban 7

Vi du 1.3.
n n n n n
") 1) \2) \3) W4
2 Fy F5 1+44+3=8=F;
3 3 1 Fy 1+454+64+1=13=Fy
4 4 6 1+6+10+4=21=1F3y
5 1 5 10
6 1 6
7 1
A
Chdng minh.
Ta chiing minh dang thiic trén bing quy nap theo n
. 1 , 0
V6in =1 van =2 dé thay cac tong la: (0> =1=I] va
1 0
(o) () -1-»
Gia st dang thic ding dén n — 1.
Khi dé6 ta coé:
n n n
n—=k n—1—k n—1—k
Z( . ):z( o )+z( ! ) (Pascal)
n—2 n—1
n—2—k n—1—k
(e (Y
k=0 k=0
= Fn-2+ Fn—l (glé thiét quy nap)
= F, (Cong thtic truy hoi day Fibonacci) [

TiNH CHAT 1.8 (QUY TAC “HUT” (ABSORPTION))—

VGi0 < k <mn, ta co:
ny _n n—1
k)  k\k-—1 O

Chuyeén dé Ding Thic T6 Hop A DiEN DAN TOAN HOC
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8 1.2. Cac tinh chat co ban

Chiéing minh. Ching minh tryc tiép tit cong thitc giai thita [

TiNH CHAT 1.9 (CONG THUC LUI “CO $O”)—

VGi0 < k <n, ta co:
ny n n—1
k) n—k k U

Chiéing minh. Ching minh tryc tiép tit cong thitc giai thita. [

TiNH CHAT 1.10— T3p con ciia tap con
VGi0 <k <m<n, ta cé:

n\(m\ (n\(n—Fk
m)\k/) \k)\m—k O
Chiéng minh. Chiing minh triyec tiép tit cong thic giai thira [ |

Mot déng thiic cling hay duge diing dén la déng thic Vandermonde

TiNH CHAT 1.11 (DANG THUC VANDERMONDE (2 THUA S0O))—
Cho céc sb nguyén khéng 4m n,m,r. Ta cé:

=0 k’ r — k T n
Chl'rng minh.

Dua vao ding thic: (14 2)"(1 +z)™ = (14 z)"t™
Khai trién ra ta co:

n m n—+m
ny\ . m\ n+m\ g
E 2 x E L]t = E x
k=0 j=0 J k=0
n o m n+m
ny\ (MY ik n+m\ g
=4 E X = E x
k)\j k
k=0 7=0 k=0
DiEN DAN TOAN HOC A Chuyén dé Ding Thic TS Hop
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1.2. Cac tinh chat co ban 9

So sanh heé s6 ctia " & hai vé ta cé:

> (G- (")

2 ()02 (7) "

Chitng minh tuong tu ta c6 dang thiic md rong sau:

TiNH CHAT 1.12 (DANG THUC VANDERMONDE (M3 RONG))—
Cho céc sb nguyén khéng &m nq, ..., ny,k=k1 + ko + ... + k.. Ta co:

S ) G-

kit+ko+...+kr=k

Chuyeén dé Ding Thic T6 Hop A DiEN DAN TOAN HOC
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Chuong

2

Phuong phap can bang
hé s6 chitng minh
dang thic t6 hop

2.1 Khai trién sb thyc 12
2.2 Ung dung sb phiic 22

Tran Trung Kién (Ispectorgadget)
Tran Quoc Nhat Han (perfectstrong)
Hoang Xuan Thanh (hxthanh)

Leé Kim Nha (gogo123)

Tém tit ndi dung

Phuong phap can bing hé s6 14 mot trong nhitng phuong phap kha

hay va manh trong céc bai toan tinh tdng c6 chita hé s6 nhi thitc. Co
s& clia phuong phap la viec dong nhat hai da thitc bing nhau (c6 thé
14 chudi luy thira).
Tt mot hing ding thiic, ta khai trién thanh da thic theo 2 cach khac
nhau, thi hai da thitc thu duge van phai 1a nhu nhau. Tt do ta suy ra
dugc hé sb ciia s6 hang bac nao dé trong 2 khai trién 13 bang nhau, la
diéu can chitng minh ho#ic yéu cau tinh ctia dé bai.

11
http://tieulun.hopto.org
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12 2.1. Khai trién sb thuc

2.1 Khai trién sb thuc

Vi du 2.1. Chitng minh dang thic

2n 2
2n nl2n
St = ()
k=0 n A
Loi giai.
Xét dang thic
(1—22)?" =1 —2)™1 +x)™ (2.1)

Khai trién Vé Trai ctia (2.1), ta co:

(L-a?pPr=3" (2,:‘ ) (~1)*a™

He s6 ciia 2" trong khai trién trén tuong tng véi sb6 hang k = n 1a

o)

Khai trién Vé Phai ctia (2.1), ta dugc:

(1—2)?"(1+2)*" = :Z; (i”) (_1)k$k;gno <2jn> .
2n  2n
= kZ:D;O(—m <2:> <2;7> it

Nhu vay, he s6 ctia 22" trong khai trién trén tuong ing véi cac sé hang
thod k+j =2n la

5 (D)) =S () ) - S ()

k+j=2n k=0 k=0
Tit d6 suy ra dang thitc can chitng minh. [
DIEN DAN TOAN HOC A Chuyén dé Dang Thicc T6 Hop

http://tieulun.hopto.org


http://www.diendantoanhoc.net
http://diendantoanhoc.net/

2.1. Khai trién sb thuc 13

Vi du 2.2.
a)  Ching minh ddng thic:

= (T [2n & BT 3n
=20 () ) = 5 () ()
k=0 k=0
b) Tinh Say, (meN) A
Lai giai.
Ta c¢6 déng thic: (1 —23)*(1+2)2" = (1 —2)"(1 4 z)3"
Khai trién ra ta dugc:

>0 ()3 () - S ()2 ()
S5 (1) ()2 - S () ()

N ~ A . . 2 ~ 2
Tim heé s6 ctia 2" trong ca hai khai trién tren ta co:

>, M) ) = 2, ) )

2k+j=2n k+j=2n

20 ()G X ()G

Diang thitc a) duge chitng minh. Ta tiép tuc chiing minh dang thitc b).

Ta co:
g — zn:(—l)k n 3n
" k) \n+k
k=0
B " n!(?m)!(—l)k
N — El(n — k:)'(n + k)!(2n — k)!
n!(3n)! 2n)!(=1)"
2n)'(2n ' — k‘ 2n —k)l(n+k)l(n—Ek)!
_nl(3n)! - )k <2n> < 2n )
oyt 2= B
2n).(2n — n—k
Chuyeén dé Ding Thic T6 Hop A DiEN DAN TOAN HOC
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14 2.1. Khai trién sb thuc

= Som = m > (D <4Z7n> <4Jm>

" k4j=2m

Xét dang thitc:
(1 -2 =1 —2)"™(1 + )™
4m 4m 4m
@ ST =S () ()

Can bing he s6 2™ & dang thic tren ta co:

()=, 2,000

T do suy ra:

(2m)!(6m)! (=1)"(4m)! _ (=1)"(2m)!(6m)!
(4m)!(4m)!  m!(3m)! m!(3m)!(4m)! [

SQm =

Vi du 2.3. Tum hé sé z'° trong khai trién
P(z) = (14 z 4 2% 4 2%)¥ A
Loi giai (1). - Dung hé s nhi thitc m& réng

(1 _ :(:4)15
(1—a)15
. 1,)715(1 _ 334)15

ERrE )
e

Ta can tim he s6 z'°, nghia 13 phai tim tit cA nghiém nguyén khong
am cta k + 45 = 10.

P(z) =

I
M Ie =

0<yj
k

N\/\

DIEN DAN TOAN HOC A Chuyén dé Dang Thicc T6 Hop
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2.1. Khai trién sb thuc 15

Suy ra (j, k) € {(0,10); (1,6); (2,2)}
Hé s6 can tim c¢6 tat cd 3 sd hang tuong tng véi (4, k) nhu tren la:

14 410\ /15 1446\ /15 1442\ (15
_ =13924
(0) (0) - () () = (7)) = voneass
Loi giai (2). - Khai trién truc tiép
Mot cach tong quéat:

Hé s6 ctia ™ trong khai trién trén sé tuong tng véi cac s6 hang thoa
k+ 25 = m hay k =m — 2j. Nghia la:

(@) Az ta® +a)" = ) @ <mf2ﬂ‘>

320

Ky hieu: (™) f(z) nghia la hé s6 ctia 2™ trong khai trién f(x)
Véi n =15 va m = 10, ta co:

(1) (1+z+2? + 2P =3 <15> <101—52j>

(B)(0)- () -(5))
OO0

= 1392456 u
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16 2.1. Khai trién sb thuc

Nhan zét.
Bing viéc khai trién dang thitc trén theo 2 cach khac nhau, ta thu duge
déng thic sau:

> ()00 )

k+4j=m
k,jEN

Vi du 2.4. Véi cdc s6 tu nhién m,n thod m < n. Chitng minh rdng:

S =E (D)= s ()

k=0 k=0 k=0

A
L& gidi.
Ta tim hé s6 ™ trong cac khai trién:

(=)™ =2(1+2)]" (1+2)" = (14+22)" (1+2)" = [z+(1+2)]" (1+2)"

Ta co:

Heé s6 clia ™ bao gom tong cac sd hang thoa: k+j =n hay j = n — k.

D6 la:
i <72’> <n " k) ok (2.3)

k=0
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2.1. Khai trién sb thuc 17

Ta c6 tiép:

[+ (14+2)"(1+2)" = i ).’L‘mk(1+x)k+n
k=

n+k
k — J

J
_ Emz & m n+k xm—k-l—j
L=\ k j

Heé s6 ctia 2" bao gom tdng cac sd6 hang thod: m — k + j = n hay

j=n+k—m. Do la:
" (m n+k
24
> ()0 @)

k=0
Tiép theo:

(D)™ =21+ )" (1 +2)" = (~1)" )
k=

Nhu vay hé s6 ctia 2™ tuong ting véi j = n. D6 la:

m

m\ (n+k
oy (0) (M) (25)
n

k=0
Tit (2.2), (2.3), (2.4), (2.5) ta thu dugdc cAc dang thitc can chitng minh.H
Vi du 2.5. Chimg minh ding thic:

zn:4”_k< dn )(2n+2k> B <8n>
— 2n + 2k k 2n A
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18 2.1. Khai trién sb thuc

Lo gidi.
Biéu thiic cia vé phai cho ta thay do6 1a heé s6 ciia s6 hang thit 2n + 1
trong khai trién ctia nhi thic véi bac 8n.

Ta co:
8n SN,
(x + y)Sn _ Z ( L >x8n—k‘yk
k=0

4 8n
Nhu vay s6 hang tht 2n + 1 (tuong ting véi k = 2n) la <2 > 6y 2n
n

. 8
Dé cho don gian, ta cho y = 2! tic 1a <2n> = <:E4”> (z+z 18"
n
én

Ky hieu (2™) f(x) & day nghia 1a Hé¢ s6 ciia 2™ trong khai trien f(x)

Ta co:

(22) (2 (24271 = (&) (2 + 272 + 2)4n
3 (M)

dn An—k
En: < < ) <4” - k) ok, 8n—2k—2j . ~2j
k=0 j
dn 4n—
_ <$4n> B dn\ (4n —k ok .8n—4j—2k
’ k j
0 5=0

Nhu vay céc s6 hang chita 2" tuong tng véi k, j thod 8n—4j —2k = 4n
hay k=2n—25,khid6 0<2n -2 <2n=0<j53<n
Thay gia tri k = 2n — 25 va gidi han clia j vao biéu thitc trén ta dugc:

8n "L o 4n 2n + 25 S 4n 2n + 2k
— 22n 27 _ 4n k
(o) =22 (o) (5 = ) (1

Nhan zét. Cai hay ctia phuong phap nay dé la: Bing cach khai trién
theo nhitng cach khac nhau, ta c6 thé mdé rong duge nhiéu ding thiic
khéac nhau tit bai toan ban dau! Vi du: Tt ding thic:

GZ) (21"} (@ + 27

il
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2.1. Khai trién sb thuc 19

Ta khai trién nhu sau:

(z +x—1)8n _ (2 + 22 _1_96—2)4“

(4”>24n Fa? 4+ 22k

k
Z <4”) (k) gdn—k ,,2k—2j . ~2j
5 k J

075=0

n k
<4:> <k> gdn—k ,2k—4j
k=0 j=0 J

J]=

ol

NERNE
o

s 1

T doé:2k—4j=4nhay0<k=2n—-2j<2n=0<j53<n
Do d6 he sé %" ctia khai trién tren sé la:

PEEHC S L))

k=0 7=0 7=0

Tt d6 ta c6 them dang thiic:

8n - 4n on — 2k
— 4n+k‘
(-3 (o) ()

Bay gio ma dao chiéu clia tong Vé Phai (thay k bdi n — k), ta co tiép:

() =2 (i) (2

Két hop v6i dé bai thi ta c6 déng thitc

Sl (1) £ )

k=0
PR 2k ” . n

Luu ¥y rang i ch17é0kh12k:2n—khayk2§
Nhu vay:

z": ponk (A (26N Z”: onk (A0 (2K

2k ) \n—k 2k ) \n—k

=0 =2
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20 2.1. Khai trién sb thuc

Vi du 2.6. Vdi cic s6 nguyén n,m thod 0 < m < n.
Ching minh ddng thic:

L&i giai.
Quan sat vé phai ciia diing thic can ching minh ta thay ring:

<”>2n—m = (z"™) (2 + )"

m

. ) 2n — 2k
Mait khac quan sat thay vé phai ciua dang thitc ¢6 nhi thiic ( n ) ,
n+m

diéu nay chitng t6 biéu thitc d6 1a hé s6 bac (n+m) clia mot khai trién
bac cao hon n
Do d6 ta sé nhan thém z" vao khai trién trén

(™) (24 2)" = (") 22 + 2°)" = (2"T") [(z + 1)* — 1]"

n

:<xn+m>z<;;><x+1>z<n—k><_1>k

k=0

e i%z% < > <2n ; 2k>(_1)kx]~

k=0 j=0

Suy ra j =n +m va do do ta c6:

()= () ()

— ™ i 2n—2k < n4m va khi d6 <2”_2k> —0
n+m

Tit d6 ta c6 dang thiic can chitng minh [ |

Deé y rang véi k >
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2.1. Khai trién sb thuc 21

Bai tap
BAI 1. Cho cac s6 tu nhién m,n thod man m < 2n
Chitng minh ding thitc

S (G (o= ()

BA1 2. Cho cac s6 tu nhién m,n thod man 2m +1 < 3n
Chitng minh déng thitc

S () () = () s )

k=0
BAI 3. Chitng minh ding thic
- 2n\ [2n —k on
-3 k — (—9)"
et (7)) =2 ()
k=0
BAI 4. Chiing minh dang thiic

5] n on 9
119Gy B at 9] vy

BAI 5. Chiing minh ding thiic
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22 2.2. Ung dung s6 phiic

2.2 L'J'ng dung sb phic

Viéc tinh tong hodc chiing minh dang thiic chita cac hé sé nhi thic, doi
khi ta ciing can ding dén cong cu s6 phite. Vay khi ndo ta can ding
dén s phtc?

D6 1a nhitng téng c6 dangz f(m, pk) hoac Z(—l)k.f(m,pk:) véi
k=0 k=0
p>1

Y nghia ctia nhiing téng dang trén dé 1a “khodng cach” gitta hai sé hang
lién tiép 14 mot boi clia bién chay k.

Vi du:

S (G) () e

k=0 k=0

Tai sao ta can ding s6 phtic? Ta can dén tinh chét gi ctia s6 phic? Dé
tra 10i cho cau héi trén, chiing ta hiy ciing tim hiéu mot sé van dé sau:

Ta c6 i2 = —1; i*" = (—1)"; .... Xét phuong trinh
2" —1=0 (2.6)

Phuong trinh (2.6) ¢6 nghiém 2 = /1. Nhiing nghiém nay (c& nghiém
phitc) bao gom n gia tri {1;e;¢%;...;e" !} trong do:

g=cos| — | +smn| —
n n
Mit khéc: 2" — 1= (z — 1)(2" ' + 2" 2+ ...+ +1)

Nhu vay ngoai trit nghiém x = 1 thi n — 1 nghiém phitc con lai déu
thod man phuong trinh:

el 42 4+1=0 (2.7)
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2.2. Ung dung sb phic 23

Thay lan lugt cac gia tri nghiem vao (2.7), ta duge:
e+ e 24 L +e+1=0

g2n=1) 4 [2(n=2) L 4 2.1

Mot cach tong quét ta co

DiNe Ly 2.1 (DinH LY RUF - RooT oF UNITY FILTER)—

1 i 1 néu nlk
— e = B
0 neu nfk 0

en=1
Hiéu mot cach don gian la: Trung binh cong véi luy thita bac k ciia n
gia tri can phitc bac n clia 1 bang 1 néu k 1a boi ciia n, ngude lai gia

tri nay bang 0.

Ngoai ra mot tinh chat rat co ban dé la:

RN {Re(zl) = Re(z9)
Im(z1) = Im(22)

Dé tim hiéu céach st dung céc tinh chat trén nhu thé ndo, ta hay xét
mot s6 vi du sau:

Vi du 2.7. Tinh tong
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24 2.2. Ung dung s6 phiic

Loi giai.
Xét khai trién (1 +14)%", ta co:

(1+i)" = ki; (?)ﬂf

Nhu vay ta dé dang nhan ra dugc:
i 2n
5=31 (5¢) = elca+

Va nhan tién ta ciing c6 luon:

n

S0 () =l

k=1
Mat khac:
2
(1+44)* = [\@ (cos% + isin %)} R (cos % + isin %)

T do suy ra:

n

2n nmw
= — k = n _
S = g (-1) <2k> 2" cos 5

k=0

° 2n nmw
_1\k—1 —_ogn g 0
g (-1) <2k B 1> 2" sin 5

k=1 [ |

Nhan xét. Liéu bai todn nay c6 phai bat budc phai diing cong cu s6
phiic? Cac ban thit tim cach khac xem nhé!
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2.2. Ung dung sb phic 25

sn 12n
=2 ()
k=0 AN

12n o

Vi du 2.8. Tinh tong

Lo giai.
Nhin vio dé bai, ggi ¥ cho ta lien hé ngay dén khai trién (1 + i)
Nhung lieu c6 ra dudc két qua cudi cing khong? Ta hay tinh thit xem!

12n 12n
1 - 12n — k‘
(i)=Y < ’ )
k=0
Cac s6 hang ctia ta “cich déu” mot khoang boi clia 4, nhu vay mot

cach tu nhién ta sé tach khai trién trén thanh 4 tong theo phan doan
module 4 (theo & mod 4)

%L 12n ik_i 12n Z,4k+3”’1 120\ ixin
k)T &\ dk — \4k+1

k=0

Dén day, ta gip mot “vuéng mic nho”, do la:
3n 3n—1
12n 12n
Re [(1+0)12"] = — 2.8
e[a+9™] kz()(z;k) kzo<4k+2> (2:8)

Nhu vay la so v6i tdng can tinh gia tri ctia ta “thita ra” mot tong ...
tuong tu.
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26 2.2. Ung dung s6 phiic

Khong van dé gi, trd lai véi sé thuc ta xét khai trién:

12
1+ z)12" = i <l2n> k

Il
w
S
/\
[u—
)
3
v
.J;
?v
w
3
H
N
i
T
+ 3
—_
~_
N
>
+
[

va
12n
12n
(1 )12n Z( . >(_1)k k
k=0
3 3n—1
X~ (l2n Ak i 120\ 4k
4k 4k +1
k=0 k=0
3n—1 3n—1
120\ 4k12 120\ ki3
3 ()™ 2 (s

Cong 2 déng thic trén theo ting vé ta dugc:
3n—1
12n 12n
12n 2)12n 4k 4k+2
(142) 4 (1 _2Z< ) 2;(4k+2>x

Cho x =1, thi ta dugc:

2 (120 L 12m
> (52 2 ()
k=0 k=0
hay
3n 3n—1
12n 12n
ol2n—1 _
2 ()t 2 (age
k=0 k=0
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2.2. Ung dung sb phic 27

Cong vé theo vé véi (2.8), ta sé co:

Viéc con lai ta chi phai tim Re [(1+ z')mn].
Ta co:

12
(1+40)12" = [\@ (cos% + isin%)} "

= 29" (cos(3nm) + isin(3n7))
— (_1)n26n

Tu do ta co:

Nhin zét. Ngoai ra ta con thu duge dang thiic:
3n—1 3n—1
12n 12n
I 1 N\12n] _ E : . Z —0
" [( ) ] =0 (4k: + 1> =0 (4l<: + 3)

hay

S (a0 -2 () 29

k=0 k=0

Thém mot cau héi cho cdc ban: Téng (2.9) bing bao nhieu?

Vi du 2.9. Cho n € N. Chiing minh rdng
2 2
1— n + my L + Yy _ (" + " 4+ ... = on
2 4 1 3 5 A
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28 2.2. Ung dung s6 phiic

Lai giai (1).
Ta co:
n n n n n

149" = |1- ; _
= [ () ()Ll G) - () ()
Lai co:

(1+i)”:ﬁ(cosn—+81n—) @cos——i— 2n sin L

4 4

Do do:

()] - e
(G)-()+ () Lo ()

4
Cong 2 déng thiic trén, ta c6 ding thic can ching minh. [
Lai giai (2).
Xét s6 phitc z =1+ 4. Khi d6

R CROESEGRONORS
(- T 10-0 0]

Ma |2"| = |z|" = (\/5) . Tt d6 ta ¢6 duge dpem. [ |

Vi du 2.10. Tinh tong

_an 20\ on_1 (20 =1 2n n(2n
A=3 (0) 3 (2>+...+( 1) 3<2n_2)+( 1) <2n>

__ 92m 4m 2m—2 am 2m—4 dm 2 Im 4dm
s () () wam () (0 )+ ()

A
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2.2. Ung dung sb phic 29

Loi giai.
Xét cac khai trién

2n 2n 2n 2n
T = n n—1_2 n—2_4 2n
3<0)+3 x(2>—|—3 T 4 + ..+ +x o

[(\/5 +2)" + (V3 - ;z:)ﬂ

NN

Chon z = ¢ thi

2n
(V3 i) =220 (COS% + ¢sin %) = 2" (cos n—; + isin %)

2n
(V3 —i)m =22 {cos <67r) + isin (E:Tﬂ =2%n (COS %T — isin %T)

Suy ra A = 22" cos nr

V6i n = 2m, chon z =1 thi

4m 4m 4m 4m 4m
A/ — 2m 2m—1 3m—2
3 (O)+3 9 +3 4 +...+3 A — 9 + Am

— 22m71[(2 + \/§)2m + (2 _ \/§)2m]
dm dm Im 4m 2mm
_ 92m _ 92m—1 2m—2 _ 4m
A=3 (O) 3 <2>+3 <4>+...+(4m) 2 cos—3

Do do

A+ A 2
B= 55 = 220 VBT 4 (2 VB + 41 cos ~ m
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2.2. Ung dung s6 phiic

Vi du 2.11. Ching minh

(6)+ () + (5) = (5)
() )+ () () +-
(3)+ ()« (5) + (1) +

Loi giai.
Ta co:

(2”4—2008@)
3
n—2
3 T
n—4 )
T
3

¥ ¥

2™ + 2 cos

A

Wl Wl Wl

(2" + 2 cos

1+ cosp+ising = 2cosf (cos—+isin—)

2 2 2

2 2
Datszcos?ﬂ'—l—ising,tacésk:1<:>k:3mva

1+6%+e% =

v6i moi k khong 1a boi cia 3.
Xét cac khai trién

M = (1+1)" = (g) +
(1+e)" = <g> +5<71L> +
(1+e)2 = (g) + 2 G) + o

Ta co:

2
3

2 n
(14+¢e)" = (1+cos;+isinﬂ) =

47

3

1— g3k

1—¢ek =0

2" cos™ g (cos % +4sin %)

4 " 2 2 2
(145" = <1+cos;+isin> :2”(:0s”§7r <cos;m+ising7r>

T ™m .. nmw
= 2" cos” 3 (cos — —gsin —)

3
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2.2. Ung dung sb phic 31

Goi vé trai cac déng thiic can chting minh l1an lugt 1a S;, So, Ss thi

381 =(1+1D"+(1+e)" +(1+&%)"=2"42.2"cos" g cos %T
Ha
n n n 1 nmw
== (2742 —)
<0)+(3>+(9>+ 3( + 200873
381=(1+1)"+*(1+¢e)" +e(l+e*)"
=97 +¢2 (cosn—ﬁ—i—isinnl) +e cos%—ﬂ—i—isin%—n
B 2 3 3 3
Suy ra

(0 ()- (i oo

= 9"¢? (cos nr + i sin mr) + e | cos 2nm + 4sin 2nm
B 3 3 3 3

(B)+ () () () =5 (reemtshe)

Nhan zét. Diém mau chét ctia 161 giai 1a sit dung tinh chat cin bac 3
ctia don vi va cong thitc Moivre. Ching ta xét them mot vi du nita dé
lam r6 hon nita cach gidi dang todn nay (Hoan toan tuong tu cho 16i
giai bai todn tong quat).

Suy ra

Vi du 2.12. Tinh tong

S=(")+ (M) + () + () +

~\o 6 12 18) 7 A
Loi giai.

Khoang cach ctia hai chi s6 trén lién tiép 14 6 nén xét s6 phiic

2r . 2w T .. T
5:cosg+zsm—:cos—+zsm—

6 3 3
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32 2.2. Ung dung s6 phiic

Ta thiy €* = 1 khi vA chi khi & 1 boi cfia 6, va v6i moi k khong chia
hét cho 6 thi
1 — bk

1ok o2k 3k 4k 5k _ =0
— &

Ta co:

A+1D)"+A+e)"+(1+H"+ 14"+ A+ +(1+5" =65

3 6—p

= 1vael=1=cznene

R6 rang € cosTr S 7T5 €
rang € = — —isin — =
g 3 3’
Do dé:
1+ =1+ 1+ =1 +H)"
1+e = ﬁ(cosgﬁ-isin%)
1+ = ﬁ(cos%—isin%)
1+ = cos%—i—isin%
1+8 = cosg—isin%
Suy ra
65 =2"+(14e)"+(1+8)"+(1+H)"+ (1+&)"
=2"+ (V3)" (cos % + isin %) + (V3)" (cos % + isin %)
:2n+2(\/§)nCOS%+2COS%
Vay ta co:
1
S = 3 [2"*1 + (V3)™ cos % + cos %} -

Vi du 2.13. Tinh tong

B () () e
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2.2. Ung dung sb phic 33

Loi giai.
Trudc tien ta phai ding dao ham dé cé dugce hé s6 ding trude t6 hop.

Xét da thuce
8 8n
s == (7)+ 2 ())e

k=1
= fl(z) = 8n(1 + z)¥ ! Zk( )

Lai nhan véi = ta dudc g(z) = Sna(1 + z)% ! Zk( ):L’k Nhan
thay 75 chinh 13 phan 4o cua
g(i) = 8ni(1 +9)%" "1 = 4n. 16" + 4n.16™

Do d6 Ty = 4n.16™
Tuong tu ta diing dao ham 2 lan dé tinh tong

92 (82") — 42 (82) + 62 (8(?) — o (80)? <8Z>
o )5

oo

8n 8

= 8n(1 + z)*~! —Zk( n>xk_1
k=1 k
8n 8n

& 8na(1 4 z)8" 1 :Zk:< k>xk
k=1
8n 8n

= Sn(l+ )% 2(1 + 8nz) = Z k2 ( )xk_l
k=1 k
8n 8n

& Snz(l42)%" (1 + 8nz) = k2< )xk = f(z)
k=1 k
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34 2.2. Ung dung s6 phiic

Tong can tim chinh 1a phan thuc cta

f(3) =8nf(1+4)* (1 + 8ni) = 16" + 128n>.16"%. (]

Vi du 2.14 (T7/248-THTT).
Chitng minh ddng thic sau vdi n la s6 nguyén duong:

2 2

> )| <2l -,

0<2k<n 0<2k+1<n

L& gidi.
Xét s6 phiic z = 1 + i, st dung khai trién nhi thitc Newton ta c6

= (1+i)”:iik<z>

k=0
n n
= —1)k . —1)*
2. (D) <2k> T, (D) <2k+1>
0<2k<n 0<2k+1<n
Lay module hai vé
2 2
n n n
e[z [z
0<2k<n 0<2k<n
Mat khéac:
Z" = [\/5 (cos% +isin%)]n = V2" (COS% —I—isin%r)

Tir d6 ta c6 |2"|? = 2", la diéu phai ching minh
Chii yj: Néu s6 phiic z = cos ¢ + isin ¢ thi:

2" = (cos ¢ + isin )" = cosny + isin np

DIEN DAN TOAN HOC A Chuyén dé Dang Thicc T6 Hop
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35

(cosp +ising)" = Z (—1)k<

0<2k<n

n
2k

> .cos" % psin?*

. n —2k— .
+ . Z (—1)k<2k+1>cosn k=1 Hsin?F L

0<2k+1<n

Do d6 lay module hai vé ta co:

0<2k<n

n

2

Z (—1)* <2?2> cos" 2 psin?t

2

+ Z (—1)k <2l<: N 1) ccos™ H T psin? | =1

0<2k<n

i .
Xét p = 1 ta c6 ket qua bai toan treén.

1 3 )
Xét o = g thi cosg =3 sing = \2[ nén ta cé dang thic:
2 2
k[T k n n
_ _ — 4
> ()| 2] Z 9 ah)
0<2k<n 0<2k+1<n [ |

Vi du 2.15. Chiing minh rang

5]

n 2
n n\ (2k x\n—2k ne

E = E 2 cos = .
(k) cos kx 2 <2k)(k> ( cos 2) cos -, T € [0; 7]

A

n 2 n 2
n n .
A, = . <k> coskx, B,= E (k:) sin kx

k=0

Chuyén dé Déng Thic Té Hop

A
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36 2.2. Ung dung s6 phiic

Ta co:

n

2
A, +iB, = Z (Z) (coskx + isinkx) =
k=0

n

2
<Z> (cosz + isinz)*
0

k=

Xét he s6 ™ tit hiing ding thitc (1+y)" (14 2y)" = [1+ (1+2)y + zy*]"

ta co |
n\ (n\ ; n! I s
2 <k><l>z = D gt
k+l=n

k+l4+s=n
0<k,l<n 0<k,l,s<n

Hay viét lai dudi dang

n 2 L5
kz_o <Z> o = > <;€> (2:) (24 1) 22

[E—

Xét z = cosx +isinx thi . . .
l+2z=1+cosx+isinx =2cos - (cos—+isin§> nén véi x € [0; 7]

2 2
ta co
n n 2
A, +iB, = Z (k) (cosx + isinz)*
k=0
n n 2
> ()
k=0
[5]
_ n\ (2k n—2k _k
_Z(2k><k)(z+1) z
k=0
L] n\ [(2k x\n—2k x(n — 2k)
= (2 cos —) cos
2k k 2 2
k=0
— 2k
+isin z(n 5 ] (cos kx + isin kx)
—k_o ok )\ & .CO 5 co 5 1sin 5
DIEN DAN TOAN HOC A Chuyén dé Dang Thicc T6 Hop
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Vi thé
[5]
n 2k x\n—2k nT
A, = <2k> ( A > (2 cos 5) cos 5
k=0
15
n 2k T\"—2k  nx
B, = (2k><k> (2(:055) sm?
k=0
Vay ta c6 dpcm. [ |

Nhan zét. Theo két qua trén thi

5]

n 2
n . n 2k T\"—2k  nx
kz()(k?) Slnkm—z <2k><k> (2cos§) sm7
Néu z = 0 thi
1]

n 2 0, n=2m+1
ZH)“(Z) =V (-1)% 2 men
J— 2 =
k=0 (=12 {n) n=2m
2
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38 2.2. Ung dung s6 phiic

Bai tap
BA1 1. Cho n,k 1a hai s6 nguyén duong véi n > 2k + 1, chiing minh
rang:

k n
n 2" mm mnmw
a)jz<j(2k+l)>_2k+1 1+2m§_:1<cos%+1) T

k n
mT mnim
142
* (C°S2k+1) Ry

c) (Téng quat)
k—1

Z(J-i—rk) :%i (Cosf)n sw

=0

BAI1 2. Cho cac day sb an, by, ¢, duge xéc dinh theo cong thic:
n n n
an = (0> T <3) i (6) ‘.
n n n
b <1> n <4) n (7) "
n n n
o0 = (2) T (5) n (8) "

Chitng minh rang:
a) ad 4+ b2 + 2 — 3a,byc, = 2"
b) afl + bfl + ci — apby, — bpcy, — anc, =1

BAI1 3. Cho s6 nguyén duong n va cac sé thuc x,y. Chitng minh ring:

n

a) Z <Z> cos[(n — k)x + ky] = 2" cos” ’ g Y cos n@+y)

2
k=0

n

b) kZ:O (Z) sin[(n — k)z + ky] = 2" cos™ z ; Y sin n(x2+ v)

DiEN DAN TOAN HOC A Chuyén dé Ding Thic TS Hop
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2.2. Ung dung sb phic 39

BAI1 4. Cho khai trién (:c2 + 3z + 1)10 = ag+ a1z + asx® + ... + azx?°.
Tinh téng
a) Ty =ag+as+ag+ ...+ agg

b) T2:a1+a5+a9+...+a17

Chuyeén dé Ding Thic T6 Hop A DiEN DAN TOAN HOC
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Chuong

Tinh tong,

chitng minh DTTH
bang phuong phap
Sai phan titng phan

3.1  Sai Phan (Difference) 42

3.2 Sai Phan Timg Phan 43

3.3 Mt sb bai todn va Vi du minh hoa 44
3.4 Bai tap tu luyén 68

Nguyén Bao Phic (dark templar)
Tran Quoc Nhat Han (perfectstrong)
Hoang Xuan Thanh (hxthanh)

Tém tat ndi dung

Sai Phan Ting Phan (tén goi do tac gid tu dat) con duge biét dén
V6i cai ten Summation by Parts. Day 13 mot phuong phép tinh tong c6
cau tric gan giong v6i phuong phap Tich Phan Ting Phan (Integration
by Parts). Sai phan ting phan (SPTP) la mot trong nhitng cong cu so
cap khé hieu qua trong céc bai toan tinh téng hitu han. Trong khuon
khd bai viét nay, tac gia mudn gisi thieu dén ban doc mot trong nhing
ung dung ctia SPTP dé6 la:

St dung phuong phap SPTP trong cic bai toan tinh tdng hoic ching
minh dang thitc T6 Hop.

41
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42 3.1. Sai Phan (Difference)

3.1 Sai Phan (Difference)

Dinh nghia 3.1 (Sai Phéan)

Cho day f(k): {f(1), £(2), ..., f(k), f(k +1),...}
Khi d6 day Af(k) : {f(2) = F(1), F(3) = F(2) oo fh+1) = F(R), ..}

dugc goi la Day Sai Phan cua f(k)
Mot cach don gian, ta goi:

Af(k) = f(k+1) = f(k)
la Sai Phan (cap 1) cta f(k) A

TiNH CHAT 3.1 (CO BAN)—

A(C) = 0 (C = const) (3.1)
A[Cf(k)] = CAf(k) (C = const) .
Alf(k) +9(k)] = Af(k)+ Ag(k) (3-3)
O

DINH LY 3.1 (TONG SAT PHAN)-

b b1
S af) = f®)| = f6+1) - 5@ ]
k=a

Chdng minh.

b

Y Af(k) = [fla+1) = f@)] +[fla+2) = fla+ )] + ...

k=a
+ o+ 1) = f(b)]
=f(b+1) = f(a) u

DIEN DAN TOAN HOC A Chuyén dé Dang Thicc T6 Hop
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3.2. Sai Phan Ting Phan 43

Vi du 3.1.

n

sz _ i(zkﬂ _9ky = zn:AQk
= k=0

k=0 k=0
Theo 3.1 ta co

n
k=0

Vi du 3.2. Vi s6 n la s6 nguyén duong

(@) =gl () oG]

Theo 3.1 ta co

n

3 v | () [

k=0

3.2 Sai Phan Ting Phan

Dinu Ly 3.2 (SPTP)-

b

> g(k).Af(k) = g(k) f(k)

k=a

b+1 b

k=a j—g ]

Chdng minh.

bat h(k) = g(k).f (k)

Ta co:

Ah(k) = g(k+1).f(k+1) — g(k).f(
— gk +1).f(k+ 1) — g(k)-f(
= [+ 1)Ag(R) + g(W)AS (K

k)
k+1)+9(k).f(k+1) —g(k)f(k)
)

Chuyeén dé Ding Thic T6 Hop A DiEN DAN TOAN HOC
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44 3.3. Mot sb bai toan va Vi du minh hoa

Lay tong hai vé tit @ dén b, ta dugc:

b

b b
> glk).Af(k) =Y Ah(k) =) f(k+1).Ag(k)
k=a k=a

b+1k:a b
=g(k)f(k) L > fk+1).Ag(k) u
=a k=a

Truong hop g(k) =1 ta ¢6 duge hé qué 1a cong thic 3.1

Van dé ctia viéc tinh téng bing phuong phap SPTP 3.2 1a phai “nhin
thay” sai phan Af(k) trong biéu thic lay tong ma dé bai cho. D6 qua
thire 13 mot diéu khong hé don gidn va hét stc thi vi clia phuong phap
nay!

23 6

3.2.1 M6t s6 sai phan thudng ding

ok = A(2F) (3.4)
-

k= A_a—J (a#1) (3.5)

mk™=L = A (k™) (3.6)

n+k r n—+k
(") = A0 @)
3.3 M@t sb bai toan va Vi du minh hoa

Vi du 3.3. Tinh tong:

DiEN DAN TOAN HOC A Chuyén dé Ding Thic TS Hop
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3.3. Mot sb6 bai toan va Vi du minh hoa 45

Loi giai.
Ta co:

()= (1) (-6
R (BHIRYE

Agk)=Ak)=k+1—-k=1
T do, ap dung SPTP 3.2 ta dugc:
n+1 n
1
S:k(n+k> Z<n+/~c+ )
n+1),._, Pt n+1
(n+ 2n+1 n+k+1
B n+1 k: n+2
2 1 2
- <”+> K"*H
+ 2
2 1
-0 .
n-+2
Vi du 3.4. Tinh tong:

S :0(—1)’“ (Z) <n Z k) .

Nhan zét. Trong biéu thic lay téng da cho, ca hai thita s6 déu co thé
dé dang viét duge du6i dang sai phan. Vi vay ta phai can nhic viec
chon mot trong hai cach dé tiép can.

Gi4 st ta lam nhu sau:

Chuyeén dé Ding Thic T6 Hop A DiEN DAN TOAN HOC
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46 3.3. Mot sb bai toan va Vi du minh hoa

Loi giai (L&i giai 1).

f(_l)k <Z> — (1) (n ; 1\ (—1)k1 <Z : i)

_A [(_1)“ " i)] _ Af(k)
O e RETORCON
Tit d6, 4p dung SPTP 3.2 ta dudc:
S ([ NS W Gy [ 06
e () ()

k=0

S

Quan sat sy thay ddi ctia tong sau 1 lan ap dung SPTP thi ta thiy
rang, néu dit:

roi 4p dung SPTP 3.2 nhu trén ta sé co:

()=o) e (1)

= A [(—1)’”’“—1 (n ;Tl_ 1)] = Af(k)

o= [ ()] = (i) - () = ()

DIEN DAN TOAN HOC A Chuyén dé Dang Thicc T6 Hop
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3.3. Mot sb6 bai toan va Vi du minh hoa 47

Theo 3.2 ta dugc:

o vkmet(m—m—1\ (n+k
Sy = (1) ( k—1 ><k+m k=0

S (L)

k=0
n—m—1

_ (—1ykm1 n—m-—1 n+k
k E+m+1

k=0

n—m-+1

= S(m—l—l,n)

T do ta co:

- B - _”_” pan(n—n\ (n+k

Lai giai (2).
Ta co:

()= () - () =a () - aros
s ()] -1, ) ()

+1
— _1 k+1 n
\ (=1) k+1

T do, ap dung SPTP 3.2 ta dugc:
n+k L\ w1\ (n4+k+1
= -1 — —1)k+t
S (n-l—l)( ) <k) b0 kZ:O< ) k+1 n+1

—71PDkn+1 n+1+k
_k::O k+1 n+1

Chuyeén dé Ding Thic T6 Hop A DiEN DAN TOAN HOC
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48 3.3. Mot sb bai toan va Vi du minh hoa

Quan sat sy thay ddi ctia tong sau 1 lan ap dung SPTP thi ta thiy

rang, néu dat:
p B - el ™ m+ k
st =20 (") (")

k=0

roi 4p dung SPTP 3.2 nhu trén ta sé co:
((m+Ek\ _ (m+k+1\ (m+k _Al(mTt
m N m+1 m+1) m +
_ k(™ _ (_1\k+1 m k[ ™
agtey=a et )] = ()=o)

= (1)t (”” '

n—=k

Theo 3.2 ta dugc:

Stmm) = (:1’;5)(_1)’“(””_%]{;) k=0
- é(—l)k“ (e
kfj_g(—l)’“(ff O

= Sém—‘rl,n)

n+1

Tu do ta co:

— < _ o o = k 0 0—|—k‘
S =Sl = Snotm) = =Slomy = >_(~1) (n g 0

k=0

(Chi ¢6 s6 hang cudi cung khac 0)
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3.3. Mot sb6 bai toan va Vi du minh hoa 49

Nhan zét. Phai néi 1a ta da gip may man khi tiép can bai nay theo
cach thit hai. Trong da s6 truong hop, viec “nhin thay” sai phan tit biéu
thiic 1ay tong mang yéu to6 quyét dinh xem c6 thé giai bai toan theo
phuong phap SPTP dugc khong!

Vi du 3.5. Tinh tong:

k1 A

oy )
k=0

Loi giai.
Ta co:

)7 ) sl

A - _ __
(2k+1) 2%+3 2k+1  (2k+3)(2k+1)

Ap dung SPTP 3.2 cho S, ta dugc
)L =1\ M & n—1 —2
S = =D ~ — Z(_l)k
2k+1 \k—1/|,, = k) (2k+3)(2k +1)

ks n—1 2
:Z(_l)k< k >(2kz+3)(2k:+1)

Tuong tu, ta co:

()=o) ran(2) = (2]
A 2 : -

(2k+3)(2k+1) (2k+5)(2kj2ui)) (2k +3)(2k + 1)

(2k +5)(2k + 3)(2k + 1)

Chuyeén dé Ding Thic T6 Hop A DiEN DAN TOAN HOC
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50 3.3. Mot sb bai toan va Vi du minh hoa

Ap dung SPTP 3.2 cho 57, ta dudc
g 2(—1)k1 n—2
T Rk+3)k+ ) \k—1
_”‘1(_ jo(n =2 —2.4
k) (2k+5)(2k +3)(2k + 1)

n—2 24
:Z(—l)k< h >(2k+5)(2/~c+3)(2k—|—1)

n

k=0

S— S =5 — ’f(l)k(nn) 2.4...(2n)

P k) (2k+2n+41)(2k+2n-1)...(2k+1)
o (@2n)n n
C (2n+ D!
Vi du 3.6. Cho day Fibonacci
F() = 0; F1 =1
Fnyo = Fpp1 + B, (TLZO)
Chitng minh dang thic:
S = (Z) Fi = Foy
k=0 A
Loi giai.
Dé ¢ ring: (—1)*.(=1)* =1 nen ta c6:
n n—1
—DF( ) =A (=Dt
() ol ()
A [(—1)%} = (DM B — (“1)FF = (1) F
DIEN DAN TOAN HOC A Chuyén dé Dang Thicc T6 Hop
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3.3. Mot sb6 bai toan va Vi du minh hoa 51

Ap dung SPTP 3.2 cho S, ta dugc

" n
-3 (1)
k=0

Hoan toan tuong tu ap dung SPTP 3.2 cho 51, ta duge

n—1

-1
Sl—z<nk >Fk+2

k=0

n n—1
- Z(_l)k <n ; 2) (—1)k+1Fk+4

k=0 k=0

L (g G0

n—2
n—2
:Z( i >Fk+4
k=0

Sau n buée ap dung SPTP 3.2, cudi cling ta thu dudc:

n—m
n—mn
S:Slz...:Sn:Z( ) >Fk+2n=F2n
— |
k=0
Vi du 3.7 (dark templar). Tinh tong:
n k(=1)F <Z>
5= e
2
Pt k*+3k+2 A
Chuyeén dé Ding Thic T6 Hop A DiEN DAN TOAN HOC
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52 3.3. Mot sb bai toan va Vi du minh hoa

Lo gidi.
Ta viét lai téng da cho dudi dang:

gy G) gk

Gr1(k+2) £ (n+1)(n+2)

k

(72 [

Ak)=k+1-k=1

0 k=0

()

Do dé6 ta co:

—_

Ap dung SPTP 3.2, ta dudc

(n+1)(n+2)S = ik(—l)’“ <n + 2)

Pt k+2

T do ta co:

Vi du 3.8. Chitng minh rang:

> (Z) cos(w + 2k) = 2" cos" (1) cos(z + 1)

k=0 A

DIEN DAN TOAN HOC A Chuyén dé Dang Thicc T6 Hop
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3.3. Mot sb6 bai toan va Vi du minh hoa 53

Loi giai.
Mot cach quen thudc, ta phan tich:

() =2 (1)
A [(—l)k cos(x + 2k)] = (=) cos(x + 2 + 2k) — (—1)* cos(x + 2k)
= (=1)*12cos(1) cos(z + 1 + 2k)

Ap dung SPTP 3.2, ta dudgc

n

Sinz) = Z (Z) cos(z + 2k)

k=0

— (—1)k! <Z - D cos(x + 2k)

n+1

k=0
n

=) (=1)* (n n 1> (=1)*12cos(1) cos(z + 1 + 2k)
k=0

k
n—1 n—1
=2 1 1+ 2k
cos( )Z < " )cos(:ﬁ+ + 2k)
k=0
= 2008(1)S(n—17x+1)
Do dé:
Stnz) = 2COS(1)S(n—1,x+1) =2° COSZ(l)S(n—z,zH) =.=2" COSn(l)S(OJJm)

= 2" cos™(1) cos(z + n) [ |

Vi du 3.9. V§i cic s6 nguyén duong m,n

Dat:
. n—=k m_l_k
s =22 (" )
k=0

Chatng minh rdang:

s " <m+n—|—1>
(myn) =
— m+1+k

Chuyeén dé Ding Thic T6 Hop A DiEN DAN TOAN HOC
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54 3.3. Mot sb bai toan va Vi du minh hoa

Tw két qud do, ching minh:

Stmm) + Snm) = 27 A

Nhan zét. Bai toan nay la su két hop gitta cac phép bién doéi tong dai
s6 va ap dung SPTP 3.2.

Loi giai.
e Tir dé bai ta c6: (ddo chiéu lay tong)
m4+n— m-—+n—k
S k k
o =22 () = (M)
k=0
Phan tich sai phan:
m+n—*k\ (m+n+1-—Fk B m+n—=k
m N m+1 m+1

[(m +n+1-— l{:)}
m+1
Ap dung SPTP 3.2, ta dugc

k m+n—|—1—k
S(m’n) =2 < m+1

A(2F) = 2F

m1+§iﬁ<m+n—k>
P m+ 1
m4n+1) p(m+n—k
= 2
(") ()
m+n+1
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3.3. Mot sb6 bai toan va Vi du minh hoa 55

Ap dung SPTP 3.2 hoan toan tuong tu cho téng S(mn,1)

m+n+1—k\|" il m+n—k
S = 9k 2k
(m,n,1) < m+ 2 ) ko+§) m + 2

—2
m+n+1 . p(mtn—k
= 52
( m+ 2 >+k_0 ( m+ 2 >

m+n+1
= m+ 92 + S(m,n,?)

...Thuyc hién lién tiép qua trinh trén dén khi

m4n+1\ = /m+n—k
S ) = 2
(m,n.n—1) ( m+n >+k2_20 m+n

m+n+1 n m+n-+1
m+n m+n+1

Tt cac dang thic trén, suy ra:

m+n+1 m+n+1 m+n+1
4+ .+
m+1 m+ 2 m+n+1

m+n+1
‘ m+1+k

Chuyén dé Déng Thic Té Hop A
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e Nhu vay ta co:

m+n+1 N (mt+n+1
S(m’")+8("’m)_z<m+1+k>+z<n+1+k>
k=0 k=0
= m+n+1> = (m—i—n—i—l)
- +Z
‘ 0( n—=k — n+1+k

k=0 k=n+1
(Déo chiéu) (Tinh tién n + 1)
m+n+1
1
k
k=0
2m+n+1 .

Qua nhitng vi du trén chic han céc ban da dugc thay viec ap dung
linh hoat phuong phap SPTP c¢6 hiéu qui manh nhu thé ndo. SPTP
sé bién ddi dugce tit mot téng t6 hop phiic tap tré thanh mot téng don
gidn hon va duong nhién ciing dé tinh toan va tim ra két qua hon.
Bén canh viéc tinh toan thong thuong, mot so bai toan ta co thé dé
dang tim dudce dang khai quat hon tit dé bai, khi quan sat dude sy thay
doi ctia téng méi sau mot bude ap dung SPTP.

Sau day 1a mot s6 bai toan kho, dude ap dung phuong phap SPTP 3.2
dé giai.

Bai toan 3.1. Tinh tong:
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Nhan zét. D61 véi bai toan nay ta rat khé doan biét duge dau sé 1a
Af(k) dau sé la g(k) trong biéu thic 1ay tong.

Trong da sé truong hop nhu vay, ta phai tiép can bai toan biang cach
gia tinh sai phan Af(k) trudc!

f(k) c6 thé 1a mot thanh phan (phtic tap nhét) hosic toan bo biéu thiic
lay tong.

Trong trudng hop nay ta sé tinh Sai phan ctia ca biéu thic lay tong.
LSi giai.

Ta co:

A (_1)k<32) :(_1)k+1(2k4i2> (_1)k<32)
SN AR
Mo o) (o)

2n —k (2n 2n
k+1 \ k k

— (_1)k+1

(—1)F+14n (g:)
(2k +1) (ij)

Nhu vay la sau khi ta lay sai phan ciia toan bo biéu thic lay tong ta

. . 4n
duge mot bieu thic mdéi, “thira ra” mot nhan ti <_2k+1>

Nhung néu ta viét:

4n
—2k—1 2k
S = kg . in A

2n
k
thi khong 6n, vi sao?
Vi khi 4p dung SPTP thi biéu thiic trong dau A sé thay k béi k + 1,
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2n

khi do
(W
Dé tranh diéu dé xay ra ta can phai tinh tach rieng s6 hang cudi.

Ta co6: A
n
2n—1 (—1)k< >
—2k—1
k A 2k

S=1+), n 2n
()

k=0
k

) = 0 khi k£ = 2n va phan thtc khi d6 sé khong xac dinh!

. 2k —1 1
D& dang tinh duge A <k> -
4n 2n

Bay gio, ap dung SPTP 3.2 thi ta dugc:

An\ 72" 4n
-1 k - -1 k+1
k-1 Y <2k> mt g (5D <2k+2>

1 _ .
S in <2n> on ( o >
k=0
k 0 k+1
4n
1 (=1 k+1
T <2k:—|—2>
R R DY
4dn dn = 2n = 2n
k+1
4dn
1 & <_1)k<2k>
k=1
k
g1 (Them bét s6 hang k = 0)
=5 o™ ém s0 hang k =
T do6 suy ra
-1
2n —1 |

Bai toan 3.2. Ching minh ding thic:
Z”: <2k) (2n - 2k:> _
=0 k‘ n — k‘ A
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Nhan zét. Bai nay ta khong thé dem ca biéu thiic lay tong ma sai phan

duge, khi dé tong thu duge con phiic tap hon nhiéu!

Diéu tuong ti ciing x4y ra khi ta dem sai phan cac thanh phan.

Vay ta phai lam thé nao?

Y tudng la ta sé bién déi dé bai dé lam xuét hien mot biéu thic sai
n

phan quen thugc: (—1)* <k>

Lo giai.

Dé ¥ ring:

(2n)! = [1.3...(2n — 1)].[2.4...(2n)] = 2".n)(2n — ) (n > 0)

Con néu n = 0 thi: 1 = 0! = (2.0)! = 2°.0!1(2.0 — !l = (=1)!!
Ta viét lai tong da cho dudi dang:

=2 (00
- ;”: k! /i I(n o (QIZL)_(nQ]i)k)!

27 n!(2n — N2 (n — k)!(2n — 2k — 1)!!
Ek!(n — k)l(n — k)!

k=0
_ i "2k — )!(2n — 2k — 1)!In!
B I(n — k)n!
— El(n — k)In!
I n
[ — 1N —_ —_ 1\
= <k> (2k — DH!(2n — 2k — 1!
k=0
2n
=—A
n!
V6i tong:
" /n
A=>" <k> (2k — DI(2n — 2k — !
k=0
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Ta co:

k(“) [y

CD)R(2k-1)(2n- 2k 1)"] (2n) (1)1 (2k— 1)11(2n- 2k 3)!!

Ap dung SPTP 3.2 cho A, ta dugc:

1 n+1

A= (=1)k1 <Z: 1) (—1)k(2k — 1)(2n — 2k — 1)1

k=0

_ - k(n—1 () B o
n—1

= (2n) (” . 1) (2k — 1)!1(2n — 2k — 3)!!

Tuong tu:

(—1)’“(" . 1) =A {(—m1 (Z B m
A [(-1)’6(% —1)N(2n — 2k — 3)!!} _
= (2n — 2)(=1)*1(2k — 1)11(2n — 2k — H)!!

Ap dung SPTP 3.2 cho A, ta duge:

n

Ay = (—1)k! (Z - 2) (—1)F(2k — 1)1(2n — 2k — 3)!!

-1 k=0
- S(—U’f <" . 2) (2n — 2)(~1)"1(2k — 1)11(2n — 2k — 5)!!
k=0 -
=(@2n-2)) <” . 2) (2k — 1)11(2n — 2k — 511
k=0
=(2n —2)A
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...Tiép tuc qua trinh trén cho dén khi, ta dudc:
= (” . ”) 2k — )20 — 2k — (2n + D)) = 1
k=0

Tit cac dang thic trén suy ra:
A=(2n)2n —2)..2.4,, =2".n!
Vay ta co6:
2" n
S=—-A=4 m

n!

Bai toan 3.3. Vdi cdc s6 tu nhién m,n thod méan n > m
Chatng minh rdng:

> (50) (n20) = S 2 A
Lo giai.

Tu tuéng bai nay hoan toan tuong tu bai toan trén.
Ta phan tich dé bai du6i dang:

s=3- () ()
(2n)!(n — k)!
< (2k)!(2n — 2k)!(n — m)!(m — k)!

(2n)!(n — k)!m!

TTMS M=

2k K12k — ))N12n=Fk (n — k)!1(2n — 2k — 1)!(n — m)!(m — k)!Im!
T e O

2n.ml(n —m)! = (2k — DN(2n — 2k — N
(2n)!

- 2n.ml(n —m)!

o

A
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Xét tong:
e (4)
A=3, (2k — D!(2n — 2k — D!!
k:O
Ta co
m -1
() =a [ ()
[ (1) _
(2k — 1)!1(2n — 2k — 1)!!
_ (=1)k*! (=)
T (2k+ D120 — 2k —3)!  (2k — 1)!(2n — 2k — 1)!!
_ (=1)*1(2n)
2k +D)N(2n — 2k — !

Ap dung SPTP 3.2 cho A, ta dugc:

m+1

B o (m—1 (—1)k
A= (-1 1<k - 1> 2k — D20 — 2k — )|, _,
= -1 (—1)k1(2n)
Z{ ( )'(2k+1)!!(2n—2k—1)!!]

R

2k + 1)!I(2n — 2k — 1)1
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Tuong tu
m—1 4 ({m—2
() s (i)
(-1 _
[(Qk; + )20 — 2k — 1)1
(=) (-1)*
T (2k+3)1(2n — 2k —3)!  (2k+ 1)!(2n — 2k — 1)!!
_ (=D)Men+2)
2k +3)1(2n — 2k — 1)!!

Ap dung SPTP 3.2 cho Aj, ta dugc:

m

- 1f{m—2 (—1)k
A= (-1 (k - 1) @2k + N0 —2k— DN,

-5 [(1)k<mk_ 2> 2k i_?)l))!]:gff 2+k2—) 1>”]

— (2 2 5 <mk_2)
=2 2 G — 2k -

k=0
=(2n+2)A,

...Tiép tuc qua trinh trén cho dén khi, ta dudc:

(".")
m—m k‘ 1
Am = kzo (2k +2m — DN (2n — 2k — DI (2m — D)!(2n — 1!

Tit cac dang thic trén suy ra:

2" nn+1)...(n+m—1)
A=(2n)2n+2)...2n+2m —2).A,, = @m = 1)i(2n — 1)1
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Vay ta co6:
g (2n)! A 2n)12mn(n+1)...(n +m —1)
2n.ml(n —m)! 2n.ml(n —m)!(2m — DHI(2n — 1)!!
22 n(n+m —1)!
= |
(2m)!(n —m)!
Bai toan 3.4. Ching minh dang thatc:
2
n
N
2n\  (2n)!(2n + 1)!
=0 (2k + 1
(2K + )(ka) A

Nhan zét. Day 1a mot bai toan rat kho! Tudng nhu ngoai cach giai
bang ham sinh v& kién thitc vé chudi ham luy thita, thi khong c6 mot
phuong phép so cap nao co thé tiép can dugc bai nay!

Tac gid da kha “may man” khi tim dugc mot 15i gidi bang SPTP 3.2
sau day:

Lo gidi.

Truée hét ta dua tong can tinh vé dang:

0 n)* n'(2k) (2n — 2k)!
o

m (1 —
pan o(2k4—1)<2k) k (n 2n)H(2k + 1)

n < )7ﬂ2kkK2k D2 =*(n-k)!(2n—2k-1)!!

N Z kl(n—k)!(2n)!(2k + 1)
o Cv@k—lw@n—2k—nu

~ 2"%nl k
(2n)! — 2k +1
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Nhu vay ding thiic can chiing minh tuong duong véi:

- <Z><2k—1>!!<2n—2k—1>”: 29" (nl)?

2%k + 1 (2n +1)!

k=0
Ta co:

A [(Z: i)(% —3)11(2n — 2k + 1)”} -

- (” ; 1) (2k — )20 — 2k — 1)!! — (Z‘ i) (2k — 3)11(2n — 2k + 1)!!

= - (Z) (2k — 3)11(2n — 2k — 1)

P 2k — 1
Nhu vay thita so con “s6t” lai 1a (— >

2k+1
vGi:
A(Qk_1>—2k+1+2k_l— 4
2k +1 2k+3  2k+1 (2k + 1)(2k + 3)

Ap dung SPTP 3.2, ta dudc:

n (Z) (2k — 1)11(2n — 2k — 1)!!

S:kz 2k + 1

(=)

= (- i)(% —3)l(2n — 2%k + 1) (-2’; . 1) :j
n (n . 1) (2k — 1)N(2n — 2k — 1)l1(—4)
B kZ:O (2k 4+ 1)(2k + 3)
- 4(” . 1> (2k — 1)1(2n — 2k — 1)1
- kZ:O (2k + 1)(2k + 3)
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Quan sét sit thay doéi cia tdng thu dude, sau mot lan ap dung SPTP, ta nhan
thay dang tdng quat ciia tong can tinh la:

n—p [(2p)1]? (” . p) (2k — 1)11(2n — 2k — 1)1

Stpn) = Z p
k=0 (2p— DN [T (2k + 1+ 25)
3=0

That vay:

. Knkg 1) (2k — 3 — 2p)!!(2n — 2k + 1)!!} _

— (” _2’_ 1)(2k: —1—2p)(2n — 2k — 1)1

_ (” ;f; 1)(% —3—=2p)1(2n — 2k + 1)!!

= (2k — 3 —2p)11(2n — 2k — )!! K”_z_ 1) (2k — 1 — 2p)

(”kfll)(zn%ﬂ)]

= —(2p+ 1)(":)) (2k — 3 — 2p)!1(2n — 2k — 1)

Con lai:
ﬁka—l—Qj _ﬁ2k—|—1—2j ﬁZk—1—2j
j=02k+1+2] s 2k + 3 + 25 j:02/<;+1+2g
p—1
(2p+2)2 T (2k — 1 — 2j)
_ i=0
o p+1
11 2k + 1+ 25)
j=0
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Ap dung SPTP 3.2, ta dugc:

("7

2p -1 (2p+1)

Stnp) = )(2k32p)!!(2n2k+1)!!

n—p+1

ﬁQk—l—Qj
i 2k + 142

k=0

np 2P (1) (" L 1) (2k — 1 — 2p)!1(2n — 2k — 1)
) kZ:O [ (2p — DI(2p+1)
(2p+2° T 2k —1—2)
7=0
pﬁl(% +1+2§)
7=0

3

k

nep—1 [(2p + 2)I1]2 (” _Z_ 1) (2k — 1)1(2n — 2k — 1)1
p+1

0 2p+ DN ] 2k +1+425)
j=0
= S(p+1,n)
T d6 suy ra:
S == S(O’n) - S(Ln) = ... = S(n,n) ==
nen [(20)11]2 (" . ”> (2k — 1)!1(2n — 2k — 1)1
k=0 (2n— DN [T (2k + 1+ 29)
j=0
[(2n)!1]?
C (2n+ D!
I (GO
C(2n 4+ D20
23n ! 3
_27(n) m
2n+1)!
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Nhan zét. Luyéen tap stt dung phuong phap Sai Phan Tiung Phan giup
cho ban c6 nhiéu ky niang bién déi Dai S6 vaA mdi khi nhin thay biéu
thiic tdng ban sé tu tin vd d6 choang ngop hon!

Bén canh d6 SPTP ciing nhu tuong tu nhu Tich Phan Ting Phan vay,
déu ¢6 nhitng wu nhuge diém ctia né! Néu khong tinh §, ban dé roi vao
vong “luan quan” clia tong sau khi lay SPTP, hosdc sau khi lay SPTP
téng thu dugce con khé hon!

Nhuge diém 16n nhat ctia phuong phap nay la ban phai “nhin thay”
dugc Sai Phan trong biéu thic lay téng da cho, giéng nhu kiéu ban
phai tim duge nguyén ham ciia v(x) dé cho d(V(z)) = v(x)dz sau d6
méi ap dung dude cong thite Tich Phan Ting Phan. Viéc lam nay
khong phai lic nao cing thyc hién dugc!

Dé két thic phan nay, mdi cdc ban cliing luyén tap véi cac bai tap sau:

3.4 Bai tap tu luyén

BAI 1. Cho n la s6 nguyén duong. Chiing minh ding thic:

BAI1 2. Tinh tong:

o)
SZ;) (k+ 1)(k +3)

BAr1 3. (dark templar) Tinh tong:

)
k=0

4k% — 1
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BAI 4. Tinh téng:
n (=) <Z> (22 + 5k + 2)
k+3

k=0
BA1 5. Chitng minh dang thic:

& )

(2k +1)(2k +3) (2n+3)<2n+1>

k:O

BAI 6. Tinh tong:

BA1 7. Tinh tong:
g ~ [ 2n \ 2k’ +k
B n+k)n+k+1
BAI1 8. Tinh tdng:
2n
2n+k
S =) (-2)*
> -2 (")
BAI 9. Véi s6 nguyen duong n va s6 thuc «. Tinh tong:
n
(=D* <n>
s-3°
— k+a\k
BAI 10. Chitng minh ding thiic:

() () -

k=0
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3.4. Bai tap tu luyén

BAr 11.

BA1 12.

BA1 13.

BA1 14.

Chitng minh déng thitc

2n

Z(_l)k <2k> <4n — 2/<;> _ g2n (2n>
Pt k 2n — k n

Tinh tong:

3 <Z> sin(z + 2k)

k=0

n

Chitng minh déng thric:

i <21:L> cos[2(n — k)] = 4™ cos?(x)

k=0
Cho day Fibonacci

F[) = 0; F1 =1
Fn+2 = Fn+1 + Fn (n > O)

Chitng minh déng thiic:

Z (Z) F3, = 2" Fyy,

k=0
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Chuong

St dung ham sinh
chitng minh dang thiic
tdo hop

41  Thay I5i mé dau 72
4.2 Nhiing bién déi dai sé thudng gip

véi () 74
k

43 Nhiing dang khai trién ham sinh can
biét 75

4.4  Nhitng dinh ly co ban trong tinh
téng dung ham sinh 76

4.5 Bai tdp minh hoa 81

4.6  Cac bai todn khéng miu muc 108

4.7 Bai tép tu luyén 121

Bui Dic Loc (supermember)
Lé Kim Nha (gogo123)

Tém tit ndi dung

Ham sinh (General Funtion), duge bién dén nhu 13 mot cong cu rat
manh trong cac bai toan To Hop va Roi Rac. Rat nhiéu bai toan to
hop, roi rac kho, khi dua vé ngon ngit ham sinh thi dude gidi quyét
mot cach nhanh chéng va sdng t6. Ham sinh c6 rat nhiéu tng dung,
dic biét diing dé tinh tong. Dé ban doc hiéu ré phuong phap va vai
tro ctia ham sinh trong cac bai toan ching minh DTTH, ngudi viét sé
ting bude néu lén cac bai toan, vi duy, tit don gidn dén phic tap. Qua

71
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72 4.1. Thay 16i mé dau

mdi vi du sé 1a nhitng dic két ngdn gon vé dac diém va tinh chat cia
tiing bai toan...

4.1 Thay I5i m& dau

Cau chuyén s6 1

Cach day khoang hon 2 thang (thang 11/2012), tren VMF xuat hien
bai toan sau:

Bai toan 4.1. Chiing minh rang:

Wn € N*: i (—1)" <2z?>2 — (-1 <2§)

k=0 A

Bai Toan nay dugc ngudsi gii dua vao box THPT va né da duge mot
s6 thanh vien VMF danh cho sit quan tam dac biét. Tuy nhién, hon
1 tuan sau dé thi bai ndy méi c6 16i giai dau tien sit dung so sanh heé
s6 trong khai trién da thiic va sau d6; thanh vien perfectstrong cé dua
them 1 10i gidi nita st dung noi suy Lagrange. C& 2 16i gidi nay déu
khong lam hai long ngudi viét chuyén de.

Thyc ra; néu ban la mot hoc sinh hoc Toan & mitc do binh thuong;
c6 thé c6 mot gis ranh rdi ¢ nha thi sé khong khé dé tim ra 1 15i giai
rat “so cap-co ban-ngdn gon” dua vao khai trién da thiec: (1 — x2)2n =
(1-— x)2" (1+ x)Q". Tuy nhién, c6 khi ndo ban ty dit minh vao hoan
canh déi dien bai toan tren trong ky thi kiéu nhu Dai Hoc: chi c6 20
phit dé lam bai nay thi sé ra sao? Bai toan nay dau kho dén mic chiém
duge vi tri chét diém trong dé ctia bai BDT? Khong 1é cac ban chap
nhan quan diém: “Tim ra da thic dé c6 khai trién phit hgp 1a sy may
méan"? Thuyc sy thi da thic (1 — x2)2n c6 duge 13 do may man hay 13
tit dau? Suy nghi thém vé bai nay thi c6 thé thay né c6 nét hao hao

n 2

. . 2

giong bai toan rat quen thuoc: g <n> = < n) véi 101 gial dua vao
— k n

khai trién (14 2)?" = (1 + z)"(1 4 ).
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Cau chuyén so 2

Cach day cting khodng hon 2 thang (thang 11/2012), tac gid Dark
Templar c6 dua ra bai toan sau:

Bai toan 4.2. Vdi F), la s6 Fibonacci thit n. Ching minh ring

HP
Z < k > =k n+1
k=0 A
Tac gid yéu cau mot 10i giai dya vao dai s6 thuan tuy, va nguoi viét da
dé md van dé nay trong mot thoi gian dé c6 thé tiét 16 né trong chuyen
dé nay. Thuec ra, bai toan nay ciing da rat cii, c6 thé diém ra 1 vai vii
khi dé tieu diet né: tim cong thic truy hoi, sit dung phép dit quan
domino... Tuy nhién, néu dé ¥ ki la ham sinh cho day Fibonacci sé la
don gidn dé thiét lap. Vay tit ham sinh dé, tai sao ta khong budc them
3,
mot bude, dé 1a chiing minh Z < . ) 1a he s6 ctia 2"t trong khai
k=0
trién ham sinh d6?

That vay, theo cai cach ta thuong lam, khi dy doadn ra ham sinh tuong
tng dé chitng minh dang thitc to hgp, thuong ta bién déi ham sinh dé
theo 2 cach khac nhau - muc dich 1a dé mo td he sb cta 2" (k € N)
theo 2 cach khac nhau. O day ro rang ta da c6 1 s6 von kha 16n khi
ham sinh tuong tng va 1 cAch mo ta thi da tim ra roi. Vay chi con mot
buéc khd ngdn 1a tim thém mot cach dé mo ta né ma thoi.

Trén day la nhitng diéu tran tréd dau tieén ciia tac gia khi tiép can chuyen
dé nay. Tac gid mudn chia sé syt tran trd d6 cho nhitng ngudi sé xem,
sé nhan xét chuyén dé nay; dé tit d6 c6 nhitng syt hitng thi nhat dinh
trong viéc md nhitng canh cita ma tac gia dit cho cac ban trong nhiing
phan tiép theo. Nao, tam quén va trudc hét hay trang bi cho minh vai
thi...
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74 4.2. Nhig bién déi dai s6 thudng gip véi <Z>

4.2 Nhiing bién d8i dai sb thudng gip véi (Z)

Tich chéo ctia 2 hé sb td hop

()6 =06

Giam ti-méau ctia hé sé té hop

()=o)

Hé sb t6 hop viét & dang truy hoi

Hé s6 to hop kem phan sb

[Tap con clia tap con]

[quy téc hut]

[Cong thic Pascal]

n—k n B n—k . n—k—1
k n—k k k—1
r+k 1 B 1 r+k B r+k—1
k Jz+k k k—1

Nhan zét. Tt nay, ta can hiéu t6 hgp chap ¢ dang suy rong clia no:
Véi x 1a s thyc tuy y thi

. 1 véi k=0
(k) =93 z(zx—1)(z— 2?(33 —-k+1) voi ke N*
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4.3 Nhitng dang khai trién ham sinh can biét

Hé sb t6 hop don gian

G <<z>ak> = (1+at)® (keN)

Hé sb td hgp véi mau sb 1a hing sb

(1) vem

Hé sb to hop tang dan déu nhau & t& va miu

o((“1)) = ot e

Hé s6 t6 hop trung tam

() -tz v

Day Fibonacci

t
G () = F—) (n € N)
Day Fibonacci chi sé chin
G (Fan) s (e
= —— (n
T 3t 442
Tiic 1 hé s6 clia 2" trong khai trién chudi luj thita hinh thtic ctia ham
t N

——— béang Fy,.

T—gt+ 8
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76 4.4. Nhitng dinh Iy co ban trong tinh tong diing ham sinh

Day Fibonacci chi sé 1é

1-1¢

GFnn) = 150

(n € N)

Tiic 1 hé s6 clia 2" trong khai trién chudi luj thita hinh thtic ctia ham
1—t

T3i5 2 P0g Pont

Sé6 Catalan

o (1)

Fri\k o (keN)

Mot s6 dang khac

co(Z) em(r) wew

() - g () e

(Chting minh bang quy nap)

kP - p k'tk dé p 13 £ irli loai
o G(kP) = kzo {k} m (trong do, {k} a so Stirling loai 2)
Chitng minh ding thic nay c6 thé dua vao dang thitc: kP =

k
Z ( ,)j! {?}, von rat quen thudc cia so Stirling loai 2. Tac gia
: J

J=1

khong mudn dé cap dén ching minh tai day vi n6é tuong déi dai
va khong di théng vao chuyen dé

4.4 Nhiing dinh Iy cd ban trong tinh tong dung
ham sinh

Quy udc: ky hiéu [t"]f(t) duge hiéu la hé s6 ctia t" trong khai trién
chudi luy thita hinh thifc ctia ham s6 f(t)
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4.4. Nhitng dinh 1y co ban trong tinh tong dimg ham sinh 7

DINH LY 4.1 (DINH LY SO SANH HE $O (CONVOLUTION))—

n

gt = [¢F]r @) [y 9 )
k=0 U

Day 1a dinh 1y ng dung nhiéu nhét trong giai bai toan DTTH ding
ham sinh. Ching han nhu sau:

1 Tn—l—l o Sn-{—l

[#"] A+r)(1+st)  r—s (=1)"

Cong thiic nay doi khi rat hitu ich khi tranh cho ta khéi phai tinh toan
qué phic tap.

DINH LY 4.2 (DINH LY A)—

n+ ak n—m+(a—b)k ¢ __ 14n e th—e
Z<m+bk>z fk_[t](l—zt)m+1f<(1—zt)b) (b>a)

k

(fi la hé s6 clia z¥ trong khai trién thanh lug thita hinh thic cia ham
) ,
Do trong da so cac truong hop thi zét vdi z = 1 nén ta thuong dung
dinh ly ¢ dang:

n + ak on A th—a
zk:<m+bk>fk_[t](1—t)m+1f<(1—zt)b> (b>a) 0

Chidng minh.
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78 4.4. Nhitng dinh Iy co ban trong tinh tong diing ham sinh

Ta sé chitng minh dinh 1y 4.2 & dang tong quat.

n+ ak aner(afb)k
m + bk

— n+ak zn—m+(a—b)k
n+ak —m — bk

—n—ak+n+ak—m—0bk—1 (_z)n_er(a_b)k
n + ak — m — bk

-m —bk —1 __\(n—m)+(a—b)k
n—{—ak:—m—bk) (=2)

_ [t(nfmmafb)k} v
(1 _ Zt)m+bk+l
k
tm tbfa
— [tn m
[ ](1 2t)™ ! ((1 zt)b>

Nhan zét. Bay gio thit dung vien kim cuong nay dé cit cai banh s 2
nhé.

Bai toan 4.3 (Bai toan 4.2). Ching minh rang VYn > 1:
15]

")
= LIn+1
k=0 k AN

Loi giai.
Ta co:

!

w3

J

(") e [k

1 t
=t ———s = [t"" ————— =F, |
Hl—t—t? [ ]1—t—t2 ntl

k=0

Con gi dé no6i ngoai 2 tit “khong tudng” cho 15i gidi trén ?
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4.4. Nhitng dinh 1y co ban trong tinh tong dimg ham sinh 79

Tuy nhién, ngay dén tac gia ciing khong thich phai chitng minh lai dinh
Iy A (4.2). Nen néu can dung, cac ban hay dung tu tudng 1oi gidi tren
dé lach qua qué trinh ching minh lai dinh 1§, cu thé nhu sau:

R = ")y mp = W) e = Wl
1_1—15
" 1 0 tQk Cm o0 t2k
=[t"] 11—t 'kzo(l_t)k =t ]kzo(l—t)kJrl
ET R Y
. t _ n—2k+k+1-1
=13 kzzo< RS
2] 3]

> (a2 (")

(Hoi dai hon 1 chat nhung xem ra so cap hon 1 chat, du ban chat la
nhu nhau)

R6 rang: 6 day ta da tan dung t6i da dudc 1gi thé ban dau 1a c6 sin
ham sinh tuong tng ctia day Fibonacci. Dinh 1y A (4.2) nay con chi ra
cach mo té mot vé cia DPTTH

DiNH LY 4.3 (DINH LY B)—

Zk: (Ziﬁ) fe=[t"1 (A +20)" f (t*b (1+ zt)“) (b<0)

Do trong da so cdc truong hop thi xét véi z = 1 nén ta thuong dung
dinh lij & dang:

> <Zii’;) fe=["1 A+ f (t—b (1+ t)a) (b <0)

k O
Chdng minh.
k k
<:’%—:_C;k> zm-i-bk — |:tm+bk} (1 + zt)n-i-ak _ [tm] (1 + Zt)n (t_b (1 + Zt)d)
[ |
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80 4.4. Nhitng dinh Iy co ban trong tinh tong diing ham sinh

Nhan zét. Doi khi ta can can nhic lya chon gitta 2 dinh 1y A (4.2), B
(4.3) , vi doi khi c& 2 diéu kién a4p dung déu thod man.
Hiy xem con dao nay cat cii banh dau tién thé nao nhé!

Bai toan 4.4 (Bai toan 4.1). Chiing minh rang:vn € N* :

e (2,?)2 - () X

k=0
Ching minh.
2o (1) S e ()

s}

=[] (1+ )" [(1 —u)*"

e = (U)o

Nhan zét. Rat an tuong vdi ciing chi hon mot dong!
Quan trong hon 13 tit 10i giadi khong so cap trén, ta lai dude gai y ve 16i
giai rat so cap. Dé y ki 16i giai trén thi ré rang 14 khai trién

(1 o x2)2n _ (1 . x)2n(1 + x)2n

da & ngay trudc mat ta. R6 rang khong c6 gi 14 may man ca!

Tt nhién 14 v6i mot cong cy manh nhu dinh 1y trén thi ta da duge
tiép sttc rat nhiéu, nhung diéu d6 khong c6 nghia la khong can sy khéo
léo va xoay s6. Chang han: néu ap dung théng dinh 1§ A cho bai toan
trén thi bai todn lai di ngay vao ngoé cut!

Céc ban hay sit dung dinh 1y nay dé lam luon bai toan rat quen thuoc:

> ()= (%)
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DiNH LY 4.4 (DINH LY E (PHEP CHUYEN DOI EULER))—

Z <Z>2n_kfk: [£"] 1—1,ztf<1_tzt> -

k

DiNH LY 4.5 (DINH LY P (FORMULA OF PARTIAL SUMS))—

—~ o f()
kgofk—[ﬂl_t

4.5 Bai tap minh hoa

Vi du 4.1. Chitng minh rang Vn € N* :

5]

> () () - 5 G (2 A

Loi giai
zn: n\ (2k E[n] 1 1 = t
2 \k)\ k 1-t|/i-4 1t
1
= [t"]
1t (L5t
1
= [ sy
1 — 6t + 5t2
1 1
= [t"] :
1-3t +2
(1 —3t)
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82 4.5. Bai tap minh hoa

n — 2k

3n—2k n
(n—2k>

B 2k\ ok M

- (3 ()

Neén tit day suy ra diéu phai ching minh. [

2k>3n2k<2k+ 1+n—2k— 1)

Nhan zét. Bai nay c6 thé c6 cach lam khac dya trén ham sinh da
thiic. D6 1a cach xét da thic (z? 4+ 3z + 1)". Chi ¥ 1a ta c6 2 cach dé
khai trién da thic nay thong qua nhi thitc Newton: (x2 + 3z + 1)" =

n
((ZE + 1)2 +:n) = ((z2 + 1) + 3x)n. Cu thé xét hé sd nao, xin dude

nhudng cho ban doc. Day ciing 1a 1 cach thd vi, tuy nhién theo quan
diém tac gid, thi 10i gidi ban dau nhu trén 1 ty nhién hon. Ngoai ra,
v6i cach giai hoan toan tuong ty, ta con giai duge bai todn sau:

n 5]
2k n\ (2k
R (" = (-1)" >1
2 (1) () - () () ez
k=0 k=0
Vi du 4.2. Chitng minh ring vdi moi s6 nguyén duong n, ta cé :
z": 2\ (2(n = k)\ _ o

k=0
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4.5. Bai tap minh hoa 83

Loi giai.
Tham khao 16i giai tai dia chi

http://diendantoanhoc.net/forum/index.php? /topic/
65986-cm-sum-kOn-c-2kke-2n-2kn-k4n /

(Bai viét s6 2-3)
Xét khai trién ham:

o /o1
Alw) = g = (1 () 2 = Y (2 ) (o) voi ol <1

Trong doé

=1
o(2>:1néun:0
n

. (21> _ 3 (3-1)(-3-2)..(-3—n+1)  (=1)"(2n- 1)

n n! a 2npl
_(=Drm2r@2n -1)IY  (=1)"(2n)N(2n — 1)
4n(nl)? B 4n(nl)?
_=0)reEn)!t (=) 20
= 4”(n!)2 =" <n> neun > 1

- 1 (2n
Suy ra A(x) = Zanx” voi a, = 4"<n)

n=0
Ta c6

o 2
= (Z an:c") = = Zw (lz] < 1)
n=0

Nén néu van dung tinh chat ctia 2 chudi sé bing nhau, ta c6 thé dong
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84 4.5. Bai tap minh hoa

nhat hé s6 " nhu sau:

n

" 1 /2k\ 1 [2n—2k
1:Zakankzz4k<k>4n—k<n—k>
k=0

k=0

1 < [/2k\ /2n — 2k

- (1))
k=0

"L 12k [2n — 2k

= 4" =
> (1))
k=0
Va ta c6 diéu phai chitng minh. [ |

Nhan zét. Day 1a bai Toan rat co ban - dep va tiéu biéu cho viec ap
dung ham sinh chiing minh DTTH. Lai gidi dung ham sinh dya trén

1
Vv1i—=x

); dong thoi phan “mau s6” v6i k,n — k thod : k+n—k =n

, . (2k . .
khai trién lién quan dén ( k‘) ctia ham s6 (ho#ic c6 the la

1
v1—A4zx
ciing gép phan dinh huéng 15i giai cho ta.

Déng thiic trén déng vai tro 13 bo dé trong nhiéu bai toan khac. Ching
han: diing déing thic nay c6 thé tinh téng:

n
3y (?) (2i — D) (2(n — i) — 1!

i=0

(Coi (=)' =1). Goiy: = (2n)!l

Trong duong link trén, con c6 1 16i gidi rat sdng tao - dep, st dung
dém 2 cach v6i ¥ tudng la t6 mau n doan thing lien tiép bdi 4 mau
khac nhau. L&i gidi nay dep va st dung duge 1 trong nhitng phuong
phép truyén théng ctia dém 2 cich: to6 mau, chia thé,... nhung xét ve
khia canh hiéu qua thi 18i gidi bang ham sinh chi doi héi mot lugng
kién thic t6i thiéu.

Vi du 4.3. Chitng minh rang vdi moi so nguyén duong n,m, ta co:
- n\ [m m+n—1
2 k()i ) =
k=0 " A
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4.5. Bai tap minh hoa 85

Ldi giai.

., R , ny n(n-—1 .
St dung cong thric (k:) = k(k— 1>, ta co:

(1 —¢)ntt
<n+1+m—1—1>
=n

m—1
)
=n
n
Neén tit day suy ra diéu phai chiing minh. [ |

Vi du 4.4. Chitng minh ring véi moi s6 nguyén duong n, ta co:

"L (An — 4R\ 4K\ 1 /(20 ., .o
> (onon) (o) =3 (()ree)
k=0

Loi giai.
z”: 4n — 4k\ [(4k\ conv i 1 Lo, 2
= \2n — 2k ) \2k 2\V1—-4t 1+4t
1 1 2 1
:Z[Qn] T—at it w
1 — (4t)?
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86 4.5. Bai tap minh hoa

1, 2 2
7] 1— (4t) * | — (4)

1, 1 1

=3l ]<1—(4t)2 1 (4t2)>

Nén tu day suy ra dpcm. |

Nhan zét. Mot lan nita, ta lai stt dung khai trién quen thudc.

1
v1—A4x
Tuy c6 phiic tap hon mot chit nhung ban chat thi vAn la td hop
chap trung tam (central binomial); xét phan méiu s6 dé dinh huéng:
2k + (2n — 2k) = 2n. Bai nay con doi héi mot chiit khon khéo dé “loai”
ra nhing phan t& khong can thiét trong khai trién.

Vi du 4.5. Chitng minh rang véi moi s6 nguyén duong n, ta co:

2O - .

Loi giai
ik<n><2n—1>_l_ - kn'k‘(n—l—k)!
- 1 (n — k) — 1)
P k k — k! (n k) (2n —1)!
(2n—1) <2n—1—k>
pr— k
n n—=k
B (2n — In—1 U t
( n ) 10+) [(1@2 ! 1+t]
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Neén tit day suy ra diéu phai ching minh. [

Nhan zét. Thong thuong nhing bai tinh téng c6 t6 hop chap ¢ mau
s6 sé doi hoi kj nang bién ddi, vi ta thudng khong c6 ham sinh tuong
tng cho dang phan thic c¢6 t6 hop chap ¢ mau sb.

Chi y 1a trong 2 cong thic A, B thi hé s6 can xét 1a khac nhau, can
chi ¥ dé tranh nham 1an. Ngoai ra, tit bai toan trén, cac ban hay tu
giai bai tuong tu sau:

. - on —1\ "
Chitng minh rang: Vn € N* : Z (Z) ( nk > =2
k=0

Vi du 4.6. Ching minh ring vdi moi s6 nguyén duong n, ta co:

" (An+1\[(k+n (3
2n — 2k n =4 n
=0 \°" A
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Loi giai.
n n
= \2n — 2k n ) 2n + 2k + 1
A [t4n+1 t2n+l |: - t2 :|
1 t 2n+2 n+1 (1*t)2
= [ [ P ]
2n+2 (1 ’LL n+1 (1*75)2
2 2
[ ] (1 _ 2t)n+1
_ o2n n+1+2n-1
N 2n
_n 3n _n 3n
2n n
Nén tit day suy ra diéu phai chiing minh. [ |

Nhan zét. Khong phai lic ndo tong to hgp cling ¢ ngay dau hieu dé ta
ap dung dinh ly. Doi khi ta can phai thuc hien mot vai bién ddi, nhu &
trong trudng hop nay:

dn +1 R n+1 _(n+k . n—+k
)
o — 2% m+2k+1) 0\ n k
V6i bai nay, ta thiy dugce day du sitc manh clia dinh 1y A (4.2). Vi néu
theo cach lam dy dodn ham sinh ma da s6 ngudi dung thuong chon,

thi du c6 dy doan ding ham sinh: ciing rat kho dé hoan

thanh bai toan, do nhitng budc bién déi doi héi la tuong doi long vong,
thiéu tu nhién.
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Vi du 4.7. Chitng minh rang véi moi s6 nguyén duong n, ta co:

G000

Loi gidi. Ta c6 :

5]

> () (1) () -3

—

k=j

| |
VRS
<. 3
~~
~ VRS
> 3
N~
VRS
3
|
N
N~
VRS
oL
N~~~
[\G)
3
(]
>

(7))
[t"] (14 2¢t)" [uj(l t+u)" u = 1 f2t]

o (L2t +2)"
(142t (142t

()
= <]> ("] (1 + 2t)* %
G7)

Nén tu day suy ra dpcm. |

<.

Ilsy
S~
.3
~_

14 2t)"

S 3
\_/

3

Vi du 4.8. Chitng minh ring vdi moi s6 nguyén duong n, ta cé:
n -1 n —1
Z 1/n x y—k _ 1 Z x+1\ [y
k\k k—1/\n—k z+1 k k
k=1 k=1
1 r\ [y
Cr—y \\n n

(x,y la 2 s6 nguyén vay >z +1>n). A
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>0 ()0
=20 (z = 'k(i 1_)'k ();k!—(Z)!_(j)i n)in!

k=1
_:U!(y—x—l)!zn: y—k
— nl(y—n)! = \z—k+1
Ba! (y—x—1)! u—untt t
=22 Ty 1+t)Y =
n!(y —n)! 1A+ 1—w | 1+t
t tn+1
!l (y—z—1)! 1 <1+t_(1_|_t)”+1>
= [t"" ] (1 +¢t)?
-y IO
1+1¢
!l (y—x—1)! _ _
= T (L)Y = [ (L)Y
1A+ = [ (L")
ozl (y—x—1)! y! (y —n)!
 nl(y—n) 2 (y—z)!  (y—2a) (z—n)
_ 1 T\ (Y
x—y \\n n
Nen tit day suy thing ra diéu phai ching minh. [ |
Nhan zét. Cai khon khéo clia ngudi gidi toan 1a can phai linh hoat st
_ . n+l 1
dung ham % thay vi ham 1. quen thudc. Cac ban hay tu 1y
— —u

gidi vi sao lai chon nhu thé.
Ngoai ra, bang cach lam hoan toan tuong ty, cic ban hiy giai bai toan:

SO =500 (26 )

J
uj _ un+1
Goi 7 flu) = "
' 1—u
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Vi du 4.9. Chitng minh rang véi moi s6 nguyén duong n, ta co:

> () (552 = (Gr)veer
k=0 " " A

Loi gidi. Ta ¢6 :

z\ (x—2k 02k
= 2k)\n—k

NE

K
B e [ UEAE ),
T (EECT B
_ g 0 x/i)%; (L-vD)™
=[] (1 +t)*

()
Nén tit day suy thang ra diéu phai ching minh. [ |

Nhan zét. V6i cung cach giai trén, ta cling gidi duge bai toan sau do
gido su H-W.Gould dé xuat:

92+l _ Yn €N
kzzo<2k+1><n—k> o + 1 ne

Vi du 4.10. Chiing minh rang véi moi s6 nguyén duong n, ta cé:

Zk:(_l)i<n><n+k‘—i—l>_{0 néu k > 1
= i k—1 1 neuk=0 A
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L&i giai.
Ta ¢6 :
en ()50 ()

Voik=0:[")(1+¢)" = [t°] =[] (1 -t+2-+.)=1

1+t

Con v6i k > 1 thi hién nhién bac 16n nhat cla t trong khai trién nhi
thic (1461 1ak—1.

Suy ra [tk} 1+t =o.

Nen tit day suy thing ra diéu phai ching minh. |

Vi du 4.11. Chiing minh rang véi moi s6 nguyén duong n, ta cé:

[y

n—

dn — 4k — 2\ (4k + 2 1 n 2n\ .
<2 —2k—1><2k+1) B 2(16 _(n>4>
k=0 " A

Loi giai.
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Ta cb :

"Zl An — Ak — 2\ [4k + 2
Pt 2n — 2k —1 2k +1

=[] <; <\/11—4t a \/11+4t>>2

—l[t%] 1 N 1 2
N 1—4t ' 1+4t /1 4(42)

i1 ()
1 —16t> V1—4(48%)

1 1
2 1— 161&2 1 —4 (4752)
1

( ()

Neén tit day suy ra diéu phai chiing minh. [

I ) 2 1 1 1 .
Nhan zét. Cach xét (C (z))” voi C (z) = 5 <\/1 = Vi 4x> 6
day da la tuong d6i quen thudc. Cach nay nhin chung 1a hitu ich véi
nhimg tng dang Y aktn_k; Y G2kln-2ki Y G2k110n—2k—1....Cling
c6 thé dé y them la day (ag),so khong nhat thiét phai c6 ham sinh
tuong tng la ham C (x), nhu Eru’dng hop bai toan trén la mot dién
hinh.

Vi du 4.12. Chaing minh rdng vdi moi s6 nguyén duong n, ta cé:
z”: (1) (n) (2k> 2k +1 _ <2n> 1
k _ n
— k) \ k 4 n)(2n—1)4 A
Loi giai. Bai nay can mot chit “gia cb - them thit” tir khai trién quen
1

thudc cila ———.
1—4z
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That vay, néu tinh ¥ 1 chit ta sé nhan ra:

L = Y1k (Q,f“)mk

(1+x) =0

Ho#c néu viét theo ngon ngit ham sinh :

ofcutaren (%)) - ot

Tic 1a he s6 clia z¥ trong khai trién thanh chudi luy thita hinh thc

cila — I (=1/4)% 2k + 1) (Qk)

(14 z)%? k
Ta co6:
- 2k\2k+1 g 1 1 t
_ktL (™ E _yn _
kzzo( ) (k k) 4k "= At " 1—¢
= —[t"|V1—t
1
= —[2) (="
(2)e
(=)"(=D)" (2n — )N
N 2nn)!
_(2n 1
\n/4r(2n —1)
Neén tit day suy ra diéu phai chiing minh. [ |

Nhan zét. Theo quan diém chii quan ctlia tac gia, ban doc chi can nhé
. 1 P
that kj dang khai trién luy thtra hinh thic cia ham —————, va tat

V1—4z’

ca nhitng day sb c6 lien quan nhu:

()bl e ()

Khi can thiét, ta c6 thé tu thiét lap ham sinh tuong tng thong qua céc
phép bién doi, ldy dao ham tuong déi don gian.
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Vi du 4.13. Chiing minh rang véi moi s6 nguyén duong n, ta cé:

w20 -2Cm0E

L&i giai.
Ta co:
42(2) SR e
1
=41 (1—1t)(1—5¢)
= [t"] -

V(1 —4t) (1 —20¢)

Dong thoi ta ciing co:

= <2n - 2k> <2k> S Cmv 1 1
—\n—k J\k V1I—4t 120t

— ") -
V(1 —4t) (1 —20¢)

Neén tit day suy ra diéu phai chiing minh. [ |

- - 2 n 2
Nhan zét. Co6 theé noéi, trong tong to hgp co chita <k> la dau hiéu hay

dé ap dung phép chuyén déi Euler. Dong thoi, cach bién déi ham sinh
dé lam mat di s6 4" ciing 13 mot ki thuat dep can luu .

Vi du 4.14. Chiing minh rang vdi moi s6 nguyén duong n, ta cé:

EOE-EEIO

k=0 k=0
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Loi giai.
Ta co:

B () e

= 4" [t

1 —t)(1+31)
1

V(1 —4t)(1 +12¢)

= [t"

Dong thoi ta ciing co:

"L (2n — 2K\ (2k conv gy 1 1
§0<n—k><k>(_3)k B [t]\/1—4t'\/1+12t
. 1
=1 V@ —at)(L + 120)

Tit day suy ra diéu phai chitng minh. [ |

Vi du 4.15. Chitng minh rang véi moi s6 nguyén duong n, ta co:

5]

_ 4n7k 4n+1 _ 2n+1
(—1) (” k) _

L&i giai.
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Ta co:
LZJ( 1)k n—k\ 47k
prd k k+1
prd k kE+1
1 |-1 1 t2
é4"[t”]7 - In Tl u=
4 4
1 —4(1—1) (1—1)
= 4" [t" 1
[#"] 1—t 12 t2 b1
4
= 4"+l [t”+2] In L —2In !
1—t 1t
2
_ ot 1 B 2
n+2 272 (n+2)
4n+1 _ 2n+1
T nt2
Nén tit day suy ra diéu phai chitng minh. [ |

Vi du 4.16. Cho trudc cic s6 nguyén duong p,m,q.
Chitng minh rang Vn € N*:

Zn: pk\[(q+k+1 _i qgk\(p+k+1\ [ p+qg+2
Py pn m - — qn n N n-m+q+1

A
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Loi giai.
Ta co6:
,;(iii)(“ii“) ( )
B u t
B [ w1 1+t]
= [t"] (1 +t)P W(lﬂ)mﬂ

— [tn7m+q+1] (1 4 t)p+q+2

. p+q+2
n—m-+14gq
Déng thitc con lai chiing minh hoan toan tuong tu.
Neén tit day suy ra diéu phai chiing minh.
Vi du 4.17. Chiing minh rdng vdi moi s6 nguyén duong n, ta cé:

Ik (Z) (¢ — k)" = Qx; (n+1)!

k=0

L& gidi.
Trudc tién ta can diém qua bd dé sau:

B6 bk 4.1
é(—m (Z)ky _ {732} o

Chdng minh.

n J . k
n R I | i1 Kl(—u) t
-1k =" —— N 7 -
g@( o £ H—tLZ:o{’f} o Kt e
J .
n J kyk
) RHTIET
k=0
_ .7 1\
= {n}( 1)"n
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Trd lai v6i van dé chinh. Ta cé:

k=0
= n\ o= fn=1
— (_1)k<k> Z ( . >xn+1—r(_1)rk_r
k=0 r=0
n+1

Nén tit day suy ra diéu phai chiing minh. [ |

Vi du 4.18. Chitng minh rang véi moi so nguyén duong n, ta co:

n
3n? 1222 — 12
(_1)k n (x—k)”+25 n“+n+12x nx(n+2)!
k 24
k=0 A
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k=0 r=0
= n+ n+2—r r & k(T T
=> (" (17 Y= )k
r=0 k=0
_(n+2\ 5 n n+2 n+1 n+2\ [n+2
= x nl — x n! + n!
n n n+1 n n—+2 n
2
3n+1
:%(n+2)!—%(n+2)!+ "24 (n +2)!
2 1222 — 12
:3n +n+ 122 nx(n+2)! -
24
Nhan zét.
p k
klt
Béng viéc st dung dinh ly: G (kP) Z{ } k+1 cac ban c6
=0

thé tu luyen tap bang bai toan sau:
i n2k,,_zrz n\(2n—k\ [r Ll
k N k n k[
k=0 k=0

Vi du 4.19. Chaing minh rdng vdi moi s6 nguyén duong n, ta cé:

i 4n kE+n _2‘471 3n
2n — 2k n 3 n A
k=0
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Loi giai.
Ta cb :
Zn: 4n k+n
2n — 2k n
k=0
2 (o) (1)
Pt 2n + 2k k
é [t4n:| t2n |: 1 Yy t2 :|
(1 o t)2n+1 (1 u)n+1 (1 o t)?
2] 1 [ 1 ) t2
(1 N t)QnJrl (1 u)n+1 (1 o t)2
_ |: Qn] 1 ‘ (1 _ t)2n+2
(1 _ t)2n+1 (1 _ 2t)n+1
=[] g
(1—2t)""
1 1
_ tzn _ [42n—1
_ 92n n+1+2n—-1\ g2n—1 2n—14+n+1-1
N 2n on —1
:4n<3n> _4n_1(3n—1)
n 2 n
_4n3n_4n123n_4n23n
N n 2 3\n/) 3\ n
Neén tit day suy ra diéu phai ching minh. |

Vi du 4.20. Cho bj ba s6 nguyén (m,n,r) théa man0 <r <n < m—2.

r

Ky hicu :P (mi m; 1) = 3 (—1)" (m =2kt 1)> <T>

n k
k=0

Chatng minh rdang:

A
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Nhan zét. Bai Toan nay 1a mot trong nhitng bai tac gid thich nhat, vi
n6 rat dang véi dung ¥ vé ham sinh ctia tac gia khi viét chuyéen dé. Ro
rang cac cach khac nhu, dém 2 cach, quy nap, ... gan nhu khong hiéu
qué khi ngoai hinh bai toan qua cong kénh, rdi ram.

L& gidi.

Ta co:

1— (1 . tg)n—l-l
:[m72] 1_(1_t2>
(1 o t)nJrl

_ [ m—2] 1- (1 _ t2)n+1
2(1 — )"t

1— (1 . t2)n+1
(1 - t>n+1

= 1) (g = a0

m 1
~

()=
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Don+1<m—1<m=[t"](1+t)"" =0.
Nén tit day suy ra diéu phai chiing minh. [ |

Vi du 4.21 (Hoang Xuan Thanh). Ching minh rang vdi moi s6 nguyén
duong n, ta co:

2t (") = ol

k=0

Nhan xét. Tat nhién 13 so v6i nhitng bai toan néu & trén, bai nay chi 1a
bai dé. Tuy nhién, dung ¥ tac gia dua ra bai nay 1a mot muc dich khac,
titc 1a: Trong trinh bay 15i gidi, doi khi ta khong muén phai ching minh
lai cac dinh Iy A (4.2); B (4.3), khi d6, ta s& ngam dung ching va sit
dung luén két qua ham sinh tim duge dé 1oi gidi ngan gon. Va ciing la
dé lam “vira ¥ nhitng nguoi doc von khong quen véi kiéu trinh bay c6
cac an u.

Chéng han véi bai toan nay: khi ding dinh 1y A (4.2), ta tim ra dugc

—1

ngay ham sinh can tim: f (¢) = el va hé s6 can xét 1a t".

L&i gidi. Bay gio, tuy theo s6 du ctia n trong phép chia cho 4, ta c6:

(Bién ddi nay thyc ra ciing 1a tit dinh 1y A (4.2))
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o 1 [ (=2 e (—20)F
:[t]l—t<z(i—t;2k>:[t]z(l(—t>3k“

k=0
= [t”]kio (1( Gy ;i:o <n_kj;2_k;1_1>
-yt e () .

Nhan zét. O day da dung t6i khai trién quen thuoc:

1 (n-1 . nx+ n n+k—1 o
=27 0 ) i
Vi du 4.22. Chitng minh rang véi moi so nguyén duong n, ta co:
LfJ w(n—k gn—k on+1
SR P
=0 mn n A

e e2: A 2 .on (n—k\ (n—k n—k—1
Lai giai. Apdungdangthde.n_k< . >_( . >+< - )

Ta c6 ding thic can ching minh tréd thanh:

|.§J _1)k; n—k\ 47—k _2n+1
k n—k n

—~

& (—)F (n ; k) qn=k 4

Ta c6 theo dinh 1i A (4.2) thi:
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TR TR
Cor( e (M)
k=0 k=0
1 1 t2
=4"[t"] U=
1-t 14 u 1—t
+4
4
— ntn
| ](t—2)2
[5] 2
n—k—1 1 1 t
_lk 4n—k:4n tn—l - _
k_()<k—1> | ]tHEul—t
—0 1
n n4(1_t)
- [t] P)
(t—2)
Suy ra:
15] 15]
—k —k—-1
(_1)k(nk >4n—k+ (_1)k<nk_1 >4n—k
k=0 k=0
n o 2—1
=4 +1[t] 5
(t—2)
I | U | gntl g "
S e e e R T
1- 2
2
Tit day suy thang ra diéu phai chiing minh. [

Vi du 4.23. Chiing minh rang vdi moi s6 nguyén duong n, ta cé:

3] <n—k: 68 3" 4 (-2)"
k n—k n
k=0 A
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Loi giai.
Ta c6 :
|5] |5]
B n—k\ n . n—k n—k—1 k
=3 ()= () ()
k=0 k=0
Ta lai co:
15] 2
n—k Ao 1 1 t n 1
6" =[t") — | —|u=—| = " ———=3
k 1—¢t|1—6u 1—1¢ 1—¢t—06t
k=0
13] 2
n—k—1 Gké[tn_l]l 1 ot - 1-—t
k—1 t|{1—6u 1—1t 1—1t—6¢t2
k=0
Suy ra
£ AT
_ - k
nS—Z( i )n—kz 6
k=0
L] n—k n—k—1 k
= + 6
k k—1
k=0
n 2—1t
[t]—6t2—t+1
— 2—1t
S (=3t (1 42t)
— 1 n 1
N 1-3t 142t
=3"+(-2)"
3" —2)"
n
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Vi du 4.24 (Hoang Xuan Thanh). Ching minh rang Vn € N* :

n ntk n+2 B n+2
OB (CUMERICS

k=0

A

Loi giai.

Day c6 1& nén la mot bai Toan dep ma khong qua khé. Ngoai hinh ctia
bai toan c6 thé khién ban hoi réi, nhung trude tien, theo théi quen, ta
hay lam mot bude nhé dé dua moi thit trd lai qui dao.

1 1+\/5 n+2 . \/5_1 n+2
() e

) <1+\/S>n+2_(_1)n+2<\/g_1>n+2
2 2

B 1 <1+\/5>n+2_<1_\/5>n+2 :F+2

S

2 2

S

Ké ra ciing gon dugc mot it roi, tuy chua dang ké, cai ta mudn khit 1a
cai dau phan nguyén, von hoi khé chiu trong tinh toan. S6 2 & mau sb6

VL +k
trong

2, no6i cach khac 1a tinh chdn 1& cta n.

J goi ¥ cho ta cach xét sd du trong phép chia ctia n cho

Mot cach tu nhién, sau khi xét tinh chin 1é ctia n, ta chia tong ban dau
tiép thanh hai thanh phan theo tinh chin 1é ctia k, va nhu vay hién

. . R n—+k ?
nhién sé pha hét duge nhitng dau phan nguyén {QJ . Mot ¥ tudng
hét siic dep va don gian!

Bay gio, ta xét thi n = 2m + 1, trudng hgp n = 2m hoan toan tuong
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tr.

3

N

—

3

El w‘—&-

B

| S—

~__
I

(]

()
()5 ()
COBGTy

e
Il
o

I
NE

i
o

1
:

k=0

Acm 1 1 _ t
:[t]l—t[l—uu_(l_t)2]

et 1|t
+[t+](1_t)2[1—uu_(l—t)2}

1t 1
=i T e
o2t
=1 ]1—3t+t2

2(1— 1) t

_ m m
= ]1—3t+t2 [ ]1—3t+t2
=2Fy41 + o

= Fomg1 + (Foms1 + Fom)
= Fomi1 + Fopmyo
= Fom+s = Fomi1)42 = Fot2

Budce (*) 1a dang quen thudce cia cac ham sinh lien quan day Fibonacci.
Nén tit day suy ra diéu phai chitng minh. Mot bai toan rat - rat dep!l

4.6 Céac bai toan khéng miu muc

Bai toan 4.5. Chitng minh rang Vn € N*

x e0()()-30) A

0<k<i<n
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Loi giai.
Tham khéo 10i giai tai dia chi

http://diendantoanhoc.net /forum/index.php?/topic/82111-sum
-0-le-k-le-i-le-n-lefti-kbinomnibinomnkright-dfracn2binom2nn /

(Bai viét s6 2).
Ta c6 ding thic sau:

V6i mot s6 nguyén duong n cho trude, xét day s6 (by)k>0 xac dinh nhu

T 0 )

— .. , . o X ~ N N . 3 (]' + "'B)n
Bay gio xét khai trién chudi luy thirta hinh thic cta: C(z) = T
—x
Vol |z| < 1.
Ta co:
n n n >
Clz)=(1+z+a’+--) [<0> + <1>x+---+ <n>x”] => cat”
n=0
Bang cach xem xét heé s6 clia :vk <k<n)tacé:by=cV0O<Ek<n

. O (ZHi)
M O R e e o
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Bay gid so sanh he sé ctia "1 6 hai vé, ta co:

n—1
2n
Z < . > (n—7)=cotn_1+ c1¢n—2 + ... + cn_1c0
r=0

S0 (0 ()]
| [(kw i (kj2) - (Z)}

= Gnp—1

Nhu vay, cong viéc con lai ctia ta la di chitng minh ding thic sau:

S e-n=2(*) )

Nén (5.1) tuong duong véi

n.22n=1 = i r (2:) (4.2)

r=0
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Bay gio v6i r = 1;2;...;n, ta co:

r(?) ~ T('z(jyi)!r)! - 1)(!2.7?2!71 )
_ 2-(2n—1) :2n(2n— 1)

(r—=1!(2n—r1)! r—1

Suy ra

n 7"<2:L> _ 2”§i: <2:_—11> _ 2n§ <2nT— 1)

r=0 r=1
2n—1
1 on —1 o1
:2n-§- 50 < . >:n.2
r=

Tu day suy ra (5.2) dang; suy ra (5.1) ding.
Do dé6 dang thiic ban dau duge ching minh hoan toan. [

Nhan xét. Day 1a mot trong nhitng bai Toan khé nhat trong tai lieu
nay. Budc bién doi dau tien la twong déi khé dé xay dung. Ham sinh
dua ra ciing khong phai 14 ham sinh tuong tng vdi ca 1 day s6 can xét,
ma 1n6 chi 14 ham sinh tuong ng véi nhitng s6 hang dau tién ctia day
ma thoi. Ngoai ra, bai nay con doi héi cac ki ning bién déi thanh thao
v6i t6 hop chap (6 phan 3-4).
Nhin chung; day la 1 bai toan hay - khé - ngoan muc!
Diéu dé dang b lai 1a kj nang xét (C(x))? tuong déi quen thuoc.
Suy ngadm vé bai toan nay ta thay, c6 mdi lien hé mat thiét v6i dinh 1y
tong ting phan

o N ()
(Dinh 1y P): kzofk ="
Nhu vay, du 1a mot bai toan khong mau myc nhung 161 giadi trén cling
c6 nhitng co s6 nhat dinh, cht khong hén 1 cam tinh va k§ nang.

Bai toan 4.6. Ching minh ring

Chuyeén dé Ding Thic T6 Hop A DiEN DAN TOAN HOC

http://tieulun.hopto.org


http://www.diendantoanhoc.net
http://diendantoanhoc.net/

112 4.6. Cac bai toan khong mau muc

i=0 J i=

($+m+1)§:(_1)j<xzy;j> <y+'2j> _i <:ﬂb+j.>(_4)j

L&i gidi.
T P (y+2) , X
Chi : Ham sinh tuong ting ctia day (—1)” , (j €N) la:
J

1 (1—m>y_ 1 <m—1>y

V144t 2(—t) V1+4t 2t
Ta co6:
- ity ta\(v+2
(x+m+1);)( 1) ( e >< j )
B m oty 1 VI+du—1\’ B
S(x+m+1) [t 1+ ) [M( 5 ) u-t(l—i—t)}
1 (2t)Y

= 1) [t (1 +t)*tY :
@+m+ D A+ 0™ 5 s 1 o

=(@x+m+1)[t"(1+1t)"

1+2¢
(1+t)*
= 1) [¢™
(x+m+1)[t"] T
Ta ciing c6:
S+ B 1 (1+¢)"
-4y = [t (1+18)* =t(1+t)| =[t"] ——
jga(m—)( PRy | =] = e
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T do suy ra:

(x+m+1) Zm:(—l)j <x;’:y_§ j> <y J; 2j> - sz; (:;jy) (—4)

=0 -
= G m e ) - 1 g

(Mau s6 (1 + 2t)? chinh 1a méu chét ggi cho ta lien tudng dén vige xét
dao ham)

1+ 1) 1+t)° 1+¢)°
(2 + 1) [t™) (1121 +m[t"] (1121 _[tm]((l—:r%))?
my L7 g d (407 my (L41)°
=@ )+ T 1+2t>_[t NIESTR
_ my (LA g (2071 +2t) —2(1 +¢)°
= (@ + )"+ [t 1]< (1+20)? >
my (L+1)*
IRCEE
e (DT R0 i 0
= @+ DI o Tl g P e
my (L+1)*
BRTE=TE
o (LD g B0 (1)
=(@x+ 1)t ]m“”[t } 142t - 1" 142t
_ i L) (@ D+ ) +at — (1+1))
=[t"] 1+ 2t
i (14+t)* (14 2t)x
= [t"] 1+ 2t
:[tm]l‘(l—Ft)z_l:x(xT:Ll)
:(x—m)(i) .
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Nhan zét. Day 1a bai toan khé nhat trong chuyén dé nay!

Bai todn nay duge dua vao muc cac bai todn khong mau muc vi phép

bién ddi trong bai nay la tuong ddi la va it gap, ham sinh dua ra
z 2. 1 t x

ciing khong qua quen thuoc, du sao thi phép bién doi m [t"™] (L+1) =

142t
d [(1+1¢)* s s
[tmfl] T <(112)t> ciing 1a phép bién doi dep va nén nhd!

Bai toan 4.7. Chitng minh ring vdi moi s6 nguyén n, ta cé:

2n
Z ( A >F2k+1 =5"Font1

k>0 A
Loi giai. Ta co:
2n A9 1 1—-u t
F — t n —
Z(k) G [1—3u+u2 “ 1—t]
k>0
¢
_ [th] 1 . -1
1—t | g ¢ \?
o1 T (1=
PSSO €l L )
1—t (1—1)2—=3t(1—1t)+¢?
_ [ Qn] 1-—-2t
5t2 — 5t + 1
1 — 2/t
— 5n [t2n] 5
2 — /5t + 1
1— 2\/5t
Tic 1 ta can ching minh [t*"] % = Fonpa
DIEN DAN TOAN HOC A Chuyén dé Dang Thicc T6 Hop
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Ta co6:
[th] 1 - 2T\/gt _ [th] L - 2T\/gt
2 — /Bt +1 (t_\/52—1) (t—@)
n L- 2eat
NG EIC
— th 1 - 2T\/gt
o (1458) (14247
n 1
=[] <1+t1—2ﬁ> (1—1—15_‘/25_1)
_2V5 1] 1
5 (1+45558) (1+=452)
(T@i day ta dung dén cong thiic [t"] (1—|—rt)1(1+st) = rn+;_§n+1 (1)")
1-v3 2n+1 AN 2n+1
N ( 2(1>2\/§) _ (<\/2§1§ SO
2V5 <1—2\/5>2” B <_\/25_1)2n 1)2n-1
ORI
) <1 B \/5>2n+1 . (\/5+ 1>2n+1
2 2
L 2V5 (1 - \/5>2" - <\/5+ 1)2”
) 2 2
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116 4.6. Cac bai toan khong mau muc

I L+ V5 2n+1 -3 2n+1
Vs WL 2 2

= Font1
Nén tit day suy ra diéu phai chiing minh. [ |
Nhan zét.
. _ 25
Hay dé y ky céch xit 1y [tQ"] m, vi cach xit Iy nay ciing 1a

cach lam téng quéat véi dang phan thitc ¢6 mau thitc 1a ham bac 2 ¢6
nghiém thuc.

Trong topic http://diendantoanhoc.net /forum/index.php?/topic/68310-
sum-kge-0-binom2nk-f-2k1-5n-f-2n1/ nickname hxthanh c6 dua ra mot
161 gidi kha ngdn gon dua trén nhi thic Newton va tinh toan Dai S6
thuan tuy. Tuy nhién, theo quan diém ciia ngudi viét, 151 giai tren tuy
“cdng kénh” nhung lai c6 nhiéu cai dé hoc tap hon.

Dua trén tu tuéng 16i giai trén, cic ban hay gidi bai tuong tu:

Vé6i moi s6 nguyén duong n. Chitng minh:

" /n
> ( k) Fy, = Fop
k=0
Tuy nhién, cach nay sé khong thé ding dé gidi bai sau: V6i moi s6
nguyén duong n. Ching minh:
- n
> (—1)rthet <k> Fop = F3,
k=0

Cac ban hay ty tim cho minh céach gidi thich tai sao nhu vay. Dong
thoi gidi n6 bing cach clia hxthanh xem sao? Day c6 thé xem la mot
dip dé dbi chiéu cac cach giai khac nhau.

Bai toan 4.8. Chitng minh rang vdi moi s6 nguyén duong n,ta co :
— 3\ (3n—k—2\ = (3n

_qyn—1-kgk — K- _ AR
S () () -5 () e

k=0 k=0 A
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Lai giai.
Tham khao 161 gidi (bang tiéng Anh) tai dia chi:

http://www.artofproblemsolving.com/Forum/
viewtopic.php?f=41&t=491174

(Bai viét s6 3).
Ta ¢6 tinh chat sau: (Dinh 1y Convolution (4.1))

) (709 = 3 [¢] 500 [] o0 (4.3)
k=0

Ta thay:

e n — k13 he s6 ctia 2" F trong khai trién

1-a)

3 £ ,
. 2k( ;) 1a he s6 clia =¥ trong khai trién (1 + 2z)3".

Do d6 theo (4.3), ta co:

3n 3n [e)
e (o) ()

k=0 k=1
—-1
R
Miit khac dé tinh he s6 ctia 2" trong khai trién ham f(x) = W
Chuyeén dé Ding Thic T6 Hop A DiEN DAN TOAN HOC
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theo cach khéc (theo hudng c6 s6 3% ) & vé trai, ta co :
(1 —2z) +3z)*"z
(1-x)
32% <3]:L> 3kxk+1 . (1 _ .,L.)37l—k

— [ E=0
=] (1 - z)?

3n 3n
— [xn] < L >3kxk+1 i (1 _ x)3nfkf2

(14 22)*"x

T

= [«"]

e <3kn> grghtl . (1 = g)nh-2

n—1

3n\ (3n—k—2
_ _\n—1-kqk
e (1) (00

Vay ta c6 két qua cudi cling:

5 (—1)n ik (ij) (3::1k:k ) = nz_: (?) (n— k)2~ .

k=0 k=0

—_

Bai toan 4.9. Chitng minh rang vdi moi s6 nguyén khong am r,s,t
théa mant > r + s, ta ¢o :

S

s _ t+1

b, G G
() G () e ()

Lo gidi.
Dit g =t —r — s. R0 rang ¢ 1a s6 nguyén khong am.
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Vé6ii=0,...,s, ta co:

() 0 e

< t.> il(s—i)l !
r—+1

B s! (r+i)l(g+s—1)!
Tal(s—a) tl
_slglrt (r+9)! (g+s—1)!
T (s —1)lq!

_ slgll fr+d\ (g +s—i
-5 ()0
sl fr+i g+ s —i
=S (0T

Suy ra :

B0 () e
O () () (0

Xét khai trién ham sinh dua trén chudi luy thita hinh thic:

+ ...+

1 1 1

(1 _ w)r+q+2 - (1 _ x)r-i-l (1-— w)q—i—l

S5 0))
)07

2

5 L1

[o@)
r+q+141\
=S (T

1=0
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120 4.6. Cac bai toan khong mau muc

Xét he s6 clia 2° cd 2 vé, ta co:

ZS: r+i\(q+s—4i\ [r+q+s+1
= ) s—1 N S

slglr! S~ [+ +s—1 slgr! (r+q+s+1
~ j’ Z( i )(q q - 3' qs
! = !
sl(t—s—r)lr! (t—i— 1)

t! s
sl(t—=s—r)lrl  (t41)!
B t! (t+1—s)ls!
C(t=s=r)lrl(t+1)
(t+1—s)!
t+1

t+1-s)("7)

r

Nén tit day suy ra diéu phai chiing minh. [ |

Nhan zét. V6i cach dung ham sinh nhu trén, cAc ban hay thi luyén
tap bang cach giai bai toan don gidn sau:
Chitng minh rang vé6i cac s6 nguyén 0 < s < k < n, ta c6 :

i(t)(n—t)(n—i—l)

e S k—S k—l-l
. . p+k P

Goi y: St dung dinh ly: G (( m >> - m

Bai toan 4.10. Ching minh ring:

QUGN .
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Loi gia
Ta co:
i x+k y—i—n—k conv[t] 1 1
= k n—=k (1—¢t)zt1 (1 —¢t)yt!
n 1
= e
_(r+y+2+n-1\ (x+y+n+l1l
N n N n
Tit d6 ta c6 diéu phai ching minh. [ |

4.7 Bai tap tu luyén

BAI 1. Chitng minh rang véi cic s6 nguyén duong m, n thod man:
1 <m <n-—1thi ta luon cé dfmg thtc :

2n—-m—1 k+ 3\ (2n—-m-2k—j-3
<2n2m1> < m ) Z Z ( ) < (n-m—k-1)
BAI 2. Chitng minh réng v6i moi s6 nguyén duong n, ta cé :

n (n—k e nm
2 2kn—k< 2%k >:2 treos ()

0<k<2

BAI1 3. Cho truéc 2 s6 nguyén duong n;r véi r < n. Chitng minh rang
néu c6 cac bo s6 nguyen khong am (ky; ko; ...; k) thda man

thi ta ludn co6
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BAI 4. Chitng minh ring véi moi s6 nguyén duong n, ta co:

S (1 Grt+je +-tjn -1 1

Trong d6 tong trén dugc lay trén tat ci cac bo sé nguyen khong
am (j1;J2; .--; jn) thod man j; + 2jo + ... + njp, =n
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Loi két

Chi bing vai chyc trang thi duong nhién khong thé truyen tai hét nhitng
gl ngudi viét chuyén dé muén g gam. Tuy nhién, tac gid da c6 ging
dé c6 thé c6 mot chuyén dé co dong - dé hiéu va dé 4p dung. Xin dudc
diém lai mot vai ¥ 16n trong chuyén dé:

e Luyén tap dé st dung thanh thao nhing dang khai trién ham
sinh co ban.

e Gidi thieu mot vai kiéu khai trién ham sinh tuong déi kho.

e Gidi thieu nhitng dinh 1y c¢6 ting dung nhiéu trong tinh téng ding
ham sinh.

e Cac bai tap khong mau muc c6 nhiéu tng dung.

Van con nhiéu didu khac trong tinh tong ding ham sinh ma tac gia
chura thé mang dén: cic tdng c6 lien quan dén s6 nghich ddo (harmonic
number), tong lugng gidc, dang ham sinh ctia s6 phiic... Ciing nhu 1a
nhitng cach tiép can dé tim ra cy thé ham tuong tng véi day vi du
nhu phuong phap st dung ham siéu hinh (hypergeometric function);
phuong phép st dung dinh 1y nghich dédo Lagrange (Lagrange’s Inver-
sion Theorem)... TAc gia rat tiéc nhung chua thé néi ra duge do nhimng
gidi han veé thoi gian va kién thic.

Hi vong la c6 thé gap dugc cac ban trong mot chuyeén dé khac, ¢ thé la
1 4n pham khéc ctia VMF, téc gid c6 thé c6 dip dé chia sé va thio luan
nhiéu hon vé nhitng van dé nay. Con hién tai, néu that su quan tam, cac
ban c6 thé tim hic¢u thong qua céc tit khoa tiéng Anh ma tac gia cung
cap, hoiic trao ddi théem thong qua dia chi mail: loc_ Thp@yahoo.com

Tam biét v& cdm on cic ban vi di theo doi chuyén dé. Chic cac ban
hoc t6t.
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Chuong

Ung dung
dang thic to6 hop
vao SO hoc

51 Dinhly 125

52 Mot sb hé thitc co ban 126

5.3 Céc bai todn 127
5.4 Bai tap 148

Tran Trung Kién (Ispectorgadget)
Le Kim Nha (gogo123)
Tém tat ndi dung
Trong phan nay, ching toi giéi thieu mot s6 dinh 1y va cac bai toan

S6 hoc sit dung T6 hop va DTTH. Dé giai dugc chiing, cic ban phai
biét két hgp cac phuong phéap, ki thuat v6i nhau.

5.1 Dinh ly

DiNng 1Y 5.1

Cho p la s6 nguyén to. Khi dé (i) cpvdimoip=1,2..,p—1 O

Chdng minh.

—1)..(p—k+1 .
<£>:p(p ) k(f + )Dopnguyént()vék6{1,2,...,p—1}
nén (p,k!) =1

125
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126 5.2. Mot sb hé thiic co ban

Ma <p> nguyén lien tiép nén (p — 1)(p — 2)...(p — k + 1):k!

k
-1 —2)...(p—k+1
Hay (p—Dp ]2' -kt
Vay ta c6 diéu cén'chﬁ’ng minh. [ |

DINH LY 5.2 (DINH LY TUONG UNG CUA LUCAS.)—

Cho p la mot s6 nguyén to va n la mot s6 nguyén duong vdéi n =
(Mo —1--100) p-

Gid it i la mot s6 nguyén duong nhé hon n, viét i = ig+iip+---imp™,
Gdo0<ip,..,im <p—1.

Khi do .
() =I1() .

Jj=0

Dine Ly 5.3 (DiNH LI RUF)-

Cho 56 nguyén duong n, Goi e la nghiém phate khdc 1 bat ki clia phuwong
trinh ™ = 1.

Xét ham da thic:

F(z) = i a;.x’
=0

00 1 -
thi ) aim = — (F(1) + f(e) + (%) + ... + F("7))
i=0
Khi st dung dinh li nay nén chu 3 tu dinh nghia € thi ta co:

l+e+..+e"1=0 0

5.2 M@t sb hé thic co ban
n n 2.
. (k:> = <n—k> (Déi xtng)
ny (n-—1 n—1 He thite P 1
.(kz>_< i )+<k_1)(e tic Pascal)
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+ (6) < () << (et ) = (1)

k
n m n+m o
. Z (Z> <k: B z> = ( I > (Heé thitc Vandermonde)

=0

5.3 Cac bai toan

Vi du 5.1 (Dinh ly Wolstenholme). Cho p la mot s6 nguyén té. Ching
minh rang
2p 2
=2 d
() =2 Guoas? .
Lai giai (1).

Theo hé thitc Vandermonde, ta c6

G =E)C) ()6 ()

Ma (P) ip Vk=Tp—T.Dods (P)( P ) ip? Vi=T,p—1m
k i)\p—1

Lai giai (2).
Véi p = 2 diéu khéng dinh ding vi <;1> — 2 = 4 chia hét cho 2 = 4.
Xét s6 nguyen t6 p > 2, trude hét ta c6 dang thiic
() =2()
p p—1
Tit he thic (2p — k)(p + k) = k(p — k) (mod p?) ding véi moi k =
1,2, P~

(s6 p — 1 chén), ta c6 tich
2p—1)(2p—2)...(p+1)
— (20— D+ DI~ 2)(p +2)). [<2p— pj) (p+ p;lﬂ

=0 026020 (5252 (mod s
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dong du véi s6 (p — 1)! theo modulo p?.

) P % —1
Lap luan tiép duge ( p) - 2( P >
p

b1 2 (mod p?). |

Vi du 5.2. Chiing minh ring vdi n la cic s6 nguyén duong lé thi tap

{00 ()

chita 16 cic sé 1é. AN

L& giai.
n n n
5, = (1) n <2) - ()
Khi dé

Dit
25, =)+ (" )+t () -2=2" 225, =2""" ~1las5 1
0 1 n

Vay tap S phéi chita 18 cac s6 1é. [ |

Vidu 5.3. Chon € N;n > 1. Tim UCLN ciia cdic s6

2n 2n 2n
1/7°\3)"777\2n—-1 A
Loi giai.

2n 2n 2n
Ta c6: — 92n—1
a co (1>+<3>+ +<2n—1>

. (2 2 2
Suy ra udc chung cia cac so " , " ) ee " c6 dang 2™.
1 2 2n—1

Gia st n = 2Pq, v6i ¢ 1é.

2
Ta co: ( 1n> = 2P*1g = udc chung dang xét s& < 2P,

op+1
)
m

DiEN DAN TOAN HOC A Chuyén dé Ding Thic TS Hop
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Vi du 5.4 (Dé thi HSG tinh D3k L3k 2011-2012). Cho m la s6 nguyén

N 2010)! )
théa 0 < m < 2011. Ching minh rang M la mot so nguyén./\
m!2011!
Loi giai.
Dé ¥ rang
m+2010\  (m+2010)! 2011 (m+2011
2010 /  ml20100  m+2011\ 2011
Suy ra
m + 2010 m + 2011
2011 = 2011
(m +20 )< 2010 ) 0 < 2011 )
m + 2010
Thc 1a 2011 2011
c la 2011 | (m + 2011) 9010

(do (m + 2010) <m + 2011> . N>

2010 ’ 2011 ’
Vi 2011 1a s6 nguyén t6 va 0 < m < 2011 nén UCLN(m,2011) = 1, tu
d6: UCLN(m + 2011,2011) = 1.

201 2010)!
Vay 2011‘(7)2—!— 0 0> ha w

9010 20111 la mot s6 nguyén. |

Vi du 5.5 (Hungari 2001). Cho m,n la cdic s6 nguyén duong va 1 <
m < n.
Chatng minh rdang

L&i giai.

Ap dung hé thic Pascal ( ) - (” . ) n (Z B D ta, c6:
S ()= () -Ee () 6)
= (—1)™" (”__11>
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Suy ra:

nni:(_mk (Z) - (_1)m—1n<:1:11> = (—1)m—1m<;> m .

k

Vi du 5.6. Hay tim tat cd cdc s6 nguyén duong n théa man dieu kién

2 p . 2

( n) = (Qn)k, trong dé k la so cdc udc nguyén to cla < n> A
n n

Loi giai.

s A e (2n\

Gia st p la mot wGe nguyeén to cia . Goi m 1a s0 mu cua p trong
n

e e 2 . (2n

phan tich tiéu chuan cta .
n
Ta sé chitng minh p™ < 2n. Gia st ngugce lai, p™ > 2n.
2
Khi do {”J = 0.
m

p
Suy ra :

e (2] ) (2] ) (2] L)

()

VéixzeRtacod [22] +2>2zx> [22] = |22] —2|z] <1

Do d6 tir (*) suy ra m < m — 1 mau thuan. Suy ra diéu phai chiing
minh.

Tit két qua vita chiing minh & trén ta dugc:

2 2
( ") =@2n)fek=1v ( ”) =2n&n=1
n n |
Vidu 5.7 (T7/245-THTT). Cho m,n,p € N théa man:
p<m+n wvaa :maX{O;p—WL}; b= min{p;n}
Ching minh:

(m-i-n—b)!p!g <’Z> <p”ji>‘(m+n—a)!

A
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Loi giai.
Theo ding thitc Vandermonde :

20670 (7)

Dé thay rang tong nay tuong duong véi

()67

i=a

<m+n—p>!p!§ ()(,",) = e

Va > 0 thi (m+nfa)!|(m+n)! va (m+nfp)!‘(m+nfb)!.
T do6 suy ra ngay dpcm. |

Vi du 5.8 (China MO 1998). Tim s6 tu nhién n > 3 sao cho

2 1 () (5)+ (5) .

L& gidi.
Theo dé bai ta co:

1+(T>+(Z>+<Z> — 2k (0 < k < 2000,k € Z)

(n+1)(n? —n +6)
6
& (n+1)(n? —n+6) = 3.261

= ok

bat m =n+1(m > 4). Khi d6 ta co
m(m? — 3m + 8) = 3.2~1

Do d6 chi c6 thé x4y ra 1 trong hai truong hop sau:
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Trudng hop 1: m =2° Dom >4 nén s > 2

=m?—3m+8=2%_32%48=32k1s

Néu s > 4 thi 2%° — 3.2° + 8 =8 (mod 16)

= 8 = 3.28717% (mod 16) = 27175 =8 = m? — 3m + 8 = 24 (khong
c6 nghiém nguyén)

Néu s =2 = m =4 = n =3 (thda man)

Néu s =3 = m =8 = n =7 (thda man)

Trudng hop 2: m = 3.2° Lam tuong ty nhu trén ta tim duge n = 23
Vay n = 3,n = 7,n = 23 l1a nhitng gia tri can tim. [ |

Vi du 5.9. Chitng minh rang vdi moi so tu nhién n > 2 ta cé

n—1

Z( 2 + 1 )( Ik>34n_1

k=0 AN
Loi giai (1).

n—1 n
2n+1 n—k 2n+ 1Y\ .
5=3 () () =2 ()

n n—1
i 0 hitc: = . Ta cé:
St dung cong thic k(k) n(k_1> a cO

" /2
Bay giv dat 4 =) (;).
1
i=1

Xét ham f(z) = (1 +x)?" , theo dinh li RUF ta c6:

A= () + f(-1) = g 27 =an

A )
Hay S = (2n + 1)5 = (2n + 1)4" 14" Suy ra dpcm. [
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Nc

Lai giai (2). Ta co

n

1<2n+1>< ) =g 9y

n

2n+ Z 2k2n+1) L4l 2n
220120 —2k+ 1)1 2 = \2k -1

M:EM

k=1

Mt khac 4™ = (14 1)%" — (1 —1)? —22(2]~€ 1)

Do dé

n—1
2n+1 n—=k 2n+1 1 n_ nel * sn—1
Z(Q@-k))( ) > 5y At =2 ant

k=0

Vay ta c6 dpcm. [ |
Vi du 5.10 (USA MO). Cho p la s6 nguyén to ching minh

<Z> - {ZJ (mod 7) A
Lai giai.

Xét n s6 lien tiép n,n —1,...,n — p+ 1. Chtng dong du theo module p
véi cac 6 1,2, ..., p.
Ngoai ra mot trong ching, ching han s6 N, chia hét cho p, tit do6
-5

pl p
X6a s6 N sé dudc bo sd dong du v6i hé thing du khac 0,1,2,...,p — 1
theo modulo p.
Gia st H 13 tich cach s6 con lai sau khi loai s6 N:

nn—1)...(n — 1
11 ( )]g p+1)

. N
Theé thi H = (p—1)! (mod p). Nhan véi — dugc:
p

NI (p-1)IN
p D

(mod p) (5.1)
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va chia cho s6 (p—1)! nguyén t6 ciing nhau véi p, ta bién ddi (5.1) dudi

dang
NI] _ N

p o (mod p) (5.2)

N . .
trong do P la sO nguyén bang (n) .
b p

Vay ta da chitng minh xong diéu kién khing dinh dau tién ctia bai toan.

. N . .
Neuso — = {nJ chia heét cho p® thi (5.1),(5.2) van ding theo module
ey p p
N . )
Suy ra l = (n) : p®. Vay khang dinh th hai duge chiing minh.H
p p

Vi du 5.11 (Trudng Dong toan hoc mién Nam 2012-2013). Cho s6
nguyén té p. Chitng minh rding

£0)01) =

i=1 A
Lai giai.
P\ p+i\ .
] =0 (mod p); , =1 (modp)Vi=1lp—1
i i
Ta co: .
EICT) )
i i .
= <p> (p + " o= (p) (mod p?)
i i i
Suy ra:
P i LA
Z(p)(p )EZ<,>EQP (mod p?)
i=0 \' ! i=o \' u
Vi du 5.12. Cho p € P va p # 2. Chitng minh rdng:
p .
3 <P) (pﬂ> =97 4+1 (mod p?)
=0 M J A
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Loi giai.
Ta c¢6 2 bd dé:

Py
j) N
Vi=1,p—1: .
. - P
J

2
Va dinh 1y Wolstenholme: < p) = 2 (mod p?) (da ching minh & bai
p
5.1)

Ap dung vao bai toan:

2 ()(3) -

o ()R e

DL e

. . 2
Vi du 5.13. Cho p la so nguyén to lon hon 3 va k = { ;DJ

Chatng minh rdang:

A
Lai giai.
Dé thay p cp, Vi=1,p—1

7

Dé chiing minh (f) + (g) + ...+ (Z) :p? ta chi cAn ching minh

S:i}i(ﬁ,’)%p (5.3)
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Ta c6
Py p it Dot (-
p\i)  plp—ili !
1 i—1 ._1! 1 1—1
= (-1) ,L'(Z )E( Z) (mod p)
1 1 (_1)1671
= 1—-— - — ... E—
=5 stg et (mod p)
Trudng hop 1: p=3h + 1 thi
2p (3h+1) 2
k=|=|=|——2| =|2h+=| =2h
{SJ { 3 J { +3J
=p—k—-1=h=p—h=k+1
Khi do
1 1 1 1 1 1
S = L+2+3+m+k—2<2+4+m+k>
= 1+1+1—|— —1—1— l—f—l-l- +l (mod p)
= stg et Tto ety P
1 1 ~
Ta c6 —E—fh (mod p) nén
1 1 1 1 1
=l4+-+=-4..4+ = d
S=ltg+gtetitigr ooy @odp)

Trudng hop 2: p = 3h + 2 thi

2 2 2 1
k_{pJ L(?’}’JHJ :{2h+1+3J =2h+1=p—-h=Fk+1

3 3
Khi do
I UL PR Y (L
o 2 3 7k 2 4 7 k-1
S I L (L (mod p)
23 Eo\17 2 n) MOSP
T 1 1 (mod p)
— = jant nen
aco — — od p) né
1 1 1 1
S=1+-+- - d
+2+3+ +/£+k‘—i—1+ P (mod p)
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1 1 1 1
Tomlaltaluonc05_1+2+3+ +72+71(m0dp)
Theo dinh li Wolstenholme ta c6

1 1 1 1

I+-+5+- -1—7-1-7:0 (mod p) = S=0 (mod p)
2 3 -2 1

=S :p [

Vi du 5.14. Cho cdc 56 nguyén khong am i;j;n thod man : i+ j < n.
Chatng minh rdng:

Lo gidi.
Khong mat tinh téng quat gia sit

Chuyeén dé Ding Thic T6 Hop A DiEN DAN TOAN HOC

http://tieulun.hopto.org


http://www.diendantoanhoc.net
http://diendantoanhoc.net/

138 5.3. CAac bai toan
= (e (00 ) e
\n-p (1+x)n
- (asar (14 )

:< >(1+x) 2+ z)""

Vay F(z) = <ZL> (1+2)"(2+2)"" va A; 1a he s6 clia 7 trong khai

trién ctia F(z).
Dé thay 1& he s6 clia cac don thitc clia  ¢6 bac bé hon j trong khai
trién (2 + 2)" " déu chia hét cho 277

Do d6 2" 77| A;. Day la dpem. [ |
Vi du 5.15 (Australia MO). Tim gid tri k tu nhién nhé nhdt sao cho
50
Vn>m: L 2n eN

m+n+1\n+m AN

Loi giai.
1 2

Truée hét ta chitng minh +1< m> ez
Ta co:

() (-2 () Se
) e () ()

. , k 2
Gia stt cho truéc s6 m € N. Vivéin =m, s6 —— " =
m+n+1l\n+m

phéi 1a s6 ty nhién nén gia tri phai tim k& € N phai chia hét

2m+1
cho 2m + 1, vi thé k > 2m + 1.
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. . k
Gia st k = 2m + 1, the thi v6i n = m, s6 duong —— ntm
n+m+1\ 2n

12 s6 ty nhién va v6i n > m né bang
2m+1 2n _ (1 n—m 2n
n+m+1\n+m) n+m+1 n+m
[ 2n (2n)!
\n+m (n+m+ Dl(n—m—1)!

(i)~ Comn)
= — S/
n-—+m n+m+1

Vay gia tri k nhé nhat biang 2m + 1. [ |

Vi du 5.16 (T8/419-THTT). Tum tdt cd cic cap s6 nguyén duong n, k

théa man diéu kién
3n
— 31’1,' k
( n ) ! A

L&i giai.
Ta co:
<3n> =3".nk
n
a0 "
(B3n—2)!@3n—1)3n _ , 4
2n2(n —1)!1(2n —1)!
(n—-1!2n-1)!  3n-—1
Vi
—9) -2 :
(n _(?17;1(2n)— 0 (3:— 1 ) €Z=23""nM 130 -1 (54)

Lai ¢6 (3,3n —1) =1 va (n,3n — 1) = 1 nén tit (5.4) suy ra

2 :3n—1=3n-1<2=n<1
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3 3
Do d6 n = 1. Ta dugc ( n) =3"nf o <1> =3.1F
n

Déng thitc nay théa man véi moi s6 k nguyén duong.
Vay cép s6 (n, k) can tim 1a (1,%) v6i k 1a s6 nguyén duong bat ki. W

Nhan zét. Cé thé giai bai toan nay bang cach khac nhu sau:
Véi n = 1, ta c6 két qua nhu trén; véi n > 2, bing quy nap ta ching

. 3 :
minh rang ( n) / 3" nén bai toAn khéng thoéa méan.
n

Vi du 5.17 (IMO 1974). Chiing minh rang véi moi s6 nguyén duong
n thi

" /on+1 3% -
2 /
> (Gir)2 45

k=0 A

Lai giai (1).
Ta co: .
2k +1
k=0 k=0
Mat khac vi 16 chia 5 du 1 nén ta c6:
1 2!

23(n=1) = i = on (mod 5)

2k+1
N " on 41
VOl S2n+1 = Z ok 2
k=0

n

2n+ 1Y

Do vay, gio ta sé di tinh Soy, 41 = Z < n2;<:i_ >2Z
k=0

" 2n+1
Suy ra 2". Z ( nt ) 23k = Son+1 (mod 5)
k=0

2n+1 .

Xét ham sinh f(z) = (1 + 2v/2)"H = ZO <2nl—|— 1> 2¢ theo dinh 1i
1=

RUF thi:

<(1+f)2n+1 . \/5)2n+1)

l\.’J\»—\

Sonit = 5 (/1) + (1)) =

DiEN DAN TOAN HOC A Chuyén dé Ding Thic TS Hop
http://tieulun.hopto.org


http://www.diendantoanhoc.net
http://diendantoanhoc.net/

5.3. Cac bai toan 141

Day 1a mot con s6 quen thuoc, 14+v/2 va 1—+/2 1a 2 nghiém ciia phuong
trinh 2% — 22 — 1 = 0 nén Sa,,1 13 cong thic tong quat clia mot day
s6 cho béi cong thitc truy hoi :

Upt2 = 2Upg1 + Up

Va ug = 1;u; = 1 nén u, khong chia hét cho 5. [
L&i giai (2).
n
. 2n + 1\ 31
= 2
Gol Sn kz_o <2k + 1>

Vi 2% = 8 = 10 — 2 chia cho 5 du —2, nén 2% chia cho 5 ¢6 s6 du bing
s6 du ctia (—2)" khi chia cho 5. Do d6, ta chi can chting minh S,, /5

n

. 2n+1
voi Sp =) (-2)° <2k + 1>
k=0

2n+1
Pat R, =» (—1) 2k
st n k_o( ) < 2% >
Theo khai trién nhi thitc Newton ta c6:

n

) 2n+ 1Y . )

(1+iv2)> 1 = Z ( i )(1\/5)’“ =R, +iV28S,
k=0

Lay module 2 vé suy ra 32"7! = R2 4 252

Vi 3271 = 3.9" chia cho 5 s& ¢6 s6 du 1a +£3 nén néu S,,:5 thi R? chia
cho 5 sé du +£3.
Nhung R? la binh phuong ciia mot s6 nguyén nén chia cho 5 chi c6 thé

du 0;1;4. Mau thuin nay chiing t6 S,, / 5. Vay ta c6 dpem. |

Vi du 5.18. Cho p la mot s6 nguyén té va cic so tw nhién m,n,p théa
m

man 2 <n <m va (p,q) = 1. Chiing minh rang (qp > AN
n

Lai giai (1).

Viét s6 tu nhien n duéi dang n = kp® v6i (k,p) = 1;k, a € N*.

Néu o > n thi n = kp® > kp™ > p”. Diéu nay vo Iy vi vay a < n — 1.
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WY (" Z e (P
n kq~ k kqgo—1

ap™ ! ) ™ -
Do (k,p) =1 va la s6 nguyén duong suy ra phTe
kpe—1 n
Ma o <n—1nénpm @:pmnntl
Tit d6 ta c6 diéu phai ching minh. [ |
Lai giai (2).
Ta co:

<qpm> _ " (g™ = 1)(gp™ —n+1)

n o (5.5)

Goi a va b thit ty 1a s6 mii cao nhét cia p trong phan tich tiéu chuan
m

ctia tt vd mau trong (5.5) thi <qp > Tt
n

Nhan thay a > m.

b

m n V?J ¥ HJ véi k € N*,p* <n < pht!
p p p

1 1 1 n
<n 7+7+...+—k < —2Z5%Zn
p D P p—1

Néna—b>m—n+1. Do dob ta c6 dpcm. |

m
Nhan zét. Ta c6 két qua manh hon <qp > DpmTnt2,
n

Vi du 5.19. Cho p la 56 nguyén té va n la s6 nguyén thod méan n > p.
Chatng minh rdang :

n—+p 2_ n+2p\  (n+p). o
D 2p 2p P AN
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Loi giai.
Trudc tién ta co:

o () -(57)-(5)
(-0
R0 e

() (3)()

' 2 ) .
Ma <n> + <n + p> — 2<n +p> 1a hé s6 ciia a2 trong khai trién:
p p p

(I4+2)"+ (1 +z)""P 20 +2)""? = (1+2)" (1 +z)P —1)°

p 2

— n p )

=(1+ux) (Z (Z>x )
i=1

2
Dé théy trong khai trién <Z (p) xl> thi hé s6 ciia 27 1a
1

g@(ﬁi)gﬁ

Do d6 hé s6 ciia zP trong khai trién (1 4 )" (14 2)P — 1)? chia hét
cho p?, ta c¢6 dpem. [ |

Vi du 5.20 (Nghé& An 2011-2012). Cho so6 nguyén t6 p > 3 wva tap
hop M = {1,2,...,p}. Vi méi s6 nguyén k théa man 1 < k < p ta dat
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cEy={ACM:|A =k} vax,= Z (min A + max A).
A€E)
Chatng minh rdang:

p—1

Zxk <Z> =0 (mod p?)

k=1 A
L& giai.
Gidsu A = {ml;mg; ,mk} € Ey.
Suyra A" ={p+1—maq;..;p+1—my} € Eg. Ta c6 nhan xét sau:
Néu m; = min A thi p+1 —m; = max A’ vi m;, = max A
thip+1—my = min A’
Suy ra:
22, = Z (mi+p+1l+ar+p+l—ax) = Z 2(p+1) = (i)Q(ZH‘l)

A€Ey A€Ey

hay zj, = (Z) (p+1).
p—1

2
Do d6 ta can chitng minh (p + 1) <z> =0 (mod p?) hay
k

=1
p—l 2

Z (2) =0 (mod p?) (5.6)
k=1

That vay,ta co:

p—1
Do d6 (5.6) tuong duong voéi: Z (H)Q =0 (mod p)
I
Dat ap = W
= Ka=0p-1)p-2)..p—k+1)=(-D1k-1)! (mod p)
= kap = (—1)*"1 (mod p)
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(p—1)!

bat b, = = kb, = (p—1)! = -1 (mod p)

Suy ra: a; = (—1)*.b; (mod p)
Ta c6: Vk € {1;2;..;p— 1}, € {1;2;..;p— 1} 2 jk =1 (mod p).
Do dé:

2 (D 1p
DB =D (ki) =D (k) =D 5= S (modp)
k=1 k=1 k=1 j=1

Mat khac p > 3 nén
p—1:2va(p—1)2p—-1)=2p*+1-3p=21+1=0 (mod 3)

hay (p—1)(2p — 1) : 6. Suy ra

p—1 p—1

Za% = Zbi =0 (mod p)

k=1 k=1
Tic (5.6) ding. Ta ¢6 dpem. |
Vi du 5.21. Cho m,n la cic s6 nguyén duong, biét m 1é. Ching minh
rang:

1 & (3m> .

— ) (Bn-1)fez

n3 =0 3k A
Loi giai.

- . . . < 3m k m
Ta sé chu’ngmlnhS—kZ:O<3k>(3n 1)%: n3™.
. 3 3m . 2w L. 2 .
Xét f(z) = (z+ V3n — 1x) .Golazcosg—i-zsm? thi ta co:
1
§=3(f(1) + f(e) + f(e7)

Mat khac ta co:

(1+3n—1.6)%" = (14+3n—1+3V3n— L&' + 3/ (3n — 1)2.2)™
=3"(n+ V3n — L&' + ¢/ (3n — 1)2.%)3™

Chuyeén dé Ding Thic T6 Hop A DiEN DAN TOAN HOC

http://tieulun.hopto.org


http://www.diendantoanhoc.net
http://diendantoanhoc.net/

146 5.3. CAac bai toan

g1 = (0 VB — e+ ¥/(3n — 1)2.e2)3m
+ (n+ V3n— 1.2+ Wf)gm
+(n+V3n—-1+ {/(3n —1)2)3m

(n+V3n—1le+ J/(Bn-12e)" = ap,

Dat ¢ (n+ V3n— 1.2+ {/(3n —1)2e)>™ = b,

(n+V3n—1+Bn-127" = ¢,
Chiy1+e+4+e?=0;e=1vha, + by, + ¢, 12 s6 nguyen véi moi n

Ta c6: a1 + by + ¢1 = 3n; as + bz + c3:3n; as + bs + c5:3n.

Gia st agjt1 + bai+1 + C2i4+1 : 3n v6i moi i < k ta co:

a2k+1 + bogt1 + cop1 = (agp—1 + bog—1 + cap—1)(az + ba + c2)
— (agk—3 + bag—3 + car—3)(azbs + caba + asca)
+ agbaca(agk—5 + bag—5 + c2r—5)

chia hét cho 3n theo gia thiét quy nap.

Nén theo nguyén li qui nap thi asg41 + bok41 + Cok+1 . 3n v6i moi k
nguyeén duong, titc 14 S chia hét cho n3™.

1 & (3m 5
Hang<3k)(3n—1) S/ |

Vi du 5.22 (Mongolia TST 2011). Cho p la s6 nguyén t6. Chiing minh

ring
P
p\(p+Ek
Z(—1)k<k>< i ) =—-1 (mod p?)
k=0 A
Loi giai.
Xét ham sinh:
0 P
_ k(P\(p+k
ra = S0t (8) (P )
p=0 k=0
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5.3. Cac bai toan 147

Ta co:

1
= =—1-z—2a%— ..
1— =2 X X

Suy ra 2(1)’“(@ (pzk) = _1 (mod p) 5

Vi du 5.23. Cho p la s6 nguyén to6 lé. Chitng minh ring

SO0

A
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148 5.4. Bai tap

p—1
Ta can ching minh E (Z) (<p—]i€- ) — 1) . p? thi ta chi can chiing

k=1
k . .
minh (p—]: >_1 cpveil<k<p-1wi <Z>p
That vay :
p+kY __ @tk e+ D)e+2)(p k) K
k T plk! = o

Vi(p+1)(p+2)...(p+ k) = k! (mod p)
= (p+1)(p+2)...(p + k) — k! chia hét cho p va k!.

. k .
Ma (p,k!)=1= (p+1)(p+2)...(p+ k) —k': klp= <p_;; )—lzp

SO

2 .
Ma ta lai c6 < p) — 2 p? (dinh 1y Wolstenholme, xem bai 5.1)
p

Do dé6, ta c6 T : p. [ |
5.4 Bai tap

. . N 2
BA1 1. Cho p la s0 nguyén to va p > 5. Ching minh rang ( p> =
p
(mod p*)

BA1 2. (Putnam 1997) Cho p 1a s6 nguyén t6 va a, b 1a s6 duong thoa
mén ¢ > b > 0. Chitng minh

()= () o

BAT 3. Cho p la s6 nguyén t6. Chiing minh rang

Wk—0p—1: <p;1> = (—1* (mod p)
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5.4. Bai tap 149

BAI 4. Cho p 1a s6 nguyén t6 va goi bat ki k,a e N: 0 < a < pF — 1.
Chitng minh rang

(") = modn)

a

BA1 5. Chiitng minh réng néun =2" — 1 thiVk =0,n: (Z) 13 s6 1é.

BA1 6. Tim sb du cta (20;)9) khi chia cho 2011.

BA1 7. Cho k 1a s6 ty nhién chn va p 13 s6 nguyén t6 1é. Ching minh

p—1 k
rang néu k khong chia hét cho p — 1 thi Z <p> Dkt
i
i=1

P £ k .
BA1 8. Tim tat ca s6 nguyén n > 1 sao cho Vk € N*\ {1} : ( n) D k™
n

BA1 9. Chitng minh rang:

2000 2000 2000 .
2.1( 5 >+3.2< 3 >+..+2000.1999<1999> : 3998000

BAT 10. Chitng minh rang v6i moi s6 tut nhien n > k :

cas (1)1 -
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Tém tit noi dung

K¥ thuat dém biang hai cach 1a mot phuong phap pho bién va da
c6 nhidu tac gia viét vé n6. Tuy nhién dé ban doc hiéu tai sao lai giai
duge nhu thé, hodc cach xay dung cac bude gidi cho bai toan st dung
ki thuat nay nhu thé ndo thi nhiéu bai viét lai chua dé cap dén. Trong
khuon khdé bai viét nhé nay téac gid hy vong cung cap duge phan nao §
tudng ciia phuong phap nay t6i ban doc.
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152 6.1. Nguyén li dém bing hai cach

6.1 Nguyén li dém bang hai cach

“Cung mot sé6 luong thi két qud dém dwoc theo hai cdich la
nhu nhau”.

Nguyeén 1i tuéng chitng nhu rat don gian nay nhung lai 1a khéi nguon
ctia nhiéu ¥ tudng dé giai cac bai toan td hop hay va khé. Bai viét sau
day sé phan tich mot s6 ¥ tudng cho viéc st dung nguyeén i nay.

Dé chiing minh mot déng thitc t6 hop c6 dang A = B. Ching ta c6
thé thyc hién cac bude du doan sau day dé st dung phuong phép dém
bang hai cach:

6.1.1 Cac budc thuyc hién
e Buéc 1: Phat biéu lai bai toan vé dém mot su kién quen thuoc.
e Budc 2: Dém theo vé trai ctia déng thic.

e Budc 3: Dém theo vé phai clia déng thiic.

6.1.2 Ghi nhé can thiét

e Néu vé trai (hodac vé phai) 1a tong cac bicu thitc thi & caAch dém
vé trai (hodc vé phai) do6 ta chia thanh cac truong hgp rieng dé
dém dung quy tac cong.

e Néu vé trai (hosic vé phai) la tich cac biéu thitc thi & cach dém
vé trai (hodc vé phéi) d6 ta chia thanh cac cong doan ciing hoan
thanh dé dém dung quy tic nhan.

Trong bai viét nay, chiing t6i minh hoa ki thuat dém bang hai cach
thong qua cac bai toan noi tiéng va da phan la cac bai toan, cac dinh
Iy ¢6 tén nham minh hoa cho ¥ tudng ctia bai viét.

Sau day 1a mot s6 tng dung clia phuong phap dém bing hai cach.
Chiing t6i phan tich va trinh bay chi tiét hai vi du mé dau, cac vi du
sau y tudng phan tich tuong ty.
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6.2 Ung dung chiétng minh ding thic td hop

Vi du 6.1. (Chiing minh ding thitc Pascal)
Véi moi s6 nguyén duong n > k > 1 ching ta cé

-G+ .

L&i giai.

e Budc 1: Phat biéu lai thanh bai toan dém quen thuoc:

Trai he toan hoc ¢6 n hoc sinh tham du ban t6 chic can chon ra
k hoc sinh lam bai thi mon td hop . Nhu vay ban t6 chic ¢6 hai
cach dém sé cach chon.

Buéc 2: Xét biéu thitc vé trai (Dém theo cach 1)
Néu chon k hoc sinh bat ki trong n hoc sinh thi ban t& chitc ¢6

(Z) cach chon.

Bué6c 3: Xét biéu thiic vé phai (Dém theo cach 2)

Quan sat vé phai ta thay vé phai la “téng” ciia hai biéu thiic to
hop nén diéu dé goi cho ching ta nhd t6i xét cac kha ning dé
diing quy tic cong.

Gié st Long 1a mot trong n hoc sinh dé.

— Phuong dn 1:
Néu Long dugc chon tham du thi mén t6 hop thi can chon
k — 1 nguoi trong s6 n — 1 ngudi con lai. Khi dé ban t6 chiic
(n—1\ .
co (k _ 1) cach chon.
— Phuong dan 2:
Néu Long khong dugce chon thi mon t6 hop thi can chon ra
cho du k ngudi trong s6 n — 1 ngudi con lai. Khi d6 ban td

chtic co <n ; 1) cach chon.
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154 6.2. Ung dung ching minh déng thic t6 hop

Nhu vay theo nguyeén 1i dém bang hai cach ching ta c6 dang thic duge
chiing minh. |

Vi du 6.2. Chitng minh rang:
MY (M) () =2
0 1) 7 \n) A

e Budc 1: Phat biéu bai toan dudi lai dudi dang toan dém quen
thuoc: Tim s6 cach chon mot sb sb tit n sé cho trude.

L&i giai.

e Budc 2: Xét bicu thiic vé trai (Dém theo cach 1)
. ) n
+ Neéu chon 0 vién c6 (()) cach

+ Néu chon 1 vién c6 (?) cach

n

) n n n n
Vay tong cong co + + + ...+ céch.
0 1 2 n

e Buéc 3: Xét biéu thitc vé phai (Dém theo cach 2)
M&di 86 sé ¢6 2 trang thai (duge chon va khong duge chon), ma
c6 n s6 nhu vay nén c6 2" cach chon.

Z . , n z
+ Neéu chon n vién c6 < cach

Nhu vay ta c6 diéu can chitng minh. [ |

Vi du 6.3. (Chiing minh ding thitc Vandermonde.)

OGO R) () = (1) rmem

A
Loi giai.
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6.2. Ung dung chimg minh déng thic t6 hop 155

e Budc 1: Phat bicu lai thanh bai toan dém quen thudc. Cong ty
X gom n nhan vién nam va m nhan vién nit can chon ra k ngudi
dé lap thanh doi tinh nguyen.

Bué6c 2: Xét biéu thiic vé phai (Dém theo cach 1)
Chon ngau nhién k ngusi trong cong ty gom n + m ngudi thi c6

(m l—: n) cach chon.

Bué6c 3: Xét biéu thiic vé trai (Dém theo cach 2)
Quan sat vé trai ta thiy vé trai cac s6 hang thanh phan 13 “tich”
ciia hai biéu thic t6 hgp nén diéu d6 ggi cho ching ta nhé téi
xét cac kha nang dé dung quy tic nhan.
n m
Chon ra ¢ nhan vién nam va k—i: nhan vién nit thi c6 < > <k‘ >
i —1
cach. Vi s6 ngudi duge chon 1a tuy ¥ trong gidi han cho phép k
ngudi nén cho i chay tit 0 dén k, ta c6 téng tat ca cac cach chon

nhu vay la:

(o) ()= ()G =+ () (D)

Vay déng thiic duge chitng minh. |
Nhan zét. Dang thitc Vandermonde dugc viét thu gon nhu sau:
Zk: n m _fm+n
~\i)\k—i) \ k
=0
Khi do:
a. V6i m = n thi ching ta c6 dang thitc quen thudc
(1) - (%)
: i)\ n
=0
b. V6i (0 < k; <mny;); i=1,r thi
Z <n1> <n2> <nr> B (m +ng+ ...+ nr>
btk heek \FL/ \R2 i k
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156 6.2. Ung dung ching minh déng thic t6 hop

Vi du 6.4. Chitng minh rang vdi n > m thi
2 (1) ()= ()
£>0 m m A

e Budc 1: Phat biéu lai bai toan dém quen thuoc:
Gia sit réng tit n hoc sinh ctia 16p hoc, gido vién chti nhiém can
chon ra mot doi van ngheé s6 lugng ngudi tiy ¥, trong dé c6 m
hoc sinh cam micro. Khi d6 gido vién chii nhiém c6 hai phuong
an thuyc hién.

L&i giai.

e Budc 2: Xét bicu thiic vé trai (Dém theo cach 1)
Trude hét gido vien chon ra k nguoi tit n ngusi. Khi dé c6 <Z>

cach chon , sau d6 tit k ngudi nay sé chon lay m ngudi cam micro.
Cho k chay tit 0 dén n chung ta co6

(1) ()

e Buéc 3: Xét biéu thitc vé phai (Dém theo cach 2)
Chon ngay m hoc sinh cam Micro tit n hoc sinh ctia 16p, sau do6
chon bd sung thém mot nhém tity ¥ tit n—m ngudi con lai. Trong
n —m ngudi nay doéi véi mdi ngudi cé thé duge chon hoic khong
dugc chon nén c6 2™ cach chon.

n
Vay ca thay cé ( >2”_m
m

k
Do dé6 chung ta c6 Z (Z) <m> = <§L> n—m |

k>0

Nhan zét. V6i ¥ tudng tuong tu vi du trén, ban doc ¢6 thé chiing minh

déng thitc sau:
e m T

Chiing minh rang v6i n,m € N thi
DiEN DAN TOAN HOC A Chuyén dé Ding Thic TS Hop
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Vi du 6.5. V4i n nguyén duong cho trudc. Chitng minh rang:
"L 2k (2n — 2k "
2y r )7
k=0 " A

e Buéc 1: Phat biéu lai thanh bai toan dém quen thuoc:
Mot doan thang c6 do dai n dudc to6 bing 4 mau, D, X, V,T.

Loi giai.

e Budc 2: Xét bicu thiic vé trai (Dém theo cach 1)
Ta sé chon ra mot tap cach t6 mau D va X saocho D+ X =k

koo,
2 k 2k
thi so6 cach chon sé 1a E (;) (k: ) = < L >
, —1

=0
khi d6 s cach chon ra cac doan mau V, T sé la

G- (o

e Budc 3: Xét biéu thiic vé phii (Dém theo cach 2)
R6 rang ta c6 4" cach nhu thé.

5 5 £ 2k\ (2n — 2k
Do d6 véi moi k co dinh thi ta duge so cach to sé 1a < > < " >

k n—k
n
P P 2k\ (2n — 2k
Cho k chay tut 0 dén n ta dugc so cach t6 mau la Z < > < " )
— k n—=k
Tit day ta c6 diéu phai chiing minh. [ |
Vi du 6.6.
n 4n—k< 4in ><2n—|—2k> _ <8n>; ne N
— 2n + 2k k 2n A
Loi giai.
e Budc 1: Phat biéu lai thanh bai toan dém quen thudc: Xét 8n
vién bi.
Chuyeén dé Ding Thic T6 Hop A DiEN DAN TOAN HOC
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158 6.2. Ung dung ching minh déng thic t6 hop

e Budc 2: Xét biéu thiic vé trai (Dém theo cach 1)
Cho 8n vién bi nay vao 4n hop, mdéi hop ¢6 2 vién:
Dau tién chon ra ding k hop sao cho mdi hop c6 ding 1 vién bi
dugc 1ay ra.

2 4
— S0 céach chon 2n — 2k hop trong 4n hop la "
2n — 2k

— Trong mdi hop trong 2n — 2k hop trén ta chon ra dung 1 bi,
trong 2 vién bi ¢6 trong hop, nén s6 cach chon 13
22n—2k — 4n—k

— Chon 2k vién bi con lai trong 2n+2k hop con lai sao cho moi
2n + 2k>

hop sé c6 ding 2 bi duge chon sé 1a k£ hép nén co ( i

cach chon.

e Buéc 3: Xét biéu thitc vé phai (Dém theo cach 2)
Ta sé& dém s6 cach chon 2n vién bi tit 8n vién bi nay khi dé c6

(8n> cach.
2n

Tt d6 suy ra s cach chon 2n trong 8n vién bi theo cach dém thit
. 4n 2n + 2k
2sela Yy 4mk
Seakz_o <2n+2k>< k )

Tit day ta c6 diéu phai chiing minh. [ |
Vi du 6.7. Chitng minh rang:

ke
1* 4ok 4 +nkzzlAk—i n+1
o ot \k—it+1

vk =1,2,3, ... A
Ldi giai.

e Buéc 1: Phat biéu lai thanh bai toan dém quen thuoc:
Tu tap cac s6 nguyén duong A = {1,2,....,n + 1}, ta chon ra bo
sap thi tu (z1, 79, ...,7;1) thda man dieu kien:
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Tpr1 > mazx {x1, T2, ..., Tk}
Hoéi ¢6 bao nhiéu cach chon?

e Buéc 2: Xét biéu thitc vé trai (Dém theo cach 1)
Ung v6i mbi Tp41 =1+ 1,(1 <i<mn),tacoicac chon x1, i cach
chon x9, ...; ¢ cach chon xy.
Do dé, sb cac cach chon 1a: S = 1F + 28 4+ . 4+ pF

e Buéc 3: Xét biéu thitc vé phai (Dém theo cach 2)
Ta s& chon ra k+1 s6 tit n+ 1 s6, s6 16n nhat, ta chon lam zp 1,
cac sb con lai, ta sép thit tir 14 xong.
Goi i(0 < i < k) la s6 cdc phan tit bang nhau trong nhém
1,2, ..., Tk
. A Pe N £ z n + ]‘ 2z
Chon k£ — 7+ 1 s0 khac nhau tit n+ 1 s0, ta co <I<: s 1) céch.

Xép thit tu k —i s6 khac nhau vao k ché trong (cac chd trong con
lai, hién nhién danh cho i s6 bing nhau), ta c6 A’,z_l cach.
Vay s6 cach chon la:

k—1
_ k—i n+1
S_Z,Z_;A’f <k—i+1>

Tit day ta c6 diéu phai ching minh. [ |
Vi du 6.8.

L&i giai.

e Buéc 1: Phat biéu lai thanh bai toan dém quen thuoc.
Thay Thé, GVCN lép 10A gom n hoc sinh nam va n hoc sinh
nit. T6i nay, & Rap chiéu phim qubc gia, chiéu mot bo phim rat
hay, thay dinh t& chiic cho ci 1ép di xem... Cudi cting thay Thé
chi mua dugc n vé. Thay suy nghi:
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160 6.2. Ung dung ching minh déng thic t6 hop

e Budc 2: Xét biéu thiic vé trai (Dém theo cach 1)
Thay ghép n hoc sinh nam va n hoc sinh nt thanh n doi. (viec
lam nay coi nhu thyc hién tit dau va khong anh huéng gi dén
cach chia vé clia thay)

- Chon ra k doi va chia cho méi doi 1 vé - ¢6 2k <Z> cach chon

(vi m&i doi ¢6 1 vé nén k doi sé c6 2 két cuc khac nhau), nhu

vay con lai n — k vé vi n — k doi con lai. Thay tiép tuc chon ra
n—=~k . n—=k

{ 5 J doi va chia cho moi doi 2 vé - ¢6 (Ln_k > cach.

7]

. —k
—Bﬁygi@thaycbnlaiS:n—k—Z{nQ Jvé.

S =0 néun —k la sé chdn (khi d6 n vé da dugc chia hét)
S =1néun —k lasd 1é (khi d6 chiéc vé con lai danh cho thay)

- D& thay rang k c6 thé nhan cac gia tri tit 0 dén n

e Buéc 3: Xét biéu thitc vé phai (Dém theo cach 2)
Néu n vé dude chia ngau nhién cho 2n hoc sinh va cd minh thi

, 2n +1 N
xay ra truong hop.
n

n
Do dé, theo cach chia d6 ctia thay ta c6 tat ca: Z ok <n> (nnkk>
=" \k/\[%5"]
cac cach chia n vé cho 2n 4+ 1 ngudi.
Tu day ta c6 diéu phai chiing minh. [ |

Vi du 6.9. Tinh

Zn:(k — (k- 1)k<Z>

k=3
Lo gidi.
e Buéc 1: Phat biéu lai thanh bai toan dém quen thuoc.

Gia stt ¢c6 n ban tham gia thi hoi khée Phit Déng vong so tuyén
can chon ra mot s6 ban vao vong chung két.
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e Budc 2: Xét biéu thiic vé trai (Dém theo cach 1)
Sau d6 chon ra 3 ban cho ba vi trf nhat, nhi, ba,..., bét thé thi
téng can tinh chinh 1a s6 cach chon dé.

e Budc 3: Xét biéu thiic vé phii (Dém theo cach 2)

Chon luén hang nhat, nhi,...bét ngay tit n ban va bo sung thém

mot s6 ban trong n — 3 ban con lai dé thi vong chung két.

Néu chon kiéu nay nay thi c6 n(n — 1)(n — 2)2"3 giai phap vi 1
s6 ban chon theo cach kia chinh 1a 1 tap con trong n — 3 ¢o con
lai.

Tit d6 6 két qua can tim 1a n(n — 1)(n — 2)2773
Tu day ta c6 diéu phai ching minh. [ |

Vi du 6.10.
Chatng minh rdang:

k n
ok —3n
> (3)
Loi giai.

e Budc 1: Phat biéu lai thanh bai toan dém quen thuoc.
C6 n gia dinh trong 1 cong ty, moi gia dinh ¢6 2 ngudi con. Nhan
ngay trung thu, cong ty t6 chitc phat qua cho cac chau c6 két qua
hoc tap cao, nhung trong cung 1 gia dinh khong ¢6 2 chau nao
cung duge nhan qua. Hoéi ¢6 bao nhiéu cich phat qua?

e Budc 2: Xét biéu thitc vé trai (Dém theo cach 1)

+ Néu khong c6 gia dinh nao c6 con duge nhan qua thi co

2% cach phat qua.

+ Néu c¢6 1 gia dinh ¢6 con duge nhan qua thi c6 (T) 2% cach

phat qua.
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162 6.2. Ung dung ching minh déng thic t6 hop

+ Néu tat cd cac gia dinh déu c6 con dudc nhan qua thi co

(n) 2" cach phat qua.

n

n

Vay tong cong co Z <Z> 2% cach phat qua.
k=0

e Budc 3: Xét biéu thiic vé phai (Dém theo cach 2)
Mai gia dinh thi c6 3 cach (ca 2 con déu khong c6 qua, ca 2 con
déu c6 qua, hodc 1 dita c6 qua 1 dida khong c6 qua).

Nhu vay c6 tat ca 3" cach phat qua.
Tit day ta c6 diéu phai ching minh. [ |

Vi du 6.11.
Chitng minh rang:

" k-1 VAT S STV A
3L R (G i B G R

k=1

L&i giai.

e Buéc 1: Phat biéu lai thanh bai toan dém quen thuoc.
Mot 16p hoc ¢6 n hoc sinh di da ngoai. Co gido chia thanh mot
s6 nhém va trong mdi nhém chon ra mot nhém truéng dé tien
quén l1i.
Hoi c6 tat ca bao nhiéu cach chia?

e Budc 2: Xét biéu thiic vé trai (Dém theo cach 1)
Xét s6 nhom 1a k. M6 hinh hoéa bai toan nhu sau:
Ta cho truéng nhém cam mot cai cot, gitta 2 nhom c6 1 céi cot
nén co tat ca 2k — 1 cai cot trong n + k — 1 vi tri.

n+k—1
Do d6 véi k nhém thi co ( ;;; 1 ) cach chia.
n
p n+k—1
Nhu vay co tat ca cach chia.
W D ( 2% — 1 )
k=1
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6.2. Ung dung chimg minh déng thic t6 hop 163

e Budc 3: Xét biéu thiic vé phai (Dém theo cach 2)
Goi z,, 1 s6 cach chia théa man bai toan véi n hoc sinh.
Xét Tpt1
Gia stt nhém duge chia cudi cing c¢6 k ngudi, khi dé c6 k cach
chia nhom nay ( thuyc ra la k cach chon nhém truéng), va g,1—x
cach chia n — k ngudi truéce, nén c6 k.g,+1— cach chia.

Quy udc go =1, ta c6: g1 =1
n
= g1 = Y kgni1k

= gn+1 = 39n — gn—1
Két hop vé6i go = 1,91 = 1 ta dudc:

- 1 1+\/5 2n+1 1_\/5 2n+1
=5 2 T2

Nhu vay ta c¢6 diéu phai chiing minh. [ |

Vi du 6.12. Tinh tong:

L& gidi.
e Buéc 2: Xét biéu thitc vé trai (Dém theo cach 1)
Ta dém s6 tap con c¢6 ¢ phan ti clia tap hop (1;2;3;...;n) ma
khong chita hai s6 nguyén lién tiép.
Goi A 1a ho tat ca cac tap con c6 tinh chat néu trén va B 1a tat
ca cac tap con cua tap hgp 1;2;..;n — (r —1).
Xét anh xa f: A — B nhu sau:
fia;a0; .50, — byybe; b, v6i by =a; —i+1,i=1;71

x 1z 1
Dé thay f 1a 1 song &nh nén |A| = |B| = < —it )

n+l
n—z+ 1 . .
= Z < ) la 80 céc tap con cta 1;2;..;n
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e Budc 3: Xét biéu thiic vé phai (Dém theo cach 2)
Goi a,, la s6 tap con cta tap (1;2;...;n) ma khong chita 2 s6
nguyén lién tiép.
Xét an+1
Néu phan t1t cudi cting 1a n + 1 thi phan tit lién truée né khong
thé 1a n, nén c6 a,_q tap con.
Néu phan tit cudi cting khong phai 1a n + 1 thi ¢6 a, tap con.
= Gptl1 = ap + Ap—1
Dé thay ag = 1;a; = 2 nén

_5+3V5 <1+\/5>”+5—3J5 <1—\/5>"

n 10 2 10 2
Nhu vay:
| %3] . n n
Z i :5+3\/5 1++5 +5—3\/5 1-v5
— \n—i+1 10 2 10 2

Vi du 6.13. Cho ki;ks;...;ky, la cdc s6 nguyén duong lén hon 1. Ching
minh rang:

OO,

e Budc 1: Phat biéu lai thanh bai toan dém quen thuoc.
Goi Ay, Ag, ..., A, 1a cac tap gom k1, ks, ..., k, phan ti.

Loi giai.

e Buéc 2: Xét biéu thitc vé trai (Dém theo cach 1)
Neéu 2 cidp nay khong cung thudc 1 tap thi cé Z <2l> <2]>
1<i<j<n
cach chon.
Néu 2 cip nay cuing thuodc 1 tap A4; nao do6 co k; phan tit, ta chen
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vao tap nay mot phan tit 4o 1a x; v6i qui wée néu trong 4 s6 dude
chon tit A; trong dé6 c6 phan tit x; thi dong nghia vdi trong 2 cap
ban dau c6 1 phan tit 1ap lai 2 1an trong 3 phan tit con lai.

N . 3
Sau khi chon ra 4 phan ti néu ko ¢6 x; thi ta c6 <2> = 3 cAch

tao ching thanh 2 cép.
Néu ¢6 x; thi ¢6 3 cach gan gia tri cho z; (1a mot trong 3 gia tri
con lai) v6i mdi gié tri x; chi cho ding 1 cach phan ciap. Tom lai

n
ki +1
G trudng hgp nay sé c¢b 32 < ZI )
i=1

e Budc 3: Xét biéu thiic vé phai (Dém theo cach 2)

n
k; .
Tu n tap nay ta tao dugce Z (;) cdp phan t& thudc cting tap.
i=1

Do d6 vé phai 1a s6 cach chon ra 2 cip nhu vay.

Tit day ta c6 diéu phai ching minh. [ |

6.3 U'ng dung phuong phap dém giai cac bai toan
do thi

Vi du 6.14. Trong mot budi hop c¢é n nguoi tham gia va cé mot s6 cdi
bat tay (moi cai bat tay tao thanh tw hai ngudi, hai nguoi da bat roi thy
khong bat tay lai). Chiing minh rdng néu s6 ngudoi tham gia bat tay la
mot 56 1€ thi s6 cdi bat tay dudc tao ra la mot s6 chdn.

Bai todn trén tuong duong vdi bai todn sau

Cho do thi G = (V, E). Khi dé

2E| =) deg(v).
veV
Trong dé V la so dinh va E la s6 canh ciia do thi. A
Loi giai.
O day ching ta giai bai todn tren theo phuong phap dém bing hai
cach.
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Goi Ay, A, ..., A, 13 n ngudi trong budi hop dé. Khi d6 méi cap (4;, Aj)
diing dé chi ngusi A4; bat tay nguvi A;.

Goi z; 1a s6 lan bat tay ctia ngudi A; va y la tong s6 lan bit tay xay
ra.

n
Mot mit ching ta c6 s6 lan bat tay clia cac cap (A;, 4;) 1a Zl‘l vi
i=1
mdi ngudi A; c6 z; cach chon bat tay véi ngudi A,
Mit khéc, s6 lan bat tay xdy ra gitta hai cap (A;, A;) va (A;, A;) 1a 2y.
n
Do d6 theo nguyeén li dém bang hai cach ching ta c6: Z% =2y
i=1

Tu dé ta c6 diéu phai chiing minh. [ |
Vi du 6.15. (Dinh li Cayley) C6 n" 2 cay dugc tao ra bdi n dinh phan
biét. A

L& gidi.

Cong thic Cayley dugc coi 13 mot trong nhitng cong thic dep nhat
ctia toan hoc 1i thuyét dd thi. Dé chitng minh cong thiic nay ngudvi ta
c6 nhiéu cach giai khac nhau, ¢ day ching toi xin trinh bay cach giai
bang ki thuat dém bang hai cach cho cong thitc nay.

Goi Ty, 1a s6 cay dudc tao ra tit n dinh.

e Dém theo cach 1
Ta chon mot dinh trong s6 n dinh lam gbc va chon mot trong
(n—1)! ctia n — 1 canh dé tao thanh mot day canh c6 huéng. Khi
d6 téng s6 day canh duge tao theo cach nay 1a: T,n(n—1)! = T,nl.

e Dém theo cach 2

Dé dém s6 day cach c6 huéng ta c6 thé xay dung cay bing cach
b6 sung timg canh mot vao n dinh da cho. Gia sit ching ta da bo
sung n — k canh thi ta thu dugc mot rimg ¢6 k cay, c6 n(k — 1)
céch chon canh ké tiép dé bo sung ma dinh dau ctia né la mot
trong n dinh, dinh cudi ctia né 1a mot trong s6 k — 1 gbc clia cac
cay khong chita dinh dau. Dém theo cach nay chiing ta c6 tong
s6 cach chon la:

H n(k—1)=n""1(n—1) =n"2n!
k=2
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Do hai cdch dém c6 cling s6 lwong nhu nhau nén ching ta cé: T,n! =
n"2nl. Vay T, = n" 2. Dinh li dugc ching minh. [ |

6.4 Ung dung dém hai cach gidi cac bai toan roi
rac

Vi du 6.16 (H6ng Kong 1994). Trong mot truong hoc cé b gido vién

va ¢ hoc sinh théa man cic diéu kién sau:

(1) Moi gigo vién day ding k hoc sinh;

(2) Ci hai hoc sinh bat ki thy hoc chung ding h gido vién.

Chitng minh rdng:

k(k—1) A

Lo giai.

Néu gidao vien T, day hai hoc sinh S;, Sj(i # j)thl ta coi T,;5;,S; 1a
mot bo ba c6 dang {T};S;, S;} va tdng tat ca cac bo ba {T};5;, S;} 1a
S.

e Dém theo cach 1 Véi méi gido vien T, Thay gido (hodc co
k
gidao) day k hoc sinh nén c6 (2) bo {T};S;,S;}. Vi truong hoc

6 b gido vien nén tong s6 bo {755, 5} 1a S = b(];)

e Dém theo cach 2 Dya vao diéu kién ct hai hoc sinh S;, S;(i #
j)hoc chung dung h gido vién. Do d6 chung ta cing c6 h bo
{T}; S;, Sj}. Vitruong hoc c6 ¢ hoc sinh nén ching ta cé6 <;> cach
chon S;, S}, (i # j) nén ching ta ciing c6 tong sd bo {77;S;, S;}

c
laS=h
v5=0y)

Vay theo ca hai cdch dém trén ching ta co:

i) -1()
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168 6.4. Ung dung dém hai cach gidi cac bai toan roi rac

T d6 ching ta co:

h (1;:) T k(k—1) _

Vi du 6.17 (Nguyén li bl trir). Cho Ay, As, ..., A, la cdc tap bat ki
Khi do ching ta co:

=D A= > AN A+
=1

1<i<j<n

U

1=

n
A;
1

+ DY A NN A+ A

1<i1<...<ip<n

Loi giai.
Xét mot phan tit z bat ky.

n
e Néu z khong thudc U A; thi z khong dudge dém lan nao § vé trai,
i=1
cling khong duge dém lan ndo & vé phai.

n
e Néu z thudc U A; thi z dudge dém mot 1an & vé trai. Ta ching
i=1
minh z ciing dude dém mot lan & vé phai. Nhu thé, mot phan
t x bat ky dugc dém nhu nhau & ca hai vé, do d6 hai vé bang
nhau.
n
That vay, vi = thuodc U A; nén z thudc vao mot so6 tap con A;.
i=1
Gia sit « thuoc r tap con. Khi dé z sé duge dém r lan & tong thi
2 2 . r N g2 . . ~ ~
nhat ¢ vé phai, < ) lan & tong tha hai,... Nhu vay, x sé dugce
2

.
dém S (1)t <T> 1an & vé phai.
1
1

1=
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r

Déyring 0= (1-1) =Y (- <>_1i(1)“<2).

=0

Vay chung ta c6 Z )t <r) =1, tic 1a z dugc dém 1 lan &

vé phai.
Vay nguyén 1i bu trit duge ching minh. [ |

Nhan zét.

Qua mot s6 bai toan va vi du & trén cac ban c6 thé thay, phuong phap
dém bing hai cach dugc dién td bing ngon ngit hoan toan dé hiéu.
Bing cach dé ching ta c6 thé ap dung giai dude nhanh gon mot s6 bai
toan ma cac phuong phap khac to ra kém hitu hiéu va phic tap hon.

Bén canh wu diém trén thi phuong phap dém bing hai cach ciing c6
nhiéu nhuge diém va tuong déi yéu doéi véi cac bai toan phiic tap (nhu
téng dan dau, tong chita phan thiic). Van dé quan trong trong viéc sit
dung phuong phap nay do 1a ta phai phan tich duge dé bai dudi dang
mot bai toan dém! Diéu nay can t6i sy quan sat va kha ning nhay
bén ctia mdi ngusi. Tuy nhién con mot sd cach nhan biét dau hieu va
chuyén ddi he théng cho phuong phap nay, song do thoi gian gip rit
nén tac gid chua c6 diéu kién gidi thieu dén ban doc trong chuyén dé
nay.

Hen g#p lai cdc ban vao mot dip khéc!

Sau cling, mdi cac ban ciing luyén tap véi mot sd bai toan sau:

6.5 Bai tap

BA1 1. Chitng minh réng v6i moi s6 tif nhién n > k£ > 1 ching ta c6:

) () ()
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170 6.5. Bai tap

BAI 2. Chitng minh réing v6i moi s6 tu nhién n > 1 ching ta co:

- n\ > 2n —1

>(r) ()

r=1

BA1 3. (IMO 1989) Cho n, k la cdc s6 nguyén duong va S 1a tap hop
gom n diém trén mit phéng théa méan:
(1) Khong c6 ba diém nao thuoc tap S thang hang.
(2) Vé6i mdi diem P thuoc tap S thi c6 it nhat k£ diém thuoc S
cach déu véi diém P.
Ching minh rang: k < % +2n

BAr 4. (IMC 2002) Trong mot cudc thi toan hoc ¢6 200 sinh vién tham
du. Ho duge dé nghi giai 6 bai toan va mdi bai toan duge giai
dang béi it nhat 120 sinh vién . Chitng minh rang luon c6 hai
sinh vién ma v6i mdi bai toan thi it nhat mot trong hai thi sinh
nay giai dung bai toan do.

N k!
BA1 5. Chung minh rang: Z : = nk, trong d6 bo (k1, ka, ..., kn)
1

Tegl e
théa man ky + ko + ... + k, = k.
BAI 6. Cho m;n la nhitng s6 nguyén khong am . Chitng minh ring :
£(m:n) :Zn:(—nk m(meR Yy
’ — k)\m—-k—n

Véi m > 2n
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