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CACH HOC PHUONG

TRINH, HE PHUONG
TRINH, BAT PHUONG
TRINH HIEU QUA

- Tuy vao so thich cua tirng em ma cac em nén chon hoc hé phwrong trinh, phirong
trinh hay bit phwrong trinh triede Vi thét su 3 cai nay c6 méi lién hé chit ché véi
nhau nén cac em hay hoc cai minh thich trirée dé 14y cam hirng réi tiép theo hoc
2 phan con lai.

- Hay trang bi that nhiéu phuong phap dé c6 thé khéng hoang so khi gip nhing
bai méi la.

- Khi hoc cén c6 mét cudn so6 tay dé co thé ghi chép nhitng phuong phap hay va
nhitng cach giai méi la (Cai nay rat quan trong nén cac em cé ging thyc hién)

- C6 nhiéu bai toan s& rat khé khin va co nhiing cach giai dic biét ma cac em
khong thé tim ta dugc cach d6.(Nhat 1a cac bai trong dé thi dai hoc) Nhung néu
cac em co thé suy nghi ra cach nao d6 c6 thé giai ra nhung no bién déi phirc tap
hon thi dimg ngai kho ngai kho ma hiy manh dan bién doi no.

- Khi doc 1&i giai mét bai toan hé phwong trinh bat phirong trinh hay phwong trinh
thi cac em nén ludn dit ciu hoi cho minh . Vi sao lai ¢6 thé bién d6i nhw vay? Néu
1am lai minh c6 thé suy nghi ra cach d6 khéng?....

- Hay luén tir d6ng ndo tir duy khi ta gip nhitng bai toan khé. Khoan hiy nho dén
sir gitip d&. Vi trai qua nhiéu 1in nhwr vy thi kha ning cia cac em sé& duoc ting
1én dang ké.

- Cubi cung hay luén tir tin va nhét dinh phai luon nghi “Minh nhit dinh sé gidi
ra duwgc” khi gip nhitng bai toan kho khin.

Luu ¥ quan trong khi giai phuwong trinh, hé phwong trinh, bat phwrong trinh hiéu
qua.

- Pitng quén diéu kién, néu thay bai toan xuit hién cin chin,phén sé ....khi lam
bai dau tién chn ¥ hay dét didu kién cho né. Va khi giai ra nhé déi chiéu vdi diéu
kién.(Pay la budc cac em thuong hay quén nén hiy chu y)

- Khi giai ra thi phai luén luén thir lai dap s6,dirng chi quan xem thwdng viéc nay
cac em nhé.

- Nén danh dau (1)(2)(3) .....sau méi biéu thitc quan trong dé c6 thé dé quan sat
va kiém tra.

- Khi binh phwong hai vé thi cic em phai luén chi y dén diéu kién.

- Khi giai bpt thi khi c6 mau s6 mubn quy déng thi phai luén dé y dén diu cia
mau sb.

- Hay luén can than lam tirng bude ding néng voi.
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Cachitininghiemy elcial2bdccao,

Vidu:x* —2x' —x* -2x+1=0

Dau tién khi cdc em tim nghiém bam may tinh thi céc em tim ra dwge 2 nghiém
x=2,618...... va x=0,38196...... Céc em sé thay hoi béi réi vi thwong thi cac em
s& hay lam nhiing bai c6 nghiém dep va chia so @6 hooc-ne. Nhumng véi bai toan nay
thi khéng ¢6 nghiém dep . Cac em ¢d 2 cach lam (nhung anh wu tién cich 2 hon vi
né manh hon )

Cach 1:Cac em dung viet dao

Céc em bam may tinh tim ra dugc 2 nghiém hm 2 nghiém vao mdy tinh A va B.
Céc em lay 2 nghiém A va B céng véi nhau va nhan véi nhau.

A+B=3:4B=1

Viy cac em s& cé A va B chinh 14 nghiém cuia phuong trinh X? —3X +1=0

Tir d6 cdc em c6 thé phan tich duoe phwong trinh ddu thanh:

-2 X —2x+1=0 (X —3x+D)(xX" +x+1)=0

Cich 2: Cich nay rat manh.

Péu tién em ciing di tim nghiém nhung chi can tim mét nghiém 1a du .Vi du tim
nghiém x =2,618...... réi luu vio A.
Céccmba‘mmodcbém?(mble)néséhiénmm@tcéiF(X)céccmnha’_ipvﬁ.olé.
AX? —AX

Céc em bam bing. N6 ra g(X) céc em bam bing.

N6 hién ra chit start . Cac em bam sé 1 réi bing.

N6 ra chit end. Cac em bam s6 10 rdi bing.

N6 ra chit step céc em bam bing luén. N6 s& xuat hién mét cai bang thé nay:

4.236...
1.618...
1
-3.168.
-6.236
-8.854
-11.47
-14.09
-16.70
-19.32

WO 00| =0 O | A | L D | =

—
=]

Khi nhin vao cai bang nay thi cc em s& thiy mét diéu dic biét 1a chd x=3 thi
F (x) =-1.

Vay & ddy cic em d6 c6 thé suy ra duge nhén tie 1a X* —3X +1=0 (Cac em dbi
Nhung cac em lru y néu véi nhimg truwong hgp ma khong ra thi cac em lam
thém 1 lan nira. Lan niy start 13 -10 va end 1a -1 cac em nhé . Rdi ciing quan
sat cai bang d6. (Nhé 1a dbi dau véi két qua ma cac em nhin thay & bing)

~ Cac em chu y nhé voi cach 2 nay cac em sé théy tét hon. Vi véi nhimg bai toan cac _
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StidddngldonglnhaanelsotdelaiaiRimdanglcap

Vidu2: 22 -3x+2) =3V +8 (O
Piéu kién ;x> -2

@2(;:’—3J|c+2)=31/(x+2)(mc2 —2x+4)
Pén day cac em cb ging bién d6i sao cho

VT = A(x* —2x+4) + B(x +2)

A(F —2x+4)+B(x+2)=2(x" —3x+2) < Ax’ —24x+44+Bx+2B=2x" —6x+4
& Ax* +x(B—24)+44+2B=2x" —6x+4
Cach bién d6i ciing don gian cac em sé& ding phwrong phap déng nhat thirc
hé s6. Phwong phap nay c6 nghfa la cac em cho hé so dimg trude cua x
bén tri bang v61 hé so cua x* bén phai . Hé so6 dimg truée x cua bén trai
bang voi1 hé so dimg trwde cua bén phai va hé s6 tw do cung bang nhau .
Tir d6 cac em lap mét hé phwrong trinh 2 an dé timra A va B.

A=2

lB—2A=—6@{A:2

44+2B=4 B2
Vay dén day cac em c6 thé phan tich thanh:

2% —6x +4=2(x* —2x+4) - 2(x +2)

Do 2(x* —2x+4) —2(x+2) =3/(x +2)(x* —2x+4)
Do x=-2 khéng phai la nghiém ta chia 2 vé cho (x+2) :

2(x* —21+4)_3 sz —2x+4 220

x+2 V x+2 ¥

Pt 1= ’ﬂ (t=0)
x+2
Wy 7
::2&—3:—2:0@[‘_ 2 m@,,,ﬂ:z
x+2

t=2 (n)
x=3+«f1_3
x=3—\/ﬁ

aP(x)+bQ(x)+ c\/P(x O(x)=0(abc+0)

<:>x2—6x—4=0<:>[

o ot -oDinshbt|

+NeéuP(x) # 0, ta chia 2 vé phuong trinh cho P(x) , dugc:

Q( ) ‘]K o bat ¢ = ’Q{ (t=0)

Phuongtrmhthanhbr"‘+cr+a 0 .Tunraz suy ra x

Luu Vv v6i dang ad(x)+bB(x) = ymd’(x)+nB*(x) thi cdc em c6 thé lam .
tu'cmg tu: Hoac <6 thé binh phuong 2 vé 1én d tré thanh phwong trinh
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Kinhinghiempudhibailcolchtialcanitatic

' Khi céc em ddi dién cac bai c6 chira can thic thi cac em s& thuong st dung
cac phuong phap nhw lién hop hay ham so.... Nhimg nhung phuong phap
nhu vay thi doi hoi cac em phai tw duy va cting khong de dang giai ra. Doi
voi nhimg bai nhu vay thi ching ta s€ st dung “co bap” mot ti. Chung ta
s€ st dung cdu ndi “c6 can dat can”(s€ rat hiru ich day cac em nhe)

Ta s& cung lay vi du cAu phurong trinh d€ dai hoc 2015 lam minh hoa:
ﬁ*;" 8 x+Wx+2-2)
Phantlch.Daunmcacemhmt‘lghjémcﬁaphumgtﬁnhthicécemsétim
ra duge x=2 vax=3,3027.... Bang ki thuat tim nghiém 1¢ & trén thi ta cé

thé suy ra duoc dé dangx = 3+J— va biéu thiic bac 2 chnta nghiém lé d6
la x* ~3x-1=0. Ta dé y mot c]]]ltﬂ]l s€ thiy duoc® +2x—8=(x—2)(x—4)
va vé phai ta chi can lién hop thi s& xuAt hién nhan tit chung lax—2 .

x=2
(x—2)(x+4) ( x=2 )
= (x4 —— || (x+4) ( ]*
S ey ) ()

Phin tich: Pén day cac em sé thay hoi boi réi. Va cac em biét trong
3+J_

phwong trinh (¥) con c6 mot nghiém nira lax = . Vi trong phong thi

cac em s& khong thé nghi ra dwgc nhitng cach hay nén dén day cac em co
thé sit dung “co bap”. Thuc hién “co6 can dat can”. Ching ta quan sat néu
dit r=+/x+2 thi ching ta s& c6 thé biéu dién x va x* qua t dwoc hét. Lic
nay phurong trinh s€ tré thanh phwong trinh bac cao va tré nén don gian
hon.
bit t=\fx+2(t20)
£+2
T e TS
(F-2) -2(P-2)+3 t+2
o+ 2 +2) = -D[E* -2)" —2(* -2)+3]
o +20 +2t+4=1°—7¢* +17 —11 (C6 thu thudt khai trién & day)
7t - +15¢ -2t -15=0 A
o —t-3)¢* +7 -3 —t+5)=0 (Co thu thuat bien d61)

X £ -1-3=0 (+)
r‘+t’—3t2—t+5=0(++)
r=l+\/]_3(n)
+)f -t-3=0
*) =l_‘/l_3(1)
3}
\fi‘j'it—l_'_q’/l_s«::>Jr——3+\/:E
2 2

(++)f* +7 -3¢ —t+5=041r(::2 —2)2 +[x—%) +%+t3 =0 (¥N)

Vay x 3+J_
Doi voi cachglaltrénthicécemséthéyl&khédédﬁngh‘ongviécmduy
dé giai bai toan nhung no lai kha phic tap trong viéc bién doi va phan tich
nhéan tir. Nhung cac em dimg lo vi chiing ta chi can mot chut ki thuat khai
trién va phén tich thanh nhén tir thi s& thay viéc bién d6i khong con gi la
“kho khén

i . ?ﬂ'___'..f
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Kinhinghiembudhibailcolchtialcanittic

K7 thuat khai trién: Cac em sé sit dung may tinh 42 khai trién da dang,

B1: Gan x=1000

B2: Xac dinh dwoc hé so cia bic cao nhat ciia phwong trinh

B3:Nhép biéu thirc cin khai trién vio may tinh

B4:Lay biéu thirc d6 trit di cac bac ciia x dén khi nao bing 0 ta s& thu dugc
mot bidu thite mdi. Biéu thite do chinh 1a biéu thire can khai trién ra.

Vi du : Khai trién(x? + x—2)(x* —x+9)

Pau tién cac em gan x =1000

Tiép theo cac em nhin vao biéu thirc thi s& dé dang thay bac cao nhét cia né Ia x*
Cac em nhip nguyén biéu thirc vao mAy tinh réi bit dau thwe hién trir.

Biéu thitc nay nhét dinh s& chita x* nén dau tién cac em sé& trie di cho »*

Két qua ra la: 2006990 cac em sé lién tuong dén 2x* (vi 2x* =2000000)

Tiép tuc cac em trir di cho 2x* sé ra duoc két qua 1a : 6990 cac em sé tiép tuc lién
tuéng dén 7x (vi7x=7000 )

Cac em tiép tuc trir di cho 7x thi s& thu duwoc két qua la -10 dén day cac em sé
céng 10 vao thi s& thu dwoc két qua bing 0.

Viy chiing ta da khai trién ra duoc mét cach dé dang

G Hx—DE —x+35)=x*+2x" +7x-10

Tuong tr thi cac em ciing s& d& dang phan tich dwoc:

(& —DI* — 2 —2(* —2) +3]=1° —7¢* +17¢ —11 ( cach giai “co bap” & trén )

Cac em can luyén tap nhiéu lan dé co thé quen véi ki thuat nay.

Ki thuiit phén tich nhan ti:

Khi cac em gip phuong trinh bac cao thi thudng phén tich theo kiéu xac dinh dwoc
mot nghiém dep roi chia so @6 hooc—ne. Nhung doi véi bai toan ¢ trén thi ta khong
thé ding cach d6 vi khéng c6 nghiém dep . Ching ta ciing s& diing may tinh dé tim
ra biéu thirc con lai.

Vi du:

=7t - +157 —2t—15=0

G phuwong trinh nay cac em s& thiy cé nghiém xau va ciing dé dang tim ra dugc
phuong trinh béc 2 chira nghiém xau d6 1 — -3

Tirdo taco : (£ —t—3)F(x)=0

Muc dich ctia chiing ta 1a tim ra biéu thirc F(x)

Pau tién cic em ciing gan x =1000

=g =P s — T —ilS
it -t-3)

Céc em bam biéu thirc nay vao may tinh

Cac em ciing xac dinh dwgc 12 hé s6 ciia bic cao nhét trong phép tinh nay 1a *
Céc em lay biéu thirc d6 trir @i cho #*

S& duoc két qua 1a 996999005 dén day cac em sé lién twong dén £

: | B ) e_-way
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Kinhinghiembudhibailcolchtialcanittic

Tiép theo cAc em tiép tuc trir cho # s& duweoc két qua 1a -3000995 dén diy cic em
& nghi dén 34

Cac em cong 3 vao thi duge -995 dén diy ching ta ciing s& dé dang biét dwoc la
phai cong thém t vao (vir =1000 )

Cudi cling s& ra s 5 dén day ta trir di cho 5 thi s& thu dwoc s6 0.
Vay biéu thirc ta thu dwgc ¢ +£ 37 —1+5

=7t - +15¢ -2t -15=0

& -3 +F =3 —t+5=0

C6 nhiéu em sé thac mac vi sao lai 1a 1000 Iya chon mét con s6 khac duge
khong?

Cic em Ira chon mét con sé khic vin dwge nhung & day lay 1000 dé cho cic
em deé lién twdng hon.

.[Kﬁ” thuaphanttchithanhinhanktii
Vidul:?+2-2V +1-x/x* +1+x=0

Phan tich : Thuong thi véi bai nay cac em s€ 1dp delta hoac 1a sit dung lién hop
hodc nhém.... G day s& sir dung ki thudt “1000” dé phan tich. Ki thuat nay 1a
chiing ta sé& cb ging tao thanh phwrong trinh béc 2 va sit dung casio.Quan sit & diy
chiing ta ¢6 thé tao thanh phuwong trinh béc 2 theo+x* +1 hoic 13 theox . Nhumg &
day ching ta chi ¥ 14 tao phuong trinh bac 2 theo cin thi méi c6 thé thuat hién
dwroc ki thuat <1000 vi luc do thi ching ta tinh ra méi khong 1&.

Phwong trinh firong duong:

P +1-V2 L+ +x+1=0

Ta da tao dwgc phwong trinh bac 2 theo /x* +1
Pat r=x’ +1(¢20)

= —t(x+2)+x+1=0

Pén day ching ta sé sir dung casio:

O day chiing ta s& xem nhirx =1000

An mode bdm 5 bdm vao phuong trinh bac 2.
Nhip a=1:5=-1002;c=1001 (Vi x =1000)
S&ra 2 nghiém la r=1001 va r=1

V&i 1001 cac em sé nghi dén x+1 (vi x=1000 ho#c néu la 998 cac em sé nghi dén
1a x-2 ) Dbi véi s6 1 thi ching ta chi c6 thé nghi 14 r=1 chit n6 khéng con lién hé

gi dén x nita.

#=1001=x+1

r=1

&P -1 +1=0& (t-x—1)(t-1)=0 = (J +1-x—DH +1-1)=0

4 .
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Kikthiiaiphanitchlthanhinhanitig

HE PHUONG TRINH

x4y (P +3)+ 7 =p(x +4+y1)-12 (1)
44 vy +V2P +3=—4 (2)

Phan tich : Khi ta quan sat hé phwong trinh nay thi ching ta sé thdy phuong trinh
hir 2 ¢6 ciin bc 4 vA can bic 2 va giita 2 cin nay ching c6 méi lién hé gi dic biét
nén chiing ta sé thay 1a khéng thé khai thac & phwong trinh thit 2 nay. Vi vay ta tap
trung khai thac vao phwrong trinh s6 1. G phwrong tinh nay chiing ta s& c6 ging tim
ra méi lién hé gifta x va y . Chiing ta s& sir dung ki thudt “1000” dé tim ra diéu do.
Mudn sit dung ki thuit “1000” thi viéc diu tién chiing ta phai dura v& 1 phirong
trinh béc 2. G ddy ta c6 thé dua vé theox® .

Vidu2: {

(Dex*+)(F+3)+7 =y(x’ +4+ )’ )12 x* + ) + 7 — Xy -y’ —4y+3)* +12=0
o+ (¥ -y+7)-y -4y +3)" +12=0

Pat r=x" (120) o +1(y' -y+7)-y —4y+3y’ +12=0
Béndﬁycécthmhiénhmgtunhrbu&c&vidutrénsémdmyclﬁ:
t=997 va t = -1000004

Céc em s& nghi dén:

997 =y -3

—1000004 =—y* —4 (viy* =1000000)

E+t(y —y+7)-y —dy+3y’ +12=0 (t—y+3)t+)" +4) =0

@|: t=y-3

t+y' +4=0(VN)

Véit=yp-3 &x*=y-3

Thé vao phurong trinh 2 :

442y 3+2y3=doa"—4a+4=0 (V6i a=§2y-3)

<:>a=2<:>;‘,‘2y—3=2<:>y:%

R SO Gremg) @il ek phwretng Gk

Cac em thuong sit dung ham so6 trong giai phwong trinh hoic hé phwong trinh
nhung it chi y dén viéc giai bat phwong trinh ciing c6 thé ham s6.Viéc sir dung
ham sb trong giai bat phurong trinh ciing trong tw nhr giai trong phirong trinh.

Vi du: JxP +1-/8c —12x% +6x > 2x—2

Phan tich : Piu tién khi nhin vao bat phrong trinh nay thi cic em sé& thay rat kho
khéan trong viéc giai vi co hai cdn va c6 mil 3 frong cin . Nhung cac em nhin ki mét
chut thi sé thiy trong cin thit 2 c6 8x® —12x* + 6x chiing ta sé lién fwdng dén (2x-1)’
va thiy trong cin d4u tién co x° ta thiy co gi d6 giéng giéng nhau nén ta lién téng
phuong phap ham so6.

t;t‘}/’.a.t H‘\mtl?tw.hﬁ TN :.




Heamlsoltionalaidnbaapniicnartiini

BAT PHUONG TRINH

W 4148 122" +6x > 2x -2

X +120

<xz0
x —12x' +6x=0

Didu kién: {s

VP +1>488 —12x7 +6x—1+142x -2 & V¥ +1>J@2x -1’ +1+2x -2
SV +14+2x >\ /@x -1 +1+2(2x-1)
Xét ham ddc trung  f(¢) =+ +1+2t (r=-1)

" i 3'[]
rO=

Viay ham s6 dong bién véi r = -1

+2>0

& f(x)>f(x-1)ex>2x—1ex<]

Vay nghiém cua bat phwong trinh d4 cho 1a 0< x <1

hﬁ “i,.,‘,-,x\-i\i‘-
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IAthiyet

“Béc” la mi cia bién

Vd:Baccuax lan
Hang s6 C 6 bac 1a 0 (vi C=C.x° )
S0 0 c6 thé coi 14 bic gi ciing diroe (vi 0=0.x" _n bat ki)
G day, ta xem sinx, siny nhw 1a bién x, v thi ta c6:
cos*x,sin’x bic 2

mslx,singx bac 3

tanx = 2% bac o
COSX
cotx 1a bac 0

sin2x = sinx.cosx labac 2

cos2x =cos” X —sin’x 1a béc 2

Trong hrong giac, ta co: cos’x+5imx =1
Vé"h'éjlﬁbégz,véphéilébﬁc{]=>béc2cﬁngnhuh§c0hayxemphu&ngtriﬂhdﬁngb§clé
cung bac chﬁn]]aybéc !é_

Phuwong trinh thuin nhat theo sinx, cosx

asinx + bcosx = ¢ (*)(a, b, ceRva a’ +b* #0)

Dé giai phurong trinh ndy, ta chia 2 vé cho va® + b

Difukién @’ +b’ >’

—_— = ST = ————

X
Vi sin a+cox2a—;7+ﬁ—lnenmmyradugc:
(l) = sinasmx+cosam=; = cos(x—a) S i
a’ +b* VJa* +b*

Phuong trinh chira téng hiéu va tich ciia sinx, cos

(simx + cosx) + bsinxcosx + ¢ = 0(*)

Dit £ = sinx + cosx (—ﬁétéﬁ)

e
2

= t* =1+ 2sinxcosx => sinxcosx =
Véi treomg hop a(smx—cosx)+bsm+c =0("‘) ta ciing 1am twong ti nhir vy

Thayvio(")mdugcphlxmgﬁinhnu}tént_Giiiphmngﬁinhéntdlmvéphmgkinhlmmg
co ban.

Ché §- simx + cosx =J§siﬂ(x+%}= \I'_Zcos(x—%)

SiHX —cosx = J_sm[x——J —J_2cas[x+4]




Vil

Vi du 1: Giai phwrong trinh hrong giac: 3sin’x + cos”x — 2sinx =0

Phin tich: ta cé: sin*x bic lé
cos’x bic &
—2sinx bic1é
Cach lam:
Ta chia pheong trinh cho cos”x trong @6 n 13 bic cao nhit
Ta thiy cosx = 0 khéng phai 12 nghiém ciia phwong trinh
Chia ca 2 vé cho cos’x ta dwoc:
sm3x+1_ LS =0 < 3tan’x +1— 2tanx. E
Gﬂij EB.E3I (.‘0.'»‘21

<:>3ran3x+l—2mnx(m2x+l) =0 (m—l)(m:nzx+ tarlx—l}: 0

3 =0

tanx =1
tan"x + tanx —1 =0

Vidu 2: Giai phong trinh- /3sinx + cosx = 2(1)

T e R (Ji)z +12 =2
(1) ﬁ£5m+lcosx=l <:>sin£siux+cos£coxx= le cos[x—£J=l
2 2 3 3 3

@x—g =k2r < I=%+k2?r(k€2)

Vi du 3: Giai phwong trinh: 2¢052x + sin’ xcosx + cos” xsinx = 2 sinx + cosx)
= 2(cos2x—sin2x)+ smxcosx(sinx+coxx) = Z(simc +co.wc)
=3 2(m—sﬁm){cosx+m’nx)+sﬂumﬂ(sfﬂx+cosx) = 2(5irrx+ca.s'x)
= (cosx+sirrx)(2cmx—2.vinx+m’nxcosx—2)= 0
cosx+sinx=0 (1)
=
2cosx —2sinx +sinxcosx —2 =0 (2)
n Cicmndﬁngcﬁngthﬂc&phﬁn Chil v va giai binh thirémg.
(2) = 2(m—sinx)+siﬁxcosx—2 =0
Dat ¢ =cosx—sinx(—\f5<_1r<_1 ﬁ) = SINXCOSX =—1_F

- t=3(
1-¢ ():>

t=1(n)

(2) tre thanh 2f + cosx—smx =1

—2=0@t’—4t+3=0@{

<:>f2cm[x+%}=lc>cas(r+%]=%

Dén day giai binh thwong nhe phrong trinh lrong gidc co ban




TO HOP XAC SUAT

Caclquyatdclaen

I.Qui tic cong

Giiis&nx'jtcﬁngviécoéﬂm;dwcﬁéanhﬁnhﬂ:mmﬁtﬁmgkphmmgénALﬁz__._ Ay
Phwong an A, co n; cach thiee hién, pheong an A; cé n; cach thwee hién, .., phwong an A, cd
1 cach thwe hién. Khi 6 céng viée cé thé thue hién béi n,+n, +.._+ ny cach.

V7 du: Trén mét chiéc ban cé 10 chiée Iphone 6s Plus va 12 chiéc Samsung Galaxy $6. Hoi
mét ngudi cé bao nhifu cach chon 1 chiéc dién thoai trong 2 loai néi trén.

Gidi:
Nguon do co 2 cach chon.

Phwong 4n 1 14 chon 1 chiéc dién thoai trong 10 chiéc Iphone. Phuong 4n nay cé 10 cich
chon.

Phwong 4an 2 13 chon 1 chiée dién thoai trong 12 chiéc Samsung. Phwong én niy cé 12 cich
chon.

Viy ngudn d6 6 10 + 12 cach d2 chon 1 chiée dién thoai trong 2 loai néi trén.
II.Qui tic nhén

Gia siz mét viéc nio @6 gém k cong doan A, A, - A, (khéc véi qui tic céng la k céng doan
nﬁyliéntiépvﬁcéliénquandénnhau}_ Cong doan A; co n; cach thiee hién, cong doan A, co
1y cach thwe hién, ..., cong doan Ay co ny cach thuwc hién. Khi d6 céng viéc co thé thwe hién
bot oy ny.ny cach

V7 du: Trén mét chiéc ban cé 10 chiéc Iphone 6s Plus va 12 chiéc Samsung Galaxy $6. Hoi
mét ngwdn cé bao nhiéu cach chon 1 chiéc dién thoai Iphone va 1 chiéc dién thoai Galaxy.

Phan tich:

Ta c6 thé thiy d& chon dwoc theo YCBT ta phai thirc hién 2 céng doan. Céng doan 1 14 chon
ra 1 chiéc Iphone, céng doan 2 chon ra 1 chiéc Samsung,

Gidi:
. Chon 1 chiéc Iphone trong 10 chiéc: cé 10 cach chon
_ Chon 1 chiéc Samsung trong 12 chiéc: ¢6 12 cich chon

Ta thiy c* mbi cich chon 1 chiéc Iphone s& tmg wéi 12 céch chon 1 chiéc Samsung. Nén
theo qui tic nhén ta cé 10.12 cach chon theo YCBT.

Hoan vi, Chinh hop, T4 hop

Hoan vi Chinh hop T4 hop
Caéng P, =n! - n! t nl
! ; = 5 —alBE
thirc 4 (n—k)! " kN n-k)
n=1
1<k<n 1<k<n

Vi du C6 bao nhidu cach xép 4 | Tir cac s 1.6,9.8 cé bao nhiéu | Cé bao nhiéu cach chon
ban vao 4 ban khac nhau | cich lip dwoc mét sé tir nhién | ra 3 trong s6 5 ban hoc

theo hang ngang c6 3 chix sb sinh di hat.
Pap an Ta xép thir tir cho 4 ban: | Ta lay 3 chir so tir 4 chi* s6 | Ta lay 3 ngueon tx 5
P, =4 {1: 6; 9; 8} va xép thiz tur: ngudi va khéng sip xép
thir te:
3 AT
(4-3) &

C=—n—=10
*3)(5-3)

Cosap | Cé Co Khéng
fr hay
khéng
Séphin | Tit ca. (Chon n phin tr | Chik phin i trongnphintir | Chi k phin tr trong n
e trgngnphazmtf:vﬁcésép phén 6z
xep thie i) A

-

T Yt



TO HOP XAC SUAT

IXaelsuat
[ ]

TinhxécmﬁtbﬁngQuitéccéngxéc suat

P(4) =1-P(4)
P(AUB)=P(A) + P(B) néu ANB=0¢
Vi du: Mat hép dung 8 vién bi xanh va 4 vién bi do. Ly ngiu nhién 3 vién bi. Tinh x4c suit
dé

a) Lay duoc 3 vién bi cing mau

b) Lay duoc 3 vién b1 khac mau

¢) Lay duoc it nhit 2 vién bi xanh
Gidi:
a)
Goi A 14 bién ¢6 “Léy duoc 3 vién bi xanh”, B 1a bién c6 “Liy dirge 3 vién bi do”, H 1a bién
¢ “Lay duoc 3 vién bi cimg mau. Vi A va B xung khic (tirc 14 khi A xay ra thi B khéng xay
ra) H = 4w B nén P(H=P(A)+P(B).

)
p(H)=E+i=E
55 55 55
b) Bién cb 1y dwoc 3 vién bi khic mau 13 bién ¢6 H nén ta c6 P(ﬁ):l—P(H):%’

c)GoiCl&lﬁéncé“lﬁydugczﬁénbixanhvﬁmﬁtviénbidé",Klﬁ biéncé“l.éyduqc it
nhét 2 vién bi xanh™

Tacé K =AUC |, AvaC xung khic nén P(K)=P(A)+P(C)

G C, _28
c, 5

P(K)=P(4)+P(C)= g

P(C)=

Tinh xéc suit bing qui tac nhin xac suit
Dé tinh xc sudt ciia hai bién c6 ddc lip A va B ta dung céng thitc P(AB)=P(A)P(B).
(Bién c& A dbc 1ap véi bién cé B khi A xay ra khéng anh hudng dén B va nguoc lai)

Vi dy: Hai xa thii ban vao 2 bia. Xac suat ban trang ctia xa thu thir 1 13 0.8, xéc suét ban
tring ciia xa thit thit 2 14 0.9. Tinh xédc suit dé:

a) Ca hai xa thi déu ban tring bia
b) Chicd 1xa thi ban tring bia
Gitdi:
a) Goi A 12 bién c6 “Xa thii thit nhAt ban tring bia”. Ta cé P(A)=0.8
B 14 bién cb “Xa thii thiz 2 ban tring bia”_ Ta c6 P(B)=09
Do xa thii thit nhét c6 ban tring bia hay khong khéng anh hwong dén viée ban tring bia cia
xa thu thir 2. Nén ta c6 2 bién 6 A va B déc lap
Goi H 14 bién ¢é “Ca hai xa thu bn tring bia™
P(H)=P(A)P(B)=0,8.0,9=0.72
b) Goi K la bién cb “Chi c6 mét xa thi ban tring bia”

P(K)=P(A).P(B)+ P(4)P(B)=0.8.0,1+0,2.0,9=0,26



Khoéng gian Oxyz m

. Kienkthizelcodban,

Diém: N(xn;ynzn); M(Xsym;zm);... ...,

Trung diém cta MN:[x“ Xy Yt Vv Zu +Z"J
2 * 2

# 2

Trong tAm tam giécABC: Xy+tXpt+Xe YatYptYe Z4tZp+ip
3 : 3 ’ 3

Vector:
u=(a,b,c); v=(a%b"c"; MN=(Xy—X):Vy—Var:Zny —I3)

bo dai vector: ‘;‘ =a’+b* +c; H =+a?+b"%+c"

Tich v hwéng cta 2 vector: uv=aa'+bb'+cc'

a c

P c'|=

Tich hiru huéng cia 2 vector:[i:v] = qg‘ 2

. b
2 5

Xét hai vector z=(a,b,c): v=(a"b"c"), taco:

a=a'
¥ Hai vector bing nhau:u=v < {b=5"

="
v’ Hai vector ciing phuong: u /v & = % =< hay

a [4
[4v]=0=(0;0:0)
v’ Hai vector vubng goc: u vudng goc v & uv=aa'+bb'+cc'=0
Trong tam giac:Cho tam giac ABC:

.A. s %|[E E]‘

Trong hinh chép tam giac: Cho chdp tam giac SABC:

Vs e = [5:55] 56

Goc tao béi 2 vector: xét hai vector | v tao v&i nhau mot
gocla & .Ta ludn co:

=5 uy =5 |[ﬁ;3
uv e o ;
cos(u,v)=cosa=|_,—_, va sin(u,v) =sine = ——

=
=1

s Lwruy:
- Badiém A,B,C thang hang khi va chi khi 48,7/ BC
- B0On diém A,B,C,D dong phing < [E;R]E =0



Khoéng gian Oxyz m

Bhliengktiinhimadpnang,
: 1) LY THUYET:
Cho mit phéng (P) c6 vector phap tuyén n =(a:b:c) va di qua
M(Xo;y0;20), ta c6 phwong trinh ctia mat phang (P) la:
| a(x-Xo)*+b(y-yo)+c(2-2o)=0 hay ax+by+cz+d=0
e Phuwong trinh mit phing (Q) cét truc Ox tai A(a;0;0) ;

B 2

cdt Oy tai B(0;b;0) va cat Oz tai C(0;0;c) la: gt

o Mot diém N(xnyn;zn) thudce (P):ax+by+cz+d=0 khi va
chi khi axn+byn+czn+d=0

a) Khodng cdch tir diém N(xx;yn;zx) dén dwong thang
(d)ax+by+c=0.

d[N-(d)]= |axy, + By, +cz,, +d|

J at+bt+ct

b) Géc « tao béi dwirng thang (di)aix+biy+c1=0 va dwing
thdng (dz) azx+bzy+c2=0.
(d1) 6 vector phdp tuyén n, =(a;;b;c,) va (dz) cé vector phdp

tuyén n, = (ay:by:¢,), ta co:
[=v]

Va sina =sin(z,v) = |# .
ul

uv
[«
e Lwu y: Phwong trinh cac mit phing toa do:
(Oxy):z=0 ; (Oyz):x=0 ;(Oxz):y=0
) ¢) Vi tri twong déi gidva hai mdt phdng:
[ Cho (P) awx+biy+ciz+di=0 va (P’)azx+bzy+c 2z+dz=0 c6 vector
( phap tuyén lan lwot 13 7, = (a;:b:¢,) Va n, = (a,:b,:¢,)
e (P) va (P’) cit nhau khi va chi khi n, = (a:b,:¢)) va
n, =(a,:b,;c,) khéng cliing phwong .
e (P)va(P") song song khi va chi khi n, =(a,:b:c,) va
n, =(a,:b,:¢c,) cung phwong va diém M thugc (P) nhung
M khéng thuéc (P’).
e (P) va (P") song song khi va chi khi », =(a,:5,:¢,) va
n, =(a,;b,;¢,) cung phwong va diém M thugc (P) va M
ciing thuoc (P’).
e (P)va(P’) vudng goc khivachikhi n.n,=0.
d) Cdc mdt phdng cdn nhé:
(Oxy): z=0 (Oyz)x=0  (Oxz):y=0
2) CAC DANG BAI TAP THU'ONG GAP:
a) Phuwong trinh mdt phdng trung truc (P)ctia dogn thdng tao
bdi hai diém A,B:
AB= -y - )
(P) nhéan vector 4B=(..:..:..) lam vector phap tuyén
=> Phwong trinh mat phing (P) la:

cosa = ‘cos(a,;)




Khoéng gian Oxyz m

Rehlionaltginhimat bhang

| b) Phuong trinh mdt pheng (P) di qua A va vudng géc véi BC: |
BC= [

(P) nhan BC=(....;....;...) 1am vector phap tuyén va (P) di qua

A

=> phuwong trinh mét phéng (P) la:

| ¢) Phwong trinh dudmng thdng di qua 3 diém A,B,C: ‘

E=(,,)
AC= (i) (P) nhan « 1am vector phap tuy&n va
u= [E,R] = [t )]

(P) di qua A nén (P) c6 phwong trinh la:

d)Phwong trinh mdt phang (P) di qua A va song song véi mdt
phdng (P’) ax+by+cz+d=0
Phwong trinh mit phang (P) c6 dang ax+by+cz+d'=0 (d'+0)

Cé Ae(P)=>ax,+by, +cz,+d'=0 => gidi dwgc d’ tir d6 tim ra
phwong trinh cia mgt phang (P).

e)Phuwong trinh mdt phang (P) di qua A,B va vuéng goc véi
mdt phang (P’) ax+by+cz+d=0

(PYax+by +cz +d = 0=>vipt n= (a;b;c)
AB = (|

u =|:;,E:| =

(P) nhan u =(...;...;...) 1am vector phap tuyén va (P) di qua A
=> phwong trinh mat phing (P) la:
f) Viét phwong trinh mdt phdng (P)qua A, vuéng gdc véi mgit
phdng (Py1) aix+byy+c1z+d1=0 va mdt phdng (Pz)
azx+bay+c2z+dz=0.

(P1) aix+biy+ciz+di=0 c6 vipt m, =(a:b;:c,)

(P2) azx+bzy+c2z+dz=0 6 Vtpt n, = (a,:b,:c,)

u= [EZ} =38

(P) nhan » 1am vector phap tuyén va d qua A

=> phwong trinh mét phang (P) la:

g) Phwong trinh mdt phdng (P) qua A,B va cdch C mét khodng
la k:

Goi n=(a;b:c) (a*+b*+c*>0)la vector phap tuyén clia mit
phéng (P), ta c6: (P) a(x-xa)+b(y-ya)+c(z-24)=0
Be(P)=>a(xz—x,)+b(y;—y,)+e(zz—z,)=0 (tinh atheobvac
hay ngworc lai) (1)

Ta c6: d[c: (P = e =) +B0e — 3. +olze = 2.)
\/az +b* +c?

Thé (1) vao (2) ta giai phwong trinh:

=k (@




Khoéng gian Oxyz m

Rehlionaltginhimat bhang

h) Phuong trinh mdt phdng (P) qua A,B va tao béi (P’)cé
vector phdp tuyénn'=(a'b';c")y métgoéc a:

Goi n= (a;b:c) (az +b+ct > 0) la vector phép tLlYéﬂ cua mat

phéng (P), ta c6: (P) a(x-xa)+b(y-ya)+c(z-24)=0

Be(P)=>a(xz—x,)+b(y;—y,)+e(zz—2,)=0 (tinhatheobvac

hay ngworc lai) (1)

Talai c6: cos(P; P = |cos(;; ;']l =cosa (2)

Tir (1) va (2) ta giai phwong trinh dé tim a,b,c.

i)Tim hinh chiéu ctia diém A 1én mdt phdng (P) ax+by+cz+d=0:

(P) ax+by+cz+d=0 c6 vector phap tuyén n=(a;b:c)

Goi H(xu;yu;zu) 1a hinh chiéu ctia A 1én (P), ta c6:

H thudc (P) => axu+byu+czy+d=0

AH = (X X,V — V.57 —2,)

Tacé: 4H /' /'n

Tir day ta c6 2 phwong trinh dé giai toa do cia H

v" Néu goi A’ 1a diém ddi xirng ciia A qua (P) thi ta cé: H s&

1a trung diém AA’. Vi vy khi tim diém dé&i xirng cia mot
diém qua mot mat phang thi trwéc hét ta phai tim hinh
chiéu ctia diém d6 1én mat phang.

j)Cdc bai todn vé mdt phdng cdt cdc truc toa do tai cdc

diém A,B,C.

Ta goi cac diém A(a;0;0) ; B(0;b;0) ;C(0;0;c) roi dung phwong

- ( trinh doan chén dé giai quyét.

\ .L% trinhmaeads

1) Ly thuyét:
Cho mat cau (S) c6 tdm la I(xg;ye;2g) va ban kinh 1a R, ta ¢
phwong trinh cta (S) 12 : (S) (x-X0)2+(y-yo)?+(z-20)?=R?
e Vi tri twong déi ctia mdt cu mdt va phdng:
Cho mat cau (S) (x-xo0)?+(y-yo)*+(z-z0)?=R? c6 tam [ va ban
kinh R va mit phang (P) ax+by+cz+d=0. Goi d 1a khoang cach
tir tdm ctia (S) t&i mdt phdng (P), ta c6:
v' Néu d>R, (S) khong cét (P).
v' Néu d=R, (S) cét (P) tai mot diém duy nhat va diém do6
chinh 1a hinh chiéu ctia tim I1én mét phéng (P).
v' Né&u d<R thi (S) cat (P) theo mdt hinh tron c6 tdm la
hinh chiéu cta (S) lén (P).



Khoéng gian Oxyz m

WRhdcneltynhlmar cal

1) Cac dang bai tap thwong gap:
| a) Viét phuong trinh mat cdu khi biét tam va bdn kinh: |
- Tam la trung diém dwong kinh:
- Ban kinh la khoang céch tir tim t&i mot diém bat ki thudc mat
cau; ban kinh 1a mot nira dwong kinh
b) Viét phwong trinh mt ciu(S) cé tdm thugc mdt phang (P)
va di quaA,B,C.
Goi I(a;b;c) 1a tam mat cau (S), R la ban kinh cta (5), ta c6
phuong trinh mdt cau (S) la:......c.cconen
I thudc (P), ta c6 phwong trinh thi nhat:
AB,C thudc (S) ta c6 cac phwong trinh con lai dé gidi a,b,c
va R.

| c) Viét phwong trinh mat cédu (S) qua bén diém A,B,C,D: ‘
Goi I(a;b;c) 1a tam mat cdu (S), R 1a ban kinh ctia (5), ta cé
phwong trinh mat cau (S) la:..viiiiinn
A,B,C,D thudc (S) ta c6 cac phwong trinh dé gidi a,b,c va R.

d) Viét phwong trinh mdt cdu qua 3 diém A,B,C va tiép xiic vdi
mdit phdng (P)
Goi I(a;b;c) 1a tam mat cau (S), R 1a ban kinh cta (S), ta cé
phuwong trinh mat cau (S) 1ac....occccvvnenn
A,B,C thudc (S) ta c6 cac phwong trinh dé gidi a,b,c va R.
talai c6: d[I:(P)|=R<=> R?=d’[I:(P)] ta c6 phwong
trinh con lai :

e) Viét phuong trinh mdt clu cé tdm thudc dwong thang(d) va
di qua A,B:
Vi tdm I thudc dwong thing nén so an dit cho I chicé 1:
Dung phuong trinh I1A=IB ta sé giai dwoc 4n dé tir d6 ta c6
tdm va ban kinh la 1A

f) Viét phuwong trinh mét phdng qua A cdt mdt céu (S)cd tam I
bdn kinh R theo mét dwong tron c¢é bdn kinh la r:

Goi d 12 khoang cach tir I t&i (P), ta c6: d =JR* —1*

Toi day bai toan da tré vé dang viét pt mp qua 1 diém va cach

mot diém khac doan la d.
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Wehienajtinhldiens thang,

1) Ly thuyét:
Cho dwong thing (d) c6 vector chi phwong 12 n = (a;b;c) va di qua

M (Xo:V0;Z0), ta c6 phwong trinh dwong thang (d) la:

X=% Y= _27%

a b c
Khi n =(a;b;c) c6 mot toa dd bing 0 ngudi ta thudmg viét dwéi dang:
x=at+x
y=bt+y,
z=ctt+z

a)khodng cdch tir mot diém M téi dwong thdng (d)di qua N va cé

vector chi phuong la n= (@bic): d= |[M|Ff| ;n]|
H|

b) Khodng cdch giita dudng thdng (d1) di qua Mi ,vector chi
phuong n, va dwong thdng (dz) di qua Mz, vector chi phwong n, :
[rmsmy | 202

\[;;1;72]

c) Khodng cdch giira dudmng thang (d1) vector chi phuong w, va

dwomng thang (dz) vector chi phwong n, :

cos(d,:d,) = ‘cos(ﬁ;;g)‘

d) cdc dwong thdng cdn nhé:

= x=0 x=0
(0x): \y=0 ;(0y): {y=t; (0z): {y=0
z=10 z=0 =

d)Vi tri twong d6i ctia 2 dwong thdng trong khéng gian:
Cho dwong thang (di) di qua M, ,vector chi phwong », va
duwong thing (dz2) di qua Mz, vector chi phwong =, , ta cé:
[min, ]=0

(038 -6

e (dy) trung (d2) & {

* (di) song song (dz) < { i

[mim, |%0

[E§M1M2 =0

o (dy)cit(dz) & {

o (dy)cit(dz) & {




&
{
[

Wehtengjtinhldiong, thang,

1) Baitap thwong gap:

a)  Viét phwong trinh dwong thang (d) khi biét diém di qua va vector
phdp tuyén:

(d) di qua A,B thi MN =(..cce............) 4B 12 vector chi phuwong ctia (d).
(d)// (d) thi vector chi phwong ctia (d") chinh 1a VTCP cta (D)

Né&u duwdng thing (d) vudng goc véi mit phang (P) thi vector phap tuyén
ctia (P) s& va chi phwong cia (d):

Néu (d) thudc (hay song song) (P) va thudc (hay song song ) (Q) thi tich
c6 hwéng ctia hai vector phap tuyén (P) va (Q) sé la chi phwong cta (d):
b)  Viét phwong trinh dwing thdng qua A song song hay thudc mdt
phdng (P) a’x+b’y+c’z+d=0 va tgo véi duong thdng (dy)( cd vector chi
phuongn, ) mét géc la « :

(P) a’x+b’y+c’z+d=0 c6 vector phap tuyén n'=(a':b';c")

Goi n = (a;b;c) 1a vector chi phwong ctia (d), ta co:

nn'=0 ta c6 phwong trinh thir nhat:

Co: cos(d:d,)= |cos(ﬁ; Z)l ta c6 phwong trinh dé giéi ab,c

Tur day ta c6 vector chi phwong cta (d).

¢)  Viét phwong trinh dwdng thang qua A song song hay thudc mdit
phdng (P) a’x+b’y+c’z+d=0 va tgo véi mét phdng (P1) ( cé vector phdp
tuyénn, ) mét gécla o :

(P) a’x+b’y+c’z+d=0 c6 vector phap tuyén »'=(a";b"c")
Goi n=(a:b:c) 1a vector chi phwong ctia (d), ta c6:

nn'=0 ta c6 phwong trinh thir nhat: cos(d; B)=+/1—cos (n:m)
Tir day ta giai dwocab,c
|d)  Baitodn vé duong thang (d) cdt (d) va (dz):
Cac bai toan dang nay t goi giao diém cua (d) va (d1); (d) va (dz) roi dua
vao yéu ciu dé bai dé giai quyét:
e Luwu y: khi biét 1 diém thudc dwong thang ta nén rat hét toa do
diém d6 theo mot an: scecoontonc Oy o
ach tim duwong vudng chung cla (dl) vector ch: phwo'ng n va (dz) vector

hi phwong n,
0i M(......co.eerr) 12 di€m thudc (d1) va N (.................) thudc (dz) sao cho
N Ia dwong vudng goc chung cia (d1) va (d2):

ACOMN=(oor) -
( .ﬂz =0
T day ta giai dwge M va N.

|€)  Tim hinh chiéu ciia diém N Ién dudng thing (d): |

Goi H 12 hinh chiéu cta N 1én (d), ta cé: N chi con 1 4n.

Cé NH vudng goc voi vector chi phwong ctia (d) tir day ta giadi dwoc H.
‘f) Tim diém M thugc (d) S0 cho...............ccc.uueu. ‘
Vi M thudc (d) nén M con 1 dn.Roi dwa vao dir kién dé bai dé giai an do.
g)  Phuwong phdp chon diém: Cho (d:1) va (dz). Tim M thugc (di) va N
thupc (dz) sao cho:......cccurun.

£2 EJ.-.-—JTS.



Khoéng gian Oxyz m

Giailbalktapininhiho ianiba
Voo il

a) Chop tam giac SABC c6 SA vudng goc véi day la tam giac ABC
vuong tai A.

b) Chop tir gidc SABCD c6 SA vudng goc vai day, ABCD la
hinh vuéng hay hinh chit nhat:

s

/ =

X

c) Chép tir giac SABCD c6 (SAB) vudng goc vai day, ABCD la
hinh vuéng hay hinh chir nhat, SAB la tam giac can hay
tam giac déu:

.@céj@ baiktodniclictiil

1) Cho diém A,B viét phuong trinh mdt phdng (P) qua A sao
khodng cdch tir B t6i (P) la I6n nhat:
Goi H 1a hinh chiéu ctia B
B 1én (P), ta c6: BH la
khoang cach tir B téi (P)

CO: BH <BA
/ / 1]'; \ Dau “="xdyra < H=4
4 = HA la vector

phap tuyén ctda (P).
2) Cho diém A va dwong thdng (d). Viét phwong trinh mdt phang
(P) chita (d) va cdch A mét khodng la lén nhdt:
Goi H; K1an lwot 1a hinh chiéu ctia A 1én (P) va (d), ta sé tim
dwoc K.

Cé: AH < 4K
Dau “="xay ra & H trung K
= HK la vector phap

tuyén cta (P).

A

/|

1-3- ™| ad i ;hj E: I-u-‘-“;::;l
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Toa d6 diém: M (Xarym): NGENYN)
Vector: MN = (xy — X1 ¥y — Vi)
Toa d6 vector : n= (a:b): n'= (a"b")
/ Do dai cua vetor: ‘E‘ =Ja>+b*; H =va?+b?

Mat phang Oxy 05

Tich v6 huéng cua 2 vector: nn'=aa'+bb'

- e : = == F.n
e Goc gitra hai vector: cos(m;n") = r—_.
A

Quan hé giira 2 vector: Xét 2 vector n= (a;b); n'= (a';b" .ta co:
b

v' Hai vector ciing phirong <> %:; hay ab'=ba'
a

v’ Hai vector vudng goc<> nn'=0

=a'

. a
v’ Hai vector bang nhau < {bzb'

[Phveetig Gl Eeing) thang

1) Ly thuyét:

Ta xét phwong trinh tong quat ciia dwrong thang:Cho dwong thang (d) c6

vector phép tuyén 7 =(a;b) va di qua M(x,,,). Khi d6 phrong trinh

dwong thang (d) 1a:

la(x-xg)+b(y-y0) =0 < ax+by+c=0
o Khodng cach tir diem N(xx;vy) t0i dwong thdng (d) ax+by+c=0 la:
A= |axy +byy +¢|
Va' +b’

o Cos sin goc tgo boi 2 dieomg thang:Cho dwong thang (d;) c6 vector chi

phép tuyén n, va duong thing (dy) co vector chi phap tuyén n, , ta co:
cos(d;:d,) =|cos(n:m,) |

v Luu y:

- Trong c6ng thitc cosin , ta c6 thé sir dung 2 vector chi phwong
thay vi ding hai vector phap tuyén.

- Pudng thiang cé vector phéap tuyén la (a;b) thi c6 vector chi
phuong la (-b;a) va ngwroc lai.
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[
[Phustng Gl Cretg) thang,
2)Caic dang bai tap lién quan dén dwong thﬁng;
a) Phirong trinh diromg thing(d) qua 2 diém A,B:

b) Phirong trinh dirong thing qua A(x.4v4) va song song voi
(d’) ax+by+c=0.

Phwong trinh duong thing (d) c¢6 dang: ax+by+c'=0(c=c")

C6 :4e(d) == axy+by +c'=0 giai duge ¢’

Tinh vector 4B=> vtpt ciia (d) la .. ...

¢ c) Phirong trinh dwomg thing qua A(x4v.) va vuéng géc véi
» (d’)ax+by+c=0

(d’)ax+by+c=0 ==> vipt ciia (d’)== vipt cia (d) Ia ... .... (vi
(d) va (d’) vuéng goc) => phwong trinh cia (d) la:

Vay phwrong trinh durong thang (d) la: ...

)\ Ve

d) Phirong trinh dirong thang(d) qua M(xe;ve) va cach N(xyyy)
3 mét khodng béng k:
Gol n=(a:b) 1a vtpt cta (d)
( = phuong trinh ctia (d) 13: a(x-xg)+b(-y,)=0
Ta c6: d[NV;(d)]= laGey =) +5(yx — o) | e

Ja® +b?

e) Phirong trinh dirong thing qua M{x,v,) va tao véi
(d’)a’x+b’y+c’=0 méot géc a:
(d’)a’x+b’y+c’=0 == vipt ciia (d’) la n*=(a"b")
Goi n=(a:b) 14 vtpt cta (d)

= phuong trinh cua (d) 1a: a(x-xg¢) +b(v-y¢) =0

/) Tim hinh chiéu ciia diém N(xy;yy) lén dwong thing (d)
ax+by+c=0
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[
[Phustng Gl Cretg) thang,
(d) ax+by+c=0 => vector phap tuyén n= (a;b)
Goi I(x;yy 1a hinh chiéu cia N 1én (d). Ta ¢6 2 phwong an giai

Cach 1: c6 7e(@)=>ax;+by; +c=0

CO:NI/ n & 2w Vi~ )y
a b

Giai duogce 1

quyét:

Cach 2:Dung phwong trinh duong thang IN ( IN nhan n= (a;b)

lam vtcp va di qua N)
¢ I1a giao diém cia IN va (d) => tim dwoc I
-
g %  Luru y:Pé viét duoc phurong trinh durong thing ta can c6
diém di qua M va:
- Vector phap tuyén
- Vector chi phwong
- Khoang cach tir N dén duwong thing do.
3 - Goéc tao bai duong thang d6 va mot duong thang (d).

( Luu ¥ cac bai toan vé phan giac trong va phan gidc ngoai.

Rhtiomakthnhldiongrtion

1. Ly thuyét:
Cho duong tron tam I(x,,yp) ban kinh R ta c6 phwong trinh
duong tron 13 :
(x-x0)°+(v-vo)’ =R’ hay x*+1’-2ax-2by+c=0 (c=a*+b*-R*)
2. M6t s6 dang bai tap:
| @) Xdc dinh tam va ben kinh: \
- tam la trung diém cua dudng kinh.
- Ban kinh béng khoang cach tir tim t&i mét diém trén duong
) tron hay ban kinh la mét nita dwong kinh va ban kinh ciing la
khoang céch tir tAm dén 1 tiép thuyén bat ki ctia dwdng tron.
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pRhUCngtinhldiemagition

a) Phirong trinh dieong tron (S) di qua 3 diém A,B,C:
Goi I(xg;vp) la tAm cia duwong tron can tim. R 1a ban kinh
cua diong tron do, ta co:

/{ () : (x50 "+ (30" =R’
£
»
[

Ae(S)=>(x, _xo)2 +(vy _J"n}2 =R’
Taco:Be(S)=>(x; _xt:n)2 +(yg _)’n}z =R

Ce(S)=>(x, _xt:i)2 +(Ve - }’0)2 =R’
Tt 3 phirong trinh trén trir nhau tirng d6i mot ta cé hé
phuong trinh 2 an dé giai xp; vy tir do giai dugc R =>
phwrong trinh cia (S)

b) Phwong trinh diromg tron di qua 2 diém A,B va tiép xiic
v6i dieomg théng (d) ax+by+c=0.
Goi I(xg;vp) la tAm cia dwong tron can tim. R 1a ban kinh
cuia duong tron do, ta co:
(S) - (x-x9 +(y-ye) =R’
Ae(8)=>(x, _xn)z +(y. _yu)2 =R M
Taco:Be(S)=>(x—%) +(3z—1)' =R" (2)
I axp + byo +ef
va® +b*
Binh phirong phwong trinh (3) réi thé vao 2 phwong trinh
) dau ta c6 2 phwong trinh dé giai xg;vp. Tir 46 giai duoc R
va tim dugc phwong trinh (S).

d[I:(d)] = =R (3

< zﬁi z?a @5@? tionglgideoldtiomnaithanalva

a) Cho dirong tron (S) tdam I(xp;ve) ban kinh R, viét phirong trinh
womg théng (d) qua M(xygvy cdt (S) mét day cung cé dé dai béing

Taco d[I;(d)]= Rz—(g)z

T6i day bai toan dura vé dang phuong trinh dwong thing qua 1 diém
va biét khoang cach tir n6 t6i mot diém khac.
b) Phwrong trinh tiép tuvén tai diém M(xygvig)ciia dieong tron tam I
,J bdn kinh R:
) Ta c6: MIla vector phap tuyén cia tiép tuyén can tim. Tir d6 ta viét
dwoc tiép tuyén

¢) Phirong trinh tiép tuyén qua diém M(xy;yg) hay xuat phat tir
M(xp,vo) ctia dirong tron(S) tdm I(x;yy bdan kinh R.
Goi 7= (a;b)1a vector phap tuyén cua tiép tuyén (d) can tim.
=> Phuong trinh (d): a(x-xg)+b(y-vy)=0
Vi (d) 1a tiép tuyén cua (S) nén d[I:(d)]=R
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o eofbolaelpha

a) Cho tam gidc ABC co dwong phdn gidc trong ctia goc A la AD. E
thuéc AB. Goi dwromg thing Et vudng géc véi AD tai I va cit AC tai
E’. Chimg minh. E doi ximg E’ qua AD.

-C

Ung dung: Cho tam giac ABC c6 A(2:-1) va 2 phan giac trong ctia
go6c B.C 1a x-2y+1=0 va x+y+3=0. Viét phuong trinh BC.

b) Cho tam gidc ABC. Goi M la trung diém BC. Goi H, O la triec tdm
tam gidc va tam dwomg tron ngodi tiép tam giac ABC. Chirng minh:
AH =20M

A

\ h /
D

¢) Cho tam gidc ABC co H la triec tam , G la trong tdm, O la tam
diromg tron ngodi tiép tam gidac ABC. Chimg minh: HG = 2GO
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[
Mo ohii
a) Cho hinh vuéng ABCD , M la trung diém AB, trén BC ldy N sao cho
BN=2NC. Goi H la giao diém DM véi AC. Chitng minh NHD la

goc vuong.
A M B

MGt s6 tinh chdt can lien y:Goi K 1a giao diém AC va DN, ta luén
4( co6 nhitng di sau day: NK=DN/4 ; CK=AC/4
MH=MH/3 ;AH=AC/3
Do 1a mot so di kién thay thé dé bai

D C

)\ Ve

b) Cho hinh vuéng ABCD c6 M la trung diém AB, N la trung diém
AC. Chirng minh MD vuéng géc CN

D C
( ¢) Cho hinh chit nhdt ABCD, C6 I la giao diém 2 dwomg chéo, M la
‘i diem thudc AB. Goi M’ la giao diém MI va CD. Chimg minh I la
trung diém MM’
AN M

D M’ C

Ngodi ra: ABCD c6 thé la cac hinh sau:
-Hinh binh hanh
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[
Mo ohii
a) (Puwge sit dung triee tiép khong can chieng minh).Cho diong tron
tam O, tir diém A 6 ngodi dweomg tron ké tiép tuvén AB va cdt tuyén

ACD. Chitng minh: AC.AD = AB® (phwong tich).
»
o
\ 2
o— A\_/

( ¢) Cho dwrong tron tam (O) cé ddy cung BC cé dinh. M ném trén cung
BC. Chitng minh: dién tich tam gidc MBC nho nhdt khi M ném
chinh giita cung BC.

A

b) Cho dwrong tron tam O bdn kinh R, dwomg thing (d) cdt (O) tai 2
diém AB. Tim vi tri ciia (d) sao dién tich OAB Ion nhdt,

)\ Ve




Viéc ddu tién dé lam mot bai toan Bat déng thirc 1a doan diém roi, va hém nay anh xin giGi
thiéu mét dang diém roi nira d6i xtmg. Dé cu thé hon, anh s& di vao timg vi du.

Viduy 1: Cho a,b vacla cac s6 thie dwong. Tim gia tri nhé nhat clia:

_ |(a+b+c)(ab+bc+ca) L e

P
abc (b+e)’

Huwémg di: (Nhiém vu ctia hwéng di 1 gitip ban hwéng tw duy va dy doan ddu bang)

Viéc diu tién ta sé dw doan ddu bing clia né. D6i véi bai nay, théng thudng ddu = xay
rakhib=c.

2
Khids p=,[@F20Nabth +ab) | [(a+25)b+2a) ) _ 2(3+2J+5+1
ab ab b a

Dén day ta cé thé dv doan a =b (theo Cauchy).

Tir day tasé biét dwoc a=b=c

Gidi: P = ](a+b+c)(ab+bc+m)+ 43’“2:\)(“+5+C)[l+l+l}+ 45("2
\ abc (B+c) a b c) (b+o)

Ta ding B4t dang thirc phu: /(@ +b)(x+y) = Jax + @
& (@ +b)(x+y) = ax + by + 2 Jabxy <> ay +bx > 2\Jabxy (ludn ding theo Cauchy).

Diu =:h:%’1y1'akhi£:£ .
by

(-1
Tiép theo ta sé 16ng biéu thirc ‘l(a +b+ c)(—+E +—) vao BDT phu trén, va diéu wu
a c

tiénlata sé khir didn a .

1 11 ’ 1 ’ gyl btc

+htc)l —+—+—|=Ja—+ [Gt+o)| —+—|=1+—=

i C)(a b c] aa ( c)(b cJ be
1

a a bc
én déy ta kiém tra, ddu = xdy ra khi =—4_o = ©a’=be.
B N 1.7 bic o(ic)
b ¢
iéu nay di ding véi hwong davachrala a=b=c.



2
1 11 (b+c) ad+c) b+ec
O’ budc nay ta cé thé 1a +h+c)| —+=+— :JH = =
( naytac m,|(a c) e » - .
b+c)
> 1+( ‘) +2b+c:1+b+c)
be Jbe Jbe
—>P21+b+c+ 4bC2=1+1+4¢’=f(t),r=£e(0;l]
Jbe (b+c) t bte 2
1
s . 8.——1
f '(t)=81—%=¥£ 2; — 0> f(#) nghich bién trén (0;%]
7

—>f(r)zf[%):4 .D4u = khi r:%—n::b:c

Vay MinP =4 khi a=b=c.

Cau 2: Cho a,b va cla cac sé thwe dwong théa man a® +b* +c(a +b) +4c® =4 . Tim gia
a(bh’:)2 +b(a +c)2 1

tri 1én nhit cia P =
atce b+e c

Huwéng di: Vi dé bai nhuw thé nay, ta sé map me dodnra a = b. Khi d6, gia thiét sé 1a

@’ +ac+2c* =2

2 2
+ +
p-alate) alare) 1_, i log 4l g (a2, 1,1
atc a+c c c c 2c 2c
(cauchy 3 s8)

Dau = khi c:%,a:bzl

2

+ 2 2

ii: Chia khéa bai ndy chinh 12 bt ding thirc phu o) e
a+b a b

y 12 bit ddng thivc ddu tién ma ban nén hoc néu mudn chinh phuc 10 diém dé thi
PT Qudc gia. N6 co rat nhidu tén goi, mot trong s6 dé la Schwarz. Cach chirng minh
BT nay da c6 rat nhiéu trén mang, cac ban cé thé 1én google search. Vi la dit nwérc trén
n dwdrng hdi nhap nén cach ban hay tw trang bi cho minh céc ki niang, va mét trong dé
ki ndng tim ki€m théng tin. Tdi chi xin néi ra d4u bing ciia né.

Diu=xayrakhi =2
a b



Tir day ta sé co

b z 1 1 1 1
P<a|2+c|+b| Ltc|-2=a +P +c(a+b)—=~=4—42 ——=4—| 4c® + —+-
a b c c c Pe .

1
D4u bing xay ra khi cza,azbzl

Vidy 3: Cho x,y va z thwe dwong théda man x° + y° +6z° = 4z(x+ ). Tim gia tri nhé
3 Z_l_ 2
13 . " ¥y - t X y
y(x+z) x(y+z) Z

nhitcha P =

Huwémg di: Qua hai cau trén, chic chén cac ban da dw doan dwoc x =y

Tir gid thidt suy ra (x—z)(x—3z)=0. Dén day ta sé thir 2 treong hgp x=y =z va
x=y =3z lan lwot vao P.

Théy khi x= y =z thi P c6 gi4 tri nhé hon. Vay ddu bingkhi x=y ==z

Gidi: P€ y thdy day la BDT la thuan nhat (cd nghia la dong bac) nén ta sé sir dung phép
dat nhw sau:

bat a= i,b = (tlr d4y hwéng di clia ching ta déuquy vé a=5b=1)
z z

I2 2
X+ 4627 =4z (x4 ) > ST+ ————+6=0
Z &
da+b)y=a’+b’+6 :zl(i::+.b)2 +6
N 2
4(a+b)=2ab+6
—a+b>2va2(a+b)=ab+3

3

3 7, 2 3
P= 5 W S 1Y A S+ L ~+Na’+b’
— y(x+z) x(y+z) z b(a+1) a(b+1)

a’ b
2 Vﬁl 2

b (a + l) a (b + l)

ng ta 1a khit mau hodc 1am cho ching cting chung méu s6. Bay gié ta 2 chia ra hai

n ddy, ta thiy su twong quan giira . Nhiém vu bay gi¢ clia

thdy & tir 1a bac ba, diéu d6 lién twéng cho ta cauchy 3 sé. Va ta c6 thé khir theo hai
cach nhw sau:

Céach 1.1:



3

+1 ab+bh _3
Taco ———+2 =+ L2252 uuykhia=b=1 thi
b(a+1) 8 8 4
3
a 2=a+]=ab+b=lnéntach9nnhu'thé).
b(a+1) 8 8 4

b b+1 ab+a>ﬁ

Twong tw “F + =
a(b+1) 8 8 4

a b . 2(a+b)—ab-1 - 2(a+b)—[2(a+b)-3]-1 45

— + = =
b(.—:l+1)2 a(b+1)2 4 4 2

1 1 a+b_1
Suyra P>—++ya* +b2 >—+Z—>—+2
i 2 2 J2 2

Cich 1.2: Tacé

a b a*+2a+l_ 3a

Far—=F ZE=7
b(at1lf 4 16 4
b a b2+2b+1>3b

a@+1) 4 16 4
3 3

— ~+ b 22§(a+b)—L(az+b2)—l

b(a+1)" a(b+1) 8 16 8

1

3 1 L& 1 1
=—(a+b)——(da+4b—-6)——2—(a+b)+—2=2—
8( ) 16( ) 8 8( ) ke o

Suy ra P2%+\!az +5 2%+a+b2%+\5

V2
Hwémg 2: Lam cho ching ciing chung mau s

a N b _ 2a° P, 2b° 2 54(a’ +b%) B 27(a’ +b)
b(a+1) a(b+1] 2b(a+D)(a+1) 2a(b+1)b+l)  (2a+2b+2)° 4(a+b+1)
2(a +b)’

27

- Miatkhic: @’ +b° > (BDT nay rit dé dang chirmg minh bing twong dwong,

wng ban hay thir chitng minh theo hwéng khac nhé, moi bai toan 1én déu can 1 bai
an nhé thé nay)

(a+b) _(Ga+3by  (2a+2b+2° _2(a+b+1)

a+b’ = >
4 427 27.4 27
2(a+b+1)

a3 b3 27. 2? 1

r 6 ta suy ra -+ 52 —==
b(a+1)” a(b+1) 4(a+b+1) 2

1 2 2 1 a+b 1
Suy ra P25+\J‘a +b 25+—225+\E
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